Quantum Lattice Models
from Fusion Categories

UNIVERSITY OF

0),430)28D,

Luisa Fck
Balliol College
University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Trinity 2025



Acknowledgements

First, I want to thank my supervisor Paul Fendley for his guidance and mentorship.
When I started my DPhil, I was intrigued by the colorful diagrams in his topological
defects and dualities paper, and we started exploring a particular 14+1d model with
such defects. Two years, two papers, and many conversations on fusion categories,
spin chains, integrability, and CFT later, those diagrams began to make sense. With
his encouragement, I then ventured into 2+1 dimensions. Thanks for giving me the
freedom to pursue my own ideas, while also being there to talk whenever I got stuck.

I met Sakura Schéfer-Nameki through the weekly OWSM meetings she organized,
which helped make Oxford one of the best places (the best place?) to work on
generalized symmetries. I'm grateful for inspiring research discussions and especially
for her generous support and advice during my postdoc applications.

My research benefited greatly from discussions with other members of the
generalized symmetries community in Oxford, especially Kansei Inamura, Thomas
Wasserman, André Henriques, and Steve Simon. I would also like to thank my office
mates Riccardo Senese and Saraswat Bhattacharyya for their friendly company and
open ear, and the other DPhil students and postdocs of the condensed and soft
matter groups for countless coffee breaks, college lunches, and pub trips. Thanks
to my former Balliol flatmate Hannah Romer for brightening many days with
veggie food, rowing, and formal dinners.

I’'m thankful for the financial support from the EPSRC and the Jim and Jane
Ramage Scholarship at Balliol College, and for the additional funding from the
Theoretical Physics sub-department at Oxford during the final six months.

I was fortunate to be able to travel quite a bit over the last four years, and
had many stimulating discussions at conferences, summer schools, and workshops,
particularly with Natalia Chepiga, Frank Verstraete, Robert Konig, Fiona Burnell,
and Xie Chen. I also want to thank my undergraduate advisor Sergej Moroz for
his support over the years. Many thanks to the Kavli Institute for Theoretical
Physics (KITP) for hosting me as a Graduate Fellow in the five months leading up to
submitting this thesis, and to the organizers of the Generalized Symmetries program.
During my time there, I'm grateful to Dave Aasen for introducing me to Floquet
codes, to Dave Penneys for starting a project on symmetry-enriched topological
orders with me within an hour of meeting, and to Zhenghan Wang for sparking my
interest in 3d CFTs and sustaining it through many engaging discussions.



Beyond academia, I'm especially grateful to my mum Christine Eck for her
constant encouragement and belief in me, and for always spoiling me with the most
delicious food. Thanks to my sister Katharina Eck for regularly checking in with
me even when I'm away, and to her and my dad Thorsten Eck for dragging me into
sporty outdoor activities whenever I'm in Munich. Thanks to my grandparents
Franz and Traudl Dawidowitsch for watching me grow up (literally), and to Clara
Peters, Sara-Viola Kuntz, and Sarah Haiber for their steady friendship.

Finally, I'm very lucky to have my partner Steffen Schneider by my side.
Throughout my physics studies, Steffen has always been there to support me, from
making numerics more enjoyable and helping with proofreading and typesetting to

debating linear algebra problems and lifting my mood with his infectious optimism.



Abstract

Fusion categories offer a systematic framework for constructing quantum lattice
models with non-invertible symmetries and dualities. This thesis examines the
quantum phases and transitions realized in a specific 1+1d lattice model and
develops these ideas further to study 2+1d models with topological order.

After a brief review of fusion categories, anyon chains, and string-nets in
Chapter 2, Chapter 3 investigates a model of Rydberg-blockade atoms on the
square ladder with at most one excited atom per square. Along an integrable line,
it is equivalent to the 14+1d anyon chain built from the so(3)s fusion category and
preserves a non-invertible self-duality symmetry that can be spontaneously broken.
A duality mapping to the spin—% XXZ chain reveals a critical line governed by
the free boson orbifold CFT. A non-invertible remnant of the XXZ chain’s U(1)
symmetry applies to the full three-parameter space of couplings and distinguishes
two different Z3 ordered phases. Away from integrability, we use perturbation
theory and DMRG to explore a rich phase diagram with several density-wave phases
separated by critical and first-order transitions.

The second part of this thesis focuses on 2+1d fusion surface models, higher-
dimensional extensions of anyon chains built from braided fusion categories. In
Chapter 4, we develop systematic generalizations of Kitaev’s honeycomb model,
which itself can be formulated as a fusion surface model built from the Ising
category. These models exhibit categorical 1-form symmetries and have phase
diagrams qualitatively similar to Kitaev’s, including a weakly coupled chains phase
capable of hosting chiral topological order, as demonstrated in a Zs symmetric
example. Chapter 5 shows that dualities between such models arise by refining
the input data with module tensor categories, paralleling the construction of dual
14-1d anyon chains. The resulting 2+1d models support both 0-form and 1-form
symmetries and are candidates for realizing symmetry-enriched topological phases.
Taken together, these results point towards a broader framework for 2+1d quantum
lattice models beyond commuting projectors, with Chapter 6 outlining connections

to 3d criticality, quantum scars, and quantum error correction.
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Introduction

Lattice models underpin much of our theoretical understanding of phases of matter
and the transitions between them. A paradigmatic example is the classical Ising
model [1, 2], where spins with two possible values (say, up or down) are placed
at the sites of a square lattice and interact with their nearest neighbors. At low
temperatures, the spins tend to align in one direction, thus modeling ferromagnetic
order. In the context of electronic systems, tight-binding models place fermions
on a lattice and describe their hopping between adjacent sites, capturing the
band structure of crystals.

Because lattice models with discrete degrees of freedom describe systems via
finite-dimensional operators — Hamiltonians for quantum models or transfer matrices
for classical ones — they are well suited for both analytical and numerical methods.
One is often interested in the qualitative behavior of the ground states or low-lying
excitations, and how these change under small perturbations of the microscopic
parameters. This leads to the notion of a phase: a region in parameter space
where the system exhibits qualitatively similar low-energy behavior. Symmetries are
usually implemented by local unitary operators that form a group representation
and commute with the Hamiltonian or transfer matrix. They constrain the allowed
interactions and help organize the phase diagram. For example, the Zs spin-flip

symmetry of the Ising model is spontaneously broken in the ferromagnetic phase,
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where it permutes two degenerate ground states, but restored in the paramagnetic
phase, which has a unique symmetric ground state.

Many interesting statistical mechanical models admit a larger class of topological
defects that commute with the transfer matrix but do not represent a group [3]. The
mathematical structure underlying these defects is a fusion category, which comes
equipped with a powerful diagrammatic calculus: trivalent graphs encode the fusion
of objects and can be evaluated into a complex number invariant under continuous
deformations. A prominent example of a topological defect is the Kramers—Wannier
duality in the 2d Ising model [4], which relates the low- and high-temperature
regimes via a non-invertible mapping that becomes a self-duality at the critical
point. The algebra generated by the duality operator and the Z, spin-flip symmetry
reproduces the fusion rules of the Ising category.

The connection between statistical mechanics, algebraic structures, and graphical
calculus became more concrete with the work of Temperley and Lieb [5], who showed
that the generators of the transfer matrices in the Potts and six-vertex models
satisfy a common algebra, now bearing their name. The Temperley-Lieb algebra
also underlies the construction of knot invariants like the Jones polynomial [6-8],
and has a graphical presentation in terms of non-intersecting loops [9]. Andrews,
Baxter, and Forrester [10] introduced a family of height models whose Boltzmann
weights can be expressed in terms of Temperley—Lieb generators as well, and which,
in the trigonometric case, implicitly encode the data of the A, fusion category.

The trigonometric ABF models, along with the Ising and Potts models [11,
12], have integrable limits whose continuum descriptions are given by rational
conformal field theories (CFTs). Both integrability and rational CFTs are deeply
connected to braided fusion categories, which provide a consistent diagrammatic
calculus for evaluating over- and under-crossings. In rational CFTs, the fusion and
braiding of primary fields are governed by modular tensor categories [13], a special
class of braided fusion categories with non-degenerate braiding that distinguishes
all simple objects. For example, the continuum limit of the critical ABF models

is described by a modular tensor category that contains the A; fusion category,
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which is already present in the Boltzmann weights, as a subcategory [3, 13-15].
The topological defects of the lattice model appear as defect lines in the CFT [16,
17]. Meanwhile, the integrability of these models is captured by the Yang-Baxter
equation, which imposes a trilinear constraint on the Boltzmann weights and
admits a geometric interpretation as the third Reidemeister move—sliding a strand
under or over a crossing.

In recent years, 1+1d quantum spin chains built from fusion categories, known
as anyon chains, have attracted growing interest [3, 18-22]. Anyon chains can
be constructed from any fusion category and can be viewed as the Hamiltonian
limit of the corresponding 2d statistical mechanical model. A key example is the
family of anyon chains based on the A fusion categories, which arise from the
Hamiltonian limit of the associated ABF models. Anyon chains inherit categorical
symmetries corresponding to topological defects in the associated 2d classical models.
These symmetries are efficiently represented by matrix product operators [23, 24],
which are typically non-local and non-invertible. Like conventional symmetries,
they constrain the phase diagram by forbidding certain relevant perturbations at
criticality and by distinguishing symmetry-breaking patterns in gapped phases.
This perspective underlies the “categorical Landau paradigm” [25-28], which seeks
to classify both gapped and gapless phases with categorical symmetries using the
language of fusion and module categories. Notably, many anyon chains feature
constrained Hilbert spaces dictated by the fusion rules of their input category.
In some cases, these constraints resemble blockade effects observed in arrays of
Rydberg atoms [29-32], which are increasingly recognized as promising platforms
for quantum simulation [33, 34].

Fusion categories also appear naturally in the description of 2+1d topological
phases, whose ground state degeneracy depends on the topology of the underlying
space [35, 36]. The low-energy physics of such topologically ordered phases is
given by a topological quantum field theory [37] and the anyonic excitations are
mathematically captured by a unitary modular tensor category [38, 39]. Chiral

topological orders, which break time-reversal symmetry, have gapless edge modes
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described by chiral conformal field theories and model the physics of fractional
quantum Hall systems [40, 41]. Their gapless edge modes should yield experimentally
accessible signatures in conductance measurements, though claims of such signatures
in Kitaev candidate materials like a-RuCls remain controversial and subject to
ongoing debate [42-44].

The intrinsic robustness of topological phases against local perturbations,
together with the anyonic statistics of their excitations, makes them highly promising
for fault-tolerant quantum computing [45, 46]. The canonical example is Kitaev’s
toric code [47], a commuting projector model on the square lattice whose anyons
are mutually semionic. Building on this, Levin and Wen [48] formulated string-net
models defined on trivalent graphs with edge labels drawn from a fusion category.
Their commuting projector models capture all non-chiral topological orders, with
the anyon content described by the Drinfeld center of the input category. In contrast,
finding solvable 2+41d lattice models for chiral topological order remains a challenging
problem. Known examples typically require free-fermion constructions, such as
Kitaev’s honeycomb model [39], rely on coupled-wire constructions with carefully
fine-tuned interactions [49], or require infinite-dimensional Hilbert spaces [50].

This thesis approaches the problem from a different angle: using fusion categories
as a unifying input to construct tractable lattice models in one and two spatial
dimensions. We begin with a 14-1d anyon chain that models a ladder of Rydberg
atoms, then build toward 2+1d systems using the fusion surface model construction
[51], which extends anyon chains into higher dimensions. These models go beyond
commuting-projector Hamiltonians and are capable of realizing chiral and symmetry-
enriched topological phases.

The material is organized into six chapters. Following the Introduction, Chapter
2 provides a review of fusion categories and their associated graphical calculus, along
with two physical contexts where they naturally arise: 2+1-dimensional Levin-Wen
string-net models, which are fixed points for non-chiral topological order, and 1+1-

dimensional anyon chains, which come with categorical symmetries and dualities.
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Chapter 3 focuses on a specific anyon chain constructed from the so(3), fusion
category, whose constrained Hilbert space mirrors that of a Rydberg-blockade
ladder. We analyze its ordered phases and critical transition using a combination
of conformal field theory, perturbation theory, and numerical simulations. Non-
invertible symmetries and a duality to the spin-1/2 XXZ chain play a central
role in our analysis.

Chapters 4 and 5 form the core of the thesis and discuss phases and symmetries
of 24-1d fusion surface models, building on earlier work by Inamura and Ohmori [51].
Chapter 4 discusses fusion surface models built from braided fusion categories, which
can be regarded as generalizations of Kitaev’s honeycomb model. These models
naturally exhibit categorical 1-form symmetries and include a weakly coupled chains
phase that can host chiral topological order as we confirm in explicit examples.

Chapter 5 generalizes the framework further by incorporating dualities, un-
derstood as gauging of categorical 1-form symmetries. This leads to new dual
models that can support independent 0-form symmetries and realize symmetry-
enriched topological orders.

Finally, Chapter 6 summarizes the main results and outlines directions for
future work, including potential connections to quantum dynamics, quantum error

correction, and 3d criticality.
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Fusion categories are natural generalizations of finite groups and have many
applications in modern quantum many-body physics. A key feature is their
diagrammatic calculus that associates topological invariants to trivalent graphs.

In 1+1-dimensional systems, they encode finite global symmetries implemented
by topological defects and form the basis for constructing anyon chains—quantum
spin chains with constrained Hilbert spaces that are often exactly solvable at special
points [3, 18, 21]. Including additional input data in the form of a module category
allows one to capture dualities between such chains [23, 24].

In 2+1 dimensions, fusion categories serve as input to the Levin-Wen string-

net models [48], which realize non-chiral topological phases whose anyon content
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corresponds to the Drinfeld center of the input category. Gapped boundary
conditions of these string-nets are classified by module categories over the input

fusion category.

2.1 Fusion categories and their graphical calculus

This section reviews the essential aspects of fusion categories, following [3, 39, 52].
We introduce their defining data, including the F-symbols that encode associativity,
and the graphical calculus that facilitates computations. We also discuss braided
fusion categories, which are central to 24+1d topological phases, and give examples

ranging from group-based to more exotic categories.

2.1.1 Fusion category data and fusion diagrams

A fusion category C is specified by three main ingredients. First, a finite set
of simple objects {a, 3,7,...} including a distinguished identity object 0 € C.

Second, fusion rules
a®pB=0,Nasv, (2.1)

where the fusion coefficients N;; € {0,1} count the multiplicity of the simple object
~ in the tensor product of a and . The fusion product is associative, and the
identity object acts trivially: a ® 0 = 0 ® @ = « for all « € C. Third, a set of
F-symbols introduced below in (2.2), which implement unitary basis changes.
Fusion diagrams are planar trivalent graphs whose edges are labeled by objects in
the category. At each trivalent vertex, the labels of its incident edges have to satisfy

N, # 0. Different fusion diagrams can be transformed into each other via F-moves,

a B 7 a B 7
X7 =S K 22
) H J
where the complex coefficients [Ff"],, are known as F-symbols (or associators

in mathematical terminology). They must obey the pentagon equations, which

capture the associativity of sequential fusion processes.
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To evaluate a fusion diagram means to assign it a complex number that
does not change under isotopy, i.e., continuous deformations. Moreover, the
evaluation is invariant under F-moves (2.2). Two useful identities for computing

such evaluations are:

a dy « !
3 o (2.3)
VO & = a7 a

e
Here, d, denotes the quantum dimension of the object «, defined as the largest
eigenvalue of the matrix (N,)) = Ngz. The total quantum dimension of C is
defined as D?* = Y 0 d>.

To simplify the graphical calculus and computations, we impose several technical
assumptions: We restrict to multiplicity-free fusion categories, meaning N, 5 €10,1}.
All Frobenius-Schur indicators are assumed to be trivial, which ensures that lines
can be bent and straightened without ambiguity. The category is unitary, so all
F-symbols [F2?],, form unitary matrices in the lower indices A, k. The fusion
diagrams can be rotated freely, since any unitary fusion category admits a pivotal
structure. Except in Section 4.5, we work with categories where all objects are
self-dual, i.e., 0 € a ® . In such categories, fusion lines carry no orientation.

A few examples of fusion categories that will appear later are introduced below:

« For any finite group G, one can define a fusion category Vecg, whose simple
objects are labeled by group elements a € . Fusion is given by group
multiplication, and the F-symbols are phase factors w(a, b, ¢) € U(1) satisfying
a 3-cocycle condition on G. The trivial cocycle w = 1 always provides a valid

solution.

» The category Rep(G) of finite-dimensional representations of a finite group G
forms a fusion category. The simple objects are the irreducible representations,
with quantum dimensions equal to their vector space dimensions. Fusion is

given by the tensor product of representations.
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o The Ising category has three simple objects {0, 1,0} with fusion rules
oc®oc=061, 1®1=0, o®1=o0.
The non-abelian object ¢ has quantum dimension d, = v/2.

« The Fibonacci category has two simple objects 1,7 (with 1 denoting the

identity object here), and fusion rule 7 ® 7 = 1 ® 7. The quantum dimension

1+V5

of 7 is the golden ratio, d, = =5

2.1.2 Braiding

Braided fusion categories include additional structure that allows lines to cross in
the graphical calculus. The braiding is encoded in the R-symbols, which are

complex phases:

By By By

\? V ? -y
a

Since all categories considered here are unitary, the inverse braiding is given by

the complex conjugate,
(R = (RY)

Compatibility of fusion and braiding follows from the hexagon equations, a set
of consistency equations satisfied by the F- and R-symbols. Graphically, this

allows strands to slide over fusion vertices:
2,

A modular tensor category is a braided tensor category with a non-degenerate
topological S-matrix. The S-matrix entry S,z is given by a Hopf link between
objects a and f[:
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Non-degeneracy means that for each object a # 0, there exists some 3 such that
the full braiding of 3 around « is nontrivial, i.e., R’ RP* # 1 (where R*" is the
diagonal matrix with entries Rf‘y‘ﬂ). This ensures the theory can be consistently
defined on closed 2D manifolds, such as the torus. The braiding and fusion of
anyons in a (2 4+ 1)d topologically ordered phase are expected to be captured by

a unitary modular tensor category.

2.2 Levin-Wen string-nets

Levin and Wen [48] introduced a class of 2+1d commuting projector models defined
on trivalent graphs, which realize doubled topological phases. Their construction is
based on the data of a unitary spherical fusion category. When the input category
is group-like, the resulting model reduces to Kitaev’s quantum double model [47],
including familiar examples like the toric code. The string-net framework was
subsequently generalized to realize arbitrary non-chiral topological orders Z(C) that

admit gapped boundary conditions, beyond the doubled case C X C [53-57].

2.2.1 Hamiltonian and excitations

The Hilbert space of the string-net model is defined on a trivalent graph—typically

a honeycomb lattice—whose edges are labeled by simple objects I', € C:

R S

At this stage, edge labels are unconstrained, so the Hilbert space has dimension

IC

Ne

, where |C| denotes the number of simple objects and N, is the number of
edges. The fusion rules are not yet imposed at the vertices.

The Hamiltonian takes the form

H:_ZAU_ZBP’ (2'4)
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where A, and B, are mutually commuting projectors. The vertex terms A,

energetically enforce the fusion rules at each trivalent vertex:

I. = Y FFFFFF Ty

I’

/
A VA

The operator Bl(f“) acts on the 12 edges surrounding and radiating from a plaquette
p, modifying only the six inner edges. Its action can be expressed as a sequence of
F-moves, though we suppress the explicit index structure of the F-symbols here.

All vertex operators A, and plaquette operators B, commute, so the model
is exactly solvable. Ground states are simultaneous +1 eigenstates of all A, and
B, projectors. On a closed surface, the ground state degeneracy depends only
on the topology and is related to the Turaev-Viro invariant [58, 59]. On a disk
or sphere, there is a unique ground state.

Anyonic excitations correspond to eigenstates with A, = 0 or B, = 0 at a
certain vertex or plaquette. They can be created pairwise by open string operators

labeled by an object in the Drinfeld center Z(C):

When acting on ground states, string operators are path-independent, as illustrated
above. Each anyon ¢ € Z(C) can be written as a pair («,€2,), where « is an
object in C and €, is a collection of half-braiding phases [60]. These half-braiding
phases are used to resolve the under-crossings between the red string and the

black edges shown in the diagram.
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2.2.2 Boundaries and module categories

Gapped boundaries of a string-net with edge labels in a fusion category C are

classified by module categories M over C [53],

A right module category M consists of a set of objects {M, N, ...} € M equipped
with a right action M <« = @&yN for objects {a,,...} € C. Pictorially, this
action is represented by a trivalent vertex where two lines labeled by objects in
the module category M meet a single line labeled by an object in the fusion
category C. The vector space VMaN associated with such a vertex is generally
multidimensional, even if the fusion category C is multiplicity-free. It is therefore
labeled by basis vectors v € VMaN spanning the space. Common examples
of module categories include: the regular module category M = C, as well as
M = Rep(H) when C = Rep(G) and H C G.

The associativity of the module action is encoded in module F-symbols,

Aa B Aa B
! i
Y Aaf
L =2 F c,/<j,///. (2.5)
! C il I
B B

Choosing orthonormal bases for the vector spaces VM, allows us to impose orthog-

onality and completeness conditions similar to (2.3):

N M M «

i dod, l ,/
oDazé §; 0/ 20% . 2.6
A T A A
M M M @

Boundary excitations correspond to objects in the Morita dual fusion category
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Ci( = End¢(M), the category of C-module endofunctors of M, as depicted below.

The Morita dual category shares the same Drinfeld center with C, Z(C) = Z(C},),
and makes M an invertible C-C}, bimodule. The boundary excitations can be

moved using the bimodule " F-symbols,

aA | «

AB
m
\'/ = > > FYI0L \,,,/D (2.7)

D m,n
B

There is a well-known correspondence between module categories M over C and
algebra objects in C [53, 61]. Depending on the context, it can be more convenient
to work with one perspective over the other. An algebra object is a (non-simple)
object A € C with a multiplication map my : A ® A — A and a unit operator

ia : 0 — A satisfying associativity and unitality [62],

\ﬁ/\Ty \* N oy
A

Given an algebra object A € C, one can construct the associated module category
M = Mod4(C). Its objects are right A-modules, which are equivalence classes of
objects identified under condensing A; that is, objects a € C and a ® A are

considered equivalent.

2.3 Anyon chains

Anyon chains are 14+1d quantum lattice models constructed from fusion categories
[18, 21, 63]. They can be obtained from the anisotropic limit of 2d statistical-
mechanical models [3, 6, 7]. A key feature is that the Hamiltonian commutes

with non-invertible symmetries whose generators obey the same fusion algebra as
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the objects in the input category. While fusion categories provide the necessary
mathematical structure to define anyon chains with categorical symmetries, module
categories over a given fusion category are essential to establish dualities: Different
module categories lead to dual chains, related by a matrix product operator
implementing the duality transformation [23, 24]. Their energy spectra share the
same levels, albeit with different degeneracies, and, in particular, exhibit matching

energy gaps in the thermodynamic limit.

2.3.1 Construction and fusion category symmetry

States in the anyon chain Hilbert space correspond to fusion trees of the form
Iy Ty I3 Iy oo,
wh= 0 | |

Each vertical leg of the fusion tree is labeled by the same object p € C. The horizontal
edges I'; € C are the dynamical degrees of freedom. The dimension of the Hilbert

space grows as ~ dﬁ. The local Hamiltonian H;_; ; ;41 acts on the fusion tree state as

I'ici Ty Tiga i1 Ty Ty

Hi 141 — ZA/\ P 2 (2.9)
X p p

pp A

with A € C and constants Ay € R. Each term on the right-hand side of (2.9)
can be evaluated using the F-moves (2.2) as well as the resolution of identity and

bubble removal (2.3). Explicitly, it follows that

Licy Ty Tipa 5 dpe Tici T) Tip
p P = P p
PP ry \ dnd pmp

Dioy I T
/ 1NN AL,
= Z d>\ [FFi,f]Fip[FIEiH ]PF;
I

PP

A special choice of Hamiltonian is the projection onto the identity channel,

Iion Ty Tina iy Ty Tia

e = dpPi(O) : — d, P d P
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which is equivalent to 2.9 with Ay = [F fff’p]o)\. This local Hamiltonian generates

the Temperley-Lieb algebra [5]:
el = doei, €€ =e;, ee; =eje for|i—j|>1

For the input category A, — with A3 equivalent to the Fibonacci category, and
A, sharing fusion rules with su(2)4, which plays a major role in Section 3 — the
anyon chains with this Temperley-Lieb Hamiltonian are the anisotropic limits
of the ABF models [10].

