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Abstract

This paper describes the conic operator splitting method (COSMO) solver, an operator
splitting algorithm and associated software package for convex optimisation problems
with quadratic objective function and conic constraints. At each step, the algorithm
alternates between solving a quasi-definite linear system with a constant coefficient
matrix and a projection onto convex sets. The low per-iteration computational cost
makes the method particularly efficient for large problems, e.g. semidefinite programs
that arise in portfolio optimisation, graph theory, and robust control. Moreover, the
solver uses chordal decomposition techniques and a new clique merging algorithm
to effectively exploit sparsity in large, structured semidefinite programs. Numerical
comparisons with other state-of-the-art solvers for a variety of benchmark problems
show the effectiveness of our approach. Our Julia implementation is open source,
designed to be extended and customised by the user, and is integrated into the Julia
optimisation ecosystem.
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1 Introduction
We consider convex optimisation problems in the form

minimise [ (x)
subject to g; (x) <k, 0,i=1,...,1 (D)
hi(x) =0, i=1,...,k,

with proper convex cones K; € R” and where we assume that both the objective
function f: R” — Rand the inequality constraint functions g; : R" — R are convex,
and that the equality constraints /; (x) = al.T x — b; are affine. Convex optimisation
problems feature heavily in a wide range of research areas and industries, including
problems in machine learning [16], finance [14], optimal control [12], and operations
research [11]. Concrete examples of problems fitting the general form (1) include
linear programming (LP), convex quadratic programming (QP), second-order cone
programming (SOCP), and semidefinite programming (SDP) problems. Methods to
solve each of these standard problem classes are well known and a number of open- and
closed-source solvers are widely available. However, the trend for data and training
sets of increasing size in decision making problems and machine learning poses a
challenge for state-of-the-art software.

The most common approach taken by modern convex solvers is the interior-point
method (IPM) [63], which stems from Karmarkar’s original projective algorithm [35],
and is able to solve both LPs and QPs in polynomial time. IPMs have since been
extended to problems with positive semidefinite (PSD) constraints in [3,30]. The
primal-dual IPMs apply variants of Newton’s method to iteratively find a solution
to a set of optimality KKT conditions. At each iteration, the algorithm alternates
between a Newton step that involves factoring a Jacobian matrix and a line search
to determine the magnitude of the step to ensure a feasible iterate. Most notably, the
Mehrotra predictor—corrector method in [39] forms the basis of several implementa-
tions because of its strong practical performance [62]. However, IPMs typically do
not scale well for very large problems since the Jacobian matrix must be re-calculated
and re-factored at each step.

There are two main approaches to overcome this limitation, both of which are
areas of active research. The first of these is a renewed focus on first-order methods
with computationally cheaper per-iteration-cost. First-order methods are known to
handle larger problems well at the expense of reduced accuracy compared to IPMs.
In the 1960s, Everett [21] proposed a dual decomposition method that allows one
to decompose a separable objective function, making each iteration cheaper to com-
pute. Augmented Lagrangian methods by Miele [40—42], Hestenes [31], and Powell
[49] are more robust and helped to remove the strict convexity conditions on prob-
lems, while losing the decomposition property. By splitting the objective function, the
alternating direction method of multipliers (ADMM)), first described in [25], allowed
the advantages of dual decomposition to be combined with the superior convergence
and robustness of augmented Lagrangian methods. Subsequently, it was shown that
ADMM can be analysed from the perspective of monotone operators as a special
case of Douglas—Rachford splitting [20] as well as of the proximal point algorithm in
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[52], which allowed further insight into the method. ADMM methods are simple to
implement and computationally cheap, even for large problems. However, they tend to
converge slowly to a high accuracy solution and the detection of infeasibility is more
involved. Thus, they are typically used in applications where a modestly accurate
solution is sufficient [48].

The second area of active research has been the exploitation of sparsity in the
problem data. A method of exploiting the sparsity pattern of PSD constraints in an
IPM was developed in [24]. This work showed that if the coefficient matrices of an
SDP exhibit an aggregate sparsity pattern represented by a chordal graph, then both
primal and dual problems can be decomposed into a problem with many smaller
PSD constraints on the nonzero blocks of the original matrix variable. These blocks
are associated with subsets, called cligues, of graph vertices. Moreover, it can be
advantageous to merge some of these blocks, for example, if they overlap significantly.
The optimal way to merge the blocks, or equivalently the corresponding graph cliques,
after the initial decomposition depends on the solver algorithm and is still an open
question. Sparsity in SDPs has also been studied for problems with underlying graph
structure, e.g. optimal power-flow problems in [44] and graph optimisation problems
in [2].

Related Work Widely used solvers for conic problems, especially SDPs, include
SeDuMi [57], SDPT3 [59] (both open source, MATLAB), and MOSEK [45] (com-
mercial, C) among others. All of these solvers implement primal-dual IPMs. Both
Fukuda [24] and Sun [58] developed interior-point solvers that exploit chordal spar-
sity patterns in PSD constraints. Some heuristic methods to merge cliques have been
proposed for IPMs in [44] and been implemented in the SparseCoLO package [22]
and the CHOMPACK package [4]. Several solvers based on the ADMM method have
been released recently. The solver OSQP [56] (C) detects infeasibility based on the
differences of the iterates [7], but only solves LPs and QPs. The C-based SCS [47]
implements an operator splitting method that solves the primal-dual pair of conic
programs in order to provide infeasibility certificates. The underlying homogeneous
self-dual embedding method has been extended by [66] to exploit sparsity and imple-
mented in the MATLAB solver CDCS. The conic solvers SCS and CDCS are unable
to handle quadratic cost functions directly. Instead, they are forced to reformulate
problem with quadratic objective functions by adding a second-order cone constraint,
which increases the problem size and removes any favourable sparsity. Moreover, they
rely on self-dual embedding formulations to detect infeasibility.

Outline In Sect. 2, we define the general conic problem format of interest and
describe the ADMM algorithm used by COSMO. Section 3 explains how to apply
chordal decomposition to large sparse SDPs. In Sect. 4, we describe a new clique
merging strategy for SDPs and compare it to existing approaches. Implementation
details and code-related design choices are discussed in Sect. 5. Section 6 shows
benchmark results of COSMO vs. other state-of-the art solvers on a number of test
problems. Section 7 concludes the paper.

Contributions In this paper we make the following contributions:

1. We describe a first-order method for large conic problems that directly supports
quadratic objective functions, thus reducing overheads for applications with both
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quadratic objective function and PSD constraints. This also avoids a major disad-
vantage of conic solvers compared to native QP solvers, i.e. no additional matrix
factorisation for the conversion is needed and favourable sparsity in the objective
can be maintained. These benefits are demonstrated using benchmark sets of QPs
and SDPs with norm constraints.

2. For large SDPs with complex sparsity patterns, we show that substantial perfor-
mance improvements can be achieved relative to standard chordal decomposition
methods by recombining some of the sub-blocks (i.e. the cliques) of the initial
decomposition in an optimal way. We show that our new clique graph-based merg-
ing strategy reduces the projection time of the algorithm by up to 60% in benchmark
tests. The combination of this decomposition strategy with a multithreaded pro-
jection step allows us to solve very large sparse and structured problems orders of
magnitudes faster than competing solvers.

