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Abstract

The main objects of interest in this thesis are relatively hyperbolic groups.
We will study some of their geometric properties, and we will be especially
concerned with geometric properties of their boundaries, like linear con-
nectedness, avoidability of parabolic points, etc. Exploiting such proper-
ties will allow us to construct, under suitable hypotheses, quasi-isometric
embeddings of hyperbolic planes into relatively hyperbolic groups and
quasi-isometric embeddings of relatively hyperbolic groups into products
of trees. Both results have applications to fundamental groups of 3-

manifolds.

We will also study probabilistic properties of relatively hyperbolic groups
and of groups containing “hyperbolic directions” despite not being rel-
atively hyperbolic, like mapping class groups, Out(F,,), CAT(0) groups
and subgroups of the above. In particular, we will show that the elements
that generate the “hyperbolic directions” (hyperbolic elements in rela-
tively hyperbolic groups, pseudo-Anosovs in mapping class groups, fully
irreducible elements in Out(F,,) and rank one elements in CAT'(0) groups)
are generic in the corresponding groups (provided at least one exists, in
the case of C'AT(0) groups, or of proper subgroups). We also study how
far a random path can stray from a geodesic in the context of relatively
hyperbolic groups and mapping class groups, but also of groups acting on
a relatively hyperbolic space. We will apply this, for example, to show

properties of random triangles.
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Chapter 1

Introduction

Gromov-hyperbolicity is a central notion in Geometric Group Theory. Recall that a
geodesic metric space is (Gromov-)hyperbolic if there exists 0 so that any geodesic
triangle is -thin, i.e. any side is contained in the d-neighbourhood of the union of the
other two. Such definition captures an important feature of fundamental groups of
compact negatively curved Riemannian manifolds, in particular hyperbolic manifolds,
whose Cayley graphs are the main examples of hyperbolic spaces.

The theory of hyperbolic groups is so developed and rich that much research
has been devoted to generalising hyperbolicity and describing hyperbolic features in

interesting but non-hyperbolic groups, especially in recent years.

1.1 Relatively hyperbolic groups

One of the first generalisations of hyperbolicity to be considered has been relative
hyperbolicity, which will be the central notion of this thesis. While hyperbolic groups
are modelled on fundamental groups of compact manifolds of negative curvature,
relatively hyperbolic groups are modelled on fundamental groups of finite volume
manifolds of negative curvature. Such manifolds are especially interesting in dimen-
sion three, where Thurston showed that they play a central role. For example, the
complements of many knots in S® admit hyperbolic structures of finite volume, and
more generally every, say, closed 3-manifold has a canonical decomposition, called
JSJ-decomposition, where every piece is either Seifert-fibred or hyperbolic (of finite
volume if the decomposition is non-trivial). Also, Dehn fillings of finite volume hy-
perbolic manifolds are widely studied and especially interesting.

The idea behind relative hyperbolicity is that all the non-hyperbolic behaviour of
the group is confined in a given collection of subgroups, the peripheral subgroups.

Examples of relatively hyperbolic groups include:



1. Free products, or more generally free products with amalgamation over finite
subgroups, are hyperbolic relative to the factors. This provides a good toy

example to keep in mind.

2. As mentioned above, the main example are fundamental groups of finite volume
negatively curved manifolds of pinched negative curvature. Such a manifold M
has a compact core, called thick part, and finitely many cusps, each diffeomor-
phic to a product N; x [0,00). For each i, 7 (1V;) injects in 7 (M) and 7 (M)
is hyperbolic relative to the peripheral subgroups m (Ny), ..., 7 (N,) [76]. If M
is real hyperbolic, then the manifolds N; are flat, so that if the dimension of
M is 3 they are either tori or Klein bottles. As evidence that such objects are
abundant, we remark that among the 1.701.936 prime knots in S® with up to
16 crossings, the complements of all but 32 of them admit finite volume hyper-
bolic metrics [91]. Also, a manifold is infranil if and only if it appears as the

cross-section of one of the cusps of a negatively curved manifold [135].

3. Any prime closed 3-manifold M can be either geometric, meaning that it ad-
mits a Riemannian metric whose universal cover is isometric to one of 8 possible
homogeneous manifolds, or non-geometric, in which case it admits a decompo-
sition along a family of tori and Klein bottles into pieces each of which either
admits a hyperbolic metric of finite volume or is Seifert-fibred. In this case,
71 (M) is hyperbolic relative to the fundamental groups of the manifolds ob-
tained removing from M the interior of the hyperbolic pieces [60]. A shorter
way of saying this is: The fundamental group of a non-geometric 3-manifold
is hyperbolic relative to subgroups each of which is either Z2, the fundamental
group of a Klein bottle, or the fundamental group of a special class of mani-
folds called graph manifolds. This fact is very useful to prove results about all
fundamental groups of 3-manifolds by reducing to studying the geometric case
and the case of graph manifolds. We will see instances of this approach in Part
[0, see also [152].

4. Hyperbolic groups are hyperbolic relative to the empty list of peripheral sub-
groups. However, they are also hyperbolic relative to any almost malnormal
collection of quasi-convex subgroups [35]. A collection of subgroups {H;} is
almost-malnormal if |H; N gH;g'| = oo implies ¢ = j and g € H;, while a

subgroup is quasi-convex, in this context, if it is undistorted in the ambient

group meaning that the inclusion is a quasi-isometric embedding. Considering



such non-trivial structures is actually sometimes useful, and indeed it is used,

for example, in the proof of the Virtual Haken Conjecture [2].

5. Limit groups, a class of groups introduced by Sela in his solution of the Tarski
problem [150], are hyperbolic relative to (representatives of the conjugacy classes

of) maximal Abelian subgroups of rank at least 2 [60].

6. There are constructions that preserve relative hyperbolicity. One of them is
taking graphs of groups with certain properties, and this construction is actually
implicit in the non-geometric 3-manifolds and limit groups examples. See, e.g.,
[60], 4, 129].

7. A small cancellation theory over relatively hyperbolic groups has been devel-
oped, allowing once again to construct more relatively hyperbolic groups start-
ing from given ones. For example, there is a notion of C’(1/6) quotient of a
free-product, and such quotients are relatively hyperbolic in a natural way [141].
Such small cancellation theory has been used to construct groups with exotic

properties, like infinite groups with exactly two conjugacy classes [139)].

8. Yet another construction one can perform is the so-called peripheral, or Dehn,
filling [138, [85]. This is a group theoretic version of the Dehn filling in the
context of hyperbolic 3-manifolds, which is an important construction in the
theory of hyperbolic 3-manifolds. We will describe this construction in more
detail in Section 4.2.2l We remark that this construction is also used in the

proof of the Virtual Haken Conjecture [2].

Relatively hyperbolic groups were originally introduced by Gromov [83]. He de-
fined them, roughly speaking, as those groups admitting an action on a hyperbolic
space similar to the action of the fundamental group of a finite volume hyperbolic
manifold on H". Farb [70], taking a different approach, defined them in terms of
their coned-off graph, which is the space obtained by “crushing” the left cosets of
the peripheral subgroups to points. Such space is hyperbolic, but this requirement
alone is quite weak (Z? satisfies it with respect to any of its infinite cyclic subgroups)
and hence a further property, the bounded coset penetration property, is required
alongside hyperbolicity of the coned-off graph.

Bowditch [35] and Groves-Manning [85] elaborated instead on Gromov’s ideas,

describing and identifying properties of the (proper) action of a relatively hyperbolic



group on a certain hyperbolic space with a specified collection of horoballs. A char-
acterisation in terms of topological properties of the corresponding action on the
boundary of such hyperbolic space has also been given [165].

Another approach that has been very fruitful is due to Osin [141], who defined a
notion of relative isoperimetric inequality (again using the coned-off graph).

It has to be noticed that all the equivalent characterisations of relative hyper-
bolicity mentioned above rely on properties of some space associated to a relatively
hyperbolic group which is not its Cayley graph. As a consequence, geometric prop-
erties of (Cayley graphs of) relatively hyperbolic groups are often not easy to deduce
nor prove using these approaches.

It is due to work of Drutu and Sapir [68] and subsequent work that geometric
features of relatively hyperbolic groups such as behaviour of individual quasi-geodesics
and quasi-geodesic polygons have been clarified and used to show, for example, quasi-

isometric rigidity results. We will actually use several facts arising from their work.

1.2 Actions on (relatively) hyperbolic spaces

Many interesting groups, like mapping class groups (say of closed hyperbolic surfaces)
and Out(F,) (for n > 3), are known not to be relatively hyperbolic [10], but still they
contain “directions” along which they behave in a hyperbolic fashion. A very basic
example of this phenomenon is the fact that pseudo-Anosovs have virtually cyclic
centraliser, just like infinite order elements in hyperbolic groups. More geometrically,
pseudo-Anosovs are Morse, meaning that every quasi-geodesic in the Cayley graph
of a mapping class group connecting points in the subgroup generated by a pseudo-
Anosov stays close to such subgroup.

In recent years several ways of axiomatising these properties have been found
[24, 87, 58, [153], and very recently have been shown to be equivalent [I37]. The
common idea is to exploit “nice” actions on, typically, hyperbolic spaces. Such actions
encode the hyperbolic features of the group one wants to study and do not “see” the
non-hyperbolic behaviour. It is worth mentioning, as in the literature this key point
is often only implicit, that in most cases the actions being considered are actions on
hyperbolic spaces that carry a natural relatively hyperbolic structure (the peripheral
sets being orbits of cosets of certain subgroups). In order to clarify this point, we
give an equivalent characterisation of hyperbolically embedded subgroup, a notion

introduced in [58]. The reader may wish to keep in mind that any pseudo-Anosov



g is contained in a certain virtually cyclic subgroup FE(g) which is hyperbolically

embedded in the corresponding mapping class group.

Definition 1. (cfr. [58, Theorem 4.42],[154]) Let {H)}rea be a finite collection of
subgroups of the group G and let X be a (possibly infinite) generating system for
G. Then {H,} is hyperbolically embedded in (G, X) if and only if the Cayley graph
I' = Cay(G, X) is hyperbolic relative to the left cosets of the H)’s and dr|g, is proper

(i.e. balls of finite radius contain finitely many points).

In the case of E(g) as above, the Cayley graph I' will be hyperbolic (but the
relative hyperbolicity requirement is stronger than just this!).
We report below a list of motivating examples of groups together with the elements

that generate the “hyperbolic” directions.

Hyperbolic group infinite order elements

Relatively hyperbolic group infinite order elements not conjugate into a
peripheral subgroup

Mapping class group (of a closed sur- | pseudo-Anosovs
face of genus > 2)

Out(F,) (n > 3) fully irreducible elements

fundamental group of an acylindrical | element acting hyperbolically on the Bass-
graph of groups Serre tree

CAT(0) group rank-one elements

Subgroup of one of the above same elements

Table 1.1: Hyperbolic-like elements in several kinds of groups

In Chapter [0 we present the way of describing this behaviour that has been in-
troduced in [153], which is inspired by closest-point projections on peripheral sets in

relatively hyperbolic spaces.

1.3 Geometric results

In Part || we will cover background material and give some general results about
relative hyperbolicity, which will be used as tools in later chapters. In particular, we
describe geodesic triangles in relatively hyperbolic spaces, give a characterisation
of relative hyperbolicity in terms of the set of “coarse cut-points”, the transient
set, along geodesics and give an axiomatic description of such transient sets (the

Guessing Geodesics Lemma). Such results are meant to clarify basic, but important,



geometric features of relatively hyperbolic spaces that are sometimes only implicit in
the literature. Most of these results can be traced back to [68], even though most of
them do not appear in that paper in the form they will be presented in here.

Moreover, we will give a distance formula for relatively hyperbolic groups in terms
of closest-point projections on cosets of peripheral groups.

The machinery we introduce will be used in a sample application to the divergence
of relatively hyperbolic groups. Roughly speaking, the divergence of a metric space
measures the length of detours avoiding a specified ball as a function of the radius of
the ball. We will show the following.

Theorem 1.3.1. [15])] Suppose that the one-ended group G is hyperbolic relative to
the (possibly empty) collection of proper subgroups Hy, ..., H,. Then

e" < Div%(n) < max{e", e"Div"i(n)}.

n

Moreover, if G is finitely presented then Div®(n) < em.

Notice that a relatively hyperbolic group is finitely presented if and only its pe-
ripheral subgroups are, see [57] and [141].

In Part [|we also describe a space which will be referred to as Bowditch space and,
following [35] [85], describe its basic properties. The Bowditch space, and especially
its boundary, will be the main object of interest in Part [[I Studying its properties,
we will be able to prove results about relatively hyperbolic groups, and we hope that
that properties we prove will be useful for further applications.

The first main result of Part [[ is the following, which extends a result of Bonk
and Kleiner [29], as well as addressing a question of Papazoglou in the context of

relatively hyperbolic groups.

Theorem. [117] Let (G, P) be a relatively hyperbolic group, where all peripheral sub-
groups are virtually nilpotent. Then there is a quasi-isometrically embedded copy of
H? in G if and only if G does not split as a non-trivial graph of groups where the edge

groups are finite and the vertex groups virtually nilpotent.

The existence of surface subgroups in (non-virtually-free) hyperbolic groups is an
important problem posed by Gromov, whose solution in the context of hyperbolic 3-
manifolds [98] has been a major breakthrough. The metric analogue of this problem
is what the theorem addresses. Further results will be given in Chapter [4] for example
the persistence of such hyperbolic planes when performing peripheral fillings and the

characterisation of fundamental groups of 3-manifolds containing a quasi-isometrically



embedded copy of H2. We emphasise that the proof requires showing metric properties
of the boundary of G hopefully of independent interest, like linear connectedness,
avoidability of parabolic points, etc.

The main result of Chapter [ reported below, relies on further properties of the

boundary, and in particular on a metrically controlled notion of dimension.

Theorem. [118] A relatively hyperbolic group quasi-isometrically embeds in a product

of finitely many metric trees if and only if its peripheral subgroups do.

The case of hyperbolic groups had been studied previously [46], [42]. It is a common
strategy throughout mathematics to embed an object one would like to understand
into some “simple” object in the same category. For example, it is useful to embed or
immerse manifolds in R™, which is a natural target as R is in some sense the simplest
manifold, and then one has to take products to have enough “space”. Requiring the
existence of a quasi-isometric embedding in R™ is too strong a condition, for the only
groups satisfying it are virtually Abelian. So one replaces R with more general (1-
dimensional) objects, trees, and this is why products of trees are natural targets for
a quasi-isometric embedding.

Besides being natural, quasi-isometric embeddings in products of trees provide
bounds for several large-scale notions of dimension, as well as an intermediate step
for constructing embeddings in other spaces, like Banach spaces.

We will actually prove a more quantitative statement, and we will use it to show

the following (not stated in its most general form).

Theorem. Let M be a closed 3-manifold that does not admit a decomposition M =
N1#Ny where Ny has geometry Nil. Then (M) quasi-isometrically embeds in the

product of at most 8 trees.

1.4 Probabilistic results

In Part we will be concerned with generic objects and configurations in groups.
Given any mathematical object it is a natural question to ask how a typical one
looks like. The question can often be made precise (sometimes in different ways)
by constructing a randomised model for the object one wants to study, and figuring
out properties that hold with high probability. The most famous example within
Geometric Group Theory is the notion of random group, and as it turns out most
(finitely presented) groups are hyperbolic, where “most” can be defined in terms of

several randomised models like the few-relators and the density models [84] 132].
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It is useful to study randomised models at the very least because in order to show
that an object of a certain kind exists sometimes the most convenient or even the only
feasible way to proceed is showing that such objects exist with positive probability.

The first probabilistic result we give is about generic elements in certain groups.
The model for an element in a group that we will use is a simple random walk.
Informally, a simple random walk consists in fixing a Cayley graph of the group under
consideration, starting at the identity and at every step moving to a neighbouring
vertex with uniform probability.

We state the result here in terms of weakly contracting elements, that will be
defined later, for the moment we will only mention that in the groups from Table
[I.1] an element is weakly contracting if and only if it is of the type described in the
corresponding row (in the case of C'AT'(0) group this is slightly imprecise).

Theorem. Suppose that G is a non-virtually cyclic subgroup containing a weakly
contracting element. Then for any simple random walk {X,,} on G there exists C' > 1
so that

P[X,, not weakly contracting] < Ce™"/C.

So, generic elements are weakly contracting. Something worth pointing out is that
in all groups from Table the weakly contracting elements are the most interesting
ones, and often they are also the hardest ones to construct, despite being generic.

Related results have been obtained by, e.g., Maher [120].

We now briefly give two sample applications, the (very simple) proofs of which are
given in Chapter [6] The first one does not rely on the exponential decay, convergence

to 0 would be good enough, while the second one does.

Corollary 1. If Gy, G5 are as in the theorem, and ¢ : Gy — Gy is an isomorphism,

then there exists a weakly contracting g € G so that ¢(g) is also weakly contracting.

Corollary 2. If G s as in the theorem, H is amenable, and ¢ : G — H is a
homomorphism, then for every h € ¢(G) there exists a weakly contracting g € ¢~ (h).

The second main result of Part [[T]] concerns the efficiency of random paths, i.e.
how close they are to being geodesics.

We denote the Hausdorff distance by dg..s and the set of all geodesics from z to
y (in a given Cayley graph for the purposes of the theorem below) by I'(x,y). Also,
we say that a relatively hyperbolic group is non-trivial if it is not virtually cyclic and
the peripheral subgroups are proper subgroups. We denote the mapping class group
of the closed surface of genus g by MCG(S,).

8



Theorem. Let {X,} be a simple random walk on the group G. Then

O(log(n)) if G is a non-trivial relatively
hyperbolic group

E sup  dpaus({Xiti<n, )| =
vE€l'(1,Xn)

O(y/nlog(n)) if G=MCG(S,),q > 2

Hence, a random path deviates from a geodesic at most logarithmically in a non-
trivial relatively hyperbolic group. For hyperbolic groups the result is shown in [20]
(with entirely different methods). In the case of mapping class groups, the author was
not able to find a reference even just for sublinear tracking (in the Cayley graph). The
theorem should extend to several other classes of groups, and in particular the proof in
the mapping class group case relies on tools, most notably the distance formula, that
should have analogues for other groups from, say, Table [I.1] like right-angled Artin
groups. We will actually also show a more general result about actions on relatively
hyperbolic spaces (and geodesics in such space), and give a polynomial decay estimate
for the probability of a path giving an “off-range” Hausdorff distance.

Tracking properties like the one given by the theorem have been used to study
Poisson boundaries, see e.g. [99]. However, such results typically rely on sublinear
tracking and very little is known about effective rates like the ones we provide.

What originally motivated the theorem was showing the following corollary, which

we only state informally for the moment.
Corollary 3. In a non-trivial relatively hyperbolic group

e random geodesic triangles are logarithmically thin in terms of their perimeter,

and

e the average Dehn function is subasymptotic to the Dehn function, if the Dehn

function of the peripheral subgroups is at most polynomial.

Hence, “most” triangles are better behaved than worst-case-scenario triangles,
so that one can say that random configurations of points in a non-trivial relatively
hyperbolic group look quite similar to configurations of points in hyperbolic groups.

The second result provides evidence that the average running time of an algo-
rithm to solve the word problem in many non-trivial relatively groups is much lower
than the worst-case running time. The average running time is often a more inter-
esting measure of efficiency of an algorithm than the worst-case running time, and
indeed randomised algorithms with good average running time are often preferred in

applications to deterministic algorithms.



Notation

The notation x 2¢ y (occasionally abbreviated to z 2 y) signifies x > y — C.
Similarly, x <S¢ y signifies <y + C. If x <oy and z 2¢ y we write z ~¢ y.

For a metric space (Z,d), the open ball with centre z € Z and radius r > 0 is
denoted by B(z,r). The closed ball with the same centre and radius is denoted by
B(z,7). We write d(z,V) for the infimal distance between a subset V C Z and a

point z € Z. The open neighbourhood of V' C Z of radius r > 0 is the set

NWV,r)y={z¢€ Z:d(zV) <r}.

10



Part 1

Geometry of relatively hyperbolic
groups
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The goal of this part is to give a definition and state the geometric properties of
relatively hyperbolic spaces that will be exploited in the following chapters.

In Chapter 2] we will give the working definition that will be used in Part [}
The definition is in terms of a certain hyperbolic space, which will be referred to as
Bowditch space, that can be associated to a relatively hyperbolic space. The boundary
of the Bowditch space will be of particular interest to us. Most of the theory in this
chapter has been developed by Bowditch [35] and Groves-Manning [85].

In Chapter |3| we derive several metric properties of relatively hyperbolic spaces,
and hence especially of Cayley graphs of relatively hyperbolic groups. The reader
interested in Part [T only can skip this chapter, as very few facts from it will be used
in Part [l The material in this chapter is taken mostly from [I51] 154] and is much
influenced by [68, [70], 92].

We will study closest point projections on peripheral sets and the so-called tran-
sient points, which are the “well-behaved” points of a geodesic. We also give a distance
formula for relatively hyperbolic spaces and groups analogous to the distance formula

for mapping class groups.

12



Chapter 2

The Bowditch space

2.1 Definitions for groups

Let us start by defining combinatorial horoballs. These are metric objects resembling
horoballs in H", except that the corresponding horosphere is an arbitrary metric

graph rather than R* 1.

Definition 2.1.1. Suppose I is a connected graph with vertex set I'’ and edge set
', where every edge has length one. The combinatorial horoball (or simply horoball)
H(T) is defined to be the graph with vertex set I'° x N and edges ((v,n), (v,n + 1))
of length 1, for all v € T% n € N, and edges ((v,n), (v',n)) of length e, for all
(v,0) € TL.

—3
L 4 L 4 . 4 L 4 .6 . 4
1

—2
L 4 L 4 L 4 L 4 .e . 4
1

~1
L 4 L 4 L 4 L 4 .6 L 4
1
L 4 @ @ @ @ 1 L

Note that H(T") is quasi-isometric to the metric space constructed from I" by gluing
to each edge in E a copy of the strip [0, 1] x [1,00) in the upper half-plane model of
H?, where the strips are attached to each other along v x [1,00), where v € T'°. This
is the construction used, e.g., in [35].

These horoballs are hyperbolic with boundary a single point, as we will show later.
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Definition 2.1.2. Suppose G is a finitely generated group, and {H;}!" ; a collection
of finitely generated subgroups of GG. Let S be a finite generating set for GG, so that
S N H; generates H; for eacht=1,... n.

Let I'(G, S) be the Cayley graph of G with respect to S. We let Bow(G) =
Bow(G,{H;},S) be the space resulting from gluing to I'(G, S) a copy of H(I'(H;, SN
H;)) to each coset gH; of H;, for each i = 1,...,n. We call Bow(G) the Bowditch
space associated to (G, {H;},S).

We say that (G,{H;}) is relatively hyperbolic if Bow(G) is Gromov hyperbolic,
and call the subgroups in {H;} peripheral subgroups.

Notice that any Bowditch space comes with a natural action of the corresponding
group. Such action resembles the action of a non-uniform lattice in SO(n, 1) (e.g.,

the fundamental group of a finite-volume non-compact hyperbolic n-manifold) on H™.

2.2 Definitions for metric spaces

The definition given in the previous section is actually a special case of the definition

of relatively hyperbolic space.

Definition 2.2.1. A maximal k-net in a metric space X is a maximal collection
of distinct points at reciprocal distance at least k. An approximation graph I" with
constants k, R for a metric space X is a connected metric graph whose vertex set is
a maximal k-net in X and so that two distinct vertices are connected by an edge of

length 1 if and only if their distance (as points of X) is at most some fixed R.

We emphasize that approximation graphs are required to be connected, so that
they can be endowed with the path metric. Such metric is clearly quasi-isometric to

that of X when X is, say, a length space.

Definition 2.2.2. Let X be a geodesic metric space and let P be a collection of
subsets of X. Fix approximation graphs I'p for each P € P. The Bowditch space
Bow(X,{Tp}pep) is the metric space obtained identifying T'% C H(T'p) with the

corresponding maximal net in P for each P € P.

We will often write Bow(X) instead of Bow(X,{I'p}). Notice that the metric dx
of X and the restriction to X of the metric of Bow(X) are coarsely equivalent: There

exists a diverging function p : R>y — R so that for each z,y € X we have

p(dx(z,y)) < dpowx) (7, y) < dx(x,y).

We are now ready to state the generalised version of Definition [2.1.2]

14



Definition 2.2.3. The geodesic metric space X is hyperbolic relative to the collection

of subsets P, called peripheral sets, if some Bowditch space is hyperbolic.

Notice that the peripheral sets play the role of the cosets of the peripheral sub-
groups in a relatively hyperbolic group.

We will not need it, but it can be shown that if some Bowditch space is hyperbolic
then they all are (this will be implicit in the proof of another characterisation of

relative hyperbolicity we will give later).

Remark 2.2.4. Notice that the requirement for approximation graphs to be con-
nected implies that each P € P is coarsely connected, meaning that there exists K so
that any pair of points on P can be joined by a chain of points in P with consecutive

points at distance at most K. Also, K is independent of P € P.

In the remainder we will show basic properties of horoballs and Bowditch spaces

and recall some concepts from the theory of hyperbolic spaces.

2.3 Metric features of combinatorial horoballs

This section contains basic lemmas about combinatorial horoballs, versions of which
can be found in [35] [85].

We will call vertical ray a geodesic ray in H(I') obtained by concatenating all
edges of type ((v,n), (v,n + 1)), for some v € T'°. Tt is readily seen that it actually
is a geodesic ray. We call vertical segment a geodesic contained in a vertical ray.
A horizontal segment is instead a path contained entirely in a level, i.e. (the full
subgraph spanned by) I" x {n} for some n € N. It is easy to estimate distances in
horoballs. Recall that we write A ~ B if the quantities A and B differ by some

constant.

Lemma 2.3.1. Suppose I' is a metric graph and H(T') is the corresponding combina-
torial horoball. Let dr and dy denote the corresponding path metrics. Then for each
(x,m), (y,n) € H(I'), we have

dy((z,m), (y,n)) ~ 21n(dr(z,y)e” ™™™ 1) + |m —nl.

Moreover, the following holds for p = 2e/(e — 1). Any geodesic v between (x,m)
and (y,n) in H(T) goes from (x,m) to (x,t) along a vertical segment, then fol-
lows a geodesic v C T" x {t} < H(T) to (y,t), then back to (y,n), where t =
max{ [In(dr(z,y)/p)], m,n} (the subgeodesics are allowed to be trivial).
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Proof. We may assume that m < n.
Observe that, if [v, w] is an edge of I', then, for any integer n, [(v,n), (v,n+ 1)]U
[(v,n+ 1), (w,n + 1)] is the only geodesic from (v,n) € H(T) to (w,n + 1) € H(T).
Similarly, the only geodesic from (v,n+1) to (w,n) is [(v,n+1), (w,n+1)]U[(w,n+

1), (w,n)].
o—(n+1)

(v,n + 1); )A(w’ n+1)

6_(n+1)

>

1 1 1

(R (1, ) Y_ <" Y

The observations above imply that any geodesic v between (z,m) and (y,n) must
take the vertical-horizontal-vertical form described in the statement. Thus, for t >
m,n,

du((z,m), (y,n)) < (t —m) + (t —n) + e dr(z,y), (2.1)

with equality for the best choice of t. It is readily seen that this value is attained for the
least ¢ > m, n so that [, = e"'dr(x,y) satisfies [;/e+2 > [;, that is, [, < 2e/(e—1) = p.
So the best choice of ¢ is t = max{[In(dr(z,y)/p)], m,n}, and the right hand side of
is 2(Indr(z,y) —m) —2Inp + |[n — m| + ¢, where |¢| <2+ p.

If dr(x,y) > €™ we are done as in this case Indr(z,y) —m ~ In(dr(z,y)/e™ + 1).
On the other hand, if dr(z,y) < €™ then |m — n| < dy((z,m), (y,n)) < 1+ |m —n|,

so that the formula holds in this case as well. O

The description of the geodesics makes it easy to show hyperbolicity of combina-

torial horoballs.

Lemma 2.3.2. For any metric graph I, H(T') is hyperbolic. Moreover, any geodesic

ray in H(L') is within finite Hausdorff distance from any vertical ray.

Proof. We will show that for any geodesic triangle there is a point at uniformly
bounded distance from all its sides.

Let (z,m), (y,n),(z,0) be points in H(I'). Recall that by Lemma all
geodesics take a vertical-horizontal-vertical form. We can assume without loss of
generality that the horizontal part of geodesics from (x,m) to (y,n) are at a “lower”

level than those of geodesics from (y,n) to (z,0) and from (z,0) to (z,m) (if the first
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coordinate of the endpoints coincide we define the horizontal part to be the endpoint
with larger second coordinate).

Any geodesic from (z, m) to (y, n) has two vertical segments ~,, v, and a horizontal
segment 7y (of bounded length). Let p be any point on . Then the distance between p
and any geodesic « from (x, m) to (2, 0) can be bounded observing that -, is contained
in o, and similarly for geodesics from (y,n) to (z,0).

In order to show the statement about geodesic rays just notice that subgeodesics of
a geodesic ray cannot have a horizontal part, for otherwise they could not be extended
indefinitely in view of the description of the geodesics. In particular, geodesic rays
are vertical. Finally, any two vertical rays are within bounded Hausdorff as d((x, m +

k), (y,n+k)) tends to |m—n| as k goes to infinity for each z,y € I'and m,n € N. [

We now look at how geodesics behave within a Bowditch space of a relatively

hyperbolic space.

Notation 2.3.3. When a Bowditch space Y, with a basepoint w, is fixed, we denote
the collection of horoballs by O. For each O € O the set 0,0 consists of a single
point ap € 05 Y called a parabolic point. We also set dp = d(w, O).

For convenience, when we say that a space is d-hyperbolic we will imply that

geodesic triangles with possibly ideal vertices are d-thin.

Lemma 2.3.4. Let (X, P) be relatively hyperbolic and Bow(X) a §-hyperbolic Bowditch
space. For any P € P and any x,y € P, all geodesics from x to y are contained in
the corresponding horoball O € O except for, at most, an initial and a final segment
of length at most 26 + 1.

Proof. For any v € P and t > 1, the closest point in X \ O to (v,t) € O is (v,0) € O.
Consider a geodesic triangle with sides the vertical rays above x,y and a geodesic
v in Bow(X) from x to y. If p € v has distance greater than 2§ + 1 from both z and

y, then it is ¢ close to a point on one of the vertical rays which has distance at least
d + 1 from {z,y}, so d(p, Bow(X)\ O) > 1and p € O. O

We can extend the distance estimate of Lemma to Bowditch spaces.

Lemma 2.3.5. Let (X, P) be relatively hyperbolic, let Y = Bow(X) be a hyperbolic
Bowditch space, and d the metric on it. There exists A= A(Y') < oo so that for any

P € P, whose approximation graph has metric dp, for any distinct x,y € P, we have
d(l‘, y) ~A 2 lOg(dp(.Z', y))
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Proof. Consider a geodesic v from x to y. If d(z,y) < 49 + 3, then there is a uniform
upper bound of C' = C(Y) on dp(z,y) as dp is a proper function with respect to d,
so this case is done. Otherwise, by Lemma ~ has a subgeodesic 7/ connecting
points 2’, 4y’ € P, with 4/ entirely contained in the horoball O that corresponds to P,
and d(z,y) ~ys10 d(2',y’) > 1. In particular, 2’ # y/'.

As before, dp(x,2’) and dp(y,y’) are both at most C'. Let dp denote the horoball
distance for points in O. Notice that d(2’,y’) = dg(2’,y’) as 7' is a geodesic in X

connecting x’ to ¢y entirely contained in O. Using Lemma we have

d(l’, y) 4542 d(zla y/) = d[)’(ll'/, y/)
~ 2log(dp(a',y')) =cr 2log(dp(z,y)),

for an appropriate constant C' = C'(C). ]

We now recall the definition of horoball in a hyperbolic space and justify the name
combinatorial horoball by showing that in a Bowditch space of a relatively hyperbolic
space the combinatorial horoballs are actually within bounded Hausdorff distance

from horoballs.

Definition 2.3.6. Let X be a proper geodesic hyperbolic metric space. Given a point
¢ € 05X, and basepoint w € X, the Busemann function corresponding to ¢ and w is
the function f.(-,w) : X — R defined by

Bula, w) = sup {nm sup(d(+(t), z) — t)} |

y t—o0

where the supremum is taken over all geodesic rays 7 : [0,00) — X from w to c.

The supremum in this definition is only needed to remove the dependence on
the choice of ~, however for any two rays from w to c¢ the difference between the
corresponding lim sup’s is bounded as a function of the hyperbolicity constant only,
see e.g. [81, Lemma 8.1].

See Notation for the definition of ap, do.

Lemma 2.3.7. Let Y be a Bowditch space with basepoint w. There exists C' so that
for each O € O we have

{zeY :fu(z,w) < —do—C} COC{r e X : [y (r,w) <—do+ C}.
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Proof. We define the level of a point p in a horoball H(I") to be n if p is contained in
the n-th level, and to be the distance from the O-th level otherwise.

In the notation of the definition of Busemann function and for any x € O, for
t large enough the geodesic from = to 7(t) is the concatenation just of a vertical
segment and a horizontal segment of bounded length, see Lemma [2.3.1] The level in
O of y(t) is, up to an appropriate multiple of the hyperbolicity constant, t — dp. The
second inclusion follows combining these observations.

In order to show the first one, just observe that if « satisfies f,,, (z,w) < —do —C
for C' large enough, then we can pick ¢ so that the distance between 7(t) and z is
smaller than the level of £, so that x is in O. O

2.4 Visual metrics

Let X be a proper geodesic hyperbolic metric space.

Choose a basepoint w € X, and denote the Gromov product in 0, X by (+|-) =
(‘| )w; as X is proper, this can be defined as (a|b) = inf{d(w, )}, where the infimum
is taken over all (bi-infinite) geodesic lines v from a to b; such a geodesic is denoted
by (a,b).

A wvisual metric p on 05X with parameters Cy, e > 0 is a metric so that for all
a,b € 05X we have e~ /Cy < p(a,b) < Coe™?) As X is proper and geodesic,
for every € > 0 small enough there exists Cy and a visual metric with parameters
Co, €, see e.g. [81], Proposition 7.10].

In order for the boundary of a Gromov hyperbolic space to control the geometry

of the space itself, one typically requires the following standard property.

Definition 2.4.1. A proper, geodesic, Gromov hyperbolic space X is visual if there
exists w € X and C > 0 so that for every x € X there exists a geodesic ray -~ :
[0,00) — X, with 4(0) = w and d(z,~v) < C.

A weaker version of this condition, suitable for spaces that are not proper, or not
geodesic, is given in [28, Section 5].

We record the following observation for completeness.

Proposition 2.4.2. If (G,P) is a relatively hyperbolic group with every P € P a
proper subgroup of G, then Bow(G,P) is visual.

Proof. Let w € X = Bow(G,P) be the point corresponding to 1 € G. Let x € X be

arbitrary.
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First we assume that P # (). The point = lies in N(O, 1), for some (possibly
many) O € O. Let ap = 050 be the parabolic point corresponding to O, and let
b € 0,.X \ {ap} be any other point. Such a point exists as the peripheral group
corresponding to O has infinite index in G.

As X is proper and geodesic, there is a bi-infinite geodesic line v : (—o0,00) — X
with endpoints ap and b. An appropriate conjugate () of a peripheral subgroup
acts on X stabilising ap € 0, X (if O corresponds to the coset gP of P € P, then
Q = gPg™'), so that some translate 7/ of ~ is at distance at most C' from the point
x. This is easy to see as v contains a vertical ray in O, and using the action of ) one
can move the starting point of such ray close to x.

Denote the endpoints of 4" by ap and ¥/, and let a be the geodesic ray from w to
ap, and [ the geodesic ray from w to O'. As the geodesic triangle v/, «v, # is d-thin, x
lies within a distance of C' 4 ¢ of one of the geodesic rays o and [, and we are done.

Secondly, if P = (), we have that Bow(G, ) is a Cayley graph of G. Fix any a # b
in 0, X. As X is proper and geodesic, there is a bi-infinite geodesic v from a to b.
As the action of G on X is cocompact, some translate of v passes within a uniformly

bounded distance of x, and the proof proceeds as in the first case. O
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Chapter 3

Metric properties of relatively
hyperbolic spaces

In this chapter we introduce transient sets, we relate them to closest point projections
on peripheral sets and we show a distance formula for relatively hyperbolic spaces.
The results we will need in further chapters are summarised in the next section.

However, instead of just proving these results, we will also show that there is a
characterisation of relatively hyperbolic spaces in terms of transient sets and introduce
the main technical result from [I54], which provides a convenient criterion for a space
to be relatively hyperbolic. To further motivate the introduction of these notions, we
give a sample application to the divergence function of relatively hyperbolic groups.
Further applications are found in [154].

The reader can go through the following subsection and skip everything else if

he/she is interested in the applications but not in the proofs and the further material.

3.1 Transient sets, projections and distance for-
mula

Throughout this section we fix a space X hyperbolic relative to the collection of
subsets P. The proofs of the results in this section are given in Section [3.3]
The following lemma, which can be found in [I5]], also follows by combining

results on relative hyperbolicity from [68].

Lemma 3.1.1. For each P € P denote by mp : X — P a coarse closest point
projection, i.e. a map so that d(x,mp(x)) < d(xz,P) + 1. There ezists C with the

following properties.

1. For each distinct P,Q € P we have diam(mp(Q)) < C.
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2. For each x,y € X and P € P so that d(wp(z),mp(y)) > C, and each geodesic

[z, y], we have
d([z, y], mp(z)), d([z,y], 7p(y)) < C.

() m(y)

Figure 3.1: Lemma (2)

In other words, the projection of one peripheral set onto another one has bounded
diameter and if two points project far away on some peripheral set then every geodesic
connecting them passes close to the projection points.

The following corollary follows from the lemma by standard arguments. An ana-

logue result has been shown for mapping class groups and subsurface projections by
Behrstock in [13], see Theorem

Corollary 3.1.2 (Projections estimate). There exists B with the following property.
Let P,Q) € P be distinct and let x € X. Then

min{d(rp(2), 7(Q)), d(mo(x),mg(P))} < B.

So, if x and ) have far away projections on P, then x and P have close projections
on @, providing a useful trick to control a projection. Here is another useful way of
describing what the statement means. Consider the map 7p X 7o : X — (P x Q).
Then the image of such map is (contained in) a neighbourhood of two copies of P

and @) as suggested by the following figure.

QA

(mp(Q), mq(P))

Y
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In [154] relative hyperbolicity has been characterised in terms of transient sets of
geodesics, that were introduced in [92]. Roughly speaking, a point on a geodesic fails
to be transient if it is well-within a subgeodesic that fellow-travels a peripheral set.
The formal definition is below.

Let u, R be constants and « a geodesic in X. Denote by deep, r(«) the set of
points p of «a that belong to some subgeodesic [z, y] of o with endpoints in NM(P) for
some P € P and so that d(p,x),d(p,y) > R. Denote trans, r(a) = a\deep, r(a),
the set of transient points.

