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We spell out the paradigm of exact conditioning as an intuitive and powerful way of conditioning on
observations in probabilistic programs. This is contrasted with likelihood-based scoring known from
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presenting prototypical languages for each case and giving semantics to them. We make use of categorical
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1 INTRODUCTION

Probabilistic programming is a programming paradigm that uses code to formulate generative
statistical models and perform inference on them [19, 50]. Techniques from programming language
theory can be used to understand modeling assumptions such as conditional independence, as
well as enable optimizations that improve the efficiency of various inference algorithms (e.g., [45]).
We’ll also elaborate on this application in Section 1.1.

There are two different styles of conditioning on data in a probabilistic program: scoring and
exact conditioning. Scoring features constructs to re-weight the current execution trace of the prob-
abilistic program with a given likelihood. By contrast, exact conditioning focuses on a primitive
operation E; == E,, which signifies that expressions E; and E; shall be conditioned to be exactly
equal. A prototypical exact conditioning program looks as follows, where we infer some underly-
ing value x from a noisy measurement y (see also Section 1.1):
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x = normal (u=50, 0=10) # prior
= normal (y=x, 0=5) # noisy measurement
y =:= 40 # make exact observation

<

Variants of exact conditioning are available in different frameworks: In HAKARU [42], certain
exact conditioning queries can be addressed using symbolic disintegration, but (=:=) is not a first-
class construct in Hakaru. INFER.NET [33] does allow exact conditioning on variables and employs
an approximate inference algorithm to solve the resulting queries (e.g., [23]). The intended formal
meaning of exact conditioning is, however, far from obvious when continuous distributions such
as Gaussians are involved (in our example, the observationy == 40 has probability zero). The goal
of this article is to rigorously spell out the exact conditioning paradigm, give semantics to it, and
analyze its properties.

We note that, even in this simple example, the use of exact conditioning is intuitive and allows
the programmer to cleanly decouple the generative model from the data observation stage. As the
example makes clear, exact conditioning lends itself to logical reasoning about programs. For exam-
ple, after conditioning s =:= t, the expressions s and t are known to be equal and can be interchanged.

As we will show, exact conditioning also enjoys good formal properties that allow us to simplify
programs compositionally. Among the desired properties are the following: Program lines can be
reordered as long as dataflow is respected. That is, the commutativity equation remains valid for
programs with conditioning

letx = uin lety = vin

= (1)

lety = vint letx = uint’

where x not free in v and y is not free in u. We have a substitution law: if t == u appears in a
program, then later occurrences of t may be replaced by u.

(t==upolt/x] = (¢ u)ofu/x] @)

As a special base case, if we condition a normal variable on a constant ¢, then the variable is simply
initialized to this value:

letx = normal()in(x==¢);t = t[c/x]. (3)

We substantiate these claims further and give examples of applications of these laws in our ex-
tended introduction (Section 1.1).

In order to formally study exact conditioning, we focus on two concrete fragments of probabilistic
computation:

(1) Finite probability, which deals with finite sets and discrete distributions
(2) Gaussian probability, which deals with multivariate Gaussian (normal) distributions and
affine-linear maps

We give probabilistic languages for each fragment and extend them with an exact conditioning
construct. The language for finite probability is well known, while the Gaussian language is novel.
We give its formal description and operational semantics in Section 2.

METHODS. Our goal is to give denotational semantics to these languages and prove that the de-
sired properties from Equations (1) and (3) hold. We wish to do this in an abstract way that relies as
little as possible on the particular details of finite or Gaussian probability but instead treats them
uniformly and is open to generalization. Categorical probability theory is such an abstract language
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Fig. 1. Different formalisms for composition.

of mathematical models of probability, which allows us to discuss the relevant notions such as de-
terminism, independence, and conditioning in a uniform way. We connect categorical probability
theory to probabilistic programming using the following Curry-Howard style correspondence:

(1) Probabilistic programs are the internal languages of categorical probability theories; program
terms ¢ can be interpreted as morphisms [¢] in these categories.

(2) For every probabilistic language, its syntactic category is a categorical model of probability
theory. Objects are types and morphisms are terms of the language.

We prove a particular version of the correspondence in Section 3.3: the CD calculus is the internal
language of CD categories, a widespread model of categorical probability theory discussed in Sec-
tion 3.1. This language, which resembles a first-order OCaml, serves as a meta-language of which
all other languages discussed in this article (finite or Gaussian, with or without conditioning) will
be particular instances.

The Curry-Howard correspondence gives us three equivalent formalisms for describing proba-
bilistic models (see Figure 1):

(1) Terms in a probabilistic language

(2) Morphisms in a categorical model

(3) String diagrams, which are a well-known graphical notation to describe compositions of
morphisms in an intuitive way [41]

We will frequently convert back and forth between the different formalisms for convenience and
conciseness and to emphasize different mathematical or programming intuitions. We expect some
familiarity of the reader for translating string-diagrammatic and algebraic categorical notation,
though we will give a brief reminder in the introduction of Section 3. The correspondence be-
tween string diagrams and program terms is a novel technical contribution of this article. It
is formally proved in Section 3.3, and we will aid the reader by spelling out examples in both
programming and categorical terms. A reader not primarily interested in category theory may
still view our string diagram manipulations as a concise graphical way of encoding program
transformations.

To connect our development to more traditional probabilistic notions, we consider the for-
malism of directed graphical models (Bayesian networks). For example, the three expressions of
Figure 1 can all be understood as encoding the generative structure of the following Bayesian
network:

4)
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2:4 D. Stein and S. Staton

This Bayesian network indicates that there are random variables valued in spaces W, X, and Y,
with the given conditional independence structure, but this conditional independence means that
we can describe the situation by giving the distribution ¢ of the random variable valued in W,
together with the distributions of the random variables valued in X and in Y, which both depend
on the random choice for W, via f and g.

A systematic comparison of graphical models and string diagrams is given in [10]. We note
that Bayesian networks are a strictly weaker formalism than the other three; i.e., not every string
diagram or probabilistic program can be obtained from a Bayesian network.

Contributions. We build up this categorical machinery to first understand the semantics of prob-
abilistic languages without conditioning. We then use the same framework to extend the language
with an exact conditioning operator. On the side of categorical semantics, this amounts to extend-
ing a suitable category C (for conditioning-free computation) with effects X — I for conditioning
on observations. We call the extended category Cond(C). Constructing this category (Section 5)
and proving its desirable properties is the central contribution of this article.

Importantly, the Cond construction makes no mention of measure theory, densities, or limits,
which usually feature in discussions of conditional probability, but is defined purely in terms of
the categorical structure of C. It is closely tied to reasoning in terms of program transformations:
the Cond construction can be understood as giving normal forms for straight-line programs with
exact observations, modulo contextual equivalence:

x:Xrlet(y,k): Y®K = hin(k=0);returny :Y.

Our definition of abstract inference problems in Section 4 follows that intuition. The desired prop-
erties of exact conditioning can be proved purely abstractly for the Cond construction. Our type-
theoretic approach to conditioning will also help address counterintuitive behavior such as Borel’s
paradox (Section 7.1).

We give concrete descriptions of the Cond construction applied to our main examples of
discrete and Gaussian probability. This means analyzing contextual equivalence for our example
languages in detail: For finite probability, we obtain substochastic kernels modulo automatic
renormalization (Section 6.2). This fully characterizes contextual equivalence for straight-line
inference with discrete probability and refines the semantics using the subdistribution monad. Our
discussion reveals interesting connections between the admissibility of automatic normalization
and the expressibility of branching in probabilistic programs (Section 6.3). For the Gaussian lan-
guage we give a concrete analysis by proving that the denotational semantics is fully abstract in
Section 6.1.

Outline. We give an overview of the structure of the article:

— To demonstrate the strengths and intricacies of the exact conditioning approach, we will
follow up this introduction with an extended example (Section 1.1) elaborating the noisy
measurement example and demonstrate the power of program transformations and compo-
sitional reasoning for a Gaussian random walk example.

— In Section 2, we formally introduce the Gaussian language and its operational semantics.

—In Section 3, we review string diagrams and categorical probability theory using CD and
Markov categories. We then introduce the CD calculus (Section 3.1) and prove it to be inter-
nal language of CD categories, which gives us the central correspondence of probabilistic
programs and string diagrams. In Section 4, we use the categorical notions to develop an
abstract theory of inference problems in Markov categories.
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— In Section 5, we present the Cond construction, which is the centerpiece of this article. We
prove the well-definedness of its construction (Theorem 5.6) and verify the desired laws for
conditioning in full generality (Section 5.3).

— In Section 6, we return to analyze the Cond construction in detail for our two example set-
tings. This is tantamount to studying contextual equivalence for our exact conditioning lan-
guages: In Section 6.1, we show that the denotational semantics for the Gaussian language is
fully abstract. In Section 6.2, we conduct a similar analysis for finite probability, arriving at
an explicit characterization of Cond(FinStoch). Our discussion reveals interesting connec-
tions between the admissibility of automatic normalization and the availability of branching
in probabilistic programs (Section 6.3).

Note. The starting point for this article is our paper in the Proceedings of LICS 2021 [49], where
we introduced the Gaussian language and used the Cond construction to prove a full abstraction
result. For this invited journal submission, we expand upon [49] with greater detail and background
throughout Sections 1 through 4 and expose the Cond construction in a self-contained manner
with an emphasis on program equations and graphical reasoning in Section 5. This submission
also incorporates otherwise unpublished material that is part of the first author’s DPhil thesis [48],
such as the formal presentation of the CD calculus. The treatment of finite probability in Section 6
and the recognition of the special role of branching in Section 6.3 are entirely novel contributions
of this article. A Python implementation of the Gaussian language is available under [47].

1.1 Extended Discussion about Exact Conditioning

We proceed with an extended discussion on the differences between the scoring and exact condi-
tioning paradigms and the strengths and difficulties related to exact conditioning. This discussion
uses an informal Python-like language and is not technically essential for the rest of the article.
The later sections of the article are fully formal.

Exact Conditioning versus Scoring. In the introduction, we considered a noisy measurement
example: our prior assumption about the distribution of some quantity X is that it is normally
distributed with mean p = 50 and standard deviation ¢ = 10. We only have access to a noisy
measurement Y, which itself has standard deviation 5, and observe a value of Y = 40. Conditioned
on that observation, the posterior distribution over X is now N (42, ) with o = V20 ~ 4.47.

In probabilistic programming with scoring, the primitive score(r) re-weights the current exe-
cution trace of the probabilistic program with a score or likelihood r € R. A derived operation
observe(x,D) expresses an observation of a value x from some distribution D by scoring with the
density r = pdf(x). The scoring implementation of the noisy measurement example therefore
looks like this:

x = normal (50, 10) # prior
observe (40, normal(x,5)) # observation

The idea of Monte Carlo simulation is to run the program many times, picking different values for
x from the normal distribution but preferring runs with a high likelihood. This makes execution
traces more likely whose value of x lies closer to 40. Scoring constructs are widely available in
popular probabilistic languages such as STan [5] or WEBPPL [18]. Scoring with likelihoods from
{0, 1} is sometimes called a hard constraint, as opposed to more general soft constraints. The pro-
totypical way of performing inference on scoring programs is by likelihood-weighted importance
sampling. Hard constraints turn this into mere rejection sampling, because likelihood-zero traces
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2:6 D. Stein and S. Staton

are discarded entirely. Replacing hard constraints by equivalent soft ones can thus be beneficial
for inference efficiency.

Exact conditions are strictly more powerful than scoring, because we can express observe (x,D)
in terms of conditioning on a freshly generated sample as lety = sample(D) in y =:= x. Onthe
other hand, not every exact conditioning program can be expressed in terms of scoring:

In the special case of discrete probability, we can express an exact condition E; =:= E; by the hard
constraint score(if E; == E; then 1 else 0) without issue. This causes an execution trace to
be discarded whenever the condition is not met. This encoding is no longer viable for continuous
distributions such as Gaussians: For example, the program

x = normal(0,1); x =:= 40

should return x=40 deterministically, because x is conditioned to have that value. On the other
hand, the following hard constraint:

x = normal(0,1); score(if x == 40 then 1 else 0)

will reject every execution trace, because the probability that x==40 is true equals zero. It is impor-
tant to distinguish exact conditioning (=:=) from the Boolean equality test (==). This distinction is
crucial to making sense of apparent paradoxes such as Borel’s paradox (Section 7.1).

Compositional Reasoning about Conditions. To elaborate on the power of reasoning com-
positionally about conditioning programs, we consider the example of a simple Gaussian random
walk with 100 steps, together with a table obs of exact observations (Figure 2). A straightforward
implementation would be to first generate the entire random walk and then condition on the
observations:

# generative model
for i in range(1,100):
y[i] = y[i—1] + normal(0,1)
# observations
for j in obs:
y[j]1 =:= obs[j]

The same program is more complicated to express without exact conditioning: using soft condi-
tions, the observations would need to be known at the time of generation and observe commands
need to be issued in place, breaking the decoupling between the model and the data.

On the other hand, rewriting the original model in such a way may improve the efficiency of
inference. We can verify such a transformation using compositional reasoning: As we will show,
it is consistent to reorder program lines as long as the dataflow is respected (Equation (1)), so the
random walk program is equivalent to the following version with interleaved observations:

for i in range(1,100):
y[i] = y[i—1] + normal(0®,1)
if i in obs: y[i] =:= obs[i]
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30 30
20 20
10 10
01 R 0
-10 -10
-20 -20
-30 1 — T " r " v -30 L— T r : - :
0 20 40 60 80 100 0 20 40 60 80 100

Fig. 2. Gaussian random walk (left) and conditioned posterior (right) with four exact observations at i =
20, 40, 60, 80.

In the observation branch, we can now use the initialization principle in Equation (3) to
set y[i] to its target value directly as y[i] = obs[i]. The remaining condition becomes
(y[i] — y[i—1]) =:= normal(0, 1), so we obtain

for i in range(1,100):
if i in obs:
y[i]l = obs[i]
(y[i] — y[i-1]) =:= normal(0,1)
else:
y[i] = y[i—-1] + normal(0,1)

In this version of the program, all exact conditions can now be replaced by observe statements:

for i in range(1,100):
if i in obs:
y[i]l = obs[i]
observe(y[i] — y[i—1] , normal(0,1))
else:
y[i] = y[i—-1] + normal(0,1)

We can run this resulting program directly using a Monte Carlo simulation in Stan or WebPPL.

