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1 Introduction

Vertex operator algebras (VOAs) appear in a wide variety of physical problems and are
a rich source of mathematics that serve as a fertile bridge between algebra and number
theory. In this paper, we capitalize on insight gleaned from a recent physical analysis [6]
with H. Kim to establish a family of g-series identities of interest to number theorists.

Theorem 1.1 (Main result, Corollary 4.8) For every positive integer n, k the following is
an equality of q-series:

1 k  2n—1
7 2 2 TijAgpmiamy
1)1 () k- D+ q "
n(2n ) Z &g = Z K 21—1 (1.1)
uez” meNKE= - T 1_[ (Dmy,
i=1 a=1

In this theorem, the matrices A,;, and Tj; are simply the Cartan matrix of A,,—1 and the
inverse of the Cartan matrix of the rank k tadpole graph

2 a=>b
Ap=3-1 a=b=+1 and Ty = min(j, j),
0 else
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|u| denotes the sum of the components of u, |u|?> = u - u the squared norm of u, p the
vector with components p,, = m — %, and finally

2 2
vV, —V

E(u) = | | —Zn 12 Vi = pm + 2+ k) + Dy, .
1<l<m<n Pin — 'Ol

This collection of g-series identities was proved for kK = 1 and conjectured to hold more
generally by Warnaar and Zudilin [23, Conjecture 1.1, Theorem 1.2] and were viewed
by these authors as an extension of the Rogers-Ramanujan [2,17] (for » = k = 1) and
Andrews-Gordon [1,11] (for n = 1) identities and a specialization of the A(zzn) Macdonald
identities [16] (for k = 0, where the right-hand side reduces to 1). !

We instead view the g-series appearing on the two sides of the Eq. (1.1) as superchar-
acters of VOAs. The left-hand side of Eq. (1.1) is the supercharacter of the simple affine
VOA Li(0spy2,); see Appendix A for more details. The right-hand side of Eq. (1.1) is the
character of a different VOA: as conjectured (and proven for sl;) by Feigin-Stoyanovsky
[21] and proven more generally by Georgiev [10], it is the character of the principal sub-
space of Ly (sly,); we build on these results to show that it is also the supercharacter of
the principal subspace of Li(sl1)2,+1). An analogous family of g-series identities appeared
in work of Stoyanovsky [22] (where the left-hand side is replaced by the character of the
simple affine VOA L (sp,,) and the right-hand side is replaced by the character of the
principal subspace of Ly (sly,+1)) by showing that sp,, can be deformed into a nilpotent
subalgebra of sl 1, that this deformation can be extended to the affine setting, and that
its character does not change under this deformation. We establish Eq. (1.1) by similarly
deforming osp;, into a nilpotent subalgebra of sl1j2,+1. The equality of the g-series in
Eq. (1.1) is thus an immediate consequence of the following theorem:

Theorem 1.2 (Theorem 4.6) The supercharacter of Li(05py,) is equal to both the super-
character of the principal subspace of Li(sl1)21+1) and to the character of the principal
subspace of Li(slay).

Our result fills a gap left by Stoyanovsky, i.e. that the vacuum character of the principal
subspace of Ly (sly) can be identified with the vacuum character of a simple affine VOA
Li(gn) for all integers N > 2 and k > 1, where gou+1 = 5Py, and gay = 05py,.
We also note that an immediate corollary of this result establishes part of a conjecture of
Bringmann, Calinescu, Folsom, and Kimport concerning the modularity of the right-hand
side of Eq. (1.1). Explicitly, together with their Theorem 1.2 this result proves Case i. of
Conjecture 4.1 of [3] for N even and ¢ = k, cf. Remark 7 of loc. cit.

2 Deformations of Lie superalgebras

In this section we study certain deformations of the simple Lie algebras sp,,,, s0,,, and
05P,,2, into principal nilpotent subalgebras of sly,+1, sy, and sly 2,41, respectively.
The first two examples are meant to elaborate on [22], and the last example is a simple
generalization of the construction.

1\We note that the parameter k in [23] differs from our k by 1: kywz = k + 1.
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2.1 5Pap
We start with the main example of [22]. Consider the (odd) vector space CO?"+1 =
I1C?"*! and choose a basis 6, for a = 0, .. ., 2n. We introduce a (degenerate) supersym-

metric bilinear form on C*?"*1[x] := C%?"*1 ®¢ C[x] given by the (super)symmetric
quadratic tensor

2n—1
B=Y x“0afat1.
a=0

We then consider the family of Lie algebras g defined as the subalgebra of slpj2,+1[x] =
sly,41[x] that preserves 6y and B; set ge := g ®clx) Cl*]/(x — €). We aim to show that for
€ # 0 this Lie algebra can be identified with sp,, and that for € = 0 the subalgebra tends
to the nilpotent subalgebra of sl 1.

Example 2.1 For n = 1 the algebra g is spanned (as a C[x]-module) by

001 00 0 010
hy=]0x 0 ex=100-1 fr=1000
00 —x 000 0—x0

which satisfy the following commutation relations:

(M5, €x] = 2xey [hx;fx] = _zxfx [ex:fx] = hy

It is evident from these commutators that for non-zero € the algebra g, is precisely sp,.
Moreover, go is the strictly upper-triangular subalgebra.

