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Abstract

The thesis is oonosrned with optieal absorption by a semiconductor 

due to the excitation of electrons from the valence band to the 

conduction band giving riae to the phenooenon of the absorption edge. 

In treating the final state of the semiconductor in such an 

absorption process it is shewn that the system Bay be considered as 

a two particle one in which the exeited electron in the conduction 

band is bound to the hole left behind in the valence band, which 

behaves in many ways like a positively charged particle. A bound 

system of this type is called an exoiton* The theory of the eacciton 

is developed in some detail in the effective mass approximation for 

the case of a semiconductor with spherical energy bands* The effect 

of an externally applied uniform magnetic field is calculated.

Using the exoiton wave-function derived in this way, a 

general expression for the absorption coefficient due to exoiton 

creation in a magnetic field is obtained* I he evaluation of this 

formula requires* a knowledge of the wave-functions of the hydrogen 

atom in a magnetic field* For special oases, e.g. zero magnetic



field  it ia shewn how the general absorption coefficient formula 

leads to expressions previously derived by other authors*

The ware-equation for the hydrogen atom in a magnetic 

field in solved by a perturbation theory approaoh for the oase where 

the magnetic field energy ia larger than the Coulomb energy 9 a oaee 

of some importance in semiconductors ainoe the Coulomb interaction 

ia reduoed by the dielectric oonatant and the eleotron or hole 

effective masses are usually small* Both bound and free atatea of 

the exciton are considered, and formal expressions for f-values and 

abeorption coefficients are presented*

These fonaal expression* are evaluated numerically for 

some important oases* ?he positions and intensities of the lowest 

observable absorption lines are calculated when the electronic 

transition from the valenoe band to the conduction band ia either 

allowed or forbiddeny and the values of the absorption coefficients 

close to the absorption edge are determined*

Finally the accuracy of the perturbation theory method 

used ia aaaeaaed and recent experimental work on the absorption edge 

ia discussed*
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Chapter 1. I?mOBUCTIOH«

1« ?ha Abaorptloa SAge. Tha infra-red abaorptloa spectrua of a semi­ 

conductor provide* Important information about tha electronic energy 

band atraotura of tha crystal. To uadarataad tha qualitative faaturaa 

of tha spectrum, only a simple discussion of tha fora of tha energy 

bands of a semiconductor la required* Tha wave-function of aa electron 

la tha periodic potential field of a crystal nay be taken la tha 

Bloch fora, which will be written yn k (jl) * Here £ is thft position 

vector of tha electron and & ia its wave-vector. Tha energy of aa 

electron la this state will be denoted by Sn(k). For a given wave- 

vector k tha electron may have many different wave-functions and theee 

are enumerated lay tha subscript a* Tha states having a fixed value of 

a but different values of k are said to form tha nth electronic

energy band. Theee energy bands may be regarded aa pseudo-surfaces(

la a four-dimensional space la which tha four Cartesian axes are tha 

energy BQ(k) aad tha three oottponents of tha wave-vector k* All 

distinct solutions of tha wave-equation for aa electron la tha crystal 

are obtained by restricting k to lie la tha first 3rllloula zone 

corresponding to tha crystal lattice uader consideration. For a finite 

crystal containing W unit oalla k has diaorata eigenvalues, there 

being N of these within tha flrat Brillouin zone* Neglecting electron



spin, ae we shall do throughout, the maximum number of electrons 

which can occupy an energy band is therefore ff«

A seraioondueting oryatal in ita ground state haa an 

energy band system in which a certain number of bands ia filled and 

the remaining bands are empty* The filled bands of highest energy are 

the Talence banda while the lowest empty band a are the conduction 

bands, and the points in E - k space where a valence band haa ita 

maximum energy and a conduction band haa ita minimum energy are called 

band edges. The energy separation between the highest valence band 

edge and the lowest conduction band edge is called the forbidden 

energy gap* and has values in the range nought to five electron volts* 

If radiation of a certain frequency is allowed to fall on a semi­ 

conductor, absorption may take plaoe if the photon energy is 

sufficiently large to excite valence electrons across the forbidden 

energy gap into the conduction banda* As the photon energy is 

lowered the absorption falls rapidly to zero at about the energy of 

the forbidden gap* giving rise to an absorption edge at a frequency 

which is usually in the infra-red or optical regions. Below thia 

frequency the semiconductor is transparent*

In recent years there haa been a great deal of 

experimental and theoretioal study of the shape of the absorption 

edge in various semiconductors* High resolution experiments have 

shewn that the absorption edge may have a complicated ahape and in 

some substances series of lines have been resolved. For example in 

cuprous oxide aeriea of lines with spaoings proportional to the



hydrogen atom level apaeinga have baaa observed at tha absorption
1 2 adga * , while ia germanium only one or two iiaaa have baaa observed

at tha present tina***«

Tha band structures of some Important semiconductors are 

known to be exceedingly complex, several bands may be degenerate at 

tha baud edges, aat tha oonduotion (valeaoo) band nay have several 

energy minima (maxima) diaposed about tha Brillouia zone ia a 

symmetrical array* By elactronio etandarda tha momentum carried by a 

photon ia negligible, so that if momentum ia to be conserved ia tha 

absorption process, tha momentum of tha excited electron amst be 

unchanged aa it moves from tha valence band to tha conduction band. 

Such a transition which conserves tha total electronic momentum ie 

oalled a vertical or a direct transition. However higher order 

processes are possible ia which a phoaoa ia created or annihilated 

at tha same time aa tha photon ia absorbed. Xa this case tha excited 

electron, or the hole left behind ia the valence band, must change 

Ita momentum during tha absorption process ia such a way as to 

compensate for tha momentum carried away or given up by tha phoaoa* 

Such an absorption process ia oalled a aoa^vartioal or indirect 

transition. It ia clear that an electron can be transferred from any 

point in tha valence band to any point ia tha conduction band by 

interaction with a suitable phoaoa ia aa abaorptioa process of this 

kind. It follows that a semiconductor with several conduction band 

minima or valence band maxima may diaplay several abaorptioa adgea*

These complications render detailed calculations of tha



form of the absorption spectrum, using the known structure of the 

energy bands f impracticable for many semiconductors. Quantitative 

oalculationo hare therefore in the main been carried out for an ideal 

aemiconductor having ep<herioal non-degenerate energy bands* This 

aimplifioation will be adopted in the present diaouaaion which will 

also be restricted to the oase where both band edges occur at the 

centre of the Brillouin Bone, l«e* at Jc   0* The theories considered 

below will therefore apply only to vertical transitions.

A theory based on the above approximations would be 

expected to yield only qualitative information about the form of the 

direct absorption edge in a semiconductor like germanium, which has 

a band structure of the complicated type described above, but the 

calculations should have some quantitative significance for a semi­ 

conductor such as cuprous oxide in which the energy bands seem to be 

approxiaately spherical*

2* Previous Calculations* Using the basic approximation of a simple 

energy band model, the photon absorption process may be treated 

theoretically in either of two degrees of refinement. In the less 

refined calculation the electron which has been excited into the 

conduction band is regarded as a free conduction electron whose wave- 

function is just the Blooh function corresponding to its momentum 

state* A calculation of this type leads to simple formulae for the 

shape of the absorption edge and line apectra of the form observed 

experinentally are not predicted . To account for these line spectra



at the absorption edge the theory must be improved bgr iaclueioa of the 

effect due to the hole which la left behind la the valence band when 

aa electron la excited Into the conduction band* The hole behaves la 

many ways like a positively charged partlele aad la particular it 

exerts a Coulomb attraction oa the exalted electron* Because of tale 

attraction the electron-hole pair nay fora bound hydrogen-like states 

la which case the pair la called aa 'exoiton*   These bound atatea are 

formed by photoaa of eaergles mailer than the forbidden energy gap by 

aa amount equal to the exoitoa binding energy aad they give rise to a 

series of llaea Just below the abaorptioa edge*

The aemieoaduotora of interest have large dielectric 

constants as a result of which the electron-hole Coulomb interaction 

la weak aad the electron-hole aeparatioa la correspondingly large 

compared to the lattice constant, ao that the exoiton can be treated

ia the effective naes approximatioa using nethoda similar to those

7 developed by Luttinger aad Koha* for the treatment of impurity atatea
8 ia semiconductors. Dreaaeiaaua has demonstrated the way ia which

Qeffective maaa methods can be used for excitona aad Slliotv has 

calculated liae strengths aad abaorptioa ooeffleleata taking excitonic 

effeota into account* The main effect of laoludlag the electron-hole 

Coulonb interaction in the theory la that the wave-function of the 

ayaton involves a euro of products of pairs of conduction aad valence 

band Blooh functions corresponding to momenta oloae to the conduction 

aad valence band edges, instead of the single such product which la 

obtained when the Coulonb interaction ia neglected. A study of the



absorption edge therefore gives information about the Blooh atatea 

juat above and Juet below the forbidden energy gap* In particular 

information about the valence and conduction band effective masses 

ia obtained*

This information ctay ba supplemented liy a study of the 

effects of magnetic fields on the abaorption apectrun of the aemi- 

conductor* §Rperiment0 of this type are analogous to Zeeman effect 

oxperioenta in atomic spectroscopy and similarly yield information 

about the nature of the energy levels responsible for the obearved 

epeetrum* Although the Zaensn effect has long been a powerful tool 

in elucidating the details of atomic spectra, the oorreaponding 

experiaenta in aend conductor apeetroseopy have only recently been 

carried out auoceaafttlly* It ia observed that in the presence of a 

magnetic field the spectrum of the oontinuoua abaorption region 

above the edge ehangee ahape and may form a aeriea of peaks, while 

the discrete eroitonic abaorption linea change in position and

intensity*

AS in the aero field caae the theory of optical

absorption in a magnetic field may be worked out either with or 

without the incluaion of the Coulomb interaction between the 

electron and hole* The problem without the Coulomb interaction has 

already been treated10 * and the main result of thia work is that in 

certain caeas the oontinuoua absorption above the edge ohould break 

up into a aeriea of peeke «&oae distance froa the abaorption edge 

variea linearly with the aagnetie field* The width of the forbidden



energy gap ahould therefore be determined very aoourately tqr 

extrapolating the position* of the observed peeks baok to sero magnetic 

fields a direct measurement of the energy gap i« hampered lay the 

olutter of lines due to bound exoiton states which obacures the lev 

frequency aide of the absorption edge*

However a theory which doe* not take account of the 

electron-hole Coulomb interaction can make no predictions about the 

effeot of a magnetic field on the bound exoiton states and their 

associated lino spectrum* Also the Coulomb interaction can make a 

radical change in the nature of the continuous absorption oloae to the 

edge ae is shewn lay the *ero field case where the absorption 

coefficient at the edge is inereaeed from «ero to a finite value by the 

inclusion of Coulomb effects".

For these reasons it is ic^portant that a theory of optical 

absorption in the presence of a magnetic field ahould be developed 

ibich takes into account the excitonic nature of the final state 

produced in the aemiconductor* It is the main purpose of this thesis 

to present such a theory* The arrangement of the work will be 

described in the following section*

3+ The Present Calculation* In chapter 2 the general theory of the 

exoiton in a magnetic field is derived in the effective macs 

approximation* It is shewn that the exclton wave-function oonalsts of 

a product of three functions. The first two functions are linear 

combinations of Blooh functions corresponding to aero wave-vector f
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i*e* Je   0, one of these linear combinations representing the hole and 

the other the electron* Hie third component is a function denoted lay F 

which will be called the envelope function of the exciton. The effect 

of the periodic lattice of the crystal on the exoiton wave-function is 

entirely accounted for by its Blooh function components, and the 

envelope function F satisfies a Sehrfldinger equation which la 

independent of the lattice, being Jttst that of a hydrogen atom in a 

aagnetle field but with the Coulomb Interaction reduced lay the 

dielectric constant of the semiconductor*

Using this exoiton wave-function, f -values and absorption 

coefficients for electric dipole absorption by excitons oan be 

derived and a general formula for these quantities is presented at the 

beginning of chapter 3. In deriving this formula use Is made of the 

results of appendix 1 where the effect of the refractive index of the 

semiconductor on the absorption coefficient la Investigated* Zt is 

found that the absorption coefficient depends on the properties of the 

envelope function F at the points where its arguments! i«e* the 

position vectors of the electron and hole, are equal* With the aid of 

the general formula the absorption coefficients given by previous 

authors for less general oases may be easily derived* For example, 

the results of Slliott et al. are obtained if the Coulomb term Is 

removed from the SchroMinger equation for F* All the previously 

given absorption coefficients for direct optical transitions are 

derived In chapter 3 to demonstrate the ease with which the new 

general formula can be used* The wave-functions necessary for dealing



with the magnetic field eaae are obtained la appendix 2*

Chapter 4 contains the main contribution of the preaent 

calculation, a consideration of the theory of optical absorption la a 

magnetic field taking exoitoas into account. We have etated above, and 

will prove la chapter 29 that the envelope function F for this oaee 

eatlBfies the same wave-equation aa the hydrogen atom la a nagaetle 

field* Conservation of momentum require* that the oeatre of mass of the 

ezoltoa shall be at rent aad ae a result of thia we are ooneeraed only 

with the familiar equation for the relative motion of the two particles 

constituting the exoiton or hydrogen atom* la diecuaaing the methods of 

aoltttioa of this equation It la convenient to characteriee the atrength 

of the aagaetio field by its zero point energy \ h u><, , where ^ ia 

the cyclotron frequenoyf aad to characterise the strength of the 

Coulonb interaction by the binding energy, ft say, of the ground atate 

of the exciton ia eero aagaetio field i 

For <^wc « R the magnetic field ia weak aad the magnetic field

terms ia the hydrogen atom SahrOdlager equation can 

be treated by perturbation theory* '?ae bound oxciton 

otatee exhibit the ttsual Zeeman aad quadrat!0

Zeeaaa effects*
l .. 

