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Abstract Using a variational approach applied to generalized Rayleigh functionals,
we extend the concepts of singular values and singular functions to trivariate func-
tions defined on a rectangular parallelepiped. We also consider eigenvalues and eigen-
functions for trivariate functions whose domain is a cube. For a general finite-rank
trivariate function, we describe an algorithm for computing the canonical polyadic
(CP) decomposition, provided that the CP factors are linearly independent in two
variables. All these notions are computed using Chebfun3; a part of Chebfun for
numerical computing with 3D functions. Application in finding the best rank-1 ap-
proximation of trivariate functions is investigated. We also prove that if the function is
analytic and two-way orthogonally decomposable (odeco), then the CP values decay
geometrically, and optimal finite-rank approximants converge at the same rate.

Keywords Trivariate functions · Singular values · Higher order power method
(HOPM) · Low-rank approximation · CP decomposition
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1 Introduction

The singular value decomposition (SVD) of a bivariate function was first introduced
by Schmidt [47]. He proved existence, uniqueness and the best low rank approxi-
mation property of the SVD. Hammerstein and Lipschitz proved theorems regarding
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the uniform and absolute convergence of the singular functions. The name “singular
value” actually comes from integral equations, i.e., in connection to the continuous
SVD. For more on the history see [51] and [57]. Bounds on the decay rate of singular
values of analytic bivariate functions are given in [30, p. 313] and [57]. Hille and
Tamarkin [25] summarized different decay rates for eigenvalues of bivariate func-
tions. See also [37,38,55] and [50, p. 379].

This paper considers the spectral problem for trivariate functions, by examin-
ing their singular values and eigenvalues. For the discrete case, a huge amount of
work has been presented in the literature to discuss the spectral problems for ten-
sors. Beginning from some of their continuous counterparts, we present the notions
of singular values and eigenvalues of trivariate functions, discuss the connection to
the canonical polyadic (CP) decomposition and prove decay rates for the CP values
of certain trivariate functions. We also present numerical algorithms for computing
the aforementioned notions. One can also consider these concepts in a more abstract
setting of tensor product Hilbert spaces [23], although this paper focuses on tensor
products of L2 functions.

The spectral theory of discrete tensors was initiated by Lim [36] and Qi [42]
independently. We start by extending Lim’s ideas to develop a spectral framework
for trivariate functions. Our work involves bounded trilinear forms φ : L2([a,b])×
L2([c,d])×L2([e, l])→ R. Assuming g(x) ∈ L2([a,b]), h(y) ∈ L2([c,d]), and w(z) ∈
L2([e, l]), the action of φ on g,h and w is denoted by φ(g,h,w). Since Lim’s deriva-
tion is based on a variational approach, we first present the variational derivative for
trivariate functions.

Definition 1.1 The functional (variational) derivative of φ is

∂φ :=

 ∂gφ

∂hφ

∂wφ

 ,
where ∂gφ , ∂hφ and ∂wφ denote the partial functional derivatives of φ with respect
to g, h and w, respectively [22, p. 49]. Here, e.g., ∂gφ is a function of x, y and z that
satisfies

φ(g+δg,h,w)−φ(g,h,w) =
∫ b

a
∂gφ(x,y,z) δg(x) dx+O(δg2).

Analogous formulas hold for ∂hφ and ∂wφ . See e.g., [1, p. 224], [9], [18, p. 405] and
[49].

Note that the kernel of the integral on the right-hand side defines the partial variational
derivative of the functional.

Given f : [a,b]× [c,d]× [e, l]→ R, the problem of finding the best rank-1 ap-
proximation of f is to compute the functions g(x), h(y), and w(z) which have unit
2-norms and a scalar σ that solve

min
∫ b

a

∫ d

c

∫ l

e

(
f (x,y,z)−σ g(x) h(y) w(z)

)2 dz dy dx. (1.1)

This is equivalent to minimizing the L2-norm of the residual f (x,y,z)−σ g(x) h(y) w(z);
a minimizer is guaranteed to exist [19, Thm. 4.1].
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Throughout the paper ‖·‖ is the spectral norm of discrete tensors and multivariate
functions, i.e.,

‖ f‖ := sup
∫ b

a
∫ d

c
∫ l

e f (x,y,z) g(x) h(y) w(z) dz dy dx
‖g‖2‖h‖2‖w‖2

,

where ‖g‖2
2 :=

∫ b
a |g(x)|2dx, ‖h‖2

2 :=
∫ d

c |h(y)|2dy, and ‖w‖2
2 :=

∫ l
e |w(z)|2dz are the

L2-norms of functions. As in the 2D case, the spectral norm turns out to be equal to
the largest singular value, and its corresponding singular factors g,h,w give the best
rank-1 approximation (1.1). See Section 2.

One of the extensions of the SVD to higher-order tensors is the canonical polyadic
(CP) decomposition, which is a decomposition of a discrete tensor into a sum of rank-
one tensors. The natural continuous analogue for trivariate functions is

f (x,y,z) =
∞

∑
i=1

αi gi(x) hi(y) wi(z), (1.2)

which is understood to hold in L2, that is, almost everywhere. If there exists a finite
minimal number r of terms in (1.2), it is called the rank, in which case (1.2) is called
the canonical polyadic (CP) decomposition or expansion of f . Note that the concept
of tensor rank is in general ill-posed without additional assumptions [15]. Even if f
does not have a finite rank, in practice one only keeps a finite number of terms to
approximate f . In this work we derive a practical numerical algorithm for comput-
ing an approximate finite-rank CP decomposition of trivariate functions. Knowing a
CP decomposition of f (x,y,z) offers a number of advantages, including compressed
representation and ease of manipulation, such as integration and differentiation.

As mentioned above, it is known that for bivariate functions the singular values
decay geometrically if the function is analytic. We prove that for trivariate functions
that are analytic and two-way odeco (which is less restrictive than (three-way) odeco),
the CP-values αi of admit a similar rate of decay, and best low-rank approximations
can be obtained by truncating the CP decomposition.

Recently, spectral properties associated with other tensor formats have been stud-
ied [7,21,43]. For example, convergence theory of the functional tensor-train (FTT)
approximation of an n-dimensional function f relies on its singular values (cf. [7,
Prop. 9]). Here, the singular values are defined as the square root of the eigenvalues
of the operators T T ∗ and T ∗T where f is regarded as a Hilbert-Schmidt kernel of a
certain integral operator T , and T ∗ is the corresponding Hilbert adjoint operator.

This paper is organized as follows. In Section 2 we present the singular values
and singular functions of trivariate functions. Section 3 deals with eigenvalues and
eigenfunctions for trivariate functions of cube domain. In Section 4 we discuss the
computation of the CP decomposition. Section 5 treats the decay of CP values for
analytic trivariate functions that are (two-way) odeco, and their low-rank approxima-
tion. Section 6 presents numerical experiments to illustrate the notions and results.

2 The singular value problem for trivariate functions

Here we consider the singular value problem for trivariate functions. We first review
the counterpart for discrete order-three tensors, and then present the singular value
problem for trivariate functions as a natural extension.
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The singular vectors of a given discrete tensor A ∈ Rm×n×p are the stationary
points of the following functional [36], [20, p. 739]:{

rA : Rm×Rn×Rp→ R,

rA(u,v,w) :=
∑

m
i=1 ∑

n
j=1 ∑

p
k=1 A(i, j,k)u(i)v( j)w(k)

‖u‖2 ‖v‖2 ‖w‖2
.

(2.1)

If u, v, and w are unit vectors, then from the gradient of rA(u,v,w) we get the nonlinear
system of equations

∇rA =

A(1)(w⊗ v)
A(2)(w⊗u)
A(3)(v⊗u)

− rA(u,v,w)

 u
v
w

= 0. (2.2)

Here A(i) is the mode-i unfolding [28, Sec. 2.4] of A and ⊗ is the Kronecker product.
The above equation can be solved by an iterative method like the power iteration.
Applications include finding the nearest rank-1 tensor to A.

