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Abstract

We consider forecasting using a combination, when no mameties with a non-constant data
generation process (DGP). Practical experience sugdestsambining forecasts adds value, and
can even dominate the best individual device. We show wisydhin occur when forecasting mod-
els are differentially mis-specified, and is likely to ocedren the DGP is subject to location shifts.
Moreover, averaging may then dominate over estimated w®ighhe combination. Finally, it can-
not be proved that only non-encompassed devices shoulddieeé in the combination. Empirical
and Monte Carlo illustrations confirm the analysis.
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1 Introduction

In the third of a century since Bates and Granger (1969), dhgbination of individual forecasts of the
same event has often been found to outperform the individuatasts, in the sense that the combined
forecast delivers a smaller mean-squared forecast et8FE) — seeinter alia Diebold and Lopez
(1996) and Newbold and Harvey (2002) for recent surveys,Geden (1989) for an annotated bib-
liography. Studies such as Newbold and Granger (1974) gedvearly evidence consistent with that
claim. Moreover, simple rules for combining forecasts,hsas averages (i.e., equal weights), often
work as well as more elaborate rules based on the relatitgopeiermance of the forecasts to be com-
bined: see Stock and Watson (1999) and Fildes and Ord (2002)ertheless, despite some potential
explanations (such as Granger (1989)), precisely why &stemombinations should work well does not
appear to be fully understood. This paper addresses that iss

There are a number of potential explanations. First, if twamlels provide partial, but incompletely
overlapping, explanations, then some combination of the vight do better than either alone. In
particular, if two forecasts were differentially biasedéaipwards, one downwards), it is easy to see why
combining could be an improvement over either. Similaflg]liexplanatory variables were orthogonal,
and models contained subsets of these, an appropriatéiyved combination could more completely
reflect all the information. However, it is unclear why initgators would construct systematically
biased or inefficient models; and there are other solution®recast biases and inefficiencies than
pooling forecasts. Moreover, it is less easy to see why a gwtibn need improve over the best of a
group, particularly if there are some decidedly poor fosex#n that group.

Secondly, in non-stationary time series, most forecaslisfaili in the same direction when fore-
casting over a period within which a break unexpectedly mcCombination is unlikely to provide



a substantial improvement over the best individual forescessuch a setting. Nevertheless, what will
occur when forecasting after a location shift depends oregtent of model mis-specifications, data
correlations, the sizes of breaks and so on, so combinatightrhelp. Since a theory of forecasting

allowing for model mis-specification interacting with int@ttent location shifts has explained many
other features of the empirical forecasting literatures (S&ements and Hendry (1999)), we explore the
possibility that it can also account for the benefits fromlpap

Thirdly, averaging reduces variance to the extent thatra¢@aources of information are used.
Since we allow all models to be differentially mis-specifisdch variance reduction remains possible.
Nevertheless, we will ignore sample estimation uncerngaimfocus on specification issues, so any gains
from averaging also reducing that source of variance withddgitional to those we delineate.

Next, an alternative interpretation of combination is thafative to a ‘baseline’ forecast, addi-
tional forecasts act like intercept corrections (ICs).sltiell known that appropriate ICs can improve
forecasting performance not only if there are structurebks, but also if there are deterministic mis-
specifications. Indeed, Clements and Hendry (1999) presgiit distinct interpretations of the role that
ICs can play in forecasting, and (e.g.) interpret the camasatry pooling in Hoogstrate, Palm and Pfann
(2000) as a specific form of IC.

Finally, pooling can also be viewed as an application ofr8iéames ‘shrinkage’ estimation (see
e.g., Judge and Bock (1978)). If the unknown future valuges/gd as a ‘meta-parameter’ of which all
the individual forecasts are estimates, then averaging prnayide a ‘better’ estimate thereof. Below,
we consider whether data-based weighting will be usefulnathe process is subject to unanticipated
breaks.

Thus, we evaluate the possible benefits of combining fotedadight of the nature of the economic
system and typical macroeconomic models thereof, to distter properties of the system and models
— and the relationships between the two — that result in &stecombination reducinfy!SFEs. In
particular, given that a general theory of economic forgegsvhich allows for structural breaks and
mis-specified models has radically different implicatidram one that assumes stationarity and well-
specified models (see Clements and Hendry (1999) and HendrZkements (2003)), we explore the
role of forecast combinations in the former framework.

Section 2 confirms that combinations of forecasts are intffe when forecasting using the cor-
rect conditional expectation in a weakly-stationary psscerhus, departures from ‘optimality’, due to
mis-specification, mis-estimation, or non-stationasitége necessary to explain gains from combina-
tion. Section 3 considers whether combination could detijzens in a weakly-stationary process when
forecasting models are differentially mis-specified byngsonly subsets of the relevant information.
We show there is a range of values of the parameters of thegdagxration process (DGP) where this
can occur, but gains are not guaranteed. Neverthelesspdieedf why gains ensue in such a setting
points to why combination might work in general, partly byyding ‘insurance’ against obtaining the
worst forecasts. Section 4 notes alternative ways of impiging forecast combinations, then 5 con-
siders the role of encompassing—which is violated by thelnegool—and discusses whether only
non-encompassed models are worth pooling. If the weigleid ursany combination are estimated, then
they directly reflect a lack of encompassing; however, iffpred weights, such as the average, are used,
encompassed models may lower rather than raise the effjoiénice combined forecast. Section 6 ex-

There is a substantial literature on Bayesian model avegagihich is claimed to reduce ‘model uncertainty’. In our
general framework, the key uncertainty relates to whicls{gsmecified) model will best represent the outcomes aftenan-
ticipated location shift. It seems impossible to form ‘psioon that, and ‘in-sample’ weights will not be a useful griidr
combining. Even if one were correct and certain about theaimple model, pooling that with encompassed models could
dominate its forecasts in such a setting, although some stiations (such as intercept corrections) would also bblei



tends the analysis to processes subject to location shitfiesie the combination can dominateViSFE.
Moreover, previously encompassed models may later becoméndnt, and the earlier dominant model
may fail badly, so averaging across all contenders cannekbleded as a sensible strategy. Section 7
provides an empirical illustration based on the data sefiraily used by Bates and Granger (1969),
and by demonstrating the efficacy of ICs, suggests that amatibnh works there because of location
shifts of the form underlying our theoretical approach. Mante Carlo study of the behaviour in finite
samples of our theoretical approximations in section 8 supyheir applicability in practice. Section 9
considers forecast densities after pooling, and secticcohfludes.

2 Forecasting by the conditional expectation

Consider a weakly-stationarg-dimensional stochastic proce$s;} with density Dy (x| X;_1,8),
which is a function of past informatioX;_; = (...x;...x;-1) for € ® C R*. Forecasts of
x7+5 based on the conditional expectation given informationoupetriod:

Xr4nr = E[xXrin | X7, 1)

are conditionally unbiased:

E [xrn — Xrgnr | Xr] = E[xpqn | Xr] — E[xpqn | X7] =0, (2)

and no other predictor conditional on oi¥4 has a smalleMSFE matrix:

M [Xpipr | Xr] = E [(XT-i—h — Xpynr) (X148 — §T+h|T)/ \ XT] . (3)

Moreover, both (2) and (3) hold for all. Consequently, on MSFE basis for forecasting 1,
the conditional expectation cannot be beaten, as is welvkndHowever, the empirical evidence that
combination is useful clearly indicates that the above &awork is inappropriate as an analytic basis.

There are several possible explanations for the empirigabme. First, forecasté; ;- might be
used that are based on only subsets of the available infmmt;. Secondly, the functions of past
data used to form those forecasts do not coincide with thditonal expectation. Thirdly, parameter
estimation uncertainty is sufficiently large that averggimadvantageous. Finally, the underlying data
densityD, (x¢|X;_1, 8) is not constant, in which case, the first two mistakes are stiimaund to occur as
well, particularly if location shifts are the source of thenaconstancy. The proliferation of competing
forecasting methods and models is also evidence for thaviocspotential explanations. Here, we first
explore the implications of combining the forecasts frons4specified models wheb,(-) is constant,
then consider what happens when the DGP is subject to irtterthbreaks.

3 Forecasts from mis-specified constant models

To articulate our approach, we approximate the DGRPx;|X;_1, @) by the constant-parameter first-
order vector autoregression (VAR):
Xt =7+I'x1+e (4)

wheree; ~ IN,, [0, ©2.]. Section 6 considers the impacts of breaks due to locatiifts.skve focus on
1-step ahead forecasts fbr+ 1 from timeT purely to simplify the algebra; no issue of principle seems

2Combination could also offset measurement errors in pigtiny data: see Gallo and Mariano (1994).



involved in generalizing to multi-step forecasts. Also, westrict attention to forecasting the scalar
y¢, Which is one element af;, and in this section, assume that, in the absence of stalditeaks,
x; in (4) has been reduced to weak stationarity by appropriaestormations. Thus, partitioning
x; = (x], : x3,), the model determining; is given by:

Y = ﬁﬁX1,t—1 + /6/2X2,t—1 + €4, (5)

wheree; ~ IN [0,02], independently ok; ;. Since the processes are all weakly stationary, intercepts
are set to zero.
Two investigators unaware of the nature of the process irfi{fSeparate models of the form:

yr = a'x1 -1 +up = a'wy + uy, (6)

and:
Yt = b/X27t71 + v = b/Zt -+ v¢. (7)

Each model is mis-specified by omitting the components wthietother includes — the absence of over-
lapping variables seems an inessential simplification gthitch tow; andz; is to ease notation below,
but note thatww ., andzy, are known at the forecast origin). Moreover, as we beliegeettplanation
for any benefits from combination derive from specificatiorather than estimation—issues, we further
simplify by neglecting sampling variability in the coefititsa andb where necessary to obtain sharper
results. The assumption that the partial models span tbhenaftion set is to simplify the algebra, and
does not seem consequential: section 8 provides a Monte {astration.

