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Abstract

While deterministic metapopulation models for the spread of epidemics between populations have been well-studied in the liter-
ature, variability in disease transmission rates and interaction rates between individual agents or populations suggests the need to
consider stochastic fluctuations in model parameters in order to more fully represent realistic epidemics. In the present paper, we
have extended a stochastic SIS epidemic model - which introduces stochastic perturbations in the form of white noise to the force
of infection (the rate of disease transmission from classes of infected to susceptible populations) - to spatial networks, thereby
obtaining a stochastic epidemic metapopulation model. We solved the stochastic model numerically and found that white noise
terms do not drastically change the overall long-term dynamics of the system (for sufficiently small variance of the noise) relative to
the dynamics of a corresponding deterministic system. The primary difference between the stochastic and deterministic metapopu-
lation models is that for large time, solutions tend to quasi-stationary distributions in the stochastic setting, rather than to constant
steady states in the deterministic setting. We then considered different approaches to controlling the spread of a stochastic SIS
epidemic over spatial networks, comparing results for a spectrum of controls utilizing local to global information about the state of
the epidemic. Variation in white noise was shown to be able to counteract the treatment rate (treated curing rate) of the epidemic,
requiring greater treatment rates on the part of the control and suggesting that in real-life epidemics one should be mindful of such
random variations in order for a treatment to be effective. Additionally, we point out some problems using white noise perturbations
as a model, but show that a truncated noise process gives qualitatively comparable behaviors without these issues.

Keywords: stochastic epidemic model; susceptibles-infectives-susceptibles (SIS) dynamics; epidemics on networks; control of

epidemics

1. Introduction

The most fundamental epidemic models, first presented by
Kermack and McKendrick (1927), are still used as a basis for
the majority of new epidemic models proposed today (Brauer,
2017). In these models the populations are divided into different
compartments; hence they are generally referred to as compart-
mental models. Traditional compartmental models assumed
‘mixed populations’ (Newman, 2002), meaning that each in-
dividual in the population had the same probability to catch
the infection or transfer the infection onward to a susceptible
individual. Such models do not account for spatially struc-
tured populations, or for variations in the transmission rates
between individuals. The SIS model is one widely used ex-
ample, and has been applied to diverse areas from the spread
of sexually-transmitted diseases (Hethcote and Yorke, 1984) to
internet viruses (Berger et al., 2005).

In order to describe epidemiological phenomena, it is useful
to consider the SIS model on networks. A common approach
is to describe such a model with each node in the network rep-
resenting one individual who can be either infected or not; this
model has been widely discussed (Keeling and Eames, 2005);
this approach is in particular useful when investigating virus
spread across the internet via emails (Berger et al., 2005). An
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alternative is the so-called meta-population approach, where we
consider spatially structured interacting subpopulations, such
as cities, urban areas, geographical locations with high popu-
lation density, and so on (Ball et al., 2015; Grenfell and Har-
wood, 1997; Pastor-Satorras et al., 2015). We note that these
approaches make use of deterministic and stochastic processes
with an underlying network topology representing the interac-
tions between populations (Keeling et al., 2004). Stochastic
metapopulation models (Ball et al., 2004, 2010), and deter-
ministic metapopulation models (Pastor-Satorras et al., 2015;
Sanders et al., 2012), both consider multiple interacting pop-
ulations with infection occurring within and between nodes.
In (Arrigoni and Pugliese, 2002), the authors consider various
asymptotic limits of a stochastic metapopulation model, and in
some cases arrive at a deterministic model such as the those
mentioned.

We can introduce stochastic terms to the SIS model to reflect
the randomness in the number of encounters between healthy
and sick individuals in a population. Two common mathemat-
ical approaches to analyzing such stochastic SIS systems are
often proposed. The first approach is to model the disease
spread as a Markov jump process (Allen and Burgin, 2000).
For a large population, there are multiple infections possible in
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a short time, whence we need to consider a large event space
and hence the Markov chain approach becomes computation-
ally intractable. Khanafer and Basar (2014) describe an SIS
model on a network where each node represents an individual
agent. They view each node as a Markov chain with two states:
infected and cured. They also assume the infection and recov-
ery rates are Poisson processes. The second approach makes
use of stochastic differential equations (Gray et al., 2011) to
model the entire population, rather than individual agents. One
assumes that the population is large enough for it to make sense
to consider the densities of the sick and healthy populations,
rather than individual agents (Keeling and Ross, 2008). We note
that similar population-level stochastic noise was used in sev-
eral studies to represent uncertainty in model parameters (Yang
and Mao, 2013; Chen and Li, 2009).

There are various methods of curbing disease spread via im-
plementing control policies, such as slaughtering infected ani-
mals and restricting herd movement between farms as outlined
by Ferguson et al. (2005) for the case of foot-and-mouth disease
in a population of pigs. Controlling disease spread on a network
can be done by introducing an antidote or vaccine at certain
nodes (Borgs et al., 2010). It is desirable, both to reduce eco-
nomic costs and to minimize the use of environmentally detri-
mental pesticides, to seek optimal control policies which will
minimize the time to alleviating or eliminating the infection at
minimal cost (Forster and Gilligan, 2007b). It is also possible
to control the epidemic by modifying the network configuration
itself (Sanders et al., 2012).

Control of SIS contagions on networks was discussed by
Nowzari et al. (2016). While optimal control of contagions
have been considered under the standard SIS model (Forster
and Gilligan, 2007a; Kim et al., 2006; Nowzari et al., 2016)
corresponding to SIS dynamics at a single node, there remains
much work to be done when attempting to control the spread
of SIS contagions on networks (Pellis et al., 2015). SIS dy-
namics on network domains was considered by Khanafer and
Basar (2014), who use an SIS n-intertwined Markov model
(Van Mieghem et al., 2009; Van Mieghem, 2011) to replicate
the spread of infection. In this model each node on the net-
work can be viewed as a Markov chain with an infected and
cured state that has two different Poisson processes which are
responsible for driving the curing and infection rates (Khanafer
and Basar, 2014). Eshghi et al. (2015) consider a similar prob-
lem, but in the context of malware spread in computer networks.
Shaw and Schwartz (2010) consider a modification of SIS and
SIRS models created by adding a vaccinated class, before im-
plementing a control through vaccination. They make use of
adaptive networks where the non-infected nodes rewire in an
adaptive manner to reduce connection with the infected nodes,
and find that adaptive networks along with random immuniza-
tion is much more effective compared to static networks with
vaccination. SIRS epidemic models with the incorporation of
vaccination have also been studied on complex networks (Chen
and Sun, 2014a,b). Tomovski and Kocarev (2012) designed an
algorithm for virus control on complex networks.