3. We describe our open-source solver COSMO written in the fast and flexible pro-
gramming language Julia. The design of this package is highly modular, allowing
users to extend the solver by specifying a custom linear system solvers and by
defining their own convex cones and custom projection methods. We show how
a custom projection method can speed up the algorithm by a factor of 5 for large

QPs.

Notation The following notation and definitions will be used throughout this
paper. Denote the space of real numbers R, the n-dimensional real space R”, the
n-dimensional zero cone {0}", the nonnegative orthant R” , the space of symmetric
matrices S", and the set of positive semidefinite matrices S,. Denote the vec-
torisation of a matrix X by stacking it columns as x = vec(X) and the inverse
operation as vec ™! (X) = mat(x). We denote the space of vectorised symmetric pos-
itive semidefinite matrices as S'f. For a convex cone K, denote the polar cone by

K = {y e R" | sup(x, y) < O} and, following [51], the recession cone of K by
xelkC
K®={yeR"|x+ay €K, Vx € K, Ya > 0}. We denote the indicator function of

a nonempty, closed convex set C C R” by /¢ and the projection of x € R" onto C by
Me(x) = argmin [|x — y|3.
yeC

2 Problem Description and Core Algorithm

We address convex optimisation problems with a quadratic objective function and a
number of conic constraints in the standard form:

minimise %xTPx +q'x ?)
subjectto Ax +s =b, s € K,

where x € R" is the primal decision variable and s € R™ is the primal slack variable.
The objective function is defined by positive semidefinite matrix P € S’ and vector
q € R"™. The constraints are defined by matrix A € R"™*", vector b € R” and a
non-empty, closed, convex cone K which itself can be a Cartesian product of cones in
the form
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K= KM K2 - KN 3)

with cone dimensions ZZNZ ym; = m. Note that any LP, QP, SOCP, or SDP can
be written in the form (2) using an appropriate choice of cones. The conditions for
optimality (assuming linear independence constraint qualification) follow from the
Karush—Kuhn-Tucker (KKT) conditions:

Ax+s=b, Px+q—A'y=0, sek, ye (K>®?°. 4)

Assuming strong duality, if there exists a x* € R”, s* € R™, and y* € R™ that
fulfil (4) then the pair (x*, s*) is called the primal solution and y™* is called the dual
solution of problem (2).

ADMM Algorithm We employ the splitting used in [56] and extend it to accom-
modate constraints defined using proper convex cones and transform problem (2)
into ADMM-compatible format. The problem is rewritten by introducing the dummy
variables ¥ = x and § = s:

minimise %J?TP)Z +q "% + Laxys=b(%, 5) + Ic(s)
subject to(¥, §) = (x, 5), 5)

where the indicator functions of the sets {(x,s) € R” x R" | Ax +s = b} and K
were used to move the constraints of (2) into the objective. We then apply standard
form ADMM [13] to (5) and refer the reader to [56] for a derivation of the algorithm
steps shown in Algorithm 1.

Algorithm 1: ADMM iteration

Input : initial values 2°, s°, 4, problem data P, g, A, b, penalty parameters o > 0, p > 0,
and relaxation parameter o € (0, 2)

1 Do

2
F—sb+ %yk

2 (Z*H1 5 )« argminiTPE+q 3+ % Hi - ZL"HZ +4 ‘ )

Ai+35=b

3 2P Tlgn (oz:i"“+1 +(1- a)xk);

4 s T (aék“ + (1 —a)sk + %y"),

5 yk+1 . yk +p((},§k+1 + (1 _ 0()9]‘ _ sk+1);
6 while rermination criteria not satisfied,

The evaluation of line 2 of the algorithm amounts to solving an equality constrained
QP in the variables x and 5. The solution is obtained from the reduced linear system
representing the corresponding KKT optimality conditions

P+ol AT ik“} [ —q +oxt } <kl _ ok 1<k+1 k
= , S =s"—— (v + ), 6
[ A —%1] [Ukﬂ b—sk+ Lyt P ). ©

with dual variable v € R™.
The particular choice of splitting in (5) ensures that the coefficient matrix in (6)
is always quasi-definite, and hence always has a well-defined LDLT factorisation.
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Assuming a problem dimension N = m + n, the factorisation must be computed only
once at the start of the algorithm at a cost of %N 3 flops. Afterwards, the evaluation
of line 2 involves forward- and back-substitution steps involving at most 2N2 flops.
However, in practice the coefficient matrix is very sparse, so a permutation allows us
to achieve much sparser factors and therefore computationally cheaper substitution
steps. Lines 3 and 5 involve only vector scaling and additions at a complexity of O(n)
and O(m), respectively. The projection onto /C in line 4 is crucial to the performance
of the algorithm depending on the particular cones employed in the model: projections
onto the zero-cone or the nonnegative orthant are inexpensive at O(m), while a pro-
jection onto the positive-semidefinite cone of dimension nx involves an eigenvalue
decomposition. Since direct methods for eigendecompositions have a complexity of
O(n;’C), this turns line 4 into the most computationally expensive operation of the
algorithm for large SDPs; Sects. 3 and 4 describe how to improve the efficiency of
this step.

Termination Criteria To measure progress of the algorithm, we define the primal and
dual residuals of the problem as:

rp=Ax+s—b, rq=Px+q—A'y. (7a)

According to Section 3.3 of [13], a valid termination criterion is that the size of the
norms of the residual iterates in (7) are small. Our algorithm terminates if the residual
norms are below the sum of an absolute and a relative tolerance term:

IA

vl (8a)

) e

€abs + €re] Max { H Axk H , ‘
o0

g
r
Il..

k
|l
o

IA

k
€abs +6relmaX{HPx Hoo’ ||61||oo, ‘

where €,p¢ and €] are user defined tolerances. Moreover, we use the infeasibility
conditions based on one-step differences 8x* = x*k — xk=1 §yk = yk — yk=1jn [7]
to detect infeasibility and provide certificates.

3 Chordal Decomposition

As noted in Sect. 2, for large SDPs the principal performance bottleneck for Algo-
rithm 1 is the eigendecomposition required in the projection step of line 4. However,
since large-scale SDPs often exhibit a certain structure or sparsity pattern, a sensible
strategy is to exploit any such structure to alleviate this bottleneck. It is well known
that, if the aggregated sparsity pattern is chordal, Agler’s [1] and Grone’s [28] the-
orems can be used to decompose a large PSD constraint into a collection of smaller
PSD constraints and additional coupling constraints. The projection step applied to
the set of smaller PSD constraints is usually significantly faster than when applied
to the original constraint. Since the projections are independent, they are also easily
parallelised.
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Fig. 1 a Aggregate sparsity pattern, b sparsity graph G(V, E), and ¢ clique tree 7 (B3, &)

In this section, we describe the standard mathematical machinery behind chordal
decomposition, with a view to improving it substantially in Sect. 4 when applied to
large-scale SDPs.