The local Hamiltonian (2.9) commutes with topological line operators D(®)

labeled by simple objects o € C:

)/, ————————————————————
Fifl Fz Fi+1 ‘ ]_—‘1;1 Fz Fi+1
n M
popP p P
el Ial;
= [FP ' ]Fi—1F§[sza H]FiF;H s

(2.10)
Intuitively, the Hamiltonian acts from below on the fusion tree, while the topological

lines act from above, so they ought to commute:

o —
T T; Ting Pici Ty Tipa

p P =0 (2.11)
Pl )\ |P

p P

Mathematically, this commutation follows from the pentagon equations satisfied by
the F-symbols. Consequently, these topological lines implement symmetries when
they map the Hilbert space to itself, or dualities when they map to a different Hilbert
space. When the quantum dimension d, > 1, they are generally non-invertible.
Many examples are given in e.g. [3, 23, 64]. The symmetry generators D@ obey
the same algebra as the corresponding object in the input category and can be
naturally expressed as matrix product operators whose tensors incorporate the

F-symbols [23]. The local commutation relation (2.11) implies that any Hamiltonian
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H=73%,CH;_,;41 with C; € R will commute with the topological lines D@ In
particular, translation invariance is not required.
Twisted boundary conditions are implemented by gluing an additional vertical

leg B € C to the fusion tree: 5

I't T F3|F4 I's

p P p

With twisted boundary conditions, it is possible to define a modified translation
operator as a combination of the original translation operator and a unitary
transformation. The unitary transformation is given by an F-move that moves

the defect back to its original location [3].

2.3.2 Dualities between anyon chains from module cate-
gories

To capture dualities between different anyon chains, the input data is refined by
specifying a module category M over the fusion category C. In the anyon chain
constructed from the category pair (M, C), the degrees of freedom are now objects
M; € M labeling the horizontal edges and basis vectors v;; € V%}j living on

the trivalent vertices,

My vi2 My V23 Mz vza . e M
MY, {o}) = T (2.12)
p p p eC

The regular module category M = C recovers the construction discussed earlier
in Section 2.3.1.
The action of the local Hamiltonian
A
Hi1ii01= Y. AAHz‘(—)l,i,i—l-l
xeC

on the general state (2.12) is analogous to (2.9), where each HZ-(:\)MHI acts as

M-y M; M M1 M; M
Hz‘(i\)1iz‘+13 1‘1;1‘/] Tl‘;_z+1 — Ifz'fl.iI Tl'/‘./f] . (2.13)
p p p p
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Changing the module category M does not affect the operator algebra generated
by the local terms Hz'(i\)l,i,i +1, as it depends solely on the fusion category C. The
corresponding Hamiltonians are therefore dual, with closely related energy spectra:
they share the same energy levels (up to possibly twisted boundary conditions),
though the same energy levels may occur with different degeneracies, and some

may not appear at all in one of the models.

Using the identities (2.6) and (2.5), the local Hamiltonian (2.13) evaluates to

M;—1 M; M [ M;—1 M; M
ST T apMiap1MiVio1 iR ra Mg pA Miviig1k [ g0 TrT T
“*‘-'I T“'“ —Z[ v vt | FMZ,’ ]pv; - dy Vi1, Vi1
Mk ’
p p v p p
”271,1'7”2,141

The choice of a module category M also affects the symmetries of the system.
For the regular module category M = C, the lattice model has a symmetry
corresponding to each object in C, cf. (2.10). For generic choices of M, the symmetry
category is no longer C, but its Morita dual fusion category C3,. Graphically, the

symmetry action is depicted as:

X
’ M; 1 M; My,
DO ST T forx e iy (2149

The diagram (2.14) can be evaluated explicitly by fusing the symmetry line to the
horizontal edges M; € M and utilizing the bimodule F-symbols ™F (2.7). Duality
transformations between Hamiltonians constructed from different module categories
M and N can be explicitly expressed as matrix product operators using the data

of module functors X € Func(M,N) [23]:
O HM = N oW

We will see an example of such a duality operator in Section 3.3.2.
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Rydberg atoms provide an attractive platform to simulate strongly correlated
quantum many-body systems because of their long lifetime and strong sensitivity
to electric fields [33, 65, 66]. Neutral atoms are trapped in optical tweezers and

laser-driven to high-lying Rydberg states, where strong dipole-dipole interactions

18
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impose a blockade constraint: two atoms within a “blockade” radius cannot be
excited simultaneously. By tuning the chemical potential and interaction strengths
along with the blockade radius, a wide range of strongly correlated phases and
transitions can be accessed.

The minimal theoretical description is the Rydberg-blockade chain with nearest-
neighbor exclusion. With only nearest-neighbor interactions, this model exhibits an
Ising transition into a Z, density-wave phase upon tuning the chemical potential [67],
and hosts experimentally observable quantum many-body scars [30, 33]. Adding
next-nearest-neighbor interactions leads to a tricritical point [67] and a Zs-ordered
phase with Potts and chiral transitions [67-71]. Along an integrable line, the
model maps to the Hamiltonian limit of Baxter’s hard-square model [11, 67], or
equivalently the Fibonacci anyon chain [18].

Explorations beyond the chain geometry are more recent, with ladder systems
revealing cluster Luttinger liquids, supersymmetric criticality, and order-by-disorder
transitions [72-74]. Arrays of coupled chains have been proposed to realize two-
dimensional quantum spin liquids [34, 75, 76]. This chapter explores the phase
diagram of a Rydberg-blockade ladder, starting from an integrable lattice model
built from the so(3)s fusion category whose the constrained Hilbert space mirrors

a Rydberg-type blockade.

3.1 The Rydberg-blockade ladder from the so(3),
fusion category

We begin by constructing the anyon chain from the subcategory so(3)s of su(2)4,

also known as Rep(S3). Its simple objects are {0, 1,2} with fusion rules
1®1=001602, 21=1, 2®2=0.

We follow the notation from [32], where the non-abelian “spin-1” object in so(3),
is denoted by 1. Labeling all vertical legs with p = 1 imposes a constraint on

the Hilbert space, which admits a natural physical interpretation: it corresponds
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to Rydberg atoms arranged on a square ladder with a blockade radius satisfying

V2 < R, < 2 in lattice units:

1 0 1 2 1 ... €s50(3):
110121...) = \ \ \ \ \
|etebe . . k/Rb. / / \\
A rung without excitations corresponds to the state |e) = |1), while excitations on

the top and bottom of rung j, denoted by |t) = |0) and |b) = |2), are annihilated
by hard-core bosonic operators t; and b; respectively. The corresponding number

operators are n' = t;r-tj and ng = b}bj. The fusion rule I';;; € I'; ® p maps onto

J

requiring at most one excitation per square, which imposes

bt o tob b, b
ning g = nngy = nmny =0 (3.1)

for all j. For L rungs, the ensuing Hilbert space is dimension 2 + (=1)f. We

utilize the linear combinations

pj =75 (tj+0b5) . my= 5 (t;—by) (32)

and define |+) = p; le) and |—) = mT le). We analogously define n; = m}mj and
p; = p}pj so that the density of empty rungs is

A one-parameter integrable Hamiltonian of this anyon chain or 2d statistical

mechanical model has appeared in various contexts [3, 23, 32, 77, 78]:

H =Y (S;+ AP;), where

Ljor Iy Ty Ty Ty Ty Ujr Iy Tisn (3.4)

1
Sj:ﬁ i >< ,Pj:\/§ :11 .

In terms of the bosonic operators defined above, S; and P; can be written as

— e e 2
Sj = pj —|—p} +sj-18541,  Pp=n; + (njfl - ”Hl) g
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(i) w=0 (i) A = —0.3

) 1.5
1
disordered 0.5

Z3

Figure 3.1: The half-cut ground-state entanglement entropy at L =12 from exact
diagonalization for (i) w=0, (ii) A = —0.3.

t _nb

; ; and we assume periodic boundary conditions. We deform

where s; = n
the Hamiltonian by including two more couplings w and ¢ that break integra-
bility, yielding

H=Y <(1 —w)(p; +pl) + (14 2w)s;_15;41

=1

) (3.5)
+ (A = 2t)n; 4+ (A +1) (nill B ”5+1) )

In the + basis, the first term creates or annihilates 4+ bosons, the second swaps
+ <+ — on a pair of sites, the third is a chemical potential for — bosons, and the
last is a next-nearest-neighbor interaction.

A first look at the rich phase diagram is given in Fig. 3.1, showing the half-
cut entanglement entropy for the ground state of H along two planes within the
three-parameter space of couplings. Here and elsewhere in this chapter, the exact
diagonalization (ED) results are found using the package EDKit [79]. Our more
detailed results are summarized in the phase diagram given in Fig. 3.2. The
Zo and Zs labels refer to density-wave phases in which translation symmetry is

spontaneously broken down to shifts by two or three sites, respectively.

3.2 Non-invertible symmetries

The Rydberg-blockade ladder Hamiltonian (3.5) features both conventional and
non-invertible symmetries, as we discuss in detail in this section. In particular,
it preserves a Zy X Zs symmetry and a non-invertible U(1) symmetry. Along the

integrable line, an additional non-invertible self-duality is conserved.
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Figure 3.2: Phase diagram of the Rydberg ladder at w=0. Critical (red filled circles)
and first-order (blue empty squares) transitions are obtained with DMRG (L =121). The
transition lines at ¢t =0 are exact, while the others are perturbative.

For even L, the Hamiltonian (3.5) has a Zs X Zy symmetry exchanging bosons

between top and bottom for all even and for all odd rungs. The even generator is

L/2 L/2 B
Feven =[] (ngl + by + b;lt21> = [[(=1)" (3.6)
=1 =1

The other generator Fiqq is given by replacing 2] with 2/ — 1 in (3.6).

Along the integrable line w =t = 0, the anyon chain construction guarantees
the presence of two symmetry generators DM and D®| cf. (2.10). The D®
operator corresponds to the diagonal Zy symmetry F' = FiyenFoqq, while DW is a

non-invertible symmetry satisfying the same fusion rules as the non-abelian object:
pW.pW =14+ DV 1+ F

All states with charge —1 under the global symmetry F are annihilated by D™,
which is therefore non-invertible. We also call this symmetry a self-duality as it

mixes the individual terms in the integrable Hamiltonian (3.4), e.g.

D(l)pj = (p; + 3j713j+1> DY, D(l)p; = (pj + 8j-18j+1) DW,

D(l)Sj—15j+1 — (p; + p]) D(l)

The w and t perturbations were deliberately chosen to be odd under this self-duality:

DWOY = -0¥DY and DWO! = -0'DV for

A

A 2
w . o —m. b t__ e e - —
Of =2s;1841 —pj —p;, O = (njfl nj+1> 2n;
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Hence, the full Hamiltonian (3.5) breaks the self-duality once w or ¢ are turned
on. Another way to find this symmetry is via a duality mapping to a 3-state
antiferromagnet (see Section 3.3.1), whose Z3 symmetry maps to the self-duality [32].
The combination of the Zs x Zs symmetry and our blockade constraint makes
H (3.5) also invariant under a non-invertible U(1) symmetry [32] generated by

L—

Q=1+ F) Y Y I[(-1) (3.7)

[y

As apparent from (3.7), Q is non-vanishing only on the half of the Hilbert space
invariant under F. Along the integrable w = t = 0 line, the Rydberg ladder is
related to the spin—% XXZ chain via a non-invertible duality discussed below. Then
the symmetry generator (3.7) maps to the squared U(1) charge in XXZ. Remarkably,
this non-invertible symmetry survives for nonzero w and t, and plausibly for any
perturbation preserving the blockade and the Zy x Zs symmetry. Such a non-
invertible U(1) symmetry also appears in the Ashkin-Teller chain, see Appendix A.2,
and the free boson orbifold CFT [80], and is similar to the “cosine symmetry”

discussed in [81-83].

3.3 Duality mapping to the XXZ chain

One can obtain the integrable Rydberg-blockade ladder by gauging the S3 symmetry
in the spin—% XXZ chain. This duality was crucial in finding the non-invertible
U(1) symmetry (3.7), and constrains the phase diagram of the integrable line, as
discussed in Sections 3.5 and 3.4. The mapping can be understood in the framework
of lattice orbifolds [32, 84]. At criticality, these flow to orbifold transformations
between the conformal field theories describing the low-energy continuum limit.
However, this approach does not generalize easily to higher dimensions. In contrast,
the more systematic module category framework introduced in [23] and reviewed in
Section 2.3.2 offers a natural generalization beyond 141d as discussed in Chapter 5.
In what follows, we present the mapping between the integrable Rydberg ladder

and the XXZ chain from both perspectives side by side.
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3.3.1 Lattice orbifold approach

The integrable Rydberg ladder is related via a Z, lattice orbifold to a 3-state height
model version of the 6-vertex model / XXZ chain, as first shown in [84] under
the name A; ++ D; duality and explained in more detail in [32]. The XXZ chain
can be expressed as H = >;(S; + AP;) with

1 1
Si=5 (Xj—l/ZXj+1/2 + Yj—l/ZYj+1/2) D=3 (Zj—1/22j+1/2 + H) . (38)

The operators S; and P; generate a representation of the so(3)2 BMW algebra

enhanced by its Jones-Wenzl projector [32], satisfying the relations

S2=1-P;, P'=P, S;P=0, S;S1:15 =PS;s:Pj=0. (3.9

J J

All lattice models with local terms obeying this algebra (including the unperturbed
Rydberg-blockade ladder (3.4)) are integrable [32].

The 3-state height model version of the XXZ chain has degrees of freedom
s; € {A, B, C} subject to the constraint s;,1 # s; for j = 1,..., L, which motivated
the name “3-state antiferromagnet” in [32]. The constraint can be visualized
in an adjacency diagram, where an edge connects two heights if they can be

adjacent to each other:

A

/\

B C (3.10)

The Zy domain walls of this model (up for the configurations {AB, BC,CA},
and down for {BA, CB, AC}) are governed by the XXZ Hamiltonian — or stated

otherwise, the 3-state antiferromagnet is a Zs orbifold of the XXZ chain. Explicitly,
the Hamiltonian of the 3-state antiferromagnet takes the familiar form H = 3=;(S; +
AP;) with S; and P; now defined as

!/ /

5j 5j
Sj-1< P Sjtl = 653'71818#1’5815;’ Sj—14 S Sl = Esj,lsjsg.yfssj,lsjﬂ-
Sj Sj

(3.11)
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Here, |ewe| =1 if a,b,c € {A, B,C} are all different and zero otherwise. We adopt
the notation from [32] where the rotated square with label S inside denotes matrix
elements <sj_1s;»sj+1‘ Sj|sj—18;85+1) of the operator S;, and similar for P;.

The adjacency diagram (3.10) has a Z, reflection symmetry about the axis
perpendicular to the B—C' edge, by which we want to orbifold. Under this orbifold,
the heights B and C, which are exchanged by the reflection symmetry, are identified
into a state called 1. The fixed point A instead doubles into two distinct states,
labeled 0 and 2. The resulting adjacency diagram describes precisely the Rydberg

ladder constraint: if h; € {0,2}, then h;;; must equal 1.

4 0 2

. orbifold 1

B C

The matrix elements of the S; and P; operators in the Rydberg ladder can
be derived from the 3-state antiferromagnet matrix elements (3.11) via discrete
Fourier transform, see Equations 2.17-2.19 in [84]. For example, the S; matrix

elements follow as

! B ¢
I e 4 _
p 8ty = ALS FA+ AL S A =0+1=1,
1 B B
! 5 c
0 . m 2 R B
0 L9 0= Ac S+ A — ATS A= 0—1=—1,
1 B B
0/2 A 1 C
1 S 1=5B S B =3, 5 B S B =3
1 C 0/2 A

This is precisely the S; operator in the Rydberg ladder Hamiltonian written in
the t; / b; basis, see (3.4):

Sj=3 (B4t +0+0) + (=) (= i)
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The matrix elements of the duality operator mapping between the 3-state antifer-
romagnet and the Rydberg ladder can be reverse-engineered from comparing the

matrix elements of the respective S; and P; operators, see Section 4.3 in [32].

3.3.2 Module category approach

We start by choosing the trivial module category M = Vec over the input category
C = Rep(S3). This results in an anyon chain where the Hilbert space is a tensor
product of qubits v; ;41 € Zy located on the trivalent vertices, while the horizontal
edges are labeled by the unique simple object 0 € Vec and thus contribute no

dynamical degrees of freedom:

1,2 U2,
wh= 1 1777 with 01, € 7. (3.12)
L1 1 € Rep(Ss3)

This can be seen as follows: For any subgroup H C S3, Rep(H) serves as a module
category over Rep(Ss) via the restriction functor Ress; : Rep(Ss) — Rep(H). The
module action is defined as M < a = M ® Res??(a) for all M € Rep(H) and
a € Rep(S;3) [61]. In our example of M = Vec~Rep(Z;), the restriction functor
acts as Resgf(()) = Resgf(Q) = 0 and Res%(l) = 2-0 for 0,1,2 € Rep(S3) and
0 € Vec. The notation 2 - 0 means two copies of the object 0. In particular, this
implies 0 <1 = 2 - 0, which results in the Z, degrees of freedom v; ;41 € Vlgg on the
trivalent vertices in (3.12). On this Hilbert space, the Rydberg ladder Hamiltonian
(3.4) reduces exactly to the XXZ chain (3.8).

The Rep(S;) symmetry of the integrable Rydberg ladder—generated by the
Zy symmetry D® and the self-duality D")—is Morita dual to the invertible Ss
symmetry of the XXZ chain. The duality transformation between the Rydberg
ladder and the XXZ chain can be implemented by a matrix product operator

00€Ve)) intertwining the Hamiltonians:
O gM=Rer(Ss) — gM=Vee O (3.13)

The action of the MPO can be visualized graphically as
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fzi+1 --- ==

Using the module “F symbols, this can be further simplified to obtain the matrix

elements of OQ.

3.4 Non-invertible symmetry breaking along the
integrable line

The non-invertible symmetries play an important role in the phase diagram of the
integrable Rydberg-blockade ladder, yielding three separate phases as A is tuned:

free-boson broken

broken Q orbifold CFT self—duahty
- A

-1 A=1

A

As A — oo, the Rydberg ladder has three ground states not related by any

conventional symmetry:
leeeeee...), |[+e+e+e...), lete+e+...).

Thus one might expect that for finite A, the degeneracy is lifted. Remarkably,
the self-duality requires that the degeneracy persists, as D™ maps between the
three ground states even when they are no longer exactly known. Since the XXZ
chain remains gapped until A = 1, the same must hold for the Rydberg ladder.
In the three-parameter phase diagram discussed below in Section 3.6, we show
how this gapped line with spontaneously broken self-duality describes a first-order
transition between a Zs-ordered and a disordered phase.

On the opposite side, for A < —1, the model enters a gapped phase with
exact ground states that are degenerate even for finite size. They are analogous
to the exact ferromagnetic ground states [T ...) and [JJ]] ...) of the XXZ

chain and take the form

|—ee —ee...), le—ee—e...), |ee—ee—...)
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Similar to the exact ferromagnetic ground states in XXZ, these states maximize
the non-invertible U(1) charge Q (3.7). They occur only when L is a multiple of 3.
The non-invertible self-duality D) permutes them as well, but their degeneracy

is already guaranteed by translation invariance.

3.5 Free boson orbifold CFT in the critical in-
tegrable Rydberg ladder

The duality mapping implies that the Rydberg ladder is critical for |A| < 1,
just as the XXZ chain. Its continuum limit is described by a free-boson orbifold
conformal field theory (except at A = —1, where the Fermi velocity is zero). This
CFT is labeled by a radius R and contains operators Cj,, of dimension x;,, for

non-negative integers [, m, where

A= 2T o _ L +m?R? (3.14)
= —COoS 9 , Tlm = 1R m .

so that 0 < R <3/v/2. The other primary operators in the orbifold CFT are called
twist fields. There are two of dimension x = % and two of dimension %, denoted
by 012 and o, respectively.

To verify Eq. (3.14) and support the identification of lattice and CFT symmetries,
we analyze the finite-size spectrum of the Hamiltonian (3.4). In the limit L — oo,

the low-lying energy levels of a critical lattice model are related to the scaling

dimensions of CFT fields according to [85, 86]:

27TUF vV 1 — A2
E = — Sy A — 1
! L (xz ) ’ UE T recos A (3.15)

Here the Fermi velocity vp is determined using the integrability of the XXZ chain,

and the subtraction factor 1—12 follows from the central charge ¢ = 1 of the free
boson orbifold CET. We use exact diagonalization via the package EDKit [79] to
find the energies for various values of A, and give the results in Fig. 3.3. The
agreement with the CFT dimensions is excellent. We also find that states created

by Cj have lattice translation eigenvalue e* = (—1)*™_ while those created by
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Figure 3.3: The lowest-lying rescaled energy gaps of the L. = 12 integrable Rydberg
ladder with parameter A found using ED are plotted against the squared radius R?(A).

the twist fields have e®* = +4. This indicates that the unit cell for taking the
continuum limit is comprised of four sites.

The orbifold CFT is invariant under a D, symmetry, the symmetry group of
the square. Its generators F'y, F'y and F act on the CFT fields as [32]:

Fi: 01— (=1)oy, 02— 09, o — (=10}, oyh—0y Cim— (—1)"Cinm

)

Fy: 00 =01, 03— (—1)og, op =0y, o= (—1oy, Cim— (—1)"Cim

5

. ! ! / / l
E: oy =09, o0y—0y 0y—01, 0y5—0y, Cipm—(=1)Cp,

The lattice analogues of the F'y, Fy operators are the Zy X Zo symmetry generators
Foven and Foqq (3.6) of the Rydberg ladder. Translation by a single site turns into
an internal Z, symmetry FE in the CFT, reflecting the fact that the unit cell used
in taking the continuum limit is four sites. This is consistent with the translation
generator T' obeying T Foyen = FoaqT, akin to (F1E) Fy, = Fo(F1E).

Since the vertex operators in the XXZ chain have charge 2m under the U(1)
symmetry, we conjecture that the operators Cj,, in the orbifold CFT have charge
(2m)? under the non-invertible remnant of U(1) symmetry. We verify this prediction
numerically by checking that a variety of levels of dimension z;,, in Fig. 3.3 have
charge 4m? under Q. From a Z, orbifold mapping of the Rydberg ladder to the
3-state antiferromagnet (see Section 3.3.1) under which the self-duality maps to
an ordinary Zs symmetry, one can deduce that only operators Cj,, with [ = 0

mod 3 commute with the self-duality [32].
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Next, we give more detail into how lattice operators in the integrable Rydberg
ladder correspond to those in the CFT. The simplest operators commuting with
the Zy X Zo symmetry as well as Q are those in the Hamiltonian. The Hamiltonian

along the integrable line is comprised of two self-dual operators, namely

~ -~

- e e 2

The perturbation terms @;" and 6; given by

~ ~

2
O;U = 28]'718341 —DPj — p; ) O; = (nj—l - n§+1> o 2n; <317)

are odd under the self-duality of the integrable line. Since translation symmetry
on the lattice becomes an internal symmetry of the CF'T, it is useful to consider
both staggered and unstaggered lattice operators. For each of these four operators

we thus define the combinations
Oj = Oj + Oj+1 y O; = Oj —Ujp . (318)
The swap operators

$; = p}mj + m;pj, s; = p}mj — m;pj. (3.19)

provide another basic set of operators. These are odd under the Z, symmetries
Foven and Fgq for j even and odd respectively. Thus we do not take the staggered
and unstaggered combinations here, but rather treat operators for j even and
odd separately. Indeed, the two-point function (s;s;) vanishes unless j and k
are both even or both odd.

It is natural to identify the continuum limit of the simplest lattice operators
with the simplest CFT fields possessing the same symmetries. Since the integrable
Hamiltonian is comprised of the two self-dual operators from (3.16), varying the
coefficient of either changes R in the CFT. The lattice operators O and OAT
should thus correspond to |[V®|? in the CFT, the exactly marginal field. The anti-
self-dual operators defined in (3.17) are invariant under both Fiye,, Foaq, and Q.

