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Extended Abstract

Subjective uncertainty is characterized by ambiguity if the decision maker has an imprecise knowledge
of the probabilities of payoff relevant events. In such an instance, the decision maker’s beliefs are better
represented by a set of probability functions than by a unique probability function. An ambiguity averse
decision maker adjusts his choice on the side of caution in response to his imprecise knowledge of the
odds. The non-additive expected utility model allows a formal characterization of such behavior. This
paper uses ambiguity aversion to understand aspects of behavior of financial markets.

More particularly, the paper focuses on the question, “What prevents the typical bond-equity fi-
nance economy from offering sufficient opportunities for Pareto optimal risk sharing? In other words,
why should the theorems of general equilibrium with incomplete markets (GEI), rather than general
equilibrium with complete markets (GE), be a more compelling description of the typical bond-equity
economy?” To analyze the question, we consider a stylized bond-equity economy, which though incom-
plete per se, has a rich enough set of assets available for trade such that given standard assumptions
about behavior under uncertainty, the equilibrium allocation would arbitrarily approximate a complete
market (GE) allocation. We show, however, that given ‘sufficient’ ambiguity aversion, a certain subset
of the available assets will not be actually traded in equilibrium, even though available. Hence it is
proved that, given ‘sufficient’ ambiguity aversion, provided the non-traded securities are non-redundant,
equilibrium allocation of the bond-equity economy is a GEI equilibrium. Thus we show how ambiguity
aversion may endogenously limit the scope of risk sharing obtainable through the bonds/equities actually
traded in a typical economy, and therefore, explain why the actual behavior of such an economy is better
described by the GEI model, rather than the GE model.

The formal analysis in this paper basically involves a reconsideration of the general equilibrium of a
simple ‘finance economy’ while allowing for ambiguity aversion. The underlying objective is to identify
the class of assets whose trade is vulnerable to ambiguity aversion: assets that will be traded if agents are
subjective expected utility maximizers but not if the agents’ common beliefs about payoffs of the assets
is sufficiently ambiguous and the agents are ambiguity averse. We find that what determines an asset’s
vulnerability to ambiguity aversion is whether its payoffs have an idiosyncratic component, i.e., if at least
some component of the payoff is independent of the realized endowment vector and of the payoff of any
other asset as well. It turns out that if, (1) the range of variation of the payoff’s idiosyncratic component
is ‘large’ relative to the range of the variation of the component correlated with the endowment vector
and, (2) the ambiguity of the agents’ common belief about the idiosyncratic component is sufficiently
high, then the asset will not be traded in any general equilibrium of the finance economy. Moreover,
we also find that the effect of idiosyncracy cannot simply be ‘washed away’ by the standard techniques
of diversification relying on the laws of large numbers, as it would be if the agents’ beliefs were not
ambiguous. Indeed, it is shown that given unambiguous beliefs the idiosyncracy does not hinder risk
sharing in the sense that a complete market allocation may be obtained using the given set of assets.
However, if a subset of (non-redundant) primitive assets satisfies the two conditions mentioned above
then, with ambiguity aversion, the number of contingencies spanned by the assets actually traded in any
equilibrium (as opposed to the assets that are in principle available for trade) shrinks endogenously and
it becomes impossible to obtain complete market risk sharing with primitive assets.



1 Introduction

Typically, economic agents are endowed with income streams that are not evenly spread over
time or across uncertain states of nature. A financial contract is a claim to an income stream—
hence the logic of the financial markets: by exchanging such claims agents change the shapes
of their income streams, obtaining a more even consumption across time and the uncertain
contingencies. A financial market is said to be complete if contingent payoffs from the different
marketed financial contracts are varied enough to span all the contingencies. However, casual
empiricism suggests that in just about every financial market in the real world the span is less
than the full set of contingencies, i.e., the markets are incomplete. The primary implication of
incompleteness of financial markets is that agents may transfer income only across a limited set
of contingencies and are thus left exposed to risk in a suboptimal manner. And indeed formal
empirical investigations overwhelmingly confirm that the data on individual consumption are
more consistent with incomplete than complete markets1.

Incompleteness of financial markets is a compelling economic phenomenon not just because it
is a pervasive empirical reality, but because of its very significant economic consequences. This,
in fact, is the inspiration for what is perhaps the most comprehensive model of the market
economy: general equilibrium with incomplete markets (GEI). Analysis of GEI has uncovered a
host of novel insights about competitive markets. If asset markets are incomplete, a competitive
equilibrium allocation is typically constrained inefficient, in the sense that there will exist a
reallocation of the available assets such that if the agents were to trade goods after the assets
have been reallocated they would achieve an allocation which would Pareto dominate the original
equilibrium (Geanakoplos and Polemarchakis (1986)). Incompleteness also typically leads to real
indeterminacy of competitive equilibrium (Cass (1985), Geanakoplos and Mas-Colell (1989)).
In turn, this leads to the non-neutrality of money (Magill and Quinzii (1992)). Other serious
macroeconomic consequences include the preservation of memory in macroeconomic aggregates
and the existence of a Philips trade-off (Dutta and Polemarchakis (1990)). Many pervasive
features of financial markets that are difficult to account for in the complete (competitive)
markets paradigm are insightfully explained in the GEI framework. Innovation of new securities
by decomposing and repackaging primary securities (i.e., stock equities and bonds) to obtain
various ‘derivatives’ is the major activity of financial investment houses. This activity would not
even arise if the market for primary securities were a complete market to begin with. Consider,
next, the case of bankruptcy. In GEI, bankruptcy can be understood as an equilibrium, as
opposed to a disequilibrium phenomenon, and thus widely observed lenient bankruptcy and
default penalties may be rationalized in this framework, whereas they remain wholly inexplicable
in a competitive world with complete markets (Dubey, Geanakoplos, and Shubik (1994), Zame
(1993)).

The key role of incompleteness of asset markets in explaining diverse and important economic
phenomena underscores the importance of understanding what causes the incompleteness in
the first place. In the archetypal GEI model, though, the unavailability of classes of assets and
market incompleteness is a primitive and not derived from other considerations. As Geanakoplos
(1990) pointed out, “Perhaps the most unexplored part of the GEI model is a theory explaining
which markets are open and which are closed. This may be viewed ... as a challenge for a
research program ... ”. The challenge then, is to obtain a model that yields conditions on
primitives explaining why certain assets would not be traded even if they were available and
could easily be developed. This paper does precisely that.

1Among others, see Zeldes (1989), Cochrane (1991), Carroll (1992), Deaton (1992), Deaton and Paxson (1994)
and Hayashi, Altonji, and Kotlikof (1996). The evidence, however, is not unanimous, see e.g., Mace (1991) and
Townsend (1994).
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Given all this it is hardly surprising that formal identification of circumstances that render
financial markets incomplete has been a focal point of recent research (see Duffie and Rahi (1995)
for a survey). The work completed so far has essentially been inspired by the twin strands of
transactions costs and asymmetric information and, by and large, focus on the question of
creation of derivative securities and why private incentives may prevent the creation of the
full set of derivatives required to complete a market. This theme has been studied by Allen
and Gale (1994), Duffie and Jackson (1989), Bhattacharya, Reny, and Spiegel (1995), Ohashi
(1995), Rahi (1995), and Bisin (1998), among others. Bisin and Gottardi (1997) show that the
presence of asymmetric information generates endogenous restrictions on the set of tradable
contracts: the set of agents’ insurance opportunities are restricted endogenously by the agents’
incentive compatibility constraints and the associated conditions for the viability of markets.
The findings in this paper complements the existing literature explaining the incompleteness
financial markets, in that it provides an alternative explanation based on the hypothesis that
decision behavior under subjective uncertainty is affected by ambiguity aversion. Also, unlike
the literature cited above (with the notable exception of Bisin and Gottardi (1997)), which
concerns itself with the question of endogenizing the incompleteness of a market of derivative
securities, the present paper provides an explanation of incompleteness of a financial market
consisting of primary securities.

Possible contingencies are, quite literally, endless. Matters arising from transactions costs,
asymmetric information and verifiability of complicated contractual clauses are compelling
enough to explain why “customized” contracts promising appropriate deliveries conditional
on the realization of any and every contingency one can conceive of, corresponding to every
permutation of every slight detail, are not available. This paper will not provide any new in-
sight about why such “personalized” contingent delivery contracts are typically not available.
Instead this paper focuses on the question, what prevents the typical bond-equity finance econ-
omy from offering sufficient opportunities for Pareto optimal risk sharing? In other words, the
focus is on the pure risk-sharing opportunities provided by the portfolio of bonds and equities
available in the economy: to what extent may households be able to share their risk by ap-
propriately going short or long on these assets. Characteristically, contingent payoffs from the
typical equity will only be imperfectly correlated with households’ income risks. However, that
would not explain why bonds and equities actually traded in the market are not adequate to
span all ‘relevant’ contingencies and thereby provide for optimal risk sharing. Indeed, all it
takes is that given any income risk there be a set of corporate bonds/equities whose payoffs
are also affected by that risk. Seemingly, as long as every household income risk is even partly
correlated with the payoffs of a large enough number of such bonds/equities, the equilibrium
risk-sharing would closely approximate a prototypical complete markets economy, even though
the bond-equity economy is not complete per se (in the sense that every conceivable contingency
is not ‘spanned’). Hence, why should the theorems of GEI, rather than GE, be a more com-
pelling description of the typical bond-equity economy? To analyze the question, we consider a
stylized bond-equity economy, which though incomplete per se, has a rich enough set of equities
available for trade such that given standard assumptions about behavior under uncertainty, the
equilibrium allocation would arbitrarily approximate a complete market allocation. We show
however, given ‘sufficient’ ambiguity aversion, a certain subset of the available equities will not
be traded in equilibrium. Provided the non-traded securities are non-redundant, equilibrium
allocation under ambiguity aversion is a GEI equilibrium. Thus we show how ambiguity aver-
sion may endogenously limit the scope of risk sharing obtainable through the bonds/equities
actually traded in a typical economy, and therefore, explain why the actual behavior of such an
economy is better described by the GEI model, rather than the GE model.

Suppose an agent’s subjective knowledge about the likelihood of contingent events is con-
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sistent with more than one probability distribution. And further that, what the agent knows
does not inform him of a precise (second order) probability distribution over the set of ‘possible’
probabilities. We say then that the agent’s beliefs about contingent events are characterized
by ambiguity. If ambiguous2, the agent’s beliefs are captured not by a unique probability dis-
tribution in the standard Bayesian fashion but instead by a set of probabilities. Thus not only
is the particular outcome of an act uncertain but also the expected payoff of the action, since
the payoff may be measured with respect to more than one probability. An agent’s ambiguity
of belief about an event is said to be greater, the greater the difference between the maximum
and minimum probability estimate of the event, consistent with the agent’s knowledge. An
ambiguity averse decision maker evaluates an act by the minimum expected value that may be
associated with it: the decision rule is to compute all possible expected values for each action
and then choose the act which has the best minimum expected outcome. The idea being, ceteris
paribus, the more an act is affected adversely by ambiguity the less its appeal to the ambiguity
averse decision maker.

The formal analysis in this paper basically involves a reconsideration of the general equi-
librium of a simple ‘finance economy’ while allowing for ambiguity aversion. The underlying
objective is to identify the class of assets whose trade is vulnerable to ambiguity aversion: assets
that will be traded if agents are subjective expected utility (SEU) maximizers but not if the
agents’ common beliefs about payoffs of the assets is sufficiently ambiguous, and the agents are
ambiguity averse. The finance economy is a two period exchange economy wherein agents con-
sume a single good in the final period. There are a (finite) number of possible contingent states
in the final period and endowments may vary across contingencies. There is no consumption
in the initial period; the agents’ activity in this period consists of exchanging financial assets
which deliver varying amounts of the consumption good in the final period depending on the
contingency realized. We find that in such an economy what determines an asset’s vulnerability
to ambiguity aversion is whether its payoffs have an idiosyncratic component. We say an asset’s
payoff has an idiosyncratic component if at least some component of the payoff is independent
of the realized endowment vector and of the payoff of any other asset as well. It turns out that
if, (1 ) the range of variation of the payoff’s idiosyncratic component is ‘large’ relative to the
range of the variation of the component correlated with the endowment vector and, (2 ) the
ambiguity of the agents’ common belief about the idiosyncratic component is sufficiently high,
then the asset will not be traded in any general equilibrium of the finance economy. Moreover,
and what is perhaps as curious, we also find that the effect of idiosyncracy cannot simply be
‘washed away’ by the standard techniques of diversification relying on the laws of large numbers,
as it would be if the agents’ beliefs were not ambiguous. Indeed, given unambiguous beliefs the
idiosyncracy does not hinder risk sharing and a complete market allocation may be obtained
using the given set of assets. However, if a subset of (non-redundant) primitive assets satisfies
the two conditions mentioned above then, given ambiguity aversion, the number of contingen-
cies spanned by the assets actually traded in any equilibrium (as opposed to the assets that
are in principle available for trade) shrinks endogenously and it becomes impossible to obtain
complete market risk sharing with primitive assets. Plausibility of the explanation naturally
rests on the plausibility of the assumptions. Next, we discuss in turn the three key assumptions
our explanation draws on.