It must be stressed that in such a constant-parameter frarkepooling the information will pro-
duce the optimal forecast, as the resulting model coincidtsthe DGP, whereas pooling the forecasts
will not in general (but see Granger (1989) for an exampleyweler, that implication need not gener-

alize to non-constant DGPs.
Wi d’wt fwt
= ’ + ’ 5 8
<Zt> (d)z,t) <£z,t> ()

Let:
whereg,, ; and¢, , are fixed functions of past variables, and:

gw,t ~ O wa sz
(&)=l (o) (5 i)

Our interest is in comparing the accuracy of the forecasits fthe models in (6) and (7) against that of
a pooled forecast, based MSFEs (as that is the criterion most frequently applied in practbut see
Clements and Hendry (1993)). We s&f , = ¢, = 0, so both dynamics and deterministic factors
are ignored, and this is known to the investigators, sodefgs and further lags are omitted: section 8
investigates dynamics via Monte Carlo simulations.

The 1-step ahead forecast from (6) is denaied; = aw, 1, So the forecast error is:

(9)

Upi1 = yr1 — Yr+1 = (81 — Q) w1 + Bhzri1 + eryr. (10)

The corresponding forecast from (7) uges., = B’ZTH with:

/
U141 = Yr+1 — Yr+1 = Biwrer + (52 - b) Zr41 + €Tt (11)

Neither forecast should encompass the other. Section Sdesegesting for non-encompassing before
forecast combining.



In Appendix A, we detail the derivation of tidSFEs for the two models. Letting/l [-] denote
MSFE, these are given by:

M [Ury1 | Wi, 2741) =~ 02 + B22,..,85 (12)

and:
M [U741 | Wri1,2r41] =~ 02 + B12,,.0, (13)

where the approximations result from ignoring parametéimesion uncertainty, that is, terms of
O, (T™1). In these expressions},., = V [n., .|, whereV [-] denotes a variance, angl,, , is de-
fined by:

z¢ = MWy + 1, With E [wenl, ;] =0. (14)

Similarly, ©,,. =V [n,,. ], where:
wy = ILy.2; + 1, With E [zmivz,t] =0. (15)

To afirst approximation, then, thdSFEs depend on the importance in tA&P of the omitted variables
(e.g., for the model given by (6), wit SFE given by (12), this ig3,, the coefficient orz,) and will be
greater to the extent that the included variables do not@xihe excluded (measured By, in (12)
for the model in (6)). To order the outcome in terms of accyrae assuméM [uri|wri1, 2r4+1] <
M [O741|wrs1, 2141, S0B52_ . B < B1Q,,.. 3. Consequentlyyr; would transpire on average to
be the more accurate forecast here: equivalent resultStralde opposite ranking.

Writing a combined forecast as:

Ure1 = (1 =N Yrs1 + Ayrs1 = Yrp1 + A Yre1 — Y1) » (16)

we derive in Appendix A the associat®tSFE as:

M [€\| WT+1aZT+1} (17)
~ ol + )\25/1917102131 + (1 — )\)2 By, B2 + 21 (1 — X) BIE [Uwz,T+177lzw,T+1] B

(to the same order of approximation as for the individuatfaists), where:

E[MweriiMewrs1] = E[(ze — Mowwy) (wy — Iy.zy)]
_szﬂzzlﬂzw + szﬂ;lluﬂwzﬂgzlﬂzw
= —Q, (I, — I, I0,.)

zZw wz

and e.g.f2.,, = E[z;w}], as indicated. The last line in the above is the matrix ansdagf (1 — R2,,),
and has a negative sign: intuitively, if the regressiorz,00n w; over- (under-) estimates, the reverse
regression will do the opposite.

Stock and Watson (1999) find that a combination obtained bliqmpforecasts across many methods
does well, using either the mean or median forecast, so wesfoe the case where= 0.5. Then:

M F\TJrl \ wT+1,ZT+1}

as against the smaller of the two individual forecast errors

M [dr41 | writ, 2r41) =~ 02 + 8582, Bo.



So:

T~

M [€T+1 | ’LUT+172T+1} < MUz | wryr, 2r41)

if and only if:
B/lﬂmuzﬁl - 25/19211) (Im - H/sz;uz) 52 < 316/2977210!62‘

Let 3592, B3> = kB12,,. 8, Wherek < 1 given our ordering, then combination dominance requires:

(1 - 3]{,‘) /Bllﬂmuz/@l - QIB,IQZ’UJ (In1 - H;wniuz) 52 < 0.

This is more likely to hold if the marginal effects of andz ony in the DGP are of the same sign and
‘match’ the sign ofQ2.,,.
In the special case th,,, = 0, combination dominance requires:

1 < 3k,

so an improvement over the better individual forecast byagiag is possible within that range (and
similarly for the alternative ranking). However, the larderecast error was:

0—2 + 5/1977w2517
as against (18), so whdn,,, = 0, dominance requires:
k<3,

which is bound to hold. Thus, averaging guarantees ‘inga@aand may provide dominance when the
models are differentially mis-specified for a constant DGP.

3.1 Scalar case

In the scalar case wherg = ny = 1, somewhat more transparent results can be obtained. Déwote
correlation betweem andz by r,,. and their variances by? ando?, then domination by the average
over the best requires:

(1 - Sk) ﬂ%p — 261 B2rw. <0,

for p = 04 /0. > 0 with 8302 = k%02, Normalizing such thad, = 3, = 1, thenk = 1/p? sop > 1
and dominance requires:
p% — 2ry.p — 3 < 0 subjecttop > 1.

This is bound to hold whep is close to unity, and also for < 3 whenr,,, is close to+1.
Also, against the larger forecast error (again using thenabzed parameter values):

302 + 2pry. > 1,

which must always hold even wheyp, < 0. Thus, combination—even by averaging—seems likely to
be advantageous here.



4 Implementing forecast combinations

Forecast combination can be implemented in many differayswsee Granger and Ramanathan (1984),
Diebold (1988), Wall and Correia (1989) and Coulson and R®1993) among others. Potential ap-
proaches range from simple averaging to more complex schdesgned to give optimal combination
weights. In this last case, the weights are often estimategtimize some criterion (e.g., minimizing
theMSFE of the combined forecast) on a post-model-estimationriing sample’ for which the realiza-
tions are available, prior to undertaking genuine outasfiple forecasting. Sometimes the individual
models’ explanatory variables will be assumed known, amdthe values can be conditioned on, at
either training or forecasting stages, or alternativegsthmay themselves be forecast.

Forecasting is seldom a ‘one-off’ venture, and typicallyefrasts will be made at a number of
successive forecast origins. The individual models mayebspecified and/or re-estimated at each
origin, as may the combination weights — one can imagine réiainhg window moving through the
sample as the forecast origin progresses. The estimatiotiowis may be of fixed length so that early
observations are dropped, or may expand indefinitely. Theess (or otherwise) of forecast combining
is likely to depend in part on how it is implemented, so thatlerations of its efficacy will be multi-
faceted. Nevertheless, given a careful articulation ofcthreext in which forecasting is undertaken, it
should be possible to determine which factors are likelyiay p key role3

4.1 Forecast combination as a bias correction

Suppos€{yr+i, yr+i } denotes a set of forecasts over a training pefiedl, . .., R, whereyr, is the
1-step ahead forecast gfat 7" + i based oril’ + i — 1, etc., and the parameter estimates are based
on a sample ovet, ..., T. We allow the forecasts to be biased, possibly because teegemerated
from assumed constant-parameter models in the presenteictusal breaks: Granger (1989) recom-
mends ‘unbias(ing) the component forecasts’ prior to comion. ThusE [yry; — yry:] # 0 and
Elyr+i —yrss) # 0fori = 1,..., R, and this is reflected in non-zero values of the correspandin
sample moments. Suppose the weights are calculated to m@niheMSFE of the combined forecast,
imposing the restriction that the weights sum to unity, allalaéng for bias by including an intercept.
Letting y, y andy denote the vectors of observations o¥e# 1 to T+ R, the weighta is estimated
from:

y=ditay+(1—-a)y+e (19)

wherei is an R-dimensional vector ofs, or:
y-y=di+aly-y) - (y-y)+e

By the Frisch—Waugh theorem (see Frisch and Waugh (1933)can equivalently run the regression
of M; (y — §) onM; (§ — §) whereM; = I —i (i)' i":

Mi(y —y)=a[Mi(y -y) -Mi(y -y)] +&

Using:
Mi(y-y)=y - [y +iR 'V (y-y)] =y~ [§+91} :

3As an example of a possible factor, consider the early sseselsased on the combination of time-series models and
(largely) static economic models. The failure to model tigaainics in the latter and the absence of causal factors in the
former constituted important sources of model mis-spegtific.



whered is the sample estimate of the biagjinpandy,.= y +6iis the bias-corrected forecast. Similarly,
M; (y—¥) =¥ — Ybe, Where:

Yoe =¥ +iR™H (y = §) =¥ + 04,

SO:
y:aybc'i_(l _a)ybc"i_g'

The combination forecast is:

Ube T+ Rti = QUbe,T+R+i + (1 = Q) Upe, 7+ R4i5 1 > 1,

that is, a combination of the bias-corrected forecastss Bgirection should account for a reduction in
the MSFE, so that the appropriate benchmarks for the combined feteteuld bej,. andy,. rather
thany andy. In practice, the combined forecast is usually only comghamethe uncorrected individual
forecasts.

