Integrable spin chains with random interactions
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We study a Yang-Baxter integrable quantum spin-1/2 chain with random interactions. The
Hamiltonian is local and involves two and three-spin interactions with random parameters. We
show that the energy eigenstates of the model are never localized and in fact exhibit perfect energy
and spin transport at both zero and infinite temperatures. By considering the vicinity of a free
fermion point in the model we demonstrate that this behavior persists under deformations that
break Yang-Baxter integrability but preserve the free fermion nature of the Hamiltonian. In this
case the ballistic behavior can be understood as arising from the correlated nature of the disorder
in the model. We conjecture that the model belongs to a broad class of models avoiding localization

in 1D.

I. INTRODUCTION

After the fundamental paper by Anderson' it was be-
lieved for a long time that in one-dimensional random
potentials all eigenstates are localized in the thermody-
namic limit for arbitrarily weak disorder” . If Azbel
resonances’”; which form a set of measure zero, are ne-
glected, the above statement is rigorously speaking valid
only for white noise spatially uncorrelated randomness’.
Later it was realized that the spatial correlations of the
disorder potential can have profoundly influence Ander-
son localization™™". In this case localization can be par-
tially suppressed, at least for weak disorder In this
context a delocalization-localization transition in 1D for
long-range correlated disorder potentials has been inten-
sively discussed in the literature . On the other hand,
it was found that models with specific short-range corre-
lated disorder, so-called dimer models, exhibit conduct-
ing states . In recent years considerable efforts have
been made to understand the combined effects of disor-
der and interactions, which leads to the phenomenon of
many-body localization (MBL) , see Refs for re-
cent reviews. The MBL transition generally occurs at
finite energy densities and is characterized by ergodicity
breaking, the existence of an extensive number of quasi-
local integrals of motion in the localized phase™ " and
Poissonian level statistics. This is reminiscent of Yang-
Baxter integrable many-body systems””', which also
feature Poissonian level statistics and extensive numbers
of conservation laws. In Yang-Baxter integrable systems
the conserved charges are extensive but have (quasi) lo-
cal densities. An interesting question is then whether
there are any connections between Yang-Baxter integra-
bility and MBL. An example of a Yang-Baxter integrable
model that is localized is provided by disordered Richard-
son models”®. However, this class of models is infinite-
ranged whereas studies of MBL have focussed on models
like the spin-1/2 Heisenberg chain with a random white-
noise correlated magnetic field. Other forms of disor-
der such as random exchange interactions’”"" have been

explored as well , and there appears to be a wide
spread belief that MBL behaviour is a rather generic phe-
nomenon in the strong disorder regime. Non-MBL be-
haviour has been found in a disordered Hubbard chain"",
but this could be related to the presence of non-abelian
symmetries Another little explored issue is what
effects correlations in the disorder have on MBL""~

In this work we study a Yang-Baxter integrable model
of a Heisenberg-like spin chain with tuneable randomness
and abelian symmetry. We employ a number of standard
tools used to probe for (many-body) localized behaviour:
inverse participation ratios, local quantum quench dy-
namics and transport properties in energy eigenstates.
All methods point to the same conclusion: the model
does not exhibit any traces of localization irrespective of
the magnitudes of the interactions and disorder. On the
contrary, we find that the model is an ideal conductor
for both spin and energy. Moreover, we show in a non-
interacting limit that by deforming the model by tuning
the correlations between the random interaction param-
eters (the resulting model is no longer Yang-Baxter inte-
grable) it is possible to induce localization. This suggests
that the model we study here is a particular example of
a broader class of strongly disordered models in one di-
mensions that do not exhibit MBL.

II. THE MODEL

The Hamiltonian of our integrable chain contains
nearest-neighbour, next-nearest neighbour and three-
spin interactions with random couplings, c¢f. Fig. (1),
and can be expressed in the form
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FIG. 1. Schematic representation of the disordered inter-
acting spin chain studied here. Three types of position-
dependent interactions with random parameters are present:
a nearest-neighbour exchange J2(J1-)7 a next-nearest neighbour
coupling Jg(f) and a three-spin interaction Ks;. Explicit ex-
pressions for the various terms in the Hamiltonian are given
in the text. The ratios JQ(;)/JE?) and JQ(;)/KQJ' are correlated.

