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ABSTRACT

In recent years, a large number of black holes have been presented as can-
didates for an evasion of the “no-hair” conjecture. These examples typically
have two features: a non-Abelian gauge field and instability. A large part
of this thesis is devoted to a detailed study of the Einstein-Yang-Mills-Higgs
(EYMH) black holes, including the analytic proof of the evasion of the “no-
hair” theorem in this case and proving that the black holes are unstable. We
also consider an example of a “hairy” black hole not involving a non-Abelian
gauge field, which arises in a higher derivative model of gravity derived from
string theory, and prove analytically how the “no-hair” theorem is evaded.

The rest of this thesis is concerned with the thermodynamics and quan-
tum field theory of these black holes. In a first order approximation to the
unknown theory of quantum gravity, we calculate the entropy of the “hairy”
black holes. This turns out to be divergent, and parts of the divergences
are attributed to the effect of hair on information loss processes occurring
as the black hole evolves in time. We pursue this idea further by making a
preliminary estimate of the magnitude of the quantum de-coherence effects
on the state of the quantum field as time proceeds. These processes may be
of interest phenomenologically in the future.

The extension of the theory to non-static geometries is also discussed, by
describing the results of bringing rotation into the picture. We prove that
the Hartle-Hawking state is not regular everywhere outside the event horizon
of a Kerr black hole, with the result that quantum field theory on rotating
black hole space-times is more complicated than on static geometries.
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Introduction

The study of hairy black holes is a fairly new field, and is now of great interest due
to the plethora of such objects which have been discovered in recent years. In this
thesis we address two fundamental questions regarding hairy black holes.

1. Firstly, in what sense is the “no-hair” conjecture violated, and should it now
be abandoned?

2. Secondly, what are the physical consequences of the existence of hair?

We begin, in chapter 1, by reviewing critically the history and current status
of the “no-hair” conjecture. We also outline a recent modern “proof” of a no-hair
theorem [1], which applies to a restricted class of scalar field theories. This analysis
will be important for later considerations. In this chapter we introduce one of the
main, important ideas of the thesis, namely that since many of the examples of hairy
black holes are unstable, the “spirit” of the no-hair conjecture may be regarded as
intact, although its “letter” has been violated.

The hairy black holes known to date typically involve a non-Abelian Yang-Mills
gauge field coupled to gravity. In chapter 2 we begin our study of one such example,
the SU(2) Einstein-Yang-Mills-Higgs (EYMH) system. Black hole solutions of the
field equations were found numerically in [2], but otherwise this system has been
little studied to date. We review the field equations and the properties of these
numerical solutions, before proving analytically the evasion of the no-hair theorem
in this case [3]. This is important because it is the first analytical evidence for the
existence of these black holes, as well as providing some valuable physical insight.

One of the important, and previously unanswered, questions regarding the EYMH
black holes was whether or not they are stable. This is a particularly pertinent ques-
tion in the light of the discussion of chapter 1. We answer this question in chapter
3, showing that in fact the black holes are unstable [4]. The instabilities fall into
two types: gravitational and sphaleronic. The sphaleronic stabilities are topological
in nature, and are similar to those exhibited in the flat space “sphaleron”. The
analysis of this chapter uses various techniques: a variational method; analyticity
and continuity arguments; and an important application of catastrophe theory.

We address some of the deep issues inherent in question 2 in chapter 4. We
study the quantum field theory of a scalar field perturbation on the hairy black hole
space-times, and calculate the entropy and time-evolution of the density matrix
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describing the state of the field [3, 5]. The entropy is found to be divergent. Part
of this divergence cannot be absorbed into a renormalization of the gravitational
constant, and is attributed to information loss processes in the black hole, these
processes being affected by the presence of hair. Using the Gibbs formula for the
density matrix as a first approximation, and a new proposal for the definition of a
suitable time co-ordinate for the system, we find terms in the evolution equation
of the density matrix which do not correspond to the usual unitary evolution of
quantum mechanics.

In chapter 5 we discuss a string-inspired model of gravity which involves a higher
derivative Gauss-Bonnet curvature term. Even without a non-Abelian gauge field,
hairy black hole solutions exist in this model, and are described briefly. We also
prove analytically how the no-hair theorem is evaded in this situation, and draw
similarities between the mechanism here and in the EYMH case [6].

Up to this point, we have considered only spherically symmetric geometries.
We introduce rotation in chapter 6, and consider the Kerr space-time in order to
separate the effects of rotation explicitly, without having hair present to cloud the
picture. The quantum field theory on this background geometry is more complex
than in the static case, and we prove, using an important approach based on basic
physical principles rather than detailed calculations, that the Hartle-Hawking state
is pathological (7, §].

The appendices contain background material on catastrophe theory (appendix
A); the field equations for the string-inspired gravity model (appendix B); and some
background on the definition and properties of the standard vacua on Kerr space-
time (appendix C).

The greater part of the contents of this thesis is the author’s original work, and
has appeared in the following publications:

Chapter 3, sections 2.3 and 4.2 [3] N. E. Mavromatos and E. Winstanley As-
pects of hairy black holes in spontaneously broken Einstein-Yang-Mills sys-
tems: Stability analysis and entropy considerations Physical Review D53 3190

(1996)

Sections 3.2, 3.3 [4] E. Winstanley and N. E. Mavromatos Instability of hairy
black holes in spontaneously broken Einstein-Yang-Mills-Higgs systems Phys-
ics Letters B352 242 (1995).

Chapter 4, especially section 4.5 [5] J. Ellis, N. E. Mavromatos, D. V. Nano-
poulos and E. Winstanley Quantum de-coherence in a four-dimensional black
hole background submitted to Modern Physics Letters A (1996)

Chapter 5 [6] P. Kanti, N. E. Mavromatos, J. Rizos, K. Tamvakis and E. Win-
stanley Dilatonic black holes in higher curvature string gravity submitted to
Physical Review D (1996)



Chapter 6 [7] A. C. Ottewill and E. Winstanley General results on the renormal-
ized stress tensor in Kerr space-time (to appear)

Chapter 6 [8] E. Winstanley Quantum field theory in black hole space-times Un-
published dissertation. Oxford University (1993)

Chapter 1 and sections 2.1 and 2.2 contain review material, presented in a manner
differing from that currently available in the literature. The analysis of section 2.3
is original. Chapter 3 is original in its entirety, as is chapter 4, with the exception of
sections 4.1 and 4.4, which contain introductory discussions. The analysis of section
5.2 1s the author’s, although the black holes discussed in the rest of chapter 5 were
found numerically by Kanti, Tamvakis and Rizos. The work of chapter 6 is original,
apart from the introductory sections 6.1, 6.2.
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Notation and Conventions

In common with much of the literature, we use the sign conventions of Misner,
Thorne and Wheeler [9]; in particular the metric has signature (—,+,+,+). We
also use Planck units in which Gy = h = ¢ = kg = 1 throughout, with the
exception of sections 4.1.3, 4.3.2 and 4.4.3, where we have explicitly retained the
Newton constant Gy. Every attempt has been made to use standard notation
wherever possible. This means that occasionally the same symbol will denote two
different quantities, although we have sometimes strayed from standard notation
where confusion would otherwise result.
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Chapter 1

Status of the “No-Hair”
Conjecture

We begin by describing what is meant by “hair” and review critically the history
of the “no-hair” conjecture. We also discuss whether, in the context of the recent
discovery of “hairy” black holes, the no-hair conjecture should now be abandoned. It
should be stressed from the outset that this thesis is concerned with classical rather
than quantum hair [10]. Quantum hair is not covered by the “no-hair” conjecture,
and we shall not consider here the physical consequences of its existence [10].

1.1 What is hair?

The phrase “a black hole has no hair” was coined in the early 1970s by John Wheeler
[11]. He was referring to the remarkable simplicity of black hole solutions of gen-
eral relativity. Powerful mathematical theorems (see [12] for a review) had shown
that the only black hole solutions of Einstein-Maxwell theory are those of the Kerr-
Newman type, the geometry being characterized by just three quantities: mass,
angular momentum and charge. This led to the formulation of the following conjec-
ture:

Conjecture 1.1 (Israel-Carter conjecture) All exteriors of stationary, bare, sin-
gle black holes are of the Kerr-Newman type; they have associated with them no
independent properties other than mass, charge and angular momentum.

The term “bare” in the above conjecture does not imply that the black holes
are solutions of the vacuum Einstein equations (although the conjecture is true for
such black holes). However, it does exclude the possibility of having dust, radiation
or field sources outside the event horizon. This conjecture is now known as the
“no-hair” conjecture.

The motivation for the term “hair” is physical. All that remains visible of a
drowning victim is the hair, floating on the surface of the water, the rest of the
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body being submerged. According to the Israel-Carter conjecture, a particle which
vanishes down the event horizon of a black hole leaves no trace apart from its mass,
angular momentum, and charge. Thus the black hole has “no hair”. In the case of
a black hole formed by gravitational collapse, all other characterizing features must
etther disappear down the event horizon or be radiated away to infinity.

“Hair” is therefore any property of a black hole which violates the Israel-Carter
conjecture, and we shall focus here on classical, rather than quantum, hair. Hair
can be considered in two complementary ways.

1. Firstly, “hair” is thought of as additional structure outside the event horizon.
In other words, the geometry outside the event horizon does not coincide
with the Kerr-Newman geometry. The existence of hair of this type requires
parameters other than simply mass, angular momentum and charge in order
to characterize completely the space-time.

2. Secondly, “hair” refers to additional, conserved quantum numbers carried by

the black hole.

For Kerr-Newman black holes, the mass, angular momentum and charge act in both
these roles: knowledge of their values completely determines the geometry and they
are also conserved quantum numbers. For hairy black holes, the roles diverge a
little. For example, the EYMH black holes of chapter 2 possess additional structure
as described in (1) but no global charge.

For the remainder of this thesis we shall be concerned primarily with viewpoint
(1) and shall not focus attention on viewpoint (2), despite the considerable interest
in the literature, particularly in the context of non-critical string theory (see for
example [13, 14, 15, 16]). At this point we should stress that we are concerned only
with classical hair, i.e. solutions of the classical coupled Einstein and matter field
equations, rather than the quantum hair associated with string theory. This should
be borne in mind when it comes to the discussion of chapter 4.

1.2 History of the no-hair conjecture

The initial, affirmative, work on the no-hair conjecture was completed in the early
1970s, inspired by Wheeler’s original remark. The seminal paper from this era is that
of Bekenstein [17], who ruled out non-trivial hair of a scalar field ¢ having potential V
such that -‘Zl > 0. As in all such theorems, “trivial” field configurations are allowed,
i.e. solutions where ¢ = constant, and the geometry is that of Schwarzschild space-
time. Bekenstein’s theorem implies that black holes cannot be ascribed quantities
such as baryon or strangeness number, in accordance with our second notion of
“hair”. The remarkable thing about [17] is the simplicity of the argument, which
uses only the scalar field equation and the geometric properties of a black hole space-
time at the event horizon and at infinity. It does not require detailed analysis of
possible solutions or the Einstein equations.
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Bekenstein’s original theorem confirmed the Israel-Carter conjecture for scalar
and massive vector fields. This result, coupled with a similar one for neutrino fields
[11], led to a fairly widespread belief that the Israel-Carter conjecture was in fact
true for all physically relevant fields, and the subject went quiet.

The question of “hair” was re-opened in the late 1980s. Bizon [18] was attempting
to find a proof of the no-hair theorem for 5U(2) Einstein-Yang-Mills (EYM) systems
when Bartnik and McKinnon [19] announced their discovery of regular, particle-like
solutions of the theory. Such solitons do not exist in Einstein-Maxwell theory, or
indeed, in Yang-Mills theory in flat space [20], and Bizon investigated the possibility
of non-trivial black hole solutions in the SU(2) EYM theory. The “coloured” black
hole solutions he found were to be the first of many such violations of the no-hair
conjecture.

Bizon’s work triggered not only research into various hairy black hole solutions
and their properties (to which we return shortly) but also further efforts to prove
“no-hair” theorems and derive conditions for the existence of hair. Heusler and
Straumann [21] used general scaling arguments to derive conditions on the Lag-
rangian of a general field theory necessary for hair to exist. These conditions are,
of course, satisfied by the EYM Lagrangian. The theorems that have been proved
concentrate largely on various types of scalar field theories. Sudarsky [22] used the
Einstein and field equations to extend the original result of [17] to scalar fields with
a positive semi-definite potential, i.e. V > 0. Bekenstein [1] extended his result even
further, proving that a scalar field with a very general Lagrangian, and minimally
coupled to gravity, cannot sustain non-trivial hair. In the next section we outline
his proof as it will be important for considerations in later chapters (see especially
sections 2.3 and 5.2).

The main assumption of [1] is that the matter field should satisfy the weak energy
condition, namely

1,8 > 0 (1.1)

for all time-like vectors £#. In other words, the energy density of matter measured
by an observer with four-velocity £* is positive. From this assumption, (1] uses a
physical argument based on the conservation of the stress-energy tensor.

The theorem, in common with much recent work, focuses on spherically sym-
metric geometries only. A notable exception is [23], where the authors found that
the inclusion of angular momentum into the picture made little difference as far
as classical hair is concerned. We shall discuss some of the subtleties involved in
working with rotating black holes in chapter 6, but shall otherwise be concerned
only with the spherically symmetric case. The technical simplification afforded by
this choice should not be underestimated, while the pertinent physics is unchanged.

We note, in passing, an interesting result due to Heusler [24], who considered
the dominant energy condition and strong energy condition. The dominant energy
condition states that for all future directed, time-like vectors £#, the vector

Ty (1.2)
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should be a future directed time-like or null vector. Physically this means that
the speed of the energy flow of matter seen by an observer should be less that the
speed of light. The dominant energy condition implies the weak energy condition
described above. The strong energy condition, despite its name, does not necessarily
imply either of the other two energy conditions. It states that, for all unit time-like
vectors £,

R4 > 0. (13)

Heusler proved that for spherically symmetric black holes having a time-like Killing
vector £, and coupled to matter which satisfies the dominant energy condition for
§ but violates the strong energy condition for ¢, only the Schwarzschild geometry is
possible. Thus hairy black holes must either satisfy both conditions or neither.

In fact, it is not necessarily the case that even the weak energy condition is
satisfied by physically relevant matter. For example, it will be violated for a scalar
field non-minimally coupled to gravity [25]. In this case, the proof of [1] is no longer
valid. This gap has been filled in (25, 26], so that no-hair theorems now exist for a
wide variety of non-minimally coupled scalar field theories.

1.3 “Modern” proof of a no-hair theorem

We now outline Bekenstein’s “modern” proof of the no-hair theorem for scalar fields
minimally coupled to gravity [1]. The analysis should be compared to that of sections
2.3 and 5.2 where we show how the no-hair theorem is evaded for the EYMH and
Gauss-Bonnet black holes. In this section we draw the reader’s attention to those
aspects of the analysis which break down in each of the hairy black hole cases we
shall consider later.

Consider for simplicity a single scalar field ¢ minimally coupled to gravity. The
theorem can easily be extended to a multiplet of scalar fields [1]. For our purposes,
a single scalar field will suffice. The action is

So= - [ &B.9)V=gd* (1.4)

where £ is a function and

B = g‘w¢;u¢;w (15)

We make no assumptions on the functional form of £, except that it does not
contain the curvature in any form, so that the coupling to gravity is minimal. This
assumption is valid for the EYMH black holes of chapter 2, but is violated in the
Gauss-Bonnet gravity case (chapter 5).

The energy-momentum tensor corresponding to the action (1.4) is

o0&
Tuu = —Egu,, + 2‘873'¢m¢w. (16)
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Consider an observer with a four-velocity U?, where
U U* = —1, (1.7)

so that the observer moves along a time-like world-line. The observer sees the
following energy density p

p = T,UU"

o€ 9
_ 9 @
= &£42 : (¢.,.U ). (1.8)

Suppose that the space-time possesses a time-like Killing vector (this will be the case
for a static black hole geometry), and furthermore that the observer moves along
this Killing vector. Then
¢, U" =0 (1.9)
and
p=2~E. (1.10)

Hence, in order for the observer to measure a positive energy density, it must be the
case that
£>0. (1.11)

This key condition (which is equivalent to the weak energy condition (see section
1.2)) is also violated in the Gauss-Bonnet case (section 5.2), but holds for the EYMH
black holes (section 2.3). Now consider a second observer, moving relative to the first
(Killing vector) observer, with a three-velocity v. In the instantaneous rest-frame
of the first observer, the four-velocity of the second observer has components

1
U= ——(1,0). 1.12)
Ty (
In the limit [v| — 1, the second term in (1.8) dominates the energy density p, and
in order for this quantity to be non-negative, we have

o8

oB —

In order to derive a contradiction, assume that there exists a self-consistent,
asymptotically flat solution of the coupled Einstein and scalar field equations rep-

resenting a static, spherically symmetric, black hole. Outside the (outermost) event
horizon r = r,, the metric takes the form

ds? = —et dt® + e*dr? 4+ r? (dl92 +sin* ¢ dcp2> (1.14)

0. (1.13)

where I" and A are functions of r alone. For a non-trivial scalar field, ¢ depends on
r only. The action (1.4) is invariant under co-ordinate transformations, and hence
the energy-momentum tensor is conserved:

v, T* = 0. (1.15)
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The r component of this equation reads

1 09
/=gl ap (1.16)

<\/TQT:)' ) or

where ’ denotes %. Since the space-time is static and spherically symmetric, Ty
must be diagonal, and further

T) =T¢. (1.17)
Equation (1.16) then becomes

(e3r+nr2r)’ = %e%W+AMﬁ P”]?-+/V]7‘+-£Tﬁ]. (1.18)
T
The terms containing A’ cancel to give

L

(62 7‘2T’")I = —ezlp? [F'Tf + ET;’] ) (1.19)
T

1
2
From the form (1.6) of the stress tensor and the symmetries of the geometry,

T} =T, = €, (1.20)

which will turn out not to hold for the two hairy black hole scenarios in chapters 2
and 5. Thus equation (1.19) simplifies down to

(e%FTQT:>/: (efFTQ) . (1.21)

The first step is to integrate (1.21) from the event horizon rj to a generic radius
r. At the horizon el = 0 and, further, physical invariants such as

2 2 2
ToT°? = (T}) + (T + (T3)" + (1) (1.22)
must be finite, otherwise the horizon will not be regular. Thus 77 and T} = —&
are finite at » = r,. This means that the boundary term at the horizon vanishes,
leaving .
T —_ 6_7 T 7
T/ (r) = — >, /rh (re ) Edr. (1.23)
Secondly, we may explicitly carry out the differentiation in (1.21) to give
=
NG
(T7) (1) = == (*F) (€ +1T). (1.24)

From the fundamental form of the stress tensor (1.6) we have

5-#T’—2'“§Z(¢)2 (1.25)
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We now consider the behaviour of the stress tensor in the two asymptotic regions
of the space-time. Firstly, near the event horizon, e’ must be positive. Since ef =0
at r = r;, the function r?e'/2 must grow with r sufficiently close to the horizon.
Since we already have that £ > 0 everywhere, it follows from (1.23) that 77 < 0 for
r sufficiently close to rj,. Similarly, since

0—8>0 1.26

from (1.25) we have TT + € > 0, giving (I7)' < 0 for r sufficiently close to the event
horizon.

At infinity, e/ — 1 and hence, from (1.24), we have that (77)’ < 0. In order to
assess the behaviour of 77 from (1.23), we first need to know how &£ behaves, and
for this we turn to the Einstein equations.

The relevant Einstein equations are

(1 AN 1 ) )
i (" - —;) -5 = 8Ty = —snE, (1.27)
1 1
—A = r
e (ﬁ + 7) -2 = SnT]. (1.28)

The first of these equations, (1.27), can be integrated immediately to give

t) r
eh=1- 2Mp _ 8—7E/ Ertdr (1.29)
T Jra

T

where Mg is a constant of integration. Imposing the condition ed — oo at the event
horizon r = r}, fixes Mp as
2Mp =1y, (1.30)

so that it can be interpreted as the “bare” mass of the black hole. Asymptotic
flatness of the space-time implies that & ~ O(r™) as r — oo, so that et — 1.

The consequence of this for 77 is that the integral in (1.23) converges and |T7| ~
O(r~%) as r — co. Since (T7)' < 0 as r — oo, it must be the case that 77 is positive
and decreasing at infinity. From our earlier analysis, T is negative and decreasing
close to the horizon. Thus, there is some interval [r,,r3] on which (T7)" > 0, with
TT changing sign from negative to positive at r., where r, < 1. <715,

This conclusion is incompatible with the Einstein equations. Equation (1.27)
implies that ¢ > 1 everywhere outside the event horizon. The second Einstein
equation can be rewritten as

L
e 2

(egrz)l = [47rrT: + —] et + —

rl

2
> 4nrTret + - (1.31)
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In the interval [r.,r,], from above, 17 > 0 which implies that

r
= (e57) 2 0 (1.32)
in this interval also. Then, from equation (1.24), we have (T7) < 0 in the interval
[re,75]. However, we have already observed that (I7)" > 0 in the larger interval
[ra,7s]. Thus we have a contradiction, unless £ = 0 everywhere outside the event
horizon, so that all components of the stress tensor vanish identically. In other
words, the scalar field ¢ is constant and

£(0,¢) = 0. (1.33)

There must be at least one such value for ¢ in order for a trivial solution of the scalar
field equation to exist in flat space, this solution forming the asymptotic boundary
conditions for the space-time. Since T,, = 0, the space-time is vacuum and must
therefore coincide with the Schwarzschild geometry.