Stochastic structured population models exist in the litera-
ture, including models with household structure (Ball et al.,

2004, 2010). We emphasize that this kind of forcing is demo-
graphic stochasticity, where the random forcing is due to in-
dividual interactions, and so these are typically accounted for
in a discrete way (Keeling et al., 2004). To our knowledge,
a stochastic metapopulation SIS model with parameter uncer-
tainty has not been discussed in the literature. In this paper
we shall extend the stochastic SIS epidemic model of Gray
et al. (2011) to spatial networks, thereby obtaining a stochas-
tic epidemic metapopulation model. In Section 2 we review
useful background notation and knowledge of the dynamics of
deterministic metapopulation SIS models on networks. Then,
we define the stochastic SIS model on networks in Section 3,
where we also numerically simulate the dynamics emergent
from such a model and compare these dynamics to the deter-
ministic model. In Section 4 we introduce two families of con-
trols, namely bang-bang controls (where either all or none of
the treatment is provided) and feedback controls (where the rate
of treatment is permitted to vary based on the present state of
the epidemic). Either is used in conjunction with a variety of
information structures which trigger the treatment. In Section
5, we outline some problems with the typical approach used
in these kinds of stochastic perturbation models, and develop a
truncated noise model that alleviates these concerns while giv-
ing essentially identical model outputs. We discuss the results
and give concluding remarks in Section 6.

2. Metapopulation SIS Models

In this section we review useful results from the literature on
SIS epidemic models, and also define the notation which shall
be essential for understanding the stochastic model of the next
section.

2.1. Compartmental models

A common and simple way to describe disease spread in a
population of a communicable disease is by using compartmen-
tal models, where we divide a population into compartments, or
classes. In the SIS model the population is divided into two sets:
infectives (sick) and susceptibles (healthy) (Allen and Burgin,
2000). We assume infection does not confer immunity; that is,
that the passage of individuals from the susceptible class S to
the infected class I and then back to class S is possible. SIR
(susceptible-infected-removed) is a similar, three-compartment
model, where individuals removed from class I are placed in
the removed class R, either immune to the disease or dead.
More compartmental models have been considered, such as
SEIR where it takes time for individuals in the exposed class
E to catch the catch the disease and be placed in class /, among
other variations (Martcheva, 2015). Here we will restrict to the
SIS class of models as it provides a simple demonstration of the
coupled effects of spatial networks and stochasticity that we are
interested in. Similarly, we will ignore issues of demographics
such as births, deaths, and heterogeneity within the population.



2.2. SIS dynamics on a single node

We first consider a single isolated node, in order to define rel-
evant notations. Consider a population of N(¢) individuals parti-
tioned into two compartments of susceptibles S (f) and infected
individuals I(r). Let us assume there are no births and deaths,
so the total population size N(r) = I(f) + S (¢) remains constant
in time. Let B > 0 be the force of infection, which is the rate
of disease transmission between individuals from classes S and
I and is measured in infections per individual per second. As-
sume & > 0 is the recovery rate measured in s~'. Finally, let
7 > 0 be the time in s. The differential equations describing this
system are (Gray et al., 2011)

dfl? = $1() - BS()I(1) and d;(tf) = 810 + BSDIG), (1)

where S(0) = S, I1(0) = Iy. Since N = S(¢) + I(¢) for all r and
in particular S¢ = N — Iy, equation (1) can be reduced to

di()

o = BN — I - 81(H), 2

with 1(0) = Iy. We can nondimensionalize and consider only
population densities by setting

~
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where T is an arbitrary time scale so that the infection and re-
covery rates are nondimensional. We then have

dp

— = 1-p)-dp, 4

o ~Ppd-p)=dp “
and p(0) = po, where p € [0, 1]. If the infection rate is larger
than the recovery rate (8 > 9), the solution is a logistic growth
curve, with the infection persisting in the long run. If the oppo-
site is true (6 > f3), the infected population decays exponentially
to zero.

2.3. Deterministic metapopulation SIS model on networks

Networks have been increasingly used to describe a variety
of phenomena by elucidating the role that structure plays in
many physical and virtual systems (Newman, 2010). We can
also use networks to describe networks of cities or areas of
high population density, connected together by transport links
such as roads or airplane routes, represented by edges of the
network. This is the so-called “metapopulation” model where
we will assume there is some fixed population at each node
(Pastor-Satorras et al., 2015). More abstractly, nodes can also
represent communities with edges between them modeling in-
teractions (Lajmanovich and Yorke, 1976), or even hosts within
which pathogen populations are accounted for (McCormack
and Allen, 2006). While such models are becoming more popu-
lar, there are still many important questions about incorporating
different effects (e.g. stochasticity, nonlinearity) within the set-
ting of a structured population (Ball et al., 2015).

For a network of K nodes it is common practice to describe a
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to be such that

&)

o = 1, if there is an edge linking nodes i, j,
5710, otherwise.

In this paper we will focus on undirected graphs, that is, on
networks where infection can be transmitted along all edges in
either direction; so if nodes i and j are connected with edge
(i, j), so are nodes j and i; this implies that the adjacency ma-
trix describing the network is symmetric. In addition, we will
assume that all nodes are connected to themselves, so a;; = 1
for all i. This implies disease can be transmitted within a node
from infected individuals already present there.

Consider a network of K nodes, described by a symmetric
adjacency matrix A. Let p; be the density of the infected pop-
ulation at node k, and 7, be the index set of nodes connected
with node k, where 1 < k < K. We will assume that k € 1
for all k. We will assume that at node k, infections happen due
to mixing of individuals at node k and at all nodes connected to
k (“neighbors” of node k and node k itself), that is at all nodes
Jj such that j € I;. Let B;; be the rate of infection along edge
(J, k) and o, the recovery rate at node k. We therefore extend
equation (4) for the dynamics at node k as follows:

dpi(t)
L = (= p) Y Bup 0= op. ()
t £
Jelk
fork =1,..., K. We remark that the use of an adjacency matrix

a; or the adjacent neighbors of a node 7 is redundant given
Bk ;> as non-adjacent nodes can simply be assumed to have §;; =
0.

The metapopulation model given by (6) is suitable for sev-
eral biological interpretations, such as geographical connectiv-
ity between cities, households, or pathogen populations within
individual hosts (Ball et al., 2015). It is not clear a priori how
to determine the infection rates, B;, and assigning particular
values to these rates corresponds not just to a biological inter-
pretation of the metapopulation structure, but also to additional
assumptions about within-population contact rates and popula-
tion mixing. Even restricting to the spatial interpretation of the
metapopulation model, this is still an open problem (Keeling
and Rohani, 2002; Riley et al., 2015). There have been some
attempts to relate commuter and individual movement to deter-
mining contact rates between nodes (Keeling et al., 2010).

For concreteness, we will analyze a particular model for 8y
corresponding to homogeneous populations with identical con-
tact rates between individuals, which we will denote by S (note
that we have assumed each node to have the same population,
and nondimensionalized by this in writing 8 as a scalar). In this
case we have,

dﬁ * dﬁ, k * j’

Brj = ﬂk / @)
£ k=i
& Js

where d; and d; denote the degrees of nodes k and j respec-
tively. We note that the calculation of the degree of each node



includes self-edges, and these arise to account for correct pro-
portional interactions between populations due to contacts be-
tween nodes. We emphasize that in general these rates will be
heterogeneous due to heterogeneity in populations or in contact
rates between nodes due to, e.g., environmental factors. In gen-
eral one could consider time-varying infection rates to account
for seasonality, day/night cycles, and other topological effects
in a dynamic network setting (Kiss et al., 2012; Pastor-Satorras
et al., 2015), but we do not pursue this here.

There are many well-known stability results for determinis-
tic SIS processes. In the scalar case of Equation (4), there ex-
ists a simple basic reproduction number, Ry = ,86’1, which de-
termines the long-time dynamics of the disease process. The
disease-free equilibrium, p* = 0, is globally asymptotically
stable if and only if Ry < 1, and the endemic equilibrium,
pr=1- Rgl, is globally asymptotically stable if Ry > 1,
(as long as there is some initial infected population p(0) > 0)
(Brauer, 2017; Diekmann and Heesterbeek, 2000; Martcheva,
2015).

