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Abstract

This thesis focuses on the numerical analysis of partial differential equa-
tions (PDEs), the main goal being the development and analysis of finite
element methods (FEMs) for fully nonlinear elliptic PDEs, particularly
Monge-Ampere (MA) and Hamilton—Jacobi-Bellman (HJB) equations.

There are two clear distinctions in the approaches that are undertaken in
this thesis: firstly, for the approximation of solutions to the MA problem,
we implement and analyse a continuous Galerkin (CG) FEM; secondly, to

numerically solve the HJB equation, we employ a discontinuous Galerkin

(DG) FEM.
Though the chosen approaches (CG vs. DG) applied to the MA and HJB

type equations are distinct, the equations themselves are related. A long-
standing result, proven by N. Krylov in 1987, allows one to characterise

the MA equation as a HJB equation.

Another important theme of this thesis, motivated by domain assump-
tions, necessary for the well-posedness of MA type problems, and oblique
boundary-value problems is the implementation and analysis of FEMs on
domains with curved boundaries. In the case of DG methods, where the
consistency of the method plays a key role in obtaining a priori error esti-
mates for the numerical solution, this quantitative consideration requires

new techniques to extend the existing DG framework.

The main contributions of this thesis are new results concerning the exis-
tence and uniqueness of numerical solutions to CG and DG finite element
methods on curved domains, for both fully nonlinear elliptic equations,
and linear elliptic equations in nondivergence form, with Dirichlet and
oblique derivative boundary conditions, as well as optimal a priori error
estimates. Furthermore, we prove several key results from the theory of
finite elements in the context of curved finite elements, that do not appear

to be available in the literature.
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Chapter 1

Introduction

1.1 Motivation

This thesis focuses on the numerical analysis of elliptic partial differential equations
(PDEs), the main goal being the development and analysis of finite element methods
(FEMs) for fully nonlinear elliptic PDEs. In particular Monge-Ampere (MA) and
Hamilton—Jacobi-Bellman (HJB) equations. The investigation into these types of
equations is motivated by applications in differential geometry, optics, meteorology,
engineering, finance, and problems of optimal control.

There are two clear distinctions in the approaches that are undertaken here: firstly,
for the approximation of solutions to the MA problem, we implement and analyse the
continuous Galerkin (CG) FEM, introduced by Lakkis & Pryer [78, [79], which is
called the nonvariational finite element method (NVFEM), named after its applica-
bility to elliptic problems in nonvariational (also known as nondivergence) form. That
is, PDEs that do not, in general, admit a weak formulation, due to the coefficients
lacking sufficient regularity; in general, the coefficients are only assumed to bounded
and measurable. Indeed, as the MA problem is fully nonlinear, we employ a well
known linearisation technique, called Newton’s method, in order to compute finite el-
ement approximations of the solution. The use of this technique results in a sequence
of nondivergence form elliptic equations, justifying the use of the NVFEM. Secondly,
to numerically solve the HJB equation, we employ the discontinuous Galerkin (DG)
FEM, introduced by Smears & Siili [I11]. This method was also originally introduced
for the approximation of nondivergence form elliptic equations. In the case of the
HJB equation, the corresponding equation is not only fully nonlinear (as in the case
of the MA equation), but the corresponding operator defining the equation is in gen-
eral not differentiable. Classical Newton’s method relies on the differentiability of the

operator, and thus cannot be used in this case. However, the so called “semismooth



Newton’s method”, which only requires the subdifferential of the operator to be de-
fined, can be applied. Akin to the approach for the MA problem, this linearisation
technique also results in a sequence of nondivergence form elliptic equations.

Though the chosen approaches (CG vs DG) applied to the MA and HIB type
equations are distinct, the equations themselves are related. A longstanding result,
proven by N. Krylov in 1987, allows one to characterise the MA equation as a HJB
equation. The resulting HJB equation does not fall into the framework originally
introduced by Smears & Siili [IT1], and so our approach requires the application of
existing classical regularity estimates for problems of MA type, in order to prove that
there is an equivalent representation of this HJB equation, for which the use of the
method of Smears & Siili is justified.

It is informative, at this point, to define the underlying PDEs. Let Q C R% be a
bounded convex domian. A function u : 2 — R is said to be a solution to the MA
equation if

det D*u = f(x,u, Vu), (1.1.1)

for all z € , where D?u and Vu denote the Hessian and the gradient of u respectively,
and f:Q xR x R? = R is a given positive function. A function v : Q — R is said
to be a solution to the HJB equation if
sup{A® : D*u — f*} =0, (1.1.2)
ach
where the set A, and the collection {A®, f*},en is given (see Chapter |3 for further
assumptions on the set A, and the corresponding collection of functions).

The first boundary condition we consider in conjunction with , and ,
is the Dirichlet boundary condition (where the value of the solution is prescribed on
the boundary, 92 of the domain, €2).

The second boundary condition, which we couple with , arises in the area of
optimal mass transportation. Ironically, this boundary condition is called the “second
boundary condition”, and takes the following form: given a second domain T C R,
a function u : Q — R? that satisfies is said to satisfy the second boundary
condition if

Vu(2) =T. (1.1.3)

Of course one may argue that (1.1.3)) is not in fact a boundary condition, since the
values of the gradient are prescribed in the interior of €2, rather than on the boundary.

In contrary to this observation, it is proven in [104] for a uniformly convex function,



and simply connected domains 2 and T, that u satisfies (1.1.1)) and (1.1.3)) if and

only if u satisfies ([1.1.1)) and
Vu(0) = 0T. (1.1.4)

Though the equivalence is proven based on the weaker assumption that € and T
are simply connected domains, the existence and uniqueness results proven by Ur-
bas in [I16] require that both Q and YT are uniformly convex (see Chapter [2| for a
definition of uniform convexity); note that this implies that the domain is Lipschitz
continuous [60]. As such, in terms of PDE theory for the MA equation (in particular,
for the results present in Chapter , this will often be our assumption, unless stated
otherwise.

In the case of optimal mass transportation, matter is being transferred from 2 to
T (consider for instance a pile of sand, being transported into a hole of some fixed
distance from the pile of sand). The density of the matter, and the transported matter
are described by given functions f; : Q@ — R* and f5: T — R™, respectively (for the
same example, one would consider f; to model the “height” of the sand pile, and f,
the “capacity” (or depth) of the hole, translated so that it is uniformly positive, see
Figure . The functions must satisfy

Aﬁzﬁh (1.1.5)

which represents the preservation of total mass. The objective of the optimal mass
transportation problem is to find the map 7T : €2 — T that minimises the quadratic

cost functional

ﬂM=%Ath@Wﬁ, (1.1.6)

over all maps p : €2 — T that satisfy the push-forward condition:

/Q(@bO/L)fl =/T@/)f27 (1.1.7)

for all ¢ € L*(Y). If pu satisfies (1.1.7)), we denote this by u#fi = f2, and refer to fs
as the push-forward of f; by p. The optimal map T, is the map satisfying

e = a5 [ o= u@Ph (1.18)

More information about the optimal mass transportation problem with more general
cost functions can be found in [I18]. An important result in [I18] proven by Y. Brenier

states that the map T is given uniquely by the gradient of a convex function u. We



Figure 1.1: Visualisation of an optimal transport problem. The density f; : Q@ — R*
represents the height of the pile of sand, and the density f, : T — R™ represents
the capacity (or depth) of the hole that the sand must be transported into. The
objective is to find the map 7' : @ — T that minimises C' given by (L.1.6), i.e., T

satisfies (1.1.8]).

can see that by substituting 7" = Vu in (1.1.7)) and applying the change of variables

formula, we obtain

/Q (1 0 V) fy = / (1 0 V) det D2ufo(Vr),

Q
for all ¢ € L*(Y), from which we conclude that

fi(x)

det D*u — v 0. (1.1.9)
Notice that this is in fact (1.1.1)) with
fi(z)
x,u, Vu) = .
f ) fo(Vu)

One form of the MA equation that arises naturally in the context of differential
geometry is the problem of prescribed Gaussian curvature. In d-dimensions, this

equation is posed as follows: to find u : €2 — R such that
det D*u = K (z)(1 + |Vu|?) /2,

where the function K is given. This equation arises due to the fact that the quantity

det D?u
(1 + [Vul2) @272
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is in fact the Gaussian curvature of the graph
Z :=A{(z,u(z)) : x € Q}.

Thus, reverse engineering this information, given a function K : 2 — R, and a
function ¢ : 02 — R, one may ask the question: does there exist a function u : 2 — R
that satisfies u|gqg = ¢, for which the Gaussian curvature of the graph Z is equal to

K? In doing so, we arrive at the following equation: find u : 2 — R such that

det D*u(x) = K(z)(1 4 |[Vu(x)[) 22 zecQ,
u(z) = ¢(x), x €.

It turns out that the problem of prescribed Gaussian curvature also arises in engineer-
ing in the field of optics, in the design of freeform reflectors. Given a light source, the
goal is to provide a reflective surface that provides a desired light output. Particular
examples of illumination problems are the design of car headlights and lampposts. It
transpires that such a problem can be modelled as a MA optimal transport problem,
with the type of nonlinearity that is present in the problem of prescribed Gaussian

curvature:

det D*u(z) = K (z)(1 + |Vu(z)|) 4?2 zeQ,

where the domain €2 is represents the light source, and the domain Y is the area to
be illuminated, and the graph of the solution u provides the desired reflective surface.
This equation arises due to the law of reflection and conservation of luminous flux,
and a corresponding derivation can be found in [104].

A further application of MA optimal transport that has applications in the nu-
merical approximation of PDEs is the area of mesh adaptivity. In such a case, one is
provided with a fixed computational domain . C R? and a physical domain T, C R?
where goal is to find a map 7" : Q0. — T, that satisfies

1

1
= z—T(z)]? = inf —/ x — pu(x)]?,
3, Ve T@r = nt o et

where p > 0 is a scalar density function, and

1
0= = P,

Q Jx,



so that mass is conserved. One then arrives at the MA optimal transport problem:
det D*u(z) = L, z € (e,
p(Vu(x))
Vu(.) =71,.

Upon providing a numerical approximation to the solution of this problem, one ob-
tains an adapted mesh by taking the image of a mesh of 2. under the gradient (or
a continuous representative of the gradient), Vuy, of the numerical solution, wuy, (for
further details see [26]).

There are several existence and uniqueness results that have been proven over the
years for both the MA Dirichlet (MAD) and the MA optimal transport (MAOT) prob-
lem. In the case of the MAD problem, L. Caffarelli, L. Nirenberg and J. Spruck [29],
N. Krylov [73] and Ivochkina [65] proved the existence, uniqueness and regularity of
a uniformly convex solution to , based on the assumption that €2 is uniformly
convex, and that €, f, and the boundary data, are sufficiently smooth, and that the
function f satisfies sufficient growth conditions. The Monge-Ampere equation with
the second boundary condition (of which the MAOT problem is a subclass) has also
been well analysed. In [I16] J. Urbas uses the method of continuity to prove exis-
tence, uniqueness and regularity of a solution to the general MA equation , as
well as the MAOT problem (|1.1.9)) with the second boundary condition (1.1.3)). This
paper consisted of proving necessary estimates to apply the techniques in the author’s
accompanying paper [117]. In 1997 (close to the time of the publication of [116]), J.
Urbas learnt of L. Caffarelli’s paper [27], in which L. Caffarelli proves similar results
with assumptions weaker than that of the material of J. Urbas’ paper, with regards
to the smoothness of the domains, with different techniques. These results however
were given in the context of , and are not as general as the results given in J.
Urbas’ papers, which refer to the case , i.e., the source term is more general.

When considering the two-dimensional case (d = 2) more is known. In [99] A.
V. Pogorelov proved existence and uniqueness of generalised solutions in the sense of
Aleksandrov in the case that 2 and T are assumed to be bounded and convex. This
is a useful result, since in some of our experiments we will consider the case where
Q = (—1,1)% Tt also reinforces some of the experiments found in [I03], where the
target domain is not convex. In this case the authors apply the Legendre—Fenchel
transform, resulting in an inverse problem in which the source domain is not uniformly
convex. In [42] P. Delanoé proved existence and uniqueness of a solution, as well
as global regularity and a priori higher regularity results; in this paper the author

comments on the difficulty of generalising the result to higher dimensions.



Just as the MA equation poses difficulties analytically due to the nonlinear na-
ture of the problem, it also poses difficulty when formulating and analysing numerical
methods for the approximation of solutions. That said, the difficulty has not deterred
the advances over the years in both finite difference and finite element approximation
of solutions. J-D. Benamou, B. Froese, and A. Oberman [I4] 15, 54, ©5], have suc-
cessfully developed and analysed convergent finite difference schemes for the solution
of the general MA equation with a Dirichlet boundary condition and the MA problem
of optimal mass transport.

One of the computational difficulties of the MAOT equation - setting aside the
nonlinearity of the PDE - is the second boundary condition; this is a case where we
can see a motivation for the design of an algorithm that follows the PDE theory.
Since the definition of the second boundary condition ((1.1.3]) is not compatible with
computations, one must use the representation . This however does not close
the argument, since the boundary condition is still nonlinear and only given implicitly.
In [I16] it was proven that in fact the second boundary condition is strictly oblique,
that is, that the outer normal derivative of a uniformly convex (equivalently, the
inner normal derivative of a uniformly concave) defining function for T, applied to
the solution at the boundary, is positive.

To do so the author of [116] considers a uniformly concave defining function a :
R? — R for the target domain, that is,

T ={q R a(q) > 0}.

Since one can see that 0T = {¢ € R? : a(q) = 0}, the boundary condition can be
expressed as follows
a(Vu(z)) =0, x €.

Alternatively, one can consider a convex defining function b : R? — R, for the target
domain, i.e., T = {g € R? : b(q) < 0}. One such example is the signed distance
function, i.e.,
—dist(q,07), qe€T,
o) = { dist(q,07), ¢ € R\ T.

The boundary condition can then be thought of as a Hamilton—Jacobi equation. It
is this formulation that J.D. Benamou, B. D. Froese, and A. M Oberman use in [15],
to implement the boundary condition. It is similar to the method that we use in
Chapter [0 to implement the boundary condition in the CG case. In this case, we
apply Newton’s method to b(Vu(x)) = 0, x € 012, resulting in a sequence of oblique

boundary conditions.



There have also been many advances over the years in the implementation and
analysis of finite element methods for the MA equation, for instance, in S. Brenner
and M. Neilan [22], and M. Neilan [92], convergence results were proven in dimensions
three and two respectively. Chapter [§]of this thesis extends the analysis found in [92]
from the case that the source term f(z,u, Vu) := f(x), to f(x,u, Vu) := %. For
other two and three-dimensional cases, one should look at the work of G. Awanou
and H. Li [3, 4], where the authors also consider the notion of the finite element
Hessian; by recasting this formulation as a mixed method, they also make use of
the divergence-free nature of the Cofactor matrix, Cof(D?u) := det(D?u)(D?u)™?, to
analyse the linearised MA equation. Another method, called the “vanishing moment
method” motivated by viscosity solutions [37] of the MA equation was pioneered by
X. Feng and M. Neilan [52] in which they artificially perturb the nonlinear equation
by a linear fourth-order term, resulting in a sequence of quasilinear fourth order
equations. The authors also produced a further paper [51], applying the vanishing

moment method to the MAD problem, i.e., they approximate solutions of
—eA?u, + det(D?u.) = f(x). (1.1.10)

In [48], X. Feng proved that u., the solution of (subject to suitable boundary
conditions), converges to the viscosity solution of the MAD problem.

Furthermore, a recent publication [93] by M. Neilan, A. Salgado, and W. Zhang
provides an excellent overview of existing numerical methods for nonlinear PDEs,
including finite element methods for MA and HJB type equations.

In O. Lakkis and T. Pryer [78, [79], the authors proposed the nonvariational finite
element method (NVFEM), which is used to approximate the solutions of linear
second-order nondivergence form, uniformly elliptic equations. The NVFEM is based
on the notion of a finite element Hessian or “Hessian recovery” in which the solution
and the finite element Hessian of the solution are computed when approximating
solutions to the PDE in strong form; for more details see Chapters [4] 8, and [9] This
method is also applicable to nonlinear elliptic equations by first applying Newton’s
method to the nonlinear problem, resulting in a sequence of nondivergence form
elliptic equations. The solutions are then approximated by applying the NVFEM.

As mentioned previously, our CG approach is to implement this method, allow-
ing for the numerical approximation of solutions to the MAD and MAOT problem
(see Chapters [8 and |§|, respectively). Our experiments in the latter case suffer from

suboptimal convergence rates, due to the piecewise linear approximation of curved



domains. Note that we consider curved domains, due to the uniform convexity as-
sumption present in the existence and uniqueness result of J. Urbas [116], guarantee-
ing well-posedness of the underlying PDE. We introduce a novel scheme, based on
applying a global gradient recovery method via L2-projection, that produces optimal
results under piecewise linear finite element approximations. This recovery method
was inspired by the work of A. Naga, O. Zienkiewicz, and Z. Zhang [120, 122].

This motivates another important theme of this thesis: the implementation and
analysis of FEMs on domains with curved boundaries. In the case of DG methods,
where the consistency of the method plays a key role in obtaining a priori error
estimates for the numerical solution, this quantitative consideration requires new
techniques to extend the existing DG framework [110], [TT1].

In general, when triangulating any computational domain, one is required to gen-
erate a collection of maps from a reference simplex (a d-dimensional triangle of nor-
malised volume), to the computational domain; the union of the images of the refer-
ence simplex over the collection of maps is what we consider to be the triangulation.

There are several methods for generating such a collection of maps, for instance,
the most simple is to take a collection of affine maps (see Figure [1.2]), which is cer-
tainly sufficient when the boundary has piecewise zero curvature (take the unit square
for example), but if the domain has a curved boundary (e.g. the unit disk), then this
affine triangulation is a poor approximation, resulting in suboptimal (quadratic at
best) convergence rates for even standard conforming finite element methods [109].
Thankfully, there are more sophisticated methods. Theoretically, one (assuming suf-
ficient piecewise smoothness of the domain) can generate a triangulation that ap-
proximates the domain ezactly [16] (see Figure , though, in practice, this can be
difficult to implement, as it requires the knowledge of the charts of the hyper-surface
determined by the boundary. In order to circumvent this difficulty, one can instead
take a polynomial approximation of these charts (generally by some form of interpo-
lation), and use these to generate a collection of polynomial maps from the reference
simplex to the domain. This will not, in general, result in an exact approximation
of the domain. However, one can see that if the polynomial degree of the collection
of maps is high enough, then optimal convergence results can be restored. Often one
will choose a polynomial degree that is equal to the polynomial degree of the finite
element space; this type of approximation is called “isoparametric”. We implement
and analyse both CG and DG FEMs with curved triangulations, in the sense of [16],

in Chapters [}, [0} [7, and [§]



K3
1 K
FKQ([IAZ) = BK2§] + bK2 r B2
K
K
> .C/I\Z'l » T

Figure 1.2: An example of the construction of an affine mesh on a square-shaped
domain in R? employing affine maps from a reference simplex (left) to the domain

(right).

FKQ(.%) = (I)Kz(-%) —|— BKQ@ + bK2

FK1 (x) = Ble -+ bKl
> .%1 > T1

Figure 1.3: An example of the construction of a non-affine mesh on a quarter disk
domain (right) in R?, employing affine maps from a reference simplex (left) to the
(interior) triangles with straight edges (e.g. K), and non-affine maps from a reference
simplex to the (boundary) triangles with curved edges (e.g. K3).
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We now turn to discuss the HJB equation . As mentioned previously,
our initial motivation for considering HJB type problems comes from a longstanding
result by N. Krylov (see Chapter , that characterises the MA equation ((1.1.1)) as
a particular HJB equation, thus motivating the use of the DGFEM introduced by
Smears & Siili in [I11]. Aside from the applications to the MA equation, the HJB
problem arises in finance, engineering, mean-field games, and problems of
optimal control [53], [77].

The problem and its time dependent counterpart arise directly in the opti-
mal control of stochastic differential equations. In particular, one considers the time
evolution of a state vector X : ¢t — X;, subject to a control process a(:) : t — a; € A,
where A is a given control set. Here a(-) denotes a A-valued function, and « denotes
an element of A. In what follows, we assume that (Q,F,P) is a probability space,
with a filtration {F,}, and a k-dimensional {F;}-Brownian motion {W;} (see [94] for
further details). Furthermore, the functions b : R x A — R¢, o : RY x A — R,
f,c: Q@ x A —= R, c>0. The state vector, X, is assumed to satisfy the following

stochastic differential equation for a given x € :
dX: = b( Xy, at))dt + (X, at))dW, fort >0, Xy=zx. (1.1.11)

We arrive in the setting of bounded domains and Dirichlet boundary conditions by
considering indefinite time horizon problems with unbounded terminal times. This
means that the control problem is terminated when the state X exits the domain
2, at which time we charge an “exit cost” (this corresponds directly to the Dirichlet

boundary data). We define the {F,}-stopping time as follows
T:=inf{s > 0: X, & Q}, (1.1.12)

and we set 7 = o0 if X; € Q) for all ¢ > 0.

Before we can define the optimal control problem, we must define the set of A
of admissible controls (i.e., the set of control processes that we will consider in the
optimal control problem). An {F;}-adapted (see [94] for further details), A-valued
stochastic process «(-) is called an admissible control if: there exists a unique solution
Q) of the state equation corresponding to «(+), and the quantity

E/ (X, b))l 3 XD g < oo,
0

where E denotes the expectation with respect to P. We denote by A the set of all

admissible controls (note that in applications, there may be more conditions upon

11



the set of admissible controls). We also note that the definition of the {F,}-stopping
time 7 is implicitly dependent upon a given x € Q and «o(-) € A.
We then define the cost functional

Ja(')(x) —E [/T f(Xt, a(t))e_ fg co(Xt,a(s)) ds dt + e~ N C(XS,a(s))ds¢(XT)l{T<oo}} :

’ (171.13)
where the function ¢ represents the cost of exiting €2, and the function 1{;.) = 1 if
7 < 0o and 0 otherwise, and E denotes the expectation with respect to PP.

We now consider the following stochastic optimal control problem subject to a

stochastic differential equation (SDE) given by

I(n)inA JO(z),  J°U(z) defined by (1.1.13), (1.1.14)
al)e
dXt = b(Xt, C((t))dt —+ O'(Xt, Oé(t))th for ¢t > 0, XO = T. (1115)

We arrive at a HJB equation by defining the value function:

= — inf JO(x).

u(z) ot (x)
The value function, u(x), provides the optimal value of the cost functional; in the
method of dynamic programming, the value function is then used to calculate the
optimal control. One can in fact show that (see Chapter 4 of [53] for further details)

the function u(z) satisfies the following HJB equation:

1
sup {—UO‘(UO‘)T : D*u + 0" - Vu — c*u — f"‘} =0 inQ,

ach | 2 (1.1.16)

u=¢ on Jf,

where the functions {f*}aeca are defined via f* : z — f(z,«a) for @ € A (similarly for
o, b, ¢*). Note that the diffusion coefficients in ((1.1.16|) arise due to the stochastic
nature of the state equation , following an application of Ito’s chain rule.

Furthermore, one obtains a time dependent HJB equation of the following form
foru:Q — R, Q :=Q x[0,T], for some T € (0, 00)

a€el

1
sup {&gu — 50“(0‘“)T : D*u+ b - Vu — c®u — fa} =0 inQ, (1.1.17)

u‘{t:O} = ¢7

by considering an indefinite time horizon problem with a bound on the terminal
time. In this case, the functions b, o, f, ¢, » now have an extra variable of dependence,
e, b =0t X, at), ¢ = o(t,X;) (similarly for o, f, c), as does the cost functional

12



JO = JoO)(z,t), and value function v = u(x,t) (see Chapter 4 of [53] for further
details). At a time s € [0,7") the state vector now evolves for t € (s,T") according to
the SDE

dX, =b(t, Xy, a(t))dt + o(t, Xy, a(t))dW, for s <t <T, X;=u.
Moreover, the {F,}-stopping time is defined as follows
7 =min{T,inf{t > s: (t,X;) € Q}},

i.e., we control up until the smaller of the time 7', and the time that the pair (¢, X;)
exits () (technically this leads to terminal condition, and a backwards in time HJB
equation, but after a change of variables, one obtains )

The abstract formulation of the stochastic optimal control problem —
encompasses many applications, particularly in finance and economics, where
the state vector X may, for example, represent a portfolio or economic agent, respec-
tively.

Let us first discuss Merton’s portfolio problem with transaction charge [40]. This
problem is an extension of the original Merton’s portfolio problem with no transaction
charge, originally introduced in [91]. The problem we consider models the portfolio
of an investor consisting of two assets being traded (with the assumption that trades
may be made instantaneously). The first asset is a risk-free bond, with price X}, and
the second is a risky asset, stock, with price X7, ¢ > 0. The investor starts off with
an initial endowment X} = x and X2 = y. Then, X} and X? satisfy the following
SDEs (note that the equation for X} is deterministic):

dX} = (rX} —c(t))dt, t>0, X;=u, (1.1.18)
dX? = pX2dt + o X2dW,, t>0, Xi=y. (1.1.19)

where p is the drift rate and o is the volatility of the stock, r is the interest rate
of the bond, ¢(t) the rate of consumption, and W; is a Brownian motion. At any
given time, the investor must decide how much (wealth) to consume and how much
to invest in stock markets, with the goal of maximising utility from terminal bond and
stock. We denote by £(t) the rate of transfer from bond to stock, and m(t) the rate
of transfer from stock to bond. Furthermore, the investor pays fractions A\, € (0,1)

and Ay € (0,1) of the amount transacted, on purchase and sale of stock, respectively.

All such charges are paid from stock. In such a scenario, (1.1.18)—(1.1.19)) becomes:

dX} = (rX} —c(t))dt — (1+ M)L(t)dt + (1 — \y)m(t)dt, t >0, X5 ==z, (1.1.20)
dX? = pX2dt + o X2dW, + (0(t) — m(t))dt, t >0, X2 =y. (1.1.21)
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We then define the solvency region:
Frane =1 y) ER* tx+ (14 M\)y > and 2+ (1 — Ag)y > 0},

which is where the state vector X; := (X}, X2)T representing the investor’s holdings,

is constrained to lie. For z,y € .%), »,, we define the admissible set

Az = {(¢(-),m(-), c(-)) nonnegative {F;}-adapted, such that the solutions (X}, X7)
of (1.1.20)—(1.1.21)) satisfy (X}, X}?) € S, VE > 0}.

The goal is then to maximise the following utility functional
JEOmO) (g ) = IE/ e U (c(t)) dt, (1.1.22)
0

where p is the discount factorﬂ (modelling the notion that wealth is more valuable

today than it is in the future), and an example of a utility function U(c(t)) is given

by
)

p
for some p € (—o0,1) \ {0}. For each p, this utility function belong to the so-called

: (1.1.23)

HARA (hyperbolic absolute risk aversion) class.

The value function

u(z,y) = sup JOmO (., y),
() m() )€ Ay

with J/Om()e() defined by (1.1.22)), with utility function (1.1.23)), satisfies the fol-
lowing HJB equation:

1
sup {—azyQ&%xu + red,u + pydyu — pu + L(—(1 + A\)0u + Oyu)
(6m.c)20 (1.1.24)

P

+m((1 — A2)0pu — Oyu) + %} =0 in A

We now discuss how HJB equations arise in the context of economics, in mean
field games, where an economic agent is represented by their level of consumer goods,
and stock of capital. The state vector X; = (X}, X?) represents the level of consumer
goods, X}, and the stock of capital, X?. The model we consider was introduced

in [58], and is based on economic considerations. An agent must decide a strategy on

'The reader should note that a condition upon p,r, 1, p and ¢ must be satisfied in order to avoid
the possibility of arbitrarily large utility, see Condition A of [40] for further details.
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consumption and investment levels, ¢(t) and i(t), respectively, which provides us with
the set of controls. The dynamics of the state vector is governed by the following
SDEs evolving over t € (0,7) for some 1" € (0, 00)

AX} = (—clt) = p(D)i(t) + F(XE,p(O)dt + ond W}, te(0,T), Xi=z, (L125)
dX7 = (g(X7,p(t)) +i(t))dt + o2dWP, te€(0,T), X5=y, (1.1.26)

where W}! and W7 are adapted Brownian motions, and oy, 09 are given constants.
The macroeconomic variable p(t) represents the price level. The function F' is of the

following form
F(X17p> - Fl(Xl7p) +pF2(X17p)7

where F} is the amount of consumer goods and Fy is the amount of capital goods
(goods that are used to produce other goods). Thus, the production function F' gives
the total value (measured in consumer goods) of consumer and capital goods of an
economic agent with capital X! at price level p. Finally, the function g represents
the depreciation of capital stock, and depends upon the capital X' and price level
p. Their strategy is governed by their desire to maximise a utility (corresponding
to a function U = U(c(t),i(t), X}, X2, p(t))), which is assumed to encompass their
preferences with regards to stocks of consumer goods and capital, and the price level

of the economy. The agent seeks to maximise the utility functional
T
JOO (2, y, 1) == B / U (c(s), i(s), X, X2, p(s)) ds,
t

where E*¥ is the expectation corresponding to X} = =, X2 = y, and p is the discount
factor. We maximise J)() over a subset A of the set of progressively measurable
controls ¢(+),i(+). Defining the value function
u(z,y,t) = sup  JOO(z gy, 1),
(c(-)i()eA
we arrive at the following (backwards) HJB equation:
2

2
(9tu + %amu + %ayyu + H(I,y,p, vu) — puU = O, (l’,y, t) S RQ X (Oa T)? (1127)
u(z,y, T) =0, (z,y)€R?, (1.1.28)

where
H(x,y,p,q) == sup{(—c—pi+ F,g+1i)-q+ U} (1.1.29)

(X
(note that the variable ¢ represents the Vu component of H, and that the values of
¢, 1, in the supremum in ([1.1.29) depends upon the set A of admissible controls).
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We arrive at a mean field game by considering many economic agents, each of
whom maximises their individual utility, by taking into account the behaviour of the
entire population. For the full derivation of the mean field game for the current model,
we refer the reader to [58], and for literature on mean field games in general [31), [61,
1, B1]. Denoting by p a probability density that represents the distribution of the
entire population of agents, the mean field game equation is the following (backward)

HJB equation coupled with a (forward) Fokker—Planck equation:

2 2
atu + %8ﬂmu + %ayyu + H(l’,y,p, VU) - pu= O’ (l’,y,t) < R* x (O’ T>’

‘7% 2 ‘73 2
w(z,y, T) =0, p(z,y,0) = po(z,y), (v,y) € R?

where i is a given initial distribution. Note that the above problem may come with
the additional constraint that u satisfies p > 0 and fRQ p=1forall t € (0,7), i.e.,
that u(t) is a positive probability density for all ¢t € (0, 7).

There have been many advances in the construction and analysis of numerical
methods for elliptic and parabolic HJB equations. One of the earliest, and most nat-
ural approaches for approximating such problems comes in the form of finite difference
methods (FDMs) [8 [11], 10} 9, 18|, 19} [41], 50} [76], 08| 101], for which, an important ab-
stract framework for the convergence of monotone schemes to wviscosity solutions [37]
of (possibly degenerate) fully nonlinear second-order elliptic and parabolic equations
(which encapsulates the aforementioned HJB equations) was developed by G. Barles,
and P. Souganidis in [I1]. This abstract framework has lead to the development and
analysis of other schemes, in particular, nonmonotone schemes (which lead to higher
orders of convergence) [I8], [9§].

However, monotone, wide stencil schemes impose restrictions upon the set of prob-
lems that the FDMs can capture, in general. This has lead to the development of
methods that bear a closer resemblance to FEMs, namely semi-Lagrangian methods,
which incorporate interpolation into finite element spaces, allowing for the use of
unstructured meshes [411 [50].

In particular, [50] also utilises the result due to N. Krylov (which we utilise in
Chapter [7), characterising the MA equation as a HJB equation. In this more flexible
semi-Lagrangian framework, the authors prove convergence of the scheme to viscosity
solutions of the corresponding HJB equation.

The field of FEMs for HJB problems has seen much fewer developments. As

mentioned previously, the difficulty of designing such schemes is due to the lack
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of a weak formulation for such problems. As such, the results of this thesis (in
Chapters serve to expand upon the existing finite element framework. The first
advancement (to the author’s knowledge) in this direction is given by [68], in which the
authors analyse the convergence of monotone piecewise-linear finite element methods
in an abstract setting (much in the spirit of G. Barles and P. Sougandinis, except
the method does not exhibit the same consistency property as the monotone FDM,
see [68]). A short follow-up paper [67] provides numerical experiments, validating the
theoretical results of the previous paper, numerically capturing viscosity solutions of
HJB equations.

In recent years, the development of FEMs for elliptic problems in nondivergence
form, which do not rely upon a weak formulation of the underlying PDE, due to the
consideration of strong solutions to the PDE, has seen a few advancements [78], [79,
110]. The framework of [I10] lead naturally to the DGFEM introduced in [111] in the
elliptic setting, and [I12] in the parabolic setting. This method is applicable to HIB
equations with cofficients that satisfy the Cordes condition. In this thesis, we further
develop this method in the elliptic setting, allowing for more complicated geometries,
and oblique boundary conditions.

We now find ourselves at the forefront of the development of finite element methods
for MA and HJB type equations, and so, it seems pertinent to discuss the layout of
this thesis. One should note that Chapters [3] to[9] all contain original research.

The thesis is laid out as follows: Chapter [2] introduces our notational conventions
and the definition of relevant function spaces in a continuous setting; Chapter [3| pro-
vides existence and uniqueness results for MA and HJB type equations available in the
current literature, as well as new results proven as part of this thesis. In Chapter [ we
give all of the necessary definitions, assumptions, and estimates in a discrete setting,
which we will refer back to when defining the various finite element methods in the
later chapters. This has required the development of several key tools from standard
finite element theory to that of curved domains; in particular trace and inverse esti-
mates, discrete Poincaré—Friedrichs’ inequalities, and optimal interpolation estimates
with fractional Sobolev regularity. Chapter 5| provides a DGFEM for linear ellip-
tic equations with Dirichlet boundary conditions, on curved domains; this constitutes
original research, extending the framework of [L10]. Chapter [f]extends the framework
of Chapter 5| from the Dirichlet boundary condition to the oblique boundary condition
in two dimensions; this constitutes original research, and the content has been sub-
mitted for publication [71]. In Chapter [7| we provide and analyse a DGFEM for the
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approximation of solutions to HJB type equations with Dirichlet and oblique bound-
ary conditions; we utilise the results proven in Chapter [3| producing a DGFEM for
the approximation of solutions to MA equations with Dirichlet boundary conditions.
Chapter [§] describes our CGFEM for solving the MA equation, as well as an exten-
sion of the two-dimensional analysis found in [92] to the case f(z,u,Vu) := %
(as opposed to f(z,u, Vu) = f(z)); Chapter [J] explains the extension of the CGFEM
in Chapter [§to the MAOT problem. The work in this particular chapter constitutes
a collaborative effort with O. Lakkis, and T. Pryer [72]. We conclude the thesis with

a discussion on what has been achieved, and comment on future avenues of research.
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1.2 List of notation in order of appearance

Notation Reference Name/ Description
Q 1.1.3 General domain
T 1.1.3 Optimal transport target domain
Rg;ﬁl, SO(2) (]2.1.1[), (]2.1.2[) Symmetric and rotation matrices
GL(R?) 2.1.3 Invertible matrices
A:B 2.1.5 Frobenius inner product
K,K° Definition |2.1.4| Closure and interior of the set K
S 2.1.6 Unit sphere in R+
X 2.1.7 Krylov control set
Xe¢ 2.1.8 Subset of Krylov control set
CHK) Definition [2.2.2] | Space of k times differentiable functions
C*(K) Definition [2.2.2 Space of C*(K) functions with
uniformly continuous k-th derivative
Che(K) Definition C*(K) functions with a-Hélder
continuous k-th derivative
C>®(K) Definition [2.2.4| | Smooth functions with compact support
|- ler @) 2.2.5 Ck(f_) norms
|- Nl ko) 2.2.5 C*>(K) norms
| er 2.2.6 C*(K) semi-norms
| oram@) 2.2.6 C*(K) semi-norms
Rf® Definition 2.2.10| Quadratic remainder term
LP(K) 2.3.1)—(2.3.2 Lebesgue spaces
|- 1y 2.3.3)—(2.3.4 Lebesgue space norms
(-, VK 2.3.5)), (4.3.3 L? Inner product
(VK 2.3.6 Integral
L (K) 2.3.7 Zero integral Lebesgue spaces
Du, Vu (]2.3.8[), (]2.3.9[) Derivative and gradient
D%y 2.3.10 Hessian
Wwmr(K) 2.3.11 Sobolev spaces
H*(K) (2.3.11)), (2.3.16) (Hilbert) Sobolev spaces
|+ [ () 2.3.12 Sobolev space norms
|+ |wmr (k) 2.3.13 Sobolev space seminorms
(- ) Em(K) 2.3.14 (Hilbert) Sobolev space inner products
| i () 2.3.15 Fractional Sobolev space seminorms
T Definition [2.3.6 Trace operator
Wy (K) (2.3.21 Sobolev spaces with trivial trace
(-]") Definition [2.4.1 Duality pairing
(D%v| o) Definition [2.4.2 Generalised Hessian duality pairing
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Notation Reference Name/ Description

A 3.3.4 General HJB control set

F[ 3.3.7 HJB operator

F,[] (3.3.17) Renormalised HJB operator

v, v (3.3.15), (3.3.16) Renormalisation functions
B 3.3.42 Oblique vector

HE’O(K ) 3.3.45 Oblique derivative H2- subspaces

O Definition (3.3.24 Oblique angle

Nk - Unit outward normal vector to 0K
w Definition [2.6.6 Weingarten map

Hoa Definition [2.6.8 Mean curvature
T - Triangulation
P - Finite element space polynomial degree

Ws,r(Q; %)
|+ lwsr @)
| : |W:”(K)
|- w2
Th
<

Y

4.3.1
4.3.2

Definition 4.3.1

Definition 4.3.1

4.4.1 )
Definition [4.4.1| |4.4.26

1.4.1), (4.2
1.4.2

(E4.3), @4.21)

Definition

4.4.7]

4.4.4
4.4.5

(ra11), [F412),

Definition
Definition
Definition
Definition [4.5.1
Definition [4.5.2
Definition [4.5.3

4.4.20
4.4.25

4.4.22

4.4.23

4.4.26

(£5.3), (1.5.5)

Definition
Definition

Definition 4.5.4

Definition 4.5.5

(4.5.9)
4.5.10
4.5.11
4.5.12

4.5.12

4.5.16

Jump operator
Average operator
Set of interior faces, set of boundary faces
Set of faces, set of boundary vertices
Map from K-> K
Various d-simplices
Nonaffine & affine part of F
Scaling & translation part of Fy
Affine invariant constants
Local mesh size, global mesh size
Local mesh size associated to a face
Mesh condition constant
Scaling argument constants
Shape-regularity constant
Diameter of inscribed ball
Curved and flat partitions
Curved and flat face partitions
Functions associated to K*, K , K
Barycentric coordinates
Reference straight Lagrange FE
Curved Lagrange FE
Degrees of freedom
DG finite element spaces

CG finite element spaces
Broken Sobolev space
Broken Sobolev norm
Curved Sobolev seminorm
Curved Broken Sobolev seminorm
Classical Lagrange interpolation operator
Less than or equal to up to a constant
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Notation Reference Name/ Description
2 Definition |4.5.16 Equal up to a constant
P Definition |4.5.15 Finite element projection operator
1, 4.5.19 Local Lagrange interpolation operator
E(r, 1) 4.6.14 Chain rule index set
Vr,divy 4.10.1 Tangential gradient and divergence
H, Definition 4.11.1 Finite element Hessian
L 4.11.4 Lift operator
WE,sME Sections 5|, (61, and Jump stabilisation parameters
Uup, Sections |5H8 Finite element solution
|- Ilne 5.6.1 DG norms on V},,,
1G5 ) e 6.8.1 DG norms on Vj, 0 X Vi
lp,op Sections (6] andIﬂ Oblique jump stabilisation parameters
BE*, B}?,* 5.4.1)), (6.6.1 Dirichlet & oblique FE bilinear forms
JP,JP 5.4.2), (6.6.2 D & O FE bilinear jump forms
B}?’@, B,(Ze 5.4.3), (6.6.3 D & O FE bilinear forms
AP A9 5.4.4)), (6.6.4 Linear D & O operators
A, AP 7.3.1 Nonlinear D & O operators
FMAL] 8.2.1 Discrete MA operator
|- ln 8.2.2 CG FE space norm
|- ll=1n 8.2.2 CG FE space dual norm
V, 1% 8.3.1 Superspaces of Vj, , and W()’h,p
FMAL 8.3.2 Continuous MA operator
L,, R 8.3.4), (8.3.5 Linearisation and remainder of FMA
Lyn R - Restriction of L, and R to V},
M, My 8.3.6), (8.3.7 Fixed point operators
Uy 8.3.14 Elliptic projection of u
B, (u.) 8.3.16 Ball of radius p about w,
U Section |9 Finite element solution
Ly Wh 9.4.3), (9.4.4) CG finite element recovery spaces
F 9.5.1 General operator
Aoy Ag 9.5.3 Uniform lower and upper ellipticity constants
(3 (9.5.21)) Cone of convex functions
b, AB] (9.5.18), (9.5.19) Distance function and operator
Gy, (19.5.27) Gradient recovery operator
T 9.6.1 Generalised Hessian with gradient recovery
E 9.6.2 Finite element Hessian with gradient recovery
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Chapter 2

Notation, function spaces, and
calculus

2.1 Matrices and sets

2.1.1 DMatrices

For a matrix A € R™*" m,n € N, we denote by A’ the transpose of A. We denote

RS = {A e R™: AT = A}, (2.1.1)
and .
s0)i= { [God ") o e o2}, 2.1

the set of all 2 x 2 rotation matrices.

We also denote
GL(R?) :={A € R™?: det A # 0}, (2.1.3)

i.e., the set of invertible d x d matrices.
For a matrix A € R™? we denote by Tr(A) the trace of the matrix to be the sum

of the diagonal entries, i.e.,
d

Tr(A) =) Ay (2.1.4)

Definition 2.1.1 (Positive (semi)definiteness) For a matriz A € R we write
A >0 (A >0) and say that A is positive definite (positive semidefinite) if there
exists ju >0 (u > 0) such that

v Ax > plz* Vo € R
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Definition 2.1.2 (Frobenius inner product) For two matrices A, B € R™? we

define the Frobenius inner product of the two matrices as follows:

d
A:B:=Y A;Bjj=TrA"B=TrAB". (2.1.5)

ij=1

2.1.2 Sets

Definition 2.1.3 (Multi-index notation) For a multi-index o € N4, we denote

by
d d
al = Haj! and |af == Zaj.
=1 j=1

Furthermore, for x € R?, we denote

d
a o
v = T
j=1

Definition 2.1.4 (Closure and interior) For a given set K C R™", m,n € N,
we denote K to be the closure of K, and K° to be the interior of K.

In the later chapters we will often consider unit vector-valued functions, and so it

seems appropriate to define the set
S .= {zx e R |z| = 1}. (2.1.6)

As mentioned in the introduction, we shall make use (in particular in Chapters
and [7)) of a characterisation of the Monge-Ampére (MA) equation as a Hamilton—
Jacobi-Bellman (HJB) equation. This characterisation was proven by Krylov [74],

and requires the definition of the following control set.

Definition 2.1.5 (Krylov control set) We define the Krylov control set, X, as
follows:
X ={WeR& W >0TrW =1}. (2.1.7)

Sym

We also define the subset X¢ of X for 0 < & < 1/d%, as follows:
Xe={WeX:detW > ¢} (2.1.8)

Definition 2.1.6 (Convex set) Let U C R%.  The set U is convez, if, for any
x,y € U, the open line segment connecting x and y, (x,y) = {(1—t)x+ty : t € (0,1)}

18 contained in U.
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Definition 2.1.7 (Uniformly convex set) Let U C R The set U is uniformly

convex, if, for any x,y € U, the open line segment connecting x and y, (z,y) :=
{(1=t)x+ty:te(0,1)} is contained in U°.

2.2 Calculus: derivatives, classical function spaces,
Taylor approximation error, and convexity

Definition 2.2.1 Let f : R™" — R, m,n € N be a continuous function. Given
x € R™™ we define the deriwative, Df(x), of f at the point x to be the element of

R™*™ that satisfies

Do)y =ty L2 =1

for ally € R™™. [f U C R™*" is open and Df(x) exists for all x € U, then we say
that f is differentiable in U. If the map R™" > x — D f(z) € R™™ is continuous

in U, then we say that f is continuously differentiable in U.

Definition 2.2.2 A function f : R™" — R is said to be k times continuously
differentiable in U C R™ ™ open, if its k-th order derivative, defined iteratively by

DFf(x) := D(D*' f)(x)
s continuous in U.

Definition 2.2.3 (Spaces of k-times differentiable functions) Let U C R™*",
be open, m,n € N. We denote by C*(U), and C*(U), the following spaces of functions:

CMU) :={f:U—=R : fisk-times continuously differentiable in U},

_ 3 2.2.1
CHU) :={f € C*U):3V C R™" open, U CV°, feC*V): flu = f}. ( )

Definition 2.2.4 (Holder continuity) A function f: R™" — R is said to be a-

Hélder continuous, with o € (0,1], in U C R™", open, if there exists a constant
C > 0 such that

[f(z) = f(y)] < Clz —y|* (2.2.2)
forall xz,y € U.

Definition 2.2.5 (Lipschitz continuity) A function f : R™*"™ — R is said to be
Lipschitz continuous in U C R™*™  open, if it is a-Holder continuous with o« = 1.

We denote the space of Lipschitz continuous functions by C%(U).
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Definition 2.2.6 (C**-function space) Let U C R™ " be open, m,n € N, for
k € Ny, a € (0,1], we denote

Ch(U) .= {f € C*(U) : D*f satisfies [2.2.2)}. (2.2.3)

Definition 2.2.7 (Functions with compact support) For U C R™ " open, we
define the space C*(U), k € Ny, to be the set of k-times continuously differentiable

functions with compact support. Furthermore, we define the space
Ce(U) =) CHU). (2.2.4)
k=1

Definition 2.2.8 For U C R™*" and k € Ny, o € (0,1], we define the following
norms on C*(U), and C**(U)

R J
[ fller@ = g%?gw fl;
Dkf ) — Dkf Y (2.2.5)
HfHCk»a(U) = Hf”ck(U) + sup | () o ( )l’
z,yeU:ax#y ’l’ - y’
and semi-norms
|f|ck(U) = max |Dkf|,
zelU
Dk ) — Dk (2.2.6)
Flera = flovg + sup |D*f(x) ! il
z,yeU:x#y |$’ - y'

The analysis present in the later chapters relies on the fact that a C*(Q) N C*+1(Q)
function behaves like a (k + 1)-th degree polynomial locally. That is, we can expand
the function as a (k+ 1)-th order polynomial close to a given point. Furthermore, we

are able to control the error arising in this expansion to our benefit.

Theorem 2.2.9 (Taylor approximation) Let f € C*Y(U)NC*Y(U), k € N, with
UCR™" m,ne&N. Then, for a fited a € U, we may express f as follows:

fw)= 3 P e S R - a),

|| <k ’ |8|=k+1

where

1
Rt = ] |

Proof: Firstly, we note that by Theorem A.5 in [I13], if a function g € C([a, b]; R) such

that the derivatives of g of order up to and including &k are defined and continuous

(1—8)P DB f(a + s(z — a)) ds.
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on [a,b], D¥g is differentiable on the open interval (a,b), and D**1g is integrable on
(a,b). Then, for each t € [a,b], we have

k

g(t)=>_ ng!(a) +/ %Dkﬂg(s) ds.

=0
Defining ¢(t) := f(a + t(z — a)), noting that f(z) = g(1) and f(a) = ¢(0), applying

the above, we obtain the desired result. O

Definition 2.2.10 (Quadratic remainder) Let f € C5L(U) N C*1(U), for some
U C R™™ open, m,n € N and some k > 2. We define the quadratic remainder
function, R"® : U = R, of f, associated to a point x € U as follows

R (y) i=f(z +y) — f(x) — Df(x) -y
-y D f!(w)ya — f(z) = Df(x)-y+ > Rs(z+y)y’

lo| <1 o 18]=2 (2.2.7)
= Rz +y)y’.
181=2

Lemma 2.2.11 (Difference of two quadratic remainders estimate) Let
f:R™" 5 R m,n €N, satisfy f € C>Y(U) N C3(U), where U C R™ " is open.
Then, for a given x € U, and for any y,z € U we have

[RE(y) = RI(2)] < Clmyn) | flezay | D 1971+ 127 | ly = 2I.
1<]61<2

Proof: Firstly, if y = z, then |R/*(y) — R/*(2)| = 0, and the result is trivial. Assume
that y # z, then

[RI(y) = BRI (2)] = | Y Role +y)y’ — Ro(a +2)2°|

18l=2
<3 O (Ralar +9) + Rola + 2)(° - )
181=2
45 U6 + ) (Rl +9) — Rl +2)
181=2
= %([1 + 12)
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Now,

LY+ [ (1= 07D (o 1) - Do+ ) a

|
16l=2 g
1
< S+ 1D / (1= 01D lens 2+ t9) = Gz + 22)] e
18|=2
= S WD [ 0= 000 eyl <
1B=2
B B 2
= 3 1+ DI eyl — 4
Iﬁl 2
< 1D fllcosy 3 (1] + 12Dy .

18]=2

Now we turn to [;. Firstly we note that for any (i,7) € {1,...,m} x {1,...

1/2
ly—z| = <Z|yz _Zl )
k=1

> |y — 24P)"* =l — 2.

It then follows that for any |8| = 2

following holds:

ki1 _k
|yﬁ — zﬁ‘ ’yh ylz B lelzl;

ly—=z ly — 2|

for some (ki,11), (ko,lo) € {1,...,m} x {1,...,n}. Moreover,

1 k k k
5‘(9111 + Zl11)<yl2 212 °)| + _‘<yl2 )(?/ll Zlf)’

< (|yll|—|—|z |)|y _312|+ (|912|+|Z |)|yl1 _le

k
‘yll ylg - Zzllzl | <

(\yllﬂz P Ly + L2 Dy — 2],

Applying (2.2.10) to (2.2.9)), we obtain

ly" = 2| _
T S (|yll\+\2ﬁ1!+!yﬁ!+lz )-
Thus
ly? =27 _1 C(m, n)
ST S [ W) < = W
18]=2 [B1=2 \|B|=1 18]=1
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ie.,

> - ) < L) 2 ST+ ly - 2l

18]=2 1BI=1

It now follows that

I <Y Rg(x +y) + Ra(a + 2)||y° — 2|

18]=2
] )
|81=2
My 3 5,/ (1= t)dtly” — 7|
|B1=2
<l 3 1 — 2°
18|1=2
C(m,n
< Ay ey | 2 11412 | by — 2l

|Bl=1
We use our estimates for I; and Iy to obtain

[RI(y) — BRI ()|

1 (COm,n)llf]
<3 FECD S 4 1) + 51D oy 3 1+ 127 | by
18]=1 |8]=2
C(m,n) +
< T ey | 5 W0+ 12° ) 1y~ =,
1<|B1=2

which is the desired estimate with C(m, n) := (C(m,n) +1)/4. O

Corollary 2.2.12 Let f : R™" — R, m,n € N, satisfy f € C*'(U)NC3*(U), where
U C R™™ is a bounded open set that contains the ball B, := {x € R™"™ . |z| < r},
r € 10,1). Then, for a given x € U, and for any y,z € B, we have
|R™*(y) — RM*(2)] < C(m,n)|| fllcaa (lyl + 2Dy — 2]
< 2C(m,n)r| flleza@ly — =l

Proof: Applying Lemma [2.2.11] yields

[RF(y) = R ()] < Clmn) | flleaay | D WOI+127 | ly =2 (2.2.11)

1<|8]<2



Since y € B, and r € [0,1), it follows that for 3] = 2, |¢°| < |y”| for some |3'| = 1.

Similarly for z € B,.. Thus, by the equivalence of norms of finite-dimensional spaces,

Y WP < Clmn) Y 1y + 12

1<|p|<2 18]=1
< C(m,n)(|y| + |z]).
Applying the above to (2.2.11)), and noting that |y|,|z| < r, we obtain the desired

estimates. O

we obtain

Corollary 2.2.13 Under the assumptions of Lemma assume further that U
contains the ball B, r € [0,1); then, the following holds for a given x € U, and any
y € B,.:

IR ()] < Clm, )|l guncn o

Proof: Notice that
[R(y)| = |RM(y) — RP*(0)).

Applying Corollary [2.2.12| with z = 0 yields the desired results. 0

Definition 2.2.14 (Convex function) Let U C R? be open, and let f € C*(U).
The function f is called convex if its Hessian, D?*u is positive semidefinite for all
x € U. That s,

D2 f(2)E>0 VECRY Vo e U.

Definition 2.2.15 (Uniformly convex function) Let U C R? be open, and let
f € C*(U). The function f is called uniformly convex if its Hessian, D*u is uniformly

positive definite. That is, there exists a constant u > 0 such that

"D f(x)€ > ple)* VEeRY, Vr e .

2.3 Function spaces

2.3.1 Lebesgue spaces

Let K C R be an open, bounded domain. We define the following Lebesgue spaces
for 1 < p < o0,

Lp(K):{v:K—HR:/ |v|p<oo}, (2.3.1)
K
and for p = oo,

L¥K)={v: K> R:IM e R* : u(z)] < M a.e. z€ K}, (2.3.2)
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where the integration in (2.3.1)) and the “a.e.” in (2.3.2]) are considered with respect
to the Lebesgue measure. We equip the spaces LP(K), 1 < p < oo, and L>®(K) with

the following norms

ol = (/. rv\p)’l’, (233

|0]|oorc = Inf{M € R" : [u(z)| < M a.e. z € K}, (2.3.4)

respectively. Note that the pair (LP(K), || - ||,.x) forms a Banach space for any 1 <
p < 00.
In the case that p = 2, we may equip L?*(K) with the inner product

(u,v>K:/Kuv. (2.3.5)

In this case, the pair (L?(K), (-, )x) forms a Hilbert space.
In the case that p = 1, for m,n € N, we consider the linear functional (-)x
LY(K;R™™) — R™" given by

() e = (u,1>K:/ " (2.3.6)

K

We also define the following subsets of LP(K) for 1 < p < oc:

I2(K) = {U € I"(K) /Kv - o} , (2.3.7)

and equip them with the respective LP-norms given by ([2.3.3)).
We define

(2.3.8)

Du:_[ﬁu 0u]7

a—xl, ceey a—xd
to be the derivative of a function v : K — R, and we define the gradient of u, Vu to

be the derivative’s transpose, i.e.,
Vu = (Du)’. (2.3.9)

For second order derivatives, we denote by D?u, the Hessian of u, i.e., the d x d matrix
of second order partial derivatives of u;
0%u

2,10 __
Dy = G (2.3.10)
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2.3.2 Sobolev spaces

Definition 2.3.1 (Weak derivative) If u,v € L*(K), with K C R?, open, we say

that v is the aM-weak derivative of u, where a € N4 is a multi-index, if

/KuD“sOZ(—l)a'/Kv%

for all p € C*(K). Here the (classical) derivative D%y is defined as

olal

D= o

In the case that u has an o'"-weak derivative, we denote it by D%u.

For 1 <p < o0, m € Ny we define the standard Sobolev spaces (see [46]):
WmP(K):={ve LP(K): D% € LP(K), Va : |a] < m},

(2.3.11)
H™(K) := W™?(K).

Here a = (ay,...,aq) € N§ is a multi-index, |o| = >, a;, and the derivatives, D%,

are understood in the weak sense. We endow W™P(K') with the following norms:

P

||U||Wm’p K) — ||Dav||p ’ it 1 S p < 00,
) (%m e (2.3.12)
[ollwmes ) = max [|D0 ], if p = oo,
and semi norms:
1
p
|0 wmw 5y = || Dv]| ,if 1 < p < oo,
) }::m i (2.3.13)

[Vl wm.oo (i) = rrllax | DV 0.k, if p = 0.
ale

Note that the pair (W™P(K), | - |[wm»x)) is a Banach space. We can also equip the
space H™(K) with the following inner product

(u, V) mey = Y (D%u, D*0) . (2.3.14)

laj<m

Note that the pair (H™(K), (-, ) gm(k)) forms a Hilbert space.
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Definition 2.3.2 (Non integer Sobolev space) For 0 < r < 1, we define the
Sobolev space H"(2) as follows

H'(Q) = {v € LX(Q) : [olaray < oo},

9 |v — v a:2)|2
Q) . 2.3.15
’U|H / / |a:1 - :U2|d+27’ ( )

Definition 2.3.3 (Higher order Non integer Sobolev space) For s € R\ N,
decomposing s = £ +r with ¢ € N, 0 < r < 1, we define the Sobolev space H*()) as

where

follows
H*(Q) ={ve HQ): D*v e H"(Q),Ya : |a| =1}. (2.3.16)

Lemma 2.3.4 (Non integer H"-multipliers) Assume that w € H"(Q2), 0 <r <1
and 1 € C%(Q). Then, there exists a constant C depending only on d and r, such
that

uh| i) < V2[00l |ulrr @) + V2C(d, 7)y/1 + diam(Q)2])] con g 1wl 220
(2.3.17)

Proof: We see that
lu(21)9 — u(w9) (o) |
|“¢|HT(Q / / !961 _ $2‘d+2r

lu(z1) (1) — u(we)th (1) / / lu(wa)h(wr) — u(wa)h(x2)?
<9 9 .
/ / |$1 _ Iz’d-‘rQ'r‘ + |I’1 _ x2|d+27’
(2.3.18)

It then follows that

u(@1) (1) — u(we)yp ()] 5 lu(21) — u(wy)]?
// le — mo|H2r = WHL“’““/Q o |z — @l (2.3.19)

= ||77Z)||%°°(Q)|u|?ﬁ(9)

Furthermore,

// lu(z2)h(21) — ul(wa)y) // w(@2) Y1) — (o)
’901 - $2‘d+2’" QN{|z1—z2|<1} |21 — @o|4H2
// u(za) P9 (1) — Y(aa) ]
ON{|z1—2|>1} |z — @o|4H2
|u(ws)
< [Ylgon@ / /
Co.1(Q) QN {[e1—za|<1} ’xl _ :L-Q‘d+2 (r—1)

|u( I2)| |71 — szz
+ ‘cho 1(9)/ /m{|$1 Ceaz1) |y — aq|dt2r
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Noting that for xz1,29 € QN {|x; — x5 > 1}, |21 — 25| < diam(Q2), and applying the

change of variables z = x5 — x1, and we obtain

u(z2)h(21) — u(w2)t(22)]? 5 / / 1 2
<|v = —|u(x
// |:1:1 —a:g]d“" | |C°’1(9) 0t ‘Z|d+2(r71)| (22)]

1
di 0 2 2 - 2
+ 1am( ) |¢|CO’1(Q)/Q/|Z|>1 —|Z|d+2r|U($2)|

< O(d,r)(1 + diam(Q)) [ P g 1l 220y
(2.3.20)

Applying (2.3.19) and (22.3.20) to (2.3.18)), we obtain

[wblFr o) < 20W Tyl @) +2C(d, ) (1 + diam(2)*) ] o @ llull72(q)
Taking square roots above, we obtain (2.3.17)). U

2.3.2.1 Traces

We first state the following theorem from [60].

Theorem 2.3.5 Let Q be a bounded open subset of RY with a C*' boundary, with

k € Ny. Assume that % <s<k+1, and s — % 1s not an integer. Then, the mapping

u — u’ag,

which is defined for u € C*'(Q), has a unique continuous extension as an operator

from H*(Q) to H*~Y/2(00).

Definition 2.3.6 (Trace operator) Under the assumptions of Theorem on
k,s, and Q, we define 7 : H*(Q) — H*2(8Q) to be the unique extension of the
operator C*1(Q) 3 u — ulog € CFL(Q), from H*(Q) to H2(99).

Corollary 2.3.7 Assume that Q@ C R? is a bounded Lipschitz domain. Then, the
trace operator, T, maps H?(Q) to HY/2(0Q).

Proof: Under the given assumptions, by Theorem [2.3.5] it follows that 7 : H'(Q) —
HY2(09Q). Since H*(Q) C H'(Q), the statement holds.  [J

Remark 2.3.8 Corollary emphasises the fact that the trace of a H*(Q2) func-
tion is well-defined for Lipschitz continuous domains. The higher domain boundary-
reqularity assumption of Theorem 15 required in order to prove the corresponding

higher reqularity of traces of Sobolev functions.
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Sobolev spaces with trivial trace: We define the space
WP (Q) :={v e W™P(Q) : (D)o = 0, Vo : |a] <m — 1}, (2.3.21)

Density of smooth functions in Sobolev spaces: For 1 < p < oo, k € N the spaces
WmP(Q) and Wy""(Q) can be equivalently defined in the following way:

WP () = Cm—(m”'”WW:P(Q)7

and
Wgn,p<Q) - Wll'llwm,p(m'

2.4 Generalised Hessian

Definition 2.4.1 (Duality pairing) Let H be a normed space, with dual space, H'.
For f € H', we denote its action on functions v € H, by the following duality pairing

(flvygsm = f(v) Vv e H.

The continuous Galerkin FEMs introduced in Chapters [§ and [9 require the notion
of the so-called “finite element Hessian”, which in turn relies on the definition of the
“Generalised Hessian”. Looking first at a function v € C?*(Q)NC*(Q), an application
of integration by parts shows us that the Hessian of v, D?v, satisfies (the d x d set of

equations)
(D, )0 = —(Vv D)o + (Vongop)an Vo € H'(Q),

where the integrals, (-)q and (-)sq, on the right hand side are considered in the sense
of (2.3.6)), and nsq is the unit outward normal to 0f2. We now generalise this to a
given function v € H'(Q) with Vonlg|aq € (H1/2(8Q)’)dXd.

Definition 2.4.2 (Generalised Hessian) Let v € H'(Q), with [Vvn)gli|oa €
HY2(0Q), i,j = 1,...d. We define the generalised Hessian of v, also denoted by
D?v to be the element of (H'(Q))¥*4 that satisfies the duality pairing

i Qv dy i
<[D2U]j|30> = <%, %> + ([Vv ngﬂ]j’@)(Hl/?(asz))/le/Z(aQ) Vp € Hl(Q)a
i 95/ q
(2.4.1)
and all 1,5 =1,...,d, where nag is the unit outward normal to O0f).

Remark 2.4.3 Let v € H'(Q), with Vvnlg|sa € (H1/2(8Q)’)dXd; then, the gener-

alised Hessian of v, D*v, is symmetric. This also implies the symmetry of the finite

element Hessian, which we will define in Chapter[{]
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2.5 Domain type definitions and assumptions

Definition 2.5.1 (C* domain) A domain Q C R? called C* for k € N, if, for any
x € 99, there exists an open neighbourhood V of x in RY and an orthogonal coordinate

system (y1,...,Ya), such that
V={(y1,...,94) : —a; <y; <a;,1<j<d}

as well as a uniformly C* function ¢ defined on V' = {(y1,...,ya-1) : —a; < y; <
aj,1 <j<d-—1} and such that

()] < aq/2 for every y' = (y1,...,Ya-1) € V',
ONV={y=u"ya) €V :ya <o)}
PNV ={y=U"v) €V :ya=0{)}

Remark 2.5.2 The analysis of the numerical methods present in Chapters[5, and |7
only requires the domain, €1, to be sufficiently piecewise reqular, with piecewise non-
negative curvature. This means that there are cases where the numerical methods

admit the existence and uniqueness of a solution, but the assumptions of the exis-

tence and uniqueness Theorems|3.3.160/ and|5.5.29, for the underlying PDEs, are not

satisfied. This motivates the following two definitions.

Definition 2.5.3 (Piecewise C* domain) A domain Q C R? is piecewise C* for

k € N, if we may express the boundary of 2, 0S), as a finite union
N
00 =|JT,, (2.5.1)
n=1

where each T',, C R? is of zero d-dimensional Lebesque measure, and admits a local
representation as the graph of a uniformly C* function. That is, for each n, and at
each x € T, there exists an open neighbourhood V, of x in R% and an orthogonal

coordinate system (yi,...,ys), such that
Vi={Wl, - ug) - —af <y} <af,1<j<d};

as well as a uniformly C* function p,, defined on V! = {(y},...,y" ) : —a} <yj <
aj,1<j<d-— 1} and such that

lon(y™)| < aly/2 for every y™ = (yy, ...,y 1) € Vi,
QNV ={y" =", vi) € V:ys < ealy™)},
LoV ={y" =" vi) €V :yi=ovaly™)}
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Figure 2.1: Examples of the “key-hole” shaped domain (left) given by (2.5.2)), and a
domain with a boundary portion of strictly negative curvature (right) given by (2.5.3).

Remark 2.5.4 Definition tells us that for a given I',, and v € T, that, in a
netghbourhood of x, the domain ) is “below” the graph of p,, and ', is the graph of
©n. From this point of view, we may characterise a notion of piecewise convezity, for

which the function ¢, is also assumed to be concave.

Definition 2.5.5 (Piecewise C* and piecewise convex domain) A domain

Q C RY, is a piecewise C* and piecewise convex domain, with k > 2, if Q) is Lipschitz
continuous, and the boundary of 1, 0X2, is given by a finite union of the form ,
and eachT,, C R%, can be represented as the graph of a uniformly C*, concave function

©n, in the local coordinates.

Remark 2.5.6 Note that if Q is a piecewise C* and piecewise convex domain, with
k > 2, it is not in necessarily convex. For example, consider the “key-hole shaped”

domain
Q={22+9* <1:y>1/V2YU[-1/V2,1/V2] x [-3,1/V2]. (2.5.2)
See Figure .

Remark 2.5.7 The assertion that ¢, is concave, in Definition|2.5.5], excludes piece-
wise smooth domains with boundary portions of strictly negative curvature, for exam-

ple the subset of R? given by:
Z = ([=2,0] x [0,2]) \ {a] + 23 < 1/4}, (2.5.3)

for which the corresponding functions @, locally describing 0Z N{x?+x3 = 1/4} must
be uniformly convez (see figure (2.1))).
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2.6 The Weingarten map and curvature

In this thesis, we often consider domains that have a curved boundary. Furthermore,
our finite element spaces are defined on triangulations of the domain, where the
triangulation provides an ezact representation of the domain. A consequence of this,
is the appearance of curvature dependent terms when applying integration by parts
identities. As such, it is pertinent that we define the notion of the second fundamental
form and mean curvature. We do this under the assumption that the domain has a C?
boundary (and so we can provide a notion of curvature everywhere on the boundary);
we then define a notion of piecewise curvature on domains that are assumed to be

Lipschitz continuous and piecewise C?.

Definition 2.6.1 (The outward unit normal vector) Let Q C R? be a Lipschitz
domain, with boundary 0. We denote by naq : 0Q — S%, the unit outward normal
vector to OS2.

Remark 2.6.2 If the domain ) is only Lipschitz continuous, the normal vector is
defined a.e. with respect to the (d — 1)-dimensional Lebesgue measure. Consider, for
example, the unit outward normal to the unit square, [0,1] x [0,1]. In this case,
the unit outward normal is not well defined at the corners (0,0),(1,0),(1,1),(0,1)
(the collection of which is a set of measure zero with respect to the one-dimensional

Lebesgue measure), but

;

Noa =

\

Thus, ngq is defined a.e. on OS).

Lemma 2.6.3 (Regularity of the unit normal vector) Assume that Q C R? is
a C* domain, k € N. Then, we have that ngg € C*1(982;S?).

Proof: By definition at any x € 0f2, there exists a neighbourhood V' of z, with

orthogonal coordinate system (yi,...,94) and a uniformly C* function ¢ : V' —

R, such that 9Q NV = {y = (V,v4) € V : ya = pa(y')}. It then follows that

NNV ={y € V:g(y) = 0}, where g(y) = ya — ¢(y'). Furthermore on 02NV,
Vg (=Vye1)

_ Vg __ . . . k . / . .
N = oy = —1+|Vy/eo|2' Then, since ¢ is uniformly C* in V' it follows that ngq is
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Ck1 on 9Q N V. However, this holds for all x € 99, and thus ngq € C1(9Q;S9).
O

Corollary 2.6.4 (Piecewise regularity of the unit normal vector) Assume that
Q C R? is a piecewise C* domain, k € N, with C? portionsT'1,...,T'n, N € N. Then,
we have that npg € C*1(I',;S?), n=1,...,N.

Proof: This is analogous to the proof of Lemma [2.6.3] utilising the local level set
description of each C* boundary portion I';, j =1,...,N. 0J

Definition 2.6.5 (Tangential gradient) Let Q C R? be a Lipschitz domain, with
boundary 0X). We define the tangential gradient, V-, as follows:

0
Inoa’

VT:V—naQ

8 — .
where Bngs = 1o V.

Definition 2.6.6 (Weingarten map) Let Q C R? be a C* domain, where the inte-
ger k > 2. We define the Weingarten map, W € C*=2(0€; R¥*4) | to be the tangential

gradient of the unit outward normal to 0X), that is

If a function f € C*(09), k € N, one can see that for all z € 9Q, Vi f(z) is a tangent
vector to 0f) at x, and thus the Weingarten map has a trivial eigenvalue of zero, with

corresponding eigenvector, ngq.

Definition 2.6.7 We denote by k1, . .., kq_1 the nontrivial eigenvalues of W (ordered
by increasing magnitude), the principal curvatures of OS2, and we define the constant

Ko = infcpq k1(x), to be the minimal principal curvature of 0S).

Definition 2.6.8 (Mean curvature) Let Q C RY be a C* domain, where the inte-
ger k > 2. We define the mean curvature of 9, Hoq € C*72(0R), to be the trace of

the Weingarten map, i.e.,
HBQ = TI"(W) = VT *NoQ- (2.6.1)

Definition 2.6.9 (Piecewise Weingarten map) Let Q C R? be a piecewise C*
domain, k € N, with C* portions I'1,...,I'y, N € N, where the integer k > 2. We
define the Weingarten map, VW : 0Q — R¥9 as follows

Wir, = VT(nth"n), n=1,...,N.
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Definition 2.6.10 (Piecewise mean curvature) Let Q C R? be a piecewise C*
domain, k € N, with C* portions I'y,...,I'n, N € N, where the integer k > 2. We

define the piecewise mean curvature Hoq : 02 — R as follows,

,HBQ|Fn = VT- (Tlag’pn>, n = 1,...,N. (2.6.2)
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Chapter 3
PDEs and PDE analysis

3.1 New contributions and existing results

The original contributions of this chapter involve the analysis of Hamilton—Jacobi—
Bellman (HJB) type equations and their links to Monge-Ampere (MA) type equa-
tions. Let us first summarise the existing results related HJB type problems that we

build upon:

e The existence and uniqueness of strong (H?-regular) solutions to HJB equations
satisfying the Cordes condition (see Section for a definition of the Cordes
condition), with homogeneous Dirichlet boundary conditions on convex domains

is proven in [I11].

e The MirandaTalenti estimate for subsets of functions of H? that satisfy the
oblique boundary condition (see Definition for further details) is proven
in [89] (this is a key tool in our analysis of HIB type equations).

e In [74] it is proven that the MA equation is equivalent to a particular HJB
equation (see Section [3.4] for further details).

Original contributions of this chapter:

1. We provide a general framework for the wellposedness of HJB type equations
in subspaces of H? that satisfy the Miranda-Talenti estimate. Furthermore,
utilising the Miranda—Talenti estimate proven in [89], this framework provides
the existence and uniqueness of solutions to HJB type equations with oblique

boundary conditions.

2. We prove the existence and uniqueness of strong (H?-regular) solutions to HJB
equations satisfying the Cordes condition (see Section for a definition of
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the Cordes condition), with inhomogeneous Dirichlet boundary conditions on

convex domains.

3. We modify the characterisation in [74], characterising the MA equation as a
HJB equation that satisfies the Cordes condition. This requires an assumption
of uniform convexity and uniform C*%-regularity, o € (0, 1), of the solution of
the MA equation.

3.2 Monge—Ampere type equations

In this section we provide existence and uniqueness results for MA type equations
from [65] in the Dirichlet case, and [27] in the case of the second boundary condition.
We will utilise these results in the later chapters. As outlined in the introduction, the
main focus of this thesis is to design and analyse finite element methods (FEMs), for
the approximation of solutions to Monge-Ampere (MA) type equations.

The two types of MA equations we consider are determined (and distinguished)
by their corresponding boundary conditions. The first boundary condition that we
consider is the Dirichlet boundary condition, i.e., the value of the solution is prescribed
on the boundary of the domain. The second boundary condition that we consider is
a nonlinear gradient constraint, which requires that the gradient of the solution to
maps one given domain to another. This leads us to the following boundary-value
problems (BVPs): Firstly, given a uniformly convex, open domain  C R?, a function
u : Q — R? satisfies the Monge-Ampere Dirichlet (MAD) problem, if

(3.2.1)

{ det D*u(x) = f(z,u(z), Vu(z)), z¢€Q,
u(z) = ¢(z), x€ 0,

where f: QxR xR? — R*, and ¢ : 9Q — R are given (particular assumptions upon
f, ¢ and €2, that guarantee the well-posedness of will be given later on in this
chapter).

Secondly, given two uniformly convex, open domains ©, T C R? a function u :

) — R satisfies the MA problem with second boundary conditions, if

{detD u(@) = (@, u(@), Vulz), =€, (3.2.2)

Vu(2) =T

Y

where f: Q x R x T — RT (again, particular assumptions upon f, Q, and YT that
guarantee the well-posedness of (3.2.2)) will be given later on in this chapter).
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Equations (3.2.1) and (3.2.2)) have been the interest of study for many years, in
the case of (3.2.1)) see, for example [29, 73], 65], and for (3.2.2)) see [27, [116]. This

literature leads us to the following existence and uniqueness theorems, which we will
use later on in order to analyse the finite element methods we propose, where the
existence, uniqueness, and regularity properties of solutions come into play. We now
state the following existence theorem from [65]. Recall that the minimal principal

curvature, kgq is defined in Definition [2.6.7]

Theorem 3.2.1 (MAD problem existence theorem) Assume that f : € x R x
R? — R* satisfies

f(x,2,q) < C(lql), (3.2.3)

for some nondecreasing function ((t) > 1. Assume that C, the boundary data ¢ :

00 — R, and the minimal principal curvature of 0S), ko, satisfy the following:

1

o - 4d
1<dmd/ ———dt, py=(1+—=)|d|lc20)- 3.2.4
o | ot pe= 04 ) lélloen (3.2.4)

Furthermore, assume that 02 € C*22 ¢ € Ck22(9Q), f € CF*(Q x R x RY),
k € Ng, 0 < a < 1. Furthermore, assume that there exists a constant 6 > 0 such
that f > 6. Then the problem has a uniformly convex solution in the class
Ck+2,a(ﬁ)_

Remark 3.2.2 Condition constitutes a connection between the curvature of
0%), the boundary datum, ¢, and the growth in the ¢ component of the function f. One
particular example that this assumption encompasses is the case that f € CP*(Q),
k € No, o € (0,1), is independent of z and q, i.e., f = f(x) (the verification
of in the homogeneous Dirichlet case, for d = 2 is provided in the proof of
Theorem . A further example is the d = 2 problem of prescribed Gaussian
curvature, where f(z,z,q) = K(z)(1 + |¢|*)?, with K € C**(Q;R*) a uniformly
positive function, k € Ny, a € (0,1). In this case, we may define ((t) := K*(1 +
t*)?, where K* := max{sup,.q |K(z)|,1}. Firstly, this implies that ¢ > K* > 1 is
nondecreasing, and that f(z,z,q) < ((|q|) for all z,z,q € Q x R x R,
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Furthermore,

> t 1 o t+ pg Po 1
_ dt= _Pe d
/0 o) K*/o (ENGEYRE K*/o (ENEYA D
L)
COK* Sy odt \ 2(1+ (4 py)?)

ps [T d (1 t+ pg
Lo [ S (2 arctan(t dt
), G (i e )

1 ( 1 pot + 03
2K\ 14 (t+pg)? 1+ (t+ ps)

oo

5 — Poarctan(py + t))
0

1 1+ pi T 1 T
b (2 (5 wotnin) ) = g (1 (5 i)
(3.2.5)

The equation 1 — x(m/2 — arctan(z)) = 0 has no real roots, and since the integrand
mn 15 nonnegative, we deduce that the integral in is strictly positive for
finite values of py. This provides us with a sufficient condition for the existence of a
solution to the prescribed Gaussian curvature equation, namely
250 /00 ;dt = o0 (1 — ps (E — arctan(p@)) > 1, (3.2.6)
o C(+ps) K 2
where we recall that py is defined in .
Note that in the homogeneous Dirichlet case, ¢ = 0, and so pg = 0. It then follows

that simplifies to

2
Koo
- > 1.

We now state existence theorems from [27].

Theorem 3.2.3 Assume that Q0 and Y are uniformly conver domains in R?, with
00,0 € C*'. In addition, assume that f € CY'(Q x R x T) is a positive function

satisfying
flz,2,q) > 00 as z— oo,

flz,2,q) >0 as z— —o0,

uniformly for (x,q) € Q x Y. Then, problem has a convex solution u €
C3 N C**(Q) for any a € (0,1). The solution is unique if g—ﬁ >0inQxRxT.

Theorem 3.2.4 (MA optimal transport problem existence theorem)

~ filw)
fle,z0) = fala)’

Assume that
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where fi € CYY(Q) and fy € CYY(Y) are two positive functions satisfying

Lﬁzéh (3.2.7)

Furthermore, assume that Q and Y satisfy the assumptions of Theorem|3.2.5. Then,
problem has a convex solution u € C>* () N C%*(Q) for any a € (0,1). Any

two such solutions differ by a constant.

Remark 3.2.5 FElliptic reqularity theory implies that the solutions obtained in The-

orems [3.2.5 and |3.2.4) are more reqular if 02, OY and f, f1, fo are more regular. In

particular, if 9Q, O, and f, f1, fo are C*, then u € C*°(Q).

3.3 HJB type equations and Miranda—Talenti es-
timates

In this section, we consider nonlinear equations of the form: find u : 2 — R such
that
sup{A®: D*u— f*} =0 ae. in (), (3.3.1)

aEA

along with either Dirichlet boundary conditions:
u=g on 0, (3.3.2)
wher g : 02 — R is given, or oblique boundary conditions:

B -Vu is constant on 052, (3.3.3)

where 3 : 02 — S9! is given. The PDEs given by (3.3.1) coupled with ([3.3.2))
or (3.3.3), are of Hamilton—Jacobi-Bellman (HJB) type. They arise in finance, eco-

nomics, mean-field games, and problems of optimal control. In Section we will
see that they also arise when considering problems of MA type.
The index set
A (3.34)

is called the “control set” (since, in the context of optimal control problems; it indexes
the set of controls), and is assumed to be a compact metric space. We also assume

that we have the real-valued functions

Ajj=A; €CQAxA), i,j=1,...d, and f € C(Q x A). (3.3.5)
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Then, for each a € A, consider the functions Af; : = — Ay(v,a), v € Q, and
fY 2= f(r,a), x €Q, and define the matrix-valued functions A% = (Af).
For our purposes, A indexes a set of nondivergence form elliptic operators L%,
defined by
Lo := A% : D*u, «a €A,
where each A® € LOO(Q;RSYXI;‘D, and the resulting family of operators {L%},ep is

uniformly elliptic, that is: there exist positive constants p; < s such that

d
ple? <) AN ()68 < palél” VEER? ae. 2 €9Q, Va €A (3.3.6)
ij=1
Thus, we see that L* : H*(Q2) — L*(Q) for each a € A. Furthermore, it follows that
the nonlinear operator F' defined by
Flu] := sup{A® : D*u — f*}, u € H*Q), (3.3.7)

aeA

also maps H?(Q) into L*(©2). We may now express the problem (3.3.1]) as follows: to
find v : 2 — R such that
Flul =0 a.e. in (. (3.3.8)

By considering suitable subsets H of H*(Q) (corresponding to particular boundary
conditions), we are able to deduce under which conditions there may exist a unique
u belonging to H that satisfies . Thus, we identify the conditions upon A%, f¢
for a € A, the domain, €2, and the boundary conditions, that lead to the unique solv-
ability of the corresponding boundary-value problems. In particular, we will consider
subspaces H C H*(Q) that satisfy the following definition.

Definition 3.3.1 A closed, linear subspace H of H*(Q)), satisfies the Miranda—Talenti
(MT) estimate property, if

and

where C'is a positive constant independent of u.

Remark 3.3.2 A particular example of a subset of H?*(2) that satisfies Definition|3.5. 1]

is the space H*(Q) N H} (), when the domain @ C R? is assumed to be convex (for
further justification of this, see Theorem . This choice of space corresponds to

the homogeneous Dirichlet boundary-value problem.
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Remark 3.3.3 The fact that the constant on the right-hand side of inequality
is equal to 1 is essential to the proof of Theorem[3.3.8. In particular, it is utilised in
order to obtain the final estimate of (3.3.21).

3.3.1 Uniform ellipticity and the Cordes condition

It turns out that for dimensions d > 3, the uniform ellipticity assumption (3.3.6]),
alone, does not, in general, imply the unique solvability of the following linear Dirichlet

boundary-value problem:

A:D*u=0 a.e. inQ,
(3.3.11)

u=0 on 0,

in H%(Q) N H}(Q). That is, we can provide an example of a coefficient matrix
A€ L Rg;i) that satisfies , for which the corresponding problem (|3.3.11)
admits a nontrivial solution that belongs to H?(Q2) N H () (clearly, u = 0 satis-
fies (3.3.11)), and belongs to H?(Q2) N H{(£2)). Note that is a special case of
the boundary-value problem given by coupled with , where g = 0, the
control set A is a singleton set, the functions A;; € L>(Q2), and, furthermore, f = 0.

The example we provide is from [89], pg 18, and is originally due to C. Pucci.

Example 3.3.4 (Nontrivial solution) In this ezample we take 2 to be the unit
ball in R, d > 3. Let us define

Tl
]

A”(.ﬁﬂ) ::5ij+r1 i,jzl,...,d,

where 1y = (d+ 1y —2) /(1 —13), and max{2 —d/2,0} <ry < 1. It is then clear that

d d

Z Aij(r)6:&5 = Z (035 + 11 TZTQJ )6& VEERY ae v €Q,

ij=1 ij=1
and that
€* < Z (65 + 1t | |2 a6 < (L+r)lE? VEERY, ae. zeQ,
7,7=1
i.e., holds with py =1, and pg = 14+1r1. We now define u(x) := |z|™ —1, and

see that

D?]u = TZ(TZ - 2>l’ixj|x|71274 + 7’252']"1’|T272 c LQ(Q)7 1,J = 1... 7d'
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It then follows that for a.e. x € QQ,

d
A:D*u= )" <5ij + Tl%) (ra(ra = )zl ]~ + rydiyla|72)

ij=1

d d
= |a|? (Z ro(ry — 2)af|e| ™% + ry 4 ryrga|a| 7 + Z rira(rs — 2)$?$?|$|_4>

i=1 ij=1

= |:13|T2_2 (ro(ro — 2) + dry + 1179 + r172(19 — 2))

= |27 (r3 + (d = 2)rz + rira(r2 — 1))

= |27 (r; + (d = 2)r2 + ((d + 72 = 2) /(1 = 72)) (r2 — 1))

= e 203 =) =0
Thus, A:D*u =0 a.e. in, andu € H*(Q) N H(Q), i.e., u satisfies (5.3.11).
Example shows that for d > 3, the uniform ellipticity condition (3.3.6) is not
in general sufficient to deduce uniqueness of solutions. This leads us to define the

following condition: the family of operators {L®},ca satisfies the Cordes condition if
there exists € € (0, 1] such that for each a € A,

A" < L in Q (3.3.12)
(Tr(A*))2 —d—1+¢ ’ o
where the norm | - | is the Frobenius norm, which is defined as follows:
Al :=VA:A VAeR™" m,neN, (3.3.13)

where we recall that the Frobenius inner product above is define by (2.1.5)).