where [G; - Gkla = ofof + ofo] + A(ofof —1). The
exchange couplings are parametrized as
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where &; and A = cos(n) are free parameters of the
model. By construction we recover the spin-1/2 Heisen-
berg XXZ Hamiltonian if we set all inhomogeneities to
zero £, = &4 = -+ = &, = 0. In the following we mainly
consider the case where £o;, are independent random vari-
ables drawn from a flat distribution
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The derivation of the Hamiltonian (1) is summarized in
Appendix A. The model (1) is a variant of a class of dis-
ordered impurity models previously studied by Kliimper
and Zvyagin'’, who in particular determined thermo-
dynamic properties . Yang-Baxter integrability im-
poses severe restrictions on the form of the Hamiltonian.
This results in all three kinds of interactions involving
the same random parameters and can be viewed as short-
range correlated disorder in a model of interacting spins.

As a sufficiently strong next-nearest neighbour ex-
change can induce dimerization our model can in some
sense be considered as an interacting analogue of the
“dimer models” mentioned above.

A. Higher conservation laws

As shown in Appendix A the Hamiltonian (1) is re-
lated to the transfer matrix 7(u) of an inhomogeneous
six-vertex model. This connection is useful for construct-
ing higher conservation laws, which are a characteristic
feature of Yang-Baxter integrable models. In the case at

hand they can be obtained by taking logarithmic deriva-
tives of the transfer matrix at u =0

The Hamiltonian is by construction proportional to Q(?)
H = —2isinn Q@ . (5)

Importantly the higher conservation laws are also (ul-
tra)local in the following sense: they can be expressed in
the form

L
QM =>qQ". (6)
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where QS-n) act non-trivially only on a finite number of
neighbouring sites. We note that the structure of these
conservation laws is very different from that on the “I-
bits” in many-body localized systems.

In the following we will make use of the first higher
conservation law Q®). To that end we require an ex-
plicit expression in terms of the L-operator (A2) and its
derivatives. For the operator Q(® this is readily done:

L/2

(2,2
Q(Q) Z Q2J 1,25 + Q2J )1 ,27,25+1 > (7)

where
B1B283 ajc cfBs efB1
Q] = [L=e)] [ O] L]
[eARe D Y0 %} Olzd agze d@z
B1B2 aic cf1
S el o
|: 1,2 ajag ( 1‘2) asd ($2) dB2 ' ()

The conservation law Q) can be expressed as a sum of
terms that involve spin interactions on two, three, four
and five neighbouring sites respectively
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The operator Q) can be expressed in terms of Pauli
matrices using (A2), but this is not particularly useful
for our purposes.

III. NON-INTERACTING LIMIT

The particular case n = «/2 maps to non-
interacting spinless fermions by means of a Jordan-
Wigner transformation”*. The resulting Hamiltonian (1)
is block-diagonal H = P H,; + P_H_, where Py =
1(1£(—1)"") are projection operators onto the subspaces
with even and odd numbers of fermions respectively (F
is the fermion number operator). We find
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Fermions tunnel between neighbouring sites with am-
plitudes that are random apart from the constraints
Asj_12; = Agj2j+1. In addition there is a next-
nearest neighbour hopping on the sublattice of all odd
sites. Importantly the corresponding tunneling ampli-
tudes Asj_1,2j+1 are not independent random variables,
but are related to the amplitudes Ag;_1,2;. The fermion
hopping (12) can therefore be thought of as realizing a
particular kind of correlated disorder. As we will see, this
has important consequences for the physical properties of
energy eigenstates. Single-particle energy eigenstates are
constructed as |¥,,) = Zle ¢n’jc}\0>, where ¢,, are the
(orthonormal) eigenvectors of the matrix A and |0) is the
state without fermions. In order to investigate whether
the model (11) is localized we have determined the in-
verse participation ratio of single-particle energy eigen-
states I, = Zle |pn.j|*. We have considered several
probability distributions of the random parameters {5,
all of which lead to the same conclusion. We therefore
focus on (3). In Fig. 2 we show normalized histograms
of I,, averaged over 1000 disorder realizations for W = 3
and two different system sizes. We see that the inverse
participation ratios are strongly peaked at a value that
we find to scale inversely with system size as 1/L. This
indicates that the eigenstates are not localized. At this
point the question arises whether the model (11), (12) is
delocalized as a result of fine tuning, or whether it is rep-
resentative of a broader class of theories. To investigate
this issue we have considered free fermion models of the
type (11) with tunneling amplitudes
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FIG. 2. Histograms of the inverse participation ratios for
single-particle energy eigenstates for system sizes L = 64 (yel-
low) and L = 128 (blue) averaged over 1000 disorder realiza-
tions with probability distribution for inhomogeneities given
by the box distribution with W = 3. Inset: same for eigen-
states of (11), (13) with s =0, s’ = 0.2.

