Random Irreducible
Quadrangulations

UNIVERSITY OF

OXFORD

Simon Bergant
St Edmund Hall
University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Trinity 2019



Dedicated to my family.



Acknowledgements

Foremost, I would like to thank my supervisor Marc Lackenby for in-
troducing me to hyperbolic geometry of alternating links. His support,
guidance and encouragement over the last four years have been invalu-
able. I also very much appreciated his open-mindedness which gave me

the freedom to explore the topics that I found to be most interesting.

I would like to express my deepest gratitude to my Mum, my Dad and my
twin sister Ana as well as all of my family and friends for their constant
support and encouragement on my way to finish my thesis. Among my
friends I would especially like to mention Maia Foulis, Prerna Bakshi,
Mari Johnson, Emily Russell, Maren Fichter, Petra Poklukar and Sasa
Marolt. Thank you very much.



Abstract

In the thesis we study random irreducible quadrangulations. We aim
to extend known results on local limits of random planar maps and the

perceived universality to the class of irreducible quadrangulations.

The first part of the thesis establishes a multitude of enumeration re-
sults using standard generating function techniques. We introduce various
classes of irreducible quadrangulations and we make a detailed study of
their generating functions and asymptotics. The material of this chapter

forms the backbone of the subsequent calculations.

The last chapter is conceptually divided into two parts. The first part
extends known sharp concentration results for maximum vertex degree
and vertex degree distribution to the class of irreducible quadrangulations.
In the second part we describe the skeleton decomposition of irreducible
hulls and introduce a formal operator to evaluate statistical sums over the

semi-layers of the decomposition.

The concluding section of the thesis exploits the properties of the hull
operator to provide a new proof of the existence of the Uniform Infinite
Irreducible Planar Quadrangulation (UITPQ). We also explore the asymp-
totics of the iterates of the hull operator to derive limiting probabilities
for the perimeter and volume of r-hulls in the UITPQ. Our results are

(unsurprisingly) in agreement with the conjectured universal behaviour
observed in other random models such as the UIPT and UIPQ.
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Chapter 1

Introduction

A planar map is a proper embedding in the 2-sphere of a finite connected planar graph
considered up to orientation preserving homeomorphisms of the sphere. Planar maps
are a basic object of study in the field of combinatorics and graph theory. One of
the fundamental questions concerning planar maps is the problem of enumeration
of various classes (e.g. planar triangulations of different types, quadrangulations,
bipartite maps etc.). The problem was initially considered unassailable, apart from a
few simple classes of trees or polygon dissections, due to the presence of symmetries
of the underlying maps. The real breakthrough began in 1960’s with the publication
of W.Tutte’s seminal “census” papers [60]. The pivotal idea introduced in these
papers is the introduction of a root in the map, viz. a distinguished oriented edge,
which informally speaking “destroys” any symmetries of the map. Tutte’s papers deal
with enumeration of various rooted classes of planar maps and are based mostly on
recursive decomposition.

Since the introduction of rooted classes, enumerative combinatorics has become
an active area of research. Most notably Tutte’s original idea of recursive decom-
position has been supplemented with the development of rich bijective approaches.
These bijections have provided further insight and understanding of the often simple
enumerative formulas of complicated classes of planar maps, by putting them in bijec-
tion with a simpler class of decorated trees. It has been observed that most classes of
planar maps admit the same “universal behaviour”: the generating functions admit
the same critical exponent.

Planar maps are not only studied in combinatorics, but are a central object also
in theoretical physics. It was realized that planar maps can be considered as a good
approximation of 2D random surfaces and constitute a model of 2-dimensional quan-
tum gravity. The observed universal behaviour of random planar maps has in physics

literature become known as the class of “pure 2D quantum gravity”. In recent years



a lot of effort has been concentrated on making this connection mathematically rigor-
ous. The first mathematical model of random planar geometry was described in 2003
by O. Angel and G. Schramm. They studied uniform triangulations of the sphere
and proved this sequence of random maps converges in the local topology towards
the Uniform Infinite Planar triangulation (UIPT), a certain probability distribution
on infinite planar triangulations. Soon after similar results (although with rather
different proofs) were obtained for various other models of random maps, such as
uniform planar quadrangulations (by M. Krikun [42]). This has spawned an active
area of research of local limits of random maps.

We now give an overview of the thesis and state some of our main results. In
chapter 2 we recall the basis notions from the theory of planar maps and irreducible
planar quadrangulations, which will be the central objects of the thesis. We also
include a very brief motivation for studying irreducible quadrangulations due to their
intimate relation with the class of ideal right-angled hyperbolic polyhedra. None of the
results of this chapter are new and are well-known to experts. The class of irreducible

quadrangulations is defined as (we refer to section 2.2 for precise definitions).

Definition 1. An irreducible planar quadrangulations is a properly embedded planar
map in the 2-sphere (up to orientation preserving homeomorphisms) such that every
face of the embedding is of degree 4, the underlying graph is simple and every 4-cycle

forms the boundary of some face of the embedding.

The main focus of this thesis is therefore twofold. On the one hand, we aim to
extend our understanding of local properties of irreducible quadrangulations. We
focus in particular on the distribution of vertex degrees. It has been observed that in
many classes of planar maps belonging to the “universal class” hinted at above, the
random variable counting the number of vertices of a given degree satisfies a central
limit theorem (see [19]). It has been conjectured that a similar result should also hold
for 3-connected planar maps and by extension (via Tutte’s bijection) for irreducible
quadrangulations. Although we were unable to provide a proof of this conjecture, we
provide new compelling evidence that support the existence of a central limit theorem.
We also investigate the distribution of the maximum vertex degree, deriving sharp
concentration results of the kind that are already known for the class of all planar
maps ([29]) and triangulations ([28]).

On the other hand, having observed the same universal behaviour for irreducible

quadrangulations we investigate their Benjamin-Schramm limit with respect to the



local topology. We provide a new proof of the existence of the Uniform Infinite
Irreducible Planar Quadrangulation and study some of its local properties.

Chapter 3 is devoted to studying the generating functions of various classes of irre-
ducible quadrangulations. It establishes the fundamental enumerative results needed
to study the Benjamin-Schramm limit of uniform irreducible quadrangulations as well
as its local properties in the sequel. The first two sections merely provide an overview
of the basic enumerative techniques and asymptotic analysis. The primary source for
these sections are the books [31] and [25]. In section 3.3 we introduce two classes of

rooted irreducible quadrangulations with a simple boundary:

(I) Proper rooted irreducible quadrangulations with a simple boundary.

(IT) Rooted irreducible quadrangulations with a simple boundary satisfying property
(3.3.1) as defined on page 66.

We provide a new derivation of the generating function of proper rooted irreducible
quadrangulations with a simple boundary. The analogous simple class had already
featured prominently in M. Krikun’s article [42], which is one of the main motivating
factors for studying such irreducible quadrangulations in the first place. Similarly,
the second class satisfying the peculiar property (see 3.3.1), has rather unexpectedly
likewise already appeared in literature before, although in a completely unrelated
context. The class was introduced by E. Guitter in [32] as an auxiliary tool to study-
ing the two-point function of quadrangulations. We carefully describe his recursive
decomposition of the class and use substitution to pass to the more restrictive set of
irreducible quadrangulations. These results are therefore not particularly new, but
merely re-parametrizations (through face substitution) of what has already been es-
tablished before. We end the subsection with a careful analysis of the singularity
structure of the generating functions and use it to prove the following central limit

theorem

Theorem A. Let a,; be the number of rooted irreducible quadrangulations with root

vertex of degree k and n + k faces. Suppose € > 0 then

Ik ™ o (r2—2)(r+1)? — 1)2(r5 — 5rt 4 1513 — 25r2 4+ 121 + 6)

: [((r2qf;—21)2>#(7;22:2;2]n (1.1)

1 r(rP—r-—1) J (r+1)(r2=4)(r2=33(r2—-r—1)
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uniformly as n,k — oo provided p € (e,1 — ¢), where u = k/n and parameter
r € (2,00) is implicitly defined by the equation

r(r—2)(r* —r—1)
(73— 17

k/n =

Despite appearing as seemingly uncorrelated, the classes (I) and (II) are inti-
mately connected. This connection is explored in the next subsection 3.3.3 with the
introduction of the so-called irreducible cores. Put simply it is possible to pass from
one class to the other through the operation of face substitution in a certain under-
lying submap, which we call the irreducible core. We provide a description of the
possible cores, by putting them in bijection with a class of vertex-bicoloured planar
trees. Using Lagrange’s theorem we provide explicit connection formulas between the
generating functions of the two classes.

The main bulk of chapter 2 begins with subsection 3.3.4. Due to the pesky re-
striction on separating 4-cycles in the definition of irreducible quadrangulations the
(essentially) only known approach to counting them (apart from the bijective proof
with a certain subset of binary trees described by A direct bijective approach has
been described by E. Fusy, D. Poulalhon and G. Schaeffer in [27]) so far has been
through face-substitution (see chapter 3 for a more in-depth discussion). This is be-
cause in recursive decompositions it becomes very laborious and technical to describe
all the possible scenarios, where a separating 4-cycle may occur. On the other hand,
face substitution makes it increasingly more difficult to keep track of the various
combinatorial parameters other than the basic ones such as the number of faces.

The novelty of our approach is the introduction of a direct counting procedure
for irreducible quadrangulations that does not rely on substitution. It is a certain
modification of the recursive decomposition introduced by E. Guitter in [32], adapted
to the setting of irreducible quadrangulations. Using the new recursive decomposition
we derive exact generating functions for pointed rooted irreducible quadrangulations
satisfying property (3.3.1), defined on page 66, counted according to the number of
black and white vertices, the degree of the root vertex and the degree of the additional
marked vertex.

Finally, we end the chapter by investigating the structure of neighbourhoods of
irreducible quadrangulations that are used to define the local metric. Recall that
the local topology on a set of planar maps is an ultrametric generated by the set of
combinatorial balls, where a combinatorial ball of radius r is the submap composed
of all the faces having at least one vertex at distance strictly less than r from the root

vertex. The definition needs to be supplemented by specifying the embedding of the
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ball in the 2-sphere. Here we adopt Krikun’s convention (as opposed to the convention
used in say [16, 17]): we first augment the r-ball by drawing in all the face diagonals
between vertices at distance r from the root-vertex and cut the resulting map along
these “diagonal cycles”, then we glue a simple triangular face back along each diagonal
(keeping the faces disjoint) and erase the diagonals. Our final result in chapter 2 deals
with the enumeration of 2-neighbourhoods of irreducible quadrangulations. Using
a cut-and-paste technique we provide the exact generating function for irreducible
quadrangulations with a simple boundary counted according to the number of faces,
boundary length and the exact structure of the boundary, which we encode with a

certain composition 7. As such we introduce two separate notions of boundary length:

(i) The length |z|y of the composition parameter w, which gives the number of

vertices of distance r — 1 from the root vertex incident with the boundary.

(ii) The sum |x|; of the composition parameter m, which gives half the number of

faces incident to the boundary.

In chapter 4 we use the enumerative results of chapter 3 to investigate the local
properties of random irreducible quadrangulations. We first use singularity analysis

to deduce strong concentration results for the maximum vertex degree:

Theorem B. Let A, denote the maximum vertex degree of a random rooted irre-

ducible quadrangulation with n faces, then

_ logn — %loglogn

E(A,) = +0(1),  V(A,) = 6(logn). (1.2)

log 2

Furthermore, if (), — oo denotes any function then

P (‘An _ logn — 1 loglogn
log 2

< Qn> =1-0(1/logn + (1/2)%). (1.3)

Let (i denote the number of vertices of degree k in an n-faced random irreducible
quadrangulation. The result strongly suggest the maximum vertex degree A,, of ran-
dom irreducible quadrangulations is distributed according to the extremal Gumbel
distribution of type 1. However, a proof of this stronger result would require knowl-
edge of higher moments of the variables (i, which are so far out of our reach. We are,
however, able to describe at least the first and second moments of (. More precisely,

we also prove the following theorem:



Theorem C. Let T = (1 —t/2)Y? and define (for k > 2):

(57 — V204 T2)" (T + V2i + 12) (77 + V20 + T?) 56

b, = [tF! and py = —b.
o= 283673,/24 + 12 ST
Let (. denote the number of vertices of degree k of a random rooted irreducible quad-

rangulation with n faces, then uniformly for all k = 6(logn) we have

log'®n

10
E(Ck) = npu, (1 +6 ( logn n) :

)) , and V() = nug + (npug,)*6 (

To study the existence and properties of the local limit of random irreducible
quadrangulations we use another tool introduced initially by M. Krikun [42, 41].
We present in section 4.2 the skeleton decomposition of irreducible quadrangulations.
Before we describe the decomposition, we need to introduce the hull. A combinatorial
r-ball B,., composed of all faces having a vertex at distance strictly less than r from the
root vertex, may have several edge-disjoint boundary components. However, it has
been observed (we compute the exact limiting probabilities in section 4.1) that with
high probability the complement of exactly one boundary component will contain the
majority of the quadrangulation. The r-hull B? is obtained by “filling-in” the holes of

all the boundary components except the maximal one. The skeleton decomposition

is then traditionally defined in terms of layers, which are sets of the form Bf\B;_;,

and a collection of independent free quadrangulations with a boundary.
Unfortunately, this approach is not well-adapted to the study of irreducible quad-
rangulations. Roughly, speaking the quadrangulations filling-in the holes (or inter-
stices) of the decompositions, which are usually filled with independent Boltzmann
quadrangulations depending only on the hole’s perimeter length, no longer depend
simply on the boundary length but on the overall structure of the boundary (the
same structure that has been encoded in chapter 3 by the composition parameter 7).
As such we are forced to somewhat diverge from the usual skeleton decomposition
by introducing what we call a semi-layer. Using semi-layers we are again able to put
irreducible hulls in a bijective correspondence with a class of rooted planar forests and
a collection of independent free irreducible quadrangulations with a simple boundary

and appropriate composition parameter.

Theorem D. The skeleton decomposition is a bijection between irreducible hulls of
radius r, upper composition parameter A and lower boundary cycle of length p and
pairs consisting of an (r,\, p)-admissible forest F' and a collection {(M,,n,)}ver,

where for each node v € F*, m, is the composition parameter describing the genealogy



structure of the node v in I and M, is an admissible irreducible quadrangulation with

parameter (1,7,).

Just as in the case of triangulations of type II, considered in [41], the decomposition
is complicated by the fact that the admissible forests arising in the decomposition do
not coincide with the set of all possible planar forests due to exceptions (Fy), (E})
and (FE;) (which are put in place to prevent the occurrence of separating 4-cycles).
Following Krikun’s idea we introduce a hull operator that allows us to compute the

statistical sum over all possible semi-layers:

Theorem E. Let p > 3 denote the length of the lower boundary of a semi-layer L
and let n = n(L) denote the number of inner quadrilateral faces in L. Suppose we
take a function G(z) that allows expansion G(z) = Y ysz 2" 1, then we can write

the sum over all semi-layers L € A as
>t = (A()G)(2)
L

where A(x) is a linear operator defined as follows

(A(x)G)(2) = R'(2,2)G(R(z,2)) — (R(z,2) —x + (1 + 2) R (2,2))G(x)
— 2R(0,2)(R(0,2)G'(x) — 2G(x)) (1.4)

where prime denotes differentiation with respect to z and we have made the following
notation convention R(z,x) = (142)27'Z(z,x) (series Z is defined in lemma (4.2.3)).

In section 4.3 we investigate the properties of the hull operator A(x) = A,. We
do this only in a formal context, although we faithfully indicate at each step how
our results could equivalently also be translated in the language of Hilbert spaces
(more specifically Hardy spaces of analytic function over an appropriate domain).
Analysing the properties of the main composition function R(z,x) in the definition
of the operator, we prove that through a simple change of variables it is possible
to transform the otherwise complicated algebraic operator A, to a simple operator
B, that involves only rational functions. We continue working with the transformed
operator B, and introduce its resolvent, which can be thought of formally as the
generating function of the sequence of iterates {Bj },2,. Using the second resolvent
identity we derive a “simple” formula for the resolvent, expressing it in terms of
resolvents ®(z,w) and V(z,w) of certain coefficients (and their w-derivatives), as

well as (what we call) the perturbation determinant A,(z).



The remainder of the section is then devoted to studying the analytic properties of
®(z) and ¥(z) and the perturbation determinant. The idea is to deduce an asymptotic
relation for the iterates of the hull operator A, using singularity analysis and the
transfer theorems of Flajolet and Odlyzko. The results established in this section
form the backbone of our calculations, basically providing us with all the necessary
technical assumptions enabling us the use of asymptotic analysis.

The final section of chapter 4, uses the techniques developed so far to finally
deduce the existence of the Uniform Infinite Irreducible Quadrangulation (UIIPQ).

The existence of the UITPQ has already been proven by L. Addario-Berry in [1].
His approach is radically different from ours. Recall, that according to Skorokhod’s
representation theorem a weakly convergent sequence of probability measures u,, with
limit o, defined on some metric space M and such that the support of ., is sep-
arable, can be realized as a sequence of random variables X,, defined on a common
probability space (2, F,P) such that the law of X, is u, for all n and X,, converges
P-almost surely to X,,. Using the Fusy-Poulalhon-Schaeffer “closure” bijection be-
tween binary trees and irreducible quadrangulations of the hexagon [27] and a growth
procedure for binary trees [45], he constructs a growing sequence of random rooted
quadrangulations q, such that q, — Q. almost surely and shows that q. is the
distributional local limit of uniformly random rooted irreducible quadrangulations.

Our proof is instead based on an idea of M. Krikun to investigate the limits of r-hulls
and use them to “build” the (UIIPQ).

Theorem F (L. Addario-Berry, [1]). For every n > 1, let u, denote the uniform
probability measure on the space of finite rooted irreducible quadrangulations with n
faces, then the sequence {p,}n>1 converges to a probability measure u, in the sense
of weak convergence, in the space of probability measures on (Q,dq). Moreover, p is

supported on the set of infinite rooted irreducible quadrangulations of the plane.

Having established the existence of the (UIIPQ) we turn next to the investigation
of some of its local properties. This was first initiated by O. Angel in [5] for the (UIPT)
and his investigation has since been extended to various other model of random maps.
There are several interesting characteristics one can examine, e.g perimeter of hulls
(and balls), volumes of hulls (and balls), isoperimetric inequalities (see [44]), distances,
random walks, percolation etc. We have focused mainly on perimeter length and
volume of irreducible hulls B? with respect to both notions of boundary length (as

described above).



Examining initially the limiting distribution of perimeters of irreducible hulls, we

prove using singularity analysis:

Theorem G. Let |7,|; denote the boundary length of the r-hull under distribution p,
then the random variable 14/5|7y,|1r~2 converges in distribution to the T'(3/2) law.

Furthermore, adapting the ideas we obtain the same scaling limit (although with

a different scaling constant) also for the second notion of boundary length, viz.

Theorem H. Let |7, |y denote the number of parts of the r-hull under distribution p,

2

then the random variable 6|7, |or = converges in distribution to the I'(3/2) law.

We turn our attention next to volumes of irreducible hulls. The singularity analy-
sis approach is no longer applicable in this case, so we instead determine the limiting
distributions using what is essentially Tannery’s theorem. We provide the exact ver-
sion of the theorem needed in our work and we set out to verify its conditions are met.
In doing so, we need to verify the coefficients of the (multiplicative) inverse 1/A,(w) of
the perturbation determinant are sufficiently fast g-uniformly convergent. Although,
Faa di Bruno’s formula would in principle allow us to compute these coefficients ex-
plicitly, the sheer complexity of the computation makes it impossible to deduce any
useful (uniform) bounds. Consequently, we extend the classical Levy-Wiener theorem
on absolutely convergent power series to the class of normally convergent power series
depending on a parameter g. We do not follow Wiener’s original proof of the theorem,
but instead rely on Gelfand’s reformulation of the theorem in the context of commu-
tative Banach algebras with unit. We initially adapt Newman’s elegant proof of the
classical Wiener theorem to the uniform setting and then extend Brandenburger’s
results using the eponymous lemma. The proofs of these various auxiliary results are
delegated to appendix A. Once established, it is a simple (albeit somewhat technical)
matter of checking all the conditions of Tannery’s theorem are satisfied, which finally

gives us the following result (here and below zy = 1/4)

Theorem 1. Let A > 0, then

. h({L‘O/\)l/4
lim E (e 2 VolBN/™) = 33/2 o . 1.5
r—00 ( ) (coshQ(xo)\)l/4 + 2)3/2 (1.5)

An extension of the above mentioned techniques also allows us to determine the
limiting distribution of volumes of hulls conditioned on boundary length. Our results
are again in agreement with the expected universal behaviour that has been observed

in other classes of random maps:



Theorem J. Let A\, ¢ > 0, then

lim (e VB0 9B, = [6r7))
1/4 14 2
_ 3/a Cosh(woA) /7 = 1/2 2 14 _ 2\ _
= (2o\) Sinb® (o) /4 exp |~ O (xoA)"* | coth®(zo)) 3 1)).

Similarly, we deduce the limiting distribution of volume conditioned on the number

of parts of the boundary to be

Theorem K. Let A\,p > 0, then

JmE (eI 0B = [pr¥])
1/4 9
_ 3/4 cosh(zoA) (_ ( 1/2 ( 2 1/4 ) _ ))
(o) Stnb? (zg\) /1 exp | —6p | (zoA)/* ( coth”(zoA) 3 1)).
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Chapter 2

Preliminaries

2.1 Planar maps

A multigraph is usually defined as an abstract combinatorial structure, however, it
is often convenient to regard multigraphs as topological spaces, in which vertices
are points and edges are interior-disjoint paths between their endpoints rather than
strict combinatorial objects. More formally, we will define multigraphs embedded
in a surface. Let X be an orientable closed surface - according to the fundamental
classification theorem for closed surfaces ¥ is homeomorphic to the 2-sphere S? or a
finite connected sum T, of g > 0 copies of the 2-torus T = T,. An oriented edge in X
is a continuous mapping e : [0, 1] — ¥ such that e is either injective or the restriction
of e to the half-closed interval [0, 1) is injective with e(0) = e(1) (in the latter case,
e is also called an oriented loop). We will always consider oriented edges only up to
reparametrization by an increasing homeomorphism [0, 1] — [0, 1] and any quantity
associated with an oriented edge should be invariant under such reparametrization.
The origin of an oriented edge e is the point e~ = ¢(0) and the target of e is the
point et = e(1), the two together are called the extremities of e. The reversal of e is
the oriented edge € defined by e(t) = e(1 —t). An edge e is defined as a 2-set {e, e}
consisting of an oriented edge and its reversal. The interior of an edge e is defined
as e((0,1)).

An embedded multigraph in ¥ is a multigraph G = (V, E) such that the following

conditions hold:

o V is a finite subset of X.
o FE is a finite subset of edges in .

o The vertices incident to an edge e = {e, e} are e”, et € V.

11



o The interior of an edge e € E does not intersect V' or the edges of E distinct

from e.

It should be noted that the definition of an embedded multigraph does not depend
only on the combinatorial structure of the underlying multigraph but also on the
choice of the embedding in the surface ¥ (as well as the choice of surface ). For
example the complete graph K, on 4 vertices can be embedded in S? or T to form
two different embedded multigraphs. Secondly, restricting our attention to embedded
multigraphs means no loss of generality since any multigraph can be embedded in

some closed orientable surface X.

N\ S

Figure 2.1: Embedding of the complete graph K, in the plane R? (which is equivalent to
an embedding in the 2-sphere S? via stereographic projection) and in the torus T.

Let G = (V, E) be an embedded graph in the surface ¥. The support of G is the
set
supp G = V U Ueeg Int(e),

and a face of G is a (path) connected component of ¥\ supp(G). We denote with
F(G) the set of all faces of G.

Definition 2. Let X be an orientable closed surface. A map on ¥ is an embed-
ded graph whose faces are all homeomorphic to the open unit disk in R? (such an

embedding is called 2-cell). A map on the 2-sphere S? is also called a plane map.

It is easily established that a map on any orientable closed surface ¥ must nec-
essarily have a connected underlying multigraph. Furthermore, on the 2-sphere S?
it actually follows from the Jordan-Schonflies theorem that planar maps are exactly
connected embedded graphs. This is no longer true for surfaces of higher genus.

Let m = (V, E) be a map embedded in an orientable closed surface 3, and let
E = {e € e : e € E} be the set of all oriented edges of m. Since ¥ is orientable, it

12



is possible to define, for every oriented edge e € E, a unique face f. of m located to
the left of the oriented edge e. We call f. the face incident to e. The edges incident
to a given face f form a closed curve in ¥, although not necessarily a Jordan curve
since it can happen that f. = f: for some oriented edge e. The degree of a face f is
defined as

deg f:=#{e € E: f. = f}.

Clearly, the degree of a face as just defined agrees with the usual graph-theoretic
notion of degree of a face of (not necessarily embedded) planar graphs. The oriented
edges incident to a given face f are arranged cyclically in counterclockwise order
around the face in what we call the facial ordering.

Associated with every oriented edge e of a map m is also a corner incident to e,
which is defined as a small simply connected neighbourhood of e~ intersected with f.
such that the corners of any two distinct oriented edges do not intersect.

The degree of a vertex u € V' is the usual graph-theoretic notion deg = #{e € E:
e~ = u} and similarly as for faces, the outgoing edges from a vertex u are arranged

cyclically in counterclockwise order around w.

Theorem 2.1.1 (Euler’s polyhedral formula). Let m be a map embedded in a closed
orientable surface ¥, of genus g and denote with V(m), E(m), F(m) the sets of all

vertices, edges and faces of m, respectively, then
#V(m) — #E(m) + #F(m) = x(,) =2 — 2g. (2.1)
Furthermore, the following relations hold

(i) % Ypdeg f = #E(m), the summation is over the set I'(m) of faces of m.

(ii) 33, degu = #E(m), the summation is over the set V(m) of vertices of m.
The last result is frequently referred to as the Handshaking lemma in literature.

We say two maps m and m’ on X are isomorphic if there exists an orientation-
preserving homeomorphism h € Homeo™ (X) of the surface ¥ onto itself such that h
induces a graph isomorphism of m with m’. An automorphism of a map m is an
isomorphism of m with itself (it should be interpreted as a symmetry of a map). Two
maps m and m’ are combinatorially isomorphic if there exists an incidence preserving
isomorphism of their underlying graphs, i.e. there exists a bijection o : (V, E, F) —
(V') E', F') which preserves the incidence of vertices, edges and faces. It is possible

to show that two maps are combinatorially isomorphic if and only if there exists a
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homeomorphism h € Homeo(X) (not necessarily orientation-preserving) of the surface
Y onto itself such that h induces a graph isomorphism of m with m’. This clearly
underlines the difference between an isomorphism of maps and an isomorphism of its
underlying multigraphs: the second is only required to preserve incidence of vertices

and edges, whereas the first must also preserve incidence of edges and faces.

m m’

Figure 2.2: The underlying multigraph of the embedded graphs m and m’ are isomorphic,
but the embeddings are not even combinatorially isomorphic.

We will always identify isomorphic maps m and m’, which of course implies that
the underlying combinatorial graphs associated with m and m’ are isomorphic. As
such we will think of maps as equivalence classes modulo orientation-preserving home-
omorphisms of the surface of embedding.

An important notion in the theory of (planar) maps is duality. Let ¥ be an
orientable closed surface and m = (V, E') a map on X. The dual map m* is obtained
by exchanging the roles of vertices and faces and keeping the incidence relations.
More precisely, to construct the dual map m* of m place a vertex f* in each face f
of m and connect two such vertices by a dual edge e* across each edge of m. It is
possible to show that the construction described above can be carried out in such a
way that distinct dual edges do not intersect, so that we obtain an embedded graph
m* with vertex-set V* = {f*: f € F(m)} and edge-set E* equal to the set of dual

edges, which is in fact a map. Duality has the following properties:
Lemma 2.1.1 (Duality) Let ¥ be an orientable closed surface and m a map on X.

(i) The dual map m* is a map on X.
(ii) #V (m*) = #F(m), #E(m*) = #E(m) and #F(m*) = #V(m).

(7ii) Duality is an involution on the set of maps.
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Figure 2.3: The construction of a dual map of a planar map (the dual of a simple planar
map is not necessarily simple).

We have already observed that multigraphs can (in general) be embedded in mul-
tiple (closed, orientable) surfaces. On the other hand, it is well-known that the
complete graph K5 on 5 vertices cannot be embedded in the 2-sphere S* (although it
can be embedded in the torus). Given a (connected) multigraph G, the minimal genus
of a surface ¥ that admits a 2-cell embedding of G is called the genus of G. Multi-
graphs of genus 0 are also called planar multigraphs. 1t should be emphasized here
that planar multigraphs have to be distinguished from embedded planar multigraphs,
since a particular planar multigraph may admit several non-isomorphic embeddings
in the 2-sphere. However, certain multigraphs clearly admit a unique embedding (for
example the embedding of Kj). This naturally raises the question of which planar

multigraphs have a unique embedding (up to orientation-preserving homeomorphisms

of the 2-sphere). H. Whitney was the first to provide a complete characterization of

planar multigraphs with a unique embedding in the 2-sphere:

Theorem 2.1.2 (H. Whitney, [61]). A planar multigraph G has a unique embedding

in the 2-sphere S? if and only if it is a subdivision of a 3-connected planar graph.

Consequently, when speaking of 3-connected planar graphs it makes no difference
whether we have in mind the underlying graph or a particular embedding. In lieu of
Whitney’s result it intrinsically makes sense to speak of the faces of a 3-connected
planar map.

One of the fundamental questions in combinatorics is the problem of map enumer-
ation. A particularly important problem that remained unsolved for over a century

was the enumeration of combinatorially inequivalent 3-connected planar maps due to
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their connection with 3-dimensional convex polyhedra (via Steinitz’s theorem). The
problem was considered especially difficult and not much progress was made apart
from enumeration of various classes of trees. The main obstacle to counting maps was
the presence of non-trivial symmetries. However, in 1960’s William Tutte published a
series of papers detailing enumeration results of various classes of rooted planar maps.
Traditionally a map has been thought of as a connected unlabelled graph embedded
on a 2-sphere S? (as defined above). In order to circumvent the issue of non-trivial
symmetries, Tutte introduced a new class of maps, called rooted planar maps, as a

way to desymmetrize the map. Let m = (V, E') be a planar map,

e A pointed (planar) map is a pair (m,vy), where m = (V, E) is a planar map

and vy € V is a distinguished vertex called the pointed vertex.

e A (planar) map with a distinguished face is a pair (m, fo), where m = (V, E)
is a planar map and fy is a distinguished face of m called the exterior face.
Any planar map with a distinguished face admits a canonical embedding in the
plane R? (obtained by stereographic projection), in which the unique infinite
face of the embedding corresponds to the distinguished face fy. The relatively

compact faces are called inner faces of the map.

o A rooted (planar) map is a pair (m, €), where m = (V, E) is a map and € € E
is a distinguished oriented edge called the root or root edge. We often omit
the mention of the root edge € in notation and refer simply to m as a rooted
map. The face f. incident to the root edge € is often called the root face (or
the external face), while the remaining faces are called internal. Since a rooted
map has a distinguished face, namely the root face, we will adopt the standard
convention of embedding rooted maps in the plane R? with the root face the
unique infinite face of the embedding and appearing now on the right of the
root edge. The initial vertex e~ of the root edge is also called the root vertex

(or sometimes ambiguously the root).!

The following folklore result by W. Tutte explains why it is easier to count rooted

maps - informally, rooting destroys the symmetries of the map.

Theorem 2.1.3 (W. Tutte [60, p. 252]). An automorphism of a planar map m that

fixes an oriented edge fizes all the oriented edges.

LA second equivalent definition of rooted maps that is also often found in literature defines a
rooted map as a pair (m,c) consisting of a planar map m and a distinguished corner ¢; the two
definitions are equivalent since we can associate to a corner the unique oriented edge incident with
it and vice-versa.

16



When speaking of automorphisms of planar maps with a distinguished element we
will therefore always require that the automorphism fixes the distinguished element.
As such Tutte’s theorem (2.1.3) can equivalently be restated as saying that rooted

planar maps have trivial automorphism groups.

Figure 2.4: A planar map with a non-trivial symmetry (rotation by 180° about the central
vertex).

Naturally the number r,,(P) of rooted planar maps with say n edges belonging to
a certain class & is not the same as the number s, (%) of unrooted maps of P. If we
knew a priori that a certain member of the class has a trivial symmetry group and
n edges then by rooting we would obtain 4n inequivalent rooted copies. Although
not every map has a trivial automorphism group it has been shown that for various
classes of planar maps (e.g k-connected planar maps for k£ = 1,2,3) almost every

member of the class has no non-trivial symmetries. Hence asymptotically
Sp(P) ~ 1 (P)/4n as n — oo.

Moreover, using Polya’s theory it sometimes even possible to recover exact count-
ing results for the number of unrooted maps with n edges belonging to class %.

However, we will mostly be interested merely in asymptotic estimates.

2.2 Quadrangulations

We will introduce in this section for us the most important subclass of planar maps
- namely, the class of planar quadrangulations. It turns out that planar maps can
equivalently be encoded as planar quadrangulations in a one-to-one correspondence
called Tutte’s bijection (which will be recalled below).
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Definition 3. A (rooted) planar map q is a (rooted) planar quadrangulation if all
its faces are of degree 4 (in particular, a quadrangulation contains no loops but may
contain multiple edges). Since we will be dealing exclusively with planar quadrangu-
lations, we will from now on refer to them simply as quadrangulations and will always

implicitly assume them to be planar.

& 5 4

Figure 2.5: A simple planar quadrangulation with its canonical bicolouration of vertices
(on the left) and equipped with the induced distance labelling (on the right).

Let q be a quadrangulation then the number of vertices, edge and faces of q are
related by #V(q) = n, #E(q) = 2n and #V(q) = n + 2, an easy consequence of
Euler’s relation. Suppose (q,vg) is a pointed quadrangulation with a marked vertex
vo. We define the labelling ¢ of the map q by ¢(x) = dq(z,vo) for each vertex z,
where dq(z,y) denote the graph-distance of q.

Lemma 2.2.1 (Properties of the distance function on q) Let q be a pointed quad-

rangulation with marked vertex vg.

(i) If x and y are adjacent vertices of q then |p(x) — p(y)| = 1.

(ii) A quadrangulation is a bipartite map, so we may equip a pointed quadrangulation
(q,v0) with a canonical bicolouration of its vertices where a vertex x is coloured

white if p(x) is odd and is coloured black if p(x) is even.
(71) If x1,y1, T2, y2 are the vertices of a face of q in a facial walk, then at least one of
the two equalities is satisfied p(x1) = p(x2) or p(y1) = p(y2). A face of a quad-

rangulation is called simple if one equality is satisfied and confluent otherwise.

We will also work with certain subsets of quadrangulations and planar maps that
are near-quadrangulations. Before we state the relevant definitions we need to intro-

duce a few related concepts. Let’s recall that the girth of a planar map is the minimal
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length (the number of edges) of its cycles, if the map contains at least one cycle, and
oo otherwise. By this definition, maps of infinite girth are exactly (planar) trees. In
a map not reduced to a tree, the degree of every face is larger than or equal to the
girth, so a planar map is loopless if and only if it has girth at least 2 and is simple if
and only if it has girth at least 3.

Let d be a non-negative integer. Following J. Bouttier and E. Guitter [10], we
define a rooted map to be strongly d-irreducible ? if its girth is at least d and any cycle
of length d is the boundary of an inner face of degree d. Several remarks are in place
regarding this definition. Firstly, the definition of irreducibility just introduced does
not agree with what has historically been called a d-irreducible map (the difference in
definitions will be discussed shortly). Secondly, the definition applies only to rooted
maps (or maps with a distinguished face) since it requires the faces of maps to be
distinguished into inner faces and an outer face. Finally, note that every rooted map
is strongly O-irreducible and a strongly d-irreducible map with outer degree smaller
than or equal to d is either a tree (with one face of even degree < d) or a d-cycle
delimiting two faces of degree d.

In the way strong d-irreducibility has been defined so far, there is a unique rooted
map with an outer face of degree d, namely the d-cycle (indeed, the boundary of the
outer face forms a cycle of length d so it must bound an inner face). A weaker and
somewhat more natural definition of d-irreducibility among planar maps consists in
simply picking those planar maps of girth d such that every cycle of length d in the
map forms the boundary of an arbitrary (i.e. inner or outer) face of degree d. We

will call such a map d-irreducible.

Definition 4. A planar map q is called a quadrangulation with holes if all its faces
have degree 4, except for a number of distinguished faces which can be of arbitrary
even degree®. We call these distinguished faces the holes (or sometimes boundaries)
of the quadrangulation q. A quadrangulation (with or without holes) is called simple
if does not contain any multiple edges.

A quadrangulation with holes is said to have simple boundaries if all its boundary
components are disjoint and form a cycle (i.e. vertices on the boundaries are distinct).

A quadrangulation is irreducible if it is simple and has no separating 4-cycles (i.e.

every 4-cycle delimits a face)- equivalently, it must be 4-irreducible.

2We diverge somewhat from their terminology, so as to align our definitions with what has
historically been called an irreducible map. Note that what we call a strongly d-irreducible map is
a d-irreducible map in [10], and our d-irreducible map are called weakly d-irreducible in [10]

3The restriction to even degree distinguished faces is put in place to ensure every quadrangulation
with holes is a bipartite map.
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Figure 2.6: A simple quadrangulation with a separating 4-cycle (shown in red) and a
quadrangulation with holes having simple boundaries.

We will also have occasion to deal with infinite (planar) quadrangulations. Infinite
quadrangulations can naturally be introduced in several distinct ways, however, we
will follow the approach developed by M. Krikun in [42]. Let Q, denote the set of
rooted quadrangulations with n faces of a class of quadrangulations (either all, simple
quadrangulations or irreducible quadrangulations) and denote with Q; = U,,>1Q,, the
set of all rooted quadrangulations with finitely many faces. For every pair q,q" € Q,,

we define a metric

1
dq(q,q) = -
Al 9) = T Baula) = Bas (@)

where, for r > 1, Bq(q) denotes the planar map whose edges (resp. vertices) are all
edges (resp. vertices) incident to a face of q having at least one vertex at distance
strictly smaller than r from the root vertex, and equality of two such maps is to be
interpreted as an isomorphism of two rooted planar maps, and we take sup® = 0
by convention. We call Bq ,(q) the combinatorial r-neighbourhood of the root vertex
in q. We will study the structure of combinatorial neighbourhoods in (irreducible)
quadrangulations much more in depth later on - for now let us only remark that by
definition Bq,(q) is a quadrangulation with holes having only simple faces at the
boundary.

It is easily verified that dq defines a metric on Qy. However, the metric space
(Qq, dq) is not a complete metric space (see figure below). We define (Q, dq) to be
the completion of this space. We call infinite quadrangulations the elements of Q that
are not finite quadrangulations and we denote the set of all such quadrangulations
by Qe = Q\Qy. Since metric completion is functorial, it is easily shown that the
function ¢ € Qf — Bq,(q) uniquely extends to a continuous function, which we

will again denote simply by Bq,, on Q (furthermore, the extended function Bq, is
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naturally interpreted as the union of faces of q that have a vertex of distance strictly
smaller than r from the root). The following lemma is easy to prove and describes

some basic properties of the completed metric space (Q, dq):

Lemma 2.2.2 The metric space (Q,dq) is Polish. Furthermore, a subset ' C Q is
relatively compact if and only if for any r > 0,

#{Bq,(q):q € F'} < oo <= sup{degv:v € V(Bq.(q)), q € F} < cc.

We provide next a convenient description of infinite quadrangulations. An infi-
nite quadrangulation q defines a unique infinite graph G with a root edge, together
with a consistent family of planar embeddings {Bq ;7 > 1} of the combinatorial r-
neighbourhoods of the root vertex in G. Conversely, any sequence qi, qo, . . . of rooted
quadrangulations with holes, such that q, = Bq,(q,+1) for every r > 1, specifies a
unique infinite quadrangulations q whose combinatorial r-neighbourhood of the root

vertex is q,, for every r > 1.

Definition 5. An infinite quadrangulation q € Q is called a quadrangulation of the
plane if it has one end, that is, for every r > 1 the graph q\Bq,(q) has exactly one
infinite connected component.

REMARK 1 Alternatively, it is not hard to convince oneself that quadrangulations of the
plane also coincide with equivalence classes of certain proper embeddings of infinite graphs
in the plane R?, viewed up to orientation preserving homeomorphisms of the plane. Namely,
quadrangulations of the plane are exactly proper embeddings x of locally finite (meaning
vertices have finite degree) planar graphs such that

(i) every compact subset of R? intersects at most finitely many edges of x.

(ii) the connected components of the union of edges of x in R? are all bounded topological
discs and have (face) degree 4.

Figure 2.7: The infinite quadrangulation obtained by continuing the sequence indefinitely
in both directions is clearly not planar.

A generic element of Q. is not necessarily a quadrangulation of the plane (see

figure above). However, any element of Q.. can be seen as an infinite quadrangulation
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of a certain non-compact surface as we will explain now. We will follow closely the
excellent exposition on infinite quadrangulations by N. Curien et al. [14]. Recall
that an element q of Q. is a sequence of compatible maps with holes (qi,qs, .. .),
in the sense that q, = Bq,(q,+1) for every » > 1. This sequence defines a unique
cell complex Sy up to homeomorphism, with an infinite number of 2-cells which are
quadrangles. The cell complex Sq is an orientable, connected, separable topological
surface such that every compact connected sub-surface is planar. It is known, see
I. Richards [54], that the topology of Sq is uniquely characterized by its end space,
which is a certain totally disconnected compact space. Intuitively, ends of a space
should be interpreted as ideal points at infinity, e.g. the end space of the hyperbolic
d-space is exactly its sphere at infinity. Formally, ends are defined as follows. A
boundary component of Sq is defined to be a descending sequence U; D Uy D --- of

non-empty connected open subsets of Sy such that

e The boundary 9U; of each set U; is compact.

e Ni>1U; = 0 (meaning no U; can be compact).

Two boundary components (U, Us,...) and (Vi,Va,...) are called equivalent if for
for every ¢ > 1 there exists a j > 1 such that V; C U;, and vice-versa. An end is
an equivalence class of boundary components. We denote the set of ends of Sq by
6q. Note that the cell complex Sy has at least one end. Indeed, a connected locally-
finite cell complex with infinitely many cells is locally compact and o-compact, so it
admits an exhaustion { K, } by compact sets whose interiors form a cover. Because the
complex is infinite, we can define a boundary component by considering descending
sequences of open connected components of the complementary sets Sq\ K.

We can equip the set of ends with a topology as follows. For every open set
U C S, with compact boundary, we let Vi be the set of all ends whose corresponding
boundary components are sequences of sets which are eventually contained in U. It is
not difficult to check that the sets Vi; form a basis for topology. The set €, equipped
with the topology generated by the sets Vi, is called the end space of Sy.

Conversely, it is clear that a rooted quadrangulation of an orientable, connected,
separable, non-compact planar surface? defines an element of Q. - simply take the
sequence of combinatorial balls centred at the root vertex with the same definition
as above (separability of the surface ensures that the collection of balls exhausts the

whole surface). We thus have

1A 2-surface S is planar if every compact connected subsurface of S is of reduced genus 0 (i.e.
planar) - equivalently, a 2-surface is planar if and only if any closed Jordan curve separates it.
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Theorem 2.2.1 (N. Curien et al., [14]). The elements of Q. are exactly quadran-
gulations of orientable, connected, separable, non-compact planar surfaces considered

up to orientation-preserving homeomorphisms.

We have already remarked above that a compact exhaustion of S whose interiors
form a cover, naturally gives rise to ends of the complex. Moreover, it is not difficult
to show that the entire ends space consists exactly of the boundary components that
arise from any such compact exhaustion. This observation allows us to better un-
derstand what ends space looks like in the context of infinite quadrangulations, since

the complex S4 comes equipped with a natural compact exhaustion by combinatorial

aﬂs‘ N ll .! [
®) WL
Y

Figure 2.8: A schematic representation of the tree Iy associated to an infinite quadrangu-
lation q.

We can associate to q = (q1,qs2,...) € Qo an infinite tree Iy as follows. The
vertices x of this tree are the holes of qi,qs, ... and an edge links the vertices x and
y if there exists an r > 1 such that z is a hole of q,, y is a hole of q,,1, and y is
included in the face determined by x. Furthermore, we connect all the holes of q;
by an edge to an extra root vertex. Let’s define 09, (the end space of the infinite
tree Jy) to be the set of all infinite injective paths (also called spines) in J starting
from the root and equip it with the topology generated by the sets W, made of all
the spines that pass through the vertex z of Iy (note that Iy is a locally-finite tree,

so its ends space will be a compact totally disconnected space). It is now easy to see
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that €, is homeomorphic to 09,. In particular, when I, has a unique spine, then €,
is reduced to a point, which means that the topology of Sy is that of the plane R? -
in other words, we recover the usual definition of a planar infinite quadrangulation.

Finally, let us review some constructions relating the classes of (rooted) planar
maps and (rooted) quadrangulations. Let m be a planar map with vertex set V =
V(m) and edge set F = F(m).

o The derived map of the map m is obtained by superimposition of the map m
with its dual m*; more precisely, to construct the derived map A(m) of m place
a vertex f* in each face f of m and add an edge between two such vertices across

each edge of m, with 4-valent vertices created at the intersection of dual edges.

o The medial map of the map m is the map 4 (m) whose vertex set is E and with
an edge between two such vertices if the corresponding edges share a vertex and

belong to the same face of m.

o The incidence map of the map m is the map Q(m) whose vertex set is V + V*

and with one edge for every oriented edge e € E (m) between e~ and f7.

Q 3

A(Q3)

Figure 2.9: Example of derived map, medial map and incidence map of the cube Q3.

The constructions of the derived map, medial map and associated quadrangulation

of a planar map m are presented below. Note that the derived map A(m) of a planar
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map m is a planar quadrangulation equipped with a natural partition (W, W* W)
of its vertex set such that (W + W* ) is a bipartition of A(m) and each vertex
of W is 4-valent. The medial map J(m) of a planar map is a 4-regular planar map
equipped with a natural bicolouration of its faces. Finally, the incidence map @ (m)

of a map m is a planar quadrangulation equipped with a natural vertex bicolouration.

Furthermore, it is easily verified from the definition that Q(m*) = Q(m), where the

bar indicates exchanging the colours of the vertices, and Q(m)* = 4((m).
Theorem 2.2.2 (Incidence map, [60], [12], [49]).

(1) The incidence map @Q establishes a one-to-one correspondence between the class

of planar maps and the class of planar quadrangulations.

(7i) The incidence map Q restricts to a one-to-one correspondence between the class

of 2-connected planar maps and the class of simple planar quadrangulations.

(1ii) The incidence map Q) restricts to a one-to-one correspondence between the class

of 3-connected planar map and the class of irreducible planar quadrangulations.

Furthermore, all the maps extend naturally to bijections between the corresponding

rooted classes.

The extension of the incidence map to rooted classes is obtained by rooting the
quadrangulation at the unique corner corresponding to the root of the original map.
Note that Tutte’s bijection associates to a rooted n-edged planar map m a rooted
n-faced quadrangulation q. Furthermore, if V,(q), Ves(q) denotes the set of white,
respectively black, vertices of a rooted quadrangulations q whose root vertex is black

e, then we also have the relations

#V(m) = #Vi(A(m)) and #F(m) = #Vo(A(m)).

We have discussed at the end of the previous section symmetries of planar maps
and mentioned that for the class of 3-connected planar maps it is known that almost
every map has no non-trivial symmetries. More precisely the following result is known
to hold:

Theorem 2.2.3 (R. Wormald [55]). Let r,, denote the number of rooted 3-connected
planar maps with n edges and m,, the number of unrooted 3-connected planar maps
with n edges, then

1
My = T [1+ 0(0.998)"].
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Using Tutte’s bijection we will deduce below an analogous result for n-faced irre-
ducible quadrangulations. Let’s call an irreducible quadrangulation symmetric if it

admits a non-trivial automorphism, then we have

Theorem 2.2.4. Let g, denote the number of rooted irreducible quadrangulations
with n faces, then the number of symmetric irreducible quadrangulations with n faces

is o(c"qy,) where ¢ denotes some positive constant strictly less than 1.

Proof. Let q be a planar quadrangulation equipped with a bicolouration of its vertices
and m the unique map corresponding to q with respect to Tutte’s bijection, then
Autq = Zg x Autm where d = 2 if m is self-dual and d = 1 otherwise. Indeed,
let h € Autq be an automorphism of q, then h either preserves or interchanges the
bicolouration of vertices of q. If h preserves the bicolouration of vertices, then it
clearly descends to a well-defined automorphism of m and m*. On other hand, if h
interchanges the bicolouration of vertices it defines an isomorphism of m and m*.
Note that g, = 7, since n-faced rooted irreducible quadrangulations correspond
in a one-to-one fashion to n-edged rooted 3-connected planar maps under Tutte’s bi-
jection. Accordingly to prove the number of symmetric irreducible quadrangulations
is o(c"qy) it suffices to show that the number of rooted self-dual 3-connected planar
maps is o(c"r,). However, rooted self-dual k-connected planar maps for k = 1,2,3
have already been enumerated by S. Kitaev et al. The following asymptotic esti-
mate, which is a particular case of their result, in combination with theorem (2.2.3)

establishes the claim:

Lemma 2.2.3 (S. Kitaev et al. [38]) The number of rooted self-dual 3-connected

planar maps with n edges is asymptotically o(rl/?). ]

2.3 Ideal Right-Angled Hyperbolic Polyhedra

Our interest in irreducible quadrangulations has really arose due to their intimate
connection with a certain class of hyperbolic polyhedra. The geometry of hyperbolic
polyhedra is far richer and less understood than that of spherical or Euclidean polyhe-
dra. Moreover, there are several anomalies unique solely to the hyperbolic space such
as the existence of unbounded polyhedra that are nevertheless of finite hyperbolic
volume. We will provide in the this section a very brief outline of the problem and its
connection with irreducible quadrangulations. We assume the reader is familiar with

the basic concepts of hyperbolic geometry. An excellent reference is the book [53].
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Let H? denote the d-dimensional hyperbolic space. Let us recall that a non-empty
subset C' of H? is said to be convez if for every pair of distinct points z,y € C
the (unique) geodesic segment [z, y] is completely contained in C'. The least integer
m such that C is contained in a geodesic m-plane of H¢ is called the dimension of
C. A side of a convex subset C' of H? is a non-empty maximal convex subset of its
(topological) boundary 0C. Each side is contained in a unique geodesic plane, called

the supporting plane of the convex set C'.

Definition 6. A convez polyhedron P™ in H? is a non-empty, closed, convex subset
of H? such that the collection S of its sides is locally-finite in H?. Since H? is a
separable locally compact metric space every locally-finite collection of subsets of H¢

is at most countable.

Let P™ be a convex polyhedron in H{ (the Poincaré ball model of HY). An ideal
point of P is a point of P N S% !, where P is the closure of P in R%. A side of P is
said to be incident with an ideal point u of P if u belongs to the closure of the side
in RY. A horopoint of P in H{ is an ideal point u of P for which there exists a closed
horoball B based at u such that B intersects non-trivially only the sides of P which
are incident with u. Finally, an ideal verter of P in HY is a horopoint whose link is
compact. A generalized vertex of a convex polyhedron in H is either an actual vertex
(i.e. 0-dimensional side) or an ideal vertex of the polyhedron. A convex polyhedron
in H? is called ideal if all of its (at most finitely many) vertices are ideal vertices on

the sphere at infinity.

Definition 7. Let P™ be a convex polyhedron in H? Distinct sides S and T are
said to be adjacent if SN T is a side of both S and T. The dihedral angle between
adjacent sides S and T of a convex polyhedron is a number ¥(.S, T) defined as follows:
let mg and 77 denote the supporting (m — 1)-plane of S and 7" and let 7p denote the
unique geodesic m-plane containing the polyhedron P™. The geodesic plane wg and
7 subdivide the m-plane 7p into four regions, one of which contains the polyhedron
P. Notice also that mg N 7 = 7wgnr is exactly the supporting plane of the common

side. Let x be a point of S NT" and define geodesic lines A\, 4 : R — 7wp such that

e A0) =z = pu(0).
e A and p are normal to mg and 7p, respectively.

« XN(0) and p/(0) are directed away from the half-spaces of mp containing P.
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Let o be the angle between A and p at the point x. It can be checked that the value
a depends neither on the point x nor on the choice of the geodesic lines A and p, but
is instead an intrinsic property of the polyhedron P. The dihedral angle of P between
S and T is defined to be the angle 9(S,T) =7 — a € (0, 7).

Definition 8. An abstract polyhedron X¢ is a regular cell complex on the d-sphere
such that the intersection of any two closed cells is a closed cell (possibly empty)-in
other words, the complex has the intersection property. A labelling of an abstract
polyhedron X? is a function 9 that assigns a real number from the interval (0, 7) (to
be interpreted as dihedral angle) to each (d — 1)-face of the complex. The pair (X, )
is called a labelled abstract polyhedron.

Any (geometric) polyhedron P? in H? determines a unique labelled abstract poly-
hedron (with the labelling function given by the dihedral angles). We say a labelled
abstract polyhedron (X9 9) is realizable if there exists a convex polyhedron P? in
H¢ whose associated labelled cell complex is combinatorially label preserving isomor-
phic to (X4,49). The problem of the possible combinatorial types of convex hyperbolic
polyhedra and the admissible dihedral angle assignments of a fixed combinatorial type
is a difficult one. In general, it is not even known if a convex hyperbolic polyhedron
is uniquely determined by its combinatorial structure and dihedral angles. However,
in dimension 3 and with the additional restriction that the dihedral angles be acute,
it is a consequence of the deep theorems of E. Steintz [59], P. Mani [46] and E. M.
Andreev [4, 3] that the answers to all three questions are known.

Let R denote the class of all ideal right-angled convex hyperbolic polyhedra in
H3. According to Andreev’s theorem each polyhedron of the set is uniquely deter-
mined (up to hyperbolic isometries of H?) by its 1-skeleton and the set of 1-skeleta

admits the following combinatorial characterization
[' = Skel; P for P € R <= I is an irreducible quadragulation.

What this simple observation says is that the complicated geometry of an ideal right-
angled convex hyperbolic polyhedron is (somehow) completely recorded in its com-
binatorial 1-skeleton. Although the explicit connection between the geometry of the
polyhedron and the combinatorics of its 1-skeleton is still not well-understood, we
hope to be able to deduce some interesting geometric properties of polyhedra of class
R from the local combinatorial properties of irreducible quadrangulations (which
are the planar duals of their 1-skeleta). We are particularly, interested in the connec-
tion between the hyperbolic volume of a polyhedron (which is a well-known isometry

invariant) and the structure of large irreducible quadrangulations.
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Chapter 3

Enumeration of Irreducible
Quadrangulations

3.1 Singularity Analysis

An important tool in our investigation of random irreducible quadrangulations will be
asymptotic analysis of the series coefficients of various generating functions connected
with irreducible quadrangulations. We will review in the following section the basic

techniques and theorems of asymptotic analysis of analytic functions.

3.1.1 Lagrange inversion

Recursively defined combinatorial structures often lead to functional equations whose
solutions may be analysed analytically around the dominant singularities. An impor-
tant and in practice often encountered special case is when the generating function is
defined by inversion. A common pattern observed in this context is the appearance
of a square-root type singularity. Before describing the asymptotic analysis of such
an implicit scheme, let’s remind ourselves first of a classical result by Lagrange. We
will be working at first in a purely formal context (meaning we will not be concerned
with issues of convergence and analycity). Let’s set up our notation and terminology.
The reader is referred to the excellent book by I. P. Goulden and D. M. Jackson, [31],
for further details on combinatorial enumeration.

Let k be a commutative ring (with unity). We denote by k[t] the set of polynomials
in ¢ with coefficients in k. If k is a field, we will denote by k() the field of fractions
in ¢ with coefficients in k. We will denote by k the algebraic closure of k.

We will consider formal series of the form c(t) = >;5,, c;t"/* where ig € Z is an
integer, the coefficients a; belong to the field £ and we assume the initial coefficient

a;, # 0 is non-zero and d € N\{0} is a positive integer. A series c(t) satisfying the
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given assumptions is called a Puiseuz series (or a fractional Laurent series). The
set of all Puiseux series with coefficients in & will be denoted by k{{t}} and comes
equipped with a natural valuation val : k{{t}}\{0} — k& that maps a non-zero element
c(t) to the lowest exponent iy/d that appears in the series expansion of ¢(t). We use
the standard notation for the coefficients of a series, namely [t¥/?]c(t) = ¢;. The
following subsets of k{{t}} will often be used:

o k[t] is the set of all formal power series in t with coefficients in k.

o k((t) is the set of all formal Laurent series in t with coefficients in k.

o k{t} is the set of all formal fractional power series in t with coefficients in k.
Each of these sets is a commutative ring (with unity), and k((¢)) and k{{t}} are fields
provided k is a field. More precisely, if k is a field then k((t)) is the fraction field of
E[t] and k{{t}} if the fraction field of k{t}. Regrading algebraic closure, the following

result is well known:

Theorem 3.1.1 (Newton-Puiseux theorem). Let k be an algebraically closed field of
characteristic 0, then k{{t}} = k((t)) is an algebraically closed field.

All the notions introduced naturally extend to series in several indeterminates.

Note especially the following inclusions:
klt,ul © k[t][ul € Klullt] € Kt u] = k[ u],

where in the notation we assume associativity to the left, so k[t][u] is the set of all
formal polynomials in u whose coefficients are formal power series in v and k[u][t] is
the set of all formal power series in ¢t whose coefficients are polynomial in v. When
speaking of formal power series with multiple indeterminates, we will frequently ab-
breviate the notation by writing simply k[t], where t = {t,ts,...} denotes a set of

commutative indeterminates and ¢ will denote the product #i* - --#{* (the exponent
1

Given a formal power

series ¢ € k[t] the constant term of ¢ is the coefficient [t%]¢ often denoted simply by

i will always have at most finitely many non-zero entries).

¢(0). The following subsets will be particularly important:

k[t]o = {¢ € k[t] : ¢(0) = 0}

!Formally, the set of formal power series "with infinitely many variables“ is defined as the pro-
jective limit of {k[t1,...,t,]}n>1 defined by

Elt] = {(cn)n>1 € H Elt1,.. . tn] s en = cnar(t1, ..., tn,0,...,0) for all n, k& > 0}.

n>1
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kt]: = {¢ € k[t] : #(0) is a unit in k}.