For \*^t, ** & 'fche Coulomb and magnetic field terraa are equally

important aad there la no simple way of solving the 

SchrOdinger equation* 

For ^t u6» R a perturbatioa theory approach again beooatee

poeaible, for the Coulonb energy ia now email la
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comparison with the magnetic field energy and the 
Coulomb term can be treated aa a perturbation*

To give aome idea of the type of approximation suitable for dealing 
with experimentally obtainable fields we list the magnetic field 
strengths required to attain the condition ^u^* R for several serai- 
conductors and alao for the hydrogen atomi

Hydrogen atom i 2*400*000,000 gaua*

Germanium t 8,900 gause

Cuprous oxide s 6,500,000 gauss

Indium antifflonide s 1,900 gausa

In the cases of $e and particularly of InSb experimenta for which the 
condition 'i* <*>&»£ holds can easily be carried out* However for CugO 
the condition ^ku^ « R will always hold since the steady magnetic 
fields normally available are of the order of tems of thouaande of 
gauas. The oritioal field for an exciton in Cu^O is lower than that for 
the hydrogen atom ty a faotor of about 370 and this difference reaulta 
in the quadratic Zeeraan effeot being oaeily observable in a CteuQ 
exoitcn whereas it is not in hydrogen*

It is oeen that exeitone day be expected to display a great 
diversity of Seaman effects. The case considered in chapter 4 is that 
of a high magnetic field, 2^^>^ H » though the low magnetic field 
Zeeman offocto will be briefly nentlonod in the following ohapter in 
connection with a discwasion of experimental v?ork on Cu^O* Previous 
work on the high magnetic field case has been restricted to bound 
impurity states for which the Sohridinger equation to be solved is very
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aim! lor to that for the exoiton* The variation in the energy of the 
ground state with magnetic field hae been calculated by numerical 
integration of aa approximate Sohrddinger equation using an electronic 
computer and calculations on the lowest few bound levels have been

12carried out using variational wave-function* '. the approximate 
method of calculation presented in ehapter 4 applies to both bound 
and continuum states of the eacciton in a magnetic Held* Further, the 
energies of excited states are aa easily calculated as the energy of 
the ground state in various magnetic fields, which is not the ease with 
the variational calculations where the numerical complexity of the 
computations increases as one goes to higher states*

formal expressions for line strengths and absorption 
coefficients are also presented in ehapter 4* In deriving these much 
use is made of the properties of whittaker'e confluent hypergeometrio 
functions and these are briefly treated in appendix 3* In the limit 
of an infinite magnetic field the component of the wave-^function 
corresponding to motion along the field separate* and satisfies the 
one-dimensional hydrogen atom wave-equation* It ie useful to know the 
solution of the problem in the infinite field limit , and the final 
appendix is therefore devoted to the one -dimensional hydrogen atom*

In ehapter 5 the results of numerical calculations based 
on the preceding theory are given* The variations in the energies and 
intensities of the most important bound state exciton lines with 

magnetic field are plotted and the shape of the absorption edge at 

several magnetic field strength* is given* A discussion of these results
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will be deferred until ehapter 5- Finally the range of validity of 

the approximate method of ohapter 4 will be eonaldered and experimental 

work on the absorption edge will be commented upon*



Chapter 2. EFFECTIVE MASS THEORY FOR ?ED SXCITOH.

1* Introduction* Consider a eolld having simple valence aad

ooadttotloa bands, both with their edges at the centre of the Brlllouia 

cone. let the volume of the unit cell he -fl aad let N be the nunber 

of unit cells la the crystal* Let H (r) be the Hamiltoaian of an 

electron la the periodic poteatlal of the crystal, we denote the 

eigenfunotiona of H f th0 Bloeh functions,

where a specif iee the band and k the wave-vector. The eigenvalues of 

H we denote by K_(k) so thats

(JJ
The Bloeh functions are defined only at discrete values of k, there 

being N of these allowed values la each energy band, say k,^,.... 

(we are neglecting spin). la the ground state, when the valence band 

le full, the eero order wave-function 10 given Jay a Slater determinant t

where J\ 10 aa antisyrnroetrization operator, operating on the 

electron co-ordinates. Consider aow a state of the crystal in which a
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 ingle electron has been excited from state ^.^ ^-K/ ia the valence 

band to a state v, L (iCe) ia the conduction band to form an exciton.
&£

The wave-function is given in ssero order

w fe.) (2
where £ t has replaced the valenee band Blooh function 

There are IT wave-funotionfi of this type correspond lag to the H 

possible choice B each for k and It.* The Kaoiltonian of the ays tea let

(2.5)

Using this Hamiltonian and the basic set of wave-functione (2,4) it is 

possible to calculate the energy matrix for the system, the 

calculation being very similar to that used to set up the electrostatic 

energy matrix of a many electron atom (Gorsan treats this problem 

very fully). A general matrix element of the Hamiltonian has the formt

0.
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where BO ia the ground state energy, B^QO la the conduction band

energy B-c^) renormaliied to take into aooouat the interaction of the 

ezoited electron with all the electrons ia the valence band, and £ 

ia aiailarly defined*

The aoat striking feature of the matrix element (2*6) ie 

that, apart from the ranormalieation of the energy bands , only the 

Bloch funotione corresponding to the excited electron and the electron

missing froffl the valence band are involved* In fact the matrix elements
1 / i of ^/ Ir.-r, which occur are the same aa vie should have if there

I "*f "H I

were only two electroaa ia the system* except that their aigna are 

revereed* This reversal of sign indicates that the system can be 

regarded aa a two particle one involving a 'hole* with effective 

positive charge in the valence band and an electron in the conduction 

band* The form of (2*6) shews that if we are prepared to neglect the 

contribution to the energy matrix arising from the exchange integrals 

(third line) while retaining integrals of the Coulomb type (second 

line) | then the wave-functions of the axel ton may be expanded la a 

aeries of products of pairs of Bloch functions instead of a series of 

products of H Bloch funotione, provided that their renormali&ed energy 

eigenvalues are used*

Aa analogous state of affairs to the above occurs ia atomic 

physics for a configuration of the type Jfc, £ x where a is the number 

of electrons ia a closed shell for orbital angular momentum 1, , la 

the expressions for the eaergy level spaelnga due to the electrostatic 

interaction between the * L electron and the nearly closed shell, the
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terras resulting from Coulomb integrals are the sane, except for a change 

of alga* aa for the configuration i, ix obtained bgr replacing the 'hole 9 

in the almost closed shell by an electron* The two configurations have 

of course the same allowed states*

If we consider a diagonal matrix element of the type (2*6) 

than the first integral represents the energy due to the Coulomb 

interaction between two charge distributions |^-UU C-^)| and 

and this term is appreciable even when the electron-hole separation is 

large compared to the lattice constant* For a discussion of the second

integral in (2*6) it is more convenient to transform froa the Blooh
6 functions to a set of localised functions, the Waanier functions?

defined byi

(2.7)

where B, is a lattice point* For a given band a there are 8 Bloch 

functions corresponding to the N values of Jfc and N Wannier functions 

eorreaponding to the "" lattice points* Transforming to these 

localised functions the diagonal exchange Integral may be reduced to ^t

e*

Since the Wannier functions are localised this integral la negligible 

unless B,   B«f in which ease ita value has the order of magnitude of 

aa atomic exchange integral* Henee in (2*6) the diagonal exchange 

integral is approximately equal to the probability that the electron
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and hole are centred on the sane lattice point tinea the appropriate 

atomie exchange Integral* The off -diagonal matrix elements of the type 

(2*6) are lees important than the diagonal ones* numerical estimate* 

of the order of magnitude of the exchange integral for the semi­ 

conductors of interest shew that it ia negligible in comparison with 

the Coulomb integral* The approximation of negleoting it ia therefore 

a good one and will be adopted here*

Regarding then the exciton as a two particle problem, we 

can write down the excitoa Kamiltonlan aat

where V(r^ ^J^)* the interaction between the electron and hole, will 

not be completely specified at the moment. In determining the eigen~

functions and eigenvalues of this Hamiltonian we follow closely the
7 method 6 used by Luttinger and Kohn 1 in their treatment of impurity

statea in semi conductors. Instead of expanding the exciton wave-function 

in a series of products of pairs of Blooh functions, we use the set of 

functional

These functions form a complete set since any product of two Bloch 

functions can be expanded in them and the Bloch fuuctioas themselves 

form a complete set*

Although the Bloch functions are strictly defined only at 

discrete values of fc, it is convenient to take the range of k to be



continuous so that integral* can be uaed instead of Buaamatione. We 

accordingly aeaumc the following normaliBation i

(2.10)

\J

With this asQumption it may be ahewn that the functions (2.9) form an 

orthonormal set if we make uae of the theorem that if j(£) ic any 

function which ia periodic with the periodicity of the lattice them

J* (2.11)

cell

This theorem ia proved aa follows, -(r^ can be expanded in a Fourier 

aeriea involving only the reciprocal lattice vectors

«•!*„,
(2.12)

Henoet

e 
jb*te

*n

(2.13)

Th« only pocaibl* K. *hloh k' - k can b« Bqual to la K - 0 Bines k*
w ~ *^B "" •"• *™O '""*

and k both lie within the first Brillouin eone. Hence the right hand 

si4e of (2*13) redttoea to juet one terms
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.11 •
Multiply both aides of (2,12) 

cellt

and Integrate over tho unit

J all (2*15) 

Combination of (2.14) and (2*15) *°v> *•*** to (2.11)» which we obaerr* 

holds etriotly only for an infinite crystal.

Applying thie theorem to the ^(rj which are lattice 

periodic, we may oarry oat the nonaalifcatiou integral for the 

expansion function* (2*9)*

%" fy.i
't 1

,W
k.

t
-t d, A* .

r *
> 0 v»

(2*10) t

.11 (2.16)

H«M0I

.17)

and we have proved the orthonoraality of our set of expansion
4

funotloaa*
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2. Derivation of the Effective Maoe Kquation* 

wave-function in the X as followei

e expand an exeiton

= Z (2.18)
*• m r*i-f- »U

where k* and k* are integrated over the Brillouin zone and B» , t* are -e -n

AH __ _ v^ are expansion coefficients, n

enunerating the different states of the ejrstem* Using (2*1?) the 

normalization condition for the exeiton wave-function ias

(2.19)

To find the energy levels E of the exeiton we require to solve*

Substitute for froffl (2*18) t nulUplj both aides 

integrate over j^and r. i

* 
k U* %• •»

aod

A A; -
(2.21)

evaluate the integral on the left separately for each of the three 

terms in H^. given ty (2*8), i*e. the electron and hole kinetic 

energies and the interaction teams



J{ *(A
(a.22}

[
hu"^ we -iiJLTc again u/c- the theorem (2.11) aad the normalisation
(2.10)* By definition?

*
(2.83)

m being the free electron mass*
L

v/,

trttWCtrt

Ul

I;- :ily the interaction term gives:

-I,tC% (2.25)
CVX

e
•<. !

L/

We can IH::

-;U

Fourier aeriee involviug 
tmly the reciprocal lattice vectors, as in (2*12), uince both

r.'o periodic ftiaotiojas* T7e ic\v as raise that V(r - r, ) is
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euffioiently slowly rarylag for lie Fourier traaafona to be negligible 

at all reolprooal lattice points except the centre of the Brillouin 

eone. In tola case we need keep only th* first taraa in the two 

Fourier aeviea, and uaing (2«15) and (2.16) theae arai

SI
I

•all
till

The matrix element (2*25) therefore becomes!

C*L 
J

J (2.27)

where thie ia to be takes aa the definition of the function U (ft - ft) * 

In deriving the above we have aaaonet periodic boundary conditions 

and have introduced the conjugate pairs of co-ordinatest



* --
(2.28)

K -• ke 1

We now oolleot together the various terms in (2*21) to obtain the 

following equations

** (2.29)

r:u

- tn

This then is the equation satisfied by the expansion coefficients of 

the exoiton wave-function (2.18), It is not in a very convenient form 

as it stands because it contains interband coupling terms, i.e. the

terms involving fc.u' and tn-' * These terms are linear in k and fc. . ^ \ ** j-ri —«0 «^a

Now effective mass theory applies only to perturbations of the 

electronic system of the crystal in which the important wave-vectors 

involved are small in comparison with the dimensions of the Brillouin 

sone* l^, and k^ must therefore be small for the theory to apply, and 

the interband coupling terms are small quantities of the first order 

in k* They can be reduced to a lower order by means of a canonical 

transformation T. We pots
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cr t+t'

S = 5

(2.35)
• V

HIn the transformed llamiltoaian " the most important terra involving 

the interbaad matrix, elements ie the second order term*

^ Ys Fl Z_ L - v I1'1 *"

, (2-36)

JWWJ ̂  T)
———— 1 be-fej"] Yf * lc..b n- ^'i 17 
fel-Efrwf?) J^J

For tho diagonal oaae this matrix element reduces toi

L*'L

(2.37)

The off-dla^oual matrix elements of the type (2.36) can be removed to
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lower order than second in the ware-rector by a further transformation, 
so we need not consider thea* All further contributions to the 
Hamiltonian introduced tgr the canonical transformation (2*30) are 
already of lower order than second provided that the extension of the 
exeiton state is large eoapared to the lattice constant* Correct to 
second order in the ware-rector equation (2*29) has now been transformed 
tot

•1
n.

(2.38)

the energy difference between the nth and rath 
bands at the centre of the Brillouin eone. Using the f-«um rules

(2.39)
;6

where <£ and p denote components of k., it is easily verified that
the large bracket on the left hand side of (2*38) is just

«it expanded to second order in Ic. The equation for £„ correct to second
order is therefore!

JJ

(2.40)

This la the effoctire aaaa •qustioa written la nomentuo spaoa. Note that



*;'? ^ t

it ie diagonal in £ BO that tlie total momentum of the ejcciton is a 

good quantum number* The ezoiton wave-function may now be simplified* 

To first order In 3 we have from (2*30) and (2.31)*

(2.41)

whcro vm have made uao of (2*35) « By (2,9) and (2.l8)i

5.x *
(2.42)

' tt
Substituting for fj from (2«4l)t we havet

».*.
The ri^ht hand aide coneieto of a eum of three terms* Consider the 

term involving the first part of the square bracket* Interchanging 

• and s* it iss
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Binoe UUVH s - K* n • The second part of the aquare bracket may be 

similarly dealt with* How equation (2*40) for J?M contains no 

interband coupling BO we need retain for the exeiton wave-function 

only those terna in the animations over a and t for which a ie the 

oonduotion band and t ia the valence band* Henoe dropping the super­ 

scripts on Jn we havei

Be/*M
(2.44)

-I 
l -v -i'

Correot to ftre-t ordor ia the intcrtand wttriz •l«OMmt> this may b« 
written in tfa* final fttnu

(2*45)

_«, h ,\ > r vv f\
cU , *^t " 

t*^

3, Transformation to Co»ordinate Space. To traneform the effeotire 

maaa equationa from momentum to oo-ordinate apace we note that since 

» Ut W l8 P"***111 in JS^ «Jd J^ it may be expanded in a Fourier

aeriea an follows!