3.1 Graph Preliminaries

In the following, we define graph-related concepts that are useful to describe the
sparsity structure of a problem. A good overview of this topic is given in the survey
paper [61]. Consider the undirected graph G(V, E) with vertex set V = {1, ..., n}
and edge set E C V x V.If all vertices are pairwise adjacent, i.e. E = {{v,u} | v,u €
V', v # u}, the graph is called complete. We follow the convention of [61] by defining
aclique as a subset of vertices C C V that induces a maximal complete subgraph of G.
The number of vertices in a clique is given by the cardinality |C|. A cycle is a path of
edges (i.e. a sequence of distinct edges) joining a sequence of vertices in which only
the first and last vertices are repeated. The following decomposition theory relies on a
subset of graphs that exhibit the important property of chordality. A graph G is chordal
(or triangulated) if every cycle of length greater than three has a chord, which is an
edge between nonconsecutive vertices of the cycle. A non-chordal graph can always
be made chordal by adding extra edges. An undirected graph with n vertices can be
used to represent the sparsity pattern of a symmetric matrix S € S". Every nonzero
entry S;; # 0 in the lower triangular part of the matrix introduces an edge (i, j) € E.
An example of a sparsity pattern and the associated graph is shown in Fig. 1a, b.

For a given sparsity pattern G(V, E), we define the following symmetric sparse
matrix cones:

S"(E,00)={SeS"|8;=S;;=0ifi # jand (i, j) ¢ E}, )

Sh (E,0)={S eS"(E,0)| S >=0}. (10)
Given the definition in (9) and a matrix S € S" (E, 0), note that the diagonal entries
S;; and the off-diagonal entries S;; with (i, j) € E may be zero or nonzero. Moreover,
we define the cone of positive semidefinite completable matrices as

S"(E,?) = {Y 130 €S, Y, = Vyj.ifi = jor(i, j) € E} (11)
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Foramatrix ¥ € §'| (E, ?), we can find a positive semidefinite completion by choosing
appropriate values for all entries (i, j) ¢ E. An algorithm to find this completion is
described in [61]. An important structure that conveys a lot of information about the
nonzero blocks of a matrix, or equivalently the cliques of a chordal graph, is the clique
tree (or junction tree). For a chordal graph G, let B = {Cy,...,C,} be the set of
cliques. The clique tree 7 (3, £) is formed by taking the cliques as vertices and by
choosing edges from & € B x B such that the tree satisfies the running-intersection
property, i.e. for each pair of cliques C;, C; € B, the intersection C; N C; is contained
in all the cliques on the path in the clique tree connecting C; and C;. This property
is also referred to as the clique-intersection property in [46] and the induced subtree
property in [61]. For a given chordal graph, a clique tree can be computed using the
algorithm described in [15]. The clique tree for an example sparsity pattern is shown in
Fig. lc. In a post-ordered clique tree the descendants of a node are given consecutive
numbers, and a suitable post-ordering can be found via depth-first search. For a clique
C¢, we refer to the first clique encountered on the path to the root as its parent clique
Cpar- Conversely Cy is called the child of Cpy. If two cliques have the same parent
clique we refer to them as siblings.

We define the function par : 2V — 2V and the multivalued function ch : 2V = 2V
such that par(Cy) and ch(Cy) return the parent clique and set of child cliques of Cy,
respectively, where 2V is the power set (set of all subsets) of V. Note that each clique
in Fig. 1c has been partitioned into two sets. The upper row represents the separators
ne = Ce Npar(Cy), i.e. all clique elements that are also contained in the parent clique.
We call the sets of the remaining vertices shown in the lower rows the cligue residuals
or supernodes vy = C¢\n¢. Keeping track of which vertices in a clique belong to the
supernode and the separator is useful as the information is needed to perform a positive
semidefinite completion. Following the authors in [29], we say that two cliques C;, C;
form a separating pair P;; = {C;, C,} if their intersection is non-empty and if every
path in the underlying graph G from a vertex C;\C; to a vertex C;\C; contains a vertex
of the intersection C; N C;.

3.2 Agler’s and Grone’s Theorems

To explain how the concepts in the previous section can be used to decompose a
positive semidefinite constraint, we first consider an SDP in standard primal form and
standard dual form:

minimise (C, X) maximise b 'y
subject to (Ag, X) = bx, k =1,...,m subject to Y jo, Axyk +S=C (12)
X e, S esh,

with variable X, coefficient matrices Ay, C € S", dual variable y € R™ and slack
variable S. Let us assume that the problem matrices in (12) each have their own
sparsity pattern Ay € S"(E4,,0) and C € S"(Ec, 0). The aggregate sparsity of the
problem is given by the graph G(V, E) withedgeset E = Eo,UE4,U---UE, UEC.
In general G(V, E) will not be chordal, but a chordal extension can be found by adding
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edges to the graph. We denote the extended graph as G(V, E), where E C E. Finding
the minimum number of additional edges required to make the graph chordal is an NP-
complete problem [64]. Consider a 0—1 matrix M with edge set E. A commonly used
heuristic method to compute the chordal extension is to perform a symbolic Cholesky
factorisation of M [24], with the edge set of the Cholesky factor then providing the
chordal extension E. To simplify notation, we assume that E represents a chordal graph
or has been appropriately extended. Using the aggregate sparsity of the problem, we
can modify the constraints on the matrix variables in (12) to be in the respective sparse
positive semidefinite matrix spaces:

X eS| (E,?) and S € S (E, 0). (13)

We further define the entry-selector matrices 7y € RIC!!*" for a clique C; with
(Te)ij = 1if Co(i) = j and O otherwise, where Cy (i) is the ith vertex of Cy.

Assume that the sparsity pattern of the constraint is defined by a chordal graph
G(V, E) with a set of maximal cliques {Ci, ..., Cp}. Then, we can express the con-
straints in (13) in terms of multiple smaller coupled constraints using Grone’s and
Agler’s theorems:

Grone’s theorem [39] : X € S| (E,?) & Xy = TgXTZT € S‘f‘l, fore =1,...,p.
Agler’s theorem [38] : S € S.(E,0) < 3, € S fore =1,..., p
st. S=Y0 1,87,

Applying Grone’s theorem to the primal form SDP in (12) while restricting X to
the positive semidefinite completable matrix cone as in (13) yields the decomposed
primal SDP:

minimise (C, X) maximise by
subject to (Ax, X) = by, subjectto Y ;. Agyk+
T P T (14)
X =T XT, 215:1% SeTy =C
XZESE“, SZGSLdv
fork =1,...,mand £ = 1,..., p. Similarly, by utilising Agler’s theorem we can

transform the dual form SDP in (12) with the restriction on S in (13) to obtain the
decomposed dual SDP. Note that the matrices Ty serve to extract the submatrix Sy
such that Sy = 7S TKT has rows and columns corresponding to the vertices of the Cy.

4 Clique Merging

Given an initial decomposition with (chordally completed) edge set E and a set of
cliques {C1, ..., Cp}, we are free to re-merge cliques back into larger blocks. This is
equivalent to treating structural zeros in the problem as numerical zeros. Considering
the decomposed dual problem in (14), the effects of merging two cliques C; and C; are
twofold. First, we replace two positive semidefinite matrix constraints of dimensions
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ICi| and |C;| with one constraint on a larger clique with dimension |C; U C; |, where
the increase in dimension depends on the size of the overlap. Second, we remove
consistency constraints for the overlapping entries between C; and C;, thus reducing
the size of the linear system of equality constraints. When merging cliques these two
factors must be balanced, and the optimal merging strategy depends on the particular
SDP solution algorithm employed.

In [46,58], a clique tree is used to search for favourable merge candidates. We will
refer to their two approaches as SparseCoLO and the parent—child strategy, respec-
tively, in the sequel. We will then propose a new merging method in Sect. 4.2 whose
performance is superior to both methods when used in ADMM. Given a merging strat-
egy, Algorithm 2 describes how to merge a set of cliques within the set 3 and update
the edge set £ accordingly.