We should also set up our conventions used when dealing with infinite sums (or
products) and compositions of formal power series. A set & = {¢; € Ek[t]};>0 is
called a summable family of power series if each monomial in k[t] occurs (with non-
zero coefficient) in at most finitely many members of ®. For a summable family ®,
product is distributive over addition, addition is associative and commutative and
the infinite sum 3°; ¢; and infinite product [];(1 + ¢;) for ¢; € k[t]o can be defined
analogously to the finite case as follows. Since every monomial appears at most finitely
many times in ¢;, the infinite sum is obtained by summing over all monomials in
k[t], a sum that is well-defined. On the other hand, each monomial in k[t], has only
finitely many ordered factorizations into monomials in k[t]o. Since ® is summable,
only finitely many ¢,’s have a non-zero coefficients for any particular monomial factor,
so the infinite product is obtained by summing over all ordered factorizations of
monomials in k[t], a sum that is again well-defined.

Let ¢ = 3¢t € k[t] be a formal power series and ¢ = (¢1,¢s,...), where
Y; € k[t], a sequence of formal power series. The composition of ¢ and 1) (obtained
by substitution of 1 for t) is 3°; ¢;¢* and is denoted by ¢(3(t)). We say that the com-
position (or equivalently, substitution) is admissible if {c;¢*} is a summable family.

The following two situations occur frequently in practice:

1. If t is finite and v; € k[t]o, then composition is admissible for each ¢ € k[t].
2. If ¢ € k[t][s] then the substitution of ¢ for ¢ in ¢ is admissible for every 1.

Let ¢ € tk[t]; then there exists a unique formal power series 1) € k[t]o, called the
compositional inverse of ¢, such that ¢(¢(t)) =t = 1¥(¢(t)). On the other hand, if
¢ € k[t]1, then there exists a unique power series 1 € k[t];, called the multiplicative
inverse of ¢, such that ¥(t)o(t) = 1 = ¢(¢)(t). Moreover, the multiplicative inverse
of ¢ exists if and only if ¢ € k[t];.

We can now state Lagrange’s inversion theorem:

Theorem 3.1.2 (Lagrange’s inversion theorem, [31]). Let k be a commutative ring
(with unity) and ¢(X) € k[AN]1 a formal power series in A with unit constant term,

then there exists a unique formal power series a(x) € k[x]o with vanishing constant
term such that o = x¢(«). Moreover, if F(\) € k((\)) then

LINTHE(N)e™ (M) forn >valF, n #0

#)F (@) = {[/\O]F(/\) + ATF (M) log((A)¢71(0))  for n = 0.
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The multivariate analogue of Lagrange’s inversion theorem is:

Theorem 3.1.3 (Multivariate Lagrange’s inversion theorem, [31]). Let k be a com-
mutative ring (with unity) and ¢1(N), ..., o-(A) € k[A]1 formal power series in \ with
unit constant term, where A = (A1, ..., \.), then there exist unique formal power series
ai(x),...,a.(x) € k[z]o such that o; = x;¢:() for all i. Moreover, if F(A) € k()
then

4P() = P { PSR det [5; - Ao W] b @)

We will discuss the asymptotics of solutions obtained by Lagrange’s inversion in
the next section. However, before moving on let’s briefly discuss solvability of certain
algebraic equations involving formal power series that frequently arise in enumerative
combinatorics. It is often the case, when trying to determine the generating func-
tion M (x) of a class of rooted planar maps with respect to a certain combinatorial
parameter, that the problem simplifies if one introduces a second auxiliary parame-
ter (a role often played by the degree of the root vertex) and leads to a polynomial
equation involving the bivariate generating function M (z,y) and its specialization
M(z,1) = M(x). Following D. Zilbirger’s terminology (see, [62, p. 457]), the newly
introduced variable y is called a catalytic variable (it serves as a catalyst that is to be
discarded, i.e. replaced by 1, at the end of the reaction). Furthermore, despite only
having one functional equation for two unknown functions, under some mild restric-
tions the polynomial equation will nevertheless uniquely determine both generating
functions M (x,y) and M (z,1). This was first observed by W. Tutte and W. G. Brown
[13], for the case of quadratic equations, who developed a constructive way to solve
such an equation, called the quadratic method. Their approach was later significantly
generalized by M. Bousquet-Mélou and A. Jehanne [9], who designed a general way
of solving (up to reasonable technical assumptions) polynomial equations with one

catalytic variable.

Theorem 3.1.4 (M. Bousquet-Mélou and A. Jehanne, [9]). Let k be a field of
characteristic 0, F(y) := F(z,y) € k[y|[z] a formal power series in X whose co-
efficients are polynomials in y, Fo(y) € k[y] a formal power series in y, and let
QWo, Y1, - Yr, T, u) be a polynomial in r + 3 indeterminates with coefficients in the
field k. Denote with A the operator of divided difference (also called the discrete
derivative) with respect to y, and consider the functional equation with one catalytic

variable vy,
F(y) = F(z,y) = Fo(y) + Q(F(y), AF (), ..., AV F(y),z,y).
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The formal power series F(z,y) in kly|[z] defined by it is unique and algebraic over
k(x,y) (the field of fractions in x,y with coefficients in k). Furthermore, there exists

an explicit algorithm to determine the algebraic equation satisfied by F(x,y).

We will not describe the general algorithm explicitly and instead refer the reader
to the article [9]. In our application, the most commonly occurring equations with
catalytic variables will be quadratic, so we will instead describe in more detail the
quadratic method. The method is based on the following result of W. G. Brown,
whose proof seems to contain a mistake as noted by M. Bousquet-Mélou and A.

Jehanne, and was corrected by them in [9].

Theorem 3.1.5 (W. G. Brown [13], M. Bousquet-Mélou and A. Jehanne [9]). Let k
be a field and A(t,u) € k[[t][u].

(i) A has a square-root in k[t,u] if and only if it can be factored as A(t,u) = RQ?,
where R € 1+ wk[t][u] and Q € k[t][u].

(ii) A has a square-root in k[u][t] if and only if it can be factored as A = RQ?,
where R € 1+ ut k[t][u] and Q € k[t][u].

Let’s illustrate how Brown’s theorem may be used to solve a quadratic equation
with one catalytic variable. We start by setting up our problem; we have an (r + 1)-
tuple of (unknown) formal power series, say F'(u), Fi, ..., F,, such that F'(u) € klu|[t]
and F; € k[t] for all 4, that satisfies a quadratic equation of the form

(2aF (u) + b)* = A(t,u) =: A(u), (3.2)

where a, b and A are polynomials in Fi, ..., F,.,t and u with coefficients in k. Note that
there is no loss of generality in assuming our polynomial equation is of the above form,
since any quadratic equation can be brought to this form by completing the square.
Obviously A has a square-root in k[u][t] (namely, the series 2aF'(u)+b), so the second
part of Brown’s theorem (3.1.5) applies: the canonical factorization of A contains a
squared factor. Adopting the notation of Brown’s theorem we can write A = RQ?
(where both factors R and @ are polynomials in u). In order to determine the degree
of u in each factor, one has to determine how many roots of A are infinite (resp.
finite) when ¢ = 0. This can easily be accomplished using Newton’s diagrams. One
then introduces a new set of indeterminates, namely the coefficients of the polynomi-
als R and (), and obtains a system of polynomials equations for the coefficients by

comparing the powers v/ in A and its factorization for all j.
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In particular, if there is just one unknown function Fi, then equation (3.2) suggests
any fractional power series U = U (t) that cancels 2aF'(t)+b = 0 also cancel A(u) and
by differentiating with respect to u, we see that U must actually be a multiple root
of A. Hence the discriminant of A(u) with respect to u must be zero, which gives
an algebraic equation satisfied by the unknown power series F;. We have recovered

exactly Brown’s quadratic method.

3.1.2 Flajolet-Odlyzko transfer theorem

We will review in this section the basic theory of asymptotic analysis. The material
presented here is drawn heavily from P. Flajolet and R. Sedgewick’s book [25]. Let’s

quickly set up our conventions on Landau’s asymptotic notation.

Definition 9. Let 2 be a set, sg € Q a distinguished element of Q and f, g : Q\{so} —
C (or R) two functions. We sayf is of order not exceeding g and write f = 0(g(s))
(called big-oh notation) as s — s if the ratio |f(s)/g(s)| is bounded in a neighbour-
hood of sy, or equivalently if there exists a neighbourhood U of sy and a constant
C > 0 such that

[f(s)] < Clg(s)l, Vs € U\{s0}-

We say f is of order less than g and write f(s) = o(g(s)) (called little-oh notation)
as s — so provided lim, s, | f(s)/g(s)| = 0 or equivalently, if for any ¢ > 0 there exists
a neighbourhood U. of sy (depending on ¢) such that

[F(s)] < elg(s)], Vs € U:\{s0}-

Finally, we say f and g are asymptotically equivalent and write f(s) ~ g(s) as s — s
provided lim,_,4, | f(s)/g(s)| = 1.

These notions also have uniform counterparts for families of functions depending
on an auxiliary parameter. We merely require the choice of constant (or the limits)
to hold uniformly with respect to the auxiliary parameter.

In the previous section we considered power series from a purely formal point
of view. However, a lot of valuable information on the behaviour of the coefficients
of a power series can be obtained (using the machinery of complex analysis) if the
function defined by a power series is analytic in an open disk about the origin. Let
f(z) = X, ca2™ be a formal power series in z such that f(z) is analytic in an open
disk D(r) of radius r > 0 centred about the origin. Using analytic continuation the

domain of definition of f can be extended to larger and larger disks until we encounter
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a singularity of f(z). The maximal radius of such a disk (centred at the origin) is
called the radius of convergence and can be determined (using Cauchy-Hadamard’s

theorem) as R~! = limsup,, |c,|'/"

. Since generating functions considered in combi-
natorial enumeration always have non-negative coefficients the following theorem of
Pringsheim is especially relevant as it locates at least one of the singularities with

minimal modulus of the generating function:

Theorem 3.1.6 (Pringsheim’s theorem). Let f(z) =Y, ¢ 2" be a power series with

radius of convergence R > 0 and non-negative coefficients, then z = R is a singularity

of f(2).

Note that the theorem does not preclude other points of the circle of convergence
to also be singularities of f(z) nor does it say anything about the nature of the singu-
larity at z = R. We should also remark that (provided it is possible) by analytically
continuing f(z) beyond the circle of convergence may introduce other singularities
whose modulus is strictly larger than R. However, it turns out that the singulari-
ties of minimal modulus, which are called dominant singularities, determine (under
reasonable technical assumptions) the asymptotic behaviour of the coefficients of the
power series defining f(z) whereas singularities outside of the circle of convergence
do not influence the asymptotics. We will describe the needed technical assumptions.

A more general approach to asymptotic analysis was developed by P. Flajolet and
A. Odlyzko in [24]. It is based on the observation that an asymptotically dominant
term of an analytic function about its dominant singularity will frequently also deter-
mine the asymptotically dominant term of its coefficients. The comparison principle is

based on the known asymptotic analysis of the binomial function (1 — 2)¢, as follows:

Theorem 3.1.7 (Asymptotic analysis of (1 — z)~%, [24]). Let « be an arbitrary
complex number in C\Z<q, then the coefficient of 2" in f(z) = (1 — 2z)~“ admits a

complete asymptotic expansion in descending powers of n,

1)~ fs (14 rer+ et o)
~ Trlz;) (1 + 217104(04— 1)+ 24n2a(a— D(a—2)(3a—1) +) :

where ey, is a polynomial in o of degree 2k.

Moreover, the basic principles underlying the proof of the asymptotic expansion

of [2"](1 — 2)~® can be extended to a wider class of singular functions, most notably
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ones that also involve logarithmic terms. We have compiled below a list of known

asymptotic expansions of singular functions involving logarithmic terms of the form
A(z)

fap(2) = [(z) = (1= 2)"" B log (11)]5

We denote by 8 = {(1 — 2)"*\(2)? : «, 8 € C} the set of all such singular functions,
which are sometimes called algebraic-logarithmic functions. The asymptotic expan-
sions are:

a—1

a € C\Z<, B € C\Zxy ["|f(2) ~ ﬁ(a)

b b
Z Zoo [2"£(2) ~ no(logn)?® [ —2 ekl
a € Zi<o, € C\ZLxo  [2"]f(2) ~n®(logn) (lognJrlog%ljL
B Es(l
<E0(logn) + I(Zgn) + 2(;5”) + - )

Fi(logn) N Fy(logn) L ) .

aq (05}
logn)? (1
(logn) < +10gn+log2njL )

a—1

o)
0o BELsy [f(2) ~ o) (Foaog n)+

a € C\Z<o, B €Z>o [2"]f(2) ~

n n?

The coefficients are determined as follows b, = (6 ) d* _1

k) dsk T(s)

ls=a and ag = I'(a)bg,

E; = polynomial of degree k
Fy, = polynomial of degree k — 1

Definition 10. Given two number ¢, R such that R > 1 and ¢ € (0, $7), the open
domain A(p, R) is defined as

A(p,R) ={2€C:|z| <R, z# 1 and |arg(z — 1)| > p}.

A domain is called a A-domain at 1 if it is a A(p, R) domain for some R and ¢.
For a complex number ¢ # 0, a A-domain at ( is the image by the analytic mapping
z — (z of a A-domain at 1. A function is called A-analytic if it is analytic in some

A-domain.

The class of A-analytic functions is amenable to singularity analysis; the following
transfer theorem is the underlying tool to deriving an asymptotic expansion for the

coefficients of a A-analytic function.

Theorem 3.1.8 (Transfer theorem for O, o0 and ~, P. Flajolet and A. Odlyzko, [24]).

Let a, 8 be arbitrary real numbers and let f(z) be a function that is A-analytic at 1.
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Figure 3.1: A A-domain (on the left) and a A-domain with several indentations corre-
sponding to generating functions with multiple singularities of minimal modulus.

(1) Suppose f(z) satisfies in the intersection of a neighbourhood of 1 with its A-
domain the condition f(z) = 0(f,3), then the coefficient of 2™ in f(z) satisfies
[2"]f(2) = 6(n* 'log’ n).

(ii) Suppose f(z) satisfies in the intersection of a meighbourhood of 1 with its A-
domain the condition f(z) = o(fap), then the coefficient of =" in f(z) satisfies
[2"]f(2) = o(n*"log" n).

(1ii) Suppose f(z) satisfies in the intersection of a neighbourhood of 1 with its A-
domain the condition f(z) ~ K fo for a € C\Z<y, then the coefficient of 2" in
f(2) satisfies [2"]f(z) ~ Kn*'/T(a).

The tools developed allow us, starting from an expansion of a function around
its dominant singularity, also called a singular expansion, to transfer term-by-term
an approximation of the function to an asymptotic estimate of its coefficients. More

precisely, we have

Theorem 3.1.9 (Singularity analysis, single singularity). Let f(z) be a function
analytic at 0 with a singularity ¢ such that f(z) can analytically continued to a domain
of the form ( - Aqg, for a A-domain Ag at 1. Suppose there exist functions o, T,
where o is a (finite) linear combination of functions from 8 and T € § such that
f(z) = a(z/¢) + O(7(2/Q)) as z — ( in (- Ag. Then the coefficient of 2" in f(z)

satisfies the asymptotic estimate

[2"]f(2) = C"on + O(C"Ty),

where o, = [2"]|o(2) has its coefficients determined by the scheme above and T =
n®log? n if 7(2) = (1 — 2)~*A(2)".
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In case of multiple singularities, the separate contributions from each of the sin-
gularities, as given by the basic singularity analysis process described above, are to

be added up. More precisely, we have the following theorem:

Theorem 3.1.10 (Singularity analysis, multiple singularities). Let f(z) be analytic
in |z| < p and have a finite number of singularities on the circle |z| = p at points
¢ = pexp(ib;) for j = 1,...,r. Assume that there exists a A-domain Ay such that
f(2) is analytic in the indented disc D = N_,(; - Ao. Suppose there exist r functions
O1,...,0., €each a linear combination of elements from S, and a function 7 € § such
that f(2) = 0;(2/¢;) +0(1(2/¢;)) as =z — (; in D. Then the coefficient of 2™ in f(z)

satisfies the asymptotic estimate
[2"f(2) = G o + -+ + G orn + O(p7"T),

where each oj, = [2"]0j(z) has its coefficients determined by the scheme above, and
7 =n%log’ n if 7(2) = (1 — 2)"*A(2)".

Following P. Flajolet and A. Sedgewick [25] we say that a function is amenable to
singularity analysis if it satisfies the conditions of singularity analysis as expressed by
theorem (3.1.9) (for a single dominant singularity) or theorem (3.1.10) (for multiple
dominant singularities). The property of being amenable to singularity analysis is
preserved by several basic operations such sums and products. We will briefly review
the closure properties of functions amenable to singularity analysis with respect to
various constructions frequently encountered in enumerative combinatorics. Let f(z)

and ¢(z) be two functions amenable to singularity analysis with singular expansions
f(2) ~c(1—2)""and g(2) ~d(1 —2)7"
as z — 1 such that a, 8 & Z<y, where without loss of generality o > 3.

e The sum f(z) + g(z) is amenable to singularity analysis with expansion

c(l—2z)"2 ifa>p

f(2)+9(2)’\“{(c+d)<1_z)—0¢ ifa=pand c+d+#0

o The product f(z)g(z) is amenable to singularity analysis with expansion

F(2)g(2) ~ cd(1 — )~ @A),
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We have already remarked that recursively defined structures (such as various classes
of trees) often lead to functional equations defined by inversion and are especially
amenable to singularity analysis (up to reasonable technical assumptions). Let y be
a function implicitly defined by an equation of the form y(z) = z¢(y(z)). We impose

the following conditions:

Condition (H;) The function ¢(u) is analytic at u = 0 and satisfies ¢(0) # 0,
[u™]p(u) > 0 and ¢(u) # @o + p1u (consequently, the inversion problem is well-
defined locally about the origin - the non-linearity condition on ¢ only excludes
the trivial case whose solution is y = pgz/(1 — ¢12) that can easily be analysed
directly).

Condition (Hy) Within the open disc of convergence of ¢ at 0, say |u| < R, there
exists a (necessarily unique) positive solution 7 of the characteristic equation
o(1)—7¢' (1) = 0 (e.g. a sufficient condition for existence is lim z¢'(z)/p(z) > 1
as x — R7).

The conditions imply that the radius of convergence of the solution y(x) is the corre-
sponding positive value p of z such that y(p) = 7, that is p = 7/p(7) = 1/ (7).
Let’s also introduce the following definition. A function ¢ is called p-periodic if

o(u) = u"g(uP) for some power series g and p > 2,r > 0; it is aperiodic otherwise.

Theorem 3.1.11 (Singular inversion, [25]). Let ¢ be a nonlinear function satisfying
conditions (Hy) and (Hs), and the let y(z) be the (unique) solution of the functional
equation y = zp(y). Then, the quantity p = 7/o(T) is the radius of convergence of
y(z) at O (with T the root of the characteristic equation), and the singular expansion

of y(z) near p is of the form

e) ==\ DT 2o+ (11—

Jj=2

where d; are some computable constants. If we additionally assume ¢ is aperiodic,

then the coefficient of 2™ in y(z) satisfies the asymptotic estimate

n (1) . s 1 1
[2"]y(z) ~ Wp n 1+ﬁ61+ﬁ62+”' ’

where ey is a family of computable constants.
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We have introduced above the class of aperiodic generating functions. We can
generalize the notion to multivariate functions as follows. A multivariate function
F(z) analytic in a neighbourhood of the origin that admits an expansion of the
form }, a,z™ is periodic if there exists integers k; > 0 such that gcdk = 1 and
F(tkr, ... tka) is periodic (as a univariate function); it is aperiodic otherwise. It can
be difficult in practice to check whether a given multivariate power series is aperiodic

or not, so we will provide first a simple necessary and sufficient condition.

Lemma 3.1.1 Let F(z) be analytic in a neighbourhood of the origin and admit an
expansion of the form 3°, a,z™, then F is aperiodic if and only if there exists a non-

empty finite set J of multiindices such that a; # 0 for j € J and

ged{det([j, _io"“’ld_io]|ii eJ}=1

Proof. Let us denote by I the set of all multiindices n € N such that a,, # 0. We will

prove first the contrapositive of the reverse implication, which now takes the form
F(z) periodic = ged{det[n; —ng,...,ng —ngl|n; € I} > 1.

Suppose therefore that F(z) is periodic, then there exists a coprime vector k € Z? and
some positive integers p > 2 and r > 0 such that F(t¥1, ... tk) = t"G(t?) for some
power series G. It follows that for any multiindices n,n’ € Z¢ such that Gy # 0 we
have k- (n —n') = 0 mod p. Let ng,n,...,ng € I be any (d + 1) distinct multi-
indices, then upon successively eliminating the variables k;, the system of congruence

equations k + (n; — ny) = 0 mod p is equivalent to
det[n; —ng,...,ng —nolk; =0 mod p for i =1,...,d.

Since we assumed ged k; = 1, by Bezout’s identity there exists some [ € Z¢ such that
k-1 = 1. Multiplying the ith equation by [; and summing gives det[n; — ny, ..., n; —
ng] = 0 mod p. Since the vectors n; were arbitrary, it follows that the greatest
common divisor of the set of determinants is > p > 1.

Conversely, suppose F(z) is aperiodic, then it follows from the definition that for
every coprime vector k € Z? and any n’ € I we have gcd{k - (n —n/)|n € I} = 1.
We will prove by induction on d > 1 that ged{det[n; — ng,...,ng —ngl|n; € I} =1
(it follows easily that there exists a finite subset J C [ with the same property).

The statement is trivially true for d = 1. Suppose it holds in dimension d > 1 and
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consider any (d + 2) distinct multiindices ng, ny,...,ng,n € I. Using Cauchy-Binet

formula we can expand the determinant with respect to the last column as
det[n, — ny, ..., g — 09,0 — o] = Y (1) det[ny — np, ..., ng — ng)(n — ny);
i
where m’ = (myq,...,M;,...,mg) denotes the vector without the ith coordinate. If

we choose the vector £ with coordinates

(D) det[nd —ni, ... 0} — ni]

 ged;{det[n} — n, ..., nY — nj]}

then ged k; = 1 so by aperiodicity of F(z) we deduce (keeping ng, ny, ..., ny fixed)
ng{det[ﬂl —Ng, ..., g — Ng, L — EOHE € [} = ng{det[le - ﬂéa cee 7ﬂfi - BB]}

Let Dy, denote the set of (d4 1) x (d+ 1) determinants considered, then noting that

gcd is commutative we deduce

ged Dgyy = ged{ged{det[ny — np, ..., ng — ngl} n; € I}
= ged{ged{det[n; —np, ..., ny — ng)|n; € I}}

= ged{ged{det[m} — my, ..., my — mg)|m; € L;}},

where I; = {n‘|n € I'}. Taking vectors k with ith coordinate zero, it follows that I,
satisfies the aperiodicity condition so by inductive hypothesis the greatest common

divisor of all the d x d determinants is 1. O

We can now prove the following multivariate extension of Z. Gao and N. Wormald’s

lemma that will be used frequently in the sequel:

Lemma 3.1.2 (Z. Gao and N. Wormald [30]) Let F'(z) have a power series expansion
about the origin convergent in a closed polydisk D(R;) x ---D(Rq) and with non-
negative coefficients a, > 0. Suppose F is aperiodic then |F(z)| < F(r) for every
|zi| < r; < R; with equality if and only if z =1.

Proof. Note that it suffices to prove the inequality on the circle |z| = r, since F(r)
is monotonically increasing in r (due to the non-negativity of the coefficients), so
we necessarily have strict inequality for any interior point of the polydisk. We may
assume without loss of generality (re-scaling the variables if necessary) that r; = 1
and F'(r) = 1. Since the coefficients are non-negative, by triangle inequality for power
series, the left-hand side does not exceed the right-hand side, so |F(z)| < 1 for |z| = 1.
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Hence we may assume equality occurs on the unit polydisk, so we must consider
points of the form z; = € for some 6; € [0,27). If |[F(z)| = 1, then by absolute

convergence and Cauchy’s multiplication theorem we have

0=1—|F(2)]* = > anam(l - el = > anam(l —cos(@ - (n —m)))
n#m n#m
where - denotes the dot product. Since all the terms of the latter series are non-
negative, equality can only occur if every term is zero. Hence for any pair of indices

(n,m) such that a,a,, # 0 we must have cos( + (n —m)) =1 so
0-(n—m)=0 mod 2.

Sine we assumed F'(z) is aperiodic there exists a non-empty finite set J of multiindices
such that a; > 0 for j € J and ged{det[j, — j,,...,4, —J,JlJ, € J} = 1. Let j,
J,---J, € J beany d+ 1 multiindices then the congruence system 6 - (lz — 10) =0

mod 27 is (after successive elimination of variables) equivalent to

det[j, —J .,id—io]QiEOmod27rfori:1,...,d.

0"

Applying Bezout’s identity to each congruence relation we deduce that §; = 0 mod 27

for each ¢ = 1,..., 27 which implies z; = 1. O

Another important class of functions amenable to singularity analysis (that we
shall encounter a lot in chapter 4) is the class of polylogarithms. Informally, polylog-
arithmic functions are the prototypical generating functions of sequences involving

powers and logarithms, e.g. \/n or logn. The precise formal definition is as follows:

Definition 11. Let a € C be an arbitrary complex number and r € Zs, a non-
negative integer. The polylogarithm Li, .(z) is defined by the following series

n

Lia,(2) :=> (log n)r%, (3.3)

n>1

which is absolutely and uniformly convergent on the open unit disk D = {z € C :
|z| < 1}. It follows that polylogarithms are a priori analytic on D. The name comes
from the simple observation that the quantity Li; o(2) reduces to the usual logarithm
log(1—2z)~!. We shall follow the established notational convention and use the abbre-
viation Li,o(z) = Lis(2). The polylogarithmic functions admit a complete analytic
continuation to the entire complex plane slit along the positive part [1,400) of the
real axis (the point 1 is in general a logarithmic branch-point of the polylogarithm),

as was first established by W. B. Ford [26].
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It is known that the polylogarithms are amenable to singularity analysis [22] and

their singular expansion involves the Riemann zeta function defined by

() =Y =

s
n=1 n

for s > 1, and by analytic continuation elsewhere. The following result is taken
from P. Flajolet and R. Sedgewick [25]:

Theorem 3.1.12 (Singularity expansion of polylogarithms). Let & € Z and r € Z>y,
then the polylogarithm Li,,(2) is analytic in the slit complex plane C\[1,+00) and
for a ¢ {1,2,...} it admits a singular expansion (with logarithmic terms for r > 0)

of the form: ‘
Lig(2) ~T(1 —a)w* ' + ) (_;)jC(oz — (3.4)
Jj=>0 ’

wherew = —logz = (1—2)+3(1—2)>+- -+ and Lis,(z) = (—1)"0;, Lis(z) for r > 0.

Finally, if o« = m € Z>, the following singularity expansion holds:

Liy(2) ~ iuf”‘l(logw —Hpo)+ ) :

(m —1)! §>0,j£m—1

where H,, is the harmonic number.

We consider next the closure properties of singularity analysis with respect to
functional composition. Let f(z) and g(z) again be functions amenable to singularity
analysis that are analytic at the origin and have non-negative coefficients. We form
the composition h(z) = f(g(z)), assuming ¢(0) = 0. Let Rf, R, and R), denote the
radii of convergence and introduce the notation 7y = f(Ry) and 7, = f(R,). We need
to distinguish between three cases depending on the value of 7, in comparison to the

value of Ry.

(i) Supercritical case arises when 7, > Ry. In this case, when z increases from 0
there exists a value r strictly less than p, such that g(r) attains the value py,
which induces a singularity of the composition f o g. In other words, r = p, =
g '(py) is the dominant singularity of the composition and around this point g
is analytic, so a singular expansion of f o g is obtained by composition of the
singular expansion of f with the regular expansion of g at r. The singularity

type is that of the outer function f.
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(ii) Subcritical case arises when 7, < Ry. This is the dual situation of the super-
critical case, the dominant singularity of the composition f o g is R,, so we
have R; = R,;. The singular expansion of f o g is obtained by composition of
the regular expansion of f at 7, with the singular expansion of g at r,. The

singularity type is that of the inner function g.

(iii) Crritical case arises when 7, = Ry. This is the boundary case and corresponds
to a confluence of the singularities. We have r, = r; and the singular expansion
of f o g is obtained by composition of the singular expansions of f and g. The

singularity type is a mix of the types of the inner and outer functions f,g.

Finally, let us remark that the class of functions amenable to singularity analysis
is also closed under differentiation, integration and Hadamard products. The general
rule of thumb is as follows: derivatives and primitives of functions that are amenable
to singularity analysis admit singular expansions obtained term by term via formal
differentiation and integration. The analysis of Hadamard products is more involved.
We refer the reader to the article by J. A. Fill, P. Flajolet and N. Kapur [21] for more
details.

Before moving on let us briefly touch upon the topic of singularity analysis of
multivariate functions. It is notoriously more difficult and technical to analyse the
coefficients of multivariate generating functions. One of the most well understood
cases addresses the multivariate generating functions whose coefficients obey a central
limit theorem. The common theme to all of these is the following method: treat the
sequence {a,} as a sequence of (d—1)-dimensional arrays indexed by r; and show that
the nth (d — 1)-dimensional generating function is roughly the nth power of a given
generating function; use this approximation to invert the characteristic function and
obtain a central limit theorem. The downside of the approach is the rather limited

application and vast number of technical assumptions.

Theorem 3.1.13 (E. A. Bender, L. B. Richmond [6]). Let f(z,2) =3 a,(k)zkz" be
a generating function of non-negative sequence a,(k). Let R be a compact subset of
(0,00)? and suppose there exists € > 0, a rational ¢ # —1,—2, ... and functions A(s)
and r(s) such that the following conditions hold:

(1) A(s) is continuous and non-zero for s € N(R,¢).

(7i) r(s) is non-zero and its third-partial derivatives are continuous for s € N(R, €).
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(1ii) For s € N(R,¢) and |z| < |r(s)|(1 + ¢€), the function

[1—2/r(s)]"f(e®, 2) — [As) /(1 = 2/r(s))]

is analytic and bounded.

(iv) The Hessian matriz B(s) = [0*log A(e2)/Ds;0s,])1<ij<a with N(s) = 1/r(s) is
non-singular for all s € N(R,¢).

(v)? f(e, 2) is analytic and bounded for |z| < |r(Rs)|(1 +¢) and e < |Ss;| < 7.

Then, if k/n = —Vlogr(a) has a solution for a € R, we have

nq

me_g‘br(g)"fl(@) (27n)4| B(a)|

an(&) ~
uniformly for all such k. Furthermore, we also have a local central limit theorem
a,(j) ~ e=EDa, (k) (exp {~LuB(a)u'} + o(1))

uniformly where w = (j — k)/~+/n.

The other set of methods used to analyze multivariate generating functions hinges
on the multivariate analogue of Cauchy’s integral representation and saddle point
techniques. This analytic approach is most successful when applied to multivariate
rational functions. However, it can also be used to analyze multivariate algebraic
functions, that frequently arise in enumerative combinatorics, by the method of ex-
tracting the diagonal. It is a little known result by K. V. Safonov (2000, [58]) that
every algebraic function in d variables arises as a generalized diagonal of a rational
function in d 4+ 1 variables. The analytic methods can then be used to analyze the

resulting rational function in the appropriate direction.

3.2 Enumeration of Irreducible quadrangulations

3.2.1 Substitution technique

The topic of combinatorial enumeration really began with the work of W. Tutte
(e.g. see, [60]) in 1960’s and the introduction of the class of rooted planar maps. The
counting problem was often approached by W. Tutte using recursive decomposition of

maps into simple pieces. We will thus briefly describe the language of combinatorial

%It was demonstrated in [6] that this condition absolutely cannot be omitted from the theorem.
However, it is also this condition that is often the most difficult to prove in practice.
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classes and techniques that allow us to translate a recursive decomposition into a
functional relation between the generating functions. An excellent reference to the
subject is the book Analytic Combinatorics [25], where most of the material of the
present section is drawn from.

Let @ be a set. A statistic is a function |- |¢ : € — N. A class 6 equipped with
the statistic | - |¢ (usually called the size) is called a combinatorial class provided the
subset 6,, of all objects of size n is finite for all n € N. We will frequently omit the
index € from the notation of the statistic for the sake of brevity. Two fundamental
combinatorial classes are the class € consisting of a single object of size 0 and F
consisting of a single object of size 1. A wvariable scheme is a set of pairs (st;,z;)
consisting of a statistic on € and an indeterminate x;. Given a combinatorial class
@ and a variable scheme {(sty,z1),..., (stg, )} there are two types of formal power

series we can define:

« Ordinary generating function Fg(t,z1,...,23) = Seeg tel25 o g5

« Exponential generating function Fg(f,x1,...,25) = Y ecg %xitl(c) . -:cit’“(c).

We say that the variable x; marks the statistic st;. The reason for defining two types
of generating functions is that the cardinality of the class 6, of objects of size n
can exhibit different rates of increase - in particular, when the growth is faster than
exponential the ordinary generating function will only be convergent at the origin
(meaning it will not define an analytic function in any neighbourhood of 0), so it is
more convenient to consider instead the exponential generating function. The latter
case often occurs when enumerating labelled combinatorial classes.

Given two combinatorial classes 9 and 9% there are several possible constructions
that can be performed to obtain a new combinatorial class whose generating function
is expressible in terms of the generating functions of the classes 9 and 9. Below we
only list connections between ordinary generating functions since exponential gener-
ating functions will not feature in this work:

(i) Disjoint union: the disjoint union of combinatorial classes o and % is the
combinatorial class € whose underlying set is the disjoint union of the underlying
sets of gl and 9B with size function |c|g = Ly(c)|c|g + La(c)|c|s. It is usually denoted
by o + % and its generating function is

Feg(t) = Fa(t) + Fa(t).

(ii) Cartesian product: the Cartesian product of combinatorial classes of and

% is the combinatorial class € whose underlying set is the Cartesian product of the
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underlying sets of of and 9B with size function |(a,b)|¢ = |alg + |b|s. It is usually
denoted by o - B or simply od? for the (Cartesian) product of class with itself (with

similar notation for higher powers) and its generating function is
Fuag(t) = Fy(t) - Fg(t).

(iii) Sequence construction.: the sequence construction of a combinatorial class
d is the combinatorial class € whose underlying set is the set {(a,...,ax) : k €
Ny, a; € dd} of all finite sequences of elements of o (including the empty sequence)
with size function |(ay, ..., ax)|e = Sr_, |ail4. It is usually denoted by Seq(sf). Note
that the sequence construction can equivalently be thought of as a shorthand for

€+ > ;> d'. Its generating function is therefore given by
FSeq(sﬂ) = (1 - F&Q)_l-

(iv) Pointing construction: the pointing construction of a combinatorial class
d is the combinatorial class € whose underlying set is the set U;s>;o; x {1,2,...,i}
with size function |(a,i)|q = |a|y. Elements of this set may be thought of as objects
of o with a distinguished building block (counted by the size statistic). It is usually

denoted by ¢f*® and its generating function is

Fye(t) = tgth (1)

(v) Substitution construction: the substitution construction (or composition)
of combinatorial classes o and 9 is the combinatorial class 8 = Y ;50 g x B* and
is usually denoted by o o 8. Objects of o 0 B can be thought of as obtained from an
object a € o by replacing each of its distinguished building blocks (counted by the
size statistic) by an arbitrary object of 9, while preserving the underlying structure of
a. This interpretation implicitly assumes that the atoms (i.e. distinguished building
blocks) of an object can eventually be distinguished from each other. The generating

functions are related by
Fuog(t) = Fy(Fg(t)).

Several other constructions are well-known (such as multi-set, power set and cyclic
sequence constructions) and appear often in combinatorial enumeration. It should be
noted that all the generating function identities above have been written only with
respect to the trivial variable scheme. It is possible to extend these relations to also
hold for general variable schemes {(sty,x1),..., (stg, xx)} provided all the statistics

are additive. A statistic st defined on all the powers €™ of a combinatorial class €
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is called additive if it satisfies st(cy,...,c;) = S, st(c;) (note that the size statistic
is additive by definition). Many naturally occurring statistics are additive, e.g. the
number of faces of degree k in a planar map or the number of vertices of a planar
map. However, not all statistics are additive. A prominent example of a statistic that
is usually not additive is the statistic marked by a catalytic variable (e.g. the degree
of the root vertex in a rooted planar map).

There are essentially three main techniques for enumerating classes of rooted pla-
nar maps. The recursive approach was introduced by Tutte and used to great effect
to enumerate classes of connected and 2-connected rooted planar maps. Given a
class Jl of rooted planar maps the idea is to describe the elements of 4 in a recur-
sive manner that can be translated to a functional equation involving the generating
function. It is often the case that the recursive decomposition of Ml does not directly
lead to a functional equation, unless a second (auxiliary) combinatorial parameter
is introduced. The resulting relation will then involve a catalytic variable and its
solutions can be obtained using the methods described in the previous section. The
recursive approach is especially useful when enumerating classes of rooted trees, since
the class of trees comes naturally equipped with a recursive structure (namely, the
decomposition of a tree into subtrees).

The recursive nature of tree classes is what has lead to the development of the
bijective approach. It was noted that several complicated classes of (rooted) planar
maps posses algebraic generating functions whose coefficients admit unusually sim-
ple enumeration formulas, which can be explained by putting the class in a bijective
correspondence with an appropriate class of (rooted, decorated or otherwise) trees.
There is in general no recipe for constructing such bijections and most known bijec-
tions today have been obtained in a rather ad hoc manner. The bijective approach
also frequently yields an algorithmic description of the class and has proved instru-
mental in studying the metric properties of the maps as well as solving statistical
mechanics models on maps.

The final approach to map enumeration is through substitution. Since this will be
the technique used to enumerate most classes of maps considered in this thesis, we
will describe the substitution technique in more detail. The underlying theme is the
recurrent observation that a complicated planar map can frequently be decomposed
(in a unique manner) into simpler maps, whose generating function is already known.
On the level of generating functions such decomposition leads to a composition scheme
relating the generating functions of the two classes of maps. We distinguish between

two types of substitutions:
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o FEdge-substitution: given a loopless map-class of (which might be unrooted,
pointed or rooted) and a rooted class 9B, the class € = o o, B is the class of
graphs obtained by taking a graph vy € d, called the core graph, and substituting
each labelled edge e = uv (which is implicitly given an orientation) of v by a
graph v, € B, thereby identifying the origin of the root of . with u and the
target of the root of 7, with v. After the identification the root edge of . is

deleted. The connection between generating functions in which x marks edges

and y marks vertices is C'(z,y) = A(B(z,y),v).

Figure 3.2: A schematic representation of edge and face substitution - the dark edges are
part of the core while the red edges belong to graphs of class % and have been substituted
in the core by replacing either an edge (on the left) or a face (on the right).

o Face-substitution: given a rooted loopless map-class of and a rooted class 9B,
the class € = d oy B is the class of graphs obtained by taking a graph v € 4,
called the core graph, and substituting each face f (which is implicitly given
a rooting ?) of v by a graph . € % whose root face degree is equal to deg f,
thereby identifying the root face and the root of v, with f and the root of f.

Caveat: The composition identities of bivariate generating functions for vertex-
and face-substitution hold only for labelled classes of graphs (i.e. graphs in which all
the non-distinguished vertices and non-root edges carry a unique label). However, by
Tutte’s theorem (2.1.3) rooted planar maps are so called asymmetric objects. That
is, any object with n vertices may be labelled in precisely n! ways, using a fixed n-

element set of labels. Hence it makes no difference, whether we treat planar maps as

3The core graph 7 is rooted, so we can deterministically assign a root to each face . The exact
assignment is not important as long as substitution in « is always performed according to the same
rule.
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labelled or unlabelled. The identities will continue to hold for classes of (unlabelled)
rooted planar maps as long as the decomposition of a map of class € into its core
and maps of class 9 is unique.

We will now describe the (main) substitution approach for irreducible quadran-
gulations. The following lemma due to R. C. Mullin and P. J. Schellenberg [49] is

crucial to the construction.

Lemma 3.2.1 (R. C. Mullin, P. J. Schellenberg [49], J. Bouttier, E. Guitter [10])
Let q be a rooted simple quadrangulation with simple boundary embedded in the plane
R? such that the root face corresponds to the unique infinite face of the embedding. A
bounded open region in R? whose boundary is the closure of the union of four edges of
q s called a quad of q, and a quad is said to be maximal if it is not properly contained

in any other quad of q. Then two mazximal quads of q are either equal or disjoint.

Proof. Let q be a rooted simple quadrangulation with a simple boundary embedded
in the plane such that the root face corresponds to the unique infinite face of the
embedding. Let €(q) denote the set of maximal quads, i.e. those cycles of length 4
whose interior is not strictly included in the interior of another cycle of length 4. For
C € 6(q), the edges and vertices of q contained in the interior of C' form a map m¢
which is again a quadrangulation with simple boundary of length 4 (we will assign its
rooting below). Suppose two distinct cycles in 6(q), say C; and Cs, overlap (i.e. the
intersection of their interiors is non-empty). Since the interior of one cycle cannot be
included in the interior of the other by maximality, there exists two vertices v and v’
at the intersection of C and (5 such that one of the parts of C; between v and v’ lies
in the interior of Cy and one of the parts of Cy between v and ¢’ lies in the interior

of C';. Let us denote the lengths of these parts by n; and no, respectively.

Figure 3.3: The figure is taken from [10].

Note that a simple quadrangulation m¢, is of girth 4; hence the length of both
parts must satisfy n; > 2. Indeed, the part of the boundary of C3 between v and v’
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is an inner path in mg,, so if we add to it the shorter boundary between v and v’
in mg, of length say m, we obtain a closed path of length ny + min(m,4 — m). The
closed path is not necessarily simple, but removing any double edges leaves us with
a simple cycle of length at most ny + min(m,4 — m). However, as the map m¢, has
girth 4, we deduce that ny > 4 — min(m,4 — m) = max(m,4 —m) > 2.

However, we can then build a cycle (5 by following the outermost boundary of
the union of interiors of Cy and Cy (note that the union is necessarily connected).
This cycle has length at most (4 —ny) 4+ (4 — n2) < 4, hence it has length 4 from the
girth condition on q. But that implies that the interiors of C; and C5 lies strictly in
the interior of the cycle C}s of length 4, contradicting the maximality of C;. Hence

maximal quads cannot overlap. O

We can now prove there exists a one-to-one correspondence between, on the one
hand, the set of rooted simple quadrangulations with a simple boundary of length
2n > 6 and, on the other hand, the set of pairs of the form (q, {my}cp(q)) Where q
is an irreducible quadrangulation with simple boundary of length 2n, F'(q) is the set
of inner faces of q and for f € F'(q), my is a rooted simple quadrangulation.

Starting from such a pair (q, {my}scr(q)), we define a rooted map q’ by "gluing“
inside each face f € F'(q) the map my. More precisely, we identify each edge of my
incident with the root face with an edge of q incident with f, starting from the root
edge of m; which is identified with an edge of f selected in some deterministic manner
(e.g. by breadth-first search from the root of q). Note that (by our assumption) the
boundary of f and that of the root face of m; are both simple, thus by identification
they yield a 4-cycle of q'. Clearly, q’ is a simple rooted quadrangulation (with the
same root as q) of girth 4. Furthermore, by an application of the encircling lemma
[10, p. 924] it is easily seen that any cycle of length 4 in ' necessarily remains within
a single face of q, so the boundaries of quadrilateral faces of q can be identified
as precisely the maximal quads of q’. As such starting from q’ we can recover q by
erasing all edges and vertices contained in a maximal quad. Hence the correspondence
which maps (q, {my}scpq) to q' is injective.

Conversely, suppose we start with an arbitrary rooted simple quadrangulation q’
with a simple boundary of length 2n > 6. Let €(q’) denote the set of all maximal
quads of q’, then for any maximal quad C' € 6(q’) the edges and vertices lying
within C' evidently form a simple quadrangulation q¢. Since distinct maximal quads
do not overlap, we may unambiguously erase the content of each quad resulting in a
rooted irreducible quadrangulation q. Hence we may identify the set of faces F(q)

of q with the set of maximal quads 6€(q’). Finally, we need to select a root for
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each quadrangulation q¢ determined by a maximal quad. We can achieve this by
selecting an edge of every face f of the irreducible quadrangulation q using the same
procedure as above, which provides us with a canonical rooting of the associated
simple quadrangulation qc = qy. Clearly, the procedure just described is inverse to
the mapping above, so the correspondence is one-to-one. We summarize our result

below:

Lemma 3.2.2 Let n > 3 be a fixed positive integer. Face substitution establishes a
one-to-one correspondence between the class of rooted simple quadrangulation with a
simple boundary of length 2n and the set of pairs of the form (q,{my}cpq)) where
q is an irreducible quadrangulation with simple boundary of length 2n, F(q) is the

set of inner faces of q and for f € F(q), my is a rooted simple quadrangulation.

We have assumed so far that boundary length of the root face is > 4. Indeed, the
substitution approach as described above fails to establish an analogous one-to-one
correspondence between the classes of simple and irreducible quadrangulations due
to the possible presence of root and "anti-root* diagonals (below is an example of a

simple quadrangulation with a diagonal at the root vertex):

Figure 3.4: Decomposition at a diagonal.

Let us examine more closely again the face substitution approach described above.
Since the root face will now likewise form a cycle of length 4 when determining the
maximal quads we have to impose the restriction that the outer boundary itself is not
considered as a cycle of length 4. As such two special cases arise that could not occur
above, namely: (i) the trivial 4-cycle (considered as an irreducible quadrangulation)
has a single antecedent which is again the 4-cycle (this time considered as a simple
quadrangulation) and (ii) some maximal quads may now overlap, so that replacing
a maximal quad with a face in a simple quadrangulation is not well-defined. Let us

analyse first when two maximal quads can overlap. Examining the proof of lemma
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(3.2.1), the only time we (implicitly) used the assumption that the outer boundary has
length > 4 was to deduce the cycle C}, (in the notation of the lemma) was contained
strictly inside the map. In the present case, it may happen that C', exactly coincides
with the outer boundary of the root face. If this is the case, since C5 has length 4
we must necessarily have n; = ny = 2 (recall that n; was at least 2) so that vertices
v and v" are antipodal in the outer boundary of the root face and the internal paths

connecting them form two mutually avoiding diagonal paths of length 2.

Clearly, a simple quadrangulation cannot have more than one pair of antipodal
vertices connected by a diagonal path. Otherwise, the two diagonal paths would
cross at an inner vertex, which would create a cycle of length < 4 contradicting the
assumption that the map is a simple quadrangulation (hence of girth 4). It follows
that (as we have already remarked above) overlapping of maximal quads can only
occur if there exist two antipodal vertices on the outer boundary of the root face
that are connected by an arbitrary number p > 2 of mutually vertex-disjoint diagonal
paths. Hence, following the convention of Mullin and Schellenberg, we can treat
separately the two cases depending on whether the simple quadrangulation contains
no diagonals between antipodal vertices of the root face or else (we include the case
of a single diagonal in the second set since it allows for a more uniform treatment,
although according to the presentation above a single diagonal does not give rise to
overlapping maximal quads). The substitution approach works with no change for the
first set of quadrangulations and the decomposition at the first diagonal (see figure
(3.4)) leads to a recursion for the generating function of the second set. We leave the
details to the reader (or else see [10, pp. 964-966]).
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3.2.2 Known enumeration results

We will collect in the present section known enumeration results for rooted simple
and irreducible quadrangulations. We will not dwell on their respective proofs, since

most of the results will be side products of our theorems (or rather their proofs).

Theorem 3.2.1 (W. G. Brown, [12]). Let §(z) denote the generating function of
rooted simple quadrangulations with a weight x per each inner face, then
1-2
q(z) = w and z = u(1 — u)*. (3.6)
Ezplicitly, the coefficient [x"]q(x) giving the number of rooted simple quadrangulations
with n faces admits the following closed-form expression
ni~ it S AR JW S (ak
[#"a() n!(2n + 4)! T \4
Theorem 3.2.2 (W. G. Brown, [12]). Let §(t,x) denote the generating function of
rooted simple quadrangulations with simple boundary of arbitrary length 2p (p > 2)

~12(3n +2)! 3 (27)”*1 v

with a weight x per each inner face and a weight \/t per boundary edge, then
1 —-2u—(1—-up

q(t,x) = Al — ) and 7 = u(1 —u)?, t = v(1 —v)*(1 —u)’. (3.7)

Ezplicitly, the coefficient [tPz™|G(t,x) giving the number of rooted simple quadrangu-
lations with a simple boundary of length 2p and n inner faces admits the following
closed-form expression
3(3 H!(3 3 2)! 3 4)! 3 /27T\P /27\""!
[tPa"]q(t, ) = Bp+)iBn+3p+2) (Gp+d) \/7<) <) n?,
(2p+3)Ipn!l(2n+3p+4)!  2p!2p+3)!'V 7\ 8 4

where the asymptotic relation holds for fixed p as n — oo.

Theorem 3.2.3 (W. Tutte, [60]). Let c(x) denote the generating function of rooted

irreducible quadrangulations with a weight x per each inner face, then

227 u
c(x):2x+1+$—(1+u)3 and z = u(1l —u), (3.8)

where we have adopted J. Bouttier and E. Guitter’s convention in [10] whereby the
quadrangulations Ky and Ks 3 are considered irreducible (although W. Tutte did not
follow this convention since the derived maps of K4 and Ks3 are not considered 3-
connected). The coefficient [x"]c(x) does not admit a simple closed-form, we have for
n>6

[x”]xc(x) _ 2(_1)n + nz;) (=1)2" 7,(;_—{_21)(2 +2) <n2ﬁb ;_13) N 2432\/En_5/24n'
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REMARK 2 Note that in ([60]) W. Tutte does not enumerate rooted irreducible quadran-
gulations but rather rooted 3-connected planar maps. However, due to Tutte’s bijection
(2.2.2) the generating functions are the same.

Theorem 3.2.4 (R. C. Mullin, P. J. Schellenberg [49]). Let b(t,x) denote the bivariate
generating function of rooted irreducible quadrangulations with a simple boundary with

a weight x per each inner face and a weight \/t per each boundary edge, then

1—2u—(1—u)van x:u(1—2u) :(1—u)v(1—v)2
(1 —2u)(1 —v)* d (1 —u)? )t u

Ezplicitly, the coefficient [tPx™|c(t, z) giving the number of rooted irreducible quadran-

b(t,z) = xt?

gulations with a simple boundary of length 2p and n inner faces admits the following
closed-form expression

oo B (Bp—=3)!(2n—p—1)! (3p — 3)! L o 1 m 52
b0t ) = gy — Dl —p 11 BTl L

where the asymptotic relation holds for fixed p as n — oc.

3.3 Enumeration of irreducible quadrangulations
with simple boundary

3.3.1 Generating function Q(t, x)

Let’s recall first the definition of a combinatorial ball in a rooted quadrangulation.

Definition 12. Let q be a rooted quadrangulation and r > 1 a positive integer. The
combinatorial ball B.(q) of radius r is the submap of q consisting of all the faces of q
that contain at least one vertex at distance strictly less than r from the root vertex.
With this definition there are only simple faces of type (r—1,r,r+1,r) at the boundary
of a combinatorial ball B,(q) and an r-ball will be a quadrangulation with holes. We

will use the terms (combinatorial) r-ball and r-neighbourhood synonymously.

Lemma 3.3.1 Let q be a quadrangulation and r > 1 a positive integer, then distinct

boundary cycles of the combinatorial r-ball B,.(q) are edge-disjoint simple cycles.

Proof. Recall that the boundary faces of an r-neighbourhood are all r-simple meaning
that with respect to the canonical distance labelling from the root the face is of type
(r,r + 1,7,r — 1). Let’s draw a diagonal between the corners labelled r in each
boundary face of B,(q). Let v be a vertex incident to such an r-diagonal (i.e. v has
label  in q and is incident with an r-simple face), then the number of r-diagonals
incident with v must be even. Hence the collection of all r-diagonals is a union of a

collection of simple edge-disjoint cycles. O]
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As defined an r-neighbourhood is embedded in the ambient quadrangulation.
However, we would like to consider r-balls as separate planar maps, so as to able to es-
timate the probability of a (irreducible) quadrangulation having an r-neighbourhood
with the given combinatorial type. There are two distinct ways of “cutting out” the
r-ball from a (irreducible) quadrangulation - one introduced by M. Krikun in [42]
for general quadrangulations and the more commonly used definition used especially

with other classes of planar maps (e.g. triangulations).

« Let q be a rooted irreducible quadrangulation with combinatorial ball B,.(q)
of radius r about the root. Draw all the diagonals between boundary vertices
labelled 7 in B,.(q) and cut the map along the diagonals. The resulting map
ko has only triangular faces at the boundary and the boundary cycles consist
exactly of vertices labelled r and their diagonals. Attach a triangle at each
boundary edge of ko and erase the diagonals. The map k thus obtained is called

the r-neighbourhood of q and is an irreducible quadrangulation with holes.

Figure 3.5: On the left the embedded 2-neighbourhood of the given quadrangulation
(its boundary is shown in bold) and on the right the associated embedding of the
2-neighbourhood in the sense of Krikun.

« Let q be a rooted irreducible quadrangulation with combinatorial ball B,(q) of
radius r about the root. Denote with ¢q, ..., ¢, the boundary cycles of B,(q)
consisting alternately of vertices labelled r» and r 4+ 1. Cut the map along the
cycles ¢;. The resulting map k’ is called the embedded r-neighbourhood and is

an irreducible quadrangulation with holes.

Note that in both definitions the r-neighbourhood is a subdivision of a 3-connected

planar graph, so by Whitney’s theorem (2.1.2) it has an essentially unique embedding
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in the 2-sphere up to orientation preserving homeomorphisms. It is important to
distinguish between the two definitions - although from a probabilistic point view
the difference seems to be negligible. Indeed, having an embedded r-neighbourhood
of a given combinatorial type is a much more restrictive condition on a (irreducible)
quadrangulation q than having an r-neighbourhood with a fixed combinatorial type.
We will assume from now, whenever we speak of r-neighbourhoods, that they are
embedded in the plane in Krikun’s sense, as described in the first definition above.
Should the need arise to use the second definition, we will refer to the corresponding

map as the embedded r-neighbourhood.

Definition 13. An irreducible quadrangulation of the 2p-gon is called proper if all
the vertices of the boundary are distinct (i.e. the boundary is a simple cycle) and
the boundary vertices can be bi-partitioned into two edge-disjoint subsets b, and b,
such that each vertex of b, has degree 2. Although a 4-cycle C formally satisfies
these requirements we will not consider it a proper quadrangulation, while K33 will
be included in the set of proper irreducible dissections as a special convention (that
simplifies the subsequent calculations). We will adopt the standard convention that a
rooted proper irreducible quadrangulation with boundary is rooted on the boundary

and oriented so that the outer face is on the right, with root vertex of degree 2.

Note that an r-neighbourhood in an irreducible quadrangulation with a single
boundary component is exactly a proper irreducible quadrangulation with boundary
of length 2p, for some p > 3. Indeed, it is clear by definition that the result of cutting
out an r-neighbourhood of an irreducible quadrangulation q with a single boundary
component will produce an irreducible quadrangulation with proper simple boundary
of length 2p for some positive integer p. Clearly, p > 2 otherwise the r-neighbourhood
(and by extension q) will contain multiple edges. We also cannot have p = 2 since
that would introduce a separating 4-cycle in q.

We will devote this section to the enumeration of rooted proper irreducible quad-
rangulations with arbitrary boundary length 2p for p > 3. Our approach will use the
substitution relation, so we will first have to enumerate the class of rooted proper
simple quadrangulations with arbitrary boundary length 2p for p > 2. Note that the
class has already been enumerated by M. Krikun in [42], however it will be instructive
to provide an independent proof of his result. The following theorem summarizes our

result:

Theorem 3.3.1 (M. Krikun, [42]). Let Q(t,x) denote the bivariate generating func-

tion enumerating rooted proper simple quadrangulations with a simple boundary of
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Figure 3.6: A proper irreducible quadrangulation with its bicolouration of boundary ver-
tices.

arbitrary length 2p (p > 2) with a weight x per inner face and a weight \/t per
boundary edge, then Q(t) is fully determined by the following quadratic equation:

21—+ 2G—tQ(1)
Q) = x(l — ta)(1 —t) — tag + 2Q(t)’

(3.9)

where § = {(x) denotes the generating function of simple quadrangulations with a

weight x per inner face.

Proof. A proper simple quadrangulation with simple boundary has at least two inner
faces, so we may look at the face immediately on the left of the root-edge and call v
the black vertex other than the root vertex (recall that we decided for convenience to
bi-colour the map in black and white, the root-vertex being black). Let us draw all
the edges incident to v and cut the map along them.

After cutting, the face to the left of the root edge gets disconnected and con-
tributes a weight ¢tz to t2Q(t). The rest of the maps form a sequence of blocks.
Each block is either a single face or a proper simple quadrangulation with boundary.
Furthermore, the boundary of each block consists of two segments - the part that
belongs to the original boundary of the map and the part that consists of the internal
edges of the map. We may consider a sequence ag,ay,...,a, (n > 1) of numbers
of (counterclockwise) successive connections of v to (white) boundary vertices. We
define a; — 1 to be the number of edges between two consecutive connections of v to
white boundary vertices (in other words, if we label the connections of v to the white

boundary vertices from 0 to n starting with the connection to the white-endpoint
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Figure 3.7: A proper irreducible quadrangulation with all the edges from v drawn. The
map is decomposed by removing the face (in grey - weight ) on the left of the root edge
and cutting along all the connections of the black vertex v (incident with the grey face) to
the boundary vertices. In the figure the sequence of connections is ag = 1,a1 = 1,a2 =
2,a3 =4,a5 =2,a6 = 1,a7 = 1.

of the root vertex, then a; — 1 is exactly the number of edges in the interior of the
map to the left of the i-connection). We have ag = 1 since the first connection is
from v to the white end-point of the root-edge on the boundary and there are no
other connections to the left, while a,, > 1. Now the m-th block has boundary of
total length 25 for some 57 > 2 with 25 — 2a,, edges on the original boundary of the
map. Let us again denote by §o,(z) the generating function of rooted proper simple
quadrangulations with a simple boundary of length 2p and a weight x per each inner

face, then a block must be given a weight w(a,,) with

w(a) = g 12t + Z Goj (z)t " = datx + tQ*“Qa(t),
j>a

where we have introduce the notation Q,(t) to denote the series on the left-hand side.
The contribution to t2Q(t) of a sequence of n blocks (together with the face on the
left of the root-edge) is therefore

n n N B JAn
St [] (Gupite +27Qa,.) = w{mzﬂ-@i} =m{m+ W}
ap=1 m=1 =1 —

Summing over n > 1 yields the contribution

L ta(l—t)+ tQ(1) — 2Q(t)
(1 —tx)(1 —t) = (tQ(1) - 2Q(t))

(3.10)
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to t2Q(t), hence (after dividing by #?) to the functional equation (3.9) provided we
identify the term Q(1).

