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Abstract

We consider Lindblad equations for one dimensional fermionic models and quantum spin
chains. By employing a (graded) super-operator formalism we identify a number of Lind-
blad equations than can be mapped onto non-Hermitian interacting Yang-Baxter integrable
models. Employing Bethe Ansatz techniques we show that the late-time dynamics of some of

these models is diffusive.
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1 Introduction

Weak couplings to an environment can have very interesting effects on the dynamics of many-
particle quantum systems. In particular they can result in desirable non-equilibrium steady states
[[1H5]. In order to arrive at a tractable theoretical description it is customary to employ a Markovian
approximation that assumes that the characteristic times scales associated with the environment are
much shorter than those of the many-particle system of interest. The absence of a back action of
the system onto its environment then facilitates a well defined mathematical description of open
many-particle systems. In the quantum case this a priori results in a Markovian quantum stochastic
many-particle system [|6-9]], which is however difficult to analyze. The customary approach is
therefore to focus on the dynamics averaged over the environment, which leads to a description by
the Lindblad master equation [10] for the time-dependent reduced density matrix p(t)

= B Y Lot = L)) 0
Here H is the system Hamiltonian, L, are jump operators that encode the coupling to the envi-
ronment and vy, > 0. While much progress has been made in analyzing Lindblad equations for
many-particle systems by employing e.g. perturbative [[11,/12] and matrix product states meth-
ods [13H16] it clearly is highly desirable to have exact solutions in specific, and hopefully repre-
sentative, cases. In the context of master equations for classical stochastic many particle systems
an example of such a solvable paradigm is the asymmetric simple exclusion process [17H22].
In the quantum case it has been known for some time that certain Lindblad equations describ-
ing many-particle systems can be represented by Liouvillians that are quadratic in fermionic or
bosonic creation and annihilation operators, which makes it possible to solve them exactly by el-
ementary means [23-26]]. Very recently examples of Lindblad equations with Liouvillians related
to interacting Yang-Baxter integrable models have been found [27H29]]. This opens the door for
bringing quantum integrability methods to bear on obtaining exact results for the dynamics of
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open many-particle quantum systems. An obvious question is whether the known cases are excep-
tional, or whether there are other examples of Yang-Baxter integrable Lindblad equations. In this
work we report on the results of a search for integrable cases among a particular class of Lindblad
equations for translationally invariant many-particle quantum systems.

2 Lindblad equations for lattice models

We now turn to the precise definition of the class of quantum master equations we will be interested
in. We consider one dimensional lattice models with local Hilbert spaces that can include bosonic
as well as fermionic degrees of freedom. A basis of the local Hilbert space is formed by /N bosonic
and M fermionic quantum states

la);, a=1,...,N+ M. 2)

We denote the fermion parity of the state |v); by €,

3)

0 if o is bosonic
€q = .
“ 1 if o is fermionic
An orthonormal basis of the full Hilbert space Hr, on an L-site chain is then given by the states
o) = @ |aj);, o €{1,...,N+ M} “4)

We define the fermion parity of the states (4) by

L
€a = Z €a; - 5
j=1

A basis of the space of linear operators acting on site j is then provided by

B =la); j(8l, o, Be{l,...,N+M}. (6)

These are often referred to as Hubbard operators. Their fermion parity is €, + €3 mod 2, i.e. they

are fermionic if either the state |) or the state |3) is fermionic. The operators Ej, 5 act on the
states |a) as

n—1
Effﬂ|a> = (—1)(6"+EB)ZJ':1 “idganla), A =1, an 1,0, 0001, 0p. 7

Minus signs are acquired when moving fermionic operators past fermionic states. The operators
defined in this way either commute or anticommute on different sites

E;”BE,Z(S _ (_1)(ea+6ﬂ)(€w+65)Eg5E]9Vﬁ . k£ (®)

For later convenience we define a graded permutation operator on sites j and 7 + 1

I 41 = Z(—l)e"E?ﬁEffl : ©)
0575
It acts on states as
Ojjv1lB)jla)jvr = (=1)“Pla);[B)j+1, (10)

1.e. it permutes the states and generates a minus sign if both states are fermionic.
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2.1 A useful decomposition for N = n% + n%, M = 2ngny for integer ng, np

The general local Hilbert space Vs introduced above has N bosonic and M fermionic basis
states. If N and M are such that they can be expressed as N = nQB + n% and M = 2npgnp for
integer ng, np it is possible to express V4 s as a graded tensor product of two n = ng + np-
dimensional spaces Vs = V,, ®V,,. Here np and np are the numbers of bosonic and fermionic
basis states of V;,. Denoting the basis of V;, by {|1),...,|n)} we can express the N + M basis
states of Vv s as

oy =la)®|a), a=1,....N+ M, (11)

where 1 < &, a < n are related to o by

a = amod n + Ny mod n.0 a—{ @ J—i—l. (12)
’ n+1

We note that &« = n(a — 1) 4+ & and that the fermion parities are related by €, = €z + €5. Defining
operators

&P =ay; (B, € =la); (A, (13)
Wwe may express E;‘B in the form
EY® = |a) (8| = |@)a) (BI(B] = (~1)F ) & 27, (14)

We will use this decomposition in several models considered below. In the purely bosonic case
M = 0 such decompositions are possible for N = n? with integer n.

2.2 Super-operator formalism for Lindblad equations

We now consider a Lindblad equation (1)) with a Hamiltonian H and jump operators L, acting on
‘Hp, defined above. We are ultimately interested in cases where the Hamiltonian density and L,
have local expansions in terms of the E]‘?‘ﬁ . To start with we will assume for simplicity that all
jump operators are bosonic. The cases where some of the jump operators are fermionic will be
discussed later. The reduced density matrix can be expressed in terms of the basis states defined
above as

p=2_papla)(Bl. (15)
a7B
The matrix elements are related to particular Green’s functions of the operators E}lﬂ

P = (—1) 5= g ey (e teon) 1y o BBl (16)

In terms of components the Lindblad equation reads

d .
TPap = i) paryHys— Honypyp

-
1
+ Z%’{ Z (L“)a,'yp%‘s (LZ)E,,@ D) Z (LZLa)aqp%ﬁ + Pay (LLLG)%/J»}?
a

7,0 24
(17)
where we have introduced the following notations for the matrix elements of an operator O
(a|O|B) = Oa g - (18)
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We can view the density matrix as a state in a (N + M)?" dimensional Hilbert space Hg =
‘H1, ® H, with basis states

la) |B) = laa)r - lar)p [Bi) --- B - (19)

In these notations we have

0) =) pasla)(B) (20)
a,B

and the “wave-functions” po g correspond to Green’s functions in the original problem. The
Lindblad equation (17) can be cast in the form

dlp)
T Llp) , 21

where the Liouvillian £ for bosonic jump operators L, is given by
_ — 1 —
L=—iH+iH+Y 7 [LGLL -5 (LLLa n LLLQ)] . 22)
a

Here we employ notations such that O = O ® 1 and have defined related operators O = 1 @ O
by
(v1018)) = (BIO})- (23)

One can easily check that taking the scalar product of with the state ((3|(c| precisely repro-
duces . A convenient basis for expanding operators O is constructed in terms of operators
EP defined as

Ey? =1® (Jan n(B)- (24)
These act on basis states according to
Ef|e)|B) = (~1)ltore|a) B27|B)
n—1
— (_1)(€a+€ﬁ)€a(_1)(5a+€6)ZJ:l 6’8J 5ﬁ76n|a>‘|6/>> , (25)

where |B") = |B1)1,---.]a), ,.-..|8L), and €4 has been defined in . We note that the
operators E*P act on Hg as E¥ o1,

2.3 Fermionic jump operators

If some of the jump operators are fermionic the super-operator formalism needs to be modified.
Let us denote the fermion parity of the jump operator L, by €7, € {0,1}. When written in
components the Lindblad equation still takes the form (I7). However, the Liouvillian (22) is now
replaced by

. .= . = 1
E = —’LH —+ ZH + Z’ya l:(—Z)GLa LQL(E — 5 (LILLQ + LLLa>:| 5 (26)
a

The state representing the density matrix is also modified and now takes the form

0) =D papl(=i)Ps+i®P_]|a)|B) 27
B

where P are projection operators onto states with even and odd fermion parity respectively

14 (_1)\F N+M _
Pi:g), ()" =T [ @ - 2E8*)(1 — 2E). (28)
=1 “:,11
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We have

~1)fla)|B) = (—1)=*?|a)|B)). (29)

It is straightforward to check that inserting and (27) into the equation

d
@Im = Llp) (30

and expanding it in a basis of states precisely recovers (17). We stress that in our construction both
bosonic and fermionic jump operators can be accommodated as long as any given jump operator
has a definite fermion parity.

