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Abstract

The thesis is concerned with optical absorption by a semiconductor
due to the excitation of elsctrons from the valence band to the
conduction band giving rise to the phenomenon of the absorption edge.
In treating the final atate of the semiconductor in such an
absorption process it is shewn that the aystem may be considered eas
a two perticle one in which the excited electron in the conduotion
band 4s bound to the hole left behind in the valence band, which
behavea in many ways like a positively charged particle. A bound
aystem of this type is called an exolton. The theory of the exciton
is developed in some detall in the effeotive mass approximation for
the case of a semiconductor with spherical energy bands. The effect
of an externally applied uniform magnetic field is caloulated.
Using the exoiton wave~function derived in this way, a
general expression for the absorption coefficient due to exciton
creation in a magunetic field ips obtained. ‘ne evaluation of this
formlae requires a knowledge of the wave-~-funotions of the hydrogen
atom in & magnetic field. For speclal cases, e.gs. zero magnetic



field, it 18 shewn how the general ahsorption coefficient formila
leads to expressions previously derived by other authors.

The wave-sgquation for the hydrogen stom in a magnetie
field is solved by a perturbation theory approach for the case where
the magnetic field energy is larger than the Coulomb energy, a ocase
of some importance in semiconductors since the Coulomd interaction
is reduced by the dieleotric ooncuiant and the electrom or hole
effective masses are usually small. Both bound and free states of
the exciton are oonsidered, and formal expreasiona for f-values and
abeorption coeffioientn are presented.

These formal expressiocns are evaluated numeriecally for
some important oases. The positions and intensities of the lowest
observable abaorption lines are caloulated when the electronic
transition from the wvalence band to the conduction bend ias either
allowed or forbidden, and the values of the absorption coefficients
close to the absorption edge sare determined.

Finally the acouracy of the perturbation theory method
used ie asmessed and recent experimental work on the absorption edge
is disousaed,
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Chapter 1. INTRODUCTION,

1. The Absorption Edge. The infra-red absorption spectrum of a semi.

conductor provides important information about the electronic energy
band struocture of the crystal, To understani the gqualitative features
of the spectrum, only a simple disocussion of the form of the energy
bands of a semioonductor is required. The wave-function of an eleotron
in the periodio potential field of a orystal may be taken in the

Bloch form, which will be written VY, | (r) » Here r is the position
vector of the electron and k 1as its m-w-voci‘.or. The energy of an
electron in this state will be denoted by En(g). For a given wave-
vector k the eleciron may have many different wave-functions and these
are enumerated bty the subsceript n. The states having a fixed value of
n but different values of k are said to form the nth electronio
energy band. These energy banﬁa;v may be regarded as pseudo-surfaces

in a four-iimensional spaoce in which the four Cartesian axes are the
energy B n(Q and the three componeats of the wave-vector k. All
distinct solutions of the wave-equation for an eleotron in the orystal
are obtained Yy restriocting k to lie in the firet Brillouin zone
oorrespondiing to the aryetal lattice under consideration. For a finite
orystal containing N unit ocells k has discrete eigenvalues, there
being N of these within the firet Brillouin smone. Negleoting eleotron



spin, a8 we shall do throughnnt, the maximum number of electrons
which can occoupy an energzy bamd is therefore N.

A semioondueting orystal in its ground state has an
energy band system in whioh a certain number of bands is filled and
the remaining bands are empty, The filled bande of highest energy are
the valence bands while the lowest empty dands are the conduoction
bands, and the points in E ~ k space where a valence band has its
maximum energy and a conduction band has ite minimum energy are called
band edges. The energy separation between the highest valence band
edge and the lowest conduction band sdge is oalled the forbidden
energy gap, and has values in the range nought to five electron volte.
If radiation of a oertain frequency is allowed to fall on a semi-
conductor, absorption may take place if the photon energy is
sufficiently large to exoite valenoe eleotrons aoross the forbidden
energy gap into the oconduction bande. As the photon energy ie
lowered the absorption falls rapidly to zero at about the energy of
the forbidden gap, giving rise to an absorption edge at a frequency
which is usually in the infra-red or optical regions. Below this
frequendy the semioconductor is transparent.

In recent years there has been a grest deal of
experimental and theoretical study of the shape of the absorption
odge in various semiconductors. High resolution experiments have
shewn that the absorption edge may have a compliocated shape and in
some substances series of lines have been resolved. For example in

ouprous oxide series of lines with spasings proportional to the



hydrogen atom level spacings have been observed at the absorption
odgol’e, while in germanium only one or two lines have been observed
at the present tius ’4.

The bend struotures of some important semiconductors are
known to be exceedingly oomplex. Several bands may be degenerate at
the band edges, and the oconduotion (valence) band may have several
energy minime (maxima) disposed about the Brillouin zone in a
symmetrical array. By electronic standards the momentum carried by a
photon ias negligidle, so that if momentum 1s t0 be conserved in the
absorption prooess, the momentum of the excited electron aust de
unchanged as it moves from the valence band to the oonduction band,.
Such & transition which conserves the total electronic momentum is
called a vertioal or a direct transition. {owever higher order
processes are possidble in which a phonon is created or annihilated
at the came time as the photon is abdbsorbed. In this case the exoited
electron, or the hole left behind in the valence band, must change
its momentum during the absorption proocess in such a way as to
compensate for the momentum carried away or given up by the phonon.
Such an absorption process is caslled a non-vertical or indirect
transition, It is oclear that an eleetron can be transferred from any
point in the valence bund to any point in the conduction band by
interaction with a suitable phonon in an absorption process of this
kind. It followe that a semiconductor with several conduction band
minima or valence band maxims may display several absorption edges.

These complications render detailed caloulations of the



form of the absorption spectrum, using the known structure of the
energy bands, impracticadle for many semiconductors. Qnantitative
calculations have therefore in the main been carried out for an ideal
semiconductor having spherical non-degenerate energy bands, This
simplification will be adopted in the present discussion which will
aleo be reamtriocted to the cans where both band edges ocour at the
centre of the Brillouin sone, i.e. at k = 0. The theories considered
below will therefore apply oanly to vertical transitioas,

A theory based on the above approximations would be
expected to yleld only qualitative information about the form of the
direct absorption edge in a semiconductor like germanium, which hanm
a band structure of the complicated type desoribed above, but the
caloulations should have some gquantitative significance for a semi.
oconxiuctor sueh as ocuprous axide in which the energy bands seem to be

approximately spherical.

2. Previous Caleoulations. Using the basio approximation of a eimple

energy band model, the photon abscrption proocess may be treated
theoretically in either of two degrees of refinement. In the less
rofined caloulation the electron which has been excited into the
conduction band is regarded as a free oconduction electron whose wave-
function is just the Bloch funetion corresponding to its momentum
atates A caloulation of this type leads to simple formulae for the
shape of the absorption edge and line speotra of the form observed

experimentally are not prediotodsa To account for these line spectrs
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at the abeorption edge the theory must be improved by iaclusion of the
effect due to the hole which 1s left behind in the valence band when
an electron ie excited into the conduction band, The hole behaves in
many ways like a positively charged particle and in particular it
exerts & Coulomd attraction on the exeited electron. Because of this
attraction the eleciron-hole pair may form bound hydrogen-like states

6- These bound atates are

in which case the pair iz ocalled an 'exciton'
formed hy'photona of energies smaller than the forbidden energy gap by
an amount equal to the exciton binding energy and they give rise to a
series of lines just belew the absorption edge.

The semiconductors of interest have large dielectric
constants as a result of whioh the electron~hole Coulomd imteraction
is wook and the electron~hole separation is correspondingly large
compared to the lattice constant, so0 that the exoiton can be treated
in the effeotive mess aprraximation using methods similar to those
developed by Luttinger and Kohn7 for the treatment of impurity states
in semdconductors. Droasolhauna has demonatrated the way in which
effective masa methods can be used for excitons and Elliott’ hae
calculated line strengtha and absorption coefficlients taking execitonio
effects into acocunt. The main effect of including the eleotron-hole
Coulomb interaction in the theory is that the wave-funotion of the
system involves a sum of products of pairs of conduction and valence
band Bloch functions corresponiing to momenta close to the conduction
and valence band edges, instead of the eingle such product which is

obtained when the Coulomd interaction is negleoted. A study of the



absorption edge therefore gives information about the Bloch states
Just above and just below the fordidden energy gap. In particular
information about the valence andi coaduction band effective masees
is obltained,

This information may be supplemented by a study of the
effectia of magnetie fielde on the aheorption spectrum of the semi-
conductor. Rxperiments of this type are analogous to Zeeman effect
experinents in atomic spestroscopy and aimilarly yield information
about the nature of the energy levels reasponsible for the observed
spectrun. Although the Zeemen effeot has long been a powerful tool
in elucidating the details of atomioc speotra, the eorresponding
axperiments in semiconiuctor apectroscopy have only recently deen
carried out successfMmlly., It is observed that in the presence of a
magnetic field the spectrum of the continuous adsorption region
above the edge changer shape and may form a series of peaks, while
the discrete excitonie abaorption lines change in position and
intensity.

As in the gero field case the theory of optiocal
absorption in a magnetic field may be worked out either with or
without the inclusion of the Coulomd interaction between the
electron and hole, The problem without the Coulomd intorsction has
already been tmtodm, and the main result of this work is that in
certain cases the contimucus sbasorption above the edge ashould bLresk
up into a series of peeke whose dlstance from the absorption edge
varies linearly with the megnetic field. The width of the forbidden



energy gap should therefore bde determined very socurately by
extrapolating the positions of the observed peskes back to mero magnetic
fleld: a direct measurement of the energy gap is hampered bty the
clutter of lines due to bound exciton states which obascures the low
frequenay side of the absorption edge.

Howevor a theory which does not take account of the
electron~hole Coulomb interaetion cen make no predictions about the
offeot of a magnetic field on the dound oxciton states and thelr
associated lino speetrum, Also the Conlomdb interaction can make a
radical change in the nature of the ocontinuous absorption oleose to the
edge as is shewn Yy the sero fisld case where the absorption
coeffiolent at the edge is increased from zero to & finite value by the
inclusion of Coulomb effects’,

For these reasons it is lmportant that a theory of optieal
absorption in the presence of a megnetic fleld should bve developed
vhich takes into acoount the exeitauic nature of the final etate
produced in the semiconduotor, It is the main purpose of this thesis
%0 present such 8 theory. The arrangement of the work will be
desoribed in the following seoation.

3+ The Preasnt Calonlation. In ochapter 2 the general theory of the

exciton in a magnetic field is derived in the effective mass
approximation, It 12 shown that the execlton wave-function oonsiste of
a product of three funotions. The firat two functions are linear

combinations of Blooh functions corresponiing to zero wave-vector,
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1.0 k = 0, one of these linear combinations representing the hole and
the other the electron, The third component is a funotion denoted by F
which will be called the envelope function of the exciton. The effect
of the poriodic lattice of the orystal on the exoiton wave~function is
entirely acoounted for by its Blooh function components, and the
envelops function F satisfies a Sehrddinger equation which ia
independent of the lattice, being just that of a hydrogen atom in e
magnetic field dut with the Coulomb interaction reduced by the
dielectric constant of the semicondinotor,

Using this exeiton wave-funetion, f-values and abserption
coefficionta for electrie dipole absorption by excitons ocan de
derived and a general formula fcr these quantities is presented at the
begivning of chapter 3. In deriving this formula use is made of the
results of appendix 1 where the effect of the refractive index of the
semioonductor on the absorption coefficlent is investigated., It s
found that the sbsorption ovefficient depends on the properties of the
envelope function F at the points where ites arguments, 1.e, the
position veotors of the eleotron and hole, sre equal. With the aid of
the general formula the abgorption coefficlents given by previous
authors for less general cases may be easlly derived, For example,
the results of F111ot% et 8l.2? are obtained if the Coulomb tern is
removed from the Schr8dinger squation for F. All the previously
given absorption coefficiente for direct optical trazsitions are
derived in chapter 3 to demonatrate the ease with which the new

general formula can be used. The wave-funciions necessary for dealing



with the magnetio field case are obtained in appendix 2.
Chapter 4 ocontains the main coatribution 'of the present
caloulation, a consideration of the theory of optical adsorption in e
magnetio field taking excitons into acoount. %e have stated above, and
will prove in chapter 2, that the envelope function P for this case
satisfies the same wave-equation as the hydrogen atom in a magnetic
field. Conservation of momentum reguires that the c¢entre of mass of the
exoiton shall be at rest and ae a result of this we are concerned only
with the familiar equation for the relative motion of the two particles
constituting the exeiton or hydrogen atoms In discussing the methods of
solution of this equation it is oconvenient to sharscterise the strength
of the magnetio field Wy its cero point energy }21;% » where . 48
the cyclotron frequency, and t¢ characterise the strength of the
Coulomdb iateraction by the binding energy, R say, of the ground state
of the exciton in zero megnetic fields
For 4hw, <K R the megnetioc field is weak and the magnetic field
terma in the hydrogen atom Schridiager equation can
be treated Ly perturbation theory. The bound exociton
ntates exhibit the ususl Zeeman snd guadratic
Zoeman effects.

For {'ﬁu’a ~ B the Coulomb and magnetic field terms are equally
fmportant and there is no simple way of solving the
Schridinger equation.

For %.t w > B & perturbation theory approach again becomes
possidle, for the Coulomd energy is now small in
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comparison with the magnetic field energy and the

Coulomb term can be treated as a perturbdation.
To give some idesa of the type of epproximation suitable for dealing
with exporimentally obtainable fields we 1ist the magnetic field
strengthe required to attain the condition /T,w = R for several semi-
conductors and alee for the hydrogen atoms

Hydz-ogan atom s 2,400;000.000 gauss

Germanium : 8,900 gause
Cuprous oxide $ 64500,000 gauss
Indium antimonide : 1,900 ganse

In the cases of Ge and particularly of InSb experiments for whioch the
condition J\w >> R holds can easily be ocarried out. lowever for Cu 20
the condition jhu, << B will alwaye hold since the steady magnetie
fields normally available are of the order of tens of thousands of
gauss. The oritical field for an exciton in cugo is lower than that for
the hydirogen atom by a faotor of about 370 and this difference vresults
in the quadratioc Zeeman effect being casily observable in a m20
exaiton whereas 1t is not in hydrogen.

It is coen that exzecitons may be expected to display a great
diversity of Zeeman effects. The case considered in chapter 4 is that
of a high megnetio field, ;hu.>) R, though the low magnetio field
Zeeman offeots will be Wwriefly mentioned in the following chapter in
oconnection with a disoussion of experimental work on CuQG. Previous
work on the high magnetioc field caze has bean restriocted to bound

impurity states for which the Schr@iinger oquation to be solved is very
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similer to that for the exciton. The variation in the energy of the
ground state with magnetio field has been caloulated by numerical
integration of an approximate Schrddinger equation using an eleotronio
computor'! ani oaloulations on the lowest few bound levels have besn
carried out using variational wave-functione 2’13, The approximate
method of ealculation presented in chapter 4 appliesa to both bound
and continuum atates of the exciton in a megnetic field. Further, the
energies of excited states are as easily ealoulated as the energy of
the ground state in variocus magnetic fields, which is not the case with
the variational calculations where the numerical complexity of the
computations increases as one goes to higher states.

Formal expressions for line strengths and absorption
coefficients are also presented in chapter 4. Ia deriving these muech
use is made of the properties of Whittaker's oonfluent hypergeometric
functions and these are briefly treated in appendix 3. In the 1imi¢
of an infinite magnetic field the component of the wave-function
corresponding to motion along the field separates and satisfies the
one-dimensional hydrogen eatom wave~equation. It is useful to know the
solution of the problem in the infinite field 1limit, and the final
appendix is therefore devoted to the ome-dimensionsl hydrogen atome

In chapter 5 the results of numerical caleulations based
on the preceding theory are given. The variations in the energies and
intensities of the most important bound state exciton lines with
magnetic field are plotted and the shape of the absorption edge at

several magnetioc field strengths is given. A discussion of these results
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will be deferred until chapter 5. Finally the range of validity of
the approximate method of chapter 4 will be considered and experimental

work on the absorption edge will be comnonted upon.
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Chapter 2. EFFECTIVE MASS THEORY FOR THE EXCITON,

1. Introduction. Consider a e0lid having simple valence and

conduction bands, both with their edges at the ocentre of the Brillouin
zone. Let the volume of the unit cell be Sl amd let N be the number
of unit cells in the orystal. Let H (r) be the Hamiltonian of an
eleotron in the periodie potential of the orystal. We denote the
eigenfunctions of Ho, the Bloch funotions, by:
k. r
4’ (¢) = e =" r
g ) we (2) (2.1)

where n specifies the band and k the wave-veoctor. The eigenvalues of
H, we denote by E (k) so that:

Ho(z) 4’..\5_ ) = EY) 4’.43 €) (2.2)

The Bloch functions are defined only et discrete values of k, there
being N of these allowed values in each energy band, say 51.52,...5.5,
(we are negleocting epin). In the ground state, when the valence band
is full, the gero order wave-~funotion is given hy & Slater determinants

|
b = f—&- A \k’k' (c.) ‘k,k‘(':;).. e ‘k,k“ (ew)

where _A is an antisymmetrisation operator, operating on the

(2.3)

electron co-ordinates, Conaider now a state of the erystal in which a



73
single electron has been excited from state \k,/ k, ('fu) in the valenoe
band to a state ‘l"' “e (‘!.'g) in the oconduction band to form an exciton.
The wave-funotion is given in zero order Yys

. kB
Y\ft,'kk 2 EA 4’,,\3'(':.)- by, () 4»‘,\_(" (cy) (204)

where V.|, U-:b) has replaced the valence band Blooh function +V,-ku(v:“) .
There are Eﬂ wave-functions of this type corresponding to the N
poasible choices each for 5_3 and Eh’ The Hamiltonian of the system ies

2
H=D W)t %_ (2.5)
i i<j 1
Using this Hamiltonian and the basic set of wave-functions (2.4) it is
possible to caloulate the energy matrix for the system, the
caloulation being very similar to that used to met up the electrostatic
energy matrix of a many eleotron atom (cormu treats this problem

very fully). A general matrix olement of the Hamiltonlan has the forms

(Ilsc,'k‘.lH ,y\;;,.l,:‘) = [E° t E:(k@)" Evl Uﬁu)] J\_‘_,,g_; Sk“ k.