The original calculation of the basic reproduction number
for an SIS process in a collection of n populations was done
by Lajmanovich and Yorke (1976), and we review their results
here. We define a matrix corresponding to Equations (6) by
By; = Bi; — diag(ox). We denote the eigenvalue with largest
real part by A;(B). We then have that this eigenvalue is equiv-
alent to the basic reproduction number, so that for 1;(B) < 0,
the disease-free equilibrium, p; = 0 is globally asymptotically
stable. The endemic equilibrium cannot be explicitly computed
for an arbitrary adjacency matrix S, but a unique equilibrium
exists and, this equilibrium is globally asymptotically stable if
A1(B) > 0. This result, as in the scalar case, gives a complete
characterization of the long-time behavior of the SIS process
on heterogeneous networks. Recent reformulations and proofs
of these results have also been carried out by Khanafer et al.
(2014) and Van Mieghem and Omic (2013).

3. Stochastic Metapopulation SIS Models

Until now we have assumed that there is a constant rate of
encounters between infected and susceptible individuals result-
ing in new infections. It may be more realistic to consider the
case where there is some random variation in this proportion.
For the meta-population model in particular it seems reason-
able to assume that the rate of cross-edge infection is random
rather than fixed—for example, there is a degree of randomness
to how many people from two cities meet as result of traveling.
We can express this by assuming that the infection rate is in fact
a stochastic variable (Dalal et al., 2007). At the same time, the
recovery rate is disease-specific and thus it is natural to assume
it is constant.

Allen and Burgin (2000) discuss a stochastic SIS model de-
rived as an SDE (stochastic differential equation) approxima-
tion to a continuous-time Markov-jump process, where the in-
fected population can jump between states according to transi-
tion probabilities. In principle, for a population of N individu-
als, we have 2" possible states and thus need as many transition

probabilities to describe the disease evolution. This can be sim-
plified by considering K groups of individuals which are indis-
tinguishable within a group, and only considering a probability
for the number of infected individuals for each group. While
the Markov-chain approach can be an intuitively simple way
of introducing stochasticity in disease dynamics (for example,
it can be understood as a natural extension of a random walk
model), an alternative approach via parameter perturbation of
a metapopulation model is numerically more efficient for large
N. This approach is derived for a single-population model by
Gray et al. (2011). We will follow the reasoning of Gray et al.
(2011) to first understand their model for a single node. We will
then extend it to networks of K nodes.

Gray et al. (2011) introduce stochasticity to (4) via white
noise terms. In deriving (4) we assumed that 3 is the infection
rate, so that with

dp = p(1 — p)Bdt — podt, (®

p(0) = po we can treat Sdr as the proportion of individuals
infected in the small time dr. If we now perturb 3 stochastically,
we can instead write this proportion as Adt with (Gray et al.,
2011)

Bdt = Bdt + ocdW(t), C)

where W(¢) is a Brownian motion. This means that 3dt is nor-
mally distributed, with mean

E(Bdt) = E(Bdt + odW(t)) = Bdt (10)
(by linearity of expectation) and variance
Var(Bdt) = Var(Bdt + odW(1)) = o2dt. (11)

The rate of infection-resulting encounters is still centered
around S, but is no longer fixed. Implementing this idea on
a single node yields the SDE

dp = p(1-p)(Bdt+adW)—6pdt = p(B(1-p)—6)dt+op(1-p)dW,

(12)
which is a stochastic differential equation for p. We note
that equation (12) is understood with respect to Itd integration
(Dksendal, 2003), and this is true for all subsequent stochastic
differential equations in the present paper.

We can associate a white noise term with each edge in our
network models. This accounts for both random variation in
the infection-resulting encounters within each node as well as
the inter-node encounters. We assign a random infection rate
ﬁk j to each edge (k, j) of the network, defined by

Bkjdt = Byjdt + dWy (1), (13)

where 1 < k, j < K, B, is a positive constant and the W;; are
independent Brownian motions. Replacing the constant infec-
tion rates f; in equation (12) with the random infection rates
Br; we have

dpi= (1= p) ) piBudt + ciidWyj) = Sipedt - (14)
Jelk



for k = 1,...,K. Equation (14) constitutes a stochastic
metapopulation model model for SIS epidemics, and serves as
an extension of Gray et al. (2011) to spatial network domains.
As in the computation of the contact rates in the deterministic
model given by (7), we assume that there is some per-capita
variation in the contact rate between individuals that we denote
o. We compute the standard deviations of the white noise pro-
cesses at the edges as,

dg'i'd—, k;éj,
o=t ¢ Y (15)
d =/

Gray et al. (2011) prove several theorems related to the long-
time stability of solutions to the scalar Equation (12). In partic-
ular they define a stochastic basic reproduction number which
in our notation is Rg = Ry — 02267 = g5 - 2(26)7!
such that if ‘Rg < 1 and o < B, then for any initial data
p(0) € (0, 1), the solution p(#) to Equation (12) exponentially
tends to zero almost surely (with probability one). They also
show that the same long-time exponential extinction occurs if
o? > max(B,(26)""). Finally, Gray et al. (2011) prove that if
Rg > 1, then there exists a unique stationary distribution which
corresponds to a positive endemic state, and they characterize it
by its mean and variance.

We remark that this change in the basic reproduction number
is due to the nature of the noise process in the 1t6 formulation
of the SDE. To see this, we follow Gray et al. (2011) and write
equation (12) near the disease-free equilibrium p = 0 as

dp = p((B - O)dt + cdW), (16)

which is a geometric Brownian motion. Note that (16) has the
exact solution

o2
p(t) = poexp (((,3 —0) - 7) 1+ (TWt) ; 7)

which immediately suggests that the Rg described above cor-
rectly captures the epidemic process. This also suggests that
the parameter uncertainty introduced by this noise term has to
carefully be assessed in comparison with classical theory on the
basic reproduction number (Heesterbeek and Dietz, 1996).

We note that the effect of the noise, as long as the vari-
ance o < f3, is simply to reduce the basic reproduction num-
ber. These results suggest that disease processes under envi-
ronmental stochasticity will be less likely to reach an endemic
state, at least in the scalar case. We conjecture that qualitatively
similar results hold for our network-structured model given
by Equation (14). In particular, we suspect (and numerically
demonstrate evidence) that the basic reproduction number for
our stochastic network model will be less than the basic repro-
duction number of the deterministic SIS process on a network
described at the end of Section 2.3. We also will demonstrate
modeling problems in using white noise processes to model pa-
rameter perturbation, and suggest a remedy in Section 5.

In what follows, we will consider the system given by (14)
on different networks of K nodes. Throughout, we will assume

(a) (b)

(d)

©)

Figure 1: Examples of (a) complete, (b) cycle, (c) lattice, and (d) path graphs,
which shall be the networks we consider.

thatforallk, j = 1..., K, 6; = 0 and the infection rates between
nodes are determined by (7) and (15) for scalars 8 and o~ respec-
tively. While other forms of network heterogeneity can be im-
portant in understanding epidemic processed (Lajmanovich and
Yorke, 1976; Khanafer and Basar, 2014), here we are primarily
interested in deviations between network topologies for a given
homogeneous group of subpopulations. We will always assume
that p;(0) = 0.1, j = 1,..., K. Each edge will have a different
Brownian path driving the stochastic infection between nodes,
and each edge will have a mean infection rate given by (7) with
variance given by (15).