Algorithm 2: Function mergeCliques(B, &, B,,).
Input : A set of cliques B with edge set £, a subset of cliques
By = {Cm1,Cm2, -, Cmr} C B to be merged.
Output: A reduced set of cliques B with edge set £ and the merged clique C,,,.
E+E&;
Con <~ Cn1 UCpaU---UCp s
B (B\ By)U{Cu}:
Remove edges {(C;,C;) | i # j, C;,C; € By} in &
Replace edges {(C;,C;) | C; € B,,,,C; ¢ B,,} with (C,,,C;) in &,

17 N

4.1 Existing Clique Tree-Based Strategies

The parent—child strategy described in [58] traverses the clique tree depth-first and
merges a clique C; with its parent clique Cpar¢y = par(Cy) if at least one of the two
following conditions are met:

(’Cpar(()’ - |77€|) (ICel = Inel) < tan, max {|V€| ) Vpar(@)’} = Isize, (15)
with heuristic parameters #g); and f,.. These conditions keep the amount of extra fill-
in and the supernode cardinalities below the specified thresholds. The SparseCoLO
strategy described in [23,46] considers parent—child as well as sibling relationships.
Given a parameter o > 0, two cliques C;, C; are merged if the following merge
criterion holds

min NG| [Ging| > 0. (16)
cil el )T

This approach traverses the clique tree depth-first, performing the following steps for
each Cy:

1. For each clique pair {(Ci, C;) | C;, C; € ch (Cp)}, check if (16) holds, then:

— C; and C; are merged, or
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S =
@

2,Ve Ve
G'G S e

(@ (b)

Fig. 2 Sparsity graph (a) that can lead to clique tree (b) with an advantageous “nephew—uncle” merge
between Cy and C3

- if (C; UCj) D Cy, then C;, C;, and C; are merged.
2. For each clique pair {(C;, C¢) | C; € ch (Cy)}, merge C; and Cy if (16) is satisfied.

We note that the open-source implementation of the SparseCoLO algorithm described
in [46] follows the algorithm outlined here, but also employs a few additional heuristics.
An advantage of these two approaches is that the clique tree can be computed easily and
the conditions are inexpensive to evaluate. However, a disadvantage is that choosing
parameters that work well on a variety of problems and solver algorithms is difficult.
Secondly, clique trees are not unique and in some cases it is beneficial to merge
cliques that are not directly related on the particular clique tree that was computed. To
see this, consider a chordal graph G(V, E) consisting of three connected subgraphs
G,(Vy, Eg), Gp(Vp, Ep) and G.(V,, E.) with:

Vo =13,4,..., mg}, Vp ={mg+2,mqg +3,..., mpt, Ve ={mp+1,mp+2,..., me}

and some additional vertices {1, 2, m,+ 1}. The graph is connected as shown in Fig. 2a,
where the complete subgraphs are represented as nodes V,, Vj,, V.. A corresponding
clique tree is shown in Fig. 2b. By choosing the cardinality | V.|, the overlap between
cliques C; = {1,2} U V. and C3 = {m, + 1} U V. can be made arbitrarily large while
[Val, | V| can be chosen so that any other merge is disadvantageous. However, neither
the parent—child strategy nor SparseCoLO would consider merging C; and C3 since
they are in a “nephew—uncle” relationship. In fact, for the particular sparsity graph
in Fig. 2a, eight different clique trees can be computed. Only in half of them do the
cliques C; and C3 appear in a parent—child relationship. Therefore, a merge strategy
that only considers parent—child relationships would miss this favourable merge in
half the cases.

4.2 A New Clique Graph-Based Strategy

To overcome the limitations of existing strategies, we propose a merging strategy based
on the reduced clique graph G(B, &), which is defined as the union of all possible
clique trees of G; see [29] for a detailed discussion. The set of vertices of this graph
is given by the maximal cliques of the sparsity pattern. We then create the edge set &
by introducing edges between pairs of cliques (C;, C;) if they form a separating pair
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Pij. We remark that & is a subset of the edges present in the cligue intersection graph
which is obtained by introducing edges for every two cliques that intersect. However,
the reduced clique graph has the property that it remains a valid reduced clique graph of
the altered sparsity pattern after performing a permissible merge between two cliques.
This is not always the case for the clique intersection graph. For convenience, we
will refer to the reduced clique graph simply as the clique graph in the following
sections. Based on the permissibility condition for edge reduction in [29], we define
a permissibility condition for merges:

Definition 4.1 (Permissible merge) Given a reduced clique graph G(B, §), a merge
between two cliques (C;, C;) € & is permissible if for every common neighbour Cy it
holds that C; N Cx = Cj N Ck.

We further define an edge weighting function e (C,-, Cj) = w;; withe: 2V x2V 5 R
that assigns a weight w;; to each edge (C;, C;) € &: This function is used to estimate
the per-iteration computational savings of merging a pair of cliques depending on the
targeted algorithm and hardware. It evaluates to a positive number if a merge reduces
the per-iteration time and to a negative number otherwise. For a first-order method,
whose per-iteration cost is dominated by an eigenvalue factorisation with complexity
(9(|C 1? ) a simple choice would be:

e(Ci,Cj)Z|Ci|3+|Cj|3—|CiUCj‘3. (17)

More sophisticated weighting functions can be determined empirically; see Sect. 6.1.
After a weight has been computed for each edge (C;, C;) in the clique graph, we merge
cliques as outlined in Algorithm 3. This strategy considers the edges in terms of their
weights, starting with the permissible clique pair (C;, C;) with the highest weight w;;.
If the weight is positive, the two cliques are merged and the edge weights for all edges
connected to the merged clique C,, = C; U C; are updated. This process continues
until no edges with positive weights remain.

Algorithm 3: Clique graph-based merging strategy.
Input : A weighted clique graph G(B, €).
Output: A merged clique graph G(B, £).

1 B+ Band f «— &

2 STOP < false;

3 while /STOP do

4 choose permissible edge (C;, C;) with maximum w;;;
5 if w;j > 0 then

6 Bm — {Ci,Cj};

7 3, f ,Cpn < mergeCliques (l?,, f , Bm>;

8 for each edge (C,,,Cy) € f do

9 L update wye < €(Cpm, Cr);

10 else

1 | STOP + true;

The clique graph for the clique tree in Fig. 1c is shown in Fig. 3a with the edge
weighting function in (17). Following Algorithm 3, the edge with the largest weight
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is considered first and the corresponding cliques are merged, i.e. {3, 6,7, 8} and
{6,7,8,9}. The merge is permissible because both cliques intersect with the only
common neighbour {4, 5, 8} in the same way. The revised clique graph G(B, §) is
shown in Fig. 3b. Since no positively weighted edges remain, the algorithm stops.
After Algorithm 3 has terminated, it is possible to recompute a valid clique tree from
the revised clique graph. This can be done in two steps. First, the edge weights in
g (B, é‘) are replaced with the cardinality of their intersection w;; = |C,~ NnC j| for all
Ci.Cj) e €. Second, a clique tree is then given by any maximum weight spanning
tree of the newly weighted clique graph, e.g. using Kruskal’s algorithm described in
[36].