3 Lindblad equations as non-Hermitian two-leg ladders

As we are interested in Liouvillians with local densities we focus on jump operators where the
index a runs either over the sites or the nearest-neighbour bonds of a one dimensional ring. In this

setting —iH — >, %‘LLEL(Z andiH — a %“L:&La describe interactions along the two legs of the
ladder, while ) 74 Lq EIL play the role of interactions between the two legs.

3.1 Single-site jump operators

In translationally invariant situations the most general bosonic single-site jump operator can be
written in the form

6= XagES” 3D
a75

where A3 = 0 unless (e, + €g) mod 2 = 0. This generates “interaction terms” between the two
legs of the form

GO =33 Nag Ny BB (32)

afB 4§

The other jump operator terms in the Liouvillian generate “generalized magnetic field terms”
acting on the two legs

o+ 6 = 3 Ag B+ ApET (33)
By
where Agy =3, AL sAay-

3.2 Single-bond jump operators
The most general bosonic jump operator acting on a bond takes the form
B 8 o
L —Z)\ BEa +)\/BECV1+ Z MO@BV‘SE E]+1 (34)
« /B a767776

This gives rise to quartic, cubic and quadratic “interaction terms” in the Liouvillian. The resulting
explicit expression is presented in Appendix [A] The extension to fermionic jump operators is
straightforward.
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3.3 General form of the Liouvillian

In the following we will consider Liouvillians of the form

L
r7 a a ]' a a a a
L=—iH+iH+> Y [Lg (L)t - 5 ((L§ DU AREN AN )>] . (39

j=1 a

where Lga) are jump operators that act either on site j or the bond (j,j + 1) and v, > 0. Our
aim is to identify cases which are Yang-Baxter integrable. In practice this means that we need
to check whether any of the large number of integrable Hamiltonians that can be interpreted as
two-leg ladder models can be cast in the particular form (33). An added complication is that we
should allow for general similarity transformations, i.e. consider

L =Scst. (36)

The spatial locality of the Hamiltonian density of the various integrable models imposes strong
restrictions on the possible form of \S. Transformations of the form

S=1[s;, (37)

where S acts non-trivially only on site j are always compatible with the aforementioned local
structure.

4 Generalized Hubbard models

The first example of a Lindblad equation that is related to an interacting Yang-Baxter integrable
model was presented in Ref. [27], where it was shown that the Lindblad equation for a tight-
binding chain with dephasing noise can be mapped onto a fermionic Hubbard model with purely
imaginary interactions. We now briefly review some results obtained in that work. We then show
that the mathematical structure that underlies the integrability of the Hubbard model quite naturally
leads to a connection with a Lindblad equation.

4.1 SU(Q) Hubbard model
The Hubbard Hamiltonian is given by

L L

1 1

H=-t E E C;-’ng_;_Lg + C}L-_H’UC]'J +U E [nj7¢ - 2:| [nLi - 2:| ; (38)
j=lo=t,l J=1

where n; , = c}yacjﬂ. The model is integrable for any complex value of U/t [41]]. In terms of the
notations of section 2.1l we can choose a basis such that

cp=c' el =&, mp=e?, my =7, (39)
and concomitantly
1 1
21,12 ~21~12 22 ~22
H{U) = —t;[ej €11 € ejH—i—h.c.]—i—U;[ej —2} [ej —2] ) (40)
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4.1.1 Associated Lindblad equation

Let us consider a tight-binding model

tz er?e?l | +he., 1)

coupled to an environment by jump operators
Lj=e®. (42)

In the super-operator formalism the corresponding Liouvillian is
= ztz 61263_1i_1 - 6]12?_1,'_1 +h.c]+ Z'y { 22 22 ( ?2 + 5?2) . (43)

This is related to the Hubbard Hamiltonian by [27]

L/2
. ) L N N
L(y) = —iUTH(in)U — 77 . U= H &l — 3. (44)

4.2 Integrable structure of generalized Hubbard models and associated Lindblad
equations

The Hubbard model was embedded into the general framework of the Quantum Inverse Scattering
Method [40]] in seminal work by Shastry [31}32]]. This construction was subsequently generalized
to other classes of integrable models [35-39]. The construction is based on an R-matrix r12(\)
acting on the tensor product of two graded linear vector spaces V' ® V and a conjugation matrix
C acting on V' that fulfil the Yang-Baxter relation

r12(A1 — A2)r13(A1 — Ag)raz(Ae — Az) = ra3(A2 — A3)r13( A1 — Az)rie(M — A2) ,  (495)
as well as the “decorated” Yang-Baxter relation
r12(A1 + A2)C17r13(A1 — A3)123(A2 + A3) = raz(A2 + A3)r13(Ar — A3)Ciriz(A + A2) . (46)
In the cases considered below the r12(\) is given by

ri2(A) = cos? (%) — sin? (%)0102

SmQ(A) IoI—CCy, (47)

where I} is a graded permutation operator (9) acting on V' ® V and
C=2r—1, (43)

where 7 is a projection operator onto a subspace of V. The R-matrix of an integrable generalized
Hubbard model is then obtained by gluing together two copies [37,39,141]]

Rugy@ay(A, A2) = r13(A1 — A2)r2a(A1 — A2)
+ Oé()\l, /\2)7’13()\1 + )\2)017’24(A1 + )\Q)CQ. (49)

Here the function (A, i) is given by

cos(A — p) sinh (h(X) — k()

oA ) = cos(A + p) cosh (h(X) = h(p))’

(50)

8
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where h(u) is a solution of the equation

sinh (2h(X)) = Usin(2)). (51)

The local Hamiltonian density of the integrable “fundamental spin model” [40] corresponding to
this R-matrix is
d
Hpgypay = I 131094 R 19y (34) (A uo)

A=ug

= II3715(0) 4 24754 (0) + &' (ug, uo) 13713200 ) C11l2a724 (2u0) Ca.  (52)

Here we have generalized the construction of [37] by taking the logarithmic derivative of the
transfer matrix at a shifted point ug following Ref. [43,44]]. Importantly the structure of the
Hamiltonians (52)) is such that they all can be related to Liouvillians of Lindblad equations. In the
following we discuss a number of examples.

4.3 USW model

As a first application we consider eqn (52)) for the case of the Hubbard model R-matrix [44]]. The
Hamiltonian of these models was first derived by Umeno, Shiroishi and Wadati in [43] and is of
the form

U
_ 21 12 | 21512
Hysw(U) = — Zj: [eFel?, +62e12, +he] + cosh (Zh(un) ZB i1Bji1 (53)
where
Bjj+1 = [ cos®(uo) (ejll — 6?2) — sin®(u) (ejl-lﬂ — e?il) + sin(2ug) (6316}31 - e?ilem) B

(54)

and Bj,j+1 is obtained from B; ;1 by replacing e%ﬁ — égﬁ . Here uyg is a free (complex) param-

eter and the function h(u) is fixed by the requirement
sinh (2Ah(ugp)) = U sin(2uy) . (55)

We note that the operators e?‘ﬁ are related to spinful fermion creation and annihilation operators
by (39). The Hamiltonian (53] is SO(4) symmetric [43]] and in particular commutes with the total
particle number

L
N=> et (56)
7=1

4.3.1 Associated Lindblad equation

The USW model is related to a Lindblad equation with a tight-binding Hamiltonian

Z er?e?l | +he., (57)

and jump operators
Lj = Bjj+1, (58)

where the parameter ug is taken to be purely imaginary. In the super-operator formalism the
corresponding Liouvillian (22) is

L(y) = ZZ [ejue?}rl - 6;2~]2+1 +h.c] + vz [ ,]+1ng+1 cos®(2ug)| . (59)
J
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This is related to the USW Hamiltonian by

L(y) = —iL{THUSW(u)Z/{ — ’yCOSQ(2uO)L , (60)

where the unitary transformation I/ is given by and the parameter u is purely imaginary and

related to v by
u

cosh (2h(ug)) 1)

=t
4.3.2 Differential equations for correlation functions

As the jump operators are Hermitian the Lindblad equation implies the following time evolution
for expectation values of (time independent) operators

%Tr [p(t)O] = —iTr (p(t)[O, Ho)) ZTr ) [[L;, 0], Lj]) - (62)

It is straightforward to verify that the jump operators (58)) fulfil

[Ln,cj] = 28,j-1sin(ug)(cos(ug)cj_1 — sin(ug)c;)
+ 25,17]‘ COS(U()) ( COS(U())Cj - sin(uo)Cj_H) . (63)
This shows that n-particle Green’s functions fulfil simple, closed evolution equations. This is

analogous to the case of the imaginary-U Hubbard model [27]. For example, the single-particle
Green’s function

Gr(t) = Tr [p(t)cler] (64)

has the following equation of motion
Can = S KG
% ]’k - Z jvk é’m )

. sin (4w, sin (4w
K‘f:g’b — 5j,65k717m i v ( O) Y ( 0)
2 2
) sin(4u . sin(4u
Sy |- T Uuo)| 1,0k |1 4 o0 (4uo)
2 2
— 47000k m cOS (2u0) — 405 1 [Sln2(u0)M€ . Cosz(uo)Me m}