2To preempt misunderstandings it is emphasized that the term “ambiguity” as used in this paper, refers
purely to the fuzzy perception of the likelihood subjectively associated with an event (e.g., when asked about
his subjective estimate of the probability of an event, the agent replies, “It is between 50 and 60%.”). It does
not refer to a lack of clarity in the description of contingent events and actions. Also note, some authors and
researchers refer to ambiguity as “Knightian Uncertainty” or even simply as “uncertainty”. As it is used in this
paper, the word “uncertainty” is simply the defining characteristic of any environment where the consequence of
at least one action is not known for certain.
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The first assumption is about the presence of idiosyncratic effects on asset payoffs. Essen-
tially, it is assumed that there is a set of assets whose payoffs are believed to be affected not only
by some of the same risks/shocks/factors that affect individual households’ endowment income
and common to many assets but also by risks specific to each asset. These assets are modeled in
this way in order to incorporate, what is arguably an important and pervasive feature of many
equities. While most firms’ profits will naturally be affected by aggregate or sectorial demand
shifts and supply shocks, other factors, more idiosyncratic to the firm, will typically also affect
profits. For instance, suppose a firm introduces a new product line, an innovation, into the
market. In such a case, typically, it is not just the shocks commonly affecting firms in the same
trade that will affect the sales of the new product but also more specific elements, e.g. whether
(or not) the innovation has a ‘special’ appeal for the consumers. Or maybe a firm experiences
a slip up (or finds a serendipitous bout of efficiency) in its organizational hierarchy/production
process that makes difference to the production time, costs or even product quality3. As it
appears in the formal model, a household’s endowment income is distinct from the household’s
income obtained from the ownership of assets. We may think of the endowment income as in-
come generated by the individual’s labor endowment (wages or more broadly, returns to human
capital) and bequests and gifts. To summarize, therefore, the households have two sources of
(random) income in the final period. The first part is exogenous and corresponds to income
from their endowment in goods (say, labor income). The second part, which is endogenous,
is the income derived from their portfolio holding. The assumption that the second part has
some idiosyncracy attached to it is to reflect the fact that, typically, financial assets returns
are not perfectly correlated with household endowments. It is worth clarifying that we do not
model firms, and hence, equities, per se, since we have the assets in zero net supply: the assets
are pure (contingent) claims and promises. In particular, as modelled in this paper, an asset
does not have an explicit ‘physical’ entity, it is not a claim to a firm which actually ‘creates’
output. Essentially, we do this to analyze the nature of pure risk sharing opportunities offered
by primary assets like equities4. The point is to abstract away from the fact that by owning a
(part of) a firm an agent changes the shape of his (contingent) income stream by simply laying
claim to the contingent physical output of the firm. Instead, the paper studies how an agent
may use an equity to share his risk by selling the equity short to another agent; how agents
may alter their risk positions through trade and exchange rather than by relying on ‘physical
fixes’, i.e., actual creation of goods.

Next, consider the assumption that households’ have ambiguity averse beliefs about asset
payoffs. While the results in the paper hold if people are ‘generally’ ambiguity averse (i.e., across
all events, all that is actually necessary is that agents’ beliefs are ambiguous with respect to the
idiosyncratic events affecting payoffs. Indeed, in an asset pricing context, Barsky and DeLong
(1992) present convincing empirical evidence to argue that there is substantial uncertainty about
the structure of the aggregate dividend process in the U.S. over the last century, even on the
part of current analysts who have the benefit of hindsight5.

3Allen and Gale (1994), chapter 10, contain further examples and an insightful discussion of such firm specific
idiosyncratic uncertainty and its role in financial innovation.

4Since the securities considered in this paper are “inside” assets, in the sense of having zero aggregate de-
mand/supply for each of them in equilibrium, the asset trading that we analyze includes all trade in corporate
bonds and all trades in any kind of assets (including equities) which involve one side of the market going short
(i.e., the trade involves a forward contract on the security in question). In this context it is worth noting that
it is reported almost 70% of corporate borrowing in the U.S. is through bonds. Default rates on bonds are also
significant. Financial Times, 13 October 1998, in its report headlined “US corporate bond market hit,” notes,
“the rate of default on US high-yield bonds was running at 10% in the early 1990s...today the default rate is
hovering around 3% but creeping higher”.

5Significantly enough, Allen and Gale (op. cit., pp 332-333) in their pioneering analysis of financial innovations
suggest that it would be of interest to model the idiosyncratic uncertainty in assets in a non-standard way using
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The final significant assumption is the unavailability of customized contingent delivery con-
tracts that allow explicit conditioning of deliveries on idiosyncratic shocks/events. (Though we
formally assume that such contracts are not available corresponding to any given idiosyncratic
event, as will be evident from the analysis, what is actually crucial is that such contracts be not
available for at least some idiosyncratic events.) Given what an idiosyncratic event represents in
our model, standard arguments invoking transactions costs, verifiability issues and asymmetric
information, we believe, are a reasonable defence for this assumption. Moreover as has already
been mentioned, and will be formally demonstrated in a subsequent section, given what assets
are available, the unavailability of such contracts does not imply that the market equilibrium
corresponds to that of an incomplete market in any ‘real’ sense, so long as agents’ beliefs and
behavior conform with the standard norm of (Savage) rationality: If agents are SEU maximiz-
ers, then the equilibrium behavior and exchange is as if the market were actually complete. To
the extent exchange and consumption behavior departs from the complete market benchmark
to correspond to an actual GEI equilibrium it does so on account of the introduction of ambigu-
ity aversion to the model which endogenously causes some securities not to be traded. Hence,
market incompleteness, in so far as it is actually reflected in (potentially) observable behavior,
arises completely endogenously in the model and is in no way assumed at the outset.

The rest of the paper is organized as follows. In order to make the paper as self contained
as possible the next section provides an introduction to the formal model of ambiguity aversion
applied in this paper. Section 3 explains through an example the simple intuition behind the
main result in the paper and its relation to the existing literature on the application of ambiguity
aversion to financial markets. Section 4 contains the formal model of the finance economy and
the main result. Section 5 explores the robustness of the results presented in the preceding
section to a relaxation of some of the maintained assumptions. Section 6 concludes the paper
with a discussion of the economic and empirical significance of the results. All formal proofs
are in the appendix.

2 An introduction to the model of decision making under am-
biguity aversion

It is often the case that a decision maker’s (DM) perception of the uncertain environment is
ambiguous in the sense that his knowledge is consistent with more than one probability function.
The theory of ambiguity aversion is inspired by two simple hypotheses about decision making
in such situations. First, that behavior is influenced by ambiguity: i.e., DM’s behavior actually
reflects the fact that his guess about a likelihood may be given by a probability interval. By
presumption agents do not necessarily behave as if they have reduced all their ambiguity to a
belief consistent with a unique probability using a ‘second order’ probability over the different
probability distributions consistent with their knowledge. Second, that agents are ambiguity
averse. That is, ceteris paribus, the more ambiguous their knowledge of the uncertainty the more
conservative is their choice. Schmeidler (1989) pioneered an axiomatic derivation of a model
of DMs with preferences incorporating ambiguity aversion (see also Gilboa and Schmeidler
(1989)). The proposed research will apply Schmeidler’s model, termed the Choquet expected
utility (CEU) model, in the formal arguments.

The DM’s domain of uncertainty is the finite state space Ω = {ωi}Ni=1. The DM chooses
between acts whose payoffs are state contingent: e.g., a financial asset z, z : Ω → R. In the
CEU model an ambiguity averse DM’s subjective belief is represented by a convex non-additive

sets of probabilities, since such an approach would do more to incorporate the essence of the idea of idiosyncratic
risk.
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probability function, ν. Like a standard probability function it assigns to each event a num-
ber between 0 and 1, and it is also true that, (i)ν(∅) = 0 and (ii)ν(Ω) = 1. Where a convex
non-additive probability function differs from a standard probability is in the third property,
(iii)ν(X ∪Y ) ≥ ν(X)+ν(Y )−ν(X ∩Y ), for all X,Y ⊂ Ω. By this third property6 the measure
of the union of two disjoint events may be greater than the sum of the measure of each indi-
vidual event. A convex non-additive probability function may be interpreted as a parsimonious
representation of the full range of probabilities compatible with the DM’s knowledge. ν(X) is
interpreted as the minimum possible probability of X. This is readily seen from the fact that
a given convex non-additive probability ν corresponds to a unique convex set of probability
functions identified by the core7 of ν, denoted by C (ν) (notation: ∆ (Ω) is the set of all additive
probability measures on Ω):

C (ν) = {µ ∈ ∆ (Ω) | µ(X) ≥ ν(X), for all X ⊂ Ω.}

Hence, ν(X) = minµ∈C(ν) µ(X). The convex non-additive probability representation allows us
to express the notion of ambiguity precisely. We say ν is ambiguous if there are two events X,
Y such that axiom (iii) holds with a strict inequality; ν is unambiguous if axiom (iii) holds as an
equality everywhere. (A DM with unambiguous belief is an SEU maximizer.) The ambiguity8

of the belief about an event X is measured by the expression A(X; ν) ≡ 1− ν(X)− ν(Xc). The
relation between ν and C (ν) shows that the A is indeed a measure of the ‘vagueness’ of the
belief, since, A(X; ν) = maxµ∈C(ν) µ(X)−minµ∈C(ν) µ(X).

Like in SEU, a utility function u : R+ → R, u0 (·) ≥ 0, describes DM’s attitude to risk and
wealth. The DM evaluates Choquet expected utility of each act with respect to the non-additive
probability, and chooses the act with the highest evaluation. Given a convex non-additive
probability ν, the Choquet expected utility9 of an act is simply the minimum of all possible
‘standard’ expected utility values obtained by measuring the contingent utilities possible from
the act with respect to each of the additive probabilities in the core of ν :

CEνu (z) = min
µ∈C(ν)

X
ωi∈Ω

u (z (ωi))µ (ωi)

 .
The Choquet expected utility of an act is just its standard expected utility calculated with
respect to a ‘minimizing probability’ corresponding to this act. Hence, in the Choquet method,
the DM’s appraisal is not only informed by his knowledge of the odds but is also automatically

6 In general, a non-additive probability (or capacity) ν obeys the axioms (i), (ii), and the condition that X ⊇ Y
⇒ ν (X) ≥ ν (Y ) . The axiom (iii) applies to the special case of a convex non-additive probability. In Schmeidler’s
model, it is when the non-additive probability is convex that the CEU decision rule corresponds to ambiguity
aversion.

7This follows from the celebrated theorem in Shapley (1965) which asserts the existence of a core allocation
corresponding to any convex characteristic value function defined on possible coalitions in a cooperative game.

8Fishburn (1993) provides an axiomatic justification of this definition of ambiguity and Mukerji (1997) demon-
strates its equivalence to a more primitive and epistemic notion of ambiguity (expressed in term’s of the DM’s
knowledge of the state space).

9The Choquet expectation operator may be directly defined with respect to a non-additive probability. Label
ωi such that z(ω1) ≤ . . . ≤ z(ωN ). Then,

CEνu(z) = u (z(ω1)) +
NX
i=2

[u (z(ωi))− u (z(ωi−1))]ν({ωi, . . . ,ωN})

=

N−1X
i=1

u (z(ωi)) [ν({ωi, . . . ,ωN})− ν({ωi+1, . . . ,ωN})] + z(ωN )ν({ωN})
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adjusted downwards to the extent it may be affected by the imprecision of his knowledge10.
The classic experiment which identifies the qualitative features of ambiguity aversion, due to
Ellsberg (1961), runs as follows:

There are two urns each containing one hundred balls. Each ball is either red or
black. The subjects are told of the fact that there are fifty balls of each color in urn
I. But no information is provided about the proportion of red and black balls in urn
II. One ball is chosen at random from each urn. There are four events, denoted
IR, IB, IIR, IIB, where IR denotes the event that the ball chosen from urn I is
red, etc. On each of the events a bet is offered: $100 if the events occurs and $0 if
it does not.

The modal response is for a subject to prefer every bet from urn I (IR or IB) to every bet
from urn II (IIR or IIB). That is, the typical revealed preference is IB Â IIB and IR
Â IIR. (The preferences are strict.) The DM’s beliefs about the likelihood of the events, as
revealed in the preferences, cannot be described by a unique probability distribution. The story
goes: People dislike the ambiguity that comes with choice under uncertainty; they dislike the
possibility that they may have the odds wrong and so make a wrong choice (ex ante). Hence
they go with the gamble where they know the odds – betting from urn I. It is straightforward
to check that the choice is consistent with convex non-additive probabilities: For instance,
let ν (IR) = ν (IB) and ν (IR) + ν (IB) = ν (IR ∪ IB) = 1; also let ν (IIR) = ν (IIB) ,
but allow ν (IIR) + ν (IIB) < ν (IIR ∪ IIB) = 1. It follows that the expected payoff from
betting on IR ≡ CEν (IR) = CEν (IB) = 50; and, CEν (IIR) = CEν (IIB) = ν (IIR)× 100 =
ν (IIB)× 100 < 50.

The fact that the same additive probability (in the core of the relevant non-additive prob-
ability) will not in general ‘minimize’ the expectation for two different acts, explains why the
Choquet expectations operator, unlike the standard operator, is not additive:

Fact 1 For any two acts z, w : CE(z) +CE(w) ≤ CE(z +w).
The above property holds as an equality when the two acts z and w are comonotonic, i.e., if

(z(ωi)− z(ωj))(w(ωi)− w(ωj)) ≥ 0. Two comonotonic acts cannot be used to mutually hedge
each other. As a consequence, combining them does not reduce the uncertainty attached to
them and the Choquet expected value of that combination is simply the sum of their Choquet
expected value.

The following example (inspired by Dow and Werlang (1992)) explains a consequence of the
failure of additivity that will be particularly crucial to the arguments to be advanced in the
following sections.