where we take xo; and y; to be independent random
variables with probability distribution P;(z) (3). The
tuning parameters 0 < 5,8’ < 1 allow us to interpo-
late between the “Yang-Baxter” case in which the next-
nearest neighbor tunneling amplitudes Agj_12541 are
fixed in terms of the Ajj2;41 and the limit in which
they become independent random variables. We have
analyzed IPRs for a range of values s and s’. The re-
sults suggest that for s ~ 1 and small values of s', i.e.
Hamiltonians close to the Yang-Baxter point, eigenstates
are delocalized. On the other hand for small values of s
and s’, i.e. weak uncorrelated next-nearest neighbour
tunneling, the data is more consistent with localization
as shown in the inset of Fig. 2. This suggests that the
“Yang-Baxter” model (11), (12) does not correspond to
an isolated point in parameter space but is representative
of a delocalized region that arises as a result of the cor-
relation between the nearest neighbor and next-nearest
neighbor tunneling.

A. Local Quantum Quench

A second way of investigating localization properties
in energy eigenstates is by considering the spreading of
correlations after a local quantum quench. We prepare
the system in the initial finite energy density state and
then overturn two neighboring spins. This choice of ini-
tial state allows us to work in the even fermion parity
sector of the Hilbert space, (—1)¥ = 1. In order to in-
vestigate the spreading of correlations we determine the
expectation value of the z-component of spin at site /.
Using Wick’s theorem we obtain compact expressions for
S7(t) that can be evaluated numerically for systems of



hundreds of spins. In Fig. (3) we show results for a rep-
resentative example, where a system of size L = 128 is
initially prepared in an energy eigenstate corresponding
to inverse temperature 8 = 1. We see that the per-

FIG. 3. Left plot: (S7(t)) averaged over 30 disorder real-
izations from the box probability distribution for a system of
size L = 128 and initial thermal state with 8 = 1. There is a
clear light cone effect. Right plot: the same for the modified
free fermion model (13) with s = s’ = 0, L = 64. Picture is
consistent with localization.

turbation, which is initially localized at sites L/2 and
L/2 + 1, propagates ballistically through the system, as
can be seen from the presence of a “light-cone” outside of
which our observable remains negligibly small. The ve-
locity characterizing this ballistic propagation depends
on the disorder distribution and can be determined ex-
actly in the thermodynamic limit. The spreading of a
local perturbation in energy eigenstates of the modified
free fermion model (13) can be analyzed in an analogous
way. As shown in Fig. 3, for small values of s and s’ the
perturbation remains localized at sites L/2 and L/2 4+ 1
in an extended time window even though a weak light-
cone effect occurs at early times. This again indicates
that the modified free fermion model is localized at small
values of s, s’.

IV. STRONGLY INTERACTING REGIME

Examination of the IPR of (1) away from the free
fermion point for small system sizes L = 10, 12 is compat-
ible with delocalized behaviour of energy eigenstates. We
also have studied the spreading of local perturbations in
energy eigenstates. (i) We have considered a single spin
flip at an odd site on top of the saturated ferromagnetic
state. Representative results for the subsequent dynam-
ics on an L = 100 site system are shown in Fig. (4). There
is a clear light-cone effect that signals ballistic spreading
of the perturbation. (ii) We have flipped two neighbour-
ing spins in the ground state, ¢f. Ref. 55 for a discussion
of the analogous protocol in the clean system. In this
case however our numerics is limited however to small
systems of up to L = 16. We find that there again is a
clear light cone effect, see Fig. 5.
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FIG. 4. Spreading of a single spin flip on top of the saturated
ferromagnetic state for L = 100 and n = 0 in (1), averaged
over 50 disorder realizations with distribution Py (€).
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FIG. 5. (b) Spreading of a spin flips at two neighbouring
sites on top of the ground state for N = 16 and cos(n) = 2 in
(1), averaged over 20 disorder realizations with distribution

Pso(§).