} + 05 00k+1,m {Z +

- 4y [5j_17k sin(ug) cos(uo)Mf’"} — 0 k—1sin(uo) cos(uo)Mg m] . (65)
Here we have defined

Mf’m = COSQ(Uo)égJ(SmJ — sin(ug) cos(ugp) [(5@7j5m7j+1 - 547j+15m7j] - sin2(u0)(5g,j+1(5m,j+1.
(66)
4.4 Maassarani models

In [33)34]] Maassarani introduced a class of integrable 2n-state models that generalize the Hubbard
model along the lines set out in section4.2]above. We now discuss these models in more detail. A
basis of the local Hilbert space is given by the tensor product

la) ®|a), a,a=1,...,n, (67)

where all states are bosonic, i.e. ¢, = 0 = €;. While these models a priori are generalized spin
models they can be related to interacting fermion models by Jordan-Wigner transformations as is

10
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ab ab
J.

done for a simple case below. A basis of operators acting on these states is then given by e
In terms of these (bosonic) operators Maassarani’s Hamiltonian reads

L
Hytan(U Z (J+1 +P ]+1 + U(C C - 1) (68)
where
Pl = 20 2 waeehy +ageelt
acAbeB
Gy = 2 e =) (69)
acA beB
Here the two sets A and B form an arbitrary partition of {1,...,n} and x4, are arbitrary complex

parameters. In the following we will simply set them equal to 1. The operators P( l_l and C are

(n) ab

of the same forms as P; , ; and C; respectively but with the replacement e ¥ b €;

Maassarani’s models are related to Lindblad equations with Hamiltonians
Y 3|5 ekt e o
J acAbeB

and jump operators
Lj =C— Cj, (71)

where ¢ € R is a free parameter. In the superoperator formalism the corresponding Liouvillian is

Latan(r) = —i(H" = B+ Y [0;65 1], (72)
J

where ﬁén) is of the same form as Hén) but with e?b replaced by E;?b. This is related to Maas-
sarani’s Hamiltonian by

L/2
Ltan(y) = iUHan(—iUT, U=T]Cs - (73)

4.4.1 3-state Maassarani model

The simplest Maassarani model is obtained by considering a local Hilbert space of three bosonic
states. Choosing a decomposition A = {1}, B = {2, 3} gives

Hég) Z 6216531 + egle}f’rl +hec.. (74)

In order to fermionize this model we embed it into an enlarged Hilbert space with four states per
site, and then employ the results of section [2.1] This gives

12 _ 12~11 13 11512
e;js =¢7 ¢, e;” =eje; (75)

Finally we carry out a Jordan-Wigner transformation

j—1 L j-1

21 521

' = [l -2nmp)el,, @ =[]0 - 2000) [T = 2n0y)et, . (76)
(=1 (=1 (=1

11
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After these transformations the Hamiltonian H, (()3) can be written in the form

HY = =Py |eli 460 + 0| P, (77)

j7o-
where

= 11,1 (78)

\\Eh

is a projection operator that ensures that all sites are at most singly occupied. The Hamiltonian
(77) can be viewed as the U — oo limit of the Hubbard model and is sometimes referred to as the
t — 0 model. In terms of the fermionic operators the jump operator takes the form

Lj =1- 2(1 — nij)(l - nm) + c. (79)
Choosing ¢ = 1 we have
Lj0)y =0, Ljc!,|o) = 2c! |0), (80)

which shows that the bath acts on the charge degrees of freedom. The Hamiltonian part Hé3)
has a free fermionic spectrum [45,/46], but the creation operators of the non-interacting fermion

degrees of freedom are related to the c; ., inanon-local way [47,48]. As aresult the single-particle

Green’s function does not obey a simple evolution equation. The time evolution is again given by
the general expression (62)), where the relevant commutators are

[[L’na Cj,o’]a LH]P = _4Cj70'5j7n 7) )
Plejo HOTP = P[ = (¢jt10+¢-10) cotiolciie +eim10)]P. @D

4.4.2 4-state Maassarani model

In the 4-state case we can express the e;?b in terms of two species of Pauli operators, cf.

Choosing A = {1,2,3} and B = {4} we then can interpret H0(4) as the Hamiltonian of a two-leg
spin ladder model

L
4 _ _ _ _ 1 _ _
Ho( = E : [U;—Uj—&-lT;—Tj—o—l + 0, U;L+1Tj Tjtrl + i(U}LUjH +o; U}L+1)(1 - 7)1 = 774)
j=1
1 + z z
+4( 1T T j+1)(1_0j)(1_0j+1) ; (82)

The jump operators become (setting again ¢ = 1 in (71))

1
L;= 2(1—0 A —17). (83)

4.4.3 Bethe Ansatz solution

The Maassarani models have been solved by Bethe Ansatz in Ref. [49]]. Without loss of generality
we restrict our discussion to the case where the sets A and B in are given by

A=A{1,2,...,p}, B={p+1,p+2,...,n}. (84)

The exact eigenstates of Hyian(U) are then labelled by good quantum numbers as follows. The
operators

L
Q=) e, Q=>¢&", a=1,....n (85)
j=1

12
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commute with Hyi,n(U) and with one another. Hence their eigenvalues N, Na can be used as
good quantum numbers. Following Ref. [49] we introduce integers

n P n—1
Na=> No, Ng= > No, Na=> N., Ng= > N,, (86)

a=2 a=p+1 a=2 a=p+1

and N > Ny + Np —I—NA +NB. ‘We then define sets

My = {1,...,Na}, Mp={Na+1,...,Ny+ Np},
MA = {NA+NB+17"',NA+NB+NA}7

Mp = {NA+NB+NA+1,...,NA+NB+NA+NB}, (87)
and finally introduce two non-intersecting ordered sets of integers 1 < a; < N < L
Ag={ajli e Ma}, Aa={ajlj e Ma}, AsNAs=2, AsUAs=A. (88)

By ordered we mean that a; < ajy1 if aj,a;41 € A, and similarly for Aj. The eigenstates
of the Liouvillian Lyian(7y) are then given in terms of rapidities {k1,...,kn}, {A;|7 € Mg},
{bm|m € Mp} and integers {n1,... My N, o} 1715+, NN, } subject to the following
set of Bethe Ansatz equations [49]

€ikjL — 627ri<1) H ‘Al_Sink‘j—i_’yv .] S [LN]\Aa

leM g Al — sin kj -
N .
Ay, —sink; + it — A+ 2y
= e Mg, 89
Ir—ie s = Ry mes v
JEA lim
B B NB*anl 9 nij - ~
piE N = H " Vg 1<m<-<ng, x5 ,<Np,l€Mgp,
j=1
eikj(LiNB) = (—1)NA71 27.”;(;:: ) mOé € [17NA] ? j € AA ’
, - i Ta = ~
ezkj(LfNB*Nn) — ( 1) Vg— 1, 'R . Mg € [LNA] , j€ Ay, (90)

where we require arg(by) < arg(by,1) and the phases ® and ¥ are given by

627Ti‘1> — (71)NB+Nn—1 H bm H e—Zkaj’

mGMB jEMA

i ' Np—No
627r7l‘11 — (_1)N—NA—NA H e—’Lk’aj H eikam H be_l H e Np ,
JEMA mEMA ZEMB s=1
IST_L1<"'<T_LNB_N”<NB. 1)
The corresponding eigenvalues of Ly, n(7) are
E =25 Z coskj —2v(Np + Ng + Nn) (92)

JEMBUMp

4.4.4 String solutions and vanishing of the Liouvillian gap in the thermodynamic limit

The first two sets (89) of the Bethe Ansatz equations are the same as for the Hubbard model with
imaginary interactions strength and twisted boundary conditions. This ensures that the “k-A string
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solutions” constructed in [[27] are valid solutions for the n-state Maassarani models as well. A k-A
string of length m corresponds to the following pattern of rapidities

(m) s (A (m) — 29 !
kyj = arcsin(idg (m —2j +2)7),
kg’;)er = 71— arcsin(iAU™ + (m — 2j + 2)7),
AT = A 4 y(m1-2)),  1<j<m. ©3)
Here the string centres AS™ are real and v =—y sgn(A&m)).