Example 1 Suppose a risk neutral investor is considering a transaction involving a unit of a
financial asset z with contingent payoffs. Specifically, the investor is comparing the expected
payoff from buying one unit of the asset to that from short selling one unit of the asset. The fol-
lowing table indicates the (non-additive) probability describing the common information about

10Ghirardato (1994) and Mukerji (1997) point out how the DM’s awareness that the precise implication of some
contingencies is inevitably left unforeseen, may lead to beliefs that have non-additive representation. The papers
explain the Choquet decision rule as a ‘procedurally rational’ agent’s means of ‘handicapping’ the evaluation of
an act to the extent the estimate of its ‘expected performance’ is adversely affected by his imprecise knowledge
of the odds.
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the uncertainty and the contingent payoffs:

Possible states ωL ωH
Non-additive probability ν ν (ωL) = 0.3 ν (ωH) = 0.4
State contingent payoff to buying 1 3
State contingent payoff to selling −1 −3

The expected payoff of buying an unit of z, let us call it the act zb, CEν(zb) is obtained
by taking expectations w.r.t. the relevant minimizing probability in the core of ν. Notice, the
payoff from the act zb is lower at ωL than at ωH . Hence, the relevant minimizing probability
when evaluating CEν(zb) is that probability in C (ν) that puts most weight on ωL. Therefore,

CEν(zb) = min
µ∈C(ν)

nX
zb (ωi)µ (ωi)

o
= 0.6× 1+ 0.4× 3 = 1.8

On the other hand, the payoff from going short on an unit of z (the act zs) is higher at ωL
than at ωH . In other words, buying and selling are non-comonotonic acts. Hence, the relevant
minimizing probability when evaluating CEν(zb) is that probability in C (ν) that puts most
weight on ωH . Thus,

CEν(zs) = min
µ∈C(ν)

nX
zs (ωi)µ (ωi)

o
= 0.3× (−1) + 0.7× (−3) = −2.4

An ‘economic’ interpretation would run as follows. Given the ambiguity in the investor’s subjec-
tive assessment of the uncertainty, more than one probability is consistent with his knowledge.
Being ambiguity averse, he ‘shades’ the valuation to the extent it may be affected by the am-
biguity. The switch in the relevant minimizing probability implicit in the evaluation when
comparing a buying position to a selling, is simply a reflection of the ‘shading effect’.

Next, we consider the formal modeling of the idea of stochastic independence of random
variables when the beliefs are ambiguous. Let y be a function from a given space τ to the
real line R, and σ (y) be the smallest σ−algebra that makes y a random variable. τn denotes
the n-fold Cartesian product of τ , and σ (y1, ..., yn) the product σ−algebra on τn generated
by the σ−algebras {σ (yi)}ni=1 . Let νi be a convex non-additive probability defined on σ (yi) .
There is more than one way to define an independent product non-additive on σ (y1, ..., yn) .
The following definition of independence was proposed by Gilboa and Schmeidler (1989), and
also figures in Marinacci (1996) (definition 7.2), Dow and Werlang (1994) and Walley and Fine
(1982).

Definition 1 Let νi be a convex non-additive probability defined on σ (yi) . The independent
product, denoted

Nn
i=1 νi is defined as follows

nO
i=1

νi (A) = min {(µ1 × ...× µn) (A) : µi ∈ C (νi) for 1 ≤ i ≤ n}

for every A ∈ σ (y1, ..., yn) , and where µ1 × ... × µn is the standard additive product measure.
We denote by ⊗νi any non-additive probability on σ (y1, ..., yn, ...) such that for any finite class
{yt1, ..., ytn} it holds

N
i≥1 νi (A) =

Nn
i=1 νti (A) for every A ∈ σ (y1, ..., yn).

In other words, the independent product is the lower envelope of the set of additive product
measures generated by choosing a probability from each of the cores of the marginals. The
computation of the Choquet expectation operator using product non-additive beliefs is partic-
ularly simple for a large class of functions, called slice comonotonic, defined below. The class
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was first identified and so named in Ghirardato (1997). As the name suggests, a function is
slice comonotonic if all its “slices”, along a given axis, are a comonotonic family. Let X1, ...,Xn
be n (finite) sets and let Ω = X1 × ... × Xn. Correspondingly, let νi be convex non-additive
probabilities defined on algebras of subsets of Xi, i = 1, ..., n.

Definition 2 Let f : Ω → R. We say that f has comonotonic xi-sections if for every
(x1, ..., xi−1, xi+1, ..., xn) ,

¡
x01, ..., x0i−1, x

0
i+1, ..., x

0
n

¢ ∈ X1 × ... × Xi−1 × Xi+1 × ... × Xn,
f (x1, ..., xi−1, ·, xi+1, ..., xn) : Xi → R, and f

¡
x01, ..., x0i−1, ·, x0i+1, ..., x0n

¢
: Xi → R are comono-

tonic functions. f is called slice-comonotonic if it has comonotonic xi-sections for every
i ∈ {1, ..., n}.

The following fact, which greatly facilitates the computation of the Choquet operator, fol-
lows11 from Proposition 7 and Theorem 1 (taken together) in Ghirardato (1997).

Fact 2 Suppose that f : Ω→ R is slice comonotonic. ThenZ
Ω
f (x1, ..., xn) d (⊗νi) =

Z
X1

...

Z
Xn

f (x1, ..., xn) dνn...dν1

The following fact applies directly to the computation of agents’ expected utility in the
model presented in sections 4 and 5. For later reference, it helps to think of z as the monetary
payoffs from a portfolio of 2 assets, e as an agent’s contingent endowment vector and of u as a
vN-M utility index describing her attitude to risk.

Fact 3 Let z : X1 × X2 → R, e : X3 → R, Ω = X1 × X2 × X3, and u : R → R. Define
f ≡ u ◦ (z + e) : Ω → R. Further, suppose that u is strictly monotone. Then f is slice
comonotonic.

3 The main idea and the related literature

In this section we give the simple intuition of the idea behind our main result and place it in the
context of the existing literature on the application of ambiguity aversion to financial markets.

Dow and Werlang (1992) identified an important implication of Schmeidler’s model about
optimal financial decision making. The paper showed, in a static model with one risky and
one riskless asset, that given ambiguous beliefs and ambiguity aversion there exists a set of
asset prices that support the optimal choice of a riskless portfolio. The intuition behind this
finding may be grasped by referring back to example 1 in the last section. It is evident from
our computations in that example that if the price of the asset z were to lie in the open interval
(1.8, 2.4) , then the investor would strictly prefer a zero position to either going short or buying.
Unlike in the case of unambiguous beliefs there is no single price at which to switch from buying
to selling. Taking a zero position on the risky asset has the unique advantage that its evaluation
is not affected by ambiguity. Thus price has to rise (fall) sufficiently to allow the investor
feel secure in going short (long) by meeting the test of his conservative estimate—‘shading’ of
valuations due to ambiguity aversion is what results in the ‘inertia’ zone.

It is however important to note that Dow and Werlang’s demonstration was simply a state-
ment about optimal portfolio choice corresponding to exogenously given prices. Their result
is not a description of an equilibrium since the model is not closed to obtain asset prices en-
dogenously. An asset is said to be not traded in a market equilibrium if no participant has a
11Proposition 7 and Theorem 1 (and indeed, the definition of slice-comonotonicity) as they appear in Ghirardato

(1997) are stated for the the case where the product space is a product of two spaces, rather than n. However,
the author does note explicitly (pp268) that the results extend to a product of n spaces.
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non-zero holding of the asset in the equilibrium. Hence, given the ‘inertia’ zone found by Dow
and Werlang it would appear that we were but a step away from obtaining a no-trade result:
all we have to do is close the model. However, this conjecture is false. This fact is illustrated
in the Edgeworth box diagram in Figure 1.

Figure 1:

The diagram depicts the possibilities of risk-sharing between two risk averse and ambiguity
averse agents, h = 1, 2, with uncertain endowment income in the two possible states ωa and ωb.
The horizontal axis measures the allocation xha in state ωa, while the vertical axis measures
the allocation xhb in state ωb. Each set of indifference curves represents the Choquet expected
utility functional of an agent: any two allocations on a given curve obtain identical ex ante
utility for the agent. The utility functional for agent h, is given by

CEνuh (xha, xhb) = min
µ∈C(ν)

{uh (xha)µ (ωa) + uh (xhb)µ (ωb)}

where ν : 2{ωa,ωb} → [0, 1], represents the common beliefs of the two agents. It is assumed
that ν ({ωa}) + ν ({ωb}) < 1 and u00h < 0, h = 1, 2. W shows the endowment vector for
the economy. Notice, because of ambiguity aversion, the indifference curves are kinked at the
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point of intersection with the 45◦ ray through the origin12. Roughly put, an ambiguity averse
individual wants to equate the level of utility in different states, whereas a risk averse individual
simply wants to equate the marginal utilities of income across states. Hence, introduction
of ambiguity aversion implies individuals will want to trade more (in insurance) if anything,
since ambiguity aversion simply compounds the desire of risk averse individuals to share risk.
Accordingly, the shaded area in the diagram represents the area of mutually advantageous trade.
No-trade is an equilibrium outcome in this economy if and only if endowment is Pareto optimal
to begin with—something that is not only non-generic, but is true irrespective of ambiguity
aversion. Introduction of ambiguity aversion in an economy, seemingly, would not impede the
trade in risk sharing contracts and would not be a reason for incomplete risk sharing13. As this
paper will demonstrate, the situation in the 2-state world may be misleading in general. The
clue that this might well be the case is found in a subsequent contribution to this literature,
Epstein and Wang (1994).

Consider a 2-state, 2 agent world as discussed above but suppose that the endowment vector
is such that the Edgeworth box is a square and that the agents’ initial position is riskless. In
this case the endowment point is on the diagonal and the indifference curves through this point
are mutually ‘tangent’ at a point of kink. Hence, the asset price supporting the equilibrium
consisting of the initial endowment is indeterminate (Tallon (1998))14. Epstein andWang extend
Dow and Werlang’s analysis to an infinite-horizon, multiple-asset framework and find that the
non-uniqueness of supporting prices is not restricted to riskless positions. More specifically, they
generalize the Lucas (1978) asset pricing model by allowing for ambiguous beliefs and ambiguity
aversion and find that the non-uniqueness of supporting prices in general extends to the case
where “there exist state variables affecting dividends that do not influence consumption”. The
main finding of our paper, that it is idiosyncratic riskiness of asset payoffs which is the route by
which ambiguity aversion causes no-trade, incomplete risk-sharing and incomplete asset markets,
owes its inspiration to this observation by Epstein and Wang. However, Epstein and Wang do
not formally trace the implications of their finding to incomplete risk-sharing and/or incomplete
asset markets, or even informally suggest the possibility of such a link. Indeed, like the Lucas
model, theirs is a representative agent economy; such an economy by its very definition involves
only trivial risk sharing. Also, as is actually demonstrated by Epstein and Wang, a formal
extension of their analysis to the case of heterogeneous agents requires an explicit assumption
of complete asset markets. Next we expound a simple example to explain how idiosyncratic
effects on an asset’s payoffs may inhibit trade in the asset and, consequently, risk sharing when
agents are ambiguity averse.

Example 2 Consider a 2-period finance economy with two risk averse agents and one good,
similar to the one sketched in the introductory section. Agents consume in period 1, while they
merely exchange financial claims in period 0. Agents’ period 1 endowment is random; suppose

12To see this, recall the slope of the indifference curve is given by

u0h (xhb)µ (ωb)
u0h (xha)µ (ωa)

If xhb > xha, µj (ωb) = ν ({ωb}) and µ (ωa) = 1 − ν ({ωb}) ; if xha > xhb, µ (ωb) = 1 − ν ({ωa}) and µ (ωa) =
ν ({ωa}) .
13This is actually noted by Dow and Werlang (op. cit., pp198): “In terms of empirical implications of the

Schmeidler-Gilboa model, broadly similar types of behavior could be caused by transactions costs or asymmetric
information, or by the preferences in Bewley’s (1986) model. The main difference is that in each of those three
cases there is a tendency not to trade, whereas in Schmeidler-Gilboa there is a tendency not to hold a position.
In other words, the agent’s frame of reference here is the safe allocation, rather than the status quo.”
14 If the endowment point is off the diagonal, i.e., individual endowment is uncertain while there is no aggregate

uncertainty, then the (complete market) equilibrium allocation becomes indeterminate as well (Tallon (1997)).
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there are just two (distinct) possible endowment vectors for the economy, defining, what we call
the two economic states of the world, α and β. There are two assets available, one of which is
the safe asset b. The safe asset delivers one unit of the good in each of the two economic states.
The other asset, z has uncertain deliveries. The uncertain asset’s payoff has two components:
one that is dependent on the realization of the economic state, ys, s = α,β, and another that
is independent of it (the idiosyncratic component)15, y (t) , t ∈ {0, 1}. The payoff of the asset
in α is given by yα+ y (t) ; the payoff in β is given by yβ + y (t) . Fix, yα = 1, yβ = 2, y (0) = 0,
y (1) = 2. Hence, in the economic state16 the uncertain asset has two possible payoffs; at α
it may be 1 or 3, at β it may be 2 or 4. The agents’ endowments are denoted esh, h = 1, 2.
The agents’ (common) beliefs are as follows. The beliefs about the economic states are given
by π (α) and π (β) and beliefs about the idiosyncratic components are given by ν (t). Assume
π (α)+π (β) = 1 and ν0+ν1 ≤ 1. Beliefs on the full state space {(s, t)} are described using the
notion of independence explained in the last section.

