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Abstract

Methods to calculate rates of chemical reactions ab initio, in reduced dimensions, using Semi-

classical Transition State Theory have recently been formulated. Here we further develop its

application to unimolecular reactions where the choice of active degrees of freedom is not clear

a priori. We describe in more detail a procedure to determine which degrees of freedom must

be accounted for explicitly in the reduced dimensionality framework, and illustrate its success

on a hydrogen transfer reaction of a cyclocarbene species.

Keywords: Semiclassical Transition State Theory, Carbene, Tunnelling

1. Introduction

Tunnelling in the reactivity of carbenes has been the focus of much attention in recent

years, particularly in the context of tunnelling controlled reaction pathways[1–3], and due to

their importance in organic synthesis[4]. The reactions of cyclocarbenes, and the effects of their

substituents have also been the subject of much theoretical scrutiny[5–9].5

In order to study polyatomic systems, including tunnelling effects, development of efficient

and reliable dynamical theories is required. One such theory is Semiclassical Transition State

Theory (SCTST), as developed originally by Miller et al. [10]. This has previously been ap-

plied and tested on a variety of polyatomic reactions [11–14]. Applying the theory in reduced-10

dimensions allows for even greater efficiency, and has been shown to be nearly as accurate as the

full-dimensional treatment in many cases, despite the significant computational saving[15–19].
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(a) Skeletal Formulae
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(b) 3D Structures

Figure 1: Reaction Mechanism

Here we investigate tunnelling in the unimolecular isomerisation of cyclobutylidene, shown

in Fig. 1, which has previously been studied with Variational Transition State Theory (VTST)15

with the small curvature tunnelling (SCT) approximation[5], as well as experimentally[20].

Note that other rearrangement reactions of the reactant also occur[6]. In this work, we aim

to show that SCTST gives good agreement with VTST results when using the same level of

ab initio theory, even at very low temperatures (100 K). We also determine the accuracy of a

reduced-dimensional approach for this system. This provides a procedure to achieve accurate,20

but efficient, rate constant calculations using SCTST.

2. Theory

2.1. SCTST

A comprehensive review of the theory of SCTST in full and reduced dimensions is available

in reference 15. Here we provide just a brief summary and the key theoretical results.25

Within full-dimensional SCTST (FD-SCTST), the cumulative reaction probability is given

by the sum over all state-dependent reaction probabilities at the energy Ev:

N(Ev) =
∑
{n}′

P{n}′(Ev). (1)
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where {n}′ is the set of all vibrational states of the transition state, and the state-dependent

reaction probability is given by the standard WKB form:30

P{n}′(Ev) =
1

1 + exp
[
2θ{n}′(Ev)

] (2)

The penetration integral, θ, is given analytically as a function of the frequencies (ωi), an-

harmonic constants (xij) and the vibrational quantum numbers (ni) of the transition state. For

a system with F vibrational degrees of freedom,

θ{n}′(Ev) = π
−Ω{n}′ +

[
Ω2
{n}′ + 4xFF

(
∆Vf +G0 − E{n}′ − Ev

)]1/2
2xFF

. (3)

where ∆Vf is the forward barrier height,

Ω{n}′ =
~ωF

i
+

F−1∑
i=1

xiF
i

(ni + 0.5) (4)

and35

E{n}′ =
F−1∑
i=1

~ωi (ni + 0.5) +
F−1∑
i≤j

xij (ni + 0.5) (nj + 0.5) +G0. (5)

Here ωF is the imaginary reaction mode frequency, and G0 is a barrier height correction

factor, defined below. The anharmonic constants are calculated using second-order vibrational

perturbation theory (VPT2) and the third and fourth order derivatives of the potential along

the normal modes, fijk and fiijj respectively[21]:

xii =
~2

16ω2
i

(
fiiii −

i∑
j=1

f 2
iij

ω2
j

8ω2
i − 3ω2

j

4ω2
i − ω2

j

)
(6)

40

xik =
~2

4ωiωk

(
fiikk −

F∑
j=1

fiijfjkk
ω2
j

+
F∑

j=1

2f 2
ijk

(
ω2
i + ω2

k − ω2
j

)[
(ωi + ωk)2 − ω2

j

] [
(ωi − ωk)2 − ω2

j

]) , i 6= k

(7)

and:

G0 =
~2

64

F∑
i=1

fiiii
ω2
i

− 7~2

576

F∑
i=1

fiii
ω4
i

+
3~2

64

F∑
i 6=k

f 2
iik

(4ω2
i − ω2

k)ω2
i

−~2

4

F∑
i<j<k

f 2
ijk[

(ωi + ωk)2 − ω2
j

] [
(ωi − ωk)2 − ω2

j

] (8)
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Note that special care must be taken to eliminate terms with Fermi resonances[21].