¥ 4 e‘l— :
L serionzas e
(2.6)
tle* d Q"
.ﬁ %,-k‘}‘:u) ‘kkz Le) T ‘YV,_k (&) kkl (. ,4:‘0{&}

X &
ket ki, ) ‘Se‘,fkt:
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where B, is the ground state energy, B (5‘) is the conduction band
energy B QQ:_.) renormalized to teke into esoccount the interaction of the
exocited elestron with all the electrons in the valence band, and E;(&)
is similarly defined.

The most striking feature of the matrix element (2.6) is
that, apart from the renormalisation of the energy bands, oaly the
Bloch funotions corresponding to the excited electiron and the electron
missing from the valence band are 1molvod. In fact the matrix elements
of /Iv- ""kl whieh oocur are the same as we ghould have if there
wore only two electrons in the zystem, exsceopt that their signs are
reverved. This reversal of sign indicates that the system can be
regarded as a two partiele one involving a 'hole' with effective
positive charge in the valence band and an eleotron in the conduction
bands The form of (2.6) shews that if we are prepared to neglect the
contribution to the emergy matrix arising from the exchange integrals
(third line) while retaining integrals of the Coulomd type (second
line), then the wave-functions of the exciton may be expanded in a
geries of products of pairs of Bloeh functions instead of a series of
products of N Blooh functiona, provided that their renormalized energy
eigenvalues are used,

An analogous state of affeirs to the above ocours in atomic
physios for a sonfiguration of the type 2:‘411 where n is the numbdber
of eleotrons in a closed shell for orbital angular momentum ﬁ. e In
the expressions for the energy level spacings due to the electrostatic

interaction between the ﬁ,_ eleotron and the nearly closed shell, the
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terms resulting from Coulomb integrals are the same, except for a change
of sign, as for the configuration 1, ﬂ,, obtained by replacing the *hole’
in the almost closed shell by an electron. The two oonfigurations have
of course the same allowed states.

If we oonsider a diagonal matrix element of the type (2.6)
then the firad integral represents the energy due to the Couload
interaction between two charge distributions H’vl -k, (!I;.)rand N&E ¢(!‘c)r
and thia term is appreciable even when the electron-hole separation is
large compared to the lattice constant. For a discuseion of the second
integral in (2.6) it is more convenient to tranaform from the Blooh
funotione to a met of localived functions, the Wannier funotiona?
defined bys

L kR
au(c-R) = 2 ¢ ‘Kk ) (2.7)

where R i3 a lattioce point. For a given band n there are N Bloch
functions corresponding to the N values of k and N Wannier funotions
corresponding to the i lattice poiats. Transforming to these

localised functions the disgomal exchange integral may be reduced tolds:

H (o)l ~)1 To] e R a (e R ) dede,

Sinoe the Wannier functions are localised thig integral is negligible
unless B, = R,, in which oase its value has the order of magnitude of
an atomio exchange integral. Hemoe in (2.6) the dimgonal exchange

integral is approximately equal to the probability that the electron
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and hole are oentred on the same lattice point timea the sppropriate
atomio exehange integral. The off-diagonal matrix elements of the type
(2.6) are leas important than the disgonal ones, Numerical estimates
of the order of magnitude of the exchange integral for the eemi.
oonductors of interest shew that it is negligible in comparison with
the Coulomd integral. The approximeation of neglecting it is therefore
& g00d one and will be adopted here.

Regarding them the exoiton as a two particle problem, we
can write dowmn the exeiton Hamiltonlan ass

HEA(D./&) = Ho('-'l) t H’(\g“) 1 V(tz' r“) (2.8)

where v(;. « Z,)» the interaction between the eleotron and hole, will
not be completely specified at the moment. In determining the eigen~
funotions and eigenvialues of this Hamiltonian we follow closely the
methods used by Luttinger and Kohn! in their treatment of impurity
states in semiconduotors, Instead of expanding the exciton wave-function
in a series of products of pairs of Bloch functions, we uze the set of

functions:

ot i\ie,-“.‘e, ‘.kk'f\.
xkzk =t UM@‘) ¢ ul'o (‘C“) (2.9)

These functions form a complete set sinoce any product of two Bloch
functions can be expanded in them and the Blooh fuuctions themselves
form a complete mot.

Although %he Bloch functions are striotly defined only at

discrete valucs of k, 1t is convenient to take the range of k to be
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continuous so that integrals can be used instead of summations. Ve
accordingly assume the following normalisationt

*
Jt I‘yv.\(_ ®) ‘Y..‘\St ¢ de = &, 8 (k- k')  (2:10)
L.vbs o

¥ith this assumption it may be shewn that the functions (2¢9) form en
orthonormal set if we make use of the theorem that if &Qﬁ:) is any
function which is pericdic with the periodioity of the lattioce then:

(- k
‘ . }@ de = @W § (k- j 5‘(" (2.11)
cv&l’al an\' ce”

This theorem ie proved as follows. Jv(;) can be expanded in a Fourier
series involving only the reciprocal lattice vectors gms

5@: Z B, o Rl
[ g T [ o)y,

all s}ue all 5}«»@ -

z @W)’ZBH f(k‘-‘!- ‘SM) (2.13)

'rhconlypo.aiblo&wuohy - k can be equal to ugg-ouncay

(2.12)

Hences

and k both lie within the first Brillouin zone. Henoce the right hand
side of (2.13) reduces to just one torm:
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SO o de - 0978, 614
all s\me K. (2.24)
Nultiply both sides of {2,12) by 2 " ond integrate over the unmit
cell:

i K
je >t lede = B0
val cell (2.15)

Combination of (2.14) amd (2.15) now leads to (2.11), which we obaerve
holds striotly only for an iafinite orystal,

Applying this theorem to the un&(_x;) which are lattice
periodic, we may carry out the normalization integral for the
expansion functions (2.9)»

;tl % ¢t :
ngxk; \!; l'_t O{V‘ a\r L_g JJ DL—E) V) LV‘ Ut\ (,u)‘)t-o(g)olv otvl.
C:)S*

UWJ ctu

XJ("‘¢- (k l()
But by (2.,10)s

27)’
Ln—)ju: ©) 4 @) dy = .

ot call (2:36)
Hence:
J' X/’lt‘ * X/st olv\ alr -J(\“[‘ ‘[‘
l o Mk, Medn = ko) 4 de g
cvys"a

and we have proved the orthonormelity of our set of expansion

functions.
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2, Derivation of the Effective Mass Equation, ‘e expand an exciton

wave-function in the X as follows:

E I L ‘
Qn,‘ £e,th) = Z “ Pt;t (ké,kC)X:.tk. dk, di, (2.18)

It
AXTS
where _l_:_; and _l_:_l" are integrated over the Brillouin zone and s', t' are

st
sumsed over all the bands. The H.‘t are expansion coefficients, n
enunerating the different states of the system. Using (2.17) the
normalization ocondition for the exeliton wave-function iss

2 “ lﬂft‘(kef,k\:)rdﬂ olk,: = | (2.19)
$

(R
%Y
To find the energy levels Eix of the exciton we require to solve:
Ex Ex TEx
HE‘(ttlv"“) §b\ (Y:zlv_“‘) s E“ Q" ':Cltk) t (2.20)
sU %

Substitute for % from (2.18), multiply both sides by xkzkh and
integrate over g.aand A

't \ t % s‘l"
H ‘( ‘(‘ j‘ S . | \ _ E‘ St
2 W 2y M d =)

2 cvs\'a (2.21)
Ve evaluate the integral on the left separately for each of the three
terms in H_ given by (248), 1.es the electron and hole kinetic

energies and the interaction terms
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sk 4 t
Jf AR u L_; ohe, e,
":}‘M (2.22)

tf." ‘! l.f [Es(_)f - ]J‘,' + tk_;h"} J‘(l‘fz“ljw)

i

W liuve sgain u.oot the theorem {2,11) and the normalization

(2.10). By definition:

. (r
Fss = _.). v, (V: (-.tV) Vg, (2) d
vwit ce,l( (2.23)
m bsing the fres elsctron mass. Similaxlys

“& b Holey x‘ﬁ o ded,
gl

{ yt
5, J(k,gc){[er@“ B M | )

™

“im:1ly the interaction term gives:

EARCEA LT

(2.25)
chH
[fﬂ' 'ke -e *LV' "t‘l\ LN U* v V(V ) l‘(a V.Z. L‘ V'h
re X ¢, AW A
’ Yo told) V{Le- ¥, Uy (Ce) 0 Uy, (1)
CVD’ - " % ’{‘fl. °(V‘\\
We can enport U (rp,)U' (£e) ant Vg, (£v) Uy, (£1) in Yourter series involving

only the reciprocal latiice veotors, as in (2.12), since both

cxnreszlons wre poriosdic functions. Ye .1cw assuce that V{r - I-h) is
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sufficiently slowly varying for its Fourier transform to be negligible
at all reciprocal lattice points exoept the centre of the Brillouin
gone. In this came we need keep only the first terms in the two
Fourier series, amd using (2.15) and (2.16) these ares

5 ( L
.ﬂ. ‘o ~¢ E .
owt call @ i) k) 8 o ‘Lu ’ 9,) tt (2.26)

The matrix element (2.29 ) therefore becomes:

st *
“X, Ko b V( e- r“) X’k‘\s‘ Ol* dTh
c.-ykal

- —‘ -1‘4 v -‘\( il(‘.? H. .
b g N
cﬁsl'al

@=)° ““ﬂ (K08 e
c:)stul

tl‘ .
=L’2_) s de 8 (K- “)g ) V() dr
= 8, 8y k= K) V(k- k)

[
where this is t0 be taken as the definition of the function Iv(li - k) .

(2.27)

In deriving the above we have assumed periodic boundary conditions
and have introduced the oconjugate palrs of oco-ordinates:
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L= e\, \ 8= lz('fe"' !‘t.)
V
(2.28)
|
kz‘l(k.k\\)j |_<.: \.‘gtl_ﬂ,
We now colleot together the various terms in (2.21) to obtain the

following equations L
y v l‘ t‘- ‘B sy’ ‘l'
(e 20+ A (s ) #2 = 0 )
. 5'

(2.29)

. tk Bt | ‘ | st ‘ | b,
RSN FITIPATIR P
tl ™ %3 _ EEx RSl‘ U( t{ )

This then is the equation satisfled by the expansion coefficients of
the exciton wave~function (2.18). It is not in a very convenient form
as 1%t standes because it oontains interband ooupling terms, i.e. the

- terme involving r_”c and F_H.' « These terms are linear in k and k.
Now effective mass theory applies only to perturbdations of the
electronic aystem of the crystal in which the important wave-vectors
involved are small in comparison with the dimenasions of the Brillouin
2000, 5. axd 5& must therefore be amall for the theory to apply, and
the interdand ccupling terms are amall quantities of the first order
in k. They can be reduced to a lower order by means of a canoaical

transformation T. We puts
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sk L o (!
o= [ ([0 700 e Bl
B3. ¢:')sh~l (2.30)
This can be writtsn symbolicallys \
- TR = ¢ B (2.31)
ce also write (2.29) in the symbolic forms
HA = EA
Then under the transformation T the momentum space Hamiltonian becomes:
i e.-s\'\e,s - H +{H)5]+11[[H,5],5]+... (2.32)

Yo write the original Hamiltonlan as 1° 4 H' + U wheres

(st
45%\&\.‘. H° 'X, \«‘ de, ‘A"k = {E (,O)H:t@)'l"' (U' u)}{' J’HJU‘ L) &l lJ)

"X"‘Stelf: H' /anh' cl'f olm\ {—;"Eﬁcf M J‘,,:}étki'kz)ﬂ‘é;-\ﬁu)

v

) 't ‘
6, v by e s W0 4y gy 51609 e

Then the trancformaticn vhich removes H', the part of the Hamiltonian

containing interband metrix elements, to firat order satisfies:
! 0
o+ (8%, s] = o (2.34)

using (2.32), Hence:
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3
“ X’k oy, 5 x’l«,_ls' o{v olv\‘ ™ [k'- 'F-Sb' Jﬂ-"’ l.‘t.-}’.n' f“'}
oyl E, )4 Eplo)- E)- Erlo)
foe s s ov tat

(ke ko) Pl

}ov 5:5‘ and t"t‘

]
O

(2.35)

In the transformed Mamiltoaian H the most important term involving

the interband matrix elemanta is the mecond order term:

ﬂxitv: [ 5]” ey e ol

W'J; al )
=£ {[ P” Jlu Y " ][L F‘ f“t‘*L‘ }"“"J‘"]
m v't Ss
5“* Sls'l 5@)* El-(o)'Esu(o)"Et«(O)
i “ Y 5ok J] (2436)
i LRt e i ey
oy

By 0+ Epi©) - Euo) - Epulo)
«dllg- k) S,

For the diagonal oase this matrix element reduces toi

k l‘ [ Ps“s t l“‘ l'l'“ \5 H
ZZi- — :EE. (2437)

iz E0)- Euld ooy EL0) - o)

The off-dimronal matrix clements of the type (2.36) can be removed to
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lower order $han seocond in the wave-vector bty a further transformation,
80 we need not oonsider them. All further contritutions to the
Hamiltenian introduced by the canonicel transformation (2.30) are
already of lower order then second provided that the extension of the
exciton state is large compared to the lattice constant. Correct to
second order in the wave-veotor equation (2.29) has now been tranaformed
tos

{E O+ L0)+-U‘¢+\< Z Fss LAY tZ-u rr“l‘ t“t} l‘ulﬂ)

w W
oY 54" fat Yt

(2.38)

Bt
where W, =E,()-E (0)ts the energy difference between the nth and mth

bands at the centre of the Brillouin sone. Using the fwsum rule:

o Pl
2 Z F"” r ‘s;() - D\En &)
e e ke, kg =0

(2.39)

vhere o« and (} denote components of k, it iz easily verified that

the large bradtet on the left hend side of (2.38) is just E.; (k;)f E(.USu)
$

expsnded to secoad order in k. The equation for .B" correct to seocond

order is therefores

{E‘(ke)ﬁr (ku)}B:bUsc/‘su) +Jf«f(a'-*s)w B, T e dl, = ‘E’B’tu.«e,kk)

B.t, (2.40)

This is the effoctive mass equation written in momentum space. Note that



3s ]

-y

1t ie diagonal in ¥ so that the total momentum of the exciton is a
good quantum number. The exciton wave-function mey now be eimplified.

mo first order in S we have from (2.30) and (2.31):

st $ gy ! o't
Ah U“/k“) = 3:(‘5%\1“)* Z “d‘ﬁedk\. B.,. t“‘ )J}xu k., 5 X’k e "{"eJ"\.

":t‘ H
i J | (2.41)
- 5 ) {7 22 ) 13 b gt “v““)l
'S st ]

where we have made use of (2+35)e By (2.9) anmd (2.18)s

Qf"(m,u){ﬂ A Uyl X ‘ e

4 B1. (2.42)

: Z " 0:‘) O, k'-'\.)“ Qilﬁe-v.‘e L;‘S\\.‘Ck Hil’o}yk‘) a“sad&k\‘

5, ¢ 8.2
Substituting for H from (2.41), we have:

E,‘:' s t\ <& [- ‘l' ki by o il(,.r 2‘(\.9‘
A ;H{ . [Z LL‘ B, Z e b B,t }e T )
B,

Weet
T

X Ygo @1) Uto Q-‘h) A‘Sz’“ﬁ.‘k
The right hand side consists of a sum of three terms. Consider the
term involving the first part of the square bracket. Interchanging

s and 8' 1t 188

Ziﬁ €9V € 0 bose ‘k“'“Z\‘ Rt e, dl,

S‘; t B.%, S* S‘ ""SS
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sinoce W, == W e Thouoommtoftha-qwohraoketmbo
similarly dealt with. Now equation (2.40) for 3, containe no
interband coupling so we need retain for the exciton wave-funotion
only those terms in the summations over & ani t for which & is the
conduction band and ¢ is the valence band, Hence dropping the super—
seripts on .B., we have:

Rs"(u,tu) 25 { Vo (Le) uw(rk M[ o Q“)Z =¢ .u

8.3, $'ee Ve
(2.44)

k by : )
2 B ) ot e g g
v

Correat to first order in the interband matrix elements this may be
written in the final forms

£ eye) - JJ{ co(-e)'fZP“ -k "’so@ﬁ)}

sy e (2+45)
B2

X {0 @ )"' ZP i t\i\. Vto @“)}B“(\fe;‘é\.)q,i"‘bu @Aﬂ"u

t#v
Ak dk,
3. Transformation to Co-ordinate Space. To tranaform the effective

mass equations from momentum to0 co-ordinate space we note that sinoe
B. “},c,,‘ju) ie periodio in k and k. it may be expanded in a Fourier

seriens as followas

-¢,Ch (2046)



29
wvhere l‘ and .!_i_b are lattice veotors and the P are coefficlents. The
Fourier tranaform of this equation iss

. ““ ! R\»
( Re, gk) (2'1' ]( ke Re . b, Bu 5,\(‘-‘4; L‘“) dkw{kk (2.47)

BO%(
The coefficient Fn is atriotly defined only at the lattice points, and

substitution of (2.46) into (2.,40) would lead to a set of difference
equations for these coefficients. The difference equations can de
replaced by differential equations t0 & good approximation, provided
agein that the extension of the exaiton wave-function is large
compared to the lattice constant. This replacement is effected if we
define a function Fn of continuous variablesz by:

ACRNE @)H e B g 1 ) (2.48)

B2,
and the inverse of this iss

-ikere -k,
SSQ em(’. 4,.¢ Fh(te,!u)o{v_\eo‘& (2.49)

¥e shall somotimes write these equations in terms of the co-ordinates
defined in (2.28), e.gs (2.48) would become:

| ke K.
Ut;g)‘({'ﬁ)’ﬂc'k"egg B, (k) dk dk (2.50)

B.2.