Remark 3.3.5 Condition can be viewed as a strong ellipticity condition. In

dxd

Sym Satisfies

particular, let us assume that a positive definite matrix A € R

AP
(Tr(A)2 = d—1+¢

for some ¢ € (0,1]. Noting that |I4|* = I;:I; = d, and Tr(A) = I;: A, where I; is
the d x d identity matrix, rearranging the above, and taking square roots yields the

following equivalent inequality

IdZA > \/d—1—|—€
LallAl— Vd
Since I; and A are symmetric, we may associate them with vectors in RUTD/2,

and thus the value on the left-hand side of (3.3.14]) is the equal to cosy, where

(3.3.14)
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is the angle between these two vectors. Furthermore, the right-hand side of
is positive, which means that the angle between the vectors is strictly less than /2.
Moreover, the right-hand side of 18 1ncreasing in the dimension d, and thus
the angle 1s decreasing in d, and so, for higher dimensions one can deduce that the

Cordes condition is a stronger assumption.

We may utilise the Cordes condition (3.3.12)), by renormalising the family of operators
{L%}4en. This is achieved by defining the strictly positive function v : Q x A — R*
by

Tr A«
’}/(SC,OZ) = W, (3315)

and, similarly to defining the functions Af;, f¢; for each o € A, we define

Y y(x,a), x e Q. (3.3.16)

It follows from the continuity assumptions upon the coefficients and from the uniform
ellipticity condition that v € C(Q x A), as well as the fact that there exists a
constant vy > 0 such that v > 7y on 2 x A. We then consider the renormalised family
of operators {7*L*},ea, which induces a renormalised operator F, : H*(Q2) — L*(9),
given as follows:

FJu] := sup{y*(A® : D*u— f*)}, wue H*(Q). (3.3.17)

a€EA

The significance of the Cordes condition (3.3.12)), and the choice of renormalisation

parameter -, is motivated as follows: let us take the operator v*L?, for some o € A,
and a function u € H?*(2). Then, we see that for a.e. = € Q,

VL — Au| = |(v*AY — 1) : D*u| < |[y*A* — I,|| D?ul.

Furthermore,

77 A% — Lf? = ()2 A% — 29" Te(A%) +d

=d— TT;;:’?Q by the definition (3.3.15)) of ~
<d-—(d—1+¢) by the Cordes condition ({3.3.12))
=1-e.
Thus
VL — Au| < V1 —¢|D?u| a.e. in Q, (3.3.18)

where ¢ € (0, 1], that is, we can control the difference between the operator y*L%,

and the Laplacian, A.
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Remark 3.3.6 In the case that d = 2, uniform ellipticity implies the Cordes condi-
tion . Indeed, let us take A € L®(Q; REDY that satisfies the uniform ellipticity

Sym

condition . Then, denoting A1, \a : 2 — R to be lower and upper eigenvalues

of the (matriz-valued) function A, respectively, we see that

AP AN
(Tr(A))2 (A + A2)?
o NEN
DY EDYEEIWS
1
L2000/ (A2 02)

1
(d—1)+2/(3 +32)

Moreover, the function f(t) := 2/(t +t') is increasing on (0,1], and since A\ /Ay :
Q — (0,1], and A\ /XNy > p1/p2, we have that f(A1/Xa) > f(p1/p2), and so,
|AJ? 1 B 1 .
= < a.e. in Q.
(Tr(A)? (d=1)+ f(M/X2) 7 (d = 1) + 2papa/ (13 + p13)
Thus the Cordes condition holds for any choice of € € (0,2p1pa/ (13 + 13)).

We now present Lemma 1 from [IT1], which generalises estimate ((3.3.18]), based on

the fact that for two collections of scalars {4 }aea, {¥a }aca, One has that
‘ (sup xa) - (sup ?/a)
a€el acA

Lemma 3.3.7 Let Q be a bounded open subset of RY, and suppose that and
both hold. Then, for any open set U C Q and u,v € H*(Y), the following

inequality holds a.e. in U:

S sup |xo¢ - yoc|'
aEA

|E,[u] — Fy[v] — A(u — )| < V1 —¢|D*(u—v)|. (3.3.19)

Theorem 3.3.8 Assume that H is a subset of H*(Q)), that satisfies the MT estimate
property (3.3.9)—(3.3.1()). Furthermore, assume that the collection of linear operators

{L%*}aen satisfy and . Then, there exists a unique uw € H such that

/ F,lulAv=0 YveH. (3.3.20)
Q
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Proof: Firstly, since (3.3.9)—(3.3.10) hold, we see that (H, (-, )y) forms a Hilbert

space, when we define
(u,v) g 2—/QAUAU, u,v € H.
Then, we define &7 : H — H' (where H' is the dual space of H) by
(o (u),v) == (Fy[u],v)n, wu,veH.

Now we will prove that &7 is Lipschitz continuous and strongly monotone, so that we
can apply the Browder—Minty theorem [I07]. This part of the proof is very similar to
the proof of Theorem 3 from [I11], but it is useful for the reader to see the approach.
Furthermore, the current framework is more general, since it allows for more general
boundary conditions (which are incorporated in the definition of the space H).

We see that for u,v € H

= /Q(A(u—v))Q—i-/(Fy[u] — F[v] — A(u—v)) A(u —v)

Q

— A= 0)[2q + / (Fy[u] — Fy[o] — Alu— ) Adu—v)

> A= lEo— [ Al = Al = A=)l Au— )
> A= v)[2q - \/—1—6/Q|D2(u—v)|\A(u—v>|,

where the final inequality follows from (3.3.19)). Applying the Cauchy—Schwarz in-
equality, followed by (3.3.9), we obtain
(o (u) — o (v),u—v) > [A(u—)|20 = VI —elu— v[p2@)|A(u = V)20
> (1=VI=o)|A(u—)l30

(3.3.21)
Finally, applying (3.3.10) yields
(o (u) — o (v),u —v) > CHu—Uquz(m, (3.3.22)

i.e., o is strongly monotone.
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We then see that for u,v,z € H

(o (u) = o (v), 2) S/QIFV[U]—FW[UHIAZ\

),

< /qup {|A*: D*(u —v)|} |Az]

aEA

sup{ A~ : D?u — fe} —sup{A~: D*v — fH 1Az
acA aEA
(3.3.23)
< sup | A |so,0|t — v|E2(0) [| A2 ]|2,00

[
< Cllu = v 2@zl m2 ),

where the penultimate inequality follows from the fact that A is compact. Esti-
mate implies that 7 is Lipschitz continuous.

Since .o is strongly monotone and Lipschitz continuous, it follows by the Browder—
Minty theorem that there exists a unique u € H such that </ (u) =0, i.e.,

<d(u),v>:/ﬂFw[u]Av:O Vv e H,

that is, (3.3.20]) holds. U

Corollary 3.3.9 (Existence and uniqueness) Assume that H, and the collection
of linear operators, {L®}aen, satisfy the assumptions of Theorem [3.3.8. Assume
further, that A : H — L*(Q) is a surjection. Then, there exists a unique u € H such
that

F,lul=0 a.e. in Q. (3.3.24)

Furthermore, u is the unique element of H that satisfies
Flul=0 a.e in Q. (3.3.25)

Proof: Since the assumptions of Theorem [3.3.8| are satisfied, we know that there exists

a unique u € H such that

/QFW[U] Av=0 YveH.
Since A : H — L*() is a surjection, we obtain

/QFV[U] v=0 YveL*0Q),

and thus F,[u] = 0 a.e. in €2, which proves (3.3.24)). We will now prove that this is

equivalent to Fu] =0 a.e. in Q.
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Since v* > 9 > 0 for all & € A, we obtain
YL — f*) <0 Va €A,

if and only if
L% — f* <0 VaeA,

and thus
F.lu] <0 < Flu] <0.

Since A is compact, and the functions A, f,y € C(€2 x A), it follows that the suprema
of Flu] and F,[u] are attained by an element of A, this yields

F.lu] >0 < Flu] > 0.
Overall, we have obtained

F,luj=0 < Flu] =0. O

Remark 3.3.10 Now that we have proven Theorem and Corollary it
is clear that the unique solvability of the PDE subject to particular boundary

conditions, is equivalent to finding an appropriate space H that satisfies the following:
1. v € H implies that v satisfies the particular boundary condition;

2. A: H — L*(Q) is a surjection;

3. The space H satisfies the MT estimate property (3.3.9)—(3.5.10).

3.3.2 The homogeneous Dirichlet case

As mentioned in Remark [3.3.2] the space H := H?(2) N H}(Q) C H?(Q) satisfies
Definition m, if Q@ c R? is convex. We will now provide a justification of this
with the additional assumption that  has a C? boundary. It is proven in [I10] (see
Theorem 2), that the C? assumption may be relaxed, this is due to the fact that one
can approximate a convex domain by a sequence of C* convex domains (see Section
3.2.1 of [60]). Moreover, we will see that the assumption that 02 has nonnegative
mean curvature is necessary to obtain a constant of 1 on the right-hand side of ,
which is an essential ingredient for the proof of Theorem 3.3.8] The following Theorem
is from [60] (see Theorem 3.1.1.1).
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Theorem 3.3.11 Let Q be a bounded open subset of R with a C? boundary, and let
v € [HYQ)]?. Then, we have

d
Ov; Qv T / T T 2
> /anj 0z, _/Q’dm}' ¥ Joa ) Vo vr = Haolv ma ™ g o

ij=1
+ 2(ur |V (v - noa)) (11200 < m11/2(00))

where naq is the unit outward normal to 092, vy := v — (v - naa)naq, Vr =V —

nm%, and Hoq := V1 - ngq is the mean curvature of OS).

We now deduce the following corollary.

Corollary 3.3.12 Let Q be a bounded open convex subset of R with a C? boundary,
and let uw € H*(Q) N Hy (). Then, we have that

Proof: Let u € H*(Q)N HY(Q), and let v = Vu. We then see that vr|sq = Vrulsg =
0, since ulgq = 0. Substituting v = Vu into (3.3.26)), yields

ou \?
|ulFr2i) = | Aull729) — /ag Hoo ( ) : (3.3.28)
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Since 2 is convex, it follows that Hgo > 0 on 02, and so
[u| g2 () < [|Aul 220,
which is (3.3.27)). U

Remark 3.3.13 Let us assume that Q is a C* domain, with a boundary portion
' C 09, of nonzero boundary measure, for which the mean curvature Haqlr < 0.
Taking a function v € H?*(Q) N HY(Q) with 2% |aq = g € HY?(09Q), that satisfies

onago

g>0o0nT, g=00n0d0\T, and substituting this function into would lead

to the following estimate

ou \?
2o = | Aul2eqy — | H
|ulfr2() = | Aullz2(q) /89 o0 (37189)

— | AuZaq - / Hoa g > | Aul2sq.

contradicting :

We now provide Theorem 2 from [110], which allows us to relax the C? regularity

assumptions of Corollary [3.3.12]
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Theorem 3.3.14 Let Q be a bounded open convex subset of RY, and let u € H?(2) N
H}(Q). Then, we have that

We now show that the space H2(2) N H} () also satisfies estimate (3.3.10)), provided

that €2 is convex.

Lemma 3.3.15 Assume that Q C R is a convex domain. Then, there exists a

constant C' such that

Proof: Let us take u € H*(Q)NHZ (). Firstly, by the Poincaré inequality [46], we see
that there exists a constant C' depending on €2 and the dimension d, but independent
of u, such that

| 20 < Clul .- (3.3.30)

Furthermore, an application of integration by parts yields

ou

2 2
U = Vul* =— [ uAu+ U
| |H1(Q) /ﬂ | | /Q Y Onoo

< lull 2@l Aull 20

< Clulgo) || Aul 220,
where the final inequality follows from (3.3.30)). Thus, it follows that

|ulm) < [[Aullz2q).-

From the above estimate, ([3.3.30), and (3.3.29)), we obtain

||U||12q2(9) = ||U||%2(Q) + |U|§{1(Q) + |U|12H?(Q)
< (C+ Dlulfng) + | AullZ2q

Taking square roots above, we obtain (3.3.30)). 0

Theorem 3.3.16 (Existence and uniqueness for the Dirichlet case) Assume
that Q0 C RY is convez, and that the collection of linear operators { L®}qcn satisfies the
assumptions of Theorem[3.3.8 Then, there exists a unique u € H := H?*(2) N HY(Q)

such that
sup{L%u — f*} =0 a.e. in Q,
ach (3.3.31)
u=0 on 0.
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Proof: Let H = H*(Q) N H}(Q), and assume that © is convex. We then see that
u € H implies that u|spn = 0 (in the sense of traces), and so u satisfies the boundary
condition. Then, Theorem and Lemma imply that H satisfies
and , respectively, i.e., the space H satisfies Definition m Finally, as
is convex, standard elliptic existence, uniqueness, and regularity theory tells us that
A : H — L*(Q) is a surjection (see [60]).

Since the family of operators {L*},ea satisfy the assumptions of Theorem [3.3.8]

i.e., they satisfy (3.3.6) and (3.3.12), we may apply Corollary to deduce the
existence of a unique v € H that satisfies (3.3.31)). 0

Remark 3.3.17 (Convexity, and the surjectivity of the Laplacian) As we

have seen in the proof of Theorem [3.3.16, if @ C R? is convex, then H?(Q) N H()
satisfies Definition m Furthermore, if the collection of linear operators {L*}qen,
satisfy and , Corollary gives the existence and uniqueness of

u € H*(Q) N HY(Q) that is a strong solution of
Flul =0 a.e. in Q, (3.3.32)

provided that the Laplacian is a surjection from H*(Q) N H(Q) to L*(9).

As discussed in Remark if Q is C?, then, in order to satisfy Defini-
tion[3.3.1, O must have nonnegative mean curvature. In the case that S is polytopal,
Theorem 2.2.1 of [59] states that on any polygonal domain Q C R?, estimate
holds with equality, and Theorem 2.2.3 of [59] states that estimate also holds
(under the same domain assumptions), so one may consider that Theorem
holds on arbitrary polytopal domains (rather than only those that are convez).

Howewver, the reqularity of weak solutions of the Poisson problem on polygonal
domains (see [59]) depends upon the size of the angles at each vertex. In particular,
if one assumes that the polygonal domain @ C R? has a largest corner angle of Omax
(i.e., it has a corner of angle Onax, and the angles of all of the other corners do not

exceed Omay ), then a weak solution u € H(Q) of

{—Au:f, a.e. in €2,

(3.3.33)
u=0, on o,

with f € L*(Y), belongs to H™™{™/0maxt1=02L(Q)) - for arbitrary 6 > 0. In particular,
if Omax > T, then m/0max < 1, and u does not belong to H*(Q). This implies that the
Laplacian is not a surjection from H*(Q) N HY(Q) to L*(2), for such a domain, and
we cannot apply Corollary to prove the existence and uniqueness of a strong
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solution to . An example of such a domain is the L-shaped domain, which
has Omax = 37/2 > 7. However, a convex polygonal domain must satisfy Omax < T,
and for such a domain, the Laplacian is a surjection from H?*(Q) N Hi () — L*(Q)

(take the unit square, for example).

3.3.3 The inhomogeneous Dirichlet case

We will now extend Theorem to the case of inhomogeneous boundary data. In
the case of well-posed, linear, uniformly elliptic Dirichlet boundary-value problems,
one can view boundary data as playing a similar role to a source term; this is because
we can define a new function, by extending the boundary data into €2, and subtracting
it from the supposed solution to the problem satisfying the inhomogeneous bound-
ary data. Due to the linearity of the equation, assuming sufficient regularity of the
boundary data, we arrive at a homogeneous boundary-value problem that is uniquely
solvable.

In the case of nonlinear PDEs, this approach does not work in general, as when
we substitute the new function into the equation we often end up with a different
nonlinear equation, that is, the boundary data does not simply reduce to a modified
source term. We will see that the particular structure of the HJB equation (3.3.1))
allows for an analogue of the technique normally applied to uniformly elliptic, linear
equations in the case of inhomogeneous boundary data.

However, this proof requires us to define matrix-valued functions using the prop-
erty that they maximise the operator defined by . A function v € H?(2) de-
fines a matrix-valued function M € L?*(Q; R™¢) through M = D?*u. Let M € R4,
and define

F.(x,M) := sup{y*(A% : M — f)|.}. (3.3.34)

acl

For each (z,M) € Q x R¥™? we define
A(z,M) := {a € A such that the supremum in (3.3.34)) is attained}.  (3.3.35)

This defines a set-valued map (z, M) — A(z, M). For u € H*(Q), let

Afu] == {a : Q2 — A, Lebesgue measurable : a(z) € Az, M(x))

3.3.36
for a.e. z € Q, where M = D?u}. ( )

Then, due to the following lemma quoted from [I11] and theorem, available in [75],
we may select a Lebesgue measurable function o € Afu], and use this to define the

corresponding matrix-valued function A%.
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Lemma 3.3.18 Let Q be a bounded open subset of R%, let A be a compact metric
space, and let the data A, f be continuous on Q x A, and suppose that holds.
Then, for each (z,u) € Q x R™, A(x,u) is a non-empty subset of A. The set-valued
map (x,u) — A(z,u) is upper semicontinuous; that is, for every (r,u) € Q x R™,
and any open neighbourhood U of A(x,u), there exists an open neighbourhood V of
(x,u) such that A(y,v) C U for every (y,v) € V.

Theorem 3.3.19 Let Q C R? be a bounded open set, let A be a compact metric
space, and let (z,u) — A(x,u) be an upper semicontinuous set-valued function from
Q x R™ to the subsets of A, such that A(x,u) is nonempty and closed for every
(x,u) € Q x R™. Then, for any Lebesque measurable function u : Q@ — R™, there
exists a Lebesqgue measurable selection o : @ — A such that a(x) € A(z,u(zx)) for a.e.

x € .

Theorem 3.3.20 Assume that Q2 C R? is a convex domain, and that the collection
of linear operators {L*}oen satisfies the assumptions of Theorem . Furthermore
assume that g is the trace of a H*(QY) function g. Then, there exists a unique strong
solution u € H*(QY) of the following HJB equation:

sup{L%u — f*} =0 a.e. inQ,
acA (3;&37)
u=g onJf.

Proof: Consider the following HJB problem: find @ € H?*(2) N H}(Q) satisfying

sup{L®u — f*4+ LG} =0 a.e. in Q,

acA

u=0 on 0f.
Notice that J
LG =Y A%D}g.
ij=1
Defining f* = f* — L*G € L*(Q), we can apply Theorem [3.3.16| to deduce the
existence and uniqueness of @ € H*(Q) N H}(Q), for any given g € H*(Q). We now

define v := u + g, and we see that
sup{L%u — f*} = sup{ L0 — f* + LG} = sup{ Lt — f*} = 0, (3.3.38)
aEN acl a€N
and that
ulaq = Ulaa + gloa = g

Thus there exists a u € H?(2) that satisfies (3.3.37).
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We must now show that such a u is unique. Assume that there exist uqy, uy €

H?(Q) that satisfy (3.3.37). Now for i = 1,2, by Lemma [3.3.18] and Theorem [3.3.19

there exists a measurable function «; : @ — A such that «o;(z) € A for a.e. z € Q,

and
a;(z) = {argsupaep { L u; — f*}} (2).

Note that the compactness of A and the continuity of A, f, and v imply the existence
of a maximiser. We then define the operators L% : H*(Q) — L*(Q) as follows

(Lo} (z) == L%@y(z) ae. z€Q.

Note that we define the functions f*, v* similarly. By the definition of the supre-
mum, it is clear that
L%u; — f* =0 ae.inQ, =12,

(3.3.39)
L%u; — f* <0 ae in, 4,j=12,1#}j.

From this we see that
L (up —up) = f*' — LM ug > f* — f* =0,

and
L% (ug —uy) = f% — L%uy > f*? — f2 =0.

Let us denote w = u; —uy € H?(Q) N HJ(Q); then, the above gives us L*w > 0 and

L*w < 0 a.e. in 2, and so

0 Z/ v L wAw +/ 2 L*?wAw
{Aw<0} {Aw>0}

= ||Aw\|%2(9) + / (v LMw — Aw)Aw + / (v Lw — Aw)Aw
{Aw<0} {Aw>0}

> Al — VI~ / D] Aw]

> |Aw][72) — V1 — elw] g2 Aw| 29
> (1= V1 =e)[Aw|ff2
> COllwll -
(3.3.40)
Note that the second inequality follows from ([3.3.19)), and the last two inequalities
follow from the fact that H := H?*(Q) N Hj(Q) satisfies the MT estimate prop-

erty (3.3.9)—(3.3.10). It is now clear that w = 0, i.e., u; = uo. O
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3.3.4 The oblique case

Our next aim is to prove a similar existence and uniqueness result for the oblique
boundary-value problem in the planar case, where Q C R? is a C? domain. The
oblique boundary-value problem is given as follows:

sup{L%u — f“} =0 a.e. in Q,

ach (3.3.41)
8- Vu is constant on 0.

Such types of equations arise in the linearisation of PDEs with nonlinear boundary
conditions (for example the MA optimal transport problem ) The unit vector-
valued function

B e C(o0Sh) (3.3.42)

is hereby called the “oblique vector”. Notice that since 2 is a C? domain, 8 := ngq,

where ngg denotes the unit outward normal to 0f), is such an example, since then
B € CH(9Q;S"), and so (3.3.42)) holds. Furthermore, the corresponding PDE is

sup{L%u — f*} =0 a.e. in Q,

acl
(3.3.43)
Ou is constant on 02,
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i.e., a Neumann boundary-value problem, where the normal derivative of the solution
is prescribed on the boundary. Furthermore, taking the particular case that A is
a singleton set, and L*u = Awu, we obtain the Poisson problem with a Neumann

boundary condition
Au=f a.e. in ,

3.3.44
Ou is constant on Jf)2. ( )

Onoa
If we were to impose the more familiar boundary condition

ou
Onaa

=g on 0f),

for some given function g € H'?(9€), then the boundary datum, g, and the right-
hand side f would have to satisfy a compatibility condition, emerging from an ap-
plication of the divergence theorem. The choice of boundary condition in (|3.3.44)
(where g = 0) absorbs this compatibility condition.

We will see later on that the condition

B -Vu is constant on 0f2,
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removes the complication of eventual compatibility conditions for the oblique boundary-
value problem, and also allows for A : H — L*(2) to be a surjection for the corre-
sponding space H (which we will define momentarily).

As we saw in the proof of Theorem . estimates and m 3.3.10) play
an essential role, allowing us to obtain estimates and (| m In the case
that H = H?(Q) N H (), with Q C R? convex, Theorem and Lemma
prove that estimates and hold for any dimension d. For the oblique
boundary-value problem , we will consider the space

H={ve H*Q): B Vuv|aq is constant} N L§ ()

3.3.45
= H§,0<Q)> ( )

where  C R? is assumed to have a C? boundary. When H = Héo(Q), the proof
of the Miranda—Talenti estimates and that we provide relies on the
assumption that the dimension d = 2, leading us to consider the planar case (the
proof of these estimates for d > 3 is currently an open problem). The significance

of the requirement that d = 2 is demonstrated by the following identities, valid for
u e Hy(Q):

|u|H2 +2/detD2u—/ Z >+ 2(D3uD3,u — (Dyu)?)
3,j=1 (3346)

/Q (D20 + D2 = || Auf2s 0,
and
1
/ det D?u = / D uDdyu— (D)’ = 5 / IV ul (51 (Da o) — (OraB1) ), (3.3.47)
Q o)

where Or, := Ty - V, and Ty := (—[nsa)?, [naa)')” is the unit tangent vector to 9
obtained by rotating the unit outward normal vector, ngq, anticlockwise by 7/2.

Identity is an algebraic identity that holds due to the fact that the di-
mension d = 2, and so D*u € ]R%;fl a.e. in ). Furthermore, the identity
is proven in [89] (see Lemma 1.5.5), and also relies on the fact that d = 2. Upon
showing (under certain assumptions that will be provided) that the right-hand side
of is nonpositive, we obtain directly from (|3.3.46)).

We will prove as a consequence of a more general result, which we will
obtain using a similar approach to that of [89], applied to the “determinant-type”

bilinear form % : H*(2) x H*(2) — R defined by

PB(u,v) = /DfluDgzv—l—DgQuDHv 2D1,uDi,u.
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Indeed, one can see that for u € H*(1),

B(u,u) = / D? uDjyu + DiuD}u — 2DuDiyu = 2 / det(D?u).
Q Q

Furthermore, this result will guide the design of the numerical method we propose
in Chapter [0, and as such the result will need to also be applicable to an arbitrary
element of our triangulation. The elements of our triangulation will always be as-
sumed to be Lipschitz continuous and at least piecewise C?, which provides us with

the domain hypotheses of the following Lemma.

Lemma 3.3.21 Assume that E C R? is a bounded, Lipschitz, piecewise C? domain,
and that B € CY(T';SY) for each C* portion T, of OE, n=1,...,N, N € N. Then,
for any u,v € H*(FE), s > 5/2, we have that

/ D3 uD3yv + DiyuD3 v — 2D3uD3yv
E
= / (8101, 82 — Bo0r,B1) (B - Vu Bt - Vu+ - Vu - Vo) (3.3.48)
O
+/ (01,(B - Vu)B - Vv — 01,(B - Vu) B+ - Vv),
O

where B+ = (=, 81) € CHI',;S) for each C* portion T, of OE, n = 1,...,N,
N e N.

Proof: Let us momentarily assume that u,v € C?*(E) N C3(E), and note that an

application of integration by parts gives us
E
= / D (DywD3yu — DovDiyu) — Dy(DivD3u — DyvD3iu) (3.3.49)
E
= /a (DywD3yu — DovDiyu)ng — (DivD3u — Dyv D2 u)ny.
E

Now, denoting C} := g+ . Vu, C! := g+ . Vv, C? := 3-Vu, and C? := 3 - Vu, we

obtain the following linear systems on I'),, n =1,..., N:

Br1Diu + BoDou = Cga (3.3.50)
—BoDvu + frDou = Cfu -

B1D1v + faDyv = Cg» (3.3.51)
—Bo D1 + B1Dov = 01}7 -
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with corresponding unique solutions

(3.3.52)

Diu=—ClBy+ C2B1, Dyu=CLB + C2ps,
Dyv = —0552 + 0351, Dyv = 0551 + 0352-

Substituting in the values of Djv and Dyv present in (3.3.52)) into (3.3.49)), (denoting

ni = [naql’, i = 1,2) we obtain the following:
/ D% uDjyv + D3yuD3 v — 2DuDiyv
E
= | ~ClaDgum + CoiDhyum — Cfs Digurs - C2aDyunms
+ /BE C’;ﬁnglu ng — Cfﬁnglu ng + CiﬂlDflng + Cgﬁnglu ne (3.3.53)
= . ClH(—ByD3yuny — B1D3yuny + BoDayyung + B Dfung)

+ / 03(51D§2u ny — /BQD%QU ny — BnglTLQ + BgD%lu 712).
oFE

Taking the directional derivative of the equations in (3.3.50) with respect to T yields
(denoting * := Or,)

{ BiDyu + B D} u(—ng) + BiD%u(ng) + BoDau + BoD2u(—ns) + BaD2u(ng ) =C2,
—Bng’U, — ﬁgD%llL(—ng) — BQD%ZU(TH) + /BlD2u + BlD%QU(—ng) + ,BlDSQU(?”Ll) :Ci,

thus,

(BD2yuny — BaD3uny — ByD%ung + B D3 uny) = CL + By Dyu — 1Dy
(3.3.54)

{ —(B1DHuny — B1D3ung + faD*ung — BoD2uny) = C2 — (B1D1u + BoDau),

Substituting the values for Dyu and Dsu present in (3.3.52)) gives us
BiDyu+ BoDou = —CLBafi + C2B1 - Bi + Cufi By + C2Ba s

= CY(B12 — Bafh) + C2(B1S1 + Bafo) (3.3.55)
= 05(5162 - 5251%

note that the latter equality holds, since
. C1 o1

B1P1 + B2f2 = §3T2(|5| )= 53T2(1) = 0.

Similarly, we obtain

BaDyu — By Dyu = 05(5152 — 5231). (3.3.56)
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Substituting (3.3.55)) and ((3.3.56|) into (3.3.54]), and then substituting the resulting
equations into (3.3.53|), we obtain

[E D2 uD2u + DEuD? v — 2D%uD%
+ | ClCUBA — ) — )+ CECHBP — o) + CD
= | (= miicici+ cic + cick - cic
— | (510,52~ o050 (5 Vu Vo4 5-Tup- Vo)

+/ (Or, (8" - Vu)B - Vo — Omy (8 - Vu) 3+ - V),
oF

which is exactly (3.3.48). This identity extends to u,v € H*(F), s > 5/2, by density,
which concludes the proof. O
We now provide (3.3.47) (i.e., Lemma 1.5.5 of [89]) as a consequence of Lemma/|3.3.21}

Corollary 3.3.22 Assume that Q C R? is a C? domain, and that f € C1(0Q;Sh).
Then, for any u € Hj (), identity holds.

Proof: First, we note that since Q C R? is a C? domain, it is both Lipschitz continuous
and piecewise C2. Furthermore, as € C*(99Q;S!), it follows that 3 € C'(Tpq;St)
for each C? portion g of 09; indeed one may take I'so = 9. Now, let us assume
that u € C3(Q) N H3 (), so that u € H5(Q), with s > 5/2. Setting v = u, it then
follows that the hypotheses of Lemma are satisfied, and so gives us

PB(u,u) = /aQ (101, P2 — B201,51) (BL Vuf-Vu+g-Vup- Vu)
+/ (0r,(B" - Vu)B - Vu— 01,(B - Vu)B* - Vu)
o0

= / \Vul? (8101, B2 — BaOr, 51) + C | O, (B - V),
P o9

where the latter equality holds due to the fact that 8- Vu|sq = C for some constant

C. Then, since 02 is a compact hypersurface, integrating yields

1, =
c/man(ﬁ Vu) = 0.

Thus, we have obtained

1 1
5%(%“) =3 |Vul? (B101,82 — BaO1,31) 5
99

which is (3.3.47). This extends to u € Hj () by density. O
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Corollary 3.3.23 Assume that E C R? is a bounded, Lipschitz, piecewise C? do-
main, and that B € CY(T,;S") for each C* portion T,, of OE, n=1,...,N, N € N.
Then, for any u,v € H*(E), s > 5/2, we have that

/ D*u . D*v +/ (B10m, B2 — B201,01) (B - Vu Bt -Vu+ - Vup- Vo)
E OF

+ / (90, (B* - V) - Vo — 02,(8 - V)5 - Vv)
oOF

= / Au Av.
E

Proof: First note that for u,v € H*(E),
D?*u : D*v + D3 uD3yv + DiyuD3 v — 2D}uD}v = AulAv  a.e. in
and apply Lemma (3.3.21} O

Definition 3.3.24 (Oblique angle) We define the “oblique angle”, © : 090 — R,
to be the (anticlockwise) oriented angle between the oblique vector, [3, and the unit

outward normal, naq (see Figure . In particular, one has that
O (mod 27) = 7 + arctan2(B1[naq)® — B2[neal’, B - naa)),

where

arctan(y/x) if x>0,
arctan(y/z) + 7 if =<0 andy >0,
arctan2(y, z) := arctan(y/z) — 7 if =<0 andy <0,
if x=0andy >0,

if x=0andy<O0.

SRR T

\

Note that arctan2(y, x) is undefined for x =y = 0.

Our next goal is to prove an identity for the expression (;(0r,82) — (Or,01)F2 that
appears on the right-hand side of . We will express this in terms of the
derivative of the oblique angle, 01,0, and the mean curvature of the boundary,
Hoq. This provides us with a condition between the curvature of the boundary, and
the oblique vector that is sufficient to yield the MT estimates and .
This identity is provided in [89] pg 48-49, employing a C? parametrisation of the
boundary with respect to the natural parameter ¢ € [0, L] (i.e., the parametrisation
(z1(p), z2(p)) € C?0, L] is of unit speed with respect to the parameter ¢, that is,
(2} (@), 25(¢)) : [0, L] — S'). We, however, prove this result without reparametrising
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the boundary. Furthermore, it is useful for the reader to see how this identity arises.

Lemma 3.3.25 Let Q C R? be a C? domain, and assume that 3 € C1(0S;SY). Then,
on 0X2, we have that

B1(0m,B2) — (01,81) B2 = 01,0 + Hoq, (3.3.57)
where Haq is the mean curvature of OS).

Proof: We first define the functions ¢, w € C'(99Q) that satisfy

[To]' = costp, [Ty)* =sinp, (3.3.58)

b1 =cosw, [y =sinw. (3.3.59)

That is, ¥(x1,x2) is the (anticlockwise) oriented angle between the zj-axis and the
tangent, To(x1, z2), to O at the point (z1,x2), and w(xy, zy) is the (anticlockwise)

oriented angle between the zj-axis and f(x1,x2) at the point (x,z5) (see Figure

for a visualisation of these angles). This provides us with the identity
Yp=w—0+ g on 0f. (3.3.60)

Furthermore, taking the directional derivative of all of the identities in (|3.3.58)
and (3.3.59) with respect to Ty, yields

Or,[To)' = —siney dp,¢),  Or,[Ta)? = cos1p O, 1,

Or,P01 = —sinw dp,w, Op,P2 = cosw Op,w.

It then follows that
O, = cos? 9 Op,1h + sin? ¢ Op, v
= cos 1) Om,[T]* — sin e O, [To]"
= [T Or,[noe]" + [T2]* Or, [noel”

=Ty - Op,noq,

(3.3.61)

and ) )
Op,w = cos” w Op,w + sin” w Op,w

= COS W aTZBQ —sinw 8T251 (3362)
= 61 aTgﬁ? - 52 aTg/Bl'

Now, by definition Haqg = V1 - nga = Tr(Vrnl,) = Tr(W), where we recall that
W is the Weingarten map, defined by W := Vnl,. Furthermore, since Hyq is the
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trace of W, it is equal to the sum of the eigenvalues of YW, which has one trivial
eigenvalue of zero, with a corresponding unit eigenvector, ngg. Since d = 2, we must
have that Hyo = k1, where k; is the remaining nontrivial eigenvalue of W, and
that any corresponding eigenvector must be a scalar multiple of Ts. In particular, a

corresponding unit eigenvector is given by Ts. Le.,
WTy = HoaTs.
Taking an inner product with Ty above, we find that
Hoo = T3 WTy =T Vnb, To.

We then calculate
Hoq = T3 Vend, Ty

= T3 Vnl, Ty

_ - 0 J J

= gz, ool ) [To]'[To]

— Z[T2]j Z aii([nm]j)[frg]i (3.3.63)
= Z[TﬂjaTg([”aﬂ]J)

=Ty aTgn(?Q

- 8T2¢7

where the final equality follows from (3.3.61)). Differentiating (3.3.60)) with respect to
T, and applying (3.3.63) and (3.3.62)) gives us,

Hoo = 0,9 = O, (W -0+ g) = (61 01,02 — B2 01,01) — 01,0,

which, upon rearranging, yields (3.3.57)). OJ

Lemma 3.3.26 (Miranda—Talenti estimate) Let Q C R? be a C? domain, and
assume that 3 € C*(99Q;SY). Furthermore, assume that

8T2@ + HaQ Z 0 on 89

Then, we have that

2

li = [ S (DR < [0 = [l

ij=1

for all w € H3,(€2).
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> T

Figure 3.1: Visualisation of the vectors (5, ngq, 1o, and the angles ©,1,w. © is the
(anticlockwise) oriented angle between § and nggq, ¥ is the (anticlockwise) oriented
angle between T and the x;-axis, and w is the (anticlockwise) oriented angle between
[ and the zi-axis.
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Proof: Take u € Hj (), then, we see that

Jul32q +2/detD2u—/ Z 2 4 2D uD2%u — (Du)?)

ij=1
(AUﬁW+J%ﬂ)=HAW§m)
We then apply Corollary [3.3.22] yielding
ey + [V (519r,82 = Ba0m, ) = 1Bl
Now we apply Lemma [3.3.57, which gives us
ey + [ [Vul(0r,0+ Hon) = 1Al

Finally, by the hypotheses of the lemma, we have have that 0r,© + Hsq > 0 on 012,

and thus we obtain the following:
[ulii ) < 1AUl72q),
as desired. U

Lemma 3.3.27 (Gradient estimate) Let Q@ C R? be a C* domain, and assume
that 8 € C1(0Q;S). Furthermore, assume that

01,0 + Haa > 0 on 012,

[1va < [ @

for all u € HE(Q), where C' is a constant, independent of u.

we have that

Proof: See [89], Lemma 1.5.8. O

Lemma 3.3.28 Let Q C R? be a C? domain, and assume that f € CY(0Q;Sh).

Furthermore, assume that

6T26 + Haa > 0 on 0f). (3.3.64)

Then, the space Hj (Q) satisfies the MT estimate property (3.3.9)—(3.3.10).
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Proof: Since 0Q € C?, and (3.3.64)) holds, Lemma [3.3.26| implies that

2
[ulfy2(q) = /Q 2 (Dhu)* < /Q (Au)? = || A2 q), (3.3.65)

1,j=1

for all u € HE (). Le., (3.3.9) holds. We then apply Lemma [3.3.27, which tells us
that

/Q\VUI2 < C/Q(AU)Q, (3.3.66)

for all u € H3,(Q2), where C' is a constant independent of u. Now, since u € Hj ,(€2),
it follows that

uEL%(Q):{veLQ(Q):/szo}.

Thus, the Poincaré inequality yields

v
u—— [ u
92 Jo

where C' is a constant independent of u. Combining estimates (3.3.65)—(3.3.67]), we

< Clulpgi) Vu € H (), (3.3.67)

2,0

[ullz.0 =

obtain

lull 20y < Cll AUl Y€ H20(Q), (3.3.68)

where C' is a constant independent of u. Thus, we have proven that HéO(Q) satis-

fies (3.3.9) and (3.3.10)). O

Theorem 3.3.29 (Existence and uniqueness for the oblique case) Let () C R?
be a C? domain, assume that 3 € C*(92;SY), and that

8T2@ + Haa > 0 on 0N.

Furthermore assume that that the collection of linear operators { L} aen satisfies (3.3.6).
Then, there exists a unique function u € H := HE’O(Q) such that

sup{L%u — f*} =0 a.e. inQ,

ach (3.3.69)
B -Vu is constant on Of).

Proof: We see that v € H implies that
B - Vulgq is constant,

and thus wu satisfies the boundary condition. By, Lemma [3.3.28 it follows that H
satisfies the MT estimate property (3.3.9)—(3.3.10). Furthermore, as d = 2, and
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the family of operators {L®},ep satsifes , we have that the family of linear
operators {L},ep also satisfies (3.3.12)). Finally, it follows from [89], Page 56, that
A : H — L*Q) is a surjection. Thus, an application of Corollary yields the
existence of a unique u € H that satisfies . O

Remark 3.3.30 (Example and counter example of condition (3.3.64])) Recall
that holds, for a C? domain Q C R2?, and a unit vector-valued function
B e CHaSY), if

01,0 + Hoa >0 on 09, (3.3.70)

where © s the (anticlockwise) oriented angle between B and ngq (depicted in Fig-
ure , and Haq is the mean curvature of 0S2.

e Example class: A class of examples of domain-vector pairs (£, 3) that sat-
1sfy are C? domains 0 C R? of strictly positive mean curvature (for
example ellipse domains), and = Rngq for some R € SO(2), where SO(2)
is the set of 2 x 2 rotation matrices (a particular example is R = Iy, the
2 X 2 identity matriz, i.e., the Neumann boundary condition). In this case
noa € CHOQSY), and so B = Rngq € CH(0Q;S). Furthermore, the angle

between B and ngq is constant, thus Op,© = 0 on 0S2. Overall, we have that
01,0 + Hoaq = Hoa >0 on 0N.

A particular example of such a pair is Q := {x = (z1,29) € R* : |z| < 1}, and

B = naq.

e Counterexample class: A class of examples of domain-vector pairs (2, B) that
do not satisfy are C% domains Q C R? that have nonpositive mean
curvature at some point x € 0), and = Rnaq for some R € SO(2). In this
case ngo € CH(0Q;SY), and so B = Rngo € CH(0Q;SY). Furthermore, the angle
between [ and ngq is constant, thus Op,© = 0 on 02. However, as the mean

curvature of 02, Haq, is nonpositive at x € 0S), we have that
((91‘2@ + Hag)(l‘) = Hag(:ﬂ) <0,

which contradicts (3.5.701). A particular example of such a pair is = {x =
(z1,79) € R? : 2} + x5 < 1}, and B := napq. This domain has zero mean
curvature at the points +(0,1), £(1,0).
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One should note that the example class above in non exhaustive, that is, there are
other examples of domain-vector pairs that satisfy , . particular one may
allow for the case that either Hoq or Or,© become nonpositive on 02, so long as
01,0 + Haq > 0 on 0L, i,e., it is not necessary for the domain to be convex, or for
the oblique angle, ©, to be increasing (with respect to an anticlockwise orientation)
on 0S).

This is of importance when considering applications to problems with nonlinear
gradient boundary conditions. In particular, the MA optimal transport problem, where

the boundary condition is of the form
b(Vu(z)) =0 z€Q, (3.3.71)

and b : R? — R? is a given function. Upon linearisation, one obtains a sequence of

boundary conditions of the form:
B - Vun+1(x) = gn(l‘>, x € 01,

for n € Ny, where the functions 5, and g, are known (see C’hapter@ Section m
for further details on the boundary condition , and its linearisation). It then
follows that the validity of is dependent upon the nature of the [, and gy,
which depend on the previous iterate u,. However, for the MA optimal transport
problem, it is often the case that 2 is uniformly convez, and so Hyq > 0 on OS2, which
means that it is not necessary for the corresponding oblique angles, ©,,, n € Ny, to be

increasing (with respect to the anticlockwise orientation) on OS).

3.4 Krylov’s HJB formulation of MA type equa-
tions

We shall now state an essential lemma from [74]; recall that the Krylov control set,
X, is given by X := {W € R . W >0, Tr W = 1}.

Sym

Lemma 3.4.1 For A € Rg;ﬁ, and ¢ € RY, the following holds:

W 12,0 _
gg(({ WA+ (det W)=} =0

if and only if
A>0 and Y%= ddet A.
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We apply this lemma to the MAD problem (3.2.1) with f(z,u, Vu) := f(x), where
f € Co(Q;RT), a € (0,1) is a given, uniformly positive function, and the boundary
datum ¢ = 0, that is,

{detD u(z) = f(x), z € Q, (3.4.1)

u(z) =0, z € 0N.
We see that a convex function, u € C**(Q), a € (0, 1), satisfies (3.4.1)) if and only if

wex (3.4.2)

max{—W : D*u + (det W) }(z) = 0, x € Q,
u(z) =0, = € 09,

where
(@) = d(f(x)"7. (3.4.3)

Due to Krylov’s characterisation, we see that the classical solvability the MA equa-
tion (3.4.1]), with a homogeneous Dirichlet boundary condition and right-hand side
f e C%(;RT), a € (0,1), is equivalent to solving the HJB equation (3.4.2).

3.5 Numerical motivation - selection criteria

Krylov’s characterisation (3.4.2)) of the MA equation , establishes a key link
between MA and HJB type equations. That is, the former is a special case of the lat-
ter. This provides us with an initial motivation for designing a finite element method
for the approximation of classical solutions to MA type problems. Indeed, the dis-
continuous Galerkin finite element method (DGFEM) of Smears and Siili proposed
in [111] is stable and consistent, independent of the discretisation parameter (for fur-
ther details of these properties, see Chapter [7]). The linearisation scheme used to
iteratively solve the corresponding discrete nonlinear problem is a semi-smooth New-
ton’s method, corresponding to Howards’ method, which can be proven to converge
superlinearly.

However, the DGFEM proposed in [I11] can be used to approximate strong solu-
tions of HJB Dirichlet boundary-value problems, provided that the following assump-
tions hold:

1. The family of linear operators {L®},cx must satisfy the uniform ellipticity con-

dition (3.3.6]), and the Cordes condition (3.3.12));

2. The domain 2 must be convex and polytopal.
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One can see that the set X contains matrices that are positive semidefinite, rather
than positive definite. This means that the boundary value problem falls into
the class of “degenerate elliptic equations”. In fact, a motive for Krylov’s formulation
of the MA problem as a HJB problem was to provide an approach for understanding
the degenerate case of the MA problem, utilising the theory of viscosity solutions of
HJB problems.

However, if a family of operators {L%},en = {A%: D?}4en has a member L®, for

dxd

Sym)» takes degenerate

which the corresponding matrix valued function A* € L*(Q; R
values on a set £ C 2 of nonzero Lebesgue measure, the family {L%},ca cannot
satisfy the Cordes condition (3.3.12)). For example, take the case that d = 2, then,
denoting A5 to be the largest eigenvalue of A% on E, we have that
AP %1
(Tr A>)2 22 1+¢
for any ¢ € (0, 1], contradicting ((3.3.12]).

Theorems |3.3.16| and |3.3.20], concern the existence and uniqueness of strong solu-

tions to HJB Dirichlet boundary-value problems, and their respective hypotheses rely
upon the validity of the Cordes condition ([3.3.12)); as such we shall seek to reformulate
the HJB problem (3.4.2)) where the supremum is taken over a subset of X for which
the collection of such matrices satisfies the Cordes condition . We will see that
this requires the solution u € C**(Q), a € (0,1) of the MA problem to be
uniformly convex. The existence of such a solution is a consequence of Theorem [3.2.1},
provided that the domain Q has a C*® boundary, a € (0,1), with positive minimal
principal curvature. Polytopal domains, however, do not satisfy such regularity and
curvature assumptions, and thus we must provide an extension of the DGFEM pro-
posed in [I11] that allows for domains with curved boundaries (see Chapter [7| for
further details on this extension).

One may now ask what it is that motivates us to consider this link between the
MA and HJB equation, and why such an approach may lead to the development a
method with properties that are advantageous (when compared to other potential
methods). Aside from the scheme being stable and consistent (leading to solvability
and optimal approximation results), a key motivation for this approach is included
in the statement of Lemma . In particular, it is the fact that a uniformly C?°,
a € (0,1) solution to the MA equation solves the HJB equation provided
that the solution is convex. The dichotomy of convex and concave solutions is key to
the uniqueness of solution to MA type equations, and plays an important role in the

design of numerical methods.
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For example, let us assume that Q C R? is convex, and that a convex function

u € C?%(Q) satisfies
det D*u(z) = f(z), = € Q, (35.1)
u(z) =0, x € 09, o

then one can see that o := —u is concave, and satisfies
det D*@(x) = det(—D*u(x)) = det(D*u(x)) = f(x), = € Q,
w(z) = —u(z) =0, x € 09,

i.e., u also solves . One would hope that numerical methods that approximate
solutions of may have the same uniqueness property, that is, that there exists
at most two solutions to the numerical method. However, this is not always the
case. In [49], the authors implement a standard nine-point stencil finite difference
method for the problem with a smooth right-hand side, and a smooth solution
u (unique up to sign), with the choice of domain € = (0, 1)2. Upon implementing this
method on a 4 x 4 grid, solving the resulting nonlinear system by applying Newton’s
method, they obtain sixteen different numerical solutions by varying the initial guess
of the Newton’s method.

As mentioned in [49], one may conjecture that this phenomena extrapolates, caus-

2(N=2)* ({ifferent solutions on and

ing Newton’s method to potentially converge to
N x N grid, by varying the initial guess. When designing a numerical scheme, it is
important that one knows which solution the method is converging to, without need-
ing too much (Newton’s method is well known to be conditionally convergent, and
a prerequisite to convergence is often sufficient proximity to the true solution) prior
knowledge of the true solution. Indeed, the aforementioned finite difference method
implemented in [49], was proposed in [14], with an additional selection criteria, which
in essence singles out a particular numerical solution.

Denoting u; j to be the approximation of u(ih, jh), and denoting f; ; := f(ih, jh),
i,7=0,...N—=1, h=1/(N—1); using a nine-point stencil to approximate the second
order partial derivatives of u in , leads one to the discretisation

Diu; jDsyu; — (Digui ;) = fij, d,5=1...,N =2, (35.2)
Upj = UN—1; = Ujo = UjN—1 =0, 7=0,...N—1, o
where D? u; j = (wi1j +ui—1j — 2uij) /h?, Diguj := (uiji1 + uij—1 — 2u,;)/h?, and
D3y = (Wit 441 + Wi1j-1 — Uim1j11 — Uir1j—1)/4h?. This provides the following
system of quadratic equations for w; ;, 4,7 =1,... N — 2,

1 o
4(&1 — um)(ag — ui,j) — Z((Zg — CL4)2 = h4fi,j7 1,] = 1, Ce ,N — 2, (353)
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where

0 = Uit1,j — Ui—15 a4y — Ui jp1 + Ui j—1
2 ’ 2 ’
Ui 41— Ui—1,5-2 U141 T Wig 1,1
as = 9 y G2 = 9 .

The quadratic system (3.5.3) has solutions

1 1 1 o
Ulij = §(a1+a2)i§\/(al —az)* + 5(&3 —as)?’+ 0 iy, 4 j=1,...,N-2. (3.5.4)

+
ivj

which enforces the local

That is, at each internal grid point, there are two solutions to choose from, either u

or u; ;. In [14], the authors make the selection u;; := u,,

convexity condition
u(x + k) —u(z — k)

2 Y
along all grid directions k. Of course, from the offset one is free to choose either ufj
N-2)2

u(z) <

(3.5.5)

or u; ; at any internal grid point, providing 2

would not preserve (3.5.5)) in general).
Returning to the example of [49], for a 4 x4 grid, there are four internal grid points,

potential methods (such methods

and thus four values uy 1, u; 2, U1, U2 to determine from (3.5.4) (the remaining 12
+
1,7
u;; for 4,7 = 1,2 results in sixteen methods, which is the number of solutions the

values are determined by the boundary condition), and thus choosing u; ; = u;; or
authors of [49] obtain by varying the initial guess for the corresponding Newton’s
method.

The example of [49] and the method of [I4] demonstrate the importance of a
selection criteria in the design of numerical methods for the approximation of solutions
to MA type problems. In particular, the method of [14] directly imposes a selection
criteria in the design of the method (i.e., selecting u; ; = u; ;). Whereas, the example
of [49] shows that a direct application of Newton’s method for this scheme imposes a
selection criteria via the choice of the particular initial guess (one would expect that
the proximity of the initial guess for the Newton’s method to the solution of one of
the sixteen methods causes the Newton’s method to converge to the corresponding
solution), which leads to a lack of uniqueness (of a greater multiplicity than that
of the continuous problem (3.5.1))). Although the numerical scheme of [14] is well-
posed, the authors of [14] state that the method is not monotone, and thus a proof
of convergence of this scheme is an open problem (this lack of monotonicity is also
commented upon in [49]).

The numerical methods that we propose in Chapters [§] and [9] involve a selection

criteria in the form of an initial guess for Newton’s method; however, in contrast to the
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example of [49], we empirically observe convergence to the “chosen” solution, that is
more robust with respect to the initial guess. In particular, we see examples where the
choice of either a convex or concave initial guess results in the convergence of Newton’s
method to a numerical solution that approximates the true convex or concave solution
of respectively (for further details see Section . In Chapter @ we also
implement a method that updates the selection criteria, by first applying Newton’s
method on a coarse mesh (which appears to be more robust than a fine mesh with
respect to the initial guess), and then using the coarse mesh solution as an initial guess
for Newton’s method on the fine mesh, resulting in a scheme that is more robust with
respect to the initial guess.

As previously mentioned, a key motivation for considering Krylov’s HJB char-
acterisation of the MA equation (3.4.1)) is the fact that a uniformly C*%,
a € (0,1) solution to the MA equation solves the HJB equation (3.4.1)) pro-
vided that the solution is convex. Thus, by formulating a DGFEM for the solution
of the HJB equation, we provide a scheme with a stronger selection property; that is,
when the Newton’s method converges, it converges to the globally um’queﬂ numerical
solution that approximates the unique convex solution of . One should note
that we are not the first to consider Krylov’s characterisation. For example in [50, [60]
a semi-Lagrangian method is employed, approximating solutions of the Krylov HJB
problem , providing a numerical approximation of viscosity solutions to the
MA equation (the method proposed in [50] allows for the degenerate case, as well as
inhomogeneous Dirichlet boundary data, and [66] provides numerical evidence that
numerical solutions of the method proposed in [50] converge without the assumption

of domain and Dirichlet boundary data convexity).

3.5.1 Uniformly elliptic HIB-MA equations

Our goal for the remainder of this Chapter is to prove that we may indeed reformulate
problem as a uniformly elliptic HJIB problem.

The link between the HJB equation and the MA equation allows us to deduce
more about the nature of the set X. Note that the next lemma holds for any finite

dimension d.

IThis is in contrast to the numerical solution of the method proposed Chapter [8| In particular,
Theorem provides existence of a numerical solution in a ball of radius 2T, for some a > 0,
of the true solution, and thus the numerical solution is only proved to be locally unique.
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Lemma 3.5.1 The set X satisfies

1
sup det W = —,
wex d?

and a maximiser is given by é]d.

Proof: Consider the MA equation

det D*u = 1.
A solution to this problem is given by u(z) = $|z|%* note that D?*u = I;. Applying
Lemma [B.4.1] we obtain

0= sup {—W : D*u+ d(det W)Y/}

wWeX
= sup {— Tr(W) + d(det W)/}
wex
=d (Sup (det W)l/d> —1;
Wex

rearranging, and noting that ai >b implies that a > b9 for a,b > 0, we obtain

1
sup det W = —.
WGI:))( de

It is also clear that 31, € X and det(31;) = 4. O

Theorem 3.5.2 Let Q be a bounded convexr open subset of R?. Let X¢ := {W €
X :detW > &}, Then, for any constant i > & > 0, there exists a unique solution
u e H* Q)N HYQ) of the following HIB equation

sup {—W : D?u + (det W)2}(2) =0, = € Q,
WeXe (3.5.6)
u(z) =0, x € 09,

where Y is given by .
Proof: First note that as £ < 1/4, Lemma guarantees that X, # (. The set X,

contains positive definite matrices, and in two dimensions uniform ellipticity implies
the Cordes condition. Then, setting A = X, we can see that X is a compact metric
space; using the Euclidean distance as a metric, and noting that X = 271([¢,1/4]),
where & : A — R given by

DW) == det(W), W € X,
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is a continuous function, we deduce that X is closed. Combining the determinant
upper bound given by Lemma [3.5.1, and the unit trace constraint that X, satisfies,
we see that X¢ is also bounded. Thus X, is compact.
We can apply Theorem [3.3.16] yielding existence of a unique v € H?*(Q2) N HJ (Q)

satisfying

sup {W : D?v 4 (det W)Y%)} = 0in Q,

WeXe (3.5.7)

u =0 on 0S.

We then (uniquely) define u := —wv. O

Theorem 3.5.3 Let d = 2, and assume that Q2 is uniformly conver, and that 0S) €
C%e, f € C%(Q; RY) is uniformly positive, for some o € (0,1). Then, there exists
a unique uniformly convex u € C>*(Q) that satisfies the MAD problem (m Fur-
thermore, there exists 1/4 > § > 0 dependent upon |ul|c2) such that u is also the
unique solution to

sup {—W : D%u + (det W)} = 0 in €,

WeXe

u =0 on 09,

where (x) = 2(f(x))"2.

Proof: First, we must show that there exists a u € C?*(Q), a € (0,1), that sat-
isfies the MAD problem (3.4.1). The existence of such a function u follows from
Theorem , so long as holds.

Now, since €2 is uniformly convex, the minimal principal curvature of 0€), kyq, is
uniformly bounded below by some constant kg > 0. Furthermore, in this case, we
have that the boundary datum ¢ = 0, so that

Ad 8
po =1+ ——)lI9llc2o0) = 1+ ——)l9llc2(00) = 0.
K30 Roq

So it remains to find a nondecreasing function ((¢) > 1 such that f(z,z,q) = f(z) <
C(|Q|) for all (xazvp) S QxR x R2, and

1 [e.9] t

) td_
1 < drd / - dt = 2K? —— dt.
o0 o C(t+pg) o0 o C(t)
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Now, we let ((t) = A(1 + e®0?/*) where A := max{1, || f||co }. Then we see that

o t
At =22 [ —————dt
S0 6/ (L + el /)
2630 A% [ s J
= — —ds
A k3 )y l1+es

2 \2 2
25 AT

<t

2
2K5q

> —>1
6
Furthermore, ( is a strictly increasing function, satisfying

C(Ipl) = AL+ ™I > X > | flleoi) = f(2), Y(z,2,p) € QxR x R”.

Thus, by Theorem m there exists a uniformly convex function u € C%%(Q) that
satisfies the MAD problem (3.4.1)).
Let us define the map A, : Q@ — R4 by:

Cof (D?u
Ay(x) = —iu ),

note that this map is well defined, since u is uniformly convex, and so, its Laplacian

(3.5.8)

is uniformly positive. Also, since u € C*%(Q) for some a € (0,1), we have that
A, € C*(Q). Furthermore, Cof(D?u) is symmetric, and
Au

=— =1
Au

Y

Tr(A,) = Aiu Tr(Cof (D?u))

and so A4, : Q — X. We see that A, satisfies
— Ay(2) : D*u(z) + det(A,(z)) " (x)

= AJ(:L‘) (— COf(D2u(:B)) : DQU(:E) + 2(det(Cof D2u($)))1/2f($>1/2)
= Au2(:r;) (— det DQu(ai) + det(D2U($))1/2f(.iE)l/2) (3.5.9)
2
= Ry~ det Dule) + () =0.
We also obtain a lower bound on the determinant of A,:
_ Cof (D?u)
det(A,) = det (T)
- det(D?u)
S (Awp?
e

(Au)? = 2lufczm)
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where § = inf_ g f(x) > 0, and so, £ > 0.
Let us consider the following HJB equation: find v € H*(Q) N Hy () such that
sup {—W : D*v 4 (det W)Y?y} =0, z € Q,
WeXe (3.5.10)
v=0, € .

We also note that since 4,(x) € X for all z € Q, by Lemma we have that

¢ < det(A(x)) < Vr € Q.

|

There is an important difference between the set X and the set X := {W € X :
det W > &}, which is that the latter set consists entirely of positive definite matrices.
It then follows from Theorem that there exists a unique v € H*(Q) N H}(Q)

that solves ([3.5.10)).

We then see that the solution u of the MA equation satisfies (noting that X, C X)

sup {—W : D*u + (det W)Y (x)} < sup {—W : D>u+ (det W)Y24(z)}

WeXe wex
= 0.
Since A(x) € X¢ for each z € Q, from ({3.5.9)), we obtain

sup {—W : D%u + (det W)24(2)} > —A(x) : D*u(z) + (det A(z))*(x) = 0.

WEXg

By combining these results, we obtain

ngg (=W : D*u(z) + (det W)Y2¢)(x)} = 0.

Since u = 0 on 99, and C?(Q) C H?*(N), we see that u € H?(Q) N HL(Q), and
thus by uniqueness u = v. Furthermore, if u;,us € C%%(Q), a € (0,1), are two
uniformly convex functions satisfying (3.4.1)), then uy,us € H*(2) N Hy(€2), and they

both satisfy (3.5.10f), with & = £*, where

. : J )
& :=min , .
2|U1|c2(§) 2‘U2|02(§)

Thus, by uniqueness, u; = ug, that is, the MAD problem (3.4.1) is also uniquely

solvable in the class of uniformly convex C*%(Q) functions. O
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Chapter 4

Finite element theory on curved
domains

4.1 Motivation

We begin this Chapter with a motivation for considering domains with curved bound-
aries. As mentioned in the Introduction, a main goal of this thesis is to design and
analyse FEMs for the approximation of solutions to MA type equations. When con-
sidering classical solutions, the nature of MA type equations often lead one to pose
equations on domains that are either (at least) C?, or uniformly convex, or both. The
set of such domains includes ones with curved boundary; indeed, if one assumes that
the Q C R? is bounded, and has a flat boundary, i.e., a polytope, then 9Q cannot
be C? (due to the boundary portions meeting at a face or vertex), and € cannot
be uniformly convex, since, for example, when d = 2, a flat boundary portion must
contain two vertices of the polygon, as well as the open line segment connecting them,
contradicting Definition [2.1.7]

The following example demonstrates the problems that may arise when considering
even a “simple” MA type problem on a domain without boundary curvature. Consider
the MA equation on the unit square Q := (0,1)% find u : (0,1)> — R such that

{det D*u(z) = f(x), =€ (0,1)%

(4.1.1)
u(z) =0, ze€{0,1} x(0,1)U][0,1] x {0, 1},

where f € C>([0,1]%R"). Let us assume that there exists a function u € C?([0, 1J?)
which satisfies (4.1.1]). It then follows that

Du=0 on{recl0,1?:2y=0}=TcC0Q,

81



since on this boundary portion the x; derivative coincides with the tangential deriva-

tive on I', and, furthermore, u|r = 0. This implies that
det D*u(z) = Diyu(r) Dyyu(w) — (Dhu())* = —(Diu(2))* <0 z €T,

which contradicts the assumption that f € C*([0,1]?;R"). In order to stay in an
elliptic framework, we must assume that f > 0 in Q (if we were to assume that f < 0,
we would move into the regime of hyperbolic MA equations, see [62], 64, 115], [123]); we
have seen from our example that we cannot hope to find a uniformly convex C2(f2)
solution to this problem (as this would require det D?u > 0 in Q).

One could pose (4.1.1) with inhomogeneous boundary data, in particular, uni-
formly convex boundary data (this was in fact a motivation for Theorem [3.3.20).
However, in this case, one would in general only expect global H3~(2)-regularity for
arbitrary § > 0, due to the angle of the corners of the unit square (see [60] for more
details). Furthermore, our approach for proving existence of a numerical solution to
the CGFEM in Chapter |8 presupposes that the true solution belongs to CP+%2(Q),
p >3, a€(0,1), and as such, it makes sense to consider smoother domains.

Furthermore, when considering oblique boundary-value problems (which arise
from the linearisation of the MA optimal transport problem (3.2.2))), we have seen
that a key assumption for well-posedness is that Or,© + Hsq > 0 on 0€2, and that
B € CH0Q;S), where O is defined in Definition and Hpq is the mean curva-
ture of 0€2. However, it is not immediately clear that such a condition can hold on a
polygonal domain.

Overall, this example serves to highlight potential pitfalls for the well-posedness of
MA equations, and the lack of smoothness of solutions, on domains with flat bound-
aries. This can be remedied if we consider FEMs that allow for curved boundaries,
leading us to the work of C. Bernardi [16] (see also |33, 35, [36]).

4.2 New contributions and existing results

The goal of this chapter is to prove various finite element estimates in curved Lagrange
finite element spaces, that will be utilised in Chapters 5] to [§f The results we prove
are listed as follows (note that more detail on each of these estimates will be provided
later in this Chapter).

1. Inverse estimates in H® and W** norms (and seminorms) for integer s.

2. Optimal interpolation estimates in H®* and W** norms for integer s.
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3. Optimal interpolation estimates in H® norms (both simplicial and trace) for

non integer s.

4. A two-dimensional discrete Sobolev inequality, bounding the L*° norm in terms

of the H'-norm (with a In factor of the meshsize, h).
5. Stability estimates for the L2-projection operator.

6. Tangential operator identities (i.e., the tangential gradient and tangential Lapla-

cian).
7. Curvature bounds for curved simplices.

Many of these results are known in the case that 2 C R? is a polytopal domain, where
one may triangulate Q) ezxactly by straight d-simplices.

Known results in the polytopal case:

e Inverse estimates in W7 norms (and seminorms) for s € Ny, ¢ € [1,00] are

proven in [23], 33].

e Optimal interpolation estimates W4 norms for integer s, ¢ € [1, 00| are proven
in [23] 33].

e Optimal interpolation estimates in H® norms (both simplicial and trace) for

non integer s in [5].
e The discrete Sobolev inequality is proven in [24].
e Stability estimates for the L2-projection operator are proven in [45].
e The tangential operator identities are proven in [110].
Known results in the curved case:

e Optimal interpolation estimates in WP norms for integer m are proven in [16],
where the domain approximation is ezact 1 < p < oo, and in [35] in the case of

isoparametric finite elements 1 < p < oco.

e Important scaling arguments required for several of the results of this Chapter

are proven in [16].

e Similar inverse estimates are proven in [33], in H*® norms for s = 1,2, 3 for the

case of quadratic isoparametric finite elements.
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We also remark that the results on curvature bounds for curved simplices (result
from the list above) do not appear present in the current literature on finite element
theory, most likely due to the fact that the polytopal counterpart of this is trivial,
since polytopal domains, and their simplicial approximations are not curved. Fur-
thermore, the inverse estimates (result [7| from the list above) that we prove exhibit
a structure that is different to their polytopal counterparts. This of particular sig-
nificance when considering inverse estimates in seminorms (see the discussion that
follows Remark for further details), and adds extra technical details to the
proofs present in Chapters [f| and [7]

One may characterise the curvature bounds for curved simplices and inverse es-
timates as new results, whereas results [2 to [0] from the list above, may be viewed
as reviewing estimate that are well known in the polytopal case, in the context of
curved Lagrange finite elements (indeed, in each case, though the results are largely

the same, there are technical differences in the corresponding proofs).

4.3 Notation

Definition 4.3.1 (Face and vertex sets) Given a mesh F,, we denote by &, the
set of faces of T, by & the set of interior faces of T, and by &, the set of boundary
faces. In the case that the dimension, d = 2, we denote by ¥;? the set of boundary

vertices of Tj,.

Remark 4.3.2 The boundary vertez set, V¢, will only be used in C’hapters@ cmdl] m
the context of two-dimensional oblique boundary-value problems. Note, however, that

it 1s only used to prove particular statements, and is not necessary for computations.

Definition 4.3.3 (Jump and average operators) For each face F' € o@}i’b, we have
that F = KN K’ for some K, K' € 9, (in the case that F € &° take F = K N SY),
with corresponding unit normal vector ng (which, for convention, is chosen so that it
is the outward normal to K, see Figure[.1), we define the jump operator, [-], over
F by

(Blx)|F — (¢lrr)|F if F € 6,
= 4.3.1
“ {(cblK)lF if F €&y, 3y
and the average operator, (-)), by
1 | z.
<<¢>> _ 5((¢|K>|F + (¢|K')‘F) ZfF < g}w (432)

(¢lx)|r if F € 6.
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K ext K int

Figure 4.1: Example of two triangles Kj,; and K. of the mesh, and a face F' =
Kint N Koyt The unit normal, ng, is chosen so that ng is outward pointing for K.

For each e € ¥,?, e = FNF' for some F,F' € &, and so we define the jump and

average of a function over a vertex analogously to and ([4.3.9).

Definition 4.3.4 (Element L*-inner product) For an element K, we define the

inner product (-, ")k by

)
/ uv if u,v € L*(K),
K

(u,v)g := / w-vifu,v € L*(K;RY), (4.3.3)
K

/ w:vif u,v € LK R,
\ JK

Any ambiguity in this notation will be resolved by the arguments of the bilinear form.

The bilinear forms (-, )or and (-,-)p for F' € cg’,f’b, are defined similarly.

4.4 Non-affine meshes

Definition 4.4.1 (Curved d-simplex) An open set K C R? is called a curved d-
simplex if there exists a C' mapping Fx that maps a straight reference d-simplex K
onto K, and that is of the form

Fyx = Fi + @, (4.4.1)

where
Fi - T — BKCZ’ + bK (442)



is an invertible map and ®x € CY(K;R?) satisfies

Cx = sup | DOk (&) Bt < 1, (4.4.3)
€K
where || - || denotes the induced Euclidean norm on R,

Definition 4.4.2 (Associated straight d-simplex) Given a curved d-simplex K,
with the associated straight reference d-simplex K, and map Fy : K = K, with
Fx = Fx + Ok, we define the associated straight d-simplex:

Remark 4.4.3 The associated d-simplez, K, is a straight d-simplex that “approxi-

mates” K.

Lemma 4.4.4 (Affine invariance of Cx) Given a d-simplex triple (K, K, K), an-
other reference d-simplex K', and a map Fror € GL(R?) that maps K' onto K, there
1s a map Frr - K' — K that also satisfies . Moreover, Cgr = Ck.

Proof: This proof is given in [I6], but for clarity, we shall provide it. Take a map
Fro € GL(RY) as in the statement of the lemma. Then, it must be of the form
Fio(:) = A(-) + @, where A is an invertible matrix, and @ € R?. We then define
Fi(-) = Fx(A(") + @), which maps K’ onto K, and is of the form

Fi(-) = (BKA(-) + B+ bg) + ¥ (-), with @) () = Px(A() + a),
which gives us

Crr := sup | D@ (&) - (B A()) || = sup | DOk (2)A- A7 B! | = Cx. O

ek’ 2eK

Remark 4.4.5 Lemmalf.4.4)is rather significant, as it means that given K € J, with
an approximating straight simplex K, we can always redefine the map Fy (without
relabelling it), so that F : K=K, adK = K/diam(K), and the reference simplex
enjoys similar shape regularity to K. So, in general, we assume a given reference
simplex is of this form. This fact will be used in the proof of Corollary[{.4.25

Remark 4.4.6 (Affine mesh) In the case that the domain has a flat boundary, one

employs an affine approximation of the domain, in which case, the corresponding

functions @k in are all zero.
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Definition 4.4.7 (Mesh size) For each K € 9, let hg = diam(f() > C(d)HBKH
(where K = By (K)). It is assumed that h = maxge g, hy for each mesh F,.

Definition 4.4.8 (Face-mesh size) For each face I € éa}f’b, we define

5 min(hK,hK/) if F e g}z’,
hp = { e FFd (4.4.4)
where K and K' are such that F = 0K NOK' if F € &, or F COKNIN if F € &.

Mesh conditions. We shall adopt the following assumptions on the meshes.

Assumption 4.4.9 We assume that any two elements sharing a face have commen-

surate diameters, i.e., there 1s a Cr > 1, independent of h, such that
max(hK, hK/) S CT min(hK, hK/), (445)

for any K and K' in J, that share a face.

Finally, we assume that each F € & satisfies
F=FnT,, (4.4.6)

for somen € {1,..., N}, with T, given as in . This implies that each boundary
face is completely contained in a boundary portion I, as well as ensuring that our

approximation of the domain € is exact.

Remark 4.4.10 The assumptions on the mesh given by Assumption [{.4.9, in par-
ticular , show that if F' s a face of K, then

hi < Crhp. (4.4.7)

Definition 4.4.11 (Class m curved d-simplex) A curved d-simplex K is of class
C™, m > 1, if the mapping Fx is of class C™ on K.

The proofs of the next four lemmas can be found in [I6] (i.e., Lemmas 2.1, 2.2, 2.3
and 2.4).

Lemma 4.4.12 The mapping Fx is a Ct-diffeomorphism from K onto K and sat-

1sfies

sup || DFg(2)]| < (1 + Cx)|| Bx | (4.4.8)
zeK
sup IDF ()] < (1= Cx) 1B, (4.4.9)

Vie K, (1—Cg)¥detBg|<|det DF ()| < (1+ Cx)?¥det Bx|.  (4.4.10)
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Lemma 4.4.13 Let us denote by c;, 2 < ¢ < m, m € N, the constants

co(K) = sup D Fie ()| Bx ||~ (4.4.11)
TeK
There exist constants c_g, 2 < € < m, depending continuously on ck, ca(K), ..., cn(K),
such that
sup ID*Fit ()] < eell BV B (4.4.12)

Lemma 4.4.14 Assume that K is a curved d-simplex of class C™. Let k be an
integer, 0 < k <m, and q € {2,00}. A function v belongs to W"™4(K) if and only if

A

the function v := v o Fy belongs to W™4(K'). We also have for any v € W™4(K)

k
ohweag < Cldet BB [ S0 1B il | (4413)
r=min{k,1}

k
[olyragzy < Cldet B YBx " | " |olwnage | » (4.4.14)
r=min{k,1}

where the constants C' depend continuously on c, ca(K), ..., cn(K).

Lemma 4.4.15 Assume that K is a curved d-simplex of class C™, and that F is
a face of K; we denote by By the restriction of By to F o= F'(F). Let k be an
integer, 1 <k <m, s € [0,k —1/2). Then, for any v € H*(K), the function Tp(v)
belongs to H*(F'), and we have

[ollaecry < O det Bp[2] det Bie| /2| B (1ol ooy + | Bl Mol o). (4:4.15)

where the constant C' depends continuously on cx, ca(K),...cn(K).

Remark 4.4.16 (Interpretation of the Lemmas [4.4.13-4.4.15)) One may view
the seemingly rather abstract Lemmas[/.4.13, [{.4.14], and as a necessary pre-

requisite for the standard scaling argument used to prove optimal interpolation esti-

mates on affine meshes, inverse inequalities in W™P-norms, and trace inequalities in
H?-norms, respectively. In particular, the following example should demonstrate the

importance of having a uniform upper bound on the value cy.

A key tool in the derivation of optimal interpolation estimates on affine meshes is
the following scaling argument (see Theorem 3.1.2 of [33]): for k € Ny, p € [1, 0],
assuming v € W’“’f”(f(), and 0 :=vo Fg € W’“’p(f(), we have

[0l wro(iy < ClBi "I det Bic| ™7 [o] e ic)- (4.4.16)
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Here, we are considering the affine equivalent straight d-simplices K and K , and an
invertible affine map Fi. That is, K = FK(K), where F is of the form (4.4.1) with

One can see that (4.4.16)) and (4.4.14)) are similar. The main difference is the
presence of the lower order seminorms on the right-hand side of (4.4.14]).

Let us look at the particular example of the H2-seminorm when Fy is not affine.

The chain rule, and the multivariable change of variables formula yields
62 = /K D)
_ / V(D(vo Fi))?
K
_ /K|V((DUOFK)DFK)|2
_ /K I[D(Dv o Fi)DF)"[?
B /K D% 0 Fie(DFy)? + Dv o Fie D*Fe]"|*
B /K [(DFx)*)"(D*0)" o Fyc + (D*Fy)" (Dv o Fy)"[*
- /K |(DFk)?)" (D0 o Fi) + (D*Fi)T (Vo o Fi)|” (4.4.17)

< o) / |DEx D% o Fy + | D*Fg|P|Vv o Fy
K

<o) <p IDFe@)I* [ I(D*)o Pl

TeEK

+ sup ||D2FK(£)|\2/ (Vo) oFK]2>
4 K

TeK

< C(d)sup | det DE () <sup D2 e ()Pl s

rzeK jek

TeK

+ sup IIDFK(SE)||4IUI?{2(K)> :
Thus, taking square roots, we obtain

0] g2y < C(d) 8161[13 |det DF (2)]"/? (sup | D*Fi (2)]|v]m1 ()
@ sek

(4.4.18)

TeEK

+ sup ]|DFK(§:)|]2|U|H2(K)> :
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Note that if Fx were affine, then DFx = B, DFi' = B!, and D*Fx = 0, thus
from the above, we immediately obtain (4.4.16|) with £k = p = 2.

A sufficient assumption that yields an estimate of the same order as with
k =p =2 (in terms of |Bg||), is to assume that ¢, given by , is uniformly
bounded for ¢ = 2. This, coupled with the fact that Cx < 1 gives us

sup | DFx (2)]| = sup ||(DFx (&) Bi') Bicll = sup || (Ls + D®x By') Bie||
zeK TeEK TeEK

< (1+Cx) Bk,

and
sup | D* Fi (#)]| = (sup | D* Fi(2) || B | )| Bk |I* = el Bie |-

TeK zeK

Applying these two estimates to (4.4.18]) yields

|02y < CSSE | det DE! ()| Bl ([0l a1 10y + [0] 12

In order to appropriately bound the determinant term, one must note that DF 1}1 =
(DFg)™!, and so

|det DF!| = |det DFf| ™! < |det Bx| ™' (1 — Ck)%
Ultimately, this gives us
102y < Cldet Bee| ™2 Bic|*([v] sy + 0] 1216))- (4.4.19)

This motivates the two definitions that proceed the following remark, generalising the
prerequisite assumptions, allowing one to obtain analogous estimates in higher order

seminorms.

Remark 4.4.17 (Minor abuse of notation) One may notice that from the sev-

enth equality of the “D?” applied to v is different to the “D?” applied to Fi.
In particular, the first “D*” is the Hessian, and the latter “D?” is the second order

deriwative defined in Definition |2.2.4. This stems from the fact that we define the

Hessian of v, D?v, in the following way:
D?*v = V(Dv) = [D(Dv)]" = [D*]",

where the final D* above is the second derivative defined in Definition [2.2.4
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Definition 4.4.18 The family () of meshes is said to be reqular if there exist two
constants, o and c, independent of h, such that, for each h, any K € 7, satisfies

where pg is the diameter of the sphere inscribed in K. Furthermore, we have

sup sup Cx <c < 1. (4.4.21)
h Ke,

Definition 4.4.19 The family of meshes (I,)y, is said to be quasi-uniform, if there
ezists p € (0,1] such that

i > oh 4.4.22
iy px > ph, ( )

for all h > 0.

Remark 4.4.20 Condition (4.4.2() is referred to as nondegeneracy (for example
m [24/)

Definition 4.4.21 The family (), of meshes is said to be reqular of order m if it
is reqular and if, for each h, any K € F}, is of class C™*L, with

sup sup sup |[D'Fg(2)||| B|| b <00, 2<1<m+1. (4.4.23)

h Keg, j;ef(
Definition 4.4.22 (Curved and flat partition of .7},) Given a mesh 9}, we de-
note by ZLf the set of all K € 9}, that satisfy D*Fx =0, and define 7, := T, \ <7hf.

Definition 4.4.23 (Curved and flat partition of &°) Given a mesh 7, we de-
note by é”,f’c the set of all faces F € &° that satisfy F C 0K, where K € ¢, and
define &1 = &\ &

A final, necessary step, before providing optimal interpolation estimates and inverse
estimates for (continuous and discontinuous) curved Lagrange finite element spaces,
is to relate the estimates of this section to the local mesh size, hi. The general rule
of thumb in this context is that || Bx|| is of order hg, and || Bg'|| is of order hz!. This

notion is made more concrete by the following theorem from [33].

Theorem 4.4.24 Let K and K = FK(K) be two affine-equivalent open subsets of
R, where Fi : & — Byi + b is an invertible affine mapping. Then we have the

upper bounds

| B || < hgg and | Bgt|| < % (4.4.24)
P P
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where, for a given open subset E of R, we define
h(E) = diam(E),

(4.4.25)
p(E) = sup{diam(S) : S is a ball contained in E}.

Corollary 4.4.25 Assume that the family (), of meshes satisfies (4.4.20). Then,
there exists a positive constant C depending only on o, such that for any K € 9,

with an associated straight element K , that
|Bi|l < Chi and || Bgt|| < Chig. (4.4.26)

Proof: Firstly, by Lemma {4.4.4, we may, without loss of generality, assume that

the reference simplex K = mf( . Thus, K and K are affine equivalent. We

apply (4.4.24)), which gives us

1l < M) g B < M),
o) o)

Recall that we define h := h(K), and px = p(K) and so we have || Bx|| < hx/p(K).
By (4.4.20), we also have ||Bi!|| < h(K)/p(K) < oh(K)ht = ohi'. To obtain the
first estimate of (4.4.26)), we note that

p(K) = sup{diam(S) : S is a ball contained in K}

1 ~
= sup {diam(S) : S is a ball contained in = K}
diamK

1 ~_ h(K) 1
=——p(K) > ( ~) = — (by 4.4.20).
diam K oh(K) o

Thus |Bk|| < ohx. O

Definition 4.4.26 (v, 0, and v*) Given a triple (K*,K, K) (fized reference sim-
plex, reference simplex, and curved simplex), a pair of invertible maps (G : K* —
K,FK K — K), and a function v : K — RY, for some N € N, we define the
functions & : K — RN, v* : K* = RN, as follows:

v:=voFg, v :=00Gkg =voFgo(Gkg. (4.4.27)
Furthermore, given v* : K* — RY | we also define

D= ’U*OGI_{l’ U;:ﬁoF[;l:U*oGl_(loFgl. (4428)
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4.5 Finite element spaces and optimal interpola-
tion estimates

The finite element spaces we consider in the thesis either consist of continuous piece-
wise polynomial functions, or discontinuous piecewise polynomial functions, which
fall into the class of continuous and discontinuous (curved) Lagrange finite element
spaces, respectively. In order to define a finite element space, we must define a finite
element. In general, a finite element is a triple (K, Py, X ) where K is a subset of
R?, P is a finite dimensional space on K, and Y is a set of continuous linear forms
on Py, which we will call the degrees of freedom. In the context of Lagrange finite
element spaces, the continuous linear forms are given by (local) point evaluations.
In the simplicial case, the placement of these points is naturally described using the

barycentric coordinates of the simplex.

Definition 4.5.1 (Barycentric coordinates) Given a straight d-simplex K, with
vertices a1, . . ., aqs1 € R, we define the barycentric coordinates of f(, Ayeeoy Ady Adrt

via the following (invertible) system

1 1 e 1 A1 1
(a1)1 (G2)1 (Gat1)1 A2 _ !?1 ’ (45.1)
(@ @ - (aaedda) Pan] [
where & = (x1,...,x24)" € K.

Definition 4.5.2 (Straight Lagrange finite element) For a straight d—sz’mplexf(

with vertices ay, ..., 4441 € R, with barycentric coordinates \i, ..., Aap1, we set
J(p) = {a € NI : |a| = p}, (4.5.2)

and for any a € J(p), we associate the point a, € K with barycentric coordinates
ANi = «a;/p, i =1,...d+ 1. Then, we call (f(, PK,iK) a straight Lagrange finite
element of type p, where

A ~

Px =P!(K), Sk = {jn,a € Jp)} (4.5.3)

with ,&a(f) = f(da), for f € Py, and we recall that PP(K) is the space of all polyno-

maals with total degree less than or equal to p.
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Definition 4.5.3 (Curved Lagrange finite element) The triple (K, Px,YXf) is

a curved Lagrange finite element of type (m,p) if K is a curved d-simplezx of class

O™ and

Px ={p=poFg' pe Pc=P(K)}, (4.5.4)
Sk = {p: Vv e CUK), uv) = f(vo Fg), fr € Xk}, (4.5.5)

where (K, Py, f]K) 1s a straight Lagrange finite element of type p.

Definition 4.5.4 (Discontinuous Galerkin finite element space) The discontin-

uous Galerkin finite element space V},,, is defined by
Vip = {v e L¥Q): v|x =po Fg', p e PP(K), VK € T}, (4.5.6)
where p € Ng. We also define the subspace, Vi, 0 = Vi, N LE(Q).