(2.46)
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where ft* and B are lattioe rectors and the F are coefficients. The*•* *•• n

Fourier transform of thia equation iaf

(2.47)

The ooeffioieat F ia strictly defined only at the lattioe points, and 

substitution of (2*46) into (2*40) would lead to a aet of difference 

equations for these coefficients. The difference equations can be 

replaoed lay differential equations to a good approximation, provided 

again that the extension of the exoitoa wave-<funotion is large 

compared to the lattioe cone tant. Thia replacement ia effected If we 

define a function F of continuous variables byi

(2.48)

and the inverse of thia iai

We shall sooetimee write these equations in terme of the co-ordinates 

denned in (2.28), e.&« (2*48) would become»

(2.59)

B.I.



Now using (a+4*)t

Ml BH

(2.51)

D.I.
Hence by (2*19) $ ie a^tonatioally normalised to tha crystal4B0 1^

volume if F ia BO normalized. Introducing tha function F^ into (2*40)
it takoa tha formt

[Et I-
•52)

which is th« offaotira rnaeB aqtuitloa in co-ordinate space. Wa have
added a subaorlpt K to FM to denote tha total aiolton wave-rectorf •* «

we have ahaim to be a ̂ ood quantum nunber, Ae before E ando — irare to be expanded to second order in their arguments. ^ and \^ are
tha gpttdient operatora la tha electron and hole co-ordinates 
reapeotiveljr« In reducing tha interaction tarn we have usod (2*2?) and
have taken 5

' -I I * )1 ta ' ICft" !Ce/ it /A ^

».*.
(2.53)

The priiM on th« d*ltaa eleniflce that they are not abarp delta 
fuaettons but «xt«ad orer « region of apace of tha order of the unit



oell voluae* Since V and F have beea taken to be slowly varying 

functions, it is a good approximation to replace these spread out 

deltas by sharp delta functions.

The exeiton wave-function (2.45) raay also be transformed 

into co-ordinate space by the use of (2.48) giving;

(2*54)

where the superscript F oa the gradient operators signifies that they 

operate only on the function F ~* The error introduced into this wave- 

function bgr the approxinatioas nade ia its derivation is of order IT

where L is the lattice constant and a^ is the extension of the excitono
state*

4* External liagaetie Field* The ease where there ia an external

magnetic field acting oa the exciton nay also be treated by the 

method of Luttinger and Koha» geaeralised as above to take account of 

the two interacting particles* This generalisation is straightforward 

and we give here only the results* The axoiton wave-function correct 

to first order ia the iaterbaad matrix elaoenta ist



S.V

*& cu-iu

SfC (2.55)

• • f- it < - 1 fl few)
^ L

gwhere the Vk in the argument of A, the Teetor potential of the 

magnetic field f ie the gradient operator ia momentum apaoe and aota

only on the function B « The errors ia thia wave-function are of order
/L\v /IV- \
l~l and iTl where A ie a length oharaeteriatio of the magnetic

field defined la (A2,16), For extended exciton atatea and normally

attainable magnetic field* both theae errom are small, F and BM aren a
still related \y the trancforroation (2«48)«

It ia of interest to note that the presence of the 

magnetic field changes the contribution to the exciton wave-function 

from bands other than the conduction and valence baade [ compare (2*34) 

with (2*55)1 * Qa the ether hand the electron-hole interaction 

Y(j» - j» ) haa no effect on the admixtures of other bands. This 

difference ia due to the fact that the magnetic field extends over all
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l&ttioo peiate whereas V(T^ ~ r^) ie a localised potential affecting 

only a few of the lattice points,

The ware-function 8 in momentum apaee aatiafiee the wave

equation!

(2.56)

while the co-ordinate space wave-function F satisfies!

(2*57)

In both these wave-equatione the conduction and valence band energies 

are to be expanded as far as seeoad order in their arguments.

•;.'.e now consider the ei»plification of equation (2*57) in 

the case where the valance and conduction banda are both spherical 

with effective masses o^ and m0« The valence band is assumed to be such 

that the energy of aa electron ia it decreases quadratically with 

iaoreaslag Jc. fbe energy of a hole ia the valance band will therefore

increase qusdratically with increa»ing is and the effective mass HLna
must be a positive quantity. We take Sr(o) as the soro for the energy 

aad denote the forbidden energy gap by ^ • EQ(O) - Ey(o)« The 

disouesioa of section 1 of this chapter suggests that a first 

approximation to the electron-hole interaction ? would be a simple
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Coulomb expression ~^/ |te*£iJ* We &re oaly ooaeideriag states of 

the semiconductor ia which a single electron has been excited into the 

conduction band. However if states ia which more than oae electron hae 

been excited are token into account then it ie found that the 

effective eleotroa-hola interaction for a single pair excitation ia 

reduced \xy the static dielectric constant H of the taatarial 9 and

we adopt thia approximation to V(j» - r^). With these substitutions

(2*57) becomess
x i .

F. K
(2.58)

Ex

say. v/e choose a particular gauge for the vector potential t

= { Hx ir (2.59)

so that the Handltonian of the wave-equation (2*58) ias

We now wish to transform the Hamiltonian to the co-ordinates r aad 

of (2*26). Thia tranafon»tion ia facilitated however if we first 

make a canonical transformation of the Hamiltonian. We define a new 

wave-function

K (2.61) 

Toe transformed Kamiltonian iai

fl, ( 2 . 62)
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We ohooaes .

and thin gives a transformed Handltonian»

Making the co-ordinate traneforaation (2.28) than glvees

,, 7 JL,,. a.r

wharet i ; 1 1 1
^ we *V

Nota that th* Hamiltonian d«p«ada on £ only through tarns in Vft and 
therefore Vg ooasautea with the Ramlltonian and £ la a conoiant of 
the notion* The ei^enfunotiona of (2.65) can therefore be written t

where ta^ (?) is an eigenfunotion of (2.65) out with - i 7g replaced 
the oonatant £» Noting1 that |r e x ^^ s ^ x R and using (2*61) and 
(2*61) we have finally thats

MB (2.67)



Chapter 3* OPTICAL ABSORPTION COEFFICIENTS.

I. Derivation of General Formula* To determine optical electric 

dlpole absorption coefficients we require matrix elements of £.(> 

between the initial and final states of the system, § Doing the 

polarisation vector for the incident radiation and fe being the

momentum operator* VJhen the final etate of the aye tern la one in which
T, E* 

an exeiton of wave-function Y^K haa b**n f«»»d in a crystal which

wae initially in its ground etate, we shall write this matrix element 

$ I £• fe, | 0^ * The exoiton described by the wave~funotioa (2*53) is 

formed \jy excitation of an electron Iron <*n initial state with wave- 

vector -jc^ in the valence band to a final state with wave-vector k 

in the conduction band* The matrix eleaent we require is thereforei

(J.1)

where we have set r^ « f^ » £** Using the theorem (2«11) this can be

reduced tot
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1 Bt <
ell

(3.2)

Only exoltone of «ero total momentum con bo formed la this type of 

absorption prooeec. Speoialicing (3*2) to this case and introduoiug 

the oo-ordinatea of (2*26)

Dl.
(3.3)

Theae Integrals may now be evaluated term by term. The integral over r* 

always gives a momentum matrix element of the type defined in (2,23). 

Aft for the integral over k we note that the inverse of (2«30) givess

(3.4)



Throe types of integral over k are required>

.J
U

(3.5)

where we hare used (2.6?). In a similar manner it follows that*

u. £ = 0 (3.6)

. 0"
(3.7)

Collecting together the various terms and keeping contributione up to 

aeoond order in the interbank matrix elemente, (3*3) reduces toj

•1 -
t-o

(3.8)

If wo deflnei

if = -; (3.9)
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and also;

(3.10)

uulng tho f«oua rulo (2»39)f thoa (3*8) can bo written la tho siiaple 

fomt

F..0+ MW-TS
(3.11)

- (*• "hall Itt fttturo drop tho auboorlpt 0) aatlafloa a wave- 

eqoatioa whoae Hamiltoalan io (2,65) with K s-i Vft oot equal to coros

Tho abaorption la amid to bo allowed if &<,*/ ia non-aero y ia which 

case tho first torn la (3*11) ia of much greater importance than tho 

aeooad tone* If oa tho other hand [> w =• 0 tho abaorption la said to 

be forbidden and tho aeoond terra in (3*11) «aet bo used.

Tho absorption oooffloloat ia ahowa ia appendix 1 to bat 
v i

»•»'
where io ia tho angular fTequenoy of tho radiation, ^ ia tho low 

froquoaoy refractive iadox and S(B) la tho number of excited states 

per unit energy range. Wo ahall require thla doaaity of atatee for the 

caeca of plane waves la both one and throo dlaonaioaa} they arei
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(3.14)

— k
vj> *

(3.15)

taking account of only one spin orientation* L is the length of the 

crystal in the e-direction.

2* Particular Cases* In chapter 4 we shall solve equation (3*12) 

taking Into account both the Coulomb and magnetic field terns in an 

approximation which is valid for sufficiently large magnetic fields* 

Before doing this however we consider here the solutions for the cases 

when one or both of these terms are neglected, for this shews how the 

new general formula (3*11) leads to results previously determined by 

other authors using different methods* In each case we indicate the 

authors originally responsible for the formulae concerned*

(i) Zero magnetic field, Coulomb interaction neglected* (Hall, Bardeen 

and Blatt5)

fhe solutions of (3*12) are plane wavest

J * i^-lC

J5Z
Hence in the allowed caaei

i v i
(3.17)
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Th» absorption ooeffioient la therefore*

t c ,tV 
where we have oaed energy conservation to gives W * t$ t —

T
In the forbidden oeoei

so that the abaorption ooaffident las

Note that la both oaaea the abaorption eoefficlent rlaee from zero at 

the abaorption «%av

(11) Zero nagnetio field.

In thla oaee (3*12) la the wave-equation for the hydrogen atoa* The 

final atate of the ayatea now has diaorete aa wall aa oontinuoue 

ayotema of energy levels* For thaao diacrete levela we nay calculate 

f-v&Xues defined tgrt

For the hydrogen aton FM (o) la noa-eero only for a-«tat«a In which 

o&se for diaorote levela i



where <*0 * ~x la tha effective Bohr radiua aad a la the principalr 1
quantum number* There la taarafora a series of liaaa at aaaxglaat

>l
where (3.23)

Tor la tb« oontinuuB «• h*r*i

(3.24)
t> ivhara «^ r r » K- s — * Haaaa la tha allowad case for diaarata laralatk 0(0

I

(3.25)

aad for tha continuum!

(3.26)

The dlverat* !**•!• th«r«for« her* f -value*i

L-| k i
» >,, 'M

(3.27) 

Close to tha absorption adga a large nunber of discrete liaaa overlap
fJC*1 " 1

aad they may be treated aa a oontinuuw having a density of states I j=

£ R 
__ __._.. „_ ~ r " ~ 9 waara B la tha

effective Rydberg unit of energy defined ia (3.23)t ao that tha 

density of states 1st
*

(3.28)
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Th« absorption oo«ffiolent in tola region i* th»refor»i

independent of energy* In the true continuun the coefficient isi

We observe that for snail «C » or high energies , well away from the 

absorption edge this tends to the coefficient (3*18) so that the 

Coulomb interaction does not affect the shape in this region* For large 

(3.30) tends toi

so that (3*29) and (3*30) join up smoothly at the absorption edge* 

For the forbidden case it is the hydrogen-like p~statea

which contribute to the absorption* For the discrete statess
t

(3.31) 

eo that the lines have f^ralueai

and lines again ooour at the energies (3*23) but with the n « 1 line 

now missing. Close to the absorption edge the lines again overlap to
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fora a paeudo-oontinuum aad tho absorption oooffioloat la thla region 

lot

If ±- c " 

I (3*33)

For tho continuum p~otateai

IT
» » V MM rzo

ao that tb» absorption oocfTiotmt in th» trn« ooatlmniB l>i

(3 '35)
Wo oboorro that tho Coulomb interaction a^aia produces ao ohaago in 

tho shape of tho absorption voll away from tho odgo [ of* (3.20)1 aad 

that (3*33) aad (3-35) Join up smoothly at tho odgo*

(ill) Coulomb iatoraotloa aoglootod, (Elliott, MoLoaa aad Haofariaao10) 

With tho Coulomb torn romoTod v tho Head It onion of equation (3,12) can 

bo written la tho formi

(3,36)

The first part of thla Hamlltoaiaa la Juat that of a free particle la 

a magnetic Hold aad thla problem la treated la appendix 2, Tho eigen­ 

values are there shewn to bet
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where U?c la tha oyolotron frequency, and tha ei&a&funotiona ares

0.38,
M <o

I VM - V '/ IVtiu kL V 0 |_.. IV /fl.

U39)

I » »|l . ** _ I * » * t ̂  IV * ^ .«! « « < %\ • W**

and p^Pyl daflne a oarlindrleal polar co-ordinate qgrataa with tha 
s^^udla in tha direction of tha magnetic field* hk ia tha component 
of tha momentum of tha particle along tha B-axia, and M taicaa all 
integral ralues aoaaiatant with M ̂  M» Each energy level of tha system 
therefore haa an infinite degreneracy corresponding to tha poeaiola 
values of tha angular momentum quantum number M*

Tha effect of tha second tarn in tha Hamiltonian (3*36) 
ia to lift thia M degeneraoy. Tha term nay ba writ tent

-- (t-it)^ c v I /I 
But ( £ x fe.). ia just tha angular momentum about the »«axia and its
eigenvalues ara therefore %M . Tha eigenraluea of tha total 
Haniltoaiaa (3*36) ara henoai

c iix ^ ,.E ~ T»u, I N+i - r— M + —V (3.40)
Tha eigenfunctione ara still given by (3*38) and (3*39) ao that tha 
solutions of (3*12) for thia oaaa ara
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Wo are now in a position to calculate the absorption 

coefficients, for tho allowed cane wo require ^(pj. This is non~«ero 

only for states haying M » 0 in which oases

To obtain the absorption coefficient the contributions of typo (3*13) 

from each value of H mast bo added together. This gives*

where wo have used tho density of states (3*14) and tho energy 

conservation relation!

u =
J Zi4

For tho forbidden oase wo require values of [I • fj M (t j J r s o * The 

absorption coefficient now depends on tho polarisation of the incident 

radiation* It ia seen fron equation (3*10) that for the case of 

spherical baada M^ i8 parallel to tho polarisation 6 » Hews

wheres

t ; , 7t s x t ^ 0.44)
For light polarised parallel to tho aagaetle field only tho first tern 

in (3*43) contributes, and we ha vet
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Honoo the absorption coefficient 1st

(3.46)

For light polarieed perpendicular to the nagaetle field the second tern 

la (3.43) contributes. Using (A2.41) and (A2«4?)s

FWM F
(3.47)

Heneet

(3.48)

•ail

,-l

where we have used the results L^ (?) 