We now take N4 = N 4 = 0 and consider a Bethe Ansatz state with a single k-A string of
length m < L. The corresponding eigenvalue of the Liouvillian is

€= 4Im\/1 - (Z\A&m)| —my)? —4ym. (94)

In the framework of the string hypothesis the equation that fixes the allowed positions of the string

)

centres AE{” is obtained my “multiplying out the string” [50|], which gives

2m
eXp ’I/L Z k;m) — e27rim(2<1>+\11) . (95)
j=1

Taking logarithms this can be cast in the form
2
sgn(A™) [ — arcsin(iA™ + m~) + arcsin(iA™ — my)| = % (Jc(ym) + ), (96)

where we have defined
v =m(2® 4+ ¥) mod 1. 97)

For even lattice lengths L the J&m) are integers with range

L+1-2m
2

L+1-2m

_ (m)
p < J < 5

e 98)

We now focus on the particular sequence of string states characterized by integers

L
Jém)ZE—m—Oé, a=1,2,---<L. (99)

In the limit of large system sizes L > 1 the corresponding string centres follow from (96)
myL

() mrl
N s +0O(1). (100)

Substituting this into our expression (94) for the eigenvalue of the Liouvillian gives

272

(m) _ =% N2 —4
elm = e (m+a—p)*+0O(L7). (101)
This shows that in the large-L limit we have a band of Liouvillian eigenstates with eigenvalues
that scale as L~2. This establishes that the Liouvillian gap vanishes in the thermodynamic limit.
Moreover, the scaling with system size suggests that the corresponding eigenmodes are diffusive.
Our calculation does not rule out the existence of eigenstates with gaps that approach zero faster
than L2,

14



SciPost Physics

4.5 GL(N, M) Maassarani models

As we already mentioned above in section the Shastry-Maassarani construction can be gen-
eralized to graded magnets based on GL(N, M). Following Ref. [37] we consider the class of
Hamiltonians

Hpn(U) =S "1\, + I, + U065 — 1], (102)
J
where
EN 17Nk kK Nk Kk kK
nm, = 3 {Ej ENK — EEKERE 4 (<1)(ENVERN, + EXFERK)],
k#N,K
C; = 1-2EfK 2N K=N+M. (103)
We can relate this to a Lindblad equation with Hamiltonian
Hy=-Y 1\, (104)
J
and jump operators
L;=1-C;. (105)

4.5.1 3-state GL(1,2) model

The simplest example is the 3-state model based in GL(1,2). Like in the case of the 3-state
Maassarani model considered above we may represent the Hamiltonian in terms of canonical
spinful fermion creation and annihilation operators by identifying the three states per site as

1) =10);, 12); =cl40);, I3); = ¢l |0} (106)

Then Hj can be represented as
L
~P > (clicjprr — SF S5, +he)P, (107)
7=1

where P is the projection operator on singly occupied sites |i and S;-r = cjﬁc‘,} 1- This describes
correlated hopping of the up fermions, whereas the down fermions can only move through spin-flip
processes. The jump operator is

Li=2n;;—-1. (108)

5 Other integrable two-leg ladder models

The generalized Hubbard models considered above are all related to Lindblad equations with a
single jump operator on each bond by virtue of their integrability structure. There are many other
integrable models that can be represented as two-leg ladders and a question we have investigated
at some length is whether some of them can be associated with Lindblad equations as well.

5.1 GL(N?) magnets

We now consider generalized spin models on a local Hilbert space with N2 bosonic states. A
well-known class of integrable models is obtained by taking [51,52]

Her(ve) Z Z B R (109)
j=1a,p=1
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2
where Pj ;11 = fov B=1 Eaﬁ EP j+1 1s a permutation operator acting on nearest-neighbour lattice
sites

Py jralil0)j41 = 10)17)j+1- (110)
The Hamiltonian H is GL(N?) symmetric and hence
L
[H,Q*%)=0, Q= "E". (111)
j=1

5.1.1 Representation as a 2-leg ladder

The permutation models can be viewed as 2-leg ladders by employing the decomposition of section
[2.1)for M = N. This provides a representation of the permutation operator as a tensor product

N
6 0
Pijri=| > &7, E:ev €i1] - (112)
a,f=1 ~v,0=1

It is clear from the representation (I12)) that

[H,J**)=0=[H,J*] =0, (113)
where
L L
PNt =N aB=1,...N. (114)
j=1 j=1
These operators are related to the G L(N?) symmetry generators by
N N
JoB — ZQN(V—l)—i-a,N(W—l)H? 7 JoB — ZQN(OL—I)-F%N(IB—U-«—V‘ (115)
=1 =1

5.1.2 Associated Lindblad equation

Consider now a Lindblad equation with Hamiltonian H and two sets of jump operators { L} and
6%
N
— _ 8 B B _ ap
Ho= Y XapJ*?, L;= Z P el 6T =e (116)
a,f=1 a,B=1

Noting that L} L; = 1 we conclude that the corresponding Liouvillian is

L= Z fﬁQa’ﬁ+VZ g1 — (117)
a,B=1

where
N2 N __
- feJe] BB
S ag @ = 3 —idggldP — JP) g |QNEDrANGE-DE LT g
— 2
a:ﬁzl &,,8:1
By construction the first term in (I17) commutes with the second, which is YHgr(n2). As
Hgr(n2) 1s invariant under all global G'L(N?) rotations U we conclude that li is integrable
for choices of 7,3 and A,z such that

U Z fapQ¥PUT = Zg Q™. ga€C. (119)
a,f=1
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5.1.3 Twisting the boundary conditions

As we have mentioned above, in general we need to consider similarity transformations when
trying to ascertain whether a Lindblad equation is related to an integrable Hamiltonian. A simple
example is provided by considering a Lindblad equation with vanishing Hamiltonian and jump
operators

N
Li=| Y eleseaed?edo | i eR. (120)
a,3=1
The corresponding Liouvillian is
N

L
_ i(pg—pa—pzt+ea) ocﬁ pa ~ap ~ﬁoc
L = 72 Z . ’ € €+1¢ i -1
7=l ﬁa,b’ 1

_ 72 Z 232 SR (121)

j=1a,p=1

where we have used the decomposition [2.1|and fixed the phases ¢, by
P8 = Pa = Y5~ PatYa — ¥z (122)

where o, 3, @, 3, & ﬁ are related by . To relate this to the GL(N 2) Hamiltonian we consider
the canonical transformation

UE; Ut = B} emi(0a00)i (123)

under which the Liouvillian transforms as

ULUt = Z Z BB 1] (124)
7j=1qa,=1
where we have imposed twisted boundary conditions
B} = BY¥emi0amds)L (125)

We conclude that the Liouvillian is related to the integrable G'L(N?) Hamiltonian with twisted
boundary conditions

ULU" = vHgrne) . (126)

twisted bc
The integrability of twisted boundary conditions in the GL(N?) models is well known [53-55].

5.1.4 Example: GL(4) spin ladder

As a specific example let us consider the GL(4) case

H= JZPH+1+ (" + Q¥ + Q% + "], (127)

7=1

where we have added a particular generalized magnetic field term. Using [2.1| we can express this
in terms of two species of Pauli operators, cf. [42]]

L
1
=1 D T (o501 + 1) (17541 + 1) + (o7 + 1) . (128)
j=1
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The related Lindblad equation has no Hamiltonian and two sets of jump operators

1
Lj=3 ST ooty 41, {8 =0lla=1y,z}. (129)

a=x,y,z

The corresponding Liouvillian is

L L
L=7) (P -1+ (0§57 — 0¥5? + 0355 — 3). (130)
7j=1 7j=1
After a local basis rotation around the y-axis
T} = =0} ij = 5? , T =—0; (131)

this maps onto (128)) (up to a constant contribution) if we identify v = J/4 and h = —+'.

5.2 GL(n% + n%|2npnr) magnets

We now turn to particular graded magnets, where we have nQB + n% bosonic and 2ngnr fermionic
states at a given site of the lattice, where ng r € Ng. A much studied family of integrable models

is given by [52,/56-61]]
H=> Tn+Y > XE (132)
J j o

where IT; j 11 is a graded permutation operator (9) and ), are generalized chemical potentials. The
case np = nr = 1 gives the EKS model (a.k.a. supersymmetric extended Hubbard model). We
now employ the decomposition [2.1] and choose a tensor product basis for the local Hilbert space
as

o) =|ay®@|a), ea=€eg+ea, a,a=1,...,np+np, (133)
where & = (np + nr)(a@ — 1) + a. The E}lﬁ’s can then be expressed as
aB _ ;1 1\ez(eates) A&E apB
ESY = (—1)FetR et el (134)
which in turn leads to the following decomposition of the graded permutation operator
np+ng o~ o~ np+ng o
M= | Y (DTS | | D ()P et | - (135)
a?E:1 &’521

5.2.1 Associated Lindblad equation

Consider now a Lindblad equation with no Hamiltonian and Hermitian jump operators
N — 7 A=
Li= Y (1% eld) (136)
Noting that

Lirj=1, (137)

we conclude that the corresponding Liouvillian is
L
L=7> (1 —1). (138)
j=1

We can slightly generalize this by following the construction for the GL(N?) case, e.g. we can
add a Hamiltonian

nptng
H= > Xy ef*. (139)
a=1 j=1
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5.3 Integrable spin ladder model of Refs [62,/63]

The Hamiltonian of this model can be cast in the form of a two-leg spin ladder [42]]