An alternative interpretation of the role éfin (19) is as an ‘intercept correction’ for the forecast
given by@ba’T +Rryq- This interpretation is clearer if we assume there is jush@le forecasty, so that
the problem is simply to calculatein:

y=90i+y+e (20)

or:
y—y=40di+e

so that) = 0, namely the sample estimate of the biass 1 0 because of a tendency to under-predict,

the intercept-corrected forecagis v+ r+: = yr+r+: + 0 are revised up by that amount.

4.2 Forecast-error variances

Even if pooling were to improve the accuracy of the resulfiogecasts relative to all the individual
models, to be of practical value, the resulting forecastldzoeed a measure of error variance. Consider
the fixed-weight combination in (16), so:

yr1 — Yrs1 = (1= A) (Y1 — Yre1) + A (yre1 — U741) 5

or:
ers1 = (1 =N Uy + Aorq

SO:

Vv [?TH] = (1= N2V [re1] + N2V 1] + 2 (1 — M) AC [t 9741] -
The first two components on the right-hand side can be caémifgom the estimated models, and the
third could be derived from any available historical traekard on past forecast errors. Alternatively,
the historicaMSFE of §T+1 could be used directly, and indeed may be the only feasilgeoagh when
many models need to be pooled. In stationary proceM@eA%T,H] would allow valid forecast intervals
to be constructed.



5 The role of encompassing

When fixed weights are used (as in an average), it is easyustrdte a case where only non-
encompassed models are worth pooling. In particular, wbgms(one of the forecasting equations,
averaging with any subset model, or models, will produceesyatically poorer forecasts. This should
hold more generally for weakly-stationary processes—esiait other forecasts are then inferentially
redundant—and suggests testing for forecast encompgssorgo averaging: see Harvey, Leybourne
and Newbold (1998) and Diebold (1989), who relate enconipgds forecast combinations. Ericsson
and Marquez (1993) and Andrews, Minford and Peel (1995)igeoempirical examples of forecast-

encompassing tests. However, section 6.4 provides a qoexaeple in processes subject to location
shifts where an encompassed model may later dominate: bmeeds seem pandemic in macroeco-
nomics, no general result can be established.

5.1 Estimated weights

Two forces operate here. First, under weak stationarigyetis the detrimental effect of the uncertainty
added by estimation of the weights. Secondly, there is aebffom the benefit of choosing the best
weights. Overall, we suspect estimation probably does xpfag much of the success of pooling:
whether or not the weights are estimated, combining mustettierbthan the worst of the individual
forecasts, and could beat the best. Section 8 shows thatdtiss in the Monte Carlo.

When the weights are estimated by regression, then anyafstredich contributes to a combination
is not encompassed by the others (see Chong and Hendry Y1986}, estimated weights assign little
role to encompassed forecasts, as their weights will bgnifggant. While the need to pool violates
encompassing (see Lu and Mizon (1991), and Ericsson (19@2))so reveals hon-congruence, congru-
enceper secannot be established as a necessary feature for goodgtingcasee Hendry and Clements
(2003). Indeed, the next section suggests that averagigigtiné preferable when unanticipated breaks
can occur. Section 8 confirms that estimated weights needamoinate over fixed.

6 Combining under extraneous structural breaks

Hendry and Doornik (1997) and Hendry (2000) establish theation shifts are the problematic class
of structural breaks in a forecasting context, so we focushose. We consider a DGP where the
regressor processes ;—; andxy ;1 in (5) experience breaks at different times, but the foriogs
model remains unchanged. Thds, , and¢, , in (8) are non-constant, beyond being functions of past
variables. The DGP for thg process in terms of; andz,; remains:

yr = Biwy + B9z + ey, (21)

wheree; ~ IN [0,02]. As before, dynamics and intercepts are assumed absentyrtesimplify the
algebra, so prior to forecasting,, ; = ¢,,; = 0, whereas in-sample:

W¢ IN 0 wa sz
Z " 0 ’ Qu. Q..

Again, the investigators fit separate models of the form:

(22)

yr = ag + ajwy + uy, (23)
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yr = by + bz + vp. (24)

Now intercepts are included, to offset any mean values iedily location shifts. We first allow only
the z process to shift byp, ., = p, (redefined to simplify notation) which is in fact a change at
the end of the estimation sample, influencing the forecagb@ behaviour of;. Since the shifts occur
in the processes determining the regressors, we refer s the extraneous breaks. Any breaks in
variables that influence the DGP but are excluded from b&h&8d (24) would act to influence them
in a similar way to the case we examine, but without the offeeh averaging over models that included
the breaking variables. Breaks in the intercept of the DQRion are noted below.

The 1-step ahead forecast from (23) is:

Ur41 = Go +A1Wrg1,
so the forecast erraty 1 = yry1 — Yri1 iS:
Ur41 = (B — 1) wry1 — do + Bozr41 + ertr.
The corresponding forecast from (24) uges.; = by + b} zry1 With 741 = Y141 — 141
U1 = B1wWri + (52 - B1)/ZT+1 — b+ erti.

Next, we derive the conditional biases and variances ofdhecst errors. This requires the rela-
tionship equations between the regressors, of which thadigiven by:

zr41 = ¢ + IyWri1 + 0,701 WhereE [n,, 1] =0, E[wryinl, 7] =0 (25)

-1
Y (1 o0 Ko\ 7
(o )=(o ) (a2)-(at.) o

Thus, from the estimation sample, prior to any shifts, arstiiasng least-squares estimates of in-sample
parameters:

SO:

El[ag) =0 and E[a;] = B, + IT,, 35,
SO.
Eltury1 | wrat,zr11] = —Elfao) + (8, — E[a1]) wri1 + Bhzrit

- :8/2 (ZT+1 - szWT+1)

= 5,2“7; + Bénzw,T—f—l?
using (26). Again we ignor®,, (T—l) terms arising from estimation increasiMfsFEs, so:
Ury1 = Bott, + BoNp 71 + €741,

with:
E [QQTH ‘ WT+172T+1] =~ Ug + 5/2 [anw + Nzﬂlz] Bs-
A break may also be induced in the model which includegenz ; shifts because:

wri1 = K+ Wy.2741 + Ny 7 Where E [n,, ry1] =0 and E (27111, 741] = 0,

sok = —IL,.u., whereadT, , = .., leading to a forecast error of:

~ / /
41 = BNy — B1Ilwzp, + erya.
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Then the squared error is:

E [5%—1—1 | WT+1>ZT+1] = 0—3 + Bllﬂnwzﬁl + IBIIHwZ“zM/zH;)zﬁl

We continue to assume that, prior to the break, the modeldimy w is the more accurate, so
B5%2,,... By = kB12,,. 8, for k < 1. Then, to the approximations involved:

E [?72T+1 | WT+1>ZT+1] ~ o+ kB %2,,,.8, + (5/2.%)2
E [5%+1 ‘ WT+172T+1] ~ o +B819Q,,.8, + (53szﬂz)2-

Consequentlyyr, could be the more accurate forecast here, despite beingdessate prior to the
break. This is more likely the larges, and the less correlated as@ndw — in the limit, whenII,,. = 0,
Bl is a consistent estimator @,, and the term involvings, drops out of theMSFE for y7. ;.

The average forecast is:

Uri1 = 3 (Y11 +Ur41),
with error:
Cril = Trg o+ 3 (U741 — Uri1)
5 By~ BITL) e+ 5 (B + Bilsirin) + e,
so:

N 1 1
E [6T+1 | WT—i-laZT—l—l} =3 (B, — B1IL,.) p, + B (,3/177wz,T+1 + :3/277zw,T+1) .

Again ignoring terms 00,,(71):

~2
E [6T+1 ‘ WT+1,ZT+1]
2
= 03 + 0.25 |:(1 + k) /6/19771u251 - Qﬁllﬂzw (Inl - lewH;}z) /62 + [(5,2 - BIIsz) .ulz] ] .

Thus, the combined forecast could beat both individualdases depending on the relative sizes of the
unmodelled shift in the process to the error variances.

To illustrate this, we consider two simplifications: fi€3f,, = 0, then a scalar case in section 6.1.
Againstyr.1 (the more accurate forecast in the absence of breaks) irrghsifnplification, the average
forecast dominates when:

(1-3k) B12,,.8:, < 3(Bhu.)”,

which is bound to hold fok > 1/3 and could hold even for smatl Against the second forecast:
(k = 3) B1€,.. 81 + (Bhp.)” < 0.
If we approximate by: = 1, then both hold when:
1 3 2
1,01 > 5 (Bom.)” > =3 (Bons.)
where the last inequality must be true. If insteads small, then:
1 / 2 / / 2
3 (IBQNZ) < B1y,.B1 <3 (IBQNz) .