3.1. Numerical approach

We solve Equations (14) using the Euler-Maruyama scheme
(Higham, 2001), with a step-size of At = 107*. For spe-
cific simulations we also checked pathwise convergence for de-
creasing values of At (Griine and Kloeden, 2001; Kloeden and
Neuenkirch, 2007). We generate different Brownian paths for
each edge in a given network using the same seed in our random
number generator for varying parameters in order to understand
the effects these parameters have on a particular realization. To
average across different realizations we vary the underlying ran-
dom number generator’s seed. Finally, our deterministic results
were computed using the MarrLas function ope45 which im-
plements a high-accuracy Runge-Kutta scheme. We compared
these deterministic simulations with stochastic simulations with
o = 0, and, as expected, only observed transient errors of the
order of the time step Az. In all cases tested, identical steady-
state values are reported by both algorithms.

We remark that other approaches can be used to simulate our
model and related model formulations. In particular, Gillespie-
type methods are frequently used to sample continuous-time
Markov Chain formulations of epidemic models, where a time-
to-event is computed based on the probability of infection (e.g.
the contact rate) (Allen, 2017). Our model is concerned with
a continuous state space, and so directly solving the SDEs is



sufficient to capture the behaviors we are interested in demon-
strating. Additionally, while there is a growing literature on
numerical simulation of SDEs using a variety of methods, we
are primarily interested in demonstrating generic model behav-
iors rather than computational efficiency. See Higham (2001)
for some discussion and references to more computationally ef-
ficient methods to simulate SDEs.

3.2. Large-time qualitative dynamics

Figure 1 gives examples of the types of networks considered
in our numerical simulations. A path network is the same as a
cycle network with a single edge removed. In a (square) lattice
network, edges along the outer boundary of the network each
have three neighbors, all nodes in the middle of the network
have exactly four neighbors and the four vertices have only two.
Finally, in complete networks all nodes are connected with all
other nodes, or equivalently the adjacency matrix A = (a; ;) is
such that @; ; = 1 for all i, j.

We now numerically investigate how network structure im-
pacts the long-term dynamics of the solutions to equation (12).
We plot several time series of infected populations at each node,
pi(?), in Figure 2(a-d). The colored solid lines correspond to
stochastic simulations with oo = 0.02, while the black dashed
lines correspond to deterministic simulations. While there are
|K| = 9 dashed black lines in each graph, many nodes in the de-
terministic case will have the same or approximately the same
value, and so there appear to be fewer dashed lines. The insets
are over the last 10 units of time to demonstrate the long-time
behavior of the model. We include nodal plots of the steady
state values of p(#) for the square lattice and path graphs to
demonstrate these spatially heterogeneous populations (see Fig-
ure 2(e-f)). We note that the infected populations on the cycle
and complete graph do not have any spatial heterogeneity in the
deterministic model due to the uniform degree distribution. In
all simulations the stochastic nodal populations fluctuate about
the deterministic steady state, essentially inheriting any hetero-
geneity (or lack thereof) due to the underlying network topol-
ogy and the contact rates given by (7).

Note the variation in the axes of the infected populations in
the insets of Figure 2(a)-(d), which is due to different ‘effec-
tive’ infectivities corresponding to the network structures used.
The complete and cycle graphs tend to fluctuate about a single
deterministic value of p.(¢) for all nodes after a short transient
period, whereas the path and square lattice graphs have an in-
duced heterogeneity in the nodal infected populations due to
differences between the number of neighboring nodes in each
case. Nodes with higher degrees typically have a larger infected
population in both the deterministic and stochastic cases, but
we note that because of the way contact rates are defined in (7)
and (15), there is some nontrivial heterogeneity in the mean in-
fected population. In particular, note that the nodes with the
largest infected population in the path graph are those neigh-
boring the boundary nodes, as populations there will have more
frequent contact with the boundary nodes due to our assump-
tion about homogeneous contact rates. We also note that for
this value of o, the network topology leads to a much greater
difference between the infected populations at different nodes

than almost all temporal differences between nodal populations
due to the stochasticity.

We also observe noise-induced extinction as described in
Gray et al. (2011), where the corresponding deterministic dis-
ease persists. These stochastic bifurcation phenomena have
recently been explored in population ecology as a way to un-
derstand when variance in a population can lead to extinction,
as opposed to changes in mean population inducing extinction
(Gellner et al., 2016). We plot simulations of the same system
with two different realizations on a path graph in Figure 3 with
|K| = 3. These results demonstrate that near the stability bound-
ary in the deterministic setting, corresponding to low infection
rates at each node, stochastic variation can lead to extinction or
multiple recurrence of higher levels of the disease. We suspect
that the theoretical results of Gray et al. (2011) can be extended
to the network setting so that for large enough o, the disease
will eventually die off as + — co. However, Figure 3b demon-
strates extremely long timescales for the disease to eventually
become extinct, which suggests that on physically-meaningful
time scales recurrence of the disease over time can occur, as the
spikes observed in the nodal infection levels correspond to large
values of the disease prevalence compared to the deterministic
steady state. Finally we remark that the network setting given
by Equation (14) differs from the scalar case of Equation (12)
as if a node is near the disease-free absorbing state, the noise
term can locally appear like additive (as opposed to multiplica-
tive) noise if a neighboring node is has a large infected popula-
tion. This may lead to a resilience against noise present in the
stochastic model, and it also leads to some difficulties numeri-
cally integrating it as additive noise can lead to negative values
of pr(?) if the time step is not sufficiently small. We discuss this
in more detail in Section 5.

We now consider the long-term behavior of solutions to these
systems for a range of values of ¢, 8 and o>. We first con-
sider the deterministic network model given by equations (6),
which we know to have globally-attracting solutions for all val-
ues of the infection rate 8 and recovery rate § (e.g. through Lya-
punov analysis (Khanafer et al., 2014; Van Mieghem and Omic,
2013)), either corresponding to extinction of the disease or an
endemic equilibrium. We define the nodal average infection by

1 K
p= EZ}]m(qL (18)

j=

where K is the number of nodes in the network, and ¢, is the
final simulation time, which we take to be ¢y = 2000, as all
simulations computed are within numerical precision of their
steady state value.

The value p is the long-term mean contagion across the net-
work and we plot bifurcation diagrams in Figure 4 for the de-
terministic model (oo = 0) on n = 16 and n = 25 nodes using
this mean contagion. On these plots we also provide the lines
which denote the stability change between disease-free and en-
demic equilibria given at the end of Section 2.3, as well as a plot
of the deterministic basic reproduction number R as a function
of both network topology and the number of nodes n. As one
would expect, this is the same for all network topologies for
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Figure 2: Time series of nodal values of the infected populations pi(#) in four different graphs. Solid lines correspond to stochastic simulations using the Euler-
Maruyama method with a time-step of Az = 10™*, whereas the dashed black lines correspond to nodal values of deterministic simulations. The insets are over the
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deterministic value of py =~ 0.47, the nodes of degree 3 the value p; ~ 0.44, and the nodes of degree 2 the value p; ~ 0.39. In (d) at # = 50 the boundary nodes have
the deterministic value of py ~ 0.33, the nodes bordering the boundary have the value p; ~ 0.41, and the central nodes of degree 2 the value p; =~ 0.4.
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n = 1,2, and we see that as n increases, the path and cycle graph
tend to the same asymptotic value of Ry, whereas the grid and
complete graphs tend toward lower values, due to the increased
connectivity in these networks.