The main properties of transient and deep sets are reported below and will be
shown in Lemma [3.2.4] Some of them follow from results in [68] which are however

not phrased in terms of these notions.
Lemma 3.1.3. There exist ju, 1/, R, D, C with the following properties.

1. [Relative Rips condition] For each x,y,z € X we have

trans, g([z,y]) C Np(trans%R([x, z]) Utrans, r([z,y])).

2. deep, r([z,y]) is contained in a disjoint union of subgeodesics of [z,y] each

contained in NH/(P) for some P € P, called deep component along P.

3. The endpoints of the deep component of [x,y] along P € P (if it exists) are
C-close to mp(z), mp(y).

4. If for some P € P we have d(mp(x),mp(y)) > C, then [x,y] has a deep compo-
nent along P of length at least d(mp(x),mp(y)) — C.

Convention 3.1.4. When we write trans instead of trans, r we implicitly fix con-

stants p, R as in the lemma.

When z, L are real numbers, we will set {{z}}, to be  if > L and 0 otherwise.

We use the symbol A =, , B to denote the inequalities
A/N—pu < B <A+ pu.

The following result provides an analogue to the distance formula for mapping
class groups [127] (we give the statement as Theorem [7.4.4)) and will be used to show

quasi-isometric embeddings results for relatively hyperbolic groups.
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Theorem 3.1.5 (Distance Formula, [I51]). Let (X, P) be relatively hyperbolic. Then
there exists Lo with the property that for each L > Ly there exist A, u > 1 so that for
each x,y € X we have

d(w,y) =, Yy {H{dm@p(@), mp(y) e + dpow) (@,1).

3.2 Transient sets characterisation

We now state, after a preliminary definition, a characterisation of relative hyperbol-
icity that, keeping the notation in [I54], will be denoted (RH3).

Definition 3.2.1. The collection P of subsets of the geodesic metric space X is said
to be geometrically separated if for each K there exists B so that diam(N g (P) N
Nx(Q)) < B for each distinct P,Q € P.

Definition 3.2.2. The pair (X, P) satisfies (RH3) if there exist p, Ry so that
1. P is geometrically separated;

2. for each k and R > Ry there exists K so that if d(z, P),d(y, P) < k for some
P e P and d(z,y) > K then trans, g([z,y]) C Bx(x)U Bgk(y) and there exists
z € trans, g([z,y]) N N, (P);

3. (Relative Rips condition) For each R > Rj there exists D so that if A =
Yo U1 U7, is a geodesic triangle then

trans, r(vo) C ND(trcmsM,R(%) Utrans, r(72))-

The content of (2) is that when z, y are close to a peripheral set then any transient
point between x,y is close to either x or y, and also there is a transient point in a

specified neighbourhood of the peripheral set.

Remark 3.2.3. We will show later that (RH3) is another characterization of relative
hyperbolicity (Theorem[3.4.7). In particular, the following lemmas apply to relatively
hyperbolic spaces despite being stated for pairs satisfying (RH3). The following
lemma is a restatement of Lemma [3.1.3]

Lemma 3.2.4. Suppose that (X,P) satisfies (RH3). Then there exist u, ', R, D,C
with the following properties.
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1. For each x,y,z € X we have

trans, r([z,y]) € Np(trans, gr([z, z]) Utrans, r([z,y])).

2. deep, r([z,y]) is contained in a disjoint union of subgeodesics of [x,y] each

contained in NM/(P) for some P € P, called deep component along P.

3. The endpoints of the deep component of [x,y] along P € P (if it exists) are
C-close to mp(x), mp(y).

4. If for some P € P we have d(wp(x),mp(y)) > C, then [z,y] has a deep compo-
nent along P of length at least d(wp(x),mp(y)) — C.

We listed the first property for completeness, but it is just part of the definition.

Proof. Let v be a geodesic and suppose that for some P € P we have vy HNN(P) £ ().
Suppose that = € ~ is not the first nor the last point in v N NM(P) and that it
lies outside N, (P). Let [x1, 23] be the minimal subgeodesic of v containing x with
endpoints in N,(P). We want to show that [z1,x5] cannot be too long, so that the
maximal subgeodesic of v with endpoints in N,(P) is contained in N,/ (P) for an
appropriate p/. To show this, it is enough to consider the points z € [z, xs] with
0 < d(zy,2}) < 1. If d(xq,x9) was sufficiently large, we would get a contradiction
with (RH3) — (2) as [}, 2] N N, (P) = 0.

As a consequence, we see that, given R > Ry large enough, (the closure of)
deep, r(7) is a disjoint union of subgeodesics each with both endpoints in N,/ (P)
for some P € P, for any geodesic v. In fact, if 7;, 7, are subgeodesics of v so that
the endpoints of ; are in N,(P;) and P, # P, then we can assume by (RH3) — (1)
(geometric separation of P) that diam(y; N7y2) < R.

In order to show the third and fourth property we will use geodesic quadrangles.
Notice that transient parts of geodesic quadrangles satisfies the obvious generalisation
of the Relative Rips condition with constant 2D.

Let z,y be points in X and let 2/,3" be their projections on P. It is easily
seen that the union of the transient sets of [z,2'],[2/,y] and [y, ] is contained in
Baz,p)+1(x) U Bay,py+1(y), for a suitable L.

Suppose now that [z,y] is a deep component along P. Then the endpoints of
such deep component are within distance d(x, P) + 2D + L and d(y, P) + 2D + L
respectively from z,y, as well as being u/-close to P. This easily implies that they

are actually close to mp(x), mp(y), proving the third property.
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We now show (4). By symmetry, we only need to show that [z, y] passes close to
7p(z), the existence of the required deep component will then follow for the analogue
fact for mp(y) and an application of (RH3) — (2).

Let 2" be a point along [z, 2'] at distance k from z’, where k will be determined
by the following argument. Consider a geodesic quadrangle with vertices "1/, y, x,

see Figure |3.2

Figure 3.2: Proof of the contraction property for projections

There exists a transient point p along [z”,y'] at distance at most p from P and
at most K from z”, where K is provided by (RH3) — (2). For k large enough, such
point is not 2D-close to [z, z"]. Also, p is not 2D-close to any y” € [y, '] if d(2, /)

is large enough. In fact, if this was the case, then we would have
d(y, P) < d(y,y") + 2D+ p=d(y,y) —dy’,y") + 2D+ p <

d(ly,P)+1—d(y,2')+ K+ k+4D + p,

a contradiction.
In particular, p is 2D-close to [z,y], and hence [z,y]| passes K + k + 2D-close to
Tp (.CE) ]

An easy consequence of part (2) of the lemma is the following fact that was first

shown in [68].

Corollary 3.2.5. Suppose that (X, P) satisfies (RH3). Then any P € P is quasi-
convex, i.e. any geodesic connecting points in P stays within uniformly bounded

distance from P.
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Proof. (RH3)— (2) implies that a geodesic +y as in the statement is the concatenation
of two geodesics of uniformly bounded length containing the endpoints and a deep
component. Such deep component must be a deep component along P if ~ is long

enough due to geometric separation of P. O]

We now give a more accurate description of geodesics triangles in a relatively
hyperbolic space. Figure illustrates the content of the lemma. The reader might
wish to compare this lemma with the characterisation of relative hyperbolicity given
in [70].

Py

Figure 3.3: A triangle in a relatively hyperbolic space

Lemma 3.2.6. Suppose that (X,P) satisfies (RH3). There exists C with the fol-
lowing property, where p, ' are as in Lemma [3.2.4 For every geodesic triangle
with sides vy,72,73 there exist Py,..., P, € P and possibly Py € P so that, for
7 = AU N (P, we have

M C Ne(ra Us).
Also, for each i > 1, two of {1,72,73} intersect N, (P;) with corresponding entrance

and exit points within distance C of each other. For 1 =0 all v;’s intersect Nu(PZ-),
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again with corresponding entrance and exit points within distance C' of each other. If

some y; has a deep component along some Q) € P, then Q) is one of the P;’s.

Proof. We fix a choice of constants as in Lemma [3.2.4, We will reduce to the case
when one of the sides has length bounded by some large enough constant. This
case can be easily dealt with using the fact that the endpoints of all sufficiently long
deep components are determined by closest point projections by Lemma [3.1.3}(3)-(4),
combined with the fact that closest point projections are coarsely Lipschitz, again a
consequence of Lemma [3.1.3}(4).

For later purposes, we need the following lemma.

Lemma 3.2.7. Let oy = [y;, 2] be, fori = 0,1,2, a geodesic with endpoints in N ,(Q;)
for some Q; € P. Suppose d(z;,yix1) < K, with indices running cyclically. Then if
l(a;) > A= A(K) we have Qp = Q1 = Qs.

Proof. If A is large enough we can argue as follows. By (RH3) — (2) there exists
L so that for all w € [yo, 2] we have trans, gr([w, 20]) € Np({w,z}). Consider
woy € [Yo, 0] so that

d(wo,yo) = 1 + sup{diam(N g(P) N N(P'))},

where the supremum is taken over all P, P’ € P with P # P’ and B = max{K +
w, L +3D + '}, Consider a pentagon with vertices wy, 2o, 1, 21, y2. By (RH3) — (2)
there exists py € trans([wo, y2]) NN ,(Q2). Tt is readily checked that py cannot be 3D-
close to trans,, r([z0, y1]) U trans, r(ly1, z1]) U trans, r([z1, y2]) (for A large enough)
and can be 3D-close to trans, r([wo, 20]) only if d(wo,po) < L + 3D. In particular,
wo, po € Np(Qo) N Np(Q3), which implies Qy = Q5 by the choice of d(wg,yo). O

We now consider two cases, and in each we subdivide the geodesic triangles in
smaller triangles with one short side. Let A = A(3D).

Case 1: There exists ¢ and y € trans, g(v;) so that d(y, trans, r(viz1)) < A+
10D+ 10R (recall that R is the second constant involved in the definition of transient
sets).

In this case there are y; € trans(v;) all within bounded distance, and we reduce
to studying the triangle with vertices y;, y;11 and the appropriate vertex of the main
geodesic triangle. It is readily checked that if the lemma holds for such smaller
triangles then it holds for the triangles we started with.

Case 2: There is no such y. This easily implies that we can subdivide each ~; into

subgeodesics v; , i, z;],7; with the following properties (see Figure .
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e [y;, 2] is a deep component,

d(yi, zi) > A,

o trans(v;) N € Np(trans(vie1) N Vi),

d(2i,yiv1) < 3D.

Figure 3.4: Notation for Case 2

We let y; be the last transient point along v; = [p;, ¢;] which is D-close to to 7,1,
and z; the first transient point close to 7;.1. We need the following technical claim.

Claim: y; is closer to p; than z;.

Suppose that the claim does not hold. Let z, € 7,41 be a point D-close to z;.

Observe that for every subgeodesic a = [p, ¢ of a geodesic 8 we have
dpaus(trans(a), trans(8) U {p,q}) < R.

In particular, we see that as y; is a transient point of [z;, ¢;], it is either (D + R)-close

/
i

to [z, zf], but this contradicts the standing assumption of Case 2, or D-close to a
transient point of 7;,1, again contradicting the standing assumption. The claim is
proved.

There are no transient points strictly between y; and z;, so that the first property
holds, while the second property holds by the standing assumption. Also, by the
definition and the fact that y;, z; appear in this order along 7; the third property is
also satisfied.

The argument for the fourth property is the following. We know that z; is D-close

to (y;4+1 or) some point along 7,1 before y;,1. Such point has to be within distance
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2D of y;y1. Otherwise, if p; is the final point of ", y;,1 would be at distance more
than d(p;, z;) + D from p;, and hence cannot be D-close to 7;".

Let Q; be so that y;, 2, € N,(Q;). Lemma m implies Qp = Q1 = Q2. We see
now that Py = Qg is as required. Also, we reduced to studying triangles with vertices

2, Yir1 and the appropriate vertex of the main triangle. O

3.3 Proof of projection properties

We now make a brief digression to point out that for a pair (X, P) satistying (RH3)
(which we will show later to be equivalent to relative hyperbolicity), the properties
of closest-point projections stated in Lemma [3.1.1] and Corollary hold. All
statements follow rather easily from Lemma[3.2.4] For the convenience of the reader,

the statements are reported below.

Lemma 3.3.1. Let (X, P) be a pair satisfying (RH3). For each P € P denote by
mp : X — P a coarse closest point projection, i.e. a function so that d(x,mp(x)) <

d(x, P) 4+ 1. There exists C' with the following properties.
1. For each distinct P,Q € P we have diam(mwp(Q)) < C.

2. For each x,y € X and P € P so that d(mp(x),mp(y)) > C we have
d([z,y], mp(x)), d(lz, y], 7p(y)) < C.
3. Let P,Q) € P be distinct and let x € X. Then
min{d(mp(z), 7p(Q)), d(mq(z), mo(P))} < C.

Proof. Part (2) follows immediately from Lemma [3.2.4}(4).

Let us now show (1). By contradiction, if we had two point x,y € @ so that
d(mp(x, mp(y)) is large, for some distinct P, Q) € P, then a geodesic from x, y, besides
being contained in a suitable neighbourhood of @, e.g. by Lemma[3.2.4(2), will have
a long subgeodesic contained in a neighbourhood of P by Lemma [3.2.4}(4)-(2). This
contradicts the geometric separation of P.

We are left to show (3). Let C' be a constant large enough that (1),(2) hold for C.
If we had d(mp(x), 7p(Q)) > C, then any geodesic from z to Q would pass C-close to
P by (2). In particular, this holds for a geodesic v from z to mg(x). We claim that any
point y within distance C' on such geodesic satisfies, say, d(mg(y), mg(x)) < 10C + 10,
which then implies d(mg(z), 7o(P)) < 10C + 10 as required.
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Let ¢’ be a point on v within distance C of y. If d(y/, mg(x)) < 2C' + 1, and hence
d(y,Q) < 3C + 1, then

d(mq(y), me(x)) < d(mq(y), y)+d(y,y')+d(y', mq(x)) < (3C+2)+C+(2C+1) < 6C+3.

So, we can assume d(y', mg(x)) > 2C + 1. In particular, the subgeodesic of v from
z to ¥ does not intersect No(Q), so that d(mg(z),7o(y')) < C by (2). What is
more, any geodesic from y to gy also does not intersect N¢(Q), so that once again
d(ma(y), ma(y)) < C. Hence,

d(mo(r), mo(y)) < d(mo(x), mo(y)) + d(mq(y'), mo(y)) < 2C,

as required. N

3.4 (Guessing geodesics

The aim of this section is to give an “axiomatic” characterisation of the pairs transient
sets/geodesics in a relatively hyperbolic space. Informally, we will prove the following.

Guessing Geodesics Lemma: Let X be a geodesic metric space and P a collec-
tion of subsets of X. Suppose that for each pair of points x,y a path n(x,y) connecting
them and a subset trans(x,y) C n(z,y) have been assigned. Suppose that the pairs
trans(z,y)/n(x,y) behave like the pairs transient points/geodesics in a relatively hy-
perbolic space (e.g. they satisfy the relative Rips condition). Then X is hyperbolic
relative to P and the set trans(zx,y) coarsely coincides with the set of transient points
on a geodesic from x to y.

We report a version of this result for hyperbolic spaces, similar to a an earlier
result due to Bowditch [36]. For a path a and p,q € o we denote by afyq the
subpath of « joining p to q.

Proposition 3.4.1. [86, Proposition 3.5] Let X be a geodesic metric space. Suppose
that for all x,y € X there is an arc n(x,y) connecting them so that the following hold

for some D.
1. diam(n(x,y)) < D whenever d(z,y) < 1;
2. for all ',y € n(z,y) we have daus(n(2, y)|w g1, 02, y')) < D;
3. n(x,y) € Np(n(x,2) Un(z,y)) for all z,y, 2.

Then X is hyperbolic and there ezists k so that dpa.s(n(x,y), [z, y]) < k for all x,y.
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The second part of the conclusion does not appear in the statement of [86, Propo-
sition 3.5], but the proof strategy, as explained in the first paragraph of the proof, is
to show the second part and then deduce the first one. The proposition is a special
case of Theorem [3.4.3] below.

Before stating the generalisation to relative hyperbolicity, let us show how to use

it to show that (RH3) implies relative hyperbolicity.
Proposition 3.4.2. If (X, P) satisfies (RH3) then it is relatively hyperbolic.

Proof. We have to show that a Bowditch space Bow(X) is hyperbolic. To illustrate
the idea of the proof, we first define paths n(x,y) connecting points z,y € X C
Bow(X). We fix constants as in Lemmas[3.2.4} [3.2.6] and we refer to deep components
and transient parts for the given constants. Pick a geodesic [z, y] C X and substitute
all deep components with a concatenation of two paths of uniformly bounded length
connecting to the appropriate P € P and a geodesic in the corresponding horoball.
Notice that property 1) from Proposition is immediate.

For z,y, z € X, we see that in view of Lemma [3.2.6| we substituted all the possible
“fat parts” of a geodesic triangles in X with either two or three geodesics in a horoball
with corresponding endpoints at uniformly bounded distance (and some paths of
uniformly bounded diameter). We then see that the triangle n(z,y), n(x, 2),n(z,y) is
thin, establishing property 3). Property 2) easily follows from the fact that, for any
2y €z, y] C X, [2,y] C [z,y] and any geodesic v from z to y, trans(vy) is within
uniformly bounded Hausdorff distance from {z’, 3/} U (trans([z,y]) N [2',y']). This is
obvious for v = [2/, /], and otherwise one first considers [2/,4/] and then applies the
Relative Rips condition to the geodesic bigon formed by v and |2, y/].

We now define the path n(zx,y) for general x,y.

If , y are in the same horoball, then let n(z, y) just be a geodesic connecting them.
If they are in distinct horoballs, corresponding to P,Q € P, then let n(z,y) be the
concatenation of geodesics in the horoballs connecting z,y to 2’ € mp(Q),y" € o (P)
respectively and 7(z',y') as defined earlier (recall that 7p(Q), 7o (P) have uniformly
bounded diameter). If z is in a horoball, say corresponding to P € P, and y is in
X proceed similarly, concatenating a geodesic in the horoball from x to 7mp(z) and
n(mp(2),y).

Properties 2), 3) can be checked analysing separately the cases when z, y, z are/are

not in X using an argument similar to the one we gave above. [l
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Theorem 3.4.3. Let (X,d) be a geodesic metric space and P a collection of subsets.
Suppose that for each pair of points x,y € X a path n(x,y) connecting them and a
closed subset trans(z,y) C n(x,y) have been assigned so that the following conditions

hold for some large enough D.
1. if d(x,y) < 2 then diam(trans(z,y)) < D;
2. for all ',y € n(z,y), we have
draus(trans(z',y'), trans(z, y)| w1 U{z',y'}) < D,
where trans(x, )|, = trans(z,y) N n(x, )| 5
3. trans(x,y) C Np(trans(z, z) Utrans(z,y)) for all x,y,2 € X;

4. if o'y € n(x,y) do not both lie on P € P for any P, then there exists z €

trans(z,y) between 2',y';

5. P is geometrically separated;

6. for every k there exists K so that if d(z, P),d(y, P) < k and d(z,y) > K then
trans(x,y) C Bg(x) U Bk (y) and there exists z € trans(z,y) N Np(P).
Then
(a) X is hyperbolic relative to P;
(b) there exist u,cy, L with the following property. For any ¢ > ¢y and geodesic 3

with endpoints x,y the Hausdorff distance between trans(z,y) and trans,.(5) is

at most some L + c.

We will proceed as follows. We first show part (b), which implies that (X,P)
satisfies (RH3) (in view of properties 3,5,6). Also, using part (b), we will be able
to show that (RH3) is a characterization of relative hyperbolicity, so that part (a)

follows immediately combining these two facts.

Proof of part (b). Let us start with some general remarks. First of all, for each n-gon

n(xy, x2) U---Un(x,, 1), with n > 3, we have
trans, r(n(x1,22)) C Nuogyp(trans(vs, x3) U- - - Utrans(z,, x1)).
In particular, subdividing a geodesic from x to y and using 1, we get
diam(trans(xz,y)) < Dmax{(d(x,y)/2 — 1,0} + D < Dd(z,y) + D.

Notice that by 2) with ' = x,y’ = y for each z,y there is p € trans(z,y) with

d(p,z) < D. For convenience we will always assume x,y € trans(z,y).
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Lemma 3.4.4. Up to increasing D, we can substitute 6) with the following:

6') There exists M > 1 so that for every k > 1 ifd(z, P),d(y, P) < k and d(x,y) >
MFk then trans(x,y) € Buy(z) U Bak(y) and there exists z € trans(z,y) N Np(P).

Proof. Fix the notation of 6'), where M is large enough to carry out the following
argument. Consider 2/,y € P so that d(x,2") < d(z, P)+1,d(y,y") < d(y, P)+1. Fix
K asin 6) for k = 4D+1. Then by 6) with k& = 0 we have that trans(z’,y’) is contained
in the K-neighbourhood of {2, y'}, so that keeping into account diam(trans(xz,z’)) <
Dd(x,z') + D and the same estimate for y,y’ we have

A = trans(z,2") Utrans(z',y') Utrans(y',y) € Npryrxrop({z,9}),

and we get trans(z,y) € Nyw({z,y}) as trans(z,y) € Nop(A). The second part is
obvious for d(z, P) < 4D + 1 or d(y, P) < 4D + 1 (as we allow an increase of D), so
assume that this is not the case. Consider the first points z”,y" in n(z,2'),n(y,v')
at distance 4D + 1 from P. By 6) there exists z € trans(z”,y") N Np(P) N B(2").
Such z cannot be 2D-close to trans(x,z”) (keeping 2) into account) and trans(y,y")
(as we can bound d(z, z) linearly in d(z, P)). Hence, it is 2D-close to trans(z,y), so

that trans(x,y) intersects N3p(P). We are done up to increasing D to 4D + 1. [

Lemma 3.4.5. Let o be any rectifiable path connecting, say, x to y. Then we have
trans(z,y) C N (@), where f(a) = Dlog, max{l(«a),1} + D.

Proof. Indeed, this holds if a has length at most 2 by condition 1). Suppose [(a)) > 2.
Let aq, as be subpaths of a of equal length and let z be the common endpoint. Then,
by 3), trans(z,y) C Np(trans(z, z)Utrans(z,y)). On the other hand, we can assume
by induction that trans(zx, z), trans(z,y) are both contained in the (D log,(l(«)/2) +
D)-neighbourhood of a. So, trans(z,y) is contained in the (D log,(I(a)/2) + 2D)-

neighbourhood of «, and we are done as

Dlog,(l(«)/2) + 2D = Dlog, l(«) + D.

We will also need “logarithmic quasi-convexity”, i.e. the following estimate.
Lemma 3.4.6. Suppose that o is a geodesic joining x to y. Denote
£(a) = sup{d(p, a| )|z’ Y € a,p € trans(z’, y')}.

Then for every P € P we have a C N (P), where L = max{Md(x, P)+M, Md(y, P)+
M,&(a) + D} and M is as in 6').
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Notice that &(c) is bounded logarithmically in I(c) by Lemma [3.4.5]

Proof. Set k = max{d(z, P),d(y,P)}. Let 8 = |, be so that 8N Ny(P) =
{z',y'}. Suppose by contradiction that there exists p € g with d(p, P) > L. In
particular, d(z’,y') > 2(L — k) > Mk. Let z € trans(z’,y’) be as in 6’). Clearly,
d(z,8) > d(p, P) — D > &(a), a contradiction. O

We are now ready for the core of the proof and we will proceed as follows. We first
show (I) that any point in trans(z,y) is close to any geodesic 5 connecting z to y.
Then we show (II) that points in trans, (), for suitable u, ¢, are close to trans(z, y),
and in order to do so we will actually show that if p € § is far from trans(z,y)
then p € deep, (). Finally, we show (III) that points in trans(z,y) are close to
trans,, ., () for some ¢y > ¢, but we will actually show that points in deep,, ., (3) are
far from trans(z,y). Furthermore, u, ¢ will be chosen so that each deep, (8) is a
disjoint union of subpaths each contained in a large subpath with endpoints in NM(P)
for some P € P. It is easily deduced then that dpqus(trans, (5), trans, (8)) < c—c
for all ¢ > ¢ (Q-C).

Let now 3 be a geodesic connecting x to y.

Step (I). Let p € trans(z,y) be the point at maximal distance from §. We want
to give a bound on d(p,3). Let ¢ be a closest point to p in 3 and set d(p,q) = &.
We can assume & > 4D + 1 and () > 1, for otherwise we are done. Also, up to
substituting § with a suitable subpath, we can assume £ > £(f) — 1, as defined in
Lemma [3.4.6]

Consider the closest 2’ € trans(z,y) before p so that d(«’,p) > min{2¢, d(p, )},
and define ¢ similarly. By 2) we have d(p, po) < D for some py € trans(z’,y’). The
proof in the hyperbolic setting (in the case x’ # x,y’ # y) relies on d(z',p),d(y/,p) =
2¢, but a linear upper bound in ¢ would make the proof work as well. So, we would
like to reduce to the case when 2’ is either z or is not too far from p, (and similarly
for 3/) by substituting 2’ with some w’ if necessary. Set w' = 2’ and p' = py if
d(x',p) < Mo&, where My = My(D, M) is large enough to allow us to carry out the

35



following argument. If d(2', p) is large, by 4) we have that 2/, p lie in Nog(P) for some
P e P. Let 2" € f beso that d(2,2") < €. By Lemma Bl € Np(P), where
L <3ME&+ M+ D. We can choose w € g, w' € P so that d(w,w') < L + 1,
M+ D < dw',py) < MyL. From 6') we have d(py,trans(w’,z’)) > D, so that
by 3) (with 2/, w’, ")) we have d(po, trans(w’,y’)) < D. Fix p; € trans(w',y’) with
d(po, p1) < D. Up to running the same argument on a final subpath of n(w’, y') in case
d(y', p) is large, we get a point ps (possibly p1 = ps) with d(py, p2) < D and a point 2’
so that py € trans(w’, 2") and d(2', p2), d(w', p2) < Mo&+4D, d(Z, 5),d(w’', ) < L+1,
but either d(w’, py) > 2§ — 4D or w’ = z, and similarly for 2. Consider now a path
« obtained concatenating in the suitable order a geodesic of length at most L + 1
from w’ to a € 3, a geodesic of length at most L + 1 from b € 8 to 3 and f[
(choose @ = x and/or b = y if 2/ = z and/or ¥/ = y). The length of « is at most
A=2L+2+ (2L + 2+ 2My& + 8D), which, upon fixing M, D, My, can be bounded
linearly in §. Notice that § = d(p, 8) < d(p2, @) +4D < Dlogy(A) + 4D, by Lemma
. This gives a bound g for £ in terms of D, M (recall that My depends on D, M).

Step (Q-C). We now show that geodesics with endpoints in N ,(P) for some
P € P are contained in N,(P), a fact that will be needed later. As a consequence
of this and 5), for each ¢’ large enough deep, () is a disjoint union of subpaths
each contained in a large subpath with endpoints in N,(P) for some P € P, as
subpaths of 8 with endpoints in N, (P) and N,(P') for P, P’ € P with P # P’ have
controlled intersection. Suppose that a geodesic o as above contains a subpath o’
outside N, pi1(P) with endpoints z,y. Then, if by contradiction d(z,y) is larger
than some suitable R, by 6) there exists z € trans(z,y) N Np(P). But such point
cannot be p-close to a. So, d(z,y) < R and hence o/ C N,y—,.pyr+1(P), which in
turn gives @ C N, (P).

Step (II). Fix ¢ as determined in (Q-C). Let now p € 3 be at distance at least
max{c' +pu, 2} +1 from trans(z,y). We wish to show that p € deep, ~(5). Let p1, po
be the closest points on the sides of p in § at distance at most p from trans(z,y).
Clearly, d(p1,p2) > max{2d,2u} + 1. Let ¢; be the last point on trans(z,y) so
that d(q1, 1) < p, where f; is the subgeodesic of § with final point p;. Define ¢y
and [ similarly. Notice that there are no points in trans(z,y) between ¢; and g,
as any point in trans(x,y) is u-close to either a point in 5 or a point in [, and
d(p1, B2) > d(p1,p2) > 2u. In particular, g, ge both lie on some P € P by 4), which
implies (considering S|, p,1) that p is (i, c’)-deep, as required.

Step (III). Finally, we have to show that if p € deep, 5(83), where B will be
determined later, then d(p,trans(z,y)) > p. Let pi,ps be the endpoints of the
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subpath of § contained in the neighbourhood of some P € P as in the definition
of deep, p(B) (in particular, d(py,p2) > 2B). Notice that pi,p, € trans, p(f) if
B > diam(N ,(P) N N,,(P")) for any P, P’ € P with P # P’ and for k¥’ as in (Q-C).
We have, by Step (I), d(p;, ¢;) < max{c + u,2u} + 1 = A for some ¢; € trans(x,y).
In particular, d(g;, P) < A+ p so that for B large enough we have, by 6) and 2),

trans(x,y) C NK+D(77|[x,q1] U n|[q2,y})v

for K asin 6) with &k = A+ p. This easily implies the claim, up to further increasing

B, because for B large enough

as [ is a geodesic.
This concludes the proof of part (b). ]

Theorem 3.4.7. Let X be a geodesic metric space and let P be a collection of subsets
of X. Then (X, P) satisfies (RH3) if and only if it is relatively hyperbolic.

Moreover, if (X, P) is relatively hyperbolic, given a model of Bow(X) there erist
K, u, Ry so that for each geodesic v in Bow(X) connecting x,y € X we have that
v N X is within Hausdorff distance K + R from trans, g([x,y]) for each R > Ry.

Proof. We showed the implication = in Proposition [3.4.2]

<: Recall that combinatorial horoballs are within bounded Hausdorff distance
from horoballs in the sense of Busemann functions, see Lemma [2.3.7]

Recall also that each P € P is coarsely connected so that for any pair of points on
P there is a path in X connecting them and staying within bounded distance of P.
We can use Theorem applied to n(z,y) constructed substituting each subpath of
[z,y] € Bow(X) contained in some combinatorial horoball with a path in P with the
same endpoints, with trans(z,y) being [z,y] N X. In view of the previous paragraph
and the fact that the metric dp,.(x) is coarsely equivalent to dx on X, all conditions
are readily checked. More precisely, 1) and 4) are clear, 5) and 6) follow from the
corresponding statements in Bow(X) and 2) can be proven in a similar way to 3),
which we are about to show. Consider a geodesic triangle in Bow(X) with vertices
x,y,z € X. Consider a point w € [z, y]NX and assume without loss of generality that
there exists p € [y, 2] with dpow(x)(p, w) < d, the hyperbolicity constant. Asy,z € X
and we can regard the levels of H as horospheres, there is on [y, z] N X a point ¢
not too far away from p, meaning that dpew(x)(p,q) is bounded by some constant
depending on Bow(X) only. Given this, 3) follows from the coarse equivalence of

dBow(X) and dX on X. ]
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3.5 Proof of the distance formula

Recall that the symbol {{A}}; denotes A if A > L and 0 otherwise, and that we use
~ to denote equality up to multiplicative constant at most A\ and additive constant

at most u.

Theorem 3.5.1. Let (X, P) be relatively hyperbolic and let Bow(X) be a Bowditch
space for X. Then there exists Lo with the property that for each L > Ly there exist
A, > 1 so that for each x,y € X we have

d(z,y) 2 Y {d(mp(@), 7p(y)}} 1 + dpowix) (@, 9).
PeP

Proof. As usual, we will refer to transient parts and deep components implying a
choice of constants as in Lemma [3.2.4

Given a geodesic «y from x to y, its length is at least dpow(x)(x,y) and, if L is large
enough, corresponding to every term contributing to the sum on the right hand side
(RHS) there is a deep component in v of comparable length (meaning up to bounded
multiplicative error). In particular, the RHS gives a coarse lower bound for the LHS.

In order to show the other inequality we use the “moreover” part of Theorem [3.4.7]
Start with a geodesic 7 in Bow(X) from x to y. We can form a path « in X from
x to y by substituting each subpath of v contained in a horoball by a geodesic in X.
We have d(z,y) < l(«), so we now estimate the length of a. Let v, ..., %, f1,---, Ok
be the geodesics we used to replace subpaths of v, enumerated in such a way that the
v;’s are the ones of length at most some suitable K to be determined. The sum of
the lengths of the v;’s is at most K1(7y), as each of them replaces a path of length at
least 1. Also, if K is large enough, we see that the endpoints of each ; are close to
the endpoints of a deep component, say along P;, of some fixed geodesic in X from z
to y, and such deep components are disjoint. By Lemma (3), B; has length at
most, say, 2d(7p,(x), 7p (y)) > 2L when K is large enough. To sum up, the length of
« is at most (K + 1)I(7) (what we get by replacing short horoball paths only) plus

2 Z{{d(m (2),dp,(y))} -

In particular, the RHS provides a coarse upper bound for {(«) and hence for d(zx,y).
O
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3.6 Divergence of relatively hyperbolic groups

In this section we give a simple application of the notions developed in this chapter,
and determine properties of the divergence function of a relatively hyperbolic group.
Roughly speaking, the divergence of a metric space measures the length of detours
avoiding a specified ball as a function of the radius of the ball. It has been first
studied in [84] and [80], and in recent years in [104), 13|, 134} [73, [71} 12} @].

We now recall the definition of divergence of a metric space X, following [71].
Choose constants 0 < § < 1 and v > 0. For a triple of points a,b,c € X with
d(c,{a,b}) =17 >0, let div,(a,b,c;d) be the infimum of the lengths of paths connect-
ing a, b that avoid B(c,0r — ). (If no such path exists, set div,(a,b,c;d) = 00.)

Definition 3.6.1. The divergence function DivX(n,d) of the space X is defined as

the supremum of all numbers div.(a, b, ¢;6) with d(a,b) < n.

For functions f,g : RT — RT write f < g if there exists C so that f(n) <
Cg(Cn+C)+Cn+C, and define =, =< similarly. By [71, Corollary 3.12], there exist
d0,70 so that when X is a Cayley graph we have Div\ (n,d) =< Divg (n, dy) whenever
0 <9 < 9pandy > . Also, the <-equivalence class of Dz’vf (n,d) is a quasi-isometry
invariant (of Cayley graphs). We will write DivX(n) for (the <-equivalence class of)
Divs, (n, &).

We now show the following.

Theorem 3.6.2. Suppose that the one-ended group G is hyperbolic relative to the
(possibly empty) collection of proper subgroups Hy, ..., Hy. Then

e" < Div%(n) < max{e", e"Div™i(n)}.

(We write max{e”, e" Divi(n)} instead of max{e™ Divi(n)} because we allow the
collection of subgroups to be empty.)
Not all super-exponential functions f(n) satisfy f(n) =< e™f(n), hence the follow-

ing questions arise.

Question 3.6.3. Does there exist a group G of super-exponential divergence so that
e"Div®(n) ¥ Div®(n)? If so, is it true that Div%(n) < max{e", Divfii(n)}? Do
there exist one-ended properly relatively hyperbolic groups with isomorphic peripheral

subgroups but different divergence?

In the case of finitely presented groups we have a cleaner statement, due to the

following lemma.
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Lemma 3.6.4. The divergence of a finitely presented one-ended group is at most

exponential.

Proof. All pairs of points z,y, say with r, = d(z,1) < d(y,1) = r,, can be joined by
a path in B(1,2r,)\B(1,7,/3), see e.g. Lemmam The intersection of such subset

and G has < e points, and the conclusion easily follows. O

A relatively hyperbolic group is finitely presented if and only if its peripheral

subgroups are, see [57] and [141]. Hence we have the following.

Corollary 3.6.5. Suppose that the one-ended group G 1is hyperbolic relative to its
proper subgroups Hy, ..., Hy. Then Div®(n) < e".

We split the proof of the theorem in two propositions.

Proposition 3.6.6. Let the group G be hyperbolic relative to its proper subgroups
Hy,...,H,. Then Div%(n) = e".

Proof. Denote H = {Hy,...,H,}. By [140] there exists an infinite virtually cyclic
subgroup E(g) in G so that (G,H U {E(g)}) is relatively hyperbolic. In particular,
E(g) is within bounded Hausdorff distance from a bi-infinite geodesic a so that, for
each g, diam(a N N,(gH;)) is uniformly bounded for each ¢ € G and each H; (by
geometric separation and quasi-convexity of peripheral sets). We would like to show
that if the path 3, which we assume to have length at least 1 for simplicity, connects
points a,b € « on opposite sides of some ¢ € a then d(c, ) < Clog,(I(5)) + C for
some constant C. In order to do so, we modify a standard argument which can be
found, e.g., in [37, Proposition II1.H.1.6] (and which we already used in Lemma [3.4.5).
For ;i as in (RH3) and R large enough we have trans, gr(a) = o, and similarly for all
subgeodesics of a. Let ¢ € 3 be so that I(B|j,q) = {(f]4) and consider a geodesic
triangle with vertices a,b,q. We have some D so that |,y = trans, r(o|ny) C
Np(trans, gr([a,q]) Utrans, r([g,b])). We can assume by induction (starting with
paths of length at most, say, 100), that trans, z([a,q]) € N piog,u(s)/2)+100(3) and
similarly for [g,b], and we get afup € N piog,((s))+100(3) as required. O

The author was not able to find a reference for the following fact in the case of

hyperbolic groups.

Proposition 3.6.7. Let the one-ended group G be hyperbolic relative to Hy, ..., Hy.
Then Div®(n) < max{e™, e" Divfi(n)}.
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Proof. 1t is enough to find a bound on div, (a, b, ¢; §) when a, b, ¢ are elements of G (as
opposed to points in the interior of edges). Fix a,b, ¢ € G, and suppose without loss
of generality r = d(a,c) < d(b,c). We would like to find a “short” path connecting a
to b outside B = B(c,r/d — ), for § > 0 small enough and v large enough. We can
assume r < 10n for n = d(a,b) (for otherwise a geodesic from a to b would avoid B).
As G is one-ended, by [71, Lemma 3.4] there exists a path § connecting a,b outside
B. Consider a = xg, ...,z = b on [ so that d(z;,z;11) < 1, where x; € G. Define
y; € G to be the first point of [x;,¢] in B' = B(c,d(b,c)). We then have a sequence
of points @ = ¥y, ...,y = b in (B’ N G)\ B, which contains < e" elements.

If G was hyperbolic, we would have a uniform bound on d(y;,y;+1). Then it
would be readily seen that we can choose 0 = jy < --- < j; = k so that d(y;,,y;,,,) is
bounded and [ < e”, so that the desired path can be obtained concatenating geodesics
of the form [y;,, yj,..]-

In the relatively hyperbolic case, it is easily seen by the relative Rips condition
(and the deep components being contained in neighbourhoods of peripheral sets)
that for an appropriate D we have either d(y;,y;11) < D or there exists a left coset
P; of some H; so that y;,y;41 € ND(Pi). Also, all geodesics from ¢ to P; pass D-
close to some z; € P, see Lemma [3.1.1}(2). Assume for convenience that we are
considering a Cayley graph with respect to a generating set containing generating
sets for the H;’s, so that P; is connected. As d(y;,yi+1) < 2d(c,b) and peripheral
subgroups are undistorted, there exists a path a in P, of length < Divfi(2d(c, b))
connecting points y;, y;,; at distance at most D from y;, y;41 which avoids a P;-ball
of radius 6o min{d(y;, z;), d(y,, 1, 2:)} — Yo around z;. Again as peripheral subgroups
are undistorted, we have that a avoids B, if we chose 9,y large enough. Now, we can
choose 0 = jo < .-+ < ji = k so that [ =< e" and y;, can be connected to y;, , by
a path avoiding B and of length < max{Div¥i(n)}. So, we can construct a path of

length < max{e™Divi(n)} connecting a to b. O

3.7 Relative hyperbolicity of hyperbolic spaces

We record the following result, essentially due to Bowditch, for later purposes and
also because it might provide useful examples of relatively hyperbolic spaces for the

reader to keep in mind.