Our merging strategy has several clear advantages over competing approaches.
Since the clique graph covers a wider range of merge candidates, it will consider edges
that do not appear in clique tree-based approaches such as the “nephew—uncle” example
in Fig. 2. Moreover, the edge weighting function allows one to make a merge decision
based on the particular solver algorithm and hardware used. One downside is that this
approach is more computationally expensive than the other methods. However, our
numerical experiments show that the time spent on finding the clique graph, merging
the cliques, and recomputing the clique tree is only a very small fraction of the total
computational savings relative to other merging methods when solving SDPs.

5 Open-Source Implementation

We have implemented our algorithm in the conic operator splitting method (COSMO),
an open-source package written in Julia [9]. The source code and documentation are
available at https://github.com/oxfordcontrol/COSMO jl.

Problems can be passed to COSMO via a direct interface, the Julia modelling
packages JuMP [19] and Convex.jl [60], and a Python interface. By default, COSMO
supports the zero cone, the nonnegative orthant, the hyperbox, the second-order cone,
the PSD cone, the exponential cone and its dual, and the power cone and its dual.

3,6,7,8,9 -191

(b)

Fig. 3 a Clique graph G(B, §) of the clique tree in Fig. lc with edge weighting function e(C;, C;) =

|C; |3 + \Cj |3 — \C,- U Cj |3 and b clique graph g(B, é) after merging the cliques {3, 6, 7, 8} and {6, 7, 8, 9}
and updating edge weights
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We further allow the user to define their own convex cones' and custom projection
functions. To implement a custom cone K, the user must provide a projection function
that projects an input vector onto the cone. An example that shows the advantages
of defining a custom cone is provided in Sect. 6.3. Custom projection functions in
COSMO have been used by the authors in [53] to reduce solve time by a factor of 20.
To solve the linear system in (6) the user can choose a direct solver such as QDLDL
[56], SuiteSparse [17], Pardiso [34,55], or an indirect solver such as conjugate gradient,
minimum residual method.

Multithreaded Projection Given a problem with multiple conic constraints, i.e. K =
K1 x ---Kp, the projection step in Algorithm 1

1
sKH = 1y <a§k+l + (1 —a)sh+ —yk> (18)
o)

decomposes into p independent projections onto the individual cones and can be
parallelised. This is particularly advantageous when used in combination with chordal
decomposition, which typically yields a large number of smaller PSD constraints.

For the eigendecomposition involved in the projection step of a PSD constraint,
the LAPACK [6] function sveyr is used, which can also utilise multiple threads.
Consequently, this leads to two-level parallelism in the computation, i.e. on the higher
level the projection functions are carried out in parallel and each projection function
independently calls sveyr. Determining the optimal allocation of the CPU cores to
each of these tasks depends on the number of PSD constraints and their dimensions
and is a difficult problem. The impact of using different numbers of Julia threads and
different BLAS settings on the accumulated projection time is shown for two example
problems in Table 1.

We compare the cases that each call to sveyr is restricted to one single thread
or that it gets automatically chosen by BLAS. We generate a best case SDP problem
with a sparsity pattern, that can be decomposed into an equivalent problem with 120
10 x 10 PSD constraints. When each projection uses one thread, we see that doubling
the number of threads halves the projection time. When BLAS chooses the number
of threads for each projection dynamically we do not see an improvement for more
than four threads. Next, we generate an SDP that decomposes into a problem with
one dominant 400 x 400 block and 80 10 x 10 blocks. For the BLAS single-threaded
configuration, this means that the projection of the large matrix block dominates and
the number of threads do not make a significant difference.

Consequently, for the problem sets considered in Sect. 6 we achieved the best
performance by running sveyr single-threaded and using all physical cores to carry
out the projection functions in parallel.

I To allow infeasibility detection, the user has to either define a convex cone, a convex compact set, or a
composition of the two.
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Table 1 Impact of multithreading and BLAS settings on projection times

Threads® BLAS single-threaded® BLAS multithreaded®
Solve time (s) Proj. time (s) Solve time (s) Proj. time (s)

Same size bl.

1 56.29 30.72 58.33 32.06
2 42.04 16.16 43.05 16.41
4 34.10 8.51 37.08 8.87
8 30.39 4.77 36.41 8.54
Dominant block
1 27.58 8.48 26.63 6.53
2 28.08 7.46 28.48 8.30
4 26.03 6.92 26.70 6.60
8 27.81 7.04 28.96 7.89

@Number of Julia threads with MKL BLAS on 8 physical Intel Xeon E5-2560 cores
PBLAS calls are restricted to one CPU thread
“BLAS calls can request number of threads automatically (independent of Julia threads)

6 Numerical Results

This section presents QP and SDP benchmark results of COSMO against the interior-
point solver MOSEK v9.0 and the accelerated first-order ADMM solver SCS v2.1.1.
When applied to a QP, COSMO’s main algorithm becomes very similar to the
first-order QP solver OSQP. To test the performance penalty of using a pure Julia
implementation against a similar C implementation, we therefore also compare our
solver against OSQP v0.6.0 on QP problems. We selected a number of problem sets
to test different aspects of COSMO.

In Sect. 6.1, we first compare the impact of our clique graph-based merging algo-
rithm and other clique tree-based strategies on the projection time of our solver. The
clique graph-based merging strategy with COSMO is then compared to MOSEK and
SCS on large structured SDPs from the SDPLib benchmark set [10], non-chordal
SDPs generated with sparsity patterns from the SuiteSparse Matrix Collections [18],
and SDPs with block-arrow shaped sparsity pattern.

In Sect. 6.2, we demonstrate the advantage of directly supporting a quadratic objec-
tive function in a conic solver. This is shown first by solving the nearest correlation
matrix problem, a problem with both a quadratic objective and a positive semidefinite
constraint. Secondly, we show that our conic solver performs well on a classic QP
benchmark set, such as the Maros and Mészaros QP repository [38].

Finally, to highlight the advantages of custom constraints, we consider a problem
set with doubly stochastic matrices in Sect. 6.3.

All the experiments were carried out on a computing node of the University of
Oxford ARC-HTC cluster with 16 logical Intel Xeon E5-2560 cores and 64 GB of
DDR3 RAM. All the problems were run using Julia v1.3 and the problems were
passed to the solvers via MathOptlnterface [37]. To evaluate the accuracy of the
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returned solution, we compute three errors adapted from the DIMACS error measures
for SDPs [33]:

_Aax —balls _[Px+g—Alyal, _ [xTPx+qTx —b]ydl

T T bl T+lgl, 7 T aTx]+ bl vl

3 )

19)

where A,, b, and y, correspond to the rows of A, b and y that represent active
constraints. This is to ensure meaningful values even if the problem contains inactive
constraints with very large, or possibly infinite, values b;. The maximum of the three
errors for each problem and solver is reported in the results below. We configured
COSMO, MOSEK, SCS and OSQP to achieve an accuracy of € = 1073, We set the
maximum allowable solve time for the Maros and Mészaros problems to 5 min and
to 30 min for the other problem sets. Standard values were used for all other solver
parameters. COSMO uses a Julia implementation of the QDLDL solver to factor the
quasi-definite linear system. Similarly, we configured SCS to use a direct solver for
the linear system. The datasets generated and analysed in this section are available
from the corresponding author upon request.

6.1 Clique Merging for Decomposable SDPs

In this section, we first compare our proposed clique graph-based merge approach with
the clique tree-based strategies of [46,58], all of which were discussed in Sect. 4. We
then implement the clique graph-based approach in our solver and compare it against
other solvers on three different SDP problem sets.