Lemma 2.2 g is isomorphic to the strictly upper triangular subalgebra of sly,41.

Proof We make explicit the constraints imposed by invariance of 6y and B under X €
slo,+1(x]. Let X%, € C[x] be the matrix elements of X in the basis 6,,. Preserving 6y implies
X%y = 0 and preserving B, implies

KXy = xb X+ 1 X — 227X =0 2.1)

foralla,b =0, ...2n,whereweset X*_; = 0and X%,4+1 = 0;itsuffices to considera < b

due to the anti-symmetry of this constraint. We will deduce the lemma by showing that

these constraints imply X%, is unconstrained for a < b and belongs to xC[x] otherwise.
We proceed by induction. Consider first the case a = 0, where Eq. (2.1) implies

X0y = 2P (36X %41 — X0%1)

for all 1 < b < 2n. This is manifestly proportional to x for » > 1; this also holds for
b = 1 because X% = 0. In particular, X?; is constrained to be a (linear) polynomial of the
strictly upper-triangular matrix elements for all » and is proportional to x*~! for b > 1
and proportional to x for b = 1.

Now suppose for all 2 < ag and b > a we have shown that the matrix element X b q 18
constrained to be a (linear) polynomial in the strictly upper-triangular matrix elements
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that is proportional to x*~% for all b > & and proportional to x for b = a. Rearranging Eq.
(2.1) for a = ag gives

b —1yb b—ap—1
X041 =% X gp—1 + 17790 (xXa0b+1—XaOb_1).

The inductive hypothesis implies that the right-hand side is necessarily a (linear) poly-
nomial in the strictly upper-triangular matrix elements. Moreover, the first term is pro-
portional to x2~% and the second term is proportional to x*~#~1 for all b > ag + 1 and
proportional to x for b = ag + 1, as desired. O

Remark 2.3 'We make the solution to the above constraints explicit for n = 2. A general
element X takes the form

0 X X9, X0 X0,
0 xX0, X1, X3 X1,
0 —xX% +x2X% —xXO% + X3 X2 X2,
0 —2X0% + 43X —aX'y + 22Xy —xX1'3 +xX%4 + x2X0, X3,
0 —x3X04 —x2X1y —xX25 — x2X04 —xX24 — x2X0,

Lemma 2.4 g, can be identified with sp,,, when € # 0.

Proof We consider the following elements of CO2n+l @ [x]:
0=00 o1 =201 ¢ =x"" (w0 — i)

where i = 1,..., n; these elements are conjugate to the basis 6, if we localize x, i.e. they
are conjugate bases of CORnH+114E1] a5 a C[xT!]-module. In this basis B takes the form

B=Y ¢y 14

i=1

which is non-degenerate when restricted to the subspace spanned by the ¢’s. In particular,
we conclude that the subalgebra of sl 1[x!] preserving # = 6 and B is precisely the
sp,,, [xT1] rotating the ¢’s. O

Remark 2.5 The original basis 6, is not a weight basis for the Cartan subalgebra of sp,,
rotating the pairs ¢;_1, ¢2; with opposite weights and preserving 6. Both are eigenbases
for the linear transformation that scales 6, for 4 odd (resp. even) with weight 1 (resp. —1);
this transformation preserves B, but fails to preserve 6y (only preserving its span) and does
not belong to sly,41 as it has trace 1. Nonetheless, it induces a 2Z-grading on the family
ge. For m = 1 and € # 0 it can be identified with the /1, weight grading.

2.2 sopm

We now describe the example mentioned in Remark 2 of [22], suggested to the author by
Panov. We consider the (even) vector space C™% = C" and chooseabasisz,,r = 1, . .., m.
We then consider the symmetric quadratic tensor

m
_ 1 2(r—1) 2
C=3; E x z; .
r=1
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We define the Lie algebra f as the subalgebra of sl,,,0[*] 2~ sl,,,[] preserving C and denote
fe := f ®clx) Cl*]/(x — €). The analog of Eq. (2.1) for ¥ = (Y”) € sl,,[x] takes the form

2YS +x5Y =0 (2.2)

which implies Y*, = 26~ Y" forall s > r. We can similarly consider the conjugate basis

w, = &~ 1z,, where the quadratic tensor takes the form

Lemma 2.6 f. is isomorphic to the strictly upper-triangular subalgebra of sl,, fore = 0
and isomorphic to 50, for € # 0.

2.3 05Pm|2n

We now combine the above examples and consider the (super) vector space C"12"+1 =
C" @ I1C?"*1 with (homogeneous) basis z,, 6,. We then consider the (super)symmetric
quadratic tensor

m 2n—1
—1
D= % E K222 4 x2m E x2%6,0,41
r=1 a=0

We define the Lie superalgebra ¢ as the subalgebra of sl,,2,+1[*] preserving 6p and D and
define €, as before.

Example 2.7 For the case m = n = 1 we find that £ has even generators

and odd generators

Lemma 2.8 The subalgebra ¥ is isomorphic to the strictly upper-triangular subalgebra
of slnjan+1 preserving 6 for € = 0 and is isomorphic to 05p,, 5, when € # 0.