In Section 2, we formalize the operational semantics of our Gaussian language, in which there
are two key commands: drawing from a standard normal distribution (normal()) and exact con-
ditioning (=:=). The operational semantics is defined in terms of configurations (¢, ), where t is a
program and ¥ is a state, which here is a Gaussian distribution. Each call to normal() introduces
a new dimension into the state ¢, and conditioning (=:=) alters the state i using a canonical form
of conditioning for Gaussian distributions (Section 2.1).

In our first version of the random walk example, the operational semantics will first build up
the prior distribution shown on the left in Figure 2, and then the second part of the program will
condition to yield a distribution as shown on the right. But for the other programs above, the
conditioning will be interleaved in the building of the model.

In stateful programming languages, the composition of programs is often complicated, and local
transformations are difficult to reason about. This is what makes program transformations like the
ones we used powerful and nontrivial to verify.
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2 A LANGUAGE FOR GAUSSIAN PROBABILITY

In this section, after an overview of the mathematics of Gaussian probability (Section 2.1), we for-
mally introduce a typed language (Section 2.2) for Gaussian probability and exact conditioning and
provide an operational semantics for it (Section 2.3). Our operational semantics is straightforward,
in that it maintains a symbolic description of the distribution over all latent variables as the pro-
gram runs, expressed as a covariance matrix. Thus, the aim of this section is to formally describe
language that we are studying in this article.

Looking beyond this section, the aim of the further sections of this article is to address the
issue that, as usual, the simple operational semantics here is intensional and non-compositional.
It is intensional in that if two different programs actually behave in the same way, that might be
very unclear from the operational semantics; it is non-compositional in that the role of running
subprograms is hidden in the overall run of the operational semantics. The aim of the remainder of
the article, then, is to establish an equational and denotational framework for exact conditioning.

The language in this section is focused on Gaussian probability for concreteness, but to under-
stand the equational framework, it will be helpful in future sections to move to a general setting
(Sections 3.3 and 5 for the general case without and with exact conditioning, respectively). Once
this general framework is established, we are able to offer a denotational explanation of exact
conditioning, which specializes to this Gaussian language (Section 6.1).

2.1 Recap of Gaussian Probability

We briefly recall Gaussian probability, by which we mean the treatment of multivariate Gaussian
distributions and affine-linear maps (e.g., [30]). A Gaussian distribution is the law of a random vec-
tor X € R" of the form X = AZ + i, where A € R™™, 1 € R" are not random but the vector Z is a

multivariate standard normal random vector. That is, its components Z1, ..., Z,, ~ N(0,1) are in-
dependent and standard normally distributed, i.e., with the following probability density function:
1
o(x) = —=e "

Ver

(Formally, this is a density that is regarded with respect to the Lebesgue measure, see Appendix A.1,
but a high school knowledge of probability density is sufficient for this section.) The distribution
of X is fully characterized by its mean y and the positive semidefinite covariance matrix > = AAT.
Conversely, for any p and positive semidefinite matrix ¥ there is a unique Gaussian distribution
of that mean and covariance, denoted N (i, 2). The vector X takes values precisely in the affine
subspace S = p + col(2), where col(Z) denotes the column space of . We call S the support
of the distribution. We note that while it is common to consider Gaussian distributions with
non-singular (positive definite) covariance matrix, it is convenient to allow the more general
positive semidefinite case here, even including vanishing covariance. Natural programming
constructs such as the copying of variables results in a singular covariance, and setting > = 0 lets
us treat deterministic computation as a special case of probabilistic one. On the flipside, singular
covariance requires us to carefully consider supports in our theory of conditioning.

Gaussian probability defines a small convenient fragment of probability theory, with the
following properties:

— Affine transformations of Gaussians remain Gaussian. That is, if an affine map f is written
as f(x) = Ax + b and X is a random vector with mean p and covariance ¥, then f(X) has
mean Ay + b and covariance AXA” . This operation is called the pushforward of distributions
and is denoted f, i.e.,

fAN(1.2)) = N (A + b, ASAT). ®)
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Probabilistic Programming with Exact Conditions 2:9

— Conditional distributions of Gaussians are themselves Gaussian. If we decompose an (m+n)-
dimensional Gaussian vector X ~ N (y, X) into components Xi, X, with

X H 21 212 T
X = T , 0= , where Xy; = X5,,
(Xz) K (Hz) (221 222) o 12

there is a well-known explicit formula (e.g., [9, 3.13]) for the conditional distribution
X11(Xz = a) of X; conditional on X, = a for a € supp(X3). Namely X;|(X; = a) ~ N(¢', %),
where

po= o+ Sna - ) X =30 - 21355, (6)
and X, is any generalized inverse of ;.

We elaborate on Equation (6) a bit: A generalized inverse of an (m X n)-matrix M is an (n X m)-
matrix M~ such that MM~M = M. Such inverses can be shown to always exist, but they need not
be unique. If M is invertible, its unique generalized inverse is M~!. The posterior covariance matrix
Y = Zi1 — 21225,%; is also known as the Schur complement and is independent of the choice of
generalized inverse. The matrix 3,2, appearing in the calculation of ;1" does depend on the choice
of %,. However, it takes uniquely defined values on the subspace col(X2,). Therefore, Equation
(6) is only well defined if the observation a lies in the support of X,. This caveat is mirrored in our
categorical treatment of Section 4, where conditionals are only unique on supports. A popular
choice of generalized inverse is the Moore-Penrose pseudoinverse, which has connections to least
squares optimization. For a detailed discussion of these concepts, we refer to [52, Section 1.6].

The formula for conditional probability becomes particularly simple if we condition on a single
real-valued component of a vector: let X ~ N (y, %) and let Z = uX for some u € R™1 and then
the covariance of (X, Z), regarded as a random (n + 1)-vector, decomposes as

> osul T
(uZT o2 ) , where o9 = udu’,
and the conditional distribution of X|(Z = a) is N (¢’, 2’) with

- 1
u=p+ MZMT, ¥ =3-—3ulux (7)
092 022

whenever g2, > 0.If 032 = 0 and up = a, the condition is tautologously 0 = 0 and we have p’ = p,
3’ = . Otherwise, a ¢ supp(Z), and the conditioning problem has no well-defined solution.

Example 2.1. Let X,Y ~ N(0,1) be independent and Z = X — Y. The joint distribution of
(X,Y,Z) is N (0, %) with covariance matrix

1 0 1
=10 1 -1].
1 -1 2

By Equation (7), the conditional distribution of (X,Y) given Z = 0 has the following covariance

matrix:
, (1 0} 1(1 _ (05 05
> ‘(0 1) 5(—1) (1 1)‘(0.5 0.5)'

The posterior distribution is thus equivalent to the model
X ~N(0,05),Y =X

with one univariate Normal distribution having mean 0 and variance 0.5.
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2:10 D. Stein and S. Staton

Borel’s Paradox. Borel’s paradox is an important subtlety that occurs when conditioning on the
equality of random variables X = Y. The original formulation involves conditioning a uniform
point on a sphere to lie on a great circle, but we will use Borel’s paradox to refer to any situation
where conditioning on equivalent equations leads to different outcomes (e.g., [42]). For example,
if instead of the condition X — Y = 0 in Example 2.1 we had chosen the seemingly equivalent
equations X/Y = 1 or even [X = Y] = 1 (using Iverson bracket notation), we would have obtained
different posteriors:

Example 2.2. f X,Y ~ N (0, 1), then conditioned on (X/Y = 1), the variable X can be shown
to have density |x|e™" [40]. Under the Boolean condition [X = Y] = 1, the inference problem
has no solution because the model X,Y ~ N (0,1),Z = [X = Y] is measure-theoretically equal to
X,Y ~ N(0,1),Z = 0 (since independent Gaussian random variables are almost surely different),
and conditioning on 0 = 1 is inconsistent.

We will address Borel’s paradox and posit that a careful type-theoretic phrasing (Section 4) helps
alleviate its seemingly paradoxical nature (Section 7.1).

2.2 Types and Terms of the Gaussian Language

We now describe a language for Gaussian probability and conditioning. The core language re-
sembles first-order OCaml with a construct normal() to sample from a standard Gaussian and
conditioning denoted as (=:=). Types 7 are generated from a basic type R denoting real number or
random variable, pair types, and unit type I:

ru=R|l|T=*r.
Terms of the language are
ex=x|e+e|la-e|fl(ee)l()
|letx = eine_l let (x,y) = eine
| normal() | e =:= e,
where «, f range over real numbers. Typing judgements are

I'ts:o Ttrt:1

Ix:t,0"krx:71 T+():1 Tk (s,t):0oxT
'rs:R TFt:R 'rt:R
F'ts+t:R F'ta-t:R I'rp:R

I'rs:R TFrt:R
I+ normal() : R Ik (s==t):1

I'ts:o Ix:obrt:T

IF'kletx = sint: 1

F'ts:oxo’” T,x:o,y:0'Ft:7T

I'Flet(x,y) = sint:r

In Section 3.3 we will introduce the general CD calculus, and our Gaussian language is an in-
stance of this,! with base type R and signature:

(+):R*R->R, a-(-):R->R, f:1>R, normal:1>R, (=2):R*xR—-o1  (8)

In the CD calculus, we use projection maps rather than pattern-matching let, but those constructs are interdefinable.
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This will give us a clear path to denotational semantics: in Section 6.1, we will indeed identify
our language as the internal language of an appropriate CD category with an exact conditioning
morphism.

We use standard syntactic sugar for sequencing s; t. We identify the type R* = R (R*...) with
vectors x = (xi,...,x,) and write matrix-vector multiplication A - x in an informal manner. For
o € Rand e : R, we define normal(x,c?) = x + ¢ - normal(). More generally, for a covariance
matrix ¥ and x : R", we write normal(x,>) = x + A - (normal(),...,normal()), where A is any
matrix such that ¥ = AAT. By the simple nature of the typing rules, we can identify any context
and type with R” for suitable n.

For example, referring to Example 2.1, the tuple (X, Y, Z) can be written in our language as

let (x,y) = (normal(), normal()) in (x,y,x — y).
The full example with conditioning can be written
let (x,y,z) = (let (x,y) = (normal(), normal())in (x,y,x — y)) inz == 0; (x, y).
This program is contextually equivalent (Definition 2.5) to
letx = V0.5 % normal() in lety = xin(x,y).

2.3 Operational Semantics

Informally, our operational semantics works as follows: calling normal() allocates a latent random
variable, and a prior distribution over all latent variables is maintained; calling (=:=) updates this
prior by symbolic inference according to Equation (6).

Formally, we define a reduction relation over configurations. A configuration is either a dedicated
failure symbol L or a pair

(e ),
where 1/ is a Gaussian distribution on R” (i.e., a mean vector and covariance matrix) and z; :
R,....z; : R+ e. Thus, a running term e may have free variables; these stand for dimensions in a

given multivariate Gaussian distribution 1/, reminiscent of a closure in a higher-order language.
To define a reduction relation, we first introduce values, redexes, and reduction contexts. Values
v, w and redexes p are defined as

v, W x|(v,w)|v+w|a-v|£|()

pu=normal() [v==w|letx = vinellet(x,y) = vine.
A reduction context C with hole [—] is of the form
Cu:=[-]1(C,e)| (v,C)|C+elv+Cla-C|C==e|lv==C
|[letx = Cinellet(x,y) = Cine.
Perhaps the only thing to note is that, in keeping with the call-by-value tradition of most prob-
abilistic programming languages, we do reduce before a let assignment; i.e. letx = Cineisa
reduction context. It is easy to show by induction that every term is either a value or decomposes

uniquely as C[p]. The latent variables (z; . . . z,) are taken from a distinct supply of variable names
{z; : i € N}. We first define reduction on redexes (1-3) and then reduction contexts (4):

(1) Calling normal() allocates a fresh latent variable and adds an independent dimension to the
prior:
(normal(), ¥) > (zr+1, ¥ ® N (0, 1)),
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where ¢ is a Gaussian distribution on R” with mean p and covariance X; here (¢ ® N (0, 1))

is notation for the Gaussian distribution on R"*! with mean (u,0) and covariance matrix
20y
01/

(2) To define conditioning, note that every value z; : R,...,z, : R+ v : R defines an affine func-

tion R” — R. In order to reduce (v =:= w, /), we consider an independent random variable

X ~ 1y and define the auxiliary real random variable Z = v(X) —w(X).If 0 lies in the support

of Z, we denote by ¥/|,=,, the outcome of conditioning X on Z = 0 and reduce:

(© == w,¥) > (0 Ylo=w).-

Otherwise (v == w, 1) > L, indicating that the inference problem has no solution. To be
completely precise, since v and w are affine, the function (v —w) is affine too, so we can find
u € R™ and b € R such that (v(x) — w(x)) = ux + b and then we condition on uX = —b
using Equation (7).

(3) Let bindings are standard:

(letx = vine,¥) > (e[v/x], )
(let (x,y) = (v,w)ine, ) > (e[v/x, w/y].¥).
(4) Lastly, under reduction contexts, if (p, ) > (e,¥’), we define (C[p],¥) > (Clel,y’). If
(p,y) > L, then (C[pl.y) > L.

PROPOSITION 2.3. For every closed typed program v e : T either there is a unique value config-
uration (v, ) such that (e,()) >* (v,¥) with v a value or (e,()) >* L. (Here () is the unique
0-dimensional Gaussian distribution, and I>* is the reflexive transitive closure of I>.)

ProoF NoTEs. First, the > relation is deterministic and satisfies progress and type preser-
vation lemmas. These are all shown by induction on typing derivations. Next, all reduction
sequences terminate, because the number of steps is bounded by the number of symbols from
{normal,=:=,let = in} in an expression. m]

We consider the observable result of this execution either failure or the pushforward distribution
v on R", as this distribution could be sampled from empirically.

Example 2.4. The program

let (x,y) = (normal(), normal())inx ==y;x +y

v=n (065 63)

The observable outcome of the run is the pushforward distribution (1 1).¢ = N'(0,2) on R.

reduces to (z; + z2, 1), where

One goal of this article is to study properties of this language compositionally and abstractly,
without relying on any specific properties of Gaussians. From the operational semantics, we can
define an extensional and compositional contextual equivalence.