1.4 Evading the no-hair conjecture

Bizon’s (18] discovery of hairy black holes in SU(2) Einstein-Yang-Mills theory has
led to a succession of other examples of hair being found. Most of these examples
have in common a non-Abelian gauge field. The non-Abelian nature of the field is
vital to the existence of hair. For example, in [17] the existence of hair for the Abelian
Proca field was ruled out, although non-Abelian Proca fields may possess hair [2).
This has been linked to the mathematical structure of the gauge group in [23], and
discussed from a more physical point of view in [2]. In section 2.3 we argue that the
gauge field repulsion balances the attraction of the gravitational field, allowing hair
to exist. A similar mechanism arises in theories of gravity involving a Gauss-Bonnet
term, which are discussed in chapter 5. This is one of the few examples of hairy
black holes not involving a Yang-Mills field, and the Gauss-Bonnet term plays a
similar role to the Yang-Mills field strength in the analysis of that chapter.

However, the vast majority of the hairy black holes in the literature contain an
SU(2) gauge field, either on its own, as in the case of coloured black holes (either
with [27] or without [18] a cosmological constant) and the Proca [2] or Einstein-
Skyrme system [28]; or coupled to another matter field, whether it be a Higgs [2]
or dilaton field [29]. Work has concentrated on SU/(2) theories, although similar
solutions exist in the SU(3) case [30]. Where the Yang-Mills field is coupled to an
additional field, the Yang-Mills field is essential for the existence of hair (there is
no Higgs hair without it). For this reason, the gauge field hair is known as primary
hair [10], since it exists independently of any other matter fields. The primary hair
acts as a source for the scalar field hair, which is therefore called secondary hair. It
is the primary hair which truly violates the no-hair conjecture, for without it there
would be no secondary hair.
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Note that, although these hairy black hole solutions are known only numer-
ically, their existence has been rigorously established [31, 32]. We shall present
analytical evidence for the existence of the EYMH and Gauss-Bonnet black holes
in, respectively, sections 2.3 and 5.2. However, their physical relevance depends to
some extent on their stability. The coloured black hole solutions have been shown
to be unstable gravitationally {20] (see chapter 3 for a full, technical explanation of
what this means) and also to possess topological instabilities [33], similar to those
found for the flat-space “sphaleron” [34, 35]. The Einstein-Yang-Mills-Higgs black
holes are shown to be unstable in a similar fashion in chapter 3, where we make
a full stability analysis. Some sort of topological instability seems to be typical of
the hairy black holes; a notable exception is the Einstein-Skyrme system, which has
been shown to be at least linearly stable [36]. This instability is not unexpected
if we return to our physical picture of the gauge and gravitational forces balancing
each other. If, say, the gauge field force were a little stronger, then all the energy
would be radiated to infinity, whereas if the gravitational field were a little stronger,
everything would be absorbed down the event horizon. Thus we would expect the
equilibrium solutions to be unstable.

What is the importance of hairy black holes, apart from proving a long-standing
conjecture wrong? In this thesis we focus primarily on the EYMH system, whose
physical relevance can hardly be doubted, since it forms part of the standard model
of particle physics. These black holes may be important in cosmological particle
creation processes [37], as is the case for the flat space sphaleron. It is beyond the
scope of the present work to address this interesting question further. However, hairy
black holes are important not only because they are physically realistic, but also
because they have profound implications for the deep issues involved in information
loss and quantum de-coherence. We shall discuss this topic in some detail in chapter
4. Here it suffices to say that hairy black holes may provide a window on the strange
effects of quantum gravity, and tell us something of how the final (unknown) theory
will behave.

Summary

In this chapter we have discussed the analytic proof of the no-hair conjecture for a
restricted class of scalar field theories. In later chapters we shall perform a similar
analysis to prove how the no-hair conjecture is evaded by the EYMH (chapter 2)
and higher-derivative gravity (chapter 5) models.

The existence of a large number of counter-examples to the no-hair conjecture
has introduced an additional consideration: stability. This is important because the
no-hair theorems refer only to existence, and make no mention of stability. The issue
will be one of the main foci of this thesis, and will be important when considering
the physical relevance of the black holes.



Chapter 2

The Einstein-Yang-Mills-Higgs
System

This chapter begins with a detailed review of the Einstein-Yang-Mills-Higgs system,
motivating the ansatz employed in [2] and describing the properties of the black
hole solutions found by [2]. This information will be useful in section 2.3 when we
study carefully the mechanism whereby these solutions evade the no-hair theorem
of [1]. As well as being important analytical support for the existence of the EYMH
black holes [3], the concepts in section 2.3 can be applied to other hairy black hole
systems, for example the higher curvature gravity black holes discussed in chapter

3.

2.1 Basic equations

We begin by deriving the general equations of the SU(2) EYMH system. Consider a
spherically symmetric (though not necessarily static) space-time. Qutside the event
horizon (or, in the case of more than one horizon, exterior to the outermost horizon)
the metric can be written in terms of Schwarzschild co-ordinates (t,r, 6, ) as [38]

ds® = —NS*dt? + N7'dr® + r*(d8® + sin® 6 dp?) (2.1)
where N and S are functions of ¢ and r only, and have the form
2 t
N(r,t) = 1- mi"’ )

S(r,t) = exp[—d(r,t)].

The existence of a regular event horizon at r = r, requires that
m(rp,t) = % and 5(rh,t) < o0, (2.2)
so that N(rs,t) = 0; and in order for the space-time to be asymptotically flat, we

also require that
§(r,t) =0 as r — 00 (2.3)

10
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namely, N(r,t), S(r,t) — 1 as r = oo. The most general spherically symmetric
gauge potential can be taken in the form [39)

gA = af.dt + b7 dr + [d7y — cT,)d0 + [cTy + d7,]sin O dp (2.4)

where a, b, ¢ and d are functions of ¢ and r alone, g is the gauge coupling and
(7, 79,7,) are given in terms of the Pauli matrices (71, 72, 73) as follows [2]:

T, =€, T = m7sinfcose + Tpsinfsinp + 73 cosh
Tg=€g+T = Tycosfcosp+ Tpcosfsing — 13sind
To =€, T = —T18i0p+ Tpco8p. (2.5)

Using the notation "= 0;, and ' = 0, the non-zero components of the SU(2) Yang-
Mills field strength are calculated using the expression [2]

F=dA+gANA (2.6)
that is,
F2, = 0,AL — 0,A% + geanc AL A (2.7)
giving
gF,, = (b—d)7,
gFe = [d+a(c—1)]f = (¢ - ad)F,
gFi, = (¢—ad)fpsind + [d+ a(c—1)]7,sinb
gFe = [d +b(c—1)]7 — (' = bd)7,
gF., = (¢ —bd)Tgsin + [d + b(c — 1)]7,sinb
gFs, = (c2 —2c+ dz)ﬂ sin 6. (2.8)

The most general complex doublet Higgs field may be parametrized as [2]

_ bty
q>_\/§< d)_i%) (2.9)

where three of the degrees of freedom have been grouped together in the vector 1.
A suitable spherically symmetric ansatz is to take

b = o(r,t) and Y = YP(r, t)e,. (2.10)

The coupled EYMH system is described by the Lagrangian [2] (note that we
explicitly gauge-fix the potential A (see section 2.2.1) and hence do not include a
gauge-fixing term in the Lagrangian)

1 [1 2 Lo
Legvmr = —- ZIFIQ + %‘(¢2 + )AL + 59 [0,80,6 + (0.%) - (9,9)]

Vera(@ + W)+ 50" Au b x 0+ 90 = 08| (211
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where \
Veymn(¢7) = 7(6" = v?)’ (2.12)

1s the Higgs potential, with v the vacuum expectation value (v.e.v.) of the Higgs

field; and

I

|F|2 Fa Fuu

urvs a

— 2 b "2 4 j 2 : 2

= —33( —a') T N2 [(d—a-l-ac) +(c—ad)]

4N |, , 2
+— (@ = b+ be)* + (¢ — b)) + (e —2c 4 &)

|AI? = AL AL

— a2 +b2N 2 2 d2

L T aletd)
WP = payp® =7
06" = ¢""0.40,¢

1 . ,

= et TN
|a,¢12 — guu ud)aaud’a

— 1 2 12 3 12

= —yg? TN+ (2.13)

using the ansatz (2.4) and (2.10). Here, and throughout this section, lower-case
Greek letters denote space-time indices, whilst lower-case Roman letters (a, b, ¢,
etc) denote SU(2) indices. Variation of the full action

SEyMH = /»CEYMH\/ — det g, d*z (2.14)

gives the stress-energy tensor

wy- v
420,60, — Guu|09|° + 20,400 — 6, |0VY|* — 29, VEy mu(¢® + |¥]?)
+g AL - (e PPOYC + Y 0,¢ — $O,1b°)
g AL (P PPOY° + Y 0ud — $0,Y°)
— GG, AP - (€PP° O + Dy — $O,U°). (2.15)

The stress-energy tensor forms the right-hand-side of the Einstein field equations

1 1 4 ra
STTTW, = 2F. F)7 — 5QWIF|2 + 292(¢2 + l’(,b[Q)(QA#AU - gW|A|2)

1
Guv = R = 59 R = 87T, (2.16)
The relevant components of the Einstein tensor are [40]
NS?
Gtt = 2 m

r2
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N  2m
R A
2m' 25
G, = “W+§. (2.17)

The relevant components of the stress-energy tensor are, for the spherically sym-

metric ansatz outlined above (2.4, 2.10),

87Ty = %(E—a')2+g2%{[a;+a(c—1)]2+(c'—ad)2}

NS , NS?
i {ld +bc~ I + (¢~ bd} + 5

g*rt
+i(¢2 +¢?) [az + N25%p? 4+ 2:“[25—2(3 + dQ)} + (8 +4?)

+

(¢ —2c+ d*)?

202 12 ”2 2N52 2 2 2 2
+N2SH P 4 o )+—TQ—¢ + 2N S Vey mu(9® + %)

. NS?
Fa(wd - o) + NS o' - gu) - Dy (2.18)

$1T = ——{[d+ alc — D)[d' + ble—1)] + (¢ — ad)(c' b))}
gT

+30DE7 + 4 + 2066 +4) + (i — 66) + Wi - ) (2.19)
1 2

2 {ld +b(e = 1) + (' - bd)?} —

927'2

1 2
+Z(¢2 +17) [

SiT, = (b—a') + {ld+atc= 1) + (¢ - ad)?}

1
g2r4N(62 —2c+ d*)?
2

a +b2__2_(c2+d‘2)}+

+

1
N2S2

N25? N2 (& +97)

+(P? + %) — 'NQ_rzd’? - %VEYMH(¢2 + %)
+aga(Vd — d) + o' - 8u') — Sy (220)
Substituting in the Einstein equations (2.16), we obtain
m = NH
m' = %[NG + 7% py]

g = 9 (2.21)

where
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r? 1

5 ( ST + 87rT,,)
N
5

Il

Do 87|'Ttt 87TTrr> (222)

(7
so that

H = % {ld+ ale— ]I + ble = 1)) + (¢ - ad)(c' - bd)}
£ ab(¢? +07) + 17 (G + ) + f,}aw — ¢) + gz-b(ws' - ) (2.23)

G = +gzN2—252{[d+a(c_1)]2+(e—ad)2}+3{[d'+b(c_1)]2+(c'—bd)2}

7"2 2 2 12 I
+ (@ + 97 [Nm+b] N252(¢2+¢)+r2(¢ +97%)

2

N2 Q2 (¥ (f’ ¢¢) + bri (e — ¢Y') — 2ddyp (2.24)

_ 1 o2, L 2e , Lo 2y 2, 12
pe = 9252(b a’) +92r4(c 2¢+ d°) +27‘2(¢ +¢°)(c” + d%)

2 :
+T—2’¢’2 + 2Veymu (9 + ¥7). (2.25)

Varying Leyarg (2.11) with respect to A%, ¢ and 9 leads to the Yang-Mills and
Higgs field equations:

1
0 = ViF 4 gl AL - g AU + [WI7)
1
599" [P0 + 0 0ub — 60,0°] (2
1
0 = 0¢— ;o' |APG - A§(¢ + [y = o)

8]
3]
(@]
S

1 1
+59VulAgY) + 59450,9" (2.27)
1 1
0 = O =~ SgVau(Aie) + 59V W (AfY°)
1 1
=79 AP = AP+ [9* = v*) — 594704 (2.28)

where O¢ = V,V*#¢ is the Laplacian. The Yang-Mills equations take the form

2 S’ b ' i(i)/_ mo__ 2 [d ( _1]
b= :@‘ﬁ(”“”sz “) - aygltteleml)
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s . 2N
V= gl g

2N 2
~ER0¢ + ) + L - o)
NSY ..
0 = —T§N2;3[d+a(c—l)]—r2;/52
1 ) NSY
—TQsta(c—ad) (r )

[d+a(c—1) + ad

2

15

(b= ) - —{le=Dld + b(c = 1)] - d(¢' - bd)}

(2.30)

2g [d' 4+ b(c—1)] + N[d"+b’(c—1)+bc]

N, d
(¢~ bd) = (¢ — 2+ &) — @d(dﬁ +9?) + ;’?@p (2.31)

0 = ) (i hg)- - L
r2NS? NS

NI (¢~ ad — ad) +
/ N " / 4 N U
(¢ = bd) + — (" = d = bd') — —b[d" + b(c — 1)]

(NS)
reS

—i(c2—‘)c+d2)(c—1)—i(¢2 2 92 2
4 - 4r2© -H/})_ﬁd}

r

+

whilst the Higgs equations are given by

1 [ (NS
- s[“zv—s}”[

1

(NS
NS

1
N52 _—_T(C +d2)J¢ /\Qb(ﬁsz‘l‘d’z )
+N5,2[9N5 ¢_§¢,_a¢}+ [b¢’+¢b+
_ e (NS (NS,
0 = NS2[ NS NS w]
a? Nb? 1
* [—wsz — g et —} v
1 NSY 1 :
NS [_ (QNS) a¢ + _d“b_‘"b]
bcb (NS)
‘>NS

l+N[¢”+ -’ +

PP+ 9P —0?) +

+d—f - %zb + N [lb'¢ + @b+ — bqﬁ}
r r 2

2.2 Static equilibrium solutions

ald+ a(c —1)]

dip

NS)

g b¢}2.33)

(2.34)

We now turn to static (equilibrium) solutions of the EYMH field equations, and see

how the field parametrizations (2.4) and (2.10) are simplified in thi
similar analysis was performed for the Einstein-Yang-Mills system in
discuss the behaviour of the black hole solutions of [2].

s situation. A

[20]. We then
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2.2.1 Field equations

For equilibrium field configurations, all variables are time-independent. In general,
the SU(2) gauge potential (2.4) possesses a residual gauge freedom [2]

A— RAR™ + %RdR“ (2.35)

under unitary transformations of the form
R = exp[j(r, t)7+] (2.36)

where j(r,t) is an arbitrary real function. Under this transformation, the potential
functions transform as

a— 0
b— 4
(c—1)cosj—dsing +1
dcosj+ (¢c—1)siny

(2.37)

QO o
Q., O O A

Hence we can set b = 0 without loss of generality for the static solutions [2]. With
this choice, the Yang-Mills equation for a (2.29) can be written in the form

d 2 2 2 2 2..2
i[5 = T Fs v e @] e

which can be integrated over the region exterior to the event horizon to give

r? . o [r? 2 24 2 2 927“2 2 2
T ’ — A4 - — - dr. 2.
[Saa}rh / [Sa +NS{(C D+ &+ T(@ gl dr (239)

The energy density of the field configuration is

¢ a” 2 24 24 2
—SrT! = ?S +g27N_S—2[(C_1) + d°]
2N ) 1 2 212 g’a® 2 2d¢y
+g~——2r2(01 +d )+—gﬂ_r4(c —2c+d%) +——4N52(¢ + 7)) — )

2
(P RN )+ N U V(S (240

Hence, in order for the energy density to be regular at the event horizon, it must be

the case that
a(ry) =0, a'(ry) < o0 (2.41)

whilst for finite total energy solutions we require

aa' ~O(r™®) as r — oo. (2.42)
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Thus the integral on the right-hand-side of (2.39) must vanish, which is only possible
if either

a =constant, c¢=1, d=0, ¢=0, =0 (2.43)
or a = 0. The first choice is only possible if the Higgs v.e.v. v = 0, otherwise the
energy will not be finite. In this case the solution reduces to the Reissner-Nordstrom
solution [40]. The second case corresponds to the t"Hooft-Polyakov ansatz [41) for
purely magnetic field configurations.

The Gauss constraint equation (2.30) reads

2N Ng?

“‘TQ—KC — I)d/ — dc'] — 5 (g[)qﬁ" _ dn[)') =0, (2.44)
that is,
d d T292¢2 d '(b
~1) = = — = 2.45
A= L-1J 2 dr [qs (243)
together with the equations for ¢ and d;
_N// (NS)// d29 Q_iz_ 2 2 !i
0 = ﬁd +—ST2—d—;;I(C—.,C+d) 47‘2d(¢ +’¢)+2r2¢¢
woy 2N, (NSY 2 de
0 = Ny +—T‘—1/ +T¢ ‘T—Z’l-i— —
—%ﬂ&+fy+§w~Aw&+¢ﬂ—wy (2.46)

Thus, following [2], we can consistently set ¥» = 0 and d = 0 for the equilibrium
solutions.
The remaining Yang-Mills and Higgs equations are then, respectively, [2]

N (NSY Vo2 9t )
= = f— (e =2)(c-1) - = 2.47
0 = Tzc + T c r4(c c)(c—1) 4r2¢ c ( )
2N, (NS) , .
0 = N¢"+ —¢'+ (—q—)d> ~ 530~ Ag(¢? —v?) (2.48)
and the Einstein equations reduce to [2]
1
m = ;[NG-{-rng] (2.49)
s = % (2.50)
r
- 8 o= S (2.51)
r
where
2¢'? ,
¢ = o+ (2.52)

(62 . 20)2 ¢QC2
g27‘4 D2

B[ >~

(¢ —v)7. (2.53)
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Finally in this section we rewrite the static field equations in terms of the variable
w = c¢— 1, setting g = 1 in anticipation of section 2.2.2 [2]:

N (NS

0 = Sw'+ s —%(w2—1)—4—2(1+w) (2.54)

0 = Ne'+ Dy s Wy Lpup per-v) 259)
, 2 1 1

m' = (1—Tm)< 50 ¢> (@~ 1) (2.56)

470+ +§r2<¢2—v2>2 (257)

8 = —%(Qw'z—{-r?qﬁ'?). (2.58)

2.2.2 Scaling behaviour

Without loss of generality, we may take the radius of the event horizon to be r, =1
(as in [2]) using the following transformation:

P W L) R TP T (2.59)
Th Th
dz) = (o), Hz) = d(rwa), (2.60)
N(z) = N(rpz), S(z) = S(rpz).
The field equations then take the form
Ndé 1 d, ..dé 1 gir? .
= —— S)—— — = (&* —2¢8)(6—1)— Z—Lg?e (261
0 x? dz? + ?sda:(N )d:v x“(c 2e)e—1) 4x2¢ ¢ (261)
~d*¢ oNdp 1d dp 1
= N—— 4+~ 4+ — —_ - Ar -1) (2.62
0 Nd:l:2 + z dz +5’a’ (NS)d:v 2z ¢ - h¢(¢ ) )
dé 1| 2 [dé , ((d
— = === — 2.63
dr z [gzrﬁ (da:) e (dx) } (263)
dm_N2d62+x2ﬁ2
dz 2 |g r? \dz - \dz
1 - A2 1‘2A2 )‘22‘2 232
+W(62 —2¢)°+ Zqﬁ ¢+ 77he (¢p° — v*) (2.64)
where
d d -
~N= 2.65
d:cN rhdrN ( )

and similarly for the other functions. These are identical with the original equations
(2.47-2.51) if we make the following identifications:

G=grn, A=AMi, b =u. (2.66)
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From here on we drop the " notation, and fix the gauge coupling constant ¢ = 1 and

the parameter A = 0.15, leaving the Higgs v.e.v. v free to vary. (See sections 2.2.8
and 3.6.4 for discussion on this choice of \.)