Remark 2.9 As is evident in the above example, the subalgebra £ does not deform to
the entire strictly upper-triangular subalgebra of sl,2,,+1 unless 7 = 0. Indeed, the odd
subspace of the latter has dimension m(2n + 1) whereas the odd subspace of osp,,,|5, is
dimension 2mn.
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Proof The second assertion follows from the changes of basis introduced in Sections 2.1
and 2.2.

To establish the first assertion, we note that the even subalgebra of £ is simply f® g — the
additional even generator on top of sl,,[x] @ sl3,+1(x] does not preserve fy. We see that
the even subalgebra of ¥y is simply the nilpotent subalgebra of sl,, @ sl3,+1. To check the
odd subspace of £y, we consider (odd) linear map sending z, — U%.6, and 6, — V" ,z,,
with V"o = 0; we must verify that L/*, — 0 is proportional to x. Preserving D requires

ue, = x>m=—r+a (V7 g1 = V7a1)

fora=0,...,2nandr =1,...,m, whereweset V"_; = 0and V"y,; = 0. In particular,
we must that have 1%, is proportional to x for all g, r. O

3 Duflo-Serganova reduction of deformations
The following is a special case of cohomological reduction [5] as well as the Duflo-
Serganova functor [12,20].

3.1 gly}; preliminaries
We fix a basis N, E, ¥+ of gly1 with even generators N, E, odd generators ¥+, and com-

mutation relations
INyE =2y [yhyTl=E

and E the central element of gl;;;. We call a gl;j;-module a weight module if its Cartan
subalgebra acts semisimply. As it is central, E acts on an indecomposable module by mul-
tiplication by a scalar and so the category of weight modules admits a block decompositon

e:@ee

ecC

with €, the block on which E acts by the scalar e. Let Dy be the category whose objects
are direct sums of trivial representations of gl;|; and set

D=Do® P Ce

eeR- o

This category is semisimple and closed under tensor products. We complete this category
to allow for countable direct sums of objects and denote this completion by the symbol

D.
For M an object of D, let H(M) denote the cohomology of M with respect to ¥ .

Lemma 3.1 Let M be an object in D and let

M= @Me

EERZ()

be its decomposition into E-eigenspaces. Then H(M) = Mo, and if M in D, then also
sdim(M) = sdim(My).
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Proof Let e # 0, then a simple object M, in C, is two dimensional. It is generated
by a highest-weight vector v, such that Nv = nv, Ev = ev and ¥y Tv = 0. The module
M, is spanned by v, ¥y "v and hence has super dimension zero. Moreover, ¥y ~v =
[¥*, ¥~ ]v=Ev=evandso H(M,.) =0.

For a general object M of D, because D is semisimple it follows that the submodule M,
for e # 0 is a countable direct sum of M, (typically with different values of n appearing)
and hence H(M,) = 0 and sdim(M,) = 0. As the action of ¥ is trivial on the submodule
My we conclude

H(M) = @D H(M.) = H(Mo) = Mo
and additionally if M in D, sdim(M) = sdim(Mp). O

3.2 Formalization of the deformation problem

In this section we formalize our problem. Let g be a Lie superalgebra with non-degenerate
bilinear form « and let a be a subalgebra of g ®c C[x]. Let ac = a ®c[x] Clx]/(x —€) bea
1-parameter family of subalgebras; set p := ag. We denote by g the central extension

0>CK—>gF—>gClt >0

induced by the bilinear form « and similarly denote p = p ® C[t*1]. Let V*(g) be the
universal affine VOA of g at level k € C associated to « and let V¥(a,), VX(p) be the affine
subVOAs associated to a, p. For I an ideal in VX(g), we set I, = I N V¥(a,) and I, == 1I.
Denote the quotients by the corresponding ideals by Li(g), Li(ac), Ly (p). There is thus a
short exact sequence

0— Iy > VE(p) = Li(p) — 0.

Assume that there is an embedding ¢ : gl;;; < g such that gl;}; acts on p
[Lxhylep Vxegl,yep

This action extends in the obvious way to p.

Lemma 3.2 With the above set-up, if p is an object in D, then
0 — H(ly) = H(VX(p)) = H(Li(p)) — 0
is an exact sequence of H (VK(p))-modules.

Proof « extends to an embedding of gl;|; into g via the identification of g with the hori-
zontal subalgebra of §. Since p is an object in D, it follows that P is an object in D. Since
via this embedding any g-module becomes a gl;;-module, we see that I also belongs to
D. Moreover, I, =1n Vk(p)isa glyj1-module because p is preserved by the gl;; action
and since D is closed under submodules it too is an object in D.

We now apply Lemma 3.1. The cohomology of Iy, V¥ (p) with respect to ¥ is just its
subspace of E-weight zero, since gl;|; acts semisimply on V*(p) the same must be true
for L (p). The claim follows since the E-weight zero subspace of V*(p) is a subalgebra of
VE(p). n!
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Corollary 3.3 With the above set-up, if p is an object in D and if every element in the
E-weight zero subspace of I, deforms to an element in I, then supercharacters coincide,

sch[H(Li(p))] = sch[Li(p)] = sch[Li(ac)].