Definition 2.5. We say T F ey, e, : T are contextually equivalent, written e; = ey, if for all closed
contexts K[-] and i,j € {1, 2}:

(1) when (Ke;],!) " (v, ¥i), then (K[e;],!) >* (v}, ¥5) and (vi)«¥hi = (0))«Yj3
(2) when (K[e;],!) > L, then (K[e;],!) >* L.

Here (v;).y; denotes the pushforward distribution as defined in Equation (5).
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We later study contextual equivalence by developing a denotational semantics for the Gaussian
language (Section 6.1) and proving it fully abstract (Theorem 6.2). We also note that nothing con-
ceptually limits the language in this section to only Gaussians. We are running with this example
for concreteness, but any family of distributions that can be sampled and conditioned can be used.
So we will take care to establish properties of the semantics in a general setting.

3 CATEGORICAL SEMANTICS FOR PROBABILISTIC PROGRAMMING

This section introduces denotational semantics for the probabilistic language in Section 2, at first
without conditioning. We will construct this semantics using a general and reusable strategy,
namely:

(1) understanding the structure of mathematical models of probability theory and
(2) introducing a metalanguage (the CD calculus) that acts as the internal language of these
categorical models.

The Gaussian language will be a particular instance of the metalanguage, and its semantics will
take place in the Markov category Gauss (defined in Definition 3.8). The language for finite
probability will have semantics in the Markov category FinStoch (Definition 3.4).

This is a general section on the relationship between probabilistic languages and categorical
models. We will recall symmetric monoidal categories and string diagrams, and define CD and
Markov categories, which are the relevant categorical models of probability theory. We then in-
troduce the CD calculus as a metalanguage for first-order probabilistic programs and prove the
desired correspondence:

(1) Every program term can be interpreted as a morphism in a CD category.

(2) Every string diagram can be encoded as a program term.

(3) Every valid manipulation of string diagrams translates to a provable equality of programs,
and vice versa.

This is formally stated and proven in terms of internal language and syntactic category (Proposi-
tion 3.14 and Definition 3.18). This unlocks the equivalent formalisms discussed in the introduction
(Figure 1). These formalisms form the basis of our study of conditioning in the later Sections 4 and 5.

Monoidal Categories and String Diagrams. Recall that a category comprises objects and mor-
phisms between the objects. In this context, the objects are to be thought of as generalized spaces
and the morphisms as stochastic functions. That is, a morphism X — Y is thought of roughly as
something that takes an argument from X and makes some random choices before returning an
element of Y. (The reader familiar with probability theory can regard them as probability kernels
or parameterized measures.) In particular, our categories will be monoidal, which means we have
the following constructions (see, e.g., [32] for full definitions):

— Monoidal structure: There is a distinguished object I (thought of as the one-point space),
and for any objects X and Y there is an object X ® Y (thought of as the product space). The
morphisms I — X are thought of as probability distributions on X, and so the morphisms
Y — X can be thought of as distributions on X with parameters from Y.

— Categorical composition: For any morphisms f: X — Y and g: Y — Z, there is a composite
morphism g o f : X — Z. This represents running stochastic computation in sequence.
Mathematically, in several of the examples (Section 3.2), composition is calculated by a form
of integration or summation (integrating over Y), and so we can regard this composition as
an abstract account of integration. We will often abbreviate the composition go f as gf. In
the category of sets and functions, morphisms x : 1 — X can be identified with elements
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X X Y
X
X X A B
p:I—-X p:X—-I idy f®g:A®RB—->X®Y koh:X —>Z

Fig. 3. Overview of string diagram notation.

x € X.If f : X — Y is a function, the composite f ox = fx agrees with function application
f(x). This notation will be convenient in Section 4 when applied to deterministic states.

— Monoidal composition: For any morphisms f: A — B and g: X — Y, there is a composite
morphism (f ® g) : A® X — B® Y. This can be understood as running stochastic computa-
tions in parallel: informally, given a pair (a, x), we randomly produce b from a and y from x,
returning the pair (b, y). Mathematically, in the examples (Section 3.2), this monoidal compo-
sition amounts to product probabilities. In the measure theoretic example (Definition 3.10),
the interchange law of the tensor ® encodes Fubini’s theorem (see Appendix A.1).

The notation for composing morphisms (with o and ®) can quickly become cryptic, and it is
important to find good notations. String diagrams are one such widely used and intuitive notation
(e.g., [27, 41]). In the string diagram, the objects of the category become wires and morphisms are
boxes; sequential composition (o) is simply joining wires together, and monoidal composition (®)
is juxtaposition. States (I — X) and effects (X — I) have special notations, because the unit object
I need not be drawn in string diagrams (see Figure 3 for an overview).

We read such diagrams from bottom to top. Even without categorical machinery, string dia-
grams carry an intuitive meaning as dataflow diagrams. We can manipulate string diagrams using
intuitive rules (sliding around of boxes, formally “planar isotopy”), and the axioms of monoidal
categories ensure that all such manipulations result in the same overall composite. Even more, if
there are different ways of parsing a string diagram into a sequence of composites, then all these
ways have provably equal meanings. This result is known as coherence for monoidal categories.
We demonstrate this for the so-called interchange law (go f)® (g’ o f') = (9®g’) o (f ® f’), which
is derivable from the axioms of monoidal categories. It corresponds to the unambiguous reading
of the string diagram

VA A VA VA 7'
9g®d
of g’of’ = = [ T
Haikdd
X X X X x
(gof)® (g of") (g®g)o(fef)

Symmetry, Copying, and Discarding. Monoidal categories are an important general concept, but
to discuss probabilities in this axiomatic way, it is appropriate to require further structure, resulting
in copy-delete categories and Markov categories as we discuss in Section 3.1. The crucial operations
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are swapping, copying, and discarding of data, which we depict as follows:

Y X X X
X Y X X
swap copy discard

The same building blocks are necessary to interpret terms of a programming language in which
variables can be used without linearity restriction. For example, the term-in-context x,y,z
(y, x, x) requires us to swap and copy x, as well as discard z. The same could be achieved by first
copying x and then swapping both copies with y. These two diagrams are provably equal from the
axioms of CD categories:

Yy X X Yy X X
X Y Z X Y Z

In defining the CD calculus (Section 3.3), we extend the syntax with let-binding, tuples, projec-
tions, and function calls. The calculus has equivalent expressive power to string diagrams, as show-
cased in the introduction (Figure 1). In Section 3.4, we give the systematic method to associate to
every term t a string diagam [[¢]. In particular, manipulations of the string diagrams correspond to
valid program transformations. For example, using the definition of the semantics of let-bindings
in Figure 5, the validity of the commutativity Equation (1) corresponds to the following string
diagram manipulation (where x ¢ fv(t),y ¢ fv(s)):

- v || W )
(x,y) (x,y)
W Is1/ \It]

[1]

In these opening remarks so far, we have started from categorical notions and moved to nota-
tions. It is also helpful to follow the opposite route: we can regard notation as primal—be it string
diagrams, graphical models, or probabilistic programs. Now to decide whether two composites
are equal (two diagrams, two programs), we regard them as morphisms in a category (called the
syntactic category) and ask whether they are equal there (Section 3.4). In this way, category theory
is merely a formalism for compositional theories of equality, which are useful from a foundational
perspective as well as for understanding valid program manipulations. We axiomatize this equality
from the programming perspective in Section 3.5.

We will now formally introduce CD categories and Markov categories and define the relevant
mathematical models for finite and Gaussian probability, before returning to the CD calculus in
Section 3.3.

3.1 Copy-delete Categories and Markov Categories

We will recall two closely related notions, namely:

Markov categories to model purely stochastic computation [11] and
CD categories, which model potentially unnormalized stochastic computation [6].
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Markov categories have been used to formalize various theorems of probability and statistics,
such as sufficient statistics (Fisher-Neyman, Basu, Bahadur) [11], stochastic dominance (Blackwell-
Sherman-Stein) [12], and zero-one laws [13]. Both types of category admit a convenient graphical
language in terms of string diagrams. We will also define the CD calculus, which is the internal
language of CD categories and reminiscent of first-order OCaml (Section 3.3). This makes CD
categories a natural foundation for probabilistic programming. Denotational semantics will be
given to our Gaussian language by recognizing it as the internal language of an appropriate CD
category.

Definition 3.1 (CD Category [6]). A copy-delete category (CD category) is a symmetric monoidal
category (C,®,I), where every object X is equipped with the structure of a commutative
comonoid:

copyy : X > X®X dely: X =1,

copyx = &T/ dely = [

graphically depicted as

satisfying the axioms

S e e

We require that the comonoid structure be compatible with the monoidal structure as follows:

XY X®Y X Y X Y
1 11 krj W
X®Y X Y

It is important that copy and del are not assumed to be natural; explicitly the equations

L# #

z oz

f

/] )

need not hold in general. We give special names to situations where they do hold.

Definition 3.2 (Copyable, Discardable, Deterministic). A morphism f : X — Y is called copyable
if the first equation of Equation (9) holds: copyy o f = (f ® f) o copyy. A morphism f : X — Y
is called discardable if the second equation of Equation (9) holds: dely o f = delx. A morphism is
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Definition 3.3 (Markov Category [11]). A Markov category is a CD category C in which the
following equivalent properties hold:

(1) C is semicartesian; i.e., the unit I is terminal.
(2) Every morphism is discardable.
(3) del is natural.

The definitions of CD and Markov categories encode a significant amount of properties of sto-
chastic computation, as discussed informally at the beginning of Section 3. The discardability con-
dition in Markov categories informally means that probabilities sum to 1, as is the case in the
examples (Section 3.2).

Notation. The presence of explicit copying and discarding maps lets us apply a product-like
syntax for CD categories: if f : A - X, g: A — Y, we write a tupling

def
(f.9) = (f ®g) o copy,
and define projection maps
mx: X®Y X ay: XQY->Y

via discarding. Recall that a state in a symmetric monoidal category is a morphism ¢/ : I — X. An
effect is a morphism p : X — I. Note that by terminality of the unit I in a Markov category, all
effects X — I must be trivial; in CD categories, effects will be of interest.

In Markov categories, we will furthermore employ the following probabilistic terminology: we
call states i : I — X distributions, and if f : A —» X ® Y, we define its marginal (of X) fx : A > X
to be zx f. Of course, we generally have f # (fx, fy) unless C is Cartesian. For every CD category
C, the wide subcategory Cge;, which consists of only the deterministic morphisms, is Cartesian
[11, Remark 10.13].

3.2 Examples of CD Categories

In this subsection, we will briefly introduce the relevant examples of Markov and CD categories we
will be working with, in particular finite and Gaussian probability. All examples in this subsection
are standard material and covered in [11]. More mathematical detail and the theory of conditioning
are given in Section 4. Readers primarily interested in syntax can proceed with Section 3.3.

Definition 3.4 ([11, 2.5]). The Markov category FinStoch has as objects finite sets X, and mor-
phisms X — Y are probability channels, that is, stochastic matrices p € [0, 1]¥*X, which are some-
times written in the notation p(y|x). Composition in FinStoch takes the form of the Kolmogorov-
Chapman equation:

(pq) (z1x) = ) p(zly)g(ylx). (10)
y

We modify FinStoch as follows to allow for unnormalized (“sub-stochastic”) computation:

Definition 3.5. The CD category FinSubStoch has as objects finite sets X, and morphisms X — Y
are subprobability channels p(y|x), that is, p(y|x) € [0, 1], and for all x € X,

D.pylx) < 1.
y

Composition is again given by Equation (10).

A convenient way to understand composition in these categories is using the theory of monads.

Journal of the ACM, Vol. 71, No. 1, Article 2. Publication date: February 2024.



2:18 D. Stein and S. Staton

Definition 3.6. The distribution monad D and subdistribution monad D <; on the category of sets
are defined as the sets of all (sub)probability distributions on a given set X:

D(X) = {p : X — [0, 1] finitely supported : Zp(x) = 1} ,

D4 (X) = {p : X — [0, 1] finitely supported : Zp(x) < 1}.

The unit of both monads is given by taking Dirac distribution x + J, with

1, ifx=y
5 =
x(v) {o ifx#y

and the monad multiplication p is defined as

u(p)(x) = Y p(p) - p(x).
P

Kleisli composition for these monads recovers the Kolmogorov-Chapman equation (Equa-
tion (10)). That is, morphisms in FinStoch(X, Y) are Kleisli arrow X — D(Y) for D, and morphisms
in FinSubStoch(X, Y) are Kleisli arrows for X — D<;(Y). The following result shows that Kleisli
categories are a general source of CD categories.

ProposITION 3.7 ([11, 3.2]). Let C be a category with finite products and T : C — C be a strong,
commutative monad. Then the Kleisli category KI(T) is a CD category, which is furthermore Markov
if and only if T is affine, ie, T1 = 1.

Again, a morphism in FinSubStoch(X,Y) is a Kleisli arrow X — D<;(Y) for the subprobability
monad on Set.
We now define the Markov category that captures the Gaussian probability of Section 2.1.

Definition 3.8 ([11, Section 6]). The Markov category Gauss has objects n € N, which represent
the affine space R”, and m ® n = m + n. Morphisms m — n are tuples (A,b,%), where A €
R™™M b € R", and 3 € R™" are a positive semidefinite matrix. The tuple represents a stochastic
map f : R™ — R” that is affine-linear, perturbed with multivariate Gaussian noise of covariance
%, informally written

fx)=Ax+b+ N(Z) or Ax + N (b, ).
Such morphisms compose sequentially and in parallel in the expected way, with noise accumulat-
ing independently:

(A,b,3) 0 (C,d,E) = (AC, Ad + b, AZAT + %)

wvecaz (3 LG 2

Copy and discard structure are given using the affine maps:
copy, : R" 5 R™ x> (x,x) del, :R" - R’ x > ().

[1] ©

Note that we explicitly allow zero covariance in the definition of Gauss. This way, the category
is able to encode deterministic computation as a special case.

PROPOSITION 3.9. A morphism (A, b,X) in Gauss is deterministic (Definition 3.2) iff & = 0; ie,
there is no randomness involved.
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ProoOF. Write f = (A, b, X), and then the covariance matrices of f o copy and copy o f are
2 0 d z 2
o =/ ™ s =)
respectively. Thus, f is copyable iff ¥ = 0. O

It follows that the deterministic subcategory Gaussge; is the category Aff consisting of the spaces
R™ and affine maps between them.