2.2.3 Analytic solutions
The Higgs equation (2.48) possesses two constant solutions for ¢:
¢=0 and ¢ = tv. (2.67)

In the case ¢ = v, the Yang-Mills equation (2.47) reduces to

1
4—2'020 = 0 (268)
T
which implies that
c=0. (2.69)
The metric functions then satisfy
§=0, mE]V[:%, (2.70)

giving a Schwarzschild black hole geometry. In the case ¢ = 0, equation (2.47) is
satisfied by
c=0,1,2, (2.71)

any of which lead to
§=0, (2.72)

T~ —T2”U4 (273)

so that the spacetime will not be asymptotically flat unless v = 0. In this case, ¢ = 0
everywhere and the solutions with ¢ = 0 or ¢ = 2 correspond to the Schwarzschild
metric (2.70), whilst that with ¢ = 1 is the Reissner-Nordstrém black hole (cf. [20]).

2.2.4 Global behaviour of the equilibrium solutions
As r — oo, the equation (2.48) for ¢ reduces to

Ap(¢?* —v?) = 0. (2.74)
Hence either ¢ = 0 or ¢ = tv. If ¢ =0, then (2.49) takes the form

m = 27%4 (2.75)
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which will not give an asymptotically flat solution unless v = 0. For non-zero v,
therefore, ¢ = +v. The local energy density of the system is given by

2 1 1 A
¢t _ ” ” 2 _ 922 2 2 2 _ .2
—-87TTt = FZ_NC + N¢ + T_4(C - ZC) + qu c” + §(¢ — v )2. (276)
In order to have finite total energy solutions, it is clear that

¢ — constant ¢ — constant as r — 0o (2.77)

and further that
¢ — Z$v asr— o0

c — 0 as r — oo. (2.78)

We rewrite the equilibrium Yang-Mills (2.47) and Higgs (2.48) equations in the
form {2]:

[NS(c=1)) = NS*+ %Sqﬁz(c - 1)+ :—zsc(c —2)(c—1)*  (2.79)
[NS¢'¢] = NSri¢” + %Sc%ﬁ? + AS@ P (¢? — vh). (2.80)
At the critical points of ¢, where ¢/ = 0, (2.79) gives
NSc'(c—1) = %¢25'(c —1)+ :—zsc(c —2)(c—1)? (2.81)
whilst at the critical points of ¢ we have, from (2.80),
NS@'s = SSE¢ + AS ¢ ). (2.52)

If |#%| > v?, then ¢" has the same sign as ¢ and hence || diverges away from [v].
Hence |$|* < v? for finite energy solutions. If we ignore temporarily the first term
in (2.82), then

¢ <0 (2.83)
indicating that ¢ oscillates about the value ¢ = 0, which is a solution of infinite
energy, unless the initial value of ¢ is large enough for ¢ — +v as ¢' — 0. The
gauge field coupling thus plays an important role in avoiding solutions of the field

equations with infinite energy [2].
Turning now to the Yang-Mills field, since ¢ ~ O(v) for r > 1, there are two
characteristic length scales. Firstly, for r 5 %, at the critical points of c,

NSe'(c—1) ~ :—QSC(C (e = 1) (2.84)

Hence, if ¢ < 0, then ¢” < 0, so that ¢ diverges away from 0. If ¢ > 2, then ¢’ > 0,
so that ¢ diverges away from 2. For r R 1, when ¢’ =0, we have

NS&'(c—1) ~ :—25¢2(c— 1) (2.85)



CHAPTER 2. THE EINSTEIN-YANG-MILLS-HIGGS SYSTEM

21

so that if ¢ < 0, then ¢” < 0 which gives an infinite energy solution, whereas if ¢ > 0,
then ¢” > 0, and ¢ diverges away from 0 also. Hence there can be no turning points
in this region. Thus we require 0 < ¢ < 2 for finite energy solutions. In this case,
¢ will oscillate about the value ¢ = 1 in the region r < 1 and we denote by k the
number of times the function ¢ crosses the line ¢ = 1, or alternatively, the number
of nodes of the function w = ¢ —1 [2].

2.2.5 Boundary conditions at infinity

Substituting the vacuum values ¢ = 0 and ¢ = v into the field equations, we obtain
the following asymptotic behaviour of the fields at infinity [2]:

m(r)

for constants w., and ¢, where /2y is the Higgs field mass, given by [2]

~ M- %¢N(\/§pr)re_2ﬂ“r

1
GO B

_z,

~ W € 2

~ v _+_ ¢Ooe_\/5#r

Vou = V2.

2.2.6 Boundary conditions at the event horizon

Here we use a Taylor series expansion for the variables [2]:

m

(r)
8(r) ~
(r)
(r)

-~

-~

clr

o(r

~~

(ra) + m/(ra)(r —ry) + O(r — rh)2

S(ra) + 8" (ri)(r —74) + O(r — rp)?
c(rn) + ' (ri)(r — i) + O(r — ry)?
G(ri) + @' (ru)(r —ri) + O(r — 13)*

where the field equations evaluated at r = r}, give:

my = m'(ry) =

ch, =c(rp) =
¢ = (rn) =
o, = d'(rn) =

1 1 A

577 (ck = 200" + el + Jri(ot — o)
1 [1 ‘ 1

F},{ [;Z(Ch - 1)(6,21 - 26}1) + ZChqsi:i
1 1

F}'l [—Ci% + /\¢h(¢>}2l - '02)}

2
2ry,

~= [ + 77

(2.86)

(2.87)

(2.88)
(2.89)

(2.90)
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where
ch = c(ry), bn = ¢(r4) (2.99)
and /
Nl = N'(rp) = - — 2, (2.100)
Th  Th

2.2.7 Limiting behaviour of the solutions as v — 0

For finite energy solutions we have |¢| < v, s0, as v = 0, then ¢ — 0 everywhere.
Let ¢ = v¢; then the equations of motion become

0 = N+ (NSS)/C' - ri?(c2 —2)(c~1) - %v%zc (2.101)
0 = N¢"+ g& + (—A%—Slqb - 2%&;3 — (g2 — 1) (2.102)
m = % [NG + 7‘2p9] (2.103)
¢ = —%G, (2.104)
where
G = 2¢7 + r2?g? (2.105)
ps = %(8 —2¢)? + Q—i;u?c%? + %Av"(& —1)% (2.106)

In the limit v — 0, we see that ¢ decouples from the other field equations and we
are left with

0 = /VCH-qL w— ! —(02 *QC)(C‘ ].)
) r
1 1
m' = 5 2/VC/2+—2—(C2—26)2 (2.107)
2 r
2
51 — _:CI'Z
r
and ON ., (NS). 1
Vb ¢ + ¢ — —=cd=0. 2.108
NG+ == + S - =0 (2.108)

The equations (2.107) are the coupled Einstein-Yang-Mills equations studied by
Bizon [18] which have the coloured black holes as solutions, as well as the Schwarz-
schild solution

2. m= ’?’1 §=0 (2.109)

which can be regarded as the & = 0 coloured black hole solution.

C

M
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Branches of solutions Hence, as v — 0, the EYMH black hole solutions approach
one of the coloured black hole geometries. For each fixed k = n, there are two
observed behaviours. Firstly, as v — 0, the solutions approach those of the k =
n coloured black hole, with ¢ approaching a finite non-zero limit. These EYMH
solutions are said to lie on the k = n branch of solutions. Secondly, as v — 0, the
functions approach those of the k = n — 1 coloured black hole (or Schwarzschild
black hole in the case n = 1) and ¢ — 0 everywhere. These solutions form the
quasi-k = n — 1 branch, as the nth node of w gradually moves further and further
away from the horizon as v decreases [2].

Explanation of branches This branching of the solution space can be under-
stood heuristically as follows [2]. The parameters of the theory produce two length

scales:
VG 1 /A
L =Y2x =/ (2.110)

g gy u
where Gy is the Newton gravitational constant, and v/2u = v/2)\v is the Higgs field
mass. The scale L, is determined by the gravitational field, but the scale L, will
vary as the Higgs mass p varies. We define the scale of a particular static solution of
the field equations to be the radius r after which the solutions rapidly approach their
asymptotic values. The k = n branch of solutions has its scale set by L, and the
quasl-k = n — 1 branch of solutions has its scale set by L,. As v — 0 for this latter
branch, the nth node has its position determined by the scale L,, and is pushed out
to infinity. In this limit the solutions approach the & = n — 1 coloured black hole
solution, with scale set by L;. In particular, for the quasi-k = 0 solutions, the scale
1s set entirely by L., since there is only one node, and the solutions approach the
Schwarzschild geometry as v — 0.

2.2.8 Numerical solution of the field equations

Apart from the Schwarzschild and Reissner-Nordstrom solutions, there are no solu-
tions of the field equations (2.47-2.51) in closed form. Hence a numerical method
of solution is necessary as in [2].

From the field equations (2.47-2.51), if the function 6(r) satisfies (2.51) then
§(r) + constant will also be a valid solution. In order to make the numerical
solution easier, we set &(rx) = 0 (so that é(co) = 0 will not be satisfied) when
integrating outwards from r,. An appropriate constant can then be added to é(r),
after the field equations have been solved, to ensure that the boundary condition at
infinity is satisfied.

With this transformation, there are two unknowns at the event horizon, ¢(ry) and
&(rp). Solving the field equations (2.47-2.51) is therefore a two-parameter shooting
problem [42]. The procedure is to take initial ‘guesses’ for the unknowns ¢, and ¢,
and then integrate the differential equations out from 7} using a standard ordinary
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differential equation solver, attempting to satisfy the boundary conditions for large
r. The initial starting values for ¢, and ¢, are then adjusted until these boundary
conditions are satisfied. The algorithm used was that of [42] and was programmed
in Fortran using subroutines from [42].

For each fixed value of the Higgs v.e.v. v, the many possible numerical solutions
are indexed by k, the number of nodes of the potential function w(r) = ¢(r)—1. Here
we concentrate on the case k = 1. Then, for each v, there are two solutions which
can be ascribed to one of two families of solutions: the £ = 1 branch or the quasi-
: = 0 branch, depending on the behaviour of the families as v — 0, as described
in the previous subsection. The quasi-k = 0 branch of solutions approaches the
Schwarzschild solution (where ¢ = 2 and ¢ = 0) as v — 0, whereas the k = 1
branch of solutions approaches the first coloured black hole of [18] as v — 0, with
¢ = 0. As v increases, with A = 0.15, the two branches of solutions join up at
v = Umar = 0.352. This phenomenon does not occur for A = 0.125, as found by
Greene, Mathur and O’Neill [2]. However, they conjectured that the two branches
of solutions would converge for some value of A.

In the following graphs (figures 2.1-2.7), we sketch the functions for the k =1
and quasi-k = 0 branches of solutions, for various values of the Higgs v.e.v. v,
with the gauge coupling g = 1, the event horizon radius fixed at r, = 1 and the
parameter A = 0.15. All the graphs have logr along the horizontal axis, so that the
event horizon is situated where logr = 0. Note that there is little variation in the
field variables for the & = 1 branch as v varies, except that for decreasing v, the
variables decay more slowly to their values at infinity. There is greater variation for
the quasi-k = 0 branch, and we therefore give more plots for this branch of solutions.

2.2.9 Non-extremality of the solutions

One issue that is important, especially when we come to consider the thermody-
namics and entropy of the black holes, is whether or not they are extremal. An
extremal black hole occurs when N has a double zero at the event horizon, and is
caused physically by an inner horizon moving outwards until it coincides with the
outermost event horizon. Mathematically, the condition for extremality is (with
Th = 1),

1
m'(1) = 5. (2.111)
From the field equations (2.56) we have, with w = ¢ — 1,
1 1 A
m'(1) =5 |(1 - wWi) + 5eh(L+wn)’ + S (dh —v')| (2.112)

There is thus no a priori reason why this quantity should not be equal to % for some
equilibrium solution. For the solutions on the k& = 1 and quasi-k = 0 branches,
we can however place the following numerical bounds on m/(1). The first term in
(2.112) 1s decreasing for wy, positive and increasing, and hence is bounded above by
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its value for the smallest value of wy, along these branches, which is wy, = 0.632,
whence

(1 — w?)? <0.360. (2.113)
Along both these branches,
én < 0.19 (2.114)

which gives the following bound on the second term in (2.112)

1
s +wn)? < 2% (0.190)

2 x 0.19% x 0.352?
8.95 x 1073, (2.115)

IN

Finally, for the last term we have

A A
S(@h —0")? < Sv' <015 x 0.5 x 0.352*

= 1.15x107°. (2.116)
Adding together all these contributions, we find that

m/(1) < 0.5 % [0.360 +8.95 x 107 + 1.15 x 10”°]
0.185 < 0.5, (2.117)

and hence all the black holes considered in this chapter are non-extremal.
For higher-node solutions, v is extremely small [2] and |w,| also becomes very
small [18]. Hence, as n — oo, the black hole solutions come ever closer to extremal-

1ty.

2.3 Eluding Bekenstein’s no-hair theorem in
EYMH systems

The “no-hair” theorem of Bekenstein [1] rules out the existence of hair due to a
Higgs field with a double-well potential. In this section we follow the method of 3],
and study carefully the mechanism by which the theorem is evaded in the EYMH
case, which corresponds physically to a balancing between the repulsive gauge field
force and the attraction of gravity. This analytical evidence for the existence of the
solutions is important because the black holes have only been found numerically to

date [3].
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2.3.1 Analysis of the energy-momentum tensor
Solution of the conservation equations Consider EYMH theory with the Lag-
rangian (2.11)

I (1 1 1
Lormn = 3= { 1Pl + 1AL + 510,67 + V(g)} (2118)
The energy-momentum tensor of this Lagrangian is then (2.15)

a a 1 ]‘ a a
87TTW = QFMF;L‘Y o §g#V|Fl2 + §¢2AuAu

1
— 79w ®* A" +20,60,6 ~ 9,108 — 29,V (¢)  (2.119)

which can be rewritten in the form

1 a a ¢2 a a
Tp,u = _Egp,u + E {FM’YFU’Y + ZAV'AV + au¢au¢} (2.120)
where
= _L:E)’]\JH- (2121)

Next consider an observer moving with 4-velocity {/*. The observer sees a local
energy density

1 [+ Q 14 ¢2 <
p=E&E+ i {U“FMFU“’U + I(U“Au)2 + (U“8u¢)2} , (2.122)
where U%U, = —1. For space-times possessing a time-like Killing vector, the ex-

pression (2.122) can be simplified for observers moving along this Killing vector. In
this case U®0,¢ = 0, and by an appropriate choice of gauge we may set

U*A, =0 = U“F,,. (2.123)

This choice of gauge is compatible with the ansatz of section 2.2 and [2] for the
gauge potential A,. Under these conditions, then,

p=~& (2.124)

and the requirement that the local energy density measured by any observer is non-
negative implies that

£2>0. (2.125)
This 1s precisely the energy condition stipulated in section 1.3, which holds here as

well.
We now turn to the particular case of a static, spherically symmetric metric of

the form [40]
ds? = —eldt? + erdr® + rz(d02 +sin’ 6 dapz), (2.126)
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where I" and A are functions of r alone and in addition we assume that space-time
1s asymptotically flat. The action

Seymu = /»CEYMH\/_gd4$ (2.127)

1s invariant under general co-ordinate transformations and hence the stress tensor
is conserved [38]:

vV, T% = 0. (2.128)
The r-component of equation (2.128) is
[v=eT] - %\/_—g(a,_gc,ﬁ)Taﬁ = 0. (2.129)
The spherical symmetry of the space-time implies that
Ty =T¢ (2.130)
and then (2.129) becomes

1 / 1 4
(eFI+M)27r) 30,2 [F'T; + N'TT + —T;’} = 0. (2.131)
r

[N

The terms containing A’ cancel to give
ir 2\ _ Loar o [, Ao o
(62 r Tr> = ez o (') + Ty . (2.132)
2 r
Integrate from the horizon radius rj, to generic r to obtain

Toip 4 1
erT P2 T (r) = %/ ezl [F'Tf + —Tg} dr' + e2"r?Tr
¢ 7./

< "h

(2.133)
r=rp
In order to have a regular event horizon at r = ry, it must be the case that scalar
invariants such as

TopT*" = (T))* + (T7)* + (T7)* + (T3 (2.134)

are finite there. Hence 77 is finite at 7 = r, and since el = 0 at the horizon, the
boundary term in (2.133) vanishes. With this fact, and performing the differentiation
in (2.132) explicitly, we have two equations for T7(r) and (77)'(r):

—%F L - 4
Tir) = S [ et [F'Tg+—Tg] dr',
r . T.I

2r?

. 170, 4 o1 € ap o
(T7)(r) = §|:FTtt+;T9]_ " (62 r) Tr. (2.135)
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Form of T, in the EYMH case Next we restrict attention to Yang-Mills fields
of the form [2] (cf. section 2.2)
A=[1+w(r)][-7,d0 + 75 sin dy] . (2.136)

Substituting in (2.119) gives the functional forms of the components of the stress
tensor as

T} = -€
17 = &+ F
T, = —-£4¢ (2.137)
where
Ljw? 4, 1=w)? @1 4w)? 1, A, Aoy
&= 4 [T—ze 2rd * 4r? §¢/ + 4((;5 —v)
e [2w" 2
e [Tz“b ]
1 [w? _, (1-w?)? ¢ 5
= — |t —F+ — : 2.138
g 47r[7“2e + 4 +4r2(1+w) ( )

Note that in this situation it is not the case that
T =T}, (2.139)

which formed an important part of the analysis of section 1.3. Substituting (2.137)
in (2.135) gives

- _ 6_% r _ 52/ g

T (r) = v /rh[ (e r)€+rg dr

'y e 2o (2.140)
(T)0) = ~S(SerF sl .

At this point a couple of comments are in order. Firstly, £ is always positive (due
the energy consideration given earlier), as also 1s F. The term G is dependent on
the gauge field and vanishes in the case where the gauge term is not present in the
Lagrangian (2.118), i.e. in the pure Higgs theory case.

Solution of the Einstein equations We now turn to the Einstein equations,
following [1], the relevant ones for this system being [40]

et (L - ﬁ) Ll 8nT} = —8n€

A (_ N _) _ L s (2.141)
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Integrating the first of these gives

8T 5 2
‘I_T/r,,gr dr — = (2.142)

where Mp is a constant of integration.

The required asymptotic flatness of space-time implies that £ = O(r=3) as r —
00, so that A ~ r71. In order that e® — oo at the event horizon r — 14, the
constant Mp is fixed by

Th

Mp = 5

the “bare” mass of the black hole. The second Einstein equation can now be rewrit-
ten in the form

(2.143)

/ 1
“ (r%e3) = <4mT:+ - )e 3 (2.144)

r? 2r°

2.3.2 Behaviour of T, at infinity
We now consider the behaviour of 77 as r — co. Asymptotically, el — 1 and so the
leading behaviour of (T7)(r) is
2
(TY(r) = > (G~ F). (2.145)

The asymptotic behaviour of the fields (w, ¢) is (2.89):

OO —_ =
W(r) ~ =14 wee I 4 225"
vr

Hr) ~ vt GV (2.146)

where ¢.., ws, are constants and v2u = v2Xv is the Higgs field mass. Hence the
leading asymptotic behaviour of F and G is

1 "‘)c%ov2 —ur wriv —ur W;MM —vur 2 2 ——2\/§ur
7o~ z;[zrze t o T T e
1 [wio? _,, Wwiv _, WwIoPM
g ~ 21—; [ 27.2 € 7’6 — 2T3 € (2147)

since e* — 1 asymptotically. The leading order behaviour of (77)/(r) is then

22
(Tr)l(r) N 1 [w .U A[ ~ur )¢wﬂ26—2\/—ur] . (2148)

T 4r 2r3

There are two possible cases:

1. 2¢/2u > v (corresponding to A > £), in which case (17)'(r) > 0 asymptotically;
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2. 22 < v (corresponding to A < £), when (T7)'(r) < 0 asymptotically;

Since G vanishes exponentially (2.147), and £ = O(r3) as r — oo, the integral
(2.140) defining T converges and |T7| = O(r~2) as r — oco. Thus, in case (1) above,
T7 is negative and increasing as 1 — oo, whereas in case (2) T7 is positive and
decreasing.

2.3.3 Behaviour of T, at the horizon

Now turn to the behaviour of 77 at the horizon. When r ~ r;, both £ and G are
finite, and I diverges as (r — r;)~!. Thus the main contribution to T7 as r ~ 7} is

L
2

Tr = _&

r 22

/r Fr2TE dr (2.149)
Th

which is finite. At the horizon e’ = 0; outside the horizon e’ > 0. Hence I > 0
sufficiently close to the horizon, and since £ > 0, then T < 0 for r sufficiently close
to the horizon.

Since F = O(r — ry) for r ~ ry, it follows that (77)' is finite at the horizon and
the leading contribution is

I 2
(Tr)(r) = —5“.7:-*— ;Q (2.150)

where IV, F and G are all positive sufficiently close to the horizon. In order to
determine whether (2.150) is positive or negative, more detailed analysis is required.