V. BOUNDS ON SPIN AND ENERGY
TRANSPORT

We will now demonstrate that the eigenstates of
(1) exhibit ballistic energy and spin transport for any
anisotropy 7 and disorder strength W. We employ a com-
bination of two methods: the first is based on Mazur’s
inequality”® and was previously employed to establish
the existence of a finite temperature Drude weight in
the clean case’’, while the second is based on the re-
cently developed hydrodynamic approach to transport in
integrable models”®°'. The starting point of the first
approach is the existence of a set of conserved quanti-
ties [H, Q,] = 0 that are orthogonal in the sense that
(Qn Om)s = 6nm(Q2%)s. Here ()5 denotes a thermal
expectation value. As the z-component of total spin
% = ZJ.Lzl os is a conserved quantity in our model we
employ a magnetic field term to fix the magnetization in
our thermal ensemble. Given an operator A = A with
(A)s = 0 the following inequality due to Mazur™® then
holds
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A positive bound for the right-hand side of (14) im-
plies that the autocorrelation function of the operator
A does not decay to zero at late times. This implies that
the Fourier transform has a non-vanishing (generalized)
Drude weight

% /000 dt cos(wt)(A(t)A)g =2mDad(w) +... (15)

When A is the spin current or the energy current opera-
tor the non-decay of the autocorrelation functions shows
that the system is an ideal conductor of spin/energy. The
Hamiltonian (1) has an extensive number of integrals of
motion Q™ (4). The conservation laws relevant to us
here have local densities and we focus on the most local of
these, Q) which involves interactions between spins on
at most five neighbouring sites, ¢f. eqn (9). We further-
more constrain our discussion to infinite temperatures
B8 = 0. For local operators the corresponding thermal
average equals the expectation value in typical energy
eigenstates at the associated energy density, which allows
us to draw conclusions about the local properties of the
eigenstates of (1). In order to use the Mazur inequality
(14) we carry out a subtraction Q3 = Q®) — (Q®))5_,

J

which ensures that the expectation value of Q§ is exten-
sive, i.e. limy 00 L71(Q3)5—0 = a1 > 0. The expression
for ay is very cumbersome so that we do not report it
here.

The spin and energy current operators associated
with the Hamiltonian (1) H = Zj Hjj 125241 are ob-
tained from the continuity equations
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Evaluating the commutators and then summing over all
sites gives
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where Q%) and Q%) are given in (10). The spin cur-
rent operator can be written in the form
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We find that in contrast to the homogeneous case, the
energy current is not conserved, i.e. [H, JF] # 0.

At infinite temperature and finite magnetization m a
tedious but straightforward calculation gives the follow-
ing result for the overlap of the spin current with the
third conserved charge
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For a very large system we may replace the sum by an
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Here P(&) is the probability distribution on the random
variables &5,,. Importantly we have ag # 0 unless we fine-
tune the probability distribution. This in turn provides
a positive bound for the Mazur inequality
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In the case of the energy current for simplicity we con-
sider the zero magnetization sector m = 0. Applying
Mazur’s inequality we find

To
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lim lim ——
L—oo0 To—00 TOL 0

1 (JPQs)3
> lim —< 23>’870:
L—oo L <Q3>g:0
Interestingly the bound (24) is independent of the inho-
mogeneities. The generalization to m # 0 is very tedious
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but straightforward and provides a non-zero bound as
well.

The above calculation proves that at energy densities
corresponding to infinite temperature the model (1) ex-
hibits (i) a non-zero Drude weight at any finite magneti-
zation; (ii) ballistic energy transport.

VI. SPIN AND ENERGY TRANSPORT FROM
GENERALIZED HYDRODYNAMICS

Generalized Drude weights (15) can be analyzed in full
by means of the approach introduced in Ref. 58. The
starting point is the existence of a basis of local charges
Q; and associated currents J;. Using these charges a gen-
eralized Gibbs ensemble is defined by the density matrix
pcGE ~ exp(— >, inQn), where p; are “chemical po-
tentials”. The generalized Drude weights D4 are then
obtained from appropriate expectation values in this en-
semble and are determined by using the thermodynamic
Bethe ansatz (TBA) method"”. According to Ref. 58, in
integrable models D 4 can be expressed as