Note that this definition of Gauss involves no measure theory at all; a Gaussian is fully
described by its mean and covariance matrix. Measure theory can, however, be used to build
a Markov category that is rather comprehensive in that it includes the previous two examples.
We briefly state the definition here and refer to the appendix (Appendix A.1) for details. (In this
article, we will not use this measure-theoretic Markov category in a crucial way; we will only use
it in illustrative examples.)

Definition 3.10 ([11, Section 4]). The Markov category BorelStoch has as objects standard Borel
spaces X, and morphisms X — Y are probability kernels Xx X Y — [0, 1].

BorelStoch arises as the Kleisli category of the Giry monad G on standard Borel spaces [16].
Both FinStoch and Gauss are subcategories of BorelStoch; i.e., there are faithful inclusion functors
that preserve all CD structure.

Lastly, we give an example to show that the formalism of CD categories can encompass not only
probabilistic situations but also nondeterminism.

Definition 3.11 (e.g., [11, Example 2.6 and Section 8.1]). We denote by Rel the CD category of sets
X, Y and relations R C X X Y between them. We denote by Rel* the Markov subcategory of sets
and left-total relations between them, i.e, Vx € Xdy € Y, (x,y) € R.

The two categories are obtained as the Kleisli categories of the powerset monad ¥ : Set — Set
and the nonempty powerset monad P : Set — Set, respectively. The category Rel* is referred to
as SetMulti in [11].

3.3 Internal Languages and Denotational Semantics

We present the CD calculus, which is the internal language CD categories. It is reminiscent of the
first-order fragment of fine-grained call-by-value or the computational A-calculus (e.g., [31, 34, 35]),
but the commutativity of the tensor allows for some convenient simplifications and a concise
equational presentation. To this extent it is a novel calculus.

Definition 3.12. A CD signature © = (7, w) consists of sets 7 of base types and function symbols
w. A type is recursively defined by closing the base types under tuple formation:

A =7 |unit|AxA.

Each function symbol f € w is equipped with a unary arity of types, written f : A — B. The terms
of the CD-calculus are given by

tu=x|(O)(tt)|mt] ft]letx = tint (i=1,2)
subject to the typing rules x; : Ay, ...,x, : A, + t : B given in Figure 4.

We employ some standard syntactic sugar, for example, sequencing:

s;tdzef letx = sint (x ¢ fv(t)).
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IT'rs:A TFrt:B F'rt:A
ILx:AT'Fx:A T+ (): unit I't(s,t):AxB I'rft:B

(f:A— B)

I'tt:A; %A, I'rt:A; %A, I'x:Art:B Tre:A
Tromt:A FTrmyt: A, IF'tletx = eint:B

Fig. 4. Typing rules for the CD calculus.

I ():I (s, ) = mt = ft= letx = eint = Cn

r Xxr’

r r r r

Fig. 5. Translating terms into string diagrams (brackets [—] omitted for readability).

We also define a pattern-matching let as syntactic sugar:

(let (x,y) = sint) Gléf(letp = sinletx = mpinlety = mpint).

Conversely, we can provably recover the projection constructs from this sugar (in a sense made
precise by the equational theory in Section 3.5):

(mys) = (let (x,y) = sinx) (m28) = (let (x,y) = siny).

We prefer the projections over pattern matching when presenting the equational theory, because
this means one less binding construct.

3.4 Semantics

We now explain how the CD calculus can be interpreted in CD categories. Types will be interpreted
as objects, and terms interpreted as morphisms. Formally, a model of signature (r,w) is a CD
category C together with an assignment of objects [A] € C for each basic type and morphisms
[£7 : [A] — [B] for each function symbol f : A — B. Here we extend [—] to arbitrary types and
contexts by

[unit] =1 [A; = As] = [A1] ® [A2] [A1, ... Al = [A1] ® (- -+ ® [An]).
For any model, the interpretation of a term I' ¢ : A is defined recursively as:
— [[x] is the discarding map [I,AT'] = [T [A] @ [I'] = I®[A] ® I = [A].
— [0] is the discarding map delpry : [I'] — 1.

—[(s, )] s the map [I] —% [r] & [r] 222, [a] & [B] = [4 = B].

— [7:t] is marginalization [I'] 1, [A1] ® [A2] — [A:]-

— [[f t] is the composite [I] N [A] i, [B].

idpry ®[e] 11

[T ® [A] — [B].

The semantics can be seen as a procedure for translating every term of the CD calculus into a
string diagram, as shown in Figure 5.

copy
—[letx = eint] is given by [I'] —4 RN

PROPOSITION 3.13 (STRUCTURAL RULES FOR CONTEXTS). The weakening and exchange rules

I'+t:B I,A+t:B
I''x:A+t:B AT+t:B
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Congruence laws:
= is reflexive, symmetric and transitive (equiv)

— — 7
6‘1:61 €2=€2

(letx = ejiney) = (letx = efiney) (let.&)
A value expression is a term of the form
Vi=x|(O)|(V,V)|mV]|letx = VinV

The axioms of the CD calculus are:

(letx = eint) = t[e!x] (let.lin)
(letx = Vint) = t[V/x] (let.val)
7 (%1, %2) = X (C¥)

(m1 %, M x) = x (.17)
x=() (unit.ny)

where we write ¢[e!x] for substituting a unique free occurrence of x. For the internal language of Markov
categories, extend (let.lin) to all substitutions targeting at most one free occurrence of x.

Fig. 6. Axioms of the CD calculus.

are derivable, and their semantics corresponds to precomposition with the discard and swap
morphisms.

Proor. Straightforward induction using the comonoid axioms. O

As an example, we use the CD calculus to give straightforward denotational semantics to the
conditioning-free fragment of the Gaussian language in Gauss. We notice that this fragment is
precisely the CD calculus for the signature S with base type R and function symbols

(+):R*R—>R B-(-):R—>R B :unit - R normal : unit — R.

The Markov category Gauss models this signature using [R]] = 1 and the obvious interpretations
of the function symbols.

The goal of Section 5 will be to interpret the full Gaussian language in a CD category
Cond(Gauss). That category will need to interpret the additional function symbol (=:=) : R*xR — R.

3.5 Equational Theory

We now give a sound and complete equational theory with respect to CD models.
In call-by-value languages, the substitution

(letx = einu) = u[e/x]

is generally only admissible if e is a value expression; that is, it does not produce effects. In the
CD calculus, another powerful substitution scheme is valid: we can replace (letx = einu) =
ule/x] whenever u uses x linearly, i.e., exactly once, even if e is an effectful computation. Using
the linear and value substitution schemes, the theory of the CD calculus can be presented concisely
as in Figure 6. Note that we omit the context of equations when unambiguous and identify bound
variables up to a-equivalence. Whenever we say “use” or “occurrence,” we mean free use and

occurrence, and substitution is always capture avoiding.

PROPOSITION 3.14 (SOUNDNESS). Every CD model validates the axioms of the CD calculus. That
is, ifT F ey = ey : A, then [e1] = [e2] : [T] — [A]
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Proor. The proofs are straightforward if tedious string diagram manipulations. We showcase
the validation of one interesting equation, (assoc), here and move the remaining derivations to the
appendix (Appendix A.2). LetT'F ey : X5, [,x; : X; ez : Xy and ', xz : Xy F e : Y. Then showing

[(letx; = ejinletx; = exine™)] = [(letx; = (letx; = e;iney)ine)]

translates to the following manipulation of string diagrams:

‘ \
eV

r Xi
2

X
T

1 e

r r (11)

o
.
] ]
1}
1}
K
S

Note that we formally write e to be fully explicit about weakening e; its denotation discards the
unused X;-wire as per Proposition 3.13. O

The equational theory lets us derive many useful program equations, including commutativity.

ProrosiTION 3.15. All axioms of the ground A.-calculus [35, Tables 6 and 7] and commutativity
are derivable.

(letx; = (letx; = ejiney)ine) = (letx; = ejinletxy; = eyine) x; ¢ fv(e) (assoc)

(letx; = ejinletx; = eyine) = (letx; = esinletx; = ejine) x; € fv(es), xs & fv(ey)

(comm)
(letx = einx) =e (id)
(letx; = xyine) = e[x3/x1] (let.)
fe=(letx = ein fx) (let.f)
(s,t) = (letx = sinlety = tin(x,y)) (let.x)
Note that by commutativity (comm), the order of evaluation in (let.x) does not matter.
Proor. In the appendix (Appendix A.2). ]

We proceed with some syntactic remarks about the CD calculus on the relationship between
linear substitution to general nonlinear substitutions: If t is a term with n free occurrences of the
variable x, let 7 denote the term t with those occurrences replaced with distinct fresh variables
X1, . .., %y (the order does not matter). By repeated application of (let.val), we can derive

t=letx; = xin---letx, = xint. (12)

We can now substitute some or all occurrences of x using (let.lin) as follows:
tle/x] = t[e'x1]-- - [e!xp] = letx; = ein ---letx, = einf. (13)
This means we can reduce questions about substitution to the copying behavior of the term e. We

adapt the definitions from [14, 29].
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Definition 3.16. A term e is called copyable if

(letx = ein(x,x)) = (e, €) (14)
is derivable. A term e is called discardable if
(letx = ein()) = () (15)

is derivable. We call e deterministic if it is both copyable and discardable.
PrOPOSITION 3.17. The substitution equation
(letx = eint) = t[e/x]
is derivable in any of the following circumstances:
(1) t uses x exactly once.
(2) t uses x at least once, and e is copyable.

(3) t uses x at most once, and e is discardable.
(4) e is deterministic (combining the previous two points).

Finally, we remark that the CD calculus is complete with respect to CD models. We employ the
usual construction of a syntactic category or free CD category over a given CD signature. Not only
can every term be translated into a string diagram, but also every string diagram can be parsed
into a term, and the theory of = proves all ways of reading a diagram equivalent.

Definition 3.18. Fix a CD signature &. The syntactic category Syn is given as follows:

(1) Objects are types A.

(2) Morphisms are equivalence classes of terms x : A+ ¢ : B modulo = .

(3) Identities are variables x : A+ x : A.

(4) Composition is let binding; if x : A+ s : Band x : B + ¢ : C, their composite is
x:Arletx = eint.

(5) Tensor on objects is defined as A ® B = A = B with unit type unit. The tensor on morphisms
0fx1 ZA] F St ZB],XZ ZAZ F st ZBziS
x: A xAykletx; = mxinletxy; = myxin(sy,ss).
(6) CD structure is given by nonlinear use of variables, that is
copy,=x:AF(x,x): AxA
delg =x:AF () : unit.

The verification of the CD category axioms is tedious but standard. Note that we can build
on existing work [31] because our axioms prove all equations of the ground fragment of A,
(Proposition 3.15). We expect that the syntactic category is an initial model over a given signature

and the definition of the semantics [-] is forced by preserving CD structure, but we won’t
formalize this here.

4 AN ABSTRACT ACCOUNT OF INFERENCE

In Section 3, we recalled Markov categories (Definition 3.3) as abstract formulations of probability
theory, equipped with multiple notational formalisms: string diagram as well as programming
notations. We now present an abstract theory of inference problems in Markov categories with
sufficient structure. We approach the topic from the programming languages side. An informal
outline is as follows: roughly, an inference problem is a closed program of the form

let (x,k) = ¢in(k:=0);returnx for some ¢ and o, (16)
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where k:=o0 is, at this point, simply a notation for recording an exact condition we wish to make—
that the second marginal k of i is equal to the observation o (see Section 4.3). A solution to this
problem is a contextually equivalent program that no longer mentions k:= 0. Our treatment is now
guided by program equations like Equations (2) and (3) and also the symbolic approach of [42]:
finding a conditional for iy amounts to restructuring the dataflow of Equation (16) in a way that
the return value x is expressed in terms of the observation k (where yx = 7, ):

letk = Yxinletx = Y|x(k)in (k:=0); returnx for some ¥k
By commutativity in Equation (1) and (comm), this is the same as
letk = Yg in (k:=0);return | (k).

We can regard the initialization principle in Equation (3) as a fundamental property of exact con-
ditions (k:=0) and then use this. Informally, if it is possible for k to be o (k < ¥k, Definition 4.7),
we may simply substitute the observation for the variable k:

letk = oiny|x(k),

which finally results in the solution ¥/|k (0), which is equivalent to Equation (16). If on the other
hand it is impossible for k to be equal to o (k <« ¥k), then the inference problem has no solution
and is infeasible.

For the rest of this chapter, we formally express this idea of conditioning via program transfor-
mation in terms of Markov categories. We begin by recalling categorical rephrasings of core no-
tations from measure-theoretic probability: conditional probability (Section 4.1) and almost-sure
equality, absolute continuity, and support (Section 4.2), mostly due to [6, 11]. We then formulate
precisely what an inference problem is and when it succeeds (Section 4.3). For now, we summarize
informally: an inference problem is a pair (i, 0) of a distribution i on a compound space X ® K
and a deterministic observation o about K, regarded in the spirit of Equation (16); it succeeds if we
are able to infer a conditional distribution, or posterior, about X, and fails otherwise. This failure
is not sought in practice but happens for instance if one attempts to record two different exact ob-
servations about the same data point, or in general if the observation o is outside the support of 1.

Looking forward, we will develop a notion of open inference problem in Section 5 as part of a
compositional framework for collecting conditions, so as to give a compositional semantics to the
kind of programming with conditioning demonstrated in Section 2.

For the rest of this section, we fix a Markov category C (Definition 3.3).

4.1 Conditionals

In essence, conditioning is a way of recovering a joint distribution only given access to part of its
information. Given a joint distribution over (X, Y), we can always form a generative story where
the value of X is sampled first, and then Y is computed depending (or conditional) on X. The
categorical formulations of conditioning trace back to Golubtsov and Cho and Jacobs [6, 17].

Definition 4.1 ([11, 11.1]). A conditional distribution for  : I - X ® Y (given X) is a morphism

Ylx : X — Y such that
X Y
X Y
: % o
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More generally, a (parameterized) conditional for f : A - X ® Y is a morphism f|x : X ® A =Y
such that

X Y
fix

5 - (18)

A

S

It is worth spelling out that Equation (18), expressed in the CD calculus, corresponds precisely
to the type of restructuring of dataflow that was discussed in the introduction to this chapter.
Equation (18) simply becomes

Yy = (letx = myin(x,¢¥[x(x))).