Microcanonical rate constants are then given by:

k(E) =
N(E)

2π~ρ(E)
(9)

where ρ(E) is the density of states in the reactant, whilst thermal rate constants are given by45

the Boltzmann-weighted average of the CRP[22].

2.2. 1D-SCTST

The limiting factor in the accuracy of many quantum calculations is the accuracy of the

ab initio calculations used to inform the dynamics. FD-SCTST calculations at a high level of50

theory are very expensive, as they require (2F + 1) Hessian calculations for each of the reactant

and transition states, where F is the number of vibrational degrees of freedom of the system.

For systems with many atoms (such as in this work) the cost may be prohibitive at a high level

of electronic structure theory.

55

In 1D-SCTST, computational expense is minimised by setting fijk and fiijj to zero unless

i = j = k = F . In other words, the reaction mode is assumed to be not coupled with any other

vibrational (spectator) modes in the TS, and the spectator modes are all treated harmonically.

Eqs. 6 and 7 are then reduced to one single term,

xij =


~2

16ω2
F

(
fFFFF −

3f2
FFF

5ω2
F

)
if i = j = F

0 otherwise

(10)

This significantly reduces the computational cost as only higher order derivatives along the60

reaction mode are required. These terms can be estimated numerically from inexpensive single

point energy calculations, in combination with Richardson Extrapolation[23]. Here single point

energies are evaluated at small displacements along the reaction coordinate either side of the

transition state. Note that the FD G0 term in Eq. 8 is also reduced to a simpler form, given by

G0 =
~2

64ω2
F

(
fFFFF −

7fFFF

9ω2
F

)
. (11)
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2.3. The Reduced-Dimensionality Approach

In many systems, a FD treatment may be prohibitively expensive, whilst a one-dimensional

treatment may fail to give sufficient accuracy[14]. An intermediate treatment is therefore use-

ful. This method is often referred to as a reduced-dimensionality (RD) calculation.70

For a d-dimensional calculation, normal modes of the transition state can be divided into d

active modes and F-d spectator modes:

ν =



ν1
...

νF−d

νF−d+1

...

νF



 Spectator Modes

Active Modes

Spectator modes are treated harmonically, similar to a 1D-SCTST calculation, and so only

contribute to the rate through their partition function. It should be noted that the 1D SCTST75

method discussed in the last section is, strictly speaking, also a RD approach. However, because

it does not offer any possible selection of active modes, it is different from the RD approach we

are about to introduce in this section.

In quantum scattering studies of bimolecular hydrogen transfer reactions, the active degrees80

of freedom are often chosen based on chemical intuition (for example, bond-breaking and bond-

forming degrees of freedom[24, 25]). For unimolecular reactions, or more complex bimolecular

reactions, the choice is less clear. Here we describe a method to indicate the strongly coupled

degrees of freedom, without requiring calculation of the full couplings (as needed for a FD

calculation).85
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In our RD analyses, the non-reactive active modes are selected based on their anharmonic

coupling terms to the reaction mode, xiF , whose full expression was given in Eq. 7. From two

Hessians displaced along the reaction mode, derivatives of the form fijF and fFFii (where F

corresponds to the reaction mode) can be calculated directly. These derivatives, along with the90

harmonic frequencies, give enough information to calculate approximate anharmonic constants

of the form:

xapproxiF =
~2

4ωiωF

(
fiiFF +

F∑
j=1

2f 2
ijF

(
ω2
i + ω2

F − ω2
j

)[
(ωi + ωF )2 − ω2

j

] [
(ωi − ωF )2 − ω2

j

]) (12)

which serves as an approximation to the full expression:

xiF =
~2

4ωiωF

(
fiiFF −

F∑
j=1

fiijfjFF

ω2
j

+
F∑

j=1

2f 2
ijF

(
ω2
i + ω2

F − ω2
j

)[
(ωi + ωF )2 − ω2

j

] [
(ωi − ωF )2 − ω2

j

]) (13)

where the second term (containing derivatives of the form fiij) is not present in xapproxiF .