Next, let f (x,y,z) be a trivariate function defined on the rectangular parallelepiped
[a,b]× [c,d]× [e, l]. Analogous to (2.1), we define the singular values and singular
functions of f as the stationary points of the generalized Rayleigh functional{

r f : L2([a,b])×L2([c,d])×L2([e, l])→ R
r f (g,h,w) :=

∫ b
a
∫ d

c
∫ l

e f (x,y,z)g(x)h(y)w(z) dz dy dx
‖g‖2 ‖h‖2 ‖w‖2

.
(2.3)

As before, we consider

max
∫ b

a

∫ d

c

∫ l

e
f (x,y,z) g(x) h(y) w(z) dz dy dx, (2.4)

subject to the constraint that

‖g‖2
2 = ‖h‖2

2 = ‖w‖2
2 = 1. (2.5)

The Lagrangian L f (g,h,w) for the constraint optimization problem (2.4) is∫ b

a

∫ d

c

∫ l

e
f (x,y,z) g(x) h(y) w(z) dz dy dx

− µ1

2

∫ b

a
(g(x)2−1)dx− µ2

2

∫ d

c
(h(y)2−1)dy− µ3

2

∫ l

e
(w(z)2−1)dz.

(2.6)

Since

L f (g+δg,h,w)−L f (g,h,w) =
∫ b

a

(∫ d

c

∫ l

e
f (x,y,z) w(z) h(y) dz dy

)
δg(x) dx

−µ1

∫ b

a
g(x) δg(x) dx+O(‖δg‖2),

the partial functional derivative of L f (g,h,w) with respect to g is∫ d

c

∫ l

e
f (x,y,z) w(z) h(y) dz dy−µ1 g(x).
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By computing the partial functional derivatives of L f with respect to h and w and
setting them to zero, we obtain the following system at a critical point:

∫ d
c
∫ l

e f (x,y,z) w(z) h(y) dz dy = µ1 g(x),∫ b
a
∫ l

e f (x,y,z) w(z) g(x) dz dx = µ2 h(y),∫ b
a
∫ d

c f (x,y,z) h(y) g(x) dy dx = µ3 w(z),

which together with the three equality constraints (2.5) form the KKT system. We
now apply g(x), h(y), and w(z) to the first, second and last equations above, respec-
tively to get

µ1 = µ2 = µ3 =
∫ b

a

∫ d

c

∫ l

e
f (x,y,z) g(x) h(y) w(z) dz dy dx = r f (g,h,w).

Setting σ := r f (g,h,w) we have
∫ d

c
∫ l

e f (x,y,z) w(z) h(y) dz dy = σ g(x),∫ b
a
∫ l

e f (x,y,z) w(z) g(x) dz dx = σ h(y),∫ b
a
∫ d

c f (x,y,z) h(y) g(x) dy dx = σ w(z),∫ b
a
∫ d

c
∫ l

e f (x,y,z) g(x) h(y) w(z) dz dy dx = σ .

(2.7)

We call (σ ,g,h,w) satisfying (2.5) and (2.7) a singular quadruplet of f . Note from
(2.7) that (σ ,g,h,w) is a singular quadruplet of f if and only if the same is true for
(−σ ,−g,−h,−w). We do not distinguish these and assume σ ≥ 0 unless otherwise
mentioned.

The singular quadruplet (σ1,g1,h1,w1) with the largest σ1 is called the largest
singular quadruplet. Below is a natural continuous analogue of the well-known best
rank-1 approximation property of the largest singular quadruplets for discrete tensors.

Theorem 2.1 The largest singular quadruplet (σ1,g1,h1,w1) is the best rank-1 ap-
proximation to f , i.e., it is the solution for (1.1).

Proof As shown in [63] for the discrete case, we can verify that when g,h, and w are
fixed, the objective function in (1.1) under the constraints (2.5) is minimized when
σ = r f (g,h,w), with the minimum value

min
∫ b

a

∫ d

c

∫ l

e
( f (x,y,z))2 dz dy dx− (r f (g,h,w))2. (2.8)

Since this is clearly minimized when |r f (g,h,w)| is maximized, it follows that (1.1)
is equivalent to the dual problem of maximizing the generalized Rayleigh functional
(2.4). ut

2.1 Algorithms for computing a singular value

The higher order power method (HOPM) for discrete tensors is a generalization of the
power method for discrete matrices [11,63]. Each iteration of the HOPM for an order
three discrete tensor has three steps. At each step one of the three singular vectors is
updated while the remaining two are kept unchanged and this process continues alter-
natively in the next two steps of each iteration. It is shown in [44] that the sequence
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of values of the functional (2.1) generated in this way is monotonic and therefore
the Rayleigh functional converges1. See also [61] for further references and a recent
convergence analysis of the singular factors.

Algorithm 1 is a continuous extension of the HOPM based on (2.7) that can be
used to compute a singular quadruplet of f (x,y,z). Essentially it is obtained by re-
placing tensor-vector products with integration. As in the discrete case [61], it can be
viewed as an alternating least-squares algorithm.

Algorithm 1 HOPM for 3D functions
1: Initialize the three functions g(x), h(y), w(z).
2: Repeat until convergence:

– ĝ(x) :=
∫ d

c
∫ l

e f (x,y,z) w(z) h(y) dz dy, g(x) = ĝ(x)/‖ĝ‖,
– ĥ(y) :=

∫ b
a
∫ l

e f (x,y,z) w(z) g(x) dz dx, h(y) = ĥ(y)/‖ĥ‖,
– ŵ(z) :=

∫ b
a
∫ d

c f (x,y,z) h(y) g(x) dy dx, w(z) = ŵ(z)/‖ŵ‖,
– σ =

∫ b
a
∫ d

c
∫ l

e f (x,y,z) w(z) h(y) g(x) dz dy dx.

Algorithm 1 can be equivalently understood as follows: each step finds the min-
imizer of the L2 norm ‖ f −g h w‖L2 with respect to one function (e.g. g), fixing the
rest (h,w). The minimization in turn is equivalent to the dual problem of maximizing
the Rayleigh functional (2.3).

The monotonicity of the σ values—which holds for discrete tensors as mentioned
above—carries over to HOPM for (trivariate) functions as follows: for fixed h and g,
consider the functional σ(w) =

∫ b
a
∫ d

c
∫ l

e f (x,y,z) w(z) h(y) g(x) dz dy dx. By the
Cauchy-Schwarz inequality, σ(w) is maximized over ‖w‖ = 1 by taking w to be a
positive scalar multiple of

∫ b
a
∫ d

c f (x,y,z) h(y) g(x) dy dx, which is precisely the w
obtained by the update in HOPM. Therefore each HOPM update results in a mono-
tonic nondecrease of σ . Since σ is clearly bounded by ‖ f‖, it follows that the iterates
σ converge.

It is easy to implement Algorithm 1 in Chebfun. A chebfun3 object [24] con-
structed from a 3D function f has the Tucker representation

f (x,y,z)≈ T ×1 A(x)×2 B(y)×3 C(z), (2.9)

where T is a discrete tensor of size rx× ry× rz, A(x) is a quasimatrix of size ∞×
rx defined over [a,b], B(y) is a quasimatrix of size ∞× ry over [c,d ] and C(z) is
a quasimatrix of size ∞× rz defined over [e,g]. The above formula involves modal
contractions of the core tensor T and the quasimatrices A(x), B(y) and C(z) and can
be rewritten as

f (x,y,z)≈
rx

∑
i=1

ry

∑
j=1

rz

∑
k=1

ti, j,k ai(x) b j(y) ck(z). (2.10)

Either (rx,ry,rz) or r := max{rx,ry,rz} is called the numerical Tucker rank2 of f .
Assuming that the number of Chebyshev coefficients needed to represent each uni-
variate function ai(x), bi(y), and ci(z) is m,n and p, respectively, either (m,n, p)

1 Unless in the exceptional case that the initial vectors correspond to a saddle point of (2.1) [26, Thm. 2].
2 relative to a tolerance to which (2.10) holds; machine epsilon by default
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or max{m,n, p} is called the length of a chebfun3 object. Assuming for notational
simplicity that n = max{m,n, p}, the cost of constructing a chebfun3 object from
f (x,y,z) is O(nr4 + rn logn) [24].