They therefore should correspond to €'y and Cy in the staggered and unstaggered
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Figure 3.4: The two-point correlator (3.20) of the periodic L =40 integrable Rydberg
ladder at A =0 found using DMRG for several (i) unstaggered and (ii) staggered lattice
operators. The slope is compared to the expected CFT scaling dimensions.

cases respectively. The swap operators Seven and soqq are odd under Fiye, and Fioqq

/

respectively, and so should correspond to oy and oy. Likewise, s,

and s, 44 should

correspond to o] and ¢5. We summarize these correspondences in Table 3.1.

lattice:  (OM2)t  (Owh)~ (Owh+ Sjevenodd S

j even,odd
. 2
CFT: ]V@\ Cl,O 0270 01, 02 T1, T2
S 1 € 1 9
dim: 2 1R 72 8 8

Table 3.1: Correspondence between lattice and CFT operators

To confirm these identifications, we compute their two-point functions in
the ground state. The long-distance behavior of this correlation function in a
critical theory is

(000;) = (00)(0;) ~ e(0j) 7 . dj = Lsin(14) . (3.20)

o

where z¢ is the scaling dimension of the corresponding continuum field @. The
correlation functions are obtained with DMRG using the ITensor library [87],
and the hard-core nearest-neighbor constraint is implemented as described in [70].
We plot some for A = 0 in Fig. 3.4. We collect our numerical results for a
variety of lattice operators for various A in Table 3.2, giving strong support to

the correspondences in Table 3.1.



3. The Rydberg-blockade ladder and its phase diagram 32
lattice op. A =-0.5 A=-0.2 A=0 A =02 A=05

6J~A+ 2.30 +0.20 2.42+0.12 2.44 +0.16 2.41 +0.20 2.34+0.19
6]1* 2.37+0.22 2.54+0.16 2.56 + 0.26 2.50 £ 0.29 2.39 £ 0.28
V|2 2 2 2 2 2

6}”"' 0.680 £0.019  0.523 £0.015  0.456 +0.012  0.404 £0.011  0.341 £ 0.009
6?' 0.669 £0.010  0.514£0.007  0.449 £ 0.007  0.399 £0.008  0.341 £0.011
(nj' +n; )t 0.7174+0.001  0.5344+0.007  0.461 +0.007  0.408 +£0.006  0.346 + 0.006
Ca0 0.6667 0.5098 0.4444 0.3939 0.3333

6;”_ 0.174 £0.007  0.131 £0.003  0.114 +0.002  0.100 £0.002  0.0844 4+ 0.0007
6;‘ 0.1664 £ 0.0003 0.126 £0.001  0.110 £0.001  0.0972 £+ 0.0009 0.0823 £+ 0.0005
(nj‘ +n; )~ 0.168 £0.001  0.1282 4 0.0007 0.1118 4= 0.0006 0.0992 4 0.0006 0.0840 =+ 0.0005
Cio 0.1667 0.1274 0.1111 0.09849 0.08333

55 0.1241 + 0.0007 0.1240 £ 0.0008 0.1240 £ 0.0008 0.1240 + 0.0008 0.1244 4 0.0005
01, 02 0.125 0.125 0.125 0.125 0.125

s;- 1.17£0.04 1.159 4+ 0.028 1.158 + 0.029 1.16 £ 0.03 1.16 £0.04

o, 0 1.125 1.125 1.125 1.125 1.125

Table 3.2: Scaling dimensions of lattice operators @]i (cf. Egs. (3.16)-(3.19)) measured
with DMRG in the L = 40 integrable Rydberg ladder with periodic boundary conditions.
The scaling dimensions of the corresponding CF'T fields are highlighted.

3.6 Z,, D,and Z3 ordered phases in extreme limits

Next, the Hamiltonian (3.5) is analyzed in various limits where certain coupling
constants become large. All of the ordered phases are found in these limits, and
several of the transitions are accurately determined using perturbation theory. We
also identify the region of parameter space in which the Rydberg ladder effectively
behaves as the Rydberg chain introduced in [67].

3.6.1 The Ising® limit: D, and Z, order

We first take A + t positive and much larger than the other coefficients. The final
term in (3.5) dominates, and so all pairs of rungs j and j 4+ 2 must either both be
occupied by bosons, or both left empty. The even-L Hilbert space then reduces to
two decoupled sectors: one comprised of states |+£e + e & ...) and the other of states
et e+ e...). (The entirely empty state is higher energy and can be ignored.) In

this limit, the effective Hamiltonian decouples into two identical pieces:

(3.21)

lim H = Z

JHm ( (14 w)sj—15j41 + (A — 2t)n;)
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Figure 3.5: Numerical results (ED with ) ) ) and analytical results

(1st and 2nd order perturbation theory (3.22) ) for the locations ¢ (w, A) of Ising squared
transitions between the Zs ordered phase and the D4 ordered phase.

giving identical transverse-field Ising chains on odd sites in the first sector and
even sites in the second.

Ancient results locate a critical point between order and disorder when the
couplings of the two terms in (3.21) are equal in magnitude [88], here corresponding
to A—2t==+2(1 +w). The p; +p} term in H gives rise to corrections, which can
be dealt with in perturbation theory, as described in Appendix A.1. Their effect

is to renormalize the n; term in (3.21), shifting the transitions to

w)?2 w|\ 72
Lo eeel i o(as B

These curves are plotted in Figs. 3.5 and 3.2 along with data for the transition found
from ED. The analytical and numerical results agree well for large enough A. The
two sectors remain independent until the transitions break down, as it takes order
L actions of H to mix them. The continuum limit all along these transition lines is
thus described by the Ising? CFT, i.e. the free boson orbifold CFT at radius R = 1.

The symmetry-breaking patterns in this Ising? limit (3.21) are easy to obtain.
The Z5 translation symmetry exchanging even and odd sites is spontaneously broken
throughout this region. The Ising-disordered regions t > ¢, and ¢ < t_ are therefore
denoted by Z, in Fig. 3.2. For t_ <t < t, the Ising chains are ordered, and Z, x Z,
exchange symmetry is broken as well. Since translation symmetry relates Fiye, and
Fioaq, the full broken symmetry group in this phase is the dihedral group D4. The

four ground states depend on the sign of 1 + w. For the Ising antiferromagnet w > -1,
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as t — oo in this region they are |tebeteb...) and its translations. For the Ising
ferromagnet w <-1, as t — oo they are |tetete...), |bebebe . ..) and translations.
While the broken symmetry is Dy in both cases, the two phases are distinguishable,
as translation symmetry relates all four ground states in the former phase but not
the latter. We thus denote the latter phase with a prime, and it is visible at the
left of Fig. 3.1(ii) as well as in Fig. 3.7(ii)-(iii) below.

3.6.2 73 phases and their transitions

The physics changes dramatically, not surprisingly, if we consider the opposite
sign. Sending A 4t — —o0, we find two distinct Z3 phases. When A — 2¢ remains
finite, the final term of H dominates and is minimized for a boson on every
third site. For A > 2t — —oo and L a multiple of 3, the three ground states
approach |+ee+ee...) and its translations. For 2t > A — —oo, there are
three exact ground states |-ee—ee...) and its translations. Both regions thus
have Zs density-wave order, but for L a multiple of 12, no other conventional
symmetry is spontaneously broken.

Remarkably, the two phases can still be distinguished. The non-invertible
symmetry (3.7) is spontaneously broken in the latter but not the former. Indeed,
while Q] +ee+ee...)=0, the exact ground states |... —ee—ee...) maximize
this charge. We thus dub the two phases Z3 and Zj respectively, and they are
readily located in Fig. 3.2 and Fig. 3.7(ii)-(iii).

The first-order transition between the two Z3 phases occurs when their ground-

state energies are equal. In this limit, the effective Hamiltonian is simply

lim H = Z —2t)n (3.23)

A+t——o0

so the transition occurs when its coefficient vanishes. Including perturbative

corrections as described in Appendix A.1 locates the transition at

tygr ~ 2 — U2 L 0( L) (3.24)

As apparent from the bottom left of Fig. 3.2, the agreement between this curve and

our DMRG numerics is good for a large region. We have no analytic results for the
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transitions between the D, and the Zs phases, but our DMRG numerics indicate
that they are first-order as well. The transition from the Z3 to the disordered phase
is subtler, and we defer a detailed discussion to Section 3.8.

The other transition out of the Z3 phase can be understood by still requiring
A +t — —o0o but now allowing for A — 2t — —o0 as well. The effective Hamiltonian
is then comprised of the last two terms of H, which are diagonal in the + basis.
The Zs phase also occurs in this limit, with ground states [e—e—e—...) and its
translation. The first-order transition occurs when the ground state-energies of
the Zs and Z, phases are equal. Including the perturbative corrections from the

off-diagonal terms in H (see Appendix A.1) locates it at
w 2
ty-- v —5 + L2 1 O(4) . (3.25)

The numerically determined transitions follow the perturbative results (3.24,3.25)

fairly well, as apparent in Fig. 3.2.

3.6.3 The chain limit

In the limit A — 2t — oo, the — bosons are forbidden. The effective Hamiltonian
describing the + bosons is
L
Ho=Y (1= w)s + 9 + 28 + 5] = i)
=
Ignoring the — bosons makes H, precisely the Hamiltonian of the Rydberg-blockade
chain along a line of couplings where the chain chemical potential U is equal to —V/,
the next-nearest-neighbor interaction strength [67]. The precise correspondence
is U = -V =2A+1t)/(1 —w), where we set to 1 the annihilation/creation
coefficient of [67]. This line includes the “PXP” model possessing quantum scars
[30] at U=V =0, which is A=—t here.
For large negative A +t, H, is in the Z] phase, with a critical transition to the
disordered phase [67]. The chain results allow us to locate the analogous transition

in the three-parameter space of the ladder. The U =—V line of the chain comes

close to the exact three-state Potts critical point at U ~ —3.03, V &~ 3.33. Since the
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transition line is smooth as U and V are varied away from the Potts values, we
can approximate the critical value on the nearby U =—V line as U =—-V ~-3.2.

The Z§ to disorder transition therefore occurs at
tyea ~ —A = 1.6(1—w) + O(%) | (3.26)

as apparent in Fig. 3.2.

The Zs3 to disordered transition in the chain can be in three-state Potts or
chiral-clock universality classes, or take place via an intermediate incommensurate
phase [67-70]. There the analysis is aided both by integrability and an extreme
limit where incommensurability can be established analytically. Unfortunately,
these avenues are not available in the square ladder, as the integrable line here
does not cross this transition. We thus need to use numerics to understand the

nature of this transition, a task we defer to Section 3.8.

3.6.4 First-order Zs-disorder transition

The gapped A > 1 regime of the integrable line possesses three ground states
leeee...), [+e+e...)and |e+ e+ e...) mixed by the self-duality symmetry. This
degeneracy is characteristic of a first-order transition between the disordered phase
and the Z, density-wave order apparent in the Ising? limit. The first-order transition,
readily apparent in Fig. 3.2, cannot be located exactly away from the integrable

line, but perturbation theory works well. For large A, the diagonal terms dominate,

and we find (see App. A.1)

24+ w

by &~ —Aw——"
2.4 YT o0

(3.27)

We locate the first-order transition numerically by using ED to find when the gap
between the lowest two momentum-zero states closes. The results together with

the curve (3.27) are plotted in Fig. 3.6 for A = 2.5, with excellent agreement.
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Figure 3.6: Numerical results from ED compared to the perturbative curve (3.27) for
the location g gis of the first-order transition between the Zy and disordered phases at
A=25
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Figure 3.7: The phase diagram of the Rydberg ladder at (i) t = 0, (ii) A = 0 and
(iii) A = —0.3 with second order transitions (red filled circles) and first order transitions
(darkblue empty squares) and weakly first order transitions (darkgreen stars).

3.7 The D,-disorder transition and a critical tri-
angle

In this section, we identify the phases surrounding the critical integrable line in
the three-dimensional phase diagram and analyze its stability under the w and ¢
perturbations. Our results are summarized in the three planar regions displayed
in Fig. 3.7, along with Fig. 3.2 above.

The map to the XXZ chain guarantees that along the integrable w=1¢=0 line,
the system is critical for |[A| < 1. The nearest gapped phases to it are the Dy-
broken and the disordered phases, and so it is natural to guess that this critical
line governs a transition between the two. To explore this further, we analyze the
effective field theory valid for w and ¢ small. The field theory can be described
as a perturbation of the CFT by relevant operators invariant under the lattice

symmetries. The correspondences in Section 3.5 make finding these operators simple.



3. The Rydberg-blockade ladder and its phase diagram 38

Lattice translation sends C,, — (—1)l+mC’l,m in the CFT, while only the operators
C) o are invariant under the non-invertible symmetry Q. Thus only operators Cs,

of dimension n?/R? appear in the effective continuum Hamiltonian
HCFT + /dl? ()\10270(56) -+ )\20470(56) -+ /iC(;,o(LU)) . (328)

On the integrable line the system possesses a self-duality under which Cs
and (4 are not invariant. Thus the integrable line must correspond to setting
A1 = Ay =0. We indeed identified Cs above as the leading continuum piece of the
anti-self-dual lattice perturbations O and O'. Since Cyp is invariant under the
same lattice symmetries, it must also appear in (3.28). However, Cs is self-dual,
so k # 0 even on the integrable line. This operator is of dimension 9/R?, so it is
irrelevant for R < 3/y/2. It thus can be ignored until it causes a KT transition to
the integrable gapped Z,/disorder transition line at A=1 [78].

Taking w and/or ¢ nonzero can drive the system into the Ds-broken or the
disordered phase. For v2<R<3/v2 (-0.17< A <1), both Cy0 and Cy are
relevant, so the transition between D, and disordered phases here should be first
order and direct away from w=t=0. Our numerics indicate that the transition is
weakly first-order, in that for our system sizes it still exhibits characteristics of a
second-order phase transition. We denote these points accordingly in Fig. 3.7(ii).

For 1/v/2<R<+2 (-0.94< A <-0.17), only Oy is relevant. Perturbing by
either O}” or éj still gaps the system. However, since both 5;” and O; renormalize
onto Uy, there must be some linear combination of lattice couplings that makes
A1 in (3.28) vanish, i.e. w@;v —Hﬁﬁ; — (4 in the continuum. Perturbing by this
combination thus should preserve the criticality when Cy is irrelevant, and the
orbifold critical line is extended to the 2d region w/t ~ w/t, for small enough w, t.

Our numerics indeed indicate a direct and critical transition occurs between Dy-
ordered and disordered phases governed by the orbifold CFT over a two-dimensional
region with non-zero w and t. Results for A =-0.3 are plotted in Fig. 3.8, with
the corresponding lines shown in the phase diagram in Fig. 3.7(iii). In our DMRG

numerics, we chose system sizes L = 12n 4+ 1, n € N for open boundary conditions
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so that there is a unique ground state in the Zj ordered phase and two (instead of
four) ground states in the D4 ordered phases. The truncation error was fixed at
1071, and the energy tolerance at 107 as a convergence criterion. For L = 601,

MPS bond dimensions up to 300 were typically enough to reach convergence.

(i) A=-03,w=0.1 (ii) A =-0.3,
w=0.1, A = —0.14,
’/zg';?? t=—0169 w=t=0
vV = U.
=)
- L3
0.1 - / L. | L5
— 0.05 AN ?/ 0'5U) VE;O 5
0 SE 0
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—0.18 —0.16 0 10 20
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Figure 3.8: (i) Correlation length and half-cut entanglement entropy across the Dy
to disordered transition at A=-0.3, w=0.1 with L=601, (ii) energy spectra versus
momentum with L =20 at two transition points with a similar CFT radius R: (A, w, t)
= (-0.14,0,0) and (-0.3,0.1,-0.169).

On the other hand, for 0 < R<1/v/2 (1< A <-0.94) all the perturbations in
(3.28) are irrelevant and the critical line is stable. A small critical cone-shaped
region thus occurs in between the Dy, Z3 and disordered phases. A similar critical
triangle also appears in the phase diagram of the quantum Ashkin-Teller model [89].

We confirm the presence of the critical triangle close to A =—1 by numerically
finding the entanglement entropy Sg(l) for open boundary conditions across bond
l=1,...,L/2. In a CFT, Sg(l) obeys the Calabrese-Cardy formula [90]

2L l
Se(l) = glog ( sin 7;) + const . (3.29)

™

with ¢ the central charge. Convergence of DMRG is slow because vy — 0 from
(3.15) as A — -1, but we were able to find convincing evidence that the curve
fits the formula throughout the triangular regions in Figs. 3.2 and 3.7(i). We plot

the extracted central charge at w=0 in Fig. 3.9.
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Figure 3.9: Central charges close to A=-1 at w=0 found with L =121 DMRG by
fitting the entanglement entropy to (3.29).

3.8 The chiral Z; transition

The last topic we address is the nature of the Z3 to disordered transition. This
transition is apparent in Figs. 3.2 and 3.7(iii), with the location given approximately
by (3.26). It is critical in the chain limit of Section 3.6, and our numerics indicate
it remains so until it collides with the first-order line separating the two Zj
phases. However, determining the precise type of transition requires a careful
analysis, as both chiral transitions and intermediate incommensurate regions occur

in the chain [67-70].

L =601 L =601
——1/6~0.088 .q ~ 0.3356
0 N
__ I 2
S -10 S <
3 920 N E 0
S] —30 2 —~_9
=
| | | | D | |
0 100 7‘200 300 100 , 200

Figure 3.10: On the left, the logarithm of |G(r)+/r| is fitted linearly to extract the
correlation length £ at w =0, A = —0.92, t = —0.63. The reduced correlation function
G(r)\/7/(Ae™"/¢) is fitted to a cosine function on the right to extract the wave vector g.

We utilize the numerical method of [69] and study the boson-density two-

point correlator

G(r) = (1 =n7)(1 = ng)) — (1 —=n7) {1 —ng) . (3.30)
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Figure 3.11: As with Fig. 3.10, but here close to the D4 to disorder transition at w = 0.1,
A = —0.48, t = —0.16. The resulting wave vector is ¢ = 1/4.

We use their two-step fitting procedure to fit it to the Ornstein-Zernicke relation

G(r) o eTe cos(2mqr + ¢o)

\/;

As illustrated in Figs. 3.10 and 3.11, we first extract the correlation length £ from

(3.31)

fitting |G(r)+/r|, and then use it to extract the wave vector ¢ by fitting the cosine
function. The latter figure provides a useful check, as we do not expect the D, to
disorder transition to be chiral (as observed in e.g. [91] for a Z, transition). The
reason is that here operators C,, _,, which induce chiral perturbations are forbidden
by the non-invertible U(1) symmetry Q. We indeed find that the wave vector is

always ¢ = 1/4, excluding the possibility of a chiral transition.
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Figure 3.12: The wave vector ¢, correlation length £ and their product across the
Z3-disorder transition at w = 0, A = —0.6 + 0.5t (top row) and A = 2 + 0.5¢ (bottom
row). The DMRG data obtained with L = 601 sites is plotted together with power-law
fits for the exponents v, v/ and .



3. The Rydberg-blockade ladder and its phase diagram 42

However, we have strong evidence that the Z3 to disordered transition indeed
can be chiral. We display our results for several points along this line in Fig. 3.12.
At small A (top row), the product £ - |¢ — 1/3| seems to go to a very small but finite
value and the exponent 3 is closer to the prediction 3 = v for a chiral transition than
to the Potts value 3 = 5/3. At large A (bottom row), the product ¢ - |¢ —1/3| seems
to go zero and the exponent 3 is in good agreement with the Potts value 5 = 5 /3.
We conclude that the Z] transition in the ladder is likely to be a chiral transition
for smaller A, and a Potts transition for large A. We were not able to locate a
sharp transition between the chiral regime and the Potts regime, and so presume
that the strength of the chiral perturbations gradually decays with increasing A.

We find no evidence of any incommensurate phase, despite one occurring in the
chain. However, we note that the incommensurate phase in the chain (established
definitively in an extreme limit) is rather small and almost impossible to see

numerically. Thus our lack of evidence for its existence here is not definitive.
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4. Generalizations of Kitaev’s honeycomb model from braided fusion categories 44

Kitaev’s exactly solvable spin—% model on the honeycomb lattice [39] displays a
range of exotic quantum spin liquid phases, both topologically ordered and gapless.
When time-reversal symmetry is broken, it supports non-abelian topological order
with Ising anyons, which holds promise for fault-tolerant quantum computation [45].
This non-abelian phase features gapless edge modes described by chiral Ising con-
formal field theories, which may have experimentally detectable signatures [42-44].

Numerous generalizations of Kitaev’s honeycomb model have been developed
independently, including extensions to higher spin [92-94] and to Zx [49, 95, 96].
In this chapter, we take a systematic approach to constructing these generalizations
using the fusion surface model framework introduced by Inamura and Ohmori [51],
taking braided fusion 1-categories as input.

The resulting 24+1d models possess 1-form symmetries that manifest as mutually
commuting plaquette operators. They reduce to Levin-Wen string-nets [48] in a
particular limit, and to weakly coupled anyon chains in a different limit. Chiral
topological order can occur because of non-commuting terms and explicit time-

reversal symmetry breaking, and we provide evidence it does indeed occur.

4.1 Construction and symmetries

We start by reviewing Inamura and Ohmori’s fusion surface model construction
[51], noting that many interesting cases do not require the general data of a fusion
2-category, but rather only that of a braided fusion 1-category. Thus in essence
generalizing the anyon-chain construction to 2+1d requires (at minimum) adding
braiding to fusing. We study a Hamiltonian that mirrors the structure of Kitaev’s
honeycomb model [39], a connection we elaborate on in Section 4.4. By design,
it preserves categorical 1-form symmetries and, for generic input categories with
complex braiding, likely breaks time-reversal symmetry explicitly.

We denote the input braided fusion 1-category as B and assume it is unitary,
multiplicity-free and self-dual (except for Section 4.5). Mathematically, its conden-

sation completion Mod(B) defines a fusion 2-category, which serves as a valid input
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to the fusion surface model construction. The objects of Mod(B) are algebra objects
A € B (see Section 2.2.2), and 1-morphisms between two such algebras A and C
form the category of C-A bimodules, denoted B4 [97-100]. The fusion 2-category
Mod(B) is connected, meaning that there exists a 1-morphism between any two
objects. In particular, when both algebras correspond to the identity object 0 € B,
the bimodule category (B is simply B itself. Thus, in practice, the resulting lattice
model depends only on the data of B when all surfaces are empty [51].

States in the Hilbert space are fusion trees on the honeycomb lattice,

{T% Tije ) =
L TTijk
P A
The black edges are labeled by objects I'; € B and the four-valent vertices by
morphisms I';;, € Hom(I'; @ T';, T’y ® p). Following [51], the four-valent vertices

are resolved into two trivalent vertices, at the expense of creating a new edge

labeled by I';;z € B:

{Li, Dii}) = (4.2)

All planar edges I'; and I';;; on the surface of the fusion tree are dynamical degrees
of freedom. As in the anyon chains, the vertical legs are fixed and labeled by the
objects p,k € B. In principle, p and s can be different due to the bipartiteness of
the honeycomb lattice, but in all examples discussed here, we choose k = p. From
now on, we use the graphical representation (4.2), where all edges are labeled
by objects I';,I';jx,p € B. Unless stated otherwise, all vertical lines will be
implicitly labeled by p.

We consider Hamiltonians of the form depicted below, reminiscent of Kitaev’s

honeycomb model [39]:

(4.3)
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We group the three types of operators around each plaquette p into a single term H,,,
so that H =3, H,. All coupling constants J,, J,, J. and weights Ay are assumed
to be real numbers. The Hamiltonian thus yields the simplest 2d analog of the
anyon chain. The z-link term with coefficient J, is precisely the local anyon-chain
Hamiltonian Hy; 1 9; 9,41 from (2.9) and can be evaluated in the same way. However,
because of the geometry of the honeycomb lattice, the J, and J, fusion diagrams in
Fig. 4.3 are no longer planar diagrams, as the line labeled by A passes underneath the
other lines. The braiding therefore is necessary to define the fusion surface models.

The x-link term with coefficient J, in Fig. 4.3 can be evaluated as follows:

L

I
krklm L — Z

A Iy F;clm’FE’F;c’F;jk T
l

AT . A Al
= > Ry S T R

! ! ! !
Dham L0l ’Fijk

Ty Tijk

X [FFj ]ka‘éjk [FF; ]Fz‘jkp (Rll:ik)il\/diA

The y-link term with coefficient J, can be evaluated analogously to the x-link
term. In fact, it is related to the x-link term by combined spatial mirror reflection

symmetry P and complex conjugation C:

j/%/fpic - § KiPrt. (4.4)
A Yan

Complex conjugation is necessary to conjugate the braiding phase. The z-link term
is invariant under both P and K. Because the x-link and y-link terms are not
real, the fusion surface Hamiltonian breaks time-reversal symmetry unless there
exists a unitary matrix U such that UH,UT = (H,)*.