Parameterized conditionals can again be specialized to conditional distributions by fixing a
parameter.

ProrosiTION 4.2. If f : A > X ® Y has conditional flx : X® A » Yanda : I —» Aisa
deterministic state, then f|x(idx ® a) is a conditional distribution for the composite f o a.

|
\/

PROPOSITION 4.3. FinStoch, BorelStoch, Gauss, and Rel* have all conditionals.

Proor. Using determinism of a, we check that

Proor. In BorelStoch, the definition of conditionals instantiates to regular conditional distribu-
tions that are known to exist under the assumptions of the category (that is on standard Borel
spaces) (see [11, 11.7], [2, Theorem 3.5]). As a special case, conditionals in FinStoch are given by
the traditional conditional distribution [11, 11.2]:

Vi) = PED hen ) > 0. (19)
Yx (x)
Conditionals in Gauss exist and can be given using an explicit formula generalizing Equation (6)
[11, 11.8]. The property that conditionals of Gaussians are again Gaussian is sometimes called
self-conjugacy [24].
In Rel*, the conditional of the state R C X X Y with respect to X is given by “slicing” the relation

Rlx(x) ={y € Y: (x,y) € R},
which is nothing but R itself. O
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4.2 Almost-sure Equality, Absolute Continuity, and Supports

Conditionals in Markov categories are generally not uniquely determined, although there is still
a sense in which they are unique. For example, Equation (19) only determines /|x on the set
{x : m(x) > 0}, which we call the support of x. Outside of the support, the conditional may be
modified arbitrarily. Similarly, the formula for conditionals of Gaussian distributions (Equation (6))
depends on a choice of generalized inverse, which is only unique on the appropriate support.

If the reader is familiar with measure-theoretic probability, they will recall that the essential
uniqueness of conditionals, when they exist, is usually stated in terms of “almost-sure equality”
and “absolute continuity.” These have established generalizations to Markov categories in general,
as we now recall (Definitions 4.4 and 4.7, respectively). These definitions specialize to the measure-
theoretic concepts by fixing a Markov category (Propositions 4.5 and 4.9), but for a reader not
familiar with measure-theoretic probability, the definitions can be taken as basic. A reference of
measure-theoretic terminology is given in Appendix A.1.

Definition 4.4 ([6, 5.1], [11, 13.1]). Let u : I — X be a distribution. Two morphisms f,g: X — Y
are called p-almost surely equal (written f =, g) if

(idx, fHp = (idx, gu.

PROPOSITION 4.5. For our example categories, the abstract definition of almost sure equality recov-
ers the familiar meaning:

(1) In FinStoch, f,g : X — D(Y) are p-almost surely equal iff the distributions f(x) = g(x) agree
for all x with u(x) > 0.

(2) In BorelStoch, f,g : X — G(Y) are p-almost surely equal iff f(x) = g(x) as measures for
p-almost all x; that is, the set {x : f(x) # g(x)} has u-measure 0.

(3) In Gauss, if p : I — m is a distribution with support S (in the sense of Section 2.1), then
f,g : m — n are p-almost surely equal iff f o x = g o x for all elements x € S, seen as
deterministic states x : 0 — m.

(4) InRel*, if M € X and R,S : X — P*(Y) are two lefi-total relations, then R =p; S iff R(x) =
S(x) forall x € M.

Proor. The results for FinStoch and BorelStoch are given in [11, 13.2] and [12, 3.19]. The result
for Gauss is a strengthening of the result for BorelStoch. The morphisms f,g : m — n can be
faithfully considered BorelStoch maps f, g : R™ — G(R"), so we have f(x) = g(x) for p-almost all
x. Because f, g are furthermore continuous functions and y is equivalent to the Lebesgue measure
on the support S, the equality almost everywhere can be strengthened to equality on all of S. O

It follows directly from the definitions that conditional distributions are almost surely unique:

ProposITION 4.6. If/ : [ — X ® Y is a distribution and /|x, /|5, are two morphisms satisfying
Equation (18), then

Ylx =gy ¥l (20)
That is, conditional distributions are unique almost surely with respect to the marginal yx.

The important notion of absolute continuity can now be formulated naturally in terms of
almost-sure equality:

Definition 4.7 ([12, 2.8]). Given two distributions y, v : I — X, we say that y is absolutely contin-
uous with respect to v, written y < v, ifforall f,g: X — Y we have

f =y gimplies f =, g.

Absolute continuity lets us strengthen statements about almost-sure equality to actual equality.
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LEmMA 4.8. Ifu:1— X, f =, g, and x < p, then fx = gx.
On the other hand, < recovers the usual notion of absolute continuity in our example categories.

ProrosITION 4.9. (1) In FinStoch, p < v iff v(x) = 0 implies u(x) = 0.

(2) In BorelStoch, u < v iff for all measurable sets A, v(A) = 0 implies p1(A) = 0.
(3) In Gauss, p < v iff supp(p) € supp(v) (in the sense of Section 2.1).

(4) InRel*",R< S iffRC S.

Proor. The claim for FinStoch follows immediately from Proposition 4.5, and the result for
BorelStoch is given in [12, 2.9]. Proposition 4.5 implies that the support condition for Gauss
is sufficient. To see that it is also necessary, let x € supp(u) \ supp(v). Then we can find two
affine functions f, g that agree on supp(v) but f(x) # g(x). Now f =, g but not f =, g; hence,
HK V. O

In FinStoch, we can also rephrase y < v as supp(y) € supp(v) if we define supp(u) = {x :
u(x) > 0}. For the purposes of our development, it will suffice to consider the special case of the
absolute continuity relation restricted to deterministic states and distributions. We take this as the
categorical definition of supports:

Definition 4.10. If x : I — X is a deterministic state, we say that x lies in the support of p if x < p1.

We obtain the following characterization:

PROPOSITION 4.11. (1) In FinStoch, x < p iff u(x) > 0.
(2) In BorelStoch, x < p iff p({x}) > 0.

(3) In Gauss, x < p iff x € supp(u).

(4) InRel*,x < Rifx €R.

It is crucial that the support of a distribution can change with the surrounding Markov category:

Example 4.12. Let u = N (0, 1) be the standard normal distribution. When considered in Gauss,
its support is R, and in particular for all x, € R we have x; < p. In BorelStoch, we have xo <« u
because p({xo}) = 0.

This means that smaller Markov categories like Gauss have a stronger notion of support, which
in turn allows more interesting conditions to be evaluated. This is reminiscent of the tradeoff
between expressiveness and well-behavedness discussed under the notion of “well-behaved disin-
tegrations” in [42].

By combining the notions of conditionals and support, we can now present an abstract theory
of inference problems.

4.3 Abstract Inference Problems

Let C be a Markov category with all conditionals. In order to describe statistical inference categor-
ically, we introduce the following terminology:

(1) An observation is a constant piece of data, that is, a deterministic stateo : I — K.
(2) An inference problem over X is a tuple (K, 1/, 0) of an object K, a joint distribution ¢ : I —
X ® K called the model, and an observationo: I — K.

The problem is then to infer the posterior distribution over X conditioned on the observation
0. An inference problem can either succeed or fail if the observation o is inconsistent with the
model.
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(1) We say (K, 1, 0) succeeds if the observation lies in the support of the model, i.e., 0 < V.
In that case, a solution to the inference problem is the composite /| 0 0 : I — X, where
Ylk : K — X is a conditional to ¢ with respect to K. The solution is also referred to as a
posterior for the problem.

(2) If o <« Yk, we say that the inference problem fails or is infeasible.

ProrosiTION 4.13. Solutions to inference problems are unique; i.e., if (K,¥,0) succeeds and
Vlk, ¥l are two conditionals, then g (0) = 3 (0).

Proor. Combine Lemma 4.8 and Proposition 4.6. O

Definition 4.14. We call two inference problems observationally equivalent if they either both
fail or both succeed with equal posteriors.

For the rest of this section, we will rederive Example 2.1 in terms of the categorical machinery
and show that it matches the conditioning procedure from Section 2.

Example 4.15. The Example 2.1 can be written as
X ~N(0,1)
Y ~N(0,1)
(X-Y):=0,
which corresponds to the inference problem (1, y, 0), where p : 0 — 2 ® 1 has covariance matrix

1 0 1
=10 1 -1].
1 -1 2

A conditional with respect to the third coordinate Z is

0.5 0.5 05
Hlz(@) = (0.5)Z+N(0.5 0.5)’

which can be verified by calculating Equation (18). The marginal uz = N(2) is supported on all of
R; hence, 0 < p1z and by Proposition 4.13 the composite

0.5 0.5

Hz(0) =N (0.5 0.5)

is the uniquely defined solution to the inference problem.

The same inference problem would not have a solution when interpreted in BorelStoch instead
of Gauss. This is because 0 « pz (Example 4.12). In BorelStoch, we can only condition on obser-
vations of positive probability; this agrees with the classical definition of conditional probability:

P(AIB) & % if P(B) > 0.

In Gauss, we can also condition on probability zero observations in a principled way because the
notion of support is better behaved.
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5 COMPOSITIONAL CONDITIONING: THE COND CONSTRUCTION

In Section 4 we have seen that Markov categories with conditionals allow a general recipe for
conditioning. In order to give compositional semantics to a language with conditioning, we need
to internalize the conditioning operation as a morphism. The key step is to move from a closed
inference problem (K, {: I - X®K, 0: I — K) to open inference problems or conditioning channels,
where ¢ is replaced with a morphism with a more general domain, so that it can be composed.

With some care, we can turn these conditioning channels into a CD category (Definition 3.1, a
monoidal category where every object has a comonoid structure). This allows us to give a denota-
tional semantics to a CD calculus with conditioning, and in particular a denotational semantics for
the Gaussian language with conditioning of Section 2. Looking forward, in Section 6 we will show
that this denotational semantics is fully abstract: it precisely captures the contextual equivalence
from the operational semantics.

The construction presented in this section is rather involved, but its well-definedness and prop-
erties are the central technical contribution of this article. From Section 5.3 onward, we can harness
the good properties the construction enjoys to return to a higher-level picture and use string dia-
grams for studying a graphical language of conditioning.

Let C be a Markov category; then a conditioning channel X ~» Y is given by a morphism
X — Y ® K together with an observation (i.e., deterministic state) o : I — K. This represents an
intensional open program of the form

x:XFlet(y,k): Y®K = f(x)in (k=0);y. (21)

We think of K as an additional hidden output wire, to which we attach the observation o. Such
programs compose in the obvious way, by aggregating observations (Figure 7). Two representa-
tions (Equation (21)) are deemed equivalent if they are contextually equivalent; that is, roughly
they compute the same posteriors in all contexts.

An important caveat is that the primary operation we formalize is that of an exact observation
(:=0), where o is a deterministic state. Binary exact conditioning, (=:=) between two expressions may
be encoded in terms of (:=), for example, as (x == y):=true for finite sets or as (x — y):=0 for
Gaussians. Generally, the choice of encoding does matter (Example 2.2), so we consider this choice
an additional structure and focus on formalizing (:=).

For modularity, we present the construction in two stages: In the first stage (Section 5.1) we form
a category Obs(C) on the same objects as C consisting of the data in Equation (21) but without
any quotienting. This adds, purely formally, for every observation o : I — X an observation effect
(:=0) : X ~ I.Inthe second stage (Section 5.2)—this is the core of the construction—we relate these
morphisms to the conditionals present in C; that is, we quotient by contextual equivalence. The
resulting quotient is called Cond(C). Under mild assumptions, this will have the good properties
of a CD category, showing that conditioning stays commutative. We demonstrate the resulting
reasoning methods in Sections 5.3 and 5.4.

5.1 Obs: Open Programs with Observations

For ease of notation, we will assume C is a strictly monoidal category; that is, all associators and
unitors are identities (this poses no restriction by [11, 10.17]). We note that all constructions can
instead be performed purely string-diagrammatically.

Definition 5.1. The following data define a symmetric premonoidal category called Obs(C):

— The object part of Obs(C) is the same as C.
— Morphisms X ~» Y are tuples (K, f,0), where K is an object of C, f € C(X,Y ® K), and
0 € Cyet(I, K), representing Equation (21).
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Fig. 7. Composition and tensoring of morphisms in Obs.

— The identity on X is Idx = (I, idx,!), where ! = id;.
— Composition is defined by

(K, f',0) e (K, f,0) = (K'®K, (f ®idk)f,0" ® 0).
—If(K, f,0) : X ~ Yand (K’, f’,0") : X’ ~ Y/, their (premonoidal) tensor product is defined
as
(K" ® K, (idy ® swapy, y ® idg)(f' ® f),0’ ® o).
— There is an identity-on-objects functor J : C — Obs(C) that sends f : X — Y to
(I, f,!) : X ~ Y. This functor is strict premonoidal and its image central.
— Obs(C) inherits symmetry and comonoid structure.

Recall that a symmetric premonoidal category (due to [39]) is like a symmetric monoidal cat-
egory where the interchange law (fi ® f2) © (91 ® ¢2) = figi ® f2g2 need not hold. This is the
case because Obs(C) does not yet identify observations arriving in different order. This will be
remedied automatically later when passing to the quotient Cond(C). For an observationo : I — K,
the conditioning effect (:=0) : K ~» I is defined by (I, idk, 0).

Notation. A morphism F : X ~> Y in Obs(C) consists of a morphism f : X — Y®K in C with an
extra datum o : I — K. It can be convenient to describe morphisms in Obs(C) by their underlying
morphisms in C, with extra “conditioning wires” into the object K and observations attached to
them. Informally, we will highlight these wires with dashed lines in blue, simply to distinguish
the codomain object Y from the condition object K. Using this notation, composition and tensor
in Obs(C) take the form shown in Figure 7. In Section 5.3, we will use an actual string diagram in
Cond(C) as opposed to string diagrams in C, which will obviate the need for blue wires.