Definition 4.5.5 (Continuous Galerkin finite element space) The continuous

Galerkin finite element space Vy,,, is defined by
Vip i ={veC'Q): v|gx=poFt, peP’(K), VK € T}, (4.5.7)
where p € N. We also define the corresponding zero trace spaces
Vip 1= Vi, N HL(R). (4.5.8)

Remark 4.5.6 One could equivalently define V}, ,, := Uge 5, Pk, where Py is a curved

Lagrange finite element of type (m,p), and then define Vi, = V,, N C(2), and
Vh’p = Vh,p N H&(Q)

Piecewise polynomial functions naturally satisfy a property of piecewise regularity.

This is accurately captured by considering the notion of broken Sobolev spaces.

Definition 4.5.7 (Broken Sobolev spaces) Lets = (sx : K € 9},) denote a vec-
tor of nonnegative real numbers and let r € [1, 00].
The broken Sobolev space W' (§2; ) is defined by

We™(Q; F,) = {v € L*(Q) : v|x € W*s"(K) VK € F,}. (4.5.9)

We denote H%(Q2; ) == W*(Q; F,), and set W5 (Q; F,) == WS™(Q; ), in the
case that s = s, s >0, for all K € F,. Forve WY (Q;.9,), let Vyv € L™(Q;RY)

denote the discrete (also known as broken) gradient of v, i.e., (Vyv)|x = V(v|k) for
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all K € 9,. Higher order discrete derivatives are defined in a similar way. We define
a norm on W*"(Q; ) by

[V liyer@z = D I0liver (4.5.10)
Ke,

with the usual modification when r = oco.

Definition 4.5.8 We define the following for K € 9, s € Ny, r € [1,00):

S

|”|7t;vf’r(1<) = Z M%/jm(;(), (4.5.11)
j=min{1,s}
[olwsr @) = Z Ve s (4.5.12)
Ke9y,

with the usual modification when r = oo. Note that | - |ysr(q.7,) 95 a norm when
s =0, and a semi-norm when s € N. We also define | - |gsx) and | - |ms.7,) in the

usual way.
Remark 4.5.9 We have the following norm relation:

|v|7{/Vf’T(Q;9h) S ||U||7{/VSW(Q;<7;1) = |U|7{/[/E»T(Q;yh) + min{s, 1}|U|TI;V5’T(Q;._%)7 (4513)

for any r € [1,00), s € Ny (similarly for r = oc). We can use these semi-norms to
equivalently phrase estimates such as , which can now be written as

[0]42(i) < Cdet B[] Bic||*v

HE(K)-

The proofs of the following lemmas can both be found in [16], i.e., Theorem 4.1 and
Corollary 4.1; one must note that they are both given in a more general context. How-
ever, we are considering Lagrange finite element spaces, which satisfy the hypotheses

of Theorem 4.1 and Corollary 4.1 (see examples 1 and 2 on page 1221 of [16]).

Lemma 4.5.10 (Optimal local interpolation in V},,,) Assume that the family
() is reqular of order m. Let k. {,p € Ny, p > 2, with ¢ < k < min{p,m} + 1.
Then for any K € 9, and any u € H’“(Q; Th), there exists a zp, € Vi, such that

lu = 20| ey < CRYJul ey, (4.5.14)

where the constant C' is independent of hx, u, and K.
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Lemma 4.5.11 (Optimal global interpolation in V) Under the hypotheses of
Lemma [4.5.10, let k,l,p € No, p > 1, with ¢ < k < min{p, m} + 1. If the family
of triangulations (), is quasi-uniform, then, for any w € H*(Q; ), there erists a
zp, € Vy,,, such that

lw = znll me@s) < CR*|wlmr (i z)- (4.5.15)
Furthermore, for any w € WE>(Q; ), there exists a 2, € Vi such that
|w = znllweee,z,) < C’hk_z|w|wf,oo(ﬂ;yh). (4.5.16)
In each case, the constant C' is independent of h and w.

Definition 4.5.12 (Classical Lagrange interpolation operator) A functionu in

a finite element space Vy, can be represented as follows:
w=> u,
i

where each u; € R, and the set {¢;} forms a global basis of V), (note that we are
summing over the set of all basis functions of the finite element space).

Motivated by this, for v € C(2), we define the classical Lagrange interpolation

operator m, : C(2) — Vp,, by
mh(v) =Y vz i, (4.5.17)
where the points {x4,} represent the degrees of freedom of V.
Furthermore, we can define the interpolant of a function defined only on the bound-
ary of 2, similarly, by summing over the degrees of freedom that lie on the boundary,

and taking the trace of the resulting function.

We note that the classical Lagrange interpolation operator can only applied functions
that have well defined point values. Even in two dimensions, it is not in general the
case that functions in H' have well defined point values. This leads one to define
other interpolation operators that require less regularity, in particular, we define a
local interpolation operator that is well defined on L? functions (one of the first
examples is due to P. Clemént [36], using local averaging; however the one we will

define is provided in [16] and is slightly different).

Definition 4.5.13 (Local L? projection) Forv € L*(Q), and K € J,, we define

~

pv to be the unique element of PP(K) that satisfies

/ (60— po)p Vp e PPK). (4.5.18)

K
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Definition 4.5.14 (Local Lagrange interpolation operator) For K € .7,, we
define the Lagrange interpolation operator 1y, : L*(K) — Pg, where (K, Px,Yk) is a
curved Lagrange finite element of type (m,p), by

(0) = > plpo)pas (4.5.19)

HEXK
where p, = p, o Fict, with p, satisfying , and {pu}tues, forms a basis of Pk-.

Definition 4.5.15 (Global L? projection) For v € [L*(Q)]™*", m,n € N, given
a finite element space Vi, C [L*(2)]™ ™, we define the global Vj,-projection operator
Py, : [L2A(Q)]™" = Vi, by

/th(v):fl):/v:q) Vo € V. (4.5.20)
Q Q

Definition 4.5.16 (< and ~ symbols) Herein we write a S b for a,b € R, if there

exists a constant C > 0, such that
a < Cb,

independent of h := {hx : K € Z,}, and u, but otherwise possibly dependent on
the polynomial degree, p, the shape-reqularity constants of 7, Cp, Cr, s, and d.

Furthermore, we write a =~ b if both a < b and b < a.

4.6 Inverse and trace estimates

We now state and prove trace and inverse estimates that we will be utilised frequently.

Lemma 4.6.1 Assume that ., is a reqular mesh on Q. Then, for any K € Z,, we
have that
lZox S (hi' [vll3x + Px VI3 K) Vo € HY(K). (4.6.1)

In particular, if the triangulation is quasi-uniform, we have

Z ”UH%Q(BK) S (h_1||v||§’9 + h||”||§{1(9;yh)) Vv e HI(Q% Th)- (4.6.2)

Ke,

Proof: Applying (4.4.15)) of Lemma|4.4.15|with k = m = 1 and s = 0, for any K € 7,

and any face F' of K, we obtain
11172y < Cldet Brl| det Bi| ™ ([0l 72(x) + | Brl*vl7 i)
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where we recall that B is the restriction of By to F':= Fx!(F) (and thus acts as a
map on R4"1). Now, applying (4.4.26)) yields

1Bx|l < Chix and || B'|| < Chyt,

where the constant C' is independent of K and hg. Thus, as the determinant is a

continuous d-linear ((d — 1)-linear in the case of Br) map, we obtain

[0llZry < CUBrNI B N0l Zare) + 1Bl o] )

= ) ) IR (4.6.3)
< Chic ([0l 72 x0) + Prcloly) = Chic [[ollz2 ) + Prclolan i)

Since the number of faces of an element K € .7}, is uniformly bounded with respect
to the dimension, we obtain (4.6.1]) by summing (4.6.3) over all faces F' C 0K. If we
assume that the mesh is quasi-uniform, then hx < h and h! < h~! for all K € 7,

and we obtain (4.6.2)) by summing (4.6.3)) over all K € 7,. O

Lemma 4.6.2 (Non integer order trace estimate) Assume that {9}, is a reg-
ular family of triangulations on Q. Then, for any K € 9, and any (d —1) face F of
K, we have that

0]l 22y < Chig”? (0l 2y + B [0l i) (4.6.4)

for allv € H'(K), 1/2 < r < 1. Furthermore, the constant C' is independent of hy
and the choice of K € 7.

Proof: From the multivariable change of variables formula, we obtain
[v][r2(r) < C det BFll/ZH@HLQ(F)a

where B is the restriction of Bg to F' = Fx!(F). Under a second change of variables,
we obtain
9]l 2y = | det Ap V2 [l0* | 2 (eey,
where F* is a (d — 1)-face of a fized reference d-simplex, K*, and G : K* — K,
Gr(z*) == Aga* +az, with Ap € GL(R?Y), az € R and Ay is the restriction of A
to F* = G (F).
We apply Theorem [2.3.5] yielding
[0* [ L2(pey < COKT, d)([[0"|| L2y + 07|17 (50))

) i ) (4.6.5)
< C(K™, d) (X (A 01l 2 gy + X2 (A0 gr(iy)

where 1, and ys are positive, continuous functions that we will soon provide.
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Recall the definition of the non integer H"-semi norm:

~12 |U —1}$2N2
L. _// |x1_x2‘d+2r . (4.6.6)

We note that since 21, Z9 € K,

|Fi (1) = Fie(22)| < C(d) sup [| DFre (2)][[ 21 — 22,
TeK

which, when applied to , gives us
/ / [0(21) — 0(&2)? / / SupxeK IDFx (2)])) " [0(21) — 0(22) [
\:1?1 — By d)sup;e g [[DFic(2)[[|21 — 2|) 42

(C(d) sup, g || DEx (2) )52 |6 (1) — 0()]?
= / / [ Fic () — Fic ()| 7%

4.6.7
ol [ [ = e o0
|Frc(31) — Fre(@)]dr2r
We apply the multivariable change of varlables formula once more, obtaining
X , v(21) — v(m2)|2 _ _
il iy < OBl [ [ V=S oD ) det( D )
< C|IBrll™ 1B 1P ol )
(4.6.8)

Of course, we also have
1ol 220y < ClIBR 0l 220

We obtain the functions y; and x5 in a similar manner, except since G is affine, the

scaling argument is simpler, and we have that
x1(A) = |det A7Y,  and  xao(A) = | det A7H?|| Al

From the nondegeneracy condition (4.4.20)), it follows (from the proof of Theorem
4.4.20 in [24]) that the collection of the invertible matrices given by the affine maps
from K* to K is contained in a compact subset BL := {B € GL(R?) : |det B| >
g,|Bijl <r} of GL(RY) (where GL(R?) is the set of d x d invertible matrices), where
e =¢(o,d, K*), and r = r(K*). That is, if

GK:K*%[A(, K*B:U*H/lea:*—i—&f{ef(,
then /NlK € BL. Thus we have

Xi(Ag)? < sup xi(A)? < C(K*0), i=12

AeBL
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Overall, we have obtained

N ~ 1 ~ d ~_ d - d I T
[v]| 22y < C(d, 0, K*)| det Br|2|| B (|2 (0]l 2y + 1B 2 1Brel|2 | Bl [0l e i)
< ChP (0l 2y + Wi o] i),

where the final inequality follows from (4.4.26)). Furthermore, the estimate is indepen-
dent of hg, and the choice of K. Thus, we have obtained the desired estimate. O

Corollary 4.6.3 (Integer and non integer regularity interpolation estimates)
Let {F}n be a family of triangulations on Q that is reqular of order m > 2. Let
u € H3(Q; ) with s > 5/2 for all K € 9. Then, there exists a zp, € Vi, p > 2,
and a constant C, independent of u, hx and p, but dependent on maxy Sk, such
that for each K € 7, each nonnegative integer ¢ < 2, and each multi-index B with
|B| = ¢, we have

= 2| oy < ChE ™l rox (0,

o (4.6.9)
1DP (w — z8) || 20y < CRE™ 2wl w10,

where tx = min{p+ 1,m + 1, sx}.

Proof: We will first discuss how we will obtain the second bound of . Since the
family of triangulations is regular of order m > 2, it follows that for any g such that
|8| = g, for a nonnegative integer ¢ < 2, and any v € V},,,, that D?(u—v) € H'x74(K).
In particular, tx —q > 5/2—q > 1/2. Thus, we may apply the trace estimate (4.6.4)
with rx =t — ¢ > 1/2, obtaining

—1/2 r
IDP(u — v)||2(0m) < Chy (1D (u — )|l z2(x) + A |DP(w = v)| s (1)

Let us assume that there exists a z, € V},,, satisfying the first estimate of (4.6.9)).

Then, setting v = z;, above we obtain

~1/2 r
1D%(u = z0) l12(0r) < Chi (1 D% (u = z) |l 120a) + B | D (0w = 20) [ 1)

SC@mW?ﬂMwmm+%WWW%MWWNk |
4.6.10

Thus, to obtain both estimates of (4.6.9), it suffices to prove that the there exists a
2, € Vi, such that the first estimate of (4.6.9) holds, as well as the following:

|U — Zh|Hq+7"K(K) = |U - Zh|HtK(K) S Cht[?_q_TKHUHHsK(K). (4611)

Since, applying the above estimate to (4.6.10)), and noting the factor h’; in the second
inequality of (4.6.10]), we obtain the second estimate of (4.6.9)). Note that we already
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have such bounds in the case that sk is an integer, and as such, we shall assume from
this point on that sk ¢ N.

We will now prove the first estimate of . Let §3 satisfy |3| = ¢ for a nonneg-
ative integer ¢ < 2, and let K* be a fixed reference simplex. Then, from (4.4.13]) we
obtain

1D (u — z1)| 201y < |u = 2| oy
q
< Cldet BB Y 1Bkl la = 2l s iy
j=min{1,q}
q
< C(K*,0)|det B ?|B ¢ Y IBxIP | = 2 iy

j=min{l,q}

(4.6.12)
We take the function z;, € Vj,,, defined as follows: z,|x = IIpu where Il is the
local interpolation operator, given by . Due to (4.5.18]), this operator repro-
duces polynomials in PP(K), and so we may apply Theorem 5 of [34] in conjunction
with Theorem 1.8 of [69] (applying Theorem 1.8 of [69] allows us to consider non-
integer Sobolev spaces when applying the Bramble-Hilbert Lemma), obtaining for
min{l,¢} < j <gq
u* = 23 i ey < " = 2l e ey
< O(K) || e i) (4.6.13)
< C(K7, U)|a|HtK(f()>
where, by assumption tx > 5/2 > 2 > ¢ (note that the final inequality follows from a
scaling argument similar to the one used in estimate , noting that K* and K are
affine equivalent, and the mesh is shape regular). We now decompose tx = lx + 1k,

where £k > 2 is an integer, and rx € (0,1). We see that

|D€KU 1'1 DZKQAI,(AQ)P ZK
’u|HtK K) |u’HfK+TK d+2r |D HTK K
( |x1 — aj2’ +2rK ( )

Let us recall the formula

D'(fog)=> (D'foyg) Z Ca H Dlg)t |, (4.6.14)
where E(r,i) is the set

E(r,i) := {oz eNj:|la]=1i and Zlal = r} (4.6.15)

101



and the ¢,’s, @ € E(m,r) are some given constants, bounded independently of h.
By the triangle inequality, we obtain

155
|D£Ka|HTK(f()§Z UOFK Z CO‘H DFK
=1 a€E(lk i) =1

H"K (K)
We now apply (2.3.17) to the above estimate, obtaining (noting that diam(K) = 1)

155

’DKKQ‘HTK(IA() < C(d,r) Z Z Ca H (D'F)® Do FK‘H’”K(IA()

=1 ||acE(lk i) Lo (R)

153

+Cd)Y | > caH (D'F)* 1D"u 0 Fiell 2k,

=1 |a€E(lx i) CO1(K)

(4.6.16)
By (4.4.8), and the fact that the triangulation is regular of order m > 2 (and that

N3/l <txg <m+1,so lx <m), we estimate the first term on the right-hand side

of (4.6.16|) as follows

€K ‘eK

Cd,r)d | Y e [[(D'Fr)™ |Diu o Fy

i=1 ||aeE(r,i) =1

H'K (K)
L>(K)

<CZ Z CaHHB "' | D" 0 Fic| e 50 (4.6.17)

=1 acE(lk i)

1553

< O |IBk || Diwo Fil g .

=1

For the second term, we see that

155

(J(d,r)z Z CaHDFK ||DiquK||L2(R')

=1 |a€E(lK ) CO,l(E)

15% Oy
<CY I Y D <H(D1FK)az) 1D 0 Fiell oz, (4.6.18)
)

i=1 ||a€E(tx i =1 Loo(R)

1553
SC’Z Z Co || D

1D o FK||L2(f<)
1=1 a€E(lk i)

L>(R)
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Furthermore, for a € E({k,1)

5% 1553 LK
p(Tiwror)| = |S-ouwng T wno
ZK ZK
< C(d tx) ) ausup | D Fie(#) || sup [|[ D Fie(@)||*" [ sup || D/Fye (@),
=1 TeK TeK j=1,5#l TeK

since the triangulation is regular of order m > 2 (and £ +1 < m+1), applying (4.4.8))
to the above yields

ke . N
D (H(DZFK)az> <C Z OélHBKHlJAH(O‘l*l) H | B
=1 L (K) =1 i
i Z
<C Z || By ||| By |25 e —ten
l‘:l (4.6.19)
K
=c Z ay|| By || =l
=1

1553
= C|| B[ Y " oy = Cil| By || %
=1

Applying (4.6.19) to (4.6.18) gives us

153

L
C(dﬂ”)z Z CaH(DlFK)al ||DinFKHL2(R’)

i=1 |acE(tg,i) I=1

COL(K)
LK
<CY i Y el Brl"(ID w0 Fyell o (4.6.20)
i=1  a€E(lk,i)
LK
< C||Bic|""% Y |1 D'wo Fiell o -
i=1
We now apply (4.6.17)) and (4.6.20) to (4.6.16)), obtaining
174
D] e ey < CllBicl| Y 1D"w 0 Fiel yone sy + I1Biell| D' 0 Fiel| oy (4.6.21)
i=1

Applying the change of variables formula in the L2-norms in (4.6.21]), and the scaling
argument 1}1) to the |Du o FK|HTK(K) term for i = {x (noting that this

argument is valid for any rx € (0,1), as long as the function has H"¥-regularity)
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in (4.6.21)), in conjunction with (4.4.26)), we obtain

1553
. =2,
D0 e gy < Chyd 2 (WE D ul e oy + > el o))
=1

lx—1
¢ i
+ Chg Z | D'w o Fi|yrec (1)
i=1
l—1
Cr+r— i
< CE 2 | escorsc gy + CHE Y Do Fieyege ) (4.6.22)
i=1
lg—1
—d/2 i
< Chi? / ||U||HtK(K) +Oh€? Z |D UOFK|HTK(K)
i=1
lx—1
HSK(K) +Ch§é{ Z ]Dzuo FK|HTK(K)7

=1

< CLE="||ul

where the constant C' is independent of hx and the choice of K € .7, (note that
we have utilised the continuous embedding H*%(K) C H'%(K'), where the constant
in the embedding only depends upon d and rg, due to Proposition 2.1 of [44]). We
note, however, that the terms of the sum on the right-hand side of the final inequality
of are not present in the H'*-norm. Furthermore, for 1 < i < fg, we note
the following:

\Diu o FK’HTK(R) < C(o, K*)|(Diu)*|HTK(K*)

B (4.6.23)
= Clo, K)|(D')* — Mlarw sy,

for any M € [PO(K*)]dim(P "w) where the first inequality follows from a scaling argu-
ment, and the fact that the mesh is regular, and the final equality holds due to the
fact that constant functions are in the kernel of | - |g-. We now use the fact that the
embedding H'(K*) C H"%(K*) is continuous, obtaining
|D'u o Felprwe ey < C(K*,0,d, k) inf [(D*u)* — M| 15
Me[PO(K*)]dIm(DZu)
< C(K*, 0,d, )| (D) (i) (4.6.24)
S C(K*7O-a d7T’K)|DiUO FK|H1(K)7

where the penultimate inequality follows from an application of Theorem 1.8 of [69)
(or alternatively, Poincaré’s inequality), and the final inequality follows from the fact
that the mesh is regular.

Thus, we obtain

lr—1 lrg—1 lr—1

Z |D'uo FK|H’“K(R’) <C Z |DiUOFK|H1(k) < Ch;(d/ZH Z |DiU|H1(K)'

=1 =1 =1
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Applying the above to (4.6.22)) gives us

lre—1
N tx—92 lg+1-2 i ti—<
D] ey < O Nullmesc ey + O 2 > D ulinaey < Chig ™ lull s -
i=1
(4.6.25)
Finally, applying (4.6.25)), (4.6.13)), and (4.4.26) to (4.6.12), we obtain
q
_ 2g—7i _
D% (u = zn) ey < Chi Y WV ooy < ChE ™ ull s ),

j=min{l,q}

which is the first estimate of (4.6.10). FEstimate (4.6.11]) is obtained in a similar
manner, utilising (4.4.12)). O

Lemma 4.6.4 Assume that (9, is a family of meshes on Q that is regular of order
m € N. For any v € Vi, the following inverse estimate holds for any K € 9, with
0<s<m, and q € {2,00}:

|U|W,Z”’Q(K) N h?m|v|wjv‘1(K)- (4.6.26)
If the family of meshes is quasi-uniform, then we have that

W (Q;9h) S hs_m|U|WS’Q(Q;yh)- (4.6.27)

lv

Proof: We first note that both (4.6.26)) and (4.6.27)) are trivial when m = 0, since

then s =0, and | - |yyma = | - |20 = || - ||14, s0 we will assume that m > 1. We will
first prove (4.6.26)) when s = 0. By (4.4.13)), for j e N, 1 < j < m, ¢ € {2,000}, and
any K € ,, we have
~ ~ . j ~ .
[olwiagey < Cldet BB | Y IBlP ™ folyragry | - (4.6.28)

r=min{1,j}

Now, for 0 < r < 7,
r i—r) |~ 2(3—"r) ) ~
1Bk |29~ 6]y < CO)VRE " 1l iy

where the inequality is due to . Now, let K* be a fixed reference element, and
take G : K* — K, with G (2*) = Aga* + g, with Ay € GL(R?Y) and a; € R%
As in the proof of Lemma , it follows that A % belongs to a compact subset BL
of GL(RY).
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Now, defining v*(z*) = 9(Gx(2*)), it follows that v* € PP(K*), where PP(K*) is
of finite dimension, depending only on K*, d and p, thus by the equivalence of norms

on finite dimensional spaces, we see that

[y < AN det Ag [ 0" [wragcey
< |AzI"] det Ag [Y4]|v* |wrage)
< C(d,p, K| Ag|l"| det Ag [V9[[v* || Lagicey
< O(d,p. K" | Ag || det Ag /o] det AW oll gy (4.6.29)
= C(d, p, KX A" 19]] Loy
< C(d,p, ) mass A0
< C(d,p, 0, K*vT)HﬁHLQ(K)'
Thus, applying the above inequality, (4.4.14) with & = 0, and (4.4.26)), to (4.6.28]),
we obtain
d, p, o, K*)| det Bie| V|| B 11 16]] o )

[vlwiacrey < C(
C(d, p, 0, K*)| det Bi|"|| B! |I’] det Bg|~"/|0]| o)
C(
C(

IN

IN

d,p, o, K*, j)h ||vl| paciy

IN

d,p, g, K*v m)hI_(jHUHLq(K)'
Since our choice of 1 < j < m was arbitrary, we may take 1 < k < m, and sum the
above over 1 < j < k, obtaining

[0lyrage < Cdpyo, K m)hit vl ey 1<k <m. (4.6.30)

We obtain (4.6.26)) with s = 0, by setting k& = m above. We will now prove
for 1 <s<m.

In this case we will argue by induction, and as our base case, we shall prove
the result for s = 1. Take 1 < j < m, and let || = j. Then we may write
D%y = DP (D) for some || = j — 1, |y| = 1. One must note that by the chain rule,
Dv|g = D(vo Fl)|x = (Do F')DFy', where the components of (Do Fi') DFy?
do not necessarily belong to ]P’p(f( ). It is the case, however, that D°0 € ]P’p(f( ) for
any 9] = 1.
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One can see that
D[ Lagry < D] jy-10 g0y
< [Dvlyys-rage
= |(D0 o Fig ) DFM v
i (4.6.31)
S ) swl[DU(DFL (@)D o Fifyyim1—ra g,

r=min{1,j—1} *K

r—1 ~ -1 )
S ipax sup [D"Fi (@)[1D0 0 Fielyvo )

By (4.4.9) and (4.4.12)), we have that

max  sup |[D"Fgl(z)| <  max e ||Bg|*" VB, 4.6.32
min{lj}SrSJ’er“ x @l= min{2,j}<r<j 1Bl 1Bl ( )

where we are denoting c_; := 1/(1 — C). Furthermore, since D € [PP~'(K)]* C
[PP(K))4, we can apply (4.6.30) with k& = j — 1, obtaining

D00 Fie fyi-ragey S hi 1DB © FicM| o). (4.6.33)

~

We also have that
1D6 0 FM ooy = (D6 o F' DEZY(DF) ™ o

< sup || DFk ||| Dvl|zacr
2eR

= sup || DFg||[v]yp1a -
TeK

(4.6.34)

Applying (4.6.32)), (4.6.33), and (4.6.34) to (4.6.31]), and summing over all |a| = j,

we obtain

B 2(r—1)) A1 1-j
[Vl wiary S min{g}%}éTSjC_r||BK|| DBy ||T:2£||DFK||hKJ|U|W}vq(K)-

Lastly, applying (4.4.8) and (4.4.26]) to the above estimate, we obtain (noting that
T, is regular of order m)

‘U‘Wj,q([() S min{Igl%§T<j h;(_lh}(_j‘vlw*l,q(K) S h}(_j’mw*l,q(l(). (4.6.35)

Again, our choice of 1 < j7 < m was arbitrary, and so we can sum (4.6.35)) over
1 <j <kforany 1 <k < m, obtaining

< r—131—k < 1-k < <
‘U|ij’q(1<) ~ min{gl]%);gk hic hi " olwrage < hicMlolyragy 1<k <m.
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To proceed to argue by induction, we will assume that for 1 < s < k < m — 1 we
have

|U|Wf’q(K) S hSK_k|U|Wf’q(K): (4.6.36)

and we will use this to show that

waﬂ(z{) S h?ﬂ_k|1}’w:+1*q(f<)>

for1<s+1<k<m.

To this end, let us take s +1 < j < m and let |o| = j. Again we write D% =
DA (D7) for some |8] = j — 1, and |y| = 1, and so, analogously to our previous
argument, we obtain

||DaUHLq(K) < |D7U|W,Z*17q(K) < |DU|W3*1*‘7(K)

< B D60 Fi oo
Applying our inductive hypothesis (4.6.36) with k = j — 1 > s, we obtain
1D oy S hichic UV |Db 0 Fic! ey (4.6.37)

Now,

|Di o Fi sy = [(D0 o Fie' DFc' ) DFyc 0 Fieyysa e
= [(Dv)DFy o Filwsax)

s

Y. sup||D(DFx o Fi ) (@) [[|Dvl sy

zeK

IN

r=min{1,s}

s

IN

sup || D"(DFx o Fie') (@) | Dvlwza )

r=min{1,s} zeK

s

< X s D(DFg o Ft) @)l [l rag,

r=min{1,s} zeK

Applying the above to (4.6.37)), we obtain

s

a — r — s+1—j
1Dl zar) S Pt D sup || D (DFx o Fi ) (@)l | R ol ey
r=min{1,s}

Let us momentarily assume that, for any 1 < s <m — 1,

s

hg' > sup||D"(DFy o F')(x)|| S 1. (4.6.38)

~Y
r=min{1,s} vek
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Then we obtain
« s+1—j
HD UHL‘I(K) S h[;_ J|U‘Wf+1,q(K),
where |a] = j, and s + 1 < j < m was arbitrary. Summing over all |«| = j, and then
all s+ 1 <75 < k <m, we obtain
S D) S Rl s+1<k<m.
s+1<|al<k
It is also clear that

S 1D ) <

min{1,s}<|al<s

weir) < [Olypsrrage S h?kkMWﬁM(K)v

and so we obtain
« s+1-k
Wlwragy S Do ID%leag + Yo ID™kaie) S AR lolysttage,
min{1,s}<|a|<s s+1<|al<k
s+ 1 < k < m, which concludes our inductive argument, and yields (4.6.26]) for
1 < s <m, by taking k£ = m. It remains to show that (4.6.38]) is in fact true. Let us

recall the formula

r

D'(fog)=) (D'fog) Z%HDZ ,

=1 a€E(r,t)

where F(r,i) is the set given by (4.6.15)), and the ¢,’s, o € E(m,r) are some given

constants, bounded independently of hy. From this, we obtain

s

h' Y sup |[DM(DFy o Fi')(a)

r=min{1,s} rek
SCIP T STITANEIEE oS | LA
r=min{1,s} =1 EE(r -1

S o~

s

Shet Y Zsupll (D™ Fy) o Fi! HSHPIIDF (@)
=17

r:min{l s} =1 rek aEE(r %)

S hy Z Zcz+1”BK”H_1 > HHB PR B

r=min{1,s} =1 a€E(ri) I=1

where the final inequality follows from (4.4.12)), and the fact that the mesh is regular
of order m > s+ 1. Applying (4.4.26)), and noting that by definition, if a € E(r,1),
then |a| =7 and > ,_, lay = r, we obtain

S

hi ) suwpl||D'(DFx o Fh) (@) S

r=min{1,s} reK
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5 h[—(l Z th—H Z hzl 1 (2l —2ay) hzl L

r= mm{l s} i=1 a€E(r,i)

STV S Sl

r—min{l s} i=1 a€E(r,)

Shj_(l Z hr Zhl i

r=min{1,s}

= Z h}}Zh;{‘ S Zh%h;{ St
r=min{l,s}  i=1 r=0
as desired.
Note that the estimates we have derived are independent of the choice of K € .7},.
In the case that the mesh is quasi-uniform, we have that h' < h~! forall K € %,
and thus we may sum over all K € .7, which yields (noting that
Vip C Vip)- O

Corollary 4.6.5 Under the hypotheses of Lemma |4.6./} _ and hold
for any v € W™=(Q; F,) satisfying v|x = 0o Fi' for v € ]P’pK( {) f07’ all K e %,

where pg < Pmax € N.

Proof: The proof is essentially the same. Indeed given an arbitrary function v satis-
fying the statement of the corollary, we see that for each K € .7}, each corresponding
function v* € PPx (K*), where PPX (K*) is a finite dimensional space, and so we obtain
estimates such as ([4.6.29); the difference being that the constant now depends upon

Pr, which in turn is bounded above by ppax. [

4.7 Discrete Poincaré—Friedrichs’ and Sobolev in-
equalities

The following Lemmas will be utilised in Chapters [5] and [7 and are proven directly

using integration by parts identities.

Lemma 4.7.1 (Discrete Poincaré-Friedrichs’ inequality) Assume that {9}
is reqular of order 2 family of triangulations, and let v € Vj,,. Then, the following
inequality holds

10llZ2y < C | ol + D Nunllze + D b Tundlizee) | - (4.7.1)

Feé&p Feé&}

where the positive constant, C', depends only on Cry,d, and 2.
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Proof: Let K € 9}, and take v € V},,. We see that

/|U|2 /V rv? —2UZ$1DU

d
1 / 2 2 2 2
< = (zv?) -naK—i-/ —|v]* + 2 xi | Div|* |,
d< ” L)Y

subtracting (1/2) [, v* from each side and multiplying by 2 yields

d
2
P < = / zv?) - ngx + 2 :B?Di’l}Q.
Jorr<5 ([ @) nox+23aiDo

=1
Summing the above over all K € 7,, and denoting ng to be a fized choice of unit

normal to [’ € éa}f’b, we obtain

2
S Wl <5 3 [llones 230 [ atioar
Ke9, Fe (mb Kez, i=1
2
<2 3 [ ne 0@ X ol + 20@P 00 |
Feé&} Fesp

(4.7.2)

where C(2) := max, g max;—1__q |7;|. Furthermore, we have that

.....

> [l =3 [ @) + (@)D -ne

Feé&} Feéy,
=3 [
Feﬂ
<20(Q) Y oM 2 I o1l 22y
Feé”
< 3" Q)2 (0he) [0y + ORpll (N2
Feé’l

for any 0 > 0. We then apply the trace inequality (4.6.1]), obtaining

S [Ievene < 0@ 3 @) Nl

Fe&} Fe&}

+00(d) Y helhg ol Zege + il Vol Za)
Kegh:FCOK

< C(Q)? Z (55F)71H[[U]]H%2(F)

Feé&}

+6C(d) Y 0720 + hchr | V0172
Ke,

111



Applying the above estimate to (4.7.2), we obtain, for any ¢ > 0,

2
Z ||U||%2(K) < d 2C(22 ) |U|H197h + Z c(Q 5hF) 1||[[U]]||L2(F

Key, FE&Z

+00(d) Y NollZage) + IV0lFam +CQ) Y ollery |- (4.7.3)

Ke, Fch}L’

Choosing ¢ sufficiently small, so that 20C(d)/d < 1/2, subtracting (1/2)HUH%Q(Q) from
each side of (4.7.3) and multiplying by 2 we obtain the desired estimate. O

Lemma 4.7.2 (Gradient Poincaré—Friedrichs’ inequality) Assume that {9}
is reqular of order 2 family of triangulations, and let v € V;,,. Then, the following

inequality holds

|U|12111(Q;yh) <C |U|§{2(Q;9h) + Z he' IV - nF]]”%?(F) + Z hEIH[[U]]H%%F) ;

Fe&y; Fe&t
(4.7.4)
where the positive constant, C', depends only on Cry,d, and €.

Proof: Let v € V},,,, and take any K € .7,,. An application of the divergence theorem

/K [Vol? = —/K(Av)v—i—/aK(Vv-naK)v.

Summing this equality over all K € .9, gives us

Y g == D Qv+ Y ([Vo-nel, (h)r + (Vo ne)), [

gives us

Ke, KeJ, Feé’i’b
) 5hF
< Z 2||U||L2 + C( )|U|H2 () T Z ||VU||%2(F) %7, ||U||L2(F
Keg, Fe(zab F
1 (WNZF
+ Z 557 [V nF]]H%Q(F) + TH«U»H%Q(F)
regi “O0F
Shp
+ Z ||L2(F + _||<<VU ”F»”L?(F (4.7.5)
resi 25hF
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for any § > 0. Applying the trace estimate (4.6.1)), we obtain (noting that hp < hy)

S (o ey + 1T ne gey) + 3 o

Fe&} Fe&p

5 ~
< 05 Z Z he([[v]7205) + V0 I1720k))

Fesit KeF,:FCOK

6 o _ _ —
O3 Y > heRoliaue + Co + BRIVl + i Vol )

Fe(g]ivb KeJ,:FCOK

— - IIVVllZa )

)
< 0§||v||§m;%);

applying this to gives us
[olFn @) < COllvllTa() + Colvlin @z + C(6" + 0)|vliqa)
+07 Z e ol + Y hE (Ve - nell e + 110D Z2 )

Fe&p Fes}

We now apply 1) to the estimate above, which yields (noting that 1 < hj')

|U‘%{1(Q;fh) < 205|U’§11 a.7) T C '+ 5)]v|§12 %)
+6! Z hy F vl + Z he! (IIVY - nelllZe e + 1022 ey)-

Fe&f Fe&}t

We now choose § sufficiently small, so that 2C¢ < 1/2, which gives us
0[5z < 5\“@11(9;%)

+C | otz .5+ Z B;‘1||[[U]]||%2(F) + Z B?”[W“‘”Fﬂ”%z’(m

Fe(g’}i’b Feé&}

Subtracting (1/2)|v|3: (.7, from both sides of the inequality and multiplying by 2
yields the desired estimate. 0

Corollary 4.7.3 Under the hypotheses of Lemma[{.7-3, we have that

HUHJQLII(Q;%) <C |U’%{2(Q;§h) + Z h?”ﬂ“]]”%?w) + Z he' [V - ”F]]H%%F))

Fe&h® Feé;

(4.7.6)
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Proof: Let v € Vj,,,. An application of (4.7.1) gives us

HUHl%Il(Q;ﬁh) = HUH%Q(Q) + |U|§{1(Q;ﬂh)

< O | lolin@ay + D lunlfow + Y bt llundlizae)

Fe&f Fe&}

<C | s + Y he'llundlZae
Fegh®

We then apply (4.7.4)) to the above estimate, which yields

ol iz < C | Wl + D hetllunlliew + D he' IIVollza) | -
Fesp® Fe&y
as desired. 0
Poincaré—Friedrichs’ estimate for the oblique problem: In the proof of existence
and uniqueness of a numerical solution to the DGFEM we will propose in Chapter [6]

we require a slightly different Poincaré—Friedrichs’ inequality, namely one that does

not include boundary penalty terms of form l~1121||uh||%2( r)» &s appears in (4.7.4). This

is due to the fact that we are treating the oblique boundary-value problem, and so
we no not expect to impose a Dirichlet boundary condition via penalty terms as
we do in the DGFEM of Chapter 5. Such a result has been proven in [21] in the
L?*norm in dimension d = 2,3 (and generalised in [80] to more general LP-norms,
and d > 3, however, in the context of Chapter 6, estimates in the L?-norm, with
d = 2 are sufficient) in the case of simplicial (and also more general) partitions of an
arbitrary polyhedral domain (polygonal for d = 2); we will prove Theorem 5.1 [21]
in the context of exactly approximated, possibly curved domains (this requires some

different constructions to the affine case).

Theorem 4.7.4 Let d = 2, and assume that { T}y is reqular of order 2 family of
triangulations, and let v € H*(Q; ) for a given h. Then, there exists a positive

constant C', dependent upon the shape reqularity of the mesh, and upon €2, such that

2

~ 1
2 2 —1 2
0l72) < C | W) + D het vl 7z + ’W_m /agv (4.7.7)

Feé}
Proof: We define V% to be the curved nonconforming P' Crouzeix—Raviart finite

element space as follows:
Ve = {v e L¥Q): VK € Fh,vx = v|g = 0o Fg!, o € PL(K) : v is continuous at

the centre of the side of two common edges}.
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We define the local projection operator Iy : H'(K) — PY(K) o Fxc! by

éﬂ/& if F c oK N,

(I C)(br) = 1 .

Eﬂ/f, if F C 0K \ 0%,
F

where bp = F; K(ZSF), and by denotes the centre point of the edge F. We define the
interpolation operator Z : H'(2; 73,) — V% by
(Mx¢)(bp), if F e &P,

7¢) (br) |
(Z¢)(br ) ‘ﬂ/’ if Fed&l

Given these definitions, we see that the difference of the two interpolants on a

given K € .7, can be expressed as

2|F|/ if e 0K\ 09,
if e 0K NoA.

(T¢ — Tk C) (br) = (4.7.8)

For a given K € .7}, one has that
1 1 AT 1
HKC: Z |F| C PFOF + Z T Ag PFOFK
FCOK\oN FCOKNIN ’F | F

Let K be the reference simplex associated with K. Upon noting that the basis
functions pp € IP’l(f( ), determined by the barycentric coordinates of K (see Example
4 of Section 5 of [38]) satisfy

1
= /ﬁF’:aF,ng F,F’C@K,
F

|F|
we obtain
1 1 . 1
Hgpr = Z 7]/, pr ) pro Fic' + Z prr | pro Fy
FCOK\0Q FCOKNIN |F | JF
1 . _ . _
S Gl 5 e
FCOK\0Q F FCOKNON

Furthermore, if F € 9K \ 99, then (since d = 2) F is flat, and F' = Fc!|¢(F), where

Ft|F is affine. Thus, applying the change of variables formula, we have that

1 R det D(F-!
Z <W/PF'>PFOF§1: Z (| |Ep| r) |/ﬁF’>pFOF !
F

FCOK\o FCOK\oQ
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L |F S
pr o F
2 <| Fl|F| J# ) ®

FCOK\o9Q

_ 1 st 4.7.9
> <|F‘/PF)PF Fy (4.7.9)

FCOK\0Q

= Z Opppr o Fi'

FCOK\o9

Overall, we obtain

Hgpp = Y. Srppro Fi' = pp o Fg' = ppr VF' C OK.
FCOK

—

That is, IIx determines the basis elements, and we may write [Ixpp = pps, which
means that the linear map .% : L2(K) — L2(K), given by .Z(p) = p — Igp for all
p e L2(K) D> HY(K), vanishes on P'(K). This allows us to apply Theorem 5 of [38]

on the reference simplex, which yields

Ch(K)
p(K)

where C' depends upon the shape-regularity constant o, but is independent of K.

"é_HKC’|H1(k) < |C‘H1 < CKlHl

Via scaling arguments, we obtain:
¢ = €22 < 1 det Bch T2
< C|det By|| et BK|_1||BK||2|C|§—11(K)
< Chi|¢IFn sy

and
¢ — HKCﬁ{l(K) < O det BK|||BI_{1H2|C - HKC'?P(K)

< Cldet Bl B 171C — TaeCll21
< C|det Bl | Bi IPICI1 )
< Cldet Brl|| B! |I° det B! || Bre 1117 i)
< Cl¢lm (),
the latter of which also implies that

Mkl < ¢ — Mk Cla ) + [Clavx) < ClCla k)

Overall, we obtain

1€ = Tkl o) + A Tac Gl ey S Pl -
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By the inverse estimate (4.6.26]), and the fact that the functions pp are uniformly

bounded on the reference simplex, for a given K € .%,, we obtain

IZ¢ — MrClin ey S PR IIZ¢ — Tl 2y

<hZ | D [(Z¢ =Tk (br)) > lpelzag

FCOK\o9Q FCOK\o9

Shilldet Bl | > (@ -TQEAP | [ Do orlfa,

FCOK\0Q FCOK\0Q

Sh DD [Tk (br))

FCOK\0Q
2 2
_ il (i [[c]]) < byt ( [[c]]) |
e 3 (e fla) s X (]

where we have used the fact that hx ~ hy ~ |F|'/(@~) when F' C K \ 9. Similarly,

we obtain ) 0 s )
IZ¢ — HKCHL?(K) = hK(hK IZ¢ — HKCHLQ(K))

S (/F[[c]]f-

FCOK\0Q

Combining all of our estimates yields the following for all K € .7,:
Z¢ i ey < NZC = Claney + 1¢TEn sy
<NZ¢ — Tkl T ey + €1 xe) + Mkl )

S 1ZC — Tl ey + ICL7n ) (4.7.10)
2
shit X (1) 1B
Fcor\oo I

and similarly,

1€ = Z¢lIZ2 () < 1€ = Tl o) + MK G — ZC Nz 1)

2
SHEIC e + T Y (/FM) | (4.7.11)

FCOK\0Q

Summing estimate (4.7.10) and estimate (4.7.11)) over all K € .7, yields
( 2
Z¢ln @ < Sz + D b ( /F [[C]]) :

Feé&}

2
€= TClaiey £ 3 Wl + 3 72 < / m) |

KeJ, Feé&}

\
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Let us denote the curved continuous Lagrange finite element space of degree 2 by W5
(in fact one has WS =V, , for p = 2). It is important to note that the nodal variables
of V4 are also nodal variables of W§. For K € .7, we denote by C(K), the set of the
centres of the sides of K (where we define the centre as the point p := Fi(p) where p
is the centre of the side of K'), and denote the set of other nodes by N(K). We also
define C(.9},) := Ukeg, C(K), and N(T,) := Ukeg, N(T).

We now define two operators £ : V& — W4, and F : WT — VT by:

1

(BEv)(p) = == Y vk(p) Vp € N(F)UC(H),

=l KeE,

(Fw)(p) = w(p) Vp e C(hn),

where =, := {K € .7, : p € 0K} is the set of the simplexes sharing p as a vertex,

|=], is the cardinality of the set =,. We now show that,

|Ev — UH%?(Q) N Z h%{\”ﬁ{l(mv
Ke,

[ Fw — wH%Q(Q) S Z h%\wﬁ{l(m-
Keg,

(4.7.12)

The argument to obtain these estimates is effectively the same as those in the proof
of Lemma 3.2 in [2I]. However there are some small modifications, which we will
provide. Let p € N(J,), and Ky, K, € Z,. We can find a sequence cy,..., ¢, in
C (%) so that ¢4 € 0Ky, ¢, € 0K, and ¢;, ¢j11 belong to the boundary of K; € Z, for
j=1,...,m—1. Note that |=,| and hence m are bounded by a constant depending
continuously on the shape-regularity constants of the mesh. Hence, it follows from

the Cauchy—Schwarz inequality and the mean-value theorem that

-1

3

(]

(v, (p) — vk, )’ < i, (p) — UKﬁ(Cl)]2 + ) vk, (¢;) — vk, (1))

1

<.
Il

2

—

+ [UKb(Cm) — Uk, (p)

m—1

S |Vor, ()P lp — e + D Vo, (€x,)Ples — ¢l

j=1
+ |VUKb (gKb)P’Cm - p‘Z’

where (g, € (c1,p) C 9Ky, &k, € (cm,p) C 0K, and &k, € (cj,cj41) C K for
j=1,...,m—1 (where (a,b) denotes the open line segment between a,b € R?).

We also see that |c; — p|> < h%{ud|Kﬁ|, Ip — cml? < WYUK, and |e; — ¢ <
h%gd|Kj|. By the chain rule, for K € Z,, Vug = (DF)T (Vo o Fi'), but since
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b € PY(K), it follows that (Vo Fi') is constant on K. Thus, for j =1,...,m — 1,

we have

Vo (€6 e = cyoa P < g sup [DE? [ (Vo0 Pl
TEK;

K;
< B2t sup [DF (x)[? sup ||DFK(g:~)||2/ (DFY)TVi o Fil?
:I:EK jef{]. Kj

= i, sup || D! (2)||* sup [|DFy(2)|%|0l7n ;)
wEKj .@GK]'

—d
S h%(j |U|%11(Kj)-

Analogous estimates hold for Ky and K. Thus, we obtain

(vre, () = v, () S D b [l ey

KeE,

We then see that

1
((Bv —v)(p)? = Z > (ke —vi) (p)
Pl \K'ez,
S Z h?ﬂ“ﬁ{l(}(')-
K'€E,

Let K € Z,. By the above, we have
B0 ol = [ (Bo =i
SIKL Y [(Bo—u)p)
PEN(K)UC(K)

=|K| > [(Ev—vg)(p)]* (by the continuity of v across p € C(K))

PEN(K)

S Z Z hed o lin e

PEN(K) K'€Ep

= Z Z hK|U|H1 K')

pEN(K) K'€Z,

Summing the above over all K € .7, yields the first estimate of (4.7.12)).
Now, on each K € .9}, Fw coincides with the linear classical Lagrange interpola-
tion operator defined by (4.5.17)), which satisfies the estimate

1Fw = wlZa) S Piclwlt o),
which, followed by an inverse estimate, gives us
1Fw = wlT20) S B lwli )
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Summing the above over all K € .7, we obtain

[ Fw — wH%Q(K) S Z h%(|w|12ﬂll(K)v
Ke9,
i.e., the second estimate of (4.7.12). The main result of the theorem now follows in

the same manner as in [21] (we have provided all of the necessary estimates). 0

Remark 4.7.5 (Constants in Theorem 5.1 of [16]) We note that the estimates
of Theorem 5.1 of [16] are of the form A < k(04,)B, where 0, is the minimum angle
of the simplices of Z,, and k : RT — RT is a continuous function, independent of
I,. In the context of Theorem we assume that the family of meshes {I}n
18 reqular, so, in particular, holds. This gives us a uniform lower bound on
0, independent of h, and thus we bound the corresponding functions k above by a

constant depending on this uniform lower bound (i.e., dependent upon o).

In the context of curved domain approximation, the discrete gradient Vj, : Vj, , —
H'(Q; 9,), and so we may apply Theorem obtaining estimates on |v|g1(q,7,),

i.e., the following Corollary.

Corollary 4.7.6 Under the hypotheses of Theorem[].7.4, we have that
- 1
vlinqa) S i) + Z he' IIVolllZz e + 199 Z Vol T2y, (4.7.13)
Fe&} Fe&p

forallv € V.

Proof: This is a direct consequence of Theorem [4.7.4] O

Corollary 4.7.7 Under the hypotheses of Theorem let ¢, € Vio. Then, we
have that

2 (4.7.14)

) o 1
S FellenlZar S 3 A enllBae + ]m [ o

Fe&p Fe&}

Proof: Let ¢, € Vjp0. Then, applying the trace estimate (4.6.1)), for F' € & and
K € 9, such that F C 0K, we obtain

hellenlz2my < hellenllfaor) S hrbi (lenlliz g + hiclenlin )

hFhf(lnchH%%K) < HchH%Q(K)v
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where the above estimates hold, due to the fact that ¢, is piecewise constant, and

by the definition of hr. We then sum the above inequality over all F € &P, and

apply (4.7.7), yielding
D hellenlizm S0 Y0 lenlla

Feg’}; Feg}’z Ke9,:FCOK

- 1
< ||Ch||2L2(Q) < |ch|§{1(ﬂ;%) + Z hFIH[[Ch]]H%?(F) + ‘ 09 /89 Ch
Feé}

2

2

?

= ¥ il + [ [ e
Fe&i

as desired. 0
The following lemma was proven in [23] (see Lemma 4.9.1) in the case that Q C R?
is a polygonal domain. As noted by the authors of [23], the proof they provide is very
similar to the proof of Lemma 3.3 in [20]. Indeed, in extending the result to the context
of curved finite elements, the approach is the same, and simply relies on proving an
inverse estimate. However, we include the additional assumption of domain convexity
(note that we require this estimate in Chapter , where already assume convexity of

the domain), as it is then simpler to prove that diam(K) ~ diam(K), for any K € .7},
with approximating straight simplex K (since this assumption implies that KcK ).

Lemma 4.7.8 (Discrete Sobolev inequality) Let Q C R? be convexr and piece-
wise C2, and let { T} ns0 be a family of reqular quasi-uniform meshes on Q. Then,

for h sufficiently small, we have that
[vlloon S (14 A2 0]l giiy, Vo € Vi, (4.7.15)

Proof: Since €2 is Lipschitz continuous, €2 satisfies the cone property. That is, each
x € () is the vertex of a cone C, that is congruent to the cone C defined in polar

coordinates by
C={(r,0):0<r<d<oo, 0<0<w<2m},

where the values § and w depend upon 2. Let us assume that h < 6/2. We take
K € 9, and let ¢ € R? be the centroid of K, where K is the approximating straight
simplex to K. For simplicity, we may take ¢ to be the origin, and the cone C. to be

C.
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The quasi-uniformity of .7, implies that there exists € (0, 1) that is independent
of K and h, such that the cone

Cp={(r,0):0<r<nh, 0<f<w}CK.

Now let v € V;, be arbitrary, and let o = v(c). It follows from the fundamental

theorem of calculus that

" Ov 5
= - = for -
a=v(r,0) o (p,8) for 5 <7< J,
and hence,
9 9 " ov ? J
a” < 2(v(r,0))* + 2 —(p,0) for —<r <. (4.7.16)
0 Or 2

We may estimate the integral in (4.7.16)) as follows (noting that nh < h < /2 <r)

" v " Qv " Ov
[ o= ["Gwn+ [ Swo

e (L)) (L)

< hlolwree() + v/In(6/nh) (/n; (%(/)7 9)>2/)>

@
or

<77h'

VI

Thus, we see that

h

We then multiply (4.7.16) by 7, integrate over (0,w) x (6/2,9), and apply (4.7.17)),

obtaining

w 1 w 1 w é
o [ [ vz [0 o) sl [ [ 7
0 Jé/2 0 Jé/2 0 Jé/2
1) w T/ O 2
+41n(5/nh)/ / / (—(pﬁ)) p|r
§/2 \Jo Jnh or
Furthermore, we see that

w k) w r av 2
/ / (0, 0))2r < o[22, / / (—<p,e>> p< [0, (47.19)
or
0o Js/2 0 Jnh

w 1) w 1 5 1
//rz// — = ~wd’. (4.7.20)
o Jos2 o Jsp2 4
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Dividing (4.7.18) by [ f66/2 r, and then applying (4.7.19)) and (4.7.20), it then follows
that

161n(d/nh) 6

8|[v[|7-
(D)
o < ——= +4nh)*|vffre k) + o3z 5\“@11(9)

- wo
< Gy (1 A+ [T h)|vlFn ) + 4(0h)? [v]ie k),
where C := 2 max{1/6, |In(6/n)],1}.
Let us momentarily assume that there exists a constant C5 independent of h, K
and v such that
V| wiee(ry < Coh™ o] gy (4.7.21)
It then follows that
o < Oy (1 + [Inh)|v]|F ) + 4C2n* [v]5n k),
and so
()] = la] < C(L+ A= ||o ).
Then, take x € K, and since ¢ € K, we have that
[v(@) — v()] < [olwamgiole —
< diam (K) |v]w.ee (k)
< Cdiam(K)|v] oo ()
< Chlvlwreorxy < CClv| 1k,
where the last inequality follows from , and the third inequality is proven in
the proof Lemma m (see estimate ); furthermore, the constants C' and Cy

are independent of K, v and h.
Thus, for x € K,

1
()] < Ju(x) —v(e)] + [v(e)] < C(A+ |Inh])? |[v]|m1g)-
Since the choice of K € .7}, and x € K was arbitrary, we obtain
|v][zoe (@) < C(1+ [Inh])2||v| g0,

as desired. It now remains to prove (4.7.21]).
Let us take K € %, and v € V;,,. Then, taking K™ to be a fixed reference simplex,
by (4.4.20)), (4.4.14), (4.4.9), (4.4.21)), (4.4.26)), (4.4.22)), and the equivalence of norms

on finite dimensional spaces, we see that

[vlwiee (i) = [[ V|| ooy = ([ V(0 0 Fio) || oo (s
= (DF")" (Vo o Fg)| 1o (k)

< sup [IDER|[V0 0 Fic s
xe

< C(K*, o) sup IDF VO™ || oo 1)
e
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< O(K*,0,p)sup IDF VO™ |2 ey

< C(K",0,p) sup IDFM VO] 24y

= O(K",0,p) sup IDFM] g 2y

< C'sup IDFM | det Bicl| 2| Brc || [v] e i)
< CIBM 2B o] )

< Ch}1|v|H1(K)

< Ch Mol gk,
which concludes the proof. U

4.8 Li-stability of the L? projection operator

In Chapter , we will utilise the L?-stability of the L? operator, Py, , defined by .
The stability results that we need have been proven in [45], and require the validation
of the following hypotheses (stated equivalently using our notational convention).

Let © C R? be a bounded domain, and let {K;}7_; be a collection of subsets of
Q such that each K; N Ky, =0 if j # k, and

J
a-Ux,
j=1
Let
h* = max diam(K;), (4.8.1)
J

and assume that for each j there is an open ball B; C K such that
h* < Ndiam(B;), (4.8.2)

for some constant N. The finite element spaces under consideration can be described

in terms of local bases. Let {¢¢}Z_, be a linearly independent set in L>(Q2) and set
M =span{¢, : L =1,...,(}.

Assume that for the same constant N, the collection {¢,}%_, satisfies

Gell Loy <1, €=1,... L, (4.8.3)

diam(supp(¢r)) < Nh*, ¢ =1,...,L, (4.8.4)

the number of ¢,’s which are nonzero in K is bounded by N, j =1,...,J, (4.8.5)
L

if U= Z Uy and K; Nsupp(dy) # 0, then |Uy| < Nh7HU|| 2k, ) (4.8.6)
=1
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Define P : LY(Q) — .# by
/ (Pu—u)p =0, Yoe.. (4.8.7)
Q
Then we have the following Theorem and Corollary.

Theorem 4.8.1 There is a constant C' depending only on K such that for u € L1(S2),
1 <q<oo,
|Pully < Cllullzaey. 6= 1 -2/, (4.8.8)

Corollary 4.8.2 With C and q as in the hypotheses of Theorem andu € L),

= Pullsaey < (1+C) inf Jlu— vy, 6= 1—2/g]. (189)

We will now justify that (4.8.3)—(4.8.6) still hold in the context of curved contin-
uous Lagrange finite element spaces (indeed, in the conclusion of [45], the authors
state that the results of the paper hold in the case of isoparametric Lagrange finite

elements, which bear resemblance to the finite element spaces we consider), and so
Theorem £.8.1] and Lemma [£.8.2] hold.

Lemma 4.8.3 Assume that Q C R? is convex and piecewise C?, and that the family

{T}ns0 1s quasi-uniform and regular. Then, for any h > 0, f hold for

space Vi, .

Proof: Let {9,}n>0 be as in the statement of the lemma, and take h > 0. Then,
taking J to be the cardinality of the set {K : K € Z,}, indexing the collection
{K:K e} ={Ki,...,K;}, we have that K; N K; = 0 if i # j, and

J
- |Jr=-UFK,
j=1

Ke9,

Furthermore, since (2 is convex, it follows that for each Kj, the associated straight
d-simplex, K is contained in K, and thus hi, = diam(K;) < diam(K;) = diam(K;).
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Furthermore, since the triangulation is regular, we have that

dlam(KJ) = dlam(KJ)

= sup |z —yl|
x,yEKj

= sup ||Fk; (%) — Fx, ()| (since F, is one-to-one)
QAS,QEK]‘

= sup |[|(Fi, (%) — Fi,(9)) + (P, (2) — P, (9))]]
#9€K;

< sup [|Fi,(2) = Fre, (9)]| + sup || @, (2) — @r, ()]
&,9€K; T,9€K;

< sup |7 —gll + (sup [DPx(2)]]) sup [ — 7]

i,QEKj EEKJ‘ i,QEKj
= diam(K;) + (sup [|(DPx(2)B")Bk|)) suwp [|Bg' (Fk (&) — Fi(9))]
2€Kj i,@EKj
< diam(K;) + (sup | DO (2) B D IBx M| Bl sup [|Fx () — Fx(9)]]
2eK; Z,9€K;

< Cdiam(K;) = Cdiam(KTj),

(4.8.10)
where the final inequality follows from and (4.4.26), and the constant C' is
independent of j. This implies that h* ~ h, where we recall that h := maxgeg, hx =
max;<j< N, and so, we may equivalently prove — with h* replaced by
h. We also note that is a consequence of the nondegeneracy condition ,
with N =o.

We now take the collection {¢,}l ; to be the collection of basis functions that
satisfy ¢;(z;) = 0;j, 4,5 = 1,..., L, where the collection of points {x,}}, represent
the degrees of freedom of V} ,. Such basis functions attain their supremum value of
1 at one of the degrees of freedom. This implies with equality.

Furthermore, we see that supp ¢y = {K € {K;}-, : K N {x} # 0}. Due to the
degeneracy condition there exists a constant M;, dependent only on o, that
provides an upper bound for the cardinality of {K € {K;}/_, : K N{x,} # 0}, and
thus

diam(supp ¢¢) < M, max diam(K) < Mh,
Ke{Ke{K}_ Rz} #0}

and so holds with N = M;.

Furthermore, for a given j € {1,...,J} the number of ¢,’s that are nonzero in
K is bounded by the number of degrees of freedom of K, which is bounded by a
constant M, which depends on only on p, and so holds with N = M,.

Finally, if U = Zle Uspe and j € {1,...,J} such that K; N supp(¢y) # 0, it

follows that the point x; € {x,}}_, representing the degree of freedom for which
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¢r(xr) = 1, we have that z, € Fj, and that U(zg) = ZeL:1 Urpe(xy) = Uy, and thus
\Uk| = |U()| < ||U||L~(k;)- Furthermore, for a fixed reference simplex K*, we have

that .
1U | 2o ;) = U] oo i)

< C(E) U | p2 (e

< O(K*,0,d, p)|U]| 25 (by (£4.20))

< C(K*,0)Ch|Ulli2)  (by scaling)

< Mzh™ || U 2o,
where the first and final inequality above follow due to the equivalence of norms on
finite dimensional spaces, and the fact that the mesh is quasi-uniform, respectively.
Since |Ug| < [|U||L=(k;), it follows that holds with N = M3, where M3 depends
on K*, o, d and p, but is independent of j. We now define N := max{o, My, My, M3},
which concludes the proof. 0

Corollary 4.8.4 Assume that Q C R is conver and piecewise C?, and that the
family { T} h=0 is quasi-uniform and regular, and for any h > 0, let Vj, = [V} ,]™*",
for some m,n € N. Then, for 1 < q < oo and u € LI(XY), the projection operator,
Py, : L' (Q) — Vi, satisfies the following inequalities

||7’th||Lq(Q) < OQHUHL‘I(Q), (4.8.11)
and
lu — Py, ullpay < (1 +C)° Jé“f// |u — v a0, (4.8.12)
where 0 = |1 —2/q|, and the constant C' is independent of h.

Proof: Let the finite element space V), satisfy the hypotheses of the Corollary. Note
that the operator P defined by (4.8.7) coincides with the operator Py,, with the

choice 4 = V},. Estimates (4.8.11)) and (4.8.12) then follow from Theorem and
Corollary [4.8.2] respectively, which hold for .# =V, ,,, due to Lemma4.8.3 and thus

estimates (4.8.11]) and (4.8.12)) analogously hold for 4 =V}, = [V}, ,]"™*". O

4.9 Constructing curved triangulations

We will now provide details on how one may construct curved triangulations (note
that this description is given in Section 6 of [16]); both those that fit the boundary
exactly, and those that use polynomial approximation, restoring optimal convergence

rates when the polynomial degree is chosen in an appropriate manner. The approach
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we provide is an extension of Lenoir’s method [82], and is implemented iteratively in
terms of the dimension, d. Now, let us assume that 2 C R¢ has a piecewise C"!
boundary, i.e., there exists a finite number of charts 1 : w — R?, where w is a bounded

domain in R?1 such that each ¢ belongs to C™*(w), and

00 = J{v(9) : ¢ e},
%

We assume that for each pair (¢,w), there exists family {7, ., }n of exact trian-
gulations of the domain w that is also regular of order m (note that in the case
d = 2, the existence of such a family is trivial, as the boundary has no curvature).
The following property is assumed: for two chart-domain pairs (¢, w) and (¢,w’),
with corresponding families of triangulations {7, ,}n, and {9}, . }n it holds that
{¥(a) : ais a vertex of K € T, } NY(W) NY'(w') and {¢/(a) : o is a vertex of k' €
T } N (W) N1 (w') coincide for each h.

Let & be a reference (d — 1)-simplex with vertices day, ..., a4y For any (possibly
curved) (d — 1)-simplex k € J},,, there exists a C™l-mapping f, : # — & such
that (4.4.21)and (4.4.23)) are satisfied.

Then, for any integer [, 0 < [ < m, we associate with each s in .7, a curved

Lagrange finite element of order /; we denote by 7. the classical interpolation oper-
ator from C°(x) into the corresponding finite element space that is given by Defini-
tion . Moreover, we introduce a regular family (%) n of triangulations of 2 by
straight d-simplices, such that

1. The set of all of the vertices of K in .9}, which belong to 92 is given by Up{t¢ () :

a is a vertex of kK € F},,,}, for each h.

2. If an element K of ., has two or more vertices on €2, these vertices belong to
the same (@), for one chart .

Let K be a reference d-simplex; we denote by A1, ..., Agi1 the barycentric coordinates
of K with respect to its vertices aq, ..., 4411, where we set A\gi1 =1 — A\ — ... — A\g.

Since the family of triangulations (%)h are regular, for any given straight d-
simplex K in F,, there exists an affine mapping Fy : K — K. We then define a
C™+mapping ®x : K — R such that, defining Fi 1= Fix + @, and K := Fx(K),
we have that 7, := {K : K € ,} is an exact triangulation of Q, and that the family

(Ih)n is regular of order m.
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4.9.1 Lenoir’s procedure
Let K be a d-simplex of <7~h, with vertices a; = FK(&,-), 1 <i<d+1. Then:

1. If at most one vertex of K belongs to 992, we set ®x = 0.

2. If j vertices of K, 2 < j < d, belong to 9, for instance a; = (), 1 <i < j,
we consider a (d — 1)-simplex k = f, (k) that has a; = f.(&;), 1 <i < j, among
its vertices, and we set

j m+2 m j l
Pr(A, ... ) = (Z )\k) (¢ —mi'y) + Z ( )\k> (mlp — 7l ')
k=1 k=1

=2

o fﬂ(()\ldl 4+ ...+ )\J@j)/()\l + ...+ )\J))
(4.9.1)

Remark 4.9.1 To obtain an isoparametric triangulation of €2, it suffices to replace

by the simpler expression

=2

(4.9.2)
O fﬁ((Aldl + ...+ /\]@])/()\1 + ...+ )‘j))v

which is the construction given by Lenoir in [82).

Remark 4.9.2 (Two-dimensional case) In the case where d = j = 2, (4.9.1

becomes:
S _ Ao + A
Prc(Ar, Ao) = | (A1 + )™ (W =) + ) (M + o)l (o — w7 | S
=2 AL+ Ao
(4.9.3)

This tell us that on the side [a1, 2] (where A\; + Ag = 1),
D (A, A2) = (Mg + Aeaa) — Adjar — Aqas,
and on the sides [a1,as], and [ag, as] (where Ay =0, and Ay = 0, respectively)
D (A1, A2) =0.

So that K has one curved edge and two straight edges. Moreover, the straight edges

are internal, and the restriction of Fx to such edges is indeed affine, justifying our

use of this assertion in in the proof of Theorem |4.7./).

Remark 4.9.3 Section 6 of [16]] also provides a proof of the fact that the procedure we

have defined produces exact triangulations that are reqular of order m (see Theorem

6.2 and Corollary 6.2 of [10]).
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4.10 Tangential operators and curved simplex cur-
vature bounds

Tangential differential operators. For F' € &% denote for s > 1/2 the space of H*-
regular tangential vector fields on F by H3(F) := {v € H*(F)¢ :v-np =0 on F}.
Below we define the tangential gradient Vp : H*(F) — H: '(F) and the tangential
divergence divy : H5(F) — H* '(F), where 1 < s < 2 (note that in the case that
0f) is piecewise C™, with m > 2, we are able to consider 1 < s < m). We see that
F C 0K, for some K € .7}, Since K is piecewise C? (see the proof of Lemma,
for a.e. x € OK, there exists a neighbourhood W, of z in 0K, sufficiently small
to allow the existence of a family of C? curves that satisfy the following: a curve
of each family passes through every point of IW,, and the unit tangent vectors to
these curves form an orthonormal system (assumed to be oriented with respect to 7,
where 7 is the unit outward normal to 0K) at every point of W,. We take the lengths
S1,...,84_1 along each of these curves, respectively, to be the local coordinate system,
and denote tq,...,t;_1 to be the unit tangent vectors along each curve, respectively.

In this notation, we have the following for v : 9K — R%:

d—1

v=uvr+ (v-TM)W, vp:i= Z(U 1)t
j=1

For ¢ € C1(K), and v € C*(K)%, with ¢|sx = Zj;i Y;t;, we obtain

—nN
on '

0 < 0
Volox = Vo + er Vro =Y a—jtj, (4.10.1)
j=1 "

and
d—1

divT¢=vT-¢=Z%
j=1

5. (4.10.2)

which extend to ¢ € H*(K), s > 3/2, by density and the construction of the trace
operator. Furthermore, one can see that by rearranging the first identity of ,
that Vo =V — ﬁ% (and thus divr) is well defined a.e. on K, and is independent
of the choice of normal . We approach and in the context of traces
and Sobolev spaces, in the following lemma. In particular we are able to decompose
the Laplacian, A, in terms of the tangential Laplacian Ap := divp Ve, as well as

other terms.
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Lemma 4.10.1 Let Q be a piecewise C? domain, and let {Ti}nso be a family of
meshes on Q that is reqular of order 1 and satisfies Assumption @ Then, for any
h >0, for each K € 9}, and each face F C 0K, the following identities hold:

(V) = Ve (1pv) + (TF;TU> ngp Yv e H(K), s> 3/2, (4.10.3)
F
(Av) = dive V(o) + Hp (7022 ) + 700 (Vo - np) (4.10.4)
TF V) =dadlVvp V7\TFvU F TF@TLF TF@’H,F vV-Nng), . .

for allv € H*(K), s > 5/2, where Hp is the mean curvature of the face F', and T is

the trace operator from K to F.

Proof: Let us take U € C3(K), and for F € &"°, let u = Ulp. Then, as the family
of meshes {7, }n>0 is regular of order 1, it follows that F' C 0K for some K € 7,
where K is piecewise C? (see the proof of Theorem . Thus, we may extend
(without relabelling) the unit normal to F', np (note that this choice of unit normal
is fixed, and that (4.10.3) is independent of this choice), by np € C'(K) (note that
the extension may not be normal to the other faces of 0K, when restricted there),
and so also define an extension of the tangential gradient, V : C3(K) — C'(K),
by

ou
VU =VU — —np.
8TLF
This can be rearranged to yield
VU = VTU + a—UTLF.
87’LF

Upon restricting to F', we obtain

ou
ﬁnp

= Vr|r(Ulr) + (%)

= Vr(U|r) + (%)

Thus, by density and the construction of the trace operator, this extends to u €
H*(K), s > 3/2, giving us

F

nF|F
F

ng
F

7r(Vu) = Vr(rpu) + (mﬂ) nr, (4.10.5)

8TZF

which is (1.10.3).
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For the identity (4.10.4), we follow a similar approach to [106], in which the

statement is essentially proven for d = 2,3. Now, for x € F let us take a local
S4—1, on a neighbourhood W, of x in F. Expressing F

coordinate system sy, ..
locally as the graph of a C? function ¢, we see that

Sd—1, gb(sl, ey Sd_1>>.

w(s1, ..y 84-1) =U(s1,...,
Furthermore, let us assume that the coordinates have been chosen so that Vy¢(0) =0
(denoting s" = (s1,...,84-1)), so that the local coordinates {s',s4} = {¢, ¢(s')} are
tangent to the hyperplane {sq = 0} at = = (0,¢(0)). Then, in W,, we have that
— %u

diVT VTU = )
2 03

where, for j =1,...

o= o (o)

952~ 9s; \ s
— a%- (Uj<s’ o(s ))—f—g—iUd( , B(s )))
0 ¢U (8", 9(s") + (g—i) Uaa(s', ¢(s")),

0
= Uj;(s',0(8")) + Qa—iUdj(Sla o(s) + 0s?

where Uj, Uj, denote the first and second order partial derivatives in the j and j, k

components of U, respectively. Thus, at x, i.e., at s = 0, we have
< 2°6(0)

d—1
divy Vpu = Z Ujj(oa ¢(0)) + Ud(()? (b(())) 52
Jj=1 J

-1
U; = an , and Zd ! 8—? = —Hp. Thus, at x
.7

8n2 ’

Moreover, at z, Uyy =
ou 02U
A di —.
U = divy Vou + Hpa e on2

|, oU

This decomposition is valid at any x € F', and so we obtain
AU|p = divy Vou + H
|F T F@np 8n%

F
o
on?,

F

oUu
= leT VT(U|F) + HF@?”LF

F

F

Thus, by density, applying (4.10.5)), for u € H*(K), s > 5/2, we obtain
0 0
4 ) + 17— (Vu - np),
onp

(Au) = diVT VT(TFU) + HF (’TF
8np
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which is (1.10.4). O

The proof of the following lemma follows the proof of Theorem 3.1.1.12 of [60],
generalising the result to the associated bilinear form. That is, Theorem 3.1.1.12

of [60] essentially provides the following lemma in the case that u = v.

Lemma 4.10.2 (Integration by parts identity) For any K € 9, and anyu,v €
H*(K), s >5/2, we have that

/ AuAv :/ D2u:D%+/ dive Vo2l — vy (aﬁ) vt
K K oK a a

Ju 0
+ HaKa—ﬁa—v + (VTU>TVTTLTVTU

where 1 is the unit outward normal to OK, and Hox := V-7

(4.10.6)

Proof: First let us assume that u,v € C3(K). Then, repeated applications of inte-

gration by parts gives us

/AuAv— /8%-108%1}
K

i,7=1

:—Z/ Wu@v—i—Z/ uﬁjvﬁj

ij=1 ij=1 (4.10.7)
— Z/ 82u820+2/ 20y — O udjum;
i,7=1 i,7=1

= / D?*u:D*v + Aug—n —(Vu-V(Du)) -7

We see that for a given x € 0K, and a sufficiently small neighbourhood W, of x
in 0K, that in W,

Au = div(Vu)
d—1
= Z E(Vu) ti+3 (Vu)
7j=1
d—1

A Y Ou Oty L % L udm
= o Z ——— | ¢
— 0s;0sy, Oty Os; = 8n83] 6n ot
fi Pu | Oudt) o (Pu udm
— Onds, Osy, On on? on on
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-1 -1
9%u ou Oty ou On
— i — "t s
o ds? * j;l Jsy 0s; * Z onds;
. 2 (4.10.8)
oo o
1 6sk on 8_2’

where the final equality is due to the fact that ¢; - t; = 4,5, t; -7 = 0, and % -n=0.

In a similar fashion, we obtain

B @ 9u P, 8u 8tk dz 8_ 9%u i ou On

o 0s; \ 051,05 Gsk &SJ = Osj \ 0s;0n on 83]
dz u,  Oudt ), v (QPu_ duon
= 85k8n &sk on om\on2" " onom

Then, since t; -7 = 0, 3” -n =0, and 8” - =0, from the above, we obtain

:||

v ouat, . Lo 2w o (Z du Oty, _ 82u>

V(Du)) -7 = el - - 7 ) z -
(Vu-V(Du)) hn — 0s; 05y, 0s; e = 0s; 0s;0n * on dsy Om n on?
(4.10.9)
Noting the cancellation of particular terms, ) and ({ gives us
B — &%u v Qu oty , Ov <~ Oudm v
Au— — D —— t,=—
U ~ (Vo VDU T=2 . 5 Z D50, 0w | 2 Omds, Com
Z Ov Ou 0t Z v _&u
| O0s; Osy 0s; « 0s; ds;0n
(4.10.10)

One can see that
d—1
ou On ou Ov ou Ov ou Ov
ou | 222 = ) — — = ——. (4.10.11
' 9m 0, J@n (Z Ds; J> gaon - VT Wangn = MoK gn gy (41011

Furthermore, for 7,k =1...,d — 1, we see that

O_i(ﬁ t)_antJrn Oty | Ot o O,
N 8Sj k)= 833 K 83] 8Sj - asj ks
and so
dv du dly _ < dm Qv du .
T 2 9. 08 05, T 24 ds. . 4.10.12
Z (95j 8Sk 85]» n= a tk@sj 85k (VTU) VTTL VTU ( 0 )
],kzl jk:
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Substituting (4.10.11)) and (4.10.12)) into (4.10.10)), we obtain

v - Qu Oy, O O
Auss — Du)
Ugn (Vo VDw) Z:: 2871 ~ 05, 0s; Ja— Mok Gnom
v 0*u
To —T .
(VTU) VTTL VTU Z aSj asjaﬁ.
(4.10.13)

Finally, we calculate

d—1
diVT <gv VTU) == i (@VTU> . tj

: 8SJ on aSk
7,k=1
" (4.10.14)
(o o o0 P o ouon
4= \0s;0m Osp " Omds;0s, © | Ondsp0s;)
N Pudw Z@u@tk dj Pv du
N pu ]2 A 8sk ds; 8n — 83]8n 683
Applying (4.10.14) to (4.10.13)), we obtain
ov ov 5% ou
Au— — Du)) -m = di - —
Up (Vv -V(Du)) -7 = divy <8anU) ; 35,07 Ds,
du dv I 7 — ov 0%
Ha]{ga—_ — (VTU) VTH VTU — Zl a—sjasjaﬁ
. 0 0 )
= leT (a—EVTu) VT (aZ) VTU — VT (ag) . VTU
HBK%S—E + (Vou)'Von! Voo
0 ou 0
= leT VTuﬁv HaK az 8;}1
(VTU)TVTTLTVT'U — VT (gZ) : VTU.
(4.10.15)

Note that the identity above does not depend on the choice of local coordinates in

W, and so, varying W,, we deduce that the identity holds a.e. on 0K, and thus
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applying this to (4.10.7)), we obtain

/ AuAv = / D?u:D*v +/ divr VTua—f —Vr (a_g) Vv
K K OK 8n 8n
+H Ou v + (Vou) ' Ven' V
0K on on TU TN TV,

which is exactly (4.10.6)). This extends to u,v € H*(K), s > 5/2, by density. O

Lemma 4.10.3 Let Q be a piecewise C? domain, and let {Tp}nso be a family of
meshes on Q that is reqular of order 1, and satisfies Assumption m Then, there
exists a constant C, depending on ), d and the family of triangulations {Tp, }n>o, such
that for éa,f’b > F C 0K, on F we have that

(Vou)'Von . Veow < C|Vpv||[Veow| Yo,w € HY(K), s> 3/2. (4.10.16)

If, in addition, ) is a piecewise C* piecewise convex domain, then, for & > F C 0K,

on I we have that

Hp > 0. (4.10.17)

Proof: First, let us assume that F' € &°. Then, since  is piecewise C%, F C T',, C 99,
where T, is a C? portion of 9. It then follows that for a given F' € &, nr is of class
CY(F). For any two vectors &%, €2 1 F' — RY tangent to F, it then follows that

(€)' Vanp € < sup [Veng(@)[[éllg] < sup [Vonp, (2)]1€][E].

xan

Thus, for an arbitrary F' € &7,

(€)' Vnp € < max sup [Veng, (2)|[&]1&] = C(Q)I6 1],

i=1,..., zel'y,

where the constant above depends on (), as the portions I',, are determined by €.
If F € &, then we may express F locally as the graph of a function determined by
one of the maps F that make up the mesh .7,; we also have that Fx € C?, as the
family of meshes is regular of order 1. That is, since F' C K for some K € 7,
there exists a (straight) reference face F', such that F = Fy(F). Furthermore, there
exists a straight approximating face F = F K(F ) (F i is the affine part of Fi), which
provides us with a local coordinate system. As F is flat, after a suitable change of
coordinates, one has that £ C {(/,0) : 2/ € R*'}. Furthermore, without loss of
generality, we may assume that F does not intersect F, since in such a case, we may
define another flat face Fa, and an invertible affine map A Fa — F that consists

only of rotation and translation, which does not affect the bounds that we are about
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to obtain (i.e., the Euclidean norm of the matrix DA is equal to 1). Let us denote
F' = {2/ e R (2/,0) € F} Now, defining ¢, : F' 5 R by

op, (2') = [FK]d o Fgl(x',O), e F

we see that F = {(2/,¢p, (z)) : 2/ € F'}. Note that we have now shown that all
Fe é}f’b are of class C?, and furthermore, for any K € .7,, 0K may be expressed as
the finite union of the closures of F' € éa,f’b, and thus for all K € 7,, 0K is piecewise
C?.

Furthermore, expressing F' as the zero level set of the function hp, (2',x4) =

Tq — @r,(2'), we see that

VhFK o (VI/(IOFK7 _1)T o (Vx’QOFKa _1)T

np = = = .
|VhFK| |(V:B’(:OFK>_1)‘ \/1‘|‘ ’Vx’SOFKP

T
Then, since Vpnk = Vnk — anZ—i, for any two vectors &', €2 : I — R? tangent to

F (with components &f, ..., &% k= 0,1), and hence orthogonal to np, it follows that
(EHYTVrnk & = (€)TVnk €. Furthermore, denoting 6 := 1 — d;;, where d;; is the

Kronecker-delta symbol, we see that

. id Oery
el 0 0 [ T~ i)

)
axi 6$l A/ |vm/g0FK|2 + ].
j ¢ iq9p d—1 O*pr,. Op
iddjd(|Vz/g0FK|2 + 1)8%5&{; — (074 aff — 0ja) D1 6171-(;;12 akaK

(IVepr|* +1)%2 ’

)

and so

d—1 9% d—1 ?pop,. Op d 0w
(£) ' Vnpé =~ + 3 373
NN (Varpre P+ 1
d—1 9%pr d—1 0?2 )
D= a1 S Va1 S nae gel (68 np)
VIVepr > +1 (IVaror* +1)
— 82S0F 1¢2
Zd ':11 P ,aKfi §j
= < IDZpr €Y 1€7].

V |V1”90FK|2 +1
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One also has that
sup || D2 op, ()| < sup || D2(Fx o F') (2, 0)]
z'EF’ z'eF’

< sup | D3 (Fi o Fie')(2)]

zeF

= sup || D*Fi o Fie' (2) (B’

zeF

= sup || D*Fe(2) (B’

zeF
< sup [ D2 ()| B I = 2 < Cne
el
where the final inequality follows from (4.4.23), and Cj, is independent of both h,

and the choice of F', since the family of meshes is regular of order 1. Thus, defining
C = max{C(Q2),Ci}. For all F € éa}f’b, we have

(€)' Veng € < ClEH[E7), (4.10.18)

on F, for any tangent vectors to F. Upon noting that Vru, and Vv are tangent
vectors to F', we obtain .

Now, let us assume further that € is also piecewise convex. Then, for any F € &7,
F c T, c 09, where I',, is a C? portion of 0, and so F can be expressed locally
as the graph of a uniformly C? concave function ¢,. Take z € F, then, after a
suitable change of coordinates, we may assume that the tangent plane to 92 at = (and
consequently ', and F) is given by {(2/,0), 2’ € R¢"1}. Then, by By Definition m,
at a given x € F', there exists a local neighbourhood V,, of x, with a local coordinate
system {yi,...,ya}, such that I C T, = {y" = (", y5) € Vo =y} = oa(y™)}.
Let us assume further that V,n,(0) = 0. This means that the new coordinates
have been chosen in a manner so that the hyperplane {y) = 0} is tangent to the
tangent plane of I',, at x. Furthermore, since the tangent plane to I'), at x is given by
{(2/,0) : 2/ € R¥1} it follows that {y7 = 0} = {(y™,0) : ¥y € R¥"1}. We may also

express I'), locally via the level set

LoV ={W",v)) €V :g.(y"", y) = yi — on(y™) = 0},

and so we may express the unit normal ng (corresponding to the unit outward normal

of 00), as

vyngn o (Vynl(p,r” —1)T o (vynlﬁpn, —1)T

Vgl 1(Vyn, =DT Ve P T

ng
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We see that for i,7 =1...,d,
1 90n
id 0 (&dai? ~ 9sa)

jd _9%on_ 6290774 ]daS@’ﬂ _ d—1 82‘;011 6S0n
gl dyidy; — 0 0ja) 2= dyiOyx Oys

(!VymsanP 1)3/2

[Venf]’ = -

Then, since Vyn¢(0) = 0, at = we have for i,j =1,...,d

[VTnF} 6zd5jd8 9071(0)

dyi0y;
Thus, taking &, to be a tangent vector to d$2 at z, with {&;,...,&;—1} denoting the
components of £ in the directions y7, ...,y ;, we see that at
L 02 n
1Vl € = - a¢a()&@._ 0 (4.10.19)
ij=1

since ¢, is concave, and so —¢,, is convex. The inequality (4.10.19) is independent of
x, and we thus deduce that it holds everywhere on F'. One can see that (4.10.19) im-
plies (4.10.17)). Indeed, let us take ¢ € RY, and decompose 1in terms of its tangential

and normal components, i.e., ¥ = ¢ + 1, np. Then, we see that on F
VIVEng$ = (U1 + upnr) ' Vong (Yo + Yopnr)
= (V)" Vaonp b + (Ynne)nmVang (e + nnr)
+ (Yppthnp N EVnEnp (4.10.20)
= (o) Vang ¢r
> 0,

where the final inequality is due to (4.10.19)). Thus, Vpnk is positive semidefinite on
F', and it follows that on F,

HF = VT ‘NMp = Tr(ang) 2 0,

which is (4.10.17)). d

Lemma 4.10.4 Assume that Q is piecewise C?, and let { T} =0 be a family of
meshes on Q that satisfies Assumption m Then, there exists a constant C' de-
pending on the family { T >0, d, and Q such that for any F € &, the following
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estimates hold on F':

816111? |Hr(x) < C(d) 516111;) |Venkh(z)| < C, (4.10.21)
‘VT (TF%)‘ < C(|rp(D*0)] + |7p(V0))), (4.10.22)
| divp Vore(v)| < C(j1e(D*0)| + |7#(Vv))), (4.10.23)

for allv € H*(K), s > 5/2, where F' C 0K, and T is the trace operator from K to
F.