As expected, the stability results accurately capture the slope
of the disease-free equilibrium in the 8-6 plane, but we no-
tice that the other contour lines, delineating different values of
the mean contagion, have greater slopes, and vary slightly be-
tween network topologies. While the stability change given by
A1(B) = 0 is always a transcritical bifurcation, the value of the
endemic equilibrium away from this bifurcation has a topology-
dependent structured illustrated by Figure 4. As we alluded
to earlier, this suggests that the stochastic network model may
have different behaviors which depend on on how far away from
the deterministic bifurcation the model is in parameter space.
We remark that the mild changes in these bifurcation plots with
respect to the network topology (and on n) is primarily a result
of using the contact rates given by (7), corresponding to homo-
geneous populations with uniform movement between nodes.
More heterogeneous population or movement models will lead
to greater changes in these bifurcation structures compared to
our homogeneous contact model.

For the stochastic SIS model, we first need to define what
we mean by “long-term” behavior, i.e. we need to establish
the time scale at which we analyze the system. The scalar
stochastic SIS model in Equation (12) was shown by Gray
et al. (2011) to have stable stationary distributions. We expect
that solutions to Equation (14) will admit stationary distribu-
tions for large enough times, but we anticipate the possibility
of quasi-stationary behavior due to the complexity of our net-
work model. Quasi-stationary distributions can be thought of
as stationary states with noise-induced fluctuations, with the
possibility that eventually the process may drift to an absorb-
ing state (e.g. the disease-free equilibrium). If we eliminate
the white noise by letting o — 0, the quasi-stationary distri-
butions should approach stationary states of the deterministic
SIS model. This can be exploited to construct asymptotic ap-
proximations to the quasi-stationary distribution in the limit of
o — 0 (Mateus et al., 2016).

We can illustrate this idea by letting p* = 1 — Z—z be the en-
demic equilibrium to Equation (2). We then expand around this
equilibrium by setting p(t) = p* + 0&;(t) for o < 1 in Equation
(12) to find,

odé = c&(B(1 = 2p*) — )dt + op*(1 — p*)dW + O(c2), (19)

which, upon dividing by o~ and dropping higher-order terms, is
an Ornstein—Uhlenbeck process. The solution to Equation (19)
approaches a stationary Gaussian distribution with mean 0 and
variance ;&%ﬁjgi‘). An analogous small-noise approximation
can be made for the system (14), if the variances o; are taken
to be of the same order, leading to a coupled system of lin-
ear stochastic differential equations. However, this system will
include forcing from multiple white noise processes for each
node, and will depend on the (in general heterogeneous) en-
demic equilibrium of Equation (6), resulting in a heterogeneous
stochastic matrix system. In the interest of brevity, rather than
study this asymptotic limit in a detailed manner analytically,
we shall explore the behavior of solutions to the system (14)
numerically.

We first consider the scalar stochastic system given by (12).
We choose a sufficiently long time scale such that the determin-
istic solutions are very close to their equilibrium values, and
consider this a transient time period 7. We then solve (12) for
arange of values of 8 and ¢, and plot

1 r

PG ), pr (20
where T, — T is the timescale over which we average the dis-
ease. We take 77 = 1000 and 7, = 2000. The value p is
the long-term mean contagion. We note that for this timescale,
the deterministic simulations are within numerical precision of
their steady-state value. We plot the mean contagion p over ¢
and g for the scalar case in Figure 5. For small values of the
noise variance o2, we see essentially identical behavior to the
deterministic case. This is in line with the Gaussian solution to
Equation (19) for small noise, as the asymptotic behavior of the
solution with small noise has a mean value identical to the de-
terministic process. As expected from the results in Gray et al.
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Figure 4: Bifurcation diagrams for the deterministic SIS model (given by equation (6)) on 9-node (left) or 25-node (right) networks. We consider path (top), and
complete (middle) networks, as well as a characterization of the basic reproduction number Ry in the bottom plot for varying n. The colour scale corresponds to
values of p defined in equation (18), and the red line corresponds to the deterministic value of A1(B) = 0, corresponding to where the disease-free equilibrium
changes stability. Topological changes correspond to shifting the slope of the stability boundary, as well as the value of the endemic equilibrium within its stability
region.



Figure 5: Bifurcation diagrams for the scalar stochastic SIS model (given by equation (12)) for values of o~ = 0.05,0.2, and 1 from left to right. The colour scale
corresponds to values of p defined in equation (20), and the red line corresponds to the deterministic value of A1(B) = 0, corresponding to where the disease-free
equilibrium changes stability. The dashed white line corresponds to the stochastic stability boundary reported by Gray et al. (2011).

(2011), increasing the variance of the noise increases the like-
lihood of the disease dying off in finite time despite being in
the endemic equilibrium stability region of the 8-6 plane for the
deterministic system, and all of our simulations confirm their
noise-modified value of R,.

As we remarked before, the scalar and network stochastic
cases have different noise properties. Equation (12) can always
be interpreted as having multiplicative noise that approaches 0
as p — 0, whereas Equations (14) can behave as if it is addi-
tively forced if py is very small for some node but not small
for a neighboring node. In this case, negative drift in the noise
can lead to non-physical negative levels of infection, and hence
spurious results. We note that this behavior only occurs for
large values of the variance, namely we only observed it in the
regime of o> > max(B, 8(26)""), and suspect that the results of
Gray et al. (2011) in this regime do not simply carry over. For
smaller variances, the effect of the noise on the mean level of
infection compared to the deterministic model is almost negli-
gible, as can be seen in Figure 5 for the scalar case. We will
discuss other noise models in Section 5 that can avoid these
issues.

4. Control Strategies

Now that we have explored the broad behavior of stochastic
SIS dynamics on networks, we shall turn our attention to several
simple control strategies which may be used to contain or mod-
erate the prevalence of the contagion. Our proposed strategies
are different from those proposed in Khanafer et al. (2014), as
our controls will depend on information about the current state
of the disease throughout the network. One way of introduc-
ing a control into the SIS system is by effectively increasing
the recovery rate (Nowzari et al., 2016). As one example, this
can be achieved by treating a certain proportion of the infected
population.

First consider the one-node case, described by equation (12).
Let u(z) be the proportion of the sick population treated at time ¢,
where 0 < u(?) < 1, and let @ > 0 be the treatment effectiveness,
so that au(?) is the total recovery rate due to treatment. We can
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incorporate this control into the SIS equation (12) to obtain

dp = (Bp(1 = p) = 6p —ua)dt + (op(l —p))dWw,  (21)

where the whole population recovers at the total rate & + au(f).
Therefore, we can view au(f) as an enhancement to the natu-
ral curing or recovery rate. We also assume that we are in the
endemic stability regime shown in Section 3.2 as otherwise the
natural recovery rate is by itself enough to eradicate the conta-
gion and treatment is not necessary for the long-time elimina-
tion of the disease.

