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Abstract

This thesis focuses on the numerical analysis of partial differential equa-

tions (PDEs), the main goal being the development and analysis of finite

element methods (FEMs) for fully nonlinear elliptic PDEs, particularly

Monge–Ampère (MA) and Hamilton–Jacobi–Bellman (HJB) equations.

There are two clear distinctions in the approaches that are undertaken in

this thesis: firstly, for the approximation of solutions to the MA problem,

we implement and analyse a continuous Galerkin (CG) FEM; secondly, to

numerically solve the HJB equation, we employ a discontinuous Galerkin

(DG) FEM.

Though the chosen approaches (CG vs. DG) applied to the MA and HJB

type equations are distinct, the equations themselves are related. A long-

standing result, proven by N. Krylov in 1987, allows one to characterise

the MA equation as a HJB equation.

Another important theme of this thesis, motivated by domain assump-

tions, necessary for the well-posedness of MA type problems, and oblique

boundary-value problems is the implementation and analysis of FEMs on

domains with curved boundaries. In the case of DG methods, where the

consistency of the method plays a key role in obtaining a priori error esti-

mates for the numerical solution, this quantitative consideration requires

new techniques to extend the existing DG framework.

The main contributions of this thesis are new results concerning the exis-

tence and uniqueness of numerical solutions to CG and DG finite element

methods on curved domains, for both fully nonlinear elliptic equations,

and linear elliptic equations in nondivergence form, with Dirichlet and

oblique derivative boundary conditions, as well as optimal a priori error

estimates. Furthermore, we prove several key results from the theory of

finite elements in the context of curved finite elements, that do not appear

to be available in the literature.
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Chapter 1

Introduction

1.1 Motivation

This thesis focuses on the numerical analysis of elliptic partial differential equations

(PDEs), the main goal being the development and analysis of finite element methods

(FEMs) for fully nonlinear elliptic PDEs. In particular Monge–Ampère (MA) and

Hamilton–Jacobi–Bellman (HJB) equations. The investigation into these types of

equations is motivated by applications in differential geometry, optics, meteorology,

engineering, finance, and problems of optimal control.

There are two clear distinctions in the approaches that are undertaken here: firstly,

for the approximation of solutions to the MA problem, we implement and analyse the

continuous Galerkin (CG) FEM, introduced by Lakkis & Pryer [78, 79], which is

called the nonvariational finite element method (NVFEM), named after its applica-

bility to elliptic problems in nonvariational (also known as nondivergence) form. That

is, PDEs that do not, in general, admit a weak formulation, due to the coefficients

lacking sufficient regularity; in general, the coefficients are only assumed to bounded

and measurable. Indeed, as the MA problem is fully nonlinear, we employ a well

known linearisation technique, called Newton’s method, in order to compute finite el-

ement approximations of the solution. The use of this technique results in a sequence

of nondivergence form elliptic equations, justifying the use of the NVFEM. Secondly,

to numerically solve the HJB equation, we employ the discontinuous Galerkin (DG)

FEM, introduced by Smears & Süli [111]. This method was also originally introduced

for the approximation of nondivergence form elliptic equations. In the case of the

HJB equation, the corresponding equation is not only fully nonlinear (as in the case

of the MA equation), but the corresponding operator defining the equation is in gen-

eral not differentiable. Classical Newton’s method relies on the differentiability of the

operator, and thus cannot be used in this case. However, the so called “semismooth
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Newton’s method”, which only requires the subdifferential of the operator to be de-

fined, can be applied. Akin to the approach for the MA problem, this linearisation

technique also results in a sequence of nondivergence form elliptic equations.

Though the chosen approaches (CG vs DG) applied to the MA and HJB type

equations are distinct, the equations themselves are related. A longstanding result,

proven by N. Krylov in 1987, allows one to characterise the MA equation as a HJB

equation. The resulting HJB equation does not fall into the framework originally

introduced by Smears & Süli [111], and so our approach requires the application of

existing classical regularity estimates for problems of MA type, in order to prove that

there is an equivalent representation of this HJB equation, for which the use of the

method of Smears & Süli is justified.

It is informative, at this point, to define the underlying PDEs. Let Ω ⊂ Rd be a

bounded convex domian. A function u : Ω → R is said to be a solution to the MA

equation if

detD2u = f(x, u,∇u), (1.1.1)

for all x ∈ Ω, where D2u and∇u denote the Hessian and the gradient of u respectively,

and f : Ω × R × Rd → R is a given positive function. A function u : Ω → R is said

to be a solution to the HJB equation if

sup
α∈Λ
{Aα : D2u− fα} = 0, (1.1.2)

where the set Λ, and the collection {Aα, fα}α∈Λ is given (see Chapter 3 for further

assumptions on the set Λ, and the corresponding collection of functions).

The first boundary condition we consider in conjunction with (1.1.1), and (1.1.2),

is the Dirichlet boundary condition (where the value of the solution is prescribed on

the boundary, ∂Ω of the domain, Ω).

The second boundary condition, which we couple with (1.1.1), arises in the area of

optimal mass transportation. Ironically, this boundary condition is called the “second

boundary condition”, and takes the following form: given a second domain Υ ⊂ Rd,

a function u : Ω → Rd that satisfies (1.1.1) is said to satisfy the second boundary

condition if

∇u(Ω) = Υ. (1.1.3)

Of course one may argue that (1.1.3) is not in fact a boundary condition, since the

values of the gradient are prescribed in the interior of Ω, rather than on the boundary.

In contrary to this observation, it is proven in [104] for a uniformly convex function,
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and simply connected domains Ω and Υ, that u satisfies (1.1.1) and (1.1.3) if and

only if u satisfies (1.1.1) and

∇u(∂Ω) = ∂Υ. (1.1.4)

Though the equivalence is proven based on the weaker assumption that Ω and Υ

are simply connected domains, the existence and uniqueness results proven by Ur-

bas in [116] require that both Ω and Υ are uniformly convex (see Chapter 2 for a

definition of uniform convexity); note that this implies that the domain is Lipschitz

continuous [60]. As such, in terms of PDE theory for the MA equation (in particular,

for the results present in Chapter 3), this will often be our assumption, unless stated

otherwise.

In the case of optimal mass transportation, matter is being transferred from Ω to

Υ (consider for instance a pile of sand, being transported into a hole of some fixed

distance from the pile of sand). The density of the matter, and the transported matter

are described by given functions f1 : Ω→ R+, and f2 : Υ→ R+, respectively (for the

same example, one would consider f1 to model the “height” of the sand pile, and f2

the “capacity” (or depth) of the hole, translated so that it is uniformly positive, see

Figure 1.1). The functions must satisfy∫
Ω

f1 =

∫
Υ

f2, (1.1.5)

which represents the preservation of total mass. The objective of the optimal mass

transportation problem is to find the map T : Ω → Υ that minimises the quadratic

cost functional

C[µ] =
1

2

∫
Ω

|x− µ(x)|2f1, (1.1.6)

over all maps µ : Ω→ Υ that satisfy the push-forward condition:∫
Ω

(ψ ◦ µ)f1 =

∫
Υ

ψf2, (1.1.7)

for all ψ ∈ L1(Υ). If µ satisfies (1.1.7), we denote this by µ#f1 = f2, and refer to f2

as the push-forward of f1 by µ. The optimal map T , is the map satisfying

C[T ] = inf
µ#f1=f2

1

2

∫
Ω

|x− µ(x)|2f1. (1.1.8)

More information about the optimal mass transportation problem with more general

cost functions can be found in [118]. An important result in [118] proven by Y. Brenier

states that the map T is given uniquely by the gradient of a convex function u. We
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Ω

f1(x)
Υ

f2(q)

x

q = T (x)

Figure 1.1: Visualisation of an optimal transport problem. The density f1 : Ω→ R+

represents the height of the pile of sand, and the density f2 : Υ → R+ represents
the capacity (or depth) of the hole that the sand must be transported into. The
objective is to find the map T : Ω → Υ that minimises C given by (1.1.6), i.e., T
satisfies (1.1.8).

can see that by substituting T = ∇u in (1.1.7) and applying the change of variables

formula, we obtain ∫
Ω

(ψ ◦ ∇u)f1 =

∫
Ω

(ψ ◦ ∇u) detD2uf2(∇u),

for all ψ ∈ L1(Υ), from which we conclude that

detD2u− f1(x)

f2(∇u)
= 0. (1.1.9)

Notice that this is in fact (1.1.1) with

f(x, u,∇u) :=
f1(x)

f2(∇u)
.

One form of the MA equation that arises naturally in the context of differential

geometry is the problem of prescribed Gaussian curvature. In d-dimensions, this

equation is posed as follows: to find u : Ω→ R such that

detD2u = K(x)(1 + |∇u|2)(d+2)/2,

where the function K is given. This equation arises due to the fact that the quantity

detD2u

(1 + |∇u|2)(d+2)/2
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is in fact the Gaussian curvature of the graph

Z := {(x, u(x)) : x ∈ Ω}.

Thus, reverse engineering this information, given a function K : Ω → R, and a

function φ : ∂Ω→ R, one may ask the question: does there exist a function u : Ω→ R
that satisfies u|∂Ω = φ, for which the Gaussian curvature of the graph Z is equal to

K? In doing so, we arrive at the following equation: find u : Ω→ R such that

detD2u(x) = K(x)(1 + |∇u(x)|2)(d+2)/2, x ∈ Ω,

u(x) = φ(x), x ∈ ∂Ω.

It turns out that the problem of prescribed Gaussian curvature also arises in engineer-

ing in the field of optics, in the design of freeform reflectors. Given a light source, the

goal is to provide a reflective surface that provides a desired light output. Particular

examples of illumination problems are the design of car headlights and lampposts. It

transpires that such a problem can be modelled as a MA optimal transport problem,

with the type of nonlinearity that is present in the problem of prescribed Gaussian

curvature:

detD2u(x) = K(x)(1 + |∇u(x)|2)(d+2)/2, x ∈ Ω,

∇u(Ω) = Υ,

where the domain Ω is represents the light source, and the domain Υ is the area to

be illuminated, and the graph of the solution u provides the desired reflective surface.

This equation arises due to the law of reflection and conservation of luminous flux,

and a corresponding derivation can be found in [104].

A further application of MA optimal transport that has applications in the nu-

merical approximation of PDEs is the area of mesh adaptivity. In such a case, one is

provided with a fixed computational domain Ωc ⊂ Rd and a physical domain Υp ⊂ Rd

where goal is to find a map T : Ωc → Υp that satisfies

1

2

∫
Ωc

|x− T (x)|2 = inf
µ#σ=ρ

1

2

∫
Ωc

|x− µ(x)|2,

where ρ > 0 is a scalar density function, and

σ =
1

Ωc

∫
Υp

ρ,
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so that mass is conserved. One then arrives at the MA optimal transport problem:

detD2u(x) =
σ

ρ(∇u(x))
, x ∈ Ωc,

∇u(Ωc) = Υp.

Upon providing a numerical approximation to the solution of this problem, one ob-

tains an adapted mesh by taking the image of a mesh of Ωc under the gradient (or

a continuous representative of the gradient), ∇uh, of the numerical solution, uh (for

further details see [26]).

There are several existence and uniqueness results that have been proven over the

years for both the MA Dirichlet (MAD) and the MA optimal transport (MAOT) prob-

lem. In the case of the MAD problem, L. Caffarelli, L. Nirenberg and J. Spruck [29],

N. Krylov [73] and Ivochkina [65] proved the existence, uniqueness and regularity of

a uniformly convex solution to (1.1.1), based on the assumption that Ω is uniformly

convex, and that Ω, f , and the boundary data, are sufficiently smooth, and that the

function f satisfies sufficient growth conditions. The Monge–Ampère equation with

the second boundary condition (of which the MAOT problem is a subclass) has also

been well analysed. In [116] J. Urbas uses the method of continuity to prove exis-

tence, uniqueness and regularity of a solution to the general MA equation (1.1.1), as

well as the MAOT problem (1.1.9) with the second boundary condition (1.1.3). This

paper consisted of proving necessary estimates to apply the techniques in the author’s

accompanying paper [117]. In 1997 (close to the time of the publication of [116]), J.

Urbas learnt of L. Caffarelli’s paper [27], in which L. Caffarelli proves similar results

with assumptions weaker than that of the material of J. Urbas’ paper, with regards

to the smoothness of the domains, with different techniques. These results however

were given in the context of (1.1.9), and are not as general as the results given in J.

Urbas’ papers, which refer to the case (1.1.1), i.e., the source term is more general.

When considering the two-dimensional case (d = 2) more is known. In [99] A.

V. Pogorelov proved existence and uniqueness of generalised solutions in the sense of

Aleksandrov in the case that Ω and Υ are assumed to be bounded and convex. This

is a useful result, since in some of our experiments we will consider the case where

Ω = (−1, 1)2. It also reinforces some of the experiments found in [103], where the

target domain is not convex. In this case the authors apply the Legendre–Fenchel

transform, resulting in an inverse problem in which the source domain is not uniformly

convex. In [42] P. Delanoë proved existence and uniqueness of a solution, as well

as global regularity and a priori higher regularity results; in this paper the author

comments on the difficulty of generalising the result to higher dimensions.
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Just as the MA equation poses difficulties analytically due to the nonlinear na-

ture of the problem, it also poses difficulty when formulating and analysing numerical

methods for the approximation of solutions. That said, the difficulty has not deterred

the advances over the years in both finite difference and finite element approximation

of solutions. J-D. Benamou, B. Froese, and A. Oberman [14, 15, 54, 95], have suc-

cessfully developed and analysed convergent finite difference schemes for the solution

of the general MA equation with a Dirichlet boundary condition and the MA problem

of optimal mass transport.

One of the computational difficulties of the MAOT equation - setting aside the

nonlinearity of the PDE - is the second boundary condition; this is a case where we

can see a motivation for the design of an algorithm that follows the PDE theory.

Since the definition of the second boundary condition (1.1.3) is not compatible with

computations, one must use the representation (1.1.4). This however does not close

the argument, since the boundary condition is still nonlinear and only given implicitly.

In [116] it was proven that in fact the second boundary condition is strictly oblique,

that is, that the outer normal derivative of a uniformly convex (equivalently, the

inner normal derivative of a uniformly concave) defining function for Υ, applied to

the solution at the boundary, is positive.

To do so the author of [116] considers a uniformly concave defining function a :

Rd → R for the target domain, that is,

Υ = {q ∈ Rd : a(q) > 0}.

Since one can see that ∂Υ = {q ∈ Rd : a(q) = 0}, the boundary condition can be

expressed as follows

a(∇u(x)) = 0, x ∈ ∂Ω.

Alternatively, one can consider a convex defining function b : Rd → R, for the target

domain, i.e., Υ = {q ∈ Rd : b(q) < 0}. One such example is the signed distance

function, i.e.,

b(q) =

{
− dist(q, ∂Υ), q ∈ Υ,

dist(q, ∂Υ), q ∈ Rd \Υ.

The boundary condition can then be thought of as a Hamilton–Jacobi equation. It

is this formulation that J.D. Benamou, B. D. Froese, and A. M Oberman use in [15],

to implement the boundary condition. It is similar to the method that we use in

Chapter 9 to implement the boundary condition in the CG case. In this case, we

apply Newton’s method to b(∇u(x)) = 0, x ∈ ∂Ω, resulting in a sequence of oblique

boundary conditions.
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There have also been many advances over the years in the implementation and

analysis of finite element methods for the MA equation, for instance, in S. Brenner

and M. Neilan [22], and M. Neilan [92], convergence results were proven in dimensions

three and two respectively. Chapter 8 of this thesis extends the analysis found in [92]

from the case that the source term f(x, u,∇u) := f(x), to f(x, u,∇u) := f1(x,u)
f2(∇u)

. For

other two and three-dimensional cases, one should look at the work of G. Awanou

and H. Li [3, 4], where the authors also consider the notion of the finite element

Hessian; by recasting this formulation as a mixed method, they also make use of

the divergence-free nature of the Cofactor matrix, Cof(D2u) := det(D2u)(D2u)−1, to

analyse the linearised MA equation. Another method, called the “vanishing moment

method” motivated by viscosity solutions [37] of the MA equation was pioneered by

X. Feng and M. Neilan [52] in which they artificially perturb the nonlinear equation

by a linear fourth-order term, resulting in a sequence of quasilinear fourth order

equations. The authors also produced a further paper [51], applying the vanishing

moment method to the MAD problem, i.e., they approximate solutions of

−ε∆2uε + det(D2uε) = f(x). (1.1.10)

In [48], X. Feng proved that uε, the solution of (1.1.10) (subject to suitable boundary

conditions), converges to the viscosity solution of the MAD problem.

Furthermore, a recent publication [93] by M. Neilan, A. Salgado, and W. Zhang

provides an excellent overview of existing numerical methods for nonlinear PDEs,

including finite element methods for MA and HJB type equations.

In O. Lakkis and T. Pryer [78, 79], the authors proposed the nonvariational finite

element method (NVFEM), which is used to approximate the solutions of linear

second-order nondivergence form, uniformly elliptic equations. The NVFEM is based

on the notion of a finite element Hessian or “Hessian recovery” in which the solution

and the finite element Hessian of the solution are computed when approximating

solutions to the PDE in strong form; for more details see Chapters 4, 8, and 9. This

method is also applicable to nonlinear elliptic equations by first applying Newton’s

method to the nonlinear problem, resulting in a sequence of nondivergence form

elliptic equations. The solutions are then approximated by applying the NVFEM.

As mentioned previously, our CG approach is to implement this method, allow-

ing for the numerical approximation of solutions to the MAD and MAOT problem

(see Chapters 8 and 9, respectively). Our experiments in the latter case suffer from

suboptimal convergence rates, due to the piecewise linear approximation of curved
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domains. Note that we consider curved domains, due to the uniform convexity as-

sumption present in the existence and uniqueness result of J. Urbas [116], guarantee-

ing well-posedness of the underlying PDE. We introduce a novel scheme, based on

applying a global gradient recovery method via L2-projection, that produces optimal

results under piecewise linear finite element approximations. This recovery method

was inspired by the work of A. Naga, O. Zienkiewicz, and Z. Zhang [120, 122].

This motivates another important theme of this thesis: the implementation and

analysis of FEMs on domains with curved boundaries. In the case of DG methods,

where the consistency of the method plays a key role in obtaining a priori error

estimates for the numerical solution, this quantitative consideration requires new

techniques to extend the existing DG framework [110, 111].

In general, when triangulating any computational domain, one is required to gen-

erate a collection of maps from a reference simplex (a d-dimensional triangle of nor-

malised volume), to the computational domain; the union of the images of the refer-

ence simplex over the collection of maps is what we consider to be the triangulation.

There are several methods for generating such a collection of maps, for instance,

the most simple is to take a collection of affine maps (see Figure 1.2), which is cer-

tainly sufficient when the boundary has piecewise zero curvature (take the unit square

for example), but if the domain has a curved boundary (e.g. the unit disk), then this

affine triangulation is a poor approximation, resulting in suboptimal (quadratic at

best) convergence rates for even standard conforming finite element methods [109].

Thankfully, there are more sophisticated methods. Theoretically, one (assuming suf-

ficient piecewise smoothness of the domain) can generate a triangulation that ap-

proximates the domain exactly [16] (see Figure 1.3), though, in practice, this can be

difficult to implement, as it requires the knowledge of the charts of the hyper-surface

determined by the boundary. In order to circumvent this difficulty, one can instead

take a polynomial approximation of these charts (generally by some form of interpo-

lation), and use these to generate a collection of polynomial maps from the reference

simplex to the domain. This will not, in general, result in an exact approximation

of the domain. However, one can see that if the polynomial degree of the collection

of maps is high enough, then optimal convergence results can be restored. Often one

will choose a polynomial degree that is equal to the polynomial degree of the finite

element space; this type of approximation is called “isoparametric”. We implement

and analyse both CG and DG FEMs with curved triangulations, in the sense of [16],

in Chapters 5, 6, 7, and 8.
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x̂1

x̂2

K̂

K3

K2

K1

FK2(x̂) := BK2x̂+ bK2

1

1
x1

x2

Figure 1.2: An example of the construction of an affine mesh on a square-shaped
domain in R2, employing affine maps from a reference simplex (left) to the domain
(right).

x̂1

x̂2

K̂

x1

x2

K1

FK1(x̂) := BK1x̂+ bK1

FK2(x̂) := ΦK2(x̂) +BK2x̂+ bK2

K2

Figure 1.3: An example of the construction of a non-affine mesh on a quarter disk
domain (right) in R2, employing affine maps from a reference simplex (left) to the
(interior) triangles with straight edges (e.g. K1), and non-affine maps from a reference
simplex to the (boundary) triangles with curved edges (e.g. K2).
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We now turn to discuss the HJB equation (1.1.2). As mentioned previously,

our initial motivation for considering HJB type problems comes from a longstanding

result by N. Krylov (see Chapter 3), that characterises the MA equation (1.1.1) as

a particular HJB equation, thus motivating the use of the DGFEM introduced by

Smears & Süli in [111]. Aside from the applications to the MA equation, the HJB

problem (1.1.2) arises in finance, engineering, mean-field games, and problems of

optimal control [53, 77].

The problem (1.1.2) and its time dependent counterpart arise directly in the opti-

mal control of stochastic differential equations. In particular, one considers the time

evolution of a state vector X : t 7→ Xt, subject to a control process α(·) : t 7→ αt ∈ Λ,

where Λ is a given control set. Here α(·) denotes a Λ-valued function, and α denotes

an element of Λ. In what follows, we assume that (Ω,F,P) is a probability space,

with a filtration {Ft}, and a k-dimensional {Ft}-Brownian motion {Wt} (see [94] for

further details). Furthermore, the functions b : Rd × Λ → Rd, σ : Rd × Λ → Rd×k,

f, c : Ω × Λ → R, c ≥ 0. The state vector, X, is assumed to satisfy the following

stochastic differential equation for a given x ∈ Ω:

dXt = b(Xt, α(t))dt+ σ(Xt, α(t))dWt for t > 0, X0 = x. (1.1.11)

We arrive in the setting of bounded domains and Dirichlet boundary conditions by

considering indefinite time horizon problems with unbounded terminal times. This

means that the control problem is terminated when the state X exits the domain

Ω, at which time we charge an “exit cost” (this corresponds directly to the Dirichlet

boundary data). We define the {Ft}-stopping time as follows

τ := inf{s ≥ 0 : Xs 6∈ Ω}, (1.1.12)

and we set τ =∞ if Xt ∈ Ω for all t ≥ 0.

Before we can define the optimal control problem, we must define the set of A
of admissible controls (i.e., the set of control processes that we will consider in the

optimal control problem). An {Ft}-adapted (see [94] for further details), Λ-valued

stochastic process α(·) is called an admissible control if: there exists a unique solution

Ω of the state equation (1.1.11) corresponding to α(·), and the quantity

E
∫ ∞

0

|f(Xt, α(t))|e−
∫ t
0 c(Xs,α(s)) ds dt <∞,

where E denotes the expectation with respect to P. We denote by A the set of all

admissible controls (note that in applications, there may be more conditions upon
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the set of admissible controls). We also note that the definition of the {Ft}-stopping

time τ is implicitly dependent upon a given x ∈ Ω and α(·) ∈ A.

We then define the cost functional

Jα(·)(x) := E
[∫ τ

0

f(Xt, α(t))e−
∫ t
0 c(Xt,α(s)) ds dt+ e−

∫ τ
0 c(Xs,α(s)) dsφ(Xτ )1{τ<∞}

]
,

(1.1.13)

where the function φ represents the cost of exiting Ω, and the function 1{τ<∞} = 1 if

τ <∞ and 0 otherwise, and E denotes the expectation with respect to P.

We now consider the following stochastic optimal control problem subject to a

stochastic differential equation (SDE) given by

min
α(·)∈A

Jα(·)(x), Jα(·)(x) defined by (1.1.13), (1.1.14)

dXt = b(Xt, α(t))dt+ σ(Xt, α(t))dWt for t > 0, X0 = x. (1.1.15)

We arrive at a HJB equation by defining the value function:

u(x) := − inf
α(·)∈A

Jα(·)(x).

The value function, u(x), provides the optimal value of the cost functional; in the

method of dynamic programming, the value function is then used to calculate the

optimal control. One can in fact show that (see Chapter 4 of [53] for further details)

the function u(x) satisfies the following HJB equation:

sup
α∈Λ

{
1

2
σα(σα)T : D2u+ bα · ∇u− cαu− fα

}
= 0 in Ω,

u = φ on ∂Ω,

(1.1.16)

where the functions {fα}α∈Λ are defined via fα : x 7→ f(x, α) for α ∈ Λ (similarly for

σα, bα, cα). Note that the diffusion coefficients in (1.1.16) arise due to the stochastic

nature of the state equation (1.1.15), following an application of Ito’s chain rule.

Furthermore, one obtains a time dependent HJB equation of the following form

for u : Q→ R, Q := Ω× [0, T ], for some T ∈ (0,∞)

sup
α∈Λ

{
∂tu−

1

2
σα(σα)T : D2u+ bα · ∇u− cαu− fα

}
= 0 in Q,

u|{t=0} = φ,

(1.1.17)

by considering an indefinite time horizon problem with a bound on the terminal

time. In this case, the functions b, σ, f, c, φ now have an extra variable of dependence,

i.e., b = b(t,Xt, α(t)), φ = φ(t,Xt) (similarly for σ, f, c), as does the cost functional
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Jα(·) = Jα(·)(x, t), and value function u = u(x, t) (see Chapter 4 of [53] for further

details). At a time s ∈ [0, T ) the state vector now evolves for t ∈ (s, T ) according to

the SDE

dXt = b(t,Xt, α(t))dt+ σ(t,Xt, α(t))dWt for s < t < T, Xs = x.

Moreover, the {Ft}-stopping time is defined as follows

τ = min{T, inf{t ≥ s : (t,Xt) 6∈ Q}},

i.e., we control up until the smaller of the time T , and the time that the pair (t,Xt)

exits Q (technically this leads to terminal condition, and a backwards in time HJB

equation, but after a change of variables, one obtains (1.1.17)).

The abstract formulation of the stochastic optimal control problem (1.1.14)–

(1.1.15) encompasses many applications, particularly in finance and economics, where

the state vector X may, for example, represent a portfolio or economic agent, respec-

tively.

Let us first discuss Merton’s portfolio problem with transaction charge [40]. This

problem is an extension of the original Merton’s portfolio problem with no transaction

charge, originally introduced in [91]. The problem we consider models the portfolio

of an investor consisting of two assets being traded (with the assumption that trades

may be made instantaneously). The first asset is a risk-free bond, with price X1
t , and

the second is a risky asset, stock, with price X2
t , t ≥ 0. The investor starts off with

an initial endowment X1
0 = x and X2

0 = y. Then, X1
t and X2

t satisfy the following

SDEs (note that the equation for X1
t is deterministic):

dX1
t = (rX1

t − c(t))dt, t > 0, X1
0 = x, (1.1.18)

dX2
t = µX2

t dt+ σX2
t dWt, t > 0, X2

0 = y. (1.1.19)

where µ is the drift rate and σ is the volatility of the stock, r is the interest rate

of the bond, c(t) the rate of consumption, and Wt is a Brownian motion. At any

given time, the investor must decide how much (wealth) to consume and how much

to invest in stock markets, with the goal of maximising utility from terminal bond and

stock. We denote by `(t) the rate of transfer from bond to stock, and m(t) the rate

of transfer from stock to bond. Furthermore, the investor pays fractions λ1 ∈ (0, 1)

and λ2 ∈ (0, 1) of the amount transacted, on purchase and sale of stock, respectively.

All such charges are paid from stock. In such a scenario, (1.1.18)–(1.1.19) becomes:

dX1
t = (rX1

t − c(t))dt− (1 + λ1)`(t)dt+ (1− λ2)m(t)dt, t > 0, X1
0 = x, (1.1.20)

dX2
t = µX2

t dt+ σX2
t dWt + (`(t)−m(t))dt, t > 0, X2

0 = y. (1.1.21)

13



We then define the solvency region:

Sλ1,λ2 := {(x, y) ∈ R2 : x+ (1 + λ1)y ≥ and x+ (1− λ2)y ≥ 0},

which is where the state vector Xt := (X1
t , X

2
t )T , representing the investor’s holdings,

is constrained to lie. For x, y ∈ Sλ1,λ2 , we define the admissible set

Axy := {(`(·),m(·), c(·)) nonnegative {Ft}-adapted, such that the solutions (X1
t , X

2
t )

of (1.1.20)–(1.1.21) satisfy (X1
t , X

2
t ) ∈ Sλ1,λ2 ∀t ≥ 0}.

The goal is then to maximise the following utility functional

J `(·),m(·),c(·))(x, y) := E
∫ ∞

0

e−ρtU(c(t)) dt, (1.1.22)

where ρ is the discount factor1 (modelling the notion that wealth is more valuable

today than it is in the future), and an example of a utility function U(c(t)) is given

by
c(t)p

p
, (1.1.23)

for some p ∈ (−∞, 1) \ {0}. For each p, this utility function belong to the so-called

HARA (hyperbolic absolute risk aversion) class.

The value function

u(x, y) := sup
(`(·),m(·),c(·))∈Axy

J `(·),m(·),c(·))(x, y),

with J `(·),m(·),c(·)) defined by (1.1.22), with utility function (1.1.23), satisfies the fol-

lowing HJB equation:

sup
(`,m,c)≥0

{
1

2
σ2y2∂2

xxu+ rx∂xu+ µy∂yu− ρu+ `(−(1 + λ1)∂xu+ ∂yu)

+m((1− λ2)∂xu− ∂yu) +
cp

p

}
= 0 in Sλ1,λ2 .

(1.1.24)

We now discuss how HJB equations arise in the context of economics, in mean

field games, where an economic agent is represented by their level of consumer goods,

and stock of capital. The state vector Xt = (X1
t , X

2
t ) represents the level of consumer

goods, X1
t , and the stock of capital, X2

t . The model we consider was introduced

in [58], and is based on economic considerations. An agent must decide a strategy on

1The reader should note that a condition upon ρ, r, µ, p and σ must be satisfied in order to avoid
the possibility of arbitrarily large utility, see Condition A of [40] for further details.
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consumption and investment levels, c(t) and i(t), respectively, which provides us with

the set of controls. The dynamics of the state vector is governed by the following

SDEs evolving over t ∈ (0, T ) for some T ∈ (0,∞)

dX1
t = (−c(t)− p(t)i(t) + F (X2

t , p(t))dt+ σ1dW
1
t , t ∈ (0, T ), X1

0 = x, (1.1.25)

dX2
t = (g(X2

t , p(t)) + i(t))dt+ σ2dW
2
t , t ∈ (0, T ), X2

0 = y, (1.1.26)

where W 1
t and W 2

t are adapted Brownian motions, and σ1, σ2 are given constants.

The macroeconomic variable p(t) represents the price level. The function F is of the

following form

F (X1, p) = F1(X1, p) + pF2(X1, p),

where F1 is the amount of consumer goods and F2 is the amount of capital goods

(goods that are used to produce other goods). Thus, the production function F gives

the total value (measured in consumer goods) of consumer and capital goods of an

economic agent with capital X1 at price level p. Finally, the function g represents

the depreciation of capital stock, and depends upon the capital X1 and price level

p. Their strategy is governed by their desire to maximise a utility (corresponding

to a function U = U(c(t), i(t), X1
t , X

2
t , p(t))), which is assumed to encompass their

preferences with regards to stocks of consumer goods and capital, and the price level

of the economy. The agent seeks to maximise the utility functional

J c(·),i(·)(x, y, t) := Ex,y
∫ T

t

e−ρ(s−t)U(c(s), i(s), X1
s , X

2
s , p(s)) ds,

where Ex,y is the expectation corresponding to X1
0 = x,X2

0 = y, and ρ is the discount

factor. We maximise J c(·),i(·) over a subset A of the set of progressively measurable

controls c(·), i(·). Defining the value function

u(x, y, t) := sup
(c(·),i(·))∈A

J c(·),i(·)(x, y, t),

we arrive at the following (backwards) HJB equation:

∂tu+
σ2

1

2
∂xxu+

σ2
2

2
∂yyu+H(x, y, p,∇u)− ρu = 0, (x, y, t) ∈ R2 × (0, T ), (1.1.27)

u(x, y, T ) = 0, (x, y) ∈ R2, (1.1.28)

where

H(x, y, p, q) := sup
c,i
{(−c− pi+ F, g + i) · q + U} (1.1.29)

(note that the variable q represents the ∇u component of H, and that the values of

c, i, in the supremum in (1.1.29) depends upon the set A of admissible controls).
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We arrive at a mean field game by considering many economic agents, each of

whom maximises their individual utility, by taking into account the behaviour of the

entire population. For the full derivation of the mean field game for the current model,

we refer the reader to [58], and for literature on mean field games in general [31, 61,

1, 81]. Denoting by µ a probability density that represents the distribution of the

entire population of agents, the mean field game equation is the following (backward)

HJB equation coupled with a (forward) Fokker–Planck equation:

∂tu+
σ2

1

2
∂xxu+

σ2
2

2
∂yyu+H(x, y, p,∇u)− ρu = 0, (x, y, t) ∈ R2 × (0, T ),

∂tµ+∇ · (µDqH) =
σ2

1

2
∂2
xxµ+

σ2
2

2
∂2
yyµ,

u(x, y, T ) = 0, µ(x, y, 0) = µ0(x, y), (x, y) ∈ R2,

where µ0 is a given initial distribution. Note that the above problem may come with

the additional constraint that µ satisfies µ > 0 and
∫
R2 µ = 1 for all t ∈ (0, T ), i.e.,

that µ(t) is a positive probability density for all t ∈ (0, T ).

There have been many advances in the construction and analysis of numerical

methods for elliptic and parabolic HJB equations. One of the earliest, and most nat-

ural approaches for approximating such problems comes in the form of finite difference

methods (FDMs) [8, 11, 10, 9, 18, 19, 41, 50, 76, 98, 101], for which, an important ab-

stract framework for the convergence of monotone schemes to viscosity solutions [37]

of (possibly degenerate) fully nonlinear second-order elliptic and parabolic equations

(which encapsulates the aforementioned HJB equations) was developed by G. Barles,

and P. Souganidis in [11]. This abstract framework has lead to the development and

analysis of other schemes, in particular, nonmonotone schemes (which lead to higher

orders of convergence) [18, 98].

However, monotone, wide stencil schemes impose restrictions upon the set of prob-

lems that the FDMs can capture, in general. This has lead to the development of

methods that bear a closer resemblance to FEMs, namely semi-Lagrangian methods,

which incorporate interpolation into finite element spaces, allowing for the use of

unstructured meshes [41, 50].

In particular, [50] also utilises the result due to N. Krylov (which we utilise in

Chapter 7), characterising the MA equation as a HJB equation. In this more flexible

semi-Lagrangian framework, the authors prove convergence of the scheme to viscosity

solutions of the corresponding HJB equation.

The field of FEMs for HJB problems has seen much fewer developments. As

mentioned previously, the difficulty of designing such schemes is due to the lack
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of a weak formulation for such problems. As such, the results of this thesis (in

Chapters 5–7) serve to expand upon the existing finite element framework. The first

advancement (to the author’s knowledge) in this direction is given by [68], in which the

authors analyse the convergence of monotone piecewise-linear finite element methods

in an abstract setting (much in the spirit of G. Barles and P. Sougandinis, except

the method does not exhibit the same consistency property as the monotone FDM,

see [68]). A short follow-up paper [67] provides numerical experiments, validating the

theoretical results of the previous paper, numerically capturing viscosity solutions of

HJB equations.

In recent years, the development of FEMs for elliptic problems in nondivergence

form, which do not rely upon a weak formulation of the underlying PDE, due to the

consideration of strong solutions to the PDE, has seen a few advancements [78, 79,

110]. The framework of [110] lead naturally to the DGFEM introduced in [111] in the

elliptic setting, and [112] in the parabolic setting. This method is applicable to HJB

equations with cofficients that satisfy the Cordes condition. In this thesis, we further

develop this method in the elliptic setting, allowing for more complicated geometries,

and oblique boundary conditions.

We now find ourselves at the forefront of the development of finite element methods

for MA and HJB type equations, and so, it seems pertinent to discuss the layout of

this thesis. One should note that Chapters 3 to 9 all contain original research.

The thesis is laid out as follows: Chapter 2 introduces our notational conventions

and the definition of relevant function spaces in a continuous setting; Chapter 3 pro-

vides existence and uniqueness results for MA and HJB type equations available in the

current literature, as well as new results proven as part of this thesis. In Chapter 4 we

give all of the necessary definitions, assumptions, and estimates in a discrete setting,

which we will refer back to when defining the various finite element methods in the

later chapters. This has required the development of several key tools from standard

finite element theory to that of curved domains; in particular trace and inverse esti-

mates, discrete Poincaré–Friedrichs’ inequalities, and optimal interpolation estimates

with fractional Sobolev regularity. Chapter 5 provides a DGFEM for linear ellip-

tic equations with Dirichlet boundary conditions, on curved domains; this constitutes

original research, extending the framework of [110]. Chapter 6 extends the framework

of Chapter 5 from the Dirichlet boundary condition to the oblique boundary condition

in two dimensions; this constitutes original research, and the content has been sub-

mitted for publication [71]. In Chapter 7 we provide and analyse a DGFEM for the
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approximation of solutions to HJB type equations with Dirichlet and oblique bound-

ary conditions; we utilise the results proven in Chapter 3, producing a DGFEM for

the approximation of solutions to MA equations with Dirichlet boundary conditions.

Chapter 8 describes our CGFEM for solving the MA equation, as well as an exten-

sion of the two-dimensional analysis found in [92] to the case f(x, u,∇u) := f1(x,u)
f2(∇u)

(as opposed to f(x, u,∇u) = f(x)); Chapter 9 explains the extension of the CGFEM

in Chapter 8 to the MAOT problem. The work in this particular chapter constitutes

a collaborative effort with O. Lakkis, and T. Pryer [72]. We conclude the thesis with

a discussion on what has been achieved, and comment on future avenues of research.
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1.2 List of notation in order of appearance

Notation Reference Name/ Description

Ω (1.1.3) General domain
Υ (1.1.3) Optimal transport target domain

Rd×d
Sym, SO(2) (2.1.1), (2.1.2) Symmetric and rotation matrices
GL(Rd) (2.1.3) Invertible matrices
A : B (2.1.5) Frobenius inner product
K,K◦ Definition 2.1.4 Closure and interior of the set K
Sd (2.1.6) Unit sphere in Rd+1

X (2.1.7) Krylov control set
Xξ (2.1.8) Subset of Krylov control set

Ck(K) Definition 2.2.2 Space of k times differentiable functions
Ck(K) Definition 2.2.2 Space of Ck(K) functions with

uniformly continuous k-th derivative
Ck,α(K) Definition 2.2.6 Ck(K) functions with α-Hölder

continuous k-th derivative
C∞c (K) Definition 2.2.4 Smooth functions with compact support
‖ · ‖Ck(K), (2.2.5) Ck(K) norms

‖ · ‖Ck,α(K), (2.2.5) Ck,α(K) norms

| · |Ck(K (2.2.6) Ck(K) semi-norms

| · |Ck,α(K) (2.2.6) Ck,α(K) semi-norms

Rf,x Definition 2.2.10 Quadratic remainder term
Lp(K) (2.3.1)–(2.3.2) Lebesgue spaces
‖ · ‖p,K (2.3.3)–(2.3.4) Lebesgue space norms
〈·, ·〉K (2.3.5), (4.3.3) L2 Inner product
〈·〉K (2.3.6) Integral
Lp0(K) (2.3.7) Zero integral Lebesgue spaces
Du, ∇u (2.3.8), (2.3.9) Derivative and gradient
D2u (2.3.10) Hessian

Wm,p(K) (2.3.11) Sobolev spaces
Hs(K) (2.3.11), (2.3.16) (Hilbert) Sobolev spaces
‖ · ‖Wm,p(K) (2.3.12) Sobolev space norms
| · |Wm,p(K) (2.3.13) Sobolev space seminorms
〈·, ·〉Hm(K) (2.3.14) (Hilbert) Sobolev space inner products
| · |Hr(K) (2.3.15) Fractional Sobolev space seminorms

τ Definition 2.3.6 Trace operator
Wm,p

0 (K) (2.3.21) Sobolev spaces with trivial trace
〈·|·〉 Definition 2.4.1 Duality pairing
〈D2v|φ〉 Definition 2.4.2 Generalised Hessian duality pairing
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Notation Reference Name/ Description

Λ (3.3.4) General HJB control set
F [·] (3.3.7) HJB operator
Fγ[·] (3.3.17) Renormalised HJB operator
γ, γα (3.3.15), (3.3.16) Renormalisation functions
β (3.3.42) Oblique vector

H2
β,0(K) (3.3.45) Oblique derivative H2- subspaces

Θ Definition 3.3.24 Oblique angle
nK - Unit outward normal vector to ∂K
W Definition 2.6.6 Weingarten map
H∂Ω Definition 2.6.8 Mean curvature
Th - Triangulation
p - Finite element space polynomial degree
[[·]] (4.3.1) Jump operator
〈〈·〉〉 (4.3.2) Average operator

E i
h,E

b
h Definition 4.3.1 Set of interior faces, set of boundary faces

E i,b
h ,V b

h Definition 4.3.1 Set of faces, set of boundary vertices

FK (4.4.1) Map from K̂ → K

K∗, K̂,K Definition 4.4.1, 4.4.26 Various d-simplices

ΦK , F̃K (4.4.1), (4.4.2) Nonaffine & affine part of FK
B̃K , b̃K (4.4.2) Scaling & translation part of F̃K
CK , c (4.4.3), (4.4.21) Affine invariant constants
hK , h Definition 4.4.7 Local mesh size, global mesh size

h̃F (4.4.4) Local mesh size associated to a face
CT (4.4.5) Mesh condition constant
c`, c−` (4.4.11), (4.4.12), Scaling argument constants
σ (4.4.20) Shape-regularity constant
ρ(·) (4.4.25) Diameter of inscribed ball

T c
h ,T

f
h Definition 4.4.22 Curved and flat partitions

E b,c
h ,E b,f

h Definition 4.4.23 Curved and flat face partitions

v∗, v̂, v Definition 4.4.26 Functions associated to K∗, K̂,K
λi Definition 4.5.1 Barycentric coordinates

(K̂, P̂K , Σ̂K) Definition 4.5.2 Reference straight Lagrange FE
(K,PK ,ΣK) Definition 4.5.3 Curved Lagrange FE

µ̂, µ (4.5.3), (4.5.5) Degrees of freedom
Vh,p, Vh,p,0 Definition 4.5.4 DG finite element spaces

Vh,p,
◦
Vh,p Definition 4.5.5 CG finite element spaces

W s,r(Ω; Th) (4.5.9) Broken Sobolev space
‖ · ‖W s,r(Ω;Th) (4.5.10) Broken Sobolev norm
| · |W s,r

∗ (K) (4.5.11) Curved Sobolev seminorm
| · |W s,r

∗ (Ω;Th) (4.5.12) Curved Broken Sobolev seminorm
πh Definition 4.5.12 Classical Lagrange interpolation operator
. Definition 4.5.16 Less than or equal to up to a constant
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Notation Reference Name/ Description

≈ Definition 4.5.16 Equal up to a constant
P Definition 4.5.15 Finite element projection operator
Πh (4.5.19) Local Lagrange interpolation operator

E(r, i) (4.6.14) Chain rule index set
∇T, divT (4.10.1) Tangential gradient and divergence

Hh Definition 4.11.1 Finite element Hessian
L (4.11.4) Lift operator

µF , ηF Sections 5, 6, and 7 Jump stabilisation parameters
uh Sections 5–8 Finite element solution
‖ · ‖h,θ (5.6.1) DG norms on Vh,p
‖(·, ·)‖h,θ (6.8.1) DG norms on Vh,p,0 × Vh,0
`F , σF Sections 6 and 7 Oblique jump stabilisation parameters

BDh,∗, B
O
h,∗ (5.4.1), (6.6.1) Dirichlet & oblique FE bilinear forms

JDh , J
O
h (5.4.2), (6.6.2) D & O FE bilinear jump forms

BDh,θ, B
O
h,θ (5.4.3), (6.6.3) D & O FE bilinear forms

ADh , A
O
h (5.4.4), (6.6.4) Linear D & O operators

A O
h ,A

D
h (7.3.1) Nonlinear D & O operators

FMA
h [·] (8.2.1) Discrete MA operator
‖ · ‖h (8.2.2) CG FE space norm
‖ · ‖−1,h (8.2.2) CG FE space dual norm

V,
◦
V (8.3.1) Superspaces of Vh,p and

◦
Vh,p

FMA[·] (8.3.2) Continuous MA operator
Lu, R (8.3.4), (8.3.5) Linearisation and remainder of FMA

Lu,h, R - Restriction of Lu and R to Vh,p

M,Mh (8.3.6), (8.3.7) Fixed point operators
u∗ (8.3.14) Elliptic projection of u

Bρ(u∗) (8.3.16) Ball of radius ρ about u∗
U Section 9 Finite element solution

Zh,p,Wh,p (9.4.3), (9.4.4) CG finite element recovery spaces
F (9.5.1) General operator
λ[, λ] (9.5.3) Uniform lower and upper ellipticity constants

C (9.5.21) Cone of convex functions
b,B[·] (9.5.18), (9.5.19) Distance function and operator

Gh (9.5.27) Gradient recovery operator
H (9.6.1) Generalised Hessian with gradient recovery

H̃h (9.6.2) Finite element Hessian with gradient recovery
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Chapter 2

Notation, function spaces, and
calculus

2.1 Matrices and sets

2.1.1 Matrices

For a matrix A ∈ Rm×n, m,n ∈ N, we denote by AT , the transpose of A. We denote

Rd×d
Sym := {A ∈ Rd×d : AT = A}, (2.1.1)

and

SO(2) :=

{[
cosφ − sinφ
sinφ cosφ

]
: φ ∈ [0, 2π]

}
, (2.1.2)

the set of all 2× 2 rotation matrices.

We also denote

GL(Rd) := {A ∈ Rd×d : detA 6= 0}, (2.1.3)

i.e., the set of invertible d× d matrices.

For a matrix A ∈ Rd×d, we denote by Tr(A) the trace of the matrix to be the sum

of the diagonal entries, i.e.,

Tr(A) =
d∑
i=1

Aii. (2.1.4)

Definition 2.1.1 (Positive (semi)definiteness) For a matrix A ∈ Rd×d we write

A > 0 (A ≥ 0), and say that A is positive definite (positive semidefinite) if there

exists µ > 0 (µ ≥ 0) such that

xTAx ≥ µ|x|2 ∀x ∈ Rd.
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Definition 2.1.2 (Frobenius inner product) For two matrices A,B ∈ Rd×d, we

define the Frobenius inner product of the two matrices as follows:

A : B :=
d∑

i,j=1

AijBij = TrATB = TrABT . (2.1.5)

2.1.2 Sets

Definition 2.1.3 (Multi-index notation) For a multi-index α ∈ Nd
0, we denote

by

α! :=
d∏
j=1

αj! and |α| :=
d∑
j=1

αj.

Furthermore, for x ∈ Rd, we denote

xα =
d∏
j=1

x
αj
j .

Definition 2.1.4 (Closure and interior) For a given set K ⊂ Rm×n, m,n ∈ N,

we denote K to be the closure of K, and K◦ to be the interior of K.

In the later chapters we will often consider unit vector-valued functions, and so it

seems appropriate to define the set

Sd := {x ∈ Rd+1 : |x| = 1}. (2.1.6)

As mentioned in the introduction, we shall make use (in particular in Chapters 3

and 7) of a characterisation of the Monge–Ampére (MA) equation as a Hamilton–

Jacobi–Bellman (HJB) equation. This characterisation was proven by Krylov [74],

and requires the definition of the following control set.

Definition 2.1.5 (Krylov control set) We define the Krylov control set, X, as

follows:

X := {W ∈ Rd×d
Sym : W ≥ 0,TrW = 1}. (2.1.7)

We also define the subset Xξ of X for 0 < ξ ≤ 1/dd, as follows:

Xξ := {W ∈ X : detW ≥ ξ}. (2.1.8)

Definition 2.1.6 (Convex set) Let U ⊂ Rd. The set U is convex, if, for any

x, y ∈ U , the open line segment connecting x and y, (x, y) := {(1−t)x+ty : t ∈ (0, 1)}
is contained in U .
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Definition 2.1.7 (Uniformly convex set) Let U ⊂ Rd. The set U is uniformly

convex, if, for any x, y ∈ U , the open line segment connecting x and y, (x, y) :=

{(1− t)x+ ty : t ∈ (0, 1)} is contained in U◦.

2.2 Calculus: derivatives, classical function spaces,

Taylor approximation error, and convexity

Definition 2.2.1 Let f : Rm×n → R, m,n ∈ N be a continuous function. Given

x ∈ Rm×n, we define the derivative, Df(x), of f at the point x to be the element of

Rm×n that satisfies

Df(x) :y = lim
ε→0

f(x+ εy)− f(x)

ε

for all y ∈ Rm×n. If U ⊂ Rm×n is open and Df(x) exists for all x ∈ U , then we say

that f is differentiable in U . If the map Rm×n 3 x 7→ Df(x) ∈ Rm×n is continuous

in U , then we say that f is continuously differentiable in U .

Definition 2.2.2 A function f : Rm×n → R is said to be k times continuously

differentiable in U ⊂ Rm×n, open, if its k-th order derivative, defined iteratively by

Dkf(x) := D(Dk−1f)(x)

is continuous in U .

Definition 2.2.3 (Spaces of k-times differentiable functions) Let U ⊂ Rm×n,

be open, m,n ∈ N. We denote by Ck(U), and Ck(U), the following spaces of functions:

Ck(U) := {f : U → R : f is k-times continuously differentiable in U},

Ck(U) := {f ∈ Ck(U) : ∃V ⊂ Rm×n, open, U ⊂ V ◦, f̃ ∈ Ck(V ) : f̃ |U = f}.
(2.2.1)

Definition 2.2.4 (Hölder continuity) A function f : Rm×n → R is said to be α-

Hölder continuous, with α ∈ (0, 1], in U ⊂ Rm×n, open, if there exists a constant

C ≥ 0 such that

|f(x)− f(y)| ≤ C|x− y|α, (2.2.2)

for all x, y ∈ U .

Definition 2.2.5 (Lipschitz continuity) A function f : Rm×n → R is said to be

Lipschitz continuous in U ⊂ Rm×n, open, if it is α-Hölder continuous with α = 1.

We denote the space of Lipschitz continuous functions by C0,1(U).
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Definition 2.2.6 (Ck,α-function space) Let U ⊂ Rm×n be open, m,n ∈ N, for

k ∈ N0, α ∈ (0, 1], we denote

Ck,α(U) := {f ∈ Ck(U) : Dkf satisfies (2.2.2)}. (2.2.3)

Definition 2.2.7 (Functions with compact support) For U ⊂ Rm×n, open, we

define the space Ck
c (U), k ∈ N0, to be the set of k-times continuously differentiable

functions with compact support. Furthermore, we define the space

C∞c (U) :=
∞⋂
k=1

Ck
c (U). (2.2.4)

Definition 2.2.8 For U ⊂ Rm×n, and k ∈ N0, α ∈ (0, 1], we define the following

norms on Ck(U), and Ck,α(U)

‖f‖Ck(U) := max
1≤j≤k

max
x∈U
|Djf |,

‖f‖Ck,α(U) := ‖f‖Ck(U) + sup
x,y∈U :x 6=y

|Dkf(x)−Dkf(y)|
|x− y|α

,
(2.2.5)

and semi-norms

|f |Ck(U) := max
x∈U
|Dkf |,

|f |Ck,α(U) := |f |Ck(U) + sup
x,y∈U :x 6=y

|Dkf(x)−Dkf(y)|
|x− y|α

.
(2.2.6)

The analysis present in the later chapters relies on the fact that a Ck(Ω) ∩ Ck+1(Ω)

function behaves like a (k + 1)-th degree polynomial locally. That is, we can expand

the function as a (k+ 1)-th order polynomial close to a given point. Furthermore, we

are able to control the error arising in this expansion to our benefit.

Theorem 2.2.9 (Taylor approximation) Let f ∈ Ck,1(U)∩Ck+1(U), k ∈ N, with

U ⊂ Rm×n, m,n ∈ N. Then, for a fixed a ∈ U , we may express f as follows:

f(x) =
∑
|α|≤k

Dαf(a)

α!
(x− a)α +

∑
|β|=k+1

Rβ(x)(x− a)β,

where

Rβ(x) =
|β|
β!

∫ 1

0

(1− s)|β|−1Dβf(a+ s(x− a)) ds.

Proof: Firstly, we note that by Theorem A.5 in [113], if a function g ∈ C([a, b];R) such

that the derivatives of g of order up to and including k are defined and continuous
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on [a, b], Dkg is differentiable on the open interval (a, b), and Dk+1g is integrable on

(a, b). Then, for each t ∈ [a, b], we have

g(t) =
k∑
j=0

Djg(a)

k!
+

∫ t

a

(t− s)k

k!
Dk+1g(s) ds.

Defining g(t) := f(a + t(x − a)), noting that f(x) = g(1) and f(a) = g(0), applying

the above, we obtain the desired result. �

Definition 2.2.10 (Quadratic remainder) Let f ∈ Ck,1(U) ∩ Ck+1(U), for some

U ⊂ Rm×n, open, m,n ∈ N and some k ≥ 2. We define the quadratic remainder

function, Rf,x : U → R, of f , associated to a point x ∈ U as follows

Rf,x(y) :=f(x+ y)− f(x)−Df(x) · y

=
∑
|α|≤1

Dαf(x)

α!
yα − f(x)−Df(x) · y +

∑
|β|=2

Rβ(x+ y)yβ

=
∑
|β|=2

Rβ(x+ y)yβ.

(2.2.7)

Lemma 2.2.11 (Difference of two quadratic remainders estimate) Let

f : Rm×n → R, m,n ∈ N, satisfy f ∈ C2,1(U) ∩ C3(U), where U ⊂ Rm×n is open.

Then, for a given x ∈ U , and for any y, z ∈ U we have

|Rf,x(y)−Rf,x(z)| ≤ C(m,n)‖f‖C2,1(U)

 ∑
1≤|β|≤2

|yβ|+ |zβ|

 |y − z|.
Proof: Firstly, if y = z, then |Rf,x(y)−Rf,x(z)| = 0, and the result is trivial. Assume

that y 6= z, then

|Rf,x(y)−Rf,x(z)| = |
∑
|β|=2

Rβ(x+ y)yβ −Rβ(x+ z)zβ|

≤ 1

2

∑
|β|=2

|(Rβ(x+ y) +Rβ(x+ z))(yβ − zβ)|

+
1

2

∑
|β|=2

|(yβ + zβ)(Rβ(x+ y)−Rβ(x+ z))|

=:
1

2
(I1 + I2).
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Now,

I2 ≤
∑
|β|=2

(|yβ|+ |zβ|) |β|
β!

∫ 1

0

(1− t)|β|−1|Dβf(x+ ty)−Dβf(x+ tz)| dt

≤
∑
|β|=2

(|yβ|+ |zβ|) 2

β!

∫ 1

0

(1− t)‖D2f‖C0,1(U)|(x+ ty)− (x+ tz)| dt

=
∑
|β|=2

(|yβ|+ |zβ|) 2

β!

∫ 1

0

(1− t)t‖D2f‖C0,1(U) dt|y − z|

=
∑
|β|=2

1

3β!
(|yβ|+ |zβ|)‖D2f‖C0,1(U)|y − z|

≤ 1

3
‖D2f‖C0,1(U)

∑
|β|=2

(|yβ|+ |zβ|)|y − z|.

Now we turn to I1. Firstly we note that for any (i, j) ∈ {1, . . . ,m} × {1, . . . , n} the

following holds:

|y − z| =

(
m,n∑
k,l=1

|ykl − zkl |2
)1/2

≥
(
|yij − zij|2

)1/2
= |yij − zij|.

(2.2.8)

It then follows that for any |β| = 2

|yβ − zβ|
|y − z|

=
|yk1
l1
yk2
l2
− zk1

l1
zk2
l2
|

|y − z|
, (2.2.9)

for some (k1, l1), (k2, l2) ∈ {1, . . . ,m} × {1, . . . , n}. Moreover,

|yk1
l1
yk2
l2
− zk1

l1
zk2
l2
| ≤ 1

2
|(yk1

l1
+ zk1

l1
)(yk2

l2
− zk2

l2
)|+ 1

2
|(yk2

l2
+ zk2

l2
)(yk1

l1
− zk1

l1
)|

≤ 1

2
(|yk1

l1
|+ |zk1

l1
|)|yk2

l2
− zk2

l2
|+ 1

2
(|yk2

l2
|+ |zk2

l2
|)|yk1

l1
− zk1

l1
|

≤ 1

2
(|yk1

l1
|+ |zk1

l1
|+ |yk2

l2
|+ |zk2

l2
|)|y − z|.

(2.2.10)

Applying (2.2.10) to (2.2.9), we obtain

|yβ − zβ|
|y − z|

≤ 1

2
(|yk1

l1
|+ |zk1

l1
|+ |yk2

l2
|+ |zk2

l2
|).

Thus

∑
|β|=2

|yβ − zβ|
|y − z|

≤ 1

2

∑
|β|=2

∑
|β|=1

|yβ|+ |zβ|

 ≤ C̃(m,n)

2

∑
|β|=1

|yβ|+ |zβ|,
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i.e., ∑
|β|=2

|yβ − zβ| ≤ C̃(m,n)

2

∑
|β|=1

|yβ|+ |zβ|

 |y − z|.
It now follows that

I1 ≤
∑
|β|=2

|Rβ(x+ y) +Rβ(x+ z)||yβ − zβ|

≤ ‖f‖C2(U)

∑
|β|=2

|β|
β!

∫ 1

0

(1− t)|β|−1 dt|yβ − zβ|

= ‖f‖C2(U)

∑
|β|=2

2

β!

∫ 1

0

(1− t) dt|yβ − zβ|

≤ ‖f‖C2(U)

∑
|β|=2

|yβ − zβ|

≤ C̃(m,n)

2
‖f‖C2(U)

∑
|β|=1

|yβ|+ |zβ|

 |y − z|.
We use our estimates for I1 and I2 to obtain

|Rf,x(y)−Rf,x(z)|

≤ 1

2

C̃(m,n)‖f‖C2(U)

2

∑
|β|=1

|yβ|+ |zβ|+ 1

3
‖D2f‖C0,1(U)

∑
|β|=2

|yβ|+ |zβ|

 |y − z|
≤ C̃(m,n) + 1

4
‖f‖C2,1(U)

 ∑
1≤|β|≤2

|yβ|+ |zβ|

 |y − z|,
which is the desired estimate with C(m,n) := (C̃(m,n) + 1)/4. �

Corollary 2.2.12 Let f : Rm×n → R, m,n ∈ N, satisfy f ∈ C2,1(U)∩C3(U), where

U ⊂ Rm×n is a bounded open set that contains the ball Br := {x ∈ Rm×n : |x| ≤ r},
r ∈ [0, 1). Then, for a given x ∈ U , and for any y, z ∈ Br we have

|Rf,x(y)−Rf,x(z)| ≤ C(m,n)‖f‖C2,1(U)(|y|+ |z|)|y − z|

≤ 2C(m,n)r‖f‖C2,1(U)|y − z|.

Proof: Applying Lemma 2.2.11 yields

|Rf,x(y)−Rf,x(z)| ≤ C(m,n)‖f‖C2,1(U)

 ∑
1≤|β|≤2

|yβ|+ |zβ|

 |y − z|. (2.2.11)
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Since y ∈ Br and r ∈ [0, 1), it follows that for |β| = 2, |yβ| ≤ |yβ′| for some |β′| = 1.

Similarly for z ∈ Br. Thus, by the equivalence of norms of finite-dimensional spaces,

we obtain ∑
1≤|β|≤2

|yβ|+ |zβ| ≤ C(m,n)
∑
|β|=1

|yβ|+ |zβ|

≤ C(m,n)(|y|+ |z|).
Applying the above to (2.2.11), and noting that |y|, |z| ≤ r, we obtain the desired

estimates. �

Corollary 2.2.13 Under the assumptions of Lemma 2.2.11, assume further that U

contains the ball Br, r ∈ [0, 1); then, the following holds for a given x ∈ U , and any

y ∈ Br:

|Rf,x(y)| ≤ C(m,n)‖f‖C2,1(U)|y|2.

Proof: Notice that

|Rf,x(y)| = |Rf,x(y)−Rf,x(0)|.

Applying Corollary 2.2.12 with z = 0 yields the desired results. �

Definition 2.2.14 (Convex function) Let U ⊂ Rd be open, and let f ∈ C2(U).

The function f is called convex if its Hessian, D2u is positive semidefinite for all

x ∈ U . That is,

ξTD2f(x)ξ ≥ 0 ∀ξ ∈ Rd, ∀x ∈ U.

Definition 2.2.15 (Uniformly convex function) Let U ⊂ Rd be open, and let

f ∈ C2(U). The function f is called uniformly convex if its Hessian, D2u is uniformly

positive definite. That is, there exists a constant µ > 0 such that

ξTD2f(x)ξ ≥ µ|ξ|2 ∀ξ ∈ Rd, ∀x ∈ U.

2.3 Function spaces

2.3.1 Lebesgue spaces

Let K ⊂ Rd be an open, bounded domain. We define the following Lebesgue spaces

for 1 ≤ p <∞,

Lp(K) =

{
v : K → R :

∫
K

|v|p <∞
}
, (2.3.1)

and for p =∞,

L∞(K) = {v : K → R : ∃M ∈ R+ : |v(x)| ≤M a.e. x ∈ K}, (2.3.2)
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where the integration in (2.3.1) and the “a.e.” in (2.3.2) are considered with respect

to the Lebesgue measure. We equip the spaces Lp(K), 1 ≤ p <∞, and L∞(K) with

the following norms

‖v‖p,K =

(∫
K

|v|p
) 1

p

, (2.3.3)

‖v‖∞,K = inf{M ∈ R+ : |v(x)| ≤M a.e. x ∈ K}, (2.3.4)

respectively. Note that the pair (Lp(K), ‖ · ‖p,K) forms a Banach space for any 1 ≤
p ≤ ∞.

In the case that p = 2, we may equip L2(K) with the inner product

〈u, v〉K =

∫
K

uv. (2.3.5)

In this case, the pair (L2(K), 〈·, ·〉K) forms a Hilbert space.

In the case that p = 1, for m,n ∈ N, we consider the linear functional 〈·〉K :

L1(K;Rm×n)→ Rm×n given by

〈u〉K := 〈u, 1〉K =

∫
K

u. (2.3.6)

We also define the following subsets of Lp(K) for 1 < p <∞:

Lp0(K) :=

{
v ∈ Lp(K) :

∫
K

v = 0

}
, (2.3.7)

and equip them with the respective Lp-norms given by (2.3.3).

We define

Du :=

[
∂u

∂x1

, . . . ,
∂u

∂xd

]
, (2.3.8)

to be the derivative of a function u : K → R, and we define the gradient of u, ∇u to

be the derivative’s transpose, i.e.,

∇u = (Du)T . (2.3.9)

For second order derivatives, we denote by D2u, the Hessian of u, i.e., the d×d matrix

of second order partial derivatives of u;

[D2u]ij =
∂2u

∂xi∂xj
. (2.3.10)
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2.3.2 Sobolev spaces

Definition 2.3.1 (Weak derivative) If u, v ∈ L1(K), with K ⊂ Rd, open, we say

that v is the αth-weak derivative of u, where α ∈ Nd
0 is a multi-index, if∫

K

uDαϕ = (−1)|α|
∫
K

v ϕ,

for all ϕ ∈ C∞c (K). Here the (classical) derivative Dαϕ is defined as

Dαϕ =
∂|α|ϕ

∂xα1
1 . . . ∂xαdd

.

In the case that u has an αth-weak derivative, we denote it by Dαu.

For 1 ≤ p ≤ ∞, m ∈ N0 we define the standard Sobolev spaces (see [46]):

Wm,p(K) := {v ∈ Lp(K) : Dαv ∈ Lp(K), ∀α : |α| ≤ m},

Hm(K) := Wm,2(K).
(2.3.11)

Here α = (α1, . . . , αd) ∈ Nd
0 is a multi-index, |α| =

∑d
i=1 αi, and the derivatives, Dα,

are understood in the weak sense. We endow Wm,p(K) with the following norms:

‖v‖Wm,p(K) =

∑
|α|≤m

‖Dαv‖pp,K

 1
p

, if 1 ≤ p <∞,

‖v‖Wm,∞(K) = max
|α|≤m

‖Dαv‖∞,K , if p =∞,

(2.3.12)

and semi norms:

|v|Wm,p(K) =

∑
|α|=m

‖Dαv‖pp,K

 1
p

, if 1 ≤ p <∞,

|v|Wm,∞(K) = max
|α|=m

‖Dαv‖∞,K , if p =∞.

(2.3.13)

Note that the pair (Wm,p(K), ‖ · ‖Wm,p(K)) is a Banach space. We can also equip the

space Hm(K) with the following inner product

〈u, v〉Hm(K) =
∑
|α|≤m

〈Dαu,Dαv〉K . (2.3.14)

Note that the pair (Hm(K), 〈·, ·〉Hm(K)) forms a Hilbert space.
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Definition 2.3.2 (Non integer Sobolev space) For 0 < r < 1, we define the

Sobolev space Hr(Ω) as follows

Hr(Ω) = {v ∈ L2(Ω) : |v|Hr(Ω) <∞},

where

|v|2Hr(Ω) :=

∫
Ω

∫
Ω

|v(x1)− v(x2)|2

|x1 − x2|d+2r
. (2.3.15)

Definition 2.3.3 (Higher order Non integer Sobolev space) For s ∈ R \ N,

decomposing s = ` + r with ` ∈ N, 0 < r < 1, we define the Sobolev space Hs(Ω) as

follows

Hs(Ω) = {v ∈ H`(Ω) : Dαv ∈ Hr(Ω),∀α : |α| = l}. (2.3.16)

Lemma 2.3.4 (Non integer Hr-multipliers) Assume that u ∈ Hr(Ω), 0 < r < 1

and ψ ∈ C0,1(Ω). Then, there exists a constant C depending only on d and r, such

that

|uψ|Hr(Ω) ≤
√

2‖ψ‖L∞(Ω)|u|Hr(Ω) +
√

2C(d, r)
√

1 + diam(Ω)2|ψ|C0,1(Ω)‖u‖L2(Ω).

(2.3.17)

Proof: We see that

|uψ|2Hr(Ω) =

∫
Ω

∫
Ω

|u(x1)ψ(x1)− u(x2)ψ(x2)|2

|x1 − x2|d+2r

≤ 2

∫
Ω

∫
Ω

|u(x1)ψ(x1)− u(x2)ψ(x1)|2

|x1 − x2|d+2r
+ 2

∫
Ω

∫
Ω

|u(x2)ψ(x1)− u(x2)ψ(x2)|2

|x1 − x2|d+2r
.

(2.3.18)

It then follows that∫
Ω

∫
Ω

|u(x1)ψ(x1)− u(x2)ψ(x1)|2

|x1 − x2|d+2r
≤ ‖ψ‖2

L∞(Ω)

∫
Ω

∫
Ω

|u(x1)− u(x2)|2

|x1 − x2|d+2r

= ‖ψ‖2
L∞(Ω)|u|2Hr(Ω).

(2.3.19)

Furthermore,∫
Ω

∫
Ω

|u(x2)ψ(x1)− u(x2)ψ(x2)|2

|x1 − x2|d+2r
=

∫
Ω

∫
Ω∩{|x1−x2|≤1}

|u(x2)|2|ψ(x1)− ψ(x2)|2

|x1 − x2|d+2r

+

∫
Ω

∫
Ω∩{|x1−x2|≥1}

|u(x2)|2|ψ(x1)− ψ(x2)|2

|x1 − x2|d+2r

≤ |ψ|2
C0,1(Ω)

∫
Ω

∫
Ω∩{|x1−x2|≤1}

|u(x2)|2

|x1 − x2|d+2(r−1)

+ |ψ|2
C0,1(Ω)

∫
Ω

∫
Ω∩{|x1−x2|≥1}

|u(x2)|2|x1 − x2|2

|x1 − x2|d+2r
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Noting that for x1, x2 ∈ Ω ∩ {|x1 − x2| ≥ 1}, |x1 − x2| ≤ diam(Ω), and applying the

change of variables z = x2 − x1, and we obtain∫
Ω

∫
Ω

|u(x2)ψ(x1)− u(x2)ψ(x2)|2

|x1 − x2|d+2r
≤ |ψ|2

C0,1(Ω)

∫
Ω

∫
|z|≤1

1

|z|d+2(r−1)
|u(x2)|2

+ diam(Ω)2|ψ|2
C0,1(Ω)

∫
Ω

∫
|z|≥1

1

|z|d+2r
|u(x2)|2

≤ C(d, r)(1 + diam(Ω))|ψ|2
C0,1(Ω)

‖u‖2
L2(Ω).

(2.3.20)

Applying (2.3.19) and (2.3.20) to (2.3.18), we obtain

|uψ|2Hr(Ω) ≤ 2‖ψ‖2
L∞(Ω)|u|2Hr(Ω) + 2C(d, r)(1 + diam(Ω)2)|ψ|C0,1(Ω)‖u‖2

L2(Ω).

Taking square roots above, we obtain (2.3.17). �

2.3.2.1 Traces

We first state the following theorem from [60].

Theorem 2.3.5 Let Ω be a bounded open subset of Rd with a Ck,1 boundary, with

k ∈ N0. Assume that 1
2
< s ≤ k + 1, and s− 1

2
is not an integer. Then, the mapping

u 7→ u|∂Ω,

which is defined for u ∈ Ck,1(Ω), has a unique continuous extension as an operator

from Hs(Ω) to Hs−1/2(∂Ω).

Definition 2.3.6 (Trace operator) Under the assumptions of Theorem 2.3.5 on

k, s, and Ω, we define τ : Hs(Ω) → Hs− 1
2 (∂Ω) to be the unique extension of the

operator Ck,1(Ω) 3 u 7→ u|∂Ω ∈ Ck,1(∂Ω), from Hs(Ω) to Hs− 1
2 (∂Ω).

Corollary 2.3.7 Assume that Ω ⊂ Rd is a bounded Lipschitz domain. Then, the

trace operator, τ , maps H2(Ω) to H1/2(∂Ω).

Proof: Under the given assumptions, by Theorem 2.3.5, it follows that τ : H1(Ω)→
H1/2(∂Ω). Since H2(Ω) ⊂ H1(Ω), the statement holds. �

Remark 2.3.8 Corollary 2.3.7 emphasises the fact that the trace of a H2(Ω) func-

tion is well-defined for Lipschitz continuous domains. The higher domain boundary-

regularity assumption of Theorem 2.3.5 is required in order to prove the corresponding

higher regularity of traces of Sobolev functions.
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Sobolev spaces with trivial trace: We define the space

Wm,p
0 (Ω) := {v ∈ Wm,p(Ω) : τ(Dαv)|∂Ω = 0, ∀α : |α| ≤ m− 1}. (2.3.21)

Density of smooth functions in Sobolev spaces: For 1 ≤ p < ∞, k ∈ N the spaces

Wm,p(Ω) and Wm,p
0 (Ω) can be equivalently defined in the following way:

Wm,p(Ω) := C∞(Ω)
‖·‖Wm,p(Ω)

,

and

Wm,p
0 (Ω) := C∞c (Ω)

‖·‖Wm,p(Ω)
.

2.4 Generalised Hessian

Definition 2.4.1 (Duality pairing) Let H be a normed space, with dual space, H ′.

For f ∈ H ′, we denote its action on functions v ∈ H, by the following duality pairing

〈f |v〉H×H′ := f(v) ∀v ∈ H.

The continuous Galerkin FEMs introduced in Chapters 8 and 9 require the notion

of the so-called “finite element Hessian”, which in turn relies on the definition of the

“Generalised Hessian”. Looking first at a function v ∈ C2(Ω)∩C1(Ω), an application

of integration by parts shows us that the Hessian of v, D2v, satisfies (the d× d set of

equations)

〈D2v, ϕ〉Ω = −〈∇v Dϕ〉Ω + 〈∇v nT∂Ωϕ〉∂Ω ∀ϕ ∈ H1(Ω),

where the integrals, 〈·〉Ω and 〈·〉∂Ω, on the right hand side are considered in the sense

of (2.3.6), and n∂Ω is the unit outward normal to ∂Ω. We now generalise this to a

given function v ∈ H1(Ω) with ∇vnT∂Ω|∂Ω ∈
(
H1/2(∂Ω)′

)d×d
.

Definition 2.4.2 (Generalised Hessian) Let v ∈ H1(Ω), with [∇v nT∂Ω]ij|∂Ω ∈
H1/2(∂Ω)′, i, j = 1, . . . d. We define the generalised Hessian of v, also denoted by

D2v to be the element of (H1(Ω)′)d×d that satisfies the duality pairing

〈[D2v]ij|ϕ〉 := −
〈
∂v

∂xi
,
∂ϕ

∂xj

〉
Ω

+ 〈[∇v nT∂Ω]ij|ϕ〉(H1/2(∂Ω))′×H1/2(∂Ω) ∀ϕ ∈ H1(Ω),

(2.4.1)

and all i, j = 1, . . . , d, where n∂Ω is the unit outward normal to ∂Ω.

Remark 2.4.3 Let v ∈ H1(Ω), with ∇v nT∂Ω|∂Ω ∈
(
H1/2(∂Ω)′

)d×d
; then, the gener-

alised Hessian of v, D2v, is symmetric. This also implies the symmetry of the finite

element Hessian, which we will define in Chapter 4.
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2.5 Domain type definitions and assumptions

Definition 2.5.1 (Ck domain) A domain Ω ⊂ Rd called Ck for k ∈ N, if, for any

x ∈ ∂Ω, there exists an open neighbourhood V of x in Rd and an orthogonal coordinate

system (y1, . . . , yd), such that

V = {(y1, . . . , yd) : −aj < yj < aj, 1 ≤ j ≤ d};

as well as a uniformly Ck function ϕ defined on V ′ = {(y1, . . . , yd−1) : −aj < yj <

aj, 1 ≤ j ≤ d− 1} and such that

|ϕ(y′)| ≤ ad/2 for every y′ = (y1, . . . , yd−1) ∈ V ′,

Ω ∩ V = {y = (y′, yd) ∈ V : yd < ϕ(y′)},

Γ ∩ V = {y = (y′, yd) ∈ V : yd = ϕ(y′)}.

Remark 2.5.2 The analysis of the numerical methods present in Chapters 5, and 7

only requires the domain, Ω, to be sufficiently piecewise regular, with piecewise non-

negative curvature. This means that there are cases where the numerical methods

admit the existence and uniqueness of a solution, but the assumptions of the exis-

tence and uniqueness Theorems 3.3.16 and 3.3.29, for the underlying PDEs, are not

satisfied. This motivates the following two definitions.

Definition 2.5.3 (Piecewise Ck domain) A domain Ω ⊂ Rd is piecewise Ck for

k ∈ N, if we may express the boundary of Ω, ∂Ω, as a finite union

∂Ω =
N⋃
n=1

Γn, (2.5.1)

where each Γn ⊂ Rd is of zero d-dimensional Lebesgue measure, and admits a local

representation as the graph of a uniformly Ck function. That is, for each n, and at

each x ∈ Γn there exists an open neighbourhood Vn of x in Rd and an orthogonal

coordinate system (yn1 , . . . , y
n
d ), such that

Vn = {(yn1 , . . . , ynd ) : −anj < ynj < anj , 1 ≤ j ≤ d};

as well as a uniformly Ck function ϕn defined on V ′n = {(yn1 , . . . , ynd−1) : −anj < ynj <

anj , 1 ≤ j ≤ d− 1} and such that

|ϕn(yn′)| ≤ and/2 for every yn′ = (yn1 , . . . , y
n
d−1) ∈ Vn′ ,

Ω ∩ V = {yn = (yn′, ynd ) ∈ V : ynd < ϕn(yn′)},

Γn ∩ V = {yn = (yn′, ynd ) ∈ V : ynd = ϕn(yn′)}.
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Figure 2.1: Examples of the “key-hole” shaped domain (left) given by (2.5.2), and a
domain with a boundary portion of strictly negative curvature (right) given by (2.5.3).

Remark 2.5.4 Definition 2.5.3 tells us that for a given Γn and x ∈ Γn, that, in a

neighbourhood of x, the domain Ω is “below” the graph of ϕn, and Γn is the graph of

ϕn. From this point of view, we may characterise a notion of piecewise convexity, for

which the function ϕn is also assumed to be concave.

Definition 2.5.5 (Piecewise Ck and piecewise convex domain) A domain

Ω ⊂ Rd, is a piecewise Ck and piecewise convex domain, with k ≥ 2, if Ω is Lipschitz

continuous, and the boundary of Ω, ∂Ω, is given by a finite union of the form (2.5.1),

and each Γn ⊂ Rd, can be represented as the graph of a uniformly Ck, concave function

ϕn, in the local coordinates.

Remark 2.5.6 Note that if Ω is a piecewise Ck and piecewise convex domain, with

k ≥ 2, it is not in necessarily convex. For example, consider the “key-hole shaped”

domain

Ω = {x2 + y2 < 1 : y ≥ 1/
√

2} ∪ [−1/
√

2, 1/
√

2]× [−3, 1/
√

2]. (2.5.2)

See Figure (2.1).

Remark 2.5.7 The assertion that φn is concave, in Definition 2.5.5, excludes piece-

wise smooth domains with boundary portions of strictly negative curvature, for exam-

ple the subset of R2 given by:

Z := ([−2, 0]× [0, 2]) \ {x2
1 + x2

2 < 1/4}, (2.5.3)

for which the corresponding functions ϕn locally describing ∂Z∩{x2
1 +x2

2 = 1/4} must

be uniformly convex (see figure (2.1)).
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2.6 The Weingarten map and curvature

In this thesis, we often consider domains that have a curved boundary. Furthermore,

our finite element spaces are defined on triangulations of the domain, where the

triangulation provides an exact representation of the domain. A consequence of this,

is the appearance of curvature dependent terms when applying integration by parts

identities. As such, it is pertinent that we define the notion of the second fundamental

form and mean curvature. We do this under the assumption that the domain has a C2

boundary (and so we can provide a notion of curvature everywhere on the boundary);

we then define a notion of piecewise curvature on domains that are assumed to be

Lipschitz continuous and piecewise C2.

Definition 2.6.1 (The outward unit normal vector) Let Ω ⊂ Rd be a Lipschitz

domain, with boundary ∂Ω. We denote by n∂Ω : ∂Ω → Sd, the unit outward normal

vector to ∂Ω.

Remark 2.6.2 If the domain Ω is only Lipschitz continuous, the normal vector is

defined a.e. with respect to the (d− 1)-dimensional Lebesgue measure. Consider, for

example, the unit outward normal to the unit square, [0, 1] × [0, 1]. In this case,

the unit outward normal is not well defined at the corners (0, 0), (1, 0), (1, 1), (0, 1)

(the collection of which is a set of measure zero with respect to the one-dimensional

Lebesgue measure), but

n∂Ω =



(1, 0)T on {x = 1, 0 < y < 1},

(−1, 0)T on {x = 0, 0 < y < 1},

(0, 1)T on {0 < x < 1, y = 1},

(0,−1)T on {0 < x < 1, y = 0}.

Thus, n∂Ω is defined a.e. on ∂Ω.

Lemma 2.6.3 (Regularity of the unit normal vector) Assume that Ω ⊂ Rd is

a Ck domain, k ∈ N. Then, we have that n∂Ω ∈ Ck−1(∂Ω;Sd).

Proof: By definition at any x ∈ ∂Ω, there exists a neighbourhood V of x, with

orthogonal coordinate system (y1, . . . , yd) and a uniformly Ck function ϕ : V ′ →
R, such that ∂Ω ∩ V = {y = (y′, yd) ∈ V : yd = ϕn(y′)}. It then follows that

∂Ω ∩ V = {y ∈ V : g(y) = 0}, where g(y) = yd − ϕ(y′). Furthermore on ∂Ω ∩ V ,

n∂Ω = ∇g
|∇g| =

(−∇y′ϕ,1)√
1+|∇y′ϕ|2

. Then, since ϕ is uniformly Ck in V ′, it follows that n∂Ω is
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Ck−1 on ∂Ω ∩ V . However, this holds for all x ∈ ∂Ω, and thus n∂Ω ∈ C1(∂Ω;Sd).
�

Corollary 2.6.4 (Piecewise regularity of the unit normal vector) Assume that

Ω ⊂ Rd is a piecewise Ck domain, k ∈ N, with C2 portions Γ1, . . . ,ΓN , N ∈ N. Then,

we have that n∂Ω ∈ Ck−1(Γn;Sd), n = 1, . . . , N .

Proof: This is analogous to the proof of Lemma 2.6.3, utilising the local level set

description of each Ck boundary portion Γj, j = 1, . . . , N . �

Definition 2.6.5 (Tangential gradient) Let Ω ⊂ Rd be a Lipschitz domain, with

boundary ∂Ω. We define the tangential gradient, ∇T, as follows:

∇T = ∇− n∂Ω
∂

∂n∂Ω

,

where ∂
∂n∂Ω

= n∂Ω · ∇.

Definition 2.6.6 (Weingarten map) Let Ω ⊂ Rd be a Ck domain, where the inte-

ger k ≥ 2. We define the Weingarten map, W ∈ Ck−2(∂Ω;Rd×d), to be the tangential

gradient of the unit outward normal to ∂Ω, that is

W := ∇Tn
T
∂Ω.

If a function f ∈ Ck(∂Ω), k ∈ N, one can see that for all x ∈ ∂Ω, ∇Tf(x) is a tangent

vector to ∂Ω at x, and thus the Weingarten map has a trivial eigenvalue of zero, with

corresponding eigenvector, n∂Ω.

Definition 2.6.7 We denote by κ1, . . . , κd−1 the nontrivial eigenvalues ofW (ordered

by increasing magnitude), the principal curvatures of ∂Ω, and we define the constant

κ∂Ω := infx∈∂Ω κ1(x), to be the minimal principal curvature of ∂Ω.

Definition 2.6.8 (Mean curvature) Let Ω ⊂ Rd be a Ck domain, where the inte-

ger k ≥ 2. We define the mean curvature of ∂Ω, H∂Ω ∈ Ck−2(∂Ω), to be the trace of

the Weingarten map, i.e.,

H∂Ω := Tr(W) = ∇T · n∂Ω. (2.6.1)

Definition 2.6.9 (Piecewise Weingarten map) Let Ω ⊂ Rd be a piecewise Ck

domain, k ∈ N, with Ck portions Γ1, . . . ,ΓN , N ∈ N, where the integer k ≥ 2. We

define the Weingarten map, W : ∂Ω→ Rd×d, as follows

W|Γn := ∇T(nT∂Ω|Γn), n = 1, . . . , N.
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Definition 2.6.10 (Piecewise mean curvature) Let Ω ⊂ Rd be a piecewise Ck

domain, k ∈ N, with Ck portions Γ1, . . . ,ΓN , N ∈ N, where the integer k ≥ 2. We

define the piecewise mean curvature H∂Ω : ∂Ω→ R as follows,

H∂Ω|Γn := ∇T · (n∂Ω|Γn), n = 1, . . . , N. (2.6.2)
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Chapter 3

PDEs and PDE analysis

3.1 New contributions and existing results

The original contributions of this chapter involve the analysis of Hamilton–Jacobi–

Bellman (HJB) type equations and their links to Monge–Ampère (MA) type equa-

tions. Let us first summarise the existing results related HJB type problems that we

build upon:

• The existence and uniqueness of strong (H2-regular) solutions to HJB equations

satisfying the Cordes condition (see Section 3.3.1 for a definition of the Cordes

condition), with homogeneous Dirichlet boundary conditions on convex domains

is proven in [111].

• The Miranda–Talenti estimate for subsets of functions of H2 that satisfy the

oblique boundary condition (see Definition 3.3.1 for further details) is proven

in [89] (this is a key tool in our analysis of HJB type equations).

• In [74] it is proven that the MA equation is equivalent to a particular HJB

equation (see Section 3.4 for further details).

Original contributions of this chapter:

1. We provide a general framework for the wellposedness of HJB type equations

in subspaces of H2 that satisfy the Miranda–Talenti estimate. Furthermore,

utilising the Miranda–Talenti estimate proven in [89], this framework provides

the existence and uniqueness of solutions to HJB type equations with oblique

boundary conditions.

2. We prove the existence and uniqueness of strong (H2-regular) solutions to HJB

equations satisfying the Cordes condition (see Section 3.3.1 for a definition of
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the Cordes condition), with inhomogeneous Dirichlet boundary conditions on

convex domains.

3. We modify the characterisation in [74], characterising the MA equation as a

HJB equation that satisfies the Cordes condition. This requires an assumption

of uniform convexity and uniform C2,α-regularity, α ∈ (0, 1), of the solution of

the MA equation.

3.2 Monge–Ampère type equations

In this section we provide existence and uniqueness results for MA type equations

from [65] in the Dirichlet case, and [27] in the case of the second boundary condition.

We will utilise these results in the later chapters. As outlined in the introduction, the

main focus of this thesis is to design and analyse finite element methods (FEMs), for

the approximation of solutions to Monge–Ampère (MA) type equations.

The two types of MA equations we consider are determined (and distinguished)

by their corresponding boundary conditions. The first boundary condition that we

consider is the Dirichlet boundary condition, i.e., the value of the solution is prescribed

on the boundary of the domain. The second boundary condition that we consider is

a nonlinear gradient constraint, which requires that the gradient of the solution to

maps one given domain to another. This leads us to the following boundary-value

problems (BVPs): Firstly, given a uniformly convex, open domain Ω ⊂ Rd, a function

u : Ω→ Rd satisfies the Monge–Ampère Dirichlet (MAD) problem, if{
detD2u(x) = f(x, u(x),∇u(x)), x ∈ Ω,

u(x) = φ(x), x ∈ ∂Ω,
(3.2.1)

where f : Ω×R×Rd → R+, and φ : ∂Ω→ R are given (particular assumptions upon

f , φ and Ω, that guarantee the well-posedness of (3.2.1) will be given later on in this

chapter).

Secondly, given two uniformly convex, open domains Ω,Υ ⊂ Rd, a function u :

Ω→ R satisfies the MA problem with second boundary conditions, if{
detD2u(x) = f(x, u(x),∇u(x)), x ∈ Ω,

∇u(Ω) = Υ,
(3.2.2)

where f : Ω × R × Υ → R+ (again, particular assumptions upon f , Ω, and Υ that

guarantee the well-posedness of (3.2.2) will be given later on in this chapter).
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Equations (3.2.1) and (3.2.2) have been the interest of study for many years, in

the case of (3.2.1) see, for example [29, 73, 65], and for (3.2.2) see [27, 116]. This

literature leads us to the following existence and uniqueness theorems, which we will

use later on in order to analyse the finite element methods we propose, where the

existence, uniqueness, and regularity properties of solutions come into play. We now

state the following existence theorem from [65]. Recall that the minimal principal

curvature, κ∂Ω is defined in Definition 2.6.7.

Theorem 3.2.1 (MAD problem existence theorem) Assume that f : Ω × R ×
Rd → R+ satisfies

f(x, z, q) ≤ ζ(|q|), (3.2.3)

for some nondecreasing function ζ(t) ≥ 1. Assume that ζ, the boundary data φ :

∂Ω→ R, and the minimal principal curvature of ∂Ω, κ∂Ω, satisfy the following:

1 < dκd∂Ω

∫ ∞
0

td−1

ζ(t+ ρφ)
dt, ρφ = (1 +

4d

κ4
∂Ω

)‖φ‖C2(∂Ω). (3.2.4)

Furthermore, assume that ∂Ω ∈ Ck+2,α, φ ∈ Ck+2,α(∂Ω), f ∈ Ck,α(Ω × R × Rd),

k ∈ N0, 0 < α < 1. Furthermore, assume that there exists a constant δ > 0 such

that f ≥ δ. Then the problem (3.2.1) has a uniformly convex solution in the class

Ck+2,α(Ω).

Remark 3.2.2 Condition (3.2.4) constitutes a connection between the curvature of

∂Ω, the boundary datum, φ, and the growth in the q component of the function f . One

particular example that this assumption encompasses is the case that f ∈ Ck,α(Ω),

k ∈ N0, α ∈ (0, 1), is independent of z and q, i.e., f := f(x) (the verification

of (3.2.4) in the homogeneous Dirichlet case, for d = 2 is provided in the proof of

Theorem 3.5.3). A further example is the d = 2 problem of prescribed Gaussian

curvature, where f(x, z, q) := K(x)(1 + |q|2)2, with K ∈ Ck,α(Ω;R+) a uniformly

positive function, k ∈ N0, α ∈ (0, 1). In this case, we may define ζ(t) := K∗(1 +

t2)2, where K∗ := max{supx∈Ω |K(x)|, 1}. Firstly, this implies that ζ ≥ K∗ ≥ 1 is

nondecreasing, and that f(x, z, q) ≤ ζ(|q|) for all x, z, q ∈ Ω× R× Rd.
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Furthermore,∫ ∞
0

t

ζ(t+ ρφ)
dt =

1

K∗

∫ ∞
0

t+ ρφ
(1 + (t+ ρφ)2)2

dt− ρφ
K∗

∫ ∞
0

1

(1 + (t+ ρφ)2)2
dt

=
1

K∗

∫ ∞
0

d

dt

(
− 1

2(1 + (t+ ρφ)2)

)
dt

− ρφ
K∗

∫ ∞
0

d

dt

(
1

2

(
t+ ρφ

1 + (t+ ρφ)2
− arctan(t+ ρφ)

))
dt

=
1

2K∗

(
− 1

1 + (t+ ρφ)2
−

ρφt+ ρ2
φ

1 + (t+ ρφ)2
− ρφ arctan(ρφ + t)

)∣∣∣∣∞
0

=
1

2K∗

(
1 + ρ2

φ

1 + ρ2
φ

− ρφ
(π

2
− arctan(ρφ)

))
=

1

2K∗

(
1− ρφ

(π
2
− arctan(ρφ)

))
.

(3.2.5)

The equation 1 − x(π/2 − arctan(x)) = 0 has no real roots, and since the integrand

in (3.2.5) is nonnegative, we deduce that the integral in (3.2.5) is strictly positive for

finite values of ρφ. This provides us with a sufficient condition for the existence of a

solution to the prescribed Gaussian curvature equation, namely

2κ2
∂Ω

∫ ∞
0

t

ζ(t+ ρφ)
dt =

κ2
∂Ω

K∗

(
1− ρφ

(π
2
− arctan(ρφ)

))
> 1, (3.2.6)

where we recall that ρφ is defined in (3.2.4).

Note that in the homogeneous Dirichlet case, φ ≡ 0, and so ρφ = 0. It then follows

that (3.2.6) simplifies to
κ2
∂Ω

K∗
> 1.

We now state existence theorems from [27].

Theorem 3.2.3 Assume that Ω and Υ are uniformly convex domains in Rd, with

∂Ω, ∂Υ ∈ C2,1. In addition, assume that f ∈ C1,1(Ω × R × Υ) is a positive function

satisfying
f(x, z, q)→∞ as z →∞,

f(x, z, q)→ 0 as z → −∞,
uniformly for (x, q) ∈ Ω × Υ. Then, problem (3.2.2) has a convex solution u ∈
C3,α ∩ C2,α(Ω) for any α ∈ (0, 1). The solution is unique if ∂f

∂z
> 0 in Ω× R×Υ.

Theorem 3.2.4 (MA optimal transport problem existence theorem)

Assume that

f(x, z, q) =
f1(x)

f2(q)
,
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where f1 ∈ C1,1(Ω) and f2 ∈ C1,1(Υ) are two positive functions satisfying∫
Ω

f1 =

∫
Υ

f2. (3.2.7)

Furthermore, assume that Ω and Υ satisfy the assumptions of Theorem 3.2.3. Then,

problem (3.2.2) has a convex solution u ∈ C3,α(Ω) ∩ C2,α(Ω) for any α ∈ (0, 1). Any

two such solutions differ by a constant.

Remark 3.2.5 Elliptic regularity theory implies that the solutions obtained in The-

orems 3.2.3 and 3.2.4 are more regular if ∂Ω, ∂Υ and f, f1, f2 are more regular. In

particular, if ∂Ω, ∂Υ, and f, f1, f2 are C∞, then u ∈ C∞(Ω).

3.3 HJB type equations and Miranda–Talenti es-

timates

In this section, we consider nonlinear equations of the form: find u : Ω → R such

that

sup
α∈Λ
{Aα : D2u− fα} = 0 a.e. in Ω, (3.3.1)

along with either Dirichlet boundary conditions:

u = g on ∂Ω, (3.3.2)

wher g : ∂Ω→ R is given, or oblique boundary conditions:

β · ∇u is constant on ∂Ω, (3.3.3)

where β : ∂Ω → Sd−1 is given. The PDEs given by (3.3.1) coupled with (3.3.2)

or (3.3.3), are of Hamilton–Jacobi–Bellman (HJB) type. They arise in finance, eco-

nomics, mean-field games, and problems of optimal control. In Section 3.4 we will

see that they also arise when considering problems of MA type.

The index set

Λ (3.3.4)

is called the “control set” (since, in the context of optimal control problems, it indexes

the set of controls), and is assumed to be a compact metric space. We also assume

that we have the real-valued functions

Aij = Aji ∈ C(Ω× Λ), i, j = 1, . . . d, and f ∈ C(Ω× Λ). (3.3.5)
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Then, for each α ∈ Λ, consider the functions Aαij : x 7→ Aij(x, α), x ∈ Ω, and

fα : x 7→ f(x, α), x ∈ Ω, and define the matrix–valued functions Aα = (Aαij).

For our purposes, Λ indexes a set of nondivergence form elliptic operators Lα,

defined by

Lαu := Aα : D2u, α ∈ Λ,

where each Aα ∈ L∞(Ω;Rd×d
sym), and the resulting family of operators {Lα}α∈Λ is

uniformly elliptic, that is: there exist positive constants µ1 ≤ µ2 such that

µ1|ξ|2 ≤
d∑

i,j=1

Aαij(x)ξiξj ≤ µ2|ξ|2 ∀ξ ∈ Rd, a.e. x ∈ Ω, ∀α ∈ Λ. (3.3.6)

Thus, we see that Lα : H2(Ω)→ L2(Ω) for each α ∈ Λ. Furthermore, it follows that

the nonlinear operator F defined by

F [u] := sup
α∈Λ
{Aα : D2u− fα}, u ∈ H2(Ω), (3.3.7)

also maps H2(Ω) into L2(Ω). We may now express the problem (3.3.1) as follows: to

find u : Ω→ R such that

F [u] = 0 a.e. in Ω. (3.3.8)

By considering suitable subsets H of H2(Ω) (corresponding to particular boundary

conditions), we are able to deduce under which conditions there may exist a unique

u belonging to H that satisfies (3.3.8). Thus, we identify the conditions upon Aα, fα

for α ∈ Λ, the domain, Ω, and the boundary conditions, that lead to the unique solv-

ability of the corresponding boundary-value problems. In particular, we will consider

subspaces H ⊂ H2(Ω) that satisfy the following definition.

Definition 3.3.1 A closed, linear subspace H of H2(Ω), satisfies the Miranda–Talenti

(MT) estimate property, if

|u|H2(Ω) ≤ ‖∆u‖L2(Ω) ∀u ∈ H, (3.3.9)

and

‖u‖H2(Ω) ≤ C‖∆u‖L2(Ω) ∀u ∈ H, (3.3.10)

where C is a positive constant independent of u.

Remark 3.3.2 A particular example of a subset of H2(Ω) that satisfies Definition 3.3.1

is the space H2(Ω) ∩H1
0 (Ω), when the domain Ω ⊂ Rd is assumed to be convex (for

further justification of this, see Theorem 3.3.16). This choice of space corresponds to

the homogeneous Dirichlet boundary-value problem.
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Remark 3.3.3 The fact that the constant on the right-hand side of inequality (3.3.9)

is equal to 1 is essential to the proof of Theorem 3.3.8. In particular, it is utilised in

order to obtain the final estimate of (3.3.21).

3.3.1 Uniform ellipticity and the Cordes condition

It turns out that for dimensions d ≥ 3, the uniform ellipticity assumption (3.3.6),

alone, does not, in general, imply the unique solvability of the following linear Dirichlet

boundary-value problem: {
A :D2u = 0 a.e. in Ω,

u = 0 on ∂Ω,
(3.3.11)

in H2(Ω) ∩ H1
0 (Ω). That is, we can provide an example of a coefficient matrix

A ∈ L∞(Ω;Rd×d
Sym) that satisfies (3.3.6), for which the corresponding problem (3.3.11)

admits a nontrivial solution that belongs to H2(Ω) ∩ H1
0 (Ω) (clearly, u ≡ 0 satis-

fies (3.3.11), and belongs to H2(Ω) ∩H1
0 (Ω)). Note that (3.3.11) is a special case of

the boundary-value problem given by (3.3.1) coupled with (3.3.2), where g ≡ 0, the

control set Λ is a singleton set, the functions Aij ∈ L∞(Ω), and, furthermore, f ≡ 0.

The example we provide is from [89], pg 18, and is originally due to C. Pucci.

Example 3.3.4 (Nontrivial solution) In this example we take Ω to be the unit

ball in Rd, d ≥ 3. Let us define

Aij(x) := δij + r1
xixj
|x|2

, i, j = 1, . . . , d,

where r1 = (d+ r2 − 2)/(1− r2), and max{2− d/2, 0} < r2 < 1. It is then clear that

d∑
i,j=1

Aij(x)ξiξj =
d∑

i,j=1

(δij + r1
xixj
|x|2

)ξiξj ∀ξ ∈ Rd, a.e. x ∈ Ω,

and that

|ξ|2 ≤
d∑

i,j=1

(δij + r1
xixj
|x|2

)ξiξj ≤ (1 + r1)|ξ|2 ∀ξ ∈ Rd, a.e. x ∈ Ω,

i.e., (3.3.6) holds with µ1 = 1, and µ2 = 1 + r1. We now define u(x) := |x|r2 − 1, and

see that

D2
iju = r2(r2 − 2)xixj|x|r2−4 + r2δij|x|r2−2 ∈ L2(Ω), i, j = 1 . . . , d.
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It then follows that for a.e. x ∈ Ω,

A :D2u =
d∑

i,j=1

(
δij + r1

xixj
|x|2

)
(r2(r2 − 2)xixj|x|r2−4 + r2δij|x|r2−2)

= |x|r2−2

(
d∑
i=1

r2(r2 − 2)x2
i |x|−2 + r2 + r1r2x

2
i |x|−2 +

d∑
i,j=1

r1r2(r2 − 2)x2
ix

2
j |x|−4

)
= |x|r2−2 (r2(r2 − 2) + dr2 + r1r2 + r1r2(r2 − 2))

= |x|r2−2(r2
2 + (d− 2)r2 + r1r2(r2 − 1))

= |x|r2−2(r2
2 + (d− 2)r2 + ((d+ r2 − 2)/(1− r2))(r2 − 1))

= |x|r2−2(r2
2 − r2

2) = 0.