Thus, irrespective of whethef is large or small, the average can ‘win’ against both micHigel
forecasting devices when the DGP experiences locatiotsshif
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6.1 Scalar illustration

In the scalar case when = ny = 1, using the approach in section 3.1:

2
E [€T+1 ‘ U)T+172T+1]
~ Jg + 0.25 { (1 — r?uz) [(1 + k) ﬁ%ai — 2515201”2} + (B2 — ﬁlmz)zui} ’

with:

E [’172T+1 | wT+laZT+1] ~ 03 + 32202 (1 - r?uz) + 522#3
E [5%“ | wrot, ZT+1] = Ug + ﬂ%ai (1 - r%uz) + ﬂ%ﬂzﬂiz'
Againstyr, 1, the average outperforms in the normalized case if (as= pr,,. andkp? = 1):

2
—(1=r2) (3p+ 21y, — p°) < % (3p + 21y, — kpra.) .

z

Whenp is close to unity and,,, is large, this reduces to:
2
Ju!
— (1 — rfuz) < —; (27)
UZ

which must hold. Alternatively, if,,, = 0, then:

2
2 <3 (1 + “—2> :
z
which will hold when the relative break is sufficiently large
Againstyr 1, the average dominates if:
4 H2
—(1=r2,) (30" + 2pru. — p?) < = (3r2. + 2ry. — p°).
z

As before, wherp is close to unity and,,, is large, we replicate (27). And if,, = 0, dominance

requires
2

3p% > 1+H—§.
UZ

Thus, dominance over both individual models simultangoresjuires:

1 ”2 ”2
(14 = 2 14+ 22).
3<+02><p <3< —1-02

z z

We conclude that there is a wide range over which averagitigiaminate.

6.2 Later breaks

If, in a later forecast period, there is a break in the othecess, then a similar analysis applies with
the initial rankings of the individual models reversed. Hbgebra naturally becomes tedious, but the
outcome must depend on both the absolute and relative dities breaks, whether earlier breaks were
modelled or not, the robustness of devices to breaks, andizbe of the signal-noise ratios. There
must exist combinations in which the average dominatesinderdual forecasting devices, on average
over repeated forecasting episodes, because other devidgg from good to bad performance. Such

later breaks may also vitiate estimation of weights: whenethad is doing well because it had not

previously suffered forecast failure, estimation willriliite an above-average weight to it. Any later

shift in that ‘current-best’ device would induce poorerfpemance than just the average.
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6.3 Breaks in falsely-included variables

If some of the variables that are included with non-zero faciehts in forecasting models are in fact
irrelevant, then an analogous derivation is feasible tovghat the effects of breaks favour combination.
When such variables experience a location shift, the fetedaom that model will be poor, since the
dependent variable will not have been affected. Any avevaljattribute a smaller weight than unity to
such a set of forecasts, and so outperform it. Later breadher variables in rival models will similarly
worsen their performance, leaving the average as the ‘winne

6.4 Within-equation breaks

Finally, a break in the, process introduces further complications, depending erctass of models
under analysis. When a break occurs after forecasts areiaoed, all devices will fail, usually in the
same direction, so averaging will neither resolve nor esate that problem. However, some methods
will continue to fail for many later periods — especially ddpium-correction models (EQCMs) — again
usually in the same direction (see e.g., Clements and Hqi8809)). If the EQCMs were previously
the dominant approach, then we have the analogue of thetmoralin section 6, namely a switch
in ranking between methods pre and post break, preciselgitin@ion when averaging can dominate
on average. Now, however, in the sub-periods, the averageomanay not dominate. Moreover,
estimated weights would emphasize the near encompassiag BfCM over (say) a first-differenced
autoregression, so could do less well than the averageedingéhen simple — but robust — forecasting
devices are encompassed by the EQCM, and so excluded frolinggome have a counter example to
any claim that only non-encompassed models should be iedludthe average.

6.5 Pooling information

In the present context, pooling of information should prewere successful than pooling forecasts
for all extraneous breaks in correctly included variabbag, not for breaks in the equation of interest,
however generated. Since there are often many variableb/éu; the former type of break should be
more frequent than the latter, supporting pooling infoiorat On the other hand, false inclusion of
variables that later break will be detrimental. In Hendrg &lements (2001), we explore these ideas
to investigate the apparent success of ‘factor forecastsdiffusion indices, as in Stock and Watson
(1999) and Forni, Hallin, Lippi and Reichlin (2000).

Moreover, extraneous breaks become endogenous in a sysbeour approach also points to an
explanation for why multi-step (or dynamic) estimation nisyadvantageous: see Chevillon (2000).
Conversely, when different transformations (e.g., log énear) of the same variable are involved,
pooling information seems less likely to dominate.

7 Empirical illustration

Bates and Granger (1969) provide an example of the usefubfesombining forecasts from linear and
exponential trend models of output. Table 1 records an outpiex for the UK gas, electricity and
water sectors for the years 1948 to 1965, along with foregaets from linear and exponential trend
models of outpu{y; }, given byy; = a + 3t + errory and In(y;) = a + bt + error;, wheret is a linear
time trend. The forecast error in periodt = 1950, ...,1965) is calculated from a forecast based on
estimating the model on data up#e- 1. The results in the table show that although the exponential
model forecasts have a much smaller sum of squared erroE) (& the linear model, nevertheless,
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a combination which attaches a small weight to the lineadasts has a smaller SSE. For example, for
a fixed weight 0f).16 on the linear forecasts, the combined forecast SSE is*78l8s clearly supports
combination, but it is of interest to interpret how the gaimnes about given our analysis.

The forecast errors from the linear model become large asdiym from around 1961 onwards,
indicating that the constant absolute increase model ppirgoriate. On average, the exponential model
over-predicts (negative errors), albeit to a lesser ext€ontnbination is seen to work by tempering the
negative errors of the more-accurate exponential modél thi¢ predominantly positive erors of the
linear model over the 1955 — 61 period. This view is suppoligdhe SSEs of the bias-corrected
forecast errors (see the last two columns of the table), lmaddsults of combining the bias-corrected
forecasts. The bias-corrected forecast of petigdtalculated by adding the sample mean of the forecast
errors up to period— 1 to the forecast of periotl Because the bias term is calculated from past forecast
errors up to that point, it adapts only slowly to the run ofipes errors in the linear forecasts of the
1960s. The SSE of the bias-corrected exponential foretsa8Ts less than the combined forecast SSE
of 78.8 (with a weight of0.16), but more pertinently, we find that any fixed-weight comkiora of the
bias-corrected forecasts, with weights in the intef@all ), has a larger SSE than that of the exponential
model forecasts. Of course, the fixed-weight combination forecasts disalisse not feasible, in the
sense that they are based on knowledge of the full set of detezrrors. Moreover, fixed-weights
can also be improved upon by varying-weight schemes, asrshgvBates and Granger (1969). This
example shows that gains from combination may disappeadiVidual forecasts are first corrected,
consistent with the derivation when there are no breakscttrabination exploits offsetting biases.

A final implication, given the autocorrelated forecast esras that intercept correction or differ-
encing should improve the forecasts. For the latter, thes3f#&ome 73.9 and 59.0 for the linear and
exponential models respectively, providing a dramaticrmapment for the former, and a smaller — but
worthwhile — gain for the latter, which now does better thag eombination. Clements and Hendry
(1999) treat inappropriate specification or estimationei&dministic terms as near equivalents of shifts
in those terms, so such an interpretation is also consistigmthe present gains from combination and
differencing.

8 A Monte Carlo study

We consider a range of settings. The first set includes et shifts in white-noise processes to
match the theory derivations and check their applicabilityinite samples (section 8.1.1). We then
allow for dynamic models (section 8.2), breaks in the DGPatiqu itself (section 8.3), and situations
where some of the explanatory variables are absent froni glkanodels (section 8.4).

“The figures we report are based on our own calculations. Wedape the forecasts, and forecast errors etc., based only
on the actual series. Some small differences were obseelative to Bates and Granger’s figures, presumably becduse o
improved precision.

The optimal combination for the bias-corrected forecastppsing the constraint that they sum to unity (and with azer
intercept in the combination) was0.22 on the linear forecasts, delivering an SSE of 72.61. Negatigights sometimes
appear anomalous but may be warranted, as here, when thaialiforecast errors are highly positively correlated. |
general, structural breaks may be expected to bias all teedsts in the same direction, resulting in positively elatted fore-
cast errors. In our example, the method of bias-correctioreases the degree of positive correlation between ttiddndl
model’s forecast errors (froia76 to 0.91), and the less accurate linear model forecasts attractatinegveight. Including
an intercept in the combination results in a smaller SSE df,8@ut the optimal combination weights that sum to unity are
largely unchanged at0.23 and1.23.
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Table 1 Forecasts of output indices, 1950-65.

Actual 1-step forecast errors
Linear Exponential Combination Linear Exponential
Bias-corrected Bias-corrected
1948 58.0
1949 62.0
1950 67.0 1.0 0.7 0.77 1.0 0.7
1951 72.0 0.7 0.1 0.21 -0.3 -0.6
1952 74.0 -2.5 -3.4 -3.24 -3.3 -3.8
1953 77.0 2.2 -3.3 -3.11 -1.9 -2.4
1954 84.0 2.1 0.8 0.99 2.8 2.2
1955 88.0 1.0 -0.6 -0.37 1.2 0.4
1956 92.0 0.4 -1.7 -1.33 0.4 -0.7
1957 96.0 0.0 -2.5 -2.08 -0.0 -1.4
1958 100.0 -0.2 -3.2 -2.71 -0.3 -2.0
1959 103.0 -1.3 -4.8 -4.28 -1.4 -3.4
1960 110.0 1.9 -2.1 -1.47 2.0 -0.3
1961 116.0 3.2 -14 -0.71 3.1 0.4
1962 125.0 7.0 1.8 2.60 6.7 3.5
1963 133.0 8.8 2.8 3.74 8.0 4.3
1964 137.0 6.1 -0.9 0.26 4.7 0.3
1965 145.0 8.0 -0.0 1.26 6.3 1.1
Sample bias 2.1 -1.1 -0.6 1.8 -0.1
Sum of squared errors  263.3 84.4 78.8 211.9 77.0