1st

K =

(3.49)

th« oovffloirat

v > i .
* <, tl o \

(3.50)

It la eeea that la a aagaetlo field the abaorption edge la shifted from 

the freqtteney give* bpr W = ^ . At the edge the absorption coefficient 

la either aero or Infinite in thla theory*



Chapter 4* ABSORPTION IN A. HIGH MAGNETIC FIELD.

I. Introduction, It la ehowa la (A2.2?) that tho smallest energy 

which a froo partlolo la a magnetic field oaa have la -jtu)t f wo call 

this tho aero point energy and wo use it aa a measure of tho strength 

of tho magnetic flold* Tho binding energy of tho oxoitoa la aero 

magnetic field la Just tho effective Rydberg unit of energy R defined 

la (3*23). It la convenient to define a quantity 3 aa followsi

r *-£!
fVc (4U) 

Equation (3.12) lot

; 
F(CJc

Wo propose to consider here tho solutions of this equation for tho 

oaoe p» I . For euch values of fl , corresponding to high magnetic 

fields, tho Coulomb energy la small In comparison with tho magnetic 

energy, and tho Coulomb interaction oaa bo treated ty perturbation 

theory* Tho solution of (4*2) with tho Coulomb term removed has boon 

derived la chapter 3» tho eigenvalues being given by (3*40) and tho 

elgonfttnotiona 07 (3»38) and (3.39)* Tho energy level aehoa* for tho 

first fow H and M values la shewn In figure 1* Bach lino in tho 

diagram roproaeata tho lower ed^o of a continuum of levels which
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arises because tho notion of tho particle in tho direction of thowmagnetic field io free, giving rioo to tho tern — in tho energy
af 

expression (3. 40). The thicker lines in tho diagrt^j are tho lerels of

a completely free parti olo of aasa J* in a magnetic field* Tho 

ladder* of lerele for tho different values of N hare boon separated 

horieontally in the figure for the oako of clarity*

Tho above level diagram haa ignored the existence of the 

Coulomb attraction torn in (4«2)» The main off oot of thie attraction 

in high magnetic fields is to remove tho freedom of notion along tho 

direction of the field and thus cauee bound atatoo to appear below 

tho continuum edgea. Tho form of perturbation theory which we use to 

toko into account tho Coulomb interaction ia duo to Sohiff and 

Snydor •

2. Effective Potentials. Since |3» I the electron is controlled 

mainly by tho magnetic Hold and it makes many oscillations in this

field during tho tine it takes to make one oscillation due to tho
*/ 

influence of tho Coulomb field* Put another way* during a tine u)c

tho Coulomb interaction produoea a negligible off oot on tho motion 

of tho electron. This enables a typo of Bora-Qppenheimer separation 

of tho wave-equation to be nodej wo eolve (4.2) with tho Coulomb 

interaction* and also the term involving z, tho co-ordlaate in tho 

direction of tho magnetic field t removed. This leads to eigenvalues i

M
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and eigenftonctioaas

(4.4)

L
(4.5)

where i

111 £ '
e)

?/e now uae the Coulomb potential to restrict the motion in the 

fc-dir<*ction, tlie effectiT© potential V^z) for the z-raotion beitig
JeiK

the areraera of the Coulomb field over the positions of the electron 

in the plane perpendicular to the ft-axia for each value of *» i.e.

•Jfti'
I (4.6)

<rt

The wave-equation for the e-raotion is therefore!

(4.7)

where i enumeratee the different eigenfuuotione for the z-motion. The 

total wave-funotion isi

(4.8)
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with energys
cr*'* ' /^ / j. t

(4.9)

We postpone a discussion of the validity of the above 

separation of the wave-equation until after we have determined the 

eigenfunctione VjJ^ [ly * However we may note here that the 

separation becomes exact when H —* <*> » For the only non-aero off- 

diagonal matrix elements of - ~^. between the states (4*8) are those 

linking states of the same M, due to the integration over f> * But 

reference to equation (4*1) or to figure I shews that In an infinite 

field such states have an Infinite energy separation, while the matrix 

elements of /J. remain finite* The functions (4*8) are therefore 

exact eigenfunctione in this oase* We can easily determine the form 

of the effective potential (4.6) in the infinite field limit, for
L v

0 aa -^OO and sinoe the waTefunotloaa are normalieed we

haret
v

for all M and M (infinite field) (4*10)

The ware-equation for the c-«otion therefore beeomea that of the one- 

dimenaioual hydrogen atom. 3fe consider this ware-equation in 

appendix 4 ainoe It prorides useful Information about the limit to 

which the absorption tends in rery high magnetic fields.

For finite magnetic fields the form of the effective 

potentials for very large ralues of z la aleo easily determined bgr the 

atone considerations afs we used above for large field BI
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M Z for N »nd B (4.11)

However when both e and H are finite the fora of 

la somewhat complicated and depends oa the values of N and I!* We give 

here the explicit forma of two of the effect!re potentialat

(4.12)

I . 
2 fi>

li 1 '
JTX,

V / (4.13)

wheret

(4.U)
Net* thati

1=0 (4.15)

M r O
1=0

(4.16) 

The two effective potentials are shewn la figure 2» T(») being
£/measured la units of Sy(\ « The slope of the potential function at 

8 m 0 Is non-vanishing only for states having IS • 0*

The potentials given la (4*12) and (4.13) allow aa 

investigation of the three lowest groups of levels of the system and
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these groups are the most important ones* We have shewn ia chapter 3 

that only atates having M « -1, 0 or +1 can he excited tgr electric 

dipole absorption* How apart from the three lowest groups of levels* 

all discrete states of the system having M « -1, 0 or +1 have energies 

equal to the energies of continuum atates belonging to a lower group 

of levels with the same M value* (see figure 1), As a first correction 

to the perturbation method outlined above states of the same M value 

but with different N quantum numbers interaot through the Coulomb 

tern ia the Kasdltonian since thia term is diagonal only for states 

with the same K and M quantum numbers. These higher discrete states 

therefore have certain probabilities of transition into the continue 

of lower groups of levels at the same energy value* This effeet ia 

similar to the Auger effect in atomic spectra where a discrete state 

having energy greater than the ioniaatioa energy of the atom can be 

excited* In oases of this type the high energy discrete states give 

rise to observable absorption lines only if the line widths due to 

the probabilities of transition to continuum states are sufficiently 

small* The order of magnitude of auoh line widths for the present 

problem ia discussed ia section 7 of this chapter, la any ease f even 

when this line width ia small the discrete states belonging to the 

lowest three groups of levels are the ones moat likely to be 

observed experimentally*

As the value of H increases and the value of M decreases 

the mathematical form of the effective potential becomes more 

complicated, though its general shape remains the same.
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3* Approximate Sffeetive Potential®. It is of course not possible

to solve tho w»otian *?ave -equation (4,7) analytically with 

oomplioated potential function* life© (4«12) and (4*13)* However theae 

potentials may b® oloaoly approximated by ozproeaionfl of tho form;

(4tl7)

whoro A and B ore oonataata independent of both fiold aol poaition» 

ohoooa to give olosoet fit with tho roouirod exact potential. For 

oxaaplo if wo ohooao A « it then tho slope of tho potential at E « 0 

io aero aa required for ?!»{(•) whoa tho quantum number M ia non-eero. 

Wo defer until chapter $ a consideration of tho Magnitude of tho 

error introduced bgr thia further approximation.

Introducing (4*17) Into tho wave-equation (4»7)»

Ua8)
where wo have omitted eubeeripta and aloo not BX s °i for brevity*

Equation (4*18) can bo aolvod analytioally and it haa 

aolutioae oorreeponding to both bound and free otatea* Wo consider 

those two typoa of aclution ooparatoly*

4. Bound states. Introduce a quantity * by puttingi

E, = - *«. c,,-*,. a (4.19) 1 '
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Also changing tha rariable tot

(4*20)
•»•••- w

tha ware-aquation (4*18) baeoaaas

if J^ a 0oix" ? ' * ' X"

Define*

(4-22) 
aittoas ,

(4.23) 

uaiag (4.1) and (4.19). Introdndi^ m Into (4.21) i

This baa tha for* of Whtttakar'a aquation (aaa appandix 3). Wa are 

looking for bound atataa ao wa raquira a aolution of (4*24) which 

tends to earo as x taada to infinity. Such a aolution, for poaitire 

or aagatlTa e* lat

for by (A3.8) i
4 -^X 

Wt^^x) -^ X e * aa X -^ «° (4.26)
' - «( 'X

Tha other iadapaadaat solution of (4*24) dirergea lika X 6 *" for 

large x and io therefore not suitable for a bound state ware-function. 

Equation (4*24) haa no singularities, except for an irregular singular
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point at infinite x, siaoe the point x • 0 is excluded by the 

definition (4*20). Further, the potential of the problen Is invariant 

under the roflootloa Z —> - Z • It follows that the wave-functions 

mist bo continuous with continuous slope, aad oust have either even or 

odd parity, those conditions lead to a discrete eigenvalue spectrum 

since they can only be satisfied for certain values of <* . For a 

state of odd parity, c\ oust be such thati

r * r ° (4.27) 

while for a state of evoa parity we must havei

- 0 (4.28)

la these two equations both (X and m depend oa the streagth of the 

Magnetic field so that the values of o\ for which they can bo 

satisfied vary with field* We show la figure 3 the qualitative way la 

which the solutions of (4*2?) aad (4*28) for * depend oa the value 

of ft for email oC . For a given value of O, the strength of the 

B&gnetio field is kaowa sincei

a *
f cH (4.29) 

aad hence m can be calculated using (4.22)* The lines in figure 3 

labelled 0 correspond to solutions of equation (4*27) and those 

labelled K to solutions of equation (4.28). For any given value of the 

oagnetic field H» aad hence of ft. , there is an infinite number of 

bound state solutions of equation (4»21), neglecting the finite extoat
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of the crystal containing the exeiton. la aa iafiaite Magnetic field, 

i.e. a - 0 f there are degenerate pairs of states having positive 

Integral values of A and therefore eigenvalues equal to the Balmer 

energies* la addition there is a single even state having an iafiaite 

binding energy* These results for Iafiaite field are derived la 

appendix 4*

As the field decreases from infinity the values of oC 

increase* For a given value of d the number of solutions of (4*2?) 

and (4*28) is finite and for V < t < V t I where V * o} \^... there 

are V solutions of (4*27) end iff ) solutions of (4*28)* However 

not all these solutions are phyaically meaningful, for the present 

theory is valid oaly for 8 >> I , and there is therefore a physical 

upper bound to the value of 0. , The approximate position of this 

upper bound is marked in figure 3 tQT a vertical dashed line* We see 

that for a given oL there are at most two field strengths for which 

the eigenvalue equations oaa be satisfied*

Zt is convenient to specify the bound states by means of 

a quantum number K , which la equal to the number of nodes in the 

wave-fuaction for the i-ootioa* Consider the two states which have 

y < oC < V f I where as before ? « 0, I, l^ ...

For evea statest K - 2V 

For odd statess K s IV - I

A* j - ^ two uodo3 in the even states come together but we retain
**• W7 fl^ «» |f

the above definition of

(4.30)
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use the quantum number K for the index 1 of equations

t (4*8) aad (4*9) > writing the normalised E-ware-functione a*
.|,K /-N r WMK 
I MM I / •^ their energies as t z « The three quantum numbers

Nf If and K are eufficlent to specify all the bound states of the 

aystem uniquely. Unfortunately the normalisation integral for the 

wave~funotioa (4*25) cannot be evaluated la closed form, except for 

the infinite magaetl* field limit*

We have Been that for the magaetle field strengths which 

we are considering here, there are Just two bound states, one even 

aad the other odd, lying between adjacent Balmer energies* It follows 

that close to the continuum edge lm • 0 it Is possible to define a 

density of bound states which is the same for both even and odd states 

and is given by (3«28)t }
/ -N *

(4.11)

3y the uete of (4*2-9) and (4*&9) it ie possible to convert 

figure 3 relating •( *ad a to the schematic diagram figure 4 

relating the energy levela to the magnetic field strength measured 

• Accurate graphs of this type are obtained la chapter 5 by 

numerical calculation*

5, Free States* We mow look for solutions of the wave-equation 

(4*18) oorrespondin^ to free states. Put*

E -.
1 " (4.32)

wfa«r» n< la the rao«*utum of the siyBt€»n along the direction of the
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Magnetic field* Introducing a variable*

(4.33)

tho wave-equation (4*3.8) beoooeat

= o
(4.34)

Defining a quantity m ae in (4*22) thie iai

X- ' (4.35) 

Thio ia again a form of Whit taker's equation, bat thia tine there are

two acceptable independent aolutioaa. aince we are not inpoaing any 

boundary condition at infinite x* Wo take tho functions defined in 

appendix 3 a* U/ • . u (x) and V', (x ) for tho two independent
— I 1+ 1 ?H ̂  J m J "^

nolutiona* Theoe have tho following aqraptotio forma i
-IX

(4.36)

x e (4.37)

For the remainder of thia eeotion we ahall drop the eubaoripta on 7 

and W« From the»e two aolutiono of (4*35) ** oan forn an even wave*

functions

(4.38)

and an odd wave-funotioni

v (4.39)
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where 

aads

* I for Z. > 0 and T2 z-|forZ<

similarly V

N* aad N° are normalisation constants to be determined*
Tho asymptotic forms of theae two wave-functiona may be 

obtained by use of (4«36) and (4*37)* FW the even functioni

(4.40)

Wo wieh to nornalifie the waTa-funotiona to a len^tn L . Now their 
aayoptotic forma are oeeillatory funotiona with a conetant amplituda, 
aad prorided that L£ is anffioiantlor largo the contribution to the 
normalisation integral from the region where (4*40) doea not hold is 
entirely aegligible. Wo therefore eraluate the integral using the 
aaynptotic form of ^e (?) which

- I

Tho normalisation integral for the odd ware-function may be 
eraluated, aad wo finally obtain for the two normalised waye-functionai
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MX 
1

V hi
•L J (4.48)

(4.43)

For oC « | » or K >> KO t wall away from tha continuum edge tha 

wave-functions ara unaffected tgr tha Coulomb potential, for it ia seen 

by usa of (4.36) aad (4.37) thati

Uz

(4.44)

aad these ara Just free particle wave-fuaotione.