Thus, A :D2u = 0 a.e. in Ω, and u ∈ H2(Ω) ∩H1
0 (Ω), i.e., u satisfies (3.3.11).

Example 3.3.4 shows that for d ≥ 3, the uniform ellipticity condition (3.3.6) is not

in general sufficient to deduce uniqueness of solutions. This leads us to define the

following condition: the family of operators {Lα}α∈Λ satisfies the Cordes condition if

there exists ε ∈ (0, 1] such that for each α ∈ Λ,

|Aα|2

(Tr(Aα))2
≤ 1

d− 1 + ε
in Ω, (3.3.12)

where the norm | · | is the Frobenius norm, which is defined as follows:

|A| :=
√
A :A, ∀A ∈ Rm×n, m, n ∈ N, (3.3.13)

where we recall that the Frobenius inner product above is define by (2.1.5).

Remark 3.3.5 Condition (3.3.12) can be viewed as a strong ellipticity condition. In

particular, let us assume that a positive definite matrix A ∈ Rd×d
Sym satisfies

|A|2

(Tr(A))2
≤ 1

d− 1 + ε
,

for some ε ∈ (0, 1]. Noting that |Id|2 = Id : Id = d, and Tr(A) = Id :A, where Id is

the d × d identity matrix, rearranging the above, and taking square roots yields the

following equivalent inequality

Id :A

|Id||A|
≥
√
d− 1 + ε√

d
. (3.3.14)

Since Id and A are symmetric, we may associate them with vectors in Rd(d+1)/2,

and thus the value on the left-hand side of (3.3.14) is the equal to cosϕ, where ϕ
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is the angle between these two vectors. Furthermore, the right-hand side of (3.3.14)

is positive, which means that the angle between the vectors is strictly less than π/2.

Moreover, the right-hand side of (3.3.14) is increasing in the dimension d, and thus

the angle is decreasing in d, and so, for higher dimensions one can deduce that the

Cordes condition is a stronger assumption.

We may utilise the Cordes condition (3.3.12), by renormalising the family of operators

{Lα}α∈Λ. This is achieved by defining the strictly positive function γ : Ω× Λ→ R+

by

γ(x, α) :=
TrAα

|Aα|2
, (3.3.15)

and, similarly to defining the functions Aαij, f
α; for each α ∈ Λ, we define

γα : x 7→ γ(x, α), x ∈ Ω. (3.3.16)

It follows from the continuity assumptions upon the coefficients and from the uniform

ellipticity condition (3.3.6) that γ ∈ C(Ω× Λ), as well as the fact that there exists a

constant γ0 > 0 such that γ ≥ γ0 on Ω×Λ. We then consider the renormalised family

of operators {γαLα}α∈Λ, which induces a renormalised operator Fγ : H2(Ω)→ L2(Ω),

given as follows:

Fγ[u] := sup
α∈Λ
{γα(Aα : D2u− fα)}, u ∈ H2(Ω). (3.3.17)

The significance of the Cordes condition (3.3.12), and the choice of renormalisation

parameter γ, is motivated as follows: let us take the operator γαLα, for some α ∈ Λ,

and a function u ∈ H2(Ω). Then, we see that for a.e. x ∈ Ω,

|γαLαu−∆u| = |(γαAα − Id) :D2u| ≤ |γαAα − Id||D2u|.

Furthermore,

|γαAα − Id|2 = (γα)2|Aα|2 − 2γα Tr(Aα) + d

= d− Tr(Aα)2

|Aα|2
by the definition (3.3.15) of γ

≤ d− (d− 1 + ε) by the Cordes condition (3.3.12)

= 1− ε.

Thus

|γαLαu−∆u| ≤
√

1− ε|D2u| a.e. in Ω, (3.3.18)

where ε ∈ (0, 1], that is, we can control the difference between the operator γαLα,

and the Laplacian, ∆.
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Remark 3.3.6 In the case that d = 2, uniform ellipticity implies the Cordes condi-

tion (3.3.12). Indeed, let us take A ∈ L∞(Ω;Rd×d
Sym) that satisfies the uniform ellipticity

condition (3.3.6). Then, denoting λ1, λ2 : Ω → R to be lower and upper eigenvalues

of the (matrix-valued) function A, respectively, we see that

|A|2

(Tr(A))2
=

λ2
1 + λ2

2

(λ1 + λ2)2

=
λ2

1 + λ2
2

λ2
1 + λ2

2 + 2λ1λ2

=
1

1 + 2λ1λ2/(λ2
1 + λ2

2)

=
1

(d− 1) + 2/(λ1

λ2
+ λ2

λ1
)
.

Moreover, the function f(t) := 2/(t + t−1) is increasing on (0, 1], and since λ1/λ2 :

Ω→ (0, 1], and λ1/λ2 ≥ µ1/µ2, we have that f(λ1/λ2) ≥ f(µ1/µ2), and so,

|A|2

(Tr(A))2
=

1

(d− 1) + f(λ1/λ2)
≤ 1

(d− 1) + 2µ1µ2/(µ2
1 + µ2

2)
a.e. in Ω.

Thus the Cordes condition (3.3.12) holds for any choice of ε ∈ (0, 2µ1µ2/(µ
2
1 + µ2

2)).

We now present Lemma 1 from [111], which generalises estimate (3.3.18), based on

the fact that for two collections of scalars {xα}α∈Λ, {yα}α∈Λ, one has that∣∣∣∣(sup
α∈Λ

xα

)
−
(

sup
α∈Λ

yα

)∣∣∣∣ ≤ sup
α∈Λ
|xα − yα|.

Lemma 3.3.7 Let Ω be a bounded open subset of Rd, and suppose that (3.3.6) and

(3.3.12) both hold. Then, for any open set U ⊂ Ω and u, v ∈ H2(Ω), the following

inequality holds a.e. in U :

|Fγ[u]− Fγ[v]−∆(u− v)| ≤
√

1− ε|D2(u− v)|. (3.3.19)

Theorem 3.3.8 Assume that H is a subset of H2(Ω), that satisfies the MT estimate

property (3.3.9)–(3.3.10). Furthermore, assume that the collection of linear operators

{Lα}α∈Λ satisfy (3.3.6) and (3.3.12). Then, there exists a unique u ∈ H such that∫
Ω

Fγ[u] ∆v = 0 ∀v ∈ H. (3.3.20)
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Proof: Firstly, since (3.3.9)–(3.3.10) hold, we see that (H, 〈·, ·〉H) forms a Hilbert

space, when we define

〈u, v〉H :=

∫
Ω

∆u∆v, u, v ∈ H.

Then, we define A : H → H ′ (where H ′ is the dual space of H) by

〈A (u), v〉 := 〈Fγ[u], v〉H , u, v ∈ H.

Now we will prove that A is Lipschitz continuous and strongly monotone, so that we

can apply the Browder–Minty theorem [107]. This part of the proof is very similar to

the proof of Theorem 3 from [111], but it is useful for the reader to see the approach.

Furthermore, the current framework is more general, since it allows for more general

boundary conditions (which are incorporated in the definition of the space H).

We see that for u, v ∈ H

〈A (u)−A (v), u− v〉 =

∫
Ω

(Fγ[u]− Fγ[v])∆(u− v)

=

∫
Ω

(∆(u− v))2 +

∫
Ω

(Fγ[u]− Fγ[v]−∆(u− v)) ∆(u− v)

= ‖∆(u− v)‖2
2,Ω +

∫
Ω

(Fγ[u]− Fγ[v]−∆(u− v)) ∆(u− v)

≥ ‖∆(u− v)‖2
2,Ω −

∫
Ω

|Fγ[u]− Fγ[v]−∆(u− v)||∆(u− v)|

≥ ‖∆(u− v)‖2
2,Ω −

√
1− ε

∫
Ω

|D2(u− v)||∆(u− v)|,

where the final inequality follows from (3.3.19). Applying the Cauchy–Schwarz in-

equality, followed by (3.3.9), we obtain

〈A (u)−A (v), u− v〉 ≥ ‖∆(u− v)‖2
2,Ω −

√
1− ε|u− v|H2(Ω)‖∆(u− v)‖2,Ω

≥ (1−
√

1− ε)‖∆(u− v)‖2
2,Ω.

(3.3.21)

Finally, applying (3.3.10) yields

〈A (u)−A (v), u− v〉 ≥ C‖u− v‖2
H2(Ω), (3.3.22)

i.e., A is strongly monotone.
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We then see that for u, v, z ∈ H

〈A (u)−A (v), z〉 ≤
∫

Ω

|Fγ[u]− Fγ[v]||∆z|

=

∫
Ω

∣∣∣∣sup
α∈Λ
{Aα : D2u− fα} − sup

α∈Λ
{Aα : D2v − fα}

∣∣∣∣ |∆z|
≤
∫

Ω

sup
α∈Λ

{∣∣Aα : D2(u− v)
∣∣} |∆z|

≤ sup
α∈Λ
‖Aα‖∞,Ω|u− v|H2(Ω)‖∆z‖2,Ω

≤ C‖u− v‖H2(Ω)‖z‖H2(Ω),

(3.3.23)

where the penultimate inequality follows from the fact that Λ is compact. Esti-

mate (3.3.23) implies that A is Lipschitz continuous.

Since A is strongly monotone and Lipschitz continuous, it follows by the Browder–

Minty theorem that there exists a unique u ∈ H such that A (u) = 0, i.e.,

〈A (u), v〉 =

∫
Ω

Fγ[u] ∆v = 0 ∀v ∈ H,

that is, (3.3.20) holds. �

Corollary 3.3.9 (Existence and uniqueness) Assume that H, and the collection

of linear operators, {Lα}α∈Λ, satisfy the assumptions of Theorem 3.3.8. Assume

further, that ∆ : H → L2(Ω) is a surjection. Then, there exists a unique u ∈ H such

that

Fγ[u] = 0 a.e. in Ω. (3.3.24)

Furthermore, u is the unique element of H that satisfies

F [u] = 0 a.e. in Ω. (3.3.25)

Proof: Since the assumptions of Theorem 3.3.8 are satisfied, we know that there exists

a unique u ∈ H such that ∫
Ω

Fγ[u] ∆v = 0 ∀v ∈ H.

Since ∆ : H → L2(Ω) is a surjection, we obtain∫
Ω

Fγ[u] v = 0 ∀v ∈ L2(Ω),

and thus Fγ[u] = 0 a.e. in Ω, which proves (3.3.24). We will now prove that this is

equivalent to F [u] = 0 a.e. in Ω.
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Since γα ≥ γ0 > 0 for all α ∈ Λ, we obtain

γα(Lαu− fα) ≤ 0 ∀α ∈ Λ,

if and only if

Lαu− fα ≤ 0 ∀α ∈ Λ,

and thus

Fγ[u] ≤ 0 ⇐⇒ F [u] ≤ 0.

Since Λ is compact, and the functions A, f, γ ∈ C(Ω×Λ), it follows that the suprema

of F [u] and Fγ[u] are attained by an element of Λ, this yields

Fγ[u] ≥ 0 ⇐⇒ F [u] ≥ 0.

Overall, we have obtained

Fγ[u] = 0 ⇐⇒ F [u] = 0. �

Remark 3.3.10 Now that we have proven Theorem 3.3.8 and Corollary 3.3.9, it

is clear that the unique solvability of the PDE (3.3.1) subject to particular boundary

conditions, is equivalent to finding an appropriate space H that satisfies the following:

1. v ∈ H implies that v satisfies the particular boundary condition;

2. ∆ : H → L2(Ω) is a surjection;

3. The space H satisfies the MT estimate property (3.3.9)–(3.3.10).

3.3.2 The homogeneous Dirichlet case

As mentioned in Remark 3.3.2, the space H := H2(Ω) ∩ H1
0 (Ω) ⊂ H2(Ω) satisfies

Definition 3.3.1, if Ω ⊂ Rd is convex. We will now provide a justification of this

with the additional assumption that Ω has a C2 boundary. It is proven in [110] (see

Theorem 2), that the C2 assumption may be relaxed, this is due to the fact that one

can approximate a convex domain by a sequence of C2 convex domains (see Section

3.2.1 of [60]). Moreover, we will see that the assumption that ∂Ω has nonnegative

mean curvature is necessary to obtain a constant of 1 on the right-hand side of (3.3.9),

which is an essential ingredient for the proof of Theorem 3.3.8. The following Theorem

is from [60] (see Theorem 3.1.1.1).
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Theorem 3.3.11 Let Ω be a bounded open subset of Rd with a C2 boundary, and let

v ∈ [H1(Ω)]d. Then, we have

d∑
i,j=1

∫
Ω

∂vi
∂xj

∂vj
∂xi

=

∫
Ω

| div v|2 +

∫
∂Ω

(vT)T∇Tn
T
∂Ω vT −H∂Ω(v · n∂K)2

+ 2〈vT|∇T(v · n∂Ω)〉(H1/2(∂Ω)×H1/2(∂Ω)′),

(3.3.26)

where n∂Ω is the unit outward normal to ∂Ω, vT := v − (v · n∂Ω)n∂Ω, ∇T := ∇ −
n∂Ω

∂
∂n∂Ω

, and H∂Ω := ∇T · n∂Ω is the mean curvature of ∂Ω.

We now deduce the following corollary.

Corollary 3.3.12 Let Ω be a bounded open convex subset of Rd with a C2 boundary,

and let u ∈ H2(Ω) ∩H1
0 (Ω). Then, we have that

|u|H2(Ω) ≤ ‖∆u‖L2(Ω). (3.3.27)

Proof: Let u ∈ H2(Ω)∩H1
0 (Ω), and let v = ∇u. We then see that vT|∂Ω = ∇Tu|∂Ω =

0, since u|∂Ω = 0. Substituting v = ∇u into (3.3.26), yields

|u|2H2(Ω) = ‖∆u‖2
L2(Ω) −

∫
∂Ω

H∂Ω

(
∂u

∂n∂Ω

)2

. (3.3.28)

Since Ω is convex, it follows that H∂Ω ≥ 0 on ∂Ω, and so

|u|H2(Ω) ≤ ‖∆u‖L2(Ω),

which is (3.3.27). �

Remark 3.3.13 Let us assume that Ω is a C2 domain, with a boundary portion

Γ ⊂ ∂Ω, of nonzero boundary measure, for which the mean curvature H∂Ω|Γ < 0.

Taking a function u ∈ H2(Ω) ∩ H1
0 (Ω) with ∂u

∂n∂Ω
|∂Ω = g ∈ H1/2(∂Ω), that satisfies

g > 0 on Γ, g = 0 on ∂Ω \ Γ, and substituting this function into (3.3.28) would lead

to the following estimate

|u|2H2(Ω) = ‖∆u‖2
L2(Ω) −

∫
∂Ω

H∂Ω

(
∂u

∂n∂Ω

)2

= ‖∆u‖2
L2(Ω) −

∫
Γ

H∂Ω g
2 > ‖∆u‖2

L2(Ω),

contradicting (3.3.28).

We now provide Theorem 2 from [110], which allows us to relax the C2 regularity

assumptions of Corollary 3.3.12.
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Theorem 3.3.14 Let Ω be a bounded open convex subset of Rd, and let u ∈ H2(Ω)∩
H1

0 (Ω). Then, we have that

|u|H2(Ω) ≤ ‖∆u‖L2(Ω). (3.3.29)

We now show that the space H2(Ω)∩H1
0 (Ω) also satisfies estimate (3.3.10), provided

that Ω is convex.

Lemma 3.3.15 Assume that Ω ⊂ Rd is a convex domain. Then, there exists a

constant C such that

‖u‖H2(Ω) ≤ C‖∆u‖L2(Ω) ∀u ∈ H2(Ω) ∩H1
0 (Ω).

Proof: Let us take u ∈ H2(Ω)∩H1
0 (Ω). Firstly, by the Poincaré inequality [46], we see

that there exists a constant C depending on Ω and the dimension d, but independent

of u, such that

‖u‖L2(Ω) ≤ C|u|H1(Ω). (3.3.30)

Furthermore, an application of integration by parts yields

|u|2H1(Ω) =

∫
Ω

|∇u|2 = −
∫

Ω

u∆u+

∫
∂Ω

∂u

∂n∂Ω

u

≤ ‖u‖L2(Ω)‖∆u‖L2(Ω)

≤ C|u|H1(Ω)‖∆u‖L2(Ω),

where the final inequality follows from (3.3.30). Thus, it follows that

|u|H1(Ω) ≤ ‖∆u‖L2(Ω).

From the above estimate, (3.3.30), and (3.3.29), we obtain

‖u‖2
H2(Ω) = ‖u‖2

L2(Ω) + |u|2H1(Ω) + |u|2H2(Ω)

≤ (C + 1)|u|2H1(Ω) + ‖∆u‖2
L2(Ω)

≤ C‖∆u‖2
L2(Ω).

Taking square roots above, we obtain (3.3.30). �

Theorem 3.3.16 (Existence and uniqueness for the Dirichlet case) Assume

that Ω ⊂ Rd is convex, and that the collection of linear operators {Lα}α∈Λ satisfies the

assumptions of Theorem 3.3.8. Then, there exists a unique u ∈ H := H2(Ω)∩H1
0 (Ω)

such that  sup
α∈Λ
{Lαu− fα} = 0 a.e. in Ω,

u = 0 on ∂Ω.
(3.3.31)
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Proof: Let H = H2(Ω) ∩ H1
0 (Ω), and assume that Ω is convex. We then see that

u ∈ H implies that u|∂Ω = 0 (in the sense of traces), and so u satisfies the boundary

condition. Then, Theorem 3.3.14 and Lemma 3.3.15 imply that H satisfies (3.3.9)

and (3.3.10), respectively, i.e., the space H satisfies Definition 3.3.1. Finally, as Ω

is convex, standard elliptic existence, uniqueness, and regularity theory tells us that

∆ : H → L2(Ω) is a surjection (see [60]).

Since the family of operators {Lα}α∈Λ satisfy the assumptions of Theorem 3.3.8,

i.e., they satisfy (3.3.6) and (3.3.12), we may apply Corollary 3.3.9 to deduce the

existence of a unique u ∈ H that satisfies (3.3.31). �

Remark 3.3.17 (Convexity, and the surjectivity of the Laplacian) As we

have seen in the proof of Theorem 3.3.16, if Ω ⊂ Rd is convex, then H2(Ω) ∩H1
0 (Ω)

satisfies Definition 3.3.1. Furthermore, if the collection of linear operators {Lα}α∈Λ,

satisfy (3.3.9) and (3.3.10), Corollary 3.3.9 gives the existence and uniqueness of

u ∈ H2(Ω) ∩H1
0 (Ω) that is a strong solution of

F [u] = 0 a.e. in Ω, (3.3.32)

provided that the Laplacian is a surjection from H2(Ω) ∩H1
0 (Ω) to L2(Ω).

As discussed in Remark 3.3.13, if Ω is C2, then, in order to satisfy Defini-

tion 3.3.1, ∂Ω must have nonnegative mean curvature. In the case that Ω is polytopal,

Theorem 2.2.1 of [59] states that on any polygonal domain Ω ⊂ R2, estimate (3.3.9)

holds with equality, and Theorem 2.2.3 of [59] states that estimate (3.3.10) also holds

(under the same domain assumptions), so one may consider that Theorem 3.3.16

holds on arbitrary polytopal domains (rather than only those that are convex).

However, the regularity of weak solutions of the Poisson problem on polygonal

domains (see [59]) depends upon the size of the angles at each vertex. In particular,

if one assumes that the polygonal domain Ω ⊂ R2 has a largest corner angle of θmax

(i.e., it has a corner of angle θmax, and the angles of all of the other corners do not

exceed θmax), then a weak solution u ∈ H1
0 (Ω) of{

−∆u = f, a.e. in Ω,

u = 0, on ∂Ω,
(3.3.33)

with f ∈ L2(Ω), belongs to Hmin{π/θmax+1−δ,2}(Ω), for arbitrary δ > 0. In particular,

if θmax > π, then π/θmax < 1, and u does not belong to H2(Ω). This implies that the

Laplacian is not a surjection from H2(Ω) ∩H1
0 (Ω) to L2(Ω), for such a domain, and

we cannot apply Corollary 3.3.9 to prove the existence and uniqueness of a strong
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solution to (3.3.32). An example of such a domain is the L-shaped domain, which

has θmax = 3π/2 > π. However, a convex polygonal domain must satisfy θmax < π,

and for such a domain, the Laplacian is a surjection from H2(Ω) ∩H1
0 (Ω) → L2(Ω)

(take the unit square, for example).

3.3.3 The inhomogeneous Dirichlet case

We will now extend Theorem 3.3.16 to the case of inhomogeneous boundary data. In

the case of well-posed, linear, uniformly elliptic Dirichlet boundary-value problems,

one can view boundary data as playing a similar role to a source term; this is because

we can define a new function, by extending the boundary data into Ω, and subtracting

it from the supposed solution to the problem satisfying the inhomogeneous bound-

ary data. Due to the linearity of the equation, assuming sufficient regularity of the

boundary data, we arrive at a homogeneous boundary-value problem that is uniquely

solvable.

In the case of nonlinear PDEs, this approach does not work in general, as when

we substitute the new function into the equation we often end up with a different

nonlinear equation, that is, the boundary data does not simply reduce to a modified

source term. We will see that the particular structure of the HJB equation (3.3.1)

allows for an analogue of the technique normally applied to uniformly elliptic, linear

equations in the case of inhomogeneous boundary data.

However, this proof requires us to define matrix-valued functions using the prop-

erty that they maximise the operator defined by (3.3.17). A function u ∈ H2(Ω) de-

fines a matrix-valued function M ∈ L2(Ω;Rd×d) through M = D2u. Let M ∈ Rd×d,

and define

Fγ(x,M) := sup
α∈Λ
{γα(Aα : M− fα)|x}. (3.3.34)

For each (x,M) ∈ Ω× Rd×d, we define

Λ(x,M) := {α ∈ Λ such that the supremum in (3.3.34) is attained}. (3.3.35)

This defines a set-valued map (x,M) 7→ Λ(x,M). For u ∈ H2(Ω), let

Λ[u] := {α : Ω→ Λ, Lebesgue measurable : α(x) ∈ Λ(x,M(x))

for a.e. x ∈ Ω, where M = D2u}.
(3.3.36)

Then, due to the following lemma quoted from [111] and theorem, available in [75],

we may select a Lebesgue measurable function α ∈ Λ[u], and use this to define the

corresponding matrix-valued function Aα.
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Lemma 3.3.18 Let Ω be a bounded open subset of Rd, let Λ be a compact metric

space, and let the data A, f be continuous on Ω× Λ, and suppose that (3.3.6) holds.

Then, for each (x,u) ∈ Ω× Rm, Λ(x,u) is a non-empty subset of Λ. The set-valued

map (x,u) 7→ Λ(x,u) is upper semicontinuous; that is, for every (x,u) ∈ Ω × Rm,

and any open neighbourhood U of Λ(x,u), there exists an open neighbourhood V of

(x,u) such that Λ(y,v) ⊂ U for every (y,v) ∈ V .

Theorem 3.3.19 Let Ω ⊂ Rd be a bounded open set, let Λ be a compact metric

space, and let (x,u) 7→ Λ(x,u) be an upper semicontinuous set-valued function from

Ω × Rm to the subsets of Λ, such that Λ(x,u) is nonempty and closed for every

(x,u) ∈ Ω × Rm. Then, for any Lebesgue measurable function u : Ω → Rm, there

exists a Lebesgue measurable selection α : Ω→ Λ such that α(x) ∈ Λ(x,u(x)) for a.e.

x ∈ Ω.

Theorem 3.3.20 Assume that Ω ⊂ Rd is a convex domain, and that the collection

of linear operators {Lα}α∈Λ satisfies the assumptions of Theorem 3.3.8. Furthermore

assume that g is the trace of a H2(Ω) function g̃. Then, there exists a unique strong

solution u ∈ H2(Ω) of the following HJB equation:

sup
α∈Λ
{Lαu− fα} = 0 a.e. in Ω,

u = g on ∂Ω.
(3.3.37)

Proof: Consider the following HJB problem: find ũ ∈ H2(Ω) ∩H1
0 (Ω) satisfying

sup
α∈Λ
{Lαũ− fα + Lαg̃} = 0 a.e. in Ω,

u = 0 on ∂Ω.

Notice that

Lαg̃ =
d∑

i,j=1

AαijD
2
ij g̃.

Defining f̃α := fα − Lαg̃ ∈ L2(Ω), we can apply Theorem 3.3.16 to deduce the

existence and uniqueness of ũ ∈ H2(Ω) ∩H1
0 (Ω), for any given g̃ ∈ H2(Ω). We now

define u := ũ+ g̃, and we see that

sup
α∈Λ
{Lαu− fα} = sup

α∈Λ
{Lαũ− fα + Lαg̃} = sup

α∈Λ
{Lαũ− f̃α} = 0, (3.3.38)

and that

u|∂Ω = ũ|∂Ω + g̃|∂Ω = g.

Thus there exists a u ∈ H2(Ω) that satisfies (3.3.37).
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We must now show that such a u is unique. Assume that there exist u1, u2 ∈
H2(Ω) that satisfy (3.3.37). Now for i = 1, 2, by Lemma 3.3.18 and Theorem 3.3.19

there exists a measurable function αi : Ω → Λ such that αi(x) ∈ Λ for a.e. x ∈ Ω,

and

αi(x) = {argsupα∈Λ{Lαui − fα}} (x).

Note that the compactness of Λ and the continuity of A, f , and γ imply the existence

of a maximiser. We then define the operators Lαi : H2(Ω)→ L2(Ω) as follows

{Lαiv}(x) := Lαi(x)v(x) a.e. x ∈ Ω.

Note that we define the functions fαi , γαi similarly. By the definition of the supre-

mum, it is clear that

Lαiui − fαi = 0 a.e. in Ω, i = 1, 2,

Lαiuj − fαi ≤ 0 a.e. in Ω, i, j = 1, 2, i 6= j.
(3.3.39)

From this we see that

Lα1(u1 − u2) = fα1 − Lα1u2 ≥ fα1 − fα1 = 0,

and

Lα2(u2 − u1) = fα2 − Lα2u1 ≥ fα2 − fα2 = 0.

Let us denote w = u1 − u2 ∈ H2(Ω)∩H1
0 (Ω); then, the above gives us Lα1w ≥ 0 and

Lα2w ≤ 0 a.e. in Ω, and so

0 ≥
∫
{∆w≤0}

γα1Lα1w∆w +

∫
{∆w>0}

γα2Lα2w∆w

= ‖∆w‖2
L2(Ω) +

∫
{∆w≤0}

(γα1Lα1w −∆w)∆w +

∫
{∆w>0}

(γα2Lα2w −∆w)∆w

≥ ‖∆w‖2
L2(Ω) −

√
1− ε

∫
Ω

|D2w||∆w|

≥ ‖∆w‖2
L2(Ω) −

√
1− ε|w|H2(Ω)‖∆w‖L2(Ω)

≥ (1−
√

1− ε)‖∆w‖2
L2(Ω)

≥ C‖w‖2
H2(Ω).

(3.3.40)

Note that the second inequality follows from (3.3.19), and the last two inequalities

follow from the fact that H := H2(Ω) ∩ H1
0 (Ω) satisfies the MT estimate prop-

erty (3.3.9)–(3.3.10). It is now clear that w ≡ 0, i.e., u1 ≡ u2. �
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3.3.4 The oblique case

Our next aim is to prove a similar existence and uniqueness result for the oblique

boundary-value problem in the planar case, where Ω ⊂ R2 is a C2 domain. The

oblique boundary-value problem is given as follows: sup
α∈Λ
{Lαu− fα} = 0 a.e. in Ω,

β · ∇u is constant on ∂Ω.
(3.3.41)

Such types of equations arise in the linearisation of PDEs with nonlinear boundary

conditions (for example the MA optimal transport problem (3.2.2)). The unit vector-

valued function

β ∈ C1(∂Ω;S1) (3.3.42)

is hereby called the “oblique vector”. Notice that since Ω is a C2 domain, β := n∂Ω,

where n∂Ω denotes the unit outward normal to ∂Ω, is such an example, since then

β ∈ C1(∂Ω;S1), and so (3.3.42) holds. Furthermore, the corresponding PDE is
sup
α∈Λ
{Lαu− fα} = 0 a.e. in Ω,

∂u

∂n∂Ω

is constant on ∂Ω,
(3.3.43)

i.e., a Neumann boundary-value problem, where the normal derivative of the solution

is prescribed on the boundary. Furthermore, taking the particular case that Λ is

a singleton set, and Lαu = ∆u, we obtain the Poisson problem with a Neumann

boundary condition 
∆u = f a.e. in Ω,

∂u

∂n∂Ω

is constant on ∂Ω.
(3.3.44)

If we were to impose the more familiar boundary condition

∂u

∂n∂Ω

= g on ∂Ω,

for some given function g ∈ H1/2(∂Ω), then the boundary datum, g, and the right-

hand side f would have to satisfy a compatibility condition, emerging from an ap-

plication of the divergence theorem. The choice of boundary condition in (3.3.44)

(where g ≡ 0) absorbs this compatibility condition.

We will see later on that the condition

β · ∇u is constant on ∂Ω,
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removes the complication of eventual compatibility conditions for the oblique boundary-

value problem, and also allows for ∆ : H → L2(Ω) to be a surjection for the corre-

sponding space H (which we will define momentarily).

As we saw in the proof of Theorem 3.3.8, estimates (3.3.9) and (3.3.10) play

an essential role, allowing us to obtain estimates (3.3.21) and (3.3.22). In the case

that H = H2(Ω) ∩H1
0 (Ω), with Ω ⊂ Rd convex, Theorem 3.3.14 and Lemma 3.3.15

prove that estimates (3.3.9) and (3.3.10) hold for any dimension d. For the oblique

boundary-value problem (3.3.41), we will consider the space

H = {v ∈ H2(Ω) : β · ∇v|∂Ω is constant} ∩ L2
0(Ω)

= H2
β,0(Ω),

(3.3.45)

where Ω ⊂ R2 is assumed to have a C2 boundary. When H = H2
β,0(Ω), the proof

of the Miranda–Talenti estimates (3.3.9) and (3.3.10) that we provide relies on the

assumption that the dimension d = 2, leading us to consider the planar case (the

proof of these estimates for d ≥ 3 is currently an open problem). The significance

of the requirement that d = 2 is demonstrated by the following identities, valid for

u ∈ H2
β,0(Ω):

|u|2H2(Ω) + 2

∫
Ω

detD2u =

∫
Ω

d∑
i,j=1

(D2
iju)2 + 2(D2

11uD
2
22u− (D2

12u)2)

=

∫
Ω

(D2
11u+D2

22u)2 = ‖∆u‖2
L2(Ω),

(3.3.46)

and∫
Ω

detD2u =

∫
Ω

D2
11uD

2
22u−(D2

12u)2 =
1

2

∫
∂Ω

|∇u|2(β1(∂T2β2)−(∂T2β1)β2), (3.3.47)

where ∂T2 := T2 · ∇, and T2 := (−[n∂Ω]2, [n∂Ω]1)T is the unit tangent vector to ∂Ω

obtained by rotating the unit outward normal vector, n∂Ω, anticlockwise by π/2.

Identity (3.3.46) is an algebraic identity that holds due to the fact that the di-

mension d = 2, and so D2u ∈ R2×2
Sym a.e. in Ω. Furthermore, the identity (3.3.47)

is proven in [89] (see Lemma 1.5.5), and also relies on the fact that d = 2. Upon

showing (under certain assumptions that will be provided) that the right-hand side

of (3.3.47) is nonpositive, we obtain (3.3.9) directly from (3.3.46).

We will prove (3.3.47) as a consequence of a more general result, which we will

obtain using a similar approach to that of [89], applied to the “determinant-type”

bilinear form B : H2(Ω)×H2(Ω)→ R defined by

B(u, v) :=

∫
Ω

D2
11uD

2
22v +D2

22uD
2
11v − 2D2

12uD
2
12u.
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Indeed, one can see that for u ∈ H2(Ω),

B(u, u) =

∫
Ω

D2
11uD

2
22u+D2

22uD
2
11u− 2D2

12uD
2
12u = 2

∫
Ω

det(D2u).

Furthermore, this result will guide the design of the numerical method we propose

in Chapter 6, and as such the result will need to also be applicable to an arbitrary

element of our triangulation. The elements of our triangulation will always be as-

sumed to be Lipschitz continuous and at least piecewise C2, which provides us with

the domain hypotheses of the following Lemma.

Lemma 3.3.21 Assume that E ⊂ R2 is a bounded, Lipschitz, piecewise C2 domain,

and that β ∈ C1(Γn;S1) for each C2 portion Γn of ∂E, n = 1, . . . , N , N ∈ N. Then,

for any u, v ∈ Hs(E), s > 5/2, we have that∫
E

D2
11uD

2
22v +D2

22uD
2
11v − 2D2

12uD
2
12v

=

∫
∂E

(β1∂T2β2 − β2∂T2β1) (β⊥ · ∇u β⊥ · ∇v + β · ∇u β · ∇v)

+

∫
∂E

(
∂T2(β⊥ · ∇u)β · ∇v − ∂T2(β · ∇u)β⊥ · ∇v

)
,

(3.3.48)

where β⊥ := (−β2, β1) ∈ C1(Γn;S1) for each C2 portion Γn of ∂E, n = 1, . . . , N ,

N ∈ N.

Proof: Let us momentarily assume that u, v ∈ C2(E) ∩ C3(E), and note that an

application of integration by parts gives us∫
E

D2
11uD

2
22v +D2

22uD
2
11v − 2D2

12uD
2
12v

=

∫
E

D1(D1vD
2
22u−D2vD

2
12u)−D2(D1vD

2
21u−D2vD

2
11u)

=

∫
∂E

(D1vD
2
22u−D2vD

2
12u)n1 − (D1vD

2
21u−D2vD

2
11u)n2.

(3.3.49)

Now, denoting C1
u := β⊥ · ∇u, C1

v := β⊥ · ∇v, C2
u := β · ∇u, and C2

v := β · ∇u, we

obtain the following linear systems on Γn, n = 1, . . . , N :{
β1D1u+ β2D2u = C2

u,

−β2D1u+ β1D2u = C1
u,

(3.3.50)

{
β1D1v + β2D2v = C2

v ,

−β2D1v + β1D2v = C1
v ,

(3.3.51)
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with corresponding unique solutions{
D1u = −C1

uβ2 + C2
uβ1, D2u = C1

uβ1 + C2
uβ2,

D1v = −C1
vβ2 + C2

vβ1, D2v = C1
vβ1 + C2

vβ2.
(3.3.52)

Substituting in the values of D1v and D2v present in (3.3.52) into (3.3.49), (denoting

ni = [n∂Ω]i, i = 1, 2) we obtain the following:∫
E

D2
11uD

2
22v +D2

22uD
2
11v − 2D2

12uD
2
12v

=

∫
∂E

−C1
vβ2D

2
22un1 + C2

vβ1D
2
22un1 − C1

vβ1D
2
12un1 − C2

vβ2D
2
12un1

+

∫
∂E

C1
vβ2D

2
21un2 − C2

vβ1D
2
21un2 + C1

vβ1D
2
11n2 + C2

vβ2D
2
11un2

=

∫
∂E

C1
v (−β2D

2
22un1 − β1D

2
12un1 + β2D

2
21un2 + β1D

2
11un1)

+

∫
∂E

C2
v (β1D

2
22un1 − β2D

2
12un1 − β1D

2
21n2 + β2D

2
11un2).

(3.3.53)

Taking the directional derivative of the equations in (3.3.50) with respect to T yields

(denoting ˙ := ∂T2){
β̇1D1u+ β1D

2
11u(−n2) + β1D

2
12u(n1) + β̇2D2u+ β2D

2
12u(−n2) + β2D

2
22u(n1)= Ċ2

u,

−β̇2D1u− β2D
2
11u(−n2)− β2D

2
12u(n1) + β̇1D2u+ β1D

2
12u(−n2) + β1D

2
22u(n1)= Ċ1

u,

thus,{
−(β1D

1
11un2 − β1D

2
12un1 + β2D

2
12un2 − β2D

2
22un1) = Ċ2

u − (β̇1D1u+ β̇2D2u),

(β1D
2
22un1 − β2D

2
12un1 − β1D

2
12un2 + β2D

2
11un2) = Ċ1

u + β̇2D1u− β̇1D2u.
(3.3.54)

Substituting the values for D1u and D2u present in (3.3.52) gives us

β̇1D1u+ β̇2D2u = −C1
uβ2β̇1 + C2

uβ1 · β1 + C1
uβ1β̇2 + C2

uβ2β̇2

= C1
u(β1β̇2 − β2β̇1) + C2

u(β1β̇1 + β2β̇2)

= C1
u(β1β̇2 − β2β̇1);

(3.3.55)

note that the latter equality holds, since

β1β̇1 + β2β̇2 =
1

2
∂T2(|β|2) =

1

2
∂T2(1) = 0.

Similarly, we obtain

β̇2D1u− β̇1D2u = C2
u(β1β̇2 − β2β̇1). (3.3.56)
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Substituting (3.3.55) and (3.3.56) into (3.3.54), and then substituting the resulting

equations into (3.3.53), we obtain∫
E

D2
11uD

2
22v +D2

22uD
2
11v − 2D2

12uD
2
12v

+

∫
∂E

C1
v (C1

u(β1β̇2 − β2β̇1)− Ċ1
u) + C2

v (C2
u(β1β̇2 − β2β̇1) + Ċ2

u)

=

∫
∂E

(β1β̇2 − β2β̇1)(C1
uC

1
v + C2

uC
2
v ) + Ċ1

uC
2
v − Ċ2

uC
1
v

=

∫
∂E

(β1∂T2β2 − β2∂T2β1) (β⊥ · ∇u β⊥ · ∇v + β · ∇u β · ∇v)

+

∫
∂E

(
∂T2(β⊥ · ∇u)β · ∇v − ∂T2(β · ∇u)β⊥ · ∇v

)
,

which is exactly (3.3.48). This identity extends to u, v ∈ Hs(E), s > 5/2, by density,

which concludes the proof. �

We now provide (3.3.47) (i.e., Lemma 1.5.5 of [89]) as a consequence of Lemma 3.3.21.

Corollary 3.3.22 Assume that Ω ⊂ R2 is a C2 domain, and that β ∈ C1(∂Ω;S1).

Then, for any u ∈ H2
β,0(Ω), identity (3.3.47) holds.

Proof: First, we note that since Ω ⊂ R2 is a C2 domain, it is both Lipschitz continuous

and piecewise C2. Furthermore, as β ∈ C1(∂Ω;S1), it follows that β ∈ C1(Γ∂Ω;S1)

for each C2 portion Γ∂Ω of ∂Ω; indeed one may take Γ∂Ω = ∂Ω. Now, let us assume

that u ∈ C3(Ω) ∩H2
β,0(Ω), so that u ∈ Hs(Ω), with s > 5/2. Setting v = u, it then

follows that the hypotheses of Lemma 3.3.21 are satisfied, and so (3.3.48) gives us

B(u, u) =

∫
∂Ω

(β1∂T2β2 − β2∂T2β1) (β⊥ · ∇u β⊥ · ∇u+ β · ∇u β · ∇u)

+

∫
∂Ω

(
∂T2(β⊥ · ∇u)β · ∇u− ∂T2(β · ∇u)β⊥ · ∇u

)
=

∫
∂Ω

|∇u|2 (β1∂T2β2 − β2∂T2β1) + C

∫
∂Ω

∂T2(β⊥ · ∇u),

where the latter equality holds due to the fact that β · ∇u|∂Ω = C for some constant

C. Then, since ∂Ω is a compact hypersurface, integrating yields

C

∫
∂Ω

∂T2(β⊥ · ∇u) = 0.

Thus, we have obtained

1

2
B(u, u) =

1

2

∫
∂Ω

|∇u|2 (β1∂T2β2 − β2∂T2β1) ,

which is (3.3.47). This extends to u ∈ H2
β,0(Ω) by density. �
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Corollary 3.3.23 Assume that E ⊂ R2 is a bounded, Lipschitz, piecewise C2 do-

main, and that β ∈ C1(Γn;S1) for each C2 portion Γn of ∂E, n = 1, . . . , N , N ∈ N.

Then, for any u, v ∈ Hs(E), s > 5/2, we have that∫
E

D2u : D2v +

∫
∂E

(β1∂T2β2 − β2∂T2β1) (β⊥ · ∇u β⊥ · ∇v + β · ∇u β · ∇v)

+

∫
∂E

(
∂T2(β⊥ · ∇u)β · ∇v − ∂T2(β · ∇u)β⊥ · ∇v

)
=

∫
E

∆u∆v.

Proof: First note that for u, v ∈ H2(E),

D2u : D2v +D2
11uD

2
22v +D2

22uD
2
11v − 2D2

12uD
2
12v = ∆u∆v a.e. in Ω,

and apply Lemma 3.3.21. �

Definition 3.3.24 (Oblique angle) We define the “oblique angle”, Θ : ∂Ω → R,

to be the (anticlockwise) oriented angle between the oblique vector, β, and the unit

outward normal, n∂Ω (see Figure 3.1). In particular, one has that

Θ (mod 2π) = π + arctan2(β1[n∂Ω]2 − β2[n∂Ω]1, β · n∂Ω)),

where

arctan2(y, x) :=



arctan(y/x) if x > 0,

arctan(y/x) + π if x < 0 and y ≥ 0,

arctan(y/x)− π if x < 0 and y < 0,
π

2
if x = 0 and y > 0,

−π
2

if x = 0 and y < 0.

Note that arctan2(y, x) is undefined for x = y = 0.

Our next goal is to prove an identity for the expression β1(∂T2β2) − (∂T2β1)β2 that

appears on the right-hand side of (3.3.46). We will express this in terms of the

derivative of the oblique angle, ∂T2Θ, and the mean curvature of the boundary,

H∂Ω. This provides us with a condition between the curvature of the boundary, and

the oblique vector that is sufficient to yield the MT estimates (3.3.9) and (3.3.10).

This identity is provided in [89] pg 48-49, employing a C2 parametrisation of the

boundary with respect to the natural parameter ϕ ∈ [0, L] (i.e., the parametrisation

(x1(ϕ), x2(ϕ)) ∈ C2[0, L] is of unit speed with respect to the parameter ϕ, that is,

(x′1(ϕ), x′2(ϕ)) : [0, L] 7→ S1). We, however, prove this result without reparametrising
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the boundary. Furthermore, it is useful for the reader to see how this identity arises.

Lemma 3.3.25 Let Ω ⊂ R2 be a C2 domain, and assume that β ∈ C1(∂Ω;S1). Then,

on ∂Ω, we have that

β1(∂T2β2)− (∂T2β1)β2 = ∂T2Θ +H∂Ω, (3.3.57)

where H∂Ω is the mean curvature of ∂Ω.

Proof: We first define the functions ψ, ω ∈ C1(∂Ω) that satisfy

[T2]1 = cosψ, [T2]2 = sinψ, (3.3.58)

β1 = cosω, β2 = sinω. (3.3.59)

That is, ψ(x1, x2) is the (anticlockwise) oriented angle between the x1-axis and the

tangent, T2(x1, x2), to ∂Ω at the point (x1, x2), and ω(x1, x2) is the (anticlockwise)

oriented angle between the x1-axis and β(x1, x2) at the point (x1, x2) (see Figure 3.1

for a visualisation of these angles). This provides us with the identity

ψ = ω −Θ +
π

2
on ∂Ω. (3.3.60)

Furthermore, taking the directional derivative of all of the identities in (3.3.58)

and (3.3.59) with respect to T2, yields

∂T2 [T2]1 = − sinψ ∂T2ψ, ∂T2 [T2]2 = cosψ ∂T2ψ,

∂T2β1 = − sinω ∂T2ω, ∂T2β2 = cosω ∂T2ω.

It then follows that

∂T2ψ = cos2 ψ ∂T2ψ + sin2 ψ ∂T2ψ

= cosψ ∂T2 [T2]2 − sinψ ∂T2 [T2]1

= [T2]1 ∂T2 [n∂Ω]1 + [T2]2 ∂T2 [n∂Ω]2

= T2 · ∂T2n∂Ω,

(3.3.61)

and
∂T2ω = cos2 ω ∂T2ω + sin2 ω ∂T2ω

= cosω ∂T2β2 − sinω ∂T2β1

= β1 ∂T2β2 − β2 ∂T2β1.

(3.3.62)

Now, by definition H∂Ω = ∇T · n∂Ω = Tr(∇Tn
T
∂Ω) = Tr(W), where we recall that

W is the Weingarten map, defined by W := ∇Tn
T
∂Ω. Furthermore, since H∂Ω is the
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trace of W , it is equal to the sum of the eigenvalues of W , which has one trivial

eigenvalue of zero, with a corresponding unit eigenvector, n∂Ω. Since d = 2, we must

have that H∂Ω = κ1, where κ1 is the remaining nontrivial eigenvalue of W , and

that any corresponding eigenvector must be a scalar multiple of T2. In particular, a

corresponding unit eigenvector is given by T2. I.e.,

WT2 = H∂ΩT2.

Taking an inner product with T2 above, we find that

H∂Ω = TT
2 W T2 = TT

2 ∇Tn
T
∂Ω T2.

We then calculate
H∂Ω = TT

2 ∇Tn
T
∂Ω T2

= TT
2 ∇nT∂Ω T2

=
2∑

i,j=1

∂

∂xi
([n∂Ω]j)[T2]i[T2]j

=
2∑
j=1

[T2]j
d∑
i=1

∂

∂xi
([n∂Ω]j)[T2]i

=
2∑
j=1

[T2]j∂T2([n∂Ω]j)

= T2 · ∂T2n∂Ω

= ∂T2ψ,

(3.3.63)

where the final equality follows from (3.3.61). Differentiating (3.3.60) with respect to

T2, and applying (3.3.63) and (3.3.62) gives us,

H∂Ω = ∂T2ψ = ∂T2

(
ω −Θ +

π

2

)
= (β1 ∂T2β2 − β2 ∂T2β1)− ∂T2Θ,

which, upon rearranging, yields (3.3.57). �

Lemma 3.3.26 (Miranda–Talenti estimate) Let Ω ⊂ R2 be a C2 domain, and

assume that β ∈ C1(∂Ω;S1). Furthermore, assume that

∂T2Θ +H∂Ω ≥ 0 on ∂Ω.

Then, we have that

|u|2H2(Ω) :=

∫
Ω

2∑
i,j=1

(D2
iju)2 ≤

∫
Ω

(∆u)2 = ‖∆u‖2
L2(Ω),

for all u ∈ H2
β,0(Ω).
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x1

x2

Ω

Θ

ω

ψ

n∂Ω
T2

β

Figure 3.1: Visualisation of the vectors β, n∂Ω, T2, and the angles Θ, ψ, ω. Θ is the
(anticlockwise) oriented angle between β and n∂Ω, ψ is the (anticlockwise) oriented
angle between T2 and the x1-axis, and ω is the (anticlockwise) oriented angle between
β and the x1-axis.
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Proof: Take u ∈ H2
β,0(Ω), then, we see that

|u|2H2(Ω) + 2

∫
Ω

detD2u =

∫
Ω

d∑
i,j=1

(D2
iju)2 + 2(D2

11uD
2
22u− (D2

12u)2)

=

∫
Ω

(D2
11u+D2

22u)2 = ‖∆u‖2
L2(Ω).

We then apply Corollary 3.3.22, yielding

|u|2H2(Ω) +

∫
∂Ω

|∇u|2(β1 ∂T2β2 − β2 ∂T2β1) = ‖∆u‖2
L2(Ω).

Now we apply Lemma 3.3.57, which gives us

|u|2H2(Ω) +

∫
∂Ω

|∇u|2(∂T2Θ +H∂Ω) = ‖∆u‖2
L2(Ω).

Finally, by the hypotheses of the lemma, we have have that ∂T2Θ +H∂Ω ≥ 0 on ∂Ω,

and thus we obtain the following:

|u|2H2(Ω) ≤ ‖∆u‖2
L2(Ω),

as desired. �

Lemma 3.3.27 (Gradient estimate) Let Ω ⊂ R2 be a C2 domain, and assume

that β ∈ C1(∂Ω;S1). Furthermore, assume that

∂T2Θ +H∂Ω > 0 on ∂Ω,

we have that ∫
Ω

|∇u|2 ≤ C

∫
Ω

(∆u)2,

for all u ∈ H2
β(Ω), where C is a constant, independent of u.

Proof: See [89], Lemma 1.5.8. �

Lemma 3.3.28 Let Ω ⊂ R2 be a C2 domain, and assume that β ∈ C1(∂Ω;S1).

Furthermore, assume that

∂T2Θ +H∂Ω > 0 on ∂Ω. (3.3.64)

Then, the space H2
β,0(Ω) satisfies the MT estimate property (3.3.9)–(3.3.10).
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Proof: Since ∂Ω ∈ C2, and (3.3.64) holds, Lemma 3.3.26 implies that

|u|2H2(Ω) :=

∫
Ω

2∑
i,j=1

(D2
iju)2 ≤

∫
Ω

(∆u)2 = ‖∆u‖2
L2(Ω), (3.3.65)

for all u ∈ H2
β,0(Ω). I.e., (3.3.9) holds. We then apply Lemma 3.3.27, which tells us

that ∫
Ω

|∇u|2 ≤ C

∫
Ω

(∆u)2, (3.3.66)

for all u ∈ H2
β,0(Ω), where C is a constant independent of u. Now, since u ∈ H2

β,0(Ω),

it follows that

u ∈ L2
0(Ω) =

{
v ∈ L2(Ω) :

∫
Ω

v = 0

}
.

Thus, the Poincaré inequality yields

‖u‖2,Ω =

∥∥∥∥u− 1

|Ω|

∫
Ω

u

∥∥∥∥
2,Ω

≤ C|u|H1(Ω) ∀u ∈ H2
β,0(Ω), (3.3.67)

where C is a constant independent of u. Combining estimates (3.3.65)–(3.3.67), we

obtain

‖u‖H2(Ω) ≤ C‖∆u‖2,Ω ∀u ∈ H2
β,0(Ω), (3.3.68)

where C is a constant independent of u. Thus, we have proven that H2
β,0(Ω) satis-

fies (3.3.9) and (3.3.10). �

Theorem 3.3.29 (Existence and uniqueness for the oblique case) Let Ω ⊂ R2

be a C2 domain, assume that β ∈ C1(∂Ω;S1), and that

∂T2Θ +H∂Ω > 0 on ∂Ω.

Furthermore assume that that the collection of linear operators {Lα}α∈Λ satisfies (3.3.6).

Then, there exists a unique function u ∈ H := H2
β,0(Ω) such that sup

α∈Λ
{Lαu− fα} = 0 a.e. in Ω,

β · ∇u is constant on ∂Ω.
(3.3.69)

Proof: We see that u ∈ H implies that

β · ∇u|∂Ω is constant,

and thus u satisfies the boundary condition. By, Lemma 3.3.28 it follows that H

satisfies the MT estimate property (3.3.9)–(3.3.10). Furthermore, as d = 2, and
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the family of operators {Lα}α∈Λ satsifes (3.3.6), we have that the family of linear

operators {Lα}α∈Λ also satisfies (3.3.12). Finally, it follows from [89], Page 56, that

∆ : H → L2(Ω) is a surjection. Thus, an application of Corollary 3.3.9 yields the

existence of a unique u ∈ H that satisfies (3.3.69). �

Remark 3.3.30 (Example and counter example of condition (3.3.64)) Recall

that (3.3.64) holds, for a C2 domain Ω ⊂ R2, and a unit vector-valued function

β ∈ C1(∂Ω;S1), if

∂T2Θ +H∂Ω > 0 on ∂Ω, (3.3.70)

where Θ is the (anticlockwise) oriented angle between β and n∂Ω (depicted in Fig-

ure 3.1), and H∂Ω is the mean curvature of ∂Ω.

• Example class: A class of examples of domain-vector pairs (Ω, β) that sat-

isfy (3.3.70) are C2 domains Ω ⊂ R2 of strictly positive mean curvature (for

example ellipse domains), and β = Rn∂Ω for some R ∈ SO(2), where SO(2)

is the set of 2 × 2 rotation matrices (a particular example is R = I2, the

2 × 2 identity matrix, i.e., the Neumann boundary condition). In this case

n∂Ω ∈ C1(∂Ω;S1), and so β = Rn∂Ω ∈ C1(∂Ω;S1). Furthermore, the angle

between β and n∂Ω is constant, thus ∂T2Θ = 0 on ∂Ω. Overall, we have that

∂T2Θ +H∂Ω = H∂Ω > 0 on ∂Ω.

A particular example of such a pair is Ω := {x = (x1, x2) ∈ R2 : |x| < 1}, and

β := n∂Ω.

• Counterexample class: A class of examples of domain-vector pairs (Ω, β) that

do not satisfy (3.3.70) are C2 domains Ω ⊂ R2 that have nonpositive mean

curvature at some point x ∈ ∂Ω, and β = Rn∂Ω for some R ∈ SO(2). In this

case n∂Ω ∈ C1(∂Ω;S1), and so β = Rn∂Ω ∈ C1(∂Ω;S1). Furthermore, the angle

between β and n∂Ω is constant, thus ∂T2Θ = 0 on ∂Ω. However, as the mean

curvature of ∂Ω, H∂Ω, is nonpositive at x ∈ ∂Ω, we have that

(∂T2Θ +H∂Ω)(x) = H∂Ω(x) ≤ 0,

which contradicts (3.3.70). A particular example of such a pair is Ω := {x =

(x1, x2) ∈ R2 : x4
1 + x4

2 < 1}, and β := n∂Ω. This domain has zero mean

curvature at the points ±(0, 1), ±(1, 0).
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One should note that the example class above in non exhaustive, that is, there are

other examples of domain-vector pairs that satisfy (3.3.70), in particular one may

allow for the case that either H∂Ω or ∂T2Θ become nonpositive on ∂Ω, so long as

∂T2Θ +H∂Ω > 0 on ∂Ω, i,e., it is not necessary for the domain to be convex, or for

the oblique angle, Θ, to be increasing (with respect to an anticlockwise orientation)

on ∂Ω.

This is of importance when considering applications to problems with nonlinear

gradient boundary conditions. In particular, the MA optimal transport problem, where

the boundary condition is of the form

b(∇u(x)) = 0 x ∈ Ω, (3.3.71)

and b : R2 → R2 is a given function. Upon linearisation, one obtains a sequence of

boundary conditions of the form:

βn · ∇un+1(x) = gn(x), x ∈ ∂Ω,

for n ∈ N0, where the functions βn and gn are known (see Chapter 9, Section 9.5.3

for further details on the boundary condition (3.3.71), and its linearisation). It then

follows that the validity of (3.3.70) is dependent upon the nature of the βn and gn,

which depend on the previous iterate un. However, for the MA optimal transport

problem, it is often the case that Ω is uniformly convex, and so H∂Ω > 0 on ∂Ω, which

means that it is not necessary for the corresponding oblique angles, Θn, n ∈ N0, to be

increasing (with respect to the anticlockwise orientation) on ∂Ω.

3.4 Krylov’s HJB formulation of MA type equa-

tions

We shall now state an essential lemma from [74]; recall that the Krylov control set,

X, is given by X := {W ∈ Rd×d
Sym : W ≥ 0,TrW = 1}.

Lemma 3.4.1 For A ∈ Rd×d
Sym, and ψ ∈ R+

0 , the following holds:

max
W∈X
{−W : A+ (detW )1/2ψ} = 0

if and only if

A ≥ 0 and ψd = dd detA.
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We apply this lemma to the MAD problem (3.2.1) with f(x, u,∇u) := f(x), where

f ∈ C0,α(Ω;R+), α ∈ (0, 1) is a given, uniformly positive function, and the boundary

datum φ ≡ 0, that is, {
detD2u(x) = f(x), x ∈ Ω,

u(x) = 0, x ∈ ∂Ω.
(3.4.1)

We see that a convex function, u ∈ C2,α(Ω), α ∈ (0, 1), satisfies (3.4.1) if and only if{
max
W∈X
{−W : D2u+ (detW )1/dψ}(x) = 0, x ∈ Ω,

u(x) = 0, x ∈ ∂Ω,
(3.4.2)

where

ψ(x) := d(f(x))1/d. (3.4.3)

Due to Krylov’s characterisation, we see that the classical solvability the MA equa-

tion (3.4.1), with a homogeneous Dirichlet boundary condition and right-hand side

f ∈ C0,α(Ω;R+), α ∈ (0, 1), is equivalent to solving the HJB equation (3.4.2).

3.5 Numerical motivation - selection criteria

Krylov’s characterisation (3.4.2) of the MA equation (3.4.1), establishes a key link

between MA and HJB type equations. That is, the former is a special case of the lat-

ter. This provides us with an initial motivation for designing a finite element method

for the approximation of classical solutions to MA type problems. Indeed, the dis-

continuous Galerkin finite element method (DGFEM) of Smears and Süli proposed

in [111] is stable and consistent, independent of the discretisation parameter (for fur-

ther details of these properties, see Chapter 7). The linearisation scheme used to

iteratively solve the corresponding discrete nonlinear problem is a semi-smooth New-

ton’s method, corresponding to Howards’ method, which can be proven to converge

superlinearly.

However, the DGFEM proposed in [111] can be used to approximate strong solu-

tions of HJB Dirichlet boundary-value problems, provided that the following assump-

tions hold:

1. The family of linear operators {Lα}α∈Λ must satisfy the uniform ellipticity con-

dition (3.3.6), and the Cordes condition (3.3.12);

2. The domain Ω must be convex and polytopal.
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One can see that the set X contains matrices that are positive semidefinite, rather

than positive definite. This means that the boundary value problem (3.4.2) falls into

the class of “degenerate elliptic equations”. In fact, a motive for Krylov’s formulation

of the MA problem as a HJB problem was to provide an approach for understanding

the degenerate case of the MA problem, utilising the theory of viscosity solutions of

HJB problems.

However, if a family of operators {Lα}α∈Λ = {Aα :D2}α∈Λ has a member Lα, for

which the corresponding matrix valued function Aα ∈ L∞(Ω;Rd×d
Sym), takes degenerate

values on a set E ⊂ Ω of nonzero Lebesgue measure, the family {Lα}α∈Λ cannot

satisfy the Cordes condition (3.3.12). For example, take the case that d = 2, then,

denoting λ2 to be the largest eigenvalue of Aα, on E, we have that

|Aα|2

(TrAα)2
=
λ2

2

λ2
2

= 1 >
1

1 + ε
,

for any ε ∈ (0, 1], contradicting (3.3.12).

Theorems 3.3.16 and 3.3.20, concern the existence and uniqueness of strong solu-

tions to HJB Dirichlet boundary-value problems, and their respective hypotheses rely

upon the validity of the Cordes condition (3.3.12); as such we shall seek to reformulate

the HJB problem (3.4.2) where the supremum is taken over a subset of X for which

the collection of such matrices satisfies the Cordes condition (3.3.12). We will see that

this requires the solution u ∈ C2,α(Ω), α ∈ (0, 1) of the MA problem (3.4.1) to be

uniformly convex. The existence of such a solution is a consequence of Theorem 3.2.1,

provided that the domain Ω has a C2,α boundary, α ∈ (0, 1), with positive minimal

principal curvature. Polytopal domains, however, do not satisfy such regularity and

curvature assumptions, and thus we must provide an extension of the DGFEM pro-

posed in [111] that allows for domains with curved boundaries (see Chapter 7 for

further details on this extension).

One may now ask what it is that motivates us to consider this link between the

MA and HJB equation, and why such an approach may lead to the development a

method with properties that are advantageous (when compared to other potential

methods). Aside from the scheme being stable and consistent (leading to solvability

and optimal approximation results), a key motivation for this approach is included

in the statement of Lemma 3.4.1. In particular, it is the fact that a uniformly C2,α,

α ∈ (0, 1) solution to the MA equation (3.4.2) solves the HJB equation (3.4.1) provided

that the solution is convex. The dichotomy of convex and concave solutions is key to

the uniqueness of solution to MA type equations, and plays an important role in the

design of numerical methods.
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For example, let us assume that Ω ⊂ R2 is convex, and that a convex function

u ∈ C2,α(Ω) satisfies {
detD2u(x) = f(x), x ∈ Ω,

u(x) = 0, x ∈ ∂Ω,
(3.5.1)

then one can see that ũ := −u is concave, and satisfies{
detD2ũ(x) = det(−D2u(x)) = det(D2u(x)) = f(x), x ∈ Ω,

ũ(x) = −u(x) = 0, x ∈ ∂Ω,

i.e., ũ also solves (3.5.1). One would hope that numerical methods that approximate

solutions of (3.5.1) may have the same uniqueness property, that is, that there exists

at most two solutions to the numerical method. However, this is not always the

case. In [49], the authors implement a standard nine-point stencil finite difference

method for the problem (3.5.1) with a smooth right-hand side, and a smooth solution

u (unique up to sign), with the choice of domain Ω = (0, 1)2. Upon implementing this

method on a 4× 4 grid, solving the resulting nonlinear system by applying Newton’s

method, they obtain sixteen different numerical solutions by varying the initial guess

of the Newton’s method.

As mentioned in [49], one may conjecture that this phenomena extrapolates, caus-

ing Newton’s method to potentially converge to 2(N−2)2
different solutions on and

N × N grid, by varying the initial guess. When designing a numerical scheme, it is

important that one knows which solution the method is converging to, without need-

ing too much (Newton’s method is well known to be conditionally convergent, and

a prerequisite to convergence is often sufficient proximity to the true solution) prior

knowledge of the true solution. Indeed, the aforementioned finite difference method

implemented in [49], was proposed in [14], with an additional selection criteria, which

in essence singles out a particular numerical solution.

Denoting ui,j to be the approximation of u(ih, jh), and denoting fi,j := f(ih, jh),

i, j = 0, . . . N−1, h = 1/(N−1); using a nine-point stencil to approximate the second

order partial derivatives of u in (3.5.1), leads one to the discretisation

D2
11ui,jD

2
22ui,j − (D2

12ui,j)
2 = fi,j, i, j = 1 . . . , N − 2,

u0,j = uN−1,j = uj,0 = uj,N−1 = 0, j = 0, . . . N − 1,
(3.5.2)

where D2
11ui,j := (ui+1,j +ui−1,j − 2ui,j)/h

2, D2
22ui,j := (ui,j+1 +ui,j−1− 2ui,j)/h

2, and

D2
12ui,j := (ui+1,j+1 + ui−1,j−1 − ui−1,j+1 − ui+1,j−1)/4h2. This provides the following

system of quadratic equations for ui,j, i, j = 1, . . . N − 2,

4(a1 − ui,j)(a2 − ui,j)−
1

4
(a3 − a4)2 = h4fi,j, i, j = 1, . . . , N − 2, (3.5.3)
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where

a1 =
ui+1,j − ui−1,j

2
, a2 =

ui,j+1 + ui,j−1

2
,

a3 =
ui+1,j+1 − ui−1,j−2

2
, a2 =

ui−1,j+1 + ui+1,j−1

2
.

The quadratic system (3.5.3) has solutions

u±i,j =
1

2
(a1+a2)± 1

2

√
(a1 − a3)2 +

1

2
(a3 − a4)2 + h4fi,j, i, j = 1, . . . , N−2. (3.5.4)

That is, at each internal grid point, there are two solutions to choose from, either u+
i,j

or u−i,j. In [14], the authors make the selection ui,j := u−i,j, which enforces the local

convexity condition

u(x) ≤ u(x+ k)− u(x− k)

2
, (3.5.5)

along all grid directions k. Of course, from the offset one is free to choose either u+
i,j

or u−i,j at any internal grid point, providing 2(N−2)2
potential methods (such methods

would not preserve (3.5.5) in general).

Returning to the example of [49], for a 4×4 grid, there are four internal grid points,

and thus four values u1,1, u1,2, u2,1, u2,2 to determine from (3.5.4) (the remaining 12

values are determined by the boundary condition), and thus choosing ui,j = u+
i,j or

u−i,j for i, j = 1, 2 results in sixteen methods, which is the number of solutions the

authors of [49] obtain by varying the initial guess for the corresponding Newton’s

method.

The example of [49] and the method of [14] demonstrate the importance of a

selection criteria in the design of numerical methods for the approximation of solutions

to MA type problems. In particular, the method of [14] directly imposes a selection

criteria in the design of the method (i.e., selecting ui,j = u−i,j). Whereas, the example

of [49] shows that a direct application of Newton’s method for this scheme imposes a

selection criteria via the choice of the particular initial guess (one would expect that

the proximity of the initial guess for the Newton’s method to the solution of one of

the sixteen methods causes the Newton’s method to converge to the corresponding

solution), which leads to a lack of uniqueness (of a greater multiplicity than that

of the continuous problem (3.5.1)). Although the numerical scheme of [14] is well-

posed, the authors of [14] state that the method is not monotone, and thus a proof

of convergence of this scheme is an open problem (this lack of monotonicity is also

commented upon in [49]).

The numerical methods that we propose in Chapters 8 and 9 involve a selection

criteria in the form of an initial guess for Newton’s method; however, in contrast to the
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example of [49], we empirically observe convergence to the “chosen” solution, that is

more robust with respect to the initial guess. In particular, we see examples where the

choice of either a convex or concave initial guess results in the convergence of Newton’s

method to a numerical solution that approximates the true convex or concave solution

of (3.2.1) respectively (for further details see Section 8.6). In Chapter 9 we also

implement a method that updates the selection criteria, by first applying Newton’s

method on a coarse mesh (which appears to be more robust than a fine mesh with

respect to the initial guess), and then using the coarse mesh solution as an initial guess

for Newton’s method on the fine mesh, resulting in a scheme that is more robust with

respect to the initial guess.

As previously mentioned, a key motivation for considering Krylov’s HJB char-

acterisation (3.4.2) of the MA equation (3.4.1) is the fact that a uniformly C2,α,

α ∈ (0, 1) solution to the MA equation (3.4.2) solves the HJB equation (3.4.1) pro-

vided that the solution is convex. Thus, by formulating a DGFEM for the solution

of the HJB equation, we provide a scheme with a stronger selection property; that is,

when the Newton’s method converges, it converges to the globally unique1 numerical

solution that approximates the unique convex solution of (3.4.2). One should note

that we are not the first to consider Krylov’s characterisation. For example in [50, 66]

a semi-Lagrangian method is employed, approximating solutions of the Krylov HJB

problem (3.4.2), providing a numerical approximation of viscosity solutions to the

MA equation (the method proposed in [50] allows for the degenerate case, as well as

inhomogeneous Dirichlet boundary data, and [66] provides numerical evidence that

numerical solutions of the method proposed in [50] converge without the assumption

of domain and Dirichlet boundary data convexity).

3.5.1 Uniformly elliptic HJB-MA equations

Our goal for the remainder of this Chapter is to prove that we may indeed reformulate

problem (3.4.2) as a uniformly elliptic HJB problem.

The link between the HJB equation and the MA equation allows us to deduce

more about the nature of the set X. Note that the next lemma holds for any finite

dimension d.

1This is in contrast to the numerical solution of the method proposed Chapter 8. In particular,
Theorem 8.2.3 provides existence of a numerical solution in a ball of radius h2+α, for some α > 0,
of the true solution, and thus the numerical solution is only proved to be locally unique.
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Lemma 3.5.1 The set X satisfies

sup
W∈X

detW =
1

dd
,

and a maximiser is given by 1
d
Id.

Proof: Consider the MA equation

detD2u = 1.

A solution to this problem is given by u(x) = 1
2
|x|2; note that D2u = Id. Applying

Lemma 3.4.1 we obtain

0 = sup
W∈X
{−W : D2u+ d(detW )1/d}

= sup
W∈X
{−Tr(W ) + d(detW )1/d}

= d

(
sup
W∈X

(detW )1/d

)
− 1;

rearranging, and noting that a
1
d ≥ b implies that a ≥ bd for a, b ≥ 0, we obtain

sup
W∈X

detW =
1

dd
.

It is also clear that 1
d
Id ∈ X and det(1

d
Id) = 1

dd
. �

Theorem 3.5.2 Let Ω be a bounded convex open subset of R2. Let Xξ := {W ∈
X : detW ≥ ξ}. Then, for any constant 1

4
≥ ξ > 0, there exists a unique solution

u ∈ H2(Ω) ∩H1
0 (Ω) of the following HJB equation

sup
W∈Xξ

{−W : D2u+ (detW )1/2ψ}(x) = 0, x ∈ Ω,

u(x) = 0, x ∈ ∂Ω,
(3.5.6)

where ψ is given by (3.4.3).

Proof: First note that as ξ ≤ 1/4, Lemma 3.5.1 guarantees that Xξ 6= ∅. The set Xξ

contains positive definite matrices, and in two dimensions uniform ellipticity implies

the Cordes condition. Then, setting Λ = Xξ, we can see that Xξ is a compact metric

space; using the Euclidean distance as a metric, and noting that Xξ = D−1([ξ, 1/4]),

where D : Λ→ R given by

D(W ) := det(W ), W ∈ Xξ,
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is a continuous function, we deduce that Xξ is closed. Combining the determinant

upper bound given by Lemma 3.5.1, and the unit trace constraint that Xξ satisfies,

we see that Xξ is also bounded. Thus Xξ is compact.

We can apply Theorem 3.3.16, yielding existence of a unique v ∈ H2(Ω) ∩H1
0 (Ω)

satisfying  sup
W∈Xξ

{W : D2v + (detW )1/2ψ} = 0 in Ω,

u = 0 on ∂Ω.
(3.5.7)

We then (uniquely) define u := −v. �

Theorem 3.5.3 Let d = 2, and assume that Ω is uniformly convex, and that ∂Ω ∈
C2,α, f ∈ C0,α(Ω;R+) is uniformly positive, for some α ∈ (0, 1). Then, there exists

a unique uniformly convex u ∈ C2,α(Ω) that satisfies the MAD problem (3.4.1). Fur-

thermore, there exists 1/4 ≥ ξ > 0 dependent upon ‖u‖C2(Ω) such that u is also the

unique solution to  sup
W∈Xξ

{−W : D2u+ (detW )1/2ψ} = 0 in Ω,

u = 0 on ∂Ω,

where ψ(x) = 2(f(x))1/2.

Proof: First, we must show that there exists a u ∈ C2,α(Ω), α ∈ (0, 1), that sat-

isfies the MAD problem (3.4.1). The existence of such a function u follows from

Theorem 3.2.1, so long as (3.2.4) holds.

Now, since Ω is uniformly convex, the minimal principal curvature of ∂Ω, κ∂Ω, is

uniformly bounded below by some constant κ0 > 0. Furthermore, in this case, we

have that the boundary datum φ ≡ 0, so that

ρφ := (1 +
4d

κ4
∂Ω

)‖φ‖C2(∂Ω) = (1 +
8

κ4
∂Ω

)‖φ‖C2(∂Ω) = 0.

So it remains to find a nondecreasing function ζ(t) ≥ 1 such that f(x, z, q) = f(x) ≤
ζ(|q|) for all (x, z, p) ∈ Ω× R× R2, and

1 < dκd∂Ω

∫ ∞
0

td−1

ζ(t+ ρφ)
dt = 2κ2

∂Ω

∫ ∞
0

t

ζ(t)
dt.
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Now, we let ζ(t) = λ(1 + e(κ0t)/λ), where λ := max{1, ‖f‖C0(Ω)}. Then we see that

2κ2
∂Ω

∫ ∞
0

t

ζ(t)
dt = 2κ2

∂Ω

∫ ∞
0

t

λ(1 + e(κ0t)/λ)
dt

=
2κ2

∂Ω

λ

λ2

κ2
0

∫ ∞
0

s

1 + es
ds

=
2κ2

∂Ω

λ

λ2

κ2
0

π2

12

≥ κ2
0

λ

λ2

κ2
0

π2

6

≥ π2

6
> 1.

Furthermore, ζ is a strictly increasing function, satisfying

ζ(|p|) = λ(1 + e(κ0|p|)/λ) ≥ λ ≥ ‖f‖C0(Ω) ≥ f(x), ∀(x, z, p) ∈ Ω× R× R2.

Thus, by Theorem 3.2.1, there exists a uniformly convex function u ∈ C2,α(Ω) that

satisfies the MAD problem (3.4.1).

Let us define the map Au : Ω→ Rd×d by:

Au(x) :=
Cof(D2u)

∆u
, (3.5.8)

note that this map is well defined, since u is uniformly convex, and so, its Laplacian

is uniformly positive. Also, since u ∈ C2,α(Ω) for some α ∈ (0, 1), we have that

Au ∈ C0,α(Ω). Furthermore, Cof(D2u) is symmetric, and

Tr(Au) =
1

∆u
Tr(Cof(D2u)) =

∆u

∆u
= 1,

and so Au : Ω→ X. We see that Au satisfies

− Au(x) : D2u(x) + det(Au(x))1/2ψ(x)

=
1

∆u(x)
(−Cof(D2u(x)) : D2u(x) + 2(det(Cof D2u(x)))1/2f(x)1/2)

=
2

∆u(x)
(− detD2u(x) + det(D2u(x))1/2f(x)1/2)

=
2

∆u(x)
(− detD2u(x) + f(x)) = 0.

(3.5.9)

We also obtain a lower bound on the determinant of Au:

det(Au) = det

(
Cof(D2u)

∆u

)
=

det(D2u)

(∆u)2

=
f

(∆u)2
≥ δ

2|u|C2(Ω)

=: ξ,
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where δ = infx∈Ω f(x) > 0, and so, ξ > 0.

Let us consider the following HJB equation: find v ∈ H2(Ω) ∩H1
0 (Ω) such that sup

W∈Xξ
{−W : D2v + (detW )1/2ψ} = 0, x ∈ Ω,

v = 0, x ∈ ∂Ω.
(3.5.10)

We also note that since Au(x) ∈ X for all x ∈ Ω, by Lemma 3.5.1 we have that

ξ ≤ det(A(x)) ≤ 1

4
∀x ∈ Ω.

There is an important difference between the set X and the set Xξ := {W ∈ X :

detW ≥ ξ}, which is that the latter set consists entirely of positive definite matrices.

It then follows from Theorem 3.5.2 that there exists a unique v ∈ H2(Ω) ∩ H1
0 (Ω)

that solves (3.5.10).

We then see that the solution u of the MA equation satisfies (noting that Xξ ⊆ X)

sup
W∈Xξ

{−W : D2u+ (detW )1/2ψ(x)} ≤ sup
W∈X
{−W : D2u+ (detW )1/2ψ(x)}

= 0.

Since A(x) ∈ Xξ for each x ∈ Ω, from (3.5.9), we obtain

sup
W∈Xξ

{−W : D2u+ (detW )1/2ψ(x)} ≥ −A(x) : D2u(x) + (detA(x))1/2ψ(x) = 0.

By combining these results, we obtain

sup
W∈Xξ

{−W : D2u(x) + (detW )1/2ψ(x)} = 0.

Since u = 0 on ∂Ω, and C2(Ω) ⊂ H2(Ω), we see that u ∈ H2(Ω) ∩ H1
0 (Ω), and

thus by uniqueness u = v. Furthermore, if u1, u2 ∈ C2,α(Ω), α ∈ (0, 1), are two

uniformly convex functions satisfying (3.4.1), then u1, u2 ∈ H2(Ω)∩H1
0 (Ω), and they

both satisfy (3.5.10), with ξ = ξ∗, where

ξ∗ := min

{
δ

2|u1|C2(Ω)

,
δ

2|u2|C2(Ω)

}
.

Thus, by uniqueness, u1 ≡ u2, that is, the MAD problem (3.4.1) is also uniquely

solvable in the class of uniformly convex C2,α(Ω) functions. �
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Chapter 4

Finite element theory on curved
domains

4.1 Motivation

We begin this Chapter with a motivation for considering domains with curved bound-

aries. As mentioned in the Introduction, a main goal of this thesis is to design and

analyse FEMs for the approximation of solutions to MA type equations. When con-

sidering classical solutions, the nature of MA type equations often lead one to pose

equations on domains that are either (at least) C2, or uniformly convex, or both. The

set of such domains includes ones with curved boundary; indeed, if one assumes that

the Ω ⊂ Rd is bounded, and has a flat boundary, i.e., a polytope, then ∂Ω cannot

be C2 (due to the boundary portions meeting at a face or vertex), and Ω cannot

be uniformly convex, since, for example, when d = 2, a flat boundary portion must

contain two vertices of the polygon, as well as the open line segment connecting them,

contradicting Definition 2.1.7.

The following example demonstrates the problems that may arise when considering

even a “simple” MA type problem on a domain without boundary curvature. Consider

the MA equation on the unit square Ω := (0, 1)2: find u : (0, 1)2 → R such that{
detD2u(x) = f(x), x ∈ (0, 1)2,

u(x) = 0, x ∈ {0, 1} × (0, 1) ∪ [0, 1]× {0, 1},
(4.1.1)

where f ∈ C∞([0, 1]2;R+). Let us assume that there exists a function u ∈ C2([0, 1]2)

which satisfies (4.1.1). It then follows that

D2
11u = 0 on {x ∈ [0, 1]2 : x2 = 0} =: Γ ⊂ ∂Ω,
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since on this boundary portion the x1 derivative coincides with the tangential deriva-

tive on Γ, and, furthermore, u|Γ = 0. This implies that

detD2u(x) = D2
11u(x)D2

22u(x)− (D2
12u(x))2 = −(D2

12u(x))2 ≤ 0 x ∈ Γ,

which contradicts the assumption that f ∈ C∞([0, 1]2;R+). In order to stay in an

elliptic framework, we must assume that f ≥ 0 in Ω (if we were to assume that f < 0,

we would move into the regime of hyperbolic MA equations, see [62, 64, 115, 123]); we

have seen from our example that we cannot hope to find a uniformly convex C2(Ω)

solution to this problem (as this would require detD2u > 0 in Ω).

One could pose (4.1.1) with inhomogeneous boundary data, in particular, uni-

formly convex boundary data (this was in fact a motivation for Theorem 3.3.20).

However, in this case, one would in general only expect global H3−δ(Ω)-regularity for

arbitrary δ > 0, due to the angle of the corners of the unit square (see [60] for more

details). Furthermore, our approach for proving existence of a numerical solution to

the CGFEM in Chapter 8 presupposes that the true solution belongs to Cp+2,α(Ω),

p ≥ 3, α ∈ (0, 1), and as such, it makes sense to consider smoother domains.

Furthermore, when considering oblique boundary-value problems (which arise

from the linearisation of the MA optimal transport problem (3.2.2)), we have seen

that a key assumption for well-posedness is that ∂T2Θ + H∂Ω > 0 on ∂Ω, and that

β ∈ C1(∂Ω;S1), where Θ is defined in Definition 3.3.24, and H∂Ω is the mean curva-

ture of ∂Ω. However, it is not immediately clear that such a condition can hold on a

polygonal domain.

Overall, this example serves to highlight potential pitfalls for the well-posedness of

MA equations, and the lack of smoothness of solutions, on domains with flat bound-

aries. This can be remedied if we consider FEMs that allow for curved boundaries,

leading us to the work of C. Bernardi [16] (see also [33, 35, 36]).

4.2 New contributions and existing results

The goal of this chapter is to prove various finite element estimates in curved Lagrange

finite element spaces, that will be utilised in Chapters 5 to 8. The results we prove

are listed as follows (note that more detail on each of these estimates will be provided

later in this Chapter).

1. Inverse estimates in Hs and W s,∞ norms (and seminorms) for integer s.

2. Optimal interpolation estimates in Hs and W s,∞ norms for integer s.
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3. Optimal interpolation estimates in Hs norms (both simplicial and trace) for

non integer s.

4. A two-dimensional discrete Sobolev inequality, bounding the L∞ norm in terms

of the H1-norm (with a ln factor of the meshsize, h).

5. Stability estimates for the L2-projection operator.

6. Tangential operator identities (i.e., the tangential gradient and tangential Lapla-

cian).

7. Curvature bounds for curved simplices.

Many of these results are known in the case that Ω ⊂ Rd is a polytopal domain, where

one may triangulate Ω exactly by straight d-simplices.

Known results in the polytopal case:

• Inverse estimates in W s,q norms (and seminorms) for s ∈ N0, q ∈ [1,∞] are

proven in [23, 33].

• Optimal interpolation estimates W s,q norms for integer s, q ∈ [1,∞] are proven

in [23, 33].

• Optimal interpolation estimates in Hs norms (both simplicial and trace) for

non integer s in [5].

• The discrete Sobolev inequality is proven in [24].

• Stability estimates for the L2-projection operator are proven in [45].

• The tangential operator identities are proven in [110].

Known results in the curved case:

• Optimal interpolation estimates in Wm,p norms for integer m are proven in [16],

where the domain approximation is exact 1 ≤ p ≤ ∞, and in [35] in the case of

isoparametric finite elements 1 ≤ p <∞.

• Important scaling arguments required for several of the results of this Chapter

are proven in [16].

• Similar inverse estimates are proven in [33], in Hs norms for s = 1, 2, 3 for the

case of quadratic isoparametric finite elements.
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We also remark that the results on curvature bounds for curved simplices (result 1

from the list above) do not appear present in the current literature on finite element

theory, most likely due to the fact that the polytopal counterpart of this is trivial,

since polytopal domains, and their simplicial approximations are not curved. Fur-

thermore, the inverse estimates (result 7 from the list above) that we prove exhibit

a structure that is different to their polytopal counterparts. This of particular sig-

nificance when considering inverse estimates in seminorms (see the discussion that

follows Remark 4.4.16 for further details), and adds extra technical details to the

proofs present in Chapters 5 and 7.

One may characterise the curvature bounds for curved simplices and inverse es-

timates as new results, whereas results 2 to 6 from the list above, may be viewed

as reviewing estimate that are well known in the polytopal case, in the context of

curved Lagrange finite elements (indeed, in each case, though the results are largely

the same, there are technical differences in the corresponding proofs).

4.3 Notation

Definition 4.3.1 (Face and vertex sets) Given a mesh Th, we denote by E i,b
h , the

set of faces of Th, by E i
h the set of interior faces of Th, and by E b

h , the set of boundary

faces. In the case that the dimension, d = 2, we denote by V b
h the set of boundary

vertices of Th.

Remark 4.3.2 The boundary vertex set, V b
h , will only be used in Chapters 6 and 7 in

the context of two-dimensional oblique boundary-value problems. Note, however, that

it is only used to prove particular statements, and is not necessary for computations.

Definition 4.3.3 (Jump and average operators) For each face F ∈ E i,b
h , we have

that F = K ∩K ′ for some K,K ′ ∈ Th (in the case that F ∈ E b
h take F = K ∩ ∂Ω),

with corresponding unit normal vector nF (which, for convention, is chosen so that it

is the outward normal to K, see Figure 4.1), we define the jump operator, [[·]], over

F by

[[φ]] =

{
(φ|K)|F − (φ|K′)|F if F ∈ E i

h,

(φ|K)|F if F ∈ E b
h ,

(4.3.1)

and the average operator, 〈〈·〉〉, by

〈〈φ〉〉 =


1

2
((φ|K)|F + (φ|K′)|F ) if F ∈ E i

h,

(φ|K)|F if F ∈ E b
h .

(4.3.2)
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KintKext

nF

F

Figure 4.1: Example of two triangles Kint and Kext of the mesh, and a face F =
Kint ∩Kext. The unit normal, nF , is chosen so that nF is outward pointing for Kext.

For each e ∈ V b
h , e = F ∩ F ′ for some F, F ′ ∈ E b

h , and so we define the jump and

average of a function over a vertex analogously to (4.3.1) and (4.3.2).

Definition 4.3.4 (Element L2-inner product) For an element K, we define the

inner product 〈·, ·〉K by

〈u, v〉K :=



∫
K

u v if u, v ∈ L2(K),∫
K

u · v if u, v ∈ L2(K;Rd),∫
K

u : v if u, v ∈ L2(K;Rd×d).

(4.3.3)

Any ambiguity in this notation will be resolved by the arguments of the bilinear form.

The bilinear forms 〈·, ·〉∂K and 〈·, ·〉F for F ∈ E i,b
h , are defined similarly.

4.4 Non-affine meshes

Definition 4.4.1 (Curved d-simplex) An open set K ⊂ Rd is called a curved d-

simplex if there exists a C1 mapping FK that maps a straight reference d-simplex K̂

onto K, and that is of the form

FK = F̃K + ΦK , (4.4.1)

where

F̃K : x̂ 7→ B̃K x̂+ b̃K (4.4.2)
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is an invertible map and ΦK ∈ C1(K̂;Rd) satisfies

CK := sup
x̂∈K̂
‖DΦK(x̂)B̃−1

K ‖ < 1, (4.4.3)

where ‖ · ‖ denotes the induced Euclidean norm on Rd×d.

Definition 4.4.2 (Associated straight d-simplex) Given a curved d-simplex K,

with the associated straight reference d-simplex K̂, and map FK : K̂ → K, with

FK = F̃K + ΦK, we define the associated straight d-simplex:

K̃ := F̃K(K̂).

Remark 4.4.3 The associated d-simplex, K̃, is a straight d-simplex that “approxi-

mates” K.

Lemma 4.4.4 (Affine invariance of CK) Given a d-simplex triple (K, K̂, K̃), an-

other reference d-simplex K̂ ′, and a map F̃K′ ∈ GL(Rd) that maps K̂ ′ onto K̂, there

is a map FK′ : K̂ ′ → K that also satisfies (4.4.3). Moreover, CK′ = CK.

Proof: This proof is given in [16], but for clarity, we shall provide it. Take a map

F̃K′ ∈ GL(Rd) as in the statement of the lemma. Then, it must be of the form

F̃K′(·) = Â(·) + â, where Â is an invertible matrix, and â ∈ Rd. We then define

F ′K(·) = FK(Â(·) + â), which maps K̂ ′ onto K̂, and is of the form

F ′K(·) = (B̃KÂ(·) + B̃K â+ b̃K) + Φ′K(·), with Φ′K(·) = ΦK(Â(·) + â),

which gives us

CK′ := sup
x̂′∈K̂′

‖DΦ′K(x̂′) · (B̃KÂ(·))−1‖ = sup
x̂∈K̂
‖DΦK(x̂)Â · Â−1B̃−1

K ‖ = CK . �

Remark 4.4.5 Lemma 4.4.4 is rather significant, as it means that given K ∈ Th with

an approximating straight simplex K̃, we can always redefine the map FK (without

relabelling it), so that FK : K̂ → K, and K̂ := K̃/diam(K̃), and the reference simplex

enjoys similar shape regularity to K̃. So, in general, we assume a given reference

simplex is of this form. This fact will be used in the proof of Corollary 4.4.25.

Remark 4.4.6 (Affine mesh) In the case that the domain has a flat boundary, one

employs an affine approximation of the domain, in which case, the corresponding

functions ΦK in (4.4.1) are all zero.
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Definition 4.4.7 (Mesh size) For each K ∈ Th, let hK := diam(K̃) ≥ C(d)‖B̃K‖
(where K̃ = B̃K(K̂)). It is assumed that h = maxK∈Th hK for each mesh Th.

Definition 4.4.8 (Face-mesh size) For each face F ∈ E i,b
h , we define

h̃F :=

{
min(hK , hK′) if F ∈ E i

h,
hK if F ∈ E b

h .
(4.4.4)

where K and K ′ are such that F = ∂K ∩ ∂K ′ if F ∈ E i
h, or F ⊂ ∂K ∩ ∂Ω if F ∈ E b

h .

Mesh conditions. We shall adopt the following assumptions on the meshes.

Assumption 4.4.9 We assume that any two elements sharing a face have commen-

surate diameters, i.e., there is a CT ≥ 1, independent of h, such that

max(hK , hK′) ≤ CT min(hK , hK′), (4.4.5)

for any K and K ′ in Th that share a face.

Finally, we assume that each F ∈ E b
h satisfies

F = F ∩ Γn, (4.4.6)

for some n ∈ {1, . . . , N}, with Γn given as in (2.5.1). This implies that each boundary

face is completely contained in a boundary portion Γn, as well as ensuring that our

approximation of the domain Ω is exact.

Remark 4.4.10 The assumptions on the mesh given by Assumption 4.4.9, in par-

ticular (4.4.5), show that if F is a face of K, then

hK ≤ CT h̃F . (4.4.7)

Definition 4.4.11 (Class m curved d-simplex) A curved d-simplex K is of class

Cm, m ≥ 1, if the mapping FK is of class Cm on K̂.

The proofs of the next four lemmas can be found in [16] (i.e., Lemmas 2.1, 2.2, 2.3

and 2.4).

Lemma 4.4.12 The mapping FK is a C1-diffeomorphism from K̂ onto K and sat-

isfies

sup
x̂∈K̂
‖DFK(x̂)‖ ≤ (1 + CK)‖B̃K‖, (4.4.8)

sup
x∈K
‖DF−1

K (x)‖ ≤ (1− CK)−1‖B̃−1
K ‖, (4.4.9)

∀x̂ ∈ K̂, (1− CK)d| det B̃K | ≤ | detDFK(x̂)| ≤ (1 + CK)d| det B̃K |. (4.4.10)

87



Lemma 4.4.13 Let us denote by c`, 2 ≤ ` ≤ m, m ∈ N, the constants

c`(K) := sup
x̂∈K̂
‖D`FK(x̂)‖‖B̃K‖−`. (4.4.11)

There exist constants c−`, 2 ≤ ` ≤ m, depending continuously on cK, c2(K), . . . , cm(K),

such that

sup
x∈K
‖D`F−1

K (x)‖ ≤ c−`‖B̃K‖2(`−1)‖B̃−1
K ‖

`. (4.4.12)

Lemma 4.4.14 Assume that K is a curved d-simplex of class Cm. Let k be an

integer, 0 ≤ k ≤ m, and q ∈ {2,∞}. A function v belongs to Wm,q(K) if and only if

the function v̂ := v ◦ FK belongs to Wm,q(K̂). We also have for any v ∈ Wm,q(K)

|v|Wk,q(K) ≤ C| det B̃K |1/q‖B̃−1
K ‖

k

 k∑
r=min{k,1}

‖B̃K‖2(k−r)|v̂|W r,q(K̂)

 , (4.4.13)

|v̂|Wk,q(K̂) ≤ C| det B̃K |−1/q‖B̃K‖k
 k∑
r=min{k,1}

|v|W r,q(K)

 , (4.4.14)

where the constants C depend continuously on cK, c2(K), . . . , cm(K).

Lemma 4.4.15 Assume that K is a curved d-simplex of class Cm, and that F is

a face of K; we denote by B̃F the restriction of B̃K to F̂ := F−1
K (F ). Let k be an

integer, 1 ≤ k ≤ m, s ∈ [0, k − 1/2). Then, for any v ∈ Hk(K), the function τF (v)

belongs to Hs(F ), and we have

‖v‖Hs(F ) ≤ C| det B̃F |1/2| det B̃K |−1/2‖B̃−1
K ‖

s(‖v‖L2(K) + ‖B̃K‖k|v|Hk(K)), (4.4.15)

where the constant C depends continuously on cK, c2(K), . . . cm(K).

Remark 4.4.16 (Interpretation of the Lemmas 4.4.13–4.4.15) One may view

the seemingly rather abstract Lemmas 4.4.13, 4.4.14, and 4.4.15 as a necessary pre-

requisite for the standard scaling argument used to prove optimal interpolation esti-

mates on affine meshes, inverse inequalities in Wm,p-norms, and trace inequalities in

Hs-norms, respectively. In particular, the following example should demonstrate the

importance of having a uniform upper bound on the value c`.

A key tool in the derivation of optimal interpolation estimates on affine meshes is

the following scaling argument (see Theorem 3.1.2 of [33]): for k ∈ N0, p ∈ [1,∞],

assuming v ∈ W k,p(K̃), and v̂ := v ◦ FK ∈ W k,p(K̂), we have

|v̂|Wk,p(K̂) ≤ C‖B̃K‖k| det B̃K |−1/p|v|Wk,p(K̃). (4.4.16)
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Here, we are considering the affine equivalent straight d-simplices K̂ and K̃, and an

invertible affine map FK . That is, K̃ = FK(K̂), where FK is of the form (4.4.1) with

ΦK ≡ 0.

One can see that (4.4.16) and (4.4.14) are similar. The main difference is the

presence of the lower order seminorms on the right-hand side of (4.4.14).

Let us look at the particular example of the H2-seminorm when FK is not affine.

The chain rule, and the multivariable change of variables formula yields

|v̂|2
H2(K̂)

=

∫
K̂

|D2v̂]

=

∫
K̂

|∇(D(v ◦ FK))|2

=

∫
K̂

|∇((Dv ◦ FK)DFK)|2

=

∫
K̂

∣∣[D((Dv ◦ FK)DFK)]T
∣∣2

=

∫
K̂

∣∣[D2v ◦ FK(DFK)2 +Dv ◦ FKD2FK ]T
∣∣2

=

∫
K̂

∣∣((DFK)2)T (D2v)T ◦ FK + (D2FK)T (Dv ◦ FK)T
∣∣2

=

∫
K̂

∣∣((DFK)2)T (D2v ◦ FK) + (D2FK)T (∇v ◦ FK)
∣∣2

≤ C(d)

∫
K̂

‖DFK‖4|D2v ◦ FK |2 + ‖D2FK‖2|∇v ◦ FK |2

≤ C(d)

(
sup
x̂∈K̂
‖DFK(x̂)‖4

∫
K̂

|(D2v) ◦ FK |2

+ sup
x̂∈K̂
‖D2FK(x̂)‖2

∫
K̂

|(∇v) ◦ FK |2
)

≤ C(d) sup
x∈K
| detDF−1

K (x)|

(
sup
x̂∈K̂
‖D2FK(x̂)‖2|v|2H1(K)

+ sup
x̂∈K̂
‖DFK(x̂)‖4|v|2H2(K)

)
.

(4.4.17)

Thus, taking square roots, we obtain

|v̂|H2(K̂) ≤ C(d) sup
x∈K
| detDF−1

K (x)|1/2
(

sup
x̂∈K̂
‖D2FK(x̂)‖|v|H1(K)

+ sup
x̂∈K̂
‖DFK(x̂)‖2|v|H2(K)

)
.

(4.4.18)
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Note that if FK were affine, then DFK = B̃K , DF−1
K = B̃−1

K , and D2FK ≡ 0, thus

from the above, we immediately obtain (4.4.16) with k = p = 2.

A sufficient assumption that yields an estimate of the same order as (4.4.16) with

k = p = 2 (in terms of ‖B̃K‖), is to assume that c`, given by (4.4.11), is uniformly

bounded for ` = 2. This, coupled with the fact that CK < 1 gives us

sup
x̂∈K̂
‖DFK(x̂)‖ = sup

x̂∈K̂
‖(DFK(x̂)B̃−1

K )B̃K‖ = sup
x̂∈K̂
‖(Id +DΦKB̃

−1
K )B̃K‖

≤ (1 + CK)‖B̃K‖,

and

sup
x̂∈K̂
‖D2FK(x̂)‖ = (sup

x̂∈K̂
‖D2FK(x̂)‖B̃K‖−2)‖B̃K‖2 = c2‖B̃K‖2.

Applying these two estimates to (4.4.18) yields

|v̂|H2(K̂) ≤ C sup
x∈K
| detDF−1

K (x)|1/2‖B̃K‖2(|v|H1(K) + |v|H2(K)).

In order to appropriately bound the determinant term, one must note that DF−1
K =

(DFK)−1, and so

| detDF−1
K | = | detDFK |−1 ≤ | det B̃K |−1(1− CK)d.

Ultimately, this gives us

|v̂|H2(K̂) ≤ C| det B̃K |−1/2‖B̃K‖2(|v|H1(K) + |v|H2(K)). (4.4.19)

This motivates the two definitions that proceed the following remark, generalising the

prerequisite assumptions, allowing one to obtain analogous estimates in higher order

seminorms.

Remark 4.4.17 (Minor abuse of notation) One may notice that from the sev-

enth equality of (4.4.17) the “D2” applied to v is different to the “D2” applied to FK.

In particular, the first “D2” is the Hessian, and the latter “D2” is the second order

derivative defined in Definition 2.2.2. This stems from the fact that we define the

Hessian of v, D2v, in the following way:

D2v = ∇(Dv) = [D(Dv)]T = [D2v]T ,

where the final D2 above is the second derivative defined in Definition 2.2.2.
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Definition 4.4.18 The family (Th)h of meshes is said to be regular if there exist two

constants, σ and c, independent of h, such that, for each h, any K ∈ Th satisfies

hK/ρK ≤ σ, (4.4.20)

where ρK is the diameter of the sphere inscribed in K̃. Furthermore, we have

sup
h

sup
K∈Th

CK ≤ c < 1. (4.4.21)

Definition 4.4.19 The family of meshes (Th)h is said to be quasi-uniform, if there

exists ρ ∈ (0, 1] such that

min
K∈Th

ρK ≥ ρ h, (4.4.22)

for all h > 0.

Remark 4.4.20 Condition (4.4.20) is referred to as nondegeneracy (for example

in [24]).

Definition 4.4.21 The family (Th)h of meshes is said to be regular of order m if it

is regular and if, for each h, any K ∈ Th is of class Cm+1, with

sup
h

sup
K∈Th

sup
x̂∈K̂
‖DlFK(x̂)‖‖B̃K‖−l <∞, 2 ≤ l ≤ m+ 1. (4.4.23)

Definition 4.4.22 (Curved and flat partition of Th) Given a mesh Th, we de-

note by T f
h the set of all K ∈ Th that satisfy D2FK ≡ 0, and define T c

h := Th \T f
h .

Definition 4.4.23 (Curved and flat partition of E b
h) Given a mesh Th, we de-

note by E b,c
h the set of all faces F ∈ E b

h that satisfy F ⊂ ∂K, where K ∈ T c
h , and

define E b,f
h := E b

h \ E b,c
h .

A final, necessary step, before providing optimal interpolation estimates and inverse

estimates for (continuous and discontinuous) curved Lagrange finite element spaces,

is to relate the estimates of this section to the local mesh size, hK . The general rule

of thumb in this context is that ‖B̃K‖ is of order hK , and ‖B̃−1
K ‖ is of order h−1

K . This

notion is made more concrete by the following theorem from [33].

Theorem 4.4.24 Let K̂ and K̃ = F̃K(K̂) be two affine-equivalent open subsets of

Rd, where F̃K : x̂ → B̃K x̂ + b̃K is an invertible affine mapping. Then we have the

upper bounds

‖B̃K‖ ≤
h(K̃)

ρ(K̂)
and ‖B̃−1

K ‖ ≤
h(K̂)

ρ(K̃)
, (4.4.24)

91



where, for a given open subset E of Rd, we define

h(E) = diam(E),

ρ(E) = sup{diam(S) : S is a ball contained in E}.
(4.4.25)

Corollary 4.4.25 Assume that the family (Th)h of meshes satisfies (4.4.20). Then,

there exists a positive constant C depending only on σ, such that for any K ∈ Th

with an associated straight element K̃, that

‖B̃K‖ ≤ ChK and ‖B̃−1
K ‖ ≤ Ch−1

K . (4.4.26)

Proof: Firstly, by Lemma 4.4.4, we may, without loss of generality, assume that

the reference simplex K̂ = 1
diam(K̃)

K̃. Thus, K̃ and K̂ are affine equivalent. We

apply (4.4.24), which gives us

‖B̃K‖ ≤
h(K̃)

ρ(K̂)
and ‖B̃−1

K ‖ ≤
h(K̂)

ρ(K̃)
.