The output series is the output index for the gas, eleatrinid water sector, given in Bates and Granger
(1969, Table A1, p. 462). The combination forecast has fixejiats 0f0.16 and0.84 on the (uncor-
rected) linear and exponential forecasts
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T b, T+1 oz bw, T ow fwz Forecast bias MSFE A AN by a1
M. My Mc My My, M., My Mg My My,
No shift
1 100 0.0 1.0 0.0 15 0.75( 0.00 -0.00 0.00 0.00 0.000 1.14 0.60 0.27 0.24 0.25( 0.61 0.66 2.13 1.50
2 20 0.0 1.0 0.0 15 0.75[ 0.01 0.00 0.00 0.01 0.01] 1.20 0.63 0.29 0.27 0.28 0.61 0.65 2.13 1.50
3 10 0.0 1.0 0.0 15 0.75 -0.00 0.00 0.00 -0.00 -0.000 1.28 0.67 0.33 0.32 0.34) 0.61 0.64 212 1.50
$z141 =0z
4 20 1.0 1.0 0.0 15 0.75[ -1.12 1.00 -0.06 0.19 0.27] 252 1.64 0.31 0.34 0.40 0.61 0.65 2.13 1.50
5 20 1.0 1.0 0.0 1.0 0.00[ 0.00 1.01 0.51 0.50 0500 1.28 2.24 0.95 0.99 099 0.50 0.50 1.00 1.00
6 20 15 15 0.0 1.0 0.75[ -0.75 1.50 0.38 0.13 0.04 121 3.47 0.44 0.32 0.33 0.39 0.35 1.50 2.12
7 20 1.0 1.0 0.0 15 -0.75( 1.13 1.01 1.07 0.94 1.04f 254 1.64 1.94 1.49 1.79) 111 0.65 -0.12 0.50
8 20 15 15 0.0 1.0 -0.75[ 0.75 1.51 1.13 0.67 1.0 1.23 3.48 2.07 1.11 1.74 -0.11 0.35 0.50 -0.13
b2, T+1 =2 X 0z
9 20 2.0 1.0 0.0 15 0.75[ -2.25 2.00 -0.12 0.37 0.53 6.50 4.64 0.37 0.52 0.73 0.61 0.65 2.13 1.50
10 20 2.0 1.0 0.0 1.0 0.00[ 0.00 2.01 1.00 0.99 1.000 1.47 5.25 1.76 1.83 1.82 0.50 0.50 1.00 1.00
11 20 3.0 15 0.0 1.0 0.75[ -1.50 3.00 0.75 0.25 0.08/ 3.00 10.23 0.89 0.46 0.48 0.39 0.35 1.50 2.12
12 20 2.0 1.0 0.0 15 -0.75| 2.25 2.01 2.13 1.87 2.07] 6.52 4.65 5.38 4.13 5.02 1.11 0.65 -0.12 0.50
13 20 3.0 1.5 0.0 1.0 -0.75| 1.50 3.01 2.26 1.32 2.01 3.01 10.26 5.90 2.62 483 -0.11 0.35 0.50 -0.13
Do TH1 = 0z, Py, T:T4+1 =2 X O
14 20 1.0 1.0 3.0 15 0.75| 1.73 -0.18 0.78 0.52 043 4.39 0.84 1.03 0.68 0.63 0.64 0.69 2.13 1.42
15 20 1.0 1.0 2.0 1.0 0.00] 1.91 1.01 1.46 1.40 1.41) 5.01 2.49 2.97 2.84 2.87] 055 0.54 1.00 1.00
16 20 15 1.5 2.0 1.0 0.75| 1.16 -0.27 0.44 0.59 0.64 2.05 1.63 0.65 0.76 0.84 041 0.38 1.50 1.93
17 20 1.0 1.0 3.0 15 -0.75| 3.98 2.19 3.09 2.00 271 17.25 5.60 10.37 4.88 8.14 1.08 0.69 -0.12 0.58
18 20 15 1.5 2.0 1.0 -0.75| 2.66 3.29 2.97 2.58 2.86| 7.77 12.34 9.69 7.43 8.95 0.07 0.37 0.50 0.06
G241 =2 X 02,9y T:T41 = =2 X Ou
19 20 2.0 1.0 -3.0 15 0.75| -5.09 3.19 -0.95 0.23 0.63 27.61 10.95 1.37 0.68 1.22 0.64 0.69 2.13 1.42
20 20 2.0 1.0 -2.0 1.0 0.00] -1.89 2.01 0.06 0.22 0.200 5.19 5.53 0.76 1.12 1.05 0.55 0.54 1.00 1.00
21 20 3.0 1.5 -2.0 1.0 0.75| -3.39 4.78 0.69 -0.05 -0.32) 12.38 24.38 0.93 0.65 099 041 0.38 1.50 1.94
22 20 2.0 1.0 -3.0 15 -0.75| -0.59 0.82 0.11 0.82 0.38 2.01 1.47 0.92 1.50 1.00, 1.08 0.69 -0.12 0.58
23 20 3.0 1.5 -2.0 1.0 -0.75| -0.39 1.23 0.42 -0.20 0.21 1.01 3.05 1.07 1.07 0.97 0.07 0.37 0.50 0.06

Table 2 Simulation results: extraneous shifts.
M, andM,, refer to the forecasts from the models includingndw, respectivelyM~ assigns equal weights to
each forecast)/, assigns ‘optimal’ weights
based on the formula in Bates and Granger, &hd, assigns optimal weights but omitting the covariance terms
between the models’ forecast errors.

8.1 Shifts in an extraneous variable
8.1.1 Forecast-period shift

Table 2 reports a selection of results from a Monte Carloystfdthe usefulness of combination in
small samples for constant DGPs and when there is a shifteamtban of an extraneous variable.
The DGP is as given in section 6 with, and z; scalar variables. The models are estimated without
intercepts on the sample upTg and used to forecadt + 1. The meang, = ¢,, = 0 in-sample, but
we allow ¢, 71 = . to be non-zero in some experiments. Results are given fee tbombination
schemes: simple averaging, the ‘optimal’ combination, #ueduse of relativéSFE weights® We set

61 = B2 = 1, with a DGP disturbance variance @fi6. The table records the Monte Carlo estimates of
the biases anMISFEs over50, 000 replications, for a number of sample sizésand different values of
ow, 0, andr,,,. We also record the Monte Carlo estimate%pandal. The columns headedl/,, M,

and M. relate to forecasts from the models includingv, and the simple average of the two, whereas
the columns headetl/,, and /) ,, show the optimal anMSFE weight combinations respectively.

For the first three rows of the table, = 0, so these show the effects of combination when there are
no structural shifts. The model including(2,,) is the more accurate of the individual models, because
with 31 = 32 = 1, the higher variability ofv (o2, > 02) means that it explains more of the variation in
the dependent variable. Nevertheless, the simple avefafe two forecasts yields a smallstSFE.

The optimal combination assigns a weight of just d¥érto M,, (a little higher when relativ1SFE