L

Z [(aj.aj_H + 1) (75.7541 + 1) + J (0.7 + 1)
j=1

H(J) =

B~ =

+ (057 + 1) (05417541 +1) = (05.7j501 + 1) (7j.0501 +1) | (140)

5.3.1 Associated Lindblad equation

The Hamiltonian (140) is related to a Lindblad equation with no Hamiltonian part and a set of
Hermitian jump operators

a b a
Li=0j-0j41+1, Ag- ) — ZGachjU]C'+1 , Bj( ) — of +0j, a=uzy,2 (141)
b,c
After a local basis rotation
T = T}-’TfT;’ ., Aa=T,Y,% (142)
and setting the v parameters to be equal for all jump operator terms we arrive at a Liouvillian

L = 4yH(—4) — 12L~. (143)

6 A comment on scaling limits

A standard way of generating integrable QFTs is by taking appropriate scaling limits of integrable
lattice models. A paradigmatic example is the scaling limit of the Hubbard model, which gives
rise to the integrable Yang-Gaudin model. An interesting question is whether we can carry out an
analogous construction for our integrable Liouvillians and arrive at non-unitary integrable QFTs.
The answer seems to be negative. Let us consider a lattice model with Hamiltonian

Hy=—tY clej+cl i —nd e, (144)
j j

where ¢; and c; are annihilation and creation operators of spinless fermions, and jump operators

L]’ = nj = C;[Cj . (145)

These give rise to a Liouvillian

. = - 1 _
L = —zH0+zH0+fyannj—§(nj+nj), (146)
j

where lEIO is of the same form as H( but written in terms of fermion annihilation and creation
operators ¢; and E}. The sign difference between Hy and Hy can be removed by a canonical
transformation

& — &j(—1). (147)
In analogy of what we do in order to obtain the Yang-Gaudin model from the Hubbard model we
now consider the scaling limit

t—o0, ag—0, talfixed. (148)
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In this limit lattice fermion operators are replaced by continuum fields

Cj = \/%\I/T(x) 5 6]‘ ~ \/CT()\Ifi(l') , X = jao. (149)

The Liouvillian becomes
L = [(2t+u —]/de\l/T
itag / dz Y " Ul ()02, (2) + va / o0 (z) T4 () O] (2) Ty (x).  (150)

A problem now occurs in the first term. If v were purely imaginary, as is the case for the Hubbard
model, we could tune the chemical potential in such a way to ensure that the prefactor remains
finite in the scaling limit. This would leave us with a Yang-Gaudin model at a finite density, but
with imaginary interaction strength. However, given that v is real and positive we cannot take
v — o0, but must keep it finite in order to describe states with finite real parts of their “energies”.
This means that the only scaling limit is trivial as the interaction term disappears. This would
appear to be a more general feature, independent of integrability.

7 Some unsuccessful maps

Most of the integrable ladder models we have considered cannot be associated in a straightforward
way with Lindblad equations. In the following we present some representative examples.

7.1 Perk-Schultz models
As an example we consider the N = 4 Perk-Schultz model [64}/65]

Hpg = JZ [cosh(n) ZE;’O‘E]“& + Z Eﬁanfl + sgn(a — () sinhn EO‘O‘EJBEJ (151)
J a a#B

This can be viewed as a g-deformation of the GL(4) Hamiltonian considered above. Using the

decomposition [2.1| we can rewrite Hpg as

h(n) -1
Hps — JZ e+ L oo ) (14 7

J sinh(n
+S”;()Z( ory —of) (1 + 75, (152)
J

As the spectra of 07,y — 07 and 1 + 7777, are different the term in the second line cannot be
related to a jump operator structure in thls representation.

7.2 Higher conservation laws

A well-known way of obtaining integrable spin-ladder models is by considering higher conser-
vation laws [40,(66[]. In case of the spin-1/2 Heisenberg XXX chain higher conservation laws
H®+1) can be obtained from the transfer matrix by taking logarithmic derivatives at the “shift
point”. By construction we have [H(¥), H()] = 0. The Hamiltonian we want to consider here is
H(b) = H® + bH® + const [66-68], which takes the form
L
b
Hb) = 4) [(1 = 0)S; - Sjr1+ 585 - Sjv2 +26(Sj-1-S;41) (S; - Sj2)

j=1

—2b(S;j-1-Sj42) (Sj-Sjt1) |- (153)
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This can be viewed as a zig-zag ladder model by associating all even (odd) sites with the first
(second) leg, which gives

L/2
b
Hp) = > (1-bo;-[rj+7iml+ 5{03‘ O[Ty Tl T Tigo]
j=1
+ 0O T T~ T 0410 Tjp1 — 0 Tj42 041 Tj+1}- (154)
This is asymmetric under leg exchange in a way that precludes a direct relation with a Lindblad
equation.

7.3 Alcaraz-Bariev model

The Alcaraz-Bariev two-parameter families of integrable models [69] come in two classes denoted
by A* and B* respectively. The B* family contains the Hubbard model as a special limit and
this is the only case in which we succeeded in obtaining an interpretation in terms of a Lindblad
equation. We now discuss why such a relation does not seem to exist in general for the A* family
of models. The Hamiltonian of the A* family can be cast in the form

1 2 3
HY = ZTJ;J‘H +Tj(,j)+1 +Tj(,j)+1 +9Tj(,j)+1 +cos 9[5j,j+1—Gi}(zlﬁ‘/j,jﬂ—eraﬂ] , (155)
j

where g = (1 + €)(1 — sin#) and

Ty = —elel?y + @2, +he,
Ty(?ﬂ = —(e?lejlil - e}zegil)E?Q(e sinf — 1) + (E?lgjlil — E}Q'éﬁl)e?(sinﬁ - 1),
TP, = (el — PP (sin0 — 1) + (B, — 22L,)eR (esind 1),
]'(;)Jrl - _eilejl'?i-lg?g?il + 'éﬁlgﬁle?eﬁl +h.c,
Sij+1 = eejiejfert +he,
TV, = —eFel? P 1 e,
Vst = ¢ ML+ M,
Uij41 = €76 +e e (156)
Here we have carried out a unitary transformation
UetUT = edb(—1)7(@=?) (157)

on the Hamiltonian given in [|69] in anticipation of relating it to a Liouvillian on a Lindblad equa-
tion. We start by noting that we require g = 0 for such an interpretation to be possible. The reason

is that the only way to generate 7

3 . 113 9 ) T 3
4118 as a “cross-term” in £;{; with

21,12 12 21 22 22
lj = aej el +bej"ejy +cejreit. (158)
However, such jump operators would also generate an unwanted contribution

2,22 22 2222
|c|"ej e i€ €5 (159)
As this cannot be cancelled by introducing additional jump operators and does not feature in H 1(46)
we conclude that we must have g = 0. Next we turn to the cubic terms T](?Jr
from jump operators of the form

1- These must arise

_ 21 12 12 21 22
L] = aej €j+1 + bej €j+1 + Cej . (160)
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These jump operators give rise to inter-species interactions

T 2 21 12 ~21512 x 21 12 12~21 %712 21 ~21~12
LiL; = |al"ej e;i1€j €3y +abej eji€;°€jyq +abe; e €5 €34

4 plReletl G 4 oPeRE 4 *(actol?, 4 belZel o2
+ ce(a*eFet + b*~12“§i1) (161)
and intra-species interactions
L;Lj = [al?(1 = ef)efty + bl (1 — €f31) + |efef” — a*cej?efiy + cfacflef?y,
LiL; = |af(1— 2222, + 2221 - &22,) + |28 — ac'?i2% | + ca™2?'e12 (162)
In order to produce the cubic terms in HS) we require
a=-b, ac®=1—¢€sinf, ca"=sinfh—1. (163)
Combining these with the requirement that g = 0 leads to
€e=sinf =1. (164)

In this case the A* model reduces to free fermions. We have also investigated whether carrying
out a similarity transformation S H 1(46)5 —1 with

L

S=H6Xp<¢622“22+J(9016 +p2el’ + 1ejt + Bacs )) (165)
j=1

may facilitate a Lindblad interpretation. The answer appears to be negative.

8 Discussion

In this work we have reported our findings for a search for Yang-Baxter integrable Lindblad equa-
tions. We have focused on translationally invariant situations where jump operators act on bonds
or sites of a one dimensional chain. We have derived a superoperator representation for lattice
models with both fermionic and bosonic degrees of freedom, and jump operators which can be
bosonic or fermionic. In this representation the Lindblad equation takes the form of a imaginary
time Schrédinger equation with a non-Hermitian “Hamiltonian™ with local density, which can be
thought of in terms of a two-leg ladder model of interacting spins or fermions. We have then
investigated which Yang-Baxter integrable two-leg ladder models can be related to such Lindblad
equations in a “direct” way. Our main result is that a wide class of generalized Hubbard models
can be interpreted as Liouvillians of Lindblad equations. We traced this back to their integrability
structure, which is based on gluing together certain solutions of the Yang-Baxter equation in a par-
ticular way. Some of the corresponding dissipative models are physically meaningful, an example
being the infinite-U Hubbard model subject to on-site dephasing noise. As the jump operators in
this class of models are Hermitian, the completely mixed state is a steady state in all cases. Using
the Bethe Ansatz solution we have shown for a subclass of generalized Hubbard models that the
Liouvillian gap vanishes like L =2 as the thermodynamic limit is approached. The corresponding
eigenstates correspond to particle-like “excitations” with quadratic dispersions, which suggests
that the late-time behaviour in these models is likely to be diffusive.