Now using (2.48):

J{ l Fn (!%; ':\s), C‘tg 01.’.'\' = ﬂ lB“ “52/ ‘h‘),la{ke c“ih
cvsl'al ba (251}

S N EXUATA

B.2.
E
Henoe by (2.19) {hx is automatieally normalized to the orysteal

volume if F  is so normaliced. Introducing the funotion ¥, into (2.40)
it takes the form:

[E¢ (-i%) ¢ E,(-i %)+ V(vce-' cu)]F“K(u, V:“) = Ef; Foy (tens)

vhich is the effective mans oquation in co-ordinate space., Ve have
added e subecript K to F, to denote the total exciton wave-vector
whioch we have shewn to be a good quantum aumber, As before Eo and Ev‘
are to be expanded %o second order in their arguments, Vg, and Vl. are
the gredient operators in the electron and hole co~ordinates
respestively. In reducing the interaction term we have used (2,27) amd
have taken:

(2.52)

(2,53)

The prime on the deltas signifies that they are not sharp delta
funotions but extend over a reglon of apace of the order of the unit



oell volume, Since V and F have been tcken to be slowly varying
functions, it is a good approximation to replace thosze spread out
deltas by sharp delts functions. |

The exoiton wave-function (2.45) may also be transformed
into co-~ordinate spaoce by the use of (2.48) giving:

I ) 0oy - £ 22y o)

skc Vs
(2.54)
Ptv vh
% [vo ("h Z ta("h) Le.; )
Egv

where the superseript F on the gradient operators aignifies that they
operate only on the functiom an’

The error introduced into this wave-
L
function by the approximations made in its derivation is of order (3)

o
where L is the lattice oonstant and a, is the extension of the exciton

state,

4. Extornal Magnetic Field. The oase where there is an external

magnetic fleld aoting on the exoiton may also be treated by the
method of Luttinger and Kohn, gemeramlised as above to take acoount of
the two interacting particles. Thie generalisation is straightforward
and we give here only the results. The exciton wave-funotion correct
to first order in the interband matrix elements is:
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WLENE Hcao:e)'r; B[ £ 652 ot
et ot

e . de v
X - tez Ch .“Al_‘gdl.‘[‘

<00 0+ B Lt Caialv.
@) {vc 120 +Z'¢W“ by, + f 3(_2)]«)“ ; )}

(2.55)

x{vw(u;,,) fZ .Lt"— [ A V: -~ BQ‘,)]%(‘L‘\\)} Fﬂ;_ ("le/!s.)

t#v Q‘,t ¢

where the V‘? in the argument of A, the veotor potential of the

magmetic field, is the gradient operator in momentum space and acts
only on the function Bn' The errors in this wave~function are of order

(!:7; ) and (‘I;')» where )\ ie a length characteriatic of the magnetic
field defined in (A2,16). For extended exciton states and normally
atteinable magnetie flelds both theas errors are small. Fn and Bu are
still related by the iransformation (2.48).

It 18 of interest to note that the presence of the
magnetic field changes the coatridution to the exeiton wave~function
from bands other than the conduction and valence bands [oemparo (2.54)
with (2‘55)] . On the other hand the electron-hole interaction
V(z, ~ ;) bas no effect on the admixtures of other bande. This

difference is due t0 the fact that the megnetic field extends over all
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lsttice points whereas 7(;_-0 - zh) is a looalized potential affecting
only a fow of the latiice points,

The wave-functiocn Bu in momentum space satisfies the wave-

squations

Eberdatin]s 6Jk- atn ok

(2.56)

+ﬂm‘ )26 ) B, ke ke oll k= EPB, (ke b
6.2
while the oco-ordinate space wave-function l‘n satisfies:

{E‘ [—;vg& B(v:e)] + E«['?Vvéﬂ(tu)] + V(\ce-zk)s F,,,5 Lee, \m)
= by By legrd)

In both these wave-squations the conduotion and valenoe band energies

(2.57)

are to be expanded as far as second order in their argumente.

"¢ ncw oonsider the simplification of equatiom (2.57) in
the case vhere the valsnce and oconduction baanda are both spheriecal
with effective macses m, end m . The valence band is assumed to be such
that the energy of an electron in it decreases quadratically with
inoreasing k. The energy of a hole in the valence band will therefore
inoreanss quadratically with increasing k and the effeotive mass m,
must be & positive quantity. We take E _(0) as the zero for the energy
and denote the forbidden emergy gap by E; = E (0) - E (0). The
disoussion of section 1 of this chapter suggests that a first
approximation to the electron-hele interaction V would be a simple



M
v
Coulomd expression = ¢ /] Lo g‘|. Ve are only oconsidering states of
the semioconduotor in which & single eleetron has been excited into the
conduction band. However if states in whioh more than one electron has
been excited are taken into account then it is found that the
effective eleotron-hole interaotion for a single pair excitation is

16

reduced by the statioc dieleotric constant N of the material™ , and

we adopt this approximation to V(g' - £,)e With these substitutions
(2+57) becomes:

i".‘m‘[ Wt s "\(-“)]t [‘tv" % Ble )]t' ulegc-ul}’:”‘-‘-

Ex
:(E,.[S - EG)F“E s E"‘S F"K
say. e choose a partioulsr gauge for the vector potential:
|
Ale) = $Hxe (259)

80 that the Hamiltonian of the wave-equation (2.58) ias
L 8

H = ¢ T e
2“5[ th Hx-‘o K|r¢-[hl (2.60)

We now wish to transform the Hamiltonlan to the oo-ordinates r and R

Zv\‘e[ AT, e ]L

of (2,28). This transformation is facilitated however if we firast
make a canoniocal transformation of the Hamiltonian. Ve define a new
wave~funotion F;‘S Wt

‘»v

FMS = ¢ F“! (2.61)

The transformed Hamiltonian is:

-$ $
=¢ 3{ ¢ (2.62)
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Ve choose: ‘2

S * {Ec H‘ e X L (2.63)

and this gives a trensformed Hamiltontian:

. Y

g«hé i, [—:tV¢f—Hx(r wk]+—[,tvk-—ﬂx(vh. )] -

”l!e-flo, (2.64)

lisking the co-ordinmate transformstion (2.28) then gives:

~ 1 l
3‘¢=‘-Vp- LE gty B (o m) L
1"' 4'1r 2 ™Mo my, v"vg 4}1‘ ﬂ'txvg
. 1 X (2.65)
1"-;-1.\ (__Zhe-m H.!:xV,. +—e';(ﬂ$!)t" —
L my Wy, 8/'6 nye
wheres i H L

Mg Wy’

Nate that the Hamiltonlan depends on R onmly through terms in VR anmd
therefore VR ocommites with the Hamiltonian and K is & constant of
the motion. The eigenfunctions of (2. 65) can therefore be written:

K.R £
(ke ) w2 8)- J'N_.d ¢ e €) (2.66)
where FM5 (£) 1 an eigentunction of (2.65) but with - | Vo replaced vy
the constent X, Noting thet fyx v, = v x R  and using (2.61) and
(2.63) we have finally thats

< He x
an (':e; !‘u) =g’ x Fog (£) (2.67)



Chapter 3. OPTICAL ABSORFTION COEFFICIENTS.,

1. Derivation of Cenerel Formula, To determine optical electric

dipole absorption coefficients we require matrix elements of g.F
between the initial and final states of the system, & being the
polarisation vector for the inoident radiation and F being the
momentum operater. Vhen the final state of the saystem ie one in which
an exoiton of wave-funotion @,E‘; has been formed in a orystal whioh
was initially in ite ground state, we shall write this matrix element
i e F,| 0) . The exciton described by the wave-fumotiom (2.55) ie
formed by excitation of an eleotron from an initisl state with wave~
vector ib in the valence band to a final state with wave-vector ky
in the conduction band. The matrix element we require is therefore:

esleploy=-#| ([t 25 B tatsd o)

an.lDl

el B sl

X 3“ (‘Se,kk) Jke"u-‘k ‘l!.' |

(3.1)

where we have set r_ = ¥, = r'c Using the theorem (2.11) this can be

reduced to:



Gl ploy = -1k (;_“))J(kukuﬂ “ {Uct(':‘) +Z :F,";; [’u 'f% o

i
(3.2)
- )] B sl o)
< B, (ke b dle dl, ds

Only excitons of zero total momentum can be formed in this type of
absorption process. Specializing (3.2) to this case and introducing
the oco-ordinates of (2.28)

ofeplop - -“*%;l)’s | fotieney b

ol
ke (3.3)

S (TR e) ] B - foue afgf)] )
C4v

These integrals may now be evaluated term dy term. The integral over r'
slways gives a momentum matrix element of the type defined in (2.23).

As for the integral over k we note that the inverse of (2.50) givess

3, Uﬁﬂ) = @})3 Je-;k'\ﬁ F.o e, @) de 4R (3.4)



Three types of integral over k are required:

JB Le,o) dc - @?)Jﬂ ik F, (¢, 8) de AR

B-t. bt (Jsu

= J FM (O, R) Olg
C:)Sh\l

|~
: M Fh J dR M Fno(-)

(345)
LM
whore we have used (2.67). In 2 similar manner it follows thats
Skstkootu,-;' el
0 " /) - M [Vr F”,@) rso (3.6)

jVu B (ko) d = -l | ¢ F..D@)L_o
B.2. (3.7)
Collecting together the various terms and keeping contributions up to

seocond order in the interband matrix elements, (3.3) reduces tos

(molep|o) = N.ﬂ-{ef FLo/r[ Z Pw]

(3.8)

» 4

¢—A—\
{ |
>+
<
-+
cC\©
Y
h
i ]
Ng®
[
T
&
—

If wo defines
. ¢
Te-i%0 ¢ 2 Aly) (3+9)
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=X
[

and elso: _;l‘_;[&(g,‘zw)-%!‘.

) ‘l—[v“ (Q'P-wuj))]k’o (3.10)

uuing the f-sum rule (2,39), then (3.8) can be writien in the simple

form:

<h°‘§.F_|0>= M{g’r—w Eo(o)"' [rjw"..‘. Ea (!'.}]r:O} (3.11)
- 3.1

FM('.:) (we shall in future drop the subscript 0) satisfles a wuve-

equation whose Hamiltonian is (2.65) with K =-i Vg set equal to zeros
1

't." 1Q,t Mo~ Wy,
{ Qrv P 2% oo O eV *97‘;( ) _‘FU (r) (3.12)

The absorption is said to be allowed if F"” is non-gero, in which
case the first term in (3.11) is of much greater importance than the
second term. If on the other hand P"-\’ = 0 the absorption 1s said to

be forbidden and the mecond term in (3.11) muet de used.
The absorption coefficient is shewn in appendix 1 to be:

vl

fre
NAwew 1\

K =

{no| g-.)zlo)l1 S(E) (3.13)

wvhere L) is the angular freguency of the radiation, ‘}l is the low
frequency refractive index and S(E) is the number of exoited siates
per unit energy range. Vie shall require this density of states for the
cases of plane waves in both one and three dimensions; they ares
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. £ L
%) Hf- Lo 21wt k

5E): ?—;(%)E = VA =k

(3¢14)

(3.15)
taking account of only one spin orientation, L’ is the length of the
eryetal in the s~direction.

2. Particular Cases. In chapter 4 we ahall solve equation (3.12)

talcing into acoount both the Coulomd and magnetic field terms in an
approximation which is valid for suffieleantly large magnetic fields.
Before doing this however we consider here ﬁhe solutions for the cases
whea one or both of these terms are neglected, for this shews how the
new general formula (3.11) leads to results previously determined by
other authors using different methods. In each cane we indicate the
authors originally respomsible for the formulae concernsd.

(1) Zero magnetic fisld, Coulomb interaction neglected. (liall, Bardeen

and Blatt’)
The solutions of (3.12) are plane waves:
= | kv :
Fe)= = e~ (3.16)
)* =

Hence in the sllowed cazes

(noleplo) = € by (3.17)
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The sbsorption coefficient is therefores

K = ¢ () | Bl (’L:w-l?e‘)%L (3.16)

mcw%
Bl
where we have used energy oonservation to give: tw=Et= 3
In the fortidden case:s ,‘
Knoleplod = tH,,.k (3.29)

so that the absorption cosfficient is:
evtt ) i ;
ke o M L4=) e @)w (to-Es)* o0

Note that in both cases the absorption ecefficient rises from gero at
ﬂmﬂwwwumdwh5%=tw.

(11) Zero magnetio field. (Elliott”)

In this case (3.12) is the wave-equation for the hydrogen satom. The
final state of the system now has discrete as well ae continuous
systems of energy levels., For these discrete levels we may calculate
f-vulues defined Ly:

_ 1 t
i" "t kho\g""l»! (3.21)

For the hydrogen atom F«(o) is noa-gero only for s-states in which

case for discrete levelas:

(3.22)
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n
where Q( = ﬁ; is the effeotive Bohr radius and n is the principal
quantum number, There is therefore a seriez of lines at energles:
4
R R
't\w v Eq -3 where R= -ZttF (3.23)
"
For s-states in the continuum we have:
. T QTN
[Fol -
NAL sivh 7 « (3.24)

|
where &= ‘:—: ? \(,: poll Hence in the allowed case for disorete levels:
0

<ho\§,?|o> J_,T), é"w

(3.25)
and for the continuum:
0.
<V\O ‘ ¢ WA
SML W (3.26)
The discrete levels therefore have f-values:
" 3 3 r-wl
t“’h Gon W (3.27)

Close % the absorption edge & large number of discrete lines overlap
and they may be treated as a2 continuum having a density of states B—f] .

The discorete energy levels are given by Es - ‘;; s where R is the

effective Rydberg unit of energy defined in (3.23), so that the

denaity of states is:
3

olE W
S.(E -
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The absorption ocoefficient in this region ies therefores

K- 4'"-'*0}&0 l I"
~ 7= N .
mbhcoowh ‘ (3.29)
independent of energy. In the true continuum the coefficient iss
et )5 Tae !
< -£ t._ 1
‘ mewh (Tf H,'“l sinh T 4 (% E") (3.30)

We obaerve that for small o , or high energies, well away from the
absorption edge this tends to the coefficient (3.18) so that the
Coulomd interaction does not affect the shape in this region. For large
A (3.30) tends tos

so that (3.29) and (3.30) join up smoothly at the absorption edge.
For the forbidden case it is the hydrogen.like p-states
wvhich contribute to the absorption. For the discrete statess
~ t _ t:(Qt~'?
h‘.' Fn (‘:)L.,o - 3nadw (3.31)
20 that the lines have f-values:

}.,F a(v-1) % o

Jrmuw ey W Ll Na (3.32)

and lines again occur at the energies (3.23) but with the n = 1 line
now missing. Close to the absorption edge the lines again overlsp teo
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form a pseudo-continuum and the abesorption ocoefficient in this region

iss

33
o Jipek [”nu-&-}

Jmenth ‘ (3.33)
For the continuum p-staten:
T Fel,., = pled)ae £V
r=0 3 NQ suboFs (3.34)
80 that the abmorption coeffioient in the true continmum iss
_ _fi_ ?;ﬂi Cala)a ™ )
g ( ol Tl e, (- ) (3.35)

Wo obeerve that the Coulomd interaction again produces no change in
the shape of the absorption well away from the edge [ of. (3.20)] and
that (3.33) and (3.35) join up emoothly st the edge.