5.2 Cond: Contextual Equivalence of Inference Programs

Let us now assume that C has all conditionals. We wish to quotient Obs-morphisms by contex-
tual equivalence, relating them to the conditionals that can be computed in C. We know how to
interpret closed programs, because a state (K, ,0) : I ~ X is precisely an inference problem as
in Section 3: If 0 <« Yk, the observation does not lie in the support of the model and conditioning
fails. If not, we form the conditional /| in C and obtain a well-defined posterior y|x © o.

The observational equivalence (Definition 4.14) defines an equivalence relation on states I ~» X
in Cond(C). We will extend this relation to a congruence on arbitrary morphisms X ~» Y by a
general categorical construction.

Definition 5.2. Given two states I ~ X, we define (K, ,0) ~ (K’,¢’, o) if they are observation-
ally equivalent as inference problems; that is, either
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0
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N [N [ N(05)]

Fig. 8. Example 4.15 describes observationally equivalent states 0 ~> 2 in Obs(Gauss).

(1) 0o < ¢ and o’ < Yy, and Y|k (0) = ¥’k (0"), or
(2) 0 < Y and 0" K V..

Figure 8 gives an example of observationally equivalent states using Gaussian probability distri-
butions. We now give a general recipe to extend an equivalence relation on states to a congruence
on arbitrary morphisms f : X — Y.

Definition 5.3. Let X be a symmetric premonoidal category. An equivalence relation ~ on states
X(1,-) is called functorial if y ~ " implies fiy ~ fi)’. We can extend such a relation to a congru-
ence ~ on all morphisms X — Y via

frgeVAY: I-5ARX,(ida® )Y ~ (ida ® g9)¥.
The quotient category X/~ is symmetric premonoidal.

We show now that under good assumptions, the quotient by conditioning (Definition 5.2) on
X = Obs(C) is functorial and induces a quotient category Cond(C). The technical condition is
that supports interact well with dataflow:

Definition 5.4. A Markov category C has precise supports if the following are equivalent for all
deterministicx : I —» X,y : I — Y, and arbitrary f : X - Yand p: [ — X:

(1) x® y < (idx, fHu.
(2) x < pandy < fx.

The word “support” here refers to Definition 4.10.

PROPOSITION 5.5. Gauss, FinStoch, BorelStoch, and Rel* have precise supports.

Proor. This follows from the characterizations of < in Proposition 4.11. For Gauss, let yz have
support S and f(x) = Ax + N (b, X). Let T be the support of N (b, X). The support of (id, f)u is the
image space {(x,Ax +c) : x € S,c € T}. Hence, (x,y) < (id, f)p iff x < g and y < fx. Similarly,
for Rel™, we readily verify

xef{(xy) :xep(xy eflexeurye fx).

For FinStoch, an outcome (x, y) has positive probability under (id, f)u iff x has positive proba-
bility under p and y has positive probability under f(—|x).

For BorelStoch, the measure ¢ = (id, ) is given by

Y(AXB) = f (Bl

Hence, ¥({(x0,40)}) = f{yo}lx)u({x}), which is positive exactly if u({xo}) > 0 and
J{yo}lx) > 0. m

Journal of the ACM, Vol. 71, No. 1, Article 2. Publication date: February 2024.



2:32 D. Stein and S. Staton

THEOREM 5.6. Let C be a Markov category that has conditionals and precise supports. Then ~ is a
functorial equivalence relation on Obs(C).

Proor. Let (K,¢,0) ~ (K',¢’,0") : I ~ X be equivalent states and (H, f,v) : X ~» Y be any
morphism. We need to show that the composites

(H®K,(f®idk)y,v®0) ~ (HIK',(f @ idx )¢ ', v ®0) (22)
are equivalent. We analyze different cases.

The States Fail. If a state (K, 1/, 0) fails because 0 <« Yk, then any composite must fail too. So
both sides of Equation (22) fail and are thus equivalent.

The Composite Fails. Assume from now on, that the states succeed and thus also have equal
posteriors:

Yl (0) = ¥’k (o). (23)
We first show that the success conditions on both sides of Equation (22) are the same, so if the left-

hand side fails, so does the right-hand side. The “precise supports” axiom lets us split the success
condition into two statements; that is, the following are equivalent (and analogous for ¢/, 0’):

(1) v®o < (fg ®idk)y.
(2) o < Yk and v < fuyYlk(0).

To see this, we instantiate Definition 5.4 with the morphisms p = ¥x and g = fg o Y|k, because
the definition of the conditional ¢/|k lets us recover

(9-idg)p = (fu ® idk)y.
It is clear that condition 2 agrees for both sides of Equation (22). Hence, so does condition 1.

The Composite Succeeds. We are left with the case that both sides of Equation (22) succeed and
need to show that the composite posteriors agree:

[(f ®id)¥]lHex (v ®0) = [(f ® idk )Y lnek (v ® 0). (24)

We use a variant of the argument from [11, 11.11] that double conditionals can be replaced by
iterated conditionals. Consider the parameterized conditional

B (Foylk)n:HOK - Y

with universal property

(25)

Some string diagram manipulation shows that  too has the universal property of the double
conditional

B=[(f®idg)¥]lnek-
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We check

which further reduces using Equation (25) to the desired
YH K YHK

Yk

By specialization (Proposition 4.2), we can fix one observation o in f§ to obtain a conditional:
B(idy ®0) = (f o Yl (0)ln- (26)

But this conditional agrees with (f o /’|x(0’))|g by Equation (23). Hence, we can evaluate the
joint posterior successively:

[(f ®idg)¥]lHek (v ®0) = f(idg ®0) 0

@ (Foylk(o)lgov
D (fo Ik (@)lu o v
YR (F @ idie )t ek (v ® ),
establishing Equation (24). O

We can spell out the induced congruence ~ on Obs(X,Y) as follows:

PROPOSITION 5.7. We have (K, f,0) = (K’, f’,0") : X ~ Y ifand only if forally : I - A® X,
either

(1) o < frxx and o’ < fz, ¥ and [(ida ® f)¥]lk(0) = [(ida ® f')¥ ]Ik ("), or

(2) 0 < fxyx ando” <« fi. Y.
Furthermore, because C has conditionals, it is sufficient to check these conditions for A = X and ¢ of
the form copyy o ¢.

By Definition 5.3, the quotient Obs(C)/~ is a well-defined symmetric premonoidal category.
We argue now that it is in fact monoidal. Checking the interchange means showing that the order
of observations does not matter modulo ~. We can derive this from a general statement about
isomorphic conditions.
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ProrosiTION 5.8 (IsomorpPHIC CONDITIONS). Let (K, f,0) : X ~ Y anda : K = K’ be an
isomorphism. Then

(K, f,0) ~ (K, (idy ® ) f, x0).
In programming terms, the observations (k:=0) and (ak:= ao) are contextually equivalent.

ProoOF. Let ¢ : I — A ® X. We first notice that o <« ¢k if and only if o < ayk, so the success
conditions coincide. It is now straightforward to check the universal property:

(ida ® f)Ylk = (ida ® ((idx ® @) f))¥Ix 0 a.

This requires the fact that isomorphisms are deterministic in a Markov category with conditionals
[11, 11.26]. The proof more generally works if « is deterministic and split monic. ]

We can now give the Cond construction by means of quotienting Obs(C) modulo contextual
equivalence.

Definition 5.9. Let C be a Markov category that has conditionals and precise supports. We define
Cond(C) as the quotient category:

Cond(C) = Obs(C)/~.

This quotient is a CD category, and the functor J : C — Cond(C) preserves CD structure.

5.3 Laws for Conditioning

We will now establish convenient properties of Cond(C) in a purely abstract way. In terms of the
internal language, those are the desired program equations for a language with exact condition-
ing. For example, the fact that Cond(C) is a well-defined CD category already implies that the
commutativity equation holds for such programs (Proposition 3.15).

Secondly, we can draw string diagrams in the category Cond(C). These look like diagrams in C
to which we add effects (:=0) : X — I for every observation o : I — X. For example, Proposition 5.8
states diagrammatically that for all isomorphisms a and observations o, we have

i

We begin by showing that passing to Cond(C) generally does not collapse morphisms that were
distinct in C; that is, the functor J is faithful for common Markov categories.

PROPOSITION 5.10. Two morphisms f,g : X — Y are equated via J(f) = J(g) if and only if
Yy :I - A®X,(ida ® f)Y = (ida ® 9)¥. (27)

In particular, ] is faithful whenever I is a separator. This is the case for Gauss, FinStoch, BorelStoch,
and Rel”.

Proor. Directly from the definition of ~. O

By construction, the states in Cond(C) are precisely inference problems up to observational
equivalence. Any such problem either fails or computes a well-defined posterior, which gives rise
to the following classification:

ProposITION 5.11 (STATES IN Cond). The states I ~» X in Cond(C) are of the following form:
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(1) There exists a unique failure state Lx : I ~» X given by the equivalence class of any (K, ¥, 0)
with o <« Y .2

(2) Any other state is equal to a conditioning-free posterior, namely (K, 1, 0) = J({|k © 0). That is,
diagrammatically,

X X X
K - * ifo < Yk, and otherwise

(3) Failure is “strict” in the sense that any composite or tensor with L gives L.
(4) The only scalars I ~ I areid; and Lj. Both are copyable, but 1| is not discardable.

Proor. By definition of ~. O

COROLLARY 5.12. Ifo < i, then (i:=0) succeeds without observable effect; in particular, because
0 < o, we can always eliminate tautological conditions:

/o\
\/

The central law of conditioning states that after we enforce a condition, it will hold with exact-
ness. In programming terms, this is the substitution principle (Equation (2)). Categorically, we are
asking how the conditioning effect interacts with copying:

= (empty diagram)

ProPOSITION 5.13 (ENFORCING CONDITIONS). We have
(X, copyy,0) = (X,0®idx,0).
In programming notation, this is

(x:=0);x = (x:=0); 0,

Voet

Note that the conditioning effect cannot be eliminated; however, after the condition takes place,
the other wire can be assumed to now contain o.

and in string diagrams,

Proor. Let f : | - AQ® X; the success condition reads 0 < /x both cases. Now let 0 < ¢x and
let /|x be a conditional distribution for ¢. The following maps give the required conditionals:

[(idA ® COpyX)¢]|x = (¢|X, idx) [(idA ®0® idx)¢]|x = [MX ® o0

21t is a minor extra assumption that there exists a non-instance o < p in C; this should be the case in any Markov category
of practical interest.
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as evidenced by the following string diagrams:

VYRV

Composing with o, we obtain the desired equal posteriors:

WYlx.idx)o = ¢lx(0) ® 0 = (Y|x ® 0)(0)

from determinism of o. O

COROLLARY 5.14 (INITIALIZATION). Conditioning a fresh variable on a feasible observation makes
it assume that observation. Formally, ifo < i, then

(letx = ¢in (x:=0);x) = o.

Proor. Combining Proposition 5.13 and Corollary 5.12, we have

@@

]
CoROLLARY 5.15 (IDEMPOTENCE). Conditioning is idempotent; that is,
(x:=0); (x:=0) = (x:=0).
In other words, the conditioning effect is copyable (but not discardable).
Proor. Again by Proposition 5.13 and Corollary 5.12, we obtain
O

We note that this does not imply that every effect in Cond(C) is copyable, only that exact obser-
vations are.

PROPOSITION 5.16 (AGGREGATION). Conditions can be aggregated:

11 &

K®K'

ProoF. By definition of the monoidal structure of Obs. O
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5.4 Example: Graphical Models and Conditioning

We demonstrate the power of our conditioning laws by briefly revisiting graphical models as men-
tioned in the introduction of Section 3: every graphical model can be turned into a string diagram,
where the independence structure of the graphical model translates into a factorization of the
diagram. For example, in the model of Equation (??) of variables X, Y, which are conditionally
independent on W, the joint distribution i can be factored as follows:

XwWYy X W Y

Using the conditioning effects in Cond(C), we can now incorporate observed nodes into this
language:
X Y

(29)

We want to argue that once the “common cause” W has been observed, X and Y become
independent. We can show this purely using graphical reasoning: applying repeatedly Propo-
sition 5.13, idempotence of scalars, and determinism of w, we obtain that Equation (29) is the
product of its marginals:

7

6 DENOTATIONAL SEMANTICS AND CONTEXTUAL EQUIVALENCE

In Section 5, we introduced the Cond construction (Definition 5.9) as a way of building a category
that accommodates the abstract inference for Markov categories (Section 4). As we have seen, we
can interpret the CD calculus (Section 3) in categories built from the Cond construction, and this
forms a probabilistic programming language with exact conditioning. In this final section, we will
work out in detail what the Cond construction does when applied to our specific example settings
of finite and Gaussian probability.
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In Section 6.1, we show that the Gaussian language (Section 2) has fully abstract denotational
semantics in Cond(Gauss): equality in the category coincides with the operational contextual
equivalence from Section 2.3.

In Section 6.2, we conduct the same analysis for finite probability and show that Cond(FinStoch)
consists of substochastic kernels up to automatic normalization. In Section 6.3, we spell out the rela-
tionship between the admissibility of automatic normalization and the expressibility of branching
in the language.

6.1 Full Abstraction for the Gaussian Language

The Gaussian language embeds into the internal language of Cond(Gauss), where x =:= y is trans-
lated as (x — y):=0. A term X : R™ + e : R" denotes a conditioning channel [e] : m ~ n.

PRrOPOSITION 6.1 (CORRECTNESS). If (e, ) > (e/,y’), then [e]y = [e']¥’. If (e, ) > L, then

[e] = L.

Proor. We can faithfully interpret ¢ as a state in both Gauss and Cond(Gauss). If x + e and
(e,¥) > (e’,¥’), then e’ has potentially allocated some fresh latent variables x’. We show that

letx = ¢in(x,[e]) =let (x,x") = ¢ in(x,[e]). (30)

This notion is stable under reduction contexts.
Let C be a reduction context. Then

letx = in(x, [Cle]](x))
=letx = ¢inlety = [e](x)in (x, [C](x,y))
=let (x,x") = ¢ inlety = [e'](x,x") in (x, [C](x,y))
=let (x,x") = ¢ in (x, [C[e’]]).
Now for the redexes:

(1) The rules for let follow from the general axioms of value substitution in the internal
language.
(2) For normal(), we have (normal(), ) > (x’, ¥ ® N(0,1)) and verify

letx = ¢ in (x, [normal()])
=y N(0,1)
=let(x,x") = y @ N(0,1) in (x, [x]).
(3) For conditioning, we have (v == w, /) > ((), ¥|o=w). We need to show
letx = ¢in(x,[o==w]) =letx = Ylp=w in (x,()).