We have identified a few Yang-Baxter integrable Lindblad equations that are not generalized
Hubbard models by showing that certain known integrable Hamiltonians can be cast in the form
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of Liouvillians associated with a Lindblad equation. However, in most cases we have considered
such mappings are not possible. As this is often difficult to see we have presented a non-trivial
case of such a failure in the Alcaraz-Bariev two-parameter family of integrable models.

We stress that in this work we have focused on a particular “direct” relation between Liou-
villians of Lindblad equations and Hamiltonians of Yang-Baxter integrable models. There are
known cases where it is possible to establish such relationships by means of more complicated
(non-local) maps [29]]. Moreover, as we pointed out in section [3.3] one ought to allow for simi-
larity transformations that maintain locality of the Hamiltonian density in integrable models when
trying to establish relations with Lindblad equations. A systematic way of doing this is by consid-
ering invariances of the Yang-Baxter equation, c¢f. Chapter 12.2.5 of Ref. [41]]. For example, given
a solution R(\, 1) € End(C ® C) of the Yang-Baxter equation other solutions can be obtained as

[V(w) @ VIR, @) [VIHO) @ VT ()], (166)

where V() is an invertible n x n matrix. This allows one to introduce additional free parameters
in the resulting Hamiltonian. The latter will generally be non-Hermitian, but this is not a problem
in the present context of Lindblad equations. It would be interesting to pursue this line of enquiry
further and a good starting point will be the models successfully related to Lindblad equations in
this work.

In this we work we focused on identifying integrable Lindblad equations and only briefly ex-
plored using methods of quantum integrability to obtain physical properties. A good starting point
for this is to determine the spectrum of the Liouvillian, which is given in terms of the solutions
of the relevant Bethe Ansatz equations. It is well understood that the nature of solutions to Bethe
Ansatz equations changes quite substantially when a parameter is made complex, as this results
in the “scattering phases” acquiring magnitudes different from unity. In practice this means that
the structure of solutions to the Bethe Ansatz equations, which is usually encoded in appropriate
string hypotheses, must be revisited and typically becomes more involved. Even in the simplest
case of the Hubbard model the structure of Bethe Ansatz roots for Liouvillian eigenstates with
eigenvalues that have large real parts and non-zero imaginary parts appears to be non-trivial. We
plan to report on this issue in a future publication. Ultimately one would like to determine the
dynamics of general Green’s functions

Tr [p(t)E;jlﬁl N .Efjﬁn] (167)
for evolution from a given initial density matrix p(0). In some of the cases discussed above this
is relatively simple because the equations of motion for these Green’s functions decouple and
for two-point functions can thus either be integrated numerically or determined from the exact
Liouvillian eigenstates in the two-particle sector [[70]. In cases like the 3-state Maassarani model
a more involved analysis is required and it would be interesting to investigate this case in more
detail.
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A Structure of the Liouvillian for the most general jump operator
acting on a bond

The most general two site bosonic jump operator with nearest-neighbour interactions is

! 5
Li=) (AaﬁEf ’+ Aaﬁqufl) + Y taprs ESEN (168)
ap afBvyd
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This gives rise to interaction terms between the two legs of the ladder

&

L;Lh =1+ 19 4 1, (169)

where Ij(n) involves n Hubbard operators E;‘B , E]aﬁ . The interaction along a single rung of the

ladder is

J J J j+1
e (170)

I(.Q) - Z ()\alﬂl Z2B2Ea151EJ{1262 + Aas sy ’OZIBZEm&Eazﬁz

! b1 o f ! ! B1 e
+ )‘alﬁl zzﬁzE;illE?Q ’ +)‘0¢1/51 ;zﬁQE;;lllquﬁf) )

while the three and four point interactions on a given plaquette are given by

3 E} ~ / ~as
LV = Y pesnn BB (Nan B 000 B
1817191
agfo
! B1\ praz2f2 720
+ Z /1122527252 (AalﬁlE]qlﬁl + )\alﬁlE;ill) Ej@ 2E;/.2|-12 7
aifB
a252v252

4 * 0 Y20
I](' )= Z “0415171511‘042,32“/252E?161E]?I-li-llE]('m@Eyif : (171

a1B17191
azB27262

There are also interaction terms along the two legs of the ladder

L}Lj - Z [(Z /\aﬂ)‘zv)EJﬁ + (Z /\'aﬁ)\;;)E;fl] + Z [faﬁ’}’(sE;éﬁE;il + h-c-] ’

By afyé
L= 3 (S M) B 4 (N B+ 3 Usean BB 4 e 72
By o o afyé

where

* ! * "% 1 eatep)(ente *
Faprs = NaaXss + D Nnabtngns + Myhasas] + 5 (=)o Dy g o (173)
n nv

References

[1] S. Diehl, A. Micheli, A. Kantian, B. Kraus, H. P. Biichler and P. Zoller, Quantum states
and phases in driven open quantum systems with cold atoms, Nature Phys. 4, 878 (2008),
doi:;10.1038/nphys1073.

[2] F. Verstraete, M. M. Wolf and J. 1. Cirac, Quantum computation and quantum-state engi-
neering driven by dissipation, Nature Phys. 5, 633 (2009), doi;10.1038/nphys1342.

[3] H. Weimer, M. Miiller, I. Lesanovsky, P. Zoller and H. P. Biichler, A Rydberg quantum sim-
ulator, Nature Phys. 6, 382 (2010), doi;10.1038/nphys1614.

[4] J. C. Budich, P. Zoller and S. Diehl, Dissipative preparation of Chern insulators, Phys. Rev.
A 91, 042117 (2015), doi10.1103/PhysRevA.91.042117.

24


http://dx.doi.org/10.1038/nphys1073
http://dx.doi.org/10.1038/nphys1342
http://dx.doi.org/10.1038/nphys1614
http://dx.doi.org/10.1103/PhysRevA.91.042117

SciPost Physics

[5] F. Iemini, D. Rossini, R. Fazio, S. Diehl and L. Mazza, Dissipative topologi-
cal superconductors in number-conserving systems, Phys. Rev. B 93, 115113 (2016),
doi:10.1103/PhysRevB.93.115113.

[6] M. Bauer, D. Bernard and T. Jin, Stochastic dissipative quantum spin chains
(I): Quantum fluctuating discrete hydrodynamics, SciPost Phys. 3, 033 (2017),
doi;10.21468/SciPostPhys.3.5.033.

[7] M. Bauer, D. Bernard and T. Jin, Equilibrium fluctuations in maximally noisy extended quan-
tum systems, SciPost Phys. 6, 045 (2019), doi:10.21468/SciPostPhys.6.4.045.

[8] D. Bernard, T. Jin and O. Shpielberg, Transport in quantum chains under strong monitoring,
Europhys. Lett. 121, 60006 (2018), doi:10.1209/0295-5075/121/60006.

[9] X. Cao, A. Tilloy and A. De Luca, Entanglement in a fermion chain under continuous mon-
itoring, SciPost Phys. 7, 024 (2019), doi:10.21468/SciPostPhys.7.2.024,

[10] H.-P. Breuer and F. Petruccione, The Theory of Open Quantum Systems (Oxford University
Press, 2002), doi:10.1093/acprof:0s0/9780199213900.001.0001.

[11] A. C.Y. Li, F. Petruccione and J. Koch, Perturbative approach to Markovian open quantum
systems, Sci. Rep. 4, 4887 (2014), doi;10.1038/srep04887.

[12] L. M. Sieberer, M. Buchhold and S. Diehl, Keldysh field theory for driven open quantum
systems, Rep. Prog. Phys. 79, 096001 (2016), doi:10.1088/0034-4885/79/9/096001.

[13] F. Verstraete, J. J. Garcia-Ripoll, and J. 1. Cirac, Matrix product density operators: Sim-
ulation of finite-temperature and dissipative systems, Phys. Rev. Lett. 93, 207204 (2004),
doi:10.1103/PhysRevLett.93.207204.

[14] D. Jaschke, S. Montangero and L. D. Carr, One-dimensional many-body entangled open
quantum systems with tensor network methods, Quant. Sci. and Tech. 4, 013001 (2018),
doi:10.1088/2058-9565/aae724.

[15] J. Cui, J. I. Cirac and M.-C. Banuls, Variational matrix product operators for the
steady state of dissipative quantum systems, Phys. Rev. Lett. 114, 220601 (2015),
doi:10.1103/PhysRevLett.114.220601.