Comparison of Clique Merging Strategies All three clique merging strategies discussed
in Sect. 4 were used to preprocess large sparse SDPs from SDPLib, a collection of
SDP benchmark problems [10]. This problem set contains maximum cut problems,
SDP relaxations of quadratic programs, and Lovasz theta problems. Moreover, we
consider a set of test SDPs generated from (non-chordal) sparsity patterns of matrices
from the SuiteSparse Matrix Collections [18]. Both problem sets have been used in
previous work to benchmark structured SDPs [5,66].

In this section, we consider the effect of different clique decomposition and merging
techniques on the per-iteration computation times of COSMO when applied to these
benchmark sets.

For the strategy described in [46], we used the SparseCoLO package to decompose
the problem. The parent—child method discussed in [58] and the clique graph-based
method described in Sect. 4.2 are available as options in COSMO. We further inves-
tigate the effect of using different edge weighting functions. The major operation
affecting the per-iteration time is the projection step. This step involves an eigenvalue
decomposition of the matrices corresponding to the cliques. Since the eigenvalue
decomposition of a symmetric matrix of dimension N has a complexity of O (N 3),
we define a nominal edge weighting function as in (17). However, the exact rela-
tionship will be different because the projection function involves copying of data
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and is affected by hardware properties such as cache size. We therefore also con-
sider an empirically estimated edge weighting function. To determine the relationship
between matrix size and projection time, the execution time of the relevant func-
tion inside COSMO was measured for different matrix sizes. We then approximated
the relationship between projection time, #,roj, and matrix size, N, as a polynomial
tproj(N) = aN 3 4+ bN?, where a, b were estimated using least squares. The weighting
function is then defined as

e(Ci, Cj) = tproj (ICi1) + tproj (|C;]) — tproj (G U Cj) - (20)

Six different cases were considered: no decomposition (NoDe), no clique merging
(NoMer), decomposition using SparseCoLO (SpCo), parent—child merging (ParCh),
and the clique graph-based method with nominal edge weighting (CG1) and estimated
edge weighting (CG2). The SparseCoL.O method was used with default parameters.
All cases were run single-threaded. Since the per-iteration projection times for some
problems lie in the millisecond range every problem was benchmarked ten times and
the median values are reported. Table 7 shows the solve time, the mean projection time,
the number of iterations, the number of cliques after merging, and the maximum clique
size of the sparsity pattern for each problem and strategy. The solve time includes the
time spent on decomposition and clique merging. We do not report the total solver
time when SparseCoLO was used for the decomposition because this has to be done
in a separate preprocessing step in MATLAB which was orders of magnitude slower
than the other methods.

Our clique graph-based methods lead to a consistent and substantial reduction in
required projection time, and consequently to a reduction in overall solver time. The
method with estimated edge weighting function CG2 achieves the lowest average
projection times for the majority of problems. In four cases, ParCh has a narrow
advantage. The geometric mean of the ratios of projection time of CG2 compared
to the best non-graph method is 0.701, with a minimum ratio of 0.407 for problem
mcp500-2. There does not seem to be a clear pattern that relates the projection
time to the number of cliques or the maximum clique size of the decomposition.
This is expected as the optimal merging strategy depends on the properties of the
initial decomposition such as the overlap between the cliques. The merging strategies
ParCh, CG1 and CG2 generally result in similar maximum clique sizes compared to
SparseCoLO, with CG1 being the most conservative in the number of merges.

Non-chordal Decomposable SDPs After verifying the effectiveness of the clique
graph-based merging strategy on the projection step, we implemented the merging
strategy CG2 in COSMO and compared it against MOSEK and SCS. Table 2 shows
the benchmark results for the three solvers. The decomposition helps COSMO to
solve most problems faster than MOSEK and SCS. This is even more significant for
the larger problems that were generated from the SuiteSparse Matrix Collection. The
decomposition does not seem to provide a major benefit for the slightly denser prob-
lems mcp500-3 and mcp500-4. Furthermore, COSMO seems to converge slowly
for gpG51 and thetaG51. Similar observations for mcp500-3, mcp500-4, and
thetaG51 have been made by the authors in [5]. Finally, many of the larger prob-

@ Springer



Journal of Optimization Theory and Applications (2021) 190:779-810

796

10119 A10WAW JO INQ
POYORAI JTWI[ QWL

RENEREN G

290 A3arens Surdrow onbio pue uonisodwosap [epIoyd YIA , SIPAJOS ) SUOWIE (JOQUINU }SIMO]) SUIT) DAJOS JSOMO] dY) SAYIUTIS SoN[eA P[oq oY rm

* kK p—01 X 8¥'8 =01 X 86'1 T I Sel ok kK £0°ST8 801 8781

* kK * kK yp—01 X 80°¢ T *x% SLI ok kK Pkl $9'79 S9¢st

* kK p—01 X 9T'¢ p—01 X 8¥'C T 4! 0S1 ok kK 61°616 88°pS gesd

p—01 X LT'8 p—01 X ¥€°9 p—01 X CI'C 0291 I Sel1 §'C86 YT S6¢ 98°CI 8TTSI

* kK y—01 X 1179 =01 X L8] sk Il SCl ok Kk LTTSL el 00¢s1

* kK * kK y—01 X 99°C k% *x% 002 plokx Pkl 1901 LO6TST

* kK * kK p—01 X TES wxk *x% SLI plok ok Falalo 999 GGSIsI

* kK * kK y—01 X 69°¢ k% *x% 002 plok ok pokx 98'vTT P8I1sT

=01 X ¥6°6 p—01 X €0'Y =01 X 8¢'1 ovee I 0sCI €V'L96 80°0S 1T1L [§S9)2E0)

01 X 1¢°8 Ol X IT°1 01 X e¥'1 08¢l 6 00y €S Tvl £6'8 (44 11981y}

y—01 X €86 y—01 X 08'% 01 X 9¢°L 008 4! S8l §G'LTS w96 9'1¢l1 1$odb

=01 X LL'6 01 X 8T'1 =01 X LSV 0z81 L 00¢ L'veEL £€0°9C 9¢€'T 11odb

p—01 X €¥'¢ p—01 X 6LC ¢—01 X 69°1 091 L SLI v'L IL'T 8 #-00gdow

=01 X 989 =01 X 8I'¥ 01 X €2C 081 9 00¢ 9¢'8 891 7'y €-00sdowt

p—01 X 0€°¢ =01 X LEL y—01 X T89 08¢ L SLI 9¢°L1 SL'T 891 z-00sdow

=01 X 1€9 01 X TS'1 00 X201 08¢ L 001 8C°6C L1 ¥To [-00gdow

p—01 X 68'8 p—01 X €8°C -0l X 1€7T 081 8 Sel 96°9¢ 66 60’8 [$Oxew

=01 X L89 01 X9LC p—01 X ¥L°6 0zl S SLE 6L°0%8 ¥8°0S €79 ceoxew

p—01 X L8V 01 X 861 =01 X ¥8°L 0cel S %4 81¢l S LY'1 [1Dxew
SOS AHSON zOINSOD SOS JosoN zOINSOD SOS AHSON zOINSOD

qIO1d XEN SUOT)BId)] (s) Qwin} 9A[OS waqoId

uono9[[o)) XmeA 9sredgayng oy woig suraned Ajsreds yiim pojerouas sgs pue qridds woiy sgds osieds [epIoyo-uou J0J SINSAI YIewyoudg g d|qel

pringer

as



Journal of Optimization Theory and Applications (2021) 190:779-810 797

Fig.4 Parameters of
block-arrow sparsity pattern.
The shaded area represents the
nonzeros of the sparsity pattern I d
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N, blockS
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lems were not solvable within the time limit or caused out-of-memory problems if no
decomposition was used in MOSEK and SCS.