Proof: Let F € é",zb Then, by definition, we see that

sup |Hp(x)| = sup |V - np(x)| < C(d)|sup Vonk(z)]. (4.10.24)

zeF zeF zeF

Furthermore, let us take !, €2 € RY, and decompose them in terms of their tangential

and normal components, i.e., ¥ = (§")p + (8 )np, k = 1,2. Then, we see that on F

(€)' Venp & = (&p)" Vang &1
< Clépllér] < Cletie?],
where the last inequality is due to (4.10.18)), as (¢¥)r are tangent vectors. Since this

holds for all €1, &2 € RY, we deduce that

(4.10.25)

sup |[Vong(z)] < C, (4.10.26)
el
which, combined with (4.10.24]) yields
sup |Hp(x)| < C(d)sup |Vonk(z)| < C, (4.10.27)
zeF el

which is 1)
Then, by (4.10.4) and (4.10.27) we see that on F

0 0?
| divy Vrre(v)| = |7r(Av) + ’HFTF—U + 7 Y

8nF 8n%
C(d)|7p(D?v)| + sup [Hp ()| 7r(Vu)]
el
< C(Irr(D*0)] + |7r(V0))),
which is (4.10.23)). Finally, from (4.10.27) we obtain the following

0
‘VTTF (_(9 . ) ‘ = ‘VT(TF(DU)) “nE T+ (VTn}T«“) : VU‘
ng

S ’vTTF(DU” + |VTn£||VU|
< C(|rr(D%0)| + | 7r(V))),

which is (4.10.22)). d
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4.11 Finite element Hessian

Definition 4.11.1 For v € H'(Q) with [Von™]i € (H'Y*(8Q)), i,j = 1,....d,
we define the (Vy,,-)finite element Hessian, Hyv, to be the unique (via the Riesz

representation theorem) element of Wy, ,, that satisfies
([Hhv]é., d) = <[D2v]§-\CI>> VO eV,,,1<i<di<j<d, (4.11.1)
where D?v is the generalised Hessian of v given by .

Remark 4.11.2 Ifv € Vy,,, then Vou|pq € L*(0Q)%. Furthermore, if 9Q is Lipschitz
continuous, then n € L*=(09), and so [Von™]i € L*(0Q) C (HY*(09))'. In (4.11.1),
we take ® € Vy,,, C HY(R), and so to(®) € HY2(0Q). It then follows that

([Hyvl;, @) = ([D*0]j|®)

ov 0d i
- <% a_xj>9 + (Vo n[j1@) vz oy < arvzom)

o < v 0P >Q (Vo) B

for alli,j = 1,...,d. That is, each duality pairing is given by an L*-inner product

over the boundary.

Definition 4.11.3 (Finite element convexity) A function v € H (), with
[VunT]i € (HY2(09)), i,j = 1,...,d, is said to be uniformly finite element convex

with respect to Vy,,,, or Vy, ,-uniformly convez, if and only if
(Hpv, @) is symmetric positive definite V@ € Vj,,\ {0} : & > 0. (4.11.2)
The following lemma is from [92].

Lemma 4.11.4 Let v € V;,,. Then, the finite element Hessian of v, Hyv, for v €
Vi p, satisfies
H,v = Pw, ,(Djv) + L(Vv), (4.11.3)

where L : [L*(&7)]* — W, is defined by

/QE(V) P = — Z /F[[[<<<I>>>V] np] YO € Wy, YV € [LX(&)]Y,  (4.11.4)

Fe&}

where ng is a fixed choice of unit normal to F € &;.
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Corollary 4.11.5 (Finite element Hessian of H?-regular functions) Ifv €
H?*(Q), then Hyv = Py, D*v.

Proof: Defining Hyv by (#.11.3)), we see that if v € H*(Q), then Vv € H'(Q) and
thus has zero jump across internal faces. It then follows that Hyv = Py, (Djv) =
Pw, ,(D*v). O

The following is an inverse estimate for the finite element Hessian, found in [92]
(Lemma 3.1).

Lemma 4.11.6 Let the finite element Hessian be defined by . Then we have
that
|Hyvll2.0 < Ch70llm@) Yo € Vi, (4.11.5)
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Chapter 5

A DGFEM for linear elliptic
equations with Dirichlet boundary
conditions

In this chapter, we present and analyse a discontinuous Galerkin finite element method
for the approximation of solutions to linear elliptic equations with Dirichlet boundary
conditions, that satisfy the Cordes condition . Such problems arise in the
linearisation of the MAD problem (3.4.1)), and the HJB problem ([3.3.31]).

5.1 The PDE

Consider the following second-order elliptic boundary—value problem: find u : 2 — R
such that

Lu=f in
{ u=0 on 09, (5-11)
Q0 C R? is a convex domain,
d
Lu := Z Ai;D}u, (5.1.2)

ij=1

where A € LOO(Q;RCSl;i), is uniformly elliptic, that is, there exist 0 < p; < gy <
such that

p)€)? < ETA(2)E < ol VEERY ae xz€Q, (5.1.3)

and that f € L*() is a given function. Furthermore, we assume that A satisfies the
Cordes condition: there is an € € (0,1] such that
d
|A]” i A 1

(Tr(A)2 (00, A)? SoTy ae il (5.1.4)
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Theorem 5.1.1 Assume that Q C R? is convez, and that A € L“(Q;Rg;ﬁ) satis-

fies and . Then, there exists a unique uw € H?*(Q2) N HY(Q) that is a
strong solution of :

Proof: We simply apply Theorem [3.4.1] with A as a singleton set, corresponding to
the single operator L given by , and the single right-hand side f € L*(Q2). We
then see that

Flu] = sup{L“u — f*} = Lu — f.

aEA

Thus Theorem yields the existence of a unique v € H := H*(Q2) N Hy () that
satisfies ((5.1.1). O

5.2 Existing framework and original contributions

Ezisting framework: In [110], the authors proposed a dicontinuous Galerkin finite
element method (DGFEM) for the approximation of strong solutions of , with
the assumption that the computational domain, 2 C R? is both convex and polytopal
(notice that this is a stronger assumption than is necessary for the existence and
uniqueness of a strong solution, which only requires convexity). The authors were
successful in proving that the proposed DGFEM is stable and consistent, implying the
existence and uniqueness of a numerical solution that satisfies optimal error estimates
in a H?-type norm.

Original contributions: Our goal in this Chapter is to extend this scheme, allowing
for domains that have curved boundaries. In doing so, we are also able to prove that
the new scheme (and in fact the scheme proposed in [I10]) is stable under the weaker
assumption that the computational domain is piecewise convex and piecewise C3.
The analysis of this extended scheme utilises the trace, inverse, Poincaré—Friedrichs’
and interpolation estimates developed in Chapter [4]

The method proposed in this chapter will provide a starting point for the devel-
opment of the the numerical schemes proposed in Chapters [6] and [7 where we will
tackle the oblique boundary-value problems, and both HJB problems and MA-HJB
problems, respectively. In particular, we will see that that this scheme generalises

nicely to the nonlinear setting of HJB problems.
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5.2.1 Computational domain assumptions

As mentioned in Section [5.2] the DGFEM we propose in this chapter allows for
domains with curved boundaries. In particular, we will assume that the domain
Q) C R?is piecewise C® and piecewise convex. Recall however, that a piecewise convex
domain is not necessarily convex; two such examples being the “key-hole” shaped
domain (see Figure , and the L-shaped domain, which are both piecewise C*° and
piecewise convex (since the boundaries of both domains have piecewise nonnegative
curvature).

This means that there are cases where a numerical solution exists, but the hy-
potheses of Theorem [5.1.1] are not satisfied, and so we cannot deduce the existence
and uniqueness of the corresponding strong solution of ([5.1.1).

It is however, important to note that any polytopal domain in R? is piecewise C*
and piecewise convex, and so the DGFEM we propose extends the class of domains

considered in [I10].

5.3 The design of the numerical method

In order to understand the terms that arise in the bilinear form for the numerical
method of this chapter, it is first useful to recap the proof of Theorem [3.3.8] par-
ticularly in the context of the linear nondivergence form problem . Indeed,
the existence and uniqueness in the linear case follows from the fact that is a
special case of the well posed nonlinear HJB problem (as mentioned in the proof of
Theorem [5.1.1)). To this end, for @ C R%, convex, let H = H*(Q)N H}(Q), and define
A, Hx H —=Rby

A, (u,v) = /QvA:DQUAv Yu,v € H,

where we recall that the renormalisation factor v : Q — R™, is defined by

o Tr A
v = VI

Taking into account that - is uniformly positive (when restricted to matrix—valued

functions with uniformly positive trace), we see that u € H?(Q) N H () solves

{VLU:vf in Q,

(5.3.1)
u=0 on 09,
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uniquely, if and only if it is the unique solution of (5.1.1)). Thus, we consider the
following strong formulation of (5.3.1)), that is: find u € H := H?*(Q) N H}(Q) such
that

A (u,v) = /nyAv =: Ly(v) VYveH. (5.3.2)

Upon showing that A, is coercive and bounded on H x H, and that L; is bounded
on H, the Lax—Milgram Theorem [46] yields the existence and uniqueness of a u € H
that satisfies . However, in order to prove that A, is indeed coercive, we utilise
the Miranda—Talenti (MT) estimates (3.3.9) and (3.3.10]), which hold for the space H
(by virtue of Theorems [3.3.14{ and |3.3.15]), but they do not hold for general functions
that belong to the DG finite element space, which we recall is defined by

Vip = {v e L}Q): v|g = po Fiit, p € PP(K), VK € T}

For clarity, we provide the proof that A, is coercive on H x H. In particular, we
highlight the step where we add and subtract the term ||Aul|?, (- One has that

A (u,u) = / vA: D*u Au
0
= / yA: D*u Au + (Au)? — (Au)? (add and subtract HAuH%Q(Q))
Q0

Q
> ||Au||%2(9) + V1 —elu| g2 )| Aul| 20 (by the Cordes condition)
>(1-vV1- 5)||Au||%2(9) (by (3.3.9))
> C||U||12L12(Q)7 (by (3.3.10))
i.e., A, is coercive (note that the boundedness of A, and L; follow in a similar

manner). Our first step into designing the scheme is to provide an analogue of A, on

Vip X Vi p, i.e., the following
Ag(uh,vh) = Z (YA:D*up, Avp) e Vg, v € Vi
Ke7,

There is no reason, however, that such a bilinear form should be coercive on V}, , XV}, .

We may follow the proof of coercivity for A,, obtaining

1
2
Al un) = Y | AunFae) = VI = lulmzz) ( > ”Auh“%Q(K)) ,

Ke9, Keg,

but there does not seem to be any way to proceed to the next step without the MT
estimate (3.3.9). We must instead numerically enforce the MT estimates. This is done
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by adding an additional bilinear form to Az, that “a priori” includes the addition and

subtraction of the HAUH%Q(Q) term; that is, we define

AP (up, vp) = Ag(uh,vh) + BEl/Z(uh,vh) — Z (Aup, Avp) g
Keg,

= Z <7A:D2uh, Al)h>]( + 321/2(1%, Uh) - Z (Auh, Avh>K,

Keg, KeJy,

(5.3.3)

where we claim that the bilinear form B}?1 /2 is coercive (this claim is justified by

Lemma [5.6.2)), and that

B,?l/z(w,vh) = Z (Aw, Avp) g (5.3.4)

Ke,
for w € H*(Q) N HF(Q) N H*(Q; F,), s > 5/2 (we will discuss the assertion of this
broken regularity later on), and for all v, € V},,. It is then clear that (5.3.4]) implies

AR (w,vn) = Al(w,vn) Yo, € Vi, (5.3.5)

for such w. Note that the above identity is referred to as the consistency of the
scheme, and plays an important role in the derivation of error estimates for the
numerical solution. Furthermore, we remark that the bilinear form, B,?l /2 will take

the following form
1 1
Bhp,l/Q(uh, Uh) = 5B&(uh, Uh) + 5 Z (Auh, AU}L>K + J,?(uh, Uh), (536)
Ke,

and that the bilinear forms By, , JP : Vi, X Vi, = R satisfy
BY . (w,vn) = Y (Aw,Avy)g, and JP(w,vy) =0,
Ke,

for the same choice of w, and all v, € V},,. Moreover, one can see that the above
implies which in turn implies . We also remark that the bilinear form
JP plays no role in the consistency identity (other than by its absence), and
is in fact a jump penalty term that enforces regularity that is consistent with that of
the true solution. In particular, if w € H*(Q) N H} () (which is the space that the
strong solution of belongs to) then we see that

[w] = [Vw - ng] = [Vrw] =0 VF € &, (5.3.7)
and furthermore, since 77(w) = 0 for all F' € &7, it follows that
[w] = [Vow] =0 VF € &) (5.3.8)

147



JP also enforces the Dirichlet boundary condition, and leads to the bilinear form
B}il /2 being provably coercive (in a particular broken H?-type norm on V). In

particular we define JP as follows:

TP (s on) = Y [pe([Vounl, [Voosl) e + ne([unl, [onl) #]

Fes&®

+ > we{[Vup - ngl, [Vor - nel)e,

Fe&}

(5.3.9)

where the positive edge-dependent quantities pupr and ng will be specified later, and
they will be chosen in a manner that allows us to prove that B, /2 18 coercive (see

Lemma [5.6.2)). Furthermore, (5.3.7) and (5.3.8)) imply that

JP(w,vy) =0 (5.3.10)

for w e H*(Q) N HY(Q) N H*(Q; F,), s > 5/2, and all vy, € Vj,,.
The bilinear form B,?* plays a key role (when paired with the remaining term in the

definition of B}, /o) in identity 1) and its structure is motivated by Lemma4.10.2]

the statement of which we recall.
Statement of Lemma |4.10.2: For any K € 7, and any u,v € H*(K), s > 5/2,

we have that

/ AuAv = / D?u:D*v —|—/ divr VTua—E —Vr (8_3) vy
K K oK on on

Ou Ov
+ ok HaKa—ﬁ% + (VTU>TVTﬁTVTU,

(5.3.11)

where 7 is the unit outward normal to 0K, and Hyx := Vr - 0.

Designing the bilinear form: Now, let us take w € H?(Q) N Hy () N H*(Q; F,),
s > 5/2, and vy, € Vj,, then, in particular w,v, € H*(K), s > 5/2, for all K € 7,
Summing with u = w, and v = vy, over all K € .7,, we obtain

> (D*w, D)k + Y | [(dive Vow)(Voy, - np) = Vo (Vw - np) - Vo]

KeT, Fegh® F
ow Ov
+ ) / [[Hpa—a—h+(va)Tan§vth]] = ) (Aw, Avy)x,
ib I npong KeT
Feé&y S

(5.3.12)

where np is now a fized choice of unit normal to F', and Hp := V1 - ng is the mean
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curvature of the face, determined by the unit normal, ng. Let us define

I(w,vy) = Z [(divy Vow) (Vo - np) — Vo(Vw - ng) - Vo]

Fe&t F
+ Z /[[7-[ Ow Ouy + (Vow) ' VenE V]
s P onp Onp T TNV TUL|,
Feé&y
so, by (5.3.12), it is clear that
Z (D*w, D*v) i + I(w,vp,) = Z (Aw, Avp) k. (5.3.13)
Ke, Ke7,

Applying the following identity (valid for any f,g € H*(2; ), s > 1/2)

> [ua=X [t + X [

Fest Feéy; Fe&®

to I(w,vy), we obtain

I(w,vp) = Z /FdiVT[[VTw]] (Vop -np) — Vr[Vw - ng] - (Vo)

Feé&}

+ Z /FHF[[VM . np]] <<Vvh . TLF» + [[VTUJ]]TVTng«VTUh»

+ Z /F dive (Vow) [Voy, - np] — Vo {(Vw - ng)) - [Vros]
re (5.3.14)
+ Z FHF«Vw-nF»[[wh-nFu+<<va>>Tan§uvth]]
-3 /F dive (Vrw) [Von - np] + (Vow) " Venb[Vao]
+ > | He((Vw np) [V, - np] — Vo{(Vw - np)) - [Voos],
Fe&t r

where the final equality is a direct consequence of (5.3.7) and (5.3.8). A further

application of (5.3.7) and ([5.3.8)) to (5.3.14]) consistently symmetrises of the terms
present in ([5.3.14]), which will lead to the symmetrisation of the associated bilinear
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form, BY,. That is, we obtain

I(w,vy) = Z /FdiVT (Vrow) [V, - np] + dive(Vrop) [Vw - ng]

Feé&}

+ /F (Vow)TVonL[Veos] + (Voup)T Vank[Vew]

Feé&}

+ Z /FHF<<Vvh-nF>>[[th-np]]+ Z /FHF«Vw-nF))[[Vvh-nF]]

Fe&} Fegh®

- Z / Vel Vw - np) - [Voo] = Vo (Vo, - np) - [Vow] =: I(w,vp).

i,b F
Fes&)
(5.3.15)
Overall, we have obtained
Z (Aw, Avp) g = Z (D*w, D*v) i + I(w,vy)
Ke9, Keg,
= Z (D*w, D*vp) i + 1(w,vp) (5.3.16)
KeT,,
= B,?*(w,vh).
This gives us our definition of By, (us, vs), that is
By, (up, vp) = Z (D*w, D*vy) i + I(w, vp),
Ke9,
and, by virtue of (5.3.16]), we have that
BY . (w,vn) = Y (Aw, Avy), (5.3.17)
Ke9y,

forw € H*(Q)NHY(Q)NH*(Q; F), s > 5/2, and all v, € V},,,. Furthermore, since the
right-hand side of ((5.3.15)) is symmetric, it follows that By, (us, vs) is also symmetric,
ie., B,Zz*(uh,vh) = B,lz*(vh,uh) for all up, vy, € V3. We are now ready to define the

numerical method of this chapter.

5.4 The numerical method

The definition of the numerical scheme requires the following bilinear forms, derived
in Section , and concisely defined as follows. Firstly, the bilinear form BE* :
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Vip X Vi — R is defined by

Bi?,*(“havh) = Z (D*up, D*vp) i

Ke,

+ Y Adive(Vrun), [Von - nel)p + (dive(Voon), [Vun - nel) e

Feé}
+ };i<<<vTuh>>Tan§ [Vrv])r + ((Vrvn) ' Vong [Voun]) (5.4.1)
+ ) (He(Von ), [Vun - nel) e+ (He{Vuy - ng), [Vo, - nel)

Fe&} Fe&it
= > (Ve(Vun - np), [Veul) e = (Vo{(Von - ne)), [Voua]) e

Feo”}f’b

where Hp is the mean curvature of the face F', and uy, v, € Vj), throughout this
chapter. Then, for positive edge-dependent quantities ppr and ng to be specified later,
the jump stabilization bilinear form JP : Vj,,, X V;,, — R is defined by

TP (unon) = Y [pe([Vounl, [Voonl) e + ne([unl, [onl) ]

Fe&t

+ 3 up([Vun - el [Voy - np])p.

Fe&}

(5.4.2)

For each # € [0,1], we define the bilinear form B}, : Vj,, x Vi, — R by

Bilz)ﬁ(uha Uh) = HB}?,*(uha Uh) + (1 - 9) Z <Auh, Avh>K + J,?(uh, ?Jh). (5.4.3)

Ke9y,

Finally, the bilinear form A? : V},, x V},, = R is defined by

AE(U,}Z, Uh) = Z <"yA : D2Uh7 AUh)K + B}?’l/Q(U}L, Uh) — Z <Auh, Avh>K. (544)
Ke, Ke7,
The scheme for approximating the solution of (5.1.1)) is to find u; € V}, such that

AP (un,on) = Y (vf, Avi) e Yy, € Vi, (5.4.5)
Ke7,

Remark 5.4.1 In - we have defined the bilinear forms B,?’*, JP, B,?ﬂ,

AP Vip X Vi — R. The main difference between these bilinear forms and the

bilinear forms given presented in Section 3 of [110] is in the bilinear form Bh?* (and
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thus, by definition, in By, and A}). In particular, the bilinear form By, (given
by ) contains the following additional terms:

> UV rw) Ve E[Vron]) F + (Vo) Venp [Vow]) r

+ Z_<HF<<VUh -np), [Vwn - npl)r + Z (Hrp{(Vw-np), [Vor - nrpl)r

which arise due to the piecewise curvature of OS). Indeed, if Q2 is polytopal (which is a
necessary assumption of Lemmas 5, 7, and 8, as well as Theorems 8 and 9 in [110)]),
then all of the faces F € & are flat, and so

Hr =0 and Veonp =0, foralF €&,

which means that the additional terms vanish, and we retain the scheme introduced
in [I10]. In experiment the results imply the necessity of these extra terms
when 0N) is curved. Furthermore, the presence of these additional terms requires
the application of new techniques, in order to prove that the numerical method is
consistent (see Lemma [5.5.1), admits a unique solution (see Theorem [5.6.5), and
that the resulting solution satisfies optimal error bounds (see Theorem m)

5.5 Consistency of the method

We will now provide a consistency result for our method. This method is central to
the error analysis discussed in Section as it allows for a “Galerkin orthogonality”

type argument.

Lemma 5.5.1 Let Q be a piecewise C* and piecewise convexr domain, and let { T}
be a reqular of order 2 family of triangulations on Q satisfying Assumption m Let
w e H(Q; 9,) N H*(Q) N H(Q), s > 5/2. Then, for every v, € Vi, we have the
vdentities
B,?*(w,vh) = Z (Aw, Avy) e and P (w,vy,) = 0. (5.5.1)
Keg,

Proof: Assume that w € H*(Q; 7,) N H*(Q) N HY(Q), s > 5/2, and v), € V3, . The
identities in are given by (5.3.10]) and (5.3.17)). O

The following corollary shows that the method is consistent, that is, if the true
solution, u, of is sufficiently piecewise smooth then u also satisfies .
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Corollary 5.5.2 Let Q) be a piecewise C® and piecewise convex domain, and let {F, }n
be a reqular of order 2 family of triangulations on Q0 satisfying Assumption @
Assume that uw € H*(Q2) N HY(Q) satisfies Ifue H(Q; 9), s > 5/2, then u

satisfies

Af(uh,vh) = Z <")/f, Avh>K Yw,, € Vh7p. (552)

Ke9,

Proof: This follows simply by noting that u satisfies

vyLu=~f, a.ein(Q,
u=0, on 0f),

as well as the regularity assumptions necessary for Lemma to hold. O

Remark 5.5.3 (Conforming regularity) The hypotheses of Corollary as-
sume that the strong solution u € H*(Q)NH(Q) of also belongs to H*(2; Ty,),
for some s > 5/2. However, the coefficient matriz, A, describing the PDE , be-
longs to L>=(RY), and so in general, would not expect such broken regularity. There are
of course cases (for instance the Poisson problem), where such reqularity would be ex-
pected (particularly since our formulation allows for C* domains, for example). This
assumption of higher broken regularity is utilised in Sectwn (see Theorem W),
to prove optimal error estimates, where one is required to substitute the true solution
into the first argument of the bilinear form AP. Where such regularity is not avail-
able, we prove an error estimate (see Theorem that only requires the expected
H?-reqularity of the strong solution, by asserting that the finite element interpolant
also belongs to H}(Q) N H?(Q), which implies that the method of this chapter is as
least as accurate as a fully conforming method (however we do not have to enforce
H?-conformity directly into the finite element space, which can be computationally

expensive).

5.6 Stability of the method

Let ¢, be a positive constant independent of A and to be determined later. For each
6 € (0, 1] define the functional || - |[n¢ : Vi, — RT by

e P (vn, vp).
L2(F)

0
lonllze = Z [9|Uh|§-12(K)+(1_0)||Avh||%2(K)]+§ Z

Ke, Fe&b

(5.6.1)
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Lemma 5.6.1 Assume that {Z,}y, is a reqular of order 2 family of triangulations on

Q. Then, for any 0 € (0,1], || - lne is a norm on Vi, ,.

Proof: Homogeneity and the triangle inequality are clear. It remains to show that
if ||up|lne = 0, then v, = 0 for vy, € Vj,. Let v, € V), satisty ||vp||ne = 0 for some
6 € (0,1]. Since # € (0,1], it follows that |vn|p2(0,2,) = 0, and thus v, must be
piecewise affine. Furthermore, JP (v, v;) = 0 implies that [Vv,] = 0 for all F € &},
and [v,] = 0 for all F € & Tt follows that v, is an affine function that satisfies

vplag = 0, and so v, = 0. O

Lemma 5.6.2 Let ) be a piecewise C? and piecewise convex domain, and let {5}
be a reqular of order 2 family of triangulations on Q0 satisfying Assumption @
Then, for each constant k > 1, there exists a positive constant cg.p, independent of

h, p, and 0, such that for any vy, € Vi, and any 6 € (0, 1], we have

kBjg(vn, vn) > 9|Uh|§12(9;9h) +(1-0) Z ||Avh”%2(K)

Ke7,
6
t5 2

112 Ay |2 (5.6.2)
Fes&h

F 3ng —l—c*JhD(vh,vh),

L2(F)

where, for some fixed constant o > 1, the jump penalty parameters pp and ng satisfy

U = — and np = ——. (5.6.3)

Proof: The proof is similar to that of [I11], Section 6, Lemma 6; in this case we must
now deal with the extra terms arising in the bilinear form B}?* due to the curvature
of the boundary, 9, and the resulting curvature of internal faces F' € & that are
contained in the boundary of an element K € .7, for which F is a nonaffine map.

Firstly, for v, € V},,, we have

5
Byg(vn, vn) = Olonl3r20,5,) + (1 —6) Z | Avp |22y + iy (vn, vn) + HZL-,

Ke9, i=1
where
I =2 Z (dive Vo {on)), [Vo, - ng))yr, I = —2 Z (Vo (Vo -np), [Vrun]) F,
Fes) Fesi®
I:=2> (Vo) " Venp[Vav]) . L= Y (Hp{(Vo, - np), [Vor, - np])r,
Fe&} Fe&}:
Iy =Y (Hp(Von-np), (Vo - np))p.

Fe&p
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We first see that for any 6 > 0,

L] =2 ) (dive Ve(un), [Vor - ne])r

Feé&}
< Y Shpl dive Vo (oa)l72ge) + (hrd) 1TV - nell 720y
Feéj
<Y ohp ( > |ldivy vTUhH%?(azQ) + > (hpd) [V - ]l
Feo@,’i Ke,:FCOK FE@Q}’;

Furthermore, applying (4.10.23)), followed by the trace estimate (4.6.1)), we obtain

Z5ﬁF< > HdiVTVTT@K(Uh’K)‘ﬁ?(aK))

Fe&} Keg,:FCOK

<C Z Ohp Z HD2vhH%2(8K) + HV’UhH%Q(aK) + Z HDQUhH%‘Z(aK)

Feé&; KeTe:FCOK KeZ) . FCOK

<C Z Shp Z hig |1 D*onll 22y + Pl D* om0y + i Vol Zaaey+

Feé} KeZe:FCOK

+ Z h}IHDQUhH%z(K) + hK|D2Uh‘12L11(K)
Keg :Fcok

<o [ oo + el

Feé} KeZe:FCOK

+ Z hig [nlFre ey + P D*onl )
Keg :Fcok
We now note that for K € fhf , the map Fy is affine, and so D?v,|x is a piecewise
polynomial, which means that we may apply the inverse estimate (4.6.26]) with m =
1,q = 2, obtaining |D%vy|3,, ey < Chg 2||D2vh||W02K)

for K € .Z,¢, this is no longer the case, and so we must apply the same estimate,

Ch;{2|v|§{2(K). However,

with m = 3, which gives us |Uh@13(K) < C’h;(2|vh@12(m. Applying this to the above
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estimate, we obtain (noting that by definition hp < hg if F C 0K )

Z (5i~zp Z H divyp VTUh”%2(aK) + Z ” divy VTUhH%%aK)

Feé; KeTLFCOK KeZ) :FCoK
<C) o Yol + D ualtew
Fes&i  \KeZoFCOK KeZJ . FCOK
<scCd) | S lonbBeu+ Y lonlew
KeJye Keﬂhf

This gives us, for any 6 > 0,

L <6CC@) | Y Tonliai + D lonlteg | +670 D e Vo, - nell[2a)-

KeJ¢ Keg;! Feé}

(5.6.4)
Analogously (utilising (4.10.22))) for I, we obtain, for any 6 > 0,

|| < 6CC(d) Z |Uh’%13(1<)+ Z |Uh|12r{2(K) +0! Z BEIH[[VTUh]]H%%Fy

Kegy Keg! Fe&?
(5.6.5)
For I3, due to (4.10.16)), and the trace estimate (4.6.1)) we see that
I3 =2 > ((Vron) " Ven [Vrvul) r
Feé}
<C | > ohell(Vaoa)lliecr + (0he) TV Toa] 22y
Fe&}
<C| Y Y hellVeonliaew) + 0he) IV sl 72 s
Feé&} KeZ:FCOK
<O Y Y sheliIVonlFawe + b Vonltn )
Feé&i KeJhFCOK
+C Y (k) VTl Zar)
Fe&}
o o ) (5.6.6)
<OCC(d) Y [onlizu +C Y (0he) [V ron] |l far)-
KeJge Feé}
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Similarly, for I, we obtain

L] <6CC(d) Y lonlhagey +C Y (0he) Vo - nell 7). (5.6.7)

KeFyg Fe&i
An application of (4.7.4]) yields

> lonli < lonlteqa + i@,
Kegye

< C | lonlteqay + D helloallliae + D k' ITV0n - nelllZegr))
Feg’}i’b Feé&}
(5.6.8)
Applying (5.6.8) to (5.6.4)—(5.6.7)), and summing the resulting estimates, we obtain
(noting that Vuy|p = Vv, + (Vo - np)ng), for any 6 > 0,

4
YLl < 6CO)nltz) + (67 +6CCA) Y hptIIVon - ne]ll7ar)

i=1 Feé}

(5.6.9)
+ (@ +scC@) | D bt IV ronllzaee) + 1leallZ2r)
Fegl b
One can also see that )
(%h
I; = Tl :
5 Z T
Fesp (F)
where, due to (4.10.17)), it follows that Hz > 0 on each F', and so one can always
make sense of ’H}/Q. Now that we have bounds on Iy, ..., I5, we obtain the following:
6
h 0 Uh7 'Uh Z

where

A1 =01 = 5CC(D)nltp 0.z A2 = (1=0) Y 1 Avnliar),

Ke9,

Ay =3 (1r = 067 + 3CC@NAF ) V0 - nillfagry.

Feé&}

_ -1 7—1 2

As= 3" (=0 (67 +6CC@) bz ) ) NIV ronl 3.

Fegh®

9 1/2 (9vh 2
AS = 3 Z F a_ )

2 el Ol
A= 3 (= 007"+ 6CC()RE") [onl3r

Fe&®

157



For any given x > 1, there is a § > 0 such that
1-0CC(d)>r™' and 6CC(d) <6

Set csap = 4/9, ¢ = k/2 so that the following inequalities hold for any 6 € (0, 1]:

Ay > 0k™ ‘Uh’]p Q.9) , Ay > —0)s! Z HAvhHLQ(K
Ke,
1 _
Ay > o > uplllVon - nellege = 57 e Y pell[Von - nel ),
Feé& Fe&;
1 _
Arz 5 3 uellVeod I = w7e > welllVavd )
Fes)? Fes)?
A > 0 1/2 avh -1 2
52 5 o Z nelloall3ze = 57 e D nellonll iz
b F L2(F) b b
Pesp Feﬁ’ Pesp

whenever pupr and np satisfy (5.6.3)). Hence,

’fo?,e(Umvh) > 9|Uh|§{2(ﬂ;yh) +(1-10) Z “AUhH%Q(K) + C*JhD(UmUh)
Ke,

ov
1/2 h
+2 Z [Ex% o 2o

Feé"b

as has been asserted. O

Theorem 5.6.3 Assume that A € L*°(Q; ]R‘Sl;‘jl) satisfies and . Under

the hypotheses of Lemmal5.6.3, let csan, ¢, e and g be chosen so that Lemma
holds with k < (1 — 5)_1/2. Then, for every vy, € Vjp, we have

2K

[onll}) < m/gf(vm V). (5.6.10)

Therefore, there exists a unique solution u, € Vi, of the numerical scheme .

Furthermore, we have the bound

26V/d||y ]| (o)

HuhHh,l =9 /Q2< )

21 £l Q) (5.6.11)

Proof: The proof is the same as the proof of Theorem 8, in [110], Section 4, which
relies upon the stability estimate (5.6.2)), in order to prove that AP is coercive on
Vip X Vip, yielding the existence and uniqueness of a numerical solution (note that

this result is proven in a more general context in the proof of Theorem [7.4.1)). O
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5.7 Error estimates

Theorem 5.7.1 Assume that A € L*($; Rg;‘i) satisfies and . Let Q
be a piecewise C™' and piecewise convexr domain, m € N, m > 2, and let { T}
be a reqular of order m family of triangulations on Q satisfying Assumption @
Furthermore, let u € H*(Q) N HE () be the unique solution of (5.1.1), and assume
that w € H3(Q; 9,) with sx > 5/2 for each K € 9. Let csap, r, and np be
chosen as in Theoremfor all F € g;jb Then, there exists a positive constant C'

independent of h and u, but depending on maxg Sk, such that for the unique solution

up, of , we have

lu = unllfy < C Y7 PRl o), (5.7.1)
Kegy,
where tx = min(p + 1, s, m + 1) for each K € .
Note that for the special case of quasi-uniform meshes, the a priori estimate
simplifies to

||u . uh“h,l < Chmin(p+1,s,m+1)—2||u|

HS(Q;L%—L)‘
Therefore, the convergence rates are optimal with respect to the mesh size.

Proof: The proof is analogous to the proof of Theorem 9 in [I10], Section 5. It is
noteworthy that the proof relies on the existence of a z;, € V},, satisfying (4.6.9)). Let
us denote &, := 2z, — w and ¥y, = 2z, — up. Then, from the triangle inequality, we

obtain

It + 1nl.1- (5.7.2)

[|u — Uh”h,l =
Then, applying the coercivity estimate (5.6.10) yields (noting that ¢y, € V}, )

[nliny S AR (n,ton)
= Aﬂzh Up, V)
= AR (zn, ¥n) — AF (un, )
= AP (znn) = Y (0f, Ay ¢

Ke7y,

= AR (zn,0n) — Y (yA: D%u, Ay

Ke,

= AP (2, Un) — AP (u, ) = AL (&, Un).

Note that we have used the fact that uy is the numerical solution, and the consistency

result ((5.5.1)), which allows for a “Galerkin orthogonality” type argument.
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We now proceed to show that

1/2
[Unllns S AR (Enton) S (Z e IUIIHsK(K>) [¥nln,1,

Ke9,

which gives us

1/2
lnllng S (Z h%K_4||U||%JSK(K)> :

Ke,
We see that

AR (&ntbn) = > {(714 D&y, An)k + 5 (Aﬁh,A@/)h) ]

Ke,

1

+ 53;?,*(5;”%) + 7 (&n, n).

Utilising the first estimate of (5.7.2)), it is clear that

Z [(’YA D&, Ay i + = (Afh,A%) :|,S|£h|H2(Q;yh)‘¢h‘H2(Q;ﬂh)
Kegy,

1/2
%ISK(K)> [ lh,1-
(5.7.3)

S (Z il

Ke9,

Furthermore,

TP &y n) S TP (&, &) Y2 TP (W, on) Y < TP (&, &)Y W00

where, by our assumptions on pp and 7g, and applying the second estimate of (4.6.9)

PEne) S Y Y AR IV + Il o)

Fegit KeZ,:FCOK

<SS

Fegit KeZ,:FCOK

< D Wl

HK (K)
Ke,

Free ) H B ullfe ) (5.7.4

and so,

1/2
oK K)> l%n I (5.7.5)

TP (& tn) S <Z B~ lul1?

Ke,
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We obtain an estimate for B,lz*(fh,wh) using techniques similar to those utilised in

the proof of Theorem We see that
8

By (&ntn) < &nlm2i) [Vl m2s5) + Z A;

12 . (5.7.6)
S < > h%K_4||U||§{sK(K)> nllns + A,
KeF, =1
where we define the terms Ay, ..., Ag as follows:
Avi= ) (He(V& - np), [Von - nel)p, Azi= Y (He[Ven - nel, (V& - ne))p
Fes} Fegh®
As = Z (V&) Vang [Vovn])r, As:= Z (V) Veng [Voéa])r
Feé&; Feé,
As =Y (dive Vo (&), [Ven - nel)e, As =Y (dive Vo (wn), [VE - nel) rl
Feé, Fes&;
Ap == Y (Ve{(V& - ne), [Veval) e, As == D (Vol(Vn - ne)), [Va&al) e
Fe&? Fe&t

First we estimate A; + As, due to the Cauchy—Schwarz inequality, and (4.10.21]), we
see that

[N

A+ As S S IUVEaN 2oy | Tnlwon, n)?

Feé&}

-

A

Z vah”%%a}()) In(Vny1bn)?
Keg,

1 1
2 2
S h%f‘_?’HUI\?{SK(m) [¥nlln1 < <Z h%K_4IIUI\%SK(K)> [ ln.1-

Keg, Ke,

Furthermore, due to the Cauchy—Schwarz inequality, (4.10.21]), the trace estimate (4.6.1)),
the inverse estimate (4.6.26)), and estimate (4.7.4]), for Ay, we obtain

KeT,, KeT,,
3 S0 I 3
h
+ Z IVEIZ2 ) Z ,HFW
Fesp Fe&p Fllr2(r)
1 1 3
2 —4 ’ ’ o, ||
S Z hie ™ ullFre (i) Z Wnl B2y |+ Z HFaT
KeI, Ke, Fe&p Fllr2(r)
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%
%sx(x)) [¥nln,1-

S (Z Rl

Kegy,

Similarly, due to the Cauchy—Schwarz inequality, (4.10.21)), the trace estimate (4.6.1),
the inverse estimate (4.6.26)), and estimate (4.7.4]), for A4, we obtain

1 1
2 2
a<(y h;nvshu;@m) (z hpuwhu;(m)
Ke9, Ke9y,
1 1
2 2
(s hizf«-4uu|zw>) (z wh@m)
Ke7, KeJy,
1
2
S Zh%’(ﬁ‘lluﬁmm) |1Unlh,1-
Ke,

For As, we have

D=

A Y helD*lier + Vel zor | [9nlla

Feg}f Keg,:FCOK

IS (Z Rl

Ke,

%
?{sx(x)) (R P

Indeed, for Ag, by (5.7.4), (4.6.1), (4.6.26) and (4.7.4]) we see that

N

L 8
A ST0Eme): | D Do hellD*enliaem + Vonlizon

Feéa}i KeJ:FCOK

3 3
[Z Wh\?qg(z()] S [ Z R lul

KeTy, Ke7,

1

2
oy | 10nllnae

2
HoK (K)

< [z —

Ke,

Similar to the estimate for A5, we obtain

1
2

A S YD D> DGl er + IVE 0k | I1¢nlna

Feg}ivb KeJ,:FCOK

1
2
< <Z h%K“llulésuK)) [T

Ke,
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Again, applying (5.7.4), (4.6.1)), (4.6.26) and (4.7.4)) we obtain

D=

As S Iy (s 6n)? Z Z he | D*nll72 0y + 1V 0172 06

Feéa;i,b Ke9,:FCOK

1 1
2 2
zmm] [z wh@w] 5[2 —_

Ke9, Ke%,

2

< |3 ne zm] onlh

Ke,

Thus, applying our estimates for A;, ..., Ag to (5.7.6)) we obtain the following:

1/2
By (&nstn) S (Z Rl 12LISK(K)> [4n[n.1- (5.7.7)

KE._%

From (j5.7.3), (5.7.5)), and (5.7.7)), it follows that

1

AR (6ntn) S (Z h%K_4IIUI|§1SK<K>) [4nln1;

KeI,

and so,

1

2

[nllns S (Z h%K4||U|§JSK(K)> :
Ke,

Furthermore, applying both estimates of (4.6.9)), in conjunction with ([5.7.4)), we obtain
1/2 98 ?
F on F

H

+ PG ) S ) R ullRe ey,

1
16171 S 16nfmiz +5 D
L2(F) Key,

Fe&p

and so

1/2
lu = unllny < €nllng + [[¥nllng < ( >, h%K_4IIUI\?{SK(K)> ,

Kegy,

as desired. O
We now provide an error estimate that only assumes that the strong solution
of (5.1.1)) belongs to H*(Q) N H}(Q), i.e., no higher broken Sobolev regularity is

assumed. The proof is similar to the proof of Proposition 10 in [I10].

Theorem 5.7.2 Assume that A € LOO(Q;R”SlyXIi) satisfies and . Let

Q be a piecewise C® and piecewise conver domain, and let { T}, be a reqular of
order 2 family of triangulations on Q satisfying Assumption m Furthermore, let
u € H*(Q) N HYQ) be the unique solution of . Let cgan, pr, and np be
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chosen as in Theoremfor all F' € éa,:b Then, there exists a positive constant C'
independent of h and u, such that for the unique solution u, of , we have

lu — w1 < Cinf {{Ju — 21|l m2(0) : 21 € Vap N H*(Q) N H(Q) } (5.7.8)

Proof: Let z, € V,,, N H2(Q)N H(Q) be arbitrary, and set &, := z, —u, ¥y, = 25, — up,.
Then, by the triangle inequality, we see that

lu —unlny < N1€nllna + [1nlln (5.7.9)

Furthermore, by (5.6.10)), along with the fact that w,, satisfies (5.4.5)), and that z;, €
Vip N H2(Q) N H(Q) satisfies (5.5.1]) we see that

[0l S AR (U, thn)
= AP (zn, ¥n) — A} (un, tn)
= Y ((A: D%z — f), Atk

Ke9y,

We also have that A: D?u = f a.e. in €, and so

lnllz s S > (YA D* (2 — ), Adby) ¢

Ke,

S u— 2l w2 ( > HA%\|%2(K)>

Ke9,

[SIES

S u =zl w2 [Ynlln,

which yields

|Vnllng S lu — znlm2(0)- (5.7.10)
Then, by (4.10.21)), we also see that
I€nllh1 = llu = zall7a
a 2
| Zh’H2 )"‘ Z H}wﬂa U_Zh)
Feé”b "F L2(F)

5 |u — Zh|§{2(g) + ||V(u - Zh)”%,Z(BQ)

S lu— Zh||§12(9)

where the last inequality follows due to the fact that the trace operator is continuous
from H'(Q2) — L?(99). Thus, we have that

1€ lln1 < llu— znllH2(0)- (5.7.11)
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Applying (5.7.10)) and (5.7.11)) to (5.7.9)), we obtain

lu—ullp1 S [lu =zl m20)- (5.7.12)

Notice that our choice of z, € V,, N H*(Q) N Hi(Q) was arbitrary, and so we may

take an infimum over all such zj, in (5.7.12)), which yields (5.7.8)). Il

5.8 Implementation

Software and code: The experiments in this Chapter have been implemented in the
most recent version of the Firedrake software [105, 87] (as of 3rd July 2018), which
interfaces directly with PETSc [6] [7] running through a Python interface [39, [63]. A
working Firedrake script, Curved-Dirichlet-DGFEM.py, used to generate the experi-
ments of this Chapter is available in the Github repository:
https://github.com/ekawecki/FiredrakeNDV.

Linear systems and condition numbers: The bilinear form AP defined by
can be considered to be similar to those present in finite element methods for fourth-
order elliptic boundary-value problems (see [114] 25] for example), in the sense that
the evaluation of Af(uh, vp,) for up, v, € Vj,, involves the integration of products of
second order partial derivatives. This typically leads to the matrix AP, describing
the linear system given by , to have a Euclidean norm condition number of
order h™*. This can pose difficulties when applying iterative methods to solve the
linear system, and thus to ensure that we solve the linear system with sufficiently high
accuracy as the mesh size h decreases, we apply the Iterative refinement algorithm,
i.e., Algorithm 1.1 of [32]. We implement the Iterative refinement algorithm by using

the following choices in the Firedrake “solve” function.

t = time ()

solve (A_gamma == L, U,
solver_parameters = {
"snes_type": "newtonls",
"ksp_type": "preonly",
"pc_type": "lu",
"snes_monitor": False,
"snes_rtol": le-16,

"snes_atol": 1le-25})
tt.append(time () -t)

One can also see that when executing the script in Firedrake, we record the runtimes
by way of the first and last line above, so that we only record the time that it takes

to solve the linear system.
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Two-dimensional curved boundary approrimation: When implementing curved
finite elements, we use a piecewise quadratic polynomial mapping to obtain a higher
order approximation of the domain boundary. This is implemented in Firedrake
by first using Gmsh [56] (version 3.0.1) to generate an affine triangulation €2, that
approximates € (our assumption of piecewise convexity ensures that there is such a
triangulation that is also a subset of ). We then define the continuous Lagrange
finite element space V := {v € C(Q;R?) : v € P(K;R*) VK € Q,}. Then, we
take 1; : w; — R2% w; C R, i =1,...,n, to be the collection of charts that locally
describe 99, and denote {z;}}_; to be the degrees of freedom of V. We partition the
collection of degrees of freedom by defining Joxt = {j € {1,...,N} : ; € 0.}, and
Jine = {1, N} \ Jext, and so {2}, = {25} e, U {2} jeso.. We then define the
the function T' € V by

T(z;) =5, J€ Jin, (5.8.1)

T(z;) =vi(x;), 7€ Joxt, t€{1,...,n}such that z; € w;.
Finally, we define our computational finite element space V; 0™ = {v € L*(Q) :
voT~tecPr (K )}. This procedure is implemented in Firedrake, in the code snippet
below, utilising the Firedrake “Mesh” function. In this case () is the unit disk, and
so there is only one chart, ¢ := z/|z|. Furthermore, when we refine the mesh in our
experiments, the meshes at each refinement level are not related to one another (the
one exception being Experiment of Chapter@. That is, there is no hierarchical
mesh structure, i.e., at each refinement level, we “remesh”. A collection of the meshes
used for the computations of this thesis can be found in the folder “Meshes” in the
Github repository: https://github.com/ekawecki/FiredrakeNDV.

#Affine mesh of the wunit disk, generated in Gmsh

mesh = Mesh("quasiunifrefdisk.msh")

# Implementing quadratic domain approxrimation

V = FunctionSpace(mesh, "CG", 2)

# Defining a function that identifies the curved portion of the boundary

bdry_indicator = Function (V)

bc = DirichletBC(V, Constant(1.0), 1)

bc.apply(bdry_indicator)

# Defining the continuous, piecewise quadratic vector-valued finite element<>
space

VV = VectorFunctionSpace(mesh, "CG", 2)

T = Function (VV)

T.interpolate (SpatialCoordinate (mesh))

# Defining the function T given by (5.8.1)

T.interpolate(conditional (abs(1-bdry_indicator) < le-5, T/sqrt(inner(T,T)),<«
T))

# Defining the curved mesh

mesh = Mesh(T)

# Defining the space V_{h,p} {compl}

FES = FunctionSpace (mesh,"DG",deg)
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Remark 5.8.1 (Computational parameters) In the following experiments, we
employ the following parameter choices: Cgap = 2, r = Cstab(P — 1)2/2ﬁp, Ng =

3cstan(p — 1)4/8h3,. The order of the computational parameters with respect to hp

was guided by in the statement of Lemma and the order of the com-
putational parameter choices with respect to p was guided by the parameter choices

employed in the experiments in Section 6 of [110]. Finally, the choice of csap was

obtained experimentally.

5.9 Experiments

In this chapter, we test the robustness of the scheme ({5.4.5)), with the computational
domain €2 taken to be the unit disk, and the “key-hole” shaped domain ([2.5.2)), and
consider various elliptic operators, L, that satisfy the Cordes condition (5.1.4]). In

each case, we see that the convergence rates are of the expected order in the || - ||51—
norm, for which we have proven the error bound ({5.7.1)).

5.9.1 Experiment 1

In this experiment, we consider the following problem

{Au:f, in

(5.9.1)
u=0, on O,

where Q0 = {z = (z1,73) € R? : |x| < 1}. For this problem, f is chosen so that the
solution of (5.9.1)) is given by

L.
u(xy, xa) = 1 sin(w(x? + 23)).

We can also directly calculate the renormalisation parameter, v, and provide the
largest value of ¢ for which the Cordes condition ({5.1.4]) holds. In particular, we have
that

- Tr(A) _ Tr(1y) _la:la 1 and e=1.
|Al? | 14]? Iy 1
Furthermore, since € is the unit disk, 92 = S!, and it follows that the mean curvature
of 99, Hoq = 1, and therefore, Hr = 1 for all F' € &°. For the internal faces, the
mean curvature is calculated directly as Hp = V1 - np, where np is a fixed choice of
unit normal to F'.
In this experiment, we successively increase the degree, p, of the finite element

space V)" from 2 to 4, and for each fixed degree we refine the mesh quasi-uniformly,
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we observe that the experimental orders of convergence in the ||- || 1-norm are optimal,
that is |u—us|[n1 = O(hP~1). We plot the error values in the ||-||,,;-norm in Figure[5.1]
and report the exact values in Table [5.1) with the corresponding experimental orders
of convergence given in brackets. Furthermore, we provide the number of degrees of
freedom (DoFs) and run times for each computation in Table [5.2]

10!

100 |
10!

102 |

HU - UhHh,l

1073 |

104 | ]
P ;

it

107°

0.01 0.1 1
Mesh size

Figure 5.1: Convergence rates for the numerical scheme applied to problem (}5.9.1]).
The error ||u—up||n1 is plotted against the mesh size h for polynomial degrees ranging
from p = 2 to p = 4. We observe the optimal rate of convergence ||[u—uy|[51 = O(h?~1)
for all values of p.

Mesh size p=2 p=3 p=4

0.4158 5.21 2.37 1.51

0.2314 2.56 (1.21) 1.38 (0.92) | 3.08 x 1071 (2.71)
0.1357 2.10 (0.38) | 520 x 1071 (1.83) | 4.54 x 1072 (3.59)
0.0769 1.46 (0.63) | 1.61 x 1071 (2.07) | 7.94 x 10732 (3.07)
0.0389 | 8.09 x 107t (0.87) | 4.25 x 1072 (1.95) | 9.31 x 107* (3.14)
0.0202 | 4.47 x 1071 (0.91) | 1.11 x 1072 (2.06) | 1.28 x 10~* (3.03)
0.0099 | 2.30 x 1071 (0.93) | 2.78 x 1073 (1.93) | 1.69 x 107° (2.82)

Table 5.1: Error values in the || - |[-norm and EOCs for Experiment [5.9.1]
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Runtime (seconds) Number of DoF's

Mesh size | p=2|p=3| p=4 | p=2 | p=3 | p=4
0.4158 0.47 | 7.20 7.90 96 160 240
0.2314 | 0.17 | 0.18 | 0.19 384 640 960
0.1357 0.19 | 0.20 0.28 1044 1740 2610
0.0769 0.23 | 0.34 0.61 3420 2700 8550
0.0389 0.51 | 1.25 3.06 13920 | 23200 | 34800
0.0202 228 | 7.52 | 20.85 | 52476 | 87460 | 131190
0.0099 | 14.77 | 55.51 | 176.64 | 205848 | 343080 | 514620

Table 5.2: Runtimes and number of DoFs for Experiment [5.9.1], for each mesh size h,
and each polynomial degree, p.

5.9.2 Experiment 2

In this experiment, we consider the following problem

2
S (1+6,) I DRu=f, i Q

|zl |5 (5.9.2)

ij=1

u=0, on 09,

where Q = {x = (71, 29) € R?: |z| < 1}. In this case, f is chosen so that the solution
of (5.9.2) is given by

u(wy, xe) = 1 sin(7(2? + 23)).

We can also directly calculate the renormalisation parameter, v, and provide the
largest value of e for which the Cordes condition (5.1.4) holds. In particular, we have

that
TH(A) 2+ a2/|af? + ol |zal?
YETAR T s e (mlPle) Y /

Furthermore, since € is the unit disk, 92 = S!, and it follows that the mean curvature
of 90, Hoq = 1, and therefore, Hr = 1 for all F' € &°. For the internal faces, the
mean curvature is calculated directly as Hr = V- ng, where ng is a fixed choice of
unit normal to F.

In this experiment, we successively increase the degree, p, of the finite element
space V""" from 2 to 4, and for each fixed degree we refine the mesh quasi-uniformly,
we observe that the experimental orders of convergence in the ||- || 1-norm are optimal,
that is ||u—up|[n1 = O(hP~'). We plot the error values in the |-/, ;-norm in Figure[5.2]
and report the exact values in Table [5.3] with the corresponding experimental orders

of convergence given in brackets. Furthermore, we provide the number of degrees of
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freedom (DoFs) and run times for each computation in Table 5.4 One can see that
the error values in the || - |51 norm, and runtimes vary only slightly from those of
experiment (see Tables [5.2) and [5.1)), highlighting the robustness of this method
with respect to the choice of coefficient matrix A € LOO(Q;]ngXIﬁ) \ C(Q;Rg;‘i). In
particular, for this example, the off diagonal entries of A are discontinuous across the

set {z =0ory=0}.

10!

100 ]
107 | ]

1072 | ]

|u — wnl|p

1079 | ]

1074 | :

ISR
Il
His oo

107

0.01 0.1 1
Mesh size

Figure 5.2: Convergence rates for the numerical scheme applied to problem (}5.9.2]).
The error ||u—up||n1 is plotted against the mesh size h for polynomial degrees ranging
from p = 2 to p = 4. We observe the optimal rate of convergence ||[u—uy|/,1 = O(h?~1)
for all values of p.

Mesh size p=2 p=3 p=4

0.4158 5.30 2.38 1.53

0.2314 2.57 (1.23) 1.42 (0.88) | 3.14 x 1071 (2.70)
0.1357 2.10 (0.38) | 529 x 107" (1.85) | 4.59 x 1072 (3.60)
0.0769 1.47 (0.63) | 1.64 x 1071 (2.07) | 8.07 x 107 (3.06)
0.0389 | 813 x 107t (0.87) | 4.36 x 1072 (1.94) | 9.46 x 10~ (3.14)
0.0202 | 4.49 x 107* (0.91) | 1.14 x 1072 (2.05) | 1.30 x 10~* (3.03)
0.0099 |2.31 x 107! (0.93) | 2.85 x 1073 (1.93) | 1.72 x 107° (2.82)

Table 5.3: Error values in the || - |[-norm and EOCs for Experiment [5.9.2]
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Runtime (seconds)

Number of DoF's

Mesh size | p=2|p=3| p=4 | p=2 | p=3 | p=4
0.4158 5.56 | 6.46 6.66 96 160 240
0.2314 0.16 | 0.17 | 0.19 384 640 960
0.1357 0.18 | 0.27 | 0.29 1044 1740 2610
0.0769 0.23 | 0.39 0.65 3420 5700 8550
0.0389 0.53 | 1.33 3.37 13920 | 23200 | 34800
0.0202 2.32 | 7.95 | 22.52 | 52476 | 87460 | 131190
0.0099 16.30 | 56.82 | 174.80 | 205848 | 343080 | 514620

Table 5.4: Runtimes and number of DoFs for Experiment [5.9.2}, for each mesh size h,

and each polynomial degree, p.

5.9.3 Experiment 3

In this experiment, we consider the PDE given by (5.9.2)), and so the renormalisation
parameter, 7, and the largest value of e for which the Cordes condition (/5.1.4]) holds,

are given by

CTe(A) 242t/ |ae]? + i/ |we)?

TTTAR T 8t 20222 (e Planl?)

—2/5,

and

e=3/5.

In this case f is chosen so that the solution of (5.9.2)) is also given by

1

u(ry, xa) = ) sin(7(x? + 23)).

We have also taken ) to be the “key-hole” shaped domain (see Figure given

by

Q={a? 422 <1:2>1/V2}U[-1/V2,1/V2] x [-3,1/V/2].

(5.9.3)

This domain is piecewise convex, as it has piecewise nonnegative curvature, but it is

not a convex domain, demonstrating the robustness of this method with respect to

the choice of domain.
Here, 0Q = UL T, where

Fl :{{L‘l,wg ESleL‘Q > 1/\/5},

)

Iy :{ 331,332) ER2ZQE1 = —1/\/5,—3<[E2 < 1/\/5},
)eR?: —1/V2 <z < 1/V?2,20 = =3},
)

F4:{.§L’1,$2 ERziﬂj‘l:l/\/—;_3<$2<1/\/§}.
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Since I'y C S!, it follows that Hr, = 1, and so Hr = 1 for all F € @@,f that are
contained in I'y. We can also see that I's, I'3, and I'y are flat, and so Hp = 0 for
the remaining I € & that are not contained in I'y. For the internal faces, the mean
curvature is calculated directly as Hp = Vi - np, where np is a fixed choice of unit
normal to F.

Furthermore, the boundary value problem considered is inhomogeneous. In order
to extend our numerical method to this case, we simply modify the right hand
side as follows (denoting g to be the restriction of u the boundary, 0)

AL (up,vp) = Z (vf, Avp) ik + Z (r(Vrg, Vo) r + (g, va) Fl

Ke, Feé&p

1 :
) Z [(dive Virg, Vup - np)p + (Vo (Voy - np), Vog)r — (Vg Veng Vioos) s,
Feé&p

(5.9.8)
In this particular example, since 92 = UL T;, where I'y, ..., Ty are given by —
, one can calculate that for any F' € & that is contained in I'y, and any x € F,
71 Voenkry = 7 - 75 for any two tangent vectors 71,7, at x. Furthermore, Vpnk = 0
for any F' € &P that are not contained in T'y. Thus, the final term of the final sum
in , is calculated directly as (Vpg Vonk Vv, p = (Vrg, Vo) p if F € & is
contained in I';, and (Vg VTng Vrup)p=0if F € é”,fb’ is not contained in I';.

In this experiment, we successively increase the degree, p, of the finite element
space V""" from 2 to 4, and for each fixed degree we refine the mesh quasi-uniformly,
we observe that the experimental orders of convergence in the ||-||,1-norm are optimal,
that is [|u—us|[n1 = O(hP~'). We plot the error values in the ||-||,,;-norm in Figure[5.3)
and report the exact values in Table [5.5] with the corresponding experimental orders
of convergence given in brackets. Furthermore, we provide the number of degrees of

freedom (DoFs) and run times for each computation in Table (5.6}

Mesh size p=2 p=3 p=4
0.2586 | 6.99 x 10" 4.59 x 10* 3.66 x 10!
0.1457 | 5.84 x 10* ( )| 2.19 x 100 ( ) 8.54 (
0.0757 | 3.62 x 101 (0.73) 6.31 (1.90) | 9.84 x 1071 (
0.0397 | 2.08 x 10* (0.86) 1.77 (1.97) | 1.61 x 1071 (2.80)

(1.01) (1.99) (
( ( (

0.0197 1.02 x 10! 4.35 x 1071 1.87 x 1072
0.0101 5.13 1.04) | 1.11 x 1071 (2.05) | 2.38 x 1073

Table 5.5: Error values in the || - || -norm and EOCs for Experiment [5.9.3]
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Figure 5.3: Convergence rates for the numerical scheme applied to problem ([5.9.2]),
with © given by (5.9.3). The error ||u — up||,1 is plotted against the mesh size h for
polynomial degrees ranging from p = 2 to p = 4. We observe the optimal rate of
convergence |[u — uy|[n1 = O(hP~1) for all values of p.

Runtime (seconds) Number of DoFs

Meshsize | p=2 | p=3 | p=4 | p=2 | p=3 | p=4
0.2586 0.52 | 3.57 4.42 582 970 1455
0.1457 0.20 | 0.26 0.42 1878 3130 4695
0.0757 0.31 | 0.54 1.13 6606 | 11010 | 16515
0.0397 0.96 | 2.63 6.92 | 25818 | 43030 | 64545
0.0197 5.39 | 18.66 | 53.54 | 101682 | 169470 | 254205
0.0101 | 34.53 | 140.70 | 595.29 | 397416 | 662360 | 993540

Table 5.6: Runtimes and number of DoFs for Experiment [5.9.3] for each mesh size h,
and each polynomial degree, p.

5.9.4 Experiment 4 - Consistency

As mentioned in the introduction, the bilinear form B,?* defined by includes
terms that are necessary for the consistency of the method, arising from the curvature
of the boundary. These terms are not present in the method presented in [I10], and the
following experiment shows the necessity of including these new terms; in particular,

we see both a lack of consistency, and error results inferior to those produced by the

new method (5.4.5)).
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In the results that follow, we provide the consistency residual

Res(wp,) := By, (wp, wy) — Z (Awp, Awp) i,
Keg,

where the function wy, € th ;mp

w(wy, x0) =22 + 22 —1 € H(Q; F,) N H*(Q) N HY(Q), s > 5/2, which numerically

validates Lemma [5.5.1], as well as the error results arising from one mesh refinement.

is given by the Lagrange interpolant of the function

In the first set of results, we implement the method presented in [I10], which we shall
call “Method A”, for problem , and in the second set, we implement the method
presented in this chapter, which we shall call “Method B”, for the same problem. In
both cases, the solution space is V5™, and Q = {2 = (z1,22) € R* : |2| < 1}. The

results are presented in Table [5.7

Method | Ref. no. | Mesh size Res(w) lu — unllpa
A 1 0.02 —25.129 1.60
A 2 0.01 ~25.132 156 (0.03)
B 1 0.02 —6.980 x 1078 | 4.46 x 107!
B 2 0.01 | —4.473x 107 | 2.30 x 10! (0.93)
Table 5.7: Residual values and || - || ;-norm error values with EOCs for Experi-

ment [5.9.4 under one mesh refinement.

5.10 Concluding remarks for this method

We have extended the framework introduced in [110], allowing for domains with
curved boundaries. We have tested the robustness of this new method (given by (5.4.5))
with numerical experiments involving elliptic operators with discontinuous coeffi-
cients, and a uniformly convex domain that has a curved boundary. Furthermore,
experiment validated the necessity of the modifications to the method found
in [I10], that are present in our new method ([5.4.5)).

In Experiments [5.9.7] [5.9.2] and [5.9.4] the computational domain we considered

was the unit disc; in order to verify the error estimate of Theorem [5.7.1] we used a

mesh consisting of curved triangles whose edges were defined by polynomial mappings.

For Experiment , we considered the “key-hole” shaped domain . One
should note that this domain is not convex and thus Theorem [5.1.1]does not guarantee
the existence and uniqueness of a strong solution to the corresponding boundary-value

problem.
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The type of problems under consideration (problems in nondivergence form on
curved domains) pose many analytical and computational difficulties, whilst housing
a large variety of applications; in this chapter we have developed a method that
produces optimal error results. This inference has been validated by the analysis in

Section and the numerical experiments found in Section [5.9]
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Chapter 6

A DGFEM for planar oblique
boundary-value problems

6.1 New contributions and existing methods

The goal of this chapter is to design and analyse a discontinuous Galerkin finite
element method (DGFEM) for the approximation of strong solutions to linear nondi-
vergence form elliptic equations with oblique boundary conditions on curved planar
domains. To our knowledge, this is the first DGFEM for such problems.

Existing methods: As will be mentioned in the following section, the available
literature on finite element methods for oblique boundary value problems is rather

sparse.

e In [IT0], the authors propose a hp-DGFEM for the approximation of strong solu-
tions to linear elliptic equations in nondivergence form with Dirichlet boundary
conditions on polytopal domains. As such, the method of this chapter extends
the h-version of this method to the oblique boundary condition on curved planar

domains.

e In [55], the author proposes a mixed finite element method for the approxima-
tion of solutions of strong solutions to linear nondivergence form elliptic equa-
tions with oblique boundary conditions on curved planar domains. The author
provides proofs of existence and uniqueness of a numerical solution, as well as
a priori and a posteriori error bounds in the case of a continuous piecewise lin-
ear approximation space for the approximation of the gradient of the solution,
and a range of finite dimensional subspaces of H! for the approximation of the

solution.

Original contributions of this chapter:
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e We provide a DGFEM for the approximation of strong solutions to linear elliptic

equations with oblique boundary conditions on domains with curved boundaries.

e We prove that the linear operator A defined in Section [6.6|is coercive, yielding

existence and uniqueness of a numerical solution;

e We prove error estimates in broken H2-type norms for H? solutions of sufficient
broken Sobolev regularity, and for those that are only assumed to be H2-regular.
In the case of sufficient broken regularity, the error estimate is optimal with
respect to the mesh size. For solutions possessing only H? regularity, we show
that the method is at least as accurate as a method with an approximation

space V' that varies between being fully conforming and nonconforming (see

Remark for further details).

6.2 A briefintroduction to oblique boundary-value
problems

The model problem that we consider in this chapter is the following oblique boundary-

value problem: find u : 2 — R such that

2
Z AUDIQJU = f n Q,

ij=1

(6.2.1)
B - Vu is constant on 0f2,

where  is a given, C* domain in R?, f € L*(Q), and A = (A;;)7 -, € L>(Q) satisfies
2T A&z > Ma* Vo € R?, for ae. £ € Q,

for some constant A > 0. The constant present in the boundary condition of
is there to absorb potential compatibility conditions (consider solving the Poisson
problem with a homogeneous Neumann boundary condition imposed). The vector-
valued function 3 € C1(99Q;S), is called the “oblique vector”.

The oblique boundary-value problem appears in several interesting applications,
often dependent upon which dimension, d, is considered, and whether or not the
oblique boundary-value problem is strict. For d > 2, and 8 € C1(9Q;S?), the
boundary-value problem is referred to as strictly oblique, if there exits a constant
0 > 0 such that

B-nsq >0 on OS2, (6.2.2)
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where ngq is the unit outward normal to 0. If may only hold with § =
0, then the boundary-value problem is called degenerate oblique. As we have seen
in Chapter |3| (see Section [3.3.4)), in the case that d = 2, we do not require the
condition , that is, the oblique vector may become tangential to the boundary,
and may even fully rotate around the normal vector ngg. For d > 3, is
necessary for the well-posedness of the boundary-value problem, with [102] (pg 13-
14) providing counter examples to uniqueness for the Poisson problem, in the case
that the oblique vector becomes tangential to the boundary, even on a set of zero
boundary measure.

That said, the degenerate (or tangential) oblique problem (falling into the class
of degenerate elliptic problems), arises naturally in the (geodetic) problem of deter-
mining the gravitational fields of celestial bodies [97]. This problem was discovered
by Poincaré [I00] during his work on the theory of tides. In the case that d = 2, the
oblique boundary-value problem arises in systems of conservation laws in [121], 30],
where the latter focuses on a mixed elliptic-hyperbolic problem that requires the
boundary condition to be strictly oblique. For an overview of the problem for d = 2
one should refer to [83], and for the case d > 3, one should seek [84]. A particular,
and broad subclass of the oblique boundary-value problem is the case when § = nyq,
which is in fact the Neumann boundary-value problem.

Our interest in this type of boundary-value problem stems from applications to
fully nonlinear second-order elliptic partial differential equations (PDEs). In partic-
ular equations of Monge-Ampere (MA) and Hamilton-Jacobi-Bellman (HJB) type,
with oblique boundary conditions. Upon linearising such equations (for instance by
the application of Newton’s method), one arrives at an infinite sequence of problems
of the form , and as such, the linear theory contained in this chapter will be
applicable when considering these nonlinear problems in the later chapters.

The problem poses several difficulties, both analytically and numerically.
For instance, it is in non-divergence form (and due to the generality of our assump-
tions, it cannot be written in divergence form, so the standard weak formulation can-
not be used here), and as such, well-posedness is not guaranteed (see [57, 89, [10§]).
In [89], well posedness of is proven using the method of continuity; recall that
in Section we used a different method, to prove Theorem [3.3.29, which is similar
to the proof of Theorem 3 in [I10]. The technique we employed relied upon a variant
of the Miranda—Talenti estimate (see Lemma . Our motivation for using this
different technique is the fact that it is applicable to both linear elliptic equations
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and fully nonlinear elliptic (HJB) equation, for which the method present in [89] does
not apply.

The Miranda—Talenti estimate is known to hold for d > 2 when considering func-
tions in a suitable Sobolev space, whose trace or normal derivative vanishes on 0f).
However, for d > 3, this estimate remains an open problem if one assumes that
the oblique derivative (8 - Vu) is constant on the boundary [43], restricting us to a
two-dimensional framework.

Our goal in this chapter is not only to recap on the analytical framework for
two-dimensional oblique boundary-value problems, but also to present and analyse a
discontinuous Galerkin finite element method (DGFEM) that approximates solutions
to such problems. Interestingly, our method also gives an approximation of the con-
stant that arises in the compatibility condition for problems of the form (6.2.1)). In

the case of conormal boundary-value problems, i.e.,

-V - (AVu) = f, in Q,
(AVu) - n is constant, on 0f2,

it is quite straightforward (by an application of the Divergence Theorem) to determine
the constant in terms of the function f. In the problems we consider, however, there
does not appear to be any explicit relationship between the constant and the right
hand side, in general.

Our approach extends the framework of [110] and [70] (the first of which applies
to the Dirichlet boundary condition on polytopal domains, and the second applies
to the Dirichlet boundary condition on curved, uniformly convex domains) to the
oblique case. To our knowledge, there is a sparse amount of work on finite element
methods for oblique boundary-value problems present in the existing literature, for
instance [119, 47, 12], where [47] and [12] apply to a particular geodetic and free
boundary problem respectively. As such, a motivation of this chapter is to widen the
scope of the current numerical framework for oblique boundary-value problems. This
chapter is organised as follows: Firstly, we discuss the design of the numerical method,
motivated by the need to enforce a numerical analogue of the Miranda—Talenti (MT)
estimates and (3.3.10). We then prove an important consistency result, and
proceed to prove a stability result for our numerical scheme; this stability result is
then used as a main tool in the proof of existence and uniqueness of a numerical
solution. Finally we prove an error estimate that is optimal in terms of the mesh
size that assume sufficient broken regularity of the solution, and an error estimate

that only assumes conforming regularity. We test our method by running several
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numerical experiments where the true solution is known. This allows us to verify the
error estimates, and to test the robustness of the scheme by considering operators
with discontinuous coefficients, and various oblique vectors. We finalise by giving

concluding remarks on this method.

6.3 Existence and uniqueness

We now provide a theorem for the existence and uniqueness of a strong solution
to (6.2.1)), as a consequence of Theorem [3.3.29] We also recall some of the relevant
notation from Section [3.3.4l

We denote by O, := Ty -V, and Ty := (—[nsql?, [nea]')” is the unit tangent
vector to 0€) obtained by rotating the unit outward normal vector, ngq, anticlockwise
by 7/2. The “oblique angle”, © : 9Q — R, is the (anticlockwise) oriented angle
between the oblique vector, 5, and the unit outward normal, nyn. Furthermore,

Hoq := VT, - ngq is the mean curvature of 0€).
Theorem 6.3.1 Assume that Q C R?, has a C? boundary, 8 € C1(08;S'), and that
01,0 + Han >0 on 09.

Then, there exists a unique u € H,%’O(Q) that is a strong solution of .

Proof: We simply apply Theorem with A as a singleton set, corresponding to
the single operator L given by , and the single right-hand side f € L*(£2). We
then see that

Flu] = sup{L®u — f*} = Lu — f.

aEA

Thus, Theorem yields the existence of a unique v € H := Hj () that satis-

fies 2). O

6.4 Computational domain assumptions

For the DGFEM of this chapter, we impose an additional assumption upon the domain
1 C R? that we consider for computations. In particular, as in the statement of
Theorem [6.3.1] we shall assume that Q is a C? domain, that € C'(99;S') and that

8T2@ +Hoo >0 on Of.

Furthermore, we will assume that € is also piecewise C3.
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This additional assumption stems from the fact that we require that an arbitrary
finite element function vy, € V},, belongs to H3(Q; 7). Let us recall the definition of
the space V, p:

Vip i ={v e L}Q): v|g = po Fit, p € PP(K), VK € T},

in particular, one can see that vy|x = po Fy', where the function Fi.' € C™(K), m €
N if Q is piecewise C™. Since the functions p are smooth (as they are polynomials),
we require that m > 3, in order to deduce that v,|x € H*(K) for all K € J},, which
requires € to be piecewise C3.

Two particular examples of when such broken regularity is utilised are
(here we require v, € H*(€2; ), s > 5/2), in the discussion in Section [6.5] and the
application of the trace estimate that leads to in the proof of Lemma m
(stability of the method) requires that v, € H*(Q; ).

6.5 The design of the numerical method

As in Chapter [5 we shall discuss how the terms in the definition bilinear form that de-
fines the method of this chapter, arise. We are motivated by the desire to numerically
enforce the Miranda—Talenti (MT) estimates and , whilst producing a
scheme that is both consistent and symmetric (the latter occurs when the operator
A:D? is isotropic).

In this numerical method, we solve for both w;, € Vi, := Vi, N L3(Q), which
approximates the strong solution u € HéﬂO(Q) of 1} and ¢, € Vj 0, which ap-
proximates the compatibility constant of , that is, ¢, approximates the value
of C = - Vulgq (the value of C is a priori unknown). As such, our finite element

space will be
Mh = V}%p’() X Vh70.

We first note that the bilinear form will take the following structure:

A9 ((unyen); (o) 1= S (vA: D2up, Avg e + BEy (s 1) (v, )
Ke7,

(6.5.1)
— D (Aup, Av)ic V(un,cn), (0n, i) € M.
Ke9y,
We claim that the bilinear form B;?,1 /2 is coercive on Mj, x M, and that
Bgl/z((w, c), (vn, 1)) = Z (Aw, Avp) e,  Y(vp, ) € Vipo X R, (6.5.2)

KeJ,
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when w € H3((Q) N H*(Q; ), s > 5/2, and ¢ = 3 - Vw|aq.
It is then clear that (6.5.2]) implies that

A}?((’UJ,C), (vh7/’b>> = Z <7A:D2uh> Avh>K = Az(wvvh% V(Uhy,u) € Vh,p,O X R7
Ke,

(6.5.3)
for the aforementioned choice of w and c.

Recall that AQ” is the numerical discretisation of A, defined by
A (u,v) = / YA:D*ulAv Yu,v € Hj (),
Q

which is also present in the definition (5.4.4)) of the bilinear form AP. Furthermore,

the term

— Z <Auh,Avh>K

Ke9,
is also present in both and , and thus, the key differences between the
the method of Chapter 5| and the method we present in this chapter are present in
the bilinear forms B}?,l/Q and B}?l/?
The bilinear form BI?J PE M, x M — R takes the following form

1 1
By o ((uns cn); (0, pin)) = 531?,*((%, cn); (Uns n)) + 5 > (Aup, Avy) 654)
Ke9y, .J.

+ J2 ((un, cn); (vn, i),
where the bilinear forms B}?*, J}? : My, x My, — R satisfy
Bf(L,),*<<w7 C)7 (Uhalj“)) = Z <Aw7 Avh>K7 and J]?((ZU, C)? (Uhyli)) = 07 (655)
Ke7,

for all (vs, i) € Vipo X R, when w € Hj o (Q)NH*(Q; ), s > 5/2, and ¢ = 3-Vw|aq.

Moreover, one can see that the above implies which in turn implies (6.5.3)).
We also remark that the bilinear form JP plays no role in the consistency iden-
tity (other than by its absence), and is in fact a jump penalty term that
enforces regularity that is consistent with that of the true solution. In particular, if
w € HE () N Hy(2) (which is the space that the strong solution of belongs
to), and ¢ = 3 - Vwlsq, then we see that

[c] = [w] = [Vw - ng] = [Vrw] =0 VF € &}, (6.5.6)
and furthermore, since 7#(3 - Vw) = ¢ for all F' € &7, it follows that
[B-Vw—c] =[0r,(8-Vw)] =0 VF €&, (6.5.7)
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J© also enforces the oblique boundary condition, and leads to the bilinear form B,?l /2
being provably coercive (in a particular H?-type norm on Mj,). In particular we define

JP as follows:

J}?((uha /\)v (Uhnu)) = Z MF<[[VTuh]]7 [[VTUh]DF]

+ Z [ (IVun - npl, [Von - np]) e+ ne(un], [oal) F + Ce([A], [1]) F] (6.5.8)
+ Z 0F<ﬁ-vuh—/\75'vvh_ﬂ>F7

where the positive edge-dependent quantities ur, nr, r, and or will be specified

later, and their particular choice will become apparent when we prove that B}?@ /o 1

coercive (see Lemma [6.8.2)). Furthermore, (6.5.6)) and (6.5.7]) imply that
JP((w,c), (v, 1)) =0,  Y(vp, 1) € Vipo X R, (6.5.9)

when w € H((Q) N H*(Q; ), s > 5/2, and ¢ = 3 - Vw|sq.

The bilinear form B,(Z* plays a key role (when paired with the remaining term in
the definition of B,(Zl /2) in identity , and its structure is motivated by Corol-
lary and Lemma [3.3.25] the statements of which we recall.

Statement of Corollary : Assume that £ C R? is a bounded, Lipschitz,
piecewise C? domain, and that 8 € C*(T',;S") for each C? portion T, of OF, n =
1,...,N, N € N. Then, for any u,v € H*(F), s > 5/2, we have that

/ Du: D% + / (i, o — Bodra ) (B - VB - Vo + 8- Vu - Vo)
FE oF

4 / (O0,(B* - V) - Vo — 02,(5 - V)5 - V)
OF

= / Au Av.
E
(6.5.10)

Statement of Lemma [3.53.25: Let © C R? be a C? domain, and assume that 8 €
C1(0%2;Sh). Then, on 99, we have that

81(01,52) — (01, 01) B2 = 91,0 + Hog. (6.5.11)

Designing the bilinear form: Let us consider K € .9}, that satisfies |[0K N 02| # 0
(this allows for elements with one curved edge that lies on 0f2, but excludes elements
that only intersect dQ at a vertex). Note that K C R? is bounded with a Lipschitz

continuous, piecewise C® boundary. K also has three edges Fj., FZ, Fs, (each of
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which are C® (and hence C?) portions of JK) and three vertices ek, e%, e3.. Let
et and €% be the two vertices that lie on 99, and let Fj be the curved side that
lies on 9N and also connects e} and e%. Finally, let F> be the straight edge of K
that connects €%, and e3. It then follows that F} is the remaining straight edge that
connects €%, and e},.

Now define 3 : 9K — S! by
Blpy = B,
Bl = B
Blrs = Blek),

and so § € CY(F}.;SY), j =1,2,3, where 0K = U?:lF_Ij{.
Then, noting that w,v, € H*(K), s > 5/2, applying (6.5.10) with F := K, and
B := 3, we obtain

K
~ ~ ~ ~ ~ L ~ L ~ ~
| (Biomfa = haom ) (5 Vwi' Vo + 5 Vwi- vu)
oK

+ / (0r, (8" - V)3 - Vuy — o, (B- Vu)* - V)
oK

- /Fl (B101,82 — P201,51) (B - Vw ' - Vo + - Vw3 - Vuy,)
+/ (01, (8" - Vw)B - Vo, — 01, (8 - Vw) B+ - V) (6.5.12)
Fy
+ / (8'1‘2 (Bl . Vw)@ . Vvh — 8T2 (5 . VM)BL . Vl)h)
F2UF3

S
Furthermore, upon noting that 5, 5, and the unit normal to 0K, are all constant

on FZ and F3, one can calculate the following:

L. (on5" V)i Vo= or,(3- V) - V)

(6.5.13)
= / Aw (Vo - npg) — V(Vw - ngg ) - Vup,.
FZUF}
Since Fj- C 99, we may apply identity (6.5.11]), obtaining
/1 (8101, 02 — 20, 51) (B - Vw B~ - Vo + - Vw B - Vuy,)
Fie (6.5.14)

- /F (00,6 + Hpy ) (8" Vw " Vo + 8- Vo 3 Vo),

K
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where ’HF}( - H{)Q‘F}{
We now consider an element K € .7}, that satisfies |0K N9JS| = 0. An application
of integration by parts (noting that the unit outward normal to JK is constant on

each edge of K) yields

/ D*wy, : D%, —I—/ Aw (Vo -ngx) — V(Vw - ngg ) - Vo, = / Aw Avy. (6.5.15)
K oK K

One can also see that for any K € .7, and thus in particular, for those K € .7, that
satisfy |0K NoQ| # 0,

/ D*w : D*vy, + (D}, wD3yvp, + DagwD3 vy, — 2D3,wD3,vy) = / Aw Avy,. (6.5.16)
K K

Now, applying identities (6.5.13)) and (6.5.14)) to (6.5.12)), and summing ((6.5.15]) over
all K € 7, such that [0K N9JQ| = 0, and (6.5.16) over all K € .9, such that

|OK N oQ| # 0, we obtain

Z / D?w:D?v), + Z /[[Aw Vo -ngp — V(Vw-ng) - Vug]
K F

KeT, Fe&;
+ Z/aTQ(ﬁl.Vw)ﬁ.wh—an(ﬁ.vu;w.wh

p I F

Feép
+ Z/(aT2@+HF>5i-Vwﬁi-wh+<aT2@+HF)5-vw-wh
Feé&p F
= Z / Aw Awvy,
Ke, K

(6.5.17)
where ng is now a fized choice of unit normal to F, and Hp := Haqlr-
Utilising the tangential operator identities (4.10.3) and (4.10.4), we obtain

Z /[[Aw Vo -ngp — V(Vw-ng) - V]
Fe&} F

(6.5.18)
= Z /F[[ATw Vo, -np — Vo(Vw - np) - Voug]

Feé}

We then apply the identity (valid for any f,g € H*(; %,), s > 1/2)

> (=3 (Ul + X [0

Fe&} Fe&f Fe&}t
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along with (6.5.6]), to (6.5.18]), which gives us

Z /F[[Aw Vo, -np — V(Vw-ng) - Vug]

Feé}

= 3 [18rul(Ton ) + (Axu) o]

o (6.5.19)
=3[9V )l (Fxon) + (Vr(Voo - ) - [Vrn]
— Z /F((ATw» [Von - np] — (Vo(Vw - np)) - [Voos].

Then, again by (6.5.6) we may consistently symmetrise the final right-hand side
of (6.5.19)), yielding

Z /F[[Aw Vo, -ngp — V(Vw-ng) - Vo]

Feé}

=y /F {Azw) [Voy - np] + (Arvp) [Vw - nr] (6.5.20)

Feé&}

= 3 [TV ne)) - [Fxu] + (Vr(Von - np) - [Vaul.