Recall that we define hK := h(K̃), and ρK := ρ(K̃) and so we have ‖B̃K‖ ≤ hK/ρ(K̂).

By (4.4.20), we also have ‖B̃−1
K ‖ ≤ h(K̂)/ρ(K̃) ≤ σh(K̂)h−1

K = σh−1
K . To obtain the

first estimate of (4.4.26), we note that

ρ(K̂) = sup{diam(S) : S is a ball contained in K̂}

= sup

{
diam(S) : S is a ball contained in

1

diamK̃
K̃

}
=

1

diamK̃
ρ(K̃) ≥ h(K̃)

σh(K̃)
=

1

σ
(by 4.4.20).

Thus ‖B̃K‖ ≤ σhK . �

Definition 4.4.26 (v, v̂, and v∗) Given a triple (K∗, K̂,K) (fixed reference sim-

plex, reference simplex, and curved simplex), a pair of invertible maps (GK : K∗ →
K̂, FK : K̂ → K), and a function v : K → RN , for some N ∈ N, we define the

functions v̂ : K̂ → RN , v∗ : K∗ → RN , as follows:

v̂ := v ◦ FK , v∗ := v̂ ◦GK = v ◦ FK ◦GK . (4.4.27)

Furthermore, given v∗ : K∗ → RN , we also define

v̂ := v∗ ◦G−1
K , v := v̂ ◦ F−1

K = v∗ ◦G−1
K ◦ F

−1
K . (4.4.28)
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4.5 Finite element spaces and optimal interpola-

tion estimates

The finite element spaces we consider in the thesis either consist of continuous piece-

wise polynomial functions, or discontinuous piecewise polynomial functions, which

fall into the class of continuous and discontinuous (curved) Lagrange finite element

spaces, respectively. In order to define a finite element space, we must define a finite

element. In general, a finite element is a triple (K,PK ,ΣK) where K is a subset of

Rd, PK is a finite dimensional space on K, and ΣK is a set of continuous linear forms

on PK , which we will call the degrees of freedom. In the context of Lagrange finite

element spaces, the continuous linear forms are given by (local) point evaluations.

In the simplicial case, the placement of these points is naturally described using the

barycentric coordinates of the simplex.

Definition 4.5.1 (Barycentric coordinates) Given a straight d-simplex K̂, with

vertices â1, . . . , âd+1 ∈ Rd, we define the barycentric coordinates of K̂, λ1, . . . , λd, λd+1

via the following (invertible) system
1 1 . . . 1

(â1)1 (â2)1 . . . (âd+1)1
...

...
. . .

...
(â1)d (â2)d . . . (âd+1)d



λ1

λ2
...

λd+1

 =


1
x̂1
...
x̂d

 , (4.5.1)

where x̂ = (x1, . . . , xd)
T ∈ K̂.

Definition 4.5.2 (Straight Lagrange finite element) For a straight d-simplex K̂

with vertices â1, . . . , âd+1 ∈ Rd, with barycentric coordinates λ1, . . . , λd+1, we set

J(p) = {α ∈ Nd+1
0 : |α| = p}, (4.5.2)

and for any α ∈ J(p), we associate the point âα ∈ K̂ with barycentric coordinates

λi = αi/p, i = 1, . . . d + 1. Then, we call (K̂, P̂K , Σ̂K) a straight Lagrange finite

element of type p, where

P̂K = Pp(K̂), Σ̂K = {µ̂α, α ∈ J(p)}, (4.5.3)

with µ̂α(f̂) := f̂(âα), for f ∈ P̂K, and we recall that Pp(K) is the space of all polyno-

mials with total degree less than or equal to p.
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Definition 4.5.3 (Curved Lagrange finite element) The triple (K,PK ,ΣK) is

a curved Lagrange finite element of type (m, p) if K is a curved d-simplex of class

Cm+1, and

PK = {ρ = ρ̂ ◦ F−1
K , ρ̂ ∈ P̂K = Pp(K̂)}, (4.5.4)

ΣK = {µ : ∀v ∈ C0(K), µ(v) = µ̂(v ◦ FK), µ̂ ∈ Σ̂K}, (4.5.5)

where (K̂, P̂K , Σ̂K) is a straight Lagrange finite element of type p.

Definition 4.5.4 (Discontinuous Galerkin finite element space) The discontin-

uous Galerkin finite element space Vh,p is defined by

Vh,p := {v ∈ L2(Ω) : v|K = ρ̂ ◦ F−1
K , ρ̂ ∈ Pp(K̂), ∀K ∈ Th}, (4.5.6)

where p ∈ N0. We also define the subspace, Vh,p,0 := Vh,p ∩ L2
0(Ω).

Definition 4.5.5 (Continuous Galerkin finite element space) The continuous

Galerkin finite element space Vh,p is defined by

Vh,p := {v ∈ C0(Ω) : v|K = ρ̂ ◦ F−1
K , ρ̂ ∈ Pp(K̂), ∀K ∈ Th}, (4.5.7)

where p ∈ N. We also define the corresponding zero trace spaces

◦
Vh,p := Vh,p ∩H1

0 (Ω). (4.5.8)

Remark 4.5.6 One could equivalently define Vh,p := ∪K∈ThPK, where PK is a curved

Lagrange finite element of type (m, p), and then define Vh,p := Vh,p ∩ C(Ω), and
◦
Vh,p := Vh,p ∩H1

0 (Ω).

Piecewise polynomial functions naturally satisfy a property of piecewise regularity.

This is accurately captured by considering the notion of broken Sobolev spaces.

Definition 4.5.7 (Broken Sobolev spaces) Let s = (sK : K ∈ Th) denote a vec-

tor of nonnegative real numbers and let r ∈ [1,∞].

The broken Sobolev space W s,r(Ω; Th) is defined by

W s,r(Ω; Th) := {v ∈ L2(Ω) : v|K ∈ W sK ,r(K) ∀K ∈ Th}. (4.5.9)

We denote Hs(Ω; Th) := W s,2(Ω; Th), and set W s,r(Ω; Th) := W s,r(Ω; Th), in the

case that sK = s, s ≥ 0, for all K ∈ Th. For v ∈ W 1,r(Ω; Th), let ∇hv ∈ Lr(Ω;Rd)

denote the discrete (also known as broken) gradient of v, i.e., (∇hv)|K = ∇(v|K) for
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all K ∈ Th. Higher order discrete derivatives are defined in a similar way. We define

a norm on W s,r(Ω; Th) by

‖v‖rW s,r(Ω;Th) :=
∑
K∈Th

‖v‖rW s,r(K) (4.5.10)

with the usual modification when r =∞.

Definition 4.5.8 We define the following for K ∈ Th, s ∈ N0, r ∈ [1,∞):

|v|rW s,r
∗ (K) :=

s∑
j=min{1,s}

|v|rW j,r(K), (4.5.11)

|v|rW s,r
∗ (Ω;Th) :=

∑
K∈Th

|v|rW s,r
∗ (K), (4.5.12)

with the usual modification when r = ∞. Note that | · |W s,r
∗ (Ω;Th) is a norm when

s = 0, and a semi-norm when s ∈ N. We also define | · |Hs
∗(K) and | · |Hs

∗(Ω;Th) in the

usual way.

Remark 4.5.9 We have the following norm relation:

|v|rW s,r
∗ (Ω;Th) ≤ ‖v‖

r
W s,r(Ω;Th) = |v|r

W 0,r
∗ (Ω;Th)

+ min{s, 1}|v|rW s,r
∗ (Ω;Th), (4.5.13)

for any r ∈ [1,∞), s ∈ N0 (similarly for r = ∞). We can use these semi-norms to

equivalently phrase estimates such as (4.4.19), which can now be written as

|v̂|H2(K̂) ≤ C| det B̃K |−1/2‖B̃K‖2|v|H2
∗(K).

The proofs of the following lemmas can both be found in [16], i.e., Theorem 4.1 and

Corollary 4.1; one must note that they are both given in a more general context. How-

ever, we are considering Lagrange finite element spaces, which satisfy the hypotheses

of Theorem 4.1 and Corollary 4.1 (see examples 1 and 2 on page 1221 of [16]).

Lemma 4.5.10 (Optimal local interpolation in Vh,p) Assume that the family

(Th)h is regular of order m. Let k, `, p ∈ N0, p ≥ 2, with ` ≤ k ≤ min{p,m} + 1.

Then for any K ∈ Th, and any u ∈ Hk(Ω; Th), there exists a zh ∈ Vh,p such that

‖u− zh‖H`(K) ≤ Chk−`K |u|Hk
∗ (K), (4.5.14)

where the constant C is independent of hK, u, and K.
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Lemma 4.5.11 (Optimal global interpolation in Vh,p) Under the hypotheses of

Lemma 4.5.10, let k, `, p ∈ N0, p ≥ 1, with ` ≤ k ≤ min{p,m} + 1. If the family

of triangulations (Th)h is quasi-uniform, then, for any ω ∈ Hk(Ω; Th), there exists a

zh ∈ Vh,p such that

‖ω − zh‖H`(Ω;Th) ≤ Chk−`|ω|Hk
∗ (Ω;Th). (4.5.15)

Furthermore, for any ω ∈ W k,∞(Ω; Th), there exists a zh ∈ Vh,p such that

‖ω − zh‖W `,∞(Ω;Th) ≤ Chk−`|ω|Wk,∞
∗ (Ω;Th). (4.5.16)

In each case, the constant C is independent of h and ω.

Definition 4.5.12 (Classical Lagrange interpolation operator) A function u in

a finite element space Vh can be represented as follows:

u =
∑
i

uiφi,

where each ui ∈ R, and the set {φi} forms a global basis of Vh (note that we are

summing over the set of all basis functions of the finite element space).

Motivated by this, for v ∈ C(Ω), we define the classical Lagrange interpolation

operator πh : C(Ω)→ Vh, by

πh(v) =
∑
i

v(xφi)φi, (4.5.17)

where the points {xφi} represent the degrees of freedom of Vh.

Furthermore, we can define the interpolant of a function defined only on the bound-

ary of Ω, similarly, by summing over the degrees of freedom that lie on the boundary,

and taking the trace of the resulting function.

We note that the classical Lagrange interpolation operator can only applied functions

that have well defined point values. Even in two dimensions, it is not in general the

case that functions in H1 have well defined point values. This leads one to define

other interpolation operators that require less regularity, in particular, we define a

local interpolation operator that is well defined on L2 functions (one of the first

examples is due to P. Clemént [36], using local averaging; however the one we will

define is provided in [16] and is slightly different).

Definition 4.5.13 (Local L2 projection) For v ∈ L2(Ω), and K ∈ Th, we define

ρ̂v to be the unique element of Pp(K̂) that satisfies∫
K̂

(v̂ − ρ̂v)ρ̂ ∀ρ̂ ∈ Pp(K̂). (4.5.18)
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Definition 4.5.14 (Local Lagrange interpolation operator) For K ∈ Th, we

define the Lagrange interpolation operator Πh : L2(K)→ PK, where (K,PK ,ΣK) is a

curved Lagrange finite element of type (m, p), by

Πh(v) =
∑
µ∈ΣK

µ(ρv)ρµ, (4.5.19)

where ρv = ρ̂v ◦ F−1
K , with ρ̂v satisfying (4.5.18), and {ρµ}µ∈ΣK forms a basis of PK.

Definition 4.5.15 (Global L2 projection) For v ∈ [L2(Ω)]m×n, m,n ∈ N, given

a finite element space Vh ⊂ [L2(Ω)]m×n, we define the global Vh-projection operator

PVh : [L2(Ω)]m×n → Vh, by∫
Ω

PVh(v) :Φ =

∫
Ω

v :Φ ∀Φ ∈ Vh. (4.5.20)

Definition 4.5.16 (. and ≈ symbols) Herein we write a . b for a, b ∈ R, if there

exists a constant C > 0, such that

a ≤ Cb,

independent of h := {hK : K ∈ Th}, and u, but otherwise possibly dependent on

the polynomial degree, p, the shape-regularity constants of Th, CP , CT , s, and d.

Furthermore, we write a ≈ b if both a . b and b . a.

4.6 Inverse and trace estimates

We now state and prove trace and inverse estimates that we will be utilised frequently.

Lemma 4.6.1 Assume that Th is a regular mesh on Ω. Then, for any K ∈ Th, we

have that

‖v‖2
2,∂K . (h−1

K ‖v‖
2
2,K + hK‖∇v‖2

2,K) ∀v ∈ H1(K). (4.6.1)

In particular, if the triangulation is quasi-uniform, we have∑
K∈Th

‖v‖2
L2(∂K) . (h−1‖v‖2

2,Ω + h‖v‖2
H1(Ω;Th)) ∀v ∈ H1(Ω; Th). (4.6.2)

Proof: Applying (4.4.15) of Lemma 4.4.15 with k = m = 1 and s = 0, for any K ∈ Th

and any face F of K, we obtain

‖v‖2
L2(F ) ≤ C| det B̃F || det B̃K |−1(‖v‖2

L2(K) + ‖B̃K‖2|v|2H1(K)),
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where we recall that B̃F is the restriction of B̃K to F̂ := F−1
K (F ) (and thus acts as a

map on Rd−1). Now, applying (4.4.26) yields

‖B̃K‖ ≤ ChK and ‖B̃−1
K ‖ ≤ Ch−1

K ,

where the constant C is independent of K and hK . Thus, as the determinant is a

continuous d-linear ((d− 1)-linear in the case of B̃F ) map, we obtain

‖v‖2
L2(F ) ≤ C‖B̃K‖d−1‖B̃−1

K ‖
d(‖v‖2

L2(K) + ‖B̃K‖2|v|H1(K))

≤ Ch−1
K (‖v‖2

L2(K) + h2
K |v|H1(K)) = C(h−1

K ‖v‖
2
L2(K) + hK |v|H1(K)).

(4.6.3)

Since the number of faces of an element K ∈ Th is uniformly bounded with respect

to the dimension, we obtain (4.6.1) by summing (4.6.3) over all faces F ⊂ ∂K. If we

assume that the mesh is quasi-uniform, then hK . h and h−1
K . h−1 for all K ∈ Th,

and we obtain (4.6.2) by summing (4.6.3) over all K ∈ Th. �

Lemma 4.6.2 (Non integer order trace estimate) Assume that {Th}h is a reg-

ular family of triangulations on Ω. Then, for any K ∈ Th, and any (d− 1) face F of

K, we have that

‖v‖L2(F ) ≤ Ch
−1/2
K (‖v‖L2(K) + hrK |v|Hr(K)), (4.6.4)

for all v ∈ Hr(K), 1/2 < r < 1. Furthermore, the constant C is independent of hK

and the choice of K ∈ Th.

Proof: From the multivariable change of variables formula, we obtain

‖v‖L2(F ) ≤ C| det B̃F |1/2‖v̂‖L2(F̂ ),

where B̃F is the restriction of B̃K to F̂ = F−1
K (F ). Under a second change of variables,

we obtain

‖v̂‖L2(F̂ ) = | det ÃF̂ |
1/2‖v∗‖L2(F ∗),

where F ∗ is a (d − 1)-face of a fixed reference d-simplex, K∗, and GK : K∗ → K̂,

GK(x∗) := ÃK̂x
∗+ ãK̂ , with ÃK̂ ∈ GL(Rd), ãK̂ ∈ Rd, and ÃF̂ is the restriction of ÃK̂

to F ∗ = G−1
K (F̂ ).

We apply Theorem 2.3.5, yielding

‖v∗‖L2(F ∗) ≤ C(K∗, d)(‖v∗‖L2(K∗) + |v∗|Hr(K∗))

≤ C(K∗, d)(χ1(AK)‖v̂‖L2(K̂) + χ2(AK)|v̂|Hr(K̂)),
(4.6.5)

where χ1, and χ2 are positive, continuous functions that we will soon provide.
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Recall the definition of the non integer Hr-semi norm:

|v̂|2
Hr(K̂)

:=

∫
K̂

∫
K̂

|v̂(x̂1)− v̂(x̂2)|2

|x̂1 − x̂2|d+2r
. (4.6.6)

We note that since x̂1, x̂2 ∈ K̂,

|FK(x̂1)− FK(x̂2)| ≤ C(d) sup
x̂∈K̂
‖DFK(x̂)‖|x̂1 − x̂2|,

which, when applied to (4.6.6), gives us∫
K̂

∫
K̂

|v̂(x̂1)− v̂(x̂2)|2

|x̂1 − x̂2|d+2r
=

∫
K̂

∫
K̂

(C(d) supx̂∈K̂ ‖DFK(x̂)‖)d+2r|v̂(x̂1)− v̂(x̂2)|2

(C(d) supx̂∈K̂ ‖DFK(x̂)‖|x̂1 − x̂2|)d+2r

≤
∫
K̂

∫
K̂

(C(d) supx̂∈K̂ ‖DFK(x̂)‖)d+2r|v̂(x̂1)− v̂(x̂2)|2

|FK(x̂1)− FK(x̂2)|d+2r

≤ C‖B̃K‖d+2r

∫
K̂

∫
K̂

|v̂(x̂1)− v̂(x̂2)|2

|FK(x̂1)− FK(x̂2)|d+2r
.

(4.6.7)

We apply the multivariable change of variables formula once more, obtaining

|v̂|2
Hr(K̂)

≤ C‖B̃K‖d+2r

∫
K

∫
K

|v(x1)− v(x2)|2

|x1 − x2|d+2r
| det(DF−1

K (x1))|| det(DF−1
K (x2))|

≤ C‖B̃K‖d+2r‖B̃−1
K ‖

2d|v|2Hr(K).
(4.6.8)

Of course, we also have

‖v̂‖L2(K̂) ≤ C‖B̃−1
K ‖

d‖v‖L2(K).

We obtain the functions χ1 and χ2 in a similar manner, except since GK is affine, the

scaling argument is simpler, and we have that

χ1(A) = | detA−1|, and χ2(A) = | detA−1|2‖A‖d+2r.

From the nondegeneracy condition (4.4.20), it follows (from the proof of Theorem

4.4.20 in [24]) that the collection of the invertible matrices given by the affine maps

from K∗ to K̂ is contained in a compact subset BL := {B ∈ GL(Rd) : | detB| ≥
ε, |Bij| ≤ r} of GL(Rd) (where GL(Rd) is the set of d× d invertible matrices), where

ε = ε(σ, d,K∗), and r = r(K∗). That is, if

G̃K̂ :K∗ → K̂, K∗ 3 x∗ 7→ ÃK̂x
∗ + ãK̂ ∈ K̂,

then ÃK̂ ∈ BL. Thus we have

χi(ÃK̂)2 ≤ sup
A∈BL

χi(A)2 ≤ C(K∗, σ), i = 1, 2.
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Overall, we have obtained

‖v‖L2(F ) ≤ C(d, σ,K∗)| det B̃F |
1
2‖B̃−1

K ‖
d
2 (‖v‖L2(K) + ‖B̃−1

K ‖
d
2‖B̃K‖

d
2‖B̃K‖r|v|Hr(K))

≤ Ch
−1/2
K (‖v‖L2(K) + hrK |v|Hr(K)),

where the final inequality follows from (4.4.26). Furthermore, the estimate is indepen-

dent of hK , and the choice of K. Thus, we have obtained the desired estimate. �

Corollary 4.6.3 (Integer and non integer regularity interpolation estimates)

Let {Th}h be a family of triangulations on Ω that is regular of order m ≥ 2. Let

u ∈ Hs(Ω; Th) with sK > 5/2 for all K ∈ Th. Then, there exists a zh ∈ Vh,p, p ≥ 2,

and a constant C, independent of u, hK and p, but dependent on maxK sK, such

that for each K ∈ Th, each nonnegative integer q ≤ 2, and each multi-index β with

|β| = q, we have

‖u− zh‖Hq(K) ≤ ChtK−qK ‖u‖HsK (K),

‖Dβ(u− zh)‖L2(∂K) ≤ Ch
tK−q−1/2
K ‖u‖HsK (K),

(4.6.9)

where tK = min{p+ 1,m+ 1, sK}.

Proof: We will first discuss how we will obtain the second bound of (4.6.9). Since the

family of triangulations is regular of order m ≥ 2, it follows that for any β such that

|β| = q, for a nonnegative integer q ≤ 2, and any v ∈ Vh,p, that Dβ(u−v) ∈ H tK−q(K).

In particular, tK − q > 5/2− q ≥ 1/2. Thus, we may apply the trace estimate (4.6.4)

with rK = tK − q > 1/2, obtaining

‖Dβ(u− v)‖L2(∂K) ≤ Ch
−1/2
K (‖Dβ(u− v)‖L2(K) + hrKK |D

β(u− v)|HrK (K)).

Let us assume that there exists a zh ∈ Vh,p satisfying the first estimate of (4.6.9).

Then, setting v = zh above we obtain

‖Dβ(u− zh)‖L2(∂K) ≤ Ch
−1/2
K (‖Dβ(u− zh)‖L2(K) + hrK |Dβ(u− zh)|HrK (K))

≤ Ch
−1/2
K (htK−qK ‖u‖HsK (K) + hrK |Dβ(u− zh)|HrK (K)).

(4.6.10)

Thus, to obtain both estimates of (4.6.9), it suffices to prove that the there exists a

zh ∈ Vh,p such that the first estimate of (4.6.9) holds, as well as the following:

|u− zh|Hq+rK (K) = |u− zh|HtK (K) ≤ ChtK−q−rKK ‖u‖HsK (K). (4.6.11)

Since, applying the above estimate to (4.6.10), and noting the factor hrK in the second

inequality of (4.6.10), we obtain the second estimate of (4.6.9). Note that we already
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have such bounds in the case that sK is an integer, and as such, we shall assume from

this point on that sK /∈ N.

We will now prove the first estimate of (4.6.9). Let β satisfy |β| = q for a nonneg-

ative integer q ≤ 2, and let K∗ be a fixed reference simplex. Then, from (4.4.13) we

obtain

|Dβ(u− zh)|L2(K) ≤ |u− zh|Hq(K)

≤ C| det B̃K |1/2‖B̃−1
K ‖

q

q∑
j=min{1,q}

‖B̃K‖2(q−j)|û− ẑh|Hj(K̂)

≤ C(K∗, σ)| det B̃K |1/2‖B̃−1
K ‖

q

q∑
j=min{1,q}

‖B̃K‖2(q−j)|u∗ − z∗h|Hj(K∗).

(4.6.12)

We take the function zh ∈ Vh,p, defined as follows: zh|K = Πhu where Πh is the

local interpolation operator, given by (4.5.19). Due to (4.5.18), this operator repro-

duces polynomials in Pp(K̂), and so we may apply Theorem 5 of [34] in conjunction

with Theorem 1.8 of [69] (applying Theorem 1.8 of [69] allows us to consider non-

integer Sobolev spaces when applying the Bramble–Hilbert Lemma), obtaining for

min{1, q} ≤ j ≤ q
|u∗ − z∗h|Hj(K∗) ≤ ‖u∗ − z∗h‖HtK (K∗)

≤ C(K∗)|u∗|HtK (K∗)

≤ C(K∗, σ)|û|HtK (K̂),

(4.6.13)

where, by assumption tK > 5/2 > 2 ≥ q (note that the final inequality follows from a

scaling argument similar to the one used in estimate (4.6.5), noting that K∗ and K̂ are

affine equivalent, and the mesh is shape regular). We now decompose tK = `K + rK ,

where `K ≥ 2 is an integer, and rK ∈ (0, 1). We see that

|û|2
HtK (K̂)

= |û|2
H`K+rK (K̂)

=

∫
K̂

∫
K̂

|D`K û(x̂1)−D`K û(x̂2)|2

|x̂1 − x̂2|d+2rK
= |D`K û|2

HrK (K̂)
.

Let us recall the formula

Dr(f ◦ g) =
r∑
i=1

(Dif ◦ g)

 ∑
α∈E(r,i)

cα

r∏
l=1

(Dlg)αl

 , (4.6.14)

where E(r, i) is the set

E(r, i) :=

{
α ∈ Nr

0 : |α| = i and
r∑
l=1

lαl = r

}
, (4.6.15)
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and the cα’s, α ∈ E(m, r) are some given constants, bounded independently of hK .

By the triangle inequality, we obtain

|D`K û|HrK (K̂) ≤
`K∑
i=1

∣∣∣∣∣∣(Diu ◦ FK)
∑

α∈E(`K ,i)

cα

`K∏
l=1

(DlFK)αl

∣∣∣∣∣∣
HrK (K̂)

.

We now apply (2.3.17) to the above estimate, obtaining (noting that diam(K̂) = 1)

|D`K û|HrK (K̂) ≤ C(d, r)

`K∑
i=1

∥∥∥∥∥∥
∑

α∈E(`K ,i)

cα

`K∏
l=1

(DlFK)αl

∥∥∥∥∥∥
L∞(K̂)

|Diu ◦ FK |HrK (K̂)

+ C(d, r)

`K∑
i=1

∣∣∣∣∣∣
∑

α∈E(`K ,i)

cα

`K∏
l=1

(DlFK)αl

∣∣∣∣∣∣
C0,1(K̂)

‖Diu ◦ FK‖L2(K̂).

(4.6.16)

By (4.4.8), and the fact that the triangulation is regular of order m ≥ 2 (and that

N 3 `K < tK ≤ m+ 1, so `K ≤ m), we estimate the first term on the right-hand side

of (4.6.16) as follows

C(d, r)

`K∑
i=1

∥∥∥∥∥∥
∑

α∈E(`K ,i)

cα

`K∏
l=1

(DlFK)αl

∥∥∥∥∥∥
L∞(K̂)

|Diu ◦ FK |HrK (K̂)

≤ C

`K∑
i=1

∑
α∈E(`K ,i)

cα

`K∏
l=1

‖B̃K‖lαl |Diu ◦ FK |HrK (K̂)

≤ C

`K∑
i=1

‖B̃K‖`K |Diu ◦ FK |HrK (K̂).

(4.6.17)

For the second term, we see that

C(d, r)

`K∑
i=1

∣∣∣∣∣∣
∑

α∈E(`K ,i)

cα

`K∏
l=1

(DlFK)αl

∣∣∣∣∣∣
C0,1(K̂)

‖Diu ◦ FK‖L2(K̂)

≤ C

`K∑
i=1

∥∥∥∥∥∥
∑

α∈E(`K ,i)

cαD

(
`K∏
l=1

(DlFK)αl

)∥∥∥∥∥∥
L∞(K̂)

‖Diu ◦ FK‖L2(K̂)

≤ C

`K∑
i=1

∑
α∈E(`K ,i)

cα

∥∥∥∥∥D
(

`K∏
l=1

(DlFK)αl

)∥∥∥∥∥
L∞(K̂)

‖Diu ◦ FK‖L2(K̂)

(4.6.18)
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Furthermore, for α ∈ E(`K , i)∥∥∥∥∥D
(

`K∏
l=1

(DlFK)αl

)∥∥∥∥∥
L∞(K̂)

=

∥∥∥∥∥
`K∑
l=1

D((DlFK)αl)

`K∏
j=1,j 6=l

(DjFK)αj

∥∥∥∥∥
L∞(K̂)

≤ C(d, `K)

`K∑
l=1

αl sup
x̂∈K̂
‖Dl+1FK(x̂)‖ sup

x̂∈K̂
‖DαlFK(x̂)‖αl−1

`K∏
j=1,j 6=l

sup
x̂∈K̂
‖DjFK(x̂)‖αj ,

since the triangulation is regular of order m ≥ 2 (and `K+1 ≤ m+1), applying (4.4.8)

to the above yields∥∥∥∥∥D
(

`K∏
l=1

(DlFK)αl

)∥∥∥∥∥
L∞(K̂)

≤ C

`K∑
l=1

αl‖B̃K‖l+1+l(αl−1)

`K∏
j=1,j 6=l

‖B̃K‖jαj

≤ C

`K∑
l=1

αl‖B̃K‖l+1+l(αl−1)‖B̃K‖
∑`K
j=1 jαj−lαl

= C

`K∑
l=1

αl‖B̃K‖l+1+l(αl−1)−`K−lαl

= C‖B̃K‖1+`K

`K∑
l=1

αl = Ci‖B̃K‖1+`K .

(4.6.19)

Applying (4.6.19) to (4.6.18) gives us

C(d, r)

`K∑
i=1

∣∣∣∣∣∣
∑

α∈E(`K ,i)

cα

`K∏
l=1

(DlFK)αl

∣∣∣∣∣∣
C0,1(K̂)

‖Diu ◦ FK‖L2(K̂)

≤ C

`K∑
i=1

i
∑

α∈E(`K ,i)

cα‖B̃K‖1+`K‖Diu ◦ FK‖L2(K̂)

≤ C‖B̃K‖1+`K

`K∑
i=1

‖Diu ◦ FK‖L2(K̂).

(4.6.20)

We now apply (4.6.17) and (4.6.20) to (4.6.16), obtaining

|D`K û|HrK (K̂) ≤ C‖B̃K‖`K
`K∑
i=1

|Diu ◦ FK |HrK (K̂) + ‖B̃K‖‖Diu ◦ FK‖L2(K̂). (4.6.21)

Applying the change of variables formula in the L2-norms in (4.6.21), and the scaling

argument (4.6.7)–(4.6.8) to the |Diu ◦ FK |HrK (K̂) term for i = `K (noting that this

argument is valid for any rK ∈ (0, 1), as long as the function has HrK -regularity)
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in (4.6.21), in conjunction with (4.4.26), we obtain

|D`K û|HrK (K̂) ≤ Ch
`K− d2
K (hrKK |D

`Ku|HrK (K) +

`K∑
i=1

hK |u|Hi(K))

+ Ch`KK

`K−1∑
i=1

|Diu ◦ FK |HrK (K̂)

≤ Ch
`K+rK−d/2
K ‖u‖H`K+rK (K) + Ch`KK

`K−1∑
i=1

|Diu ◦ FK |HrK (K̂)

≤ Ch
tK−d/2
K ‖u‖HtK (K) + Ch`KK

`K−1∑
i=1

|Diu ◦ FK |HrK (K̂)

≤ Ch
tK−d/2
K ‖u‖HsK (K) + Ch`KK

`K−1∑
i=1

|Diu ◦ FK |HrK (K̂),

(4.6.22)

where the constant C is independent of hK and the choice of K ∈ Th (note that

we have utilised the continuous embedding HsK (K) ⊆ H tK (K), where the constant

in the embedding only depends upon d and rK , due to Proposition 2.1 of [44]). We

note, however, that the terms of the sum on the right-hand side of the final inequality

of (4.6.22) are not present in the H tK -norm. Furthermore, for 1 ≤ i < `K , we note

the following:

|Diu ◦ FK |HrK (K̂) ≤ C(σ,K∗)|(Diu)∗|HrK (K∗)

= C(σ,K∗)|(Diu)∗ −M |HrK (K∗),
(4.6.23)

for any M ∈ [P0(K∗)]dim(Diu), where the first inequality follows from a scaling argu-

ment, and the fact that the mesh is regular, and the final equality holds due to the

fact that constant functions are in the kernel of | · |Hr . We now use the fact that the

embedding H1(K∗) ⊆ HrK (K∗) is continuous, obtaining

|Diu ◦ FK |HrK (K̂) ≤ C(K∗, σ, d, rK) inf
M∈[P0(K∗)]dim(Diu)

‖(Diu)∗ −M‖H1(K∗)

≤ C(K∗, σ, d, rK)|(Diu)∗|H1(K∗)

≤ C(K∗, σ, d, rK)|Diu ◦ FK |H1(K̂),

(4.6.24)

where the penultimate inequality follows from an application of Theorem 1.8 of [69]

(or alternatively, Poincaré’s inequality), and the final inequality follows from the fact

that the mesh is regular.

Thus, we obtain

`K−1∑
i=1

|Diu ◦ FK |HrK (K̂) ≤ C

`K−1∑
i=1

|Diu ◦ FK |H1(K̂) ≤ Ch
−d/2+1
K

`K−1∑
i=1

|Diu|H1(K).
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Applying the above to (4.6.22) gives us

|D`K û|HrK (K̂) ≤ Ch
tK− d2
K ‖u‖HsK (K) + Ch

`K+1− d
2

K

`K−1∑
i=1

|Diu|H1(K) ≤ Ch
tK− d2
K ‖u‖HsK (K).

(4.6.25)

Finally, applying (4.6.25), (4.6.13), and (4.4.26) to (4.6.12), we obtain

|Dβ(u− zh)|L2(K) ≤ Ch−qK

q∑
j=min{1,q}

h
2(q−j)
K htKK ‖u‖HsK (K) ≤ ChtK−qK ‖u‖HsK (K),

which is the first estimate of (4.6.10). Estimate (4.6.11) is obtained in a similar

manner, utilising (4.4.12). �

Lemma 4.6.4 Assume that (Th)h is a family of meshes on Ω that is regular of order

m ∈ N. For any v ∈ Vh,p, the following inverse estimate holds for any K ∈ Th, with

0 ≤ s ≤ m, and q ∈ {2,∞}:

|v|Wm,q
∗ (K) . hs−mK |v|W s,q

∗ (K). (4.6.26)

If the family of meshes is quasi-uniform, then we have that

|v|Wm,q
∗ (Ω;Th) . hs−m|v|W s,q

∗ (Ω;Th). (4.6.27)

Proof: We first note that both (4.6.26) and (4.6.27) are trivial when m = 0, since

then s = 0, and | · |Wm,q
∗ = | · |W s,q

∗ = ‖ · ‖Lq , so we will assume that m ≥ 1. We will

first prove (4.6.26) when s = 0. By (4.4.13), for j ∈ N, 1 ≤ j ≤ m, q ∈ {2,∞}, and

any K ∈ Th, we have

|v|W j,q(K) ≤ C| det B̃K |1/q‖B̃−1
K ‖

j

 j∑
r=min{1,j}

‖B̃K‖2(j−r)|v̂|W r,q(K̂)

 . (4.6.28)

Now, for 0 ≤ r ≤ j,

‖B̃K‖2(j−r)|v̂|W r,q(K̂) ≤ C(σ)h
2(j−r)
K |v̂|W r,q(K̂),

where the inequality is due to (4.4.26). Now, let K∗ be a fixed reference element, and

take G̃K̂ : K∗ → K̂, with G̃K̂(x∗) = ÃK̂x
∗ + ãK̂ , with ÃK̂ ∈ GL(Rd) and ãK̂ ∈ Rd.

As in the proof of Lemma 4.6.2, it follows that ÃK̂ belongs to a compact subset BL

of GL(Rd).
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Now, defining v∗(x∗) = v̂(G̃K̂(x∗)), it follows that v∗ ∈ Pp(K∗), where Pp(K∗) is

of finite dimension, depending only on K∗, d and p, thus by the equivalence of norms

on finite dimensional spaces, we see that

|v̂|W r,q(K̂) ≤ ‖ÃK̂‖
r| det ÃK̂ |

1/q|v∗|W r,q(K∗)

≤ ‖ÃK̂‖
r| det ÃK̂ |

1/q‖v∗‖W r,q(K∗)

≤ C(d, p,K∗)‖ÃK̂‖
r| det ÃK̂ |

1/q‖v∗‖Lq(K∗)
≤ C(d, p,K∗)‖ÃK̂‖

r| det ÃK̂ |
1/q| det Ã−1

K̂
|1/q‖v̂‖Lq(K̂)

= C(d, p,K∗)‖ÃK̂‖
r‖v̂‖Lq(K̂)

≤ C(d, p,K∗)(max
B∈BL

‖ÃK̂‖
r)‖v̂‖Lq(K̂)

≤ C(d, p, σ,K∗, r)‖v̂‖Lq(K̂).

(4.6.29)

Thus, applying the above inequality, (4.4.14) with k = 0, and (4.4.26), to (4.6.28),

we obtain

|v|W j,q(K) ≤ C(d, p, σ,K∗)| det B̃K |1/q‖B̃−1
K ‖

j‖v̂‖Lq(K̂)

≤ C(d, p, σ,K∗)| det B̃K |1/q‖B̃−1
K ‖

j| det B̃K |−1/q‖v‖Lq(K)

≤ C(d, p, σ,K∗, j)h−jK ‖v‖Lq(K)

≤ C(d, p, σ,K∗,m)h−jK ‖v‖Lq(K).

Since our choice of 1 ≤ j ≤ m was arbitrary, we may take 1 ≤ k ≤ m, and sum the

above over 1 ≤ j ≤ k, obtaining

|v|Wk,q
∗ (K) ≤ C(d, p, σ,K∗,m)h−kK ‖v‖Lq(K) 1 ≤ k ≤ m. (4.6.30)

We obtain (4.6.26) with s = 0, by setting k = m above. We will now prove (4.6.26)

for 1 ≤ s ≤ m.

In this case we will argue by induction, and as our base case, we shall prove

the result for s = 1. Take 1 ≤ j ≤ m, and let |α| = j. Then we may write

Dαv = Dβ(Dγv) for some |β| = j− 1, |γ| = 1. One must note that by the chain rule,

Dv|K = D(v̂ ◦F−1
K )|K = (Dv̂ ◦F−1

K )DF−1
K , where the components of (Dv̂ ◦F−1

K )DF−1
K

do not necessarily belong to Pp(K̂). It is the case, however, that Dδv̂ ∈ Pp(K̂) for

any |δ| = 1.
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One can see that

‖Dαv‖Lq(K) ≤ |Dγv|W j−1,q
∗ (K)

≤ |Dv|W j−1,q
∗ (K)

=
∣∣(Dv̂ ◦ F−1

K )DF−1
K

∣∣
W j−1,q
∗ (K)

.
j−1∑

r=min{1,j−1}

sup
x∈K
‖Dr(DF−1

K (x))‖|Dv̂ ◦ F−1
K |W j−1−r,q

∗ (K)

. max
min{2,j}≤r≤j

sup
x∈K
‖DrF−1

K (x)‖|Dv̂ ◦ F−1
K |W j−1,q

∗ (K).

(4.6.31)

By (4.4.9) and (4.4.12), we have that

max
min{2,j}≤r≤j

sup
x∈K
‖DrF−1

K (x)‖ ≤ max
min{2,j}≤r≤j

c−r‖B̃K‖2(r−1)‖B̃−1
K ‖

r, (4.6.32)

where we are denoting c−1 := 1/(1− CK). Furthermore, since Dv̂ ∈ [Pp−1(K̂)]d ⊂
[Pp(K̂)]d, we can apply (4.6.30) with k = j − 1, obtaining

|Dv̂ ◦ F−1
K |W j−1,q

∗ (K) . h1−j
K ‖Dv̂ ◦ F

−1
K ‖Lq(K). (4.6.33)

We also have that

‖Dv̂ ◦ F−1
K ‖Lq(K) = ‖(Dv̂ ◦ F−1

K DF−1
K )(DF−1

K )−1‖Lq(K)

≤ sup
x̂∈K̂
‖DFK‖‖Dv‖Lq(K)

= sup
x̂∈K̂
‖DFK‖|v|W 1,q

∗ (K).

(4.6.34)

Applying (4.6.32), (4.6.33), and (4.6.34) to (4.6.31), and summing over all |α| = j,

we obtain

|v|W j,q(K) . max
min{2,j}≤r≤j

c−r‖B̃K‖2(r−1)‖B̃−1
K ‖

r sup
x̂∈K̂
‖DFK‖h1−j

K |v|W 1,q
∗ (K).

Lastly, applying (4.4.8) and (4.4.26) to the above estimate, we obtain (noting that

Th is regular of order m)

|v|W j,q(K) . max
min{2,j}≤r≤j

hr−1
K h1−j

K |v|W 1,q
∗ (K) ≤ h1−j

K |v|W 1,q
∗ (K). (4.6.35)

Again, our choice of 1 ≤ j ≤ m was arbitrary, and so we can sum (4.6.35) over

1 ≤ j ≤ k for any 1 ≤ k ≤ m, obtaining

|v|Wk,q
∗ (K) . max

min{2,k}≤r≤k
hr−1
K h1−k

K |v|W 1,q
∗ (K) ≤ h1−k

K |v|W 1,q
∗ (K) 1 ≤ k ≤ m.
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To proceed to argue by induction, we will assume that for 1 ≤ s ≤ k ≤ m − 1 we

have

|v|Wk,q
∗ (K) . hs−kK |v|W s,q

∗ (K), (4.6.36)

and we will use this to show that

|v|Wk,q
∗ (K) . hs+1−k

K |v|W s+1,q
∗ (K),

for 1 ≤ s+ 1 ≤ k ≤ m.

To this end, let us take s + 1 ≤ j ≤ m and let |α| = j. Again we write Dαv =

Dβ(Dγv) for some |β| = j − 1, and |γ| = 1, and so, analogously to our previous

argument, we obtain

‖Dαv‖Lq(K) ≤ |Dγv|W j−1,q
∗ (K) ≤ |Dv|W j−1,q

∗ (K)

. h−1
K |Dv̂ ◦ F

−1
K |W j−1,q

∗ (K).

Applying our inductive hypothesis (4.6.36) with k = j − 1 ≥ s, we obtain

‖Dαv‖Lq(K) . h−1
K h

s−(j−1)
K |Dv̂ ◦ F−1

K |W s,q
∗ (K). (4.6.37)

Now,

|Dv̂ ◦ F−1
K |W s,q

∗ (K) = |(Dv̂ ◦ F−1
K DF−1

K )DFK ◦ F−1
K |W s,q

∗ (K)

= |(Dv)DFK ◦ F−1
K |W s,q

∗ (K)

≤
s∑

r=min{1,s}

sup
x∈K
‖Dr(DFK ◦ F−1

K )(x)‖|Dv|W s−r,q
∗ (K)

≤
s∑

r=min{1,s}

sup
x∈K
‖Dr(DFK ◦ F−1

K )(x)‖|Dv|W s,q
∗ (K)

≤
s∑

r=min{1,s}

sup
x∈K
‖Dr(DFK ◦ F−1

K )(x)‖|v|W s+1,q
∗ (K).

Applying the above to (4.6.37), we obtain

‖Dαv‖Lq(K) .

h−1
K

s∑
r=min{1,s}

sup
x∈K
‖Dr(DFK ◦ F−1

K )(x)‖

hs+1−j
K |v|W s+1,q

∗ (K).

Let us momentarily assume that, for any 1 ≤ s ≤ m− 1,

h−1
K

s∑
r=min{1,s}

sup
x∈K
‖Dr(DFK ◦ F−1

K )(x)‖ . 1. (4.6.38)
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Then we obtain

‖Dαv‖Lq(K) . hs+1−j
K |v|W s+1,q

∗ (K),

where |α| = j, and s+ 1 ≤ j ≤ m was arbitrary. Summing over all |α| = j, and then

all s+ 1 ≤ j ≤ k ≤ m, we obtain∑
s+1≤|α|≤k

‖Dαv‖Lq(K) . hs+1−k
K |v|W s+1,q

∗ (K) s+ 1 ≤ k ≤ m.

It is also clear that∑
min{1,s}≤|α|≤s

‖Dαv‖Lq(K) . |v|W s,q
∗ (K) ≤ |v|W s+1,q

∗ (K) . hs+1−k
K |v|W s+1,q

∗ (K),

and so we obtain

|v|Wk,q
∗ (K) .

∑
min{1,s}≤|α|≤s

‖Dαv‖Lq(K) +
∑

s+1≤|α|≤k

‖Dαv‖Lq(K) . hs+1−k
K |v|W s+1,q

∗ (K),

s + 1 ≤ k ≤ m, which concludes our inductive argument, and yields (4.6.26) for

1 ≤ s ≤ m, by taking k = m. It remains to show that (4.6.38) is in fact true. Let us

recall the formula

Dr(f ◦ g) =
r∑
i=1

(Dif ◦ g)

 ∑
α∈E(r,i)

cα

r∏
l=1

(Dlg)αl

 ,

where E(r, i) is the set given by (4.6.15), and the cα’s, α ∈ E(m, r) are some given

constants, bounded independently of hK . From this, we obtain

h−1
K

s∑
r=min{1,s}

sup
x∈K
‖Dr(DFK ◦ F−1

K )(x)‖

= h−1
K

s∑
r=min{1,s}

sup
x∈K

∥∥∥∥∥∥
r∑
i=1

(Di+1FK) ◦ F−1
K (x)

∑
α∈E(r,i)

cα

r∏
l=1

(DlF−1
K )αl(x)

∥∥∥∥∥∥
. h−1

K

s∑
r=min{1,s}

r∑
i=1

sup
x∈K
‖(Di+1FK) ◦ F−1

K (x)‖
∑

α∈E(r,i)

r∏
l=1

sup
x∈K
‖(DlF−1

K )(x)‖αl

. h−1
K

s∑
r=min{1,s}

r∑
i=1

ci+1‖B̃K‖i+1
∑

α∈E(r,i)

r∏
l=1

‖B̃K‖2(l−1)αl‖B̃−1
K ‖

lαl ,

where the final inequality follows from (4.4.12), and the fact that the mesh is regular

of order m ≥ s + 1. Applying (4.4.26), and noting that by definition, if α ∈ E(r, i),

then |α| = i and
∑r

l=1 lαl = r, we obtain

h−1
K

s∑
r=min{1,s}

sup
x∈K
‖Dr(DFK ◦ F−1

K )(x)‖ .
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. h−1
K

s∑
r=min{1,s}

r∑
i=1

hi+1
K

∑
α∈E(r,i)

h
∑r
l=1(2lαl−2αl)

K h
∑r
l=1 αl

K

= h−1
K

s∑
r=min{1,s}

r∑
i=1

hi+1
K

∑
α∈E(r,i)

h
2(r−i)
K hrK

. h−1
K

s∑
r=min{1,s}

hrK

r∑
i=1

h1−i
K

=
s∑

r=min{1,s}

hrK

r∑
i=1

h−iK .
s∑
r=0

hrKh
−r
K . 1,

as desired.

Note that the estimates we have derived are independent of the choice of K ∈ Th.

In the case that the mesh is quasi-uniform, we have that h−1
K . h−1 for all K ∈ Th,

and thus we may sum (4.6.26) over all K ∈ Th, which yields (4.6.27) (noting that

Vh,p ⊂ Vh,p). �

Corollary 4.6.5 Under the hypotheses of Lemma 4.6.4, (4.6.26) and (4.6.27) hold

for any v ∈ Wm,∞(Ω; Th) satisfying v|K = v̂ ◦ F−1
K for v̂ ∈ PpK (K̂) for all K ∈ Th,

where pK ≤ pmax ∈ N.

Proof: The proof is essentially the same. Indeed given an arbitrary function v satis-

fying the statement of the corollary, we see that for each K ∈ Th, each corresponding

function v∗ ∈ PpK (K∗), where PpK (K∗) is a finite dimensional space, and so we obtain

estimates such as (4.6.29); the difference being that the constant now depends upon

pK , which in turn is bounded above by pmax. �

4.7 Discrete Poincaré–Friedrichs’ and Sobolev in-

equalities

The following Lemmas will be utilised in Chapters 5 and 7, and are proven directly

using integration by parts identities.

Lemma 4.7.1 (Discrete Poincaré–Friedrichs’ inequality) Assume that {Th}h
is regular of order 2 family of triangulations, and let v ∈ Vh,p. Then, the following

inequality holds

‖v‖2
L2(Ω) ≤ C

|v|2H1(Ω;Th) +
∑
F∈E bh

‖uh‖2
L2(F ) +

∑
F∈E ih

h̃−1
F ‖[[uh]]‖

2
L2(F )

 , (4.7.1)

where the positive constant, C, depends only on CTr, d, and Ω.
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Proof: Let K ∈ Th, and take v ∈ Vh,p. We see that∫
K

|v|2 =
1

d

∫
K

∇ · (xv2)− 2v
d∑
i=1

xiDiv

≤ 1

d

(∫
∂K

(xv2) · n∂K +

∫
K

d

2
|v|2 + 2

d∑
i=1

x2
i |Div|2

)
,

subtracting (1/2)
∫
K
v2 from each side and multiplying by 2 yields∫
K

|v|2 ≤ 2

d

(∫
∂K

(xv2) · n∂K + 2
d∑
i=1

x2
i |Div|2

)
.

Summing the above over all K ∈ Th, and denoting nF to be a fixed choice of unit

normal to F ∈ E i,b
h , we obtain

∑
K∈Th

‖v‖2
L2(K) ≤

2

d

 ∑
F∈E i,bh

∫
F

[[xv2]] · nF +
∑
K∈Th

2
d∑
i=1

∫
K

x2
i |Div|2


≤ 2

d

∑
F∈E ih

∫
F

[[xv2]] · nF + C(Ω)
∑
F∈E bh

‖v‖2
L2(F ) + 2C(Ω)2|v|2H1(Ω;Th)

 ,

(4.7.2)

where C(Ω) := maxx∈Ω maxi=1,...,d |xi|. Furthermore, we have that∑
F∈E ih

∫
F

[[xv2]] · nF =
∑
F∈E ih

∫
F

([[x]]〈〈v2〉〉+ 〈〈x〉〉[[v2]]) · nF

=
∑
F∈E ih

∫
F

(2x〈〈v〉〉[[v]]) · nF

≤ 2C(Ω)
∑
F∈E ih

‖〈〈v〉〉‖L2(F )‖[[v]]‖L2(F )

≤
∑
F∈E ih

C(Ω)2(δh̃F )−1‖[[v]]‖2
L2(F ) + δh̃F‖〈〈v〉〉‖2

L2(F ),

for any δ > 0. We then apply the trace inequality (4.6.1), obtaining∑
F∈E ih

∫
F

[[xv2]] · nF ≤ C(Ω)2
∑
F∈E ih

(δh̃F )−1‖[[v]]‖2
L2(F )

+ δC(d)
∑

K∈Th:F⊂∂K

h̃F (h−1
K ‖v‖

2
L2(K) + hK‖∇v‖2

L2(K))

≤ C(Ω)2
∑
F∈E ih

(δh̃F )−1‖[[v]]‖2
L2(F )

+ δC(d)
∑
K∈Th

‖v‖2
L2(K) + hK h̃F‖∇v‖2

L2(K)).

111



Applying the above estimate to (4.7.2), we obtain, for any δ > 0,

∑
K∈Th

‖v‖2
L2(K) ≤

2

d

2C(Ω)2|v|2H1(Ω;Th) +
∑
F∈E ih

C(Ω)2(δh̃F )−1‖[[v]]‖2
L2(F )

+ δC(d)
∑
K∈Th

‖v‖2
L2(K) + ‖∇v‖2

L2(K) + C(Ω)
∑
F∈E bh

‖v‖2
L2(F )

 . (4.7.3)

Choosing δ sufficiently small, so that 2δC(d)/d ≤ 1/2, subtracting (1/2)‖v‖2
L2(Ω) from

each side of (4.7.3) and multiplying by 2 we obtain the desired estimate. �

Lemma 4.7.2 (Gradient Poincaré–Friedrichs’ inequality) Assume that {Th}h
is regular of order 2 family of triangulations, and let v ∈ Vh,p. Then, the following

inequality holds

|v|2H1(Ω;Th) ≤ C

|v|2H2(Ω;Th) +
∑
F∈E ih

h̃−1
F ‖[[∇v · nF ]]‖2

L2(F ) +
∑
F∈E i,bh

h̃−1
F ‖[[v]]‖2

L2(F )

 ,

(4.7.4)

where the positive constant, C, depends only on CTr, d, and Ω.

Proof: Let v ∈ Vh,p, and take any K ∈ Th. An application of the divergence theorem

gives us ∫
K

|∇v|2 = −
∫
K

(∆v)v +

∫
∂K

(∇v · n∂K)v.

Summing this equality over all K ∈ Th, gives us∑
K∈Th

|v|2H1(K) = −
∑
K∈Th

〈∆v, v〉K +
∑
F∈E i,bh

〈[[∇v · nF ]], 〈〈v〉〉〉F + 〈〈〈∇v · nF 〉〉, [[v]]〉F

≤
∑
K∈Th

δ

2
‖v‖2

L2(K) +
1

2δ
C(d)|v|2H2(K) +

∑
F∈E bh

δh̃F
2
‖∇v‖2

L2(F ) +
1

2δh̃F
‖v‖2

L2(F )

+
∑
F∈E ih

1

2δh̃F
‖[[∇v · nF ]]‖2

L2(F ) +
δh̃F

2
‖〈〈v〉〉‖2

L2(F )

+
∑
F∈E ih

1

2δh̃F
‖[[v]]‖2

L2(F ) +
δh̃F

2
‖〈〈∇v · nF 〉〉‖2

L2(F ), (4.7.5)
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for any δ > 0. Applying the trace estimate (4.6.1), we obtain (noting that h̃F ≤ hK)

∑
F∈E ih

δh̃F
2

(‖〈〈v〉〉‖2
L2(F ) + ‖〈〈∇v · nF 〉〉‖2

L2(F )) +
∑
F∈E bh

δh̃F
2
‖∇v‖2

L2(F )

≤ C
δ

2

∑
F∈E i,bh

∑
K∈Th:F⊂∂K

h̃F (‖v‖2
L2(∂K) + ‖∇v‖2

L2(∂K))

≤ C
δ

2

∑
F∈E i,bh

∑
K∈Th:F⊂∂K

h̃F (h−1
K ‖v‖

2
L2(K) + (hK + h−1

K )‖∇v‖2
L2(K) + h−1

K |∇v|
2
H1(K))

≤ C
δ

2
‖v‖2

H2(Ω;Th);

applying this to (4.7.5) gives us

|v|2H1(Ω;Th) ≤ Cδ‖v‖2
L2(Ω) + Cδ|v|2H1(Ω;Th) + C(δ−1 + δ)|v|2H2(Ω;Th)

+ δ−1
∑
F∈E bh

h̃−1
F ‖v‖

2
L2(F ) +

∑
F∈E ih

h̃−1
F (‖[[∇v · nF ]]‖2

L2(F ) + ‖[[v]]‖2
L2(F )).

We now apply (4.7.1) to the estimate above, which yields (noting that 1 ≤ h̃−1
F )

|v|2H1(Ω;Th) ≤ 2Cδ|v|2H1(Ω;Th) + C(δ−1 + δ)|v|2H2(Ω;Th)

+ δ−1
∑
F∈E bh

h̃−1
F ‖v‖

2
L2(F ) +

∑
F∈E ih

h̃−1
F (‖[[∇v · nF ]]‖2

L2(F ) + ‖[[v]]‖2
L2(F )).

We now choose δ sufficiently small, so that 2Cδ ≤ 1/2, which gives us

|v|2H1(Ω;Th) ≤
1

2
|v|2H1(Ω;Th)

+ C

|v|2H2(Ω;Th)+
∑
F∈E i,bh

h̃−1
F ‖[[v]]‖2

L2(F ) +
∑
F∈E ih

h̃−1
F ‖[[∇v ·nF ]]‖2

L2(F )

 .
Subtracting (1/2)|v|2H1(Ω;Th) from both sides of the inequality and multiplying by 2

yields the desired estimate. �

Corollary 4.7.3 Under the hypotheses of Lemma 4.7.2, we have that

‖v‖2
H1(Ω;Th) ≤ C

|v|2H2(Ω;Th) +
∑
F∈E i,bh

h̃−1
F ‖[[v]]‖2

L2(F ) +
∑
F∈E ih

h̃−1
F ‖[[∇v · nF ]]‖2

L2(F ))

 .

(4.7.6)
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Proof: Let v ∈ Vh,p. An application of (4.7.1) gives us

‖v‖2
H1(Ω;Th) = ‖v‖2

L2(Ω) + |v|2H1(Ω;Th)

≤ C

|v|2H1(Ω;Th) +
∑
F∈E bh

‖uh‖2
L2(F ) +

∑
F∈E ih

h̃−1
F ‖[[uh]]‖

2
L2(F )


≤ C

|v|2H1(Ω;Th) +
∑
F∈E i,bh

h̃−1
F ‖[[uh]]‖

2
L2(F )

 .

We then apply (4.7.4) to the above estimate, which yields

‖v‖2
H1(Ω;Th) ≤ C

|v|2H2(Ω;Th) +
∑
F∈E i,bh

h̃−1
F ‖[[uh]]‖

2
L2(F ) +

∑
F∈E ih

h̃−1
F ‖[[∇vh]]‖

2
L2(F )

 ,

as desired. �

Poincaré–Friedrichs’ estimate for the oblique problem: In the proof of existence

and uniqueness of a numerical solution to the DGFEM we will propose in Chapter 6,

we require a slightly different Poincaré–Friedrichs’ inequality, namely one that does

not include boundary penalty terms of form h̃−1
F ‖uh‖2

L2(F ), as appears in (4.7.4). This

is due to the fact that we are treating the oblique boundary-value problem, and so

we no not expect to impose a Dirichlet boundary condition via penalty terms as

we do in the DGFEM of Chapter 5. Such a result has been proven in [21] in the

L2-norm in dimension d = 2, 3 (and generalised in [80] to more general Lp-norms,

and d ≥ 3, however, in the context of Chapter 6, estimates in the L2-norm, with

d = 2 are sufficient) in the case of simplicial (and also more general) partitions of an

arbitrary polyhedral domain (polygonal for d = 2); we will prove Theorem 5.1 [21]

in the context of exactly approximated, possibly curved domains (this requires some

different constructions to the affine case).

Theorem 4.7.4 Let d = 2, and assume that {Th}h is regular of order 2 family of

triangulations, and let v ∈ H1(Ω; Th) for a given h. Then, there exists a positive

constant C, dependent upon the shape regularity of the mesh, and upon Ω, such that

|v|2L2(Ω) ≤ C

|v|2H1(Ω;Th) +
∑
F∈E ih

h̃−1
F ‖[[v]]‖2

L2(F ) +

∣∣∣∣ 1

|∂Ω|

∫
∂Ω

v

∣∣∣∣2
 . (4.7.7)

Proof: We define VcT to be the curved nonconforming P1 Crouzeix–Raviart finite

element space as follows:

VcT := {v ∈ L2(Ω) : ∀K ∈ Th, vK = v|K = v̂ ◦ F−1
K , v̂ ∈ P1(K̂) : v is continuous at

the centre of the side of two common edges}.
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We define the local projection operator ΠK : H1(K)→ P1(K̂) ◦ F−1
K by

(ΠKζ)(bF ) =


1

|F̂ |

∫
F̂

ζ̂ , if F ⊂ ∂K ∩ ∂Ω,

1

|F |

∫
F

ζ, if F ⊂ ∂K \ ∂Ω,

where bF := FK(b̂F̂ ), and bF̂ denotes the centre point of the edge F̂ . We define the

interpolation operator I : H1(Ω; Th)→ VcT by

(Iζ)(bF ) =


(ΠKζ)(bF ), if F ∈ E b

h ,

1

|F |

∫
F

〈〈ζ〉〉, if F ∈ E i
h.

Given these definitions, we see that the difference of the two interpolants on a

given K ∈ Th can be expressed as

(Iζ − ΠKζ)(bF ) =


1

2|F |

∫
F

[[ζ]] if F ∈ ∂K \ ∂Ω,

0 if F ∈ ∂K ∩ ∂Ω.

(4.7.8)

For a given K ∈ Th, one has that

ΠKζ =
∑

F⊂∂K\∂Ω

(
1

|F |

∫
F

ζ

)
ρ̂F ◦ F−1

K +
∑

F⊂∂K∩∂Ω

(
1

|F̂ |

∫
F̂

ζ̂

)
ρ̂F ◦ F−1

K .

Let K̂ be the reference simplex associated with K. Upon noting that the basis

functions ρ̂F ∈ P1(K̂), determined by the barycentric coordinates of K̂ (see Example

4 of Section 5 of [38]) satisfy

1

|F̂ |

∫
F̂

ρ̂F ′ = δF,F ′ , F, F ′ ⊂ ∂K,

we obtain

ΠKρF ′ =
∑

F⊂∂K\∂Ω

(
1

|F |

∫
F

ρF ′

)
ρ̂F ◦ F−1

K +
∑

F⊂∂K∩∂Ω

(
1

|F̂ |

∫
F̂

ρ̂F ′

)
ρ̂F ◦ F−1

K

=
∑

F⊂∂K\∂Ω

(
1

|F |

∫
F

ρF ′

)
ρ̂F ◦ F−1

K +
∑

F⊂∂K∩∂Ω

δF,F ′ ρ̂F ◦ F−1
K .

Furthermore, if F ∈ ∂K \ ∂Ω, then (since d = 2) F is flat, and F̂ = F−1
K |F (F ), where

F−1
K |F is affine. Thus, applying the change of variables formula, we have that∑

F⊂∂K\∂Ω

(
1

|F |

∫
F

ρF ′

)
ρ̂F ◦ F−1

K =
∑

F⊂∂K\∂Ω

(
| detD(F−1

K |F )|
|F |

∫
F̂

ρ̂F ′

)
ρ̂F ◦ F−1

K
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=
∑

F⊂∂K\∂Ω

(
1

|F |
|F |
|F̂ |

∫
F̂

ρ̂F ′

)
ρ̂F ◦ F−1

K

=
∑

F⊂∂K\∂Ω

(
1

|F̂ |

∫
F̂

ρ̂F ′

)
ρ̂F ◦ F−1

K

=
∑

F⊂∂K\∂Ω

δF,F ′ ρ̂F ◦ F−1
K .

(4.7.9)

Overall, we obtain

ΠKρF ′ =
∑
F⊂∂K

δF,F ′ ρ̂F ◦ F−1
K = ρ̂F ′ ◦ F−1

K = ρF ′ ∀F ′ ⊂ ∂K.

That is, ΠK determines the basis elements, and we may write Π̂KρF ′ = ρ̂F ′ , which

means that the linear map L : L2(K̂) → L2(K̂), given by L (ρ̂) = ρ̂ − Π̂Kρ for all

ρ̂ ∈ L2(K̂) ⊃ H1(K̂), vanishes on P1(K̂). This allows us to apply Theorem 5 of [38]

on the reference simplex, which yields

‖ζ̂ − Π̂Kζ‖H1(K̂) ≤
Ch(K̂)

ρ(K̂)
|ζ̂|H1(K̂) ≤ C|ζ̂|H1(K̂),

where C depends upon the shape-regularity constant σ, but is independent of K.

Via scaling arguments, we obtain:

‖ζ − ΠKζ‖2
L2(K) ≤ C| det B̃K |‖ζ̂ − Π̂Kζ‖2

L2(K̂)

≤ C| det B̃K ||ζ̂|2H1(K̂)

≤ C| det B̃K || det B̃K |−1‖B̃K‖2|ζ|2H1(K)

≤ Ch2
K |ζ|2H1(K),

and
|ζ − ΠKζ|2H1(K) ≤ C| det B̃K |‖B̃−1

K ‖
2|ζ̂ − Π̂Kζ|2H1(K̂)

≤ C| det B̃K |‖B̃−1
K ‖

2‖ζ̂ − Π̂Kζ‖2
H1(K̂)

≤ C| det B̃K |‖B̃−1
K ‖

2|ζ̂|2
H1(K̂)

≤ C| det B̃K |‖B̃−1
K ‖

2| det B̃−1
K |‖B̃K‖2|ζ|2H1(K)

≤ C|ζ|H1(K),

the latter of which also implies that

|ΠKζ|H1(K) ≤ |ζ − ΠKζ|H1(K) + |ζ|H1(K) ≤ C|ζ|H1(K).

Overall, we obtain

‖ζ − ΠKζ‖2
L2(K) + h2

K |ΠKζ|2H1(K) . h2
K |ζ|2H1(K).
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By the inverse estimate (4.6.26), and the fact that the functions p̂F are uniformly

bounded on the reference simplex, for a given K ∈ Th, we obtain

|Iζ − ΠKζ|2H1(K) . h−2
K ‖Iζ − ΠKζ‖2

L2(K)

≤ h−2
K

 ∑
F⊂∂K\∂Ω

[(Iζ − ΠKζ)(bF )]2

 ∑
F⊂∂K\∂Ω

‖pF‖2
L2(K)


. h−2

K | det B̃K |

 ∑
F⊂∂K\∂Ω

[(Iζ − ΠKζ)(bF )]2

 ∑
F⊂∂K\∂Ω

‖p̂F‖2
L2(K̂)


. hd−2

K

 ∑
F⊂∂K\∂Ω

[(Iζ − ΠKζ)(bF )]2


= hd−2

K

∑
F⊂∂K\∂Ω

(
1

2|F |

∫
F

[[ζ]]

)2

. h−dK
∑

F⊂∂K\∂Ω

(∫
F

[[ζ]]

)2

,

where we have used the fact that hK ≈ h̃F ≈ |F |1/(d−1) when F ⊂ ∂K \∂Ω. Similarly,

we obtain
‖Iζ − ΠKζ‖2

L2(K) = h2
K(h−2

K ‖Iζ − ΠKζ‖2
L2(K))

. h2−d
K

∑
F⊂∂K\∂Ω

(∫
F

[[ζ]]

)2

.

Combining all of our estimates yields the following for all K ∈ Th:

|Iζ|2H1(K) ≤ |Iζ − ζ|2H1(K) + |ζ|2H1(K)

≤ |Iζ − ΠKζ|2H1(K) + |ζ|2H1(K) + |ΠKζ|2H1(K)

. |Iζ − ΠKζ|2H1(K) + |ζ|2H1(K)

. h−dK
∑

F⊂∂K\∂Ω

(∫
F

[[ζ]]

)2

+ |ζ|2H1(K),

(4.7.10)

and similarly,

‖ζ − Iζ‖2
L2(K) ≤ ‖ζ − ΠKζ‖2

L2(K) + ‖ΠKζ − Iζ‖2
L2(K)

. h2
K |ζ|2H1(K) + h2−d

K

∑
F⊂∂K\∂Ω

(∫
F

[[ζ]]

)2

.
(4.7.11)

Summing estimate (4.7.10) and estimate (4.7.11) over all K ∈ Th yields
|Iζ|2H1(Ω;Th) . |ζ|2H1(Ω;Th) +

∑
F∈E ih

h̃−dF

(∫
F

[[ζ]]

)2

,

‖ζ − Iζ‖2
L2(Ω) .

∑
K∈Th

h2
K |ζ|2H1(K) +

∑
F∈E ih

h̃2−d
F

(∫
F

[[ζ]]

)2

.
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Let us denote the curved continuous Lagrange finite element space of degree 2 byWc
T

(in fact one hasWc
T = Vh,p for p = 2). It is important to note that the nodal variables

of VcT are also nodal variables ofWc
T . For K ∈ Th, we denote by C(K), the set of the

centres of the sides of K (where we define the centre as the point p := FK(p̂) where p̂

is the centre of the side of K̂), and denote the set of other nodes by N(K). We also

define C(Th) := ∪K∈ThC(K), and N(Th) := ∪K∈ThN(T ).

We now define two operators E : VcT →Wc
T , and F :Wc

T → VcT by:
(Ev)(p) =

1

|Ξp|
∑
K∈Ξp

vK(p) ∀p ∈ N(Th) ∪ C(Th),

(Fw)(p) = w(p) ∀p ∈ C(Th),

where Ξp := {K ∈ Th : p ∈ ∂K} is the set of the simplexes sharing p as a vertex,

|Ξ|p is the cardinality of the set Ξp. We now show that,
‖Ev − v‖2

L2(Ω) .
∑
K∈Th

h2
K |v|2H1(K),

‖Fw − w‖2
L2(Ω) .

∑
K∈Th

h2
K |w|2H1(K).

(4.7.12)

The argument to obtain these estimates is effectively the same as those in the proof

of Lemma 3.2 in [21]. However there are some small modifications, which we will

provide. Let p ∈ N(Th), and K], K[ ∈ Ξp. We can find a sequence c1, . . . , cm in

C(Th) so that c1 ∈ ∂K], cm ∈ ∂K[ and cj, cj+1 belong to the boundary of Kj ∈ Ξp for

j = 1, . . . ,m− 1. Note that |Ξp| and hence m are bounded by a constant depending

continuously on the shape-regularity constants of the mesh. Hence, it follows from

the Cauchy–Schwarz inequality and the mean-value theorem that

(vK](p)− vK[(p))
2 . [vK](p)− vK](c1)]2 +

m−1∑
j=1

[vKj(cj)− vKj(cj+1)]2

+ [vK[(cm)− vK[(p)]
2

. |∇vK](ξK])|2|p− c1|2 +
m−1∑
j=1

|∇vKj(ξKj)|2|cj − cj+1|2

+ |∇vK[(ξK[)|
2|cm − p|2,

where ξK] ∈ (c1, p) ⊂ ∂K], ξK[ ∈ (cm, p) ⊂ ∂K[, and ξKj ∈ (cj, cj+1) ⊂ Kj for

j = 1, . . . ,m− 1 (where (a, b) denotes the open line segment between a, b ∈ Rd).

We also see that |c1 − p|2 ≤ h2−d
K]
|K]|, |p − cm|2 ≤ h2−d

K[
|K[|, and |cj − cj+1|2 ≤

h2−d
Kj
|Kj|. By the chain rule, for K ∈ Ξp, ∇vK = (DF−1

K )T (∇v̂ ◦ F−1
K ), but since
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v̂ ∈ P1(K̂), it follows that (∇v̂ ◦ F−1
K ) is constant on K. Thus, for j = 1, . . . ,m− 1,

we have

|∇vKj(ξKj)|2 |cj − cj+1|2 ≤ h2−d
Kj

sup
x∈Kj
‖DF−1

K ‖
2

∫
Kj

|∇v̂ ◦ FK |2

. h2−d
Kj

sup
x∈Kj
|DF−1

K (x)|2 sup
x̂∈K̂j
‖DFK(x̂)‖2

∫
Kj

|(DF−1
K )T∇v̂ ◦ FK |2

= h2−d
Kj

sup
x∈Kj
‖DF−1

K (x)‖2 sup
x̂∈K̂j
‖DFK(x̂)‖2|v|2H1(Kj)

. h2−d
Kj
|v|2H1(Kj)

.

Analogous estimates hold for K] and K[. Thus, we obtain

(vK](p)− vK[(p))
2 .

∑
K∈Ξp

h2−d
K |v|

2
H1(K).

We then see that

((Ev − vK)(p))2 =
1

|Ξp|

 ∑
K′∈Ξp

(vK′ − vK)(p)

2

.
∑
K′∈Ξp

h2−d
K′ |v|

2
H1(K′).

Let K ∈ Th. By the above, we have

‖Ev − v‖2
L2(K) =

∫
K

(Ev − vK)2

. |K|
∑

p∈N(K)∪C(K)

[(Ev − vK)(p)]2

= |K|
∑

p∈N(K)

[(Ev − vK)(p)]2 (by the continuity of v across p ∈ C(K))

.
∑

p∈N(K)

∑
K′∈Ξp

hd+2−d
K |v|2H1(K′)

=
∑

p∈N(K)

∑
K′∈Ξp

h2
K |v|2H1(K′).

Summing the above over all K ∈ Th yields the first estimate of (4.7.12).

Now, on each K ∈ Th, Fw coincides with the linear classical Lagrange interpola-

tion operator defined by (4.5.17), which satisfies the estimate

‖Fw − w‖2
L2(K) . h4

K |w|2H2
∗(K),

which, followed by an inverse estimate, gives us

‖Fw − w‖2
L2(K) . h2

K |w|2H1(K).
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Summing the above over all K ∈ Th, we obtain

‖Fw − w‖2
L2(K) .

∑
K∈Th

h2
K |w|2H1(K),

i.e., the second estimate of (4.7.12). The main result of the theorem now follows in

the same manner as in [21] (we have provided all of the necessary estimates). �

Remark 4.7.5 (Constants in Theorem 5.1 of [16]) We note that the estimates

of Theorem 5.1 of [16] are of the form A ≤ κ(θTh)B, where θTh is the minimum angle

of the simplices of Th, and κ : R+ → R+ is a continuous function, independent of

Th. In the context of Theorem 4.7.4, we assume that the family of meshes {Th}h
is regular, so, in particular, (4.4.20) holds. This gives us a uniform lower bound on

θTh independent of h, and thus we bound the corresponding functions κ above by a

constant depending on this uniform lower bound (i.e., dependent upon σ).

In the context of curved domain approximation, the discrete gradient ∇h : Vh,p →
H1(Ω; Th), and so we may apply Theorem 4.7.4 obtaining estimates on |v|H1(Ω;Th),

i.e., the following Corollary.

Corollary 4.7.6 Under the hypotheses of Theorem 4.7.4, we have that

|v|2H1(Ω;Th) . |v|2H2(Ω;Th) +
∑
F∈E ih

h̃−1
F ‖[[∇v]]‖2

L2(F ) +
1

|∂Ω|
∑
F∈E bh

‖∇v‖2
L2(F ), (4.7.13)

for all v ∈ Vh,p.

Proof: This is a direct consequence of Theorem 4.7.4. �

Corollary 4.7.7 Under the hypotheses of Theorem 4.7.4, let ch ∈ Vh,0. Then, we

have that ∑
F∈E bh

h̃F‖ch‖2
L2(F ) .

∑
F∈E ih

h̃−1
F ‖[[ch]]‖

2
L2(F ) +

∣∣∣∣ 1

|∂Ω|

∫
∂Ω

ch

∣∣∣∣2 . (4.7.14)

Proof: Let ch ∈ Vh,p,0. Then, applying the trace estimate (4.6.1), for F ∈ E b
h and

K ∈ Th such that F ⊂ ∂K, we obtain

h̃F‖ch‖2
L2(F ) ≤ h̃F‖ch‖2

L2(∂K) . h̃Fh
−1
K (‖ch‖2

L2(K) + hK |ch|2H1(K))

= h̃Fh
−1
K ‖ch‖

2
L2(K) ≤ ‖ch‖2

L2(K),
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where the above estimates hold, due to the fact that ch is piecewise constant, and

by the definition of h̃F . We then sum the above inequality over all F ∈ E b
h , and

apply (4.7.7), yielding∑
F∈E bh

h̃F‖ch‖2
L2(F ) .

∑
F∈E bh

∑
K∈Th:F⊂∂K

‖ch‖2
L2(K)

. ‖ch‖2
L2(Ω) . |ch|2H1(Ω;Th) +

∑
F∈E ih

h̃−1
F ‖[[ch]]‖

2
L2(F ) +

∣∣∣∣ 1

|∂Ω|

∫
∂Ω

ch

∣∣∣∣2

=
∑
F∈E ih

h̃−1
F ‖[[ch]]‖

2
L2(F ) +

∣∣∣∣ 1

|∂Ω|

∫
∂Ω

ch

∣∣∣∣2 ,
as desired. �

The following lemma was proven in [23] (see Lemma 4.9.1) in the case that Ω ⊂ R2

is a polygonal domain. As noted by the authors of [23], the proof they provide is very

similar to the proof of Lemma 3.3 in [20]. Indeed, in extending the result to the context

of curved finite elements, the approach is the same, and simply relies on proving an

inverse estimate. However, we include the additional assumption of domain convexity

(note that we require this estimate in Chapter 8, where already assume convexity of

the domain), as it is then simpler to prove that diam(K) ≈ diam(K̃), for any K ∈ Th

with approximating straight simplex K̃ (since this assumption implies that K̃ ⊂ K).

Lemma 4.7.8 (Discrete Sobolev inequality) Let Ω ⊂ R2 be convex and piece-

wise C2, and let {Th}h>0 be a family of regular quasi-uniform meshes on Ω. Then,

for h sufficiently small, we have that

‖v‖∞,Ω . (1 + | lnh|)1/2‖v‖H1(Ω), ∀v ∈
◦
Vh,p. (4.7.15)

Proof: Since Ω is Lipschitz continuous, Ω satisfies the cone property. That is, each

x ∈ Ω is the vertex of a cone Cx that is congruent to the cone C defined in polar

coordinates by

C := {(r, θ) : 0 < r < δ <∞, 0 < θ < ω < 2π},

where the values δ and ω depend upon Ω. Let us assume that h < δ/2. We take

K ∈ Th, and let c ∈ R2 be the centroid of K̃, where K̃ is the approximating straight

simplex to K. For simplicity, we may take c to be the origin, and the cone Cc to be

C.
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The quasi-uniformity of Th implies that there exists η ∈ (0, 1) that is independent

of K and h, such that the cone

Cη := {(r, θ) : 0 < r < ηh, 0 < θ < ω} ⊂ K.

Now let v ∈ Vh,p be arbitrary, and let α = v(c). It follows from the fundamental

theorem of calculus that

α = v(r, θ)−
∫ r

0

∂v

∂r
(ρ, θ) for

δ

2
< r < δ,

and hence,

α2 ≤ 2(v(r, θ))2 + 2

(∫ r

0

∂v

∂r
(ρ, θ)

)2

for
δ

2
< r < δ. (4.7.16)

We may estimate the integral in (4.7.16) as follows (noting that ηh < h < δ/2 < r)∫ r

0

∂v

∂r
(ρ, θ) =

∫ ηh

0

∂v

∂r
(ρ, θ) +

∫ r

ηh

∂v

∂r
(ρ, θ)

≤ ηh

∥∥∥∥∂v∂r
∥∥∥∥
L∞(Cη)

+

(∫ r

ηh

(
∂v

∂r
(ρ, θ)

)2

ρ

) 1
2 (∫ r

ηh

ρ−1

) 1
2

≤ ηh|v|W 1,∞(K) +
√

ln(δ/ηh)

(∫ r

ηh

(
∂v

∂r
(ρ, θ)

)2

ρ

) 1
2

.

Thus, we see that(∫ r

0

∂v

∂r
(ρ, θ)

)2

≤ 2(ηh)2|v|2W 1,∞(K) + 2 ln(δ/ηh)

∫ r

ηh

(
∂v

∂r
(ρ, θ)

)2

ρ. (4.7.17)

We then multiply (4.7.16) by r, integrate over (0, ω) × (δ/2, δ), and apply (4.7.17),

obtaining

α2

∫ ω

0

∫ δ

δ/2

r ≤ 2

∫ ω

0

∫ δ

δ/2

(v(r, θ))2r + 4(ηh)2|v|2W 1,∞(K)

∫ ω

0

∫ δ

δ/2

r

+ 4 ln(δ/ηh)

∫ δ

δ/2

(∫ ω

0

∫ r

ηh

(
∂v

∂r
(ρ, θ)

)2

ρ

)
r.

(4.7.18)

Furthermore, we see that∫ ω

0

∫ δ

δ/2

(v(r, θ))2r ≤ ‖v‖2
L2(Ω),

∫ ω

0

∫ r

ηh

(
∂v

∂r
(ρ, θ)

)2

ρ ≤ |v|2H1(Ω), (4.7.19)

and ∫ ω

0

∫ δ

δ/2

r ≥
∫ ω

0

∫ δ

δ/2

δ

2
=

1

4
ωδ2. (4.7.20)
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Dividing (4.7.18) by
∫ ω

0

∫ δ
δ/2
r, and then applying (4.7.19) and (4.7.20), it then follows

that

α2 ≤
8‖v‖2

L2(Ω)

ωδ2
+ 4(ηh)2|v|2W 1,∞(K) +

16 ln(δ/ηh)

ωδ2

δ

2
|v|2H1(Ω)

≤ C1(1 + | lnh|)‖v‖2
H1(Ω) + 4(ηh)2|v|2W 1,∞(K),

where C1 := 8
ωδ

max{1/δ, | ln(δ/η)|, 1}.
Let us momentarily assume that there exists a constant C2 independent of h, K

and v such that

|v|W 1,∞(K) ≤ C2h
−1|v|H1(K). (4.7.21)

It then follows that

α2 ≤ C1(1 + | lnh|)‖v‖2
H1(Ω) + 4C2η

2|v|2H1(K),

and so

|v(c)| = |α| ≤ C(1 + | lnh|)
1
2‖v‖H1(K).

Then, take x ∈ K, and since c ∈ K, we have that

|v(x)− v(c)| ≤ |v|W 1,∞(K)|x− c|

≤ diam(K)|v|W 1,∞(K)

≤ Cdiam(K̃)|v|W 1,∞(K)

≤ Ch|v|W 1,∞(K) ≤ CC2|v|H1(K),

where the last inequality follows from (4.7.21), and the third inequality is proven in

the proof Lemma 4.8.3 (see estimate (4.8.10)); furthermore, the constants C and C2

are independent of K, v and h.

Thus, for x ∈ K,

|v(x)| ≤ |v(x)− v(c)|+ |v(c)| ≤ C(1 + | lnh|)
1
2‖v‖H1(Ω).

Since the choice of K ∈ Th and x ∈ K was arbitrary, we obtain

‖v‖L∞(Ω) ≤ C(1 + | lnh|)
1
2‖v‖H1(Ω),

as desired. It now remains to prove (4.7.21).

Let us take K ∈ Th and v ∈ Vh,p. Then, taking K∗ to be a fixed reference simplex,

by (4.4.20), (4.4.14), (4.4.9), (4.4.21), (4.4.26), (4.4.22), and the equivalence of norms

on finite dimensional spaces, we see that

|v|W 1,∞(K) = ‖∇v‖L∞(K) = ‖∇(v̂ ◦ FK)‖L∞(K)

= ‖(DF−1
K )T (∇v̂ ◦ FK)‖L∞(K)

≤ sup
x∈K
‖DF−1

K ‖‖∇v̂ ◦ FK‖L∞(K)

≤ C(K∗, σ) sup
x∈K
‖DF−1

K ‖‖∇v
∗‖L∞(K∗)
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≤ C(K∗, σ, p) sup
x∈K
‖DF−1

K ‖‖∇v
∗‖L2(K∗)

≤ C(K∗, σ, p) sup
x∈K
‖DF−1

K ‖‖∇v̂‖L2(K̂)

= C(K∗, σ, p) sup
x∈K
‖DF−1

K ‖v̂|H1(K̂)

≤ C sup
x∈K
‖DF−1

K ‖| det B̃K‖−1/2‖B̃K‖|v|H1(K)

≤ C‖B̃−1
K ‖

−2‖B̃K‖|v|H1(K)

≤ Ch−1
K |v|H1(K)

≤ Ch−1|v|H1(K),

which concludes the proof. �

4.8 Lq-stability of the L2 projection operator

In Chapter 8, we will utilise the Lq-stability of the L2 operator, PVh , defined by (4.5.20).

The stability results that we need have been proven in [45], and require the validation

of the following hypotheses (stated equivalently using our notational convention).

Let Ω ⊂ R2 be a bounded domain, and let {Kj}Jj=1 be a collection of subsets of

Ω such that each Kj ∩Kk = ∅ if j 6= k, and

Ω =
J⋃
j=1

Kj.

Let

h∗ = max
j

diam(Kj), (4.8.1)

and assume that for each j there is an open ball Bj ⊂ Kj such that

h∗ ≤ Ndiam(Bj), (4.8.2)

for some constant N . The finite element spaces under consideration can be described

in terms of local bases. Let {φ`}L`=1 be a linearly independent set in L∞(Ω) and set

M := span{φ` : ` = 1, . . . , `}.

Assume that for the same constant N , the collection {φ`}L`=1 satisfies

‖φ`‖L∞(Ω) ≤ 1, ` = 1, . . . , L, (4.8.3)

diam(supp(φ`)) ≤ Nh∗, ` = 1, . . . , L, (4.8.4)

the number of φ`’s which are nonzero in Kj is bounded by N, j = 1, . . . , J, (4.8.5)

if U =
L∑
`=1

U`φ` and Kj ∩ supp(φk) 6= ∅, then |Uk| ≤ Nh−1‖U‖L2(Kj). (4.8.6)
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Define P : L1(Ω)→M by ∫
Ω

(Pu− u)v = 0, ∀v ∈M . (4.8.7)

Then we have the following Theorem and Corollary.

Theorem 4.8.1 There is a constant C depending only on K such that for u ∈ Lq(Ω),

1 ≤ q ≤ ∞,

‖Pu‖Lq(Ω) ≤ Cθ‖u‖Lq(Ω), θ = |1− 2/q|. (4.8.8)

Corollary 4.8.2 With C and q as in the hypotheses of Theorem 4.8.1 and u ∈ Lq(Ω),

‖u− Pu‖Lq(Ω) ≤ (1 + C)θ inf
v∈M
‖u− v‖Lq(Ω), θ = |1− 2/q|. (4.8.9)

We will now justify that (4.8.3)–(4.8.6) still hold in the context of curved contin-

uous Lagrange finite element spaces (indeed, in the conclusion of [45], the authors

state that the results of the paper hold in the case of isoparametric Lagrange finite

elements, which bear resemblance to the finite element spaces we consider), and so

Theorem 4.8.1 and Lemma 4.8.2 hold.

Lemma 4.8.3 Assume that Ω ⊂ R2 is convex and piecewise C2, and that the family

{Th}h>0 is quasi-uniform and regular. Then, for any h > 0, (4.8.3)–(4.8.6) hold for

space Vh,p.

Proof: Let {Th}h>0 be as in the statement of the lemma, and take h > 0. Then,

taking J to be the cardinality of the set {K : K ∈ Th}, indexing the collection

{K : K ∈ Th} = {K1, . . . , KJ}, we have that Ki ∩Kj = ∅ if i 6= j, and

Ω =
⋃
K∈Th

K =
J⋃
j=1

Kj.

Furthermore, since Ω is convex, it follows that for each Kj, the associated straight

d-simplex, K̃j is contained in Kj, and thus hKj = diam(K̃j) ≤ diam(Kj) = diam(Kj).
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Furthermore, since the triangulation is regular, we have that

diam(Kj) = diam(Kj)

= sup
x,y∈Kj

‖x− y‖

= sup
x̂,ŷ∈K̂j

‖FKj(x̂)− FKj(ŷ)‖ (since FKj is one-to-one)

= sup
x̂,ŷ∈K̂j

‖(F̃Kj(x̂)− F̃Kj(ŷ)) + (ΦKj(x̂)− ΦKj(ŷ))‖

≤ sup
x̂,ŷ∈K̂j

‖F̃Kj(x̂)− F̃Kj(ŷ)‖+ sup
x̂,ŷ∈K̂j

‖ΦKj(x̂)− ΦKj(ŷ)‖

≤ sup
x̃,ỹ∈K̃j

‖x̃− ỹ‖+ ( sup
ẑ∈K̂j
‖DΦK(ẑ)‖) sup

x̂,ŷ∈K̂j
‖x̂− ŷ‖

= diam(K̃j) + ( sup
ẑ∈K̂j
‖(DΦK(ẑ)B̃−1

K )B̃K‖) sup
x̂,ŷ∈K̂j

‖B̃−1
K (F̃K(x̂)− F̃K(ŷ))‖

≤ diam(K̃j) + ( sup
ẑ∈K̂j
‖DΦK(ẑ)B̃−1

K ‖)‖B̃K‖‖B̃−1
K ‖ sup

x̂,ŷ∈K̂j
‖F̃K(x̂)− F̃K(ŷ)‖

≤ C diam(K̃j) = C diam(K̃j),
(4.8.10)

where the final inequality follows from (4.4.3) and (4.4.26), and the constant C is

independent of j. This implies that h∗ ≈ h, where we recall that h := maxK∈Th hK =

max1≤j≤J hKj and so, we may equivalently prove (4.8.3)–(4.8.6) with h∗ replaced by

h. We also note that (4.8.2) is a consequence of the nondegeneracy condition (4.4.20),

with N = σ.

We now take the collection {φ`}L`=1 to be the collection of basis functions that

satisfy φj(xi) = δij, i, j = 1, . . . , L, where the collection of points {x`}L`=1 represent

the degrees of freedom of Vh,p. Such basis functions attain their supremum value of

1 at one of the degrees of freedom. This implies (4.8.3) with equality.

Furthermore, we see that suppφ` = {K ∈ {Kj}Lj=1 : K ∩ {x`} 6= ∅}. Due to the

degeneracy condition (4.4.20) there exists a constant M1, dependent only on σ, that

provides an upper bound for the cardinality of {K ∈ {Kj}Jj=1 : K ∩ {x`} 6= ∅}, and

thus

diam(suppφ`) ≤M1 max
K∈{K∈{Kj}Jj=1:K∩{x`}6=∅}

diam(K) ≤M1h,

and so (4.8.4) holds with N = M1.

Furthermore, for a given j ∈ {1, . . . , J} the number of φ`’s that are nonzero in

Kj is bounded by the number of degrees of freedom of Kj, which is bounded by a

constant M2 which depends on only on p, and so (4.8.5) holds with N = M2.

Finally, if U =
∑L

`=1 U`φ` and j ∈ {1, . . . , J} such that Kj ∩ supp(φk) 6= ∅, it

follows that the point xk ∈ {x`}L`=1 representing the degree of freedom for which
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φk(xk) = 1, we have that xk ∈ Kj, and that U(xk) =
∑L

`=1 U`φ`(xk) = Uk, and thus

|Uk| = |U(xk)| ≤ ‖U‖L∞(Kj). Furthermore, for a fixed reference simplex K∗, we have

that
‖U‖L∞(Kj) = ‖U∗‖L∞(K∗)

≤ C(K∗)‖U∗‖L2(K∗)

≤ C(K∗, σ, d, p)‖Û‖L2(K̂) (by (4.4.20))

≤ C(K∗, σ)Ch
−d/2
K ‖U‖L2(K) (by scaling)

≤M3h
−d/2‖U‖L2(K),

where the first and final inequality above follow due to the equivalence of norms on

finite dimensional spaces, and the fact that the mesh is quasi-uniform, respectively.

Since |Uk| ≤ ‖U‖L∞(Kj), it follows that (4.8.6) holds with N = M3, where M3 depends

on K∗, σ, d and p, but is independent of j. We now define N := max{σ,M1,M2,M3},
which concludes the proof. �

Corollary 4.8.4 Assume that Ω ⊂ Rd is convex and piecewise C2, and that the

family {Th}h>0 is quasi-uniform and regular, and for any h > 0, let Vh = [Vh,p]
m×n,

for some m,n ∈ N. Then, for 1 ≤ q ≤ ∞ and u ∈ Lq(Ω), the projection operator,

PVh : L1(Ω)→ Vh, satisfies the following inequalities

‖PVhu‖Lq(Ω) ≤ Cθ‖u‖Lq(Ω), (4.8.11)

and

‖u− PVhu‖Lq(Ω) ≤ (1 + C)θ inf
v∈M
‖u− v‖Lq(Ω), (4.8.12)

where θ = |1− 2/q|, and the constant C is independent of h.

Proof: Let the finite element space Vh satisfy the hypotheses of the Corollary. Note

that the operator P defined by (4.8.7) coincides with the operator PVh , with the

choice M = Vh. Estimates (4.8.11) and (4.8.12) then follow from Theorem 4.8.1 and

Corollary 4.8.2, respectively, which hold for M = Vh,p, due to Lemma 4.8.3, and thus

estimates (4.8.11) and (4.8.12) analogously hold for M = Vh = [Vh,p]
m×n. �

4.9 Constructing curved triangulations

We will now provide details on how one may construct curved triangulations (note

that this description is given in Section 6 of [16]); both those that fit the boundary

exactly, and those that use polynomial approximation, restoring optimal convergence

rates when the polynomial degree is chosen in an appropriate manner. The approach
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we provide is an extension of Lenoir’s method [82], and is implemented iteratively in

terms of the dimension, d. Now, let us assume that Ω ⊂ Rd has a piecewise Cm+1

boundary, i.e., there exists a finite number of charts ψ : ω → Rd, where ω is a bounded

domain in Rd−1, such that each ψ belongs to Cm+1(ω), and

∂Ω =
⋃
ψ

{ψ(ξ) : ξ ∈ ω}.

We assume that for each pair (ψ, ω), there exists family {Th,ω}h of exact trian-

gulations of the domain ω that is also regular of order m (note that in the case

d = 2, the existence of such a family is trivial, as the boundary has no curvature).

The following property is assumed: for two chart-domain pairs (ψ, ω) and (ψ′, ω′),

with corresponding families of triangulations {Th,ω}h, and {Th,ω′}h it holds that

{ψ(α) : α is a vertex of κ ∈ Th,ω} ∩ ψ(ω) ∩ ψ′(ω′) and {ψ′(α′) : α′ is a vertex of κ′ ∈
Th,ω′} ∩ ψ(ω) ∩ ψ′(ω′) coincide for each h.

Let κ̂ be a reference (d − 1)-simplex with vertices α̂1, . . . , α̂d. For any (possibly

curved) (d − 1)-simplex κ ∈ Th,ω, there exists a Cm+1-mapping fκ : κ̂ → κ such

that (4.4.21)and (4.4.23) are satisfied.

Then, for any integer l, 0 ≤ l ≤ m, we associate with each κ in Th,ω a curved

Lagrange finite element of order l; we denote by πlκ the classical interpolation oper-

ator from C0(κ) into the corresponding finite element space that is given by Defini-

tion 4.5.12. Moreover, we introduce a regular family (T̃h)h of triangulations of Ω by

straight d-simplices, such that

1. The set of all of the vertices of K̃ in T̃h which belong to ∂Ω is given by ∪ψ{ψ(α) :

α is a vertex of κ ∈ Th,ω}, for each h.

2. If an element K̃ of T̃h has two or more vertices on ∂Ω, these vertices belong to

the same ψ(ω), for one chart ψ.

Let K̂ be a reference d-simplex; we denote by λ1, . . . , λd+1 the barycentric coordinates

of K̂ with respect to its vertices â1, . . . , âd+1, where we set λd+1 = 1− λ1 − . . .− λd.
Since the family of triangulations (T̃h)h are regular, for any given straight d-

simplex K̃ in T̃h, there exists an affine mapping F̃K : K̂ → K̃. We then define a

Cm+1-mapping ΦK : K̂ → Rd such that, defining FK := F̃K + ΦK , and K := FK(K̂),

we have that Th := {K : K̃ ∈ T̃h} is an exact triangulation of Ω, and that the family

(Th)h is regular of order m.
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4.9.1 Lenoir’s procedure

Let K̃ be a d-simplex of T̃h, with vertices ai = F̃K(âi), 1 ≤ i ≤ d+ 1. Then:

1. If at most one vertex of K̃ belongs to ∂Ω, we set ΦK ≡ 0.

2. If j vertices of K̃, 2 ≤ j ≤ d, belong to ∂Ω, for instance ai = ψ(αi), 1 ≤ i ≤ j,

we consider a (d− 1)-simplex κ = fκ(κ̂) that has αi = fκ(α̂i), 1 ≤ i ≤ j, among

its vertices, and we set

ΦK(λ1, . . . , λd) =

( j∑
k=1

λk

)m+2

(ψ − πmκ ψ) +
m∑
l=2

(
j∑

k=1

λk

)l

(πlκψ − πl−1
κ ψ)


◦ fκ((λ1α̂1 + . . .+ λjα̂j)/(λ1 + . . .+ λj)).

(4.9.1)

Remark 4.9.1 To obtain an isoparametric triangulation of Ω, it suffices to replace

(4.9.1) by the simpler expression

ΦK(λ1, . . . , λd) =

(
m∑
l=2

(λ1 + . . .+ λj)
l(πlκψ − πl−1

κ ψ)

)
◦ fκ((λ1α̂1 + . . .+ λjα̂j)/(λ1 + . . .+ λj)),

(4.9.2)

which is the construction given by Lenoir in [82].

Remark 4.9.2 (Two-dimensional case) In the case where d = j = 2, (4.9.1)

becomes:

ΦK(λ1, λ2) =

[
(λ1 + λ2)m+2(ψ − πmκ ψ) +

m∑
l=2

(λ1 + λ2)l(πlκψ − πl−1
κ ψ)

]
λ1α1 + λ2α2

λ1 + λ2

.

(4.9.3)

This tell us that on the side [â1, â2] (where λ1 + λ2 = 1),

ΦK(λ1, λ2) = ψ(λ1α1 + λ2α2)− λ1a1 − λ2a2,

and on the sides [â1, â3], and [â2, â3] (where λ2 = 0, and λ1 = 0, respectively)

ΦK(λ1, λ2) = 0.

So that K has one curved edge and two straight edges. Moreover, the straight edges

are internal, and the restriction of FK to such edges is indeed affine, justifying our

use of this assertion in (4.7.9) in the proof of Theorem 4.7.4.

Remark 4.9.3 Section 6 of [16] also provides a proof of the fact that the procedure we

have defined produces exact triangulations that are regular of order m (see Theorem

6.2 and Corollary 6.2 of [16]).
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4.10 Tangential operators and curved simplex cur-

vature bounds

Tangential differential operators. For F ∈ E i,b, denote for s > 1/2 the space of Hs-

regular tangential vector fields on F by Hs
T(F ) := {v ∈ Hs(F )d : v · nF = 0 on F}.

Below we define the tangential gradient ∇T : Hs(F ) → Hs−1
T (F ) and the tangential

divergence divT : Hs
T(F ) → Hs−1(F ), where 1 ≤ s ≤ 2 (note that in the case that

∂Ω is piecewise Cm, with m ≥ 2, we are able to consider 1 ≤ s ≤ m). We see that

F ⊂ ∂K, for some K ∈ Th. Since K is piecewise C2 (see the proof of Lemma 4.10.3),

for a.e. x ∈ ∂K, there exists a neighbourhood Wx of x in ∂K, sufficiently small

to allow the existence of a family of C2 curves that satisfy the following: a curve

of each family passes through every point of Wx, and the unit tangent vectors to

these curves form an orthonormal system (assumed to be oriented with respect to n,

where n is the unit outward normal to ∂K) at every point of Wx. We take the lengths

s1, . . . , sd−1 along each of these curves, respectively, to be the local coordinate system,

and denote t1, . . . , td−1 to be the unit tangent vectors along each curve, respectively.

In this notation, we have the following for v : ∂K → Rd:

v = vT + (v · n)n, vT :=
d−1∑
j=1

(v · tj)tj.

For φ ∈ C1(K), and ψ ∈ C1(K)d, with ψ|∂K =
∑d−1

j=1 ψjtj, we obtain

∇φ|∂K = ∇Tφ+
∂φ

∂n
n, ∇Tφ =

d−1∑
j=1

∂φ

∂sj
tj, (4.10.1)

and

divT ψ = ∇T · ψ =
d−1∑
j=1

∂ψj
∂sj

, (4.10.2)

which extend to φ ∈ Hs(K), s > 3/2, by density and the construction of the trace

operator. Furthermore, one can see that by rearranging the first identity of (4.10.1),

that ∇T = ∇− n ∂
∂n

(and thus divT) is well defined a.e. on ∂K, and is independent

of the choice of normal n. We approach (4.10.1) and (4.10.2) in the context of traces

and Sobolev spaces, in the following lemma. In particular we are able to decompose

the Laplacian, ∆, in terms of the tangential Laplacian ∆T := divT∇T, as well as

other terms.
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Lemma 4.10.1 Let Ω be a piecewise C2 domain, and let {Th}h>0 be a family of

meshes on Ω that is regular of order 1 and satisfies Assumption 4.4.9. Then, for any

h > 0, for each K ∈ Th and each face F ⊂ ∂K, the following identities hold:

τF (∇v) = ∇T(τFv) +

(
τF

∂v

∂nF

)
nF ∀v ∈ Hs(K), s > 3/2, (4.10.3)

τF (∆v) = divT∇T(τFv) +HF

(
τF

∂v

∂nF

)
+ τF

∂

∂nF
(∇v · nF ), (4.10.4)

for all v ∈ Hs(K), s > 5/2, where HF is the mean curvature of the face F , and τF is

the trace operator from K to F .