For a network of K nodes, we modify equation (14) so as to
include control functions u;(¢) at each node, writing

dpi(t) ={ (1 = px(®)) Z,Bjkpj(f) — ok pr(t) — aru (D pr (1) | dt
JE€Lk

+ (1= pet) Y. o jep (AW,
Jjely

(22)
with pr(0) > 0 specified, where k = 1, ..., K and a is the treat-
ment effectiveness or enhanced curing rate due to the treatment
applied at node k. As before, we will assume that the curing rate
is the same throughout the network, so denote a; = « for all £,
and instead explore the impact of purely topological changes in
the network structure. We will, however, assume that the con-
trol function itself may depend in some way on the topology,
and hence may not be uniform throughout the network.

4.1. Primitive bang-bang control strategies

We first propose one particularly simple and intuitive exam-
ple, a bang-bang control, where the nodal control can only be
turned completely on (u(¢) = 1), or completely off (i () = 0).
We consider various approaches to determine when this con-
trol is activated based on different local and global information
about the current state of the infection throughout the network.
This captures realistic scenarios in combating diseases, which
crucially depend on information at different scales. We also in-
troduce a tolerance level of infection at each node k, denoted
by p,’:, that determines whether or not we administer treatment.



This tolerance level corresponds either to an acceptable level of
infection in a population, or to a level that is detectable.

Case 1: Isolated Decision Making
First, we define a control based on local information only as

1, whenever py > py,

NOE 23
1) {0, whenever py < py, 23)

where p; € [0, 1] is a given tolerance level at node k. Whether
the control at node £ is entirely on or off depends only on the
density p; of the infected population at this node alone, hence
the decision to implement the control is “isolated”, as it does not
take into account information about infection at other nodes. In
the scalar deterministic setting, if the tolerance is set as p; =0,
then this control would change the basic reproduction number
by a factor of a~!, which may or may not be sufficient to erad-
icate the disease. In the deterministic network setting, or the
stochastic setting, it is not obvious a priori how the stability of
the disease-free equilibrium changes with this control.

Case 2: Average Neighbourhood-Based Control

We also consider a control locally at each node that accounts
for the average level of infection at all neighboring nodes. In
this case we define the control functions to be

1
1, whenever — > Dis
T Z PjZ Py

« Jjely
uj (1) = | (24)
0, whenever — i< pr,
T Z Pj <D
JELk
for k = 1,...,K, where |7| is the number of elements in the

index set 1y, and we assume k € J; for all k. One might an-
ticipate that this control would be more effective at eliminating
epidemics given more information than the previous local con-
trol. We note that this averaging is only one possible way of
determining nearby levels of infection.

Case 3: Cautious Neighbourhood-Based Control

The third case we consider is one where the control is acti-
vated as soon as the contagion reaches the tolerance level at any
of the neighboring nodes. The control functions in this case are
defined as

1, whenever max p; > py,
» JE€Lk
w (1) = . (25)
0, whenever max p; < py,
JE€Lk
for k = 1,...,K, where |7| is the number of elements in the

index set 7, and we assume k € I for all k. We anticipate
that this control will be activated more quickly than (23) for the
same threshold infection level py.

Case 4: Central Planning Control

Finally, the decision when to activate the control at any node
k can be taken based on the prevalence of the disease across the
entire network. For simplicity we consider the average infection
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across the network. In this case the control function is defined
as

K
1 .
1, whenever X ij >p,

J=1

u'(t) = (26)

1 v .
0, whenever I ij <p’,
j=1
and this control is applied at all nodes, i.e. u;(r) = u*(z) for all
k=1,...,K.

In Figure 6, we plot the mean prevalence of the infection
across the network for different graph topologies. We note that
the qualitative behaviour was the same between multiple real-
izations. In particular, when a particular strategy was always
better than another (as in Figure 6a), this was preserved among
realizations. We note that this level of 8 corresponds to a steady
state value of the infected population much larger than p;, and
so most of the control strategies activated frequently, with lit-
tle difference between the efficacy between one another. More
obvious long-time differences occurred for the path and grid
graphs. In all graphs we observe Case 3 being most effective,
Case 2 being least effective, and the others being equally ef-
fective. Finally, we remark that most of the strategies give
very comparable time series of the mean for the complete graph
(when run with the same noise realization), as the information
about the disease at any individual node is equivalent through-
out the network, except for Case 3 which is more effective due
to being activated when a single node exceeds the threshold.

In Figure 7, we consider a weaker infection with a smaller
value of the treatment « and the same threshold. In this case,
there is more variation between the treatment efficacies, as well
as between the network topologies. We note that Case 3 consis-
tently brings the mean infection substantially below the thresh-
old pz, Case 2 is consistently below the threshold, and Cases
1 and 4 consistently brings the mean infection very close to
this threshold. We note in particular that Cases 1, 2, and 4 all
additionally seem to reduce the temporal variance in the long-
time behavior of the infected population, whereas Case 3 does
not seem to do this as much. This result suggests an interest-
ing trade-off between reducing the mean level of the infection
or reducing the overall variability of the infection throughout
the population. An additional aspect of this is that the cautious
strategy, while most effective at preventing the disease, is also
active much more frequently than the others.

While these results suggest global differences between these
controls on different network topologies, we can also differen-
tiate them based on how they perform nodally. In Figure 8, we
consider the lattice graph with the four control cases using the
same parameters as in Figure 7. We see that the isolated strategy
of Case 1 leads to a uniform level of the disease approximately
at the threshold throughout the network, whereas the other con-
trol strategies have more complicated effects. Case 2 (Figure
8(c-d)) leads to the central node having an intermediate level
of infection, the degree 3 boundary nodes having the highest
level of infection, and the corner nodes having the lowest. This
makes sense given the definition of Case 2 in terms of average
neighboring infection populations. For similar reasons, but be-
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cause of the overly-sensitive control strategy, in Figure 8(e-f)
we see that Case 3 falls into the control consistently being acti-
vated at the degree 3 nodes, so that these have the lowest level
of infection, whereas the central node and corner nodes have
the highest. Finally the Case 4 simulations (Figure 8g-h) qual-
itatively match the no-treatment case, as the central node has
the highest level of infection while the degree 2 nodes have the
lowest.

4.2. Feedback Control on Networks

In contrast to the bang-bang controls which are either on or
off, we now consider a feedback control that dynamically ad-
justs the treatment level based on the level of contagion present
in the network. Consider

(1) = Fr(p(0), p*)ur(t) — crun(t)?),

up(0) = u”,

27)

where u,’ € [0, 1] is a given constant, ¢; > 0 is a parame-
ter related to the cost of treatment (and hence determines the
maximum allowable treatment), and F) is a function of the
state vector p(t) = [p1(®), ..., px(®)]" and the threshold vector
p*=1Ip},... ,p’,‘(]T. As was done in the case of bang-bang con-
trols, the functions F are used to determine the risk or variation
of the epidemic away from some desired threshold value. Away
from the threshold value, the right hand side of (27) should in-
crease, resulting in an increase in the time derivative of the con-
trol, and hence the value of the control. The second term on the
right hand side of (27) is negative for realistic (positive) costs
and so serves as a limiting factor for the control. Note that this
is a generic feedback control that makes intuitive sense, and
alternative control laws that may be more realistic for a given
situation should behave in qualitatively similar ways to (27).
For simplicity, we set ¢y = 1. From this we have that
0 <u(t) <1lforallk =1,...,K and r > 0. Therefore, the
effective treatment ayuy(f) will vary between 0 and «y. Further,
note that if we set u,({o) = 0, then it;(0) = 0 whence u () = 0
for all + > 0. Hence we need to start off by implementing
some positive level of treatment in order for the process to be-
gin, although because of the exponential decay onto u; = 0,
an arbitrarily small initial value will suffice. We set this to be
u,({()) = (0.001 in numerical simulations. In what follows, we shall
pick values of F similar to what we have considered before for
bang-bang controllers, and then compare the utility of the re-
sulting feedback controllers. These cases will be analogous to
those in Section 4.1, and so we only briefly describe their inter-
pretation within the setting of the feedback control (27).