(111) Coulamb interaction neglected. (Elliots, Nelesn and Maofarlansi®)

With the Coulomd term removed, the Hamiltomian of equation (3.12) can
be written in the form:

-

The first part of this Hamiltonian is just that of a free particle in

[ .tV+- er]& b HoexV

h\\" (30 36)

a magnetioc field and this problem is treated in appendix 2. The eigen-
values are there shewn to des t\.“

E = tu, [N'l-%_] (3.37)

r
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where W, 1ie& the cyolotron frequency, and the eigenfunotions ares

N : ) -4 i
M> 0 4)Nn ""L"‘) Nun e ﬂ¢ O"'" e 17 L: («)ekz (3.38)
M <o " =(-3)“N~ Hp -tH 2o - s k2
M wm € T L,,.,,,L)e« (3.39)
where:
I & ) LN_"_P_‘ gt | LN_ ﬁ * tc
NNH: ~ N’lNN - v . 3I(= lv}A:
1%\Ly U_) o Nl (L H) 2) eH

and (r, §,2) define a cylinirical polar co-ordinate system with the
s-axis in the direction of the magnetic field, Kk is the oomponent
of the momentum of the particle aleng the s-axis, and M takes all
integral values consistent with M € N. Each energy level of the system
therefore has an infinite degeneracy corresponding to the possible

values of the angular momentum Quantum number i,
The effect of the second term in the Hamiltoaian (3.36)

is to 1if¢ this M degenereqay. The term may be written:

- e;?g (: X r')l
But (¢ x F')z is just the angular momentum about the s-axis and its

eigenvalues are therefore h M. The eigenvalues of the total
Hamiltonian (3.36) are henoes

LUV A%
e
E = tu‘ [N?Lv] - MT&, M+ ;F (3440)

The eigenfunctions are still given by (3.38) and (3¢39) s0 that the

solutions of (3.12) for this case are FNH@)= 4'”" .
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We are now in s position to aalculaje the sbsorption
coefficlents. or the allowed case we require I NM (0). This is non-sere
only for states having M = O in which cases

To obtain the absorption coefficient the contritutions of type (3.13)

from each value of N must be added together. This gives:
i

K: ¢ “ﬁ; h’w\ Z Itu- E; - (Nt )tu‘,]

where we have used the density of mtates (3.14) and the energy

(3-42)

consexrvation relations

18
o = Ee ft%[""i]"’ E;

For the forbidden case we require values of [Tg Fum ('f:)],.= o + The
absorption coefficient now depends on the polarisation of the ineident
radiation. It is seen from equation (3.10) that for the case of
sphericel bands Mw is parallel to the polarization € . Nows

L { .'.‘_ - 1
Ucv.E s Mw ny + i(MH w_ t HN llf) (3.43)

where: R
Mc_.v - Mc’:/ t IMZ/ ) -th s 1T,‘ t !.5 (3.44)

For light polarised parallel to the magnetic field only the first temm
in (3.43) oontributes, and we have:

_: W [
[T ]m : ) a:n L, o .
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Henoe the absorption eoofﬁeiant iss

H 2
K= — (Zr) l Mw’ Z[tv Ey - (N )t"v] (3.46)

Tw'e wl

For light polarited perpendiocular to the magnetiec field the second term
in (3.43) contributes. Using (A2.41) and (A2.42):

T Fum = '{m FN-l/ﬂ-l

(3.47)

Tt Fun - 'EJ?-(—N:) Fus, me
. J

[ fn] = €)™ o I_Elf, v §,, (349
ands

[T"+ ‘?un(‘ll],.,, =) N+! Q:' L, Nr - (49
where we have used the result: LN (0) = [N . Hence the coefficient
1es
L %) ”Zw.{tw -, (V) - d‘"]

AT

(3.50)
. [tu- Eq -t%l”*lp)’ %] }

It is seen that in a magnetic field the absorption edge is shifted from
the frequenay given Yy 't\w s Eq « At the edge the abdbsorption coefficient
is either sero or infinite in this theory.
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Chapter 4. ABSORPTION IN A HIGH MAGNETIC FIELD,

1. Introduction. It is shewn in (A2.27) that the smallest energy

which a free particle in a magnetio field can have is -;'t W, § we call
this the sero point energy and we use it as a measure of the strength
of the magnetic field. The binding energy of the exciton in sero
magnetic field is jJust the effective Rydberg unit of energy R defined
1n (3.23). It is convenient %o define a quantity [> as followas

11326 - KztsH

p= R pre’e (4.1)
Equation (3.12) iss
B 2 ik me-w, * ') ~
{ Qrv i H“V*",II (""") M}F €)= EF) 2

We propose to consider here the solutioas of this equation for the
case {3>> | « Por such velues of [3 s corresponding to high magnetic
fields, the Coulomd energy is small in comparison with the magnetic
energy, and the Coulomd interaction can be treated by perturbation
theory. The solution of (4.2) with the Coulomb term removed has been
derived in chapter 3, the eigenvalues being given by (3.40) and the
eigenfunotions Yy (3.38) and (3.39). The energy level scheme for the
firet fow N and M values is shewn in figure l. Bach line in the
diagrem ropresenis the lower edyo of a continuum of levels which
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arisee because the motion of the particle in the direction of the

A 3

mognetic field ia free, giving rise to the ters B‘P‘ in the energy

expression (3.40). The thicker lines in the diagren are the levels of
a completely free particle of mass /4. in e megnetic field. The
ladders of levels for the different values of ¥ have been separated
horizontally in the figure for the sake of clarity.

The above level diagram has ignored the existence of the
Coulomb attraction term in (4.2). The main effect of this attraction
in high magnetie fields is to remove the freedom of motion along the
direction of the field and thus cause bound states to appear below
the continuum edges. The form of perturbation theory which we use to
take into account the Coulomb interaoction is due to Schiff and

M”ITQ

2. Effective Potentlals. Since [>> | the electron is controlled

mainly by the magnetic field and it makes many oscillations in this
field during the time it takes to make one oscillation due to the
iafluence of the Coulomb field. Put snother way, during a time '60
the Coulomd interaction preoduces a negligidble effect on the motion
of the eleatron. This enadles a type of Born-Oppenheimer separation
of the wave-equation to Le made; we solve (4.2) with the Coulomd
interaction, and also the term involving 2, the co-ordinate in the

direction of the magnetic fleld, removed. This leads to eigenvaluess

NM 1A - .
Epp = T, (V44)- =M Nrouye (4.3)
M<S N



and eigenfunctionss

M >0 q/m(rgb) (..) NNM e.rw iM ¢-!,«L: o) 5
404
Mo Py (’?5) ()" ‘M¢ L eﬂer-:." (v) s
wheres
N-I-" ' W_'ﬂ -t | [N f: l\‘-= .

woooan (N Mo ® TN (E A TRyt
e now use the Coulomb potential to restrict the motion in the
g-direction, the effective potential Vﬁn(z) for the s-motion being
the aversge of the Coulomb field over the positions of the electron
in the plane perpendicular to the s.axis for each value of s. 1.6,

iz« = [ 1e8) - r— o o) a4
Lt bl i

The wave-equation for the g-motion 1s therefores

(4.6)

-i‘: d | . i
i 2p A f V""u)} b @) = B @) (4.7)

where i enumerates the different eigenfunctions for the z-motion. The

t0tal wave-funoction is:

F,uin ) - 4’,,,.1 (f ?5) %in (z) (4.8)
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with energys " "
NM ‘
E = E(v¢ t E (4.9)

We postpone a discussion of the validity of the above
separation of the wave-equation until after we heve determined the
eigenfunctionns 4"‘; M (7-) o However we may note here that the
separation beccmes exact when H ;._’ o® , For the only non-gzero off-
diagonal matrix elements of - %v* between the states (4.8) are those
linking states of the same M, due t0 the integration over ¢ o But
reference to equation (4.3) or to figure l shews that in an infinite
field such states have an infinite energy separation, while the matrix
elements of ‘/,,- remain finite. The functions (4.8) are therefore
oxact efigenfunctions in this case. We can esslly determine the form
of the effective potential (4.6) in the infinite field limit, for
X'—h O as H—>o0 and since the wavefunctions are normaliszed we

haves
¥

e
Vin ("-) =T ;:T;-l for all N and ¥ (infinite field)(4.10)

The wave-squation for the s-motion therefore becomes that of the one-
dimensional hydrogen atom. Ve consider this nvo—oqmuoh in
appendix 4 since it provides useful information about the limit to
which the absorption tends in very high megnetic fields.

For finite magnetic fields the form of the effective
potentials for very large values of £ is also easily determined by the
sume considerationt as we used above for large flelds:
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(4.11)

L
niz|
However when both & and H are finite the form of V (z)

1~ 00 for all N and M

is somewhat complicated amd depends on the values of N and I, We give
here the axplioit forms of two of the effective potentials:

oo(z)' - 'Q' I': /)‘ Erg(lz' )
(4.12)

t L
e flzl 1 7N ] 2 )
. 2 - = + = l- = [Ede
V|@) VO" (7') % { 2\ EXQ ( (4.13)
wheres 0 X .
Ev{c (3() =J —tdt' < E“je.tdt
) 2, (4.24)
Note that:
" p L 8
0] = _9_ E .L ] - 'e-'t
00 (.) L\ °0 (7.) 10 ) (4.15)
Vi (9) :_lﬁ.ﬁl 'w] i
VI e Y (4+16)

The two effective potentials are shewn in figure 2, V(z) being
v
measured in unite of e/nk » The slope of the potentlal funoction at

g » 0 is non-vanishing only for ssates having ¥ = O,
The potentials given in (4.12) and (4.13) allow an

investigation of the three lowest groups of levels of the system and



¢
340914
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these groups are the most important ones. We have shewn in chapter 3

that only states having M = -1, O or +1 can be excited by electric
dipole absorption. Kow apart from the three lowest groups of levels,
all disorete states of tho system having M = ~1, O or +1 have energies
equal to the energies of continuum states belonging to a lower group
of levels with the same M value, (oce figure 1l). As a first oorrection
40 the perturbation method cutlined ebove states of the same ¥ value
but with different N gquantum numbers intersct through the Coulombd
term in the Hamiltonian since this term is diagonal only for states
with the same N and ¥ quantum numbers. These higher discrete states
therefore have certain prodabilitieons of transition into the continue
of lower groups of levels at the same energy value. This effect is
similar to the Auger effect in atomic specira where a discrete atate
having energy greater than the ionization energy of the atom can be
excited. In cases of this type the high energy discrete states give
rise to observable absorption lines only Af the line widths due to

the probabilities of transition to continuum states are sufficiently
amall. The order of magnitude of such line widths for the preseat
problem is discussed in section 7 of this chapter. In any case, even
when this line width is small the discrete states belonging to the
lowest three groups of levels are the ones most likely to be

observed experimentally.
As the value of N increases and the value of i decreases

the mathematical form of the effective potential becomes more
complicated, though its general shape remeins the same,
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3. Approximete Sffective Potentials. I4 is of course not posaidle

t0 solve the s-motion wave-equation (4.7) amalytically with
oomplicated potential funotions like (4.12) and (4.13). However theme

potentials may de closely spproximated by expressions of the form:

% 2

V(z) o . . ABAe ,

w(BA+121) (Bt f2l) (417)
where A and B are constants indepeadent of both fleld and position,
chosen to give olosest fit with the required exact potential., For
example if we choome A = §, then the slope of the potential at 2 = 0
is sero as uquirod for Vm(s) when the guantum number M is non-gerov.
We defer until chapter 5 a oconsideration of the megnitude of the
error introduced by this further approximation.
Introducing (4.17) into the wave—equation (4.7)s

> 3
_ E ol:‘-}' _ e 4} i AC\Q 4} } E \P
Qr e n(oﬂ-l‘bl) w(otl2])” z
where we have omitted subscripts and also set 8\ = @  for brevity.
iquation (4.,18) can be solved anslytically and it has
solutions corresponding to both bound and free states. We consider

(4.18)

these two types of solution separately.

4. Bound States. Introduce a quantity o by putting:

E, =~ —_ where l‘o=-|', “o=t"'r",_ (4.19)

2)-.& 0 (4
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Also changing the varieble tos

X = 21“’ '(A{- lzl) (4.20)

the wave~equation (4.18) becomess

dY J ! 28k,
ox" 44) f "\}/ X* b =o (4.21)
Defines
mr/lfQPf&l(o :‘/-'-(-')'-..78
t topr (4.22)
sinoes l‘ '
Ay = p (4.23)
using (4.1) and (4.19). Introducing m into (4.21):
aw
44' Ll 4) 4/ (4.24)

This has the form of Whittaker'e equation (see appendix 3). We are
looking for bound states 80 we require a solution of (4.24) which
tends to sero as x tends to infinity. Such a solution, for positive

or negative z, im
Y = W.z,m (x) z w‘/,,‘[m-l‘f(mlzl)] | (4.25)

for by (A}.B)

}
4 =X
W, = xe” as X => (4.26)
- ix
The other independent solution of (4.24) diverges like X ¢ for

large x and is therefore not suitable for a bound state wave-function.
Equation (4.24) has no singulerities, except for an irregular singular
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point at infinite x, sinoe the point x = O is excluded by the
definition (4.20). Further, the potential of the problem is invariant
under the reflection Z —» - 7 . It follows that the wave-functions
mst be continuous with continuous slope, and must have either even or
0dd parity, These conditions lead to a discrete eigenvalue spectrum
since they can only be satisfied for certain values of A , For a
state of odd parity, < osust de such thats

1k, _
Wi [ s ] =0 (4.27)
while for a state of even parity we must have:
d
- W 1_l<_o ] -
n .z,mi - (et lli) . 0 (4.28)

In these two equations both O\ and m depend on the atrength of the
magnetic fleld so that the values of O\ for which they can be
satisfied vary with field. ¥e shew in figure 3} the qualitative way in
which the solutions of (4.27) and (4.28) for & depend on the value
of A for small A ., For a given value of QA the strengih of the
magnetic field is known sinces
o= B = Bbe

eH (4.29)
and henoce m can be calculated using (4.22). The limes im figure 3}
labelled O correapond to solutions of equation (4.27) and those
labelled K to solutions of equation (4.28). For any given value of the
magnetic field H, snd hence of (. , there is an infinite number of

bound state solutions of equation (4.21), neglecting the finite extent



€ 34N9i4




57
of the crystal ocontaining the exciton., In an infinite msgnetic field,
.. A =0 , there are degenerate pairs of states having positive
integral values of o and therefore eigenvalues equal to the Balmer
energios, In addition there is a single even state having an infinite
binding energy. These results for infinite field are derived in
appendix 4.

As the field decreases from infinity the values of o
inorease. For a given value of < the number of solutions of (4.27)
and (4.28) is finite and for ¥ < & < V4| where V=0,,,2 ... there
are ) solutions of (4.27) and J+ | solutions of (4.28). However
not all these solutions are physically meaningful, for the present
theory is valid only for {3 > | , and there is therefore a physiocal
upper bound to the value of QA , The approximate position of this
upper bound ie marked in figure ) by a vertiocal dashed line. We see
that for a given o +there are at most two fleld strengths for which
the eigeuvalue squations can be satiafled.

It 48 convenient to specify the bound states by means of
a quantum number K , which ia equal to the number of nodes in the
wave~function for the s-motion. Consider the two states which have

y< & < vt | where an before 7= 0,12 ...

For even statess K=z 2y
(4.30)
For odd atatess K= 1v-|

At =Y two nolea in the even atatee come together but we retain

the above dafinition of K .
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Ve use the quantum number K for the index 1 of equations
(4¢7)y (4.8) and (4.9), writing the normelised g-wave-funotions ae
\PS" (2-) and their energies as EZN MK » The three quantum numbers
N, ¥ and K are sufficlent to specify all the bound states of the
aysten uniquely. Unfortunately the normalisation integral for the
wave-function (4.25) cannot be evaluated in closed form, except for
the infinite magnetie field 1limit,

¥e have seen that for the magnetic field strengths whioh
we are considering here, there are Just two bound states, one even
and the other odd, lyling between adjacent Balmer energiess It follows
that close to the continmuum edge E, =0t is possible to define a

density of bound states which is the same for both even and odd states

and 15 given by (3.28)s ;
«
5.(€) = 2 (4+32)

By the uee of (4419) and (4.29) 1% i& poasible to convert
figure 3 relating | awd G to the schematio dlagram figure 4
relating the cnergy levels to the magnetic field strength meausured
ty | . Acourate graphs of this type are obtained in chapter 5 by
numerical caloculation.

S5« Froe States. We now look for solutions of the wave-equation

(4.18) coyresponding %o free ntates. Puts

T
Py e (4.32)

where tl( is the momentum of the uystem along the direction of the
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magnetio field, Iatroducing a variables

X = ?‘\( (th l‘L|7 (‘033)
the nvo-oquauon (44 18) becomess
"P IH&L
d% 4 (4034)
Defining s quantity m as in (4.22) this Las
43”-1J(-'5 _ w3 4+
"t (4035)
This 18 again a form of Whittaker's equation, but this time there are

two acoeptable independent solutions, since we are not imposing any
boundary condition at infinite x. We take the functions defined in
appexdix } as V\’_;A,mLX) and V.;‘/,‘(") for the two independent
solutions. These have the following amymptotic forme:

! . 1
-y - ¥ -4 -1
Wiu.Q‘)'* ST a\vx T X (036

| -—
1o ;# LY i.(lo 'EEL R AL
Vel > x"e" e = J (4437)

For the remainder of this seotion we shall drop the subscripts on V
and W, From these two solutions of (4.35) we can form an even wave-

functions

R LR R O

and an odd wave~functions

R e e i [



where T2 = | for L>OCMTZ='I for 2<0 ,
ands L
9-;1(, - 9‘. 9‘.‘._." "2
wl[ Tﬂ] - I {W[ " (C\Hﬂ)]}z:a similarly V [Z-rl“f]

N amd ¥° are normalisation constants to be determined.
The asymptotic forms of these two wave-functions may be
obtained by use of (4.36) and (4.37). For the even function:
‘ N e
Vo> o o [tr] 2 by o)

< (4.40)

, ..il‘ ~ialo 4‘-"“ ||
- v tle] ey o)

A

We wish to normalisze the wave~functions %o a length L‘. Now their
asymptotic forms are oseillatory funotions with a constant amplitude,
amd provided that Lg ie sufficiently large the contribdution to the

normalization integral from the region where (4.40) does not hold is
entirely negligidle, ¥We therefore evaluate the integral using the

asymptotic form of +e (-,,) which givess ‘
Vo o s
Ly

z | (4.41)

The normelisation integral for the odd wave-funotion may be similarly
evaluated, and we finally obtain for the two normalized wave~funotionss



Vo) T
/ ,w‘ 2'%'&] 1*‘\"[2;‘? r (4.42)
OB S {\,[2,\(,(”‘4)7“12;_1:_,,‘.] ] “’Pi-f" “*"’)] . [2“%’”
fl: j ' 7._,5 P ‘%] (4.43)

For d<< | , o l<>>l<° » Woll away from the contimuum edge the
wave~-funetions are unaffected by the Coulomb potential, for it is seen
by use of (4.36) and (4.37) thats
¢ (
4’ Qﬂ)"4>" — CoS$ k&g
i, d

° ‘402
— lh -
\P (3) 1Lz ‘ X/

and these are Jjust free particle wave-fumotions.