First consider the case where beliefs about idiosyncracies are unambiguous, i.e., ν0+ν1 = 1.
The model reduces to a standard incomplete market equilibrium with two assets and four
states, in which, for ‘generic’ endowments, there is trade, i.e., some partial insurance among
agents17. Next suppose, to simplify matters drastically, that ν0 = ν1 = 0. Consider an agent
h contemplating buying the uncertain asset at a price qz, given the safe asset is priced qb. h
may buy zh units of the uncertain asset and take a position bh in the safe asset such that
bh + q

zzh = 0. His utility functional is then given by:

CEπ⊗νuh (esh + zh (ys + y (t)) + bh)
= uh (e

α
h + zh (y

α + y (0)) + bh)π (α)
¡
1− ν1¢

+uh (e
α
h + zh (y

α + y (1)) + bh)π (α) ν
1

+uh

³
eβh + zh

³
yβ + y (0)

´
+ bh

´
π (β)

¡
1− ν1¢

+uh

³
eβh + zh

³
yβ + y (1)

´
+ bh

´
π (β) ν1

Once we substitute in ν1 = 0, it is clear from the above functional that the payoff matrix (from
the two assets) the agent (as a buyer of z) will consider is:·

1 1
1 2

¸
If qz ≥ 2, any balanced portfolio (i.e. such that bh + qzzh = 0) with zh > 0 yields negative
payoffs in the final period and is therefore not worth buying. Thus, an agent will wish to buy
the uncertain asset only if qz < 2. Next consider an agent h0 who contemplates going short on
15To fix ideas, it might help to think of z as a claim to a share of the future profits of a designer perfume

manufacturing firm, about to market a new perfume. While the sales revenue of the new perfume is affected
by aggregate income shocks, it nevertheless has an idiosyncratic component (“that special appeal!”) which is
independent of any income shock.
16Notice, there are actually four states in this model, as given by the set {(s, t) | s = α, β; t = 0, 1} .
17This has to be qualified since there exists some non-generic constraints among endowments in different states,

namely es,th = es,t
0

h ≡ esh.
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asset z. His utility functional is therefore:

CEπ⊗νuh0 (esh0 + zh0 (ys + y (t)) + bh0)
= uh0 (e

α
h0 + zh0 (y

α + y (0)) + bh0)π (α) ν
0

+uh0 (e
α
h0 + zh0 (y

α + y (1)) + bh0)π (α)
¡
1− ν0¢

+uh0
³
eβh0 + zh0

³
yβ + y (0)

´
+ bh0

´
π (β) ν0

+uh0
³
eβh0 + zh0

³
yβ + y (1)

´
+ bh0

´
π (β)

¡
1− ν0¢

Notice now the functional is dependent on ν0 since the agent is going short, i.e., zh0 < 0.
Substituting ν0 = 0, we find the payoff matrix the agent h0 will consider:·

1 3
1 4

¸
For qz ≤ 3 any balanced portfolio with zh0 < 0 yields negative payoffs in the second period.
Thus, an agent will wish to sell the risky asset only if qz > 3. If there is going to be trade at
equilibrium, both sellers and buyers of the risky asset must exist. However, buyers of asset 1
will not want to pay more than 2, while sellers will not sell it for less than 3. Hence, there does
not exist a price such that agents will have a non-zero holding of the uncertain asset.

It is instructive to understand why ambiguity aversion may impede trade in the presence of
idiosyncracies (as in example 3) but not otherwise (as, for instance, in the situation depicted in
the Edgeworth box). No-trade arises in the above example because ambiguity aversion makes
the buyer ‘undervalue’ the idiosyncratic component of the asset by concentrating probability
weight on the lower payoffs of the idiosyncratic component, and makes the seller ‘overvalue’ the
asset by concentrating probability weight on the higher payoffs of the idiosyncratic component.
In the Edgeworth box, one may think of the risk sharing as being obtained through the exchange
of two Arrow securities, one for each contingency. In contrast to example 3, in the Edgeworth
box where there is no idiosyncracy of asset payoffs, at an equilibrium the buyer and the seller
of an asset would evaluate their respective prospects using the same (additive probability);
there is no switch in the ‘minimizing’ probability. Notice from the figure that Pareto optimal
allocations lie within the ‘tramlines’, the 450 rays through each origin. In other words, Pareto
optimal allocations of the two agents are comonotonic. Hence, at a Pareto optimal allocation,
the ranking of the states is identical for both agents and is given by the ordering of aggregate
endowment. Now with complete markets, as it is in this case, equilibrium allocations are Pareto
optimal and therefore comonotonic as well. Thus, agents use the same ‘minimizing probability’
at equilibrium, and agree on asset valuation. Risk sharing proceeds, just as in an economy with
SEU economy (see Chateauneuf, Dana, and Tallon (1997)).

Bewley (1986) applied a model of behavior under Knightian uncertainty that is distinct from
the one applied in this paper. Bewley essentially drops Savage’s assumption that preferences are
complete and adds an axiom of the ‘status quo’. Bewley shows that his model may imply the
incompleteness of markets for contingent deliveries. In his findings idiosyncracies are not seen
to play any crucial role, unlike in ours. In our model the status quo is endogenously derived and
arises only because of the interaction between ambiguity aversion and the idiosyncratic shocks,
whereas in Bewley’s model the preference for status quo is exogenously imposed as a part of
the definition of ambiguity aversion.
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4 The model and the main result

The specific goal of the model is to find what general conditions on asset structure ensures that
a given set of primitive assets (vis., bonds, equity share contracts) available in an economy is
such that both of the following statements are satisfied:

1. Provided their beliefs are unambiguous, symmetrically informed agents will be able to
obtain a Pareto optimal risk-sharing allocation by trading the available set of assets, just
as they would if the economy were endowed with a complete set of simple contingent
contracts (Arrow securities). In other words, given unambiguous beliefs, this economy
works in accordance with the propositions of general equilibrium with complete markets.

2. Ceteris paribus, if the agents’ beliefs were ambiguous and agents were ambiguity averse,
the same set of assets may allow at best a Pareto sub-optimal and incomplete risk sharing.
That is, in this case the allocation will be demonstrably identical to one obtained in an
equilibrium of an economy endowed with only an incomplete set of Arrow securities;
working of this economy is described by the propositions of the GEI model.

4.1 The model

The backdrop of our formal results is a model of a stylized two period finance economy which we
call an n-financial asset economy with idiosyncracy. Agents/households (h = 1, . . . , H) trade
assets in period 0, before uncertainty is resolved, and consume the one (and only) good in the
economy in period 1. The assets available for trade are claims, possibly contingent, on deliveries
of the consumption good in period 1.

There are two sources of uncertainty. First, there is some ‘economic uncertainty’: agents
do not know their endowments tomorrow. An economic state of the world, s, s = {1, 2, ..., S},
is completely identified by the endowment vector for that state (e1, ..., eh, ..., eH) , where each
component of the vector, eh ∈ R+, gives a particular household’s endowment the consumption
good in period 1. Secondly, there is idiosyncratic financial uncertainty. An idiosyncratic state
of the world completely characterizes the realization of the idiosyncratic components of payoffs
of the available financial assets (defined below); it is identified by the vector t = (t1, t2, ..., tn) ,
where ti ∈ {0, 1} , i = {1, 2, ..., n}, and n is the total number of financial assets. τn denotes
the set of all t’s, i.e., τn ≡ {0, 1}n. Hence, to obtain a complete description of a state of the
world, complete in the sense of exhausting all uncertainty relevant to the model, the economic
states s must each be further partitioned into cells denoted (s, t). A typical state of the world
is denoted by the letter ω, ω ∈ Ω ≡ ©(1, t)t∈τn , (2, t)t∈τn , ..., (S, t)t∈τnª.

The assets available for trade at date 0 are as follows:

1. Financial assets, zi, i = 1, ..., n, with payoffs that have idiosyncratic components. The
occurrence of a particular “economic state” may not completely fix the outcome of these
assets. An asset zi yields a payoff of ys + y (ti) > 0 units of the good; s = {1, 2, ..., S}
ti ∈ τ ≡ {0, 1}. y (ti) is the idiosyncratic component, in the sense that it is independent
of the realized economic state and independent of the realization of the payoff from any
other financial asset, i.e., assets zj , where j 6= i. It is assumed that y (1) > y (0) and that
y1 6= y2. Price of an asset zi is denoted by qzin .

2. A safe asset, b, which delivers one unit of the good irrespective of the realized state of the
world. Price of this security is normalized to 1.
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3. An Arrow security, bs, which is a promise to deliver one unit of the good in state s and
nothing otherwise, is available for each of the economic states 3, 4, ..., S. Price of this
security is denoted by qsn.

The point behind modeling the asset structure as above is to ensure that there are at least
two economic states, such that, to transfer resources across these states the agents would have to
rely on financial assets whose payoffs are affected by idiosyncratic shocks. In other words, there
exists a non-empty set of non-redundant financial assets whose payoffs have an idiosyncratic
component.

Prior to the resolution of uncertainty, in period 0, agents are endowed with a common belief
about the likelihood of the state ω being realized in period 1. It is assumed that the realization
of the payoff of a financial asset zi is commonly believed to be independent of the realization
of any other financial asset zi

0
, i 6= i0, and the realized economic state. The (marginal) beliefs

about particular idiosyncratic component ti are described by νi, νi (0)+νi (1) ≤ 1. To model the
assumption that the realization of ti and tj are believed to be independent, the beliefs on τn are
described by independent product ν ≡Nn

i=1 νi. For simplicity, we shall assume however, that
νi (0) = νj (0) = ν

0, and that νi (1) = νj (1) = ν1, i, j ∈ {1, ..., n} . The belief on an economic
state s is given by π (s) . To make it transparent that it is the ambiguity of beliefs about the
idiosyncratic realizations (and not the ambiguity of beliefs about the economic states) which is
responsible for the possibility of no-trade in financial assets, and also to make the computation
less tedious, we assume π (1)+π (2)+...+π(S) = 1. As will be explained in the next section, our
findings are robust to the possibility that the beliefs about the economic states are ambiguous.
Since it is believed by the agents that the realization of an idiosyncratic state is independent of
the realization of the economic state, the belief on Ω is given by π

N
ν.

Let eωh,n and x
ω
h,n be the hth household’s endowment and consumption, respectively, in state

ω, given the total number of financial assets in the economy is n. Note, the definition of an
economic state implies e(s,t)h,n = e

(s,t0)
h,n . Holding of the asset bs by h is denoted bsh,n. Similarly,

holding of the asset b by h is denoted bh,n and holding of the asset zi by h is denoted zih,n.
Agent h has a von-Neumann Morgenstern utility index uh : R+ → R, which is assumed to be
strictly increasing, smooth and strictly concave. Furthermore, u0h(0) = ∞ and eωh,n > 0 for all
h and all ω.

Let Phn denote the maximization program of agent h,which is as follows:

max
bh,n,b

3
h,n,...,b

S
h,n,z

1
h,n,...,z

n
h,n

CEπ⊗νuh
³
xs,th,n

´

s.t.


bh,n +

PS
s=3 q

s
nb
s
h,n +

Pn
i=1 q

zi
n z

i
h,n = 0

xs,th,n − esh,n = bh,n +
Pn
i=1 (y

s + y (ti)) z
i
h,n, ∀s ∈ {1, 2} , t ∈ τn

xs,th,n − esh,n = bh,n + bsh,n +
Pn
i=1 (y

s + y (ti)) z
i
h,n, ∀ s ∈ {3, ..., S} , t ∈ τn

An equilibrium consists of a set of asset prices, qn≡
n
1, q3n, ..., q

S
n , q

z1
n , ..., q

zn
n

o
, a set of asset

holdings,

(bn, zn)≡
n¡
bh,n, b

3
h,n, ..., b

S
h,n, z

1
h,n, ..., z

n
h,n

¢H
h=1

o
,

and a consumption vector,

xn≡
¡
xωh,n

¢
h=1,...,H;ω∈Ω ,
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such that, given qn all agents solve their maximization program Phn, and the asset markets
clear, i.e., X

h

bh,n =
X
h

bsh,n =
X
h

zih,n = 0, ∀ s ∈ {3, ..., S} and i ∈ {1, ..., n} ,

and the consumption vector is feasible at each state, i.e.,X
h

xωh,n =
X
h

eωh,n.

Notice, a tuple (qn, (bn, zn))uniquely pins down the equilibrium, hence we may denote an
equilibrium of an n-financial asset economy using such a tuple.

4.2 The main result

The focus of the analysis of the model of n-financial asset economy with idiosyncracy will
be to compare two cases: one, where beliefs about idiosyncratic outcome is unambiguous¡
ν0 + ν1 = 1

¢
and the other where beliefs about the idiosyncracy is ambiguous

¡
ν0 + ν1 < 1

¢
. In

order to make the comparison stark, the analysis will relate the two cases to two benchmarks.
One benchmark is a complete market economy which we call an economy without idiosyn-
cracy. An economy without idiosyncracy is an economy that is identical to the n-financial
asset economy with idiosyncracy described in the last section in every respect except that there
is only a single financial asset z which pays off ys+ Eνy (t) ≡ ȳs units in the economic states
s = {1, ..., S}. Correspondingly, qz denotes the price of z and zh denotes the amount held by
household h. (Note, when denoting endogenous variables in the economy without idiosyncracy
we may omit the subscript n.) The second benchmark is an incomplete market economy which
is identical to the n-financial asset economy with idiosyncracy described in the last section in
every respect except that the only assets available are the Arrow securities for states 3, ..., S,
and the safe asset.

To facilitate the analysis we first obtain a simple characterization of the equilibrium port-
folio holding of the n-financial asset economy with idiosyncracy. Let ePhn denote the following
maximization problem faced by an agent h in the economy with idiosyncracy, where z̃n denotes
an unit of a portfolio composed of 1n unit of the asset z

i, i = 1, ..., n, z̃h,n is the amount held of
this portfolio by h and q̃n is the price of an unit of this portfolio:

maxCEπ⊗νuh
³
xs,th,n

´
s.t.


bh,n +

PS
s=3 q

s
nb
s
h,n + q̃nz̃h,n = 0

xs,th,n − esh,n = bh,n + z̃h,n
hPn

i=1(y
s+y(ti))
n

i
, ∀s ∈ {1, 2} ,t ∈ τn

xs,th,n − esh,n = bh,n + bsh,n + z̃h,n
hPn

i=1(y
s+y(ti))
n

i
, ∀ s ∈ {3, ..., S} , t ∈ τn

Let eVh,n (eqn) be the value of ePh,n at the asset price vector eqn.
Lemma 1 Let (qn, (bn, zn,xn)) be an equilibrium of the n-financial assets economy with id-
iosyncracy. Suppose ν0 + ν1 ≤ 1. Then, zih,n = zi

0
h,n, ∀i, i0 ∈ {1, ..., n}, ∀h ∈ {1, ...,H} .