Lemma 3.7.1. Suppose that X is hyperbolic and P is a collection of subsets of X.
Then X is hyperbolic relative to P if and only if P is geometrically separated and all

P € P are quasi-convex with the same constants.
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Proof. The following is well-known, but we provide a proof for the convenience of the

reader. As usual, we denote (almost) closest-point projections on P by mp.

Lemma 3.7.2. Suppose that X is hyperbolic and P C X is quasi-convex. Then there
exists C, depending on the quasi-convexity constants only, so that for each x,y € X if
d(mp(z), 7p(y)) > C then d([z,y], 7p(x)),d([x,y], 7p(y)) < C for each geodesic [x,y]

from x to y.

Proof. Set m = 7mp and let § be a hyperbolicity constant for X. As quadrangles
in X are 20-thin, we have that [r(z),7(y)] is contained in the 2d-neighbourhood of
[z, y| U [z, 7(x)] Uy, 7(y)]. Due to our choice of 7, points [r(x), m(y)] farther than K
from the endpoints are not 2d-close to [z, 7(z)] U [y, 7(y)], where K depends on the
quasi-convexity constants of P. Hence, for d(n(z),7(y)) > 2K + 1, there is a point
on [z,y] which is 26-close to the point on [7(x), 7 (y)| at distance K + 1 from 7(x),
and so we have d(a, m(x)) < K + 26 + 1. O

The first part of (RH3)-(2) follows directly form the lemma, for a suitable choice
of constants. The second part follows from the fact that, for any geodesic v and a
suitable u, the entrance point p in the p-neighbourhood of P is a transient point, by
the following argument we already used elsewhere: If not, p would be contained in a
long subgeodesic of v with endpoints close to some @) € P with @) # P and would
be far from the endpoints of such geodesic, and this would contradict geometric
separation of P. Also, notice that by the same argument we can define the deep
components and that they are disjoint.

Now, we have to check the Relative Rips Condition. It is clear that any transient
point p on a side v of a geodesic triangle is close to a point ¢ on one of the other two
sides 72, we only need to show that ¢ is close to a transient point (possibly on the
third side 73 of the triangle). If R, the second constant in the definition of transient

point, is large enough then we can argue as follows.

Figure 3.5: The configuration we are describing.
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If ¢ is in the deep component of v, along P, then by Lemma [3.7.2] the projections
of the endpoints of v, are far from p. As p is close to P and is transient along 7,
we claim that it is close to the projection on P of one of the endpoints of v;. Let us
conclude the proof assuming that this is true. As p cannot be close to the projection
on P of the common endpoint of v, and 75, it is close to the projection of the common
endpoint r of 4; and 73. There is a transient point along 73 close to such projection
again by Lemma m (the common endpoint of 75 and 3 projects far away from the
projection of r), so that we are done.

We are left to prove the claim. If 7; has no deep component along P, then p
cannot be far from the projection of an endpoint of v, for this would be easily seen
to force the existence of a deep component. If v, has a deep component along P, we
apply the same argument to the initial or final subgeodesic of 7, before or after the

deep component, depending on which of those contains p. O
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Part 11

Boundaries of relatively hyperbolic
groups
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In this part we will study geometric properties of boundaries of relatively hy-
perbolic groups in order to show quasi-isometric embeddings results. In Chapter [4]
which is taken from [117], we will construct quasi-isometric embeddings of H? into
suitable relatively hyperbolic groups, and in order to do so we will construct arcs in
the boundary satisfying appropriate geometric conditions.

The material in Chapter || is taken from [118]. We will construct quasi-isometric
embeddings of relatively hyperbolic groups into products of trees, and estimate the
number of trees we need. We will then apply this in the context of fundamental

groups of 3-manifolds.
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Chapter 4

Quasi-hyperbolic planes

4.1 Introduction

A well known question of Gromov asks whether every hyperbolic group which is not
virtually free contains a surface group. While this question is still open, its geometric
analogue has a complete solution. Bonk and Kleiner [29], answering a question of

Papazoglou, showed the following.

Theorem 4.1.1 (Bonk-Kleiner [29]). A hyperbolic group contains a quasi-isometrically
embedded copy of H? if and only if it is not virtually free.

In this chapter, we study when a relatively hyperbolic group admits a quasi-

isometrically embedded copy of H2. Our main result is the following.

Theorem 4.1.2. Let (G, P) be a finitely generated relatively hyperbolic group, where
all peripheral subgroups are virtually nilpotent. Then there is a quasi-isometrically
embedded copy of H? in G if and only if G does not split as a non-trivial graph of

groups where the edge groups are finite and the vertex groups virtually nilpotent.

This result generalizes Theorem since a finitely generated group is virtually
free if and only if it admits a graph of groups decomposition with all vertex and edge
groups finite.

For a hyperbolic group G, quasi-isometrically embedded copies of H? in G corre-
spond to quasisymmetrically embedded copies of the circle St = 0,,H? in the bound-
ary of the group. Bonk and Kleiner build such a circle when a hyperbolic group has
connected boundary by observing that the boundary is doubling (there exists N so
that any ball can be covered by N balls of half the radius) and linearly connected

(there exists L so that any points x and y can be joined by a continuum of diameter
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at most Ld(z,y)). For such spaces, a theorem of Tukia applies to find quasisymmet-
rically embedded arcs, or quasi-arcs [158].

We note that this proof relies on the local connectedness of boundaries of one
ended hyperbolic groups, a deep result following from work of Bestvina and Mess,
and Bowditch and Swarup [20, Proposition 3.3], [31, Theorem 9.3], [33, Corollary
0.3], [155].

Our strategy is similar to that of Bonk and Kleiner, but to implement this we have
to prove several basic results regarding the geometry of the boundary of a relatively
hyperbolic group, i.e. the boundary 0..(G,P) = 0 Bow(G, P) of its Bowditch space,
which we believe are of independent interest.

We fix a choice of Bow(G,P) and, for suitable conditions on the peripheral sub-
groups, we show that the boundary 0.,(G,P) has good geometric properties. For
example, using work of Dahmani and Yaman, such boundaries will be doubling if and
only if the peripheral subgroups are virtually nilpotent. We establish linear connect-
edness when the peripheral subgroups are one ended. (See Sections and for
precise statements.)

At this point, by Tukia’s theorem, we can find quasi-isometrically embedded copies
of H? in Bow(G, P), but these can stray far away from G into horoballs in Bow(G, P).
To prove our theorem we must ensure that this does not occur, and we do so by
building a quasi-arc in the boundary that suitably avoids the parabolic points.

To accomplish this, we require additional geometric properties of the boundary
(see Section , and also a generalisation of Tukia’s theorem which builds quasi-arcs
that avoid certain kinds of obstacles (Theorem [4.7.2).

Our methods are able to find embeddings that avoid more subgroups than just

virtually nilpotent peripheral groups.

Theorem 4.1.3. Suppose both (G,Py) and (G, Py UPsy) are finitely generated rela-
tively hyperbolic groups, where all peripheral subgroups in Py are virtually nilpotent
and non-elementary, and all peripheral subgroups in Py are hyperbolic. Suppose G is
one-ended and does not split over a subgroup of a conjugate of some P € P;.

Finally, suppose that Oso H C 05 (G, P1) does not locally disconnect the boundary,
for any H € Py (see Definition . Then there is a transversal quasi-isometric
embedding of H? in G.

If both P; and P, are empty the group is hyperbolic and the result is a corollary
of Theorem If P; is empty, but Py is not, then the group is hyperbolic, but
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the quasi-isometric embeddings we find avoid the hyperbolic subgroups conjugate to
those in Ps.

Example 4.1.4. Let M be a compact hyperbolic 3-manifold with a single, totally
geodesic surface as boundary M. The fundamental group G = (M) is hyperbolic,
and also is hyperbolic relative to F' = m(OM) (see, for example, [14, Proposition
13.1]).

The hypotheses of Theorem are satisfied for P; = () and P, = {F}, since
O0sG = 05(G, D) is a Sierpiriski carpet, with the boundary of conjugates of F' corre-
sponding to the peripheral circles of the carpet. Thus, we find a transversal quasi-

isometric embedding of H? into G.

Roughly speaking, a quasi-isometric embedding fails to be transversal if the image
contains points which are far apart from each other, but both close to the same left
coset of a peripheral subgroup (see Definition . The notion of transversality is
interesting for us in view of the following results. First, our embeddings persist in
the coned-off (or “electrified”) graph of G.

Proposition . Let T be the coned-off graph of a relatively hyperbolic group
(G,P) and let ¢ : T" — [ be the natural map. Suppose Z is a geodesic metric space.
If a quasi-isometric embedding f : Z — G 1is transversal then co f . Z — [ isa

quasi-isometric embedding.

Second, the embeddings constructed above also persist in certain peripheral fillings

of GG.

Proposition . Let G be hyperbolic relative to Py,...P, (with a fized system
of generators) and let N; < P;. Let Z be a geodesic metric space, and suppose that
f: Z — G is a transversal quasi-isometric embedding. There exists Ry, depending
only on suitable data, so that if the ball of radius Ry around the identity e satisfies
B(e, Rg) N N; = {e} for each i, thenpo f : Z — G/ < {N;}> is a quasi-isometric
embedding, where p : G — G/ <{N;}> is the quotient map.

Recall that G/ < {N;}> is usually referred to as a peripheral (or Dehn) filling
of G, and these are relatively hyperbolic (with peripheral groups {P;/N;}) under the
hypotheses described above [I38, [85] (see Section [4.2.2)).

When combined, Theorem and Proposition provide interesting exam-
ples of relatively hyperbolic groups containing quasi-isometrically embedded copies
of H? that do not have virtually nilpotent peripheral subgroups. A key point here is
that Theorem provides embeddings transversal to hyperbolic subgroups, and so
one can find many interesting peripheral fillings. See Example for details.
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Using our results, we describe when the fundamental group of a closed, oriented
3-manifold contains a quasi-isometrically embedded copy of H2. Determining which
3-manifolds (virtually) contain immersed or embedded 7;-injective surfaces [98] [54]
109 50] is a very difficult problem. The following theorem essentially follows from
known results, in particular work of Masters and Zhang [124] 125]. However, our

proof is a simple consequence of Theorem and the geometrisation theorem.

Theorem [4.9.2, Let M be a closed 3-manifold. Then m (M) contains a quasi-
isometrically embedded copy of H? if and only if M does not split as the connected
sum of manifolds each with geometry S3 R3,S5? x R or Nil.

Notice that the geometries mentioned above are exactly those that give virtually
nilpotent fundamental groups.

As a final observation, we note that Leininger and Schleimer recently proved
a result similar to Theorem for Teichmiiller spaces [114], using very different

techniques.

4.1.1 Outline

In Section we discuss transversality and its consequences. In Section we give
preliminary results linking the geometry of the boundary of a relatively hyperbolic
group to that of its model space. Further results on the boundary itself are found in
Sections|4.4H4.6l in particular, how sets can be connected, and avoided, in a controlled
manner.

The existence of quasi-arcs that avoid obstacles is proved in Section 4.7 The

proofs of Theorems |4.1.2|and [4.1.3| are given in Section 4.8 Finally, connections with

3-manifold groups are explored in Section [4.9]

4.2 'Transversal quasi-hyperplanes

4.2.1 Transversality and coned-off graphs

Our goal here is to define transversality of quasi-isometric embeddings, and show that
a transversal quasi-isometric embedding of H? in I' = I'(G) will persist if we cone-off
the Cayley graph.

We continue with the notation of Definition 2.1.2]

Definition 4.2.1. Let (G, P) be a relatively hyperbolic group. Let Z be a geodesic

metric space. Given a function 7 : [0,00) — [0,00), a quasi-isometric embedding
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f:Z — (G,dg) is n-transversal if for all M > 0, g € G, and P € P, we have
diam(f(Z) N N(gP, M)) < n(M).
A quasi-isometric embedding f : Z — G is transversal if it is n-transversal for

some such 7.

Let I' be the coned-off graph of G and let ¢ : I' — [ be the natural map. Es-
sentially, [ is the graph obtained by adding an edge of length one between any two
members of the same coset of the same peripheral subgroup, and it is hyperbolic.
This is part of the definition of relative hyperbolicity given in [76], which is equiva-
lent to Definition and can also be shown using, e.g. Proposition |3.4.1| using the
description of geodesic triangles in relatively hyperbolic groups, Lemma |3.2.6]

We call A-quasi-geodesic a (A, A)-quasi-isometric embedding of an interval.

Lemma 4.2.2. Let (G, P) be a relatively hyperbolic group. If a : R — (G,dg) is
an n-transversal A-quasi-geodesic, then c(a) is a N -quasi-geodesic in f, where X' =

A

N(A\,n,T). Moreover, « is also a N -quasi-geodesic in Bow(G,P).

Proof. Notice that « is coarsely Lipschitz in both Bow(G) and ' as on T’ we have

di < dpow(q) < dg. Therefore, it suffices to show that for some N = MN(A,n,T), for

any xp,rs € a, we have
df(l’l, {['2) Z %dg(l‘l, {L'Q) — )\/. (4].)

Let v be the subgeodesic of o with endpoints x1, 5. Let 4 be a geodesic in [ with
endpoints ¢(z1), c(x2).

Now let 7 : I' — 4 be a closest point projection map, fixing xi,xo. As [ is
hyperbolic, such a projection map is coarsely Lipschitz: there exists C = Cl(f) SO
that for all z,y € T, dp((x), 7(y)) < Cidp(z,y) + Ch.

By [92, Lemma 8.8], there exists Cy = C(I", A) so that every vertex of 4 is at most
a distance Cy from 7 in T' (not just T'). Let 7’ : (5,dz) — (7,dg) be a map so that
for all x € 4, dg(n'(z), x) < Cy, and assume that 7’ fixes x1, 5. This map is coarsely
Lipschitz also. It suffices to check this for points x,y € 4 connected by an edge e. If
e is an edge of I, then clearly dg(n'(x), 7'(y)) < 2Cy + 1. Otherwise, 7'(z), 7' (y) are
both in v and within distance C5 of the same left coset of a peripheral group, so by
transversality, dg(7'(z), 7' (y)) < n(Cs).

Thus, for C3 = max{2Cs + 1,7(Cs)}, with X' = C3C follows from

da(z1,22) = da(7’ o m(xy), 7" o w(x3)) < Csdp(m(z1), m(22))
S Cg(Cldf(.Z‘l,xQ) —+ Cl) D
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Proposition 4.2.3. Suppose Z is a geodesic metric space, and (G,P) a relatively
hyperbolic group. If a quasi-isometric embedding f : Z — G is transversal then

cof:Z— Lisa quasi-isometric embedding.

Proof. By Lemma m whenever 7 is a geodesic in Z, co f(v) is a quasi-geodesic

with uniformly bounded constants in I. O]

4.2.2 Stability under peripheral fillings

We now consider peripheral fillings of (G,{P,..., P,}).
Suppose N; < P; are normal subgroups. The peripheral filling of G with respect to
{N;} is defined as
GUNY) =G/ <[ N>

(See [138] and [85].) Let p : G — G({V;}) be the quotient map.

Proposition 4.2.4. Let (G,P) be a relatively hyperbolic group, and G({N;}) a pe-
ripheral filling of G, as defined above.

Let Z be a geodesic metric space, and suppose that f : Z — G is an n-transversal
(A, A)-quasi-isometric embedding. There exists Ry = Ro(n, A\, G, P) so that if B(e, Rg)N
N; = {e} for each i, thenpo f: Z — G({N;}) is a quasi-isometric embedding.

Proof. We will use results from [58] (see also [63], [55]). For any sufficiently large R,
we can combine Propositions 7.6 and 5.20 in [58] to show that G({N;}) acts on a
certain ¢’-hyperbolic space Y (namely Y = X’/Rot for X’ and Rot = (C,R) as in
Proposition 7.6), with the following properties:

1. ¢" only depends on the hyperbolicity constant of X = Bow(G,P),

2. there is a 1-Lipschitz map ¢ : G({N;}) — Y (this follows from the construction
of Y and the fact that the inclusion of G in X is 1-Lipschitz),

3. there is amap ¢ : (N(G, L) C X) — Y such that, for each g € G, ¢|p(y,1) is an
isometry, where L = L(Ry, X) — o0 as Ry — oo.

4. Yop=¢or, wherer: G — X is the natural inclusion.

Let v be any geodesic in Z. By Lemma [4.2.2] f(v) is a N-quasi-geodesic in X, for
N = XN(\,n,G,P). Let a be a geodesic in X connecting the endpoints of f(v). Let
Cy = C1(8', X) bound the distance between each point on o and G C Bow(G).
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Suppose that L as in (3) satisfies L > C; + 85 + 1. Then for each = € a we
have that ¢|p(ss+1) is an isometry, and so [37, Theorem III.H.1.13-(3)] gives that
¢(a) is a Cy-quasi-geodesic, where Cy = Cy(d’). This implies that (¢ oco f)(7) is a
C3-quasi-geodesic, with C3 = C3(CY, Cy). Let x1, 25 be the endpoints of . Using (4)

above, we see that

dagny(po f(z1),po f(x2)) > dy(Yopo f(zy),opo f(x))
dy(poro f(xy),poto f(z3))

CLSCZ(LUI, Ig) — Cg.

v

On the other hand, recall that p is 1-Lipschitz, so

dany(po f(z1),po f(22)) < da(f(x1), f(22)) < Adz(z1,72) + A,

As v was arbitrary, we are done. O

As discussed in the introduction, we can use Proposition to find interesting
examples of relatively hyperbolic groups with quasi-isometrically embedded copies of
H?, but whose peripheral groups are not virtually nilpotent. We note the following

lemma.

Lemma 4.2.5. Let Fy be the free group with four generators, and let R be fixed.
Then there are normal subgroups {Ka}tacr of Fy so that the quotient groups Fy/K,
are amenable but not virtually nilpotent, so that if a # [ then Fy/K, and Fy/Kgs are
not quasi-isometric, and so that K, N B(e, R) = {e}.

Proof. 1t is shown in [82] that there is an uncountable family of 4-generated groups
{F4/ K. }acr of intermediate growth with distinct growth rates. In particular, these
groups are amenable, not virtually nilpotent and pairwise non-quasi-isometric. To
conclude the proof, let K be a finite index normal subgroup of F} so that KNB(e, R) =
{e}, and let K, = K|, N K < Fy. As Fy/K, is a finite extension of Fy/K/, it inherits
all the properties above. O

Example 4.2.6. Let M be a closed hyperbolic 3-manifold so that G = m (M) is
hyperbolic relative to a subgroup P < G that is isomorphic to Fj. For example,
let M’ be a compact hyperbolic manifold whose boundary M’ is a totally geodesic
surface of genus 3, and let M be the double of M’ along OM'. Observe that m (M)
is hyperbolic relative to m (0M’), and 7 (0M’) is hyperbolic relative to a copy of
m(S") = Fy, where S’ C OM' is a punctured genus 2 subsurface. Thus m (M) is
hyperbolic relative to m(S").
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Since G is hyperbolic with 2-sphere boundary, and P is quasi-convex in G with
Cantor set boundary, the hypotheses of Theorem are satisfied for P; = ) and
Py = {P}. Therefore, we find a transversal quasi-isometric embedding of H? into G.

Let Ry be chosen by Proposition [4.2.4] As P is quasi-convex in G, we choose R so
that for z € P, if dp(e,z) > R then dg(e,z) > Ry. Now let {K,} be the subgroups
constructed in Lemma [£.2.5] By Proposition for each o € R the peripheral
filling G, = G/ < K, > is relatively hyperbolic and contains a quasi-isometrically
embedded copy of H?2.

As P/K, is non-virtually cyclic and amenable, it does not have a non-trivial
relatively hyperbolic structure. Therefore, G, is not hyperbolic relative to virtually
nilpotent subgroups, for in any peripheral structure P, some peripheral group H € P
must be quasi-isometric to P/K, by [10, Theorem 4.8].

Finally, if o # ( then G, is not quasi-isometric to Gz by |10, Theorem 4.8] as
P/K, and P/Kjg are not quasi-isometric.

4.3 Separation of parabolic points and horoballs

In this section we study how the boundaries of peripheral subgroups are separated in

05X . We also establish a preliminary result on quasi-isometrically embedding copies

of HZ2.

4.3.1 Separation estimates

We begin with the following lemma.

Lemma 4.3.1. Let (G,Py) and (G, Py U Py) be relatively hyperbolic groups, where
all peripheral subgroups in Po are hyperbolic groups (P is allowed to be empty), and
set X = Bow(G,Py). Let H denote the collection of the horoballs of X and the left
cosets of the subgroups in Py; more precisely, the images of those left cosets under the
natural inclusion G — X. For H € H, let dy = d(w, H).

Then the collection of subsets H has the following properties.

1. For each r > 0 there is a uniform bound b(r) on diam(N(H,r) N N(H',r)) for
each H,H' € H with H # H'.

2. Each H € H 1is uniformly quasi-conver in X.
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3. There exists R such that, given any H € H and any geodesic ray y connecting
w to a € O H, the subray of v whose starting point has distance dg from w is
entirely contained in N(H, R).

Proof. Claim (1) follows from the corresponding fact in the Cayley graph (see [68,
Theorem 4.1(c)] or Section [3.2).

Let us show (2). Uniform quasi-convexity of the horoballs is a consequence of
Lemma [2.3.4 If H is a left coset of a peripheral subgroup in Ps, then it is quasi-
convex in the Cayley graph I' of G ([68, Lemma 4.15] or Corollary [3.2.6). What is
more, by [68, Theorem 4.1(c1)], geodesics in I' connecting points of H are transversal
with respect to P;. Therefore, by Lemma they are quasi-geodesics in X. We
conclude that H is quasi-convex in X since pairs of points of H can be joined by
quasi-geodesics (with uniformly bounded constants) which stay uniformly close to H.

We now show (3). As a € d,.H and H is quasi-convex, there exists C' = C'(X) so
that d(x, H) < C for each z € v with d(z,w) large enough. Fix such an z.

Let y € v be such that d(y, w) = dy. Let p € H be chosen so that d(w, p) < dg+1.
By the defining property of y and the thinness of the geodesic triangle with vertices
w, p, x, we have d(y, H) < d(y,p) < C'(0x). The desired property now follows from
(2). O

From this lemma, we can deduce separation properties for the boundaries of sets
in H.

Lemma 4.3.2. We make the assumptions of Lemma[{.3.1. Then there exists C' =
C(X) so that for each H, H' € H with H # H' and dy > dg we have

p(0uH, D H') > e~ /C.

Proof. Let a € 0,H,d' € 05,H'. We have to show that (a|a’) < dy. Let v, 4/ be rays
connecting w to a,a’, respectively. For each p € 7 such that d(w,p) < (a|a’) there
exists p’ € 7' such that d(p/, w) = d(p,w) and d(p,p") < C" = C"(dx). With b(r) and
R as found by Lemma [4.3.1] set B = b(R + C").

Suppose that (ala’) > dg + B + 1. Consider p € v, p’ € « such that d(p,w) =
d(p',w) = dy. By Lemma[4.3.1|(3), we have p € N(H,R) and p' € N(H',R), as dy >
dyr. So,pe N(H,R+C')NN(H', R+ C'). The same holds also when p € v is such
that d(p, w) = dgy+B+1. Therefore we have diam(N(H, R+C")NN(H', R+C")) > B,
contradicting Lemma [4.3.11). Hence (a|a’) < dy + B + 1, and we are done. O
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Conversely, we show that separation properties of certain points in the boundary

O X have implications for the intersection of sets in X.

Lemma 4.3.3. We make the assumptions of Lemma[{.3.1]

Let v be a geodesic line connecting w to a € 0, X. Suppose that for some H € H
and r > 1 we have d(a,0H) > e~ [r. Then = intersects N(H, L) in a set of
diameter bounded by K + 2L, for K = K(r,X) and any L > 0.

In order to prove the lemma we will use [81, Lemma 2.12], which states that any
finite configuration of points and geodesics in a dx-hyperbolic space X is approxi-
mated by a tree, up to an additive error that depends only on dx and the number of
points and geodesics involved. So, we only need to show a result in the case of trees,
and (up to controlled error) we will have obtained the same result for all hyperbolic
spaces. In the notation of Figure 1, notice that 5.(z,w) = d(x, p) — d(w, p) (the point
p can be chosen to be the point on a geodesic from x to w such that d(w,p) = (c|z);

this makes sense in all hyperbolic spaces, not just trees.)

C

(RN

w

T

Figure 4.1: How to compute the Busemann function in a tree.

Proof of Lemmal[{.3.3 We will treat the horoball case and the left coset case sepa-
rately, beginning with the latter.

We can assume that H is not bounded, for otherwise the lemma is trivially true.
Due to quasi-convexity, each point on H is at uniformly bounded distance from a
geodesic line connecting points ay, as in 0, H, and thus also at uniformly bounded
distance, say C; = C}(X), from either a ray connecting w to a; or a ray connecting
w to as.

Let ¢ € OxH and let 4/ be a ray connecting w to ¢. We have that (a|c) <
dy + 1"+ Cy, for ' =log(r) /e and Cy = Co(dx, €, Cp).

There exists C5 = C3(Cy, X) so that any point 2 on 7 such that d(z,w) > (a|c) +
L + Cj3 has the property that d(z,+") > L + C;. This applies to all rays connecting
w to some ¢ € s H, and so d(x, H) > L.
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Also, ifx € vy and d(x,w) < dg—L then clearly d(z, H) > L. ThusifyNN(H, L) #
() we have (a|c) + L+ C3 > dy — L, and

diam(y N N(H, L)) < (ale) + L+ Cs — (du — L) Scyr05 7' + 2L

We are left to deal with the horoball case. Let ¢ and 4" be as above. Once
again, (alc) < dg + r' + Cy, for ' =log(r)/e. In an approximating tree for v and +/
(see Figure 1), if = is any point on ~ such that d(z,w) > 2(a|c) — dy + L, one has
d(x,H) > L because

Be(z,w) = d(z,p) — d(p,w) = d(z,w) — 2(ale) > —dy + L.

Therefore, using Lemma and [81, Lemma 2.12], one finds Cy = Cy(X) so that
if d(x,w) > 2(alc) —dy + L+ Cy then d(x, H) > L. Arguing as before, one sees that,
for 05 == 202 + 04,

4.3.2 Embedded planes

In order to find a quasi-isometrically embedded copy of H? in a relatively hyperbolic
group, we only need to embed a half-space of H? into our model space X, provided
that the embedding does not go too far into the horoballs. (Compare with [29].) As
we see later, this means that we do not need to embed a quasi-circle into the boundary

of X, but merely a quasi-arc.

Definition 4.3.4. The standard half-space in H? is the set Q = {(z,y) : 2* +3* <
1,2 > 0} in the Poincaré disk model for H?2.

Let G, P1, P2, H and X = Bow(G, P;) be as in Lemma [£.3.1]

Proposition 4.3.5. Let [ : Q@ — X be a (A \)-quasi-isometric embedding of the
standard half-space H? into X, with f((0,0)) = w. Suppose there exists v > 0 so that
for each a € 0,,Q), H € H we have

d(f(a),0H) > e_EdH/r.

Then there exists a transversal (with respect to P = Py U Py) quasi-isometric embed-
ding g : H* — T'(Q).
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Proof. Each point z € @ \ {(0,0)} lies on a unique geodesic v, connecting (0,0) to
a point a, in 0,Q. As f(7.) is a A-quasi-geodesic and X is hyperbolic, f(v;) lies
within distance C; = C1(), dx) from a geodesic 7, from w to f(a,). By Lemma [4.3.3]
any point on 7., is Cy = Cy(r, X) close to a point in I'(G), and therefore any point in
f(Q) is Cy + Cy close to a point in I'(G).

Notice that @ contains balls {B,} of H? of arbitrarily large radius, each of which
admits a (A, \)-quasi-isometric embedding f,, : B, — X so that each point in f,(B,)
is a distance C7 + Cy close to a point in I'(G). In particular, translating those
embeddings appropriately using the action of G on X we can and do assume that
the centre of B,, is mapped at uniformly bounded distance from w. As X is proper,
we can use Arzela-Ascoli to obtain a (), \')-quasi-isometric embedding ¢ : H? — X
as the limit of a subsequence of {f,} (more precisely {f,|n~}, where N is a maximal
l-separated net in H?), for N = X' (A, Cy, Cy). Notice that ¢ is transversal.

We now define g : H? — I'(G) so that for each z € H? we have d(g(x), g(z)) < Cs,
for C5 = C5(C1, Cs).

Pick x,y € H2. Notice that

da(9(x), 9(y)) > d(9(x), 9(y)) Za2cs d(G(z), §(y)) Za d(z,y)/N,

so it is enough to show that for some \”,

da(g(x), 9(y)) < N'd(g(x), §(y)) + A".

Let v be the geodesic in H? connecting z to y. Let o/ be a geodesic in X from g(z)
to g(y), which is at Hausdorff distance at most Cy = Cy(N, C3,0x) from g(7y).

Each maximal subpath 8 C 4/ contained in some horoball O € O has length [(3)
at most C5 = C5(Cy). If 2,2’ € G are the endpoints of /3, then dg(z,2") < Md(z,2'),
for some M = M(Cs, X), as dg is a proper function of d, and if z # 2’ then d(z, 2’)
is uniformly bounded away from zero. So we can substitute § by a subpath in I'(G)
of length at most MI(53).

Let a be the path in I'(G) obtained from 7’ by substituting each such 5 in this
way. Clearly we have [(a) < MI(v'), and so

da(9(x), 9(y)) < l(a) < Md(g(x), §(y))-

The desired estimate follows as d(g(x), g(x)),d(g(y), 9(y)) < Cs. O
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4.4 Geometry of boundaries

We now begin our study of the geometry of the boundary of a relatively hyperbolic
group, endowed with a visual metric p as in Section [2.4] In this section, we study the
properties of being doubling and having partial self-similarity.

First, we summarize some known results about the topology of such boundaries.

Theorem 4.4.1 (Bowditch). Suppose (G,P) is a one-ended relatively hyperbolic
group which does not split over a subgroup of a conjugate of some P € P, and every
group in P is finitely presented, one or two ended, and contains no infinite torsion

subgroup. Then Os (G, P) is connected, locally connected and has no global cut points.

Proof. Connectedness and local connectedness follow from [35, Prop. 10.1], [32, Thm.
0.1].

Any global cut point must be a parabolic point [33, Thm. 0.2], but the splitting
hypothesis ensures that these are not global cut points either [32, Prop. 5.1, Thm.
1.2). O

Recall that a point p in a connected, locally connected, metrisable topological
space Z is not a local cut point if for every connected neighbourhood U of p, the
set U \ {p} is also connected. If, in addition, Z is compact, then Z is locally path
connected, so p is not a local cut point if and only if every neighbourhood U of p
contains an open V with p € V. C U and V' \ {p} path connected.

More generally, we have the following definition, used in the statement of Theo-

rem A T3]

Definition 4.4.2. A closed set V' C Z in a connected, locally connected, metrisable
topological space Z does not locally disconnect Z if for any open connected U C Z,
the set U \ V is also connected.

For relatively hyperbolic groups, we note the following.

Proposition 4.4.3. Suppose (G, P) is relatively hyperbolic with connected and locally
connected boundary. Let p be a parabolic point in Ox (G, P) which is not a global cut-
point. Then p is a local cut point if and only if the corresponding peripheral group

has more than one end.

Proof. The lemma follows, similarly to the proof of [56, Proposition 3.3], from the
fact that the parabolic subgroup P corresponding to p acts properly discontinuously

o8



and cocompactly on 0 (G, P)\{p}, which is connected and locally connected. Let us
make this precise.

Choose an open set Ky with compact closure in 0, (G, P)\{p}, so that PK, =
Oso(G,P)\{p}. Then define K; as the union of all ¢Kj for ¢ € P with dp(q,e) < 1.
As 0. (G, P)\{p} is connected and locally path connected, and K, is compact, one
can easily find an open, path connected K so that K; C K C K C 0,(G,P)\{p}.

Now suppose that P has one end. Let U be a neighbourhood of p. As P acts
properly discontinuously on 0. (G, P)\{p}, there exists R so that if dp(e,g) > R,
then gK C U. Let  be the unbounded connected component of P\ B(e, R). Then
QK is path connected as for g, h € P, if dp(g,h) < 1, gK NhK # (). Finally, observe
that V = QK U{p} C U is a neighbourhood of p so that V' \ {p} = QK is connected.

Conversely, suppose that p is not a local cut-point. Let D be so that if gK NrK #
() then dp(q,r) < D. Suppose we are given R > 0. We can find a connected
neighbourhood U of p in 0. (G, P) so that U\ {p} is path connected and gK NU = ()
for all g € B(e, R4+ D) C P. Let R" > R+ D be chosen so that gK NU = () for all
g € P\ B(e,R'). Given g,h € P\B(e, R') we can find a path in U\{p} connecting
gK to hK. So, there exists a sequence g = go, g1,...,9, = hin P\ B(e, R + D) so
that ¢;K N g1 K # 0 for all i = 0,...,n — 1. Thus as dp(g;, gir1) < D, we have
that g and h can be connected in P outside B(e, R). As R was arbitrary, P is one
ended. 0

4.4.1 Doubling

Definition 4.4.4. A metric space (X, d) is N-doubling if every ball can be covered
by at most N balls of half the radius.

Every hyperbolic group has doubling boundary, but this is not the case for rela-
tively hyperbolic groups.

Proposition 4.4.5. The boundary of a relatively hyperbolic group (G, P) is doubling

if and only if every peripheral subgroup is virtually nilpotent.

Recall that all relatively hyperbolic groups we consider are finitely generated, with

P a finite collection of finitely generated peripheral groups.

Proof. By [59, Theorem 0.1], every peripheral subgroup is virtually nilpotent if and
only if X = Bow(G, P) has bounded growth at all scales: for every 0 < r < R there
exists some NN so that every radius R ball in X can be covered by N balls of radius 7.

If X has bounded growth at some scale then 0, X is doubling [28, Theorem 9.2].
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On the other hand, if 0,, X is doubling, then 0., X quasisymmetrically embeds into
some S"! (see [6], or [88, Theorem 12.1]). Therefore, X quasi-isometrically embeds
into some H"™ [28, Theorems 7.4, 8.2], which has bounded growth at all scales. We
conclude that X has bounded growth at all scales (for small scales, the bounded
growth of X follows from the finiteness of P, and the finite generation of G' and all
peripheral groups). O

4.4.2 Partial self-similarity

The boundary of a hyperbolic group G with a visual metric p is self-similar: there
exists a constant L so that for any ball B(z,7) C 0,G, with r < diam(0,,G), there is
a L-bi-Lipschitz map f from the rescaled ball (B(z,r), %p) to an open set U C 0,,G,
so that B(f(z),1) C U. (See [30, Proposition 3.3] or [49, Proposition 6.2] for proofs
that omit the claim that B(f(z), 1) C U. The full statement follows from the lemma
below.)

There is not the same self-similarity for the boundary 0., (G, P) of a relatively hy-
perbolic group (G, P), because G' does not act cocompactly on Bow(G,P). However,
as we see in the following lemma, the action of G does show that balls in 0. (G, P)
with centres suitably far from parabolic points are, after rescaling, bi-Lipschitz to
large balls in 0 (G,P). The proof of Lemma follows [30, Proposition 3.3]
closely.

Partial self-similarity is essential in the following two sections, as we use it to
control the geometry of the boundary away from parabolic points. Near parabolic
points we use the asymptotic geometry of the corresponding peripheral group to

control the geometry of the boundary.

Lemma 4.4.6. Suppose X is a 0x-hyperbolic, proper, geodesic metric space with base
point w € X. Let p be a visual metric on the boundary OsX with parameters Cy, €.
Then for each D > 0 there exists Ly = Lo(dx,€,Cy, D) < oo with the following
property:

Whenever we have z € 0, X and an isometry g € Isom(X) so that some y € |[w, z)
satisfies d(g 'w,y) < D, then g induces an Lo-bi-Lipschitz map [ from the rescaled
ball (B(z,r), %p), where r = e~ WX+ /90 to an open set U C 0@, so that
B(f(2). ) C U,

Proof. We assume that z, g and r are fixed as above. We use the following equality:
1
- log(2rCy) = d(w,y) + dx + 1. (4.2)
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For every z1, 29 € B(z,7), and every p € (21, 22), one has

This is easy to see: p(z1,22) < 2r, so d(w, (21, 22)) = —+1log(2rCy). Let y; € [w, z1)
be so that d(y;,w) = d(y,w), and notice that d(yi, (21, 22)) > dx by ([.2). For any
p € (21, 22), the thinness of the geodesic triangle w, z;, p implies that d(y;, [w, p]) < dx.
In particular, for zo = p = z, we have d(y, [w, 2)) < dx, so d(y1,y) < 20x, and the
general case follows.

Let g € G be given so that d(g~'w,y) < D. For any z1,2, € B(z,r), by ([£.2),
(4.3]) we have

d(w, (21, 22)) ~esy d(w,y) + d(y, (21, 22))

—1
%(75X+D+1) T 10g(27'00) + d(g_lw’ (21, 22))
As d(g7'w, (21, 22)) = d(w, (921, g22)), this gives that

LEIM < p(gz1,922) < LOM,

T r

for any choice of Ly > 2C3e<(Tx+D+1),

Thus the action of g on B(z,r) defines a Lg-bi-Lipschitz map f with image U,
which is open because ¢ is acting by a homeomorphism. It remains to check that
B(f(2), 1) C U.

Suppose that z3 € B(f(z),LLO) Then d(w, (f(2),23)) > =tlog(Co/Lo), but
d(w, (f(2),23)) = d(g " w, (2,97 23)). So, for large enough Ly, we have

—1 C
d(w, (2,97 23)) > e log (L—O) +d(w,y) — C1(6x, D)
0

> _Tl log <@> — %log(QrCo) — Cy(Ch, 6x)

>_1lo r
€ & C(] ’

where the last equality follows from increasing Ly by an amount depending only on
¢,Co, Cy. We conclude that p(z, g7 23) < r. O]

In our applications, it is useful to reformulate Lemma [4.4.6| so the input of the

property is a ball in 0, X rather than an isometry of X.
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Corollary 4.4.7 (Partial self-similarity). Let X, 0.,X, p, Co and € be as in Lemma .
Suppose G acts on X by isometries. Then for each D > 0 there exists Ly =
Lo(0x,€,Co, D) < oo with the following property:

Let z € 05X and r < diam(9X) be given, and set d, = —Llog(2rCy) — dx — 1.
Then

1. If d. > 0, set x € [w,z) so that d(w,z) = d,.. Then for any y € [w,z] so
that d(g~'w,y) < D, for some g € G, there exists a Lg-bi-Lipschitz map f
(induced by the action of g on 0xX ) from the rescaled ball (B(z,1'), % p), where
7 = rec@Y) to an open set U C 0xG, so that B(f(z), LLO) cU.