’

Y o = 0 (4.44)

6. Absorption Coefficients. Using the wave-functions derived in thism

chapter it is possible to write dom formal expressions for line
intensities and absorption coefficients with the aid of (3.11) amd
(3.13)s We shall ocarry out numerical ocaleéulations for the three lowest
groups of levels, 1.6 Na M w0, NeMuland Nw 0, M » =1, since
these are the most important ones as diecussed in section 2, so we

here concern ourselves with these particular levels. There are three
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cases $0 considers allowed adbsorption, forbidden absorption with the
radiation polarised along the direction of the magnetic field and
forbidden absorption with radiation polarised perpendiocular to the
field.

(1) Allowed Absorption. In this case the most important contribution

to the absorption arises from the even estates of the N = ¥ = O group.
For this group of levels the total wave-~-functions are:

A . | _lq’
F,‘ ) = ___‘ T ' (2
NURS =IO AC )
with energiess . ‘ 00;
E = 3hu 4 By (4.46)

where 3201 is given by (4.19) for bound states and (4.32) for free
states. Now 4’,’0 @) is non-sero oanly for even states, so for discrete
levels, using (3.11)s
. F¥ [N K
<Kol Q'F|°> - Foo (D)M Q'-F-u/ * 1N +oo@)¢-'}’-w (4.47)

K:O/z/l‘
and for the continuums

<ol0' QF) 0> - Eot: LO)JFE Q-F.w ’/9%. \ks(o) Q-)?-w (4048)

Consider first the discrete levels. A series of lines will be

observed at energless
] 00K
T = E& + ;_tub + Ez K = 0, 7./4/ (4+49)

and with intensities proportional to the square of (4.47). By (4.25)s

¥ ~ X = -N- W " : w “lm
o) Nt = F st lare] Plhrasn PL2M )

+ gcuﬂ&-h} M it *’“} (2] Me . (")
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where N is a normalisation oomstant, and we have used the definition
(43.6) of ¥ with some menipulation of the gamms funotioms. If Yo, (2)
is to be an even fuunction then ¥ nust satisfy the condition (4.28)
that 1ts derivative with respect %0 5 st 5 = 0 must be sero., Denoting
this differentiation by a prime and using (4.50) the condition for

an even function iss

cosT (-u-w) M+ .cm) r'(-Q‘_,,) H&:h (21_«?)
(4.51)
zl‘,c? o

# cosi (k-w) M(1¢4-w) 120 M‘:_&l i

ol

If we write this equation aymbolically as:

AcosT (‘*“‘) t Bcvs"f('(“"‘) =0
then elementary trigonometry gives the results:

COST\Atwf == —= Cosu{A=w/ 2 .
[Rth'+ 208l [ R+ 2 Apas 2

(4451) may therefore be used to eliminate the cosine terms from (4.50):

N | | ' a

(4.52)
|
- H,(/-w, [z_lg(aflzl)‘] H"h[zkfg]}
wheres
( vk
. I Fl"»ﬁfh)}"[-h) M [2_‘_«]
ﬂ:(-l/m) = Af B + 2“8(65 1w < (4453)
b= r(-'m-w) r'(u.) N;, 2k
L L4




and we have used the relation:

-
P(n) T(-20) = = 7= (4e54)
Using (43.10) "Poﬁ (0) takes on a very simple forms
K = 2[‘ - - 1‘0” 1
forl) = N | ‘f) T Ml r(‘“*“’)r,“*“'“‘) (4.55)

This 4s now in a form very suitable for numerical caloulations,
provided that the normalization constant N can be evaluated, We have
stated above that the normalisation integral for Wy, (x/ has not
besn ocarried out for general values of & and m. However for specisl
values of o and m the integral can be dene and the result is given
in (A3¢30). The important properties of W,‘/w (x) , such as its
aaynptotic form and the positions of its seros, vary in a amooth way
with 4 and m and these properties do not shew any singular
behaviour at the values of { and m for which the normalirzation
integral can be carried out, Sinoe the value of the integral for the
special A and m is also a smoothly varying function of & and m, it
should be a good approximation to assume that (A3.30) holds for the
intermediate values of o and my as well as for the special velues.
This assumption may in fact be exactly correct, though it has not been
found possible to prove it mathematically.

To normalise \\’,': (7-) we really require the integral (A3.30)
with values -~ 1%'-“ < XS 21‘1‘.’9 excluded from the range of integration.
However mical caloulation shews that the contribution to the
norselisation integral from this range of x values is negligible
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except for the K = O state, and we therefore mske the approximation:

1
Vel [rearn)rlee ) w39

Hencet

FK ) e = 0% (o) & = —— ! Lo
Foo (_O) :m'):t 00 (O) N R M,(&/h) 7&5 ./P( """““‘)r('-{" “) (4.57)
Subatitution of this expression into (4.47) gives the required
electric dipole matrix slements and hence line intensities can be
calculated if the variation in o\ with field [ given by solution
of (4:51)] is known,

Close to the absorption edge a large number of discrete
lines overlap to form a peeudo-continuum having a density of states
S“ (E ) given by (4.31) i.e. %R « The absorption coefficient in this
region is therefore yroportional tos

i L r1£+*+~)P(%t4-u) '
58 [<eelepbf = Nagiiy SR L e
using (3+13), (4.23) and (4.47).
For the wave-functions of the true comtinuum, using (4.42)

and (A3.11)3
Td

o=~ [ )

Using the density of states (3.14) this gives:

!
1

] {(4.59)

-
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The expressions (4.58) and (4.60) for the absorption

o

.[Qi,_c?" (4.60)

cooffioientas below and above the sbsorption edge cannot be simplified
any Durther by analytic means. In the next chapter we determine the
ebaorption coefficient close to the edge numerically by expanding the
two expressions in power series of |/,<" o In this way it is found that
the adsorptiou coefficient is a continuous function of onergy at the
edge and also has oontinuous slope there.

(11) Porbidden Absorption £ |l H . The aveorption depends on

[1['2 \‘/éo ['L)]uo 1.8, on [ ,td 4,”(7_)]1 ;! and the most important
contribution comes from the odd ntates of the group N « ¥ = O, The

theory follows through in much the same way as for case (1). The
discrete levels again give rise t0 a series of lines ai the energies
(4449), but 4% ie now the states of odd K which contribute. The

dipole matrix slements for fhu disorete states are:

.- / d “,] =13 ...
(Kole[:lo) " tMcv [h‘k’a(/ . K=1J (4.61)

and for the continuum statess

d 10
woleplod = & My o o @)]uo (4.62)

Bquations similar to those for case (i) are sasily derived aad we quote
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them without proof. For the dimcrete levels:

Tz F’K - < = i i “ 1 ;t
[.‘ 0o (r)]! o ﬁ.’T’L‘l‘P"( )]uo: -A‘M,U/h) %iﬁ'(mﬁf' 4 )(4053)
wheres K= /3/ ..
- k
. e Pt P2, (‘2..'.")
M,_ (‘41"") 2 CtD +2¢Deos 2im EN (4.64)

4

D = Miaen)T ()M, H(Qb)

Close to the abserption edge, where the discrete lines overlsp to form
a continuum, the absorption ccefficient is proporticnal to:

lt w/T =W
sflepof ua o, ireellisc) o,
and in the true continuum using ({.43)s
r[; e“u l”czv "
,(E)‘(-zol W)} NA - IW(“-E-"") 3 vlﬂ%), (4.66)

The expressions for the absorption cosfficient above and below the
eodge sgain join up smoothly as will be shewn ia the next chapter,
it is of interest to cumpare <he orders of magnitude of

the abeorption coeffiolents in the allowed and forbidden cases. is

)
ov
of erder '/L o where L is the lattice conztant, while E“ is of

order unity [ see (3’1°)] » Aloos jl;'yo;o@) ~ Z‘; “Po;o(z)

The absorpiion in this forbidden came is therefore wesker on the whole
than that ia the auow«’l. case by a factor of order [ lattice constant/
effective Bohr udius] .



68
(111) Porbddden absorption € L H. For left ecircularly polarized

radiation the even states of the N = O, M = =l group contribute to
the absorption, while for right eirocularly polarised radiation it is
the oven atates of the N « ¥ = 1 group which contribute. The form of
the absorption is the same for both polarisations, except that in
the latter case the ?hnrgy at which the absorption takes place is

) |

|
lower Ly an amount ~ [-"-"-h - ;’;] o Ve need thorefore only consider

one of the polarisations and we shoose right oiroular polarisation.

Nows T .I-Li (g) L 4’,, (‘0 ¢) ‘H (7')

= %JT +oa(() ¢) 4/:' (z) (4.67)

using (4.8) and (A2,42). Hence:

[r F' (')],.:a - ‘;"'i # “}':. ©) (4.68)

\‘/; (o) msy be caloulated by the same methods as were used in case (i)

n

for caloulating \k,, (o) For the bound states:

['ﬁ_F QC)]NO o M(-‘h/"r; /r f&fn 11-4 u‘) o (4.69)

where M,( ) is defined in (4+.53). Of course the rohtionnh:lp of m

with (2 , a8 given by (4.22), is different to what it was for ocase (i)
ainos the effective potential (4.17) is different for the N = M = 1
states. The energies et which the lines are observed are:

3 K
t“) = EG+ I’tu‘_- e%-tl + E:' K:O,llt_“ (4.70)
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and the intensitics are proportiomal to the square of (4.69).
Cloae to the abmorption edge, where the discrete lines

overlap to form a eontinuum, the abaorption coefficient is proportional
tos

/S r( “f M{$44- “')’

SAE)I(wole plod] = NRTT —— M () (472}
where we have used {3.11) and (3.13). In the true continuum:
ﬁs_'_ “’* &
l: : (4.
‘( |<“|e Io)‘ Na mWal & l thac«) ,V.(z_;_k_eg) * 472
A

To calculate the order of magnitude of the absorption coefficient in

this case we odbserve thats

TGt ~ L, ((’,¢’/ b,

The absorption in this fordidden case is therefore on the whole weeker
than that in the allowed c:u by a faotor of order [latuo. constant/

radius of magnetioc orbit]

Thie ccmpletes the formal treatment of the absorption
coefficients. Various graphs of the ocefficients computed from the
above expressions by mumerical methode are presented in chapter 5.

7. High Energy Discrete States. The occurrence of bound states

having energies lying in the continua of lower groups of levels has
been pointed out in section 2. The line widths of euch disorete levels

due to the probability of transition into & continuum state can bde
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oaslly estimated. The numerioal results of chapter 5 leal to the
expectation that enly the grouni state, i.e. the K = O etate, of each
Ny group will be observed in an axperiment sinoce this siate gives
rise 10 an abasorption line whioh is muoh more intense than the lines
due to the excited states within & group. ‘e therefore consider as an
exsmple the ground state of the N @ 1, N = O group which is level with
the ocontinuum of the N » M = O group (see figure 1); osher cases may
be dealt with in a similar manner.

For P» | the contimmm state we are interested in has
a weve-vestor K >> L, and we therefore take a simple cosine function
for its s-dependence [ zee (4.44)]:

[}
| -3

e
V' 2 Cnamme—
FOO L,) JZT"X' e EE COS“'L (4’73)
For the bound state 1t is a good approximstion to assume & simple

exponantial dependence on s
v
Lo 1zl
co AQo

__l__ "1 ._l-
Fw G‘.) - Jmt ¢ (‘- f) j‘-‘zﬂ ¢ (‘.14)

The probability of transition from the diserete to the eontinuum

state 1a thens - .
P = 'ES'(E) M} (475)
where M 18 the matrix element of the Coulomd attraction:
~e ¥ -e_'" ~ o
M == J‘FOO (':) Wy Fw Q") AV_'_ (4'76)

In estimating the value of this matrix element we preceed as in sections
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2 and 3 of thie chapter. First carry out the f’,? pexrt of the integral
(4476), obtaining s complicated funotion o & similar to the
effective potentials of section 2. Approximate ihis funotion by s
simplor expression ae in section 3, and finally carry out the 2 part
of the integrel (4.76). For the partiocular case wo are considering
here the r,¢ paxrt of the integral ylelde a function of = which is
the difference of the effective potentials Vm(z) and vn(z) [ sece
(4¢12), (4413) amd figure 2] o This funotion can be roughly
approximated tys

zt A" J 2 3
- X ) whore b = (2 )\ (4.77)
%o(b ¢ 1zl) T
80 thats
g 2

Y]

M~ - SMLZ e,-z;' 1 o
o)™ T wm

Pats 2 t

I - j 5l<7. L Aao al
: i Q’“')’ : (4+79)

It remains to estimate the order of megnitude of this integral I. Now

k~* amd b~ N uy (4.77) o thats
o0

T~ J E’ 'a. (J— %) (a') using (4.23)




IvaSJ o e By were I3 2

Jij_)"{j “‘% (4.80)

einoe the cosine and exponential factors have not fallen much bdbelow
their unit values at y = O in the reglon where iha iaverse cube
factor is significant. Henmoe substituting into (4.78):

B 17 =T (4.81)
néy (1L da, Ly

where we have used (3.23) and (4.23). It is noteworthy that M depends
on the megnetic field strength oanly through the very weak field
dependence of oA . Substituting into (4.75) from (3.14) and (4.81) and
using the definition (4.1) of [Z :

2J2 R

- ) (4‘82)
ah
The line width is therefores
9~r7-R 1R E'*°
AE~ —7 ~ 1|~ z (4.83)

-((3'» (3
The method of estimating the integral I is such as to give
a rather larger value than the exaot one, particulerly for tho smaller
valuss of [} , mo that the line width is somewhat mmaller than (4.83).

The variation of A with field for the ground state of the N = 1,
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M = 0 group of levels has not bdeen caloulated but it will bde about the

same as for the ground otates of the two groups of levels for which
numerical information 1s given in chapter 5. Referring to figures 6
axd 7 we seo that the absorption line due to the 100 state will be
quite consideradly troedened for the lower values of {3 plotted in the
graphs, though 14 should be narrow enough for observation at fields
corTesponding to values of (3 st the higher end of the [} mcale.
Similar considerations may be expected to apply to abaorption lines
due to the other dimcrete states which are degenerate with continuum
states having the same M quantum number,
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Chapter 5. NUMERICAL RESULTS AND DISCUSSION.

1. Bound Exciton States. Numerical caloulations have been carried

out for the three lowest groups of levels, i.e. the N =« K = 0,
NeMaland NeQ, ¥« ] groups, Corresponding levels in the last
two groups have the same energies relative to their contimmm edges
and they also give rise to lines of the same intensity, due to the
fact that the effeotive potentials for the s-motiomn of these two
groups of states are the same [ see (4.13)]. We therefore restrict
our attention to the N » M w O axd N w M » 1 levels.

The first step in carrying out numerical caloculations
is to fit appraximate potentials V(x) of the type (4.17) to the exact
potentiale Veo(a) and Vn(a). We have two arbitrary parsmeters A and
B at our disposal, and we choose these in such a way that the exaot
and approximate potential ocurves have the same slope at the origin
and enclose equal areas with the axis of e, Voo(s) and the
amaduﬁcntto it are displayed in figure 5, where the potential is

in unite of %)\.
Having determined A and B the two quantities A = 3X and

m defined in (4.22) oan be caloulated for any given value of the
megnetic field and we sre now in a position 1o set about solving the

eigenvalue equations (4.27) and (4.28) for A& and hence fimding the
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binding energy using (4.19). If the Whittsker functions were
tabulated fairly completely it would be an easy matter to find the
solutions of the elgenvalus equations. However there are only a few
tables of Whittaker functions of the type required for treating
attraetive Coulomd ﬁaldul and thene are of use largely for K= 0O
states. For the remeining states it is necessary to use the series
expanaion of W, /“.(x) which can be odtained by combinetion of (A3.2),
(4343), (A3e4) and (A3.6)s Fortunately the value of x at which Uy w (¥)
mist Do evaluated, 1.0, ,’-!‘:‘:5 y is small being lems than adout «25
for 1> 2 , so that the series expansion converges rapidly.

The variations of bound state energies with magnetie
field calculated in this way are shewn in figures 6 and 7, The groups
of three numbers attached to the lines dencte the quaatum numbers
Nk for the ocorresponding energy levelsa., In figure 6 the levels 000
and 002 are the lowest two levels whioh can be cbmerved if the
absorption is allowed while 001 is the loweat observable level if the
absorptien is forbidden and the polarisation of the radiation is
parallel to the megnetic field, For forbidden absorption and
polarization perpsndioculsr to the field direction the two lines 110
end 112 (or 0-10 and O=12) whose energies are given in figure 7 are
those of lowest energy. The level 111 cannot be investigated
sxperimentally =o its energy has not been ealeulated. In both figures
the level of loweat energy has infinite binding energy in an infinite
magnetic field while the levels of higher energy $1llustrated tenmd to

the first Balmer energy in the infinite field limit and have the line
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marked o = | as an asymptote (see appendix 4).