5The optimal combination, as derived by Bates and Grangés9)1Zhooses the weights to minimise MSFE of the
combined forecast (subject to the weights on the individaedcasts summing to unity). This involves covariance t&erm
between the models’ forecast errrors. When these are igntire optimal weight is given by the relatisSFEs alone. For
simplicity, we substitute the in-sample estimated rediifm thel-step in-samplel(, . . ., T') forecast errors in calculating the
weights, so that the periadforecast error’ is based on parameter estimates obtainethta up tdl’, rather thart — 1.
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T ¢ 741 ES ow fwz | Forecast bias MSFE X Au b1 a1
M, My, Mc M, Mx M My, Mc M, Mx |
No shift
1 100.00 0.00 1.00 1.50 0.7 0.01 -0.00 0.00 0.00 0.00| 5.36 2.47 0.83 0.66 0.7 0.61 0.68 2.13 1.50
2 20.00 0.00 1.00 1.50 0.7§ -0.01 0.01 0.00 0.00 0.00| 5.15 2.35 1.06 0.82 092 0.61 0.66 2.13 1.50
3 10.00 0.00 1.00 1.50 0.7! 0.00 -0.00 -0.00 -0.00 -0.000 4.79 2.22 117 0.85 0.98 0.61 0.65 212 1.50
4 20.00 1.00 1.00 1.50 0.7§ -1.13 1.01 -0.06 0.21 033 6.85 3.37 117 0.92 1.10, 0.61 0.66 2.13 1.50
5 20.00 1.00 1.00 1.00 0.0 -0.01 1.00 0.49 0.47 0.50| 5.65 6.11 3.00 2.50 2720 0.50 0.50 1.00 1.00
6 20.00 1.50 1.50 1.00 0.7§ -0.75 1.51 0.38 0.15 0.06| 3.14 7.36 1.24 0.89 1.020 0.39 0.34 1.50 2.12
7 20.00 1.00 1.00 1.50 -0.7! 1.12 1.00 1.06 0.75 099 6.82 3.34 4.07 2.45 335 1.12 0.66 -0.12 0.50
8 20.00 1.50 1.50 1.00 -0.7! 0.75 1.49 112 0.64 096/ 3.13 7.30 4.13 2.44 3.39 -0.12 0.34 0.50 -0.12
b2, T+1 =2 X 0z
9 20.00 2.00 1.00 1.50 0.7§ -2.26 2.01 -0.13 0.42 0.66( 11.90 6.38 1.49 1.20 1.6 0.61 0.66 213 1.50
10 20.00 2.00 1.00 1.00 0.0 -0.01 2.00 0.99 0.93 1.000 6.90 9.10 4.05 3.42 3.76/ 0.50 0.50 1.00 1.00
11 20.00 3.00 1.50 1.00 0.7§ -151 3.01 0.75 0.31 0.11] 5.39 14.15 1.81 1.10 1.2 0.39 0.34 1.50 2.12
12 20.00 2.00 1.00 1.50 -0.7! 2.24 2.00 212 1.50 1.97| 11.81 6.34 7.74 431 6.3 1.12 0.66 -0.12 0.50
13 20.00 3.00 1.50 1.00 -0.7! 1.49 2.99 2.24 1.28 1.93 535 14.04 8.05 4.24 6.5 -0.12 0.34 0.50 -0.12
Table 3 Simulation results: extraneous shift wheandw are AR(1) processes.
M, andM,, refer to the forecasts from the models includingndw, respectively M assigns equal weights to
each forecast)/, assigns ‘optimal’ weights
based on the formula in Bates and Granger, &hd, assigns optimal weights but omitting the covariance terms
between the models’ forecast errors.
T T ) 51 rwz Forecast bias MSFE A AnM by ay
M, My Mg My My, M. My Mg My My,
1 20.00 15 .8 0 0.75| 0.61 0.60 0.61 0.61 0.61] 1.64 1.04 0.68 0.67 0.68 0.61 0.63 2.13 1.50
2 20.00 18 .8 0 0.75| 0.73 0.72 0.73 0.73 0.73 1.80 1.19 0.84 0.82 0.83 0.61 0.64 2.13 1.50
3 20.00 15 0 1 0.75| 0.01 0.01 0.01 0.01 0.01] 1.85 2.36 1.31 1.38 1.41f 0.55 0.56 2.38 1.62
4 20.00 18 0 1 0.75| 0.01 0.01 0.01 0.01 0.01] 2.08 2.47 1.56 1.65 1.68 0.59 0.61 2.23 1.55
5 20.00 15 8 0 0.00| 0.61 0.61 0.61 0.61 0.61 3.04 1.67 1.44 1.33 1.35 0.69 0.66 1.00 1.00
6 20.00 18 8 0 0.00| 0.73 0.73 0.73 0.73 0.73 3.20 1.82 1.60 1.49 1.50 0.69 0.66 1.00 1.00
7 20.00 15 0 1 0.00| 0.02 0.01 0.01 0.02 0.02 3.24 4.38 2.74 2.90 2.89 0.59 0.58 1.25 1.00
8 20.00 18 0 1 0.00| 0.02 0.01 0.01 0.02 0.01] 347 4.33 293 3.14 3.13 0.65 0.63 1.10 1.00
9 20.00 15 .8 0 -0.75| 0.61 0.61 0.61 0.61 0.61] 1.64 1.04 1.20 1.01 1.13 1.10 0.63 -0.12 0.50
10 20.00 18 .8 0 -0.75| 0.73 0.73 0.73 0.73 0.73 1.80 1.19 1.36 1.17 1.2 1.11 0.64 -0.12 0.50
11 20.00 15 0 1 -0.75| 0.01 0.01 0.01 0.01 0.01] 1.85 2.34 1.95 211 1.98 0.83 0.57 0.13 0.37
12 20.00 18 0 1 -0.75| 0.01 0.01 0.01 0.01 0.01] 2.08 2.45 2.12 2.34 2.17 1.01 0.61 -0.02 0.45
Table 4 Simulation results: shifts ig-equation.
M, andM,, refer to the forecasts from the models includingndw, respectivelyM assigns equal weights to
each forecast)/, assigns ‘optimal’ weights
based on the formula in Bates and Granger, &hd, assigns optimal weights but omitting the covariance terms
between the models’ forecast errors.
T ¢, 741 o2 ow s Forecast bias MSFE SNy by a1
M, My, Mc My Mx M My, Mc My My,
1 100.00 0.00 1.00 1.50 0.7 1.00 0.99 1.00 1.00 1.000 3.31 2.61 2.05 2.02 2.02 0.59 0.59 2.62 1.83
2 20.00 0.00 1.00 1.50 0.79 0.95 0.94 0.94 0.94 0.94 3.40 2.65 2.03 2.06 2.04 0.59 0.58 2.63 1.83
3 10.00 0.00 1.00 1.50 0.79 0.90 0.90 0.90 0.90 0.90 3.64 2.81 2.11 2.24 2.18 0.59 0.57 2.63 1.83
4 20.00 1.00 1.00 1.50 0.79 -0.68 1.94 0.63 0.86 0.84 3.11 5.53 1.57 2.06 1.97 0.59 0.58 2.63 1.83
5 20.00 1.00 1.00 1.00 0.00 0.45 1.95 1.20 1.18 1.19] 3.59 7.04 3.43 3.53 3.50 0.50 0.50 1.50 1.50
6 20.00 1.50 1.50 1.00 0.75 -0.31 2.44 1.07 0.81 0.84 1.95 8.46 2.30 1.99 1.99 0.41 0.42 1.83 2.63
7 100.00 0.00 1.00 1.50 0.79 1.99 1.98 1.99 1.99 1.99 6.28 5.56 5.00 4.98 498 0.59 0.58 2.62 1.83
8 20.00 0.00 1.00 1.50 0.75 1.90 1.89 1.89 1.89 189 6.11 5.35 4.73 4.77 4.74 0.59 0.57 2.63 1.83
9 10.00 0.00 1.00 1.50 0.75 1.80 1.80 1.80 1.80 1.80 6.11 5.27 4.57 4.74 4.63 0.59 0.56 2.63 1.83
10 20.00 1.00 1.00 1.50 0.79 0.27 2.89 1.58 1.81 1.771 2.73 10.13 3.68 4.63 4.421 0.59 0.57 2.63 1.83
11 20.00 1.00 1.00 1.00 0.00 1.40 2.90 2.15 2.13 2.14 5.37 11.65 6.62 6.69 6.66 0.50 0.50 1.50 1.50
12 20.00 1.50 1.50 1.00 0.79 0.64 3.39 2.02 1.76 1.81 2.29 14.01 5.24 4.47 4.5 0.41 0.42 1.83 2.63

Table 5 Simulation results: shift in variable excluded from bothduals.
M, andM,, refer to the forecasts from the models includingndw, respectivelyM~ assigns equal weights to
each forecast)/, assigns ‘optimal’ weights
based on the formula in Bates and Granger, &ihd, assigns optimal weights but omitting the covariance terms
between the models’ forecast errors.
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weights are used), and the combined forecast is then aslittidler than in the case of averaging. Monte
Carlo estimates of these weights are shown in the table uhdezolumns headed andXM. Notice
that the individual forecasts (and therefore the combamadi have a zero bias (to two decimal places)
in the absence of location changes. The high value,gfentails that the effects of andw in the
individual models (estimated as anda;) are quite different from their effects in the DGP. Our atialy
derivations ignore terms @b (T—l): the Monte Carlo suggests that the qualitative resultsharesame
for T = 100 andT = 10 (compare the first and third results), suggesting that ttexses are indeed
unimportant.

The next set of rows reports results for a shiftequal to one standard deviation of thequation
disturbance term, namely, = o, (equalling one standard deviation ofn the absence of explanatory
variables in thez-equation). Consider row 4. This suggests that the relgg@reentage reductions
in MSFE can be much larger when there are structural shifts. Theibit®e forecasts from\/,, is
approximately the value of the shift. By including M, picks up the value of the shift, but because
the coefficient orx is approximately double that in the DGP, this model ovedjats by approximately
the amount of the shift. Now the combination based on optiweghts (V/,) no longer delivers the
smallestMSFE: just as the best model in-sample may not yield the most atetiorecasts when there
are structural changes, so the optimal combination in-t&may no longer be optimal for out-of-
sample forecasting. Whem,, = 0 (row 5),31 is an unbiased estimator @f, so that)/, is unbiased.
Nevertheless, combination is still better (averaging itinogl): it pays to combine with the biased
predictor. Rows 7 and 8 illustrate the results of combimatvhenr,,, < 0, so that both individual
models are biased in the same direction, and averaging leadaorse outcome than the best, but still
outperforms the worst individual forecast. The optimal bamation remains dominant, but the weights
are outsidd0, 1), and relativeM'SFE weights give similar results to averaging. The third sebefs are
for ¢, r11 = 20,. Row 9 illustrates a greater proportionate reductioBFE from combination. Row
10 (r». = 0) indicates that for shifts of this size the bias inducedy is large enough to counteract
the benefits to combination, add, has the smalles¢ISFE.

8.1.2 Forecast and estimation period shifts

The fourth and fifth panels of table 2 replicate the secondlaind, but with a shift in the intercept of the
w process of two and minus two times the standard error of gisidiance, respectively, taking effect
in periodsT” andT" + 1 (¢, 7 = ¢w,r+1 = £20,). We allow intercepts in thd/, and M,, models, but
otherwise proceed as above. Note that the impact of theesoiggervatiori” on the estimation of the
models’ parameters is relatively minor, so that the redoltconsecutive shifts in the forecast period
would be qualitatively similar. From the bottom panel, iigparent that combination can yield large
percentage reductions MSFE when the explanatory variables undergo shifts in diffedirgctions,
and the variables are positively correlateg.( > 0, rows 19 and 21). Then, the upward bias in the
coefficient estimates exacerbates the forecast biasks @ind M,,. Whenr,,, < 0, the models’ slope
parameter estimates are biased towards zero, and thestedwan both individual models are closer to
the actual value ofr, 1 that results from the largely offsetting shifts in the twgknatory variables.
When the shifts are in the same direction (rows 14-18) therideation in the individual models’
performances is less pronounced, but depending on thévestiges of the shifts and the importance of
the individual explanatory variables, combination cahegitbeat the best individual forecast or guard
against inadvertently choosing the worst. For examplepin 14 the size of the shift im relative to
that in z is such that\/,, is better than averaging, but a scheme that assigns a highight\) to M,
delivers a smalleMSFE (the table presents results for average valugsGaf and0.69). When the size
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of the shifts is more comparable (e.g., row 16), averagiragan beneficial.