Proof: Let us take U ∈ C3(K), and for F ∈ E i,b
h , let u = U |F . Then, as the family

of meshes {Th}h>0 is regular of order 1, it follows that F ⊂ ∂K for some K ∈ Th,

where K is piecewise C2 (see the proof of Theorem 4.10.3). Thus, we may extend

(without relabelling) the unit normal to F , nF (note that this choice of unit normal

is fixed, and that (4.10.3) is independent of this choice), by nF ∈ C1(K) (note that

the extension may not be normal to the other faces of ∂K, when restricted there),

and so also define an extension of the tangential gradient, ∇T : C3(K) → C1(K)d,

by

∇TU = ∇U − ∂U

∂nF
nF .

This can be rearranged to yield

∇U = ∇TU +
∂U

∂nF
nF .

Upon restricting to F , we obtain

∇U |F = ∇TU |F +

((
∂U

∂nF

)
nF

)∣∣∣∣
F

= ∇T|F (U |F ) +

(
∂U

∂nF

)∣∣∣∣
F

nF |F

= ∇T(U |F ) +

(
∂U

∂nF

)∣∣∣∣
F

nF

Thus, by density and the construction of the trace operator, this extends to u ∈
Hs(K), s > 3/2, giving us

τF (∇u) = ∇T(τFu) +

(
τF

∂u

∂nF

)
nF , (4.10.5)

which is (4.10.3).
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For the identity (4.10.4), we follow a similar approach to [106], in which the

statement is essentially proven for d = 2, 3. Now, for x ∈ F let us take a local

coordinate system s1, . . . , sd−1, on a neighbourhood Wx of x in F . Expressing F

locally as the graph of a C2 function φ, we see that

u(s1, . . . , sd−1) = U(s1, . . . , sd−1, φ(s1, . . . , sd−1)).

Furthermore, let us assume that the coordinates have been chosen so that∇s′φ(0) = 0

(denoting s′ = (s1, . . . , sd−1)), so that the local coordinates {s′, sd} = {s′, φ(s′)} are

tangent to the hyperplane {sd = 0} at x = (0, φ(0)). Then, in Wx, we have that

divT∇Tu =
d−1∑
j=1

∂2u

∂s2
j

,

where, for j = 1, . . . , d− 1,

∂2u

∂s2
j

=
∂

∂sj

(
∂

∂sj
(U(s′, φ(s′)))

)
=

∂

∂sj

(
Uj(s

′, φ(s′)) +
∂φ

∂sj
Ud(s

′, φ(s′))

)
= Ujj(s

′, φ(s′)) + 2
∂φ

∂sj
Udj(s

′, φ(s′)) +
∂2φ

∂s2
j

Ud(s
′, φ(s′)) +

(
∂φ

∂sj

)2

Udd(s
′, φ(s′)),

where Uj, Ujk denote the first and second order partial derivatives in the j and j, k

components of U , respectively. Thus, at x, i.e., at s′ = 0, we have

divT∇Tu =
d−1∑
j−1

Ujj(0, φ(0)) + Ud(0, φ(0))
d−1∑
j=1

∂2φ(0)

∂s2
j

.

Moreover, at x, Udd = ∂2U
∂n2

F
, Ud = ∂U

∂nF
, and

∑d−1
j=1

∂2φ
∂s2j

= −HF . Thus, at x,

∆U = divT∇Tu+HF
∂U

∂nF
+
∂2U

∂n2
F

.

This decomposition is valid at any x ∈ F , and so we obtain

∆U |F = divT∇Tu+ HF
∂U

∂nF

∣∣∣∣
F

+
∂2U

∂n2
F

∣∣∣∣
F

= divT∇T(U |F ) + HF
∂U

∂nF

∣∣∣∣
F

+
∂2U

∂n2
F

∣∣∣∣
F

.

Thus, by density, applying (4.10.5), for u ∈ Hs(K), s > 5/2, we obtain

τF (∆u) = divT∇T(τFu) +HF

(
τF

∂u

∂nF

)
+ τF

∂

∂nF
(∇u · nF ),
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which is (4.10.4). �

The proof of the following lemma follows the proof of Theorem 3.1.1.12 of [60],

generalising the result to the associated bilinear form. That is, Theorem 3.1.1.12

of [60] essentially provides the following lemma in the case that u = v.

Lemma 4.10.2 (Integration by parts identity) For any K ∈ Th, and any u, v ∈
Hs(K), s > 5/2, we have that∫

K

∆u∆v =

∫
K

D2u :D2v +

∫
∂K

divT∇Tu
∂v

∂n
−∇T

(
∂u

∂n

)
· ∇Tv

+H∂K
∂u

∂n

∂v

∂n
+ (∇Tu)T∇Tn

T∇Tv,

(4.10.6)

where n is the unit outward normal to ∂K, and H∂K := ∇T · n.

Proof: First let us assume that u, v ∈ C3(K). Then, repeated applications of inte-

gration by parts gives us∫
K

∆u∆v =
d∑

i,j=1

∫
K

∂2
iiu ∂

2
jjv

= −
d∑

i,j=1

∫
K

∂3
ijiu ∂iv +

d∑
i,j=1

∫
∂K

∂2
jju ∂jv nj

=
d∑

i,j=1

∫
K

∂2
iju ∂

2
ijv +

d∑
i,j=1

∫
∂K

∂2
jju ∂jv nj − ∂2

iju ∂jv ni

=

∫
K

D2u :D2v +

∫
∂K

∆u
∂v

∂n
− (∇v · ∇(Du)) · n.

(4.10.7)

We see that for a given x ∈ ∂K, and a sufficiently small neighbourhood Wx of x

in ∂K, that in Wx

∆u = div(∇u)

=
d−1∑
j=1

∂

∂sj
(∇u) · tj +

∂

∂n
(∇u) · n

=
d−1∑
j=1

∂

∂sj

(
d−1∑
k=1

∂u

∂sk
tk +

∂u

∂n
n

)
· tj +

∂

∂n

(
d−1∑
k=1

∂u

∂sk
tk +

∂u

∂n
n

)
· n

=
d−1∑
j,k=1

(
∂2u

∂sj∂sk
tk +

∂u

∂tk

∂tk
∂sj

)
· tj +

d−1∑
j=1

(
∂2u

∂n∂sj
+
∂u

∂n

∂n

∂tj

)
· tj

+
d−1∑
k=1

(
∂2u

∂n∂sk
tk +

∂u

∂sk

∂tk
∂n

)
· n+

(
∂2u

∂n2n+
∂u

∂n

∂n

∂n

)
· n
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=
d−1∑
j=1

∂2u

∂s2
j

+
d−1∑
j,k=1

∂u

∂sk

∂tk
∂sj
· tj +

d−1∑
j=1

∂u

∂n

∂n

∂sj
· tj

+
d−1∑
k=1

∂u

∂sk

∂tk
∂n
· n+

∂2u

∂n2 ,

(4.10.8)

where the final equality is due to the fact that ti · tj = δij, ti · n = 0, and ∂n
∂n
· n = 0.

In a similar fashion, we obtain

∇v · ∇(Du) =
d−1∑
j=1

∂v

∂sj

∂

∂sj
(Du) +

∂v

∂n

∂

∂n
(Du)

=
d−1∑
j,k=1

∂v

∂sj

(
∂2u

∂sk∂sj
tk +

∂u

∂sk

∂tk
∂sj

)
+

d−1∑
j=1

∂v

∂sj

(
∂2u

∂sj∂n
n+

∂u

∂n

∂n

∂sj

)

+
∂v

∂n

(
d−1∑
k=1

∂2u

∂sk∂n
tk +

∂u

∂sk

∂tk
∂n

)
+
∂v

∂n

(
∂2u

∂n2n+
∂u

∂n

∂n

∂n

)
.

Then, since ti · n = 0, ∂n
∂sj
· n = 0, and ∂n

∂n
· n = 0, from the above, we obtain

(∇v · ∇(Du)) · n =
d−1∑
j,k=1

∂v

∂sj

∂u

∂sk

∂tk
∂sj
· n+

d−1∑
j=1

∂v

∂sj

∂2u

∂sj∂n
+
∂v

∂n

(
d−1∑
k=1

∂u

∂sk

∂tk
∂n
· n+

∂2u

∂n2

)
.

(4.10.9)

Noting the cancellation of particular terms, (4.10.8) and (4.10.9) gives us

∆u
∂v

∂n
− (∇v · ∇(Du)) · n =

d−1∑
j=1

∂2u

∂s2
j

∂v

∂n
+

d−1∑
j,k=1

∂u

∂sk

∂tk
∂sj
· tj

∂v

∂n
+

d−1∑
j=1

∂u

∂n

∂n

∂sj
· tj

∂v

∂n

−
d−1∑
j,k=1

∂v

∂sj

∂u

∂sk

∂tk
∂sj
· n−

d−1∑
j=1

∂v

∂sj

∂2u

∂sj∂n
.

(4.10.10)

One can see that

d−1∑
j=1

∂u

∂n

∂n

∂sj
· tj

∂v

∂n
=

(
d−1∑
j=1

∂n

∂sj
· tj

)
∂u

∂n

∂v

∂n
= (∇T ·n)

∂u

∂n

∂v

∂n
= H∂K

∂u

∂n

∂v

∂n
. (4.10.11)

Furthermore, for j, k = 1 . . . , d− 1, we see that

0 =
∂

∂sj
(n · tk) =

∂n

∂sj
· tk + n · ∂tk

∂sj
⇒ ∂tk

∂sj
· n = − ∂n

∂sj
· tk,

and so

−
d−1∑
j,k=1

∂v

∂sj

∂u

∂sk

∂tk
∂sj
· n =

d−1∑
j,k=1

∂n

∂sj
· tk

∂v

∂sj

∂u

∂sk
= (∇Tu)T∇Tn

T∇Tv. (4.10.12)
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Substituting (4.10.11) and (4.10.12) into (4.10.10), we obtain

∆u
∂v

∂n
− (∇v · ∇(Du)) · n =

d−1∑
j=1

∂2u

∂s2
j

∂v

∂n
+

d−1∑
j,k=1

∂u

∂sk

∂tk
∂sj
· tj

∂v

∂n
+H∂K

∂u

∂n

∂v

∂n

+ (∇Tu)T∇Tn
T∇Tv −

d−1∑
j=1

∂v

∂sj

∂2u

∂sj∂n
.

(4.10.13)

Finally, we calculate

divT

(
∂v

∂n
∇Tu

)
=

d−1∑
j=1

∂

∂sj

(
∂v

∂n
∇Tu

)
· tj

=
d−1∑
j,k=1

∂

∂sj
(
∂v

∂n

∂u

∂sk
tk) · tj

=
d−1∑
j,k=1

(
∂2v

∂sj∂n

∂u

∂sk
tk +

∂v

∂n

∂2u

∂sj∂sk
tk +

∂v

∂n

∂u

∂sk

∂tk
∂sj

)
· tj

=
d−1∑
j=1

∂2u

∂s2
j

∂v

∂n
+

d−1∑
j,k=1

∂u

∂sk

∂tk
∂sj
· tj

∂v

∂n
+

d−1∑
j=1

∂2v

∂sj∂n

∂u

∂sj
.

(4.10.14)

Applying (4.10.14) to (4.10.13), we obtain

∆u
∂v

∂n
− (∇v · ∇(Du)) · n = divT

(
∂v

∂n
∇Tu

)
−

d−1∑
j=1

∂2v

∂sj∂n

∂u

∂sj

+H∂K
∂u

∂n

∂v

∂n
− (∇Tu)T∇Tn

T∇Tv −
d−1∑
j=1

∂v

∂sj

∂2u

∂sj∂n

= divT

(
∂v

∂n
∇Tu

)
−∇T

(
∂u

∂n

)
· ∇Tv −∇T

(
∂v

∂n

)
· ∇Tu

+H∂K
∂u

∂n

∂v

∂n
+ (∇Tu)T∇Tn

T∇Tv

= divT∇Tu
∂v

∂n
+H∂K

∂u

∂n

∂v

∂n

+ (∇Tu)T∇Tn
T∇Tv −∇T

(
∂u

∂n

)
· ∇Tv.

(4.10.15)

Note that the identity above does not depend on the choice of local coordinates in

Wx, and so, varying Wx, we deduce that the identity holds a.e. on ∂K, and thus
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applying this to (4.10.7), we obtain∫
K

∆u∆v =

∫
K

D2u :D2v +

∫
∂K

divT∇Tu
∂v

∂n
−∇T

(
∂u

∂n

)
· ∇Tv

+H∂K
∂u

∂n

∂v

∂n
+ (∇Tu)T∇Tn

T∇Tv,

which is exactly (4.10.6). This extends to u, v ∈ Hs(K), s > 5/2, by density. �

Lemma 4.10.3 Let Ω be a piecewise C2 domain, and let {Th}h>0 be a family of

meshes on Ω that is regular of order 1, and satisfies Assumption 4.4.9. Then, there

exists a constant C, depending on Ω, d and the family of triangulations {Th}h>0, such

that for E i,b
h 3 F ⊂ ∂K, on F we have that

(∇Tv)T∇Tn
T
F∇Tw ≤ C|∇Tv||∇Tw| ∀v, w ∈ Hs(K), s > 3/2. (4.10.16)

If, in addition, Ω is a piecewise C2 piecewise convex domain, then, for E b
h 3 F ⊂ ∂K,

on F we have that

HF ≥ 0. (4.10.17)

Proof: First, let us assume that F ∈ E b
h . Then, since Ω is piecewise C2, F ⊂ Γn ⊂ ∂Ω,

where Γn is a C2 portion of ∂Ω. It then follows that for a given F ∈ E b
h , nF is of class

C1(F ). For any two vectors ξ1, ξ2 : F → Rd tangent to F , it then follows that

(ξ1)T∇Tn
T
F ξ

2 ≤ sup
x∈F
|∇Tn

T
F (x)||ξ1||ξ2| ≤ sup

x∈Γn

|∇Tn
T
Γn(x)||ξ1||ξ2|.

Thus, for an arbitrary F ∈ E b
h ,

(ξ1)T∇Tn
T
F ξ

2 ≤ max
i=1,...,N

sup
x∈Γn

|∇Tn
T
Γn(x)||ξ1||ξ2| = C(Ω)|ξ1||ξ2|,

where the constant above depends on Ω, as the portions Γn are determined by Ω.

If F ∈ E i
h, then we may express F locally as the graph of a function determined by

one of the maps FK that make up the mesh Th; we also have that FK ∈ C2, as the

family of meshes is regular of order 1. That is, since F ⊂ ∂K for some K ∈ Th,

there exists a (straight) reference face F̂ , such that F = FK(F̂ ). Furthermore, there

exists a straight approximating face F̃ = F̃K(F̂ ) (F̃K is the affine part of FK), which

provides us with a local coordinate system. As F̃ is flat, after a suitable change of

coordinates, one has that F̃ ⊂ {(x′, 0) : x′ ∈ Rd−1}. Furthermore, without loss of

generality, we may assume that F does not intersect F̃ , since in such a case, we may

define another flat face F̃a, and an invertible affine map Ã : F̃a → F̃ that consists

only of rotation and translation, which does not affect the bounds that we are about
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to obtain (i.e., the Euclidean norm of the matrix DÃ is equal to 1). Let us denote

F̃ ′ = {x′ ∈ Rd−1 : (x′, 0) ∈ F̃}. Now, defining ϕFK : F̃ ′ → R by

ϕFK (x′) = [FK ]d ◦ F̃−1
K (x′, 0), x′ ∈ F̃ ′,

we see that F = {(x′, ϕFK (x′)) : x′ ∈ F̃ ′}. Note that we have now shown that all

F ∈ E i,b
h are of class C2, and furthermore, for any K ∈ Th, ∂K may be expressed as

the finite union of the closures of F ∈ E i,b
h , and thus for all K ∈ Th, ∂K is piecewise

C2.

Furthermore, expressing F as the zero level set of the function hFK (x′, xd) =

xd − ϕFK (x′), we see that

nF =
∇hFK
|∇hFK |

= −(∇x′ϕFK ,−1)T

|(∇x′ϕFK ,−1)|
= − (∇x′ϕFK ,−1)T√

1 + |∇x′ϕFK |2
.

Then, since ∇Tn
T
F = ∇nTF − nF

∂nTF
∂nF

, for any two vectors ξ1, ξ2 : F → Rd tangent to

F (with components ξk1 , . . . , ξ
k
d , k = 0, 1), and hence orthogonal to nF , it follows that

(ξ1)T∇Tn
T
F ξ

2 = (ξ1)T∇nTF ξ2. Furthermore, denoting δij := 1 − δij, where δij is the

Kronecker-delta symbol, we see that

∂[nF ]j

∂xi
= −δid ∂

∂xi

 (δjd
∂ϕFK
∂xj
− δjd)√

|∇x′ϕFK |2 + 1


= −δid

δjd(|∇x′ϕFK |2 + 1)
∂2ϕFK
∂xi∂xj

− (δjd
∂ϕFK
∂xj
− δjd)

∑d−1
k=1

∂2ϕFK
∂xi∂xk

∂ϕFK
∂xk

(|∇x′ϕFK |2 + 1)3/2
,

and so

(ξ1)T∇nTF ξ2 = −
∑d−1

i,j=1

∂2ϕFK
∂xi∂xj

ξ1
i ξ

2
j√

|∇x′ϕFK |2 + 1
+

∑d−1
i,k=1 ξ

1
i

∂2ϕFK
∂xi∂xk

∂ϕFK
∂xk

∑d
j=1(δjd

∂ϕFK
∂xj
− δjd)ξ2

j

(|∇x′ϕFK |2 + 1)3/2

= −
∑d−1

i,j=1

∂2ϕFK
∂xi∂xj

ξ1
i ξ

2
j√

|∇x′ϕFK |2 + 1
−
∑d−1

i,k=1 ξ
1
i

∂2ϕFK
∂xi∂xk

∂ϕFK
∂xk

(ξ2 · nF )

(|∇x′ϕFK |2 + 1)

= −
∑d−1

i,j=1

∂2ϕFK
∂xi∂xj

ξ1
i ξ

2
j√

|∇x′ϕFK |2 + 1
≤ ‖D2

x′ϕFK‖|ξ1||ξ2|.
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One also has that

sup
x′∈F̃ ′

‖D2
x′ϕFK (x′)‖ ≤ sup

x′∈F̃ ′
‖D2

x′(FK ◦ F̃−1
K )(x′, 0)‖

≤ sup
x∈F̃
‖D2

x(FK ◦ F̃−1
K )(x)‖

= sup
x∈F̃
‖D2FK ◦ F̃−1

K (x)(B̃−1
K )2‖

= sup
x∈F̂
‖D2FK(x̂)(B̃−1

K )2‖

≤ sup
x∈F̂
‖D2FK(x̂)‖‖B̃−1

K ‖
2 = c2 ≤ Cint,

where the final inequality follows from (4.4.23), and Cint is independent of both h,

and the choice of F , since the family of meshes is regular of order 1. Thus, defining

C := max{C(Ω), Cint}. For all F ∈ E i,b
h , we have

(ξ1)T∇Tn
T
F ξ

2 ≤ C|ξ1||ξ2|, (4.10.18)

on F , for any tangent vectors to F . Upon noting that ∇Tu, and ∇Tv are tangent

vectors to F , we obtain (4.10.16).

Now, let us assume further that Ω is also piecewise convex. Then, for any F ∈ E b
h ,

F ⊂ Γn ⊂ ∂Ω, where Γn is a C2 portion of ∂Ω, and so F can be expressed locally

as the graph of a uniformly C2 concave function ϕn. Take x ∈ F , then, after a

suitable change of coordinates, we may assume that the tangent plane to ∂Ω at x (and

consequently Γn and F ) is given by {(x′, 0), x′ ∈ Rd−1}. Then, by By Definition 2.5.3,

at a given x ∈ F , there exists a local neighbourhood Vn of x, with a local coordinate

system {y1, . . . , yd}, such that F ⊂ Γn = {yn = (yn′, ynd ) ∈ Vn : ynd = ϕn(yn′)}.
Let us assume further that ∇yn′ϕn(0) = 0. This means that the new coordinates

have been chosen in a manner so that the hyperplane {ynd = 0} is tangent to the

tangent plane of Γn at x. Furthermore, since the tangent plane to Γn at x is given by

{(x′, 0) : x′ ∈ Rd−1}, it follows that {ynd = 0} = {(yn′, 0) : yn′ ∈ Rd−1}. We may also

express Γn locally via the level set

Γn ∩ Vn = {(yn′, ynd ) ∈ V : gn(yn′, ynd ) = ynd − ϕn(yn′) = 0},

and so we may express the unit normal nF (corresponding to the unit outward normal

of ∂Ω), as

nF =
∇yngn
|∇yngn|

= − (∇yn′ϕn,−1)T

|(∇yn′ϕn,−1)T |
= − (∇yn′ϕn,−1)T√

|∇yn′ϕn|2 + 1
.
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We see that for i, j = 1 . . . , d,

[
∇Tn

T
F

]i
j

= −δid ∂

∂yni

 (δjd ∂ϕn
∂ynj
− δjd)√

|∇yn′ϕn|2 + 1


= −δdi

δjd ∂2ϕn
∂yi∂yj

− (δjd ∂ϕn
∂yj
− δjd)

∑d−1
k=1

∂2ϕn
∂yi∂yk

∂ϕn
∂yk

(|∇yn′ϕn|2 + 1)3/2

Then, since ∇yn′ϕ(0) = 0, at x we have for i, j = 1, . . . , d

[
∇Tn

T
F

]i
j

= −δidδjd∂
2ϕn(0)

∂yi∂yj
.

Thus, taking ξ, to be a tangent vector to ∂Ω at x, with {ξ1, . . . , ξd−1} denoting the

components of ξ in the directions yn1 , . . . , y
n
d−1, we see that at x

ξT∇Tn
T
F ξ = −

d−1∑
i,j=1

∂2ϕn(0)

∂yi∂yj
ξiξj ≥ 0, (4.10.19)

since ϕn is concave, and so −ϕn is convex. The inequality (4.10.19) is independent of

x, and we thus deduce that it holds everywhere on F . One can see that (4.10.19) im-

plies (4.10.17). Indeed, let us take ψ ∈ Rd, and decompose ψin terms of its tangential

and normal components, i.e., ψ = ψT + ψnFnF . Then, we see that on F

ψT∇Tn
T
F ψ = (ψT + ψnFnF )T∇Tn

T
F (ψT + ψnFnF )

= (ψT)T∇Tn
T
F ψT + (ψnFnF )nTF∇Tn

T
F (ψT + ψnFnF )

+ (ψnFψnF )nTF∇Tn
T
F nF

= (ψT)T∇Tn
T
F ψT

≥ 0,

(4.10.20)

where the final inequality is due to (4.10.19). Thus, ∇Tn
T
F is positive semidefinite on

F , and it follows that on F ,

HF = ∇T · nF = Tr(∇Tn
T
F ) ≥ 0,

which is (4.10.17). �

Lemma 4.10.4 Assume that Ω is piecewise C2, and let {Th}h>0 be a family of

meshes on Ω that satisfies Assumption 4.4.9. Then, there exists a constant C de-

pending on the family {Th}h>0, d, and Ω such that for any F ∈ E b
h , the following
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estimates hold on F :

sup
x∈F
|HF (x)| ≤ C(d) sup

x∈F
|∇Tn

T
F (x)| ≤ C, (4.10.21)∣∣∣∣∇T

(
τF

∂v

∂nF

)∣∣∣∣ ≤ C(|τF (D2v)|+ |τF (∇v)|), (4.10.22)

| divT∇TτF (v)| ≤ C(|τF (D2v)|+ |τF (∇v)|), (4.10.23)

for all v ∈ Hs(K), s > 5/2, where F ⊂ ∂K, and τF is the trace operator from K to

F .

Proof: Let F ∈ E i,b
h . Then, by definition, we see that

sup
x∈F
|HF (x)| = sup

x∈F
|∇T · nF (x)| ≤ C(d)| sup

x∈F
∇Tn

T
F (x)|. (4.10.24)

Furthermore, let us take ξ1, ξ2 ∈ Rd, and decompose them in terms of their tangential

and normal components, i.e., ξk = (ξk)T + (ξknF )nF , k = 1, 2. Then, we see that on F

(ξ1)T∇Tn
T
F ξ

2 = (ξ1
T)T∇Tn

T
F ξ

2
T

≤ C|ξ1
T||ξ2

T| ≤ C|ξ1||ξ2|,
(4.10.25)

where the last inequality is due to (4.10.18), as (ξk)T are tangent vectors. Since this

holds for all ξ1, ξ2 ∈ Rd, we deduce that

sup
x∈F
|∇Tn

T
F (x)| ≤ C, (4.10.26)

which, combined with (4.10.24) yields

sup
x∈F
|HF (x)| ≤ C(d) sup

x∈F
|∇Tn

T
F (x)| ≤ C, (4.10.27)

which is (4.10.21).

Then, by (4.10.4) and (4.10.27) we see that on F

| divT∇TτF (v)| =
∣∣∣∣τF (∆v) +HF τF

∂v

∂nF
+ τF

∂2v

∂n2
F

∣∣∣∣
≤ C(d)|τF (D2v)|+ sup

x∈F
|HF (x)||τF (∇u)|

≤ C(|τF (D2v)|+ |τF (∇v)|),

which is (4.10.23). Finally, from (4.10.27) we obtain the following∣∣∣∣∇TτF

(
∂v

∂nF

)∣∣∣∣ =
∣∣∇T(τF (Dv)) · nF + (∇Tn

T
F ) · ∇v

∣∣
≤ |∇TτF (Dv)|+ |∇Tn

T
F ||∇v|

≤ C(|τF (D2v)|+ |τF (∇v)|),

which is (4.10.22). �
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4.11 Finite element Hessian

Definition 4.11.1 For v ∈ H1(Ω) with [∇v nT ]ij ∈ (H1/2(∂Ω))′, i, j = 1, . . . , d,

we define the (Vh,p-)finite element Hessian, Hhv, to be the unique (via the Riesz

representation theorem) element of Wh,p that satisfies

〈[Hhv]ij,Φ〉Ω = 〈[D2v]ij|Φ〉 ∀Φ ∈ Vh,p, 1 ≤ i ≤ d, i ≤ j ≤ d, (4.11.1)

where D2v is the generalised Hessian of v given by (2.4.1).

Remark 4.11.2 If v ∈ Vh,p, then ∇v|∂Ω ∈ L2(∂Ω)d. Furthermore, if ∂Ω is Lipschitz

continuous, then n ∈ L∞(∂Ω), and so [∇v nT ]ij ∈ L2(∂Ω) ⊂ (H1/2(∂Ω))′. In (4.11.1),

we take Φ ∈ Vh,p ⊂ H1(Ω), and so τ∂Ω(Φ) ∈ H1/2(∂Ω). It then follows that

〈[Hhv]ij,Φ〉Ω = 〈[D2v]ij|Φ〉

= −
〈
∂v

∂xi
,
∂Φ

∂xj

〉
Ω

+ 〈[∇v nT ]ij|Φ〉(H1/2(∂Ω))′×H1/2(∂Ω)

= −
〈
∂v

∂xi
,
∂Φ

∂xj

〉
Ω

+ 〈[∇v nT ]ij,Φ〉∂Ω

for all i, j = 1, . . . , d. That is, each duality pairing is given by an L2-inner product

over the boundary.

Definition 4.11.3 (Finite element convexity) A function v ∈ H1(Ω), with

[∇v nT ]ij ∈ (H1/2(∂Ω))′, i, j = 1, . . . , d, is said to be uniformly finite element convex

with respect to Vh,p, or Vh,p-uniformly convex, if and only if

〈Hhv,Φ〉Ω is symmetric positive definite ∀Φ ∈ Vh,p \ {0} : Φ ≥ 0. (4.11.2)

The following lemma is from [92].

Lemma 4.11.4 Let v ∈ Vh,p. Then, the finite element Hessian of v, Hhv, for v ∈
Vh,p, satisfies

Hhv = PWh,p
(D2

hv) + L(∇v), (4.11.3)

where L : [L2(E i
h)]d →Wh,p is defined by∫

Ω

L(V ) : Φ = −
∑
F∈E ih

∫
F

[[[〈〈Φ〉〉V ] · nF ]] ∀Φ ∈Wh,p, ∀V ∈ [L2(E i
h)]d, (4.11.4)

where nF is a fixed choice of unit normal to F ∈ E i
h.
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Corollary 4.11.5 (Finite element Hessian of H2-regular functions) If v ∈
H2(Ω), then Hhv = PWh,p

D2v.

Proof: Defining Hhv by (4.11.3), we see that if v ∈ H2(Ω), then ∇v ∈ H1(Ω) and

thus has zero jump across internal faces. It then follows that Hhv = PWh,p
(D2

hv) =

PWh,p
(D2v). �

The following is an inverse estimate for the finite element Hessian, found in [92]

(Lemma 3.1).

Lemma 4.11.6 Let the finite element Hessian be defined by (4.11.3). Then we have

that

‖Hhv‖2,Ω ≤ Ch−1‖v‖H1(Ω) ∀v ∈ Vh,p. (4.11.5)
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Chapter 5

A DGFEM for linear elliptic
equations with Dirichlet boundary
conditions

In this chapter, we present and analyse a discontinuous Galerkin finite element method

for the approximation of solutions to linear elliptic equations with Dirichlet boundary

conditions, that satisfy the Cordes condition (3.3.12). Such problems arise in the

linearisation of the MAD problem (3.4.1), and the HJB problem (3.3.31).

5.1 The PDE

Consider the following second-order elliptic boundary–value problem: find u : Ω→ R
such that {

Lu = f in Ω,

u = 0 on ∂Ω,
(5.1.1)

Ω ⊂ Rd is a convex domain,

Lu :=
d∑

i,j=1

AijD
2
iju, (5.1.2)

where A ∈ L∞(Ω;Rd×d
Sym), is uniformly elliptic, that is, there exist 0 < µ1 ≤ µ2 < ∞

such that

µ1|ξ|2 ≤ ξTA(x)ξ ≤ µ2|ξ|2 ∀ξ ∈ Rd, a.e. x ∈ Ω, (5.1.3)

and that f ∈ L2(Ω) is a given function. Furthermore, we assume that A satisfies the

Cordes condition: there is an ε ∈ (0, 1] such that

|A|2

(Tr(A))2
=

∑d
i,j=1A

2
ij

(
∑d

i=1Aii)
2
≤ 1

d− 1 + ε
a.e. in Ω. (5.1.4)
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Theorem 5.1.1 Assume that Ω ⊂ Rd is convex, and that A ∈ L∞(Ω;Rd×d
Sym) satis-

fies (5.1.3) and (5.1.4). Then, there exists a unique u ∈ H2(Ω) ∩ H1
0 (Ω) that is a

strong solution of (5.1.1).

Proof: We simply apply Theorem 3.4.1, with Λ as a singleton set, corresponding to

the single operator L given by (5.1.2), and the single right-hand side f ∈ L2(Ω). We

then see that

F [u] = sup
α∈Λ
{Lαu− fα} = Lu− f.

Thus Theorem 3.4.1 yields the existence of a unique u ∈ H := H2(Ω) ∩H1
0 (Ω) that

satisfies (5.1.1). �

5.2 Existing framework and original contributions

Existing framework: In [110], the authors proposed a dicontinuous Galerkin finite

element method (DGFEM) for the approximation of strong solutions of (5.1.1), with

the assumption that the computational domain, Ω ⊂ Rd is both convex and polytopal

(notice that this is a stronger assumption than is necessary for the existence and

uniqueness of a strong solution, which only requires convexity). The authors were

successful in proving that the proposed DGFEM is stable and consistent, implying the

existence and uniqueness of a numerical solution that satisfies optimal error estimates

in a H2-type norm.

Original contributions: Our goal in this Chapter is to extend this scheme, allowing

for domains that have curved boundaries. In doing so, we are also able to prove that

the new scheme (and in fact the scheme proposed in [110]) is stable under the weaker

assumption that the computational domain is piecewise convex and piecewise C3.

The analysis of this extended scheme utilises the trace, inverse, Poincaré–Friedrichs’

and interpolation estimates developed in Chapter 4.

The method proposed in this chapter will provide a starting point for the devel-

opment of the the numerical schemes proposed in Chapters 6 and 7, where we will

tackle the oblique boundary-value problems, and both HJB problems and MA-HJB

problems, respectively. In particular, we will see that that this scheme generalises

nicely to the nonlinear setting of HJB problems.
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5.2.1 Computational domain assumptions

As mentioned in Section 5.2, the DGFEM we propose in this chapter allows for

domains with curved boundaries. In particular, we will assume that the domain

Ω ⊂ Rd is piecewise C3 and piecewise convex. Recall however, that a piecewise convex

domain is not necessarily convex; two such examples being the “key-hole” shaped

domain (see Figure 2.1), and the L-shaped domain, which are both piecewise C∞ and

piecewise convex (since the boundaries of both domains have piecewise nonnegative

curvature).

This means that there are cases where a numerical solution exists, but the hy-

potheses of Theorem 5.1.1 are not satisfied, and so we cannot deduce the existence

and uniqueness of the corresponding strong solution of (5.1.1).

It is however, important to note that any polytopal domain in Rd is piecewise C∞

and piecewise convex, and so the DGFEM we propose extends the class of domains

considered in [110].

5.3 The design of the numerical method

In order to understand the terms that arise in the bilinear form for the numerical

method of this chapter, it is first useful to recap the proof of Theorem 3.3.8, par-

ticularly in the context of the linear nondivergence form problem (5.1.1). Indeed,

the existence and uniqueness in the linear case follows from the fact that (5.1.1) is a

special case of the well posed nonlinear HJB problem (as mentioned in the proof of

Theorem 5.1.1). To this end, for Ω ⊂ Rd, convex, let H = H2(Ω)∩H1
0 (Ω), and define

Aγ : H ×H → R by

Aγ(u, v) :=

∫
Ω

γA :D2u∆v ∀u, v ∈ H,

where we recall that the renormalisation factor γ : Ω→ R+, is defined by

γ :=
TrA

|A|2
.

Taking into account that γ is uniformly positive (when restricted to matrix–valued

functions with uniformly positive trace), we see that u ∈ H2(Ω) ∩H1
0 (Ω) solves{

γLu = γf in Ω,

u = 0 on ∂Ω,
(5.3.1)
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uniquely, if and only if it is the unique solution of (5.1.1). Thus, we consider the

following strong formulation of (5.3.1), that is: find u ∈ H := H2(Ω) ∩ H1
0 (Ω) such

that

Aγ(u, v) =

∫
Ω

γf∆v =: Lf (v) ∀v ∈ H. (5.3.2)

Upon showing that Aγ is coercive and bounded on H ×H, and that Lf is bounded

on H, the Lax–Milgram Theorem [46] yields the existence and uniqueness of a u ∈ H
that satisfies (5.3.2). However, in order to prove that Aγ is indeed coercive, we utilise

the Miranda–Talenti (MT) estimates (3.3.9) and (3.3.10), which hold for the space H

(by virtue of Theorems 3.3.14 and 3.3.15), but they do not hold for general functions

that belong to the DG finite element space, which we recall is defined by

Vh,p := {v ∈ L2(Ω) : v|K = ρ̂ ◦ F−1
K , ρ̂ ∈ Pp(K̂), ∀K ∈ Th}.

For clarity, we provide the proof that Aγ is coercive on H × H. In particular, we

highlight the step where we add and subtract the term ‖∆u‖2
L2(Ω). One has that

Aγ(u, u) =

∫
Ω

γA :D2u∆u

=

∫
Ω

γA :D2u∆u+ (∆u)2 − (∆u)2 (add and subtract ‖∆u‖2
L2(Ω))

= ‖∆u‖2
L2(Ω) +

∫
Ω

(γA− Id) :D2u∆u

≥ ‖∆u‖2
L2(Ω) +

√
1− ε|u|H2(Ω)‖∆u‖L2(Ω) (by the Cordes condition)

≥ (1−
√

1− ε)‖∆u‖2
L2(Ω) (by (3.3.9))

≥ C‖u‖2
H2(Ω), (by (3.3.10))

i.e., Aγ is coercive (note that the boundedness of Aγ and Lf follow in a similar

manner). Our first step into designing the scheme is to provide an analogue of Aγ on

Vh,p × Vh,p, i.e., the following

Ahγ(uh, vh) :=
∑
K∈Th

〈γA :D2uh,∆vh〉K ∀uh, vh ∈ Vh,p.

There is no reason, however, that such a bilinear form should be coercive on Vh,p×Vh,p.
We may follow the proof of coercivity for Aγ, obtaining

Ahγ(uh, uh) ≥
∑
K∈Th

‖∆uh‖2
L2(K) −

√
1− ε|u|H2(Ω;Th)

(∑
K∈Th

‖∆uh‖2
L2(K)

) 1
2

,

but there does not seem to be any way to proceed to the next step without the MT

estimate (3.3.9). We must instead numerically enforce the MT estimates. This is done
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by adding an additional bilinear form to Ahγ , that “a priori” includes the addition and

subtraction of the ‖∆u‖2
L2(Ω) term; that is, we define

ADh (uh, vh) := Ahγ(uh, vh) +BDh,1/2(uh, vh)−
∑
K∈Th

〈∆uh,∆vh〉K

=
∑
K∈Th

〈γA :D2uh,∆vh〉K +BDh,1/2(uh, vh)−
∑
K∈Th

〈∆uh,∆vh〉K ,
(5.3.3)

where we claim that the bilinear form BDh,1/2 is coercive (this claim is justified by

Lemma 5.6.2), and that

BDh,1/2(w, vh) =
∑
K∈Th

〈∆w,∆vh〉K (5.3.4)

for w ∈ H2(Ω) ∩ H1
0 (Ω) ∩ Hs(Ω; Th), s > 5/2 (we will discuss the assertion of this

broken regularity later on), and for all vh ∈ Vh,p. It is then clear that (5.3.4) implies

ADh (w, vh) = Ahγ(w, vh) ∀vh ∈ Vh,p, (5.3.5)

for such w. Note that the above identity is referred to as the consistency of the

scheme, and plays an important role in the derivation of error estimates for the

numerical solution. Furthermore, we remark that the bilinear form, BDh,1/2, will take

the following form

BDh,1/2(uh, vh) :=
1

2
BDh,∗(uh, vh) +

1

2

∑
K∈Th

〈∆uh,∆vh〉K + JDh (uh, vh), (5.3.6)

and that the bilinear forms BDh,∗, J
D
h : Vh,p × Vh,p → R satisfy

BDh,∗(w, vh) =
∑
K∈Th

〈∆w,∆vh〉K , and JDh (w, vh) = 0,

for the same choice of w, and all vh ∈ Vh,p. Moreover, one can see that the above

implies (5.3.4) which in turn implies (5.3.5). We also remark that the bilinear form

JDh plays no role in the consistency identity (5.3.5) (other than by its absence), and

is in fact a jump penalty term that enforces regularity that is consistent with that of

the true solution. In particular, if w ∈ H2(Ω) ∩H1
0 (Ω) (which is the space that the

strong solution of (5.1.1) belongs to) then we see that

[[w]] = [[∇w · nF ]] = [[∇Tw]] = 0 ∀F ∈ E i
h, (5.3.7)

and furthermore, since τF (w) = 0 for all F ∈ E b
h , it follows that

[[w]] = [[∇Tw]] = 0 ∀F ∈ E b
h . (5.3.8)
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JDh also enforces the Dirichlet boundary condition, and leads to the bilinear form

BDh,1/2 being provably coercive (in a particular broken H2-type norm on Vh,p). In

particular we define JDh as follows:

JDh (uh, vh) :=
∑
F∈E i,bh

[µF 〈[[∇Tuh]], [[∇Tvh]]〉F + ηF 〈[[uh]], [[vh]]〉F ]

+
∑
F∈E ih

µF 〈[[∇uh · nF ]], [[∇vh · nF ]]〉F ,
(5.3.9)

where the positive edge-dependent quantities µF and ηF will be specified later, and

they will be chosen in a manner that allows us to prove that BDh,1/2 is coercive (see

Lemma 5.6.2). Furthermore, (5.3.7) and (5.3.8) imply that

JDh (w, vh) = 0 (5.3.10)

for w ∈ H2(Ω) ∩H1
0 (Ω) ∩Hs(Ω; Th), s > 5/2, and all vh ∈ Vh,p.

The bilinear form BDh,∗ plays a key role (when paired with the remaining term in the

definition of BDh,1/2) in identity (5.3.4), and its structure is motivated by Lemma 4.10.2,

the statement of which we recall.

Statement of Lemma 4.10.2: For any K ∈ Th, and any u, v ∈ Hs(K), s > 5/2,

we have that∫
K

∆u∆v =

∫
K

D2u :D2v +

∫
∂K

divT∇Tu
∂v

∂n
−∇T

(
∂u

∂n

)
· ∇Tv

+

∫
∂K

H∂K
∂u

∂n

∂v

∂n
+ (∇Tu)T∇Tn

T∇Tv,

(5.3.11)

where n is the unit outward normal to ∂K, and H∂K := ∇T · n.

Designing the bilinear form: Now, let us take w ∈ H2(Ω) ∩ H1
0 (Ω) ∩ Hs(Ω; Th),

s > 5/2, and vh ∈ Vh,p, then, in particular w, vh ∈ Hs(K), s > 5/2, for all K ∈ Th.

Summing (5.3.11) with u = w, and v = vh, over all K ∈ Th, we obtain∑
K∈Th

〈D2w,D2vh〉K +
∑
F∈E i,bh

∫
F

[[(divT∇Tw)(∇vh · nF )−∇T(∇w · nF ) · ∇Tvh]]

+
∑
F∈E i,bh

∫
F

[[HF
∂w

∂nF

∂vh
∂nF

+ (∇Tw)T∇Tn
T
F∇Tvh]] =

∑
K∈Th

〈∆w,∆vh〉K ,

(5.3.12)

where nF is now a fixed choice of unit normal to F , and HF := ∇T · nF is the mean
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curvature of the face, determined by the unit normal, nF . Let us define

I(w, vh) :=
∑
F∈E i,bh

∫
F

[[(divT∇Tw)(∇vh · nF )−∇T(∇w · nF ) · ∇Tvh]]

+
∑
F∈E i,bh

∫
F

[[HF
∂w

∂nF

∂vh
∂nF

+ (∇Tw)T∇Tn
T
F∇Tvh]],

so, by (5.3.12), it is clear that∑
K∈Th

〈D2w,D2vh〉K + I(w, vh) =
∑
K∈Th

〈∆w,∆vh〉K . (5.3.13)

Applying the following identity (valid for any f, g ∈ Hs(Ω; Th), s > 1/2)∑
F∈E i,bh

∫
F

[[fg]] =
∑
F∈E ih

∫
F

[[f ]]〈〈g〉〉+
∑
F∈E i,bh

∫
F

〈〈f〉〉[[g]],

to I(w, vh), we obtain

I(w, vh) =
∑
F∈E ih

∫
F

divT[[∇Tw]]〈〈∇vh · nF 〉〉 − ∇T[[∇w · nF ]] · 〈〈∇Tvh〉〉

+
∑
F∈E ih

∫
F

HF [[∇w · nF ]]〈〈∇vh · nF 〉〉+ [[∇Tw]]T∇Tn
T
F 〈〈∇Tvh〉〉

+
∑
F∈E i,bh

∫
F

divT〈〈∇Tw〉〉[[∇vh · nF ]]−∇T〈〈∇w · nF 〉〉 · [[∇Tvh]]

+
∑
F∈E i,bh

∫
F

HF 〈〈∇w · nF 〉〉[[∇vh · nF ]] + 〈〈∇Tw〉〉T∇Tn
T
F [[∇Tvh]]

=
∑
F∈E ih

∫
F

divT〈〈∇Tw〉〉[[∇vh · nF ]] + 〈〈∇Tw〉〉T∇Tn
T
F [[∇Tvh]]

+
∑
F∈E i,bh

∫
F

HF 〈〈∇w · nF 〉〉[[∇vh · nF ]]−∇T〈〈∇w · nF 〉〉 · [[∇Tvh]],

(5.3.14)

where the final equality is a direct consequence of (5.3.7) and (5.3.8). A further

application of (5.3.7) and (5.3.8) to (5.3.14) consistently symmetrises of the terms

present in (5.3.14), which will lead to the symmetrisation of the associated bilinear
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form, BDh,∗. That is, we obtain

I(w, vh) =
∑
F∈E ih

∫
F

divT〈〈∇Tw〉〉[[∇vh · nF ]] + divT〈〈∇Tvh〉〉[[∇w · nF ]]

+
∑
F∈E ih

∫
F

〈〈∇Tw〉〉T∇Tn
T
F [[∇Tvh]] + 〈〈∇Tvh〉〉T∇Tn

T
F [[∇Tw]]

+
∑
F∈E ih

∫
F

HF 〈〈∇vh · nF 〉〉[[∇wh · nF ]] +
∑
F∈E i,bh

∫
F

HF 〈〈∇w · nF 〉〉[[∇vh · nF ]]

−
∑
F∈E i,bh

∫
F

∇T〈〈∇w · nF 〉〉 · [[∇Tvh]]−∇T〈〈∇vh · nF 〉〉 · [[∇Tw]] =: Ĩ(w, vh).

(5.3.15)

Overall, we have obtained∑
K∈Th

〈∆w,∆vh〉K =
∑
K∈Th

〈D2w,D2vh〉K + I(w, vh)

=
∑
K∈Th

〈D2w,D2vh〉K + Ĩ(w, vh)

=: BDh,∗(w, vh).

(5.3.16)

This gives us our definition of BDh,∗(uh, vh), that is

BDh,∗(uh, vh) :=
∑
K∈Th

〈D2w,D2vh〉K + Ĩ(w, vh),

and, by virtue of (5.3.16), we have that

BDh,∗(w, vh) =
∑
K∈Th

〈∆w,∆vh〉K , (5.3.17)

for w ∈ H2(Ω)∩H1
0 (Ω)∩Hs(Ω; Th), s > 5/2, and all vh ∈ Vh,p. Furthermore, since the

right-hand side of (5.3.15) is symmetric, it follows that BDh,∗(uh, vh) is also symmetric,

i.e., BDh,∗(uh, vh) = BDh,∗(vh, uh) for all uh, vh ∈ Vh,p. We are now ready to define the

numerical method of this chapter.

5.4 The numerical method

The definition of the numerical scheme requires the following bilinear forms, derived

in Section 5.3, and concisely defined as follows. Firstly, the bilinear form BDh,∗ :
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Vh,p × Vh,p → R is defined by

BDh,∗(uh, vh) :=
∑
K∈Th

〈D2uh, D
2vh〉K

+
∑
F∈E ih

〈divT〈〈∇Tuh〉〉, [[∇vh · nF ]]〉F + 〈divT〈〈∇Tvh〉〉, [[∇uh · nF ]]〉F

+
∑
F∈E ih

〈〈〈∇Tuh〉〉T∇Tn
T
F [[∇Tvh]]〉F + 〈〈〈∇Tvh〉〉T∇Tn

T
F [[∇Tuh]]〉F

+
∑
F∈E ih

〈HF 〈〈∇vh · nF 〉〉, [[∇uh · nF ]]〉F +
∑
F∈E i,bh

〈HF 〈〈∇uh · nF 〉〉, [[∇vh · nF ]]〉F

−
∑
F∈E i,bh

〈∇T〈〈∇uh · nF 〉〉, [[∇Tvh]]〉F − 〈∇T〈〈∇vh · nF 〉〉, [[∇Tuh]]〉F

(5.4.1)

where HF is the mean curvature of the face F , and uh, vh ∈ Vh,p throughout this

chapter. Then, for positive edge-dependent quantities µF and ηF to be specified later,

the jump stabilization bilinear form JDh : Vh,p × Vh,p → R is defined by

JDh (uh, vh) :=
∑
F∈E i,bh

[µF 〈[[∇Tuh]], [[∇Tvh]]〉F + ηF 〈[[uh]], [[vh]]〉F ]

+
∑
F∈E ih

µF 〈[[∇uh · nF ]], [[∇vh · nF ]]〉F .
(5.4.2)

For each θ ∈ [0, 1], we define the bilinear form BDh,θ : Vh,p × Vh,p → R by

BDh,θ(uh, vh) := θBDh,∗(uh, vh) + (1− θ)
∑
K∈Th

〈∆uh,∆vh〉K + JDh (uh, vh). (5.4.3)

Finally, the bilinear form ADh : Vh,p × Vh,p → R is defined by

ADh (uh, vh) :=
∑
K∈Th

〈γA : D2uh,∆vh〉K +BDh,1/2(uh, vh)−
∑
K∈Th

〈∆uh,∆vh〉K . (5.4.4)

The scheme for approximating the solution of (5.1.1) is to find uh ∈ Vh,p such that

ADh (uh, vh) =
∑
K∈Th

〈γf,∆vh〉K ∀wh ∈ Vh,p. (5.4.5)

Remark 5.4.1 In (5.4.1)–(5.4.4) we have defined the bilinear forms BDh,∗, J
D
h , B

D
h,θ,

ADh : Vh,p × Vh,p → R. The main difference between these bilinear forms and the

bilinear forms given presented in Section 3 of [110] is in the bilinear form BDh,∗ (and
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thus, by definition, in BDh,θ and ADh ). In particular, the bilinear form BDh,∗ (given

by (5.4.1)) contains the following additional terms:∑
F∈E ih

〈〈〈∇Tw〉〉T∇Tn
T
F [[∇Tvh]]〉F + 〈〈〈∇Tvh〉〉T∇Tn

T
F [[∇Tw]]〉F

+
∑
F∈E ih

〈HF 〈〈∇vh · nF 〉〉, [[∇wh · nF ]]〉F +
∑
F∈E i,bh

〈HF 〈〈∇w · nF 〉〉, [[∇vh · nF ]]〉F

which arise due to the piecewise curvature of ∂Ω. Indeed, if Ω is polytopal (which is a

necessary assumption of Lemmas 5, 7, and 8, as well as Theorems 8 and 9 in [110]),

then all of the faces F ∈ E b
h are flat, and so

HF = 0 and ∇TnF = 0, for all F ∈ E b
h ,

which means that the additional terms vanish, and we retain the scheme introduced

in [110]. In experiment 5.9.4, the results imply the necessity of these extra terms

when ∂Ω is curved. Furthermore, the presence of these additional terms requires

the application of new techniques, in order to prove that the numerical method is

consistent (see Lemma 5.5.1), admits a unique solution (see Theorem 5.6.3), and

that the resulting solution satisfies optimal error bounds (see Theorem 5.7.1).

5.5 Consistency of the method

We will now provide a consistency result for our method. This method is central to

the error analysis discussed in Section 5.7, as it allows for a “Galerkin orthogonality”

type argument.

Lemma 5.5.1 Let Ω be a piecewise C3 and piecewise convex domain, and let {Th}h
be a regular of order 2 family of triangulations on Ω satisfying Assumption 4.4.9. Let

w ∈ Hs(Ω; Th) ∩ H2(Ω) ∩ H1
0 (Ω), s > 5/2. Then, for every vh ∈ Vh,p, we have the

identities

BDh,∗(w, vh) =
∑
K∈Th

〈∆w,∆vh〉K and JDh (w, vh) = 0. (5.5.1)

Proof: Assume that w ∈ Hs(Ω; Th) ∩ H2(Ω) ∩ H1
0 (Ω), s > 5/2, and vh ∈ Vh,p. The

identities in (5.5.1) are given by (5.3.10) and (5.3.17). �

The following corollary shows that the method is consistent, that is, if the true

solution, u, of (5.1.1) is sufficiently piecewise smooth then u also satisfies (5.4.5).
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Corollary 5.5.2 Let Ω be a piecewise C3 and piecewise convex domain, and let {Th}h
be a regular of order 2 family of triangulations on Ω satisfying Assumption 4.4.9.

Assume that u ∈ H2(Ω) ∩H1
0 (Ω) satisfies (5.1.1). If u ∈ Hs(Ω; Th), s > 5/2, then u

satisfies

ADh (uh, vh) =
∑
K∈Th

〈γf,∆vh〉K ∀wh ∈ Vh,p. (5.5.2)

Proof: This follows simply by noting that u satisfies{
γLu = γf, a.e in Ω,

u = 0, on ∂Ω,

as well as the regularity assumptions necessary for Lemma 5.5.1 to hold. �

Remark 5.5.3 (Conforming regularity) The hypotheses of Corollary 5.5.2 as-

sume that the strong solution u ∈ H2(Ω)∩H1
0 (Ω) of (5.1.1) also belongs to Hs(Ω; Th),

for some s > 5/2. However, the coefficient matrix, A, describing the PDE (5.1.1), be-

longs to L∞(Ω), and so in general, would not expect such broken regularity. There are

of course cases (for instance the Poisson problem), where such regularity would be ex-

pected (particularly since our formulation allows for C∞ domains, for example). This

assumption of higher broken regularity is utilised in Section 5.7 (see Theorem 5.7.1),

to prove optimal error estimates, where one is required to substitute the true solution

into the first argument of the bilinear form ADh . Where such regularity is not avail-

able, we prove an error estimate (see Theorem 5.7.2) that only requires the expected

H2-regularity of the strong solution, by asserting that the finite element interpolant

also belongs to H1
0 (Ω) ∩ H2(Ω), which implies that the method of this chapter is as

least as accurate as a fully conforming method (however we do not have to enforce

H2-conformity directly into the finite element space, which can be computationally

expensive).

5.6 Stability of the method

Let c∗ be a positive constant independent of h and to be determined later. For each

θ ∈ (0, 1] define the functional ‖ · ‖h,θ : Vh,p → R+ by

‖vh‖2
h,θ :=

∑
K∈Th

[θ|vh|2H2(K)+(1−θ)‖∆vh‖2
L2(K)]+

θ

2

∑
F∈E bh

∥∥∥∥H1/2
F

∂vh
∂nF

∥∥∥∥2

L2(F )

+c∗J
D
h (vh, vh).

(5.6.1)
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Lemma 5.6.1 Assume that {Th}h is a regular of order 2 family of triangulations on

Ω. Then, for any θ ∈ (0, 1], ‖ · ‖h,θ is a norm on Vh,p.

Proof: Homogeneity and the triangle inequality are clear. It remains to show that

if ‖vh‖h,θ = 0, then vh = 0 for vh ∈ Vh,p. Let vh ∈ Vh,p satisfy ‖vh‖h,θ = 0 for some

θ ∈ (0, 1]. Since θ ∈ (0, 1], it follows that |vh|H2(Ω;Th) = 0, and thus vh must be

piecewise affine. Furthermore, JDh (vh, vh) = 0 implies that [[∇vh]] = 0 for all F ∈ E i
h,

and [[vh]] = 0 for all F ∈ E i,b
h . It follows that vh is an affine function that satisfies

vh|∂Ω = 0, and so vh ≡ 0. �

Lemma 5.6.2 Let Ω be a piecewise C3 and piecewise convex domain, and let {Th}h
be a regular of order 2 family of triangulations on Ω satisfying Assumption 4.4.9.

Then, for each constant κ > 1, there exists a positive constant cstab, independent of

h, p, and θ, such that for any vh ∈ Vh,p and any θ ∈ (0, 1], we have

κBDh,θ(vh, vh) ≥ θ|vh|2H2(Ω;Th) + (1− θ)
∑
K∈Th

‖∆vh‖2
L2(K)

+
θ

2

∑
F∈E bh

∥∥∥∥H1/2
F

∂vh
∂nF

∥∥∥∥2

L2(F )

+ c∗J
D
h (vh, vh),

(5.6.2)

where, for some fixed constant σ ≥ 1, the jump penalty parameters µF and ηF satisfy

µF =
σcstab

h̃F
and ηF =

σcstab

h̃3
F

. (5.6.3)

Proof: The proof is similar to that of [111], Section 6, Lemma 6; in this case we must

now deal with the extra terms arising in the bilinear form BDh,∗ due to the curvature

of the boundary, ∂Ω, and the resulting curvature of internal faces F ∈ E i
h that are

contained in the boundary of an element K ∈ Th for which FK is a nonaffine map.

Firstly, for vh ∈ Vh,p, we have

BDh,θ(vh, vh) = θ|vh|2H2(Ω;Th) + (1− θ)
∑
K∈Th

‖∆vh‖2
L2(K) + JDh (vh, vh) + θ

5∑
i=1

Ii,

where

I1 := 2
∑
F∈E ih

〈divT∇T〈〈vh〉〉, [[∇vh · nF ]]〉F , I2 := −2
∑
F∈E i,bh

〈∇T〈〈∇vh · nF 〉〉, [[∇Tvh]]〉F ,

I3 := 2
∑
F∈E ih

〈
〈〈∇Tvh〉〉T∇Tn

T
F [[∇Tvh]]

〉
F
, I4 :=

∑
F∈E ih

〈HF 〈〈∇vh · nF 〉〉, [[∇vh · nF ]]〉F ,

I5 :=
∑
F∈E bh

〈HF (∇vh · nF ), (∇vh · nF )〉F .
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We first see that for any δ > 0,

|I1| = 2

∣∣∣∣∣∣
∑
F∈E ih

〈divT∇T〈〈vh〉〉, [[∇vh · nF ]]〉F

∣∣∣∣∣∣
≤
∑
F∈E ih

δh̃F‖ divT∇T〈〈vh〉〉‖2
L2(F ) + (h̃F δ)

−1‖[[∇vh · nF ]]‖2
L2(F )

≤
∑
F∈E ih

δh̃F

( ∑
K∈Th:F⊂∂K

‖ divT∇Tvh‖2
L2(∂K)

)
+
∑
F∈E ih

(h̃F δ)
−1‖[[∇vh · nF ]]‖2

L2(F ).

Furthermore, applying (4.10.23), followed by the trace estimate (4.6.1), we obtain

∑
F∈E ih

δh̃F

( ∑
K∈Th:F⊂∂K

‖ divT∇Tτ∂K(vh|K)‖2
L2(∂K)

)

≤ C
∑
F∈E ih

δh̃F

 ∑
K∈T c

h :F⊂∂K

‖D2vh‖2
L2(∂K) + ‖∇vh‖2

L2(∂K) +
∑

K∈T f
h :F⊂∂K

‖D2vh‖2
L2(∂K)



≤ C
∑
F∈E ih

δh̃F

 ∑
K∈T c

h :F⊂∂K

h−1
K ‖D

2vh‖2
L2(K) + hK‖D2vh‖2

H1(K) + h−1
K ‖∇vh‖

2
L2(K)+

+
∑

K∈T f
h :F⊂∂K

h−1
K ‖D

2vh‖2
L2(K) + hK |D2vh|2H1(K)


≤ C

∑
F∈E ih

δh̃F

 ∑
K∈T c

h :F⊂∂K

h−1
K |vh|

2
H2
∗(K) + hK |vh|2H3

∗(K)

+
∑

K∈T f
h :F⊂∂K

h−1
K |vh|

2
H2(K) + hK |D2vh|2H1

∗(K)

 .

We now note that for K ∈ T f
h , the map FK is affine, and so D2vh|K is a piecewise

polynomial, which means that we may apply the inverse estimate (4.6.26) with m =

1, q = 2, obtaining |D2vh|2H1
∗(K) ≤ Ch−2

K ‖D2vh‖2
W 0,2
∗ (K)

= Ch−2
K |v|2H2(K). However,

for K ∈ T c
h , this is no longer the case, and so we must apply the same estimate,

with m = 3, which gives us |vh|2H3
∗(K) ≤ Ch−2

K |vh|2H2
∗(K). Applying this to the above
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estimate, we obtain (noting that by definition h̃F ≤ hK if F ⊂ ∂K)

∑
F∈E ih

δh̃F

 ∑
K∈T c

h :F⊂∂K

‖ divT∇Tvh‖2
L2(∂K) +

∑
K∈T f

h :F⊂∂K

‖ divT∇Tvh‖2
L2(∂K)


≤ C

∑
F∈E ih

δ

 ∑
K∈T c

h :F⊂∂K

‖vh‖2
H2(K) +

∑
K∈T f

h :F⊂∂K

|vh|2H2(K)


≤ δCC(d)

∑
K∈T c

h

|vh|2H2
∗(K) +

∑
K∈T f

h

|vh|2H2(K)

 .

This gives us, for any δ > 0,

|I1| ≤ δCC(d)

∑
K∈T c

h

|vh|2H2
∗(K) +

∑
K∈T f

h

|vh|2H2(K)

+ δ−1
∑
F∈E ih

h̃−1
F ‖[[∇vh · nF ]]‖2

L2(F ).

(5.6.4)

Analogously (utilising (4.10.22)) for I2, we obtain, for any δ > 0,

|I2| ≤ δCC(d)

∑
K∈T c

h

|vh|2H2
∗(K) +

∑
K∈T f

h

|vh|2H2(K)

+ δ−1
∑
F∈E i,bh

h̃−1
F ‖[[∇Tuh]]‖2

L2(F ).

(5.6.5)

For I3, due to (4.10.16), and the trace estimate (4.6.1) we see that

|I3| = 2

∣∣∣∣∣∣
∑
F∈E ih

〈〈〈∇Tvh〉〉T∇Tn
T
F [[∇Tvh]]〉F

∣∣∣∣∣∣
≤ C

∑
F∈E ih

δh̃F‖〈〈∇Tvh〉〉‖2
L2(F ) + (δh̃F )−1‖[[∇Tvh]]‖2

L2(F )


≤ C

∑
F∈E ih

∑
K∈T c

h :F⊂∂K

δh̃F‖∇Tvh‖2
L2(∂K) + (δh̃F )−1‖[[∇Tvh]]‖2

L2(F )


≤ C

∑
F∈E ih

∑
K∈T c

h :F⊂∂K

δh̃Fh
−1
K ‖∇vh‖

2
L2(K) + hK |∇vh|2H1(K))


+ C

∑
F∈E ih

(δh̃F )−1‖[[∇Tvh]]‖2
L2(F )

≤ δCC(d)
∑
K∈T c

h

|vh|2H2
∗(K) + C

∑
F∈E ih

(δh̃F )−1‖[[∇Tvh]]‖2
L2(F ).

(5.6.6)
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Similarly, for I4, we obtain

|I4| ≤ δCC(d)
∑
K∈T c

h

|vh|2H2
∗(K) + C

∑
F∈E ih

(δh̃F )−1‖[[∇vh · nF ]]‖2
L2(F ). (5.6.7)

An application of (4.7.4) yields∑
K∈T c

h

|vh|2H2
∗(K) ≤ |vh|2H2(Ω;Th) + |v|2H1(Ω;Th)

≤ C

|vh|2H2(Ω;Th) +
∑
F∈E i,bh

h̃−1
F ‖[[vh]]‖

2
L2(F ) +

∑
F∈E ih

h̃−1
F ‖[[∇vh · nF ]]‖2

L2(F ))

 .

(5.6.8)

Applying (5.6.8) to (5.6.4)–(5.6.7), and summing the resulting estimates, we obtain

(noting that ∇vh|F = ∇Tvh + (∇vh · nF )nF ), for any δ > 0,

4∑
i=1

|Ii| ≤ δCC(d)|vh|2H2(Ω;Th) + (δ−1 + δCC(d))
∑
F∈E ih

h̃−1
F ‖[[∇vh · nF ]]‖2

L2(F )

+ (δ−1 + δCC(d))

 ∑
F∈E i,bh

h̃−1
F (‖[[∇Tvh]]‖2

L2(F ) + ‖[[vh]]‖2
L2(F ))

 .

(5.6.9)

One can also see that

I5 =
∑
F∈E bh

∥∥∥∥H1/2
F

∂vh
∂n

∥∥∥∥2

L2(F )

,

where, due to (4.10.17), it follows that HF ≥ 0 on each F , and so one can always

make sense of H1/2
F . Now that we have bounds on I1, . . . , I5, we obtain the following:

BDh,θ(vh, vh) ≥
6∑
i=1

Ai,

where

A1 = θ(1− δCC(d))|vh|2H2(Ω;Th), A2 = (1− θ)
∑
K∈Th

‖∆vh‖2
L2(K),

A3 =
∑
F∈E ih

(
µF − θ(δ−1 + δCC(d))h̃−1

F

)
‖[[∇vh · nF ]]‖2

L2(F ),

A4 =
∑
F∈E i,bh

(
µF − θ

((
δ−1 + δCC(d)

)
h̃−1
F

))
‖[[∇Tvh]]‖2

L2(F ),

A5 =
θ

2

∑
F∈E bh

∥∥∥∥H1/2
F

∂vh
∂nF

∥∥∥∥2

L2(F )

,

A6 =
∑
F∈E i,bh

(ηF − θ(δ−1 + δCC(d))h̃−1
F ))‖vh‖2

L2(F ).
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For any given κ > 1, there is a δ > 0 such that

1− δCC(d) > κ−1 and δCC(d) < δ−1.

Set cstab = 4/δ, c∗ = κ/2 so that the following inequalities hold for any θ ∈ (0, 1]:

A1 ≥ θκ−1|vh|2H2(Ω;Th), A2 ≥ (1− θ)κ−1
∑
K∈Th

‖∆vh‖2
L2(K),

A3 ≥
1

2

∑
F∈E ih

µF‖[[∇vh · nF ]]‖2
L2(F ) = κ−1c∗

∑
F∈E ih

µF‖[[∇vh · nF ]]‖2
L2(F ),

A4 ≥
1

2

∑
F∈E i,bh

µF‖[[∇Tvh]]‖2
L2(F ) = κ−1c∗

∑
F∈E i,bh

µF‖[[∇Tvh]]‖2
L2(F ),

A5 ≥
θ

2κ

∑
F∈E bh

∥∥∥∥H1/2
F

∂vh
∂nF

∥∥∥∥2

L2(F )

, A6 ≥
1

2

∑
F∈E bh

ηF‖vh‖2
L2(F ) = κ−1c∗

∑
F∈E bh

ηF‖vh‖2
L2(F ),

whenever µF and ηF satisfy (5.6.3). Hence,

κBDh,θ(vh, vh) ≥ θ|vh|2H2(Ω;Th) + (1− θ)
∑
K∈Th

‖∆vh‖2
L2(K) + c∗J

D
h (vh, vh)

+
θ

2

∑
F∈E bh

‖H1/2
F

∂vh
∂n
‖2
L2(F ),

as has been asserted. �

Theorem 5.6.3 Assume that A ∈ L∞(Ω;Rd×d
Sym) satisfies (5.1.3) and (5.1.4). Under

the hypotheses of Lemma 5.6.2, let cstab, cH, ηF and µF be chosen so that Lemma 5.6.2

holds with κ < (1− ε)−1/2. Then, for every vh ∈ Vh,p, we have

‖vh‖2
h,1 ≤

2κ

1− κ(1− ε)
ADh (vh, vh). (5.6.10)

Therefore, there exists a unique solution uh ∈ Vh,p of the numerical scheme (5.4.5).

Furthermore, we have the bound

‖uh‖h,1 ≤
2κ
√
d‖γ‖L∞(Ω)

1− κ2(1− ε)
‖f‖L2(Ω). (5.6.11)

Proof: The proof is the same as the proof of Theorem 8, in [110], Section 4, which

relies upon the stability estimate (5.6.2), in order to prove that ADh is coercive on

Vh,p × Vh,p, yielding the existence and uniqueness of a numerical solution (note that

this result is proven in a more general context in the proof of Theorem 7.4.1). �
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5.7 Error estimates

Theorem 5.7.1 Assume that A ∈ L∞(Ω;Rd×d
Sym) satisfies (5.1.3) and (5.1.4). Let Ω

be a piecewise Cm+1 and piecewise convex domain, m ∈ N, m ≥ 2, and let {Th}h
be a regular of order m family of triangulations on Ω satisfying Assumption 4.4.9.

Furthermore, let u ∈ H2(Ω) ∩ H1
0 (Ω) be the unique solution of (5.1.1), and assume

that u ∈ Hs(Ω; Th) with sK > 5/2 for each K ∈ Th. Let cstab, µF , and ηF be

chosen as in Theorem 5.6.3 for all F ∈ E i,b
h . Then, there exists a positive constant C

independent of h and u, but depending on maxK sK, such that for the unique solution

uh of (5.4.5), we have

‖u− uh‖2
h,1 ≤ C

∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K), (5.7.1)

where tK = min(p+ 1, sK ,m+ 1) for each K ∈ Th.

Note that for the special case of quasi-uniform meshes, the a priori estimate (5.7.1)

simplifies to

‖u− uh‖h,1 ≤ Chmin(p+1,s,m+1)−2‖u‖Hs(Ω;Th).

Therefore, the convergence rates are optimal with respect to the mesh size.

Proof: The proof is analogous to the proof of Theorem 9 in [110], Section 5. It is

noteworthy that the proof relies on the existence of a zh ∈ Vh,p satisfying (4.6.9). Let

us denote ξh := zh − u and ψh := zh − uh. Then, from the triangle inequality, we

obtain

‖u− uh‖h,1 ≤ ‖u− zh‖h,1 + ‖zh − uh‖h,1 = ‖ξh‖h,1 + ‖ψh‖h,1. (5.7.2)

Then, applying the coercivity estimate (5.6.10) yields (noting that ψh ∈ Vh,p)

‖ψh‖2
h,1 . ADh (ψh, ψh)

= ADh (zh − uh, ψh)

= ADh (zh, ψh)− ADh (uh, ψh)

= ADh (zh, ψh)−
∑
K∈Th

〈γf,∆ψh〉K

= ADh (zh, ψh)−
∑
K∈Th

〈γA : D2u,∆ψh〉K

= ADh (zh, ψh)− ADh (u, ψh) = ADh (ξh, ψh).

Note that we have used the fact that uh is the numerical solution, and the consistency

result (5.5.1), which allows for a “Galerkin orthogonality” type argument.
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We now proceed to show that

‖ψh‖2
h,1 . ADh (ξh, ψh) .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

‖ψh‖h,1,

which gives us

‖ψh‖h,1 .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

.

We see that

ADh (ξh, ψh) =
∑
K∈Th

[
〈γA : D2ξh,∆ψh〉K +

1

2
〈∆ξh,∆ψh〉K

]
+

1

2
BDh,∗(ξh, ψh) + JDh (ξh, ψh).

Utilising the first estimate of (5.7.2), it is clear that∑
K∈Th

[
〈γA : D2ξh,∆ψh〉K +

1

2
〈∆ξh,∆ψh〉K

]
. |ξh|H2(Ω;Th)|ψh|H2(Ω;Th)

.

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

‖ψh‖h,1.

(5.7.3)

Furthermore,

JDh (ξh, ψh) . JDh (ξh, ξh)
1/2JDh (ψh, ψh)

1/2 . JDh (ξh, ξh)
1/2‖ψh‖h,1,

where, by our assumptions on µF and ηF , and applying the second estimate of (4.6.9)

JDh (ξh, ξh) .
∑
F∈E i,bh

∑
K∈Th:F⊂∂K

h̃−1
F ‖∇ξh‖

2
L2(∂K) + h̃−3

F ‖ξh‖
2
L2(∂K)

.
∑
F∈E i,bh

∑
K∈Th:F⊂∂K

h̃−1
F h2tK−3

K ‖u‖2
HsK (K) + h̃−3

F h2tK−1
K ‖u‖2

HsK (K)

.
∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K),

(5.7.4)

and so,

JDh (ξh, ψh) .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

‖ψh‖h,1. (5.7.5)
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We obtain an estimate for BDh,∗(ξh, ψh) using techniques similar to those utilised in

the proof of Theorem 5.6.2. We see that

BDh,∗(ξh, ψh) ≤ |ξh|H2(Ω;Th)|ψh|H2(Ω;Th) +
8∑
i=1

Ai

.

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

‖ψh‖h,1 +
8∑
i=1

Ai,

(5.7.6)

where we define the terms A1, . . . , A8 as follows:

A1 :=
∑
F∈E ih

〈HF 〈〈∇ξh · nF 〉〉, [[∇ψh · nF ]]〉F , A2 :=
∑
F∈E i,bh

〈HF [[∇ψh · nF ]], 〈〈∇ξh · nF 〉〉〉F

A3 :=
∑
F∈E ih

〈〈〈∇Tξh〉〉T∇Tn
T
F [[∇Tψh]]〉F , A4 :=

∑
F∈E ih

〈〈〈∇Tψh〉〉T∇Tn
T
F [[∇Tξh]]〉F

A5 :=
∑
F∈E ih

〈divT∇T〈〈ξh〉〉, [[∇ψh · nF ]]〉F , A6 :=
∑
F∈E ih

〈divT∇T〈〈ψh〉〉, [[∇ξh · nF ]]〉F ]

A7 := −
∑
F∈E i,bh

〈∇T〈〈∇ξh · nF 〉〉, [[∇Tψh]]〉F , A8 = −
∑
F∈E i,bh

〈∇T〈〈∇ψh · nF 〉〉, [[∇Tξh]]〉F ].

First we estimate A1 + A3, due to the Cauchy–Schwarz inequality, and (4.10.21), we

see that

A1 + A3 .

∑
F∈E ih

‖〈〈∇ξh〉〉‖2
L2(F )

 1
2

Jh(ψh, ψh)
1
2

.

(∑
K∈Th

‖∇ξh‖2
L2(∂K)

) 1
2

Jh(ψh, ψh)
1
2

.

(∑
K∈Th

h2tK−3
K ‖u‖2

HsK (K)

) 1
2

‖ψh‖h,1 ≤

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

‖ψh‖h,1.

Furthermore, due to the Cauchy–Schwarz inequality, (4.10.21), the trace estimate (4.6.1),

the inverse estimate (4.6.26), and estimate (4.7.4), for A2, we obtain

A2 .

(∑
K∈Th

h̃−1
F ‖∇ξh‖

2
L2(∂K)

) 1
2
(∑
K∈Th

h̃F‖∇ψh‖2
L2(∂K)

) 1
2

+

∑
F∈E bh

‖∇ξh‖2
L2(F )

 1
2
∑
F∈E bh

∥∥∥∥HF
∂ψh
∂nF

∥∥∥∥2

L2(F )

 1
2

.

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

(∑
K∈Th

|ψh|2H2
∗(K)

) 1
2

+

∑
F∈E bh

∥∥∥∥HF
∂ψh
∂nF

∥∥∥∥2

L2(F )

 1
2


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.

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

‖ψh‖h,1.

Similarly, due to the Cauchy–Schwarz inequality, (4.10.21), the trace estimate (4.6.1),

the inverse estimate (4.6.26), and estimate (4.7.4), for A4, we obtain

A4 .

(∑
K∈Th

h̃−1
F ‖∇ξh‖

2
L2(∂K)

) 1
2
(∑
K∈Th

h̃F‖∇ψh‖2
L2(∂K)

) 1
2

.

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2
(∑
K∈Th

|ψh|2H2
∗(K)

) 1
2

.

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

‖ψh‖h,1.

For A5, we have

A2 .

∑
F∈E ih

∑
K∈Th:F⊂∂K

h̃F‖D2ξh‖2
L2(∂K) + ‖∇ξh‖2

L2(∂K)

 1
2

‖ψh‖h,1

.

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

‖ψh‖h,1

Indeed, for A6, by (5.7.4), (4.6.1), (4.6.26) and (4.7.4) we see that

A6 . JDh (ξh, ξh)
1
2

∑
F∈E ih

∑
K∈Th:F⊂∂K

h̃F‖D2ψh‖2
L2(∂K) + ‖∇ψh‖2

L2(∂K)

 1
2

.

[∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

] 1
2
[∑
K∈Th

|ψh|2H2
∗(K)

] 1
2

.

[∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

] 1
2

‖ψh‖h,1.

Similar to the estimate for A5, we obtain

A7 .

 ∑
F∈E i,bh

∑
K∈Th:F⊂∂K

h̃F‖D2ξh‖2
L2(∂K) + ‖∇ξh‖2

L2(∂K)

 1
2

‖ψh‖h,1

.

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

‖ψh‖h,1
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Again, applying (5.7.4), (4.6.1), (4.6.26) and (4.7.4) we obtain

A8 . JDh (ξh, ξh)
1
2

 ∑
F∈E i,bh

∑
K∈Th:F⊂∂K

h̃F‖D2ψh‖2
L2(∂K) + ‖∇ψh‖2

L2(∂K)

 1
2

.

[∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

] 1
2
[∑
K∈Th

|ψh|2H2
∗(K)

] 1
2

.

[∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

] 1
2

‖ψh‖h,1.

Thus, applying our estimates for A1, . . . , A8 to (5.7.6) we obtain the following:

BDh,∗(ξh, ψh) .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

‖ψh‖h,1. (5.7.7)

From (5.7.3), (5.7.5), and (5.7.7), it follows that

ADh (ξh, ψh) .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

‖ψh‖h,1,

and so,

‖ψh‖h,1 .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

.

Furthermore, applying both estimates of (4.6.9), in conjunction with (5.7.4), we obtain

‖ξh‖2
h,1 . |ξh|2H2(Ω;Th) +

1

2

∑
F∈E bh

∥∥∥∥H1/2
F

∂ξh
∂nF

∥∥∥∥2

L2(F )

+ JDh (ξh, ξh) .
∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K),

and so

‖u− uh‖h,1 ≤ ‖ξh‖h,1 + ‖ψh‖h,1 .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

,

as desired. �

We now provide an error estimate that only assumes that the strong solution

of (5.1.1) belongs to H2(Ω) ∩ H1
0 (Ω), i.e., no higher broken Sobolev regularity is

assumed. The proof is similar to the proof of Proposition 10 in [110].

Theorem 5.7.2 Assume that A ∈ L∞(Ω;Rd×d
Sym) satisfies (5.1.3) and (5.1.4). Let

Ω be a piecewise C3 and piecewise convex domain, and let {Th}h be a regular of

order 2 family of triangulations on Ω satisfying Assumption 4.4.9. Furthermore, let

u ∈ H2(Ω) ∩ H1
0 (Ω) be the unique solution of (5.1.1). Let cstab, µF , and ηF be
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chosen as in Theorem 5.6.3 for all F ∈ E i,b
h . Then, there exists a positive constant C

independent of h and u, such that for the unique solution uh of (5.4.5), we have

‖u− uh‖2
h,1 ≤ C inf

{
‖u− zh‖H2(Ω) : zh ∈ Vh,p ∩H2(Ω) ∩H1

0 (Ω)
}
. (5.7.8)

Proof: Let zh ∈ Vh,p∩H2(Ω)∩H1
0 (Ω) be arbitrary, and set ξh := zh−u, ψh = zh−uh.

Then, by the triangle inequality, we see that

‖u− uh‖h,1 ≤ ‖ξh‖h,1 + ‖ψh‖h,1. (5.7.9)

Furthermore, by (5.6.10), along with the fact that uh satisfies (5.4.5), and that zh ∈
Vh,p ∩H2(Ω) ∩H1

0 (Ω) satisfies (5.5.1) we see that

‖ψh‖2
h,1 . ADh (ψh, ψh)

= ADh (zh, ψh)− ADh (uh, ψh)

=
∑
K∈Th

〈γ(A :D2zh − f),∆ψh〉K .

We also have that A :D2u = f a.e. in Ω, and so

‖ψh‖2
h,1 .

∑
K∈Th

〈γA :D2(zh − u),∆ψh〉K

. |u− zh|H2(Ω)

(∑
K∈Th

‖∆ψh‖2
L2(K)

) 1
2

. |u− zh|H2(Ω)‖ψh‖h,1,

which yields

‖ψh‖h,1 . |u− zh|H2(Ω). (5.7.10)

Then, by (4.10.21), we also see that

‖ξh‖2
h,1 = ‖u− zh‖2

h,1

= |u− zh|2H2(Ω) +
1

2

∑
F∈E bh

∥∥∥∥H1/2
F

∂

∂nF
(u− zh)

∥∥∥∥2

L2(F )

. |u− zh|2H2(Ω) + ‖∇(u− zh)‖2
L2(∂Ω)

. ‖u− zh‖2
H2(Ω),

where the last inequality follows due to the fact that the trace operator is continuous

from H1(Ω)→ L2(∂Ω). Thus, we have that

‖ξh‖h,1 . ‖u− zh‖H2(Ω). (5.7.11)
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Applying (5.7.10) and (5.7.11) to (5.7.9), we obtain

‖u− u‖h,1 . ‖u− zh‖H2(Ω). (5.7.12)

Notice that our choice of zh ∈ Vh,p ∩ H2(Ω) ∩ H1
0 (Ω) was arbitrary, and so we may

take an infimum over all such zh in (5.7.12), which yields (5.7.8). �

5.8 Implementation

Software and code: The experiments in this Chapter have been implemented in the

most recent version of the Firedrake software [105, 87] (as of 3rd July 2018), which

interfaces directly with PETSc [6, 7] running through a Python interface [39, 63]. A

working Firedrake script, Curved-Dirichlet-DGFEM.py, used to generate the experi-

ments of this Chapter is available in the Github repository:

https://github.com/ekawecki/FiredrakeNDV.

Linear systems and condition numbers: The bilinear form ADh defined by (5.4.4)

can be considered to be similar to those present in finite element methods for fourth-

order elliptic boundary-value problems (see [114, 25] for example), in the sense that

the evaluation of ADh (uh, vh) for uh, vh ∈ Vh,p involves the integration of products of

second order partial derivatives. This typically leads to the matrix AD, describing

the linear system given by (5.4.5), to have a Euclidean norm condition number of

order h−4. This can pose difficulties when applying iterative methods to solve the

linear system, and thus to ensure that we solve the linear system with sufficiently high

accuracy as the mesh size h decreases, we apply the Iterative refinement algorithm,

i.e., Algorithm 1.1 of [32]. We implement the Iterative refinement algorithm by using

the following choices in the Firedrake “solve” function.

t = time()

solve(A_gamma == L, U,

solver_parameters = {

"snes_type": "newtonls",

"ksp_type": "preonly",

"pc_type": "lu",

"snes_monitor": False ,

"snes_rtol": 1e-16,

"snes_atol": 1e-25})

tt.append(time()-t)

One can also see that when executing the script in Firedrake, we record the runtimes

by way of the first and last line above, so that we only record the time that it takes

to solve the linear system.
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Two-dimensional curved boundary approximation: When implementing curved

finite elements, we use a piecewise quadratic polynomial mapping to obtain a higher

order approximation of the domain boundary. This is implemented in Firedrake

by first using Gmsh [56] (version 3.0.1) to generate an affine triangulation Ωh that

approximates Ω (our assumption of piecewise convexity ensures that there is such a

triangulation that is also a subset of Ω). We then define the continuous Lagrange

finite element space V := {v ∈ C(Ωh;R2) : v ∈ P2(K;R2)∀K ∈ Ωh}. Then, we

take ψi : ωi → R2, ωi ⊂ R, i = 1, . . . , n, to be the collection of charts that locally

describe ∂Ω, and denote {xj}Nj=1 to be the degrees of freedom of V. We partition the

collection of degrees of freedom by defining Jext = {j ∈ {1, . . . , N} : xj ∈ ∂Ωh}, and

Jint = {1, . . . , N} \ Jext, and so {xj}Nj=1 = {xj}j∈Jint
∪ {xj}j∈Jext . We then define the

the function T ∈ V by{
T (xj) = xj, j ∈ Jint,

T (xj) = ψi(xj), j ∈ Jext, i ∈ {1, . . . , n} such that xj ∈ ωi.
(5.8.1)

Finally, we define our computational finite element space V comp
h,p := {v ∈ L2(Ω) :

v ◦ T−1 ∈ Pp(K̂)}. This procedure is implemented in Firedrake, in the code snippet

below, utilising the Firedrake “Mesh” function. In this case Ω is the unit disk, and

so there is only one chart, ψ := x/|x|. Furthermore, when we refine the mesh in our

experiments, the meshes at each refinement level are not related to one another (the

one exception being Experiment 6.11.2 of Chapter 6). That is, there is no hierarchical

mesh structure, i.e., at each refinement level, we “remesh”. A collection of the meshes

used for the computations of this thesis can be found in the folder “Meshes” in the

Github repository: https://github.com/ekawecki/FiredrakeNDV.

#Affine mesh of the unit disk , generated in Gmsh

mesh = Mesh("quasiunifrefdisk.msh")

# Implementing quadratic domain approximation

V = FunctionSpace(mesh , "CG", 2)

# Defining a function that identifies the curved portion of the boundary

bdry_indicator = Function(V)

bc = DirichletBC(V, Constant (1.0), 1)

bc.apply(bdry_indicator)

# Defining the continuous , piecewise quadratic vector -valued finite element←↩
space

VV = VectorFunctionSpace(mesh , "CG", 2)

T = Function(VV)

T.interpolate(SpatialCoordinate(mesh))

# Defining the function T given by (5.8.1)

T.interpolate(conditional(abs(1- bdry_indicator) < 1e-5, T/sqrt(inner(T,T)),←↩
T))

# Defining the curved mesh

mesh = Mesh(T)

# Defining the space V_{h,p}^{ comp}

FES = FunctionSpace(mesh ,"DG",deg)
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Remark 5.8.1 (Computational parameters) In the following experiments, we

employ the following parameter choices: cstab = 2, µF = cstab(p − 1)2/2h̃F , ηF =

3cstab(p − 1)4/8h̃3
F . The order of the computational parameters with respect to h̃F

was guided by (5.6.3) in the statement of Lemma 5.6.2, and the order of the com-

putational parameter choices with respect to p was guided by the parameter choices

employed in the experiments in Section 6 of [110]. Finally, the choice of cstab was

obtained experimentally.

5.9 Experiments

In this chapter, we test the robustness of the scheme (5.4.5), with the computational

domain Ω taken to be the unit disk, and the “key-hole” shaped domain (2.5.2), and

consider various elliptic operators, L, that satisfy the Cordes condition (5.1.4). In

each case, we see that the convergence rates are of the expected order in the ‖ · ‖h,1–

norm, for which we have proven the error bound (5.7.1).

5.9.1 Experiment 1

In this experiment, we consider the following problem{
∆u = f, in Ω,

u = 0, on ∂Ω,
(5.9.1)

where Ω = {x = (x1, x2) ∈ R2 : |x| < 1}. For this problem, f is chosen so that the

solution of (5.9.1) is given by

u(x1, x2) =
1

4
sin(π(x2

1 + x2
2)).

We can also directly calculate the renormalisation parameter, γ, and provide the

largest value of ε for which the Cordes condition (5.1.4) holds. In particular, we have

that

γ :=
Tr(A)

|A|2
=

Tr(Id)

|Id|2
=
Id : Id
Id : Id

= 1, and ε = 1.

Furthermore, since Ω is the unit disk, ∂Ω = S1, and it follows that the mean curvature

of ∂Ω, H∂Ω = 1, and therefore, HF = 1 for all F ∈ E b
h . For the internal faces, the

mean curvature is calculated directly as HF = ∇T · nF , where nF is a fixed choice of

unit normal to F .

In this experiment, we successively increase the degree, p, of the finite element

space V comp
h,p from 2 to 4, and for each fixed degree we refine the mesh quasi–uniformly,
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we observe that the experimental orders of convergence in the ‖·‖h,1-norm are optimal,

that is ‖u−uh‖h,1 = O(hp−1). We plot the error values in the ‖·‖h,1-norm in Figure 5.1,

and report the exact values in Table 5.1, with the corresponding experimental orders

of convergence given in brackets. Furthermore, we provide the number of degrees of

freedom (DoFs) and run times for each computation in Table 5.2.
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Figure 5.1: Convergence rates for the numerical scheme applied to problem (5.9.1).
The error ‖u−uh‖h,1 is plotted against the mesh size h for polynomial degrees ranging
from p = 2 to p = 4. We observe the optimal rate of convergence ‖u−uh‖h,1 = O(hp−1)
for all values of p.

Mesh size p = 2 p = 3 p = 4
0.4158 5.21 2.37 1.51
0.2314 2.56 (1.21) 1.38 (0.92) 3.08× 10−1 (2.71)
0.1357 2.10 (0.38) 5.20× 10−1 (1.83) 4.54× 10−2 (3.59)
0.0769 1.46 (0.63) 1.61× 10−1 (2.07) 7.94× 10−3 (3.07)
0.0389 8.09× 10−1 (0.87) 4.25× 10−2 (1.95) 9.31× 10−4 (3.14)
0.0202 4.47× 10−1 (0.91) 1.11× 10−2 (2.06) 1.28× 10−4 (3.03)
0.0099 2.30× 10−1 (0.93) 2.78× 10−3 (1.93) 1.69× 10−5 (2.82)

Table 5.1: Error values in the ‖ · ‖h,1-norm and EOCs for Experiment 5.9.1.
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Runtime (seconds) Number of DoFs
Mesh size p = 2 p = 3 p = 4 p = 2 p = 3 p = 4

0.4158 0.47 7.20 7.90 96 160 240
0.2314 0.17 0.18 0.19 384 640 960
0.1357 0.19 0.20 0.28 1044 1740 2610
0.0769 0.23 0.34 0.61 3420 5700 8550
0.0389 0.51 1.25 3.06 13920 23200 34800
0.0202 2.28 7.52 20.85 52476 87460 131190
0.0099 14.77 55.51 176.64 205848 343080 514620

Table 5.2: Runtimes and number of DoFs for Experiment 5.9.1, for each mesh size h,
and each polynomial degree, p.

5.9.2 Experiment 2

In this experiment, we consider the following problem
2∑

i,j=1

(1 + δij)
xi
|xi|

xj
|xj|

D2
iju = f, in Ω,

u = 0, on ∂Ω,

(5.9.2)

where Ω = {x = (x1, x2) ∈ R2 : |x| < 1}. In this case, f is chosen so that the solution

of (5.9.2) is given by

u(x1, x2) =
1

4
sin(π(x2

1 + x2
2)).

We can also directly calculate the renormalisation parameter, γ, and provide the

largest value of ε for which the Cordes condition (5.1.4) holds. In particular, we have

that

γ =
Tr(A)

|A|2
=

2 + x2
1/|x1|2 + x2

2/|x2|2

8 + 2x2
1x

2
2/(|x1|2|x2|2)

= 2/5, and ε = 3/5.

Furthermore, since Ω is the unit disk, ∂Ω = S1, and it follows that the mean curvature

of ∂Ω, H∂Ω = 1, and therefore, HF = 1 for all F ∈ E b
h . For the internal faces, the

mean curvature is calculated directly as HF = ∇T · nF , where nF is a fixed choice of

unit normal to F .

In this experiment, we successively increase the degree, p, of the finite element

space V comp
h,p from 2 to 4, and for each fixed degree we refine the mesh quasi–uniformly,

we observe that the experimental orders of convergence in the ‖·‖h,1-norm are optimal,

that is ‖u−uh‖h,1 = O(hp−1). We plot the error values in the ‖·‖h,1-norm in Figure 5.2,

and report the exact values in Table 5.3, with the corresponding experimental orders

of convergence given in brackets. Furthermore, we provide the number of degrees of
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freedom (DoFs) and run times for each computation in Table 5.4. One can see that

the error values in the ‖ · ‖h,1 norm, and runtimes vary only slightly from those of

experiment 5.9.1 (see Tables 5.2 and 5.1), highlighting the robustness of this method

with respect to the choice of coefficient matrix A ∈ L∞(Ω;Rd×d
Sym) \ C(Ω;Rd×d

Sym). In

particular, for this example, the off diagonal entries of A are discontinuous across the

set {x = 0 or y = 0}.
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Figure 5.2: Convergence rates for the numerical scheme applied to problem (5.9.2).
The error ‖u−uh‖h,1 is plotted against the mesh size h for polynomial degrees ranging
from p = 2 to p = 4. We observe the optimal rate of convergence ‖u−uh‖h,1 = O(hp−1)
for all values of p.

Mesh size p = 2 p = 3 p = 4
0.4158 5.30 2.38 1.53
0.2314 2.57 (1.23) 1.42 (0.88) 3.14× 10−1 (2.70)
0.1357 2.10 (0.38) 5.29× 10−1 (1.85) 4.59× 10−2 (3.60)
0.0769 1.47 (0.63) 1.64× 10−1 (2.07) 8.07× 10−3 (3.06)
0.0389 8.13× 10−1 (0.87) 4.36× 10−2 (1.94) 9.46× 10−4 (3.14)
0.0202 4.49× 10−1 (0.91) 1.14× 10−2 (2.05) 1.30× 10−4 (3.03)
0.0099 2.31× 10−1 (0.93) 2.85× 10−3 (1.93) 1.72× 10−5 (2.82)

Table 5.3: Error values in the ‖ · ‖h,1-norm and EOCs for Experiment 5.9.2.
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Runtime (seconds) Number of DoFs
Mesh size p = 2 p = 3 p = 4 p = 2 p = 3 p = 4

0.4158 5.56 6.46 6.66 96 160 240
0.2314 0.16 0.17 0.19 384 640 960
0.1357 0.18 0.27 0.29 1044 1740 2610
0.0769 0.23 0.39 0.65 3420 5700 8550
0.0389 0.53 1.33 3.37 13920 23200 34800
0.0202 2.32 7.95 22.52 52476 87460 131190
0.0099 16.30 56.82 174.80 205848 343080 514620

Table 5.4: Runtimes and number of DoFs for Experiment 5.9.2, for each mesh size h,
and each polynomial degree, p.

5.9.3 Experiment 3

In this experiment, we consider the PDE given by (5.9.2), and so the renormalisation

parameter, γ, and the largest value of ε for which the Cordes condition (5.1.4) holds,

are given by

γ =
Tr(A)

|A|2
=

2 + x2
1/|x2|2 + x2

1/|x2|2

8 + 2x2
1x

2
2/(|x1|2|x2|2)

= 2/5, and ε = 3/5.

In this case f is chosen so that the solution of (5.9.2) is also given by

u(x1, x2) =
1

4
sin(π(x2

1 + x2
2)).

We have also taken Ω to be the “key-hole” shaped domain (see Figure 2.1) given

by

Ω = {x2
1 + x2

2 < 1 : x2 ≥ 1/
√

2} ∪ [−1/
√

2, 1/
√

2]× [−3, 1/
√

2]. (5.9.3)

This domain is piecewise convex, as it has piecewise nonnegative curvature, but it is

not a convex domain, demonstrating the robustness of this method with respect to

the choice of domain.

Here, ∂Ω = ∪4
i=1Γi, where

Γ1 = {(x1, x2) ∈ S1 : x2 > 1/
√

2}, (5.9.4)

Γ2 = {(x1, x2) ∈ R2 : x1 = −1/
√

2,−3 < x2 < 1/
√

2}, (5.9.5)

Γ3 = {(x1, x2) ∈ R2 : −1/
√

2 < x1 < 1/
√

2, x2 = −3}, (5.9.6)

Γ4 = {(x1, x2) ∈ R2 : x1 = 1/
√

2,−3 < x2 < 1/
√

2}. (5.9.7)
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Since Γ1 ⊂ S1, it follows that HΓ1 = 1, and so HF = 1 for all F ∈ E b
h that are

contained in Γ1. We can also see that Γ2, Γ3, and Γ4 are flat, and so HF = 0 for

the remaining F ∈ E b
h that are not contained in Γ1. For the internal faces, the mean

curvature is calculated directly as HF = ∇T · nF , where nF is a fixed choice of unit

normal to F .

Furthermore, the boundary value problem considered is inhomogeneous. In order

to extend our numerical method (5.4.5) to this case, we simply modify the right hand

side as follows (denoting g to be the restriction of u the boundary, ∂Ω)

ADh (uh, vh) =
∑
K∈Th

〈γf,∆vh〉K +
∑
F∈E bh

[µF 〈∇Tg,∇Tvh〉F + ηF 〈g, vh〉F ]

− 1

2

∑
F∈E bh

[〈divT∇Tg,∇vh · nF 〉F + 〈∇T(∇vh · nF ),∇Tg〉F − 〈∇Tg∇Tn
T
F ∇Tvh〉F ].

(5.9.8)

In this particular example, since ∂Ω = ∪4
i=1Γi, where Γ1, . . . ,Γ4 are given by (5.9.4)–

(5.9.7), one can calculate that for any F ∈ E b
h that is contained in Γ1, and any x ∈ F ,

τ1∇Tn
T
F τ2 = τ1 · τ2 for any two tangent vectors τ1, τ2 at x. Furthermore, ∇Tn

T
F = 0

for any F ∈ E b
h that are not contained in Γ1. Thus, the final term of the final sum

in (5.9.8), is calculated directly as 〈∇Tg∇Tn
T
F ∇Tvh〉F = 〈∇Tg,∇Tvh〉F if F ∈ E b

h is

contained in Γ1, and 〈∇Tg∇Tn
T
F ∇Tvh〉F = 0 if F ∈ E b

h is not contained in Γ1.

In this experiment, we successively increase the degree, p, of the finite element

space V comp
h,p from 2 to 4, and for each fixed degree we refine the mesh quasi–uniformly,

we observe that the experimental orders of convergence in the ‖·‖h,1-norm are optimal,

that is ‖u−uh‖h,1 = O(hp−1). We plot the error values in the ‖·‖h,1-norm in Figure 5.3,

and report the exact values in Table 5.5, with the corresponding experimental orders

of convergence given in brackets. Furthermore, we provide the number of degrees of

freedom (DoFs) and run times for each computation in Table 5.6.

Mesh size p = 2 p = 3 p = 4
0.2586 6.99× 101 4.59× 101 3.66× 101

0.1457 5.84× 101 (0.31) 2.19× 101 (1.29) 8.54 (2.54)
0.0757 3.62× 101 (0.73) 6.31 (1.90) 9.84× 10−1 (3.30)
0.0397 2.08× 101 (0.86) 1.77 (1.97) 1.61× 10−1 (2.80)
0.0197 1.02× 101 (1.01) 4.35× 10−1 (1.99) 1.87× 10−2 (3.07)
0.0101 5.13 (1.04) 1.11× 10−1 (2.05) 2.38× 10−3 (3.10)

Table 5.5: Error values in the ‖ · ‖h,1-norm and EOCs for Experiment 5.9.3.

172



10−3

10−2

10−1

100

101

102

0.01 0.1

‖u
−
u
h
‖ h
,1

Mesh size

p = 2
p = 3
p = 4

Figure 5.3: Convergence rates for the numerical scheme applied to problem (5.9.2),
with Ω given by (5.9.3). The error ‖u− uh‖h,1 is plotted against the mesh size h for
polynomial degrees ranging from p = 2 to p = 4. We observe the optimal rate of
convergence ‖u− uh‖h,1 = O(hp−1) for all values of p.

Runtime (seconds) Number of DoFs
Mesh size p = 2 p = 3 p = 4 p = 2 p = 3 p = 4

0.2586 0.52 3.57 4.42 582 970 1455
0.1457 0.20 0.26 0.42 1878 3130 4695
0.0757 0.31 0.54 1.13 6606 11010 16515
0.0397 0.96 2.63 6.92 25818 43030 64545
0.0197 5.39 18.66 53.54 101682 169470 254205
0.0101 34.53 140.70 595.29 397416 662360 993540

Table 5.6: Runtimes and number of DoFs for Experiment 5.9.3, for each mesh size h,
and each polynomial degree, p.

5.9.4 Experiment 4 - Consistency

As mentioned in the introduction, the bilinear form BDh,∗ defined by (5.4.1) includes

terms that are necessary for the consistency of the method, arising from the curvature

of the boundary. These terms are not present in the method presented in [110], and the

following experiment shows the necessity of including these new terms; in particular,

we see both a lack of consistency, and error results inferior to those produced by the

new method (5.4.5).
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In the results that follow, we provide the consistency residual

Res(wh) := BDh,∗(wh, wh)−
∑
K∈Th

〈∆wh,∆wh〉K ,

where the function wh ∈ V comp
h,2 is given by the Lagrange interpolant of the function

w(x1, x2) := x2
1 + x2

2 − 1 ∈ Hs(Ω; Th) ∩H2(Ω) ∩H1
0 (Ω), s > 5/2, which numerically

validates Lemma 5.5.1, as well as the error results arising from one mesh refinement.