One can easily convince themselves that Q(l) is simply the generating function
of rooted simple quadrangulations with a weight x per each face - in other words,
Q(1) = zq. Indeed, we may relate § and Q(1) via the following argument: consider
a rooted simple quadrangulation enumerated by z§. Assume the root vertex has
degree p > 2 and draw all the connections from the root vertex. Cutting along these
connections creates a map with a boundary of length 2p which is easily seen to be
a proper simple quadrangulation with a weight = per each inner face. Such maps
are enumerated by Q(l) and since the correspondence is one-to-one this yields the
relation Q(1) = 2g. Upon substitution in relation (3.10) and cancellation of terms,
this gives exactly the quadratic equation (3.9) for Q(t).

We have been lucky enough to be able to recognize the term Q(l) in terms of an
already known generating function. However, we could also have determined Q(l)
directly from the relation (3.10) and obtain along the way a tractable expression for Q
using the following standard trick (this will also act as a check of our computations).
We may write

o) = 2t = 1) + Q)1 — t + #x) + Q*(t) (3.11)
x +tQ(t)
Upon differentiating with respect to t (recall that Q(1) does not depend on t) this
yields

0=Q t){x(1 —t +tx) + 22t2Q(t) + t*°Q?}
+ {2® 4+ 2tz 4+ 2z — 1)zQ(t) + (2 + 2tz — 1)Q?(t) + t2Q%(1)}.

This equation is satisfied in particular if we let ¢ vary on a line t = ¢(z) where the two
terms between brackets in the above expression vanish. Cancelling these two terms
and solving for = and Q gives the following two possible solutions
tlx)—1 - (t(x) — 1)
- - ¢ N\ )
Q) =1
: Q(1(x) 1
r=———0, x))=——"—"
t(z)(t(z) — 1) t(z)(t(z) — 1)
which selects two lines t = ¢(z) where we know the value of Q. Plugging these values
in (3.11) gives
Q1) = z(t(x) — 1)(2 — t(x))
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for the first choice and Q(1) = —1 — t(z) for the second choice. The latter result is
clearly not satisfactory (recall that Q(l) enumerates all rooted proper simple quad-
rangulations with boundary of arbitrary length 2p (p > 2) with a weight x per inner
face) so we are left with the first choice. In other words, we deduce from our particu-

lar solution the parametric expression for (1) (we make the substitution t — 1+ u

which simplifies the parametrization):

~ u

Q1) = zu(l —u) and x = (e (3.12)

(here u(x) = t(x) — 1 should be viewed as a simple parametrization of x) which im-
plicitly determine Q(1) as a function of z. Moreover, equations (3.12) agree with the
parametrization of g obtained by Brown (3.2.1) if we make the further substitution
of variables v = u/(1 + u), confirming that Q(1) does indeed count rooted simple

quadrangulations. O]

Lemma 3.3.2 (Fundamental relation) Let Q(t,x) denote the bivariate generating
function enumerating rooted proper irreducible quadrangulations with a simple bound-
ary of arbitrary length 2p (p > 2) with a weight x per inner face and a weight \/t per
boundary edge, then the substitution relation translates to the following composition
scheme relating Q(t) and Q(t),

1+ g(z)
i) !

where @i(x) = [P1Q(t x) = (1 + 4(x)).

Q) — Gu(x)} = Q (tx (:U)) — t22%(1 + §(x))?, (3.13)

Proof. A proper simple quadrangulation of the 2p-gon is obtained from an irreducible
one by replacing each inner face not adjacent to the boundary by a general simple
quadrangulation and replacing each of the the p faces adjacent to the boundary with
a simple quadrangulation with root vertex of degree 2, provided the boundary is of
length 2p with p > 3. The correspondence is well-defined and one-to-one by lemma
(3.2.1). Relation (3.13) is now an easy consequence of the substitution relation just
described:

D Gnpt"t =Y anyG(x)" Ple(l+ §(x))]"t"

n,p>3 n,p>3
Note that z(1 + ¢(z)) is exactly the generating function of rooted simple quadran-
gulations with root vertex of degree 2 and the expression for ¢4(x) follows from the

quadratic equation (3.9) by plugging in ¢t = 0. O
A combination of lemmas (3.3.1) and (3.3.2) and a simple reparametrization yields:
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Theorem 3.3.2. The bivariate generating function Q(t,x) enumerating rooted proper

irreducible quadrangulations with a simple boundary of arbitrary length 2p (p > 2) is

given by

B t2a3 1

S l+z 2u(l4 )2
—(u(l+2)—(1+ U)Q.It)\/(l + u)?2?t? — 2(1 + 3u)(1 + x)xt + (1 + x)2>

Q(t) ((1+ w2 = (14 2)(1+ 3u + 4u”)wt + u(l + x)?

It turns out that the coefficients gq,(z) = [t?]Q(¢, ) can be expressed in closed-
from in terms of Legendre polynomials. Let us first remind ourselves how Legendre
polynomials are defined and what are their main properties. We will introduce the
polynomials as eigenfunctions of a certain Sturm-Liouville operator, although there

are many other possible definitions.

Definition 14. The Legendre differential equation is the second-order ordinary dif-

ferential equation

d d & d
y] Y2 L ay=0 (3.14)

Ly = - l(l — 22)£ =-\y&s (11— 22)@ — dez
where A\ € C is an arbitrary complex parameter. The equation is of Fuchsian type
with regular singular points {—1,1} (note that z = 0 is an ordinary point).

The (unique) values A, = n(n + 1) with n = 0,1,2,..., for which the Legendre
equation admits a bounded solution, are called the eigenvalues of the Sturm-Liouville
operator &£ and the corresponding (bounded) eigenfunctions are the Legendre polyno-
mials P,(z). The following properties of the polynomials are well-known and can be
proved using the differential equation (3.14). For each n > 0, P,(z) is a polynomial

of degree n and satisfies the three-term recurrence relation
m+1)P1(2) = 2n+1)zP,(2) — nP,—1(2),

with initial conditions Py(z) = 1 and Py(z) = z. Furthermore, the generating function
G(t,2) = Y50 Pu(2)t™ has the following closed-form

1
V1— 22t +2

We can now derive the following lemma giving an explicit closed-form solution for

G(t,z) =

the generating functions go,(x):
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Lemma 3.3.3 Let u(x) = 3{1 — /1 —4a} denote the generating function of the

shifted Catalan numbers, then for p > 2

1 (a1 +u)\"™ 11+ u 1+ 3u 14 3u
1 B _ 3.15
Gp+1)(T) 2( 1+ ) uw 1<1+u) g”<1+u)]’ (3.15)

where g,(z) is a polynomial of degree n+1 for each n > —1 and satisfies the three-term

recurrence relation

(n+2)gns1(2) = 2n+ 1)zgn(z) — (n — 1)gn-1(2),

with initial conditions g_1(z) = —1 and go(2) = z. The polynomials {g,} are related to
the Legendre polynomials by the equation n(n+1)g,(z) = (2> —1)P.(2) (where prime

denotes differentiation with respect to z) for n > 1.

Proof. The generating function of the polynomials {g,} introduced in the lemma by
the equation n(n + 1)g,(z) = (22 — 1)P/(2) is easily checked to have the following

closed-form expression
n 1 2\42 1
F(zt) =3 gu(2)t" = 5(1 =228 + - (1—zt—VI-2:t+12).

On the other hand, using the explicit formula for the generating function Q(t,z) of

rooted proper irreducible quadrangulations we can express it in terms of F(z,t) as

1 1
Q(t) = 2*t* — %(w —7)TF(2w+ 1,7), where w = . :i T x(l _:—xu)t

Note that the second term is of order 6(¢3), so assuming p > 2 only the second term
contributes to the coefficient ga(,41)(2) = [PT]Q(t). Formula (3.15) now follows by

a simple calculation. O

Using the explicit formula for go,(z) we can easily calculate the first few terms of

the expansion. We have

(z) = 2% + 25 + 32% + 42° + 152" + 392" 4 1202 + 6(2'?)

gs(z) = 2 4+ 22° + 427 + 52% + 142° + 382'° 4 1002"" + 3012'2 + 6(2'?)

qo(w) = 2° + 52° + 527 + 102° + 3027 + 61210 + 1852 + 5002'% + O(2'3)
(z) = 2% + 927 + 212% + 342° + 10520 + 258z + 7192'% + O(2?).

qs\T

q12\T
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Figure 3.8: A direct inspection of the maps enumerated by gg and with up to 9 inner
faces. To obtain all the acceptable maps, each of the maps presented here must also be
rotated around its centre (and re-rooted at its bottom edge). According to the symmetry
of the map at hand, the number of distinct maps obtained by these rotations is 1, 2 or 3
as indicated. Summing these numbers yields respectively 1,1,3 and 4 distinct maps with
3,6,8 and 9 inner faces, explaining the first four terms of the expansion.

3.3.2 Generating function ®(t, x)

We have defined in the previous section combinatorial r-balls in a rooted irreducible
quadrangulation by a certain cutting procedure. The process can be reversed (to an

extent) by the operation of connected sum as described below.

Definition 15. Let k be a proper irreducible quadrangulation with n faces and, for
simplicity, a simple connected boundary of length 2p rooted at an arbitrary edge.
Let s be any other rooted proper irreducible quadrangulation with simple connected
boundary of length 2p. The connected sum of k and s, denoted by k#s, is the

quadrangulation obtained as follows:

1. Recall that the boundary vertices of k (resp. s) can be bipartitioned into two
edge-disjoint sets b, and b, such that every black vertex is of degree 2. Construct

the map k' (resp. s') by dividing each boundary quadrilateral in k by a diagonal
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connecting the white boundary vertices and cutting the map along the diagonals

to produce triangular faces at the boundary.

Figure 3.9: A schematic representation of the connected sum of two proper quadran-
gulations with simple boundary.

2. Identify the boundaries of k’ and s’ (each of length p)* and erase the identified

boundary edges. The resulting map is the connected sum of k and s.

The connected sum of k and s has p faces less than k and s had together, i.e. if s has
N — n + p faces then k#s would have N faces.

If we denote by Q,, 2, the class of all rooted proper quadrangulations with n faces
and a simple connected boundary of length 2p and by Q,, the associated class of all
rooted quadrangulations with n faces, then connected sum is a well-defined binary
operation # : Q. 2, X Qn_n+p2p — Qn. Moreover, the process is clearly reversible.
Indeed, take a quadrangulation q with a root neighbourhood k, cut it in two along
the boundary of k’, and add p triangles to each part. This will give k and some
quadrangulation with a simple boundary, which can then be used to reconstruct q.
Hence the restriction #x : Qn_n+p2 — Qn is a one-to-one mapping whose image

consists precisely of all rooted quadrangulations with root neighbourhood k.

4There are p distinct ways of identifying the boundaries of k/ and s, but since k is rooted we
can choose (in some deterministic way) one of the diagonals on the boundary of k’ and require that
when gluing, it is identified with the diagonal of the rooted face of s’; this way the ambiguity is
eliminated.
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Unfortunately, the restriction of #y to the subset of all rooted proper irreducible
quadrangulations of the 2p-gon with (N — n + p) faces, while still injective, no longer
maps into the set of irreducible quadrangulations with root neighbourhood k (while
the connected sum operation clearly precludes multiple edges it may introduce sepa-
rating 4-cycles in the resulting quadrangulations). Fortunately separating 4-cycles of

a connected sum can only occur in a very restricted manner as described below:

Lo

Yo

Figure 3.10: The (unique) situation described in lemma (3.3.4), which produces a
separating 4-cycle in the connected sum of two proper irreducible quadrangulations.

Lemma 3.3.4 Let k, s be rooted proper irreducible quadrangulations of the 2p-gon
and denote with q = k#s their connected sum. If there exists a separating 4-cycle in q
with vertices xoTqlYolYe and indicated bicolouration, then x, and y, are boundary ver-

tices of k.8, xq is an inner vertex of k and ye is an inner vertex of s (or vice-versa,).

In other words, a separating 4-cycle can occur in the connected sum of k and
s if and only if there exist two white boundary vertices in k and s not adjacent to
a common face (that are identified in the gluing operation) which have a common
(black) adjacent vertex inside both maps- such a two-step connection between two
white boundary vertices will be called a diagonal. Note that any two white boundary
vertices adjacent to a common boundary face are trivially connected by a two-step
path (by definition). We have excluded such two-step connections from the definition
of diagonals and we will sometimes refer them as the trivial diagonals. This motivates

the following definition (with the same assumptions on k and s as in lemma (3.3.4)):
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Definition 16. A rooted proper quadrangulation s is said to be k-admissible if their
connected sum k#s is an irreducible quadrangulation. We will denote by ¢ (/N) the

number of k-admissible quadrangulations with N faces.

The definition implies that for each of the cx(N —n+p) maps s with N —n-+p faces
we get a different N-faced irreducible quadrangulation, and every N-faced irreducible

quadrangulation with root neighbourhood k is obtained in this way. In other words,

Ck<N — n+p)

P(Bla) = k) = =

where ¢(N) denotes the number of all rooted irreducible quadrangulations with N
faces. The number ¢ (N) will strongly depend on the number and location of the
diagonals of k. We will investigate in the subsequent sections the dependence of
ck(N) on the combinatorial structure of k.

An extremal case occurs when k is the so-called quadrangular star s, of order p for
some p > 3, which is defined as the unique proper irreducible quadrangulation with
total boundary length 2p and a unique interior vertex (see figure below). Clearly,
the connected sum s,7#s will contain no separating 4-cycles if and only if s has no
diagonals. The class of proper irreducible quadrangulations with no diagonals turns
out to be particularly significant since a proper quadrangulation with (possibly some)
diagonals can be uniquely decomposed along the diagonals into a collection of blocks
with no diagonals. Hence we will enumerate first the rooted proper irreducible quad-
rangulations q with no diagonals and a simple boundary of length 2p. More precisely,
we will remove the boundary quadrilaterals from q, which will leave us with an ir-
reducible quadrangulation q" with simple boundary of length 2p (p > 2). The new
quadrangulation q’ is rooted at the other extremity of the root edge of q so that the
unbounded face of the embedding appears on the right of the new root edge and we

switch the bicolouration of vertices in q’ to align with our convention of colouring the

root vertex black e. The newly created map q’ satisfies the following two properties:
Property 3.3.1

o Two boundary vertices cannot be linked by an edge lying strictly inside the map.

o Two black boundary vertices cannot have a common (white) adjacent vertex

strictly inside the map (i.e. the map ' has no black diagonals).

It is interesting to note that simple (not necessarily irreducible) quadrangulations

with simple boundary of arbitrary length 2p (p > 2) satisfying property (3.3.1) have
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Figure 3.11: A quadrangular star and the forbidden connections in an irreducible quad-
rangulation q’ obtained from a proper irreducible quadrangulation q, with no diagonals,
after removing all the boundary quadrilaterals.

already arisen in literature before in an unrelated context. We are referring here
to the article by E. Guitter [32], in which he derives the distance-dependent two-
point function of quadrangulations by directly solving a recursion relation for the
associated slice generating function. We will closely follow his proof of counting
simple quadrangulations satisfying property (3.3.1) and again use the substitution

technique to derive the corresponding result for the irreducible ones.

Theorem 3.3.3 (E. Guitter, [32]). Let t*®(t,x) denote the bivariate generating func-
tion enumerating rooted simple quadrangulations with a simple boundary of arbitrary
length 2p (p > 2) satisfying property (3.3.1) with a weight x per inner face and a
weight \/t per boundary edge, then (:D(t) is fully determined by the following quadratic

equation:

= x (14+1)®(t) hy
q’<t)_“t{1_(1+ )ci)(t)_1—ﬁ4}’ (3.16)

where hy = ®(0) = G/(1 + §).

Proof. The proof of the quadratic relation again hinges on a certain decomposition
procedure obtained by looking at the face incident with the root vertex. The quad-
rangulation may be reduced to a single face (with a boundary of length 4), which
leads to the first contribution 2z to t2®(t), hence (after dividing by ¢?) to the first
term z in (3.16). In all other cases, we may look at the face immediately to the left
of the root-edge and call v and w its black and white incident vertices other than

the extremities of the root-edge (once again let us remind the reader that we have

68



decided for convenience to bicolour the map in black and white, the root vertex being
black). The (black) vertex v cannot lie on the boundary as otherwise, the white vertex
w (which cannot lie on the boundary in this case because of the first requirement of
property (3.3.1)) would be a common neighbour to v and to the root-vertex, thus vi-
olating the second requirement of property (3.3.1). Hence vertex v lies strictly inside
the map. On the other hand, the (white) vertex w may either lie on the boundary,

case (a), or not, case (b).

Figure 3.12: The decomposition of a map enumerated by ®(¢) (and not reduced to a
single face). The map is decomposed by removing face (in grey - weight x) on the left
of the root-edge and cutting along all the connections of the black vertex v (incident
to the grey face and strictly inside the map) to the boundary vertices by either simple
edges or by two-step paths.

In the latter case, w cannot be connected to a vertex of the boundary other than
the root vertex, otherwise the second requirement of property (3.3.1) would again be
violated. To the contrary, the vertex v is connected by simple edges to a number of
white vertices of the boundary (including the endpoint of the root edge as well as
vertex w in case (a)), and may be connected by two-step paths to black vertices of the
boundary (including the root vertex in case (b)). Let us draw all these connections
and cut the map along them. After cutting, the face to the left of the root edge get
disconnected and contributes a weight tz to t>®(t) in case (a) and a weight v/fz in
case (b). The rest of the maps form a sequence of blocks.

We may consider the sequence ag,ay,...,a, (n > 1) of the lengths 1 and 2 of

the (counterclockwise) successive connections of v to the boundary vertices, where 1
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indicates a simple edges connecting to a white vertex and 2 indicates a two-step path
connecting to a black vertex. We have ay = 1 since the first connection is from v
to the white end-point of the root edge, whereas a, = 1 in case (a) and a, = 2 in
case (b). Now the m-th block has boundary of total length 2; for some j > 2, with
2j — Gm_1 — ap, edges on the original boundary of the map. It must thus be given a

weight w(ay,_1, a,,) with

w(a,a’) =3 haj(@) (VP = (VD).
Jj=2
Considering both cases (a) and (b), the final contribution to t2®(t) of a sequence of
n blocks (together with that of the face to the left of the root edge) is therefore

PO Y WA Y Vi [V

ap=1,an=1 ap=1,an=2
ai,...,an—1€{1,2} ay,...,an—1€{1,2}

= txd" (1) 3 e+ > |
m=1 m=1

an=1 = an=2
a1,...,an—1€{1,2} a1,...,an—1€{1,2}
n

=tx®"(t) IT

a1,a2,...,an€{1,2} m=1

= tx®"(t)(1 + )"

To go from the first to the second line, we simply use the fact that aqg = a, for
sequences of the first sum and ayp = a,, — 1 for sequences of the second sum. Finally,

summing over n > 1 yields the contribution

(1+1)D(t)

T

to t2®(t), hence (after dividing by ¢*) to the second term in (3.16).

So far in our decomposition, we have not yet enforced the condition that in &(t)
the total boundary length 2:¢ of maps must satisfy ¢ > 2. In our block decomposition
there is a situation in case (b) where this condition is violated. It arises when the first
block has boundary length 4 with boundary vertices v, w and the two extremities of
the root edge (and with exactly 1 edge on the original boundary of the whole map)
followed by an arbitrary sequence of blocks of size 4 whose boundaries are made

of two-step paths from v to the root vertex (these block do not contribute to the
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Figure 3.13: A representation of maps of total boundary length 2, which can arise in
the block decomposition but do not contribute weight to the generating function.

original boundary length). These maps made of n > 1 blocks that are enumerated
by hy contribute 3
~ h
tx Z hy =tz 1

to the previous term and must be subtracted to properly recover t?®(¢). This explains
(again after dividing by #?) the final term in (3.16).
Finally, we need to determine hy(x) as a function of the face weight z to be able

to determine ®(t). We will derive the following relation:

; q(x)
hy(z) = Tri@) (3.17)
Recall that Ay is the generating function of simple quadrangulations without two-
step paths from the root vertex. A map enumerated by h,; may have no two-step
connections between boundary vertices - let’s denote the generating functions of these
maps by G. Else there are p > 1 two-step paths connecting the white vertex incident
with the root edge to its antipodal vertex on the outer face. Cutting along all the
diagonal paths gives a sequence of p + 1 > 2 rooted simple quadrangulations. These
latter maps cannot have any two-step paths connecting two antipodal white boundary
vertices, but are otherwise arbitrary simple quadrangulations. It follows that their

generating function is simply given by ¢ — (ﬁ4 — (), so we have the following relation

(3.18)

Finally, note that the set of simple quadrangulations is partitioned into two disjoint

subsets: the set of simple quadrangulations without two-step connections between
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boundary vertices (enumerated by GG) and the set of simple quadrangulations with a
two-step connection between boundary vertices (either the connection exists between
the root vertex and its antipode or else between the white vertex adjacent to the root
vertex and its antipode; the two possibilities are mutually exclusive). The latter set
is enumerated by 2(hy — G) (the factor 2 accounts for the symmetry). Hence we can
write § = 2(hy — G) 4+ G from which it follows that
Ll _fj) and hy = a -

1+4q 1+4¢

G =

Finally, let us recall that we have already derived in the previous section a conve-
nient parametrization of the generating function of rooted simple quadrangulations.
Namely, G(z) = u(1 —u) and z = u/(1 + u)>. O

Lemma 3.3.5 (Fundamental relation) Let ®(t,x) denote the bivariate generating
function enumerating rooted irreducible quadrangulations with a simple boundary of
arbitrary length 2p (p > 2) satisfying property (3.5.1) with a weight x per inner face
and a weigh /t per boundary edge, then the substitution relation translates to the

following composition scheme relating ®(t) and <i>(t),

b(t, x) — ha(z) = (t,G(x)) — (). (3.19)
Proof. A simple quadrangulation of the 2p-gon satisfying property (3.3.1) is obtained
from an irreducible one by replacing each inner face by a general simple quadran-
gulation, provided the boundary is of length 2p with p > 3. The correspondence is
again well-defined and one-to-one by lemma (3.2.1) and gives exactly the fundamental
relation (3.19). O

A combination of lemmas (3.3.3) and (3.3.5) and a simple reparametrization yields:

Theorem 3.3.4. The bivariate generating function ®(t,x) enumerating rooted ir-
reducible quadrangulations with a simple boundary of arbitrary length 2p (p > 2)
satisfying property (3.5.1) is given by

2
B(t,r) = —— 4+ !
€T) =
’ 1+ 1+t 2t(1+t)(1+u)?

—(t— u)\/u2t2 —2(1+3u+3u?)ut + (1 +u— uz)z} . (3.20)

{ut2 — (14 3u+4u*)t — u(l + u — u?)

where the function uw = u(z) is determined implicitly by equation x = u(1 — u) and

initial condition u(0) = 0.
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Corollary 3.3.1 The generating function c(x) of rooted irreducible quadrangulations

with a weight x per inner face is given by
c(z) =z(1+2) + 2Pz, x).

The preceding corollary makes use of the fact that rooted irreducible quadrangula-
tions correspond in a one-to-one fashion with the set of rooted irreducible dissections

satisfying property (3.3.1), as described in the following lemma:

Lemma 3.3.6 Let p > 3 be a positive integer and denote with s, the quadrangular

star of order p, then the map
q — spifq,

where sy#q inherits its root from the quadrangular star, establishes a one-to-one cor-
respondence between the set of all rooted irreducible quadrangulations q of the 2p-gon
satisfying property (3.3.1) and the set of all rooted irreducible quadrangulations with

root vertex of degree p.

Hence ®(t,x) is also the generating function of rooted irreducible quadrangula-
tions with a weight x per face not adjacent to the root vertex and a weight t per
quadrilateral face adjacent to the root vertex (equivalently, the exponent k of the
term t* in the expansion of ®(¢, x) is equal to the degree of the oot vertex). We will
derive a uniform asymptotic expansion of its coefficients with respect to the parame-
ters (n, k). We deduce first the singularities of ®(¢,z). Apart from the possible fixed
poles at x = —1 and = —2, the only source of singularities is the square-root. The

polynomial under the square-root can be written in the from
o(t,r) = u*t* — 2(1 + 3u + 3u)ut + (1 +u — u?)?,

where we have introduced (for brevity of notation) the auxiliary parameter u = u(z)
implicitly defined by the equation (1 —u) = x and the initial condition «(0) = 0 (it
is expressible in terms of radicals involving /1 — 4x). Let’s denote by zq = 1/4 the
branch-point of u(z), which is to be noted is always a branch-point of ®(¢, x), and let
to = 1/2. We will investigate the singularities of minimal modulus and to that end

we can prove the following lemma:

Lemma 3.3.7 (Dominant singularity structure of ®(¢,x)) Let b > 0 be given and let
x(p) denote a singularity of (5, ) with least absolute value. Then x(b) is unique
and a positive real number. Furthermore, |f| = b and |z(5)| < z(b) implies 5 = b.

In other words |z(B)| has a unique minimum on the circle || = b and the singularity
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Figure 3.14: The graph of the minimum modulus function |z|(b).

at the point x(b) is a square-root type branch-point such that x(b) = xo on (0,to] and
the restriction z(b) € B3(ty, +00).

Note that an immediate consequence of lemma (3.3.7) is the observation that
for ¢ € Dy, the dominant singularity of ®(¢,z) is independent of ¢ and is achieved
uniquely at the point xg. A weaker version of this result had already been observed
by M. Drmota et al. in [18], where they prove that at least for ¢ sufficiently close to
the real axis and satisfying |t| < ¢y the above conclusion is true.

The most important consequence of the lemma is the observation that for ¢ > t,
the function ®(¢, z) has a unique singularity of minimal modulus attained at a point
of the positive real axis and the singularity is a positive real number defined by a

non-constant (three-times) continuously differentiable function z(b).

Proof. We start with a few preliminary remarks. Note the appearance of square-root
V1 —4x in the definition of the function ®(¢,2). When talking about square-roots
we will always assume that the principal branch of the square-root is being used with
a branch cut along the negative real axis. It follows that the correct determination of
V1 — 4z will have a branch-cut along the half-closed interval [z, 00) of the real axis.

Using the combinatorial interpretation of the generating function ®(t, x) it follows
that ¢, > 0 and the coefficient of 2" is a finite-degree polynomial in ¢ (of degree
deg = n — 2 to be exact), so ®(b,z) has a singularity with z > 0 by Pringsheim’s
theorem. Let’s call the smallest x(b). Furthermore, conditions g, > 0 and |5 = b
necessarily imply |z(8)| > z(b). It remains to show that equality can occur only when

f = b and that z(b) is unique. Note that ®(x,t) has four sources of singularities.
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Namely, a simple pole at x+ = —1, a pole of degree 3 at x = —2, a fixed branch-
point at xy and roots of equation o(t,z) = 0. We can disregard the poles since they
can never be minimal singularities of ®(¢,x), so we need only to consider solutions
of o(B,z) = 0 that satisfy || < z (provided any exist). Equation o(t,z) = 0 is

quadratic in the variable ¢t and can be solved to yield the following two roots

1+3u+3u? 2(1+u
ty(u) = ” + (u )\/u(l—i—Zu).

Considering only values of z for which |x| < zg, we will identify first the root of

minimal modulus. We will prove that |t_(x)| < |t (x)| for |z| € (0, x¢] with equality
if and only if # € (—x¢,0); in particular, it follows that the root t(z) of least absolute
value is unique for = € xoD\[—¢, 0] and (always) satisfies t(z) = t_(z).

In order to prove the stated inequality, we introduce an auxiliary function a = a(u)
as follows:

1+ 3u + 3u?
a(u) = .

2(1 + u)y/u(l + 2u)

The inequality |t_(z)| < |t4(x)| can be re-arranged to |1 — a(u)| < |1 + a(u)| since
the denominator of a(u) is non-zero for z € 2,D", which is clearly equivalent to the
condition Ra(u) > 0. The map a(u) has two branch-points at 0 and —t; (which
correspond to the z-values xy and —3z, respectively) and with the principal square-
root has a branch-cut along the interval [—tp,0]. On the other hand, the relation
u(1l — u) = z implies that the image of the disc oD is a Bernoulli leminscate with
centre ty and focii 0 and 1, contained entirely in the right half-plane Ru > —xy. If

we make the following substitution

1 14+ 22 z U

W) =gt g T 1o W T T

then the right-half plane Ru > —x, is mapped onto the disc ¢, and the mapping

a(u) assumes the following form (in the new variable z):

1 _ 1
G(Z):—Q{Zl/Z—Z 1/2+Zl/2—2_1/2}.

However, formulas R(z — z7!) = (r — r7 1) cosf and Rz"! = |2| 7Rz easily imply
that Ra(u) > 0 for any z € t,D. Hence Ra(u) is non-negative in the right-half plane
Ru > —x¢ with equality if and only if z(u) < 0, which is equivalent to u € (—t,0)
(or z € (—z0,0))°.

®Not much more effort is needed to show that the inequality Ra(u) < 0 is in fact equivalent to
uw € D(—-2/3,1/3) U (—to,0).
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Having identified the root minimal modulus, we will prove next the following two

auxiliary inequalities for values of z € z,D,

w(@)(1+ 3u(@) + 3u(@)?)| _ ulle)(1 + 3u(le]) + 3u(lz])
T+ a)p < 0+ ]2 (3.21)
1 () (1 + u(@))2(1 + 2u(@))| _ dulle) (1 + ()2 + 2u(la]))
1+ ) = {1+ [2])* (3.22)

Although these inequalities look formidable, we will find they follow as an immediate
consequence of our assumptions from a simple result regarding the behaviour of the
power series expansions of the functions involved around the origin. Let us denote
the functions appearing on the left of the inequalities by A(z) and B(z), respectively.
Then we can state the inequalities in much simpler terms merely as |A(z)| < A(]z])
and |B(z)| < B(]z|). Let us also recall that the function u = u(x) has been defined as
the unique solution of equation u(1—u) = z such that u(0) = 0 and we have chosen the
branch-cut as [z, 00) corresponding to the principal value of the square-root /1 — 4.
Finally, the coefficients of u(z) are just the Catalan numbers [2"]u(z) = Cat,. We

will now prove the following:

Claim 1 The power series expansions of A(z) and B(z) around the origin have radius

of convergence xo and non-negative coefficients.

The first part of the claim is clear; obviously the singularity of minimal modulus of
both functions is the branch-point at z = xy (note that the zeros of the denominator
are —p and —@, where ¢ is the golden ratio). To prove the second part of the claim
it is tempting to evaluate the coefficients of the functions A(z) and B(z) explicitly
using either Lagrange’s theorem (3.1.2) or directly using Cauchy’s multiplication the-
orem for power series (judiciously using the identity (1 — u) = z). However, both
approaches yield an alternating sum for the coefficients, which we have been unable
to express either in closed form or in terms of known functions, making it difficult
to prove it is positive. We therefore employ the following trick: we introduce an

auxiliary function ¢(z) = u(z)/(1 + z). The next identities are then easily checked:

A(z) = u(z) + A){1+ (4 + 2)u(z) + u?(2)}
B(z) = 4c*(2){u(z) + A(2)(2 + (6 + 2)u(2) + 3u?(2)}.

The class of power series (convergent about the origin) with non-negative coefficients is
clearly closed under multiplication and linear combinations with positive coefficients.

Therefore, it suffices to prove that ¢(z) with radius of convergence z, has non-negative

76



coefficients. Note that [2"]c(2) = Yo<pn(—1)"F Caty, is the alternating sum of Cata-

lan numbers. We can write

1+ 30, (Catgy, — Catog_1) n=2m
ZZ";O(Catng — Cat2k> n=2m + 1.

[2"]e(2) = {

The identity (k + 1){Cat) — Catg_1} = 3(k — 1) Caty_1, then implies the coefficients
are non-negative, which completes the proof of the claim. Inequalities (3.21) and
(3.22) are now an immediate consequence of the triangle inequality for power series.
Finally, we would like to settle the question of equality. Note that both u(z) and ¢(z)
have a dominant singularity at zp with singular expansion of the form c¢q — ¢1(1 —
42)1% 4 o(1 — 4x)"/? for some positive constants cy,c; > 0. Hence according to
the transfer theorem of Flajolet and Odlyzko their coefficients are asymptotically of
order ~ Kn=3/24™ for some positive constant K > 0, which in particular implies both
power series expansions about the origin are absolutely and uniformly convergent on
the closed disk xoD. Hence we may apply lemma (3.1.2) to deduce |u(z2)| = u(]z|) if
and only if z = |z| and similarly for ¢(z). Consequently, equality in (3.21) and (3.22)
can only occur at x = |x| for any z € zD.

Let’s introduce next the following matrix M = M (x) defined by

Bl A ] - [““ + 3u+ 3u?)(1 + x)? (1+ )
Tt 4B +uwP(1+20)  u(l+3u+3ud) (1 +2)?|

It is easily checked that the characteristic polynomial p(\) = det(M — A\I) is equal to
A20(A71 x) so the eigenvalues of the matrix are just the roots t7!(z). Inequalities
(3.21) and (3.22) imply |M(z)| < M(|z|) for all |z| < zy. Since M(|z|) is a positive
matrix, it follows by Perron-Frobenius theorem that the eigenvalues of the matrix
M (z) are dominated in absolute value by the Perron-Frobenius root of the matrix
M (]z|) with equality if and only if the matrices are equal (see [47, pp. 126, 5.7.5]).
In other words, we must have |t.(z)| > t_(|z|) for all oD with equality if and only
if x = |z|.

Finally, note that the map u : (0,29) = (0,%o) is a one-to-one correspondence
(since u'(z) = (1 — 42)™*/2 > 0) and the functions 7+ (u) are easily shown to be
positive, strictly decreasing and satisfying tg < r_(u) < ry(u) on (0,ug). It follows
that for |t| < ¢y the unique singularity of minimal modulus is the fixed branch-point
xg, while for [t| > ¢y the unique singularity of minimal modulus is parametrized by
(t_(a),a) for a € (0,z9). Furthermore, by an easy application of inverse function
theorem to the function t = t_(x) we deduce the inverse x = z(t) is (at least) three-

times continuously differentiable on (0, zy). O
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Theorem 3.3.5 (Central limit theorem for ®). Let a,; be the number of rooted
irreducible quadrangulations with root vertex of degree k and n + k faces. Suppose
e >0 then

o ! r(rQ—r—l)J (r+1)(r2 — 4)(r2 — 3)3(r2 —r — 1)

T 2mn? (12 = 2)(r + 1)2\ (2 — 1)2(r® — 51 + 1513 — 25¢2 + 127 + 6)
r?—2 "2 —2)2"
2
X [((TQ—T—1)2> 7“2—3 ‘| (3 3)

uniformly as n,k — oo provided p € (e,1 — ¢), where u = k/n and parameter

r € (2,00) is implicitly defined by the equation

r(r=2)(r*—r—1)
R

The mazimum value of quy, occurs for k = agn+o(n'/?), where oy is the unique positive
solution of equation 16x* +162° — 822 +4x —1 = 0. If k = agn + xn'/?fy, where x is

bounded and By is an algebraic number with value approximately 16.0275, then

o+ 17 [ ralro+ V- D03 - 308 —ro— 1P (07— 22\" ="
8 —2 \ (r3—1)2(r —5rd + 1513 — 2513 +12r9+6) \ 12 —3 2mn?’

Qpk ™~

where 1y is the unique solution of x* — 223 — 22* + 2x + 3 = 0 in the interval (2,00).

Proof. We will obtain first a more explicit parametrization of the dominant singular-
ity. Due to the presence of the square-root /1 — 4z it is difficult to handle equation
o(t,x) = 0 directly. Let’s eliminate first the square-root to obtain a polynomial
equation involving only ¢ and x. The result of elimination of parameter u between
equations o(t,x) = 0 and z = u(1 — u) (in other words, the resultant Res, of the
polynomials) gives a polynomial equation F'(¢t,z) = 0, where F(¢,x) € Q[t, x] is the

quartic polynomial
ot — 20(1 4 92)t® + (1 + 28 + 4527 + 342)t? — 2(7 — v — 232 — 152°)t + (1 + 2)*.

The polynomial F(t,x) is irreducible over C[t,z]. However, note that in the field
extension Q[¢, u] it is reducible and factors as F(t,u) = o(t,u)o(t,u) where u = 1 —u
denotes the conjugate root. Naturally, we must keep in mind that the affine variety
YV (F) properly contains the zero set ¥ (o). The (affine) algebraic curve C = ¥V (F)
is of genus 0 and can therefore be parametrized by rational functions. The following

pair is easily checked to constitute a proper rational parametrization of C":

Hp) = (p—9)*(p—9)? o(p) = (p— V3)(p +v3)
(p—V2)(p+v2) (p—V2)2(p + V2)?’
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where ¢ = (1 + V/5) is the golden ratio and ¢ = $(1— V/5) is the conjugate golden

ratio. The curve C' is singular and its singularity set is easily determined to be
Sing(C) = {(0, 1), (-1,-2), (£.1), (46 +£2v7), ;11 F4V7)) }

along with two points at infinity (given by Qo =[0:1:0] and @; = [1: 0 : 0] in pro-
jective coordinates). If we denote the singular points by Py, Py, P; and Py, then P; and

and P, are ordinary double points, P, is a cusp and Fy, ); are tacnodes. The nec-

o
t
5 10 \\
-2

Figure 3.15: The affine curve C = ¥ (F) with marked singular points. Note that the
branch of the curve through P_ is complex.

essary and sufficient condition for a point (¢(p),z(p)) to belong to the intersection of
the zero sets V' (o) NV (F) is (let’s also write p = £ + in):

24
R (iQ — 2) >0 < ' +2E2+ 32+ (€2 -2)(?—4)>0. (3.25)
Let’s denote with & the region determined by inequality (3.25), see figure. Naturally,
the parametrization (3.24) describes all four roots of equation F'(¢,x) = 0 (away from
the singular points). The possible regions of univalence on which parameter p properly

describes a single branch are delimited by the following (singular) elliptic curve E:
(z—Dy*+ (22° —22° +42 - 3)y* + (v — 1)*(x + 2)(2* — 2 — 1) = 0. (3.26)

The plane curve E has two real branches, which separate the complex plane into four
regions Dy, Do, D3 and Dy such that the restriction ¢;(p) : D; — C is one-to-one
(and a biholomorphism onto an appropriate slit plane) for each i. Consequently, each
restriction x;(p) : @; — C gives a branch of the algebraic function defined by the
equation F'(t,z) = 0 (corresponding to the value ¢t = t;(p)). The new parametrization

of the unique (positive) minimal solution is then (¢(r),z(r)) for r € (2,00) (it can
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Figure 3.16: The region R determined by inequality (3.25) is the exterior of the blue
curves, while the elliptic curve E delimiting the regions of univalence is shown in red.

easily be checked that r must exactly be restricted to the given interval in order to

recover the solution ¢_(z) found above for x € (0,x¢)). It follows that

dlogx t do d*log x
=k/n=— =~ ando?=-——2-" 3.27
p=kin dlogt cdt 0 ° (dlogt)? (3:27)

and the derivatives are evaluated on (¢(r), z(r)) for r € (2,00). We can easily evaluate
all the derivative involved in terms of the auxiliary parameter r, to yield the following
parametrization of y and o:
r(r—2)(r*—r—1) o t(r)(r® —5rt + 15r% — 2572 + 121 + 6)
= and o° =
(r2 =3)(r —1)2 2x(r)(r +2)(r2 = 3)(r — 1)

It is easily checked that o(r) # 0 for r € (2, 00) and u(r) = u has a unique (positive)
solution r € (2,00) for every p € (0,1) (the ratio k/n is bounded above by 1 by
A. Kolpakov’s theorem ([40, Proposition 1])). It follows from theorem (3.1.13) that
anit® ) 3 apitt ~ 1/\/W evaluated at the point ¢ = t(u), so we obtain

(r—1)%(r +2)(r? — 3)? n1/2(r2 — 2)k-1 '
e Pt(r) (328
Qpk \J 71.(,,,5 — 5rdt 4+ 1513 — 2572 + 121 + 6) (TQ o 1>2k+1 ZCL (7’) ( )

where 1 = k/n, r is implicitly defined by the equation above and k,n go to infinity in

such a way that ¢(u) stays away from 0 and oo, i.e. u stays away from 0 and 1. We use
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Darboux’s theorem to estimate the final sum. Setting ¢t = t(r) we study ®(¢,z) as
x — x(r). Apart from some linear terms the main contribution to the dominant

singular term comes from the square-root, which gives

B(t(r),x) ~ —“:__12)) J 0 (_7”2[_31))(5}; - V1= a/a0)

as ¢ — z(r). Applying Darboux’s theorem gives

> anit(r)" ~ _t(T)ZT(Tz - 2)2\l (r2 —3)(r —2) n=3/2(r2 — 2)2n

(r—1) \(r2—=r—=132=1)5T(=1/2)(r2 - 3)"

Recall that T'(—1/2) = —2y/w. Substituting into formula (3.28) and simplifying
gives the result. The final part of the theorem follows from the observation that the
maximum of a,; occurs at that p for which ¢(x) = 1 and that the variation near the

mean is given by a normal curve. O]

According to the lemma on minimal singularities of t2®(¢, z) the critical value of
the parameter ¢ is ty = 1/2 and for |t| < to the minimal singularity of the generating
function t?®(t) is fixed and equal to zp = 1/4. Using say Mathematica, we can easily

deduce the singular expansion about the point xg to be of the form
220(t, ) = ap(t) + aq (t)(1 — 4z) + as(t)(1 — 42)%% + 6((1 — 4z)?),

where the first few coefficients are given in terms of the auxiliary function w(t) =
(2t — 1)(2t — 25) as follows

672 + 287t — 50 — 10(2¢ — 1)y/w(t)
540(1 + ¢)
200(2t2 — 17t — 10) — (929t — 400)/w(¢)

81004/w(t)

a(t) = 4t16t3 — 132t% — 96t + 25 — (4t — 5)(2t — 1) w(t). (3.29)
729(2t — 1) /w(t)

Oéo(t) =t

Oél(t) =t

The dominant singular term is of order 3/2 and the minimal singularity of the co-
efficient a(t) clearly occurs at tg = 1/2. Again using Mathematica we deduce its

singular expansion about t; as

2 1

145

aagg Vo1 — 2072 +o(VI—21).
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Let us denote a, = [t?]as(t), then applying the transfer theorem to [tP]t*®(¢, z) for a
fixed value of p > 3, we deduce that the coefficients [x"t?~2]® (¢, z) admit the following

asymptotic expansion:

(2"t 2)D(t, z) = a,n =22 4" (1 + @(n_1/2)) as n — 00 (3.30)

3
4T
24/6
a 7\/_]91/22]) (1 + ®(p_1)) as p — 00

TV
3.3.3 Irreducible cores

We will describe a relation between the generating function Q(t,z), enumerating
proper simple quadrangulations with a weight = per inner face and a weight v/t per
boundary edge, and the generating function Cﬁ(t, x), enumerating rooted irreducible
quadrangulations satisfying property (3.3.1) with a weight = per inner face and a
weight v/t per boundary edge. We will associate to each proper simple quadrangula-
tion q a rooted plane tree equipped with a bicolouration of its vertices rooted at a
black leaf e and having only black leaves - such a tree will be called balanced.
Starting from a rooted proper simple quadrangulation q with a root vertex vy, and

where the root vertex is considered white o (so we take the conjugate bicolouration

of the conventional one), one obtains a balanced tree t as follows:

o A two-step path between two black vertices of the boundary is called a diagonal.
Remove any interior edge of q that is not part of a diagonal. Let ¢ denote the
remaining map - called the core of the quadrangulation q. Note that the core
of any proper simple quadrangulation is a proper bipartite map with exterior
faces of degree 2p equipped with a canonical bicolouration of its vertices (which

it inherits from q) such that every interior vertex is white o ( ).

e Let f be an inner face of c; a black vertex vy is placed in the interior of the face
f and an edge is added inside the face between the newly created vertex v,y and
each interior white vertex on the boundary of f, in such a way that the various

edges do not intersect ( ).
o The edges and vertices of q are deleted. The resulting map is a (bipartite) tree

t with bicoloured vertices and monochromatic leaves ( ).

The resulting tree t is rooted at the black vertex corresponding to the quadran-
gular face adjacent to the root edge of q. The following three properties validate the

construction of t (the proof are easy, so we omit them):
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Figure 3.17: The construction of a balanced tree from an irreducible core.

Lemma 3.3.8 (Property 0) There is a one-to-one correspondence between cores of
rooted proper simple quadrangulations with (simple) boundary and rooted proper bi-

partite maps with simple boundary and monochromatic interior vertices.
Lemma 3.3.9 (Property 1) The edges vsv,, where v, € Of do not intersect.
Lemma 3.3.10 (Property 2) t is a bicoloured tree with monochromatic leaves.

Conversely, suppose t is a bicoloured tree with black leaves that is rooted as the
leaf v9. We will describe how to construct the core ¢ from the tree t. Denote with cy,

a simple cycle of length 2p with vertices alternatively coloured black e and white o.

« Append an additional white vertex to each black leaf of t and call the resulting
tree, the augmented tree to. Re-root ty at the white vertex appended to the

root vertex of t.

 Place the augmented tree t, in the interior of the cycle ¢y, and identify its leaves
with the white boundary vertices of the cycle (preserving the root vertex). De-
note the resulting map by qg. Note that a simple counting argument establishes
that qg is a dissection of the 2p-gon with p interior faces such that every black

boundary vertex v, belongs to the boundary of a unique interior face f,.

e An edge is added inside the face f, between the boundary vertex v, and each
white interior vertex of qq (in other words, each white non-leaf vertex of t) on

the boundary of f, in such a way that the various edges do no intersect.
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o The edges and black vertices of t are deleted. The resulting map is a bipartite

dissection of the 2p-gon with monochromatic interior vertices.

The two constructions are clearly inverse. Therefore, we have established a one-
to-one correspondence between rooted balanced trees and cores of rooted proper ir-

reducible quadrangulations with boundary. We summarize the results here:

Theorem 3.3.6. The construction gives a bijection between rooted cores and rooted
balanced trees with the following properties:

1. The length of the boundary of c equals twice the number of leaves of t.
The number of interior edges of ¢ equals the number of edges of t.

The number of faces of ¢ equals the number of black vertices of t.

The degree of a boundary non-adjacent face f of ¢ equals twice the degree of the

black vertex vy of t.

A rooted proper simple quadrangulation with boundary is uniquely determined
by its core and, for each interior face f, the corresponding rooted simple quadran-
gulations q; with boundary satisfying property (3.3.1) that has been "cut out® in
forming the core. Furthermore, the total boundary length of q; is equal to degree
of the face f. Using the bijection established in theorem (3.3.6), this is equivalent
to specifying a rooted balanced tree t and the set {qs} (one for each black vertex of
t) of rooted simple quadrangulations satisfying property (3.3.1). We will determine
now the generating function of rooted balanced trees.

Let R = R(t;x) = R(t;x1,x9,...) denote the ordinary multivariate generating
function of (bipartite) rooted plane trees equipped with a bicolouration of their ver-
tices and having monochromatic leaves (we will adopt the convention that the leaves
are black e) rooted at an (arbitrary) white vertex o with a weight ¢ per each leaf
and a weight x; per each black vertex of degree i +1 > 2. Similarly, we will denote
by S = S(t;z) the ordinary generating function of (bipartite) rooted balanced trees
rooted at a unique white leaf having at least one black vertex with a weight ¢ per
each non-root leaf and a weight z; per each black vertex of degree ¢ +1 > 1. The
generating functions R and S will determined using decomposition at the root, as is

standard (see figure (3.18) and (3.19) for illustration of the decomposition)

Theorem 3.3.7. The generating functions of rooted trees and rooted balanced trees

where t marks leaves and x; marks black vertices of degree i +1 > 2 are given by
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equations:
2

and S =t+> z;(R—t+9)" (3.31)
1-S =1

Furthermore, if R, denotes the generating function of rooted balanced trees with a

weight t per each leaf and a weight x; per each black vertex of degree 1 +1 > 2, rooted

at a black vertex of degree a then Ry =t +t(S + S*+---) and Ryy1 = v, R

R=t+

12> 2
+ N
—
S X S X e X S

Figure 3.18: Decomposition at the root of the trees counted by R.

Since each subtree has at least one white vertex by assump-
tion the case of a single vertex cannot occur

1 >1

p— N
Sor X Sor X -+ X Sor
(R—1) (R—1) (R—1)

Figure 3.19: Decomposition at the root of the trees counted by S.

The system can easily be used to determine the first few terms of R and S

R=1t+ (143 + (1 4+ 3)*{1 + 23 + 20o(1 + 31) }t* + O(t*)
S = (14 &)t + (1 4+ 3)*{F + 2o(1 + 1) 2 +6(17),

where we have introduced for brevity the following notational convention @ = a/(1 —

a). We will continue using this notational abbreviation for the remainder of the
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section. We can also express the generating function S implicitly using the system
(3.31) (by elimination of R) as follows:

S:t%—Za:i(lfmS)iéS:t{l—inusiig)i} : (3.32)

i>1 i>1

Equation (3.32) is not yet suitable for Lagrange’s inversion. Let’s introduce the
auxiliary generating function ¢(¢) = ;51 (z; + 2i41)¢". Note that ¢(0) = 0 and it
can easily be verified that equation (3.32) is equivalent to the equation

S —

1 —x1—o(S5)

It follows that the conditions of Lagrange’s inversion theorem are met, so it may be
used to determine the coefficients of S. Before using the theorem let us first describe
the set up and make some additional comments on the variables. The initial terms
of S already suggest that the variable x; (counting 4-faces of the core or equivalently
2-valent vertices of the tree) will behave differently from the remaining variables
x; for ¢ > 1. Indeed, for a fixed number p of leaves the degree of x; for ¢ > 1
is bounded since an easy application of the identities in theorem (2.1.1) give the
relation p—2 = A3 +2X\4+ - - -, where ); is the number of i-valent vertices of the tree,
which implies ;11 < [p/i]. On the other hand, no such upper bound can exist for
the number Ay of 2-valent vertices since any edge of a balanced tree can be replaced
by a path of arbitrary length, while preserving the balancedness of the tree and the
number of leaves, introducing arbitrarily many 2-valent vertices. We will have to
treat the variable x, separately, so we will denote by z the truncated variable, namely
z = (z2,3,...). Let us make a change of variables t — x;¢t and determine the
coefficient of ¢t~ (Ry — z1t) = 1.5

~pt1 _ ~
e § = D {1 - (1 a)e ) (140
~p+1 ; - -
-nily (p;) (1 + 2 2 Cle@) (1 + O
— xlj{)-H p+l i § 1 ~ \$~i—S[p] fi—s+N 1 7\ s+2
=Sor 27 ) ) B )a e g

_:if+2(1+:i1)5*1 s p+i\(i\(p+s+1\_, .
T p+1 A Z: p J\s)livNr1)™ (3:33)

where we have introduce the notation s = Ao + -+ + Ay and N = Ao + -+ + kg1

Note that the expression is non-zero if and only if p > N and the summation is finite
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(it extends only to p— N +s). The final sum can also be expressed in terms of Jacobi
polynomials; but for the sake of brevity we will refrain from doing so.

We have so far been concerned with cores of simple quadrangulations. However,
the cores of simple quadrangulations and their irreducible counterparts are related
via the substitution relation, whereby every non-trivial path in the balanced tree
(corresponding to a nested sequence of 4-faces) is replaced by a simple edge. Conse-
quently, relation (3.33) can be used to deduce connection formulas between g, and
hs; for p > 3. On the level of generating functions the substitution relation dictates
introducing the change of variables 1 — x and x; — hy(41) for i > 1. Evaluating

the sums (3.33) for small values of p gives the first few relations:

gs(7) = 2° + 2°hg

gs(z) = 2 (1 + 22) + 42" (1 + x)he + 2*hg + 22" (1 + x)hg

qi0(z) = 2°(1 + 5z + 52?) + 52°(1 + 1) (2 + 3z )he + 52° (1 + x)hg
+ 152°(1 + 2)?hg + 2°hyo + 52°(1 + x)hehg + 52° (1 + x)?hi)

qi2(z) = 2%(1 4 22) (1 + 7o + 72?) 4+ 2%y + 62°(1 + 2)hyg + 32°(1 + 2)(5 + T)hs
+ 32%(1 + 2)hg + 22°(1 + ) (10 + 352 + 282%)he + 62°(1 + ) hghio
+422°(1 + x)*hghg + 212°(1 + 2)*(3 + 4a)hg + 212°(1 + x)*hhg
+ 562°(1 + x)*hg + 142°(1 + 2)>hg.

Clearly, gq, is expressed as a polynomial in hg,. The constant term can be explicitly
described in terms of the so-called Schroder polynomials, which we introduce next.

We will provide the combinatorial definition in terms of lattice paths.

Definition 17. A Schrider path is a lattice path from (0,0) to (n,n) composed of
three kinds of steps (0, 1) (east), (1,0) (north) and (1,1) (northeast), that does not
go above the line y = x. Let u, v, w be commuting variables. We define the weighted
Schroder number s®"* as the total weight of all Schréder paths from (0,0) to (n,n),
where each east step has weight u, north step has weight v and northeast step has
weight w. We define the Schrodder polynomials by s,(x) = sb®~! for n > 0, then

s = (—w)"s,(—uv/w) and we have

o) = jz:)(—mf Cat, (Z * ? ) 2 (3.34)

L+t —/(1+1)2—4at
S(t,x) =) su(a)t" = (2:” ) :

n>0
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(12,12) (12,12)

(0,0) (0,0)

Figure 3.20: A Schréder path and a modified Schréder path.

The modified Schréder polynomials §,(x) correspond to Schroder paths from (0,0)
to (n,n) that do not have any (northeast) step contained in the line y = x. The

following relation is easily established s, (z) = (x — 1), (z) for n > 1, so we have

T e o

o L=(2r =1t — /(1 +1)? —4at
B nz>:1 sn(@)t" = 2x(x — 1)t

It is easily checked that the constant term is expressible as a?™2(—1)P"15,(—xz).

The relations can also be inverted yielding connection formulas between ho, and
q2p- Indeed, if we denote by a; the coefficient of ¢ in S (x1t; ) then we can inductively
express x; for j > 1 as a function of @;; in particular, the initial coefficient is just Z;.
Let x; = b;(a1, ..., a;) and denote the generating function T'(¢;y) = >, b;(y)t'. Using

relation (3.32) we easily deduce the following functional equation for 7T":

. -1
— z; gl {t+1 — T(t; y)} =T =t {go ym;clifi} , where T' = 1it—T(t;y).
To simplify notation we again introduced an auxiliary function ¥(¢) = ;5 ¥i41¢"
Using Lagrange’s inversion we find the coefficients of T'; as before the variable y; has
to be treated separately, so we will denote by y the truncated variable. Since the
initial coefficient is simply #; the first connection formula is just y; = ;. Let us not
forget that in determining the coefficients of t 1 (R (x1t) — x1t) we also multiplied the

function S by z;, which corresponds in the “inverse” generating function T' to the

88



substitution vy; — 7 'y;. Performing these necessary modification yields

R 1 5 \—p—1 —(p+1)
[ Mtp+1]T ( _;9:0:)1 [ggcp] (1 + 1770—}?4:%)1)

=1)°(p+s\[s).—(2s ~ Nee
:§9+)1 (pp )(#)Il(z A+ 3) o,

where 0;; is the Kronecker delta and we have introduced the notation s = fio+- - -+ ft41

and po + -+ 4+ kpgpsr = N. Using the same substitution relation between irreducible
cores and simple cores as described above, we can easily determine the first few

connection formulas:

he(z) =2 3gs — 1

hs(z) = 2 "qs — 227 %(1 + x)qg + 1

hio(2) = 27°quo — 5277 (1 + x)gegs + 52~ (1 + 2)%¢g — 1
(z)

hia(z) = 2 519 — 3x_8(1 + x)qg — 6:L‘_8(1 + x)q6q10
+ 21271 4+ 2)2q2qs — 14 (1 + 2)%qs + 1

3.3.4 Generating function (¢, s, x)

We will go one step further in this section and determine the generating function
of pointed rooted irreducible quadrangulations. Using the first and second moment
method this will allow us to determine exact concentration results for the distribution

of the maximum vertex degree in rooted irreducible quadrangulations in chapter 4.

Definition 18. Let d be a positive integer. A d-pointed rooted irreducible quadrangu-
lation is a (d + 1)-tuple (q; vy, ..., v4) consisting of a rooted irreducible quadrangula-
tion q and d pairwise distinct distinguished vertices vy, . .., v, different from the root
vertex. Note that a linear order has been imposed on the set of distinguished vertices,
whereby two d-pointed rooted irreducible quadrangulations with the same set of
marked vertices but different order are considered distinct. Any rooted irreducible
quadrangulation equipped with additional marked vertices will simply be called a
multipointed rooted irreducible quadrangulation and a 1-pointed rooted irreducible

quadrangulation will simply be called a pointed rooted irreducible quadrangulation.

Let’s introduce the following quantities

Do(t,s) = Du(t,s,2) = Y h3,p(x)t"?s"

p,k>2
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Do (t,s) = o(t,s,2) = Y h3, ()P 2s"

pk>2
®;(t,s) = D;(t, s,2) = Y hgpk )P 25"
Pp.k>2
then t2®,(t, s, x) enumerates pointed rooted irreducible quadrangulations with a sim-
ple boundary of arbitrary length 2p (p > 2) satisfying property (3.3.1) whose distin-
guished vertex is a black boundary vertex e, t2®,(¢, s, x) enumerates pointed rooted
irreducible quadrangulations with a simple boundary of arbitrary length 2p (p > 2)
satisfying property (3.3.1) whose distinguished vertex is a white boundary vertex
o and t?®;(t,s,z) enumerates pointed rooted irreducible quadrangulations with a
simple boundary of arbitrary length 2p (p > 2) satisfying property (3.3.1) whose

distinguished vertex is an inner vertex, where (in all three cases) there is a weight

(i) « per each inner face,
(ii) v/t per each boundary edge,

(iii) s per each inner face adjacent to the distinguished vertex.