6. Abaorption Coefficients* Using tha ware-functions derived ia thia 

chapter it ia possible to write dowa formal expressions for line 

iataaaitiaa aad absorption coefficients with tha aid of (3*11) aad 

(3.13). We ***** oarr? out numerical calculations for tha thraa lowaat 

groupa of levels, i.a* N«M-0, N.M.landN.Q, M«-l, since 

thaaa are tha most important oaea aa discussed ia section 2, so we 

here concern ourselves with thaaa particular levels. Thara ara thraa



oases to considers allowed absorption, forbidden absorption with tho

radiation polarised along tho diraotion of tha magnetic field and

forbidden absorption with radiation polar ieed perpendicular to tho

field.

(i) Allowed Abaorption. In this case tho noat inportant contribution

to tho absorption arises from the even states of the N * II • 0 group*

For this group of levele tha total ware-functions arei

(4.45) 

with energiesi
c"' - -t,j 4. E 0(t s I ^ 7 cx 

where E^01 is given by (4*19) for bound states and (4*32) for free 

states. Now Yod (?) &* aon-cero only for even states, so for discrete 

levels, using (3*31)i
"K

K s O 1.4 
and for the continuumi ' ' '

Consider first tho discrete levels* A series of lines will be 

observed at energies!

tu = £* t lttu, i E^K K ^ 0,1/4, "• (4.49) 

and with intonaities proportional to the square of (4*47)* By (4.25)1

= - wiT I ^ p ̂ i+At ̂ r I* ^ h-</M, t«/
11 x (4*50)
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N is a normalisation constant, ami we have ueed the definition 

U3.6) of W with sone manipulation ef the gamma functions. If 0̂ ty 

in to be an even fttaotion then W must natisiy the condition (4.28) 

that its derivative with respeet to s at s « 0 muet be eero* Denoting 

this differentiation 1bgr a pri»e and u*i«g (4.30) the condition for 

an even function iet

If we write this equation symbolically asi

* o

then elementary trigonometry gives the resultat

(4*51) «»y therefore be used to eliminate the ooaine terms froa (4.50)1

(4.52)

M
where!

(4.53)

. *^



and we hare need the relations

<«•»>
10) v (oj takM on * Y»ry «i«pl« font

/ (4.55)

This ia now in a form very suitable for numerical calculations, 

provided that the normalisation constant N can be evaluated* We have 

stated above that the normalisation integral for W* vs W &&* no* 

been oarried out for general values of ^ and m* However for special 

values of e( and m the integral can be done and the result ia given

in (A3*30)* The important propertiea of Wx ^(x) , such as ita/ '
asymptotic form and the poaitiona of ita aeroaf vary in a emooth way 

with 4 and m and these propertiea do not shew any singular 

behaviour at the values of 4 and m for which the normalisation 

integral can be oarried out* Since the value of the integral for the 

apecdal d and m ia also a smoothly varying function of et and m, it 

should be a good approximation to assume that (A3* 30) holda for the 

intermediate values of «( and m, aa well aa for the special values. 

This aaaumption may in faot be exactly correct, though it has not been 

found possible to prove it mathematioally*

To normalise ^W (l) ** ***lly require the integral (A3.30) 

with valuee ••?•*** -^ eacoluded from the range of integration* 

However numerical calculation ahewe that the contribution to the 

normalisation integral from this range of x values ia negligible
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except for the K • 0 state 9 and we therefore make the approximations

Hanoei

Substitution of this expression into (4*47) gives the required 

electric dipole matrix elements and hence line intensities can be 

calculated if the variation in ok with field I given by solution 

of (4*51) J i« known*

Close to the absorption edge a large number of discrete 

lines overlap to fora a pseudo-continuum having a density of states

given by (4*31) i.e. R • 'Hie absorption ooeffioient in this 

region is therefore proportional tos

«.gi<»itM.>r-«jfr ±*=W''.11 * ** * n, [t,» I •58)
w "9 * Ijj ^-.y 'I '

using (3.13)> (4*23) and (4*47).
For the wave-function* of the true continuum, using (4*42)

and (A3.11)i

(4*59)
Ju

the density of states (3»14) this gives*
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IT V 1 t;lc,
•i^MB

•L

(4.60)

The expreaeiona (4.58) and (4*60) for the abaorption 

ooeffioiente below and above the abaorption edge cannot be simplified 

farther by analytic means* In the n*act chapter we determine the

abaorption coefficient eloce to the edge numerically by expanding the
L 

two expreaaiona in power aeriea of '£ • Xa thia nay it ia found that

the abaorptiou ooeffioient ia a continuous function of energy at the

edge and alao haa continuous alope there*

(ii) Forbidden Abaorption j II H . The abaorption dependa on

contribution comee from the odd atatea of the group H » M » 0* The 

theory foHowa through in much the aaioe way aa for case (i). The 

dieoreto levela again give riae to a aeriee of linea at the eaergie* 

(4.49)> but it ia now the etatee of odd K which contribute. The 

dipole matrix element a for the diaorete atatea ares

;tMNil

IrV
and for the oontinuun atateai

x 
•e^

1=0 (4.61)

«i«ll«r to thoo«

i-'O (4.62) 

oaae (i) are easily derived and we



without proof. Poor th* dinrrt* l«T«l»i

wherei

Close to the abaerptioa edge, where the discrete iiaee overlap to fora 

a continuum, the abaorptioa coefficient ia proportional to*

and ia the true continuum using (4*43) i
Z I*

(4.66)

The expressiona for the absorption coefficient above and below the 

edge again Join up smoothly as will be shewn ia the next chapter*

It is of interest to compare the orders of magnitude of 

the absorption coefficient* in the allowed and forbidden oases* p is 

of order /\_ » where I» is the lattice ooastant* while H_ is of 

order unity [ see (3.10) J « Alaot

Hie absorption in this forbidden case is therefore weaker on the whole 

than that ia the allowed ease by a factor of order 1 lattice constant/
w 4 •»

I •

f i'o^/ ~ r KW fa. *» >«» v- /

effective Bohr radius T.
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(ill) Forbidden Absorption § -L H . For laft circularly polarisad 

radiation tha avan atataa of tha N - 0, M - -1 group contribute to 

tha absorption, while for right circularly polarized radiation it ia 

tha even atataa of tha N » M * 1 group which contribute* The form of 

tha absorption ia tha eame for both polarisations, except that in 

tha latter aaaa tha energy at which tha absorption takes place ia 

low by an amount ^ [ — - — * Wa need tharafora onljr ooasider 

one of tha polarisations and we choose right circular polarisation*

IT

(4.8) aad (A2.42). Hanoat

(O) nay be calculated tor tha sane methods aa were used in oaaa (i) 

for aalouUting ^ (* * Por

where M,(*,»*} !• daflaad in (4»5$)* Of oouraa tha ralatioaahip of m 

with $ 9 »* S&** 1* U»22)t ii§ aiWerant 1» ^^ ̂* «•» f°* °*«* (^) 

ainoa tha affaotira potential (4.17) i» diffaraat for tha N - It - 1 

.tates. Tha aaargiaa at wniah tha line* ara obaarrad arai
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aad tho intensities aro peroportioaal to tho aquaro of (4*69)*

Cloa* to tho abaorptioa edge, where the discrete liaoa 

overlap to form a contiauua, tho abaorptioa coefficient ia proportional 

tot

'I (4.71) 

where we have used (3.11) and (3*13). Ia the true eontiBunBi

«•

(4.72)
111*1 »» f i % IT.

9
x 

To calculate the order of magnitude of the abaorptioa coefficient ia

thia oaae wo observe that!

Tho abaorptioa ia thia forbidden oaee ia therefore oa the waole weaker 

than that ia tho allowed oaao by a faotor of order I lattice ooaataat/ 

radiua of amgaetic orbit j •

This coapletee the formal treatment of the abaorptioa 

ooefficienta. Various grapaa of the coefficient a computed from the 

aboro expreoaiona by numerical methods are presented ia chapter 5.

?• High Energy Discrete States* The occurrence of bound states 

having energies lying ia the continue of lower groupa of levels has 

been poiated oat ia aootioa 2* The liao widths of such discrete levels 

duo to tho probability of transition iato a continuum state can be
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easily ostioated* The numerical results of chapter 3 lead to the 

expectation that only the ground state, i.e* the K = 0 0tat«, of each 

N,^' group will bo observed in an experiment since this state gives 

riae to an absorption line which ia much more Intense titan the lines 

due to the excited states within a group. ''« therefore consider as an 

example the ground state of the N » 1, M » 0 group which is level with 

the continuum of the ft » M « Q group (see figure l)f other oases nay 

be dealt with in a similar manner*

For P >> ' the continuum state we are interested ia has 

a wave-veetor U » V0 and we therefore take a simple cosine function 

for its s-depeadenoe 1 see (4*44)Js

(4*73) 
For the bound state It is a good approximation to assume a simple

exponential dependence on si
l*i

(4.74) 
The probability of transition from the discrete to the continuum

state is them
« - C If] iMl 1*

(4.75)

where M is the matrix element of the Coulomb attraction:

(4.76) 

In ••tiraatin* the value of this matrix element we proceed as in seetions4v4iS> ^m> 10 V*m>*sm^p w^*»^^^ *
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2 and 3 of thin chapter. First oar?/ out the P, 6 part of the integral 

(4*76), obtaining a complicated function or & similar to the 

effective potentials of section 2. Approxiaate this function tgr a 

oiraplor expression as in section 3» and finally carry out the z part 

of the integral (4*76)* For the particular oaa© wo are considering 

here the P, 0 part of the integral yields a function of & which is
rthe difference of the effective potentials VQQ(S) and vu ( z) [ 

(4»12) f (4*13) and figure 2J * This function can he roughly

approxiaated byt
t v v

C, A

eee

«here (4*7?)

so thati

(4.78)

Patt

lei
(4.79)

It remains to estimate the order of nagnitude of this integral I* How

(4*77) «o that!

I~ fi -* i
I z' (4.23)
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Hanoas

(4.8o)

ainoe tha ooaine and exponential factors have not fallen much below 

thair unit raiuee at y • 0 la tha region ivhara tha inveroe ouba 

factor le algnifioant* Hazioa aubatitutli^r into (4* 7$)'

(4.81)

where we hare used (3*23) and (4-23)* It ia noteworthy that M depends 

on tha aagnetie field strength only through tha rery weak field 

dependence of d . Substituting into (4*75) from (3*14) and (4*81) and 

using tha definition (4*1) of

(4.82)
A

Th* line width la th*r*forw

Tha nathod of estimating the integral I is such aa to give 

a rathar larger ralue than tha axaot one, partioularl^ for the emailer 

raluea of P * «o that tha Una width ie eoaawhat smaller than (4*83)* 

Tha rariatioa of oC with field for tha ground state of the H . 1,
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M » 0 group of levels has not boon oaloulatod but It will bo about the 
aarae aa for the ground states of the two groups of levels for which 
numerical Information ia given in ehaptar 5» Heferring to figures 6 
and 7 we eee that the absorption lino duo to the 100 state will bo 
quite ooneiderably broedened for the lower values of f? plotted in the 
graphs* though it should bo narrow enough for observation at fields 
corresponding to values of ft at the higher end of the (J scale. 
Similar considerations may bo expected to apply to absorption lines 
duo to the other discrete states which aro degenerate with continuum 
states hawing the same It quantum number.
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5« NUMERICAL B5SULTS AND DISCUSSION.

1* Bound Exoitoa Stateo. Numerical calculations have boon carried 

out for tho throo lowest groups of levels, i.e. the N - M . 0, 

N • M . 1 and N « 0, M « -1 group*. Corresponding levels la tho last 

two groups have the same energies relative to their continuum edges 

and they also give rise to linos of tho same intensity, duo to tho 

fact that tho effective potentials for tho s-aotion of these two 

groups of states aro tho same I see (4* 13)1* wo therefore rostriot 

our attention to tho M » M » 0 and N » M « 1 levels.

The first step la carrying out numerical calculations 

Is to fit approximate potentials V(«) of tho type (4*1?) to the exact 

potentials ^(s) and V1JL (*)« *» ***• two arbitrary parameters A and 

8 at our disposal, and we choose those In such a way that the exact 

and approximate potential curves have tho same slope at tho origin 

and onoloso equal areas with tho axis of B. IQQ(») and tho 

approximation to It aro displayed In figure 5, where the potential is

In units of
Having determined 4 and B tho two quantities d * JJX and

B defined in (4.22) can be calculated for any given value of tho 

magnetic flold and we aro now In a position to sot about solving tho 

eigenvalue equations (4.27) and (4*28) for <* and hence finding tho
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binding energy using (4.19)* If the tthittaker functions were 

tabulated fairly completely it would he an easy Batter to find the 

solutions of the eigenvalue equation*. However there are only a few 

tables of Whittafcer functions of the type required for treating 

attractive Coulomb fie Ida18 and these are of use largely for K - 0 

states* For the regaining states* it is aeooasary to use the series 

expansion of Wj ̂ (XJ which oan be obtained ty combination of (A3.