In the first set of results, we implement the method presented in [110], which we shall

call “Method A”, for problem (5.9.1), and in the second set, we implement the method

presented in this chapter, which we shall call “Method B”, for the same problem. In

both cases, the solution space is V comp
h,2 , and Ω = {x = (x1, x2) ∈ R2 : |x| < 1}. The

results are presented in Table 5.7.

Method Ref. no. Mesh size Res(w) ‖u− uh‖h,1
A 1 0.02 −25.129 1.60
A 2 0.01 −25.132 1.56 (0.03)
B 1 0.02 −6.980× 10−8 4.46× 10−1

B 2 0.01 −4.473× 10−9 2.30× 10−1 (0.93)

Table 5.7: Residual values and ‖ · ‖h,1-norm error values with EOCs for Experi-
ment 5.9.4, under one mesh refinement.

5.10 Concluding remarks for this method

We have extended the framework introduced in [110], allowing for domains with

curved boundaries. We have tested the robustness of this new method (given by (5.4.5))

with numerical experiments involving elliptic operators with discontinuous coeffi-

cients, and a uniformly convex domain that has a curved boundary. Furthermore,

experiment 5.9.4 validated the necessity of the modifications to the method found

in [110], that are present in our new method (5.4.5).

In Experiments 5.9.1, 5.9.2 and 5.9.4, the computational domain we considered

was the unit disc; in order to verify the error estimate of Theorem 5.7.1, we used a

mesh consisting of curved triangles whose edges were defined by polynomial mappings.

For Experiment 5.9.3, we considered the “key-hole” shaped domain (2.5.2). One

should note that this domain is not convex and thus Theorem 5.1.1 does not guarantee

the existence and uniqueness of a strong solution to the corresponding boundary-value

problem.
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The type of problems under consideration (problems in nondivergence form on

curved domains) pose many analytical and computational difficulties, whilst housing

a large variety of applications; in this chapter we have developed a method that

produces optimal error results. This inference has been validated by the analysis in

Section 5.7, and the numerical experiments found in Section 5.9.
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Chapter 6

A DGFEM for planar oblique
boundary-value problems

6.1 New contributions and existing methods

The goal of this chapter is to design and analyse a discontinuous Galerkin finite

element method (DGFEM) for the approximation of strong solutions to linear nondi-

vergence form elliptic equations with oblique boundary conditions on curved planar

domains. To our knowledge, this is the first DGFEM for such problems.

Existing methods: As will be mentioned in the following section, the available

literature on finite element methods for oblique boundary value problems is rather

sparse.

• In [110], the authors propose a hp-DGFEM for the approximation of strong solu-

tions to linear elliptic equations in nondivergence form with Dirichlet boundary

conditions on polytopal domains. As such, the method of this chapter extends

the h-version of this method to the oblique boundary condition on curved planar

domains.

• In [55], the author proposes a mixed finite element method for the approxima-

tion of solutions of strong solutions to linear nondivergence form elliptic equa-

tions with oblique boundary conditions on curved planar domains. The author

provides proofs of existence and uniqueness of a numerical solution, as well as

a priori and a posteriori error bounds in the case of a continuous piecewise lin-

ear approximation space for the approximation of the gradient of the solution,

and a range of finite dimensional subspaces of H1 for the approximation of the

solution.

Original contributions of this chapter:
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• We provide a DGFEM for the approximation of strong solutions to linear elliptic

equations with oblique boundary conditions on domains with curved boundaries.

• We prove that the linear operator AOh defined in Section 6.6 is coercive, yielding

existence and uniqueness of a numerical solution;

• We prove error estimates in broken H2-type norms for H2 solutions of sufficient

broken Sobolev regularity, and for those that are only assumed to be H2-regular.

In the case of sufficient broken regularity, the error estimate is optimal with

respect to the mesh size. For solutions possessing only H2 regularity, we show

that the method is at least as accurate as a method with an approximation

space V that varies between being fully conforming and nonconforming (see

Remark 6.9.4 for further details).

6.2 A brief introduction to oblique boundary-value

problems

The model problem that we consider in this chapter is the following oblique boundary-

value problem: find u : Ω→ R such that
2∑

i.j=1

AijD
2
iju = f in Ω,

β · ∇u is constant on ∂Ω,

(6.2.1)

where Ω is a given, C2 domain in R2, f ∈ L2(Ω), and A = (Aij)
2
i,j=1 ∈ L∞(Ω) satisfies

xTA(ξ)x ≥ λ|x|2 ∀x ∈ R2, for a.e. ξ ∈ Ω,

for some constant λ > 0. The constant present in the boundary condition of (6.2.1)

is there to absorb potential compatibility conditions (consider solving the Poisson

problem with a homogeneous Neumann boundary condition imposed). The vector-

valued function β ∈ C1(∂Ω;S1), is called the “oblique vector”.

The oblique boundary-value problem appears in several interesting applications,

often dependent upon which dimension, d, is considered, and whether or not the

oblique boundary-value problem is strict. For d ≥ 2, and β ∈ C1(∂Ω;Sd), the

boundary-value problem is referred to as strictly oblique, if there exits a constant

δ > 0 such that

β · n∂Ω ≥ δ on ∂Ω, (6.2.2)
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where n∂Ω is the unit outward normal to ∂Ω. If (6.2.2) may only hold with δ =

0, then the boundary-value problem is called degenerate oblique. As we have seen

in Chapter 3 (see Section 3.3.4), in the case that d = 2, we do not require the

condition (6.2.2), that is, the oblique vector may become tangential to the boundary,

and may even fully rotate around the normal vector n∂Ω. For d ≥ 3, (6.2.2) is

necessary for the well-posedness of the boundary-value problem, with [102] (pg 13–

14) providing counter examples to uniqueness for the Poisson problem, in the case

that the oblique vector becomes tangential to the boundary, even on a set of zero

boundary measure.

That said, the degenerate (or tangential) oblique problem (falling into the class

of degenerate elliptic problems), arises naturally in the (geodetic) problem of deter-

mining the gravitational fields of celestial bodies [97]. This problem was discovered

by Poincaré [100] during his work on the theory of tides. In the case that d = 2, the

oblique boundary-value problem arises in systems of conservation laws in [121, 30],

where the latter focuses on a mixed elliptic-hyperbolic problem that requires the

boundary condition to be strictly oblique. For an overview of the problem for d = 2

one should refer to [83], and for the case d ≥ 3, one should seek [84]. A particular,

and broad subclass of the oblique boundary-value problem is the case when β ≡ n∂Ω,

which is in fact the Neumann boundary-value problem.

Our interest in this type of boundary-value problem stems from applications to

fully nonlinear second-order elliptic partial differential equations (PDEs). In partic-

ular equations of Monge–Ampère (MA) and Hamilton–Jacobi–Bellman (HJB) type,

with oblique boundary conditions. Upon linearising such equations (for instance by

the application of Newton’s method), one arrives at an infinite sequence of problems

of the form (6.2.1), and as such, the linear theory contained in this chapter will be

applicable when considering these nonlinear problems in the later chapters.

The problem (6.2.1) poses several difficulties, both analytically and numerically.

For instance, it is in non-divergence form (and due to the generality of our assump-

tions, it cannot be written in divergence form, so the standard weak formulation can-

not be used here), and as such, well-posedness is not guaranteed (see [57, 89, 108]).

In [89], well posedness of (6.2.1) is proven using the method of continuity; recall that

in Section 3.3.4 we used a different method, to prove Theorem 3.3.29, which is similar

to the proof of Theorem 3 in [110]. The technique we employed relied upon a variant

of the Miranda–Talenti estimate (see Lemma 3.3.26). Our motivation for using this

different technique is the fact that it is applicable to both linear elliptic equations
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and fully nonlinear elliptic (HJB) equation, for which the method present in [89] does

not apply.

The Miranda–Talenti estimate is known to hold for d ≥ 2 when considering func-

tions in a suitable Sobolev space, whose trace or normal derivative vanishes on ∂Ω.

However, for d ≥ 3, this estimate remains an open problem if one assumes that

the oblique derivative (β · ∇u) is constant on the boundary [43], restricting us to a

two-dimensional framework.

Our goal in this chapter is not only to recap on the analytical framework for

two-dimensional oblique boundary-value problems, but also to present and analyse a

discontinuous Galerkin finite element method (DGFEM) that approximates solutions

to such problems. Interestingly, our method also gives an approximation of the con-

stant that arises in the compatibility condition for problems of the form (6.2.1). In

the case of conormal boundary-value problems, i.e.,{
−∇ · (A∇u) = f, in Ω,

(A∇u) · n is constant, on ∂Ω,

it is quite straightforward (by an application of the Divergence Theorem) to determine

the constant in terms of the function f . In the problems we consider, however, there

does not appear to be any explicit relationship between the constant and the right

hand side, in general.

Our approach extends the framework of [110] and [70] (the first of which applies

to the Dirichlet boundary condition on polytopal domains, and the second applies

to the Dirichlet boundary condition on curved, uniformly convex domains) to the

oblique case. To our knowledge, there is a sparse amount of work on finite element

methods for oblique boundary-value problems present in the existing literature, for

instance [119, 47, 12], where [47] and [12] apply to a particular geodetic and free

boundary problem respectively. As such, a motivation of this chapter is to widen the

scope of the current numerical framework for oblique boundary-value problems. This

chapter is organised as follows: Firstly, we discuss the design of the numerical method,

motivated by the need to enforce a numerical analogue of the Miranda–Talenti (MT)

estimates (3.3.9) and (3.3.10). We then prove an important consistency result, and

proceed to prove a stability result for our numerical scheme; this stability result is

then used as a main tool in the proof of existence and uniqueness of a numerical

solution. Finally we prove an error estimate that is optimal in terms of the mesh

size that assume sufficient broken regularity of the solution, and an error estimate

that only assumes conforming regularity. We test our method by running several
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numerical experiments where the true solution is known. This allows us to verify the

error estimates, and to test the robustness of the scheme by considering operators

with discontinuous coefficients, and various oblique vectors. We finalise by giving

concluding remarks on this method.

6.3 Existence and uniqueness

We now provide a theorem for the existence and uniqueness of a strong solution

to (6.2.1), as a consequence of Theorem 3.3.29. We also recall some of the relevant

notation from Section 3.3.4.

We denote by ∂T2 := T2 · ∇, and T2 := (−[n∂Ω]2, [n∂Ω]1)T is the unit tangent

vector to ∂Ω obtained by rotating the unit outward normal vector, n∂Ω, anticlockwise

by π/2. The “oblique angle”, Θ : ∂Ω → R, is the (anticlockwise) oriented angle

between the oblique vector, β, and the unit outward normal, n∂Ω. Furthermore,

H∂Ω := ∇T2 · n∂Ω is the mean curvature of ∂Ω.

Theorem 6.3.1 Assume that Ω ⊂ R2, has a C2 boundary, β ∈ C1(∂Ω;S1), and that

∂T2Θ +H∂Ω > 0 on ∂Ω.

Then, there exists a unique u ∈ H2
β,0(Ω) that is a strong solution of (6.2.1).

Proof: We simply apply Theorem 3.3.29, with Λ as a singleton set, corresponding to

the single operator L given by (5.1.2), and the single right-hand side f ∈ L2(Ω). We

then see that

F [u] = sup
α∈Λ
{Lαu− fα} = Lu− f.

Thus, Theorem 3.4.1 yields the existence of a unique u ∈ H := H2
β,0(Ω) that satis-

fies (6.2.1). �

6.4 Computational domain assumptions

For the DGFEM of this chapter, we impose an additional assumption upon the domain

Ω ⊂ R2 that we consider for computations. In particular, as in the statement of

Theorem 6.3.1, we shall assume that Ω is a C2 domain, that β ∈ C1(∂Ω;S1) and that

∂T2Θ +H∂Ω > 0 on ∂Ω.

Furthermore, we will assume that Ω is also piecewise C3.
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This additional assumption stems from the fact that we require that an arbitrary

finite element function vh ∈ Vh,p belongs to H3(Ω; Th). Let us recall the definition of

the space Vh,p:

Vh,p := {v ∈ L2(Ω) : v|K = ρ̂ ◦ F−1
K , ρ̂ ∈ Pp(K̂), ∀K ∈ Th},

in particular, one can see that vh|K = ρ̂◦F−1
K , where the function F−1

K ∈ Cm(K), m ∈
N if Ω is piecewise Cm. Since the functions ρ̂ are smooth (as they are polynomials),

we require that m ≥ 3, in order to deduce that vh|K ∈ H3(K) for all K ∈ Th, which

requires Ω to be piecewise C3.

Two particular examples of when such broken regularity is utilised are (6.5.12)

(here we require vh ∈ Hs(Ω; Th), s > 5/2), in the discussion in Section 6.5, and the

application of the trace estimate that leads to (6.8.4) in the proof of Lemma 6.8.2

(stability of the method) requires that vh ∈ H3(Ω; Th).

6.5 The design of the numerical method

As in Chapter 5, we shall discuss how the terms in the definition bilinear form that de-

fines the method of this chapter, arise. We are motivated by the desire to numerically

enforce the Miranda–Talenti (MT) estimates (3.3.9) and (3.3.10), whilst producing a

scheme that is both consistent and symmetric (the latter occurs when the operator

A :D2 is isotropic).

In this numerical method, we solve for both uh ∈ Vh,p,0 := Vh,p ∩ L2
0(Ω), which

approximates the strong solution u ∈ H2
β,0(Ω) of (6.2.1), and ch ∈ Vh,0, which ap-

proximates the compatibility constant of (6.2.1), that is, ch approximates the value

of C = β · ∇u|∂Ω (the value of C is a priori unknown). As such, our finite element

space will be

Mh := Vh,p,0 × Vh,0.

We first note that the bilinear form will take the following structure:

AOh ((uh, ch); (vh, µh)) :=
∑
K∈Th

〈γA :D2uh,∆vh〉K +BOh,1/2((uh, ch); (vh, µh))

−
∑
K∈Th

〈∆uh,∆vh〉K ∀(uh, ch), (vh, µh) ∈Mh.
(6.5.1)

We claim that the bilinear form BOh,1/2 is coercive on Mh ×Mh, and that

BOh,1/2((w, c), (vh, µ)) =
∑
K∈Th

〈∆w,∆vh〉K , ∀(vh, µ) ∈ Vh,p,0 × R, (6.5.2)
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when w ∈ H2
β,0(Ω) ∩Hs(Ω; Th), s > 5/2, and c = β · ∇w|∂Ω.

It is then clear that (6.5.2) implies that

AOh ((w, c); (vh, µ)) =
∑
K∈Th

〈γA :D2uh,∆vh〉K = Ahγ(w, vh), ∀(vh, µ) ∈ Vh,p,0 × R,

(6.5.3)

for the aforementioned choice of w and c.

Recall that Ahγ is the numerical discretisation of Aγ, defined by

Aγ(u, v) =

∫
Ω

γA :D2u∆v ∀u, v ∈ H2
β,0(Ω),

which is also present in the definition (5.4.4) of the bilinear form ADh . Furthermore,

the term

−
∑
K∈Th

〈∆uh,∆vh〉K

is also present in both (6.5.1) and (5.4.4), and thus, the key differences between the

the method of Chapter 5 and the method we present in this chapter are present in

the bilinear forms BOh,1/2 and BDh,1/2.

The bilinear form BOh,1/2 : Mh ×Mh → R takes the following form

BOh,1/2((uh, ch); (vh, µh)) :=
1

2
BOh,∗((uh, ch); (vh, µh)) +

1

2

∑
K∈Th

〈∆uh,∆vh〉K

+ JOh ((uh, ch); (vh, µh)),

(6.5.4)

where the bilinear forms BOh,∗, J
O
h : Mh ×Mh → R satisfy

BOh,∗((w, c), (vh, µ)) =
∑
K∈Th

〈∆w,∆vh〉K , and JOh ((w, c), (vh, µ)) = 0, (6.5.5)

for all (vh, µ) ∈ Vh,p,0×R, when w ∈ H2
β,0(Ω)∩Hs(Ω; Th), s > 5/2, and c = β ·∇w|∂Ω.

Moreover, one can see that the above implies (6.5.2) which in turn implies (6.5.3).

We also remark that the bilinear form JOh plays no role in the consistency iden-

tity (6.5.3) (other than by its absence), and is in fact a jump penalty term that

enforces regularity that is consistent with that of the true solution. In particular, if

w ∈ H2
β,0(Ω) ∩H1

0 (Ω) (which is the space that the strong solution of (6.2.1) belongs

to), and c = β · ∇w|∂Ω, then we see that

[[c]] = [[w]] = [[∇w · nF ]] = [[∇Tw]] = 0 ∀F ∈ E i
h, (6.5.6)

and furthermore, since τF (β · ∇w) = c for all F ∈ E b
h , it follows that

[[β · ∇w − c]] = [[∂T2(β · ∇w)]] = 0 ∀F ∈ E b
h . (6.5.7)
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JOh also enforces the oblique boundary condition, and leads to the bilinear form BOh,1/2
being provably coercive (in a particular H2-type norm on Mh). In particular we define

JOh as follows:

JOh ((uh, λ), (vh, µ)) :=
∑
F∈E ih

µF 〈[[∇Tuh]], [[∇Tvh]]〉F ]

+
∑
F∈E ih

[µF 〈[[∇uh · nF ]], [[∇vh · nF ]]〉F + ηF 〈[[uh]], [[vh]]〉F + `F 〈[[λ]], [[µ]]〉F ]

+
∑
F∈E bh

σF 〈β · ∇uh − λ, β · ∇vh − µ〉F ,

(6.5.8)

where the positive edge-dependent quantities µF , ηF , `F , and σF will be specified

later, and their particular choice will become apparent when we prove that BOh,1/2 is

coercive (see Lemma 6.8.2). Furthermore, (6.5.6) and (6.5.7) imply that

JOh ((w, c), (vh, µ)) = 0, ∀(vh, µ) ∈ Vh,p,0 × R, (6.5.9)

when w ∈ H2
β,0(Ω) ∩Hs(Ω; Th), s > 5/2, and c = β · ∇w|∂Ω.

The bilinear form BOh,∗ plays a key role (when paired with the remaining term in

the definition of BOh,1/2) in identity (6.5.2), and its structure is motivated by Corol-

lary 3.3.23 and Lemma 3.3.25, the statements of which we recall.

Statement of Corollary 3.3.23: Assume that E ⊂ R2 is a bounded, Lipschitz,

piecewise C2 domain, and that β ∈ C1(Γn; S1) for each C2 portion Γn of ∂E, n =

1, . . . , N , N ∈ N. Then, for any u, v ∈ Hs(E), s > 5/2, we have that∫
E

D2u : D2v +

∫
∂E

(β1∂T2β2 − β2∂T2β1) (β⊥ · ∇u β⊥ · ∇v + β · ∇u β · ∇v)

+

∫
∂E

(
∂T2(β⊥ · ∇u)β · ∇v − ∂T2(β · ∇u)β⊥ · ∇v

)
=

∫
E

∆u∆v.

(6.5.10)

Statement of Lemma 3.3.25: Let Ω ⊂ R2 be a C2 domain, and assume that β ∈
C1(∂Ω;S1). Then, on ∂Ω, we have that

β1(∂T2β2)− (∂T2β1)β2 = ∂T2Θ +H∂Ω. (6.5.11)

Designing the bilinear form: Let us consider K ∈ Th that satisfies |∂K ∩ ∂Ω| 6= 0

(this allows for elements with one curved edge that lies on ∂Ω, but excludes elements

that only intersect ∂Ω at a vertex). Note that K ⊂ R2 is bounded with a Lipschitz

continuous, piecewise C3 boundary. K also has three edges F 1
K , F 2

K , F 3
K , (each of
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which are C3 (and hence C2) portions of ∂K) and three vertices e1
K , e2

K , e3
K . Let

e1
K and e2

K be the two vertices that lie on ∂Ω, and let F 1
K be the curved side that

lies on ∂Ω and also connects e1
K and e2

K . Finally, let F 2
K be the straight edge of K

that connects e2
K , and e3

K . It then follows that F 3
K is the remaining straight edge that

connects e3
K , and e1

K .

Now define β̃ : ∂K → S1 by 
β̃|F 1

K
= β,

β̃|F 2
K

= β(e2
K),

β̃|F 3
K

= β(e1
K),

and so β̃ ∈ C1(F j
K ;S1), j = 1, 2, 3, where ∂K = ∪3

j=1F
j
K .

Then, noting that w, vh ∈ Hs(K), s > 5/2, applying (6.5.10) with E := K, and

β := β̃, we obtain∫
K

D2
11wD

2
22vh +D2

22wD
2
11vh − 2D2

12wD
2
12vh =∫

∂K

(
β̃1∂T2 β̃2 − β̃2∂T2 β̃1

)
(β̃
⊥ · ∇w β̃⊥ · ∇vh + β̃ · ∇w β̃ · ∇vh)

+

∫
∂K

(
∂T2(β̃

⊥ · ∇w)β̃ · ∇vh − ∂T2(β̃ · ∇w)β̃
⊥ · ∇vh

)

=

∫
F 1
K

(β1∂T2β2 − β2∂T2β1) (β⊥ · ∇w β⊥ · ∇vh + β · ∇w β · ∇vh)

+

∫
F 1
K

(
∂T2(β⊥ · ∇w)β · ∇vh − ∂T2(β · ∇w)β⊥ · ∇vh

)
+

∫
F 2
K∪F

3
K

(
∂T2(β̃

⊥ · ∇w)β̃ · ∇vh − ∂T2(β̃ · ∇w)β̃
⊥ · ∇vh

) (6.5.12)

Furthermore, upon noting that β̃, β̃
⊥

, and the unit normal to ∂K, are all constant

on F 2
K and F 3

K , one can calculate the following:∫
F 2
K∪F

3
K

(
∂T2(β̃

⊥ · ∇w)β̃ · ∇vh − ∂T2(β̃ · ∇w)β̃
⊥ · ∇vh

)
=

∫
F 2
K∪F

3
K

∆w (∇vh · n∂K)−∇(∇w · n∂K) · ∇vh.
(6.5.13)

Since F 1
K ⊂ ∂Ω, we may apply identity (6.5.11), obtaining∫
F 1
K

(β1∂T2β2 − β2∂T2β1) (β⊥ · ∇w β⊥ · ∇vh + β · ∇w β · ∇vh)

=

∫
F 1
K

(
∂T2Θ +HF 1

K

)
(β⊥ · ∇w β⊥ · ∇vh + β · ∇w β · ∇vh),

(6.5.14)
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where HF 1
K

= H∂Ω|F 1
K

.

We now consider an element K ∈ Th that satisfies |∂K ∩∂Ω| = 0. An application

of integration by parts (noting that the unit outward normal to ∂K is constant on

each edge of K) yields∫
K

D2wh : D2vh +

∫
∂K

∆w (∇vh · n∂K)−∇(∇w · n∂K) · ∇vh =

∫
K

∆w∆vh. (6.5.15)

One can also see that for any K ∈ Th, and thus in particular, for those K ∈ Th that

satisfy |∂K ∩ ∂Ω| 6= 0,∫
K

D2w : D2vh + (D2
11wD

2
22vh +D2

22wD
2
11vh − 2D2

12wD
2
12vh) =

∫
K

∆w∆vh. (6.5.16)

Now, applying identities (6.5.13) and (6.5.14) to (6.5.12), and summing (6.5.15) over

all K ∈ Th such that |∂K ∩ ∂Ω| = 0, and (6.5.16) over all K ∈ Th such that

|∂K ∩ ∂Ω| 6= 0, we obtain∑
K∈Th

∫
K

D2w :D2vh +
∑
F∈E ih

∫
F

[[∆w∇vh · nF −∇(∇w · nF ) · ∇vh]]

+
∑
F∈E bh

∫
F

∂T2(β⊥ · ∇w)β · ∇vh − ∂T2(β · ∇w)β⊥ · ∇vh

+
∑
F∈E bh

∫
F

(∂T2Θ +HF ) β⊥ · ∇w β⊥ · ∇vh + (∂T2Θ +HF ) β · ∇w β · ∇vh

=
∑
K∈Th

∫
K

∆w∆vh,

(6.5.17)

where nF is now a fixed choice of unit normal to F , and HF := H∂Ω|F .

Utilising the tangential operator identities (4.10.3) and (4.10.4), we obtain∑
F∈E ih

∫
F

[[∆w∇vh · nF −∇(∇w · nF ) · ∇vh]]

=
∑
F∈E ih

∫
F

[[∆Tw∇vh · nF −∇T(∇w · nF ) · ∇Tvh]]

(6.5.18)

We then apply the identity (valid for any f, g ∈ Hs(Ω; Th), s > 1/2)∑
F∈E ih

∫
F

[[fg]] =
∑
F∈E ih

∫
F

[[f ]]〈〈g〉〉+
∑
F∈E ih

∫
F

〈〈f〉〉[[g]],
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along with (6.5.6), to (6.5.18), which gives us∑
F∈E ih

∫
F

[[∆w∇vh · nF −∇(∇w · nF ) · ∇vh]]

=
∑
F∈E ih

∫
F

[[∆Tw]]〈〈∇vh · nF 〉〉+ 〈〈∆Tw〉〉[[∇vh · nF ]]

−
∑
F∈E ih

∫
F

[[∇T(∇w · nF )]] · 〈〈∇Tvh〉〉+ 〈〈∇T(∇w · nF )〉〉 · [[∇Tvh]]

=
∑
F∈E ih

∫
F

〈〈∆Tw〉〉[[∇vh · nF ]]− 〈〈∇T(∇w · nF )〉〉 · [[∇Tvh]].

(6.5.19)

Then, again by (6.5.6) we may consistently symmetrise the final right-hand side

of (6.5.19), yielding∑
F∈E ih

∫
F

[[∆w∇vh · nF −∇(∇w · nF ) · ∇vh]]

=
∑
F∈E ih

∫
F

〈〈∆Tw〉〉[[∇vh · nF ]] + 〈〈∆Tvh〉〉[[∇w · nF ]]

−
∑
F∈E ih

∫
F

〈〈∇T(∇w · nF )〉〉 · [[∇Tvh]] + 〈〈∇T(∇vh · nF )〉〉 · [[∇Tw]].

(6.5.20)

From (6.5.7), we obtain ∑
F∈E bh

∫
F

∂T2(β · ∇w)β⊥ · ∇vh = 0, (6.5.21)

for all F ∈ E b
h . Furthermore, on F ∈ E b

h , one has that

β⊥ · ∇w β⊥ · ∇vh + β · ∇w β · ∇vh = ∇w · ∇vh. (6.5.22)

Applying (6.5.20), (6.5.21), and (6.5.22) to (6.5.17) we obtain∑
K∈Th

∫
K

D2w :D2vh +
∑
F∈E ih

∫
F

〈〈∆Tw〉〉[[∇vh · nF ]] + 〈〈∆Tvh〉〉[[∇w · nF ]]

−
∑
F∈E ih

∫
F

〈〈∇T(∇w · nF )〉〉 · [[∇Tvh]] + 〈〈∇T(∇vh · nF )〉〉 · [[∇Tw]]

+
∑
F∈E bh

∫
F

∂T2(β⊥ · ∇w)β · ∇vh + (∂T2Θ +HF )∇w · ∇vh

=
∑
K∈Th

∫
K

∆w∆vh.

(6.5.23)
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So far, all of the applications of (6.5.6) and (6.5.7) have been made with consistency

and symmetry in mind. We make one further alteration, which is necessary for the

coercivity of BOh,1/2. In particular, notice that each term of each integrand on the left-

hand side of (6.5.23) either has a sign if we take w = vh (in particular, D2w : D2vh

and (∂T2Θ + HF )∇w · ∇vh), or consists of the product of two terms, one of which

is present in the definition (6.5.8) of the jump stabilisation bilinear form, JOh , except

for the integrand ∂T2(β⊥ · ∇w)β · ∇vh.
To this end, let us denote by e+

F and e−F the two vertices of an edge F ∈ E b
h , and

notice that for any µ ∈ R,∑
F∈E bh

∫
F

∂T2(β⊥ · ∇w)µ =
∑
F∈E bh

(β⊥ · ∇w)µ|e
+
F

e−F

= µ
∑
e∈V b

h

[[β⊥ · ∇w]]

= 0,

(6.5.24)

where the jumps in (6.5.24) are considered across boundary vertices e ∈ V b
h . Note

that the final equality holds, due to the fact that β⊥ ∈ C1(∂Ω), and ∇w ∈ H1/2(∂Ω),

and thus neither function may jump across boundary vertices.

Applying (6.5.24) to (6.5.23), we obtain∑
K∈Th

∫
K

D2w :D2vh +
∑
F∈E ih

∫
F

〈〈∆Tw〉〉[[∇vh · nF ]] + 〈〈∆Tvh〉〉[[∇w · nF ]]

−
∑
F∈E ih

∫
F

〈〈∇T(∇w · nF )〉〉 · [[∇Tvh]] + 〈〈∇T(∇vh · nF )〉〉 · [[∇Tw]]

+
∑
F∈E bh

∫
F

∂T2(β⊥ · ∇w)(β · ∇vh − µ) + (∂T2Θ +HF )∇w · ∇vh

=
∑
K∈Th

∫
K

∆w∆vh.

(6.5.25)

Alas, the left-hand side of (6.5.25) is not symmetric. However, by (6.5.7), it follows

that ∑
F∈E bh

〈
∂T2(β⊥ · ∇vh), β · ∇w − c

〉
F

= 0, (6.5.26)
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which, when applied to (6.5.25), gives us∑
K∈Th

∫
K

D2w :D2vh +
∑
F∈E ih

∫
F

〈〈∆Tw〉〉[[∇vh · nF ]] + 〈〈∆Tvh〉〉[[∇w · nF ]]

−
∑
F∈E ih

∫
F

〈〈∇T(∇w · nF )〉〉 · [[∇Tvh]] + 〈〈∇T(∇vh · nF )〉〉 · [[∇Tw]]

+
∑
F∈E bh

∫
F

∂T2(β⊥ · ∇vh)(β · ∇w − c) + ∂T2(β⊥ · ∇w)(β · ∇vh − µ)

+
∑
F∈E bh

∫
F

(∂T2Θ +HF )∇w · ∇vh

=
∑
K∈Th

∫
K

∆w∆vh,

(6.5.27)

consistently restoring symmetry.

We then define BOh,∗ by the left-hand side of (6.5.27). That is,

BOh,∗((uh, λ), (vh, µ)) :=
∑
K∈Th

〈D2uh, D
2vh〉K

+
∑
F∈E ih

[〈divT∇T〈〈uh〉〉, [[∇vh · nF ]]〉F + 〈divT∇T〈〈vh〉〉, [[∇uh · nF ]]〉F ]

−
∑
F∈E ih

[〈∇T〈〈∇uh · nF 〉〉, [[∇Tvh]]〉F + 〈∇T〈〈∇vh · nF 〉〉, [[∇Tuh]]〉F ]

+
∑
F∈E bh

[〈(∂T2Θ +HF )∇uh,∇vh〉F ]

+
∑
F∈E bh

[〈
∂T2(β⊥ · ∇uh), β · ∇vh − µ

〉
F

+
〈
∂T2(β⊥ · ∇vh), β · ∇uh − λ

〉
F

]
,

for all (uh, λ), (vh, µ) ∈Mh. It follows from (6.5.27) that the bilinear form BOh,∗ satisfies

the first identity of (6.5.5). We are now ready to define the numerical method of this

chapter.

6.6 The numerical method

The definition of the numerical scheme requires the following bilinear forms, derived

in Section 6.5, and concisely defined as follows. BOh,∗, J
O
h , B

O
h,θ : Mh ×Mh → R, given
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by

BOh,∗((uh, λ), (vh, µ)) :=
∑
K∈Th

〈D2uh, D
2vh〉K

+
∑
F∈E ih

[〈divT∇T〈〈uh〉〉, [[∇vh · nF ]]〉F + 〈divT∇T〈〈vh〉〉, [[∇uh · nF ]]〉F ]

−
∑
F∈E ih

[〈∇T〈〈∇uh · nF 〉〉, [[∇Tvh]]〉F + 〈∇T〈〈∇vh · nF 〉〉, [[∇Tuh]]〉F ]

+
∑
F∈E bh

[〈(∂T2Θ +HF )∇uh,∇vh〉F ]

+
∑
F∈E bh

[〈
∂T2(β⊥ · ∇uh), β · ∇vh − µ

〉
F

+
〈
∂T2(β⊥ · ∇vh), β · ∇uh − λ

〉
F

]
,

(6.6.1)

JOh ((uh, λ), (vh, µ)) :=
∑
F∈E ih

µF 〈[[∇Tuh]], [[∇Tvh]]〉F ]

+
∑
F∈E ih

[µF 〈[[∇uh · nF ]], [[∇vh · nF ]]〉F + ηF 〈[[uh]], [[vh]]〉F + `F 〈[[λ]], [[µ]]〉F ]

+
∑
F∈E bh

σF 〈β · ∇uh − λ, β · ∇vh − µ〉F ,

(6.6.2)

and

BOh,θ((uh, λ), (vh, µ)) := θBOh,∗((uh, λ), (vh, µ)) + (1− θ)
∑
K∈Th

〈∆uh,∆vh〉K

+ JOh ((uh, λ), (vh, µ)),

(6.6.3)

for θ ∈ [0, 1]. Note that nF denotes a fixed choice of unit normal to F , HF := H∂Ω|F ,

and that the penalty parameters µF , ηF , `F , and σF will be given later on in the

chapter.

We define

AOh ((uh, λ), (vh, µ)) :=
∑
K∈Th

〈γLuh,∆vh〉K+BOh,1/2((uh, λ), (vh, µ))−
∑
K∈Th

〈∆uh,∆vh〉K .

(6.6.4)

Now we are ready to state the finite element method: find (uh, ch) ∈Mh such that

AOh ((uh, ch), (vh, µ)) =
∑
K∈Th

〈γf,∆vh〉K ∀(vh, µ) ∈Mh. (6.6.5)
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Remark 6.6.1 (Extension of the bilinear forms) The bilinear forms BOh,∗ and

JOh are both defined on (Vh,p,0×Vh,0)× (Vh,p,0×Vh,0), but one must note that they are

both well defined on (Hs(Ω; Th)∩H2
β(Ω)×Vh,0)× (Vh,p,0×Vh,0) for s > 5/2, of which

(Hs(Ω; Th) ∩H2
β(Ω) × R) × (Vh,p,0 × R) is a proper subset, that the functions in the

following lemma belong to.

6.7 Consistency of the method

We now provide a lemma on the consistency of the DGFEM of this chapter.

Lemma 6.7.1 Let Ω ⊂ R2 be a C2 and piecewise C3 domain, and let β ∈ C1(∂Ω;S1).

Furthermore, assume that {Th}h is a regular of order 2 family of triangulations on

Ω satisfying Assumption 4.4.9. Let (w, c) ∈ Hs(Ω; Th) ∩H2
β(Ω)× R, s > 5/2, where

β · ∇w|∂Ω = c. Then, for every (vh, µ) ∈ Vh,p × R, we have the identities

BOh,∗((w, c), (vh, µ)) =
∑
K∈Th

〈∆w,∆vh〉K and JOh ((w, c), (vh, µ)) = 0. (6.7.1)

Proof: Assume that the pair (w, c) satisfies the hypotheses of the lemma. Then, the

identities of (6.7.1) follow from (6.5.27) and (6.5.9). �

6.8 Stability of the method

We now aim to show that BOh,θ is coercive in a particular norm on Mh. Before we prove

that BOh,θ is coercive, we must define the norm in which the bilinear form is coercive.

To this end, let us define the following family of functionals, ‖(·, ·)‖h,θ : Mh → [0,∞)

for θ ∈ (0, 1]:

‖(uh, λ)‖2
h,θ :=

∑
K∈Th

[θ|uh|2H2(K) + (1− θ)‖∆uh‖2
L2(K)]

+ c∗J
O
h ((uh, λ), (uh, λ)) +

θ

2

∑
F∈E bh

∥∥∥(∂T2Θ +HF )1/2∇uh
∥∥∥2

L2(F )
,

(6.8.1)

where c∗ is a positive constant to be determined.

Lemma 6.8.1 Let Ω ⊂ R2 be a C2 and piecewise C3 domain, and let β ∈ C1(∂Ω;S1).

Assume that

∂T2Θ +H∂Ω > 0 on ∂Ω.
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Furthermore, assume that {Th}h is a regular of order 2 family of triangulations on Ω

satisfying Assumption 4.4.9. Then, for each θ ∈ (0, 1], ‖ · ‖h,θ : Mh → [0,∞) defines

a norm on Mh.

Proof: First we note that homogeneity and the triangle inequality are clear. Now let

us assume that the pair (vh, µ) ∈Mh satisfies

‖(vh, µ)‖h,θ = 0,

for some θ ∈ (0, 1]. It then follows that |vh|H2(Ω;Th) = 0, and so vh is piecewise affine.

Moreover

[[µ]]F = [[vh]]F = [[∇vh]]F = 0 for F ∈ E i
h,

and, as ∂T2Θ +H∂Ω > 0 on ∂Ω, it follows that

[[∇vh]]F = 0 for F ∈ E b
h .

It then follows that vh is affine, i.e, vh = aTx + b, with a ∈ Rd, b ∈ R, and that µ is

constant. But then we see that

0 = ∇vh|F = a,

for F ∈ E b
h , and thus a = 0, i.e., vh = b. Then, since vh ∈ Vh,p,0, 0 =

∫
Ω
vh = |Ω|b,

and so b = 0, i.e., vh ≡ 0.

Finally, we see that JOh ((vh, µ), (vh, µ)) = 0, and it follows that

0 = β · ∇vh = µ on ∂Ω,

and so µ ≡ 0. Overall, we have obtained (vh, µ) ≡ (0, 0). �

Lemma 6.8.2 Let Ω ⊂ R2 be a C2 and piecewise C3 domain, and let β ∈ C1(∂Ω;S1).

Assume that

∂T2Θ +H∂Ω > 0 on ∂Ω.

Furthermore, assume that {Th}h is a regular of order 2 family of triangulations on

Ω satisfying Assumption 4.4.9. Then, for each constant κ > 1, there exist positive

constants cstab and c∗, independent of h, and θ, such that

BOh,θ((uh, λ), (uh, λ)) ≥ κ−1‖(uh, λ)‖2
h,θ ∀(uh, λ) ∈Mh, ∀θ ∈ [0, 1], (6.8.2)

whenever

µF ≥
cstab

h̃F
, σF ≥

cstab

h̃F
and ηF , `F > 0. (6.8.3)

191



Proof: We see that for (uh, λ) ∈Mh,

BOh,θ((uh, λ), (uh, λ)) =
∑
K∈Th

[θ〈D2uh, D
2uh〉K + (1− θ)〈∆uh,∆uh〉K ]

+ 2θ
∑
F∈E ih

[〈divT∇T〈〈uh〉〉, [[∇uh · nF ]]〉F − 〈∇T〈〈∇uh · nF 〉〉, [[∇Tuh]]〉F ]

+ θ
∑
F∈E bh

[∥∥(∂T2Θ +HF )1/2∇uh
∥∥2

L2(F )

]
+ 2θ

∑
F∈E bh

〈∂T2(β⊥ · ∇uh), β · ∇uh − λ〉F +
∑
F∈E ih

µF [‖[[∇Tuh]]‖2
L2(F )‖[[∇uh · nF ]]‖2

L2(F )]

+
∑
F∈E ih

[ηF‖[[uh]]‖2
L2(F ) + `F‖[[λ]]‖2

L2(F )] +
∑
F∈E bh

σF‖β · ∇uh − λ‖2
L2(F ).

By (5.6.4), we have, for any δ > 0,

I1 :=

∣∣∣∣∣∣2
∑
F∈E ih

〈divT∇T〈〈uh〉〉, [[∇uh · nF ]]〉F

∣∣∣∣∣∣ ≤ δ−1
∑
F∈E ih

h̃−1
F ‖[[∇uh · nF ]]‖2

L2(F )

+ δCC(d)

∑
K∈T c

h

|uh|2H2
∗(K) +

∑
K∈T f

h

|uh|2H2(K)

 .

(6.8.4)

Similarly, we obtain (noting that the sum in the sequel is over internal edges)

I2 :=

∣∣∣∣∣∣2
∑
F∈E ih

〈∇T〈〈∇uh · nF 〉〉F , [[∇Tuh]]F 〉F

∣∣∣∣∣∣ ≤ δ−1
∑
F∈E ih

h̃−1
F ‖[[∇Tuh]]‖2

L2(F )

+ δCC(d)

∑
K∈T c

h

|uh|2H2
∗(K) +

∑
K∈T f

h

|uh|2H2(K)

 .

(6.8.5)

We now apply (4.7.13), and noting that on F , ∇uh = ∇Tuh+(∇uh ·nF )nF , obtaining

∑
K∈T c

h

|uh|2H1(K) ≤ C

|uh|2H2(Ω;Th) +
∑
F∈E ih

h̃−1
F ‖[[∇uh]]‖

2
L2(F ) +

1

|∂Ω|
∑
F∈E bh

‖∇uh‖2
L2(F )


≤ C

|uh|2H2(Ω;Th) +
∑
F∈E ih

h̃−1
F (‖[[∇Tuh]]‖2

L2(F ) + ‖[[∇uh · nF ]]‖2
L2(F ))

+
1

|∂Ω|
∑
F∈E bh

‖∇uh‖2
L2(F )

 .

(6.8.6)
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Applying the above estimate to (6.8.4) and (6.8.5), and summing the result, we obtain

I1 + I2 ≤ δCC(d)

|uh|2H2(Ω;Th) +
1

|∂Ω|
∑
F∈E bh

‖∇uh‖2
L2(F )


+ (δCC(d) + δ−1)

∑
F∈E ih

h̃−1
F (‖[[∇Tuh]]‖2

L2(F ) + ‖[[∇uh · nF ]]‖2
L2(F ))

Since β⊥ ∈ C1(∂Ω;S1), we also see that for any δ > 0,

I3 :=
∑
F∈E bh

〈∂T2(β⊥ · ∇uh), β · ∇uh − λ〉F

≤ C
∑
F∈E bh

(‖∇uh‖L2(F ) + ‖D2uh‖L2(F ))‖β · ∇uh − λ‖L2(F )

≤
∑
F∈E bh

[
1

2δ
(1 + 1/h̃F )‖β · ∇uh − λ‖2

L2(F )

+
δ

2

(
‖∇uh‖2

L2(F ) +
∑

K∈Th:F⊂∂K

h̃F‖D2uh‖2
L2(∂K)

)]

≤
∑
F∈E bh

1

δh̃F
‖β · ∇uh − λ‖2

L2(F ) +
δ

2
‖∇uh‖2

L2(F )

+
CC(d)δ

2

∑
K∈T c

h

|uh|2H2
∗(K) +

∑
K∈T f

h

|uh|2H2(K)


≤
∑
F∈E bh

1

δh̃F
‖β · ∇uh − λ‖2

L2(F ) +
δ(1 + CC(d))

2
‖∇uh‖2

L2(F ) + δCC(d)|uh|2H2(Ω;Th)

+ δCC(d)
∑
F∈E ih

h̃−1
F (‖[[∇Tuh]]‖2

L2(F ) + ‖[[∇uh · nF ]]‖2
L2(F )) (6.8.7)

Note that the penultimate inequality above follows from an application of the trace es-

timate (4.6.1) and inverse estimate (4.6.26), and the final inequality follows from (6.8.6).

Now, notice that for any F ∈ E b
h ,

‖∇u‖2
L2(F ) =

∫
F

1

∂T2Θ +HF

((∂T2Θ +HF )1/2|∇u|)2

≤ (min
F∈E bh

inf
F

(∂T2Θ +HF ))−1‖(∂T2Θ +HF )1/2∇u‖2
L2(F ),

and let us denote

Θ∗ := (min
F∈E bh

inf
F

(∂T2Θ +HF ))−1.
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Applying the above estimate to (6.8.7), we obtain

I3 ≤
∑
F∈E bh

1

δh̃F
‖β · ∇uh − λ‖2

L2(F ) +
δΘ∗(1 + CC(d))

2
‖(∂T2Θ +HF )1/2∇uh‖2

L2(F )

+ δCC(d)
∑
F∈E ih

h̃−1
F (‖[[∇Tuh]]‖2

L2(F ) + ‖[[∇uh · nF ]]‖2
L2(F )) + δCC(d)|uh|2H2(Ω;Th).

Our bounds for I1, I2 and I3 now give us

BOh,θ((uh, λ), (uh, λ)) ≥
7∑
i=1

Ai,

where

A1 := θ(1− 2δCC(d))
∑
K∈Th

‖D2uh‖2
L2(K), A2 := (1− θ)

∑
K∈Th

‖∆uh‖2
L2(K),

A3 :=
∑
F∈E ih

(
µF −

2θ(δCC(d) + δ−1)

h̃F

)
‖[[∇uh · nF ]]‖2

L2(F ),

A4 :=
∑
F∈E ih

ηF‖[[uh]]‖2
L2(F ) + `F‖[[λ]]‖2

L2(F ),

A5 :=
∑
F∈E ih

(
µF −

2θ(δCC(d) + δ−1)

h̃F

)
‖[[∇Tuh]]‖2

L2(F ),

A6 :=
∑
F∈E bh

(
σF −

θ

δh̃F

)
‖β · ∇uh − λ‖2

L2(F ),

A7 := θ

(
1− δΘ∗(1 + CC(d))

2

) ∑
F∈E bh

‖(∂T2Θ +HF )1/2∇uh‖2
L2(F ).

Now let κ > 1 be given. Then, since κ−1 < 1, there exists an δ > 0 sufficiently small

such that

1− 2δCC(d) > κ−1, δΘ∗(1 + CC(d)) < 1, and δCC(d) < δ−1,

we then choose cstab = 4/δ, c∗ = κ/2 and note that by assumption, µF ≥ cstab/h̃F

and σF ≥ cstab/h̃F . Therefore, for any θ ∈ [0, 1],

A1 ≥ θκ−1|uh|2H2(Ω;Th), A2 ≥ (1− θ)κ−1
∑
K∈Th

‖∆uh‖2
L2(K),

A3 ≥
1

2

∑
F∈E ih

µF‖[[∇uh · nF ]]‖2
L2(F ) = κ−1c∗

∑
F∈E ih

‖[[∇uh · nF ]]‖2
L2(F ),
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A4 ≥
1

2
A4 = κ−1c∗

∑
F∈E ih

ηF‖[[uh]]‖2
L2(F ) + `F‖[[λ]]‖2

L2(F ),

A5 ≥
1

2

∑
F∈E ih

µF‖[[∇Tuh]]‖2
L2(F ) = κ−1c∗

∑
F∈E ih

µF‖[[∇Tuh]]‖2
L2(F )

A6 ≥
1

2

∑
F∈E bh

σF‖β · ∇uh − λ‖2
L2(F ) = κ−1c∗

∑
F∈E bh

σF‖β · ∇uh − λ‖2
L2(F ),

A7 ≥
1

2

∑
F∈E bh

‖(∂T2Θ +HF )1/2∇uh‖2
L2(F ).

Thus, we obtain

κBOh,θ((uh, λ),(uh, λ)) ≥
∑
K∈Th

[θ‖D2uh‖2
L2(K) + (1− θ)‖∆uh‖2

L2(K)]

+ c∗J
O
h ((uh, λ), (uh, λ)) +

θ

2

∑
F∈E bh

‖(∂T2Θ +HF )1/2∇uh‖2
L2(F ). �

We will now prove that AOh is coercive in ‖ · ‖h,1.

Theorem 6.8.3 Under the assumptions of Lemma 6.8.2, let cstab and c∗, µF , ηF , and

σF be chosen so that (6.8.2) and (6.8.3) hold with κ < (1 − ε)−1/2. Let the operator

L be uniformly elliptic (and thus satisfy the Cordes condition (3.3.12)). Then, the

operator AOh is coercive in ‖ · ‖h,1. In particular, for any (vh, µ) ∈Mh, we have

‖(vh, µ)‖2
h,1 ≤

2κ

1− κ2(1− ε)
AOh ((vh, µ), (vh, µ)). (6.8.8)

Therefore, there exists a unique solution pair (uh, ch) ∈Mh of (6.6.5). Moreover, the

pair (uh, ch) satisfies

‖(uh, ch)‖h,1 ≤
2
√

2κ‖γ‖L∞(Ω)

1− κ2(1− ε)
‖f‖L2(Ω). (6.8.9)

Proof: Let (vh, µ) ∈Mh, then we have that, for any K ∈ Th:

〈γLvh −∆vh,∆vh〉K ≤ ‖(γL−∆)vh‖L2(K)‖∆vh‖L2(K)

≤
√

1− ε‖D2vh‖L2(K)‖∆vh‖L2(K).

The Cauchy–Schwarz inequality with a parameter and (6.8.2) then give us

AOh ((vh, µ)) = BOh,1/2((vh, µ)) +
∑
K∈Th

〈γLvh −∆vh,∆vh〉K + ‖∆vh‖2
L2(K)

≥ κ−1‖(vh, µ)‖2
h,1/2 +

∑
K∈Th

[‖∆vh‖2
L2(K) −

√
1− ε‖D2vh‖L2(K)‖∆vh‖L2(K)]
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≥ κ−1

(∑
K∈Th

1

2
‖D2vh‖2

L2(K) +
1

2
‖∆vh‖2

L2(K)

+ c∗J
O
h ((vh, µ), (vh, µ)) +

1

2

∑
F∈E bh

‖(∂T2Θ +HF )1/2∇uh‖2
L2(F )


−
∑
K∈Th

[
κ(1− ε)

2
‖D2vh‖2

L2(K) +
κ−1

2
‖∆vh‖2

L2(K)

]
=
∑
K∈Th

κ−1

2
‖D2vh‖2

L2(K) −
κ(1− ε)

2
‖D2vh‖2

L2(K)

+ κ−1

c∗JOh ((vh, µ), (vh, µ)) +
1

2

∑
F∈E bh

‖(∂T2Θ +HF )1/2∇uh‖2
L2(F )


≥ 1− κ2(1− ε)

2κ

(∑
K∈Th

‖D2vh‖2
L2(K) + c∗J

O
h ((vh, µ), (vh, µ))

+
∑
F∈E bh

‖(∂T2Θ +HF )1/2∇uh‖2
L2(F )


=

1− κ2(1− ε)
2κ

‖(vh, µ)‖2
h,1.

Thus, we obtain

‖(vh, µ)‖2
h,1 ≤

2κ

1− κ2(1− ε)
AOh ((vh, µ), (vh, µ)). (6.8.10)

By Lemma 6.8.1 ‖ · ‖h,1 is a norm on Mh. It then follows that there exists a unique

pair (uh, ch) ∈ Vh,p,0 × Vh,0 such that

AOh ((uh, ch), (vh, µ)) =
∑
K∈Th

〈γf,∆vh〉K ∀(vh, µ) ∈Mh.

Finally, taking (vh, µ) = (uh, ch) in (6.8.10) gives us:

‖(uh, ch)‖2
h,1 ≤

2κ

1− κ2(1− ε)
AOh ((uh, ch), (uh, ch))

=
2κ

1− κ2(1− ε)
∑
K∈Th

〈γf,∆uh〉K

≤
2κ‖γ‖L∞(Ω)

1− κ2(1− ε)
∑
K∈Th

‖f‖L2(K)‖∆uh‖L2(K)

≤
2
√

2κ‖γ‖L∞(Ω)

1− κ2(1− ε)
‖f‖L2(Ω)‖(uh, ch)‖h,1;

note that the factor of
√

2 comes from the fact that ‖∆uh‖L2(K) ≤
√

2‖D2uh‖L2(K)

for K ∈ Th. Dividing through by ‖(uh, ch)‖h,1, we obtain (6.8.9). �
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6.9 Error analysis

Theorem 6.9.1 Let Ω ⊂ R2 be a C2 and piecewise Cm+1 domain, m ∈ N, m ≥ 2,

and let β ∈ C1(∂Ω;S1). Assume that

∂T2Θ +H∂Ω > 0 on ∂Ω.

Furthermore, assume that {Th}h is a regular of order m family of triangulations on

Ω satisfying Assumption 4.4.9.

Let (u, c) ∈ H2
β,0(Ω) × R be the unique strong solution of (5.1.1). Assume that

u ∈ Hs(Ω; Th) with sK > 5/2 for all K ∈ Th. Let cstab, c∗, µF and σF be chosen as

in Theorem 6.8.3, and choose ηF . 1/h̃3
F , σF . 1/h̃F , F ∈ E i,b

h and h̃1−α
F . `F for

all F ∈ E i
h, for some α > 2. Then, there exists a constant C > 0, independent of h,

and u, but depending on maxK sK, such that

‖(u− uh, c− ch)‖h,1 ≤ C

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

+
maxF∈E ih

h̃
α
2
F

minF∈E bh
h̃F
‖u‖Hs(Ω;Th)

 ,

(6.9.1)

where tK := min{p + 1, sK ,m + 1}. In the case that the family of triangulations is

quasiuniform, this becomes

‖(u− uh, c− ch)‖h,1 ≤ C(h2tK−4 + h(α−2)/2)‖u‖Hs(Ω;Th).

Proof: Let us take zh ∈ Vh,p, and define ψh := zh−uh, ξh := u− zh, and µh := c− ch.
Then, we see that

‖(u− uh, c− ch)‖h,1 = ‖(ξh + ψh, µh)‖h,1
= ‖(ξh, 0) + (ψh, µh)‖h,1 ≤ ‖(ξh, 0)‖h,1 + ‖(ψh, µh)‖h,1.

(6.9.2)

As in the proof of Theorem 5.7.1, we require the existence of a zh ∈ Vh,p that satis-

fies (4.6.9). Due to our assumptions upon the parameters µF , ηF , and σF , by applying

the estimates in (4.6.9), we obtain

‖(ξh, 0)‖h,1 .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

,

thus, by (6.9.2), it is sufficient to obtain the following estimate:

‖(ψh, µh)‖h,1 .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

+
maxF∈E ih

h̃
α
2
F

minF∈E bh
h̃F
‖u‖Hs(Ω;Th). (6.9.3)
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Now, applying the coercivity result from Theorem 6.8.3, and noting that c is a con-

stant, we can apply the consistency result (6.7.1), obtaining

‖(ψh, µh)‖2
h,1 = ‖(zh − uh, c− ch)‖2

h,1

. AOh ((zh − uh, c− ch), (zh − uh, c− ch))

= AOh ((zh, c), (zh − uh, c− ch))− AOh ((uh, ch), (zh − uh, c− ch))

= AOh ((zh, c), (zh − uh, c− ch))−
∑
K∈Th

〈γf,∆(zh − uh)〉K

= AOh ((zh, c), (zh − uh, c− ch))− AOh ((u, c), (zh − uh, c))

= AOh ((zh, c), (zh − uh, c− ch))− AOh ((u, c), (zh − uh, c− ch) + (0, ch))

= AOh ((zh − u, 0), (zh − uh, c− ch))− AOh ((u, c), (0, ch))

= AOh ((ξh, 0), (ψh, µh))− AOh ((u, c), (0, ch)).

From this, we obtain

‖(ψh, µh)‖2
h,1 .

6∑
i=1

Ai, (6.9.4)

where
A1 :=

∑
K∈Th

〈D2ξh, D
2ψh〉K , A2 :=

∑
K∈Th

〈(γL−∆)ξh,∆ψh〉K ,

A3 :=
∑
K∈Th

1

2
〈∆ξh,∆ψh〉K , A4 :=

1

2
BOh,∗((ξh, 0), (ψh, µh)),

A5 := JOh ((ξh, 0), (ψh, µh)), A6 := −BOh,1/2((u, c), (0, ch)).

We see that

|A1|, |A2|, |A3| . |ξh|H2(Ω;Th)|ψh|H2(Ω;Th) .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

‖(ψh, µh)‖h,1,

(6.9.5)

and
|A5| ≤ JOh ((ξh, 0), (ξh, 0))1/2JOh ((ψh, µh), (ψh, µh))

1/2

≤ JOh ((ξh, 0), (ξh, 0))1/2‖(ψh, µh)‖h,1.
(6.9.6)

Applying the first estimate in (4.6.9) to the estimates in (6.9.5), we obtain

|A1|, |A2|, |A3| .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

‖(ψh, µh)‖h,1.

We also see that

JOh ((ξh, 0), (ξh, 0))1/2 . (e1 + e2 + e3)1/2,
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where, based on the assumption that µF , σF . 1/h̃F , ηF . 1/h̃3
F ,

e1 :=
∑
F∈E ih

µF [‖[[∇ξh · nF ]]‖2
L2(F ) + ‖[[∇Tξh]]‖2

L2(F )] .
∑
K∈Th

1

h̃F
‖∇ξh‖2

L2(∂K),

.
∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

e2 .
∑
F∈E ih

1

h̃3
F

‖[[ξh]]‖2
L2(F ) .

∑
K∈Th

1

h̃3
F

‖ξh‖2
L2(∂K) .

∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K),

and

e3 .
∑
F∈E bh

1

h̃F
‖∇ξh‖2

L2(F ) .
∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K).

Thus

JOh ((ξh, 0), (ξh, 0)) .
∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K), (6.9.7)

and so

|A5| .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

‖(ψh, µh)‖h,1.

Now we must obtain a bound for A4 = 1
2
BOh,∗((ξh, 0), (ψh, µh)). One can see that

BOh,∗((ξh, 0), (ψh, µh)) =
8∑
i=1

Ii,

where

I1 :=
∑
K∈Th

〈D2ξh, D
2ψh〉K , I2 :=

∑
F∈E ih

〈divT∇T〈〈ξh〉〉, [[∇ψh · nF ]]〉F

I3 :=
∑
F∈E ih

〈divT∇T〈〈ψh〉〉, [[∇ξh · nF ]]〉F , I4 := −
∑
F∈E ih

〈∇T〈〈∇ξh · nF 〉〉, [[∇Tψh]]〉F

I5 := −
∑
F∈E ih

〈∇T〈〈∇ψh · nF 〉〉, [[∇Tξh]]〉F , I6 :=
∑
F∈E bh

〈(∂T2Θ +HF )∇ξh,∇ψh〉F ,

I7 :=
∑
F∈E bh

〈∂T2(β⊥ · ∇ξh), β · ∇ψh − µh〉F , I8 :=
∑
F∈E bh

〈∂T2(β⊥ ·∇ψh), β ·∇ξh〉F .

We have that

I1 . |ξh|H2(Ω;Th)|ψh|H2(Ω;Th) .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

‖(ψh, µh)‖h,1.
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Our approach for bounding I2, . . . , I4, is similar to that of obtaining the estimates for

A2, . . . , A5 in the proof of Theorem 5.7.1. We find that

I2, I4 .

(∑
K∈Th

h̃F‖D2ξh‖2
L2(∂K) + ‖∇ξh‖2

L2(∂K)

) 1
2

JOh ((ψh, µh), (ψh, µh))
1
2

.

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

‖(ψh, µh)‖h,1.

(6.9.8)

From (6.9.7), and Corollary 4.7.6 we obtain

I3, I5 . JOh ((ξh, 0), (ξh, 0))
1
2

(∑
K∈Th

|ψh|2H2
∗(K)

) 1
2

.

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

‖(ψh, µh)‖h,1.

Now, for I6, . . . , I8,

I6 .

∑
F∈E bh

‖∇ξh‖2
L2(F )

1/2∑
F∈E bh

‖(∂T2Θ +HF )1/2∇ψh‖2
L2(F )

1/2

.

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

‖(ψh, µh)‖h,1,

Furthermore,

I7 .

∑
F∈E bh

h̃F‖D2ξh‖2
L2(F ) + ‖∇ξh‖2

L2(F )

 1
2
∑
F∈E bh

(h̃−1
F + 1)‖β · ∇ψh − µh‖2

L2(F )

 1
2

.

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

‖(ψh, µh)‖h,1

and
I8 :=

∑
F∈E bh

〈∂T2(β⊥ ·∇ψh), β ·∇ξh〉F

.

∑
F∈E bh

1

h̃F
‖∇ξh‖2

L2(F )

1/2∑
F∈E bh

h̃F‖∂T2(β⊥ ·∇ψh)‖2
L2(F )

1/2

.

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

‖(ψh, µh)‖h,1,
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note that obtaining the final inequality in the estimate for I8 is analogous to (6.8.7).

We now see that

|A4| ≤
8∑
i=1

Ii .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

‖(ψh, µh)‖h,1.

By (6.9.4), it then follows that

‖(ψh, µh)‖2
h,1 ≤

6∑
i=1

|Ai| .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

‖(ψh, µh)‖h,1 + A6. (6.9.9)

Furthermore, for A6, we see that

A6 = −BOh,1/2((u, c), (0, ch))

=
∑
F∈E bh

[
1

2
〈∂T2(β⊥ · ∇u), ch〉F + σF 〈β · ∇u− c, ch〉F

]
+
∑
F∈E ih

`F 〈[[c]], [[ch]]〉F

=
1

2

∑
F∈E bh

〈∂T2(β⊥ · ∇u), ch〉F

=
1

2

∑
F∈E bh

〈∂T2(β⊥ · ∇u), ch −M〉F ,

for any constant function M , where the penultimate equality holds due to the fact

that β · ∇u − c|F = 0 for all F ∈ E b
h , and as c is constant, it cannot jump across

internal edges, and the final equality holds due to the following argument, valid for

an arbitrary constant function M . Integrating by parts gives us∑
F∈E bh

〈∂T2(β⊥ · ∇u),M〉F =
∑
e∈V b

h

[[Mβ⊥ · ∇u]]e

=
∑
e∈V b

h

M([[β⊥]]e · 〈〈∇u〉〉e + 〈〈β⊥〉〉e · [[∇u]]e) = 0,

where the final equality holds, due to the fact that β⊥ ∈ C1(∂Ω;S1), and so cannot

jump across vertices, furthermore, ∇u ∈ H1/2(∂Ω), and thus, since ∂Ω is a one-

dimensional hypersurface, neither can ∇u.

By the Cauchy–Schwarz inequality with a parameter, we see that for any δ > 0

A6 ≤
1

2

∑
F∈E bh

(δh̃F )−1‖∂T2(β⊥ · ∇u)‖2
L2(F )

 1
2
∑
F∈E bh

δh̃F‖ch −M‖2
L2(F )

 1
2

.

∑
F∈E bh

(δh̃F )−1(‖∇u‖2
L2(F )+‖D2u‖2

L2(F ))

 1
2
∑
F∈E bh

δh̃F‖(ch −M)‖2
L2(F )

 1
2
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.

∑
F∈E bh

∑
K∈Th:F⊂∂K

(δh̃FhK)−1‖u‖2
HsK (K)

 1
2

×

∑
F∈E ih

h̃−1
F δ‖[[ch −M ]]‖2

L2(F ) +

∣∣∣∣ δ

|∂Ω|

∫
∂Ω

(ch −M)

∣∣∣∣2
 1

2

.

(6.9.10)

where the final inequality follows from (4.6.1) and Corollary 4.7.7. We note that M

and c = β · ∇u|∂Ω are both constant, and so

[[ch −M ]] = [[ch − c]], F ∈ E i
h. (6.9.11)

The choice of M was arbitrary, so we take

M :=
1

|∂Ω|

∫
∂Ω

ch ⇒
∫
∂Ω

ch −M = 0. (6.9.12)

We now choose δ := minF∈E ih
`F h̃F , and so δh̃−1

F ≤ `F for all F ∈ E i
h, and, further-

more, δ−1 = (minF∈E ih
`F h̃F )−1 = maxF∈E ih

`−1
F h̃−1

F . Applying these estimates, along

with (6.9.12) to (6.9.10), we obtain

A6 .

∑
F∈E bh

∑
K∈Th:F⊂∂K

(h̃FhK)−1 max
F∈E ih

(`−1
F h̃−1

F )‖u‖2
HsK (K)

 1
2

‖(ψh, µh)‖h,1

. (max
F∈E bh

h̃−1
F )(max

F∈E ih

`−1
F h̃−1

F )1/2‖u‖Hs(Ω;Th)‖(ψh, µh)‖1,h

(6.9.13)

Furthermore, we have assumed that h̃1−α
F . `F , for some α > 2, which gives us

maxF∈E ih
`−1
F h̃−1

F . maxF∈E ih
h̃αF . It then follows that

(max
F∈E bh

h̃−1
F )(max

F∈E ih

`−1
F h̃−1

F )1/2 .
maxF∈E ih

h̃
α/2
F

minF∈E bh
h̃F

.

Applying the above estimate to (6.9.13) yields

A6 .
maxF∈E ih

h̃
α/2
F

minF∈E bh
h̃F
‖u‖Hs(Ω;Th)‖(ψh, µh)‖1,h, (6.9.14)

which we apply to (6.9.9), obtaining

‖(ψh, µh)‖2
h,1 .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

) 1
2

+
maxF∈E ih

h̃
α
2
F

minF∈E bh
h̃F
‖u‖Hs(Ω;Th)

 ‖(ψh, µh)‖h,1.
We then divide through by ‖(ψh, µh)‖h,1 in the above estimate, which gives us (6.9.3).

This completes the proof. �

202



6.9.1 An error estimate in the case of conforming regularity

The hypotheses of Theorem 5.7.1 includes the sufficient condition that the strong

solution, u, is piecewise-sufficiently regular, so that one may substitute (u, c) into

the left-hand argument of the operator, AOh . However, the assumption, that the true

solution u ∈ Hs(Ω; Th), s > 5/2 may not hold in general, particularly when we

consider that the coefficient matrix A ∈ L∞(Ω).

In the following lemma, we provide an error estimate for strong solutions u ∈ H2
β,0,

i.e., the expected regularity of strong solutions implied by Theorem 6.3.1. As in

estimate (6.9.1), one can see the error contribution arising from the inconsistency

of ch belonging to Vh,0 as opposed to R. Similarly, this contribution is zero if ch

does not jump across boundary vertices. This shows that our method provides an

approximation that is at least as accurate in the ‖(·, ·)‖h,1-norm, as a H2-conforming

finite element method. Note that the design of such a conforming space would require

knowledge of the compatibility constant, c, otherwise further terms (quantifying the

lack of conformity in the oblique derivative) would arise in the following error estimate.

Lemma 6.9.2 Let Ω ⊂ R2 be a C2 and piecewise C3 domain, and let β ∈ C1(∂Ω;S1).

Assume that

∂T2Θ +H∂Ω > 0 on ∂Ω.

Furthermore, assume that {Th}h is a regular of order 2 family of triangulations on Ω

satisfying Assumption 4.4.9.

Let (u, c) ∈ H2
β,0(Ω) × R be the unique strong solution of (5.1.1). Let cstab, c∗,

and µF be chosen as in Theorem 6.8.3, and choose ηF . 1/h̃3
F , σF . 1/h̃F , and

h̃1+α
F . `F , where α > 2 + p∗/2, and p∗ := 2 sgn(p− 2). Then, we have the following

error estimate

‖(u− uh, c− ch)‖h,1 . +

(
maxF∈E ih

h̃αF

minF∈E bh
h̃2+p∗

F

) 1
2

‖u‖H2(Ω)

+ inf
zh∈V

‖zh − u‖H2(Ω) +

∑
F∈E bh

1

h̃F
(‖∂T2(β ·∇zh)‖2

L2(F ) + ‖β · ∇zh − c‖2
L2(F ))

 1
2

 .

(6.9.15)

where V := Vh,p,0 ∩H2(Ω).

Proof: First we assume that zh ∈ H2(Ω) ∩ Vh,p,0. Then, we see that

‖(u− uh, c− ch)‖h,1 ≤ ‖(ξh, 0)‖h,1 + ‖(ψh, µh)‖,
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where ξh, ψh and µh are given as in the proof of Theorem 5.7.1. Since we only

assume that zh is in H2(Ω) ∩ Vh,p,0, only the consistency properties of the bilinear

form AOh that depend on the piecewise regularity and H2-regularity of zh hold, i.e.,

we may utilise (6.5.6). In particular (6.5.21) does not hold, yielding the following

H2-consistency results,

BOh,∗((zh, c), (ψh, µ)) =
∑
K∈Th

〈∆zh,∆ψh〉K

+
∑
F∈E bh

[〈∂T2(β⊥ · ∇ψh), β · ∇zh − c〉F − 〈∂T2(β · ∇zh), β⊥ · ∇ψh〉F ],
(6.9.16)

for any µ ∈ R, and

JOh ((zh, c), (ψh, µh)) =
∑
F∈E bh

σF 〈β · ∇zh − c, β · ∇ψh − µh〉F . (6.9.17)

From (6.9.16) and (6.9.17), we obtain

AOh ((zh, c), (ψh, µh)) =
∑
K∈Th

〈γLzh,∆ψh〉K + JOh ((zh, c), (ψh, µh))

+
1

2

(
BOh,∗((zh, c), (ψh, µh))−

∑
K∈Th

〈∆zh,∆ψh〉K

)
=
∑
K∈Th

〈γLzh,∆ψh〉K +
∑
F∈E bh

σF 〈β · ∇zh − c, β · ∇ψh − µh〉F

+
1

2

(
BOh,∗((zh, c), (ψh, c))−

∑
K∈Th

〈∆zh,∆ψh〉K −BOh,∗((zh, c), (0, ch))

)

=
∑
K∈Th

〈γLzh,∆ψh〉K +
∑
F∈E bh

σF 〈β · ∇zh − c, β · ∇ψh − µh〉F −
1

2
BOh,∗((zh, c), (0, ch))

+
1

2

∑
F∈E bh

[〈∂T2(β⊥ · ∇ψh), β · ∇zh − c〉F − 〈∂T2(β · ∇zh), β⊥ · ∇ψh〉F ]

 .

(6.9.18)

Then, by the coercivity estimate (6.8.8), (6.9.18), and the fact that (uh, ch) satis-
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fies (6.6.5) it follows that

‖(ψh, µh)‖2
h,1 . AOh ((zh, c), (ψh, µh))− AOh ((uh, ch), (ψh, µh))

=
∑
K∈Th

〈γLzh,∆ψh〉K −
∑
K∈Th

〈γf,∆ψh〉K −
1

2
BOh,1/2((zh, c), (0, ch))

+
1

2

∑
F∈E bh

[〈∂T2(β⊥ · ∇ψh), β · ∇zh − c〉F − 〈∂T2(β · ∇zh), β⊥ · ∇ψh〉F ]


+
∑
F∈E bh

σF 〈β · ∇zh − c, β · ∇ψh − µh〉F .

(6.9.19)

Firstly, we see that∑
K∈Th

〈γLzh,∆ψh〉K −
∑
K∈Th

〈γf,∆ψh〉K =
∑
K∈Th

〈γA : D2(zh − u),∆ψh〉K

. |zh − u|H2(Ω;Th)‖(ψh, µh)‖h,1.
(6.9.20)

We obtain the following estimate

−1

2
BOh,1/2((zh, c), (0, ch)) . max

F∈E ih

h̃
α/2
F

∑
F∈E bh

∑
K∈Th:
F⊂∂K

h̃−2
F ‖zh‖

2
H3(K)


1
2

‖(ψh, µh)‖h,1,

(6.9.21)

using the same techniques employed in the derivation of (6.9.14). Indeed the argument

only utilised the piecewise HsK -regularity of u, with sK > 5/2, and we have that

zh ∈ H3(Ω; Th). Furthermore, we have the following bounds:

∑
F∈E bh

σF 〈β · ∇zh − c, β · ∇ψh − µh〉F .

∑
F∈E bh

σF‖β · ∇zh − c‖2
L2(F )

1/2

‖(ψh, µh)‖h,1,

(6.9.22)

and∑
F∈E bh

〈∂T2(β⊥ · ∇ψh), β · ∇zh − c〉F .

∑
F∈E bh

σF‖β · ∇zh − c‖2
L2(F )

1/2∑
F∈E bh

‖∇ψh‖2
L2(F ) + h̃F‖D2ψh‖2

L2(F )

1/2

.

∑
F∈E bh

σF‖β · ∇zh − c‖2
L2(F )

1/2

‖(ψh, µh)‖h,1.

(6.9.23)
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Note that the first bound follows directly from an application of the Cauchy–Schwarz

inequality, and the definition of the ‖(·, ·)‖h,1-norm, and the second inequality is

obtained analogously to (6.8.7) in the proof of Lemma 6.8.2, utilising the trace esti-

mate (4.6.1), and the inverse inequality (4.6.26), followed by the Poincaré–Friedrichs’

inequality (4.7.13).

Again, by applying the trace estimate (4.6.1), we obtain

∑
F∈E bh

〈∂T2(β · ∇zh), β⊥ · ∇ψh〉F .

∑
F∈E bh

1

h̃F
‖∂T2(β · ∇zh)‖2

L2(F )

1/2

‖(ψh, µh)‖h,1.

(6.9.24)

Applying estimates (6.9.20)–(6.9.24) to (6.9.19), and noting that σF . 1/h̃F , yields

‖(ψh, µh)‖2
h,1 .

|zh − u|H2(Ω) + max
F∈E ih

h̃
α/2
F

∑
F∈E bh

∑
K∈Th:
F⊂∂K

h̃−2
F ‖zh‖

2
H3(K)


1
2

+

∑
F∈E bh

1

h̃F
(‖∂T2(β ·∇zh)‖2

L2(F ) + ‖β · ∇zh − c‖2
L2(F ))

 1
2

 ‖(ψh, µh)‖h,1.
(6.9.25)

Now, if p = 2, we have that ‖zh‖H3(K) . ‖zh‖H2(K) for all K ∈ Th, and if p ≥ 3, by

the inverse inequality (4.6.26), we have that ‖zh‖H3(K) . h−1
K ‖zh‖H2(K). I.e., for any

p ≥ 2, ‖zh‖2
K . h−p

∗

K ‖zh‖2
H2(K), where p∗ := 2 sgn(p− 2). Furthermore, we see that∑

F∈E bh

∑
K∈Th:
F⊂∂K

h̃−2
F ‖zh‖

2
H3(K) .

∑
F∈E bh

∑
K∈Th:
F⊂∂K

h̃−2
F h−p

∗

K ‖zh‖
2
H2(K)

.
∑
F∈E bh

∑
K∈Th:
F⊂∂K

h̃
−(2+p∗)
F (‖u− zh‖2

H2(K) + ‖u‖2
H2(K))

. (min
F∈E bh

h̃2+p∗

F )−1‖u‖2
H2(Ω),

(6.9.26)

where the penultimate inequality follows from (4.5.14). Applying (6.9.26) to (6.9.25),

and dividing through by ‖(ψh, µh)‖h,1, we obtain

‖(ψh, µh)‖h,1 . ‖zh − u‖H2(Ω) +

(
maxF∈E ih

h̃αF

minF∈E bh
h̃2+p∗

F

) 1
2

‖u‖H2(Ω)

+

∑
F∈E bh

1

h̃F
(‖∂T2(β ·∇zh)‖2

L2(F ) + ‖β · ∇zh − c‖2
L2(F ))

 1
2

.
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Recalling that β · ∇u|∂Ω = c, we see that

‖(ξh, 0)‖2
h,1 . |u− zh|2H2(Ω)

+
∑
F∈E bh

[
1

h̃F
‖β · ∇zh − c‖2

L2(F ) + ‖(∂T2Θ +HF )1/2∇(u− zh)‖2
L2(F )

]
.

Furthermore, the trace operator is continuous from H1(Ω)→ L2(∂Ω), and so∑
F∈E bh

‖(∂T2Θ +HF )1/2∇(u− zh)‖2
L2(F ) . ‖∇(u− zh)‖2

L2(∂Ω) . |u− zh|2H2
∗(Ω).

Thus, we obtain

‖(u− uh, c− ch)‖h,1 . ‖zh − u‖H2(Ω) +

(
maxF∈E ih

h̃αF

minF∈E bh
h̃2+p∗

F

) 1
2

‖u‖H2(Ω)

+

∑
F∈E bh

1

h̃F
(‖∂T2(β ·∇zh)‖2

L2(F ) + ‖β · ∇zh − c‖2
L2(F ))

 1
2

.

Note that our choice of zh ∈ H2(Ω)∩Vh,p,0 was arbitrary, thus we may take an infimum

over V above, yielding estimate (6.9.15). �

Remark 6.9.3 (Stabilisation parameter choice) Note that our assumption

h̃1+α
F . `F , with α > 2 + p∗/2 implies that for α large enough, we may control the

contribution of the first term on the right-hand side of (6.9.15). Indeed, in the case of

quasiuniform meshes, we would have ((maxF∈E ih
h̃αF/minF∈E bh

h̃2+p∗

F )
1
2 . h(α−2−p∗)/2.

Furthermore, we see that refining the mesh size internally (i.e., leaving h̃F unchanged

for F ∈ E b
h ) reduces the error, since the minimum in the denominator is over boundary

edges, and the maximum in the numerator is over internal edges.

Remark 6.9.4 (Conforming finite element methods) Notice that the error

bound (6.9.15) incorporates the error arising from the approximation of the oblique

derivative (i.e., the last term in the infimum). Furthermore, one can see that if the

space V is fully conforming, that is, V = Vh,p,0 ∩ {v ∈ H2(Ω) : β · ∇v|∂Ω = c}, then

this term vanishes entirely. However, it is not immediately clear that the space V is

non-empty for arbitrary β ∈ C1(∂Ω;S1) satisfying the hypotheses of Lemma 3.3.28.

These considerations also imply that the scheme introduced in this chapter is at

least as accurate as any conforming method seeking a numerical solution uh ∈ V ,

where Vh,p ∩H2(Ω) ⊂ V ⊂ Vh,p,0 ∩ {v ∈ H2(Ω) : β · ∇v|∂Ω = c}.
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6.10 Implementation

Software and code: The experiments in this Chapter have been implemented in the

most recent version of the Firedrake software [105, 87] (as of 3rd July 2018), which

interfaces directly with PETSc [6, 7] running through a Python interface [39, 63]. A

working Firedrake script, Curved-oblique-DGFEM.py, used to generate the experi-

ments of this Chapter is available in the Github repository:

https://github.com/ekawecki/FiredrakeNDV.

Linear systems and condition numbers: Akin to the the bilinear form ADh de-

fined by (5.4.4), the bilinear form AOh defined by (6.6.4) can also be considered

to be similar to those present in finite element methods for fourth-order elliptic

boundary-value problems (see [114, 25] for example), in the sense that the evalu-

ation of AOh ((uh, λh); (vh, µh)) for (uh, λh), (vh, µh) ∈ Mh involves the integration of

products of second order partial derivatives. This typically leads to the matrix AO,

describing the linear system given by (6.6.5), to have a Euclidean norm condition

number of order h−4. This can pose difficulties when applying iterative methods

to solve the linear system, and thus to ensure that we solve the linear system with

sufficiently high accuracy as the mesh size h decreases, we apply the Iterative refine-

ment algorithm, i.e., Algorithm 1.1 of [32]. We implement the Iterative refinement

algorithm by using the following choices in the Firedrake “solve” function.

# implementing nullspace , as solution should have zero sum

V_basis = VectorSpaceBasis(constant=True)

nullspace = MixedVectorSpaceBasis(S, [V_basis , S[1]])

# begin timing of linear system solve

t = time()

# solving linear system

solve(A_gamma == L,Uh ,nullspace = nullspace ,

solver_parameters = {"mat_type": "aij",

"snes_type": "newtonls",

"ksp_type": "preonly",

"pc_type": "lu",

"snes_monitor": False ,

"snes_rtol": 1e-16,

"snes_atol": 1e-25})

# end timing of linear system solve

tt.append(time()-t)

One can also see that when executing the script in Firedrake, we record the runtimes

by way of the sixth and last line above, so that we only record the time that it takes

to solve the linear system.

Furthermore, the solver choices differ slightly from those present in Section 5.8,

i.e., we also include “nullspace = nullspace”, where “nullspace” is defined on line 3,
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and “mat type = aij”. The first choice imposes that the numerical solution uh (from

the pair (uh, ch) ∈Mh that satisifies (6.6.5)) has a zero-sum, and the latter essentially

informs the solver that the solution consists of two parts, i.e., uh and ch, and that the

system may be treated in block formation.

Two-dimensional curved boundary approximation: When implementing curved

finite elements, we use a piecewise quadratic polynomial mapping to obtain a higher

order approximation of the domain boundary. This is implemented in exactly the

same manner as discussed in Section 5.8. As in Section 5.8, we define the space

V comp
h,p := {v ∈ L2(Ω) : v ◦ T−1 ∈ Pp(K̂)}, where the piecewise quadratic function

T is defined by (5.8.1). In this case, we then define V comp
h,p,0 := V comp

h,p ∩ L2
0(Ω) and

M comp
h := V comp

h,p,0 × V
comp
h,0 .

Remark 6.10.1 (Computational parameters) In the following experiments, we

employ the following parameter choices: cstab = 2.5, µF = 2cstab(p − 1)2/h̃F , ηF =

15(p−1)4/16h̃3
F , σF = 2cstabp

2/h̃2
F , and `F = cstabh̃

−3
F . The order of the computational

parameters with respect to h̃F were guided by the hypotheses of Theorem 6.9.1. The

orders with respect to p for ηF and µF were guided by the experiments in Section 5.9.

Finally, the value of cstab, and the orders with respect to p of σF and `F (in the case

of `F , the parameter is in fact independent of p) were obtained experimentally.

6.11 Experiments

In this section, we test the robustness of the scheme (6.6.5), with the computational

domain Ω taken to be the unit disk, and consider various elliptic operators, L, that

satisfy the Cordes condition (5.1.4). In each case, we see that the convergence rates

are of the expected order in the various broken Sobolev norms considered, and in

particular in the ‖ · ‖h,1–norm, for which we have proven the error bound (6.9.1).

6.11.1 Experiment 1

In this experiment, we consider the following problem{
∆u = f, in Ω,

β · ∇u is constant on ∂Ω,
(6.11.1)

where Ω = {x ∈ R2 : |x| < 1}, and β ≡ n∂Ω. In this case f is chosen so that the

solution of (6.11.1) is given by

u(x) =
1

6
|x|6 − 1

2
|x|2 +

5

24
.
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Since β coincides with the unit outward normal to ∂Ω, this problem corresponds to a

Neumann boundary-value problem. Moreover, one can see that the oriented angle, Θ,

between β and n∂Ω, satisfies Θ = 0 on ∂Ω, and thus ∂T2Θ = 0 on ∂Ω. Furthermore,

since Ω is the unit disk, it follows that ∂Ω = S1, and that the mean curvature of ∂Ω,

H∂Ω = 1, and therefore HF = 1 for all F ∈ E b
h . It is also then clear that

∂T2Θ +H∂Ω = 1 > 0 on ∂Ω.

Since the solution in known, one can directly calculate that ∇u|∂Ω = (|x|5− 1)x, and

so β · ∇u|∂Ω = n∂Ω · ((|x|5 − 1)x) = |x|6 − |x|2 = 0 (since |x| = 1 on ∂Ω), and thus,

the compatibility constant c = 0. We can also directly calculate the renormalisation

parameter, γ, and provide the largest value of ε for which the Cordes condition (5.1.4)

holds. In particular, we have that

γ :=
Tr(A)

|A|2
=

Tr(Id)

|Id|2
=
Id : Id
Id : Id

= 1, and ε = 1.

In this experiment, we successively increase the degree, p, of the finite element space

V comp
h,p,0 from 2 to 4, and for each fixed degree we refine the mesh quasi–uniformly, we

observe that the experimental orders of convergence in the ‖ · ‖h,1-norm are optimal,

that is ‖(u − uh, c − ch)‖h,1 = O(hp−1). We plot the error values in the ‖ · ‖h,1-

norm, and plot the error arising in the approximation of the compatibility constant

in Figure 6.1, and report the exact values in Tables 6.1 and 6.2, with the corresponding

experimental orders of convergence given in brackets. Furthermore, we provide the

number of degrees of freedom (DoFs) and runtimes for each computation in Table 6.3.

Mesh size p = 2 p = 3 p = 4
0.4981 2.75 1.16 3.09× 10−1

0.2828 1.84 (0.70) 3.61× 10−1 (2.06) 4.33× 10−2 (3.47)
0.1627 1.10 (0.94) 1.17× 10−1 (2.03) 7.35× 10−3 (3.21)
0.0973 6.00× 10−1 (1.17) 3.45× 10−2 (2.39) 1.06× 10−3 (3.76)
0.0508 2.93× 10−1 (1.10) 8.46× 10−3 (2.16) 1.27× 10−4 (3.27)
0.0269 1.47× 10−1 (1.08) 2.11× 10−3 (2.18) 1.47× 10−5 (3.38)
0.0138 7.24× 10−2 (1.06) 5.12× 10−4 (2.11) 1.70× 10−6 (3.22)

Table 6.1: Error values in the ‖ · ‖h,1-norm and EOCs for Experiment 6.11.1.
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Figure 6.1: Convergence rates for the numerical scheme applied to problem (6.11.1).
We provide the error values ‖(u− uh, c− ch)‖h,1 (left), and ‖c− ch‖L2(∂Ω) (right). We
observe that the convergence rates in the ‖ · ‖h,1 norm are optimal with respect to the
choice of polynomial degree, p. That is, ‖(u−uh, c−ch)‖h,1 = O(hp−1). Furthermore,
we observe that ‖c− ch‖L2(∂Ω) = O(hp).

Mesh size p = 2 p = 3 p = 4
0.4981 1.06× 10−1 2.63× 10−2 4.82× 10−3

0.2828 7.06× 10−2 (0.72) 1.09× 10−2 (1.56) 9.19× 10−5 (6.99)
0.1627 3.42× 10−2 (1.31) 2.83× 10−3 (2.44) 5.32× 10−6 (5.16)
0.0973 1.22× 10−2 (2.01) 4.44× 10−4 (3.60) 3.94× 10−7 (5.06)
0.0508 3.53× 10−3 (1.91) 7.48× 10−5 (2.74) 3.16× 10−7 (0.34)
0.0269 9.70× 10−4 (2.03) 8.79× 10−6 (3.36) 2.34× 10−8 (4.08)
0.0138 2.50× 10−4 (2.02) 7.72× 10−7 (3.63) 1.48× 10−9 (4.13)

Table 6.2: ‖c− ch‖L2(∂Ω) error values and EOCs for Experiment 6.11.1.
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Runtime (seconds) Number of DoFs
Mesh size p = 2 p = 3 p = 4 p = 2 p = 3 p = 4

0.4981 0.72 0.88 0.89 112 176 256
0.2828 0.37 0.38 0.41 448 704 1024
0.1627 0.38 0.42 0.93 1218 1914 2784
0.0973 0.46 0.58 0.89 3990 6270 9120
0.0508 0.84 1.75 3.95 16240 25520 37120
0.0269 3.31 9.38 25.09 61222 96206 139936
0.0138 20.96 66.31 199.07 240156 377388 548928

Table 6.3: Runtimes and number of DoFs for Experiment 6.11.1, for each mesh size
h, and each polynomial degree, p.

6.11.2 Experiment 2

In this experiment, we consider the following problem
2∑

i,j=1

(1 + δij)
xi
|xi|

xj
|xj|

D2
iju = f, in Ω,

β ·∇u is constant on ∂Ω,

(6.11.2)

where Ω = {x ∈ R2 : |x| < 1}, and β is a π/4 anticlockwise rotation of the normal,

n∂Ω. That is

β =
1√
2

([n∂Ω]1 − [n∂Ω]2, [n∂Ω]1 + [n∂Ω]2)T .

In this case, f is chosen so that the solution of (6.11.2) is given by

u(x) = |x|1.5 − 0.75|x|2 − 1

π

∫
Ω

(|x|1.5 − 0.75|x|2).

One can see that the oriented angle, Θ, between β and n∂Ω, satisfies Θ = π/4 on

∂Ω, and thus ∂T2Θ = 0 on ∂Ω. Furthermore, since Ω is the unit disk, it follows that

∂Ω = S1, and that the mean curvature of ∂Ω, H∂Ω = 1, and therefore HF = 1 for all

F ∈ E b
h . It is also then clear that

∂T2Θ +H∂Ω = 1 > 0 on ∂Ω.

Since the solution in known, one can directly calculate that ∇u|∂Ω = 1.5(|x|−1/2−1)x,

and so β · ∇u|∂Ω = 1√
2
([n∂Ω]1 − [n∂Ω]2, [n∂Ω]1 + [n∂Ω]2) · (1.5(|x|−1/2 − 1)x) = 0 (since

|x| = 1 on ∂Ω), and thus, the compatibility constant c = 0. We can also directly
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calculate the renormalisation parameter, γ, and provide the largest value of ε for

which the Cordes condition (5.1.4) holds. In particular, we have that

γ =
Tr(A)

|A|2
=

2 + x2
1/|x1|2 + x2

2/|x2|2

8 + 2x2
1x

2
2/(|x1|2|x2|2)

= 2/5, and ε = 3/5.

In this experiment, the true solution u ∈ H2(Ω), and, in particular, u ∈ H5/2−δ(Ω) for

arbitrary δ > 0. However, the Hs-broken Sobolev regularity of u fails for s ≥ 5/2, and

we must appeal to the minimal regularity estimate of Lemma 6.9.2. In this experiment

we successively increase the degree, p, of the finite element space V comp
h,p,0 from 2 to 4.

Furthermore, we compute the numerical solution both on sequence of meshes refined

towards the origin (where the solution lacks regularity, an example of such a mesh

is given in Figure 6.11.2), and on a sequence of quasi-uniformly refined meshes (that

in particular does not prioritise refinement towards the origin). We plot the error

arising in both cases (adapted mesh refinement and non adapted mesh refinement) in

the broken H2-seminorm, against the number of DoFs in Figure 6.11.2, and report

the error values, with experimental orders of convergence in brackets (calculated

with respect to NDoFs), along with the runtimes for each computation in Tables 6.4

and 6.5. For p = 2, 3, 4, we see a reduction in error from the adapted mesh sequence.

In particular, for p = 3 and p = 4 we see a reduction in the order of error from

O(ndofs−1/4) to O(ndofs−1/2).
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Quasi-uniformly refined mesh
p = 2 p = 3

NDoFs Error Runtime NDoFs Error Runtime
112 1.38 0.79 176 8.99× 10−1 0.90
448 1.18 (−0.12) 0.50 704 6.95× 10−1 (−0.19) 0.43
1218 9.17× 10−1 (−0.25) 0.52 1914 5.11× 10−1 (−0.31) 0.53
3990 6.47× 10−1 (−0.29) 0.67 6270 3.61× 10−1 (−0.29) 0.91
16240 4.95× 10−1 (−0.19) 1.72 25520 2.73× 10−1 (−0.20) 3.03
61222 3.43× 10−1 (−0.28) 6.56 96206 1.87× 10−1 (−0.28) 14.31

p = 4
NDoFs Error Runtime

256 6.63× 10−1 0.88
1024 5.05× 10−1 (−0.20) 0.45
2784 3.60× 10−1 (−0.34) 0.67
9120 3.01× 10−1 (−0.15) 1.37
37120 1.93× 10−1 (−0.32) 5.90
139936 1.40× 10−1 (−0.24) 36.48

Table 6.4: NDoFs, error values in the |·|H2(Ω;Th)-seminorm with EOCs in brackets (cal-
culated with respect to NDoFs), and corresponding runtimes for Experiment 6.11.2,
with a quasi-uniformly refined mesh.
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Figure 6.2: Convergence rates for the numerical scheme applied to problem (6.11.2),
with a true solution of minimal regularity. On the left, we provide the error values
in the | · |H2(Ω) seminorm, where the numerical scheme is implemented on a quasiuni-
formly refined mesh, and an adapted mesh, with refinement towards the origin. On
the right we provide an example of this adapted mesh, at refinement level 7, consisting
of 4532 elements.
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Adapted mesh
p = 2 p = 3

NDoFs Error Runtime NDoFs Error Runtime
112 1.38 0.81 176 8.99× 10−1 0.98
448 1.12 (−0.16) 0.48 704 6.53× 10−1 (−0.23) 0.43
826 8.75× 10−1 (−0.40) 0.44 1298 4.95× 10−1 (−0.45) 0.47
2394 6.59× 10−1 (−0.27) 0.56 3762 3.73× 10−1 (−0.26) 0.76
5362 5.15× 10−1 (−0.30) 0.82 8426 2.91× 10−1 (−0.31) 1.30
10766 3.62× 10−1 (−0.51) 1.33 16918 1.81× 10−1 (−0.68) 2.99
19894 2.90× 10−1 (−0.36) 2.42 31262 1.47× 10−1 (−0.35) 6.03
31276 2.42× 10−1 (−0.40) 4.27 49148 1.13× 10−1 (−0.57) 11.35
45752 2.11× 10−1 (−0.37) 6.61 71896 9.72× 10−2 (−0.40) 18.11
59570 1.93× 10−1 (−0.33) 8.38 93610 8.35× 10−2 (−0.58) 22.21

p = 4
NDoFs Error Runtime

256 6.63× 10−1 1.00
1024 4.73× 10−1 (−0.24) 0.51
1888 3.57× 10−1 (−0.46) 0.63
5472 2.70× 10−1 (−0.26) 1.04
12256 2.15× 10−1 (−0.28) 2.17
24608 1.34× 10−1 (−0.68) 5.05
45472 1.06× 10−1 (−0.38) 11.07
71488 7.86× 10−2 (−0.67) 25.11
104576 6.91× 10−2 (−0.34) 42.45
136160 5.84× 10−2 (−0.64) 56.49

Table 6.5: NDoFs, error values in the |·|H2(Ω;Th)-seminorm with EOCs in brackets (cal-
culated with respect to NDoFs), and corresponding runtimes for Experiment 6.11.2,
with an adapted mesh.

6.11.3 Experiment 3

In this experiment, we consider problem (6.11.2), where Ω = {x ∈ R2 : |x| < 1}.
We take β to be the anti-clockwise rotation of the normal by the angle ϕ(x1, x2) :=

π/4 + arctan(x2

x1
), for (x1, x2) ∈ ∂Ω, that is,

β(x1, x2) =

[
cosϕ(x1, x2) − sinϕ(x1, x2)
sinϕ(x1, x2) cosϕ(x1, x2)

] [
[n∂Ω]1

[n∂Ω]2

]
(x1, x2) ∈ ∂Ω.

Furthermore, the function f on the right-hand side of (6.11.2) is chosen so that the

solution u is given by

u(x1, x2) =
1

4
cos(π(x2

1 + x2
2))− 1

π

∫
Ω

1

4
cos(π(x2

1 + x2
2)).
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As in Experiment 6.11.2, we can directly calculate the renormalisation parameter, γ,

and provide the largest value of ε for which the Cordes condition (5.1.4) holds. In

particular, we have that γ = Tr(A)
|A|2 = 2/5 and ε = 3/5.

We can also see that the oriented angle, Θ, between β and n∂Ω is given by

Θ(x1, x2) = π/4 + ϕ(x1, x2) for (x1, x2) ∈ ∂Ω. It then follows that on ∂Ω,

∂T2Θ = ∇(ϕ(x1, x2)) · (−[n∂Ω]2, [n∂Ω]1)

= ∇(arctan(x2/x1)) · (−x2, x1)

=
1

x2
1 + x2

2

(−x2, x1) · (−x2, x1) = 1.

(6.11.3)

Furthermore, since Ω is the unit disk, and ∂Ω = S1, the oblique vector β rotates by

exactly 2π, as we traverse ∂Ω in a fixed direction, and so β ∈ C1(∂Ω;S1). Since the

mean curvature of ∂Ω, H∂Ω = 1, by (6.11.3) we also see that

∂T2Θ +H∂Ω = 2 > 0.

This experiment serves to demonstrate the robustness of this method with respect to

the choice of oblique vector, β. In particular, β performs a full rotation around the

normal vector.

In this experiment, we successively increase the degree, p, of the finite element

space V comp
h,p,0 from 2 to 4, and for each fixed degree we refine the mesh quasi–uniformly.

In Figure 6.11.3 we plot the convergence rates in the ‖ · ‖h,1-norm and the | · |H1(Ω;Th)-

seminorm, and report the exact values in Tables 6.6 and 6.7, with the corresponding

experimental orders of convergence given in brackets. Furthermore, we provide the

number of degrees of freedom (DoFs) and runtimes for each computation in Table 6.8.

We observe the optimal convergence rates ‖(u − uh, c − ch)‖h,1 = O(hp−1), and |u −
uh|H1(Ω;Th) = O(hp).

Mesh size p = 2 p = 3 p = 4
0.4981 8.64 5.05 1.13
0.2828 6.86 (0.41) 1.03 (2.80) 2.50× 10−1 (2.66)
0.1627 3.66 (1.14) 3.10× 10−1 (2.18) 6.72× 10−2 (2.38)
0.0973 1.86 (1.32) 1.16× 10−1 (1.91) 1.41× 10−2 (3.04)
0.0508 8.80× 10−1 (1.15) 2.96× 10−2 (2.10) 1.81× 10−3 (3.15)
0.0269 4.42× 10−1 (1.08) 8.31× 10−3 (1.99) 2.41× 10−4 (3.17)
0.0138 2.21× 10−1 (1.04) 2.15× 10−3 (2.02) 3.02× 10−5 (3.10)

Table 6.6: Error values in the ‖ · ‖h,1-norm and EOCs for Experiment 6.11.3.
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Figure 6.3: Convergence rates for Experiment 6.11.3. We provide the error values
‖(u − uh, c − ch)‖h,1, and |u − uh|H1(Ω;Th), along with the final (i.e., from the final
mesh refinement) and mean experimental order of convergence. We observe that
the convergence rates in the ‖ · ‖h,1 norm are optimal with respect to the choice of
polynomial degree, p. That is, ‖(u − uh, c − ch)‖h,1 = O(hp−1). Furthermore, we
observe that |u− uh|H1(Ω;Th) = O(hp).

Mesh size p = 2 p = 3 p = 4
0.4981 1.01 4.26× 10−1 6.14× 10−2

0.2828 3.32× 10−1 (1.96) 4.33× 10−2 (4.04) 8.78× 10−3 (3.43)
0.1627 1.13× 10−1 (1.95) 7.71× 10−3 (3.13) 1.42× 10−3 (3.30)
0.0973 3.34× 10−2 (2.37) 1.55× 10−3 (3.12) 2.15× 10−4 (3.67)
0.0508 8.45× 10−3 (2.11) 2.11× 10−4 (3.07) 1.10× 10−5 (4.57)
0.0269 2.14× 10−3 (2.16) 3.57× 10−5 (2.79) 7.45× 10−7 (4.23)
0.0138 5.32× 10−4 (2.08) 6.10× 10−6 (2.64) 4.96× 10−8 (4.04)

Table 6.7: Error values in the | · |H1(Ω;Th)-seminorm and EOCs for Experiment 6.11.3.
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Runtime (seconds) Number of DoFs
Mesh size p = 2 p = 3 p = 4 p = 2 p = 3 p = 4

0.4981 0.90 23.88 26.14 112 176 256
0.2828 0.49 0.69 0.54 448 704 1024
0.1627 0.53 0.62 0.78 1218 1914 2784
0.0973 0.78 1.00 1.51 3990 6270 9120
0.0508 1.95 3.23 6.49 16240 25520 37120
0.0269 6.80 15.12 36.20 61222 96206 139936
0.0138 36.57 97.87 261.50 240156 377388 548928

Table 6.8: Runtimes and number of DoFs for Experiment 6.11.3, for each mesh size
h, and each polynomial degree, p.