We claim that the cost of each iteration of Algorithm 1 is O(r3 + rn logn). This
can be verified as follows. The dominant cost of each iteration is the computation of
the three double integrals. For example the first one can be computed as follows.

ĝ(x) = T ×1 A(x)×2

(∫ d

c
B(y) h(y) dy

)
︸ ︷︷ ︸

an r×1 vector

×3

(∫ l

e
C(z) w(z) dz

)
︸ ︷︷ ︸
another r×1 vector

Each column of B(y) has length n and the inner product of two 1D chebfuns using
Clenshaw-Curtis quadrature needs O(n logn) operations [59, Chap. 19] (the initial
functions in step 1 are assumed to have lengths bounded by n; then the degrees are
bounded by n− 1 throughout the iterations). Since B(y) has r columns, applying
B(y) to h(y) costs O(rn logn). Similarly, the second integral above needs O(rn logn)
arithmetic operations. The modal multiplication of the r× r× r core tensor T with
an r× 1 discrete vector needs O(r3) operations and produces a matrix of size r× r.
We then multiply the matrix with the vector resulting from the second integral above.
Finally the resulting vector is used to form a linear combination of the columns of
A(x) to compute ĝ(x). Hence the overall cost is O(r3 + rn logn).

Therefore, the cost of forming a chebfun3 object plus that of using Algorithm 1
in Chebfun is quartic in r and only log-linear in the length of the chebfun3 object.
It is therefore clear that Algorithm 1 is particularly efficient for chebfun3 object that
are already constructed from low rank functions. Note that the cost of each iteration
of HOPM for discrete full tensors of size n× n× n is O(n3) since this is the cost of
tensor-vector contractions. The cost reduces to O(r3 + rn) provided that the Tucker
decomposition of the discrete tensor is already available; this is comparable to the
cost of working with a chebfun3 object.

If we apply the continuous analogue of the higher order SVD [12] to the above
Tucker representation of f , then we get

f (x,y,z)≈ f̂ (x,y,z) = T̂ ×1 Â(x)×2 B̂(y)×3 Ĉ(z), (2.11)

in which the columns of the factor quasimatrices Â(x), B̂(y) and Ĉ(z) are orthonormal
and the discrete core tensor T̂ is all orthogonal, i.e., its horizontal, lateral and frontal
slices are all orthogonal matrices. An alternative to Algorithm 1 for computing a
singular quadruplet of a chebfun3 object is as follows. Using Chebfun’s command
hosvd we compute the higher-order SVD of the chebfun3 object where the factor
quasimatrices have unit 2-norm. Then we simply apply the discrete version of HOPM,
based on (2.2), to the core tensor T̂ of the HOSVD of f in (2.11). See Algorithm 2.

In Step 2 of Algorithm 2, the discrete HOPM can be replaced by any other al-
gorithm that computes the singular values and singular vectors of a discrete tensor.
Assuming that we first construct a chebfun3 object from the input function handle
in both Algorithm 1 and Algorithm 2, the latter has the practical benefit that one
can directly work with a discrete tensor which can be more efficient than manipu-
lating continuous functions. On the other hand, Algorithm 1 is closer to Chebfun’s
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Algorithm 2 HOSVD-based computation of a singular quadruplet of f
1: Let f be a trivariate function and f̂ be its HOSVD as in (2.11).
2: Apply the HOPM to the discrete tensor T̂ to compute a singular value σ and the corresponding discrete

singular vectors u,v, and w. See (2.2).
3: Compute the singular functions g(x) = Â(x)u, h(y) = B̂(y)v and w(z) = Ĉ(z)w.

viewpoint of numerical computing with functions rather than discrete objects. It is
mathematically more elegant in the sense that there is no discretizations involved. In
addition, when a Tucker representation of f as in (2.11) is unavailable, Algorithm 1
may be easier to implement. For example, a discretized HOPM can be applied; we
illustrate this in Section 6.1, along with some of the practical difficulties.

We note that the goal of Algorithm 2 is not using HOSVD to approximate the
function very accurately. Both Algorithms 1 and 2 solve the same problem of com-
puting a singular quadruplet of f . It is standard to incorporate HOPM in greedy ap-
proximations as we later illustrate in experiments of Subsections 6.1.1 and 6.1.2. See
also Subsection 6.1.3.

3 The eigenvalue problem

Eigenvalue problems are defined for matrices that are square. Analogously, for the
eigenvalue problem to make sense, the domain of f has to be a cube [a,b]3.

Definition 3.1 f (x,y,z) is called a cube function, if its domain is a cube, i.e., if x,y,
and z are all defined on a single interval [a,b], i.e., f : [a,b]× [a,b]× [a,b]→ R.

We first consider the case where f is symmetric and then treat the general non-
symmetric case. Different types of eigenvalues are defined for a discrete tensor. Our
definitions here correspond to the Z-eigenvalues of discrete tensors as in [36,54].
Such tensor eigenvalue problems have applications for example in random walks [3,
34], blind source separation [26] and MRI [48], and below we present its analogue in
infinite dimensions for order three tensors.

3.1 Symmetric functions

Definition 3.2 A square function f (x,y,z) is called symmetric if it is invariant under
any permutation of variables, i.e., if f (x,y,z) = f (y,x,z) = f (z,y,x) = f (x,z,y).

Definition 3.3 (λ ,g) is called an eigenpair of f (x,y,z) if{ ∫ b
a
∫ b

a f (x,y,z) g(y) g(z) dz dy = λg(x),∫ b
a g(x)2 dx = 1.

(3.1)

Taking advantage of the symmetry results in the symmetric HOPM that is slightly
cheaper but might not converge to an eigenvalue. This motivated Kolda and Mayo [29]
to consider a shifted symmetric higher-order power method (SS-HOPM), which is
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guaranteed to converge to a stable eigenpair of discrete tensors of any order. Al-
gorithm 3 is an extension of the SS-HOPM for trivariate functions. It uses a shift
parameter s whose appropriate choice guarantees convergence to an eigenvalue of f .

Algorithm 3 SS-HOPM for symmetric 3D functions with shift s
1: Initialize g(z) to be a function defined on [a,b] with unit 2-norm.
2: Repeat until convergence:

– Compute ĝ(x) :=
∫ b

a
∫ b

a f (x,y,z) g(y) g(z) dy dz,
– Compute β := ‖ĝ+ sg‖2 and g(x) = ĝ(x)/β ,

3: λ := β − s is an eigenvalue and g(x) is the corresponding eigenfunction.

Let f (x,y,z) be a symmetric chebfun3 of length n and numerical Tucker rank r
and g(x) be a 1D chebfun of length n. Similar to the discussion of the complexity of
Algorithm 1, we can show that each iteration of the above continuous analogue of the
SS-HOPM costs O(r3 + rn logn) operations. Recall that the SS-HOPM for discrete
full tensors of size n× n× n requires O(n3) arithmetic operations (as before, this
reduces to O(r3 + rn) if a Tucker decomposition is available).

3.2 Nonsymmetric functions

A bivariate function defined on a square has left and right eigenfunctions which are
not necessarily the same (unless the function is symmetric). Equivalently, the non-
symmetric 3D function f (x,y,z) has modal eigenpairs, i.e., there are x-eigenpairs,
y-eigenpairs, and z-eigenpairs.