Note that the exponent of s is equal to deg v, — 1 if v, is a boundary vertex and deg v,
otherwise. Before continuing let us remark on our choice of partitioning the generating
function with respect to the position and colour of the distinguished vertex. We would
ultimately like to determine the generating function of pointed rooted irreducible
quadrangulations. Recall that an arbitrary rooted irreducible quadrangulation q
with root vertex of degree p is obtained from a rooted irreducible dissection q, of
the 2p-gon satisfying property (3.3.1) by connected sum with the quadrangular star
of degree p, q = q,#s,, which establishes a one-to-one correspondence between the
classes. Furthermore, note that connected sum leaves the valency of a distinguished
vertex unaltered if the vertex is inner, increases it by 2 if it is a black boundary
vertex and by 1 if it is a white boundary vertex. Therefore, if G(¢, s, z) denotes the
multivariate generating function of pointed rooted irreducible quadrangulations with
a weight = per face, weight ¢ per each face incident with the root vertex and a weight
s per each face incident with the distinguished vertex, then the relation between the

generating functions is:
G(t,s,x) = ®;(xt,s,x) + *P,(t,5,2) + 5P, (xt, 5, 7). (3.36)

Hence the division of generating function according to position and colour of the dis-
tinguished vertex is imperative if we are to correctly recover the generating function G

in the end. Since we are already counting separately boundary distinguished vertices
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according to colour and it does not present any more difficulties to do the same for
inner distinguished vertices, we further partition the generating function ®,(¢,s,z)
into two parts:

O,(t,s,2) = Dy o(t,s,2) + D o(t, s, 2)

according to the colour of the distinguished vertex (with obvious change in notation).
We record now the following simple observation, which will somewhat simplify the

succeeding discussion:

Lemma 3.3.11 Let t>¢(t,s) and t*y(t,s) denote the generating functions of those
pointed rooted irreducible quadrangulations with a simple boundary of length 2p (p >
2) satisfying property (3.3.1), whose distinguished vertex is the same as the black e,
respectively white o extremity of the root edge with a weight x per inner face, \/t per

boundary edge and s per each inner face incident with the distinguished vertex, then
D, (t,8) = 20(t, s) + tye(t, s) and Po(t, s) = 2¢(t, s) + tyy(t, s). (3.37)

Proof. Suppose the distinguished vertex is a black boundary vertex e, then for each
rooted irreducible quadrangulations with a simple boundary of total length 2p, there
are p ways to distinguish a black boundary vertex. Hence the relation between the

generating functions is

D.(t,s) = t_ljt [tho(t, s)] = 2p(t,s) + te(t, s).

The same argument applies verbatim to ®,(¢, s). ]

We have so far been counting classes of rooted irreducible quadrangulations ex-
clusively using the substitution approach. The same approach would in principle also
yield an expression for the generating functions ®,. However, using substitution has
some major drawbacks when trying to generalize the counting procedure to pointed
quadrangulations or otherwise. Indeed, there are two main ingredients needed to
be able to use the substitution technique successfully. Firstly, we need to be able
to describe in a deterministic manner the class under consideration in terms of a
simpler class and keep track of changes of the combinatorial parameters of interest
with respect to substitution. Secondly, we need to already know the corresponding
generating functions of the simpler class.

In the present case, using substitution would amount to determining first the
corresponding generating functions @, for the pointed rooted simple quadrangulations

with a simple boundary of arbitrary length 2p (p > 2) satisfying property (3.3.1)
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as well as the generating function (s, x) of rooted simple quadrangulations with a
pointed vertex. Finally, we would have to use the fundamental relations between the
generating functions to obtain a tractable expression for ®,. Although it is possible to
do so, it would lead to some very involved computations. Luckily, the decomposition
procedure described in theorem (3.3.3) can be suitably adapted so as to also apply
to rooted irreducible quadrangulations. We will describe now a direct approach to
counting rooted irreducible quadrangulations satisfying property (3.3.1) that does not
rely on substitution.

The recursion hinges once again on the cutting procedure described in the proof of

theorem (3.3.3) for the simple analogues. However, there are three marked differences:

1. Gluing two irreducible quadrangulations satisfying property (3.3.1) along a
boundary edge or a two-step boundary path can produce a separating 4-cycle

in the resulting map.

2. The special case of the cutting procedure (in either case (a) or (b)) when vertex
v has no other connections to boundary vertices apart from the trivial ones
(i.e. connections to the extremities of the root edge in case (a) and connection
to the white vertex of the root edge in case (b)) has to be treated separately.
Indeed, for simple quadrangulations removing the marked face incident with
the root edge left us with a generic simple quadrangulation with the required
properties counted simply by ®. However, for irreducible quadrangulations that
is no longer the case - the resulting irreducible quadrangulations with boundary

obtained by removing the marked face are not counted by ®.

3. The exceptional case (that will need to be subtracted at the end) will consist
of those gluings of blocks whose resulting map has boundary length < 4 since
the total boundary length of a dissection has been assumed a priori > 4 and
the only irreducible map satisfying property (3.3.1) of total boundary length 4

is by our convention the 4-cycle that has already been accounted for initially.

We can easily resolve problem (1). Indeed, gluing any two rooted irreducible
quadrangulations with simple boundary satisfying property (3.3.1) along a boundary
edge or two-step path e —o — e can produce a separating 4-cycle only if both maps are
4-cycles and have been glued as depicted below - referred to respectively, as exceptions
(I) and (II).

Due to problem (2) the cutting procedure as described in theorem (3.3.3) does
not immediately yield a tractable recursive decomposition of irreducible quadrangu-

lations. We will describe in what follows the necessary modifications. As is standard
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Exception (I) Exception (IT)

Figure 3.21: Exceptions (I) and (II) which produce a separating 4-cycle when gluing
two blocks of the decomposition.

we start the decomposition by looking at the unique face to the left of the root edge.
The quadrangulation may be reduced to a single faces (with a boundary length 4),
which is the exceptional case (E) that needs to be treated separately. Otherwise, we
are in the position as described in the proof of theorem (3.3.3), whereby we have to
distinguish between two cases depending on whether the white vertex incident to the
revealed face, other than the white extremity of the root edge, belongs to the bound-
ary of the quadrangulation or not. We will denote the black and white vertices of the
revealed face, other than the extremities of the root edge, by v; and w; respectively.

As already remarked the black vertex v; incident with the revealed face can happen
to have no non-trivial connections to boundary vertices. If this is the case we look at
the next (unique) inner face incident with v; and the white extremity of the root edge
and call v and ws its black and white incident vertices other than v; and the white
extremity of the root-edge. The black vertex vy cannot lie on the boundary because
of the first requirement of property (3.3.1), while the white vertex wy cannot lie on
the boundary or be connected to a vertex of the boundary otherwise v; would have a
non-trivial connection to a boundary vertex, violating our assumption. We consider
all non-trivial connections of vs to boundary vertices (noting that the decomposition
of theorem (3.3.3) goes through unchanged), unless none exist. In the latter case, we
apply the reasoning described for vertex v; to vs.

We continue revealing faces in this manner until we reach a black vertex with a
non-trivial connection to a boundary vertex. Since all the revealed faces are incident
with the white extremity of the root-edge and its degree is finite, we will ultimately
reach the final inner black vertex incident with the extremity which will necessarily

have a non-trivial connection to either a black or white boundary vertex, so the process
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Figure 3.22: The decomposition of maps enumerated by ®(¢) (and not reduced to
a single face). We continue revealing faces incident with the white extremity of the
root edge until we reach a black vertex with a non-trivial connection to a boundary
vertex.

will terminate after finitely many, say d > 1, steps. We will denote these cases by
(Aq) and (By), respectively. The inner black and white vertices of ith revealed face

are denoted by v; and w;, respectively, and satisfy the following properties:

o The black vertices vy, ...,v4_1 have no connections (single or two-step) to non-
incident boundary vertices, while the last black vertex vy has at least one non-

trivial connection to a boundary vertex.

o The white vertices wy, ..., ws have no connections to black boundary vertices.

Note that the initial and final block of the decomposition (which are necessarily dis-
tinct by property (i)) are the only blocks incident with any of the revealed faces.
Moreover, due to properties (i) and (ii) the final block will be a generic rooted irre-
ducible dissection satisfying property (3.3.1) and counted by ®.

We again consider the sequence ag, ay,...,ar (kK > 2) of the lengths 1 and 2 of
the (counterclockwise) successive connections of vy to the boundary vertices, where
1 indicates a simple edge connecting to a white vertex and 2 indicates a two-step
path connecting to a black vertex. We have ag = 1 since the first connection is from
vg to the white end-point of the root edge, whereas a,, = 2d — 1 in case (A;) and
a, = 2d in case (By). Unlike for simple quadrangulations whose individual blocks

were independent, the weights of blocks arising in the decomposition of irreducible
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quadrangulations are not independent due to exceptions (I) and (IT). We will therefore

partition the sequence ag, aq, ..., ax of connections as follows:

11---122---2---11---122---211---14 in case (Ay)
—— —_—

1 S1 Tk Sk Thi1
11---122---2---11---122---24 in case (By)
——— —— ————

1 S1 Tk+1 Sk41

where 14 and 2, indicates d faces have been revealed, and the parameters satisfy
73,85 > 1 (to avoid double counting), >, r; + >°;5; > 2 (since vy has at least one
non-trivial connection) and k£ > 0. Let us examine how the weights are assigned to a

sequence taking into account exceptions (I) and (II).

Figure 3.23: The grouping of blocks in the decomposition. From left to right are
examples of a white monochromatic sequence, a black monochromatic sequence and
an augmented monochromatic sequence.

It will be instructive to separate the generating function ® into two parts as
O(t) = x + Po(t), where y(t) is the corresponding generating function of those
rooted irreducible quadrangulations satisfying property (3.3.1) whose total bound-
ary length is > 6. We will assign the weight of a monochromatic sequence (where by
abuse of language we will refer to a sequence consisting solely of 1’s or 2’s as monochro-
matic). Furthermore, we will append the blocks arising from a consecutive one-step
and two-step connection to the adjacent sequence of 2’s (referring to it as an aug-
mented monochromatic sequence) since exception (II) affects only the weight of se-
quence of 2’s but not a sequence of 1’s. Let’s denote by w,(r) and w,(s), we(s) the
corresponding weights of monochromatic sequences and fully augmented monochro-
matic sequence of 2’s without exceptional blocks, where a block containing the marked
vertex (either as an interior or boundary vertex) will be called ezceptional. The fol-

lowing lemma describes the weight assignments and their properties:

Lemma 3.3.12 The weight of a monochromatic sequence w.(r) and we(s) without

exceptional blocks is given explicitly by

wo(r) =" (z + ®g)" (3.38)
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we(s) =Y (S N l) et (3.39)

0 \ ¢
Let we(s; x,y) denote the polynomial determined by the weight of a sequence of 2’s of
length s, then it satisfies the recurrence relation® we(s + 1) = ywe(s) + rywe(s — 1)
with initial conditions we(1) = 1 and we(2) = = + y and is given explicitly in the
following closed-form (where Fy are the Fibonacci polynomials):

ya(s) = (@)st+1(M) _ (y + VAxy + g;ii/%\ﬂlxy +2)5t  (3.40)

The weight of fully augmented monochromatic sequence is simply We(s) = twe(s+ 2).
Furthermore, denote with W, (t,z) and W,(t,x) the generating functions of the fully

augmented monochromatic weights, then

1

Wo(t,z) = ;wo(r) = m
Wo(t,z) = ;w.(s;x,@o) = % — tDy.

Proof. Let us start with a monochromatic sequence of 1’s of length r + 1. Since the
exceptions (I) and (IT) do not affect the weight of a block coming from two successive
one-step connections of vy to a white boundary vertex, the blocks are independent.
Hence the total weight of the sequence is just the product of weights of all of its r

individual blocks:

wo(r) = hl {Z th(x)(\/E)21'2} =11
i=1 j>2

On the other hand, to correctly assign the weight to a monochromatic sequence
of 2’s, we need to take into account exceptions (I) and (II). Given a sequence of 2’s of
length s, every two consecutive connections determine a block with weight x (if the
block is reduced to a face) or @, (if the block has boundary length > 6) and there
are s + 1 blocks. Exceptions (I) and (II) are equivalent to the condition that no two
consecutive blocks receive weight z. It will therefore be helpful to refine our weight
assignment according to the number of blocks with weight x.

Suppose s — 1 — 7 blocks receive weight &y, where ¢ > 0. The remaining 7 blocks

will receive weight © and must therefore be non-consecutive. Hence each of the s

6The weight polynomials have only been defined for positive s; however, the recurrence relation
may be used to extend the definition to all integers. The extended “polynomials” are we(0;z,y) =
g and we(—s — Li,y) = (~1)* (zy)"*wa(s — ;3,1).
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spaces between the blocks weighted by ®q can be filled by 0 or 1 block with weight
x. This can be done in Binom(s — 4,7) way, so the number of sequences of length s

with ¢ blocks of weight x is

s—1) St , s—1\ , ,
( , )xz 11 {Z th(x)(\/E)QJ“‘} = ( : >$1¢8_1_1~
5 i=1 | j>3 5

Summing over all i > 0 gives (3.39). Note that the sum is actually finite, since by
standard convention the binomial coefficient Binom(n, k) is non-zero only for 0 < k <
n. The last non-zero term is thus the |s/2]-th term.

The closed-form expression for the weight polynomials w,(s;z,y) follows from
the observation that the polynomials can be expressed in terms of the Fibonacci
polynomials Fy(x) defined by the recurrence relation Fyiq(z) = zFy(x) + Fs_1(x)
with initial conditions Fy(z) = 0 and Fi(z) = 1. Alternatively, it can be checked that
the polynomials w,(s;z,y) and the right-hand side of (3.40) both satisfy the same
recurrence relation and initial conditions.

Finally, note that verbatim the same argument also determines the weight of a fully
augmented sequence of 2’s of length s while taking into account exceptions (I) and
(IT). The only difference is that each term in the sum is also multiplied by the extra
factor t that comes from the initial and final block of the augmented monochromatic
sequence. The expressions for the weight generating functions are an easy application

of the formula for the geometric series. O]

Finally, the weight of the final block and a monochromatic sequence containing an
exceptional block or the final block (possibly both) will have to be treated completely
separately. We denote the weight of the final block by wi(d, g,a) and w}(d, g, a),
where the index indicates the colour of the boundary vertex incident with the root
face and adjacent to the final block, a is the length of the initial connection of the
final block and ¢ is the generating function of the exceptional block (we will include
the contribution of the marked faces in the weight of the final block). The weight of a
monochromatic sequence will be determined on a case-by-case basis, since it crucially

depends on the type of distinguished vertex. We have

Lemma 3.3.13 The weights w(d,a,g) and wi(d,a,qg) of the final block are

wi(d,a,g,7) =t Y7 goy(@)(VOT T ) = (VTN @r) Gan () (341)

j>d+1

wi(d,a,g,1) =Vt 37 gay(2)(VHP T = (VTP (ar) ! Garalt) (3.42)

j>d+2
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where [tP]g(t) = gop(t). The generating functions of the weights (summed over all

d > 1) can be expressed in terms of the generating function g(t) as follows:

S wi(d,a,g,r) = ar(yEy-e @) — 9@

dz1 T —t
> wi(d,a,g,1) = xr(ﬂ)5_aw
dz1 xr—t

We have successfully resolved problems (1) and (2). It remains to consider the
final problem. Note that the conventions set up so far prevent the creation of a map
of total boundary length 2, so we need only to worry about maps of boundary length
4. We can approach the issue either as in the proof of theorem (3.3.3), whereby at the
end we examine the decomposition for possible cases giving rise to quadrangulations
of total boundary length 4 and subtract their contribution, or we already impose the
restriction on the boundary during the counting procedure. We will do the latter
since it is easier to keep track of all the degenerate cases for each case separately
rather than trying to correctly describe them at the end (without omission or double

counting). There are exactly two degenerate cases for each d > 1 as depicted below.

Figure 3.24: The degenerate cases of the decomposition that yield a map of total
boundary length 4.

The following lemma will be used repeatedly to determine the total contribution of
a sequence of monochromatic blocks. It is essentially a generalization of the binomial
theorem and follows quite easily from the definition of multinomial coefficients (with

possibly restricted parts):
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Theorem 3.3.8 (S. Eger [20]). Let R = (R,+,-,0,1) be a commutative ring with
addition 4, multiplication - and additive and multiplicative identities O and 1, respec-
tively, and S C Ny a subset of non-negative integers. An integer composition m is
said to be S-restricted if every part of m belongs to S; we denote with €s(n, k) the set
of all S-restricted compositions of n with k. Let w : S — R be a given weight, then

S w(a) - w(wy) = [t {Z w(s)ts} : (3.43)
TEBs(n,k) ses

where m = (x4, ...,xx) in the initial summation.

We are now in a position to determine the full contribution of the decomposition.

We will consider first the case of marked boundary vertices.

Theorem 3.3.9. The generating functions ®4(t, s) and ®,(t, s) are completely deter-

mined by (3.37) and the functional equations obtained upon setting r = 1 in’

xlsﬁ(éj—_’— ((11 _’—': Zf))(( z))i)sg))) — zs(axr®o(zr) + wo(zr)) (3.44)
wolt) = SALDEL UL D) 5 yg gy (o)

1 —ter— (14+t)(1+2)P(t)
22 r(tr + (14 ¢)(1 + x) Do (t))

1 —te— (14+t)(14+2)Po(t)
where @o(t) = p(t) —xs, Yo(t) = Y(t) —xs and A, F(t) denotes the discrete derivative

with respect to t,

— (1 4 xsr)o(zr) (3.45)

t—a

Proof. Let us start with making a few observations. The separation into cases (Ay)
and (By), although convenient in the decomposition of simple quadrangulations, is
less natural from the point of view of binary strings of fully augmented monochromatic

sequences. A binary string essentially belongs to one of the following four classes:

N N — N N N —
r1 S1 Tk Sk Tk+1

S—— —_——

S1 T1 Tk Sk+1 Tk+1

"The meaning of the mysterious additional indeterminate r is easily deduced from the proof of
the theorem; its exponent in the generalized generating functions @, (¢, s,r) is equal to the number of
inner black vertices. We have decided to include it, since the refinement presents no more difficulty.
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ri>1,8>1 . ri1,s5>1
’ Can’t connect
to this vertex Yritds; =1 to this vertex ~~—yp- Yritysi=1
11--912-+.2-..2...21--- 114 k>0 11---12---2---2.-.21---12 k>0
e e N e e e
T1 81 Sk

Thi1 Sk Th+1

Can’t connect ri>1,5;>1 Can’t connect ri>1,8;>1

to this vertex g 27'i+25j >2 to this vertex ~_ EH‘FZSJ‘ >2
12-0:21---1---2.--21---114 E>1 1292121221124 k>1
e = " N~

ri>1,8>1 ri>1,8>1

Sty s >1 Sri+ysi>1
12--:21-+-1---1---12---21y E>1 12---21---1---1---12---22 k>1
el e = el e

s1 T2 Tk Sk s1 T2 Tk Sk

Figure 3.25: The case distinction.
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111“‘122"'2‘"22"‘211"‘122“'2€d
N——— —— ——— —— ——
1 S1 Sk Tk41 Sk+1

S1 T1 Sk Tk Sk41

where the final term is 1, in case (44) and 24 in case (By). Each class will have to be
treated separately and for k = 0 we will have to modify the contributions of the first
and last class, since the representation of the strings as described in the diagram is
not unique. We introduce the notation (E,(a), Fi(a,d),G.(a,d)) for the weight of a
(fully augmented) monochromatic sequence of type % and length a that contains an
exceptional block, the final block with d marked faces or both, respectively. We will
also write G, (a,d) for the weight of a (fully augmented) monochromatic sequence of
type * and length a that contains both the exceptional and final block and is the
unique sequence arising in the decompositions (i.e. when k = 0 in the first and last
case above). The exact expressions will depend on the generating functions and will
be determined in the course of the proof.

Suppose the marked vertex is a boundary vertex. Using lemma (3.3.11) it suf-
fices to assume that the distinguished vertex is an extremity of the root edge. If
the marked vertex is black e, this considerably simplifies the analysis of the total
contribution, since the final block is the only possible exceptional block of the decom-
position. On the other hand, if the marked vertex is white o we could assume the
distinguished vertex is the white extremity of the root edge, which would somewhat
simplify the discussion. However, as the proof of (3.3.11) shows we may also assume
the distinguished vertex is the white extremity of the opposite edge of the root (in
a clockwise description of the boundary); the resulting generating function is again
¥(t,s). The added value of the latter assumption is that the only exceptional block
of the decomposition is again the final block. According to the case distinction the

contribution of a sequence of blocks is then in both cases:

k
E* = Z Z GO(T, d) + Z Z* Z wo(rl + TkJrla Hwo r; H We Sz)
d>1r>1 d>1 k>1 ri,s;>1 i=1
k k1
+ Z Z Z We(51)Fo(Trt1,d Hwo(ri) H We(S;)
d>1k>07;,5,>1 i=1 =2
k+1 k
+ZZ Z Wo(ry + 1) Fo(Ska1, d Hwo (r:) H We(8;)
d>1k>0r7;,5;>1 i=1
k
+3 ) Gal(s,d) —i-zz > We(s1)Fe(sps1,d Hwo(n)Hw.(s
d>1s>1 d>1 k>1 ri,5,>1 i=1 =2
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Note that the initial terms of the first and final sum have been written out separately

to avoid double counting. We can simplify the sums using lemma (3.3.8) as follows:

5= { > F(r, d)} % + { > F.(s,d)} W"lW: JVFVW;V_ ! (3.46)

rd>1 s,d>1
+ Z Go(r,d) + Z Go(s,d).
rd>1 s,d>1

It remains to determine the weights F\(a, d) and G,(a, d). The weight assignments are
derived in a manner similar to the proof of lemma (3.3.12), so we will simply write
the appropriate expressions and leave the details of their derivation to the reader.
For the sake of brevity we will aim to present a uniform treatment of Fi(a,d) and
G.(a,d) irregardless of the colour of the boundary vertex; we should point out that
the general “form” of the weight is always the same, the only difference being whether
the revealed faces in case (By) contribute a factor s to the weight of the marked vertex
(if it is black ) or not (if it is white o). We have

FO(CL, d) = U)O(CL) {Swz(da ]-7 G7 T) + Swf(da 1797 7")}
F.(a,d) = Vtws(a + 1)[sw?(d,2,G,7) + Swi(d,2,g,1)] — 6415tr22G(0)Pgws(a — 1)

where (S, G, g) = (s, D, ¢) if the marked vertex is black e and (5, G, g) = (1,v,v) if
the marked vertex is white o. The combined weights are simply G (a,d) = Fy(a+1,d)

(since there are at least two blocks in the decomposition) and
Ge(a,d) = Fy(a,d) — 5a71t2rdxd+1(sG2(d+1) + Sga(a+2)) + Sa10a15t°r2*G(0)

where the first term has to be subtracted because it yields in the decomposition a
quadrangulation with total boundary length 4 (see figure 3.24) and the final term is
added by the inclusion-exclusion principle to correctly recover the weight. We have
also introduced the notation go,(x) = [tP~?]g(t, z) and Ga,(z) = [tP72|G(t, ). Substi-
tuting the expressions into formula (3.46) and using lemmas (3.3.12) and (3.3.13) (the
contribution W, should be treated with caution, since it is the generating function of
the fully augmented weights w,(s) not the monochromatic weights w,(s)) to simplify
the result gives (we continue working with (S, G, g) to avoid having to perform, what

are essentially the same, calculations twice):

> Fo(r,d) = art? WA, [stG(t) + Sg(t)]

8%1 Fu(s.d) = xrtl(f ‘(1‘1:1_ ;>Z)O®O)AM[StG(t) + Sg(t)] — m
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> Golr,d) = art?(Ws — 1) A, [stG(t) + Sg(t)]

r,d>1
> Gulont) = PO A )+ syt0) -

— t*x(xsrG(ar) + Sg(ar) — Sg(0)) + st*rz*G(0)

After substituting into (3.46) and simplification, we obtain the following formula of

the total contribution

22srG(0)

5 zr(l+1t)(z+ (14 x)P))
: 1—te—(1+t)(1+2)P

S l—tr—(1+t)(1+2)P
— S(g(2r) — g(0)) — a?sr(G(zr) — G(0))

A, [stG(t) + Sg(t)] —

Replacing (S, G, g) with appropriate values depending on the colour of the marked
vertex and simplifying we obtain the functional equations (3.44) and (3.45). O

As a check of our computations we may substitute s = 1 in the functional equation
determining the generating function (¢, s,r) (or ¢(t,s,r)). Since the position of the
distinguished vertex of maps counted by ¢ is fixed, as opposed to the maps counted
by ®;. and ®;,, we recover the generating function ®(¢, 7). After substituting s = 1

and rearranging the functional equation becomes

zr(z+ (L+2)P(?))(1+ A+ )1 +2r)A,Po(t) x’r
(I4+ar)(I—tx— (14+t)(1+2)Do(t)) 1+ ar

Dy(t) + xPo(ar) =

Multiplying both sides by the common denominator and simplifying yields a quadratic
equation satisfied by ® (¢, r) and ®(zr,r) (it should be kept in mind that we have writ-
ten the generating function of all dissections in the form ® = x+®). However, we pre-
fer to continue working with ®,. After completing the square we obtain an equation
of the form (2a®+b)* = A(t, z, 7). The right-hand side 2a®y+b = 0 admits a unique
solution t = a(x,r) € C[z,r], so a is a formal power series such that A|,—, = 0 and
0;Ai—, = 0. Eliminating the unknown function ®y(xr) between the equations gives
the resultant 16ra?(14+a)?z* (14+2)8(1+27r)3(r(14+2) —a)(a*+2zra® —ra+x(1+z)r?).
Clearly, o # 0,1 and «(0,r) = 0 so we conclude that « is a root of the quartic factor.
There are many possible parametrization, but introducing the functions R = R(z, y)

and S = S(z,y), where y = xr, defined implicitly by the system (the explicit series
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representations are easily derived using multivariate Lagrange’s theorem )®

R=z(1+S5)* R =y >

<2j+1> (22) i
. LTy
15020 1 t J

§=y(1+R)" ZZQH1<2H1> <2j>xzﬂ

i>05>1 J L

(3.47)

gives the most compact solution. Substituting into the quartic equation gives the so-
lution o = S/(1+ R), which upon substitution into A|,—, = 0, say, and simplification
gives two possibilities for ®g(zr). The correct solution is determined by examining
the first term of the expansion. We find the value of ®¢(zr) and associated singular
value ®(«) to be

1 1 RS
) = —-1- 4
o(@r,7) 1+x7“+ l+z 2?r(1+ R+ 5)3 (348)
@, ( &

)_ R?S? o R(1+R)
1+ R/ (1+R+S)2(R+(1+295)?) 1+ (14+R+9)?

The first equation is especially suggestive - after substitution (z,7) — (z., ;" z,)
and multiplication by z,x, we recover exactly R. C. Mullin and P. J. Schellenberg’s
formula for the bivariate generating function of rooted irreducible quadrangulations
with bicoloured vertices. Similarly, solving the resulting quadratic equation for ®(¢, r)
and making a similar substitution of variables gives exactly M. Drmota’s formula (see
[18]) for the trivariate generating function of rooted irreducible quadrangulations with
bicoloured vertices and a catalytic variable marking the degree of the root vertex. We
leave the details of verification to the reader.

However, the parametrization in terms of functions (R, S) is unfortunately incon-
venient for asymptotic analysis. We have found the following alternative parametriza-
tion (u,v) to be more amenable to singularity analysis. Furthermore, as u(1,z) = u(z)
where u(z) is the familiar generating function of Catalan numbers we will use the
same notation u for its bivariate generalization. Hopefully this will not cause much

confusion; the meaning will always be clear from the context. We have

14+wv —1 2j>ij
uU=2x , . . 'y
1— ;g z—l( J ><z—1

uv
I+u 2i 25 =1\ , .
v=y : => > ( )( . )w’yj
1—wuv =051 2]—1 —1 1

8Incidentally, the functions (R, S) have a well-known combinatorial interpretation. R = R(x,y)
is the generating function of black-rooted bicoloured binary trees counted according to the number
of black (weighted by x) and white (weighted by y) vertices and R = R(x,y) is the corresponding
generating function of white-rooted bicoloured binary trees.
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The closed formulas for the coefficients are easily obtained by using the connection

formulas between the parametrizations

(R,S):<U(1+U> v(l—f-u)) and (u,v)z( R S )

1l—uv " 1 —uw 1+S"1+R

Similarly, we can express the generating function of rooted irreducible quadrangula-
tions @ (zr) in terms of (u,v). If we were to perform Lagrange inversion to determine
the coefficient of x"y™ we would obtain exactly E. A. Bender and N. C. Wormald’s

formula for the number of rooted convex polyhedra (see [7]):

1 1 wv(1 — uv)

:1+:L’+1—|—a:r_ 22r(1+u)?2(1+v)?

O (xr)

We will provide a somewhat simpler rational parametrization of the generating
function. Having anticipated the subsequent discussion we have already been referring
to the point («, Po(r)) as a singular point. Indeed, the quadratic equation determin-
ing ®(t), can be viewed as an affine algebraic curve 6 in (¢, ®) with parameters (u, v)
(or equivalently, (r,x) but to avoid radicals it is more convenient to work with the
parametrization). It is easily shown that 6 is a quartic curve with a unique affine sin-
gular point (o, @y(r)) and two singular points at infinity [1: 0 : 0] and [0 : 1 : 0], all of
multiplicity 2 and with delta invariant 1 (meaning all singular points of € are ordinary
double points), which by the genus formula implies € is of genus 0. Consequently, it
is birationally equivalent to P'. We have found the following rational parametrization

gives an especially compact expression for the generating functions

T(l1+v—uv—(1+v)7)

u(l+v—r1)

u(1l — uv) (1 —uv —7)
14+uw)(1+v—uw) tA+u)(l+ov)(1—")

t =

q’o(t) ==

The correct branch of the function 7 = 7(t) is determined by condition 7(0) = 0 and

satisfies 7(zr) = uv(1 + u)~t. We can further simplify ®¢(t) as follows

_LjLL_ ol +utT)
S l4az 1+t tuv(l — uv)?(u+7)

Do(t) (3.49)

We leave the details to the reader. We should also like to point out that although the
simplification (@, ®,) — (¢, 1) was beneficial from a computational point of view, it
was also necessary. Indeed, as we shall see the functional equations determining the

generating functions ®;, and ®,, will depend on ¢ and ) not on ®,, ®,.
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Each equation involves an unknown generating function ®, (¢, s) and its specializa-
tion @, (x, s), so the indeterminate ¢ marking the boundary edges acts as a catalytic
variable. Note that the equations are linear in the unknown functions, so Tutte’s ker-
nel method is applicable. The next results give exact expressions for the generating

functions:

Theorem 3.3.10 (Generating function ®4(¢,s)). The multivariate generating func-
tion ®4(t, s, 7, x) enumerating rooted irreducible quadrangulations with a simple bound-
ary of arbitrary length 2p (p > 2) satisfying property (3.3.1) and a marked black
boundary vertex with a weight x per inner face, v/t per boundary edge, s per inner
face adjacent to the marked vertex and r per inner black vertex is given by (3.37) with
ts 7¢(r¢ —7—(+1—ww)
1+t)(1+s) wl+t)(1+s)(1—7-)

polt) = ( (3.50)
where T = 7(t,x, 1), ( = ((s,z,7) are implicitly determined by the following equations
and conditions 7(0) = 0 and ¢(0) = 0,

T(14+v—uv— (1+v)7) and s — C(1+U_UU_(1+U)O_ (3.51)

u(l+v—r1) v(l+u—()

t =

Proof. According to lemma (3.3.11) it suffices to find an expression for the correspond-
ing generating function ¢(t, s, 7) whose marked black boundary vertex is the root ver-
tex. We have found in theorem (3.3.9) a functional equation satisfied by the unknown
generating functions ¢(t, s,r) and @(xr, s,r) in which the indeterminate ¢ acts as a
catalytic variable. Note that the functional equation is linear, so it can be solved using

Tutte’s kernel method. However, we can prove bijectively the following identity

o(ar, s,r,x) = x5 + $o(xs, 7, 1) (3.52)
= x5+ r?sz? +1r35(3 + 8)a® + rPs(1 + 25 + 3r)2” + O(2®).

Indeed, the first term on the right-hand side accounts for the degenerate case of
the 4-cycle. Note that x%s?r?pq(xr,s,r, z) is exactly the generating function of all
rooted irreducible quadrangulations with a black root e and a weight x per face, r
per black vertex and s per face adjacent with the root vertex. On the other hand,
228*r?®y(zsr, v, x) is the generating function of all rooted irreducible quadrangula-
tions with a white root o and a weight x per face, r per black vertex and s per face
adjacent with the root vertex. Let n,,n, and n denote the number of black, white
vertices and faces of an irreducible quadrangulation, respectively, then n,+n, = n+2.
It follows (by an appropriate change of variables) that x?s*r?®(zs,r~1, zr) is exactly

the generating function x2s%r2pg(xr, s, 7, ), which proves the relation.

106



Alternatively, the same relation could also have been obtained using the kernel
method. Indeed, re-writing the functional equation (3.44) in the form K (¢,r)p(t,r) =
L(p(xr),t,r), it is easily checked that the kernel K(t,r) = 0 admits a unique power
series solution ¢ = [(r,s) € C[r,s] (it suffices to compare the coefficients of r"s™).
Unfortunately, the kernel is not a polynomial in the indeterminate t so it requires
some work to find the solution 3 explicitly. We have determined that the generating
function ®(¢,r) is a solution of a quadratic equation and can be expressed para-
metrically in terms of (u,v). Since both the kernel and the quadratic equation are
polynomials in the variables (¢, ®) we can calculate their resultant with respect to ®,

which yields
v(1+u)?(1+u—w)(1+v—uw)*(1+)((1+u)t — vl —uv))p(B, s, R, S),

where p is a quadratic polynomial in 5 (and s). It is easily checked that /5 cannot be a
zero of the first two factors, so it has to be a zero of the quadratic polynomial p. After
some straightforward algebraic calculations we find the correct solution (there are a
priori two possibilities, but the correct determination can be found by examining the

initial terms of a series expansion about the origin) to be

(1 =1 +v)§ —wv)
u(v+§)

14+ u—uv— (1+u))

flr,s) = v(14+u—¢§)

, wWhere xs =

The unknown function @g(xr) can be expressed in terms of the formal power series

B(r,s) as

B(B — ar) xr
1+as)(1+B)(B—ar+asr) 14z

polar) = ( (x+ (14 x)Po(ar)).

Having identified the unknown series (xr), we can substitute the expression in
the functional equation (3.44) and solve for p(t). Note that in terms of the parametric
functions (u,v) introduced above the substitution (r,z) — (r~!, xr) corresponds to

(u,v) = (v,u). After some tedious algebraic calculations we obtain (3.50). O

Theorem 3.3.11 (Generating function ®,(t,s)). The multivariate generating func-
tion ®4(t, s, 7, x) enumerating rooted irreducible quadrangulations with a simple bound-
ary of arbitrary length 2p (p > 2) satisfying property (3.3.1) and a marked white
boundary vertex with a weight x per inner face, v/t per boundary edge, s per inner

face adjacent to the marked vertex and r per inner black vertex is given by

_ws (- (1+v)(T+ )+ 14+v—uw)
142z v(14+v)(u(l+v) —u(t+¢) —7()

Wo(t) = (3.53)
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where T = 1(t,x,7r),( = ((s,x,7) are implicitly determined by the following equations
and conditions 7(0) = 0 and ((0) = 0,

T(1+v—uv— (14 v)7) and $ST:T(1+U_UU_<1+U)<)

b= u(l+v—r1) u(l4+v—)

(3.54)

Proof. Again by lemma (3.3.11) it suffices to determine the corresponding generating
function ¢ (t,s,r) whose marked white boundary vertex is the white extremity of
the root edge. The functional equation (3.45) satisfied by the unknown generating
functions ¥(t, s,r) and ¥(xr, s, r) is linear, but we can again avoid using the kernel

method by proving bijectively the following identity
W(xr, s, r,x) = s+ s®o(zsr,r, ) (3.55)

As before the first term on the right-hand side accounts for the degenerate case
of the 4-cycle. We find that z2sry(xr, s, r,x) is exactly the generating function of
all rooted irreducible quadrangulations with a white root o and a weight x per face,
r per black vertex and s per face adjacent with the root vertex. The relation follows.
Finally, substituting all the parametrizations in equation (3.45) and simplifying gives
the result. 0

Let us consider next the case when the marked vertex is an inner vertex. We can

derive the following functional equations for the corresponding generating functions

Theorem 3.3.12. The generating functions ®; o(t, s) and ®;4(t, s) are completely de-
termined by equations (3.37) and the following system of functional equations obtained

upon setting r = 1:

1+ )zl +2)r((1 4+ 2) A [(1 + 1) ®()] — 2?)

Dty s,r) = Atz — (11 D1+ 2)By)? D, (3.56)
(Dl L) A4+ 00 0)] = (0 )y 1)
Ut et L) o2 [0+ 0p(0)] + as%n(or)
P IR AL (14 thou(t)] = a1+ ) )
I?zjifj <(11++ t§><(11++ ;ﬁ(}) = s (1+ ar)po(er)

Do(ts 1) = (1+ t)z(1+2)r((1+ 2) Ay [(1 + ) (t)] — 2?) 5, (357

(1 =tz — (1 +t)(1 + 2)dp)?
(1+t)ar(z+ (14 2)P))
l—te—(14+t)(1+2)P

Ap (L4 1)®; ()] — 2(1 + 2r)D; o (ar)
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ar((14 z)y — 2?s
= tx((— {1 ﬁ)a n a;)>c1>0 Bor|(1+ 69 (0)
(1+t)z?sr?(z + (1 + z) Do)
I—te—(1+t)(1+x)P
L+ t)xsr(z+ (14 )P 9 ,
(1 — tx)— (g —i—t)((l n x)) ) Ay 0(t) — x=sr(l + xr)y(zr)
L (L Brle £ (L ) [(1+ ORf0))ol2rs + (14 2)0h)
Ltz — (L+ )1+ 2)B)?
B 2?sr(s + o)
l1—te—(1+t)(1+2)P

AL+ 9 ()] — ws(1+ zr)(r)

+ 2%5%(1 + ar)

Proof. We will apply the case distinction and use the notation introduced in the proof
of theorem (3.3.9).

Suppose the distinguished vertex is an inner vertex. There is unfortunately no
analogue of lemma (3.3.11) that would simplify the enumeration, so the computations
will be rather more involved. Still we would like to treat both cases as uniformly as
possible, irregardless of colour, to avoid spurious repeated calculations. However, let
us point out from the very start that the exceptional weights (E,, Fi, G.) will not
allow a uniform treatment (even their form will depend crucially on the colour of the
marked vertex) and there is an exceptional case of the decomposition that can arise
only if the marked vertex is black e and has to be treated completely separately. We
are referring here to the instance where vy is the marked vertex, so every block of the
decomposition is exceptional. We will postpone its analysis to the end. Excluding this
possibility, there is exactly one monochromatic sequence containing the distinguished

vertex. We will write the total contribution of each of the four cases separately.

= Y Go(r,d) + {ZFrd}{ZE }%

r,d>1 r,d>1 s>1
Wa(l — (We = YW,
+ Fo(r,d) Eo(r)p = Go(r,d) p 22
{T%I }{; } 1—WW {% } 1— W.W.

Instead of writing out the long summations involved in arriving at this expression, let
us rather explain how the counting is done. The initial and final term of the binary
string is a white monochromatic sequence and exactly one term of the string contains

the marked vertex by the foregoing discussion. We therefore have 4 contributions:

(i) The string consists a single white monochromatic sequence that necessarily con-
tains the marked vertex (the first term); otherwise, the string contains at least

three terms and at least one sequence of 2’s.
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(ii) The marked vertex belongs to a monochromatic sequence consisting of 2’s (the

second term);

(iii) The marked vertex belongs to a non-final monochromatic sequence consisting of
I’s (the third term) - caution must be taken in this case, to distinguish whether
the marked vertex belongs to the first term of the string or not, since the first

monochromatic sequence is always of length > 2.
(iv) Finally, the marked vertex may belong to the final term of the string (which

accounts for the final term).

The contribution of the second case is:

= { ;lFO(T d) } {;E }1 —V[lfoW.)2
+{§>:1Fo(rd}{;E }JVVW) {;lGrd}l_V;[//W

The initial term of the binary string is a black monochromatic sequence, while the
final term is still a white sequence. The three terms of the sum correspond respectively
to cases (ii), (iii) and (iv) (no additional consideration is needed in case (iii) since
the initial term of the string is a fully augmented sequence of 2’s). Moving on,
the contribution of the third case is:

W, (We — )W,
s {5 il B 5 ) (o) 0

s,d>1 s>1

+{§>F.(s d) } {Z;E }1i;Vg.V.)2

Finally, the contribution of the last case is

R R

s,d>1 s>1

+{§>:1F.(sd}{z>:lE }1—&% {Zasd}lf‘/{;‘/w

s,d>1

We deal next with the exceptional case when v, is a marked vertex. Since all the blocks
are of the same type, there are no “exceptional” blocks, so the total contribution is the
same as we would have if we were to use the decomposition to derive the functional
equation for the ordinary generating function ®(¢). To avoid introducing even more

unnecessary notation, we will retain the same notation as we have used so far, keeping
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in mind that every occurrence of ® should be replaced with ¢. The total contribution

in this case is thus

§%5)—— 2: C; T d ﬁ— 2: (; S d { E: f7 T d } 1}?};??/

r,d>1 s,d>1 r,d>1

+ { > Fu(s,d)

s,d>1

WW, +W, -1
1 - W. W,

The formulas of the exceptional weights are the same as in the case of a marked
boundary vertex with (S, G, g) = (s, ¢, ¢).

To complete the proof we need to assign the exceptional weights (E,, F,, G,, G.)
and substitute the expressions into the formulas of the contributions. The weight of a
non-final white sequence containing the marked vertex is obtained from the ordinary
weight w,(a) by pointing at ®y, which corresponds to taking the derivative with
respect to y, and multiplying the result by ®; .(¢,s). The same reasoning also works
for the weight of a black sequence if the marked vertex is black e. On the other
hand, if the marked vertex is white o we need to also take into account the possibility
that it coincides with a white vertex forming a two-step connection of the sequence

(meaning two blocks will contain the marked vertex). We obtain
EO(CL> = (a — 1)ta71($ + q)o)a72q)i7*<t, 8)

Eo(a) = ®;4(t, s) (%w.(a;x,y)

y=%o
On the other hand, if the marked vertex is a white inner vertex the second weight is
to be modified as

E.(a )—t{% (t,s Zw. we(a — k + 1) + 2xs1y(t, s)@oza:w.(k:)w.(a—k‘)}

k=1

+ O, .(t, ) ;Z/w.(a; x,y)
y=%0
where 1y(t, s) = 1(t, s) — sx. The convolutions in the last formula can further be sim-
plified by using the representation of the monochromatic weights w, in terms of the
Fibonacci polynomials. However, since we are ultimately interested only in the gener-
ating function of the exceptional weight E, we will not carry out the simplifications.
Note that we have committed a slight faux pax by not restricting the summation
of the exceptional weight F,(r) to indices r > 2, since assuming the marked vertex
belongs to the sequence implies the sequence contains at least one block. Fortunately,

the formula for F,(a) correctly returns the value 0 for a = 1.
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The weight assignment of the final monochromatic sequence that does not contain

the marked vertex is the same in both cases and is simply

Fo(a,d) = wo(a) {wi(d,1,®,r) +wi(d,1,P,r)}
Fu(a,d) = Vtwd(a+ 1) {wi(d,2,®,r) + w}(d,2,®,7)} — S41t*ra>Bowe(a — 1).

It remains to determine the weights G, and G,. We will have to treat separately the
cases when the marked vertex is a black inner vertex e or a white inner vertex o.
When the final monochromatic sequence is white, there are three possibilities for the
location of the marked vertex (corresponding in this order to the three summands).
Either the marked vertex belongs to a non-final block, to the interior of the final
block or is incident with a revealed face (we have suppressed r from the notation of

the final weights to conserve on space):

Go(a,d) = Es(a) {w}(d,1,®) +wi(d,1,P)} + wo(a) {wi(d, 1, P; ) + wi(d, 1, P;.)}
+ wo(a)st {<d - 1>w:(d7 179) + (d - b)wf<d7 1a g)}

where (b, g) = (1, ¢) if the marked vertex is black e and (b, g) = (0,%) is the marked
vertex is white o. Again the combined weight of a white monochromatic sequence is
simply Go(a) = Go(a+ 1) (since there are at least two blocks in the decompositions).
Finally, when the final monochromatic sequence is black, there is apart from the three
possibilities for the location of the marked vertex described above a fourth option. If
the distinguished vertex is white, it can again coincide with a white vertex forming a
two-step connection of the sequence and the two-step path is either disjoint from the

final block or incident with it. As such the weight assignment is
\ . 9
Ge(a,d) = \/¥<I>l-7. {wi(d,2,®,r) +wi(d,2,®,7)} a—w.(a +1;z,9)
Yy y=%o

0
— 0a1Piet’ra® —ywe(a —1;2,9)
t) ) ay _(b
y=%20

+Viwe(a+ 1) {w!(d, 2, Bia,r) + wi(d, 2, Dia, )}
+ Viwe(a + 1)s*(d — 1) {wi(d, 2, 0, 7) + w}(d, 2,¢,7)} .

if the marked vertex is black e. While

G.(CL, d) = \/E(I)Z'@ {w:(d> 27 (I),'T’) + U}f(da 27 (I)’?”)} ;w'(a’ + 17 Z, y)
Y

0
— 041 ®; o1 a—yyw.(a — 1 2,y)

y=%o

112



+ Viwe(a+ 1) {w(d, 2, D;0,7) + wi(d, 2, B;0,7)}
+Viwe(a+ 1)s {(d — Dw(d, 2,9, 7) + dw(d, 2,1, r)}

+P3(t, s) ai: We(k)Fo(a —k — 1) + zsiho(t, s)Po ai: we(k)Fo(a — k — 2)
k=1 k=1
+ xso(t, )Py ai:l We(k — 1)Fy(a —k — 1)
k=1

+ ﬁ{%bo(t, S)w°<a) + $Sq)0w0(a - 1)} {’LU: (dv 27 ¢7 ’I“) + ’LUf (dv 2a ,QZ}? ’I“)}

— (5d,1t2:v3327°<1>0w.(a - 1)

if the marked vertex is white o. The combined weight G, of a black monochromatic
sequence is then obtained from G, by subtracting the degenerate cases with total
boundary length 4 in order to properly recover the generating function. Hence
Go(a,d) = Go(a,d) — 5a,1t2rdxd“{hé’;d+1) + h;’(*dw)}
— 81t T (d — 1) gaasny + (d — b)gaasa) }
—(1— b)5a,1t2rdxd+ls{¢g(d+1) + Po@aro } + (1 — b)da10a15°t°r2?

where (b, g) = (1, ¢) if the marked vertex is black e and (b, g) = (0, ) if the marked
vertex is white o, and the last term vanishes if the marked vertex is black since
it corresponds to the case when the marked vertex coincides with the white vertex
forming a two-step connection, so it only arises if the distinguished vertex is white o.

Finally, all the weight assignment are to be substituted (with their appropriate
values depending on the colour of the marked vertex) into the formulas for the total
contributions X1y, X2y, X(3) and X4 of the four cases and added up. If the marked
vertex is black e, the exceptional case (5) must also be added to the final sum. After
a lot of tedious algebraic simplifications we obtain the functional equations (3.56) and
(3.57), respectively. O

Theorem 3.3.13 (Generating function ®; (¢, s)). The multivariate generating func-
tion @; o(t, s,7) enumerating rooted irreducible quadrangulations with a simple bound-
ary of arbitrary length 2p (p > 2) satisfying property (3.53.1) and a marked black inner
vertex with a weight « per inner face, \/t per boundary edge, s per inner face adjacent
to the marked vertex and r per inner black vertex is given by
rrr2(3

Pia(t) = tuv?(uv — 7()

(3.58)

where T = T(t,x,r) and ( = ((s,x,r) are defined as in the statement of theorem

(8.3.10) and 1, denotes the partial derivative of T = T(t,x,r) with respect to t.
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Proof. We have determined in theorem (3.3.12) the functional equation satisfied by
the unknown generating functions ®; (¢, s,r) and ®; (27, s,7) in which the indeter-
minate t acts as a catalytic variable. Although the equation can be solved using
the kernel method, the calculations are rather involved. We can prove the following

formula bijectively

(1+u+wv)¢*
wo(l4+u)(l —uwv)(1+u—2uv —u?v)(1+u—()

D, (a1, 5,7) = (3.59)
It suffices to show the following pointing formula (parametrization (3.59) follows by

integration and simplification)

0 {(msrt)QCI).(xs,t,r’l,xr)}

0 ) o ) »
S5 |(@r)?®; (ar)] = 20— [(wsr)*®o (s, 7 ,xr)}—a

ox

t=1"

We will prove the identity by introducing an auxiliary class of doubly rooted
irreducible quadrangulations. Indeed, we can interpret the left-hand side as the gen-
erating function of doubly rooted irreducible quadrangulations with a white root o
and a black root e non-adjacent to the white root with a weight = per face, r per
black vertex and s per face adjacent to the black root vertex. On the other hand, we
know that z2s?r?®(xs, 7!, xr) is the generating function of rooted irreducible quad-
rangulations with a black root e and a weight = per face, r per black vertex and s
per face adjacent with the root vertex, so the first term on the right-hand side is just
the generating function of all doubly rooted irreducible quadrangulations rooted at
a black and white vertex with s keeping track of the black root degree. In order to
correctly recover the left-hand side we need to subtract all doubly rooted irreducible
quadrangulations with incident black and white root vertices - it is easily checked
that the last term on the right-hand side enumerates exactly such maps.

Alternatively, we could have determined the root (s, r) of the kernel L(¢,r). The
calculations are done using similar ideas as in the proof of theorem (3.3.10), although

in the present case they are rather more involved. O]

Despite the complicated functional equation for ®; 4(t, s) we have obtained a pretty
simple expression for the generating function when expressed in terms of the auxiliary
maps 7 and (. Similar considerations will also yield a surprisingly simple formula for
D, ,(t,s). Note that via Tutte’s bijection, the generating function ®;,(t,s) is in a
sense a "proper generalization of ®(t) since the corresponding 3-connected planar

maps counted by it now have two marked vertices whose degrees are kept track of.
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Theorem 3.3.14 (Generating function ®;(t, s)). The multivariate generating func-
tion Pq(t, s, r) enumerating rooted irreducible quadrangulations with a simple bound-
ary of arbitrary length 2p (p > 2) satisfying property (3.3.1) and a marked white inner
vertex with a weight x per inner face, \/t per boundary edge, s per inner face adjacent

to the marked vertex and r per inner black vertex is given by
Bio(t) = x2s? () T,7C2 Tt 2?0 (1 4+ u+v) 723 (1 — 1)
(1+ x)? w?t  (14+v—7)(u(l+v)—u(t+¢) —7()

where 7 = T(t,z,7) and ( = ((s,x,r) are defined as in the statement of theorem

(3.60)

(3.3.11) and 1; denotes the partial derivative of T = 7(t,x,r) with respect to t.

Proof. We will use the functional equation (3.57) satisfied by the unknown generating

function ®;,(¢,s,r) and ®;.(xr,s,7) in which the indeterminate ¢ again acts as a

catalytic variable. We being by proving bijectively the following identity
x?s’ Cw(¢ u,v)

(I+2)2 02(1+0)%(1 —uv)(l +u—2uv — u?v)(1 — ()?

where w((,u,v) = (1+v)(1+u+0v)(((+u—1)+(14u)(uwv—u—1)(— (vv—1)(1+

u — 2uv — u?v), which is a direct consequence of the following pointing formula

D, o (xr) = (3.61)

s(‘i [9”27"2<I>i,o(xr)] = Qxaé; {$232T2‘P0($8T7 T x)} ot {x%%%@"(mr’t’r’ x)]
_ 8603 [x2327“2<130(1‘37", T, :L‘)]

We again introduce the class of doubly rooted irreducible quadrangulations. Clearly,
the left-hand side can be interpreted as the generating function of doubly rooted irre-
ducible quadrangulations with two white roots o that are not adjacent to a common
face with a weight x per face, r per black vertex and s per face adjacent to the second
root vertex. On the other hand, we have already shown that z2s*r?®q(xsr,r, x) is
the generating function of all rooted irreducible quadrangulations with a white root
and a weight x per face, r per black vertex and s per face adjacent with the root
vertex so the first term on the right-hand side is simply the generating function of
all doubly rooted irreducible quadrangulations rooted at two (distinct) white vertices
with s keeping track of the degree of the second white root. We need to subtract
the double rooted maps whose white root vertices are adjacent or equal, which are

accounted by the second and the third term respectively. O

We can refine relation (3.36) to account for the colour of the marked vertex, giving

the system of relations
Go(t,s,7) = 221 ®; J(tar, s,7) + 22> *r? @, (tar, s,7)
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Go(t,s,7) = 221 ®; ,(tar, s,7) + t2xsr° D, (tar, s, 7).

Using the explicit formulas for the generating functions derived in the previous theo-
rem this allows us to express the multivariate generating functions G (t, s) and G,(t, s)
enumerating rooted irreducible quadrangulations with a marked black e (respectively
white o) vertex and a weight = per face, t per face adjacent to the root vertex, s per
face adjacent to the marked vertex and r per black vertex. Since the formulas are
rather involved we will refrain from writing them out.

We are finally in a position to derive an expression for the generating function of all
rooted pointed irreducible quadrangulations. We will no longer distinguish between
black and white vertices since we are allowing the distinguished vertex to be of arbi-
trary colour. Furthermore, it would lead to messy formulas because the parametriza-
tion of the indeterminate marking the degree of the pointed vertex depends on the
colour of the distinguished vertex. Specializing the last formulas to » = 1 amounts to

the substitution v = u, which yields

Corollary 3.3.2 (Generating function G(t,s)) The multivariate generating function
G(t, s) of rooted irreducible quadrangulations with a marked vertex (distinct from the
root vertezx) with a weight x per face, t per face adjacent to the root vertex and s per

face adjacent to the marked vertex is given by
G(t,s) = 2028 @, (tr, s) + t?°2°sD (tx, s) + 222D, o (tx, 5) + 227D, . (t, 5)

where T = a(t,x) and ¢ = afs,z) with functions a = a(t,z) and u = u(z) defined
implicitly by the following system of equations and conditions a(0) = 0,u(0) = 0:

l+2z—(14+u)a
l+u—a

rt=a and r = u(l —u) (3.62)

Unfortunately the direct decomposition does not seem to be well suited to count-
ing multipointed rooted irreducible quadrangulations with arbitrarily many distin-
guished vertices. The main problem stems from the separation of vertices into inner
and boundary, which necessitates a distinction of cases. As soon as there is more
than one pointed vertex (apart from the root) due to two-step connections arising
in the decomposition, depending on the location, a pointed vertex may change from
inner to boundary. What’s more if some inner distinguished vertices become bound-
ary vertices of a block, their relative position is predetermined, e.g. when counting
irreducible quadrangulations with two marked vertices one of the cases in the decom-

position requiring special consideration is when both marked vertices are inner, white
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and coincide with the white vertices of two consecutive two-step connections of the
decomposition - the corresponding block will now have two marked white boundary
vertices whose relative distance on the boundary is equal to 2. It is unclear how fixing
the relative position of marked boundary vertices affects the generating function.

As far as we can tell the decomposition procedure described above for rooted
irreducible quadrangulations is also one of the first direct approaches to counting
irreducible quadrangulations. A direct bijective approach has been described by E.
Fusy, D. Poulalhon and G. Schaeffer in [27] through a bijection with (a subset of)
bicoloured binary tress. Unfortunately, we have been unable to keep track of vertex
degrees under the bijection, so our results do not seem to be derivable directly from
the bijection. Another related result is the direct decomposition of 3-connected pla-
nar maps (also called c-nets) described by M. Bodirsky et al. in [8] which would in
principle, via Tutte’s bijection, yield a direct decomposition of irreducible quadrangu-
lations. However, their analysis is rather complicated and relies on several auxiliary
generating functions so it would be messy and cumbersome to translate it into the

language of quadrangulations.

3.4 Enumeration of 2-neighbourhoods

3.4.1 Cut-and-paste technique

Recall that the probability of observing a given neighbourhood k depends crucially
on the location of its diagonals, i.e. inner two-step connections between boundary
vertices labelled r that are not incident to the same boundary quadrilateral. We
will say that a diagonal between boundary vertices v and v with inner vertex z is
trivial if x is also connected to every boundary vertex labelled r between v and v in
a counterclockwise direction around the boundary of k. It is a simple consequence of
irreducibility, that a root neighbourhood of an irreducible quadrangulation has only
trivial diagonals at the boundary. Note that the result excludes 1-neighbourhoods.
However, a 1-neighbourhood of the root vertex in an irreducible quadrangulation is

just a quadrangular star s, of degree p = dege_.

Lemma 3.4.1 Let k be the r-neighbourhood of a rooted irreducible quadrangulation

q with a simple boundary, then k has no non-trivial diagonals provided r > 1.

Proof. The proof is purely topological. A diagonal separates the neighbourhood into
two connected components by Jordan’s curve theorem and the root is contained in

the interior of exactly one of the components since we assumed r > 1. It follows
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Figure 3.26: On the left is an example of a non-trivial diagonal (in red) and trivial
diagonals (in black). Notice that the trivial diagonals are “nested” and the outermost
one delimits a sequence of quadrangular faces with a common apex, which will be
called a p-fan (where p is the number of faces making up the fan). On the right
is the figure accompanying the proof that a root neighbourhood has no non-trivial
diagonals.

that all the boundary vertices of the second component have to be connected by a
simple edge to the interior vertex of the diagonal, otherwise their distance to the root
vertex would be > r contradicting the assumption that k is an r-neighbourhood. Now
irreducibility reduces all the resulting quadrangles to faces, meaning the diagonal is

trivial (see figure below). O

We have described in the previous section a direct decomposition approach to
counting rooted irreducible quadrangulations satisfying property (3.3.1), which seems
tempting to use to enumerate rooted neighbourhoods according to their diagonal
structure. However, the decomposition is not well suited to counting rooted irre-
ducible quadrangulation with simple boundary satisfying property (3.3.1) according
to the degree sequence of all of its black boundary vertices (the blocks in the de-
composition would no longer be independent, which would lead to messy formulas
and a generating function depending on infinitely many variables). We will therefore
approach the problem differently.

We will associate to each r-neighbourhood a certain integer composition that will
exactly encode the (diagonal) structure of its boundary. Integer compositions and

partitions are well-studied and ubiquitous in enumerative combinatorics. Before we
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describe the encoding we will provide for convenience sake a short recap of their main

properties and set up our notation.