) (@MW) \?
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where 7,,(\) = pn(A)/pn(A) is the ratio of hole and par-
ticle densities, pi°®(X,{&2;}) = pn + Pn, €n(A) are the
energies of n-string excitations over the state of thermal
equilibrium"’ and ¢t = 8, logn, are effective trans-
port charges. The implementation of this approach in
our “inhomogeneous” case reveals (see Appendix B for
more details) that the disorder merely renormalizes the
Drude weight through the disorder-dependence of the ve-
locity of the elementary excitations over the equilibrium
state under consideration, which enters (15) via the fac-
tor 1/ptt(X\). It follows then that the disorder average
can be exchanged with the integration and summation in
(25). The disorder averaged Drude weight is then given
by

Da=Y" [ NG

T

where [ptet (V)] =1 = [ P({f})m denotes the disor-
der average with probability distribution function P(§).
As the total density pl°t()\) is a positive quantity this av-
erage is non-zero for generic P(§). Therefore, the Drude
weight is only renormalized due to the disorder depen-
dence of string particle and hole densities. We note that
in contrast to the Mazur bound calculation the TBA ap-
proach takes into account the full set of conserved quan-
tities. These observations can be universally extended to
any integrable model with disorder of the type described
here.

VII. CONCLUSIONS

In this paper we studied a Yang-Baxter integrable in-
teracting spin system with controllable short-range cor-
related disorder. Using a combination of diagnostics we
have demonstrated the absence of many-body localiza-
tion. We find that the model is in fact an ideal con-
ductor for both energy and magnetization. For particu-
lar parameter values the model can be mapped to non-
interacting fermions and we have established the absence
of Anderson localization in this case. In contrast, a suf-
ficiently strong deformation of the free-fermion Hamilto-
nian away from the Yang-Baxter point shows signatures
of localization. We expect that in the interacting case
small perturbations away from the Yang-Baxter point
will lead to diffusive behaviour , while sufficiently strong
deformations will be required to induce an MBL transi-
tion.
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Appendix A: Inhomogeneous XXZ chain

The Quantum Inverse Scattering Method (QISM)
provides a simple way of introducing “impurities” into
Yang-Baxter integrable models. This has been used in
the literature to construct a variety of models with im-
purities embedded in both non-interacting and correlated
hosts , as well as models with “disorder” . Here
we focus on the simplest case, which is related to the
spin-1/2 Heisenberg XXZ chain. The basic ingredients
in the QISM are the R-matrix R(u) € End(V4 ®Vy4) and
the L-operator L(u) € End(V4 ® V), where V4 and Vg
are finite-dimensional “auxiliary” and “quantum” vector
spaces. In the cases we are interested in the Yang-Baxter
relations read

R(A = p) [L(N) @ L(p)] = [L(p) @ LN)] R(A — ). (A1)

In the case of the spin-1/2 XXZ chain we have
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where 7) is a free parameter and 7%, o are Pauli matrices
acting on the auxiliary and quantum spaces respectively.
The QISM provides a commuting family of transfer ma-
trices [T(p), 7(A)] = 0 of the form

L

CjCi+1
rwii =TI [tw-e)] 7 (@)
j=1 ;P
where the free parameters &; are known as “inhomo-

geneities” and where we have defined ¢ +1 = ¢1. In order
to obtain a local Hamiltonian we now set

§2j41 =0, (A4)

and then take the logarithmic derivative of the transfer
matrix at g =0

In (7(w)).

n=0

H = 2isin n% (A5)

The explicit expression for the resulting Hamiltonian is
given by (1).

1. Spectral properties

The Hamiltonian (1) is readily diagonalized by Alge-
braic Bethe Ansatz’”. The energy eigenvalues are given
by

Be_ i 4sin®(n) ,
= cosh(2\;) — cos(n)

(A6)

where the rapidities Ay, ..., Ay are solutions of the Bethe

Ansatz equations

sinh(A; +in/2 3 L/2smh +in/2
< ( n/ )) 11 (Aj — Ear +11/2)

sinh(\; —in/2) P 51nh(/\] — & —in/2)

_Hsmh)\ — A +1n)
sinh(A\; — Ay —in) ’

j=1,...,N. (A7)

Equations (A6) and (A7) establish a peculiar property of
the model (1): the spectrum is invariant under arbitrary

permutations of the inhomogeneities {&3,&4, ..., }, ie.
spec H[{&2, ..., €0} = spec H[{&pa), .- épw)}]