2. If d, < 0, then the identity map on 0,,X defines a Lg-bi-Lipschitz map from
the rescaled ball (B(z,1"), 7%,0), where ' = r, to an open set U C 05G, so that
B(f(z), £) C U.

Proof. Let L{ be the value of Ly given by Lemma Since d(w,y) = d, — d(x,y),
and e~ <(r=d@y)+3x+1) /90 = ¢/ part (1) follows from Lemma [4.4.6|

Note that if d, < 0, then r > 1/C} > 0 for some Cy = C(¢,Cy, dx) < 00, so part
(2) follows from setting Ly = max{Lj, C;}. O

4.5 Linear Connectedness

Under the hypotheses of Theorem {4.4.1] we saw that 0. (G, P) was connected and
locally connected. In this section we show that 0., (G, P) will satisfy a quantitatively

controlled version of this property.

Definition 4.5.1. We say a complete metric space (X, d) is L-linearly connected for
some L > 1 if for all x, y € X there exists a compact, connected set J > x, y of

diameter less than or equal to Ld(x,y).

This is also called the L-bounded turning property in the literature. Up to slightly

increasing L, we can assume that J is an arc, see [110, Page 3975].

Proposition 4.5.2. If (G, P) is relatively hyperbolic and 0..(G,P) is connected and

locally connected with no global cut points, then Ox(G,P) is linearly connected.

If P is empty then G is hyperbolic, and this case is already known by work of Bonk
and Kleiner [28, Proposition 4]. Lemma m gives an alternate proof of this result,
which we include to warm up for the proof of Proposition [£.5.2] Both proofs rely on

the work of Bestvina and Mess, and Bowditch and Swarup cited in the introduction.
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Corollary 4.5.3 (Bonk-Kleiner). If the boundary of a hyperbolic group G is con-

nected, then it 1s linearly connected.

Proof. Let X = T'(G) by a Cayley graph of G with visual metric p, and let L
be chosen by Corollary for D = 1. The boundary of GG is locally connected
120 131, 33, [155], so for every z € 0, G, we can find an open connected set V, satisfying
z €V, C B(z,1/2Ly). The collection of all V, forms an open cover for the compact

space J,,G, and so this cover has a Lebesgue number a > 0.

%p(z, 2'). If r > diam(0, X ), we can join

z and 2’ by a set of diameter diam (0, X) < 222p(z, 2/).

Otherwise, we apply Corollary 4.4.7, using either (1) with y = x or (2), to find an
Lo-bi-Lipschitz map f : (B(z,7),+p) — U. Since p(f(z), () < Lop(z, 2')/r = £,
we can find a connected set J C B(f(z), LLO) C U that joins f(z) to f(z'). Therefore

f~1(J) € B(z,7) joins z to 2/, and has diameter at most 2r = 222 p(z, 2’). So 0,,G is

o

Suppose we have z, 2" € 0,,G. Let r =

4Ly /a-linearly connected. O

The key step in the proof of Proposition 4.5.2| is the construction of chains of

points in the boundary.

Lemma 4.5.4. Suppose (G, P) is as in Proposition. Then there exists K so that
for each pair of points a,b € 0(G,P) there ezists a chain of points a = co,...,c, = b
such that

1. for each i =0,...,n we have p(c;, cit1) < p(a,b)/2, and
2. diam({co,...,cn}) < Kp(a,b).
We defer the proof of this lemma.

Proof of Proposition[{.5.9. Given a,b € 05 (G, P), apply Lemma to get a chain
of points J; = {cp,...,cp}. For j > 1, we define J;;; iteratively by applying
Lemma to each pair of consecutive points in J;, and concatenating these chains
of points together. Notice that

2K
diam(Jj4q) < diam(J;) + gp(a, b).

This implies that the diameter of J = |JJ; is linearly bounded in p(a,b), and J is

clearly compact and connected as desired. O

We require two further lemmas before commencing the proof of Lemma[4.5.4 The

first is an elementary lemma on the geometry of infinite groups.
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Lemma 4.5.5. Let P be an infinite, finitely generated group with Cayley graph
(I'(P),dp). Then for each p,q € P there ezists a geodesic ray « starting from p
and such that dp(q, o) > dp(p,q)/3.

Proof. As P is infinite, there exists a geodesic line v through p, which can be sub-
divided into geodesic rays ai,ay starting from p. We claim that either a; or as
satisfies the requirement. In fact, if that was not the case we would have points
pi € a; N B(q,dp(p,q)/3). Notice that dp(p;, p) > 2dp(p,q)/3. Now,

dP(p17p2) S dP(pl;Q) + dP(q7p2) S QdP(p7 Q)/?))

but this contradicts

dp(p1,p2) = dp(p1,p) + dp(p,p2) > 4dp(p,q)/3. O

The next lemma describes the geometry of geodesic rays passing through a horoball.
If a,b € 0,,X, we use the notation p,; for the centre of the quasi-tripod w, a, b, i.e.
the point in [w,a) C X such that d(w, p.p) = (alb).

Lemma 4.5.6. Fiz O € O and a,b € 0,(G,P)\{ao}. Let .,V be geodesics from
ao to a,b and let g, q be the last points in v, N O,y N O, which we assume to be
both non-empty. Also, let v be a geodesic from w to ap and let q be the first point in
yNO (so that dp =~ d(w,q)). Then there exists E = E(X) < oo so that the following
holds.

1. If (alap) > do then
(alao) =E d(¢a,q)/2 + do.

2. If (alao), (blap) € [do, (a|b)] then
(alb) Z& 2(alao) — do — d(ga, @) /2 ~E d(qa, q) + do — d(qa, @) /2.
Moreover, if d(q,,q) > E then =g holds in the equation above.
3. If (alap) < do then d(qa,q) ~g 0.

4. If pap € O and d(pap, X \ O) > R > E then d(paa,, X \ O) and d(ppa,, X \ O)
are both at least R — E, and d(qq,q) > 2R — E.
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.....................

Figure 4.2: Geodesics passing through a horoball

Proof. As in Lemma we only need to make the computations in the case of
trees, illustrated by Figure [4.2] and an approximation argument gives in each case
the desired inequalities.

(1) Keeping into account that z lies in O as d(w, ) = (alap) > do, the computa-

tion in a tree yields
(alao) = d(w,q) + d(q, ) = do + d(qa, 4)/2,

as d(x,q) = d(x,q,).

(2) The figure illustrates the first of the two possible types of tree approximating
the configuration we are interested in. The second case to consider is when gq,, g, are
between x and y, and thus g, = ¢, in the tree. Therefore, for a suitable choice of F,
the “moreover” assumption ensures we are in the first case. In this first case we have

the equalities:
(alb) = d(w, q) + 2d(q, x) — d(¢a, @) /2 = do + 2((alao) — do) — d(qa, ¢)/2,
and also
(alb) = d(w, q) + d(q, ¢a) — d(¢a, @) /2 = do + d(q, 4a) — d(da, @) /2.

In the second case we can proceed similarly. We see that

(alb) > d(w> qa) = dO + d(Q7 Qa)
=dop + 2d(q, l‘) =dop + 2((@‘&0) - do) = 2(a|ao) —do,

which is what we need as d(q,, ¢) = 0.

65



(3) In the tree approximating this configuration the ray from w to a does not enter
the horoball O, so that the bi-infinite geodesic v, exits O from gq.

(4) There are two types of tree approximating this configuration. The first is given

by Figure 1.2 where poq, = Phao =  and pap =y, S0
A(Pa,aos X \ O) = d(prap: X \ O) = d(x,q) = d(z,¢.) > d(y,¢.) > R.

In this case d(qa, @) = 2d(Pap, ¢a) > 2R.

The second configuration is when the geodesics [w,a) and [w,b) branch off from
[w,ap) at different points. Suppose that (alap) < (b|bo), S0 Paa, lies on [w,ap)
strictly between ¢ and pyp,,, and thus p,p = Pa.a,- In this case d(qa, ¢p) > d(qa, Pap) +
d(Pap, @) > 2R, and we have

d(Pbap, X \ O) = d(Pbap,q) > d(Pap, q) > R. O

For each peripheral subgroup P € P we denote by dp the path metric on any left
coset of P.

We are now ready to commence the proof of Lemma [4.5.4] This proof is some-
what delicate, splitting into two cases, depending on the position of the the points
a,b € 0s(G,P). In the first case, we use Lemma and the asymptotic geometry
of a horoball to join a and b by a chain of points. The second case is similar to Corol-
lary for hyperbolic groups: the partial self-similarity of the boundary upgrades
local connectedness to linear connectedness for a and b. In Case 2b, we use the group

action and the no global cut point condition to cover the remaining configurations.

Proof of Lemmal[{.5.J. We need to find chains of points joining distinct points a, b €
0x0(G,P), as described in the statement of the lemma.

Recall that p,;, € [w, a) denotes the centre of the quasi-tripod w, a, b, i.e. the point
on [w,a) C X = Bow(G,P) such that d(w, pap) = (a|b).

Let R = R(X) be a large constant to be determined by Case 1 below. All constants
may depend tacitly on Cy, €, 0.
Case 1: We first assume that there exists O € O such that p,;, € O and d(pap, gP) >
R, where gP is the left coset of the peripheral subgroup P corresponding to O.
Case la: Suppose that p(a,b) < p(a,ap)/S and p(a,b) < p(b,ap)/S, for some large
enough S > 1 to be determined. In this case, we push an appropriate geodesic path
in gP out to the boundary.

Let S’ = log(S/CZ) /¢, and note that (a|b) — (alap) > S’ and (a|b) — (blap) > 5.
We assume that S” > 0.

66



Let ~, be a geodesic from ap to a and let g, be the last point in v, N O. Define
v, and ¢, analogously. Let v be a geodesic from w to ap and let ¢ be the first point
invyNO.

Assuming R > E, by Lemma [4.5.6(4) we have

(&|ao) = d<wapa,ao) Z dO + d(pa,aoaX \ O) 2 dO + R—-FE Z dO7

and likewise (blap) > do. Using Lemma [4.5.6(1) and the approximate equality case
of Lemma [4.5.6(2), we have

d(qa; q) ~2£ 2((alao) — do)
> 2((alao) — do) + 2(5" — (alb) + (alao)) (4.4)
=2(2(alap) — (alb) —do + 5") ~aop d(qa, @) + 25"
We now define our chain of points joining a to b. Let a be a geodesic in gP
connecting ¢, to g5, and denote by ¢, = qo,...,q, = @ the points of a N gP. For

i=0,...,n—1let ¢; = ¢;q5 'a € Do (G, P) be the endpoint of ¢;qy ‘v, other than ap,
and set ¢, = b. Notice that

210g(dp(q; 4a)/dp(qa; @) 24 (¢, ) — d(qa, @) Zar 25
by Lemma and ([4.4)), so for S = S(E, A) large enough,
210g(dp(¢, 4a)/dp(qas ) — 1) > S,
thus

d(q,q;) ~a 2log(dp(q,q:)) > 2log(dp(q,9.) — dp(qa, 4:))
> 2log(dp(q, 9a) — dp(qa, @)
> '+ 210g(dp(ga, @) ®a S’ + d(qa, @)

In particular, if S = S(E, A) is large enough we have (¢;lap) > do for each i, by

Lemma [4.5.6(3). By Lemma [2.3.5 as dp(¢a,¢:) < dp(qa, @) we have d(qq, @) Soa
d(qa, q»). Thus Lemma [4.5.62) gives

(ale;) 25 2(alao) — do — d(qa, i) /2
24 2(alap) —do — d(qa, @) /2 =g (alb),

which gives the distance bound p(a,¢;) < Cip(a,b), for C; = C1(E, A). This gives
the diameter bound diam({¢;}) < Kip(a,b) for K; = 2C.
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We saw that (a|c;) Zopia (alb) > S'+(alao), and so (¢;|ap) Z min{(¢;|a), (alao)} 2
(alao), with error Cy = Cy(E, A). Applying Lemmal[d.5.6]2) twice and Lemma[4.5.6/(4)

we see that

(cileiv1) ZE 2(cilao) — do — d(Gis ¢i+1)/2 Z2cy+1 2(alao) — do
~p (a|b) + d(¢a, ) /2 ZE (alb) + R,

and so for R > Ry (Cy, E') we have p(¢;, ¢iv1) < p(a,b)/2.

Case 1b: Suppose that b = ap. In this case, a chain of points joining a and agp is
found by using an appropriate geodesic ray in g P and pushing it out to the boundary.
For a suitable choice of R, depending on the value of S fixed by Case la, we will

actually ensure that the distance between subsequent points in the chain is at most

pla,ap)/2(S +1).
Let 74, qq, v and ¢ be as above. Notice that ¢, ¢, lie on gP, so by Lemma m(l)

(alao) =g d(qa,q)/2+ do > R+ do. (4.5)

By Lemma [4.5.5] there exists a geodesic ray « in gP starting at g, such that
dp(q,a) > dp(qa,q)/3. Therefore, by Lemma and ([4.5)),

d(q, @) =4 2log(dp(q, @) > 2log(dp(¢a, 4)/3) Ra+s d(ga, q) > 2R. (4.6)

Let ¢, = qo,...,qn,... be the points of o N gP, and, as before, for each i > 0 let
¢ = 4iGy Vo € 0so(G, P).

By Lemma [4.5.6(3) and (4.6), for R > Ry(E,A) > R;, we can assume that
(¢ilap) > do for each 1.

Using Lemma [4.5.6(1) and (4.6)), there exists C3 = C3(A) so that

(cilao) =g d(¢i,q)/2 + do Zc; d(qasq)/2 + do =g (alao).
And consequently there exists Cy = Cy(Cs, E) so that for each ¢
p(ci, a0) < Capla, ao); (4.7)

this gives diam({c¢;}) < Kuyp(a,ap) for Ky = 2C4.
By Lemma [4.5.6/2), (£.5) and (4.6)), we have for C5 = C5(A)

(cilcivr) ZE d(gi,q) +do — d(qi, qiv1)/2 205 d(qa, @) + do
= (d(qa, q)/2 + do) +d(qa,q)/2 Z £ (alao) + R.
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So, taking R > R3(C5, E,S) > Ry, we have

plci,civ1) < pla,ao)/2(S + 1). (4.8)

For each i, by Lemmas [2.3.5 and [4.5.6(1), (¢;|lao) =g+ 4 log(dp(q;, q)) + do, so for
N large enough we have p(cy,a) < p(a,ap)/2(S + 1).

Therefore the chain of points a = ¢y, ..., cy,ap = b satisfies our requirements by
@), @y).
Case 1c: In this case, we have p(a,b) > p(a,ap)/S or p(a,b) > p(b,ap)/S. Without
loss of generality, we assume that p(a,ap) < p(b,ap) and p(a,ap) < Sp(a,b). Then
p(b,ao) < p(b,a) + p(a,ao) < (S +1)p(a,b).

Assume that R > R, = Rz + E. Then by Lemma [.5.6(4), d(psa0, X \ O)
and d(ppa,, X \ O) are both at least Rz, so by Case 1b there exist chains a =

C0sCly -y Cm = ap and ap = ¢}, ¢y, . .. ¢, = b, with, for each 1,

pla,ap) _ Sp(a,b)  p(a,b)

. s < <
pleis Cis1) < 2(S+1) =~ 2(S+1) <5 and
.y p(b,ao) _ p(b,a) + pla,ao) _ pla,b)
ol < < < .
pcis Cisa) < 2(S+1) — 2(S +1) - 2

The diameter of {¢;} U {c;} is at most Ksp(a,ap) + Kop(b,ap) < Ksp(a,b) for K3 =
(25 4+ 1)Ks.
Case 2: We assume that d(p,p, I'(G)) < R. In this case we can use the group action
to find a connected set joining a and b directly.

Let Ly > 1 be given by Corollary applied to X with D = R. Since 0, (G, P)
is locally connected and compact, there exists a > 0 so that any B(z, ) C 0.(G,P)
is contained in an open, connected set of diameter less than 1/Lg (see the proof of
Corollary .

Let r1 = 222p(a,b) and let y; € [w, a) be chosen so that d(w, y;) = — log(2r;Cy)—
dx — 1. If no such y; exists, then we are done as p(a,b) > Cs = Cg(Lo/a) > 0, so we
can join a and b by a connected set of diameter < Kyp(a,b), for K4 = diam(0xX)/Cs.

Let t > 0 be a large constant to be determined by Case 2b.

Case 2a: If there exists y € [w, y1] so that d(y1,y) < 3t and d(y, Gw) < D, then we
argue as in the proof of Corollary

By Corollary £.4.7(1), using z = a,7 = ri,z = y; and y as given, there ex-
ists an Lg-bi-Lipschitz map f : (B(a,1’), %p) — U, where 1/ = re¥¥) | so that

B(f(a),1/Ly) C U.
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Figure 4.3: Lemma Case 2b

Now,
p(F(a). (1)) < Lo~ pla,b) < plat) = 5.

so we can join f(a) and f(b) by a connected set J C B(f(a),1/Lo). Therefore we
can join a and b by f~}(J) C B(a,r’). As ' < rie®, f~1(J) has diameter at most
2r' < Ksp(a,b), for K5 = 4Lge®! /o

Case 2b: If no such y exists, we are in the situation of Figure 4.3 In this case, we
use the absence of global cut points to find a connected set between a and b.

Let yo € [w,y1) be chosen so that d(yi,y2) = t and let O € O be the horoball
containing [yo,y1], which corresponds to the coset gP. Let dp = d(w,O), and let
p1 € gP be chosen so that d(py, pap) < R. (In the figure, p1 = pap.)

Let p; be a visual metric on 0, X = 0 (G, P) based at p;. We can assume that
(00X, p) and (00X, p1) are isometric, with the isometry induced by the action of p;.
In the metric p;, we have that a, b and ap are points separated by at least 6y = do(R).

The boundary (0, X, p) = (00X, p1) is compact, locally connected and connected.
Consequently, given a point ¢ € 0, X that is not a global cut point, and g > 0, there
exists 91 = 91(p, ¢, 0xX ) > 0 so that any two points in J.X \ B(c,dp) can be joined
by an arc in 0X \ B(c, d1).

In our situation, d; may be chosen to be independent of the choice of (finitely
many) ¢ = ao satisfying d(O,p;) = 0, so 6; = 61(dp, 0o X ). Therefore, a and b can be
joined by a compact arc J in (0xX, p1) that does not enter B, (ap,d1). So geodesic
rays from p; to points in .J are at least 20x from the geodesic ray [pap, o) outside
the ball B(py,t), for t = —% log(d1) 4+ C7, where C; = C7(Cy, €,dx).
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Translating this back into a statement about (0, X, p), we see that geodesics from
w to points in J must branch from [w, p, ] after yo, that is, the set J lies in the ball
B(a, (Ks/2)d(a,b)), for K¢ = Ke(d(pap, y2)) = Ke(r1,1).

From these connected sets of controlled diameter, it is easy to extract chains of

points satisfying the conditions of the lemma, with K = max{Kj, ..., Kg}. ]

4.6 Avoidable sets in the boundary

In order to build a hyperbolic plane that avoids horoballs, we need to build an arc in
the boundary that avoids parabolic points. In Theorem we also wish to avoid
the specified hyperbolic subgroups. We have topological conditions such as the no
local cut points condition which help, but in this section we find more quantitative
control.

Given p € X, and 0 < r < R, the annulus A(p,r, R) is defined to be B(p, R) \
B(p,r). More generally, we have the following.

Definition 4.6.1. Given a set V' in a metric space Z, and constants 0 < r < R < 00,

we define the annular neighbourhood
AV,r,R) ={z€ Z:r <d(z,V) < R}.

If an arc passes through (or close to) a parabolic point in the boundary, we want
to reroute it around that point. The following definition will be used frequently in

the following two sections.

Definition 4.6.2 ([I16]). For any = and y in an embedded arc A, let A[z,y| be the
closed, possibly trivial, subarc of A that lies between them.

An arc B -follows an arc A if there exists a (not necessarily continuous) map
p: B — A, sending endpoints to endpoints, such that for all x, y € B, B[x,y] is in
the t-neighbourhood of A[p(x), p(y)]; in particular, p displaces points at most ¢.

We now define our notion of avoidable set, which is a quantitatively controlled

version of the no local cut point and not locally disconnecting conditions.

Definition 4.6.3. Suppose (X,d) is a complete, connected metric space. A set
V' C X is L-avoidable on scales below 6 for L > 1, 6 € (0, o0] if for any r € (0,d/2L),
whenever there is an arc I C X and points z,y € I N A(V,r,2r) so that I[z,y] C
N(V,2r), there exists an arc J C A(V,r/L,2rL) with endpoints z,y so that J (4rL)-
follows I[x,y].
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The goal of this section is the following proposition.

Proposition 4.6.4. Let (G, Py) and (G, P1UPs) be relatively hyperbolic groups, where
all groups in Py are proper infinite hyperbolic subgroups of G (P may be empty), and
all groups in Py are proper, finitely presented and one ended. Let X = Bow(G,P;),
and let H be the collection of all horoballs of X and left cosets of the subgroups of Ps.
(As usual we regard G as a subspace of X.)

Suppose that 0, X 1is connected and locally connected, with no global cut points.
Suppose that 0P does not locally disconnect 0,,X for each P € Py. Then there

exists L > 1 so that for every H € H, 0,xH C 05X is L-avoidable on scales below
e—ed(w,H).

This proposition is proved in the following two subsections.

4.6.1 Avoiding parabolic points

We prove Proposition in the case H is a horoball. This is the content of the

following proposition.

Proposition 4.6.5. Suppose (G, P) is relatively hyperbolic, O-(G,P) is connected
and locally connected with no global cut points, and all peripheral subgroups are one
ended and finitely presented. Then there exists L > 1 so that for any horoball O € O,
a0 = 050 € 05(G,P) is L-avoidable on scales below e~<4:0),

The reason for restricting to this scale is that this is where the geometry of the
boundary is determined by the geometry of the peripheral subgroup. Recall from
Proposition that such parabolic points are not local cut points.

The first step is the following simple lemma about finitely presented, one ended
groups. It essentially states that we can join two large elements of such a group
without going too close or too far from the identity. Near a parabolic point, this
allows us to prove Proposition by joining two suitable points without going to

far from or close to the parabolic point.

Lemma 4.6.6. Suppose P is a finitely generated, one ended group, given by a (finite)
presentation where all relators have length at most M, and let I'(P) be its Cayley
graph. Then any two points x,y € I'(P) such that 2M < r, <r,, where r, = d(e,x)
and ry, = d(e,y), can be connected by an arc in A(e,r,/3,2r,) C I'(P).
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Proof. By Lemma [£.5.5, we can find an infinite geodesic ray in I'(P) from z which
does not pass through B(e,r,/3). Let 2’ be the last point on this ray satisfying
d(e,z") = r,. Do the same for y, and let ¢’ denote the corresponding point. Note that
2’ and 7 lie on the boundary of the unique unbounded component of {z € T'(P) :
d(e, z) > r,}, which we denote by Z. We prove the lemma by finding a path from 2’
to y' contained in A(e,r, — M,r, + M).

Let 51 be an arc joining 2’ and ¢’ in Z. It suffices to consider the case when
Bi N Ble,r,) = {a',y'}. Let p be the first point of [y, €] that meets [e,2'] in ['(P).
Then the concatenation of 5, [/, p] and [p, 2’| forms a simple, closed loop S5 in I'(P).

As [, represents the identity in P, there exists a diagram D for (35: a connected,
simply connected, planar 2-complex D together with a map of D into the Cayley
complex T'?(P) sending cells to cells and 9D to S,.

Let D' C D be the union of closed faces B C D which have a point u € 9B with
d(u,e) = r,. Let D" be the connected component of 2’ in D'. Let v : St — 9D” be
the outer boundary path of D" C R2.

If either 5 or [/, p] U [p, 2] live in A(p,r, — M,r, + M), we are done. Otherwise,
as we travel around 7 from 2/, in one direction we must take a value > r,, and in the
other a value < r,, thus there is a point v € v \ {2’} with d(e,v) = r,. If v is in the
interior of D, the adjacent faces are in D', giving a contradiction. So v € S, and v
must be y’. Thus there is a path from 2’ to ¢ in D’ C A(e,r, — M,r, + M). O]

We can now prove the proposition. The idea is similar to Lemma [4.5.4] Case 1:
we find a suitable path using Lemma and push it out to 0 X.

Proof of Proposition[{.6.5 By Proposition [1.4.3] parabolic points in the boundary
are not local cut points.

We claim that there exists an L > 1 so that for any parabolic point ap, any
r < e~dwO) /2, and any z,y € A(ap,r,2r), there exists an arc J C A(ap,r/L,2rL)
joining x to .

This claim suffices to prove the proposition, because the 4rL-following property
automatically follows from diam(B(ap,2rL)) < 4rL. We now proceed to prove the
claim.

Using the notation of Lemma [£.5.6] let gP be the left coset of a peripheral group
that corresponds to O, and let ¢ € gP be the first point of [w, ap) in O. Recall that
do = d(w,0) ~ d(w,q). Let g, q, be the last points of (ap,a), (ap,b) contained in
0.
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We begin by describing the positions of ¢, ¢, and ¢, in the path metric dp on
gP C X. We write z <¢ y if the quantities z,y satisfy z/C <y < Cu.
Since

e_e(a\ao) =co p(a, CLO) =or < e—ﬁdo/QL,

we have, for some C) = C1(Cy, €),
(alao) ¢, log(r~'/¢) > do + log(2L) /e,

so for L > L(Cy,€), we have (alap) > do, and likewise (blap) > do.
Lemmas [2.3.5[ and |4.5.6(1), with A and E as before, give

210g(dp(¢a; 4)) 24 d(da, q) ~2p 2((alao) — do)
~oe, 2log(r~/ee ) > 21og(2L) /e, (4.9)
0 dp(qa, q) <c, v~ e % for Cy = Cy(A, E,Cy). Let rp be the smaller of dp(qq,, q)
and dp(qy, q), and notice that the larger value is at most Carp.

We now use Lemma to find a chain of points ¢, = qo,q1,-.-,¢ = @ in gP
joining g, to g, in gP, so that ¢; € A(q,7p/3,2rpC2) in the metric dp. Let ¢; = ¢iqp 'a,
for i =0,...,n— 1, and set ¢, = b. This gives a chain of points {¢;} in 0, X joining
a to b. (Observe that (ao,¢;) = gy ' (ao, a).)

Lemma and imply that

d(gi, q) ~ 2log(dp(gi, ) = 2log(dp(ga; q)) = d(qa, q) Z 210g(2L)/e,
with total error C3 = C3(A, E,Cy,Cy). So if L > L(Cs,€), we have d(¢;,q) > E, and
therefore (¢;lap) > do by Lemma m(?))
Now Lemma [4.5.6(1) shows that

(Ci|a0) ~E d(QH q)/2 + dO Ny d(qa7 q)/2 + dO ~E <a|a0)7

so p(ci, a0) =< pla,ap) =< r, with total error Cy = Cy(Cs, E), thatis ¢; € A(ap,r/Cy, Cyr).

We now wish to join each ¢; and ¢;1; in a suitable annulus around ap. Consider
the geodesics between w, ¢; and ¢;41, and observe that d(g¢;,q) > E > dx, and
dp(qi,gi+1) = 1. From this, and (4.9), we see that

(cileiv1) 2 d(w, ¢;) = do + d(q, qa) = 210%(7'71/6) —do,
and so, for suitable Cj,
p(Ci, Ci+1) S Coe_e(ci|ci+1) S 057"266[10 S C57’/2L

By Proposition O X is L'-linearly connected, so if L > C4C5L’ we can join
¢; to ¢ipq in B, L'Csr/2L) C B(e;,r/2Cy). Since ¢; € A(ap,r/Cy, Cyr) we have
joined ¢; to ¢;41 in A(ap,r/2Cy4,2Cyr), and the claim follows. O
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4.6.2 Avoiding hyperbolic subgroups

In this section we complete the proof of Proposition for H = gP, where P € Ps.
By assumption, 0, H C J,,X does not locally disconnect 0, X.

First, we show that boundaries of peripheral groups are porous.

Definition 4.6.7 (e.g. [88, 14.31]). A set V in a metric space (Z, p) is C'-porous on
scales below ¢ if for any z € V and 0 < r < 0, there exists 2’ € B(z,r) so that
p(z\V)>r/C.

Lemma 4.6.8. Under the assumptions of Proposition there exists Ly so that
for every H € H, O5cH C 05X is L1-porous on scales below e=«4wH).

The proof follows from the partial self-similarity of Corollary and the fact
that for any H € H, O H has empty interior in 0, X.

Proof. Observe that if H is a horoball, then 0, H is a point in a connected space,
and so is automatically porous.

If the conclusion is false, we can find a sequence of cosets H,, = g, FP,, for P, € P»,
points a, € s H, and values 7, < e~*¥®:Hn) g0 that N(OsH,, /1) D Blan,my).

Let d,, ~ log(rﬁl/e) be given as in Corollary with z = a,. If d,, > 0, let
xp, € [w,a,) be the point satisfying d(w, z,) = d,,. Every H € H is uniformly quasi-
convex, see Lemma [4.3.1)2), and r,, < e~/ ) 5o d(x,, H,) is uniformly bounded
for any such x,. Therefore there exists h, € G so that d(h,'w,z,) < D, for some
uniform constant D.

Thus Corollary implies that there exists Ly = Lo(D) and Lg-bi-Lipschitz
maps f, : (B(an,m), ip) — 0, X induced by the action of h,, so that we have
B(falan); 1/Lo) C fu(B(an, 1))

As h,H, = H] for some H/ € H, and d(H],w) is uniformly bounded, we may
take a subsequence so that H) = H' € H for all n, and moreover that f,(a,) € OxH’

converges to a € 0, H'. Therefore, for all sufficiently large n,

B(a’ 1/2L0) C B(fn(an), 1/LO) C fn(B(amrn))
= fu(B(an, ) N N(OsHp,1/n)) C N(OxH', Lo/n),

so a is in the interior of O, H' C 05X, since O H' is closed in 9,,X. This is a
contradiction because Js,H’ is not all of 0, X (proper peripheral subgroups of a
relatively hyperbolic group are of infinite index), so if a is a point of 0, H’, one can
use the action of H' to find points in 05X \ 05 H' that are arbitrarily close to a. [
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We continue with the proof of Proposition 4.6.4, The basic idea is to use partial
self-similarity and a compactness argument to upgrade the topological condition of
not locally disconnecting to the quantitative L-avoidable condition.

We begin with the following lemma.

Lemma 4.6.9. Given Ly > 1, there exists Ly = Lo(X, L) independent of H = gP,
P € Py, so that for any r < e~ /Ly and any two points u,v € A(OsH, /Ly, 2r)

so that p(u,v) < 4r, there exists an arc
K C A(@OOH, T/LQ, 2L27”>
joining u to v with diam(K) < 2Lor.

Proof. As in Lemma [4.6.8] we assume the conclusion is false, and will use self-
similarity to derive a contradiction.

If the conclusion is false, there is a sequence of H, = g, P, with P, € Py, r, <
e~cdw.Hn) /n and points a,, € OsH,, and uy, v, € B(ay,,6r,) N A(OsHy, 70/ Ly, 27,) S0
that there is no arc of diameter at most 2nr,, joining u, to v, in A(Ox H,, rn/n, 2n1,).

As before, the geodesic [w, p,,) essentially travels from w straight to H,, then along
H, to p, € 0,.H,. More precisely, there are constants C'; and D depending on the
uniform quasi-convexity constant of H,, and dy so that for any r < e~(w.Hn) /C1, the
point x, defined by Corollary (1) applied to z = a,, lies within distance D of
Gw. Let Ly = Lo(D) be the corresponding constant from Corollary

Let L' be the linear connectivity constant of 9., X, and set r/, = 10L3L'r,,. For
n large enough, 7/ < e~dw.Hn) /O and so we find h, € G that induces a Lo-bi-
Lipschitz map f, : (B(ay,1,), 7-p) = 05X, with B(fyu(as),1/Lo) C fo(B(an,1},)).
Note that h, maps H, to som:le H! € H, with f,(a,) € 0-H). As d(w,H)) is
uniformly bounded, we can take a subsequence so that H) = H' € H.

The images f,,(uy), fn(v,) liein B(f,(a,), T)\ N(OxH',t), where T' = 61, Lo /7!, <
1/LoL" and t = r,/r] L1 Ly are independent of n. Let

W = {(u,v,a) : a € 05 H',{u,v} C B(a,T)\ N(OsH',1)} C (0X)?,

and define f : W — (0,7) to be supremal so that for (u,v,a) € W there exists an
arc joining u to v in B(a,1/Lg) \ N(0-H', f(u,v,a)). We know that f is positive
because for any (u,v,a) € W, B(a,T) lies in a connected open set U C B(a,1/Ly),
and as JxH' does not locally disconnect, U \ O, H' is connected and we can join u

to v in this set.
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Observe that f is continuous, and W is compact, so f(u,v,a) > 2Cy > 0 for some
Cy and all (u,v,a) € W.

Now (fn(un), fn(vn), fu(an)) € W, so there exists an arc K joining f,(u,) to fn(vn)
with K’ C B(fu(an),1/Lo) \ N(OxH',Cy). The preimage K = f,'(K') joins u,, to
v, so that

K C B(ay, 1) N A(0xH,r,,Cy/ Ly, 1),

which is a contradiction for large enough n. O]

We now finish the proof of Proposition [£.6.4] fixing constants L; > 2 from
Lemma and Ly = Lo(X, L) from Lemma m

Let H = gP, P € P, be fixed. Suppose we are given r < e~ /[, points
x,y € A(OxxH,7,2r), and an arc I C N(H,2r) with endpoints x and y.

We build our desired arc J from z to y in stages. First, let x = 2{,21,...,2,, =y
be a (finite) chain of points that O-follows I[z,y], so that p(z;,zi11) < r. (The
definition of (-follows is extended from arcs to chains in the obvious way.) For each
i, if p(zl,00H) < r/Ly, use Lemma to find a point z; at most r/L; + r away
from z{, and outside N (0, H,7/Ly). Otherwise let z; = z..

This new chain satisfies {z;} C A(O.H,r/L1,2r), and for every i, p(z;, zi11) <
r+2(r/Ly + 1) < 4r. It 2r-follows {z/}, and thus {z;} also 2r-follows I.

By Lemma for each i there exist an arc J; joining z; and z;,1 which lies in
A(OxoH,1/Ly,2Lyr) and has diam(.J;) < 2Lyr. From this, we extract an arc J by
cutting out loops: travel along Jy until you meet J; for some j > 1, and at that point
cut out the rest of Jy and all J; for 1 < k < j. Concatenate the remainders of .Jy and
J; together, and continue along J;.

The resulting arc J will 2Lyr-follow the chain {z;}, and so it will 4Lyr-follow I as
desired. O

4.7 Quasi-arcs that avoid obstacles

In this section we build quasi-arcs in a metric space that avoid specified obstacles.

Definition 4.7.1. Let (Z, p) be a compact metric space. Let V be a collection of
compact subsets of Z provided with some map D : V — (0, 00), which we call a scale
function.

The (modified) relative distance function A : VxV — [0, 00) is defined for V3, V; €

V as
p(Vi, Va)

min{D(V1), D(V2)}

AW, Ve) =
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We say V is L-separated if for all Vi, Vs € V, if Vi # V3 then A(Vi,V5) > 1.

As we saw in Section [4.6] we often only have control on topology on a sufficiently
small scale. The purpose of the scale function is to determine the size of the neigh-
bourhood of each V' € V on which we have this control. An example of a scale
function is D(V') = diam(V'), if every V' € V has [V| > 1. In this case, A is precisely
the usual relative distance function, e.g. [88, page 59].

The goal of this section is the following result.

Theorem 4.7.2. Let (Z, p) be a compact, N-doubling and L-linearly connected metric
space. Suppose V is a collection of compact subsets of Z with scale function D :V —
(0, 00).

Suppose V 1is L-separated, and each V €V is both L-porous and L-avoidable on
scales below D(V'). Then for a constant X = AN, L) there exists a \-quasi-arc y in
Z which satisfies diam(y) > § diam(Z), and p(v,V) > £ D(V) for each V € V.

A simple application of this theorem is the following.

Example 4.7.3. Let Z be the usual square Sierpinski carpet in the plane, with
Euclidean metric dg,., and let V be the set of peripheral squares, i.e., boundaries of
0,1]%, [1/3,2/3]?, and so on. Define D(V') = diam(V) for each V € V.

The assumptions of Theorem are satisfied for suitable N and L, so there
exists some A and a A-quasi-arc 7 in Z which satisfies dpu(v,V) > +diam(V) for
each V e V.

It is not immediately obvious that there exists a point satisfying this last separa-
tion condition, let alone a quasi-arc, although in this example it is possible to build
such an arc by hand. The way that Theorem builds a quasi-arc is by an induc-
tive process: starting with any arc in Z, push the arc away from the largest obstacles
in V, then push it away from the next largest, and so on. While this is going on, one
also “cuts out loops” in order to ensure the limit arc is a quasi-arc. There is some
delicacy involved in making sure the constants work out correctly.

Our proof adapts the methods of [I16], and we now recall some terminology and
results from that paper.

We say that an arc A in a doubling and complete metric space is an t-local \-
quasi-arc if diam(Alz,y]) < Ad(zx,y) for all z, y € A such that d(z,y) < . (See
Definition for the notion of (-following.)
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Proposition 4.7.4 ([I16, Proposition 2.1]). Given a complete metric space (Z,p)
that is L-linearly connected and N-doubling, there exist constants s = s(L, N) > 0
and S = S(L, N) > 0 with the following property: for each v > 0 and each arc A C X,

there exists an arc J that t-follows A, has the same endpoints as A, and satisfies
Ve,y € J, pz,y) < st = diam(J[z,y]) < St. (4.10)

Lemma 4.7.5 ([116, Lemma 2.2]). Suppose (Z,p) is an L-linearly connected, N -
doubling, complete metric space, and let s, S, € and § be fixed positive constants sat-
isfying & < min{ﬁ, 1—10} Now, if we have a sequence of arcs Jy, Jo, ..., Jp, ... in Z,

such that for everyn > 1
o J,.1 e6"-follows J,, and

o J..1 satisfies (4.10) with ¢ = €d™ and s, S as fized above,

45+34
52

over, the endpoints of J, converge to the endpoints of J, and J e-follows J;.

then the Hausdorff limit J = limy J,, exists, and is an €5*-local -quasi-arc. More-

We now use these results to build our desired quasi-arc.

Proof of Theorem[{.7.9. Letr =r(L,N) > 0 be fixed sufficiently small as determined
later in the proof. Let Dy = sup{D(V) : V € V}; if V = ), set Dy = diam(Z).
Observe that as every V' € V is L-porous, we have Dy < Ldiam(Z). (We assume
L >10.)