95

From these values, ‘candidate modes’ can be identified as those with large couplings. By

taking Hessians along the candidate modes (2 Hessians per mode), the estimates can be refined

and the accurate xiF term can be calculated using equation 13. This method thus yields accu-

rate values of the anharmonic constants xij where i and j are active modes, which can then be

included in the SCTST calculation. For RD calculations in which d << F , the reactant state100

can be approximated as harmonic, as in 1D-SCTST (for reactions where d is required to be

large, this approximation is not valid, and anharmonicity in the reactant must be accounted for).

Following the above procedure, in a case of n candidate modes, a total of 2n Hessian calcu-

lations are required in addition to a standard TST. A special case in the RD SCTST methods105

is 1D SCTST, which can have two interpretations - either as described in section 2.2 (in which

all coupling to the reaction mode is neglected), or as an extension of the RD method (where

coupling to other modes is partially accounted for by taking two Hessians displaced along the

reaction mode). They differ just in whether xFF is evaluated using equation 10 or 6. In this

work (and to be consistent with previous work) we will refer to the fully-decoupled method as110

1D-SCTST, and the two-hessian version as (1D+)-SCTST. This 1D+ method has been shown
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previously[14] to yield better results than the simple 1D SCTST.

2.4. Computational Methods

In order to compare with VTST/SCT calculations[5], we performed ab initio calculations us-115

ing Gaussian 09[26] with the M06-2X DFT functional[27] and the 6-311+G(d,p) basis set[28].

SCTST calculations were performed using our in-house pySCTST code. Full details of the

SCTST method can be found in reference 15. In the 1D calculations, 8 single point energies were

calculated along the reaction mode, away from the TS, with a step size of δQ = 0.02 a0 Da0.5

in order to determine the anharmonicity of the reaction path, calculated using Richardson120

extrapolation. For FD-SCTST calculations, anharmonic constants were determined using the

freq=anharmonic keyword in Gaussian.

3. Results

3.1. FD and 1D SCTST125

We first compare FD- and 1D-SCTST to VTST/SCT calculations on cyclobutylidene[5] at

the same level of quantum theory. SCTST parameters for this reaction are shown in Table 1.

The level of theory used was chosen to replicate previous calculations, but the barrier heights

agree within 6% of our calculations at the much higher CCSD(T) / cc-pVTZ // MP2/cc-pVTZ

level of theory. The CCSD(T) barrier height was 57.8 kJ / mol, compared to the DFT barrier130

of 61.1 kJ/mol. The value of xFF is seen to differ greatly between its 1D and FD expression.

Such extreme behaviour has not been seen in other systems[14, 15], and is likely to lead to a

large error in the 1D result.

Table 1: SCTST parameters for the isomerisation of cyclobutylidene

V0 / (kJ/mol) ωF / i cm−1 x1DFF / cm−1 xFD
FF / cm−1

61.16 823.08 -34.47 -1.830

The results of these rate calculations are shown in Fig. 2, which shows that whilst 1D-135

SCTST fails to accurately capture the low-temperature behaviour of the system, FD-SCTST
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Figure 2: FD-SCTST has excellent agreement with CVT-SCT calculations by Karmakar et al. for the unimolec-

ular isomerisation of cyclobutylidene [5]

is in good agreement with the VTST/SCT results over the whole temperature range; they dif-

fer by a factor of three at 100 K, but less than 20% above 200 K. 1D-SCTST underestimates

the rate by several orders of magnitude at lower temperatures. The impressive agreement

between VTST and SCTST further supports the conclusion that SCTST is able to pick up140

corner-cutting effects accurately[15], since VTST/SCT accounts for this explicitly. The near

temperature-independence of the rate at low temperature is commonly observed in unimolecular

tunnelling systems[29–31], but is not picked up in the 1D treatment as its very negative value

of xFF gives a quantitatively incorrect barrier shape in the deep tunneling regime, disallowing

tunnelling from the bottom of the reactant potential energy well. The FD-SCTST calculation,145

however, required 49 Hessian calculations at the TS.