For eech of the levels of figure 6 the z part of the wave-
function is plotted in figure 8 for some value of the magnetic field
fized By the faot thet tables of the Whitteker function are available
only for theee values,

The variation of the f-walues of the adsorption lines due
to these three levels with magnetic field is shewn in figuve 9. The
expresaions (4.57) and (4.63) have been evalusted bty agaln meking use
of the tablaum and the series expansion for W, - Q‘). For the states
000 and 002 the quantity %3 '?,‘ﬁ (o r in plotted on the vertical axis
while for the state 001 t:xia axic represents the dimensionless
quantity af ,lé.,_ E,‘: ('C) ’,. -0 °* The intenzities of absorption in the
allowed and forbidden ceses cannot be direotly compared in this grasph
since the gquantities plotted here are multiplied Dy different factors
in forming the f-walues in the two ceses [ see (3.11) and (3.21)]. As
discussed at the end of section 6(i1) of chapter 4 the absorption in
the forbidden case is on the whole weaker than that in the allowed

1
case by a factor of order [ lattice constant/effective Bohr rodiu-] v
For the forbidden case with the radiation polarized
perpendicular to the fisld direction the variation in f-value of the
110 and 112 lines is similar to that of the 000 and 002 lines

L
respeotively but multiplied by an extrs factor of order (j\') [ see
| |

ond of secotion 6(1ii) chapter 4]. Since ‘Xi - al the f-value rises
more rapidly with increasing megnetic field in this case than in the

other two cases,
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2. Tree Exoiton States., QGeneral expressions for absorption

cosfficients due %0 optical excitation of continuum exciton states
have been given in section 6 of chapter 4. There are also expressions
in this seotion for the abmorption coefficients in the region below
the absorption edge where the discrete energy levels are sufficiently
close together to give rise to a continuous absorption. Both types of
absorption coefficient involve the evaluation of a confluent
hypergeometric funection at come value of its argument depending on
the distance from the absorption edge. The required functions are
again not tabulated. However, useful informetion about the abserption
oan be obtained by expanding the absorption coeffioclent in a power
seriea of the energy separation from the absorption edge. Taking the
first two terms in such a series gives the value of the absorption
coefficient at the edge and its slope there.

%e oonsider first the region below the edge and for
definiteness we will take the absorption to be fordidden, with the
polsrization of the radiation parallel to the magnetic field. The
absorption coefficient is therefore given by (4.65) with the
definition (4.64). The energy separation from the absarption edge is
proportional to |/,"' by (4.19), and we therefore require to expand
the various functions appearing in (4.65) in power series of '/a(. .

Nows
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) (2 ™ 4
+Q‘-i—“)tig(o.k,a)'{5w( | , Lo l(,k,« VR j—;)] 0[14)}

(5¢1)
o0 -‘" _’ duty |
J;(:)) - Z&() ("9 r(wh)-tl) n

wheres

(5.2)

is a Bessel function. The first two terms in this expansion of M.(/m
can be easily obdtained by writing down the series defined by (A3.2)
and (A3«4) for the case X © ll{.c. and collecting togather the terms
involving the reguired powers of d « A similar expression for M,‘/_,,
is given by reversing the sign of m in (5.1). The series expansions

of the gamma funotions i‘n (4+65) are also requireds
e t-w)ien) 3
P[{fuu.) z e"‘ ol”“e, i )( ' )e '“j_;[(- Lo L-f (4 ”«)f o(l)j(s.”
obtained from Stirling's expansion (see Erdolyt et al.!?), am
similerly for rise A-w).

Using the above expansions (4.65) may be evaluated as a
power series in v 4t o and the corresponding expressions (4.58) and
(44T1) for the other two cases can be treated in the same way. In all
three cases it is found that the series are of the forms

e)elepl o= 14 b o) ”
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where A and B depeni on the magnetic field but not ou the energy,
being different functions in the three oases. We shall not write down
the functional forms of A and B since they are very compliecated.

The absorption cosffiolents for the region above the edge
can be similarly caloulated. W.;,‘,.,, and V.;‘/m are givea in terme
of M_" 4w X P by (A3¢6) and (A3.7) eo that a series

expansion of type (5.1) can be used again. The expressions (4.60),
]
(4.66) and (4.72) can be expanded in power series of /,(" and 4in all

three cases the result is of the forms

Q‘(E)ku! £',)v.|o),1 = f- ;B"z t o Gq) (505)

where A and B are the same funotions as oococurred for the same case in
the expression (5.4) for the regiem below the edge.

(5¢4) and (5.5) shew that the ebsorption coefficient has
a finite value at the abserption edge and is continuous there, having
also a continuous derivative with respect to energy. Thess properties
seen t0 De characteristic of a theory which takes account of the
Coulomd attraction of the pair of particles forming the exoiton., In
chapter } section 2(ii1) the absorption coefficients in a magnetic
field but ignoring the Coulomd interaction were shewa to be either
goro or infinite at the absorption edge. Similarly the absorption
ocoefficients in sero magnetic field [ chapter 3} section 2(1)]
ignoring the Coulomd interaction are zero at the edge, but taking the
Coulomd intersotion into account [ chapter 3 section 2( 11)] gives
absorption ccefficients which are finite and continucus at the edge
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and have continuous slope.

Mgure 10 illustrates the value and slope of the absorption
coefficients at the edge for the three caces, for several values of
the negnetio field. The msgnetic fieold strengths vre indicated by the
values of (5 which are shown at the right hand ends of the curves,
The ordinate iz drawn at the abeorption edge and the energy of
aboorption increases towards the right. The absorption is shewmn in the
graph as if the linear dependence on E extends ocut to the points
E = R, This 1a done a0 as to shew up ¢learly the slope of the
coefficisnt st the edges; of course higher terms than the second in the
expansion of the absorption coefficleat in powers of '/,1 ! become
important before the point E » R, and diacrete lines appear before a
distance R below lthe sdge.

The vertical axes in the figure represent the following

quantitiosns

(1) Allowed (11) Pordtaden ¢l (111) Forvsdden ¢ L}

1a- = v &: =0
t? S|L5)|F:o(°/ I 7 SJ(E) ¥ roo("')

*

C(alg - “’e
Vso m (E) . Fu

. Ee
rstslf ol

In comparing the absorption in the three cases 1t muat be

..,

remembered that to form sbsorption coefficients from the gquantities

plotted in flgure 10 1t is necessary to multiply them by expressions

LY L \*
having the relative orders of magnitude 1, (c-..) and (c«)
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respestively, so that the abserption in the fordidden cases is much
woaker than in the allowed case.

The above mmerical results are discussed in section 4,

3. Acouraocy of the Method.  In the perturbation theory method

presented in obnpﬁn 4 for treating excitons in a high magnetic field
two main spproximations were made and we are now in a poaition to
consider their wvalidity.

The first approximation arose from the separation of tho
envelope funotion of the exciton into a part depending only on the
co-ordinate in the direction of the magnetic field and a part
depending only on the co-ordinates in a plane perpendiocular to the
field, as in equation (4+8)s The error involved in this nowmi?
depends upon the size of the non-disgonal matrix elements of - %r
linking the spproximste eigenfunctions thus obtained. The orders of
megnitude of these matrix elements may be eatimated in much the same
way as was used to estimate 1ine widths in section 7 of chapter 4.
We oonsider as an example the perturdation of the ground state of the
M=M= O pgroup of levels Yy higher atates having M « O, The mosat
important perturbding atate would be expected to be the ground state
of the N « 1, ¥ » O group of levels. We spproximate these two ground
state wave-funstions bLys

.
————

~, o - d,“g

|
Fool®) = maw ¢ Jom, © (5-6)

-
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s |2
ﬁo V') - -—|-— -t((‘ - .—L—- -2_(::0
o &) 2 IO / Ay © (5.7)
and wo require the matrixz elements
- Eo* _é: o G{
M= - 10 Q‘:) x ¢ F“ ) de (5.8)

Using the same argument as led to (4.78) this approximately reduces

tos . -EL[“ -50(2'-0*:1-')

Nlold, o,

0
wheres b’ . f_g: X;
1]

The integral can be approximated in the same way as the integrsl I of

(479) and (4.80) leading tos

aR

M~ - e (5.10)

=
(4z) ™ (5+9)

The shift in the energy of the 000atate due to perturbation by the
100 state is therefore:

_ 4R 2R
AE ~ olo d'tuo “0"‘,(3 ) (3 (5.11)

where C 4is the geometric mean of the binding energies of the two
states involved. The value of the integral in (5.9) has again been
slightly overestimated so that the shift in energy will be slightly

less than (5.11).
The perturbation of the 000 state by the other even states
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of the N = 1, i = 0 group is considerably less than this aince the
wave~-functions of these other states are much less concentrated at
s22ll values of s where the inverse oube factor in (5.9) 1a
important. The perturbations due to NOO states for N greater than
unity will be weaker because the energy separation betwsen the 000
state and the perturbding state is greater (being ~ Ntﬂe). and also
because the overlap between the f,f parte of the approximate wave-
functions becomes smaller as N increases.

The energy shift in the 000 state is therefore of the
order of twice 1ts unperturbed binding energy divided by f3 . As
might have been expeocted our ecaloulation of energy values is poor for
small values of [} , at least for the grouni state. It improves as p
1mmumwmrwmmmm“uo£[3. .

We have mhewn that the matrix elements of ~ a/,w between
states of the N » M o O and K = 1, M = O groups are approximately the

*

same as those ofs - 9: A ;
w (A +]zl)

betwoen ¢the # components of the weve~functions. This interaoction
potential extemde over a distance of order X\ 2long the z-sxis and
as ve have ceen ite perturbing effect ie quite large for the ground
state vhon [0 13 not very much larger then unity. However, for the
higher excited states within a group the meximum amplitude in the

g componsent of the wave~function ocotire gt o g co-ordinate of order
A0, ©o that the effect of the perturbing potentiel, which is
localized about the origin, decreases with increaeing o . Indeed,
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however small the megnetic field may be, causing a large value of ) ,
there are always some bound states close to the continuum edge whose
value of A 4= sufficiently large for their energy to be ccourately
glven by the approximation of chapter 4. This approximation was in
faot firat introduced by Sohiff and Snyder’! to treat states closs %o
the continuum edge in & maguetic field such that ﬂ*ﬁfl . However the
approximation to the wave-~functions 1s & poor onme for suoh low
magnetic fields even for states of high o , and this is alao true
of the continuum wave-functions. Our method of calculating absorption
coefficients therefore does not hold in the regien [3< |, sSimtlar
remarks apply to the interaction between other N,X groups of levels.

Retwraing to the case [} ) | we remark finslly that our
method of approximation is better for groups of levels having ¥ ¥ 0,
aiace in this case the 'centrifugel berrier' keeps the (,f part of
the wave-funetion away from the origin where the -'%i; perturbation
is moat impertant,

The second main approximation in the perturbation theory
method of chapter 4 is the replacement of the exaot effective
potentials, like (4.12) and (4.13), by approximate effective

potentials of the type (4.17). Here it is possible to make an

accurate assessment of the error iavolved for Kayoall has solved the
Schrédinger equation for the s-motlon for the energy of the groumd
state 000 using the exact effective potential Vbo(s) of equation (4.12).
An electronic computor was used in theme caloulations, the result of

which is shewn in figure 11 by the continuous line., The isolated points
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represent the results of the presment caloulation. The disagreement
between the two calculations is seen to be of the order of two per cent.

For the excited states no direct estimate of the error
involved in using an approximate effeotive potential can be made.
However we can be quite certain that the error will be less than for
the ground state since the excited state wave-functions are much less
conoentrated in the region close to the origin where the
approximation to the exaot petential is poorest (see figures 5 and 8).

4. Discussion of Resulta, Numerical data on the absorption spectrum

of & semioconductor due to its lowest lying exeiton levels have been
presented in sections 1 ard 2 of this chapter. The information given
there may bYe supplemented Yy the fact mentioned at the end of eseetion
5 shapter 4 that in the energy range woll above the absorption edge,
vhere K D> k, s the s part of the wave-function is unaffected by the
Coulomd interaotion. It follows that in this region the results of
seotion 2(111) chapter 3 hold, In particular, for the cases
11lustrated in figure 10 the veriation of absorption coeffiocient K
with energy in the region well sbove the absorption edge is as
followns ‘

(1)  Allowsd Ke HE®

(14) Porbidden ellH K « HE%'

(131) Fordtaden ¢ LH Ko H'E ™

Combining the known forms of the absorptiom spectrum close to and well
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above the edge it is possidle to0 gain a fairly eomplete impression of
the form of the absorption in the entire region above the edge,

The absorption edge itself is not distinguished by any
striking change in the sbserption coefficient which is continuous
with ocontinuous alope at the edge in all three cases. Experimentally
the edge could not be located and the only way in which its position
could be determined would be by measuring the positiona of the
absorption lines below the edge due to the bound excliton states and
using theoretical values for their binding energies. Of these
absorption lines below the edge, that having the smallest frequency
is the most intense, and its intensity relative to the other lines
inoreases with magnetic field, at least in the allowed case (see
figure 9). At high values of (3 , in the allowed case, the first
absorption line is about a hundred times more intense than the
second absorption line. Under experimental conditions then, the
abeorption spectrum due to the lowest observable N,N group of levels
might shew a single relatively intense line joiued on its high
fyequency side to a ‘shoulder' arising from unresolved excited
discrete states and the continuous states above the absorption edge.

The area enclosed Ly an absorption line due to a bound
exciton state in a graph of absorption coefficlent agsinst photon
energy s given ty an expression similar to (3.13) tut with the
density of states S(E) cmitted. It is therefore possible to compare
the intensities of aboorption in the discrete and ocontinuous regioas,

1f the ordinate in figure 9 4s multiplied by a faoter 2 then
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figures 9 and 10 are im the same syatem of units and the intensities
may be compared if line widths are assumed for the disarete lines.
The following sketch shews roughly the form of the absorption
ooefficient for (3 about 2 in the allowed case acsuming a line width
of about R for theo peak due to the 000 state. The horigontal axis
is divided into energy units R,

J
Edje
Ve have 80 far considered only the contribution to the
absorpticon spectrum arising from the lowest observable group of

levels in each case. Let us consider the allowed case for definiteness,
though our remarks will apply mutatis mutandis to the other two cases.
All the groups of levels having N = O meke & ocontribution to the
absorption coefficient. Ve have not calculated the form of the



speotrum for N > | but we may take it to be gualitatively
similay to that for N = O, although the lines in the absorpsion
spectyun may de sibelantially troadened as discussed in seotion 7
chapter 4. The complete absorption speotrum therefore consiasts of @
poxrt dues to the N = QO levels followed et higher energies by somewhat
sizilar abmorption pattorns spaced at energy intervals of Ts W, (see
figure 1) In the contribution of ono of theae higher groups of
levels to the absorption speotrum perhaps all that would be observed
sxperimentally would be a single btroadensd line due to the ground
state of the group, and the complete spectrum arising from these
higher groups would shew s series of lines, ono from each ground
state. These lines will Ye fairly evenly spaced sinoce the separation
tw‘ between sdjaoent groups is much larger than the binding energy
~ R of the states within a group for {Z.))l,

Negleot of the Coulomd interastion was shewn in
section 2(111) chapter 3 to lead %o a theory whish predicts pesks at
energios (N+ %)L, avove the sere field position of the abmorption
edge. It wao stated in chapter 1 that on the basis of this type of
theory the positien of the sero field absorption edge could be
determined by extrapolation of the position of a pesk ecrresponding
%0 a given N quantum number at various megnetic flelds, The theory
presented here shews that Af the magnetic field measurements are
carriod ous in a region where (3 2> | then the obmerved pesks will
probebly lie slightly below the energies (Nt {)ta‘ Yy an amount of
mmﬂ,fmmmwwmmm exciton state for the
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group I, Sinoce this bimiing energy increases less rapidly than
linearly with inoreasing field (see figurs 6), an extrapolation to
sero field gives a lower energy than the correct one for the
absorptioca edge. The value obtained for the forbidden energy gap in
this way is therefore alightly cmaller than the correct one.

5. Experimental York. Excliton abeorption in a magnetic field has
80 far besn obeerved in only two semiconductors, exd for neither of
these is the theory presented in this thesis really applicable, In

the care of cuprous oxide the energy bands appear to have the simple
shape assumed in our theoretical disouseion but unfortunately
megnetio fields high emough to attain the conditiom > | ere cut
of the quastion for this subetancs. In the ocace of germanium, on
the other hand, the condition [> > | bhas been achieved
experimentally, btut the structure of the valeace band 4s =0
complioated that the present theory can have only qualitative
application. For a detalled comparison of theory with experiment we
mst therefore swait measurements on a substance which combines the
virtuss of cuprous oxide and germanium without having their
aocompanying vioces. However we shall MWriefly comment on the
messurements on these two semloonduotors.