Thus, at an equilibrium, agents will hold all the financial assets in the same proportion.
This is essentially a consequence of the fact that agents are risk averse and that the n financial
assets are simply ‘independent replicas’. The primary implication of the lemma is that it is
without loss of generality that we may assume that it is only the (portfolio) asset z̃n, instead
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of the individual assets zi, that is available for trade in the economy. Hence, an equilibrium
of an n-financial assets economy with idiosyncracy, (qn, (bn, zn)) , may be equivalently denoted
by the tuple (eqn, (bn,ezn)) , where,

eqn≡©1, q3n, ..., qSn , q̃nª and (bn,ezn)≡n¡bh,n, b3h,n, ..., bSh,n, z̃h,n¢Hh=1o .
The above characterization of the equilibrium in turn facilitates a simple definition of

what it means to satisfy the conditions of equilibrium when n is arbitrarily large. We say
(eq∞,b∞,ez∞,x∞) satisfies the conditions of equilibrium of the n-financial assets economy with
idiosyncracy where n is arbitrarily large, i.e., n→∞ if

1. Given eq∞, (b∞,ez∞,x∞) is a solution to the problem ePh,∞ defined as follows:

maxCEπ⊗νuh
³
xs,th,n

´

s.t.



bh,∞ +
PS
s=3 q

s∞bsh,∞ + q̃∞z̃h,∞ = 0

xs,th,∞ − esh,∞ = bh,∞ + z̃h,∞
h
limn→∞

Pn
i=1(y

s+y(ti))
n

i
,

s = 1, 2, with probability 1,

xs,th,∞ − esh,∞ = bh,∞ + bsh,∞ + z̃h,∞
h
limn→∞

Pn
i=1(y

s+y(ti))
n

i
,

s = 3, ..., S, with probability 1.

2.
P
h bh,∞ =

P
h b
s
h,∞ =

P
h ezh,∞ = 0, ∀ s ∈ {3, ..., S} and the consumption vector is

feasible at each state, i.e.,
P
h x

ω
h,n =

P
h e

ω
h,n with probability 1.

Werner (1997) considers a finance economy of which the above is just a special case. There
are standard arguments that ensure the existence of equilibria of such economies (op.cit.,
pp.100).

Next consider our first benchmark, the economy without idiosyncracy. Let Ph denote the
following maximization problem faced by an agent h in the economy without idiosyncracy:

maxUh (xh) ≡ Eπuh (xsh)

s.t.

 bh +
PS
s=3 q

sbsh + q
zzh = 0

xsh − esh = bh + zhȳs, s ∈ {1, 2}
xsh − esh = bh + bsh + zhȳs, s ∈ {3, ..., S}

Call V (q) the value of Ph at the asset price vector q. Theorem 1, below, relates equilibria
of an n-financial assets economy with idiosyncracy, where n is arbitrarily large, to that of the
economy without idiosyncracy.

Theorem 1 Suppose ν0 + ν1 = 1. Then (eq∞,b∞,ez∞) satisfies the conditions of equilibrium
of the n-financial assets economy with idiosyncracy where n is arbitrarily large, if and only if,
(eq∞, (b∞,ez∞)) describes an equilibrium of an economy without idiosyncracy, wherein the price
of a unit of z is equal to q̃∞, and a household’s holding of the asset z, zh, is equal to z̃h,∞.

Theorem 1 shows that equilibrium allocations of the n-financial assets economy with id-
iosyncracy are essentially identical to that of the economy without idiosyncracy, the latter we
recall is actually an economy in which financial markets are complete, provided the number
of available financial assets is large enough and agents’ beliefs are unambiguous. The result
follows from an application of the usual diversification principle, stating that, in the limit id-
iosyncracies are ‘washed away’, in conjunction with the assumption that payoffs of financial
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assets are affected by the realization of economic states, in particular states s = 1, 2. However,
if the model of the n-financial assets economy with idiosyncracy were to be reconsidered with
the sole amendment that beliefs about idiosyncracies were ambiguous, i.e., ν0+ν1 < 1, then the
result no longer holds. In such an economy the equilibrium allocation may be bounded away
from Pareto optimal risk-sharing however large the n, and indeed actually coincides with the
allocation of an incomplete market economy. This in fact is the subject of our main theorem,
below.

Main Theorem Consider the n-financial assets economy with idiosyncracy. Suppose ν0+ν1 <
1. Let ys ≡ min

s
{ys} and ys̄ ≡ max

s
{ys} and suppose that ys + y (1) > ys̄ + y (0) . Then

there exists an Ā, 0 < Ā < 1, such that if 1− ν0− ν1 > Ā, z̃h,n = 0 for all h ∈ {1, ...,H}
and xs,tn = xs,t

0
n , s = 1, 2, ..., S, t 6= t0 at every equilibrium (qn, (bn, zn,xn)) , for all n ∈ N.

Stated differently, this says that if the range of variation of the idiosyncratic component
of the financial asset is greater than the range of variation due to the economic shocks, if the
beliefs over the idiosyncratic states are ambiguous enough, and if agents are ambiguity averse
then the equilibrium of an n-financial assets economy with idiosyncracy is an equilibrium of
the economy with one safe asset and S − 2 Arrow securities, i.e., an economy with incomplete
markets, since the financial assets are not traded in equilibrium. Note, the statement holds
whatever the value of n.

The formal proof of the main theorem appears in the appendix; here we present the basic
intuition for the result. The two more significant ways in which the theorem generalizes the
demonstration in Example 3 are: one, it shows that no-trade obtains even when beliefs have
a degree of ambiguity strictly less than 1; two, it allows for any arbitrary number of financial
assets, in particular, for n →∞. We consider the intuition for each of these generalizations in
turn. First, consider a 2-(economic)-state, 2 agent, 1-financial asset economy with idiosyncracy,
in which the financial asset’s payoffs are as in Example 3. The economy also has a safe asset
which delivers one unit irrespective of the contingency. Consider an agent thinking of buying
the financial asset. The maximum average payoff he expects in an economic state is the amount,
2+ 0× (1− ν1) + 2× ν1 ≡ V (B), that he expects in state β. This implies, whatever his utility
function, whatever his endowment vector, he will not want to buy the asset for more than this
amount. To see why this is so suppose the financial asset costs p > V (B) . Note, if the agent
invested the amount p in the safe asset he will be returned p for sure both at α and β. Hence,
irrespective of his risk preferences the agent would strictly prefer the safe asset. Now, instead,
consider an agent who contemplates going short with the asset. This agent expects to have to
repay, at least, 1+0× ν0+2× (1− ν0) ≡ V (S), and therefore, will not want to sell the asset if
the price is less than this. Clearly, if ν0 and ν1 were small enough, V (B) < V (S) . Therefore,
if ν0 and ν1 were small enough, agents will not trade in the financial asset.

Next, suppose there are n independent replicas of the financial asset with payoffs as above,
where n→∞. To obtain an intuition for this case it is necessary to bear in mind the way the
law of large numbers work for non-additive beliefs. Specifically, let us consider an i.i.d. sequence
{Xn}n≥1 of {0, 1}−valued random variables. Suppose, ν ({Xn = 0}) = ν ({Xn = 1}) = 1

4 for
all n ≥ 1. As is usual with laws of large numbers, the question is about the limiting distribution
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of the sample average, 1n
Pn
i=1Xi. The result

18 is

ν

Ã
1

4
≤ lim inf

n→∞
1

n

nX
i=1

Xi ≤ lim sup
n→∞

1

n

nX
i=1

Xi ≤ 3

4

!
= 1.

This shows that the DM has a probability 1 belief that the limiting value of the sample average
lies in the interval

¡
1
4 ,
3
4

¢
. However, unlike in the case of additive probabilities, the DM is not

able to further pin down its value. Thus, even with non-additive probabilities the law of large
numbers works in the usual way, in the sense that here too the tails of the distribution are
‘cancelled out’ and the distribution ‘converges on the mean’. But of course here, given that the
DM’s knowledge is consistent with more than one prior, there is more than one mean to converge
on; hence, the convergence is to the set of means corresponding to the set of priors consistent
with the DM’s knowledge. The result would not appear counter intuitive, if we care to recall
our intuition for ambiguous beliefs. The interpretation of the law of large numbers in the case of
ambiguous beliefs is that the DM realizes that the sample average converges (in probability) to
the ‘true’ mean. However, given the DM’s vague knowledge of the ‘true’ mean (he at best knows
the interval in which the true mean lies), he does not know at which precise point on the support
the convergence occurs–at best he may narrow it down to an interval. The less ambiguous his
belief, the ‘tighter’ the interval. In other words, any (additive) probability distribution whose
support is a subset of the interval

¡
1
4 ,
3
4

¢
is consistent with the DM’s subjective belief of the

limiting distribution. Hence, a DM whose (ex post) utility is increasing in X (e.g., when the
DM is a buyer of an asset with payoff X) will behave as if the convergence of the sample average
occurred at the lower boundary of the interval (his conservative estimate), while a DM whose
utility is increasing in −X (e.g., when the DM is a seller of an asset with payoff X) will behave
as if the convergence of the sample average occurred at the upper boundary of the interval (his
conservative estimate).

Let us return to our simplified financial economy with n fold replicas of the financial asset
(payoffs as in Example 3) where n→∞. We consider trade between ‘two’ assets, one the safe
asset and the other the ‘portfolio’ asset, consisting in equal proportion each of the independent
replica assets. The result explained above implies that any agent contemplating going long
on the portfolio asset will behave as if he believes that each component asset of the portfolio
has i.i.d. payoffs ys + 0 and ys + 2 with the (additive) probability 1− ν1 and ν1, respectively,
and applies the laws of large numbers for additive probabilities to fix belief that an unit of the
portfolio will payoff ys+

£
0× ¡1− ν1¢+ 2× ν1¤ with probability 1 in economic state s. On the

other hand, any agent contemplating going short will behave as if he believes that a unit of the
portfolio will payoff ys+

£
0× ν0 + 2× ¡1− ν0¢¤ with probability 1 in economic state s. Hence,

exactly the same argument as before applies: for ν0 and ν1 sufficiently small, V (B) < V (S) and
there will not be any trade in the portfolio. The important insight here is that while agents are
fully aware that a ‘well diversified’ portfolio ‘averages out’ the idiosyncracies, they only have an
imprecise knowledge of what it averages out to, due to the fact that their priors are imprecise.
That is why, under ambiguity aversion, even though diversification ensures that idiosyncracies
cancel out, the effect of the presence of idiosyncracies on the decision making ‘outlives’ the
idiosyncracies and the effect of idiosyncracies are not simply washed away, as it happens with
unambiguous beliefs19.

18This is merely an informal statement of the result, various versions of which may be found in Dow and
Werlang (1994), Marinacci (1996) and Walley and Fine (1982). A full account of the theorem is provided in
Appendix B.
19One might be tempted to conjecture that results of the paper may be replicated by simply assuming hetero-

geneous beliefs among agents. The conjecture is, however, incorrect. To see this, note, what is at work in the
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How small do ν0 and ν1 need to be to ensure V (B) < V (S)? In the example of the
financial asset employed in the preceding discussion, a level of ambiguity (of belief about the
idiosyncratic state, 1− ν0− ν1) greater than 1

2 is enough to ensure no-trade, irrespective of the
utility functions of the agents and the endowment vector. The bound follows from the general
closed form expression for Ā, Ā = ys−ys

y(1)−y(0) , derived in the formal proof. But appropriate care
must be exercised in interpreting Ā; the expression derived for it may be misleading on two
counts. First, it might appear that obtaining no-trade hinges on y (1)−y (0) > ys−ys. Second, it
might seem that neither the degree of risk aversion of the trading agents nor their endowments
have any role in the logic connecting ambiguity aversion to no-trade. Recall, however, that
Ā is the answer to the question, “how much of ambiguity would be enough to cause no trade,
irrespective of the utility functions of the agents and the endowment vector?” Given that Ā is an
upper bound (i.e., the supremum across all the possible combinations of parameters of utilities or
endowments), it is apposite that an expression for it should be independent of any parameter of
utility or endowment. Typically, once we specify the utilities and the endowments, the ambiguity
required for no trade would be less than Ā. More importantly, the requisite ambiguity, given
specific utilities and endowments, would depend on the utilities and endowments. Taking a
position on a financial asset exposes an agent to ambiguity (i.e., effect of the ‘error in his
estimate’ of the ‘actual’ probabilities). Whereas, not taking a position would leave the agent
exposed to the risk inherent in his endowment. Thus, given idiosyncratic effects, there is
a tension between the effect of ambiguity aversion on one hand, and the riskiness of their
endowment and the agents’ desire to smooth this risk, on the other. The following example, is
intended to provide an illustration of this.

Example 3 Consider a 2-period finance economy with two assets, b and z, traded in period 0
and two possible economic states, s = α or β, in period 1, inhabited by two agents B and S
whose utility functions are given by

uh (x
ω
h) = − ¡ 1λ¢ exp (−λxωh) , λ > 0; h ∈ {B,S} .

Further, suppose that eαB > e
α
S and e

β
S > e

β
B. The asset b delivers one unit in each of the two

economic states. The other asset, z has uncertain deliveries with an idiosyncratic component:
y (s, t) = ys+ y (t) ; assume yα = 0, yβ = 2, y (0) = 0, y (1) = 1 (notice the lack of an ‘overlap’,
i.e., it is not true that yα + y (1) > yβ + y (0)). Let π (α) = π (β) = 0.5 and ν0 + ν1 < 1.