Definition 3.4 (µ1,g(x)) is called an x-eigenpair of f (x,y,z) if{ ∫ b
a
∫ b

a f (x,y,z) g(y) g(z) dz dy = µ1g(x),∫ b
a g(x)2 dx = 1.

(3.2)

A y-eigenpair (µ2,h(y)) and a z-eigenpair (µ3,w(z)) can be defined anaslogously.
It is easy to see from (3.2) that (µ1,g(x)) is an x-eigenpair if and only if (−µ1,−g(x))
is an x-eigenpair. (3.1) implies that the same relation holds for eigenpairs of symmet-
ric functions.

4 CP decomposition of trivariate functions

Given a trivariate function f (x,y,z), in this section we consider the problem of find-
ing a CP decomposition (1.2). This is one of the canonical factorizations of a ten-
sor of order > 2. We note that the construction of Chebfun3 [24] is based on the
so-called Tucker decomposition, which is of a different nature. CP-type decompo-
sitions are explored in the literature as a tool to combat the curse of dimensionality
for approximating multivariate functions, most notably in [4,5]. See also [8] for a
least-square approach exploiting sparsity. The relation between the smoothness of an
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n-dimensional function f ∈ L2 and the factors of its best approximation in both CP
and Tucker formats is addressed in [60]. Let us emphasize also that our main problem
in this paper is not function approximation. Our interest here is more on the connec-
tions between the spectral problem and CP decomposition for trivariate functions.
Even though our results can perhaps be extended to higher dimensional functions,
we have focused on 3D functions for which Chebfun3 is available as a convenient
exploratory numerical environment.

Generally, computing the CP decomposition of a discrete tensor is NP-hard. For
example, an n× n× n tensor can have a CP rank O(n2): a trivial upper bound is
n2, and the bound 2d n3

3n−2e ≈
2
3 n2 is given in [6, Ex. 12], building upon [32,35,53].

To obtain a computationally tractable algorithm for CP decomposition of trivariate
functions, we shall invoke a key tool in the theory of computing the CP decomposition
of a three-way tensor. Namely, it is sufficient for the direct computation of the CP
decomposition

T =
r

∑
`=1

a` ◦b` ◦ c`, (4.1)

of a discrete tensor T of size m× n× ` that the following two conditions are satis-
fied: (i) r ≤min(m,n, `) (or a slightly weaker condition), and (ii) two of the matrices
A = [a1, . . . ,ar], B = [b1, . . . ,br] and C = [c1, . . . ,cr] have full column rank. Specifi-
cally, the CP can be computed exactly via a matrix decomposition, namely a simulta-
neous diagonalization of the slices, which in turn can be computed via a generalized
eigenvalue problem.

The essence is that two random slices will have a generalized eigenvalue decom-
position where the matrices of left and right eigenvector have columns equal to the
factors in the CP decomposition. This fact was reported in [46], and independently in
[33], and this idea has been refined and generalized in [10,13]. In [16] it is shown that
the CP decomposition can be computed using standard linear algebra provided that
Kruskal’s condition [31] (which guarantees uniqueness of CP decompositon) is satis-
fied. Since the algorithms in these recent papers are rather intricate, here we consider
the continuous analogues of the classical result [33],[46].

This result has remained of relatively limited applicability in the context of dis-
crete tensors, primarily due to the condition “CP rank r ≤ min(m,n, `)” being too
restrictive. However, consider our main subject of trivariate functions. Here, the di-
mension, if any, is ∞×∞×∞. Crucially, this means that the above requirement re-
duces merely to that the trivariate function is of finite rank. This is not much of a
restriction, since in practice, we usually work with functions of finite rank (this is
surely the case in Chebfun3). This suggests that perhaps for a wide class of trivariate
functions of practical interest, the CP decomposition could be computed via linear
algebra algorithms, provided that the linear independence condition holds among the
CP factors (this does pose a practical limitation in the applicability).

We describe the process for trivariate functions. Let us introduce the factor quasi-
matrices G(x)= [g1(x), . . . ,gr(x)]∈R∞×r (here ∞ represents the interval [a,b]), H(y)=
[h1(y), . . . ,hr(y)]∈R∞×r (∞ represents [c,d]), and W(z) = [w1(z), . . . ,wr(z)]∈R∞×r,
in which ∞ represents [e, l]. Then, we can write f in (1.2) as

C×1 G(x)×2 H(y)×3 W(z), (4.2)
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where C is an r× r× r diagonal core tensor with ith diagonal element αi and zero
non-diagonal entries.

We now assume that G(x) and H(y) have full column rank r, i.e., g1, . . . ,gr are
linearly independent in L2([a,b]) and h1, . . . ,hr are linearly independent in L2([c,d]).
The z = z0 slice f (x,y,z0), for any z0 ∈ [e, l], is the bivariate function

f (x,y,z0) = H(y)


α1w1(z0)

α2w2(z0)
. . .

αrwr(z0)

G(x)T . (4.3)

Another slice z = z1 gives

f (x,y,z1) = H(y)


α1w1(z1)

α2w2(z1)
. . .

αrwr(z1)

G(x)T . (4.4)

From these we see that ( f (x,y,z0), f (x,y,z1)), regarded as a continuous analogue of
matrix pairs, has the eigenvalue equations

f (x,y,z1)(G(x)T )† = f (x,y,z0)(G(x)T )†diag(
w1(z1)

w1(z0)
, . . . ,

wr(z1)

wr(z0)
). (4.5)

Here (G(x)T )† ∈R∞×r is the quasimatrix pseudoinverse of G(x)T such that G(x)T (G(x)T )† =
Ir and σi((G(x)T )†) = 1/σi(G(x)). The pair ( f (x,y,z0), f (x,y,z1)) also has the anal-
ogous left eigenvalue equation

H(y)† f (x,y,z1) = diag(
w1(z1)

w1(z0)
, . . . ,

wr(z1)

wr(z0)
)H(y)† f (x,y,z0). (4.6)

As in standard matrix theory [14, §. 4.5], the equations (4.3) and (4.4) also imply the
simultaneous diagonalization property

H(y)† f (x,y,z0)(G(x)T )† =

α1w1(z0)
. . .

αrwr(z0)

 ,
H(y)† f (x,y,z1)(G(x)T )† =

α1w1(z1)
. . .

αrwr(z1)

 .
(4.7)

In order to obtain the decomposition (4.7) and hence the desired factors G(x) and
H(y) in practice, we reduce the task to a matrix eigenvalue problem. First, compute
the SVD of the bivariate functions

f (x,y,z0) = U0(y)S0V0(x)T , f (x,y,z1) = U1(y)S1V1(x)T . (4.8)
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By (4.3) and (4.4), unless wi(z j) = 0 for some (i, j), U0 and U1 have the same
column space spanned by those of H(y). In practice, we compute the numerical col-
umn space by finding the nonnegligible singular values larger than a tolerance, and
find the corresponding columns Û0(y) of U0(y) (its first r̂ columns). We do the same
to the row space by extracting the first r̂ rows V̂0(x)T of V0(x)T , and project both
f (x,y,z0) and f (x,y,z1) onto the spaces to obtain two matrices of size r̂× r̂:

A0 = Û0(y)T f (x,y,z0)V̂0(x) = (Û0(y)T U0(y))S0(V0(x)T V̂0(x)),

A1 = Û0(y)T f (x,y,z1)V̂0(x) = (Û0(y)T U1(y))S1(V1(x)T V̂0(x)).
(4.9)

One then finds the generalized eigenvalue decomposition for the matrix pair (A0,A1)
as