6.12 Concluding remarks for this method

We have extended the framework introduced in [110], and [70] allowing for domains

with curved boundaries, as well as oblique boundary conditions. In doing so, we have

introduced a new DGFEM for elliptic equations in nondivergence form, that satisfy

the Cordes condition.

The computational domain we considered was the unit disc; in order to verify the

error estimates present in Section 3 we used a mesh consisting of curved triangles

with edges were defined by polynomial mappings. It would be an interesting avenue

for future research to consider oblique boundary-value problems in dimensions three

and higher; this would require one to prove the Miranda–Talenti estimates (3.3.28)

in H2
β,0(Ω), in higher dimensions, which is currently an open problem.

The finite element approximation of solutions to elliptic problems in nondivergence

form with oblique boundary conditions is a challenging problem, and as such appears

to be underrepresented in the available literature. This chapter provides and analyses

a new method, which appears to be the first discontinuous Galerkin finite element

method for oblique boundary-value problems; we were successful in proving both a

stability estimate (6.8.9), guaranteeing existence and uniqueness of the numerical

solution, and an optimal apriori error estimate (6.9.1).
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Chapter 7

A DGFEM for HJB equations with
Dirichlet and oblique boundary
conditions, with applications to
MA type problems

7.1 New contributions and existing results

The goal of this Chapter is to design and analyse discontinuous Galerkin finite element

methods (DGFEMs) for HJB and MA type equations with Dirichlet and oblique

boundary conditions on domains with curved boundaries.

Existing results: Some of the contributions of this chapter build upon existing

results.

• In [111], the authors provide a hp-DGFEM for the approximation of strong

solutions to HJB equations with Dirichlet boundary conditions on polytopal

domains, proving existence and uniqueness of a numerical solution, as well as

optimal a prior error bounds in a broken H2-type norm. We extend the h-

version of this method, and its analysis to the case of domains with curved

boundaries.

Our original contributions are listed as follows:

1. We provide a DGFEM for the approximation of strong solutions to HJB equa-

tions with Dirichlet and oblique boundary conditions on domains with curved

boundaries. In particular:

• We prove that the nonlinear operators A D
h and A O

h defined in Section 7.3

are strongly monotone and Lipschitz continuous, yielding existence and
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uniqueness of a numerical solution in the Dirichlet and oblique case, re-

spectively;

• We prove optimal error estimates with respect to the mesh size in broken

H2-type norms.

2. Utilising Theorem 3.5.3, we provide a new DGFEM for the approximation of

solutions to MA type problems in the case d = 2. Furthermore, our experiments

(in particular Experiment 7.9.5) show that the semismooth Newton’s method

employed to approximate the numerical solution is robust with respect to the

choice of initial guess and right-hand side function. In particular, upon con-

vergence, the semismooth Newton’s method converges to the unique uniformly

convex solution (as mentioned in Section 3.5, such a property is an advantage

of this method, and is not always present in numerical methods for MA type

problems, sometimes resulting in large scale nonuniqueness).

7.2 Model problems

In this chapter, we propose and analyse a numerical method for HJB equations on

domains with curved boundaries. Furthermore, we use the results presented in Sec-

tion 3.4 to reformulate the MA problem as a HJB problem, and apply the proposed

method, resulting in a new DGFEM for the approximation of solutions to MA type

problems.

Our model problems will be the following two HJB equations: sup
α∈Λ
{Lαu− fα} = 0 a.e. in Ω,

u = 0 on ∂Ω,
(7.2.1)

and  sup
α∈Λ
{Lαu− fα} = 0 a.e. in Ω,

β · ∇u is constant on ∂Ω.
(7.2.2)

Remark 7.2.1 As before, we assume that Ω ⊂ Rd is convex, and that the collection

of linear operators {Lα}α∈Λ satisfies the assumptions of Theorem 3.3.8. Then, recall

that there exists a unique u ∈ H := H2(Ω)∩H2
0 (Ω) that is a strong solution of (7.2.1),

thanks to Theorem 3.3.16.

In the oblique case, Theorem 3.3.29 guarantees existence of a unique u ∈ H2
β,0(Ω)

that is a strong solution of (7.2.2). This, however, only holds when d = 2, and as

such we also provide a numerical scheme for the two-dimensional case.

220



7.3 Numerical schemes

The definitions of the numerical schemes in this chapter rely upon the bilinear forms

BDh,∗, J
D
h , B

D
h,1/2 : Vh,p × Vh,p → R defined in Chapter 5, and BOh,∗, J

O
h , B

O
h,1/2 : Mh ×

Mh → R defined in Chapter 6. Recall that the finite element spaces Vh,p and Mh are

define as follows:

Vh,p := {v ∈ L2(Ω) : v|K = ρ̂ ◦ F−1
K , ρ̂ ∈ Pp(K̂), ∀K ∈ Th},

and

Mh := Vh,p,0 × Vh,0 = (Vh,p ∩ L2
0(Ω))× Vh,0.

The main difference between the numerical methods considered earlier for linear PDEs

and the one for nonlinear HJB problems is in the semilinear forms A D
h : Vh,p×Vh,p →

R, and A O
h : Mh ×Mh → R defined by

A D
h (uh; vh) :=

∑
K∈Th

〈Fγ[uh],∆vh〉K +BDh,1/2(uh, vh)−
∑
K∈Th

〈∆uh,∆vh〉K ,

A O
h ((uh, λ); (vh, µ)) :=

∑
K∈Th

〈Fγ[uh],∆vh〉K +BOh,1/2((uh, λ); (vh, µ))

−
∑
K∈Th

〈∆uh,∆vh〉K ,

(7.3.1)

where we recall that

Fγ[uh] = sup
α∈Λ
{γα(Aα : D2u− fα)}.

The forms A D
h and A O

h are linear in the second argument and nonlinear in the first

argument. The scheme for approximating the solution of (7.2.1) is to find uh ∈ Vh,p
such that

A D
h (uh; vh) = 0 ∀vh ∈ Vh,p. (7.3.2)

Similarly, the scheme for approximating the solution of (7.2.2) is to find (uh, ch) ∈Mh

such that

A O
h ((uh, ch); (vh, µ)) = 0 ∀(vh, µ) ∈Mh. (7.3.3)

7.4 Monotonicity analysis

Theorem 7.4.1 Under the hypotheses of Lemma 5.6.2, let cstab, cH, ηF and µF be

chosen so that (5.6.2) holds with κ < (1 − ε)−1/2. Then, for every uh, vh ∈ Vh,p, we

have

‖uh − vh‖2
h,1 ≤ C(A D

h (uh;uh − vh)−A D
h (vh;uh − vh)), (7.4.1)
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where the constant C := 2κ/(1 − κ(1 − ε)). Moreover, there exists a constant C,

independent of h, such that for any uh, vh, and zh in Vh,p,

|A D
h (uh; zh)−A D

h (vh; zh)| ≤ C‖uh − vh‖h,1‖zh‖h,1. (7.4.2)

Therefore, there exists a unique solution uh ∈ Vh,p to the numerical scheme (7.3.2).

Furthermore, we have the bound

‖uh‖h,1 ≤
2κ
√
d+ 1 supα∈Λ ‖γα‖L∞(Ω)

1− κ(1− ε)
‖ sup
α∈Λ
|fα|‖L2(Ω). (7.4.3)

Proof: For any uh, vh, zh,∈ Vh,p, (3.3.19) yields∑
K∈Th

〈Fγ[uh]− Fγ[vh]−∆(uh − vh),∆zh〉K ≤
√

1− ε
∑
K∈Th

|uh − vh|H2(K)‖∆zh‖L2(K).

(7.4.4)

We first show the Lipschitz continuity of A D
h . Applying (7.4.4), for any uh, vh, zh,∈

Vh,p, we obtain

A D
h (uh; zh)−A D

h (vh; zh)

=
∑
K∈Th

〈Fγ[uh]− Fγ[vh]−∆(uh − vh),∆zh〉K +BDh,1/2(uh − vh, zh)

≤
√

1− ε
∑
K∈Th

|uh − vh|H2(K)‖∆zh‖L2(K) +BDh,1/2(uh − vh, zh)

≤
√
d(1− ε)‖uh − vh‖h,1‖zh‖h,1 +BDh,1/2(uh − vh, zh);

thus, it suffices to show that the bilinear form BDh,1/2 is a bounded on Vh,p × Vh,p.

Applying techniques analogous to those employed in the proof of Lemma 5.6.2, we

obtain

BDh,1/2(uh − vh, zh) ≤ C‖uh − vh‖h,1‖zh‖h,1,

where the constant C is independent of uh, vh, zh, and h. This gives us (7.4.2).

We will now prove (7.4.1). For uh, vh ∈ Vh,p, we denote wh := uh − vh. Apply-

ing (7.4.4), we have that

A D
h (uh;wh)−A D

h (vh;wh)

=
∑
K∈Th

〈Fγ[uh]− Fγ[vh]−∆wh,∆wh〉K +BDh,1/2(wh, wh)

≥ BDh,1/2(wh, wh)−
√

1− ε
∑
K∈Th

‖D2wh‖L2(K)‖∆wh‖L2(K).
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Applying the stability estimate (5.6.2), with θ = 1
2
, for κ > 1 satisfying κ < (1−ε)−1/2,

we obtain

A D
h (uh;wh)−A D

h (vh;wh)

≥ κ−1‖wh‖2
h,1/2 −

√
1− ε

∑
K∈Th

‖D2wh‖L2(K)‖∆wh‖L2(K)

=
1

2
κ−1

∑
K∈Th

‖D2wh‖2
L2(K) + ‖∆wh‖2

L2(K) +
∑
F∈E bh

∥∥∥∥H1/2
F

∂wh
∂nF

∥∥∥∥2

L2(F )


+ κ−1c∗Jh(wh, wh)−

√
1− ε

∑
K∈Th

‖D2wh‖L2(K)‖∆wh‖L2(K)

≥ 1

2
κ−1

∑
K∈Th

‖D2wh‖2
L2(K) + ‖∆wh‖2

L2(K) +
∑
F∈E bh

∥∥∥∥H1/2
F

∂wh
∂nF

∥∥∥∥2

L2(F )


+ κ−1c∗Jh(wh, wh)−

1

2

∑
K∈Th

[κ(1− ε)‖D2wh‖2
L2(K) + κ−1‖∆wh‖2

L2(K)]

=
1

2
κ−1

∑
K∈Th

(1− κ2(1− ε))‖D2wh‖2
L2(K) +

∑
F∈E bh

∥∥∥∥H1/2
F

∂wh
∂nF

∥∥∥∥2

L2(F )


+ κ−1c∗Jh(wh, wh)

≥ 1− κ2(1− ε)
2κ

∑
K∈Th

‖D2wh‖2
L2(K) +

1

2

∑
F∈E bh

∥∥∥∥H1/2
F

∂wh
∂nF

∥∥∥∥2

L2(F )

+ c∗Jh(wh, wh)


=

1− κ2(1− ε)
2κ

‖wh‖2
h,1.

Thus we have proven (7.4.1), with C := 2κ
1−κ2(1−ε) . Thus, the Browder–Minty Theorem

yields existence and uniqueness of a uh ∈ Vh,p such that A D
h (uh; vh) = 0 for all

vh ∈ Vh,p. Applying (7.4.1) with vh ≡ 0, we obtain, for the numerical solution uh,

‖uh‖2
h,1 ≤ 2κ

1−κ2(1−ε)A
D
h (uh;uh) ≤

2κ
√
d+1 supα∈Λ ‖γα‖L∞(Ω)

1−κ(1−ε) ‖ supα∈Λ |fα|‖L2(Ω)‖uh‖h,1.

Dividing by ‖uh‖h,1, we obtain (7.4.3). �

Theorem 7.4.2 Under the hypotheses of Lemma 6.8.2, let cstab, ηF , µF , and σF be

chosen so that (6.8.2) holds with κ < (1−ε)−1/2. Then, for every (uh, λ), (vh, µ) ∈Mh,

we have

‖(uh−vh, λ−µ)‖2
h,1 ≤ C(A O

h ((uh, λ); (uh−vh, λ−µ))−A O
h ((vh, µ); (uh−vh, λ−µ))),

(7.4.5)
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where the constant C := 2κ/(1 − κ(1 − ε)). Moreover, there exists a constant C,

independent of h, such that for any (uh, λ), (vh, µ), and (zh, ν) in Mh,

|A O
h ((uh, λ); (zh, ν))−A O

h ((vh, µ); (zh, ν))| ≤ C‖(uh − vh, λ− µ)‖h,1‖(zh, ν)‖h,1.
(7.4.6)

Therefore, there exists a unique solution (uh, ch) ∈Mh to the numerical scheme (7.3.3).

Furthermore, we have the bound

‖(uh, ch)‖h,1 ≤
2
√

3κ supα∈Λ ‖γα‖L∞(Ω)

1− κ(1− ε)
‖ sup
α∈Λ
|fα|‖L2(Ω). (7.4.7)

Proof: The proof is analogous to the proof of Theorem 7.4.1, utilising the stability es-

timate from Lemma 6.8.2, and the boundedness of BOh,1/2, in conjunction with (3.3.19),

to prove the monotonicity estimate (7.4.5) and Lipschitz continuity estimate (7.4.6),

respectively. As in the proof of Theorem 7.4.1, the Browder–Minty Theorem yields the

existence and uniqueness of a pair (uh, ch) ∈Mh such that A O
h ((uh, ch); (vh, µh)) = 0

for all (vh, µh) ∈ Mh. Applying (7.4.5) with (vh, ch) ≡ (0, 0), yields (7.4.7) for the

pair (uh, ch). �

7.5 Error estimates

Theorem 7.5.1 Let Ω be a piecewise Cm+1 and piecewise convex domain, m ∈ N,

m ≥ 2, and let {Th}h be a regular of order m family of triangulations on Ω satisfy-

ing Assumption 4.4.9. Furthermore, let u ∈ H2(Ω) ∩ H1
0 (Ω) be the unique solution

of (7.2.1), and assume that u ∈ Hs(Ω; Th) with sK > 5/2 for each K ∈ Th. Let

cstab, µF , and ηF be chosen as in Theorem 5.6.3 for all F ∈ E i,b
h . Then, there exists

a positive constant C independent of h and u, but depending on maxK sK, such that

for the unique solution uh of (7.3.2), we have

‖u− uh‖2
h,1 ≤ C

∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K), (7.5.1)

where tK = min(p+ 1, sK) for each K ∈ Th.

Proof: This proof is similar to the proof of Theorem 5.7.1, except we must deal with

the fact that the operator A D
h , given by (7.3.1), is nonlinear. Now, let us denote

ξh := zh − u, and ψh := zh − uh. From Theorem 7.4.1, we have that

‖ψh‖2
h,1 ≤ C(A D

h (uh;ψh)−A D
h (zh;ψh)) = C(A D

h (u;ψh)−A D
h (zh;ψh)),
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where the second equality follows from the fact that

A D
h (uh; vh) = 0 ∀vh ∈ Vh,p, and A D

h (u; vh) = 0 ∀vh ∈ Vh,p,

the latter being a consequence of the consistency result of Lemma 5.5.1.

We see that

A D
h (u;ψh)−A D

h (zh;ψh) =
∑
K∈Th

[
〈Fγ[u]− Fγ[zh],∆ψh〉K −

1

2
〈∆(u− zh),∆ψh〉K

]
+

1

2
BDh,∗(u− zh, ψh) + Jh(u− zh, ψh).

Firstly, we see that∑
K∈Th

〈Fγ[u]− Fγ[zh],∆ψh〉K

≤

(∑
K∈Th

‖Fγ[u]− Fγ[zh]‖2
L2(K)

)1/2(∑
K∈Th

‖∆ψh‖2
L2(K)

)1/2

≤
√

1− ε

(∑
K∈Th

‖D2ξh‖2
L2(K)

)1/2

‖ψh‖h,1,

and

−1

2

∑
K∈Th

〈∆(u− zh),∆ψh〉K ≤

(∑
K∈Th

‖∆ξh‖2
L2(K)

)1/2(∑
K∈Th

‖∆ψh‖2
L2(K)

)1/2

≤ C

(∑
K∈Th

‖D2ξh‖2
L2(K)

)1/2

‖ψh‖h,1.

By applying the Cauchy-Schwarz inequality, and the second estimate in (4.6.9), and

noting our assumptions on ηF and µF , we obtain

Jh(u− zh, ψh) ≤ Jh(ξh, ξh)
1/2Jh(ψh, ψh)

1/2 ≤ C

(∑
K∈Th

h2tK−4
K ‖u‖HsK (K)

)1/2

‖ψh‖h,1.

Furthermore, applying the first estimate in (4.6.9), we obtain(∑
K∈Th

‖D2ξh‖2
L2(K)

)1/2

≤ C

(∑
K∈Th

h2tK−4
K ‖u‖HsK (K)

)1/2

.

Thus, we have obtained

A D
h (u;ψh)−A D

h (zh;ψh) ≤ C

(∑
K∈Th

h2tK−4
K ‖u‖HsK (K)

)1/2

‖ψh‖h,1 +BDh,1/2(ξh, ψh).

(7.5.2)
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Estimate (5.7.7) gives us

BDh,∗(ξh, ψh) .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

‖ψh‖h,1.

Applying the above estimate to (7.5.2), yields

‖ψh‖2
h,1 ≤ C(A D

h (u;ψh)−A D
h (zh;ψh))

≤ C

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

‖ψh‖h,1.

Dividing through by ‖ψh‖h,1 on both sides, we obtain the desired estimate. �

Theorem 7.5.2 Let Ω ⊂ R2 be a C2 and piecewise Cm+1 domain, m ∈ N, m ≥ 2,

and let β ∈ C1(∂Ω;S1). Assume that

∂T2Θ +H∂Ω > 0 on ∂Ω.

Furthermore, assume that {Th}h is a regular of order m family of triangulations on

Ω satisfying Assumption 4.4.9.

Let (u, c) ∈ H2
β,0(Ω) × R be the unique strong solution of (7.2.2). Assume that

u ∈ Hs(Ω; Th) with sK > 5/2 for all K ∈ Th. Let cstab, c∗, µF and σF be chosen as

in Theorem 6.8.3, and choose ηF . 1/h̃3
F , σF . 1/h̃F , F ∈ E i,b

h and h1−α
F . `F for

all F ∈ E i
h, for some α > 2. Then, there exists a constant C > 0, independent of h,

and u, but depending on maxK sK, such that Then, there exists a constant C > 0,

independent of h, and u, but depending on maxK sK, such that for the unique solution

pair (uh, ch) of (7.3.3), we have

‖(u− uh, c− ch)‖h,1 ≤ C

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

+
maxF∈E ih

h̃
α
2
F

minF∈E bh
h̃F
‖u‖Hs(Ω;Th)

 .

(7.5.3)

where tK := min{p+ 1, sK ,m+ 1}.

Proof: This proof combines the techniques present in the proofs of Theorems 5.7.1

and 6.9.1. Let us denote ψh := uh − zh, ξh := zh − u, and µh = c − ch, where (u, c)

denotes the true strong solution of (7.2.2), (uh, ch) denotes the numerical solution

of (7.3.3), and zh ∈ Vh,p,0 is arbitrary (and is later taken to be the element of Vh,p,0

that satisfies the estimates present in (4.6.9)).
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Since (ψh, µh) ∈ Vh,p,0 × Vh,0, we may utilise Lemma 7.4.2, yielding

‖(ψh, µh)‖h,1 . A O
h ((uh, ch); (ψh, µh))−A O

h ((zh, c); (ψh, µh))

= A O
h ((u, c); (ψh, c))−A O

h ((zh, c); (ψh, µh))

= A O
h ((u, c); (ψh, µh))−A O

h ((zh, c); (ψh, µh)) + A O
h ((u, c); (0, ch))

=
∑
K∈Th

[〈Fγ[u]− Fγ[zh],∆ψh〉K − 〈∆(u− zh),∆ψh〉K ]

+BOh,1/2((u− zh, 0), (ψh, µh)) + A O
h ((u, c); (0, ch)).

(7.5.4)

Note that the first equality follows from the fact that

A O
h ((u, c), (ψh, c)) = A O

h ((uh, ch), (ψh, µh)) = 0,

due to the consistency result of Lemma 6.7.1, and that (uh, ch) is the numerical

solution of (7.3.3).

As in the proof of Theorem 7.5.1, we have that∑
K∈Th

[〈Fγ[u]− Fγ[zh],∆ψh〉K − 〈∆(u− zh),∆ψh〉K ]

.

(∑
K∈Th

‖D2ξh‖2
L2(K)

)1/2(∑
K∈Th

‖∆ψh‖2
L2(K)

)1/2

.

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

‖(ψh, µh)‖h,1.

Furthermore, from the proof of Theorem 6.9.1, we have that

BOh,1/2((u− zh, 0), (ψh, µh)) .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

‖(ψh, µh)‖h,1,

as well as

A O
h ((u, c); (0, ch)) = BOh,1/2((u, c), (0, ch))

.
maxF∈E ih

h̃
α/2
F

minF∈E bh
h̃F
‖u‖Hs(Ω;Th)‖(ψh, µh)‖h,1.

Combining these estimates, we obtain

‖(ψh, µh)‖2
h,1 .

[∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

]1/2

+
maxF∈E ih

h̃
α
2
F

minF∈E bh
h̃F
‖u‖Hs(Ω;Th)

 ‖(ψh, µh)‖h,1,
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which, upon dividing through by ‖(ψh, µh)‖h,1, yields

‖(ψh, µh)‖h,1 .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

.

Furthermore, due to our assumptions on µF , ηF and σF , by applying the estimates

in (4.6.9), we obtain

‖(ξh, 0)‖h,1 .

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

+
maxF∈E ih

h̃
α
2
F

minF∈E bh
h̃F
‖u‖Hs(Ω;Th),

thus

‖(u− uh, c− ch)‖h,1 ≤ ‖(ξh, 0)‖h,1 + ‖(ψh, µh)‖h,1

.

(∑
K∈Th

h2tK−4
K ‖u‖2

HsK (K)

)1/2

+
maxF∈E ih

h̃
α
2
F

minF∈E bh
h̃F
‖u‖Hs(Ω;Th),

as desired. �

7.6 Semismooth Newton’s method - a practical al-

gorithm

We have proven the existence and uniqueness of a solution to the finite element

methods given by (7.3.2) and (7.3.3), but of course, it is necessary to compute such

solutions. It is not clear, immediately how one may do this, since the forms on

the left-hand side of (7.3.2), and (7.3.3), are both nonlinear in their first argument.

Normally, one would apply Newton’s method to the operator, arriving at a sequence

of problems, but this requires the operator to be differentiable, which it is not (due

to the presence of the supremum).

In such a case, one must instead use a “semismooth” Newton’s method, which

does not rely upon the operator being (classically) differentiable.

For 1 ≤ r ≤ ∞, a function u ∈ W 2,r(Ω; Th) defines a vector-valued function

u ∈ Lr(Ω;Rm) through u = (u,D2
hu), where D2

hu is the broken Hessian of u. Let

u = (z,M) ∈ Rm, and define

Fγ(x,u) := sup
α∈Λ
{γα(Aα : M− fα)|x}. (7.6.1)

For each (x,u) ∈ Ω× Rm, we define

Λ(x,u) := {α ∈ Λ such that the supremum in (7.6.1) is attained}. (7.6.2)
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This defines a set-valued map (x,u) 7→ Λ(x,u).

We now give some final definitions, following [111], that are necessary to describe

the algorithm for the semismooth Newton’s method. For u ∈ W 2,r(Ω; Th), let

Λ[u] := {α : Ω→ Λ, Lebesgue measurable : α(x) ∈ Λ(x,u(x))

for a.e. x ∈ Ω, where u = (u,D2
hu)}.

(7.6.3)

Lemma 3.3.18 and Theorem 3.3.19 show that Λ[u] is nonempty for each u ∈ W 2,r(Ω; Th).

For measurable α : Ω→ Λ, we define γα : Ω→ R+ through γα(x) = γ(x, α(x)), where

γ : Ω × R → R+ was defined by (3.3.15). It follows from the uniform continuity of

γ over Ω × Λ that γα ∈ L∞(Ω) with ‖γα‖L∞(Ω) ≤ ‖γ‖C(Ω×R). The functions Aα, fα

and the operators Lα are defined in a similar manner and are likewise bounded. It is

clear that if α ∈ Λ[u], then

Fγ[u] = γα(Lαu− fα).

7.6.1 The algorithm

We are now ready to give the definition of the semismooth Newton’s method used

to approximate solutions of (7.3.2) and (7.3.3), and to provide results regarding the

superlinear convergence rates of these methods.

Let us define the linear operators required at each step of the semismooth Newton’s

method. For a given ukh ∈ Vh,p, let Λ[ukh] be given by (7.6.3), and select an arbitrary

αk ∈ Λ[ukh]. We then define

AD,kh (uh, vh) =
∑
K∈Th

〈γαkAαk : D2uh,∆vh〉K +BDh,1/2(uh, vh)

−
∑
K∈Th

〈∆uh,∆vh〉K ∀uh, vh ∈ Vh,p,
(7.6.4)

and

AO,kh ((uh, λ); (vh, µ)) =
∑
K∈Th

〈γαkAαk : D2uh,∆vh〉K +BOh,1/2((uh, λ); (vh, µ))

−
∑
K∈Th

〈∆uh,∆vh〉K ∀(uh, λ), (vh, µ) ∈Mh.
(7.6.5)

Since each αk : Ω → Λ is measurable, each respective operator given by (7.6.4)

and (7.6.5) is well defined. In fact, as in the proof of Theorems 7.4.1 and 7.4.2, the

Dirichlet and oblique bilinear forms are coercive on Vh,p and Vh,p,0×Vh,0 respectively,
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and for each k ∈ N, we have

‖vh‖2
h,1 ≤

2κ

1− κ(1− ε)
AD,kh (vh, vh) ∀vh ∈ Vh,p,

‖(vh, µ)‖2
h,1 ≤

2κ

1− κ(1− ε)
AO,kh ((vh, µ); (vh, µ)) ∀(vh, µ) ∈ Vh,p,0 × Vh,0.

(7.6.6)

Therefore, the sequence of iterations {ukh}∞k=1 and {(ukh, ckh)}∞k=1 generated by the

semismooth Newton’s method in the Dirichlet and oblique case, respectively, are

well defined and remain bounded in (Vh,p, ‖ · ‖h,1), and (Vh,p,0 × Vh,0, ‖ · ‖h,1).

Algorithm 1 HJB semismooth Newton’s method for Dirichlet BVP

Require: Ω ⊂ Rd, tol ∈ R+, itermax ∈ N, Th a mesh on Ω, Vh,p, Λ, {Aα, γα, fα}α∈Λ,
u0
h ∈ Vh,p

1: k ← 0
2: r ← 1
3: u0

h ← u0
h

4: while k < itermax & r > tol do
5: Λk ← Λ[ukh] defined by (7.6.3)
6: Select an arbitrary αk ∈ Λk

7: Define AD,kh by (7.6.4)
8: uk+1

h ← the solution of

AD,kh (uk+1
h , vh) =

∑
K∈Th

〈γαkfαk ,∆vh〉K ∀vh ∈ Vh,p (7.6.7)

9: r ← ‖uk+1
h − ukh‖L∞(Ω)

10: ukh ← uk+1
h

11: k ← k + 1
12: end while

We now state the theorem on the convergence of this method for the Dirichlet

problem that is present in [111].

Theorem 7.6.1 Under the hypotheses of Theorem 7.4.1, there exists a constant R >

0, possibly depending on h, such that if ‖uh − u0
h‖h,1 < R, where uh solves (7.3.2),

then the sequence {ukh}∞k=1 converges to uh with a superlinear convergence rate.

Remark 7.6.2 The proof of Theorem 7.6.1 does not change, since it only relies on

the nature of the nonlinear terms present in the definition of A D
h . However, the proof

of the following Theorem (Theorem 7.6.3) requires some changes, due to the fact that

we also solve for ch ∈ Vh,0, the approximation of the compatibility constant, c.
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Algorithm 2 HJB semismooth Newton’s method for oblique BVP

Require: Ω ⊂ R2, β : ∂Ω → S1, tol ∈ R+, itermax ∈ N, Th a mesh on Ω, Vh,p, Λ,
{Aα, γα, fα}α∈Λ, u

0
h ∈ Vh,p,0

1: k ← 0
2: r ← 1
3: u0

h ← u0
h

4: while k < itermax & r > tol do
5: Λk ← Λ[ukh] defined by (7.6.3)
6: Select an arbitrary αk ∈ Λk

7: Define AO,kh by (7.6.5)
8: (uk+1

h , ck+1
h )← the solution of

AO,kh ((uk+1
h , ck+1

h ); (vh, µ)) =
∑
K∈Th

〈γαkfαk ,∆vh〉K ∀(vh, µ) ∈Mh (7.6.8)

9: r ← ‖uk+1
h − ukh‖L∞(Ω)

10: ukh ← uk+1
h

11: k ← k + 1
12: end while

Theorem 7.6.3 Under the hypotheses of Theorem 7.4.2, there exists a constant

R > 0, possibly depending on h, such that if ‖(uh − u0
h, ch − c0

h)‖h,1 < R, where uh

solves (7.3.3), then the sequence {(ukh, ckh)}∞k=1 converges to (uh, ch) with a superlinear

convergence rate.

Proof: Since αk ∈ Λ[ukh], we have Fγ[u
k
h] = γαkLαkukh − γαkfαk , therefore

AO,kh ((uk+1
h , ck+1

h ); (vh, µ)) =
∑
K∈Th

〈γαkfαk ,∆vh〉K ∀(vh, µ) ∈Mh

is equivalent to

AO,kh ((uk+1
h , ck+1

h ), (vh, µ)) =
∑
K∈Th

〈γαkLαkukh−Fγ[ukh],∆vh〉K ∀(vh, µ) ∈Mh. (7.6.9)

The definition of the numerical scheme for A O
h in (7.3.1) implies that the pair (uh, ch)

satisfies

AO,kh ((uh, ch), (vh, µ)) =
∑
K∈Th

〈γαkLαkuh − Fγ[uh],∆vh〉K ∀(vh, µ) ∈Mh. (7.6.10)

After subtracting (7.6.10) from (7.6.9), and applying the second bound in (7.6.6), we

obtain

‖(uk+1
h − uh, ck+1

h − ch)‖h,1 ≤ C1‖Fγ[ukh]− Fγ[uh]− γαkLαk(ukh − uh)‖L2(Ω), (7.6.11)
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where C1 depends on κ, ε and γ as in (7.4.7), but not on k.

Fix r > 2; since Vh,p,0 is finite-dimensional, there exists a constant C2, dependent

upon h, such that

‖vh‖W 2,r(Ω;Th) ≤ C2‖vh‖h,1,∗ ≤ C2‖(vh, µ)‖h,1 ∀(vh, µ) ∈Mh,

where

‖vh‖2
h,1,∗ := |vh|2H2(Ω;Th) +

1

2

∑
F∈E bh

‖(∂T2Θ +HF )1/2∇vh‖2
L2(F )

+ c∗

∑
F∈E ih

[ηF‖[[vh]]‖2
L2(F ) + µF‖[[∇Tvh]]‖2

L2(F )] + µF‖[[∇vh · nF ]]‖2
L2(F )]


is a norm on Vh,p,0 (the proof of this is analogous to the proof of Lemma 6.8.1).

Theorem 13 from [111] shows that for each ρ ∈ (0, 1), there is an Rρ > 0 such

that if ‖wh − uh‖W 2,r(Ω;Th) < Rρ, then, for any α ∈ Λ[wh],

‖Fγ[wh]− Fγ[uh]− γαkLαk(wh − uh)‖L2(Ω) ≤
ρ

C1C2

‖wh − uh‖W 2,r(Ω;Th). (7.6.12)

If ‖(u0
h − uh, c0

h − ch)‖h,1 < Rρ for some ρ < 1, then we use (7.6.11) and (7.6.12) to

obtain

‖(uk+1
h − uh, ck+1

h − ch)‖h,1 ≤ ρ‖(ukh − uh, ckh − ch)‖h,1 ∀k ∈ N0,

which yields convergence of (ukh, c
k
h) to (uh, ch). For each ρ < 1, ‖ukh − uh‖h,1 < Rρ is

then eventually satisfied, thus implying a superlinear convergence rate. �

7.7 Applications to the two-dimensional MA equa-

tion

In this Section we discuss the application of the DGFEM given by (7.3.2) to MA

Dirichlet boundary-value problems of the following type:{
detD2u(x) = f(x), x ∈ Ω,

u(x) = φ, x ∈ ∂Ω,
(7.7.1)

where f ∈ C0,α(Ω;R+), is uniformly positive, φ ∈ C2,α(∂Ω) is the restriction of a

function φ̃ ∈ C2,α(Ω) to ∂Ω, and Ω ⊂ R2 is uniformly convex, with ∂Ω ∈ C2,α,

α ∈ (0, 1). In the case that φ ≡ 0, Theorem 3.5.3 implies the existence and uniqueness
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of a uniformly convex u ∈ C2,α(Ω) that is both a solution of (7.7.1), and the following

HJB problem:  sup
W∈Xξ

{−W : D2u+ (detW )1/2ψ} = 0, in Ω,

u = 0, on ∂Ω.
(7.7.2)

where ψ(x) := 2(f(x))1/2, and 0 < ξ ≤ 1/4 is a constant depending on the uniform

C2-seminorm of u, and we recall that

Xξ := {W ∈ X : det(W ) ≥ ξ},

where the Krylov control set, X, is defined by

X := {W ∈ R2×2
Sym : W ≥ 0,Tr(W ) = 1}.

Remark 7.7.1 (Inhomogeneous boundary data) One may of course be inter-

ested in the case that the boundary datum, φ, is not identically zero. Indeed, if we

assume further that f satisfies the growth condition (3.2.3) and that f, φ, and the

minimal principal curvature, κ∂Ω, of ∂Ω satisfy (3.2.4), then Theorem 3.3.20 guaran-

tees the existence of a uniformly convex solution u ∈ C2,α(Ω) of (7.7.1). Furthermore,

under the same hypotheses, Theorem 3.2.1 guarantees existence and uniqueness of a

function v ∈ H2(Ω) that is a strong solution of the HJB problem: sup
W∈Xξ

{W : D2v + (detW )1/2ψ} = 0, in Ω,

v = −φ, on ∂Ω,

for any 0 < ξ ≤ 1/4 (note that in particular, Theorem 3.3.20 only requires that Ω is

convex, ψ ∈ L2(Ω), and that φ is the trace of a H3/2(Ω) function). As such, under

these assumptions, inhomogeneous Dirichlet boundary conditions should not pose any

additional difficulties. Furthermore, in general, we may implement inhomogeneous

Dirichlet boundary conditions numerically by modifying the form A D
h follows:

A D,inhom(uh; vh) := A D
h (uh; vh)−

∑
F∈E bh

[µF 〈∇Tg,∇Tvh〉F + ηF 〈g, vh〉F ]

+
1

2

∑
F∈E bh

[〈divT∇Tg,∇vh · nF 〉F + 〈∇T(∇vh · nF ),∇Tg〉F − 〈∇Tg∇Tn
T
F ∇Tvh〉F ],

where g is the restriction of the boundary data to ∂Ω. We then then seek uh ∈ Vh,p
such that

A D,inhom
h (uh; vh) = 0 ∀vh ∈ Vh,p.
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One retains a HJB problem with Cordes coefficients from (7.7.2), simply by letting

v := −u, which gives us sup
W∈Xξ

{W : D2v + (detW )1/2ψ} = 0, in Ω,

v = 0, on ∂Ω.
(7.7.3)

One can see that we have rewritten the MA equation (7.7.1) (with φ ≡ 0) as a HJB

equation, and thus we can use the semismooth Newton’s method defined by (7.6.1).

It is important to note that for ξ > 0, Xξ consists of positive definite matrices, and

since d = 2, they satisfy the Cordes condition. Moreover, the following calculation

shows that since the matrices have unit trace, there is in fact no need to renormalise

the problem by multiplying through by

γα :=
Tr(Aα)

|Aα|2
.

One can see that for any W ∈ Xξ,

|W − Id|2 = |W |2 − 2Id : W + |Id|2

= |W |2 − 2 Tr(W ) + 2

= |W |2

= (Tr(W ))2 − 2 detW

= 1− 2 detW

≤ 1− 2ξ < 1.

(7.7.4)

Thus we have the following lemma.

Lemma 7.7.2 Let Ω be a bounded open subset of R2. Then, for any open set U ⊂ Ω,

any u, v ∈ H2(Ω), and any ξ ∈ (0, 1/4] the following inequality holds a.e. in U :∣∣∣∣∣ sup
W∈Xξ

{W : D2u− fα} − sup
W∈Xξ

{W : D2v − fα} −∆(u− v)

∣∣∣∣∣ ≤ √1− ε|D2(u− v)|,

(7.7.5)

with ε = 2ξ.

Proof: Denoting w := u− v, one can see that∣∣∣∣∣ sup
W∈Xξ

{W : D2u− fα} − sup
W∈Xξ

{W : D2v − fα} −∆w

∣∣∣∣∣ ≤ sup
W∈Xξ

{∣∣W : D2w −∆w
∣∣}

= sup
W∈Xξ

{∣∣(W − Id) : D2w
∣∣}

≤ sup
W∈Xξ

{|W − Id|} |D2w|.
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Noting that the estimate (7.7.4) is uniform in W over Xξ, we obtain the desired

result. �

Remark 7.7.3 Removing the renormalisation factor, γα, from the HJB equation

does not affect any of the existence and uniqueness results, nor does it affect the

well-posedness of the algorithm for the semismooth Newton’s method. This holds,

due to the fact that the necessity of including the renormalisation factor, γα, was

solely to obtain an estimate of the same form as (7.7.5), so that one can utilise the

“addition-subtraction” of the Laplacian technique, followed by an application of the

Miranda–Talenti estimate.

Remark 7.7.4 (The maximisation problem) At an arbitrary step k ∈ N of the

semismooth Newton’s method, we are required to calculate Λ[ukh]. In the case of the

MA–HJB equation (7.7.3), this will be denoted by Xξ[u
k
h]. Implicitly, this involves

solving a maximisation problem for each k ∈ N. As we will see momentarily, in the

case of the MA–HJB equation (7.7.3), this can by done analytically, in the case that

we do not multiply through by the renormalisation factor, γα.

Notice that for a given vh ∈ Vh,p, we have that D2
hvh(x) ∈ R2×2

Sym for any x ∈ K, for

all K ∈ Th. It follows that the maximisation problem of calculating Xξ[vh(x)] at a

given x ∈ Ω, is equivalent to finding W ∗ ∈ Y , satisfying

W ∗ : M + (detW ∗)1/2ψ = sup
W∈Xξ

{W : M + (detW )1/2ψ}, (7.7.6)

for some fixed M ∈ R2×2
Sym and ψ ∈ R+.

Lemma 7.7.5 For each M ∈ R2×2
Sym and ψ ∈ R+, there exists a W ∗ = W ∗(M,ψ) ∈ Xξ

satisfying the maximisation problem given by (7.7.6). A maximiser is given by

W ∗ =

 1
2(1 + M11−M22√

ψ2+(M11−M22)2+4M2
12

) M12√
ψ2+4M2

12

√
1− (M11−M22)2

(ψ2+(M11−M22)2+4M2
12)

M12√
ψ2+4M2

12

√
1− (M11−M22)2

(ψ2+(M11−M22)2+4M2
12)

1− 1
2(1 + M11−M22√

ψ2+(M11−M22)2+4M2
12

)

 ,
(7.7.7)

unless W ∗ does not belong to Xξ, in which case a maximiser is given by 1
2

(
1 + (M11 −M22)

√
1−4ξ

4M2
12+(M11−M22)2

)
sgn(M12)

√
1
4(1− (M11−M22)2(1−4ξ)

4M2
12+(M11−M22)2 )− ξ

sgn(M12)
√

1
4(1− (M11−M22)2(1−4ξ)

4M2
12+(M11−M22)2 )− ξ 1− 1

2

(
1 + (M11 −M22)

√
1−4ξ

4M2
12+(M11−M22)2

)  .
(7.7.8)
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Proof: Notice that Xξ = {W ∈ R2×2
Sym : TrW = 1, detW ≥ ξ} is in fact isomorphic

to the set{
(λ, α) ∈

[
1

2
(1−

√
1− 4ξ),

1

2
(1 +

√
1− 4ξ)

]
×
[
−1

2
,
1

2

]
: λ(1− λ) ≥ α2 + ξ

}
=: X ′ξ.

(7.7.9)

This follows, since W ∈ Xξ can be represented by[
λ α
α 1− λ

]
,

where the values (λ, α) ∈ [0, 1]× [−1/2, 1/2] are constrained by detW = λ(1− λ)−
α2 ≥ ξ.

Now given M = [Mij]i,j=1,2 ∈ R2×2
Sym and ψ ∈ R+, let us define η : X ′ξ → R by

η(λ, α) = λM11 + (1− λ)M22 + 2αM12 + (λ(1− λ)− α2)1/2ψ. (7.7.10)

We see that

∂λη(λ, α) = M11 −M22 +
1

2
(1− 2λ)(λ(1− λ)− α2)−1/2ψ,

∂αη(λ, α) = 2M12 − α(λ(1− λ)− α2)−1/2ψ,

∂2
λ,αη(λ, α) =

1

2
α(1− 2λ)(λ(1− λ)− α2)−3/2ψ,

∂2
λ,λη(λ, α) = −((λ(1− λ)− α2)−1/2 +

1

4
(1− 2λ)2(λ(1− λ)− α2)−3/2)ψ,

∂2
α,αη(λ, α) = −((λ(1− λ)− α2)−1/2 + α2(λ(1− λ)− α2)−3/2)ψ.

We also see that ∂2
α,αη, ∂

2
λ,λη < 0, and that

det(D2η) = ∂2
α,αη∂

2
λ,λ − (∂2

λ,αη)2

= ((λ(1− λ)− α2)−1 +
1

4
(1− 2λ)2(λ(1− λ)− α2)−2 + α2(λ(1− λ)− α2)−2)ψ2

+ (
1

4
α2(1− 2λ)2(λ(1− λ)− α2)−3 − 1

4
α2(1− 2λ)2(λ(1− λ)− α2)−3)ψ2

= ((λ(1− λ)− α2)−1 +
1

4
(1− 2λ)2(λ(1− λ)− α2)−2 + α2(λ(1− λ)− α2)−2)ψ2 > 0.

Since η ∈ C∞(X ′ξ), it follows that any critical point of η is in fact a local maximum.

Critical points occur where

∂λη(λ, α) = ∂αη(λ, α) = 0. (7.7.11)

The first equality in (7.7.11) gives us

M11 −M22 +
1

2
(1− 2λ)(λ(1− λ)− α2)−1/2ψ = 0,
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which is satisfied by

λ =
1

2

(
1± |M11 −M22|

√
(1− 4α2)/(ψ2 + (M11 −M22)2)

)
. (7.7.12)

The second equality in (7.7.11) gives us

2M12 − α(λ(1− λ)− α2)−1/2ψ = 0,

which is satisfied by

α = sgn(M12)

√
4M2

12λ(1− λ)

ψ2 + 4M2
12

. (7.7.13)

Substituting (7.7.13) into (7.7.12) and solving the resulting equation for λ, we obtain

λ± =
1

2
(1± |M11 −M22|/

√
ψ2 + (M11 −M22)2 + 4M2

12);

then, substituting this back into (7.7.13), we find that

α =
sgn(M12)|M12|√

ψ2 + 4M2
12

√
1− (M11 −M22)2/(ψ2 + (M11 −M22)2 + 4M2

12).

Notice that the value of λ± in (7.7.12) is determined up to a sign. Since the determi-

nant of the matrix represented by (λ±, α) is invariant under this change of sign, it is

clear that the maximising value is determined by the maximiser of

λM11 + (1− λ)M22.

We see that if M11 −M22 > 0, then the maximiser satisfies λ ≥ 1− λ, which occurs

when we take the value λ = λ+, similarly when M11−M22 < 0, we take λ = λ−. This

tells us that in either case

λ =
1

2

(
1 + sign(M11 −M22)|M11 −M22|/

√
ψ2 + (M11 −M22)2 + 4M2

12

)
=

1

2

(
1 + (M11 −M22)/

√
ψ2 + (M11 −M22)2 + 4M2

12

)
.

Since R2×2
Sym is unbounded, it may be the case that given M ∈ R2×2

Sym the critical

point of η may lie outside of X ′ξ. For instance, we can always construct a sequence

{Mk}∞k=1 ⊂ R2×2
Sym such that λk = λ(Mk) given by (7.7.12) tends to 1 as k →∞, and

αk = α(Mk), given by (7.7.13) is zero for all members of the sequence. This limit

point is not in X ′ξ.

Let us consider the case when a critical point (λ∗, α∗) ∈ [0, 1]× [−1/2, 1/2] \X ′ξ.
Since η is smooth, X ′ξ is compact and η does not have a critical point in X ′ξ, it
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must be that any maximising point of X ′ξ must in fact lie on the boundary of X ′ξ,

∂X ′ξ = {[λ, α] ∈ X ′ξ : λ(1−λ)−α2 = ξ}. We now aim to find a critical point of η|∂X′ξ ,
that is, where the tangential derivative,

∂τη = ∇η · τ, (7.7.14)

is zero. We can represent ∂X ′ξ as the level set

{[λ, α] ∈ X ′ξ : φ(λ, α) = ξ},

where φ(λ, α) = λ(1−λ)−α2. The level set has the unit normal vector n = ∇φ/|∇φ|,
and corresponding tangential vector

τ =

[
−∂αφ
|∇φ|

,
∂λφ

|∇φ|

]T
=

[
2α

|∇φ|
,
1− 2λ

|∇φ|

]T
.

Moreover, on ∂X ′ξ

|∇φ| =
√

(1− 2λ)2 + (2α)2 =
√

1− 4(λ(1− λ)− α2)

=
√

1− 4φ(λ, α) =
√

1− 4ξ > 0.

We then see that

∂τ (η|∂X′ξ) = [2α(M11 −M22) + 2M12(1− 2λ)]/
√

1− 4ξ,

and,

∂2
τ,τ (η|∂X′ξ) = ∇(∂τ (η|∂X′ξ)) · τ

= ∇((2α(M11 −M22) + 2M12(1− 2λ))/
√

1− 4ξ) · τ

= [2(1− 2λ)(M11 −M22)− 8M12α]/(1− 4ξ).

(7.7.15)

Note that on ∂X ′ξ, we have that α = ±
√
λ(1− λ)− ξ. Substituting these values into

(7.7.14), we obtain

±
√
λ(1− λ)− ξ(M11 −M22) +M12(1− 2λ) = 0. (7.7.16)

Let us consider separately the case when M12 = 0, i.e., when M is a diagonal matrix.

Let us assume further that M11 6= M22, since otherwise η is maximised by (1/2)Id ∈
X ′ξ, and the point (1/2, 1/2), that it represents, does not lie outside of X ′ξ. We see

that in this case, (7.7.16) is satisfied by

λ =
1

2
(1±

√
1− 4ξ),
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which implies that α = 0.

For the critical point to be a maximum, we require that ∂2
τ,τη, given by (7.7.15),

is negative. This holds for

(λ, α) =

(
1

2
(1 + sgn(M11 −M22)

√
1− 4ξ), 0

)
. (7.7.17)

Now we consider the case when M11 −M22 = 0, and M12 6= 0. In this case, η|∂X′ξ is

constant in its first variable, and since α = ±
√
λ(1− λ)− ξ, the maximiser is given

by (1/2, sgn(M12)
√

1/4− ξ).
Finally we turn to the case whenM11−M22 6= 0, andM12 6= 0. In this case, (7.7.16)

is satisfied by

λ =
1

2

(
1±

√
(M11 −M22)2(1− 4ξ)

4M2
12 + (M11 −M22)2

)
∈
[

1

2
(1−

√
1 + 4ξ),

1

2
(1−

√
1− 4ξ)

]
.

(7.7.18)

Note that (7.7.18) holds, since we have assumed that M12,M11 −M22 6= 0, and thus

(M11 −M22)2

4M2
12 + (M11 −M22)2

< 1.

To ensure that the second tangential derivative given by (7.7.15) is negative (so

that the critical points are maxima), we obtain that the corresponding (λ, α) are

given by

λ =
1

2

(
1 + sgn(M11 −M22)

√
(M11 −M22)2(1− 4ξ)

4M2
12 + (M11 −M22)2

)
,

α = sgn(M12)

√
1

4
(1− (M11 −M22)2(1− 4ξ)

4M2
12 + (M11 −M22)2

)− ξ. �

7.8 Implementation

Software and code: The experiments in this Chapter have been implemented in the

most recent version of the Firedrake software [105, 87] (as of 3rd July 2018), which

interfaces directly with PETSc [6, 7] running through a Python interface [39, 63].

Two working Firedrake scripts, MA-HJB-Dirichlet.py and MA-HJB-oblique.py used

to generate the experiments of this Chapter are available in the Github repository:

https://github.com/ekawecki/FiredrakeNDV.

Linear systems and condition numbers: Each step of the semismooth Newton’s

methods given by Algorithms 1 and 2 involves solving a linear problem of the form (7.6.7)
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and (7.6.8), respectively. As discussed in Chapters 5 and 6, the resulting coefficient

matrix of each linear system typically has a Euclidean norm condition number of or-

der h−4. This can pose difficulties when applying iterative methods to solve the linear

system, and thus to ensure that we solve the linear system with sufficiently high ac-

curacy as the mesh size h decreases, we apply the Iterative refinement algorithm, i.e.,

Algorithm 1.1 of [32]. We implement the Iterative refinement algorithm by using the

following choices in the Firedrake “solve” function. Note that the first code snippet

is for the Dirichlet boundary-value problem, and the second code snippet is for the

oblique boundary-value problem.

t = time()

solve(A_gamma == L, U,

solver_parameters = {

"snes_type": "newtonls",

"ksp_type": "preonly",

"pc_type": "lu",

"snes_monitor": False ,

"snes_rtol": 1e-16,

"snes_atol": 1e-25})

tt.append(time()-t)

# implementing nullspace , as solution should have zero sum

V_basis = VectorSpaceBasis(constant=True)

nullspace = MixedVectorSpaceBasis(S, [V_basis , S[1]])

# begin timing of linear system solve

t = time()

# solving linear system

solve(A_gamma == L,Uh ,nullspace = nullspace ,

solver_parameters = {"mat_type": "aij",

"snes_type": "newtonls",

"ksp_type": "preonly",

"pc_type": "lu",

"snes_monitor": False ,

"snes_rtol": 1e-16,

"snes_atol": 1e-25})

# end timing of linear system solve

tt.append(time()-t)

Furthermore, the solver choices in the second code snippet above differ slightly from

those present in the first code snippet, i.e., we also include “nullspace = nullspace”,

where “nullspace” is defined on line 3, and “mat type = aij”. The first choice im-

poses that the numerical solution uk+1
h (from the pair (uk+1

h , ck+1
h ) ∈ Mh that satisi-

fies (7.6.8)) has a zero-sum, and the latter essentially informs the solver that the

solution consists of two parts, i.e., uk+1
h and ck+1

h , and that the system may be treated

in block formation.

Two-dimensional curved boundary approximation: When implementing curved
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finite elements, we use a piecewise quadratic polynomial mapping to obtain a higher

order approximation of the domain boundary. This is implemented in exactly the

same manner as discussed in Section 5.8. As in Section 5.8, we define the space

V comp
h,p := {v ∈ L2(Ω) : v ◦ T−1 ∈ Pp(K̂)}, where the piecewise quadratic function

T is defined by (5.8.1). In this case, we then define V comp
h,p,0 := V comp

h,p ∩ L2
0(Ω) and

M comp
h := V comp

h,p,0 × V
comp
h,0 .

Furthermore, when we refine the mesh in our experiments, the meshes at each

refinement level are not related to one another. That is, there is no hierarchical mesh

structure, i.e., at each refinement level, we “remesh”. A collection of the meshes used

for the computations of this thesis can be found in the folder “Meshes” in the Github

repository: https://github.com/ekawecki/FiredrakeNDV.

Selection process: One can see that lines 5-6 of Algorithms 1 and 2 require one to

define the control set Λk := Λ[ukh], and then to select an arbitrary αk ∈ Λk. This is

a core step in the semismooth Newton’s method. For the examples that we consider,

given ukh ∈ V
comp
h,p , we can solve the corresponding maximisation problem (7.6.3) that

defines Λ[ukh]. In particular, when considering the MA problem, the corresponding

pointwise maximisation problem is given by (7.7.6), for which (7.7.7)–(7.7.8) provides

a solution. Once a maximiser is known, we are then required to provide an arbitrary

αk ∈ Λk, and so we simply choose the maximiser that we have calculated. This

process is implemented for the MA problem in the following code snippet.

# calculating right -hand side function f for the MA problem

d2udxx = convup *( Constant (1.0)-alp *0.5* pi*cos(pi*rho)+alp*pi**2*x**2* sin(pi←↩
*rho))

d2udxy = convup *( Constant (0.0)+alp*pi**2*x*y*sin(pi*rho))

d2udyy = convup *( Constant (1.0)-alp *0.5* pi*cos(pi*rho)+alp*pi**2*y**2* sin(pi←↩
*rho))

f = 2.0* pow(d2udxx*d2udyy -pow(d2udxy ,2.0) ,0.5)

# Defining optimal controls for the MA -HJB problem

xi = 1.0/100.0

def controls(u00 ,u01 ,u11):

hh = f

diff = u00 -u11

c00w = 0.5*(1+( diff)/sqrt(hh **2.0+ pow(diff ,2.0) +4.0* pow(u01 ,2.0)))

c11w = 0.5*(1 -( diff)/sqrt(hh **2.0+ pow(diff ,2.0) +4.0* pow(u01 ,2.0)))

c01w = (u01/sqrt(hh **2.0+4.0* pow(u01 ,2.0)))*sqrt(1-(pow(diff ,2.0))/(hh←↩
**2+ pow(diff ,2.0) +4.0* pow(u01 ,2.0)))

c00xi = 0.5*(1+ diff*sqrt ((1 -4.0*xi)/(1e -15+4.0* pow(u01 ,2)+pow(diff ,2)))←↩
)

c11xi = 0.5*(1 - diff*sqrt ((1 -4.0*xi)/(1e -15+4.0* pow(u01 ,2)+pow(diff ,2)))←↩
)

c01xi = signfct(u01)*sqrt (0.25*(1 -( pow(diff ,2) *(1 -4.0*xi))/(1e -15+4* pow←↩
(u01 ,2)+pow(diff ,2)))-xi)

det = 0.25* pow(hh ,2)/(pow(hh ,2)+pow(diff ,2) +4.0* pow(u01 ,2))

zeta = signfct(makemax(det -xi ,0))

cont = [[zeta*c00w+(1-zeta)*c00xi ,zeta*c01w+(1-zeta)*c01xi],[zeta*c01w←↩
+(1-zeta)*c01xi ,zeta*c11w+(1-zeta)*c11xi ]]

fcont = -hh*pow(cont [0][0]* cont [1][1] - cont [1][0]* cont [0][1] ,0.5)

return cont , fcont
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Remark 7.8.1 (Computational parameters) In the following experiments, we

consider both Dirichlet and oblique boundary-value problems (BVPs). In the Dirich-

let BVP case, we employ the following parameter choices: cstab = 2, µF = cstab(p −
1)2/2h̃F , ηF = 3cstab(p − 1)4/8h̃3

F . In the oblique BVP case, we employ the follow-

ing parameter choices: cstab = 2.5, µF = 2cstab(p − 1)2/h̃F , ηF = 15(p − 1)4/16h̃3
F ,

σF = 2cstabp
2/h̃2

F , and `F = cstabh̃
−3
F .

In both cases, the choice of parameters was guided by results of the experiments of

Chapters 5 and 6 (since, in the Dirichlet BVP and oblique BVP case, each step of the

semismooth Newton’s method requires the solution of a problem of the form similar

to the linear problems considered in Sections 5.9 and 6.11, respectively). Note that in

Remarks 5.8.1 and 6.10.1 we discuss the choice of computational parameters for the

corresponding linear problems.

7.9 Experiments

In the following experiments, we successively increase the degree, p, of the finite

element space Vh,p from 2 to 4, and for each fixed degree we refine the mesh quasi–

uniformly. We apply the semismooth Newton’s method with an initial guess given

by

u0
h := cos(πx) cos(πy),

until the step increment ‖ · ‖L2(Ω)-norm reaches a tolerance of 10−12 (unless stated

otherwise). Note that we denote by uh the final Newton iterate, i.e., for the index N ,

we have that uh = uNh , and ‖uNh − uN−1
h ‖L2(Ω) < tolerance.

7.9.1 Experiment 1

In this experiment, we consider the following MA problem:{
detD2u(x) = f(x) x ∈ Ω,

u(x) = 0 x ∈ ∂Ω,
(7.9.1)

where Ω := {x = (x1, x2) ∈ R2 : |x| < 1}, and f is chosen so that the true solution

of (7.9.1) is given by

u(x, y) = 5(x2 + y2 − 1)− 1

8
sin(π(x2 + y2)).
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In order to approximate the solution of (7.9.1), we consider the equivalent HJB prob-

lem:  sup
W∈Xξ

{−W : D2u+ 2(detW )1/2f 1/2} = 0, in Ω,

u = 0, on ∂Ω,
(7.9.2)

where ξ = 1/100, and apply the semismooth Newton’s method, given by Algorithm 1,

to (7.9.2). Since each W ∈ Xξ has unit trace, we use the renormalisation parameter

γα = 1 (as opposed to γα := Tr(Aα)/|Aα|2, see Remark 7.7.3).

Furthermore, since Ω is the unit disk, ∂Ω = S1, and it follows that the mean

curvature of ∂Ω, H∂Ω = 1, and therefore, HF = 1 for all F ∈ E b
h . For the internal

faces, the mean curvature is calculated directly as HF = ∇T ·nF , where nF is a fixed

choice of unit normal to F .

In this experiment, we successively increase the degree, p, of the finite element

space V comp
h,p from 2 to 4, and for each fixed degree we refine the mesh quasi–uniformly,

we observe that the experimental orders of convergence in the ‖ · ‖h,1-norm are opti-

mal, that is ‖u − uNh ‖h,1 = O(hp−1). We plot the error values in the ‖ · ‖h,1-norm in

Figure 7.1, and report the exact values in Table 7.1, with the corresponding experi-

mental orders of convergence given in brackets. Furthermore, we provide the number

of degrees of freedom (DoFs) and run times for each computation in Table 7.2.

We also plot the incremental L2-Newton error ‖uk+1
h −ukh‖L2(Ω) against the number

of Newton iterations, k, for all levels of mesh refinements, for each degree p = 2, 3, 4

in Figures 7.2, 7.3, and 7.4, respectively.

Across all polynomial degrees and mesh refinements we see a small variation in the

number of Newton iterations required to reach the desired tolerance. In particular,

in each case we observe that reaching the desired tolerance of 10−12 requires either 5

or 6 iterations.

Mesh size p = 2 p = 3 p = 4
0.4981 5.87 1.36 7.76× 10−1

0.2828 1.88 (2.01) 6.68× 10−1 (1.25) 1.57× 10−1 (2.82)
0.1627 1.04 (1.08) 2.49× 10−1 (1.78) 2.51× 10−2 (3.32)
0.0973 5.79× 10−1 (1.13) 7.52× 10−2 (2.33) 4.63× 10−3 (3.28)
0.0508 2.98× 10−1 (1.02) 2.00× 10−2 (2.04) 6.42× 10−4 (3.04)
0.0269 1.55× 10−1 (1.03) 5.21× 10−3 (2.11) 1.05× 10−4 (2.84)
0.0138 7.77× 10−2 (1.03) 1.31× 10−3 (2.06) 1.78× 10−5 (2.65)

Table 7.1: Error values in the ‖ · ‖h,1-norm and EOCs for Experiment 7.9.1.
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Figure 7.1: Convergence rates for the numerical scheme applied to problem (7.9.2).
The error ‖u−uh‖h,1 is plotted against the mesh size h for polynomial degrees ranging
from p = 2 to p = 4. The optimal convergence rates ‖u − uh‖h,1 = O(hp−1) are
observed for all values of p.

Runtime (seconds) Number of DoFs
Mesh size p = 2 p = 3 p = 4 p = 2 p = 3 p = 4

0.4981 1.83 2.22 2.38 96 160 240
0.2828 1.61 1.82 1.87 384 640 960
0.1627 2.06 2.01 2.28 1044 1740 2610
0.0973 2.08 2.50 3.72 3420 5700 8550
0.0508 3.45 7.27 17.95 13920 23200 34800
0.0269 13.15 41.45 120.92 52476 87460 131190
0.0138 81.36 306.06 937.53 205848 343080 514620

Table 7.2: Runtimes and number of DoFs for Experiment 7.9.1, for each mesh size h,
and each polynomial degree, p.
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Figure 7.2: Convergence of Newton’s method for the numerical scheme applied to
problem (7.9.2) with p = 2.
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Figure 7.3: Convergence of Newton’s method for the numerical scheme applied to
problem (7.9.2) with p = 3.
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Figure 7.4: Convergence of Newton’s method for the numerical scheme applied to
problem (7.9.2) with p = 4.

7.9.2 Experiment 2

In this experiment, we consider the HJB Dirichlet boundary-value problem, sup
α∈Λ
{Aα : D2u− f} = 0 a.e. in Ω,

u = 0 on ∂Ω,
(7.9.3)

where Ω := {x = (x1, x2) ∈ R2 : |x| < 1}, and the function f in (7.9.3) is chosen so

that the true solution is given by

u(x, y) =
1

4
sin(π(x2 + y2)).

For this problem, the set of controls, Λ := [0, π/3]× SO(2) (note that SO(2) denotes

the set of 2× 2 rotation matrices), and the coefficient matrices {Aα}α∈Λ are defined

by

Aα := σα(σα)T/2, σα := (σα1 σ
α
2 ) := RT

[
1 sin θ
0 cos θ

]
, α = (θ, R) ∈ Λ. (7.9.4)

Furthermore, since Ω is the unit disk, ∂Ω = S1, and it follows that the mean curvature

of ∂Ω, H∂Ω = 1, and therefore, HF = 1 for all F ∈ E b
h . For the internal faces,
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the mean curvature is calculated directly as HF = ∇T · nF , where nF is a fixed

choice of unit normal to F . One can calculate that Tr(Aα) = 1 for all α ∈ Λ, and

detAα = 1
4

cos2(θ) ≥ 1/16 for all θ ∈ [0, π/3], and so the control set Λ satisfies the

Cordes condition. Furthermore, as TrAα = 1 for all α ∈ Λ, as in the case of the MA

problem, so we may take γα := 1.

As mentioned in Chapter 1, the HJB problem (7.9.3) corresponds to a Markov

optimal control problem, where the state equation is given by (1.1.11), with b ≡ 0.

In order to approximate the solution of (7.9.3), we apply the semismooth Newton’s

method, given by Algorithm 2, to (7.9.3). Since each Aα, α ∈ Λ has unit trace, we

use the renormalisation parameter γα = 1 (as opposed to γα := Tr(Aα)/|Aα|2, see

Remark 7.7.3). In this experiment, we successively increase the degree, p, of the finite

element space V comp
h,p from 2 to 4, and for each fixed degree we refine the mesh quasi–

uniformly, we observe that the experimental orders of convergence in the ‖ ·‖h,1-norm

are optimal, that is ‖u − uh‖h,1 = O(hp−1). We plot the error values in the ‖ · ‖h,1-

norm in Figure 7.5, and report the exact values in Table 7.3, with the corresponding

experimental orders of convergence given in brackets. Furthermore, we provide the

number of degrees of freedom (DoFs) and run times for each computation in Table 7.4.

We also plot the incremental L2-Newton error ‖uk+1
h −ukh‖L2(Ω) against the number

of Newton iterations, k, for all levels of mesh refinements, for each degree p = 2, 3, 4

in Figures 7.6, 7.7, and 7.8, respectively. For all polynomial degrees, at each mesh

refinements we see an increase in the number of Newton iterations required to reach

the desired tolerance. In particular, in each case we observe that reaching the desired

tolerance of 10−12 requires roughly one extra Newton iteration per mesh refinement.

Mesh size p = 2 p = 3 p = 4
0.4981 4.72 2.71 1.92
0.2828 2.52 (1.11) 1.59 (0.94) 3.37× 10−1 (3.07)
0.1627 2.51 (0.01) 5.48× 10−1 (1.93) 4.77× 10−2 (3.54)
0.0973 1.48 (1.03) 1.71× 10−1 (2.27) 8.34× 10−3 (3.39)
0.0508 7.20× 10−1 (1.11) 4.59× 10−2 (2.02) 9.79× 10−4 (3.30)
0.0269 3.66× 10−1 (1.06) 1.19× 10−2 (2.13) 1.35× 10−4 (3.11)
0.0138 1.77× 10−1 (1.09) 2.94× 10−3 (2.08) 1.81× 10−5 (3.00)

Table 7.3: Error values in the ‖ · ‖h,1-norm and EOCs for Experiment 7.9.2.
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Figure 7.5: Convergence rates for the numerical scheme applied to problem (7.9.3).
The error ‖u−uh‖h,1 is plotted against the mesh size h for polynomial degrees ranging
from p = 2 to p = 4. The optimal convergence rates ‖u − uh‖h,1 = O(hp−1) are
observed for all values of p.

Runtime (seconds) Number of DoFs
Mesh size p = 2 p = 3 p = 4 p = 2 p = 3 p = 4

0.4981 7.91 8.97 9.79 96 160 240
0.2828 1.83 2.20 2.56 384 640 960
0.1627 2.15 2.57 3.32 1044 1740 2610
0.0973 2.77 3.80 6.55 3420 5700 8550
0.0508 5.77 13.72 37.33 13920 23200 34800
0.0269 25.60 94.24 259.84 52476 87460 131190
0.0138 197.05 669.21 2075.13 205848 343080 514620

Table 7.4: Runtimes and number of DoFs for Experiment 7.9.2, for each mesh size h,
and each polynomial degree, p.

7.9.3 Experiment 3

In this experiment, we consider the following MA Neumann boundary-value problem
detD2u(x) = f(x) x ∈ Ω,

∂u

∂n∂Ω

is constant on ∂Ω,
(7.9.5)
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Figure 7.6: Convergence of Newton’s method for the numerical scheme applied to
problem (7.9.3) with p = 2.
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Figure 7.7: Convergence of Newton’s method for the numerical scheme applied to
problem (7.9.3) with p = 3.
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Figure 7.8: Convergence of Newton’s method for the numerical scheme applied to
problem (7.9.3) with p = 4.

where Ω := {x = (x1, x2) ∈ R2 : |x| < 1}, and f is chosen so that the true solution

of (7.9.1) is given by

u(x, y) = 5(x2
1 + x2

2 − 1) +
1

8
sin(π(x2

1 + x2
2)).

In order to approximate the solution of (7.9.5), we consider the equivalent HJB prob-

lem: 
sup
W∈Xξ

{−W : D2u+ 2(detW )1/2f 1/2} = 0, in Ω,

∂u

∂n∂Ω

is constant on ∂Ω,
(7.9.6)

where ξ = 1/100, and apply the semismooth Newton’s method, given by Algorithm 2,

to (7.9.6), in this case with a step increment tolerance of 1×10−11. Also, in this experi-

ment, we set cstab = 25. Since each W ∈ Xξ has unit trace, we use the renormalisation

parameter γα = 1 (as opposed to γα := Tr(Aα)/|Aα|2, see Remark 7.7.3).

Problem (7.9.6) corresponds to a HJB oblique boundary-value problem, where

the oblique vector β ≡ n∂Ω (i.e., a Neumann BVP). Moreover, one can see that the

oriented angle, Θ, between β and n∂Ω, satisfies Θ = 0 on ∂Ω, and thus ∂T2Θ = 0

on ∂Ω. Furthermore, since Ω is the unit disk, it follows that ∂Ω = S1, and that the
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mean curvature of ∂Ω, H∂Ω = 1, and therefore HF = 1 for all F ∈ E b
h . It is also then

clear that

∂T2Θ +H∂Ω = 1 > 0 on ∂Ω.

Since the solution in known, one can directly calculate that

∇u|∂Ω = (10 +
π

4
cos(π(x2

1 + x2
2)))x,

and so

β · ∇u|∂Ω = n∂Ω · ((10 +
π

4
cos(π(x2

1 + x2
2)))x) = 10− π

4
,

(since n∂Ω = x/|x|, and |x| = 1 on ∂Ω), and thus, the compatibility constant c =

10− π
4
.

In this experiment, we successively increase the degree, p, of the finite element

space V comp
h,p,0 from 2 to 4, and for each fixed degree we refine the mesh quasi–uniformly,

we observe that the experimental orders of convergence in the ‖·‖h,1-norm are optimal,

that is ‖(u − uh, c − ch)‖h,1 = O(hp−1). We plot the error values in the ‖ · ‖h,1-

norm in Figure 7.1, and report the exact values in Table 7.5, with the corresponding

experimental orders of convergence given in brackets. Furthermore, we provide the

number of degrees of freedom (DoFs) and run times for each computation in Table 7.6.

We also plot the incremental L2-Newton error ‖uk+1
h −ukh‖L2(Ω) against the number

of Newton iterations, k, for all levels of mesh refinements, for each degree p = 2, 3, 4

in Figures 7.10, 7.11, and 7.12, respectively. Across all polynomial degrees and mesh

refinements we see a small variation in the number of Newton iterations required to

reach the desired tolerance. Except in the case that p = 4, at the finest mesh level

reaching the desired tolerance of 10−11 required 12 iterations, and in the case that

p = 3, at the penultimate mesh refinement, 30 iterations were required.

Mesh size p = 2 p = 3 p = 4
0.4981 6.34 1.51 8.08× 10−1

0.2828 1.96 (2.08) 7.21× 10−1 (1.30) 1.64× 10−1 (2.82)
0.1627 1.04 (1.15) 2.71× 10−1 (1.77) 2.42× 10−2 (3.46)
0.0973 6.21× 10−1 (1.00) 8.93× 10−2 (2.16) 4.61× 10−3 (3.23)
0.0508 3.33× 10−1 (0.96) 2.33× 10−2 (2.07) 5.67× 10−4 (3.23)
0.0269 1.77× 10−1 (0.99) 6.08× 10−3 (2.11) 8.52× 10−5 (2.98)
0.0138 8.96× 10−2 (1.02) 1.53× 10−3 (2.06) 1.28× 10−5 (2.83)

Table 7.5: Error values in the ‖ · ‖h,1-norm and EOCs for Experiment 7.9.3.
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Figure 7.9: Convergence rates for the numerical scheme applied to problem (7.9.6).
The error ‖u−uh‖h,1 is plotted against the mesh size h for polynomial degrees ranging
from p = 2 to p = 4. The optimal convergence rates ‖u − uh‖h,1 = O(hp−1) are
observed for all values of p.

Runtime (seconds) Number of DoFs
Mesh size p = 2 p = 3 p = 4 p = 2 p = 3 p = 4

0.4981 29.60 43.02 52.38 112 176 256
0.2828 2.60 3.82 4.23 448 704 1024
0.1627 2.83 3.89 4.84 1218 1914 2784
0.0973 3.93 5.99 10.77 3990 6270 9120
0.0508 10.11 17.55 33.93 16240 25520 37120
0.0269 43.84 534.98 195.06 61222 96206 139936
0.0138 200.66 734.90 3247.93 240156 377388 548928

Table 7.6: Runtimes and number of DoFs for Experiment 7.9.3, for each mesh size h,
and each polynomial degree, p.
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Figure 7.10: Convergence of Newton’s method for the numerical scheme applied to
problem (7.9.6) with p = 2.
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Figure 7.11: Convergence of Newton’s method for the numerical scheme applied to
problem (7.9.6) with p = 3.
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Figure 7.12: Convergence of Newton’s method for the numerical scheme applied to
problem (7.9.6) with p = 4.

7.9.4 Experiment 4

In this experiment, we consider the HJB oblique boundary-value problem, sup
α∈Λ
{Aα : D2u− f} = 0 a.e. in Ω,

β · ∇u is constant on ∂Ω,
(7.9.7)

where Ω := {x = (x1, x2) ∈ R2 : |x| < 1}, the anti-clockwise rotation of the normal

by the angle ϕ(x1, x2) := π/4 + arctan(x2

x1
), for (x1, x2) ∈ ∂Ω, that is,

β(x1, x2) =

[
cosϕ(x1, x2) − sinϕ(x1, x2)
sinϕ(x1, x2) cosϕ(x1, x2)

] [
[n∂Ω]1

[n∂Ω]2

]
(x1, x2) ∈ ∂Ω.

The function f in (7.9.7) is chosen so that the true solution is given by

u(x1, x2) =
1

4
cos(π(x2

1 + x2
2))− 1

|Ω|

∫
Ω

1

4
cos(π(x2

1 + x2
2)).

We can also see that the oriented angle, Θ, between β and n∂Ω is given by Θ(x1, x2) =

π/4 + ϕ(x1, x2) for (x1, x2) ∈ ∂Ω. It then follows that on ∂Ω,

∂T2Θ = ∇(ϕ(x1, x2)) · (−[n∂Ω]2, [n∂Ω]1)

= ∇(arctan(x2/x1)) · (−x2, x1)

=
1

x2
1 + x2

2

(−x2, x1) · (−x2, x1) = 1.

(7.9.8)
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Furthermore, since Ω is the unit disk, and ∂Ω = S1, the oblique vector β rotates by

exactly 2π, as we traverse ∂Ω in a fixed direction, and so β ∈ C1(∂Ω;S1). Since the

mean curvature of ∂Ω, H∂Ω = 1, by (7.9.8) we also see that

∂T2Θ +H∂Ω = 2 > 0.

Since the solution in known, one can directly calculate that

∇u|∂Ω = −π
2

sin(π(x2
1 + x2

2))x = 0,

since |x| = 1 on ∂Ω and so β · ∇u|∂Ω = 0, and thus, the compatibility constant c = 0.

Furthermore, since Ω is the unit disk, ∂Ω = S1, and it follows that the mean

curvature of ∂Ω, H∂Ω = 1, and therefore, HF = 1 for all F ∈ E b
h .

For this problem, the set of controls, Λ := [0, π/3] × SO(2), and the coefficient

matrices {Aα}α∈Λ are defined by

Aα := σα(σα)T/2, σα := (σα1 σ
α
2 ) := RT

[
1 sin θ
0 cos θ

]
, α = (θ, R) ∈ Λ. (7.9.9)

One can calculate that Tr(Aα) = 1 for all α ∈ Λ, and detAα = 1
4

cos2(θ) ≥ 1/16 for

all θ ∈ [0, π/3], and so the control set Λ satisfies the Cordes condition. Furthermore,

as TrAα = 1 for all α ∈ Λ, as in the case of the MA problem, so we may take γα := 1.

As mentioned in Chapter 1, the HJB problem (7.9.7) corresponds to a Markov

optimal control problem, where the state equation is given by (1.1.11), with b ≡ 0.

In order to approximate the solution of (7.9.7), we apply the semismooth Newton’s

method, given by Algorithm 2, to (7.9.7). Since each Aα, α ∈ Λ has unit trace, we

use the renormalisation parameter γα = 1 (as opposed to γα := Tr(Aα)/|Aα|2, see

Remark 7.7.3). In this experiment, we successively increase the degree, p, of the finite

element space V comp
h,p,0 from 2 to 4, and for each fixed degree we refine the mesh quasi–

uniformly, we observe that the experimental orders of convergence in the ‖ ·‖h,1-norm

are optimal, that is ‖u − uh‖h,1 = O(hp−1). We plot the error values in the ‖ · ‖h,1-

norm in Figure 7.13, and report the exact values in Table 7.7, with the corresponding

experimental orders of convergence given in brackets. Furthermore, we provide the

number of degrees of freedom (DoFs) and run times for each computation in Table 7.8.

We also plot the incremental L2-Newton error ‖uk+1
h −ukh‖L2(Ω) against the number

of Newton iterations, k, for all levels of mesh refinements, for each degree p = 2, 3, 4

in Figures 7.14, 7.15, and 7.16, respectively. For all polynomial degrees, at each mesh

refinements we see an increase in the number of Newton iterations required to reach
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Figure 7.13: Convergence rates for the numerical scheme applied to problem (7.9.7).
The error ‖(u−uh, c−ch)‖h,1 is plotted against the mesh size h for polynomial degrees
ranging from p = 2 to p = 4. The optimal convergence rates ‖(u − uh, c − ch)‖h,1 =
O(hp−1) are observed for all values of p.

the desired tolerance. In particular, in each case we observe that reaching the desired

tolerance of 10−12 requires roughly one extra Newton iteration per mesh refinement.

Mesh size p = 2 p = 3 p = 4
0.4981 7.51 4.30 8.96× 10−1

0.2828 5.90 (0.43) 1.03 (2.53) 3.99× 10−1 (1.43)
0.1627 3.30 (1.05) 3.17× 10−1 (2.13) 1.52× 10−1 (1.75)
0.0973 1.65 (1.35) 1.08× 10−1 (2.09) 2.65× 10−2 (3.40)
0.0508 8.11× 10−1 (1.09) 2.61× 10−2 (2.19) 2.31× 10−3 (3.76)
0.0269 4.03× 10−1 (1.10) 7.41× 10−3 (1.98) 2.69× 10−4 (3.38)
0.0138 2.01× 10−1 (1.04) 1.92× 10−3 (2.02) 3.15× 10−5 (3.20)

Table 7.7: Error values in the ‖ · ‖h,1-norm and EOCs for Experiment 7.9.4.
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Figure 7.14: Convergence of Newton’s method for the numerical scheme applied to
problem (7.9.7) with p = 2.
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Figure 7.15: Convergence of Newton’s method for the numerical scheme applied to
problem (7.9.7) with p = 3.
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Figure 7.16: Convergence of Newton’s method for the numerical scheme applied to
problem (7.9.7) with p = 4.

Runtime (seconds) Number of DoFs
Mesh size p = 2 p = 3 p = 4 p = 2 p = 3 p = 4

0.4981 31.25 50.29 53.89 112 176 256
0.2828 4.77 4.68 4.43 448 704 1024
0.1627 5.23 5.16 6.78 1218 1914 2784
0.0973 6.15 9.27 12.46 3990 6270 9120
0.0508 14.55 27.94 52.74 16240 25520 37120
0.0269 59.82 154.72 342.06 61222 96206 139936
0.0138 352.95 911.25 2325.04 240156 377388 548928

Table 7.8: Runtimes and number of DoFs for Experiment 7.9.4, for each mesh size h,
and each polynomial degree, p.

7.9.5 Experiment 5 - Robustness of Newton’s method

In this experiment, we consider the following 210 MA Dirichlet boundary-value prob-

lems {
detD2ui(x) = f i(x) x ∈ Ω,

u(x) = 0 x ∈ ∂Ω,
(7.9.10)
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where Ω := {x = (x1, x2) ∈ R2 : |x| < 1}, and the index i ∈ {1, . . . , 210}. The

purpose of this experiment is to demonstrate the robustness of the numerical method

with respect to the mesh size, h, the choice of initial guess, ui,0h , the proximity of ui,0h
to the numerical solution uih in the ‖ · ‖h,1-norm, and the choice of right-hand side

function f i. In each case both the true solution ui, and the numerical solution uih
of (7.3.2) are unknown, thus instead of considering the value ‖ui,0h − uh‖h,1 (which is

unknown), we instead use the (computable) value ‖ui,0h − u
i,N
h ‖h,1, where ui,Nh is the

final Newton iterate generated by achieving the desired tolerance. Heuristically, if

the Newton’s method has converged to a sufficiently small tolerance, then one would

expect that ‖ui,0h − uih‖h,1 ≈ ‖u
i,0
h − u

i,N
h ‖h,1.

The 210 individual experiments are implemented via the following procedure:

1. We refine the mesh 7 times, and at each refinement, we provide a randomly

chosen right-hand side function f i, a randomly chosen initial guess ui,0h , and

apply the semismooth Newton’s method, with the quadratic approximation

space V comp
h,2 , until the step increment L2-norm is below 10−12.

2. We repeat the previous step 30 times.

The right-hand side functions, f i, and initial guesses, ui,0h , are randomly chosen in

the following sense: the function f i is a polynomial of the form

f i(x1, x2) :=
∑

0≤`+m≤3

f i`,m(x2
1)`(x2

2)m, (7.9.11)

where each coefficient f i`,m = ai`,mb
i
`,m, where each ai`,m is an integer chosen randomly

(with respect to a uniform distribution) from {100, . . . , 999}, and bi`,m is a real number

chosen randomly (with respect to a uniform distribution) from the interval [0, 1) (note

that this particular form of polynomial ensures that the right-hand side function is

nonnegative). The initial guess is a polynomial of the form

ui,0h (x1, x2) :=
∑

0≤`+m≤3

ui`,mx
`
1x

m
2 , (7.9.12)

where each coefficient ui`,m = ci`,md
i
`,m, where ci`,m is an integer chosen randomly (with

respect to a uniform distribution) from {104, . . . , 106 − 1}, and di`,m is a real number

chosen randomly (with respect to a uniform distribution) from the interval [−1, 1).

We generate such coefficients using the “randint” and “uniform” functions of the

“NumPy” module [96].
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In Figure 7.17 we plot the value ‖ui,0h −u
i,N
h ‖h,1 (where ui,Nh ∈ V comp

h,2 is the Newton

iterate that satisfies the requested increment L2-norm tolerance), against the total

number of Newton steps required to reach the desired tolerance (where applicable).

We have provided results for all 210 experiments in Tables B.1 to B.6 in Appendix B.

In particular, for each i ∈ {1, . . . , 230}, these tables provide the value of ‖ui,Nh −u
i,0
h ‖h,1,

the mesh size, and the number of Newton steps. Furthermore, Tables B.7 to B.12

provide the values of the initial guess coefficients {ui`,m}0≤`+m≤3, and Tables B.13

to B.16 provide the values of the right-hand side function coefficients {f i`,m}0≤`+m≤3.

For 207 of the 210 experiments we observe a small variation in the number of

Newton steps required for the step increment L2-norm error to fall below the tolerance,

in particular only 6-10 iterations are required in each case.

The remaining 3 experiments were the cases i = 56, 118, 154. For i = 56 the total

number of steps required was 14, for i = 118, 154, after 20 Newton steps the Newton

increment L2-norm error 10−12 < ‖u20,i
h − u19,i

h ‖L2(Ω) < 10−11. That is, the desired

tolerance of 10−12 was not achieved, but the error did fall below 10−11.
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Figure 7.17: Total Newton steps plotted against the value ‖ui,0h − ui,Nh ‖h,1, where

ui,Nh is the approximate solution of (7.9.10) generated by applying the semismooth
Newton’s method until the increment L2-norm fell below 10−12.
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7.10 Concluding remarks for this method

In this chapter we have introduced a discontinuous Galerkin finite element method

for the approximation of strong solutions to nonlinear HJB equations, with Dirichlet

and oblique boundary conditions. By reformulating the MA equation as a uniformly

elliptic HJB equation (due to Theorem 3.5.3), this has provided us with a DGFEM for

the approximation of uniformly convex solutions to the two-dimensional MA equation.

Indeed, due to the uniform convexity assumption upon the true solution, we see that

the method is always well posed, and we are not required to numerically enforce

convexity.
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Chapter 8

A CGFEM for the MA Dirichlet
problem

8.1 New contributions and existing results

In this chapter, we present a continuous Galerkin FEM for the MA Dirichlet prob-

lem (3.2.1) in the case that

f(x, u(x),∇u(x)) :=
f1(x, u(x))

f2(∇u(x))
. (8.1.1)

That is, the problem of approximating the solution, u, of the following MA Dirichlet

problem  detD2u(x) =
f1(x, u(x))

f2(∇u(x))
, x ∈ Ω,

u(x) = φ(x), x ∈ ∂Ω.

(8.1.2)

Existing results: Some of the contributions of this chapter build upon existing results.

• In [79] the authors proposed the nonvariational finite element method (NVFEM)

for the numerical approximation of solutions to the MA Dirichlet problem (8.1.2)

in the case that f := f(x) (i.e., f does not depend on u or ∇u).

• In [92], the author proves the existence of a solution to the method proposed

in [79] that satisfies an a priori error estimate in a H1-type norm, that is optimal

with respect to the mesh size. However, this proof appears to be in the context

of finite elements on polygonal domains.

The original contributions of this chapter are listed as follows:

1. We extend the method proposed in [79] to the case that f takes the form (8.1.1)

(i.e., f is allowed to depend on u and ∇u).
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2. We extend the proof present in [92] to the case that f takes the form (8.1.1), as

well as the context of curved finite elements (i.e., we also extend the proof from

the polygonal case). In doing so we also prove optimal a priori error estimates

in both H1 and (broken) H2-type norms, that are optimal with respect to the

mesh size.

3. We prove convergence of Newton’s method for this problem under the assump-

tion that the initial guess lies within a radius of size h2+α, α > 0, of the numerical

solution (measured in a H1-type norm).

4. We extend this method to more general nonlinear elliptic equations with a

structure similar to those of MA type; a particular example being the Wein-

garten equation, which is a nonlinear geometric PDE (see Section 8.5 for further

details).

The reader must note that both the proof present in [92] and the proof we provide

yields existence of a numerical solution that is unique in a ball of radius h2+α, α > 0,

centred at a particular projection of the true solution (see Section 8.3.4 for further de-

tails on this projection). As discussed in Section 3.5, numerical methods for MA type

problems may exhibit non-uniqueness on a larger scale than that of the underlying

PDE (recall the finite difference method given by (3.5.2), for which it is conjectured

in [93] that an application of Newton’s method to the nonlinear algebraic system can

lead to 2(N−2)2
solutions on an N × N grid, by varying the initial guess). However,

the experiments of Section 8.7 indicate that the method we propose does not exhibit

such large scale nonuniquess, provided that the initial guess for the Newton’s method

is carefully chosen.

8.2 The numerical method

Let us recall the notational convention that we use for the arguments of the functions

f1, f2, in order to be precise when referring to the derivatives of f1 and f2. In particular

we follow the notational convention: f1 = f1(x, z), and f2 = f2(q).

We require the following assumptions, in order to prove existence of a numerical

solution.

Assumption 8.2.1 Let d = 2, and assume that p ≥ 3. Furthermore, assume that

f1 ∈ Cp,α(Ω × R;R+) satisfies ∂f1

∂z
≥ 0, and f2 ∈ Cp,α(Rd;R+) is uniformly positive.
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We also assume that the boundary datum φ, and ∂Ω satisfy the assumptions of Theo-

rem 3.2.1, with k = p. Furthermore, we assume that {Th}h is family of triangulations

on Ω that is regular of order p+ 1 and quasi-uniform.

Note that under the above assumptions, Theorem 3.2.1 yields existence of a uniformly

convex function u ∈ Cp+2,α(Ω) that satisfies (8.1.2). Note that the value of p corre-

sponds to the polynomial degree of the finite element space Vh,p, which we recall is

defined by

Vh,p := {v ∈ C0(Ω) : v|K = ρ̂ ◦ F−1
K , ρ̂ ∈ Pp(K̂), ∀K ∈ Th},

as well as the zero trace space

◦
Vh,p := Vh,p ∩H1

0 (Ω).

The numerical method for the approximation of solutions to the MAD problem (8.1.2)

is given as follows: find uh ∈ Vh,p with uh|∂Ω = πhφ|∂Ω satisfying,

〈FMA
h [uh], v〉 =

∫
Ω

(f1(x, uh)− f2(∇uh) det Hhuh)v = 0 ∀v ∈
◦
Vh,p. (8.2.1)

Remark 8.2.2 The method (8.2.1) is proposed in d-dimensions, however, the reader

must note that our proof of existence of a numerical solution holds only in the two-

dimensional case.

Let us define the following norms:

‖v‖2
h := |v|2H1(Ω) +

∑
F∈Eh

hF‖〈〈∇v〉〉‖2
2,F ,

‖r‖−1,h := sup
v∈
◦
Vh,p\{0}

〈r, v〉
‖v‖h

.
(8.2.2)

The aim of this chapter will be to prove the following theorem:

Theorem 8.2.3 Under the hypotheses of Assumption 8.2.1, there exists a uniformly

convex function u ∈ Cp+2,α(Ω), α ∈ (0, 1), that satisfies (8.1.2), and a constant

h0 > 0 such that for h ≤ h0 there exists a uh ∈ Vh,p that satisfies (8.2.1). Moreover,

the functions u, uh satisfy the following error estimate:

‖u− uh‖h ≤ Chp, (8.2.3)

where C is a constant independent of h and uh. Furthermore, the function uh is

unique in the ball Bh2+α(u∗) defined by (8.3.16), for some α > 0.

264



Remark 8.2.4 Theorem 8.2.3 was proven in [92] in the case when f(x, z, q) := f(x).

As such, Theorem 8.2.3 extends this result, allowing for more general nonlinearities.

8.3 Analysis of the numerical method

In order to analyse the method given by (8.2.1), we must define the following spaces:

V = W 2,∞(Ω; Th) ∩W 1,∞(Ω),
◦
V = V ∩W 1,∞

0 (Ω).
(8.3.1)

Since the finite element spaces Vh,p and
◦
Vh,p consist of continuous piecewise polyno-

mial functions, we have that Vh,p ⊂ V , and
◦
Vh,p ⊂

◦
V . One can see that FMA

h : Vh,p →
(
◦
Vh,p)

′ is the restriction of FMA : V →
◦
V ′ defined by

〈FMA[w], v〉 :=

∫
Ω

(f1(x,w)− f2(∇w) det Hhw)v ∀w ∈ V, ∀v ∈
◦
V, (8.3.2)

to the finite element space.

8.3.1 Taylor expansion of the finite element operator

We have defined FMA : V →
◦
V ′ in (8.3.2). First, we note that

det(A+B) = det(A) + Cof(A) : B + det(B), ∀A,B ∈ R2×2.

We can now apply Theorem 2.2.9, in conjunction with Definition 2.2.10, Taylor

expanding the integrand in (8.3.2), about the function u, where u ∈ Cp+2,α(Ω),

α ∈ (0, 1), satisfies (8.1.2), yielding the following for w ∈ V , v ∈
◦
V :

〈FMA[u+ w], v〉 =

∫
Ω

(f1(x, u)− det(Hhu)f2(∇u))v

+

∫
Ω

(Dzf1(x, u)w − Cof(PWh,p
(D2u)) : Hhw)f2(∇u)− det(Hhu)Dqf2(∇u) · ∇w)v

+

∫
Ω

(Rf1,u(u+ w)− det(Hhw)(f2(∇u) +Dpf2(∇u) · ∇w))v

−
∫

Ω

(Rf2,∇u(∇u+∇w)(det Hhw + Cof(PWh,p
(D2u)) : Hhw))v

= 〈FMA[u], v〉+ 〈Lu[w], v〉+ 〈R[w], v〉,
(8.3.3)

where Lu, R : V →
◦
V ′ are defined by

〈Lu[w], v〉 :=

∫
Ω

(Dzf1(x, u)w − Cof(PWh,p
(D2u)) : Hhw)f2(∇u)v

−
∫

Ω

det(Hhu)Dqf2(∇u) · ∇w v,
(8.3.4)
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and

〈R[w], v〉 :=

∫
Ω

(Rf1,u(u+ w)− det(Hhw)(f2(∇u) +Dpf2(∇u) · ∇w))v

−
∫

Ω

(Rf2,∇u(∇u+∇w)(det Hhw + Cof(PWh,p
(D2u)) : Hhw))v,

(8.3.5)

respectively.

We remark that the expression Cof PWh,p
(D2u) appears in (8.3.3), (8.3.4), and

(8.3.5), due to the fact that the definition (8.3.2) of FMA involves the finite element

Hessian, Hh. Furthermore, as u ∈ Cp+2,α(Ω), α ∈ (0, 1), it follows from Corol-

lary 4.11.5, that Hh(D
2u) = PWh,p

(D2u).

Note that Rf1,u and Rf2,∇u are the quadratic remainder terms of f1 and f2 asso-

ciated with (x, u) and ∇u respectively, given by Definition 2.2.10.

We then define Lu,h, Rh : Vh,p →
◦
V′h,p to be the restrictions of Lu and R to Vh,p,

respectively.

8.3.2 Main theorem proof outline

Now we have the operators FMA, Lu, R, and FMA
h , Lu,h, Rh, we can give a description

of how we will prove Theorem 8.2.3.

1. We define a ball, Bρ(u∗) of radius ρ, centred at a particular projection, u∗ (for

which we will provide more details later on) of the analytical solution, u, onto

the finite element space Vh,p.

2. We define the operator M : V → Vh,p by

M = L−1
u,h(Lu − F

MA), (8.3.6)

and we define Mh : Vh,p → Vh,p to be its restriction to Vh,p, i.e.,

M = L−1
u,h(Lu,h − F

MA
h ). (8.3.7)

3. We prove that Mh satisfies the hypotheses of Banach’s fixed point theorem on

the ball of radius ρ = h2+α for some α > 0.

4. This proves the existence and uniqueness of a uh ∈ Bρ(u∗), with ρ = h2+α that

is a solution to the finite element method (8.2.1).
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5. It also holds that Mh satisfies the hypotheses of Banach’s fixed point theorem on

the ball, Bρ(u∗) of radius ρ = hp. This proves the existence and uniqueness of a

uh ∈ Bhp(u∗) ⊂ Bh2+α(u∗) that is a solution to the finite element method (8.2.1).

Since Bhp(u∗) ⊂ Bh2+α(u∗), we deduce that the two solutions coincide, and,

furthermore, we use the fact that uh belongs to the ball of radius ρ = hp in

order to prove the desired optimal error estimate.

Remark 8.3.1 Steps 1–5 require estimates on the operators Lu, Lu,h and R, as well

as a consistency result for the operator FMA. Some of the proofs of these estimates

are rather long, and thus have been left to the end of the Chapter. This makes the

proof more accessible to the reader.

Subsections 8.3.3 to 8.3.8 are now laid out as follows:

1. In subsection 8.3.3 we prove the estimates for Lu and Lu,h;

2. In subsection 8.3.4 we define the ball of radius ρ, and some estimates for func-

tions in this ball;

3. In subsection 8.3.5 we state the estimate forR (proven at the end of the chapter);

4. In subsection 8.3.6 we prove the consistency result for FMA;

5. In subsection 8.3.7 we use the previous estimates to prove estimates for M and

Mh that are required for the fixed point argument.

6. In subsection 8.3.8 we use the estimates for M and Mh to conclude the proof

of Theorem 8.2.3.

8.3.3 Estimates for Lu and Lu,h

The proof of the main theorem of this subsection relies on several lemmas and steps.

In what follows, we state the lemmas that will be used; the proofs of these results

can be found in Appendix A.

Let us denote

A := Cof(D2u), and Ah := PWh,p
(Cof(D2u)) = PWh,p

(A).

267



Lemma 8.3.2 The norm ‖ · ‖h is equivalent to ‖ · ‖H1(Ω) when restricted to the finite

element space
◦
Vh,p, i.e., there exist constants C1, C2, independent of h, such that

C1‖v‖H1(Ω) ≤ ‖v‖h ≤ C2‖v‖H1(Ω) ∀v ∈
◦
Vh,p. (8.3.8)

Proof: See Lemma A.1. �

Lemma 8.3.3 We have that

hs−j‖Ah‖W s,∞(Ω;Th) + ‖A− Ah‖W j,∞(Ω;Th) . hs−j‖u‖W s+2,∞(Ω), 0 ≤ j ≤ s ≤ p+ 1.

(8.3.9)

Proof: See Lemma A.2. �

Lemma 8.3.4 For any v ∈
◦
Vh,p, if h ≤ h0, with h0 ∈ (0, 1) sufficiently small, we

have that

‖Af2(∇u)v − PWh,p
(Ahf2(∇u)v)‖Hm(Ω;Th) . h2−m‖∇v‖2,Ω, m = 0, 1, (8.3.10)

where C > 0 depends on the shape-regularity of the mesh, ‖u‖W p+3,∞(Ω) and for K :=

maxx∈Ω |∇u(x)|, the value ‖f2‖Cp,α({q∈R2:|q|≤K}).

Proof: See Lemma A.5. �

Lemma 8.3.5 For any v ∈
◦
Vh,p, we have that∑

F∈E i,bh

h−1
F ‖[[Af2(∇u)v − PWh,p

(Ahf2(∇u)v)]]‖2
2,F . h2‖∇v‖2

2,Ω. (8.3.11)

Proof: This follows directly from the trace inequality (4.6.2), and (8.3.10). �

We will now prove the main stability theorem of this chapter.

Theorem 8.3.6 There exists a positive constant C, independent of h, such that

‖Lu[w]‖−1,h ≤ C‖w‖h ∀w ∈ V. (8.3.12)

Moreover for h sufficiently small the operator Lu,h is invertible and there exists a

positive constant C, independent of h, with

‖L−1
u,h[r]‖h ≤ C‖r‖−1,h ∀r ∈

◦
V′p. (8.3.13)
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Proof: First we show that estimate (8.3.12) holds. By Lemma A.6, we have the

following identity for the operator Lu : V →
◦
V ′: for all w ∈ V and v ∈

◦
V ,

〈Lu[w], v〉 =

∫
Ω

f2(∇u)A∇w · ∇v −∇w · ∇h · (Af2(∇u)v − PWh,p
(Ah f2(∇u)v))

+
1

2

∫
Ω

(D2u+ PWh,p
(D2u)) : (D2u− PWh,p

(D2u))(Dqf2(∇u) · ∇w)v

+

∫
Ω

Dzf1(x, u)wv −
∑
F∈E i,bh

∫
F

[[[(PWh,p
(Ah f2(∇u)v)− Af2(∇u)v)〈〈∇w〉〉] · nF ]].

Thus, for any w ∈ V and v ∈
◦
Vh,p we have that

〈Lu[w], v〉 ≤ ‖A‖∞,Ω‖f2‖∞,{|q|≤K}|w|H1(Ω)|v|H1(Ω)

+ |w|H1(Ω)‖∇ · (Af2(∇u)v − PWh,p
(Ahf2(∇u)v))‖2,Ω

+ ‖Dzf1‖∞,Ω×[−K,K]‖w‖2,Ω‖v‖2,Ω

+ ‖A‖∞,Ω‖Dqf2‖∞,{|q|≤K}|w|H1(Ω)‖v‖2,Ω

+

 ∑
F∈E i,bh

h−1
F ‖[[PWh,p

(Ahf2(∇u)v)− Af2(∇u)v]]‖2
2,F

1/2 ∑
F∈E i,bh

hF‖〈〈∇w〉〉‖2
2,F

1/2

. ‖w‖h‖v‖h.

Note that the final inequality follows from (4.6.2), (4.6.27), (A.1), (8.3.10), and

Lemma 8.3.11; we also use the fact that u ∈ Cp+2,α(Ω) implies that there exists

a constant K > 0 such that |u|, |∇u| ≤ K in Ω. By the definition of the norm ‖ ·‖−1,h

we obtain (8.3.12).