2.3.4 Determination of the sign of (77)(r})

We begin with [2] (see also section 2.2),

A _ w1, 1(1-w?)? 1 mo A
re ‘/\72-26 A[w2+§7.2¢2]_:2_ = _ ¢2(]+w2)2+7_z(¢2_v‘2)2r2
(2.151)
where R
ot = 2mir) (2.152)
r
Hence, near the horizon,
o 1 [2w7 " 1(1—-w?) ¢° s MmN, o,
(1) (r) = *ZE[T‘Hb}{—g o~ A tw) (e —v)r
1 (1 ___w2)2 2 .
(1 2.153
2mr [ r + 47‘2( ) ( )
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which simplifies, since m(ry) = %Th, to

~ —02)2 2
(Trr),(rh) = f('f'h) '(L—L:h_)— + ‘ﬁ‘(l +LUh)2 + i\—rh(qsi — 1_)2)2 — L] + zgh

2r? 4ry, 2ry Th
(2.154)
where
o A 1 2wll12 12
f(?"h\) =¢ F(T) ’r:rh = - _—2" + ¢h (2155)
dm | 1}

and gh = Q(rh).
Consider for simplicity the case r, = 1. From the field equations (2.54) and
(2.55) we have

171 A
wh = B [Zd’ﬁ(l +wp) ~wi(l = wZ)J = 5:‘
r_ 1 71 2 2 2 By, .
¢p = D [§¢h(l +wi)® + Ay, — v )] =D, (2.156)
where
‘ 2 A
Dp=1-(1-wp) = F(L+w)’ = S(¢f — ) (2.157)
Then (2.154) becomes
1 1 Ch
Tr / — o _ 2 = 21 _ . .
(T7)(rn) an Dy [bﬂphgh A 25',2 D, (2.158)
From the field equations (2.56),
Dh =1~ 2m§1 (2159)

which is always positive because the black holes are non-extremal (see section 2.2.9).
Thus the sign of (77)'(r4) is the same as that of C,.

2.3.5 Evaluation of C,
Simplifying, we have

Ch = C] + Co +c3+cy + Cs (2160)
where
a = (1—wp)wi(3—2wj)
1
c, = §¢Z(1 + wp)(1 = wf) (12w 4 12w} — Tw, — 9)
1 ;
c; = —Iggb‘,t(l + wh)z(élw,zZ + Swp, + 5)
1
e = —Moh— o) [EAgh (1 - w})?

s = %Agbi(vQ—qbi)(l+wh)2(2+¢,21—v2). (2.161)
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The first term is always positive since |ws| < 1. The cubic in ¢y possesses a local
maximum at w, = —0.886 where it has the value —1.724 and a local minimum at
wr = 0.219 where it equals —9.831. The cubic has a single root at wy, = 0.8215, and
thus is positive for wy, > 0.8215 and negative for w;, < 0.8215. The quadratic in c3
is always positive and possesses no real roots. It has a minimum value of 1 when
wp = —1. The term ¢, is always negative and c¢s is always positive since lon| < w.

In order to assess whether or not C as a whole is positive or negative, we shall
consider each branch of black hole solutions in turn. We restrict ourselves to the
first two branches of solutions, with & = 1 and the case A = 0.15.

The £ =1 branch of solutions Firstly, consider the k = 1 branch of solutions.

As v increases from 0 up t0 V., = 0.352, the parameter wy, increases monotonically
from 0.632 to 0.869. The derivative of the first term is

d
T 2w (1 = w?)(3 = 13w? + 8uw?) (2.162)
dwy,

where the quartic has roots given by w? = 0.278 or 1.347. The derivative (2.162)
1s negative for wy, € (0.632,0.869) and hence the first term decreases as v increases,
and is bounded below by its value at the bifurcation point v = v,,45, which is

c1 > 0.0674. (2.163)

The cubic in ¢; increases as wy; increases from 0.632 to 0.869 and is bounded
below by its value when w;, = 0.632, which is

1205 + 12w} — Twy, — 9 > —5.602. (2.164)

Along this branch of solutions, it is also true that

1—wf < 1-(0.632)* =0.601
14w, < 2
én < 0.19v < 0.0669. (2.165)
Altogether this gives
cy > —5.602 x % x (0.0669)% x 2 x 0.601 = —3.767 x 107°. (2.166)

The quadratic in ¢3 increases as wy, increases along the branch and so 1s bounded
above by its value when w, = 0.869, which is

dwj + 8wy + 5 < 14.973. (2.167)

Thus,

Cs > — x (0.669)" x 4 x 14.973 = —7.498 x 107°. (2.168)
=716
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For the fourth term, since

(¢f —v*)? <ot (2.169)
we have
cs > —0.15x (0.352)* x (0.601)% + -;- x 0.15 x (0.0669)?
= —8.326 x 107, (2.170)
and finally
s > 0. (2.171)

Thus, adding these expressions up, one obtains

Ch > 0.0674 — 3.767 x 10 — 7.498 x 10™° — 8.326 x 10~
= 0.0627
> 0, (2.172)

so that (77)(rn) > 0 along the whole of the & = 1 branch of black hole solutions.

The quasi-k = 0 branch of solutions For the quasi-k = 0 branch, as v decreases
from vm.r down to 0, then wy increases monotonically from 0.869, subject to the
inequality

0.869 < wy < 1 —0.10? (2.173)

(cf. [2], the above inequality being numerically verified in our case). Hence, along
this branch,

(1 —wi)? = (1 —wp)* (1 +wp)? > (0.10%)% x (1.869)% = 0.0349v*. (2.174)
Thus the first term in Cj is bounded below as follows:
e > 0.0349v* % (0.869)% x 1 = 0.0264v". (2.175)

Since wy, > 0.869, the cubic in ¢, is positive all along this branch, so that ¢; and
cs are positive.
The quadratic in ¢z is bounded above by its value when wy =1, 1.e.

4w? + 8wy, +5 < 17. (2.176)

All along the quasi-k = 0 branch,
¢ < 0.50° (2.177)

(again cf. [2]; we have checked this equality numerically here also). This gives

> ‘Ilé x (0.50%)* x 4 x 17

= 0.2660°. (2.178)

C3
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Since v < 0.352, it follows that
cz > —0.266 x (0.352)* x v*
= —4.084 x 107%*, (2.179)
Finally, for ¢4 we have
cy > —0.150 % x 0.15 x (0.5)%v* + (1 — (0.869)2)2]
—8.992 x 1073v* — 2.813 x 107308
> —8.992 x 107%* — 2.813 x 1073 x (0.352)*v*
= —9.035 x 107%v*, (2.180)
In total this gives
Cn > 0.0264v* — 4.084 x 1073v* — 9.035 x 10~ 3v*
= 1.328 x 107 2p*
> 0. (2.181)

il

In conclusion then, (T7)'(r4) is positive for all the black hole solutions having one
node in w, regardless of the value of the Higgs v.e.v. v.

Higher node solutions For higher node solutions, v is extremely small (for ex-
ample, v < 0.05 for k = 2 [2]), and |w,| also becomes increasingly small [18]. In this
case the expression for (77)'(ry) reduces to:

— W2)3(3 — 9,2
(T () = ﬁ(l (5)_(;))%)*0@2)

> 0. (2.182)

Hence (T7)'(r,) > 0 for all black holes in EYMH theory.

2.3.6 Compatibility with Einstein’s equations

We shall now check that there is no contradiction with Einstein’s equations.

1. Firstly, consider the case A > ¢. Asr — oo, we saw that 77 < 0 and (77)" > 0.
Asr — rp, we have T7 < 0 and (77) > 0. Hence there is no contradiction
with Einstein’s equations in this case.

Secondly, we turn to the case A < é. As r — oo, in this case T > 0

and (T7) < 0, whilst as r — 7, we have 77 < 0 and (77)" > 0. Hence
there is an interval [r,,73] in which (T7)" is positive and a critical distance
7e € (ra,m) at which 77 changes sign. However, unlike the situation for pure
Higgs theory, when the gauge fields are absent [1], here there is no contradiction
with Einstein’s equations since (7)) > 0 in some open interval close to the

event horizon.

o
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2.3.7 Physical Interpretation

The preceding analysis shows that the method of section 1.3 cannot be used to prove
a “no-hair” theorem for the EYMH system. This is the first analytic proof of the
existence of the solutions discovered numerically [3]. The analysis provides some
physical illumination as to why these solutions exist. The key difference between
the scalar field and EYMH theories is the presence of the G term in T} (2.137) and
(T7)" (2.140), which vanishes when the gauge field is absent. When G = 0, the
relation Tf = T} holds, an important element of Bekenstein’s proof.

From (2.150), (T7)'(r4) is manifestly negative when G = 0. The presence of the
G term is thus crucial if we are to avoid a contradiction with Einstein’s equations.

Physically this is interpreted as a type of “balancing” between the repulsive
Yang-Mills gauge force and the attractive gravitational force, leading to non-trivial
equilibrium black hole solutions. Heuristically, therefore, we may expect these solu-
tions to be unstable. This will be discussed in the next chapter. Stability is an
important issue in these circumstances, since the proofs of the “no-hair” theorem
relate only to existence, not stability [43] (see also the discussion of section 1.4).

Summary

We have analyzed in some detail the physical mechanism whereby the EYMH black
holes evade the no-hair theorem [3]. This analysis should be compared with the
proof of the theorem for a scalar field not coupled to a non-Abelian gauge field (see
section 1.3) and also with the corresponding work of section 5.2, which discusses
black holes in a higher-derivative model of gravity. The evasion detailed in section
2.3 1s therefore quite general in its application to various hairy black hole systems.
This chapter also contains background discussion of the properties of the EYMH
black holes, as found numerically in [2].



Chapter 3

Stability Analysis of the EYMH
Black Holes

This chapter contains a detailed stability analysis of the EYMH black holes [3]. We
begin by deriving the linearized perturbation equations, which decouple into two
sectors, and then count the number of modes of instability in each sector. Firstly,
we use a variational approach to show the existence of unstable modes. The exact
counting of the number of such modes will involve continuity arguments and an
application of catastrophe theory (a brief summary of the important concepts in
catastrophe theory can be found in appendix A).

3.1 Linear perturbation equations

In this section we consider small-amplitude, spherically symmetric perturbations of
the static equilibrium solutions, using the notation

m(r,t) = m.(r) + ém(r,t) (3.1)

where m.(r) is the static equilibrium function and dm(r,t) is the perturbation, and
similarly for all other quantities. Henceforth we drop the subscript ¢ and assume
that any quantity not prefaced by ¢ is an equilibrium quantity. For the whole of
this section, we work to first order in the perturbations only, and follow the method
of [44, 45].

Firstly, consider the perturbations of the metric functions. We have

om

6N = —2—, (3.2)
-
and hence from (2.49),
G 1
5771/ = ;5771 + ;(NéG + T‘Z(Spg)
= —-%&n + —;—(NcSG + r28py) (3.3)

43
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using the equilibrium Einstein equation (2.51), where

0G = 4dé6c +2r%¢'5¢ (3.4)
4 1 1
Spy = 7‘—4(c2 —2¢c)(c—1)éc+ T—2¢205c + r—2¢025¢> + 2/\¢(¢>2 - U2)5¢- (3.5)

From (3.3), then,

(Sém) = g(NCSG +r28pg)

= (2NSdéc+ NSr*¢'é¢) (3.6)

using (3.5) and the static field equations (2.47) and (2.48) for ¢ and ¢. Hence ém
has the form
dm = 2Nc'dc+ Nr2¢'d¢ + ST1X (1) (3.7)

where &'(¢) is an arbitrary function of ¢. Using the ¢,r component of the Einstein
equations (2.16),

dm = NS&H (3.8)
where ‘
SH = 2d6¢+ r2¢' o, (3.9)
which gives
ém =2NSc+r*N¢'§p + Y(r) (3.10)
for Y(r) an arbitrary function of . Comparing (3.7) and (3.10), we see that [45)
X(t)=0=Y(r) (3.11)
and
S§m = 2Nc'8c + Nri¢/'bo. (3.12)
Variation of the final Einstein equation gives
S/ !
k) (-) = lcSG = 4~chc’ +2r¢’d . (3.13)
S r r

The linearized Yang-Mills equations take the form [44, 45, 46]

2 ' 7 ’ 1 i1 " 2( - 1) 7
0 = (75—2’ gg) (86— 5a) + (68 — da") - NCS2r2 (6d + (c —1)a)
2 1 .
- 3.14
tivge T angEt%Y (3.14)
. 9 ,
0 = —§1§(5b—5d’)—%[(c—l)(&d’%—(a—l)éb)—céd]
- Nf 5b+ —2]Y(¢'5¢ — $8v) (3.15)
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~ 1 (NS) .,
0 = 2N52(6d+(c~1)5a) g (0d + (c = 1)3b)

s / / ]‘ ? ¢
+ﬁ(5d + (¢ = 1)8b" + 2¢'8b) — —(c2 — 2¢)éd — méd + 2?61# (3.16)

1 !
0 = —— gy W5y 25<(NSS)

T2N52 25’

)+ S Moo
(3c —6c+9)5c—-—5c— ;¢25¢ (3.17)

and the Higgs equations become [46]

0 = NS2 ¢+<¢”+ ¢)6N+N5¢”+ —6¢' +(NSS) ¢’
+¢'6 ((NSS) ) - 30—255 ~ cib(Sc — M3¢8 = v?)éo (3.18)
0 = N " (ﬂﬂi;l) 5¢’+2Zf825a+N¢’5b
g@b/ Nosy 4 LoV s, 85,
—2%@ —2)%8y — A(¢>2 — v?)dy. (3.19)

We can set da = 0 following [46] by a choice of temporal gauge (this corresponds
to a choice of the function in the remaining gauge freedom of the potential A (cf.
section 2.2)). With this choice, the perturbation equations decouple into two sectors
of coupled equations [47, 48]. Firstly, those for the perturbations §¢ and §¢ are,

L NS (NSY\ @ N,
0 = _r2N525c+ 7‘2@' —5( 5 +r—2-5N+r—25c
—i(3c2 —6c+ 2)oc — ———50 — o—qiéqb (3.20)
= 56+ (4" +20') o + Nog' + Ws 1+ U gy
0 = —epbbt (447 ¢) 4 Nog+ 2o+ S s
(NS) R TY C¢ V(242 2 9
—l—qM( 5 5,2¢ 6¢ — —dc— A(3¢° — v®)de. (3.21)

These two equations govern the gravitational sector perturbations since, from (3.12)
and (3.13) the perturbations dm and 4.5 depend only on §c and §¢ and not on any

other perturbations.
The remaining equations reduce to a system of three coupled equations for b,

éd and 81,
2N 2N

4 2N ’
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1 1 1
4+ NG — SN oY (3.22)
_ 1 i (NS)I ! (NS) 1" N ’
0 = —T2N$25d+ TS od + 25 (c— )6b+—5d r(c—l)éb
2N 1
+—c '§b — —~—(c - 2c)5d - ———gb od + —qbéw (3.23)
0 = NS?&/) + N&p”—l— 51/)' (NS) ~——=0¢" + N¢'Sb
+—2—¢6b’ + ?¢5b+ (NS) ——>pdb + ¢6d
1
—5(c = 2)%d¢ — A(¢2 — v?)8ep, (3.24)
together with the linearized Gauss constraint
0= (=5 — =) sbt Lo 4 2 d— g6
T 5 0t @ e i - ey (3.29)

This system represents the sphaleronic sector since it does not involve any perturb-
ations of the metric functions.

Consider firstly the gravitational sector. From the perturbations of the Einstein
equations, we have

(NSY 2
5 <—S— = r—25m — T5p9 (326)
and .
SN = —icgm. (3.27)

Using also the background field equations (2.47) and (2.48) gives

S Sy
/6<(Nq)>+CII5N:<(Nq) +¥) <§C,250+2¢,6/T5¢>

[86 (c® = 2c)(c—1) + —cqbQ} c

¢ o

- [i(c —1)(c* ~ 2¢)¢' + c¢2¢ + —' + 2\ d(¢* — v )] 3¢ (3.28)

and similarly

<¢” + —12;¢) IN + @' ((NS) ) = (gNsﬂ + ﬁ) (éc’wc + 2r¢’25¢)

‘, r

<75

_[f cAdp+ — )\gbc(qﬁ —v?) + gb—{- ¢(c —20)(c—1)]5c
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_ [%cz(w + 4App'r(d? — v?)| 5. (3.29)
Substituting these expressions into (3.20) and (3.21) yields the equations
0 = 6¢—ploc+Uebdc+ Uydd (3.30)
s, 2NS
0 = 6¢—pidp— —T—p*6¢+u¢céc+u¢¢5q§ (3.31)

where the functions ¢ are given by

2 1 N (NS
ucc = NS 3C —6c+ 24 ~ ¢—4r’2 _;_(*)
r? 4 S
+§c'(02 2¢)(c—1) + 2rc gzﬁz] (3.32)
2
Ug = Nf {:-—T‘ co — 2r3d ¢! ( -(———) + 2r¢'(c* — 2¢)(c — 1)
r S
+rdd 4+ 5c¢2¢' + 203 BB — UQ)] (3.33)
Upe = Uz (3.34)
T'
NS? 1 sy g (N (NS)
Uss = —3 [—C + Ar%(3¢% — v?) — 2’9 Tt
+2rc% ¢ + AP (¢? — 1:2)J‘ (3.35)
The operator p. is given by
=NS d d (3.36)
dr  dr '
where r* is the usual “tortoise” co-ordinate defined by
1 (3.37)
dr NS

In terms of this co-ordinate and the variable w = ¢ — 1 (whence dw = éc) the
perturbation equations for the gravitational sector become

—d0 = —pféw + U, 0w+ U ¢5¢) (338)
66 = 266~ 2 E 050 4 Uy + UsSd (3.39)
where
NS? I 50 2N (NS
Z/{ww = T 32 ].+21-T'¢—4T'UJ (7-{— S

LB S 4 2w qb] (3.40)

T
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Upg = ]\;52 [%ﬁ(l +w)é — 2r0%0'¢ <g + (ﬂb—s—l) + 2rw(w? — 1)¢’
+rw'(1 4+ w)p + -;-(1 + W) + 2Ar3Wl (P — v2)] (3.41)
Uy = %uw (3.42)
R (F+82)
F2r(L +w)Phg + 402 (8 — v?)] (3.43)

Now turn to the sphaleronic sector perturbations. We adopt the following nota-
tion. The gauge potential (2.4) can be written in the equivalent form (2, 46]

A = aoTpdt + ay7rdr + (1 + w)[—7,df + 74sin d) + O[fedf + 7, sin 8de), (3.44)
or, in other words,
a = ag, b=a, c=1+4w, d=ao. (3.45)

With this change in notation, and using the operator p., the sphaleronic sector
perturbation equations take the form [46]:

—Nr?dy = Haya, 001 + Hayo0% + Ha, 60 (3.46)
—25(;1 = Hgaﬁal + H;@&I) + ’Hg,wé@[’ (347)
—7‘25175 = Hwaléal + kuj,(gcb + wa(hﬁ’ (348)

where

2
Hoey = 2NS)? (w2+%¢2)

o (W =1 ¢
Y. = _9 2 9 o T
ku} "‘p* + Nb < T'2 + 4)
r? o [(1—w)? r?
Hyy = ~—2p*?p,, +2NS§? ( 1 + ~2~>\(¢2 —v?)
Hao = —2NS[(pw) — wp.]
Hoa, = —2[p.NSw+ NS(p.w)]
2
T
Hary = =5 NS((pd) ~ ¢l
2 2
Hya, = 'P*5N5¢ - _Q“NS(p*Qb)

How = Hys = —¢NS> (3.49)
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Sphaleronic Sector Perturbations

Firstly we consider the sphaleronic sector perturbations, and prove the existence of

instabilities in this sector, before proceeding to count the exact number of unstable
modes.

3.2 Outline of the variational method

Consider a static equilibrium solution (.(z) of a classical field theory which has
finite energy. In order to study the stability of this configuration, we consider small,
time-dependent perturbations 6¢(z,t) about {.(z), and work to first order only in
the perturbations. The linearized field equations are then cast into the form of a
Schrodinger system:

d2
HI((2,1) = =5 A5 (1) (3.50)

where the operators H and A do not contain any time derivatives. The time-
dependence is then specified to be

§C(z, t) = e () (3.51)

so that we are concerned only with periodic perturbations. The perturbation equa-
tions then reduce to a time-independent Schrédinger equation

HY(z) = o?AV(z) (3.52)

and the operators H and A are independent of the frequency 0. We assume further
that the operator H is self-adjoint with respect to a suitably defined inner product
(,) on the Hilbert space containing the domain D of the functions {¥}, and also
that the operator A is positive definite, so that

(U[A[¥) >0 for all ¥ € D. (3.53)

The equilibrium configuration will be unstable if the perturbation equations (3.52)
possess solutions having a negative value of o2, because these solutions correspond to
imaginary frequency ¢ and thus to exponentially growing perturbations, by (3.51).
Hence, in order to show that the system in the configuration (,(z) is unstable, it
is sufficient to show that the Schrédinger equation (3.52) has bound state solutions
4].

: The Schrodinger equation (3.52) is usually difficult to solve analytically, and
numerical calculations are often required (see, for example, [43, 49]). The variational
method outlined below uses an analytical technique to show the existence of negative
eigenvalues, 0% < 0. It has the disadvantage that it does not yield information about
the number or value of these eigenvalues.
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Define the following functional for all ¥ € D, whether or not they are eigenfunc-

tions:
(U|H|P)

V) = Gy

(3.54)

that is, ¥ is a trial function here.