(A3*l)» (A3*4) and (A3. 6)* Fortunately the value of x at which V*ill K ' 
must he evaluated 9 i*e* ~J- y in small being less than about *25

oC

for (J> 1 » so that the series expansion converges rapidly*

The variations of bound state energies with magnetic 

field calculated in thin way are shewn in figures 6 and 7* $he groups 

of throe numbers attached to the lines denote the quantum number* 

NMK for the oatrespoadiag energy levels* In figure 6 the levels 000 

and 002 are the lowest two levels which oan be observed if the 

absorption ia allowed while 001 is the lowest observable level if the 

absorption is forbidden sad the polarisation of the radiation is 

parallel to the nagnetic field* For forbidden absorption and 

polarisation perpendicular to the field direction the two lines 110 

sad 112 (or 0-10 and 0-42) whose energies are given in figure 7 are 

those of lowest energy* The level 111 cannot be investigated 

•jcporimentally so its energy has not been calculated* In both figures 

the level of lowest energy has infinite binding energy ia an infinite 

Baguette field while the levels of higher energy illustrated tend to 

ths first Balaer easily ia the infinite field limit and have the line
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aarfcod ok s 1 as an aaynptote (see appendix 4)*

For each of the levels of figure 6 the s; part of the wave- 

function is plotted in figure 8 for some value of the aegaetie field 

fixed by the fact that tablee of the Whittaker function are available 

only for these values*

The variation of the f-valuee of the absorption lines due 

to these three levels with Magnetic field is shewn in figure 9. The 

expresaione (4*57) and (4*6*3) have been evaluated by again making- use
* A

of the tables and the series expansion for W^.*W» For the states

I
y >t 
F»* 1°' I lft plotted on the vertical axis

while for the state 001 this axis represents the dlmeneionleae
S U rK ,| v 

quantity A0 |£ r00 v,-/|rsO * The Intensities of absorption in the

allowed and forbidden oases cannot be directly compared in this graph 

siaoe the quantities plotted here are multiplied by different factors 

is forming the f-valttes in the two oases [ see (3-11) and (3.21)J* As 

discussed at the end of section 6(ii) of chapter 4 the absorption in 

the forbidden oase is on the whole weaker than that in the allowed 

oase TV A factor of order I lattice constant/effective Bohr radius J •

for the forbidden ease with the radiation polarised 

perpendicular to the field direction the variation In f-value of the 

110 and 112 lines is similar to that of the 000 and 002 lines
/ L i rrespectively but multiplied by an extra factor of order I *£/ [see

i ' - iL 'end of seetioa 6(iii) chapter 4J • Since Ijl - J\ the f^value rises 

more rapidly with increasing nagaotie field in this case than in the 

other two oases*
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2. free Sxoitoa States* General axpraaaioaa for abaorptioa

coefficients due to optical excitation of continuum exoiton states 

have baaa given ia section 6 of chapter 4* There are also expressions 

ia this aaotioa for tha absorption coefficients la the region below 

tha abaorptioa edge where tha discrete energy levels are sufficiently 

close together to give rise to a continuous abaorptioa* Both types of 

abeorptioa coefficient involve tha evaluation of a confluent 

hypergeoaetrio function at some value of Ita argument depending oa 

tha diataaoa from tha abaorptioa edge* Tha required functions are 

again not tabulated* However, useful iafornatioa about the abaorptioa 

can be obtained hgr expanding tha abaorptioa coefficient ia a power 

series of tha energy separation frosj tha abaorptioa edge* Talcing tha 

first two terms ia such a series gives tha value of tha abaorptioa 

coefficient at tha edge aad ita alopa there.

We consider first tha region below tha edge aad for 

dafiaitaneaa we will take tha abaorptioa to be forbidden, with tha 

polarization of tha radiatloa parallel to tha magnetic field* Tha 

abaorptioa coefficient ie therefore givaa toy (4*65) with tha 

definition (4*64)* The energy separation from tha abaorptioa edge ia 

proportional to /£ bf (4*19) t *»d we therefore require to expand 

tha various functions appearing in (4*65) ia power aeries of /£.
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where A and B depend oa the magnetic field but not oa the energy, 

being different funotione in the three oases* We shall not write down 

the functional forma of A and B ainoe they are very complicated*

The absorption ooeffioienta for the region above the edge 

oaa be similarly calculated* ^-U,* «* V-U * are given in terms

of ^-u vu «* H • tgr (A3«6) and (A*. 7) *o that a series1 i *^ ""'*/"
expansion of type (5*1) oaa be ttaed again* The expressions (4»<SO) > 

(4*66) and (4*72) oaa be expanded in power series of ^ and in all 

three eases the result is of the form

(5.5)
where A and B are the same functions as occurred for the same ease in 

the expression (5*4) for the region below the edge*

(5*4) and (5.5) shew that the absorption coefficient has 

a finite value at the absorption edge and is continuous there, having 

also a continuous derivative with respect to energy. These properties 

seem to be characteristic of a theory which takes account of the 

Gouloub attraction of the pair of particles forming the exoiton. In 

chapter 3 section 2(iii) the absorption coefficients in a magnetic 

field bat ignoring the Coulomb interaction were shewn to be either 

Boro or infinite at the absorption edge* Similarly the absorption 

coefficients in sero magnetic field [ chapter 3 section 2(i) J 

ignoring the Coulomb interaction are ssero at the edge, but taking the 

Coulomb interaction into account [ chapter 3 section 2(ii)J gives 

absorption coefficients which are finite and continuous at the edge
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and have continuous alopo*

Figure 10 illustrates tho value and alopo of tho absorption 

coefficients at tho edge for tho throe cocoa, for several valuea of 

tho megaetic flold. The magnetic field etrongtha ore iadioatod tgr tho 

valueo of p which are ahowa at tho right haad ends of the curves* 

The ordinate is drawn at tho abaorption edge and tho energy of 

absorption increases towards tho right* The absorption ie ahotia in tho 

graph ae if tho linear dopoadoaoo on I! extends out to the points 

E » ±B. This is done ao aa to ahow up clearly tho alopo of tho 

coefficient at tho odgoi of coure© higher tome than tho second ia tho 

expansion of tho absorptioa coefficient la powers of /<? become 

important before the point K «• B* and diaoroto lines appear before a 

distance R below tho odgo*

The vertical axe6 in tho figure represent tho following 

quantities!

(i) Allowod (ii) Forbidden j II jj (iii) Porbiddoa fc 1H

la ooaparing tho abeorption in tho three oaaes it muot bo 

remeabered that to form absorption coefficients from tho quantities 

plottod ia fignro 10 it ia aooeaaaiy to Multiply thosi \y axproaaioaa 

tho rolatiro ordora of -agaitudo 1, /1) aad (M
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respectively, so that the absorption la the forbidden cases IB much 

weaker than la the allot**! case.

fh9 above numerical results are discuscod In aeotioa 4.

Accuracy of the Method. In the perturbation theory method

presented la chapter 4 for treating exoltons la a high magnetic field 

two main approximations were made aad we are now la a position to 

consider their validity*

The first approximation arose from the separation of tho 

envelope function of the exeiton Into a part depending only on the 

co-ordinate la the direction of the magnetic field aad a part 

depending only on the co-ordinatee la a plane perpendicular to the 

field* as la equation (4*8)* The error involved la this separation
e>depends upon the else of the non-diagonal matrix elements of - ocr 

linking the approximate elgenfttnotlona thus obtained. The orders of 

magnitude of these matrix elements may be estimated in much the same 

way as was used to estimate line widths la aection 7 of chapter 4* 

We consider as an example the perturbation of th« ground state of the 

8 m M » 0 croup of levels lagr higher states having M • 0. The most 

Important perturbing state would be expected to be the ground state 

of the N « 1, M • 0 group of levels* We appvoxioate these two ground

»t*te

(5' 6)
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-Ill
(5.7)

and we require the oatrix •leownti

t_
x^ (5.8)

Using tho same argument as led to (4*78) this approximately reduces 

tot

M = - leX
(t«)' (5.9)

wfaoroi
k' - tl A'

Jt
Tho intogral oan bo approximated in tho sane way as tho integral I of

(4.79) and (4*80) loading tot
R_

(5.10)

Tho shift in tho energy of tho OOOstato duo to perturbation fey tho

100 stato is therefore!
A 0 o 1? <> c"

r 1* _ _ ±J1 A-tA£ ~ -

is tho geooetric mean of tho binding energieo of tho two 

•t*tos iarolTod* Tho ralue of tho integral in (5*9) has again boon 

slightly ororeatiaated so that tho shift in energy will bo slightly

loss than
Tho perturbation of tho 000 stato by tho other even statos
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of tho N - 1, I? « 0 group ia considerably lesa than thia aince tho 

wave-functions of these other states art much leea concentrated at 

ataall values of e where the inverse cube factor in (5*9) ia 

important. The perturbation due to NOO etates for N greater than 

unity will bo weaker becauee tho energy separation between the 000 

state and tho perturbing state is greater (beings Ntt^}, «* *leo 

beoauee tho overlap between tho p, 9 parte of tho approximate wave- 

funotiona becomes smaller as N inore&aee*

The energy shift ia tho 000 stato ia therefore of tho 

order Of twice its unperturbed binding energy divided by f? , As 

night hare boon expected our calculation of energy value* ia poor for 

snail values of p , at least for tho ground state. It improves aa K

increases becoming good for tho higher values of p • v
QS, We have shewn that tho matrix eleaants of * fa between

etates of the N » M « 0 and H - 1, M • 0 groups are approximately thev A* 
same as those oft - £. __.——.

x- (XtN)
betwcsn tho fs components of the wsve~functl ona. This iateraction 

potential extends over a distance of order X along the K~«xla and 

as w have eeen ite perfctspbine effect le quite large for the ground 

state flhen £ 1» »o* +**& ralc*1 3l««K«p than unity* However, for tho 

higher excited state© within a group the naxteim amplitude in tho 

e coroponant of the wave-function ooourc at a » co-ordinate of order 

dA0 BO that the effect of the perturbing potential, which is 

localised about the origin, decreaeoE! with increasing o\ . Indeed,
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however small tho magnetic field may be, causing a largo value of A , 

there are always some bound atatoe close to the continuum edge whose 

value of oC ia sufficiently largo for their energy to bo accurately 

given by tho approximation of ohaptor 4« Thla approximation was ia 

fact firat Introduced by Sohlff and Snyder 7 to troat states close to 

tho continuum edge in a magnetic field such that fi« \ » However tho 

approximation to tho wave-function* la a poor one for such low 

magnetic fields even for states of high cl , and this ia also true 

of tho continuum wave—functions. Our method of calculating absorption 

coefficients therefore does not hold in tho region [>< ' , Similar 

remarks apply to tho interaction between other M,M groupa of levels. 

Returning to tho case (3 » I wo remark finally that our 

method of approximation is bettor for groups of levels having H ̂  0, 

since ia this cose tho 'centrifugal barrier 1 keeps tho ft, $ part of
V '

the wave-function away from tho origin where tho - ̂ £r perturbation 

is moat important.

The second mala approximation ia tho perturbation theory 

method of ohaptor 4 ia tho replacement of tho oxaet effective 

potentials, like (4***) »ad (4.13), oy approximato effective 

potentials of tho typo (4»17). Horo it la possible to make an 

accurate assessment of tho orror Involved for Keyes has solved tho 

Schrddinger equation for tho wwtion for the energy of tho ground 

state 000 using tho exact effective potential ^(t) of equation (4* 12). 

Aa electronic computer was used ia these caloulationa, tho result of 

which la shewn in figure 11 by tho continuous lino* The iaolatod points
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the result* of the present calculation. The disagreement 

between the two calculations is aeon to be of the order of two per cent.

For the excited states no direct estimate of the error 

Involved in using an approximate effective potential can be made* 

However we can be quite certain that the error will be leas then for 

the ground state since the excited state wave-functlona are much less 

concentrated in the region close to the origin where the 

approximation to the exact potential, is poorest (see figures 5 and 8).

4* Discussion of Besults* Numerical data on the absorption spectrum

of a semiconductor due to its lowest lying exciton levels have been 

presented in sections 1 and 2 of this chapter. The information given 

there may be supplemented by the fact mentioned at the end of seetion 

5 chapter 4 that in the energy range well above the absorption edge, 

where U » l<0 » the s part of the wave-function is unaffected by the 

Coulomb interaction. It follows that in this region the results of 

section 2(iii) chapter 3 hold* In particular, for the cases 

illustrated in figure 10 the variation of absorption coefficient ft 

with energy in the region well above the absorption edge is as

followsi

(i) Allowed K* HE"'*

(it) Forbidden i l[ H K <* H E '*- ,
(iii) Forbidden fc 1 Ij K <* \{ l £~'% 

Combining the known forms of the absorption spectrum olose to and well
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above the edge it is possible to gain a fairly eoaplete impression of 

the fora of the absorption in the entire region above the edge*

Ths absorption edge itself ia not distinguish*! by any 

striking change ia the absorption coefficient which la eoatinucme 

with oontinuoua slope at the edge in all three oases* Experimentally 

the edge could not be located and the only nay in which ita position 

oould be determined would be by measuring the positions of the 

absorption lines below the edge due to the bound exoitoa states and 

using theoretical values for their binding energies* Of these 

absorption lines below the edge, that having the smallest frequency 

is the nest intense, sad its intensity relative to the other lines 

laorssses with Magnetic field, at leaat ia the allowed case (see 

figure 9). At high values of /? , in the allowed case, the first 

absorption line is about a hundred tinea more intense than the 

second absorption lias* Under experimental conditions then, the 

absorption spectrum due to the lowest observable N,M group of levels 

might shew s single relatively intense line joined on ita high 

frequency aide to a * shoulder* arising froa unresolved excited 

discrete states sad the continuous atates above the absorption edge*

The area enclosed by an absorption lias due to a bound 

exoiton state ia a graph of absorption coefficient against photon 

energy Is given by an expression similar to (3.13) but with the 

density of states S(E) omitted. It Is therefore possible to compare 

the intensities of absorption ia the discrete aad continuous regions. 

Xf the ordiaate ia figure 9 is multiplied by a fsotor 2 thea
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flgurea 9 aad 10 are in the same qyaten of units aad tho Intensities 

nay bo compared If liate width* are aaoumed for tho discrete linea. 

Tho following sketch shows roughly tho form of tho absorption 

coefficient for (i about 2 in tho allowed eaae aeauraiag a lino width 

of about R for tho peak duo to tho 000 state* Tho horizontal axis 

la divided Into energy units B*

Wo have ao far ooaflidered only tho contribution to tho 

abcorpticn apeotrua orieing from tho loweet obserrable group of 

leTela la each case* Lot ua conaider tho allowad oaao for doflaitoaoaa» 

though our remarks will apply mttatia mtandla to tho other two oases* 

All tho groups of Ufwia having M • 0 aake a contribution to tho 

absorption ooofttoiwwt* Wo have not calculated the fora of tho



opeotruw for N ̂  I ***t no nay take it to be qualitatively 

similar to that for 17 « Of although tho linos in tho absorption , 

spec-trua nay be substantially broadened as disouaned in section 7 

chapter 4* The coaapletc absorption spectrum therefore consists of a 

port duo to tho N • 0 levels followed at higher energies by somewhat 

slsdlar absorption pattern* apaood at energy intervals of h Ufr (see 

figure 1)* la tho contribution of oao of thoao higher groups of 

levels to tho absorption spoctrura porhapa all that would bo observed 

oxporiaentally mould bo a single broadoaod line duo to tho ground 

otato of tho group, and the complete speotrua arising from those 

higher groups would ehew a oorioo of linest one fron eaoh ground 

otato* These lines will bo fairly evenly opaood since the separation

n u?c between od|aooiit groups la much laxger than the binding energy

~ R of tho states within a group for p » I.