To prove the estimate (8.3.13) it is sufficient to show that Lu,h is coercive on
◦
Vp

with respect to the norm ‖ · ‖h. It is important to note that since u is uniformly

convex, it follows that Cof D2u is positive definite. This, and the fact that f2 is

positive and uniformly bounded below, means that there exists a constant λu > 0

such that ∫
Ω

f2(∇u)A∇w · ∇w ≥ λu|w|2H1(Ω) ∀w ∈ H1(Ω).

By Lemma A.6, we also obtain the following for w ∈
◦
Vh,p:

〈Lu[w], w〉 =

∫
Ω

f2(∇u)A∇w · ∇w −∇w · (∇h · (Af2(∇u)w − PWh,p
(Ahf2(∇u)w)))

+
1

2

∫
Ω

(D2u+ PWh,p
(D2u)) : (D2u− PWh,p

(D2u))(Dqf2(∇u) · ∇w)w

+

∫
Ω

Dzf1(x, u)w2 −
∑
F∈E i,bh

∫
F

[[[(PWh,p
(Ahf2(∇u)w)− Af2(∇u)w)〈〈∇w〉〉] · nF ]]
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≥ λu|w|2H1(Ω) −
∑
F∈E i,bh

∫
F

[[[(PWh,p
(Ah f2(∇u)w)− Af2(∇u)w)〈〈∇w〉〉] · nF ]]

− C‖D2u− PWh,p
(D2u)‖∞,Ω|w|H1(Ω)‖w‖L2(Ω)

−
∫

Ω

∇w · ∇ · (Af2(∇u)w − PWh,p
(Ah f2(∇u)w)).

From (8.3.10) and (A.1) we see that∫
Ω

∇w · ∇h · (Af2(∇u)w − PWh,p
(Ah f2(∇u)w))

≤ |w|H1(Ω)‖∇h · (Aw − PWh,p
(Ahw))‖2,Ω

≤ Ch|w|2H1(Ω).

Then, from (8.3.10), (8.3.11) and (4.6.2), we have∑
F∈E i,bh

∫
F

[[[(PWh,p
(Ah f2(∇u)w)− Af2(∇u)w)〈〈∇w〉〉] · nF ]] ≤

≤

 ∑
F∈E i,bh

h−1
F ‖[[PWh,p

(Ah f2(∇u)w)− Af2(∇u)w]]‖2
2,F

1/2 ∑
F∈E i,bh

hF‖〈〈∇w〉〉‖2
2,F

1/2

≤ Ch|w|2H1(Ω).

We also see that

C‖D2u− PWh,p
(D2u)‖∞,Ω|w|H1(Ω)‖w‖L2(Ω) ≤ Ch‖D2u‖W 1,∞(Ω)|w|2H1(Ω)

≤ Ch|w|2H1(Ω).

Combining these results we obtain

〈Lu,h[w], w〉 ≥ (λu − Ch)|w|2H1(Ω).

It now follows from the Poincaré inequality and (A.1), that for h sufficiently small we

have

〈Lu,h[w], w〉 ≥ C‖w‖2
H1(Ω) ∀w ∈

◦
Vh,p.

This concludes the proof of Theorem 8.3.6. �

8.3.4 The ball of radius ρ

Lemma 8.3.7 Define u∗ ∈ Vh,p with u∗|∂Ω = φh|∂Ω = (πhφ)|∂Ω as

u∗ = L−1
u,h(Lu[u]), (8.3.14)
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i.e.,

〈Lu,h[u∗], v〉 = 〈Lu[u], v〉 ∀v ∈
◦
Vp.

Then we have that

h‖Hh[u− u∗]‖2,Ω + ‖u− u∗‖h . hp. (8.3.15)

Proof: See [92], proof of Corollary 4.1; the same technique applies here, since it only

relies on the boundedness of Lu,h and its inverse, L−1
u,h, which has been established by

Theorem 8.3.6. �

Remark 8.3.8 The existence of a unique u∗ ∈ Vh,p that satisfies the statement of

Lemma 8.3.7 in fact follows from standard finite element theory. Since Lu,h[u] ∈
H1(Ω)′ ⊂ Vh,p

′, and the map a :
◦
Vh,p ×

◦
Vh,p → R defined by

a(u, v) = 〈Lu,h[u], v〉 ∀u, v ∈
◦
Vh,p,

is a bounded, coercive, bilinear functional; the existence and uniqueness can be estab-

lished using the Lax–Milgram Theorem [46].

We now define the ball of radius ρ, on which we will apply our fixed point argument.

Definition 8.3.9 Let us define the following closed ball

Bρ(u∗) := {v ∈ Vh,p : v|∂Ω = φh, ‖u∗ − v‖h ≤ ρ}. (8.3.16)

8.3.5 Estimate for the quadratic remainder term R

In this chapter we prove an important estimate for the remainder term R defined

by (8.3.5). This estimate is in fact a contraction estimate when R is considered on

the ball Bh2+α(u∗) for sufficiently small h, and some α > 0.

Lemma 8.3.10 Let w1, w2 ∈ Bh2+α(u∗) − u := {v − u : v ∈ Bh2+α(u∗)}, for some

α > 0. Then, if h ≤ h0, for some h0 ∈ (0, 1), we have the following estimate:

‖R[w1]−R[w2]‖−1,h .
3∑
i=1

hi(1+α)−1(1 + | lnh|)
i
2‖w1 − w2‖h. (8.3.17)

Furthermore, for w ∈ Bh2+α(u∗)− u, we have

‖R[w]‖−1,h . h2+α

3∑
i=1

hi(1+α)−1(1 + | lnh|)
i
2 . (8.3.18)

Proof: See Lemma A.8. �
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8.3.6 Consistency result for FMA

We now consider the consistency of our method; that is we see how much “error”

arises when we apply FMA to the true solution u.

Lemma 8.3.11 We have that

‖FMA[u]‖−1,h . hp+1 (8.3.19)

Proof: For v ∈
◦
Vh,p we see that

〈FMA[u], v〉 =

∫
Ω

(f1(x, u)− f2(∇u) det Hh[u])v

=

∫
Ω

f2(∇u)(
f1(x, u)

f2(∇u)
− det(PWh,p

(D2u))v

=

∫
Ω

f2(∇u)(detD2u− det(PWh,p
(D2u))v

=
1

2

∫
Ω

f2(∇u)(A+ Ah) : (D2u− PWh,p
(D2u))v

. ‖A+ Ah‖2,Ω‖D2u− PWh,p
(D2u)‖∞,Ω‖v‖2,Ω

. hp+1‖u‖W p+3,∞(Ω)‖v‖2,Ω

. hp+1‖v‖h.

By the definition of ‖ · ‖−1,h we obtain the desired estimate. �

8.3.7 Estimates for M and Mh

Lemma 8.3.12 Let w1, w2 ∈ Bh2+α(u∗), for some α > 0. If h ≤ h0 for some suffi-

ciently small h0 ∈ (0, 1), then, we have that

‖Mh[w1]−Mh[v2]‖h .
3∑
i=1

hi(1+α)−1(1 + | lnh|)
i
2‖w1 − w2‖h. (8.3.20)

Proof: Let w = v − u ∈ V , then we see that

Mv = L−1
u,h(Lu[v]− FMA[v])

= L−1
u,h((Lu[v]− Lu[v − u]) + (Lu[v − u]− FMA[v]))

= L−1
u,h((Lu[v]− Lu[v − u]) + (Lu[w]− FMA[u+ w]))

= L−1
u,h((Lu[v]− Lu[v − u]) + (Lu[w]− Lu[w]− FMA[u]−R[w]))

= L−1
u,h(Lu[u]− FMA[u]−R[w])

= L−1
u,h(u∗ − F

MA[u]−R[w])
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and thus

M [w1]−M [w2] = L−1
u,h (R[w2 − u]−R[w1 − u]) ∀w1, w2 ∈ V.

Now, if w1, w2 ∈ Bh2+α(u∗), for some α > 0, then wi − u ∈ Bh2+α(u∗) − u, i = 1, 2,

and so by (8.3.13), and (8.3.17), it follows that

‖M [w1]−M [w2]‖h ≤ ‖L−1
u,h(R[w2 − u]−R[w1 − u])‖h

. ‖R[w2 − u]−R[w1 − u]‖−1,h

.
3∑
i=1

hi(1+α)−1(1 + | lnh|)
i
2‖w1 − w2‖h.

(8.3.21)

for all w1, w2 ∈ Bh2+α(u∗), as desired. �

Lemma 8.3.13 Let w ∈ Bh2+α(u∗), for some α > 0. If h ≤ h0 for some sufficiently

small h0 ∈ (0, 1), then, we have that

‖u∗ −Mh[w]‖h . hp+1 + h2+α

3∑
i=1

hi(1+α)−1(1 + | lnh|)
i
2 . (8.3.22)

Proof: By (8.3.12), (8.3.18), and (8.3.19), we have that

‖u∗ −Mh[w]‖h ≤ ‖L−1
u,h(F

MA[u])‖h + ‖L−1
u,h(R[w − u])‖h

. ‖FMA[u]‖−1,h + ‖R[w − u]‖−1,h

. hp+1 + h2+α

3∑
i=1

hi(1+α)−1(1 + | lnh|)
i
2 ,

as desired. �

8.3.8 Concluding the proof

Proof of Theorem 8.2.3: The bounds we have proven for Lu, Lu,h, and R as well as

the consistency error estimate for FMA
h are sufficient to prove that the restriction of

the map M : V → Vh,p defined by

M = L−1
u,h(Lu − F

MA),

to the finite element space is in fact a contraction on the ball Bh2+α(u∗) given by (8.3.16),

for some α > 0. Note that the restriction of M to the finite element space Vh,p is the

map Mh : Vh,p → Vh,p given by

Mh = L−1
u,h(Lu,h − F

MA
h ).
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If Mh : Bh2+α(u∗) → Bh2+α(u∗) is a contraction map, then by Banach’s fixed point

theorem there exists a unique uh ∈ Bh2+α(u∗) such that

Mh[uh] = uh,

i.e.,

L−1
u,h(Lu,h[uh]− F

MA
h [uh]) = uh,

and thus

FMA
h [uh] = 0, and uh|∂Ω = φh.

It follows that uh is the numerical solution. We shall now prove that Mh is a contrac-

tion map.

Choose h0 ∈ (0, 1) sufficiently small so that for some α > 0, Lemmas 8.3.12

and 8.3.13 hold, and that if 0 < h ≤ h0, then

C1

3∑
i=1

hi(1+α)−1(1 + | lnh|)
i
2 ≤ η ∈ (0, 1), (8.3.23)

and

C2

(
hp−α−1 +

3∑
i=1

hi(1+α)−1(1 + | lnh|)
i
2

)
≤ 1, (8.3.24)

where C1, C2 are the fixed positive constants on the right-hand sides of (8.3.20)

and (8.3.22), respectively.

Then if h ≤ h0, and w,w1, w2 ∈ Bhp(u∗), by (8.3.20) we have that

‖Mh[w1]−Mh[w2]‖h ≤ C1

3∑
i=1

hi(1+α)−1(1 + | lnh|)
i
2‖w1 − w2‖h

≤ η‖w1 − w2‖h,
(8.3.25)

and by (8.3.22), we see that

‖u∗ −Mh[w]‖h ≤ C2

(
hp+1 + h2+α

3∑
i=1

hi(1+α)−1(1 + | lnh|)
i
2

)

= C2

(
hp−α−1 +

3∑
i=1

hi(1+α)−1(1 + | lnh|)
i
2

)
h2+α

≤ h2+α.

(8.3.26)

Thus Mh : Bh2+α(u∗) → Bh2+α(u∗), and is a contraction. By Banach’s fixed point

theorem, there exists a unique uh ∈ Bh2+α that is fixed point of Mh. Furthermore,

uh is a solution of (8.2.1). Thus we have deduced the existence and uniqueness of a
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numerical solution uh of (8.2.1) that is unique in the ball Bh2+α . It now remains to

prove the error estimate (8.2.3).

Since p > 2, we may apply the same argument on the ball Bρ(u∗) with ρ = hp,

which yields the existence and uniqueness of a u′h ∈ Bhp(u∗) that is a fixed point of

Mh and thus a solution of (8.2.1). Moreover (since 0 < h ≤ h0 < 1), we have that

Bhp(u∗) ⊂ Bh2+α(u∗), and thus by uniqueness, we deduce that uh ≡ u′h. In particular,

we have that uh ∈ Bhp(u∗), and thus we obtain the following error estimate

‖u− uh‖h ≤ ‖u− u∗‖h + ‖u∗ − uh‖h . hp, (8.3.27)

as desired. �

Remark 8.3.14 (The ball of radius ρ = h2+α is essential) One should note that

in order for such a h0 ∈ (0, 1) to exist, such that (8.3.23) and (8.3.24) hold, it is

essential that we consider the ball of radius ρ = h2+α for α > 0. Otherwise, if α ≤ 0,

one may bound the left-hand side of (8.3.23) as follows:

C1

3∑
i=1

hi(1+α)−1(1 + | lnh|)
i
2 ≥ C1h

(1+α)−1(1 + | lnh|)
1
2

= C1h
α(1 + | lnh|)

1
2 ≥ 1

for small values of h, contradicting the validity of the estimate (8.3.23) for all h ∈
(0, h0]. If α ≤ 0, then we may similarly obtain a contradiction of estimate (8.3.24).

Note that estimates (8.3.23) and (8.3.24) lead directly to the estimates (8.3.25) and (8.3.26),

respectively, for Mh, that allow us to apply Banach’s fixed point theorem.

Corollary 8.3.15 Under the hypotheses of Theorem 8.2.3, the functions u, uh satisfy

the following error estimates

‖Hhu−Hhuh‖L2(Ω) ≤Chp−1,

‖D2u−Hhuh‖L2(Ω) ≤Chp−1,
(8.3.28)

where the positive constant, C, is independent of the mesh size.

Proof: Note that for u∗ defined by (8.3.14), u∗ − uh ∈
◦
Vh,p. We then see that

‖Hhu−Hhuh‖L2(Ω) ≤ ‖Hhu−Hhu∗‖L2(Ω) + ‖Hhu∗ −Hhuh‖L2(Ω)

≤ Chp−1 + ‖Hhu∗ −Hhuh‖L2(Ω),
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where the final inequality follows from (8.3.15). Now, by (4.11.5), followed by Poincaré’s

inequality, we obtain

‖Hhu∗ −Hhuh‖L2(Ω) ≤ Ch−1‖u∗ − uh‖H1(Ω)

≤ Ch−1|u∗ − uh|H1(Ω)

≤ Ch−1‖u∗ − uh‖h ≤ Chp−1.

Thus, we obtain

‖Hhu−Hhuh‖L2(Ω) ≤ Chp−1, (8.3.29)

which is the first estimate of (8.3.28). Since p ≥ 3, and u ∈ Cp+2,β(Ω) ⊂ H2(Ω), it

follows from Corollary 4.11.5 that Hhu = PWh,p
D2u. Thus

‖D2u−Hhuh‖L2(Ω) ≤ ‖D2u− PWh,p
D2u‖L2(Ω) + ‖PWh,p

D2u−Hhuh‖L2(Ω)

= ‖D2u− PWh,p
D2u‖L2(Ω) + ‖Hhu−Hhuh‖L2(Ω)

≤ ‖D2u− PWh,p
D2u‖L2(Ω) + Chp−1,

(8.3.30)

where the final inequality follows from (8.3.29). We also see that

‖D2u− PWh,p
D2u‖L2(Ω) ≤ ‖D2u− πh(D2u)‖L2(Ω) ≤ Chp.

Note that the final inequality follows from the fact that D2u ∈ Cp,β(Ω) ⊂ Hp(Ω) ⊂
Hp(Ω; Th), which allows the application of (4.5.15). Combining the above estimate

with (8.3.30), we obtain the second estimate of (8.3.28). �

8.4 Newton’s Method for the MAD problem

One can see that (8.2.1) constitutes a nonlinear continuous Galerkin finite element

method. Since it is not straightforward how one may find a uh ∈ Vh,p with uh|∂Ω =

πhφ|∂Ω that satisfies (8.2.1), we apply instead Newton’s method to the nonlinear

operator defined by (8.2.1), resulting in the following iterative scheme.

8.4.1 Iterative scheme

Let us recall the finite element method given by (8.2.1): find uh ∈ Vh,p, with uh|∂Ω =

πhφ|∂Ω such that

〈FMA
h [uh], v〉 =

∫
Ω

(f1(x, uh)− f2(∇uh) det(Hhuh))v = 0 ∀v ∈
◦
Vh,p. (8.4.1)
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Applying Newton’s method, we obtain the following sequence of problems: given

u0
h ∈ Vh,p satisfying u0

h|∂Ω = πhφ|∂Ω, for k ∈ N0 find uk+1
h ∈ Vh,p satisfying uk+1

h |∂Ω =

πhφ|∂Ω such that

〈Lukh,h[u
k+1
h − ukh], v〉 = −〈FMA

h [ukh], v〉 ∀v ∈
◦
Vh,p. (8.4.2)

Note that (8.4.2) arises from applying Newton’s method, and using the fact that

Lu,h[wh] is the derivative of FMA
h at u in the direction wh ∈ Vh,p. It thus follows that

Lukh,h[wh] is the derivative of FMA
h at ukh in the direction wh ∈ Vh,p.

Denoting θk := uk+1
h − ukh, we see that (8.4.2) is given by∫

Ω

(Dzf1(x, ukh)θ
k − (Cof(Hhu

k
h) : Hhθ

k)f2(∇ukh)− det(Hhuk)Dqf2(∇ukh) · ∇θk)v

=

∫
Ω

(f2(∇ukh) det(Hhu
k
h)− f1(x, ukh))v ∀v ∈

◦
Vh,p.

(8.4.3)

Theorem 8.4.1 Assume that h ≤ h0 for some h0 ∈ (0, 1), sufficiently small, and

that uh ∈ Bhp(u∗) satisfies (8.2.1), with f := f(x). Then if u0
h ∈ Vh,p, such that

u0
h|∂Ω = πhφ|∂Ω satisfies

‖u0
h − uh‖h ≤ C∗h

2+α,

for some constants α,C∗ > 0, then the sequence {ukh}∞k=0 generated by (8.4.2) con-

verges to uh superlinearly. Moreover, there exists a ξ ∈ (0, 1), independent of h, such

that

‖uk+1
h − uh‖h ≤ ξ‖ukh − uh‖h ∀k ∈ N0.

Proof: First let us define Lk : Vh,p →
◦
V′h,p by

〈Lk[w], v〉 = −
∫

Ω

Cof(Hh[uk]) : Hh[w]v ∀w ∈ Vh,p, ∀v ∈
◦
Vh,p.

We will proceed to argue by induction; thus we shall assume that ukh satisfies ukh|∂Ω =

πhφ|∂Ω, and

‖ukh − uh‖h ≤ C∗h
2+α,

for some α > 0. We define uk+1
h ∈ Vh,p to be the solution of the Newton iteration

given by (8.4.2), which is equivalent to

〈Lk[uk+1
h − ukh], v〉 = −〈FMA[ukh], v〉 ∀v ∈

◦
Vh,p. (8.4.4)

277



To prove that there exists a unique uk+1
h ∈ Vh,p that satisfies uk+1

h |∂Ω = πhφ|∂Ω,

and (8.4.4), we first recall from Theorem 8.3.6, that the operator Lu : Vh,p →
◦
V′h,p,

given by

〈Lu[v], w〉 = −
∫

Ω

PWh,p
(Cof(D2u)) : Hh[v]w ∀w ∈ Vh,p, ∀v ∈

◦
Vh,p,

is bounded and coercive on
◦
Vh,p ×

◦
Vh,p. We see that

〈Lk[w], v〉 = 〈Lu[v], w〉+ 〈(Lk − Lu)[w], v〉

= −
∫

Ω

(
PWh,p

(Cof(D2u)) : Hhv
)
w

−
∫

Ω

(
(PWh,p

(cof(D2u))−Hhu
k
h) : Hhw

)
v.

Let us denote by Cu,1, Cu,2, the coercivity constant and boundedness constant of Lu,

respectively. Let w, v ∈
◦
Vh,p; recalling that uh ∈ Bhp(u∗) satisfies (8.2.1), we have

that

〈Lk[w], v〉 ≤ Cu,1‖w‖h‖v‖h + ‖PWh,p
(D2u)−Hh[uh]‖2,Ω‖w‖∞,Ω‖v‖2,Ω

+ ‖Hh[uh − uk]‖2,Ω‖w‖∞,Ω‖v‖2,Ω

≤ (Cu,1 + 2C3C4Cp(1 + | lnh|)h−1(hp + h2+α)‖v‖h‖w‖h.

Similarly we see that

〈Lk[w], w〉 ≥ (Cu,2 − 2C3C4Cp(1 + | lnh|)h−1(hp + h2+α)‖w‖2
h.

Note that the constants Cu,1, Cu,2, C3, C4 and Cp do not depend upon h or k, and for

h ≤ h0, with h0 ∈ (0, 1), sufficiently small, there exists a constant C5 > 0 such that

〈Lk[w], w〉 ≥ C5‖w‖2
h ∀w ∈

◦
Vh,p,

where C5 depends upon Cu,1, Cu,2, C3, C4 and Cp, but not upon h or k. Similarly there

exists a constant C6 > 0, independent of h and k such that

〈Lk[w], v〉 ≤ C6‖w‖h‖v‖h ∀v, w ∈
◦
Vh,p.

Thus Lk is bounded and coercive on
◦
Vh,p×

◦
Vh,p, and the existence of a unique θk ∈

◦
Vh,p

that satisfies

〈Lk[θk], v〉 = −〈FMA[ukh], v〉 ∀v ∈
◦
Vh,p

follows from the Lax–Milgram theorem. We then define uk+1
h := θk + ukh, and note

that since θk ∈
◦
Vh,p, and ukh|∂Ω = πhφ|∂Ω, it follows that uk+1

h |∂Ω = πhφ|∂Ω.
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Now since uk+1
h − uh ∈

◦
Vh,p, the coercivity of Lk yields

‖uk+1
h − uh‖2

h ≤
1

C6

〈Lk[uk+1
h − uh], uk+1

h − uh〉. (8.4.5)

Since uk+1
h satisfies (8.4.4), it follows that

〈Lk[uk+1
h ], v〉 = 〈Lk[ukh]− FMA[ukh], v〉 ∀v ∈

◦
Vh,p.

Recall that uh satisfies

〈FMA[uh], v〉 = 0 ∀v ∈
◦
Vh,p,

and from this, we obtain that

〈Lk[uh], v〉 = 〈Lk[uh]− FMA[uh], v〉 ∀v ∈
◦
Vh,p.

Thus for v ∈
◦
Vh,p we have that

〈Lk[uk+1
h − uh], v〉 = −〈FMA[ukh]− FMA[uh]− Lk[ukh − uh], v〉

= −
∫

Ω

(det(Hhuh)− det(Hhu
k
h) + Cof(Hhu

k
h) : Hh[u

k
h − uh])v

= −
∫

Ω

(det(Hh[u
k
h + (uh − ukh)])− det(Hhu

k
h))v

+

∫
Ω

(Cof(Hhu
k
h) : Hh[uh − ukh])v

= −
∫

Ω

det(Hh[uh − ukh])v

≤ ‖Hh[u
k
h − uh]‖2

2,Ω‖v‖∞,Ω
≤ C9h

−2(1 + | lnh|)1/2‖ukh − uh‖2
h‖v‖h

≤ C9C∗h
α(1 + | lnh|)1/2‖ukh − uh‖h‖v‖h.

(8.4.6)

Note that the final inequality follows from applying the inductive hypothesis. Taking

v = uk+1
h − uh, from (8.4.5) and (8.4.6), we obtain

‖uk+1 − uh‖h ≤
C9C∗
C6

hα(1 + | lnh|)
1
2‖uk − uh‖h.

Note that C6, C9, and C∗ are independent of k and h. Thus for h0 ∈ (0, 1) chosen

sufficiently small, so that for h ≤ h0, we have

C9C∗
C6

hα(1 + | lnh|)
1
2 ≤ C9C∗

C6

hα0 (1 + | lnh0|)
1
2 ≤ ξ,

for some ξ ∈ (0, 1), which implies that

‖uk+1
h − uh‖h ≤ ξ‖ukh − uh‖h,
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where the value ξ is also independent of k and h. This concludes our inductive

arguement.

Thus, by induction we deduce that for h ≤ h0, h0 ∈ (0, 1), sufficiently small, there

exists a ξ ∈ (0, 1), such that if

‖uh − u0‖h ≤ C∗h
2+α,

for some constants C∗, α > 0, then

‖uk+1
h − uh‖h ≤ ξ‖uk − uh‖h ∀k ∈ N0,

where ξ is independent of h and k. It then follows that

‖uk+1
h − uh‖h ≤ ξk‖u0 − uh‖h ≤ ξkh2+α → 0 as k →∞.

Thus the sequence {ukh}∞k=0 converges to uh superlinearly. �

8.5 A modified method

Consider the following MA type equation det(D2u) +
div(A(∇u))− f1(x, u)

f2(∇u)
= 0, in Ω,

u = φ, on ∂Ω,

(8.5.1)

where A : Rd → Rd is a smooth function. The finite element method for the ap-

proximation of solutions of (8.5.1) is given as follows: find uh ∈ Vh,p satisfying

uh|∂Ω = πhφ|∂Ω, such that∫
Ω

(f1(x, uh)− f2(∇uh) det Hhuh −DA(∇uh) : Hhuh)ϕh ∀ϕh ∈
◦
Vh,p. (8.5.2)

This method is a modification of the FEM given by (8.2.1), allowing for the approx-

imation of the nonlinear term div(A(∇u)).

Using the chain rule, one can calculate that div (A(∇u)) = DA(∇u) : D2u, and

so, it is clear that this method is motivated by replacing D2u with the finite element

Hessian of uh ∈
◦
Vh,p. We will see in the following experiments that problems of

the form (8.5.1) also arise in differential geometry, in particular, the equations of

prescribed Gaussian curvature (A ≡ 0), and prescribed Weingarten curvature.
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8.6 Implementation

Software and code: The experiments in this Chapter have been implemented in the

most recent version of the Firedrake software [105, 87] (as of 3rd July 2018), which

interfaces directly with PETSc [6, 7] running through a Python interface [39, 63]. A

working Firedrake script, MA-Dirichlet-NVFEM.py used to generate the experiments

of this Chapter is available in the Github repository:

https://github.com/ekawecki/FiredrakeNDV.

Two-dimensional curved boundary approximation: When implementing curved

finite elements, we use a piecewise quadratic polynomial mapping to obtain a higher

order approximation of the domain boundary. This is implemented in exactly the

same manner as discussed in Section 5.8. As in Section 5.8, we define the space

Vcomp
h,p := {v ∈ C(Ω) : v ◦ T−1 ∈ Pp(K̂)}, where the piecewise quadratic function T is

defined by (5.8.1). We then define
◦
Vcomp
h,p := Vcomp

h,p ∩H1
0 (Ω), and Wcomp

h,p := [Vcomp
h,p ]2×2.

Furthermore, when we refine the mesh in our experiments, the meshes at each

refinement level are not related to one another. That is, there is no hierarchical mesh

structure, i.e., at each refinement level, we “remesh”. A collection of the meshes used

for the computations of this thesis can be found in the folder “Meshes” in the Github

repository: https://github.com/ekawecki/FiredrakeNDV.

Initial guess selection criteria: In the following experiments, we are required to

provide an initial guess for the Newton’s method. This has an impact upon the

convergence of the method, which we shall briefly discuss. Our initial guess (u0
h, H

0
h) ∈

◦
Vcomp
h,p ×Wcomp

h,p takes the following form

u0
h,r := r(x2 + y2 − 1)

H0
h,r := 2rId,

(8.6.1)

for some r ∈ R \ {0}, where Id is the 2× 2 identity matrix. The choice of r ∈ R \ {0}
corresponds to starting with an initial guess that is either uniformly finite element

convex (r > 0) or uniformly finite element concave (r < 0). Interestingly, Newton’s

method appears to converge to the uniformly convex solution of the MA equation if

r > 0, or the uniformly concave solution if r < 0.

Furthermore, as derived in Section 8.4.1, Newton’s method applied to (8.4.1)

with f1(x) := f(x) and f2(q) ≡ 1 gives us the following iterative scheme: given
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(ukh,r, H
k
h,r) ∈

◦
Vcomp
h,p ×Wcomp

h,p find (uk+1
h,r , H

k+1
h,r ) ∈

◦
Vcomp
h,p ×Wcomp

h,p satisfying

−
∫

Ω

(Cof(Hk
h,r) : Hhu

k+1
h,r )vh = −

∫
Ω

(Cof(Hk
h,r) : Hhu

n
h + f − det(Hk

h,r))vh

= −
∫

Ω

(f + det(Hk
h,r)vh) ∀vh ∈

◦
Vcomp
h,p .

It is then clear that if the initial guess (u0
h,r, H

0
h,r) ∈

◦
Vcomp
h,p ×Wcomp

h,p generates the

sequence of Newton iterates {(ukh,r, Hk
h,r)}∞k=1, then the initial guess

(u0
h,−r, H

0
h,−r) = (−u0

h,r,−H0
h,r) ∈

◦
Vcomp
h,p ×Wcomp

h,p

generates the sequence of Newton iterates

{(ukh,−r, Hk
h,−r)}∞k=1 = {(−ukh,r,−Hk

h,r)}∞k=1.

In Experiments 8.7.1 and 8.7.2 we observe that if we start with an initial guess of

the form (8.6.1), with a fixed r = r∗ > 0, then the sequence of Newton iterates con-

verges to the uniformly convex solution, u, of the corresponding MA equations (8.7.1)

and (8.7.3). Thus, we also see that starting with the initial guess of the form (8.6.1),

with r = −r∗ < 0, the sequence of of Newton iterates converges to the uniformly con-

cave solution, −u, of the corresponding MA equation. From our previous observation

(and from running the experiments), we see that the convergence rates are identical

for r = ±r∗, and thus, for these experiments, we provide the convergence rates for

r = r∗ > 0, i.e., we choose to approximate the uniformly convex solution.

8.7 Experiments

In the following experiments, we successively increase the degree, p, of the finite ele-

ment space Vh,p from 2 to 4, and for each fixed degree we refine the mesh quasi–

uniformly. We implement Newton’s method until the increment error, ‖uk+1
h −

ukh‖L2(Ω), falls below desired tolerance of 10−12. Note that we denote by uh the final

Newton iterate, i.e., for the index N , we have that uh = uNh , and ‖uNh −uN−1
h ‖L2(Ω) <

10−12.

8.7.1 Experiment 1

In this experiment, we consider the following MA problem:{
detD2u(x) = f(x) x ∈ Ω,

u(x) = 0 x ∈ ∂Ω,
(8.7.1)
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where Ω := {x = (x1, x2) ∈ R2 : |x| < 1}, and f is chosen so that the true solution

of (8.7.1) is given by

u(x, y) = 5(x2
1 + x2

2 − 1)− 1

8
sin(π(x2 + y2)).

In this experiment, we successively increase the degree, p, of the finite element space

V comp
h,p from 2 to 4, and for each fixed degree we refine the mesh quasi–uniformly,

we observe that the experimental orders of convergence for the errors |u − uh|H1(Ω)

and ‖u − Hhuh‖L2(Ω) are optimal, that is ‖D2u − Hhuh‖h,1 = O(hp−1) and |u −
uh|H1(Ω) = O(hp). We plot the error values |u − uh|H1(Ω) (left) and ‖u −Hhuh‖L2(Ω)

(right) in Figure 8.1, and report the exact values in Table 8.2, with the corresponding

experimental orders of convergence given in brackets. Furthermore, we provide the

number of degrees of freedom (DoFs) and run times for each computation in Table 8.3.

In this example, Newton’s method requires an initial function u0
h, and an initial

Hessian H0
h our initial guesses are given by

u0
h := 5(x2

1 + x2
2 − 1)

H0
h := 10Id,

(8.7.2)

where Id is the 2× 2 identity matrix.

We plot the incremental L2-Newton error ‖uk+1
h − ukh‖L2(Ω) against the number of

Newton iterations, k, for all levels of mesh refinements, for each degree p = 2, 3, 4

in Figures 8.2, 8.3, and 8.4, respectively. Across all polynomial degrees and mesh

refinements we see that the number of Newton iterations required to reach the desired

tolerance is exactly 5.

Mesh size p = 2 p = 3 p = 4
0.4981 5.25× 10−1 6.35× 10−2 4.85× 10−2

0.2828 9.37× 10−2 (3.04) 2.03× 10−2 (2.01) 4.97× 10−3 (4.02)
0.1627 2.75× 10−2 (2.22) 4.29× 10−3 (2.81) 5.65× 10−4 (3.94)
0.0973 8.28× 10−3 (2.34) 7.16× 10−4 (3.48) 6.27× 10−5 (4.28)
0.0508 2.15× 10−3 (2.08) 9.73× 10−5 (3.07) 5.33× 10−6 (3.79)
0.0269 5.82× 10−4 (2.05) 1.28× 10−5 (3.18) 4.95× 10−7 (3.73)
0.0138 1.48× 10−4 (2.05) 1.61× 10−6 (3.09) 4.42× 10−8 (3.61)

Table 8.1: Error values in the | · |H1(Ω)-seminorm and EOCs for Experiment 8.7.1.
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Figure 8.1: We provide the error values |u − uh|H1(Ω) (left), and ‖D2u −Hhuh‖L2(Ω)

(right), along with the experimental orders of convergence. We observe that the
convergence rates are optimal with respect to the choice of polynomial degree, p.
That is, |u− uh|H1(Ω) = O(hp), and ‖D2u−Hhuh‖L2(Ω) = O(hp−1).

Mesh size p = 2 p = 3 p = 4
0.4981 4.85 1.33 1.18
0.2828 1.45 (2.13) 6.92× 10−1 (1.15) 2.10× 10−1 (3.05)
0.1627 6.73× 10−1 (1.39) 2.35× 10−1 (1.95) 4.05× 10−2 (2.98)
0.0973 3.36× 10−1 (1.35) 5.52× 10−2 (2.82) 7.97× 10−3 (3.16)
0.0508 1.58× 10−1 (1.16) 1.22× 10−2 (2.32) 1.42× 10−3 (2.65)
0.0269 6.92× 10−2 (1.30) 2.47× 10−3 (2.52) 2.67× 10−4 (2.63)
0.0138 2.86× 10−2 (1.32) 4.90× 10−4 (2.41) 4.76× 10−5 (2.57)

Table 8.2: The error values ‖u−Hhuh‖h,1 and EOCs for Experiment 8.7.1.

Runtime (seconds) Number of DoFs
Mesh size p = 2 p = 3 p = 4 p = 2 p = 3 p = 4

0.4981 0.23 0.29 0.26 164 340 580
0.2828 0.19 0.19 0.26 580 1252 2180
0.1627 0.21 0.32 0.54 1508 3304 5796
0.0973 0.46 0.95 2.00 4772 10576 18660
0.0508 2.12 5.93 13.87 18980 42388 75076
0.0269 14.24 46.70 113.62 70788 158656 281508
0.0138 112.60 355.61 886.74 276084 619972 1101092

Table 8.3: Runtimes and number of DoFs for Experiment 8.7.1, for each mesh size h,
and each polynomial degree, p.
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Figure 8.2: Convergence of Newton’s method for the numerical scheme applied to
problem (8.7.1) with p = 2.
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Figure 8.3: Convergence of Newton’s method for the numerical scheme applied to
problem (8.7.1) with p = 3.
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Figure 8.4: Convergence of Newton’s method for the numerical scheme applied to
problem (8.7.1) with p = 4.

8.7.2 Experiment 2

In this experiment, we consider the following problem of prescribed Gaussian curva-

ture: {
det(D2u) = K(|∇u|2 + 1)2, in Ω,

u = 0, on ∂Ω,
(8.7.3)

where Ω = {(x, y) ∈ R2 : |x| < 1}. In this case the function K is chosen so that the

solution of (8.7.3) is given by

u(x, y) =
5

2
(x2 + y2 − 1) +

1

20
(cos π(x2 + y2) + 1). (8.7.4)

In this experiment, we successively increase the degree, p, of the finite element space

V comp
h,p from 2 to 4, and for each fixed degree we refine the mesh quasi–uniformly,

we observe that the experimental orders of convergence for the errors |u − uNh |H1(Ω)

and ‖u − Hhu
N
h ‖L2(Ω) are optimal, that is ‖D2u − Hhu

N
h ‖h,1 = O(hp−1) and |u −

uNh |H1(Ω) = O(hp). We plot the error values |u− uNh |H1(Ω) (left) and ‖u−Hhu
N
h ‖L2(Ω)

(right) in Figure 8.5, and report the exact values in Table 8.5, with the corresponding

experimental orders of convergence given in brackets. Furthermore, we provide the

number of degrees of freedom (DoFs) and run times for each computation in Table 8.6.
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In this example, Newton’s method requires an initial function u0
h, and an initial

Hessian H0
h our initial guesses are given by

u0
h := 0

H0
h := 10Id,

where Id is the 2× 2 identity matrix.

We plot the incremental L2-Newton error ‖uk+1
h − ukh‖L2(Ω) against the number of

Newton iterations, k, for all levels of mesh refinements, for each degree p = 2, 3, 4

in Figures 8.6, 8.7, and 8.8, respectively. Across all polynomial degrees and mesh

refinements we see that the number of Newton iterations required to reach the desired

tolerance ranges between 5 and 6.
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Figure 8.5: We provide the error values |u − uh|H1(Ω) (left), and ‖D2u −Hhuh‖L2(Ω)

(right), along with the experimental orders of convergence. We observe that the
convergence rates are optimal with respect to the choice of polynomial degree, p.
That is, |u− uh|H1(Ω) = O(hp), and ‖D2u−Hhuh‖L2(Ω) = O(hp−1).

Mesh size p = 2 p = 3 p = 4
0.2828 1.04× 10−1 1.08× 10−2 1.86× 10−3

0.1627 2.31× 10−2 (2.73) 1.17× 10−3 (4.02) 2.76× 10−4 (3.45)
0.0973 5.33× 10−3 (2.85) 1.83× 10−4 (3.61) 3.07× 10−5 (4.28)
0.0508 1.24× 10−3 (2.24) 2.26× 10−5 (3.22) 2.67× 10−6 (3.76)
0.0269 3.05× 10−4 (2.20) 3.23× 10−6 (3.06) 2.40× 10−7 (3.78)
0.0138 7.45× 10−5 (2.10) 4.18× 10−7 (3.05) 2.10× 10−8 (3.64)

Table 8.4: Error values in the | · |H1(Ω)-seminorm and EOCs for Experiment 8.7.2.
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Figure 8.6: Convergence of Newton’s method for the numerical scheme applied to
problem (8.7.3) with p = 2.
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Figure 8.7: Convergence of Newton’s method for the numerical scheme applied to
problem (8.7.3) with p = 3.
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Figure 8.8: Convergence of Newton’s method for the numerical scheme applied to
problem (8.7.3) with p = 4.

Mesh size p = 2 p = 3 p = 4
0.2828 1.59 1.25× 10−1 8.55× 10−2

0.1627 7.21× 10−1 (1.43) 2.07× 10−2 (3.26) 2.18× 10−2 (2.48)
0.0973 2.86× 10−1 (1.80) 8.80× 10−3 (1.67) 4.25× 10−3 (3.18)
0.0508 1.07× 10−1 (1.52) 2.49× 10−3 (1.95) 7.31× 10−4 (2.71)
0.0269 4.01× 10−2 (1.53) 6.06× 10−4 (2.22) 1.31× 10−4 (2.70)
0.0138 1.54× 10−2 (1.43) 1.33× 10−4 (2.26) 2.28× 10−5 (2.61)

Table 8.5: The error values ‖u−Hhuh‖h,1 and EOCs for Experiment 8.7.2.
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Runtime (seconds) Number of DoFs
Mesh size p = 2 p = 3 p = 4 p = 2 p = 3 p = 4

0.2828 0.28 0.42 0.39 580 1252 2180
0.1627 0.25 0.39 0.59 1508 3304 5796
0.0973 0.48 1.07 2.11 4772 10576 18660
0.0508 2.14 6.88 13.92 18980 42388 75076
0.0269 14.62 50.14 106.34 70788 158656 281508
0.0138 104.76 344.84 970.57 276084 619972 1101092

Table 8.6: Runtimes and number of DoFs for Experiment 8.7.2, for each mesh size h,
and each polynomial degree, p.

8.7.3 Experiment 3

In this experiment, we consider the following problem of prescribed Weingarten cur-

vature: 
det(D2u)

(|∇u|2 + 1)2
+ div

(
∇u√

1 + |∇u|2

)
= W, in Ω,

u = 0, on ∂Ω,

(8.7.5)

where Ω = {(x, y) ∈ R2 : |x| < 1}. In this case the function W is chosen so that

the solution of (8.7.5) is given by (8.7.4). Note that the first and second term on the

left-hand side of (8.7.5) are the Gaussian curvature and mean curvature of the surface

Z := {(x, y, z) ∈ Ω× R : z = u(x, y)},

respectively. The inclusion of the mean curvature term in (8.7.5) demonstrates the

applicability of the finite element method given by (8.5.2). In the case of (8.7.5),

A : Rd → Rd is given by A(q) = q/
√

1 + |q|2. Furthermore, f2 is given by 1/(1 +

|q|2)2, f1(x, u) := W (x), and φ ≡ 0. In this experiment, we successively increase

the degree, p, of the finite element space V comp
h,p from 2 to 4, and for each fixed

degree we refine the mesh quasi–uniformly, we observe that the experimental orders

of convergence for the errors |u− uNh |H1(Ω) and ‖u−Hhu
N
h ‖L2(Ω) are optimal, that is

‖D2u −Hhu
N
h ‖h,1 = O(hp−1) and |u − uNh |H1(Ω) = O(hp). We plot the error values

|u− uNh |H1(Ω) (left) and ‖u−Hhu
N
h ‖L2(Ω) (right) in Figure 8.9, and report the exact

values in Table 8.8, with the corresponding experimental orders of convergence given

in brackets. Furthermore, we provide the number of degrees of freedom (DoFs) and

run times for each computation in Table 8.9. In this example, Newton’s method

requires an initial function u0
h, and an initial Hessian H0

h, our initial guesses are given

290



by

u0
h := 5(x2

1 + x2
2 − 1)

H0
h := 10Id,

where Id is the 2× 2 identity matrix.

We plot the incremental L2-Newton error ‖uk+1
h − ukh‖L2(Ω) against the number of

Newton iterations, k, for all levels of mesh refinements, for each degree p = 2, 3, 4 in

Figures 8.10, 8.11, and 8.12, respectively. Across all polynomial degrees and mesh

refinements we see that the number of Newton iterations required to reach the desired

tolerance is exactly 5.
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Figure 8.9: We provide the error values |u − uh|H1(Ω) (left), and ‖D2u −Hhuh‖L2(Ω)

(right), along with the experimental orders of convergence. We observe that the
convergence rates are optimal with respect to the choice of polynomial degree, p.
That is, |u− uh|H1(Ω) = O(hp), and ‖D2u−Hhuh‖L2(Ω) = O(hp−1).

Mesh size p = 2 p = 3 p = 4
0.2828 9.48× 10−2 7.64× 10−3 1.87× 10−3

0.1627 2.23× 10−2 (2.62) 9.87× 10−4 (3.71) 2.81× 10−4 (3.43)
0.0973 5.57× 10−3 (2.70) 1.89× 10−4 (3.21) 3.20× 10−5 (4.23)
0.0508 1.29× 10−3 (2.24) 2.39× 10−5 (3.19) 2.75× 10−6 (3.78)
0.0269 3.18× 10−4 (2.20) 3.42× 10−6 (3.05) 2.47× 10−7 (3.78)
0.0138 7.78× 10−5 (2.10) 4.43× 10−7 (3.05) 2.15× 10−8 (3.64)

Table 8.7: Error values in the | · |H1(Ω)-seminorm and EOCs for Experiment 8.7.3.
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Figure 8.10: Convergence of Newton’s method for the numerical scheme applied to
problem (8.7.5) with p = 2.
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Figure 8.11: Convergence of Newton’s method for the numerical scheme applied to
problem (8.7.5) with p = 3.
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Figure 8.12: Convergence of Newton’s method for the numerical scheme applied to
problem (8.7.5) with p = 4.

Mesh size p = 2 p = 3 p = 4
0.2828 1.62 1.34× 10−1 8.83× 10−2

0.1627 7.37× 10−1 (1.43) 2.23× 10−2 (3.25) 2.25× 10−2 (2.47)
0.0973 3.03× 10−1 (1.73) 1.01× 10−2 (1.54) 4.55× 10−3 (3.11)
0.0508 1.17× 10−1 (1.47) 2.95× 10−3 (1.89) 7.77× 10−4 (2.72)
0.0269 4.65× 10−2 (1.45) 7.52× 10−4 (2.14) 1.39× 10−4 (2.70)
0.0138 1.92× 10−2 (1.32) 1.79× 10−4 (2.15) 2.42× 10−5 (2.61)

Table 8.8: The error values ‖u−Hhuh‖h,1 and EOCs for Experiment 8.7.3.
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Runtime (seconds) Number of DoFs
Mesh size p = 2 p = 3 p = 4 p = 2 p = 3 p = 4

0.2828 0.50 0.49 0.70 580 1252 2180
0.1627 0.45 0.52 0.74 1508 3304 5796
0.0973 0.86 1.24 2.33 4772 10576 18660
0.0508 3.01 6.60 15.86 18980 42388 75076
0.0269 15.63 50.61 117.42 70788 158656 281508
0.0138 125.57 384.11 873.55 276084 619972 1101092

Table 8.9: Runtimes and number of DoFs for Experiment 8.7.3, for each mesh size h,
and each polynomial degree, p.

8.7.4 Experiment 4 - A comparison of the methods

In this experiment, we consider the following MA problem:{
detD2u(x) = f(x) x ∈ Ω,

u(x) = 0 x ∈ ∂Ω,
(8.7.6)

where Ω := {x = (x1, x2) ∈ R2 : |x| < 1}, and f is chosen so that the true solution

of (8.7.1) is given by

u(x, y) = 1−
√

2− x2
1 − x2

2.

We apply the semismooth Newton’s method given by Algorithm 1 from Chapter 7 (we

will call this method A), and the Newton’s method given by (8.4.3) (we will call this

method B), comparing various properties of the approximations. In both cases, the

L2 increment tolerance was set to 10−11. Furthermore, the computational parameters

(initial condition, jump stabilisation parameters, ξ, and HF ) for method A are the

same as in Experiment 7.9.1, and the initial guess for method B is given by (8.7.2).

For this discussion, let us denote by uh,A the numerical solution of method A,

and uh,B the numerical solution of method B. To assess the error, we use H2-style

quantities that arise naturally in the two different methods. In particular, for method

A we calculate ‖u − uh,A‖h,1 and for method B we calculate ‖D2u − Hhuh,B‖L2(Ω),

we plot these values against the mesh size for p = 2, 3, 4 in Figure 8.13, and provide

the actual values in Tables 8.10 and 8.11 along with the EOCs in brackets. We

observe that the convergence rates for both method are comparable, with method

A outperforming method B for p = 4, and method B outperforming method A for

p = 2, 3.

However, we observe a noticeable difference in the number of Newton steps, run-

times and number of degrees of freedom (NDoFs). The convergence of Newtons
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method is plotted in Figures 8.14, 8.15, and 8.16, we see that the number of New-

ton iterations for method A varies between 5 and 6 in all cases, whereas it takes 9

iterations for method B to convergence in each case. Furthermore, the number of

DoFs and runtimes at each mesh refinement are provided in Tables 8.12 and 8.13, we

observe that method B has roughly double the degrees of freedom of method A, and

also takes roughly twice as long to implement (i.e., the runtimes are roughly double

those of method A).
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Figure 8.13: Plot of convergence rates ‖u− uh,A‖h,1 (Left) and ‖D2u−Hhuh,B‖L2(Ω)

(right), where uh,A is the numerical solution of method A, uh,B is the numerical
solution of method A, and u is the true solution of (8.7.6). We observe the optimal
rate of convergence in both cases, that is, the convergence rate is of order hp−1.

Mesh size p = 2 p = 3 p = 4
0.2828 4.73× 10−1 8.44× 10−2 1.51× 10−2

0.1627 2.73× 10−1 (0.99) 3.12× 10−2 (1.80) 3.53× 10−3 (2.63)
0.0973 1.45× 10−1 (1.24) 9.55× 10−3 (2.30) 6.40× 10−4 (3.32)
0.0508 7.11× 10−2 (1.09) 2.55× 10−3 (2.03) 9.71× 10−5 (2.90)
0.0269 3.55× 10−2 (1.09) 6.55× 10−4 (2.13) 1.41× 10−5 (3.04)
0.0138 1.75× 10−2 (1.06) 1.61× 10−4 (2.09) 2.07× 10−6 (2.86)

Table 8.10: The error values ‖u − uh,A‖h,1 and EOCs for the semismooth Newton’s
method given by Algorithm 1 applied to problem (8.7.6).
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Figure 8.14: Convergence of the semismooth Newton’s method given by Algorithm 1
(left) and of the Newton’s method given by (8.4.3) applied to problem (8.7.6), with
p = 2.

Mesh size p = 2 p = 3 p = 4
0.2828 4.67× 10−1 8.37× 10−2 1.98× 10−2

0.1627 2.54× 10−1 (1.10) 2.93× 10−2 (1.90) 4.66× 10−3 (2.62)
0.0973 1.18× 10−1 (1.49) 7.82× 10−3 (2.57) 8.63× 10−4 (3.28)
0.0508 5.01× 10−2 (1.32) 1.89× 10−3 (2.18) 1.48× 10−4 (2.72)
0.0269 2.02× 10−2 (1.43) 3.96× 10−4 (2.46) 2.59× 10−5 (2.74)
0.0138 7.82× 10−3 (1.41) 7.73× 10−5 (2.44) 4.52× 10−6 (2.60)

Table 8.11: The error values ‖D2u−Hhuh,B‖L2(Ω) and EOCs for the Newton’s method
given by (8.4.3) applied to problem (8.7.6).

Runtime (seconds) Number of DoFs
Mesh size p = 2 p = 3 p = 4 p = 2 p = 3 p = 4

0.2828 2.06 2.21 2.79 384 640 960
0.1627 1.85 2.32 2.64 1044 1740 2610
0.0973 2.49 3.16 4.50 3420 5700 8550
0.0508 4.39 10.42 23.28 13920 23200 34800
0.0269 16.23 55.93 149.51 52476 87460 131190
0.0138 112.31 398.01 1199.67 205848 343080 514620

Table 8.12: Runtimes and number of DoFs for for the semismooth Newton’s method
given by Algorithm 1 applied to problem (8.7.6).
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Figure 8.15: Convergence of the semismooth Newton’s method given by Algorithm 1
(left) and of the Newton’s method given by (8.4.3) applied to problem (8.7.6), with
p = 3.

Runtime (seconds) Number of DoFs
Mesh size p = 2 p = 3 p = 4 p = 2 p = 3 p = 4

0.2828 13.11 17.65 1.85 580 1252 2180
0.1627 1.35 2.34 3.90 1508 3304 5796
0.0973 3.99 7.28 12.75 4772 10576 18660
0.0508 17.50 32.98 61.73 18980 42388 75076
0.0269 75.81 171.67 354.12 70788 158656 281508
0.0138 396.48 993.69 2180.71 276084 619972 1101092

Table 8.13: Runtimes and number of DoFs for the Newton’s method given by (8.4.3)
applied to problem (8.7.6).

8.8 Concluding remarks

The nonvariational finite element method proposed in [79] is applicable to MA prob-

lem of the form (3.2.1), with f = f(x), and in [49] a proof of existence of a numerical

solution was provided the case that d = 2 and the polynomial degree p ≥ 3. We

have extended these results, allowing for right-hand side nonlinearities of the form

f(x, z, q) = f1(x, z)/f2(x, q). We have also defined a further extension of this method,

defined by (8.2.1), which encompasses a wider class of nonlinear elliptic equations,

with Experiment 8.7.3 demonstrating its applicability to the Weingarten equation.

The proof of existence of a numerical solution used was a fixed point argument,
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Figure 8.16: Convergence of the semismooth Newton’s method given by Algorithm 1
(left) and of the Newton’s method given by (8.4.3) applied to problem (8.7.6), with
p = 4.

which also provides a priori error estimates in a H1-type norm, however, though

the convergence rate is optimal with respect to the mesh size, the uniqueness of the

numerical solution, guaranteed by Theorem 8.2.3, holds in a ball of radius h2+α for

some α > 0, and thus only the numerical experiments of Section 8.7 indicate that this

method does not exhibit nonuniqueness on the same scale as discussed in Section 3.5.

In the case that the right-hand side function of (3.2.1) is of the form f = f(x),

the method (8.2.1) proposed in this Chapter is comparable with the DGFEM of

Chapter 7, given by (7.3.2). In Experiment 8.7.4 we applied both methods to the same

test problem, with the goal of determining which method may have more desirable

attributes. The conclusion of this experiment is that the methods are similar in term

of convergence rates, with the method proposed in this Chapter outperforming the

method of Chapter 7 for polynomial degrees p = 2, 3, and vice versa for p = 4, in

terms of convergence rates. However, when considering the computational size of

two approaches, and the resulting computation times, the method of Chapter 7 turns

out to be more efficient, with roughly half the degrees of freedom and computation

times.
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Chapter 9

A CGFEM for the MA optimal
transport problem

9.1 New contributions and existing methods

In this chapter we present the contributions of the collaborative work [72]. This in-

cludes an adaptation of the nonvariational finite element method (NVFEM) proposed

in [78, 79], providing a new finite element method for the approximation of solutions

to the MA optimal transport problem. We also implement a global gradient recovery

scheme, resulting in optimal convergence of the scheme for P1 finite elements.

Existing methods:

• In [90] the authors propose a finite element element method, also based on

the formulation [79], solving the MA optimal transport on the surface of a

sphere, and planar domains without boundary. A key difference between the

method of [90], and the method that we propose in this chapter is that we deal

directly with the optimal transport boundary condition (for further details see

Section 9.5.3).

9.2 Set-up

In this chapter, we design a CG finite element method for the approximation of

solutions to the MAOT problem (3.2.2), with right-hand side function f(x, z, q) =

f1(x)/f2(q), that is u : Ω→ R satisfies

detD2u(x) =
f1(x)

f2(∇u(x))
, x ∈ Ω, (9.2.1)

along with the second boundary condition:

∇u(Ω) = Υ, (9.2.2)
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where Ω,Υ ⊂ Rd are two uniformly convex, C2,1 domains, and f1 : Ω→ R+, f2 : Υ→
R+ are two uniformly positive, uniformly C1,1 functions satisfying the preservation of

mass condition: ∫
Ω

f1 =

∫
Υ

f2. (9.2.3)

Recall that under these assumptions, Theorem 3.2.4 guarantees the existence of a

solution u ∈ C3,α(Ω)∩C2,α(Ω), for any α ∈ (0, 1) of (9.2.1)–(9.2.2), that is unique up

to a constant, among convex solutions.

9.3 Linear nonvariational oblique derivative prob-

lem

Let Ω be a uniformly convex C2,1 domain, and recall that we denote its unit outer

normal by n∂Ω. Assume that A ∈ L∞(Ω;Rd×d
sym), is uniformly elliptic, i.e., there exist

constants 0 < µ1 ≤ µ2 <∞ such that

µ1|ξ|2 ≤ ξTA(x)ξ ≤ µ2|ξ|2 ∀ξ ∈ Rd, a.e. x ∈ Ω, (9.3.1)

and let the oblique vector β ∈ L∞(∂Ω;Sd−1). We also assume that a ∈ L∞(Ω;Rd),

r ∈ L2(Ω), and s ∈ H1/2(∂Ω), and consider the following oblique boundary-value

problem: find u : Ω→ R that satisfies{
A : D2u+ a · ∇u = r in Ω,

β · ∇u = s on ∂Ω.
(9.3.2)

Furthermore, if d ≥ 3, we assume that there exists a constant δ > 0 such that

β · n∂Ω ≥ δ a.e. on ∂Ω. (9.3.3)

Remark 9.3.1 The problem given above is an oblique derivative problem, though one

can see that it is posed in contrast to the oblique boundary-value problem (6.2.1), in

that we have not allowed for a free constant in the boundary condition, the boundary

condition is inhomogeneous (if s 6= 0), and for d ≥ 3, we have imposed the assump-

tion (9.3.3) upon the oblique vector. One can also see that first order derivatives

appear in the PDE. These structural choices are particular to the MAOT problem, for

the following reasons:
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1. The functions f1 and f2 defining the right-hand side of the MAOT problem

(9.2.1) are assumed to satisfy the compatibility condition (3.2.7), negating the

necessity for free constant in the boundary condition;

2. The PDE (9.3.2) represents the general linear elliptic equation arising when

applying Newton’s method to the nonlinear problem (9.2.1), and thus first order

derivatives appear in the PDE.

9.4 Nonvariational finite element method (NVFEM)

for the oblique derivative problem

Throughout this chapter, we do not employ curved finite elements (as in Chapters 5

to 8). To this end, let (Th)h>0 be a shape-regular quasi-uniform family of affine tri-

angulations that approximate Ω. Indeed, since Ω is assumed to be uniformly convex,

such triangulations can be defined in the following manner: for each h > 0 by taking

a collection of Nh ∈ N points on ∂Ω, and take their closed convex hull, the interior

of which we shall denote by Ωh (note that as Ω is convex, Ωh ⊂ Ω). We then simply

define each triangulation Th, h > 0, to be a shape-regular quasi-uniform triangulation

of Ωh. We then define the following finite element spaces:

Vh,p := {v ∈ C0(Ω) : v|K ∈ Pp(K)∀K ∈ Th}, (9.4.1)
◦
Vh,p := Vh,p ∩H1

0 (Ω), (9.4.2)

Zh,p := [Vh,p]
d, (9.4.3)

Wh,p := [Vh,p]
d(d+1)/2. (9.4.4)

With these definitions in place it is possible to design a continuous Galerkin finite

element method for the approximation of solutions of problem (9.3.2) as follows: find

(U,H, c) ∈ Vh,p ×Wh,p × R such that

〈H,Φ〉Ωh + 〈∇U(∇Φ)T 〉Ωh − 〈∇UnT∂Ωh
Φ〉∂Ωh = 0,

〈A : H + a · ∇U,Φ〉Ωh + 〈β · ∇U,Φ〉∂Ωh + 〈U, λ〉Ωh + 〈c,Φ〉Ωh = 〈r,Φ〉Ωh + 〈s,Φ〉∂Ωh

(9.4.5)

for all Φ ∈ Vh,p, λ ∈ R.

The nil sum constraint on u, the exact solution of (9.3.2), needed to ensure its

uniqueness is discretised by seeking an additional unknown scalar (instead of directly
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including this condition in the finite element space) c as a Lagrange multiplier, im-

plemented by the inclusion of the following sum

〈U, λ〉Ωh + 〈c, Φ〉Ωh = 0 (9.4.6)

in (9.4.5). Setting Φ = 0 in (9.4.5) gives us∫
Ωh

U = 0. (9.4.7)

Then, upon choosing Φ ∈ Vh,p ∩H1
0 (Ωh), we obtain

〈c,Φ〉Ωh = 〈r − A :H − a · ∇U − cU,Φ〉Ωh (9.4.8)

for all Φ ∈ Vh,p ∩H1
0 (Ωh), which tells us that c is in fact the L2(Ωh)-projection of

r − A :H − a · ∇U − cU (9.4.9)

onto Φ ∈ Vh,p ∩H1
0 (Ωh). Since c is a constant, and the only constant in Φ ∈ Vh,p ∩

H1
0 (Ωh) is zero, we deduce that both integrals must be zero.

Note that the upper equation in (9.4.5) is equivalent to a system of d2 equations,

which, thanks to the symmetry of the finite element Hessian, can be reduced to

d(d+ 1)/2 equations; it is equivalent to

H = HhU. (9.4.10)

The NVFEM, whose details for the Dirichlet boundary-value problem are given by

[78], can be viewed as a mixed method, where we compute both the numerical solution

U and its finite element Hessian H = HhU , as an auxiliary variable. We stress,

however, that the variable H becomes essential in nonlinear problems where the

nonlinearity depends on the Hessian. In fact, not only is accessing the finite element

Hessian necessary for the internal NVFEM algorithm, but as we see in Section 9.5, it

plays a crucial role in the nonlinear solver.

9.5 A Newton’s method for the Monge–Ampère

optimal transport problem

In order to approximate u satisfying the nonlinear problem (9.2.1), we first apply

Newton’s method to the nonlinear problem, resulting in a sequence of problems in

the form of (9.3.2) with u replaced by un. As discovered by Loeper & Rapetti [85],
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Newton’s method (applied to the MA problem, with periodic boundary conditions),

with a damped stepsize converges to the exact solution at the continuous level. The

main difficulty is to show that the convexity of the Newton iterate, un, is preserved

with respect to n. The preservation of convexity leads to a sequence of well-posed

elliptic problems. As in the experiments of Chapter 8, we observe that the NVFEM

also inherits this property. The reader must note, however, that a proof of the fact

that Newton’s method preserves convexity on the numerical level for the methods

we propose is currently an open problem, and that it is currently only indicated by

numerical evidence. We now recap the results of [79], which apply to elliptic Dirichlet

boundary-value problems, and then adapt them to problem (9.2.1).

9.5.1 Elliptic operators

The method proposed in [79] is applicable to nonlinear elliptic problems. As such, it

is pertinent at this point to provide a definition of ellipticity, in the sense of nonlinear

operators (note that the operators associated to the equation of prescribed Gaus-

sian curvature (8.7.3), and prescribed Weingarten curvature (8.7.5), are examples of

smooth elliptic operators). Consider a general (possibly nonlinear) operator of the

form

v 7→ F [v], (9.5.1)

where

F [v(x)] := F (x, v(x),∇v(x), D2v(x)),

which is well defined for functions v ∈ C2(Ω), for some given (possibly nonlinear)

function

F : Ω× R× Rd × Rd×d
sym → R. (9.5.2)

Following [28], for an open set C ⊂ Rd×d
sym, the operator F [·] is called elliptic on C if

and only if for each (x,M) ∈ Ω×C there exist λ[(x,M) ≤ λ](x,M) in R+, such that

λ[(x,M)|N | ≤ F (x,M +N)− F (x,M) ≤ λ](x,M)|N | ∀N ∈ Rd×d
sym, (9.5.3)

where the matrix norm |M | indicates the Euclidean-induced operator norm (although

the definition is independent of the choice of norm except for the values of λ[ and λ]).

If the largest possible set C for which (9.5.3) is satisfied is a proper subset of

Rd×d
sym we say that the operator F is conditionally elliptic. The operator F [·] is called

uniformly elliptic on C ⊆ Rd×d
sym if and only if

0 < infΩ×R1+d×C λ[, and supΩ×R1+d×C λ] <∞; (9.5.4)
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the extrema defined by (9.5.4) are called lower and upper uniform ellipticity constants.

If the infimum in (9.5.4) is zero the operator is called degenerate elliptic on C .

9.5.2 Smooth elliptic operators

If F is differentiable (9.5.4) can be obtained from properties of the derivative of F .

A generic M ∈ Rd×d being written as

M =

m1,1 . . . m1,d
...

. . .
...

md,1 . . . md,d

 , (9.5.5)

the derivative of F at M in the direction N is represented by ∇MF (x,M), with

respect to the Frobenius inner product. Namely,

DMF (x,M)N =: ∇MF (x,M) : N ∀N ∈ Rd×d (9.5.6)

for some matrix ∇MF (x,M), where we have

∇MF (·,M) =

∂m1,1F (·,M) . . . ∂m1,d
F (·,M)

...
. . .

...
∂md,1F (·,M) . . . ∂md,dF (·,M)

 . (9.5.7)

Usually, the function F (and its gradient) are restricted to the linear subspace Rd×d
sym ⊂

Rd×d in the 4th argument. Therefore, if F is differentiable then (9.5.3) is satisfied

for all M ∈ C if and only if for each M ∈ C the matrix ∇MF (·,M) is (symmetric)

positive definite, i.e.,

ξT∇MF (x,M)ξ ≥ λ[(x,M)|ξ|2 ∀ξ ∈ Rd. (9.5.8)

Furthermore C = Rd×d
sym and λ[ is independent of M if and only if the infimum condi-

tion in (9.5.4) is satisfied.

Lemma 9.5.1 (ellipticity of the Monge–Ampère operator)

The Monge–Ampère operator1

F [v] := F (x,∇v,D2v) with F (x, p,M) := detM − f1(x)

f2(p)
(9.5.9)

and f1, f2 as described in Subsection 3, is degenerate conditionally elliptic for M in

the cone SPD(Rd) of symmetric positive definite linear transformations on Rd.

1 Since the function F generating the Monge–Ampère operator F does not depend on the values
of the second variable representing the values of the operand (v or r) we remove the dependence on
these variables.
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Proof: From the definitions in 9.5.2, we need to show that v 7→ detD2v is elliptic.

Recall the definition of the cofactor matrix, or tensor, of an invertible M :

Cof M := det(M)(M−1)T (9.5.10)

this definition can be extended by uniform continuity to singular matrices. By the

definition of matrix invariants [13] we have, for each M,N ∈ Rd×d and θ ∈ R,

det(M + θN) = detM + Cof M : Nθ + ρ(θ) (9.5.11)

for a remainder function ρ satisfying

|ρ(θ)| ≤ C|M |d|N |dθ2 ∀θ ∈ [0, 1) (9.5.12)

for some C, from which we derive Jacobi’s formula

D det(M)N = Tr Cof(M)N = Cof(M) : N ∀M,N ∈ Rd×d. (9.5.13)

Thus, the gradient of F with respect to the Frobenius inner product of matrices is

∇MF (x,M) = Cof M ∀M ∈ Rd×d. (9.5.14)

This remains true when we restrict F to matrices M (and variations thereof N) in

Rd×d
sym, or more specifically SPD(Rd). Indeed, if M ∈ SPD(Rd) then it is invertible,

furthermore M−1 ∈ SPD(Rd), and Cof M = det(M)M−1 ∈ SPD(Rd). This holds

because the eigenvalues of M−1 are the reciprocals of the eigenvalues of M , and since

M is positive definite, all of its eigenvalues must be strictly positive. Thus for all

ξ ∈ Rd we have that

ξT∇MF (x,M)ξ = det(M)ξTM−1ξ

≥ |ξ|
2 detM

λ]
,

(9.5.15)

where λ] is the largest eigenvalue of M . Noting that since M is positive definite,

its determinant is also strictly positive; it then follows that (9.5.3) is satisfied. Since

SPD(Rd) is a proper subset of Rd×d
sym this means that F is only conditionally elliptic

with maximal domain of ellipticity the functions whose Hessian is in SPD(Rd), i.e.,

the uniformly convex functions. Finally noting that

inf
M∈SPD(Rd)

λ[(M) = 0, (9.5.16)

it follows that F is degenerate elliptic on SPD(Rd). �
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9.5.3 Quantifying the second boundary condition

One of the computational difficulties of the MAOT equation - setting aside the nonlin-

earity of the PDE - is the second boundary condition. Since the condition ∇u(Ω) = Υ

(i.e., (9.2.2) is not a boundary condition, it is useful to utilise the following equiva-

lent representation proven in [104] (under the weaker assumption that u is uniformly

convex function, and Ω and Υ, are simply connected domains) that u satisfies (9.2.1)

and (9.2.2) if and only if u satisfies (9.2.1) and

∇u(∂Ω) = ∂Υ. (9.5.17)

However, (9.5.17) is only given implicitly, and is not compatible with computations.

In order to implement this boundary condition, we consider an idea from [116], that

is used to prove the existence and uniqueness (among convex solutions, and up to a

constant) of a solution to (9.2.1)–(9.2.2). In particular, the author of [116] considers

a uniformly concave defining function bconc : Rd → R for the target domain, that is,

Υ = {q ∈ Rd : bconc(q) > 0}.

Since one can see that ∂Υ = {q ∈ Rd : bconc(q) = 0}, the boundary condition can be

expressed as follows

bconc(∇u(x)) = 0, x ∈ ∂Ω.

Alternatively, one can consider a convex defining function b : Rd → R, for the target

domain, i.e., Υ = {q ∈ Rd : b(q) < 0}. One such example is the signed distance

function, i.e.,

b(q) :=

{
− dist(q, ∂Υ), q ∈ Υ,

dist(q, ∂Υ), q ∈ Rd \Υ.
(9.5.18)

Thus, in order to capture the transport boundary condition (9.2.2), we introduce the

nonlinear operator

B[u] := b(∇u). (9.5.19)

With the notation from (9.5.9) and (9.5.19), problem (9.2.1)–(9.2.2) consists of finding

a function u : Ω→ R such that{
F [u(x)] = 0, x ∈ Ω,

B[u(x)] = 0, x ∈ ∂Ω.
(9.5.20)
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Remark 9.5.2 (Approach utilised in the literature) A similar approach is

utilised in [15] (where the authors provide a finite difference method for the numerical

approximation of solutions to the MA optimal transport problem), to implement the

boundary condition (9.2.2). In [15] the authors represent the signed distance function

in terms of supporting hyperplanes. This boundary condition is then linearised by

iterating over Neumann boundary conditions (see [15] for further details).

9.5.4 Newton’s method at the PDE & FEM level

By Lemma 9.5.1 the operator F [·] is elliptic on SPD(Rd). We introduce the cone of

convex functions with zero integral on Ω

C :=
{
v ∈ C2(Ω) : D2v(x) ∈ SPD(Rd) ∀x ∈ Ω and 〈v〉Ω = 0

}
. (9.5.21)

To approximate the solution of (9.5.20) we will apply the following Newton’s method:

for each n ∈ N0, assuming un ∈ C is given, find un+1 ∈ C satisfying{
DF [un(x)](un+1(x)− un(x)) + F [un(x)] = 0, for x ∈ Ω,

DB[un(x)](un+1(x)− un(x)) + B[un(x)] = 0, for x ∈ ∂Ω,
(9.5.22)

where the DF and DB are the (infinite dimensional) directional derivatives, explic-

itly calculated as

DF [v]w := DF (·,∇v,D2v)(0,∇w,D2w)

= Cof(D2v) : D2w +
f1

f2(∇v)2
Df2(∇v)∇w,

(9.5.23)

and

DB[v]w := Db(∇v)∇w. (9.5.24)

9.5.5 NVFEM–Newton’s method

At the PDE level, for each n ∈ N, finding each term un of the sequence defined by

(9.5.22) requires one to solve an oblique derivative boundary-value problem of the

form (9.3.2), with the unknown θn+1 := un+1 − un, with the following substitutions

for the coefficients A, a, β, and source terms r, s:

A(x)← Cof D2un(x) =: Â(D2un(x)),

a(x)← f1(x)

f2(∇un(x))2
∇f2(∇un(x)) =: â(x,∇un(x)),

β(x)← Db(∇un(x)) =: β̂(∇un(x)),

r(x)← − detD2un(x) +
f1(x)

f2(∇un(x))
=: r̂(x,∇un(x), D2un(x)),

s(x)← −b(∇un(x)). =: ŝ(∇un(x)).

(9.5.25)
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Since (9.4.5) provides us with the NVFEM for the approximation of solutions to

problems of this form, we may discretise (9.5.22) by substituting coefficients Â, â, β̂

and source terms r̂, ŝ present in (9.5.25) into (9.4.5).

This results in the following iterative scheme, which we call the NVFEM–Newton’s

method: for each n ∈ N0, assuming (Un, Hn) ∈ Vh,p ×Wh,p is given, find

(Un+1, Hn+1, cn+1) ∈ Vh,p ×Wh,p × R such that

〈Hn+1,Φ〉Ωh + 〈∇Un+1DΦ〉Ωh − 〈∇Un+1n
TΦ〉∂Ωh = 0 ∀Φ ∈ Vh,p,

〈Â(Hn) : (Hn+1 −Hn) + â(·,∇Un) · ∇[Un+1 − Un] + r̂(·,∇Un, Hn),Φ〉Ωh
+ 〈β̂(∇Un) · ∇[Un+1 − Un] + ŝ(∇Un(x)),Φ〉∂Ωh + 〈Un+1, λ〉Ωh + 〈cn+1,Φ〉Ωh

= 0 ∀Φ ∈ Vh,p, λ ∈ R.
(9.5.26)

Remark 9.5.3 (Shortcomings of the approach (9.5.26)) Our numerical exper-

iments show that the algorithm given by (9.5.26) produces sequences that appear to

be divergent for P1 elements. This is to be expected, since by (4.11.3), for a function

vh ∈ Vh,p,

Hhvh = PWh,p
(D2

hvh) + L(∇vh).

But, one can see that for a piecewise P1 function, its piecewise Hessian is zero, and

thus the finite element Hessian of such a function is determined solely by the lift

operator, L.

For Pp elements with p ≥ 2, the algorithm converges, but, as the numerical exper-

iments in Subsection 9.8.1 show, the convergence rates are suboptimal (in a function

approximation sense) in the L2(Ωh) norm. For instance, for P2 elements, where the

expected optimal convergence rate is 3, we observe a convergence rate of order 2 at

best.

Remark 9.5.4 (Boundary approximation) We believe that the suboptimal results

mentioned above caused by approximating a curved convex domain by a polytopal mesh.

The use of Pp, p ≥ 2 approximation requires the positioning of degrees of freedom on

the approximating boundary that in fact lie in the interior of the true domain. This is

why we observe a “cap” on our convergence rates. A solution to this problem, at least

from an empirical point of view, based on extensive numerical computation is provided

by the use of gradient recovery, in the case of P1 elements (we still observe suboptimal

rates in the L2(Ωh) norm for quadratics and higher). These results further support

the necessity for the curved boundary approximation, employed in Chapters 5–8.
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Definition 9.5.5 (projection-based gradient recovery) We define the

projection-based gradient recovery operator

Gh : Vh,p → Zh,p,

by

〈Ghv −∇v,Φ〉Ωh = 0 ∀Φ ∈ Vh,p. (9.5.27)

9.6 FE Hessian with gradient recovery

The standard FE Hessian operator, Hh, defined in (4.11.1) is implemented in the

NVFEM–Newton’s method by its inclusion in (9.5.26). Now that we are equipped

with the gradient recovery operator, Gh, given by (9.5.27), we are inclined to define

a new finite element Hessian operator H̃h, where one replaces ∇U in (9.5.26), with

the recovered gradient GhU , resulting in the following definition.

Definition 9.6.1 (finite element Hessian with gradient recovery) We first

define the gradient recovered generalised Hessian H acting on v ∈ H1(Ωh) via

〈[H v]ij|ϕ〉 := −
〈

[Ghv]i,
∂ϕ

∂xj

〉
Ωh

+ 〈[Ghv]inj|ϕ〉H1/2(∂Ωh)×H1/2(∂Ωh)′ ∀ϕ ∈ H1(Ωh),

(9.6.1)

and all i, j = 1, . . . , d. Then, thanks to finite element conformity Vh,p ⊆ H1(Ω), we

may define the finite element Hessian with gradient recovery operator H̃h, acting upon

v ∈ H1(Ω) as follows:

〈[H̃hv]ij,Φ〉Ωh = 〈[H v]ij|Φ〉 ∀Φ ∈ Vh,p, i, j = 1, . . . , d. (9.6.2)

Remark 9.6.2 (Gradient recovery for P1 elements) Upon applying the gradient

recovery operator Gh, defined by (9.5.27), in algorithm (9.5.26) for P1 element ap-

proximation we observe that it does converge. Moreover, we observe optimal conver-

gence results in this case (see the first experiment in Subsection 9.8.1).

9.7 NVFEM–Newton’s method with finite element

gradient recovery

We incorporate the gradient recovery operator into our system, by replacing ∇Un+1

with GhUn+1 in (9.5.26). This swap of roles in the discrete gradient operator, implies a
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possible swap of the Hessian recovery operator Hh with the modified Hessian recovery

operator H̃h : Vh,p →Wh,p for any vh ∈ Vh,p,

〈H̃hvh,Φ〉Ωh + 〈GhvhDΦ〉Ωh − 〈Ghvh n
TΦ〉∂Ωh = 0 ∀Φ ∈ Vh,p. (9.7.1)

Rewriting the Newton scheme (9.5.26) using H̃h instead of Hh in incremental form

reads as follows, for each n ∈ N0,

1. given (Un, Gn, Hn) ∈ Vh,p × Zh,p ×Wh,p , satisfying

Gn = GhUn, Hn = H̃hUn,

Un is uniformly finite element convex (i.e., (4.11.2)), and 〈Un〉Ω = 0,
(9.7.2)

2. find Θ ∈ Vh,p (along with its recovered gradient GhΘ =: GΘ, its modified

recovered Hessian H̃hΘ =: HΘ and a scalar c) such that:

〈HΘ,Φ〉Ωh + 〈GΘDΦ〉Ωh − 〈GΘ n
TΦ〉∂Ωh = 0 ∀Φ ∈ Vh,p,

〈GΘ,Φ〉Ωh − 〈∇Θ,Φ〉Ωh = 0 ∀Φ ∈ Vh,p,

〈Â(Hn) : HΘ + b̂(Gn) ·GΘ + F (·, Gn, Hn),Φ〉Ωh
+〈β̂(Gn) ·GΘ + ŝ(Gn),Φ〉∂Ωh + 〈Θ, λ〉Ωh + 〈c,Φ〉Ωh = 0 ∀Φ ∈ Vh,p, λ ∈ R,

(9.7.3)

where the functions Â, b̂, β̂, and ŝ are given by (9.5.25), with Gn and Hn in

place of ∇Un and D2un, respectively,

3. define

(Un+1, Gn+1, H̃n+1) := (Θ, GΘ, H̃Θ) + (Un, Gn, H̃n). (9.7.4)

9.7.1 The linear system

Each step of Newton’s method involves solving a linear system (corresponding to a

nonvariational linear elliptic equation with oblique boundary conditions) of the form

E
[
θT γT δT c

]T
= F, (9.7.5)

where E is a (1 + (1 + d+ d(d+ 1)/2)2 block-matrix in R(1+(1+d+d(d+1)/2)N)2
, and

θ ∈ RN , γ ∈ RdN , δ ∈ RNd(d+1)/2, c ∈ R,F ∈ R1+(1+d+d(d+1)/2)N . (9.7.6)

Recall that N := dimVh,p.

The array (θT , γT , δT , c)T represents all of the finite element solution components,

i.e., (Θn+1, GΘ, HΘ, cn+1), via their finite expansion as finite element functions.
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In particular, we recall that Φ = (Φ1, . . . ,ΦN)T forms a basis of Vh,p. θ defines Θ

via

Θ := θTΦ. (9.7.7)

Furthermore,

[Gθ]α := γTαΦ, (9.7.8)

for α = 1, . . . , d, corresponding to each geometric coordinate.

Penultimately, for the finite element Hessian, we have that δ = [δα,β] for upper-

triangular indices α, β, and

[H̃Θ]βα := [δα,β]TΦ, α = 1, . . . , d, β = α . . . , d, (9.7.9)

and, of course, the final entry, c defines cn+1.

We are about to present a pseudocode for the Newton’s method, but first, for the

clarity of the reader, we give an example of the block matrix, E, and vector, F arising

on the left-hand side and right-hand side of the linear system (9.7.5), respectively, in

the two-dimensional setting. Note that the block entries of E are given explicitly in

the pseudocode below. In this case, we have that

(θ, γ, δ, c) = (θ, γ1, γ2, δ1,1, δ1,2, δ2,2, c).

Furthermore,

E =



Diag(d) C1 C2 B1,1 B1,2 B2,2 d
A1 M 0 0 0 0 0
A2 0 M 0 0 0 0
0 R1 0 M 0 0 0
0 R2 0 0 M 0 0
0 0 R2 0 0 M 0
dT 0T 0T 0T 0T 0T Tr(Diag(d))


, (9.7.10)

and

F =



−〈F (·, Gn, Hn),Φ〉Ωh − 〈b(Gn),Φ〉∂Ωh

0
0
0
0
0
0


. (9.7.11)
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Algorithm 3 Newton–Raphson–NVFEM pseudocode

Require: Ωh ⊂ R2, f1 : Ωh → R+, f2 : R2 → R+, b : Rd → R, tol ∈ R+, itermax ∈ N,
Th a mesh on Ωh, (u0, c0) ∈ Vh,p ∩ L2

0(Ωh)× R
1: r ← 1
2: n← 0
3: G0 ← GhU0

4: H̃0 ← H̃hU0

5: u0 ← (U0, G0, H0, c0)
6: Φ← (Φ1, . . . ,ΦN)T (basis of Vh,p)
7: while n ≤ itermax & r > tol do
8: for α = 1, 2 do
9: Rα ← 〈Φ(∂αΦ)T 〉Ωh − 〈nαΦΦT 〉∂Ωh

10: Aα ← 〈Φ(∂αΦ)T 〉Ωh
11: Cα ← 〈 f1

f2(Gn)2 [Df2(Gn)]αΦ,ΦT 〉Ωh + 〈[Db(Gn)]αΦ,ΦT 〉∂Ωh

12: for α ≤ β ≤ 2 do
13: [B]βα ← −〈[Cof(H̃n)]βαΦ,Φ

T 〉Ωh
14: end for
15: end for
16: M ← 〈Φ,ΦT 〉Ωh
17: d← 〈Φ, 1〉Ωh
18: construct E given by (9.7.10)
19: construct F given by (9.7.11)

20: solve E
[
θT γT1 γT2 δT1,1 δT1,2 δT2,2 c

]T
= F

21: Θ← θTΦ
22: for α = 1, 2 do
23: [GΘ]α ← γTΦ
24: for α ≤ β ≤ 2 do
25: [H̃Θ]βα ← δTα,βΦ
26: end for
27: end for
28: r ← ‖Θ‖L∞(Ωh)

29: (Un, Gn, H̃n)← (Un, Gn, H̃n) + (Θ, GΘ, H̃Θ)
30: n← n+ 1
31: end while
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9.7.2 Implementation

Software and code: The experiments in this Chapter have been implemented in ver-

sion 1.6 of the FEniCS software [2, 86], which interfaces directly with PETSc [6, 7]

running through a Python interface [39, 63]. Two working Firedrake scripts, MA-

with-gradient-recovery.py and MA-no-gradient-recovery.py, used to generate the ex-

periments of this Chapter are available in the Github repository:

https://github.com/ekawecki/Monge–Ampere.

9.8 Experiments

In this subsection we display our experiments for the MAOT problem. In each case

we performed several benchmark approximations; allowing us to document the ex-

perimental order of convergence. In these examples, the source domain, Ω, is given

by the unit disk in R2, and the target domain, Υ, is either given by the unit disk or

an ellipse.

With this information, we observe optimal convergence rates when implementing

the P1 gradient recovery scheme (9.7.2) – (9.7.4), that is,

‖u− Un‖L2(Ωh) ≤ Ch2
n and ‖u− Un‖H1(Ωh) ≤ Chn. (9.8.1)

Furthermore, we observe suboptimal convergence results, when implementing either

(9.5.26)–(9.4.6) or (9.7.2)–(9.7.4), when the polynomial degree p ≥ 2, i.e., we observe

the following:

‖u− Un‖L2(Ωh) ≤ Ch2
n and |u− Un|H1(Ωh) ≤ Ch2

n, (9.8.2)

in contrast to the optimal rates

‖u− Un‖L2(Ωh) ≤ Chp+1
n and ‖u− Un‖H1(Ωh) ≤ Chpn, (9.8.3)

where the latter are the convergence results one would have expected for an optimal

numerical scheme. It is our belief that the suboptimal convergence results are caused

by the piecewise linear approximation of domains with curved boundaries.

Another characteristic worth mentioning is that of superconvergence [120]. When

implementing (9.7.2) – (9.7.4), in all of the experiments of Subsection 9.8.1 the re-

covered gradient outperforms the standard gradient; in some cases we observe that

the recovered gradient error is consistently close to an entire order higher than that

of the standard gradient (see the P1 approximation of Subsection 9.8.2, for example).
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9.8.1 Disk to disk experiments

Below we display the convergence results for the MAOT problem{
detD2u = f(x)(1 + |∇u|2)2, in Ω,

∇u(Ω) = Υ,
(9.8.4)

with Ω = Υ = {(x, y) ∈ R2 : |x|2 < 1}. Here, f is chosen so that the true solution u

is either given by

u(x, y) :=
1

2
(x2 + y2)− 1

4
,

or

u(x, y) :=
2

3
(2
√

2− 1)−
√

2− x2 − y2.

We provide the convergence results for polynomial degree, p = 1, 2, 3, and employ

both the NVFEM–Newton’s method with finite element gradient recovery (9.7.2)–

(9.7.4), and the (no gradient recovery) NVFEM–Newton’s method (9.5.26).

Without gradient recovery: With gradient recovery:

The algorithm does not converge in this case

10−4

10−3

10−2

10−1

100

0.01 0.1 1

E
rr

or
,
p

=
1

The true solution u = 2
3
(2
√

2− 1)−
√

2− x2 − y2

Mesh size

eoc = 1.00
eoc = 0.96

eoc = 1.67

eoc = 1.98

‖u− U‖L2(Ω)
|u− U |H1(Ω)

‖Du−GhU‖L2(Ω)
‖D2u−HhU‖L2(Ω)

314



10−5

10−4

10−3

10−2

10−1

0.01 0.1 1

E
rr

or
,
p

=
2

The true solution u = 1
2

(
x2 + y2 − 1

2

)

Mesh size

eoc = 1.52

eoc = 2.02
eoc = 2.00

‖u−U‖L2(Ω)
|u−U |H1(Ω)

‖D2u−HhU‖L2(Ω) 10−5

10−4

10−3

10−2

10−1

0.01 0.1 1

The true solution u = 1
2

(
x2 + y2 − 1

2

)

Mesh size

eoc = 1.49

eoc = 1.96
eoc = 2.03
eoc = 2.00

‖u−U‖L2(Ω)
|u−U |H1(Ω)

‖Du−GhU‖L2(Ω)
‖D2u−H̃hU‖L2(Ω)

10−5

10−4

10−3

10−2

10−1

0.01 0.1 1

E
rr

or
,
p

=
3

The true solution u = 1
2

(
x2 + y2 − 1

2

)

Mesh size

eoc = 1.49

eoc = 2.02
eoc = 1.99

‖u−U‖L2(Ω)
|u−U |H1(Ω)

‖D2u−HhU‖L2(Ω) 10−4

10−3

10−2

10−1

100

0.1 1

The true solution u = 1
2

(
x2 + y2 − 1

2

)

Mesh size

eoc = 1.54

eoc = 2.01
eoc = 1.98

‖u−U‖L2(Ω)
|u−U |H1(Ω)

‖Du−GhU‖L2(Ω)
‖D2u−H̃hU‖L2(Ω)

9.8.2 Disk to oval experiments

Below we display the convergence results for the MAOT problem (9.8.4), where Ω =

{(x, y) ∈ R2 : x2 + y2 < 1}, Υ = {x2

4
+ y2

9
< 1}, and the function f is chosen so that

the true solution, u, is given by

u(x, y) := x2 +
3

2
y2 − 1

π

∫
Ω

x2 +
3

2
y2.

We provide the convergence results for polynomial degree, p = 1, 2, 3, and employ

both the NVFEM–Newton’s method with finite element gradient recovery (9.7.2)–

(9.7.4), and the (no gradient recovery) NVFEM–Newton’s method (9.5.26).
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Without gradient recovery: With gradient recovery:

The algorithm does not converge in this case
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9.8.3 Image transport experiments

The last numerical examples we present are examples of image intensity transport on

one fixed uniform mesh. We transport a bitmap image of Gaspard Monge, between

two geometric objects.

We model this problem as a MA optimal transport problem (9.2.1)–(9.2.2), where

the the source domain, Ω, is the unit square (−1/2, 1/2)2, which corresponds to the

“space” that the original bitmap image of Monge occupies, and the target domain

Υ is either given by Ω, or the unit disk. We obtain the density functions f1, f2

in (9.2.1) directly from the bitmap image of Monge. Using the functions “imread” and

“im2bw” from the Image Processing Matlab toolbox [88] provides one with a matrix

M ∈ R410×410, with Mij ∈ {0, 1}, i, j = 1, . . . , 410, where the value 0 corresponds to

a black pixel, and the value 1 corresponds to a white pixel.

We consider the uniform grid {(xk, y`)}410
k,`=1 = {−0.5+k/410,−0.5+ `/410)}480

k,`=0,

on the unit square (−1/2, 1/2)2. Such a grid is also represented by 4102 squares of

width 1/410, that is, 410 in the x-direction and 410 in the y-direction. For each

i, j = 1, . . . , 410 we define the square Sij = [xi−1, xi] × [yi−1, yi], and associate with

each Sij the entry Mij of M . This provides us with a piecewise constant map on

(−1/2, 1/2)2, given by M :=
∑410

i,j=1 MijχSij (where χA(x) = 1 if x ∈ A, and χA(x) = 0

otherwise). However, this function is not uniformly positive, and so we obtain a

uniformly positive density function by defining f1 := M+1. Heuristically, this means

that

f1 =

{
2 if the pixel is white,

1 if the pixel is black.
(9.8.5)

The second density function, f2, is taken to be a constant function defined as follows:

f2 ≡
1

|Υ|

∫
Ω

f1, (9.8.6)

so that the mass is preserved, i.e.,
∫

Υ
f2 =

∫
Υ

(
1
|Υ|

∫
Ω
f1

)
=
∫

Ω
f1. The resulting effect

is for the white areas elements to be expanded and the black ones to be compressed.

Reporting the transformation of a uniform rectangular grid (not the computational

grid) under the projected gradient or the recovered gradient map renders the original

bitmap using rectangles that are small in areas where the image is black and large

where the image is white. The computational mesh is chosen to match the resolution

of the bitmap. Although the function f1 as defined here is discontinuous, this is not

an issue as there is only one mesh and we only look at the possible use of MAOT

solver as a way to encode image information in a purely discrete fashion.
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A bitmap of a portrait of Gaspard
Monge, Lithography by F.S. Delpech
(Public Domain)
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Figure 9.1: Gapard Monge’s mesh-portrait obtained by mass transporting a uniform
rectangular mesh into either a uniform rectangular mesh or a mesh of the unit disk.
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9.9 Concluding remarks on this method

We have presented a CG finite element method for the approximation of solutions

to the Monge–Ampère optimal transport problem. To our knowledge this is not

present in the existing literature to date. We have demonstrated the robustness of

the method, as well as its ability to capture optimal error results in the L2-norm (in

the P1 case), through a series of experiments. This exhibits an advance in the area of

mass transportation, and methods for both linear and fully nonlinear elliptic equations

with linear or nonlinear oblique boundary conditions, as well as demonstrating the

applicability of variants of the nonvariational finite element method introduced in

[78, 79].

In terms of future research, the formulation of this method poses the currently

open question of existence and uniqueness of a solution to the numerical scheme (9.7.2)

–(9.7.4), as well as the question of the derivation of a priori error estimates. In order

to achieve optimal error bounds for arbitrary polynomial degree p, a potential avenue

would be to incorporate the use of nonaffine approximations of the computational

domain, as we have done in Chapters 5 to 8.
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Conclusion

In this thesis, we have provided a general PDE theoretical framework for the existence

and uniqueness of strong solutions to HJB equations (of which, linear nondivergence

form second-order elliptic PDEs are a subclass), in Sobolev spaces, H ⊂ H2(Ω) that

satisfy the Miranda–Talenti estimates, and for which, the Laplacian is a surjection

from H onto L2(Ω). This builds upon the PDE analysis framework of [111], and,

in particular, proves the well-posedness of the HJB equation with oblique boundary

conditions. We have coupled this PDE framework with a new numerical framework,

generalising the discontinuous Galerkin finite element method (DGFEM) of [111] to

domains with curved boundaries, for the approximation of strong solutions to the

HJB equation, with both Dirichlet, and oblique boundary conditions. This frame-

work includes the existence and uniqueness of numerical solutions satisfying optimal

a priori error estimates. In order to achieve these new results, we have also reviewed

several key results from the theory of finite elements on polytopal domains, in the con-

text of curved finite elements; namely, trace estimates, discrete Poincaré–Friedrichs’

inequalities, a discrete Sobolev inequality, stability of the L2-projection operator, and

optimal interpolation estimates with integer and non integer Sobolev regularity. Fur-

thermore, we have have made two new contributions in this area, one being the proof

of inverse estimates in Hk and W k,∞ norms (and seminorms), and curvature bounds

for curved simplices. The inverse estimates seem to be available to some extent in the

literature, for instance in [33] for quadratic isoparametric Lagrange finite elements.

However, the results on curvature bounds for curved simplices do not appear present

in the current literature on finite element theory, most likely due to the fact that

the polytopal counterpart of this is trivial, since polytopal domains, and their sim-

plicial approximations are not curved. Both of these results build upon the scaling

arguments present in [16], and seem to be significant in the design of consistent and

stable nonconforming finite element schemes, where the use of integration by parts

identities leads to curvature dependent terms and higher order derivatives arising
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in the formulation, which must be appropriately bounded, requiring the use of the

aforementioned simplicial curvature and inverse estimates, respectively.

We have also provided a variation of the equivalence of the MA Dirichlet prob-

lem to a uniformly elliptic HJB Dirichlet boundary-value problem, proven by Krylov

in [74]. Krylov’s characterisation provides one with a HJB equation, where the set of

controls, X, is given by

X := {W ∈ Rd×d
Sym : W ≥ 0,TrW = 1}.

As mentioned in Section 3.5, we wish to consider HJB equations where the control set

includes only matrices that satisfy the Cordes condition. However, since X contains

matrices that are degenerate (for example eie
T
i , where ei ∈ Rd is a canonical basis

vector), which do not satisfy the Cordes condition, and so we cannot directly use

Krylov’s characterisation. To this end, under the assumption that the solution of the

MA problem is uniformly C2,α, α ∈ (0, 1), and uniformly convex, we have proven in

the case d = 2, that the characterisation still holds with the restricted control set

Xξ := {W ∈ X : detW ≥ ξ},

where 0 < ξ ≤ 1/4 is dependent upon the uniform C2 norm of the true solution (note

that one only requires ξ ≤ 1/4 so that the control set Xξ is nonempty), for which

all of the elements satisfy the Cordes condition. Utilising this equivalence, we have

successfully implemented our new numerical framework, providing a new DGFEM for

the approximation of classical solutions to the MA Dirichlet problem.

Our efforts have also produced several advances into the study of the nonvaria-

tional finite element method, for MA type problems. We have extended the analysis

present in [92], proving existence of a numerical solution to the nonvariational finite

element method for the MA Dirichlet problem, allowing for more general lower order

nonlinearities. In particular, the type of nonlinearities that typically arise in the MA

optimal transport problem. This framework includes a priori error estimates in the

H1-seminorm, and a new estimate in a H2-style seminorm (where the role of the Hes-

sian of the numerical solution is interchanged with the finite element Hessian), and

a proof of the convergence of Newton’s method for this numerical scheme. However,

though the proven convergence rates are optimal with respect to the mesh size, the

uniqueness of the numerical solution, guaranteed by Theorem 8.2.3, holds in a ball of

radius h2+α for some α > 0, and thus only the numerical experiments of Section 8.7

indicate that this method does not exhibit nonuniqueness on the same scale as dis-

cussed in Section 3.5. In particular, Newton’s method is observed to converge to
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either the uniformly convex or uniformly concave solution of the corresponding MA

problem, depending on the choice of initial guess (recall the discussion in Section 8.6).

Furthermore, we have provided an extended NVFEM for more general nonlinear

elliptic PDEs (generalising the scheme introduced in [79] for the MA equation, which

considers nonlinearities of the Hessian), with Experiment 8.7.3 demonstrating its

ability to optimally capture smooth solutions of the Weingarten equation, a nonlinear

geometric PDE.

Finally, we have introduced a new NVFEM for the MA optimal transport problem,

employing a gradient recovery scheme, based on global L2 recovery. We have observed

that this method provides an optimal piecewise-linear approximation of solutions to

the MA optimal transport problem. This latter method constitutes a collaborative

effort between the author of this thesis, O. Lakkis, and T. Pryer.

Overall, we have proposed four schemes for the finite element approximation of

MA type problems proposed in Chapters 7, 8, and 9, and so we shall (where possible)

discuss the comparative strengths and weaknesses of these methods. The two meth-

ods proposed in Chapter 9 (distinguished by including or not including the gradient

recovery operator i.e., (9.4.5) or (9.7.2)–(9.7.4)) are applicable to MA optimal trans-

port problems, and thus cannot be directly compared with the methods of Chapters 7

and 8. However, the method with gradient recovery (9.7.2)–(9.7.4) is advantageous

in comparison to the method without gradient recovery (9.4.5), as it is observed to

converge and optimally capture solutions using piecewise linear finite elements. As a

byproduct of the gradient recovery method, one is also provided with a continuous

approximation of the gradient, which would be desirable in applications, such as mesh

adaptivity (see [26, 90]).

When approximating solutions to the MA equation, with a right-hand side func-

tion of the form f = f(x), method (8.2.1) proposed in Chapter 8 is comparable with

the DGFEM of Chapter 7, given by (7.3.2). In Experiment 8.7.4 we applied both

methods to the same test problem, with the goal of determining which method may

have more desirable attributes. The conclusion of this experiment is that the meth-

ods are similar in term of convergence rates, with the method proposed in Chapter 8

outperforming the method of Chapter 7 for polynomial degrees p = 2, 3, and vice

versa for p = 4 (in terms of convergence rates). However, when considering the com-

putational size of two approaches, and the resulting computation times, the method

of Chapter 7 turns out to be more efficient, with roughly half the degrees of free-

dom and computation times, thus implying that the DGFEM of Chapter 7 is more

computationally efficient.
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Furthermore, extrapolating this evidence to higher dimensions would indicate an

even greater advantage of the DGFEM of Chapter 7 in terms of computational effi-

ciency, due to the fact that the in the DGFEM the numerical solution only has one

component uh, whereas the method of Chapter 8 has 1 + d(d + 2)/2 components,

due to the symmetry of the finite element Hessian, and so the number of degrees of

freedom would grow more rapidly in terms of the dimension, d.

This leads us to discuss an advantage and weakness of the DGFEM approach. In

particular, as demonstrated in Experiment 7.9.5, by solving 210 different MA type

problems, we show that the method is robust with respect to the choice of initial

guess for the semismooth Newton’s method (Algorithm 1), and upon convergence,

the method always converges to the unique numerical solution, which is an advantage

over the method of Chapter 8 (and indeed other potential numerical methods for MA

type problems, where uniqueness can be an issue). In dimension d = 2, we require the

true solution of the corresponding MA problem to be uniformly convex and uniformly

C2,α. However, one may conjecture that for d ≥ 3, generalisations of this method

may impose larger constraints upon the class of solutions, if one may hope to provide

a HJB equation with Cordes coefficients (in particular, a sufficient condition may be

that the cofactor matrix of the true solution satisfies the Cordes condition, which for

d = 2, only requires uniform convexity, but for d ≥ 3, as discussed in Remark 3.3.5,

the Cordes condition is a stronger requirement).

A final, further advantage of method (8.2.1) is that it is applicable to a wider range

of nonlinearities (in particular, we have proven this in the case that for d = 2) and its

formulation in higher dimensions does not appear to impose further restrictions upon

the class of solutions that it may approximate (indeed it can be directly stated).