We filter V according to size. For n € N, let V, = {V € V :r" < D(V)/Dy <
r"1} and C,, = {N(V, Dor"/AL) : V € V,,}. As V is L-separated, each C, consists of
disjoint neighbourhoods. (Note that two neighbourhoods from different C,, may well
intersect.)

We start with any arc Jy = Jy[zo, 23] in Z joining points distance diam(Z) apart,
and build arcs J, in Z by induction on n.

Inductive step: Assume we have been given an arc J, 1 = J,_1[x,_1,2),_,]. We
will modify J,_; independently inside the (disjoint) sets in C,. Let r/, = Dor"/16L?,
and observe that for any V € V,,

A(V,r! /L, 2r! JL) C AV, JL* 3r) L) C N(V,Dor"/4L) € C,,.

First, we modify the arc J,,_; to ensure that its endpoints lie outside N(V,2r! /L),
for any V' € V,. If for some (unique) V' € V,, we have p(x,_1,V) < 2r! /L, by porosity
there exists x,, € A(V,2r] /L,2r!) with p(z,,z,_1) < 2r!, 4+ 27! /L < 3r!. By linear
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connectedness there exists an arc afz,,z,_1] of diameter at most 3r/ L, and let w,

be the first point of a meeting J, 1. If no such V exists, set z, = w, = x,_1 and

/

', and o/. From these paths we obtain a new arc

a = {x,}. Likewise, define 2/, w
J = alr,, w,] U Jy_1[w,, w] U o/[w),, z] (reversing the order on «’), which 3r] L-
follows J,,_;.

Second, given V' € V,, each time J! meets N (V,r/,/L?), the arc J/ travels through
A = A(V,r!/L,2r! /L) both before and after meeting N(V,r! /L?). For each such
meeting, we use that V' is L-avoidable with “r” equal to 7/, /L to find a detour path in
A(V,r! /L?,2r]) which 47/ -follows the previous path. After doing so, we concatenate
the paths found into an arc J, as at the end of the proof of Proposition . Note
that J; will 4r; -follow J) .

Third, apply Proposition to J” with ¢ = r/ /2L%. Call the resulting arc J,,:
it (-follows J!, so it (Dor™/4L)-follows J,,_1, as ¢ + 41!, + 3r/ L. < Dyr™/4L. Since
Jn (! /2L*)-follows J”, which satisfies p(J”, V) > 1! /L? we also have p(J,,V) >
r! J2L* = Dor™/32L*.

Conclusion: We now find the limit of the arcs J,. For every n, J, (Dor™/4L)-
follows J,,_1. Let s’ = s/8L3, where s is given by Proposition , then observe that
J,, satisfies with ¢ = Dor™ /4L, and where s is replaced by s'.

We can assume that » < min {445_/25’ 1—10}, where S is given by Proposition m,
since s’ and S depend only on L and N.

Now apply Lemma to the arcs J, with s’ replacing s, § = r and e = Dy/4L,

to find a quasi-arc v. Provided r < %, the endpoints of v are at most

o0

Z Dor” . DoT’ < D()T < dlam(Z)
AL 4L(1—7r) — 2L — 4

from those of Jy, so diam(y) > 3 diam(Z).

Finally, for each n, v lies in a neighbourhood of J,, of size at most

D0Tn+1 + DOT”+2 4 . D0Tn+1 D07"n
4L 4L C4L(1—7) T 64L4

where this last inequality holds for r < 1/32L3. We conclude by observing that for
any V €V, CV, we have

Dyr™ S Dgr™ T
6414 — 6414 — 6414

p(1: V) > p(Jn, V) — D(V). O
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4.8 Building hyperbolic planes

In this section we prove Theorems [4.1.2] and 4.1.3]

Proof of Theorem[{.1.3. Let V = {0-H : H € H}, where H is the collection of all
horoballs of X = Bow(G,P;) and left cosets of the subgroups of P,. Define the scale
function D : V — (0,00) by D(0sH) = e~“4wH) for ecach H € H.

The boundary 0..(G,P;) is N-doubling, for some N, by Proposition m

Theorem implies that 0. (G, P;) is connected and locally connected, with
no global cut points. By Proposition Oso(G,P1) is Lo-linearly connected for
some Ly > 1. Proposition implies that there exists L3 > 1 so that for every
H € H, 0, H is Ls-avoidable on scales below e=**®H) and (by Lemma Osc H
is L-porous on scales below e~<®:H)  Lemma shows that V is L4-separated,
for some L.

We set L to be the maximum of Ly, Ly, L3 and Ly. We apply Theorem to
build a A-quasi-arc v in 0, (G, Py), which satisfies, for all H € H,

1
p(7, 0 H) > Xe_Ed(w’H). (4.11)

In the Poincaré disc model for H?, denote the standard half-space by Q = {(z,y) :
z? +y? < 1,2 > 0}, and fix a basepoint (0,0). We endow the semi-circle 9,,Q with
the chordal metric pg, which makes 0. bi-Lipschitz to the interval [0, 1]. Therefore
by [159, Theorem 4.9] there is a quasisymmetric map f : 0@ — 7 C 0x(G,P). In
fact, as 0@ is connected, f is a “power quasisymmetry” by [159, Corollary 3.12];
see [28, Section 6] for this definition.

It is straightforward to check that, for some C' > 0, pq is a visual metric on 0,
with basepoint (0, 0), and parameters C' and ¢ = 1. Both ) and Bow(G, P;) are visual
(see Section . Thus there is an extension of f to a quasi-isometric embedding of
Q in Bow(G,Py), with boundary + [28, Theorems 7.4, 8.2].

Finally, as we have , Proposition m gives us a transversal, quasi-isometric
embedding of H? in Bow(G, P). O

It only remains to prove Theorem [4.1.2

Proof of Theorem[{.1.9. The only if direction of the proof is elementary, for if G
admits a graph of groups decomposition with finite edge groups and virtually nilpotent
vertex groups, then any quasi-isometrically embedded copy of H? must map, up to

finite distance, into (a left coset of) a vertex group, which is impossible.
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We now reduce the if direction of Theorem to a special case of Theorem
[4.1.3] We can assume that P does not contain virtually cyclic subgroups as those can
be removed from the list of peripheral subgroups preserving relative hyperbolicity. As
the peripheral subgroups are finitely presented, G is finitely presented as well (see for
example [I41]), therefore it admits a graph of groups decomposition where all edge
groups are finite and all vertex groups have at most one end [74, Theorem 5.1]. As
all edge groups are finite, the vertex groups are undistorted and therefore they are
themselves relatively hyperbolic with the obvious peripheral structure [68, Theorem
1.8]. By the assumptions of the theorem, one of the vertex groups, say G’, is properly
relatively hyperbolic, that is the peripheral subgroups are proper (virtually nilpotent)
subgroups.

Bowditch shows [34, Theorem 1.4] that G’ admits a maximal peripheral splitting,
and so we can find a vertex group G” of this splitting so that G” does not admit
a splitting over parabolic subgroups. Such a vertex group is one ended, hyperbolic
relative to one-ended virtually nilpotent subgroups P” (we can remove all two-ended
ones, if any). Therefore, all hypotheses of Theorem are fulfilled for G3 with
Py = P” and P, = (). Unfortunately G” may be distorted in G’, but the statement
of Theorem gives the existence of a transversal quasi-isometric embedding of
H?. As the coned-off graph of a vertex group isometrically embeds (given a suitable
choice of generators) in the coned-off graph of the whole group, an easy argument
based on Proposition m shows that a transversal quasi-isometric embedding of H?

in a vertex group gives a quasi-isometric embedding in the whole group. O]

4.9 Application to 3-manifolds

In this final section, we consider which 3-manifold groups contain a quasi-isometrically
embedded copy of H2. Recall that an irreducible 3-manifold is a graph manifold if its
JSJ decomposition contains Seifert fibred components only. A non-geometric graph

manifold is one with non-trivial JSJ decomposition.

Lemma 4.9.1. Let M be a non-geometric closed graph manifold. Then m (M) con-

tains a quasi-isometrically embedded copy of H2.

Proof. All fundamental groups of closed non-geometric graph manifolds are quasi-
isometric [11, Theorem 2.1], so we can choose M. Consider a splitting of the closed
genus 2 surface S into an annulus A and a twice-punctured torus S’, as in Figure

below.
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”:
Figure 4.4: The surfaces S,5’, A and the path ~.

The manifold S’ x S* has two boundary components homeomorphic to S' x S?.
Let M be obtained from two copies M, M, of S’ x S* by gluing the corresponding
boundary components together in a way that interchanges the two S! factors.

We now wish to find an embedding ¢ of S into M so that M retracts onto the
image of ¢. If we have such an embedding, then first of all 7;(.S) injects in m (M), so
that we get a map f : H2 — M. Also, m1(5) is undistorted in 71 (M) and therefore f
is a quasi-isometric embedding.

The specific embedding ¢ : S — M which we describe is obtained from two
embeddings ¢ : A — My and 15 : " — M.

Let v : [0,1] — S’ be the path connecting the boundary components of S depicted
in Figure [£.4] As A can be identified with [0,1] x S* we can define ¢; : A — M; by
(t,0) — (7(t),0). We can assume, up to changing the gluings, that there exists p
such that ¢1(A) N My C 5" x {p}. We can then define 5 by x — (z,p).

We now have an embedding ¢ : S — M so that ¢|4 = t1,t|s = t2. We now only
need to show that ¢(S) is a retract of M. Define go : My — S” x {p} simply as
(x,0) — (z,p). It is easy to see that there exists a retraction ¢’ : S” — 7 such that
each boundary component of S’ is mapped to an endpoint of 7. Let g, : M; — v x S*
be (x,0) — (¢'(z),0). There clearly exists a retraction g : M — ¢(S) which coincides
with g; on M;. O

Theorem 4.9.2. Let M be a connected orientable closed 3-manifold. Then m (M)
contains a quasi-isometrically embedded copy of H? if and only if M does not split as

the connected sum of manifolds each with geometry S3 R3, 5% x R or Nil.

Proof. We will use the geometrisation theorem [144) [145] 108 [130], 52]. It is easily
seen that m (M) contains a quasi-isometrically embedded copy of H? if and only if the
fundamental group of one of its prime summands does. So, we can assume that M
is prime. Suppose first that M is geometric. We list below the possible geometries,
each followed by yes/no according to whether or not it contains a quasi-isometrically

embedded copy of H? in that case and the reason for the answer.
e 52 no, it is compact.
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R3, no, it has polynomial growth.
e I3, yes, obvious.
e 5?2 x R, no, it has linear growth.

H? x R, yes, obvious.

SLyR, yes, it is quasi-isometric to H? x R (see, for example, [147]).

e Nil, no, it has polynomial growth.
e Sol, yes, it contains isometrically embedded copies of H?2.

If M is not geometric, then it has a non-trivial JSJ splitting, i.e. there is a
canonical family of tori and Klein bottles that decomposes M into components each
of which is either Seifert fibred or hyperbolic (meaning that it admits a finite volume

hyperbolic metric). We will consider two cases.

e There are no hyperbolic components. By definition, M is a graph manifold. In
this case we can apply Lemma to find the quasi-isometrically embedded
H2.

e There is at least one hyperbolic component, N. As 7(/N) is one-ended and
hyperbolic relative to copies of Z?, by Theorem m (or by [124] 125], upon ap-
plying Dehn filling to the manifold) it contains a quasi-isometrically embedded
copy of H2. This is also quasi-isometrically embedded in (M) since 71(N) is
undistorted in 71 (M), because there exists a metric on M such that N is convex
in M (sce [112]). O
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Chapter 5

Embeddings in products of trees

5.1 Introduction

If a group admits a quasi-isometric embedding into the product of finitely many trees
then one can say a lot about the large scale geometry of the group. For example, this
bounds the (linearly controlled) asymptotic dimension of the group. It has implica-
tions for the Hilbert compression of the group, and also the topological dimension of
any asymptotic cone. Such embeddings have recently been constructed for hyperbolic
groups [46], 42].

In this chapter we show that if every peripheral group of a relatively hyperbolic
group embeds into the product of finitely many trees, then the entire group does.
Moreover, we give explicit bounds for the number of trees required.

We begin by recalling what is known for hyperbolic groups. In this case, the situa-
tion has been completely understood by work of Buyalo and Lebedeva [49, Theorems
1.5, 1.6]. (For further refinements, see [42].)

Theorem 5.1.1. Let G be a Gromov hyperbolic group. Then G admits a quasi-
wsometric embedding into the product of n+1 metric trees, where n = dim 0,,G s the
topological dimension of the boundary. Moreover, G does not embed into any product

of n metric trees.
Our main result is the following.

H,.

Theorem 5.1.2. Suppose the group G is hyperbolic relative to subgroups Hq, ...,
If each H; quasi-isometrically embeds into a product of m metric trees, then asdim(G) <

oo and G quasi-isometrically embeds into a product of M metric trees, where

M = max{asdim(G),m+ 1} + m+ 1 < oc.
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Conversely, if G quasi-isometrically embeds into a product of N metric trees, then

each peripheral group does also.

The assertion asdim(G) < oo follows from [136].

Both these theorems use results that study the relationship between the asymp-
totic dimension of a hyperbolic space and the linearly controlled metric dimension
of its boundary. We now proceed to define these and related concepts. (See [44] for
more discussion.)

Suppose U is a family of subsets of a metric space X. We say U is D-bounded
if the diameter of every U € U is at most D. The r-multiplicity of U is the infimal
integer n so that every subset of X with diameter less than or equal to r meets at
most n subsets of U.

The asymptotic dimension of X, denoted by asdim(X), is the smallest n € NU{oo}
so that for all > 0, there exists D(r) < oo and a D(r)-bounded cover U of X with
r-multiplicity at most n + 1 [84, 1.E]. The linearly controlled asymptotic dimension
of X, denoted by f-asdim(X), is the smallest n so that there exists L < oo with the
property that for all sufficiently large r < oo, there exists an Lr-bounded cover U of
X with r-multiplicity at most n + 1 [I10} [38]. (This is sometimes called “asymptotic
Assouad-Nagata dimension” in the literature.)

The following definition simplifies our discussion of how metric spaces embed in

trees. (For the related notion of “t-rank”, see [44], page 176].)

Definition 5.1.3. Given a metric space X, let eco-dim(X) be the smallest n €
N so that X quasi-isometrically embeds in the product of n metric trees, and set

eco-dim(X) = oo if no such embedding exists.

The inequalities asdim(X) < f-asdim(X) < eco-dim(X) hold for any metric space
X. These three quantities are equal for hyperbolic groups, as shown in [49]. Both
equalities can fail in general: there are groups GG with finite asymptotic dimension
but infinite linearly controlled asymptotic dimension [I31]. The discrete Heisenberg
group H has asdim(H) = f-asdim(H) = 3, but eco-dim(H) = oo (see the discussion
in Section [5.4)).

As an aside, Lang and Schlichenmaier show that if f-asdim(X,d) < oo, then
for sufficiently small ¢ > 0, the snowflaked space (X,d¢) has eco-dim(X,d?) <
l-asdim(X, d) + 1 [I10, Theorem 1.3].

For hyperbolic groups, these asymptotic invariants are related to the local prop-
erties of the boundary. The linearly controlled metric dimension of X, denoted by

(-dim(X), is the smallest n so that there exists L < oo with the property that for all
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sufficiently small > 0, there exists an Lr-bounded cover U of X with r-multiplicity
at most n + 1 [46l Prop. 3.2]. (This is also referred to as “capacity dimension”.)

Buyalo shows the following embedding theorem.

Theorem 5.1.4 ([47, Theorem 1.1]). Suppose X is a visual, Gromov hyperbolic met-
ric space, and (-dim(0xX) < 0o. Then eco-dim(X) < (-dim(0,,X) + 1.

The following proposition gives a simple bound for the linearly controlled metric

dimension of the boundary of X.

Proposition Suppose X is a Gromov hyperbolic geodesic metric space. Then
(-dim(0,X) < asdim(X).

This proposition does not seem to be recorded in the literature, possibly because
in the case when the space admits a cocompact isometric action the stronger equal-
ity asdim(X) = (-dim(0,X) + 1 holds [49]. Even without such an action, Buyalo
shows the inequality asdim(X) < (-dim(0,,X) + 1 [46]. We remark that, in the case
of hyperbolic groups, the analogous inequality for the topological dimension of the
boundary rather than the linearly controlled dimension was previously known [156].

In the case of a relatively hyperbolic group (G,{H;}), we apply this for X =
Bow(G), the Bowditch space. We bound the asymptotic dimension of Bow(G) in
terms of the asymptotic dimension of G and the linearly controlled asymptotic di-

mension of the peripheral groups.

Proposition Let G be hyperbolic relative to Hy,...,H,, and denote m =
n C-asdim(H;). Then

max;—1

max{asdim(G), m} < asdim(Bow(G)) < max{asdim(G),m + 1}.

Osin had earlier shown that asdim(G) is finite if asdim(H;) < oo for each i [136,
Theorem 1.2].

The product of n (unbounded) metric trees has linearly controlled asymptotic
dimension n (see, e.g., [I10]). Therefore, Theorem and Propositions and

5.2.4] combine to show the following.

Corollary 5.1.5. Suppose the group G is hyperbolic relative to Hy, ..., H,. Let m =
max{eco-dim(H;)}. Then eco-dim(Bow(G)) < max{asdim(G),m + 1} + 1.

In order to prove Theorem [5.1.2] we use work of Bestvina, Bromberg and Fujiwara
to combine the embeddings of the peripheral groups and of Bow(G) into a single
embedding of GG into a product of trees.
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Theorem Let G be hyperbolic relative to Hy, ..., H,, and suppose that each
H; admits a quasi-isometric embedding into the product of m trees. Then G admits
a quasi-isometric embedding into the product of m trees and either Bow(G) or the
coned-off graph G.

This theorem completes the proof of Theorem [5.1.2] Note that the converse state-
ment is automatic, as peripheral groups of a relatively hyperbolic group are undis-
torted in the ambient group [68, Lemma 4.15].

Rather than using the Bowditch space Bow(G), to improve the bounds in Theo-
rem one might hope to use instead the (hyperbolic) coned-off graph G. However,
the non-locally finite nature of G leads to a non-compact boundary, and much of the
machinery used above no longer applies.

The embeddings we consider are not and cannot required to be equivariant, be-
cause there exist hyperbolic groups with property (T) (for example, any cocompact
lattice in Sp(n, 1)), which in particular cannot act interestingly on trees. We remark
that the inverse problem of equivariantly embedding trees into hyperbolic spaces is
treated in [41].

Theorem has the following immediate corollary.

Corollary 5.1.6. If the peripheral groups of a relatively hyperbolic group G each
quasi-isometrically embed into the product of finitely many trees, then (-asdim(G) <

0.

If the group G satisfies f-asdim(G) < oo then it has Hilbert compression 1 [79,
Theorem 1.1.1]. For more general estimates on the Hilbert compression of a relatively
hyperbolic group, see [94].

In Section [5.4] we apply our results to 3-manifold groups, and show, amongst other

results, the following.

Theorem Let G = m (M), where M is a compact, orientable 3-manifold
whose (possibly empty) boundary is a union of tori. Then eco-dim(G) < oo if and
only if no manifold in the prime decomposition of M has Nil geometry; in this case,
eco-dim(G) < 8.

In any case, (-asdim(G) < 8.

Finally, in Appendix we prove a bound on the asymptotic dimension of HNN

extensions, following work of Dranishnikov.
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5.1.1 Recent developments

Hume [95] has recently shown that the construction of Bestvina, Bromberg and Fu-
jiwara that we use in Section gives rise to spaces that are quasi-isometric to a
tree-graded space. Tree-graded spaces are defined in [68]; roughly speaking, they are
tree-like arrangements of certain specified subspaces called pieces (for example, con-
sider a Cayley graph of a free product). It is known [40] that if X is tree-graded and
P is its collection of pieces then

l-asdim(X) < ma%({l, (-asdim(P)}

Pe

when, say, there are finitely many (L,C)-quasi-isometry types of pieces, for some
given L, C.

As noticed in [95], the arguments in Section (just considering 7y instead of
fiy omy in Subsection , combined with [95], give the following.

Theorem 5.1.7 (cf. Theorem [5.3.1). Let G be hyperbolic relative to Hy,..., H,.
Then G quasi-isometrically embeds in the product of a space T and either the coned-
off graph G or the Bowditch space Bow(G), where T is tree-graded and each piece is

uniformly quasi-isometric to some H;.

In particular, once again as noticed in [95], using the aforementioned result from

[40] one can get the following.

Corollary 5.1.8. A relatively hyperbolic group has finite {-asdim if and only if its

peripheral subgroups do.

5.2 Large scale and boundary dimension estimates

In this section we bound the asymptotic dimension of the Bowditch space of a rela-
tively hyperbolic group. We also bound the linearly controlled metric dimension of
the boundary of a Gromov hyperbolic space by its asymptotic dimension.

Observe that at the cost of a slight relaxation in the value of r, a collection of
subsets U has r-multiplicity at most m if and only if we can write U = |J;, U;, where
each U; is r-disjoint: it is a collection of subsets pairwise separated by a distance
of at least r. This follows from an application of Zorn’s lemma. We will use this

alternative characterization throughout this section.
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5.2.1 Asymptotic dimension of Bowditch spaces

First we bound the asymptotic dimension of a horoball.
Proposition 5.2.1. asdim(#(I')) < f-asdim(I") + 1.

Proof. We will use the Hurewicz theorem for asymptotic dimension.

Theorem 5.2.2 ([I7, Theorem 1]). Let f : X — Y be a Lipschitz map between
geodesic metric spaces, and suppose that for each R the family {f~*(Br(vy))}yey has

uniform asymptotic dimension < m. Then asdim(X) < asdimY + m.

Choose some vertex = € I', and let v be the geodesic ray in H(I') obtained by
concatenating the edges between (z,7) and (z,i+1) for alli € N. Let f : H(I') — v be
the natural 1-Lipschitz map given by f(z,i) = (z,7). Fix some R > 0. The preimages
under f of all balls of radius R in 7 are quasi-isometric (with constants depending on
R only) to (T, d,,) for some n, where d,(z,y) = 2In(dr(z,y)e " +1), see Lemma [2.3.1]
So, we only need to show that the uniform asymptotic dimension of {(I',d,,)} is at
most m. Fix any R large enough. There exists C' = C(I") so that the following holds.
Let m = f-asdim(T"). For each n there exists a covering U(n) = Uy (n)U- - Ul,i1(n)
of (I',dr) such that each U;(n) is e"*f-disjoint and Ce™ f-bounded. So, U;(n) is
(2R — M)-disjoint and (2R + M )-bounded with respect to d,, where M depends on
I" only. O]

Proposition has a weak converse.
Proposition 5.2.3. (-asdim(I") < asdim(H(I")).

Proof. Set m = asdim(H(I")). There exists a coveringd = UyU- - U, 1 of H(T) such
that each U; is r-disjoint and R-bounded, for some r, R large enough. Up to increasing
R and decreasing r we have that for each n there exists a covering U (n)U- - -Ulhy,41(n)
of (I',d,) with the same properties, where d,(z,y) = 2In(dr(x,y)e " + 1) as in the
previous proof. So, each U;(n) is e"(e’/? — 1)-disjoint and ¢"(ef/? — 1)-bounded in
(I',dr). We are done as

em(ef?2 — 1)

en(er/?2 — 1)

is bounded independently of n. O

Now we can bound the asymptotic dimension of the Bowditch space.
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Proposition 5.2.4. Let G be hyperbolic relative to Hy, ..., H,. Also, denote m =
n C-asdim(H;). Then

max{asdim(G), m} < asdim(Bow(G)) < max{asdim(G), m + 1}.

Proof. The lower bound by m follows from Proposition The lower bound by
asdim(G) follows as Bow(G) contains G with a proper metric.

For the upper bound, we will use the union theorem for asymptotic dimension.

Theorem 5.2.5 ([I5, Theorem 1]). Let Y be a geodesic metric space and suppose
that Y = |J,cn Ai- Also, suppose that {A;} has uniform asymptotic dimension < n
and for each R there exists Yr CY so that asdim Yr < n and {A;\Yr} is R-disjoint.
Then asdimY < n.

We apply the theorem with {A;} the family of horoballs of Bow(G) and for each
R, take Yy to be a suitable neighbourhood of an orbit of G. By Proposition [5.2.]
asdim(A4;) < m + 1, and the constants are uniform as there are only finitely many
different isometry types. Finally, asdim(Yg) = asdim(G) because the action of G on
Bow(G) is proper. O

5.2.2 Linearly controlled metric dimension estimate

Proposition 5.2.6. Suppose X is a Gromov hyperbolic geodesic metric space. Then
(-dim (0 X) < asdim(X).

Proof. We fix the notation of Subsection regarding visual metrics, and write d for
the metric on X.

Each € 0, X is the limit of geodesic 7. Given R > 0, define the projection
TR ¢ 0X — X by mg(z) = v(R). This is well defined up to an error of C; =
C1(6). By considering a geodesic triangle between a, b and 0, observe that there exists
Cy = Cy(Cy, C1, 6) so that if d(wg(a), 7r(D)) > s > 2C}, then p(a,b) > ée*G(R*S/Z).
Similarly, if d(7g(a), 7r(b)) <t then p(a,b) < Che(FE-t/2),

If asdim(X) < n, then, given s = 3C}, there exists t < oo and a cover U = (Jj U;
so that each U € U has diameter at most ¢, and U; is s-disjoint.

Suppose some small » > 0 is given. Let R = —%ln r. For U € U; C U, let
U C 9,X be the set of points z so that there exists a geodesic v from 0 to z with
Y(R) € U. Let U = Uy, U, and U = U}, U;.

By the above estimates, U; is (e*/2r/C,)-disjoint, and U is Cyre®/>.-bounded. Since
the ratio of these distances is bounded by C2e*=*)/2_ we have (-dim(0,X) < n. O
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5.3 Embedding in a product of quasi-trees and the
Bowditch space

The aim of this section is to find an embedding of a given relatively hyperbolic group

into a product of trees “stabilized” by the Bowditch space or the coned-off graph.

Theorem 5.3.1. Let G be hyperbolic relative to Hy, ..., H,. Suppose there exists k
so that each H; admits quasi-isometric embedding into the product of k trees. Then
G admits a quasi-isometric embedding into the product of k trees and either Bow(G)

or the coned-off graph G.

We prove this theorem in subsection [5.3.2]

5.3.1 Quasi-trees of spaces

To prove Theorem [5.3.1] we use a result by Bestvina, Bromberg and Fujiwara described
below.

Let Y be a set and for each Y € Y let C(Y') be a geodesic metric space. For each
Y let 7y : Y\{Y} — P(C(Y)) be a function (where P(C(Y)) is the collection of all
subsets of C(Y")). Define

dy (X, Z) = diam{ry (X) Uny(2)}.

Using the enumeration in [I8, Sections 3.1, 2.1], consider the following Axioms. There

exists £ < oo so that:
(0) diam(my (X)) < & for all distinct X,Y €Y,
(3) for all distinct X,Y,Z € Y we have min{d{ (X, Z),d%(X,Y)} <¢,
(4) {Y : d}(X,Z) > £} is a finite set for each X, Z € Y.

Using the functions df, the authors of [18] define a complex Px ({(C(Y), 7y ) }yey)
with vertex set Y, which they denote as Pk (Y), and turns out to be a quasi-tree [I8],
Section 2.3].

Let C({(C(Y),7y)}yey) be the path metric space consisting of the union of all
C(Y)’s and edges of length 1 connecting all points in mx(Z) to all points in 7z(X)
whenever X, Z are connected by an edge in the complex Py ({(C(Y), 7y ) }yey). More
details of this construction are found in [I8], Section 3.1].

The only result from [I§] that we need is the following.
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Theorem 5.3.2 ([I8, Theorem 3.10]). If {(C(Y), 7y )}vey satisfies Azioms (0), (3)
and (4) and each C(Y) is a tree then C({(C(Y),my)}yey) is a quasi-tree (i.e. it is

quasi-isometric to a tree).

To apply this theorem in the context of Theorem [5.3.1, we fix a Cayley graph
['(G, S) with word metric d of the relatively hyperbolic group G as in Definition .
Now let Y be the collection of all left cosets of peripheral subgroups in GG. For each
such left coset Y = gH; we denote by C(Y') the subgraph gI'(H;, S N H;) in I'(G, S),
which contains Y and is a copy of the Cayley graph of H;. Let my be a closest point
projection on C(Y') for each Y € Y. Namely, for each € X, let my (z) be the subset
of C(Y') minimizing the function d(z,-), and let 7y (X) = (U, cx 7y ().

As peripheral subgroups are undistorted in G [68, Lemma 4.15] we can, for our

purposes, identify C(Y) with the corresponding subset of (the Cayley graph of) G.
Lemma 5.3.3. The collection {(C(Y),7y)}yey satisfies Azioms (0),(3) and (4).

Proof. Lemma and Corollary imply Axioms (0) and (3). Axiom (4) fol-

lows, for example, from the fact that the the right hand side of the distance formula

(Theorem [3.1.5)) is finite. O

5.3.2 The proof of Theorem [5.3.1

Let us go back to the general setting of Theoremfor amoment, with {C(Y), 7y }yey
as in the statement of that theorem. Suppose that we are also given another collec-
tion of geodesic metric spaces {C'(Y)}yey, indexed by the same set Y, and coarsely
Lipschitz maps fy : C(Y) — C'(Y), for Y € Y, with uniform constants. Observe
that if axioms (0),(3) and (4) hold for {(C(Y),ny)}yvey, then they also hold for
{(C'(Y), fr omy)}vev-

Now suppose that each H; admits a quasi-isometric embedding into the product
of k trees. We then have coarsely Lipschitz maps f;y, i =1,...,k from C(Y’) to some
tree T y. According to the observation we just made and Theorem , for each i
we have amap p; : G — T; = C{(Tiy, fiyv omy)})yvey, and T; is a quasi-tree. The
last step in the proof of Theorem [5.3.1}is the following proposition.

Proposition 5.3.4. The map f = [[pi xc: G — [[T; X G is a quasi-isometric

embedding, where ¢ : G — G is the inclusion.
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Proof. There are distance formulas for the T;’s [I8, Lemma 3.3, Corollary 3.12] which

summed up give, for L, A\, u large enough,

¢ (TTp@. TTo) a0 3 {flimvla) v (o)},

Yey

Comparing this with the distance formula for relatively hyperbolic groups (Theo-
rem [3.1.5) immediately gives the required estimates. O

The map ¢ factors through Lipschitz maps G — Bow(G) — G, so the proposition
implies both versions of Theorem [5.3.1]

5.4 Three dimensional manifold groups

In this section we prove the following theorem.

Theorem 5.4.1. Let G = m (M), where M is a compact, orientable 3-manifold
whose (possibly empty) boundary is a union of tori. Then eco-dim(G) < oo if and
only if no manifold in the prime decomposition of M has Nil geometry; in this case,
eco-dim(G) < 8.

In any case, (-asdim(G) < 8.

The second part of the following proposition is not needed for our purposes, but

we think it is of independent interest.

Proposition 5.4.2. 1. If M is a graph manifold with non-empty boundary then
C-asdim(m (M)) = 2.

2. If M is a Haken orientable 3-manifold and its boundary is non-empty then
asdim(m (M)) < 2.

Recall that a compact orientable 3-manifold M is Haken if it is irreducible and
it contains a m-injective embedded surface S. Cutting M along S gives another
Haken manifold, and moreover the new m-injective surface can be required to have
non-empty boundary. Repeating the cutting procedure finitely many times yields a

disjoint union of balls. Such sequence of cuts is called Haken hierarchy.

Proof. 1) The lower bound follows from the existence of undistorted copies of Z? in
m1(M). Up to passing to a finite-sheeted cover of M, we can assume that M fibers

over S' by [160], so that we have a short exact sequence
1l F—->m(M)—>7Z—1,
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where F is a free group. What is more, the content of [I60, Theorem 0.7] is that
a fiber intersects all Seifert components and it splits them open into products of a
surface with an interval. In particular, the monodromy of the fiber bundle is a product
of Dehn twists along disjoint simple closed curves (the connected components of the
intersection of the fiber with the boundary of the Seifert components), and so F
is undistorted in m(M). The result then follows from a direct application of |39,
Theorem 0.2].

2) We proceed by induction on the length of a Haken hierarchy for M so that all
surfaces involved have non-empty boundary. If M is a ball, then the result trivially
holds. Otherwise, 71 (M) can be written as an amalgamated product m(Ny) *.,(s)
71 (N3) or an HNN extension m1(Ny)#*x,(s), where N; is a Haken manifold admitting
a strictly shorter Haken hierarchy (of the type described above) than M and S is
a compact surface with non-empty boundary. We can then use the induction step
and the fact that, when A, B,C are finitely generated groups, asdim(A x¢ B) <
max{asdim A, asdim B, asdim C' 4 1} and asdim(A*c) < max{asdim A, asdim C' + 1}

(see [65] and Theorem [5.5.1]). O

Remark 5.4.3. The second part of the proposition (in the case of toric boundary)
also follows from recent results about virtual specialness of fundamental groups of

3-manifolds [162] [115] 146] in view of a criterion for virtual fibering discovered by

Agol [1].
We now show the following easy lemma and then prove the theorem.
Lemma 5.4.4. eco-dim G * Gy = max{eco-dim Gy, eco-dim G5 }.

Proof. The inequality > follows from the fact that GGy, G5 are undistorted in G =
G1%G,y. Suppose that, fori =1,2, f; : G; — H?:l TJZ are quasi-isometric embeddings.
We have to show that G' embeds in the product of n trees as well. Denote by T' the
Bass-Serre tree of GG. For each vertex v of T denote by 7} a copy of T,i(v), where
i(v) equals 7 if the stabilizer of v is conjugate to G;. When e is an edge of T with
endpoints vy, vy, we let p. be the only element of GG in the intersection of the left
cosets of GGy, Gy corresponding to vy, ve. Finally, we let T be the tree obtained from
U7} by adding an edge of length, say, 1 connecting f; x(pe) to fax(pe) for each edge
e of T, where f; is the k-th component of f; and we identify G; with its left coset
corresponding to an endpoint of e.

There is a natural map f : G — []_, T, which (up to an error bounded by 1)
restricts to f; on every left coset of ;. It is readily checked that this map is a quasi-

isometric embedding (using more sophisticated technology than needed, one can use
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the distance formula and observe that, as we added edges of length 1 connecting T3,
to T,, when v, is adjacent to vy, we have d(f(x), f(y)) > dr(z,y) and dr(z,y) is
approximately dga(z,y)). O

Proof of Theorem[5.4.1l Let G;, for i = 1,...,n, be the fundamental groups of the
prime factors M; of M. Then G is the free product of the G;, so that eco-dim(G) =
max{eco-dim(G;)} in view of the previous lemma. Also f-asdim(G) = max{/-asdim(G;)}
by [40]. In particular, we can just study the case when M is prime.

We report below a list of previously known cases. Except for the last two cases,
the first column indicates the geometry (of the universal cover) of M. The values in
the table are justified below.

M l-asdim(my(M)) | eco-dim(my(M))
S3 0 0
R3 3 3
H3, closed 3 3
S?2 xR 1 1
H? x R, closed 3 3
H? x R, non-closed 2 2
SLoR 3 3
Nil 3 00
Sol 3 3or4
graph manifold, closed 3 3
graph manifold, non-closed 2 2o0r3

The bounds on S?, S? x R and R?® are trivial. The calculation of f-asdim(H") =
eco-dim(H") = n is found in [43, 45]. This also gives eco-dim(H? x R) < 3, and
(-asdim(H? x R) = 3 [67, Theorem 4.3]. The spaces H? x R and SL;R are quasi-
isometric. If M is not closed and has geometry H? x R then 7 (M) is virtually the

product of a free group and Z.

The discrete Heisenberg group H is quasi-isometric to Nil. The result asdim(H) =
(-asdim(H) = 3 has been obtained by several people, for example see [75]. On the
other hand, eco-dim(H) = oo as H does not admit a quasi-isometric embedding into
the product of finitely many metric trees, or indeed any CAT(0) space [143]. Thus
the proof in the “only if” direction is complete.

For (-asdim(Sol) = 3 see [90]. As Sol quasi-isometrically embeds in H? x H? (see,
for example, [62], Section 9]), eco-dim(Sol) < 4.

If M is a graph manifold then ¢-asdim(m;(M)) < eco-dim(m(M)) < 3 by [96], and
it is observed in the same paper that the equalities hold if M is closed. We handled

the non-closed case for ¢-asdim in Proposition [5.4.2
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There are only two cases left. First, when M is a finite volume, non-closed hy-
perbolic manifold it is well-known that m (M) is hyperbolic relative to virtually Z?
subgroups [76]. (Notice also that asdim(m (M)) < 3 as m;(M) admits a coarse em-
bedding in H3.) As Bow(m (M)) is quasi-isometric to H?, by Theorem [5.3.1]

2 < f-asdim(m (M)) < eco-dim(m(M)) < 5.

The second case is when M is non-geometric and its geometric decomposition
contains at least one hyperbolic component. In this case (M) is hyperbolic relative
to virtually Z? and graph manifold groups, as a consequence of the combination
theorem [60, Theorem 0.1] and aforementioned fact that the hyperbolic component
groups are hyperbolic relative to virtually Z? groups (a full statement is given in
[5, Theorem 9.2]). Therefore, by the graph manifold groups bound of [96], every
peripheral group has eco-dim at most m = 3. Note too that asdim(m;(M)) < 4 holds
by [16]. Thus by Theorem [5.1.2]

eco-dim(m; (M)) < max{asdim(m(M)),m + 1} +m +1
=max{4,3+ 1} +3+1=8.

Therefore, we have

2 < l-asdim(m (M)) < eco-dim(m(M)) < 8,
when M is non-closed, and

3 < l-asdim(my (M)) < eco-dim(m (M)) < 8,

when M is closed. The lower bound in the last case follows from the fact that the
asymptotic dimension is greater or equal to the virtual co-homological dimension for
groups of type FP [66]. O

5.5 Appendix: Asymptotic dimension of HNN ex-
tensions

The proof of the following theorem follows almost verbatim the arguments in [65].

Theorem 5.5.1. Let A, C be finitely generated groups. Then

asdim(Ax¢) < max{asdim(A), asdim(C') + 1}.
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The inequality asdim(Ax¢) < asdim(A) + 1 is shown in [16].

We require the following notation. For X a metric space, we will say that (7, d)-
dim X < n if there exists a d-bounded cover of X with Lebesgue number at least r and
O-multiplicity at most n + 1. We will say that a family {X;} of metric spaces satisfy
asdim X; < n uniformly if for every r > 0 there exists d so that (r,d)-dim X; <n. A
partition of the metric space X is a presentation of X as a union of subspaces with

pairwise disjoint interiors. The proof of Theorem [5.5.1] uses the criterion below.

Theorem 5.5.2 ([65, Partition Theorem]). Let X be a geodesic metric space. Suppose
that for every R > 0 there exists d > 0 and a partition X = UieN W; where asdim W; <
n uniformly and with the property that (R, d)-dim(|J OW;) < n—1 (with the restriction
of the metric of X ). Then asdim(X) < n.