Definition 19. A partition of a positive integer n is a finite non-increasing sequence
of positive integers A\;y > Ay > --+ > Ay such that >, \; = n. The \; are called the
parts of the partition. We will denote the partition (A1, Ag, ..., As) by A, and we shall
write A - n to denote “\ is a partition of n”. Let e;(A) be the number of parts of A that
are equal to 4, then we will write A = (A1,...,\;) and A = (1%, ..., k%) to distinguish
whether the partition is given in terms of its parts or exponents, respectively.

An integer composition of a positive integer n is a finite sequence of positive inte-
gers my, Mo, . .., e such that >°, m; = n. The 7; are called the parts of the composition.
We will denote the composition (7,7, ..., m) by m, and we shall write 7 = n to
denote “m is a composition of n”. We will denote by 6(n,{) the set of all integer
compositions of n with ¢ parts and by 6€(n) the set of all integer compositions of n;
it is well-known that their cardinalities are
n—1

#B(n,l) = (E B 1) and #€ = 2" 1.

We can associate with every integer composition 7 a unique integer partition A ob-
tained by arranging the parts of the composition in a non-increasing order of magni-
tude. The partition A (or A) will be called the type of the composition 7. We denote by
G(ei,...,er) the set of all integer compositions of type A (we have the relations
n=e;+2e+---+ke,and { =e; +es+ -+ ¢e); its cardinality is

l 14
S (TN

Given two integer compositions p and 7 of the same length ¢, we write 7 < pif 7; < p;
for every i = 1,2, ..., ¢. The multivariate generating function Cy(¢; z) of compositions
of length ¢ with a weight t; marking the size of the ith part and weight z marking

the sum of the parts of the composition is easily determined to be

tl...tng
(1 —zty) -+ (1 —zty)

Cg(tl, e ,tg; Z) =

Recall that q is a rooted irreducible quadrangulation and k is an r-neighbourhood
of k with radius > 1. Since k has no non-trivial diagonals its boundary consists of a
sequence of quadrangular fans. Since q is rooted we can mark (in some deterministic
way) one of the quadrangular fans and root the neighbourhood at the unique left-most

vertex of the boundary corresponding to the marked fan (the precise location of the
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root edge is not really important as long as it is chosen in a deterministic way). We
associate to k the composition parameter composed of the sizes of fans, enumerated
in a counterclockwise direction, starting with the marked fan (see figure below). We
will always assume from now on that any root neighbourhood has been equipped with
this additional data.

According to lemma (3.3.4) the admissible complements of a given rooted proper
irreducible quadrangulation k depend only on the diagonal structure of k, which is
now encoded in terms of its composition parameter. In other words, the set of admis-
sible complements of any two proper irreducible dissections k and s with the same
composition parameter are equal. We will say a rooted proper irreducible quadran-
gulation s is m-admissible if the connected sum k#s is an irreducible quadrangulation

for any proper irreducible dissection k with composition parameter p.

T=(81,2,1,1,1,6,4)

Figure 3.27: The assignment of a composition parameter, where the arrow indicates
the distinguished initial fan.

Definition 20. Let p > 3 be a positive integer and 7 |= p a composition of p of length
0. We denote by ¢(m; x) the generating function of all rooted m-admissible irreducible

dissections of the 2p-gon and we introduce the following quantity

Qulty,.. .. tpx) =Y > qlma)] -t (3.63)

P weB(pl)

the multivariate generating function of all w-admissible rooted irreducible quadran-
gulations with combination parameter of length ¢ with a weight x per inner face and

a weight t; per each term ¢ of the composition 7.
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The main result of this section is the following relation between the multivari-
ate generating function Q,(¢; x) of m-admissible rooted irreducible quadrangulations
and the multivariate generating function Cy(¢; z) of compositions. Before stating the
theorem let us pause to introduce a final crucial operation on formal power series,

namely the Hadamard product.

Definition 21. Let A(z) and B(z) be (formal) power series about the origin with

series expansions

A(z) => a,z" and B(z) = ) _b,z".

v>0 v>0
The Hadamard product of A(z) and B(z), usually denoted by A(z) ® B(z), is the
formal power series
A(z) © B(z) = Y ayb,2".
v>0
Although Hadamard product is not easily evaluated for the case of general gen-
erating functions A(z) and B(z), in the case, A(z) say, is a rational function partial
fraction decomposition and the following easily proven lemma allows for a simple

computation of Hadamard products.

Lemma 3.4.2 Let F(z) be a formal power series about the origin , t € C an arbitrary
complex number and r > 0 a non-negative integer, then

Z’I’

F(2) Ozm

ZT
— =
= F\"(zt).
Theorem 3.4.1. The multivariate generating function Q.(t;x) of all m-admissible
rooted irreducible quadrangulations with combination parameter of length ¢ with a

weight x per inner face and a weight t; per each term i of & is given by
Qe(z ™ W(2ty), ..., x "W (zty)) = Q(2) ®, Cylty, ... 1y 2) (3.64)

where U(t,x) = (1 + 2 Yt 1Q(t,x) — 2% and © denotes the Hadamard product of

generating functions.’

Proof. Let k be a rooted proper irreducible dissection of the 2p-gon with combination
parameter . We will assume that the black boundary vertices of k are labelled from
1 to p in a counterclockwise direction around the boundary starting with the black

extremity of the root edge. We will also adopt the convention that the boundary

9The meaning of the indeterminate z appearing in formula (3.64) can be deduced from the proof;
its exponent is equal to half the total length of the boundary of an admissible complement.
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vertices of any k-admissible rooted irreducible quadrangulation s inherit the induced
labelling of k coming from the connected sum operation (note that the root-edge of
s is thus uniquely specified).

The proof of equation (3.64) is based on the following simple observation: an
arbitrary proper irreducible quadrangulations s of the 2p-gon is either k-admissible
or else it has a certain set of diagonals in common with k. We assign to k the set

Diag(k), which we call the principal diagonal set, defined as the Cartesian product
Diag(k) = 6(m1) x -+ x (),

where m = (m,...,m) and B6(7) denotes the set of all compositions of 7. We will
justify the name of the set Diag(k) by associating to each element (d;, ..., d,) a unique
set of diagonals of k. According to lemma (3.4.1) the dissection k has no non-trivial
diagonals, so it suffices to justify that the set of all possible diagonals of a u-fan is in
one-to-one correspondence with the set 6(u) of all combinations of . However, the
set of diagonals of a fan is just the set of all subtrees containing the apex which can
equivalently be encoded by compositions.

Let d € Diag(k) be a diagonal set. We introduce the auxiliary generating function
e(d; z) of all rooted proper irreducible quadrangulations of the 2p-gon, which have
apart from the diagonals between consecutive white boundary vertices, whose exis-
tence follows the definition, exactly the diagonals d in common with k with a weight x
per inner face. Since Diag(k) is in one-to-one correspondence with all possible subsets
of diagonals of k, the observation gives the following relation between the generating

functions

ap(r) = D elds). (3.65)

deDiag(k)
It remains to determine the auxiliary sequence {e(d)} of generating functions. We use
the cut-and-paste technique depicted below. Let k; denote the length of composition

d; of the diagonal set d, then the auxiliary generating function is given by

e(dsw) = a~ Mg ((ky, - ko)) [T w(dy) (3.66)

where the weight is given by w(a) = [t4]¥ (¢, z) with U(¢,z) = t "} (1+27 1) Q(¢, z) —ta?
and extended to sequence termwise as w(ay, ..., a,) = w(ay) - w(a,).

Plugging (3.66) into the recurrence relation (3.65) and grouping together all the
terms with the same ¢, we obtain

wp(r) = > ama) [T D awlan) - wlair)

1,<7<m i B(m,Ti)
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Figure 3.28: The cut and paste decomposition of the auxiliary sequence e(d; =) of gen-
erating functions. The inner region (shown in red) can be filled with any proper rooted
irreducible quadrangulation with combination parameter (ki,...,ky) with boundary
quadrilaterals removed, while each part corresponding to a set of common diagonals
(shown in blue) is either a face with contribution ¢z if its total boundary length is
4 or [t"H)(1 + z71)(Q(¢t, z) — t*2?) if its boundary length is 2(a + 1) > 4 (the factor
(1+ 27 1) accounts for the possibility that the face corresponding to the diagonal can
either be present in the map or not).

=[] Y alma){aT )} {aT ()}

1,<7<=w

Sl ]S gz ) e ()} e Bt )

lg <z

= [t 't?Z]Qg(ZL‘_I\If(tl, z),..., Uty x))

where equality () follows from the observation x='W(¢, ) = t + 6(¢?) meaning that
only terms with composition parameter < 7 contribute to the coefficient of ¢7* - - - ¢;*.
Multiplying both sides by 2P, using p = 7 + - -+ + 7, and summing over all (p, )
gives the identity (3.64). O

Lemma 3.4.3 The (formal) power series x W (t,x) = t a7 (1 + 27 )Q(¢, z) — tx
has a unique compositional inverse (t,z) € Z[t,x] given explicitly as follows

1+
20(1 4 xt)(1 4+ u)?

— (xt — u)\/u2x2t2 —2(1 4+ 3u+ 3u?)uxt + (1 +u — u2)2} .

Y(t,x) = — {um2t2 —ot(1+ 3u + 4u?) —u(l +u—u?) (3.67)

The inverse ¥(t,x) has a unique singularity of minimal modulus at x = xo for each

t € 2D and admits a singular expansion of the form
t(t + 84)

Y(t,r) = =20t ag(t/4) + 1601 4) + B(H) X% — 20t as(t/4) X3 + 6(X?).

123



Proof. We have already remarked that the first few terms of the expansion about the
origin of the power series are x 'V (¢, ) = t +06(¢*) so a compositional inverse ¥(t, x)
(with respect to t) exists and is unique. Using the quadratic equation (3.9) derived in
theorem (3.3.1) and fundamental relation (3.13) we can first find a quadratic equation
satisfied by Q(t) and then deduce a quadratic equation satisfied by z=1W(t). Making
a substitution t — ¢ (t) yields a quadratic for the compositional inverse 1 (t) with two
solutions of which only one is of order ¢ + 6(¢*) and given by (3.67). We leave the
details to the reader.

The final part of the lemma concerning the singularity structure of (¢, z) follows
from lemma (3.3.7), keeping in mind that the polynomial appearing under the square-
root is o(xt, x) so the critical t-value t; is now zgt; = to, while the singular expansion

can be derived using Mathematica. O]

An astute reader will have already noticed the remarkable similarity between
the compositional inverse ¢ (¢, x) and the generating function ®q(zt,z) of all rooted

irreducible quadrangulations. Indeed, by direct inspection we have

t(1 — x?t)

v(t,z) = 14 at

—t(1 4 x)Pg(xt, x). (3.68)

An interesting corollary of theorem (3.4.1) and lemma (3.4.3) is that the multivariate
generating functions @), are completely symmetric in the variables (¢4, ..., t,) marking

the valency of black boundary vertices. Consequently,

Corollary 3.4.1 Let k be an r-neighbourhood, then the number ¢y (N) of k-admissible

quadrangulations with N faces depends only on the partition parameter \ of k.

We can now write explicitly a formula for the generating function Q,(t) by noting
(according to the definition of ) that Q(v(t)) = 22(1 + )~ (z(t) + t)1(t), so

Qb ostin) = g Sveent) +0) 11 s
o 1l+4a ;tld}(u)j:g#i Y(t) — ¥(t) o

It is possible to show that on an appropriate slit domain (which corresponds to
taking the principal value of the square-root in the definition of v (¢)) the function
¥(t) is schlicht for each fixed x € (0,z). However, we can avoid the unnecessary
calculation involved in checking univalence by using the following simpler argument.

The formula (3.69) makes sense for any (t1,...,t,) with pairwise distinct coordinates
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and can be made precise even for arguments with some coordinates equal by a limiting
process. Hence, apart from singularities of ¢(¢, z), the only possible source are zeros
of denominators. We will show that there exists e > 0 and ¢ € (0, 7/2) such that

%D(ti - f(s) 40
for any © € A(e,¢) and t,s € 2D. Indeed, using relation (3.68) we can write the
difference quotient in the form

V() —(s)  1—a?(s+t+ ast) (1 (A +2)(X + sz)(1 + tw) tPo(at) — S®O(xt)>

t—s  (1+sz)(1+tx) 1 —2%(s+t+ wst) t—s

Note that trivially (using say triangle inequality) the initial factor is well-defined and
non-zero on (t, s, x) € 2D x 2D x A(e, ¢) provided € > 0 is small enough. On the other
hand, the subtrahend of the second factor can be expanded in a power series about
the origin with respect to (¢, s,z) and has non-negative coefficients. This is clearly
true for the difference quotient of ¢t®(xt) since its coefficients are non-negative (using
their combinatorial interpretation) and it is easily checked by the binomial theorem
that the same is true for the factor (1+sz)(1+tx)(1—2*(s+t+xst))~!. Furthermore,
both series are absolutely convergent on 2D x 2D x z,D. It now follows easily using
lemma (3.1.2) that the maximal value of the subtrahend on 2D x 2D x z,D is achieved
at the point (2,2,1/4) and is equal to 13/33. It follows (by continuity) that there
exists some € > 0 (sufficiently small) and ¢ € (0, 7/2) such that the difference quotient
is non-zero for [t],|s| < 2 and x € A(¢,¢).

As such on the ¢-torus D(to)¢ the unique singularity of minimal modulus occurs

at zo and we can easily deduce the singular expansion about xg to be of the form
ai(t) + as(t)(1 — 4x) + az(t)(1 — 42)*% + O((1 — 4x)?)

The first few terms in an expansion of the dominant term about the origin are

@ 1 LT L2651 PREL .
3\ T 5500 T 31959212 T 5o5000 312 T ga5000 22

@ 1 .99 L 17923 L 20739 .
a = 76 76 PREPI,
A= 195900 T 195000 ™) T 3125000 ™) T 3125000 %212

@ 11 L 578 L 395821 | 434003 .
o = ——e —e ————¢ —————

ST 10007 M9) T 6250000 A T 625000000 A T 62500000 22t

where we have used the standard notation for elementary symmetric polynomial
ex(ty,....t,) of a partition A with r parts. The formulas clearly reflect the obser-
vation of corollary (3.4.1). We are precisely in a situation where the transfer theorem
may be applied to deduce an asymptotic expansion for the coefficients of the gener-

ating function Qy(t; ). We summarize our findings in the following lemma:
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Lemma 3.4.4 Let { > 3 be a fized positive integer and tq,...,t, € [0,ty] then the

coefficients [x"|Qo(t; x) admit the following asymptotic expansion

3
[2"]Q(t; x) = mag(z)n_5/2xa” (1 + @(n_1)> as n — 00. (3.70)

In particular, if A denotes a (fixed) partition with ¢ parts and we denote by c¢()\)
the coefficient of ey in as(t), then the coefficients [2"]g(A; x) admit an asymptotic

expansion of the form

[2"]q(X; ) =

3
4\/%0(3)71_5/%5” (1 + @(n_1)> as n — 00.
For future reference we will also denote by a(A) and b(A) the coefficient of ey in
a;(t) and as(t), respectively. Hence the generating function ¢(\;z) of A\-admissible

quadrangulations admits a singular expansion of the form

g ) = a(d) + BA)X? + cA)XP + 6(XY).

3.4.2 Generating function Ny(t, z, x)

We introduce the final generating function of rooted irreducible quadrangulations
that will be needed in the sequel. Let Ny(¢, z, ) denote the multivariate generating
function of rooted irreducible quadrangulations with a simple boundary of arbitrary
length 2p (p > 2) satisfying property (3.3.1) with a weight = per inner face, a weight
vz per boundary edge and weight ¢ per inner quadrilateral adjacent to a black bound-
ary vertex (in other words, the exponent of ¢ in Ny(t, z,x) is the total degree of all
black boundary vertices).

Alternatively, we can also view Ny (¢, ztz, x) as the multivariate generating function
of all rooted irreducible quadrangulations with a weight x per face, a weight z per face
in the 1-neighbourhood of the root and a weight t per face in the 2-neighbourhood
of the root. The following theorem provides an exact expression for the generating

function:

Theorem 3.4.2. The multivariate generating function Ny(t, z,x) counting rooted ir-
reducible quadrangulations according to the number of faces and the volume of the 1-

and 2-neighbourhood of the root vertex is given by

No(t, 2,2) = 1 QU+ 2)0(1,2), 2) = 2(1 = 2)QU(1,2), 7) = 2P Qu (1,2), 2
= 22 (3% 4+ 3t12® + (£ + 3t°)ab + (6t + %)z 4+ -+ +)
+ 24ttt 4 2t + 890 (4t 41265 + 6t%)2" + .- -)

+ 22 (t°2° + 528 + (5t° + 15t%) 2T + ) + - -
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Proof. Using lemma (3.4.2), the generating function Ny(¢, z, x) is given by

5(t, 2, ) Z/Q )= Ol o Q¢ )
o - ; .
>3 >3 (=11 a¢ C=(t)
Re-arranging and using Taylor’s theorem gives the result. O

The generating function Ny(t, z,x) is a composition of two algebraic generating
functions whose dominant singularity (with respect to z) is zp = 1/4. Referring to
the composition scheme, we are in the third case where confluence of singularities
occurs and a singular expansion of the composition is obtained by a combination of
the singular expansions of each factor.

We already know, using the lemma on minimal singularities (3.3.7) of ®(¢), that
for ¢ € 2D the unique singularity of minimal modulus of (¢, x) occurs at xy. On
the other hand, the generating function Q(t,z) is expressible in terms of ¢ via the
following relation
(1 —u)(1+ 2u)? (1 —u)(1+u)?

(1+2)? T+ap V0
where z(1+2)s = (1—u)(14u)*t—(1+z). We will show that for every (¢, z) € D xt,D
the generating function Ny(t, z, x) has a unique singularity of minimal modulus at the
point x = o (recall that to = 1/2).

We will first find a more convenient representation for the generating function. It

Qt,x) =t*2* — 1+ t(1 4+ — at) —

is intuitively clear that the main source of singularities will be the zeros of quadratic
polynomials appearing under the square root. The lemma (3.3.7) on minimal singu-
larities of ®(¢,x) classifies the singularities of minimal modulus of 1 (t). We need
to consider the second source of singularities arising from the composition ¥ (s)
with z(1 4+ z)s = (1 — u)(1 + u)®(1 + 2)¥(t) — (1 + x). Clearly, only zeros of the
quadratic polynomial o (s, x) need to be considered. We can factor the polynomial as

o(s,x) = oi(t,x)os(z,t, ) where

filu) = Mu +3u+2y/u(l + 2u))
folu) = 1“+<1u_)<1+3u 2\/u(l+ 2u))

(4 B (L hwi)
et = (1= 20 ) (1 2000 )
and the initial factor is of(t,z) = (1 — fi(u)¥(t))(1 — f2(u)i(¢)), which can further
be simplified (after a lot of tedious algebraic calculations) as
o2(t,7) = [ﬂ(l +u)Y?(t) — (1 —w)(1 +2)(1 + 3u + 4u® — 2uat)y(t) + (1 + as)T
a (1 +2)(u(l +2) — 21 +u)*P(t))
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It thus does not introduce any additional singularities in Ny (¢, z, z). To simplify the

representation even further we now introduce the following parametrization

l+2—(14+u)a
l4+u—a

rt = «

The auxiliary function o = «a(t,z) admits a bivariate expansion in (¢, x) about the
origin with positive coefficients (see proof of lemma (4.1.3) of chapter 3). In terms of

the new parameters (u, «) the generating function N, takes the following form

z za za
No=— Pi(a) — P
2 2(1+ 2) +2u(1+u)(u+a)2 { (@) u~+ u? — 2ua — o? 2(04)}
z(u+u? = 2ua — o) (u? —a+a? —a(l +u—a)z) \/(1 Y T

2u(l + u)(u+ a)?(1 + 2)
Pi(a) = u+3u+4u® —u(2 — u)a — (1 —2u)a® + o®
Py(a) = u(1 + 5u + 5u® — u?) — 4u(2 + 3u)a + (1 + u)(1 — 4u)a® — 20* + o’

The reciprocal roots 7;(t, z) can be nicely expressed in terms of the parameter

1— g2 4\1/2 2
w:xm:q( ¢ +q") T
1+q4 1+q4

It is easily shown that the new parameter ¢ satisfies ¢ = w(u(x)?)"/?u(z)~"/? and has

a power series expansion in w = z'/? with positive coefficients. We have

(14+¢Ya(l+¢+q¢" — (1+¢")a)
(¢— @+ ¢ —(1+q*)a)?
(I+¢)a(l+ ¢+ ¢ — (1 +¢*)a)
@+ +¢@+ (1 +qH)a)?

r(t,z) =

ro(t,x) =

Note that the form above also suggests a way of introducing a new parameter § =
B(t, z, ), which would yield a rational parametrization of the generating function.

The next lemma settles the question of singularities of minimal modulus of Ns:

Lemma 3.4.5 Let r;(t,x) denote the reciprocal zeros of the polynomial oo(z) and
b e (0,2), then there exist € > 0 (sufficiently small) and ¢ € (0,7/2) such that

ra(t, )| < |ri(t, @)
T (t, z)| < 11(b, x0).

for all (t,z) € bD x A(e, ¢).
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It follows that for any b € (0,2), the unique singularity of minimal modulus of the
square-root occurs at x = xg for all (¢,z) € bD x cD, where the critical value ¢ = ¢(b)

of parameter z is given explicitly as

2 b
=" “ 210+ b+ /(2 — b)(50 — b)).

In particular, for b = 1 the critical value is ¢(1) = 1/2. Before we proceed with the
proof of lemma (3.4.5), we will prove the following auxiliary lemma that will be needed
to establish positivity of coefficients in power series expansions of various functions
(alternatively, we could have again used the theory of positive definite matrices to
establish the required inequalities; in particular, note that the succeeding lemma can
be used to simplify the proof of lemma (3.3.7) since it implies at once that ¢~ (x) has

a positive power series expansion):

Lemma 3.4.6 Let the function uw = u(x) be implicitly defined by u(1 —u) = = and
the condition w(0) = 0, then the function

r(z) = (14 2) " Ju(l + 2u)
admits a power series expansion in w = x'/? with non-negative coefficients.

Proof. We introduce a new change of variables as v = (1 + v), then the function
v = v(x) is implicitly defined by the equation v = x(1 + v)? and condition v(0) = 0.
It again admits a power series expansion in x with non-negative coefficients and in
terms of v the function takes the form r(x) = z'/2(1 4+ z)~'y/T + 3v. Unfortunately,
using Lagrange’s inversion to determine its coefficients does not make it clear that
the coefficients are positive since the final sum representation is alternating We will

use the following trick to prove the lemma; we re-write the function r(x) as

. V1i+3v V14w
wr(zr) = = \/ V1 — 4z,
1+ 1+ 1+v 1—}—:17

The coefficients a;, of v/1 + v can be explicitly evaluated (see [39]) and the expansion
has the form

1—\/1—4x_§<4k> " 17, 33

S A FORTTD

—14- 2546
2% ok TFar ) T2t e et O

Using elementary properties of binomial coefficients it is not difficult to show that the

sequence of coefficients is unimodal at a;. Moreover, straightforward computation (as
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in the proof of lemma (3.3.7)) reveals that (1 + x)~'v/1 + v has positive coefficients
bi, except the linear term b; = —1/2; which is negative, viz.
1 1—-+v1—-4x 1 11 11

] g a2 T3 (),
l+2 2 PPt T g Ol

On the other hand, the sequence {cj}x>o of coefficients of (2 — /T — 4x)'/? satisfies

the linear difference equation (as can be checked with say Mathematica):

_A@k+D (k- 1)k + 1)
HTBE+2) T Bk + ) (k+2)

Ck

with initial conditions ¢y = ¢; = 1. It is not difficult to show that ¢; = 1/2 and the
sequence is positive and increasing for £ > 2. Taking the product we find that the
coefficients r,, are positive for every n > 0,
n 1 n
Ty = Z biCret = Cp, — =Cp—1 + Z bpCn_i > 0. O
k=0 2 k=2

Proof. Let us first check that both roots are well-defined and analytic on 2D x A(€¢’, ¢')
for a sufficiently small ¢ > 0 and some ¢’ € (0,7/2). We have found it easier to work
with the normalized function «q related to o through the simple substitution

zu(l + u)

t .
1+ ot 7)

at,r) =

Note that ag(t, z) = t+6(¢?) and it is easily checked using the ideas introduced in the
proof of lemma (4.1.3) that the normalized function still has non-negative coefficients
in a power series expansion about the origin. Furthermore, there exists some ¢’ > 0
and ¢” € (0,7/2) such that ag(t, z) is analytic on 2D x A(€’, ¢'). The denominators

of the roots r; can be written as

zu(l+q*)(1+u)
¢(1+q+¢)(1+x)

ap(t,z) =1—

1 —a; v (“ * \/M) a(t, 7).

As shown in the proof of lemma (4.1.3), the auxiliary map satisfies the inequality
lag(t, )| < ap(b, xg) for b € (0,2) and every (¢,x) € bD x A(e”, ¢") with equality if
and only if (¢,z) = (b,x9). On the other hand since R[u~"\/u(1 + 2u)] > 0 we also
trivially have the inequality

(u— u(l—l—?u))‘ S'lx

+x

‘ T
1+z

(u +Ju(l+ 2u)> ’

forall z € A(€”,¢"”). Finally, note that the root on the right-hand side admits a power

1/2

series expansion in w = z'/# with positive coefficients (using the auxiliary lemma)
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and admits a singular expansion about the dominant singular point at x = x( of the
form 3/10 — X/4+6(X?), so by lemma 4 in [29] there exist €” > 0 and ¢" € (0,7/2)

such that 5
T

142 < —

1+x<u—|—\/u( + u))‘_lo

for every x € A(e”,¢") with equality if and only if x = zy. It follows that the

denominator is bounded below on an appropriate A-domain and for ¢ € bD by

1— 130040(1),1’0) - 112(2 —b+/(2-b)(25 b)) >0

provided b € (0,2). Hence both roots are analytic on 2D x A(€¢, ¢’) for a sufficiently
small € > 0 and some ¢’ € (0,7/2) (possibly depending on b). The estimates above
also imply that the power series expansions (using the binomial theorem) are abso-

lutely convergent on the same domain and take form

Frkub(1 4+ u)*

> (k+q+ kg®>)(1 + ¢*

= ) 8] X
e AU
o (B =g+ k)1 + ¢t (1 4 u)

) = T i gy a0

Since Rq > 0, using triangle inequality it follows at once that the coefficients of r
are > in absolute value than the coefficients of ry, which implies |ro(t, )| < |r1(t, z)].
It remains to prove the final inequality for |ri(¢,z)|. In lieu of techniques used so
far, it will suffice to show that r;(¢,z) admits a power series expansion in (¢, z) with
non-negative coefficients. According to lemma (4.1.3) this is true for oy and hence for
af for any k > 0. We will prove that the coefficients, say cx(q), of a& in the expansion
of 71 also admit a power series expansion in w = z'/? with non-negative coefficients.

We can write
cr(q) = la(q)k + b(q)] b(q)* " for k > 1.

It suffices to show that a(q) and b(q) both have a power series expansion in w = /2

with non-negative coefficients, where
2 2 6
¢*(I+q+q)1+q") x ( /7)
a(q) = = 14 2u+ /u(l +2u) ),
(@ I+ +@F+¢*+¢"+¢®) 1+x ( )
3 2 2, 4
¢(1+q+¢)1 -+ x ( /7)
b(q) = = u+Ju(l+2u) ).
(@) I+¢)1+¢@+¢*+¢°+¢) 1+ ( )

Clearly, both a(q) and b(¢q) have non-negative power series expansion in w = x

1/2

according to lemma (3.4.6), which completes the proof. O
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We are now in a positive to apply the transfer theorem. Using Mathematica we

can check that Ny(t, z,z) admits a singular expansion of the form
No(t, z,2) = aplt, 2) + as(t, 2) X2 + as(t, 2) X° + 6(X1).

The coefficients are certain fairly complicated algebraic functions. However, as as(t, z)
will play a pivotal role in the next chapter, we will write it out explicitly. In order to

simplify the representation, we introduce the following change of variables

t= 2(w” — 25) and ¢ = i(w —5)(w+ 1)z for w € [3,7].

w?—1 16

A tedious yet straightforward computation allows us to express the coefficient as(t, 2)

in terms of w(t, z), as follows

wit,z) = /(1= 20) (w— 2)2 = 2¢)
asz(t, z) = CCLoC3 —a1C? — asl +az — (boC — by) (2¢ — 1) w(t, 2)
T 8lw(w — 1)*(w — 2)*(w — 3)* (2¢ — D w(t, z)

(3.71)

where the coefficients a; = a;(w) and b; = b;(w) are polynomials in w:
64( 2(105 — 42w + w?)

(w) = 64(w —2)

(w) = 24(w — 2)*(735 — 468w — 125w? + 152w® — 35w* — 4w’ + w°)
ag(w) = 24(w — 2)*(—525 + 504w — 55w* — 64w + 5wt + 8w® — W)

(w)

(w)

(w)

Q

ol\W

a1 \wW

=

= (w—2)*(1365 — 924w + 21w? + 24w® + 23w* + 4w® — w?)
bo(w) = 7455 — 8400w — 720w? 4+ 4464w? — 1850w* — 112w® + 232w° — 48w7 + 3w®

3 \W

by (w) = (w — 2)*(1365 — 924w + 21w? + 24w® + 23w* + 4w° — W°)
Finally, we can summarize our finding in the lemma below:

Lemma 3.4.7 Lett € [0,1] and z € [0, 1/2], then the coefficients [z"|Na(t, z, x) admit

the following asymptotic expansion

[x"]|No(t, z,x) =

3 ~5/2, —n -1
4ﬁa3(t,z)n z (1 +6(n )) as n — oo. (3.72)

We will also write c(p, £) = [2Pt*]a(t, z) for the coefficients of the dominant term.
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Chapter 4

Random Quadrangulations

4.1 Random Quadrangulations

4.1.1 Uniform probabilities

Let us briefly recall our notation of various classes of rooted irreducible quadrangu-

lations; let n € N be a positive integer

Q.. = {q rooted irreducible quadrangulations with n faces}
Qs = U,>1Q,, = {q rooted irreducible quadrangulations with finitely many faces}
Q.. = Q\Qw = {q infinite rooted irreducible quadrangulations},

where (Q,dq) is the metric completion of the space (Qy,dq) of finite quadrangula-
tions. The space Q equipped with its Borel o-algebra is a standard Borel space since,
according to lemma (2.2.2), the completion is a complete separable metric space. We
define p,, to be the uniform probability measure supported on Q,,. We are interested
in the distribution of infinite quadrangulations, which we will define as the weak limit
of the measure p, as n — oo.

To that end we must first establish that the weak limit of the uniform probability

measures 4, of rooted irreducible quadrangulations with n faces as n — oo exists:

Definition 22. A measure p on Q is the weak limit of pu, if for every bounded

continuous function f : Q — R we have

Jim [ fap, = [ fan.

We have shown that for every » > 1 and rooted proper irreducible quadrangulation
k the characteristic function of the event {B, = k} is continuous with respect to

the distance metric on the space of quadrangulations (Q,dq), so weak convergence
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Mn — 4 implies convergence with respect to root neighbourhoods. In other words,
for any » > 1 and k,
tn (B, = k) = p(B, = k).

However, since the completion Q is not a compact metric space, the sole existence
of the limits lim,, ., i, (B, = k) for every r > 1 and k does not (in general) suffice
to establish weak convergence of the measures. The following example is taken from
O. Angel [5]: suppose 7,, are probability distributions on quadrangulations such that
the root vertex degree in 7, is a.s. n, then the probability of observing any given
quadrangulation as the ball of radius » > 1 tends to 0 (so all the aforementioned

limits exists), but the weak limit of 7,, does not exist.

Definition 23. Let (M, d) be a metric space equipped with its Borel o-algebra % (M).
Let (M) denote the collection of all probability measures on the space (M, B(M)).
Given € > 0 and a subset A C M we define the e-neighbourhood of A by

A® ={p e M|3q € A such that d(p,q) < e}.

The Lévy-Prokhorov metric m: P(M) x P(M) — [0,+00) is defined by setting the

distance between two probability measures ;4 and v to be
7(p,v) = inf{e > 0|u(A) < v(A%) + ¢ and v(A) < p(A%) + ¢ for all A € B(M)}.
Note in particular that for probability measures we clearly have 7(u,v) < 1.

The following theorem relates weak convergence with the Lévy-Prokhorov metric

for a separable (complete) metric space (M, d):

Theorem 4.1.1 (Prokhorov’s theorem). Let (M, d) be a separable metric space, then
the space P(M) of probability measures on (M, B(M)) is metrizable and weak con-

vergence is equivalent to convergence of measures in the Lévy-Prokhorov metric.

As we have already remarked the existence of the limit lim,, p,, (B, = k) is in itself
not sufficient to ensure the existence of the weak limit of u,,. However, Prokhorov’s
theorem (4.1.1) and the easily established observation that the events {B, = k}
generate the g-algebra, may be used to show that if we know a priori there exists a

probability measure p on Q satisfying lim,, u,, (B, = k) = u(B, = k) for every r > 1

and k then u,, — @ in the sense of weak convergence.

We will prove in this section that for every r > 1 and k the limit lim,, u, (B, = k)
exists and defines a measure p on the space Q of quadrangulations. We begin by con-
sidering the simplest case when the combinatorial type k of the root neighbourhood

has a single boundary component.
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Let k be rooted proper irreducible quadrangulation with n faces and boundary of
length 2p (for some p > 3) such that B,.(q) = k for some rooted irreducible quad-
rangulation q. The set of all k-admissible quadrangulations (i.e. the set of all rooted
proper irreducible quadrangulations s whose connected sum k#s is again an irre-
ducible quadrangulation) depends only on the partition parameter of k. Let’s denote
the parameter by A = (A1, ..., \¢), where }-; \; = p. Accordingly, the probability of
a uniformly distributed rooted irreducible quadrangulation q with /N faces having a

root neighbourhood of radius r isomorphic with k is given by

P(BT<ILLN) _ k) _ Ck(NC(—N%'Fp) _ CA(NC(—NTg‘i‘p) ~ 7§9C<)\)$gp as N — 0o.

The final estimate was obtained by using the asymptotics of coefficients of the gen-
erating function Q(t; ) about the dominant singularity at x = xy. Collecting the

results we have proven the following lemma:

Lemma 4.1.1 Let k be a rooted proper irreducible quadrangulation with partition
parameter A with n faces and a simple boundary of length 2p (with p > 3) such that
B.(q) = k for some rooted irreducible quadrangulation q and r > 1, then

2
Jim B(B (i) = 1) = D e(n)ap (14.1)

where py denotes the uniform measure on the set of all rooted irreducible quadrangu-

lations with N faces.
Exactly the same reasoning also implies

Lemma 4.1.2 Let r > 1 and denote by A, pe(1in) the event that the r-ball of an
irreducible quadrangulation selected uniformly by uy has a simple boundary of total
length 20 (¢ > 3), whose associated composition parameter has p parts (p > 3), and

n faces, then
) 729 .y
]\}I_I)noo P(Anpe(pn)) = ?C(Z% O)xg (4.2)
where py denotes the uniform measure on the set of all rooted irreducible quadrangu-

lations with N faces.

We have so far restricted our consideration to the simplest case where the root
neighbourhood has a single boundary component. In the general case, the boundary
of an r-ball B,(q) will have multiple edge-disjoint components. We can assign a
partition parameter to each hole as for the case of one boundary component. Since

the holes are independent, following the same reasoning as before, and assuming that
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k has r boundary components (“holes”) with partition parameters A, ..., A, having
total boundary length 2p; for 1 < ¢ < r, respectively, and n faces, we obtain the
following formula

1
c(N)

P(Br(q) :k) = Z CAI(NI +p1)"'CAT(NT +pr)

Ni+..4+Npr=N-—n

We can now state two theorems concerning the limiting measure jio = limy o fin-

Theorem 4.1.2. Let k be a rooted proper irreducible quadrangulation with partition
parameter g and simple boundary of total length 2p with r edge-disjoint “holes” with
partition parameters A, ..., A, and simple boundaries of total length 2p; for 1 < i <r

having n faces. Then the following limit exists

Jim Bk C () =

xapla<A1) . 7p7‘

g (4.3)

Proof. The proof is a straightforward application of singularity analysis. Since k is a
3-connected map, distinct completions of holes give distinct irreducible quadrangula-

tions. Consequently,

1
Pk Cq)= > ey, (N1 +p1)-ex (N + )
CAO (N> Ni+..+N,=N—n

_ [N g(As ) - g(A @)
[#]q(Ao; ) '

The behaviour of the product near the dominant singularity at x = xy is governed

by the term X3 of the singular expansion. Recall that the generating function of M-
admissible quadrangulations admits a singular expansion of the form a(\)+b(\) X%+
c(A)X? + 6(X*). Plugging it in the product and rearranging gives

X3S o(x)

where b(\) = b()\) + pa(A). It now follows at once from the transfer theorem that the

coefficients are asymptotically, as N — oo, of order

z P g(Aj;x) - H T

[N T () = Hla:@@;((ii[ N1 )2 (14 6(N )
— - —Pi g C(Az) n—N N_5/2 -1
_i:Hle a(ﬁi);a@i)% r(—3/2) <1+®<N )) )

On the other hand, the asymptotics of [z™]q(Ay;z) as N — oo is already known.
Taking the quotient and simplifying gives exactly the limiting probability (4.3). O
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Theorem 4.1.3. Let k be a rooted proper irreducible quadrangulation with partition
parameter Ay and simple boundary of total length 2p with r edge-disjoint “holes” with
partition parameters A, ..., A, and simple boundaries of total length 2p; for1 < i <r
having n faces. Let qn(Ng) be a random irreducible quadrangulation under condition
k C qn(XAg) and write qn(Xg) = k#(s1,...,s,). Suppose N; = N(s;) is the number
of inner faces of the ith component of the connected sum. Taking the limit N — oo,

a.s. exactly one of the N;’s is infinite while the others are finite, with probability

]\}I_IEOP(N = max N;) = 28’; (231 aii]))) . (4.4)

Moreover, the limiting conditional distributions P(N; = n;,j # i|N; = max N;) exist

and the random variables N; for j # i are asymptotically independent.

Proof. We follow closely the proof of the analogous statement for triangulations in

[41]. We may assume without loss of generality that ¢ = 1, then the probability is

> NN O (Ni4p1) e (N +pr)

Ny CA1<N1 +p1) te CAT(N,,. +p7‘)

.....

Let M > 0 be a fixed positive integer, then
lim py(N) > lim P(Ny +---+ N, < M)

N—o0
= c,\ (N; + pi) hm —
No+- ;VT<M11_[2 [N =] [1; 27 Pig( A )

mapl C<Al)l,(])V2+"'+Nr

= X HCAi(Ni+Pi)T

r c(d)
Nt +Np <M i=2 i1 %0 () iy ax,)

o) (e r ) ey (N p)
- G(Ag) (Z ()‘j)) Z H G(Ai) : (4'5)

j=1 44 Not-t Np <M i=2

[xN—TL—(N2+"‘+Nk ]ZL’ P1 ()\1 )

Taking the limit as M — oo, the final sum is just the product of generating functions
q(A;; x) evaluated at = xq (see also theorem 3.3.8), so the right-hand side becomes
equal to (4.4). Clearly, the same lower bound holds for every i = 1,... r. However,
as the sum of the right-hand sides of (4.4) for i = 1,...,r equals 1 each inequality
can be replaced with equality. This proves the first part of the theorem.
Using relation (4.5) we have also deduced that
lim P(N; = max N)— lim lim P(Ny+---+ N, < M)

N—o0 J=1,..., M—o00 N—o0
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and the limiting conditional distribution of (Ns,..., Nx|N; = max) has probability

generating function

r tfpi - tz
lim E(t)2 -t |N; = max Nj) =[] t " a(i; woti)
j= r

N—oo < 7 0 7 =1, bl Q<Ai§x0)
Hence the limiting conditional distribution exists and the random variables Ns, ..., N,
are asymptotically independent. O

4.1.2 Maximum degree concentration results

The following section will be devoted to proving a strong concentration result for the
maximum vertex degree of a rooted irreducible quadrangulation with n faces. More

precisely, we will prove

Theorem 4.1.4. Let A,, denote the maximum vertex degree of a random rooted ir-

reducible quadrangulation with n faces, then

E(A,) = logn — %loglogn

log 2 +0(1),  V(Ay) =0(logn). (4.6)

Furthermore, if €}, — oo denotes any function then

P (‘An ~logn — 3 loglogn
log 2

< Qn> =1-06(1/logn + (1/2)%). (4.7

Theorem 4.1.5 ([28]). Let T = (1 —t/2)Y2 and define (for k > 2):

(57 — V2T + T2)" (T + VoI 7 T2) (7T + V2A 4 T7) 56
and pr = —bx.

283673\/24 + T2 2k

Let (. denote the number of vertices of degree k of a random rooted irreducible quad-

by = [t"]

rangulation with n faces, then uniformly for all k = ©(logn) we have

10 10
E(Ck) = npuk (1 +0 (lOgn n)) , and V(¢) = np + (nju)*0 (log n) :

n

Furthermore, we have
P(¢r = nug(l +0(1))) =1 —o(1)
uniformly for k < (logn — (1/2)loglogn)/log2 — Q,, and
P(C = 0) = 1— of1)
uniformly for k > (logn — (1/2)loglogn)/log2 + Q,.

138



The proof is based on a careful asymptotic analysis of the coefficients of the
trivariate generating function G(t, s) of pointed rooted irreducible quadrangulations.
Note the similarity of our result with known results on the maximum vertex degree
distribution of random rooted planar maps according to the number of edges (see [29]
and [28]). Our proof will follow closely the ideas used in [29] and [28].

We will be using the analytic and asymptotic results from [29]. We first set up
our notation. We will use the letter € to denote a sufficiently small positive number
and ¢ will denote a constant angle in the interval ¢ € (0,7/2). The definition of a
A-domain can naturally be extended to the multivariate case, following [29], as

Au(e,¢) = {z €Clla] S 1+e v #1, |argle — 1)| > 6}

Aje,9) ={y; € Cllyj| <1+e y; # 1, |arg(y; — 1) = ¢}
R(e,d) = {(z,y) e Cx CY|y;l < Lforall j=1,...,d, v € Ay(c,0)}.

Let 3; > 0 for j =1,...,d and « be any real number. We introduce the notation:
Definition 24. .
flz,y) =0 ((1 —x)° Hl(l - yj)_ﬁj)
j=
if there exists some € > 0 and ¢ € (0,7/2) such that in R (e, ¢):

(i) f(x,y) is analytic and satisfies

fley) =0 (ll —al 10 - |yj|>“*f)

as (1 —z)(1—y;)?—=0for j=1,...,d and some p > 0.

(ii) There exists some r > 0 and a real number o/ such that

flx,y) =06 (|1 - 1:[1(1 - |yj|)_r) :

Definition 25. ;
flay) me(l—z) [[QA—y)™%
j=1

d
(L=y)™" +>_Cila,y) + E(z,y)
j=1 7=0

=
8
<
~—
||
H
|
B
':1&

such that the following conditions hold:
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(i) Co(x,y) is a polynomial in z, and for 1 < j < d, Cj(x,y) is a polynomial in y;.
(ii) There exist some o/ < « and 3; > 0 for j = 1,...,d such that

d
E(a:,y)z@(l—a: Hl—y] 53),

(iii) c(y) = c+0(XI, [1—y;]) is analytic in Ay (e, ) x - - -x Ag(e, ¢) and ¢(1) = ¢ # 0.

The next technical lemmas describe the necessary estimates needed to obtain
(sharp) concentration results on the maximum degree of a rooted irreducible quad-
rangulation. Since all the generating functions are expressible in terms of u and «,

we will first analyse their properties. Let
X=0-42)"? T=1-t/2)"?and S=(1-s/2)"%

We can clearly write v = (1 — X)/2 and using the well-known expansion of the gen-
erating function of shifted Catalan numbers, u(x) admits a power series expansion
about the origin with positive coefficients so for x € xyD\{xo} it satisfies the in-
equality |u(z)| < u(|z]) < u(zg) = 1/2. The next lemma establishes the analogous

properties for a(t, ). For convenience sake we write
R, 0) = {(z,y) : lyil <2,1<j <d,x € xola(e, 9)}.
Lemma 4.1.3 (Estimates) Let a = «(t, x) be determined by equations (3.62), then

(i) The function o = a(t, x) is analytic on R'(e, ) for sufficiently small € > 0 and
¢ € (0,7/2) and for each fized t € 2Dy it has a unique singularity of minimum

modulus at x = 1/4.

(7i) a(t, x) admits a bivariate power series expansion in (t,x) about the origin with
non-negative coefficients and there exist € < e (sufficiently small), ¢ < ¢’ < 7/2
such that |a(t, )| < Ju(x)| < 1/2 for every (t,z) € R'(€, ¢').

(117) For € > 0 and ¢ € (0,7/2) sufficiently small,

1
alt,r) = {61 —Tv24+T7}

1
+ 2 {T(3+21%) - (3-21°)V24 + T2} T7'X

1 108 — 21672 4 1177 + 117T°
(15 — 117T?) — 08 o1 + 177+ T3X?
- 108 V24 + T2
1 1 — 21672 4 81T* + 4576 + 473
81 V24 + T2
+6(X'T7®) (4.8)
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Proof. We can solve the quadratic equation (3.62) determining «(t, x) explicitly and

using the condition (0, z) = 0 the correct solution is:

1+ o+ uxt — \/(1 +u —u?)? — 2(1 + 3u + 3u?)uxt + u?z?t?
2(1+u) '

at,z) =

Apart from the simple poles at x = —2 and the fixed branch point at = = 1/4, the
only source of singularities of «(t, x) are the roots of the quadratic polynomial under
the square-root that has already been investigated in the proof of lemma (3.3.7). We
have shown that the polynomial factors as (1+x)*(1—tfi(z))(1—tf2(z)) where f1, f2

are also the eigenvalues of the matrix (the quadratic polynomial is now o(xt, x)):

A (1 4+ u)?(1 + 2u)
(T u—u2)

and B(z)

TA(x) x u(1 + 3u + 3u?)
N(z) = |fL‘B(I) xA(:z:)]’ (z) = (1+u—u?)?

and the coefficients of the matrix N(z) all admit power series expansions in x about
the origin with non-negative coefficients. Using lemma 4 in [29], it follows that there
exists some € > 0 and ¢ € (0,7/2) such that |A(z)| < A(xo) and |B(x)| < B(xzo) for
1 € 20, (e, ) with equality if and only if 2 = xq. It follows that |N(z)] < N(zo)
for all x € 2oA, (¢, ¢). The matrix N(zg) is positive with unique maximal eigenvalue
1/2, so (by the Perron-Frobenius theorem) the eigenvalues of N(x) are dominated in
absolute value by 1/2 with equality if and only if |N(z)| = N(zo). In other words,
|fi(z)| < 1/2 for all z € 29A,(€,¢) with equality if and only if x = zy. It follows
that «(t,z) is analytic in R’(¢, ¢) and has a unique singularity of minimal modulus
at x = xg for every t € 2D.
Recall that the implicit equation defining « is

zu(l+u—a)
l+z—(1+u)a

The quadratic equation determines «(t, z) uniquely by the condition «(0,z) = 0 and
is exactly of the form needed to apply Lagrange’s theorem (3.1.2). We can thus
determine the coefficients of «(t) in a power series expansion about ¢ = 0 as functions
of (u,z). Let k > 0, then

k+1 1 ru(ltu—A) "
[t ]a(t,x)—k_i_l[)‘]<1+x—(1+u)>\>

B mk—&-luk—kl(l_{_u)zk:(_l)k—z k41 k4 (1_|_u)21
S (l4u—u) &= k1 i1 ko) (1+x)

_$k“uk“(1+u)§:(—1)k’i k\ (k+i\ ([ 1+u)?
S (l4u—u) & i1 i)\ K 1+ u—u?
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G () () (65 e

=0

The final expression is obtained by an application of the following identity

k (_1\k—i N\ k i 4
L ()] 0

The initial coefficient is simply [t]a(t, 2) = zu(14u)(1+2)~". Appealing to the proof

of lemma (3.3.7) it now easily follows that the initial coefficient and every term of the
finite sum admits a power series expansion in ascending powers of x with non-negative
coefficients, which completes the proof of the first part of (ii). Moreover, the same
ideas also prove that both u(z) 'a(t, z) and the normalized map (¢, z) (introduced
in the proof of lemma (3.4.5)) admit a bivariate expansion in (¢, z) with non-negative
coefficients.

We will now prove the inequality (which will be needed later to establish the
various generating functions connected with G(¢, s) are analytic in the extended region
R'(e,¢)). We will show the stronger inequality |u~'a| < 1 for (t,z) € R'(¢, ¢') with
0<é€ <eand ¢ < ¢ <m/2. As already shown above, the map «a(t, z) is analytic on
R'(e,¢) and has a unique singularity of minimal modulus at x = xy for any ¢t € 2D.
Let © € oA, (€, ¢) be fixed then as «(t) is analytic on 2D its power series expansion
with respect to ¢ about the origin is convergent on 2D with coefficients say cx(z). We
will prove there exist 0 < € < e and ¢ < ¢’ < 7/2 such that |cx(x)| < ¢x(zo) for any
r € 39, (€,¢") and k > 1 with equality if and only if = 2y. Supposing for the

moment this is true we have (by triangle inequality for absolutely convergent series):

|u’1a] < Z \ck(:r;)Ht\k < ch(xo)]t\k = 2a(xo, [t]) for t € 2D.
% k

However, trivially 2a(zo, |t|) < 1 for |t| < 2 which establishes the desired inequality.
It remains to investigate the coefficients c(x). We can write ¢;(x) = z(1+u)(1+z)™*

and

1420/ zu \FPE 1 (k) (k44 (u(l+2u))
_ YT N o k> 1
(@) = 377, (1+x> Z;Hl@( k l+z) ) 0=
Using again lemma 4 in [29], we deduce the existence of €’ > 0 and ¢" € (0,7/2) such
that for all x € zoA, (€, ¢") we have

3

10’

z(1+u)
1+

u(1 + 2u)
1+

1+2u’ 4 TU ’< 1 d
- — an
1+u 31+ 10
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Since all the coefficients of the finite sum representation of cy(x) are positive, it
follows by triangle inequality that |cx(x)| < cx(zo) for x € oA, (", ¢"). Taking the
intersection xgA (€, ¢) NzoAL(€”,¢") = xoA, (€', ¢') establishes the required result.

Finally, to deduce the singular expansion of (¢, z) note that part (i) implies a(t, )
is analytic in the larger region R'(¢, ¢) for sufficiently small € > 0 and ¢ € (0,7/2).
We will first verify condition (i) in definition (24). Let’s again denote the reciprocal
zeros of the quadratic polynomial appearing under the square-root by fi(z), fo(z)
and z = (1 — X?)/4, t = 2(1 — T?), then we can write

uz (14 3u+3u? + 2(1 +u)y/u(l+2u)) 1 5X%  31X3
_ - X4+ o(x*
fi(z) (1+u—u2)? 2 * 16 * 64 o)
ux (14 3u + 3u? — 2(1 4+ u)\/u(l + 2u) 1 49x?%  7x°3
folz) = ( 2 )Z*—i— +0(X")
(14 u—u?) 50 2000 1600

and the function «a(t, x) becomes

1+ 2 +uzt — (1+2)/(1—tfi(2))(1 — tfa(2))

t =
alt,z) 2(1+ u)
6—T% 3+27? 15 — 11772 3 — 472
= X - ? X+ 0(X'T®

2 36 108 LT +6( )
5— X2 5 31 1/2

_ 2T pig(ax = 2x2 - 2y ®X4) 1—T2T2>
13- X) ( +( SN TN TR 1-T

1 4 1/2
x(1—(1—T2) (— ) e T X3+®(X4))> .
55 ~ 1000 8000

When X772 — 0 in R'(¢, ¢) we can expand both square roots using the binomial

theorem (with the help of say Mathematica) to obtain exactly the singular expansion
(4.8) with an error term E(t,z) of order O(X*T~®). Clearly, the remainder F(t,z)
is analytic in R/(e, ¢) and satisfies O(| X |*(1 — [¢/2])7®) as XT~2 — 0, which verifies
condition (i). On other hand, it is clear that E(t,x) = 6((1 — [t/2])7°) in R/(e, ¢)
which verifies the second condition of definition (24) and hence gives the singular

expansion (4.8). O

Recall that the generating function G(t,s) is comprised of four parts. We will
analyse each contribution separately to obtain the asymptotically dominant terms
of G(t,s) about the singularities of minimal modulus. For the remainder of the
section € > 0 and ¢ € (0,7/2) will denote sufficiently small positive real numbers,
while p(z, T, 5) and ¢(T, S) will stand, respectively, for a linear polynomial in x and
a function analytic on (£/2,s/2) € Ai(e,¢) x Ag(e, @) such that ¢(0,0) # 0, not

necessarily the same at each occurrence.
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Lemma 4.1.4 (Estimates for ® and G) Fore > 0 and ¢ € (0,7/2) sufficiently small,

220 (xt, x) = p(x, T) + o(T)T3X? + O(X*T),
G(t,x) = p(x,T,S) — (T, S)T3S'X + 6(X3T5579)

where p(z,T) and p(x,T,S) denote an expression in x, T and S which is linear in x,
c(T) and (T, S) are analytic in 22(¢, §) x 2A4(€, ¢) with initial values ¢(0) = /6/81
and c(0,0) = 1. The coefficients a,, = [z"t*|(xt)*®(xt, ) and any = [2"t"s'|G(L, s, )

satisfy the asymptotic estimates

Ane = [x"tk]C(T)T_?’X?) + ®<4n2—kn—5/2 loglo n)
nis. =[5 1e(7, S)T571X + 0(4"2 %2 105" )

uniformly for 2 < k = 6(logn).

Proof. Both functions ® and GG are expressible as rational functions of v and «. The
main technical assumption we need to verify is that each function is analytic in a
region of the form R’(e, ¢) for some sufficiently small € > 0 and ¢ € (0,7/2). Clearly,
it suffices to check the denominators of the various rational expressions are non-zero
on the given domain R’. We use the estimates on « derived in lemma (4.1.3), e.g. in
the denominator of &3 we encounter the factor 1 — «, which can be estimated from
below as .

1= a()] > 1~ a)] > 1~ u(@)] > 5.

We can similarly verify that any factor appearing in the denominator of any of the
four contributions is bounded away from zero on R’ as follows (we will for sake of

brevity denote o« = (¢, z) and 5 = a(s, x)):

l—a—-B>1—]a+8>1-2ul>0and |l —u2af] >1—|u " allu'8] >0

u u

‘1— T a (u o+ u B+ u 2@6)’ > 1_3‘1—|—u‘ >0
where in the last inequality we have used the easily proven observation that w(1+u)~*
has a positive power series expansion in z, so lemma 4 in [29] can be used to find a
region R’ on which it is < 1/3. Furthermore, ® is clearly bounded on R'(e, ¢), while
all four contributions of G(t, s) satisfy O((1 — 2[¢[)~1) for (z,t,s) € R'(€, ).

We may now substitute the singular expansion of «(t, x) obtained in lemma (4.1.3)
to obtain the expansion of ®(zt,z) and the four contributions making up G(t,s).
Using Mathematica, for (z,t,s) € R'(¢,¢) and XT2 XS~2? — 0, we arrive exactly

at the expansion for 2%t>®(zt, ) above and

(xts)?®,(2t,s,2) = p(x, T, S) + O(X3T857F)
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(xt)?s®o(xt, s,2) = p(z, T, S) + 6(X3T857°)
1 ~

(2t)?®; o(t, 5,2) = §C(T, SYT3S X + p(x,T,S) + O(X*T9578)
1 .

(2t)°®; o (t, s, 2) = 5c(T, SYT3S7'X + p(x,T,S) +6(X*T257%)

where ¢(0,0) = —1 in both cases. The function ¢(7,S) admits the following closed-

form expression

(1T (5T — VoI + T2)" (T + V2§ T2) (7T + 20 1 T7)
A1) = 230y T T

o(T, S) = 2§60<T) (55— v2i+97) (S + vai+ )",

We will not write out explicitly all the terms of the aforementioned expansions. Let

us merely remark that by introducing the substitution

50 — ¢ 50 —
e D eV T and =20 < 5T 5
— -5

the coefficients are all expressible as rational functions of (7, () and it is easily checked

that each is analytic in the polydisk 2D x 2D (the inequality |7| > 3 on 2D is easily

checked and suffices to show the denominators are always non-zero). ]

Having obtained the necessary uniform estimates, we will investigate the first and
second moment of the random variable counting the number of vertices of given degree
in a random rooted irreducible quadrangulation. We will use the letters P, £ and V to
denote the probability, expectation and variance of a random variable, respectively.
We will let ¢, = (i, denote the number of vertices of degree k in a random rooted
irreducible quadrangulation with n faces (where as usual all probability distributions
are always uniform over the family of rooted irreducible quadrangulations). According
to Whitney’s theorem, for irreducible quadrangulations ¢, = 0 whenever k£ < 2 or
n < 5, so we assume k > 3 in the rest of the section. Let [z]y = z(z—1) - (x —k+1)
denote the falling factorial, then

Lemma 4.1.5 For k > 3 we have
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The proof is exactly the same as that of part (ii) of lemma 1 in [29] (upon noting
that an irreducible quadrangulation with n faces has 2n edges). Using lemmas 2
and 3 in [29], we can deduce uniform asymptotic estimates for the first two moments

(provided the range of parameter k is suitably restricted):

Lemma 4.1.6 Let € be any constant verifying 0 < € < 2 and let k > 3. For a random

rooted irreducible quadrangulation with n faces, we have
E((x) = 6(n(2 — €)7%) uniformly for all k, n.

and (where the coefficients by are defined as in the statement of theorem (4.1.5))

Biich) = gpone (1+6 (521 ) = L (14 04

- 2k n
312 log™n 486
E = 0% (140 = —n’k 27 (1 + O (k™!
() = gt (16 (2% e ()

uniformly for k = O(logn).

Finally, theorem (4.1.4) follows at once from lemma 7 in [29], while theorem
(4.1.5) follows from lemma 4 in [29] and an application of Chebyshev’s inequality
upon observing that nuy; — oo when 2 < k < (logn — (1/2)loglogn)/log2 — ,.

Since we have been unable to describe the generating function of multipointed
rooted irreducible quadrangulations we could not determine the exact limiting distri-
bution of the maximum vertex degree as that would require knowledge of the higher
factorial moments of (. However, we believe the limiting distribution of A, —E(A,,)
will again be the (extreme value) Gumbel distribution with parameter 1/2 because

that is also the case for general maps as established in [29].