Feé}

From ([6.5.7)), we obtain
> / or, (8- Vw)B*t - Vu, = 0, (6.5.21)
F

Feé&p

for all F' € &?. Furthermore, on F' € &7, one has that

Lt -Vwpt Vo, + 8- Vwps- Vo, = Vw - Vuy,. (6.5.22)

Applying (6.5.20)), (6.5.21)), and (6.5.22)) to (6.5.17)) we obtain

2 /K Dw: Do+ 3 /F«ATw» [Voy - np] + {Arvp) [Vw - npl

Ke, Feé&}

-y /F«VT(Vw np)) - [Voun] + (Vo (Vo - np)) - [Vrw]

Feé&}

(6.5.23)
+ Z /FaTz(ﬁL -Vw)p - Vo, + (01,0 + Hp) Vw - Vuy,

Fe&p

= Aw Avy,.
Z/vah

Ke,
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So far, all of the applications of and have been made with consistency
and symmetry in mind. We make one further alteration, which is necessary for the
coercivity of Bgl /- In particular, notice that each term of each integrand on the left-
hand side of either has a sign if we take w = vy, (in particular, D?w: D?v,
and (01,0 + Hp)Vw - Vuy,), or consists of the product of two terms, one of which
is present in the definition of the jump stabilisation bilinear form, J2, except
for the integrand O, (3+ - Vw)B - V.

To this end, let us denote by e}. and e the two vertices of an edge F' € &7, and

notice that for any p € R,

> [ on 5t V= 3 (8 Vul

Feé&p Feé&p
ee“l/,f

=0,

where the jumps in (6.5.24) are considered across boundary vertices e € ¥;°. Note
that the final equality holds, due to the fact that g+ € C*(99), and Vw € H'/2(99),
and thus neither function may jump across boundary vertices.

Applying (6.5.24)) to (6.5.23]), we obtain

2 /KDQw:D%h 2 /F«ATw» [V - np] + (Arvn) [Vw - np]

Ke, Feé&t
-2 /((VT(Vw np)) - Vo] + (Vo(Vun - np)) - [Vrw]
Feé&} F
+ Z / aTz(ﬁL -Vw)(B - Vup, — p) + (00,0 + Hr) Vw - Vu,
Feé&p F
= Aw Avy,.

(6.5.25)
Alas, the left-hand side of (6.5.25)) is not symmetric. However, by (6.5.7)), it follows
that

Z (O, (B Vo), B+ Vw — c>F =0, (6.5.26)

Fes&p
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which, when applied to (6.5.25)), gives us

2. /K D*w:DPun+ ) /F (Arw)[Von - ne] + (Arvn) [Vw - ne]

Ke, Feé&}
- / (Va(Vw -np)) - [Vro] + (Vo (Vs - np))) - [Vou]
Fesi '
+ Z / O, (B - Vo) (B - Vw — ¢) + Ox, (B - Vw)(B - Vo, — 1)
Fe&p F
+ Z / (8T2@ + HF) Vw - Vuy,
Feé&? F
= Z / Aw Auvy,
Ke, K
(6.5.27)
consistently restoring symmetry.
We then define B,(g* by the left-hand side of . That is,
By ((uny N); (vny ) i= Y (D%up, D*vp) e
Keg,
+ ) [(dive Vo (ua)), [Von - npl) e + (dive Vo (on), [Vun - ne]) rl
Fe&
= Y UV (Vun - ne), [Veosl) e + (Vo {Vor - ne)), [Voua]) r)
Feé}
+ > (01,0 + Hp) Vuy, Vou) )
Fes&h
+ > [(Or, (B - Vug), B+ Vo, — py, + (0, (B - Von), BV, — A) ] |
Fes&h

for all (up, A), (vn, ) € My, It follows from (6.5.27)) that the bilinear form By, satisfies
the first identity of (6.5.5). We are now ready to define the numerical method of this
chapter.

6.6 The numerical method

The definition of the numerical scheme requires the following bilinear forms, derived
in Section , and concisely defined as follows. By, JP, By : My x M, — R, given
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by

By, ((un, A), (vn, 1) = ) {D*un, D*up)c

Keg,
+ Z [(divey Vo l{un), [V - ne]) e + (dive Vo), [Vun, - ne]) r]
- Z_[(VT (Vup, -np)), [Voonl)r + (Vo (Vo - np)), [Vroun]) rl
+ Z [((8'1‘2@ + HF) Vuh, VUh)p]
+ Z [<8T2(5L : Vuh), 6 : Vvh - ,U>F + <(9T2(5L : Vvh), ,6 : Vuh - )\>F} ;
o (6.6.1)
T ((uns A, (vn, ) = Z pr([Vrun], [Vron]) ]
+ Z [r([Vun - nel, [Von - ne]) e+ ne((ual, [o]) e + Ce([A]L [1]) F) (6.6.2)
+ Z op(f-NVup, — A\, Vo, — ) p,
and
Bio((un, A), (on, 1)) i= OB, ((wny N), (vny 1)) + (1= 0) D (Aup, Avp)ic
KeZ, (6.6.3)

+ J}?((um )‘>7 (Uha U))?

for § € [0,1]. Note that np denotes a fized choice of unit normal to F', Hr := Haql|r,
and that the penalty parameters pup, nr, r, and op will be given later on in the
chapter.

We define

AR ((un, A), (vns 1) = D> (v L, Avn) e+ BE o (wns A, (on, 1)) = D (A, Avy) .

Ke9y, Kegy,
(6.6.4)
Now we are ready to state the finite element method: find (uy,c,) € M), such that
AR ((uny en), (on, ) = D> (vf, Aunie V(wn, 1) € My, (6.6.5)
KeT,,
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Remark 6.6.1 (Extension of the bilinear forms) The bilinear forms By, and
JP are both defined on (Vi, 50 X Vo) X (Vipo X Vo), but one must note that they are
both well defined on (H*(€%; F,) N HE(2) X Vio) X (Vipo X Vi) for s > 5/2, of which
(H*(Q; F) N H5(Q) x R) X (Vapo X R) is a proper subset, that the functions in the

following lemma belong to.

6.7 Consistency of the method

We now provide a lemma on the consistency of the DGFEM of this chapter.

Lemma 6.7.1 Let Q C R? be a C? and piecewise C* domain, and let 8 € C1(9;S).
Furthermore, assume that { I}, is a regqular of order 2 family of triangulations on
Q satisfying Assumption . Let (w,c) € H*(; J,) N H3(Q) xR, s > 5/2, where
B - Vwl|aq = c. Then, for every (vp, p) € Vi, X R, we have the identities

Bg*((w, ), (vp, ) = Z (Aw,Avp)) g and  JP((w,c), (vn, 1)) = 0. (6.7.1)

Keg,

Proof: Assume that the pair (w, c) satisfies the hypotheses of the lemma. Then, the

identities of (6.7.1]) follow from (6.5.27) and (6.5.9)). O

6.8 Stability of the method

We now aim to show that B,(Zg is coercive in a particular norm on M),. Before we prove
that Bl?,o is coercive, we must define the norm in which the bilinear form is coercive.
To this end, let us define the following family of functionals, ||(-,-)||ne : Mr — [0, 00)
for 6 € (0, 1]:

[ (uns M7 g == Z [e\uh@ﬂ(}() +(1— Q)HAuhH%Q(K)]
Keg,
2

I

L2(F)

(6.8.1)

Fea (X)) + 5 3 [ (02,0 + ) T

Fe&p

where ¢, is a positive constant to be determined.

Lemma 6.8.1 Let Q C R? be a C? and piecewise C® domain, and let 3 € C1(0Q;Sh).
Assume that
8T2@ +Hopao >0 on 0.
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Furthermore, assume that {3}, is a reqular of order 2 family of triangulations on Q
satisfying Assumption . Then, for each 6 € (0,1], || - |[ne : My — [0,00) defines

a norm on My,
Proof: First we note that homogeneity and the triangle inequality are clear. Now let
us assume that the pair (vy,, u) € M), satisfies

[(ns ) llno = 0,

for some 6 € (0, 1]. It then follows that |v,|p2(,2,) = 0, and so v, is piecewise affine.

Moreover
[[,LL]]F = [['Uh]]F = [[V’Uhl]p =0 for F € (53;:,

and, as Op,0 + Haq > 0 on 011, it follows that
[Vup]r = 0 for F € &

It then follows that vy, is affine, i.e, vy, = a2z + b, with a € R?, b € R, and that pu is

constant. But then we see that
0= V’Uh’F = a,

for F e &), and thus a = 0, i.e., v, = b. Then, since v, € Vip0, 0 = [, o = [Q[b,
and so b= 0, i.e., v, = 0.
Finally, we see that JO((vp, i), (vn, 1)) = 0, and it follows that

0=p-Vuv, = pon 09,
and so p = 0. Overall, we have obtained (v, 1) = (0,0). O

Lemma 6.8.2 Let Q C R? be a C? and piecewise C* domain, and let 3 € C1(9;S).
Assume that
01,0 + Hoaq >0 on 9.

Furthermore, assume that {7}y is a reqular of order 2 family of triangulations on
Q satisfying Assumption m Then, for each constant k > 1, there exist positive

constants cgap and cy, tndependent of h, and 0, such that

Bge((uh, A), (up, A)) > /-le(uh, )‘)Hi,e V(up, ) € My, Y0 € [0, 1], (6.8.2)
whenever
pp > St s SR e e > 0, (6.8.3)
hp hr
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Proof: We see that for (up, A) € M,

BYy((un, A), (un, X)) = Y [0{D%up, D*un) i + (1 = 0)(Aun, Auy) k]

Ke,

+20 Y [(dive Velun), [Vun - nel)r — (Vo (Vun - np), [Vous]) sl

Feé&}

2
+0 3 [[@r.0+ 1) 2V )
Fe&p

+20 ) (0, (B - Vun), B+ Vur = Np + Y pe[l[Vrund 520 I [Vun - ne] 1726

Fe&p Fe&;
+ 3 el lunl 2y + Lol 2m) + ) orllB - Veun = All7m

Fe&} Fe&p

By (5.6.4), we have, for any 6 > 0,

L= |2 (dive Ve un), [Vun - npl)e| <670 b [V - nelll72 )

Fe&} Fe&i
" " (6.8.4)
Keﬁhc Keghf
Similarly, we obtain (noting that the sum in the sequel is over internal edges)
L= 12> (Ve (Vun-np) e, [Vrude)e| <67 hpt[[Voun 720
Feé& Fe&;
(6.8.5)

+6CC(d) | D unlipg + Y lunliew

Kegyg Ke7!

We now apply (4.7.13)), and noting that on F', Vuy, = Vyuy, + (Vuy, - np)ng, obtaining

Z |“h|H &) < C |Uh|H2 .7) T Z hp 2l VUh]]HL? |8Q| Z ||Vuh||L2

Ke 7(‘ FE(‘M FG/?I:

< O | lunlinuzy + D e IIVrusllZegr) + I1Vun - nelllzzgr)

FE(m

Fe&p

(6.8.6)
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Applying the above estimate to (6.8.4) and (6.8.5]), and summing the result, we obtain

I+ I, < 6CC(d) | [unl3o.m,) + ‘MNEIMMNB

Fesp

+ (6CC(d) Z he (NI run]llZ2 ) + 1TVus - 0]l 72 0m)

Fe£Z

Since B+ € C(09;S!), we also see that for any § > 0,

Iy:= > (0r,(8" - Vup), B+ Vuy — A)p

Fes&p
< CY  (IVunllzay + 1D%unll 218 - Vun — M2y
Feé&p
1 5
< X |55+ VhR3- Fun = Al
Fes&p

5 N
T3 (||Vuh||%2(F) + Z hF||D2Uh||%2(0K)>]

KeT,:FCOK

o
<> 18- Vu - Mzery + 5IIVunllzar)

Feé&p Ohp
CO(d)S
+ 2( : )+ D lunlteg
Key Kez)
(1 +CC(d
<3 L5 Vup — Ay + 2D G 2, SO un s
S 2
FE&’
+6CC(d Z he' (1[Vrus] ||L2 Pt ITVur, - nF]]HL?(F) (6.8.7)
Fezom

Note that the penultimate inequality above follows from an application of the trace es-

timate and inverse estimate (4.6.26]), and the final inequality follows from (/6.8.6]).

Now, notice that for any F € &,

1
IVl = / (00,0 + ) V)

O1,0 + Hr
< (min inf(9r,© + Hp)) "M |(01,0 + He) >Vl f2(p),
Fes&p F

and let us denote

o, (mln inf (0,0 + Hp)) ™

Fesp F
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Applying the above estimate to (6.8.7)), we obtain

1 00.(1+CC(d
<Y 218V Ay + D 6004 340 2w g
Fe&p F
+800(d) 3 T NIV vl ace) + 11V - nell3ace) + SCCW o 7
Fesi

Our bounds for I, I, and I3 now give us

Bge((uha )‘>7 (ufm A)) > Z Aj,

i=1

where

Ay = 0(1=25CC(d)) > ID*upllFa(c)s Az = (1—=0) > [[Aup[72),

KeT,, KeT,,
20(6CC(d) + 61
Ay i (uF— ( s >) 1Vun - nel e,
Feé&) F
Ay = Z 77FHﬂUh ||L2 +€F”[[/\]H|%2(F)
Feom
(500 d) 467t
Tl e e [ A
Fe&; F
A= ¥ (o= 5 ) 18- Vo= Mz,
Fe gb

00.(1+CC(d
tri=0 (1= TR 3 00,0+ 1) Vo

2
Fe&p

Now let k > 1 be given. Then, since x~! < 1, there exists an § > 0 sufficiently small
such that

1—25CC(d) > k™, 60.(1+ CC(d)) < 1, and 6CC(d) < 571,

we then choose ¢y, = 4/9, ¢ = k/2 and note that by assumption, up > Cstab/ilF
and op > Cytap/ hp. Therefore, for any 0 € 0,1],

Al > Or~ |Uh|H2 %) AQ 1 - 71 Z ”AuhHL2
Keg,
1 _
> > Vo s = 57 Y IIVun - nellage,
Feé&} Feé&}
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1 _
Arz A= r"e ) nelllundlZage) + CeIIN ey,

2 .
Fe&t
1 _
As > ) Z MFH[[VTUh]]H?y(F) =K Z MFH[[VTuh]]H%Z(F)
Feé&; Fe&;
1 _
Ag > 5 Z or||B - Vuy — )‘H%Q(F) =K Z or||B - Vuy — AH%Q(F)’
Feé&p Feé&p
1
Ar > 5 > (00,0 + He) V|7

Fe&p

Thus, we obtain

KBy ((uny M)y (uns A)) = Y 01D un |2y + (1= )| Aupl[Z2 )

Ke9,
o 4 1/2 2
el (un V), (un, V) + 5 D 00,0 + He) PVuplfary. O
Feé&p
We will now prove that AY is coercive in || - ||.1.

Theorem 6.8.3 Under the assumptions of Lemma[6.8.9, let csap, and ., ur, ng, and

or be chosen so that and hold with k < (1 —€)~'/2. Let the operator

L be uniformly elliptic (and thus satisfy the Cordes condition ). Then, the

operator A is coercive in || - |[n1. In particular, for any (vs, 1) € My, we have
o s < T AL (o ). (1) (6588)
T 1=k 1—¢)

Therefore, there exists a unique solution pair (up,cy) € My, of . Moreover, the

pair (up, cp) satisfies

_ 2Vl

ST 2(1-e) 1122 @)- (6.8.9)

| (un, en)llna

Proof: Let (v, 1) € My, then we have that, for any K € .7:
(yLon — Avp, Avp) g < (YL = A)vn| 20| Ava | z2()
S vV 1 — 5“D2vhHL2(K)HAvh”L2(K)-

The Cauchy—Schwarz inequality with a parameter and ((6.8.2)) then give us

AR ((0n, 1)) = By jo((ony 10)) + Y (v Loy — Aoy, Avy) i + || Avp |32
Keg,

> 5 (om0l je + D 1A Z2ge) = VI =€l DP0nl| 20a) | Avnl| 2]

Ke,
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_ 1 1
>k ( Z §||D20h||%2(1<) + EHAvh“%?(K)

Ke9,,

1
+ e (o, 1), (o, ) + 5 Y [102,0 + M) 2V un [

Fe&p
ol
- Z [ |D2”h”L2(K + THAW”%Q(K)}
Ke9,
k! k(1 —¢)
St T L Ll AT
Ke9,
1
07 | P (o) () + 5 3 100,0 + He) >Vl
Fe&p
1—r%(1—¢)
22— < > D onll sy + i (wn, 1), (vn, 1))
Ke,

+ > 10,0 + He) 2 Vup|[Fa )

Fesp
1—r*(1—¢)
= D o )R
Thus, we obtain
2K
||(vh7,u)||i’1 < 1_2—(1_8)14&(%7#)7 (vns 1)) (6.8.10)

By Lemma 6.8.1] || - |51 is a norm on M},. It then follows that there exists a unique
pair (up, ch) € Vh%o X Vj, 0 such that

AR ((uns en), (o) = Y (0f Do) Y(on, p) € M.

Kegy,
Finally, taking (v, 1) = (un, cp) in (6.8.10) gives us:

2K
[ (uny en)lliny < m!‘lg((umch)a (un, cn))
2K
v A
1—r2(1—¢) KeZ;foa up) i
267l 2= (@)
< T Z 1122 o) | A || 2

Ke,

226yl L= @)
< .
ST -0 11| 22 | (s en)[l,1s

note that the factor of v/2 comes from the fact that ||Aup|r2) < V2| D%up|r2(x)
for K € Z,. Dividing through by ||(up, cp)||n1, we obtain (6.8.9)). O
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6.9 Error analysis

Theorem 6.9.1 Let Q C R? be a C? and piecewise C™ ' domain, m € N, m > 2,
and let B € CY(OS;SY). Assume that

01,0 + Hon >0 on ON.

Furthermore, assume that {Z}y, is a reqular of order m family of triangulations on
Q satisfying Assumption @

Let (u,c) € HéO(Q) x R be the unique strong solution of . Assume that
u € H3(Q; T) with s > 5/2 for all K € 9. Let cstap, C«, ir and op be chosen as
n Theorem and choose np < 1/l~13F, or < 1/711:, F e é",f’b and 71}(6“ < lp for

all F € &, for some a > 2. Then, there exists a constant C > 0, independent of h,

and u, but depending on maxy Sk, such that

1/2 e
9 MaXpegi Np
) |+ ullmsz |

(6.9.1)
where t = min{p + 1, s, m + 1}. In the case that the family of triangulations is

1w — ¢ = c) |l < C ( > hE

Ke,

quasiuniform, this becomes

1w = wn, = ca)llny < O 4 ROT22) ]

H3(.9,) -

Proof: Let us take 2, € V3, and define ¢y, 1= 25, — up, &, := u — 23, and pp, == c—cy,.

Then, we see that

I = 1(€n + Un, pn) ||n
= [|(&n> 0) + (¥, )l < (1(ns O)llnx + [1(oms 1) |11

[(u — un, ¢ = cp)

(6.9.2)

As in the proof of Theorem |5.7.1] we require the existence of a z, € V},,, that satis-
fies (4.6.9)). Due to our assumptions upon the parameters pg, nr, and o, by applying

the estimates in (4.6.9)), we obtain

1/2
[1(€n, O)l[n1 S (Z h%K_4IIUII?{sK<K)> :

Keg,

thus, by (6.9.2)), it is sufficient to obtain the following estimate:

12 maXFegi B%
%nw(x)) + |yl

Mminpegs hp

(&, ) [na S (Z hg ™ lul ws @z (6.9.3)

Kegy,
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Now, applying the coercivity result from Theorem [6.8.3] and noting that ¢ is a con-

stant, we can apply the consistency result (6.7.1), obtaining

[ (n, Mh)|li,1 = ||(2n — un, ¢ — Ch,)||i71
S AR ((zn — uny ¢ — cn), (20 — un, ¢ — cn))
= A ((zn,¢), (2 = uny ¢ — en)) = AR ((un, ), (25 — uny ¢ = cn))

= A ((2n,0), (20— unyc =) = > (v f, Az — un))x
Keo,

W ((zn,0), (21 = up, ¢ = en)) = AP ((u, ¢), (2 = up, ¢))

W ((zn,0), (2n = un, ¢ — en)) = AP ((u, ©), (2 — un, ¢ — en) + (0, ¢n))
W ((zn = 1, 0), (21 — un, ¢ = ) = AR ((u, ¢), (0, 1))

W (€15 0), (¥n, 1)) — AR ((u, ), (0, 1))

From this, we obtain

1(ns 1) [0 S ZA“ (6.9.4)
where
Api= Y (D6, DY)k, Az = Y (VL — A)én, Athn)x,
KeIy, Ke7,
1 1
Asi= Y S (0& Ak, A= 5B ((6,0), (4n, ),

Ke,
As = J;?((fmo)a (Vns p1n)), Ag = _B}?,l/Q((uv ¢), (0, cn)).
We see that

2
| A, [Asl, |As| S 1€l [Vnl 20;2) S (Z h%K_4|’UH%JSK(K)> [ (¥ns 20 ) |11,

Ke,
(6.9.5)
and
|As] < TP ((€4,0), (&, ON2T2(Wn, pin), (W, 1)) (6.9.6)

< 7 (60 0), (€1 0) 21 (Yns 1)1
Applying the first estimate in (4.6.9)) to the estimates in (6.9.5]), we obtain

1/2
|Axl, [Aa, [As] S (Z h%K_4||u|%{SK(K)> [ (¥ns k) [[,1-

Keg,

We also see that
Ji?((gha O)? (ghv O))1/2 S (61 + €2 + 63)1/27
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where, based on the assumption that pp,op < 1/leF, ne < 1/?1%,

1
evi= 3 urlllVE  nlEae + V20 am) S D0 IV Eaorc

Fe&i Kegy, F
N Z h%K_4||uH%ISK(K)
Keg,
e S Z h—3||[[§h]]||L2 Z h3 ||§h||L2(aK) N Z h%K74||u| ?{SK(KM
Feé&} Ke, Ke9,
and )
es S Z E_“V&H%?(F) S Z h%K_4||U| %{SK(K)'
regp F Ked,
Thus
T (6, 0), (€0,0)) ) Bl Froe a0y (6.9.7)
Ke9,
and so

1
2
[As] S (Z h%K_4||u|%{SK(K)) 1 (ns k)1

Keg,

Now we must obtain a bound for Ay = 3By, ((¢,0), (¢n, ttn)). One can see that

By ((€r, 0), (n, ) = Z I;,

i=1
where
I := Z (D*¢h, D*Yp) ke, Io = Z (dive Ve (&), [VUn - nr]) r
Keg, Feé&}
I5 = Z (dive Vo l(wn), [V&, - ne))p, 1y :=— Z (Ve (V& - np), [Voun]) r
Fe&j Fes;
_[5 = — Z <VT<<vwh . 7’LF>>7 ﬂngh]DF? 16 = Z <(8T2@ + HF)v§h7 V¢h>F7
Feé) Fesy
L= > (0n, (B - V&), B Vi — m)r, Is =D (On, (B V), V&) r.
Feép Fesy

We have that

[

Iy S [nl 2 s [Wnl 2@ 2) S ( > |
Ke,

?—ISK(K)> [ (¥ns 20 ) |11
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Our approach for bounding Iy, . . ., Iy, is similar to that of obtaining the estimates for
Ag, ..., As in the proof of Theorem We find that

I, In S <Z hel| D€l 2or) + |!V€h||%2<az<)> T ((ns pn), (Pn, )2

Ke9,

. (6.9.8)
2
S <Z il %mm) | ) s
Keg,
From ([6.9.7), and Corollary we obtain
. >
I3, Is S J5 (64, 0), (64, 0))2 ( > Whﬁfg(zq)
Ke7,
%
= (Z h??K‘ﬂluﬁmK)) I )l
Ke9,
Now, for I, ..., Ig,
1/2 1/2
Ls| Y IValie 3 11(00,0 + He) 2V n 2
Feéy Fe&}
1
S (Z h%K4’|u‘%{SK(K)> [1(&ns m) [
Ke,
Furthermore,
3 1

I; 5 Z BFHDZShH%?(F) + vahH%Q(F) Z (hz' + DB - Vb, — Mh”%mr)

Fe&} Feéy
3
< (Z h%K4|’u’%{5K(K)> 1(&ns ) |2
Keg,
and
Iy = > {0r,(B*- V). -V r
Feé&p
1/2 1/2
1 ~
S22 IVl | | 22 PO (B Ve e
Fesp F Fesy
3
< (Z h%K4Hu|§{SK(K)> H(¢h7ﬂh>”h717
Ke,
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note that obtaining the final inequality in the estimate for I5 is analogous to (6.8.7)).

We now see that

1
8 2
(A <Y LS (E h?ﬁK_A‘HuH?ImK)) 1 (&ns 1)l
=1

Ke9y,

By (6.9.4), it then follows that

6
1@ns )l < D 1A S (Z hig |l

i=1 Ke,

?JSK(K)> | (¥, pin)[n1 + A (6.9.9)

Furthermore, for Ag, we see that

Ao = =By ((u, ), (0,¢1))

_Z{ (Om, (B - Vu),en)r + op(B - Vu—c,cp) } + D trlle]

Fesp Feé}

=3 Y On (5t Vu e

Fes&h

= % Z (07, (B - Vu),cn — M) p,
Fes&p
for any constant function M, where the penultimate equality holds due to the fact
that - Vu —c|p = 0 for all F' € &, and as c is constant, it cannot jump across
internal edges, and the final equality holds due to the following argument, valid for
an arbitrary constant function M. Integrating by parts gives us

Z <8T2(5L : VU), M>F = Z [[MEL : VU]]@

Fe&f e
= M([B" e - (Vu)e + (B - [Vule) =0,
eE'V}f’
where the final equality holds, due to the fact that g+ € C1(9Q;S'), and so cannot
jump across vertices, furthermore, Vu € H'Y/?(9€), and thus, since 0 is a one-
dimensional hypersurface, neither can Vu.

By the Cauchy—Schwarz inequality with a parameter, we see that for any ¢ > 0

; ;
1 ~ -
A < 2 Z (6hr) 1||3T2(5L : vU)||2L2(F) Z Shpllen — MH%?(F)
Feé&p Fe&p

D=

Z (he) IV ullZery +1D%ullzam) | | D Shell(en = M)IIzeery

Fe&p
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N|=

SUY. D> hwhw) ullfew

Fegp KeF:FCOK

1 (6.9.10)
9 2

- )
< | S holllen — Mg, + ‘W [ -

Fe&}
where the final inequality follows from (4.6.1) and Corollary 4.7.7, We note that M

and ¢ = 5 - Vulgq are both constant, and so
[eh — M) =[cn —¢], F€é&. (6.9.11)
The choice of M was arbitrary, so we take

1
M= — cp = / cp—M=0. (6.9.12)
109 Joo o0

We now choose 0 := minpes; (php, and so Shp! < Lp for all F € &, and, further-
more, 6! = (minFeg}i KFBF)_l = MaXpes E}lﬁgl. Applying these estimates, along
with (6.9.12)) to (6.9.10]), we obtain

N

A Y Y (k) max(6E ) el |1 ) g

Fesh KET:FCOK (6.9.13)

< (max hzY) (max £ h ) Y2 | ul| s co ,
N(Feg}; F )(Fegg r by )l sz 1O, pn) ll1.n

Furthermore, we have assumed that fz}_“ < lp, for some a > 2, which gives us

maX pesi (7ht < MaX pesi h%. Tt then follows that

Jo/2
(max B;l)(maxfglhgl)lﬂ 5 %

Fe&h Feé&} minFEg’g he
Applying the above estimate to (6.9.13) yields
7a/2
maXpegi Ny
A S R ) e (e ) (6.9.14)

Mminpegh hvp

which we apply to , obtaining
1 ~Q
2 )
2 ) n maXpegi hi

2
12K (K) : = [|ullme@;) | [[(Wns ) lIn1-
MiNpegr

1(ns ) 1 < (Z hig |l

Ke,

We then divide through by || (45, it5)||n,1 in the above estimate, which gives us (6.9.3)).
This completes the proof. O
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6.9.1 An error estimate in the case of conforming regularity

The hypotheses of Theorem includes the sufficient condition that the strong
solution, wu, is piecewise-sufficiently regular, so that one may substitute (u,c) into
the left-hand argument of the operator, AY. However, the assumption, that the true
solution v € H*(; Z,), s > 5/2 may not hold in general, particularly when we
consider that the coefficient matrix A € L>(1).

In the following lemma, we provide an error estimate for strong solutions u € Hgvo,
i.e., the expected regularity of strong solutions implied by Theorem [6.3.1 As in
estimate , one can see the error contribution arising from the inconsistency
of ¢, belonging to Vj o as opposed to R. Similarly, this contribution is zero if ¢,
does not jump across boundary vertices. This shows that our method provides an
approximation that is at least as accurate in the ||(-, -)||n1-norm, as a H?-conforming
finite element method. Note that the design of such a conforming space would require
knowledge of the compatibility constant, ¢, otherwise further terms (quantifying the

lack of conformity in the oblique derivative) would arise in the following error estimate.

Lemma 6.9.2 Let Q C R? be a C? and piecewise C* domain, and let 3 € C1(0Q;Sh).
Assume that

8T2® +Hopo >0 on 0N.

Furthermore, assume that { Y, is a regular of order 2 family of triangulations on Q
satisfying Assumption [{.4.9

Let (u,c) € Hjy(Q) x R be the unique strong solution of . Let Csap, Cs,
and pp be chosen as in Theorem and choose np < 1/h3, op < 1/hp, and
hire < Up, where a > 2+ p*/2, and p* == 2sgn(p — 2). Then, we have the following

error estimate
- 1
maXpegi K%\
[(w—un,c—cp)llng S+ | ————%5 | lullzz@
+p
Min pe gb Iy

1
2

: 1
+ inf 3l = ullm + | 30 (100 (8- V)l + 18 Van = elliz)
resp F

(6.9:15)
where V :=Vj, ,0 N H*(Q).

Proof: First we assume that z, € H*(Q) N V},,0. Then, we see that
1w = wun, ¢ = cn)llna < (s O)llna + 1l (Wn, )l
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where &,y and puj, are given as in the proof of Theorem [5.7.1. Since we only
assume that zj, is in H?(Q) NV}, 0, only the consistency properties of the bilinear

form A9 that depend on the piecewise regularity and HZ?-regularity of zj, hold, i.e.,

we may utilise (6.5.6). In particular (6.5.21)) does not hold, yielding the following
H?-consistency results,

B (2, ¢), (ns ) = Y (A, Adbp)ic

KeZ,
6.9.16
+ > [0, (8 Vin), B+ Van — ) p — (01,(8 - Vzu), 8 - Vibu) £, ( )
Fesp
for any p € R, and
T (2 0), (Wns pin)) = > op(B-Va, — ¢, B+ Vb, — ) F. (6.9.17)
Fe&p
From and , we obtain
AR ((zny€), s pn)) = D (7 Lzn, An) i + I (20, €), (s n))
Ke7,
—I—% (B;{Z*((ch), (s pn)) — Y (Az, A¢h>K>
Ked,
= > (yLan, Atk + Y or(B- Ve — ¢, 8- Vi — ) r
Keg, Feo”,’;
+ % (Bi?,*((zh’ C)v <¢hv C)) - Z <Azh’ Aq/}h>K - Bf(zg,*((zh’ C)’ (O’ Ch)))
KeZ,

= Z <7L"7’h7 A¢h>K + Z O-F<6 : VZ}L - 075 : V¢h - ,uh>F - 1B}(L9,>|<(<2’7”HC)7 <O7ch>)

2
Ke, Feéa}i’

5 | 05" Vin), 8- Vo~ e — (@n, (8- V), B Tun
Feé&p

(6.9.18)
Then, by the coercivity estimate (6.8.8)), (6.9.18), and the fact that (up,cp) satis-
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fies it follows that
H(wflv /’Lh>H%L,1 5 Ag((zl”w C)a (wha ,u’h>> - Ag((uha Ch)a (wha ,uh))
1
= Z (vLzp, M)k — Z (Vf, Ak — 531(31/2((%76)7 (0,cn))

Keyh Keyh

o | S 0na (8 V). B Vo — e — (Br,(8- V21), B - V)]

Fe&p

+ Z or(B -V, — ¢, B Vi — pin)r.
=
(6.9.19)
Firstly, we see that

L Ak = Y (v f AU Kk = Y (YA D (2 — w), Ak

KeZ, KeZ, K€, (6.9.20)

5 |2h - U‘HQ(Q;E%L)H(wh?/’Lh)”h:l'

We obtain the following estimate

1 ~a/2 -
—5321/2((%,6):(0,%)) meaXhF/ Z Z hp2||2h||%13(1<) | (¥ns f20) |11

Feg’,’i FE(?}L’ Ke9,:
FCOK
(6.9.21)
using the same techniques employed in the derivation of (6.9.14])). Indeed the argument
only utilised the piecewise H®-regularity of u, with sx > 5/2, and we have that
2, € H3(Q; 9},). Furthermore, we have the following bounds:

1/2
D own(B-Va—c, 8-V = S| Y orlB-Van—cliam | @hs n)lngs
Fe&p Fe&p
(6.9.22)
and
> (00,8 Vin). B+ Vo — o) S
Fes&p
1/2 1/2
Z or||B - Vz, — CHZL2(F) Z ||V¢hH%2(F) + iLF”D%hH%%m
Fe&f Fe&f
1/2
S orllB-Van—clliae | 1@ mn)lna-
Fe&p
(6.9.23)
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Note that the first bound follows directly from an application of the Cauchy—Schwarz
inequality, and the definition of the ||(-,-)|/s1-norm, and the second inequality is
obtained analogously to in the proof of Lemma utilising the trace esti-
mate , and the inverse inequality , followed by the Poincaré—Friedrichs’
inequality (4.7.13).
Again, by applying the trace estimate , we obtain
1/2
> (0n(8- V), 5 Von)r S | 30 10,8 Vel | st
Fesp resh T
(6.9.24)

Applying estimates (6.9.20)(6.9.24) to (6.9.19), and noting that oy < 1/hp, yields

2

a/2
1n, )30 S | 120 — ulmee) + max S | D7 S h2llanl 3 e

res; Fe&h KeTy:
" FCOK
1
1 2
+ Z E_(HGTQ(B'VZh)H%?(F) + 18- Van = cllizr) [ (¥ns pn),1-
resp T

(6.9.25)
Now, if p = 2, we have that ||z | gsx) S |20l s2(k) for all K € ., and if p > 3, by

the inverse inequality 1) we have that ||z]| g3y S i |l 2nllm2(r)- Le., for any
where p* := 2sgn(p — 2). Furthermore, we see that

Z Z E_2||Zh||%{3(K) Z Z hp

Fe&h KeETy: Fe&h KETy:

FCBK FcaK
SN R (= 2l + e )
T
e EESK (6.9.26)
—1 2
,s<gu;h Nl

where the penultimate inequality follows from (4.5.14]). Applying (6.9.26)) to (6.9.25)),
and dividing through by ||(¢n, gtn)||n.1, We obtain

. 1
maxpeei A%\ 2
1Wns ) lny S Nl2n = ull ) + <—}i> [ull 220

2+p
minpeg h

N[

1
+1 (102, (8-Va2)lZa) + 118 - Van = ellzae))

Fesp F
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Recalling that - Vulgq = ¢, we see that
16, 0)l71 Sl = 2nl3g2(0y

1
+ ) [~—I|ﬁ - Vizn = ¢l + (00,0 + Hp) 2V (w = 20) [ 72(p)

Fe&p F

Furthermore, the trace operator is continuous from H'(Q2) — L?*(99), and so

> 10,0+ Hp) 2V (u = 2) 12y S IV (= 20)|F200) S Jo— 20li2(0,
Fes&p

Thus, we obtain

Max pegi 77,% 2
[(w = un, ¢ = en)llng S [z — ullp2e) + <—'12+p> [[ull r2(0)
N pe g he

2

1
[ 2 7 (10r(8-Van) ey + 118 - Van = ellia)

resp F

Note that our choice of z, € H?(2)NV}, 0 was arbitrary, thus we may take an infimum
over V above, yielding estimate ((6.9.15)). U

Remark 6.9.3 (Stabilisation parameter choice) Note that our assumption

ﬁ}ﬁo‘ S Up, with a > 2 + p*/2 implies that for a large enough, we may control the
contribution of the first term on the right-hand side of . Indeed, in the case of
quasiuniform meshes, we would have ((maxpcgi he/ minpe b B?}Lp*)% < pla=2=p)/2,
Furthermore, we see that refining the mesh size internally (i.e., leaving hr unchanged
for F € &) reduces the error, since the minimum in the denominator is over boundary

edges, and the maximum in the numerator is over internal edges.

Remark 6.9.4 (Conforming finite element methods) Notice that the error
bound incorporates the error arising from the approximation of the oblique
derivative (i.e., the last term in the infimum). Furthermore, one can see that if the
space V' is fully conforming, that is, V.= Vi ,0N{v € H*(Q) : B+ Vv|ga = ¢}, then
this term vanishes entirely. However, it is not immediately clear that the space V is
non-empty for arbitrary 8 € C1(0S;S') satisfying the hypotheses of Lemma .
These considerations also imply that the scheme introduced in this chapter is at

least as accurate as any conforming method seeking a numerical solution u, € V,

where Vi, N H*(Q) CV C VypoN{v e HXQ) : - Volsa = c}.

207



6.10 Implementation

Software and code: The experiments in this Chapter have been implemented in the
most recent version of the Firedrake software [105, 87] (as of 3rd July 2018), which
interfaces directly with PETSc [6] [7] running through a Python interface [39, [63]. A
working Firedrake script, Curved-oblique-DGFEM.py, used to generate the experi-
ments of this Chapter is available in the Github repository:
https://github.com/ekawecki/FiredrakeNDV.

Linear systems and condition numbers: Akin to the the bilinear form AP de-
fined by , the bilinear form A defined by can also be considered
to be similar to those present in finite element methods for fourth-order elliptic
boundary-value problems (see [114], 25] for example), in the sense that the evalu-
ation of AL ((up, \n); (v, pn)) for (up, An), (vn, ) € M, involves the integration of
products of second order partial derivatives. This typically leads to the matrix A©,
describing the linear system given by , to have a Euclidean norm condition
number of order A=*. This can pose difficulties when applying iterative methods
to solve the linear system, and thus to ensure that we solve the linear system with
sufficiently high accuracy as the mesh size h decreases, we apply the Iterative refine-
ment algorithm, i.e., Algorithm 1.1 of [32]. We implement the Iterative refinement

algorithm by using the following choices in the Firedrake “solve” function.

# implementing nullspace, as solution should have zero sum
V_basis = VectorSpaceBasis(constant=True)
nullspace = MixedVectorSpaceBasis(S, [V_basis, S[1]])

# begin timing of linear system solve
t = time ()

# solwving linear system

solve (A_gamma == L,Uh,nullspace = nullspace,
solver_parameters = {"mat_type": "aij",
"snes_type": "newtonls",
"ksp_type": "preonly",
"pc_type”: ||1ull’
"snes_monitor": False,
"snes_rtol": le-16,

"snes_atol": 1e-25})
# end timing of linear system solwe
tt.append(time () -t)

One can also see that when executing the script in Firedrake, we record the runtimes
by way of the sixth and last line above, so that we only record the time that it takes
to solve the linear system.

Furthermore, the solver choices differ slightly from those present in Section [5.8]

i.e., we also include “nullspace = nullspace”, where “nullspace” is defined on line 3,
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and “mat_type = aij”. The first choice imposes that the numerical solution wy, (from
the pair (up, cp,) € M), that satisifies (6.6.5))) has a zero-sum, and the latter essentially
informs the solver that the solution consists of two parts, i.e., u;, and ¢, and that the
system may be treated in block formation.

Two-dimensional curved boundary approrimation: When implementing curved
finite elements, we use a piecewise quadratic polynomial mapping to obtain a higher
order approximation of the domain boundary. This is implemented in exactly the
same manner as discussed in Section As in Section [5.8] we define the space
Vi = {v € L*(Q) :vo T ¢ P?(K)}, where the piecewise quadratic function
T is defined by . In this case, we then define V" := V2" 1 L§(Q) and

comp ,__ yrcomp comp
M, =Vip0 XVio -

Remark 6.10.1 (Computational parameters) In the following experiments, we
employ the following parameter choices: Csap = 2.5, pip = 2Cstap(p — 1)2/EF, ng =
15(p—1)4/16/~1%, OF = ZCstapr/ﬁ%, and lp = cstabiz;?’. The order of the computational
parameters with respect to hp were guided by the hypotheses of Theorem m The
orders with respect to p for np and pp were guided by the experiments in Section[5.9
Finally, the value of csiap, and the orders with respect to p of op and Cr (in the case

of Up, the parameter is in fact independent of p) were obtained experimentally.

6.11 Experiments

In this section, we test the robustness of the scheme (6.6.5)), with the computational
domain €2 taken to be the unit disk, and consider various elliptic operators, L, that
satisfy the Cordes condition . In each case, we see that the convergence rates
are of the expected order in the various broken Sobolev norms considered, and in

particular in the || - ||, ;—norm, for which we have proven the error bound ([6.9.1)).

6.11.1 Experiment 1

In this experiment, we consider the following problem

{ Au=f, in Q,

6.11.1
B - Vu is constant on 02, ( )

where Q = {x € R? : |z| < 1}, and 8 = ngo. In this case f is chosen so that the

solution of (6.11.1)) is given by



Since [ coincides with the unit outward normal to 9€2, this problem corresponds to a
Neumann boundary-value problem. Moreover, one can see that the oriented angle, ©,
between [ and nyq, satisfies © = 0 on 02, and thus 0r,© = 0 on 0f). Furthermore,
since (2 is the unit disk, it follows that 9 = S', and that the mean curvature of 9,
Hoq = 1, and therefore Hr = 1 for all F' € 5,5’ It is also then clear that

8T2@+H39 =1>0 on 0.

Since the solution in known, one can directly calculate that Vu|gq = (|z|> — 1)z, and
50 - Vulga = nga - ((|z> — )z) = |z|® — |z|* = 0 (since |z| = 1 on IN), and thus,
the compatibility constant ¢ = 0. We can also directly calculate the renormalisation
parameter, v, and provide the largest value of € for which the Cordes condition

holds. In particular, we have that

- Tr(A) _ Tr(1y) _ I;: 1, ~ 1 and e=1.
|Al? | 14]? 1;: 1,

In this experiment, we successively increase the degree, p, of the finite element space
V,; (;T]p from 2 to 4, and for each fixed degree we refine the mesh quasi—uniformly, we
observe that the experimental orders of convergence in the || - ||, 1-norm are optimal,
that is ||(u — up,c — cp)|ln1 = O(hP~1). We plot the error values in the || - ||1-
norm, and plot the error arising in the approximation of the compatibility constant
in Figure[6.1] and report the exact values in Tables[6.I]and [6.2] with the corresponding
experimental orders of convergence given in brackets. Furthermore, we provide the

number of degrees of freedom (DoFs) and runtimes for each computation in Table[6.3|

Mesh size p=2 p=3 p=4
0.4981 2.75 1.16 3.09 x 107!
0.2828 1.84 0.70) | 3.61 x 107! (2.06) | 4.33 x 1072 (3.47

(0.70) (2.06) )
0.1627 1.10 ( )| 1.17 x 1071 ( )| 7.35 x 1073 (3.21)
0.0973 | 6.00 x 107 ( )| 3.45x 1072 (2.39) | 1.06 x 1073 (3.76)
0.0508 | 2.93 x 107t (1.10) | 8.46 x 1073 ( )| 1.27 x 107 (3.27)
0.0269 | 1.47 x 1071 ( )| 211 x 1073 ( )| 147 x 107°  (3.38)
0.0138 | 7.24 x 1072 ( )| 5.12x 107 (2.11) | 1.70 x 1076 (3.22)

Table 6.1: Error values in the || - ||51-norm and EOCs for Experiment |6.11.1]
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Figure 6.1: Convergence rates for the numerical scheme applied to problem (6.11.1]).
We provide the error values ||(u —up, c—cp)||n,1 (left), and ||c — cp||2(00) (right). We
observe that the convergence rates in the [| - [|;,1 norm are optimal with respect to the
choice of polynomial degree, p. That is, ||(u—wuy,c—cp)||n1 = O(hP~!). Furthermore,
we observe that |c — cp||r290) = O(RP).

Mesh size p=2 p=3 p=4

0.4981 | 1.06 x 1071 2.63 x 1072 4.82 x 1073
0.2828 | 7.06 x 1072 (0.72) | 1.09 x 10=2 (1.56) | 9.19 x 107> (6.99)
0.1627 |3.42 x 1072 (1.31) | 2.83 x 1073 (2.44) | 5.32 x 1075 (5.16)
0.0973 | 1.22 x 1072 (2.01) | 4.44 x 107* (3.60) | 3.94 x 10~" (5.06)
0.0508 | 3.53 x 1073 (1.91) | 7.48 x 107> (2.74) | 3.16 x 10~7  (0.34)
(2.03) (3.36) )
(2.02) ) )

0.0269 | 9.70 x 1074 8.79 x 107° 2.34 x 107%  (4.08
0.0138 | 2.50 x 1074 7.72 x 1077 (3.63) | 1.48 x 1072 (4.13

Table 6.2: ||c — cp||12(a0) error values and EOCs for Experiment 6.11.1}
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Runtime (seconds) Number of DoF's

Mesh size | p=2|p=3| p=4 | p=2 | p=3 | p=4
0.4981 0.72 | 0.88 0.89 112 176 256
0.2828 0.37 | 0.38 0.41 448 704 1024
0.1627 0.38 | 0.42 0.93 1218 1914 2784
0.0973 0.46 | 0.58 0.89 3990 6270 9120
0.0508 0.84 | 1.75 3.95 16240 | 25520 | 37120
0.0269 3.31 | 9.38 | 25.09 | 61222 | 96206 | 139936
0.0138 | 20.96 | 66.31 | 199.07 | 240156 | 377388 | 548928

Table 6.3: Runtimes and number of DoF's for Experiment |6.11.1} for each mesh size
h, and each polynomial degree, p.

6.11.2 Experiment 2

In this experiment, we consider the following problem

(6.11.2)
[B-Vu is constant on 0f),

where Q = {z € R? : |z| < 1}, and 3 is a 7/4 anticlockwise rotation of the normal,

noq- That is 1
8= E([naﬂ]l — [noal®, [noal + [noal®)".

In this case, f is chosen so that the solution of (6.11.2) is given by
1
u(z) = |2 — 0.75]|x* — —/(]x\l":’ —0.75)z|?).
T Ja

One can see that the oriented angle, ©, between 5 and ngq, satisfies © = 7/4 on
012, and thus 01,0 = 0 on 0f). Furthermore, since €2 is the unit disk, it follows that
00 = S', and that the mean curvature of 9, Hyo = 1, and therefore Hp = 1 for all
F € &. Tt is also then clear that

01,0 +Hpg =1>0 on 0f.

Since the solution in known, one can directly calculate that Vu|sq = 1.5(|x|7Y/2—1)a,
and so [ - Vulgq = \%([nag]l — [naal?, [noa)' + [nea]?) - (1.5(Jz| 7Y% — 1)z) = 0 (since

|z] = 1 on 02), and thus, the compatibility constant ¢ = 0. We can also directly
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calculate the renormalisation parameter, v, and provide the largest value of & for
which the Cordes condition ([5.1.4]) holds. In particular, we have that

Tr(A) 2+ 22|20 |* + 23 /|xo|?
VETAR T s v e (mPlp) Y /

In this experiment, the true solution v € H?(f2), and, in particular, u € H/?79(Q) for
arbitrary § > 0. However, the H*-broken Sobolev regularity of u fails for s > 5/2, and
we must appeal to the minimal regularity estimate of Lemmal6.9.2] In this experiment
we successively increase the degree, p, of the finite element space V)" from 2 to 4.
Furthermore, we compute the numerical solution both on sequence of meshes refined
towards the origin (where the solution lacks regularity, an example of such a mesh
is given in Figure , and on a sequence of quasi-uniformly refined meshes (that
in particular does not prioritise refinement towards the origin). We plot the error
arising in both cases (adapted mesh refinement and non adapted mesh refinement) in
the broken H?-seminorm, against the number of DoFs in Figure , and report
the error values, with experimental orders of convergence in brackets (calculated
with respect to NDoFs), along with the runtimes for each computation in Tables
and [6.5] For p = 2,3,4, we see a reduction in error from the adapted mesh sequence.
In particular, for p = 3 and p = 4 we see a reduction in the order of error from
O(ndofs /%) to O(ndofs~/?).
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Quasi-uniformly refined mesh

p=2 p=3

NDoF's Error Runtime | NDoF's Error Runtime

112 1.38 0.79 176 8.99 x 10~* 0.90

448 1.18 (—0.12) 0.50 704 6.95 x 107! (—0.19) 0.43
1218 | 917 x 1071 (—0.25) 0.52 1914 | 511 x 107! (-0.31) 0.53
3990 | 6.47 x 1071 (—0.29) 0.67 6270 | 3.61 x 1071 (—0.29) 0.91
16240 | 4.95 x 1071 (-0.19) 1.72 25520 | 2.73 x 107! (—0.20) 3.03
61222 | 3.43 x 1071 (—0.28) 6.56 96206 | 1.87 x 107! (—0.28) 14.31

p=4
NDoFs Error Runtime
256 6.63 x 101 0.88

1024 | 5.05 x 107 ( )| 045
2784 | 3.60 x 101 ( )| 0.67
9120 |3.01x 10! (—0.15) | 1.37
37120 | 1.93 x 10! ( )| 5.90
139936 | 1.40 x 1071 )| 36.48

Table 6.4: NDoFs, error values in the || 2o, ,)-seminorm with EOCs in brackets (cal-
culated with respect to NDoFs), and corresponding runtimes for Experiment |6.11.2]
with a quasi-uniformly refined mesh.

100 |

107t ¢

lu — Uh\HZ(Q;yh)

uasiuniform refinement, p
uasiuniform refinement, p
uasiuniform refinement, p
Adapted refinement, p
Adapted refinement, p
Adapted refinement, p =,

0} ndofs’l/zg —

10-2 ‘ O(ndofs™"/ ) ——

100 1000 10000 100000
ndofs

-
3
4
2 ——
3 —=—
4

Figure 6.2: Convergence rates for the numerical scheme applied to problem (6.11.2)),
with a true solution of minimal regularity. On the left, we provide the error values
in the | - |p2(q) seminorm, where the numerical scheme is implemented on a quasiuni-
formly refined mesh, and an adapted mesh, with refinement towards the origin. On
the right we provide an example of this adapted mesh, at refinement level 7, consisting
of 4532 elements.
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Adapted mesh

p=2 p=3

NDoF's Error Runtime | NDoF's Error Runtime

112 1.38 0.81 176 8.99 x 10~* 0.98

448 1.12 (—0.16) 0.48 704 6.53 x 107! (—0.23) 0.43

826 8.75 x 1071 (—0.40) 0.44 1298 | 4.95x 1071 (—0.45) 0.47
2394 | 6.59 x 1071 (—0.27) 0.56 3762 | 3.73 x 1071 (—0.26) 0.76
5362 | 5.15 x 1071 (—0.30) 0.82 8426 | 2.91 x 1071 (-0.31) 1.30
10766 | 3.62 x 1071 (—0.51) 1.33 16918 | 1.81 x 1071 (—0.68) 2.99
19894 | 2.90 x 107! (—0.36) 2.42 31262 | 1.47 x 1071 (—0.35) 6.03
31276 | 242 x 107" (—0.40) | 4.27 49148 | 1.13 x 107! (=0.57) | 11.35
45752 | 2.11 x 1071 (=0.37) 6.61 71896 | 9.72 x 1072 (—0.40) 18.11
59570 | 1.93 x 107! (—0.33) 8.38 93610 | 8.35 x 1072 (—0.58) 22.21

p=4
NDoF's Error Runtime
256 6.63 x 101 1.00

1024 | 4.73x 107!
1888 | 3.57 x 107!
5472 | 2.70 x 107! 0.26 1.04
12256 | 2.15 x 107! 0.28 2.17

(—0.24)
(=0.40)
(=0.26)
(=0.28)
24608 | 1.34 x 1071 (—0.68) |  5.05
(=0.38)
(=0.67)
(—0.34)
(=0.64)

0.46

0.51
0.63

45472 | 1.06 x 107* 0.38 11.07
71488 | 7.86 x 1072 0.67 25.11
104576 | 6.91 x 1072 0.34 42.45
136160 | 5.84 x 1072 0.64 56.49

Table 6.5: NDoFs, error values in the |-| 2o, ,)-seminorm with EOCs in brackets (cal-
culated with respect to NDoFs), and corresponding runtimes for Experiment [6.11.2]
with an adapted mesh.

6.11.3 Experiment 3

In this experiment, we consider problem (6.11.2)), where Q = {z € R? : |z| < 1}.
We take 3 to be the anti-clockwise rotation of the normal by the angle p(z1,z9) =
m/4 + arctan(32), for (z1,x2) € 09, that is,

_ [eosp(ar,12) —sing(x1,22)] [[noal
Blar, w2) = singp(ml,xi) COSQD(ZL‘LZEZ):| [[nZZP} (21, 72) € 0.

Furthermore, the function f on the right-hand side of (6.11.2)) is chosen so that the

solution w is given by

1 1 1
u(zy, 29) = 1 cos(m (23 + 13)) — ;/ 2 cos(m(aF + 13)).
Q
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As in Experiment [6.11.2] we can directly calculate the renormalisation parameter, -,
and provide the largest value of ¢ for which the Cordes condition (5.1.4) holds. In
particular, we have that v = % =2/5 and € = 3/5.

We can also see that the oriented angle, ©, between [ and ngq is given by

O(x1,29) = /4 + (a1, 22) for (x1,22) € 0. It then follows that on 012,

01,0 = V(p(x1,22)) - (—[nsal, [noa]")

= V(arctan(zo /1)) - (—xa, x1) (6.11.3)
o (nm) - () = 1
= ———(—m9,11) - (—x9,21) = 1.
x% T+ Q’)% 2,41 2,41
Furthermore, since € is the unit disk, and 992 = S!, the oblique vector /3 rotates by
exactly 27, as we traverse 02 in a fixed direction, and so 8 € C1(99Q;S!). Since the

mean curvature of 9€), Hgg = 1, by (6.11.3)) we also see that
8’1‘2@ 4+ Hoq =2 > 0.

This experiment serves to demonstrate the robustness of this method with respect to
the choice of oblique vector, 5. In particular, § performs a full rotation around the
normal vector.

In this experiment, we successively increase the degree, p, of the finite element

om

space V(" from 2 to 4, and for each fixed degree we refine the mesh quasi-uniformly.

0
In Figurg we plot the convergence rates in the || - |5, ;-norm and the | - |1 (. 7,)-
seminorm, and report the exact values in Tables and with the corresponding
experimental orders of convergence given in brackets. Furthermore, we provide the
number of degrees of freedom (DoFs) and runtimes for each computation in Table[6.8|
We observe the optimal convergence rates ||(u — up, ¢ — cp)|ln1 = O(hP1), and |u —

uh|H1(Q;yh) = O(hp)

Mesh size p=2 p=3 p=4
0.4981 8.64 5.05 1.13
0.2828 6.86 0.41 1.03 2.80) | 2.50 x 107! (2.66

(
0.1627 3.66 3.10 x 107" (
0.0973 1.86 116 x 1071 (1.91

(
(

(0.41)
(1.14) 6.72 x 1072 (2.38
(1.32)
0.0508 |8.80 x 10~' (1.15) | 2.96 x 1072
(1.08)
(1.04)

) )
) )
)| 1.41 x 1072 (3.04)
2.10) | 1.81 x 1073 (3.15)
0.0269 | 4.42 x 107 8.31 x 1073 ) )
0.0138 | 2.21 x 10~ 2.15 x 1073 (2.02) )

241 x 1074 (3.17
3.02x 1075 (3.10

Table 6.6: Error values in the || - ||51-norm and EOCs for Experiment |6.11.3]
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Figure 6.3: Convergence rates for Experiment . We provide the error values
[(w — un, ¢ — cp)l|n1, and |u — up|g1(0,4,), along with the final (i.e., from the final
mesh refinement) and mean experimental order of convergence. We observe that
the convergence rates in the || - || norm are optimal with respect to the choice of
polynomial degree, p. That is, ||(u — up,c — ¢)|[n1 = O(RP™1). Furthermore, we
observe that |u — uy|p1(0,9,) = O(hP).

Mesh size p=2 p=3 p=4
0.4981 1.01 4.26 x 1071 6.14 x 1072
0.2828 | 3.32x 107! (1.96) | 4.33 x 1072 (4.04) | 8.78 x 107% (3.43)
0.1627 | 1.13 x 107t (1.95) | 7.71 x 1073 (3.13) | 1.42 x 1073 (3.30)

0.0973 | 3.34 x 1072 (2.37) | 1.55 x 1073 (3.12) | 2.15 x 107* (3.67)

(2.11) (3.07) (4.57)
(2.16) (2.79) (4.23)
(2.08) (2.64) (4.04)

0.0508 | 8.45 x 1073 2.11 x 1074 1.10 x 107°
0.0269 |2.14x 1073 3.57 x 107° 7.45 x 1077
0.0138 | 5.32 x 1074 6.10 x 107° 4.96 x 1078

Table 6.7: Error values in the |- |1 (o, 7,)-seminorm and EOCs for Experiment (6.11.3}
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Runtime (seconds) Number of DoF's

Mesh size | p=2|p=3| p=4 | p=2 | p=3 | p=4
0.4981 0.90 | 23.88 | 26.14 112 176 256
0.2828 0.49 | 0.69 0.54 448 704 1024
0.1627 0.53 | 0.62 0.78 1218 1914 2784
0.0973 0.78 | 1.00 1.51 3990 6270 9120
0.0508 1.95 | 3.23 6.49 16240 | 25520 | 37120
0.0269 6.80 | 15.12 | 36.20 | 61222 | 96206 | 139936
0.0138 | 36.57 | 97.87 | 261.50 | 240156 | 377388 | 548928

Table 6.8: Runtimes and number of DoF's for Experiment |6.11.3] for each mesh size
h, and each polynomial degree, p.

6.12 Concluding remarks for this method

We have extended the framework introduced in [I10], and [70] allowing for domains
with curved boundaries, as well as oblique boundary conditions. In doing so, we have
introduced a new DGFEM for elliptic equations in nondivergence form, that satisfy
the Cordes condition.

The computational domain we considered was the unit disc; in order to verify the
error estimates present in Section 3 we used a mesh consisting of curved triangles
with edges were defined by polynomial mappings. It would be an interesting avenue
for future research to consider oblique boundary-value problems in dimensions three
and higher; this would require one to prove the Miranda—Talenti estimates
in HéO(Q), in higher dimensions, which is currently an open problem.

The finite element approximation of solutions to elliptic problems in nondivergence
form with oblique boundary conditions is a challenging problem, and as such appears
to be underrepresented in the available literature. This chapter provides and analyses
a new method, which appears to be the first discontinuous Galerkin finite element
method for oblique boundary-value problems; we were successful in proving both a
stability estimate , guaranteeing existence and uniqueness of the numerical
solution, and an optimal apriori error estimate (6.9.1)).
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Chapter 7

A DGFEM for HJB equations with
Dirichlet and oblique boundary
conditions, with applications to
MA type problems

7.1 New contributions and existing results

The goal of this Chapter is to design and analyse discontinuous Galerkin finite element
methods (DGFEMs) for HIB and MA type equations with Dirichlet and oblique
boundary conditions on domains with curved boundaries.

Existing results: Some of the contributions of this chapter build upon existing

results.

e In [ITT], the authors provide a hp-DGFEM for the approximation of strong
solutions to HJB equations with Dirichlet boundary conditions on polytopal
domains, proving existence and uniqueness of a numerical solution, as well as
optimal a prior error bounds in a broken H2-type norm. We extend the h-
version of this method, and its analysis to the case of domains with curved

boundaries.
Our original contributions are listed as follows:

1. We provide a DGFEM for the approximation of strong solutions to HJB equa-
tions with Dirichlet and oblique boundary conditions on domains with curved

boundaries. In particular:

e We prove that the nonlinear operators P and 7° defined in Section

are strongly monotone and Lipschitz continuous, yielding existence and
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uniqueness of a numerical solution in the Dirichlet and oblique case, re-

spectively;

e We prove optimal error estimates with respect to the mesh size in broken

H?-type norms.

2. Utilising Theorem [3.5.3] we provide a new DGFEM for the approximation of
solutions to MA type problems in the case d = 2. Furthermore, our experiments
(in particular Experiment show that the semismooth Newton’s method
employed to approximate the numerical solution is robust with respect to the
choice of initial guess and right-hand side function. In particular, upon con-
vergence, the semismooth Newton’s method converges to the unique uniformly
convex solution (as mentioned in Section , such a property is an advantage
of this method, and is not always present in numerical methods for MA type

problems, sometimes resulting in large scale nonuniqueness).

7.2 Model problems

In this chapter, we propose and analyse a numerical method for HJB equations on
domains with curved boundaries. Furthermore, we use the results presented in Sec-
tion to reformulate the MA problem as a HJB problem, and apply the proposed
method, resulting in a new DGFEM for the approximation of solutions to MA type
problems.
Our model problems will be the following two HJB equations:
sup{L%u — f*} =0 a.e. in (,

ael (7.2.1)
u=0on 0,

and
sup{L%u — f*} =0 a.e. in {2,
ach (7.2.2)
[ - Vu is constant on 0f2.

Remark 7.2.1 As before, we assume that Q C R is convex, and that the collection
of linear operators { L }nen satisfies the assumptions of Theorem . Then, recall
that there exists a unique u € H := H*(Q)NHZ() that is a strong solution of (7.2.1)),
thanks to Theorem [3.3.10.

In the oblique case, Theorem guarantees existence of a unique u € HE’O(Q)
that is a strong solution of . This, however, only holds when d = 2, and as

such we also provide a numerical scheme for the two-dimensional case.

220



7.3 Numerical schemes

The definitions of the numerical schemes in this chapter rely upon the bilinear forms
B,?i*, JP, Bf?;/z : Vip X Vip — R defined in Chapter , and B}?*, JP, 321/2 s My %
M}, — R defined in Chapter [6] Recall that the finite element spaces V},, and M, are

define as follows:
Vip = {v e L}Q): v|x = po Fiit, p e PP(K), VK € T},

and
My, = Vipo X Vo = (Vip N LE(Q)) X Vio.

The main difference between the numerical methods considered earlier for linear PDEs
and the one for nonlinear HJB problems is in the semilinear forms 42%,? Vip X Vip —
R, and «#° : M}, x M}, — R defined by

ﬂ;?(uh;vh) = Z (Fv[uh], A’Uh>K + B}?l/Q(Uthh) — Z (Auh,Avh>K,

Ke, KeJ,
2 (un, N); (n, 1)) =Y (Fylunl, Ava) i + BEy o ((un, A); (vn, 1))
Keg,
— Z (Aup, Avy) g,
Ke,

(7.3.1)

where we recall that
F Jun] = sup{(A° : D%u — f)}.

aeh
The forms P and #° are linear in the second argument and nonlinear in the first
argument. The scheme for approximating the solution of is to find uy, € Vi,
such that
AP (up;vp) =0 Yoy, € Vi, (7.3.2)

Similarly, the scheme for approximating the solution of (7.2.2)) is to find (up, ¢;) € M,
such that
2 ((uns cn); (Vns 1)) = 0 ¥(vp, 1) € My, (7.3.3)

7.4 Monotonicity analysis

Theorem 7.4.1 Under the hypotheses of Lemma let Cgian, Cu, MF and pup be
chosen so that holds with k < (1 —€)~Y2. Then, for every up, vy, € Vi, we

have
lun = vnllny < C( (un; un — vn) — 7 (vn; up — vn)), (7.4.1)
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where the constant C' := 2k/(1 — k(1 — €)). Moreover, there exists a constant C,

independent of h, such that for any un, v, and z, in Vi,
| (un; 2n) — A (0 2n)| < Cllun — onllall2nlln1- (7.4.2)

Therefore, there exists a unique solution u, € Vj,, to the numerical scheme .

Furthermore, we have the bound

26/ d + Tsupaen [Vl
@ @ . 7.4.3
e e L A 0 (7:4.3)

Proof: For any up, v, 2n, € Vip, (3.3.19) yields

Z (Fv[uh] — F,Y[Uh] — A(uh — Uh), Azh)K S \/1 — & Z \uh — Uh|H2(K)”AZhHL2(K)-
Kegy, Keg,

lunllny <

(7.4.4)
We first show the Lipschitz continuity of «4P. Applying (7.4.4), for any wuy, vy, 2, €

Vh.p, We obtain

AP (up; z1) — A (vn; 2n)

= Y (P un] = By[on] = Alun — vn), Azp) i + BEy o (un — on, 20)
Keg,

<Vl-e¢ Z |un — vn| a2y | A2l 22y + Bhyy o (tth — U,y 2n)
Kegy,

< V(1 = &)[Jun — vpllnallzn

thus, it suffices to show that the bilinear form BP, /2 is a bounded on Vi, X Vpp.

h1 T+ BhD,1/2<Uh — Up, zh);

Applying techniques analogous to those employed in the proof of Lemma [5.6.2, we

obtain
By jo(un = vn, zn) < Cllun — vnllnallzallna,
where the constant C' is independent of uy, vy, 2z, and h. This gives us (7.4.2)).
We will now prove (7.4.1). For up,v, € Vj,, we denote wy, := uj, — vy. Apply-
ing ((7.4.4), we have that

A (uns wn) — 2, (vn; wp,)

= Y (B [up] = By o] — Awy, Awy) i + BEy o (wi, wy,)
Keg,

Z B}?J/Q(wh;wh) —V 1 — & Z HD2whHL2(K)||AwhHL2(K)'
Keg,
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Applying the stability estimate (5.6.2)), with 6 = 1, for x > 1 satisfying k < (1—¢)7"/2,
we obtain
) (un; wn) — A, (vn; wp)
> kM wnlh 1o = VI—€ Y 1D w2 | Awnl| 2

Ke,
L 2 2 2 1/2 0wy, ’
=5k D D% wall ) + 1AwallFo ) + D ||HF T
Keg, Feg}ll) F LQ(F)
+ 5 ey (wpywy) = VI—£ Y | D?wl| 2 | Aws | 22
Ke,
L 1720wy, ?
> o ! Z I D*whl| 72y + | Awn|72 ) + Z Hyl o
KeT, Fes? Fllrz(r)

1
+/€_10*Jh(wh,wh)—§ > k(1 = )| D*whllFa ) + 5 Awn] 32 )]

Keg,
O 1/2 0wy ?
= [ RO NPt + X M
KeT, Fes? Fllrz(r)
—i—/flc*Jh(wh,wh)
1—k%(1—¢) 120wy, ||?
> D ST Dl + 5 3 [HESE e wn)
Keo, Fegb F LQ(F)
1—r*(1—¢) )
= 2 D

Thus we have proven (|7.4.1)), with C' :=

T(l) Thus, the Browder-Minty Theorem
yields existence and uniqueness of a up € Vj, such that 52% (up;vp) = 0 for all
vy, € Vi Applying (7 with v, = 0, we obtain, for the numerical solution uy,

2k+/d+1 sup,, a
2 P (upywy) < TR D@ | 9 gy lun -

Dividing by ||up||n,1, we obtain ((7.4.3]). O

Theorem 7.4.2 Under the hypotheses of Lemma[6.8.3, let csian, Nr, pr, and op be
chosen so that holds with k < (1—¢)~Y/2. Then, for every (un, \), (vp, p1) € My,

we have

[ Cun —=vn, A=)l 1 < CA ((uns A); (un —vn, A= o)) = (0, 12); (un = vm, A= p1))),
(7.4.5)
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where the constant C' := 2k/(1 — k(1 — €)). Moreover, there exists a constant C,

independent of h, such that for any (un, ), (vn, p), and (zp,v) in My,

[ (s A); (2 1) = 27 ((vns 10); (20, )] < Cll(un = vy X = 1)l [| (s 2) [l
(7.4.6)
Therefore, there exists a unique solution (up, c,) € My, to the numerical scheme .

Furthermore, we have the bound

2v/3k supgen |17 noe(
1—k(1—¢)

Q «
[ (s ) llna < | sup [ |l z2(@)- (7.4.7)
ac

Proof: The proof is analogous to the proof of Theorem [7.4.1] utilising the stability es-

timate from Lemma , and the boundedness of By, /9 in conjunction with (3.3.19),
to prove the monotonicity estimate ([7.4.5)) and Lipschitz continuity estimate ([7.4.6)),

respectively. As in the proof of Theorem|[7.4.1] the Browder—Minty Theorem yields the

existence and uniqueness of a pair (us, ;) € My, such that @ ((up, cn); (vn, p1r)) = 0

for all (vy, up) € My. Applying (7.4.5) with (v, ) = (0,0), yields (7.4.7)) for the
pair (up, cp). d

7.5 Error estimates

Theorem 7.5.1 Let Q be a piecewise C™ and piecewise convexr domain, m € N,
m > 2, and let {F,}, be a reqular of order m family of triangulations on Q satisfy-
ing Assumption . Furthermore, let uw € H*(Q) N HY(Q) be the unique solution
of (7.2.1), and assume that w € H*(Q; T,) with sk > 5/2 for each K € J,. Let
Cstab, MF, and ng be chosen as in Theoremfor all F € é",ﬁ’b. Then, there exists

a positive constant C' independent of h and u, but depending on maxy Sk, such that

for the unique solution uy of , we have

lu = unllfy < C Y PRl o), (7.5.1)
Keg,

where tx = min(p + 1, si) for each K € 9},.

Proof: This proof is similar to the proof of Theorem [5.7.1] except we must deal with
the fact that the operator &P, given by (7.3.1)), is nonlinear. Now, let us denote

&p = zp — u, and Yy, = 2, — uy. From Theorem [7.4.1] we have that

[nllfs < CCA (uns n) — 7 (zni ¥n)) = C( 2 (wsvon) — ) (2 ¥n)),
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where the second equality follows from the fact that
AP (up;vp) =0 Yoy, € Vip, and AP (u;vp) =0 Yo, € Vip,

the latter being a consequence of the consistency result of Lemma [5.5.1
We see that

2 (w; ) — ) (zn; n) = Z {(Fv[u] — Fy[zn], Ak — %(A(U — 2n), AYn) K

Ke7,

1
+ 5B,?,ﬁ(u — Zn, @bh) + Jh(u — Zn, ¢h)-

Firstly, we see that

Z <Fv[u] - Fv[zh]7 AYp) i

Ke9,
1/2 1/2
(Z | F; [u zh]||L2 ) (Z ||A¢h||%2(K))
Keg, Ke9,
1/2
<VT=E ( > \rzv%hu;(K)) [l
Kegy,

and

1/2 1/2
S Z (u— zp), Atp) i (Z ”A&LHLQ(K)) (Z ”AwhH%Q(K)>

Keyh Keg, KeJ,
1/2
<C ( > IIDQ&IIiz(K)) [[¥nln,1-
Ke,

By applying the Cauchy-Schwarz inequality, and the second estimate in (4.6.9)), and

noting our assumptions on ng and pr, we obtain
1/2
HSK(K)) [[¥nln,1-

Tn(u = 25, 0n) < Jn(ns &0)2 T (o, n)? < C ( Z i ul

Keg,

Furthermore, applying the first estimate in (4.6.9)), we obtain

1/2 1/2
( 5 unghu;m) <o ( S et Hw) |
Ke9,

Ke9,

Thus, we have obtained

1/2
HSK(K)) [¥nllng + B ja(Ens ¥n)-
(75.2)

a, (ws ) — ) (zns ) < C ( Z h3es ™ |ul

Kegy,

225



Estimate gives us

Bh* fhﬂﬁh (Z h’th 4 |U’|

Ke7,

[h,1-

1/2
HSK (K )) ||¢h

Applying the above estimate to ((7.5.2)), yields

[nllha < C (wsibn) — o (zn; ¥n))

1/2
=C ( Z h%K_Zl”UH%{SK(K)) |%n]ln,1-

Ke9,

Dividing through by |[¢3|/n,1 on both sides, we obtain the desired estimate. O

Theorem 7.5.2 Let Q C R? be a C? and piecewise C™ ' domain, m € N, m > 2,
and let B € CY(OS;SY). Assume that

01,0 + Hoog >0 on IN.

Furthermore, assume that {7}y is a reqular of order m family of triangulations on
Q satisfying Assumption @

Let (u,c) € Hj,(Q) x R be the unique strong solution of . Assume that
u € H5(Q2; T) with sx > 5/2 for all K € J},. Let cgap, i, ir and op be chosen as
in Theorem and choose np < 1/h%, op < 1/hp, F € @@g’*" and hi® < Up for
all F € &, for some a > 2. Then, there exists a constant C > 0, independent of h,
and u, but depending on maxy Sk, such that Then, there exists a constant C' > 0,

independent of h, and u, but depending on maxy Sk, such that for the unique solution

pair (up, ) of (7.5.3), we have

1/2
9 ma FEé” h
Yok |+l e

minpegh hp

(v —up,c—cp)llng < C ( Z a1

Ke,
(7.5.3)

where tx := min{p + 1, sg,m + 1}.

Proof: This proof combines the techniques present in the proofs of Theorems
and . Let us denote ¢y, := up, — 2, & = 2z, — u, and puy = ¢ — ¢, where (u, ¢)
denotes the true strong solution of (7.2.2), (us,cs) denotes the numerical solution
of (7.3.3), and 2z, € Vj,0 is arbitrary (and is later taken to be the element of Vj, 0
that satisfies the estimates present in (4.6.9))).

226



Since (Yn, pn) € Vipo X Vio, we may utilise Lemma [7.4.2| yielding

1ons pn)llna S 7 ((ny c)s (ns pin)) — 5 (205 )5 (s 1)
= o, ((u, 0): (¥n, ©) — (2 €); (Vs pin))
=, ((u, ); (Yn, 10n)) — 2 (20, €); (Vs pin)) + 27 ((w, €); (0, 1)
= Y UB ] = Flan], Agn) i — (A(u = 21), Adn) ]

Kegy,

+ B%?,l/2((“ — Zh O)a (77Z)hu :uh)) + %O((u7 C); (07 Ch))'
(7.5.4)

Note that the first equality follows from the fact that

%O((u> C), (wlh C)) = %O((uhv Ch)> <wh7 Nh)) =0,

due to the consistency result of Lemma [6.7.1, and that (up,c) is the numerical

solution of (7.3.3)).

As in the proof of Theorem [7.5.1], we have that

ST UE [l = Fylznl, M)k — (Alu— 21), Ay ]

Ke,

1/2 1/2
N (Z ||D2§h|!iQ(K)> (Z IIA%Hiz(K))

Ke, Keg,

1/2
%ISK(K)> [ (¥n, 1) [[1.1-

< (z —_

Ke,

Furthermore, from the proof of Theorem [6.9.1, we have that

1/2
By jo(w = 21, 0), (¢n, p1n)) (Z [ |1 K)) (%, ) |1

Ke7,

as well as

A, ((u, 0): (0, ¢)) = By ja((u, ), (0, ¢n))

2
MAaX e si ha/

N

[l 715 2 [1 (s 42) ]2

Min e g hp

Combining these estimates, we obtain

1/2

_ maxpegi h
@m0 S || D0 PR Nallonery |+ = Nulls@szny | 1o 1) 1

Ke7, minpegr hp
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which, upon dividing through by ||(¢n, ts)||n.1, yields

1/2
| (ns ) lly S (Z hok ™ 4Hu\H5K(K> :
Ke%,

Furthermore, due to our assumptions on ppr,nr and op, by applying the estimates
in (4.6.9), we obtain

1€n, O)llna < (Z hig |l

Kegy,

1/2
2 FEém h
wexk) |+ —HuHHs %T3);

min e g
thus
1 < [[(&r,0) (Vny )1

1/ 72

- maxXpegi h

S (Z Bl %SK(K)> +— o,
Ked, mmFEgb hF

|(w — up, c— cp)

as desired. O

7.6 Semismooth Newton’s method - a practical al-
gorithm

We have proven the existence and uniqueness of a solution to the finite element
methods given by and , but of course, it is necessary to compute such
solutions. It is not clear, immediately how one may do this, since the forms on
the left-hand side of , and , are both nonlinear in their first argument.
Normally, one would apply Newton’s method to the operator, arriving at a sequence
of problems, but this requires the operator to be differentiable, which it is not (due
to the presence of the supremum).
In such a case, one must instead use a “semismooth” Newton’s method, which
does not rely upon the operator being (classically) differentiable.
For 1 < r < oo, a function u € WQ’T(Q; I,) defines a vector-valued function
u € L"(;R™) through u = (u, Diu), where Diu is the broken Hessian of u. Let
= (z,M) € R™, and define
F.(xz,u) :=sup{7*(A® : M — )|, }. (7.6.1)

acA
For each (z,u) € 2 x R™, we define

A(z,u) := {a € A such that the supremum in ((7.6.1)) is attained}. (7.6.2)
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This defines a set-valued map (x,u) — A(z,u).

We now give some final definitions, following [111], that are necessary to describe
the algorithm for the semismooth Newton’s method. For u € W*"(Q; .Z,), let

Afu] :=={a: Q — A, Lebesgue measurable : a(x) € A(z,u(x))
for a.e. € Q, where u = (u, Dju)}. (76.3)

Lemmal3.3.18land Theorem[3.3.19show that A[u] is nonempty for each u € W27 (Q; 7).
For measurable a : Q — A, we define v* : Q — R* through v*(z) = v(z, a(x)), where
v : QxR — RT was defined by . It follows from the uniform continuity of
v over  x A that v* € L=(Q) with [|[v¥||~@) < [|7llc@xr)- The functions A%, f<
and the operators L* are defined in a similar manner and are likewise bounded. It is
clear that if o € Afu, then

Fylu] = y*(Lou — ).

7.6.1 The algorithm

We are now ready to give the definition of the semismooth Newton’s method used
to approximate solutions of and , and to provide results regarding the
superlinear convergence rates of these methods.

Let us define the linear operators required at each step of the semismooth Newton’s
method. For a given uf € V;,,, let A[uf] be given by , and select an arbitrary
ay € Afuf]. We then define

Af’k(uh, Uh) = Z <”)/akAak : D2uh, Avh>K + Bgl/Q(Uh, Uh)

_ Z <Auh,Avh>K Yup, vy € th’
Ke,
and
Ag’k((ul_“ )\)’ (Um/i)) _ Z <’7akAak . DZUh, AUh>K —+ Bgl/2((uh’ /\)7 (thu“))
ke (7.6.5)

- Z (Aup, Avp) V(un, ), (v, ) € Mp,.

Keg,

Since each ay, : 2 — A is measurable, each respective operator given by (|7.6.4))
and ((7.6.5)) is well defined. In fact, as in the proof of Theorems [7.4.1| and [7.4.2} the

Dirichlet and oblique bilinear forms are coercive on V;, , and V}, , o X V}, o respectively,
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and for each k € N, we have

2K
[onll7q < T AP*(on, ) Yo € Vi,
1—k(1l—¢)
o (7.6.6)
1 (ons )]0 < mx‘lf’k((vh,u); (vn, 1) V(vn, 1) € Vipo X Vio.

Therefore, the sequence of iterations {uf}?e, and {(uf,cf)}22, generated by the
semismooth Newton’s method in the Dirichlet and oblique case, respectively, are

well defined and remain bounded in (Vi p, || - [|n1), and (Vapo X Vio, || - |n1)-

Algorithm 1 HJB semismooth Newton’s method for Dirichlet BVP
Require: Q2 C R? tol € RY, itermax € N, %, a mesh on Q, V,,, A, {A%, 7%, f*}aen,

U?Z € Vhyp

1: k<0

2:r+1

3: u% < u%

4: while k < itermax & r > tol do

5: Ay + Afuf] defined by (7.6.3)

6: Select an arbitrary oy € Ay

7. Define AP by (7.6.4

8: ul™ <« the solution of

AP (bt ) = Z (Y fo* Avp) g Yo, € Vi (7.6.7)
Ke7,

9 7 [l = ufflre o)
10 uf « uptt

11: k+—k+1
12: end while

We now state the theorem on the convergence of this method for the Dirichlet

problem that is present in [IT1].

Theorem 7.6.1 Under the hypotheses of Theorem[7.4.1}, there exists a constant R >
0, possibly depending on h, such that if ||up — ul||n1 < R, where uy, solves ,

then the sequence {uf}?, converges to uy, with a superlinear convergence rate.

Remark 7.6.2 The proof of Theorem does not change, since it only relies on
the nature of the nonlinear terms present in the definition of &P . However, the proof
of the following Theorem (Theorem requires some changes, due to the fact that

we also solve for ¢, € Vi o, the approzimation of the compatibility constant, c.
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Algorithm 2 HJB semismooth Newton’s method for oblique BVP

Require: Q C R?, 5 : 00 — S!, tol € R*, itermax € N, .7}, a mesh on , V;,,,, A,
{Aa7,ya’ fa}OzGAa u% S Vh,p,()

1: k<0

2:r+1

3 u) « ul

4: while k < itermax & r > tol do

5. Ay« Afuf] defined by

6: Select an arbitrary oy € Ay

7: Define Af’k by

8 (ufth ) « the solution of
APH (L (o) = S (%, A (o p) € M (7.68)

KeT,
9: r4— ||uf;rl — uf|| Lo ()
100 uf < uy™

11: k+—k+1
12: end while

Theorem 7.6.3 Under the hypotheses of Theorem there exists a constant
R > 0, possibly depending on h, such that if ||(up — u?, cn — )||na < R, where uy,
solves (7.3.9), then the sequence {(uf, ck)}32, converges to (u,cy) with a superlinear

convergence rate.

Proof: Since oy, € Aluf], we have F,[uf] = vy Lo%uf — v for therefore

Aka((uﬁﬁ-l’ C’;L—H); (/Ufw IU/)) = Z <7akfaka AUh>K v(”h) :u) € Mh
Keg,
is equivalent to
ARt ), (on, ) = Y (VL uf = Fy[uf], Ava) i ¥(vn, p) € M. (7.6.9)

Ke,

The definition of the numerical scheme for &7 in ([7.3.1]) implies that the pair (us, cp,)

satisfies

AT (un en), (o, ) = Z (Y L%y, — FJug], Avp) g V(vp, 1) € My, (7.6.10)

Keg,
After subtracting ((7.6.10)) from ([7.6.9), and applying the second bound in ([7.6.6)), we

obtain
(0l =, = el < Cull ] = Fyfun] = 4L (uf = ) 2y (7.6.10)
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where C7 depends on k, € and 7 as in ((7.4.7)), but not on k.
Fix r > 2; since V}, ¢ is finite-dimensional, there exists a constant C, dependent

upon h, such that

[vnllwer@.2,) < Collvnllnase < Coll(vn, )llng V(vn, 1) € M,
where

1
lonllnse = lonlizm) + 5 D 10,0 + He)*Vou| e
Fe&p

+eo | Y melloallizeir + pel IV roall7em) + pell[Von - nelll7zgm)
Fe&}
is a norm on Vj, 0 (the proof of this is analogous to the proof of Lemma|6.8.1)).
Theorem 13 from [I11] shows that for each p € (0,1), there is an R, > 0 such
that if ||w, — unllw2r,2,) < R,, then, for any a € Afwy),

Hny[wh] — F’Y[uh] _ ,yakLak (wh — uh)HLQ(Q) S ﬁ”?ﬂh — uhﬂwz,r(g;%). (7612)

If ||(u) — up, ) — c)|ln1 < R, for some p < 1, then we use (7.6.11)) and (7.6.12) to

obtain

[Cup ™t = un, i ™ = en)llng < pll(uf;, — un, ek = cn)llns Yk € Ny,

which yields convergence of (uf,cf) to (up,cn). For each p < 1, ||[uf — up|ln1 < R, is

then eventually satisfied, thus implying a superlinear convergence rate. O

7.7 Applications to the two-dimensional M A equa-
tion

In this Section we discuss the application of the DGFEM given by (7.3.2) to MA
Dirichlet boundary-value problems of the following type:
det D*u(z) = f(z), = € Q,

(@) = /() (7.7.1)

u(z) = ¢, x € 0L,

where f € C%(Q;R*), is uniformly positive, ¢ € C?*(99) is the restriction of a
function ¢ € C*>*(Q) to dQ, and Q C R? is uniformly convex, with 9Q e €2,
a € (0,1). In the case that ¢ = 0, Theorem implies the existence and uniqueness
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of a uniformly convex u € C?*(€Q)) that is both a solution of ((7.7.1)), and the following
HJB problem:
sup {—W : D*u + (det W)Y} = 0, in Q,
WeXe (7.7.2)
u =0, on 0.
where 9 (z) := 2(f(z))/?, and 0 < ¢ < 1/4 is a constant depending on the uniform

C?%-seminorm of u, and we recall that
Xe:={W € X : det(W) > &},
where the Krylov control set, X, is defined by

X ={WeRZ2: W >0,Tr(W) = 1}.