We now do some preliminary work.

Fix a generating system S4 of A and let ¢ be the stable letter of the HNN extension.
Let d be the associated word metric on G = Axc. The group G acts on its Bass-Serre
tree whose vertices are left cosets of A in G and whose edges are labelled by left cosets
of C'. The endpoints of the edge gC are gA and gtA. Denote by K the graph dual
to the Bass-Serre tree. We will denote the simplicial metric in K by |-, |, and we let
|u| = |u, C|. Notice that for each pair of vertices in K there exists a unique geodesic

connecting them. Let 7 : G — K be the map g — gC.

Remark 5.5.3. 7 extends to a simplicial map of the Cayley graph of GG. In particular,
7 is 1-Lipschitz.

In fact, let s € S4. Then for each g € G we have gsA = gA, so that the edges gC
and gsC of the Bass-Serre tree share the endpoint gA, which is exactly saying that
the vertices gC, gsC' of K are connected by an edge. Similarly, the edges gC' and gtC'
of the Bass-Serre tree share the endpoint gtA.

We divide K into two parts Ky, K intersecting only at the base vertex C, where
K contains the edges corresponding to tA. Let d be the graph metric on K, and
denote by B} the closed r-ball in K; centred at C, where r will always denote an
integer. We will write v < u, where u,v € K@ if v lies on the geodesic segment
[C,u] (notice that this is a partial order). For u € K with u # C and 7 > 0 denote

K*={ve K9 v>u},

and
B ={ve K |v| < |u| +r}.
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Notice that if u = gC € K; then B* = gB! and K* = gK;. In particular, 77 (BY) =
gn Y (B}) and 771 (K") = gr 1 K,).

We say that F' C G separates Hy, H, C G if all paths in the Cayley graph
connecting H; to Hs intersect F. Set Dp = {x € G| d(x,C) = R} N7 (K,), for
R e N. For u = gC € K, denote D}, = gDp and notice that =(D%) C Bj.

Lemma 5.5.4. Let u € K((]O),U e KO be so that either v < u or v is incomparable

with w. Then D% separates 7~ (v) and 7= *(u') whenever u < u’ and |u'| — |u| > R.

Proof. We will show that Dg separates 7' (Ky) and 7! («) if [o/| > R and v’ € K,
using the action of G then yields the required statement. As 7 is 1-Lipschitz we have
d(C,7~*(u')) > R so that Dg separates C' and 7' (). To complete the proof notice
that C separates 7' (Kj) and 7' (K) (as their images through 7 are separated by
the vertex labelled C). O

Lemma 5.5.5. Suppose R < r/4. Then d(gDg,g Dr) > 2R whenever g,q € G with
gC,¢'C € K, |gC|, |¢'C| € rN and gC # ¢'C.

Proof. Set u = gC,u' = ¢’C'. Suppose first that |u| # |[v/|. As w(¢Dgr) C B}, and
d(B%,B%) > r — R > 3R, and in view of the fact that m is 1-Lipschitz, we get
d(.gDR7g/DR) Z 3R.

Suppose instead |u| = |u/|

and pick © € gDg,y € ¢'Dg. Every path in K between
m(x) and 7(y) passes through u and «'. This applies in particular to the projection
of a geodesic v in the Cayley graph of GG, so that ~ intersects gC and ¢'C. Since

d(z,gC),d(y,d'C) = R, we get d(x,y) > 2R. O

Lemma 5.5.6. For m € N, let (At)" = |J At' - - - At C Axq, where each €; equals
0 or 1. Then asdim(At)™ < max{asdim A, asdim C + 1} for every m.

Proof. (At)™ admits a coarse embedding in m(G), where G is a graph of groups
so that all vertex groups are isomorphic to A, all edge groups are isomorphic to C'
and the underlying graph is a tree. Repeated applications of [65, Theorem 2.1] give
asdim m1(G) < max{asdim A, asdim C' + 1}, and hence the same holds for (At)™. O

We are now ready for the proof of the theorem.

Proof of Theorem [5.5.1 Set n = max{asdim(A), asdim(C) + 1}. Once we show
asdim(7m 1 (Kj)), asdim(7~*(K7)) < n, the conclusion follows from the Finite Union
Theorem [15]. We will show the latter, using the Partition Theorem[5.5.2] Fix R > 0
and take r > 4R. By Lemma we can write G = X, U X_ with X, N X_ = Dy
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so that X, C 77 }(K}), and 77 1(Kp) C X_, and Dy separates X, \Dg and X_\Dx.
For each u € Kfo) fix g, so that u = ¢,C. Set X¥ = g,(X4), V., =X, N (ﬂ\u\:r XE)
and V" = g,(V;). It is readily seen that m(V,) C B}, ; and that

mHK) = | VrUNE©),
|u|erN+
where N (C) = Ng(C)nw (K1), If |u|, |[w| € rNT, V*N VY # 0 and u # w then
either v < w and |w| = |u| 4+ r or, vice versa, w < u and |u| = |w| 4+ r. Also, if
VENVY #£ 0 and u < w then V*NVY = DY for DY = g,Dg. Putting these facts

together we get
z=|J o= J Dy
|u|erN+ |u|lerN+t

As Dp is coarsely equivalent to C, there is, for some d > 0, an (R, d)-cover U of Dg
(i.e. the Lebesgue number of U is at least R and U is d-bounded) with O-multiplicity
at most n. By Lemma , Uujern+ 9uld 1s an (R, d)-cover of Z, and this witnesses
the fact that (R,d)-dim(Z) < n — 1. Finally, notice that 7='(B}) C (At)**! so
that asdim B} < n, for each s € N. In particular, asdim7 (B}, z) < n and thus
asdim7~1(V*) < n uniformly. Finally, asdim N (C) < n —1 < n, so that the
Partition Theorem applies. O]
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Part 111

Random walks and actions on
relatively hyperbolic spaces
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In this chapter we will be concerned with properties of random walks on relatively
hyperbolic groups, as well as on other groups from Table [I.I} In Chapter [6, which
is taken from [I53], we will describe the formalism of (weakly) contracting elements
and show that (weakly) contracting elements are generic.

Chapter [7| is not yet available as a preprint. We will compare random paths
and geodesics in relatively hyperbolic groups and mapping class groups, showing in
particular that they lie with high probability within Hausdorff distance bounded by

explicit sublinear functions.
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Chapter 6

Genericity of contracting elements

6.1 Introduction

A Morse element in a group G is an element h such that H = (h) is undistorted
in G and any quasi-geodesic with endpoints on H stays within bounded distance
from H, and the bound depends on the quasi-isometry constants only. Examples of
Morse elements include infinite order elements in hyperbolic groups [83], hyperbolic
elements (of infinite order) in relatively hyperbolic groups [68], pseudo-Anosovs in
mapping class groups [13], etc. See [71] for further details and examples. Indeed,
in all mentioned cases a stronger property than being Morse holds. Namely, all
elements are contracting with respect to a suitable collection, called path system, of
quasi-geodesic paths in the respective groups. Roughly speaking, the main property
that a contracting element g satisfies is the existence of a map m, from the group
onto (g) such that if two points x,y have far away projections then all special paths
from z to y pass close to m,(z) and m,(y). (This definition is less general than the one
we will give, which is stated in terms of group actions on a metric space.) Related
properties have been considered in [25, 13, 3], 151]. These are the examples we can
provide, see Section [6.3]

Theorem 6.1.1. Let G be a relatively hyperbolic group (resp. mapping class group,
group acting properly by isometries on a proper C AT (0) space, graph manifold group).
Then there exists a path system for G such that g € G is contracting if and only if g
is hyperbolic (resp. is pseudo-Anosov, acts as a rank one isometry, acts hyperbolically

on the Bass-Serre tree).

Notice that not all graph manifolds are CAT(0) [113], 4§].
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We also define a more general notion, that of being weakly contracting, which will
be sufficient for our applications. This concept is defined using the notion of weak

path system described in Definition [6.2.8]

Theorem 6.1.2 (Proposition m, Proposition . Let G be a group acting
acylindrically on a hyperbolic space X, and let PS be the collection of all geodesics of
X. Then g € G is weakly contracting for the weak path system (X, PS) if and only
iof it acts hyperbolically on X.

There exists a weak path system for Out(F,), n > 3, such that g € Out(F,) is

weakly contracting if and only if it is fully irreducible.

The disadvantage of the weak version of contractivity is that we were not able
to show that weakly contracting elements are Morse (this is related to [58, Problem
9.4]).

We will treat all examples mentioned in Theorems|6.1.1|and [6.1.2] from a common

perspective. As it turns out, this approach is closely related to the approach relying

on the notion of hyperbolically embedded subgroup developed in [58]:

Theorem 6.1.3 (Theorem [6.4.6)). Each weakly contracting element g (for some ac-
tion) is contained in a hyperbolically embedded elementary subgroup E(g). Viceversa,
every infinite order element contained in a virtually cyclic embedded subgroup is weakly

contracting for an appropriate action.

The subgroup E(g) is defined in a natural way in terms of projections, see Corol-
lary [6.4.4] Notice that in view of Theorem [6.1.1] we obtain new examples of hyper-
bolically embedded subgroups, i.e. E(g) where g acts as a rank one isometry on a
proper CAT(0) space, solving [58, Problem 9.5].

Our main result is that (weakly) contracting elements are generic, from the random
walks viewpoint. Let G be a group and S C G a finite subset. Let W,,(S) be the set
of words of length n in the elements of S and their inverses. A simple random walk
supported on (S) is a sequence of random variables { X, } taking values in G and with

laws i, so that for each g € G and n € N we have

~ H{w € W,(S) : w represents g}|

Theorem 6.1.4. Let G be a group equipped with a path system (resp. weak path
system) and let H < G be a non-elementary finitely generated subgroup containing
a contracting (resp. weakly contracting) element. Then the probability that a sim-
ple random walk supported on H gives rise to a non-contracting (resp. non-weakly-

contracting) element decays exponentially in the length of the random walk.
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Roughly speaking, the theorem states that the probability that a long word written
down choosing randomly generators of H represents a non-contracting element is very
small, and in fact exponentially decaying in the length of the word.

For mapping class groups this was known already [120], and related results can be
found in [148], 149, 121], 122]. We emphasize that we can give a self-contained proof
of the theorem above modulo a classical result of Kesten.

Finally, we point out two sample applications of the theorem to give examples
of how it can be used to show the existence of contracting elements with additional

properties.

Corollary 6.1.5. Let G, G5 be a non-elementary group supporting the path system
(resp. weak path system) (X, PS) and containing a contracting (resp. weakly con-

tracting) element.

e For any isomorphism ¢ : G1 — G there exists a (weakly) contracting g € G so
that ¢(g) is also (weakly) contracting.

e If H is an amenable group and ¢ : Gy — H is any homomorphism, for any
h € ¢(Gy) there exists a (weakly) contracting g € ¢~ '(h).

Outline

Section [6.2] contains the definitions we will use throughout. Section [6.3]is devoted to
the proof of Theorems and In Section [6.4] we will show Theorem [6.1.3]
Section contains our main technical tool (Lemma , which gives us a way of
constructing many contracting elements once we are given just one of them. Finally
in Section we will show our main result. In the Appendix we will sketch the proof
of a “Weak Tits Alternative” not relying on Theorem and [58].

6.2 Definitions and first properties

Let X be a metric space.

Definition 6.2.1. A path system PS in X is a collection of (u, u)-quasi-geodesics in
X, for some pu, such that

1. any subpath of a path in PS is in PS,

2. all pairs of points in X can be connected by a path in PS.
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Elements of PS will be called PS-special paths, or simply special paths if there is
no ambiguity on PS.

Fix a path system PS on the metric space X.

Definition 6.2.2. A subset A C X will be called PS-contracting with constant C' if
there exists 74 = 7 : X — A such that

1. d(m(z),z) < C for each z € A,

2. for each z,y € X, if d(w(z),n(y))

> (' then for any PS-special path ¢ from z
to y we have d(0,7(z)),d(6, m(y)) < C.
The map « will be called PS-projection on A with constant C'.

We point out a relation with properties that appeared in the literature in several
contexts, see [25] 3, 151].

Lemma 6.2.3. [I51, Lemma 4.24] Let X be a geodesic metric space and A C X.
Denote by PS the collection of all geodesics in X. Suppose that the map m: X — A

satisfies the following properties for some C':
o d(z,m(z)) <d(z,A) + C for each z € X,
o diam(m(By(x))) < C for each x € X, where d = d(z, A).
Then m is a PS-projection with constant depending on C only.
The following lemma will be used several times.
Lemma 6.2.4. Let m be a PS-projection with constant C' on A C X. Then

1. whenever 0 is a special path we have diam(7(5)) < diam(d N No(A)) + 2C and
more specifically diam(w(6)) < C if 6 N Ne(A) = 0.

Also, there exists k = k(PS) such that

2. for each x,y € X, d(m(x),7(y)) < kd(z,y) + k,

3. for each v € X we have diam(m(B,(x))) < C forr =

4. for each x € X, d(z,n(z)) < kd(z, A) + k.
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Proof. Ttem 1) is clear from the second projection property.

Item 2) follows from special paths being quasi-geodesics and the fact that either
d(m(x),m(y)) < C or any special path from x to y passes C-close to 7(z), 7(y).

Item 3) holds in view of item 1) because, for ¢ large enough, for each y € B,.(z)
there is a special path connecting x to y and not intersecting N¢(A).

In order to show item 4), consider a special path v from z to some y € A with
d(z,y) < d(xz,A)+ 1. If d(y, 7(z)) < C, we are done. Otherwise, v contains a point
a’ such that d(z’,7(x)) < C. In particular,

d(z,7(z)) < d(z,2") + C < pd(x,y) + p+ C < pd(z, A) + p+ C + 1,
and we are done for ¢ large enough. O]

Lemma 6.2.5. If k is as in the previous lemma, A, B C X are PS-contracting

subsets with constant C' and x € X, then
min{d(ra(z), 7a(B)),d(mp(x), 75(A))} < C".
where C' = kC + k+ C.

Proof. Tf max{d(ma(x),m4(B)),d(rp(z),75(A))} < kC + k + C there is nothing to
prove, so, up to swapping A and B, suppose that d(ms(z), 7a(B)) > kC + k + C.
Let § be a special path from z to some 2/ € B, and let p be the first point in
d N Ne¢(A). If we show that there is no point ¢ € § N N¢(B) before p, we are
done by Lemma [6.2.4-(4) — (1). In fact, if there was such a point g, again by

Lemma [6.2.4—(1) — (4) we would have

d(ma(z), ma(B)) < d(ma(x),ma(q)) + d(ma(q), 7a(B)) < C + kC + k.

We are ready for our main definitions.

Definition 6.2.6. Let G be a group. A path system (X,PS) on the group G is a
proper action of G on the metric space X preserving the path system PS on X.
An infinite order element g of G will be called PS-contracting if for some (and

hence any) o € X and any integer n
1. the orbit of zy is a quasi-geodesic,

2. There exists a g-invariant contracting set A 3 xq, called azis, so that ¢ acts

coboundedly on A.
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The reason why we do not just take A to be the orbit is that we will be interested
in contracting elements with translation length much larger than the contraction
constant of their axes, and we will achieve this by taking powers while keeping the
same axis.

Slightly extending a notion from [24] we say that, given a group G acting on the
metric space X, the element g € G is WPD if the orbits of (g) are Morse quasi-
geodesics and for every R > 0 and x € X there exists N = N(R, z) such that

{h e G :d(x,h(z)) <R,dhgVz,¢"r) < R} < +oo.
We will need the following consequence of the WPD property.

Lemma 6.2.7. (cf. |24, Proposition 6—(2)]) Suppose that G acts on X and g € G is
WPD. Then for each x € X, R > 0 there exists L so that

{h € G :d(z,hx) < R,diam(Ngr(h{g)x) N {g)z) > L}
s a finite set.

The meaning of the lemma is illustrated in Figure [6.1, Roughly speaking, the
definition of WPD gives us that there are finitely many elements A so that for some

large N we have the situation depicted for N = N. The lemma gives us the same

condition for all large enough N and without the requirement N’ = N.

Figure 6.1

Figure 6.2

Proof. Fix xz, R, g. First of all notice that, as (g)x is Morse, there exists R > R
depending on R (and the data we fixed) so that if d(x, hz) < R,d(gVz,h(g)r) < R
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then for each 0 < n < N we have d(¢g"z,h(g)x) < R'. We claim that it suffices to
show that if

d(z,hz) < R,d(¢"z,hg"'z) < R (%)
for some N, N’ then either d(¢g"x, hg"z) < C(R) or d(¢gNx, hg " z) < C(R), for some
constant C'(R) > R. In fact, if h, A’ are as in the second case then hh' is easily seen
to satisfy d(hh'x,x) < 2R, d(¢g™x, hh'gNx) < 2C(R). So, the cardinality of the set as

in the statement is at most the cardinality of
{h€G:d(x hz) <2R dhg"z, ¢"z) <2C(R)},

where for L large enough we can choose N = N(C(R)). By definition of N(C(R))
this set is finite, as required.

Now, suppose that (*) holds. Then we have
d(g™ z,2) — d(gNz, x)| < 2R

So, we just need to show that if N’ satisfies this condition then [N — N'| < K(R). In
order to show this notice that, as the orbits of g are Morse quasi-geodesics, there exists
a geodesic v so that d(g",v),d(¢g"",7),d(z,7) < D (where D does not depend on
N, N'), see Figure[6.2] In particular, if N satisfies the condition then it is contained in
a ball of radius, say, 2R'+10D around g™z or in a ball of the same radius around ¢~V z.

The existence of K(R) then follows from the orbit of ¢ being a quasi-geodesic. O

Definition 6.2.8. Let G be a group. A weak path system (X,PS) on the group G
is any action of G on the metric space X which preserves the path system PS on X.

An infinite order element g of G will be called weakly PS-contracting if it is WPD
and some (hence any) orbit of ¢ is contained in a contracting g-invariant set A on

which ¢ acts coboundedly.

Notice that we weakened the requirements for the action, by dropping the proper-
ness assumption, and “compensated” for this by requiring that the action is only

proper “in the direction” of g.
Lemma 6.2.9.

1. Special paths which are PS-contracting with constant C' are Morse with con-

stants depending on C' only.

2. Contracting elements are Morse.
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Proof. The first part can be proven in the same (actually, slightly simpler) way as
the second part, so we will spell out the proof for the second part only.

Let G, X, PS, xg be as in the definition above, and let g be a contracting element.
The fact that (g)z¢ is a quasi-geodesic easily implies that (g) is a quasi-geodesic in
G.

In order to show that g is Morse we now need to show the following. Let o be
a (i, c)-quasi-geodesic in G connecting 1 to ¢g" and let v be a special path from x
to g"xo. Then for each h € a we have d(vyxg, hxg) < K, where K depends on g, p, ¢
and the action of G. A constant depending on the said data will be referred to as
universal.

Let m be a projection on v with constant C'. Increase C' suitably and define
" G — (g) in such a way that d(n'(x)zo,7(x)) is bounded by C. Let p be a

universal constant such that
d(7'(h), 7' (k")) < pd(m(hzo), 7(Wx0)) + p

for each h,h' € G. Let r € N be the least integer so that d(a(j),a(j + r)) >
u?(pC + 1) + c for each integer j such that j, j +r are in the domain of . Whenever
h = «a(j),h = a(j +r) we will say that h, h’ are consecutive. Notice that there is a
universal bound L on d(hzg, h'x¢) whenever h, ' € « are consecutive. Suppose that
ho, ..., h, € ais a maximal chain of consecutive points such that d(hwzg,v) > kL+k?,
for k£ as in Lemma Notice that we can bound the distance of hg, h,, from
~v again by a universal constant. We wish to show that n cannot be arbitrarily
large. In fact, by Lemmal6.2.4(3) we have d(7(hi(zo)), 7(hit1(x0))) < C, and hence
d(m(ho(zo)), m(hn(z0))) < nC so that d(7'(ho), 7' (hy,)) < npC+ p. For n large enough
and in view of d(h;, hi11) > p?(pC + 1) + ¢ we get

d(ho, hw) > nr/p—c > (d(hi, hizr) = ¢)/p* — ¢ >

npC + p + d(ho, 7' (ho)) + d(ln, 7 (1)) = d(ho, ),

which is a contradiction. We can bound d(p, ) in terms of n, L, r, so we are done. [J

6.3 Examples

6.3.1 Relatively hyperbolic group

We will say that an infinite order element of a relatively hyperbolic group is hyperbolic

if it not conjugate into any H;.
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Proposition 6.3.1. Let G be a relatively hyperbolic group and let PS be the collection
of the geodesics in Bow(G). Then an element of G is contracting for the path system
(Bow(G), PS) if and only if it is hyperbolic.

Proof. 1f an element is finite order or conjugate into a peripheral subgroup then clearly
its orbit is not a bi-infinite quasi-geodesic.

On the other hand, hyperbolic elements are known to act hyperbolically on the
Bowditch space, so that each orbit is a bi-infinite quasi-geodesic, see e.g. [35, Defi-
nition 1-(3)]. Here is a proof of this fact. Let g be a hyperbolic element. As g has
infinite order we only have to show that it cannot act parabolically. Indeed, we claim
that if an element of G acts parabolically on Bow(G) then it fixes the parabolic point
corresponding to some combinatorial horoball, and this easily implies that it must be
conjugate into a peripheral subgroup. If g acted parabolically fixing a point that is
not the limit point of a combinatorial horoball, then there would be a geodesic ray
with 4N G unbounded (we regard G as a subset of Bow((G)) so that for each n there
is a point h € vN G so that d(h~*g'h,1) = d(g'h, h) is bounded by some constant
C' which depends on the hyperbolicity constant of Bow(G). But this is not possible
because there are finitely many elements of G in the ball of radius C' in Bow(G)
around 1.

Finally, every geodesic in a given hyperbolic space (and hence every quasi-geodesic
as quasi-geodesics are within bounded Hausdorff distance from geodesics) is contract-

ing, see Lemma [3.7.2 [

6.3.2 Mapping class group

In this subsection we will assume familiarity with the notion of curve complex, mark-

ing complex and hierarchy paths. We will use results from [126, [127], see also [36].

Proposition 6.3.2. Let M(S) be the marking complex of the closed orientable punc-
tured surface S of genus g with p punctures satisfying 3g+p > 5 and let H(S) be the
collection of all subpaths of hierarchy paths. An element of MCG(S) is contracting
for the path system (M(S), H(S)) if and only if it is pseudo-Anosov.

Notice that the proposition and Lemma give yet another proof that pseudo-

Anosov elements are Morse [13], [71].

Remark 6.3.3. We remark that in view of the proof of [25, Proposition 8.1] (see
the sixth to last line) and Lemma the collection of all geodesics in Teichmiiller
space endowed with the Weil-Peterson metric has the property that all axes of pseudo-

Anosov elements are contracting.
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It is well known that hierarchy paths are quasi-geodesics with uniform constant,
and that any non-pseudo-Anosov element is not Morse as, up to passing to a power,
it has infinite index in its centralizer.

Recall from [13] that a pair of points (1, u2) € M(S) is D-transverse if for each
Z C S we have de(z) (1, pr2) < D. The proposition follows directly from the lemma
below and the fact that pairs of points lying on the orbit of a pseudo-Anosov element

are D-transverse.

Lemma 6.3.4. For each D-transverse pair i1, po each hierarchy path [y, o] is H(S)-

contracting with constant C' = C(D).

Proof. Let B be such that if z,y lie on the (subpath of a) hierarchy path [p, ¢] with

main geodesic H then

1. for each subsurface Y C S we have deyvy(z,y) < dy(p,q) + B,
2. desy(z, H) < B,
3. for any v € H there exists z such that deg)(z, H) < B.

Define m : M(S) — [u1, o] as follows. Consider p € M(S) and let v, =
mg(p). Pick a, € H (the main geodesic for the given hierarchy path) such that
des) (Ve o) = degs)(Vu, H). Finally, choose v € [p1, o] in such a way that wg(v) is
B-close to oy, and set m(p) = v.

Pick any vi,vs € M(S). Suppose d(m(v1),7(12)) > C(D), where C(D) will
be determined later. Notice that d¢(s)(w,, w,) is bounded from below by a linear
function of C'(D), by the distance formula and D-transversality, so that for C'(D)
large enough we can assume de(g)(ow,, an,) > 1006, where § is the hyperbolicity
constant of C'(S). Consider a hierarchy path [v1, 5] (more precisely containing vy, va,
but this does not affect what follows) and let H' be the main geodesic. We have that
H' contains points (i, 52 which are B-close to the projections of v{, 5 € [v1, 5] on
C(S) and such that des(a,,, 5;) < 106.

Our aim is to show that any point g on [vq, 4] such that 205 + 2B + 10 <
deesy(v, B1) < 208 + 3B + 20 has the property that d(u, 7(11)) < C(D) (an analogous
property holds for vs).

In order to show this, we will now analyse the K-large domains for the pair v], v/},
where K > 3(D + B) (a L-large domain for a pair of markings p;, p2 is a subsurface
Y C S so that deyy(p1, p2) > L). First, we claim that there are no common (K/3)-
large domains for the pairs p}, ] and uj, v, where u € [p1, po] projects B-close to

Qy, .

(3
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Ay ~ ﬂ-S(M/l) ~ TS (/1‘/1/) Qy, ~ T8 (/1/2)

Figure 6.3

In fact, any (K/3)-large domain X; for the pair ., v/ is contained in some S\v;,
where ~; is a simple closed curve appearing in a hierarchy path connecting m¢(u;) and
v;. This implies that X; # Xy as do(s)(71,72) > 3 for C(D) large enough.

We can now use the fact that there are no D-large domains for the pair p}, p).
Suppose deo(yy (v, v5) > K, for some subsurface Y C S. Then (at least) one of the
following must hold: devy(v1, 1) > K/3, dey(ph, ) > K/3 or deyy(vy, ph) >
K /3. However, the second inequality does not hold by hypothesis. Hence, any K-
large domain for v, v}, and so any (K + B)-large domain for any pair of points on
[v1, 4], is a (K/3)-large domain for uf, v] or uj, v (but not both).

With a similar argument we get that for each v € [v], V4] and each p € [uf, pb] all
(4K/3 + D + 2B)-large domains Y C S for pu,v are (K/3)-large domains for p},v]
or ph, 4. Choosing v as above we have that mg(v) is far enough from f; and fs to
guarantee that no (4K/3+ D +2B)-large domain Y C S for v, u is a K-large domain
for i, v, where pu € [pf, pi5] is such that 206 +2B8 410 < des) (i, p15) < 200 + 35 +20.
By the distance formula d(v, p}) can be bounded in terms of 6 and B, so we are
done. O

6.3.3 Graph manifolds

A graph manifold is a compact connected 3-manifold (possibly with boundary) which
admits a decomposition into Seifert fibred surfaces, when cut along a collection of
embedded tori and/or Klein bottles. In particular a graph manifold is a 3-manifold
whose geometric decomposition admits no hyperbolic part.

Let M be a graph manifold. Tt is known [105] that its universal cover M is bi-
Lipschitz equivalent to the universal cover N of a flip graph manifold NV, that is to say
a graph manifold with some special properties (among which a metric of nonpositive
curvature). We will not need the exact definition of such manifolds, but we need to

know that we can choose a bi-Lipschitz equivalence ¢ : M — N that preserves the
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geometric components. In [I52], a family of paths PS(N) in N has been defined, and
those paths satisfy the following:

Lemma 6.3.5.
1. All paths in PS(N) are bi-Lipschitz, with controlled constant;
2. any subpath of a path in PS(N) is again in PS(N);

3. if fori = 1,2 a; is a special path connecting some point in X, to some point

in X and the vertex v

e lies on the geodesic connecting w;, w;, and

i d(U,’wi),d(’UﬂU;) > 27
then an N X, = as N X,.
Let PS(M) = {g¢™'(7) : g € m(M),7 € PS(N)}.

Proposition 6.3.6. (M, PS(M)) is a path system for i (M). An element of mi (M)
1s contracting if and only if it acts hyperbolically on the Bass-Serre tree of M.

Proof. The first part follows directly from Lemma [6.3.5(1) — (2), so we can focus
on the second part.

Let us prove the “if” part. Let g € m(M) be an element acting hyperbolically
on the Bass-Serre tree. Let g € X, for some vertex v of the Bass-Serre tree such
that {g'v} is contained in a bi-infinite geodesic 7. Define 7 : M — {gizo} in the
following way. For each z € M define a vertex v(z) in the Bass-Serre tree such that
r € X,(;) and let 7' be the projection in the Bass-Serre tree on . Choose i(z) so
that d(¢g'®@v, ' (v(z))) < d(v, gv)/2. Finally, define 7(z) to be ¢"® .

Now, suppose that we have x,y € M such that d(m(x),m(y)) is large enough.
Then we can conclude that, say, d(7'(v(z)), 7' (v(y))) > 100. We will now use Lemma
6.3.5| and the fact that ¢ preserves the geometric components to find a bound on the
distance between any special path § connecting =,y and m(z), 7(y). By hypothesis, ¢
induces a simplicial isomorphism from the Bass-Serre tree of M to that of N, which
we will still denote by ¢. Suppose that § = h¢~'(a). Then it is clear from Lemma
that ¢ shares a subpath with any special path h¢~'(3) which connects some
point in X i), to some point in X iw),. More precisely, those paths coincide in X,
whenever w is “well within” [7’(v(z)),7'(v(y))]. In particular, we can choose § so
that the endpoints of h=1¢(3) are ¢*® g, g"™ 2, so that any point in h~¢(3) is close
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to v as v is Morse [105]. It is now easy to see that points if 2’,y’ € 6 N h~'¢(B) are
so that d(v(z'), ¢"™v), d(v(y'), g v) < 10, then 2,y are within uniformly bounded
distance from 7 (x), 7(y).

The “only if” part is easy. In fact, if g € m(M) is conjugate to some element in
a vertex group, then it is clearly not even Morse in view of the fact that such groups

are virtually products of a free group and Z. O

6.3.4 Groups acting acylindrically on hyperbolic spaces and
Out(Fy,)

Recall that a group G is said to act acylindrically on the metric space X if for all d
there exist Ry, Ny so that whenever x,y € X satisfy d(z,y) > Ry we have

{g € G:d(z,gz) <d,d(y,gy) < d}| < Ng.

Graph manifold groups act acylindrically on their Bass-Serre tree. However, we are
not able to prove the equivalent of Proposition for groups acting acylindrically
on trees or hyperbolic spaces, and indeed it might not be true. Nonetheless, we have

the following.

Proposition 6.3.7. Let G be a group acting acylindrically (by isometries) on the
hyperbolic space X and let PS be the collection of all geodesics of X. Then g € G is
weakly contracting for the weak path system (X, PS) if and only if it acts hyperbolically
on X.

Proof. Given the following easy fact (Lemma[3.7.2)), the proof just requires unwinding
the definitions: if X is hyperbolic then all geodesics in X are contracting. O]

Bestvina and Feighn proved that the complex of free factors for Out(F,) is hy-
perbolic and that an element acts hyperbolically if and only if it is fully irreducible,
in which case it also satisfies the WPD property [19, Theorem 8.3]. In particular we

have the following.

Proposition 6.3.8. Let X be the complex of free factors of Out(F,) for some n > 3.
Then g € Out(F,) is weakly contracting for the weak path system (X, PS) if and only

it 18 fully irreducible.

Remark 6.3.9. For our applications we could also use the complexes constructed in
[21].
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The present state of knowledge about the geometry of Out(F;,) is not advanced
enough to attempt imitating what we have done, say, for mapping class groups. It
is not even known whether there is an algebraic characterization of Morse elements
along the lines of the other cases, and hence the following is perhaps the most basic

question arising at this point.
Question 6.3.10. Are all Morse elements of Qut(F},) for n > 3 fully irreducible?

The converse is true by [3]. A standard way to show that an (infinite order) element
is not Morse is to show that (the cyclic group generated by) it has infinite index in
its commensurator. There might be infinite order non-fully irreducible elements of
Out(F,,) which have finite index in their commensurators. So, if the answer to the

previous question is negative, one might ask the following.

Question 6.3.11. Is it true that all elements of Out(F,) that have finite index in

their commensurators are Morse?

6.3.5 Groups acting properly on proper CAT(0) spaces

Recall that an isometry of a CAT'(0) space is of rank one if it is hyperbolic and some

(equivalently, every) axis of g does not bound a half-flat.

Remark 6.3.12. In the case when G is a right-angled Artin group and X its standard
CAT(0) cube complex, the elements of G that act as rank 1 isometries coincide with

those not conjugated into a join subgroup, see [12].

Proposition 6.3.13. Let G be a group acting properly by isometries on the proper
CAT(0) space X and let PS be the collection of all geodesics in X. Then g € G is
contracting for the path system (X, PS) if and only if it acts as a rank one isometry.

Proof. 1t is clear that (X, PS) is a path system on G, and the “only if” part follows
from the fact that if ¢ does not act as a rank one isometry then it is not Morse.
Suppose that g acts as a rank one isometry. By [25, Theorem 5.4] the closest point
projection on an axis [ of g has the property that there exists B so that each ball

disjoint from [ projects onto a set of diameter at most B. Property 2) in Definition
[6.2.2 then follows from Lemma [6.2.3] O

Remark 6.3.14. It is natural to ask when a CAT(0) space admits a rank one isom-
etry. This question is addressed by the Rank Rigidity Conjecture, formulated by

Ballmann and Buyalo:
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Conjecture 6.3.15. [8] Let X be a locally compact geodesically complete C AT(0)
space and I' be an infinite discrete group acting properly and cocompactly on X. If
X is irreducible, then X is a higher rank symmetric space or a Euclidean building of

dimension at least 2, or I' contains a rank one isometry.

The conjecture is known to hold for Hadamard manifolds, see e.g. [7], and C'AT(0)

cube complexes [53].

6.4 Contracting vs hyperbolically embedded

Throughout this section we fix a weak path system (X, PS) on the group G.
Suppose that A is an axis of a weakly contracting element of G. Given a constant

b, for x,y,z € A we say that y is between = and z (with constant b) if any special

path from x to z intersects By(y). Similarly, for h € G and hx, hy, hz € hA we say

that hy is between hx and hz if y is between z and z.

Lemma 6.4.1 (Projections are coarsely monotone). Let A be an azis of a weakly
contracting element. Then there exist b, K so that the following hold for each h € G.
Suppose, for i = 0,1,2, that y; = wa(x;), for some x; € hA. Then if y; is between
Yo and yo with constant b and d(yo,y1),d(y1,y2) > K, then zy is between xy and x4,

again with constant b.

Proof. Recall that special paths with endpoints on A stay uniformly close to A, see
Lemma [6.2.9(1). In particular, as A is quasi-isometric to R, there exists b and K,
so that if z,y, 2z are points at reciprocal distance at least K then there exists one of
them which is between the other two with constant b.

We can assume K > K, and apply this for {z,y, 2} = {zo, x1, z2}.

Suppose by contradiction that x, is between zy and x; (we can similarly handle
the case when z is assumed to be between xq,x2). Up to increasing K again, we
have points x,y € hA lying, respectively, between xy and x, and between x5 and x;
such that d(x,y1),d(y,y1) is bounded in terms of C. If K is large enough compared
to a constant p so that A and hence hA is (u, p)-quasi-isometric to R this gives a
contradiction, see Figure [6.4] O

Let (X,PS) be a weak path system on the group G, and let zy € X.

Lemma 6.4.2. Suppose that g € G is weakly contracting with azis A. Then there
exists K such that for each h € G either m4(hA) has diameter bounded by K or it is
K-dense in A. Moreover, there exists K’ so that if d(hxg, A) > K' then the first case
holds.
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Proof. If A is contained in a neighbourhood of hA of finite radius, then it is easily
seen that the second case holds. Otherwise, we can find h'zy € hA such that h'zq is
as far as we wish from A. We claim that if d(h'zo, A) is large enough, then ma(h'zo)
cannot be between points p, ¢ in m4(h’'A) that are arbitrarily far from it.

In fact, by the previous lemma h'xy would be between points projecting to p, g,
and hence one can find x,y € b’ A with h'z between z, y such that d(z, w4 (W xg)) < C
and d(y, ma(h'z)) < C, where C' is the projection constant. This is easily seen to
contradict h'A being a quasi-geodesic, see Figure [6.5]

Now, if diam(mw4(hHp)) is large enough we can find (see Figure a large family
{N;} of integers such that

o m4(gVNih'A) has positive Hausdorff distance from 74 (g7 h'A) whenever i # j.
This gives in particular that ¢™*h’ and ¢"7h' do not belong to the same left

coset of (g) whenever i # j.

e ¢Vih/A contains a point in some ball of fixed radius around g™z, as well as
a long subpath contained in a neighbourhood of A of radius depending on the
projection constant and the quasi-geodesic constants of special paths only. This

implies, by Lemma [6.2.7, that all left cosets g"Vih/(g) contain an element from

a certain fixed finite subset of G.

Therefore there is a bound on the cardinality of {V;}, and hence a bound on
diam(ma(hA)). O

One can similarly prove the following.

Lemma 6.4.3. Suppose that H < G is not virtually cyclic and it contains the weakly
contracting element g with azis A. Then for each K there exists a left coset h(g) C H
such that d(hA, A) > K.
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Proof. As H is not virtually cyclic, it is well-known that it is not quasi-isometric
to Z. In particular, we can find b’ such that A’ is as far as we wish from (g) in a
Cayley graph of G. So, either d(h'zg, A) can be made arbitrarily large, and in this
case we have diam(ma(k'A)) < K by the “moreover® part of Lemma [6.4.2] or we
can use Lemma to get that ma(h'A) is not K-dense in A, and hence once again
diam(ma(h'A)) < K by Lemma [6.4.2] It is then easily seen that we can choose h of
the form h'gVh' with N large enough so that m,4(A) is far from 7 4(hA), see Figure
0.1 [

As a consequence of the previous lemmas we get:

Corollary 6.4.4. Each weakly contracting element is contained in a virtually cyclic

subgroup, denoted E(g), such that there exists a uniform bound on w4(hE(g)) for each

h ¢ E(g).

Proof. Just define E(g) as the collection of all h such that 74(hA) has finite Hausdorff
distance from A. This is clearly a subgroup containing g, and it is virtually cyclic by

the previous lemma. The uniform bound is a consequence of Lemma [6.4.2] O]
We point out some extra properties of E(g).

Lemma 6.4.5. There exists a positive integer n such that for each h € E(g) we either
have hg"h~t = g™ or hg"h~! = g~". In particular, for each integer k, (g"*) is normal

in E(g) and E(g) is the centralizer of g*".

Proof. Choose representatives hq, ..., h; of the left cosets of (g) in E(g). Choose
n; > 0 so that hyg"h;' € (g). Such n; exists because there are finitely many left
cosets of (g), hence one can find k; > m; such that ¢g"h; ' and g™ih; ' belong to the

same left coset and set n; = k; — m;. Choose n = [[n;. Then it is readily seen that
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hg"h~t € (g) for each h € E(g). In particular hg"h~* = g* for some k, and we would
like to prove k = +n. Notice that there exists j such that h’ € (g). Hence

gnj — hjgnjh—j — gkj.
In particular n/ = k7, hence k = +n, as required. O

Theorem 6.4.6. Let G be any group endowed with a fixed weak path system. For each
weakly contracting element g € G, E(g) is hyperbolically embedded in G. Viceversa,
every infinite order element contained in a virtually cyclic hyperbolically embedded

subgroup is weakly contracting for an appropriate action.