8.2 Autocorrelated explanatory variables

Table 3 reports results for a subset of these experimentgpéexhatz and w now follow AR(1)
processes, with an autoregressive coefficieri.9f Keeping the same values of the disturbance vari-
ances as before, the variances @ndw increase by a factor of approximately five, so that the casts t
omitting either in terms oMSFE is now larger: sed/, and M, in the first three rows of the table, for
example. The proportionate gains to combination are cooredingly greater. Now, combination pays
even wherr,,, = 0 andu, = 2 (row 10), but note that the size of the shift relative to tlendard error

of z has fallen.

8.3 Shifts in they equation

Table 4 reports the results for the three combination scheand the individual model forecasts when
there are shifts in thg equation. We chose the parameter values correspondingvt@ i table 2,
sou, = 0,0, = 1ando, = 1.5, andr,,, = 0.75 in the first panel. The shifts in the equations

are defined by, the time of the shift, whereby the new values take effeanfro+ 1 onwards, and

7 = 15 or 18 for T' = 20; Jy, the shift in the (hitherto zero-valued) interceptidf (twice the standard
deviation of they-equation disturbance term); angd the shift in the coefficient on, whered; = 1 so

the coefficient doubles in size. The second and third setsurfrbws repeat the first, but wity,, = 0,
andr,,, = —0.75. For both theM, and M,, models, intercepts are estimated to accommodate the shifts
in they equation.

The results suggest the following. The individual foresgsind therefore combinations) remain
unbiased whe#; is not equal to zero, becausds a mean-zero variable. Nevertheless, for both types
of shift, combination proves to be efficacious fgr, = 0.75 andr,,, = 0, but, as in the absence of such
shifts, is generally less so whey, is negative.

8.4 Completely omitted variables

Our analytic derivations assume that the variables in thdetsospan the explanatory variables in the
DGP, so each model only excludes variables which the oth&iacts. The condition that all the vari-
ables in the DGP are included in at least one of the modelsdvappear to be unimportant to our
explanations of why pooling works, but we checked that aspez further Monte Carlo study reported
in table 5. There we report experiments based on rows 1 to 8bdé 22, but allowing an additional
variable{¢;} to enter the DGP with a unit coefficient. This variable is mearo white noise, with a
variance of unity, but with a shift to a mean of unity (rows 16)cor 2 (rows 7 to 12) for period§” and
T+1,ie.,¢9, = 0buto,r.74+1 = 1 or2. If ¢ were uncorrelated with the explanatory variables and
¢q,m:7+1 = 0, our analytical calculations would be unaffected, sip@®uld be subsumed into the dis-
turbance term, so only affect the equation error variancaintdining the inter-relatedness assumption,
a shift in¢, is equivalent to a shift in the intercept of thpeequation. The interesting cases are when
is correlated with one or both afandw. In our experiments, both correlations are one half. We also
estimate intercepts in both thé,, and A/, models.

The first three rows of table 5 (and rows 7 to 9) show that thévididal-model forecasts (and
therefore the combined forecast) are approximately bibgexh amount equal to the size of the shift in
q. Nevertheless, combination reduces M8FEs. Whenz also shifts (rows 4 to 6), then becausand
z shift in the same direction, and because the ‘omitted vhribias’ in M, causes the coefficient on
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to be upward biased, the forecast biases/gfare smaller than eithe¥/,, or the combination. When, in
addition,o, > o, S0 thatz is the more important determinant @frow 6), combination is worse than
M., (but only marginally so). For larger shifts i), M., is relatively better than the combined forecast.

8.5 Summary

These simulations confirm the analytical results, and egpdonumber of extensions. The qualitative
nature of the conclusions based on the analytical work hpldso that model mis-specification and
parameter non-constancy are seen to explain why combmatitd especially averaging, often works
in practice. When a DGP variable which is not included in ahthe individual models undergoes a
shift in mean, at the same time that other variables shifinge of outcomes is possible depending on
the exact design, that is, the relative sizes of the shtitsy telative contributions to the total variation
in the dependent variable, and the signs of the cross-atioes, etc. In general, allowing for variables
that do not enter any of the models could strengthen or wetlleecase for combination when there are
shifts.

9 Pooling and forecast densities

Our emphasis has been on explaining the efficacy of pooliigt parecasts: the vast majority of stud-
ies in which pooling has been found to be beneficial have ld@tepoint forecasts. Nevertheless, in
recent years there has been a growing recognition that sfter® measure of the degree of uncertainty
surrounding a ‘central tendency’ will enhance the usefdnef the forecast, and that in some cases
the dispersion, or the tails, or even the whole forecastijermse of interest. Section 4.2 considered
forecast-error variances in stationary processes. Hawéwe production and evaluation of interval
and density forecasts have recently attracted a good dedilenttion, but only rarely has pooling been
applied outside of the analysis of point forecdst&rangeret al. (1989) is a notable exception, look-
ing at interval forecast combination using the quantileresgion techniques of Koenker and Bassett
(1978) and Koenker and Bassett (1982). A full analysis ofpgbeling of density forecasts is beyond
the scope of the present paper, although in the remaindéiso$éction we discuss some preliminary
results obtained in the Monte Carlo described in section 8.

9.1 Calculation of density forecasts

For simplicity, we use the Box—Jenkins method of calcutptiensity forecasts. The drawbacks with
this method, and a number of alternatives, are discussdt indntext of interval forecast calculations
by Clements and Taylor (2001). We assume that the forecasitgdes Gaussian with mean given by
the model’s point forecast, and variance given by the camit variance of the forecast error. For a
1-step ahead density, the latter is approximated by the atgiarequation standard error. For the pooled
forecast densities, application of the logic of this appltoauggests taking the forecast densities as
being Gaussian, with mean given by the pooled point foreeastthe standard error estimated from the
in-sample ‘residuals’, where these residuals are acteatsthe linear combination of the two models’
fitted values as in section 4.2.

"0On the former, see Granger, White and Kamstra (1989), Clih(fi693), Christoffersen (1998) and Clements and Taylor
(2003), and on density forecasts, Diebold, Gunther and T89§), Diebold, Tay and Wallis (1999), Diebold, Hahn and Tay
(1999), Clements and Smith (2000), and the review by Tay aali$\2000). Wallis (2003) evaluates both types of forécas
in a single framework using chi-squared goodness of fit tests
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¢z,T+1 Oz Ow fwz M, My, Mc My, MAM
100 replications
No shift
1 0.00 100 150 0.75 0.64 O.63| 0.67 0.13( 0.78 0.31| 0.59 0.65| 0.34 0.60
¢z,T+l =0z
2 1.00 1.00 150 0.79 1.00 0.00| 0.97 0.00( 096 0.31| 0.81 0.00| 0.75 0.00
3 1.00 1.00 100 0.00 0.30 0.38| 044 0.00| 0.04 0.00f 0.07 0.00| 0.06 0.00
4 150 150 100 0.79 0.23 0.00( 0.01 0.00| 0.26 0.00| 0.18 0.04| 0.11 0.76
5 1.00 1.00 150 -0.79 042 0.00| 0.51 0.00( 0.34 0.00| 0.60 0.00| 0.37 0.00
6 150 150 1.00 -0.79 0.73 0.00( 0.58 0.00| 0.33 0.00f 049 0.00| 0.42 0.00
2741 =2 X 0z
7 200 1.00 150 0.79 097 0.00| 0.85 0.00( 0.08 0.00| 0.06 0.00| 0.17 0.00
8 200 1.00 100 0.00 0.66 0.19( 0.00 0.00| 0.04 0.00f 0.03 0.00| 0.04 0.00
9 3.00 150 100 0.79 0.03 0.00| 0.19 0.00{ 0.44 0.00{ 0.36 0.00| 0.14 0.11
10 200 1.00 150 -0.79 0.76 0.00| 0.46 0.00( 0.92 0.00| 0.41 0.00| 0.85 0.00
11 300 150 100 -0.75 048 0.00| 0.72 0.00| 0.56 0.00| 0.54 0.00| 0.55 0.00
200 replications
No shift
12 0.00 100 150 0.75 0.72 O.21| 043 057|036 0.12]| 0.34 0.18| 0.29 0.21
d)z,T+l =0z
13 1.00 1.00 150 0.79 0.38 0.00| 0.04 0.00( 0.43 0.00| 0.59 0.00| 0.80 0.00
14 1.00 1.00 100 0.00 053 0.04( 0.53 0.00| 0.90 0.00f 0.97 0.00| 0.96 0.00
15 150 150 100 0.79 059 0.00| 0.91 0.00( 0.89 0.00| 0.95 0.00| 091 0.19
16 1.00 1.00 150 -0.79 0.84 0.00| 0.61 0.00( 0.93 0.00| 0.46 0.00| 0.86 0.00
17 150 150 1.00 -0.79 0.02 0.00( 046 0.00| 0.27 0.00| 0.01 0.00| 0.14 0.00
2741 =2 X 0z
18 200 1.00 150 0.79 045 0.00| 045 0.00( 0.93 0.00| 0.95 0.00| 0.73 0.00
19 200 1.00 100 0.00 053 0.86| 0.87 0.00{ 0.33 0.00f 0.32 0.00{ 0.29 0.00
20 3.00 150 100 0.79 1.00 0.00| 0.26 0.00{ 0.93 0.00f( 0.73 0.00| 0.56 0.40
21 200 1.00 150 -0.79 0.40 0.00( 0.10 0.00| 0.24 0.00f 0.12 0.00| 0.10 0.00
22 300 150 100 -0.75 0.72 0.00| 0.52 0.00| 0.86 0.00| 0.53 0.00| 0.98 0.00

Table 6 Density evaluation results.
M, andM,, refer to the forecasts from the models includingndw, respectivelyM assigns equal weights to
each forecast)/, assigns ‘optimal’ weights
based on the formula in Bates and Granger, &ihd, assigns optimal weights but omitting the covariance terms
between the models’ forecast errors.