Another new aspect of the 2+1d models is the existence of conserved plaquette

operators B, a € B [51]:
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In the diagram above, the blue a-lines fused to the lattice can be removed as
usual, using the F-symbols and R-symbols of B. We will no longer write out the
evaluation explicitly. These plaquette operators commute with the Hamiltonian

(4.3) and among themselves. They can be combined into projectors B, satisfying

B? = B,, where
B, = Z =B, with D= [3" d2. (4.6)
aEB «

P

The conserved plaquette operators BI()“) can be understood as generators of
a 1-form symmetry B acting on the smallest contractible cycles of the lattice.
Strictly speaking, true 1-form symmetries must act trivially on contractible loops;
when this condition is not met, the symmetry is more accurately described as a
1-symmetry [26, 51, 101]. Nonetheless, we adopt the more common terminology
of 1-form symmetry for convenience, bearing in mind that the symmetry action
on a contractible loop is only trivial when B, = 1.

On a torus, each non-contractible cycle supports an additional symmetry
generator. Graphically, these generators correspond to lines labeled by a € B

fused into the honeycomb fusion tree from above along a non-contractible loop:

S

The 1-form symmetry generators commute with each individual term H,, so any
Hamiltonian H = >, C,H, with C;, € R commutes with them.

The anomalies of 1-form symmetries in the fusion surface models are determined
by the F- and R-symbols of the input category B. For example, an invertible 1-form
symmetry generated by an object a € Zy is anomalous when the braiding phase
R‘f‘fl is nontrivial [102, 103]. In such cases, anomaly matching must occur, either via
spontaneous symmetry breaking or by realizing a gapless phase. For non-invertible
symmetries, generalized anomaly-matching conditions are explored in [103-105].

If the 1-form symmetry associated with B (or a subcategory thereof) is sponta-
neously broken, the system enters a topologically ordered phase. In this regime,

anyonic excitations labeled by o € B can be created at the endpoints of open
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string operators, much like in the Levin-Wen model (see Section 2.2). When B
is not modular, the full topological order is described by a UMTC of the form
B X C, with the fusion category C accounting for emergent anyons not linked to
exact 1-form symmetries [51, 106].

The Hamiltonian does not generically preserve independent 0-form symmetries.
Nevertheless, one can construct conserved surface operators S from networks of
1-form symmetry lines labeled by an algebra object A € B, known as condensation

defects [51, 103, 107-109]:

SA) .

T T

4.2 String-net limit

Next we look at the phase diagram of the fusion surface Hamiltonian (4.3), displayed
in Fig. 4.1. Two analytically tractable limits exist within the phase diagram. Here

we discuss one such limit, and in Section 4.3 the other.

Figure 4.1: Schematic phase diagram of the fusion surface model (2.9) with J,+J,+J, =
1. The phases A,. A, A. are characterized by non-chiral Z(B) topological order. At the
red points, the model reduces to decoupled anyon chains, while in phase B, the chains
are weakly coupled.

In the limit J, — oo, the Hamiltonian in Fig. 4.3 simplifies to a sum of commuting
z-link terms that can be diagonalized independently. Each such term is that of the
anyon-chain Hamiltonian Hy;_1 9; 2,41 from (2.9), which acts non-diagonally only on

even sites. The ground states of the anyon chain in this completely staggered limit
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were computed in Section 8.1 of [3] for cases where B is either the Zy Tambara-
Yamagami category or the Ay, category, and where Ay = [F*?]oy in (2.9) (all our
examples satisfy these conditions up to a constant and an overall scaling). There

exists one ground state for each object v € B, namely

v UV v

wow) = with |7) — JJTZNB”@|">'
vlp 7N

pp

Consequently, the ground state subspace is effectively a honeycomb string-net,

- YA 5 v
55*66 . B >>:<< 5 (4.7)

We compute the effective Hamiltonian resulting from including the x-link and y-link
terms, and show that it is precisely the Levin-Wen Hamiltonian for topological order
[48]. Namely, the lowest-order perturbation theory Hamiltonian in this subspace

is the product of x-link and y-link terms around a plaquette:

J2J2 ~ J2J2 i
eff ﬁ 6 0

DR a
(4.8)

In the first line of (4.8), we must sum over the two resolutions of the four-

valent blue vertices,

= = = (1.9

This large-J, result is straightforward to derive. At first order in perturbation
theory, a single J, or J, link term changes two z-link states from their ground

state |vDr) to an excited state,

Note that the x-link term changes & — & as & is not necessarily a simple object.

The coefficients Cy g, depend on the F-symbols and R-symbols. The overlap
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between this state and the original one can only be nonzero when o =, 5/ = f3

and ¢ = §. In that case, the overlap reduces to
(@] (7]5) o (Sl i) (S e ).
n n

This follows from the expansion |&) o< 3,5 N7 p@ ) and the action [F*],q =

[F2*] o of the Hamiltonian on each simple object 1 in & (and likewise for 3).
The overlap vanishes from the symmetry properties of the F-symbols we require

(see e.g. [3], and the discussion below):

S X
A] [p p 0] (4.10)

_ P
S [l
= (dady)0oANe Ny, = 0 if X # 0.
In the first equality, we write the F-symbol in terms of the tetrahedral symbol,

Pl _ pop A
(|- sem e )

D S >

which can be defined graphically as

[a . 7]: 1 677: L[
o ¢ n| Jdodsd,dsd.d, dd, ° "

5 yn

These symbols possess the symmetries of a tetrahedron, and we exploit these in
our derivation of (4.10). In the second equality in (4.10), we employ the column-
permutation symmetry of the tetrahedral symbol; see e.g. equation (2.42) in [3].
In the third equality, we use their (2.40) to insert a second tetrahedral symbol at
the expense of a numerical factor, and in the fourth, we employ the orthogonality
of the tetrahedral symbols in their (2.44). The overlap therefore vanishes for any
Hamiltonian (as any term with A =0 is simply a constant, we can simply set A9 =0
without loss of generality). This vanishing can be easily checked explicity for the
Fibonacci fusion category with A=mn=r7 studied in Section 4.6.

At second order, the product of two adjacent J, and J, terms contains a part
which acts diagonally on the z-link state that they share (due to A being self-dual),

even though they change the other two z-link states to orthogonal states. In a picture,
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Hence, the lowest-order effective Hamiltonian that preserves the ground-state
subspace arises at fourth order, and is the product of two J, and two J, terms
around one plaquette, as depicted in the first line of (4.8). It contains a contribution
that acts diagonally on the z-link states ‘ 656> and ‘555> on the left and right of
the plaquette, and a contribution that flips the z-link states |ada) and |y3v) on
the top and bottom to different states |o/é’a’) and |y'3'y’) with the same energy.
To show the last statement, we compute the overlap between the z-link acted upon

by the J, and J, terms and the original z-link state. The new state is given by

e R i ﬁ’" s
N F v F) v ;V
v n
The overlap between the new state and another ground state [v'7'v') is proportional
to

2
Jw| > 0.

dy N [FY ], [FO T dy N,
p

The equality follows from the tetrahedral symmetry of the F-symbol. Hence,

the ground states mix at fourth order in perturbation theory. In the ground
state subspace, this fourth-order effective Hamiltonian thus acts as a Levin-Wen
plaquette operator [48], as sketched in the second line of (4.8). The coefficient
A, may be different from the coefficient A, in the first line because one of the
two resolutions in (4.9) has an additional braiding phase depending on A. The
Levin-Wen model string-net with edge labels in the fusion category B realizes non-
chiral topological order described by the Drinfeld centre Z(B) [48, 60]. Therefore
the fusion surface model (4.3) also realizes such order in the J, > J,,.J, limit
(denoted as the A, phase in Fig. 4.1). We expect the same kind of topological

order when either J, or J, dominate.

4.3  Weakly coupled chains

We now turn to the isolated points highlighted in red in the phase diagram (Fig. 4.1),
where the system effectively simplifies to decoupled 1+41d subsystems equivalent

to anyon chains. This suggests that the isotropic phase at the center of the
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diagram is qualitatively described by weakly coupled chains and may realize
chiral topological order.
When one coupling, e.g. J,, is set to zero, the fusion surface model (4.3) reduces

to a stack of J,~J, chains with local Hamiltonian

(4.11)

This Hamiltonian is diagonal in the I'; and I'; degrees of freedom. If they are
all set to the identity object, the J,~J, chain is precisely the anyon chain with
the usual z-link Hamiltonian, cf. (2.9), and staggered couplings. If not, the I}

edges can be moved using F-symbols,

1y
FM,”

%4,7 (4.12)

Since the F-symbols are unitary in the lower two indices, moving the I'; edge in

this manner implements a unitary transformation of the I'y;,,, edge. Similarly, the

I'; edges can be shifted using a combination of F-symbols and R-symbols,

I / T

-1 I,
m T _ T.T;; r,r; ijk
T, T, = Z [FE%FJFk]FiikF;ijFL Jjk <RFZ]']€ ) 7—’——4’7 (413)
T T.

F]’ ijk J

This transformation is also unitary because the R-symbols are unitary as well. By
repeating these processes, all I'; and I'; edges can be moved to the same location,

as illustrated below for a J,~J, chain of size L = 4:

Haanl

J unitary transformation (4.14)

Bl

Except for the right-most term, the unitarily transformed Hamiltonian is exactly

the anyon chain Hamiltonian. Having been moved together, the I'; and I'; edges

then can be fused together, leading to a sum over objects at this location. For
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an open chain, taking the location to be the end of the chain amounts to a
sum over boundary conditions. The multiplicities in the sum lead to additional
degeneracies in the spectrum for each boundary condition. For periodic boundary
conditions, only one term in the Hamiltonian differs from the anyon chain. This
unitarily transformed Hamiltonian is effectively an anyon chain with a sum over
twisted boundary conditions, again with multiplicities. We work out the unitary
transformation (4.14) explicitly for the chain constructed from the Ising category
in Appendix B.1. As seen there, the degeneracies grow exponentially with the
size of the system. These large degeneracies can also be understood as arising
from the remnants of plaquette operators BI(DO“) or of 1-form symmetry generators

I/Vl(a) along an incontractible cycle [, acting as

(o) . (o) g
B g W

Once the eigenvalues of the largest commuting set of these operators are fixed, the
J. =0, J, = J, model reduces to the anyon chain in the corresponding background
fields. In many interesting cases including the examples we study, the continuum
limit yields a conformal field theory.

Along the J,=J,, J, =0 line, the fusion surface model (4.3) is expected to
be gapless and characterized by L, distinct 14-1d theories, which in the examples
we study are CF'Ts. Upon introducing a small coupling J, < J, = J, between
neighbouring critical chains, the fusion surface model realizes a coupled-wire system
[110, 111]. When time-reversal symmetry is broken, chiral topological order is

possible, as illustrated by examples in Sections 4.5 and 4.6.

4.4 Kitaev’s honeycomb model as an Ising fusion
surface model

The simplest non-trivial example of a fusion surface model of the form (4.3) is
built from the Ising category, and its Hamiltonian is unitarily equivalent to the
well-known Kitaev honeycomb model [51]. We review and expand upon this

result to set the stage for its generalizations in Sections 4.5 and 4.6. Under a



4. Generalizations of Kitaev’s honeycomb model from braided fusion categories 5/

magnetic field perturbation, Kitaev’s honeycomb model is known to exhibit chiral
Ising topological order [39]. By representing a related perturbation graphically we
demonstrate explicitly that fusion surface models realize chiral topological order,

as anticipated but not proven in [51].

4.4.1 Constructing Kitaev’s honeycomb model from the
Ising category

Kitaev [39] proposed an exactly solvable model of qubits on the vertices of a

honeycomb lattice, with interactions between adjacent qubits depending on the

direction of the connecting link, see Fig. 4.2. The Hamiltonian is

HKitaev - _ Jx Z XaXb — Jy Z Y;lyrc - Jz Z ZbZd’ (415)

a,bex-link a,c€y-link b,de

where X, Y and Z denote the Pauli matrices. Conserved plaquette operators

commute with the Hamiltonian (4.15) and among themselves,
B, = Y1 ZoX3Y1Zs Xy (4.16)

The physics of Kitaev’s honeycomb model is well understood, as it can be mapped
to free fermions when all plaquette operators are fixed to B, = £1 [39]. Its phase
diagram is depicted on the right of Fig. 4.2. In the anisotropic coupling limits, the
effective Hamiltonian in perturbation theory reduces to the toric code Hamiltonian
and thus realizes doubled Z, topological order in the phases A,, A, and A.. The

phase B near the isotropic point is gapless.

Jz=Jy =0
3 4 A,
2 P 5
1 6
B
€L Yy A, Ay
Jy=J.=0 J.=J,=0

Figure 4.2: Left: Kitaev’s honeycomb model with qubits on the vertices and interactions
depending on the direction of the link, right: phase diagram for J,+J,+.J, = 1, exhibiting
gapped phases A, A,, A, and a gapless phase B [39].
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Remarkably, Kitaev’s honeycomb model is unitarily equivalent to the fusion
surface model built from the Ising category [51]. The Ising category consists of
three objects {0, 1,0} with the identity object denoted as 0. The non-abelian object
o has d, = /2 and obeys the fusion rules c @ c = 0@ 1 and 0 ® 1 = o. In the
fusion surface model construction, we pick p = o so that all vertical legs of the
fusion tree are labeled by o. Half of the planar edges I'; are also labeled by o,
with the remaining planar edges representing the dynamical degrees of freedom

Ly € {0,1} of the quantum state:

0.1 e
{Tn)) = T § ] E ..... T (4.17)
..... T

In this and all subsequent fusion diagrams, the thin black lines are labeled by o,
and the red dotted lines are labeled by {0,1}. Consequently, the Hilbert space
is spanned by states of qubits on a honeycomb lattice. The action of the local

Hamiltonian on the states (4.17) is given by

o = (2 T e BT e ST

m et ’q‘
(4.18)

Because of the fusion rule ¢ ® 1 = o, the Hamiltonian does not change the o labels
on half of the planar edges, consistent with these labels being fixed initially.
The x-link, y-link and z-link terms in the local Hamiltonian (4.18) can be evalu-
ated as discussed in Section 4.1, with detailed calculations provided in Appendix B.2.
The z-link term evaluates to Zi, Zpmpq just as half of the terms in the Ising chain,
and the x-link and y-link terms yield —Y};,, Xi;r and Y;;, Xy, respectively. Thus, the
full fusion surface Hamiltonian H = -, H, with M), as defined in (4.18) is equal to
H=-1J, Z (=Y, Xa) — Jy Z Y, X —J. Z ZyZq. (4.19)
b,aex-link a,cey-link b,dez-link

inZ /4

After a unitary rotation e of all qubits on one sublattice of the bipartite honey-

comb lattice, the Hamiltonian (4.19) becomes Kitaev’s honeycomb model (4.15).
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By construction, the fusion surface model (4.19) has conserved plaquette

operators B as defined in (4.5),

rjm) FOT’S
T e Tpri ?W
mo_ LIS (4.20)
TS T ol

In operator form, (4.20) yields

Bél) = —XumZijkYjnoYors Zprt Xmpg-

Equivalently, Bj(ol) is the product of all terms in the Hamiltonian around the plaquette.
After the unitary rotation described above, this is precisely the conserved plaquette
operator (4.16) of Kitaev’s honeycomb model.

The Ising fusion surface model (4.19) on a torus is also invariant under a Zs

1-form symmetry along the incontractible cycles,

In operator form, this is the product of the terms in the Hamiltonian along the

path, here leading to alternating X and Y matrices,
o Yo Xonpg Yprt - - -

It follows immediately that the 1-form symmetry is fermionic as it inherits the
braiding phase B! = —1 of the input category. Open strings of this 1-form symmetry
create fermionic Zs anyons at their endpoints when the ground state is gapped.
For general fusion surface models, we showed in Section 4.2 that they reduce
to a Levin-Wen string-net in the large J, limit. The Ising fusion surface model
discussed here reduces in fact to the Z, toric code because its Hamiltonian (4.19)
does not feature the o-line. More explicitly, as J, — oo, there are two ground
states Z, = Z, = 41 on each z-link. The lowest order Hamiltonian acting in

this ground-state subspace is the following,

J2J?2 3 T J2JZ B e .
eff x l 0 x 0
H ~ ﬁyj/\%ﬁa\j +o = ng .......... C 1 D
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This effective Hamiltonian does not change the location of the qubits on the string-
net, as it does not contain the o-loop, and is therefore equivalent to the toric

code rather than the Ising string-net.

4.4.2 Chiral Ising topological order from a magnetic field
perturbation

The phase B in the center of the phase diagram in Fig. 4.2 is gapless but becomes
chiral Ising topological order once time-reversal symmetry is broken [39, 112]. In
this regime, the system is gapped on a torus or infinite cylinder, exhibiting three
ground states corresponding to the simple objects of the Ising category. On an open
strip, however, the system becomes gapless, with chiral Ising CFTs propagating
along the top and bottom edges.

Time-reversal symmetry can be broken explicitly by adding a magnetic field

perturbation V' to Kitaev’s honeycomb Hamiltonian (4.15), given by

V== (hX +h)Yj + h.Z)).

J

This perturbation V' does not commute with the conserved plaquette operators (4.16).
In perturbation theory, the lowest-order effective perturbation that commutes with
the plaquette operators is [39]

hohyh.
v~ ST XNz (4.21)
7.k,

The effective perturbation V(g) consists of products of adjacent link terms in the

Hamiltonian, which necessarily can be represented in the fusion surface framework.
@ L hahyhe (L2 S § i/o:r §
eff 72 ( il +T\§.. TSI

Kitaev [39] computed the spectrum of the Hamiltonian with the time-reversal

symmetry breaking Ve(f‘?) perturbation explicitly using free-fermion methods and
showed that it exhibits chiral Ising topological order. Thus, the Ising fusion surface
model (4.18) with the perburbation (4.21) serves as an example of a fusion surface
model with chiral topological order. We thus confirm that fusion surface models

can exhibit chiral topological order, as anticipated in [51].
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4.4.3 Twist defects

Another interesting point is the interpretation of the topological o-line fused to the
honeycomb lattice from above. The o-line does not act as a 1-form symmetry because
it changes the location of the qubits on the honeycomb fusion tree. Nonetheless,
a closed o-loop of any length commutes with the Hamiltonian and can thus be
interpreted as a 1-form duality mapping between different disconnected sectors
of the Ising fusion surface model Hilbert space. For example, fusing a o-loop to
one plaquette maps Kitaev’s honeycomb model to a model with the following

modified plaquette:
TN T 7@ 7T
e i (4.22)

The lattice of qubits is different in the right picture, and also the terms in the
Hamiltonian change. For instance, the z-link term changes from a Zy;,Zpg
interaction in to an X, interaction, reminiscent of the Kramers-Wannier duality
in the Ising chain. This 1-form duality D) is non-invertible as it obeys the
same fusion algebra (D)2 = 14 DM as the g-object, with D™ denoting the
Zo 1-form symmetry. The fusion relation above implies that the 1-form duality
does not implement a simple one-to-one mapping of the energy spectrum, as it
annihilates states in the D) = —1 sector, as with Kramers-Wannier duality in
141 dimensions [3, 23, 64].

Open o-strings ought to create twist defects instead of anyons. Twist defects,
introduced in the context of the toric code by Bombin [113], are located at the
endpoints of lattice dislocations. Petrova, Mellado and Tchernyshyov [114, 115]
explored lattice dislocations and twist defects in the gapped phase of Kitaev’s
honeycomb model. In the following, we review their results and compare them to
the action of the open o-string in the fusion surface model.

In the anisotropic phase, the ground state is in the BI(,l) = +1 sector, with

low-energy excitations corresponding to flipped plaquettes B;,” = —1. These
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Zo vortex excitations come in two flavors, e and m, which live on alternating

rows of the honeycomb lattice:

Here the strong z-bonds are represented by the thick orange lines and the weak
x- and y-bonds by the thin black lines. At low energies, only vortices in the same
row can be created or annihilated pairwise. They can move within their row or
hop to the next-nearest row of the same vortex type. The creation of f = e®m
anyons is effectively forbidden at low energies. When the number of rows is odd,
e and m plaquettes cannot be consistently defined, reducing the ground state
degeneracy on a torus from four to two.

8-2 lattice dislocations are created by removing certain link terms in the

Hamiltonian, leading to defect sites involved in only two link terms instead of three:

The two twist defect sites, which lack one weak bond each, are indicated by violet
circles. The dashed line represents the branch cut, which disrupts the vortex flavor
pattern. Each pair of dislocations encodes one nonlocal qubit, which increases the
ground state degeneracy by a factor of two. For n > 1 dislocation pairs on a torus
with an even number of rows, the ground state degeneracy increases to 2" (the
first dislocation pair does not affect the ground state degeneracy because the branch
cut renders the e and m flavors indistinguishable). This demonstrates that the
quantum dimension of the dislocation defect is v/2, consistent with the o object
in the Ising category. Although twist defects are fundamentally different from
the intrinsic anyonic excitations [116], they can still be leveraged for topological

quantum computation, particularly through measurement-based approaches [117].
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In the Ising fusion surface model (4.18), fusing an open o-string to the lattice

relocates the qubits along its path and creates twist defects at the endpoints:
TrET g >

The twist defects are the thick black lines added to the fusion tree, and by definition
they obey the same fusion and braiding rules as the Ising anyon. The o-string is
topological away from its endpoints, similar as the branch cut line. The difference
to the lattice dislocations studied in [114, 115] is that fusing the o-string to the
lattice not only alters the positions of the term in the Hamiltonian but also modifies

their operator form, as illustrated in (4.22).

4.5 Zy generalization of Kitaev’s honeycomb model

Starting from the Zy Tambara-Yamagami category for odd N > 2, we build a Zx-
symmetric fusion surface model generalizing Kitaev’s honeycomb model. This fusion
surface model turns out to be closely related to the Zy generalization proposed
by Barkeshli et al. [49]. A coupled-wire analysis suggests chiral parafermion
topological order occurs in the Z3 model with additional and appropriately tuned
interactions [49]. Our numerical studies of the entanglement spectrum provide
evidence that this chiral parafermion topological order persists even when the

interactions are not fine-tuned.

4.5.1 Constructing the Hamiltonian from the G-crossed
braided TY(Zy) category with odd N

The Zy Tambara-Yamagami fusion categories [118] are generalizations of the
Ising category (N = 2) to categories with N abelian objects. We assume odd N
here to use the F-symbols and R-symbols found in Section XI.G.2 in [52]. The

abelian objects are labeled by integers h modulo N, and their fusion rules are

the group multiplication rules of Zy,
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with addition modulo N on the right hand side. This category also contains a

non-abelian object o with quantum dimension d, = v/N and fusion rules
N-1
c®h=h®o=0, oc®c = EBh.
h=0

While o is always self-dual, the abelian objects are no longer self-dual for N > 2,
and so their lines in the fusion diagrams carry arrows. Charge conjugation acts on
the abelian objects as h — h™! = N — h, i.e. reverses their direction.

The Zx Tambara-Yamagami category is a GG-graded fusion category Cq = Co®Cy,
with G being the Z, charge conjugation symmetry. The grading structure is
respected by the fusion rules, i.e. ag ® bp = By, NgyCen for g, h € G. The trivially
graded component Cy = Zg\?) contains the abelian objects, while other graded
component C; contains only the non-abelian object o.