(0)
k

Case 1: Isolated Decision Making
We specify the control function at node k by the solution of
the ODE ,
k() = (pk() — p) (1) — uy (1)),
:0) =

= uk .
coupled with equation (22) for the evolution of the nodal infec-
tions. Equation (28) models a feedback control that adjusts to
local levels of infection.

(28)
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Case 2: Average Neighbourhood-Based Control
We now consider a control function at node k defined by the

ODE
lip (1) = {L Z pDj— Pi] (Mk(t) - Mk(t)z),

L4l £ (29)

)

u(0) = u,”,

coupled with equation (22) for the evolution of p;’s. Compare
this with the equivalent type II bang-bang control (24). Note
that the control function in (29) is only increasing with # when
the mean infection at node k or its neighboring nodes reaches
the tolerance level. This means that the treatment may not be
activated even when the disease is very strong at one node, if its
neighbors all have very low level of contagion.

Case 3: Cautious Neighbourhood-Based Control

The control function at node k is defined by the solution to
the ODE

(1) = (I,Iﬁf pi() = pZ) (it) — we(0)?).

uk(0) = u”,

(30)

coupled with equation (22) for the evolution of p;’s. In con-
trast with Case 2, the control function will activate at node k as
soon as the contagion reaches the tolerance level at any of the
neighbors of k or k itself. This suggests that this control should
be more responsive to contagion presence and therefore more
effective in reducing the endemic equilibrium.

Case 4: Central Planner Control
The control function at node k is found from the ODE

1 K
uwn{Eme—ﬁMMWwwﬂ,
j=1

ue(0) = u”,

€19

coupled with equation (22) for the evolution of p;’s. The func-
tion u(¢) in this case is identical across the network, and so any
topological structure of the network is ignored by this strategy.

We implement these controls at each node, and solve the re-
sulting system of controls together with (22). We plot diagrams
of the mean infection throughout the network in a high-endemic
equilibrium with strong controls in Figure 9, and in a smaller
endemic equilibrium with weaker controls in Figure 10, analo-
gously to Figures 6-7. We note that, as before, Case 3 typically
does the best at minimizing the mean infection throughout the
network. However, unlike with the bang-bang controls shown
in Figures 6-7, the variance in the time series for all controls
here is noticeable. Also note that the time scale is an order of
magnitude longer as the feedback control takes some time to
adjust to the information about the infection, as opposed to the
instantaneous response in the bang-bang setting. In particular
we note that the path and grid graphs take some time to ad-
just to what appears to be an equilibrium distribution. We also
note that generally these controls seem to be much closer to
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t = 500 (with treatment) correspond to the nodal values shown on the right, so that the deterministic time series can be understood in terms of the long-time spatial
distribution of infection throughout the lattice, and the stochastic simulations fluctuate about these values.
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one another in terms of efficacy, compared with the bang-bang
controls discussed above, and hence on average it is difficult to
compare them.

As before, we consider the lattice graph on 9 nodes to inves-
tigate the impact of these control strategies on the spatiotem-
poral behavior of the disease process throughout the network.
We plot time series of stochastic and deterministic infections
across a lattice graph with and without treatment in Figure 11,
again in analogy with Figure 8. We see comparable behavior as
before, with the nodal level of the infection depending on both
the treatment strategy and the topology of the network, some-
times leading to nodes below the disease threshold and other
nodes above it. As we remarked above, this control strategy
is less effective at reducing the variance in the time series, but
over long periods of time it does seem to be comparable to the
bang-bang control, and it may provide a more realistic model
of feedback-induced treatment under different kinds of aware-
ness of the present state of an epidemic. While qualitatively
similar spatial distributions of long-time infected populations
are observed in Figure 11 as in Figure 8, these emerge over a
much longer timescale compared with the bang-bang controls,
especially for Case 2, where the process takes longer than an
order of magnitude to reach the same spatial distribution as for
bang-bang controls (even in the deterministic case).

5. Truncated Noise Model

The stochastic model given by equation (14) is an extension
of the model presented in Gray et al. (2011), and makes use of
white noise to model uncertainty in the infection rate between
nodes. Such parameter perturbation techniques have been stud-
ied in many epidemiological models (Chen and Li, 2009; Yang
and Mao, 2013; Dalal et al., 2007; Ding et al., 2008; Tornatore
et al., 2005; Lu, 2009). This technique is useful as a way of
introducing temporal uncertainty in the process, and is partic-
ularly attractive because of its analytical tractability and ease
of implementation. However, this method of introducing noise
into the epidemic process has two disadvantages which are, as
far as the authors are aware, currently unreported in the liter-
ature. The first is the problem described in Section 3.2 where
for some nodal configurations, the noise term can lead to neg-
ative values of the infected population at a particular node due
to the additive behavior of the noise term. This was not seen in
Gray et al. (2011), as the noise in the scalar case is always mul-
tiplicative. The second problem is that white noise can induce
negative infection rates.

To see this, consider a finite but small time interval, At < 1.
We then can approximate the (scalar) infection rate in equation

(9) as
Bdt = Bdt + cdW(t) ~ BAt + o \/EN(O, 1), (32)

where N(0, 1) denotes a normally distributed random variable
with mean zero and unit variance. We can then compute the
probability of this infection rate being negative as

BVAL
VA T 1
Pr(N(O, <P t) - _f S LY
o V21 J-co 2

(33)
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as At — 0, suggesting that negative infection rates can be real-
ized infinitely often. There are several alternatives to develop-
ing alternative noise models for the same kind of perturbation
described by (9). Here we will give one algorithmic example,
and we are presently pursuing others.

A straightforward modification of the perturbation given by
(32) would be to replace the normal random variable by a trun-
cated normal distribution. We recall the probability density
function and cumulative density function of a normally dis-
tributed random variable x as

2
ez,

1 1 ro2
= F(x) = — T ds, 34
1= 7= ) mLf s oG8

and say that a random variable y ~ Nf‘h(O, h) comes from a
truncated normal distribution of standard deviation £ if it has
the following probability density function

i
F(1) - F(-1)’
0,

—h<y<h,

HOE (33)

otherwise.

It is easy to see that this random variable has zero mean and
variance

V(y) = h*|1 (36)

2
e(F(1) - F(—l))) '
Given this distribution, we can propose a different parameter
perturbation and ensure that the contact rate is never negative
for any value of the time step Az. We replace (32) with

Bdt ~ BAt + 5 VAN YA (0, 1), (37)
-VAr
where we scale the variance as
&= i (38)

(1 - )

so that the random variable maintains the same first and second
moments as the original white noise process. We now remark
that this will give non-negative contact rates as long as & < 3,
and can easily extend to the network setting in precisely the
same way as described in Section 3. In particular, we see that
this truncated random variable implies that 3 € (8 — &, 8 + &).