[16] J.-S. Bernier, R. Tan, L. Bonnes, C. Guo, D. Poletti and C. Kollath, Light-cone and diffusive
propagation of correlations in a many-body dissipative system, Phys. Rev. Lett. 120, 020401
(2018), doi;10.1103/PhysRevLett.120.020401.

[17] L.-H. Gwa and H. Spohn, Six-vertex model, roughened surfaces, and an asymmetric spin
Hamiltonian, Phys. Rev. Lett. 68, 725 (1992), doi;10.1103/PhysRevLett.68.725.

[18] D. Kim, Bethe ansatz solution for crossover scaling functions of the asymmetric XXZ
chain and the Kardar-Parisi-Zhang-type growth model, Phys. Rev. E 52, 3512 (1995),
doi:10.1103/PhysRevE.52.3512!

[19] O. Golinelli and K. Mallick, Hidden symmetries in the asymmetric exclusion process, J. Phys.
A: Math. Theor. 37, 3321 (2004), doi;10.1088/1742-5468/2004/12/p12001.

[20] J. de Gier and F. H. L. Essler, Bethe Ansatz solution of the asymmetric exclusion process with
open boundaries, Phys. Rev. Lett. 95, 240601 (2005), doii10.1103/PhysRevLett.95.240601.

25


http://dx.doi.org/10.1103/PhysRevB.93.115113
http://dx.doi.org/10.21468/SciPostPhys.3.5.033
http://dx.doi.org/10.21468/SciPostPhys.6.4.045
http://dx.doi.org/10.1209/0295-5075/121/60006
http://dx.doi.org/10.21468/SciPostPhys.7.2.024
http://dx.doi.org/10.1093/acprof:oso/9780199213900.001.0001
http://dx.doi.org/10.1038/srep04887
http://dx.doi.org/10.1088/0034-4885/79/9/096001
http://dx.doi.org/10.1103/PhysRevLett.93.207204
http://dx.doi.org/10.1088/2058-9565/aae724
http://dx.doi.org/10.1103/PhysRevLett.114.220601
http://dx.doi.org/10.1103/PhysRevLett.120.020401
http://dx.doi.org/10.1103/PhysRevLett.68.725
http://dx.doi.org/10.1103/PhysRevE.52.3512
http://dx.doi.org/10.1088/1742-5468/2004/12/p12001
http://dx.doi.org/10.1103/PhysRevLett.95.240601

SciPost Physics

[21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

J. de Gier and F. H. L. Essler, Slowest relaxation mode of the partially asymmetric
exclusion process with open boundaries, J. Phys. A: Math. Theor. 41, 485002 (2008),
doi:10.1088/1751-8113/41/48/485002.

N. Crampe, E. Ragoucy and D. Simon, Matrix coordinate Bethe Ansatz: applications to
XXZ and ASEP models, J. Phys. A: Math. Theor. 40, 405003 (2011), doi:10.1088/1751-
8113/44/40/405003.

T. Prosen, Third quantization: a general method to solve master equations for quadratic
open Fermi systems, New J. Phys. 10, 043026 (2008), doi:10.1088/1367-2630/10/4/043026.

J. Eisert and T. Prosen, Noise-driven quantum criticality, arXiv:1012.5013,
https://arxiv.org/abs/1012.5013.

B. Horstmann, J. I. Cirac and G. Giedke, Noise-driven dynamics and phase transitions in
fermionic systems, Phys. Rev. A 87, 012108 (2013), doi:10.1103/PhysRevA.87.012108.

C. Guo and D. Poletti, Solutions for bosonic and fermionic dissipative quadratic open sys-
tems, Phys. Rev. A 95, 052107 (2017), doiz10.1103/PhysRevA.95.052107.

M. V. Medvedyeva, F. H. L. Essler and T. Prosen, Exact Bethe Ansatz spectrum
of a tight-binding chain with dephasing noise, Phys. Rev. Lett. 13, 137202 (2016),
doii10.1103/PhysRevLett.117.137202

D. A. Rowlands and A. Lamacraft, Noisy spins and the Richardson-Gaudin model, Phys.
Rev. Lett. 120, 090401 (2018), doi:10.1103/PhysRevLett.120.090401.

N. Shibata and H. Katsura, Dissipative quantum Ising chain as a non-Hermitian Ashkin-
Teller model, Phys. Rev. B 99, 224432 (2019), doi:10.1103/PhysRevB.99.224432.

N. Shibata and H. Katsura, Dissipative spin chain as a non-Hermitian Kitaev ladder, Phys.
Rev. B 99, 174303 (2019), doij10.1103/PhysRevB.99.174303.

B. S. Shastry, Infinite conservation laws in the one-dimensional Hubbard model, Phys. Rev.
Lett. 56, 1529 (1986), doi110.1103/PhysRevLett.56.1529.

B. S. Shastry, Decorated star-triangle relations and exact integrability of the one-
dimensional Hubbard model, J. Stat. Phys. 50, 57 (1988), doi;10.1007/BF01022987.

Z. Maassarani, The su(n) Hubbard model, Phys. Lett. A 239, 187 (1998),
doi:10.1016/S0375-9601(97)00977-8.

Z.. Maassarani, Hubbard models as fusion products of free fermions, Int. J. Mod. Phys. B 12,
1893 (1998), doi:10.1142/S50217979298001095.

7. Maassarani, Exact integrability of the su(n) Hubbard model, Mod. Phys. Lett. B 12, 51
(1998), doi:10.1142/S0217984998000081.

M. J. Martins, On the integrability of the SU(N) Hubbard model, Phys. Lett. A 247, 218
(1998), doi:;10.1016/S0375-9601(98)00575-1.

J. M. Drummond, G. Feverati, L. Frappat and E. Ragoucy, Super-Hubbard models and ap-
plications, JHEP 0705:008 (2007), doi310.1088/1126-6708/2007/05/008.

M. J. Martins and P. B. Ramos, The quantum inverse scattering method for Hubbard-like
models, Nucl. Phys. B522, 413 (1998), doi:10.1016/S0550-3213(98)00199-0.

26


http://dx.doi.org/10.1088/1751-8113/41/48/485002
http://dx.doi.org/10.1088/1751-8113/44/40/405003
http://dx.doi.org/10.1088/1751-8113/44/40/405003
http://dx.doi.org/10.1088/1367-2630/10/4/043026
https://arxiv.org/abs/1012.5013
http://dx.doi.org/10.1103/PhysRevA.87.012108
http://dx.doi.org/10.1103/PhysRevA.95.052107
http://dx.doi.org/10.1103/PhysRevLett.117.137202
http://dx.doi.org/10.1103/PhysRevLett.120.090401
http://dx.doi.org/10.1103/PhysRevB.99.224432
http://dx.doi.org/10.1103/PhysRevB.99.174303
http://dx.doi.org/10.1103/PhysRevLett.56.1529
http://dx.doi.org/10.1007/BF01022987
http://dx.doi.org/10.1016/S0375-9601(97)00977-8
http://dx.doi.org/10.1142/S0217979298001095
http://dx.doi.org/10.1142/S0217984998000081
http://dx.doi.org/10.1016/S0375-9601(98)00575-1
http://dx.doi.org/10.1088/1126-6708/2007/05/008
http://dx.doi.org/10.1016/S0550-3213(98)00199-0

SciPost Physics

[39] G. Feverati, L. Frappat and E. Ragoucy, Universal Hubbard models with arbitrary symmetry,
J. Stat. Mech. P04014 (2009), doi:10.1088/1742-5468/2009/04/P04014.

[40] V. E. Korepin, A. G. Izergin and N. M. Bogoliubov, Quantum Inverse Scattering Method,
Correlation Functions and Algebraic Bethe Ansatz (Cambridge University Press, 1993),
doi:10.1017/CBO9780511628832.

[41] F. H. L. Essler, H. Frahm, F. Gohmann, A. Kliimper, and V. E. Korepin,
The One—Dimensional Hubbard Model (Cambridge University Press, 2005),
doi:10.1017/CB0O9780511534843.

[42] V. Gritsev and D. Baeriswyl, Exactly soluble isotropic spin-1/2 ladder models, J. Phys. A:
Math. Gen. 36, 12129 (2003), doi310.1088/0305-4470/36/49/001.

[43] Y. Umeno, M. Shiroishi and M. Wadati, Fermionic R-operator and integrability of the one-
dimensional Hubbard model, J. Phys. Soc. Jap. 67, 7 (1998), doi:10.1143/JPSJ.67.2242,

[44] M. Shiroishi and M. Wadati, Decorated star-triangle relations for the free-fermion
model and a new solvable bilayer vertex model, J. Phys. Soc. Jap. 64, 57 (1995),
doii10.1143/JPSJ.64.2795.

[45] F. Gohmann and S. Murakami, Fermionic representations of integrable lattice systems,
J. Phys. A: Math. Gen. 30, 5269 (1998), doi:10.1088/0305-4470/31/38/009.