Sym

Remark 7.7.1 (Inhomogeneous boundary data) One may of course be inter-
ested in the case that the boundary datum, ¢, is not identically zero. Indeed, if we
assume further that f satisfies the growth condition and that f,¢, and the
minimal principal curvature, Kog, of 0K satisfy , then Theorem gquaran-
tees the existence of a uniformly convex solution u € C>*(Q) of . Furthermore,
under the same hypotheses, Theorem [3.2.1] guarantees existence and uniqueness of a
function v € H*(Q) that is a strong solution of the HJB problem:

sup {W : D*v 4 (det W)Y?y} = 0, in Q,

WeXe

v=—¢, on I,

for any 0 < & < 1/4 (note that in particular, Theorem only requires that § is
conver, ¥ € L*(Q), and that ¢ is the trace of a H*(Q) function). As such, under
these assumptions, inhomogeneous Dirichlet boundary conditions should not pose any
additional difficulties. Furthermore, in general, we may implement inhomogeneous

Dirichlet boundary conditions numerically by modifying the form P follows:

JZ{D’inhOm(Uh; Uh) = %D(Uh; vh) — Z [MF(VTQ’ VTUh>F + nF<g7vh>F]

Fe&p

1 :
+t3 > [{dive Vg, Vo - np)p + (Vo (Von - ng), Vg e — (Vg Veng Vo) pl,

Fes&h

where g is the restriction of the boundary data to 0). We then then seek up € Vi,
such that

%D,inhom(uh; Uh) =0 Vo, € Vh,p'
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One retains a HJB problem with Cordes coefficients from ((7.7.2)), simply by letting

v := —u, which gives us

sup {W : D*v + (det W)Y?4} =0, in Q,
WeXe (7.7.3)
v =0, on 0f2.

One can see that we have rewritten the MA equation (with ¢ = 0) as a HIB
equation, and thus we can use the semismooth Newton’s method defined by .
It is important to note that for £ > 0, X, consists of positive definite matrices, and
since d = 2, they satisfy the Cordes condition. Moreover, the following calculation
shows that since the matrices have unit trace, there is in fact no need to renormalise

the problem by multiplying through by

o Tr(A%)
vo= |AO‘|2 .

One can see that for any W € X¢,
W —L,)* = |W|* =21 W + |1
= [W[* = 2Tx(W) 42
=W’
= (Tr(W))? —2det W
=1—2detW
<1-2<1.

(7.7.4)

Thus we have the following lemma.

Lemma 7.7.2 Let Q) be a bounded open subset of R%2. Then, for any open set U C €,
any u,v € H*(Q), and any & € (0,1/4] the following inequality holds a.e. in U:

sup {W : D*u — f*} — sup {W : D*v — f*} — A(u —v)
WeXe WeXe

< V1 —¢|D*(u—w)|,
(7.7.5)

with € = 2€.

Proof: Denoting w := u — v, one can see that

sup {W : D*u — f*} — sup {W : D*v — f*} — Aw

WEX§ WEXg

< sup {‘WZDQQU—AU}‘}
WEX&

= sup {|(W — I ) : D*w|}
WGX&

< sup {|W — Ii|} |D*w|.
W€X§
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Noting that the estimate (7.7.4) is uniform in W over X, we obtain the desired
result. [

Remark 7.7.3 Removing the renormalisation factor, v*, from the HJB equation
does not affect any of the existence and uniqueness results, nor does it affect the
well-posedness of the algorithm for the semismooth Newton’s method. This holds,
due to the fact that the necessity of including the renormalisation factor, v, was
solely to obtain an estimate of the same form as , so that one can utilise the
“addition-subtraction” of the Laplacian technique, followed by an application of the

Miranda—"Talenti estimate.

Remark 7.7.4 (The maximisation problem) At an arbitrary step k € N of the
semismooth Newton’s method, we are required to calculate A[uf]. In the case of the
MA-HJB equation , this will be denoted by X¢[uf]. Implicitly, this involves
solving a maximisation problem for each k € N. As we will see momentarily, in the
case of the MA-HJB equation , this can by done analytically, in the case that

we do not multiply through by the renormalisation factor, v“.

Notice that for a given v, € Vj,p, we have that Div,(z) € ]RS;; for any x € K, for

all K € 7,. It follows that the maximisation problem of calculating X¢[v,(z)] at a
given z € (), is equivalent to finding W* € Y| satisfying

W* . M + (det W*)Y2%) = sup {W : M + (det W)2}, (7.7.6)

WGXg

for some fixed M € R2*? and ¢ € R*.

Sym

Lemma 7.7.5 For each M € RE2 and ) € RY, there exists a W* = W*(M,v) € X,

Sym
satisfying the maximisation problem given by . A mazimiser is given by

%(1 + My —Mpo ) _ Mis ; (Mu—M222)2 ,
W — VU2 (M1 —Ma2)2+4M3, V2 HAME, T (W2 (M1 —Ma2)2+4M7,
_ Mip \/ (M11—M>3)? 1— 7( M1 — Moo ) ’
Y2 +4MZ, (2 +(M11—Ma2)2+4M3,) U2+ (M11—M22)2+4M3,

(7.7.7)

unless W* does not belong to X¢, in which case a mazimiser is given by

. T—4¢ (Mi1—M>2)?(1-4€)
Y R VR e ey WA RN
My1—Mo2)2(1—4
Sgn(Mﬂ)\/i(l - 4(1M12;+(1\zi—(M22§g) —¢ 1-3 (1 + (M= M22)\/4M2 e M22 2>
7.7.8)
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Proof: Notice that Xe = {W € RZ2 : Tt W =1, detW > £} is in fact isomorphic

Sym
to the set

{Ovare [50- vImm0, 504 VImT0) | x |5 5] Ma- 0 z e e)

=: Xé.
(7.7.9)

This follows, since W € X, can be represented by

o 1]
a 1—XA |’
where the values (\, «) € [0, 1] x [—1/2,1/2] are constrained by det W = A(1 — \) —
a? > €.
Now given M = [M;j]; j=12 € Ré;i and ¢ € RT, let us define 7 : X¢— Rby
N\, @) = AMiy + (1 = A\)Maz + 2aMiz + (A(1 = ) — o?)'/?4). (7.7.10)
We see that
(N, @) = My — Moy + %(1 —20)(A(1 = A) — a?) "2,
dan(\, @) = 2M15 — a(A(1 = \) — a?) V2,
8 (0, 0) = 501~ 2)(A(1~ A) — a?) /2,
Ban(ha) = ~((A(1 = N) —a?) 772+ 1(1 - 20)P(A(1 — ) — a?) ),
0.at(A @) = —(AM1 =) = a®) "2 1 (A1 = ) — a?) %)
We also see that 83470177, 8%7/\77 < 0, and that
det(D*n) = g 4005 x — (03.a1)"
=((M1=X)—a”)"+ ;1(1 —20)°(A1 =) —a?) 2+ (M1 = X) — a?)?)y?

* @110‘2(1 =221 =) = o)~ — icf(l — 2021 = ) — a?) )y

= (M1 =X\ =)+ }1(1 — 2021 =) —a®) 2+ (A1 = A) = aP) ) > 0.

Since n € C*°(X{), it follows that any critical point of 7 is in fact a local maximum.

Critical points occur where
(A, a) = dan(A, ) = 0. (7.7.11)
The first equality in ([7.7.11]) gives us

1
My — Mayy + 5(1 — 201 =\) =)V =0,
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which is satisfied by

A= % (1 4 | My — Mao| /(1 — 402)/ (42 + (M, — M22)2)> . (7.7.12)

The second equality in ([7.7.11)) gives us

2Mis — a(A(1 = \) —a®) V2 =0

which is satisfied by

)+ AMF,
Substituting ((7.7.13)) into (|7.7.12)) and solving the resulting equation for A, we obtain

o= Sgn(Mm)\/M. (7.7.13)

1
NE = (1 [Miy = Mool /42 + (Myy = Mao)? + 4M3,);

then, substituting this back into ((7.7.13)), we find that

sgn (M;2) ’M12|\/

Vb 1 AME (Myy — My)? /(2 + (Myy — Mg)? + 4M7,).

Notice that the value of A* in (7.7.12)) is determined up to a sign. Since the determi-
nant of the matrix represented by (A*, ) is invariant under this change of sign, it is

clear that the maximising value is determined by the maximiser of
)\Mll + (1 — )\)MQQ.

We see that if My, — Mas > 0, then the maximiser satisfies A > 1 — A\, which occurs
when we take the value A = AT, similarly when M, — My < 0, we take A = A\~. This

tells us that in either case

1 .

~ % <1 - (Myy — Ma) /([ + (Myy — Man)? + 4M122> .

Since ]R%;i is unbounded, it may be the case that given M & Rg;ﬁl the critical

point of n may lie outside of X{. For instance, we can always construct a sequence
{MF}re, C REZ such that A¥ = A\(M*) given by tends to 1 as k — oo, and
af = a(MP¥), given by is zero for all members of the sequence. This limit
point is not in X¢.

Let us consider the case when a critical point (., a.) € [0,1] x [-1/2,1/2] \ X{.

Since 7 is smooth, X is compact and 7 does not have a critical point in X, it
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must be that any maximising point of X; must in fact lie on the boundary of X,
OX¢={[\a] € X{: M(1—=)\)—a® = ¢}, We now aim to find a critical point of nlax;,

that is, where the tangential derivative,
9-n=Vn-r, (7.7.14)
is zero. We can represent 0.X é as the level set
(o] € X2 (0, 0) =€),

where ¢(\, @) = A\(1—\) —a?. The level set has the unit normal vector n = V¢/|V¢|,

and corresponding tangential vector

o {—(%gzﬁ 8A¢r: {2_04 1—2>\]T
Vol [V IVol" Vol |

Moreover, on 90X

Vol = V(1 =202 + (20)2 = /1 - 4(A\(1 = ) — a?)
=1 —4¢(\, a) = /1 —4£ > 0.
We then see that
8T<W|6Xé) = [2a( M1y — M) + 2M15(1 — 20)] /y/1 — 4E,
and,

872-,T<77|6Xé) = V(@(be@)) T
= V((20(My1 — Mas) 4 2My5(1 — 2X0)) //1 — 4€) - 7 (7.7.15)
= [2(1 — 2)\)(M11 - MQQ) - 8M1201]/(1 — 4&)

Note that on 9X¢, we have that o = 4/A(1 — A) — €. Substituting these values into
(7.7.14]), we obtain

/AL = A) = E(My1 — Mas) + Mip(1 —2X) = 0. (7.7.16)

Let us consider separately the case when M5 = 0, i.e., when M is a diagonal matrix.
Let us assume further that My, # Mas, since otherwise 7 is maximised by (1/2)1, €
X¢, and the point (1/2,1/2), that it represents, does not lie outside of X;. We see

that in this case, ([7.7.16) is satisfied by
1
A:§(1j: 1 —4¢),
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which implies that a = 0.
For the critical point to be a maximum, we require that 837717, given by (|7.7.15)),
is negative. This holds for

N\ a) = <%(1 + sgn(My; — Mag)/1 — 48), 0) . (7.7.17)

Now we consider the case when My, — My, = 0, and Mjs # 0. In this case, ﬁ‘axg is
constant in its first variable, and since a = +4/A(1 — A) — &, the maximiser is given

by (1/2,sgn(Mis)\/1/4 —&).
Finally we turn to the case when My, —Msy # 0, and My5 # 0. In this case, ((7.7.16))
is satisfied by

1 (M — Mag)?(1 — 4€) 1 1
A==-[1%+ —(1—+/1448),=(1—+/1—4
2 ( \/4M122+(M11_M22)2 < 2( + €>72< é)
(7.7.18)
Note that ((7.7.18) holds, since we have assumed that M, M3 — Mas # 0, and thus

(M — Myy)?
AMZ, + (M, — My)?

< 1.

To ensure that the second tangential derivative given by ((7.7.15]) is negative (so

that the critical points are maxima), we obtain that the corresponding (A, a) are

A=—1|1 My — M
5 ( +sgn( 11 22)\/4M122 T (Mn — M22)2 )

. 1 (Mll — M22)2(1 — 45)
‘T Sgn(Mn)\/Z(l AME, + (My — M22)2) e F

given by

7.8 Implementation

Software and code: The experiments in this Chapter have been implemented in the
most recent version of the Firedrake software [105, 87] (as of 3rd July 2018), which
interfaces directly with PETSc [0, [7] running through a Python interface [39, [63].
Two working Firedrake scripts, MA-HJB-Dirichlet.py and MA-HJB-oblique.py used
to generate the experiments of this Chapter are available in the Github repository:
https://github.com/ekawecki/FiredrakeNDV.

Linear systems and condition numbers: Each step of the semismooth Newton’s
methods given by Algorithms|l|and [2[involves solving a linear problem of the form
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and , respectively. As discussed in Chapters |5[ and @, the resulting coefficient
matrix of each linear system typically has a Euclidean norm condition number of or-
der h=*. This can pose difficulties when applying iterative methods to solve the linear
system, and thus to ensure that we solve the linear system with sufficiently high ac-
curacy as the mesh size h decreases, we apply the Iterative refinement algorithm, i.e.,
Algorithm 1.1 of [32]. We implement the Iterative refinement algorithm by using the
following choices in the Firedrake “solve” function. Note that the first code snippet
is for the Dirichlet boundary-value problem, and the second code snippet is for the

oblique boundary-value problem.

t = time ()

solve (A_gamma == L, U,
solver_parameters = {
"snes_type": "newtonls",
"ksp_type": "preonly",
"pc_type": "lu",
"snes_monitor": False,
"snes_rtol": le-16,

"snes_atol": 1e-25})
tt.append(time () -t)

# implementing nullspace, as solution should have zero sum
V_basis = VectorSpaceBasis(constant=True)
nullspace = MixedVectorSpaceBasis(S, [V_basis, S[1]])

# begin timing of linear system solve
t = time ()

# solwving linear system

solve (A_gamma == L,Uh,nullspace = nullspace,
solver_parameters = {"mat_type": "aij",
"snes_type": "newtonls",
"ksp_type": "preonly",
"pC_type": ||1ull’
"snes_monitor": False,
"snes_rtol": le-16,

"snes_atol": 1e-25})
# end timing of linear system solwe
tt.append(time () -t)

Furthermore, the solver choices in the second code snippet above differ slightly from
those present in the first code snippet, i.e., we also include “nullspace = nullspace”,
where “nullspace” is defined on line 3, and “mat_type = aij”. The first choice im-
poses that the numerical solution uf™ (from the pair (uy*!, ci™') € M, that satisi-
fies ) has a zero-sum, and the latter essentially informs the solver that the
solution consists of two parts, i.e., u’fLH and clffl, and that the system may be treated
in block formation.

Two-dimensional curved boundary approzximation: When implementing curved
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finite elements, we use a piecewise quadratic polynomial mapping to obtain a higher
order approximation of the domain boundary. This is implemented in exactly the
same manner as discussed in Section As in Section [5.8] we define the space
Vit = {v € L*(Q) s vo T ¢ P?(K)}, where the piecewise quadratic function
T is defined by . In this case, we then define V0" := Vo™ N L5(Q) and
M, = Vol x Vg™

Furthermore, when we refine the mesh in our experiments, the meshes at each
refinement level are not related to one another. That is, there is no hierarchical mesh
structure, i.e., at each refinement level, we “remesh”. A collection of the meshes used
for the computations of this thesis can be found in the folder “Meshes” in the Github
repository: https://github.com/ekawecki/FiredrakeNDV.

Selection process: One can see that lines 5-6 of Algorithms [1] and [2| require one to
define the control set A;, := A[u}], and then to select an arbitrary a; € Aj. This is
a core step in the semismooth Newton’s method. For the examples that we consider,
given uf € Vi 0, we can solve the corresponding maximisation problem that
defines A[uf]. In particular, when considering the MA problem, the corresponding
pointwise maximisation problem is given by , for which — provides
a solution. Once a maximiser is known, we are then required to provide an arbitrary
ap € Ay, and so we simply choose the maximiser that we have calculated. This

process is implemented for the MA problem in the following code snippet.

# calculating right -hand side function f for the MA problem
d2udxx = convup*(Constant (1.0)-alp*0.5*pi*cos(pi*rho)+alp*pi**2*xx**2*sin(pi«
*rho))
d2udxy = convup*(Constant (0.0)+alp*pi**2*x*y*sin(pi*rho))
d2udyy = convup*(Constant (1.0)-alp*0.5%pi*cos(pi*rho)+alp*pi**2*y**2xsin(pi<>
*rho))
f = 2.0*pow(d2udxx*d2udyy-pow (d2udxy ,2.0) ,0.5)
# Defining optimal controls for the MA-HJB problem
xi = 1.0/100.0
def controls (u00,u01,ull):
hh = f
diff u00-uil
c00w = 0.5%(1+(diff)/sqrt(hh**2.0+pow(diff ,2.0)+4.0*pow (udl,2.0)))
cllw = 0.5%(1-(diff)/sqrt(hh**2.0+pow(diff ,2.0)+4.0*pow(u0l1,2.0)))
cO0lw = (u01/sqrt (hh**2.0+4.0*pow(u0l1,2.0)))*sqrt(1-(pow(diff ,2.0))/(hh+
**2+pow (diff ,2.0) +4.0*pow (u01,2.0)))
c00xi = 0.5*%(1+diff*sqrt((1-4.0*xi)/(le-15+4.0*pow(u01,2)+pow (diff ,2)))«
)
clixi = 0.5%x(1-diff*xsqrt((1-4.0*xi)/(le-15+4.0*pow (u0l1,2)+pow(diff ,2)))<«
)
c01lxi = signfct(u01l)*sqrt (0.256%(1-(pow(diff ,2)*(1-4.0%xi))/(le-15+4*pow<
(u01,2) +pow (diff ,2)))-xi)
det = 0.25%pow(hh,2)/(pow(hh,2)+pow(diff ,2)+4.0*pow(udl,2))

zeta = signfct(makemax (det-xi,0))

cont = [[zeta*cOOw+(1l-zeta)*c00xi,zeta*cOlw+(l-zeta)*cO1lxi],[zeta*cOlw«
+(1-zeta)*cO01xi,zeta*cllw+(1l-zeta)*cli1xi]]

fcont = -hh*pow(cont [0][0]*cont [1][1]-cont [1][0]*cont [0][1],0.5)

return cont, fcont
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Remark 7.8.1 (Computational parameters) In the following experiments, we
consider both Dirichlet and oblique boundary-value problems (BVPs). In the Dirich-
let BVP case, we employ the following parameter choices: Csar = 2, i = Cstab(p —
1)2/2hp, np = 3csan(p — 1)*/8h3. In the oblique BVP case, we employ the follow-
ing parameter choices: Csap = 2.5, pp = 2Cstap(p — 1)2/iLF, ne = 15(p — 1)4/16ﬁ‘},
or = 2cqanp?/h%, and lp = caanhp’.

In both cases, the choice of parameters was guided by results of the experiments of
Chapters@ and@ (since, in the Dirichlet BVP and oblique BVP case, each step of the
semismooth Newton’s method requires the solution of a problem of the form similar
to the linear problems considered in Sections and respectively). Note that in

Remarks [5.8.1) and [6.10. 1) we discuss the choice of computational parameters for the

corresponding linear problems.

7.9 Experiments

In the following experiments, we successively increase the degree, p, of the finite
element space V},, from 2 to 4, and for each fixed degree we refine the mesh quasi-
uniformly. We apply the semismooth Newton’s method with an initial guess given
by

uf) = cos(mz) cos(my),

until the step increment || - || ;2(q)-norm reaches a tolerance of 107'? (unless stated
otherwise). Note that we denote by u;, the final Newton iterate, i.e., for the index NN,

we have that uj, = ul, and ||u}) — uhN_lHLz(Q) < tolerance.

7.9.1 Experiment 1

In this experiment, we consider the following MA problem:

{detD u(@) = f(z) €, (7.9.1)

u(z) =0 x € 09,

where  := {z = (71,22) € R? : |z| < 1}, and f is chosen so that the true solution

of (7.9.1)) is given by

u(r,y) = 5" + 37~ 1) — Csin(r(a® + 47).
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In order to approximate the solution of , we consider the equivalent HJB prob-
lem:

sup {—W : D*u + 2(det W)1/2f1/2} =0, in Q,

WeXe (7.9.2)

u =0, on 0f),

where £ = 1/100, and apply the semismooth Newton’s method, given by Algorithm ,
to . Since each W € X has unit trace, we use the renormalisation parameter
v =1 (as opposed to y* := Tr(A%)/|A%|?, see Remark [7.7.3).

Furthermore, since € is the unit disk, 9Q = S', and it follows that the mean
curvature of 0, Hypq = 1, and therefore, Hr = 1 for all F € é",ﬁ’ For the internal
faces, the mean curvature is calculated directly as Hp = V1 - ng, where ng is a fixed
choice of unit normal to F'.

In this experiment, we successively increase the degree, p, of the finite element
space V,; ;mp from 2 to 4, and for each fixed degree we refine the mesh quasi—uniformly,
we observe that the experimental orders of convergence in the || - || 1-norm are opti-
mal, that is |u — ul |1 = O(hP~1). We plot the error values in the || - ||51-norm in
Figure [7.1] and report the exact values in Table [7.I| with the corresponding experi-
mental orders of convergence given in brackets. Furthermore, we provide the number
of degrees of freedom (DoFs) and run times for each computation in Table [7.2]

We also plot the incremental L?>-Newton error |[uf ™ —uf || 2(q) against the number
of Newton iterations, k, for all levels of mesh refinements, for each degree p = 2,3,4
in Figures[7.2] [7.3] and [7.4] respectively.

Across all polynomial degrees and mesh refinements we see a small variation in the
number of Newton iterations required to reach the desired tolerance. In particular,
in each case we observe that reaching the desired tolerance of 107! requires either 5

or 6 iterations.

Mesh size p=2 p=3 p=4

0.4981 5.87 1.36 7.76 x 1071

0.2828 1.88 (2.01) | 6.68 x 1071 (1.25) | 1.57 x 107! (2.82)
0.1627 1.04 (1.08) | 2.49 x 1071 (1.78) | 2.561 x 1072 (3.32)
0.0973 | 5.79 x 107! (1.13) | 7.52 x 1072 (2.33) | 4.63 x 1073 (3.28)
0.0508 | 2.98 x 1071 (1.02) | 2.00 x 1072 (2.04) | 6.42 x 10~* (3.04)
0.0269 | 1.55 x 107*  (1.03) | 5.21 x 1073 (2.11) | 1.05 x 10~* (2.84)
0.0138 | 7.77 x 1072 (1.03) | 1.31 x 1073 (2.06) | 1.78 x 107> (2.65)

Table 7.1: Error values in the | - ||, 1-norm and EOCs for Experiment [7.9.1]
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Figure 7.1: Convergence rates for the numerical scheme applied to problem ([7.9.2]).
The error ||u—up||n1 is plotted against the mesh size h for polynomial degrees ranging
from p = 2 to p = 4. The optimal convergence rates ||u — up||p1 = O(hP™!) are
observed for all values of p.

Runtime (seconds) Number of DoFs
Meshsize | p=2 | p=3 | p=4 | p=2 | p=3 | p=4
0.4981 1.83 | 2.22 2.38 96 160 240
0.2828 1.61 1.82 1.87 384 640 960
0.1627 2.06 2.01 2.28 1044 1740 2610
0.0973 2.08 | 2.50 3.72 3420 5700 8550
0.0508 3.45 | 7.27 | 17.95 | 13920 | 23200 | 34800
0.0269 | 13.15 | 41.45 | 120.92 | 52476 | 87460 | 131190
0.0138 | 81.36 | 306.06 | 937.53 | 205848 | 343080 | 514620

Table 7.2: Runtimes and number of DoF's for Experiment [7.9.1| for each mesh size h,
and each polynomial degree, p.
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Convergence of Newton’s method, p = 2
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Figure 7.2: Convergence of Newton’s method for the numerical scheme applied to

problem ((7.9.2) with p = 2.

Convergence of Newton’s method, p = 3
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Figure 7.3: Convergence of Newton’s method for the numerical scheme applied to
problem (7.9.2)) with p = 3.
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Convergence of Newton’s method, p =4
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Figure 7.4: Convergence of Newton’s method for the numerical scheme applied to

problem ((7.9.2) with p = 4.

7.9.2 Experiment 2

In this experiment, we consider the HJB Dirichlet boundary-value problem,

sup{A®: D*u— f} =0 ae. in Q,
ael (7.9.3)
u=20 on 0f,

where Q := {z = (21,22) € R?: |z| < 1}, and the function f in (7.9.3)) is chosen so

that the true solution is given by
L. 2., .2
u(z,y) = Z—lsm(w(x +y7)).

For this problem, the set of controls, A := [0, 7/3] x SO(2) (note that SO(2) denotes
the set of 2 x 2 rotation matrices), and the coefficient matrices { A®},ep are defined
by

1 siné

Ao — UQ(UQ)T/Z 0% = (0705) := i {O cos 6

], a=(O.R) €A (7.94)

Furthermore, since 2 is the unit disk, 92 = S*, and it follows that the mean curvature
of 90, Hapq = 1, and therefore, Hr = 1 for all FF € &P. For the internal faces,
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the mean curvature is calculated directly as Hr = Vi - np, where ng is a fixed
choice of unit normal to F'. One can calculate that Tr(A%) = 1 for all @ € A, and
det A* = 1 cos?(f) > 1/16 for all § € [0,7/3], and so the control set A satisfies the
Cordes condition. Furthermore, as Tr A% = 1 for all € A, as in the case of the MA
problem, so we may take yv* := 1.

As mentioned in Chapter , the HJB problem corresponds to a Markov
optimal control problem, where the state equation is given by , with b = 0.

In order to approximate the solution of , we apply the semismooth Newton’s
method, given by Algorithm , to . Since each A%, o € A has unit trace, we
use the renormalisation parameter v* = 1 (as opposed to y* := Tr(A%)/|A%|?, see
Remark . In this experiment, we successively increase the degree, p, of the finite
element space V;"" from 2 to 4, and for each fixed degree we refine the mesh quasi-
uniformly, we observe that the experimental orders of convergence in the || - ||, ;-norm
are optimal, that is |[[u — up||n; = O(hP~1). We plot the error values in the || - ||5.1-
norm in Figure and report the exact values in Table [7.3] with the corresponding
experimental orders of convergence given in brackets. Furthermore, we provide the
number of degrees of freedom (DoFs) and run times for each computation in Table|[7.4]

We also plot the incremental L2-Newton error ||ujt! —uf || 12(q) against the number
of Newton iterations, k, for all levels of mesh refinements, for each degree p = 2,3,4
in Figures [7.6] [7.7] and [7.8] respectively. For all polynomial degrees, at each mesh
refinements we see an increase in the number of Newton iterations required to reach
the desired tolerance. In particular, in each case we observe that reaching the desired

tolerance of 10712 requires roughly one extra Newton iteration per mesh refinement.

Mesh size p=2 p=3 p=4

0.4981 4.72 2.7 1.92

0.2828 2.52 (1.11) 1.59 (0.94) | 3.37 x 107" (3.07)
0.1627 2.51 (0.01) | 548 x 1071 (1.93) | 4.77 x 1072 (3.54)
0.0973 1.48 (1.03) | 1.71 x 1071 (2.27) | 8.34 x 107 (3.39)
0.0508 | 7.20 x 107*  (1.11) | 4.59 x 1072 (2.02) | 9.79 x 10~* (3.30)
0.0269 | 3.66 x 10~* (1.06) | 1.19 x 1072 (2.13) | 1.35 x 107* (3.11)
0.0138 | 1.77 x 1071 (1.09) | 2.94 x 1073 (2.08) | 1.81 x 10~ (3.00)

Table 7.3: Error values in the || - |[-norm and EOCs for Experiment [7.9.2]
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Figure 7.5: Convergence rates for the numerical scheme applied to problem ([7.9.3]).
The error ||u—wup||p,1 is plotted against the mesh size h for polynomial degrees ranging
from p = 2 to p = 4. The optimal convergence rates |u — up|[n; = O(hP™!) are
observed for all values of p.

Runtime (seconds) Number of DoF's
Meshsize | p=2 | p=3 | p=4 | p=2 | p=3 | p=4
0.4981 7.91 8.97 9.79 96 160 240

0.2828 1.83 2.20 2.56 384 640 960
0.1627 2.15 2.57 3.32 1044 1740 2610
0.0973 277 3.80 6.55 3420 5700 8550
0.0508 5.77 | 13.72 | 37.33 13920 | 23200 | 34800
0.0269 25.60 | 94.24 | 259.84 | 52476 | 87460 | 131190
0.0138 | 197.05 | 669.21 | 2075.13 | 205848 | 343080 | 514620

Table 7.4: Runtimes and number of DoFs for Experiment [7.9.2, for each mesh size h,

and each polynomial degree, p.

7.9.3 Experiment 3

In this experiment, we consider the following MA Neumann boundary-value problem

det D*u(z) = f(z) €9,
(7.9.5)

is constant on OS2,
87239
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Figure 7.6: Convergence of Newton’s method for the numerical scheme applied to

problem ((7.9.3) with p = 2.
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Figure 7.7: Convergence of Newton’s method for the numerical scheme applied to
problem ([7.9.3) with p = 3.
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Convergence of Newton’s method, p =4
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Figure 7.8: Convergence of Newton’s method for the numerical scheme applied to
problem (7.9.3)) with p = 4.

where  := {z = (71,22) € R? : |z| < 1}, and f is chosen so that the true solution

of (7.9.1)) is given by
1
u(w,y) = 5(x] + x5 — 1) + gsin(m (2] + 23)).

In order to approximate the solution of ((7.9.5)), we consider the equivalent HJB prob-

lem:
sup {—=W : D%u + 2(det W)V2 Y2} =0, in Q,
WGXg

9 (7.9.6)

87139

is constant on 0f),

where £ = 1/100, and apply the semismooth Newton’s method, given by Algorithm ,
to (7.9.6), in this case with a step increment tolerance of 1 x 1071, Also, in this experi-
ment, we set csap, = 25. Since each W € X has unit trace, we use the renormalisation
parameter v* = 1 (as opposed to 7* := Tr(A4%)/|A%|?, see Remark [7.7.3).

Problem corresponds to a HJB oblique boundary-value problem, where
the oblique vector § = ngq (i.e., a Neumann BVP). Moreover, one can see that the
oriented angle, ©, between [ and ngq, satisfies © = 0 on 912, and thus 01,0 = 0
on 0. Furthermore, since  is the unit disk, it follows that 9 = S!, and that the
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mean curvature of 99, Hpq = 1, and therefore Hr = 1 for all F' € &P. Tt is also then

clear that
8T2@+H39 =1>0 on 0.

Since the solution in known, one can directly calculate that

Voo = (10 + Z cos(m (22 + 22)))z,

and so
7r 5 9 m
B+ Vulsg = noa - ((10 + 1 cos(m(zf + x3)))x) = 10 — n
(since ngg = x/|z|, and |z| = 1 on 0N), and thus, the compatibility constant ¢ =
10— 1.

In this experiment, we successively increase the degree, p, of the finite element
space V(" from 2 to 4, and for each fixed degree we refine the mesh quasi-uniformly,
we observe that the experimental orders of convergence in the ||- || 1-norm are optimal,
that is ||(u — up,c — cp)|lns = O(hP~1). We plot the error values in the || - ||5.1-
norm in Figure 7.1 and report the exact values in Table [7.5] with the corresponding
experimental orders of convergence given in brackets. Furthermore, we provide the
number of degrees of freedom (DoFs) and run times for each computation in Table|[7.6]

We also plot the incremental L2-Newton error [|ujt! —uf || 12(q) against the number
of Newton iterations, k, for all levels of mesh refinements, for each degree p = 2,3,4
in Figures[7.10] [7.11] and [7.12] respectively. Across all polynomial degrees and mesh

refinements we see a small variation in the number of Newton iterations required to

reach the desired tolerance. Except in the case that p = 4, at the finest mesh level
reaching the desired tolerance of 107! required 12 iterations, and in the case that

p = 3, at the penultimate mesh refinement, 30 iterations were required.

Mesh size p=2 p=3 p=4

0.4981 6.34 1.51 8.08 x 10~

0.2828 1.96 (2.08) | 7.21 x 1071 (1.30) | 1.64 x 107! (2.82)
0.1627 1.04 (1.15) | 2.71 x 1071 (1.77) | 2.42 x 1072  (3.46)
0.0973 | 6.21 x 107! (1.00) | 8.93 x 1072 (2.16) | 4.61 x 1073 (3.23)
0.0508 | 3.33 x 1071 (0.96) | 2.33 x 1072 (2.07) | 5.67 x 10~* (3.23)
0.0269 | 1.77 x 107*  (0.99) | 6.08 x 1073 (2.11) | 8.52 x 107° (2.98)
0.0138 | 8.96 x 1072 (1.02) | 1.53 x 1073 (2.06) | 1.28 x 107> (2.83)

Table 7.5: Error values in the | - |[1-norm and EOCs for Experiment [7.9.3|
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Figure 7.9: Convergence rates for the numerical scheme applied to problem ([7.9.6]).
The error ||u—up||n1 is plotted against the mesh size h for polynomial degrees ranging
from p = 2 to p = 4. The optimal convergence rates ||u — up||p1 = O(hP™!) are
observed for all values of p.

Runtime (seconds) Number of DoF's

Meshsize | p=2 | p=3 | p=4 | p=2 | p=3 | p=4
0.4981 29.60 | 43.02 | 52.38 112 176 256
0.2828 2.60 3.82 4.23 448 704 1024
0.1627 2.83 3.89 4.84 1218 1914 2784
0.0973 3.93 5.99 10.77 3990 6270 9120
0.0508 10.11 | 17.55 | 33.93 | 16240 | 25520 | 37120
0.0269 43.84 | 534.98 | 195.06 | 61222 | 96206 | 139936
0.0138 | 200.66 | 734.90 | 3247.93 | 240156 | 377388 | 548928

Table 7.6: Runtimes and number of DoF's for Experiment [7.9.3] for each mesh size h,
and each polynomial degree, p.
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Convergence of Newton’s method, p = 2
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Figure 7.10: Convergence of Newton’s method for the numerical scheme applied to

problem ((7.9.6) with p = 2.

Convergence of Newton’s method, p = 3
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Figure 7.11: Convergence of Newton’s method for the numerical scheme applied to
problem ([7.9.6) with p = 3.
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Convergence of Newton’s method, p =4
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Figure 7.12: Convergence of Newton’s method for the numerical scheme applied to

problem ((7.9.6) with p = 4.

7.9.4 Experiment 4

In this experiment, we consider the HJB oblique boundary-value problem,

sup{A®: D*u— f} =0 ae. in Q,
a€cl (797)
B - Vu is constant on 02,
where  := {z = (71,22) € R? : |z| < 1}, the anti-clockwise rotation of the normal
by the angle (1, x2) := /4 + arctan(2), for (z1,22) € 08, that is,
_|eos(z1,20) —sinp(ar,z2)] [[noalt
Blar,z2) = sinp(zy,x9)  cosp(x1, )| |[naal? (w1, 2) € 90

The function f in ((7.9.7) is chosen so that the true solution is given by
1 1 1
u(zy, 9) = = cos(m(z] + 13)) — —/ ~ cos(m(x] + x3)).
4 Q| Jq 4
We can also see that the oriented angle, ©, between 5 and ngq is given by ©(zy, x2) =
/4 + p(z1, x2) for (1, z2) € 0NQ. It then follows that on 09,
01,0 = V(p(x1,22)) - (—[na0l? [neal')
= V(arctan(zg /1)) - (—a, 1) (7.9.8)
1

- (- (= — 1.
x%—'—l'%( .732,1'1) ( x?axl)
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Furthermore, since € is the unit disk, and 9Q = S*, the oblique vector 3 rotates by
exactly 27, as we traverse 02 in a fixed direction, and so 8 € C1(9Q;S!). Since the
mean curvature of 9, Hgq = 1, by (7.9.8) we also see that

8T2@ 4+ Hoq =2 > 0.
Since the solution in known, one can directly calculate that
_ T 2 | 2\
Vulga = ) sin(m(xf + z3))x =0,

since |z| =1 on 02 and so - Vu|gq = 0, and thus, the compatibility constant ¢ = 0.
Furthermore, since €2 is the unit disk, 9Q = S!, and it follows that the mean
curvature of 9Q, Hopq = 1, and therefore, Hr =1 for all ' € &.
For this problem, the set of controls, A := [0,7/3] x SO(2), and the coefficient
matrices {A%},eca are defined by

1 siné

A — UQ(UQ)T/Q, o% = (0-‘1)‘0'(2)‘) = RT |:O cos 6

] , a=(0,R) €A (7.9.9)
One can calculate that Tr(A*) =1 for all & € A, and det A* = § cos?(f) > 1/16 for
all @ € [0,7/3], and so the control set A satisfies the Cordes condition. Furthermore,
as Tr A* =1 for all @« € A, as in the case of the MA problem, so we may take v := 1.
As mentioned in Chapter , the HJB problem ([7.9.7)) corresponds to a Markov
optimal control problem, where the state equation is given by , with b = 0.
In order to approximate the solution of , we apply the semismooth Newton’s
method, given by Algorithm , to . Since each A%, o € A has unit trace, we
use the renormalisation parameter v* = 1 (as opposed to v® = Tr(A%)/|A%|?, see
Remark. In this experiment, we successively increase the degree, p, of the finite
element space V; " from 2 to 4, and for each fixed degree we refine the mesh quasi-
uniformly, we observe that the experimental orders of convergence in the || - || 1-norm
are optimal, that is ||u — up||n; = O(hP~!). We plot the error values in the || - [|5.1-
norm in Figure[7.13] and report the exact values in Table[7.7, with the corresponding
experimental orders of convergence given in brackets. Furthermore, we provide the
number of degrees of freedom (DoFs) and run times for each computation in Table[7.8|
We also plot the incremental L2-Newton error ||ujt! —uf || 12(q) against the number
of Newton iterations, k, for all levels of mesh refinements, for each degree p = 2,3,4
in Figures[7.14], [7.15], and [7.16] respectively. For all polynomial degrees, at each mesh

refinements we see an increase in the number of Newton iterations required to reach
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Figure 7.13: Convergence rates for the numerical scheme applied to problem ([7.9.7]).
The error ||(u—wup, c—cp)||n1 is plotted against the mesh size h for polynomial degrees
ranging from p = 2 to p = 4. The optimal convergence rates ||(v — up,c — cp)|lp1 =
O(hP~1) are observed for all values of p.

the desired tolerance. In particular, in each case we observe that reaching the desired

tolerance of 10712 requires roughly one extra Newton iteration per mesh refinement.

Mesh size p=2 p=3 p=4

0.4981 7.51 4.30 8.96 x 107"

0.2828 5.90 (0.43) 1.03 (2.53) | 3.99 x 107" (1.43)
0.1627 3.30 (1.05) | 3.17 x 1071 (2.13) | 1.52 x 10~'  (1.75)
0.0973 1.65 (1.35) | 1.08 x 1071 (2.09) | 2.65 x 1072 (3.40)
0.0508 | 8.11 x 107" (1.09) | 2.61 x 1072 (2.19) | 2.31 x 1073 (3.76)
0.0269 | 4.03 x 107* (1.10) | 7.41 x 1073 (1.98) | 2.69 x 10~* (3.38)
0.0138 | 2.01 x 107" (1.04) | 1.92 x 1073 (2.02) | 3.15 x 107° (3.20)

Table 7.7: Error values in the || - |[-norm and EOCs for Experiment [7.9.4]
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Convergence of Newton’s method, p = 2
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Figure 7.14: Convergence of Newton’s method for the numerical scheme applied to

problem ((7.9.7) with p = 2.

Convergence of Newton’s method, p = 3

1.
0.01 |
5 00001 |
= 1x10°6 |
3 f
Jax108 .
L
S _ = (. — =<
=1x107" 1| 3 Z 9’163
.| 1580
1x10-2 || h=0.
% I R=0027 - :
g | Lh=0014 e
1 2 3

Newton iteration k

Figure 7.15: Convergence of Newton’s method for the numerical scheme applied to

problem (7.9.7)) with p = 3.
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Convergence of Newton’s method, p =4
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Figure 7.16: Convergence of Newton’s method for the numerical scheme applied to

problem with p = 4.

Runtime (seconds) Number of DoF's

Mesh size | p=2 | p=3 | p=4 p=2 | p=3 | p=4
0.4981 31.25 | 50.29 53.89 112 176 256
0.2828 4.77 4.68 4.43 448 704 1024
0.1627 5.23 5.16 6.78 1218 1914 2784
0.0973 6.15 9.27 12.46 3990 6270 9120
0.0508 14.55 | 27.94 52.74 16240 | 25520 | 37120
0.0269 09.82 | 154.72 | 342.06 | 61222 | 96206 | 139936
0.0138 | 352.95 | 911.25 | 2325.04 | 240156 | 377388 | 548928

Table 7.8: Runtimes and number of DoFs for Experiment [7.9.4] for each mesh size h,
and each polynomial degree, p.

7.9.5 Experiment 5 - Robustness of Newton’s method

In this experiment, we consider the following 210 MA Dirichlet boundary-value prob-

lems

{detD u'l(z) = fi(z) z€Q, (7.9.10)

u(z) =0 x €0,
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where Q := {z = (z1,79) € R? : |z| < 1}, and the index i € {1,...,210}. The
purpose of this experiment is to demonstrate the robustness of the numerical method
with respect to the mesh size, h, the choice of initial guess, uﬁ{o, the proximity of uﬁ{o
to the numerical solution w in the || - |[51-norm, and the choice of right-hand side
function f*. In each case both the true solution u’, and the numerical solution wu},
of (7.3.2) are unknown, thus instead of considering the value ||uh — Up||p1 (Wthh is
unknown), we instead use the (computable) value [Jul® — u™ |51, where u2™ is the
final Newton iterate generated by achieving the desired tolerance. Heuristically, if
the Newton’s method has converged to a sufficiently small tolerance, then one would
expect that |[uy® — ul||n =~ [|ul® — ul™ ||n.1-

The 210 individual experiments are implemented via the following procedure:

1. We refine the mesh 7 times, and at each refinement, we provide a randomly
chosen right-hand side function f?, a randomly chosen initial guess uz’o, and
apply the semismooth Newton’s method, with the quadratic approximation

space Vi 9", until the step increment L*-norm is below 1072,
2. We repeat the previous step 30 times.

The right-hand side functions, f?, and initial guesses, uf{o, are randomly chosen in

the following sense: the function f*is a polynomial of the form

iz, 29) = Z fom(@) (@3)™, (7.9.11)

0<t+m<3
where each coefficient f;,, = aj,,bj,,, where each aj,, is an integer chosen randomly
(with respect to a uniform distribution) from {100, ...,999}, and bzm is a real number
chosen randomly (with respect to a uniform distribution) from the interval [0, 1) (note
that this particular form of polynomial ensures that the right-hand side function is

nonnegative). The initial guess is a polynomial of the form

ul (21, 29) == Z Up T2 (7.9.12)
0<t+m<3
where each coefficient uj,,, = ¢}, d; ., where ¢, is an integer chosen randomly (with
respect to a uniform distribution) from {10%,...,10° — 1}, and dj,, is a real number
chosen randomly (with respect to a uniform distribution) from the interval [—1,1).
We generate such coefficients using the “randint” and “uniform” functions of the
“NumPy” module [96].
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In Figure [7.17|we plot the value [|u}® —u}™ |51 (where u}™ € Vg ¥ is the Newton

iterate that satisfies the requested increment L2-norm tolerance), against the total
number of Newton steps required to reach the desired tolerance (where applicable).
We have provided results for all 210 experiments in Tables to in Appendix [B]
In particular, for each i € {1,...,230}, these tables provide the value of Huf{N—uZOHh’l,
the mesh size, and the number of Newton steps. Furthermore, Tables [B.7] to
provide the values of the initial guess coefficients {uf,, }o<etm<s, and Tables [B.13
to provide the values of the right-hand side function coefficients { fém}ogumgzz-

For 207 of the 210 experiments we observe a small variation in the number of
Newton steps required for the step increment L2-norm error to fall below the tolerance,
in particular only 6-10 iterations are required in each case.

The remaining 3 experiments were the cases ¢ = 56, 118, 154. For ¢ = 56 the total
number of steps required was 14, for ¢ = 118, 154, after 20 Newton steps the Newton
increment L?-norm error 10712 < |lu;™ — u;”"||12@q) < 1071, That is, the desired

tolerance of 10712 was not achieved, but the error did fall below 10!,
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Figure 7.17: Total Newton steps plotted against the value ||u;;0 — uf{NHhJ, where
uZ’N is the approximate solution of (7.9.10) generated by applying the semismooth
Newton’s method until the increment L?-norm fell below 10712,
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7.10 Concluding remarks for this method

In this chapter we have introduced a discontinuous Galerkin finite element method
for the approximation of strong solutions to nonlinear HJB equations, with Dirichlet
and oblique boundary conditions. By reformulating the MA equation as a uniformly
elliptic HJB equation (due to Theorem [3.5.3)), this has provided us with a DGFEM for
the approximation of uniformly convex solutions to the two-dimensional MA equation.
Indeed, due to the uniform convexity assumption upon the true solution, we see that
the method is always well posed, and we are not required to numerically enforce

convexity.
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Chapter 8

A CGFEM for the MA Dirichlet
problem

8.1 New contributions and existing results

In this chapter, we present a continuous Galerkin FEM for the MA Dirichlet prob-

lem ({3.2.1)) in the case that

fi(z, u(z))
== 8.1.1
That is, the problem of approximating the solution, u, of the following MA Dirichlet
problem
filz,u(z))
det D? =1 €,
D) = E ) " (8.12)

u(z) = ¢(x), x € .
Existing results: Some of the contributions of this chapter build upon existing results.
e In [79] the authors proposed the nonvariational finite element method (NVFEM)

for the numerical approximation of solutions to the MA Dirichlet problem (8.1.2))
in the case that f:= f(z) (i.e., f does not depend on u or Vu).

e In [92], the author proves the existence of a solution to the method proposed
in [79] that satisfies an a priori error estimate in a H'-type norm, that is optimal
with respect to the mesh size. However, this proof appears to be in the context

of finite elements on polygonal domains.
The original contributions of this chapter are listed as follows:

1. We extend the method proposed in [79] to the case that f takes the form (8.1.1])
(i.e., f is allowed to depend on w and Vu).
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2. We extend the proof present in [92] to the case that f takes the form (8.1.1)), as
well as the context of curved finite elements (i.e., we also extend the proof from
the polygonal case). In doing so we also prove optimal a priori error estimates
in both H! and (broken) H?-type norms, that are optimal with respect to the

mesh size.

3. We prove convergence of Newton’s method for this problem under the assump-
tion that the initial guess lies within a radius of size h>*, o > 0, of the numerical

solution (measured in a H'-type norm).

4. We extend this method to more general nonlinear elliptic equations with a
structure similar to those of MA type; a particular example being the Wein-
garten equation, which is a nonlinear geometric PDE (see Section for further
details).

The reader must note that both the proof present in [92] and the proof we provide
yields existence of a numerical solution that is unique in a ball of radius h**t®, o > 0,
centred at a particular projection of the true solution (see Section for further de-
tails on this projection). As discussed in Section , numerical methods for MA type
problems may exhibit non-uniqueness on a larger scale than that of the underlying
PDE (recall the finite difference method given by , for which it is conjectured
in [93] that an application of Newton’s method to the nonlinear algebraic system can
lead to 2V=2 solutions on an N x N grid, by varying the initial guess). However,
the experiments of Section [8.7]indicate that the method we propose does not exhibit
such large scale nonuniquess, provided that the initial guess for the Newton’s method

is carefully chosen.

8.2 The numerical method

Let us recall the notational convention that we use for the arguments of the functions
f1, f2, in order to be precise when referring to the derivatives of f; and f,. In particular
we follow the notational convention: f; = fi(z,2), and fo = f2(q).

We require the following assumptions, in order to prove existence of a numerical

solution.

Assumption 8.2.1 Let d = 2, and assume that p > 3. Furthermore, assume that
fi1 € CP*(Q x R;RY) satisfies % > 0, and fo € CP*(R%GRY) is uniformly positive.
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We also assume that the boundary datum ¢, and 0S) satisfy the assumptions of Theo-
rem with k = p. Furthermore, we assume that {3}y, is family of triangulations

on Q that is reqular of order p+ 1 and quasi-uniform.

Note that under the above assumptions, Theorem [3.2.1] yields existence of a uniformly
convex function u € CP*2%(Q)) that satisfies . Note that the value of p corre-
sponds to the polynomial degree of the finite element space Vj,,, which we recall is
defined by

Vip = {veC(Q): v|x =po Fgl, pe PP(K), VK € T},
as well as the zero trace space
ﬁ’h,p = Vhp N H& (Q)

The numerical method for the approximation of solutions to the MAD problem (8.1.2)

is given as follows: find uy, € Vj, with up|sq = m,¢|sq satisfying,

(Fp"up), v) = /Q(fl(l',uh) — £(Vup) det Hyup)v =0 Yo e Vi,  (8.2.1)

Remark 8.2.2 The method is proposed in d-dimensions, however, the reader
must note that our proof of existence of a numerical solution holds only in the two-

dimensional case.

Let us define the following norms:

[Wll; == ol + Y hel (Vo) 3.k,
Feéy,

(. v) (8.2.2)

Irll—1p:= sup ———.
[v]]

veV, ,\{0}

The aim of this chapter will be to prove the following theorem:

Theorem 8.2.3 Under the hypotheses of Assumption there exists a uniformly
conver function u € CP*2*(Q), a € (0,1), that satisfies , and a constant
ho > 0 such that for h < hg there exists a uy, € Vy,, that satisfies . Moreover,

the functions u,uy satisfy the following error estimate:
||u—uh||h S Chp, (823)

where C' is a constant independent of h and wuy. Furthermore, the function uy is

unique in the ball Byz+a(u) defined by , for some a > 0.
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Remark 8.2.4 Theorem[8.2.5 was proven in [92] in the case when f(z, z,q) = f(z).

As such, Theorem |8.2.5 extends this result, allowing for more general nonlinearities.

8.3 Analysis of the numerical method

In order to analyse the method given by (8.2.1]), we must define the following spaces:

Vo= W22(Q; F5) N W (Q),

. : (8.3.1)
V=V nWwem).

Since the finite element spaces Vj, , and Xofh,p consist of continuous piecewise polyno-
mial functions, we have that V,, , C V', and ﬁ’h,p C V. One can see that FMA Y, —
(@h,p)’ is the restriction of FMA : V — V7’ defined by

(FMA[w), v) = /Q(fl(x,w) — fo(Vw)det Hyw)v Yw € V, Yv € v, (8.3.2)

to the finite element space.

8.3.1 Taylor expansion of the finite element operator
We have defined FMA : V — V' in ‘) First, we note that
det(A + B) = det(A) + Cof(A) : B +det(B), VA, B¢ R*?

We can now apply Theorem [2.2.9, in conjunction with Definition [2.2.10] Taylor
expanding the integrand in (8.3.2), about the function u, where u € CP¥22(Q),
a € (0,1), satisfies 1' yielding the following for w € V, v € Vv

(FMA 4 10), ) = / (f1 (1) — det(Hyu) fo(Va) o

+ /Q(szl(x, w)w — Cof (Pw, ,(D*u)) : Hyw) fo(Vu) — det(Hyu) Dy fo(Vu) - Vw)v
+ /Q(Rfl’“(u + w) — det(Hpw)(f2(Vu) + Dy fa(Vu) - Vw))v

- / (R>V*(Vu + Vw)(det Hyw + Cof (Py,  (D*w)) : Hyw))v
Q

= (FMu], v) + (Ly[w], v) + (Rlw],v),
(8.3.3)
where L,, R:V — V' are defined by

(Lyw],v) :== /Q(szl(:v,u)w — Cof (Pw, ,(D*u)) : Hyw) fo(Vu)v

(8.3.4)
- / det(Hpu)D, fo(Vu) - Vw v,
Q
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(Rlw],v) := /Q(Rfl’“(u + w) — det(Hpw)(f2(Vu) + Dy fo(Vu) - Vw))v

N /(RfQ’V“(Vu + Vw)(det Hyw + Cof (P, (D*w)) : Hyw))v,
? (8.3.5)

respectively.

We remark that the expression Cof Py, (D?u) appears in (8.3.3)), (8.3.4), and
(8.3.5)), due to the fact that the definition (8.3.2)) of FMA involves the finite element

Hessian, H,. Furthermore, as u € CP*2%(Q), a € (0,1), it follows from Corol-

lary |4.11.5] that Hy(D?u) = Pw,  (D?u).

Note that R/** and R/2V* are the quadratic remainder terms of f; and f, asso-
ciated with (z,u) and Vu respectively, given by Definition [2.2.10]
We then define L, 5, Ry :Vy, — @'/h’p to be the restrictions of L, and R to Vy ,

respectively.

8.3.2 Main theorem proof outline

Now we have the operators FMA, L, R, and FMA, L., Ry, we can give a description

of how we will prove Theorem [8.2.3]

1. We define a ball, B,(u,) of radius p, centred at a particular projection, w, (for
which we will provide more details later on) of the analytical solution, u, onto

the finite element space Vy .

2. We define the operator M : V' — V, , by
M = L} (Ly — FM), (8.3.6)
and we define M), : V},,, =V}, , to be its restriction to Vy,,, i.e.,

M = L}, (Lup — F)™). (8.3.7)

3. We prove that M, satisfies the hypotheses of Banach’s fixed point theorem on

the ball of radius p = h?T® for some a > 0.

4. This proves the existence and uniqueness of a uy, € B,(u.), with p = h*™* that
is a solution to the finite element method (8.2.1)).
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D.

It also holds that M), satisfies the hypotheses of Banach’s fixed point theorem on
the ball, B,(u,) of radius p = hP. This proves the existence and uniqueness of a
up, € Bpo(uy) C Bpa+a(u,) that is a solution to the finite element method (8.2.1)).
Since By (us) C Bpe2+a(us), we deduce that the two solutions coincide, and,
furthermore, we use the fact that w, belongs to the ball of radius p = A? in

order to prove the desired optimal error estimate.

Remark 8.3.1 Steps 1-5 require estimates on the operators L, L, and R, as well

as a consistency result for the operator FMA. Some of the proofs of these estimates
are rather long, and thus have been left to the end of the Chapter. This makes the

proof more accessible to the reader.

Subsections [8.3.3] to [R.3.8] are now laid out as follows:

1.

In subsection we prove the estimates for L, and L, p;

In subsection we define the ball of radius p, and some estimates for func-

tions in this ball;
In subsection we state the estimate for R (proven at the end of the chapter);
In subsection we prove the consistency result for FMA:

In subsection [8.3.7] we use the previous estimates to prove estimates for M and

M, that are required for the fixed point argument.

In subsection [8.3.8 we use the estimates for M and M} to conclude the proof
of Theorem R.2.3

8.3.3 Estimates for L, and L,

The proof of the main theorem of this subsection relies on several lemmas and steps.

In what follows, we state the lemmas that will be used; the proofs of these results

can be found in Appendix [A]

Let us denote

A= COf<D2u), and Ah = PW;L’p<COf<D2u)) = Pwh,p (A)

267



Lemma 8.3.2 The norm || - ||, is equivalent to || - || g () when restricted to the finite

element space Vy, p, i.e., there exist constants Cy, Cy, independent of h, such that
Cullollaoy < vl < Collvllm@) Yo € Vi (8.3.8)

Proof: See Lemma O

Lemma 8.3.3 We have that

RN A lweee) + 1A = Anllwis .2 S W77 |ullwsszec @)y, 0<j<s<p+1
(8.3.9)

Proof: See Lemma O

Lemma 8.3.4 For any v € \O/hp, if h < hg, with hg € (0,1) sufficiently small, we
have that

|Af2(Vu)v — P, (Anfo(Vu)v) | mmosz) S R*"|Vv|l20, m=0,1, (8.3.10)

~Y

where C' > 0 depends on the shape-reqularity of the mesh, ||ul|wr+s.q) and for K =

max, g |Vu(z)|, the value || f2||cro((ger:|q<Ky)-

Proof: See Lemma O

Lemma 8.3.5 For any v € Yofh,p, we have that

> W I[AL(Vu)o = P, , (A fo(Vu)o)] 5 5 S B2 V050 (8.3.11)

Fe&it

Proof: This follows directly from the trace inequality (4.6.2)), and (8.3.10)). O
We will now prove the main stability theorem of this chapter.

Theorem 8.3.6 There exists a positive constant C, independent of h, such that
| Lu[w]||=1n < Cllw||n, Yw e V. (8.3.12)

Moreover for h sufficiently small the operator L, is invertible and there exists a

positive constant C', independent of h, with

L3l < Cllrlloan VeV, (8.3.13)
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Proof: First we show that estimate (8.3.12) holds. By Lemma , we have the
following identity for the operator L, : V — V' forallw e V and v € 10/,

(L[], v) = /Q (VW) AVw - Vo — V- Vi - (A fo(Va)v — P, (An fo(Va)o))

=+ % /S;(DQu + Pw,., (DQU)) : (D2u — Pw, (DQU))<qu2(Vu) V)

T / D fi(w wywo — Y / (P (An fo(Vu)o) — A fo(Vu)o) (V)] - ],

Fe&t
Thus, for any w € V and v € ﬁ’hﬁp we have that

(Lu[w],v) < [|Allss,ell folloo,flg<r} Wm0 V] H1(0)
+ [w|m @IV - (A fo(Vu)o — Py, , (Anfa(Vu)v))|l2.0
+|1D: fillso,ox -k m1llwl20llv]l2.0

+ [ Alloo.0l Do f2lloo flai<ry | wli@[v]l2.0

1/2 1/2
+ D2 wEt ITPw,, (Anfa(Vuyv) — Afa(Vu)ol |3 > hell(Vw)ll3
Feé”,i’b FEza@,i’b

S llwllallolln.

Note that the final inequality follows from (4.6.2)), (4.6.27), (A.1)), (8.3.10), and
Lemma ; we also use the fact that u € CP*%%(Q)) implies that there exists
a constant K > 0 such that |u|, [Vu| < K in Q. By the definition of the norm || - || _1 4
we obtain .

To prove the estimate it is sufficient to show that L, is coercive on @p
with respect to the norm || - ||,. It is important to note that since u is uniformly
convex, it follows that Cof D?u is positive definite. This, and the fact that f is
positive and uniformly bounded below, means that there exists a constant A, > 0
such that

/Qfg(Vu)AVw -Vw > /\u|w|%p(9) Yw € HY(Q).

By Lemma we also obtain the following for w € \O/'h,p:
(Ly[w],w) = / fo(Vu)AVw - Vw — Vw - (Vy, - (Afa(Vu)w — Pwh,p(Ahfg(Vu)w)))
Q

+ %/Q(DQU + ’PWM) (D2u)) : (D2u _ Pwh,p (DQU))<qu2(Vu) V)

+/Qsz1(13,U)w2— > /F[[[(Pwh,p(AhE(VU)w)—Afg(VU)w)«Vw))] -np]

Fesit
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> Aalwli o) — Z /F[H(Pwh,p(Ah f(Vu)w) = A fo(Vu)w) (Vw)] - ne]

— C||D*u — Py, ,(D*u) || co0|wla (o [ wl 20
- / Vw -V - (A fg(VU)w - 'Pwh,p (Ah fg(Vu)w))
Q
From (8.3.10) and (A.1)) we see that

/va . Vh . (A fQ(Vu)w — ,Pwhm (Ah fg(Vu)w))

< |wlgi )| Vi - (Aw — Pw, , (Apw))]2.0

Then, from (8.3.10)), (8.3.11) and (4.6.2), we have

3 /TKPWMxAhﬁxVumw——AﬁAVunw«Vw»ynFﬂs

i,b F
Fe&y
1/2 1/2
< | X W Pw,, (An fo(Vu)w) = A fo(Va)w]|3 > bl (Vwhls e
Fe&t Fe&t

We also see that

CIlD%u — P, (D*0) ol ey 0l 2@y < CHIID?ullwromay oy

Combining these results we obtain
(Luplw], w) > (A — Ch)|w|3{1(ﬂ)'

It now follows from the Poincaré inequality and (A.1]), that for h sufficiently small we
have
(Lun[w], w) = Cllwlfpq) Yw € Vi,

This concludes the proof of Theorem [8.3.6] 0

8.3.4 The ball of radius p

Lemma 8.3.7 Define u, € V}M, with U*|3Q = gbh|aQ = (Wh¢)|ag as

u, = L} (Ly[u]), (8.3.14)



1.e.,

(Lun[us],v) = (LyJu],v) Vv € V,.

Then we have that
h||Hh[u—u*]||29+ ||U—U*||h < hp (8315)

Proof: See [92], proof of Corollary 4.1; the same technique applies here, since it only
relies on the boundedness of L, ;, and its inverse, Lu ,» which has been established by
Theorem [8.3.6] d

Remark 8.3.8 The existence of a unique u, € Vy, that satisfies the statement of
Lemma in fact follows fmm standard finite element theory. Since Ly p[u] €
HY(Q) C Vhp, and the map a : Vhp X Vhp — R defined by

a(u,v) = (Lyplul,v) Yu,v € %O"h,p,

1s a bounded, coercive, bilinear functional; the existence and uniqueness can be estab-
lished using the Laz—Milgram Theorem [46)].

We now define the ball of radius p, on which we will apply our fixed point argument.

Definition 8.3.9 Let us define the following closed ball
Bp(u*) = {U < Vh,p : U’ag = ¢h, ||U>,< — UHh < p}. (8316)

8.3.5 Estimate for the quadratic remainder term R

In this chapter we prove an important estimate for the remainder term R defined
by (8.3.5). This estimate is in fact a contraction estimate when R is considered on

the ball Bj2+a(u,) for sufficiently small h, and some o > 0.

Lemma 8.3.10 Let wy,ws € Bpzra(uy) —u = {v —u : v € Bp2+a(us)}, for some
a > 0. Then, if h < hg, for some hy € (0, 1), we have the following estimate:

| R[w1] — Rws]||—1.n < thma (1+ [In A2 |Jwy — wsllp. (8.3.17)
Furthermore, for w € By2+a(u.) — u, we have
| R[w]||—1.n < B2 th (te)=1(1 4 |In h|)?. (8.3.18)

Proof: See Lemma O

271



8.3.6 Consistency result for FMA

We now consider the consistency of our method; that is we see how much “error”

arises when we apply F'™M4 to the true solution wu.
Lemma 8.3.11 We have that
| EMA ]| S AP (8.3.19)

Proof: For v € %O’h,p we see that
(P o) = [ () = F) det B ful)o

fl x U) 2
/f2 f2 Vu) — det(Pw, , (D u))v

= /Q f2(Vu)(det D*u — det(lpwh’p(DQU))U
1
= 3 J BT+ ) (D% = P (D)
Q
S A+ A0l D*u — P, ,(D*u)]al|v]l20

< Pl wersoe o) 0|20

S ol

By the definition of || - ||-;,, we obtain the desired estimate. O

8.3.7 Estimates for M and M,

Lemma 8.3.12 Let wq,wy € Byzta(uy), for some a > 0. If h < hg for some suffi-
ciently small hy € (0, 1), then, we have that

3
[ Mp[w:] = My[oa]lln S BTN+ [Inh])2 [y — weln. (8.3.20)

i=1

Proof: Let w =v —u €V, then we see that

Mv = L} (Lu[v] = FM*[v])
= Loh((Lu[v] = Lufv = u]) + (Lo — u] = FM*[0]))
= Lo ((Lu[v] = Lulv = u]) + (Lufw] = FM*[u + w]))
= Lyp(Lulv] = Lulv = u]) + (Lu[w] — Lyfw] = F¥**[u] - Rlw]))
= Ly h(Lulu] = F¥*[u] — R[w])
= Loy (u, — F¥*[u] — Rlw))



and thus
Mwy] — M[ws] = L;}l (Rlwy — u] — Rlwy —u])  Ywy,wy € V.

Now, if wy, wy € Bp2+a(uy), for some a > 0, then w; — u € Bpz+a(us) —u, i = 1,2,
and so by (8.3.13)), and (8.3.17)), it follows that
1M [wi] = Mwo]|ln < [|Ly ) (Rlws —u] — Rlwi —u]) |

S 1Al = ] = Rfwr = ]| 5321

3
S DRI L4 [ h) 2wy — wlla.
=1

for all wy,wy € Byz+a(us), as desired. O

Lemma 8.3.13 Let w € Bj2+a(uy), for some a > 0. If h < hqy for some sufficiently
small ho € (0,1), then, we have that

3
s = My[w][ln S PP+ B2 RO (14 [Inhl)e. (8.3.22)

i=1
Proof: By (8.3.12)), (8.3.18]), and (8.3.19)), we have that
s = M fw]lln < 1L, (F¥2 [ul)lln + 1 Lo, (Rlw = u]) |
SAFY ulll 1 + [1Rlw — ]| -1

3
5 A + p2ta Z hi(1+a)71(1 + ‘ hlhl)%,
i=1
as desired. O

8.3.8 Concluding the proof

Proof of Theorem [8.2.3: The bounds we have proven for Ly, Ly, and R as well as
the consistency error estimate for FM* are sufficient to prove that the restriction of

the map M : V — 'V}, defined by
M = L} (L, — FM),

to the finite element space is in fact a contraction on the ball Byz+a (u,) given by (8.3.16)),
for some av > 0. Note that the restriction of M to the finite element space V},, is the

map M, : Vy,, — V), given by

My, =1L,

u,

W(Lan — ™).
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If My, : Bpzra(us) — Bpe+a(uy) is a contraction map, then by Banach’s fixed point

theorem there exists a unique u;, € Bj2+a(u,) such that
My[up] = up,

ie.,
Lo (L [un] — Fy™ [un]) = up,

and thus

F;I:/[A[uh] = 0, and uh|aQ = th.

It follows that wy is the numerical solution. We shall now prove that M, is a contrac-
tion map.

Choose hy € (0,1) sufficiently small so that for some a > 0, Lemmas
and hold, and that if 0 < h < hg, then

)2 <ne(01), (8.3.23)

3
Cy Y RO 4 [ Inh
=1

and

3
Cy (hp—a—l + ) RN 4 [ Inh

=1

)3) <1, (8.3.24)
where C4,Cy are the fixed positive constants on the right-hand sides of (8.3.20)
and (8.3.22)), respectively.

Then if h < hg, and w, wy, ws € Bys(us), by (8.3.20) we have that

3
[ Mp[wn] = Myws][ln < Cy Y RO L+ [Inh)2 [Jwy — wsl
=1
< nllwy — wal|n,

and by (8.3.22)), we see that

(8.3.25)

3
[ty — My [w]|[n < Cs <hp+1 N A (T Y )é)
=1

);,) 240 (8.3.26)

=1

3
_ 02 (hp—a—l + Z hi(l-i—a)—l(l + “Hh

< h2+a.

Thus M), : Bpz+a(us) — Bpe+a(u,), and is a contraction. By Banach’s fixed point
theorem, there exists a unique u, € B2+ that is fixed point of M). Furthermore,
uyp, is a solution of (8.2.1). Thus we have deduced the existence and uniqueness of a
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numerical solution wuy, of (8.2.1) that is unique in the ball Bj2+o. It now remains to

prove the error estimate (8.2.3]).

Since p > 2, we may apply the same argument on the ball B,(u,) with p = h?,
which yields the existence and uniqueness of a u}, € Bp»(u,) that is a fixed point of
Mj, and thus a solution of (8.2.1)). Moreover (since 0 < h < hg < 1), we have that
Bpe(us) C Bp2+a(us), and thus by uniqueness, we deduce that u;, = uj. In particular,

we have that uj, € Bys(u.), and thus we obtain the following error estimate
[l = unlln < flu = ualln + lue = unlln < b7, (8.3.27)
as desired. U

Remark 8.3.14 (The ball of radius p = h?"™® is essential) One should note that
in order for such a hy € (0,1) to exist, such that (8.3.23) and (8.5.24)) hold, it is
essential that we consider the ball of radius p = h*™ for a > 0. Otherwise, if a < 0,

one may bound the left-hand side of as follows:

3
Cy Y WY1 4 [Inhf)E > O A1+ |Inh|)z

=1

= Cyh*(1 4 |Inh|)7 > 1

for small values of h, contradicting the validity of the estimate for all h €
(0, hol. If @ <0, then we may similarly obtain a contradiction of estimate (8.5. 24

Note that estimates and (8.5.24)) lead directly to the estimates (8.5.25) and (8.3.26

respectively, for My, that allow us to apply Banach’s fized point theorem.

Corollary 8.3.15 Under the hypotheses of Theorem[8.2.3, the functions u, uy, satisfy

the following error estimates

IHyu — Hyup || 2) <ChP™,

8.3.28
||D2U—Hhuh||L2(Q) SChp_l, ( )

where the positive constant, C, is independent of the mesh size.

Proof: Note that for u, defined by (8.3.14), u, — uy € @h,p. We then see that

IHpu — Hyup || 20 < [[Hpw — Hyw || p2) + [[Hpwe — Hyugl[ 220
< Chpil + ||Hhu* — HhuhHLz(Q)
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where the final inequality follows from ([8.3.15)). Now, by (4.11.5)), followed by Poincaré’s
inequality, we obtain

| Hyw. — Hpupl|r2) < Ch™ s — up | o)
< C’h_llu* - uh|H1(Q)
S ChilHu* — uhHh S Chpil.

Thus, we obtain

||Hhu — HhuhHL2(Q) < Chp_l, (8329)

which is the first estimate of (8.3.28)). Since p > 3, and u € CP*25(Q) C H*(Q), it
follows from Corollary [4.11.5(that Hyu = PWWD%. Thus

HDZU — HhuhHLz(Q) < HD2U — PWh,pD2UHL2(Q) + HPW,WDZU — HhuhHL2(9)
= HD2U - ’Pwh‘pD2uHL2(Q) + HHhu — HhuhHL2(Q) (8330)
< [|D*u — Py, , D*ul|12() + CRP™Y,

where the final inequality follows from (8.3.29). We also see that
|1 D*u — Py, , D*ul| 120y < | D*u — m(D*w)]| 120y < ChP.

Note that the final inequality follows from the fact that D*u € CP#(Q) C HP(Q) C
H?(Q; Z,), which allows the application of (4.5.15]). Combining the above estimate

with (8.3.30]), we obtain the second estimate of (8.3.28]). U

8.4 Newton’s Method for the MAD problem

One can see that constitutes a nonlinear continuous Galerkin finite element
method. Since it is not straightforward how one may find a w;, € Vj,, with up|sq =
Thdloa that satisfies , we apply instead Newton’s method to the nonlinear
operator defined by , resulting in the following iterative scheme.

8.4.1 Iterative scheme

Let us recall the finite element method given by (8.2.1)): find uy, € V;,,, with up|oq =
Tho|oa such that

(FMAMug),v) = /Q(fl(x,uh) — fa(Vuy) det(Hpup))v =0 Vo € @h%. (8.4.1)
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Applying Newton’s method, we obtain the following sequence of problems: given

uf) € Vy,, satisfying ul |aq = mhdlaa, for k € Ny find uf™ € V,,,, satisfying uy ™ |oq =

Tholoq such that
(Lo p[uh™ = uf),v) = —(FY[uf], 0) Vo € Vi (84.2)

Note that arises from applying Newton’s method, and using the fact that
Lo pnwp)] is the derivative of F™ at u in the direction wy, € Vy, . It thus follows that
Ly p[wy] is the derivative of F, MA at uf in the direction wy, € Vj, .

Denoting 6 := u];’;“ — uf, we see that is given by

/ (D, fi(z,uf)0% — (Cof (Hpuk) : Hy0) fo(Vuf) — det(Hyug) Dy fo(Vuy) - VO v
Q

= /Q(fg(Vuz) det(Hpub) — fi(z,uf))v Yo e Wofhm.
(8.4.3)

Theorem 8.4.1 Assume that h < hqg for some hy € (0,1), sufficiently small, and
that up € Bypo(us) satisfies , with f := f(x). Then if u) € Vy,,, such that
ud s = mho|aa satisfies

Jup — wnlln < CR*T,

for some constants o, Ci > 0, then the sequence {uf}2, generated by con-
verges to uy, superlinearly. Moreover, there exists a & € (0,1), independent of h, such
that

™ = unlln < €lluk —unlln Yk € No.

Proof: First let us define Ly, : Vj, , — YO/;W by
(Lip[w],v) = —/ Cof (Hp[ug]) : Hp[w]v Yw € Vy,,,, Vo € WOGW.
Q

We will proceed to argue by induction; thus we shall assume that uf satisfies uf|sq =

7Th¢|3Q, and
Hui — |l < C.R*T,

for some o« > 0. We define u’fLH € V3, to be the solution of the Newton iteration

given by (8.4.2), which is equivalent to

(L[uf™ — uf],0) = —(FMMub],v) Vo € V. (8.4.4)
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To prove that there exists a unique uﬁ“ € V,, that satisfies ufﬁlbg = mho|oq,

and (8.4.4)), we first recall from Theorem [8.3.6 that the operator L, : Vj, — @'}hp,

given by

(Ly[v],w) = — / Pw,,(Cof (D*w)) : Hy[vlw Vw €V, Yo € “o/h,p,
Q

] [}
is bounded and coercive on Vj,, x V;, ,. We see that

(Liw], v) = (Lulv], w) + (Lx = Lu)w],v)
— —/Q (Pw,_,(Cof (D*w)) : Hyv) w

= [ (P ool (D) ~ B s Hy) v

Let us denote by (), 1, C,2, the coercivity constant and boundedness constant of L,,
respectively. Let w,v € Wo/hﬁp; recalling that u, € Bpe(u,) satisfies ‘D we have
that

(Li[w],v) < Cunllwllnllvlln + Puw,,, (D*u) = Hy[up] [2.0]wl|allv]l2e
+ [[Hplun — uil||2.0]lwllso.ellvf20
< (Cyui +2C3C4C (1 + [In R))AH(BP + B2 |Jo]a]Jw] -
Similarly we see that

(Li[w],w) > (Cua — 2C3C4Cy(1 + [In h|)R™H(RP + B*T)|Jw]|7.

Note that the constants C,, 1, Cy 2, Cs, Cy and C),, do not depend upon h or k, and for
h < hg, with hg € (0,1), sufficiently small, there exists a constant C5 > 0 such that

(Li[w], w) > Csllw]i Vw € ¥y,

where C5 depends upon C,, 1, Cy 2, Cs, Cy and C), but not upon h or k. Similarly there
exists a constant Cjs > 0, independent of h and k£ such that

(Li[w],0) < Collw|lallv]ln Vo, w € Vi,

Thus Ly, is bounded and coercive on \O/;W x\o/hm, and the existence of a unique 0% € Wofh,p
that satisfies
(Li[0¥],v) = —(FMMuf),v) Vo € V),

follows from the Lax-Milgram theorem. We then define uj™ := 6% + u¥, and note

that since F € ﬁ’hﬁp, and u¥|aq = Tho|aq, it follows that uf ™ |sq = mhd|aq.-
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Now since uffl —up € YO/;W, the coercivity of L yields
1
luh™ = wnlli < G (Dul™ = unl ™ — ). (8.4.5)

Since up ™t satisfies (8.4.4), it follows that
(Lefuf ™), v) = (Liluf] = FMup],0) - Vo € Vi,
Recall that u,, satisfies
(FMATypl,0) =0 Yo € YO/M,?

and from this, we obtain that
(Lilun), v) = (Li[up] — FM[ug),v) Yo € Vi
Thus for v € %o’h,p we have that
(Liluy™ = up),v) = —(FMAug] = FY [up] — Lifuy, — s, v)

= — /Q(det(Hhuh) — det(Hhu’,i) + Cof(Hth) : Hh[uz — up])v
= — /Q(det(Hh[uﬁ + (up, — uf)]) — det(Hpui))v

+ /Q (Cof (k) « iy u, — ul])o

=— / det(Hy [up — uf])v
Q

< ||Hh[uﬁ - Uh]HgQ“UHooQ (8.4.6)

< Coh (1 + [ h)"2luf; — w3 |0l

< CoCeh®(L+ | hl)2||uy, — unla]l o]l
Note that the final inequality follows from applying the inductive hypothesis. Taking
v=u —uy, from (8.4.5) and (8.4.6)), we obtain
CyC,

6

Note that Cs, Cy, and C, are independent of k and h. Thus for hy € (0,1) chosen

sufficiently small, so that for h < hg, we have

Ogc* 1 090*
——h~(1 Inhl)z <
oo (L ) < =2

for some £ € (0, 1), which implies that

h(1+ | Inh|) 2w, — unll.

luks1 — unlln <

hi(1+ [ Inho)? <&,

g™ = unlln < €lluy, — unlln,
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where the value £ is also independent of & and h. This concludes our inductive
arguement.

Thus, by induction we deduce that for h < hg, hy € (0, 1), sufficiently small, there
exists a £ € (0,1), such that if

|upn — uolln < CLR*T,
for some constants C,a > 0, then
luf ™t = wplln < Ellux — unlln Yk € Ny,

where ¢ is independent of A and k. It then follows that

[up™ = unlln < E¥lluo — unlln < E*R*** -0 as k — oo.
Thus the sequence {u}f}°, converges to uy, superlinearly. O]

8.5 A modified method

Consider the following MA type equation

div(A(Vu)) — fi(z,u)
+ ) =0, inf, (8.5.1)
u=¢, on ),

det(D?u)

where A : R — R? is a smooth function. The finite element method for the ap-
proximation of solutions of (8.5.1) is given as follows: find w, € V,, satisfying

uh|aQ = 7Th¢|8ﬂa such that

/(fl (IL“, Uh) — fg(Vuh) det Hhuh — DA(Vuh) : Hhuh)gph VQOh € ﬁ/hdw (852)
Q

This method is a modification of the FEM given by (8.2.1]), allowing for the approx-
imation of the nonlinear term div(A(Vu)).

Using the chain rule, one can calculate that div (A(Vu)) = DA(Vu) : D?u, and
s0, it is clear that this method is motivated by replacing D?u with the finite element
Hessian of u;, € %thyp. We will see in the following experiments that problems of
the form also arise in differential geometry, in particular, the equations of

prescribed Gaussian curvature (A = 0), and prescribed Weingarten curvature.
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8.6 Implementation

Software and code: The experiments in this Chapter have been implemented in the
most recent version of the Firedrake software [105, 87] (as of 3rd July 2018), which
interfaces directly with PETSc [6] [7] running through a Python interface [39, [63]. A
working Firedrake script, MA-Dirichlet-NVFEM.py used to generate the experiments
of this Chapter is available in the Github repository:
https://github.com/ekawecki/FiredrakeNDV.

Two-dimensional curved boundary approximation: When implementing curved
finite elements, we use a piecewise quadratic polynomial mapping to obtain a higher
order approximation of the domain boundary. This is implemented in exactly the
same manner as discussed in Section As in Section [5.8] we define the space
Vi, ti={vel (Q) :woT ' € PP(K)}, where the piecewise quadratic function T is
defined by (5.8.1). We then define @Z’?;lp = Vi PN Hy (), and W2 o= [V 70P]2%2,

Furthermore, when we refine the mesh in our experiments, the meshes at each

refinement level are not related to one another. That is, there is no hierarchical mesh
structure, i.e., at each refinement level, we “remesh”. A collection of the meshes used
for the computations of this thesis can be found in the folder “Meshes” in the Github
repository: https://github.com/ekawecki/FiredrakeNDV.

Initial guess selection criteria: In the following experiments, we are required to
provide an initial guess for the Newton’s method. This has an impact upon the
convergence of the method, which we shall briefly discuss. Our initial guess (u), H}) €

WO/ZO; P x W, takes the following form

up, =r(@®+y* = 1)

8.6.1
H,?J, = 2rly, ( )

for some r € R\ {0}, where I, is the 2 x 2 identity matrix. The choice of r € R\ {0}
corresponds to starting with an initial guess that is either uniformly finite element
convez (r > 0) or uniformly finite element concave (r < 0). Interestingly, Newton’s
method appears to converge to the uniformly convex solution of the MA equation if
r > 0, or the uniformly concave solution if r < 0.

Furthermore, as derived in Section , Newton’s method applied to (8.4.1)
with fi(x) := f(z) and fo(q) = 1 gives us the following iterative scheme: given

281



(uf, HE,) € VO™ 5 W™ find (uft!, HFHY) € w"/;?;ﬂp x WP satisfying
_ / (Cof(H},) : Hyul o, = — / (Cof (HE,) - Hyul + f — det(HE,))on
Q Q
__ / (f + det(HE o) Vo, € Vo,
Q

It is then clear that if the initial guess (uj ., Hy,) € YO/ZO;H P x W2 generates the

sequence of Newton iterates {(uj ., H ) }2,, then the initial guess
0 0 0 0 v
(U’h,—r’ Hh,—r) = <_uh,r’ _Hh,r) < V;::glp X W;:;lp
generates the sequence of Newton iterates

{(ulfi,—r? Hf]:,—r>}zo:1 = {(_u];L,r7 _Hf]f,r)}zozl‘

In Experiments[8.7.1] and [8.7.2] we observe that if we start with an initial guess of
the form (8.6.1)), with a fixed » = r* > 0, then the sequence of Newton iterates con-
verges to the uniformly convex solution, u, of the corresponding MA equations
and . Thus, we also see that starting with the initial guess of the form (8.6.1)),

with r = —r* < 0, the sequence of of Newton iterates converges to the uniformly con-

cave solution, —u, of the corresponding MA equation. From our previous observation
(and from running the experiments), we see that the convergence rates are identical
for r = 4+r*, and thus, for these experiments, we provide the convergence rates for

r=r*>0,ie., we choose to approximate the uniformly convex solution.