A crucial difference between the Zy Tambara-Yamagami and Ising categories

is that with N > 2 the former admits only G-crossed braiding [119, 120]. The

braiding of the abelian anyons depends on an integer parameter r =1,..., N — 1,
b c b c
- 27
\?/ = RP* \\/ , Rﬁlﬂb}N =e'N" for a,b € Zy.
a a

Their topological twist factors are given by
0, = (Rg“’l)‘l = %" for a € Zy. (4.24)

Graphically, the G-crossed braiding between the o object and the abelian objects
can be depicted as [52]

oo o h
R = 0\/2 R’wh>/\0

The o-line thus applies the charge conjugation group action to the abelian object h
when it crosses over their wordline. Conversely, when the o-line undercrosses the

h-line, nothing happens to the h-line. The R-symbols involving o are given by [52]

—inr a2

RI® = RY = (—1)r%e ", (4.25)
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For oriented lines, the F-symbols are defined as

a B v a B v
Y -w ), N
) )

The non-trivial F-symbols of the Tambara-Yamagami category involve o,

1 —2mir

[Fgab} = [Flf.aa}aa = G%T”ab’ [Fgaa]ab ===t " “ fOl" a, b = ZN

oo JN

We define the local Zy fusion surface Hamiltonian H, to act as

F//k B Fjrw
—Jﬂ‘\@T— s %— Jz+h-c'
1 .
1 1

(4.26)
The degrees of freedom are now N-state qudits I';;, € {0,1,..., N — 1}, denoted by

red directed lines. When the blue line labeled by the 1-object undercrosses the o-edge
in the x-link and y-link term in (4.26), it changes its direction due to the G-crossed
braiding. Apart from this important difference, the evaluation of the fusion diagrams
(4.26) closely follows the calculation in Appendix B.2. The z-link term evaluates
to ZytnZh g, and the x-link and y-link terms to XijuZ5,, Xi, and Z2, XX,

respectively, each multiplied by additional complex phases. Here Z and X are the
Zy clock and shift operators satisfying X7 = wZX, with w = e Explicitly,

1 0 ... 0 010 ...0
0 w ... 0 001 ...0
Z=\. . . .| =1. . . . .
00 ... V7! 100 ... 0

The resulting Zy fusion surface Hamiltonian is thus:

H=—J, Y (—)Ve ¥x, 20X} -J, 3 (-1)Ve¥ 22X, X!
b,a€x-link a,c€y-link
~ LY Z'Zy+he.

b,d€z-link

(4.27)

The complex phases in the x-link and y-link terms (4.27) are such that the

Hamiltonian is invariant under unitary charge conjugation C, acting as

CXC'=X"CczCt=27', C(XZ)C' = X7t with C = (4.28)

o O =
_ o O
o = O
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Graphically, the charge conjugated terms are obtained by reversing the direction
of the interaction (blue) lines in (4.26), and are precisely the hermitian conjugate
terms. After a unitary transformation X, — (—1)"Ne w ¥ Z; X[, followed by charge
conjugation — both only applied to one sublattice — Eq. (4.27) becomes

H=—J, Y X.X,—J, S WZXZ'X—J. S ZZ; + he.

b,aex-link a,c€y-link b,dez-link

(4.29)
The r=1 and »= N — 1 Hamiltonians have the same spectrum, as they are related
by complex conjugation.
The r = N — 1 case of (4.29) is closely related to the Hamiltonian

H™ =—J, Y X Xpo—J, > (XZD)(XZH—J. Y. ZyZs + he

b,a€x-link a,c€y-link b,de€z-link

(4.30)
proposed in [49] as a Zy generalization of Kitaev’s honeycomb model. The only
distinction is the complex phase w” in the y-link term guaranteeing charge conju-
gation invariance. The resulting finite-size spectra for N =3 are slightly different.
However, with DMRG on an infinite cylinder, their energy and entanglement spectra
(cf. Fig. 4.3) agree. Therefore we expect the N =3 models (4.30) and (4.29) to
exhibit the same topologically ordered phases.

The r € {1, N — 1} fusion surface models (4.29) and the model (4.30) break
time-reversal symmetry explicitly [49], as there is no unitary matrix U such that
UHU' = H*. For such a unitary U to exist for arbitrary coupling constants,
it would need to map Z — ZT without changing X. However, such a mapping
would change the commutation relations between X and Z, making it impossible

to implement by any unitary matrix.

4.5.2 Anomalous Zy 1-form symmetry

Plaquette operators BIgl) that commute with the fusion surface model Hamilto-

nian (4.27) and among themselves are created by fusing a 1-loop to the inside
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of a plaquette,

(4.31)

mpq

Note that the blue 1-loop does not change its direction because it overcrosses
the o-edges. When the Tambara-Yamagami braiding parameter is set to r=1,

the plaquette operator is
BYY = Xy Zig(ZX 1) juo X Z0)ons Zhyt Xompa:

which is the product of the terms in the Hamiltonian (4.26) around the plaquette
(with the correct chiralities).

On a torus, additional Zy 1-form symmetry generators arise by fusing lines
labeled by abelian objects from above into the honeycomb lattice along non-
contractible cycles. This 1-form symmetry is anomalous, meaning that endpoints
of open strings have nontrivial exchange statistics. The exchange statistics for
the model (4.30) were computed explicitly in [95, 121, 122], using the method
described in [123]. The results are different, with #; = w? in [95] and 6; = w in
[121, 122], as the models are slightly different, with the y-link term containing
X Z in the former but X ZT in the latter. The fusion surface model construction
directly yields the exchange statistics factor of the 1-form symmetry line a to be
the topological twist factor 6, = w™ (4.24) of the input category. This nontrivial
statistics factor signals a 't Hooft anomaly, and anomaly matching requires the
Z%) 1-form symmetry to be spontaneously broken or the phase to be gapless (as
discussed in Section 4.1). When the 1-form symmetry is broken, the ground state
is topologically ordered and its excitations include ZS\T}) anyons.

Similar to the Zy honeycomb model (cf. Section 4.4.3), the ¢ object does not
give rise to a 1-form symmetry. Instead, it generates a topological twist defect
line (when it is open) or a non-invertible 1-form duality (when it is closed). For
example, when a o-loop is fused to one plaquette as depicted in (4.22), the z-
link and y-link terms on this plaquette are modified to Zklijnpq — X,, and
Zonpg Xmpg X}

mpq<*mpq<*pr

— anXerXgrt respectively (for r = 1).
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4.5.3 Weakly coupled chains limit of the Z; honeycomb
model

The phase diagram of (4.30) for N = 3 was studied in [49] and more recently
numerically in [95, 124]. Its general structure is believed to be similar to the phase
diagram of the Zs model in Fig. 4.2. In the anisotropic limits, the effective Hamil-
tonian in perturbation theory is the Zs toric code, and the model is characterized
by doubled Zj topological order [49]. The nature of the phase near the isotropic
point J, = J, = J, is not yet fully established. Due to the time-reversal breaking in
the Zs honeycomb Hamiltonian (4.30), chiral topological order is likely. Numerical
results support this, indicating a gapped bulk with chiral edge modes [95, 124] and
a ground state that breaks time-reversal symmetry [125].

To better understand this phase, we rephrase the coupled-wire analysis of [49]
in the fusion surface model picture. When J, is set to zero, the Zz honeycomb
Hamiltonian reduces to decoupled J,-J, chains, which are unitarily related to the
anyon chain with twisted boundary conditions, as discussed in Section 4.3. The

anyon chain built from the Z3 Tambara-Yamagami category is the Zz Potts chain:

j+1

J

= _hZZjTZj"rl — JZX] -+ h.C.
J J

When J, = J,, the J,-J, chain is critical and described by the Potts CFT [49]. The
J; term which couples neighbouring chains can be rewritten in terms of left and

right lattice parafermion operators & ; and &g, represented as

@R,Zj—l = > \ :J = HXk (,UZ]‘
k=1
F]‘ i,
A . f— .
QRoj = > ‘\ = H X | X;Z;
k=1
- (4.32)
e
« — 1
aE,Q;—l = — = H Xk wQZ;-L
k=1
po_—— 1 o= t
G oj = T = HXk X;Z;.
> k=1
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Apart from an overall complex phase, these definitions agree with those in [49].
The lattice parafermions commute with the Hamiltonian away from their endpoints
and are discretely holomorphic current operators [126-129]; also see Section 4.7.
Because the J.-J, chains can be mapped to Potts chains, they contain lattice
parafermions with a similar visualization. The J, coupling, in terms of the lattice

parafermions of the J.-J, chains, is given by

(4.33)

= Hy (B;})Bg” x ) ‘54}%,21'5%,23;1 + h.c..

Here H}, is another x-link term that can be chosen to be outside of the region in
which the Hamiltonian acts, allowing it to be set to a constant. The product goes
over all plaquette operators located between Hy; and H;; and can be set to one
in the ground state sector where BI()l) = 1 on all plaquettes. In this sector, the

honeycomb Hamiltonian is quadratic in the lattice parafermions [49]:

H= ZH(") Jz(g‘;j 0 i+he),

HI(Z) - Z ( - Jywa‘gﬁ);jdggjfl - sz2&g)2§é\é(lf;j+l + h-C->-
J

(4.34)

In the above equation, H{Q) is the Hamiltonian of the J.-J, chain that can be
mapped to the Potts chain, and the J, interchain coupling is written in terms of
the lattice parafermions as derived graphically in (4.33).

When the Potts chain is critical, the lattice parafermions contain the (anti-)
holomorphic parafermion fields ¢, ¢ of the Potts CFT, but also a non-holomorphic
operator [130],

QR ~ 1) + ca(—1)7 5,
dr ~ dit+ do(—1) D,

The parafermion field ¢ with scaling dimensions (h,h) = (2,0) mixes with the

operator ®,¢ with (h, h) = (&, 2) because they have the same conformal spin h — h
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modulo integers. Therefore, the J, interchain coupling in (4.34) can be expanded as

inter n (n+1) n
H t ~ (Cll/}T + 02(13651) (dlw — dgq)gg)( )
~ Cldﬂﬁw — Cody P51 Do

(4.35)

The mixed terms 1’ ®,¢ and ®5+1 in (4.35) are odd under P7T [111] and therefore
forbidden. If the interchain coupling only contained the 14 fields, the model would
realize chiral parafermion topological order Zz X Fib with gapless Potts CFT edge
modes [111]. As noted in [49], the other CFT fields present in (4.35) can be tuned

away by adding additional interactions to the honeycomb model so that
rrinter n+1)t n+1)T n ~(n
H™ = =, Z(( G0+ GG (a0hn +afha) + he ) (430)

In the fusion surface model construction, the modified fine-tuned interaction term

(4.36) can be depicted as

T

Hence, the Z3 fusion surface model with the coupling (4.36) instead of the J, term

(4.37)

realizes chiral parafermion topological order. The fine-tuned interchain coupling
(4.36) also is realized in a triangular-lattice Hamiltonian believed to exhibit the
same chiral topological order [131]. In the Appendix B.3, we show that this model
can be cast into the fusion category framework as well, but as an anyon chain with
long-range couplings rather than a fusion surface model.

For the original Hamiltonian with interchain coupling (4.34) and the CFT
expansion (4.35), the coupled-wire analysis could not conclusively establish the
nature of this phase, and numerics are required. We will see in the following that
the entanglement spectrum shows signatures of chiral parafermion topological order
even when the interactions are not fine-tuned as in (4.36). Chen et al. [95] measure
a central charge close to ¢ = 1 and a topological entanglement entropy close to v/12

for the model (4.30) at its isotropic point. Based on their results, they conclude
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that chiral U(1) topological order is likely. However, the central charge ¢ = %

and topological entanglement entropy 1/3(1 + ¢?) ~ +/10.85 of chiral parafermion

topological order Zs X Fib are not too far away from the measured values.

The entanglement spectrum proves a useful tool for distinguishing different types
of topological order. Namely, the low-lying entanglement energies of a ground state
with chiral topological order are characterized by the CFT of its gapless edge modes
[132, 133]. It was used by Stoudenmire et al. [131] to distinguish between a chiral
parafermion and a chiral U(1)g phase in their triangular lattice Z3 model. They
found signatures of chiral U(1)g topological order in the entanglement spectrum of
their model in the square lattice limit. Their Hamiltonian in this limit has almost
the same parafermionic current operator description (4.33) as the honeycomb model
(4.30) in fixed B, = 1 sectors (the difference being that their interchain coupling
is invariant under translations by one and not by two sites).

To gain more insight into the isotropic phase of our Zs model, we measure
the entanglement spectrum of the ground state on an infinite cylinder, using the
DMRG package Tenpy [134, 135]. More details on the numerical simulations are
collected in Appendix B.4. The partition function of the Potts CFT with free

boundary conditions is given by
ZEM(q) = ¢ (1420 + 207 + @ + 4 + 26° + ). (4.38)

The degeneracies of the lowest entanglement energies in a chiral parafermion phase
are expected to match the coefficients (1,2,2,1,(2,2)...) in the partition function.
The (2,2) notation indicates that the four-fold degeneracy can be split into two
two-fold degeneracies by finite size effects, as the corresponding term 4¢%? in
the partition function is the sum of contributions 2q22'2/ 3 from the Y5 /3 character
and 2¢°/3*! from the y; /3 character. This pattern is indeed what we observe in
Fig. 4.3 for the ratios of degeneracies on cylinders of circumferences L, = 2,3,4. The
absolute degeneracies in the L, = 3,4 plots are higher due to the conserved plaquette

operators crossing an entanglement cut, as observed in [136] for the original Kitaev

honeycomb model. The L, = 2,4 entanglement spectra are computed across a
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different bond of the matrix product state than the L, = 3 spectrum, due to an
even-odd effect on the cylinder, see Appendix B.4 for details. We also checked that
these degeneracies remain the same for various J, < 1. For a chiral U(1);2 phase,
we would expect a different degeneracy pattern (1,2,1,2,2,...).

Considering the clear signatures of chiral topological order observed in [95] as
well as the parafermion CFT degeneracies in the entanglement spectra presented
in Fig. 4.3, it seems likely that the phase realizes chiral parafermion topological
order. One does not need to add a magnetic field or an analog of V;(f?) from (4.21)
to obtain chiral topological order; the time-reversal symmetry breaking arising from

the braiding in the fusion surface models appears sufficient.

(i) L, = 2, D = 200 (i) L, = 3, D = 400 (iii) L, = 4, D = 800
] SR It LR N
. 5 ) s4 ssseee (3 L 2
N ° Y20 et N -
OF - OpF =3 OpF =3
| | | | | | | | | | |
0 5 10 0 10 20 30 0 10 20 30
1 1 1

Figure 4.3: Entanglement energies ¢; of the Zz honeycomb model (4.30) with J, = J, =
J. =1 on an infinite cylinder for different circumferences L, and bond dimensions D; the
degeneracies are written in gray. For chiral parafermion topological order, a degeneracy
pattern of (1,2,2,1,(2,2),1,...) is expected [131].

4.6 Fibonacci fusion surface model

The Tambara-Yamagami categories give rise to very special fusion surface models
with dynamical degrees of freedom only on half the planar edges, as discussed in
Sections 4.4 and 4.5. To explore more generic cases where degrees of freedom live
on all planar edges of the honeycomb fusion tree, we turn to a model built from
the Fibonacci fusion category. This novel 24+1d Fibonacci model preserves a non-
invertible 1-form symmetry and explicitly breaks time-reversal symmetry. Through
a coupled-wire analysis, we show that with appropriately fine-tuned interactions,

the model likely exhibits chiral topological order with tricritical Ising edge modes.
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4.6.1 Constrained Hilbert space, broken time-reversal and
non-invertible 1-form symmetry

The Fibonacci category contains two self-dual objects {1, 7} with fusion rule 7@ 7 =
1@ 7. In our Fibonacci fusion surface model, all vertical legs of the fusion tree are
labeled by the object 7. The Hilbert space is spanned by the states [{I';, I';;x}) with

degrees of freedom I';, ;5 € {1, 7} on all planar edges of the honeycomb fusion tree.

{0, Dige }) =

ijh
At each trivalent vertex, the Fibonacci fusion rule must be obeyed, resulting in a
constrained Hilbert space. The Fibonacci fusion surface Hamiltonian H = 3, H,

has the same structure (4.3) as Kitaev’s honeycomb model, with H, acting as

The x-link and y-link terms now couple seven degrees of freedom. Since 7 has
a trivial Frobenius-Schur indicator, the Hamiltonian is automatically Hermitian
[51]. Its operator form is derived from the fusion diagrams in (4.39) and given
in Appendix B.5.

The Fibonacci Hamiltonian breaks time-reversal symmetry explicitly. Although

the z-link term is real, the x-link term includes complex operators such as
TT TT 0 (R:T)*
R’T 1]k + (R ) zyk (RTT 0 > )
T ijk

where RT™ = ¢¥™/5_ If a unitary U existed such that UH,UT = H?, it would need

to map ok

ik — O in the x-link term, while also commuting with the ng, =

ijk

diag(0, 1);jx matrix in the real z-link term. Such a transformation would change

the commutation relations between n and o*, and so cannot be implemented by a

unitary operator. An anti-unitary time-reversal symmetry UC is therefore ruled out.
By construction, the Fibonacci fusion surface model (4.39) has a 1-form symmetry

generated by fusing a 7-line to incontractible cycles of the system, as well as

conserved plaquette operators B:,()T). These symmetries are non-invertible because
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they obey the same fusion algebra as the object 7 in the input category, for

2
instance (BI(,T)) =1+ Bl(f).

4.6.2 Doubled Fibonacci topological order and weakly cou-
pled tricritical Ising chains

To understand the Fibonacci model (4.39) in the anisotropic limit J, > J,, J,,
we apply the results derived in Section 4.2. When J, — oo, it is known from the
completely staggered antiferromagnetic Fibonacci chain (favoring the singlet fusion
channel) that there are two ground states, |171) and |777), on each z-link [3], where
|7) = ¢~ |1) + ¢~ /2 |7) and ¢ denotes the golden ratio. Each z-link can thus be

replaced by a single horizontal edge labeled by 1 or 7, cf. (4.7):

Qg N ﬁi% (4.40)

This substitution results in a highly degenerate ground state subspace that forms
a Fibonacci string-net on the honeycomb lattice.
For sufficiently large systems, the lowest order Hamiltonian generated by

perturbation theory in J,, J, < J, is the Levin-Wen plaquette operator,

eff J$2Jyz
AN ()

This Fibonacci Levin-Wen string-net, along with a magnetic field perturbation, has

been studied in [137-139]. It realizes doubled Fibonacci topological order. The
same holds for the limit J, — oo, since the energy spectrum is invariant under
exchanging J, and J, (for a symmetric geometry L, = L, and suitable toroidal
boundary conditions, as we checked numerically).

In the decoupled limit J, = J, and J, = 0, the model (4.39) reduces to L,

Jo-Jy chains with Hamiltonian

Ha: —J, ﬂé\ﬁ _J, j%ﬁ (4.42)
T
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As explained in Sec. 4.3, the J,-J, chain (4.42) is unitarily related to the Fibonacci
anyon chain with a sum over boundary conditions. Large degeneracies arise because
of the plaquette 1-form symmetries, as illustrated in App. B.1 for the Ising fusion
surface model. With uniform couplings this chain is the Hamiltonian limit [29] of
a critical point of the integrable model of hard squares with diagonal interactions
[140, 141], which is the A4 case of the Andrews-Baxter-Forrester models [10]. It
was reformulated in terms of fusion-category data and (re)named the “golden
chain” [18]. The chain is invariant under a “topological symmetry”, generated
by fusing a 7-line to the fusion tree from above [18]. This symmetry is now
recognized as a canonical example of a non-invertible, categorical or generalized
symmetry [3, 23, 102, 142, 143]—that is, one which cannot be represented by a
unitary matrix. The constrained Hilbert space of the Fibonacci anyon chain admits
a physical interpretation in terms of Rydberg-blockade atoms on a chain with
nearest-neighbour occupancy forbidden [29, 31].

With uniform antiferromagnetic couplings, the Fibonacci anyon chain is critical
and described by the tricritical Ising conformal field theory [29, 140, 141, 144].
The same must hold for the J,-J, chain (4.42) with J, = J, > 0, as boundary
conditions do not change the gap of the system. The tricritical Ising CFT contains a
topological defect line corresponding to the non-invertible symmetry on the lattice,

which obeys the same fusion algebra. Of the six chiral primary fields, only ¢’ with

7

16

with the topological defect line [18].

and ¢ with scaling dimension h = 2 are commuting

scaling dimension h = 5

The J, term, which couples adjacent chains, commutes with the non-invertible
1-form symmetry of the fusion surface model. In the continuum limit, it can be
expanded in terms of CF'T fields of the critical chains it couples. Due to the
non-invertible 1-form symmetry, this expression can only include ¢’ and €’. The

most relevant fields in the expansion have zero conformal spin and are given by:

HZ ~ al(I)(n’P+1) —|— a2®(n’n+1) + agé((:f

oo’ oo’ o

L ptntl) (4.43)

/ a-/o-/
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The notation @fﬁgfﬂ) (instead of o™ o)) reflects that the chiral fields ¢’ cannot
be realized separately as local or semi-local lattice operators [130]. The fields
with coefficients a; and as in (4.43) combine the left and right ¢’ fields from two
adjacent chains, whereas the ag term is a product of the non-chiral &, fields
from both chains. Since time-reversal symmetry is explicitly broken in the lattice
Hamiltonian, we must have a; # as in the expansion. Due to the presence of
multiple CFT fields in (4.43), the nature of the resulting phase remains unclear. It
could be gapless or (chiral) topological order FibXIC, constrained by the anomalous
non-invertible 1-form symmetry.

If only the first term @f:fgfﬂ) appeared in (4.43), the model would exhibit chiral
topological order with tricritical Ising edge modes, following an idea going back
to [19] and studied in more detail in [111, 145, 146]: The tricritical Ising CFT
perturbed by @, is gapped with two degenerate (but not symmetry-related)
ground states [147], implying that the bulk of the coupled chain system is gapped.
(n,n

") Joes not contain the right-moving CF'T fields of the

oo’

Since the coupling ®
bottom chain and the left-moving CFT fields of the top chain, gapless tricritical
Ising edge modes remain. It is plausible that the ay and a3 terms in (4.43) could be
tuned away by adding different lattice couplings between adjacent chains, such as
those depicted in (4.37) in the context of the Zz model. The coupled-wire system
with the @E:,Lgﬂ) coupling, which cannot be easily decomposed into a product of
two lattice operators from individual chains, appears to be unexplored. A system
of coupled Grover-Sheng-Vishwanath chains [148] with tricritical Ising edge modes
was studied in [149], but their coupling does not seem to respect the non-invertible
Fibonacci symmetry, yielding a different coupled-wire field theory.

To support our phase diagram analysis, we compute the lowest energy levels
in small Fibonacci models with L, = 2, L, = 2,3. This was done with the exact
diagonalization package Quspin [150]. We choose periodic boundary conditions
in both directions, as depicted in (4.45). The energy gaps for J, = J, = 1
and J, € [0, 3] are shown in Fig. 4.4(i). The plot indicates two distinct regimes

separated by a phase transition, consistent with our qualitative understanding



4. Generalizations of Kitaev’s honeycomb model from braided fusion categories 7/

of an anisotropic phase and a weakly coupled chains phase. The ground state
is always two-fold degenerate, suggesting that the 1-form symmetry around one
of two incontractible cycles around the torus is spontaneously broken. A closer
examination of the ground state energies in the large J, limit, shown in Fig. 4.4(ii),
reveals that the leading contributions are

z-lin C 1
Eas = ~J.L:L,EGS"™ — — +0 (ﬂ) (4.44)

The 1/.J, contribution arises from incontractible loops around the torus, generated

at second order in perturbation theory when L, = 2 or L, = 2. Schematically,

H(cff) ~ Jny }\ Tl

/ 4.45
7 il (4.45)

with the dotted edges wrapping around the torus. Due to these 1/.J, terms, which
dominate over the 1/J? Levin-Wen projector terms, we are unable to observe four

degenerate ground states characteristic of doubled Fibonacci topological order.
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Figure 4.4: (i) Energy gap of the L, = 2 Fibonacci models on a torus for J, = J, =1,
(ii) Ground state energies of the Fibonacci model on a L, = 2 torus for J, = J, =1,

with the zeroth-order contribution —JZLxLyEgéhnk) subtracted and the second-order
contribution fitted, cf. (4.44), (iii) Ground state energies of the interpolated Hamiltonian
(4.46) on a L, = 2 torus with J, = J, =\, J, = 0.6

If the weakly coupled chains phase is described by chiral topological order, its
ground state must break time-reversal symmetry. To test this hypothesis, we define

a time-reversal invariant interpolation of the Fibonacci model,

H, = H* + A\(H" + HY) + (1 — \)(H" + HY)* (4.46)



4. Generalizations of Kitaev’s honeycomb model from braided fusion categories 75

A similar interpolation was discussed in [125] for the Zs generalization of Kitaev’s
honeycomb model. The ground state energies of the interpolated Fibonacci
Hamiltonian (4.46) are shown in Fig. 4.4(iii). It is conceivable that a phase transition
occurs at A = 0.5, though the plot is not conclusive and larger system sizes would
be necessary to confirm the existence of a transition. A phase transition at A = 0.5
would be evidence for chiral topological order, as it implies that the ground states

of the A = 0 and A = 1 Hamiltonians cannot be adiabatically connected.

4.7 Conserved currents and integrability

In classical 24-0d height models, terminating topological defects can be interpreted
as currents. These currents are conserved when they satisfy a discrete divergence-free
condition, also known as discrete holomorphicity, which was originally introduced
in quantum-group symmetric models [151] and later extended to a wider class of
statistical mechanical models built from fusion categories [126]. This conservation
condition implies Yang—Baxter integrability and is satisfied, for instance, in the ABF
models at their integrable and critical points. We begin by reformulating the current
conservation condition from [126] in the setting of 14+1d anyon chains. We then
attempt to generalize this construction to 241d fusion surface models. However,
perhaps unsurprisingly, we find no 2+1d solutions beyond Kitaev’s honeycomb

model tuned to its phase transition line.