Proof The first equality is a simple consequence of Lemma 3.1 applied to the subspaces
of Ly (p) with a given conformal weight, which are objects in D. To see the second equality,
it suffices to compare the supercharacters of the ideals I, = Ip and I, for € # 0 — if the
supercharacters of these ideals agree, then so too must the quotients because the character
of V¥(a,) doesn’t depend on €.

To see that the supercharacter of I doesn’t depend on €, we note that the ¢ — 0 limit
of every nonzero element of I is a nonzero element of Iy = I, although it may be that
not all elements of Iy can be obtained via such a limit. Nonetheless, as only the E-weight
zero subspace of Iy contributes to its supercharacter and we assume that every element
thereof deforms, we can conclude that the supercharacters must agree. ]

4 Supercharacter formulae

In this section we affinize the deformation of 0sp; |, into the principal subspace of 511|241
and describe the resulting character identities, following [22]. For this section we fix
positive integers n, k > 0.

4.1 Deforming the principal subspace of sl1|2n41

Let p denote the principal subalgebra of g = sljj2,41. We will work with the following
basis for sljj2,+1. We denote by ® the set of roots of sl with respect to the Cartan
subalgebra of diagonal matrices, ®* the set of positive roots corresponding to the upper
nilpotent subalgebra, and A the set of simple roots. The even generators will be denoted
E, for the diagonal supermatrix with entries (1,1,0,...,0), /; the Cartan generators of
slyu+1 corresponding to the simple roots oy, and ey, fy, for @ € ®7; the odd generators
will be denoted v, ¥, a = 0, ..., 2n. A basis for the subalgebra p is given by the e, for
any @ € ®T together with ¢, fora=1,...,2n.

Remark 4.1 As p does not include the element /¢ corresponding to the odd simple root
of slij2,41, the root corresponding to 11 can be thought of as simple, i.e. it cannot be
written as the sum of roots contained in the subalgebra p.

For an element x € g we denote by xj = x ® ¢/ the corresponding element of g. We will
find the following formal series particularly useful: for any & € ®* we denote

@)=Y ez’ ful@)=) fuz !

jeZ jeZ
and for any a = 0, ... 2n we denote

Val@) = Yoz V@) =) vz

jeZ jeZ

We also denote e;(z) = ey, (2) and f;(z) = fo,(2), i = 1,...,2n.
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Extending the deformation introduced in Section 2.3 to the affine setting is straightfor-

ward. We denote by/E; the central extension of ¢ ® C[t*!] by CK obtained by restricting

to X € t.. The following result is an immediate consequence of Lemma 2.8.

Corollary 4.2 The Lie algebra % tends to P as € — 0 and can be identified with 0’5\p1|2n
when € % Q.

Remark 4.3 We note that this example fits into the general setting of Section 3. The
embedding of gl;|; into g = sly)2,+1 is given the bosonic supermatrices

2n+1

110 0 ... 0 1l00...0
0 |3 0...0 0[10...0
1
N=| 0]04%...0 E=|o0l00...0
1
0 |0 0...5 0/00...0
and the fermionic supermatrices
0[10...0 0[00...0
0/00...0 1100...0
y*=|0l0o0...0 w—=|00o...0
0/00...0 0[/00...0

It is clear that the principal subspace p indeed belongs to D. We note that this copy of
gly)1 does not preserve £ for general €.

Before proving our main result, we provide a concrete description of Ly (£¢) for nonzero
€, which will follow from the following simple lemma.

Lemma 4.4 For N > land k € Z, Li(sly) is a vertex subalgebra of Li(slyn).

Proof The statement is proven for k = 1 in Theorem 5.5 of [8], see also [15]. For k > 1
one has the well-known embedding ¢ : Ly(sly) — Li(sly)®% — L1(5[1|N)®k. For x in
slyn let J7 be the corresponding field in the a-th factor of L; (5[1|N)®k, sothatJ{ +---+J¢
generates a homomorphic image of V* (slyn). Then the image of ¢ is generated by the
J{ + -+ J; forx € sly C slyn and so L (sly) is in particular a vertex subalgebra of the
simple quotient L (sly|n). O

Corollary 4.5 For e # 0 the quotient Ly (tc) is isomorphic to Li(05py)a,).

Proof We start by noting that L;(£.) is a homomorphic image of V¥ (08P1)2,) due to
Corollary 4.2, hence contains a homomorphic image of V¥(sp,,). The above Lemma
ensures that the (k 4 1)st powers of the nilpotent generators of this subalgebra vanish and
it is therefore isomorphic to L (sp,,,). The corollary is then an immediate consequence of
Theorem 4.5.2 of [13], as explained in the proof of Theorem 5.3 thereof. o
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4.2 The main theorem

We now establish a relatively simple variant of the main result of [22].

Theorem 4.6 The supercharacter of Li(0spyy,) is equal to supercharacter of principal
subspace of Li(sl1)2,+1) and to the character of the principal subspace of Li(sl2,).