4.2 Hulls of Irreducible Quadrangulations

Recall that in theorem (4.1.3) we have shown that asymptotically (in the limit as
N — o0) in a large quadrangulation q conditioned to have B,.(q) = k, where k is a
rooted proper irreducible quadrangulation with (possibly several) disjoint boundary
components, with high probability only one of the “holes” in k contains the major
part of the quadrangulation. This has motivated the definition of a hull.

We will present the construction of the hull of rooted irreducible quadrangulations
and its skeleton decomposition. The decomposition was first described by M. Krikun
in [42] for general quadrangulations. We follow closely the presentation and definition
of hulls in general quadrangulations as described by J. Le Gall and T. Lehéricy in
[44] and for triangulation by Curien and J. Le Gall in [15] and L. Menard in [48].
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4.2.1 Layer decomposition of hulls

We will define in this section the hull of a rooted pointed irreducible quadrangulation

and its associated layer decomposition. Our description is analogous to the layer
decomposition of hulls of triangulations of type II in [41] and quadrangulations in [42].
However, certain modifications of the construction are necessary since our limiting
probabilities (4.1) do not depend solely on boundary length but also on the associated
composition parameter.

Let’s recall that an irreducible quadrangulation q with a distinguished face f; of
degree 2p has property (3.3.1) if its boundary vertices can be bi-partitioned into two
edge-disjoint subsets b, and b, (in particular, two boundary vertices cannot be linked
by an edge lying strictly inside the map) such that no two vertices of b, have a common
adjacent vertex lying strictly inside the map. With this convention, we will always
assume that q is rooted and the root edge lies on the boundary of the distinguished
face fy, called the root face, is oriented clockwise and the root vertex belongs to the
set b,. We canonically equip q with a composition parameter A F p, which gives the
degree sequence of vertices of b, starting at the root vertex in clockwise direction.
Notice that we can associate to q its diagonal cycle Jy, which consists of all the face
diagonals of quadrilaterals incident with vertices of the set b, and disjoint with the
set b, (in other words, given a vertex v € b, and a quadrilateral f = vwov'w; incident
with v, we draw the diagonal wow,). According to the definition J is a simple cycle

of length wu.

Definition 26. Let q be a rooted proper irreducible quadrangulation satisfying prop-
erty (3.3.1) and v € Viyu(q) an inner vertex of q. We say v is of height h if the
graph-distance of v to the diagonal cycle of q is equal to h.

Suppose then that q is a rooted proper irreducible quadrangulation satisfying
property (3.3.1) with root face fy. For every positive integer r > 1, the ball B,(q) of
radius r is the planar map obtained by taking the union of the faces of q that have
at least one vertex of height less than or equal to » — 1 from the diagonal cycle of q.
We adopt the following convention: the ball B,(q) of radius » > 0 will be considered
as an irreducible quadrangulation with root face f; and a number of edge-disjoint
simple proper holes such that the vertices at distance r + 1 from the diagonal cycle
0o will not be considered as belonging to the original map q.

Now let v be a distinguished vertex of q. We will denote by (q,v) the pointed
rooted irreducible quadrangulation satisfying property (3.3.1). Let h be the height of
the distinguished vertex v in (q,v) (recall that the height is defined as the minimal
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Figure 4.1: A possible boundary structure of an irreducible quadrangulation q with a
distinguished unbounded face satisfying property (3.3.1) with its canonical bicoloura-
tion of boundary vertices and the associated diagonal cycle dy (shown dashed). The
composition parameter is A = (4,1,6,1,1,1), starting with the root vertex (distin-
guished in the figure by the small arrow) in clockwise direction.

distance between v and a vertex of the diagonal cycle) and fix 0 < r < h. In that
case, the vertex v belongs to the complement of the ball B,.(q,v) in q (as per our
convention) and we define the r-hull B?(q,v) of the pointed map (q, v) as the union of
B,.(q) and all the connected components of the complement of B,.(q) in q that do not
contain the distinguished vertex v. Then under the assumptions stated so far, it is easy
to verify that the hull B?(q, v) is exactly an irreducible quadrangulation with root face
fo and a distinguished face fi, called the exterior face, whose boundary vertices form
a proper simple cycle. If we canonically label the vertices of B?(q,v) by height from
the diagonal cycle 0y, then according to the definition every quadrilateral incident
with the exterior face is simple of type (r,r — 1,r,r + 1). We define the boundary
0B?(q,v) of the r-hull as the union of all the simple faces of type (r,r — 1,77 + 1)

incident with the exterior face. A verbatim the same argument as in the proof of
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lemma (3.4.1), shows that the vertices of the boundary of the exterior face have no
non-trivial diagonals. We will describe below how to assign a composition parameter
to the exterior boundary. For definiteness sake we set B*(q,v) = 1 if h < r, wheret
is some cemetery point added to the set of all possible r-hulls.

Finally, note that as a consequence of our definitions, the hulls form an increasing

sequence

We are now ready to define a layer of an irreducible quadrangulation.

Definition 27. Let q be an irreducible quadrangulation with simple boundary sat-
isfying property (3.3.1) with a distinguished vertex v of height h. Let 0 < r < h be a
fixed integer, then a layer L?(q,v) and a semi-layer L¥(q,v) of height r of (q,v) are
defined as (where we adopt the convention Bg(q,v) = 0)

Li(q,0) = (Bl a, v)\B_1(q,v)) UOB!_1(q,v) (4.10)
Li(a,r) = L*(a,0)\DB:(a,v). (4.11)

Notice that this definition is incomplete, since we have not specified the root edge.
We will see in a moment how to canonically root the layers of an irreducible quad-
rangulation q. For now let us remark, that a layer is an irreducible quadrangulation
whose lower boundary satisfies property (3.3.1) and whose upper boundary forms a
proper simple cycle. We can associate to a layer its upper and lower diagonal cycle,
which we denote by 0, and J,_1, and are oriented in counterclockwise direction.

Let &2, resp. & be a mapping on the set Q # of pointed rooted irreducible with
finitely many faces and a simple boundary satisfying property (3.3.1) that associates
to each quadrangulation (q,v) its layer (resp. semi-layer) at height r, and denote by
A =U22(Qy) and A" = U,2(Q;) the sets of all possible layers and semi-layers.

Let us examine some simple properties of a layer L € A. We enumerate the vertices
of the upper boundary of L as (z1, y1, . . ., T, Yp) starting from some arbitrarily chosen
vertex and so that all z;’s are at height 2 from the lower diagonal cycle and all y;’s are
at height 1 from the lower diagonal cycle (in particular, the face diagonals (y;_1, y;)

form the upper diagonal cycle), then

(i) each face diagonal (y;_1,¥;) of the upper boundary dB?(q,v) of the r-hull be-
longs to a unique quadrilateral of L?(q,v) that has a unique vertex on the lower
boundary of the layer; we denote it by z;_;. Such quadrilaterals will be called
down quadrilaterals of height r.

149



Figure 4.2: The layer decomposition of a hull of an irreducible quadrangulation.

(ii) The points z; are cyclically ordered around 9, and there are ¢; > 0 edges of 9, _;
between z; and z;,; (note that we might have ¢; = 0 if z; and z;4; refer to the
same vertex). The part of the layer filling in the area (z;_1,y;, 2;) is called a slot
or interstice associated with the down quadrilateral of (y;,v;1+1) and rooted at
its unique boundary edge belonging to the down quadrilateral, the orientation

chosen so that the interior of the slot is one the left-hand side of the root.

The internal structure of an interstice is not as simple, since it can contain arbi-
trarily large sub-quadrangulations, which can have vertices of arbitrary height. This
is where the reattached components of B?(q,v)\B,(q) go. Notice that a slot with
¢; = 0 simply reduce to an edge by irreducibility.

Now let q be an irreducible quadrangulation with simple boundary satisfying
property (3.3.1) with a distinguished vertex v of height h. Fix some 0 < r < h and
construct the r-hull A = B?(q,v). According to the definition it defines a growing
sequence of hulls,

Bi(a,v) € Bi(q,v) € - € Bi(q,v),

which is decomposed into layers L$(q,v) for 1 < j < r. Let N (A) be the collection
of all face diagonals of A that belong to one of the cycles 0; for some 0 <7 <r. We
can define a genealogy on W (A) by saying that for any 1 < i < r, an edge e € 0; is
the parent of an edge e’ € 0;_; if the first vertex encountered when turning around
the oriented cycle 0;_; and starting at the end vertex of the oriented edge ¢’ belongs
to the down quadrilateral associated to e.

The relation introduced above defines a forest F' of rooted trees, its vertices be-
ing in one-to-one correspondence with the edges of N (A), which inherits its planar
structure from that of A making it a planar rooted forest. In addition, we can or-
der canonically the trees, starting from the one containing the root edge of A and
following the orientation of 0,A. Notice that the forest F' consists of |0,| trees, such
that every tree is of height at most r and the whole forest has exactly |Jy| vertices of

height . The forest I is called the skeleton of A - we will complete the description
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quadrangulations. On the left, the hull is obtained (as is standard) by first removing
the star neighbourhood of the root vertex (shown in yellow) and has a canonical
layered structure, where down quadrilaterals are grey and the non-trivial interstices
are blue, while the trivial interstices (that are necessarily reduced to a face due to
irreducibility) are red. On the right is presented the construction of the associated
skeleton of a hull pictured in bold red. We have drawn the nodes without ancestors
void, while the nodes with children have been drawn solid.

)

of hulls in terms of the skeleton below. As mentioned earlier this decomposition al-
lows is to canonically root the upper and lower boundary of layers of an irreducible
quadrangulation, by rooting each cycle d; at the (unique) ancestor of the root edge
of the quadrangulation in its skeleton. With these conventions we can now define the

upper and lower composition parameters of a layer.

Definition 28. Let A = L?(q,v) be a layer at height r of a pointed rooted irreducible
quadrangulation (q,v) with simple boundary satisfying property (3.3.1) whose dis-
tinguished vertex is of height h > r. We assume the upper and lower boundaries
of A are rooted as explained above, then we can associate to A its upper and lower

composition parameters A\ and m = (my, ..., m,) parameters as follows:
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1. The upper boundary 0, of A forms a proper simple cycle with no non-trivial
diagonals. We can thus associate to 0, a partition parameter )\ describing
the structure of its non-trivial diagonals. However, as the upper boundary is
oriented and rooted at an initial face of a block of the parameter ), we can
canonically order the partition starting with the root block in counterclockwise

direction around the cycle 0,. This defines the upper composition parameter \.

Figure 4.4: Assignment of upper and lower composition parameters to a layer, we
have used the arrows to indicate the position of the root - the upper composition
parameter will be a cyclic permutation of (1,1,3,3,2,1,...) such that the bold term
corresponding to the root is at the initial term. The slots have composition parameters
(from left-to right) (1), (1,1),(1,2),(1,2,1) and (1,1).

2. The lower boundary A is rooted and satisfies property (3.3.1), so we may canon-
ically equip it with a composition parameter p which encodes the degree se-
quence of its b, vertices. Suppose now that the upper composition parameter
has k parts (note that by irreducibility we necessarily have k& > 3), then the
lower boundary cycle 0,_; is partitioned into k parts, which naturally induces a
partition of its composition parameter into parts m; (up to cyclic permutation).
Hence every (non-trivial) slot is assigned a composition parameter 7;, and we
adopt the convention that the parameters are ordered in counterclockwise di-
rection around the cycle 0,_; starting from the slot containing the root edge,
and within each slot the parts of parameter m; are ordered in counterclockwise

direction starting with first child of the unique ancestor of the slot.

Note that the upper and lower composition parameters specify neither the lower

boundary length nor the root of a layer Al

We have mentioned that the internal structure of an interstice can be fairly com-
plicated. However, with the assignment of the lower composition parameter to a layer

A, each slot of boundary length > 4 (that does not reduce to an edge) is equipped

152



with a composition parameter w. This additional piece of information allows us to
describe a bijection between interstices and a class of rooted m-admissible irreducible
quadrangulations. The interstice is either reduced to a face if parameter = consist of
single part; otherwise it is converted to a w-admissible quadrangulation via the proce-
dure illustrated below. In the first case, the interstice is called trivial and non-trivial

otherwise. Clearly, the procedure is reversible.

Figure 4.5: The enumeration procedure for admissible irreducible quadrangulations
filling the slots in the skeleton decomposition of an irreducible quadrangulation (the
figure has been take from [42]).

We can now similarly complete the definition of a semi-layer L}(q,v) of height
r. We assume it inherits its lower boundary root and composition parameter form
the layer L*®(q,v) of height r, while the upper boundary is rooted at the unique
slot incident with the down quadrilateral of cycle 0, containing the root, so that the
interior of the slot appears on the left-hand side of the root. With these convention
set up, let us summarize the structure of the hull A = B?*(q,v) of a pointed rooted

irreducible quadrangulation (q, v) with a simple boundary satisfying property (3.3.1):

o The upper boundary of A forms a proper simple cycle with no non-trivial di-

agonals, whose structure is described by the upper composition parameter \.

o The remainder A\0B?(q,v) of the hull decomposes uniquely into a sequence
Li(q,v),..., L q,v) of semi-layers.

« Each semi-layer is equipped with a lower composition parameter (m,, ..., ),

position of the root on both boundaries and the size of the lower boundary.

o FEach slot has an associated composition parameter = with & > 1 parts and is
filled with an irreducible quadrangulation, which is a 4-cycle if £k = 1, or else
a (1,m)-admissible rooted irreducible quadrangulation whose root face either

belongs to the map or not (see figure above).
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Clearly, every semi-layer uniquely specifies its lower composition parameter and
the quadrangulations filling in the slots with appropriate admissible irreducible quad-
rangulations. Conversely, almost every set of admissible quadrangulations can be used
to fill in the slots and obtain a semi-layer of an irreducible quadrangulation. There

are, however, two exceptions.

Lemma 4.2.1 Let 7 = (my,...,m,) be a sequence of composition parameters with ¢ >
3 and qu, . .., qe rooted irreducible quadrangulations such that q; is (1, m;)-admissible.
Let L be the result of gluing quadrangulations q; (via the operation of connected sum)
into the slots associated with parameters w;, then L is a semi-layer belonging to N,

except in the following two exceptional cases

(E1) there is at most one non-trivial interstice and all the trivial interstices are in-

cident to a common vertex;

Figure 4.6: A semi-layer of exception (F;) with a separating 4-cycle is shown in red.

(Es) there are at most two non-trivial interstices with composition parameters of
length 2 such that the lower boundary quadrilaterals are all incident to exactly

two vertices.

Proof. We need only to check that L is strongly 4-irreducible, so every 4-cycle must
bound an inner face. Since quadrangulations q; are admissible for each slot, a sepa-
rating 4-cycle cannot occur within a slot, so a 4-cycle can only occur if there exist two
vertices of the lower boundary cycle incident to two common vertices and not reduced
to a face. Clearly, not both common vertices can belong to the upper boundary since
the upper boundary is of length 2¢ > 6. Suppose first there exists a separating 4-

cycle consisting of an upper boundary vertex and two vertices of the lower boundary
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Figure 4.7: A semi-layer of exception (FE,) with lower boundary of length 4.

cycle, then according to the structure of the semi-layer the vertices must delimit a
non-trivial slot. Hence the only possible way for the two lower boundary vertices to
have a second common vertex that does not belong to the slot is if the other slots are
all trivial and share a common vertex. This is exactly exception (E).

On the other hand if there exists a separating 4-cycle consisting of two vertices on
the lower boundary, but otherwise disjoint with the upper boundary, then the lower
boundary must have total length 4. Clearly, that implies at once there are at most
two non-trivial slots with composition parameters of length 2. Furthermore, all the
trivial slots and the quadrilaterals of the possibly non-trivial slots must be joined to

exactly two vertices. We have described exactly exception (E»). O

We can now also prove that any semi-layer L € A’ can appear at any height r

within some finite rooted irreducible quadrangulation q in Q.

Lemma 4.2.2 Let Ly, ..., L, be a sequence of semi-layers, such that the lower bound-
ary length of L;y1 is equal to the upper boundary length of L; for each i, then by iden-
tifying the upper boundary of L; with the lower boundary of L;11 fori=1,...,r —1,
we obtain a valid irreducible quadrangulation. Consequently, the image of &L is the

same for all r:

21(Qf) =...=2£(Qp) =N\

Proof. When identifying the upper and lower boundaries of two semi-layers L and L’
we only need to make sure that the resulting map contains no separating 4-cycles.
Just as in the proof of lemma (3.3.4) a separating 4-cycle can only occur if only if
there exists two boundary vertices b, b’ on the upper, resp. lower boundary of L and
L', with a common inner vertex in both semi-layers. However, such a 4-cycle cannot

exist since the lower boundary of L' satisfies property (3.3.1). O
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Finally, we will also need to know the exact generating function of the possible
quadrangulations filling the slots of the skeleton decomposition. Recall that the
admissible quadrangulations are the 4-cycle if the total boundary length of the slot
is 4 or a rooted irreducible quadrangulation q with partition parameter of the form
(1, A) whose root face (i.e. the inner face lying to the left of the root edge) either
belongs to q or is removed thus forming a new map, say q'. Let Z(z,x) denote the
generating function of all rooted admissible quadrangulations with a weight x per

each inner face and a weight /z per each non-root boundary face, then we have

Lemma 4.2.3 The generating function Z(z,x) of admissible quadrangulations filling
in the slots of a semi-layer L € A with a weight x per each inner face and a weight

\/z per each non-root boundary face is given by

Z(z,x) = 2u(1_—lz—z)2 {uz2 — (1 +u+4u?)z —u(—1+u—u?)
+(z — w)yfu2e? — 2(1 + 3u + 3u2)uz + (1 +u—u2)2} (4.12)

Proof. Indeed, by definition the generating function can be expressed as

Z(z,o)=zz+(1+27")) 2 Zq (LA);z) =22+ ) 2 Ztt Qe (t, t; x)

>2 A >3

=xz+( 1+x Zz Qg+1tt1,...,tg+1)

>2 t=0,t;=1
_ Pi(1,z) d?
=zz4(1+a7h)) 2 Q¢ )
&7 —
=zt VT Q+201,) - QW,2) (4.13)
~ ) Tt 2P ’ Ay @
It is easily shown using lemma (3.4.3) that (1, z) = u(1+ z)x~ (1 + u)~3. Plugging
the value in (4.13) gives, after some calculation, exactly formula (4.12). O

We can now complete the skeleton decomposition of hulls. Recall that we have
associated to an r-hull A = B*(q,v) of a pointed rooted irreducible quadrangulation
(q,v) with a simple boundary satisfying property (3.3.1) and a distinguished vertex
of height h > r, an ordered rooted planar forest F', called the skeleton of A. Let A be
the upper composition parameter of A, v its canonical lower composition parameter
encoding the degree sequence of the lower boundary vertices and p its lower boundary
length. We will first augment the forest F' to also encode v (which at the moment

cannot be read of the skeleton) as follows:
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e add a child to each left-most node of height r of every part of the parameter v

and re-root at the child of the root vertex (which is necessarily a left-most child of

,AAAA‘
/“\ -

WA
A
ANKAN

the root part of v).

T -j‘\’/;‘(\ L
AL
AL
_an

in bold red with the newly added vertices and edges in blue. We have drawn the nodes
without ancestors void, while the nodes with children have been drawn solid.

We let Fy denote the augmented forest and we denote by |A|p the number of parts
and by |A|; the sum of all parts of a composition parameter. Clearly, not every pointed
linear ordered planar forest Fj can arise as the skeleton of an irreducible hull. We will
characterize the possible skeletons of irreducible hulls below (which will amount to
translating exceptions (E;) and (E») into tree-theoretic terms). It will be convenient
to call a node of a forest sterile if it has no children. Let us say a pointed forest is

(r, \, p)-admissible if

1. It is composed of an ordered sequence of |A|; rooted plane trees of height r + 1,

of which at most |\|g are non-trivial (i.e. not reduced to a single sterile node).
2. It has exactly p vertices at height r + 1.
3. The distinguished vertex has height » 4+ 1 and belong to the first tree.

and the following exceptions do not occur
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(Ep) A node has at least two children, all sterile expect perhaps the first one.
(E7) At height i every node except possibly one has only sterile children.

(E5) At height i there are at most two non-sterile nodes.

Exception (FEy) results from the irreducibility assumption. It does not explicitly
arise in the construction of semi-layers, since we have already assumed that an admis-
sible quadrangulation of a slot with composition parameter consisting of single part,
must be a face. Note that the composition parameters associated to a given slot in the
skeleton decomposition can be determined from the forest F'; indeed, the composition
parameter of a slot associated to a given node v in F' of height strictly less than r is
determined by the genealogy of children of node v in F' as follows: order the children
of v from left-to-right as (vg, vy, ...,v.). Let s1,..., sx_1 be the positive indices of the
non-sterile children arranged in increasing order and set s = 0, s, = ¢+ 1, then the
composition parameter is T = (1 — Sg, ..., Sk — Sk_1)-

We denote by F(r, A, p) the set of all (r, A, p)-admissible forests and for any F' €
F(r, A\, p) we denote by F* the set of vertices of F' at height strictly smaller than r.

We can then summarize the skeleton decomposition as

Lemma 4.2.4 The skeleton decomposition is a bijection between irreducible hulls of
radius r, upper composition parameter A and lower boundary cycle of length p and
pairs consisting of an (r,\, p)-admissible forest F' and a collection {(M,,x,)}ver,
where for each node v € F*, w, is the composition parameter describing the genealogy
structure of the node v in F' and M, is an admissible irreducible quadrangulation with

parameter (1,m,).

The skeleton F' of an irreducible hulls A will be denoted by Skel(A).

4.2.2 Hulls of irreducible quadrangulations

We can now describe the hulls of irreducible quadrangulations. Let q be a rooted
irreducible quadrangulation and denote by qg the irreducible quadrangulation with
a simple boundary obtain upon removing the star-neighbourhood of the root vertex
in q, and re-rooted at the unique edge incident to the target of the original root.
We have already shown that the resulting map satisfies property (3.3.1), so we could
apply the construction of the hull of the preceding section to qq if we also had a
distinguished vertex. Note that working with qo means no loss of information, since
the original irreducible quadrangulation can be uniquely reconstructed from qq by

gluing back the quadrangular star.
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Although the definition of the hull depends on a reference vertex v, it can be made
precise also in a rooted irreducible quadrangulation q, without a pointed vertex.
Indeed, according to theorem (4.1.3), for any fixed » > 1, with high probability
precisely one hole of the r-ball B,.(qq) contains the major part of the quadrangulation.
We may define the r-hull as the rooted proper irreducible quadrangulation obtained
from B,(qp) by filling all the holes, except the maximal one. If there are multiple
holes with maximal size, we chose one of them in some deterministic manner (the
details are not important to the construction since such situation arises with small
probability as the number faces N — o0).

Consider a rooted proper irreducible quadrangulation A with simple upper bound-
ary and lower boundary satisfying property (3.3.1) such that A = B?(qp). If qp is

large enough, e.g. if the number of faces in q is at least twice that of A, then

B (qo) 2 B_1(qo) 2 -+ 2 Bi(qo). (4.14)

Note that this would not be true for a general finite irreducible quadrangulation. Fur-
thermore, provided gy was chosen large enough the sequence (4.14) does not depend
on qo and we have B§(A) = B$(qo)'. Note that in the construction of the skeleton
decomposition, the distinguished vertex was needed only to guarantee that property
(4.14) held, so provided qq is large enough we can deduce the existence of a skele-
ton decomposition of A just as in the preceding section. The restriction that qq is
large enough is inconsequential since we are ultimately interested only in the limit as
N — o0.

We also have an analogous result for limiting probabilities of hulls:

Lemma 4.2.5 (Uniform probabilities of hulls) Let k be a rooted proper irreducible
quadrangulation with partition parameter A with n faces and a simple boundary of
length 2p (with p > 3) such that B2 (q) = k for some rooted irreducible quadrangula-
tion q and r > 1, then

_ o T2
A P(B} () = k) = —=c(d)z (4.15)

where puy denotes the uniform measure on the set of all rooted irreducible quadrangu-

lations with N faces.

'We are being somewhat imprecise here since we have not formally defined the hull of an irre-
ducible quadrangulation with two boundary components; we leave to the reader the simple task of
extending the definition (the role of the pointed vertex is now played by the exterior face).
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Proof. The proof is essentially the same as for lemma (4.1) for a ball with a single
boundary component. Indeed, given k, the connected sum k#s with a A-admissible
irreducible quadrangulation s will have the same r-hull B?(k#s) = k, provided the
number of faces of s is large enough (say larger than n). Thus for N > 2n, we again

have
(N —n+p)

c¢(N)

The limit as N — oo follows as before. ]

P(B2(v) = k) =

4.2.3 The hull operator

The skeleton decomposition would in principle allow us to compute the probability
that an r-hull B of an infinite random irreducible quadrangulation q has a particular
skeleton F. However, in the construction the exceptions (F£;) must be taken into
account, which is not a simple task for a generic skeleton. The construction of the
skeleton suggests we could instead define an operator that computes a statistical sum
over all semi-layers in A’ with respect to the lower boundary length and the number
of faces as was done in [41] for triangulations of type II. We will prove the following

result.

Lemma 4.2.6 Let p > 3 denote the length of the lower boundary of a semi-layer L
and let n = n(L) denote the number of inner quadrilateral faces in L. Suppose we
take a function G(z) that allows expansion G(z) = Ypss 2" t, then we can write

the sum over all semi-layers L € A" as
Y = (A(2)G)(2)
L

where A(x) is a linear operator defined as follows

(A(2)G)(2) = R'(2,2)G(R(z,2)) — (R(z,2) —x + (1 + 2)R'(2,2))G(x)
— 2zR'(0,2)(R(0,2)G'(x) — 2G(x)), (4.16)

in which prime denotes differentiation with respect to z and we have made the follow-

ing notational convention R(z,z) = (1+ 2)27'Z(z,z).

Proof. Let P be a semi-layer pattern with upper boundary of length ¢ and lower
boundary of length p; we assume ¢, p > 3. Let us enumerate the slots, starting from
the one that contains the root of the lower boundary. Let the slots have composition

parameters A, ..., A,. Given the parameters ),...,\, the root can be placed in any

160



of ¢1 := |A1]o positions, so in order to define a semi-layer pattern such a position
should be specified along with the composition parameters A, ..., A,. Finally, let us
write ; = |Nilo, 7 =41+ -+l and F(2) = Yp>3 cr2k.

The first and last part of consecutive \’—’\/‘/

slots can either be joined or not Root is chosen among one of the parts
of the first slot

Figure 4.9: A semi-layer with specified upper boundary length and lower composition
parameter. Note that the ambiguity of whether the first and last quadrilateral of two
consecutive slots are joined or not corresponds on the level of generating functions
to multiplication by the factor (1 + z). On the other hand, the root can be specified
among any of the ¢; parts of the first slot with the convention that if the first part is
chosen then it cannot be joined with the quadrilateral of the last slot.

We have at first (without taking into account exceptions E;)

;qx"z” => Y « {H(l + I_l)[tlt)‘]Q(t)} 24 )T (14 2) — 1)

(23 01,2 '

=> (1 +2H1Z2 2 2) (1 + 2) 2 (z,2) — 27 Z(2,2))

= 2u/(2,2)G(u(z, )). (4.17)

where the last factor of the first line corresponds to the fact that the parameters
Ay, .-+, Ap do not uniquely determine the length of the lower boundary and we have
introduced the notation G(z) = z7'F(z) and u(z,z) = (1+2)27*Z(2, ). The starred
bracket is somewhat imprecise, since it does not include the term corresponding to
a trivial slot with composition parameter A\ = (1); if we augment the generating
function Q(¢;x) (determined in chapter 2) by adding a term x(1 + z7!)"'t;t, (and
no other), then the bracketed term is correct. We will assume this modification has
been made to ) throughout the proof to simplify the discussion.

Formula (4.17) is not yet correct due to the exceptional cases. Note that we
have already taken into account exception (FEy) since [z]Z(z,z) = x. However, the
term (4.17) includes some layers that should not be counted due to exceptions (E)
and (FE2), so we have to subtract these exceptional layers from (4.17) to obtain a

valid expression. We have two cases to consider: either the semi-layer pattern P
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has exactly one non-trivial slot (i.e. a slot not reduced to a face) and all the trivial
slots are joined or there are exactly two non-trivial slots. We refer the reader to the
schematic representation of the two exceptions in figures (4.6) and (4.7). Note that
= (d/d2)Z(z,2)|.—0 and Zy(z) = [2}]Z(2,2) = (d/d2)2"1Z (2, )| .—0-

The invalid layers counted in the first case are expressed as the sum

Z cer"2? = Y e N1+ 2 HEEMQE) TN (L + 01)22 + 202 + 6 — 1 — 61 4,2)

(>3,
= ;ng (1+2)2Z(z,2) — 27 (1 — 22 Z(2, 7)) — 2F ()
= zjz[(l + 2)u(z, 2)|G(x) — z2G(z).

The last term has been subtracted to avoid double counting. On the other hand, the

invalid layers counted in the second case contribute

S et =22 P {(€ — 1) Z3(x) + 2(0 — 2)xZy(x) + (£ — 3).:1:2}

(E2) >3
= 22z + Z5(2))2G (x) — 22%(x + Zy(x))G(x)
= 2>R(0,2)°G'(z) — 22°R'(0,7)G ().
Putting together all the contributions and re-writing the result in terms of G and u

gives exactly expression (4.16) for the operator A. O

We note for future reference the following explicit formula for the function R(z, z)

introduced above (which is an easy consequence of formula (4.12)):

R(z) = QU(Iiz) {uz2 — (I +u+4ud)z —u(—1+u—u?)

+(z — u)\/u2z2 —2(1+3u+3u?)uz+ (1 +u— u2)2}

The following result is an immediate corollary of lemmas (4.2.6), (4.2.1) and (4.2.2):

Lemma 4.2.7 Let p > 3 denote the length of the lower boundary of a truncated hull
B, = B?\OB? and let n denote the number of inner quadrilateral faces in B,. Suppose
we take a function G(t) that allows expansion G(t) = Y>3 k2!, then the sum over

all truncated r-hulls B, is expressible in terms of the operator A(z) as
Zcpx 7= (A"(2)G)(2). (4.18)

We will frequently write the operator A(x) simply as A, (or A,, respectively A,
where u = u(x) and ¢ = g(x) are certain auxiliary parameters that will be recalled in

the next section).
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4.3 The Hull Operator A,

We have introduced in the previous section the hull operator A, as a convenient
tool for studying the asymptotics of the volume and perimeter of hulls of irreducible
quadrangulations. The operator has been defined only formally without specifying its
domain and codomain. However, the properties of the operator will depend crucially
on the analytic properties of the map R(z,z). We will examine more closely the map
R(z,x) in the following section.

Before we start, we briefly recall the standard notational convention that have

been used throughout the thesis.

Definition 29. We denote by u = u(x) the unique solution of the quadratic equation
w(@)[l —u(z)] == (4.19)

satisfying u(0) = 0, The function u(x) is simply the shifted generating function of
Catalan numbers and is given explicitly by the following formula

1—+1—4z

u(z) = ) =

1 2
> <n>x”“:x—|—x2+2x3+5x4+--~ lz| < 1/4.
—~“n+1\n

The radius of convergence of the power series expansion about the origin is o = 1/4
using Stirling’s formula. The point xy will be called the critical value of parameter x
and we will always assume from now on, unless explicitly stated otherwise, that the
values of the parameter x are restricted to the interval [0, zo]. Since the map u = u(x)

establishes a one-to-one correspondence
U(I‘) : [vaO] — [O,Uo]

where ug = 1/2 is the critical value of the parameter u, we will treat parameters x and
u as equivalent, connected by the relation (4.19), and will use them interchangeably

as appropriate.

Definition 30. We also define parameter ¢ = ¢(x) as the unique positive solution of
the quartic equation

u(z)[1 +¢*(2)] = ¢*(2) (4.20)
satisfying ¢(0) = 0. Equivalently, parameter ¢ can be expressed solely in terms of z
by using relation (4.19) to eliminate the indeterminate u. The functions ¢ = ¢(z) and

q = q(u) are expressible in terms of radical as follows

o) 1—vI— 42 4 4(a) Jl—\/Q\/l—élx—(l—élx)
R TR I-VI—4r
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The radius of convergence of the power series expansion about the origin is o = 1/4
and ug = 1/2 and it is once again easily checked that the map g = ¢(u) establishes a
one-to-one correspondence

q(u) : [0,u0] = [0, qo],

where qg = 1 is the critical value of parameter ¢q. As such we will freely switch between
all three parameters (z,u,q). Finally, let us remark that the substitution v — u(q)
will always yield an expression in ¢ that is invariant under the action of the Klein

viergruppe V' of transformations since the same is true for the map u(q).

Having set up our parameters, we will first fix the meaning of the function R(z, z).
Since the function is expressible in terms of multivalued radicals it will be important
to make it precise which branch and branch-cut of the square-root is being used. As
such we will first define the map R = R(z,z) as a solution of a certain irreducible

quadratic equation.

Definition 31. Let u € [0, ug] be fixed. The function R(z,u) = R,(z) is an algebraic
function of z of degree 2 defined as the unique solution of the quadratic equation

F.(z,w) = 0 given by
u(1+2)w? +{uz® — (1+u+4u®) 2 +u(l —utv®) yw+u(z—u(l—u))(1+2) = 0 (4.21)

such that R,(0) = u(l — u). Provided u # 0, the conjugate root exists and will be
denoted by R(z,u) = R,(z). Note that the definition of R, also makes sense for
u = 0, where we set R, identically equal to zero (whereas the conjugate root at u =0

would be identically equal to 0o).

Although not immediately obvious from (4.21), the equation F,(z,w) is symmetric
in the variables z and w, that is F,(z,w) = F,(w, z). This is easily seen by writing

it in the following more symmetric form
F(z,w) = u(1+2)w? — (1+u+4u?) 2w +u(1+w) 22 +u(l—u+u®) (2 +w) —u? (1 —u).

As a result we will see that the conjugate root R, can be interpreted as a (left) inverse
of R, (with respect to the variable z) over a suitable domain (this will be made more
precise below).

Analytic properties of R,: We will assume from now that u € (0, ug]. In chapter 3
we studied the properties of function related to R, (z) by treating its defining equation
as an affine algebraic plane curve. We will follow a different approach in this section

by analysing instead the compact Riemann surface defined by equation F,(z,w) = 0.
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The quadratic polynomial F,(z,w) = 0 is clearly irreducible, so equation F,, = 0
determines, for each fixed u € (0, up|, a compact Riemann surface &, and a (com-
plete) meromorphic algebraic function m, : R, — P*. The critical points (i.e. points
at which equation F,(z,w) = 0 does not admit two distinct solutions or else becomes
meaningless) are exactly the zeros of the principal coefficient, zeros of the discrimi-
nant and (possibly) the point co. We will denote by § the set of all critical points.
After some straightforward algebraic calculations we find that the discriminant of the

equation is
Discr(z2) = (2 — u)*(uz? — 2u(1 + 3u + 3u?)z + (1 +u — u?)?). (4.22)

Consequently, the set of critical point is a subset of {—1,u, 00, 21}, where z1 are the

zeros of the quadratic factor of Discr(z) given by

1+ 3u + 3u? 142 1+ 24 %+ qh)?
u u (1 +q*)
To simplify notation we will also write zp = —1,2; = u and 2z, = co. It is easily

checked that for u € (0,ug) all the points are distinct. However, at the critical value

u = ug the points z; and z_ coincide, so that case will have to be treated separately.

The corresponding branching values are wg = 0, w; = u, ws = —1 and
1+ 2 + 3 4 + 5 6
wy =g AT TG EC T (4.24)
q(1+q*)

As is well-known critical points of F,(z,w) are at most algebraic singularities of R,
and R, all other points being regular for both branches. Furthermore, zeros of the
discriminant are necessarily ordinary algebraic branch points. We will determine next
the ramification index and local behaviour of the branches R, and R, about each of
the critical points using Newton’s diagrams. This will also allow us to compute the
genus of the Riemann surface R, and find a convenient parametrization.

29 Let’s introduce the local change of coordinates (z,w) — (z — 1, y) and re-write

F, in terms of (z,y):

r(—u(l +u—u?) +ur) + {(1+u)® — (1 + 3u + 4u?)x + ur?}y + ury® .
——

(0,1) (1,0) (2,1)

Since the principal coefficient of each term is clearly non-zero on (0, ug], we conclude
form the diagram that the point 2, is always unramified with index e; = 1 and in
a neighbourhood of zy the equation admits two meromorphic solutions locally of the
form

u(l+u—u?)

(1+u)3 (z+1)+o[(z+1)] as z = —1

wy(z) =
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wy(z) = —(1+uu)(z + 1)t ol(z+ 1) as 2z — —1.

20 Let’s introduce the local change of coordinates (z,w) — (x7',y — 1) and

re-write (the numerator of) F, in terms of (x,y):

o(14+u)® +{u— (14 3u+ 4u?)z — u(l +u — u*)2*}y + 2 (u + ux)y?.

(0,1) (1,0) (2,1)

The diagram is the same as for the point zy. Since the principal coefficients are again
all non-zero in the interval (0, uo|, it follows that the point z, is also unramified with
index e, = 1 and in a neighbourhood of 2z, the equation admits two meromorphic

solutions locally of the form

1 3
wi(z) = —1— ﬂz_l + o[z as z — o0
u
wy(z) = —z 4 0(2) as z — 0.

21 Let’s introduce the local change of coordinates (z,w) — (x + u,y + u) and

re-write F, in terms of (x,y):

u(l+u)z® +2{—1 —u+uz}y + (u(l + u) + uz)y®.

(0,2) (1,1) (2,0)

The principal coefficients are non-zero on (0, ug]. However, its Newton diagram is a
straight line segment, so the test is inconclusive. The point z; can either be unramified
with index e; = 1 or ramified with index e; = 2. We will consider first the case
u # ug. Let C[x] denote the ring of formal power series in « and C[z][y] the ring of
polynomials in y with coefficients in C[x]. Recall that C[z] is a complete valuation
field with a unique maximal ideal m = (z). Since F, = y* mod m, it is clear that
F.(z,y) is reducible in C[z][y| if and only if F,(x,zy) is reducible. Note that we
can write F,(x,zy) = 2?F(z,y) where F} is primitive and satisfies I} = u(1 +
u)(y — a1)(y — ag) mod m (where «; are the solutions of the quadratic equation
u— a+ua? = 0). Since we assumed u # g, the roots «a; are distinct, so by Hensel’s
lemma F} is reducible in C[z][y]. It follows that the point ; is unramified with index
e; = 1 and in a neighbourhood of z; the equation admits two holomorphic solutions

locally of the form

1 —+v1—4u?

wl(z):u+T(z—u)+o[(z—u)] as z = u
wg(z):u—l_Qlu_W(z—u)+0[(z—u)] as z — u.
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On the other hand, the argument above breaks down at u = uy. The equation F,, in

local coordinates (x,y) becomes
30% + 1a(=3+ 2)y + 1(3 4 22)y”.

The first terms of the Puiseux expansion of the two branches obtained in the case
u # ug are still valid at u = ug and suggest making the substitution y — xy-+x in the
equation. Since translations preserve irreducibility and F, = y?> mod m it is easily
seen that the new equation will be irreducible in C[z][y] if and only if F,(z, zy + x is.
After the substitution the equation becomes F,(z, zy+z) = 12?(4z+6zy+ (34 22)y?)
and is clearly irreducible in C[z][y] by Eisenstein’s criterion. Hence the point z; is
ramified in this case with index e; = 2. Furthermore, by computing the Newton
diagram of the transformed equation it is easily seen that in a neighbourhood of z;

the solutions are locally of the form

(2 —ug) + (2 — up)*? as 2z — ug
zZ — U

+
+( 3/2

0) — (z —up)”’* as z — wy.

z_ Let’s introduce the local change of coordinates (z,w) — (x + z_,y + w_) and

re-write F, in terms of (z,y), then we get a constant multiple of the polynomial:
g1 —@)* (L +¢*)° P(q) (1-g+¢*)° 2
T +ax,+x + px +{——F— + 02 ,

{ L1+ ¢*)? 1+ q¢* ey 1444 bz 1y

(0,1) (1,1) (2.0)

where P(q) = 1—3q¢+5¢*>—8¢*+5¢*—3¢° +¢° and B = q/(1+q+¢*). We can exclude
the critical point ¢y = 1, since we have already determined the index of z_ = z; above.
On the interval (0, go) the polynomial P(q) has a unique zero ¢; =~ 0.49 but 8(q;) # 0.
Hence the middle term will either represent the point (1,1) or (1,2) in the Newton

diagram.

7
14 /=2 + 3/354 — .
/=100 + 61/354

The coefficients o and 3 are non-zero on (0, 1), so we conclude from the diagram that

Uy = U(Ql) = §

the point z_ is ramified with index e_ = 2 and in a neighbourhood of z_ the equation

admits two solutions whose Puiseux expansions are locally of the form

wn(2) = w_ _,0-9r +q2)J (1+¢*)(1+¢° +q4)mas -

q(l—q+¢?) q(1 +q*)
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VZi—Z_as zZ — zZ_.

wal2) = w1 {17 DAFP) | A+ A e +qY)
: B q(1—q+¢?) q(1+ ¢%)

z+ We could again introduce a local change of coordinates as above and investigate
the corresponding Newton’s diagram. However, note that the transformation ¢ — —¢q
exchanges the roots z4. It follows that the equation and expansions for z, can be
obtained from those of z_ by the substitution ¢ — —¢. In particular, the analysis is
also valid at ¢ = ¢y since the initial term is non-zero at ¢y and there is no ambiguity
with the middle term since the polynomial P(—¢) has no positive real roots. It follows
that z, is ramified with index e, = 2 and in a neighbourhood of z, the equation

admits two solutions whose Puiseux expansions are locally of the form

_ o, U+ ¢) [0+ +e) ——
wiz) = w- q(1+q+¢>) \ (1 + ¢ vasET
oy 040?04 [0+ P04+ +g)
wal2) = v ) \ g(1+q*) T A

Let’s denote by g(R,) the genus of the compact Riemann surface R, determined
by equation F,(z,w) = 0. To compute the genus of R, we apply the Riemann-
Hurwitz formula to the map 7, : R, — P! It is well-known that 7, is covering map
of degree 2 since it is determined by a quadratic equation. Furthermore, the genus of
the Riemann sphere P! is 0. It follows that

20—2=—-44> (ep—1)=—-2= genusR, = 0.
Pes
Consequently, R, is analytically isomorphic to the Riemann sphere P! and the equa-
tion Fy,(z,w) = 0 admits uniformization by rational functions (which will be explicitly

determined below). The two branches of the solution are given by

Ru(2) = Miz){u% (4 ut4u?)z —u(—1+u— ) + (2 — u)ou(2)} (4.25)
Rulz) = Ml‘iz){m? (a4 42z —u(—1 4+ u— ) — (2 — wou(2)} (4.26)
ou(2)? = u?2® — 2u(1 + 3u + 3u®)z + (1 +u — u?)? (4.27)

When writing out the local expansions about the critical points we have taken care
to ensure that the expansion of the first branch w;(z) always corresponded to R,
and the that of the second branch to the conjugate root. The points z4 are thus the

only branch points of R,, R, with ramification index 2, so by choosing [z_,2,] C R
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as a branch cut, both roots can be meromorphically extended to the slit complex
plane 9, = @\[z_, 24+ ]. When talking about square-roots we will always assume that
the principal branch is being used with a branch cut along the negative real axis. It
follows that the correct determination of R, and R, (analytic in 9,) with respect to

the established branch cut convention will be obtained by setting

e p— e
Oq(Z):W(ZJF_Z) o = 1+q4\/z_—z\/z+—z, (4.28)

where arg(z — z_) = arg(z — 2z, ) = 0 for z > z1. Note that the second expression in

(4.28) is formally defined only on the slit complex plane C\[z_, 00) since the principal

square root has a branch cut along the negative real axis. However, it is possible to

prove that the product \/2_ — zy/z; — z admits an analytic continuation to (zy, 00),
so is well-defined on @,. The main properties of R,(z) are collected in the following

theorem:
Theorem 4.3.1 (Analytic properties of R, and R,). Let ¢ € (0,1] and denote by
D = {z € C||z| < 1} the open unit disk. The function z = z(X) : D — D, is an
analytic isomorphism such that z(q) = q and 2'(q) > 0, where

1+ +4¢" =g+ N1 +¢* +¢)A = g(1 +¢%)

(0) = e (4.29)
0+ 4"+ (I + P+ O+ A —g)

Fald) = q(1+¢)(1+¢*—q)) (4.30)

B, = UF ¢ =N+ + ¢ +¢)A—q(l+¢" +¢) (4.31)

g1+ gHA(1 +¢*)A —q)
The pair (z(X), Ry(X)) constitutes a rational parametrization of the surface R, and
has the following properties: z(A™') = z(\) and R,(\) = R, (A1) (when considered
as rational functions over P'). Finally, z(£1) = 2z and each arc SL is mapped

bijectively onto the branch cut [z_, z,].

Proof. Tt is easily checked that F,(z()\), R,(\)) = 0 for all A € P!, so the pair
(2(X), Ry(N)) gives a rational parametrization of the compact Riemann surface R,.
Let us check that z()\) : D — 9, is indeed an analytic isomorphism. We can write
z(A\) as a composition z(A\) = poboc, where ¢ : D = #, = {z € C|Rz > 0}
is the Cayley map, which maps the open unit disk ID biholomorphically onto the
open right-half plane #,, b : #, = C\(—o00,0] is the square map b(z) = 22,
which maps the open right-half plane biholomorphically onto the slit complex plane
C\(—=00,0] and g : C\(—o00,0] = 9, is the unique Mobius transformation such
1

that p(0) = 2_, u(o0) = 24 and p(—1) = 5(2- + 24), which maps the slit domain

C\ (—o00, 0] biholomorphically onto 9. O
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We record for later the following easily provable observation

R,(\) = = <q> and R,(\) = = <(‘“> . (4.32)

1+q¢%>—qA 1+¢)N—g¢q

We have already observed that (at least formally) the roots R, and R, seem to be
mutually inverse functions (with respect to the variable z). However, due to multi-
valued square-roots the identities R o, R = id and R o, R = id (where o, denotes
composition with respect to z) are not true in general over &,,. In order to determine

their range of validity, we begin by observing the following identities on 9,:

o2 (R(z ), 1) = [(z —u)(1+3u+ uz(%l— izi)—l— (z+u+ 2)@,(2)] (4.33)
o2 (B2, u). ) = [(z —u)(1+3u+ u2(—1k izi)— (z4u+ 2)0u(z)] ' (4.34)

The next theorem determines precisely the values of the various compositions of R,

and Rq depending on the domain of definition.

Theorem 4.3.2 (Composition Identities). Let g € (0,1] and denote by T, = R,z,(S")
the bicircular rational plane algebraic curve of degree 4 given in polar coordinates for
V€ [—m, 7 as

o (142 +¢" + )1+ +2¢" +¢°) 201+ )1+ +q")

= — cos .
P ¢*(1+ ¢*)? q(1+q*)

Provided q € (0,1), 'y is a nested family of smooth simple closed curves of genus 0.

Let I, and E, denote the interior and exterior of Iy, respectively, then

R, : 9, = I, is an analytic isomorphism

R, : E, = E, is an analytic isomorphism
and the following compositional identities are true

(i) Ry 0, R, = id on 9,.
ii)R,o0, R,=1id on I,.
(ii) q g
iii) R, 0, R, =id on E,.
(iii) R, q q
(iv) Ry 0. Ry = 27 (Ry(2) — Ry(0)) on D,

REMARK 3 The value ¢; of the parameter ¢, which arose as the unique positive zero of
polynomial P(q) for the Newton diagram of z_, has an interesting geometric interpretation.
It is possible to show that the curve Iy is convex if and only if ¢ € (0,q1).
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Proof. We will only sketch the proof of the theorem. An elementary, albeit involved,
computation reveals that the polar parametrization of the curve I'; is related to the
map R,(\) through the relation p? = (RR,(¢))? + (SR, (e™))?, which immediately
implies that I, is exactly the image of the open unit disk D by R,(\) (and similarly
for the conjugate root). Relations (4.32) then imply that the restriction of R, to the
slit domain &, is an analytic isomorphism onto I, and the restriction of Rq to B,
is an analytic isomorphism onto E,. The compositional identities follow from (4.33)
and (4.34) by carefully considering the the value of the square root of their left-hand

sides, depending on the domain of definition. O

Mapping properties of R,: Mapping and dynamical properties of the map R,(z)
will be important in the sequel when studying the properties of the hull operator.

Let’s denote the M6bius transformation appearing on the right-hand side of equation

(4.32) with p4(2), so
q

T 1+ —gz

It is an automorphism of the extended complex plane C with determinant det te(2) =

tq(2) (4.35)

¢* and (normalized) trace tru, = ¢+ ¢~* > 2. The transformation is hyperbolic if

q # qo and parabolic otherwise. It has two fixed points, the attractive fixed point ¢ and

1

the repelling fixed point ¢~'. Its characteristic constant is therefore A, = p;(q) = 7.

Let £ > 0 be a non-negative integer. We will denote by i, the k-fold iterate of
g With the convention that p,¢ = id and 41 = p,. Writing the transformation g,

in normal form as
fg—q 5 2—(
-1 q 1
Iq —q z—q
it is easily shown by induction on k that the kth iterate is given as follows:
k_ o~k
my_1(g)z —m —
= —F 1(9) k(q>, where my(q) = L qil : (4.36)
M (q)z — Mp41(q) q—q
The coefficients my(q) are reciprocal forms in ¢ closely related to Chebyshev poly-

fq,(2)

nomials of the second kind Ug(s). Indeed, if we introduce a new variable s by the
relation s = 5 trp, then my(q) = Uy_1(s). It follows that the forms my(q) satisfy
the recurrence relation my,1(¢) = (¢ + ¢ ')mi(¢) — my_1(¢) with initial conditions
my(¢) = 0 and my(¢) = 1. Furthermore, equation (4.36) also remains valid for nega-
tive integers k provided fi, —x(2) is interpreted as the kth iterate of the inverse map
py *(2) for k> 0.

The following classical theorem is well-known in complex analysis:

Theorem 4.3.3 (Mapping Properties of y,). Let ¢ € (0,1), then limy_4o0 pigr = ¢!

uniformly on compact subsets of C\{qT}.
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4.3.1 Resolvent of the hull operator

We will first transform the hull operator A, by an appropriate change of variables to

a more manageable form. Let us recall that the hull operator A, is defined as

(Auf)(2) = Ry(2) f(Ry(2)) = { Ry(2) = Ry(0) — 22Ry(0) + (1 + 2)Ry(2)} f(Ry(0))
— 2(R,)*(0)f'(Rg(0))

We have proven in the previous section that the symbol R,(z) admits a rational
uniformization. We will use a conformal map z : D — 9, to perform a “change of

variables” that will simplify the operator:

Ay

Hol(%;) Hol(%;)
P P
Bq
Hol(DD*) Hol(D*)

where P : f +— f o z is the composition operator with symbol z. We introduce the

following change of variables

LU+ +q" =g+ ¢*)w)((1+¢* + ¢)w — (1 + ¢%)) (4.37)
@1+ )w

V(@) — 2= \Jz_(q) - :
Varle) — 2+ \Jz_(q) — 2

According to theorem (4.3.1), z(w) : D — @, is the unique analytic isomorphism

(4.38)

w =

such that z(¢) = ¢ and z/(¢) > 0 with inverse w(z) (where as always we take the
principal branch of the square-roots). We have shown that the action of conjugation
¢+ 271 o ¢ oz on the composition map transforms it to the Mébius transformation
tq(w) (see equation (4.32)). When switching to the new coordinate system a function
f(2) turns into a function g(w) defined by the equation f(z) = g(w) and the operator
A, turns into the operator B, such that for all f and z we have (A,f)(2) = (B,9)(w).
The operator B, is (formally) obtained from A, by conjugation with the composition

operator with symbol z(w) and acts on g as follows

w2

Tz (1= 1a(w)*)g (g () 404 (w)g (119 (w0)) + 1o ()9 (119 (w0)), (4.39)

(Byg)(w) =
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where we have introduced the following notation for the coefficients of the finite-rank

part of the operator

aq — bgw + cqw® — dgw?
P = P T @ T ¢+t (i — o)
¢*(1 = ¢°P°(1 = ¢") (1 — wow)(wo — w)
1= +¢*)1+¢H* 1+ +¢*+ ¢5 +¢®)%w

(4.40)

e(w) = (4.41)

and the coefficients of the quartic polynomial in the numerator of ¢, are given in the
table below

a, =21+ )1+ + )1+ + "+ + ¢ +q° +¢7)
bq — q2<3+7q2 +9q4+7q6+3q8>(1 +q2+2q4+2q8+q10+q12)
cq =1+ 17¢" +20q" + 41¢° + 59¢° + 71¢"° + 74¢"
+ 71g" + 59¢"0 + 41¢™® + 20¢%° + 7¢* + ¢*
dg =291+ @)1+ ¢+ ¢")' (1 — ¢ +¢").

We can decompose the hull operator into two parts B, = T; + P, where T} represents
the weighted composition operator given by the first term in the representation (4.39)
and P is the finite-rank remainder. Simple induction on k£ > 1 reveals both operator
are iterable. Indeed, the Mobius transformation u,(w) = a,(¢*a,(w)) is a conformal

dilatation, where oy € AutD is a disk automorphism given by

q—w

It is easily checked that «, is an involution and it follows by induction on k& > 0 that

the kth iterate of the weighted composition operator 77 is given by

¢ (1 — g"af(w))(1 — g ag(w))*(1 — qag(w))?
(1= ag(w))(1 = ¢**ag(w))*(1 — ¢***+ag(w))?

A reason for the existence of such a simple formula for the iterates is that the multiplier

(T g)(w) = 9(aq(q™ ag(w))). (4.42)

m(w) forms a standard coboundary cocycle, i.e. it has the form m = ¢*w/(w o p,) for
some function w (see lemma below). More precisely, if we denote 1, = a,q* ar, for t €
R* and m; = ¢°w/(wop), we can prove that the operator (T;g)(w) = my(w)(gopu)(w)
is well-defined on (any) Hardy space HP of the open disc rD for any r € (¢, 1)? and

has the following properties:

2We cannot define the operator T; on the Hardy space of the whole open unit disk since its
multiplier has simple poles at £1. On the other hand, it is easily checked that the condition
tq(rD) C rD is equivalent to r € (g, 1).
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Lemma 4.3.1 (Weighted composition operator T;) Let p > 1, then T, : HP — HP
defines a bounded linear operator for allt € RT and the family {T;} forms a uniformly
bounded strongly continuous one-parameter semigroup of operators on HP.

Let t € RT, then Ty : H> — H? is a one-to-one operator that belongs to the p-
Schatten class S, for every p > 0 (in particular, T is a trace class operator) with point

spectrum o,(Ty) = ¢*%+ and continuous spectrum o.(T;) = {0}. The eigenfunction

k—1

s (w)w(w) and the normalized eigenfunctions

corresponding to the eigenvalue ¢** is o

orm a complete system in H?, where
[ P Y o

1 — ¢2)Pw?
w(w) = — : 2 2y

¢*(1 = qu)*(1 — w?)
The trace tr Ty and the Fredholm determinant det(I—21}) exist and admit the following

closed-form expression

trT; = 132;21: and det(I — 2T}) = (¢*,¢°2) 0.

We will not go into further details regarding the properties of the hull operator
on Hardy spaces and will continue working in a purely formal setting (although our
results can always be put in the context of Hardy spaces of an appropriately chosen
domain). We introduce next the resolvent of a linear operator. Although we define
resolvents for operators on Banach spaces, the definition also works in a purely formal

context.

Definition 32. Let A be a linear operator defined on some Banach space. The

resolvent of the operator A is defined as
R(z;A) = (21 — A)7' =" 27" 1A* for |2] > ||A]| (4.43)
k=0

where I denotes the identity operator and z € p(A) belongs to the resolvent set of the
operator A. Let A and B be operators defined on a Banach space, then the following
identities hold (called respectively, the first resolvent identity and the second resolvent
identity):

R(z;A) — R(w; A) = (z —w)R(z; A)R(w; A), for all z,w € p(A) (4.44)
R(z;A) — R(z;B) = R(z; A)(B — A)R(z; B), for all z,w € p(A)Np(B). (4.45)

Note that (formally) the resolvent z~'R(z~1, B,) is simply the generating function

of the iterates of the hull operator. Since we will be interested in the asymptotic
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behaviour of the iterates applied to a fixed map g(w), we would like to determine a
convenient expression for the resolvent that is computable and amenable to singularity
analysis. Let us denote the resolvent of Ty by Ri(z,w) = z7'R(z!,T}) and write
P (z,w) = Ri(z,w)p, VYy(z,w) = Ri(z,w)y. Note that R; is readily computable
due to expression (4.42) for the kth iterate of 77. Finally, let us also set S(z,w) =
2 'R(27', B,) for the resolvent of the hull operator. The following lemma supplies

the sought representation:

Lemma 4.3.2 (Decomposition of the resolvent R(z,B,)) Let z be sufficiently small,
then the following identity holds (prime denotes differentiation with respect to w):

S(z,w) = 2" 'R(z7", B,) = Ri(z,w) + Jo(2,w) Ry (z,w1) + V1 (z,w) R} (2, w1), (4.46)

where the coefficients are given as follows

2@ (2, w)(1 — 2W (2, w1)) + 22V, (2, w) P, (2, wy)
(1= 2®4(z,w1)(1 — 2V, (2,w1)) — 22® (2, w1)Vy(z,w1)
220, (2, w) W, (2, w1) + 2V, (2, w) (1 — 2®,(z,w;))

(1 = 2®g(2,w1)(1 = 2W (2, w1)) — 22®! (2, w1)Vy(2,w1)

Yo(z,w) =

Vi (z,w) =

Proof. We apply the second resolvent identity (4.45) to the decomposition B, = T+ P
of the hull operator. Recall that S(z,w) = 27'R(z7!, B,), so we obtain

S(z,w) = Ry(z,w) + 2Ry (2, w)PS(z,w)
= Ri(z,w) + 2P,(z,w)S(z,w1) + 2V, (z,w)S" (z,w;) (4.47)

where prime indicates differentiation with respect to w and wy = p(wp). Let’s evaluate
the identity on an arbitrary function g = g(w). If we take the derivative with respect

to w of both sides and substitute w = wy, we get a system of equations:

{1 = 2®,(z,w1)} S(z,w1)g — 2%, (z,w1)S (2, w1)g = Ri(z,w1)g
—2® (2, w1)S (2, w1)g + {1 — Z‘P;(z,wl)} S'(z,w1)g = R (z,w1)g.