Note, the given endowment vector, asset payoff matrix and the fact that the two agents have
the same utility function, together imply that there is no equilibrium in this economy where
B goes short and S goes long on z. Denote µ (t) =

¡
1− ν1¢1−t × ¡ν1¢t and µ (t) = ¡ν0¢1−t ×¡

1− ν0¢t , t = 0, 1. It follows from the first order conditions (evaluated in the neighborhood of
zh=0), that if the inequality (1), below, holds then no-trade is an equilibrium in this economy
:

Eπ×µ [(ys + y (t))u0B (esB)]
Eπ×µ

£
u0B
¡
esB
¢¤ <

Eπ×µ̄ [(ys + y (t))u0S (esS)]
Eπ×µ̄

£
u0S
¡
esS
¢¤ (1)

This is so, since the l.h.s. of (1) is the maximum price of the uncertain asset that will induce B
to move to a positive asset holding, while r.h.s. shows the minimum price of the uncertain asset
required to induce S to go short. Substituting in the assumed parameter values and functional

paper is not that different agents have different beliefs but that agents behave as if they evaluate different actions
(e.g. going short, going long) with different (probabilistic) beliefs.
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form, we may rewrite (1) as the inequality (2)

⇒
0.5 exp (−λeαB)

£
ν1
¤
+ 0.5 exp

³
−λeβB

´ £
2 + ν1

¤
0.5 exp

¡−λeαB¢+ 0.5 exp³−λeβB´
<

0.5 exp (−λeαS)
£
1− ν0¤+ 0.5 exp³−λeβS´ £2 + ¡1− ν0¢¤

0.5 exp
¡−λeαS¢+ 0.5 exp³−λeβS´ (2)

⇒
ν1
h
exp (−λeαB) + exp

³
−λeβB

´i
+ exp

³
−λeβB

´
(1− ν0)

h
0.5 exp

¡−λeαS¢+ 0.5 exp³−λeβS´i+ exp³−λeβS´
<

0.5 exp (−λeαB) + 0.5 exp
³
−λeβB

´
0.5 exp

¡−λeαS¢+ 0.5 exp³−λeβS´ . (3)

Denote 0.5 exp (−λeαB)+0.5 exp
³
−λeβB

´
≡ Eu0 (B) and 0.5 exp (−λeαS)+0.5 exp

³
−λeβS

´
≡

Eu0 (S) . Then the inequality in (3) may be written as follows:

ν1Eu0 (B) + exp
³
−λeβB

´
(1− ν0)Eu0 (S) + exp

³
−λeβS

´ < Eu0 (B)
Eu0 (S)

(4)

By inspecting (4) it may be seen that there exists a λ̄, λ̄ > 0, such that for all λ ∈ ¡0, λ̄¢ the
inequality in (4) will hold. To see this consider the function ϕ, where

ϕ
³
λ; eβB, e

β
S

´
≡
exp

³
−λeβB

´
exp

³
−λeβS

´ = exp hλ³eβS − eβB´i , and eβS − eβB > 1.
Clearly, ϕ

³
λ; eβB, e

β
S

´
is monotonic in λ, and moreover, ϕ ↓ 1 as λ ↓ 0. Notice, we may rewrite

(4) as follows

ν1Eu0 (B) + ϕ
³
λ; eβB, e

β
S

´
exp

³
−λeβS

´
(1− ν0)Eu0 (S) + exp

³
−λeβS

´ <
Eu0 (B)
Eu0 (S)

(5)

Hence, given that 1− ν0 > ν1, (5) will hold provided λ is sufficiently close to 0.
This shows that we may obtain no trade even when the “over-lap” condition does not hold.

Further, ceteris paribus, larger the value of the risk aversion parameter λ, the greater the
ambiguity of belief

¡
1− ν0 − ν1¢ required for the inequality (4) to hold ( of course, for high

values of λ the inequality may fail to hold altogether). Finally, note, greater the difference
eβS − eβB, ceteris paribus, the greater the

¡
1− ν0 − ν1¢ required for the inequality to hold. In

other words, greater the gain from sharing the risk the greater the level of ambiguity required
to “kill off” the trade.

It is relatively straightforward to extend the exercise to allow for n independent replicas of
the financial asset, zi,with n → ∞. In that case, we consider trade of ‘two’ assets, one the
safe asset and the other the ‘portfolio’ asset, consisting of 1n unit of each z

i. Given that we
are evaluating the first order conditions at (or, in the ‘neighborhood’ of) zi, the analysis would
obtain with precisely the same conditions and inequalities as above.
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5 Robustness of the main result

The following remarks are intended to clarify that many of the assumptions of the model
presented in the last section were principally put in place to ensure transparency of the analysis,
and could be substantially relaxed, without losing the substance of the analytical results. As
we shall see, relaxing the assumptions does not necessarily pose a conceptual or a technical
challenge. By and large, it would merely multiply the notational complexity and the tedium of
the analysis without adding substance.

Remark 1 The first remark concerns the matter of introducing a more general belief structure.
As we have explained, what is crucial in obtaining our main result is the two ways in which the
beliefs about idiosyncracies are independent and the fact that beliefs about the idiosyncracies are
sufficiently ambiguous. In particular, it does not matter whether the beliefs about the economic
states are ambiguous. The following exercise essentially reanalyzes the finance economy model
by relaxing the assumption on additive beliefs about economic states to validate this claim.

Consider the financial economy with idiosyncracy analyzed in the previous section with the
following amendments:

• There are two economic states, s = 1, 2, (and each economic state is further divided into
two idiosyncratic states t = 0, 1). ω ∈ Ω ≡ {(s, t) | s = 1, 2and t = 0, 1} .

• There is one safe asset, b, whose price is normalized to 1 and one uncertain asset, z, whose
payoffs are affected by idiosyncratic events. The uncertain asset’s payoffs are as before:
ys + y(t). Assume w.l.o.g. y1 < y2 and that y1 + y(1) > y2 + y(0).

• Beliefs: For idiosyncratic uncertainty, νt, with ν0+ ν1 < 1. For economic uncertainty, µs,
with µ1 + µ2 < 1. Beliefs on ω, π, are defined as the independent product of ν and µ:
π ≡ νNµ.

Call the financial economy with idiosyncracy amended as explained in the bulleted items
above, Ê.

Proposition 1 Consider the economy Ê. Then there exists an Ā, 0 < Ā < 1, such that if
1 − ν0 − ν1 > Ā, then zh = 0 for all h ∈ {1, ..., H} and xs,t = xs,t

0
, s = 1, 2, t 6= t0, at every

equilibrium.

Remark 2 Since the diversification argument -based on the law of large numbers- “does not
work” in the presence of idiosyncratic uncertainty and high enough ambiguity aversion, one
might wonder if the assumption that the assets introduced are all ‘replicas’ is not too demanding.
To make the point somewhat differently, in the case of standard beliefs considering the case with
replicas is sufficient since that is enough to drive out the effect of idiosyncracy. But given that
diversification with replica assets doesn’t work with ambiguous beliefs, the question remains as
to whether diversification can be achieved through assets which are not replicas (in terms of
payoffs). It turns out that it does not make any difference (to the result) if we were to relax the
assumption about ‘strict’ replicas. To obtain an intuition of why that is so, consider the financial
economy with idiosyncracy analyzed in the previous section with the following amendments:

• There are two economic states, s = 1, 2, (and each economic state is further divided into
two idiosyncratic states t = 0, 1). ω ∈ Ω ≡ {(s, t) | s = 1, 2and t = 0, 1} .
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• There is one safe asset, b, whose price is normalized to 1 and n uncertain assets, zi,
n→∞,whose payoffs are affected by idiosyncratic events. However, instead of replicating
the same asset, we introduce new ambiguous assets, zi has payoffs given by ysi + yi(t),
s = 1, 2, t = 0, 1, with the maintained assumption : yi(ti = 0) < yi(ti = 1). Note,
unlike the case of the model in the previous section, we now allow that ysi 6= ysi0 and
yi(ti = 0) 6= yi0(ti0 = 0), yi(ti = 1) 6= yi0(ti0 = 1). However, suppose the following
generalization of the ‘overlap condition’ holds:£

y1i + yi(0), y
1
i + yi(1)

¤ ∩ £y2i + yi(0), y2i + yi(1)¤ 6= ∅
• Beliefs: Beliefs on the idiosyncratic part of asset zi can be represented by ν0i and ν1i . Fur-
ther, assume that all these assets are independent (in the sense that beliefs over the joint
realization of the idiosyncratic part is simply the independent product of the capacities).
Beliefs on ω, are defined as the independent product of π and ν, i.e.,π

Nn
i=1 νi.

Call the financial economy with idiosyncracy amended as explained in the bulleted items
above, Ě.

Proposition 2 Consider the economy Ě. Then there exists an Ā, 0 < Ā < 1, such that if
1 − ν0 − ν1 > Ā, then zh = 0 for all h ∈ {1, ..., H} and xs,t = xs,t

0
, s = 1, 2, t 6= t0, at every

equilibrium.

Remark 3 Finally, the Arrow securities, whose essential function is to enable transfer contin-
gent resources among the states s, s ≥ 3, may be replaced by a set of arbitrary assets (with
payoffs not affected by idiosyncratic effects) without affecting any of our results as long as the
set satisfied the following two conditions:

1. the payoff matrix corresponding to the set of assets is at most of rank S − 2
2. the payoff matrix corresponding to the entire set of assets available in the economy, in-
cluding the safe asset and the financial assets with their idiosyncratic payoffs ‘averaged
out’ is of full rank (S) with respect to the economic states.

The conditions are sufficient to ensure that the economy with the idiosyncracies ‘washed
out’ is a complete market economy and the economy with a set of financial assets missing (due
to ambiguity aversion) is an incomplete market economy.

6 Concluding discussion

In this section we sketch out some of the broader, economically and empirically significant,
implications of the results obtained in the paper.

In the first instance, the results provide a new insight on the issue of whether a “com-
plete market level of risk sharing” can be achieved with a financial market consisting purely
of primary securities, i.e., bonds and equities. The question does not have a trivial answer
because, arguably, a fundamental and distinctive characteristic of equities is that their payoff
have idiosyncratic components. This attribute of equities has the implication that a financial
market consisting purely of bonds and equities will be, by definition, an incomplete market
per se. However, teachings of modern finance allows us to establish, assuming agents have
Savage/Bayes-rational beliefs, assuming the absence of significant asymmetric information and
transactions costs, that it is possible to achieve optimal risk sharing as long as there are no

23



exogenous restrictions limiting the availability of “enough” equity share contracts. But as the
main result shows, if a proportion of the exogenously available assets have ‘large enough’ id-
iosyncratic components in their payoffs, ambiguity aversion may cause such assets not to be
traded. The paper, subsequently, also alerts us to the fact that no amount of ‘exogenous avail-
ability’ of equities is enough to guarantee a “complete market level of risk sharing”, if agents are
ambiguity averse. Assuming ambiguity aversion, a combination of beliefs and risk attitudes may
always arise to endogenously prevent trade in any of the exogenously given equities and thereby
cause “genuine” incompleteness. In other words, ambiguity aversion may endogenously limit the
scope of risk sharing obtainable through the exogenously available assets by determining what
assets are actually traded. Hence, so long as we accept that presence of idiosyncratic effects
are a definitive characteristic of bond/equity payoffs, ambiguity aversion provides a reason as
to why we might think that the GEI model and its propositions are well founded in an economy
where the financial market consists purely of primary securities.

Another related finding of import in the paper, we believe, is with regard to the role of
idiosyncratic risk in a finance economy. A, perhaps naive, but nevertheless widely drawn in-
ference obtained from modern financial analysis is that such idiosyncracies ultimately ‘do not
matter’—standard diversification techniques ensure that these will (almost) surely be ‘washed’
away. As this paper demonstrates, this is again something that is not robust to ambiguity aver-
sion20. Hence, something more than standard diversification techniques are required—perhaps
hedging possibilities obtained through derivative financial instruments—to deal with idiosyncra-
cies in presence of ambiguity aversion. The presence of idiosyncratic effects on payoffs and
the inability to write contingent delivery contracts on idiosyncratic events is of no major con-
sequence in a world of ‘standard’ beliefs; it is merely an irrelevant ‘friction’. But this ‘small
friction’ of not being able to trade across contingencies agents do not care to trade anyway
(in an SEU world), has a novel ‘domino effect’ in the world of ambiguity averse agents and
leads to the endogenous closure of markets which are necessary for transferring resources across
those contingencies at which agents’ endowments are actually affected. That the seed of ‘small
frictions’ can lead to a ‘big loss’ in the realization of gains from trade is a theme that has been
visited earlier in economics: recall, for instance, the menu costs literature in ‘New-Keynesian’
macroeconomics. However, a more interesting parallel is the work applying ambiguity aversion
to explain incomplete (bilateral) contracts (Mukerji (1998)). That paper showed how restric-
tions on contractibility that are insignificant when agents have additive subjective beliefs may
result in contractual incompleteness of actual significance when agents are ambiguity averse.

The findings do have empirically significant implications. A basic tenet of modern day
financial regulation and managing of financial exchanges is to put in place regulations and
procedures that minimize the effect of asymmetries of information (via insider trading, for
instance) and transactions costs. To the extent such procedures are successful, one might be
tempted to conclude that such ‘controlled’ environments are not significantly vulnerable to
the scourge of market incompleteness. What the results in this paper suggest is that even
in such ‘controlled’ environments, risk sharing achieved through primitive assets may be far
from complete and hence financial innovation, by introducing new hedging possibilities using
derivative securities, will continue to have an important role. An implication of our results
is that risk sharing transactions may not be freely achieved even in circumstances involving

20At the first instance our result might appear to be in conflict with the finding reported in Kelsey and Milne
(1995) that the ‘standard’ conclusions of the arbitrage pricing theory (APT) model holds even when agents have
non-additive expected utility preferences. What Kelsey and Milne do, in terms of the framework of the present
paper, is that they model beliefs on the economic states (which are like ‘factors’ in a standard APT set up) as
non-additive while fixing the beliefs on the idiosycratic states as additive. As is explained in this paper, what
drives our result is the non-additivity of beliefs over the idiosyncratic states, and hence, the result reported in
Kelsey and Milne (1995) is quite consistent with ours.
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trades of equities between relatively anonymous agents where one would not normally expect
strong asymmetries of information. This is supported by the results reported from an empirical
investigation of the conundrum why “so few hold stocks (among the general population)?” by
Haliassos and Bertaut (1995), who conclude that it is departures from the expected utility
paradigm of the kind incorporated in this paper, that holds the key to that question (rather
than risk aversion, heterogeneity of beliefs, habit persistence, etc.).