While the stochastic perturbation described by (38) will not
share higher moments beyond the mean and the variance with
the white noise process described in the rest of this article, the
effect it has on SIS dynamics is very similar. We now demon-
strate this numerically using the Euler-Maruyama method men-
tioned in Section 3.1, fixing At = 107, and using the TRUNCATE
function in MATLAB to generate elements from the truncated dis-
tribution. In Figure 12, we repeat the same simulations (using
the same seed for the random number generator) as in Figure 2.
We observe the same behavior of nodal infections fluctuating
about the deterministic values, with only small differences in
the frequency and amplitude of fluctuations.

Finally, we consider whether or not this form of the noise can
lead to stochastic extinction, as was shown analytically in Gray
et al. (2011) for the case of a white noise perturbation. Due
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Figure 12: Time series of nodal values of the infected populations pi(f) in four different graphs of the truncated white noise model. Solid lines correspond to
stochastic simulations, whereas the dashed black lines correspond to nodal values of deterministic simulations. The insets are over the last 10 time units. For all
simulations we set |[K| =9, 0 = 0.02, 8 =1, and 6 = 1. In (c) at t = 50 the central node has the deterministic value of p; ~ 0.47, the nodes of degree 3 the value
Pk ~ 0.44, and the nodes of degree 2 the value p; ~ 0.39. In (d) at r = 50 the boundary nodes have the deterministic value of p; ~ 0.33, the nodes bordering the
boundary have the value p; = 0.41, and the central nodes of degree 2 the value p; ~ 0.4.
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Figure 13: Time series of values of the infected populations p in solutions to (12) for white noise and the truncated Gaussian process. Solid lines correspond to
stochastic simulations, whereas the dashed black lines correspond to nodal values of deterministic simulations. The insets are over the last 500 time units. For all
simulations we set o = 0.15, 8 = 1, and 6 = 0.995.
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to the more complicated nature of the truncated Normal distri-
bution, especially concerning a suitable stochastic calculus, we
do not pursue an analytical treatment here. Rather, we simply
demonstrate stochastic extinction in the scalar case in Figure
13 via solutions with both kinds of noise. While the truncated
noise process takes longer to reach a small value, repeating this
simulation over 10* units of time for 10? simulations showed
that 76% of them reached a value less than 1078, and all of
them reached a value less than 1073 by the end of the simula-
tion. While the value of the basic reproduction number for this
truncated noise process is likely different from the value of 7{3
reported in Gray et al. (2011), we observe that this noise can
affect the long-time behavior of an endemic stationary distribu-
tion if the volatility is large enough.

The control procedures have comparable effects using this
noise model, and so we conclude that there really are not major
differences in terms of the predictions given these two forms
of parameter uncertainty. In particular, while white noise leads
to unphysical negative contact rates infinitely often, we suspect
that it does not give predictions that are substantially different
from from a truncated noise process that does not have these un-
physical effects. Additionally, while Brownian motion is easier
to study analytically and easier to implement numerically than
our proposed process, we note that there have been recent ef-
forts in developing algorithms and other techniques to under-
stand these kinds of probability distributions (Botev, 2017).

There are other ways of introducing stochasticity into an SIS
process that not only avoid the issues described above, but also
allow more accurate modelling of a stochastic contact rate. In
particular, rather than use (32) (or (37)) to model the noise pro-
cess, one could consider a generalized drift-diffusion model of
the form,

Bdt = A(B, t)dt + B(B, HdW(t), (39)

where A represents an underlying deterministic drift in the con-
tact rate, and B the stochastic diffusion due to white noise.
Such a general noise model allows the formulation of a wide
variety of stochastic processes. In particular, mean-reverting
processes, such as OrnsteinUhlenbeck or Hull-White processes
(Hull and White, 1994), can provide good models of fluctua-
tions of the contact rate around a typical value. Alternatively,
a Cox-Ingersoll-Ross process (Cox et al., 2005) can be analyti-
cally shown to maintain positivity of the contact rate under cer-
tain parameter restrictions, and has been used to mimic the SIR
process (Cauchemez and Ferguson, 2008). Our use of white
noise in this paper is a first step toward incorporating stochastic-
ity within deterministic metapopulation models of epidemics.
We leave detailed investigation of other stochastic models as
future work.

6. Conclusions

We have extended the stochastic SIS model in Gray et al.
(2011) to spatial networks, thereby obtaining a stochastic
metapopulation SIS model. We solved the stochastic model nu-
merically and found that white noise terms introduced in the
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force of infection do not change the overall long-term dynam-
ics of the system (for sufficiently small variation in the white
noise), but that such white noise terms can lead to resurgence
of the disease above the deterministic equilibrium, as well as to
spatiotemporal heterogeneity throughout the network domain.
These differences can be described as the long-time solutions
tending to quasi-stationary distributions, rather than settling
down to constant steady states as is seen in the deterministic
analogue of the network SIS model.

We also considered approaches for controlling the spread of
a stochastic SIS epidemic over a spatial network. In particu-
lar, we considered both instantaneous treatment via a simple
bang-bang control, as well as a feedback control that continu-
ously relaxed in response to information about the present state
of the epidemic. In both cases we used several different kinds
of information about the epidemic state of the network, corre-
sponding to a spectrum between local and global awareness of
the epidemic. We found that cautiously administering treatment
if a nearby population was above a threshold level of infection
tended to achieve the maximal effectiveness of the control, al-
though this did induce some heterogeneity in the infected pop-
ulations throughout the network. Depending on various other
factors, such as increased risks or costs in different populations
(nodes) or risks of large variances in the infection, different
strategies become more appealing. Finally, we note that these
are simple and generic approaches, and that a real-world solu-
tion would likely incorporate far more structure in a treatment
specific to the circumstances. Hence we leave the extension of
such an analysis to the metapopulation setting as future work.

Given a cost functional associated to each treatment strategy,
one could compute a priori both the cost and the effectiveness
of the controls presented here in order to determine the most
suitable practical approach to minimizing the impact of a dis-
ease. Alternatively, optimal control strategies have been stud-
ied to address this question in stochastic epidemic models (Ko-
vacevic, 2018). One could try to implement an optimal control
using a backward-forward numerical scheme. This is numeri-
cally difficult, and perhaps a better approach is to seek low-cost,
effective control functions that are not necessarily optimal but
robust and intuitive to implement, as we have done here. In-
deed, even for the deterministic case, full optimal control of
SIS epidemics on networks is an open problem (Nowzari et al.,
2016). For the stochastic analogue, design and implementation
of a proper stochastic optimal controller would likely be much
more difficult.

The model of stochastic SIS on networks given by Equa-
tions (14) does have some potentially non-physical behaviors
for large values of the noise intensity or variance. However, we
showed in Section 5 that a truncated noise model (which does
not have these behaviors) gives qualitatively identical results in
all of the regimes we presented. This suggests that the more
analytically amenable noise driven by increments of Brown-
ian motion is still worth considering. Still, alternative models
of noise in metapopulation models could lead to better mod-
els of disease spreading within interacting populations. This
would also allow for a more robust approach to exploring high-
variance continuous population dynamics on networks, but we



leave this as future work.
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