8.7 Experiments

In the following experiments, we successively increase the degree, p, of the finite ele-
ment space V, from 2 to 4, and for each fixed degree we refine the mesh quasi-
uniformly. We implement Newton’s method until the increment error, [uft’ —
uf|| r2(q), falls below desired tolerance of 107'2. Note that we denote by u; the final
Newton iterate, i.e., for the index N, we have that uy = u}y, and [Jul —u; | 12(q) <

10712,

8.7.1 Experiment 1

In this experiment, we consider the following MA problem:
{ det D*u(x) = f(x) x €,

u(z) =0 x € 09, 8.71)
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where  := {z = (71, 22) € R? : |z| < 1}, and f is chosen so that the true solution

of (8.7.1)) is given by
1
u(z,y) = 5(%% + :c% —-1) - 3 sin(7r(:v2 + yZ)).

In this experiment, we successively increase the degree, p, of the finite element space
Vi 0 from 2 to 4, and for each fixed degree we refine the mesh quasi-uniformly,
we observe that the experimental orders of convergence for the errors |u — up|g1(q)
and ||u — Hyuy||12(0) are optimal, that is |[[D*u — Huup|lpy = O(RP™') and |u —
up| ) = O(hP). We plot the error values |u — up|g1 () (left) and ||u — Hyupl| 220
(right) in Figure , and report the exact values in Table , with the corresponding
experimental orders of convergence given in brackets. Furthermore, we provide the
number of degrees of freedom (DoFs) and run times for each computation in Table[3.3|
In this example, Newton’s method requires an initial function ), and an initial

Hessian H} our initial guesses are given by

up) = 5(z] + a5 — 1)

8.7.2
H) := 101, ( )

where [ is the 2 x 2 identity matrix.

We plot the incremental L?-Newton error |Juj™" — uf||;2(q) against the number of
Newton iterations, k, for all levels of mesh refinements, for each degree p = 2,3,4
in Figures 8.2 8.3 and [8.4] respectively. Across all polynomial degrees and mesh
refinements we see that the number of Newton iterations required to reach the desired

tolerance is exactly 5.

Mesh size p=2 p=3 p=4
0.4981 [5.25 x 1071 6.35 x 1072 4.85 x 1072
0.2828 | 9.37 x 1072 (3.04) | 2.03 x 1072 (2.01) | 4.97 x 1073 (4.02)
0.1627 | 2.75 x 1072 (2.22) | 4.29 x 1073 (2.81) | 5.65 x 10™* (3.94)

0.0973 | 828 x 1073 (2.34) | 7.16 x 10™*  (3.48) | 6.27 x 10™°  (4.28)

0.0508 | 2.15 x 1073 (2.08) | 9.73 x 10™° (3.07) | 5.33 x 1075 (3.79)

(2.05) (3.18) (3.73)
(2.05) ( (3.61)

0.0269 | 5.82 x 1074 1.28 x 107° 4.95 x 1077
0.0138 1.48 x 10~*

1.61 x 107%  (3.09) | 4.42 x 1078

Table 8.1: Error values in the | - |1 (g)-seminorm and EOCs for Experiment [8.7.1}
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Figure 8.1: We provide the error values |u — us|g1(o) (left), and || D?*u — Hyup|12(q)
(right), along with the experimental orders of convergence. We observe that the
convergence rates are optimal with respect to the choice of polynomial degree, p.
That is, |u — up| 1) = O(AP), and | D*u — Hyuy||2) = O(RP™).

Mesh size p=2 p=3 p=4

0.4981 4.85 1.33 1.18

0.2828 1.45 (2.13) | 6.92 x 1071 (1.15) | 2.10 x 10~*  (3.05)
0.1627 | 6.73 x 107*  (1.39) | 2.35 x 107+ (1.95) | 4.05 x 1072 (2.98)
0.0973 | 3.36 x 107! (1.35) | 5.52 x 1072 (2.82) | 7.97 x 103 (3.16)
0.0508 | 1.58 x 107! (1.16) | 1.22 x 1072 (2.32) | 1.42 x 1073 (2.65)
0.0269 | 6.92 x 1072 (1.30) | 2.47 x 1073 (2.52) | 2.67 x 10~* (2.63)
0.0138 | 2.86 x 1072 (1.32) | 4.90 x 10~* (2.41) | 4.76 x 107° (2.57)

Table 8.2: The error values ||u — Hypup||n1 and EOCs for Experiment

Runtime (seconds) Number of DoF's
Meshsize | p=2 | p=3 | p=4 | p=2 | p=3 p=4
0.4981 0.23 0.29 0.26 164 340 580
0.2828 0.19 0.19 0.26 580 1252 2180
0.1627 0.21 0.32 0.54 1508 3304 5796
0.0973 0.46 0.95 2.00 4772 | 10576 | 18660
0.0508 2.12 5.93 | 13.87 | 18980 | 42388 | 75076
0.0269 14.24 | 46.70 | 113.62 | 70788 | 158656 | 281508
0.0138 | 112.60 | 355.61 | 886.74 | 276084 | 619972 | 1101092

Table 8.3: Runtimes and number of DoFs for Experiment [8.7.1| for each mesh size h,
and each polynomial degree, p.
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Figure 8.2: Convergence of Newton’s method for the numerical scheme
problem (8.7.1)) with p = 2.
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Figure 8.3: Convergence of Newton’s method for the numerical scheme
problem ({8.7.1]) with p = 3.
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Convergence of Newton’s method, p =4
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Figure 8.4: Convergence of Newton’s method for the numerical scheme applied to

problem (8.7.1) with p = 4.

8.7.2 Experiment 2

In this experiment, we consider the following problem of prescribed Gaussian curva-

ture:

det(D*u) = K(|Vu|> +1)?, in Q,
(8.7.3)

u=0, on 09,
where Q = {(z,y) € R? : |z| < 1}. In this case the function K is chosen so that the

solution of (8.7.3)) is given by
) 1
u(w,y) = (2% + 4% = 1) + o (cos m(a® + %) +1). (8.7.4)

In this experiment, we successively increase the degree, p, of the finite element space
Vio 0 from 2 to 4, and for each fixed degree we refine the mesh quasi-uniformly,
we observe that the experimental orders of convergence for the errors |u — u}) | g1 (o)
and ||lu — Hpup || 12(0) are optimal, that is ||D*u — Hyuy |1 = O(hP™') and |u —
up |y = O(h?). We plot the error values |u — uj) |1(q) (left) and |lu — Hyul || 120
(right) in Figure , and report the exact values in Table , with the corresponding
experimental orders of convergence given in brackets. Furthermore, we provide the

number of degrees of freedom (DoFs) and run times for each computation in Table [3.6]
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[u — unl (o)

In this example, Newton’s method requires an initial function ), and an initial

Hessian H} our initial guesses are given by

0._
up =0

HY =101y,

where I, is the 2 x 2 identity matrix.

We plot the incremental L2-Newton error |Juj™" — uf||;2(q) against the number of
Newton iterations, k, for all levels of mesh refinements, for each degree p = 2,3,4
in Figures [8.6] [8.7, and [8.8] respectively. Across all polynomial degrees and mesh
refinements we see that the number of Newton iterations required to reach the desired

tolerance ranges between 5 and 6.
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Figure 8.5: We provide the error values |u — up|g1(o) (left), and || D?*u — Hyup|12(q)
(right), along with the experimental orders of convergence. We observe that the
convergence rates are optimal with respect to the choice of polynomial degree, p.
That is, |u — up| 1) = O(AP), and | D*u — Hyuy||2) = O(RP™).

Mesh size p=2 p=3 p=4
0.2828 | 1.04 x 1071 1.08 x 1072 1.86 x 1073
0.1627 | 2.31 x 1072 (2.73) | 1.17 x 1073 (4.02) | 2.76 x 10~ (3.45)
0.0973 | 5.33 x 1073 (2.85) | 1.83 x 107* (3.61) | 3.07 x 1075 (4.28)

0.0508 | 1.24 x 1073 (2.24) | 2.26 x 107° (3.22) | 2.67 x 107% (3.76)

(2.20) (3.06) (3.78)
(2.10) ( (3.64)

0.0269 | 3.05 x 1074 3.23 x 1076 2.40 x 1077
0.0138 | 7.45 x 1075 4.18 x 1077 (3.05) | 2.10 x 1078

Table 8.4: Error values in the | - |g1(q)-seminorm and EOCs for Experiment [8.7.2,
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Figure 8.6: Convergence of Newton’s method for the numerical scheme applied to
problem (8.7.3) with p = 2.

Convergence of Newton’s method, p = 3
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Figure 8.7: Convergence of Newton’s method for the numerical scheme applied to
problem (8.7.3) with p = 3.
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Convergence of Newton’s method, p =4
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Figure 8.8: Convergence of Newton’s method for the numerical scheme applied to

problem (8.7.3) with p = 4.

Mesh size p=2 p=3 p=4
0.2828 1.59 1.25 x 1071 8.55 x 1072
0.1627 | 7.21 x 1071 (1.43) | 2.07 x 1072 (3.26) | 2.18 x 1072 (2.48)
0.0973 | 2.86 x 107! (1.80) | 8.80 x 1073 (1.67) | 4.25 x 107* (3.18)

0.0508 | 1.07 x 107! (1.52) | 2.49 x 1073 (1.95) | 7.31 x 10~* (2.71)

(1.53) (2.22) (2.70)
(1.43) ) (2.61)

0.0269 | 4.01 x 102 6.06 x 1074 1.31 x 107* (2.70
0.0138 | 1.54 x 1072 1.33 x 107%  (2.26) | 2.28 x 10~° (2.61

Table 8.5: The error values ||u — Hyup||n1 and EOCs for Experiment
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Runtime (seconds) Number of DoF's

Meshsize | p=2 | p=3 | p=4 | p=2 | p=3 p=4
0.2828 0.28 0.42 0.39 280 1252 2180
0.1627 0.25 0.39 0.59 1508 | 3304 5796
0.0973 0.48 1.07 2.11 4772 10576 18660
0.0508 2.14 6.88 13.92 | 18980 | 42388 75076
0.0269 14.62 | 50.14 | 106.34 | 70788 | 158656 | 281508
0.0138 104.76 | 344.84 | 970.57 | 276084 | 619972 | 1101092

Table 8.6: Runtimes and number of DoFs for Experiment [8.7.2}, for each mesh size h,
and each polynomial degree, p.

8.7.3 Experiment 3
In this experiment, we consider the following problem of prescribed Weingarten cur-
det(D?u) Vu
————— =+ div| ——== | =W, in{,

(|Vul? +1)2 <«/1+ ]VuP)

u=0, on 0f,

vature:

(8.7.5)

where Q = {(z,y) € R? : |z| < 1}. In this case the function W is chosen so that
the solution of (8.7.5)) is given by (8.7.4]). Note that the first and second term on the
left-hand side of (8.7.5)) are the Gaussian curvature and mean curvature of the surface

Z :={(x,y,2) € AxR:z=u(z,y)},

respectively. The inclusion of the mean curvature term in demonstrates the
applicability of the finite element method given by . In the case of ,
A R? — R? is given by A(q) = q/+/1+ |q]2. Furthermore, f, is given by 1/(1 +
1q1*)?, fi(z,u) == W(x), and ¢ = 0. In this experiment, we successively increase
the degree, p, of the finite element space V™" from 2 to 4, and for each fixed
degree we refine the mesh quasi—uniformly, we observe that the experimental orders
of convergence for the errors |u — uf) |g1(o) and ||u — Hyuj) || 12() are optimal, that is
|D*u — Hpup ||py = O(hP™) and |u — up) | 1) = O(h?). We plot the error values
lu — up) | (o) (left) and |lu — Hyuy' || z2(o) (right) in Figure , and report the exact
values in Table [8.8, with the corresponding experimental orders of convergence given
in brackets. Furthermore, we provide the number of degrees of freedom (DoFs) and
run times for each computation in Table In this example, Newton’s method

requires an initial function ), and an initial Hessian H}, our initial guesses are given
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[ — up| (o)

u) = 5(z] + 25— 1)

HY =101,

where [ is the 2 x 2 identity matrix.

We plot the incremental L*-Newton error [|u; ™ — uf||12(q) against the number of
Newton iterations, k, for all levels of mesh refinements, for each degree p = 2,3,4 in
Figures [8.10] .11 and [8.12] respectively. Across all polynomial degrees and mesh
refinements we see that the number of Newton iterations required to reach the desired

tolerance is exactly 5.
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Figure 8.9: We provide the error values |u — up|pi(q) (left), and |[D*u — Hyup|| 120
(right), along with the experimental orders of convergence. We observe that the
convergence rates are optimal with respect to the choice of polynomial degree, p.
That is, |u — up| 1) = O(AP), and | D*u — Hyuy||120) = O(RP™).

Mesh size p=2 p=3 p=4
0.2828 [ 9.48 x 1072 7.64 x 1073 1.87 x 1073
0.1627 | 2.23 x 1072 (2.62) | 9.87 x 10~* (3.71) | 2.81 x 107* (3.43)
0.0973 | 5.57 x 1073 (2.70) | 1.89 x 10~* (3.21) | 3.20 x 107° (4.23)

0.0508 | 1.29 x 1073 (2.24) | 2.39 x 107 (3.19) | 2.75 x 1075 (3.78)

(2.20) (3.05) (3.78)
(2.10) ( (3.64)

0.0269 | 3.18 x 10~* 3.42 x 1076 2.47 x 1077
0.0138 | 7.78 x 107° 4.43 x 107" (3.05) | 2.15 x 10~®

Table 8.7: Error values in the | - |1 (g)-seminorm and EOCs for Experiment [8.7.3,
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Convergence of Newton’s method, p = 2
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Figure 8.10: Convergence of Newton’s method for the numerical scheme applied to

problem (8.7.5) with p = 2.

Convergence of Newton’s method, p = 3
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Figure 8.11: Convergence of Newton’s method for the numerical scheme applied to
problem (8.7.5) with p = 3.
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Convergence of Newton’s method, p =4
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Figure 8.12: Convergence of Newton’s method for the numerical scheme applied to

problem (8.7.5) with p = 4.

Mesh size p=2 p=3 p=4
0.2828 1.62 1.34 x 1071 8.83 x 1072
0.1627 | 7.37 x 1071 (1.43) | 2.23 x 1072 (3.25) | 2.25 x 1072 (2.47)
0.0973 | 3.03x 107" (1.73) | 1.01 x 1072 (1.54) | 4.55 x 1073 (3.11)
0.0508 | 1.17 x 107! (1.47) | 2.95 x 1073 (1.89) | 7.77 x 107* (2.72)
0.0269 | 4.65 x 1072 (1.45) | 7.52 x 107* (2.14) | 1.39 x 10~* (2.70)
0.0138 | 1.92x 1072 (1.32) | 1.79 x 10~* (2.15) | 2.42 x 107> (2.61)

Table 8.8: The error values ||u — Hyup||n1 and EOCs for Experiment
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Runtime (seconds) Number of DoF's

Meshsize | p=2 | p=3 | p=4 | p=2 | p=3 p=4
0.2828 0.50 0.49 0.70 280 1252 2180
0.1627 0.45 0.52 0.74 1508 | 3304 5796
0.0973 0.86 1.24 2.33 4772 10576 18660
0.0508 3.01 6.60 15.86 | 18980 | 42388 75076
0.0269 15.63 | 50.61 | 117.42 | 70788 | 158656 | 281508
0.0138 125.57 | 384.11 | 873.55 | 276084 | 619972 | 1101092

Table 8.9: Runtimes and number of DoFs for Experiment [8.7.3] for each mesh size h,
and each polynomial degree, p.

8.7.4 Experiment 4 - A comparison of the methods

In this experiment, we consider the following MA problem:

{ det D*u(x) = f(z) =z €,

u(z) =0 x € 09, (8.7.6)

where Q := {z = (z1,72) € R? : |z| < 1}, and f is chosen so that the true solution

of (8.7.1)) is given by
w(z,y) =1—4/2 — 22 — 3.

We apply the semismooth Newton’s method given by Algorithm [1]from Chapter[7] (we
will call this method A), and the Newton’s method given by (we will call this
method B), comparing various properties of the approximations. In both cases, the
L? increment tolerance was set to 107!, Furthermore, the computational parameters
(initial condition, jump stabilisation parameters, £, and Hp) for method A are the
same as in Experiment and the initial guess for method B is given by (8.7.2).

For this discussion, let us denote by wuj 4 the numerical solution of method A,
and uy p the numerical solution of method B. To assess the error, we use H?2-style
quantities that arise naturally in the two different methods. In particular, for method
A we calculate ||u — up al[n,1 and for method B we calculate || D*u — Hyup 5| 12(0),
we plot these values against the mesh size for p = 2, 3,4 in Figure [8.13, and provide
the actual values in Tables and along with the EOCs in brackets. We
observe that the convergence rates for both method are comparable, with method
A outperforming method B for p = 4, and method B outperforming method A for
p=23.

However, we observe a noticeable difference in the number of Newton steps, run-

times and number of degrees of freedom (NDoFs). The convergence of Newtons
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method is plotted in Figures [8.14] [8.15] and [8.16] we see that the number of New-

ton iterations for method A varies between 5 and 6 in all cases, whereas it takes 9

iterations for method B to convergence in each case. Furthermore, the number of
DoFs and runtimes at each mesh refinement are provided in Tables and [8.13], we
observe that method B has roughly double the degrees of freedom of method A, and
also takes roughly twice as long to implement (i.e., the runtimes are roughly double
those of method A).

10° . . 10°
1071 3 / ] 10*1 L
1072 | 1 S0
= 3
h 1073 = 1078
= |
= Bl
104 S U
107° M p=2 —— | 107 ¢ p=2 ———
=3 —— =3 ——
B ])p =4 B g =4
1076 L ‘ 1076 ‘
0.01 0.1 0.01 0.1
Mesh size Mesh size

Figure 8.13: Plot of convergence rates ||u — up a||n1 (Left) and || D?*u — Hyun || 20
(right), where w4 is the numerical solution of method A, wy, p is the numerical
solution of method A, and u is the true solution of . We observe the optimal
rate of convergence in both cases, that is, the convergence rate is of order h?~!.

Mesh size p=2 p=3 p=4
0.2828 | 4.73 x 107! 8.44 x 1072 1.51 x 1072
0.1627 | 2.73 x 1071 (0.99) | 3.12 x 1072 (1.80) | 3.53 x 10~*  (2.63)
0.0973 | 1.45 x 1071 (1.24) | 9.55 x 1073 (2.30) | 6.40 x 10~* (3.32)

0.0508 | 7.11 x 1072 (1.09) | 2.55 x 1073 (2.03) | 9.71 x 107> (2.90)

(1.09) (2.13) (3.04)
) ) (2.86)

0.0269 | 3.55 x 102 6.55 x 1074 1.41 x 107°
0.0138 | 1.75 x 1072 (1.06) | 1.61 x 10~* (2.09) | 2.07 x 1076

Table 8.10: The error values ||u — up 4llp1 and EOCs for the semismooth Newton’s
method given by Algorithm [I| applied to problem (8.7.6)).
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—uf|l 2@

[l

Convergence of Newton’s method, p = 2 Convergence of Newton’s method, p = 2

0.1627 | 2.54 x 10°"  (1.10) (1.90) (2.62)
0.0973 | 1.18 x 10" (1.49) (2.57) (3.28)
0.0508 |5.01x 1072 (1.32) | 1.89 x 1073 (2.18) | 1.48 x 10~* (2.72)
0.0269 | 2.02x 1072 (1.43) (2.46) (2.74)
0.0138 | 7.82x 1073 (1.41) ( (2.60)

h =0.283 12 1 =0.
10-12 L| h=0.163 10 h=0.163
h = 0.097 \ || h=0097
10-14 || h=0051 10 h = 0.051
h=0027 —— e || h=0027T ——
h=0014 ‘ ‘ \ ‘ 10 h=0.014 —«— ‘ Lk
2 3 4 5 6 7 1 2 3 4 5 6 7809
Newton iteration k Newton iteration k
Figure 8.14: Convergence of the semismooth Newton’s method given by Algorithm
(left) and of the Newton’s method given by (8.4.3)) applied to problem (8.7.6)), with
p=2.
Mesh size p=2 p=3 p=4
0.2828 | 4.67 x 107+ 8.37 x 1072 1.98 x 1072

4.66 x 1073
8.63 x 1074

2.93 x 102
7.82 x 1073

2.59 x 107°
2.44) | 4.52 x 107°

3.96 x 1074
7.73 x 107°

Table 8.11:

The error values || D*u—Hyuy, gl 12(0) and EOCs for the Newton’s method

given by (8.4.3) applied to problem (8.7.6).

Runtime (seconds) Number of DoF's

Mesh size | p=2 | p=3 | p=4 p=2 | p=3 | p=4

0.2828 2.06 2.21 2.79 384 640 960
0.1627 1.85 2.32 2.64 1044 1740 2610
0.0973 2.49 3.16 4.50 3420 5700 8550
0.0508 4.39 10.42 | 23.28 13920 | 23200 | 34800
0.0269 16.23 | 55.93 | 149.51 | 52476 | 87460 | 131190
0.0138 | 112.31 | 398.01 | 1199.67 | 205848 | 343080 | 514620

Table 8.12:

Runtimes and number of DoF's for for the semismooth Newton’s method

given by Algorithm (1] applied to problem ({8.7.6)).
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Convergence of Newton’s method, p = 3 Convergence of Newton’s method, p = 3

=102 )| 120163
o | 400
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Newton iteration k Newton iteration k

Figure 8.15: Convergence of the semismooth Newton’s method given by Algorithm
(left) and of the Newton’s method given by (8.4.3)) applied to problem (8.7.6)), with
p=3.

Runtime (seconds) Number of DoF's
Meshsize | p=2 | p=3 | p=4 | p=2 | p=3 p=4
0.2828 13.11 | 17.65 1.85 580 1252 2180
0.1627 1.35 2.34 3.90 1508 3304 5796
0.0973 3.99 7.28 12.75 4772 | 10576 | 18660
0.0508 17.50 | 32.98 | 61.73 | 18980 | 42388 | 75076
0.0269 75.81 | 171.67 | 354.12 | 70788 | 158656 | 281508
0.0138 | 396.48 | 993.69 | 2180.71 | 276084 | 619972 | 1101092

Table 8.13: Runtimes and number of DoFs for the Newton’s method given by (8.4.3))
applied to problem (8.7.6)).

8.8 Concluding remarks

The nonvariational finite element method proposed in [79] is applicable to MA prob-
lem of the form (3.2.1)), with f = f(z), and in [49] a proof of existence of a numerical
solution was provided the case that d = 2 and the polynomial degree p > 3. We
have extended these results, allowing for right-hand side nonlinearities of the form
f(z,2z,q) = fi(x, 2)/ f2(x, q). We have also defined a further extension of this method,
defined by , which encompasses a wider class of nonlinear elliptic equations,
with Experiment demonstrating its applicability to the Weingarten equation.

The proof of existence of a numerical solution used was a fixed point argument,
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Figure 8.16: Convergence of the semismooth Newton’s method given by Algorithm
(left) and of the Newton’s method given by (8.4.3)) applied to problem (8.7.6)), with
p=4.

which also provides a priori error estimates in a H'-type norm, however, though
the convergence rate is optimal with respect to the mesh size, the uniqueness of the
numerical solution, guaranteed by Theorem , holds in a ball of radius h?*® for
some « > 0, and thus only the numerical experiments of Section indicate that this
method does not exhibit nonuniqueness on the same scale as discussed in Section [3.5]

In the case that the right-hand side function of is of the form f = f(x),
the method proposed in this Chapter is comparable with the DGFEM of
Chapter , given by . In Experiment We applied both methods to the same
test problem, with the goal of determining which method may have more desirable
attributes. The conclusion of this experiment is that the methods are similar in term
of convergence rates, with the method proposed in this Chapter outperforming the
method of Chapter [7] for polynomial degrees p = 2,3, and vice versa for p = 4, in
terms of convergence rates. However, when considering the computational size of
two approaches, and the resulting computation times, the method of Chapter [7] turns
out to be more efficient, with roughly half the degrees of freedom and computation

times.
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Chapter 9

A CGFEM for the MA optimal
transport problem

9.1 New contributions and existing methods

In this chapter we present the contributions of the collaborative work [72]. This in-
cludes an adaptation of the nonvariational finite element method (NVFEM) proposed
in [78] [79], providing a new finite element method for the approximation of solutions
to the MA optimal transport problem. We also implement a global gradient recovery
scheme, resulting in optimal convergence of the scheme for P! finite elements.

FExisting methods:

e In [90] the authors propose a finite element element method, also based on
the formulation [79], solving the MA optimal transport on the surface of a
sphere, and planar domains without boundary. A key difference between the
method of [90], and the method that we propose in this chapter is that we deal

directly with the optimal transport boundary condition (for further details see

Section [9.5.3)).

9.2 Set-up

In this chapter, we design a CG finite element method for the approximation of
solutions to the MAOT problem (3.2.2)), with right-hand side function f(z,z,q) =
fi(z)/ f2(q), that is u : Q — R satisfies

2 _ Nz
det D*u(x) = Hva) x €, (9.2.1)

along with the second boundary condition:

Vu(Q) =T, (9.2.2)



where , T C R? are two uniformly convex, C*! domains, and f; : Q@ = RT, fo: T —

R* are two uniformly positive, uniformly C'! functions satisfying the preservation of

/Qfl_/TfQ. (9.2.3)

Recall that under these assumptions, Theorem [3.2.4] guarantees the existence of a

solution u € C**(Q) NC?*(Q), for any a € (0,1) of (9.2.1)(9.2.2), that is unique up

to a constant, among convex solutions.

mass condition:

9.3 Linear nonvariational oblique derivative prob-
lem

Let Q be a uniformly convex C%! domain, and recall that we denote its unit outer
normal by naq. Assume that A € L>(Q;R%:Y), is uniformly elliptic, i.e., there exist

constants 0 < py < o < oo such that
el < ETAWE < male VEE R ae. 2 Q, (9.3.1)

and let the oblique vector 8 € L>®(99Q;S% ). We also assume that a € L>(;RY),
r € L*Q), and s € HY/2(9Q), and consider the following oblique boundary-value
problem: find u : 2 — R that satisfies

A:D*u+a-Vu=r inQ,
(9.3.2)

B-Vu=s on 0.

Furthermore, if d > 3, we assume that there exists a constant 6 > 0 such that

B-napg >0 a.e. on IN. (9.3.3)

Remark 9.3.1 The problem given above is an oblique derivative problem, though one
can see that it is posed in contrast to the oblique boundary-value problem , m
that we have not allowed for a free constant in the boundary condition, the boundary
condition is inhomogeneous (if s # 0), and for d > 3, we have imposed the assump-
tion upon the oblique vector. One can also see that first order derivatives
appear in the PDE. These structural choices are particular to the MAOT problem, for

the following reasons:
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1. The functions fi and fo defining the right-hand side of the MAOT problem
are assumed to satisfy the compatibility condition (3.2.7), negating the

necessity for free constant in the boundary condition;

2. The PDE represents the general linear elliptic equation arising when
applying Newton’s method to the nonlinear problem , and thus first order
derivatives appear in the PDE.

9.4 Nonvariational finite element method (NVFEM)
for the oblique derivative problem

Throughout this chapter, we do not employ curved finite elements (as in Chapters
to[8). To this end, let (.7} )s>0 be a shape-regular quasi-uniform family of affine tri-
angulations that approximate (2. Indeed, since €2 is assumed to be uniformly convex,
such triangulations can be defined in the following manner: for each A > 0 by taking
a collection of N, € N points on 0€2, and take their closed convex hull, the interior
of which we shall denote by 2, (note that as € is convex, €, C €2). We then simply
define each triangulation .7, h > 0, to be a shape-regular quasi-uniform triangulation

of €. We then define the following finite element spaces:

Vip = {v € C'Q) : vk € PP(K)VK € T},
thp = Vip N Hy(9),

Wh,p — [Vh,p] d(d+1)/2 )

With these definitions in place it is possible to design a continuous Galerkin finite
element method for the approximation of solutions of problem (9.3.2)) as follows: find
(U,H,c) € Vi, x Wy, , x R such that

(H, @)q, + (VU(VE) )a, = (VUng,, og, =0,
<A H+a- VU, ®>Qh + <5 : VU, (I)>3Qh + <U, /\>Qh + <C, (I)>Qh = <7‘, @)Qh + <S, (I)>th
(9.4.5)

for all ® € Vj,,, A € R.
The nil sum constraint on u, the exact solution of (9.3.2)), needed to ensure its

uniqueness is discretised by seeking an additional unknown scalar (instead of directly
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including this condition in the finite element space) ¢ as a Lagrange multiplier, im-

plemented by the inclusion of the following sum
(U, Na, + {(c,P)q, =0 (9.4.6)

in (9.4.5). Setting ® = 0 in (9.4.5) gives us

/Q U=0. (9.4.7)

Then, upon choosing ® € V,, ,, N H} (), we obtain
(¢, @), =(r—A:H—a-VU —cU,®)q, (9.4.8)
for all ® € V5, ,, N H(Q), which tells us that ¢ is in fact the L?(£2),)-projection of
r—A:H—a-VU—-cU (9.4.9)

onto ® € Vy , N H} (). Since ¢ is a constant, and the only constant in ® € Vi, N
H}(Qy) is zero, we deduce that both integrals must be zero.

Note that the upper equation in is equivalent to a system of d? equations,
which, thanks to the symmetry of the finite element Hessian, can be reduced to

d(d 4 1)/2 equations; it is equivalent to
H=H,U. (9.4.10)

The NVFEM, whose details for the Dirichlet boundary-value problem are given by
[78], can be viewed as a mixed method, where we compute both the numerical solution
U and its finite element Hessian H = H,U, as an auxiliary variable. We stress,
however, that the variable H becomes essential in nonlinear problems where the
nonlinearity depends on the Hessian. In fact, not only is accessing the finite element
Hessian necessary for the internal NVFEM algorithm, but as we see in Section [0.5] it

plays a crucial role in the nonlinear solver.

9.5 A Newton’s method for the Monge-Ampere
optimal transport problem

In order to approximate u satisfying the nonlinear problem (9.2.1]), we first apply
Newton’s method to the nonlinear problem, resulting in a sequence of problems in
the form of (9.3.2) with u replaced by u,. As discovered by Loeper & Rapetti [85],
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Newton’s method (applied to the MA problem, with periodic boundary conditions),
with a damped stepsize converges to the exact solution at the continuous level. The
main difficulty is to show that the convexity of the Newton iterate, u,, is preserved
with respect to n. The preservation of convexity leads to a sequence of well-posed
elliptic problems. As in the experiments of Chapter |8 we observe that the NVFEM
also inherits this property. The reader must note, however, that a proof of the fact
that Newton’s method preserves convexity on the numerical level for the methods
we propose is currently an open problem, and that it is currently only indicated by
numerical evidence. We now recap the results of [79], which apply to elliptic Dirichlet

boundary-value problems, and then adapt them to problem (9.2.1]).

9.5.1 Elliptic operators

The method proposed in [79] is applicable to nonlinear elliptic problems. As such, it
is pertinent at this point to provide a definition of ellipticity, in the sense of nonlinear
operators (note that the operators associated to the equation of prescribed Gaus-
sian curvature , and prescribed Weingarten curvature , are examples of
smooth elliptic operators). Consider a general (possibly nonlinear) operator of the

form

v Fv], (9.5.1)

where

F(z)] == F(x,v(x), Vo(z), D*v(z)),

which is well defined for functions v € C?(f2), for some given (possibly nonlinear)

function
F:OxR xR xR 4 R, (9.5.2)

Sym

Following [28], for an open set 4 C RE4, the operator .Z [ is called elliptic on € if

Sym

and only if for each (z, M) € Q x € there exist \,(z, M) < \(xz, M) in RT, such that

N (2, M)|N| < F(z, M + N) — F(x, M) < \y(x, M)|N| VN € R¥4 (9.5.3)

Sym

where the matrix norm |M| indicates the Euclidean-induced operator norm (although
the definition is independent of the choice of norm except for the values of A, and X;).

If the largest possible set ¥ for which is satisfied is a proper subset of
ngxrg we say that the operator .# is conditionally elliptic. The operator .Z -] is called

uniformly elliptic on € C ngxrg if and only if
0 < infoupitaxg Ny, and SUPq,pitiy Ay < 00; (9.5.4)
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the extrema defined by (9.5.4)) are called lower and upper uniform ellipticity constants.
If the infimum in (9.5.4)) is zero the operator is called degenerate elliptic on €.

9.5.2 Smooth elliptic operators

If F is differentiable (9.5.4]) can be obtained from properties of the derivative of F'.
A generic M € R¥? being written as

my1 ... Migd
M= : -~ |, (9.5.5)

mqgi1 ... M4qd

the derivative of F' at M in the direction N is represented by Vp F(x, M), with

respect to the Frobenius inner product. Namely,
Dy F(x, M)N =V F(z,M): N VYN € R (9.5.6)

for some matrix V, F(x, M), where we have

O F (-, M) ... O, F(-, M)
VuF(,M) = : : : (9.5.7)
Omi F( M) .. Oy F (-, M)

Usually, the function F' (and its gradient) are restricted to the linear subspace Rglyﬁ;'f C

R?? in the 4th argument. Therefore, if F' is differentiable then (9.5.3)) is satisfied
for all M € € if and only if for each M € € the matrix V F (-, M) is (symmetric)

positive definite, i.e.,
EEV F(z, M)E > Ny(2, M)[E]* V€ € R (9.5.8)

Furthermore ¢ = R%? and ), is independent of M if and only if the infimum condi-

Sym

tion in (9.5.4)) is satisfied.

Lemma 9.5.1 (ellipticity of the Monge—Ampeére operator)
The Monge—Ampeére opemtmﬂ

fi(x)
f2(p)

and f1, fo as described in Subsection[3, is degenerate conditionally elliptic for M in

Fv] .= F(z, Vv, D*v) with F(z,p, M) := det M — (9.5.9)

the cone SPD(R?) of symmetric positive definite linear transformations on RZ.

! Since the function F' generating the Monge-Ampere operator .# does not depend on the values
of the second variable representing the values of the operand (v or r) we remove the dependence on
these variables.
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Proof: From the definitions in [9.5.2] we need to show that v — det D?v is elliptic.

Recall the definition of the cofactor matrix, or tensor, of an invertible M:
Cof M := det(M)(M~1)T (9.5.10)

this definition can be extended by uniform continuity to singular matrices. By the

definition of matrix invariants [13] we have, for each M, N € R%*¢ and 0 € R,
det(M + ON) = det M + Cof M : NO + p(6) (9.5.11)
for a remainder function p satisfying
1p(0)] < C|M|YN|?6? Vo € 0,1) (9.5.12)
for some C, from which we derive Jacobi’s formula
Ddet(M)N = Tr Cof(M)N = Cof(M): N VM, N € R, (9.5.13)
Thus, the gradient of F' with respect to the Frobenius inner product of matrices is
VuF(z,M)=Cof M YM € R (9.5.14)

This remains true when we restrict F' to matrices M (and variations thereof N) in
R&xd, or more specifically SPD(R?). Indeed, if M € SPD(R?) then it is invertible,
furthermore M~ € SPD(RY), and Cof M = det(M)M~* € SPD(R?). This holds
because the eigenvalues of M ~! are the reciprocals of the eigenvalues of M, and since
M is positive definite, all of its eigenvalues must be strictly positive. Thus for all

¢ € R? we have that

EV i F(x, M)E = det(M)ETM ¢

S |€2 det M (9.5.15)

2 —Aﬁ )
where )y is the largest eigenvalue of M. Noting that since M is positive definite,
its determinant is also strictly positive; it then follows that is satisfied. Since
SPD(R?) is a proper subset of R%<? this means that .% is only conditionally elliptic
with maximal domain of ellipticity the functions whose Hessian is in SPD(R?), i.e.,
the uniformly convex functions. Finally noting that

inf MN(M) =0 9.5.16
MESllng(Rd) (M) ’ ( )

it follows that F is degenerate elliptic on SPD(R?). O
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9.5.3 Quantifying the second boundary condition

One of the computational difficulties of the MAOT equation - setting aside the nonlin-
earity of the PDE - is the second boundary condition. Since the condition Vu(Q2) = T
(i.e., is not a boundary condition, it is useful to utilise the following equiva-
lent representation proven in [104] (under the weaker assumption that u is uniformly
convex function, and {2 and T, are simply connected domains) that u satisfies

and (9.2.2) if and only if u satisfies (9.2.1)) and

Vu(89) = OT. (9.5.17)

However, is only given implicitly, and is not compatible with computations.
In order to implement this boundary condition, we consider an idea from [116], that
is used to prove the existence and uniqueness (among convex solutions, and up to a
constant) of a solution to (9.2.1)—(9.2.2). In particular, the author of [I16] considers

a uniformly concave defining function "¢ : R? — R for the target domain, that is,
T = {g e R%:b*™(q) > 0}.

Since one can see that 9T = {q € R? : b°"(q) = 0}, the boundary condition can be

expressed as follows
b (Vu(z)) =0, =z € 0.

Alternatively, one can consider a convex defining function b : R¢ — R, for the target
domain, i.e., T = {qg € R? : b(q) < 0}. One such example is the signed distance

function, i.e.,

b(q) = { ~ e 00, e T (9.5.18)

dist(q,0Y), ¢ € R\ T.

Thus, in order to capture the transport boundary condition (9.2.2]), we introduce the
nonlinear operator
Blu] := b(Vu). (9.5.19)

With the notation from ((9.5.9) and (9.5.19)), problem (9.2.1)—(9.2.2)) consists of finding

a function u : 2 — R such that
, x e

0
(9.5.20)
0, xz € of.
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Remark 9.5.2 (Approach utilised in the literature) A similar approach is

utilised in [15] (where the authors provide a finite difference method for the numerical
approximation of solutions to the MA optimal transport problem), to implement the
boundary condition . In [15] the authors represent the signed distance function
in terms of supporting hyperplanes. This boundary condition is then linearised by

iterating over Neumann boundary conditions (see [15] for further details).

9.5.4 Newton’s method at the PDE & FEM level

By Lemma the operator .Z[] is elliptic on SPD(R?). We introduce the cone of
convex functions with zero integral on 2

¢ = {ve C*(Q) : D*v(z) € SPD(R?) Vz € Q and (v)g =0} . (9.5.21)

To approximate the solution of we will apply the following Newton’s method:

for each n € Ny, assuming u,, € € is given, find u,,1 € € satisfying

D.Z [un(2))(ups1(x) — up(2)) + Flun(z)] =0, for x € Q,

{ DBu ()| (tuni1(z) — un(z)) + Blus(z)] = 0, for x € 09, (9.5.22)

where the D.Z and D% are the (infinite dimensional) directional derivatives, explic-

itly calculated as
D.Z[vJw := DF(-, Vv, D*v)(0, Vw, D*w)

= Cof(D*v) : D*w + f2(€0)2Df2(v'U)vwa (9.5.23)
and
DA v|w = Db(Vv)Vw. (9.5.24)

9.5.5 NVFEM-Newton’s method

At the PDE level, for each n € N; finding each term w,, of the sequence defined by
(9.5.22) requires one to solve an oblique derivative boundary-value problem of the
form (9.3.2)), with the unknown 6,1 := u, 1 — u,, with the following substitutions

for the coefficients A, a, 5, and source terms r, s:

A(z) + Cof D*u,,(x) =: A(D%uy,(x)),
L‘r) Up(x =:a(x, Vu,(x

) e VT =i Tl

B(x) < Db(Vu,(z)) =: B(Vu,(z)), (9.5.25)
— det D?uy,(x A =: 7?(x, Vu,(z 2 (z

s(x)  —=b(Vu,(z)). =: §(Vu,(x)).
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Since provides us with the NVFEM for the approximation of solutions to
problems of this form, we may discretise by substituting coefficients A, d,B
and source terms 7, 5 present in (9.5.25|) into ((9.4.5)).

This results in the following iterative scheme, which we call the NVFEM-Newton’s
method: for each n € Ny, assuming (U,, H,) € V., x W, is given, find
(Unt1s Hng1y Cng1) € Vi, X Wy, X R such that

(Hyy1, ®)a, + (VU1 D®)g, — (VU110  ®)oq, =0 VO €V,
(A(H,) : (Hp1 — Hy) + a(-,VU,) - V[Upis — U] + #(-, VU, H,), ®)q,
+ (B(VU,) - V[Uni1 = U] + 3(VU(2)), ®han, + (Uns1, Ny, + (eni1, Pa,

=0 Vo eV,,, AeR
(9.5.26)

Remark 9.5.3 (Shortcomings of the approach ) Our numerical exper-
iments show that the algorithm given by produces sequences that appear to
be divergent for P elements. This is to be expected, since by , for a function
v € Vi p,

Hy,vy, = Pw,  (Divn) + L(Voy).

But, one can see that for a piecewise P! function, its piecewise Hessian is zero, and
thus the finite element Hessian of such a function is determined solely by the lift
operator, L.

For PP elements with p > 2, the algorithm converges, but, as the numerical exper-
iments in Subsection show, the convergence rates are suboptimal (in a function
approzimation sense) in the L*(Qy) norm. For instance, for P? elements, where the
expected optimal convergence rate is 3, we observe a convergence rate of order 2 at
best.

Remark 9.5.4 (Boundary approximation) We believe that the suboptimal results
mentioned above caused by approximating a curved convex domain by a polytopal mesh.
The use of PP, p > 2 approximation requires the positioning of degrees of freedom on
the approximating boundary that in fact lie in the interior of the true domain. This is
why we observe a “cap” on our convergence rates. A solution to this problem, at least
from an empirical point of view, based on extensive numerical computation is provided
by the use of gradient recovery, in the case of P! elements (we still observe suboptimal
rates in the L*(Q,) norm for quadratics and higher). These results further support
the necessity for the curved boundary approzimation, employed in Chapters[JH8
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Definition 9.5.5 (projection-based gradient recovery) We define the

projection-based gradient recovery operator

Gh . Vh,p — th,

(Ghv — Vo, CI)>Qh =0 Vbe Vh,p' (9527)

9.6 FE Hessian with gradient recovery

The standard FE Hessian operator, Hy, defined in (4.11.1)) is implemented in the
NVFEM-Newton’s method by its inclusion in . Now that we are equipped
with the gradient recovery operator, Gy, given by , we are inclined to define
a new finite element Hessian operator PTh, where one replaces VU in , with

the recovered gradient G,U, resulting in the following definition.

Definition 9.6.1 (finite element Hessian with gradient recovery) We first

define the gradient recovered generalised Hessian J acting on v € HY(Qy) via

i i 390 i
(i) :=—<[Ghv1 ,—> G mrsomy ooy Ve € HH(),
Qp

Ox;

(9.6.1)
and all i,j = 1,...,d. Then, thanks to finite element conformity V;, C H*(Q), we
may define the finite element Hessian with gradient recovery operator ﬁ;, acting upon
v € HY(Q) as follows:

(Hp]h, ®)g, = ([H0]1|®) Y& € Vy,, i, =1,...,d. (9.6.2)

Remark 9.6.2 (Gradient recovery for P! elements) Upon applying the gradient
recovery operator Gy, defined by , in algorithm for P! element ap-

proximation we observe that it does converge. Moreover, we observe optimal conver-
gence results in this case (see the first experiment in Subsection .

9.7 NVFEM-Newton’s method with finite element
gradient recovery

We incorporate the gradient recovery operator into our system, by replacing VU, 1

with GLU,, 1 in (9.5.26)). This swap of roles in the discrete gradient operator, implies a
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possible swap of the Hessian recovery operator Hy, with the modified Hessian recovery

operator Hy, : Vip — Wy, for any vy, € Vy ,,
<I/‘I\;th, CI)>Qh + <Ghvh D@)Qh - <Gh7jh nTCD)th =0 Vbe Vh,p' (971)

Rewriting the Newton scheme ((9.5.26)) using EL instead of Hj, in incremental form

reads as follows, for each n € Ny,
1. given (U, Gy, H,) € Vi, X Zpy, x Wy, , satistying

Gn = GhUTu H, = ELUny
(9.7.2)
U,, is uniformly finite element convex (i.e., (4.11.2))), and (U,)q = 0,

2. find © € V;, (along with its recovered gradient G,0 =: Ge, its modified
recovered Hessian H,© =: Hg and a scalar ¢) such that:
(Ho,®)q, + (Go D®)q, — (Gon'®)sn, =0 V& €V,
(Go,P)q, — (VO,D)q, =0 VP eV,
(A(H,): Ho + b(G,) - Go + F(-,Gn, H,), ®)g,
+(B(Gy) - Go + 3(Gy), ®)ag, + (O, Na, + (¢,B)q, =0 VP € V,,, A €R,
(9.7.3)

where the functions fl, l;, B, and § are given by (9.5.25)), with G,, and H,, in
place of VU, and D?u,,, respectively,

3. define

(Uns1, Gyt Hoi1) == (0, Ge, Ho) + (U, G, Hy,). (9.7.4)

9.7.1 The linear system

Each step of Newton’s method involves solving a linear system (corresponding to a

nonvariational linear elliptic equation with oblique boundary conditions) of the form
E [T 4T 6T ¢ =F, (9.7.5)

where E is a (1 + (1 4+ d + d(d + 1)/2)? block-matrix in RO+1+d+dd+1)/2N)* "
6 cRY v eRW § e RVUHD/2 ¢ c R F ¢ RIF(IHdHAHD/2N (9.7.6)

Recall that N := dim V), ,,.
The array (07,47, 07, c¢)? represents all of the finite element solution components,

i.e., (©n11,Ge, Ho,cnyi1), via their finite expansion as finite element functions.
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In particular, we recall that ® = (®y,...,®y)7 forms a basis of Vy,,,. 0 defines ©

via
0:=0"®. (9.7.7)
Furthermore,
[Gola = V2 ®, (9.7.8)
for a =1,...,d, corresponding to each geometric coordinate.

Penultimately, for the finite element Hessian, we have that § = [, ] for upper-

triangular indices «, 5, and
[Ho)? = [Dap]'®, a=1,....d B=a...d, (9.7.9)

and, of course, the final entry, ¢ defines ¢, 1.

We are about to present a pseudocode for the Newton’s method, but first, for the
clarity of the reader, we give an example of the block matrix, E, and vector, F arising
on the left-hand side and right-hand side of the linear system (9.7.5), respectively, in
the two-dimensional setting. Note that the block entries of E are given explicitly in

the pseudocode below. In this case, we have that

(97%57 C) = (‘9,71;72751,1,51,2,52,270).

Furthermore,
[Diag(d) C, Cy Bix Bias Bay d |
Ay M 0 0 0 0 0
Ay 0O M O 0 0 0
E= 0 R 0 M 0 0 0 ) (9.7.10)
0 Ry 0 0 M 0 0
0 0 R, O 0 M 0
i d” of o of of oF Tr(Diag(d)) |
and _ 1
_<F(aGnaHn)7¢>Qh - <b(Gn)’q)>3Qh
0
0
F= 0 . (9.7.11)
0
0
- O =
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Algorithm 3 Newton—Raphson-NVFEM pseudocode

Require: Q, C R?, f,: Q) — RY, £, 1 R? —

e N e T e T e T e e T

I I R O R R ORI

)
N

30:
31:

R, b:R? — R, tol € R, itermax € N,

F, a mesh on Qy, (ug, o) € Vi, NL3(Q) x R

r<1

n <0

Qo — GJLUU

Hy +~ H,U,

Uy < (Uo,Go,Ho,Co)
D +— (@1,...7®N)T

(basis of Vy,,)
while n < itermax & 7 > tol do

for « =1,2 do
R, +— <<I>(8Q<I>)T>Qh — (na<I><I>T)th
A, +— (P (8 ®)7g,
Co (572 [sz( )]0 ®, @7 )a, + ([Db(G,)]*®, @7 ),
for a < é <2do _
[B] ([Cof( ,)5®,2")q,
end for
end for
M + (&, ®T)q,
d <(I), ]_>Qh

construct E given by

9.7.10

construct F' given by

9.7.11

solve E [67 AT AT 6T, 6T, 6%, ¢|" =F

O+ 0T

for a =1,2 do
[G@]a — ’)/T(I>
fora < 3<2do

[Hes « 05,5®

end for

end for

< [0l

(U, G, Hy)  (Un, G, H,) +

n+<n+1
end while

(6, Go, Ho)
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9.7.2 Implementation

Software and code: The experiments in this Chapter have been implemented in ver-
sion 1.6 of the FEniCS software [2, [86], which interfaces directly with PETSc [6), [7]
running through a Python interface [39, 63]. Two working Firedrake scripts, MA-
with-gradient-recovery.py and MA-no-gradient-recovery.py, used to generate the ex-
periments of this Chapter are available in the Github repository:
https://github.com/ekawecki/Monge-Ampere.

9.8 Experiments

In this subsection we display our experiments for the MAOT problem. In each case
we performed several benchmark approximations; allowing us to document the ex-
perimental order of convergence. In these examples, the source domain, €, is given
by the unit disk in R?, and the target domain, Y, is either given by the unit disk or
an ellipse.

With this information, we observe optimal convergence rates when implementing
the P! gradient recovery scheme (9.7.2) — (9.7.4), that is,

Furthermore, we observe suboptimal convergence results, when implementing either
(9.5.26)—(9.4.6]) or (9.7.2)—(9.7.4), when the polynomial degree p > 2, i.e., we observe
the following:

w— Uyl < Ch? and  |u—Up,|giq,y < Ch?, 9.8.2
() n () n
in contrast to the optimal rates
lu = Unllr2(y,) < CRET and |lu — Uyl gi(q,) < CHE, (9.8.3)

where the latter are the convergence results one would have expected for an optimal
numerical scheme. It is our belief that the suboptimal convergence results are caused
by the piecewise linear approximation of domains with curved boundaries.

Another characteristic worth mentioning is that of superconvergence [120]. When
implementing (9.7.2) — (9.7.4), in all of the experiments of Subsection the re-

covered gradient outperforms the standard gradient; in some cases we observe that

the recovered gradient error is consistently close to an entire order higher than that
of the standard gradient (see the P! approximation of Subsection |9.8.2] for example).
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9.8.1 Disk to disk experiments

Below we display the convergence results for the MAOT problem

{ det D*u = f(2)(1 +|Vul)?, inQ, (9.8.4)

Vu(Q) = T,

with Q =T = {(z,y) € R? : |z|*> < 1}. Here, f is chosen so that the true solution u
is either given by
N AR
() = 50+ - 1
or )
u(z,y) = 5(2\/5— 1) — /2 =22 —y2
We provide the convergence results for polynomial degree, p = 1,2,3, and employ

both the NVFEM-Newton’s method with finite element gradient recovery (9.7.2))—
(9.7.4), and the (no gradient recovery) NVFEM-Newton’s method (9.5.26)).

Without gradient recovery: With gradient recovery:
100 The true solution u = 2(2v/2 — 1) — /2 — 22 — 2
T
1071 b /"/ E
T — eoc = 1.67
=02 | oc = 1.98 |
2
&
1073 | .
Tu—=Ullrz) ——
‘U, — ‘ 1(9) —
‘ lgu - G}lU FZZ(Q)
10-4 |1D*u — HyU || 12(0)
0.01 0.1 1

The algorithm does not converge in this case Mesh size
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Error, p =3

The true solution u = % (gc2 + 42— %)

The true solution u = % (gc2 + 42— %)

107t ‘ 107t \
coc = 1.52 eoc = 1.49
1072 ¢ 11072 ¢ oc = 1.
%= 33 S
1073 + 1107 ¢
107 ¢ 1104 L )
”"_UHL2(Q) —
”“*UH[)(Q) I ‘ufU‘Hl(Q) e
[u=Ul g1 0 1Du=GpUll 120
10,5 . | D?u—HpUll 20 10,5 | D?u—HpUll 20y
0.01 0.1 1 0.01 0.1
Mesh size Mesh size
Lot The true solution u = % (x2 +y? - %) L? The true solution u = % (x2 +y% - %)
eoc = 1.49
102 L - ot L eoc = 1.54
¢ =183
08 = 108
1073 L 11072 +
104 L o3 | ’
HU_UHLQ(m —
HuiUHLZ(XZ) — ¥ "U'*U‘Hl(“) ——
‘“_U‘Hl(g> — ”DU_QL‘UHLQ(Q>
10_5 ”DQ"‘*HhUHer\ 10_4 ) HDQ"‘*HhUHTZm\
0.01 0.1 1 0.1
Mesh size Mesh size

9.8.2 Disk to oval experiments

Below we display the convergence results for the MAOT problem (9.8.4]), where €2 =
{(z,y) eR*: 2? +y* < 1}, T = {% + % < 1}, and the function f is chosen so that

the true solution, u, is given by

3 1 3
u(z,y) ==+ 53/2 = /Q z® + §y2.

We provide the convergence results for polynomial degree, p = 1,2,3, and employ

both the NVFEM-Newton’s method with finite element gradient recovery (9.7.2])—
(9.7.4), and the (no gradient recovery) NVFEM-Newton’s method (9.5.26)).
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Error, p=3

Error, p =2

10°

107!

1073

1074

10°

1071

1072

1073

1074

Without gradient recovery:

With gradient recovery:

1072

10!
eoc = (.88
100 ¢ i
— eoc = (.20
I oc = 1.78
gt Lo éoc = 1.07]
—
<]
5
1072 | i
H“*UHLQ(Q) -
“*U‘Hl(sz)
HDU—Q@UHLQ(Q)
10-3 ) HDzu—HhUH,Q,V\
0.1 1
The algorithm does not converge in this case Mesh size
T 100
eoc = 1.77
eoc = 1.84 .
11071 L / i
eoc = 1.85
1192 | Goc= 1.33 |
-3
107 ¢ eoc = 1.83 O E
u=Yllp2@) —
HM—UHLQ(Q) — \u—U\Hl(Q) —
[u=Ulpg1(qy —— [Du=GpUll2(q)
) HDZU*HILUHrZMp 10,4 e0C = ]781 ”DZU*Hh,U”rZ/(;\
0.1 1 0.1 1
Mesh size Mesh size
T 100 ;
¢oc = 1.76 eoc = 1.58
oc = 1.93 eoc =191
4107t L 4
coc = 1.92 / eoc = 1.88
11072 L : ]
11073 L x/ i
[lu—=Ullp2 —_—
H“*UHH(Q) I ‘U_U‘;‘Ezi e
[u=U H1(Q) H[.)u—QhUHLz(Q)
) HDzuthUHrZH;\ 10,4 ) HDZU*HhUHLZ@
0.1 1 0.1 1

Mesh size

Mesh size
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9.8.3 Image transport experiments

The last numerical examples we present are examples of image intensity transport on
one fixed uniform mesh. We transport a bitmap image of Gaspard Monge, between
two geometric objects.

We model this problem as a MA optimal transport problem —, where
the the source domain, €2, is the unit square (—1/2,1/2)2, which corresponds to the
“space” that the original bitmap image of Monge occupies, and the target domain
T is either given by 2, or the unit disk. We obtain the density functions fi, fo
in directly from the bitmap image of Monge. Using the functions “imread” and
“Im2bw” from the Image Processing Matlab toolbox [88] provides one with a matrix
M e RHO>U0 with M;; € {0,1}, 4,7 = 1,...,410, where the value 0 corresponds to
a black pixel, and the value 1 corresponds to a white pixel.

We consider the uniform grid {(zx, ye) 3y = {—0.5+k/410, —0.54£/410) };5.,
on the unit square (—1/2,1/2)2. Such a grid is also represented by 410? squares of
width 1/410, that is, 410 in the x-direction and 410 in the y-direction. For each
i,j =1,...,410 we define the square S;; = [z;_1,2;] X [yi—1,y:], and associate with
each S;; the entry M;; of M. This provides us with a piecewise constant map on
(—1/2,1/2)2, given by M := Z?,E‘Oﬂ M;jxs,, (where x4(x) = 1ifz € A, and xa(z) =0
otherwise). However, this function is not uniformly positive, and so we obtain a
uniformly positive density function by defining f; := M + 1. Heuristically, this means

that
2 if the pixel is white,
= (9.8.5)

| 1if the pixel is black.

The second density function, fs, is taken to be a constant function defined as follows:

f2 = %/Qfl, (9.8.6)

so that the mass is preserved, ie., [} fo = [, <|—;| Ja f1> = [, f1- The resulting effect
is for the white areas elements to be expanded and the black ones to be compressed.
Reporting the transformation of a uniform rectangular grid (not the computational
grid) under the projected gradient or the recovered gradient map renders the original
bitmap using rectangles that are small in areas where the image is black and large
where the image is white. The computational mesh is chosen to match the resolution
of the bitmap. Although the function f; as defined here is discontinuous, this is not
an issue as there is only one mesh and we only look at the possible use of MAOT

solver as a way to encode image information in a purely discrete fashion.
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A bitmap of a portrait of Gaspard P? FE without gradient recovery
Monge, Lithography by F.S. Delpech
(Public D i

P' FE with gradient recovery

P? FE with gradient recovery

P? FE without gradient recovery P? FE with gradient recovery

Figure 9.1: Gapard Monge’s mesh-portrait obtained by mass transporting a uniform
rectangular mesh into either a uniform rectangular mesh or a mesh of the unit disk.
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9.9 Concluding remarks on this method

We have presented a CG finite element method for the approximation of solutions
to the Monge-Ampere optimal transport problem. To our knowledge this is not
present in the existing literature to date. We have demonstrated the robustness of
the method, as well as its ability to capture optimal error results in the L?-norm (in
the P! case), through a series of experiments. This exhibits an advance in the area of
mass transportation, and methods for both linear and fully nonlinear elliptic equations
with linear or nonlinear oblique boundary conditions, as well as demonstrating the
applicability of variants of the nonvariational finite element method introduced in
[78, [79].

In terms of future research, the formulation of this method poses the currently
open question of existence and uniqueness of a solution to the numerical scheme ({9.7.2])
7, as well as the question of the derivation of a priori error estimates. In order
to achieve optimal error bounds for arbitrary polynomial degree p, a potential avenue
would be to incorporate the use of nonaffine approximations of the computational
domain, as we have done in Chapters [f to
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Conclusion

In this thesis, we have provided a general PDE theoretical framework for the existence
and uniqueness of strong solutions to HJB equations (of which, linear nondivergence
form second-order elliptic PDEs are a subclass), in Sobolev spaces, H C H*(Q) that
satisfy the Miranda—Talenti estimates, and for which, the Laplacian is a surjection
from H onto L*(Q2). This builds upon the PDE analysis framework of [111], and,
in particular, proves the well-posedness of the HJB equation with oblique boundary
conditions. We have coupled this PDE framework with a new numerical framework,
generalising the discontinuous Galerkin finite element method (DGFEM) of [I11] to
domains with curved boundaries, for the approximation of strong solutions to the
HJB equation, with both Dirichlet, and oblique boundary conditions. This frame-
work includes the existence and uniqueness of numerical solutions satisfying optimal
a priori error estimates. In order to achieve these new results, we have also reviewed
several key results from the theory of finite elements on polytopal domains, in the con-
text of curved finite elements; namely, trace estimates, discrete Poincaré—Friedrichs’
inequalities, a discrete Sobolev inequality, stability of the L?-projection operator, and
optimal interpolation estimates with integer and non integer Sobolev regularity. Fur-
thermore, we have have made two new contributions in this area, one being the proof
of inverse estimates in H* and W** norms (and seminorms), and curvature bounds
for curved simplices. The inverse estimates seem to be available to some extent in the
literature, for instance in [33] for quadratic isoparametric Lagrange finite elements.
However, the results on curvature bounds for curved simplices do not appear present
in the current literature on finite element theory, most likely due to the fact that
the polytopal counterpart of this is trivial, since polytopal domains, and their sim-
plicial approximations are not curved. Both of these results build upon the scaling
arguments present in [16], and seem to be significant in the design of consistent and
stable nonconforming finite element schemes, where the use of integration by parts

identities leads to curvature dependent terms and higher order derivatives arising
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in the formulation, which must be appropriately bounded, requiring the use of the
aforementioned simplicial curvature and inverse estimates, respectively.

We have also provided a variation of the equivalence of the MA Dirichlet prob-
lem to a uniformly elliptic HJB Dirichlet boundary-value problem, proven by Krylov
in [74]. Krylov’s characterisation provides one with a HJB equation, where the set of

controls, X, is given by

X ={WeR&X Ww>0TrW =1}.

Sym

As mentioned in Section we wish to consider HJB equations where the control set

includes only matrices that satisfy the Cordes condition. However, since X contains
T

matrices that are degenerate (for example e;e; , where e; € R¢ is a canonical basis
vector), which do not satisfy the Cordes condition, and so we cannot directly use
Krylov’s characterisation. To this end, under the assumption that the solution of the
MA problem is uniformly C*® « € (0,1), and uniformly convex, we have proven in

the case d = 2, that the characterisation still holds with the restricted control set
Xe:={WeX :detW > ¢},

where 0 < £ < 1/4 is dependent upon the uniform C? norm of the true solution (note
that one only requires £ < 1/4 so that the control set X is nonempty), for which
all of the elements satisfy the Cordes condition. Utilising this equivalence, we have
successfully implemented our new numerical framework, providing a new DGFEM for
the approximation of classical solutions to the MA Dirichlet problem.

Our efforts have also produced several advances into the study of the nonvaria-
tional finite element method, for MA type problems. We have extended the analysis
present in [92], proving existence of a numerical solution to the nonvariational finite
element method for the MA Dirichlet problem, allowing for more general lower order
nonlinearities. In particular, the type of nonlinearities that typically arise in the MA
optimal transport problem. This framework includes a priori error estimates in the
H'-seminorm, and a new estimate in a H?-style seminorm (where the role of the Hes-
sian of the numerical solution is interchanged with the finite element Hessian), and
a proof of the convergence of Newton’s method for this numerical scheme. However,
though the proven convergence rates are optimal with respect to the mesh size, the
uniqueness of the numerical solution, guaranteed by Theorem [8.2.3] holds in a ball of
radius h?T® for some o > 0, and thus only the numerical experiments of Section
indicate that this method does not exhibit nonuniqueness on the same scale as dis-

cussed in Section [3.5] In particular, Newton’s method is observed to converge to
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either the uniformly convex or uniformly concave solution of the corresponding MA
problem, depending on the choice of initial guess (recall the discussion in Section .

Furthermore, we have provided an extended NVFEM for more general nonlinear
elliptic PDEs (generalising the scheme introduced in [79] for the MA equation, which
considers nonlinearities of the Hessian), with Experiment demonstrating its
ability to optimally capture smooth solutions of the Weingarten equation, a nonlinear
geometric PDE.

Finally, we have introduced a new NVFEM for the MA optimal transport problem,
employing a gradient recovery scheme, based on global L? recovery. We have observed
that this method provides an optimal piecewise-linear approximation of solutions to
the MA optimal transport problem. This latter method constitutes a collaborative
effort between the author of this thesis, O. Lakkis, and T. Pryer.

Overall, we have proposed four schemes for the finite element approximation of
MA type problems proposed in Chapters and |§|, and so we shall (where possible)
discuss the comparative strengths and weaknesses of these methods. The two meth-
ods proposed in Chapter |§| (distinguished by including or not including the gradient

recovery operator i.e., (9.4.5)) or (9.7.2)—(9.7.4))) are applicable to MA optimal trans-

port problems, and thus cannot be directly compared with the methods of Chapters
and . However, the method with gradient recovery f is advantageous
in comparison to the method without gradient recovery , as it is observed to
converge and optimally capture solutions using piecewise linear finite elements. As a
byproduct of the gradient recovery method, one is also provided with a continuous
approximation of the gradient, which would be desirable in applications, such as mesh
adaptivity (see |26, 90]).

When approximating solutions to the MA equation, with a right-hand side func-
tion of the form f = f(z), method proposed in Chapter |8 is comparable with
the DGFEM of Chapter , given by . In Experiment we applied both
methods to the same test problem, with the goal of determining which method may
have more desirable attributes. The conclusion of this experiment is that the meth-
ods are similar in term of convergence rates, with the method proposed in Chapter
outperforming the method of Chapter [7] for polynomial degrees p = 2,3, and vice
versa for p = 4 (in terms of convergence rates). However, when considering the com-
putational size of two approaches, and the resulting computation times, the method
of Chapter [7] turns out to be more efficient, with roughly half the degrees of free-
dom and computation times, thus implying that the DGFEM of Chapter [7] is more

computationally efficient.
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Furthermore, extrapolating this evidence to higher dimensions would indicate an
even greater advantage of the DGFEM of Chapter [7] in terms of computational effi-
ciency, due to the fact that the in the DGFEM the numerical solution only has one
component uy, whereas the method of Chapter 8 has 1 + d(d + 2)/2 components,
due to the symmetry of the finite element Hessian, and so the number of degrees of
freedom would grow more rapidly in terms of the dimension, d.

This leads us to discuss an advantage and weakness of the DGFEM approach. In
particular, as demonstrated in Experiment [7.9.5] by solving 210 different MA type
problems, we show that the method is robust with respect to the choice of initial
guess for the semismooth Newton’s method (Algorithm , and upon convergence,
the method always converges to the unique numerical solution, which is an advantage
over the method of Chapter 8| (and indeed other potential numerical methods for MA
type problems, where uniqueness can be an issue). In dimension d = 2, we require the
true solution of the corresponding MA problem to be uniformly convex and uniformly
C?“. However, one may conjecture that for d > 3, generalisations of this method
may impose larger constraints upon the class of solutions, if one may hope to provide
a HJB equation with Cordes coefficients (in particular, a sufficient condition may be
that the cofactor matrix of the true solution satisfies the Cordes condition, which for
d = 2, only requires uniform convexity, but for d > 3, as discussed in Remark [3.3.5]
the Cordes condition is a stronger requirement).

A final, further advantage of method is that it is applicable to a wider range
of nonlinearities (in particular, we have proven this in the case that for d = 2) and its
formulation in higher dimensions does not appear to impose further restrictions upon
the class of solutions that it may approximate (indeed it can be directly stated).

In terms of future research avenues, one goal is to extend the results present in this
thesis to higher dimensions. Currently, due to the nontrivial nature of the problems
under consideration, several of the results present in this thesis only apply to the two
dimensional setting. There are several interesting difficulties to overcome when the
dimension d > 3. In the analysis of the NVFEM for the MA Dirichlet problem, it
is the nature of the determinant present in the MA equation that poses difficulties,
since, in two dimensions, the determinant acts as a quadratic map on the space of
matrices, which is not the case in higher dimensions.

To develop a DGFEM for the HJB equation with oblique boundary conditions
(and extend the corresponding PDE theory framework) in higher dimensions, there

is a very interesting open problem that will need to be addressed. One must prove
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that the Miranda—Talenti estimate holds for d > 3, for functions that satisfy g -
Vu is constant on 0f).

Another research goal is to design and analyse a DGFEM for the MA opti-
mal transport problem, this will require incorporating the nonlinear oblique bound-
ary condition into the numerical method that currently applies to [inear oblique
boundary-value problems.

A final avenue would be to research the extent to which the new curved finite
element theory proven in this thesis may allow for the generalisation of existing inte-
rior penalty discontinuous Galerkin finite element methods, and other nonconforming
methods, such as C° interior penalty methods [25]. Furthermore, we have proven
the stability of the DGFEM proposed in Chapter |5| (indeed, this is verified by Ex-
periment , with domain assumptions that are not sufficient to prove existence
of a strong solution to the corresponding Dirichlet boundary-value problem. It may
be the case that the proposed method could yield a generalisation for the approxi-
mation of solutions to fourth-order elliptic problems (for example, the clamped plate
problem [I7]).
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Appendix A

Proofs for the fixed point
argument of Chapter

We now provide the proofs of the results used in Section to prove Theorem [8.2.3|

Lemma A.1 The norm || - || is equivalent to || - || g1 ) when restricted to the finite

element space Vy,p, i.e., there exist constants Cy, Cy, independent of h, such that
Cillolln < Ioln < Collolm@ o € Vi, (A1)

Proof: Let v € Wo’h,p. Then, since \th,p C H (), an application of the Poincaré
inequality yields ||[v||g1) < Clv|mi(q), where the constant C' is independent of v.
Furthermore, by the definition of the norm || - ||, we trivially obtain |v|g1 ) < ||v||n
for all v € ﬁ’hﬁp, and so

[l @) < Cllvlln,

which is the first estimate of (A.1]).
We also see that

Y hel{Vollse < Ch Y IVollZaoy- (A.2)
Feéy KeJ,

Furthermore, from (4.6.2)) and (4.6.27)), we obtain

Z IVl Z20m) < C(RHIV[[72(0) + BIVOIG 0m) < O HollFn ).

Keg,

Applying the above to (A.2)) yields

> hell{Vobls e < Cllvlln g,

Feéy,
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and thus
vl = [olFn@) + D> hel{Vo)3 - < Cllollinq.

Feéy
Taking square roots above, we obtain the second estimate of ((A.1]). O
The proof of the following Lemma is very similar to the proof of Lemma 4.3
in [92], however, the proof requires stability estimates for the L2-projection operator,

which we have proven in the context of curved finite elements in Chapter {4 (see

Corollary [4.8.4)).

Lemma A.2 We have that

R Apllwsee ) + |A = Anllwicc@.z) S P77 |ullwssec@)y, 0<j<s<p+1

(A.3)
Proof: Let j,s € Ny such that 0 < j < s <p-+ 1. Then, we see that
| A — Apll (@) = || Cof(D*u) — Puw, ,(Cof(D*u))|| (0
S WE[%};ZM | Cof(D*u) — W||r=(e) (A.4)

S hsjj”’LLHWsﬁ-zoo(Q),
where the first estimate follows from (4.8.12]), and the final estimate follows from (4.5.16]),
since u € CPT22(Q), a € (0, 1), and thus Cof (D?u)) € [CP(Q)]?*2 C [WPHLe(Q)]2*2.
Now, by (4.6.27)), (4.5.16)), and (A.4]

W Apllwses 7y + 1A = Apllwace .2
<P A = Apllwsc @) + 1A = Anllwie @) + B | Allwses o)
< B (||A = T (A) lwoe @) + 170 (A) = Apllwsoe @)
+ | (A) = Allwsse@:z) + 70(A) = Anllwscs @z + 7| Allwse(q)
S |mn(A) = Anlle @) + 27| Allws. )
< W || (A) = Allzso) + h 7| A = Apllpee () + B 7| Allwsee @)
S lullwsrzeciy. O

Corollary A.3 Let Q C R? be piecewise C?, and let { T, }nso be a family of regqular

meshes on Q). Then, for v € Wofhm, we have that
lollsog < (1 + I A) 2ol < (1 + Al ]v]ls. (A.5)

Proof: This is direct consequence of (4.7.15)) and (A.1]). O
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Corollary A.4 We have the following estimate for u and wu.:
lu — usll2,0 S AP (A.6)

Proof: Noting that (m,(u) — us)|9q = én — én = 0, the desired estimate is a direct
consequence of Poincaré’s inequality and (8.3.15]). OJ

Lemma A.5 Foranyv € Yofhvp, if h < hg, with hg € (0,1) sufficiently small, we have
that

1AL(Vu)v = Pu, , (Anfo(Va))|amsz) S B[ Vollze, m =01, (A7)
where C' > 0 depends on the shape-regularity of the mesh and ||u||ywr+s.0(q)-

Proof: For the sake of presentation, we will omit the W}, , subscript of the projection

operator throughout this proof. For m € {0, 1}, we see that
[Af(Vu)o = P(Anfo(Vu)o) [ amesz) < [(Af2(Vu) = P(AL(V)))vllam@ia)
+ [[P(Af2(Vu)))v = P(Anf2(Vu)v) [ 1m0 2,)-
Furthermore, by (4.5.15)), we have that
[(Af2(Vu) = P(Af2(Vu))vllameiz) < [|[Af2(Vu) = PIAS (V) lwre@llvllame)
SRV )
Thus,
[Af2(Vu)v — P(Ap f2(Vu)v) | ames 5 S
WMV pae) + IP(Af(Vu)v — P(Apfa(Ve)v) | im ;7).
Now, noting that (4.6.27]) holds for any continuous piecewise polynomial, we obtain
[Af2(Vu)v = P(Anf2(Vu)v) [ am@iz) S
RVl 2y + A P(Af2(Vw)))v — P(Anf2(Vu)v)|| 2.
From (4.5.15)) and Holder’s inequality, we obtain
P(Af2(Vu))v — P(Anf2(Vu)v)| r2@) <
[Anfo(Vu)o = P(An fo(Vu)o)|| 20 + [[(Anfo(Vu) = P(Af2(Vu)))vll 2
S WA fo(Vu)vll v o,z + [(Anf2(Va) = P(Ap fo(Va)))ol r20
+ [[(P(Af2(Vu)) = P(Anf2(Vu)))v| L2

S WP Apllwesroe @23 L2 (V) lwrsi.00 (0 23 101 o0 (2,

+ [[An fo(Vu) — P(Apfa(Vu))|| Lo @ |0l 220) + [[P((A = Ah)f2(vu))||L2(ﬂ)||v||L(°°A(9é-)

327



Inequality now follows from showing that the preceding estimate is bounded by
h?||Vv||r2() (up to a h-independent constant).

Since v € Wc”hvp and A, € Wy, it follows that ||v|gri1z) = ||Vllar@2),
and || Apllwe+ro.7) = || Anllwree(,2,). Furthermore, fo € CP*(R*;R™T), and u €
CP22(Q)), and so there exists K > 0, such that |Vu| < K for all z € Q, thus
| f2(Vu)|lwrtr.00(0;2,) is uniformly bounded, independently of h. From this, apply-

ing (A.3)) and (4.6.27)) yields

WP Apllwesr.oo (0,25 | fo (V) [[wast.oo @ ) 10| o oo (523) S

WP Apllweee (s V] oo 7)) S RPT R P7D |[0]| i) S 2|Vl 2.
Similarly,

| Ap fo(Vu) = P(Ap fo(Vu) | Lo vl 220y S B2 Anfo(Vu) lwsee ;5 |Vl L2(0)
S P2Vl -

Finally, by utilising the definition of the projection operator, and applying (4.5.15)
in conjunction with (A.5[), we obtain

1
IP((A = Ap) f2(Vu) | 2@ llvll o) S (1 + [ In k) 2h%ullwers@,z) | Vol 2
< BVl 2@,

as long as h < hg, with hy € (0, 1) sufficiently small. This concludes the proof. O

Lemma A.6 We have the following identity for the operator L, : V — V'. For all
weV andv e ‘O/,

(Lofw], v) = /Q (VW) AVw - Vo — Vo - (Vi - (Afo(Va)o — P, (Anfo(Vu)v)))

+ l/Q(D2u + 'Pwh’p(D%,L)) (D*u — Pwhyp(D2U))<qu2<VU) - Vw)v

2
n / D, fu(, uywo — FZ / (P (Anfo(Vu)o) — Afo(Vu)o) (V)] - ],

Proof: For ease of notation, we will omit the Wy, subscript of Py, = throughout this

proof. Let us first state the following algebraic identity:

1 1
ac — bd = 5(& +b)(c—d) + §(a —b)(c+d).
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From this, we see that for all ® €¢ W}, ,,, w € V we have

Z/ (PVw) naK—Z/ [(®@Vw) - np]
0K

Ke, b
Feéy (A.9)
= Z/ VU) nF Z/
Fe& Feé&p

where ng is a fized choice of unit normal to F' € @@,Zb Firstly, by (4.11.3)) and 4.11.4 ,

we see that

/Q Ap + (Hyw) foVayo
= /Qth : P(Ap fo(Vu)v)
/ (Dyw + L(Vw)) : P(An fo( Vu)o)

— Z / D?*w : P(Anfo(Vu)v Z/ P(Anfo(Vu)v))Vw) - nr]

Ke, Feé"
= (A : D*w) fo(Vu)v — P(Apfo(Vu)v)) Vw) - np]
-/ PIPALGE
= 3 [ D (PAW(T) ~ AR(Va)
Keg,

(A.10)
Note that V- A = V - Cof(D?*u) = 0 in Q. Applying this to (A.10), integrating by
parts, and recalling that v|gg = 0, yields

/ Ap + (Hw) fo (Vo
=Y [ VoAV LT - Z/ P(An o Vu)0)) V) - ]

Ke, Fe&}

# 3 [ D (PAL(Va) — Af(Va)

Ke%,

= % [ ATuh(Tu)0) o - / (AVw) - V(f:(Tu))

Ke,

— Z / P(Anfo(Vu)v)) Vw) - ng|

Fe(@

L / D?w : (P(Anfa(Vu)o) — Afy(Vu))

Ke%,

= — Z / (AVw) - V(f2(Vu)v) — D*w : ((Af2(Vu)v) — P(Ap fo(Vu)v))

Ke,
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-3 [IP AT AT ] 4y

FEéa
Now, from (A.11)), a further application of integration by parts, and (A.9)), we obtain

/QAh : (Hpw) fo(Vu)v
- / AV - V(H(Va)o) + [V - (P(Anfo(Va)o) — Afo(Va)v)] - Vo

-y / [(P(Anfa(Vu)o) — Afo(Vu)o) V) - ]

A12

/ AVw - V(fo(Vu)v) + [V - (P(Anf2(Vu)v) — Afae(Vu)v)] - Vw

+ Z/ P(Anfo(Vu)v) = Afo(Vu)o)(Veo)] - ns])

Fes)?

By the chain rule, and the symmetry of the Hessian, it is clear that
V fo(Vu) = D*u D, fo(Vu),
and so
/ AVw - V fo(Vu)v— det(P(D*u)) (D, fo(Vu) - Vw)v =
Q
= / AVw - (D*u D, fo(Vu))v — det(D*u) (D, fa(Vu) - Vw)v
Q
+ /(det D?*u — det P(D*u)) (D, fo(Vu) - Vw)v.
Q

Recalling that A = Cof D?*u = det D?u(D?u)™!, we obtain
AVw - (D*u Dy fo(Vu)) = (D*u D, fo(Vu))' AVw
= D, fo(Vu)" D*u(det(D*u)(D*u) ") Vw
= det(D*u) D, fo(Vu) - Vw,
and thus

/ AVw - V fo(Vu)v — det P(D*u) D, fo(Vu) - Vv =
Q
= /(det D?*u — det P(D*u)) (D, f2(Vu) - Vw)v (A.13)
_ % / (D% + P(D?0) : (D% — P(D*w))(Dy fo(Var) - Vi),
Q
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From ({A.12)) and (A.13)) we obtain

(Lufw], v) = /Q (D f1(2, 0w — f>(Vu)Ap : Hyfw] — det(P(D%w)) D, fo(Var) - Vi)
- /Q Fo(Vu)AVw - Vo — YV - Vy, - (Afo(Vu)o — P(Ay fo(Vu)v))
+ = L /( 2u+P(D*u)) : (D*u — P(D*u))(Dyfa(Vu) - Vw)v

/D film wywo — 3 / PAL(Vu)o) — Afo(Va)o) (V)] - ng]. O

gﬂb

Corollary A.7 We have the following estimate for u and w,:
|t — wlwreo ) S (14 [1n h|)Y/2pr=1, (A.14)
Proof: Noting that (m,(u) — us)|aq = ¢n — ¢n = 0, we see that
= ey S lla = mau) ey + 1) = e

S PP |ullwriroo () + B HImw (1) = t|oo,0

5 hp + (1 —|— | hl hl)l/Zh_llﬂ'h(u) — u*|H1(Q)
+(1+|In h|)1/2h_1(|7rh(u) —ulgi) + U — u H10))
P (L4 [T A)) 2R (Pl e ) + [ — s [5)
+ (1 +|Inh))/2h~1h?
(14 [Ina)Y2p~t. O

I ZANRZANRZANNVA
T =T
i bS]

Lemma A.8 Let wy,ws € Bpzta(uy) —u:={v—u:v € Byzra(uy)}, for some a > 0.
Then, if h < hg, for some hg € (0,1), we have the following estimate:

3
1RJw1] = Rwo]| -1 $ Y WL+ [InA]) 2wy — wy|n. (A.15)

i=1

Furthermore, for w € Bj2+a(u,) — u, we have

3
R[] |1 S B2 BT (1 4 | In k)2, (A.16)
i=1
Proof: First, let us define R; : V — Vhp, , =1,...,5 by

(Ru[w], v) = / Wy Yw eV, Yo e Vi,
Q
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(Row],v) = — /(det P, (D*u) + Ap, : Hy[w])y2(Vw)y Yw €V, Vo € ﬁ’h,p,
(Rafu], v) = — /Q (F2(Vat) + D, fo(Va) - Vo) det (Hyfw])o Voo € V, Yo € V.,
(R4[w],v) = — /Q(Ah :Hy[w]D, fo(Vu) - Vw)v Yw eV, Vv € Wo/hm,

(Rsw],v) = — /Q (det(Hp[w])va(Vw))v Yw € V, Yo € Vy,,
(A.17)

where we are denoting;
n(w) = R (w) = fi(z,u+w) = fi(z,u) = D, fi(z,u)w,
and
12 (Vw) = REV(Vw) = fo(Vu+ Vw) = f2(Vu) = Dy fo(Vu) - Vo,

where R/ and R/>V* are the quadratic remainder terms of f; and f, associated with
(x,u) and Vu respectively, given by Definition . It is clear that R = Z?Zl R;.

Our goal is to prove contraction estimates for R, which, by virtue of the triangle
inequality, is achieved by proving contraction estimates for Ry, ..., R5. In order to do
this, we must appeal to the abstract calculus structure of Lemma [2.2.11] and Corol-
lary which allows us to quantify the error arising from the quadratic Taylor
expansion that lead to the definition of R. However, as we can see in Lemma [2.2.11],
we are required to identify a set U on which fi, and f; are bounded in the C*!-
norm. Since fi, fo are at least p-times (with p > 3) continuously differentiable on
Q x R, R?, respectively, their restrictions to compact subsets are indeed bounded in
the C?!-norm.

Furthermore, in order to apply Corollary [2.2.12] the arguments of 7, and -, must
lie in a ball with radius r € [0,1) that is also contained in U. In order to justify
that we may suitably bound our expansions with wy, wy € By2+a(u.) — u, we require
the following argument: let w; € Bpz+a(u,) — u, i = 1,2, then w; = v; — u for some

v; € Bpz+a(uy), and so

||wi||W17°°(Q) S ||UZ - u*HleOO(Q) + ||U* — UHWLOO(Q)
< C(1+ A 2h B2 4 [Ju, — ullwrseqq) (A.18)
< C(1+ |Inh|)zhite.
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Note that the final inequality follows from (A.14]). Since p > 3, we can choose
ho € (0, 1) such that if 0 < h < hg, then

willwree(y < C(1+ | In k)R <r e [0,1).

Furthermore, since u € CP2((2), there exists a constant K > 0 such that ||ul|y1.0(q) <
K. Let us define U; := {x € R : |z| < max{K,1}}, j = 1,2. Then U; D B,; :=

{r € RI ¢ Jz[ < r}, j = 1,2, and we have that || faf| 21 < 00, and, for all z € Q,

1fi(@, le2a@yy) < filleza@xa) < oo
Thus, since w;(2) C B,1, Vwi(Q) C B,o, i = 1,2, u(Q) C Uy, Vu(Q2) C Uy, by

Corollary we have that
{ [y1(w1) = m(ws)| < C(L D fill 2 @xi) (lwi] + [wa])[wr —wa| in €,

[v2(Vwr) = y2(Vwa)| < C2, D foll ez @) ([Vwi | + [Vwa|)[Vwy — V| ae. in €.
The above estimates will be used several times in the following analysis. It is also
useful to note that since wy, wy € By2+a (us) —u, we may represent w; = v;—u, i = 1,2,
for some v; € Bj2+a(u,). Moreover, we see that wy — ws, v; — u, € \O"h,p, 1=1,2.