Block-Arrow Sparse SDPs To demonstrate the scaling behaviour of our solver on
decomposable SDPs with increasing dimension, we consider randomly generated
SDPs in standard dual form (12) with a block-arrow aggregate sparsity pattern similar
to test problems in [5,66]. Figure 4 shows the sparsity pattern of the PSD constraint.
The sparsity pattern is generated based on the following parameters: block size d, num-
ber of blocks N}, and width of the arrow head w. Note that the graph corresponding to
the sparsity pattern is always chordal and that, for this sparsity pattern, clique merging
yields no benefit. In the following, we study the effects of independently increasing
the block size d and the number of blocks N,. The solve times for all solvers are
shown in Table 3. The first part shows problems with increasing block size d and
fixed number of blocks Nj, = 50, arrowhead width w = 10 and number of constraints
m = 100. In the second part, the number of blocks N, is varied for fixed d = 10,
w = 10, m = 100. The results show that both COSMO with and without chordal
decomposition solve this problem type consistently faster than MOSEK and SCS.
COSMO performs better than the other first-order solver (SCS) because it requires a
the significantly smaller number of iterations. Furthermore, one can see that in both
cases the solve time for each solver rises when the number of blocks and the block
sizes are increased. The increase is smaller for COSMO(CD) which is more affected
by the number of iterations than the problem dimension.

6.2 Advantages of Supporting a Quadratic Objective

COSMO’s problem format (2) allows us to handle QPs and SDPs with quadratic objec-
tives, without the need to transform the quadratic term into an additional second-order
cone constraint. This avoids an additional matrix factorisation, preserves sparsity in
the objective, and in many cases achieves faster convergence due to the strict convex-
ity of the objective. To demonstrate these advantages, we solve the nearest correlation
matrix problem and problems from the Maros and Mészaros QP test set.

Nearest Correlation Matrix Consider the problem of projecting a matrix C onto the
set of correlation matrices, i.e. real symmetric positive semidefinite matrices with
diagonal elements equal to 1. This problem is relevant in portfolio optimisation [32].
The correlation matrix of a stock portfolio might lose its positive semidefiniteness due
to noise and rounding errors of previous data manipulations. Consequently, we are
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interested to find the nearest correlation matrix X to a given data matrix C € R"*":

minimise 5 [|X — C||%

subject to diag(X) =1,, X € §7. @D

In order to transform the problem into the standard form (2) used by COSMO, C and
X are vectorised and the objective function is expanded:

minimise (1/2)(x'x —2¢c"x +¢'¢)

. E _ 1” n 1
subjectto[_l}x+s_|:02i|, s € {0}" x 8,

n

(22)

with ¢ = vec(C) € R" and x = vec(X) € R"’. Here E € R"*"” is a matrix that
extracts the n diagonal entries X;; from its vectorised form x. For the benchmark
problems, we randomly sample the data matrix C with entries C; ; ~ U(—1, 1) from
a uniform distribution. Table 4 shows the benchmark results for increasing matrix
dimension n.

Unsurprisingly, the first-order methods SCS and COSMO outperform the interior-
point solver MOSEK for these large SDPs. Furthermore, for larger problems the solve
times of COSMO and SCS scale in a similar way. However, SCS has to transform
the objective into an additional second-order cone constraint, which increases the
factorisation- and projection time compared to COSMO.

Maros and Mészdros QP Test Set The Maros and Mészdaros test problem set [38] is
a repository of challenging convex QP problems that is widely used to compare the
performance of QP solvers. For comparison metrics we compute the failure rate, the
number of fastest solve times and the normalised shifted geometric mean for each
solver. The shifted geometric mean is more robust against large outliers (compared
to the arithmetic mean) and against small outliers (compared to the geometric mean)
and is commonly used in optimisation benchmarks; see [43,56]. The shifted geometric

mean fg s is defined as jo; = {/Hp(’p.s + sh) — sh with total solver time 7, ; of

solver s and problem p, shifting factor sh and size of the problem set n. In the reported
results a shifting factor of sh = 10 was chosen and the maximum allowable time
tp,s = 300 s was used if solver s failed on problem p. Lastly, we normalise the shifted
geometric mean for solver s by dividing by the geometric mean of the fastest solver.
The failure rate f; ; is given by the number of unsolved problems compared to the total
number of problems in the problem set. As unsolved problems, we count instances
where the algorithm does not converge within the allowable time or fails during the
setup or solve phase. Table 5 shows the normalised shifted geometric mean and the
failure rate for each solver. Additionally, the number of cases where solver s was the
fastest solver is shown.

OSQP shows the best performance in terms of lowest failure rates, number of
fastest solves and in the shifted geometric mean of solve times. COSMO follows very
closely. The shifted geometric mean of MOSEK seems to suffer from a higher failure
rate compared to OSQP/COSMO, and SCS fails on a large number of problems. The
higher failure rate is likely to be due to the necessary transformation into a second-order
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Table 5 Shifted geometric mean and solver failure rates for the Maros and Mészéros QP test set

osQp COSMO MOSEK SCS
Normalised shifted geometric mean 1.000 1.169 1.897 75.015
Number of fastest solve times 75 27 33 0
Failure rates f; s (%) 4.444 5.185 10.370 83.704

© COSMO = OSQP « MOSEK 4 SCS

0‘7
‘omg s

—_ m

Z a % L, |

2 Ao h 'J"“ﬁ. o,:‘“w.‘wm»:‘

: LAt 0 L

T T T T T T T T
60 70 8 90 100 110 120 130

problem number

Fig.5 Solve time of benchmarked solvers for problems of the Maros and Mészaros QP problem set. Only
problem results classified as solved are shown. The problems are ordered by increasing number of nonzeros
in the constraint matrix

cone problem. For this problem set of QPs, COSMO’s algorithm reduces, with some
minor differences, to the algorithm of OSQP. Consequently, this benchmark is useful
to evaluate the performance penalty incurred by COSMO due to its implementation
in the higher-order language Julia. The results in Table 5 show that the performance
difference is very small. This is confirmed by the solve times for increasing problem
dimension, shown in Fig. 5.

COSMO achieves lower solve times than both MOSEK and SCS especially for very
small and very large problems. COSMO and OSQP have nearly identical performance,
aside from very small problems that are solved in the range of 1 x 10™>sto 1 x
10~*s. The marginally better performance of OSQP for the smallest problems in the
test set is the reason that OSQP is the faster solver in a larger number of cases in
Table 5. This difference is primarily due to overheads incurred from features in our
Julia implementation that support more than one constraint type during problem setup.
We demonstrate the resulting extensibility and customisability of our solver by solving
QPs with custom constraints in Sect. 6.3.