Y T A0X = Λ0, Y T A1X = Λ1 (4.10)

where Λ0,Λ1 are diagonal matrices. This can be done by the standard QZ algo-
rithm [39] for generalized eigenvalue problems, which is backward stable. We then
obtain the right eigenfunctions in (4.5), (4.6) as (Ĝ(x)T )(†) := V̂0(x)X (which approx-
imates (G(x)T )†) and the left eigenfunctions as Ĥ(y)(†) :=Y T Û0(y)T (which approx-
imates H(y)†). We will also use approximants Ĝ(x),Ĥ(y) to G(x),H(y), which are
obtained as

Ĝ(x) = V̂0(x)X−T , Ĥ(y) = Û0(y)Y−T . (4.11)

Finally, to obtain an approximant to W(z), we see from (4.2) that

ciwi(z) =
∫ b

a

∫ d

c
f (x,y,z)g†

i (x)h
†
i (y)dydx. (4.12)

Here g†
i (x),h

†
i (y) are the ith column of the quasimatrices G(x)†,H(y)†, which we ap-

proximate via those of Ĝ(x)(†),Ĥ(y)(†). We can retrieve ci,wi(z) from (4.12) simply
by the normalization ‖wi(z)‖= 1, that is, ci = ‖

∫ b
a
∫ d

c f (x,y,z)gi(x)hi(y)dydx‖,wi(z)=
1
ci

∫ b
a
∫ d

c f (x,y,z)gi(x)hi(y)dydx. Putting these together, we obtain an approximate
CP decomposition f ≈ ∑

r
i=1 αiĝi(x)ĥi(y)ŵi(z). We summarize the process in Algo-

rithm 4.

Algorithm 4 CP decomposition for 3D function f : [a,b]× [c,d]× [e, l] → R for
which the CP factors in the x,y-directions are linearly independent
1: Take random slices f (x,y,z0) and f (x,y,z1) for z0,z1 ∈ [e, l].
2: Compute the SVD (4.8), and define Û0(y) and V̂0(y)T as the singular functions corresponding to the

singular values larger than a prescribed tolerance.
3: Compute discrete matrices A0 and A1 as in (4.9).
4: Find the generalized eigenvalue decomposition Y T A0X = Λ0,Y T A1X = Λ1 as in (4.10).
5: Set (Ĝ(x)T )(†) := V̂0(x)X , Ĥ(y)(†) := Y T Û0(y)T .
6: Compute Ĝ(x) = V̂0(x)X−T = [ĝ1(x), . . . , ĝr(x)], and Ĥ(y) = Û0(y)Y−T = [ĥ1(y), . . . , ĥr(y)].
7: For i = 1, . . . ,r, compute w̃i(z) =

∫ b
a
∫ d

c f (x,y,z)g†
i (x)h

†
i (y)dydx, αi = ‖w̃i(z)‖, and ŵi(z) = w̃i(z)/αi.

8: f (x,y,z)≈ ∑
r
i=1 αiĝi(x)ĥi(y)ŵi(z) is an approximate CP decomposition.

For improved reliability, instead of starting from two specific slices (4.3) and
(4.4), it is recommended that one take a number of randomly sampled slices and take
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their average (or integrate with respect to two different weight functions). Then the
diagonal matrices in (4.3), (4.4) are modified accordingly, but the rest of the argument
remains the same. This avoids the defective case where wi(z j) = 0 for j = 0,1, for
some i (in which case the corresponding elements h,g cannot be retrieved).

The success of Algorithm 4 can be measured by ‖ f (x,y,z)−∑
r
i=1 αiĝi(x)ĥi(y)ŵi(z)‖,

which is hoped to be sufficiently small. Failure of this can be caused (and predicted
within the algorithm) by the condition numbers of Ĝ(x) and Ĥ(y), and by examin-
ing whether H(y)† f (x,y,z2)(G(x)T )† is close to diagonal for another random slice
f (x,y,z2).

When H or G is rank deficient, Algorithm 4 will break down; numerically this
means the matrices X and Y become highly ill-conditioned. If two factors among H,
G and W have full column rank, then we can still compute the CP decomposition
by working e.g. with g(x,y,z) = f (y,z,x). If two or more of the three quasimatrices
are rank-deficient, then this remedy will still not help. Computing the CP in such
cases is left an open problem—algorithms that are applicable under relaxed condi-
tions have been proposed for discrete tensors, e.g. in [10] and [16], but the algorithm
is expensive and its continuous analogue appears to be nontrivial.

5 Two-way odeco functions and decay of CP values

In this section we explore the CP-values of trivariate functions. For bivariate func-
tions, the singular values decay geometrically if the function is analytic in the do-
main. We suspect that an analogous result might hold for the trivariate case; here
we give a partial answer by proving the same holds for CP-values of trivariate func-
tions possessing a property called two-way odeco, which is a natural relaxation of
odeco tensors/functions. Odeco tensors were introduced in [63], see also [27] for its
analysis.

Definition 5.1 f (x,y,z) is called orthogonally decomposable, or odeco, if it can be
written in the polyadic form (1.2) such that the functions g j(x), h j(y), and w j(z) are
orthogonal, i.e., if∫ b

a
gi(x)g j(x)dx =

∫ d

c
hi(y)h j(y)dy =

∫ l

e
wi(z)w j(z)dz = δi, j,

for every fixed i, j = 1,2, · · · . f (x,y,z) is called two-way odeco, if two of the set of
functions g j(x), h j(y), and w j(z) are orthogonal.

Suppose that we know the CP decomposition of f , and the factors may or may not
be orthonormal. Note that the CP decomposition of f is a special case of the Tucker
format in which the discrete core tensor is diagonal. Now consider converting the CP
to an odeco expansion of f . To do so, we can always orthonormalize factors g j(x),
h j(y) and w j(z) of the CP decomposition of f e.g., using the QR decomposition [58].
In order to replace the factors with the new orthonormalized factors, the diagonal
core tensor has to be multiplied by three discrete matrices which are triangular; hence
the core tensor will not necessarily be kept diagonal. A sufficient condition for the
core tensor to be kept diagonal is that the given function f is originally odeco in
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which case the matrices R from the QR factorizations are actually diagonal. In this
case, every term in the CP expansion of f is a singular quadruplet of f ; this can be
seen straightforwardly by verifying (2.7). In other words, for an odeco function, the
triples (g j(x),h j(y),w j(z)) corresponding to the rank-1 terms are singular function
tuples and the corresponding coefficient is a singular value3. The converse is not
true–singular quadruplets are not necessarily CP quadruplets; we return to this in
Section 5.2.

For odeco trivariate functions, Algorithm 4 can always compute the CP decom-
position: the linearly independence assumption is trivially satisfied because the three
quasimatrices G(x), H(y), W(z) are all orthonormal, hence have full column rank
r. This also gives an algorithm to check whether a trivariate function is odeco: use
Algorithm 4 to compute the CP decomposition, and check if the quasimatrices G(x),
H(y), W(z) are all orthonormal. The function is not odeco if Algorithm 4 fails or one
of the quasimatrices is not orthonormal.

Clearly, two-way odeco is a more general class of trivariate functions than odeco
(although admittedly still a very special class). In this section we show that the CP
values decay geometrically for two-way odeco analytic functions, and therefore be
approximated by a finite-rank tensor with exponential accuracy.

Unless otherwise mentioned, in this section we suppose f is two-way odeco (in
y,z directions, for definiteness). That is, we assume f can be written as

f (x,y,z) =
∞

∑
i=1

αigi(x)hi(y)wi(z), (5.1)

with gi,hi,wi all real-valued, having unit norms (in particular ‖gi‖ = 1 for every
i ∈ N),

〈
hi,h j

〉
=
〈
wi,w j

〉
= δi j (in the L2 inner products

〈
hi,h j

〉
=
∫ d

c hi(y)h j(y)dy
and

〈
wi,w j

〉
=
∫ l

e wi(z)w j(z)dz), and α1 ≥ α2 ≥ α3 ≥ ·· · ≥ 0; there is no loss of
generality in assuming positivity.