[46] A. G. Izergin, A. G. Pronko and N. I. Abarenkova, Temperature correlators in the one-
dimensional Hubbard model in the strong coupling limit, Phys. Lett. A 245, 537 (1998),
doiz10.1016/S0375-9601(98)00442-3.

[47] B. Kumar, Exact solution of the infinite-U Hubbard problem and other models in one dimen-
sion, Phys. Rev. B 79, 155121 (2009), doi:10.1103/PhysRevB.79.155121.

[48] A. Nocera, F. H. L. Essler and A. E. Feiguin, Finite-temperature dynamics of the Mott insu-
lating Hubbard chain, Phys. Rev. B 97, 045146 (2018), doi:10.1103/PhysRevB.97.045146.

[49] V. Fomin, L. Frappat and E. Ragoucy, Including a phase in the Bethe equations of the Hub-
bard model, JHEP 1004:062 (2010), doi:10.1007/JHEP04(2010)062.

[50] M. Takahashi, Thermodynamics of one dimensional solvable models (Cambridge University
Press, 1999), doii10.1017/CBO9780511524332|

[51] C. K. Lai, Lattice gas with nearest-neighbor interaction in one dimension with arbitrary
statistics, J. Math. Phys. 15, 1675 (1974), doi:10.1063/1.1666522.

[52] B. Sutherland, Model for a multicomponent quantum system, Phys. Rev. B 12, 3795 (1975),
doi:10.1103/PhysRevB.12.3795.

[53] E. K. Sklyanin, Quantum Inverse Scattering Method. Selected Topics in Quantum Group and
Quantum Integrable Systems: Nankai Lectures on Mathematical Physics, World Scientific
1992; arXiv:hep-th/9211111, https://arxiv.org/abs/hep-th/9211111.

[54] B. S. Shastry and B. Sutherland, Twisted boundary conditions and effective
mass in Heisenberg-Ising and Hubbard rings, Phys. Rev. Lett. 65, 243 (1990),
doi:10.1103/PhysRevLett.65.243.

[55] G. A. P. Ribeiro, M. J. Martins and W. Galleas, Integrable SU(N) vertex mod-
els with general toroidal boundary conditions, Nucl. Phys. B 675, 567 (2003),
doi:10.1016/j.nuclphysb.2003.09.058.

27


http://dx.doi.org/10.1088/1742-5468/2009/04/P04014
http://dx.doi.org/10.1017/CBO9780511628832
http://dx.doi.org/10.1017/CBO9780511534843
http://dx.doi.org/10.1088/0305-4470/36/49/001
http://dx.doi.org/10.1143/JPSJ.67.2242
http://dx.doi.org/10.1143/JPSJ.64.2795
http://dx.doi.org/10.1088/0305-4470/31/38/009
http://dx.doi.org/10.1016/S0375-9601(98)00442-3
http://dx.doi.org/10.1103/PhysRevB.79.155121
http://dx.doi.org/10.1103/PhysRevB.97.045146
http://dx.doi.org/10.1007/JHEP04(2010)062
http://dx.doi.org/10.1017/CBO9780511524332
http://dx.doi.org/10.1063/1.1666522
http://dx.doi.org/10.1103/PhysRevB.12.3795
https://arxiv.org/abs/hep-th/9211111
http://dx.doi.org/10.1103/PhysRevLett.65.243
http://dx.doi.org/10.1016/j.nuclphysb.2003.09.058

SciPost Physics

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

P. P. Kulish and E. K. Sklyanin, Solutions of the Yang-Baxter equation, J. Sov. Math. 19,
1596 (1982), doiz10.1007/BF01091463.

P. P. Kulish, Integrable graded magnets, J. Soviet Math. 35, 2648 (1986),
doi:10.1007/BF01083770.

F. H. L. Essler, V. E. Korepin and K. Schoutens, New exactly solvable model of strongly cor-
related electrons motivated by high-T,. superconductivity, Phys. Rev. Lett. 68, 2960 (1992),
doi:10.1103/PhysRevLett.68.2960.

F. H. L. Essler, V. E. Korepin and K. Schoutens, Exact solution of an electronic model of
superconductivity, Int. J. Mod. Phys. B 8, 3205 (1994), doi:10.1142/S0217979294001354.

F. H. L. Essler, V. E. Korepin and K. Schoutens, Spectrum of low-lying excitations
in a supersymmetric extended Hubbard model, Int. J. Mod. Phys. B 8, 3243 (1994),
doi:10.1142/S0217979294001366.

S. Belliard and E. Ragoucy, The nested Bethe ansatz for ’all’ closed spin chains, J. Phys. A:
Math. Theor. 41, 295202 (2008), doi:10.1088/1751-8113/41/29/295202..

S. Albeverio, S. M. Fei and Y. P. Wang, An exactly solvable model of generalized spin ladder,
Europhys. Lett. 47, 364 (1999), doii10.1209/epl/11999-00397-8.

F. C. Alcaraz, D. Arnaudon, V. Rittenberg and M. Scheunert, Finite chains with quantum
affine symmetries, Int. J. Mod. Phys. A 9, 3473 (1994), doi:10.1142/S0217751X94001370.

J.H. H. Perk and C. L. Schultz, New families of commuting transfer matrices in q-state vertex
models, Phys. Lett. A 84, 407 (1981), doi:10.1016/0375-9601(81)90994-4.

C. L. Schultz, Eigenvectors of the multi-component generalization of the six-vertex model,
Physica A 122,71 (1983), doi:10.1016/0378-4371(83)90083-3.

N. Muramoto and M. Takahashi, Integrable magnetic model of two chains coupled by four-
body interactions, J. Phys. Soc. Jpn 68, 2098 (1999), doi:10.1143/JPSJ.68.2098.

A. A.Zvyagin and A. Kliimper, Quantum phase transitions and thermodynamics of quantum
antiferromagnets with next-nearest-neighbor couplings, Phys. Rev. B 68, 144426 (2003),
doi:10.1103/PhysRevB.68.144426.

C. Trippe and A. Kliimper, Quantum phase transitions and thermodynamics of quan-
tum antiferromagnets with competing interactions, Low. Temp. Phys. 33, 920 (2007),
doi:10.1063/1.2747066.

F. C. Alcaraz and R. Z. Bariev, Interpolation between Hubbard and supersymmetric t-J mod-
els: two-parameter integrable models of correlated electrons, J. Phys. A: Math. Gen. 32,
L483 (1999), doi;10.1088/0305-4470/32/46/101.

V. Eisler, Crossover between ballistic and diffusive transport: the quantum exclusion process,
J. Stat. Mech. P06007 (2011), doij10.1088/1742-5468/2011/06/P06007.

28


http://dx.doi.org/10.1007/BF01091463
http://dx.doi.org/10.1007/BF01083770
http://dx.doi.org/10.1103/PhysRevLett.68.2960
http://dx.doi.org/10.1142/S0217979294001354
http://dx.doi.org/10.1142/S0217979294001366
http://dx.doi.org/10.1088/1751-8113/41/29/295202
http://dx.doi.org/10.1209/epl/i1999-00397-8
http://dx.doi.org/10.1142/S0217751X94001370
http://dx.doi.org/10.1016/0375-9601(81)90994-4
http://dx.doi.org/10.1016/0378-4371(83)90083-3
http://dx.doi.org/10.1143/JPSJ.68.2098
http://dx.doi.org/10.1103/PhysRevB.68.144426
http://dx.doi.org/10.1063/1.2747066
http://dx.doi.org/10.1088/0305-4470/32/46/101
http://dx.doi.org/10.1088/1742-5468/2011/06/P06007

	Introduction
	Lindblad equations for lattice models
	Lg
	Super-operator formalism for Lindblad equations
	Fermionic jump operators

	Lindblad equations as non-Hermitian two-leg ladders
	Single-site jump operators
	Single-bond jump operators
	General form of the Liouvillian

	Generalized Hubbard models
	SU(2) Hubbard model
	Associated Lindblad equation

	Integrable structure of generalized Hubbard models and associated Lindblad equations
	USW model
	Associated Lindblad equation
	Differential equations for correlation functions

	Maassarani models
	3-state Maassarani model
	4-state Maassarani model
	Bethe Ansatz solution
	String solutions and vanishing of the Liouvillian gap in the thermodynamic limit

	Lg
	3-state Lg model


	Other integrable two-leg ladder models
	Lg
	Representation as a 2-leg ladder
	Associated Lindblad equation
	Twisting the boundary conditions
	Example: GL(4) spin ladder

	Lg
	Associated Lindblad equation

	Lg
	Associated Lindblad equation


	A comment on scaling limits
	Some unsuccessful maps
	Perk-Schultz models
	Higher conservation laws
	Alcaraz-Bariev model

	Discussion
	Structure of the Liouvillian for the most general jump operator acting on a bond
	References