22

9.2 Evaluation of density forecasts

The key tool in the recent literature on density forecastuateon is the probability integral transform.
This can be traced back at least to Rosenblatt (1952), witbntecontributions by Shephard (1994),
Kim, Shephard and Chib (1998) and Diebatlal. (1998), inter alia. When the forecast densities
closely approximate the true conditional densities, tlodbabilities obtained by integrating the forecast
densities up to the realized values will constituteiidrseries of uniform random variables on the unit
interval. Thus the idea is to evaluate the forecast dessltieassessing whether these probabilities
areiid U [0, 1]. Let{z;} , denote the sequence ofl-step ahead probability integral transforms. In
empirical applications, the hypothesis of interest is atjbiypothesis (uniformity, and independence),
and testing is complicated by the fact that the effects oflaraof independence on the distribution of
the test for uniformity is unknown, and tests of autocotreta(and independence more generally) will
be affected by failure of the uniformity assumption. In viefthis, some authors (e.g., Diebadd al.
(1999)) have recommended using graphical analysis iniaddib formal tests.

Our task is somewhat easier. On each replication of the MOatto, we obtain d-step forecast
density for each of the models for peridd The sequences corresponding{tg}; , are obtained
from n replications, so that independence holds by virtue of tdependence of the drawings of the
pseudo-random numbers. Thus, only the distributional gfattte joint hypothesis needs to be tested.
Berkowitz (2001) suggests taking the inverse normal CDisfarmation of thez; };" | series, to give,
say,{z;};",. Thus, thez;s, which areidU[0, 1] under the null, becomgd standard normal variates.
Berkowitz argues that more powerful tools can be appliecestirig a null ofiidN[0, 1] compared to
one ofiid uniformity. He proposes a one degree-of-freedom test dprddence against a first-order
autoregressive structure, as well as a three degreesaldm test of zero-mean, unit variance and
independence. In each case the maintained assumption o th@armality, so that standard likelihood-
ratio tests are constructed using the Gaussian likelihodls calculate a test of the assumption of
normality (that recommended by Doornik and Hansen (19%)ell as a test of zero mean and unit
variance, assuming normality and independence. Becaustmcast densities are Gaussian, with
mean given by the point forecast, and the standard erroredbtiecast given by the in-sample standard
error, z* is just the standardized forecast error (actual less fstedivided by the forecast standard
error).

9.3 Monte Carlo results

Table 6 portrays results for a set of experiments focusinggxtnaneous shifts’, using the design para-
meter values of the first thirteen rows of table 2. As befoaeherow relates to a different experiment.
In each instance, the sample siZe= 100, so that ‘small-sample’ effects should be of secondary im-
portance8. For rows 1 to 11 the number of replications is set at 100, anddies 12 to 22, at 200, so
thatn = 100 and200 respectively, providing some information on the effectted humber of forecast
densities on the outcomes of the tests of the adequacy oftgts. For each model or combination
method, the table gives thevalues of the Doornik—Hansen normality test, followed hg #-value of

a zero mean and unit variance assuming normality (and imdigpee).

The results suggest the following. In the absence of shiftwg 1 and 12), there is no evidence
against the adequacy of the forecast densities obtainedhsr ef the mis-specified models or of any
of the three pooled methods. That is, for bath= 100 and200 there is no evidence that tHe; }" ,
series are not Gaussian, or zero mean and unit varianceitiooation their being Gaussian). Secondly,

830, for example, ignoring parameter estimation uncestaimthe construction of the forecast density, as happensiwhe
the Box—Jenkins method is used, should have only a minoreinde.
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when there are shifts in, the densities from model/,, (which omitsz) are in all cases shown to be
inadequate on the basis of the test for zero mean and urainzariof the:* series. The test for normality
seldom rejects in this set of experiments. Thirdly, whemdlage shifts irz, the M, model densities are
rejected in all cases except whep, = 0: only then will the impact ot in the M/, model match that in
the DGP, so that the mean of the model density correctlysstifmatch the shift in the location of the
data. Finally, when,,. = 0.75, 0, = 1.5 ando,, = 1 (e.g., rows 4 and 9), the optimal combination that
ignores the covariances yields forecast densities that@reejected, though they are for the other two
combination schemes.

10 Conclusion

Practical experience shows that combining forecasts Hag @lded and can dominate even the best
individual device. Thus, we considered selecting a fotgmgsnethod by pooling several individual
devices when no model coincides with a non-constant datarggon process (DGP).

We first show that averaging guarantees ‘insurance’, andprayde dominance, when the mod-
els are differentially mis-specified even for a constant D@Rile such a result can occur in weakly-
stationary processes, we suspect that empirical findirgbetter explained by the intermittent occur-
rence of location shifts in unmodelled explanatory vagablConsequently, we demonstrate that when
forecasting time series that are subject to location shifesaverage of a group of forecasts from differ-
entially mis-specified models can outperform them all orrage over repeated forecasting episodes.
Moreover, averaging may well then dominate over estimategjhs in the combination. Finally, it
cannot be proved that only non-encompassed devices sheuktdined in the combination.

In practice, trimmed means, or perhaps medians, might beede® exclude ‘outlying’ forecasts,
since otherwise, one really poor forecast could needlegsigen a combination.

Both the empirical and Monte Carlo simulation illustrasatonfirmed the theoretical analysis. The
average of the levels forecasts outperformed the bestithdil/forecasts in both settings, sometimes
spectacularly. However, in the empirical example, biaseming the forecasts removed much of the
benefit of averaging, and other devices for robustifyingeéaists to breaks did even better. Thus, al-
though we have established that combination can be bereficiar theoretical framework, compar-
isons with other approaches are merited.

Hendry and Clements (2003) present ten cases where wellrkieonpirical phenomena in eco-
nomic forecasting can be explained by a theory of mis-sgetiftodels of processes that experience
intermittent location shifts. The present paper extends libt to eleven. We believe that the related
results on forecasting using ‘factor models’ can be acamifior by the same general theory, and are
also investigating multi-step estimation within that franork.
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11 Appendix A

This appendix details the derivation of the individual mad&FES, and that of the combined forecast,
reported in section 3. We derive the conditional biases amnces of the forecast errors, and then



combine them. First, using equation (10) for the forecastrdrom the model given in (6):

E[Urs1 | wri1,zr41) = (81 — E[@)) w1 + Bhzri1,

and similarly forE [o741|w71,2741]. Leta = E[a] + 5, where

e [(Swent) ™ S

B +E [(Z WtW,/s) B Z Wtzg] By = By + 1L, 3,

E[a]

where:
I, =E [(Z wtwg)il Zwtz;} = Q;ﬂluﬂwz,
using:
z; = I, w; + Mow t where E [th/zw,t] =0.
Notice that:

V [Zt] = szv [Wt] lew +V [nzw,t] ’

whereV [-] denotes a variance, so:

\ [nzw,t] = anw =Q,. - szﬂ;guﬂwza

and:
V@ =T 1o,
Similarly:
E [b} =1I1,,.8, + B3,
where: 1
. €[ (L) Sowi] - 0l
Thus:
Uy = (81— B8 —IL,B; — 55),WT+1 + BT W1 + B9 0 111 + €741
= _6{5WT+1 + 16,277zw,T+1 +eryq,

with:

Elurs1 | wryt, zr1] = Bafsw 141

Letting M [-] denoteMSFE:

E (@1 | wryn,zrn] = M@ra | wrgn, 2]
= wry VA w0l + 85,6,
= Ug + BéﬂnzwIBQ

where the final expression ignores term<pf(7!). Similarly:

~ ! /
Ury1 = —0pz741 + B0y 711 + €T,

24

(28)

(29)
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with:

E[0F | Wrin,zra] = 2V [b} zr1 +0p + 819,61
~ 0l + B, B

These are th®ISFEs for the two individual models reported in the main text asaigns (12) and (13).
The combined forecast is:

Yrp1 = (L =N Yrt1 + Ayr1 = yr+1 + A (Yra1 — Yr41)
where the last expression relates pooling to intercepectian, with error:

err1 = (yr41 —Yr+1) A Yre — Ur4+1) = Urg + A (U1 — Uri)
= —0awr i1+ B9 +eri

+A (6%WT+1 + lBllnwz,TJrl - Bénzwx,TJrl - 6;3ZT+1) ’

SO:

E [€T+1 | wryt, ZT+1} = M1 Mwzri1 + (1 =X Bon i

Also (ignoring terms oD,,(7~1)):

~2
E [6T+1 | WT+17ZT+1}
~ ol + /\25/19nwﬁl + (1 — )\)2 Bo2,.., B2 + 21 (1 — \) BiE [nwz,T—i-lnlzw,TJrl] B

which is the expression for the combined forecast MSFE teddn the text as equation (17).
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