We will use work of Bestvina, Bromberg and Fujiwara [18], similarly to the proof
of [58, Theorem 4.42]. We already described the setting elsewhere, we will now give
the relevant definitions again for the convenience of the reader, and state the result
we need. Let Y be a set and for each Y € Y let C(Y) be a geodesic metric space.
For each Y let my : Y\{Y'} — P(C(Y)) be a function (where P(Y") is the collection
of subsets of V). Define

dy (X, Z) = diam{my (X)Uny(2)}.

Using the enumeration in [18], consider the following Axioms, for some £ > 0:

(0) diam(my (X)) <&,

(3) there exists £ so that min{d} (X, Z2),d%(X,Y)} <&,

(4) there exists & so that {Y : d§(X,Z) > £} is a finite set for each X, Z € Y.

For suitably chosen constants L, K, let C(Y) be the path metric space consisting
of the union of all C(Y) and edges connecting all points in mx(Z) to all points in
77(X) whenever X, Z are connected by an edge in a certain complex Pk (Y) whose
definition we do not need.

We are ready to state the (special case of the) result we will use.

Theorem 6.4.7. [18, Theorem 3.10, Lemma 3.1, Corollary 3.12] If Y and d™ satisfy
azioms (0),(3) and (4) and each C(Y') is (X, u)-quasi-isometric to R for some A, p
not depending on Y, then C(Y) is a quasi-tree (in particular, it is hyperbolic).
Moreover, each C(Y) is isometrically embedded in C(Y) and for each K there
exists R so that
diam(Ng (€(X)) 1 Nx(C(Y))) < R

whenever X #Y are elements of Y.
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We will use the following characterization of being hyperbolically embedded.

Theorem 6.4.8. [58, Theorem 4.42],[15])] Let G be group and H < G a subgroup.
Then H is is hyperbolically embedded in G if and only if it acts coboundedly on a
space X which is hyperbolic relative to the orbits of the cosets of H (with respect to

some basepoint) and the action restricted to H is proper.

Proof of Theorem |6.4.0, For technical reasons, in this proof we will allow pro-
jections to take values in bounded subsets of the target space. More precisely, we
consider a slightly generalized definition of the set A being PS-contracting with con-
stant C' where the projection map w4 is allowed to take value in subsets of A of
diameter bounded by C, while properties 1) and 2) in Definition are left un-
changed. If we have a map 74 with these properties we can define a projection 7/, in
the sense of Definition [6.2.2 just by choosing some 7/y(z) € ma(z) for each z € X. In
particular our results, including Lemma and Corollary [6.4.4] hold for this more
general notion (possibly with different constants).

Let Y be the collection of all left cosets of F(g) in G and for each Y € Y
let C(Y) be a copy of E(g) (more precisely, a copy of the Cayley graph of E(g)
with respect to a given finite set of generators), which we regard as identified with
E(g)xq, for some given xy. Each orbit hE(g)xg is a contracting set, and the constant
can be chosen uniformly. Actually, we have more. In fact, there exists a collection
of equivariant projections on the orbits: choose a projection 7, on E(g)xo, define
Te(®) = Unenqy) h!(h~'z) and define a projection on hE(g)zo by mp(z) = hre(h™'x).
In order to show that 7, is actually a projection we just need to prove that we can
uniformly bound diam(my,(x)) for each x. This follows directly from the easily checked
fact that there exist constants Dy, Dy so that for each special path « from x to m,(x)
we have diam(y N Np, (E(g)xg)) < Dy. We can now define

o) (WE(g)) = hmn (W E(g)).

Axiom (0) follows from Corollary [6.4.4] while Lemma implies Axiom (3).

Axiom (4) is easy: if £ is large enough then

H{hE(9) : dhpg)(h1E(g), haE(g)) = £} < d(h1E(g)z0, haE(g)x0)

because all special paths from hiFE(g)zo to haE(g)xy have long disjoint subpaths
each contained in some hE(g)x, for hE(g) satisfying dnpg) (hi1E(g), haE(g)) > &.
As all axioms are satisfied, Theorem applies. Notice that all constructions are

equivariant (including that of Px(Y)), so that there is a natural action of G on
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C(Y). We wish to show that this action satisfies all properties of Theorem , with
H = E(g) and X = C(Y). In fact, in view of Theorem C(Y) is hyperbolic, so
that in order to check relative hyperbolicity we have to check that the orbits of the
cosets of F(g) are quasi-convex and geometrically separated by Lemma . There
exists an orbit of F(g) which is an isometrically embedded copy of (the vertices in
a Cayley graph of) E(g) and E(g) acts on it in the natural way, so that the orbits
of E(g) are quasi-convex and E(g) acts properly. Finally, the orbits of the cosets of
E(g) are geometrically separated by the “moreover” part of Theorem [6.4.7

The “vice versa” is easily checked directly form the definitions, using X as in the
definition of hyperbolically embedded subgroups and defining PS to be the collection
of all geodesics in X (once again, one has to take into account the characterization

of the peripheral structures of a relatively hyperbolic space). O]

6.5 Construction of contracting elements

We start with a lemma about concatenations of special paths. More specifically, we
consider a concatenation of special paths so that every other path is contracting (more
precisely, contained in a contracting set) and show that the resulting concatenation is
contracting under suitable conditions. The most important such condition is that the
projections of the previous and next contracting paths are close to the corresponding

endpoints compared to the length of the contracting path under consideration, see

Figure

Lemma 6.5.1. Let X be a metric space endowed with a path system. For each C'
there exist D with the following property. Suppose that the sequence of points {z;,y;}

satisfies the following properties for each 1.

(a) There exists a C-contracting set A; containing x;, y;,
(b) diam(ma,(Ai—1)), diam(ma, (A1) < C.

(¢) d(wi,y;) = d(wi, ma,(Ai1)) + d(yi, 7a,(Ais1)) + D.
(d) sup{d(zi, y;), d(yi, xi1)} < +o00.

Then A : 1w x; (fori € Z) is a contracting bi-infinite quasi-geodesic. Moreover, any
special path from from z; to x; has a subpath with endpoints C-close to Ay and at

least D/2-far away from each other whenever i < k < j.
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At the cost of making the last part of the proof more involved, it is possible to
generalise the lemma to finite or one-sided infinite concatenations and substituting
(d) with more general conditions (as well as obtaining a more explicit estimate of the

contracting constants). We will not need this.

Proof. Denote m; = m4,. We now show that everything coming after A; in the con-
catenation projects close to y;, and similarly in the other direction. Formally, setting
d; = d(x;,m(Ai21)), e = d(yi, mi(Ais1)), we would like to show that, for D large

enough depending on C', we have
mi(A}) € Blysei +C' + C),my(A) € Blay, d; +C' + C) (6.1)

for every i < j and C’ as in Lemma[6.2.5, We will show this inductively on j — 7, the
case j =i+ 1 being an easy consequence of (b). For notational convenience, we will
show the first containment, the other one can be shown using a symmetric argument.
Suppose that (1) holds whenever j < i+ n and set j =i+ n + 1 instead. Using the

inductive hypothesis we have
d(mir1(Ai), mis1(Ay) > d(@igr, Yiv1) — digr — €341 — C'—2C > D — C" — 2C.
For D large enough we can apply Lemma and get for each x € A;
d(mi(Aisr), mi(2)) <
and hence
d(ys, mi(x)) < d(y;, mi(Airr)) + diam(mi(Ai)) + C' < e; + C' + C,

as required.

The fact that A is a quasi-geodesic now readily follows from the fact that any
special path from xz; to z; has to pass (dy + C' 4 2C')-close to zj, and (ex + C' 4 2C)-
close to yy, for each ¢ < k < j, if we assume that D satisfies D — 2(C" 4+ 2C') > C.
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We are only left to show that A is contracting. The idea for defining a contraction
is the following. Given x, there will be a critical “time” i(x) so that the projection of
x onto A; switches from being close to y; to being close to z;. We define () = ;).
We then notice that, given z, y, the projections of x, y are far from each other at times
intermediate between the critical ones for x and y, and it is not hard to conclude that
the projection property holds using this fact.

Let us make this precise. For x € X, define

i(r) =min{i € I : d(m;(x),y;) > e; +2C" + C},

and set () = x;(,). Notice that the set on the right-hand side is non-empty because
a special path from = € X to Ay cannot be C-close to A; for ¢ large enough. In
particular, m;(Ag) coarsely coincides with m;(z) for such i, and m;(Ay) is far from y;.
With a similar argument one sees that such set has a lower bound.

The fact that 7 is coarsely the identity map on {z;} easily follows from (1), which
implies that i(x;) = ¢. The fact that it is coarsely the identity on A follows from this
and the contraction property shown below.

Consider z,y € X so that d(7(x), w(y)) is sufficiently large. We have to show that
any special path from = to y passes close to m(x),7(y). Up to exchanging = and v,
we have i(y) > i(x) + 2. For i(z) <1i <i(y), in view of (1) we have

d(mi(a) (Ai), iy (2)) > d(yi, Ty () — (€, + C"+ C) > ',
so that keeping (c¢) and Lemma into account we have
d(zi, mi(x)) < d(mi(Aiw), mi(2)) + (di + C'+ C) < d; +2C" + C.
On the other hand,

as 1 < i(y). For D sufficiently large this implies that any given special path v from x
to y passes (d; + C" + C')-close to m;(x) and (d; + C’" + C')-close to m;(y). Recall that
i was any integer strictly between i(x) and i(y). Let us now choose i =i(x) + 1. We
have

d(y, m(x)) < d(vy, mi(2)) + d(mi(z), 2:) + d(Zi, Yiw)) + AYie)s Ti))-

We saw already that the first and second term on the right hand side can be uniformly
bounded. The remaining two terms are uniformly bounded in view of (d).

Finally, a similar argument with ¢ = i(y) — 1 provides a bound on d(v,7(y)). O
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The following result is a consequence of Lemma and gives us a way of con-

structing new contracting elements from a given one.

Lemma 6.5.2. Let (X, PS) be a weak path system on the group G. For each C' there
exists D with the following property. Let A be a C-contracting axis for the weakly
contracting element g € G, containing p € A. Suppose that h € G\E(g) is so that

d(p, gp) = d(mwa(hp),p) + d(p, ma(h™"p)) + D.
Then hg, and hence any element conjugate to it, is weakly contracting.

It will be convenient to have a slight variation of this lemma, that can be proven

in the same way (we leave the details to the reader).

Lemma 6.5.3. Let (X, PS) be a weak path system on the group G. For each C' there
exists D with the following property. Let A be a C-contracting axis for the weakly
contracting element g € G, containing p € A. Suppose that hy,hy € G\E(g) and
ni, by € Z are so that

d(p,g"p) > d(ma(hy'p),p) + d(p, wa(hap)) + D,

d(p, g"*p) = d(ma(hp), p) + d(p,ma(hy'p)) + D,

Then h1g™ hog™, and hence any element conjugate to it, is weakly contracting.

Proof of Lemma[6.5.9 Let w4 be a C-contraction on A. We apply Lemma [6.5.1
with z; = (hg)'hp, yi = (hg)"™'p and A; = (hg)'hA. We claim that all conditions in
Lemmaare satisfied, up to suitably increasing the constants. Denote h; = (hg)'h
for convenience. Set K = sup{b ¢ E(g) : diam(ma(bA))} < +oo0. Condition (d)
clearly holds as d(z;,y;) = d(p,gp) and d(y;, z;+1) = d(p, hp). Condition (a) is clear
setting 74, () = hyma(h; 'x). Condition (b) holds for with constant K instead of C.
In order to show (c), first notice that there is a uniform bound on d(m4(gz), gma(z))
for x € X, as ma(y) coarsely coincides with the first point on any special path from

y to A in a suitable neighbourhood of A. We can then make the computation:
ma, (A1) = hima(ghA) C hiBi(ra(ghp)) C (hg)™ Br(ma(hp)),

and similarly we get m4,(A;_1) C h;Br/(ma(h™'p)). So, using that G acts by isome-
tries:

d(x% ﬂ-Az‘(Ai*l)) + d(yw 7TAi<Ai+1>) <
d(p,ma(h™'p)) + d(p,ma(hp)) + 2K' < d(p,gp) — D + 2K' < d(x;,y;) — D + 2K’
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Now, we are only left to check the WPD property. For a suitable B, there are
finitely many representatives ky, ..., k, of left cosets of F(g) so that a special path «
from x( to some (hg)'z, intersects No(zA) in a set of diameter at least B (henceforth,
fellow-travels for a long time) only if x = (hg)’k; for some j, 1.

To see this, we can first reduce to showing the analogous property for special paths
a connecting a point C-close to xg to a point C-close to hgxy using the “moreover”
part of Lemma and using the action of the appropriate (hg)’zy. Such special
path will fellow-travel a translate of A only if the projections of xg, hgxy on such
translate are far enough, and there are only finitely many such translates xA as
any special path connecting xg to hgxy contains long disjoint subpaths each fellow-
travelling some xA.

Suppose that k € G is so that d(kzg, o), d(k(hg)Nxo, (hg)¥xe) < K, for N large
compared to K, and let v be a special path from z to (hg)¥zo. Then both kv and
7 fellow-travel some A;, and |j| bounded in terms of K if we pick the smallest such
j. This is because the projection of the endpoints of kv on A; are close to those of
the endpoints of v whenever A; has distance at least K + C' from the endpoints of v.

Hence, k has the form (hg)'E(g)((hg)’k;)~', because kA’ only fellow-travels for
a long time translates of A of the form k(hg)’ k;A. Also, |j'| can again be bounded

in terms of K.

k(hg)Nl'o

]Cxo
<K
\\ LA/ < K

Ay

/xo Aj A (hg)N xo

Figure 6.9: A’, kA’ both intersect far away K-balls and fellow-travel in be-
tween.

Given any a, b, there are only finitely elements ¢’ of F(g) so that d(ag'b, zq) < K,
so that we showed that k lies in one of finitely many double cosets of E(g) and in
each of them only finitely many elements satisfy a property satisfied by k. Hence,

there are finitely many choices of k and we are done.

6.6 Random walks

Recall that our aim is to prove the following.
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Theorem 6.6.1. Let G be a non-elementary group supporting the path system (resp.
weak path system) (X, PS) and containing a contracting (resp. weakly contracting)
element. Then the probability that a simple random walk {X,} supported on G gives
rise to a non-contracting (resp. non-weakly-contracting) element decays exponentially

wn the length of the random walk.

The reader may wish, on first reading, to take the short-cut suggested in Sub-
section where we indicate how to prove the slightly weaker result that the
probability of ending up in a non-contracting element goes to 0 without the extra

information that it does so exponentially fast.

6.6.1 Notation

We fix the notation of the theorem throughout this section. Additionally, we let
W, (S) be the set of words of length n in the generating system of G that defines
the random walk {X,}. For w a word in S, we denote by g(w) the corresponding
element of ¢g. Finally, p is a fixed basepoint of X. To simplify the notation, for any

contracting set A,

da(-,-) = d(ma(-), ma(")).

6.6.2 Many contracting subwords

In order to keep the proof as elementary and self-contained as possible, rather than
using more refined estimates on sums of independent random variables we will only

use the following well-known inequality: for each positive integers n > m, we have

()<

Let wy € W,,(S) be a word of length m (we will be interested in a word rep-
resenting a weakly contracting element). For each k denote Wzﬁo the set of words
obtained concatenating k words of the form wg or wy'. For a word w, denote by
wlj, k] the subword starting with the j-th letter and ending with the (k — 1)-th letter.
Let I, = km and denote Z} (w) = {i € 2N : wlily, (i + 1)) € Wk }. In words, we
split w into subwords of length [, keep the even ones and count how many of those
are concatenations of wy and wy*.

The following lemma tells us that we expect the size of Z7 (w) to be linear in the

length n.
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Lemma 6.6.2. For each wy € W,,,(S) and k > 1 there exists Cy > 1 so that
PH#IE (X,) < n/Cp) < Coe ™/
for each n > 1.

Proof. For notational convenience, we drop the “wy” subscripts. Let K be a large
enough constant to be determined by the following argument. Let w be a word
of length n and set ng = [n/(2l;)]. We can assume that n is large enough that
In/K| >no/(2K).

If #7%(w) < ng/K then ZF(w) is contained in a set I C {0,2,...,2ng} of cardi-
nality |no/K |, and for each i € {0,...,2n¢}\I we have that w(ily, (i+1)lx] (is defined
and) does not belong to W*. The probability of a word of length [, not belonging to
W* is some p < 1 (depending on k and the length of wy). We now use inequality .
Summing over all possible sets I we can bound the probability in the statement by

"o no—|no/K] no/K (1-1/K)no _ /K j1-1/K\™0
p < (2Ke)™ " p = ((2Ke)""p ).
L”o/KJ)

If K is large enough, depending on p only, we have (2Ke)Y/X p'=1/K < 1 (because the
first term tends to 1 and the second one tends to p for K — o). This gives us the

exponential decay we were looking for. O

6.6.3 Avoiding E(g)

Lemma 6.6.3. For any weakly contracting element g of G there exists C; > 1 so
that
P[X, € E(g)] < Cie™™/1,

Proof. As we point out in the Appendix, since H is non-elementary, it must contain a
free group on two generators and so it is not amenable. Hence, by a result of Kesten,
see e.g. [163 Corollary 12.12], there exists K > 1 so that for each g € G and n > 1
we have

P[X, = g] < Ke /X,

Also, up to increasing K, in the ball of radius n in the Cayley graph of G around
1 there are at most Kn elements of E(g), because the inclusion of E(g) in G is a
quasi-isometric embedding (if it was not, the orbit of g could not be a quasi-geodesic
in X). Hence,

P[X,, € E(g)] < (Kn)(Ke ™),

which decays exponentially. O
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6.6.4 One small projection

In this section we show that we expect the projection of a random point on an axis of
a fixed weakly contracting element to be close to p, the basepoint of X. This is the
key fact we need to use Lemma or our methods for constructing weakly

contracting elements. We use the standard notation P[-|-] for conditional probabilities.

Lemma 6.6.4. Let wy be a word of even length representing a weakly contracting
element g € G, with axis A. For every k large enough depending on wq the following
holds. There exists Cy > 1 so that for each 5 > 1, t >0 and I C 2N we have

P |d(p, a(X.p)) =I5, (X,) = I| < Coe /.
0

The reason why we require wy to be even is just to make the existence of certain
words slightly easier to prove. The reason why we consider a fixed Ifjé is merely
technical: The final computation in the proof of the main theorem requires to consider
a conditional probability, and this propagates backwards up to here.

We actually do not need the exponential decay, just a convergence to 0, but this

is what the proof gives anyway.

Proof. We want to find D > 0 with the following property. Let w be a word with
IZj (w) = I and d(p,ma(g(w)p)) > (i + 1)D for some integer i > 2. We want to
assoociate to w a new word w’, again with Iij (w") = I and of the same length as w, so
that d(p, ma(g(w")p)) € [iD, (i+1)D). Also,owe will make sure that at most N words
w are mapped to the same w’, where N does not depend on j. This is enough for our

purposes. In fact, once we manage to do so we have, setting C,, = “If%(Xn) =1",
Pld(p, ma(Xnp)) 2 (i +1)D | Co] <
N (P [d(p, ma(Xnp)) = iD | Cu] = Pld(p, ma(Xnp)) = (i +1)D | Cr]),
and hence
P [d(p, ma(X,p)) = (i +1)D | Cp] < (1+1/N)"'Pd(p, ma(Xnp)) > iD | Cy] .

A straightforward inductive argument completes the proof.

We are left to show how to construct w’ with the required properties. Fix some
word s so that g(s) ¢ E(g) and let C' be as in Lemme6.2.5] For reasons that will
be clearer later, we need k large enough with the property that there exist words

vy, Vg, U3, vy Of length [y (recall that [, = km for m the length of wy) so that
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L g(v1),g(v2) € hiE(g)hi', g(vs), g(vs) € haE(g)hy ",
2. iE(g) # h2E(g),

3. d(g(ve)g(vy) 'z, z), d(g(vs)g(vs)'y,y) are larger than a constant determined
by the argument below for any x € hi A,y € hyA.

It is easy to see that such words exist. For example, one can start choosing any
hy, hy as required (recall that G is non-elementary so that [G : E(g)] = oco) and words
uy, up representing them. Then one finds words ¢1,¢5 both of even length so that
g(t;) € E(g) and with long translation distance on A. One can then set v} = uitu;’,
etc. and prolong such words to get the v;’s by adding final subwords (of even length)
that represent the identity, making sure that the prolonged words have the same
length and that such length is a multiple of the length of wy.

We will subdivide w into three subwords w = wywsws, and substitute the middle
subword with one of the v;’s. The length of ws will be [,. Also, we let w; be
the shortest initial subword of w whose length is an odd multiple of [, and so that
d(p,ma(w)) > (i + 0.5)D. First of all, it is now readily seen that the property that
w — w' is bounded-to-1 is satisfied. It is also readily seen that IZ i (wvswz) = T for
each i (recall that Ifzg() is a set of even numbers). ’

We now only have to gain control on the projection on A. In view of (2) at least
one of g(wy)hy, g(wy)hy is not in E(g), let us assume the former. Translating by

gluwr)~" we get

dg(wl)hlA(g<wlvlw3)p> g(wlv2w3)p) = dh1A<g(U1'LU3)p, g('UQ'U)g)p),

and we would like to show that this quantity is large. Any special path v from
g(viws)p to any point in hy A enters a suitable neighbourhood of hiA close to the
projection point. The special path g(vy)g(vi)~'7 connects g(vows)p to some point
in h1A because g(vy), g(vs) stabilize hy A in view of (1). Also, (3) implies that the
entrance points in the neighbourhood of h; A are far, and hence so are the projection
points of g(viws)p, glvaws)p.

The argument above shows that at most one of g(wiviws)p, g(wivews)p can project
closer than C’ to Ty, )n,4(A), where C” is as in Lemma In particular, if this
holds for, say, g(wjviws)p, we get a uniform bound on d4(g(wyvyws)p, (g(wy)hip))
and hence on d4(g(wiviws)p, g(wy)p). Therefore, for D large enough the inequality
da(g(wivyws)p, g(wy)p) < D/2 holds, and thus d(m4(g(wiviws)p),p) € [iD, (i+1)D),

as required. O
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6.6.5 Many small projections

Let A = (A, wp) be a pair where A is the axis of the weakly contracting element g(wy)
represented by the word wg € W,,,(.5).

Standing assumptions: we assume that the length of wy is even. Also, we fix an
odd k > 107 satisfying Lemma and so that P[X,, € E(g)] < 1073 for each n > k

(see Lemma [6.6.3)).

We denote Z,, = ZF for any word w. The reason why we fix an odd k is that any
subword counted by Z corresponds to a non-trivial power of g(wj}), a fact that will
be used later. Slightly extending the notation we already used, for ¢« < j < n and a
word of length n we denote by w[j,i] the concatenation of w[j,n] and wn,i] (w is
hence considered as a cyclic word). Given a pair as above, a word w and an integer

i so that ¢l is not larger than the length of w, denote

jXL(w,%) = {z + id (p, TA (g(w[(z + 1)l,%l])p>> < L} N Ly (W),

il
w
wl(i+ 1)Ll >
has w4 close to p.

power of g(wq) 7

for [ = km.

Figure 6.10: i is in J , (w, i) if...

In words, we replace w by a cyclic permutation and we record the indices so that
the projection of a final subword of w following one of the occurrences of powers of
g(wp) counted by Z,,, has distance at most L from the basepoint p. Similarly, reading

w backwards we set

Tn(w,i) = {z £i-d (p, A (g(w[@ + 1)1,@'1])—139) ) < L} A Loy (w).

Suppose that some j is fixed and set A; = (A4, w]). Then, given a word w, we say

A 2 N N N
that (i1,19) € (ij(w)> is a good L-pair if 1; € Jj{j p(w,12) N Ty, 1 (w,12) and vice
’LUO ) )

versa, i.e. if all projections suggested by the following picture are “smaller” than L.
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A

le

(i1 + 1)1

ial

Figure 6.11: A good pair. Arrows correspond to controlled projections

The following proposition tells us that we expect to find a good pair of well-
separated indices, once we replace wy by some large power to increase the translation

distance on A.

Proposition 6.6.5. There exists L > 0 with the following property. For each A
as above and D > 0 there exists j > 1 so that A; = (A, w}) satisfies the following
property for some C3 > 1. For eachn > 1, I C {0,2,...,2|n/(2l5)]} of cardinality
at least 100C3 we have

I A N I A
P Vil,ig S I, ’21 — 22‘ Z #C’_ = (il,ig) 1S not L—gOOd ’ Iw(ﬂ)(Xn) =1 S 0367#1/03.
3

Moreover, d(p,¢’p) > 2L + D.

The proof is (essentially) an induction on |I], the base case being Lemma [6.6.4]

Let us now choose j and L. Let C' be a contraction constant for A. We fix
L > C"+ C so that Pld(p, ma(Xup)) = L = C" = CIL4(X,) = J] < 1073 for any
J C 2N and C’ as in Lemma [6.2.5] (Lemma [6.6.4] guarantees that L exists). Also, we
pick j so that d(p, g(we)’p) > 2L + D. We now drop all subscripts in Z, J* if they
are the ones that can be inferred from the choices we just made.

Proposition will follow easily from the following lemma.

Lemma 6.6.6. There exists K so that
A A 4
Pl|diel:#T(X,,1) < 5#[ | T(X,) =I| < Ke #/K,

and the same holds for J~.

Proof. We prove the lemma for J+, the proof for J~ is symmetric.
We can fix ¢ € I and just show the same conclusion with “Ji € I” removed, the

lemma will follow upon taking a sum over all 2 € I. For distinct 4,,iy € I we write
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11 < 9 if either i; < i9 < %, P < 11 < 19 Or 19 < P < i1 (i.e., we read w in cyclic order
starting after il and determine the order in this way).
Claim: There exists p < 1072 so that for each 7, < -+ < 4; contained in I we

have
Pliy & T (Xn,0)|T(X,) = 1,2, ... i1 ¢ T (X, 1)] < p.

Proof of claim. 1If the conditional hypothesis holds for the word w and i; ¢
JH(w, 5), then, as we are about to show, at least one of the conditions below hold.

Denote wy = w(iy + 1)1, islj], wy = wlizl], (iz + 1)1j], ws = w((iz + 1)14,415].
ilj
(i2 +1)lj
i2lj

(in + 1)lj

1. d(p, ma(g(wows)p)) < L. (wows projects close to p.)
2. d(Tg(wya(p), g(w1)p) > L — C' — C. (wy' projects far from p.)
3. d(p,ma(g(wy)p)) > L — C" — C. (wy projects far from p.)

4. g(wy) € E(g).

In fact, suppose that all conditions fail. Then the negation of (1) multiplied on
the left by g(w;) and the negation of (2) imply

dg(wl)A(P, g(wlwgwg)p) >

d(g(w)p, Ta(g(wrwaws)p)) = d(mg(w)a(p), g(wi)p) > ¢+ C.
Thus, by Lemmal[6.2.5| (and g(w:) ¢ E(g)), Ta(g(wiwsws)p) is C’'-close to 74 (g(w1)A).
But ma(g(w;)A) has diameter at most C' and contains a point at distance at most
L —C"—C from p by the negation of (3). In particular, 74 (g(wjwows)p) is L-close to
p. As wiwyws = w|(iy + 1)15,ilj], we see that by the very definition this means that
iy is in T (w,1).
We can conclude the proof of the Claim. The point about the conditions stated

above is that they are (or, in the case of (1), are easily converted into) properties

133



of wy,wsy, so that they are “independent enough” from the conditional hypothesis,
which is mostly about ws.

The probability that (2) holds is bounded by 1073 by our choice of L, and similarly
for (3). The probability that (4) holds is also at most 1073, by our choice of k (see
Standing Assumptions). Given any possible w3, there is at most one power of g(wg)? so
that d(ma(g(wows)p),p) < C'+ C. The probability that an element of W* represents
such power of g(wg)? is smaller than 1072 (as can be seen for example using Inequality
, using k& > 10°). This observation proves that the probability that 1 happens is

smaller than 1072 as well. Summing these probabilities we get the desired bound. [

Using the claim, it is not hard to complete the proof with an argument similar to
Lemmam For w € W,,(S) so that Z(w) = I denote I(w) = I\J*(w,1). For each

Iy C I containing the elements iy < --- < 7; we have
P[I(X,) 2 L|Z(X,) =1] =

M1 Plie ¢ T (X, )L(Xn) = L, i § T (X 2)] < 0
If the word w is so that #J " (w) < 2#Z(w) but Z(w) = I, then there exists Iy C I(w)

of cardinality [#1/5]. The final, straightforward, computation is just summing over
all possible Iy’s and using inequality [6.2}

+ 4 _ L\ a5
P |#07(X.) < SHT(XIT(X,) I] < ([ h /51);) <

(100)#E/5+H1 p#1/5 < 100(100p)#1/3,

and the last term decays exponentially. (We used (#1e)/[#1/5] < 100, which follows
from #1 > 100C5.) O

Proof of Proposition[6.6.5. Suppose we fixed a word w of length n so that Z(w) =
I. We say that i1 € I is good for 1o € I if i1 € jj{j,L(w,%g) N jffji(’w,%g). We want
to show that if w satisfies #ji(w,i) < %#I for each 7 € I then there exists a pair
of indices 71, 15 so that |%1 — 52| > #1/100 but 71 is good for 75 and vice versa. The
fraction of words without this property is exponentially small in #/ by Lemma [6.6.6]

Fix instead a word satisfying the property. Then we can make the following
counting argument. Given any index 7o, at least 3#] /5 indices are good for i. In
particular, there is an index 7; which is good for at least 3#1/5 indices. Out of these,
there are at least #1/5 indices which are good for i1. If 15 the furthest such index

from i1, then the pair 7, 75 is the one we were looking for.
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6.6.6 Proof of main theorem

We are only left to put the pieces together. Then fix wy, j, k, L as in Proposition [6.6.5
for D as in Lemma . An exponentially small fraction < Cye % of the words
w of any given length is so that #Iij (w) < n/Cy. Let C3 be given by Proposition
6.6.5] Summing Lemma over all subwords of length at least n/(C5Cy), we see
that a fraction < Cse™™/5 of words contains a subword of length at least n/(CsCy)
representing an element of E(g(wy)).

Given a word w we say that (i1,2) € (Iij(w)>2 is a very good pair if it is a good
pair and |i; — 15| > #Iij(w)/(;’g. i

Recall that we chose k to be odd so that any subword counted by IZ ; corresponds
to a non-trivial power of g(wg). Lemma is a criterion for elemen?cs (conjugate
to an element) of the form h;g™hsg™ to represent a weakly contracting element.
Unravelling the definitions we see that if a word w has no subwords of length at least
n/(C3Cy) representing an element in E(g(wy)) and it admits a very good pair then w
has, up to cyclic permutation, the form prescribed by Lemma [6.5.3| and in particular
it represents a weakly contracting element.

Finally, keeping this and the estimates we gave above into account (which we use
to get rid of words with few occurrences of power of g(w}) and long subwords in E(g))

we can make the following estimate for n large:
Plg(X,) not weakly contracting] < Cue ™C 4 Cye™/ % 4

Z P[Viy, iy € I, (i1,12) is not very good|Z(X,) = I| P[Z(X,) = I] <
[|2n/C1

Coe™ ™% 4 Cye ™ Y "PIT(X,) = 1] < Cre ™,

for appropriate Cg, C7.

6.6.7 Proof of the corollaries

We now prove the following corollary of the main theorem.

Corollary 6.6.7. Let G, G5 be a non-elementary group supporting the path system
(resp. weak path system) (X, PS) and containing a contracting (resp. weakly con-

tracting) element.

e For any isomorphism ¢ : G1 — G there exists a (weakly) contracting g € G' so
that ¢(g) is also (weakly) contracting.
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o If H is an amenable group and ¢ : G — H 1is any homomorphism, for any
h € ¢(Gy) there exists a (weakly) contracting g € ¢~ *(h).

Proof. The proof of both points relies on considering a simple random walk {X,,} on
(G, and pushing it forward to a random walk on the target group.

In the first case, one obtains a simple random walk {Y},} on G5. For n large enough,
the probability that both X,, and Y,, represent a non-weakly contracting element are
less than 1/2, so that for such n there exists a (weakly) contracting element of G,
of word length at most n that is mapped to a (weakly) contracting element of Gs.
(A probability-free way of saying this is that, for S a generating system for G and n
large enough, the sets of words of length n in both S and ¢(.S) that do not represent
a (weakly) contracting element have cardinality less than a half of the cardinality of
Wa(5).)

In the case of 2), the push-forward of {X,} is a symmetric finitely supported
random walk on H. It is well-known that the probability that such a random walk
ends up in a given element h € H decays slower than exponentially, provided that
h is in the group generated by the support of the random walk (which is in our
case ¢(G1)), see [163, Theorem 12.5]. Hence, for such h and each large enough n,
P[X,, (weakly) contracting|¢(X,) = h] > 0, and we are done. O

6.6.8 A simpler proof of a simpler theorem

There is a shortcut in the proof of genericity of weakly contracting elements if one
wants to show that the probability of ending up in a non-weakly contracting element
goes to 0, without the extra information that it does so exponentially fast.

This is because there exists K so that, given a word w of length at most log(n)/K,
the probability that a random word of length n does not contain w goes to 0 for n

going to infinity. The idea is then to look for powers of a word representing a weakly

contracting element and using (the appropriate versions of) Lemmas [6.6.3| and [6.6.4]

to show that the hypothesis of Lemma [6.5.2] are satisfied with high probability. More
details are below.

Fix a word wy representing the weakly contracting element g, with axis A. We
claim that for an appropriate f(n) € O(log(n)), “most” words w of length n (meaning
all except for a fraction of size going to 0 as n goes to infinity) have a uniquely

determined decomposition w = wywows with the following properties:

1. wy is a power of wy with exponent f(n),
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2. either w; = () and ws is any word of length n — f(n) or wsw; is any word of

length n — f(n) not ending with wy.
3. g(wswr) ¢ E(g(w)),

4. d(p, ma(g(wswi)p)) < f(n)/3.

We already commented on (1), and (2) just says that wy is the first occurrence of
the w]™.

Regard w as a cyclic word. Then the probability that any given subword of w
of length n — f(n) represents an element of F(g(wp)) is exponentially small in n by
Lemmal[6.6.3] so that a stronger version of (3) can be shown summing over all possible
such subwords.

Finally, using a small variation of Lemma that can be proven with the
same techniques (and fewer technical details), one can show (4). More precisely, one
considers separately the case when w; # () and w; = (). To deal with the first case, one
checks that Lemma [6.6.4 still holds when replacing in the statement “If} 6(Xn) =1

with the new conditioning event that X,, does not terminate with wy. To deal with

the first case, one removes the conditioning event altogether and again checks that
the proof goes through.
Lemma applies to any element represented by a word satisfying the conditions

above, so that all such elements are weakly contracting.

Appendix: Weak Tits Alternative

In this appendix we sketch the proof of a result implied by Theorem [6.4.6| and results
in [58)] (see, e.g., Theorem 2.23), that is to say that subgroups containing (weakly)
contracting elements are either virtually cyclic or they contain a free group on two
generators. We do so, as explained in the introduction, to show that our techniques

can prove Theorem in an almost self-contained way.

Theorem 6.6.8 (Weak Tits Alternative). Let G be a finitely generated group equipped
with the weak path system (X, PS). Suppose that G contains a weakly PS-contracting
element. Then either G is virtually cyclic or it contains a free group on two genera-

tors.

The theorem above was known already in many cases. For relatively hyperbolic
groups it essentially follows from the proofs in [164], for mapping class groups see
[97, 128], for Out(F,,) see [103] (the “full” Tits Alternative is also known [22, 23]),
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for right-angled Artin groups it follows from Tits’ original result [I57] in view of the
fact that they are linear [93] 61] (and standard facts about C'AT'(0) spaces), and for

graph manifold groups one just needs to use some Bass-Serre theory.

Proof. [Sketch.] Let gy € G be a weakly contracting element. If G is not virtually
cyclic, then there exists hg ¢ F(g). From Lemma we see that for some appro-
priate N we have that h; = hogl’ is again weakly contracting. We claim that for any
sufficiently large m, h = A" and g = g’ generate a free group on two generators.

If A;, Aj, are axes for gg, ho (and hence also axes for g, h), then the diameters of
Ta,(An), ma, (A,) are finite. This follows, for example, from the proof of Lemma, m,
in particular claim (1) and the description of the projection on A.

Suppose just for convenience that there exists p € A,MN Ay, which can be arranged
by taking neighbourhoods. Up to increasing m, the translation distance of any non-
trivial power of g on A, is much larger than the diameter of {p} U4, (Ay) and vice
versa.

In order to show the non-triviality of any element of the form, e.g., g®th" ... g hP,
where k > 1 and a;, b; # 0, one consider the sequence of points x; = g*h% ... g%hbip
and y; = g¥hb ... g%hbig¥+ip. The non-triviality of such element (for m large)
follows from the fact that the concatenation of special paths from x; to y; and from
y; to x;41 forms a quasi-geodesic (and that the constants do not depend on m). This
fact can be proven using the same strategy as in Lemma [6.5.1 x;,y; belong to an
appropriate translate A; of A;, and one can show that m4,(x;), 74, (y;) are close to y;
for 5 > i and close to x; for 5 < 7. One can show this inductively, also considering

translates of Aj containing y;, ;1. m
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Chapter 7

Tracking rates

7.1 Introduction

It is known in several contexts that sample paths of random walks stay sublinearly
close to geodesics [78, 100} 99, T0T], 107, 157]. Such a property is useful, for example,
to describe the Poisson boundary [99].

It seems that little is known about estimates on the tracking rates, i.e. the actual
expected value of the Hausdorff distance between a random path and a corresponding
geodesic. The tracking rate in non-Abelian free groups [I11] and more generally non-
elementary hyperbolic groups [26, Corollary 3.9] is logarithmic in the length of the
walk. Our first main result is that the logarithmic rate holds for a more general
class of groups, and we will show it with entirely different, more geometric, methods
than [IT1] and [26]. We say that a relatively hyperbolic group is non-trivial if it is
not virtually cyclic and all peripheral subgroups have infinite index. We denote the
Hausdorff distance by dga.s. Also, the supremum over all geodesics from z to y will
be denoted by supy, (i.e. if F'is a real function depending on a geodesic from x to

y, we denote by supy, ,; F’ ([,y]) the supremum over all geodesics v from x to y of
F(7)).
Theorem 7.1.1. Let X,, be a simple random walk on the non-trivial relatively hyper-

bolic group G. There exists C' so that for each n > 2 we have

E sup dHaus({Xi}iSm [17Xn]) S Clog(”))
[1,X0n]

where the supremum is taken over all geodesics [1, X,,] from 1 to X,,.