(1) Cuprous Oxide., The megnetie fleld eorresponding to (3 ] ia
6,500,000 gauss, so that the conditicn (J<< | holds in all

experimental work. We have not sade any csloulation of the intensity
or shape of the sbsorptien spectrun forr such values of the magnetio
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field; but we will show how effective masses may de obtained froms
observations on the bLound exciton states. The eigeavalue equation for
the exciton binding energies is (3.12):

t

'h lzt ™, = Wy, v ~
{ zrv P eem BV (i) —}F ¢l= LR (s
The megnetic field terms cen be trested by perturbation theory as in
the caeo of the hydrogen atom and give rise t0 Zeeman and quadratie
Zeeman effects (see Sens £r#0 Ye

The most oomplete experimental measurements asre those

yeported Ly Groaai. Yo linear Zeeman effect im observed in 0&20 80 WO
may oonclude that m, = 8+ For the quadratic effect we require the
matrixz elements of the term in H7~ between the aprrhto
hydrvegen~like exciton weve-functions. In cuproue oxide the
absorption ie thought to be forbidden’ and so it is the p-states
which are respousidble for the obeerved absorption lines [aee
seotion 2(i1) ehepter 3]. For the cese of p-states having m = O, the
diagonal metrix elements of i D ares

1 2
“:.(“ - () G,

n being the principal quantum number, so that the qualratic Zeeman

shift, being the matrix element of t—": rvsu. 0 , im
1 Bpe
et ()
AF = ——wiv-!
e (5.13)

In sereo field the exeiton levels shew hydrogenic spacings to a good
approximation so that the effective Rydberg energy R of (3.23) can
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also be measured expsrimentally. Wlthalmow}.odgoorAE and R beth
/* and M c¢an be oalculated, and using the results of Groess

N ~ 8 and /wv -‘“M, so thaet Moz Y~ -84‘"0

This ocaloulated value of the dieleotric constant is in good
agreement with the value odtained bty direct measurement,

Above the absorption edge, in the region of continuum
axciton states, a series of peaks at fairly constant spacing is
observed, the energy separetions between ad jacent peaks bLeling about
Q-g with the value of /4 given above. This observation indicates
t,l:at for p << | 4he ocontinuum states of the exciton give rise to
sbearption maxime, in contrast to the case [ >> [ .

(11) Germanium, Measurements of the absorption spectrum of

germanium have been carried out in magnetic field strenmgths up to
about 40,000 gauss by Zwerdling et al.* The magnetic field
sorresponding to [ = | 1s 8,900 gauss so that this highest field
corresponds to a value of p of about 4. Altogether msasurements
have been made at three field strengths having [} > 1,

The observed absorption spectrum is very ocomplicated
owing to the fourfold degensracy of the valence band in germanium,

In sddition, the experimsntal arrangements used in the above
measurements have been mueuoaal on the grounde that the specimen

of germanium used was in a state of non-uniform strain due to its
mounting. It has been demonatrated that in a zero magnetic flield the
experimental method of Zwerdling et al. leads to a shift in the
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position of the absorption spectrum to higher energles and aleo to the
appearance of a spurious absorption band close to the absorption edge.
The agreement of the experimental cpectrum with the theoretioal
spectrum as predisted in section 2(44) ohapter 3 is destroyed Yy the
use of strained mltd.la.

For thece reasons little agreement would also de expected
between theory and experiment for the magnetic field case. However,
some of the predictions of the theory are found to receive
qualitative verification. The lowest line of the spectrum has roughly
the form shewn in the sketoch on page 87, although the intensity of the
line relative to the shoulder seoms to be mmaller in the experimental
results. In thie connection however, we may note that the extra
absorption band introduced by strain appears at about the position of
the shoulder s0 that its greater intensity in the experimental
neasurements may well be spuriocus. As far as can be judged on the

basis of measurements at only three magnetic fleld strengths, the
intensity of the lowest line of the speotrum inoreases with field in
roughly the manner indicated in figure 9 for the 000 line., The higher
energy lines of the spectrum inocrease in bYreadth with distance from

the absorption edge.
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Appendix 1. Absorption Coefficient in a Solid,

Consider & s0l1d of volume V = L°, dielectric constant . amd
permeablility /« + Maxwell's equations for the radiation fleld in the

solid ares

| 28
Vx E C R . =
- ¢ at V-2 =o (al.1)
VxH oz Lol vV.B =0
- Cat (A2.2)
wheres
s )(,E B = H
t - = = (a1e3)
Taking sero scalar potential and a veotor potential & s We haves
=v-a (a04)
g:-122
=7 ¢t (A1.5)
Vo choose the Coulomb gauges
V=0 (a1.6)
and then using all the above equations ﬁ satisfies:s
1 ’_‘,b fﬂ
- -_ = 0
v& ‘} 7t,' (‘101)

The field energy is given by the usual expreasions

£ - BL%JQ,E yBW)dT (42.8)

v



W¥e expand the vector potential in plane waves:

¥ A%
A = Z[% Ay + ay Bx] (AL.9)
A
where the (i )\ are independent of position and;

’ ik,
AA V éxe wE (a1,10)

The plane waves mist be transverse, i.e. € L k,\ s in order that
the vector potential should satisfy (Al.6). The normalisation of (41.10)
vill be Justified later. The ), clearly satisfys

Vtﬁx ¥ k: Ay =0 (a1.11)
It then follows from (Al.7) thats

olcq

el Ay ap =0 (A2.12)

%
with a similar equation for C(y » where W) 48 given by:

lky| = -: = O :f‘ (41.13)

[d
sinoe the veloeity of ugm ian the solid ias /{,‘/‘ o Inatead of Q, and ﬁ:

we may work with two canonically conjugate variables:

¥ . ¥
Qx H QX + Gy PX = -~ lk’x(&k- QA) (u.u)
. | .2.. 4 _ -;'
el T 'l[Q* * e P"] M= [@x' U\ Px] (41.15)
The Hamiltonian iss |
I 1} 1 L - - ¥ %
9’(,‘ = 7,[?;“% Qx] ol [“A“x*"‘x“x (A1.16)

and it may be easily verified that this leads to the field equation
(A1.12) since the Hamiltomisn equations ares



%,
Q.

1 .
A Q)

A (41.18)

"F.x S VQX

(A2.17)

n
A

The Hamiltonian (Al.16) is quantized by introducing the commutation

relationss
[rM wa = -it

-

[FX)Q}'] : ‘.PM Pr, = [QMQ}\] =0

The problem is that of a harmonic oscillator and the eigenvalues ares

(a1.19)

g}, = tu,‘(w)\{-%) ”,\ = O/\/l/,,, (A1.20)
The Q) ocan be repressuted by the usual matrices:
<"%l°‘3‘“a+'> = %‘ﬂ = (“,\fllct“m) (a1.21)
W

all the other matrix elements being sero,
In order to expand E in the ﬂx we need to know how to
represent (, when the system is quantised. Using equations (41.15),
(2.17) and (A1.18) we obtain the cerrespeniences
(xx -~ =, 0y é\': —> (V) a; (a1.22)
Hence using (Al.4) and (Ad.5):

E = j{;"’h [MBX- “,; B:]

(a1.23)



B = ‘Z_[%kw&y“:k,xﬁf] (a1.24)

Substituting these expansions into (Al.8)s

£ - Slr ZJ[KCU,\ . _1;_‘;“01; Gy + C‘AQI]BA,B: o7

v

’Z“f[x“:’r% ] Z_J{ Zi

A
using (A1.16) and (A1.20). We have therefore shewn that the

(A1.25)

normalisation of (Al,10) is correct since it leads to the correct
value for the field energy.

The interaction between the rediation field and the
eleotronic system is represented Yrs

e
g{r = ;‘2 F’B (A1.26)
For the case of photon absorption we require matrix elements of the
types

@m -t Al = 4“/“"“ l”-x & ", dr

(A1.27)

=’Jn = (ol gy [b)

wVu,
where we have made the dipole approximation, teking only the first term

in the expansion of ﬂ.'k"g « 6 and b represent the final and initial
electronio states and Ny is the initial number of photons of wave-
Jongth )\ . We have used (A1,10) and (al.21).



The trensition prodadility per unit time is:

- To Kiag! (11,28

whare PE O{E is the number of photon states with energy between E
and B + 4E, Now if we assume periodic boundary conditions for /| and
take axes parallel to the edges of our cubic box V, then the allowed
valuses of the components of kx ares

_ 1 17
iy = LM, l‘“J LAy yy = L e

whore the n's are intogera. Henoce:

A 3

! Awe L v v
w - — "
A LLFF)¢("“' tye )

If the mumber of rediation oscillators having frequency between L))
am 0 t dU)  and propagation vector within a eolid angle ol{l 1s
O{L’ A-ﬂ. » thens
fo, 5N
A br
0, duy 0L = dmay ey T = oyl V(-”r;) (11.29)
YA
where “A = “M + "AJ"' V'h » Sinoe Ex ‘t"’Av wo haves
J_— 3
Pe dE dfl = el JE AQL—L) (A2.30)
y -4
The transition probability per unit time for radiation propagating in

s given direction 1s therefore:

Wda = Q; wl(a C;’D' A (a2.31)

W 7.Wc
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The energy absorbed per unit time isos
1l

y 3
b udn = &2 G aldfn s

] |

Now the amount of energy in the photon bdean crossing unit area in unit
time 103

I(oy) ey = wy By %/n V! oy oo, 0

3 p
= “f\t"’é\ - 34 "l"’A °m (aA2.33)
8ﬂ'u

Suppose that the number of final states QG which can be reached from
the =aame initiasl state b » such that the energy difference betwsen the
two states lies between E and E + dE is S(E)dE. We call S(E) the
density of final states. Then using (Al.32) and (Al.33), the energy
absorbed per unit time per unit energy range ims;

L 3
fre E‘E [<alp. 1] T() S(€)

Hu, wm C
where the bar over the sguare of the matrix element indicates that it

is to be averaged over the final states. We define the absorption
coeffiaient K to be the ensrgy adsorbed per unit vclums per unit time
per unit energy renge when the radistion orcssing unit arce in unit
time haa unit energy for a unit energy range. lenoces

K = e b (alr_.g,‘“}]’ SE) (a1.34)

wyw eV n

Note that this expression has dimensionmality I/L in accord with its
definttion. In semiconductors we can normally put ,« = | so that the
refractive index is "t= F-



Appendix 2. The Free Particle in e Uniform Megnetic Field.

We oconsider a particle of mass r and chayrge -e, The Hamiltonian of
the aysten is: g( 'ﬁ

'l/~ (a2.1)
where 1T 48 the effective momentums
= ¥ "B (a2.2)

snd the symbol r_ represents the momentum operator. The elgen-
functions of this Hamiltonian can be found in two ways, either by
solving the differential equation or by operator methods. The former
method gives the eigenfunctious most directly and we shall consider
this first, However the operator method, apart from being more
elegant, also gives many additionsl results, and we shall therefore
go on to present an alternative solution by this method.

The equation we wish to aolve ies

!

i'/:‘.—itVf%B_]t}/ =E\}' (A2.3)

We take the direction of the field to lie along the s-axie of a
oylindrical poler co~ordinate system [:, ¢/z and we choose the
following gasuge for the vector potentials

Ao =0 Ry qpH P, = 0 (A2.4)
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where R 4s the magnitude of the field. The wave equation then becomes;

t‘ | 2 7¢ _thDﬂ e,H 1
r{f 9(0((9()) e 9?" ? " ;¢ 9/_.0 [’{/ —L"P (a2.5)

Make the subatitutionss

4’(_()¢/Z) . e'.la L;Mﬁ t.;'. F((’) (A2.6)
- K
£ E(’ i -2'; (a2.7)

where M must be integral for a single-valued wave~function. Then (A2.5)

becomens

1y AF |0‘F F] 1 H +¢-\;H e H -
" L33 X E4F (aa.
irhe TR 4 e 1 gt e F 020

Introduce a new variables
T ¢ (42.9)

Thens

S [4F _ MF I_Nt]g'éﬁé
r Ir ‘}F 2¢ 40'1F ZO'F

This is now in the form of Whittaker's equation (see appendix 3). If we

puts a’tH
E

(? lro

then the solutions of (A2,10) may be writtens

("') "V l("“) F: (H"N,MH/‘J)

(zmn -1, (A2.12)

(A2.10)

(2N+ \) (o)

10 g[-M _
Mitn)-in e o ( )'F'[' N, -Ht); ") (42.13)
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If the wave~function &8 to ropresent a bound state, its value must
tend t0 sero as O <¢tends to infinity., It follows from the properties
of the confluent hypergecometriec fumotion that this can only be AL N
ir zero or o positive integer, being greater than or equal to M, in
which case these funotions become associated Laguerre polynomials
(see appemiix 3). Since ¥ is an integer the two solutions of the
wave aquation given above are not independent tut we give them doth
becauss the first form can be converted at once into an associated
Laguerre polynomial for the case M > O uaing (A3.27) emd (A3.28),
while for M< O the eecond form 1s most convenient. The second
independent solution of the Whittaker equation is not a suitable
wave-~funetion since it diverges for large 0,

Collecting together the terms in the solution, normalising
the resulting wave-funotion end putting in a convenient phase faotor,

e H¢ 'o' M k2
[ Mr0 gy ) N Lm
) M< 0 42”“ L_‘) NNM ¢ ” & H.J'O')e' *
L (A2.15)
wheres
y ¥ | ul.:-M— N“t . | m Xt: t.ﬁ
N”" s Qh' x'l-‘l. U_N_.)s VM - 917 x\.l_.L Ul)-:—t‘-)‘ ) QH (A2.16)

and L 48 the g-dimension of the volume to which the particle is
%

confined .
The method we have used to obdtain these wave-functions is
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similar to that of Diugh”. %e chall now obiain the sume results Yy
the operator methode introduced Yy Johason and Lippmamzs.

The operator T defined in (A2,2) matisfies the

commitation relaiions

. ek
T_[ X 1]' = ' = ﬂ (A2.17)
The equation of motion ims
. _‘_ | v e -
T: ik [ﬂ/ﬂ]z—‘zitr [“l‘-‘] =F0E“"' (42.28)
where wo have used a genersl relation which holds for any operators
[11:5] = ("I*‘-"‘-)%T."- ".H(E"E) (42.29)

We take a Cartesian co-ordinate system with s-exis in the direction
of the magnetic field. Writing the eguation of motion in componentm

e = - %WD (42.20)
1‘-;7 . o T x (A2.21)
r('
T, = © (a2.22)
Also we haves

s r =T (A2023)
The equatiom for the s-motion (A2,22) can be integrated at once to gives
Tig = Bl (A2.24)

The Hamiltonian (A2.1) may be vmuma_ )
;{ - {;[T‘l’:f TIJ"] t ;%-; (42.25)

The x,y part of this Hamiltonian together with the commutation relation
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(Aﬁd?) shew that the transverse part of the problem is aunm- t a

harmonic oscillator with mjueatc ¢o~0rdinates Tl'x and y W [thc
| 8 | JEW 2
oscillator Hemiltonian is - (r +/~ Y )] where W, 1is the mlatm

Ve
frequency: e Y
W, oz =
r" (LQQQG)
The energy levels of the aystem are therefore given by:
E twb (N+ ) t“‘( N:o}l)l/... (AQ.?T)
r
Combining (A2,20), (A2.21) and (A2.23)s
d
ji Tt poy) =o
) (a2,28)
3Ty poes) <o
80 thats \
Ty .
F:g t J £ Y }
(42.29)
- 172 + X =%
o ’

where X, and 3, are constants. Theme two integration constants
commite with the Hamiltonian and with Ty m'ﬂ} , but they do not

commite with each others

I iy AT R
[x./\?"]' [X/rwa]* [b )wu] [ru‘,’/:gy] Q}:}: ;{:":30 - '3-;' (42.30)
(A2.23) and (A2,28) are the same as the classical equations for the
system, and we therefore identify X, and 4y, with the oco-ordinates

of the centre of the orbit. The distance r, of the centre of the

orti¢ from the origin is given tyn
z X0t Yo (a2.31)
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Equations (A2,30) and (A2.31) sgain define an eigenvalue problem
sinmilar to the harmonic oseillator, with conjugate co—ardinates j‘q7 X,
and ﬁ&%’ ﬁ? , where ) 18 a length characteristic of the magnetic
field defined in (A2,16). If these co-ordinates are sudbstituted in
the harmonic oseillator Hamiltonian, (A2.31) is obtained if the

Ld
'frequenay' is taken to de 1—-) « The eigenvalues are therefore:

= V(2L ) Lz0oL2, ... (A2.32)
We observe that although *, 4is woll defined, the commutater (A2.30)
implies thats L
Ax, Ajo > A
(42.33)

where DXo and Ajo ere the uncertainties in experimentally
possible determinations of X, anmd j, « If r' ie the radius of the
particle’s arbit, then using (A2.29)s
= (x- x,) (j ‘jv) = ,' ,(u”u&) : %::"(m;).- Al(wﬂ) (a2.34)
g0 that r' iz exaotly knowm,
The angular momentum about the s-axis is:

M = (exp), (a2.35)

1t is now convenient to choose a perticular gauge for the veotor

: tz:‘(r"- y ) = t(N‘L) (42.37)



where we have used (A2.29). Now introduce:

T"‘.:.i'-xtiij

412 ¢.2 1 : (42.38)
s "lt [;‘I‘?y *lx‘(,‘tw)]
- __2
Wy = 'th  (a2.39)

Suppose that 4/N is an energy eigenfunction with eigenvalue T, (N“'ly).
Then T, {y amd T §, are also elgenfunctions with eigeuvalues
t, (Vi) ant By, (Ne1) o Tows

Cre Yuey = W

where C is a c¢onstant to be determined and suppose that ‘Pﬂ and \PMI
are normalised in the same way so thads

cc"ﬁp:_‘ T by dT s J‘k; by A7

Buts T, 4,” = {.u, f“ [ 1}]}¢
NRE R .