Lemma 3.1 The lowest eigenvalue Q% of (3.52) provides a lower bound for the
Junctional (3.54).

Proof Assume that H and A are linear. Since H is self-adjoint, we have a complete
set of eigenfunctions ¥y of (3.52)

HY, = Q2 AT, (3.55)

normalized according to

(k| A[W;) = di (3.56)

for eigenfunctions in the discrete spectrum, and
(WL AT = 60k — 1) (3.57)

for eigenfunctions in the continuous spectrum. For any trial function U, we can
express V¥ as a linear combination of the Uy,

¥ = sz\I’k (358)
k

for complex numbers z;, where the summation symbol denotes summation over the
eigenfunctions in the discrete spectrum and integration over the eigenfunctions in

the continuous spectrum.
Then

Il

(WIH[W) > SkEm (Uil H [T )

k,m
= D Erna 0 (Ve A|T)
k,m
= 5 |ulP9f (3.59)
k
using the normalization condition (3.56). Similarly,

(WA = > 5z (] AT,,)

k,m
= Yl (3.60)
k
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Hence
20)2
0*(¥) LN ?k
PINEN
- 024 Lrzo(QF — Q)2
2k |zl
> 02 (3.61)
since {J is the lowest eigenvalue of the Schrédinger equation (3.52). o

The upshot of this lemma is that, in order to show that the equilibrium configur-
ation (.(z) is unstable, it is sufficient to find a trial function ¥ € D such that

(PIH|T) < 0,
(V|A|P) < oo (3.62)
so that
Q*(¥) < 0. (3.63)

It will then be the case that the Schrédinger equation (3.52) possesses negative
eigenvalues [4]. The condition (3.62) is required to ensure that ¥ &€ D, the domain
on which H and A are defined.

The advantage of this variational approach is that it is easier to find a trial
function satisfying (3.62), rather than to solve the eigenvalue problem (3.52) [4, 46].

3.3 Application of the variational method

3.3.1 Sphaleronic sector perturbation equations

From section 3.1 the linearized perturbation equations for the sphaleronic sector
take the form

HY = — A (3.64)
h
here Nr: 0 0 day
A= 0o 20|, w=| 6 |, (3.65)
0 0 r? 5
Halal Halu'u Hallp
H=| Hza, Hoc Haw |, (3.66)
Hyay  Hya Hyy

and the components of H are (3.49):

2
Haay = 2ANS) <w2+%—¢2)
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2 _ 2
Hoo = —2pl+2NS? (w - ! + £¢)—)
r 4
2 1— 2 2
I e )
Moo = —2NS[(paw) ~ wp.]
Hiay = ~2[p.NSw+ NS(p.w)]
2
Hoy = =5 NS[(p.d) - ¢p.)
r? r?
Hypa, = ~p*—f)—NS¢— —;NS(p,,qS)
Hoy = Hyo = —pNSZ (3.67)
The operator p. is given by
d d
Pr = NSC-; = (3.68)

where r* is the “tortoise” co-ordinate. We specify the time dependence to be
W(r,t) = 7" U(r) (3.69)

to arrive at a Schrodinger equation of the form (3.52). The inner product on the
domain D of the operators H and A is defined to be

oo 1 oo _ .
(¥|7T) :/r,, VT 5=dr = /_m UTdr. (3.70)
Then H is symmetric with respect to this inner product [4] and in addition A is

positive definite, as required for the application of the variational method.
Next consider the following trial functions (cf. [46)):

day = —w'Z(r)
60 = (W =1)Z(r) (3.71)
S = —5ole+ 1Z(r)

where Z(r) is a function of ». At the moment it is arbitrary, and suitable Z will be
discussed at the end of this section.

3.3.2 Calculation of (V| A4|T)
This is straightforward and yields

o0 1
(U] AP = ; ;—;ZQ {Nrgw/2+2(w2—1)2+Zr2¢2(1+w)2 . (3.72)

Clearly this expression is positive definite for all Z, and we will restrict our choice
of Z so that this expectation value is finite.



CHAPTER 3. STABILITY ANALYSIS OF THE EYMH BLACK HOLES 53

3.3.3 Calculation of (¥|H|¥)

This calculation is also straightforward but rather lengthy. Substituting in (3.72)
gives

(VIHO) = h+ L+ L+ L+ I+ I, (3.73)
where
L o= [TZ oneer e [w + r2¢2] (3.74)
! w NS 8 :
o dr (NSY 1dz
L = - —2NS* 7w W+ 2 _
: . N5 [ 5 Za ™
+2Nw"” + 2Nww” 4+ 4Nww +N( 2 1)15{2
e Z YT

1, .

(et -1 _¢ )} (3.75)
< dr NQZ (NSY (NSY
b= =] N5 AR iy S

(NSY 1 dZ ., 142

+ 3 ¢(w+l)§;1—+ ¢"(1 +w) + Nr¥gw +2qub(1+w)Zd
1dZ ,1dZ 1 d?

I N2 - = — 249 1
TN (1 +w) = + 2N’ =+ Nr 26(1 + w W) + 2N
+2Nrd' (1 + w) + 2Nr?¢'w’ + 59{)(1 —w)(w® ~1)

—Ar(1 +w)(6" = ?)] (3.76)
L= -[ %NQQZ% (14 w)*(1l - w) (3.77)
e NSY
I, = ;ﬁ’; Z:> ¢[—N7‘2¢w'2+2qubw’(1+w)+(T)r2¢w'(l+w)
Th ~
2N (1 + w) + Nr2gw" (1 + w)) (3.78)
I = ﬁ—7]\75'2Z2 [Nw'z(w —3) + Nwd"(w? = 1)
Th ./\' q
g ~
-i—(Nq )ww (w? — 1)] (3.79)

These expressions can be simplified in two ways. Firstly, by substituting for w” and
¢" from the field equations (2.54-2.55):

NSY 1 1
No ,,+( 5) _ ﬁ<w2_1)w+2¢2(1+w) (3.80)
N+ (N5>¢+2N¢ = L w1 (¢ — oY), (3.81)

2r2
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The expressions then become:

% dr NS) 1dz 1dZ
I — — 9N 2z2 __ At ANtk e I —
2 . NS S*73(w? 1)[ A (w 1)+4Nwadr
1 d*Z e 1 1
+N(w? - I)ZT 5+ 2Nw™? +5 W' =1)+ Z¢>2(w+ 1)2] (3.82)
o dr NS2 NS)' 1 dZ 1dZ
Iy = — (1 -~
3 /rh NS 1 (+w)[ 5 r’o(l 4+ w )Za' + 2Nré(l + w )Zdr
1dz 1dzZ 1d*Z
IN 21 oo~ 9 2 ' il ’
+2Nr°¢'(1 + w )Zd + 2Nrdw 70 +Nr¢(l+w)Z——d2+2Nr¢w
F2NT? W + dw(l + w)? + Zrzcﬁe’(l +w)] (3.83)
d
Is = N;N5222¢[ Nr2¢w'2+2qu_‘>w'(1+w)+2Nr2gb’w'(l+w)
rh
1
(! ~1)(1+w) + 771 + w)Z] (3.84)
e dr 1
_ IN G2 72 g 2 L2 2 2
I, ] NS Z [Nw (& = 3) + Sw?(u? ~ 1)
1
+ 70001+ w)(e? 1)J . (3.85)

Secondly, we may perform an integration by parts. For example, in the term [, we
have

® dr 1d*7 o dr
— [ ==ANSPZN(W - 1= o [ ENsrar,
/rh NS N - P S NeVS et - ) (3.86)
1 (dZ\?, , (NSYy1dz, , 1dZ |
— = - == 3.87
[NZQ(C{T) (Wf = 1) 4 g (@ = 1) AN (3.87)
+[ 2NSZZZ(W —1)J . (3.88)
Hence I, simplifies down to
dr 1 (dz\*, , 5
= [ =2 — (= —~1)+2N
L = rhNSNSZ( )[N (dr)(w 1) + 2Nw
1
+—12-(w4 — 1)+ —pHw — 1)2} + B, (3.89)
r 4
where 27 o
B, = [—‘)NQZd (w? - 1)} (3.90)
T
Th
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Similarly, for the term /5 we use the fact that

o dr 1 g o 1 d*7 * dr 1 .. .0,
/rh N5V NG (w - 1) Zar ", NV 2w 1) (3.91)
1 (dz\*® (NSY 1dZ 1dZ
_N=—[ZZ]) ;2 S it i
x[ 72 (dr) re(l +w)+ 5 Zdrrqb(l-{—w)-i—QNerr(l—i-w)qb
) (3.92)
1dZ 1dz
2N = —o' iy
+2N =g (14 w) + 207 Zdrqﬁw] (3.93)
1 dz |~
—~-NSZ 2 42 _ 277
+[ FNSZr 61— w) dr]rh (3.94)
to give a simplified expression for /5 which reads:
< dr 1 1 (dz\°
I = — —_—— 52 2 _ | Z= 2 9 . ]
3 . NS4N Z¢(1+w)[ sz (dr) rd(l + w) + 2Nréw
) 1
FINTG + ol + ) + 71+ w)} + B, (3.95)
where
_ |t 2 2 2dZ2™
Bs = [-—4N5Zr $°(1 —w) pn rh. (3.96)
Adding up all the contributions to (¥|H|¥) then gives the final result
o 2 1 ,
i) = ["ars [—Nw” - Sl - P-4 +w)2]
o 9
- 2 E ”
4TS =2 |5t~ 17 + (1 4w+ 2N ]
%0 dz\*
+/ dr NS (~) [‘2(w2 —-1)* 4 —1-r2qb2(1 +w)2]
- dr 4
+ B + Bs. (3.97)

3.3.4 Choice of Z

The first of these integrals is manifestly negative. For the remaining terms, introduce
the “tortoise” co-ordinate r* given by

i1
dr = NS

and consider the following sequence of functions Zx(r*) [33]:

(3.98)

*

Zu(r) = 2 (%) for k=1,2,... (3.99)
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where
Z(r*)y = Z(-r")
Z(r) =1 for r* € [0, p] (3.100)
Z(r) = 0 forr>p+1
and
dz
—q< 5= <0 for r* € [p,p+1] (3.101)

where p and ¢ > 1 are positive constants.
Near the horizon, for each k, since

r* ~ log(r — ) (3.102)

we have
Zr =0  forr <ry+ e (PTDE (3.103)

This is sufficient to ensure that (¥].A|V¥) is finite for each Zj, since v’ and w +1
vanish exponentially as » — oco. Similarly, the boundary terms B, and B both
vanish.

Lemma 3.2 The integrands of the last two remaining integrals are uniformly con-
vergent to zero.

Proof Define

Tax(r*) = S(1—Z}) [f—z(uﬂ — 124+ (1 +w)i+ 2Nw’2] NS

= (1= Z})L(rm)NS (3.104)
2
Tulr) = NS (if—"> 27 — 17 4 2631 4w | NS
2
_ (d—Zi) Jo(r )N S, (3.105)
dr

Let § > 0. Now Jy(r*) = 0 as r* — 00, so there is a R, > 0 such that
INSJ(r*)| <é  Vr"> Ry (3.106)

Similarly, J2(r*) remains bounded as r* — —oo, so NSJp(r*) = 0 as ™ — —o0,
and there is an R; > 0 such that

INSL()| <8 V"< —Ra. (3.107)

Now choose an integer k such that

pk > max{ Ry, R2}. (3.108)
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Then
T =0 for —pk <" < pk, (3.109)
|Tok(r™)| < |Jo(r*)NS| <8 for r* > pk > Ry, (3.110)
and
| Tk (r*)| < [(r")NS| <6 for r* < —pk < —R,. (3.111)
Thus,
|Tak(r™)| <8 Vr*, and Vk > %max{Rl,RZ}, (3.112)

viz the sequence J,,(r*) of functions is uniformly convergent.
The proof is similar for the third integral. We use the fact that

dr*  kdr

dz, 1d7Z <r*)
k

(3.113)

Now NSJ3(r*) — 0 as r* — oo, and remains bounded as ™ — —oo. Thus
|NSJ3(r*)| is bounded for all r*, which means that there exists a B3 > 0 such
that

INSJ3(r*)| < Rs vr*. (3.114)
By construction,
4z < 3.115
d| =T (3.115)
Choose an integer k such that
2 R3q2
kS > 5 (3.116)
Then 5 ,
R
[@q<&¢xmf:5 Vﬁava>{§, (3.117)
so that the sequence J3; is uniformly convergent to zero. O

From this lemma, the last two terms in (3.97) tend towards zero as £ — co. The
first term is independent of k, and hence we can choose k sufficiently large that the
dominant contribution to (V|H|¥) comes from this first term, which is negative.

We conclude that we have found a trial function satisfying the conditions (3.62)
and hence, from the analysis of the previous section, we have the following [4]:

Result 3.3 The EYMH black holes possess at least one mode of instability in the
sphaleronic sector.
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3.3.5 Piscussion

The method of this section was employed in [46] to show that regular, particle-like
solutions of the EYMH theory are unstable in the sphaleronic sector. However, the
result of [46] does not carry over directly to the black hole case because divergences
occur at the event horizon in some of the expressions. Avoiding such divergences
necessitated the use of the Z functions in (3.72) and (3.99-3.101).

[t should be noted that the analysis of this section does not depend on the
detailed structure of the black hole solutions, but only on their global properties.
Hence, this instability may be considered in some sense “topological”. It is precisely
analogous to the saddle-point instability of the electroweak sphaleron in flat space
(see, for example, [50, 51, 52]).

3.4 Counting the sphaleronic unstable modes

3.4.1 Outline of the method

Having shown that the sphaleronic sector contains at least one unstable mode, we
now proceed to count the exact number of unstable modes in this sector for each
of the equilibrium solutions [3]. We shall exploit the method of Volkov et al [48]
who have shown that the kth coloured black hole solution of [18] possesses exactly
k negative sphaleronic modes.

The method involves mapping the linearized perturbation equations to a set of
coupled Schrédinger equations [45, 46, 48]. The number of unstable modes (corres-
ponding to negative eigenvalues) is then the number of bound states of the quantum-
mechanical system described by these equations.

The equilibrium solutions are known only numerically, there being no closed
analytic solution of the field equations of this type known to date. In order to
calculate the number of bound states without using numerical computations, it
will be necessary to make certain assumptions concerning the analyticity of these
equilibrium solutions. These assumptions will remain unproved, although there can
be little doubt physically that they will be true. (See [31, 32] for the analyticity
theorems proved for the EYM case.)

3.4.2 The coupled Schrodinger equations

We begin with the linearized perturbation equations for the sphaleronic sector in

the form (3.46-3.49):
2
IN?5? <w2 + %—¢2> Sa; + 2N S [w(p.do) — (puw)dd]

+%r2N5 [(pe®)Stp — d(p.6¥)] = Nr?c?da,(3.118)
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2p.(NSwéay) + 2N S(p.w)ba; + p26o + NS psp

2 ol #* . .
__;2_,5’ [(w —1)+—4—J 60 = —20%& (3.119)
%p,,(NST2¢5a1 )+ %TQNS(p,,d))(SaI N6
R e

where periodic perturbations are considered. In addition, the perturbations must
satisfy the linearized Gauss constraint:

r? . 2 P
o 4 Pa §5a1 + 2w —r 551/) = 0. (3.121)
Change variables and define
2
€ = réap, da = ég&zl. (3.122)

The reason for this change of variables will become apparent at the end of this
section. In terms of the new variables, (3.122), equation (3.118) reads

o280 = B(r") (3.123)
where
B(r) = NSwa; + éNSr?qﬁgéal  (paw)66 + w(p.6)
+2NSGE + 1 [(p.9)5E — olp.56)]. (3.124)

Equations (3.119) and (3.120) can be arranged to give, using the static field equations
for w and ¢,

pB(r) = o (—w&b + %rng{) (3.125)

and the Gauss constraint (3.121) is now
1
p (p,,aa + Wb — 4—r¢5§> — 0. (3.126)

When o2 = 0, the function B(r*) is invariant under the transformation

T2

Sa — dba+ WP*@

5o = 60— w0 (3.127)

56 — 5§+¥®
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where ©(r*) is an arbitrary function of r*. Furthermore, the equations (3.119) and

(3.120) are also invariant under this transformation. When o2 # 0, the equation for

p«B(r*) follows directly from the definition of B(r*) and the Gauss constraint.
Next, following (48], a “strong” Gauss constraint is defined by requiring that

1
Pl = —wdd + ZT¢5§ (3.128)

even in the case where 0 = 0. This strong Gauss constraint can then be used
together with (3.123) to write é& and 6¢ in terms of o only:

. 1,5 [pda) Q
o = 5r¢ *(rquz —550
4w? [ p.ba 402Q
= 4] 3.129
8 Prig? ( w? ) Prig? “ ( )
where the functions P(r*) and Q(r*) are given by
* N
P(r*) = —2pw+ 2P ¢ + 2w 5
¢ T
S? 1
ar) = 2N2 w? + 4—N5’2¢2 ~- o’ (3.130)
r

It is possible to proceed in two ways from here. Firstly, we may substitute the
expressions for dw and §¢ (3.129) into the equation (3.119) for dw. This yields a
single fourth-order differential equation for da:

2P’
0 = *pf(SOl + (? + PP) p‘z’éa
2 2
p*P 2(p*P) 2 22 28

+{P — +2(p.P)P+ Q-0+ N5°Q ) plda
4-{Q£Pﬂ>+2pp*(g>-+a”PP (3.131)

~2 2wP P 2 _ 2 P) i )}
+ NS (—T—Z——ﬁ(w —I)P 4¢ P+ TEP*UJ p*(SOt

2 4PN S? ,
+ 4 Pp? (g) — 2wPp, (]\7]5 ) T T2 P +0%Q - NS?QQ} dor

where
2NS  2¢
P(r) = P + ?P*Cb
9 2 _ 1 2
o) = ——4+2 + 2 (3.132)
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This rather unwieldy equation does not readily lend itself to analysis due to the
presence of the eigenvalue o in the coefficients of derivatives of §o. However, it will
be useful for determining the asymptotic form of da.

Alternatively, we may use (3.129) to eliminate the variable §¢ from the ori-

ginal equations (3.118-3.120), which produces the required pair of standard coupled
Schrodinger equations

oo = —plla+ (g%z—(é + g%ﬁ) poa
+<2ffiﬂ—kﬁgﬁ¢j5a+p&b (3.133)
oo = —p2dH — 2]:52 (14 w)p.da — {4—]-vr2i2p*w + 2wp. (]\ij)?) } dav
T (IR (3.134

The perturbation equations are now in a form appropriate for the counting of the
number of negative eigenvalues o?.

3.4.3 Analyticity assumptions

We wish to count the number of negative modes of the coupled system (3.133),
(3.134), using continuity arguments rather than numerical calculations. (It should be
borne in mind that numerical evaluation of eigenvalues can only give a lower bound
on the number of negative eigenvalues in a particular case, although appropriate
searches may provide good evidence for the non-existence of further modes [47].)

Consider a branch of solutions formed by fixing the number of nodes k of w and
the horizon radius r,, and letting the Higgs v.e.v. v vary. The argument below
requires that the eigenvalues o of the system

pv 4+ VU = oY (3.135)

are continuous in the parameter v, where

da
w=(5@) (3.136)

and V is a 2 x 2 matrix-valued function of 7* and the parameter v. (This standard
form of the Schrodinger equation can be obtained from (3.133) and (3.134) by a
change of variables.) This is not an unreasonable requirement, as may be motivated
as follows. If we assume that the equilibrium solutions are themselves continuous in
v, as is indicated by all numerical investigations [2], then the potential V will also
be continuous in v. Bound-state perturbation theory [53] can be used to calculate
the eigenvalues of the system (3.135) with potential

V(v + dv) ~ V(v)+ 8V (3.137)
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in terms of the spectrum of the system with potential V(v). This implies that the
corresponding shifts in the bound state energies da? will be small for infinitesimal
4V, so that the eigenvalues themselves are also continuous in v.

This heuristic explanation can be put on a more rigorous footing using functional
analysis, appealing to the Kato-Rellich theorem [54].

Theorem 3.4 (Kato-Rellich) Let D be a connected domain in the complex plane
and let T (v) be a closed operator with non-empty resolvent set, given for each v € D.
Suppose further that

1. the operator domain of T (v) is some set D independent of v, and
2. for each i € D, the vector T (v)y is a vector-valued analytic function of v.

Let 02 be a non-degenerate discrete eigenvalue of T (vo). Then, for v near vo, there
is exactly one point o*(v) in the spectrum of T(v) near ¢3 and this point is isolated
and non-degenerate. In addition, o(v) is an analytic function of v for v near vg.