Proof 1In light of Proposition 4.5, it suffices to show that Corollary 3.3 applies to this
setting. Namely, that every element of the E-weight zero subspace of I, can be deformed
to L.

To show this, we first note that the E-weight zero subspace of VX(p) is precisely the
universal principal subspace of sly,. This follows from the fact that the E-weight zero
subspace of p is precisely the nilpotent subsalgebra of sly,. Using Lemma 4.4, it is imme-
diate that the E-weight zero subspace of I, is precisely the defining ideal of the principal
subspace of Ly (sly,). The generators of this ideal are stated by Feigin-Stoyanovsky [21]
for all sl,, (see also [19]) and proven only for sly; the case of sl3 is proven by Sadowski
[18] and we show that this continues to hold for all 7 in Appendix B following work of
Butorac-Kozi¢ providing an analogous presentation for types D, E, and F [4]. Explicitly,
the ideal defining the principal subspace of L (sly,) is generated by the modes of the fields
ei(z)k+1.

To complete the proof, we show that each of these generators can be deformed away
from € = 0. We claim that this is done by simply replacing ei(z)k by ei,e(z)kﬂ, where
eie(z) = ei(z) — €¥fir1(z) fori = 2,...2n — 1, egc(z) = eq,,(2). That these fields corre-
spond to states in the E-weight zero subspace of V*(¢.) is immediate and so it suffices to
show that they belong to the E-weight zero subspace of , i.e. the maximal ideal of Ly (sl2;,),
but this follows as in [22] from the fact that e; is nilpotent. O

The homology of p is isomorphic to the nilpotent subalgebra n of sly, and hence
H(Vk(p)) is isomorphic to V¥ (n). The last paragraph of this proof shows that the homology
H(ly) of the ideal I, defining the principal subspace of L (sl1j2,+1) is precisely the ideal
defining the principal subspace of Ly (sly,). Applying Lemma 3.2, we obtain an explicit
description of the homology H (L (p)).

Corollary 4.7 The homology H(L(p)) of the principal subspace of Li(sl1|21+1) is isomor-
phic to the principal subspace of Ly (sly;,).

We end by noting that Conjecture 1.1 (for p = k) of [23] is a consequence of Theorem
4.6. Namely, we recognize the right-hand side of this conjecture as the supercharacter of
Li(05p1)2,), see Appendix A for more details, and the left-hand side as the character of
the principal subspace of Li(sly,), cf. [10,21]. Equating these g-series leads to the desired
result.

Corollary 4.8 (Conj. 1.1 of [23]) Forn, k > 0,

2n—1

o
> TjAgpmigmy,
b=1

1
2

&g

1 Typo2e q ij=la,

- 1) (ktn+ DlulP+pu _

@D > (~D)"&(w)q 2 = > T (4.1)
*oooue meNE@=) T T @

i=1 a=1
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where |u| denotes the sum of the components of u, |u|> = u - u the squared norm of u, p the
vector with components p,, = m — %, and finally

22
E(u) = 1_[ ~’2"—~12 Vi = pm + QI+ k) + Dy, .

1<l<m<n
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Appendix A. Some background on ospq 3,
We follow the appendix A of [7] and use the following notation:

¢ g =05P1n

+ (:]') anon-degenerate consistent supersymmetric invariant bilinear form,
+ b aCartan subalgebra of 0sp 5,

+ A the root system of osp;, with respect to b,

o I ={ay,...,a,}asetof simple roots of A,

. Ag and AT the sets of positive even and odd roots.

Then the highest root of osp; 5, is equal to 0 = 2a; + - - - + 20, We take oy, to be the

(unique) non-isotropic odd simple root. The bilinear form (:|-) on 0sp; 5, is normalized
as (910) = 2, and the «; satisfy

IO
(ailei) =1, (eilaivr) = -5 Q= L..,n—1,
1 .
(Oln|Oln) = E’ ((Xl‘|Olj) =0 | _]l > L

The Weyl group is defined to be the Weyl group of the even subalgebra sp,,. We identify
h* with § as usual, that is via v : h* — b given by (v(a)|h) = (k)

A.1 The Weyl (super)dimension formula
The character ;. of a finite-dimensional irreducible module of 0sp,5, of highest-weight
A is given by [9, Theorem 2.35]

[T @+e™)
aeA'{' ¢ 3 _
P - Z (=1)tW)wOtp)—p
1_[ (1 ¢ o:) weW

+
aelg

33
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while the supercharacter is obtained by changing the sign for every e* with u ¢ A + Qo for
Qo the root lattice of sp,,,. A Weyl reflection satisfies w(u) € o, + Qo for any p € o, + Qo.
The reflection satisfies w(p) — p € Qp if w is a Weyl reflection corresponding to a short
even root; otherwise w(p) — p is in Qo + oy.