(a2,40)

Henoet _l_ )‘

Cc = m t

Thexrefores ' X
J::' 'E- +N “| (12041)

and similarlys ‘ )
“h- f'—'- e = (A2.42)



The wave-Nunotion of the lowest state must satisfy:

M ‘{"0 = 0 (42.43)

Ty = Bk ¢, (A2.44)
Henoces N ,{1.&"
. K2 = xﬂ.

q’o = 5(" - ‘j) e e t (42.45)

where f is an arbitrary function. This arbitrariness allows us ¢o
{impose & further condition on the snergy eigenfunctions, and so wo
specify thet they shall also be eigenfunctions of V'." « Such wave-
functions have oylindrical symmetry. Hence for the lowest state:

r:t,lo = Xt(1L+l)4/o (A2.46)

Since eigenfunctions of 5{ and V’: are necessarily eigenfunctions
of M by (A2.37) this condition can also be writtens

84)0
9 ¢ ‘P 4,0

where ¢ ie the angular co-ordinmate of a cylindrical poler
co-ordinate set P ) ¢ ) Z o The normalised solution of (A2.47) iss

L. Xty
y, = ' 1] Z‘-'_L?) ) 76' a (42.48)

where L, 48 again the length of the volume in which the particle is

containsd. From (A2.41), Y  1s given by
|

AL
LPNL : M (f) ~""m. (42.49)
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Uain - the relation:

x:t:t "1; 8
Tr+ e' 4’»" 2 Q .-f ('l )(ax"' ‘3) (u.so)
this becomen: - -
| . .5 B V7 -Q
- - N -— L . X_‘_lj
Yo =) [z (e e (Dx 5) ) w
(A?.Sl)
N | I N-L e ¢ L
= (-l) (ﬂ) 4x' 1K2 :(N L) ﬁ
i N Lt LL. A e 2 ¢ ,{V ZX

since x ¢+ iy commmtes vdth + '-b) This expression may be written
in terms of asmsooiated mem polynomials which take a different
form acoording as N € L
W ig ) cie e ke
N> L LPNL = () Nuw e )¢°' e Ly (076 (a2.52)

" ‘(” ';. JLZ
N<L %'— =ti)NNML LMU‘ o N) l-n. @'/ ¢

wheres

(A2.53)

3

v L N oo L
”m.'zﬂ"l_, @’.)’/ M9V, Q_)’ /T TN (a2.54)

Sinoe M = N - L theese wave-funotions are the same as (A2.14) amd (A2.15).




Appendix 3, Properties of the Confluent Hypergeometric Funotiom.

Confluent Mypergeometric functions are solutions of Whittaker's

equation: 1
d X, xewm
— t]--4+ -+ ]z =0
ol! 4 X x* (a3.1)

The nature of the two independent solutions of the equation depends on
whether or not & is integral or half-integral. We consider these two
ceses separately, basing our discussion on the work of Exdélyl et al.l?
and of Whittaker and Wstson?,

Case 1. m not integral or half-integral. The two independent

solutions of (A}.1) ares

Si% 0 omil Lo ,
M“/‘“ €)= o X 'F‘("' At dntl, x) (A3.2)

) 3% —mig F(-:_-.t-w Q] X
MvmW-Q X Vo / /) (13.3)

the notation M 4w Lx) being that of Whittaker. In these expreszions
I F, is the power series:

S @, X"
F (“/‘/"‘) ‘Z G); L(L:‘_- where (% - C,{‘(—:;) (43.4)

The two solutions (A3e2) ani (A3.3) can be easily obtained by series
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solution of Whittaker's equation. Bxdelyi et al. derive the following

sxymptotic form:

"-- -~ l M
ey (o5 2 e

P(?,WH) {x ‘di(%*‘““},({ﬂ'u)ﬁ -" L -A~N-l,

+r(’m~-¢) ¢ ! [

ns9

}w ¥=» o, ﬁwx >0 M/N:o/l/z,...

The asymptotic form of M,l/-,,(x) is found by changing the sign of m.
Instead of using (A3.2) and (A3.}) as the two independent solutions
of the Whittaker equation, it iz sometimes more oconvenient to take
linear combinations of M,‘/...(X) and M,‘/-u (x) sich that the
asymptotic form of one combination contains only the positive
exponential series of (A3.5) while the asymptotic form of the other
contains only the negative exponential series. We accordingly defines

(-2) r(2.)

el T BT A v RUPRL B
- iTwm ‘
_-)e P(”-“‘) e'm" f'(?.w)
V“/“‘ b == M(4-wa) bl ¥ Miewta) M) (a3.7)

It ocan be verified using (H-S) that these functions have the

asymptotic forms:
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X=> o0

’ .
Vim ) = et (a3.9)

where we have retained only the dominant term in each cease.

The Vronskian of two independent solutions of a
differential equation of the type (Alde1l) is e comstant independent of
position, s0 that the amymptotic forms of the solutions can be used in
determining it. In this woy it may be eatablished thats

Ma{,m (2‘} M:‘/_h () - H‘/_“ Q‘) M“/“‘ (X) z = 1w (A3.10)

W ) Vin ) = Vgl W)= o (a3.11)
where the prime denotes differentiation with respect to r.
iny two of the four soluttens M, (), M . (x), Wi (3)
and V.. (x| ero indepentent.
Case 2. m integral or half-integral. Por thie cese it is most

convenient to transform (A3.1) hy meking the subetitutionss
‘e -t
Z = X;CQ, ;‘J , @ = %”4‘1’“‘ ,; €= Iw ¢ (a3.12)
wheretpon 1t takes the forms
X s +(¢"‘) b - ay = 0 (43.13)
ol o

Tis equation can be solved using the method of Frobemius, snd since
o is an integer one of the solutions is always logarithmio. Consider
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first the case where ¢ is a positive integer. Two independent solutions
of (*3-13) ares

o) ) 2 @
M”)'.c_-irtm.){ 7l b-yu-vele 2 5 ‘}

vec ¢t}

(A3.14)

c-2
I Z “".f‘r X
M)

NG S @) x
@(u,c,x): f’(c)f‘@){' F (a/c,' x) |vx fz -Z)- m [\}'(au)-“m)u}f{m)]}

§2

Z Mats) r'lu-m Z@ cotl)y ¢ (
Te _ AS;IS)
pos ()l— \"(7-0) -0)5 L5
In both funotions the last summation iz to be cmitted for ¢ = 1. Alsos

b - 4 \o:7 M) = P(W) (43.16)

ands re

| . _
A'.= Z[y*“ Yt \H-o] (A3.17)

Y:0

For ¢ sero or a negative integer it is necessary to make use of the
relations

|-
i’(“/‘/") = x ¥ (a-cr1, 2-¢, ") (A3.18)

before the series expansion (A3.14) can be used, and for these values
of ¢, (A3.15) mist be evaluated as a limit,



The anymptotic forms of the two aoclutions ares

-a
Placx) > «x (A3.19)
X =» ol

Q(“/‘y ’C) - X" % (43.20)

Although both (A3.14) and (A3.15) appear %o contain a logarithmic torm,
this term alwaya drops out of one or the othey depending on the value
of the perameter a.

Case 2(1)e @ ¥ 0=l -7,..., fhe first and last terms in (A3.15)

are sero leavings
u-s) xs i P(a)
) Z (H’S) T ["() Flee ’7 (a3.21)

where , [, 1 defined in (A3.4). Two independent solutions of the
¥hittaker equation (n.l) are therefores

Moul)e & (™5 F, (et 2oel o)

(ﬁ) . ':. XW"%. { L.‘i- ,“-V\/ thl/' x)
(A3.23)

It is eanily checked that these functions have the same asymptotic forms

(a3.22)

as the corresponding solutioms defined for the case where m is not

integral or half-integral.
Case 2(11). G = 0,-|/'2—/ -~-» In this case it is the solutica % which

takes on & simpler form while § remains logarithmic. We observe that

sl () -
noes \}'() . Q’()q (& r’(‘-"') ¢
Pira-c) a =0, ... (A3.24)
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it follows thats

Gy ¢\x) s (/ ©) . Flagy ) (43.25)

Two mopondom solutions of the Whittaker equation (A3.1) are therefore:
-1 X ““l'a. -

Q L @(' "f“‘/ QWH X) (43.26)

i

-1X  m -';_
W.t/n.(")zﬁ/ X f Q'l) Q.M-l)

( -dtm ‘lw&l‘x) (a3.27)
“Lttw! /o

The functien (A3.27) 18 very importent in quantum mechanics since it is
only for the case 2(i1) that the Whittsker equation bas & solution
which is everywhere finite with finite slope axd tends to zero
exponentially at large x, the asymptotiec form of W-t,w(") sgain being
given by (A3.8). Also for this cass U.,/.., Q‘} is simply related to an
assocliated Laguerre polynoxdsals

(L I R s N A
\,J.a/,, ® = (Y P(({fjw)) e X L._,J““ (’7 (A3.28)
wheres dn . ol‘ _Q.,‘)
Lo &) = - Lw , Ll=e T (x%e 1329

The normelization integral for U‘/,, (x) can be oarried out in this
case givings

g Iud/w (;)r'p[x 2 ‘*.{ ]"({f&-n) r’({f"tﬁ) (A3+30)



14

Appendix 4. The One-dimensional Hydrogen Atom Equationm.

In an infinite magnetio field the effeotive potential is given by
(4+10) and the wave-equation for the m-motion (4.7) takes the forms

- E {3’ ~ _Q:. 4, = F

AT R A ¥ (M.1)

This 18 just the wave-squation for the ono-dimensional hydragen atom.
All the levels of the syotem are twofold degenerate, exoept for the
ground state whioh is a state of infinite binding energy localized at
the point s =» 0. Ve justify theome statements by a study of the dbound
state solutions of (A4.1).

Introduce a qmt1w4 A by takings

E,=- B (a4.2)
21w o
Define a Bohr lengths v
. X
ot et (a4.3)
and change the variable in (A4.1) tos
22
X = 6.1-;& (Ad4.4)
obtainings .
o ! d
(S A PR = 0 r
ol +‘P )| (44.5)
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The wavewequation has therefore been reduced to Whittaker's form of
the confluent hypergeometric equation (A3.1l) with m = #+ Conaider
first the region X D> O. ¥We have shewn in appendix 3} that the
solution of (A4.5) which tends to zero as x temds to infinity 18 a
funetion W,¢/ L (x) defined vy (A3.23) and (A3.14). The following
series W?n may be obtained from these two equations:

Wy (9) = %.‘("_:) {X. F (142, 4) hvxf P(1-4)- ~P0)—«Hz}]--}

o0
Q'J) rel
+ v
Z‘t:tm i (-6)
whares v-)
| I |
h* - ’Za[m-; V) )’1‘2]

The fumotion w,zl',,w is finite st x » O but 1% has infinite slope
there except when o 1is s positive integer. An acceptable wave-
fungotion can therefore only be formed when o is & positive integer
)= | 2/ --. « The bound state energies as given bty equation (Ad.2)
are just the Balmer enevgies oo that the ene-~ and threo-dimensional
hydvrogen atoms have common energy levels. The form of W,‘/Lv Qt)
simplifies considerably for these partioular values of o . Using
(A3.28) we haves

L
-
-y

W = @ T x L,

Iy, ... (a4.7)
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We have therefore shewn that for.X > O the wave-functiocn of the

system im:
X

-

l
XL“(") x:gZ. A=l 2

= B¢
* ¢ L4, /5 (“08)

where B is a normalisation constant. Similarly for X < O it may be
shewn thats -

X
¥ = Ce «x La( ) (44.9)

C being another normelization eonsiant.

We now require to join together the two solutions (A4.8)
and (A4.9) at the point x » 0. 5ince the potential of the prodlem is
Anvariant under the reflection Z —> -2, we may insist that the
wave~-functions bs elther even or odd functions of s. The wave-functions
(a4.8) and (A4.9) have finite slopes for =mmall |x| , but the wave-
equation (A4.5) has a regular singular point at x = O giving rise to
the possidility of a singularity in the second derivative of the
wave~funotion at this point. There ir thus some uncertainty as ¢o
whether or not {(A4.8) and (A4.9) can be joined together to give an
even wave-function. To investigate this wo consider the problem with
the potential slightly differemnt, vies

Q:
1 (at 12])
whero Q i & positive quantity very much smalley than the Bohr

(A4.10)

length O, , and which we shall eventually allow to tend to seroc 20 as
to reproduce the original potential. For large 2] (a4.10) 1s 1ittle
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aifforent from "-’“ but the now potential remains finite at s = O
instead of having a poles

The wave-equation is still of the form (A4.5) but the

variable 418 nown

X";;'o(&‘r ) for 2 > O
' (4.12)
x:-— (ct 2) tax‘ Z<O

Y

There is therefore a lower bound of z—: to the range of values
whioh [X' | can take., The modification we have made to the potential
is such that the potential energy of the electron is higher at all
points, and we may therefore expect the energy levels of the system
to be raised slightly sbove the Balmer energies. Referring to (A4.R)
wo see that the wvalues of A for which eigenfunctions can be formed
will be slightly higher than the positive integers. This may de
conveniently expressed by defining the quantum defect Oy of a level
as the difference between the value of A to which it corresponds
and the integer ) close to A
3, z &= (A4412)

For ¢ << G, we shall have Jy<< | , and dy=>0as 0 —>0,

The weve-function ie still w lxl) given vy (A4.6). o is
not now integral so the furoction has inﬁnita slope at x' =« 0, but this
does not matter since the point x' = O is not included in the physical

domain of x's
The solutions for positive and negative ¢ cen be joined
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together at 8 = 0 to form both even and odd wave-functions. For an
odd state we requires

W ?—a - »
%L le, 0 (A4+13)
while for an even atate:
d.x' J/%‘(x ) Y‘- gi = (M.M)
) ‘-L&o

These oonditions give the eigenvalues of the system for a given value
of A . Using (A4.6) we keep only the terms which are dominant when
X= 2’-“' is very small and o is close to a positive integer. The

AGo
eigenvalue oconditions then dbeoome:

26 -
od stater 35, Y(-¢) -5 70 (A4.15)
%
state - | - = 0 Ad.16
Even ' l?ﬁ 10s + +( ol) ( )
' |
Q = — 2 “ o1
Nowas &—> ¥ (-4« — ) (14.17)
Henoe using (A4.15) and (A4.16) the gquantum defects ares
%
0dd states Oy ° o (a4.18)
|
Even states OV lo 14 (44.19)
j dho

a
Pigure 12 shews how the quantum defect d, varies with 4 for both
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the 0dd and the even state. ;p behaves in a similar manner for the

other values of ) . The curves were calculated using the complete
expression (A4.6) for W,‘/;‘_ (x ) and not the epproximate eguations
(44.18) and (a4.19) whioh hold only et the lower end of the %o scale
where d << |, Note that the even state quantum defsot plunges to
sero very steeply close to the origin.

In addition to these series of 0dd and even states having
their quantum numbers ol olose to the positive integers, there is
another state having o. olose to sero. For such & value of & , tP(l-A)
is no longer an important term in (A4.6), end '/.( becomes the
dominant term in o . Hence for this case the eigenvalue conditions
(44413) and (A4e24) becomes

L .
Odd states .{cw‘j al"ta A © (a.20)
Even stater gt 4ot 20 (14.22)

BEquation {A4.20) has no solutiom for << &,, so that there is only
one state having & << | . This even state s the ground state in the
potential (A4.10). Since for Y= 0 , & is equal to the quantum

defeot J, , equation (Ad.21) can be regarded as an equation for the

quantum defect of the ground state.
Since the guantum defect for the even state is always

larger than that for the corresponding odd state, the states
alternate between even and odd as we move up the energy acale with an
eoven state lowest. Figure 13 shews the odd and even wave-functions
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4 Q
for whioch d~——)| as ga—-)o, for the partioular value = =

Qo "~ o
A rether large value of c‘/a has been chosen 80 as to shew clearly the

o
shape of the even wave-funotion in the region of the origin, The
quantum defects for the odd and even states are +14 and +50
respectively.

Ve now wish to obtain the solution to the one-dimensiomal
hydrogen atom prodlem by taking the limit G—>0, We observe that
however emall & value of A we may choome, it is still possible to
find values of & such that (A4,15) end {44.16) are satiafied, the
required values of o temding to the positive integers as &.—> 0,
Hence in the limit & = O there exist pairs of degenerate odd and
even statos baving the Ealmer energies, whose wave-functions for
positive and negative £ are given Ly the expresalons (A4.8) and (AM4.9)
respectively, joined together at s = O to form a funotion eof the
correct parity. Figure 14 shews the pair of wave~functions having the
Balmer energy correasponding to A = |. For positive » the wave-
functions are superimposed. The two wave~funotions in figure 13

)
transform continucusly into those of figure 14 as -7, ehanges from -1

t0 zero.
The final normalized expressions for the wave-functions
ares Lli
2 LY ) zlzl
044 statess N r @ Z L - (M.22)
4) Qo ds(L'.‘-) ALY
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(a4.23)

12l

M statess \}/ 3 9.«( = 4G |z’ L Cl",
- o & ) oL\ dCy

Hemarks similar to the above apply almo im the case of the ground

state. A8 G—P0, A—> 0 80 that in the limit =0 the ground

state has infinite uinding energy. This state was missed in owr

ariginal solution of the weve-equation (Ad.l). It is seen by

!
-3 X

inspection of (A4+5) that the grousd state wave-function is ¢ . The

normalised ground state wave-fungtion is thcral»fem:
L

Ground states It = g Aae (A4+24)
L0 JRQ&g

%o note thas || = d’(?-) 80 that the ground state wave-fumetion
in localised at the origin.
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