This is a somewhat technical theorem. However, most of its conditions are
greatly simplified in our case since we are concerned only with a self-adjoint, linear
operator T given by

T(v)=—p: +V(v). (3.138)

The fact that 7 is self-adjoint and linear automatically tells us that it is closed
(see, for example, [55] for details of the theorems invoked here), and further that its
spectrum is a subset of the real line R. The resolvent set of an operator is defined
to be the set of all complex numbers = which do not lie in the spectrum [55]. Clearly
this set is non-empty in our case.

Conditions (1) and (2) of the theorem can easily be seen to be satisfied, provided
that the equilibrium solutions of the field equations are analytic in v. This is a strong
condition, which, as with continuity, cannot be rigorously established. However, it
is a legitimate assumption. The coloured black hole solutions of [18], which arise in
the limit v — 0, have been shown in [31] to be analytic in the parameter rj, which
defines them, indicating that it may in the future be possible to prove a similar
assertion about the more general EYMH black holes.

We shall not be concerned further with these issues, and shall, for the rest of the
section, assume that the eigenvalues of the Schrodinger system (3.135) are in fact

continuous in the Higgs v.e.v. v.

3.4.4 The spectrum of the Schrodinger system

The perturbation equations (3.133) and (3.134) are in the standard Schrodinger
form and we will now proceed to count the number of eigenvalues o? of this system

satisfying o2 < 0.
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Discrete and continuous spectrum The first step is to determine the regions

of IR corresponding to the discrete and continuous parts of the spectrum of the
system:

o*fa = —plla+ (2p*¢ + -QN—S) poa
) T
2N S? NS?
+( QSJ+ S¢2)5a+1>5@
r 4
- . 2NS? 2 2
oo = —pléa - - (1 +w)p.da — {4N25 Pew + 2wp, (Nf )}&v
T T T
NS? 2 42
+— {(w —1)2+ rf }5@. (3.139)

As the event horizon is approached, r — r, and r* — —oo, which means that
N — 0 and p, of any function goes to zero providing that derivatives with respect
to r are finite at the horizon. This is true for the equilibrium field variables we are
considering here. Then the system (3.139) reduces to:

—p2ba = o*a

—péo = 0% (3.140)

At infinity, similarly, both r and r* — oo, and the field variables approach their
limiting values exponentially:

N —1, S—1 (3.141)
(a requirement that the space-time be asymptotically flat) and
w— -1, ¢ — . (3.142)

The leading behaviour of the system (3.139) is now

1
—plla = o¥ba+ —via

4
1
—p2lo = 025®+Zv25(b. (3.143)

Thus the region o > 0 corresponds to the continuous spectrum, and the region
o2 < 0 corresponds to the discrete spectrum of these Schrédinger equations. The
upshot is, then, that using the assumption that the eigenvalues o? are continuous
(as discussed in the previous subsection), the number of negative modes changes by
one whenever a mode is either absorbed into the continuous spectrum or emerges
from it. Hence we next need to consider the zero modes of (3.139).
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Zero modes For g2 = 0, there are “pure gauge” (cf. [48]) solutions of the form

2
Sov =~ P-9

= W, (;(:) = ——w@

, ¢ = %@ (3.144)
where O(r*) satisfies the following second-order differential equation:
r’p.© PR SP
p*(2N52)~<w +§r¢)@ (3.145)

which follows from the strong Gauss constraint (3.128). The behaviour of © in the
asymptotic regions is given by (3.145) to be

O ~ O[(r —ra), where ¢ = 0,1, as T — T, (3.146)

O ~ e*2"” as r — 0o, (3.147)

where we have stipulated that S(co) = 1 in order for the geometry to be asymp-
totically flat. The solution behaving like e™2™" as r* — oo then produces a single,
non-degenerate, non-normalizable zero mode of (3.139) via substitution in (3.144).
The solution

O n~e:" as r* — oo (3.148)

does not remain bounded at infinity and hence does not represent an eigenfunction.

In order to check that this is in fact the only zero mode of the system, turn to
the fourth-order differential equation (3.131) for §a. Solutions of this equation with
o? = 0 have the following behaviour near the event horizon:

da ~ O[(r —rp)°] (3.149)

where ¢ = 0 (twice, corresponding to the pure gauge mode solutions above), or

¢ = i?@ (3.150)
In the latter case, 6w and ¢ can be calculated using (3.129), and satisfy
5o ~ O[(r —rp)71, 5 ~ O[(r —rp)* 7Y (3.151)

Hence 6@ and §£ do not remain bounded as 7 — —oo, and the “pure gauge” mode
solution found above is the only zero mode of the system (3.139), present for all

values of v # 0.

From the above considerations, it follows that the number of negative eigenvalues
of the system (3.139) cannot change at any non-zero value of v, including the bifurc-
ation point v = vp,4., from the continuity of the eigenvalues with v. Note that the
negative eigenvalues (which form the discrete spectrum of the Schrodinger operator)
are themselves non-degenerate and hence cannot bifurcate at any value of v.
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Behaviour at v = 0 The only remaining possibility is that the number of neg-
ative modes may change at v = 0, the number of modes of instability otherwise
remaining constant along each branch of solutions. To determine the behaviour of
the perturbation equations as v — 0 we re-scale the variables:

¢=vd O =véE. (3.152)
The system (3.139) then reads

2 - 2N 2 ~
o%a = —plSa+ (TP*¢ + ——S) p.da + (2Nf W+ lNSzvz‘bz) b

1) T T 4

2 ~ 2NS
+ (—2p*w + %p“ﬁ-l— -—r—w) %) (3.153)
2N S ’ ;
0260 = —p¥se — T,zS (14 w)p.da+ Nf [(1 —w)* + }iv")r?(ﬁ] o,
T

4N S? NS?
- {-—;Z——p*w + 2wp. ( ) >J da (3.154)

together with the Gauss constraint
peba = —wbio + le-v2r2¢~>5§~. (3.155)

Consider firstly the k& = n branch of equilibrium black hole solutions. Along this
branch, p.¢/¢ has a well-defined limit as v — 0 [2], and the equations (3.153) are
continuous at v = 0, taking the form

2N S§?

r2

2NS

P

wia

2 .
ofa = —pféa + (gp*¢>+ )p*&v +

. - 2N
+ (—‘2p*w + %p*gb TSUJ) dw (3.156)

2N S? NS?
= (1 +w)pda+ =

2 2
- [fl-]?vg—p*w + 2wp. (E—)} da. (3.157)

g = —préo — (1—-w)*e

2
In this limit, the Gauss constraint reduces to
pudo = —wow (3.158)

and substituting for §& in (3.156) yields the single equation

2N S?
—pida + 2(p*w)(;@?,.JOz) +— wlba = oc*da (3.159)
w

where the field w now has the form of the nth coloured black hole. This equation
was studied by Volkov et al [48], who showed that it possesses exactly n negative
eigenvalues. Their method is outlined below.
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Instabilities of the coloured black holes Firstly, make the substitution [48]

. da
to yield the equation
N52 » 2
—p3&+( - (1+w2)+2(pw“) )a:a%& (3.161)

where the equilibrium Yang-Mills equation has been used to eliminate piw. The
presence of zeros of w prevents this from being a standard Schrédinger equation.
The method of Volkov et al [48] involves transforming to a “dual” Schrdinger
equation for which the potential is regular, allowing the use of the node rule to
evaluate the number of bound states.

As above, for 0% = 0 the “pure gauge” mode solutions take the form

. sz*g
Qg = —————
0T 9UNS?

(3.162)

where a particular choice of O(r*) will be effected later. The differential operator in
(3.161) can then be factorized:

plég
—pl+Vi=pl+ = = WW (3.163)
Qo

where .
w* = p, — 20 (3.164)

Qg

The differential equation then reads

W*W~éa = o%a. (3.165)

The dual equation is constructed by transforming variables:
o=WTa. (3.166)

For ¢% # 0 this transformation has a unique inverse:

& = —151/1/"'9 (3.167)

g

which yields the dual equation
W-W*p = o?p. (3.168)
The operator on the left-hand side of this equation 1s

W-Wt=—p2+V, (3.169)



CHAPTER 3. STABILITY ANALYSIS OF THE EYMH BLACK HOLES 67

where the potential V,(r*) is given by [48]

. NS?
Vo(r) = < (3w? — 1) + 2p.Vs (3.170)
and
rt N§?
V3 = .0)p. . .
= 3500 (55 @)
The zero mode solutions of this equation (3.169) satisfy
that is,
Pt _ Pl (3.173)
00 Qg '
which gives
L r*
0o = — = wexp (/ V3 dr*> . (3.174)
(%)) T3

Volkov et al [48] then showed that it is possible to choose © so that the Gauss
constraint is satisfied, the potential V, (3.170) is everywhere regular and bounded,

and the factor .
exp (/ Vs dr*) (3.175)

is also regular and bounded for all values of r*. Further, the function pg is normaliz-
able and thus represents an eigenfunction of the dual Schrodinger equation with zero
eigenvalue. This eigenfunction has precisely n zeros, where n is the number of zeros
of the Yang-Mills field w and then, by invoking the node rule, (see for example [56])
we see that there are exactly n negative eigenvalues of the equation (3.169), and
hence, via the inverse transformation (3.167), of the original Schrodinger equation

(3.161).

Application to the EYMH system Returning to the EYMH system, the result
of Volkov et al [48] tells us that, for the limit v — 0 along the k = n branch of
solutions, there are exactly n negative eigenvalues and a single, non-degenerate zero

mode given by

2
Sa = % (3.176)
where )
P (;ﬁg) = %0 (3.177)

so that @ ~ O(r —r4) or O(1) as r = 74, and © ~ O(r) or O(r~%) as r — o0,
whence © ~ O(r~?) for the zero mode. This means that the number of negative
modes does not change at v = 0 for this branch of solutjons.
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It is a different story for the quasi-k = n — 1 branch of solutions. Here (ped)/ b
does not have a well-defined limit as v — 0 and the system (3.153) is discontinuous
at v = 0. We conclude that, starting at the v = 0 limit of the k = n branch, and
working continuously up to the bifurcation point, and down the quasi-k = n — 1
branch, the number of negative modes remains constant at n.

Result 3.5 Both the k = n and quasi-k = n — 1 black holes have exactly n unstable
modes in the sphaleronic sector.

Gravitational Sector Perturbations

We now consider the linearized perturbation equations for the gravitational sector,
and count the number of modes of instability. The approach initially is similar to
that employed in the sphaleronic sector, and makes use of the same assumptions of
analyticity. However, in order to elucidate the behaviour at the bifurcation point,
U = Upmgazr, we shall appeal to an application of catastrophe theory.

3.5 The Schrodinger system

From (3.38-3.43), the linearized perturbation equations for the gravitational sector
take the form:

—pPbw + U + Upbd = 28w

5 2NS ) .
—pidd — . P0d + Uy bw + Uspbd = 0°6¢ (3.178)
where
d d
= =NS— 3.179
P-= g =N (3.179)
with r* the “tortoise” co-ordinate, and the potential functions ¢/ are given by:
G2 N NS
Uu. = NS [3w2—1+1r2¢2—4r2w’2 (—+( ,))
“ r? 4 r S
2 —
SCU(LU 1)wl + 2rw'¢2]
/VSZ 1 2 a4t 1.3 N (NS)/ / 2 _
U,y = < {§(l+w)<br —2¢'W'r ?+T + 2r¢'w(w 1)
1
+éw'(1 4 w)ir + §¢'¢2(1 + w) + 223w’ (¢F — 1)2)]
2
Z/[¢w - ﬁ we
NSP (U o (N (NSY
Uy = . [5(1+w) + Arf(3¢° — v°) — 2r°¢ r+__5

+24'¢(1 + w)*r + 4Ap'r(@F — 7). (3.180)
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These equations are in the standard Schrédinger form and we can now follow the

procedure of section 3.4, in order to count the number of negative eigenvalues o2 of
this system.

3.5.1 The spectrum

Firstly, we note that as r* — —o0, the event horizon is approached and the equations
(3.178) take the form

—pibw = olbw
—p25¢p = 0% (3.181)

whereas, at infinity the system reduces to
1
—p2éw + Zv25w = olbw
—p2p + 2\0%0¢ = ol (3.182)

where we have used the fact that the space-time is asymptotically flat. This means
that the region of the real line IR with o®> > 0 forms the continuous spectrum of the
system (3.178), whilst eigenvalues with ¢? < 0 comprise the discrete spectrum.

The continuity argument presented in sections 3.4 can be applied here to imply
that, as the Higgs parameter v varies, the number of negative eigenvalues of (3.178)
can change only at those values of v for which there is a zero mode. The next step
is therefore to determine what these values of v are.

3.5.2 Zero modes

Suppose that for some v # 0 the Schrodinger equations (3.178) possess a zero

mode. This corresponds to an infinitesimal, static perturbation, in other words, both

the background equilibrium fields (w, ¢) and the perturbed fields (w + éw, ¢ + §¢),

together with the corresponding metric functions, satisfy the static field equations.
Near the event horizon, as r* — —oo, from (3.181) we see that

oo

(note that since éw, §¢ are eigenfunctions, they must remain bounded in the asymp-
totic regions, but are not necessarily normalizable). Similarly, as r* — oo, we see,

from (3.182), that 1
ow O(e™2"")
( y ) N ( RS ) . (3.184)

The field perturbations dw and d¢ give the change in the “mass” function édm(r*)
via the equation (3.12):

( duw ) ~ constant (3.183)

sm(r*) = 2Nw'dw + Nr*¢/8¢. (3.185)
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Hence dm — 0 in the limit »* — Zo0, so that the geometry is not changed at the
event horizon or at infinity. The variation of the remaining Einstein equation gives

(3.13)

! 4 !
) (%—) = —:)—&u +2rd'dp — 0 as r* — Foo. (3.186)

Thus, for fixed parameters 74, A, g, v, there are two solutions of the static EYMH
field equations, satisfying the boundary conditions for a black hole with regular
event horizon at 7, and a geometry which is asymptotically flat.

Here a further assumption is in order, namely that the black hole solutions of
[2] are unique. Once again this assertion cannot be rigorously established, although
there is no evidence to the contrary.

With this assumption, it can be seen that there are two equilibrium solutions
arbitrarily close together only at the bifurcation point v = vmaz, so that this is the
only non-zero value of v for which a zero mode is present.

3.5.3 Behaviour at v =0
In order to assess the situation at v = 0, perform the change of variables,
§é=vd, ¢ = v, (3.187)
under which the equations (3.178) take the form
—p2w + U, dw + VU0 = oFdw
ac;  2NS o - 7 2¢7 o
—pidp — —;—p*éqﬁ—f—Z/{Wéw +Uyppdp = 0700 (3.188)

where

Upp = g, Upw = 1z (3.189)

For all branches of solutions, these equations (3.183) have a well-defined limit as
v — 0, and are continuous at v = 0, reducing to the single equation

—pw + Uy dw = o?w (3.190)

where

r2 S r

2 NSY\ 8
AL [3& S 1—drw”? (—Af + (——)) + = (w? — l)w’] : (3.191)
T

Suppose equation (3.190) possesses a zero mode. At infinity, as 7 — 00,

2M
N — 1*T+O(€_r)

S = 14+0(e7)
w — —14+0() (3.192)
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where
M = lim m(r), (3.193)
and (3.190), rewritten in terms of the Schwarzschild co-ordinate r becomes
" 2M oM\ ! 2 2MN\ !
dw" = = (1 -~ ) dw'+ — <1 - ﬂ) Sw. (3.194)
r r r r

(note that at infinity, r* — r for an asymptotically flat space-time). Using the
Frobenius method, suppose

bw=3"a,r' ", ag# 0 as r — 0o. (3.195)
n=0
Then 7 = 2 or —1, hence for a bounded eigenfunction we require dw ~ r7! as

r — 0o. As " — —00, equation (3.190) reduces to p?éw = 0, so that §w — constant
as 1 — —oo for a zero mode. The variations of the Einstein equations give in this
case

dm = 2Nw'§w — 0 as " — —00. (3.196)

As 1™ = 00, for the coloured black holes of [18], the gauge field w decays polynomially
rather than exponentially, so that w’ ~ r~% as 7 — co. Hence §m ~ r~3 as r — o0,
which means that the total mass of the black hole is unchanged by the perturbation
dw. Thus the existence of a zero mode dw would represent two coloured black holes,
having the same values of the parameters r;, and g and the same mass. By an
argument similar to that of the previous subsection, this situation cannot arise if
the coloured black hole solutions of [18] are unique. It should be noted that the
analytic work to date on the EYM system [31, 32] covers only existence and not
uniqueness of solutions. However, all numerical evidence suggests that the coloured
black holes are unique (certainly with fixed mass), and hence there are no zero modes
for v = 0.

3.5.4 The number of negative modes

The existence of a single zero mode at the bifurcation point v,,,, and no zero modes
for other values of v means that the number of negative eigenvalues of the system
(3.178) remains constant along each branch of solutions, from v = 0 up to v = v,
However, it may change (by at most one since there is a single zero mode at v,,q,)
as we move from one branch to another at the bifurcation point.

In order to determine what happens at the bifurcation point, 1t is necessary to
employ catastrophe theory. The reader is referred to appendix A for an outline of
the important concepts in catastrophe theory, which we apply to the EYMH black

holes in the next section.
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3.6 Catastrophe theory and stability of the EYMH
black holes

In this section, catastrophe theory will be applied to the EYMH black holes in order
to determine the stability behaviour at the bifurcation point v = vy,z, and from
this information count the number of unstable modes of the gravitational sector

perturbations. The ideas of catastrophe theory that we shall be using are described
in appendix A.

3.6.1 Cautionary remarks

Before we begin the analysis, a few comments should be made concerning the ap-
plication of catastrophe theory. Catastrophe theory is a potentially powerful math-
ematical tool, having been applied quite extensively to a universal stability study of
various “hairy” black holes [57, 58], as well as boson stars [59, 60], solitons [61], and
many other areas of physics (see [62] for reviews of some of the work completed in
various fields).

However, catastrophe theory can only be employed subject to the following
caveat. Catastrophe theory gives qualitative information concerning the instability
of certain modes of the system. This means that results obtained using catastrophe
theory relate only to the relative stability of the configuration in question, not to its
absolute stability. There may be other modes of instability which are not covered
by the catastrophe theory, as will be the case below for the topological instabilities
exhibited in the sphaleronic sector of the EYMH theory. In other words, if cata-
strophe theory implies that a system is stable, this only means that the system is
less unstable than another, rather than the system being absolutely stable. It is in
this context that we wish to apply catastrophe theory.

Our approach has the advantage over that of [58] in that, coupled with the
analysis of section 3.5, we are able to count the exact number of unstable modes for
each branch of black hole solutions.

Catastrophe theory is also able to tell us something of the non-linear stability be-
haviour of the solutions, albeit only qualitatively. A full non-linear stability analysis
would be a somewhat lengthy undertaking [63].

3.6.2 Catastrophe-theoretic analysis

The first step in the catastrophe-theoretic analysis is to construct an appropriate
family of functions. We define the mass functional M of the black hole configurations
to be the ADM (Arnowitt-Deser-Misner [64]) mass of the geometry [21]:

M = m(oo)=m(rs) + m/(r)dr
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5 (1—0.)2)2 2

Tt gl tw)+ %(qb? - vZ)Ql } dr (3.200)

~+r
r

using the Einstein equation (2.49). This functional can be written as a functional
of the matter fields (w, ¢) only, as follows [21]. Let

e(r) = m(r) — m(ry) = m(r) — . (3.201)
Then

rd 2r?
— (2w + 12¢) (3.202)
r
using the definition of e(r). The Einstein equations (2.51) also give
1
§'(r) = —=(2w" +r?¢"?) (3.203)
r

whence the first-order differential equation (3.202) for ¢ can be solved:

e(r) = &0 / " K, (e dr (3.204)

h

where

Klordln) = 3 {(1-2) @417

%(af - UZ)QH (3.205)

is a functional of w, ¢ only. In an asymptotically flat space-time, §(c0) = 0 and thus
Mlw,g] = 5 +e(o0)
= %h + / " Klw, ¢l(r)e 50 dr. (3.206)
Z rh

It can be shown [21] that varying this functional with respect to the fields w, ¢
yields the static equations of motion (2.47), (2.48) for the EYMH system. Thus the
equilibrium configurations will be stationary points of the functional M.
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the parameter v.

The next step is to consider the catastrophe manifold C, which is the projection
of the solution curve onto the (v,d;) plane, shown in figure 3.2. The catastrophe
map x, which is the restriction to C of the natural projection

T (v,d) ~ (v), (3.208)
can easily be extended to the projection of the solution curve onto the (v, M) plane:
X : (v,80, M) = (v, M). (3.209)

The image of this map is shown in figure 3.4, where it can be easily seen that the
map (3.209) is regular everywhere except at the point (v = Vmae, M = Mpa,)
where it is singular. This point therefore comprises the bifurcation set B.

In summary we have a one-parameter (v) family of functions of a single variable
(d0), whose bifurcation set B consists of a single point. From the classification
theorem (see appendix A), therefore, we have a fold catastrophe. A fold catastrophe
was also found by the authors of [57] from their study of the EYMH system, although
their approach was somewhat different. This difference will be discussed at the end
of this section.