(A8

for any permutation P of the integers 2,4,..., L. This

property is not apparent from the explicit expression (1)
and Hamiltonians corresponding to different permuta-
tions of the inhomogeneities generally do not commute.

a. Free Fermion Point

The Hamiltonian (1) has a free fermion point at = 7.
The corresponding Hamiltonian is

L/2 1
HoS s 3 oot oot
. j—1%2j 2j%25+1
= cosh(&a;) o=y
L2
- Ztanh(@j) [agj_lagjang — J§j7105j03j+1] .
i=1

(A9)
By applying the Jordan-Wigner transformation on can

bring the Eq. (A9) into the form of the Eq.

b. Isotropic (XXX) Limait

The SU(2) invariant versions of the Hamiltonian and
the Bethe Ansatz equations are obtained by redefining

77 n
Aj A , &= 5% (A10)

and then taking the limit n — 0. This gives a Hamilto-
nian of the form
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= zj: i (G251 0j + T2j - Fojrr — 2

2y S .
——— 02, - (O25-1 X 02;
’YJ2+4 27 ( 2j—1 2J+1)

2

7 R .
+ Xj: Tjrll(@jfl “Gajp1 — 1) (A11)

The Bethe Ansatz equations become
A]Jrz A —'yk+z A fAk+22

(A12)
The energy corresponding to a solution of (A12) is

8
:_;W'

(A13)

Appendix B: Drude weights from the TBA
calculations

Let us consider first the case of [A| > 1. While any
eigenstate in a finite system of size L is assigned a unique
set of rapidities {\;}4_, taken from solutions of Bethe
equations (A7), in the thermodynamic limit (defined as
L — 0o, N — oo with N/L finite), the solutions to
Bethe equations organize into regular patters which in-
dicate the presence of well-defined particle excitations.



These correspond to magnons and their bound states,so-
called Bethe strings A general string solution reads
{AEmY = {AF + (k+1—2m)Y}, where m = 1,2,...,k
and o numerates different k-strings and m runs over in-
ternal rapidities. Scattering of different magnonic parti-
cles are characterized by the amplitudes

sin(A — j42)

S; = i
sin(A + 5%
k-1 i—1
2
S]k - H H S2m+2n+2
_ k-1 __j—1
m=—"75"N=—"3
min(j,k)—1
2
= Sk Sj+k H S\j7k|+2m (B1)
m=1
with convention that Sy = 1. In the thermodynamic

limit particle rapidities become densely distributed along
the real axis in the rapidity plane. This permits to in-
troduce distributions pg(A\) of k-string particles, along
with the dual hole distributions pg(A) (holes are solu-
tions to Bethe ansatz equations which differ from Bethe
roots Ar). The discrete Bethe equations (A7) get re-
placed by the integral Bethe-Yang equations. Assuming
validity of the string solution in the presence of M inho-
mogeneities (M/N < 1/2), we can write these integral
equations for the densities of string particles and holes
in the thermodynamic limit of the inhomogeneous case.
The Bethe-Yang equations for particles p,,(A) and holes
pn(A) are given by

M
D an(A+&) + (N = M)an(N)
j=1
= Pn(A) 4 Apm * pm(A). (B2)
Here, the explicit form of the functions a,()\) and
Apm(A) = 6pmd(A) + apm, which depend on the

anisotropy parameter A, can be obtained from the fol-
lowing relations

1
an()\) = 2—7”8)\ log Sn(A),

1
(V) = 501 108 Sun (V) (53)
where indexes n, m label corresponding stringy content.

The x operation refers to the convolution with the kernel
Anm

A * pm (T —y)pm(y) (B4)

= / Ay A3

where the integration and summation limits depend on
the value of anisotropy parameter. Explicitly, for A > 1
we have

an(N) = 1 nsinh(nn)

27 cosh(nn) — cos(nA) (BS)

For the isotropic (XXX) situation, when  — 0, the driv-
ing function and the kernel are given by

1 n
SE (%6)
+ 2a|n,m|+2()\) + ...+ 2an+m_2(/\) + an_i'_',n()\)

an(N) =

while in this case ) = oo and sum runs to infinity as
well.