In terms of future research avenues, one goal is to extend the results present in this

thesis to higher dimensions. Currently, due to the nontrivial nature of the problems

under consideration, several of the results present in this thesis only apply to the two

dimensional setting. There are several interesting difficulties to overcome when the

dimension d ≥ 3. In the analysis of the NVFEM for the MA Dirichlet problem, it

is the nature of the determinant present in the MA equation that poses difficulties,

since, in two dimensions, the determinant acts as a quadratic map on the space of

matrices, which is not the case in higher dimensions.

To develop a DGFEM for the HJB equation with oblique boundary conditions

(and extend the corresponding PDE theory framework) in higher dimensions, there

is a very interesting open problem that will need to be addressed. One must prove

323



that the Miranda–Talenti estimate holds for d ≥ 3, for functions that satisfy β ·
∇u is constant on ∂Ω.

Another research goal is to design and analyse a DGFEM for the MA opti-

mal transport problem, this will require incorporating the nonlinear oblique bound-

ary condition into the numerical method that currently applies to linear oblique

boundary-value problems.

A final avenue would be to research the extent to which the new curved finite

element theory proven in this thesis may allow for the generalisation of existing inte-

rior penalty discontinuous Galerkin finite element methods, and other nonconforming

methods, such as C0 interior penalty methods [25]. Furthermore, we have proven

the stability of the DGFEM proposed in Chapter 5 (indeed, this is verified by Ex-

periment 5.9.3), with domain assumptions that are not sufficient to prove existence

of a strong solution to the corresponding Dirichlet boundary-value problem. It may

be the case that the proposed method could yield a generalisation for the approxi-

mation of solutions to fourth-order elliptic problems (for example, the clamped plate

problem [17]).
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Appendix A

Proofs for the fixed point
argument of Chapter 8

We now provide the proofs of the results used in Section 8.3 to prove Theorem 8.2.3.

Lemma A.1 The norm ‖ · ‖h is equivalent to ‖ · ‖H1(Ω) when restricted to the finite

element space
◦
Vh,p, i.e., there exist constants C1, C2, independent of h, such that

C1‖v‖H1(Ω) ≤ ‖v‖h ≤ C2‖v‖H1(Ω) ∀v ∈
◦
Vh,p. (A.1)

Proof: Let v ∈
◦
Vh,p. Then, since

◦
Vh,p ⊂ H1

0 (Ω), an application of the Poincaré

inequality yields ‖v‖H1(Ω) ≤ C|v|H1(Ω), where the constant C is independent of v.

Furthermore, by the definition of the norm ‖ · ‖h, we trivially obtain |v|H1(Ω) ≤ ‖v‖h
for all v ∈

◦
Vh,p, and so

‖v‖H1(Ω) ≤ C‖v‖h,

which is the first estimate of (A.1).

We also see that ∑
F∈Eh

hF‖〈〈∇v〉〉‖2
2,F ≤ Ch

∑
K∈Th

‖∇v‖2
L2(∂K). (A.2)

Furthermore, from (4.6.2) and (4.6.27), we obtain∑
K∈Th

‖∇v‖2
L2(∂K) ≤ C(h−1‖∇v‖2

L2(Ω) + h‖∇v‖2
H1(Ω;Th)) ≤ Ch−1‖v‖2

H1(Ω).

Applying the above to (A.2) yields∑
F∈Eh

hF‖〈〈∇v〉〉‖2
2,F ≤ C‖v‖2

H1(Ω),
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and thus

‖v‖2
h = |v|2H1(Ω) +

∑
F∈Eh

hF‖〈〈∇v〉〉‖2
2,F ≤ C‖v‖2

H1(Ω).

Taking square roots above, we obtain the second estimate of (A.1). �

The proof of the following Lemma is very similar to the proof of Lemma 4.3

in [92], however, the proof requires stability estimates for the L2-projection operator,

which we have proven in the context of curved finite elements in Chapter 4 (see

Corollary 4.8.4).

Lemma A.2 We have that

hs−j‖Ah‖W s,∞(Ω;Th) + ‖A− Ah‖W j,∞(Ω;Th) . hs−j‖u‖W s+2,∞(Ω), 0 ≤ j ≤ s ≤ p+ 1.

(A.3)

Proof: Let j, s ∈ N0 such that 0 ≤ j ≤ s ≤ p+ 1. Then, we see that

‖A− Ah‖L∞(Ω) = ‖Cof(D2u)− PWh,p
(Cof(D2u))‖L∞(Ω)

. inf
W∈[Vh,p]2×2

‖Cof(D2u)−W‖L∞(Ω)

. hs−j‖u‖W s+2,∞(Ω),

(A.4)

where the first estimate follows from (4.8.12), and the final estimate follows from (4.5.16),

since u ∈ Cp+2,α(Ω), α ∈ (0, 1), and thus Cof(D2u)) ∈ [Cp,α(Ω)]2×2 ⊂ [W p+1,∞(Ω)]2×2.

Now, by (4.6.27), (4.5.16), and (A.4)

hs−j‖Ah‖W s,∞(Ω;Th) + ‖A− Ah‖W j,∞(Ω;Th)

≤ hs−j‖A− Ah‖W s,∞(Ω;Th) + ‖A− Ah‖W j,∞(Ω;Th) + hs−j‖A‖W s,∞(Ω)

≤ hs−j(‖A− πh(A)‖W s,∞(Ω;Th) + ‖πh(A)− Ah‖W s,∞(Ω;Th))

+ ‖πh(A)− A‖W j,∞(Ω;Th) + ‖πh(A)− Ah‖W j,∞(Ω;Th) + hs−j‖A‖W s,∞(Ω)

. h−j‖πh(A)− Ah‖L∞(Ω) + hs−j‖A‖W s,∞(Ω)

≤ h−j‖πh(A)− A‖L∞(Ω) + h−j‖A− Ah‖L∞(Ω) + hs−j‖A‖W s,∞(Ω)

. hs−j‖u‖W s+2,∞(Ω). �

Corollary A.3 Let Ω ⊂ R2 be piecewise C2, and let {Th}h>0 be a family of regular

meshes on Ω. Then, for v ∈
◦
Vh,p, we have that

‖v‖∞,Ω . (1 + | lnh|)1/2‖v‖H1(Ω) . (1 + | lnh|)1/2‖v‖h. (A.5)

Proof: This is direct consequence of (4.7.15) and (A.1). �
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Corollary A.4 We have the following estimate for u and u∗:

‖u− u∗‖2,Ω . hp. (A.6)

Proof: Noting that (πh(u) − u∗)|∂Ω = φh − φh = 0, the desired estimate is a direct

consequence of Poincaré’s inequality and (8.3.15). �

Lemma A.5 For any v ∈
◦
Vh,p, if h ≤ h0, with h0 ∈ (0, 1) sufficiently small, we have

that

‖Af2(∇u)v − PWh,p
(Ahf2(∇u)v)‖Hm(Ω;Th) . h2−m‖∇v‖2,Ω, m = 0, 1, (A.7)

where C > 0 depends on the shape-regularity of the mesh and ‖u‖W p+3,∞(Ω).

Proof: For the sake of presentation, we will omit the Wh,p subscript of the projection

operator throughout this proof. For m ∈ {0, 1}, we see that

‖Af2(∇u)v − P(Ahf2(∇u)v)‖Hm(Ω;Th) ≤ ‖(Af2(∇u)− P(Af2(∇u)))v‖Hm(Ω;Th)

+ ‖P(Af2(∇u)))v − P(Ahf2(∇u)v)‖Hm(Ω;Th).

Furthermore, by (4.5.15), we have that

‖(Af2(∇u)− P(Af2(∇u)))v‖Hm(Ω;Th) ≤ ‖Af2(∇u)− P(Af2(∇u))‖W 1,∞(Ω)‖v‖Hm(Ω)

. h2−m‖∇v‖L2(Ω).

Thus,

‖Af2(∇u)v − P(Ahf2(∇u)v)‖Hm(Ω;Th) .

h2−m‖∇v‖L2(Ω) + ‖P(Af2(∇u)))v − P(Ahf2(∇u)v)‖Hm(Ω;Th).

Now, noting that (4.6.27) holds for any continuous piecewise polynomial, we obtain

‖Af2(∇u)v − P(Ahf2(∇u)v)‖Hm(Ω;Th) .

h2−m‖∇v‖L2(Ω) + h−m‖P(Af2(∇u)))v − P(Ahf2(∇u)v)‖L2(Ω).

From (4.5.15) and Hölder’s inequality, we obtain

‖P(Af2(∇u))v − P(Ahf2(∇u)v)‖L2(Ω) ≤

‖Ahf2(∇u)v − P(Ahf2(∇u)v)‖L2(Ω) + ‖(Ahf2(∇u)− P(Af2(∇u)))v‖L2(Ω)

. hp+1‖Ahf2(∇u)v‖Hp+1(Ω;Th) + ‖(Ahf2(∇u)− P(Ahf2(∇u)))v‖L2(Ω)

+ ‖(P(Af2(∇u))− P(Ahf2(∇u)))v‖L2(Ω)

. hp+1‖Ah‖W p+1,∞(Ω;Th)‖f2(∇u)‖W p+1,∞(Ω;Th)‖v‖Hp+1,∞(Ω;Th)

+ ‖Ahf2(∇u)− P(Ahf2(∇u))‖L∞(Ω)‖v‖L2(Ω) + ‖P((A− Ah)f2(∇u))‖L2(Ω)‖v‖L∞(Ω).
(A.8)
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Inequality (A.7) now follows from showing that the preceding estimate is bounded by

h2‖∇v‖L2(Ω) (up to a h-independent constant).

Since v ∈
◦
Vh,p and Ah ∈ Wh,p, it follows that ‖v‖Hp+1(Ω;Th) = ‖v‖Hp(Ω;Th),

and ‖Ah‖W p+1,∞(Ω;Th) = ‖Ah‖W p,∞(Ω;Th). Furthermore, f2 ∈ Cp,α(R2;R+), and u ∈
Cp+2,α(Ω), and so there exists K ≥ 0, such that |∇u| ≤ K for all x ∈ Ω, thus

‖f2(∇u)‖W p+1,∞(Ω;Th) is uniformly bounded, independently of h. From this, apply-

ing (A.3) and (4.6.27) yields

hp+1‖Ah‖W p+1,∞(Ω;Th)‖f2(∇u)‖W p+1,∞(Ω;Th)‖v‖Hp+1,∞(Ω;Th) .

hp+1‖Ah‖W p,∞(Ω;Th)‖v‖Hp,∞(Ω;Th) . hp+1h−(p−1)‖v‖H1(Ω) . h2‖∇v‖L2(Ω).

Similarly,

‖Ahf2(∇u)− P(Ahf2(∇u))‖L∞(Ω)‖v‖L2(Ω) . h2‖Ahf2(∇u)‖W 3,∞(Ω;Th)‖∇v‖L2(Ω)

. h2‖∇v‖L2(Ω).

Finally, by utilising the definition of the projection operator, and applying (4.5.15)

in conjunction with (A.5), we obtain

‖P((A− Ah)f2(∇u))‖L2(Ω)‖v‖L∞(Ω) . (1 + | lnh|)
1
2h3‖u‖W p+3(Ω;Th)‖∇v‖L2(Ω)

. h2‖∇v‖L2(Ω),

as long as h ≤ h0, with h0 ∈ (0, 1) sufficiently small. This concludes the proof. �

Lemma A.6 We have the following identity for the operator Lu : V →
◦
V ′. For all

w ∈ V and v ∈
◦
V ,

〈Lu[w], v〉 =

∫
Ω

f2(∇u)A∇w · ∇v −∇w · (∇h · (Af2(∇u)v − PWh,p
(Ahf2(∇u)v)))

+
1

2

∫
Ω

(D2u+ PWh,p
(D2u)) : (D2u− PWh,p

(D2u))(Dqf2(∇u) · ∇w)v

+

∫
Ω

Dzf1(x, u)wv −
∑
F∈E i,bh

∫
F

[[[(PWh,p
(Ahf2(∇u)v)− Af2(∇u)v)〈〈∇w〉〉] · nF ]].

Proof: For ease of notation, we will omit the Wh,p subscript of PWh,p
throughout this

proof. Let us first state the following algebraic identity:

ac− bd =
1

2
(a+ b)(c− d) +

1

2
(a− b)(c+ d).
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From this, we see that for all Φ ∈Wh,p, w ∈
◦
V we have∑

K∈Th

∫
∂K

(Φ∇w) · n∂K =
∑
F∈E i,bh

∫
F

[[(Φ∇w) · nF ]]

=
∑
F∈E ih

∫
F

[[(〈〈Φ〉〉∇w) · nF ]] +
∑
F∈E bh

∫
F

[[(Φ〈〈∇w〉〉) · nF ]],

(A.9)

where nF is a fixed choice of unit normal to F ∈ E i,b
h . Firstly, by (4.11.3) and (4.11.4),

we see that∫
Ω

Ah : (Hhw)f2(∇u)v

=

∫
Ω

Hhw : P(Ahf2(∇u)v)

=

∫
Ω

(D2
hw + L(∇w)) : P(Ahf2(∇u)v)

=
∑
K∈Th

∫
K

D2w : P(Ahf2(∇u)v)−
∑
F∈E ih

∫
F

[[(〈〈P(Ahf2(∇u)v)〉〉∇w) · nF ]]

=
∑
K∈Th

∫
K

(A : D2w)f2(∇u)v −
∑
F∈E ih

∫
F

[[(〈〈P(Ahf2(∇u)v)〉〉∇w) · nF ]]

+
∑
K∈Th

∫
K

D2w : (P(Ahf2(∇u)v)− Af2(∇u)v)

(A.10)

Note that ∇ · A = ∇ · Cof(D2u) = 0 in Ω. Applying this to (A.10), integrating by

parts, and recalling that v|∂Ω = 0, yields∫
Ω

Ah : (Hhw)f2(∇u)v

=
∑
K∈Th

∫
K

∇ · (A∇w)f2(∇u)v −
∑
F∈E ih

∫
F

[[(〈〈P(Ahf2(∇u)v)〉〉∇w) · nF ]]

+
∑
K∈Th

∫
K

D2w : (P(Ahf2(∇u)v)− Af2(∇u)v)

=
∑
K∈Th

∫
∂K

(A∇wf2(∇u)v) · n∂K −
∫
K

(A∇w) · ∇(f2(∇u)v)

−
∑
F∈E ih

∫
F

[[(〈〈P(Ahf2(∇u)v)〉〉∇w) · nF ]]

+
∑
K∈Th

∫
K

D2w : (P(Ahf2(∇u)v)− Af2(∇u)v)

= −
∑
K∈Th

∫
K

(A∇w) · ∇(f2(∇u)v)−D2w : ((Af2(∇u)v)− P(Ahf2(∇u)v))
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−
∑
F∈E ih

∫
F

[[(〈〈P(Ahf2(∇u)v)− Af2(∇u)v〉〉∇w) · nF ]] (A.11)

Now, from (A.11), a further application of integration by parts, and (A.9), we obtain

∫
Ω

Ah : (Hhw)f2(∇u)v

= −
∫

Ω

A∇w · ∇(f2(∇u)v) + [∇ · (P(Ahf2(∇u)v)− Af2(∇u)v)] · ∇w

−
∑
F∈E ih

∫
F

[[(〈〈P(Ahf2(∇u)v)− Af2(∇u)v〉〉∇w) · nF ]]

+
∑
K∈Th

∫
∂K

[(P(Ahf2(∇u)v)− Af2(∇u)v)∇w] · n∂K

= −
∫

Ω

A∇w · ∇(f2(∇u)v) + [∇ · (P(Ahf2(∇u)v)− Af2(∇u)v)] · ∇w

+
∑
F∈E i,bh

∫
F

[[[(P(Ahf2(∇u)v)− Af2(∇u)v)〈〈∇w〉〉] · nF ]].

(A.12)

By the chain rule, and the symmetry of the Hessian, it is clear that

∇f2(∇u) = D2u Dqf2(∇u),

and so∫
Ω

A∇w · ∇f2(∇u)v− det(P(D2u))(Dqf2(∇u) · ∇w)v =

=

∫
Ω

A∇w · (D2u Dqf2(∇u))v − det(D2u)(Dqf2(∇u) · ∇w)v

+

∫
Ω

(detD2u− detP(D2u))(Dqf2(∇u) · ∇w)v.

Recalling that A = Cof D2u = detD2u(D2u)−1, we obtain

A∇w · (D2u Dqf2(∇u)) = (D2u Dqf2(∇u))TA∇w

= Dqf2(∇u)TD2u(det(D2u)(D2u)−1)∇w

= det(D2u)Dqf2(∇u) · ∇w,
and thus∫

Ω

A∇w · ∇f2(∇u)v − detP(D2u)Dqf2(∇u) · ∇wv =

=

∫
Ω

(detD2u− detP(D2u))(Dqf2(∇u) · ∇w)v

=
1

2

∫
Ω

(D2u+ P(D2u)) : (D2u− P(D2u))(Dqf2(∇u) · ∇w)v.

(A.13)
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From (A.12) and (A.13) we obtain

〈Lu[w], v〉 =

∫
Ω

(Dzf1(x, u)w − f2(∇u)Ah : Hh[w]− det(P(D2u))Dqf2(∇u) · ∇w)v

=

∫
Ω

f2(∇u)A∇w · ∇v −∇w · ∇h · (Af2(∇u)v − P(Ahf2(∇u)v))

+
1

2

∫
Ω

(D2u+ P(D2u)) : (D2u− P(D2u))(Dqf2(∇u) · ∇w)v

+

∫
Ω

Dzf1(x, u)wv −
∑
F∈E i,bh

∫
F

[[[(P(Ahf2(∇u)v)− Af2(∇u)v)〈〈∇w〉〉] · nF ]]. �

Corollary A.7 We have the following estimate for u and u∗:

‖u− u∗‖W 1,∞(Ω) . (1 + | lnh|)1/2hp−1. (A.14)

Proof: Noting that (πh(u)− u∗)|∂Ω = φh − φh = 0, we see that

‖u− u∗‖W 1,∞(Ω) . ‖u− πh(u)‖W 1,∞(Ω) + ‖πh(u)− u∗‖W 1,∞(Ω)

. hp‖u‖W p+1,∞(Ω) + h−1‖πh(u)− u∗‖∞,Ω

. hp + (1 + | lnh|)1/2h−1|πh(u)− u∗|H1(Ω)

≤ hp + (1 + | lnh|)1/2h−1(|πh(u)− u|H1(Ω) + |u− u∗|H1(Ω))

. hp + (1 + | lnh|)1/2h−1(hp‖u‖Hp+1(Ω) + ‖u− u∗‖h)

. hp + (1 + | lnh|)1/2h−1hp

. (1 + | lnh|)1/2hp−1. �

Lemma A.8 Let w1, w2 ∈ Bh2+α(u∗)−u := {v−u : v ∈ Bh2+α(u∗)}, for some α > 0.

Then, if h ≤ h0, for some h0 ∈ (0, 1), we have the following estimate:

‖R[w1]−R[w2]‖−1,h .
3∑
i=1

hi(1+α)−1(1 + | lnh|)
i
2‖w1 − w2‖h. (A.15)

Furthermore, for w ∈ Bh2+α(u∗)− u, we have

‖R[w]‖−1,h . h2+α

3∑
i=1

hi(1+α)−1(1 + | lnh|)
i
2 . (A.16)

Proof: First, let us define Ri : V →
◦
V′h,p, i = 1, . . . , 5 by

〈R1[w], v〉 =

∫
Ω

γ1(w)v ∀w ∈ V, ∀v ∈
◦
Vh,p,
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〈R2[w], v〉 = −
∫

Ω

(detPWh,p
(D2u) + Ah : Hh[w])γ2(∇w)v ∀w ∈ V, ∀v ∈

◦
Vh,p,

〈R3[w], v〉 = −
∫

Ω

(f2(∇u) +Dqf2(∇u) · ∇w) det(Hh[w])v ∀w ∈ V, ∀v ∈
◦
Vh,p,

〈R4[w], v〉 = −
∫

Ω

(Ah : Hh[w]Dqf2(∇u) · ∇w)v ∀w ∈ V, ∀v ∈
◦
Vh,p,

〈R5[w], v〉 = −
∫

Ω

(det(Hh[w])γ2(∇w))v ∀w ∈ V, ∀v ∈
◦
Vh,p,

(A.17)

where we are denoting:

γ1(w) := Rf1,u(w) = f1(x, u+ w)− f1(x, u)−Dzf1(x, u)w,

and

γ2(∇w) := Rf2,∇u(∇w) = f2(∇u+∇w)− f2(∇u)−Dqf2(∇u) · ∇w,

where Rf1,u and Rf2,∇u are the quadratic remainder terms of f1 and f2 associated with

(x, u) and ∇u respectively, given by Definition 2.2.10. It is clear that R =
∑5

i=1Ri.

Our goal is to prove contraction estimates for R, which, by virtue of the triangle

inequality, is achieved by proving contraction estimates for R1, . . . , R5. In order to do

this, we must appeal to the abstract calculus structure of Lemma 2.2.11 and Corol-

lary 2.2.12, which allows us to quantify the error arising from the quadratic Taylor

expansion that lead to the definition of R. However, as we can see in Lemma 2.2.11,

we are required to identify a set U on which f1, and f2 are bounded in the C2,1-

norm. Since f1, f2 are at least p-times (with p ≥ 3) continuously differentiable on

Ω× R, R2, respectively, their restrictions to compact subsets are indeed bounded in

the C2,1-norm.

Furthermore, in order to apply Corollary 2.2.12, the arguments of γ1 and γ2 must

lie in a ball with radius r ∈ [0, 1) that is also contained in U . In order to justify

that we may suitably bound our expansions with w1, w2 ∈ Bh2+α(u∗)− u, we require

the following argument: let wi ∈ Bh2+α(u∗) − u, i = 1, 2, then wi = vi − u for some

vi ∈ Bh2+α(u∗), and so

‖wi‖W 1,∞(Ω) ≤ ‖vi − u∗‖W 1,∞(Ω) + ‖u∗ − u‖W 1,∞(Ω)

≤ C(1 + | lnh|)
1
2h−1h2+α + ‖u∗ − u‖W 1,∞(Ω)

≤ C(1 + | lnh|)
1
2h1+α.

(A.18)
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Note that the final inequality follows from (A.14). Since p ≥ 3, we can choose

h0 ∈ (0, 1) such that if 0 < h ≤ h0, then

‖wi‖W 1,∞(Ω) ≤ C(1 + | lnh|)
1
2h1+α ≤ r ∈ [0, 1).

Furthermore, since u ∈ Cp+2(Ω), there exists a constantK > 0 such that ‖u‖W 1,∞(Ω) ≤
K. Let us define Uj := {x ∈ Rj : |x| < max{K, 1}}, j = 1, 2. Then Uj ⊃ Br,j :=

{x ∈ Rj : |x| < r}, j = 1, 2, and we have that ‖f2‖C2,1(U2) < ∞, and, for all x ∈ Ω,

‖f1(x, ·)‖C2,1(U1) ≤ ‖f1‖C2,1(Ω×U1) <∞.

Thus, since wi(Ω) ⊆ Br,1, ∇wi(Ω) ⊂ Br,2, i = 1, 2, u(Ω) ⊂ U1, ∇u(Ω) ⊂ U2, by

Corollary 2.2.12 we have that{
|γ1(w1)− γ1(w2)| ≤ C(1, 1)‖f1‖C2,1(Ω×U1)(|w1|+ |w2|)|w1 − w2| in Ω,

|γ2(∇w1)− γ2(∇w2)| ≤ C(2, 1)‖f2‖C2,1(U2)(|∇w1|+ |∇w2|)|∇w1 −∇w2| a.e. in Ω.

The above estimates will be used several times in the following analysis. It is also

useful to note that since w1, w2 ∈ Bh2+α(u∗)−u, we may represent wi = vi−u, i = 1, 2,

for some vi ∈ Bh2+α(u∗). Moreover, we see that w1 − w2, vi − u∗ ∈
◦
Vh,p, i = 1, 2.

The following estimates will also be applied several times:

‖wi‖h ≤ ‖vi − u∗‖h + ‖u∗ − u‖h . h2+α, (A.19)

‖Hhwi‖2,Ω ≤ ‖Hh[vi − u∗]‖2,Ω + ‖Hh[u∗ − u]‖2,Ω

≤ Ch−1‖vi − u∗‖h + hp−1

. h1+α,
(A.20)

note that the first inequality in (A.20) follows from (4.11.5) and (8.3.15).

Let us consider the first remainder term, R1. For w1, w2 ∈ Bh2+α(u∗)−u, v ∈
◦
Vh,p,

that

〈R1[w1]−R1[w2], v〉 =

∫
Ω

(γ1(w1)− γ1(w2))v

.
∫

Ω

(|w1|+ |w2|)|w1 − w2||v|

. (‖w1‖2,Ω + ‖w2‖2,Ω)‖w1 − w2‖2,Ω‖v‖∞,Ω.
Thus, by (A.5) and (A.6)

〈R1[w1]−R1[w2], v〉 = 〈R1[v1 − u]−R1[v2 − u], v〉

. (‖v1 − u‖2,Ω + ‖v2 − u‖2,Ω)‖w1 − w2‖2,Ω‖v‖∞,Ω

. (1 + | lnh|)1/2(‖v1 − u‖2,Ω + ‖v2 − u‖2,Ω)‖w1 − w2‖2,Ω‖v‖h

. (1 + | lnh|)1/2

2∑
i=1

[‖vi − u∗‖2,Ω + ‖u− u∗‖2,Ω]‖w1 − w2‖2,Ω‖v‖h

. (1 + | lnh|)1/2h2+α‖w1 − w2‖h‖v‖h.
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Thus, it follows that

‖R1[w1]−R1[w2]‖−1,h . (1 + | lnh|)1/2h2+α‖w1 − w2‖h. (A.21)

We also see that

〈R2[w1]−R2[w2], v〉 = −
∫

Ω

detPWh,p
(D2u)(γ2(∇w1)− γ2(∇w2))v

− 1

2

∫
Ω

(Ah : Hh[w1 + w2](γ2(∇w1)− γ2(∇w2)))v

− 1

2

∫
Ω

(γ2(∇w1) + γ2(∇w2))(Ah : Hh[w1 − w2])v

.
∫

Ω

(|∇w1|+ |∇w2|)|∇w1 −∇w2||v|

+

∫
Ω

(|Hh[w1]|+ |Hh[w2]|)(|∇w1|+ |∇w2|)|∇w1 −∇w2||v|

+

∫
Ω

(|∇w1|2 + |∇w2|2)|Hh[w1 − w2]|)|v|

. (‖w1‖h + ‖w2‖h)‖w1 − w2‖h‖v‖∞,Ω
+ (‖Hh[w1]‖2,Ω + ‖Hh[w2]‖2,Ω)(‖w1‖h + ‖w2‖h)‖w1 − w2‖W 1,∞(Ω)‖v‖∞,Ω
+ (‖w1‖h + ‖w2‖h)(‖w1‖W 1,∞(Ω) + ‖w2‖W 1,∞(Ω))‖H[w1 − w2]‖2,Ω‖v‖∞,Ω

. (1 + | lnh|)1/2(‖w1‖h + ‖w2‖h)‖w1 − w2‖h‖v‖h

+ (1 + | lnh|)h−1

2∑
i=1

‖Hhwi‖2,Ω(‖w1‖h + ‖w2‖h)‖w1 − w2‖h‖v‖h

+ (1 + | lnh|)1/2h−1(‖w1‖h + ‖w2‖h)(‖w1‖W 1,∞(Ω) + ‖w2‖W 1,∞(Ω))‖w1 − w2‖h‖v‖h,
where the final inequality follows from (4.6.27), (4.11.5), and (A.5).

Then, by (A.18), (A.19), and (A.20), it then follows that

〈R2[w1]−R2[w2], v〉 . ((1 + | lnh|)1/2h1+α + (1 + | lnh|)h2+2α)‖w1 − w2‖h‖v‖h,

which results in

‖R2[w1]−R2[w2]‖−1,h((1 + | lnh|)1/2h1+α + (1 + | lnh|)h2+2α)‖w1 − w2‖h. (A.22)

For the third remainder term, we have

〈R3[w1]−R3[w2], v〉 =

∫
Ω

(f2(∇u)(det(Hh[w1])− det(Hh[w2]))

+
1

2

∫
Ω

Dqf2(∇u) · ∇(w1 + w2)(det(Hh[w1])− det(Hh[w2])))v

+
1

2

∫
Ω

(det(Hh[w1]) + det(Hh[w2]))Dqf2(∇u) · ∇(w1 − w2)v
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.
∫

Ω

(|Hh[w1]|+ |Hh[w2]|)|Hh[w1 − w2]||v|

+

∫
Ω

(|∇w1|+ |∇w2|)(|Hh[w1]|+ |Hh[w2]|)|Hh[w1 − w2]||v|

+

∫
Ω

(|Hh[w1]|2 + |Hh[w2]|2)|∇w1 −∇w2||v|

. (‖Hh[w1]‖2,Ω + ‖Hh[w2]‖2,Ω)‖Hh[w1 − w2]‖2,Ω‖v‖∞,Ω

+

(
2∑
i=1

‖Hh[wi]‖2,Ω

)(
2∑
i=1

‖wi‖W 1,∞(Ω)

)
‖Hh[w1 − w2]‖2,Ω‖v‖∞,Ω

+

(
2∑
i=1

‖Hh[wi]‖2,Ω

)2

‖w1 − w2‖W 1,∞(Ω)‖v‖∞,Ω

. ((1 + | lnh|)1/2hα + (1 + | lnh|)h1+2α)‖w1 − w2‖h‖v‖h,
where the final inequality follows from (4.11.5), (A.5), (A.18), and (A.20). Thus,

‖R3[w1]−R3[w2]‖−1,h . ((1 + | lnh|)1/2h1+α + (1 + | lnh|)h1+2α)‖w1 −w2‖h. (A.23)

For the fourth remainder term, we have

〈R4[w1]−R4[w2], v〉 = −1

2

∫
Ω

Ah : Hh[w1 + w2]Dqf2(∇u) · ∇(w1 − w2)v

+
1

2

∫
Ω

Ah : Hh[w1 − w2]Dqf2(∇u) · ∇(w1 + w2)v

.

((
2∑
i=1

‖Hh[wi]‖2,Ω

)
‖w1 − w2‖h +

(
2∑
i=1

‖wi‖h

)
‖Hh[w1 − w2]‖2,Ω

)
‖v‖∞,Ω

. (1 + | lnh|)1/2h1+α‖w1 − w2‖h‖v‖h,
where the final inequality follows from (4.11.5), (A.5), (A.19), and (A.20), and so

‖R4[w1]−R4[w2]‖−1,h . (1 + | lnh|)1/2h1+α‖w1 − w2‖h. (A.24)

For the fifth, and final remainder term, we have

〈R5[w1]−R5[w2], v〉 = −1

2

∫
Ω

((det(Hh[w1]) + det(Hh[w2]))(γ2(∇w1)− γ2(∇w2)))v

− 1

2

∫
Ω

(det(Hh[w1])− det(Hh[w2]))(γ2(∇w1) + γ2(∇w2))v

.
∫

Ω

(|Hh[w1]|2 + |Hh[w2]|2)(|∇w1|+ |∇w2|)|∇w1 −∇w2||v|

+

∫
Ω

(|Hh[w1]|+ |Hh[w2]|)(|∇w1|2 + |∇w2|2)|Hh[w1 − w2]||v|

.

(
2∑
i=1

‖Hh[wi]‖2,Ω

)2( 2∑
i=1

‖wi‖W 1,∞(Ω)

)
‖w1 − w2‖W 1,∞(Ω)‖v‖∞,Ω
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+

(
2∑
i=1

‖Hh[wi]‖2,Ω

)(
2∑
i=1

‖wi‖W 1,∞(Ω)

)2

‖Hh[w1 − w2]‖2,Ω‖v‖∞,Ω

. (1 + | lnh|)3/2h2+3α‖w1 − w2‖h‖v‖h,

where the final inequality follows from (4.6.27), (4.11.5), (A.5), (A.19) and (A.20),

and so

‖R5[w1]−R5[w2]‖−1,h . (1 + | lnh|)3/2h2+3α‖w1 − w2‖h. (A.25)

Since R =
∑5

i=1 Ri, using the triangle inequality, we can obtain an upper bound for

‖R[w1]−R[w2]‖−1,h by summing our bounds for R1, . . . , R5, i.e., from (A.21)–(A.25)

we obtain (noting that h ≤ h0 < 1)

‖R[w1]−R[w2]‖−1,h ≤
5∑
i=1

‖Ri[w1]−Ri[w2]‖−1,h

.
{

(1 + | lnh|)
1
2h2+α by (A.21)

+ (1 + | lnh|)
1
2h1+α + (1 + | lnh|)h2+2α by (A.22)

+ (1 + | lnh|)
1
2hα + (1 + | lnh|)h1+2α by (A.23)

+ (1 + | lnh|)
1
2h1+α by (A.24)

+ (1 + | lnh|)
3
2h2+3α } × ‖w1 − w2‖h by (A.25)

. (hα(1 + | lnh|)
1
2 + h1+2α(1 + | lnh|) + h2+3α(1 + | lnh|)

3
2 )‖w1 − w2‖h

=
3∑
i=1

hi(1+α)−1(1 + | lnh|)
i
2‖w1 − w2‖h.

Thus we have obtained (A.15). The derivation of (A.16) is analogous; we simply

appeal to Corollary 2.2.13, i.e., we let w1 := w ∈ Bh2+α(u∗)− u, and w2 ≡ 0.

Taking w ∈ Bh2+α(u∗)− u and v ∈
◦
Vh,p, by (A.6) and (A.5), we obtain

〈R1[w], v〉 . ‖w‖2
2,Ω‖v‖∞,Ω . (1 + | lnh|)

1
2h4+2α‖v‖h. (A.26)

By (A.5), (A.18), (A.19), and (A.20), we obtain

〈R2[w], v〉 . (‖w‖2
h + ‖Hhw‖2,Ω‖w‖h‖w‖W 1,∞(Ω))‖v‖∞,Ω

. (h4+2α(1 + | lnh|)
1
2 + h4+3α(1 + | lnh|))‖v‖h.

(A.27)

By (A.5), (A.19), and (A.20), we obtain

〈R3[w], v〉 . (‖Hhw‖2
2,Ω + ‖Hhw‖2

2,Ω‖w‖W 1,∞(Ω))‖v‖∞,Ω
. ((1 + | lnh|)

1
2h2+2α + (1 + | lnh|)h3+3α)‖v‖h.

(A.28)
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By (A.5), (A.19), and (A.20), we obtain

〈R4[w], v〉 . ‖Hhw‖2,Ω‖w‖h‖v‖∞,Ω . (1 + | lnh|)
1
2h3+2α‖v‖h. (A.29)

Finally, by (A.5), (A.19), and (A.20),

〈R5[w], v〉 . ‖Hhw‖2
2,Ω‖w‖2

W 1,∞(Ω)‖v‖∞,Ω . (1 + | lnh|)
3
2h4+4α‖v‖h. (A.30)

Thus, it follows that

〈R[w], v〉 =
5∑
i=1

〈Ri[w], v〉 .
{

(1 + | lnh|)
1
2h2p by (A.26)

+ h4+2α(1 + | lnh|)
1
2 + h4+3α(1 + | lnh|) by (A.27)

+ (1 + | lnh|)
1
2h2+2α + (1 + | lnh|)h3+3α by (A.28)

+ (1 + | lnh|)
1
2h3+2α by (A.29)

+ (1 + | lnh|)
3
2h4+4α } × ‖v‖h by (A.30)

. (h2+2α(1 + | lnh|)
1
2 + h3+3α(1 + | lnh|) + h4+4α(1 + | lnh|)

3
2 )‖v‖h

= h2+α

3∑
i=1

hi(1+α)−1(1 + | lnh|)
i
2‖v‖h.

By the definition of ‖ · ‖−1,h, we obtain (A.15). �
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Appendix B

Data for Experiment 7.9.5

MA prob. no. ‖uNh − u0
h‖h,1 Mesh size Newton steps

1 3089599.32 0.50 6
2 7579655.15 0.28 6
3 14760336.26 0.16 7
4 3150458.84 0.10 7
5 218268867.53 0.05 7
6 542447450.07 0.03 8
7 910192579.44 0.01 7
8 5018313.99 0.50 6
9 9444236.63 0.28 6
10 2538421.34 0.16 7
11 48667241.55 0.10 7
12 159481809.63 0.05 7
13 195170239.59 0.03 7
14 682066167.58 0.01 8
15 1973988.67 0.50 7
16 2642355.08 0.28 6
17 6427946.40 0.16 7
18 73594883.72 0.10 7
19 75116712.66 0.05 7
20 338418648.81 0.03 7
21 581873560.10 0.01 7
22 4197895.27 0.50 6
23 20468545.12 0.28 6
24 37391881.80 0.16 7
25 57306326.45 0.10 6
26 53861186.13 0.05 7

Table B.1: Initial distance, mesh size, and number of Newton iterations for the index
i in the range 1, . . . , 26, for Experiment 7.9.5
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MA prob. no. ‖uNh − u0
h‖h,1 Mesh size Newton steps

27 163842183.95 0.03 7
28 937562497.74 0.01 7
29 637895.22 0.50 6
30 734122.33 0.28 6
31 34369881.29 0.16 7
32 853023.83 0.10 7
33 137520631.22 0.05 7
34 48235590.71 0.03 8
35 299685506.11 0.01 7
36 1838915.77 0.50 6
37 7940868.05 0.28 7
38 29510546.36 0.16 6
39 98593989.70 0.10 7
40 165143046.65 0.05 7
41 333014524.71 0.03 8
42 421591682.84 0.01 7
43 6789010.68 0.50 6
44 4960417.55 0.28 6
45 28440054.28 0.16 7
46 57074843.12 0.10 6
47 8635511.59 0.05 7
48 355319787.08 0.03 7
49 1416399903.32 0.01 7
50 1713380.42 0.50 6
51 15069373.92 0.28 6
52 21635067.13 0.16 7
53 108190210.72 0.10 7
54 397829085.23 0.05 7
55 474884727.96 0.03 7
56 1756918495.70 0.01 14
57 10784290.47 0.50 6
58 14068302.92 0.28 6
59 39923076.96 0.16 7
60 10593511.55 0.10 7
61 42788765.19 0.05 7
62 330653407.31 0.03 6
63 2491935658.34 0.01 10
64 7493685.75 0.50 6
65 28499629.84 0.28 7
66 25697621.10 0.16 7
67 64908529.70 0.10 7

Table B.2: Initial distance, mesh size, and number of Newton iterations for the index
i in the range 27, . . . , 67, for Experiment 7.9.5
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MA prob. no. ‖uNh − u0
h‖h,1 Mesh size Newton steps

68 108240288.36 0.05 7
69 176137840.81 0.03 7
70 1096993542.64 0.01 9
71 526722.54 0.50 6
72 1773479.64 0.28 7
73 10021648.81 0.16 7
74 55443360.42 0.10 7
75 176847481.92 0.05 7
76 908318797.18 0.03 7
77 129483993.57 0.01 7
78 7254721.16 0.50 7
79 5744392.50 0.28 7
80 15983317.32 0.16 7
81 24125153.01 0.10 7
82 35438987.78 0.05 7
83 675332847.84 0.03 8
84 1207828497.98 0.01 7
85 5578622.54 0.50 7
86 16065342.24 0.28 7
87 6418264.96 0.16 7
88 15775962.92 0.10 7
89 134452747.06 0.05 7
90 27432274.48 0.03 7
91 362473195.52 0.01 7
92 12810457.97 0.50 7
93 19406994.54 0.28 7
94 22053708.99 0.16 7
95 31367673.06 0.10 7
96 318871390.88 0.05 7
97 622929439.43 0.03 7
98 809463625.45 0.01 7
99 4243041.73 0.50 6
100 13479197.55 0.28 7
101 23438909.13 0.16 7
102 32624787.32 0.10 7
103 175534181.58 0.05 7
104 60959806.27 0.03 7
105 813407855.49 0.01 10
106 2352216.95 0.50 6
107 8166806.59 0.28 7

Table B.3: Initial distance, mesh size, and number of Newton iterations for the index
i in the range 68, . . . , 107, for Experiment 7.9.5
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MA prob. no. ‖uNh − u0
h‖h,1 Mesh size Newton steps

108 12569701.31 0.16 7
109 19900537.47 0.10 7
110 54693296.32 0.05 7
111 213612002.70 0.03 9
112 719013991.36 0.01 7
113 5711448.60 0.50 6
114 11654458.28 0.28 6
115 567854.04 0.16 7
116 63743138.85 0.10 7
117 7054061.57 0.05 7
118 102127534.53 0.03 19
119 313292289.39 0.01 8
120 944401.17 0.50 6
121 7694254.40 0.28 7
122 3221090.85 0.16 7
123 44146683.84 0.10 6
124 102475312.96 0.05 6
125 158849320.41 0.03 7
126 246371471.83 0.01 7
127 8148145.82 0.50 6
128 10044970.32 0.28 6
129 47611485.42 0.16 7
130 49659558.67 0.10 7
131 99121122.56 0.05 7
132 439207168.70 0.03 8
133 1585653747.74 0.01 7
134 3072861.68 0.50 6
135 7618492.84 0.28 6
136 46914578.83 0.16 7
137 27035953.55 0.10 7
138 86220739.85 0.05 7
139 185949027.79 0.03 7
140 842031032.01 0.01 8
141 5764053.42 0.50 6
142 13356469.27 0.28 6
143 14741742.64 0.16 6
144 12951501.79 0.10 7
145 223184282.30 0.05 7
146 346455255.04 0.03 7
147 378000720.64 0.01 7

Table B.4: Initial distance, mesh size, and number of Newton iterations for the index
i in the range 108, . . . , 147, for Experiment 7.9.5
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MA prob. no. ‖uNh − u0
h‖h,1 Mesh size Newton steps

148 2804013.28 0.50 6
149 1036112.56 0.28 6
150 26470433.46 0.16 7
151 91154602.91 0.10 7
152 158010996.03 0.05 7
153 938290654.09 0.03 7
154 2014600226.27 0.01 19
155 6289996.68 0.50 6
156 17908638.22 0.28 6
157 56651789.04 0.16 7
158 136696155.85 0.10 7
159 37600873.58 0.05 7
160 560568443.13 0.03 7
161 2448171028.96 0.01 9
162 7735930.83 0.50 6
163 7462547.55 0.28 7
164 34141576.58 0.16 7
165 33455516.54 0.10 7
166 358848015.56 0.05 7
167 273208888.42 0.03 7
168 2237495837.81 0.01 9
169 6750450.64 0.50 6
170 1760267.08 0.28 7
171 17867487.48 0.16 7
172 52319234.84 0.10 7
173 127110321.28 0.05 7
174 159856103.50 0.03 10
175 56080718.04 0.01 7
176 1636408.85 0.50 6
177 837819.82 0.28 6
178 11029934.26 0.16 7
179 24302687.12 0.10 7
180 135533658.72 0.05 7
181 499987268.86 0.03 7
182 1396629275.90 0.01 8
183 7289680.78 0.50 6
184 7860897.27 0.28 6

Table B.5: Initial distance, mesh size, and number of Newton iterations for the index
i in the range 148, . . . , 184, for Experiment 7.9.5
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MA prob. no. ‖uNh − u0
h‖h,1 Mesh size Newton steps

185 28481642.41 0.16 7
186 88640530.34 0.10 7
187 164788478.27 0.05 7
188 83372130.31 0.03 7
189 941098199.79 0.01 9
190 6844494.09 0.50 6
191 3236549.98 0.28 7
192 30720530.34 0.16 7
193 37141731.59 0.10 7
194 118102856.57 0.05 7
195 336339460.33 0.03 7
196 1406694946.76 0.01 8
197 6190489.55 0.50 6
198 23284302.19 0.28 6
199 867900.07 0.16 6
200 44430657.10 0.10 7
201 198020607.68 0.05 7
202 293099439.70 0.03 7
203 2426174117.25 0.01 8
204 7149318.05 0.50 7
205 4946365.25 0.28 7
206 9328663.18 0.16 7
207 61837627.48 0.10 7
208 131489337.47 0.05 8
209 510652297.89 0.03 7
210 165901781.45 0.01 7

Table B.6: Initial distance, mesh size, and number of Newton iterations for the index
i in the range 185, . . . , 210, for Experiment 7.9.5
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u
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u
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,0

u
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u
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,1

u
i1
,2

u
i3
,0

u
i0
,3

1
255430.77

−
131701.89

98512.63
34565.22

−
29042.31

114814.29
159726.75

176806.91
69865.86

210157.99
2

37460.12
−

275197.18
141906.52

385283.33
−

352000.88
144620.31

−
354511.03

−
303849.38

11069.03
−

126292.11
3

−
192233.90

−
202339.05

−
53148.39

240395.48
338058.51

467443.97
−

141661.25
485312.63

524739.66
−

35007.08
4

14362.22
−

6888.40
−

10229.51
27008.45

−
4217.29

15042.04
−

11546.33
−

12318.45
−

14355.00
−

2172.08
5

72501.31
−

341769.62
−

170296.80
416022.48

−
204848.32

−
455712.27

530687.50
85340.19

−
597693.10

−
548500.24

6
−

310569.18
−

71625.94
−

566552.96
−

505645.18
246202.31

−
245728.29

−
539293.39

−
431653.59

538379.37
27772.88

7
182383.10

276290.33
−

208048.98
−

268620.45
−

153937.37
154322.85

189041.19
−

108461.51
254015.16

223687.99
8

−
270438.81

−
278690.24

304149.39
1402.38

−
265242.55

209171.32
342916.00

172163.80
29179.59

271764.67
9

448829.42
275321.92

−
396826.91

−
426839.04

−
587734.50

−
47551.98

439342.65
−

177477.82
−

509092.67
−

90333.17
10

16968.11
−

8096.82
−

51186.22
32989.14

57119.39
−

39427.93
−

55042.00
2326.92

39237.54
32311.98

11
−

349835.78
−

166545.11
286004.43

−
378285.21

314443.03
373768.09

307028.74
−

65304.78
−

50920.43
268171.39

12
−

587079.32
373163.07

−
384201.55

−
574951.01

377961.02
372231.34

−
300593.90

617046.02
37549.96

772097.64
13

179279.13
−

38588.27
−

24920.97
341123.54

−
287353.02

166347.94
239738.50

172134.68
−

25680.03
−

80481.08
14

107970.57
−

110207.18
51562.91

−
72506.04

132694.21
155185.32

131982.74
66788.51

−
105921.69

42128.86
15

22944.74
−

46025.51
−

236920.49
217201.63

−
2853.28

−
90618.46

113134.14
−

181359.11
−

100011.18
49653.87

16
−

8726.86
−

42082.85
76619.43

−
107342.67

88180.01
24021.67

87945.23
−

86232.54
−

87914.55
−

98174.14
17

−
182571.46

−
232713.98

−
23784.20

−
140007.00

172572.66
121381.66

−
76386.18

−
110286.66

150439.53
145211.32

18
−

376732.99
30426.45

380965.02
286321.28

260638.23
−

561708.36
33492.35

−
681593.90

213637.20
−

31912.06
19

−
47454.09

382533.73
−

92877.41
−

326185.50
−

195811.84
206824.08

88204.08
24568.89

−
457970.05

352297.22
20

−
178186.46

167952.20
54071.09

229427.08
−

107834.31
−

307291.57
139327.29

−
319178.54

−
56600.53

75908.78
21

−
97924.75

151504.52
1425.62

−
65898.11

−
114963.53

−
2652.84

22466.96
19203.58

121723.71
−

142211.67
22

−
213168.37

−
102202.63

119163.01
−

218582.40
−

226676.95
−

248671.45
134507.94

−
201889.79

−
185303.42

−
152448.78

23
364841.54

−
249970.65

−
731971.15

344798.30
−

365456.88
514811.38

−
47407.35

−
128948.10

234202.27
−

523827.02
24

265571.60
301942.03

−
494273.99

−
240802.81

148366.71
484304.31

−
432781.04

−
91249.17

−
32567.47

−
359935.73

25
27860.85

−
570386.69

139847.68
602171.79

264110.23
−

659711.66
−

261613.00
−

637544.40
580537.41

−
164251.99

26
309082.52

241722.80
106752.40

205336.35
−

110592.82
−

317300.57
28355.76

259343.13
−

349421.92
−

99572.58
27

−
163968.95

−
149075.28

−
58382.73

26693.32
60668.63

152753.68
133718.19

−
18816.07

−
139402.07

−
50194.83

28
−

548555.83
−

378929.99
245748.08

−
251489.31

798272.87
47338.90

607657.77
−

251964.89
327018.37

−
510233.08

29
−

73695.71
−

39588.89
−

43765.22
−

38490.73
1624.25

78673.42
49206.02

67368.65
14436.27

−
4595.90

30
12708.53

8827.60
16128.81

−
352.85

−
49051.18

29106.51
7256.50

20255.72
−

17053.91
−

30789.84
31

−
639375.69

298886.60
3137.52

204639.97
268196.33

−
268215.66

−
212538.33

475302.93
290540.42

44772.15
32

6766.50
−

310.12
−

4358.21
10906.09

−
11413.83

−
8515.76

6708.47
−

4721.66
4981.53

−
5929.12

33
−

65388.83
495131.82

−
52259.70

−
75488.64

292868.64
−

377911.97
234456.53

−
496888.09

−
128046.63

−
559833.50

34
47051.49

14489.19
72462.93

6060.58
−

48144.01
−

51166.71
17322.88

15801.64
−

76268.90
−

7030.48
35

51593.37
78041.40

−
72676.71

−
8574.81

−
51801.10

55886.62
52544.66

95747.62
72595.06

101067.44
36

89528.79
−

91236.23
−

174181.41
−

179359.29
56455.87

118076.43
−

70789.55
−

9315.36
57644.22

63920.91
37

2043.26
133771.49

−
409496.73

421249.85
115493.84

−
4919.37

552681.48
380631.00

85077.94
−

79288.52
38

−
394485.49

341708.06
−

604396.69
343908.53

618389.49
367642.95

9320.13
351097.57

425311.84
56579.27

39
−

627732.32
−

140621.59
338472.54

−
70182.83

28617.31
−

520400.04
253771.71

214618.83
388430.92

−
395360.64

40
232188.29

−
332471.89

−
320363.23

251520.00
172255.32

18811.06
−

270445.76
−

65721.46
−

209909.00
51381.57

Table B.7: Initial guess random coefficients for the index i in the range 1, . . . , 40, for
Experiment 7.9.5
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41
−

167859.06
−

159100.23
−

218443.87
−

106404.70
119082.53

−
164588.21

−
52365.09

−
168857.33

−
191479.84

−
159589.48

42
−

26131.35
226173.60

257035.19
−

27700.22
−

37127.13
−

14866.76
−

1766.66
392618.99

−
188802.81

−
332600.60

43
−

57477.24
489387.81

−
165355.12

−
503547.08

463369.57
499600.43

−
270250.84

318094.72
−

495009.72
480331.25

44
−

39337.85
78435.83

−
132584.96

148875.10
62640.76

−
102668.11

34248.77
−

163884.39
120370.76

−
167480.47

45
−

149859.93
−

450927.31
−

190582.21
−

304577.65
518698.02

−
290286.33

−
99243.76

456011.47
−

452453.06
−

215226.79
46

673225.31
−

666698.79
−

208826.16
−

106040.35
−

414930.10
−

465479.75
−

241108.20
205395.74

94595.47
748270.26

47
−

14422.83
3443.44

−
12514.42

4473.75
−

9085.14
−

13461.03
−

15356.50
2302.46

−
15916.63

−
1990.02

48
125248.12

−
118791.08

−
441484.82

−
392021.14

−
364303.43

29567.90
−

355094.67
223355.82

580375.15
207302.98

49
−

407029.00
190949.90

9051.97
−

420037.28
−

125772.18
−

153976.07
−

142936.37
−

404830.47
−

337666.06
−

341100.29
50

102910.65
117896.68

−
38024.85

200059.24
−

60930.23
−

138461.90
−

139465.84
140448.92

22218.10
29341.21

51
372151.08

84737.55
623034.24

588707.30
−

529029.27
−

929459.31
700157.87

452023.44
−

589170.30
−

894444.59
52

373164.04
345970.90

301788.53
−

149585.71
335505.86

−
232756.18

377549.67
−

289643.13
−

310274.89
−

420895.83
53

−
54656.51

−
543460.87

539495.17
−

78772.84
−

821663.72
−

438239.59
911850.14

−
882639.24

−
99874.69

−
509755.03

54
−

721838.41
−

116651.21
651052.74

352012.43
−

595011.16
−

157195.48
599012.96

13674.82
521737.26

277145.34
55

143882.66
87215.01

333591.08
−

223642.12
161395.86

−
244651.45

394486.92
211492.53

−
323156.92

449229.33
56

433505.05
75646.78

732202.55
364777.33

−
68957.25

359756.55
−

16340.51
−

34084.89
−

352709.63
−

172184.60
57

605099.18
414858.12

261122.62
−

738145.54
603443.59

339291.23
534729.66

−
608095.73

−
643011.65

−
688647.56

58
−

413291.44
125049.87

307907.16
−

441273.65
−

503021.82
303536.37

−
226046.56

144233.66
−

223430.08
229477.09

59
−

104671.68
11359.52

−
542620.78

402044.21
538861.91

−
410799.05

−
588977.28

792923.11
83299.60

−
622032.49

60
−

59267.29
35207.42

−
109481.64

−
96482.62

−
30082.39

123246.07
112510.56

−
139143.05

106959.63
128353.06

61
−

92809.35
−

110686.22
−

111295.11
−

11084.06
−

15533.89
88608.74

27425.17
62856.41

−
55354.77

−
14329.52

62
106780.90

−
241848.44

239608.16
421344.03

−
391699.35

252502.01
−

43217.95
380776.97

139700.87
257297.75

63
580256.70

50371.59
−

209063.07
−

457754.13
414918.68

461694.37
−

80346.29
−

542808.97
317070.75

−
165747.00

64
206872.60

499536.00
−

350492.17
45677.95

−
26443.27

409204.83
−

572230.01
−

217312.31
328662.47

−
306690.20

65
−

790355.08
−

290787.50
814994.85

389884.11
−

147153.11
407482.82

553045.22
−

250459.16
−

730452.99
657247.08

66
350769.02

86938.28
127613.79

−
517103.16

−
33820.66

−
25812.26

693899.00
420290.24

222234.60
330786.24

67
302411.07

461052.90
324728.56

−
340870.89

−
45703.65

−
355540.70

489867.26
11633.12

−
13269.53

285913.65
68

−
204293.88

−
236800.77

52579.10
179057.60

22206.64
−

200874.92
30518.19

−
43137.44

86586.95
178481.84

69
165778.26

−
168260.72

147624.57
139372.76

−
119922.69

−
33739.81

141667.92
9523.02

−
116416.85

−
191685.69

70
448697.00

123296.05
719612.38

−
212554.50

−
209028.08

−
894960.66

−
800216.05

−
760860.99

627534.63
−

557425.33
71

−
16194.85

−
47500.42

34503.19
45038.18

9758.04
−

29209.50
44377.82

38237.82
10818.01

13331.89
72

−
69904.75

−
65664.93

−
176014.46

−
75771.87

9731.90
65108.85

185540.11
−

93154.84
82264.17

133008.29
73

−
99060.42

67366.31
16512.74

−
139670.82

148623.92
237943.95

−
197981.74

64667.23
209216.29

177335.46
74

452383.48
234957.98

31898.88
706713.96

−
486564.01

186594.67
−

95728.49
−

587649.34
208496.41

−
119483.66

75
273102.18

−
344408.08

−
276405.29

−
17863.67

73180.88
420294.79

107386.11
33053.79

−
59965.97

367892.34
76

436873.28
−

366856.50
693223.07

569573.68
−

213913.55
−

334853.48
−

194740.23
−

588722.78
−

654343.94
670076.89

77
40467.61

−
45391.29

−
5656.48

−
54340.88

−
34133.12

−
42371.96

573.80
52818.90

−
47588.53

−
13906.75

78
−

294064.46
−

275189.08
439996.93

112717.57
260258.33

−
460391.78

−
206771.45

272364.11
−

518664.46
187640.66

79
−

249583.48
−

72310.56
325609.37

−
136795.95

131607.54
287973.26

340471.36
407758.63

−
64055.85

−
176968.45

80
131996.27

−
132464.62

−
16866.74

−
252919.91

219264.19
182608.93

206120.02
290096.10

64977.84
217676.21

Table B.8: Initial guess random coefficients for the index i in the range 41, . . . , 80,
for Experiment 7.9.5
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u
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u
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u
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u
i1
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u
i3
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u
i0
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81
49916.14

32710.67
−

99828.04
−

177404.40
47817.30

193278.54
175419.85

−
138550.48

−
212364.36

128052.82
82

96604.27
−

66748.53
104211.91

72633.90
88945.60

−
134184.62

77365.19
138549.62

38811.94
−

138038.44
83

427802.04
501324.91

356442.17
503791.20

−
594218.36

−
545358.83

−
138183.58

−
744808.07

318445.85
804216.10

84
45777.73

150554.55
391739.76

−
531798.36

428196.22
−

285664.06
−

100686.61
−

503651.72
25271.52

233024.03
85

−
274348.34

380671.65
320951.57

189675.96
315648.05

688486.13
134037.14

−
75258.26

184399.80
−

387327.70
86

−
195332.90

160026.78
123886.82

892653.97
−

433664.83
−

78948.09
−

576850.46
131021.81

−
570181.86

−
758882.48

87
−

10723.31
−

108099.80
200827.67

115608.49
65503.77

−
152647.86

132661.86
120599.51

6131.96
−

213428.85
88

98812.03
17924.60

17221.20
20446.65

−
45292.09

57733.33
−

136343.23
−

38396.85
100523.40

124387.10
89

−
202849.50

−
114063.62

−
50772.27

279611.98
77806.35

−
261315.78

232555.20
271801.31

−
458174.36

12968.76
90

−
15066.29

−
27857.39

13021.92
23228.58

6791.56
−

6307.85
−

21276.69
−

28418.77
−

6724.56
−

5428.44
91

4785.06
−

17737.02
−

93249.32
−

26374.19
174113.14

−
17185.92

−
186125.04

−
186168.86

−
91603.47

166933.67
92

−
286009.31

−
777286.72

782705.67
622396.79

420670.23
236599.82

29996.84
−

648944.01
−

730216.39
553195.76

93
−

652462.53
−

321848.52
539806.25

557823.56
586412.63

−
517756.56

7522.56
709526.62

298204.13
304212.53

94
−

230673.11
−

74107.82
−

307016.09
−

137437.65
483126.98

−
437134.98

471199.39
13524.98

−
356801.10

−
57075.75

95
−

133893.51
135961.56

112395.30
−

81601.48
−

171613.56
161709.91

−
17596.80

97920.53
148256.45

76696.55
96

142019.86
839238.18

829575.94
493769.48

290654.21
−

849518.51
10780.75

−
87283.61

17666.31
348464.57

97
339246.18

−
769343.11

−
213687.79

773023.80
646841.60

−
374921.40

−
324942.52

684550.79
191540.68

9765.47
98

−
357765.33

205031.02
−

140475.58
87924.61

607798.39
480644.75

−
750762.78

−
522822.91

−
125819.35

−
38409.74

99
53061.50

−
196652.72

618007.11
−

342427.48
−

138596.24
−

92539.36
−

586582.83
418981.42

−
21989.81

14288.85
100

−
138453.25

−
159868.40

543132.76
505949.59

−
19704.29

59383.04
−

603551.50
148131.73

−
424188.39

328926.47
101

165476.40
11070.83

−
728785.79

164265.02
378197.82

351907.96
806103.77

177371.68
−

130524.92
557230.57

102
−

88370.55
−

199620.48
−

36516.31
187267.58

−
131405.52

−
230727.67

21982.87
146570.25

2241.00
40042.79

103
−

341553.24
−

570562.44
−

349331.07
605016.54

532248.43
−

478220.96
560777.59

468399.11
435647.10

−
172990.90

104
56292.11

43541.85
48007.41

13616.97
15722.20

9538.99
−

16318.22
−

17312.49
1025.09

−
56960.60

105
−

91803.69
234824.59

175715.06
265259.14

−
97671.94

−
134259.70

−
10080.50

−
40889.42

−
44449.48

198658.61
106

−
41673.46

131241.27
47793.42

−
118360.74

198407.22
64313.07

−
187799.85

−
86504.72

92264.59
166458.62

107
−

25843.53
203264.79

−
98004.11

−
119750.11

−
263618.30

−
264050.09

107206.41
283211.08

121745.79
239420.39

108
−

15365.88
−

20602.92
−

4040.98
438503.45

−
267768.71

−
99883.70

288569.46
−

347453.17
−

8438.51
10618.99

109
40764.13

−
88943.44

−
121763.97

134067.61
−

66895.92
−

16502.48
−

115911.83
−

138784.21
64886.73

−
110231.90

110
126084.93

442975.12
350555.23

−
83749.15

−
79265.25

23555.83
−

11432.79
63585.17

−
451812.75

−
475225.48

111
−

128825.40
−

33041.14
−

106898.38
32261.51

133382.70
−

240568.08
123170.09

−
173306.76

15682.21
−

122043.54
112

154157.50
−

308405.97
279019.63

−
183802.65

226953.21
−

332723.83
−

267595.59
−

87193.88
54281.33

−
253523.90

113
−

468039.72
465300.52

−
436589.24

422269.73
388614.49

117966.28
−

256792.45
361692.77

−
576376.79

213070.92
114

−
236048.83

−
370583.10

365429.34
371924.52

363161.96
787454.08

−
227048.45

308014.89
46605.06

191954.39
115

−
4695.39

104.27
−

1065.72
−

8299.59
−

11306.67
5126.46

−
5381.90

24.89
10538.88

11471.18
116

−
6680.54

62193.08
−

345195.68
444652.42

182531.64
−

674052.68
−

25684.63
15944.47

47209.30
−

289664.94
117

−
865.04

−
24016.77

−
21872.95

33976.41
5103.93

−
32744.40

7302.84
30178.36

19149.69
30239.68

118
77921.44

−
31806.66

40160.99
70401.40

31041.52
5006.07

−
30353.65

−
29513.11

46394.62
93146.34

119
8293.85

95383.28
−

80849.55
50211.88

84709.03
10604.96

−
22226.43

−
106081.68

4980.42
−

83010.48
120

74647.56
−

71070.14
82131.95

−
76272.28

−
117224.91

−
58987.68

−
21272.13

22680.14
76462.05

4671.27

Table B.9: Initial guess random coefficients for the index i in the range 81, . . . , 120,
for Experiment 7.9.5
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u
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u
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121
−

70788.25
−

324322.53
141579.54

−
427560.54

415722.43
−

17481.66
184309.80

−
188395.20

91793.83
−

20101.75
122

−
76502.98

20260.61
21654.19

15094.86
24792.65

21986.80
62426.31

50507.92
−

90019.10
−

87393.30
123

−
65396.04

−
45529.21

261253.04
612834.07

105042.96
341141.63

−
224972.49

791865.57
−

295505.82
−

642225.37
124

−
98562.30

182480.68
−

452486.64
309765.82

526940.66
−

137898.98
271448.64

−
102756.17

−
235547.53

129339.77
125

−
301736.50

307291.80
−

4317.39
−

37899.06
216314.51

108441.99
9323.41

115106.35
−

244968.50
−

61932.58
126

25999.68
17740.49

107353.07
−

40076.42
−

138268.77
−

64520.17
−

53415.24
156146.45

−
140875.44

−
165399.76

127
345691.81

−
619211.06

434338.14
474774.79

340335.51
764343.33

−
271946.74

602501.63
340779.97

−
237639.89

128
−

348331.74
57198.94

129727.99
171882.89

−
60574.65

474405.04
191494.84

357232.22
256609.58

344736.45
129

−
576169.59

−
504690.92

−
556858.56

424443.00
−

54123.56
−

111416.23
693194.42

−
104092.10

−
686476.62

−
300639.69

130
−

23562.44
−

164.25
298230.38

−
456935.73

67243.00
−

179028.84
282332.90

−
37087.35

−
480481.55

89045.21
131

282291.73
294921.70

219107.50
111481.64

−
36393.13

−
280306.38

301004.87
−

59003.46
126059.46

−
207655.86

132
−

301620.88
319388.42

127471.11
−

368602.33
178958.43

−
269341.88

325857.85
313428.82

−
256225.60

327944.84
133

−
453163.22

−
508888.00

−
4471.91

−
129485.06

−
182086.77

−
63039.61

−
233904.28

283899.70
−

45311.07
294453.83

134
27860.22

−
43933.27

−
179682.86

89820.67
−

164474.00
237958.74

109979.43
−

73107.28
126018.85

−
208942.76

135
−

6068.77
168709.68

−
290702.09

−
138390.30

267451.70
−

247220.18
85395.54

−
135615.75

293392.42
290996.09

136
−

449657.03
−

913522.40
−

121981.49
−

931319.19
−

33328.84
−

460390.87
302206.99

317332.84
−

200657.35
−

429051.42
137

48814.80
146229.73

153125.58
−

75898.28
9837.70

−
58288.54

110239.04
136445.26

46897.20
123673.70

138
47366.33

155416.80
154694.69

110971.05
243270.01

−
185451.09

−
64394.16

175305.98
30651.22

130977.59
139

86066.16
−

94904.01
7698.13

121186.52
59580.76

87441.54
33474.80

140962.13
−

133603.12
167033.76

140
56823.65

109231.14
278351.38

296459.58
−

298152.22
−

318387.54
204858.64

−
196513.00

288246.07
−

297915.54
141

432597.09
−

213901.44
−

193544.86
−

356541.60
122989.91

268048.25
−

234560.86
297616.40

−
111465.32

410043.59
142

−
267656.45

−
446633.31

−
148736.35

−
118649.39

−
451903.28

−
123224.88

315205.99
−

243111.13
8680.87

287782.22
143

87623.92
197171.35

26712.02
88053.51

−
192092.94

377616.87
−

63490.62
−

228925.83
−

286027.61
−

344897.86
144

−
73833.66

26097.16
58399.14

130658.41
119941.36

−
2404.96

75504.04
126003.53

67662.74
12532.59

145
−

141785.88
−

717589.62
−

131706.58
52739.78

354535.90
51859.82

−
623929.11

−
382643.40

−
275072.64

413820.71
146

−
84014.57

−
203858.03

243028.47
205044.61

−
145206.26

160853.61
84661.54

282266.86
−

111891.13
332927.16

147
191501.58

35723.06
11208.55

−
39582.31

−
76075.85

−
48839.45

42974.59
−

149063.68
155272.46

−
43989.08

148
96180.63

228310.33
−

8144.02
−

170610.20
−

58888.98
199984.46

−
105722.94

147574.85
−

148216.39
−

195542.60
149

26004.14
19940.35

26948.09
−

56305.18
27908.19

−
5788.79

−
17690.02

45467.56
−

40956.29
−

7889.73
150

−
507341.08

319194.45
502273.54

−
259417.30

199290.15
227599.83

−
32893.26

192423.66
−

368730.31
312115.90

151
−

59087.83
199948.23

−
272938.41

146515.59
37869.46

810531.63
−

743536.66
713077.18

−
558847.00

−
646177.34

152
366006.70

204269.21
−

98994.76
−

164817.31
−

78794.56
358843.12

286713.73
−

250750.49
−

287262.35
57978.18

153
−

671144.07
−

222585.30
−

354271.65
−

60838.01
−

292899.63
−

50662.77
−

613720.87
−

239303.22
640624.61

−
764462.52

154
507891.55

18897.80
501389.22

147316.18
313671.01

20061.93
430024.17

59783.83
33399.15

202273.82
155

326873.19
−

494158.85
163907.79

416375.70
452922.95

−
166048.10

−
335912.80

542689.95
−

71979.76
266866.10

156
−

860366.36
677034.49

−
57104.11

−
740375.57

729248.03
836061.49

29859.13
−

350091.15
617199.25

180200.27
157

592372.22
838960.57

623697.52
−

689334.73
321294.83

220287.76
7957.63

−
527247.13

795647.45
−

489096.05
158

649153.46
516714.47

−
666387.19

−
377077.06

288754.11
575924.09

−
214655.30

142817.75
−

313030.74
−

174256.85
159

−
134229.34

48523.93
54979.46

−
150401.09

169711.52
219783.13

−
358086.99

62170.34
−

52166.30
120199.34

160
−

449828.19
−

414252.98
505495.74

−
15525.71

398624.25
−

412898.26
−

555483.37
204546.14

432391.78
279146.93

Table B.10: Initial guess random coefficients for the index i in the range 121, . . . , 160,
for Experiment 7.9.5
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161
196223.02

−
238618.77

−
870808.23

69115.07
481078.23

−
173332.76

174612.31
−

349000.38
86126.07

−
664970.24

162
−

872690.77
−

669876.71
−

567574.05
−

207529.08
419268.74

503497.89
−

524488.93
715625.19

−
120672.56

634326.02
163

271942.07
−

239150.19
109045.47

−
363154.06

54135.86
−

125135.49
−

253806.17
399061.77

495258.40
19404.68

164
483869.79

445313.48
−

311977.27
573733.65

378534.98
−

414911.02
−

236491.36
−

327560.51
375590.06

13695.84
165

113242.49
153926.04

18365.51
−

330033.17
42876.46

143597.76
314065.13

322431.37
−

252635.71
−

333633.54
166

−
136871.51

−
52544.59

−
871417.62

714097.74
−

9310.27
759794.41

−
477026.07

−
391405.38

−
74407.98

−
789463.15

167
157678.86

353465.26
120869.51

144824.55
−

300294.21
−

180972.08
−

256124.65
−

308911.04
−

420203.83
476470.46

168
−

687474.06
−

436258.19
−

770134.13
−

208183.72
422403.83

−
233499.65

−
82047.87

269566.76
144585.43

−
268067.88

169
−

62363.26
−

603728.82
264063.18

−
476613.00

−
472376.75

−
448288.01

−
91680.40

465034.12
−

32564.67
287767.16

170
45209.67

−
57082.56

−
53060.42

29751.30
−

54595.35
54215.20

49.48
58223.64

−
20691.79

−
4511.99

171
181554.04

4627.43
154576.94

106342.82
154936.41

267188.39
−

203102.18
−

359143.40
6042.51

58304.20
172

−
23956.01

573510.01
−

154507.52
117378.56

236133.76
298490.21

−
217806.62

−
407264.19

−
425601.16

−
477427.21

173
−

286657.52
16091.01

167608.26
43446.92

−
383977.32

337010.61
285862.66

361556.78
11755.23

−
290123.34

174
−

39963.86
46871.60

69212.58
−

250905.68
−

143794.88
83466.52

−
132064.59

5736.51
−

197041.96
146050.32

175
−

13102.64
−

20711.81
6531.39

−
16544.59

18951.44
−

3598.16
23799.76

−
26385.75

1118.24
−

23469.62
176

−
128532.06

96485.40
−

100737.01
−

16854.62
52474.33

−
51761.91

−
32902.62

70611.48
67265.56

−
42170.89

177
−

21719.57
−

41559.62
−

17965.02
32227.67

35592.88
−

17863.93
−

11809.65
53907.64

−
4124.61

−
4440.76

178
−

75640.24
−

136077.77
−

1104.33
38639.13

−
152236.29

−
146730.45

6256.26
120257.25

−
62819.96

−
107277.54

179
56840.04

−
90045.94

−
146057.99

−
54626.85

−
94674.95

11832.93
−

160503.96
−

212032.93
−

130438.23
−

5680.15
180

−
295945.01

−
321083.02

232000.46
−

138096.82
−

277735.67
274310.97

57067.11
−

32739.03
−

63438.97
−

153688.29
181

−
285976.00

−
301464.98

−
287660.38

254687.87
−

281377.53
15308.57

−
99742.68

−
179226.35

−
235360.84

3624.10
182

−
360250.20

160832.69
−

381276.70
508298.98

−
414450.87

430970.88
−

292436.47
−

526437.77
−

437489.44
111730.23

183
−

264563.22
452813.17

−
202396.48

130506.24
−

116302.76
274642.52

13404.25
264502.81

453634.08
−

431689.38
184

−
182893.52

−
87102.94

−
133452.84

−
443521.79

93366.63
226791.78

−
24405.70

230871.41
438997.15

−
224436.22

185
−

364948.49
−

132553.95
366401.40

−
442266.14

26376.62
−

345442.72
−

615817.54
614238.16

211439.98
230952.72

186
−

568650.41
−

456900.30
423679.71

−
401055.45

−
490822.02

646367.29
568007.77

642199.98
−

357643.32
−

439368.80
187

90567.13
799486.69

218335.87
−

519112.84
−

35600.60
263011.03

−
757933.89

36831.96
−

216386.51
−

133780.56
188

−
57251.75

59469.51
51508.58

−
16364.61

46150.17
4402.48

58202.70
59442.23

30034.89
39828.92

189
−

487937.97
−

107516.18
371867.67

74116.86
501319.06

212038.70
−

396262.29
245344.21

−
574373.51

−
452462.70

190
−

91322.65
511192.73

−
502599.20

−
32035.74

−
436842.31

−
539495.04

82158.05
682993.69

−
166176.93

265874.07
191

−
180397.53

55137.27
−

49105.01
66772.83

−
14575.36

132246.15
27176.65

−
173184.79

−
131675.46

−
19185.49

192
483037.52

266273.50
−

480244.50
−

661587.74
427974.31

−
839671.78

−
507926.69

660391.28
−

274215.26
898954.13

193
−

484105.24
−

196052.93
−

139258.70
−

171523.15
180637.58

456816.43
402283.57

−
431909.36

263410.28
−

322376.54
194

−
38698.70

−
130240.84

52438.27
−

278533.98
−

419232.64
−

43644.84
−

409014.81
451778.78

394765.18
−

199647.46
195

141928.57
50720.05

−
180285.24

−
383866.88

−
286770.72

60322.96
411251.29

−
264186.94

185595.75
−

492612.84
196

312157.02
27261.58

328779.75
314419.31

116053.49
340266.36

232041.22
168314.15

216837.37
−

201195.04
197

288340.98
161945.23

−
449583.72

107467.75
−

404431.34
187063.75

194977.72
−

242461.73
−

235578.68
−

455208.82
198

−
604580.85

−
158786.73

241900.94
366884.35

−
453473.43

−
677686.47

−
361000.88

384619.47
345551.34

−
500750.10

199
7927.29

−
26668.82

10940.82
−

19751.11
−

19728.99
−

7981.99
−

7286.34
14734.73

11000.04
12793.26

200
310176.01

58246.42
−

328350.94
162187.26

−
80371.70

133643.17
133487.18

283710.85
−

128123.31
8375.83

Table B.11: Initial guess random coefficients for the index i in the range 161, . . . , 200,
for Experiment 7.9.5

348



M
A

p
rob

.
n
o.

u
i0
,0

u
i1
,0

u
i0
,1

u
i1
,1

u
i2
,0

u
i0
,2

u
i2
,1

u
i1
,2

u
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u
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201
140909.46

352024.45
−

623051.43
183334.03

165822.86
−

586224.63
426680.95

−
190358.88

589525.22
199268.74

202
−

92871.13
214089.53

16260.06
206285.76

−
323311.59

−
56270.46

−
281372.22

251884.89
−

124336.60
244229.53

203
410786.23

−
352119.27

455833.03
−

216496.45
273940.70

623619.42
−

207125.95
−

525517.99
711768.73

463786.40
204

484947.89
−

499415.72
704118.61

445763.80
−

138307.37
−

558428.55
602505.62

−
5649.03

352117.51
−

738828.15
205

44095.11
150734.38

−
159495.40

138818.00
130702.68

25713.16
10270.63

9422.65
101025.85

−
23538.15

206
67038.77

190226.36
−

113047.96
−

61422.80
−

167947.60
−

63737.44
−

66631.88
84405.23

86982.25
48939.85

207
−

51559.80
395478.70

−
188279.51

33813.15
−

25833.22
−

120322.50
225656.45

−
458842.78

550848.88
540112.33

208
−

515055.02
128748.60

−
23051.95

379878.96
283465.57

118739.87
−

381371.32
74266.80

121626.31
460890.77

209
−

157978.28
84325.11

4148.11
−

79280.31
−

390075.93
−

80880.19
773797.50

127906.45
−

292875.81
622494.32

210
42420.31

47623.40
27715.47

−
26111.04

−
4198.54

42413.37
−

44026.78
−

47019.37
−

2728.34
9672.08

Table B.12: Initial guess random coefficients for the index i in the range 201, . . . , 210,
for Experiment 7.9.5
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MA prob. no. f i0,0 f i1,0 f i0,1 f i1,1 f i2,0 f i0,2 f i2,1 f i1,2 f i3,0 f i0,3
1 158.62 35.50 3.80 409.75 295.53 403.96 409.99 381.37 184.37 437.33
2 92.44 50.46 10.27 110.45 209.24 104.88 358.64 43.13 338.99 313.79
3 574.49 609.31 117.87 492.95 831.64 371.98 329.49 326.94 68.19 175.55
4 172.32 153.52 486.59 566.47 331.72 222.86 468.59 23.25 21.54 498.48
5 206.58 20.71 612.01 702.98 174.80 464.03 20.14 738.28 269.29 34.58
6 531.52 654.23 134.30 430.33 762.73 792.70 706.13 636.10 930.37 242.83
7 105.67 106.97 56.87 10.53 79.13 4.28 25.98 42.26 93.07 71.43
8 24.26 99.05 63.35 142.29 103.21 124.51 12.31 134.03 116.17 9.12
9 169.20 35.80 84.64 48.74 46.73 16.11 150.69 32.00 162.04 70.81
10 119.49 575.52 538.94 492.63 491.43 528.00 139.01 1.96 38.66 496.90
11 83.24 212.05 290.74 302.28 130.08 346.61 296.83 7.21 270.79 419.89
12 125.76 366.95 630.61 305.79 643.76 1.54 590.34 764.57 469.77 732.51
13 298.46 762.57 843.07 856.58 654.49 393.79 885.11 852.44 197.88 766.44
14 27.75 231.32 406.63 135.85 376.73 626.87 491.82 293.28 573.23 50.14
15 19.98 73.55 260.82 219.82 47.45 142.39 86.53 245.14 197.75 66.06
16 500.66 588.30 668.38 205.46 648.69 159.81 747.28 408.94 657.84 123.36
17 430.62 136.09 534.80 409.38 433.91 440.07 332.91 548.38 24.58 473.36
18 38.07 376.88 185.48 304.05 220.96 326.20 90.73 97.97 394.19 321.41
19 218.69 774.58 531.47 741.75 677.31 529.50 632.27 336.45 208.36 630.89
20 89.73 274.96 184.78 269.57 60.28 225.06 162.75 64.31 98.33 139.16
21 244.30 119.78 21.56 140.30 2.96 73.33 254.48 185.12 176.65 240.07
22 205.07 638.35 626.12 677.74 47.94 409.09 536.15 661.31 354.38 226.01
23 486.23 235.19 735.54 130.77 157.35 454.23 243.20 124.25 15.72 277.07
24 306.30 59.46 711.32 121.68 207.63 148.93 213.61 509.54 294.22 639.03
25 178.07 83.53 184.53 171.63 57.55 94.61 205.67 78.53 129.94 11.60
26 799.91 665.84 888.81 514.93 693.47 589.14 709.94 883.22 54.99 39.40
27 49.60 52.36 141.62 158.68 58.19 138.05 51.97 172.49 142.90 90.29
28 136.42 402.63 126.85 255.23 150.85 149.73 318.12 389.50 432.10 149.36
29 498.92 193.97 652.77 669.44 60.63 345.17 245.41 690.82 520.84 734.12
30 245.00 394.67 6.54 122.20 125.58 278.22 146.48 269.93 425.11 260.21
31 674.61 573.22 547.21 177.02 393.38 328.70 757.56 216.11 528.31 730.97
32 271.22 207.36 237.13 398.25 175.17 14.07 479.97 136.89 542.80 404.63
33 83.66 79.01 120.34 119.64 39.22 82.12 16.53 158.40 74.42 9.47
34 199.38 45.35 521.32 242.58 817.67 290.51 512.81 706.80 424.11 104.34
35 49.13 107.37 64.16 73.26 42.59 47.69 91.83 112.46 80.55 12.96
36 298.78 12.46 27.50 139.04 164.62 75.87 273.42 289.33 69.03 127.82
37 159.64 823.97 619.15 825.23 634.12 500.89 737.50 90.81 560.78 201.06
38 609.19 198.99 18.13 545.37 267.57 21.70 839.77 360.07 272.78 90.16
39 14.54 28.23 102.43 40.53 42.86 115.71 20.52 81.90 62.86 25.28
40 292.52 246.78 409.85 3.13 696.81 922.76 636.00 333.47 277.52 825.50
41 615.71 266.90 753.81 144.76 206.52 597.40 764.22 651.67 774.53 88.77
42 90.22 138.66 26.50 4.41 129.99 108.78 98.74 189.19 135.35 56.24
43 187.92 92.01 521.46 68.30 408.16 141.20 36.37 601.99 159.41 251.86
44 165.15 83.84 537.77 63.44 176.77 165.17 77.31 172.55 456.77 222.44
45 42.82 705.87 431.02 232.74 376.19 703.29 523.65 567.69 315.08 174.45
46 567.60 94.56 387.32 186.71 534.04 330.06 566.30 499.97 234.22 2.75
47 119.98 69.28 20.19 101.29 111.93 72.50 54.13 111.94 140.20 141.40
48 595.26 280.67 730.99 455.99 145.74 255.18 675.70 749.74 273.47 551.97
49 51.52 318.82 323.96 44.53 48.87 136.70 272.45 17.66 222.65 300.11
50 692.82 693.81 47.17 738.71 550.58 0.29 343.28 712.64 421.78 731.26
51 145.26 124.65 159.08 107.77 104.69 115.29 126.21 92.33 5.52 67.70
52 336.15 208.34 135.13 289.18 197.25 331.42 232.98 125.81 339.58 84.27
53 25.27 39.32 1.40 76.55 79.33 40.43 53.58 30.42 72.68 5.66
54 48.35 668.37 620.59 445.19 207.39 747.86 732.46 762.93 118.13 231.16
55 70.70 378.17 457.44 344.19 151.65 183.44 76.37 140.93 299.65 88.17
56 7.52 571.96 903.98 228.10 743.04 496.78 484.58 619.51 674.27 509.26
57 367.34 51.21 272.02 273.81 48.69 125.64 39.31 74.41 395.66 101.07
58 428.39 273.94 110.62 285.70 153.59 257.28 681.85 466.55 249.08 339.02
59 363.49 295.00 478.85 262.36 341.09 334.73 74.85 140.83 170.37 190.47
60 647.84 598.41 74.55 473.70 288.19 23.93 464.60 612.82 247.65 249.42

Table B.13: Right-hand side random coefficients for the index i in the range 1, . . . , 60,
for Experiment 7.9.5
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MA prob. no. f i0,0 f i1,0 f i0,1 f i1,1 f i2,0 f i0,2 f i2,1 f i1,2 f i3,0 f i0,3
61 212.46 109.35 143.92 28.87 48.89 144.50 146.30 23.98 15.18 189.11
62 178.21 303.55 137.61 81.34 34.30 112.52 286.52 18.15 132.51 42.83
63 182.64 33.50 581.15 945.55 912.11 962.76 307.66 297.89 351.51 366.23
64 187.77 239.26 204.38 51.14 18.33 567.16 284.37 43.00 578.61 225.67
65 132.89 779.06 39.21 582.13 254.47 320.85 120.15 129.26 282.03 439.34
66 147.06 443.70 170.50 572.41 376.39 186.01 194.90 159.03 490.38 400.28
67 300.14 373.00 462.67 153.81 272.78 366.47 408.39 322.45 37.53 64.54
68 78.75 178.62 62.43 89.91 175.51 29.90 107.06 167.47 105.98 46.81
69 24.22 432.57 226.72 413.89 73.29 401.22 283.02 610.57 87.12 497.76
70 452.14 186.46 443.59 351.54 435.02 221.05 202.69 253.50 219.14 280.36
71 51.05 144.64 41.75 74.54 129.76 106.89 43.51 75.08 106.85 137.48
72 16.25 4.22 148.22 269.86 228.68 207.10 253.90 89.43 195.99 275.79
73 275.22 769.24 17.44 497.22 830.51 347.99 282.02 467.71 309.33 184.53
74 86.77 9.15 142.36 6.80 11.64 32.13 154.36 102.79 88.50 114.03
75 181.82 74.66 110.19 734.01 650.24 298.26 243.37 824.90 593.03 799.64
76 332.34 319.86 198.86 369.94 183.95 128.50 243.53 20.73 84.46 306.97
77 40.73 119.50 86.25 116.83 53.12 13.76 160.83 206.55 164.39 171.69
78 72.56 7.32 98.58 334.57 496.34 139.33 45.20 627.67 123.72 499.23
79 442.62 75.63 838.20 878.81 709.83 872.15 101.57 500.45 82.87 653.13
80 13.84 4.32 56.46 81.88 83.57 133.00 148.63 52.42 131.87 127.08
81 260.02 134.46 381.47 112.35 477.18 487.82 151.19 317.05 58.96 444.79
82 164.65 29.18 88.95 177.66 25.02 177.84 52.00 107.43 168.01 178.93
83 444.20 79.86 760.89 279.42 237.50 219.43 24.78 226.72 360.88 230.58
84 170.48 177.00 317.41 22.15 550.45 296.79 36.34 343.73 574.85 161.64
85 101.97 385.60 311.60 212.03 306.95 67.49 84.00 65.69 433.05 178.81
86 221.44 72.62 232.10 3.30 542.27 237.56 463.90 244.97 534.76 183.02
87 225.52 44.80 101.36 240.83 101.76 172.76 42.31 9.94 323.08 133.07
88 572.87 133.45 916.97 759.53 189.85 266.82 829.90 652.07 173.08 579.68
89 74.12 10.46 259.58 135.30 111.31 313.21 430.06 15.30 339.10 358.25
90 7.28 65.74 74.54 48.40 129.58 115.55 49.21 17.73 93.04 161.81
91 134.99 149.30 81.25 86.08 117.53 154.58 174.67 92.17 14.12 8.54
92 100.28 527.50 411.44 95.90 13.49 360.63 422.43 56.69 577.02 256.55
93 7.90 617.00 804.74 54.22 39.26 129.34 850.69 134.39 211.90 812.29
94 78.94 111.57 164.74 82.00 130.90 101.07 207.90 387.96 159.75 69.16
95 506.95 547.79 297.17 512.59 338.67 420.81 215.69 106.93 352.05 383.96
96 44.51 410.15 340.40 438.26 15.01 108.96 596.75 4.14 637.89 23.41
97 218.52 174.74 410.91 58.07 107.20 462.13 403.17 79.76 4.43 259.53
98 59.44 81.89 91.40 154.92 62.90 17.60 149.46 8.28 126.80 47.75
99 743.92 151.15 225.71 520.23 720.77 486.79 247.20 409.25 464.81 774.93
100 40.91 286.49 346.15 392.69 95.86 374.86 173.07 318.36 327.01 491.79
101 542.67 200.32 402.23 421.01 707.71 478.48 86.57 281.35 730.96 607.39
102 561.42 835.82 152.60 313.13 573.34 739.17 340.51 256.13 6.05 53.73
103 560.69 542.43 105.27 493.43 18.26 100.51 197.07 365.39 600.24 485.03
104 72.47 296.36 13.22 437.78 90.44 347.01 70.42 62.37 310.26 111.17
105 374.79 75.80 390.87 408.04 515.72 5.62 222.46 562.26 410.45 331.43
106 379.43 10.13 59.18 395.75 161.25 33.92 177.82 607.64 658.78 580.92
107 437.16 923.99 197.46 718.25 744.14 263.04 440.87 444.30 43.57 13.82
108 82.82 454.28 563.81 277.50 773.07 596.50 725.67 528.21 633.85 580.79
109 486.76 244.37 554.88 257.45 640.88 210.21 200.11 28.45 320.97 242.11
110 398.71 203.55 127.16 212.30 441.75 186.76 164.44 80.62 289.17 150.01
111 382.22 68.91 730.09 522.59 239.45 492.02 315.90 456.11 420.94 248.48
112 16.54 174.01 157.09 253.13 58.82 229.73 6.47 102.43 253.67 115.33
113 716.57 42.12 35.08 133.37 396.99 312.93 20.64 425.05 500.15 561.61
114 217.05 367.92 237.57 227.82 155.00 103.56 150.06 125.81 276.48 367.85
115 593.61 919.39 627.92 338.30 544.23 575.49 619.43 498.13 196.16 378.47
116 440.93 328.24 348.19 192.01 342.49 40.74 534.40 341.38 226.05 133.69
117 271.92 445.03 26.70 456.22 418.62 310.08 288.03 318.82 344.85 300.31
118 827.86 496.15 711.56 657.01 542.36 63.26 32.93 316.80 71.95 41.93
119 584.83 607.98 67.05 182.26 289.81 248.40 186.24 56.82 189.10 614.11
120 787.20 517.86 283.04 447.79 221.93 1.81 12.73 734.64 855.64 456.73

Table B.14: Right-hand side random coefficients for the index i in the range
61, . . . , 120, for Experiment 7.9.5
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MA prob. no. f i0,0 f i1,0 f i0,1 f i1,1 f i2,0 f i0,2 f i2,1 f i1,2 f i3,0 f i0,3
121 205.63 230.48 253.16 82.23 668.77 358.61 118.17 556.18 307.85 216.70
122 96.91 165.53 139.37 373.33 141.53 344.72 129.18 133.88 351.42 109.11
123 193.79 16.29 121.26 129.78 78.88 141.62 111.20 114.83 18.35 26.40
124 128.17 117.67 113.32 94.77 49.17 2.37 44.64 117.35 32.94 61.24
125 31.95 19.69 16.09 95.16 6.09 48.67 86.22 106.17 69.77 20.86
126 173.96 541.56 139.31 488.78 388.98 456.48 201.66 162.68 522.02 8.68
127 427.75 602.08 22.77 510.16 315.07 814.04 364.35 92.01 439.49 923.26
128 453.32 583.86 314.83 502.75 231.95 578.31 168.01 169.15 286.33 144.71
129 198.86 576.62 824.99 847.22 6.25 658.43 260.12 387.35 75.09 847.30
130 139.96 169.32 56.47 111.74 153.48 176.59 111.77 55.21 153.44 179.81
131 440.16 394.52 63.98 378.08 67.74 349.48 401.11 268.36 338.33 368.32
132 499.91 428.29 557.33 630.27 355.04 233.24 551.36 216.98 624.86 734.45
133 190.41 372.51 153.77 616.50 86.43 622.69 346.06 362.97 362.23 261.00
134 57.73 118.96 55.71 93.51 44.39 19.39 37.27 5.39 71.12 58.97
135 131.20 142.83 316.02 252.47 66.50 344.13 223.29 42.56 430.32 413.05
136 569.79 303.81 115.20 19.32 928.94 505.32 889.86 940.44 904.19 830.54
137 307.46 94.43 182.07 155.23 481.44 443.70 663.77 490.95 161.05 230.10
138 201.24 73.63 35.21 64.90 51.81 258.91 158.83 115.35 77.08 264.34
139 396.15 270.98 567.83 449.19 32.25 7.78 350.22 495.29 280.17 380.98
140 3.09 90.92 624.51 136.63 55.07 543.28 288.86 23.50 514.76 462.58
141 139.31 146.00 42.65 122.91 48.26 91.70 180.21 78.39 33.64 122.54
142 50.38 17.76 45.06 46.73 19.98 94.22 99.10 51.70 48.07 20.06
143 71.54 30.26 54.74 55.73 81.23 59.01 73.51 98.03 32.34 14.39
144 81.13 88.15 5.19 44.93 8.23 16.42 43.42 5.58 175.72 112.77
145 90.79 784.18 380.46 730.43 733.42 611.19 520.23 535.89 343.92 127.03
146 263.63 32.27 297.92 90.36 117.94 240.60 89.38 159.16 184.99 80.81
147 166.62 95.57 23.46 47.09 116.82 15.35 157.76 60.76 65.12 213.40
148 56.79 38.02 73.26 25.56 32.32 14.84 92.90 86.44 85.12 101.55
149 367.18 562.90 281.80 195.30 617.28 270.11 137.77 120.09 19.78 3.93
150 433.62 206.50 106.91 418.22 190.80 227.76 209.67 220.65 167.21 584.41
151 65.14 47.31 214.36 286.19 125.16 200.59 196.07 181.62 164.53 80.11
152 5.50 332.08 497.81 769.72 751.48 758.51 139.70 671.99 589.87 375.00
153 92.05 106.40 250.29 231.75 273.82 195.26 53.83 192.63 324.59 267.21
154 823.40 594.75 25.18 563.40 533.71 213.82 723.41 727.76 389.83 401.46
155 130.47 374.50 214.12 392.47 82.97 204.67 315.87 417.00 98.41 454.84
156 499.15 356.38 41.96 301.51 84.62 575.43 206.14 374.60 188.99 297.16
157 56.64 88.33 12.55 42.85 68.50 28.38 92.25 7.24 122.78 82.91
158 127.06 169.58 648.71 143.24 344.22 310.44 277.96 140.70 233.11 321.46
159 170.65 80.84 151.11 95.85 25.58 75.93 6.59 80.47 205.83 81.33
160 453.83 472.61 168.51 345.65 286.35 5.87 395.97 483.37 289.55 377.65
161 276.23 455.96 854.12 256.61 552.01 499.59 815.76 370.92 278.98 195.87
162 311.93 59.74 225.36 181.89 143.39 305.46 234.09 256.82 201.58 343.79
163 172.18 629.94 250.04 745.83 613.46 540.77 362.30 517.60 702.20 117.88
164 138.55 273.05 309.78 229.33 333.08 105.24 739.03 277.65 267.61 119.27
165 201.40 255.06 309.73 372.10 142.29 223.79 133.62 49.89 86.58 229.26
166 4.50 373.84 412.87 332.30 178.98 101.72 642.52 50.39 167.64 387.88
167 17.07 92.36 89.40 113.71 63.63 92.07 11.65 141.16 135.55 79.23
168 115.27 922.93 557.14 577.17 851.21 513.70 603.63 752.31 193.15 283.96
169 373.35 630.46 408.01 162.30 55.63 648.54 929.26 773.87 275.44 895.91
170 32.18 137.87 92.80 189.41 125.05 196.83 23.47 193.89 93.90 169.43
171 57.14 120.88 171.82 93.90 36.93 137.08 57.00 243.03 157.27 363.56
172 323.98 445.47 38.12 26.49 198.01 595.68 655.05 637.19 43.89 785.15
173 551.08 473.88 234.96 345.69 220.30 152.22 176.74 376.45 455.84 574.21
174 582.35 726.62 361.41 540.24 129.77 502.32 553.35 246.20 587.03 523.52
175 64.98 66.26 5.33 81.50 167.63 232.89 24.87 25.77 162.89 99.65
176 94.00 33.09 168.12 29.26 65.06 74.03 25.76 97.69 179.36 75.45
177 933.43 717.72 875.16 779.99 542.79 81.38 197.73 20.46 741.17 624.55
178 83.22 47.02 143.04 107.45 194.10 79.64 180.29 19.86 42.11 42.68
179 3.71 580.69 483.87 491.38 730.29 481.82 252.99 650.62 406.35 227.74
180 25.69 355.44 372.46 470.72 686.37 170.52 598.39 206.42 93.03 580.28

Table B.15: Right-hand side random coefficients for the index i in the range
121, . . . , 180, for Experiment 7.9.5
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MA prob. no. f i0,0 f i1,0 f i0,1 f i1,1 f i2,0 f i0,2 f i2,1 f i1,2 f i3,0 f i0,3
181 449.98 428.95 457.80 46.94 601.79 98.36 235.79 595.06 431.05 249.31
182 245.05 268.32 52.89 254.54 66.46 407.99 35.79 422.65 319.85 56.98
183 481.39 110.93 406.81 228.16 289.45 257.08 422.32 255.85 10.84 175.40
184 181.37 46.93 155.54 68.93 129.16 42.05 204.50 216.12 59.92 145.74
185 121.80 242.44 564.01 286.81 561.79 335.97 334.36 679.10 176.68 359.01
186 652.81 650.55 675.16 191.79 74.42 613.07 239.07 504.61 823.88 847.22
187 157.52 184.61 88.07 6.77 30.74 96.35 150.99 225.15 249.65 238.31
188 318.99 732.25 286.43 208.31 65.59 529.84 543.65 750.98 404.92 804.27
189 207.94 433.00 448.16 566.05 132.58 131.34 455.96 339.36 302.22 177.06
190 242.49 254.77 481.76 171.03 114.35 358.00 303.11 227.35 370.39 194.98
191 35.25 223.82 241.57 210.20 208.80 86.38 165.28 55.65 17.65 203.51
192 151.82 213.31 123.64 228.96 228.12 101.34 99.02 117.96 6.71 78.93
193 137.13 43.74 43.93 170.34 17.55 152.98 162.22 13.68 202.20 80.30
194 161.91 64.59 142.70 323.16 40.42 320.29 75.86 258.28 85.19 204.52
195 555.40 242.77 823.12 608.42 340.58 330.92 689.51 246.53 155.50 406.02
196 332.79 442.95 367.42 266.12 670.34 695.30 53.37 239.41 689.58 379.45
197 511.22 193.50 652.55 524.73 25.68 17.85 41.60 273.90 88.90 32.40
198 116.42 68.59 34.34 102.13 57.04 124.60 143.90 34.66 60.08 27.46
199 618.35 633.87 68.85 415.38 174.41 140.26 106.69 24.63 114.45 262.58
200 502.04 383.57 216.78 389.88 130.69 519.94 52.91 287.37 553.92 205.00
201 233.68 227.09 120.44 120.12 150.70 183.21 239.89 69.89 39.78 245.50
202 509.72 120.08 331.17 83.01 663.01 404.67 258.08 354.38 633.04 305.31
203 155.99 14.49 244.01 562.69 584.80 516.07 492.48 99.09 293.39 134.70
204 1.61 53.80 130.76 397.45 318.99 114.68 812.01 536.17 28.30 766.74
205 17.04 408.95 96.24 299.43 4.72 18.80 94.33 41.40 382.45 352.82
206 100.99 58.77 95.59 74.98 141.17 194.98 167.16 223.25 12.06 140.47
207 271.66 781.21 394.26 104.94 0.52 855.59 922.36 407.78 322.48 440.75
208 660.53 374.24 459.23 131.22 480.20 497.40 652.55 540.89 570.28 176.71
209 41.13 173.65 256.05 14.40 463.72 492.77 172.96 37.74 167.44 587.77
210 66.97 121.36 163.48 96.94 132.08 69.13 118.63 141.91 127.23 37.78

Table B.16: Right-hand side random coefficients for the index i in the range
181, . . . , 210, for Experiment 7.9.5
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[47] Z. Fašková, R. Čunderĺık, and K. Mikula. Finite element method for solving

geodetic boundary value problems. Journal of geodesy, 84(2):135–144, 2010.

[48] X. Feng. Convergence of the vanishing moment method for the Monge-Ampére
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