Let h = v — w; then we need to show that to the following morphisms are equivalent in
Cond(Gauss):

Applying Proposition 5.11 to the left-hand side requires us to compute the conditional

(id, h)y|, o 0, which is exactly how /|~ is defined. -
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THEOREM 6.2 (FULL ABSTRACTION). [ei] = [e:] if and only if e; ~ e, (where ~ is contextual
equivalence, Definition 2.5).

Proor. For =, let K[—] be a closed context. Because [—] is compositional, we obtain [K[e;]] =
[K[e:]]. By Proposition 2.3, if both succeed, we have reductions (K[e;],!) >* (v;, ¥;), and by
correctness, v1y; = [K[ei]] = [K[e2]] = vas, as desired. If [K[e;]] = [K[e2]] = L, then both
(Klei], 1) > L.

For <, we note that Cond quotients by contextual equivalence, but all Gaussian contexts are
definable in the language. O

6.2 Contextual Equivalence for Finite Probability

With programs over a finite domain, we can understand conditioning in terms of rejection sam-
pling. This means that we run a program N times, with different random choices each time. We
reject those runs that violate the conditions, and then we resample from among the acceptable
results. As N — oo, this random distribution converges to the probability distribution that the
program describes.

The following reformulation is semantically equivalent: For a closed program, suppose the pro-
gram would return some value x; with probability p;, value x, with probability p,, and so on. Then
the probability that the program will not fail is Z = }; p;. The result of rejection sampling is a
program that actually returns x; with probability %, so that we have a normalized probability dis-
tribution over {x; ...x,}, i.e., D, % = 1. The quantity Z is called the normalization constant of the
program, or sometimes model evidence.

For example, the program

let x = bernoulli(0.4) inlety = bernoulli(0.4) inx == y; x

will fail the condition with probability 2 - 0.4 - 0.6 = 0.48, return true with probability 0.4? = 0.16,
and return false with probability 0.6? = 0.36. Under rejection sampling, once we renormalize, the
program is equivalent to bernoulli %) ~ bernoulli(0.44).

Rejection sampling makes sense for closed programs. For programs with free variables, we can
still understand a program that rejects runs that violate the conditions, but normalization is more

subtle. For example, in the program
lety = bernoulli(0.4) inx == y; x, (31)

the normalizing constant is either 0.4 or 0.6, depending on the value of x. If we normalize regardless
of the value of x, then the meaning of the program must change, because it would simply return
x, and the context

letx = bernoulli(0.4) in [-]

distinguishes this.

There is nonetheless some normalization that can be done in straight-line programs, since, e.g.,
the meaning is not changed by prefixing a program with a closed program. It is, for example, safe
to regard Equation (31) as equivalent to

letz = bernoulli(0.2) in z =:= false; lety = bernoulli(0.4) in x == y; x, (32)

because the difference in normalizing constant will be the same for both values of x.
Semantically, the interpretation of a program with free variables is a stochastic kernel, and one
involving rejection too is a substochastic kernel (Definition 3.5). As we show, we can accommodate
multiplication by a constant if it is uniform across all arguments; this is what we call “projectivized”
substochastic kernels, by analogy with the construction of a projective space from a vector space.
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Definition 6.3. The CD category FinProjStoch of projectivized substochastic kernels is a quotient
of the CD category of FinSubStoch of substochastic maps:

(1) Objects are finite sets X.

(2) Morphisms X — Y are equivalence classes [p] of substochastic kernels p(y|x) up to a scalar.
That is, we identify p and q if there exists a number A > 0 such that p(y|x) = A - q(y|x) for
all x € X,y € Y. In this circumstance we write p o gq.

It is routine to verify that the monoidal and CD category structure are preserved by this quotient.

THEOREM 6.4. The CD categories Cond(FinStoch) and FinProjStoch are equivalent.

Proor. Sketch. Given a conditioning channel Q : X ~» Y presented by a finite set of observa-
tions K, a probability kernel ¢(y, k|x), and an observation ky € K, we associate to it the subproba-
bility kernel po : X — D<;(Y) given by the likelihood function

Po(ylx) = q(y, kolx).

Conversely, we associate to every subprobability kernel p : X — D<;(Y) a conditioning channel
Q, = ({0,1}, gp, 1) with a single Boolean observation b:=1, defined as

qp(y.blx) = b - p(ylx) + (1= b) - (1 = p(ylx)).
We recover the subprobability kernel pp from the conditioning channel Q that way: given any
distribution p(x), the posterior in Proposition 5.7 is given by
P(x)q(y, kolx)
Zx,yp(x)q(ya kle)
We see that g, computes the same posterior, namely
Py 1) p)plylx)  _ p(x)q(y. kolx)
Zx,yP(X)Qp(y»HX) Zx,yP(X)P(y|x) Zx,yp(x)p(y’ k0|x)

On the other hand, the subprobability kernel p can be recovered from Q, up to a constant. For
a uniform prior p(x) = 1/|X], the posterior under Q, in Proposition 5.7 becomes

p(ylx)
Yy PY)

from which we can read off p(y|x) up to the constant in the denominator. ]

Identifying scalar multiples is necessary because the Cond construction by definition “normal-
izes automatically” That is, it considers two conditioning channels equivalent if they compute the
same posterior distributions for all priors. We will explore the relationship with model evidence
and branching in Section 6.3.

We briefly showcase some of the structure of this category by characterizing the discardable
morphisms and observing that conditioning gives a commutative monoid structure. The latter
gives a characterization for the finite uniform distributions as units for conditioning.

Example 6.5. A projectivized subprobability kernel p : X — Y is discardable (Definition 3.2) if
and only if there exists a constant A # 0 such that

Vx, Zp(ylx) = A
y

As an instance of Proposition 5.11, in particular, to give a state in FinProjStoch(1,Y) is to give
either a normalizable distribution p € FinStoch(1,Y) or the failure kernel Ly = 0.
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Definition 6.6 (Conditioning Product). In Cond(FinStoch), we define an exact conditioning op-
eration x == y by exactly observing true from the Boolean equality test (x == y). We define a
morphism e : X X X ~» X by

def
xey = (x==y);x.
In terms of projectivized subprobability kernels, this is

1 z=x=y

o(zlx,y) = {

0 otherwise.
We call o the conditioning product.

Concretely, for subdistributions p(x), g(x), the subdistribution (p e q) has the product of mass
functions

(P ®q)(x) = p(x) - q(x).
PROPOSITION 6.7. The conditioning product defines a commutative monoid structure on X, where
the unit is given by the uniform distribution ux : 1 ~ X.

Proor. The operation e is commutative and associative already in FinSubStoch; however, it does
not have a unit. Conditioning with the uniform distribution produces a global factor of 1/|X|, which
is cancelled by the proportionality relation. Therefore, uy is a unit for e in Cond(FinStoch). O

This is intuitive in programming terms: observing from a uniform distribution gives no new
information. Such a conditioning statement can thus be discarded.

Aside on non-determinism. We show the analogous version of Theorem 6.4 for non-determinism.
The Cond construction here does nothing more than add the possibility for failure (zero outputs)
in a systematic way.

PROPOSITION 6.8. Cond(Rel™) = Rel.

PRrROOF. Given a conditioning channel (K, R, ky) with R € X X Y X K left-total in X, we define a
possibly non-total relation R € X X Y by R” = {(x,y) : (x,y,ko) € R}. On the other hand, given
R’, we form the conditioning channel (2, R”, 1) with left-total relation R” € X X Y X 2 defined as

(xy.b) €R” S ((x,y) R © (b= 1)).

These constructions are easily seen to be inverses. Any relation R’ is recovered from R”, and we
have (K, R, ko) ~ (2,R”,1) because Proposition 5.7 boils down to checking that (x,y,k)) € R ©
(x,y,1) e R". O

The conditioning product e in Rel is the relation {(x,x,x) : x € X}, and on states we have
R e S = RN S. The conditioning product has a unit vx : 1 — X given by the maximal subset
Ux = X.

6.3 Automatic Normalization and Straight-line Inference

By automatic normalization, we mean that two (open) probabilistic programs that differ by an
overall normalization constant Z are considered equivalent, as formalized in Section 6.2. As a
consequence, the precise value of the normalization constant cannot be extracted operationally
from such programs, which is a limitation whenever Z is itself a quantity of interest. On the other
hand, auto-normalization is a convenient optimization, as seen in Equation (32) or Proposition 6.7.

In this section, we argue that validity of auto-normalization is tied to the form of branching
available in language under consideration. We distinguish straight-line inference programs with a
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static structure of conditions from programs where we can dynamically choose whether to exe-
cute conditions or not. This is sufficient for inference in Bayesian networks, in which the observed
nodes are determined statically. For example, the Bayesian network depicted in Equation (??) cor-
responds to the straight-line program in Figure 1(c). Auto-normalization is valid for straight-line
programs but not for those with more general branching. The quotient from Section 6.2 arises nat-
urally from studying contextual equivalence of a straight-line inference language. In semantical
terms, this means Cond(FinStoch) does not have coproducts.

We consider the CD calculus (Section 3.3) with base types X for all finite sets and function
symbols f for all subprobability kernels f : X — D<;(Y):

t:::xl()I(t,t)lmtlj_‘(t)lletx = tyint,.

This language can express scoring and exact conditioning because there exist suitable subproba-
bility kernels:
score, € D<q(1) and (=) : X X X — D<q(1).
We denote this calculus PSL, for straight-line inference. Following the development in Section 3.13,
the language PSL has canonical denotational semantics in FinSubStoch. (In fact, PSL is precisely
the internal language of FinSubStoch as a CD category.)
We also consider a richer language, P, which contains the syntax of PSL and also if-then-else

branching:

t == ... |if t; then t; else t3
with typing rule

I'vrift;thentyelsetz : A

I'rt;:2 Trt:A Triz3: A

This language can also be interpreted in FinSubStoch, via

[if t; then t; else t3](aly) = [t2](aly) - [t1] (truely) + [#3](aly) - [#:] (falsely).

Categorically, this makes use of the distributive coproducts in FinSubStoch [38, 45]. P is a com-
monly considered probabilistic language, and subprobability kernel semantics are already known
to be fully abstract, though we rederive this here.

As explained in the introduction to this section, a program in the language P or PSL is typically
executed by some sort of inference engine, which tries to sample (usually approximately) from
the posterior distribution it defines. In the semantics, we express this top-level normalization for
a finite set X using the function normalize : D<;(X) — D<1(X), which is defined as

% ~p(x) where Z = Y exo(x) #0
0 where Yx. ¢(x) = 0.

normalize(¢)(x) = {

The zero distribution is mapped to itself, signaling failure of normalization.

Definition 6.9. Two closed P programs s, ¢ : X are called observationally equivalent, written s ~ t,
if the normalized distributions they define are equal, that is, normalize([s]]) = normalize([[¢]).

We say that two open programs I' + s, : X are contextually equivalent if under every closed
context C[—] we have C[s] ~ C[t]. The distinguishing power crucially depends on the fragment
of the language we are allowed to use in the contexts C[—].

Definition 6.10. The terms s, t are called straight-line equivalent, written s ~pgy, t, if for every
closed context C[—] in PSL (without branching) we have C[s] ~ C[t]. The terms s, t are called
branching equivalent, written s ~p t, if for every closed context C[—-] in P (possibly involving
branching) we have C[s] ~ C[t].
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The following proposition shows that straight-line equivalence can distinguish subprobability
kernels up to a constant.

PrROPOSITION 6.11. Two open programs are straight-line equivalent iff their denotations are
proportional:
xpgL I & [[s]] o [[t]]
That is, FinProjStoch is fully abstract for the language PSL.
Proor. & Is is easy to show that the semantics of all PSL constructs are linear or bilinear and
hence respect the relation «c. = Let s ~ps, ¢ and consider the straight-line context

def .
C[t] = letx = uxin(x,1t),

where again ux denotes the uniform distribution on the finite set X. Its denotation is

1
[Cle1)exy) = o [ o).
By assumption, [C[s]] e [C[¢]], so we have [s] o [t]. m]

This gives a clear interpretation of Theorem 6.4. In our current terminology, the Cond con-
struction aims to give a canonical semantics for straight-line inference programs: the construction
presents a normal form for straight-line programs up to straight-line equivalence. The lack of
branching is reflected in the fact that unlike FinSubStoch, FinProjStoch does not have coproducts.

Branching Inference. Up to straight-line equivalence, programs that differ by a global constant
are not distinguishable; that is, auto-normalization is valid. This changes if we allow branching
in the contexts, because branching can be used to extract the normalization constant. This trick
is fundamental to so-called “Bayesian model selection.” If y is a closed program, then the Boolean
program

if bernoulli(0.5) then y; true else false

normalizes to a distribution that returns true with probability

0.5-7 VA
05-Z+05 Z+1 where ; [v] )

p

and false with probability ﬁ Because the assignment Z — Z/(Z+1) is a bijection [0, c0) — [0, 1),
we can recover Z from the probability p. It follows that FinSubStoch is fully abstract for P.

PROPOSITION 6.12. Two open programss, t are branching equivalent if their denotations are equal
as subprobability kernels:

s=pt o [s]=[t]:[T] = D1 ([X]).
That is, FinSubStoch is fully abstract for the language P.

Proor. From straight-line equivalence, we know that [s] = A - [¢]. We then use the “Bayesian
model selection” trick to show A = 1. O

The tradeoff between straight-line inference and branching inference is an interesting design
decision: Branching inference is more general and allows us to extract the normalization constant.
On the other hand, restricting ourselves to straight-line inference, we are free to normalize at any
point, which leads to an appealing equational theory. For example, an “uninformative” observation
from a uniform distribution can be eliminated (Proposition 6.7).

Journal of the ACM, Vol. 71, No. 1, Article 2. Publication date: February 2024.



2:44 D. Stein and S. Staton

We emphasize that the crucial difference between PSL and P lies in putting conditions in
branches. Even in PSL, we can still implement if-then-else when the branches do not involve con-
ditions, because we can make use of the probability kernel

ite: 2X X X X — D(X)

with ite(1,x,y) = Jx and ite(0,x,y) = §,. If t1, £, are discardable (condition-free) terms, we can
define

. def .
(if ¢ then t; else t;) = ite(c, t1, t3).