Notice in particular that the expected Hausdorff distance between two geodesics

from 1 to X, is at most logarithmic.
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Sublinear tracking has been shown in [I01] for hyperbolic groups and very recently
in [157] for relatively hyperbolic groups (in both cases for random walks of finite first
moment).

We will actually show a more general result, Theorem [7.3.2] which allows more
general random walks, gives a polynomial decay of the probability that a sample path
gives an “off-range” Hausdorff distance and deals with group actions on relatively hy-
perbolic spaces instead of relatively hyperbolic groups. The motivation for looking
at such actions is on one hand that we will apply Theorem to the action of
a mapping class group on the corresponding curve complex, and on the other that
such group actions are very much related to the notion of hyperbolically embedded
subgroups as defined in [58], see [58, Theorem 4.42] and [154, Theorem 6.4]. Namely,
any hyperbolically embedded subgroup gives an action of the ambient group on a
relatively hyperbolic space (a Cayley graph with respect to a possibly infinite gen-
erating system), and vice versa a nice action on a relatively hyperbolic space gives
hyperbolically embedded subgroups.

Our next result is that sublinear tracking holds in mapping class groups as well.
Recall that the complexity of a surface of finite type is 3g + p — 3 where g is the genus

of the surface and p the number of punctures.

Theorem 7.1.2. Let S be a connected, orientable surface S of finite type, with empty
boundary and complexity at least 2. Let M(S) be its mapping class group and let {X,,}
be a simple random walk on M(S). Then

E | sup dpaus({Xi}i<n, 7(Xn))| = O(y/nlog(n)),

¥(Xn)

where the supremum is taken over all geodesics in a given word metric and hierarchy
paths v(X,) from 1 to X,,.

Once again, given any choice of a pair of hierarchy paths or geodesics from 1 to
X,, the expected value of their Hausdorff distance is O(+/nlog(n)).

We remark that not even sublinear tracking seems to appear in the literature.
Once again, we will show a stronger result (Theorem . In order to prove the
theorem we will need a refinement of the result [I3] [73] that mapping class groups
have (at least) quadratic divergence, which may be of independent interest. (Recall
that the divergence is, roughly speaking, the minimal length of paths avoiding a ball
as a function of the diameter of the ball, but we will not need the exact definition.

The interested reader is referred to [71].)
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D-bounded pairs will be defined in Subsection [7.4.2} for the moment we will just
mention that all pairs of points on the orbit of a pseudo-Anosov g are D-bounded,

but D depends on the choice of g.

Proposition 7.1.3. Let S be a connected, orientable surface S of finite type, with
empty boundary and complexity at least 2. Let M(S) be its mapping class group.
Then there is a constant C = C(S) so that the following holds. Let D > 1 and let
x1, 29 € M(S) be a D-bounded pair. Then for any path o of length at least 1 from x4

to x5 and any p € [x1, x2] we have

d(p, o) < Cy/Dl(v),

where [T1, x5] can denote either a hierarchy path or a geodesic in a given word metric

from x1 to xs.

What is shown in [13] [73] is that for each D there exists K (D) so that d(p,a) <
K(D)+/l(a), so the improvement we make is showing that K (D) can be chosen to be
linear in v/D. This result can also presumably be obtained using the techniques in,
e.g., [13, Section 6]. However, our proof, which is inspired by arguments in [106, [71],
is different and shorter. The coefficient O(v/D) should be optimal.

Finally, we will give two applications of Theorem [7.3.2] We say that random
triangles in a given group are w-thin, where w : RT™ — R™ if the expected thinness
constant of triangles joining the endpoints of three independent simple random walks
is O(w(n)), where n is the number of steps of both walks. Also, we say that that
random points have w-small Gromov product if all geodesics joining the endpoints of
two independent random walks pass O(w)-close to 1. Finally, given a combing of a
group, we define the average Dehn function to be the expected area of loops obtained
concatenating the sample path of a simple random walk and the path from the given
combing joining the endpoint to the identity. All concepts will be formally defined
and discussed in Section [7.3.21

Theorem 7.1.4. Let G be a non-trivial relatively hyperbolic group. Then
1. random triangles in G are log(n)-thin.
2. random points in G have log(n)-small Gromov product.

3. if all Dehn functions of the peripheral subgroups are bounded by 6 : RT — R*
and are at most polynomial then for any geodesic combing the average Dehn
function is O(né(log(n)) ).
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In particular, we see that expected values of both the thinness constant and the
Dehn function can be much lower than worst-case values. Also, notice that if all
triangles in a group are log(n)-thin then the group is hyperbolic (see for example [83],
[69] or [77]) and that if the Dehn function is subquadratic then it is actually linear
and the group is hyperbolic [133] (see also [142], pages 149-157]). In view of this,
the theorem can be interpreted as indicating that random configurations in relatively

hyperbolic groups resemble corresponding configurations in hyperbolic groups.

7.2 Outline

We emphasise that our methods of proof are completely different from other methods
that have been used to show sublinear tracking. The proof of Theorem uses

three main ingredients, discussed in the following subsections.

7.2.1 Projections estimate

We will consider closest point projections on peripheral sets and show that it is
unlikely that two random points project far away on some peripheral set (left coset
of peripheral subgroup in the context of groups). The main tool we will use to show
this is Corollary [3.1.2] an inequality for closest point projections on peripheral sets,
which is similar to a very useful inequality due to Behrstock [I3] in the context of
subsurface projections. This step can be skipped if one wants to show Theorem
for hyperbolic groups only. The outcomes of this argument are Lemma and
Lemma [7.5.1] We record the latter as it could be useful in other contexts as well.

7.2.2 Exponential divergence

The divergence of non-trivial relatively hyperbolic groups is at least exponential (see
[154] or Section [3.6). The same proof, using the consequence of the projections
estimate, guarantees that points on a geodesic connecting the endpoints of a random
path are close to the random path. For hyperbolic groups, this is a standard argument,
see [37, Proposition II11.H.1.6].

7.2.3 Drift estimates

The last ingredient is a fact about random walks on non-amenable groups, namely

the fact that random walks on nonamenable groups make linear progress (see [163,
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Lemma 8.1(b)]). This allows us to exclude the existence of “large detours” in the

random path.

Except for exponential divergence, all ingredients are available for mapping class
groups. In that context instead of exponential divergence we have quadratic diver-
gence, and this is why the rate we get for mapping class groups is worse than the
one for relatively hyperbolic groups. We will actually proceed slightly differently in
the mapping class group case in order to exhibit a variation on the argument for
relatively hyperbolic groups, and we will use a drift estimate in the curve complex
due to Maher [119].

7.3 Logarithmic tracking

The aim of this section is to show the following. As in the introduction, we denote
a supremum over all geodesics from z to y by supy, ;. Recall that we say that a
relatively hyperbolic group is non-trivial if it is not virtually cyclic and all peripheral

subgroups have infinite index.

Theorem 7.3.1. Let {X,} be a simple random walk on the non-trivial relatively

hyperbolic group G. There exists C so that for each n > 2 we have

E sup dHaus({Xi}iSna [17Xn]) S Clog(”)
[1,X,]
We will actually show the following refinement. Following, e.g., [119], we say that
a random walk {X,,} on the group G acting on the pointed metric space (X, p) makes

linear progress if there exists Cy > 1 so that
IP) [d(p7 an) S n/CO] S Coe_n/CO‘

As noticed in [51, Proposition 5.9], it follows from [163, Lemma 8.1(b)] that when G
is a non-amenable group acting on itself, any symmetric random walk makes linear

progress.

Theorem 7.3.2. Suppose that the finitely generated group G acts by isometries on the
relatively hyperbolic space X permuting the peripheral sets. Suppose also that there are
at least 2 peripheral sets and that the stabiliser of each peripheral set has unbounded

orbits. Let p be a symmetric probability measure on G whose finite support generates
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G and let {X,} be the corresponding random walk, which we assume to make linear

progress. Then for each p € X and for each k > 1 there exists C' so that

P | sup diaus({Xip}icn, trans([p, X,p])) > Clog(n)| < Cn~*.
[P,an]

Moreover, the same is true for [p, X,p| substituting trans([p, X,p]).

Let us fix the notation of the theorem, including k. Let H be the collection of
peripheral sets of X. We now state and prove the three lemmas we need, and we will
combine them together in the next subsection.

The following general fact about relative hyperbolicity will immediately imply
that each point on trans([p, X,p]) is close to {X;p}i<n.

Lemma 7.3.3. There exists Cy with the following property. Let o be a discrete path
from x to y, where x,y € X, and let p € trans(|x,y]). Then d(p,«) < Cylogy(l(a) +
1)+ Cy.

Proof. The proof is the same as Proposition |3.6.6| and is an easy generalization of,
e.g., [37, Proposition II1I1.H.1.6]. We give the proof for completeness.

Let D be as in Lemma [3.1.3] If /(o) < 2, then the lemma holds, with C} = 2.
Otherwise, split a into paths «; of length I(a))/2 > 1 and let ¢ be the common
endpoint. Then p is D-close to some p’ € trans([z, q]) U trans(|g, y]). By induction
we can assume on the length of o we can assume d(p’, ) < Dlog,(I(cr)/2) + 2, so
that

A(p, @) < d(p,p) + d(, ) < Dlogy(l(a)) + 2 =

Y

Figure 7.1: Proof of Lemma m The thick segments along [z, y] represent
the transient set.

Let us now show that the deep components of [p, X,,p| are expected to be loga-

rithmically small. It will be convenient to set, for H € H,
du(-,-) = d(mu (), mu (),
as it is customary for subsurface projections.
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Lemma 7.3.4. There exists Cy so that, for each n > 1,
P[3H € H : dy(p, Xnp) > Cylog(n)] < Con™.

Proof. The usual notation P[-|-] will be used for the conditional probability. We will
show that there exists K so that:

1. foralll > 0 and H € H we have

P [dy(p, Xup) > 1 dy(p, Xpp) > K] < Ke VK,

2. for any g € G the set A(g) = {H € H : du(p,gp) > K} satisfies |A(z)| <
Kd(p, gp).

Using these two facts we can make the estimate:
P[EH € H : du(p, Xup) > Calog(n)] <
S ren Pl (p, Xap) > Colog(n)|H € A(X,)]P[H € A(X,)] <
(KeCos/) 3, BIH € A(X,)] < (KTn)(KemC2os/K),

where T' = max{d(p,gp) : g € supp(u)}. The last inequality follows from the
observation that the random variable |A(+)| is the sum of the indicator functions

1rea(y, so that

> PH € A(X,)] = E[#A(X,)].

HeH
We can then clearly choose Cy large enough that is satisfies the lemma.
(1) The proof is similar to that of Lemma [6.6.4. We want to show that there
exists K’ so that

Bldn(p. Xup) > 1+ K') < K'Blda(p. X,p) € [l — K'.1+ K')].

which then implies the exponential decay we are looking for (just as in [I53, Lemma

6.2]). Namely, one readily shows inductively
Pldy(p, X,p) > (20 + 1)K'] < (1 +1/K')""Pldy(p, Xup) > K],

just using the inequality above for [ = (2i 4+ 2)K":
Pldu(p, Xap) > (20 + 3)K'] <

K'(P [dy(p, Xop) > (2i + D)E'] — Pdy(p, Xop) = (20 + 3)K7]).
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For later purposes, we fix distinct Hy, Ho € H. For w a word in the elements of
the support of p, denote by g(w) the corresponding element of g. Let w be a word
of length n so that dy(p, g(w)p) > I + 100K, for some large enough K;. As 7y is
coarsely Lipschitz, the minimal subword w; of w so that dy(p, g(w;)p) > [ actually
satisfies dy(p, g(wy)p) € [, 1+ K;]. Let wy be the subword of w starting right after wy,
of length K, (where K5 is a large enough constant) and let w3 be the final subword

of w starting after ws.

g(w)p
g(w)p,

We claim that substituting wy by a suitable word wi, of the same length we can
make sure that dg,)m, (H, g(wiwyws)p) is larger than B as in Corollary where
i is chosen so that g(w;)H; # H. (The word w) depends on w.)

Indeed, if w), represents an element in the stabiliser of H; then (up to bounded

additive error)
g(wyya; (H, g(wrwyws)p) = d(mm, (g(wi) ™ H), g(ws)m, (g(ws)p)),

so that we can just “push” my, (g(ws)p) far from 7y, (g(w) ' H) using g(w}) if they
happen to be close, and choose wj so that g(w}) is at distance at most 1 from the
identity otherwise. (The hypotheses that H; has infinite diameter tells us that there

is “enough space” to do so.)

g(w1)H;
m(g(wiwhws)p)
« —————— o
m(H) 7 (g(wiws)p)

Figure 7.2: 7 denotes my(y,)x-

146



In particular, keeping into account that d(g(wi)p,g(wi)H;) and therefore also
dy(g(wy)p, g(wy)H;) are bounded, we see that dy(g(w,whws)p, g(w;)p) is bounded
by Corollary 3.1.2] Hence dy(p, g(wiwhws)p) € [l — K3,1+ K3), for a suitable K.

To sum up, we constructed for any word w of length n so that dg(p, g(w)p) > 1+
100K another word w’ = wywhws of length n so that dg(p, g(w')p) € [l — K3,14+ K3),
and the map w — w' is easily seen to be bounded-to-1, as the decomposition of w’ as
wywyws is uniquely determined by the definition of w; and the length of wj, which
is some fixed constant. This then gives the desired inequality as the support of p is
finite and hence for each s, s’ in the support p(s)/p(s’) is uniformly bounded.

(2) For K large, we can assign to each H € A(g) a subgeodesic vy of any given
geodesic «y from p to gp so that I(yy) > 1 and distinct yg’s are disjoint, such sub-
geodesic being just the deep component along H, see Lemma [3.1.3-(2)-(4). O

Finally, we show that subwalks of at least logarithmic length are expected to make
linear progress (the definition of linear progress is above Theorem [7.3.2]). The lemma

will also be used later.

Lemma 7.3.5. Let G be a group acting on the metric space X and suppose that the
random walk {X,} on G makes linear progress on X. Then for each p € X there
exists Cs so that for each n > 1

P[3i,j <n:li—j| > Cylog(n), d(Xip, X;p) < i —jl/Cs] < Con™.
Proof. As {X,,} makes linear progress there exists K so that
Pld(p, X;p) < j/K1] < Kye /51

Notice that for each i < j we have P[d(X;p, X;p) < t] = Pld(p, X; 'X;p) < t] =

Pld(p, X;—ip) < t]. Summing the linear progress inequality for i ranging from 1 to n
and j > i+ (k+ 1)K logn we get that the probability in the statement is at most

i Z Kle—l/Kl — TLZKln_(k—H)e_i/Kl, B

=1 [>(k+1) K log(n) >0

7.3.1 Proof of Theorem [7.3.2

The statement for [p, X,,p| follows from the one for trans(|p, X,,p]) in view of Lemma
[7.3.4 and Lemma [3.1.3}(3) (or otherwise directly showing that the transient set is
logarithmically dense in the corresponding geodesic). Fix n > 2, and denote by C;

suitable constants that do not depend on n. Consider a sample path {w;};<, of the

147



random walk. By Lemma [7.3.3] we have that each transient point on a geodesic
from p to w,p is logarithmically close to {w;p}, say at distance at most Cjlog(n).
Now, assume that for all H € H we have dy(p, w,p) < Cylog(n) and for all 4, j with
i—j| > C5log(n) we have d(w;p, w;p) > |i—j|/Cs, where Cs, Cs are as in Lemmal7.3.4]
and Lemma [7.3.5l The lemmas tell us that we can safely disregard sample paths not
satisfying these properties. Suppose that for some j we have d(w;p, trans([p, w,p])) >
Cylog(n), so that any transient point on [p, w,p| is C4 log(n)-close to either {w;p};<; or
{w;}is;. If p' € trans([p, w,p]) is the closest point to w,p satisfying d(p’, {w;p}i<;) <
Cylog(n), then we also have d(p', {w;p}i~;) < Cslog(n), as trans([p,w,p|) has at
most logarithmic “gaps”. Hence, there are iy < j < i4; so that d(w;,p, w;,p) <
(Cy+ Cs)log(n) = Cglog(n).

WnP

Figure 7.3: i1 — ip cannot be large because w;,p is close to w;, p.

By Lemma either i1 — iy < Cslog(n) or d(w,p,w;p) > (i1 — ig)/Cs, in
which case Cglog(n) > d(w;,p,w;;p) > (i1 — ip)/Cs. Hence, in any case we have

i1 — 19 < C7log(n). Therefore,

d(w;p, trans([p, w,p])) < d(w;p, wi,p) 4 d(ws,p, trans([p, w,p]))
< (Cs + Cy) log(n),

and this completes the proof. O]

7.3.2 Applications

Given three points x1,x9, z3 in a geodesic metric space denote by d(x1, zo, x3) the

supremum of the thinness constants of geodesic triangles with vertices xy, xo, x3, i.e.

sup{d(p, [Ti—1, 7] U [Tiy1, Ti1])},

where the supremum is taken over all choices of geodesics [x;, z;41] and all p € [z;, z;41]

for i = 1,2,3 (we take indices modulo 3).
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Definition 7.3.6. Let w : N — N be a function. We will say that random triangles in
the group G are w-thin if whenever {X,,},{Y,,}, {Z.} are independent simple random
walks on G with respect to the same generating system we have E[§(X,,,Y,, Z,)] =
O(w). Also, we say that the Gromov product of random points in G is w-small if
whenever {X,,}, {Y,,} are independent simple random walks on G, again with respect

to the same generating system, we have E [SUP[Xn,Yn] d(1,[Xn, Ya))] = O(w).

A related notion called statistical hyperbolicity has been considered in [72) [64],

where it is proven for hyperbolic groups and Teichmiiller spaces.

Theorem 7.3.7. Random triangles in any given non-trivial relatively hyperbolic
group G are log(n)-thin. Also, the Gromov product of random points in G is log(n)-

small.

Proof. As the random walks we are considering are independent and symmetric, we
can concatenate them to obtain a longer random walk, meaning that the distribution
of X Y, is the same as that of X j+k, and similarly for the other pairs. By Theorem
and the observation above we have an appropriate constant C' so that

Pldaus ([Xn, Yal, {Xi, Yiticn) = Clog(n)] =

Pldgaus([1, X;lYnL {erth erlm}ZSTJ > C'log(n)]

goes to 0 faster than, say, 1/n?, and similarly for the other pairs. Both conclusions

easily follow. m

Remark 7.3.8. Notice that a similar statement holds for random polygons as well.

Also, the theorem can be generalised to group actions on relatively hyperbolic spaces.

Recall that given a group G and a generating system for G, a (discrete) combing
[ is a choice, for each x € G, of a discrete path I'(z) connecting 1 to x in the Cayley
graph of G. Given a finitely presented group G and a (discrete) loop « in its Cayley
graph, we will denote by F'ill(«) the area of a minimal van Kampen diagram whose

boundary is a.

Definition 7.3.9. Let ' be a combing on the finitely presented group G and {X;} a
simple random walk on G. The average Dehn function (5(101,’5 X of G with respect to
I and {X;} is

OGN () = E[Fill({ Xo, ..., X,,} UT(X,))].

avg
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In [166] another notion of average Dehn function is considered and it is shown
that for most nilpotent groups this function is subasymptotic to the Dehn function.
Other related results can be found in [102], 27].

Theorem 7.3.10. Suppose that G is hyperbolic relative to proper subgroups with at
most polynomial Dehn function. Then for each geodesic combing I' and every simple

random walk {X;} on G we have

SETAXY () = O(nd(log(n))),

avg
where 0 is the mazximum of the Dehn functions of the peripheral subgroups.

Proof. Fix n > 2. By Theorem we can take the expected value that defines 0,4
conditioned on dpqys(trans(I'( X)), {X;}i<n) < Clog(n) for some appropriate C. We
are allowed to do so because the Dehn function of G is (equivalent to) § [76], so that
by choosing C' large enough we can make sure that P|dpa.s(trans(I'(X,)), {Xiti<n) >
C'log(n)] decays much faster than the inverse of the Dehn function of G' (informally
speaking, the loops we are disregarding are too few to contribute to the average Dehn
function). Choose discrete geodesics «; connecting X; to trans(I'(X,,)) of length at
most C'log(n) (choose o and «,, to be trivial), and consider discrete loops [; obtained
concatenating «;, a subgeodesic of I'(X,,) and a. +11. Each of these loops has area at
most Kd(log(n)) for some suitable K. As there are n — 1 such loops, and from fillings
of all of them we can recover a filling of the full path, we get the desired bound. [

It would be interesting to know whether the same result holds for the notion of

average Dehn function defined in terms of the uniform distribution on loops.

7.4 Mapping class groups

Convention 7.4.1. From now on, all surfaces will be assumed to be orientable,

connected, of finite type and to have empty boundary.

Recall that the complexity of a surface S is 3g + p — 3, where ¢ is the genus of S
and p the number of punctures. In particular a surface has complexity at least 2 if it
is not a sphere with at most four punctures or a torus with at most one puncture. In

this section we show the following.
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Theorem 7.4.2. Let G be the mapping class group of a surface of complexity at
least 2, let u be a finitely supported probability measure on G and let {X,} be the

corresponding random walk on G. Then

E

= O(y/nlog(n)),

sup dgaus({Xi Fi<n, 7(X5))
¥(Xn)

where the supremum is taken over all hierarchy paths and geodesics y(X,,) in a given
word metric from 1 to X,.

More precisely, for each k there exists C' so that for allm > 1

P [Sup*y(Xn)dHaus({Xi}iﬁna V(Xn)) > C\/ nlOg(n)] < Cnik-

7.4.1 Results from the literature

We will assume that the reader is somewhat familiar with hierarchies, subsurface
projections and related notions from [126] [127], but we recall the main results we will
need. We denote by S a surface of complexity at least 2, and let M(S) be its mapping
class group (which for our purposes can be identified with the marking complex).
With an abuse, when referring to a subsurface we will actually refer to its isotopy class
and assume that it is connected and essential. For Y C S a subsurface, 7y : M(S) —
2¢(Y) will denote the subsurface projection on the curve complex C(Y) of Y, which
is hyperbolic [126] (see [89] for a short and self-contained proof of this fact). Recall
that 7y is coarsely Lipschitz [126]. As customary, we also denote my the subsurface
projection as a map from C(S) to 2¢€0). The surfaces Y, Z are said to overlap if

Ty (0Z),m7(0Y) # (0. We use the notation dy (u,v) = diamer)(my (1) Uy (v)).

Theorem 7.4.3 (Behrstock Inequality, [13, Theorem 4.3]). There exists a constant
C' so that if the subsurfaces Y, Z C S overlap then for each m € M(S) we have

min{dy (0Z,m),dz(0Y,m)} < C.

(The constant can be chosen to be 10 in view of a slick argument due to Leininger
and written up in [123].)
We write A =k ¢ B if the quantities A, B satisfy

AJK—C<B<KA+C.

Let {{A}}, denote A if A > L and 0 otherwise.
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Theorem 7.4.4 (Distance Formula, [127, Theorem 6.12]). There exists Ly with the
property that for each L > Ly there are K,C so that, for each p,v € M(S),

dus)(u,v) e Y {{dy(pv)}e,

where the sum is taken over all (isotopy classes of ) subsurfaces Y .

For notational convenience, from now on we denote sums over all subsurfaces of

a surface S simply by » ycg-

Theorem 7.4.5 (Bounded Geodesic Image Theorem, [127, Theorem 3.1]). There
exists C' with the following property. If v is a geodesic in C(S) so that for some
proper subsurface Y we have that wy(v) is non-empty for every vertex v € -y then

wy () has diameter at most C.
An elementary proof of this theorem can be found in [I61].

Remark 7.4.6. The consequence of the theorem we will more often use is that if Y
has complexity £(S) — 1 and 7y () has sufficiently large diameter then a component
of Y appears in v. More generally, if 7wy () has sufficiently large diameter then Y

is contained in S\v for some v € v or it is an annulus around some such v.

We also recall the following result on random walks due to Maher (not stated in

full generality).

Theorem 7.4.7. [119][120, Theorem 1.2] Random walks on a mapping class group
M(S) of surfaces of complexity at least 2 whose finite support generates M(S) make

linear progress in the curve complex.

7.4.2 Quantitative quadratic divergence

Let Ly be as in the Distance Formula and larger than the constant C' in the Bounded

Geodesic Image Theorem. Similarly to [13], we say that a pair z,y € M(S) is D-

bounded if for each proper subsurface Y of S we have >, {{dz(z,y)}}s1, < D.
We set the threshold (almost) arbitrarily, but for our pu;poses different thresholds

give equivalent notions of boundedness, as we can see from the following lemma.

Lemma 7.4.8. For each L > Lq there exists C so that for each z,y € M(S) and
Y C S we have

> Hdslz e <D {Hda(@,y)} e, <C D {{ds(,y)} )+ C.

ZCY ZCY ZCY
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This fact is implicit in the proof of the Distance Formula (as are a few facts that
will appear in the proofs below). However, in order to make the proofs accessible to
more readers we give will rely as little as possible on the machinery of hierarchies and

use the Distance Formula instead.

Proof. The first inequality is obvious. In order to show the second one we would like to
bound the number of subsurfaces Z C Y so that dz(x,y) € [Lo, L). We proceed induc-
tively on complexity. There is at most one such Z of complexity £(Z) = £(Y), i.e. Z =
Y. Suppose we are given inductively subsurfaces Z, = {Z1,... Zx), 21, . . ., Z]'.(k)} of
complexity £(Y') — k so that dz,(z,y) < L, dz(z,y) > L and so that any subsurface
Z of positive complexity at most {(Y') — k with dz(z,y) > Ly is contained in some Z;
or in some Z!. Let Z € Z,. Choose a geodesic y from 7, (z) to 74(y) and choose at
most 2d 4 (z,y) + 2 subsurfaces {Z/'} so that for every vertex v € v any component of
Z \v is contained in one such subsurface. By the Bounded Geodesic Image Theorem
(see also Remark , any subsurface Z’ of positive complexity lower than that of
Y and such that dz (x,y) > Lo is contained in some Z. We then get a bound of the
form
[i(k + )] < i(R)I(2L +2) +4)  dyy (2, y),
j

where for convenience we used that dz (z,y) > 1 and hence 2d (z, y)+2 < 4dz (z,y).
It is also easy to bound the number of annuli A C Y with da(z,y) € [Lo, L), again
using Remark[7.4.6] Proceeding inductively one shows that the number of subsurfaces
Z CY so that dz(z,y) € [Lo, L) is at most

p(L) +p(L) Y Hdz(z,9)} 1,

ZCY

for an appropriate polynomial p(z) (notice that each Z contributing a non-zero term

to the sum appears at most once in the inductive procedure). O
For x,y € M(S), we denote by [z, y| a hierarchy path joining them.

Proposition 7.4.9. Let S be a surface of complexity at least 2. There is a constant
C = C(S) so that the following holds. Let D > 1 and let x1,2o € M(S) be a
D-bounded pair. Then for any path o of length at least 1 from x1 to xo and any

d(p,a) < Cy/Dl(e).

p € [z1, 2] we have
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The argument below can be somewhat simplified if one only wants to reprove
quadratic divergence, as in this case one can use D as a threshold in the distance
formula. We cannot do this because the error terms in the distance formula are not
linear in the threshold.

Proof. We will denote by C; suitable large enough constants, depending on .S only.
We fix Lg as above and set L = 3Lj.

Let x1,x2,a be as in the statement and let p € [r1, 23] be a point maximising
the distance from a. Set d = d(p, ), which we can safely assume to be larger than
10006, where 0 is the maximum of the hyperbolicity constants of all curve complexes
of subsurfaces of S. Consider a subpath [/, z}] of [x1,25] with the property that
d(x},p) € [d/2,3d/4], so that in particular d(x},«) € [d/4,d]. Also, consider p; € «
so that d(«},p;) < d. Denote o the subpath of « from p; to ps. Pick a maximal
collection of points yi,...,y, on [z}, x}] so that ds(yi,yir1) > Co > 100d. Notice
that any pair of points p,q on [z, 2] is C;D bounded because for each Y C S we
have dy (p,q) < dy(z,y) + Cs (a standard property of hierarchy paths), and in view
of Lemma [T.4.8

We claim that we have

n>d/(CsD).

This follows from the lemma below, which we record for later purposes.

Lemma 7.4.10. There exists C with the following property. Let p,q € M(S) be an
E-bounded pair for some E > 1. Then

dpms)(p.q) < Cds(p,q)E.

Proof. By the Bounded Geodesic Image Theorem (see also Remark one can
find Cyds(p, q) subsurfaces Y; C S so that any subsurface Y C S with dy(p,q) > L
is contained in some Y;, as for each such subsurface (a component of) 9Y; has to be

contained in any given geodesic from mg(p) to ms(q). Using the Distance Formula we

get
dues)(p.q) < Csds(p.q) +C5 > > {{dy(p.9)}} e < Cods(p, q) E- O
it YCQY;
There are points ¢, . .., g, on « so that the closest point projection of m5(g;) on a

geodesic v in C(S) from 7g(z]) to mg(xh) is within bounded error mg(y;) (and which

appear in the given order along «).
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Figure 7.4: The situation as seen from the curve complex.

We will now show that das)(¢;,gi+1) can be bounded from below linearly in d.
At the end of the proof we will just combine such lower bound with the lower bound
on n.

Let Y1, ..., Y, be subsurfaces so that

Z{{dn(%,yz’)}}’u > d/C%

and all terms in the sum are positive. Such subsurfaces exist by the Distance Formula,
as das)(¢i,y:) > d/4. (Notice that we set the threshold to 3L.) By Lemma |7.4.10}
we know that ds) (i, ¥i+1) is bounded linearly in D.

Once again by the Distance Formula we have

ey, (v i)} < CsD.

Notice that if I(a) < /D then d(p,z,) is O(v/D), so that we can assume I(a) > v/D.

Hence, we can also assume that d is larger than, say, 100C;CsD. We then claim that

Dy (@500 oz 2 d/Co.

(Notice that we lowered the threshold.) This follows combining the facts that for

each 7 we have

{{de(Qiyyi—&—l)}}QL 2 {{de(% Yi) e — {{de(yia Yi+1) e — 2L
and .
{{de(q@'; yi)}}BL —2L > g{{de(% yi)}}%a
as the threshold is attained for each j by hypothesis.

By hyperbolicity of C(.S), geodesics from mg(q;+1) to ms(y;+1) stay far from geodesics
from 7g(q;) to ms(y;), and hence dy,(gi+1,%i+1) can be bounded by the Bounded
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Geodesic Image Theorem for Y; C S. On the other hand, if for some j we have
Y; = S then dy,(¢,yir1) < dy, (@i, Giv1)/Cro because any geodesic from 7s(g;) to

Ts(qi+1) passes close to ms(y;), ms(yit1). In particular
Z{{de(qia%Jrl)}}L >d/Chy.
J

and we can therefore use the Distance Formula to give the lower bound

dams)(Gis giv1) = d/Cha.

Thus, we get

(o) > Zd<%>%‘+l) > (n—1)d/Cyy > d*/(C13D),
the inequality we were looking for. O
A standard argument now gives the following.

Corollary 7.4.11. Fix the notation of Proposition |7.4.9 and assume furthermore

that « is a geodesic in a given word metric. Then (up to increasing C')
dHauS(a7 [IIVIQ]) S C Dd(l‘l,l’g).

In particular, Propositz’on still holds if [z, xo] denotes a geodesic in a given word

metric rather than a hierarchy path.

Proof. The fact that any point on [z, 25| is close to « is the content of the proposition.
Set A = Cy/Dd(x1,x5). Any q € « splits a into two subgeodesics ay, as. All points
on [z1,xs] are A-close to either oy or aw, so that there is a point p € [z, 5] which is
A-close to both (this is true up to bounded error if [z, 25| is regarded as a discrete
path). Hence, ¢ is contained in a subgeodesic of length at most 24 whose endpoints

are A-close to [xq,x3]. In particular, ¢ is 2A-close to [z1, xs). O

7.4.3 Proof of Theorem [7.4.2]

Fix from now on the notation of Theorem [7.4.2l We now show that pairs 1, X,, are
expected to be O(log(n))-bounded.

Lemma 7.4.12. For each k > 1 there exists Cy so that, for each n > 2,

P[1, X, is not Cylog(n)—bounded] < Con™".
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Proof. Fix Ly as in the distance formula and larger than the constant C' in
the Bounded Geodesic Image Theorem. For Y C S and z,y € M(S) we denote
oy (x,y) =D viey{{dy (x,y)} }sL, the contribution made to the Distance Formula by
subsurfaces of Y. Notice that oy is a coarsely Lipschitz function (in both variables).

Let {w;}i<, be a sample path. Consider a geodesic v from mg(1) to mg(w,). By
Theorem [7.3.2] we can assume daus(7, {7s(w;)}i<n) < Kilog(n) (in C(S)). Also,
we can assume that for each i,j < n with |i — j| > K;log(n) we have dg(w;, w;) >
i — j|/ K1 by Lemma [7.3.5] Both results apply in view of the linear progress in C(S),
Theorem [7.4.7

Let Y be any subsurface. If dg(v,dY) is positive then the projection of 7 on any
subsurface of Y is bounded by Lg, so assume that this is not the case. The idea is
to split the random path into an initial, central and final part. The initial and final
part will make bounded contribution to oy in view of the Bounded Geodesic Image
Theorem, while the contribution of the central part can be estimated using that oy
is coarsely Lipschitz.

Let p € v be so that dg(p,0Y) < 10 and let w; be so that dg(p,w;) < K;log(n).
Consider initial and final subgeodesics 71,72 of v at distance at least K log(n) + 100
from p. Then an initial subpath of the random path will be close to v, while a
final subpath will be close to 79, that it to say for K5 large enough we have that if
li — j| > Kslog(n) then d(v;, w;) < Kjlog(n), where I =11if j <iand [ =21if j > i.
The Bounded Geodesic Image Theorem implies that the diameter of the projection
of the v’s on any Y’ C Y is bounded, and likewise for all geodesics from w; to the
closest point to w; in the corresponding =, if |i — j| > Kylog(n). Thus, we can give a
uniform bound on diam(my ({w; fo<j<i— ks lo0g(n))) and diam(my ({w;}it ks log(n)<j<n))
for any subsurface Y’ CY'. Define oy (z,y) = > vy {{dy/(2,y)}}1,, Which is again

coarsely Lipschitz. We can now make the estimate
UY(L wn) < Ugf (17 Wi— Ko log(n)) + 0-;/ (wing log(n), Wi+ Ko 10g(n)>
+04 (1, Wity 10g(n)) < K3log(n). O

We can now conclude the proof of Theorem . Fix n > 2 (the constants C;
below do not depend on n). Consider a sample path {w; };<, so that 1, w,, is Cjlog(n)-
bounded and for each 4,5 with |i — j| > Cylog(n) we have dg(w;, w;) > |i — j|/Co,
see Lemma and Lemma m First of all, any point on [1,w,] has distance at
most Cl\/mg(n) from the sample path by Proposition . Suppose that there is
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w; so that d(w;, [1,w,]) > C1y/nlog(n). Notice that there is a point p on [1,w,] so
that

d(p, {w;}j<i), d(p, {w;};>i) < Cr/nlog(n),

for example the first point along [1,w,] that is Cy/nlog(n)-close to {w;};;. In par-
ticular, there are jo <4 < j; so that d(wj,, w;,) < 2C1y/nlog(n) and d(w,,, [1,w,]) <
Ch Jﬁg(n) . From Lemma one easily gets (as in the proof of Theorem
that j; — jo < Cyy/nlog(n). From this, the inequality d(w;, [1,w,]) < Csy/nlog(n)
follows easily.

In view of Corollary and Lemma[7.4.12] the statement for geodesics follows

from the one for hierarchy paths.

7.5 Random projections estimate

The reason why the proof of Lemma [7.4.12] is different from that of Lemma [7.3.4
is just to illustrate two different techniques to get projection estimates for random
points. We think it is worthwhile to state fact (1) in Lemma as well as its

counterpart in the mapping class group as a separate lemma.

Lemma 7.5.1 (Small Random Projections). Let G be a non-trivial relatively hyper-
bolic group (resp. mapping class group of a surface of complezity at least 2). Consider
a random walk generated by a symmetric probability measure whose finite support gen-
erates G. Then there exists K with the following property. If H is a left coset of a
peripheral subgroup (resp. proper subsurface) then for alll > 0 and alln > 1 we have

Pld(rg(1), 75(X,)) > 1] < Ke VX,

Proof. We proved this fact within Lemma for relatively hyperbolic groups. All
the properties of projections on peripheral sets that we used in the proof have ana-
logues for subsurface projections. In particular, the same proof almost goes through,
see below, except that an extra argument is needed in the part where we used Corol-
lary In fact, the Behrstock Inequality for subsurface projections holds for
overlapping subsurfaces, so not for all pairs of disjoint subsurfaces. To solve this
problem we can use the following fact [I8 Section 4.3]. There exists a finite-index
subgroup G’ of the mapping class group so that whenever two distinct subsurfaces are
in the same G’-orbit they overlap. Notice also that there are finitely many G’-orbits.

In order to show the lemma, we can follow the proof of Lemma [7.3.4|(1) verbatim

until the definition of w3, where H now denotes the collection of all proper subsurfaces
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of S and we set p = 1. The last part of the proof can be substituted by the following
argument.

Choose two distinct subsurfaces HY, H} from each G'-orbit. We claim that sub-
stituting ws by a suitable word w), = uyvy of the same length we can make sure that

. Hg(aH , g(wywhws)) is larger than C as in the Behrstock Inequality, where
1. wuy is chosen so that wqus represents an element of G’,
2. j is chosen so that HY, Hj are in the same G’-orbit as H,
3. i € {1,2} is chosen so that g(wyus)H # H.

Notice that us can be chosen from a finite list of words as G’ has finite index in
the mapping class group, so that there is a uniform bound on the distance of g(us)
from 1 and hence from g(w;) to g(wiug). If vy represents an element in the stabiliser

of H; then (up to an additive constant)

dg(uwrunyi, (OH, g(wrwyws)) = d(mp, (g(wiug) ' OH), g(va)ma, (g(ws))).

In particular, for an appropriate choice of vy, we have that 7y, (g(ws)) is far from
7, (g(wiug) 1OH).

In particular, dp (g(wiwhws), g(wyus)OH?) is bounded by the Behrstock Inequal-
ity. Also, d = dy(g(wius)0H!, g(wiuy)) can be uniformly bounded as my(0H?)
coincides with the projection of a fixed marking mg whose set of base curves con-
tains 8Hij . As 7wy is coarsely Lipschitz and there are finitely many Hij 's, we can
give a bound d. To sum up, there is a uniform bound on dy(g(wjwhws), g(wius))
and hence on dy(g(wywhws),g(wy)) as the word us has bounded length. Hence
du (1, g(wywiws)) € [l — K3,1+ K3), for a suitable K.

So, we constructed for any word w of length n so that dg(1, g(w)) > [ another
word w' = wyjwhws of length n so that dy (1, g(w’)) € [ — K3, + K3), and the map
w — w' is easily seen to be bounded-to-1. This then gives the desired inequality as
the support of y is finite and hence for each s, s’ in the support u(s)/p(s") is uniformly
bounded. O
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