Let (—I)Z(W) be equal to one if w is a product of an even number of Weyl reflections
corresponding to short roots times some number of reflections corresponding to long
roots. Otherwise, we set (—1)7("") to minus one. Hence, the supercharacter ¥, for A € Q
and even highest-weight vector is given by

[T @—e)
= e 3 (1) o
1—e@ '
aglg( )WEW

Corollary A.1 Let p, be an irreducible finite-dimensional highest-weight module of
05P1)o, With highest weight A in the root lattice Q of 0spyy, and such that the highest-
weight vector is even. Then

(a|x + p) (oA + p)
dim(p,) = — >  sdim(py) = T
H+ (@lp) 1:[ (alp)
@€l QEAG short
where AOShm is the set of short even positive roots.

Proof Let A, = Zwew(—l)l(w)ew(“)’p and 71“ = Zwew(—l)z(w)ew(“)’p. Since xo =
1 = ¥ it follows that

[T @—e)

oteA
4= Tl rem = [L0-CF
ozeAJr 0
[T @—e)
~ aeAT _a
A, ="y = Tl o+ e
a€A+ aeA+
Thus
Ayl tpY) Z( 1 w+p)—pltp) _ Z (_1)€(W)et(W(k+p)—ﬂ|p)
weW weW (A.l)
Z( 1)13 L Oplw(p)—tlo+A—klp) _ pt(lp) 4 (t()»—i-,o) )
weW
and analogouslyZHp(tp ) = et (¢ ot + p)Y) hence
dim(py) = h AutptP7) _ lim Apt0-+9)7) _ l_[ @ +p)
=0 Ap(tpY) =0 Ap(tpY) weAt (alp)
’ (A.2)

AoptpY) _ o ApltG+p)Y) _ [ erto

sdim _11 ~
(02) =0 Ay(tpY) =0 A,(tpY) (alp)

+
a€A0 short
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We note that (A.2) holds for any A € Q ®z C,

ApgptpY) . Apt(i+p)Y (@2 + p)
im = lim 1_[
t—=0 Ay(tpV) t=0  Ap(tpV) (a|p)

. Zoap(tpY) _ i Ayt + p)Y) _ 1—[ (@l + p)
(~0 A, (tp¥) >0  A,tpY) (alp)

A(J)rshart

A.2 The supercharacter of Ly (0spq ) fork € Z-o

Let g = ospy (2 t~11 @ CK @& CD be the (untwisted) affine Lie superalgebra of 05P 12+
The Lie superbrackets are

[a® ™, b @ t"™] = [a,b] @ "2 + my (a|b)Smy-+my0K,
Da®t™]=ma®t™, [Kg =0, a,b € 0spyy,, mi,my €L

Let E = h @ CK & CD be a Cartan subalgebra of §. The bilinear form on § extends to
Hvia (K|D) = 1 and (K|K) = (D|D) = (h|K) = (h|D) = 0 for all 1 € b. Let A be the
root system of g with respect to E* and T1 = {ap} L IT be a set of simple roots of A.
The imaginary root is § := ag + 0 in Aand Ag € 5* such that §(D) = A¢(K) = 1 and
3(h) = Ao(h) = 8(K) = Ao(D) =O0forallh € h. We haveH* =h*PCSDCAy, V() =K
and V(Ag) = D. Denote by &” = 2a/(at|) € B* for o € h* if (a|a) # O (here we identify
H* with /h\ as done in [14]). Let p be the Weyl vector of 0sp;,,, that is (o|o;) = 1 for
i=1...,nandsetp = p+(n+ %)Ao, where n+ % is the dual Coxeter number of 05p; ;.
Let A = kAg for k € Z-, then

A+ +m8)) =+ )" + 2;”;() o] ke +n+ ;) + pla”).

Thus

A ={a € A|(A 4+ D) (@Y) € Zoga) = {a" + mbla € Ay, m € 2Z)
and set

Ay ={ae Zo,% ¢ Al(A+7D)(Y) e Z}U %M, A = A} U A}

Then the Weyl group W is generated by all the reflections r,v for o in A*. We observe
that this group is the semi-direct product of the finite Weyl group W with the translations

ta(A) = A+ AMK)a — (Ma) + %(a|a)k(1<))8, fora € QY.

The odd positive roots are €, := oy, €4—1 := ¥y—1 + €p, . .., €1 := a1 + €2. They satisty
(eilef) = %8,«8,', the set of short even roots is {£¢; & ¢;|i # j} and the long ones are 2¢; for
i=1...,mandso Q = \%Z”. Similarly Q¥ = +/2Z" is generated by 2¢y, .. ., 2¢,. The

Weyl vector is

1
/0:§(€n+3€n—1+"'+(2n_1)61)
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By [14, Theorem 1°] the character and supercharacter of Ly (0spy)y,) satisfies

ch[Li(ospip)] = Y (=1)™ch[M(w.1)]

weW?r

schLi(0spyz)] = 3 (=1)"™sch(M(w.1)]

weW?*

(A.4)

with M(u) the Verma module of highest-weight ;« and w.A = w(A + p) — p The character
and supercharacter of M(u) is

hu‘%D"‘ -1 [Vl hu‘%D‘
ehipmu)] = TP senquy = SN ,
A, A,
o0
[T @xe g
n=1
+ . aeA]
= T
[T Q—e2gq")
n=1
aeAg

with v, the parity of the highest-weight vector and

(nlpw +2p) kn(2n — 1) 1
h =, =, = k -,
" 2% k 2% e=ktnty
Thus
D" g W) wOAp)—p s
ch[Li(ospy,)] = 7" E (=1)"™e q
L weW, ek QY