4.7.1 Conserved currents in 14+1d anyon chains

In 2d statistical mechanical models constructed from a braided fusion category B,

conservation of a current ¢ € B can be depicted graphically as [126]

2V WAV S S
. \ \ \

)

(4.47)
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All black edges are labeled by the same object p € B. The operator R;(u) =
> xep®p Ax(u)Pj(X) depicted in the second row is the generator of the transfer matrix.
It is a linear combination of projectors Pj(X) with amplitudes A, (u) that depend
on the spectral parameter u. These amplitudes are assumed to be uniform across
the lattice. The parameter p is a complex number that rescales the x and y
coordinates in the 2d picture. To allow the current ¢ to over-cross the black lines,
the input category B must be braided. For a category that does not admit braiding
(such as %E{; or Haagerup [152]), one might still be able to define a conserved
current by lifting ¢ to the Drinfeld center and using its half-braiding. The pictorial
condition (4.47) translates into a condition on the Boltzmann weights A, (u) and
the deformation parameter p, involving the R-symbols of B [126]:

Aalu) Rgﬁ + pRE*

Ag(u) RS + uRYP

for a, 8 with N7, # 0. (4.48)

To obtain the analogue of the conserved-current condition (4.47) for 1+1d
anyon chains, we expand the transfer matrix generator as R;(u) ~ I+ uH;, where
H; denotes the local anyon chain Hamiltonian. Simultaneously, we expand the
lattice deformation parameter as pu ~ 1 + Au, with A a constant. Collecting

terms linear in u, we find:

o+ AHM:% i S N

with H:ZA;((O) ‘
X

This can be rearranged into a relation for the commutator of the local anyon

(4.49)
x|

chain Hamiltonian and the current,

S A (0) X , —] \ +

(T T -

Written out as an equation, (4.50) becomes

(4.50)

)

[, IO+ I = A(J0, = T2, (4.51)
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where J (@)

;71 is the current operator terminating at the vertical leg (i — 1,4). If

the conservation condition (4.51) is satisfied, the commutator between the full
Hamiltonian (with translation-invariant couplings) and the charge Q® = 3, J,E@Lk

vanishes up to boundary terms:

[H,Q¥)] = lz H, Y J,gdﬁ,k] =3 [H IO+ T = A (RS - T ).
ot l (4.52)
The second equality in (4.52) holds because H commutes with the current away
from its endpoint. In the anyon chain setting, the analogue of the Boltzmann weight
condition (4.48), derived from the diagrammatic constraint (4.47), is a condition
on the coefficients A’ (0) of the terms in the Hamiltonian H; = >°, A’ (0)H ](-X):
Ry Ry

AL(0)— A (0) = L2 —1L
5() a() Rza+Rzﬂ

for a, B with N7, # 0. (4.53)

As an example, consider the parafermion current J](l) in the Z3 Potts model
built from the Tambara—Yamagami category. This current was introduced in
Section 4.5.3 under the name dp ;. Since the braiding phases satisfy RJ' = R??
(cf. (4.25)), the condition (4.53) holds whenever A5(0) = A{(0), i.e., when the
Hamiltonian is hermitian. In this case, one can also verify explicitly that the local

commutator relation (4.51) is satisfied:

1 — 2 > — -

{Hm, J2(i111,2i + J2(i1,)2i+1} = [ + ’ I ‘ i }

= [Xi + X7+ WXiZz} = (w—w)(Z; —wX;Z;) = (w — w?) (JQ(ilZin - J2(z‘l,)2i+1> :

Note that, since the red line ¢ = 1 over-crosses the black o edge, it does not
reverse its direction (cf. Section 4.5.1). The same condition with respect to the

diagonal terms in the Hamiltonian reads

{ 2i+15 J2i2i11 2+1,2+2} 1’_’—_’ QQ _,_1_’ _,":‘

= [Z’LZL-I + ZZ'TZH_l, CL)XZZZ + XiZz'—s—l} == ((,U - w2)(inZi — Xz'Zi—i-l)

1 1
= (w— Wz) (JQ(z',)2i+1 - JZ(iJ)rl,QiJrQ) .
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4.7.2 Conserved currents in 2+1d fusion surface models?

Given an anyon chain built from a braided fusion category B with a conserved
charge Q) =¥, J,E@Lk, it is natural to ask whether the corresponding 2+1d fusion
surface model constructed from B admits a related conserved quantity.

The z-link term in the fusion surface model Hamiltonian (4.3) coincides with
the local anyon chain Hamiltonian and thus automatically satisfies the current
conservation condition (4.51). The x- and y-link terms, which can be viewed as
twisted versions of the anyon chain Hamiltonian (as discussed in Section 4.3), satisfy

modified versions of the conservation condition:

e mm S

= A(J -

(4.54)
Here, the coefficients A, are chosen so that the anyon chain Hamiltonian with local
terms >, AAHZ-(’\) admits a conserved current ¢. With a slight abuse of notation,
we now label the vertical legs by lowercase letters k, 1, ... and denote the currents
terminating at them as J,E(z’), and so on. Note that in the second diagram, the
¢ line must under-cross the black edge, reflecting the interpretation of this edge

as a twist added to the anyon chain.
This approach suggests the possibility of defining a conserved surface charge
Qéﬁﬂf =Y, JI#), where the sum runs over all vertical legs v of the honeycomb fusion

tree, as illustrated in Fig. 4.5. The commutator [H, Q¢ = [H, Y, J,] contains

three contributions for each vertical leg in the bulk:
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When the Hamiltonian couplings are tuned to satisty J, +J, = J., the contributions
to the commutator vanish for each vertical leg in the bulk. To ensure that the
surface charge depicted in Fig. 4.5 is conserved up to boundary terms, we also

require that B, = 1 everywhere.

1L

&

Swi c,urrgnts

Figure 4.5: The surface charge Qgﬁzf =Y. Jéw is the sum of all currents Jéd)) terminating

at the vertical legs v of the honeycomb lattice.

However, a subtle issue arises: to commute with Hamiltonian terms away from
their endpoints, the current operators must act from above, like symmetry lines.
In contrast, the endpoint conservation condition (4.54) requires them to act from
below. This apparent contradiction is resolved in Kitaev’s honeycomb model.
There, the black edges under-crossed by the current line are labeled by ¢ and do
not correspond to physical degrees of freedom. As a result, the distinction between

over- and under-crossing amounts to a global braiding phase. One can verify that
(¢)

anpf indeed commutes with Kitaev’s honeycomb Hamiltonian

the surface charge @)
along the critical line J, + J, = J,, which marks the phase transition between the
A and B phases. This mirrors the situation in the 1+1d models, where current
conservation similarly signals criticality.

In the Zy generalization, the distinction between over- and under-crossing
becomes crucial, and no conserved surface charge exists: due to the G-crossed
braiding, currents change direction when they under-cross o edges, but not when

they over-cross. In fusion surface models not derived from Tambara—Yamagami

categories, all planar edges correspond to dynamical degrees of freedom. In such
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cases, a conserved surface charge of the form shown in Fig. 4.5 can only exist if the
object ¢ labeling the current braids symmetrically with all objects o € B, meaning
the braiding phase Rga must be a real number £1 so that over- and under-crossings
become indistinguishable. However, all known examples from [126] that satisfy
the conservation condition (4.51) involve currents with fractional topological spin

A, ¢ Z, which enters the braiding phases as

af _ o af in(Aat+Ag—A
RI" =wv)" e ( p=A),

where 97 is a sign factor. For such currents, the braiding R = v$Pe/™®¢ is not
real when Ay is not an integer. This indicates that conserved surface charges of
the type shown in Fig. 4.5 are unlikely to arise in 241d fusion models beyond

Kitaev’s honeycomb model.
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Dualities are ubiquitous in statistical mechanics and condensed matter physics,
starting with the seminal 1941 work of Kramers and Wannier [4]. The exploration
of duality mappings beyond Kramers-Wannier likely began with the work of
Temperley and Lieb [5] and Baxter, Kelland, and Wu [9], who established an
equivalence between the ¢-state Potts model and the six-vertex model. As this
example highlights, dualities can connect systems with different Hilbert spaces and
symmetries while preserving the energy gap in the thermodynamic limit.

More recently, dualities in 141d spin chains and anyon chains have been

81
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formalized using the language of discrete gauging and module categories over
fusion categories [23, 24, 27, 28, 153, 154], as reviewed in Section 2.3.2. Extending
this understanding to 2+1d remains an open challenge, although progress has
been made using approaches grounded in tensor networks and higher-category
theory [52, 155-158].

This chapter explores dualities in 2+1d fusion surface models built from braided
fusion categories, introduced in the previous chapter. Unlike earlier constructions
that begin with systems with global invertible 0-form symmetries [52, 155-157],
our approach starts from models with categorical 1-form symmetries. Dualities in
this setting arise by gauging some or all of these categorical 1-form symmetries.
The resulting models can conserve independent O-form symmetries and realize
symmetry-enriched topological orders, thereby expanding the known landscape of
fusion surface models. Notably, this framework includes familiar systems such as

the spin—% XXZ model on honeycomb or square lattices.

5.1 Extended fusion surface model construction
from module tensor categories and braided
fusion categories

This section develops a systematic framework for constructing 2+1d fusion surface
models that are dual to those built from a braided fusion category B. The central
mathematical ingredient is a module tensor category M over B—a module category
endowed with its own tensor product structure [159]. In contrast to the 1+1d case,
building the dual Hamiltonian in 241d requires additional data such as mixed
F-symbols and half-braiding phases between objects in M and B. A discussion of
the resulting symmetry fusion 2-category is deferred to the final section.

The Hilbert space of the dual models is spanned by states represented as

fusion diagrams of the form

~ .
N .
N v

Rl S S
{A\,/L,]\Jijk,z~j_/-,,.}):———T——{:\MJ 1 »T (5.1)

k M; L

/>___ - _<\
p s l‘/,;‘/\'T T N
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Here, the planar red edges are labeled by the degrees of freedom M; and M;j;, in M.
As before, vertical legs are labeled by a fixed object p € B and gray vertices, where
objects in M meet p, are assigned basis vectors v;;, € V%}U .» analogous to the 14-1d
case reviewed in Section 2.3.2. These v;j;, vertex degrees of freedom do not appear
in the standard fusion surface model derived from a multiplicity-free braided fusion
category B (cf. (4.1)). The primary distinction between the 1+1d case (cf. (2.12))
and the 2+1d one is the presence of trivalent vertices where three objects in M meet.
These vertices necessitate an intrinsic tensor product of the module category M.

We use the same local Hamiltonian H{" as in (4.3), defined for a label A € B

and a plaquette p. Its action on the state (5.1) is illustrated as

N ’

:)__T-_T_<: \\)__ _ _<,/ \\)__ _ _<,/
Y e o g TS ST
p AT ST P I

(5.2)
As in 141d, it is evident from the pictorial representation that the algebra generated
by the local terms in the Hamiltonian remains invariant under changing the module
tensor category M. The full Hamiltonian is given by

H=>"C,Y AH with C,, Ay € R. (5.3)

P AeB
The z-link term corresponds directly to the local anyon chain Hamiltonian

(2.13). For the x-link term, the Hamiltonian line A € B is fused to the lattice

using the orthogonality relations (2.6),

GIF .~ dpdedp dp FINAm -
""" Lpia= XY DUNEE L (54)
N dpdcdpdyd g
C’/z I B',C"\ D' F" k,l,m,n h {/6, B’

To evaluate the diagram on the right hand side of (5.4), a new type of mixed
F-symbol F is required. This mixed F-symbol is well-defined only for module

categories with an intrinsic tensor product structure,

N o P N o P

\n/ /', aP10,k \\ \l',

A()‘x,z’ - Z Z [F]\\[ }]Q,/ \,/Q/ (5 5)
1 Q i 1



5. Dualities between 2+1d fusion surface models 84

Additionally, half-braiding phases between objects in M and B are needed [60, 159]:

N « N «

’\\/ ‘\\

& =0k Y, (5.6)
M M

The mixed F-symbols (5.5) have to satisfy consistency conditions that resemble the
pentagon equation, involving F', °F and "F symbols. Similarly, the half-braiding
phases €2 are constrained by hexagon-like equations. We expect that both the
F-symbols and Q phases can be determined explicitly by solving these consistency

conditions. Using the “F, F' and Q symbols, the x-link term (5.4) evaluates to

Z Z FPAB Bkz [FBAC’]CI [FC )\D’]Dm[FD)\F’]Fn [FFAP]%IJ]/an} /d,\
!/ / A
g’,g’l /’1?) n P

(5.7)
The y-link term can be computed analogous to the x-link term. The regular M =B
fusion surface model has categorical 1-form symmetries corresponding to objects
in B, see Section 4.1. The fusion 2-categorical symmetries of models with M # B
are discussed in the last section.

For these dual fusion surface models, we expect a similar phase diagram as
the one depicted in Fig. 4.1 for the standard fusion surface models. As discussed
below, the anisotropic limits A, , , are characterized by non-chiral Z(M) topological
order. In phase B, the presence of additional O-form symmetries allows for the
possibility for symmetry-enriched topological order.

In the extreme limit J, =J, =0, the ground state of the honeycomb model
(5.2) becomes the simultaneous ground state of all z-link Hamiltonians. As in
Section 4.2, we choose the z-link Hamiltonian to be the projector onto the identity
object, H* = —.J, P which allows for straightforward identification of its ground

state. This projector can be depicted as follows:

AR dvdy MEN'EM
Ja, PO T T T =y p 0, Y Y N'{[ (5.8)
k,N’

/N
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Here we used the orthogonality and resolution of identity relations (2.6). Because
of the two delta functions in (5.8), only those states with M = P and i = j have
nonzero eigenvalue under the projector and qualify as ground states of H* = —.J, P(©),
The energy does not depend on the basis vector i since the projector maps each
state |M, 4, N,i, M) to the superposition Yy v v/dn/ |M,i', N',i', M). Hence, the
superposition Y-,y Vi |M,i', N',i', M) is the unique +1 ground state for a given
M. Therefore, we expect one ground state for each element M € M, and the
ground state subspace is a M string-net.

Because the perturbation theory Hamiltonian has to generate the same bond
algebra as the regular M = B perturbation theory Hamiltonian derived in Sec-

tion 4.2, it has to act as

PEREEE (5.9)

_____

Here 0p, denotes the identity object of M and the equality follows from the
orthogonality relations (2.6). Therefore, the effective model in perturbation theory
is a M string-net with a commuting plaquette operator Hamiltonian, exhibiting

Z(M) topological order.

5.2 Example: XXZ honeycomb model and Rep(Ss)
fusion surface model

This section extends the 14+1d Rep(S3) example from Section 3.3.2 to one dimension
higher. The first model, built from the trivial module category, corresponds to
the well-known XXZ model on a honeycomb lattice. The second, derived from the
regular module category, has a constrained Hilbert space and a Rep(S3) 1-form
symmetry. Since the duality ought to preserve the distinction between gapped and
gapless phases, we can leverage known results about the XX7Z honeycomb model

to deduce properties of its dual Rep(S3) model.
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5.2.1 XXZ honeycomb model from M = Vec

We begin by selecting the trivial module category M = Vec over the fusion category
B =Rep(S3) with symmetric braiding. The resulting fusion surface model has a
tensor product Hilbert space of qubits v;j, € Zs located at the trivalent vertices
involving p. All planar red edges are labeled by the unique object 0 € Vec.

AN ’
N v

|{("",i/~’}> = -__T___‘:\ 'l,',"\l'/\‘ € 7»_) /: ______ (510)
/>___ - ___<\
p=1. T T N
The x-link and y-link terms in this model are identical to the z-link term, identified
as the spin—% XXZ Hamiltonian in Section 3.3.2, provided the couplings in (5.2) are
chosen as Ag=—As=A/ V2 and A, = /2. With this choice, the full Hamiltonian

becomes the XXZ model on a honeycomb lattice:
H=1J, Y XX;+YY;+AZZ)+J, Y (X X;+YY;+AZZ)

i,j€x-link i,j€Ey-link

+J. Y (X X;+ Y)Y+ AZZ))

%,j €z-link

(5.11)

This model preserves a U(1) x Zy 0-form symmetry generated by >, Z; and []; Xj,
but no 1-form symmetries. This symmetry structure is consistent with theoretical
expectations: gauging the Rep(S3) 1-form symmetry of the dual model described
in the next subsection produces an S3 0-form symmetry, which is a finite subgroup
of the full U(1) x Zy O-form symmetry.

Variants of the XXZ honeycomb model (5.11) have been extensively explored in
the condensed matter literature, particularly in the isotropic case (J,=J,=.J,) and
with additional nearest and next-nearest neighbor interactions stabilizing spin-liquid
phases [160-163]. We note that the XXZ model on a square lattice can also be

realized as a fusion surface model by omitting every other vertical leg in (5.10):

S _ ’ ~ - __</,
> A Jac-—T——:'> <‘:--T-- + Jy"T“:: f T
A€Rep(S3) ,: T :\ />__T"<\

At the isotropic point J, =J, =J,, the 2d XXZ model with A >0 is known to

possess antiferromagnetic order, both on the square lattice [164-166] and on the
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honeycomb lattice [167, 168]. The Néel-ordered ground states are aligned along the
z-axis for A >1 and within the xy-plane for 0 <A < 1. In the latter case, the U(1)
symmetry is spontaneously broken, leading to gapless Goldstone modes. At the
Heisenberg point A = 1, the full SU(2) symmetry is spontaneously broken, again
resulting in gapless Goldstone excitations over the Néel-ordered ground states.
We now analyze the phase diagram of the XXZ honeycomb model (5.11) away
from the isotropic point, guided by two analytically tractable limits. First, in the
anisotropic J, > J,,J, limit at A = 1, the model reduces to a Z(M) = Vec
trivial string-net in perturbation theory (see (5.9)), resulting in a trivially gapped
phase. This trivial phase is expected to persist for other values of A > —1, provided
the z-link term retains a unique ground state. Second, when J, =0 and J, =J.,
the model reduces to decoupled XXZ spin chains. These chains are critical and
described by a free boson CFT in the regime —1 <A <1. The schematic phase

diagram of the antiferromagnetic A > 0 XXZ honeycomb model is illustrated below:

Jp=Jy=0

Ay .-+ trivially gapped

decoupled XXZ chains

Jy=J.=0  Jy=J.=0

A second-order transition between the antiferromagnetic phase around the
isotropic point and the trivial phase in the anisotropic limit has been observed
numerically in the honeycomb XXZ model at A=0 [169]. We perform infinite
DMRG simulations on the honeycomb Hamiltonian (5.11) with nonzero A, fixing
Jy=J,=1, and varying the rung coupling J,. Calculations were performed using
the TeNPy Library [135]. Figure 5.1 shows the results for A=1. To quantify
quantum correlations both along the XXZ chain direction and around the short

circumference of the cylinder, we measure the concurrence, as defined in [169].

Ci; = 2max {0, 1 Z5] — mk

where Z;; = (S5;;) and X£ = ((3 - S7) (3 £ 57)).

(V]
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At large J,, only the rung-direction concurrence C, is nonzero, consistent with
a unique ground state of dimers aligned along the rungs. As J, decreases, the
concurrences in both directions become nonzero, as expected for antiferromagnetic
ground states in two spatial dimensions. The second derivative of the ground state
energy peaks at the transition between these two regimes, signaling a critical phase
transition. Around J, =0, zero concurrence along the rung hints that the system is
effectively described by decoupled critical XXZ chains. However, no phase transition
from this decoupled chains regime to the antiferromagnetic phase is observed in the
energy derivatives, suggesting that the decoupled chains regime does not represent
a distinct quantum phase. In summary, our findings support the qualitative phase
diagram presented above and provide evidence that the second-order transition

observed in [169] persists for nonzero A > 0.

(i) (i)
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50.25 e §2 oot e

58} ®oq,
0 1 1 D?DDDD?DDDD? O 1 1 1 ‘: °°o|
0 02505075 1 0 025 05 0.75 1
Iy Iy

Figure 5.1: (i) Concurrences Cy, Cy, of the XXZ honeycomb model (5.11) and (ii) second
derivative of the ground state energy, computed with infinite DMRG on a L, = 4 cylinder
with bond dimension D = 800. The plots are for fixed J,=J, = (J, —1)/2 and A=1.

5.2.2 Fusion surface model from M = Rep(S;)

The regular B = Rep(S3) fusion surface model features a constrained Hilbert space

in which the fusion rules enforce I';;z € I'; ® 1 and 'y, € T'; @ Ty,
T
{0 Th) = <Dyl ooy (.12
The Hamiltonian (5.2) is invariant under a Rep(S3) 1-form symmetry and the

corresponding mutually commuting plaquette operators, cf. (4.5). Time-reversal

symmetry is preserved since all braiding phases and F-symbols are real. We choose
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the same parametrization as for the XXZ Hamiltonian, namely Ay = —A;=A/y/2
and A;=+/2 in (5.3).

This fusion surface model has the following two analytically tractable limits:
In the anisotropic limit J, > J,, J, and A =1, the model simplifies to a Rep(S3)
string-net exhibiting non-chiral Z(Rep(S;)) = D(S3) topological order [170]. The
A =1 condition ensures that the z-link term acts as a projector matrix, which
is used in the computation (5.9). As noted previously for the XXZ model, we
expect this result to be robust around A =1, as long as the z-link term has the
same number of ground states. A similar D(S3) topologically ordered phase is
expected when J, or J, dominate.

When J, =0 and J,=J,, the 24+1d model effectively reduces to a stack of
Rep(S3) anyon chains summed over boundary conditions [170]. The Rep(S;) anyon
chain, also known as the integrable Rydberg-blockade ladder, is critical in the
regime —1 <A <1; see Section 3.5. The phase B in the center of the diagram is
likely non-chiral, given that the Hamiltonian preserves time-reversal symmetry —
unlike the chiral examples studied in the previous Sections 4.5, 4.6. Leveraging
the duality to the XXZ model, we expect gapless excitations in this phase for
|A| <1, akin to the Goldstone excitations seen in the XXZ model. We leave
a further study of this phase for future work, as the constrained Hilbert space
makes numerical simulations more challenging. Moreover, unlike the corresponding
14+1d anyon chain, this Hilbert space lacks a physical interpretation in terms of
Rydberg-blockade atoms. The simplest phase diagram for fixed A >0 consistent

with the above considerations is schematically

Jo=Jy=0

A, y.-: non-chiral D(S3)) topological order

decoupled Rep(S3) anyon chains




5. Dualities between 2+1d fusion surface models 90

5.3 Example: Kitaev bilayer and XXZ-Ising hon-
eycomb model

Next, we investigate a pair of models based on the B = Ising X Ising category.
The regular module category gives rise to a bilayer Kitaev honeycomb model with
Ziy R Zy 1-form symmetries. Its dual counterpart, built from the M = Ising module
category, resembles a honeycomb XXZ model augmented by additional link qubits
with Ising interactions. This XXZ-Ising model preserves both Zs 0-form and 1-form
symmetries. Through perturbation theory and insights from the bilayer model, we
explore the phase diagrams of these systems, identifying non-chiral topologically

ordered phases and regions characterized by 0-form symmetry breaking.

5.3.1 Kitaev honeycomb bilayer from M = Ising X Ising

The input for constructing the fusion surface model is B = Ising x Ising, where
the objects in the Ising category have opposite braiding phases. For the regular
module category M =B, the Hilbert space consists of two qubits on each orange

dotted link FUIC € {0(_), 16,01, 11}

[Py =] [

-
;|

g

All blue links are fixed and labeled by the oo object. The Hamiltonian ng’\)
for A = 10 is unitarily equivalent to Kitaev’s honeycomb model Hamiltonian (cf.
Section 4.4.1), acting only on the first layer of qubits. Similarly, A = 01 acts on the
second layer, while A = 11 corresponds to the product of the two local Hamiltonians,

as 01 ® 10 = 11. Up to a unitary transformation, the total Hamiltonian is given by:

J ( t7g g U R A
1,j€x-link 1,jE€y-link

H=1J, Y (0?09? — 7T + A(ﬂﬂa%%-x) +Jy > (ag’a]y -7/ + AO’yO'nyyTy>

VA4 A A VA A A A
+ J, Z (Uiaj — 7,7, +AcjoiT; Tj) )
%,j €z-link

(5.13)

where 0% and 7 act on the first and second qubit layer, respectively, and A is

the interlayer coupling. The abelian objects in B give rise to a fermionic Z, X
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Zs 1-form symmetry, including commuting plaquette operators for each layer.
The non-abelian objects do not generate 1-form symmetries, as they change the
Hilbert space; see Section 4.4.3.