Classification of the particle content in the gapless
regime |A| < 1 is more involved, details can be found
in'","7. Here, in addition to the magnon type label k, an
extra parlty label v € &£ is required. Importantly, inte-
gers k now no longer coincide with the length of a string,
i.e. anumber of magnons forming a bound state. Instead,
the k-th particle consists of n, Bethe roots and carries
parity vy (see’” for further details). Setting A = cos(y),
where v/m = m/l (with m,l co-prime integers) is a root of
unity, the number of distinct particles in the spectrum is
finite. Changing the parametrization A — i\, n — iy and
incorporating the additional parity label, the elementary
scattering amplitudes and kernels read

Sk(>\) — S(nj,vj

sinh[A — nj% +(1- )%} (B8)

"7 inhfu+n; 2 + (1 — v;) ]
and the whole set of scattering kernels is obtained, as in

the case of A > 1, from Egs. (B1, B3). The Bethe-Yang
equations gets modified,

a;j(x) = sign(q;)(p; + pj) + ajr * pr (B9)
where the summation in the convolution expression runs
from 1 to m; defined as mg = 0, m; = 22:1 vy, and num-
bers vq,...1v_1 > 1, v; > 2 participate in the continuum
fraction expression for v/, e.g. v/m =1/(v1 +1/(v2 +
1/(v3+...))). Numbers ¢; are defined recursively as’”,
qo = m/7 and

—Omig)j—1 + @y1], mi <Jj<mypq —2

g =(1 j=m;—1,i<l

Explicitly, the kernels a; () are given by

= 20m;_1.3)0—1 + Qi1

1 7 sin(yg;)
27 cosh(yA) + cos(vg;)

aj(A) = (B10)

The most important thing to notice here is that the left
hand side (driving terms) of the Bethe-Yang equations
depends on the inhomogeneities while the right hand side
(convolution kernel) does not depend on inhomogeneities.
This can also be checked by explicit re-derivation of steps
leading to these equations (B2).

The second set of equations is derived using the vari-
ation of the free energy (per particle) f = e — T's with
respect to p, and p,. Here

e=2r Z an(A)pn(N)

(B11)



is the energy density and the entropy density is

s= i /_O; d)\{(pn + pn) In(pn + pn)

—pnIn p, — pn In ﬁn} . (B12)
Variation of (B2) leads to the relationship between dp,
and dpy,,

— Ay * 0pn.

which finally leads to the second TBA equation

2
LJan + Apm *In(1 + 77;11) , (B14)

In(1+n,) = T

where 1, = pn/pn. Importantly, since the right hand
side of (B2) does not depend on dp,, or on dp,,, eqn (B14)
and hence 7, is independent of the inhomogeneities. It
is customary to re-cast (B14) in terms of the dressed
energies defined by €, = T'In(n,,)

(0)
. e
% = JT + Gp * In(1 + e/ 1), (B15)
where the bare energies are €§0) = 2nJa,. In"" a hy-

drodynamic approach to the Drude weight(s) has been
formulated based on the TBA approach. The starting
point is the existence of a basis of local charges @; and
associated currents .J;. Using these charges a generalized
Gibbs ensemble is defined by the density matrix

PGGE ™~ exp(— Z ;Uann)v (B]-G)

where p; are “chemical potentials”. The generalized
Drude weights D4 are then obtained from appropri-
ate expectation values in this ensemble and are deter-
mined by using the thermodynamic Bethe ansatz (TBA)

method"”. According to Ref.
can be expressed as

AR
Pa=} [0 37zt ancy) + B19

where

in integrable models D 4

QZH = O, lognn (B18)
are effective transport charges. The functions €], are
derivatives of the energies of elementary excitations over
the state of thermal equilibrium and were calculated in
Ref’’. They are obtained from the dressed energies by
solving a set of linear integral equations

(0)
R -
Kjk(xa y) = —Sgn(qj)ajk(ac — y)(l + eej/T)_l

The only quantities in (B17) that depend on the inho-
mogeneities &; are the total densities pf*(\). This can
be seen from (B2) once the disorder-independent equa-
tions (B14) for n, have been solved. It follows that the
disorder averaging of the generalized Drude weights can
be interchanged with the integration and summation in
(B17). Introducing

<p1<A>> | P4 e

where P(€) is a disorder probability distribution we then
can express disorder averaged Drude weights in the form

=% [ ()

As the total density pt°*(\) is a positive quantity D, is
only renormalized due to the dependence of the string
particle and string hole densities on disorder, and will
not vanish unless the disorder probability distribution is
fine-tuned.

(B20)
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