The results in our paper identify asset characteristics which make its trade vulnerable to
ambiguity aversion: essentially, the point of vulnerability is the strength of the idiosyncratic
component in its payoffs. This connection between the extent of idiosyncratic component and
no-trade is the key empirical content of the theory advanced in this paper and deserves to be
considered more fully. Consider an increase in the ambient uncertainty in an economy with a
set of assets and ambiguity averse agents. More precisely, ceteris paribus, suppose that the in-
crease in uncertainty manifests as an increase in the ambiguity of belief over contingent events,
including an increase in the ambiguity of belief over idiosyncratic events, though not necessarily
exclusively so. The analysis and results in this paper suggest that if the increase in uncertainty
were sufficiently great then trade in a certain subset of the assets will thin out (in particular,
trade in those corporate bonds and forward contracts on equities for which the ratio of the
range of variation of the idiosyncratic component to the range of variation due to the economic
shocks is greater). It is instructive to note the distinction between the empirical content of a
theory of no-trade based on the ‘lemons’ problem (e.g., Morris (1997)) and the theory based
on ambiguity aversion .The primitive of the former theory is asymmetric uncertainty between
the transacting parties, and more importantly, the asymmetric uncertainty may cause no-trade
irrespective of the nature of the idiosyncratic component of the payoff of the asset concerned.
Indeed, no trade may result even if there were no idiosyncratic component. Thus that theory,
per se, does not link the presence and extent of idiosyncratic component to no trade. To obtain
such a link, one has to assume, a priori, that there is sufficient asymmetric information only in
the presence of idiosyncratic information. On the other hand, the theory based on ambiguity
aversion does not require that one assume that ambiguity is present only with idiosyncracies, or
that agents have ambiguous beliefs especially with respect to payoffs of assets with idiosyncratic
components. One may well begin with the primitive that ambiguity is present in a ‘general’
way, across all contingencies. However, as has been shown, ambiguity aversion will only gen-
erate no trade for those assets whose payoffs are substantially affected by idiosyncracies, and
not otherwise. Hence, since ambiguity aversion selectively attacks only those assets whose pay-
offs have idiosyncratic components, the link between idiosyncracy and no trade is endogenously
generated in the theory based on ambiguity aversion. This positive understanding is of signif-
icance. History of financial markets is replete with episodes of increase in uncertainty leading
to a thinning out of trade (or even seizing up completely) peculiarly in assets such as high yield
corporate bonds (‘junk’ bonds) and bonds issued in “emerging markets”( vis., Latin America,
Eastern Europe and East Asia)21. It appears only natural to interpret these episodes as one
of drastic increase in the common uncertainty faced by investors, rather than as an increase in
the asymmetry of information. Also, it seems eminently demonstrable that the high risk bonds
which appear to be so sensitive to attacks of uncertainty are precisely those bonds which have
high idiosyncratic components in their payoffs. Thus the theory of ambiguity aversion provides
an endogenously generated ‘natural’ explanation of why only this certain class of assets, and
not all assets, will be affected by the increase in uncertainty. The explanation is also useful

21Consider, for instance, the widely reported recent paralysis afflicting the junk bond markets in the U.S. and
in Europe in the aftermath of the Russian and East Asian crises. For related press reporting see, “US corporate
bond market hit,” Financial Times, 13 October, 1998 and “Virgin arm abandons junk bond issue”Financial
Times, 29 October, 1998.
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in providing a novel understanding of the role of certain institutions of financial contracting in
facilitating the transaction of corporate bonds. A recent paper, Anderson (1999), investigates
the institutions of financial contracting under extreme uncertainty. The volatile and uncertain
Brazilian economic environment presents many obstacles for firms seeking debt financing, yet a
nascent corporate bond market survives. The paper analyzes the common features of a sample
of successful Brazilian indenture agreements to understand what holds the key to the success
of these debentures. That key is found to be a set of contingent-maturity mechanisms built
into the design of successful contracts. Specifically, the investors enjoy rights to (periodically)
recontract/renegotiate the original financial contract. Similarly, the debtors may renegotiate or
call the debentures. Long-term bonds are periodically marked to market according to prevail-
ing conditions and firm-specific risk. Consequently, the interest-rate risk of a long-term bond
that recontracts is lower than for a fixed-rate issue. Most interestingly, the analysis observes
(pp. 61), that 72% of the bonds with recontracting provisions in the indenture include other
provisions that allow it to effectively pay floating interest, adjusted in accordance with the
changes in the market rate. This leaves us to conclude, like Anderson, that recontracting may
viewed primarily as a mechanism to adjust interest rates for firm-specific risks, not changes
in the general (i.e. market) real rates of interest. The right of debtors to call serve a related
function. As was observed by Jensen and Meckling (1976), larger the amount of risky debt in
the capital structure of the firm greater the incentive of shareholders to enhance the value of
their equity by choosing investments of higher risk but lower value. Hence, perversely, ceteris
paribus, firms with higher outstanding debt would tend to have higher firm specific risks, since
these firms would be opting for the kind of risky investments not favored by other firms. A call
provision addresses this so called asset-substitution problem identified by Jensen and Meckling.
Barnea, Haugen, and Senbet (1980) show that the value of a call provision to shareholders
increases with total firm value. Consequently, increased equity value due to shifting to risky
but inefficient investments is offset by a decline in the value of the call provision to the share
holders. Thus, the call provision reduces the incentives to initiate investment that would lead
to firm specific risks. In this context, it is worth mentioning that empirical evidence based on
US debt suggests that firms with high growth potential and higher default risks (as compared
to other firms) are more likely to include call provisions in their indentures (Thatcher (1985);
Kish and Livingston (1992)). The theory presented in this paper gives us an understanding of
the role of such contractual institutions in facilitating the working of bond markets. The lesson
is particularly important in the light of the recent spate of episodes of seizure of bond markets
brought upon by instability of the emerging financial markets.

Financial economists have observed that even though barriers to international investment
have fallen dramatically, investors continue to allocate only a very small fraction of their port-
folio to foreign investments. Indeed, the allocation is much smaller than would be expected in
the absence of barriers to international investment. This evidence constitutes what is generally
referred to as the home-bias puzzle22. It is suggested that ambiguity aversion may well hold
an important key to unlocking the puzzle. There are two factors which suggest that ambigu-
ity aversion may be the reason which leads investors to favor domestic over foreign assets in
their portfolios. First, an investor may well have less information about payoff prospects of
foreign assets as compared to domestic assets. Shiller, Kon-Ya, and Tsutsui (1991) provide
some survey evidence consistent with this view. Less information, may well mean more am-
biguous information. Secondly, foreign assets may typically have more relatively pronounced
idiosyncratic components in relation to the endowments of the domestic investor. Baxter and
Jermann (1997) report that returns to human capital (which may be identified with the agents’

22See Frankel (1995) and Lewis (1995) for references, as well as French and Poterba (1991), Cooper and Kaplanis
(1994), and Tesar and Werner (1995).
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stochastic endowment in the model presented in this paper) and physical capital are much more
correlated within countries as compared to the correlation across countries. Indeed, it is the
connection with idiosyncracy that suggests that ambiguity aversion may be a more wide rang-
ing explanation of the phenomenon than a theory of asymmetric information. Kang and Stulz
(1997) studies stock ownership in Japanese firms by non-Japanese investors from 1975 to 1991.
The paper documents that the two outstanding factors which explain foreign investors’ holdings
are, first, the sectoral association of the firm and second, the largeness of the firm. Asymmet-
ric information may explain the second factor as well as ambiguity aversion since larger firms
may be better known outside the country. But asymmetric information does not provide an
obvious explanation of the finding that foreign investors hold disproportionately more shares of
firms in manufacturing sector while almost none at all in sectors such as utilities, transport and
construction. Casual empiricism suggests that the Japanese fortunes of the Japanese manufac-
turing sector would be well in tune with the vagaries of the world market, given that most units
in the manufacturing sector would be directly or indirectly reliant on the world market. The
same cannot be said of the other sectors mentioned above; the final products of those sectors
are much more geared towards domestic consumption. This would imply that returns in the
Japanese manufacturing sector would be far more correlated with the returns to human capital
in, say, the U.S., than returns in any of the other mentioned sectors. If the casual empiricism
is vindicated, then we may assert that ambiguity aversion provides more complete explanation
of the facts of the home-bias puzzle than a theory based on asymmetric information. This is an
open question for future empirical research.

An empirical test of the theory advanced in this paper may be constructed along the fol-
lowing lines. We take a set of corporate bonds and equities and rank them in order of the
idiosyncratic effects associated with the respective time series of their payoffs. (It would appear
such an ordering is potentially determinable.) If it is then found that this ranking is significantly
correlated with the ranking of the securities with respect to their individual trading volume (in
case of equities one should consider trades involving forward contracts) then we would obtain a
(partial) validation of the theory. Note, a theory of asymmetric information does not yield such
a testable hypothesis since it merely connects the potentially unobservable primitive of beliefs
about an asset to the possibility of no-trade in the asset. On the other hand, ambiguity aversion
connects the potentially observable primitive of idiosyncratic effects associated with an asset to
the occurrence of no-trade in the asset.

Finally, while there is a vast literature on ambiguity aversion, and indeed on the many other
departures from SEU, that convincingly establishes their importance in laboratory settings (see
Camerer and Weber (1992)), this work has had little impact on the way that economics is
done. In large part this is because there have been so few demonstrations showing that the
presumption of such departures can generate novel and significant insight into the working of
important economic institutions. This paper, we believe, makes a contribution towards filling
this gap in the literature.

7 Appendix

Appendix A
Proof of Lemma 1:
Suppose w.l.o.g. qz

i ≥ qzi0 for some i, i0 ∈ {1, ..., n} . In a first step we show that this implies
zih,n ≤ zi

0
h,n, ∀h ∈ {1, ...,H} . Indeed, assume zih,n > zi

0
h,n for some h ∈ {1, ...,H}. Then construct
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the new portfolio holding z̄h,n as follows:

z̄ih,n = zih,n − ε

z̄i
0
h,n = zi

0
h,n +

qz
i

qzi
0 ε

z̄jh,n = zjh,n ∀j 6= i, i0.

where ε is small enough so that z̄ih,n > z̄
i0
h,n. Note, z̄h,n is budget feasible. Let

x̄s,th,n ≡ esh + bh,n +
nX
i=1

zih,n(y
s + y(ti) for s = 1, 2, ∀t ∈ τn

x̄s,th,n ≡ esh + bh,n + b
s
h,n +

nX
i=1

zih,n(y
s + y(ti) for s = 3, ..., S, ∀t ∈ τn

Because xs,th,n and x̄
s,t
h,n are comonotonic, and uh is strictly increasing, it follows from definition

1 that there exists an additive product measure µ, where µ ≡ ×ni=1µi, and µi : 2{0,1} → [0, 1]
are additive measures, such that,

CEπ⊗ν
³
xs,th,n

´
= Eπ×µ

³
xs,th,n

´
, CEπ⊗ν

³
x̄s,th,n

´
= Eπ×µ

³
x̄s,th,n

´
, and,

CEπ⊗ν
³
uh

³
xs,th,n

´´
= Eπ×µ

³
uh

³
xs,th,n

´´
,

CEπ⊗ν
³
uh

³
x̄s,th,n

´´
= Eπ×µ

³
uh

³
x̄s,th,n

´´
, ∀s = 1, 2, ..., S,∀t ∈ τn.

Furthermore,

Eµ
³
xs,th,n | s

´
= Eµ

³
x̄s,th,n | s

´
+ Eµiεy(ti)− Eµi0εy(ti0), ∀s = 1, 2, ..., S.

Next, notice Eµiεy(ti) − Eµi0εy(ti0) ≤ 0. Indeed, either zih,n and z
i0
h,n have the same sign, in

which case µi = µi0 and Eµiεy(ti)− Eµi0εy(ti0) = 0. Or zih,n > 0 > zi
0
h,n and then

Eµiεy(ti)− Eµi0εy(ti0)) = ε
£
(1− ν1)y (0) + ν1y (1)− ν0y (0)− (1− ν0)y (1)¤

= ε[1− ν0 − ν1][y (0)− y (1)] ≤ 0
Hence, x̄s stochastically dominates xs. Given u00 < 0, therefore, Eπ×µuh(x̄s,th,n) > Eπ×µuh(x

s,t
h,n).

As a consequence, CEπ⊗νuh(x̄s,th,n) > CEπ⊗νuh(x
s,t
h,n). But this is a contradiction to the hypoth-

esis that (qn, (bn, zn,xn)) is an equilibrium. ∴ zih,n ≤ zi
0
h,n,∀h ∈ {1, ..., H} .

Since, (qn, (bn, zn,xn)) is an equilibrium,
PH
h=1 z

i
h,n =

PH
h=1 z

i0
h,n = 0. Therefore, using the

fact that zih,n ≤ zi
0
h,n for all h, we get that z

i
h,n = z

i0
h,n for all h.

Proof of Theorem 1:
The maximization problem ePh∞ given asset prices eq∞ may be written as follows:

maxEπ(1)⊗π(2)⊗νuh
³
esh + bh,∞ + z̃h,∞

h
limn→∞

Pn
i=1

ys+y(ti)
n

i´
+E⊗s≥3π(s)⊗νuh

³
esh + b

s
h,∞ + bh,n + z̃h,∞

h
limn→∞

Pn
i=1

ys+y(ti)
n

i´
s.t. bh,∞ +

PS
s=3 q

s∞bsh,∞ + q̃∞z̃h,∞ = 0

And the maximization problem Ph given asset prices q =eq∞:
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max
P

s∈{1,2}
π (s)uh (e

s
h + bh,n + zhȳ

s) +
P

S≥s≥3
π (s)uh

³
esh + bh,n + b

s
h,n + zhȳ

s
´

s.t. bh +
PS
s=3 q

s∞bsh + q̃∞zh = 0

If n → ∞, by the law of large numbers, with probability 1 an unit of the portfolio z̃n yields
a payoff of ys+ Et∈{0,1}y (t) ≡ ȳs units. That is, limn→∞

Pn
i=1

³
(ys+y(ti))

n

´
a.s−→ ȳs. Recall, the

financial asset z yields ȳs units of the good in the economic states s = 1, 2, ..., S.
Hence, (b∞,ez∞) solves the maximization problem ePh∞ at prices (eq∞) , if and only if

(b∞,ez∞) also solves the maximization problem Ph at prices (eq∞) .
Finally note, if (eq∞, (b∞,ez∞,x∞)) describes an equilibrium of the n-financial assets econ-

omy with idiosyncracy it must be that (b∞,ez∞) satisfies the conditions of (asset) market clearing
at the price vector eq∞. Hence, (eq∞) will also clear asset markets in the economy without id-
iosyncracy. Conversely, if (eq∞, (b∞,ez∞,x∞)) describes an equilibrium of the economy without
idiosyncracy then (eq∞) will also clear asset markets in the n-financial assets economy with
idiosyncracy.