The following estimates will also be applied several times:

lwilln < llvi = wlln + lus = ulln S H*F, (A.19)

[Hpwillz.0 < [[Halvi — w]ll20 + [Hafw. = ulll20

< Oh vy — wal|p + RP
< h1+oz
note that the first inequality in (A.20)) follows from (4.11.5)) and (8.3.15)).

Let us consider the first remainder term, R;. For wy, wy € Byzta(uy) —u, v € ﬁ’hyp,
that

(A.20)

(Raftr] — Rufws], v) = / () — 7 (ws))o

Q
< / (lor] + [wa)lwr — wsfo]
[9]

N (leHz,ﬂ + szHm)le - wsz,QHvHoo,Q.

Thus, by and
(Ralun] = Ralws], v) = (Rafor — u] — Ryfvy — ul, v)
S (o = ullze + [[vz = ull20)[wr — wall2.0[[v]lse.0
S U+ A 2(lvr = ullag + v — ulla.0)llwor = wa|lz0 vl
2

S U+ a2 il — wllzg + lu = ulolllwr = wellalols
=1
< (L4 [ AR lwy — wolln[[v]]-
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Thus, it follows that

1Rufwn] = Rafwo]l|l -1 S (1+ [InA]) 20wy — ws|. (A.21)

~Y

We also see that
(Ro[wi] — Ra[ws],v) = — /Q det Py, , (D?*u)(72(Vwy) — 72(Vws))v
=5 (s Flun + wal a(Tw) = 7T
1

=5 T+ 2al T (A B — o

< / (IVen + Vs Veor — Vog]o]
Q
+ / (Hyfwn]] + [Hyfwa])([ V| + [Van)) Ve — Vo]l
Q

+ /(Ilel2 + [Vwa|*) [Hy[wy — ws]|)|v]
Q

S (lwr a4 [Jwz||p)[[wr — wel[n][v]]so,0
+ (IHp[wi]ll2,0 + [[Hr[wa]ll2.0) (Jwi ||n + lwe]la)[[wi — ws|lwie @ ||0]lco,0

+ (lwrlln + llwall) (lwi lwroe @) + [[wallwre @) [ Hwr = wslll2.0lv]leo0

< (L [ A2 (Jwilln + wslln) |wr = wala]lolls

2
+ (L4 [ A)A™ Y [Hywllalwnlln + llwella)llwr = wsllal|olla

i=1
+ (L [ )2 (ol + llwz ) (s lwsss ) + lwsllwes@)llwr = wellnl[vl,
where the final inequality follows from (4.6.27)), (4.11.5)), and (A.5]).
Then, by (A.18)), (A.19), and (A.20)), it then follows that

(Ro[wn] — Ro[wa],v) < ((1+ [ AR 4 (14 [In h[)R*H2)[wy — walulfv]l,

which results in
| Ra[wi] — Ro[wa]l|-1n((1 + [ InA)2RM 4 (14 [In b )R> Jwy — wellp.  (A.22)

For the third remainder term, we have

(Rs[wi] — Rs[w.],v) = /Q(fg(Vu)(det(Hh[wl]) — det(Hp[w,]))
+ % /Q quQ(VU) . V(wl + wQ)(det(Hh[wl]) — det(Hh[wz])))v

+ % /Q(det(Hh[wﬂ) + det(Hp[ws)])) Dy fo(Vu) - V(wy — ws)v
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S/Q(\Hh[wl]l + [Hi[wa][)[Ha[w: — ws]||v]
+/ﬂ(|Vw1|+|szl)(|Hh[w1]| + [Hi [w2][)[Ha[w: — wol[|v]

+ /Q(|Hh[w1”2 + !Hh[wz]F)\le — V|||

S (Hp[wi]l|2,0 + [[Ha[ws]||2,0) [[Ha[w: — wo]|l20]v]|sc.0

2 2
+ (Z HHh[wi]Hz,n> (Z Hwinawm)) [Ha[wi = wlll2.0lv]lc.0
i=1 i=1

9 2
+ (Z HHh[wi]Hz,n> [[wr = ws[wice (@) [0 0.0
i=1

S (L + A% + (14 [ AR ) wr — walu]| o],
where the final inequality follows from (4.11.5)), (A.5), (A.18), and (A.20). Thus,

1Rslwi] = Rs[ws]l| =10 S (14 [InA)Y2R + (14 AR 2 Jwr — waln. (A.23)

Y

For the fourth remainder term, we have

(Rafwn] — Ralws], v) — _% /Q Ap : Hifwn + ws] Dy fo(V) - V(w1 — ws)o
1
+ 5 /S; Ah : Hh[w1 — U)Q]quQ(VU) . V(w1 -+ U)Q)U
S ((Z HHh[wi]Hzn) [[wi — wal[n + (Z sz’Hh) [ Hp[wr — wz]“m) [[v][o0,0

< (14 [ AR lwy = wllnl[v]ln,
where the final inequality follows from (4.11.5)), (A.5)), (A.19), and (A.20)), and so

1Raw:] = Rafwol| -1 S (L+ [InA]) 20wy — ws. (A.24)

~Y

For the fifth, and final remainder term, we have

(Rs[wy] — Rs[ws],v) = _% /Q((det<Hh[wl]) + det(Hp[ws])) (12(Vwr) — 12(Vws)))v
_ %/Q(det(Hh[unD — det(Hp[ws])) (72 (Vwy) + 72 (Vws) v
N /Q(|Hh[w1]|2 + [Hy [wa] ) (| Vwr | 4 [Vws|) | Vw, — V|||

+ /Q(IHh[wl]l + [H[wa][) (Ve |* + [Vewa[*) [Ha[wy — wo]|[v]

2 2 /9
= (Z ||Hh[w,~]||27g> (Z ||wi||W1»°°(Q)> w1 = wal[wree @) V]| oo.0
=1 =1
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2
+ (Z IIHh[wi]stz) (ZHWZHWI"O(Q> [Hnlwi = wa]ll2.0l|v]lec.0
i=1

< (1 [ AR 22wy — ws|a] ]|,
where the final inequality follows from (4.6.27), (4.11.5)), (A.5), (A.19) and (A.20)),

and so

1Rs[w:] = Rs[wall-1n S (1+ [0 AR 2wy — wa[s. (A.25)

Since R = Z?Zl R;, using the triangle inequality, we can obtain an upper bound for

|| R[w1] — R[ws]||-1 by summing our bounds for Ry,..., R, i.e., from (A.21])—(A.25)
we obtain (noting that h < hy < 1)

| R[w:] — Rlws]|| 10 < Z | Rifwi] — Ri[wa]|[-1.n

s{a+ 1nh|>%h2+“ by
(1 [Inh[) 2R 4 (1+ | Inh|)R2H> by
+ (14 |Inh|)zh® ( + [ In h|)hH2e by
+ (14 |Inh|)zhlt by ([A:29)
(14 |Inh))2R23 Y X |lw — wsn by
< (h“(l +Inh))Z 4+ A1+ [Inh)) + A2 (1 + |Ink))2)|jwy — wsla

N

D‘D‘D‘D‘

_ Zh@ (+0)=1(1 4 |10 h|)E ||wy — wo |-

Thus we have obtained (A.15). The derivation of (A.16) is analogous; we simply
appeal to Corollary 2.2.13] i.e., we let wy := w € Bpz+a(uy) — u, and wy = 0.

Taking w € Bj2+a(u,) —u and v € ﬁ’h,p, by 1} and l) we obtain

(Ra[w],0) S l[wl3allvlioce S (1+ AR o]|s. (A.26)

By (A.5), (A.18)), (A.19), and (A.20), we obtain

(Ro[w],v) S (fwlli + [Huwllzollwll][wllwe @) [v]we

X (A.27)
< (W (4 [Ih])E + B+ [ h))) ol
By (A7), (A19), and (A.20), we obtain
(Rsluw), v) S ([Hpwll o + Hwl3olwlwse) ol o)

S (L4 AR 4 (14 | In A E) [v]].
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By (&3), (A19), and (A:20), we obtain

(Rafw],v) S [[Hpwlaollwlalvlleoe S (14 A 2B o],

Finally, by (A.5), (A.19), and (A.20),

3 «a
(Rsw), v) < [[Haw3allwlf e @llvlloe S (1+ A2 o],

Thus, it follows that

(Rlw],v) = S (Rifw),v) S {(1 -+ mn)

i=1
+ A2 (1 4 |Inh|)2 + A1 + |In k)
+ (14 |InA|)ZR>2 4 (1 + |In h|)R3+3
+ (1 + |Inh|)2pH>e
+ (14 | InAf)2h ) x o],
< (W14 |Inh|)2 + A5 (14 [InA]) + K1 + | h))?)|[v]l,

3
= 1 3OS I ) ol
=1

By the definition of || - || -1, we obtain (A.15]). O

337

(A.29)

(A.30)

by (A:20)

by
by
by
by



Appendix B

Data for Experiment [7.9.5

MA prob. no. | [JulY —ul[n1 | Mesh size | Newton steps
1 3089599.32 0.50 6
2 7579655.15 0.28 6
3 14760336.26 0.16 7
4 3150458.84 0.10 7
> 218268867.53 0.05 7
6 542447450.07 0.03 8
7 910192579.44 0.01 7
8 5018313.99 0.50 6
9 9444236.63 0.28 6
10 2538421.34 0.16 7
11 48667241.55 0.10 7
12 159481809.63 0.05 7
13 195170239.59 0.03 7
14 682066167.58 0.01 8
15 1973988.67 0.50 7
16 2642355.08 0.28 6
17 6427946.40 0.16 7
18 73594883.72 0.10 7
19 75116712.66 0.05 7
20 338418648.81 0.03 7
21 581873560.10 0.01 7
22 4197895.27 0.50 6
23 20468545.12 0.28 6
24 37391881.80 0.16 7
25 57306326.45 0.10 6
26 03861186.13 0.05 7

Table B.1: Initial distance, mesh size, and number of Newton iterations for the index
7 in the range 1,..., 26, for Experiment
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MA prob. no. | |Juy’ —ul)|ln1 | Mesh size | Newton steps
27 163842183.95 0.03 7
28 937562497.74 0.01 7
29 637895.22 0.50 6
30 734122.33 0.28 6
31 34369881.29 0.16 7
32 853023.83 0.10 7
33 137520631.22 0.05 7
34 48235590.71 0.03 8
35 299685506.11 0.01 7
36 1838915.77 0.50 6
37 7940868.05 0.28 7
38 29510546.36 0.16 6
39 98593989.70 0.10 7
40 165143046.65 0.05 7
41 333014524.71 0.03 8
42 421591682.84 0.01 7
43 6789010.68 0.50 6
44 4960417.55 0.28 6
45 28440054.28 0.16 7
46 57074843.12 0.10 6
47 8635511.59 0.05 7
48 355319787.08 0.03 7
49 1416399903.32 0.01 7
20 1713380.42 0.50 6
51 15069373.92 0.28 6
52 21635067.13 0.16 7
53 108190210.72 0.10 7
54 397829085.23 0.05 7
55 4T4884727.96 0.03 7
56 1756918495.70 0.01 14
o7 10784290.47 0.50 6
58 14068302.92 0.28 6
59 39923076.96 0.16 7
60 10593511.55 0.10 7
61 42788765.19 0.05 7
62 330653407.31 0.03 6
63 2491935658.34 0.01 10
64 7493685.75 0.50 6
65 28499629.84 0.28 7
66 25697621.10 0.16 7
67 64908529.70 0.10 7

Table B.2: Initial distance, mesh size, and number of Newton iterations for the index
7 in the range 27, ...,67, for Experiment
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MA prob. no. | |Juy’ —ul)|ln1 | Mesh size | Newton steps
68 108240288.36 0.05 7
69 176137840.81 0.03 7
70 1096993542.64 0.01 9
71 026722.54 0.50 6
72 1773479.64 0.28 7
73 10021648.81 0.16 7
74 55443360.42 0.10 7
75 176847481.92 0.05 7
76 908318797.18 0.03 7
77 129483993.57 0.01 7
78 7254721.16 0.50 7
79 5744392.50 0.28 7
80 15983317.32 0.16 7
81 24125153.01 0.10 7
82 35438987.78 0.05 7
83 675332847.84 0.03 8
84 1207828497.98 0.01 7
85 2578622.54 0.50 7
86 16065342.24 0.28 7
87 6418264.96 0.16 7
88 15775962.92 0.10 7
89 134452747.06 0.05 7
90 27432274.48 0.03 7
91 362473195.52 0.01 7
92 12810457.97 0.50 7
93 19406994.54 0.28 7
94 22053708.99 0.16 7
95 31367673.06 0.10 7
96 318871390.88 0.05 7
97 622929439.43 0.03 7
98 809463625.45 0.01 7
99 4243041.73 0.50 6
100 13479197.55 0.28 7
101 23438909.13 0.16 7
102 32624787.32 0.10 7
103 175534181.58 0.05 7
104 60959806.27 0.03 7
105 813407855.49 0.01 10
106 2352216.95 0.50 6
107 8166806.59 0.28 7

Table B.3: Initial distance, mesh size, and number of Newton iterations for the index
7 in the range 68, ...,107, for Experiment

340



MA prob. no. | |Juy’ —ul)|ln1 | Mesh size | Newton steps
108 12569701.31 0.16 7
109 19900537.47 0.10 7
110 54693296.32 0.05 7
111 213612002.70 0.03 9
112 719013991.36 0.01 7
113 5711448.60 0.50 6
114 11654458.28 0.28 6
115 267854.04 0.16 7
116 63743138.85 0.10 7
117 7054061.57 0.05 7
118 102127534.53 0.03 19
119 313292289.39 0.01 8
120 944401.17 0.50 6
121 7694254.40 0.28 7
122 3221090.85 0.16 7
123 44146683.84 0.10 6
124 102475312.96 0.05 6
125 158849320.41 0.03 7
126 246371471.83 0.01 7
127 8148145.82 0.50 6
128 10044970.32 0.28 6
129 47611485.42 0.16 7
130 49659558.67 0.10 7
131 99121122.56 0.05 7
132 439207168.70 0.03 8
133 1585653747.74 0.01 7
134 3072861.68 0.50 6
135 7618492.84 0.28 6
136 46914578.83 0.16 7
137 27035953.55 0.10 7
138 86220739.85 0.05 7
139 185949027.79 0.03 7
140 842031032.01 0.01 8
141 5764053.42 0.50 6
142 13356469.27 0.28 6
143 14741742.64 0.16 6
144 12951501.79 0.10 7
145 223184282.30 0.05 7
146 346455255.04 0.03 7
147 378000720.64 0.01 7

Table B.4: Initial distance, mesh size, and number of Newton iterations for the index
7 in the range 108, ..., 147, for Experiment
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MA prob. no. | |Juy’ —ul)|ln1 | Mesh size | Newton steps
148 2804013.28 0.50 6
149 1036112.56 0.28 6
150 26470433.46 0.16 7
151 91154602.91 0.10 7
152 158010996.03 0.05 7
153 938290654.09 0.03 7
154 2014600226.27 0.01 19
155 6289996.68 0.50 6
156 17908638.22 0.28 6
157 56651789.04 0.16 7
158 136696155.85 0.10 7
159 37600873.58 0.05 7
160 560568443.13 0.03 7
161 2448171028.96 0.01 9
162 7735930.83 0.50 6
163 7462547.55 0.28 7
164 34141576.58 0.16 7
165 33455516.54 0.10 7
166 358848015.56 0.05 7
167 273208888.42 0.03 7
168 223749583781 0.01 9
169 6750450.64 0.50 6
170 1760267.08 0.28 7
171 17867487.48 0.16 7
172 52319234.84 0.10 7
173 127110321.28 0.05 7
174 159856103.50 0.03 10
175 56080718.04 0.01 7
176 1636408.85 0.50 6
177 837819.82 0.28 6
178 11029934.26 0.16 7
179 24302687.12 0.10 7
180 135533658.72 0.05 7
181 499987268.86 0.03 7
182 1396629275.90 0.01 8
183 7289680.78 0.50 6
184 7860897.27 0.28 6

Table B.5: Initial distance, mesh size, and number of Newton iterations for the index
7 in the range 148, ..., 184, for Experiment
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MA prob. no. | |Juy’ —ul)|ln1 | Mesh size | Newton steps
185 28481642.41 0.16 7
186 88640530.34 0.10 7
187 164788478.27 0.05 7
188 83372130.31 0.03 7
189 941098199.79 0.01 9
190 6844494.09 0.50 6
191 3236549.98 0.28 7
192 30720530.34 0.16 7
193 37141731.59 0.10 7
194 118102856.57 0.05 7
195 336339460.33 0.03 7
196 1406694946.76 0.01 8
197 6190489.55 0.50 6
198 23284302.19 0.28 6
199 867900.07 0.16 6
200 44430657.10 0.10 7
201 198020607.68 0.05 7
202 293099439.70 0.03 7
203 2426174117.25 0.01 8
204 7149318.05 0.50 7
205 4946365.25 0.28 7
206 9328663.18 0.16 7
207 61837627.48 0.10 7
208 131489337.47 0.05 8
209 510652297.89 0.03 7
210 165901781.45 0.01 7

Table B.6: Initial distance, mesh size, and number of Newton iterations for the index
7 in the range 185, ..., 210, for Experiment
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MA prob. no. U o ul U1 Ui, uh Uj o Uy, Uiy Us Ug 3
1 255430.77 | —131701.89 | 98512.63 34565.22 —29042.31 | 114814.29 | 159726.75 | 176806.91 69865.86 210157.99
2 37460.12 | —275197.18 | 141906.52 | 385283.33 | —352000.88 | 144620.31 | —354511.03 | —303849.38 | 11069.03 | —126292.11
3 —192233.90 | —202339.05 | —53148.39 | 240395.48 | 338058.51 | 467443.97 | —141661.25 | 485312.63 | 524739.66 | —35007.08
4 14362.22 —6888.40 | —10229.51 27008.45 —4217.29 15042.04 —11546.33 | —12318.45 | —14355.00 | —2172.08
5 72501.31 | —341769.62 | —170296.80 | 416022.48 | —204848.32 | —455712.27 | 530687.50 85340.19 | —597693.10 | —548500.24
6 —310569.18 | —71625.94 | —566552.96 | —505645.18 | 246202.31 | —245728.29 | —539293.39 | —431653.59 | 538379.37 27772.88
7 182383.10 | 276290.33 | —208048.98 | —268620.45 | —153937.37 | 154322.85 | 189041.19 | —108461.51 | 254015.16 | 223687.99
8 —270438.81 | —278690.24 | 304149.39 1402.38 —265242.55 | 209171.32 | 342916.00 | 172163.80 29179.59 271764.67
9 448829.42 | 275321.92 | —396826.91 | —426839.04 | —587734.50 | —47551.98 | 439342.65 | —177477.82 | —509092.67 | —90333.17
10 16968.11 —8096.82 | —51186.22 | 32989.14 57119.39 —39427.93 | —55042.00 2326.92 39237.54 32311.98
11 —349835.78 | —166545.11 | 286004.43 | —378285.21 | 314443.03 | 373768.09 | 307028.74 | —65304.78 | —50920.43 | 268171.39
12 —587079.32 | 373163.07 | —384201.55 | —574951.01 | 377961.02 | 372231.34 | —300593.90 | 617046.02 37549.96 772097.64
13 179279.13 | —38588.27 | —24920.97 | 341123.54 | —287353.02 | 166347.94 | 239738.50 | 172134.68 | —25680.03 | —80481.08
14 107970.57 | —110207.18 | 51562.91 —72506.04 | 132694.21 155185.32 131982.74 66788.51 —105921.69 | 42128.86
15 22944.74 —46025.51 | —236920.49 | 217201.63 —2853.28 | —90618.46 | 113134.14 | —181359.11 | —100011.18 | 49653.87
16 —8726.86 | —42082.85 | 76619.43 | —107342.67 | 88180.01 24021.67 87945.23 —86232.54 | —87914.55 | —98174.14
17 —182571.46 | —232713.98 | —23784.20 | —140007.00 | 172572.66 | 121381.66 | —76386.18 | —110286.66 | 150439.53 | 145211.32
18 —376732.99 | 30426.45 380965.02 | 286321.28 | 260638.23 | —561708.36 | 33492.35 | —681593.90 | 213637.20 | —31912.06
19 —47454.09 | 382533.73 | —92877.41 | —326185.50 | —195811.84 | 206824.08 88204.08 24568.89 | —457970.05 | 352297.22
20 —178186.46 | 167952.20 54071.09 229427.08 | —107834.31 | —307291.57 | 139327.29 | —319178.54 | —56600.53 | 75908.78
21 —97924.75 | 151504.52 1425.62 —65898.11 | —114963.53 | —2652.84 22466.96 19203.58 121723.71 | —142211.67
22 —213168.37 | —102202.63 | 119163.01 | —218582.40 | —226676.95 | —248671.45 | 134507.94 | —201889.79 | —185303.42 | —152448.78
23 364841.54 | —249970.65 | —731971.15 | 344798.30 | —365456.88 | 514811.38 | —47407.35 | —128948.10 | 234202.27 | —523827.02
24 265571.60 | 301942.03 | —494273.99 | —240802.81 | 148366.71 | 484304.31 | —432781.04 | —91249.17 | —32567.47 | —359935.73
25 27860.85 | —570386.69 | 139847.68 | 602171.79 | 264110.23 | —659711.66 | —261613.00 | —637544.40 | 580537.41 | —164251.99
26 309082.52 | 241722.80 | 106752.40 | 205336.35 | —110592.82 | —317300.57 | 28355.76 259343.13 | —349421.92 | —99572.58
27 —163968.95 | —149075.28 | —58382.73 | 26693.32 60668.63 152753.68 | 133718.19 | —18816.07 | —139402.07 | —50194.83
28 —548555.83 | —378929.99 | 245748.08 | —251489.31 | 798272.87 47338.90 607657.77 | —251964.89 | 327018.37 | —510233.08
29 —73695.71 | —39588.89 | —43765.22 | —38490.73 1624.25 78673.42 49206.02 67368.65 14436.27 —4595.90
30 12708.53 8827.60 16128.81 —352.85 —49051.18 | 29106.51 7256.50 20255.72 —17053.91 | —30789.84
31 —639375.69 | 298886.60 3137.52 204639.97 | 268196.33 | —268215.66 | —212538.33 | 475302.93 | 290540.42 44772.15
32 6766.50 —310.12 —4358.21 10906.09 —11413.83 | —8515.76 6708.47 —4721.66 4981.53 —5929.12
33 —65388.83 | 495131.82 | —52259.70 | —75488.64 | 292868.64 | —377911.97 | 234456.53 | —496888.09 | —128046.63 | —559833.50
34 47051.49 14489.19 72462.93 6060.58 —48144.01 | —51166.71 17322.88 15801.64 —76268.90 | —7030.48
35 51593.37 78041.40 —72676.71 | —8574.81 | —51801.10 | 55886.62 52544.66 95747.62 72595.06 101067.44
36 89528.79 —01236.23 | —174181.41 | —179359.29 | 56455.87 118076.43 | —70789.55 | —9315.36 57644.22 63920.91
37 2043.26 133771.49 | —409496.73 | 421249.85 | 115493.84 | —4919.37 | 552681.48 | 380631.00 85077.94 | —79288.52
38 —394485.49 | 341708.06 | —604396.69 | 343908.53 | 618389.49 | 367642.95 9320.13 351097.57 | 425311.84 56579.27
39 —627732.32 | —140621.59 | 338472.54 | —70182.83 | 28617.31 | —520400.04 | 253771.71 | 214618.83 | 388430.92 | —395360.64
40 232188.29 | —332471.89 | —320363.23 | 251520.00 | 172255.32 18811.06 | —270445.76 | —65721.46 | —209909.00 | 51381.57

Table B.7: Initial guess random coefficients for the index ¢ in the range 1, ..., 40, for

Experiment

9.5
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MA prob. no. U o ul U1 Ui, uh Uj o Uy, Uiy Us Ug 3

41 —167859.06 | —159100.23 | —218443.87 | —106404.70 | 119082.53 | —164588.21 | —52365.09 | —168857.33 | —191479.84 | —159589.48
42 —26131.35 | 226173.60 | 257035.19 | —27700.22 | —37127.13 | —14866.76 | —1766.66 | 392618.99 | —188802.81 | —332600.60
43 —57477.24 | 489387.81 | —165355.12 | —503547.08 | 463369.57 | 499600.43 | —270250.84 | 318094.72 | —495009.72 | 480331.25
44 —39337.85 | 78435.83 | —132584.96 | 148875.10 62640.76 | —102668.11 | 34248.77 | —163884.39 | 120370.76 | —167480.47
45 —149859.93 | —450927.31 | —190582.21 | —304577.65 | 518698.02 | —290286.33 | —99243.76 | 456011.47 | —452453.06 | —215226.79
46 673225.31 | —666698.79 | —208826.16 | —106040.35 | —414930.10 | —465479.75 | —241108.20 | 205395.74 94595.47 748270.26
47 —14422.83 3443.44 —12514.42 4473.75 —9085.14 | —13461.03 | —15356.50 2302.46 —15916.63 | —1990.02
48 125248.12 | —118791.08 | —441484.82 | —392021.14 | —364303.43 | 29567.90 | —355094.67 | 223355.82 | 580375.15 | 207302.98
49 —407029.00 | 190949.90 9051.97 | —420037.28 | —125772.18 | —153976.07 | —142936.37 | —404830.47 | —337666.06 | —341100.29
50 102910.65 | 117896.68 | —38024.85 | 200059.24 | —60930.23 | —138461.90 | —139465.84 | 140448.92 22218.10 29341.21
51 372151.08 84737.55 623034.24 | 588707.30 | —529029.27 | —929459.31 | 700157.87 | 452023.44 | —589170.30 | —894444.59
52 373164.04 | 345970.90 | 301788.53 | —149585.71 | 335505.86 | —232756.18 | 377549.67 | —289643.13 | —310274.89 | —420895.83
53 —54656.51 | —543460.87 | 539495.17 | —78772.84 | —821663.72 | —438239.59 | 911850.14 | —882639.24 | —99874.69 | —509755.03
54 —T721838.41 | —116651.21 | 651052.74 352012.43 | —595011.16 | —157195.48 | 599012.96 13674.82 521737.26 277145.34
55 143882.66 87215.01 333591.08 | —223642.12 | 161395.86 | —244651.45 | 394486.92 | 211492.53 | —323156.92 | 449229.33
56 433505.05 75646.78 732202.55 | 364777.33 | —68957.25 | 359756.55 | —16340.51 | —34084.89 | —352709.63 | —172184.60
57 605099.18 | 414858.12 | 261122.62 | —738145.54 | 603443.59 | 339291.23 | 534729.66 | —608095.73 | —643011.65 | —688647.56
58 —413291.44 | 125049.87 | 307907.16 | —441273.65 | —503021.82 | 303536.37 | —226046.56 | 144233.66 | —223430.08 | 229477.09
59 —104671.68 | 11359.52 | —542620.78 | 402044.21 | 538861.91 | —410799.05 | —588977.28 | 792923.11 83299.60 | —622032.49
60 —59267.29 | 35207.42 | —109481.64 | —96482.62 | —30082.39 | 123246.07 | 112510.56 | —139143.05 | 106959.63 | 128353.06
61 —92809.35 | —110686.22 | —111295.11 | —11084.06 | —15533.89 | 88608.74 27425.17 62856.41 —55354.77 | —14329.52
62 106780.90 | —241848.44 | 239608.16 | 421344.03 | —391699.35 | 252502.01 | —43217.95 | 380776.97 | 139700.87 | 257297.75
63 580256.70 50371.59 | —209063.07 | —457754.13 | 414918.68 | 461694.37 | —80346.29 | —542808.97 | 317070.75 | —165747.00
64 206872.60 | 499536.00 | —350492.17 | 45677.95 —26443.27 | 409204.83 | —572230.01 | —217312.31 | 328662.47 | —306690.20
65 —790355.08 | —290787.50 | 814994.85 | 389884.11 | —147153.11 | 407482.82 | 553045.22 | —250459.16 | —730452.99 | 657247.08
66 350769.02 86938.28 127613.79 | —517103.16 | —33820.66 | —25812.26 | 693899.00 | 420290.24 | 222234.60 | 330786.24
67 302411.07 | 461052.90 | 324728.56 | —340870.89 | —45703.65 | —355540.70 | 489867.26 11633.12 —13269.53 | 285913.65
68 —204293.88 | —236800.77 | 52579.10 179057.60 22206.64 | —200874.92 | 30518.19 —43137.44 | 86586.95 178481.84
69 165778.26 | —168260.72 | 147624.57 | 139372.76 | —119922.69 | —33739.81 | 141667.92 9523.02 —116416.85 | —191685.69
70 448697.00 | 123296.05 | 719612.38 | —212554.50 | —209028.08 | —894960.66 | —800216.05 | —760860.99 | 627534.63 | —557425.33
71 —16194.85 | —47500.42 | 34503.19 45038.18 9758.04 —29209.50 | 44377.82 38237.82 10818.01 13331.89
72 —69904.75 | —65664.93 | —176014.46 | —75771.87 9731.90 65108.85 185540.11 | —93154.84 | 82264.17 133008.29
73 —99060.42 | 67366.31 16512.74 | —139670.82 | 148623.92 | 237943.95 | —197981.74 | 64667.23 209216.29 | 177335.46
74 452383.48 | 234957.98 31898.88 706713.96 | —486564.01 | 186594.67 | —95728.49 | —587649.34 | 208496.41 | —119483.66
75 273102.18 | —344408.08 | —276405.29 | —17863.67 | 73180.88 420294.79 | 107386.11 33053.79 —59965.97 | 367892.34
76 436873.28 | —366856.50 | 693223.07 | 569573.68 | —213913.55 | —334853.48 | —194740.23 | —588722.78 | —654343.94 | 670076.89
7 40467.61 —45391.29 | —5656.48 | —54340.88 | —34133.12 | —42371.96 573.80 52818.90 —47588.53 | —13906.75
78 —294064.46 | —275189.08 | 439996.93 | 112717.57 | 260258.33 | —460391.78 | —206771.45 | 272364.11 | —518664.46 | 187640.66
79 —249583.48 | —72310.56 | 325609.37 | —136795.95 | 131607.54 | 287973.26 | 340471.36 | 407758.63 | —64055.85 | —176968.45
80 131996.27 | —132464.62 | —16866.74 | —252919.91 | 219264.19 | 182608.93 | 206120.02 | 290096.10 64977.84 217676.21

Initial guess random coefficients for the index 7 in the range 41,..., 80,

for Experiment

Table B.8

9.9

345



MA prob. no. U o ul U1 Ui, uh Uj o Uy, Uiy Us Ug 3

81 49916.14 32710.67 | —99828.04 | —177404.40 | 47817.30 193278.54 | 175419.85 | —138550.48 | —212364.36 | 128052.82
82 96604.27 | —66748.53 | 104211.91 72633.90 88945.60 | —134184.62 | 77365.19 138549.62 38811.94 | —138038.44
83 427802.04 | 501324.91 | 356442.17 | 503791.20 | —594218.36 | —545358.83 | —138183.58 | —744808.07 | 318445.85 | 804216.10
84 45777.73 150554.55 | 391739.76 | —531798.36 | 428196.22 | —285664.06 | —100686.61 | —503651.72 | 25271.52 233024.03
85 —274348.34 | 380671.65 | 320951.57 | 18967596 | 315648.05 | 688486.13 | 134037.14 | —75258.26 | 184399.80 | —387327.70
86 —195332.90 | 160026.78 | 123886.82 | 892653.97 | —433664.83 | —78948.09 | —576850.46 | 131021.81 | —570181.86 | —758882.48
87 —10723.31 | —108099.80 | 200827.67 | 115608.49 65503.77 | —152647.86 | 132661.86 | 120599.51 6131.96 —213428.85
88 98812.03 17924.60 17221.20 20446.65 —45292.09 | 57733.33 | —136343.23 | —38396.85 | 100523.40 | 124387.10
89 —202849.50 | —114063.62 | —50772.27 | 279611.98 77806.35 | —261315.78 | 232555.20 | 271801.31 | —458174.36 | 12968.76
90 —15066.29 | —27857.39 13021.92 23228.58 6791.56 —6307.85 | —21276.69 | —28418.77 | —6724.56 —5428.44
91 4785.06 —17737.02 | —93249.32 | —26374.19 | 174113.14 | —17185.92 | —186125.04 | —186168.86 | —91603.47 | 166933.67
92 —286009.31 | —777286.72 | 782705.67 | 622396.79 | 420670.23 | 236599.82 29996.84 | —648944.01 | —730216.39 | 553195.76
93 —652462.53 | —321848.52 | 539806.25 | 557823.56 | 586412.63 | —517756.56 | 7522.56 709526.62 | 298204.13 | 304212.53
94 —230673.11 | —74107.82 | —307016.09 | —137437.65 | 483126.98 | —437134.98 | 471199.39 13524.98 | —356801.10 | —57075.75
95 —133893.51 | 135961.56 | 112395.30 | —81601.48 | —171613.56 | 161709.91 | —17596.80 | 97920.53 148256.45 76696.55
96 142019.86 | 839238.18 | 829575.94 | 493769.48 | 290654.21 | —849518.51 | 10780.75 —87283.61 17666.31 348464.57
97 339246.18 | —769343.11 | —213687.79 | 773023.80 | 646841.60 | —374921.40 | —324942.52 | 684550.79 | 191540.68 9765.47
98 —357765.33 | 205031.02 | —140475.58 | 87924.61 607798.39 | 480644.75 | —750762.78 | —522822.91 | —125819.35 | —38409.74
99 53061.50 | —196652.72 | 618007.11 | —342427.48 | —138596.24 | —92539.36 | —586582.83 | 418981.42 | —21989.81 14288.85
100 —138453.25 | —159868.40 | 543132.76 | 505949.59 | —19704.29 | 59383.04 | —603551.50 | 148131.73 | —424188.39 | 328926.47
101 165476.40 11070.83 | —728785.79 | 164265.02 | 378197.82 | 351907.96 | 806103.77 | 177371.68 | —130524.92 | 557230.57
102 —88370.55 | —199620.48 | —36516.31 | 187267.58 | —131405.52 | —230727.67 | 21982.87 146570.25 2241.00 40042.79
103 —341553.24 | —570562.44 | —349331.07 | 605016.54 | 532248.43 | —478220.96 | 560777.59 | 468399.11 | 435647.10 | —172990.90
104 56292.11 43541.85 48007.41 13616.97 15722.20 9538.99 —16318.22 | —17312.49 1025.09 —56960.60
105 —91803.69 | 234824.59 | 175715.06 | 265259.14 | —97671.94 | —134259.70 | —10080.50 | —40889.42 | —44449.48 | 198658.61
106 —41673.46 | 131241.27 47793.42 | —118360.74 | 198407.22 64313.07 | —187799.85 | —86504.72 | 92264.59 166458.62
107 —25843.53 | 203264.79 | —98004.11 | —119750.11 | —263618.30 | —264050.09 | 107206.41 | 283211.08 | 121745.79 | 239420.39
108 —15365.88 | —20602.92 | —4040.98 | 438503.45 | —267768.71 | —99883.70 | 288569.46 | —347453.17 | —8438.51 10618.99
109 40764.13 —88943.44 | —121763.97 | 134067.61 | —66895.92 | —16502.48 | —115911.83 | —138784.21 | 64886.73 | —110231.90
110 126084.93 | 442975.12 | 350555.23 | —83749.15 | —79265.25 | 23555.83 —11432.79 | 63585.17 | —451812.75 | —475225.48
111 —128825.40 | —33041.14 | —106898.38 | 32261.51 133382.70 | —240568.08 | 123170.09 | —173306.76 | 15682.21 | —122043.54
112 154157.50 | —308405.97 | 279019.63 | —183802.65 | 226953.21 | —332723.83 | —267595.59 | —87193.88 | 54281.33 | —253523.90
113 —468039.72 | 465300.52 | —436589.24 | 422269.73 | 388614.49 | 117966.28 | —256792.45 | 361692.77 | —576376.79 | 213070.92
114 —236048.83 | —370583.10 | 365429.34 | 371924.52 | 363161.96 | T787454.08 | —227048.45 | 308014.89 46605.06 191954.39
115 —4695.39 104.27 —1065.72 —8299.59 | —11306.67 5126.46 —5381.90 24.89 10538.88 11471.18
116 —6680.54 62193.08 | —345195.68 | 444652.42 | 182531.64 | —674052.68 | —25684.63 15944.47 47209.30 | —289664.94
117 —865.04 —24016.77 | —21872.95 | 33976.41 5103.93 —32744.40 7302.84 30178.36 19149.69 30239.68
118 77921.44 —31806.66 | 40160.99 70401.40 31041.52 5006.07 —30353.65 | —29513.11 | 46394.62 93146.34
119 8293.85 95383.28 —80849.55 | 50211.88 84709.03 10604.96 —22226.43 | —106081.68 |  4980.42 —83010.48
120 74647.56 | —71070.14 | 82131.95 —76272.28 | —117224.91 | —58987.68 | —21272.13 | 22680.14 76462.05 4671.27

Initial guess random coefficients for the index ¢ in the range 81,...,120,

for Experiment

Table B.9

9.9
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MA prob. no. U o ul U1 Ui, uh Uj o Uy, Uiy Us Ug 3

121 —70788.25 | —324322.53 | 141579.54 | —427560.54 | 415722.43 | —17481.66 | 184309.80 | —188395.20 | 91793.83 —20101.75
122 —76502.98 | 20260.61 21654.19 15094.86 24792.65 21986.80 62426.31 50507.92 —90019.10 | —87393.30
123 —65396.04 | —45529.21 | 261253.04 | 612834.07 | 105042.96 | 341141.63 | —224972.49 | 791865.57 | —295505.82 | —642225.37
124 —98562.30 | 182480.68 | —452486.64 | 309765.82 | 526940.66 | —137898.98 | 271448.64 | —102756.17 | —235547.53 | 129339.77
125 —301736.50 | 307291.80 —4317.39 | —37899.06 | 216314.51 | 108441.99 9323.41 115106.35 | —244968.50 | —61932.58
126 25999.68 17740.49 107353.07 | —40076.42 | —138268.77 | —64520.17 | —53415.24 | 156146.45 | —140875.44 | —165399.76
127 345691.81 | —619211.06 | 434338.14 | 474774.79 | 340335.51 | 764343.33 | —271946.74 | 602501.63 | 340779.97 | —237639.89
128 —348331.74 | 57198.94 129727.99 | 171882.89 | —60574.65 | 474405.04 | 191494.84 | 357232.22 | 256609.58 | 344736.45
129 —576169.59 | —504690.92 | —556858.56 | 424443.00 | —54123.56 | —111416.23 | 693194.42 | —104092.10 | —686476.62 | —300639.69
130 —23562.44 —164.25 298230.38 | —456935.73 | 67243.00 | —179028.84 | 282332.90 | —37087.35 | —480481.55 | 89045.21
131 282291.73 | 294921.70 | 219107.50 | 111481.64 | —36393.13 | —280306.38 | 301004.87 | —59003.46 | 126059.46 | —207655.86
132 —301620.88 | 319388.42 | 127471.11 | —368602.33 | 178958.43 | —269341.88 | 325857.85 | 313428.82 | —256225.60 | 327944.84
133 —453163.22 | —508888.00 | —4471.91 | —129485.06 | —182086.77 | —63039.61 | —233904.28 | 283899.70 | —45311.07 | 294453.83
134 27860.22 —43933.27 | —179682.86 | 89820.67 | —164474.00 | 237958.74 | 109979.43 | —73107.28 | 126018.85 | —208942.76
135 —6068.77 168709.68 | —290702.09 | —138390.30 | 267451.70 | —247220.18 | 85395.54 | —135615.75 | 293392.42 | 290996.09
136 —449657.03 | —913522.40 | —121981.49 | —931319.19 | —33328.84 | —460390.87 | 302206.99 | 317332.84 | —200657.35 | —429051.42
137 48814.80 146229.73 | 153125.58 | —75898.28 9837.70 —58288.54 | 110239.04 | 136445.26 46897.20 123673.70
138 47366.33 155416.80 | 154694.69 | 110971.05 | 243270.01 | —185451.09 | —64394.16 | 175305.98 30651.22 130977.59
139 86066.16 —94904.01 7698.13 121186.52 59580.76 87441.54 33474.80 140962.13 | —133603.12 | 167033.76
140 56823.65 109231.14 | 278351.38 | 296459.58 | —298152.22 | —318387.54 | 204858.64 | —196513.00 | 288246.07 | —297915.54
141 432597.09 | —213901.44 | —193544.86 | —356541.60 | 122989.91 | 268048.25 | —234560.86 | 297616.40 | —111465.32 | 410043.59
142 —267656.45 | —446633.31 | —148736.35 | —118649.39 | —451903.28 | —123224.88 | 315205.99 | —243111.13 | 8680.87 287782.22
143 87623.92 197171.35 26712.02 88053.51 | —192092.94 | 377616.87 | —63490.62 | —228925.83 | —286027.61 | —344897.86
144 —73833.66 | 26097.16 58399.14 130658.41 | 119941.36 —2404.96 75504.04 126003.53 67662.74 12532.59
145 —141785.88 | —717589.62 | —131706.58 | 52739.78 354535.90 51859.82 | —623929.11 | —382643.40 | —275072.64 | 413820.71
146 —84014.57 | —203858.03 | 243028.47 | 205044.61 | —145206.26 | 160853.61 84661.54 282266.86 | —111891.13 | 332927.16
147 191501.58 35723.06 11208.55 —39582.31 | —76075.85 | —48839.45 | 42974.59 | —149063.68 | 155272.46 | —43989.08
148 96180.63 228310.33 —8144.02 | —170610.20 | —58888.98 | 199984.46 | —105722.94 | 147574.85 | —148216.39 | —195542.60
149 26004.14 19940.35 26948.09 —56305.18 | 27908.19 —5788.79 | —17690.02 | 45467.56 —40956.29 | —7889.73
150 —507341.08 | 319194.45 | 502273.54 | —259417.30 | 199290.15 | 227599.83 | —32893.26 | 192423.66 | —368730.31 | 312115.90
151 —59087.83 | 199948.23 | —272938.41 | 146515.59 37869.46 810531.63 | —743536.66 | 713077.18 | —558847.00 | —646177.34
152 366006.70 | 204269.21 | —98994.76 | —164817.31 | —78794.56 | 358843.12 | 286713.73 | —250750.49 | —287262.35 | 57978.18
153 —671144.07 | —222585.30 | —354271.65 | —60838.01 | —292899.63 | —50662.77 | —613720.87 | —239303.22 | 640624.61 | —764462.52
154 507891.55 18897.80 501389.22 | 147316.18 | 313671.01 20061.93 430024.17 59783.83 33399.15 202273.82
155 326873.19 | —494158.85 | 163907.79 | 416375.70 | 452922.95 | —166048.10 | —335912.80 | 542689.95 | —71979.76 | 266866.10
156 —860366.36 | 677034.49 | —57104.11 | —740375.57 | 729248.03 | 836061.49 29859.13 | —350091.15 | 617199.25 | 180200.27
157 592372.22 | 838960.57 | 623697.52 | —689334.73 | 321294.83 | 220287.76 7957.63 —527247.13 | 795647.45 | —489096.05
158 649153.46 | 516714.47 | —666387.19 | —377077.06 | 288754.11 | 575924.09 | —214655.30 | 142817.75 | —313030.74 | —174256.85
159 —134229.34 | 48523.93 54979.46 | —150401.09 | 169711.52 | 219783.13 | —358086.99 | 62170.34 —52166.30 | 120199.34
160 —449828.19 | —414252.98 | 505495.74 | —15525.71 | 398624.25 | —412898.26 | —555483.37 | 204546.14 | 432391.78 | 279146.93

Initial guess random coefficients for the index ¢ in the range 121, ..., 160,

Table B.10

9.9

for Experiment
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MA prob. no. U o ul U1 Ui, uh Uj o Uy, Uiy Us Ug 3

161 196223.02 | —238618.77 | —870808.23 | 69115.07 481078.23 | —173332.76 | 174612.31 | —349000.38 | 86126.07 | —664970.24
162 —872690.77 | —669876.71 | —567574.05 | —207529.08 | 419268.74 | 503497.89 | —524488.93 | 715625.19 | —120672.56 | 634326.02
163 271942.07 | —239150.19 | 109045.47 | —363154.06 | 54135.86 | —125135.49 | —253806.17 | 399061.77 | 495258.40 19404.68
164 483869.79 | 445313.48 | —311977.27 | 573733.65 | 378534.98 | —414911.02 | —236491.36 | —327560.51 | 375590.06 13695.84
165 113242.49 | 153926.04 18365.51 | —330033.17 | 42876.46 143597.76 | 314065.13 | 322431.37 | —252635.71 | —333633.54
166 —136871.51 | —52544.59 | —871417.62 | 714097.74 | —9310.27 | 759794.41 | —477026.07 | —391405.38 | —74407.98 | —789463.15
167 157678.86 | 353465.26 | 120869.51 | 144824.55 | —300294.21 | —180972.08 | —256124.65 | —308911.04 | —420203.83 | 476470.46
168 —687474.06 | —436258.19 | —770134.13 | —208183.72 | 422403.83 | —233499.65 | —82047.87 | 269566.76 | 144585.43 | —268067.88
169 —62363.26 | —603728.82 | 264063.18 | —476613.00 | —472376.75 | —448288.01 | —91680.40 | 465034.12 | —32564.67 | 287767.16
170 45209.67 | —57082.56 | —53060.42 | 29751.30 —54595.35 | 54215.20 49.48 58223.64 —20691.79 | —4511.99
171 181554.04 4627.43 154576.94 | 106342.82 | 154936.41 | 267188.39 | —203102.18 | —359143.40 | 6042.51 58304.20
172 —23956.01 | 573510.01 | —154507.52 | 117378.56 | 236133.76 | 298490.21 | —217806.62 | —407264.19 | —425601.16 | —477427.21
173 —286657.52 | 16091.01 167608.26 43446.92 | —383977.32 | 337010.61 | 285862.66 | 361556.78 11755.23 | —290123.34
174 —39963.86 | 46871.60 69212.58 | —250905.68 | —143794.88 | 83466.52 | —132064.59 | 5736.51 —197041.96 | 146050.32
175 —13102.64 | —20711.81 6531.39 —16544.59 18951.44 —3598.16 23799.76 —26385.75 1118.24 —23469.62
176 —128532.06 | 96485.40 | —100737.01 | —16854.62 | 52474.33 —51761.91 | —32902.62 | 70611.48 67265.56 —42170.89
177 —21719.57 | —41559.62 | —17965.02 | 32227.67 35592.88 —17863.93 | —11809.65 | 53907.64 —4124.61 —4440.76
178 —75640.24 | —136077.77 | —1104.33 38639.13 | —152236.29 | —146730.45 | 6256.26 120257.25 | —62819.96 | —107277.54
179 56840.04 —90045.94 | —146057.99 | —54626.85 | —94674.95 11832.93 | —160503.96 | —212032.93 | —130438.23 | —5680.15
180 —295945.01 | —321083.02 | 232000.46 | —138096.82 | —277735.67 | 274310.97 57067.11 —32739.03 | —63438.97 | —153688.29
181 —285976.00 | —301464.98 | —287660.38 | 254687.87 | —281377.53 | 15308.57 | —99742.68 | —179226.35 | —235360.84 | 3624.10
182 —360250.20 | 160832.69 | —381276.70 | 508298.98 | —414450.87 | 430970.88 | —292436.47 | —526437.77 | —437489.44 | 111730.23
183 —264563.22 | 452813.17 | —202396.48 | 130506.24 | —116302.76 | 274642.52 13404.25 264502.81 | 453634.08 | —431689.38
184 —182893.52 | —87102.94 | —133452.84 | —443521.79 | 93366.63 226791.78 | —24405.70 | 230871.41 | 438997.15 | —224436.22
185 —364948.49 | —132553.95 | 366401.40 | —442266.14 | 26376.62 | —345442.72 | —615817.54 | 614238.16 | 211439.98 | 230952.72
186 —568650.41 | —456900.30 | 423679.71 | —401055.45 | —490822.02 | 646367.29 | 568007.77 | 642199.98 | —357643.32 | —439368.80
187 90567.13 799486.69 | 218335.87 | —519112.84 | —35600.60 | 263011.03 | —757933.89 | 36831.96 | —216386.51 | —133780.56
188 —57251.75 | 59469.51 51508.58 —16364.61 | 46150.17 4402.48 58202.70 59442.23 30034.89 39828.92
189 —487937.97 | —107516.18 | 371867.67 74116.86 501319.06 | 212038.70 | —396262.29 | 245344.21 | —574373.51 | —452462.70
190 —91322.65 | 511192.73 | —502599.20 | —32035.74 | —436842.31 | —539495.04 | 82158.05 682993.69 | —166176.93 | 265874.07
191 —180397.53 | 55137.27 | —49105.01 66772.83 —14575.36 | 132246.15 27176.65 | —173184.79 | —131675.46 | —19185.49
192 483037.52 | 266273.50 | —480244.50 | —661587.74 | 427974.31 | —839671.78 | —507926.69 | 660391.28 | —274215.26 | 898954.13
193 —484105.24 | —196052.93 | —139258.70 | —171523.15 | 180637.58 | 456816.43 | 402283.57 | —431909.36 | 263410.28 | —322376.54
194 —38698.70 | —130240.84 | 52438.27 | —278533.98 | —419232.64 | —43644.84 | —409014.81 | 451778.78 | 394765.18 | —199647.46
195 141928.57 50720.05 | —180285.24 | —383866.88 | —286770.72 | 60322.96 411251.29 | —264186.94 | 185595.75 | —492612.84
196 312157.02 27261.58 328779.75 | 314419.31 | 116053.49 | 340266.36 | 232041.22 | 168314.15 | 216837.37 | —201195.04
197 288340.98 | 161945.23 | —449583.72 | 107467.75 | —404431.34 | 187063.75 | 194977.72 | —242461.73 | —235578.68 | —455208.82
198 —604580.85 | —158786.73 | 241900.94 | 366884.35 | —453473.43 | —677686.47 | —361000.88 | 384619.47 | 345551.34 | —500750.10
199 7927.29 —26668.82 10940.82 —19751.11 | —19728.99 | —7981.99 —7286.34 14734.73 11000.04 12793.26
200 310176.01 58246.42 | —328350.94 | 162187.26 | —80371.70 | 133643.17 | 133487.18 | 283710.85 | —128123.31 | 8375.83

Initial guess random coefficients for the index ¢ in the range 161, ..., 200,

for Experiment

Table B.11

9.9
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MA prob. no. Ug o ul U1 Ui, uh Uf o Uy, Uiy Us Ug.3
201 140909.46 | 352024.45 | —623051.43 | 183334.03 | 165822.86 | —586224.63 | 426680.95 | —190358.88 | 589525.22 | 199268.74
202 —92871.13 | 214089.53 16260.06 206285.76 | —323311.59 | —56270.46 | —281372.22 | 251884.89 | —124336.60 | 244229.53
203 410786.23 | —352119.27 | 455833.03 | —216496.45 | 273940.70 | 623619.42 | —207125.95 | —525517.99 | 711768.73 | 463786.40
204 484947.89 | —499415.72 | 704118.61 | 445763.80 | —138307.37 | —558428.55 | 602505.62 —5649.03 | 352117.51 | —738828.15
205 44095.11 150734.38 | —159495.40 | 138818.00 | 130702.68 25713.16 10270.63 9422.65 101025.85 | —23538.15
206 67038.77 190226.36 | —113047.96 | —61422.80 | —167947.60 | —63737.44 | —66631.88 | 84405.23 86982.25 48939.85
207 —51559.80 | 395478.70 | —188279.51 | 33813.15 —25833.22 | —120322.50 | 225656.45 | —458842.78 | 550848.88 | 540112.33
208 —515055.02 | 128748.60 | —23051.95 | 379878.96 | 283465.57 | 118739.87 | —381371.32 | 74266.80 121626.31 | 460890.77
209 —157978.28 | 84325.11 4148.11 —79280.31 | —390075.93 | —80880.19 | 773797.50 | 127906.45 | —292875.81 | 622494.32
210 42420.31 47623.40 27715.47 —26111.04 —4198.54 42413.37 —44026.78 | —47019.37 —2728.34 9672.08

Initial guess random coefficients for the index ¢ in the range 201, ..., 210,

for Experiment

Table B.12

9.9
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MA prob. no. f(z),o fio foa fia f30 foo f3a ffz T30 Jos
1 158.62 | 35.50 3.80 | 409.75 | 295.53 | 403.96 | 409.99 | 381.37 | 184.37 | 437.33
2 9244 | 50.46 | 10.27 | 110.45 | 209.24 | 104.88 | 358.64 | 43.13 | 338.99 | 313.79
3 574.49 | 609.31 | 117.87 | 492.95 | 831.64 | 371.98 | 329.49 | 326.94 | 68.19 | 175.55
4 172.32 | 153.52 | 486.59 | 566.47 | 331.72 | 222.86 | 468.59 | 23.25 | 21.54 | 498.48
5 206.58 | 20.71 | 612.01 | 702.98 | 174.80 | 464.03 | 20.14 | 738.28 | 269.29 | 34.58
6 531.52 | 654.23 | 134.30 | 430.33 | 762.73 | 792.70 | 706.13 | 636.10 | 930.37 | 242.83
7 105.67 | 106.97 | 56.87 | 10.53 | 79.13 4.28 25.98 | 42.26 | 93.07 | 71.43
8 24.26 | 99.05 | 63.35 | 142.29 | 103.21 | 124.51 | 12.31 | 134.03 | 116.17 | 9.12
9 169.20 | 35.80 | 84.64 | 48.74 | 46.73 | 16.11 | 150.69 | 32.00 | 162.04 | 70.81
10 119.49 | 575.52 | 538.94 | 492.63 | 491.43 | 528.00 | 139.01 1.96 38.66 | 496.90
11 83.24 | 212.05 | 290.74 | 302.28 | 130.08 | 346.61 | 296.83 | 7.21 | 270.79 | 419.89
12 125.76 | 366.95 | 630.61 | 305.79 | 643.76 | 1.54 | 590.34 | 764.57 | 469.77 | 732.51
13 298.46 | 762.57 | 843.07 | 856.58 | 654.49 | 393.79 | 885.11 | 852.44 | 197.88 | 766.44
14 27.75 | 231.32 | 406.63 | 135.85 | 376.73 | 626.87 | 491.82 | 293.28 | 573.23 | 50.14
15 19.98 | 73.55 | 260.82 | 219.82 | 47.45 | 142.39 | 86.53 | 245.14 | 197.75 | 66.06
16 500.66 | 588.30 | 668.38 | 205.46 | 648.69 | 159.81 | 747.28 | 408.94 | 657.84 | 123.36
17 430.62 | 136.09 | 534.80 | 409.38 | 433.91 | 440.07 | 332.91 | 548.38 | 24.58 | 473.36
18 38.07 | 376.88 | 185.48 | 304.05 | 220.96 | 326.20 | 90.73 | 97.97 | 394.19 | 321.41
19 218.69 | 774.58 | 531.47 | 741.75 | 677.31 | 529.50 | 632.27 | 336.45 | 208.36 | 630.89
20 89.73 | 274.96 | 184.78 | 269.57 | 60.28 | 225.06 | 162.75 | 64.31 | 98.33 | 139.16
21 244.30 | 119.78 | 21.56 | 140.30 | 2.96 73.33 | 254.48 | 185.12 | 176.65 | 240.07
22 205.07 | 638.35 | 626.12 | 677.74 | 47.94 | 409.09 | 536.15 | 661.31 | 354.38 | 226.01
23 486.23 | 235.19 | 735.54 | 130.77 | 157.35 | 454.23 | 243.20 | 124.25 | 15.72 | 277.07
24 306.30 | 59.46 | 711.32 | 121.68 | 207.63 | 148.93 | 213.61 | 509.54 | 294.22 | 639.03
25 178.07 | 83.53 | 184.53 | 171.63 | 57.55 | 94.61 | 205.67 | 78.53 | 129.94 | 11.60
26 799.91 | 665.84 | 888.81 | 514.93 | 693.47 | 589.14 | 709.94 | 883.22 | 54.99 | 39.40
27 49.60 | 52.36 | 141.62 | 158.68 | 58.19 | 138.05 | 51.97 | 172.49 | 142.90 | 90.29
28 136.42 | 402.63 | 126.85 | 255.23 | 150.85 | 149.73 | 318.12 | 389.50 | 432.10 | 149.36
29 498.92 | 193.97 | 652.77 | 669.44 | 60.63 | 345.17 | 245.41 | 690.82 | 520.84 | 734.12
30 245.00 | 394.67 | 6.54 | 122.20 | 125.58 | 278.22 | 146.48 | 269.93 | 425.11 | 260.21
31 674.61 | 573.22 | 547.21 | 177.02 | 393.38 | 328.70 | 757.56 | 216.11 | 528.31 | 730.97
32 271.22 | 207.36 | 237.13 | 398.25 | 175.17 | 14.07 | 479.97 | 136.89 | 542.80 | 404.63
33 83.66 | 79.01 | 120.34 | 119.64 | 39.22 | 82.12 | 16.53 | 158.40 | 74.42 9.47
34 199.38 | 45.35 | 521.32 | 242.58 | 817.67 | 290.51 | 512.81 | 706.80 | 424.11 | 104.34
35 49.13 | 107.37 | 64.16 | 73.26 | 42.59 | 47.69 | 91.83 | 112.46 | 80.55 | 12.96
36 298.78 | 12.46 | 27.50 | 139.04 | 164.62 | 75.87 | 273.42 | 289.33 | 69.03 | 127.82
37 159.64 | 823.97 | 619.15 | 825.23 | 634.12 | 500.89 | 737.50 | 90.81 | 560.78 | 201.06
38 609.19 | 198.99 | 18.13 | 545.37 | 267.57 | 21.70 | 839.77 | 360.07 | 272.78 | 90.16
39 14.54 | 28.23 | 102.43 | 40.53 | 42.86 | 115.71 | 20.52 | 81.90 | 62.86 | 25.28
40 292.52 | 246.78 | 409.85 | 3.13 | 696.81 | 922.76 | 636.00 | 333.47 | 277.52 | 825.50
41 615.71 | 266.90 | 753.81 | 144.76 | 206.52 | 597.40 | 764.22 | 651.67 | 774.53 | 88.77
42 90.22 | 138.66 | 26.50 4.41 129.99 | 108.78 | 98.74 | 189.19 | 135.35 | 56.24
43 187.92 | 92.01 | 521.46 | 68.30 | 408.16 | 141.20 | 36.37 | 601.99 | 159.41 | 251.86
44 165.15 | 83.84 | 537.77 | 63.44 | 176.77 | 165.17 | 77.31 | 172.55 | 456.77 | 222.44
45 42.82 | 705.87 | 431.02 | 232.74 | 376.19 | 703.29 | 523.65 | 567.69 | 315.08 | 174.45
46 567.60 | 94.56 | 387.32 | 186.71 | 534.04 | 330.06 | 566.30 | 499.97 | 234.22 | 2.75
47 119.98 | 69.28 | 20.19 | 101.29 | 111.93 | 72.50 | 54.13 | 111.94 | 140.20 | 141.40
48 595.26 | 280.67 | 730.99 | 455.99 | 145.74 | 255.18 | 675.70 | 749.74 | 273.47 | 551.97
49 51.52 | 318.82 | 323.96 | 44.53 | 48.87 | 136.70 | 272.45 | 17.66 | 222.65 | 300.11
50 692.82 | 693.81 | 47.17 | 738.71 | 550.58 | 0.29 | 343.28 | 712.64 | 421.78 | 731.26
51 145.26 | 124.65 | 159.08 | 107.77 | 104.69 | 115.29 | 126.21 | 92.33 5.52 67.70
52 336.15 | 208.34 | 135.13 | 289.18 | 197.25 | 331.42 | 232.98 | 125.81 | 339.58 | 84.27
53 25.27 | 39.32 1.40 76.55 | 79.33 | 40.43 | 53.58 | 30.42 | 72.68 5.66
54 48.35 | 668.37 | 620.59 | 445.19 | 207.39 | 747.86 | 732.46 | 762.93 | 118.13 | 231.16
55 70.70 | 378.17 | 457.44 | 344.19 | 151.65 | 183.44 | 76.37 | 140.93 | 299.65 | 88.17
56 7.52 | 571.96 | 903.98 | 228.10 | 743.04 | 496.78 | 484.58 | 619.51 | 674.27 | 509.26
57 367.34 | 51.21 | 272.02 | 273.81 | 48.69 | 125.64 | 39.31 | 74.41 | 395.66 | 101.07
58 428.39 | 273.94 | 110.62 | 285.70 | 153.59 | 257.28 | 681.85 | 466.55 | 249.08 | 339.02
59 363.49 | 295.00 | 478.85 | 262.36 | 341.09 | 334.73 | 74.85 | 140.83 | 170.37 | 190.47
60 647.84 | 598.41 | 74.55 | 473.70 | 288.19 | 23.93 | 464.60 | 612.82 | 247.65 | 249.42

Table B.13: Right-hand side random coefficients for the index ¢ in the range 1, ..., 60,

for Experiment
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MA prob. no. f(z),o fio foa fia f30 foo f3a ffz T30 Jos
61 212.46 | 109.35 | 143.92 | 28.87 | 48.89 | 144.50 | 146.30 | 23.98 | 15.18 | 189.11
62 178.21 | 303.55 | 137.61 | 81.34 | 34.30 | 112.52 | 286.52 | 18.15 | 132.51 | 42.83
63 182.64 | 33.50 | 581.15 | 945.55 | 912.11 | 962.76 | 307.66 | 297.89 | 351.51 | 366.23
64 187.77 | 239.26 | 204.38 | 51.14 | 18.33 | 567.16 | 284.37 | 43.00 | 578.61 | 225.67
65 132.89 | 779.06 | 39.21 | 582.13 | 254.47 | 320.85 | 120.15 | 129.26 | 282.03 | 439.34
66 147.06 | 443.70 | 170.50 | 572.41 | 376.39 | 186.01 | 194.90 | 159.03 | 490.38 | 400.28
67 300.14 | 373.00 | 462.67 | 153.81 | 272.78 | 366.47 | 408.39 | 322.45 | 37.53 | 64.54
68 78.75 | 178.62 | 62.43 | 89.91 | 175.51 | 29.90 | 107.06 | 167.47 | 105.98 | 46.81
69 24.22 | 432.57 | 226.72 | 413.89 | 73.29 | 401.22 | 283.02 | 610.57 | 87.12 | 497.76
70 452.14 | 186.46 | 443.59 | 351.54 | 435.02 | 221.05 | 202.69 | 253.50 | 219.14 | 280.36
71 51.05 | 144.64 | 41.75 | 74.54 | 129.76 | 106.89 | 43.51 | 75.08 | 106.85 | 137.48
72 16.25 4.22 | 148.22 | 269.86 | 228.68 | 207.10 | 253.90 | 89.43 | 195.99 | 275.79
73 275.22 | 769.24 | 17.44 | 497.22 | 830.51 | 347.99 | 282.02 | 467.71 | 309.33 | 184.53
74 86.77 9.15 | 142.36 | 6.80 11.64 | 32.13 | 154.36 | 102.79 | 88.50 | 114.03
75 181.82 | 74.66 | 110.19 | 734.01 | 650.24 | 298.26 | 243.37 | 824.90 | 593.03 | 799.64
76 332.34 | 319.86 | 198.86 | 369.94 | 183.95 | 128.50 | 243.53 | 20.73 | 84.46 | 306.97
77 40.73 | 119.50 | 86.25 | 116.83 | 53.12 | 13.76 | 160.83 | 206.55 | 164.39 | 171.69
78 72.56 7.32 98.58 | 334.57 | 496.34 | 139.33 | 45.20 | 627.67 | 123.72 | 499.23
79 442.62 | 75.63 | 838.20 | 878.81 | 709.83 | 872.15 | 101.57 | 500.45 | 82.87 | 653.13
80 13.84 4.32 56.46 | 81.88 | 83.57 | 133.00 | 148.63 | 52.42 | 131.87 | 127.08
81 260.02 | 134.46 | 381.47 | 112.35 | 477.18 | 487.82 | 151.19 | 317.05 | 58.96 | 444.79
82 164.65 | 29.18 | 88.95 | 177.66 | 25.02 | 177.84 | 52.00 | 107.43 | 168.01 | 178.93
83 444.20 | 79.86 | 760.89 | 279.42 | 237.50 | 219.43 | 24.78 | 226.72 | 360.88 | 230.58
84 170.48 | 177.00 | 317.41 | 22.15 | 550.45 | 296.79 | 36.34 | 343.73 | 574.85 | 161.64
85 101.97 | 385.60 | 311.60 | 212.03 | 306.95 | 67.49 | 84.00 | 65.69 | 433.05 | 178.81
86 221.44 | 72.62 | 232.10 | 3.30 | 542.27 | 237.56 | 463.90 | 244.97 | 534.76 | 183.02
87 225.52 | 44.80 | 101.36 | 240.83 | 101.76 | 172.76 | 42.31 9.94 | 323.08 | 133.07
88 572.87 | 133.45 | 916.97 | 759.53 | 189.85 | 266.82 | 829.90 | 652.07 | 173.08 | 579.68
89 74.12 | 10.46 | 259.58 | 135.30 | 111.31 | 313.21 | 430.06 | 15.30 | 339.10 | 358.25
90 7.28 65.74 | 74.54 | 48.40 | 129.58 | 115.55 | 49.21 17.73 | 93.04 | 161.81
91 134.99 | 149.30 | 81.25 | 86.08 | 117.53 | 154.58 | 174.67 | 92.17 | 14.12 8.54
92 100.28 | 527.50 | 411.44 | 95.90 | 13.49 | 360.63 | 422.43 | 56.69 | 577.02 | 256.55
93 7.90 | 617.00 | 804.74 | 54.22 | 39.26 | 129.34 | 850.69 | 134.39 | 211.90 | 812.29
94 78.94 | 111.57 | 164.74 | 82.00 | 130.90 | 101.07 | 207.90 | 387.96 | 159.75 | 69.16
95 506.95 | 547.79 | 297.17 | 512.59 | 338.67 | 420.81 | 215.69 | 106.93 | 352.05 | 383.96
96 44.51 | 410.15 | 340.40 | 438.26 | 15.01 | 108.96 | 596.75 | 4.14 | 637.89 | 23.41
97 218.52 | 174.74 | 410.91 | 58.07 | 107.20 | 462.13 | 403.17 | 79.76 4.43 | 259.53
98 59.44 | 81.89 | 91.40 | 154.92 | 62.90 | 17.60 | 149.46 | 8.28 | 126.80 | 47.75
99 743.92 | 151.15 | 225.71 | 520.23 | 720.77 | 486.79 | 247.20 | 409.25 | 464.81 | 774.93
100 40.91 | 286.49 | 346.15 | 392.69 | 95.86 | 374.86 | 173.07 | 318.36 | 327.01 | 491.79
101 542.67 | 200.32 | 402.23 | 421.01 | 707.71 | 478.48 | 86.57 | 281.35 | 730.96 | 607.39
102 561.42 | 835.82 | 152.60 | 313.13 | 573.34 | 739.17 | 340.51 | 256.13 | 6.05 53.73
103 560.69 | 542.43 | 105.27 | 493.43 | 18.26 | 100.51 | 197.07 | 365.39 | 600.24 | 485.03
104 72.47 | 296.36 | 13.22 | 437.78 | 90.44 | 347.01 | 70.42 | 62.37 | 310.26 | 111.17
105 374.79 | 75.80 | 390.87 | 408.04 | 515.72 | 5.62 | 222.46 | 562.26 | 410.45 | 331.43
106 379.43 | 10.13 | 59.18 | 395.75 | 161.25 | 33.92 | 177.82 | 607.64 | 658.78 | 580.92
107 437.16 | 923.99 | 197.46 | 718.25 | 744.14 | 263.04 | 440.87 | 444.30 | 43.57 | 13.82
108 82.82 | 454.28 | 563.81 | 277.50 | 773.07 | 596.50 | 725.67 | 528.21 | 633.85 | 580.79
109 486.76 | 244.37 | 554.88 | 257.45 | 640.88 | 210.21 | 200.11 | 28.45 | 320.97 | 242.11
110 398.71 | 203.55 | 127.16 | 212.30 | 441.75 | 186.76 | 164.44 | 80.62 | 289.17 | 150.01
111 382.22 | 68.91 | 730.09 | 522.59 | 239.45 | 492.02 | 315.90 | 456.11 | 420.94 | 248.48
112 16.54 | 174.01 | 157.09 | 253.13 | 58.82 | 229.73 | 6.47 | 102.43 | 253.67 | 115.33
113 716.57 | 42.12 | 35.08 | 133.37 | 396.99 | 312.93 | 20.64 | 425.05 | 500.15 | 561.61
114 217.05 | 367.92 | 237.57 | 227.82 | 155.00 | 103.56 | 150.06 | 125.81 | 276.48 | 367.85
115 593.61 | 919.39 | 627.92 | 338.30 | 544.23 | 575.49 | 619.43 | 498.13 | 196.16 | 378.47
116 440.93 | 328.24 | 348.19 | 192.01 | 342.49 | 40.74 | 534.40 | 341.38 | 226.05 | 133.69
117 271.92 | 445.03 | 26.70 | 456.22 | 418.62 | 310.08 | 288.03 | 318.82 | 344.85 | 300.31
118 827.86 | 496.15 | 711.56 | 657.01 | 542.36 | 63.26 | 32.93 | 316.80 | 71.95 | 41.93
119 584.83 | 607.98 | 67.05 | 182.26 | 289.81 | 248.40 | 186.24 | 56.82 | 189.10 | 614.11
120 787.20 | 517.86 | 283.04 | 447.79 | 221.93 | 1.81 12.73 | 734.64 | 855.64 | 456.73

Table B.14: Right-hand side random coefficients for the index ¢ in the range
61,...,120, for Experiment
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MA prob. no. f(z),o fio foa fia f30 foo f3a ffz T30 Jos
121 205.63 | 230.48 | 253.16 | 82.23 | 668.77 | 358.61 | 118.17 | 556.18 | 307.85 | 216.70
122 96.91 | 165.53 | 139.37 | 373.33 | 141.53 | 344.72 | 129.18 | 133.88 | 351.42 | 109.11
123 193.79 | 16.29 | 121.26 | 129.78 | 78.88 | 141.62 | 111.20 | 114.83 | 18.35 | 26.40
124 128.17 | 117.67 | 113.32 | 94.77 | 49.17 2.37 44.64 | 117.35 | 32.94 | 61.24
125 31.95 | 19.69 | 16.09 | 95.16 6.09 48.67 | 86.22 | 106.17 | 69.77 | 20.86
126 173.96 | 541.56 | 139.31 | 488.78 | 388.98 | 456.48 | 201.66 | 162.68 | 522.02 | 8.68
127 427.75 | 602.08 | 22.77 | 510.16 | 315.07 | 814.04 | 364.35 | 92.01 | 439.49 | 923.26
128 453.32 | 583.86 | 314.83 | 502.75 | 231.95 | 578.31 | 168.01 | 169.15 | 286.33 | 144.71
129 198.86 | 576.62 | 824.99 | 847.22 | 6.25 | 658.43 | 260.12 | 387.35 | 75.09 | 847.30
130 139.96 | 169.32 | 56.47 | 111.74 | 153.48 | 176.59 | 111.77 | 55.21 | 153.44 | 179.81
131 440.16 | 394.52 | 63.98 | 378.08 | 67.74 | 349.48 | 401.11 | 268.36 | 338.33 | 368.32
132 499.91 | 428.29 | 557.33 | 630.27 | 355.04 | 233.24 | 551.36 | 216.98 | 624.86 | 734.45
133 190.41 | 372.51 | 153.77 | 616.50 | 86.43 | 622.69 | 346.06 | 362.97 | 362.23 | 261.00
134 57.73 | 11896 | 55.71 | 93.51 | 44.39 | 19.39 | 37.27 5.39 71.12 | 58.97
135 131.20 | 142.83 | 316.02 | 252.47 | 66.50 | 344.13 | 223.29 | 42.56 | 430.32 | 413.05
136 569.79 | 303.81 | 115.20 | 19.32 | 928.94 | 505.32 | 889.86 | 940.44 | 904.19 | 830.54
137 307.46 | 94.43 | 182.07 | 155.23 | 481.44 | 443.70 | 663.77 | 490.95 | 161.05 | 230.10
138 201.24 | 73.63 | 35.21 | 64.90 | 51.81 | 258.91 | 158.83 | 115.35 | 77.08 | 264.34
139 396.15 | 270.98 | 567.83 | 449.19 | 32.25 7.78 | 350.22 | 495.29 | 280.17 | 380.98
140 3.09 90.92 | 624.51 | 136.63 | 55.07 | 543.28 | 288.86 | 23.50 | 514.76 | 462.58
141 139.31 | 146.00 | 42.65 | 122.91 | 48.26 | 91.70 | 180.21 | 78.39 | 33.64 | 122.54
142 50.38 | 17.76 | 45.06 | 46.73 | 19.98 | 94.22 | 99.10 | 51.70 | 48.07 | 20.06
143 71.54 | 30.26 | 54.74 | 55.73 | 81.23 | 59.01 | 73.51 | 98.03 | 32.34 | 14.39
144 81.13 | 88.15 5.19 44.93 8.23 16.42 | 43.42 5.58 | 175.72 | 112.77
145 90.79 | 784.18 | 380.46 | 730.43 | 733.42 | 611.19 | 520.23 | 535.89 | 343.92 | 127.03
146 263.63 | 32.27 | 297.92 | 90.36 | 117.94 | 240.60 | 89.38 | 159.16 | 184.99 | 80.81
147 166.62 | 95.57 | 23.46 | 47.09 | 116.82 | 15.35 | 157.76 | 60.76 | 65.12 | 213.40
148 56.79 | 38.02 | 73.26 | 25.56 | 32.32 | 14.84 | 92.90 | 86.44 | 85.12 | 101.55
149 367.18 | 562.90 | 281.80 | 195.30 | 617.28 | 270.11 | 137.77 | 120.09 | 19.78 3.93
150 433.62 | 206.50 | 106.91 | 418.22 | 190.80 | 227.76 | 209.67 | 220.65 | 167.21 | 584.41
151 65.14 | 47.31 | 214.36 | 286.19 | 125.16 | 200.59 | 196.07 | 181.62 | 164.53 | 80.11
152 5.50 | 332.08 | 497.81 | 769.72 | 751.48 | 758.51 | 139.70 | 671.99 | 589.87 | 375.00
153 92.05 | 106.40 | 250.29 | 231.75 | 273.82 | 195.26 | 53.83 | 192.63 | 324.59 | 267.21
154 823.40 | 594.75 | 25.18 | 563.40 | 533.71 | 213.82 | 723.41 | 727.76 | 389.83 | 401.46
155 130.47 | 374.50 | 214.12 | 392.47 | 82.97 | 204.67 | 315.87 | 417.00 | 98.41 | 454.84
156 499.15 | 356.38 | 41.96 | 301.51 | 84.62 | 575.43 | 206.14 | 374.60 | 188.99 | 297.16
157 56.64 | 88.33 | 12.55 | 42.85 | 68.50 | 28.38 | 92.25 7.24 | 122.78 | 82.91
158 127.06 | 169.58 | 648.71 | 143.24 | 344.22 | 310.44 | 277.96 | 140.70 | 233.11 | 321.46
159 170.65 | 80.84 | 151.11 | 95.85 | 25.58 | 75.93 6.59 80.47 | 205.83 | 81.33
160 453.83 | 472.61 | 168.51 | 345.65 | 286.35 | 5.87 | 395.97 | 483.37 | 289.55 | 377.65
161 276.23 | 455.96 | 854.12 | 256.61 | 552.01 | 499.59 | 815.76 | 370.92 | 278.98 | 195.87
162 311.93 | 59.74 | 225.36 | 181.89 | 143.39 | 305.46 | 234.09 | 256.82 | 201.58 | 343.79
163 172.18 | 629.94 | 250.04 | 745.83 | 613.46 | 540.77 | 362.30 | 517.60 | 702.20 | 117.88
164 138.55 | 273.05 | 309.78 | 229.33 | 333.08 | 105.24 | 739.03 | 277.65 | 267.61 | 119.27
165 201.40 | 255.06 | 309.73 | 372.10 | 142.29 | 223.79 | 133.62 | 49.89 | 86.58 | 229.26
166 4.50 | 373.84 | 412.87 | 332.30 | 178.98 | 101.72 | 642.52 | 50.39 | 167.64 | 387.88
167 17.07 | 92.36 | 89.40 | 113.71 | 63.63 | 92.07 | 11.65 | 141.16 | 135.55 | 79.23
168 115.27 | 922.93 | 557.14 | 577.17 | 851.21 | 513.70 | 603.63 | 752.31 | 193.15 | 283.96
169 373.35 | 630.46 | 408.01 | 162.30 | 55.63 | 648.54 | 929.26 | 773.87 | 275.44 | 895.91
170 32.18 | 137.87 | 92.80 | 189.41 | 125.05 | 196.83 | 23.47 | 193.89 | 93.90 | 169.43
171 57.14 | 120.88 | 171.82 | 93.90 | 36.93 | 137.08 | 57.00 | 243.03 | 157.27 | 363.56
172 323.98 | 445.47 | 38.12 | 26.49 | 198.01 | 595.68 | 655.05 | 637.19 | 43.89 | 785.15
173 551.08 | 473.88 | 234.96 | 345.69 | 220.30 | 152.22 | 176.74 | 376.45 | 455.84 | 574.21
174 582.35 | 726.62 | 361.41 | 540.24 | 129.77 | 502.32 | 553.35 | 246.20 | 587.03 | 523.52
175 64.98 | 66.26 5.33 81.50 | 167.63 | 232.89 | 24.87 | 25.77 | 162.89 | 99.65
176 94.00 | 33.09 | 168.12 | 29.26 | 65.06 | 74.03 | 25.76 | 97.69 | 179.36 | 75.45
177 933.43 | 717.72 | 875.16 | 779.99 | 542.79 | 81.38 | 197.73 | 20.46 | 741.17 | 624.55
178 83.22 | 47.02 | 143.04 | 107.45 | 194.10 | 79.64 | 180.29 | 19.86 | 42.11 | 42.68
179 3.71 | 580.69 | 483.87 | 491.38 | 730.29 | 481.82 | 252.99 | 650.62 | 406.35 | 227.74
180 25.69 | 355.44 | 372.46 | 470.72 | 686.37 | 170.52 | 598.39 | 206.42 | 93.03 | 580.28

Table B.15: Right-hand side random coefficients for the index ¢ in the range
121, ..., 180, for Experiment
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MA prob. no. f(z),o fio foa fia f30 foo f3a ffz T30 Jos
181 449.98 | 428.95 | 457.80 | 46.94 | 601.79 | 98.36 | 235.79 | 595.06 | 431.05 | 249.31
182 245.05 | 268.32 | 52.89 | 254.54 | 66.46 | 407.99 | 35.79 | 422.65 | 319.85 | 56.98
183 481.39 | 110.93 | 406.81 | 228.16 | 289.45 | 257.08 | 422.32 | 255.85 | 10.84 | 175.40
184 181.37 | 46.93 | 155.54 | 68.93 | 129.16 | 42.05 | 204.50 | 216.12 | 59.92 | 145.74
185 121.80 | 242.44 | 564.01 | 286.81 | 561.79 | 335.97 | 334.36 | 679.10 | 176.68 | 359.01
186 652.81 | 650.55 | 675.16 | 191.79 | 74.42 | 613.07 | 239.07 | 504.61 | 823.88 | 847.22
187 157.52 | 184.61 | 88.07 6.77 30.74 | 96.35 | 150.99 | 225.15 | 249.65 | 238.31
188 318.99 | 732.25 | 286.43 | 208.31 | 65.59 | 529.84 | 543.65 | 750.98 | 404.92 | 804.27
189 207.94 | 433.00 | 448.16 | 566.05 | 132.58 | 131.34 | 455.96 | 339.36 | 302.22 | 177.06
190 242.49 | 254.77 | 481.76 | 171.03 | 114.35 | 358.00 | 303.11 | 227.35 | 370.39 | 194.98
191 35.25 | 223.82 | 241.57 | 210.20 | 208.80 | 86.38 | 165.28 | 55.65 | 17.65 | 203.51
192 151.82 | 213.31 | 123.64 | 228.96 | 228.12 | 101.34 | 99.02 | 117.96 | 6.71 78.93
193 137.13 | 43.74 | 43.93 | 170.34 | 17.55 | 152.98 | 162.22 | 13.68 | 202.20 | 80.30
194 161.91 | 64.59 | 142.70 | 323.16 | 40.42 | 320.29 | 75.86 | 258.28 | 85.19 | 204.52
195 555.40 | 242.77 | 823.12 | 608.42 | 340.58 | 330.92 | 689.51 | 246.53 | 155.50 | 406.02
196 332.79 | 442.95 | 367.42 | 266.12 | 670.34 | 695.30 | 53.37 | 239.41 | 689.58 | 379.45
197 511.22 | 193.50 | 652.55 | 524.73 | 25.68 | 17.85 | 41.60 | 273.90 | 88.90 | 32.40
198 116.42 | 68.59 | 34.34 | 102.13 | 57.04 | 124.60 | 143.90 | 34.66 | 60.08 | 27.46
199 618.35 | 633.87 | 68.85 | 415.38 | 174.41 | 140.26 | 106.69 | 24.63 | 114.45 | 262.58
200 502.04 | 383.57 | 216.78 | 389.88 | 130.69 | 519.94 | 52.91 | 287.37 | 553.92 | 205.00
201 233.68 | 227.09 | 120.44 | 120.12 | 150.70 | 183.21 | 239.89 | 69.89 | 39.78 | 245.50
202 509.72 | 120.08 | 331.17 | 83.01 | 663.01 | 404.67 | 258.08 | 354.38 | 633.04 | 305.31
203 155.99 | 14.49 | 244.01 | 562.69 | 584.80 | 516.07 | 492.48 | 99.09 | 293.39 | 134.70
204 1.61 53.80 | 130.76 | 397.45 | 318.99 | 114.68 | 812.01 | 536.17 | 28.30 | 766.74
205 17.04 | 408.95 | 96.24 | 299.43 | 4.72 18.80 | 94.33 | 41.40 | 382.45 | 352.82
206 100.99 | 58.77 | 95.59 | 74.98 | 141.17 | 194.98 | 167.16 | 223.25 | 12.06 | 140.47
207 271.66 | 781.21 | 394.26 | 104.94 | 0.52 | 855.59 | 922.36 | 407.78 | 322.48 | 440.75
208 660.53 | 374.24 | 459.23 | 131.22 | 480.20 | 497.40 | 652.55 | 540.89 | 570.28 | 176.71
209 41.13 | 173.65 | 256.05 | 14.40 | 463.72 | 492.77 | 172.96 | 37.74 | 167.44 | 587.77
210 66.97 | 121.36 | 163.48 | 96.94 | 132.08 | 69.13 | 118.63 | 141.91 | 127.23 | 37.78

Table B.16: Right-hand side random coefficients for the index ¢ in the range
181, ...,210, for Experiment
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