The main result of catastrophe theory is that the stability of the system will
change at the bifurcation point B. That branch of solutions (including the point B)
having the higher mass M (for the same value of v) corresponds to a maximum of
the functional (from the analysis of the fold catastrophe in subsection A.2) and hence
will be unstable relative to the other branch, which corresponds to a minimum of the
functional. From the continuity considerations of section 3.5, therefore, the &k = n
branch of solutions (which has the higher mass) will have exactly one more unstable
mode than the quasi-k = n — 1 branch (which has lower mass), since the number of
negative modes may change by at most one as we pass from the quasi-k =n — 1 to
the £ = n branch.

Before using this result to calculate the exact number of negative modes for each
branch, a comment is in order. Catastrophe theory lends itself to analysis of the
gravitational sector rather than the sphaleronic sector. This is because gravitational
perturbations correspond to small changes in the functions w and ¢, whilst keeping
the functional form of M fixed. In other words, our function M is fixed, and we are
changing the values of the variable ¢ slightly. On the other hand, for the sphaleronic
sector perturbations, the functions w and ¢ remain constant, but the functional form
of M alters. This kind of transformation is not covered by catastrophe theory. We
have already shown that both the £ = n and quasi-k = n — 1 branches of solutions
possess n unstable modes in the sphaleronic sector. These modes are undetected by
the catastrophe theory considerations, and the reader will now see why the caveat
mentioned at the beginning of this section was necessary.

Y
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3.6.3 Inductive process

We shall now employ the process of induction to work out exactly how many grav-
itational modes of instability there are. Firstly note that the v = 0 limit of the
k = n branch is the same as that of the quasi-k = n branch after replacing w by
~w [2]. Hence, by continuity, the k = n and quasi-k = n branches have the same
number of unstable modes in the gravitational sector (the quasi-k = n branch has
an additional unstable mode in the sphaleronic sector). So, working through the
branches, the & = n branch has n + i negative modes, and the quasi-k = n — 1
branch has n — 1 + 1 negative modes, where 7 is the number of negative modes of
the quasi-k = 0 branch, and thus of its v = 0 limit.

In the limit v — 0, the geometry of the quasi-k = 0 branch becomes that of the
Schwarzschild black hole. The perturbation equation is (3.190)

~piw + U bw = 0%0w (3.210)
where
Uy = [\SZ {3& — 1 - dru” (}]\1 + (NSS)'> + “’(”i— l)w'} . (3.211)
For the Schwarzschild black hole,
NEl—T—:, S=1, w=1, (3.212)

and the equation (3.210) reduces to
2 2 Th 2
—podw + — <1 — ~) dw = c*w (3.213)
T

which has the form of a standard one-dimensional Schrédinger equation, with po-

2 Ty dr* ( T‘h>_l
NN=—=11—-— =[1—-— . 3.214
utr) r? (1 r > ' dr ( )

As r* — +o00, corresponding to the event horizon and infinity, ¢(r*) — 0. For finite
values of r*, the potential ¢(r*) > 0, since we are considering only points outside
the event horizon, r > r,. Thus the potential is positive definite.

A standard theorem of quantum mechanics (see for example [56)) then says that
the Schrodinger equation (3.213) possesses no bound states, i.e. no negative modes,

so that

tential

i = 0. (3.215)

This is in accordance with the known stability of the Schwarzschild solution [40].
Altogether we have the following:

Result 3.6 The k = n black holes have ezactly n unstable modes in the gravitational
sector, whilst the gquasi-k = n — 1 black holes have eractly n — 1 unstable modes.
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3.6.4 Comparison with other results

Finally in this section we should compare our methodology with that of [57], where
catastrophe theory was also used to draw conclusions about the stability of the
EYMH black holes. There the authors fixed the parameter A = 0.125 and also fixed
the Higgs v.e.v. v. They then varied the horizon radjus rr and for each solution
calculated the value of the mass functional M, the field strength at the horizon Fj
given by

Fy = |F2|% lhorizon (3.216)

and the Hawking-Bekenstein entropy S = mr? [65, 66], to give a smooth solution
curve in (M, F},,S) space [57). The projection of this curve onto the (M,S) plane
has the same qualitative features as our figure 3.4. From this they concluded that
the k£ = 1 branch of solutions is more unstable than the quasi-k = 0 branch. Here we
have fixed A = 0.15 and in addition r, = 1, varying the Higgs mass. The advantage
of our approach is that, by interpolating between the various coloured black hole
solutions of [18], in order to exploit the known stability of the Schwarzschild solution,
we have been able to calculate the exact number of unstable modes and not just
give qualitative information concerning their stability.

Stability summary

The k = n branch of solutions possesses:
1. n unstable modes in the sphaleronic sector
2. n unstable modes in the gravitational sector.

The quasi-k = n — 1 branch of solutions possesses:
1. n unstable modes in the sphaleronic sector

2. n — 1 unstable modes in the gravitational sector.



Chapter 4

Entropy and Quantum
De-coherence

Having studied EYMH black holes within a purely classical context, we now regard
them as fixed backgrounds for a quantum scalar field, i.e. using a semi-classical
approximation. Much of the mathematical analysis of this chapter will be valid for
a general black hole geometry; however we always have in the back of our minds the
EYMH system. We concentrate on two aspects of the quantum field theory. Firstly,
the entropy of the scalar field [3], and secondly, the quantum de-coherence of the
state of the field as time proceeds [5]. Both these topics are exceedingly non-trivial,
and we do not claim to have definitive answers. However, we hope that by finding
new properties of entropy we may shed some light on the fundamental questions
raised. The black holes we consider in this chapter are spherically symmetric. The
introduction of rotation complicates the picture, and is considered in chapter 6.

4.1 Introduction to entropy

4.1.1 Historical note

The idea that a black hole has an associated entropy began with Bekenstein [65, 66],
who, on noting that the area of a black hole cannot (classically) decrease {12],
counted the unmeasurable information about the internal states of the black hole
hidden behind the event horizon. His famous result is that the entropy due to this
lost information is proportional to the area of the black hole event horizon.

The result of Hawking [67] that the black hole has an associated temperature

K
= (4.1)

where & is the surface gravity of the black hole, coupled with the first law of black
hole mechanics [68], was able to put Bekenstein’s idea of entropy on a firmer footing

81
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and fix the constant of proportionality:

1
S=-A
i (4.2)
where A is the area of the black hole event horizon.
These two seminal pieces of work laid the foundations for the idea of a thermo-
dynamical entropy associated with a black hole, and an associated theory of statist-
ical mechanics [69], which we now proceed to outline.

4.1.2 Statistical-mechanical entropy

The statistical-mechanical entropy S of a system is defined to be
S = ~Tr[plog p] (4.3)

where p is the density operator which maximizes S subject to the constraints op-
erating on the system. For black hole thermodynamics, it is necessary to consider
the micro-canonical ensemble [70], for which the total energy E of the system is
kept fixed. In other words, the system is fixed to be in an energy eigenstate of the
Hamiltonian H with eigenvalue E. In general this eigenvalue will be degenerate,
having degeneracy

N(E) = Tr §(E — H). (4.4)
Then 1
p= MP(E) (4.5)

where P(E) is the projection operator for the eigenspace corresponding to £, which
gives the formula

s = logN(E). (4.6)

This idea of counting the number of allowed states of the system (or, alternatively,
the number of different unobservable internal configurations [71]) is Bekenstein’s
original formulation of black hole entropy.

The partition function Z is defined as the Laplace transform of the degeneracy

N(E) (2]

2(8) = / dE e EN(E)
- /dEe-ﬁETré(E—H)
= Tre_ﬁH (4.7)

where, for the moment, we have not assumed that 8 is the inverse temperature.



CHAPTER 4. ENTROPY AND QUANTUM DE-COHERENCE 83

We now restrict attention to the case of a black hole in thermal equilibrium with
a heat bath at temperature T' (i.e. in the Hartle-Hawking state (section 6.2)). In
this case the density operator p is given by the Gibbs formula (73]

e PH
p=— (4.8)
where 1
== 4.
1s now the inverse temperature (note that we are using units in which kg = 1

throughout this chapter). The Gibbs formula is only valid for a static black hole
geometry, considered as a fixed background on which the quantum fields evolve.
This is the approach we shall be taking throughout this chapter, in other words,
we are ignoring the effect of the back reaction and the subsequent evolution of the
geometry. The Helmholtz free energy F is defined by

Z="TrePH = ¢ PF (4.10)
from which the entropy is calculated via the formula

oF

s:/ﬁaﬂ. (4.11)

4.1.3 Path integral formulation of quantum field theory in
curved space

It should be stressed from the outset that the author is not purporting to possess a
theory of quantum gravity! Rather, in this chapter, we are concerned with first-order
approximations to the theory.

For the rest of this chapter we shall focus our attention on a quantum mechanical
scalar field ¢, propagating on the background black hole geometry, which we assume
to be static for simplicity (the case in which the space-time is stationary but not
static is discussed in chapter 6). The metric can then be written in the form

ds? = —goodt® + gijda:id:vj (4.12)
where g,, does not depend on ¢, and goo > 0 with 7,5 € {1,2,3}. Performing a Wick
rotation t = —i7 (see also section 6.5), the metric of the Euclidean manifold is then

ds® = goodT? + gijdz'da’. (4.13)

The co-ordinate 7 is periodic with period § (note that at this stage we have not
necessarily fixed § to be the inverse of the Hawking temperature). The partition
function for the field ¢ propagating in the space-time described by (4.13) is then

2(6) = N [ Digle™™ (4.14)



CHAPTER 4. ENTROPY AND QUANTUM DE-COHERENCE 84

where A is a normalization factor and I is the action of the field theory on the
Euclidean manifold.

If we now wish to describe first-order quantum gravity, the metric is one of the
fields to be integrated over, and the partition function is defined, formally, as [69]

2(8)= N | Dlg] [ Diglexp (~1lg, 9] (4.15)

where W is the space of Euclidean metrics to be integrated over, and is restricted by
various boundary conditions, such as the total energy contained within the geometry
and the space-time behaviour at infinity. The action I has the form

where I, is the matter field action and Igy is the Euclidean Einstein-Hilbert action

[69]
1
= - 2
Ien 167G [ /H69R+ H/(?H EhK] (417)

with ¢, the volume form on the Euclidean manifold M with metric g, and ¢, is the
volume form on the boundary sub-manifold M. The term K is chosen to be the
difference in the trace of the second fundamental form of OM in the metric ¢ and the
flat space Minkowski metric [69]. The reason for this choice is so that Igy = 0 for
flat space. Note that in (4.17) we have explicitly retained the Newton constant Gn
for reasons which will become apparent shortly.

The dominant contribution to the path integral (4.15) will come from geometries
close to a background geometry § (on a manifold M) which is a stationary point of the
classical action and satisfies the boundary conditions. We therefore perturb about
this metric and write the general metric g in the form

=3 +8g (4.18)

and quantize the fluctuations §g and ¢ with the background metric g fixed. In this
manner the action can be expanded in powers of dg as

Ig, 4] = I[3+ 49,4

51 ;
= IEH[§]+1¢[§I7¢]+/'.4% @l og* +... (4.19)

g

5+1/A52—[
I 2ﬁ696g2

g

whence the partition function takes the form
2= exp (~Ienlg)) [ Dld)exp (~Leld.¢]) [ Dlsglexp (~lg+69.¢])  (4:20)

where

g+ 89,6] = I[g + 8g,8) — Ienld] — Ls(3, ¢ (4.21)
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Since § satisfies the background field equations,

o _ 0 4.22
and
I[g + 6g,¢) = I1[8g] + higher order terms (4.23)

where [5[dg] is quadratic in the perturbations §g. As a first approximation we shall
ignore the higher order terms. Thus the partition function has the simplified form

2 =222 = exp (~Ignld]) [ Didlexp (=113, 4]) [ Dldglexp (~Lidg])  (4.24)

where
2y = exp(~Ignlg)),
Z = [ Dlélexp(~Llg 4,
Z, = / D(sg]exp (~L[8g]) (4.25)
Using the formula
F= -%bgz (4.26)

and (4.11), we then have a simple expression for the entropy:

,0 [ 1 1

log Z 11 Z
ogZz — —log Zy
g

The first term in (4.27) 1s purely classical, and has been calculated in, for example
(69, 74]. For gravity theories governed by the Einstein-Hilbert action (4.17), the
answer is simply the classical Hawking-Bekenstein entropy

A

S = —
VTN

(4.28)
where, again, we have explicitly retained the coupling constant. It should be noted
that the formula (4.28) for S; becomes modified in theories of gravity which involve
terms additional to the Einstein-Hilbert action (see for example [75]). We discuss
one such example of a theory in chapter 5 and shall return to this issue briefly in
section 4.3.

Terms S; and S3 are the first-order contributions to the entropy from scalar
and graviton fluctuations respectively. However, in the absence of a full theory of
quantum gravity, we are not able to calculate S3. For this reason we shall consider
only S;. The calculation of terms of this kind has been the focus of much recent
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research in non-hairy black hole space-times (see, for example, [72, 73, 76, 77, 78]).
Two main approaches have emerged.

Firstly, the conical singularity method which directly uses the Euclidean mani-
fold defined by (4.13). The partition function Z has to be calculated for “off-shell”
temperatures not equal to the Hawking temperature, in which case the Euclidean
manifold possesses a conical singularity. This procedure may have the apparent ad-
vantage of yielding finite answers [76], but the entropy so calculated is not statistical-
mechanical in nature and so is difficult to interpret physically.

Here we shall favour the second method, known as the brick wall model [79].
This involves regulating the theory by placing an unphysical boundary just outside
the event horizon of the Lorentzian black hole metric. The great advantage, for our
purposes, of this approach is that the entropy calculated via this method has a. clear
statistical-mechanical interpretation and can easily be related to the density matrix,
the fundamental object in which we shall be interested from section 4.4 onwards.

4.2 Calculation of the entropy

In this section we shall calculate the entropy of a quantum scalar field on a back-
ground hairy black hole space-time. The formalism we shall use is a semi-classical
WIB method, as employed in [77, 79], which is valid for large black holes having
small Hawking temperature. This is means that the space-time can be considered
as a fixed background for the quantum field.

4.2.1 The WKB method

We begin with the hairy black hole metric in the form (section 2.1):

-1
9 j .
d82 — (1 — M) 6—25(r)dt2+ (1 — in_(r_)) dr2+7'2 [d92 + sin2 9d§02] (429)

r r

and consider a scalar field ¢ of mass y propagating in this geometry, and satisfying
the Ilein-Gordon equation

L —9g"8,6) — u*¢ = 0. 4.30
\/:—gf’u<\/_§g $) — u’¢ (4.30)

The metric (4.29) is spherically symmetric, and so we consider solutions of (4.30) of
the form

uElm,(t,T,ﬁ,c,o) = e_iEthl(T) flmt(ev ‘10) (431)

where Yi, (0,¢) is a spherical harmonic [80] and E is the energy of the wave (see
section 4.5.3 below for further comment on the quantum-mechanical energy of Fhe
field). The wave equation (4.30) then separates to give the following radial equation
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for fei(r):
0= <1 ‘@)_IE"’fEI(rH%% [e—éwrz (1 - 2";{“”) dfflfy)]
_ [l(l:; 1) + ,f} fEi(r). (4.32)

The “brick wall” boundary condition is assumed [79], namely the wave function is
cut-off just outside the event horizon

=0 atr=r,+c (4.33)

where ry, is the black hole horizon radius and ¢ is a small, positive, fixed distance,
which plays the role of an ultra-violet cut-off (see section 4.4.3 for further discussion
on the role of €). In order to regulate the theory (see section 6.1 for an explanation
of the divergences arising in quantum field theory in curved space-time) we also
impose an infra-red cut-off a very large distance L from the horizon:

¢=0 at r = L, where L > rj. (4.34)
Conditions (4.33) and (4.34) mean that fg;(r) must satisfy
fEi =0 atr=ry+ecorr=1L. (4.35)

In anticipation of being able to use a WKB approximation (whose validity is
discussed below), next define functions Kg(r) and h(r) by

KE(r) = (1—2m—(”>_1 E? (1—2"2—(”)_1—1(1“)—4 (4.36)

r r 7"2
{)
h(r) = e %02 (1 - “m(r)) . (4.37)
r
In terms of these functions, the equation (4.32) for fg/(r) takes the form:
1 d dfgi(r) I
- = 0. 4.38
Now define a function yg(r) by
yE(T)
r)= : (4.39)
JeA(T) )

Then ygi(r) satisfies

2 1 [(dr\® 1 &%

dr? ah? \ dr
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The WKB approximation [53] for yg; will be valid if

1 (dh\® 1 d%h 2
@) ~anae| <IhE] (441
and
dK
drE’ < |KE|. (4.42)

The first inequality (4.41) is required so that yg; can be taken to satisfy the equation

d*ym
dr?

+ K ys =0 (4.43)

where K'g; is now the radial wave number, and inequality (4.42) is required so that
the approximation to the wave-function [53]

ygi(r) ~ -—}égaexp [ii/[x’El(r)dr] (4.44)

1s valid.

Assuming, for the present, that the WKB approximation is valid (see section
4.2.5 below), define the radial wave number A’z as above (4.36) whenever the right
hand side of (4.36) is non-negative. Define K'g; = 0 otherwise, so that A'g; is always
real. Then the number of radial modes ng; is given by [79]

L
g = Kgi(r)dr (4.45)

rrte€

where the fact that ng; must be an integer restricts the possible values of E. For
fixed energy F, the total number Ng of solutions with energy less than or equal to
F is

TNg = /(‘21+1)7mE,dl
L -1
:/ (1_2m(r)) dr/(‘zl-l-l)dl
rp+e€ r

X {E2 - <w + /12) (1 — 27%(—72)} : (4.46)

where the [ integration is performed over all values of [ such that the argument of

the square root is positive.
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4.2.2  Free energy
The Hawking temperature (67] of the black hole having metric (4.29) is given by

a1 _ Kk 1 —2m)
T=8"= or 4y, edn (4:47)
where | o
_ LT emy
K= 57 on (4.48)

is the surface gravity of the black hole, ' denotes derivatives with respect to r, and
the subscript A denotes quantities evaluated at the event horizon r — rn. We shall
assume here that 7! <« 1. (The validity of this assumption will be discussed later,
in section 4.2.5.) For extreme black holes, m} = 0.5 and hence T = 0. We shall
comment briefly on this case at the end of this section, but the reader should note
that it does not arise for the EYMH black holes in which we are primarily interested
(section 2.2.9).
The free energy F' of the system is given by [79]

_ _ 1
e =%"ef = ] T—F (4.49)
TLE[,Z,TI‘L[
so that
BE = Y log(l~ePE)
nEl,l,ml
~ /(21+ l)dl/dngl log(1 — e#F) (4.50)

for 3> 1, integrating over appropriate {. The second integral can be integrated by
parts:

F = _%/dl(Ql—i-l)/d(ﬁE) eﬁZE_l.l
1 ! ’
_ _;/dz(zlﬂ)/dlﬂeﬁ—E_—1 dr

rpte

(-2 -5 (-2

where we have substituted for ng; from (4.45).
The [ integration can be performed explicitly:

Jaren - (D) (1 20

(i m o (120,

r T

N0
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which gives for F,

S e

(4.53)
In order to facilitate the calculation of the leading behaviour of F, introduce a
dimensionless radial co-ordinate z by

r=—. (4.54)

Th

The expression (4.53) for F' then takes the form

2 Win(z)) ; :
=5 o8 g e (1= ) e (12280
144 I T
(4.55)
where .
b=, L=X ey = ™ (4.56)
Th Th Th
4.2.3 Contribution to F for large z
The contribution to F for large values of z is
2
- ——L3/ ap = #)7 ) , (4.57)

Equation (4.57) is the expression for the free energy in flat space. We shall not
consider this expression further.

4.2.4 Contribution to F for small z

The contribution to (4.55) for z close to 1 diverges as ¢ — 0. The leading order
and next-to-leading order terms in the integrand of (4.55) are calculated using the

expansion, near r = 1,

1"//
m(z) =y, + my(z —1) + th( —1)%+. .. (4.58)

where

(4.59)

and using the trick

we have

7! = 1—(1‘—1)+(I—1)2+
22 = 142z-1)+(z-1)% (4.61)
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Hence

1- = (I-2mp)(z—1)+2m, ~ 1 —m)(z—1)" +...
(1_2m(x)> = (1-2m})*(z - 1)~

22}, — 1 — )
8 [H T

(z—-1)+...|. (4.62)

Thus the leading order contribution to the integrand of (4.55) is
Iro = E*(z — 1)72(1 — 2rh} )72 (4.63)
and the next-to-leading order term is

2 —4m) +mf _ 3 1
( ()hA, 3h)(.’17—1) 1_‘_#2E‘A,

Inpo = 2E° (z—1)"" (4.64)

Using the standard integrals [81]

oo E3 7T4
dE ———— =
/o Pt —1 15034
oo E m? .

the leading order divergence in F' is thus

23 (1 — 2mj) 2

Fro =

45¢ B

2m3 ri(1 — 2m})7?
= —— 4.66
45€ o ( )

whilst the next-to-leading order contribution is
43 3 (2 — 4, + my) ., TT o .
= b —_k —9

Fnro = B (=2 log € 6[32'U (1 —2m}) " loge. (4.67)

4.2.5 Validity of the approximations

Before we calculate the entropy from the free energy (4.66-4.67), it is necessary to
ascertain when the approximations we have used are valid. Firstly, from (4.47),

B> 1if

rh > 1 or 1—2m; < 1. (4.68)
In the first case, non-trivial (i.e. non-Schwarzschild) EYMH black holes exist only
for very small values of the Higgs v.e.v. v [58], and these solutions will be very close
to the Schwarzschild solution having mass M = ry/2.
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In the second case, the black hole is very nearly extremal. It should be noted
that the analysis of this section is not valid for precisely extremal black holes (since
then T' = 0). However, as discussed in section 2.2.9, we have 1 — 2my, < 1 for large
k = n, and for any value of v for which a non-trivial black hole exists. We shall
discuss the extremal case at the end of this section.