We chose the signs of the coupling constants in (5.13) to match the convention
in Hwang [171], who numerically studied this Hamiltonian at isotropic couplings

Jy=Jy=J.=1. Their results yield the following phase diagram:

3d Ising CF'T

Ising xIsing top. order D(Zs) toric code top. order
| gapless c= (% %) edge modes RVB ground states
| ! A
0 ~1

Here we summarize their main findings: At A =0, the system consists of two
decoupled gapless Kitaev honeycomb models. Introducing a small A induces chiral
Ising topological order in both layers, but with opposite chiralities. Hence, this
topologically ordered phase is described by the Ising X Ising unitary modular tensor
category, which served as input for our fusion surface model construction. This phase

supports non-chiral, gapless edge modes characterized by the full Ising conformal
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field theory with central charge ¢= (5, 3). In the large A limit, the system reduces,
via perturbation theory, to a quantum dimer model on a kagome lattice with
resonating valence bond ground states. This model is known to display toric code
topological order D(Zs) [172]. The second-order phase transition near A=1 can
be interpreted as an anyon condensation transition between the Ising X Ising and
D(Zy) topologically ordered phases, driven by the condensation of the bosonic 11
anyon. The critical behavior at the transition point is believed to fall into the
3D Ising CFT universality class [173, 174].

Next, we discuss the phases of the bilayer model away from the isotropic point
Jy=Jy=J,=1. In the regime where J, dominates over J, and J, with A >0, the
system reduces to a bilayer toric code in perturbation theory, cf. (5.9). In this limit,
the interlayer coupling A corresponds to the product of local terms from the two

individual toric codes. A similar bilayer toric code model, albeit featuring a different

[sing-like interlayer coupling, was analyzed in [175]. The authors identified a critical
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phase transition between a double toric code topological phase and a single toric
code topological phase. An analogous transition is likely to occur in the anisotropic
regime of our model when A is increased. When J, =0 and J, = J., the bilayer
model reduces to a stack of decoupled Ashkin-Teller chains, which are critical when
|A| <1. Altogether, the triangular phase diagram of our bilayer Kitaev honeycomb

model is expected to have the following structure for small 0 <A <1:

Jo=Jy=0

Az y.-: bilayer toric code top. order
decoupled critical Ashkin-Teller chains

B: Ising X Ising top. order

Jy=J,=0  Jy=J,=0

5.3.2 XXZ-Ising model from M = Ising

Next, we select the module tensor category M =Ising over B [176]. The resulting
Hilbert space consists of qubits I'; € {0,1} on the trivalent vertices connected to

p, and additional qubits ¥;; € {0,1} on the red edges:

-
e

I B )
The dashed black lines are labeled by ¢, while the blue vertical legs are labeled by oa.
The Hamiltonian is derived by resolving each oo leg into two separate o and
o legs and applying the standard F- and R-symbols of the Ising category. For

example, the z-link term with A =10 can be computed as

r, I
Ho: e =YiZ; (5.15)
06 0o

Following this procedure, the z-link terms corresponding to A = 01 and A\ =

11 can be derived similarly,

72 = 7y, HEOD = XX,

2y J
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As before, the 11-term is the product of the other two terms. With appropriate
coupling constants and after a unitary rotation of the first qubit around the
x-axis, the z-link Hamiltonian with all three terms is equal to the local XXZ
Hamiltonian [23].

The x-link and y-link terms can be computed analogously. To render the
Hamiltonian real, a unitary rotation U is applied to the I'; qubits on sublattice
A of the bipartite honeycomb lattice and to all ¥;; qubits,

U =[] e/ e/ (5.16)
i€A ij
After this rotation, the entire Hamiltonian takes the form (with the same choice

of signs as in (5.13)):

H=J. Y (ZZ-YY; - AXi X))+ Jo S (YiXaYs — ZiXyZy — AX; Xy

2] 1,0k, k
€z-link €x-link
+Jy Y (YaZiZinYi — ZuZiZimZ — AXi X)),
k,ik,m,l
€y-link

(5.17)
This Hamiltonian resembles an XXZ7 model on the honeycomb lattice, but with
additional qubits placed on certain links, coupled by Ising interactions. It is real
and therefore preserves time-reversal symmetry.

By resolving all o¢ legs into separate o and & legs, as shown in (5.15), the model
can also be interpreted as a regular M = B = Ising fusion surface model, but defined
on a different geometry and with longer-range interaction terms. Consequently, it
preserves a Zs 1-form symmetry, acting along the vertical incontractible loops as
[1;; Xi; and along the horizontal loops as [],; Z;; [1; X; (after the unitary rotation
(5.16)). Since this 1-form symmetry is fermionic — and thus anomalous — it must be
broken in all gapped phases (see Sections 5.1 and 4.5.2). In addition to the 0-form
symmetries [];; Xi; and [; X; generated by products of 1-form symmetry loops, we

find an independent Zy 0-form symmetry []; Z; by inspection.
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In the following, we provide arguments supporting the following phase diagram

of the Hamiltonian (5.17):

3d Ising CF'T
symmetry-enriched toric code phase toric code top. order on link qubits
‘ gapless ¢ = (% %) edge modes | FM ground states on vertex qubits
\ I
0 ~1

In the A — oo limit, the vertex qubits form two ferromagnetic ground states
(X;) = £1 which break the []; Z; O-form symmetry, while the link qubits fluctuate
freely. The lowest order effective Hamiltonian acting on this ground state subspace
appears at sixth order and is equal to the conserved plaquette operator (analogous
to the perturbation theory analysis in [171] for the dual bilayer model),
kps, kL7
2 72 72 D> -9-0-—<
H(eﬂ) .. _J-'EJyJZ’77 7{// | | \\127 o
P A5 Tim\‘}, - ,,/mT

S Yo Zip Vg Zim (X X X0 X)),

unitary rotation (5.16

Since the product over the four X; operators is always equal to +1 in the fer-
romagnetic ground states, this effective Hamiltonian is essentially the toric code
Hamiltonian (in Wen’s convention [177]) acting on the link qubits. Therefore, the
large A phase has D(Zs) topological order as well as a broken Zs 0-form symmetry.

Characterizing the small A phase is more challenging, as it appears to resist
analysis via standard perturbation theory. Based on the gauging analysis in [52], it
is plausible that this phase corresponds to toric code topological order enriched by
the unbroken Z, 0-form symmetry. Their approach starts with a topological phase
described by a UMTC C that also preserves an invertible O-form symmetry G. Its
symmetry-enriched class is described by a G-crossed braided tensor category C3,
which incorporates both the anyons of C and extrinsic g-defects (like the twist defects
in Kitaev’s honeycomb model reviewed in Section 4.4.3) that may permute the anyon
types. Gauging GG promotes these defects to deconfined excitations, resulting in a new
topological order described by the equivariantization (CZ)“. The data of (CX)% can

be derived mathematically from CZ, independent of specific microscopic realizations.
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Figure 5.2: (i) Ferromagnetic order parameter |(X;)| of the XXZ-Ising model (5.17)
and (ii) second derivative of the ground state energy, computed with infinite DMRG on a
L, =2 cylinder with bond dimension D = 200. The plots are for fixed J, =J, = J, =1.

In our case, (CZ)¢ = Ising X Ising characterizes the topological order of the
bilayer Kitaev honeycomb model at small A. This phase can arise from gauging a
C = D(Zsy) toric code phase with a G = Zy symmetry that permutes the bosonic e
and m anyons (see Section 1.2 in [52]). We therefore conjecture that this D(Zs) phase
enriched by the Zy symmetry G = [[; Z; describes the XXZ-Ising model at small A.
The same phase has been realized in symmetry-enriched toric codes [178, 179]. On

an open manifold, the XXZ-Ising model at small A must exhibit gapless non-chiral

L1
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c=(5,3) edge modes to match the Ising edge modes of the dual bilayer model.

Since the D(Zsy) topological order remains unchanged across the critical point
at A = 1, this transition corresponds to spontaneous breaking of the Zsy 0-
form symmetry. It should be governed by the 3d Ising CF'T, just as the anyon
condensation transition in the dual bilayer model. Numerical evidence for the
critical transition is presented in Fig. 5.2, which shows the ferromagnetic order
parameter alongside the second derivative of the ground-state energy. The DMRG
algorithm spontaneously converges to one of the two ferromagnetic ground states,
chosen at random. Consequently, we plot the expectation value |(X;)| at the first
site rather than a connected two-point correlation function.

Finally, we turn to the triangular phase diagram of the XXZ-Ising model away
from the isotropic point. When J, is dominant and A >0, vertex qubits on the
same z-link form a unique dimer ground state %(]TT) — [44)), minimizing the
local interaction energy. The remaining degrees of freedom, represented by the

link qubits, fluctuate. The effective Hamiltonian obtained via perturbation theory

corresponds to a toric code Hamiltonian acting on these link qubits.
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Although both the anisotropic and isotropic regimes are believed to host the
same D(Zs) topological order, they correspond to distinct phases, separated by a
transition similar to that in the dual bilayer model between the Ising X Ising and
bilayer toric code phases. In the anisotropic regime, vertex qubits are frozen into z-
link dimers and only link qubits contribute to the toric code order. Near the isotropic
point however, both vertex and link qubits contribute to the toric code topological
order. Gapless edge modes are expected in the isotropic phase, as in the bilayer
Kitaev model, while the anisotropic regime is likely fully gapped. The simplest

phase diagram consistent with this analysis for 0 < A < 1 is shown schematically in:

Jo=Jy=0

Agy ¢ toric code on link qubits, dimer ground state on vertex qubits
decoupled critical XXZ chains

B: symmetry-enriched toric code phase

with gapless ¢ = (% %) edge modes

5.4 Symmetry fusion 2-category of dual models

We now discuss the O-form and 1-form symmetries of dual fusion surface models
using a higher Morita theory for fusion 2-categories. While regular M = B fusion
surface models conserve only 1-form symmetries and their condensation defects (as
discussed in Section 4.1), the dual models with M # B can support additional,
independent O-form symmetries. Identifying these O-form symmetries and their
lattice action is rather technical and has recently been investigated in [158].

We begin by reviewing a few mathematical facts about module tensor categories
that will be useful for the subsequent symmetry analysis. Module tensor categories
M over a braided fusion category B are also referred to as B-enriched or B-central
tensor categories. For a detailed exposition, see [159, 180-183]. Following [159],
a tensor category M becomes a module tensor category over a braided category

B if it admits a braided functor

F?:B— Z(M). (5.18)
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This functor equips M with the structure of a B-module category through the
action b<am = F(b) @ m for b € B, m € M. Here, F' is the composition of
F# with the forgetful functor from Z(M) to M. The functor F# also induces a
half-braiding between objects in B and objects in M.

In the physics literature, module tensor categories over braided fusion categories
have been used to study boundaries of 3+1d Walker-Wang models [184] and
B-enriched string-nets [62, 185, 186]. Related mathematical structures known as
orbifold data [187, 188] were employed in [189] to define so-called internal Levin-Wen
models. Both the enriched string-nets and the internal Levin-Wen models are capable
of realizing chiral topological order, in contrast to standard Levin-Wen string-nets.

An important class of examples are module tensor categories constructed from
a commutative algebra object A € B [159]. These are algebra objects (cf. (2.8))

that additionally satisfy the condition

oY

In this case, the category of A-modules in B, denoted M = Modg(A), forms a
module tensor category over B. For instance, in Section 5.3.2, we used the module
tensor category M = Ising over B = IsingXIsing, constructed from the commutative
algebra object A = 0011 € B. When A is not commutative, the category Modpg(A)
is still a valid module category, but not a tensor category itself. The free module
functor F': B —+ M : F(z) = A® x serves as the braided central functor in this
construction. Commutative algebra objects in multiplicity-free modular fusion
categories of rank up to 9 have been classified in [176, 190-192].

By analogy with 1+1d systems, the symmetry of the dual (M, B) fusion surface
model is conjectured to correspond to the Morita dual of the fusion 2-category
Mod(B) with respect to its module 2-category Mod(B) [23, 155, 193]. Formally,
the Morita dual fusion 2-category is defined as [194, 195]:

MOd(B)*Mod(M) = EHdMod(B)<MOd(M>). (519)
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Because braided fusion categories are known to be fully dualizable [181, 196],
this fusion 2-category is guaranteed to exist. For 1-categories, the Morita dual
Ciy = Endc¢(Modc(A)) can be regarded as the category Bimode(A)™P of A-A
bimodules in C, with “mop” indicating the multiplication opposite. Analogously,

the dual fusion 2-category (5.19) is equivalent to [181, 194, 195]
Mod(B)3oa(a) = Bimodygoda(s) (M)™. (5.20)

The fusion 2-category on the right-hand side represents the 2-category of B-centered
M-M-bimodule 1-categories [193]. This structure is discussed in Sections 3.5 and
3.6 of [181] and Section 3.4 of [197]. Its objects are B-centered M-M-bimodules
and 1-morphisms are functors between these bimodules. The term “B-centered”
implies the existence of an isomorphism 7 : n ® b >~ b ® n between objects n in the
M-M-bimodule and objects b € B, subject to certain coherence conditions.

The 1-form symmetries of the lattice model correspond to the bimodule end-
ofunctors of the monoidal unit of Bimodueqs)(M)™°P. The monoidal unit is M
itself, equipped with its canonical B-centered M-M-bimodule structure. By Lemma

3.2.1 in [194], its endomorphism 1-category is equivalent to
Bimodyoq(s) (M) ~ Mod (ZB(./\/I)) : (5.21)

where the overline denotes the braiding opposite. The fusion 1-category Z5(M) is
the subcategory of Z(M) consisting of objects that braid trivially with the image
of B under the functor F'? defined in (5.18). Physically, this condition implies that

the 1-form symmetries can be deformed freely across the lattice [193].

When B is non-degenerate, the Drinfeld center of M factorizes as [198]
Z(M) = B"P X Zz(M), (5.22)

making the computation of Zgz(M) straightforward.
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If and only if the functor FZ is fully faithful, the symmetry fusion 2-category
is connected and described by (5.21) (Corollaries 3.1.5 and 3.2.6 in [194]). In this
case, there are no 0-form symmetries beyond the condensation defects associated
with the 1-form symmetries in Zz(M). The fully faithfulness of FZ is assumed
in the enriched string-net construction in [62, 186].

However, in general, 7~ is not fully faithful. In such situations, the connected
components of the symmetry fusion 2-category (5.20), corresponding to 0-form
symmetries modulo condensation defects, remain incompletely understood and are
only known in specific examples (cf. Remark 3.1.6 in [194]). Nonetheless, it is known
that any fusion 2-category is Morita dual to a connected fusion 2-category Mod(B)
(Theorem 4.2.2 in [194]). This means that any fusion 2-categorical symmetry can
be realized as the symmetry of a (M, B) fusion surface model.

Next, we discuss some specific examples tied to the lattice models from earlier

sections. For instance, when B =Rep(G) and M = Vec, the dual fusion 2-category is
Bimodyiea(s) (M) ~ 2Vectg, (5.23)

which has |G| connected components (see Example 5.1.9 in [195]). The XXZ
honeycomb model, corresponding to B = Rep(S3) and M = Vec, realizes such
a dual S3 O-form symmetry.

For the XXZ-Ising model built from (B = IsingIsing, M = Ising), the symmetry
fusion 2-category analysis above suggests the absence of both O-form and 1-form sym-
metries: The functor F# : B — Z(M) is fully faithful since B ~ Z(M), implying a
connected symmetry fusion 2-category Mod(Z5(M)), which excludes independent
0-form symmetries. Moreover, B is non-degenerate and so the factorization of
the Drinfeld center (5.22) implies Zg(M) =~ Vec, ruling out 1-form symmetries.
The apparent discrepancy with the observed 1-form and O-form symmetries (cf.
Section 5.3.2) likely arises from the special nature of Ising fusion surface models.
Specifically, certain planar edges in the Hilbert space are fixed to o instead of

being treated as dynamical degrees of freedom.



Conclusions

6.1 Summary of results

In this thesis, we have discussed how interesting quantum lattice models can
be systematically constructed from fusion categories, and how this framework
provides powerful tools to analyze their gapless, symmetry-broken, and topologically
ordered phases.

We began with a detailed study of a particular 14+1d anyon chain, whose
constrained Hilbert space admits a physical interpretation in terms of Rydberg-
blockade atoms on a square ladder. Two ingredients were essential in understanding
the physics of this integrable model: first, a duality mapping to the well-known
spin-3 XXZ chain showed that the anyon chain is critical for |A| < 1; second, the
existence of a non-invertible self-duality symmetry, which is spontaneously broken
for A > 1, explained the degeneracy of three seemingly unrelated ground states.
We then introduced perturbations to the Hamiltonian that explicitly break both
integrability and the self-duality symmetry. Remarkably, a non-invertible remnant
of the XXZ chain’s U(1) symmetry survives these perturbations and distinguishes
two distinct Zs density-wave phases in the Rydberg ladder. By establishing a
correspondence between lattice and CF'T operators, we predicted a narrow critical

region near A = —1. In a different parameter regime, our DMRG simulations

100
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indicate that the phase transition between the Zs ordered and disordered phase
likely belongs to the chiral clock model universality class, in agreement with earlier
findings in the Rydberg chain.

Building on these 1+1d results, we turned to the fusion surface model con-
struction introduced by Inamura and Ohmori [51] to systematically generalize
Kitaev’s honeycomb model using braided fusion categories. The resulting models
possess categorical 1-form symmetries and mutually commuting conserved plaquette
operators. Their phase diagrams are qualitatively similar to Kitaev’s original model:
in the anisotropic limit, they reduce to Levin-Wen string-net models, while in the
isotropic limit, they are described by weakly coupled anyon chains and may realize
chiral topological order. Kitaev’s honeycomb model itself, both with and without
a magnetic field perturbation, can be understood as a fusion surface model built
from the Ising category. We recovered the Zy generalization of Kitaev’s model
proposed by Barkeshli et al. [49] as the Zy Tambara-Yamagami fusion surface
model. The entanglement spectrum of the Zz model in its isotropic phase, computed
via infinite-cylinder DMRG, suggests chiral parafermion topological order. This is in
agreement with the coupled-wire analysis in [49] for a related Z3 honeycomb model
with fine-tuned interactions. Taking the Fibonacci category as input yields a novel
honeycomb model with a non-invertible 1-form symmetry and explicit time-reversal
breaking. In the anisotropic limit, this model realizes doubled Fibonacci topological
order, while the isotropic phase—expected to be governed by weakly coupled critical
Fibonacci chains—remains an open problem for further investigation.

The final chapter extends the fusion surface model framework to incorporate
dualities between 2+1d quantum lattice models, which amount to gauging the
categorical 1-form symmetries. The extended construction is closely inspired by
analogous dualities in 14+1d anyon chains, where dual models arise from choosing
different module categories — defining the Hilbert space — over a fixed fusion category
that encodes the bond algebra of the Hamiltonian. In 2+1d, this generalizes to
choosing different module tensor categories, i.e., module categories equipped with

an intrinsic tensor product, over a given braided fusion category. Module tensor
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categories other than the original braided fusion category can lead to models with
independent O-form symmetries and potentially symmetry-enriched topological
order. We examined two classes of examples. The first is a 24+1d analogue of the
1+1d example discussed previously, revealing a duality between an XXZ model on
the honeycomb lattice and a constrained model with a Rep(S3) 1-form symmetry.
Unlike the 1+1d case, this constrained Hilbert space lacks a straightforward physical
interpretation in terms of Rydberg-blockade atoms. The second example establishes
a duality between a bilayer Kitaev honeycomb model and a spin—% system with

XXZ- and Ising-type interactions. This dual model supports both 0-form and 1-form

Zo symmetries and appears to realize a symmetry-enriched toric code phase.

6.2 Future directions

While our work represents a meaningful step toward enlarging the landscape
of tractable 2+1d lattice models with non-commuting terms, several promising
directions remain to be explored.

One direction for further exploration is the impact of generalized symmetries
on quantum dynamics. One striking phenomenon is the presence of quantum
scars: nonthermal eigenstates embedded within an otherwise thermalizing spectrum.
These were first observed experimentally in a chain of Rydberg atoms, where certain
initial states showed long-lived revivals [33]. The Rydberg chain can be theoretically
described by the PXP model, a constrained bosonic system that forbids adjacent
excitations [31, 67, 199] and is closely related to the Fibonacci anyon chain. A
systematic study of scar states in anyon chains with integrability-breaking couplings
remains an open challenge. In two spatial dimensions, spin-% XXZ models on cubic
lattices have been shown to exhibit exact spin-helix eigenstates, both theoretically
[200-202] and experimentally [200]. More recently, a different class of quantum scars
with spatially localized spin excitations has been identified in 24+1d XXZ7 models
and via a duality mapping also in Zy gauge theories [203]. It would be interesting

to investigate whether these scar states persist under the duality mapping to the



6. Conclusions 108

Rep(S3) fusion surface model. This may offer an example of dualities generating
new examples of quantum scars, especially in higher-dimensional systems.

Second, the fusion surface model framework offers several opportunities for
exploring aspects of 3d criticality. One such direction is the investigation of 2+1d
self-dual points. In 1+1d anyon chains, self-dualities often serve as a useful guide
for locating critical points. Extending this idea to 2+1d is appealing but more
intricate: self-dualities now involve both O-form and 1-form symmetries, which are
exchanged under gauging. While a few examples of self-dual 2+1d lattice models
have recently been identified [157, 204], the question of whether such self-dualities
can signal criticality in 24+1d remains largely unexplored. A promising starting point
might be the Tambara—Yamagami fusion 2-categories introduced in [205], which
can serve as input data for fusion surface models. Another direction is to study
phase transitions between different topological phases. These transitions are often
driven by anyon condensation, a process in which a subset of anyons in a parent
topological phase condenses to yield a phase with fewer anyonic excitations. In
many known examples, these transitions are believed to be described by the 3d Ising
CFT [52]—for example, the transition between the doubled Ising and toric code
phases in the bilayer Kitaev honeycomb model (see Section 5.3.1). However, field
theory descriptions of more exotic condensation transitions involving anyons with
non-integer quantum dimensions as proposed in [206, 207] are still lacking. Studying
these transitions in concrete lattice models, both analytically and numerically,
may provide valuable new insights.

Finally, applying the categorical tools developed for topological phases in
condensed matter to quantum error correction offers a promising avenue for future
research. In dynamical Floquet codes, logical gates can be implemented by moving
invertible domain walls across the system, corresponding to automorphisms of
the underlying non-chiral topological order. This process can be regarded as an
adiabatic path of gapped, topologically ordered Hamiltonians [208]. A prominent
example is the honeycomb Floquet code of Hastings and Haah [209], which traces a

continuous path in the phase diagram of a variant of Kitaev’s model with bonds
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arranged in a Kekulé pattern [210, 211]. This Kekulé-modified model can also be
written as an Ising fusion surface model with a slightly altered geometry. It might be
interesting to explore Kekulé-patterned models built from other fusion categories, as
a step toward constructing dynamical codes for non-abelian topological orders. Only
recently have such non-abelian orders been employed in dynamic error-correcting

codes to realize non-Clifford logical gates [212, 213].
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Rydberg-blockade ladder appendix

A.1 Perturbation theory calculations

Here we give a little more detail on the perturbation theory we use to correct the

location of the phase transitions found by going to various extreme limits.

A.1.1 Ising’? transition between D; and Z, order

The Ising? Hamiltonian arises by neglecting creation and annihilation of + bosons,
the first term in (3.5). Because the Ising Hamiltonian can be mapped on to a free-
fermion model, its phase transitions can be located exactly. In our conventions, they
are where the coefficient of the n; term is half the magnitude of the s;_1s;41 term.
The best way to find the leading-order effect of the creation/annihilation term is thus
to compute how it renormalizes the couplings while remaining in the Ising? Hilbert
space. Acting with p; moves out of this space, increasing the energy by 2(A + ).
Returning to the original Hilbert space by acting with pj- then results in an extra
term —p'p;(1 —w)?/(2(A +t)) in the Hamiltonian. In this restricted Hilbert space,

p'p; = (1 —nj ). No other terms occur at order (A +1t), so (3.21) is corrected to

]z: <(1 +w)sj18541 + <A — 2t + M) n;) :

The transition thus happens at (3.22).
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To see how close the transition is this perturbative result , we use the level-
crossing method (also used in e.g. [67]) to locate the Ising transition with exact
diagonalization. The energy gap close to the transition is computed for L and L —4
and it is checked at which t the curves L(AFE), and (L — 4)(AFE)_4 cross for a
given w and A. The numerical results for the locations of the Ising? transitions and

the perturbation theory results (3.22) are plotted together in Fig. 3.5 for w=0.