The determinant A of the system is easily evaluated to be (1 — z®,(z,w;)(1 —
2V (z,wy)) — 22®) (2, w1)We(2z,wy) and is equal to 1 at z = 0. We will prove (see
theorem 4.3.4) that the determinant is analytic about the origin, so if we take € > 0
sufficiently small, A # 0 for |z| < e. Hence for values of z sufficiently close to the

origin, the system has a unique solution given by

{1 =2V, (2, w1)} Ri(z,w1)g + 2W, (2, w1) R (2, w1)g
(1= 2@y (2, w1)(1 — 2V (2, w1)) — 22®@/ (2, w1) ¥y(z,w1)

S(z,wy)g =
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2@ (2, w1) Ry (2,w1)g + {1 — 2@4(2,w1) } Ry (2, w1)g
(1 = 2®g(2,w1)(1 — 2W! (2, w1)) — 22®! (2, w1)Vy(2,w1)

S(Za wl)/g =

Substituting these expression back in formula (4.47) gives the representation
S(Za w)g = R1<Z7 w)g + 190(Za w)Rl(za 'lU1>g + 191(27 w)Rll(Za wl)g
Since g was arbitrary identity (4.46) follows. O

We will often denote the specialized values of the resolvent maps of ¢ and
(and their derivatives) at w = w; by suppressing the second variable, writing simply
®,(2) = ®,(2z,w) etc. Note that in terms of the original hull operator, the substitu-
tion w = w; corresponds to t = x and the decomposition (4.3.2) somewhat simplifies

at w = w;y:
Corollary 4.3.1 Let z be sufficiently small then the following identity holds

{1=2W)(2)} Rz, wn) + 20, (2) Ry (2, wn)
(1= 2Q¢(2)(1 — 2Wy(2)) — 22D (2)Vy(2)

S(z,wy) = (4.48)

Once again lemma (4.3.2) has been deduced in a purely formal setting. However, it
is possible to derive the same result also in the context of Hilbert spaces (more specif-
ically Hardy spaces) if all the operators involved had been defined on an appropriate
Hardy space. Since a lot of our work has been motivated by the corresponding theory
of operators on Hilbert spaces, we give another quick recap of Fredholm determinants.

Let A be a compact operator with non-zero eigenvalues Ai, Ag, ..., Ay (where
N =1,2,...,00) arranged in descending order of magnitude, counted up to algebraic
multiplicity. The trace of the operator A is defined by tr A = ¥, (¢, Ap,) for any
orthonormal basis {¢,} (the value of the series is independent of the choice of basis).
The space 8; of trace class operators consists of all operators A such that tr A < +o0.

The Fredholm determinant of a trace-class operator is defined by

N
det(1 —zA4) = JJ(1 - 2\)
i=1
and is an entire function of genus 0. Let A and B be bounded linear operators with
A—B € 8, then the operator (I —zB)(I—zA) ™! is trace-class and its Fredholm deter-
minant det[(I —zB)(I —2A)~!] is meaningful and called the perturbation determinant
of the operator A by the operator "= B — A. Although the hull operator has been

defined only formally, the preceding discussion motivates the following definition:
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Definition 33. The map
Ag(2) = (1= 2Py (2)(1 = 2T (2)) — 220y (2) Ty (2)
will be called the perturbation determinant of the hull operator.

Let us introduce next some terminology that will be useful when analyzing prop-
erties of the resolvent map R;(z,w)¢ applied to a suitable function ¢. Recall that

the weighted composition operator T} is defined as follows

(Tho)(w) =

w2(1+q+q2—qw)(l—quqQ—qw)d) q
—w?)(1+¢? —qu +q¢*—qu)
(1 —w?)(1+¢*—qu)? 1+¢*—q¢

When defined on the Hardy space H? of the open disc I, the operator is trace class
with spectrum ¢?Z+, so the resolvent (z/ — T;)~! will be analytic on the residual set
C\o(T) with simple poles at the eigenvalues of T} and an essential singularity at the
origin. We therefore expect the map Ri(z,w)¢ = > ;>0 2*TF¢ to be meromorphic
with simple poles contained in the set @ = ¢**< for all suitably chosen maps ¢. We
have already remarked above that the iterates of the composition operator T} can be

evaluated in closed form, which we can also write as

(1—q'¢Q)*(1 —q0)? sC(1 — 5%¢?)
¢(1—¢?) (1 —q*s¢)2(1 — gs()?

where we have denoted ¢ = aq(w). We will also write exp,(s) = ¢*°, then the

Gq<5§ ()=

¢(aq(s)), (4.49)

coefficients of the map Ri(z,w) are given by ax(w;q) = Gg(exp,(k); () for & > 0.
Note that the initial multiplier does not affect the convergence and analytic properties
of the map Ry (z,w)¢ (with respect to the variable z), while the rest of the iterate can

be written as a function g,(z) in the variable s¢. More precisely we define the map

2(1 - 2?)
1—q72)*(1 - ¢2)

called the interpolating map of ¢. We will show that (under reasonable technical

9q(2) = ( 79(aq(2)) (4.50)

assumptions) the analytic character of the resolvent map (with respect to the variable
z) is entirely determined by the behaviour of the interpolating map at the origin.
This should come as no surprise since theorem (4.3.3) implies that the iterates of the
Mobius transformation ji, converge uniformly on compact subsets to the attractive

fixed point ¢, which corresponds exactly to the origin in coordinate (.
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Theorem 4.3.4. Let the interpolating map g,(z) of ¢ admit a Newton-Pusieux series
expansion about the origin of the form
9e(2) = apz"?, for z € D}
k>p
that is absolutely and uniformly convergent in a punctured disc of radius r > 0, where
d > 1 is a positive integer, p € Z is an integer and the initial coefficient a, # 0
is non-zero, then the resolvent map Ri(z,()¢ admits a meromorphic continuation to

C x Dy with simple poles at the points of the set
D, = {q 4|k > p such that a; # 0}.

Proof. Let (y € Df be fixed (note in particular that y # 0 by assumption) and choose
an integer N > 0 sufficiently large so that ¢*|(o| < r for all k > N, then we can

write the resolvent Ry(z,(y)¢ as

Ry(z, (o) = wy(Cp) {Z 9a(@%Co)2* + 3 Zaq%l/dcl/d k}

k>N [>p

2N1/d
{Z 9q(q QkCo )2" + ZNZal l/diq 51d } (4.51)

I>p —qz
where in the final representation it was permissible to switch the order of summation
since the inner sum is absolutely and uniformly convergent by our choice of N. Notice
that (4.51) is uniformly convergent on compact subsets of the punctured plane C\®,
(again by our choice of N), so the expression defines a meromorphic function on the
entire complex plane with simple poles at the points of the set ®4. Furthermore, the
representation (4.51) remains valid in a small neighbourhood of (p, since we can pick
p > 0 sufficiently small so that ¢?*|¢| < 7 for every k > N and ¢ € D((p, p). Since the
series is again absolutely and uniformly convergent for any fixed zp € C\ D it defines
an analytic function on D((p, p). Consequently, by Hartogs’ theorem the resolvent

map (as a bivariate function of (z,()) is analytic on C\D, x D}. O

4.3.2 The hull boundary operator

The hull boundary operator will be denoted simply by B and corresponds to the
critical value of the parameter ¢ = 1 that has so far been excluded from consideration.
Plugging in the critical value of the parameter in the representation (4.39) of the hull

operator gives the following formula for its boundary value

w?(3 — w) < 1 >_21—37w—37w2+81w3 (3)

BIW) = G @ = w)? 10w(l + w) 4

2—w
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21(3 — 2w)(2 — 3w) , (3> ‘ (4.52)

800w 4

Furthermore, the iterates of the weighted composition operator 7T} are expressible as

w? (k—(k—l)w

(1 —w)*(1 + w)g(w)
(1 —w)3(1 +w) k+1—kw '

w?2

(TY'g)(w) =

) with G(w) =

A simple computation allows us to express the functions ®4(z, w;), ¥1(z, w;) and their
derivatives with respect to w evaluated at w = w; in terms of the polylogarithmic

functions. We let Li, ,(z) denote the truncated polylogarithm of order r given by

k—r—1 1

. z . 2 r
Linr(2) =X~ = o5 {L1n<z) —r— s }

k>r

Clearly, the truncated polylogarithm has a removable singularity at the origin and

admits an analytic continuation to the slit complex plane C\[1, c0). We have

Lemma 4.3.3 The following formulas holds for the resolvent maps of the coefficients

functions ©1 and ¥y of the finite-rank operator P,

2664 _ 216 _ . 2664 _ 5832 _ .
@1(2’) = — L1272<2) — ? L1372(Z) — 735 L1273(2) — 735 L13y3(2’)
189 _ . 81 _ . 189 _ . 81 _ .
\111(2?) = —E L1272(Z) + % L1372(Z) + ﬁ L1273<Z) + % L1373(Z)
262848 21312 10368
! = W LiQ’Q(Z) — T Ligg(Z) + T Li472(2,’)

262848 921312 10368
_ 262848 21312 10368
oa5 i2s T g Lisa(z) + ——Lias(2)
1332 5832 3888 .
‘Ifll (Z) = —E L1272<Z> + 735 L13?2(Z) — 725 Ll472(2)
1332 13176 3888 .
* g5 Meals) = g haa(e) = 5 Liaals)

All the functions admit an analytic continuation to the slit complex plane C\[1, c0)

with logarithmic branch-point at z = 1 and have finite non-zero limits at z = 1.

Explicitly the values of the resolvent maps at z = 1 are:

8774 7344
783 162
vi(l)=—+ — ~ —0.040671 4.54
1(1) o + 25 ¢(8) & —0.04067 (4.54)
360480 724608 352512
(1) = =0 = UERCE) + () & —11.0063 (4.55)
7928 15984 7776
U(l) = — + —((3) = —((4) =~ —0.33909 4.56
(1) = 72284 B0 ) - TTT0 )~ —013300 (4.56)
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An immediate consequence of lemma (4.3.3) and the representation of the pertur-
bation determinant is that the determinant A;(z) likewise admits an analytic contin-
uation to the entire slit complex plane C\[1,00) and has a finite (non-zero) limit as
z — 1. We will prove in the next section that it has no zeros on the entire closed unit
disk D, which will imply that the coefficients Jg(z,w;) in the representation (4.3.8)
have a unique dominant singularity at z = 1. Since we will ultimately be interested
in the behaviour of the coefficients of [2"]S(z,w;)g as r — oo for some particular
function g, the nature and location of dominant singularities will be crucial to our

investigation. The following theorem will be of paramount importance:

Theorem 4.3.5 (Enestrom-Kakeya theorem, [35]). Suppose pg > p1 > ps > -+ >0
s a non-increasing sequence of positive real numbers, then the power series
F(z) =) pp2"
n>0
is absolutely and uniformly convergent in the open unit disk D, Abel summable on the
unit circle, except possibly at z = 1, and has no zeros in D\{1} except if lim, p, = 0
and there ezists an integer d > 2 such that p, = p,—1 whenever d { n.

REMARK 4 The statements about Abel summability and the exceptional case are not in-
cluded in the article by S. Kakeya [35] and have been noted independently by A. Peyerimhoff
[51] and B. Kuttner [43].

4.3.3 Asymptotic analysis of the perturbation determinant

We will assume throughout this section, unless explicitly stated otherwise, that q €
(0,1). The resolvent and perturbation determinant are expressible in terms of the

g-polylogarithmic functions Li,[z], so let us briefly recall the relevant definitions.

Definition 34. The g¢-polylogarithm Li, 4[z] is defined for |z| < 1 by the following

power series

IR AR el Dl
Liy, 4[2] := ;; e %:1 A= g (4.57)

where we have denoted [k], =1+ ¢+ -+ ¢" L.

The g-polylogarithm Li, ,[2] is clearly analytic in the unit disk D, since the in-
equality [k]; > 1 implies it is dominated by the geometric series on D. It can be
analytically continued to a meromorphic function on C\D,, where ®, = {g¢ " }i>0.
Its analytic continuation admits a Mittag-Leffler expansion of the form:

Linglz] = (1= q)" ¥ (” e 1) v (458)

— T
>0 T 1—q=
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' nfntr—1
Res,—;—+ Li, (2] = —(1 — q) ( , )

At points of ©, the g-polylogarithm has simple poles. Using (4.58) it is possible to
show that lim, - Li, 4[2] = Li,(2) uniformly on compact subsets of the slit complex
plane C\[1, 00). More generally, for k& > 0 we will denoted by Li, 1 ,[2] the truncation
of the ¢g-polylogarithm defined as follows:

o= T e ()

—qTy
>k q r>0 r 1 qz

It is an easy consequence of theorem 1 in [37] applied to the truncated g-polylogarithm
that Li, x 4[2] converges uniformly on compact subsets of the slit plane C\[1, +00) to
the ordinary truncated polylogarithm.

The next two theorems will describe the main analytic properties of the resol-
vent maps appearing in the expression of the perturbation determinant. We will be
particularly interested in the asymptotic behaviour of their coefficients in a series
expansion about the origin and uniform estimate (with respect to the parameter ¢).
Since the coefficients will be expressible in terms of polylogarithmic sequences of the

form Li_,(¢"), it will be convenient to also introduce the following Lambert series:
Definition 35. The Lambert series of the polylogarithmic sequence Li_,,(2*) will be
denoted by £, (z,t) and is given by

Lz, 1) =D Li,(t2") =

k>0 E>1

Entk
1 — 2k’

for z € D.
It is closely related to the Lambert series of the divisor sum function o, (n) = >4, d*
given by £,,(z, 2).

Theorem 4.3.6 (Analytic properties of ®, and ¥,). The resolvent maps ®,(z) and
U, (2) of g,(w) and ¢,(w), respectively, have the following properties:

(i) ®4(z) and W,(2) can be analytically continued to the punctured plane C\Dp;
and the points z, = ¢ 2*,k > 0 are at most simple poles. We can express both
resolvents as linear combinations of truncated q-polylogarithms and expand them

in a Mittag-Leffler series:

where the constants appearing in the expansions are determined in the proof.
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(ii) Let w1 (q) denote the coefficient of 2* in a power series expansion about the origin

of either ®,(z) or ¥,(2), then the following properties are true:

o The sequence {xr(q)}r>0 is negative and increasing for each q € [0, 1].

The function xx(q) € B([0,1]) is negative and decreasing for each k > 0.

The following limits exist uniformly on their respective domains

lim zx(q) = 0 for ¢ € [0, 1],

k—o0

lim z4(q) = xy for k > 0.

q—1-

The bound xi(q) = O((1 — ¢?)% Li_s(¢**)) holds uniformly on Ny x [0,1].

Proof. According to theorem (4.3.4) the analytic character of the resolvent map of ¢
is completely determined by the behaviour of the interpolating map ¢,(¢) of ¢ (see
(4.50)). We will thus examine first the interpolating maps of the coefficients ¢, (w)
and v, (w). It turns out that the resolvents ®, and ¥, can be treated simultaneously,

if we introduce the following coefficients:

_ (1+)’A++¢)°1—q")’ (L+¢*+¢)"(1—g)"

alq) = 1 — ¢®)(1 - q10) for g — 2q(1 — ¢8)2(1 — q10)2 for v,
_ 0+ +¢)°(1+¢)(1 - ¢’ (L+¢*+¢")"(1—qY)"

R e [ (e R 7 (U (i

We also introduce the coefficient ¢(q), to simplify the subsequent calculations, as
o(q) = - L=V al@Lis(a)) + (1= ¢)°blg) Lia(g”) -
(1—¢*)?(Li-1(q*) — Li—1(¢°))
1—¢? Li_o(q*) + b(q) Li_s(q®
C(q) = —( q )[a(q) 142(q )+ (z) 1 2<q )] for wq.
Li_y(¢*) — Li—1(¢°)

Recall that the coefficients of the resolvent map can be written as G,(() =

1
for ¢,

f4(0)gq(sC), where f,(¢) is a constant factor. We are only interested in the value
of the resolvent at the critical point w; = p,(wp), which in the coordinate system
of ¢ corresponds to the value ¢; = ¢7. We will thus evaluate the constant factor at
¢1 and work with the constant multiple f,(¢")g,(¢) of the interpolating map, which
we will continue to denote by g,. A straightforward calculation using formulas (4.40)
and (4.41) reveals that the interpolating map of both ¢, and 1, can be expressed in

the form

Li_1(g'¢) — Li_1(q<) }
1—q?

0a(C) = —(1 = ¢’ {a<q> Lia(q1¢) + b(a) Li_a(aC) + (@)
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o fa@+g7¢) | gblg) (1 +¢Q) c(q)(1—¢?)
a q“{g(l P TSR oy +q(l—q—1<>2<1—q<)2}'

Clearly, the map admits an expansion about the origin of the form 6(¢), which by
theorem (4.3.4) implies each resolvent map ®,(z) and V,(¢) admits a meromorphic

continuation to the entire complex plane with simple poles at the points of the set
{q*|k € Z+ such that [¢¥]g,(¢) # 0}.

We could deduce the Mittag-Leffler expansion of the resolvent map using the same
argument as in the proof of theorem (4.3.4). However, since our interpolating map
94(€) is rational, it is easier to perform instead a partial fraction decomposition and

express each resolvent in terms of the truncated ¢2-polylogarithms as:
3 3 o A
r\q
Z q) Lig2,42(2 Z L1k3q<z)_22_é—)2w
: : 7":1

where the coefficients a; and b; are expressible in terms of the constants a, b, ¢ as

The terms of the Mittag-Leffler expansion (i.e. the residues of the resolvent at the

points of the set @Zg) are given by:

2r

A = 1= {0 ot 00

Note that A, = A.(q) is a quasi-exponential polynomial in ¢, so in particular for each
fixed value of r > 1, it has at most finitely many zeros. It follows that there exists an
at most countable set E of points in (0, 1) such that for every ¢ € (0,1)\E, the set of
poles of both resolvent maps is exactly D7.. In particular, since dist(0, D}:) > g2 >1
each map is analytic at z = 1.

We are left with proving the statements about the behaviour of the coefficients of
the maps. Recall that the coefficient sequence of the resolvent map with interpolating
map g,(¢) for some constant (a, b, ¢) is given by zx(q) = g,(¢***7) for k > 0. We wish
to prove that

(i) The sequence {zx(q)}x>o is negative and increasing for each ¢ € (0, 1).
(ii) The function z4(q) is negative and decreasing on [0, 1], for each k& > 0.

(iii) The limit limyg xx(¢) = 0 is uniform in ¢ € [0, 1].
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(iv) The bound x4 (q) = 6((1 —¢*)3 Li_3(¢*)) holds uniformly on (k, q) € Nq x [0, 1].

Notice that the interpolating map satisfies g,(0) = 0. We will show that on the unit
square (¢, s) € [0, 1]? its derivative satisfies g, (¢"s) < 0 (so g, is decreasing). Since the
map s(q) = ¢** is monotonically decreasing in k, this will imply that the sequence
is negative and increasing, and similarly it will imply that the functions z4(q) are
negative and decreasing on the unit interval [0, 1],. If we calculate the derivative and
substitute ¢ = ¢”s we obtain a bivariate rational function of (g, s). Its denominator is
a positive multiple of (1—¢%s)%(1—¢®s)*, so is clearly positive, whereas the numerator
is a negative multiple of a certain bivariate polynomial n(s, q) of degree 6 in s.
Since it is difficult to show directly that the numerator is of constant sign, we will

use the following well-known theorem:

Theorem 4.3.7 (Positivity in multivariate Bernstein basis). Let p : R? — R be a
bivariate polynomial of separate degrees n = deg, p(x,y) and m = deg, p(z,y) such

that p(x,y) > 0 for every (x,y) € [0,1]%, then there exists positive integers u > n,

v > m and positive constants c;; for everyi=1,...,u, j=1,...,v such that
BRSO IR SN AN i u—i, j v—j
ple,y) =3 > ayr'y’ =3 3 | i et =) Ty (L= y)7,
i=0 j=0 i=0 j=0

where the coefficients are connected by the formula

nom i\ (3

Cij =2 ars(;”)(;i>~

=5 (0
Firstly, it is important to point out that it is not always possible to take u = n
and v = m (although it is possible to constructively derive lower bounds for u and v).
Secondly, the representation with positive coefficients in the bivariate Bernstein basis
does not extend to the class of non-negative polynomials p(z,y) on the unit square.
Despite the failure of the theorem for general non-negative bivariate polynomials,
we are particularly lucky. As it turns out, the numerator n(s,q) of both resolvent
maps ®,(z) and ¥,(z) can be written in the bivariate Bernstein basis with u =
deg,n(s,q) and v = deg,n(s,q) and all non-negative coefficients. Indeed, either by
direct calculation of coefficients using the formula of the theorem or by solving the
resulting system of linear equation, it is easily checked using say Mathematica that
the representation exists and has only non-negative coefficients (we will not write the

coefficients explicitly). This proves parts (i) and (ii).
It is easily shown that the limit lim,_,;- 24(q) exists (pointwise) for every k > 0,

so each function zx(¢q) admits a continuous extension to the entire closed unit interval
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0,1],. Furthermore, for each fixed value of ¢ € [0, 1] we have limj_,o zx(q) = 0, so
by property (i) and Dini’s theorem we conclude that the limit limg x;(q) = 0 exists
uniformly in ¢q. Furthermore, by the Moore-Osgood theorem (or rather its addendum)
it also follows that the limit lim, ,,- 24(q) = z} exists uniformly in £ > 0. We are

left with proving the uniform bound. We can write

fl?k;((]) s (1 + q2k+6)( q2k>3 g (1 + q2k+8)(1 _ qzk)3

(=P i) D gy~ O ey
B QGC(q) (1 + q2k+7)<1 q2k+7)(1 _ q2k>3

(1 + q2k)(1 _ q2k+6) (1 _ q2k‘+8)2'

(4.59)

Notice that all the quotients in (4.59) are balanced, so lemma (A.1.4) implies that
the limit as & — oo exists uniformly in ¢ € [0, 1] with value —¢®a(q) — ¢®b(q) — ¢°c(q).
This completes the proof of the theorem. n

Theorem 4.3.8 (Analytic properties of ®, and V7). The derivatives (with respect to
w) @ (z) and V| (2) evaluated at wy have the following properties:

(i) @y (2) and Wi (2) can be analytically continued to the punctured plane C\D
and the points N\, = ¢ 2*. k > 0 are at most simple poles. We can express both
resolvents as linear combinations of truncated q-polylogarithms and expand them

in a Mittag-Leffler series:

B A PPN B 10 PR )
CI)Q(Z) —k; (1 —q2)’“ Lk,Q,q [ ]+k§::1 (1 _qg)k Lk73,q [ ] Tz::lz_q_gr
R A PPN B A0 PPNy 10)
\I/q(z)—kz::l (1—q2)k Lk2q[]+k§::1 (1_ Z)k: Lk,3,q[] Tz::lz_q_zr

where the constants appearing in the expansions are determined in the proof.
(ii) Let yi.(q) denote the coefficient of 2* in a power series expansion about the origin

of either ®(z) or W, (z), then the following properties are true:

o The sequence {yx(q) }r>0 s negative and increasing for each q € [0, 1].
o The function yx(q) € B([0,1]) is negative and decreasing for each k > 0.

o The following limits exist uniformly on their respective domains

lim y;,(¢) = 0 for ¢ € [0, 1],
k—o0

lim yx(q) = yx for k > 0.
q—1-

o The bound yi(q) = O((1 — ¢*)3 Li_5(¢?*)) holds uniformly on Ny x [0, 1].
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Proof. We follow closely the proof of theorem (4.3.6). Recall that in the proof of
(4.3.6) we introduced a certain modified interpolating map g,(z), which was obtained
as a constant multiple of the interpolating map (4.50), multiplied by the constant
term f1((1) evaluated at the critical point ¢; = ¢”. The map G,(s;() (as defined in
(4.49)) can then be expressed in terms of the modified g¢,(¢) as

f(©) (1 —q7'OP(1 — q¢)*
fi(G) ¢(1—¢2) '

To determine the coefficients of the differentiated resolvents ®(z) and ¥/ (q), we need

Gy(s;¢) = 94(5C), where f1(¢) =

to evaluate the derivative of G,(s;¢q) with respect to w at the point w;. Recall that
the variables (w, () are related via the disk automorphism w = ,(¢) and s = ¢**
a constant independent of w, so if we denote the modified interpolating map of the

differentiated resolvent map by h,(¢) we have

B q " 7 f1(G1)
hq(C) N Oéq(Cl) { fi(G )

where the coefficients o and 3 are

0a(0) + <g;<o} — a(@)8@)a(C) - a(@)(1 - )Ca,(C)

2\ f1(C1)
f1(¢1)

and we have again evaluated the constant terms at the critical point (;. Since
Cde Li—p(aC) = Li_(n41)(aQ), it follows immediately that the interpolating map hy(¢)

admits an expansion of the form O(¢). Hence the resolvent maps @/ (z) and W, (()

aq) =q¢ "(1+¢*)*(1+¢")* and 8(q) = —¢" (1 — ¢*)

admit a meromorphic continuation to the entire complex plane with simple poles
contained in the set ©y,. Performing partial fraction decomposition of hq(¢) we can

express each resolvent as a linear combination of truncated g-polylogarithms as

4 4 00 A/
Z q) Lig o 42[2 Z L1k3q[]zzz_;_2,,»
k=1 k=1 r=1

where the coefficients a; and b; are related to the coefficients of proof (4.3.6) by:

a(q) = alg) {k(1 = ¢*) + B(q) } ax(g) + a(g)(k — Daz_1(q)
W) = olq) {k(1 = ¢*) + B(q) } br(q) + a(q) (k — 1)br_1(g)

and the terms of the Mittag-Leffler expansion (i.e. the residues of the resolvents at

the points of the set @:;2) are given by
Al(q) = () (B(g) — (1 = ¢*)r) Ar(q) = m, () A, (q)-
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Once again there exists an at most countable set F' of points in (0,1) such that for
every g € (0,1)\F, the set of poles of both resolvent maps is exactly Dyz. Moreover,
as dist(0,D7,) > q~2 > 1, both maps are analytic at z = 1.

Let’s again denote the coefficients sequence of the differentiated resolvent maps
with interpolating function h,(¢) and constants (a, b, ¢) by yx(q) = hy(¢***7) for k > 0.
We wish to show that

(i) The sequence {yx(q)}r>0 is negative and increasing for each ¢ € (0, 1).

)
(ii) The function y,(g) is negative and decreasing on [0, 1], for each k& > 0.
(iii) The limit limy yx(¢) = 0 is uniform in ¢ € [0, 1].

)

(iv) The bound yi(q) = O((1 — ¢?)® Li_(¢?*)) holds uniformly on (k, q) € Nq x [0, 1].

The first three assertions are proven verbatim the same as in (4.3.6). Once again
we are lucky to find it possible to write the numerator of the differentiated resolvent
hi(q"s) in the bivariate Bernstein basis with non-negative coefficients (as can easily
be checked by Mathematica). It remains to show the uniform bound. Note that the
coefficients yy(q) are expressible as a linear combination a(q)S8(q)xk(q) — a(q)(1 —
¢*)71(q), where both coefficients a(q) and ((q) are continuous and bounded on [0, 1].
We have already shown z;(q) = 6((1 — ¢*)® Li_5(¢?**)) g-uniformly, so it remains to

consider the second term. We can write

Zr(q) _ )(1 S 4g2HO 12y g2)
(1 —¢*)* Li_s(¢*") (14 ¢*)(1 — ¢*++9)
_qb@%1+%%”+@%“%ﬂ—Q5U—q%) ¢°c(q)(1 = ¢*)(1 — ¢**)
(1+¢*)(1 — ¢?+%) (1+¢*)(1 — g?+6)(1 — g*+5)
B qﬁc(q) { q2k+6(1 _ q2)(1 _ q2k)3 q2k+8(1 _ q2)(1 _ q2k)3 }
(L+¢*)(1 — g*8) (1 — g?F6)3 (14 ¢?F)(1 — g?F¥6) (1 — ¢?+5)3 [

(1—¢*)°
4

It is not difficult to check that the limit as k& — oo of every term exists and is uniform

in ¢ € [0,1], so the term Zx(q) is again g-uniformly of order 6((1 —¢?)?Li_(¢*)). O

The perturbation determinant A,(z) is expressed in terms of the resolvent maps

d7, Wy as follows:

Ag(2) = (1 = 2@,(2))(1 — 2P, (2)) — z2<I>f1(z)\Ifq(z) (4.60)
=1 =2 [@(2) + Wy(2)] + 2% [04(2) W} (2) — DY (2)Wy(2)]

Consequently, A,(z) is a meromorphic function of z on the entire complex plane C

with poles at the points of the set D2 Furthermore, each point zj, = ¢ % is at
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most a double pole of the determinant. Plugging in the expressions for the resolvent
maps in terms of ¢*-polylogarithmic functions and simplifying, it follows that the
determinant map can be expressed as a linear combination of products of truncated ¢*-
polylogarithms. Similarly, plugging in the Mittag-Lefller expansions and simplifying
gives a partial fraction expansion of the perturbation determinant as follows. Direct
evaluation using the explicit formulas for the residues gives >, m,A, = 0 =3, B,
and >, A, =1=>3,.m,B,, which allows us to express the residues as

Q@z—R%i@:%&><Z%m£j_<z%mﬁﬁ<zzﬁﬁﬂ

= 2 — 2 — Z— 2 52— Zs -

T B A B = g T ) b)),

-1 __ 2r __ 42s
s#T Zs 2y S#ET q q

To deduce the final expression we have used the formulas for the residues of the
resolvent maps ®, and ¥, resp., which are of the form A, = r¢*" [c(1—¢*")+r(a+4¢*"b)]
and B, = rq¢"[y(1—¢*")+r(a+q* B)] for some triples (a, b, ¢) and («, 3, ~) of constants
depending only on ¢. Since ms; — m, = m(s — r) for some constant m, upon writing
eo = m(af — ab),e; = m(by — fec) and es = m(ca — vya), after a straightforward

algebraic calculation we obtain the expression above with

brs(q) = 7(1 — ¢**)(ea — 71 + seq)

where e; are constants depending only on ¢ and given explicitly below:

(1 _ q2>7(1 + q2)7(1 + q2 + q4)7<1 + q4>

O A P PP P ¢ g0+ )

o — (1 _ q2)6(1 + q2)6(1 + q2 + q4>6(1 + 2q2 + 6q4 + 5(]6 + 6q8 + 2q10 + q12)
20°0+ P+ '+ "+ P+ P+ ¢+ + ¢ + ¢ + ¢

o (1-*)°A+¢)°(+¢*+¢")°

T4 P+ )+ P+ 0+ )

Furthermore, the following simple relation is easily verified ey(q) Li_3(q*) + [ea(q) —
e1(q)] Li_2(¢*) = 0. We should remark that a similar computation as above, easily
reveals that the perturbation determinant has at most simple poles (the quadratic

terms cancel), so the following corollary is now immediate

Corollary 4.3.2 Let ¢ € (0,1), then the perturbation determinant A,(z) is mero-
morphic in the entire complex plane C with simple poles at the points of the set D7..
It admits a Mittag-Leffler expansion of the form

A(z) = i Cr(q)

r=1 Zr — Z

where the residues C,.(q) are given by the infinite series above.
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We will devote the remainder of this section to proving the following result:

Theorem 4.3.9.  The perturbation determinant A,(z) has no zeros in the closed
unit disk D for q € [0,1].

In order to prove this theorem, we turn our attention to the coefficients {c(q) x>0
of the perturbation determinant A,(z). We will derive below an explicit formula for
the coefficients (expressible in terms of generalized ¢*>-harmonic numbers) and prove
the terms are positive and monotonically decreasing. According to the Enestrom-
Kakeya theorem (4.3.5) we will thus be able to conclude that the perturbation deter-
minant has no zeros in the closed unit disc D. The ambiguity at the point z = 1 in
the theorem is not relevant in the present case, since the power series expansion of
the perturbation determinant is absolutely convergent on the closed unit disc D.

We will express the coefficients ¢, (g), in an expansion about the origin, of the

perturbation determinant A (z) explicitly as follows:

k k
ce(q) = —ealDifrea D Bi + e1DkBrets Y i1 — (€1 — €2)Brrs(Bo — Brs1)
i=0 i=0

k k
— N Y i + e Dpgs Y Yir1 — (1 — €2)Yras(ao — pa)

=0 i=0
+ eo(Y0Bk+1 — BoVe+1) (4.61)

where we have introduced the shift operator Apcy = ¢x — 1 and the following se-
quences ay(q) = Li_1(¢>**2)), Br(q) = Li_(¢***?) and (q) = Li_3(¢***?). Our
aim is to show that the coefficients {cx(q)}x>0 are positive and monotonically de-
creasing for every ¢ € (0,1]. Notice that we could have expressed the coefficients in
terms of the generalized g?-harmonic numbers by partial fraction decomposition of
the polylogarithms S; and ;. However, representation (4.61) turns out to be more
convenient for our purposes. Formula (4.61) can be derived in the following manner.

We can re-write the difference b,5(q) — bs,(q) as follows:
(r —s)(ea + 2" Fer) + (sey — re1) > — (req — se1)q® + rs(g* — ¢*)eq,

where e; = ¢;(q) are fixed functions of ¢ that do not depend on (r,s). Note that
each of the three terms is anti-symmetric in (r, s); we will analyse each contribution
separately. Let’s denote them by J;(z) for i = 0,1, 2, respectively. We will repeatedly
be using the following simple identity

Z Z A Z Z ()2 (1 — 2%),

r=1s=1 r=1s=1
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which is true, provided the double sequence {;s},s>1 is anti-symmetric in (r, s). We

have:

J()(Z)

J1<Z)

L uM%ﬁ

— (e1 — e3) Li_3(¢®2) {Ll 1
+ Li,g(qS,z) {62(32(q
+ Li_i(q q

2
rs T
I I R

r=1s=1

T S/r.s r+s T S ' S
I P S) oy g o) (1 )

r=1s=1

—ey Li_a(¢°2) {32((1 ) — 22(q4z)} — ey Lis(¢2) {32(‘16) - 82(‘162)}
—ea i 1(¢°2) {Ls(g") — Lalg'2)} — ex Li1 (%) {Ls(q®) — Ls(q°2)}

r

i s(s—r
> Z gt qQE )((862 —re))q* — (rey — seq)q*) 2"

_ q25

- 8r STS T+S S S T S
33 00 = ) e — o) + slea e (1= )

—(e1 — e9) Li_o(q®2) {Ll 9

—
—~ /'\
.J;
~—
r{
[\
—~
Q
N
~—

) =
1(%2) {ea(Ls(q") — La(g'2)) + ea(Ls

Z) = eg Z Zq4(r+s)r282(8 . T)ZT = ey Z Zq8r+437,28(7, + S)QZT(l . Zs)

r=1s=1 r=1s=1

= eo {Li_2(q"2) Li_s(¢") — Li_s(q"2) Li_»(q")}

Summing the three contributions and simplifying gives the generating function J(z)

of the residue sequence {C,(q)},>1. However, the coefficients of the perturbation

determinant are expressible in terms of the generating function J as ¢ (q) = J(g?*+Y).

Plugging in the value ¢

2(k+1) and simplifying gives exactly representation (4.61) above.

We introduce next the approximation sequences {cx(q; N,0)} and {cx(q; N, 1)}

defined as follows:

N+1

N+l
ck(q; N, 0) = —ea Ay B2 { > Bi— 5k+1} + €18k B3 { > Bi— 50}
=0 =0

N+1 N+1
— 2 Ao { > vi— ’Yk+1} + e1Apa3 { > vi— ’Yo}
1=0 1=0

— (€1 — e2)Bey3(Bo — Brr1) — (er — e2)Vey3(ao — agya)

+ eo(Y0Bk+1 — Bove+1)
Nt1

N+1
(g N, 1) = —e2A% B { Z Bi — 5k+2} + €128 Brys { Z Bi — 50}
i=0 i=0

N+1 N+1
— eaAf o { Z Yi — 7k+2} + e1A kg3 { Z Yi — 70}
i=0 i=0
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+ e28k+10k k2 — €18k+20kLrt3 + €2V 1 Apya — €1Vk+2 0k y3
— (€1 — e2) A Brrs(Bo — Prra) — (€1 — €2) Apyits(o — apy2)
+ (€1 — €2) (Brt3lkBrt1 + Vi3 Drir1) + €0(V0AkSrr1 — BoDkVe+1)

Then the sequence of coefficients {ck(q)} of the perturbation determinant and its
first differences { Agc(q)} are expressible as cx(q) = cx(q; k, 0) and Agcr(q) = cx(q; k+
1,1). However, the approximation sequences are not related through the difference
operator, i.e. ¢x(q; N,1) # Agcr(q; N,0). The following technical lemma will allows
us to prove positivity and monotonicity of the sequence {cy(q)}; more precisely, we

prove:

Lemma 4.3.4 Let q € [0, 1], then the sequences {cx(q; N,0)} and {cx(q; N,1)} have
the following properties:

(1) The sequence c(q; N, s) < cx(q; N + 1,8) is monotonically increasing for every
k,N >0 and s € {0,1}.

(ii) The sequence cx(q; s + 2,s) > 0 is non-negative for every k > 0 and s € {0,1}.

Proof. The major advantage of a sequence cx(q; N, s) with fixed N (independent of k)
over the sequence of coefficients c(q) (or its differences) is that the interpolating map
of the term ¢, (q; N, s) is a bivariate rational function of (¢2, ¢**) of fixed degree that
is independent of k (where the degree of a rational map is defined as the number of
its poles, counting multiplicities). We can establish its positivity in a manner similar
to the proof of theorem (4.3.6) and (4.3.8), by writing the numerator in the bivariate
Bernstein basis and checking the coefficients are non-negative.

Let us prove part (i) first. Note that the difference c,(q; N + 1,5) — cx(q; N, s) is

simply expressible as

Bi2(e1A " Brys — 287 Brya) + yvro(e1 A7 s — ea AT o),

so it suffices to prove both brackets are positive. Evaluating the limit of each bracket
as ¢ — 17, it is easily shown that each is a rational function of k with positive
coefficients so we may assume without loss of generality that ¢ € [0,1). Recall that
the sequences {fx} and {ay} are both completely monotone, meaning Ajx, > 0 for
all ,;n > 0 (see lemma (A.1.1), and the sequence {A} fyin}r>1 is logarithmically
convex (see lemma (A.1.2), so it suffices to prove both brackets are positive for k = 0.
This is easily checked for both brackets by direct computation.

We have already described how to prove part (ii). We again dispose first of the

boundary case ¢ = 1, by explicitly evaluating each approximation sequence at ¢ = 1.
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We obtain a rational function of k with positive coefficients in both cases, so part
(ii) is true for ¢ = 1. Hence we may assume ¢ € [0,1) and write the terms of each
approximation sequence cx(g; s + 2, s) as a bivariate rational function of (¢2, ¢?*) =
(¢, 2). Tt is easily checked that the denominators are always non-negative on the unit
square [0, 1], while the numerators can both be written in the bivariate Bernstein
basis with non-negative coefficients (using say Mathematica). It follows that both

sequences are non-negative as asserted. O

According to lemma (4.3.4) we have ¢3(q) > c3(q) > -+ > cx(q) > cp1(q) > -+ >
0. It remains to check the appropriate inequalities for the initial coefficients. We can
explicitly compute cy(q) = 1, ¢1(¢) and ¢3(q) and check each (and their respective
differences) is expressible as a g-rational map with positive coefficients. We will not

write down the expressions for the sake of brevity.

4.4 Limiting Distributions

4.4.1 One-endedness of the UIIPQ

The following is the main theorem of the present section

Theorem 4.4.1 (L. Addario-Berry, [1]). For everyn > 1, let u, denote the uniform
probability measure on the space of finite rooted irreducible quadrangulations with n
faces, then the sequence {p,}n>1 converges to a probability measure u, in the sense
of weak convergence, in the space of probability measures on (Q,dq). Moreover, p is

supported on the set of infinite rooted irreducible quadrangulations of the plane.

The probability measure ;o defines a certain random object in (Q, dq) called the
uniform infinite irreducible planar quadrangulation and we will devote the subsequent
sections to the investigation of local properties of this object.

We will prove of the existence of the uniform infinite irreducible planar quadran-
gulation by exploiting essentially the same ideas as used by M. Krikun in [42] to show
the existence of the uniform infinite planar quadrangulation (UIPQ). We recall first
a few definitions and results from probability theory.

Let (I,<) be a directed set (in other words, we assume the relation < is reflexive
and transitive such that any pair of elements of I has an upper bound). Let (X;, F;)ics
be a family of topological spaces and suppose for every pair ¢, j € I that satisfies i < j

we are given a continuous map
pr;; : X; = X;
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such that pr;; = idx, for every i, and pr;; opr;, = pry, forall i < j < k.

The system ((X;, J;)ier, (Pr;;)i<;) i called a projective system of topological spaces.

Definition 36. The inverse limit l'ngi of the sets X; with respect to the directed
system (X, {pr;;}) is defined as the following set:

lim X; = {(xi)iel e [I X;] pry;(z;) = x; whenever i < j}

jer
equipped with canonical projection pr; : l'ngi — X; simply defined by pr;(z;)jes =
x;. The inverse limit topology on @Xi is the weak topology generated by the maps
pr, fore e I.

Inverse limit construction is a generalization of a product. However, unlike the
product of non-empty space (which is non-empty by the axiom of choice), the inverse
limit of non-empty spaces can be empty even if the projections pr,, are surjective.
The following lemma is well-known and gives a sufficient condition for the inverse

limit to be non-trivial and well-behaved.
Lemma 4.4.1 Let I'LnXi be the inverse limit over a countable directed set T

(i) If every map pr;; is surjective, the inverse limit is non-empty and each canonical
projection pr; s surjective.
(i) If additionally each space X; is Polish, the inverse limit equipped with the inverse

limit topology is also a Polish space.

Before continuing with the properties of inverse limits, let us take a closer look
at the completion space Q of the space of finite irreducible quadrangulations with
respect to the local topology. A peculiar property of the local metric is the easily

proven observation that it satisfies the ultrametric inequality

dq(a,q") < max{dq(q,q’),dq(q’,q")}.

It is now not difficult to show that the completion is in fact naturally isomorphic with
a certain inverse limit. Indeed, if we denote by B, the at most countable set of all
possible r-balls of irreducible quadrangulations, equipped with the discrete topology
and define the natural projections pr,,, : B, — B,» by q — B,/(q) for every r' < r,

then it is easily shown that we have an isomorphism of topological spaces®

Q= lim3B,.

3The result is not surprising since a metric space is ultrametric if and only if it admits a repre-
sentation as an (at most countable) inverse limit of discrete spaces.
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Let P denote the subset of all infinite planar irreducible quadrangulations. Note that
there is a natural way of extending the definition of an r-hull to the set of planar
infinite quadrangulations - we may simply define B°(q) to be the rooted proper
irreducible quadrangulation obtained from B,(q) by filling in all the finite holes.
Let’s denote by C, the at most countable set of all possible r-hull of infinite planar

irreducible quadrangulations, then we can write P as a countable intersection

P= U{aACaq} (4.62)

r=1 AeC,

where notation A C q is to be interpreted as saying A C B,.(q) for some sufficiently
large " > r. Notice that each set of the union is open in the local topology generated
by the combinatorial balls, so representation (4.62) implies P is a G5 subset of Q.
According to Mazurkiewicz’s theorem it is therefore topologically complete, meaning
there exists a topologically equivalent metric d such that (P, d) is complete. Unfor-
tunately, the induced metric on P is not complete (indeed, the example of figure 2.7
can easily be adapted to produce a Cauchy sequence of infinite planar quadrangula-
tions whose limit is not planar). However, as we will show now, if we replace in the
definition of the local metric combinatorial balls with hulls the resulting metric space

P is complete. More precisely, we will prove the following

Lemma 4.4.2 For each fized r > 1, let C, denote the (countable) discrete space of
all possible r-hulls of irreducible quadrangulations and define for each r > 1" > 1
the projection operator pr,,. : C, — C. by pr?.(A) = B%(A), then (C,,pr?.) is an

inverse system and we have an isomorphism of topological spaces
(P,dq) = 1£n C,.

Proof. The underlying set of the inverse limit 1'&1(& is naturally identified with the
set of all compatible sequences (qy, s, . . .) of finite irreducible quadrangulations with

a unique hole such that B?(q,41) = q,. We can define functions

fiP > lmC, a (B2(q)

g:mC, =P, qr~ (B(q)).
Using the definition of combinatorial balls and hulls, it is clear that the mappings f
and g are mutually inverse bijections. It therefore suffices to show each is continuous.

Notice that both spaces can naturally be identified with a subspace of a product

space (namely, [], B, or [, C,) with the induced topology. According to the universal
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property of product topology it therefore suffices to prove that the compositions pr? o f
and pr, og are continuous for every r > 1. Let r > 1 and choose Ay € B, and A; € C,.
Since A; is a finite (irreducible) quadrangulation there exists some r’ > r such that
B,/ (A1) = A; (in other words, A; has a finite radius) so we may write

!

(prrof) ' (A1) ={q € P|B(q) = A1} = h{q € P|B,(q) 2 B,(A1)}

s=1

(br,09) " (A0) = {q € ImC,Bo(@) = Ay = |J {q € lmC,|Bi(q) = A}.

AgCAEeC,

Clearly, both sets are open in their respective local topologies. It follows that f and

g are mutually inverse homeomorphisms. O]

Suppose now each space X; comes equipped with a probability measure IP; defined
on the Borel o-algebra of X;. Since the canonical projection pr; is continuous for every
i € I, it is measurable. We say that a family {IP; };,c; of probability measures is consis-

tent if the following condition holds
pr;;(P;) = P; whenever i < j.

Under suitable restrictions, a consistent family of probability measure defines a unique
probability measure P on the inverse limit set l’ngi equipped with its Borel o-
algebra induced by the inverse limit topology, called the inverse limit Borel o-algebra.
Alternatively, the inverse limit Borel o-algebra could have also been defined as the
smallest o-algebra on the projective limit that makes all the canonical projection pr;

measurable. The following result is well-known:

Theorem 4.4.2 (Kolmogorov’s extension theorem). Let (I, <) be a countable directed
set and { X;}ier a family of topological spaces equipped with a collection pr,; (fori < j)
of continuous surjective maps. Suppose {P;}icr is a consistent family of probability
measures on X;, then there exists a unique probability measure P on the inverse limit

o-algebra satisfying pr;(P) = P; for alli € I.

We are now ready to prove theorem (4.4.1). Let’s write a*(2) = 27 ta3(z) (where
ag is the coefficient of the dominant term in the singular expansion of ®(z,z) about
the dominant singular point at x = x - see 3.29). If we re-write a* in terms of the

new coordinates w = w(z), a simple calculation yields

e 2(4—3w)(2 - 3w)?
() = Si3w( + w) (1 = w)

We can now prove
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Lemma 4.4.3 Let r > 1 be a fized positive integer, then

> lim P(B(un) =A) =1.

ACC, N—oo

Proof. We need to treat the case r = 1 separately, so let us first show that the result is
true for 1-neighbourhoods. We know that Bj(q) = Bi(q) = s, where p is the degree
of the root vertex in q. According to formula (4.1) the limiting probabilities e, =
limy o0 (deg(pn) = p) exist and their generating function is simply p(z) = coas(zo2).
It is easily checked that as(xg) = ¢y, which immediately implies p is a probability
generating function as asserted (here and below ¢y = 729/8).
Let now r > 1 be fixed. We can evaluate the sum of probabilities over all r-hulls
using the boundary hull operator as follows
> Jdim P(BI(uv) = A) =D eo Y e(N)ay” R

N —
AeC, T B, |Mo=p

= Z coacg(BTHpCp = IOCO<A(770)T72O‘*)<IO)
By

where ¢, = [tP]a*(t) is the (limiting) probability that a reduced r-hull B, of a random
irreducible quadrangulations has upper boundary length p. We wish to prove that
the right-hand side is equal to 1, which follows from the equality B"2a* = a* and
the fact that a*(z¢) = zy'cy . This in turn follows from Ba* = o* (in other words
a* is an eigenfunction of the boundary hull operator with eigenvalue 1). To check
the last equation one simply plugs the expression for a* found above in (4.52) and

performs a trivial expression transformation. We omit it. O]

Lemma (4.4.3) implies that for each fixed r > 1, the limits (4.15) define a unique
probability measure P. on the space C,. of r-hulls of irreducible quadrangulations.

Notice that for each 1 < r < 7’ there is a canonical projection pr,,. : C., — C,,
which maps A € C,» to Br(A) and for any 1 < r < 1’ < r” we have pr,,, opr,,» =
pr,,». Furthermore, the limits (4.15) imply the family {P,},>; is a consistent family
of probability measures in the sense that P, = P, o pr. ) for every 1 < r < 7.
We are exactly in a position to apply Kolmogorov’s extension theorem to deduce
the existence of a unique probability measure P, on the projective limit set of the
projective system (C,, pr,,,). However, we have shown that the projective limit of the
latter system is exactly the space of all infinite irreducible planar quadrangulations.
It follows that we can define a random infinite irreducible planar quadrangulation,
which we denote by g, such that g, has a unique end and the law of B?(q..) is
equal to P, for every positive integer » > 1. Note that here infinity plays the role of
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the distinguished point, so the hull B?(q) is obtained by “filling in” the finite holes
in the ball B,(q«), which is itself the union of all the faces that are incident with a
vertex of distance strictly less than r from the root.

Finally, since we have already shown that for every irreducible quadrangulation k

with a simple boundary

limjov(alB(a) = k) = Poc(al B (a) = k).

It follows by Prokhorov’s theorem (4.1.1) that the probability measure P, is exactly
the weak limit of the uniform probability measure pu, as n — oo. This completes the
proof of theorem (4.4.1).

4.4.2 Hull boundary length limiting distribution

We have shown that the resolvent of the boundary operator B is given by

1 —2V(z2) 2V (z)
Ay (2) Ay (z)

where Ay (z) is the boundary determinant function. According to theorem (4.3.9), the

S(z,wy)g = Ry(z,wy)g + Ri(z,wy)g

boundary determinant map admits a unique analytic continuation to the slit complex
plane C\[1, 00) and is expressible in terms of polylogarithmic functions. We have also
shown that the limit lim, ,; A;(2) exists and the boundary determinant map is non-
zero on the closed unit disc D. It follows that the coefficients in the resolvent formula
are analytic on the closed unit disk D\{1}. We will show that the main contributions
Ry(z,wq)g and R} (z,w;)g also have a pole-like singularity at z = 1, so the dominant
singularity of the boundary resolvent map occurs at z = 1.

Recall that the higher moments of the random variable ¢ giving the length of the
upper boundary of an r-hull B for » > 1 are expressible in terms of the boundary
hull operator as (where we have denoted A = A(x)):

B (BY) = S PR(UBY) = 1) =3 32 Pegelp, g ™
B, [Alo=p

=co ) ([zp] 0la*(t, z)‘tzl) pBr+e - zoco(A™% 0o’ (t, Z)‘tzl)(xo)
Br

where o*(t,z) = 27 'as(t, z) is the dominant singular term of Ny(t,z) about the
nearest singularity at * = xy and we have introduced the differential operator 6; =
t%. The volume generating function o*(¢, z) is quite complicated, so in order to the
simplify the expression we introduce the following change of variables.

(= e A}
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where it is assumed that (w,w) € [3,7] x [0,1]. It is easily checked that upon sub-
stitution w = 7 (which corresponds to t = 1), w(7,t) is exactly the coordinate trans-
formation between the boundary operators A and B. Note that with respect to the
transformation introduced above, the fixed point occurs at w = 1. However, for the
purposes of our calculations it is easier to work with a transformation whose fixed
point is simply the origin w = 0. We can achieve this by further introducing the
transformation w = ¢(W), where ¢ is the Cayley map (recall that the Cayley map
is an involution). We can write ¢ and the function a*(¢, z) in terms of the variables
(w, W) as follows:

8(1— (w — 2)°W?)
@-5)(w+ (1 - W?)
0w, W) = (w+ 1) (w—5)(1 — (w—2)W)?po(w, W)

) 2534(w — 3)(w — 2)2(w _ 1)WW3<1 _ W2)

t=g(w,W(w,t)) =

where po(w, W) is a bivariate polynomial given explicitly as follows

po(w, W) = 2w(w — 2)* + 4w(w — 2)*W + bw(w — 2)*(w? — 4w — 13)W?
+ (3w® — 36w® + 81w 4 320w?® — 875w? — 388w + 1155)W?
+ 2(w — 2)(2w® + 4w? — T6w — 105)W*.

It is easily checked that upon substitution w = 7 (which corresponds to ¢ = 1) and
W = ¢(w) the above formula simplifies to the familiar expression for a*(w) determined
in the previous section. The differential operator 6 can easily be re-written in terms

of w; we have

9 — (1 —uﬂ)(%—uﬂ)i and 1w, — C Gu(w, W) (w=2)1 —WH(1 - 9W?)

48w dw gw(w, W) (1 —w?)(w—>5)(w—3)W '

if we denote by «; and a;j the partial derivatives of a* with respect to the first and

second variable, then the effect of the operator ¥ on o is

onz* _ (1 — w2)<25 — CL)2)0‘/*((40712[/) _

(w+5)(w—5)(1 —W?)(1—-9W?)
150 . ar(w, W).

48w (w — 3)W Y

The next result describes the structure of the iterates a;(w, W) = #/a* (w, W) about
the point wy = 7. We describe the structure of the iterates a;(w, W) with respect to
the new variable W; however, the original map can then be obtain by substituting

W = c(w) back into the expression.
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Lemma 4.4.4

(0, W) = 2 + D (w+D(w—=5) ((w+5)(w—-2)\  Pjw,W)
T T 3w — 3w —1) \ ww-—3) ) W1 — W2
. (25D 5N Py(wo, W)

aj(wo,W)_ 94j+335 <7> W2j+3(1_W2)

where Pj(w, W) € Z(w)[W] is a polynomial in W with rational coefficients in w such
that Pj(w,0) =1, Pj(w, W) — 1 =06(W?) and degy, P; = 4j + 6.

Proof. 1t clearly suffices to prove the first identity. The proof will be by induc-
tion on j. Firstly, af(w, W) = o*(w, W) clearly satisfies the ansatz. The sequence

{a(w,W)}j>0 by definition satisfies the following differential relation:

(1 — w2)(25 — w2)04* (w W) .

*
(o = :
7+1 48 7,z

(W+5)(w—2)(1—WH(1-9W? |
48w (w — 3)W Xy (0, W).

Plugging in the ansatz gives, after some tedious algebra,

0 (w, W) = (25 +3)!(w +1)(w —5) ((w +5)(w - 2))]’“ Py (w0, W)
FH1s T Q41345 (0 — 3)(w — 1) w(w —3) W2s(1 — W2)’

where the polynomials {P;(w, W)};>¢ satisty the following partial differential recur-

rence relation

B (Bw(w —2)*(w+5) + 2ip(w) . o =~ H+35. 4 '
Pf'“(”’”)_{l_Q Brojww—22w+5 | 935" }PJ(”’”)
L v we 2 e W= w=3)(w —1) W

where p(w) = 25+45w—T0w?+24w? —5w*+w%, and Pj(w, 0) = 1. It now readily follows
that Pj;1(w, W) is a polynomial of degree 4(j + 1) + 6 in W satisfying Pj;;(w,0) =1
and P q(w, W) —1=06(1"?). O

We are now ready to determine the dominant singular term of the resolvent map
Ry(z, wl)Qz a* in a singular expansion about the dominant singularity at z = 1. More

precisely, we prove first the following auxiliary lemma:
Lemma 4.4.5 (Singular expansion) Let g;(w) = WU+ (1 — W?2)~! for j € Z, then

WL (j 4 1)
3(1— 2)itt

+®<<1_12>j> i j >0 (4.63)

S(Zv wl)gj =
and S(z,wy)g; = o(1 — )71/ otherwise.
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Proof. We need to establish first that z = 1 is indeed the dominant singularity of the
resolvent map S(z,wy)g; for each j € Z. We have already shown that the coefficients
Y;(z,wy) have a dominant singularity at z = 1. We will prove first the same is
true for Ry(z,w;)g; and R} (2, w;)g;. The singular expansion (4.63) is then obtained
by a combination of the singular expansion of each term as described in chapter 3.
According to formula (4.42), we can evaluate the iterates (1Fg;)(w;) by introducing
first the auxiliary map G;(w) defined as

(1 —w)*(1+w) B 16

Gj(w) = w2 gj(w) = m

The iterates (which are also the coefficients of the resolvent map R;(z,w;)g;) are then

given by (note that the critical value of the new variable W' is Wy = ¢(wy) = 1/7)
36 (2k+T7)*0 36

TFg, == = ap;
( lg])(wl) 7 (k+3)3(]€+4)3 7ak]
3552 1152 1728  (2k + T)a;
TYg;) (wy) = ———ax; 6 I
(Tig;)' (wn) 19 it T U+ 6)akg-1 — 7 (k+3)(k+4)
— ————
bkj

Let us introduce the functions s;(z) = Y js0 axj2” and t;(z) = Yjs0 bi;j2", then we

can express each resolvent in terms of s; and ¢;(z) as follows

36 3552 1152 1728
Rl(z,wl)gj = 73]'(,2), Rll(Z,’LUl)gj = TgSj(Z) + — 7 (] + 6)S] 1( ) 7 t](Z)
We will prove that both s; and ¢; are expressible in terms of the Lerch transcendent,
so admit an analytic continuation to the slit complex plane C\[1, 00) with a unique
dominant singularity at z = 1. We will have to treat separately the cases 7 > 0 and
J < 0. Suppose first j > 0 and perform a partial fraction decomposition of ay;; it is

easily shown by induction on j that we obtain

(2k + 7)7+6 { 1 1 }“*3 j+3
= = k+ 3)(k + 4)73
W= sty ks T hed) 2\ )

1 1 2/+9  2j+9  2(j+3)(j+5)

ST e Gk e AR a3kt W)

where P;(z) € Z[z] is a polynomial of degree j. Inductively it is possible to prove
the polynomials satisfy the following difference equation Pjiq(z) = (22 + 7)*P;(z) +
32(j +2)(j + 3) with initial condition go(x) = 2%, which allows us to determine them
explicitly as

g(x)zzﬁzjj(wrz >(2x+7 —QGZ(XJZ (“2 m><2>7m")2"gg”

n=0 \m=n
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On the other hand, if j < 0, we write j = —i. It is clear that the terms a;; admit
a partial fraction decomposition into terms of the form (k + 3)~",(k + 4)™™ and
(2k+7)7!, where 1 <n,m < 3 and 1 <1 <i—6. We will not write down the explicit

formula, merely the dominant terms which are of the form (for some constants «;

and f3;)

2k +7)" a; LB

Akj = (k+3)3(k+4)3 (k+3)(k+4) 2k+7 *

6(k™2).