5.1 Geometric decay of CP values for two-way odeco functions

Here we show for two-way odeco functions that the CP-values decay geometrically.
The analysis below closely follows that in [37] for bivariate functions, but with some
modifications to handle the trivariate case (e.g. the

√
r+1 factor).

Lemma 5.1 Let f : [a,b]× [c,d]× [e, l]→ R be a trivariate function that is two-way
odeco (in y,z) with CP-values α1 ≥ α2 ≥ ·· · as in (5.1). Then for any trivariate
function of the form

f̂ (x,y,z) :=
r

∑
j=1

s j(y)p j(x,z),

we have
αr+1 ≤

√
r+1‖ f − f̂‖. (5.2)

3 See e.g. [54] for an analogous discussion regarding eigenvalues of symmetric discrete tensors.
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Proof Since [h1, . . . ,hr+1] spans a subspace of dimension r+1, we can choose

φ(y) =
r+1

∑
j=1

c jh j(y)

so that ‖φ‖= 1 and f̂×2 φ :=
∫ d

c f̂ (x,y,z)φ(y)dy= 0; specifically, we choose [c1, . . . ,cr+1]

so that it has unit norm and
∫ d

c φ(y)s j(y)dy = 0 for j = 1, . . . ,r: more precisely, we
can take [c1, . . . ,cr+1]

T to be a null vector of the r× (r+1) matrix with (i, j) element〈
si,h j

〉
. Therefore

‖( f − f̂ )×2 φ‖= ‖ f ×2

r+1

∑
j=1

c jh j‖= ‖
r+1

∑
j=1

c jα jg j(x)w j(z)‖=: ‖G(x,z)‖.

For each ` ∈ {1, . . . ,r+1}, we have

G(x,z)×1 g`(x) =
r+1

∑
j=1

c jα j
〈
g`,g j

〉
w j(z). (5.3)

Now let `∗ = argmax1≤ j≤r+1|c j|. Then we have |c`∗ | ≥ 1√
r+1

, since ‖c‖= 1. Taking
`= `∗ in the above equation and integrating with w`∗(z) we obtain

|(G(x,z)×1 g`∗(x))×3 w`∗(z)|= |c`∗α`∗ 〈g`∗ ,g`∗〉 | ≥
α`∗√
r+1

,

where we used the fact ‖g`∗‖= 1. Recall that in the line following (5.1) we assumed,
without loss of generality, that all the CP factors have unit norms. Thus |( f − f̂ )×1
g`∗ ×2 φ ×3 w`∗ | ≥

α`∗√
r+1
≥ αr+1√

r+1
with ‖φ‖= ‖w`∗‖= 1, establishing (5.2).

ut

Now we establish the geometric decay of CP values. In the following theorem,
Eρ denotes an open Bernstein ellipse with foci at ±1 and semiminor and semimajor
axis lengths summing to ρ > 1. Specifically, Eρ := { 1

2 (ρz+(ρz)−1) : |z|< 1,z ∈C}.

Theorem 5.1 Let f (x,y,z) : [−1,1]3 → R be two-way odeco in y,z, and for every
fixed x0,z0 ∈ [−1,1]2, suppose that the univariate function f (x0,y,z0) is analytic in
[−1,1] and analytically continuable to the open Bernstein ellipse Eρ where it is uni-
formly bounded by M. Then the CP-values of f decay as

αr+1 ≤
2M
√

r+1
ρ−1

ρ
−r. (5.4)

Proof Write f in Chebyshev expansion with respect to y as

f (x,y,z) =
a0(x,z)

2
+

∞

∑
j=1

a j(x,z)Tj(y).

Specifically, we have

a j(x,z) =
1
π

∫
π

−π

f (x,cosθ ,z)ei jθ dθ . (5.5)
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The imposed analyticity assumptions guarantee that [59, Thm. 8.1] |a j(x,z)| ≤ 2Mρ− j,
uniformly in x ∈ [a,b] and z ∈ [e, l]. By taking

f̂ (x,y,z) :=
a0(x,z)

2
+

r

∑
j=1

a j(x,z)Tj(y),

together with (5.2) we obtain

αr+1 ≤
√

r+1‖ f − f̂‖=
√

r+1‖
∞

∑
j=r+1

a j(x,z)Tj(y)‖ ≤
2M
√

r+1
ρ−1

ρ
−r,

as required. ut

If f is entire and (two-way) odeco, then the decay of the CP-values is even faster,
i.e., super-geometric. Moreover, employing an appropriate change of variables, we
can establish the geometric decay to the case where the domain of f is a general
rectangular parallelepiped [a,b]× [c,d]× [e, l].

In the case that f is only ν times differentiable, we can prove the decay rate of CP
values to be algebraic, like r−(ν+1) by invoking Theorem 7.1 instead of 8.1 in [59].

While two-way odeco functions are more general than odeco functions, a slightly
wider class (for discrete tensors) is treated in [62, Def. 3.5], called functions ad-
mitting a strong two-orthogonal decomposition, to identify a sufficient condition for
a Schmidt-Eckart-Young decomposition (a decomposition for which extracting the
leading k terms gives the best rank-k approximation for all k) to exist. For example, a
function that is not two-way odeco but has a (continuous analogue of the) strong two-
orthogonal decomposition is g1(x)h1(y)w1(z)+ g2(x)h2(y)w2(z)+ g3(x)h3(y)w3(z),
where [w1,w2,w3] is orthogonal and so are 〈g1,g2〉= 〈g1,g3〉= 〈h2,h3〉= 0, but oth-
erwise arbitrary, in particular 〈g2,g3〉 6= 0. Examining whether the geometric decay of
the CP-values extends to the strong two-orthogonal case or to more general trivariate
functions is left as an open problem.

5.2 Low-rank approximation via CP for two-way odeco functions

We have derived decay bounds for CP-values. We next explore the best rank-r approx-
imation to f , along with the connection between the CP decomposition and singular
quadruplets.

Proposition 5.1 Let f (x,y,z) be a two-way odeco function (in y,z as in the CP de-
composition (5.1)). Then the following hold:

1. For every r ∈N, fr := ∑
r
i=1 αigi(x)hi(y)wi(z) is the best rank-r approximant of f .

2. For every i∈N, (αi,gi,hi,wi) is a singular quadruplet satisfying (2.7), and (α1,g1,h1,w1)
is the largest singular quadruplet of f .

3. For any f̂ of CP-rank r, ‖ f − f̂‖ ≥ αr+1, with equality attained when f̂ = fr.
4. If f further satisfies the assumptions in Theorem 5.1, it can be approximated by a

rank-r function with exponential accuracy, namely ‖ f − fr‖ ≤ 2M
√

r+1
ρ−1 ρ−r.
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Proof The proof of the first statement is a straightforward adaptation of [62, Thm. 3.6]:
We can obviously rewrite f as

f (x,y,z) =
∞

∑
i=1

αiGi(x,y)wi(z), (5.6)

where Gi(x,y) := gi(x) hi(y) is a bivariate function (of rank one). Consider the Eu-
clidean inner product of bivariate functions (see the definition of the tensor space
isomorphism and the following discussion in [23, pp. 59-61])

〈G(x,y),H(x,y)〉 :=
∫ b

a

∫ d

c
G(x,y) H(x,y) dy dx.

Note that (5.6) is the SVD of f regarded as a bivariate function of z from one side
and (x,y) form the other, because〈

Gi(x,y),G j(x,y)
〉
=
∫ b

a

∫ d

c
gi(x)hi(y)g j(x)h j(y) dy dx

=
〈
gi(x),g j(x)

〉〈
hi(y),h j(y)

〉
= δi j,

where the last equality relies on the fact that ‖gi‖= 1 for every i ∈ N. Now since the
SVD provides an optimal truncation of bivariate functions, the same holds for (5.1),
i.e., ∑

r
i=1 αigi(x)hi(y)wi(z) is the best rank-r approximation of f .