4. Conclusions

4.1. RD-SCTST

To perform the RD calculation, the key coupled modes in the transition state must be150

identified. Table 2 shows how the approximate xiF values change as Hessians are added. This

is also illustrated in Figure 3, including a direct comparison of the approximate and accurate
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Figure 3: Determining the key modes in cyclobutylidene. Comparison of the approximate values of xiF with

their accurate values (from a full-dimensional VPT2 calculation), as more Hessians are added. Only one bound

mode is found to couple significantly to the reaction mode.. These data are tabulated in Table 2

values of xiF (calculated previously for the FD calculation).

In this case, the initial approximation identifies two candidate modes (modes 3 and 6),155

with xapproxiF values of -64i and 164i cm−1respectively (shown in the top left of Fig. 3). Also,

including Hessians displaced along mode 6 (top-right) then allows for accurate calculation of

x6F as 101i cm−1. Mode number 6 is illustrated in the bottom right of Fig. 3, and corresponds

to movement of the transferring H atom perpendicular to the reaction path, out of the ring.

Including Hessians along mode 3, however, shows a significant change in the value of x3F to160

+11.6i cm−1. This places this mode within the grouping of other (insignificant) modes, and

thus was discounted from the rest of the calculation. The possibility of large shifts between

approximate and accurate xiF values is why the approximate xiF s are not, themselves, suitable

for use in an SCTST calculation. Note that the accurate values of xiF are shown in Fig. 3 to

illustrate the accuracy of the RD method, but are not required to perform the RD analysis.165
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Table 2: How the approximate xiF s compare to the (accurate) FD value, as more Hessians are added. Col-

ored cells show the ‘active’ modes in each calculation. These data are shown schematically in Fig. 3. The

computational cost in a calculation is indicated as the number of Hessian matrices required.

xiF / i cm−1

1D 2D 3D FD

# Hessians 3 5 7 49

i

F -1.83 -1.83 -1.83 -1.83

1 -5.10 -5.18 -1.85 -2.50

2 -4.46 -4.51 -1.60 -2.15

3 -64.08 -63.91 11.65 11.63

4 -5.86 -6.03 -2.01 -2.34

5 -5.96 -6.20 -2.57 -2.88

6 164.17 101.16 101.16 101.19

7 -1.11 -1.31 -1.89 -1.52

8 -1.20 -1.31 -1.95 -1.35

9 -17.29 -11.29 -12.14 -8.65

10 -1.53 -6.91 -10.34 -21.98

11 -3.33 -3.51 -9.52 -6.14

12 -3.98 -4.53 -5.10 -5.06

13 0.80 0.66 0.01 2.53

14 -3.47 -3.77 -8.02 -7.12

15 1.44 1.19 -0.42 1.34

16 1.56 1.45 0.65 1.93

17 -3.21 -2.82 -4.17 -3.14

18 0.81 1.68 -3.85 -4.37

19 -0.40 0.20 -8.69 -7.20

20 -17.03 -17.07 -20.96 -17.80

21 -9.65 -9.96 -10.76 -9.95

22 -16.14 -13.79 -26.25 -21.61

23 1.22 1.33 0.22 -1.82
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Figure 4: 2D-SCTST is an excellent approximation to the FD result in this case, whilst the 1D+ method is a

significant improvement to the simple 1D-SCTST

The rate was then calculated in two-dimensions, as described previously. This calculation thus

required a total of 7 Hessians.

In Fig. 4 we compare this 2D-SCTST result to the FD-SCTST calculation above, and the

(1D+)-SCTST result. It is clear that 2D-SCTST performs remarkably well, despite its modest170

computational cost. It overestimates the FD-rate by just a factor of two at 100 K. Note the

1D+ calculation also performs rather well, within a factor of four at 100 K, since the shape of

the barrier is corrected by the accurate xFF term. The success of the 1D+ treatment has been

noted previously[14].

175

5. Conclusions

We have described a reduced-dimensional approach to semiclassical transition state the-

ory, and applied it to the isomerisation of cyclobutylidene. We have found that SCTST

in full-dimensions gives excellent agreement with previous VTST/SCT calculations, however

1D-SCTST fails to give a good estimate of the rate at low temperatures. The reduced-180

dimensionality scheme shows that a two-dimensional approach yields excellent agreement with

11



FD-SCTST and thus describes a very efficient method to determine rate constants.
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[31] J. Kästner, Theory and simulation of atom tunneling in chemical reactions, Wiley Inter-

discip. Rev. Comput. Mol. Sci. 4 (2) (2014) 158–168. doi:10.1002/wcms.1165.

16