It is clear that in both cases the function s;(2) is expressible in terms of polylogarithms
and the Lerch transcendent (which is again analytically continuable to the slit complex
plane C\[1,00) with logarithmic branch-points at z = 1,00). It follows that s;(2)

admits a singular expansion of the form

) PHT(j+1)(1—2) 0 +6(1—2)7 for j >0
Si\2) =
! o(1 — z)~1/2 for j < 0.

A similar analysis is possible for the terms by; - this time we would need to treat
separately the cases 7 > 1 and j < 1. We will not write out again the explicit forms
of the partial fraction decompositions. Again the generating function ¢;(z) admits an
analytic continuation to the slit complex plane C\[1,00) and its singular expansion
satisfies ;(z) = o(s;(2)) for j > 0 and o(1 — 2) /2 otherwise. Hence for j > 0 it does
not contribute to the dominant singular term at all. To deduce the final expression,
suppose first j > 0 then the preceding analysis shows the singular expansion of the

resolvents Ry (z,w;)g; and R} (z,w;)g; about the dominant singular point z = 1 is

_3627T( + 1)

Ri(z,w1)g; = 7 (=2t +0((1—2)7%)
, 3552 20+6T(j + 1) .
Rl(’Z?wl)gj = 49 (1 _ Z)j+1 + ®(<1 - Z) 23)

On the other hand, the coefficients in the decomposition satisfy ¥;(z, wy) = (1, wq )+

o(1) as z — 1 (in some A-domain). Combining the singular expansions yields:

5 296 ) PEGHY | g1 — )y,

S(z,wl)gj = 7 <7.90(1,’LU1) + ﬁﬁl(l,wl) (1 — Z)j+1

Using the values (4.53)-(4.56) of the resolvents ®(z), ¥;(2) and their derivatives at
z = 1, we can easily show that the initial factor simplifies to 4/3, which gives exactly

formula (4.63) above. The proof of case j < 0 is similar, we omit it. O
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Theorem 4.4.3 (Limiting distribution of the hull boundary length). Let |,| denote
the length of the r-hull under distribution u, then the random wvariable 14 /5|, |r—2

converges in distribution to the I'(3/2) law.

Proof. A combination of lemmas (4.4.4) and (4.4.5) gives

. (2]+1)" 5 J 22j+8(2j>! o
S(z,wl)eioz = 94j+335 (7) 3(1 — z)2+1 +0((1 —=2) (25 1))
27+ DI /5\7 27)! o
- (221'—5325 (7) (1 E Z§2j+1 +0((1—2) (2 1)) (4.64)

valid in a A-domain A(e, ¢) for sufficiently small ¢ > 0 and some ¢ € (0,7/2). We
may thus apply the transfer theorem to deduce, as r — +o0,

N . 27+ 1)1 /5 ,\I 5
E0(B?) = 2oco[2]S (2, w))0la* :(‘72j)(14r> (1+6072).

Consequently, the re-scaled limit exists

- /14 , 25 + 1!
lim <r—2£(B;)) _ g~ DY
r—00 5 27
The limiting random variable ¢ has moment generating function Ee=¢ = (1 4 s)73/2,
Applying the inverse Laplace transform gives the density of the I'(3/2)-law. O

Let’s denote by ¢y(B?) the number of parts of the composition parameter of the
boundary of the r-hull B?(q). We can similarly analyse the limiting probabilities of
ly(B?) using the boundary hull operator. We can again write for r > 1,

B (6o(B2)) = 3 p'P(Lo(B =33 Pege(p, Dag P!

By |Alo=p

= ¢ Zpicpxg(Ber = 2co(A" 227100 i) (o).
B,

Introducing again the change of variables z = £(3 — 2w)(3 — 2w™!) and W = ¢(w),

the map a(z) and the differential operator 6, = z-£ now take the form

(1+W)(1=5W)3(1+5W)(1+7TW) 9 :_(1—W2)(1—25W2) d

W) = .
as(IW) 3838(1 — W23 ’ ST awW

Using induction it is possible to prove the iterates have the following form

Lemma 4.4.6 ,

2+ P(W)

2483515 W23 (1 — W2)’

where P;(W) € Z|W] is a polynomial in W of degree 45 + 6 such that P;(0) =1 and
P,(W) — 1= 6(W?).

2 as(W) =
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The proof is very similar to the proof of lemma (4.4.4), we omit it. The following

result is now immediate:

Theorem 4.4.4 (Limiting distribution of ¢y). Let |v,.|o denote the composition length

of the r-hull under distribution u, then the random variable 6|vy,|or 2

distribution to the I'(3/2) law.

converges in

Proof. A combination of lemmas (4.4.6) and (4.4.5) gives
(27 + 1)1 22748(25)!
247433715 3(1 — 2)2i+1

B (221:5;25” (;))] (1 giiﬁl TO((1 =27

S(z,wy)z ' Wlas = +6((1—2)" @)

valid in some A domain at z = 1. Applying the transfer theorem, we obtain the

asymptotically dominant term as r — +o0,

‘ , 274+ D /1 J
BA32) = a1 e~ 0tas = ZEUE (LY (14 o2,

Consequently, using the exact same reasoning as in the proof of theorem (4.4.3) we
deduce the re-scaled length 6r—2(y(B?) converges towards the I'(3/2)-law. O

4.4.3 Hull volume limiting distribution

Having investigated the limiting distribution of normalized boundary length of r-hulls
in random irreducible quadrangulations, we turn our attention next to the limiting
distribution of volumes of r-hulls. The approach used to examine the limiting dis-
tribution of hull perimeters unfortunately will not work for volumes. Indeed, by
universality we expect that the limiting distribution of properly normalized volume

will be of the form
cosh(cAl/4)

(cosh?(cA1/4) 4 2)3/2

for some constant ¢ > 0. However, we have been unable to compute the moments

Go(A) = 3%/2 (4.65)

of the distribution given by G.(A) explicitly, so it would be impossible to identify
the limiting distribution of the hull volumes for irreducible quadrangulations from its
moments. We will instead compute the probability generating function using the hull
operator and examine its asymptotics as R — co. As a side note, the function G.(A)
is called the two-point function of 2D quantum gravity in the physics literature (see
e.g [2]). Tt describes how distances and volumes are related in the continuum limit

and corresponds (in the framework of probability theory) to the Laplace transform
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of the law of volume of a “Brownian sphere with marked points at distance 1” when
sampled according to the excursion measure (see [17]).

As a warm-up, let us determine first the probability generating function of the
volume of 2-hulls B3 (or equivalently, 2-balls since a combinatorial ball of radius 2
in an irreducible quadrangulation has a unique boundary component). We will make
use of the fact that the joint probability P(Vol(B3) = n, Vol(B}) = p) depends only
on the number of parts of the partition parameter of the 2-hull, but not on the upper
boundary length ¢ (as follows easily from lemma (4.1) upon noting that the volume

of a 2-hull is simply p + ¢). Consequently, we can write

E(sV!B2)) = 3~ s"P(Vol(B =Y > $"P(Vol(B3) = n, Vol(B}) = p)
n>6 p>3n>2p
=335 Y coe(Nab T = woco D (sm0)P > sE Y e(N)
p>3n>2p  Arn—p p=>3 £2p  Abq
= ToCo Z c(p, )5 (s20)P = Tocosa (s, sq)

In general, the probability generating function of the volume of an r-hull B} for r > 2

can then be expressed in terms of the bivariate operator as follows:

E(SVOI(B' Z Sn]P) VOI(B. = ¢ Z Z n(Br +p n(BT)+q+p
n>0 By [Alo=p
= xgcos(A" % (sz0)* (5, 2)) (570). (4.66)

Ultimately we will set s = e=*"" and take the limit r — +o0 (note that for A >0
the expected value is guaranteed to exist by the trivial inequality e=* < 1). Indeed, it
is well-known that for various other combinatorial classes of planar maps (e.g. planar
triangulations and quadrangulations) the volume of the r-hull is asymptotically of
order 6(r*). Hence we expect a similar result to be true also for the class of irreducible
quadrangulations. If we again introduce the change of variables z = z(w), which
transforms the hull operator A, to By, then the probability generating function of

the volume of r-hulls is expressible as (we abbreviate af(w) = a*(s, w))

E(SVOI(B;)) = xoco(Bg_Qa*(w))(wl),

S
where parameter ¢ is related to the variable s via the relation

q(1+¢*+q")
L+ +¢*+¢5

*(1—¢*+4q)
(1+4¢")?

STo = and wq(q) =

At

Due to the substitution s = e~ we cannot use singularity analysis to determine

Vol(B

the asymptotics of the probability generating function E(sV?'(%")) as r — oco. The
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following auxiliary lemma will be used instead to obtain the asymptotics of the iterates
in equation (4.66). Notice that the lemma is essentially a re-wording of Tannery’s

theorem (A.1.3). However, for convenience sake we write it out in the following form:

Lemma 4.4.7 (Diagonally dominant transformation) Let {x, x }rn>0 be a double se-
quence and suppose we are given a sequence of coefficients {axn }rn>o0 that satisfy the

following conditions:

(z1) limy, oo Tn—pn = x (independent of k) for each fized k € Z.
(z2) The sequence xy,, is uniformly bounded.
(a1) The limit im,_,o ag, = ai ezists for each fived k > 0.

(a2) The sequence ay,, has a convergent magjorant.

Then the convolution sequence s, = Qy nTopn + Ap_1nT1pn+ -+ Qo pTny @5 convergent

with limit lim,, o Sp, = > pe QT

Let ay, by denote the coefficients of 2* in ¥;(z,w) for i = 1,2, respectively. Simi-
larly, denote with z and yj. the coefficient of z* of the resolvent maps T} (z, w;)(a*)
and T (z,wy)(a*), respectively. Then according to Cauchy’s multiplication theorem
the probability generating function of the volume of an n-hull is (up to a constant)

given by the following convolution:

k=0
We will devote the rest of the section to proving the convolution sequences s,(q) =
(a*x),(q) and t,(q) = (b*y),(q) satisfy the conditions of the lemma.

We will verify first conditions (z1) and (z5) for the sequence of coefficients of
Ri(z,wp)a* and R} (z,wp)a*. Recall that the map a*(s, z) has the form (see 3.71)

a0¢® — a1¢* — ap( +as — (bo¢ — by) (20 — 1) W(Z, 2)

a’(s,z) = (w—"5)(w+1) 24340 (w — 1)2(w — 2)2(w — 3)2 (20 — 1) W (%, 2)

where o; = o;(w) and ; = f;(w) are certain polynomials in w, and the transformation
formulas are ¢ = (w — 5)(w + 1)z/16,

(s) 50 — s 25 — 2¢2 + 52¢* — 2¢5 + 25¢®
w(s) = =

2—5s 1 —2¢% +4¢* — 2¢5 + ¢8
Wt 2) = /(1 - 20) ((w - 2)> - 20).

We are interested in the behaviour of the iterates (77 *a*(w))(w;) as r — oo, when
—\/rd

Y

s=e for some A > 0 and k € Z is a fixed integer. We prefer to work for the time
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being with parameter ¢ as opposed to (A,7) since the hull operator and its iterates
are naturally expressed in terms of ¢. We will write af(z) = f%(w) for the map in
the w-coordinate system, obtained upon substitution of z = z(w). Using the explicit
formula for the iterates (4.42) we have (where we have suppressed the dependence of

s on ¢ in the notation):

onla) = (e an) = o) IO g (0000

no (e W Y ¢ 1 - ¢*)*(A— g™ L, (a1 — ")
yn(q) = (TI as(w)) (wl) = m1<q) (1 — q2n+6) (1 — q2n+8 ( 1 — 2n+8 )

q4n—1(1 _ C]2)4(1 + q 3q2n+8 + q6n+22) 2n+6)
g ;

(1 — g2n+6)3(1 — g2n+8)3 — 2n+8

q4n(1 _ q2)5(1 _ q4n+14> B* q(l _ q2n+6)
_ 42n+6)2 _ 42n+8)4 7 sw 2n+8
(1 —g*"*6)2(1 — ¢ *%) l1—gq

— 2my(q)

+ (14 ¢+ ¢* + ¢°)*mo(q)

where 3, denote the partial derivative of 37 with respect to w and the multipliers

are certain continuous bounded functions on [0, 1] given as

I+ +¢)* A +¢"+q" +¢°)

(1+q2+q4+q6+q8+q10+q12)

2mo(q)*(1 +3¢* + 5¢* + 7¢° + 6¢° + 5¢"° + 4¢"* + 3¢" +2¢"° 4 ¢"%)
A+ +¢ + )1+ + ')

mo(q) =

mi(q) =

We should point out that neither sequence x,(q) or y,(q) is uniformly convergent on
q € [0, 1] and it is exactly the failure of uniform convergence that will be exploited later
to establish property (z1) (note that for fixed each ¢ € [0, 1], the pointwise limit of
both sequences is 0). However, both sequences are nevertheless g-uniformly bounded
as we will prove next. This is not a priori clear since in the limit (n,q) — (oo, 1) the

variables (s, z) tend to (1,ty) and the function a*(s, z) has a singularity at (1, ).

Lemma 4.4.8 Let q € [0, 1], then the coefficient sequences {x,(q) }n>0 and {yn(q) }n>0

are q-uniformly bounded.

Proof. Recall that the maps «o(2) and §f(w) are related via the transformation z =
z(w), so in particular,

(e =) (¢ A=) — )

> <’1-—<f”AEB) - <1+-q4 (1= ¢**6)(1 —¢**%) >
. (q(1 — ¢to) (1—¢?)(1 — gty @ (1— @ 2)(1 — @2 12)
&”<'Pﬂﬁws>:nh P — o ¢ <1+q4ﬂ—q%%ﬂl—fwﬂ>
I+ +¢" +q"

(144

ma(q) =
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Recall that in lemma (3.4.5) we have shown that on (s,z) € D X t,D the map o* has
a unique dominant singularity at the point (s,t) = (1,%). From the form of the map
above, we conclude that f(s,z) = (1 —2¢)*2a*(s,2) and g(s, 2) = (1 —2¢)*2a(s, 2)
are continuous on the closed bidisk D x ¢t,D. Hence there exists some M > 0 such
that |f(s, z)] < M and |g(s, 2)| < M for each (s, z) € D x t,D. Note that for ¢q € [0, 1]
and n > 0, the point (s(q), z,(q)) where

(1 - ¢* + ¢") ¢ (=g - ¢

s(q) = 1+ ¢")2 and z,(q) = 1+ ¢* (1 — g2 6)(1 — g2nt9)

belongs to the closed bidisk. Similarly, multipliers mg(q), m1(q) and msy(q) are con-
tinuous on [0, 1] so there exists some m > 0 such that |m;(¢q)| < m on [0, 1] for all 1.
Suppose n > 1 (since the point (s(q), 2,(q)) approaches the boundary of the bidisk
only in the limit n — oo and the map a* is continuous on the interior of the bidisk,
the initial coefficients are all continuous and bounded on [0, 1], so it suffices to prove
some tail of the sequence is g-uniformly bounded), then the coefficients |z,(q)| and

lyn(q)| are bounded above by sums of terms of the form

q2n—1(1 _ q2n+8)<1 o q4n+14) (1— q2)2 3/2
(1 _ q2n+6)2 (1 _ q2n+8)2(1 _ 2Cn)

_ n n 3/2
' 1(1 _ q2)(1 g2 — 32 4 b +22> (1— q2)2 /
(1 —g*t6)3 (1 =g **)*(1 = 2¢,)

q4n—3(1 _ q2)(1 _ q2n+8)(1 _ q4n+14)2 { (1— q2)2 }5/2
(1 — g +6)4 (1 —¢*%)2(1 = 2¢,)

term; = mM

termy = 2mM

terms = mM

Since we assumed n > 1, the initial factor of each term is well-defined and continuous
on [0,1]. Furthermore, the initial factors of the first and last term are clearly ¢-
uniformly convergent balanced quotients. On the other hand, the initial factor of the

second term can be re-written as

(1 _ (]2)(1 + q2 _ 3q2n+8 + q6n+22) (1 _ q)2(1 _ q2n+8)2 q2(1 _ q2)(1 _ q2n+14)

(1 _ q2n+6)3 o (1 _ q2n+6)3 + (1 _ q2n+6)2 ’

which again clearly demonstrates it is g-uniformly convergent.
It remains to consider the parenthesized expression. It is easily shown that the
map w = w(qg) is monotonically increasing on [0, 1], so the final factor is bounded

above by its value at w(1) =7, viz.

(1—¢*)? - (1+¢(1 = ¢*) |
(1 _ q2n+8>2(1 _ 2<n) - (1 _ q2n+8)<1 + q4(1 + q2)(2 + q2 + 2q4)q2n + q4n+14)

However, the right-hand side is again clearly g-uniformly bounded. O]

207



The limit relation () is now easily verified and is the content of our next lemma:

Lemma 4.4.9 (Diagonal limits) Let k € Z be a fized integer, then

. 3 4 4 36

im @,k (gn) = 1%0 Legt 7G1 (o) (4.67)
. 3 4 4 3552

S yni(an) = J207 0" - =5~ Gh (@od), (4.68)

where it is assumed n is taken sufficiently large, so that both coefficients are defined.

Proof. We will use the representation of the coefficients x,,(¢) and y,(q) established
in the proof of lemma (4.4.8). Clearly, lim, ¢, = 1 and lim,, s(g,) = 1. Since the
functions f(s, z) and g¢(s, z) are continuous on the compact set (s, z) € [0, 1] x [0, ¢o],
they are uniformly continuous. Hence each sequence f(s(q), z,(q)) and g(s(q), z.(q))

is g-uniformly convergent, which immediately implies that

lim f(S(Qn)v zn(Qn)) = lim f<87 Z) = 2\/6

n—00 (s,2)—=(1,t0) 81

| | 26
nlg{)lo g(S(Qn)a zn(Qﬂ)) = (S7Z)lgr(117t0) g(s’ Z> oo

Similarly, we deduce for the multipliers the limit lim,, m;(g,) = m;(1). Using the bino-
mial theorem (or Mathematica) we can easily prove that lim,, ¢" % = exp{—(zo\)"/*}
(note that k& does not affect the value, since it is a fixed constant), which allows us
to evaluate the limit of the initial factor of each term;, by repeatedly replacing q-
uniformly convergent factors with their values at ¢ = 1. We obtain (note that second

and third term tend to zero as n — 00):

. 64\/6 —3(zoN) /4 1/47; (1 - qu)z i

hrrbn Tni(qn) = 3 ¢ 0 cosh(xgA) hrrbn (1 — g2 8)2(1 — 2(,)

_ 18944V/6 5, 5y1/4 1 (1—-q)° i
h,{“ Yn—ic(qn) = —1393 ¢ 0 cosh(zoA) 11Tan (1= 2 5)2(1 =20 .

Finally, to evaluate the limit of the last factor we expand the parameters ¢, and (,

in ascending powers of n~!, which yields

(=P VA
(1 —@2v8)2  2sinh?(zo\)1/4
V2 + CoshQ(xo)\)l/‘l)7f2

sinh?(zo\)1/4

n?+06(n"?)

1—2¢, = +0(n7?)

Plugging in the expansions and evaluating the limit gives after simplifications exactly

the right-hand side of (4.67) and (4.68). O
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A combination of the preceding results and an application of lemma (4.4.7) yields
Theorem 4.4.5 (Limiting distribution of the volume of hulls). Let A > 0, then

cosh(271/2\1/4)

. 4.69
(Cosh2(2*1/2)\1/4) + 2)3/2 ( )

lim E (e—AVOI(B;)/'r‘l) _ 33/2
r—00

Proof. We have already verified conditions (z1) and (z) for coefficient sequences of
both resolvents Ry (z,wp)a* and R} (z,wp)a*. It remains to check conditions (a;) and
(ay) for the coefficient sequence of ¥;(z,w;). Recall that

1 — 2V (2) o s w) = 2V, (2)
IVEI

190(2711)1) =

where the perturbation determinant A,(z) is
Ag(2) = (1= 2®g(2))(1 — 2W(2)) — 2@ (2) Ty (2).

According to theorems (4.3.6) and (4.3.8) the coefficient sequences of all the re-
solvents ®,(z), ¥y(z), @ (2) and Wy (z) consist of g-continuous functions that are
O((1 — ¢*)3 Li_o(¢**)) g-uniformly. It follows from lemma (A.1.3) that each belongs
to the Banach algebra R, (6(k?). Hence according to lemma A.2.1 the perturbation
determinant A,(z) also belongs to R, (6(k~?) and its coefficients belong to B([0, 1]).

We have shown in theorem (4.3.9) that the perturbation determinant has no zeros
in the closed unit disk D for every ¢ € [0,1]. Since the terms of A,(z) in a series
expansion about the origin are continuous functions of (z,¢) and the expansion is
absolutely and uniformly convergent on Dx [0, 1], the determinant is jointly continuous
in both variables. Hence it is g-uniformly bounded away from zero. Using theorem
(A.2.3) it follows that 1/A,(z) € R (0(k™?). A final application of theorem (A.2.1)
then gives

Vi(z,w1) € Ry (O(k7?)).

Hence condition (as) is true since 3, k72 is clearly convergent. Moreover, the coeffi-
cients of ¥;(z, wy) are still continuous on [0, 1], which implies the limit of its coefficients
as ¢ — 1 (or equivalently n — 00) exists. It follows that all the conditions of lemma
(4.4.7) are satisfied, so

lim E (e_’\VOI(B;)/T4) = zoco(Po(1, wr) lim T, (q) + V1 (1, wy) Jim yn(q)) = G1(2oA).

T—00

This completes the proof of the theorem. n
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We can similarly investigate the scaling limit of the volume of hulls conditionally
on their perimeter. Let r > 1, then using the hull boundary operator we can again

write the probability generating function as

E (s¥'5|10B2] = () = Y s"P(Vol(B}) = n| (0B, = ()
=> s
2 Fomi=0
Z Z n(B )+p _n(By)+l+p
— s
(|aB | =05 e
[Al1=¢
 zcos THAT 2 (szo)af (2)) (s520)
zoco(A"?(w0)aj (2))(x0)
where aj(z) = [t]la*(t,z) (note that o} is a polynomial in z of degree £ — 1 and of

order 6(2?) as follows easily from its combinatorial interpretation). We will need a
few preliminary results before we can use again lemma (4.4.7) to calculate the limiting
distribution.

We need to determine first the asymptotic expansion of the coefficients o (z) as
¢ — 4o00. Notice that upon application of the weighted composition operator 77" and
taking the limit n — +o00, the argument of the map will tend uniformly to ¢y = 1/2.
Hence to be able to describe accurately the diagonal limits, the asymptotic estimate
of o needs to be valid uniformly in 2z in some neighbourhood of the critical point %.
Although singularity analysis (based on the transfer results of Flajolet and Odlyzko) is
traditionally applicable only to univariate analytic functions, when applied to a*(t, 2)
with respect to the variable t it will nevertheless return a uniform asymptotic estimate
due to the particular nature of the singularity structure of the map. The following

lemma gives the precise result

Lemma 4.4.10 The following asymptotic expansion holds for coefficients o (z) =
[t"]a*(t, 2) as n — +o0 uniformly for z € 0D(ty) for some sufficiently small § > 0,

f(p) o YIE2 ( 8+ 52 )3/2 p(z)"nV/? (4.70)
9,/3/2 \8+ 9z + (6 + 52),/2(8 + 92) I'(3/2) '

of (2) ~ V1+z 8+ 5z i (2)" n
" V6 \ 8492+ (6+52),/2(8 + 92) 7T

where p(z) is the dominant singularity of o*(t) for z € (to — d,tg + 9) given as

2 —4z — 922 +32,/2(92 + 8
©=18) (4.72)

1+=2

3/2

(4.71)

p(z) =
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Proof. We can write the map o*(t, z) in the form
of(t,z) = A(t,z) + B(t, 2)(1 — 2¢) 7%/

The initial term A(¢,z) is a linear polynomial in z whose coefficients are rational
functions of w = w(t), so is analytic for (¢,2) € D x C (moreover, since the map a*
is of order 6(z?) it does not contribute at all to the coefficients o). The multiplier
B(t, z) is of the form

(w—5)(w+ 1)(ao¢® — a1¢* — ax{ + as) .
24340 (w — 1)2(w — 2)%(w — 3)2\/((w —2)2-2()

B(t, z) =

It is easily shown that |w| > /13 for ¢ € 2D, so the only other source of singularities
of the multiplier B(t, z), apart from the minimal singularity at 2 of the square-root
w(t), is the square-root appearing in the denominator. However, as has been shown
in lemma (3.4.5) the minimal root of W (t,z) for ¢ € bD occurs uniquely at the
conjugate root ¢ = ¢(b) for b € (0,2) (and given explicitly in the paragraph following
the statement of the lemma). We conclude that the multiplier is likewise analytic on
D x rD for some sufficiently small 7 € (to,2) and B(1,t,) = 2v/6/81. Notice that
inverting the equation for ¢ = ¢(t) gives the unique root p = p(z) of 1 —2¢ = 0
considered as an equation in ¢; it is a matter of simple algebraic calculations to show
that it is given exactly by the equation (4.72) above. We also note for future reference
the following is always true (provided all the square-roots are chosen on the principal
branch)

2(1+ =
8—;92 and B(p(z),z) = 852’3/2>

Finally, it is clear from the combinatorial interpretation of the map «*(¢,z) that it

w(p(z)) =2+

admits a positive bivariate power series expansion in (t,z) about the origin. We
can now deduce an asymptotic expansion using the transfer theorem. Indeed, as
already remarked the initial term A(t, z) can be disregarded. On the other hand, the
multiplier B(t, z) and C(t,z) = 1 — 2¢ can both be expanded in a power series about
the dominant singularity ¢ = p(z), which will be absolutely and uniformly convergent
in a neighbourhood of p(z) for all z € dD(¢y) for sufficiently small 6 > 0. We find

(2432 +1/2(8 + 92))2(y/2(8 + 92) — 22)

w(t) =w(p) + 6251 92) (t—p) +0(t = p)?
2004 2) (14 2)(8+92)(24 + 1132) )
B(t,z) = R123/2 + 2592\/52(1 T 2) (w—w(p)) +0(w—w(p))
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C(t,2) = —i (84 92)(w — w(p) + 6 (w — w(p))?.

Furthermore, p(z)~%2 and (—Ci(p(z), z))~*/? are both well-defined by their principal

values since their specializations at z = t, are positive. Consequently, we can write

o’ (t,2) = B(p(2), 2)(=Ci(p(2), 2)p(z)) 2 (1 - p(tz)> N {1 o (1 - p(tz)>}

where the O-term is uniform in z € dD(¢) for some § > 0. We can now apply the
transfer theorem upon noting that the uniform 6-estimate can be uniformly bounded
of order ©(n™!) (see the Uniformity lemma IX.2 in [25] for the precise statement and
proof). This completes the proof of the asymptotic estimate (4.70). The proof of

(4.71) is completely analogous since we can again write

3w+ 1)(w—5)
16

an = At 2) + {Bz(t, 2)(1—2¢) + B(t, z)} (1-20)7%2 O

We can now determine all the required diagonal limits. Before stating the result

we introduce the following notational abbreviation

1/4
3a COSBNTY (2 (orn2 i _ 2
E.(\) =\ o P cl | M= coth”™ A 3 1)).

The diagonal limits can then be expressed as:

Lemma 4.4.11 Let k € 7Z be a fized integer, then
3 4, ., 36

Jim. Tok(qn) = 7% 7E14/5 (o) (4.73)
: 3 1 1 3592
Y ynk(an) = 3070 - =5~ Bugs (@) (4.74)

where it is assumed n is taken sufficiently large, so that all the coefficients are defined.

Furthermore, all the coefficients are q-uniformly bounded for all n > 0.

Proof. We again use the representation

5.(0) = m (q) ( ¢ 3(1 4n+14)a* 2 e (1- q2n+2)<1 . q2n+12)
n 0 (1 — g2t 6)2(1 @rr8)2 [n?] \ 1 T ¢ (1 — @2 H6)(1 — 2n+9)

2n 1(1 q2>3<1 4n+14) . q2 (1 _ q2n+2)<1 _ q2n+12)
(1 — ¢2"+6)2(1 — q2n+8) 1\ 1 4 ¢ (1 — 2n+6)(1 — g2n+8)

4n—1 2 2n+8 6n+22

q 1— 1+q%—3q +q

— 2mo(q) A-g) g 6)3 2n+8)3 )X

(1—61”+ 31— g>t®)

o q2 (1 _ q2n+2)(1 _ q2n+12)
I\ 1+ g% (1 — 2n46)(1 — ¢2n+9)

Gn(a) = mi ()
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an=3(1 _ g2)6(1 — gint1)2 2 (] _ 2nt2)(] — 212
() (1—¢*)5(1 —¢g* ) (CJ(Q)(Q ))

(1 — 2nr0)i(1 — gznrsyd Mmha \ 11 gt (1 — g2n6)(1 — g2n+s)
where ma(q) = (1 + ¢ + ¢* + ¢°)*mo(q)m2(q) (in the notation introduced). Recall
that we need to set ¢ = ¢, and that the following limits hold (for any fixed & €
Z), lim,, ¢, = 1 and lim, ¢"* = exp{—(zo\)'/*}. We are allowed to replace every
occurrence of 2] and Vlpn2] with their asymptotically dominant terms (in the limits
as n — 400) since the expansion are uniform around the critical point ¢, and the
expression within the parenthesis converges (g-uniformly according to lemma (A.1.4))
to 1/2 as n — oo. Moreover, taking first the limit as ¢ — 17, the resulting formulas
also apply to the study of the asymptotics of P(|0B?| = [¢n?]) as n — oo,

We will consider first the limits of the o* factors (both in the bivariate and bound-
ary case). Since the initial factors of (4.70) and (4.71) are all (uniformly) continuous
on a neighbourhood of 1/2; the limit are simply their values at 1/2. On the other
hand, since p(1/2) = 1 we need to determine the next asymptotic term of p(g,) as
n — +o0o to calculate the limit. We find without difficulty (using say Mathematica)
p(q,) =1+ 5132(%)\)1/2 (Coth2(:c0)\)1/4 - g) +6(n3) and p, =1+ 5152 +6(n7?).
[tn

I and lim,, pl’]

exist and are finite. Accordingly, in both cases the limit is of (exact) order n?.

It follows from the exponential formula that the limits lim, p(g,)

Similarly, the derivatives are of exact order n®. Next, the limits of factors m;(q) are

by uniform continuity simply their values at 1, while the terms term; satisfy

9 cosh ()14
| n) = 5 (w ) —5
ermy (¢n) ns(% ) sinh® (zo))1/4

termsy(q,) = 6(n~*) and terms(g,) = 6(n"°).

+6(n™*)

Moreover, the same expansion holds in the limit A — 0% (which corresponds to the

boundary case ¢ = 1). Therefore, asymptotically the probability P(|0B?|) satisfies®

14 3/2 6_14Z/5€1/2
> 77’11

P =)~ (3)

upon using lemma (4.4.7) (more precisely, we apply the lemma to the sequence re-

scaled by a factor n? to ensure uniform boundedness).

4The result can be used to given a second independent proof of theorem (4.4.3); let > 0 then

p £| c0.a] _[53:%14] E 3/2 67144/579(5/”2)1/2 oo E 3/2/51/14\/de
5n2 Tn ) - yourd 5 n2T'(3/2) 5 o T(3/2)

which after a simple change variables becomes exactly the cumulative distribution of the I'(3/2)-law.
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Putting all the parts together we obtain exactly the diagonal limits (4.73) and
(4.74). Finally, it can easily be shown both sequences are g-uniformly bounded,
where we may replace the probability P(|0B%| = [¢n?]) with the uniform estimate
found above, using similar ideas as in the proof of lemma (4.4.8) and repeated use of

results in appendix A. O
The following result is now immediate.

Theorem 4.4.6 (Limiting conditional distribution of the volume of hulls). Let A, ¢ >
0, then

TILIEOE <6—AV01(B;)/7~4 o, = wﬁ})
/4 14 2
_ (gony3/a Cosh(zaA) <_ ( 1/2 ( 2(p A/ ) _ ))
(o) Snb? (o)1 exp ( —~ O (xoA)"* | coth®(zoA) 3 1)).

Finally, we can also investigate the limiting probability of volumes of hull con-
ditioned on the number of parts of the perimeter. Expressed in terms of the hull
operator we have

E(s

to=p) = ZS"IP’(Vol(BZ) =n|[0B}]o = p)

B P (Vol(B?) =n,|0Br|o = p)
=2 R (om, = >
+Psn(Br)+€+p
(|8B°| =p) %:A%Ze
_ Tocosars(s) (AT 2(smg) 2P~ (sw0)

oot (1) (A2 (20) 2P~ 1) ()

where a(t) = [2"~']a*(t,z). We again need to derive first uniform asymptotic esti-
mates for the coefficients of a*(t, z) with respect to the variable z in a manner similar

to the proof of lemma (4.4.10). The following lemma summarizes our results:

Lemma 4.4.12 The following asymptotic expansion holds for coefficients o (t) =
(2" a*(t, 2) as n — +oo uniformly for t € SD(1) for some sufficiently small § > 0,
(w—=>5)(w— 3)(w — 1) o(t)'"n!/?
1296/ (w —5)(w +1)  T'(3/2)

(4.75)

where o(t) is the dominant singularity of a*(z) fort € (1 —4§,1+9) given as

2 —+t

o(t) = 36t

<10+t+\/ —1)( 50—t)) (4.76)
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Proof. We will only give a brief sketch of the proof (in particular, we leave to the
reader the simple task of verifying all the technical constraints). Recall that the map

a*(t, z) can be written in the form
o (t, 2) = A(t, 2) + B(t, 2)(1 — 2¢)7*/2.

The initial term A(¢, z) is a linear polynomial in z and both A(t, z) and B(t, z) are
analytic on rD x oD for some sufficiently small r € (1,2) with B(1,t,) # 0. The
unique singularity (of minimal modulus) of 1 —2¢ = 1 — z/p(t) = 0 (with respect
to the variable z) has been determined in lemma (3.4.5) and is given exactly by
(4.76). As before we can now expand the multiplier B(¢,z) in a power series about
the dominant singularity z = (), which is absolutely and uniformly convergent in a
neighbourhood of o(t) for all ¢ € 6D for a sufficiently small § > 0. We find

(w— 3)(w —1) 97w —5)*(w+1)?
1296\/ (W+1) 20736,/ (w — 5)(w + 1)

B(t, 2) = (z = 0(t)) + 0 (= — o(t))*.

We can therefore write

a*(t, 2) = B(t, o(t)) <1 - gft)) h {1 0 (1 B @(Zt>>}

where the O-term is uniform in ¢ € 6D for some d > 0. The rest of the proof is now a

simple application of the (uniform) transfer theorem. ]

Lemma 4.4.13 Let k € Z be a fized integer, then

lim Tn—k(qn) = 1%0 € 7E6 (xoA) (4.77)
3 4 4 35952
dim g, (gn) = 150 gt 10 Lo (o) (4.78)

where it is assumed n is taken sufficiently large, so that all the coefficients are defined.

Furthermore, all the coefficients are q-uniformly bounded for all n > 0.

Proof. We will only provide a sketch of the proof since we are merely recycling the
same ideas that have already been used in the proofs of lemmas (4.4.8), (4.4.9) and
(4.4.11). Upon substitution s, = e~ " and p — [pn?], we deduce using the uniform
estimate (4.75) that the initial factor a2 (s,) is asymptotic to

G 2?1 p1/2),
W2 (8n) ~ A2y (1) ~ £7p as n — o0o.

81 1(3/2)
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On the other hand, the asymptotics of the coefficients 77" *z(w)P~! of the resolvent
are easily estimated using the explicit formula for the iterates. We find without

difficulties the following asymptotic estimates (and similarly for the boundary case)

3 36
T (qn) ~ 4866’6”71’32’[1””2]11'61051 . 7E6 (xoA)

‘ 3 3552
o (qn) ~ 486e~0Pn 32712511 49

4 E6 (330)\) .

Combining the asymptotic estimates gives the result. O]
The limiting conditional distribution again follows immediately

Theorem 4.4.7 (Limiting conditional distribution of the volume of hulls). Let A, p >
0, then

T (9D a2, = [pr)
/4
_ 374 cosh(wp))’ (_ ( 1/2 ( 2 14 2) B ))
= (xo)) Snl® (zoA) /4 exp ( —6p ( (zoA)™* [ coth™(zA) 3 1)).

Moreover, we believe the techniques developed so far could also be used to evaluate

the scaling limit (r—?|0Bg,,;|1,7~* Vol BY,;) of the hull process to a stochastic process.

216



Appendix A

g¢-Uniform Estimates

We have collected in the first part of this appendix some basic results from the
theory of uniform convergence and the most frequently used results. In the second
part, we have provided a detailed proof of a uniform version of the celebrated Levi-
Wiener theorem since we have been unable to find it anywhere in literature, and have
extended B. A. Rogozin’s [56, 57| coefficient estimates to their g-uniform counterparts.

We will assume throughout the appendix (unless explicitly stated otherwise) that

parameter ¢ is constrained to the closed unit interval, which we denote by I = [0, 1].

A.1 ¢-Uniform convergence

Let s(q) = {zn(q)}n>0 be a sequence of complex-valued functions. We say the se-
quence $(q) is pointwise convergent on I if for every fixed gy € I, the sequence s(qo)
is convergent. We say the sequence s(q) is uniformly convergent with limit z(q) if for
every € > ( there exists some N such that for any n > N and q € I, |z,(q) —2(q)| < €.
We will use the notation z,(¢) = x(¢) to indicate the convergence is uniform. It is
well-known that uniform convergence can equivalently be characterized in terms of
the uniform norm as

2,(q) = 2(q) <= lim sup |2,(q) —z(g)| = 0.

90 4efo,1)

We collect below some properties of uniformly convergent sequences that have implic-
itly been used throughout the thesis. We assume that s = {x,(¢)} and t = {y,.(q)}
are uniformly convergent sequences on I with limits x(q) and y(q) (all operations on
s and t are performed pointwise):

(i) If z,,(¢q) is bounded for every n, then s is g-uniformly bounded.

(ii) If x,(q) is continuous for every n, then x(q) is continuous.
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(iii) Let A, u € C be arbitrary constants then As + ut is uniformly convergent.
(iv) If s and t are g-uniformly bounded, then the sequence s-t is uniformly convergent.

(v) Let y a complex-valued function whose range is contained in 7, then the sequence

s oy is uniformly convergent.

(vi) Let y a complex-valued function that is uniformly continuous on a set containing

the image x,(I) of every term, then the sequence y o s is uniformly convergent.

It can be difficult in practice to determine whether a sequence is uniformly con-

vergent or not. We provide below a simple sufficient condition

Theorem A.1.1 (Dini’s theorem). Suppose {x,(q)} is a monotone sequence of con-
tinuous real-valued functions, which pointwise converges to a continuous function x,

then the sequence is uniformly convergent.

We have frequently encountered situations of iterated limits. It is well-known
that given two limiting operators (such as limits, series, integrals, derivatives etc.)
the result will in general depend on the order of operations. An important result
that provides sufficient conditions for commutativity of limits is the Moore-Osgood

theorem:

Theorem A.1.2 (Moore-Osgood theorem, [34]). Let M be a complete metric space,
A, B arbitrary subsets of a metric spaces My and Mo, respectively and f : Ax B — M
a bivariate mapping. Let xqg € A\A and yo € B'\B be two fixed limit points of the
sets A and B. If

1. limg ., f(z,y) = ¥(y) exists for each y € B.

2. limy_,, f(z,y) = @(x) exists uniformly in x € A,

then the limits lim, . limy ., f(2,y), limy_,, lim, ., f(z,y) and limg, 40 f(2,y)
exist and are equal. Furthermore, if B = N (with the limit point co) then the condi-

tions also imply that im,_,,, f(x,y) = ¥(y) exists uniformly in y € B.

A somewhat lesser known criterion sutured especially to series is Tannery’s theo-

rem. It is reminiscent of Weierstrass’ criterion for uniform convergence of series.

Theorem A.1.3 (Tannery’s theorem). Let {ay,}r>1 be a double sequence such that

the following conditions hold:

(i) The series s, = Y5y Gk.n is convergent for every n > 1.
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(11) The limit im,_,oc ag, = ag exists for all k > 1.

(iit) There exists constants My, (independent of n) such that |ay,| < My for every

n,k > 1 and the series Yy, My, is convergent.

Let p,, denote any strictly increasing sequence of positive integers, then
Pn e’}
lim Q. = lim ag.,.
n—00 1;1 kn l;l n—00 kn

The terms of several sequences have been expressed in terms of polylogarithmic
sequences of the form Li_,(¢¥). It will be convenient to collect in one place some of
their properties. We introduce for convenience sake the forward and backward shift
operators, Vicp = ¢py1— ¢ and Agcp = ¢ — ¢ry1. Assuming the parameter ¢ belongs
to the half-closed unit interval [0, 1), we define the double sequence z,(n, k) = Li_,(¢*)

for any positive integers n, k > 1. We have:

Lemma A.1.1 (Monotonicity properties of z,(n, k))
(1) [Complete monotonicity] Ajz,(n,k) > 0 for every n,k,r > 0.
(1) [Absolute monotonicity] V! z,(n, k) > 0 for every n,k,r > 0.

Proof. Monotonicity properties of the array are an easy consequence of the series

representation of the polylogarithms; we have
T

rrg(n, k) = Z(-l)i@ n, k + 1) Zj“ Ki(1— ¢f)" >0

1=0

Vizg(n, k)= (-1)"" <:>xq n+1i,k) Z]” — )¢ >0

=0
and both series are absolutely convergent since we have assumed ¢ € [0, 1). ]

Lemma A.1.2 (Properties of polylogarithm sequences)

(1) [Total positivity] The following matriz is totally positive (in other words, all the
minors of the matriz are positive) for any k> 1 and Ay > Xy > -+ >\, > 1

xq(1,>\1) .’L'q(2, )\1) xq(?’;)\l) .’lfq<k, )\1)
.Tq(l,/\2> ,I'q(2, )\2) l’q(g,)\g) ce qu(k’, )\2)
[Eq(]_,/\g) ZL’q(27 /\3) J]q(3,>\3) ce Iq(k?7 /\3)
_l’q(l,)\k) .’Bq(2,>\k) IL‘q(?),)\k) cee xq(k‘,)\k)_
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(77) [Total positivity] The following matriz is totally positive (in other words, all the
minors of the matriz are positive) for anyn, k> 1 and Ay > A\g_q1 > -+ > X\ > 1

xQ(n’/\1> xq(n’)‘l +1) xq(n, M +2) xtI(nv Atk — 1)
J;Q(n?/\2) xq(n7)‘2+1) iEq(TL7 >‘2+2) ZL‘q(TL, A2+ k — 1)
Tg(n,As) xg(n, A3 +1) z4(n,As+2) -+ z4(n, A3+ k—1)
2q(n, k) Tg(n, A+ 1) 2g(n, A +2) -0 g(n, A +h—1)]

Moreover, the matriz remains totally positive if the sequence {xqy(n,k)}p>1 is
replaced by the sequence of iterated differences { Ajxq,(n, k+m)}p>1 for anyn > 1

and r,m > 0.

Proof. Let’s write ¢™ = e¥%, where 3; < y» < - -+ < ¥, then by induction and problem
99 (generalized mean value theorem) in [52, p. 52|, the matrix will be totally positive
if the Wronskian W (Li_;(e¥),...Li_(e¥)) is totally positive for all y. Note that the
Wronskian determinant of polylogarithms can be written as e®¥(1 — e¥)~(F+Dk [
where Hj, is the shifted Hankel determinant of Eulerian polynomials. However, it is
well-known that the Hankel matrix of a sequence is totally positive if and only if the
principal minors of the Hankel matrix and the shifted Hankel matrix are positive.

These minors are known explicitly for the case of Eulerian polynomials with values

1
k!€§(k+1)ky k—1

W(Li_y(€¥),...,Li_g(e¥)) = 1= eryrin 11 il?.

Part (i) follows. Total positivity of the second matrix follows by an easy application

of problems 85 and 86 in [52, p. 49] to the power series

F() = Zz;(—l)i@ Linalg) = 4701 =7

with a; = ¢, 8, = ¢ where 1 < \; <--- < Mgand 0 < pg < -+ < py,. [

We will also need a simple g-uniform estimate of the polylogarithmic sequence.

The following lemma gives the desired bound

Lemma A.1.3 Let n > 1 be a fized positive integer, then the terms (1—q)"ta,(n, k)
are well-defined and continuous on the entire closed unit interval [0, 1] and the fol-

lowing bound holds uniformly in (k,q) € N x [0,1] for each fized n > 1,

(1= )" ay(n k) = O(k™"HD).
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Proof. Let X,(n,k) = k"™ (1 — ¢)"x,(n, k) and a = (n+ 1), then the terms can

be estimated as

k"+1qk(1 _ q)n+1
(1 _ qk)nJrl

fa(—kLogq)]™" .
fO(_Lqu)] <nlC"tt (A1)

X,(n, k) = Eu,(¢*) < n! l

where have used the trivial inequality Eu,(¢*) < Eu, (1) = n! and have introduced,
for a € [0,1/2], the function

—az (1-a)z

fa(z) = - and f;(2) = 1

{1+ (1 —=a)z— fo(2)}.

Using the well-known hyperbolic Cusa—Huygens inequality it is easily shown that f
is positive, strictly increasing and convex. Hence f/(z) has a unique zero, say z,,
and by examining the signs of limits at +oo, it follow that the zero is positive, so the
mapping f, has a unique global maximum at z,. We have thus shown there exists a
constant C, > 0 such that f,(z) < C, on R and fy(z) > 1 for z > 0, which proves
(A.1). O

Lastly, the next two lemmas give sufficient conditions for uniform convergence of

certain of quotients of quasi-polynomials, which we call balanced quotients:

Lemma A.1.4 A balanced q-quotient is an expression of the form

(1 _ qa1k+a1) .. (1 _ qank+an)(1 + q51k+01> .. (1 + qﬁmk+cm)
(1 — qalk"!‘bl) P (]_ — qank+bn)(1 _|_ qﬂlkf‘f'dl) e (1 + qﬁmk‘f'dm)

er(q) =

where all the constants are arbitrary real numbers, and additionally oy, B; > 0. Then

the limit limy_,oo ex(q) = 1 exists uniformly in q € [0, 1].

Proof. Notice that each factor of the quotient is bounded on [0, 1], so it suffices to
prove that convergence is uniform in the special cases (n,m) = (1,0) and (0,1). We

can write
14+ qak-‘ra 1+ qak+a+a . qak(1 _ qa)<qa o qb) (A 2)
1+ qak+b 14+ qak+a+b - (1 + qak+b)(1 + qak+a+b) :

The right-hand side of (A.2) is of constant sign =+ sign(b — a). Hence the sequence is
monotonic and its pointwise limit is continuous on [0, 1]. It follows by Dini’s theorem

that the sequence is uniformly convergent with respect to q. O

Lemma A.1.5 Let h, € 6([0,1]) be a uniformly convergent sequence with limit ha
such that heo(1) = 0, then the sequence q"h,(q) =2 0 is uniformly convergent on [0, 1].
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Proof. We estimate the supremum as follows sup, |¢"h,(q)| < sup, [hn(q) — hoo(q)] +
sup, |¢"heo(q)|. Note that the initial term converges to 0 as n — oo since the sequence
h, was assumed uniformly convergent. On the other hand, the sequence ¢"h..(q) is
continuous, monotonically decreasing and has a continuous pointwise limit identically
equal to 0 (note that h. is continuous and bounded on I). Hence by Dini’s theorem
it is uniformly convergent, so the limit of the second term likewise converges to 0 as

n — oo. It follows that the sequence ¢"h,(q) is uniformly convergent. ]

Similarly, we can prove a quotient of the form x(q) = [k:];l is uniformly convergent

with limit 1 — ¢ on [0, 1]. Indeed, the difference is positive

(1-q)*¢"
(1—¢")(1—g"*)

Another application of Dini’s theorem again yields g-uniform convergence.

2(q) — Tp41(q) = > 0.

A.2 ¢-Uniform Wiener Algebra

Let R, denote the Wiener algebra of absolutely convergent power series x(t) =
S o zit® on the closed unit disc D with norm |[|z|| = 332, |zx] < +oo. Recall
the following celebrated theorem, connected with the names of Levi and Wiener, due

to their investigation of properties of Banach algebras,

Theorem A.2.1 (Levi-Wiener theorem). Let xz(t) € Ry and A(z) be an analytic
function on simply connected bounded domain D. If the curve {z(9)|9 € [—m, 7|} lies
entirely in D, then A(x(t)) € R,

We define the g- Wiener algebra R, as the class of all absolutely and g-normally
convergent power series z(t,q) = 370, x(q)t* on the closed unit disc D with coeffi-
cients in the Banach algebra B(I) of all bounded complex-valued functions on the in-
terval I with the supremum norm equipped with the norm [|z||} = 372, sup, |zx(q)| <
+00. It is easily checked that 9/, is again a Banach algebra with unit element. Indeed,

due to absolute convergence we can use Cauchy’s multiplication to deduce

eyl = Zsup < ZsupZ |[zi—1(a) |31 ()]
k=0 9 li=0 k=0 7 =0
oo k
<> > sup|zei(q)|sup lyi(q)] = Zsup\wk Zsuplyz )= Nl [yl[3-
k=01=0 1 q =0 9 q
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Triangle inequality and homogeneity of the norm || - ||} are clear. What remains is to
prove the space 9/, is complete with respect to the norm || - [|;. Suppose z"(t,q) is a

Cauchy sequence in 9, ; that is, lim,,_, sup,,sq [|2" — 2|1 = 0. Let’s write
o0
2" (t,q) = Y xp(g)t".
k=0

Clearly, the assumption implies the sequence z}(q) is Cauchy in B(/) for each k > 0.
It is well-known that the space B(I) of bounded functions equipped with the supre-
mum norm is complete, so there exists x4 (q) € B(I) such that lim, z}(q) = xx(q) for
each k > 0. What remains is to check that the series x(t,q) = 3, 71(q)t* has finite

| - [|3-norm and is the limit of the sequence z"(t, ¢) in R’,. We can write

> sup |zi(q)] < suplzi(g) — zp (¢)] + D sup|zy (¢)]
k=n q k=n q k=n q
=>_sup lim |23 (g) — 23 ()| + D sup |2y ()]
k:n q o0 k::n q
< > supsup |z TM(q) — 23 (9)| + D sup |z (q)]
k=n 4 M k=n 9
< sup 3 sup 2y ™M (q) — 2 (@) + > sup ENCIE
k=n k=n

Both terms in the final inequality tend to 0 as n,m — oo, which proves z, € R/_.
Furthermore, looking only at the first term of the right-hand side with n = 0 and
letting m, N — oo establishes 2" — x in 9/, , which proves the space is complete.
We will now prove a g-version of the Wiener’s theorem.! In what follows we will
say a function f(t,q) defined on a set D and depending on parameter ¢ € [ is ¢-
uniformly bounded if sup,;sup,cp [f(t )| < +oo and g-uniformly bounded away

from zero if inf ey infiep | f(2, q)| > 0.

Theorem A.2.2 (¢-Wiener theorem). Let x(t,q) € R/, and suppose x(t,q) is q-

uniformly bounded away from zero on the closed unit disc D, then 1/x(t,q) € R,

Proof. Firstly, note that the initial coefficients xo(q) is uniformly bounded away from

zero on I. Hence its (multiplicative) inverse z,'(q) is bounded on I. Consequently,

Tt is essential to require that the series are g-uniformly convergent since it is well-known that in
the Wiener algebra 2R there does not exist a constant N (9, ||x|1) depending only on the norm of an
element z(t) and § = inf |z(t)| such that ||z71||; < N (4, ||z||) for all z € R, with § > 0. Moreover,
it has been shown that a uniform estimate exists if and only if 6 > 1/2; in which case we may take
N(§) = (20 —1)71.
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the multiplicative inverse of z(¢,q) (formally) exists as a power series for any ¢ € I

and using Faa di Bruno’s formula we deduce its coefficients

k

(Mt g) =Y wo(@) ™ D0 wa(a) - wa(a):

=1 A€B(k,i)

are again bounded functions of parameter ¢q. It remains to check the series defines
a function in the uniform Wiener algebra 9’,. We follow D. J. Newman’s elegant
proof of the classical Wiener theorem (see [50]). We only need to verify the following
inequality

I1f1l < Sup [f )]+ 28up [f"(8)], for f € B(T), (A.3)

where €Z(T) is the space of g-uniformly bounded twice continuously differentiable
Fourier series with g-uniformly bounded second derivative. Let f(t) = ¥, a,(q)e™™,
then |ag(q)| < sup,, |f(t)] and for n # 0 integrating by parts twice yields |a,(q)| <
n~?sup,, | f"(t)]. Taking the supremum with respect to ¢ in both inequalities and
using 3, n"2 = 72/6 < 2 the result follows.

The proof is now almost verbatim the same as long as we replace every occurrence
of |- | with the supremum norm || - ||oo, and || - ||; with the modified norm || - ||} defined
above. We apply inequality (A.3) to estimate the || - ||}-norm of 1/P* (using the same
notation as in [50]), where k > 0 is a positive integer and P(t) is a finite trigonometric
polynomial with ¢-bounded coeflicients such that inf, , |P| > 2/3. We can estimate

the second derivative as
max |(1/P4)"] = max [(k(k + 1)(P')? — kP - P)/P*| < AR*(3/2)+?
4 4

for some sufficiently large constant A, since trivially P, P’ and P” are all g-uniformly

bounded on the closed unit disk. The rest of the proof goes through unchanged. [

We will introduce the class 8, (0(k~“)) of absolutely convergent power series,

which will be a subalgebra of the Banach algebra 93, when equipped with the norm
ot @l =2 sk ol + s} (A

We let R, (6(k~*)) denote the class of all power series z(t,q) = Y22, zx(q)t* with
coefficients in B(1), such that |zx(q)|k* is g-uniformly bounded for all £ > 0. Since
the bound holds g-uniformly and the series Y, k= is convergent for o > 1, it follows
that class is a subset of the g-uniform Wiener algebra 9R/,. We will prove first that
when equipped with the norm (A.4) it forms a Banach algebra.
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Lemma A.2.1 Suppose a > 1, then R (O(k™%)) equipped with the norm || - |||, is
(unital) Banach algebra.

Proof. Linearity and homogeneity of || - [/} , are clear. Write P,(z) = supj, k%||zx[oo-
Let x,y € R, (0(k~)). Since series = and y are absolutely convergent, by Cauchy’s
multiplication theorem the coefficients of the product series zy are given by the con-
volution sequence (x * y)i. Recall also the following well-known inequality |k + [|* <
2071 (|k|* + |1]*) valid for any a > 1 and [,k € R. We can estimate P, (zy) as follows

(7 * y)r(g) |k = ; z1(q)yr—i(

S 2&71 (
l

k
<2 <Pa Zsuplyz )|+ Paly) D sup |i(q )
q

=0 1
< 2°7H(Pu(x )I|yH1+Pa( Ml

k

Z ||yk l )|ka

=0

M=

2@ ol r+zmz ™ )\la>

Il
=)

Taking the supremum with respect to k,q on both sides yields the inequality
Po(zy) < 27 (Pa()|lylly + Paly)ll])- (A.5)
Since o > 1, we trivially have the inequality K, = 27! > 1 which gives

lzylls o = Ka(Palzy) + llyllt) < Ko(Pa(@)llyll + Ka()ll=[l) + Kozl Iy}
< Ko(Pa(@)llylls + Ka()ll=llh) + K2l Iyl < ll2llfq

It remains to show the space R, (0(k~*)) is complete in the [ - ||} ,-norm. Suppose 2"

is a Cauchy sequence in R, (0(k~%)), then lim,, o sup,,>¢ ||z — 2"} , = 0. Since

z[]} < [|2||},, for any x € R (6(k™%)) it follows that 2™ is Cauchy in R, so there
exists a limit € 9/, of the sequence 2" considered as a sequence in 9%’ . We will prove
|z" — x|}, — 0asn — oo. It is clearly sufficient to prove Py (2" —2) — 0 as n — oo.

Let’s write -
t,q) =Y ap(q)t" and z(t,q) = Zxk
k=0

Since lim,, o ||2™ — ||} = 0, it follows that lim,,_, supy ||xk — Zk||oc = 0 meaning we

have lim,, o 2} (¢) = 2x(q) uniformly in ¢ for every k£ > 0. Hence we can estimate
Fo(a" — ) = sup |l — wyflook® = sup lim_[|af — 2|0k
< SUp SUp |2} — 2 ™| k™ = supP (2" —2""™) — 0 as n — occ.
Consequently, R, (0(k~*)) is a (commutative) Banach algebra with unit 1. O
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The following definition is an abstraction of the Levi-Wiener theorem.

Definition 37. Let d C % be two Banach algebras with a common identity. Then

o is called inverse-closed in 9B if
acdandaleB = a ' ed.

Notice that the g-uniform theorem can be restated as saying the uniform Wiener
algebra 9, is inverse-closed in 64(T) (the algebra of g-uniformly bounded continuous
functions on the unit circle). The following result will be needed in the proof of the

g-uniform Wiener theorem for the algebra R, (0(k~%)).

Lemma A.2.2 (Brandenburg’s trick [11]) Let d C B be two Banach algebras with a
common unit element. Suppose for every a € o there exists a sequence ¢, = ¢, (a) > 0

such that lim,_, c}/" =1 and
[a*™|la < enlla™||alla”||s,
then o is inverse-closed in 9B.

The next result describes the closure properties of the class - it is a harmless

g-uniform extension of the results in [56, 57|, albeit with a different proof.

Lemma A.2.3 (B. A. Rogozin, [56, 57]) Suppose o > 1 and x(t,q) € Ry is q-

uniformly bounded away from zero on the closed unit disc D, then

z(t,q) € R (O(k™)) = 1/x(t, q) € Ry (O(K™)).

Proof. Using inequality (A.5), given any x € R, (0(k~%)) we have
|2%[[10 < 2K Pa(@)ll2lly + Kall2?[l} < 2Kallz]li ]} o

where K, = 271 It follows that [|z*"|} , < 2%(|2" ||} ]|z, for any z € R, (O(k~*)).
Consequently, by Brandenburger’s trick the algebra R, (0(k~%)) is inverse closed in

P’ . The conclusion follows from the uniform Wiener theorem (A.2.2). O
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