A.1.2 First order transition between the Z3; phases

The correction to the first-order transitions we study is found simply by computing
the corrections to the ground-state energies in the corresponding extreme limit.
For A +t large and positive, the leading contributions to the energies of the Z]
ground state |+ee + ee...) and Z3 ground state |—ee —ee...) are

2L -
e’ =S (A+1), & =LA . (A1)
The Z3 ground states are exact, so they do not receive perturbative corrections. The
leading correction to the |[+ee + ee...) is at second order through the annihilation

and subsequent creation of a plus boson,

L(1—w)?
3+
= - A2
2 T32Att) (A.2)
Hence the energy difference between the Zj and Zs ground states is
- L (1 —w)?
3+ 3+ 3
— =—|(A—-2t——F1—|. A.
© T2 Tk 3( 2(A+t)> (A.3)

The transition occurs when this difference vanishes up to corrections of order

(A + t)?, yielding the first of (3.25).

A.1.3 First-order transition between Z; and Z; phases

The Z5 and Z; phases both can occur as A — —oo and t — +o00. In this limit,

the Zy-phase ground state is |—e — e...), with zeroth order energy

€6 = g(A —2t). (A.4)
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The first order correction to the energy vanishes, but the second-order correction

due to flipping a minus boson to a plus boson and back is given by

o L (1+2w)?
(2 — 2\ Ty
2 22(A -2ty

(A.5)
The energy difference between this ground state and the ground state of the
Zz phase is therefore

- - - A (1 + 2w)?
3 2 27 7
€0 _<€0 T e >_L(2+t 4(A—2t))’

Requiring this vanish yields the second part of (3.25) for ¢t &~ —A/2. In fact, we find
that the formula holds even when |A| becomes order one, as apparent in Fig. 3.2.
Pushing it even further, setting =0 we obtain w ~ (v/2A — 1)/2, which agrees

well with the numerical results in Fig. 3.7(i).

A.1.4 First-order transition between the Z, ordered and
disordered phases

The spontaneously broken self-duality along the integrable w =1t =0 line for A > 1
results in a first-order phase transition between the Zs ordered phase and the
disordered phase. We here show how the location of this transition changes for
non-vanishing w and ¢t. We assume both A — 2t and A + ¢ large and positive so
that the off-diagonal terms in H in the + basis are small relative to the diagonal
terms. In this limit, the Z, ground states are |+e + e...) and its translation, while
the disordered ground state is |eee ...). Both have energy zero at leading order.

Second-order corrections to the latter are

dis (1 - w)Q

€5° = YAt (A.6)

while contributions to the former come from both off-diagonal terms

_ L(+2uw?  L(1-w) A7)

+_ _
2 22(A—2t) 22(A+1t)°

€

At the first-order transition ef® = €' yielding

(1+2w)?*  (1—w)?
A—2t A+t (A-8)
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Solving for ¢ gives (3.27).

The assumption in deriving (A.8) was that all terms in €3 and 3" remain small
in magnitude. However, when comparing with our numerics in Fig. 3.6, we saw
that agreement is good even when the denominators in (A.6) and (A.7) vanish.
The reason is that in setting e§® = €2" to obtain (A.8), we force the numerators
to vanish at these points as well. Thus at these special points (¢, w)=(—A,1)
and (A/2,—1/2), the values of each side of (A.8) are still order 1/A (they are
3/A and 3/(2A) respectively). Thus at large enough A, the curve (3.27) should

still accurately describe the location of the transition. We found even A = 2.5

works reasonably well, cf. Fig. 3.6.

A.2 The quantum Ashkin-Teller model
A.2.1 Mapping to the XXZ chain

The Ashkin-Teller model describes two Ising models on the same lattice coupled
across each of the bonds. The quantum Hamiltonian is built from two sets of Pauli
matrices acting on each site of the chain. We include a symmetry interchanging

the two chains, so the Hamiltonian is

L

Hix = =3 (05070 + 807 + T30 + 875 = D030 a7 + B070%,1) ).
j=1
(A.9)
The ensuing D4 symmetry generators include both spin-flip symmetries
L L
FJ:HU;F, FT:HT;C, (A.10)
j=1 j=1

along with chain exchange. At the self-dual point =1, the Hamiltonian (A.9)

can be split up as

2L
Har ==Y _ (Sk+ AP, , (A.11)
k=1
where the 2L operators
Sy =14, S = ot + 7).

_ 1 T _x . 1 LRz Z, .z
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satisfy the same algebra (3.9) as the local terms (3.8) in the XXZ chain.

Since their generators obey the same algebra, we expect that there exists a non-
invertible duality between the Ashkin-Teller and XXZ chains. This duality is found
by orbifolding a 4-state height-model version of the 6-vertex model with 2L sites
[84]. The height model has four heights h; € {1,2,3,4} on each site j =1,...,2L
that obey the constraint h;y1 = h; £ 1. The two domain walls between adjacent
heights correspond to the XXZ degrees of freedom. Orbifolding by the Z, symmetry
2 <> 4 in the height model yields the Ashkin-Teller model:

4 3 3’ 3
. orbifold ><2 (A.12)
1 2 1 1’

The Ashkin-Teller adjacency diagram requires that every state s; € {1,1/,3,3'}
is adjacent to a state sj;; = 2. Hence effectively, the sublattice with the sy; =
2 states can be neglected, and the Ashkin-Teller model can be defined on the
sublattice sq;11 € {1,1’,3,3'}. The states 1, 1’, 3, 3’ are identified with the o7,

7% eigenstates in the quantum model:

1 [0),[0)., 1 — (1) ]1).,
(A.13)
3 10), 1), 3 —[1),]0). .

This orbifold mapping from XXZ to Ashkin-Teller is equivalent to applying
Kramers-Wannier duality to one sublattice [89]. The map then can be written as

a matrix-product operator, with weights given by

2 S &€ {17 1/}
T | = 27/ (—1) om0,
h € {72:21}”1
(A.14)
2 S € {3a3/}
T s
h € {72,71}773

It is useful to consider the combinations |£), and |+), which are simultaneous



A. Rydberg-blockade ladder appendiz 111

3 X T Z 2.
eigenstates of o077 and o;7;

1
1) = —7%(10),10), £ 1), 1), ),
ﬂ( ) (A.15)

1
s = (10, 11, £11), 10}, ).
Knowing three successive heights (h;_1, h;, hj+1) in the 4-state height model gives

the state s; in the quantum Ashkin-Teller model via

{IBAB),[DAD)} = [+),, {|BCB),|DCD)} = |+);,
{IBAD),|DAB)} = [=),, {|BCD),[DCB)} = |=);.

When § # 1, applying the Kramers-Wannier transformation to the 7 spins
in the Ashkin-Teller model, followed by applying it to both ¢ and 7 spins yields
the staggered XXZ chain [89],

L
H:Z(l—i-(—l)j) (a 0j Folol, + Adio ]+1) (A.16)

j=1
A.2.2 Non-invertible symmetries

We expect that as in the Rydberg ladder, the square of the U(1) charge of the
XXZ height model can be mapped to the Ashkin-Teller model. We find this

non-invertible charge to be

QAT:l 1+ F,F; if( k+1H( 0T - (A.17)

7=1k=0

N}

The charge Qar is non-vanishing only in half the Hilbert space, as F, F,Qar = Qar.
Applying Kramers-Wannier duality to both ¢ and 7 spins gives rise to a duality
under which f — 1/8. This is reminiscent of the w — —w, t — —t duality

in the Rydberg ladder.

A.2.3 Ground states and symmetry breaking

In the limit A — —oo, the two ground states of (A.9) have eigenvalue —1 under

T Z 2 y
oiti and ojo% 7777, for all j, and so are

|—1 —3 1 —3...>, ’—3 —1 —3 —1> (A18>
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These states are exact eigenstates of the Hamiltonian, and so they persist for any

finite A < —1. They spontaneously break Z, translation symmetry, and they have

the maximal charge Qar = L under the non-invertible U(1) symmetry (A.17).
For A — oo, the two ground states of (A.9) instead have eigenvalue 1 under

these operators, and so are

|[4+1 41+ 410, |[Hstststs..). (A.19)

These two ground states are mixed by the symmetry generators F,, and F,, and
so the D, symmetry is thus spontaneously broken in this phase. Translation

symmetry, however, is preserved.

A.2.4 Field theory of the quantum Ashkin-Teller chain

To understand the transition between the D4-broken phase and the Zs-broken
phases here, we study the effective field theory outside of the critical regime.
Using the mapping to the staggered XXZ chain, this field theory can be derived
with the Coulomb-gas approach [89]. We here restate these results in the CFT
language. The critical regime of the Ashkin-Teller model is described by a free-
boson orbifold CFT with radius [214]

2

A = —cos (i), (A.20)
which is twice the radius of the corresponding XXZ chain. In the region near
its critical line, the effective field theory describing the continuum limit of the
Ashkin-Teller chain in the region near the critical line can be written as a perturbed
CFT. The only operators invariant under both translation and the non-invertible

U(1) symmetry are Cpa,, so the resulting effective Hamiltonian is

HCFT + /dx ()\10072(36) + )\200}4(26)). (A21>

The critical line extends into a critical fan when both perturbations are irrelevant,
as with our Rydberg-blockade ladder. Here that occurs when 2 < 1/2 (A < —1//2).
At larger values of A, 1/2 < 12 < 2 (—1/4/2 < A < 1), the operator Cy is relevant
and the model is critical only at #= 1. At r*=2 (A =1), the operator Cp4 with

scaling dimension 4/r? becomes relevant and drives a KT transition.
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B.1 Unitary mapping of the J,—J. chain to the
Ising anyon chain with twisted boundary
conditions

Here we work out the unitary transformation described in (4.14), (4.12), (4.13) for

the Ising input category. The terms in the J,—J, chain have the form

Fklm Fk‘l m r mno
—Jy F.Ztﬁ/ﬁ_bjz ...... E ......

so the Hamiltonian for a L = 4 chain is
H=—-JY\ Xy — J. 275 — J,) Y3 X4 — J,Z47;. (B.1)

The Hamiltonian (B.1) shares the same bond algebra as the periodic L = 2 Ising
chain,

HS™ — X\ + 7,7y + Xo + Zo 74,

and so has the same spectrum. Note, however that it acts on four qubits, and
so each level must have degeneracies. Indeed, the Ising chain has no symmetries
beyond the usual spin-flip symmetry generated by X; Xs. The one-form symmetries

of (B.1) yield three Zs conserved charges, namely 7, 7,, Z37Z, and Y1 X5Y3X}.
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We apply the unitary transformation (4.12) to move one of the additional
o-legs to the right:

Iy I's UFQF?’:[FgW]FzF’Q . . . .
B EEEEY S N v l

The Hamiltonian (B.1) therefore transforms to

1
UQHU; = Jy}/iZQ + JzX2Z3 + JyYE;le -+ JZZ421 with U2 = ﬁ (1 _11> (B2>

where here and below the matrices are written in the Z-diagonal basis on the

corresponding site(s). The same o-leg is moved to the right once more,
rl F3 UFQFSZ[F520F3]JU\ . .
17T 17 1 1T

This transforms the Hamiltonian (B.2) to

1

UpsUs HUUYy = J, Y1 Zo+ T, Xo4J, ZoYs Xy+J. 2471 with Uyg = L )
—1
(B.3)

Next, the other o-leg is moved to the right,

T, Iy Uryry=[Fs ' ?loo RS2 (REG) ™! R S
B e BREe |
transforming the Hamiltonian (B.3) to
UisUnsUp HUSURUY, = J, X0 + L20Ys + 1y 2oYs X + 1. 247
1
i (B.4)

with Uy = €™/8
1
This o-leg is moved to the right once more,
Iy I; Uryry =IF577 Iy R (RET) ™! | |
B AR T

The transforms the Hamiltonian (4.13) to

UsUroUns Uy HUSUS, UL US = J, X + J. 20 Zo + J,YaYs Xy + ZuZy

. ; B.5
with Uy = &'™/® C i) ) (B5)
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The spectrum of course remains the same as that of the L =2 Ising chain, and the
three Zs symmetries are generated by Y3, Z57,, and X;X5Y,. As demonstrated in

the main text, the extras are the remnants of the plaquette 1-form symmetries.

B.2 Derivation of the Ising fusion surface model

In the Ising category, the quantum dimensions of the objects are d; = dy = 1 and

d, = v/2 and the non-trivial F-symbols and R-symbols are

I (1 1
olo _ 1ol _ ooo _
Fr e = [ = -1 7 = (1 )
—im 3mi

R'=—1,R"=RI'=—i,Rl"=¢5 ,R)" =¢5 .
The z-link term in the Hamiltonian (4.18) can be evaluated by fusing the 1-line

to the horizontal edge, using F-moves, and removing bubbles:

Fklm FT”P(] Fk’,lm Fm,pq

......... : — m :[ngl;n]w[pgi;]w m

In operator form, this is

z I
Hklm,mpq - Zklm Zmpq :

The x-link term can be evaluated similarly,

[l‘iﬂ; + 1o

IT[{,’/HJ + ]}2 - (Rgl)_l |:F[%:Il:l7m+1]2:|go'

Here [-]2 denotes addition modulo 2, and only the non-trivial F-symbols are written

down. As an operator,

. .
Hip vim = 1 ZkimXkimXijk = —Yiam Xijk-

)

Analogous to the x-link term, the y-link term yields




B. Fusion surface models appendix 116

In operator form,

HYy oo = (=) Ziji Xijn X jno = Yijk Xjno-

ijk,jno
The entire Hamiltonian is then

H=- JJ: Z (_Y;)Xa) - Jy Z Y;zXc - Jz Z ZbZd7

b,a€x-link a,c€y-link b,dez-link
with the vertices of the honeycomb lattice now labeled by single letters a, b, ... for

brevity.

B.3 Square lattice Z3; model in the fusion category
framework

The Zs symmetric lattice model studied in [131] is believed to realize chiral
parafermion topological order Zs X Fib in its triangular lattice limit. In terms

of lattice parafermions, it can be expressed as

H = Z Hld + ZH1$£+1 , with Hld = —13 Z (CUOéR]J[HOAégL] + h.c. ) and

an’ig“) =-> (tlwa(Ln])Toz%jl) +t wa(Ln])Tagjli + h.c.) )
’ (B.6)
The 1d Hamiltonians are decoupled Potts models, and their lattice parafermions are
known in the fusion category framework, cf. (4.32). The complex phases in (B.6)
are necessary to have charge conjugation symmetry. The triangular lattice limit
corresponds to choosing t; = t5 in (B.6), so that the field theory expansion of the
inter-chain coupling only contains the parafermion operator ¢ f1, cf. (4.35). Writing
down the Hamiltonian (B.6) in operator form requires choosing a parafermion
path. We take the same path that was used for the numerical simulations in [131],
depicted in Fig. 20 in [131], and also fix L, = 4 and open boundary conditions
in the y-direction. With the parafermion definitions in [131], one unit cell of the
Hamiltonian (B.6) can then be written as
H=t (7’1 + 0'20';{ + 7'2) + 1o (O’lTQO'g + JQT2T§0§ + ongaD

+i3 (walﬁTgag + wzangTgag -+ wangTgal —+ WQUQTQTIUD + h.c.

(B.7)
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Using the graphical expressions (4.32) for the parafermions, the unit cell Hamiltonian

i
Il )

So the Hamiltonian ( can be regarded as an anyon chain with long range

— tgw

interactions. Unlike the fusion surface models, such anyon chain models do not
have conserved plaquette operators. An anyon chain model very similar to (B.6)

but with coupling

wz(amylﬁz”uhc)mwzw W + e

corresponding to the parafermion coupling (4.34) has the same energies as the Z;

fusion surface model (4.26) (but smaller degeneracies).

B.4 Details on the DMRG simulations of the Z;
models

We use Tenpy [134, 135] for infinite DMRG simulations on the cylinder. Before
computing the entanglement spectra of the Zz honeycomb model (4.30), we re-
produce the entanglement spectra of the Zs square lattice model (B.7) studied in
[131] to ensure that our numerical methods are reliable. For the square lattice
model (B.7), the DMRG unit cell is L, = 2 and Z3 symmetry is conserved in the
simulation (note that the conservation of energies can influence which entanglement
energies appear in the spectrum [215]). The results are shown in Fig. B.2 for (i)
ts = 1 and (ii) t3 = —1, both with different ¢; = t5. While the values of the
entanglement energies vary with ¢; = t5, their degeneracies remain the same. When
ts = 1, the degeneracy pattern (1,2,2,1,...) is consistent with chiral parafermion

order, see (4.38). When t3 = —1, the pattern (1,2,1,4,...) is consistent with
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Figure B.1: The geometry of the MPS used in our Tenpy infinite DMRG simulations
for L, =3 and L, = 2. The entanglement spectra are computed across bond 0 (dashed
green line) and across bond 1 (dotted violet line) for even and odd L, respectively.

chiral U(1)g topological order. The presence of chiral U(1)s topological order is not
surprising because the square lattice model with negative t3 reduces to decoupled
antiferromagnetic Potts models described by the U(1)¢ CFT when ¢; =t; = 0. In
the chiral U(1)g phase, there are two ground states with different entanglement
energies [131], so randomizing the initial state is essential to find the ground state

that gives rise to the (1,2,1,4,...) pattern.

(i) t3 =1 (i) t3 = —1
4 ®
UUUUSO 4 UUEE
5 UOO“ S '
| 2 wme ) 9855
s % et1 =02 G ¢ ot; = —0.05
ve ot; = 0.5 T ot =—0.2
OF ® to=1. Op = t=—0.6
1 1 1 1 1 1
0 5 10 0 5 10
1 1

Figure B.2: Entanglement energies ¢; of the Z3z square lattice model (B.7) with (i) t3 =1
(chiral parafermion phase) and (ii) t3 = —1 (chiral U(1)g phase) and different t; = t2 on
an infinite cylinder with bond dimension D = 400.

Next we simulate the the Zs honeycomb model and choose a unit cell of L, =3
following [95]. First we checked that the fusion surface models (4.29) with N = 3,
p =1 and p = 2 have the same energies and entanglement spectrum as the model
(4.30) on an infinite cylinder (albeit having slightly different finite-size energies).
Therefore we focus on the Hamiltonian (4.30) in subsequent simulations. Its
entanglement spectrum at the isotropic point is shown in Fig. 4.3, and it shows the

(1,2,2,1,...) degeneracies characteristic of chiral parafermion topological order. On
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the L, = 2 and L, = 4 cylinder, the entanglement cut is across bond 0, which is the
canonical choice, but on the L, = 3 cylinder, the cut goes across bond 1 in order to
recover the same degeneracies, see Fig. B.1. This is probably due to an even vs. odd
effect of the honeycomb model on an infinite cylinder. The entanglement spectra
for L, =3, J, = J, = 1 and different J, are shown in Fig. B.3(i). Also, we show
the entanglement spectra for L, = 4 and J, = J, = —1 in Fig. B.3(ii) and observe

that the degeneracies follow the (1,2,1,4,...) pattern expected for U(1)g (though

U(1)12 has very similar degeneracies (1,2,1,2,2,...) and cannot be ruled out).
() J, =J. =1 () J, = J. = —1
6 —
000000000000 o sl
ns 4t
S OOOOO0eeeeee®®®®®® o JUNSp—
I [TTYITY | L)
c2t G2k
s *Ja =02 ¢ Jo=04
oJ, = 0.7 o . =—0.4
O oem =1 OF e»
1 1 1 1 1 1 1
0 10 20 0 10 20 30

(3 2

Figure B.3: Entanglement energies ¢; of the Zs honeycomb model (4.30) with (i)
Jy = J, =1 (likely chiral parafermion phase), D = 800, L, = 3 and the entanglement cut
across bond 1, (ii) J, = J, = —1 (likely chiral U(1)s), D = 1000, L, = 4, entanglement
cut across bond 0.

B.5 Derivation of the Fibonacci fusion surface
model

To derive the Hamiltonian explicitly, we use the F-symbols and R-symbols of

the Fibonacci category,

TTT (b_l ¢_1/2 Trr\—1 TT —47i/5 TT 3mi/5
= ¢_1/2 —¢1 =), BT =e , R =e , dr = 9,

where ¢ = (1 + +/5)/2 is the golden ratio. In addition, we define the following

matrix operators in the {1,7} basis,

. (01 (o0 . {10y _ (o1 . (oo
T 1 o0) " o 1) " Noo)? T\oo)? T\1 o)
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The z-link term of the Fibonacci fusion surface model (4.39) can be depicted as

a b ¢ | dy v /
_ Fb T’T' FTTb 7' , d B.
T o ; dbd‘r Z ¢ ’ ( 8)
Here we denote the degrees of freedom by single arabic letters a, b, ...instead of

I';, Ty as previously to avoid cluttering notation. Evaluating the above fusion
diagram using the F-symbls and R-symbols of the Fibonacci category shows that

the z-link term acting on the constrained Hilbert space is equal to
H* =" *n,mpie — ¢~V (Ranpne + nanpite) + nane(of + ¢~ ny). (B.9)

Up to an additive and a multiplicative constant, the z-link Hamiltonian (B.9) is
the same as the golden chain Hamiltonian [18]. The x-link Hamiltonian can

be depicted as

e L dydedgd
C b’,c’,d/,f’ x bUcld f
g |I" /e
CT | * T ' re cr s ! o ,
- b /Zd/f/<RC/) [Fa b]Tb, [Fd ]bcl [Fb’ d]C'd' [Fed f]df’ [Fgf ]fT\/a d b a
7C7 b C

(B.10)
Here the factors from bubble removal essentially cancel the factors from fusing
the 7-line to the lattice. The Hamiltonian is diagonal in a, ¢, e and g, and so
decomposes into separate blocks for fixed a,c, e, g. We will use the identities

R+ R7¢™ = —1, RT+Ry7¢™" = Ry, (Ri— R,)¢™' =
When we fix ¢ = e = 1 in (B.10), it is enforced that b = d = f and so we
recover the z-link Hamiltonian (B.9).
neneH" =ngn, (af + §b73/2nb) + qbl/Zﬁaﬁgnb — /2 (Nang + NaTig) M.
When ¢ = 1 and e = 7 in (B.10), it is enforced that b = d, and we get the Hamiltonian
nene H* = — ¢’1/2ﬁaﬁgnbnf + Ngngnp (af + ¢73/2nf) + Nggny (af + ¢73/2nb)

+ ngnyg (gb 1/2 (Ub oy + o, af) ot (a;fnf + nmjf) - ¢_5/2nbnf)
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For ¢ = 7 and e = 1, it is enforced that d = f, and the Hamiltonian is
nn.H* = — ¢_1/2ﬁaﬁgnbnd + Ngng (RTnbaj + Rinyoy, + ¢_3/2nbnd)
+ Nty (RTUb_nd + R:U;“nd + ¢_3/2nbnd>
+ nang (ngb_l/?ab_cr; + Ri¢ Y20 o] — Rip o) ng + moy)
— R,¢ (0 ng +mpo)) — ¢_5/2nbnd>.
Lastly, the Hamiltonian for ¢ = e = 7 is
nened =ngnyg (RTU;'_ + Rio, + ¢_3/2nd) npny + ﬁang< Lot nbad or
+ Riéil/anO’JU}_ — gﬁ*lnbndo? - (f)fS/QTandTZf - RTgf)f O'd npny — Ri(ﬁfla;nbnf)
+ ngflg (quS_l/QJ;crjnf + Ri¢™ 1/2% o;ng— ¢ 5/2 npNgN
— Re¢ Moy ng +mpol)ny — Rig™ (o) ng + nba;)nf) + nang (R}‘(b*la;agajf
+ R1¢_1ab_(7:[a]7 + qb_znbndaf + ¢_7/2nbndnf + Ri¢p™ 1/2(01) Uf + Ub or 2 )ng
+ ngb_l/Q(aljaj? + oy, 07 )ng + R~ (o) g + npoy )ng
+ RT¢_2(0;nd +npof )ng — R*¢_3/20;r0; — ]%1q[>_3/2agc;'+
—R*¢3/2_+ T¢3/+ )
It can be checked numerically that the x-link Hamiltonian has the same eigenvalues

as the z-link Hamiltonian, but larger degeneracies. Finally, the y-link Hamiltonian is

NI dyddyd !
o b’ el gl b f1 !
@ b g = 2\ dddodgd, —
. v, df zWbclbdt f
-
e\ /'g

= 3 RIVIE N Fow IR i [FL ™ pa () e/ de 0 1
b/,CI7d/,f/

(B.11)
As discussed in Section 4.6, y-link and x-link are related by combined parity
symmetry and time-reversal acting as complex conjugation. This implies that the
matrix elements of the y-link Hamiltonian are equal to the complex conjugated

matrix elements of the x-link Hamiltonian,

Y _ x *
Habcdefg - ( abcdefg) :
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