In PSL, the structure of conditions is static, while it is dynamic in P.

7 CONTEXT, RELATED WORK, AND OUTLOOK
7.1 Symbolic Disintegration, Consistency, and Paradoxes

Our line of work can be regarded as a synthetic and axiomatic counterpart of the symbolic dis-
integration of [42] (see also [15, 36, 37, 51]). That work provides in particular verified program
transformations to convert an arbitrary probabilistic program of type R ® 7 to an equivalent one
that is of the form

letx = lebesgue()inlety = Min (x,y).

Now the exact conditioning x:= 0 can be carried out by substituting o for x in M. We emphasize the
similarity to our treatment of inference problems in Section 3, as well as the role that coordinate
transformations play in both of our work, [49] and [42]. One language novelty in our work is
that exact conditioning is a first-class construct in our language, as opposed to a whole-program
transformation, which makes the consistency of exact conditioning more apparent.

Consistency is a fundamental concern for exact conditioning. Borel’s paradox is an example of an
inconsistency that arises if one is careless with exact conditioning ([26, Ch. 15], [25, Section 3.3]):
it arises when naively substituting equivalent equations within (=:z). For example, the equation
x—y = 0is equivalent to x/y = 1 over the (non-zero) real numbers. Yet, in a hypothetical extension
of our language that allows division, the following programs would not be contextually equivalent,
as discussed in Example 2.2:

X = normal(0,1) X = normal(0,1)
y = normal(0,1) # y = normal(0,1)
x—-y =:=0 x/y =:=1

For that reason, we make it clear in our treatment of inference problems (Section 4.3) that condi-
tioning on a deterministic observation (:=) is the fundamental notion. Binary conditioning (=:=) is
a derived notion that involves further choices, and those choices are not equivalent. Our approach
also makes it clear that we should always condition on random variables directly, and not on
(Boolean) predicates: by presenting conditioning as an algebraic effect, the expressions (s =:= t) : |
and (s == t) : bool have a different formal status and can no longer be confused.

7.2 Contextual Equivalence for Exact Conditioning Languages

In this article, we have emphasized the role of program equations for manipulating probabilistic
programs and based the Cond construction on an analysis of contextual equivalence of straight-
line inference (Section 6).

While we have fully characterized the case of finite probability (Section 6.2), a corresponding
explicit characterization of contextual equivalence for the Gaussian language is still outstanding.
We have given partial results in that direction (see [49]) in the form of a sound equational theory for
contextual equivalence. The classification of effects n — 0 in Cond(Gauss) is not straightforward:
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it is not true that every effect is observing from a unique distribution 0 — n, as, for example,
(=) : 2 — 0 is not of that form. We believe that by passing to an extension category of Gaussians
Gauss — GaussEx, we can obtain the desired duality and achieve a more explicit characterization.

It is a further challenge to find semantics for exact conditioning with branching. Automatic nor-
malization is no longer valid here (Section 6.3), and the subtleties of [25] have to be accounted
for. Mathematically, this would be an extension of the Cond construction that produces a distribu-
tive Freyd category [38]. An example of a categorical model of the Beta-Bernoulli process with
branching (but no first-class conditioning) is in [46].

7.3 Other Directions

Categorical Tools. Once a foundation is in algebraic or categorical form, it is easy to make connec-
tions to and draw inspiration from a variety of other works: the Obs construction (Definition 5.1)
that we considered here is reminiscent of lenses [7] and the Oles construction [20]. These have re-
cently been applied to probability theory [43], quantum theory [22], and reversible computing [21].
The details and intuitions are different, but a deeper connection or generalization may be profitable
in the future.

Probabilistic Logic Programming. The concept of exact conditioning is reminiscent of unification
in Prolog-style logic programming. Our presentation in [49] is partly inspired by the algebraic pre-
sentation of predicate logic of [44], which has a similar signature and axioms. Logic programming
is also closely related to relational programming, and we note that our laws for conditioning are
reminiscent of graphical presentations of categories of linear relations [1, 3, 4].

ProBLoG [8] supports both logic variables and random variables within a common formalism.
We have not considered logic variables in conjunction with the Gaussian language, but a challenge
for future work is to bring the ideas of exact conditioning closer to the ideas of unification, both
practically and in terms of the semantics. This is again related to the extension GaussEx by “im-
proper priors,” which are a unit for the conditioning product in the same way uniform distributions
are in finite probability (Proposition 6.7). The connections with logic programming are spelled out
in more detail in [48, Section 20.2].

Implementation. The purpose of our Gaussian language was to give a minimalistic calculus in
which to study the novel effect of conditioning in isolation. The close fit of the denotational seman-
tics to the language was thus expected and can be seen as an instance of letting semantics inspire
language design. To extend our calculus to a full-blown programming language, one can make
use of the general framework of algebraic effects to combine conditioning with other effects like
memory or recursion. For example, we can treat higher-order functions by modeling the language
on a presheaf category, which is Cartesian closed. The operational semantics easily extend to a
full language, for which we have given implementations in Python and F# [47].

A APPENDIX
A.1 Overview of Measure Theory

In order to formalize probability distributions with uncountable support such as Gaussians, one
traditionally employs measure theory. While measure theory is not central to the understanding of
this article, it is needed to make certain arguments and intuitions rigorous, so we provide a short
reference and refer to [28] for a comprehensive introduction.

Measurable Spaces. A c-algebra on a set X is a collection of subsets of X that contains () and
is closed under complementation and countable union. A measurable space is a pair (X,2x) of a
set X and a o-algebra ¥x on X. The subsets U € Xx are called measurable subsets. A function
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f + X — Y between measurable spaces is called measurable if for all measurable subsets A C Y,
the preimage f~!(A) is measurable in X. The product space X X Y is naturally equipped with the
product-o-algebra, which is generated by the rectangles A X B for A € 3x,B € Xy.

Every topological space X comes with a natural o-algebra, namely the Borel o-algebra B(X)
generated by its open sets. Continuous functions between topological spaces become measurable
under this definition.

All examples of measurable spaces in this article will be of a particularly well-behaved type,
namely standard Borel spaces.

Definition A.1. A Polish space is a topological space homeomorphic to a complete metric space
with a countable dense subset. A standard Borel space is a measurable space that is isomorphic to
(X, B(X)) for some Polish space X.

We write Sbs for the category of standard Borel spaces and measurable maps. This category
includes all spaces that will be relevant for real-valued probability, for example, R”, the interval
[0, 1], and countable discrete spaces.

Definition A.2. Let X be a measurable space. A measure on X is a function p : Xx — [0, c0]

such that . .
p@ =0  and u(z Ai) = Z (A, (33)

where }}; A; denotes disjoint union.

A probability measure is a measure satisfying p(X) = 1. If g is ameasureon X and f : X — Y'is
measurable, the pushforward measure f.y is defined by fpu(A) = u(f~*(A)). For x € X, the Dirac
measure 8y is the probability measure on X defined, using Iverson bracket notation, by d,(A) =
[x € A]. The Borel-Lebesgue measure is the unique measure on (R, 8(R)) assigning every interval
its length; that is, £([a, b]) = b—aforall a < b. For two probability measures p, v, the product proba-
bility measure y®v is uniquely defined via (u®v)(AXB) = u(A)-v(B) for all measurable A, B. A sub-
set that is assigned measure zero can be seen as negligible; this informs the following terminology:

Definition A.3. If p is a measure on X and ¢(x) some measurable property, we say ¢ holds -
almost everywhere if p({x € X : =¢(x)}) = 0. We say p is absolutely continuous with respect to v,
written py < v, if for all measurable sets A, v(A) = 0 implies u(A) = 0.

Integration. For anon-negative measurable function f : X — [0, c0) and a measure y, its integral
is defined as

J s Lo S inf 0 € po.0

where the supremum ranges over finite measurable partitions of X. The integral extends to mea-
surable functions f : X — R that are integrable, i.e., satisfy f | f(x)|p(dx) < co. Fubini’s theorem
states that the order of integration can be interchanged; for all probability measures p, v and inte-
grable f : X XY — R, we have

[ [ rwsmaavan = [ [ oo (34)

Density functions are important practical tools for defining measures: if p is a measure on X and
f : X — [0, o) is measurable, then

v(A) = fA Feou(d) < f FOo)lx € Alu(dx)
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defines another measure. For example, the standard normal distribution on R is defined as having
the density function ¢ with respect to the Lebesgue measure, where

1
ex12,

Ver

Definition A.4. A probability kernel X ~» Y between measurable spaces is a function f : X X
3y — [0, 1] such that f(—, A) is measurable for all A € 2y and f(x, —) is a probability measure
for all x € X. Kernels f : X ~ Yand g : Y ~» Z compose using integration

p(x) =

(g0 f)(x.A) = fy 9y, A)f (x. dy) (35)

and any measurable map f : X — Y induces a Dirac kernel 7 : X ~ Y via 67 (x, A) = [f(x) € A].

Definition A.5 ([11]). The category BorelStoch consists of standard Borel spaces and probability
kernels between them. Identities are given by 8iq,, and composition is kernel composition.

BorelStoch has the structure of a Markov category, whose tensor is given by X ® Y = X X Y on
objects and by product measures on morphisms. Copying and discarding are given by the Dirac
kernels for the canonical maps A : X - X X X, !: X — 1in Sbs.

Our example Markov categories FinStoch and Gauss faithfully embed in BorelStoch, where we
interpret

(1) the finite set X as the discrete standard Borel space (X, P (X)),
(2) the object n of Gauss as (R, B(R")),

and the morphisms of these categories as actual probability kernels.

Definition A.6 (Giry Monad). There is a monad G : Sbs — Sbs due to Giry [16] that assigns to X
the space of probability measures GX, endowed with the least o-algebra, making all evaluations
evy : GX — [0,1],4 — p(A) measurable for A € Xx. The unit of this monad takes the Dirac

measure x — Jy. Kleisli composition takes the average measure via integration; that is, for f :
X — @Y and p € GX, we have the Kleisli extension

£ = fx £ (Ap(d). (36)

For h : X — Y, the functorial action G(h)(p) is given by the pushforward measure A, .

The Giry monad is strong, affine, and commutative, where commutativity follows from Fubini’s
theorem. A Kleisli arrow X — GY is the same as a Markov kernel X ~» Y, and Kleisli composition
(Equation (36)) agrees with kernel composition (Equation (35)).

A.2 CD Calculus

We verify that the remaining axioms of the CD calculus hold in any CD model, completing the
proof from Section 3.5.

ProOF OF PrROPOSITION 3.14. (let.£) follows from the compositionality of the semantics. (x.f),
(+.n), and (unit.n) are immediate. We proceed to prove that (let.lin) is valid; that is, if t uses x
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exactly once, then

We argue by induction over the term structure of ¢.

Pairing. Let t = (u,s), where wlog x occurs freely exactly once in u and zero times in s. By

inductive hypothesis, we have (letx = einu) = ufe!x], i.e,

Variable. If t = x, then

E

= ulelx]

from which we derive by the comonoid laws and weakening of s

letx = ein(u,s) =

The case for (s, u) is symmetric.
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Function Application. If t = f u, we obtain immediately from the inductive hypothesis

Eli

letx = einfu =

= [ulex]] = (Fwlen]

The proof for the projection case t = 7; u is analogous.
Let-binding I. Let t = (lety = uins) with u, s as before; then
(letx = einlety = uins) = (lety = (letx = einu)ins) = (lety = ule!x]ins)
is a special case of (assoc), which was proved in Equation (11).
Let-binding II. Let t = (lety = sinu); then
(letx = einlety = sinu) = (lety = sinletx = einu) = (lety = sinufe!x])

is a special case of (comm). The inductive hypothesis on u involves both weakening and exchange
and reads

from which we derive

letx = einlety = sinu = = lety = sinufe!x]

This finishes the validation for linear substitution.
For (let.val), we carry out the semantic analog of Proposition 3.17 and consider sequences of
let-bindings:

letx; = ein ---letx, = einf,
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whose denotation is

[e] [e]  [e]
L]

T

This can be replaced by letx = einletx; = xin ---letx, = xin i, ie.,

\
i |
L]
]

T

whenever the denotation of e is deterministic in the CD category sense. It remains to note that the
denotations of all values of the CD calculus are always deterministic. ]

Proor. The first case is (let.lin) and the last case follows from the combination of the previous
ones.

Copyable. We begin with the special case that ¢ has precisely two occurrences of x. Then
t[e/x]

(13) . L
= letx; = einletxy; = eint

(let.val), (x.f) . . S
= letp = (e,e)inletx; = mpinletx; = mpint

(154) letp

(letx = ein(x,x))inletx; = mpinletx; = nzpinf

(assoc)
= letx

einletp = (x,x)inletx; = mpinletx, = ﬂzpinf

let.val), (.
(te ME)( ﬂ)letx

einletx; = xinletx; = xint

13
(z) letx = eint.

Repeating this process, any chain of repeated let bindings of a copyable term e
letx; = ein ---letx,, = ein ...
can be replaced by

letx = einletx; = xin ---letx, = xin ....
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Discardable. Let t have no free occurrence of x and e be discardable. Then

letx = eint

let.val
(etzw)letx = einlety = ()int
(aséoc)let = (letx = ein())int
15
(E)Iety = ()int

(let.val)

O

Proor oF ProrosITION 3.15. We will invoke (let.£) implicitly throughout. (let.3) follows imme-
diately from (let.val) because x; is a value. (id), (let.f), and (let.*) follow by applying (let.lin) one or
two times.

For (comm), we notice that because x, ¢ fv(e;), the expression letx; = eyinletx; = xine has
a unique free occurrence of x;; hence, by linear substitution:

letx, = eyinletx; = ejine
(let.B)

letx; = eyinletx; = ejinletxy; = xyine

(let.lin) . .
= letx; = ejinletxy = esyine.

For (assoc), if x; ¢ fv(e), then letx, = (letx; = xjine;)ine has a unique free occurrence of xi;
hence,

letx; = ejinletxy = eyine

(let. ) . . .
= letx; = ejinletx; = (letx; = x;iney)ine
let.li
(etsm) letx; = (letx; = ejiney)ine. O
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