Hsgloot Of tho Coulomb interaction was shewn In

seotion a(iii) chapter 3 to load to a theory which predicts peaks at 

energies (^ + \/ U uc abore the eero field position of the absorption 

edge* It was stated in chapter 1 that on tho basis of this typo of 

theory tho position of tho aero fieW absorption edge could be 

determined by extrapolation of tho position of a peak corresponding 

to a gifoa H quantum number at various Magnetic fields. The theory 

presented here shews that if the magnetic field ajeasurenenta are 

carried out in a region whore (3 » I then the observed peaks will 

probably Uo slightly below tho onoigleo [iV/f l)t*><, by an amount of 

tho order of tho binding energy of tho ground exoiton state for tho



group :?• Sinee this binding energy inereaeea lens rapidly than 

linearly with increasing field (see figure 6) f an extrapolation to 

aero field give* a lower energy than the correct one for the 

absorption edge* The value obtained for the forbidden energy gap la 

this way ia therefore slightly eaaHer than the correct one*

Sxperioeatal Work, Btciton absorption in a magnetic field haa

•o far been observed in only two Bead conductors f and for neither of 

theee ia the theory presented In this thesis really applicable* In 

the ease of cuprous oxide the energy bonds appear to have the eiaple 

shape assuned In our theoretical diaou/saloa but unfortunately 

Mgnetic fields high enough to attain the oondition p » I are oat 

of the question for this aubetanee* In the case of germanium, on 

the other hand, the condition (J > I haa been achieved 

experimentally, but the etructure of the valenoe band is so 

coaplioated that the present theory oan have only qualitative 

application* For a detailed couparison of theory with experiment we 

oust therefore await measurements on a substanee whloh oombiaes the 

virtues of cuparous oxide aad geroanium without having their 

aoooapanying vices* However we shall briefly cotament on the 

measurements on these two seralcoaduotorB.

(1) Cuprous Cfad.de* The laegnetie field eerreaponding to P ~ I ia 

6,500,000 gauss, so that the oondition (i « I holds in all 

eaperiaental work* We have not aade any calculation of the intensity 

or shape of the absorption epectrun for euoh values of the magnetic
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field, bat we will ahew how effective aaeaea nay be obtained froa 

obeervatioaa on the bound exciton etatee* fae eigenvalue equation for 

the exoiton binding energies le (3*12) t

"t

The magnetic field terns can be treated bgr perturbation theory ae in 

the case of the hydrogen atom and give rise to Seenan and quadratic 

Zaenaa effects (eee

aoet complete experinental ateaeareoenta are those 

reported \sy Groee » No linear Seeiaan effeot la obeerved ia Cit^O ao we

conclude that m « «. , For the quadratic effect we require the 

natrix elenente of the term in H between the appropriate

bydrogea-like eacoiton wave^funotioaat Xn cuproue oxide the
oabaorptioa le thought to be forbidden7 and ao It la the p-etatae

which are reaponaible for the observed abeorptioa llnea ^

eeetioa 2(ii) chapter 31 1 For the ease of p*«tatea having m • 0» the
i • * i\ 

diagonal natrix elements of r *** v arei

a being the principal quantum number, ao that the quadratic Zeeaaa
t* Hl v • l. n

shift, beiag the matrix eieaeat of — ir *i 6 t iei

i 
la aero fUld the exciton levels ahew hydrogeaio spaeiags to a good

so that the effective Rydberg energy B of (3*23) can
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alao be measured «xp«rl»«ntally. With a knowledge of A E and R both 

f* and >o can be calculated, aad using the results of Groeoi

X. ~ & and *. ~ • 4ivn BO that »* s i* ~

Thia calculated value of the dielectric oonatant la in good 

agreement with too value obtained Igr direct measurement.

Abort tit* absorption edge, la the region of continuum 

exoiton states, a aeries of poako at fairly oonatant apaolng la 

obaerredt the energy eeparatlonB between adjaoont peaks being about 

^— with the ralue of ^ giren abore* Thia observation indicate e

that for ft « I the oontinuum atatea of the exoiton give rise to 

absorption aaxiaat in contrast to the ease 3 » I • 

(11) Germanium. Measurements of the absorption spectrum of 

geraanlttB have been carried out la nsgnetio field strengths up to 

about 40*000 gauss by Zwerdllng et al. The atkagnetio field 

oorresponding to (J s I la 8*900 gauss so that this highest field 

corresponds to a value of (3 of about 4* Altogether measurements 

have been made at three field strengths having |J * 2 ,

The observed absorption spectrum la very oomplloated 

owing to the fourfold dogeneraoy of the valence band in germanium* 

In addition, the experimental arrangements used In the above
01

neasurementB have been critioiaed on the grounds that the specimen 

of germanium used was in a state of non-uniform strain due to its 

mounting* It has been demonstrated that in a zero magnetic field the 

arperiraental aethod of Zweidling et al. leads to a ahift in the
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position of tha absorption spectrum to higher energies and alao to tha 

appearance of a spurious absorption band close to tha absorption edge. 

The agreement of tha experimental cpectrum with tha theoretical

apeatrua aa pradiated la seotioa 2(ii) ohaptar 3 ia destroyed lay tha
21 aae of strained orystele •

For theoe raaaoaa little agreement would aloo be expected 

between theory and experiaent for tbe magnetic field case. However, 

some of the predictions of tha theory are found to receive 

qualitative verification. The lowest line of the spectrum has roughly 

tha form shewn ia tha sketch oa page 87, although tha intensity of tha 

line relative to tha shoulder seems to be smaller ia the experimental 

results, Ia this connection however, we nay aota that tha extra 

absorption band introduced by strain appears at about tha position of 

the shoulder so that ita greater intensity ia the experimental 

measurements may wall be spurious* Aa far aa oaa be judged oa tha 

basis of measurements at only three magnetic field strengths, tha 

intensity of tha lowest line of tha spectrum increases with field ia 

roughly tha manner indicated ia figure 9 for tha 000 liaa* The higher 

energy linea of tha spectrum increase ia breadth with distance from 

tha absorption edga*
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Appendix 1. Absorption Coefficient la a Solid*

Consider a aolld of Tolwae V » l? 9 dieleotrio eonatant vc art 

pemeabiUty u. * Uaxwall'a equations for tha radiation fiald in 

solid arai

- 7. 6 * o

fiharaf

z«ro cealar pataatial and a v*«ter potential A , we

- -2 "

Tha nald aaa»gy ia glvan bar tha usual aacpraaaions

*

We oboose tha Coulomb gaugei

V. & * 0 (A1.6) 

then uaing ail tha above equations A satisfiesi

i. *fc 2Vfi
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expand the rector potential in plane wavess

A • Zkflx**X fix*] A l J 
where the Ck\ are independent of poaition aadt

flio piano wave* wtat be transverse, i.e. 6\ J- > t *» order that
the rector potential should satisfy (Al.6). The nomaliaatlon of (A1.10)
will bo Justified later* The fl x clearly natiafyt

It then follows from (Al*7) tnatt

73 ; t ^A
#with a ainilar equation for Cc f where u>^ ie given Tagri

c/since the velocity of light in the solid is /J~ . Instead of aA and
we may work with two canonically oonji^rate variablesi

ca.»>
The Haadltonian iot

c^ x s t [ P»X f ^ ̂̂  1 * "J I M* *• * * ft
and it nay be easily verified that this leads to the field equation 
(Al.12) since the Haadltonian equations ares
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(U.18)

Th» Haalltonimn (A1.16) !• tqr Introduoins the ooamtetioa

The problaiD ia that of a harmonic oaoillator and the aigaaTaluaa arat

Tha d !qr the uoual amtrioaas

all the othar matrix elaaaata baing eero.

In ordar to expand £ in the A^ we need to know how to 

repreeent &\ whan the ayaten ia qua&tiaed. Bain* equationa (ll,15) 9

(Al.l?) and (Al.18) we obtain the oorreapoadenoet
. * * 

<* x -> -'^A^A ^A -^ f^*A (A1.22)

Hence using (Al.4) and (Al.5)«



•^^^v

A 
Substituting these expansions into (41*8)1

i- r_y
(A1.24)

/ 
v r

(A1.25)

using (Al.16) and (Al.20). We here therefore ahewa that the 

normalimation of (Al.10) la correct alaoe It leade to the correct 

value for the field energy.

The interaction between the radiation field and the 

electronic agrstea ia represented Igrt

For the oa*e of photon aboorption we require Matrix eleneate of the

tgrpei
4-r

(A1.27)
- 1 hit MA 
»JK\IV*

where we have made the dipole approximation, taking only the first term

in the ej^eABion of fi. 

•lectponio states and 

length A •

\ f" • a and b represent the final and initial 

ia the initial amber of photons of wave-

•»*
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The transition probability por unit time ias

W = g (11.28)

where 00 * ia the number of photon atatea with eneigy between E 

and E * dE. How if we aaniune periodio boundary eonditicma for ^ and 

tako axea parallel to the edg*a of our eubio boat V, then the allowed 

values of the eortpozienta of KX arel

where the n*a are intogera. Hence i

% I lire \v / t v v
U\ = ——— |H» 4- H% + Vl% 

^ i t —— i V *< T *^ **VL J H »/ f J
If the number of radiation oeoillatore having frequency between 

and ^ t ^> And propagation vector within a eolld angle ^(il ia 

p oU\ 01-0. 9 them

where n * w^ t Ht WA . since x = UA f we havet

t
The transition probability per unit time for radiation propagating in 

a given direction ia therefore*



Th« mwrgy •tMcbed p»r unit tin* lai

tu, U.U =
*** AW C

Now tha amount of energy in tha photon beat* orotmlng unit area in unit 

time iai C 1
A j= -

Suppooa that tha number of final atataa a which can b© reached ftroa 

tha sazae Initial etato P v such that tha anai^r dlffeyanoa batwaan tha 

two states liaa between E and E + dE ia S(E)dB* We call S(E) tha 

density of final states* Than using (Al.32) and (Al*33) » tha energy 

abaorbad par unit time par unit energy rang* 1st

where tha bar over tha square of tha matrix element indicates that it 

is to be amaragad over tha final atataa* We define tha absorption 

coefficient K to be tha energy abaorbad par unit volume par unit time 

per unit energy rang* when the radiation crossing unit area in unit 

tine haa unit energy for a unit energy range. Hencet

K l r-
I/ 

Note that this expression has dimensionality /L in accord with ita

definition. In aanioonduotoirs wa can norwilly put k - I so that the
A 1 _".

refractive index
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Appendix g« The Free Particle la c Uaifora Ifegaotio

Wo oonaider a particle of oaaa u end charge -e. The Kasdltonian ofu 

th* eyateni las

where IT te the effectire noneatumt

I s F- f 3 8 (A2.2)

»nl the ajttbol P repreeeata the moaentum operator* The ei^en- 

fonctloQa of thic Handltonian can be found la two way a, either bgr 

aolvlx^ the differential equation or bgr operator aethoda« The former 

nethod givee the ei^&funotioiaa noat directly and we shall ooneider 

thie firot. However the operator nethodf apart from being more 

elegant, alao gives many additional reaulto, and we shall therefore 

go on to preeent an alternative eolation lay this aethod* 

The equation we wiah to aolve ias

(«.»

Wo take the direction of the field to lie along the K-axia of a 

cylindrical polar co-ordinate ayatew p, ^ I and we oaooae the 

following gaugo for the rector potential*

ft, ,o A^= fH Ba - o (A2.4)



•« JI *(C

(OfCT)

^:

(OT'ST) J»

IV**

JW

j

(6'8T)

(i-inr)

-/Ii T !T. > i wi I TT —•

taosiooaq

= 3

DOT
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If the wave-function ie to represent o bound state, its value mat 

tend to aero aa 0" tenda to infinity* It follows fro* the properties 

of the eonflueat hypergeometrio function that this can only be if N 

IB aero or a poeitive integer » being greater than or equal to M, in 

which eaao theae funotione become aaaooiated Laguerre polynoaiala 

(see appendix 3). Since M io an integer the two solution* of the 

ware equation given above are not independent but we give then both 

because the firat fora can be converted at once into aa associated 

Lacoerre polynomial for the oaae M > 0 uain* (A3. 2?) and (A3. 28), 

while for M < 0 -the aeoond form ia aoat convenient. The second 

independent aolution of the Whittaker equation ia not a auitable 

wave-function ainoe it divergea for large tf •

Collecting together the t«riaa in the aolution, noraalieing 

the resulting wave-fttnotion and patting in a convenient phaae factor, 

we obtains

N
(A2.14)

U2.15)

where t
li

eH (A2a6)

L 10 the »-41«ettelon of the volume to which the particle ia
a

The aethod we have uaed to obtain theae wave-fuaotione ia
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22 similar to that of Diiigl* • We ahell now obtain tho some result*

the operator methods introduced bgr Johnoon and Lippmann *%

Tho operator TT defined in (A2.2) BO tin flee the 

cormrtatian reltrtio&i

The equation of notion 1st
I

- - it 

where we have used a general relation which holde for any operators
v 1 /_ _\ .. - /_ _1 

IT, TT s 111* !L]x M - ii *U *H/ (A2.19)

We take a Cartesian co-ordiaate eyaten with swxie in the direction 

of the magnetic field* Writing the equation of notion in oomponentas

~ eH^

= fc- 17 x (A2.21)
ut

- 0 (A2.22)

Also we havei

eqtaation for the B-motion (X2*22) can be integrated at once to girei

TTZ 9 ^ (A2.24)

The Hamiltonian (A2*l) nay be written!^^ 1*

l^e x y part of this Harailtonian together with the ooanutation relation
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(A2«17) anew that tha transferee part of the problem la aimilar to a
_ TTt,/ r 

harmonic oaoillator with conjugate co-ordinates ITv and Au? tha
»n ' r * vI / V «• i v\

oedllator Haniltonian la T (t t^*> ^ /J where ^ la the cyclotron

u> - e-
c "'• (A2.26)

energy lerela of the ayetea are therefore given
I ki M j. W* il Nt V f 7- N S 0/ I; I/ ... (A2.2?)V 7

(A2«20) 9 (A2.21) and (A2.23)i

(A2.28)

if, *

IT. U2.29)

X» and M tf ar« ooaataata* Thaao two integration oonatanta 

oonauta with tha Hamiltonian and with T% and TT , but they do not 

connute with aaoh otheri

-7, (A2.30)
eH

(A2.23) aaad (A2.28) are tha aane aa tha olaeaioal equations for tha 

•rataau and we therefore identify Xo and M« with the oo-ordinatea•a^V lap •wawBaw ^••^^^» • ^^M

of the centre of the orbit. The distance r, of tha centre of the 

orbit from fha origin la glTan tJflri

(A2.31)
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Equation* (A2*30) and (A2.31) again define an eigenvalue problan 

similar to the haraonio oscillator, with conjugate co-ordinates

t where A 1« a length characteristic of the magnetic 

field defined la (A2*16), If thaaa co-ordinates are substituted in 

the harmonic oscillator Hamiltonian, (A2.31) la obtained if the

•frequency1 la taken to be — • The eigenralueB are thereforei
v\

Wa observe that although <r>, la woll defined, the ooanratator (A2.30)

iopliee thats t
A

and u0 are the unoertaintiee la ezperinentally\J
poaalblo datamdaatioaa of X^ and ^ * If r* la the radius of the 

particle's orbit, then using (A2.29)i

so that r* is exactly known.