We next treat the second statement. It is straightforward to verify that i ∈ N,
(αi,gi,hi,wi) satisfies (2.7). To see that (α1,g1,h1,w1) is the largest singular quadru-
plet of f , let g(x) be a univariate function of unit norm and consider

f1(y,z) :=
∫ b

a
f (x,y,z)g(x)dx = 〈g1,g〉α1h1(y)w1(z)+

∞

∑
i=2
〈gi,g〉αihi(y)wi(z).

By the orthonormality assumption on hi and wi, we see that the largest singular value
of f1(y,z) is the largest value among 〈gi,g〉αi for i = 1,2, . . .. By the normalization
this is easily seen to be bounded by α1. Since this holds for any g(x), it follows that
α1 is an upper bound for the largest singular value of f . Furthermore, equality holds
by taking g(x) := g1(x), so (α1,g1,h1,w1) is the largest singular quadruplet of f .

The third statement is a trivial consequence of the first two. The fourth follows
directly from combining the third statement and (5.4). ut

This result tells us that in order to compute the best rank-r approximant to f we
can either truncate the leading CP terms, or successively find and subtract the best
rank-1 approximant. Another consequence of this result is that if we perturb a rank-
1 function f by a function that is orthogonal to f in two ways, then its best rank-1
approximant remains intact (until the perturbation is large enough to change the first
term in the CP decomposition).

As the proof suggests, the first statement still holds if we relax the assumption on
f to having a strong two-orthogonal decomposition.

Regarding the second statement of Proposition 5.1, one might suspect that the
converse could also hold: every singular quadruplet of f would be a CP quadruplet,



18 Behnam Hashemi, Yuji Nakatsukasa

i.e., CP and SVD are identical. It turns out that this is not true, even for (three-way)
odeco functions. For example, consider an odeco function f =σ1g1h1w1+σ2g2h2w2,
where σ1,σ2 > 0 and 〈g1,g2〉= 〈h1,h2〉= 〈w1,w2〉= 0. Note that this is the unique
CP decomposition of f by Kruskal’s sufficient condition [31]. However, f has other
singular quadruplets: Let s, t ∈ R be such that s2 + t2 = 1 and sσ1 = tσ2, and de-
fine g̃ = sg1 + tg2, h̃ = sh1 + th2, w̃ = sw1 + tw2, and σ̃ = sσ1. Then we can verify
that (σ̃ , g̃, h̃, w̃) is a singular quadruplet, satisfying (2.7)4. In any case, by the first
statement of Proposition 5.1, the largest singular quadruplet is a CP quadruplet.

The above example, together with the second statement of Proposition 5.1, shows
that the CP quadruplets are a strict subset of the singular quadruplets for (two-way)
odeco functions. However, in view of the first statement of Proposition 5.1, we expect
the existence of singular quadruplets that are not CP quadruplets to be of marginal
significance, at least in the context of approximating f by a low-rank function.

We close this section by a discussion of possible extensions to functions of gen-
eral dimension d ≥ 3. It seems possible to extend the variational formulation of spec-
tral notions like singular values and eigenvalues and all our algorithms to higher di-
mensions. On the other hand, our arguments on the decay of CP-values and singular
values seem to work in higher dimensions without fundamentally different assump-
tions being necessary. For instance, we do not need to assume that the function is
odeco in d− 1 variables; two-way odeco is enough for any dimension d ≥ 3. The
crucial necessity is to be able to use a splitting of variables in two subsets so that one
of the factors of CP decomposition in each subset is orthogonal. We leave a rigorous
formulation and the corresponding decay rates for future research. Note that higher
dimensional extensions of Algorithm 4 (cf. [33, sec. 6], more generally [10]) can be
used to check whether a given function is odeco. See the beginning of this section.

6 Numerical examples

Unless otherwise stated, 3D functions in this section are defined over [−1,1]3. All the
experiments were done in MATLAB building upon the Chebfun package [17].

6.1 Best rank-1 approximation

By the power method we can find the largest singular quadruplet, which by Theo-
rem 2.1, gives the best rank-1 approximant to f . Figure 6.1 (left) shows the conver-
gence history of power method applied to the function f (x,y,z) = exp(sin(x+y+z)),
measured by the error of the Rayleigh functional |σ̂ −σ | (where we take the ’exact’
value σ to be the final value of the iterate) and the residual, computed by (recall-
ing (2.7)) ∥∥∥∥∥∥∥


∫ d

c
∫ l

e f (x,y,z) ŵ(z) ĥ(y) dz dy− σ̂ ĝ(x)∫ b
a
∫ l

e f (x,y,z) ŵ(z) ĝ(x) dz dx− σ̂ ĥ(y)∫ b
a
∫ d

c f (x,y,z) ĥ(y) ĝ(x) dy dx− σ̂ ŵ(z)


∥∥∥∥∥∥∥

2

(6.1)

4 The singular quadruplets for odeco tensors is fully studied in [45], which shows that the number of
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where the values wearing a hat indicate computed quantities. Here the norm is the
standard `2 norm.
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Fig. 6.1 Left: Typical convergence of power method (Algorithm 1, or equivalently 2) for the largest sin-
gular quadruplet of f (x,y,z) = exp(sin(x+ y+ z)). Right: convergence of power method with n× n× n
discretized tensors, for n = 10 and n = 20.

Observe that the error of the Rayleigh quotient scales like the squared of the norm
of the residual; this is a known phenomenon [63]. Since this function is not two-
way odeco, the CP and singular value decompositions are not identical, in particular,
σ1 6= α1.

To illustrate the difference between continuous and discrete HOPM, Figure 6.1
(right) shows the convergence obtained as follows: discretize the function in a n×n×
n Chebyshev grid, and apply a “weighted” HOPM, where the weights are those in the
Clenshaw-Curtis quadrature [59, Chap. 19]. We then convert the computed discrete
rank-one tensor to a continuous rank-one function via Chebyshev interpolation, and
examine the residual as above. Each discrete HOPM iteration costs O(n3) operations,
which can be significantly higher than a continuous HOPM iteration, costing O(r3 +
rn logn); recall the discussion in Section 2.1. Furthermore, for the discrete HOPM,
the appropriate value of n is not known a priori—observe that in Figure 6.1 (right),
n = 10 is insufficient to obtain full accuracy.

Sometimes the power method converges not to the largest singular quadruplet but
to another one. Experiments suggest this happens with nonnegligible probability (see
Section 6.2), although most of the time, the power method finds the largest singular
quadruplet. For the purpose of finding the best rank-1 approximant, a simple remedy
is to run the power method several times with multiple initial guesses and adopt the
one with the largest singular value. Alternatively, one can use the first term of the
multivariate adaptive cross approximation (MACA), in which one finds a low-rank
approximation via the slices and fibers passing through a pivot value [2] or HOSVD
of f as the initial guess instead of using random ones.

singular values grows rapidly with both the dimension and size, and that the singular vector tuples form a
positive-dimensional variety. Extending such results to the continuous case is an interesting open problem.
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6.1.1 Low-rank approximation via CP vs. greedy, general case

It is known that the greedy algorithm of approximating a tensor by successively find-
ing and subtracting the best rank-1 approximant generally does not give the CP de-
composition [28]. Indeed, the result in [62] can be seen to carry over to functions,
to show that generic trivariate functions do not have a Schmidt-Eckart-Young de-
composition (such functions need to have a weak two-orthogonal decomposition [62,
Thm. 3.3]). We illustrate this in Figure 6.2, where the residual ‖ f − f̂‖ is shown for an
approximant f̂ of varying rank, obtained by either the greedy approach or truncating
the CP decomposition.
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Fig. 6.2 Convergence of residual ‖ f − f̂‖ via greedy rank-1 approximation and CP for non-odeco (in any
direction) functions. Left: random rank-10 function with α j = 10− j . Right: f (x,y,z) = exp(xyz).