6.3 Custom Convex Cones

In many cases, writing a custom solver algorithm for a particular problem can be faster
than using available solver packages if a particular aspect of the problem structure can
be exploited to speed up parts of the computations. As mentioned earlier, COSMO
supports user customisation by allowing the definition of new convex cones. This is
useful if constraints of the problem can be expressed using this new convex cone and
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a fast projection method onto the cone exists. A fast specialised projection method in
an ADMM framework has for example been used by the authors in [8] to solve the
error-correcting code decoding problem.

To demonstrate the advantage of custom convex cones, consider the problem of
finding the doubly stochastic matrix that is nearest, in the Frobenius norm, to a given
symmetric matrix C € S". Doubly stochastic matrices are used for instance in spectral
clustering [65] and matrix balancing [50]. A specialised algorithm for this problem
type is discussed in [54]. Doubly stochastic matrices have the property that all rows
and columns each sum to one and all entries are nonnegative. The nearest doubly
stochastic matrix X can be found by solving the following optimisation problem:

.« . . 1 2
minimise 5 [|X — Cll%

subjectto X;; >0, X1 =1, X'1=1, @3)

with symmetric real matrix C € S" and decision variable X € R"*". This problem
can be solved as a QP in the following form using equality and inequality constraints:

minimise %(xTx —2c"x+c¢Te)

1] ® 1, 12, i (04)
subjectto | I, ® 1;1r x+s= |1y |,s € {0}4" X R’i ,
—12 0,

with x = vec(X) and ¢ = vec(C) However, the problem can be written in a more
compact form by using a custom projection function to project the matrix iterate onto
the affine set of matrices CZ’ whose rows and columns each sum to one. In general
the projection of vector s € R” onto the affine set C;, = {s € R" | As = b} is
given by Mg, (s) = s — AT (AAT)f1 (As — b), where A is assumed to have full
rank. In the case of C, = Cy> we can exploit the fact that the inverse of AAT can be
efficiently computed. The projection can be carried out as described in Algorithm 4;
see Appendix A.1 for a derivation.

Algorithm 4: Projection of s € R” onto Cyx-
1 A=A, A] withA, =17 @ L, Ac=[l,1®1] 04 1]
27 =[r, o) = As — 1y, 1;

3= [m,m] " withn, = % (Infl + 1n711;lr,1) : (7”2 - %1”711;%1), m = % (Tl - 1n1;£71772);
4 e (s) =5 — AT,

Notice that Algorithm 4 can be implemented efficiently without ever assembling and
storing A and 117 . By using the custom convex set Cy- and the corresponding projec-
tion function, (23) can now be rewritten as:

minimise (1/2)(xTx —2c¢"x +c¢Te)
_ (25)
e )

n

subject to |: 1"2:| x+5=0,,., s € Cy X R’_f.
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—— COSMO —#— COSMO(CS) —a— OSQP —— MOSEK —— SCS
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Fig.6 Solve time of benchmarked solvers for increasing problem size of doubly stochastic matrix problems.
The orange line shows the solve time of COSMO(CS) with a custom convex set and projection function

Table 6 Solve times and factorisation times of COSMO and COSMO(CS) for small, medium and large
doubly stochastic matrix problems

n Factorisation time (s) Solve time (s)
COSMO COSMO(CS)? COSMO COSMO(CS)?
100 0.018 0.006 0.058 0.061
400 0.995 0.138 2.329 1.596
800 13.551 0.552 26.932 7.163
1200 52.717 1.322 1.322 17.032

4Solving (25) with a custom convex set CZ and projection function

The sparsity pattern of the new constraint matrix A only consists of two diagonals
and the number of nonzeros reduces from 3n? to 2n%. We expect this to reduce the
initial factorisation time of the linear system in (6) as well as the forward- and back-
substitution steps.

Figure 6 shows the total solve time of all the solvers for problem (23) with ran-
domly generated dense matrix C with C;; ~ (0, 1) and increasing matrix dimension.
Additionally, we show the solve time for COSMO in the problem form (23) and with
a specialised custom set and projection function as in (25).

It is not surprising that COSMO and OSQP scale in the same way for this prob-
lem type. MOSEK is slightly slower for smaller problem dimensions and overtakes
COSMO/OSQP for problems of dimensions n > 500. This is probably due to the use
in MOSEK of a faster multithreaded linear system solver while OSQP/COSMO relies
on the single-threaded solver QDLDL. The longer solve time of SCS is due to slow
convergence of the algorithm for this problem type. Furthermore, when the problem
is solved with a custom convex set as in (25) COSMO(CS) is able to outperform all
other solvers. Table 6 shows the total solve time and the factorisation time of the two
versions of COSMO for small, medium and large problems. As predicted, the lower
solve time can be mainly attributed to the faster factorisation time.
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7 Conclusions

This paper describes the first-order solver COSMO which combines direct support of
quadratic objectives, infeasibility detection, custom constraints, chordal decomposi-
tion of PSD constraints and automatic clique merging. The performance of the solver
is illustrated on a number of benchmark problems that challenge different aspects of
modern solvers. WE show how our clique graph-based merging strategy can achieve
up to 50% time reduction in the projection step when solving sparse SDPs. We further
show how multithreading and chordal decomposition can be utilised to solve very
large SDPs that arise in real applications within minutes where competing solvers run
out of memory or need hours to find a solution. Our implementation in the high-level
Julia language facilitates rapid development and testing of ideas and allows users to
customise the solver for their applications. We illustrate the utility of these features by
demonstrating a 5x reduction in solve time when using a custom constraint projection
for large QPs. It further allows the abstraction of precision and array types which in
principle make it possible for COSMO to run on GPUs. Further performance gains
are likely to be achieved by exploring acceleration methods to speed up convergence
to higher accuracies and reduce the dependency on problem scaling.

OpenAccess This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

A Appendix
A.1 Projection onto Cy~

The projection of a symmetric matrix S € S” onto the set of matrices where the sum
of rows and columns each equal to one can be written as the following optimisation
problem:

minimise % |sp — S”zF subject to As, = 1,_ (26)

where s = vec(S) is the vectorised matrix, s, is the projected vector and A is par-
titioned A = [A,, A.]T. A, = [l;lr ® I,] is used to constrain the rows of S and
Ac=[1L_1 ® lnT, 0,,_1xn] is used to constrain the columns of S. Notice that A, is a
(n — 1) x n matrix because the redundant constraint on the last column was removed.
The KKT conditions for (26) are given by:

Asp =1p,—yands, —s+ATn =0, 27)
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with dual variable . Eliminating s, and solving for n yields n = (AATY 1 (As —
12,-1). The projected vector s, can be recovered from (27):

Sp=15— ATy, (28)

It turns out that the inverse of AA " can be efficiently computed without a factorisation.
To see this, write the equation for 1 as a linear system:

nl, 1,,1;:—_1 N1 r1 . r
= with =As — 15,1, 29
I:ln—ll;,r nly—1 n2 rn n =l 29
where 1 and the right-hand side were partitioned in such a way that ny, r; € R” and

m,r» € R By eliminating 1, from (29) and applying the Sherman—Morrison
formula to compute the matrix inverse we compute 72

(i1 — 2,917 ) = L (= 11,41 1) (30)
m =2 (Lot + 1)) (2 — 21,01 r) (31)

By substituting 7, into the upper equation of (29), we compute 1 = % (r1—1, llll n2).
Having computed the dual variable 7, the projected vector s, is obtained by solv-
ing (28).

A.2 Benchmark Results

See Table 7.
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