The angular momentum about the e-axia isi

tM - U*f-)2 U2-35) 

It la now ooavaalaat to choose a particular gauge for the Taotor

potential. Wa takei

A . I H x r i-c. nx - - t)H y n,= i.xn nz * 0
I I t, ~ ~ iS '

Them
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of the lowest state must

(42.44)

H«M*I

(A2.45)

wh*r* I !• an arbltrarT* fumotion. Thl« arbitrarln«8« allows uc to

impose a farther oonditioa an th« energy •%«afuaetioa8f and «o w*
x 

op«oify that th«y shall also be •igenfonotiona of ^ . Such ware-

fttnotioae havt ojlindrloal »ywBetry« Hanoe for th* lowest atatet

Slao* «ig«nfunotlonB of uv and v»9 are naessaarily 

of M Iqr (A2. 37) this condition oaa also bo writtoat

• - L
9^ 

«h*r« (P 1» th* eo«ular oo-ordtoct* of a oyllodrio«l polar

oo-ordla«t« act o . v , 1- • tfb* nor»ali»«d aoluiloD of (A2.47)

= M (".47)

o
•

4 - ,I O/ L " r,L+ii -
i x-

e
whero L ie again tfeo length of the rolume in irtiioh the particle is

oontaiaad. Froo (A2.41) . Tn) L

/
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the relations

- c. / .(-. (A2.50)

"this becomes*
*

(A2.51)

•e/
aiaea x * iy ooawutea «ltli / * f i £ j , fhta azppa.eion nay

in tarou of aaeoeiatad Laffuarre polyaomialB whl<A take a diffarant

foam aooovding ae N < L s

)07

M<LN < L ,L e (A2.53)

nharei •i 1 .*.
(A2.54)

Sine* H - N - L tb*M «»T»-*uaotlon« or* th« came M (A2.14) ad (AS. 15)
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Appendix 3* Properties of the Confluent Ilypergeooetric Function.

Confluent Hypergeo»etric funotiona are aolutioaa of Whittaker* e 

equations
oil— t .1 f i

[ i f x
7. s O

The nature of the two independent solutions of the equation depend* on 

whether or not m ia integral or half -integral* We oonaider these two 

oaaea aeparately, baaing our diaouaaion on taa work of Erdelyi et el, 

and of Whittaker and Wat eon2*.

Case 1* m not integral or half -integral* The two independent 

aolutiona of (A3* 3.) arot

the notation M ̂ H, ty being ttiat of Whittaker. In theee axpraaaiona

ia the power aariaai

uw»
The two aolutiona (A3* 2) and (A3. 3) can be easily obtained ty aariea
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solution of Whittaker's equation. Brdelyl et al. derive the following

asymptotic fonai

e x i" * i
'0

X
H*0

Tho aayaptotio form of ^ vVH x i« found lay changing the aign of ».

Inatoad of uaing (j^.2) and (AJ*3) ae tho tno iadoyoadoiit 0olution« 

of tho Whittakor oquatlony it is aometimee more ooaroaiont to tako

linaar oombinatione of MX *»(*) and MX^M,(X) euch that the 

asymptotic fora of on« ooobination containe only the positive 

exponential serios of (A3* 5) whll« the aoymptotic form of tho other 

contain* oalj tho nagatire exponential aerie». Wo accordingly define!

'"

It oan bo wrified using (A3. 5) that theeo fUaotions have tho 

aagnnptotlo forms t
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* -U
(A 3.8)

x e

where we hare retained only the dominant term in oaeh ease* 

The Wronakian of two independent eolations of a

differential equation of the type (A3.1) la a oonatant independent of 

poeitiony BO that the aaynptotic forme of the nolutionc can be uaed

determining it. In thia way it may be eatabliehed thatt

I

nhere the prime denotee differentiation with respect to ?.*

Any two of the fow oolutions NX/IV 0<) t M^ ~ H (x/ » Ux/|i, 

**»& V,i M, (?/ AZ-O independent. 

Case 2. in integral or half*4.ntegral* For this case it IB moat

convenient to transform (A3*l) by making the eubetitatlonei
l c i £ 

Z - X 1 c" V J / a s i- *t ** , Cs li-f / (A3.12)

whereupon it tatcets the forms

X 4 + (c- xj 6 - <u » 0 (Aj.13) l

equaUoa ooc b« Bolved u«i]« the method of rrebraitu, «ad siao* 

o i« oa integer an* of ttw aolutlone i« klmja lageirlthmio. Conaider
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first the ease where o is a positive integer. Two independent eolations

(A3.13) arei
00 ( ) ** '

vHWtV-W-'K'/l'Z tihz '
*•:/ f *~ . 

C-l t* («-Ctl)r X*" C

I (A3.U)

CUM*/ f,lv;«)i *

y rii^ £
f^ It

(A3.15)

la both function* th» last •uowtioa !• to b* oodtted for o » 1. Alaoi

.16)

aadf r-l

A (A3*17)

For c sero or a negative integer it is neoeseary to make use of the

relations

(A3.18)

before the series expansion (A3.14) «an be used 9 and for these values 

(A3.15) "*»* *• «valw*ted as a liait.
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It follow* that*

Two independent eolutiona of tae Whlttafcer aquation (43*1) are therefore*

"
Tho function (41*2?) la Toxy Ifljportant la quantum mechanic* alnca it la

• ;• )

only for too eaaa 2(ii) that tha Whlttakar aquation aae a aolutioa 

«bleh la averjrwfaera finite with flnlta alopa and taada to earo 

exponentially at la*s« x, the aaynptotie fora of U/^v^W agala being 

glTea Iqr (43*8)* Alao for tttia oaaa U^ N (*/ la aijqOjr related to an 

aaaoolated La^uerre

/ }s(rl

wherei

Le

The nomeliiation integral for l^/M, (xj oaa be carried out la tale 

oase
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Appendix 4* The Ctae-dimeneionel hydrogen Atom Equation.

la aa infinite aagaetio field the effective potential is given 

(4.10) aad the wave-equation for the e-motion (4*7) takea the fonts

This is Just the wave-equation for the one-diaensionel hydrogen atesu 

All the levels of the eyotem are twofold degenerate » exoept for the 

ground state whioh is a state of iafiaite binding energy looaliced at 

tho point s » 0* We justify those etatements by a study of the bound

state solutions of (M*l)«

Introduce a quantity ck by takingi

Define a Bohr length*

aad ohange the variable in (M-l) tot

X r ?2 (A4.4)

obtaiaiagi
$ I '• • •< li

f • 0 (M.5)
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wmve~equfttlon haa therefore been roduoad to Whit taker's form of

tho confluent hyperffeonetric aquation (Al,l) with m » £. Conalder 

fl*at tho ration X > 0 . Wo have ahaim la appendix 3 that the 

solution of (A4*5) *hi«h tosde to earo aa a taada to infinity la a 

ftootloa

sorlea expanaion may be obtained from these two equationat_-l* r
wx , **j«_

V»t
(M.6)

wharat
• I.-I

Tha funotion ^ LV X la finite at x « 0 but it haa infinite alope 

there axoept when «C la a poaitire iatager. An aoeeptable wave- 

funotioa oaa therefore onljr bo formed when A la a poaltlTe Integer 

V a. ^ 1. "• » The bound atata anavgloa aa given fcy equation (M«2) 

aro juat the Balaer aaavfioa BO that the ana* and threo~dlaeiialonal 

hydrogen atoms have coramon energy levela. The form of W^ 1 (x / 

alBpllfiee eonaiderably for thoaa partioular values of ot • Ueing 

(Al»28) w* havei

(M.7)
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We have therefore shewn that f or X > O the wave-funotion of the 

systea let

where B la a nornaliftation eonstant* Similarly for X < O it may be 

shewn thatt
*t i i / \
x L,(:V (M.9)

C being another normalisation constant.

We now require to Join together the two solutions (A4»8) 

and (M«9) at the point x » 0» Since the potential of the problem IB 

invariant under the reflection z - — •> - Z f we may insist that the 

wave~functions b» either even or odd functions of s* The wave-functions 

(M»8) snd (M*9) have finite slopes for email I x | t but the wave* 

equation (M*5) has a regular singular point at at » 0 giving rise to 

the possibility of a singularity in the second derivative of the 

ware-funotion at thla point* There is thus some uncertainty as to 

whether or not (A4*8) and (A4*9) can be Joined together to give an 

even ware-function. To investigate this wo oonslder the problem with

the potential slightly different » visi
t

(M.10)

where & is a positive quantity very much amaller than the Bohr 

length d0 t aa* *&ioh we shall eventually allow to tend to sero so as 

to reproduce the original potential* For large 1*1 (M.10) la little
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e,

from ~~ T, but the new potential rergaine finite at • • 0 

instead of hating a pole*

The wave-equation is atlll of the fora (M.5) but the 

variable la now*

for

' l X r - — fc-i for Z < 0

There is therefore a lower bound of 77 to the range of values 

which I* I can take* The modification we have made to the potential 

Is such that the potential energy of the electron is higher at all 

points, and we may therefore expect the energy levels of the system 

to be raised slightly above the Balster enexglee* Heferring to (M»2) 

we eee that the values of oC for which elgenfttnotions can be formed 

will be slightly higher than the positive integers. This may be 

conveniently expressed by defining the Quantum defect "* of a level 

as the difference between the value of * to which it corresponds 

and the Integer 9 close to oC s

$1 s d - V (M*12) 

For <\ « <+Q we shall have <fy « \ , and <fv —* 0 as a —^ 0 .

The weve-fUnotion is still Wj j.(|^|) given by (A4.6*). <* is 

not now Integral so the function has infinite slope at x* « 0» but this 

does not matter since the point x1 «• 0 i» not included in the physical

domain of x* •
The solutions for positive and negative z can be Joined
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at 0 » 0 to form both evoa and odd ware-functloaa* For an 

odd state w» requires

• •
for an even atatei

Ji
If s •=-

Thaeo ooiaditlons girw the «i^enTalu90 of th« ayaton for a giren value

of ^ . Ualag (M«6) 199 keep oaljr the terms whioh are dominant when
ift X = — la rery anall and •< 10 close to a poeitive latofor* The

oondltioiui then booonoi 

Qddatatot 

Even statei

Henoe uaing (A4.15) and (M*16) the quantum defecte arts

Odd etatei

Sven statet
J* - - ° *

12 0h*n» how tho qpuatom defoot <f, varlea irtth ^[^ for both
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tho odd and the oven «tate* <?v behaves in a similar manner for tho 

other value* of V . Tho ourvea wore oaloulatod using tho ooaploto 

expression (M.6) for VV^M and not tho approximate equations 

(M.18) and (M.19) *hl«h hold only at the lower end of tho \0 aoalo 

where S ( « I * Note that tho even state quantum def eot plunge* to 

Boro TOT? steeply close to tho origin*

In addition to theao eeriee of odd and even states having 

their quantum numbers eC close to tho positive integers, there is 

another Btato having d close to sero. For euoh a value of oC , 

IB no longer an inportaat term in (M.6), and ^X becomes tho 

dominant torn in el * Eonoo for this case the eigenvalue conditions 

(M.13) and (M.U) booomot

Odd Btatot

j. - 
Sven Btatoi \5 lie Til

Equation (M«20) has no solution for 4« S» ao that there is only 

one Btato having ol « 1 « IMa even atato is tho ground state in tho 

potoatial (M.10). Since f or )} = 0 , cA is equal to tho quantum 

defect <T0 , equation (M.21) can bo regarded as an equation for tho

quantum defect of tho ground state.

Since tho quantum defoot for the even state is always 

larger than that for tho oorreaponding odd state f the states 

alternate between even and odd aa wo move up tho energy scale with an 

•von atato lowest. Figure U shews tho odd and even wave-functions
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v , Cl Q

for whioh * —— > I ae ^ — > 0 , for the particular value ^ » • I .

A rather large iraluo of s£ haa beea ohoeen so aa to ahew clearly the 

shape of the even wave-function in the region of the origin. The 

quantum defeota for the odd and evea atatea are «14 and .50 

respectively.

We now wish to obtain the solution to the one-dimensional 

hydrogen atom problem bgr taking the limit (X— >0 * We observe that 

however email a value of 0. wo may ehooae» it ia still poaaible to 

find values of <*• such that (M*15) e»d (M-16) are satisfied, the 

required valuea of ol tending to the positive iategere aa Ct— >D. 

Heaoe la the limit G. = 0 there exist pairs of degenerate odd and 

even state* having the Balraer energies, whose wave-functions for 

positive and negative ft are given by the expressions (M»8) *nd (M*9) 

respectively t Joined together at ft * 0 to fora a function of the 

oorreot parity* Figure 14 shews the pair of wave-functions having the 

Balner energy corresponding to * - I . For positive « the wave-

functions are euperimposed. The two wave-functions in figure 13
Ct, transform continuously into those of figure 14 as ^ changes frea -1

tO KOTO*

The final nonaslized expressions for the wave -functions

are*

Odd etatee,
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(M.23)

Remarks similar to the above apply also in the oase of the ground 

otate. Aa (X—>0 , * —> 0 ao that in the limit a s 0 the ground 

atate has infiaite binding emeigy* thia atate waa adaaed in ottr 

OtfiginaJ, aolutloa of the 

inapeotioc of (M*5) that the ^rouad atate wave-fttnotion ia & * The 

aornalined ground state ivave^funotion ia thersforei.iQrouod atatoi

We note that | ^ I z ^ izy *® ^a* the ground state «av»~£iinotio& 

ia looalifted at the
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