We verify as expected that the greedy approach does not give the optimal rank-r
approximants, except when r = 1. With a rank-one or low-rank approximation, on
the other hand, the greedy approach usually gives a smaller residual; this reflects the
fact that it is indeed the best rank-1 approximant, which is not necessarily true for CP
(unless the function is two-way odeco).

Note that the CP residual does not always go down to working precision≈ 10−16;
for example, for f (x,y,z) = exp(xyz) and the computed CP decomposition has resid-
ual≈ 10−8, and this does not improve by changing the SVD tolerance in Algorithm 4;
we observed similar behaviors for many functions. This seems to be caused by condi-
tioning of the eigenvalue problem, in particular, the quasimatrix of eigenvectors (step
5 of Algorithm 4). For this reason we do not always recommend finding a compressed
representation of a trivariate function by the CP decomposition.

6.1.2 Low-rank approximation via CP vs. greedy, two-way odeco case

For two-way odeco functions, we have shown in Proposition 5.1 that the leading r
CP factors give the best rank-r approximation. A corollary of this result is that a
greedy approach of successively subtracting the largest CP quadruplet (equal to the
largest singular quadruplet) gives the CP decomposition and hence the best rank-r
approximation. We illustrate this in Figure 6.3. Here we generate a two-way odeco
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function as in (2.9), where we take T to be a diagonal tensor of diagonal elements
10− j, j = 1,2, . . . ,10 and B := PQB and C := PQC where P is an orthonormal quasi-
matrix of Legendre polynomials and QB and QC are 10× 10 random orthonormal
matrices. The equivalence between the CP and greedy curves (up to roundoff errors)
illustrates the fact that for odeco or two-way odeco functions, the greedy approach
and truncated CP both give the best rank-r approximant for every r.
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Fig. 6.3 For three-way odeco (left) and two-way odeco (right) functions, the SVD and CP are the same,
so a greedy HOPM gives CP (up to floating-point errors). A greedy HOSVD, by contrast, gives CP for
three-way odeco functions but not for two-way odeco.

6.1.3 A nonstandard greedy approach

It is known that for a trivariate function, HOSVD gives an approximation of trilinear
rank (r1,r2,r3) that is quasi-optimal, within a factor of

√
3 (or more generally the

square root of the dimension, cf. [23, Thm. 10.3]). As mentioned in the last two
subsections, it is standard and natural to use HOPM (rather than HOSVD) at every
step of the greedy approach. Nevertheless, here we examine another variant of greedy
approach in which HOPM is replaced with HOSVD truncation of rank (1,1,1) at
every step. We observed that for three-way odeco functions, greedy HOSVD and
greedy HOPM are equal and both optimal. In contrast, for two-way odeco functions
greedy HOPM is optimal (first two parts of Proposition 5.1), but greedy HOSVD is
not. We illustrate these in Figure 6.3.

6.1.4 Finding a rank-one function in a subspace

As a natural continuous analogue of the problem considered in [41], consider the
following problem. Let f ,g,h be rank-one trivariate functions, and let f̂ = f + c1g+
c2h, which is of rank three. Given f̂ ,g,h, we would like to find (or ”recover”) the
function f such that

1. f is rank one, and
2. f̂ ,g,h and f ,g,h span the same subspace.
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Put another way, we are looking for a basis consisting of rank-one functions for
the subspace spanned by f̂ ,g, and h. In the discrete case, this problem has applications
in data compression and image separation.

As also described in [40] a simple algorithm executes alternating projection be-
tween rank-one functions and the subspace of trivariate functions spanned by f̂ ,g,
and h. In that Example, projection to rank-one functions was done via the MACA
process. Now equipped with a method for the best rank-one approximation, we re-
place MACA with HOPM; Figure 6.4 shows the results, which plot the error f̂it− f
in the x-mode after one through seven iterations.
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Fig. 6.4 Convergence of x-mode as iteration proceeds for finding a rank-one trivariate function in a sub-
space of trivariate functions. The dashed line shows the performance when the rank-1 extraction is done in
an MACA manner.

We observe from the fact that the solid curves (HOPM) lie below the dashed
ones (MACA), that by finding the correct best rank-1 approximant in each step, we
improve the convergence.

6.2 Computing more than one singular quadruplet with HOPM

The HOPM usually converges to the dominant singular quadruplet. However, conver-
gence to a different singular quadruplet is also possible. For example for the function5

f (x,y,z)= |((x+ iy)exp(iz))2−1|2 defined over [−1.5,1.5]× [−1.5,1.5]× [−6,6] we
have computed the singular values σ1 = 55.74 and σ2 = 22.46. The corresponding
singular functions in each mode are depicted in Figure 6.5. In this example HOPM
converged to the largest singular quadruplet with σ1 = 55.74 about 80% of the ran-
dom runs, the remaining runs all converging to σ2 = 22.46. In most other examples
that we tried, HOPM converged to the largest singular quadruplet with (often much)
higher probability.

6.3 Eigenvalues of symmetric functions

As mentioned in Section 3.1, if the shift parameter of the SS-HOPM is chosen appro-
priately, then the eigenvalues and eigenvectors of symmetric discrete tensors might

5 This is the function doublehelix from the Chebfun gallery.
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Fig. 6.5 Two leading singular functions of the doublehelix function, in the x,y,z modes.

be computed in a way that the underlying optimization problem reduces to a convex
problem [29]. For symmetric functions, the infinite-dimensional counterpart, we ob-
serve similar phenomena. Figure 6.7 shows a typical convergence history, which is
again linear with the eigenvalues converging like the square of the residual.
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Fig. 6.6 Typical convergence of power method for an eigenpair of a symmetric function f (x,y,z)= sin(x+
y+ z) with shift 1 (shift 0 often results in nonconvergence, see Figure 6.7). As for the singular values, the
eigenvalue accuracy scales like the residual squared.

The shift also gives the flexibility to compute eigenpairs other than the largest one,
unlike the counterpart for singular values presented above. We give an illustration in
Figure 6.7, which shows the history of the Rayleigh quotient for different values of
the shift parameter. Note that without a shift, the power method did not converge.
It would be of interest to find the singular quadruplets that are not the largest by a
similar shifting technique.
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Fig. 6.7 Typical convergence of power method for an eigenpair of a symmetric function f (x,y,z)= sin(x+
y+ z) with varying shifts

6.4 Decay of CP values

We have proved in Section 5 that for two-way odeco functions, the CP values decay
exponentially, which represent the quality of the best rank-r approximation, and that
singular values and CP values are equivalent for three-way odeco functions.

One difficulty to illustrate the geometric decay of CP values is that it is nontrivial
to generate a two-way odeco function without specifying the CP values. For example,
f (x,y,z) as in (2.9) with T being the diagonal tensor with 1s on the diagonal, and B
and C orthonormal, is a (y,z) two-way odeco function, but its CP values are specified
explicitly by construction: they are the 2-norms of the columns of the quasimatrix
A. Another example of a two-way odeco function is f (x,y,z) := G(x,y)w(z), which
involves only one univariate factor in one of the variables. Then the existence of SVD
for the bivariate function G(x,y) guarantees that f is two-way odeco. In this case the
CP values of f are the singular values of G multiplied by the 2-norm of w.

Meanwhile, we do not know whether the CP values would decay similarly for
general functions. Nonetheless, experiments suggest that CP-values decay exponen-
tially for general smooth functions, even if they are not two-way odeco, as illustrated
in Figure 6.8. Making this precise is left as an open problem.
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