Proof of the Main Theorem:
Consider ePhn, the maximization problem faced by an agent h in the n-financial asset economy

with idiosyncracy. Suppose that, at equilibrium there exists h0 such that z̃h0,n 6= 0, say z̃h0,n > 0.
Since, at equilibrium

P
h z̃h,n = 0, there must be h

00 such that z̃h00,n < 0.
Next, since z̃h0,n > 0, and y (0) < y (1) , by Facts 2 and 3 (the fact that given that z̃h0,n > 0,

uh0
³
xs,th0,n

´
is slice-comonotonic), we may calculate CEπ⊗νuh0

³
xs,th0,n

´
just as a standard expec-

tation operator with respect to the standard additive measure π×µ(t) , where

µ (t) =
¡
1− ν1¢n0 × ¡ν1¢n−n0 ,

where n0 is the number of financial assets whose idiosyncratic payoff is y (0) at the idiosyncratic
state (s, t). This is because agent h0 will have a contingent consumption, xs,(ti,t−i)h0,n , that is
necessarily smaller at a state (s, (0, t−i)) than at the state (s, (1, t−i)), s = 1, ..., S.

The first order conditions of the problem ePh0n (for agent h0) then give:

q̃n =

Eπ×µ
·
nP
i=1

n³
ys+y(ti)

n

´
u0h0
³
xs,th0,n

´o¸
Eπ×µ

h
u0h0
³
xs,tih0,n

´i
Notice, for all s ∈ {1, ..., S}

xs,th0,n and
nX
i=1

µ
ys + y (ti)

n

¶
are positively dependent given s (see Magill and Quinzii (1996)) since z̃h0,n > 0. Hence, because
u00 (·) < 0,

Covariance

Ã
nX
i=1

µ
ys + y (ti)

n

¶
, u0h0

³
xs,th0,n

´!
< 0, given s.
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Now,

Eµ

"
nX
i=1

½µ
ys + y (ti)

n

¶
u0h0
³
xs,th0,n

´¾#
= Covariance

Ã
nX
i=1

µ
ys + y (ti)

n

¶
, u0h0

³
xs,th0,n

´!

+Eµ

"
nX
i=1

µ
ys + y (ti)

n

¶#
Eµu0h0

³
xs,th0,n

´
.

Thus,

Eµ

"
nX
i=1

½µ
ys + y (ti)

n

¶
u0h0
³
xs,th0,n

´¾#
< Eµ

"
nX
i=1

µ
ys + y (ti)

n

¶#
Eµu0h0

³
xs,th0,n

´
.

Hence,

q̃n <

SX
s=1

π (s)Eµ
·
nP
i=1

³
ys+y(ti)

n

´¸
Eµu0h0

³
xs,th0,n

´
SX
s=1

π (s)Eµ
h
u0h0
³
xs,th0,n

´i
⇒ q̃n < max

s

(
Eµ

"
nX
i=1

µ
ys + y (ti)

n

¶#)
⇒ q̃n < y

s +
¡
1− ν1¢ y (0) + ν1y (1) (6)

Consider next, h00 such that z̃h00,n < 0. Since z̃h00,n < 0, and y (0) < y (1) , by Fact 2

and 3 (the fact that given that z̃h00,n < 0, uh00
³
xs,th0,n

´
is slice-comonotonic), we may calculate

CEπ⊗νuh00
³
xs,th0,n

´
just as a standard expectation operator with respect to the standard additive

measure π × µ (t) , where,

µ (t) =
¡
ν0
¢n0 × ¡1− ν0¢n−n0

where n0 is the number of financial assets whose idiosyncratic payoff is y (0) at the idiosyncratic
state (s, t). This is because agent h00 will have a contingent consumption, x(s,(ti,t−i))h00,n , that is
necessarily greater at a state (s, (0, t−i)) than at the state (s, (1, t−i)) . Proceeding in the same
way as for the agent h0, we consider the first order conditions for agent h00 :

q̃n =

Eπ×µ
·
nP
i=1

n³
ys+y(ti)

n

´
u0h00

³
xs,th00,n

´o¸
Eπ×µ

h
u0h00

³
xs,th00,n

´i
Notice that, for h00, given that z̃h00,n < 0, it must be that xs,th00,n and

Pn
i=1

³
(ys+y(ti))

n

´
are

negatively dependent given s and thus,

Covariance

Ã
nX
i=1

µ
(ys + y (ti))

n

¶
, u0h00

³
xs,tih00,n

´!
> 0, given s.

Hence, by a reasoning similar to that followed for the agent h0,

q̃n > y
s +

¡
1− ν0¢ y (1) + ν0y (0) . (7)
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Therefore, a necessary condition for having an equilibrium with z̃h,n 6= 0 for at least some
h, h ∈ {1, ..., H} , is that

ys +
¡
1− ν1¢ y (0) + ν1y (1) > ys + ν0y (0) +

¡
1− ν0¢ y (1)

⇔ ys − ys >
¡
1− ν0 − ν1¢ (y (1)− y (0))

Set Ā = ys−ys
y(1)−y(0) , Ā will belong to the open interval (0, 1) by our assumptions on the asset

payoffs (in the statement of the theorem). Hence, if 1 − ν0 − ν1 > Ā, then z̃h,n = 0 for all
h, h ∈ {1, ..., H} , at any equilibrium.

Finally, note if n → ∞, by the law of large numbers for non-additive probabilities (see

Appendix B, below) we may calculate CEπ⊗νuh0
³
xs,th0,n

´
just as a standard expectation operator

with respect to the standard additive measure π×µ(t) , where µ (t) is such that

µ

Ã(
t : lim

n→∞

nX
i=1

µ
(ys + y (ti))

n

¶
= ys +

¡
1− ν1¢ y (0) + ν1y (1))! = 1.

Hence,

Covariance

Ã
lim
n→∞

nX
i=1

µ
ys + y (ti)

n

¶
, u0h0

³
xs,th0,n

´!
≤ 0, given s.

Thus the proof would proceed as in the case of finite n except that the inequality (6) would
read

lim
n→∞ q̃n ≤ y

s +
¡
1− ν1¢ y (0) + ν1y (1)

and the inequality (7) would read

lim
n→∞ q̃n ≥ y

s +
¡
1− ν0¢ y (1) + ν0y (0) .

Appendix B
Let y be a function from a given space Ω to the real line R, and σ (y) the smallest σ−algebra

that makes y a random variable. Ωn denotes the n-fold Cartesian product of Ω, and σ (y1, ..., yn)
the product σ−algebra on Ωn generated by the σ−algebras {σ (yi)}ni=1 . Set Sn = 1

n

Pn
i=1 yi.

Law of Large Numbers for Non-additive Probabilities (Marinacci (1996) Theorem 7.7,
Walley and Fine (1982) Theorem 4.1 and Remark (i), Dow and Werlang (1994) Theorem
3.) Let Ω be (countably) finite. Let each νi be a convex capacity on σ (yi) , and let {yi}i≥1
be a sequence of random variables independent and identically distributed relative to

N
νi.

Suppose both CEν1 (y1) and CEν1 (−y1) exist. Then

1.
N
νi

µ½
ω ∈ Ω∞ : CEν1 (y1) ≤ lim infn Sn (ω) ≤ lim supn Sn (ω)

≤ −CEν1 (−y1)
¾¶

= 1.

2.
N
νi ({ω ∈ Ω∞ : lim infn Sn (ω) < CEν1 (−y1)}) = 0

3.
N
νi ({ω ∈ Ω∞ : −CEν1 (−y1) < lim supn Sn (ω)}) = 0

4.
N
νi

µ½
ω ∈ Ω∞ : CEν1 (y1) < lim infn Sn (ω) ≤ lim supn Sn (ω)

< −CEν1 (−X1)
¾¶

= 0.
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5.
N
νi ({ω ∈ Ω∞ : CEν1 (y1) 6= lim infn Sn (ω)}) = 0.

6.
N
νi ({ω ∈ Ω∞ : −CEν1 (−y1) 6= lim supn Sn (ω)}) = 0.

Appendix C
Proof of Proposition 1:
We first compute explicitly the capacity π, where π is defined as follows:

π(A) = min{(p× q)(A) | p ∈ C (ν) , q ∈ C(µ)}
This gives (the minimum is taken s.t. the constraints (p1, 1−p1) ∈ C(µ) and (q0, 1−q0) ∈ C(ν)) :

π(1, 0) = min p1q0 = µ1ν0

π(1, 1) = µ1ν1

π(2, 0) = µ2ν0

π(2, 1) = µ2ν1

π((1, 0) ∪ (1, 1)) = min p1q0 + p1q1 = min p1 = µ1

π((1, 0) ∪ (2, 0)) = ν0

π((1, 0) ∪ (2, 1)) = min p1q0 + (1− p1)(1− q0)
π((1, 1) ∪ (2, 0)) = min p1(1− q0) + (1− p1)q0
π((1, 1) ∪ (2, 1)) = ν1

π((2, 0) ∪ (2, 1)) = µ2

π((1, 0) ∪ (1, 1) ∪ (2, 0)) = min p1q0 + p1(1− q0) + (1− p1)q0 = µ1 + (1− µ1)ν0
π((1, 0) ∪ (1, 1) ∪ (2, 1)) = ν1 + (1− ν1)µ1
π((1, 0) ∪ (2, 0) ∪ (2, 1)) = (1− µ2)ν0 + µ2
π((1, 1) ∪ (2, 0) ∪ (2, 1)) = 1− (1− µ2)(1− ν1)

We now replicate the reasoning of the proof of the main theorem . The only complication is
that the “orders” for consumption that matter to compute Choquet expected value are more
numerous.

To simplify notation, drop subscript h and denote u(s, t) = u(es + b1,2 + z(ys + y(t))) for
s = 1, 2 and t = 0, 1.

If z > 0, the four following orders are the only ones compatible with the structure of the
model :

u(1, 0) < u(1, 1) < u(2, 0) < u(2, 1) (8)

u(1, 0) < u(2, 0) < u(1, 1) < u(2, 1) (9)

u(2, 0) < u(1, 0) < u(2, 1) < u(1, 1) (10)

u(2, 0) < u(2, 1) < u(1, 0) < u(1, 1) (11)

[Observe that, with z > 0, it is not possible to have u(s, 0) > u(s, 1). Furthermore, it is not
possible to have at the same time u(s, 0) < u(s0, 0) and u(s, 1) > u(s0, 1).]

Consider these cases in turn:
Case 1 and 2

The Choquet expected value then takes the following form:

(1− µ2)
h
(1− ν1)u(1, 0) + ν1u(1, 1)

i
+ µ2

h
(1− ν1)u(2, 0) + ν1u(2, 1)

i
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Using the same reasoning as in the proof of the main theorem, if z > 0 is part of an equilibrium,
then the FOC yield:

qz =
(1− µ2)E(1−ν1,ν1)

³
(y1 + y(t))u0(1, t)

´
+ µ2E(1−ν1,ν1)

³
(y2 + y(t))u0(2, t)

´
(1− µ2)E(1−ν1,ν1)

³
u0(1, t)

´
+ µ2E(1−ν1,ν1)

³
u0(2, t)

´
where E(1−ν1,ν1)

³
(ys + y(t))u0(s, t)

´
≡ (1− ν1)

³
(ys + y(0))u0(s, 0)

´
+ ν1

³
(ys + y(1))u0(s, 1)

´
But since y(t) and c(s, t) are positively dependent (recall zh > 0) and u00 < 0, we can

conclude that :

E(1−ν1,ν1)
³
(ys + y(t))u0(s, t)

´
< E(1−ν1,ν1)

³
(ys + y(t)

´
E(1−ν1,ν1)

³
u0(s, t)

´
s = 1, 2.

Hence,

qz < (1− ν1)
³
y2 + y(0)

´
+ ν1

³
y2 + y(1)

´
Case 3 and 4

Everything goes through. The expression for the Choquet expected value is the same as for
Cases 1 and 2 except that one has to replace µ2 by (1− µ1). The same conclusion holds, i.e.,

qz < (1− ν1)
³
y2 + y(0)

´
+ ν1

³
y2 + y(1)

´
If, at an equilibrium, there are agents buying the risky asset, there must be some agents

going short on that asset (z < 0). Now, going through the same steps as above (four possible
orders are here again possible), it is straightforward to show that a necessary condition for an
agent to go short is that:

qz > ν0(y1 + y(0)) + (1− ν0)(y1 + y(1))
Therefore, if, at an equilibrium, there exists h such that zh 6= 0, it must be the case that

y2 + (1− ν1)y(0) + ν1y(1) > y1 + ν0y(0) + (1− ν0)y(1)
As a consequence, if

(1− ν0 − ν1) > Ā ≡ y2 − y1
y(1)− y(0)

such an equilibrium cannot exist. Hence, under that condition, the only possible equilibrium is
one with no financial trade.

Proof of Proposition 2 (Sketch): An argument similar to that of main theorem establishes
that if, at an equilibrium, zih > 0 then :

qz
i
< max

s
E(1−ν1i ,ν1i )(y

s
i + y(t))

and, if at an equilibrium zih < 0 then :

qz
i
> min

s
E(ν0i ,1−ν0i )(y

s
i + y(t))

Hence, if 1− ν0i − ν1i is large enough and£
y1i + yi(0), y

1
i + yi(1)

¤ ∩ £y2i + yi(0), y2i + yi(1)¤ 6= ∅
then zih = 0 for all h at equilibrium. Note: the proof is indeed identical to that of the main
theorem, except that in the f.o.c. there is no summation over i appearing explicitly, and the y
have now i indices.
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