_prg kY Mg
rexQY L
(A.5)

D™ _« 7 2 o
SCh[Lk(Oﬁpuzn)] — Z_q 7 Z (_l)Z(WH-Z)» eW()»-hO) th/x
P weW, ek QV
¢ A
=D g H Y (_1)2“%,1@
rexQY p

The claimed character formula follows using (A.3), that is the left-hand side of (4.1) is the
specialization of sch[L (05p1)2,,)],

1 .
tllrl'(l) SCh[Lk(05p1|2n)](t,0v) — ()H(T_l) Z (_1)\u|§(u)q(k+n+%)|\u|\2+pu (A6)
- q)oo

ueZ”

where || denotes the sum of the components of u, |u|? = u - u the squared norm of u, p
the vector with components p,,, = m — %, and finally

Vi —v?
cw= T Z—s  vw=put Qo)+ D
m

1<l<m<n
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Appendix B. Presentation for the principal subspace of Ly (sly+1)
In this appendix we provide a presentation of the principal subspace of L (s(n 1), follow-
ing the work of Georgiev [10] and of Butorac-Kozi¢ [4].

We start with some notation, which largely overlaps with that of the main text. Let
g = sly+1 and denote by §its affinization. For X € g denote by X;,, = X ® t" € g. Choose
a triangular decomposition g = ny @ hdn_; we set iy = ny ® C[t]. Let A denote the set
of roots with respect to h, AL the set of positive/negative roots, and IT = {ay, ..., an} the
set of positive simple roots. We will make use of the Chevalley basis {xq}oca U {fq, }5‘; 1

We denote by vy the highest weight vector of the simple vacuum module Ly (sly1) at
level k. As defined by Feigin-Stoyanovsky [21], the principal subspace of Ly (sln+1) is

WLk (5 [N+1) = u(ﬁ+)Vk

where U(f) denotes the universal enveloping algebra of a Lie algebra f. The principal
subspace is clearly a quotient of U(i14); the aim of this appendix is to show that the left
ideal J; annihilating vy is given by

N
Te=U@DRT+ > > UM R(—m),
i=1 m>k+1

0

where ﬁf_ =n® C[t] and

Ri(—m) = Z KXoy« - Koy -

My, Mgy <—1
Myt Mg =—m

This gives us the desired presentation:
Theorem B.1 For all positive integer integers we have

WLk(5[N+1) ~ Uiy )/Jg.

B.1 Quasiparticle basis of Wy, (s1y,)
We now introduce a basis of W7, (s(,,) due to [10]. We first consider the formal series

— _1 .
xai(z)zzxai,mz "=, i=1..,N,
m

where are fields on Ly (sly+1). Note that [xy,(21), %o, (22)] = 0, so that

Xno; (2) = xai(z)n = anai,m27M7n
m

is also a well-defined field on Ly (s{x+1). Note that the R;(—m) appearing in the definition
of Jy are coefficients of x(x 1 1), (z). We also note that by the Poincaré-Birkoff-Witt theorem
for U (n) we have the following isomorphism of vector spaces:

U(iy) = Uliay) - . . Ulfia,)

where iy, = ny;, ® C[#*] and ny; = Cx,, is the 1-dimensional abelian Lie algebra gener-
ated by the root vector x;.

33
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As in [10], we call the coefficient x4, a quasiparticle of color i, charge n, and energy
—m. We also call an endomorphism of the form

b = (xnrN,NaN:mrN,N . 'xnl,NaN»ml.N) Tt (xnrl.lal»mrl.l . ~xn1,1a1,m1,1)

a quasiparticle monomial; we say that such a quasiparticle monomial has color-charge-
type

(nrN,N; .., N1N5 .- ~;nr1,l; B nl,l)

and index sequence

(mrN,N; e MNP T e ml,l)'

We call the tuples (ny; .. .;n1) and (my; . . .; m1), where n; = ny; + - - - + ny,; and m; =
My,; + - - - + my;, its color type and its index sum. As quasiparticles of color i commute
amongst themselves, we assume that n,41,; < 14, and, if ng41,; = 14, that mui1; < my;
without loss of generality.

We will also need two orders on the set of all quasiparticle monomials: the lexicograph-
ical (linear) order < and the multidimensional (partial) order <. For two such monomials
b, b' we say b < b’ if the color-charge-type of b is less than that of b’ in lexicographical
order; if their color-charge-types are the same, we say b < b’ if its index sequence is less
than that of 4’ in lexicographical order. Additionally, we say that b < 4" if b < b’ and, for
everyl <s <N,onehasms+-- - +m <m,+---+ m’1 and this is a strict inequality for
at least one s, where m; = ) mg;.

Denote by B the set of quasiparticle monomials satisfying

Maili < Mg — 2Mg; ifng1 =ng; (B.1)
ri1

Mg < (1 —2a)nq; + Y min(ny;_1, ng) (B.2)
b=1

Hai < k (B.3)

foralli=1,...Nanda=1,...r;.
Theorem B.2 ([10], Theorem 5.2) The set
B = {bvi|b € B}
is a basis of the principal subspace Wr, (s1y )
B.2 Spanning set for U(ii4) /g
We now give a spanning set for the quotient U(i14+)/Jx, from which we will conclude
Theorem B.1. For X € U (i} ) we denote by X its image in this quotient; we then set

B = {b|b € B}.

Proposition B.3 The set B spans the quotient U (f)/Iy.
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We will prove this proposition briefly, first using it to prove the main result of this
appendix as in the proof of Theorem 4.1 of [4].

Proof of Theorem B.1 We start with the canonical surjection
f:Umy) - Wiistn) X Xvg.

It is clear that J; belongs to the kernel of f, so this map factors through U (11 )/Jy. Denote

by f the corresponding map from U (1) /J to Wi this map is necessarily surjective

sIN+1)3
and bijectively maps the spanning set ‘B to the basis 8. We conclude that B is a basis of

U(ny)/Ig and that]7 is an isomorphism of vector spaces. O

We end this appendix by sketching a proof of Proposition B.3. The proof closely mirrors
the proof of Theorem 5.1 of [10] and parts of the proof of Theorem 4.1 of [4], so we only
provide the main ideas.

Proof of Proposition B.3 We note three properties satisfied by the formal series x,q,(2)
independent of the module of § they are acting on and hence can be applied to U(ii4).
The first two properties ultimately stem from the expression x,q,;(z) = %, (2)”. The first
property takes the form

Xn; (2)%n 0 (2) = X(n—1)e; (D)% 1) (2) (B.4)

==X (Z)x(n+n’71)a,- (2) = X(n+n')a; (2)

for 0 < n < #/, cf. Eq. (3.18) of [10]; this induces 7 relations on quasiparticle monomials
of color i. The second property we will need is given by

" (d "(d
n—;n (Ex;wi(z))xn’ai(z) = ;:ltri (d X(n— 10tl(z))x(” "+ (Z)
d
== " _Ii . (d—zxou (Z))x(n-i-n/—l)ai (2) (B.5)
d
= E (xnoti (Z)xn’ai (Z)>

for 0 < n < #/, cf. Eq. (3.22) of [10]; this induces another # relations on quasiparticle
monomials of color i.

The third and final property we will need is as follows. We consider the generating
function of quasiparticle monomials of a fixed color-charge-type

X{na'i}({za,i}) = xnrN,N (ZVN,N) e xnl,N (Zl,N) e xnrl,l (Zrl,l) e x}’ll,l (Zl,l)

and multiply it by the Laurent polynomial

7 Tiel Zpio1 min(np,;—1,14,i)
nm {Zat} HHH(I__) '

i=2a=1b=1

The third property then says that their product, modulo Ji, belongs to (U () /T )[[{z4,:}]]:

P ) (2a,iD) Xing ) (2a,i}) + Tk € (U (A1) /Tk) ([{24,3]] (B.6)
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cf. Lemma 5.1 of [10].

As in the proof of Theorem 5.1 of [10], the properties in Eq. (B.4) imply that if the
color-charge-type of the quasiparticle monomial b has n,; = 1,441, for some j, a but its
index sequence does not satisfy

Mgi1,i < Mg — 2Hg;

then it can be re-expressed as a linear combination of quasiparticle monomials 4’ with
b < b’ of same color type and index sum, but possibly different color-charge-type; only
a finite number of the &’ do not belong to U (ﬁ+)ﬁ§0 C Jg. Thus, the first condition Eq.
(B.1) defining the set B of quasiparticle monomials follows from the property in Eq. (B.4).

If the quasiparticle monomial b does not satisfy the second condition Eq. (B.2) defining
B

ri—1

Mai < (1= 2a)ng; + Y min(my,;_1, 14,)
b=1

then the properties in Egs. (B.4), (B.5), (B.6) imply that it can be re-expressed as a linear
combination of quasiparticle monomials ' > b of the same color type and total index
sum, only a finite number of which do not belong to U (ﬁ+)ﬁf_0 C Jg. This is proven exactly
as in Theorem 5.1 of [10] and follows by induction on the color type and index sum.

For the last condition Eq. (B.3) defining the set B, we proceed as in the last paragraph in
Section 5.5 of [4]. If the color-charge-type of quasiparticle monomial b satisfies the first
two conditions Egs. (B.1), (B.2) and has n,; > k for some g, i, i.e. it does not satisfy Eq.
(B.3), then the commutation relations of the x,,, ; imply that we can bring the term x,,, ,(2)
in the product Py, ,1({24,:})X(n, ;) ({24,i}) all the way to the right and hence we find that this

product belongs to Ji. As b is the coefficient of z:\;}}leﬂrN’N".zﬁl’ﬁm‘l of Xi,.1({2a,i}), we
can take this same coefficient of Py, ,}({24,:})X(n,;)({24,}) to see that b can be expressed as
a linear combination of quasiparticle monomials 4" of the same color-charge-type. Only a
finite number of such 4’ do not belong to Jx, so we can continue this process to ultimately

show that b itself belongs to J. ]
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