Secondly, consider the validity of the WKB approximation. The principal con-
tribution to the free energy F' comes from the region where Kg; is large; here we are
concerned primarily with the region where « is close to 1. The WKB approximation
will be valid when K'g is large, and in this regime it may be approximated by

Kg(r) ~ E <1 3 2m(r))—1

"
~ E(1-2m})" ' (r—r) 4+ 0(1) (4.69)
for r ~ r,. Then
di
CEL B = 2ml) M — ) (4.70)
dr
and .
\El -2 .
f ) 4.71
- <|BE|] i ‘1_2m2 > 1 (4.71)

Similarly, near the event horizon we can expand h(r):

h(r) = e r2(1 = 2m})(r — 1) 4+ O(r — 13)* (4.72)
o that 1 [dh\® 1 d*h 1
e (—d_r_> TSR m+0(r—rh)“l (4.73)
giving .
21% <Z—ﬁ) - %% < |KE| (4.74)
if ip
| 1. (4.75)

Hence, for the EYMH black holes with large k = n, the WKB approximation Is
valid except for small values of E.

4.2.6 Entropy
The entropy S of the system is calculated from the free energy F by the formula [79]

S :52%% (4.76)
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E_quations (4.66) and (4.67) then give the following expressions for the leading order
divergence in S and next-to-leading order behaviour as follows:

3.4
8 ri,

_ 2t 9.t =2
Sro = 45¢ (33 (1 th) (477)
167° Tz (2~ 4rmj + my) Trs
S = —_— —— h h ~ _i 2 _ A=) R
NLO 5 F (1= 2m,) log é + 37 (1—2m}) " logé. (4.78)

Substituting for 3 from (4.47) gives the following final form of the entropy:
Th

— Sy —35
Sto = 3606(1 — 2, )e~%n (4.79)
1 -34 N Al ~ 1 - R
SNLo = ~I%0° 3n(2 — a4+ M) log é + Erﬁ,u?e Snlog €. (4.80)

The implications of these formulae will be considered in detail in the next sectjon.

4.2.7 Extremal black holes

Finally, in this section, we compute the contribution to the entropy in the case of
an extremal black hole. Then 7, = 0.5, so that Sy vanishes identically. (It should
be noted that the calculation of the free energy in section 4.2.2 is not valid for a
precisely extremal black hole. However, we may consider the limiting behaviour as
the black hole approaches extremality.) The next-to-leading order term (4.80) does
not vanish, but reduces to:

1 1
SnLo = —ﬁe‘“”m% log € + 57‘;21#26-5'2 log €; (4.81)

where we now evaluate an explicit simple form of m} in this case.

Calculation of ) Restricting our attention now to the EYMH black holes, in
the extremal case we can derive a compact expression for mj. From the Einstein
equations (2.56):

1 2 2 , 1 1 — 232 2 X .
m'(r) = N (% + ¢>2) + 57“2 [(—r—f‘)‘ + 72‘73(1 +w)? 4+ ;(¢2 —v?)?| (4.82)
where
9
N=1- “”1(’“) (4.83)

For extremal black holes, N(ry) = 0 = N'(r}) and m'(ry) = 0.5. In this case

—wp)? i 2 A 2 2\2
m"(T‘h) = 7 {gl__}l_l_.Jr_ﬁ(l-*—wh) +§(q§h—v)}

4 2
T 2ri

1, 4(1"‘”1%)2 4 2 ' ¢%L 2
_ A v (1 —wiwpwy, — —(1 +w
+27‘h{ T}S’L Tﬁ( h) Ry TZ( h)

+¢"§’%<1 +wn)’ + T—sz(l +wh) + 22 (¢4 — vQ)} . (4.84)
h

r h
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Since mj = 0.5 this expression reduces to

1 2 2 ¢2
m// — _____1__ 22__1__ 2 ' h 2
A ™ "'2( wy) T}zl( wj, Jwhwy, -——-zrh(l + wy)

]' 4 1 / 2 7
+_2’¢h¢h(1 +wi)® + §¢;Zzwh(1 +wh) + Aridndi(dn — v?).  (4.85)

Further simplification is possible using the field equations (2.54-2.55)

y o _WNSY 1 ¢
Nw” = v + ﬁ(uﬁ - Dw+ —4—(1 + w)
v _ (NSY , 2N, ¢
N¢" = —'—S‘_¢ —Tﬁﬁ +§§(1+w)2+)\¢(¢2~v2), (4.86)
where
S(r) = e, (4.87)
giving, at the event horizon,
1 T
(1 — w? - h
T)21( wh)wh 4 (1 + ws)
Pn 2 _ 2 _ 2
5l twn)” = Adn(@, — v°)- (4.88)
“Th
The expression for m} then reduces to:
"o 1 2 242 i 2
mhpo= T ;2‘(1 —wip)® ~ 27;(1 + wh)
12 )
= - ;]3:(1 — wi) (1 +wr)
1 1 %
= ~—fﬁ(1+w )? (4.89)
Th 27‘h Wi
providing wp # 0.
4.3 Comments on the entropy calculation
4.3.1 Branch structure of the EYMH system
Consider the leading-order divergence in the entropy S:
Spo = —t—(1 — 2ml)e” ¥ (4.90)

360¢

As discussed in section 2.2, the black hole solutions of EYMH theory are indexed
by k, the number of nodes of the gauge field w, and for each k = n there are two
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branches of solutions: the k& = n and quasi-k = n — 1 branches. For each fixed
value of the Higgs v.e.v. v, the k = n solution has larger m/, and &, than the quasi-
k = n — 1 solution. Hence the k = n branch has a lower entropy (4.90) than the
quasi-k = n — 1 branch. This is in agreement with [58), where the authors labelled
the k& = n branch “low entropy” and the quasi-k = n — 1 branch “high entropy”.
The stability analysis of chapter 3 confirms that the “high entropy” quasi-k =n —1

branch is more stable than the “low entropy” k = n branch, as was conjectured but
unproved in [58].

4.3.2 Renormalization of Newton’s constant

Local quantum gravity is a fundamentally non-renormalizable theory, and this is one
reason for ignoring graviton fluctuations in this chapter (section 4.1.3). Thus the
entropy calculated in the previous section constitutes only part of the total entropy
of the black hole (as explained in section 4.1.3). The entropy we have calculated
is divergent due to the fact that we have ignored the back-reaction effect of the
scalar field on the gravitational field. However, such divergences are easily tamed
as follows.
We first focus on the leading order divergence in the entropy,

1 Ty
— (1 — 2m})e™% | =
3000 " T
which is proportional to the linear factor r,/e. Such a factor is typically found in
calculations of entropy in non-hairy black hole space-times {77, 79]. The invariant
distance of the brick wall from the event horizon is [79)

d. = The (4.92)

Spo = (4.91)

and hence rewriting (4.91) as
1 h
360 d.

we see that Syo is in fact proportional to the area of the event horizon. This means
that, in the leading order approximation, the Hawking-Bekenstein formula for the
entropy is still valid, but with a renormalized gravitational constant G'r replacing

the bare Newton’s constant Gn:

1 1 1
S=S;+5Sr0= [M-I-O(d—)]ﬂ.: EA. (4.94)

This renormalization may be interpreted as expressing quantum back reaction ef-

Sio = 1 — 2m)e % 4.93
h

fects.
The next-to-leading order, logarithmically divergent, terms are not so easily

dismissed. They take the form (4.80)

1 . . . 1, R
SNLO = —@6'35’1(2 — 41, + ) log € + [E,uze 5n log e] ry. (4.95)
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The second term in (4.95) is proportional to A, and hence can be absorbed into the
renormalized Gr. However, the first term cannot be absorbed in this manner and
we turn now to the interpretation of this term.

4.3.3 Interpretation of the additional terms in the entropy

We would like to be able to interpret the additional contribution to the black hole
entropy in terms of information loss across the event horizon. We shall discuss the
information loss problem for black holes and its consequences for quantum mech-
anics in the remaining sections of this chapter. For the time being we focus on the
relationship of information loss with entropy.

The motivation for this interpretation is quite simple. Firstly, these contribu-
tions are present even for extremal black holes for which the Hawking temperature
vanishes (section 4.2.7); indeed they are present even in the case of an extremal
dilatonic black hole whose event horizon has zero area [77). Secondly, the logar-
ithmic divergences disappear for black holes whose event horizon is disappearing in
the sense that r, — ¢ (for the dilatonic case [77] this corresponds to ADM mass
M — e/2).

Information can only be lost down and not retrieved from the event horizon.
Hence any entropy associated with information loss must be positive. For the ex-
tremal EYMH black hole, the supposed information loss entropy term is (4.95)

1 a5 . A
SiL = ~15%¢ Brmt log €. (4.96)
Since for € < 7, the logarithm will be negative, in order for Sy, to be positive, we
have (4.89)
1
il =1— 21 +wp)? > 0. (4.97)
2 Wh
Thus the condition of positivity places a mild restriction on the horizon values of

the fields, namely
2wh > (14 wp)? > 0. (4.98)

From (4.97) it can be seen that any possible ambiguity in the sign of mj arises from
the presence of the gauge field w. In its absence m, is definitely positive.

This ambiguity in the sign of the entropy has arisen before, for spin one fields
propagating on an ordinary (i.e. non-hairy) black hole background [78]. Here we
have a gauge field as part of the background, associated with non-trivial hair. In this
case, sign ambiguities are present already when we consider the quantum fluctuations
of a spin zero field. Such problems do not arise for scalar fields on non-hairy .bla?k
hole backgrounds, when the entropy is manifestly positive. The problems arise in
the presence of gauge fields due to terms in the effective action which have a negative

sign [78].
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Higher curvature gravity Here we mention briefly that it may be possible to
absorb those terms in the entropy which are not proportional to the area into a
renormalization of the coupling constants in theories of gravity which involve higher-
curvature terms than ordinary general relativity [75]. Such theories often arise as
low-energy effective theories coming from string theory, and we consider one such
theory in chapter 5. There we show that black hole solutions possess non-trivial
hair, eluding the no-hair conjecture via a mechanism similar to that operating in
the EYMH system. However, in string-inspired models the hair is present purely
in the gravitational field, without the need for non-Abelian matter fields. The
absorption of the “information loss” terms in the entropy may indicate that the
extra hair reduces the amount of information lost down the event horizon, since
more information is retained in the structure of the hair itself.

4.3.4 Entanglement versus thermodynamic entropy

At this stage we should discuss briefly the entanglement entropy, which has received
much attention in the literature [78, 82, 83], and compare it with the thermodynam-
ical entropy. Thermodynamical entropy is calculated via the methods of section 4.1,
and hence is the type of entropy with which we have been concerned so far in this
chapter. Classically, it corresponds to the Hawking-Bekenstein entropy (4.28), while
in section 4.2 we have computed the first order quantum corrections to this formula.
Entanglement entropy is obtained from the density matrix of the field

p= 3 1)y (4.99)

states

by tracing over the degrees of freedom which cannot be observed (in our case, because
they lie inside the black hole). This process yields a modified density matrix p,
having eigenvalues p,. The entanglement entropy is then given by the formula

S=—>_ pnlogpn. (4.100)

Thus entanglement entropy is closely associated with information loss, and, fur-
ther, is always positive. Thus entanglement entropy is not the same as thermody-
namic entropy for the spin one case described above [78]. However, for spin zero
fields in non-hairy black hole backgrounds, the two ideas of entropy coincide [78].
For the EYMH black holes, if the two forms of entropy are identical, then it must be
the case that m > 0 (4.97), or, otherwise, the entanglement and thermodynamic
entropies do not agree even for scalar fields on this background.

Entanglement entropy has been calculated explicitly for flat space-time with an
artificial boundary [83], and also in cosmological geometries [82]. However, both
calculations made explicit use of the forms of states that were being traced over.
Although the results of [83] bear a striking resemblance to the black .hole situation,
the approach is somewhat different. The states inside the event horizon should be
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considered as intrinsically unobservable, in comparison with the artificial boundary
case, where we have in effect chosen not to observe certain modes. Hence any
calculation which explicitly involves these hidden states does not get to the heart of
the black hole problem.

4.4 Quantum de-coherence

4.4.1 The information loss problem

The problem of information loss in the formation and subsequent evaporation of
a black hole is a deep, and as yet unresolved, question in gravitation. One of the
reasons it has not been resolved is that we do not have a complete theory of quantum
gravity, and hence cannot say what the end-point of the evaporation process is. In
this section we briefly describe what is meant by information loss in a black hole,
and how it may affect quantum mechanics.

Suppose initially we have a pure quantum state describing matter which then
collapses to form a black hole. According to the unitary evolution of quantum
mechanics, this pure state will evolve in time, but will remain pure. However, once
the event horizon has formed, an observer outside the black hole sees a mixed state
because he cannot determine what is happening inside the event horizon. As far as
the horizon is concerned, he has to apply Hawking’s “Principle of Ignorance” [34),
in other words, all configurations compatible with his limited knowledge (i.e. only
what is going on outside the horizon) are equally probable, and the observer must
trace over them accordingly. This procedure leads to a density matrix describing
the mixed state observed, and, in effect, a pure state has evolved into a mixed state,
resulting in a loss of information.

To describe this phenomenon mathematically, Hawking [85] suggested that the
conventional S-matrix description of scattering between asymptotic “in” and “out”
states should be replaced by a super-scattering operator $ which relates initial and

final density matrices:

If the operator $ can be factorized as
$ =SS, (4.102)

then (4.101) reduces to the conventional S-matrix theory, with “in” and “out” states
being described by density matrices. This is standard quantum mechanics; time-
evolution is unitary and pure states evolve to pure states. Hence the operator $
is non-factorizable for the black hole scenario we are interested in [85], where pure

states can evolve to mixed states.

Proposition 4.1 If pure states evolve to mized states, then the operator § is not

invertible.
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Proof (86] Let ¥ be a pure state which evolves to a mixed state described by the
density matrix p;

$(T @ VU) =p. (4.103)
Suppose that § is invertible, then

TRV =23$"(p). (4.104)
Next expand p in terms of its eigenvectors:

p= Zpiqn @ O, (4.105)

where
0<p<l (4.106)

and there is more than one ®; since p describes a mixed state. Then, since § is a
linear operator, so too is $7', giving

U= ps (9o, (4.107)

Now let T be any state orthogonal to W. Then we have

> pd{TI8 (@i © @) = 0. (4.108)

The operator $71(®; @ ®;) is a density matrix, and hence a positive operator. In
addition, each p; > 0, and so
(Y[$71(®: @ ®:)[T) =0 (4.109)

for all T orthogonal to ¥. This implies that

10, 00,) =0V Vi (4.110)
and thus ) B

0,00 =3(vald) Vi (4.111)
There is more than one ®; and hence we have a contradiction. In conclusion, then

$ is not an invertible operator. 0

Proposition 4.2 (87, 88] The fact that $ is not invertible is incompatible with
(strong) CPT invariance.



CHAPTER 4. ENTROPY AND QUANTUM DE-COHERENCE 100

Proof . Suppose that the system is invariant under the CPT operator O. Let p;,
be an “in” state which evolves to the state described by pout, that is,

Pout = $pin- (4.112)

By CPT invariance,
pin = Opy, (4.113)

&« " 7 M M
for some “out” state p’_,, which gives

Pout = $@p;ut (4114)
Now act on both sides with ©:
Opout = O30, (4.115)
where
for an “in” density matrix pl, :
p;n = @$®plout (4117)

Since the “in” and “out” Hilbert spaces are the same for both primed and unprimed
operators,

giving, finally,
pin = O3O80, Vi, (4.119)

This implies that ©30% is the identity operator, which in turn implies that $ is
invertible. This is a contradiction with Proposition 4.1 above. Hence the system is
not CPT invariant. a

The fact that CPT invariance is broken in black hole space-times is not that
surprising; the CPT theorem is, after all, a theorem of field theory in flat space-
time. The above proposition refers only to the violation of “strong” CPT invariance
(i.e. the non-existence of the mathematical operator © [88)). It may be the case that
such violation is suppressed by many powers of Mz", where Mp is the Planck mass,
and would therefore be unobservable in practice. We shall investigate the possible
order of magnitude of these effects in the following sections. This violation of CPT
invariance implies the existence of a fundamental arrow of time and, in particular,
that although black holes may exist, white holes do not [88].

The information loss we have described when a black hole is formed is not, in
itself, a “problem”. Classically, there is no fundamental objection to the fact that
objects can disappear forever down the event horizon; it is merely a rather puzzling
observation when one first learns relativity. Quantum mechanically, the evolution
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of pure states to mixed states may be considered an artifact of our dealing with
an open system. The real paradox arises when we consider black holes evaporating
away completely to give a singularity-free geometry. Such processes are important
when we consider microscopic, rather than macroscopic, black holes [89]. The net
effect is that a pure state (the collapsing matter) has evolved to a mixed state
(the Hawking radiation) but now there are no hidden states. Of course, this picture
involves details of quantum gravity that are as yet unknown. However, what we have
observed so far as a macro-physical phenomenon may have important consequences

for the laws governing the micro-physical universe, and we now investigate one of
the possibilities.

4.4.2 Modifying quantum mechanics

We shall not be concerned directly with the super-scattering operator § for the
remainder of this chapter, but shall consider instead the time-evolution of the dens-
ity matrix operator. For unitary evolution in ordinary quantum mechanics, this
equation takes the form [89]

op .
5 = ilp, H]. (4.120)

However, we have already observed that in the case at hand the system does not
evolve unitarily in time; pure states can evolve to mixed states. Hence (4.120) must
be modified, and has the new form [89]

0 :
’a‘? — ilp, H] + §Hp. (4.121)
The right hand side of equation (4.121) represents the most general linear operator
mapping hermitian matrices to hermitian matrices. It is desirable to 1mpose two

constraints on §H [89], firstly that

Trp=1 (4.122)
at all times, so that probability is conserved, and secondly that

Trp* <1 (4.123)

always, to avoid states with complex entropy. With these restrictions §H can be
considered to be a negative semi-definite quadratic form on the vector space of all
possible density matrices p.

Equation (4.121) has the same structure as that typically found for the time
evolution of open quantum systems, where unobservable degrees of freedom have to
be effectively integrated over. We have stressed this striking similarity previously,
but in the absence of a complete theory of quantum gravity, are unable to say how
far the analogy can be pushed. It may be possible in string theory, a candidate
theory of quantum gravity, to probe this question more deeply (see for example
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(13, 14, 16]), but we are interested here in what macroscopic black holes can tell us,
so we shall not pursue any string theoretic considerations, but shall rather take a
model-independent approach.

Once we have proposed (4.121), the natural question is: what form does §H take?
This we cannot fully answer without a complete theory of Planck scale physics. For
the remainder of this chapter, we shall consider the macroscopic hairy black holes,
and link the logarithmic divergences in the entropy of a quantum scalar field with a
possible §H term. In a first approximation, we shall be able to see how §H depends
on the hairy black hole geometry, and on the quantum scalar field, and also give an
estimate for its order of magnitude.

4.4.3 A new proposal

In section 4.2, the entropy of a quantum scalar field surrounding a black hole was
calculated. Adding these first order corrections to the classical Hawking-Bekenstein
entropy (as described in section 4.1.3) gives the quantum corrected black hole en-
tropy to be

S = 85, +4+8;=51+Sr0+SNL0O
_ 7 + ri (1 — 2} )e™™h — ——(2 — 47}, + m})e " log é
T Gy 360d. h 180 bt TR
2
—}—Z—Z;ﬂe"‘;" log €. (4.124)

Suppose, formally, we may write (4.124) as

2
Tl'Tq

— —G—;
where Gg is the renormalized Newton’s constant and ry is a
Then r, is given by (again formally)

S (4.125)

¢

‘quantum” radius.

n Gr(l -2 / :
r? o= r} ~GTE Gr (L= 2m) _ 1) g™ 3n —G—E—,uQe’M" log é
¢ Gn T 360d, 127
- 1?(? (2 — 4}, + i} )e > log €. (4.126)
T

As described in section 4.3.2, the renormalized gravitational constant G is related
to the bare gravitational constant G'v via the renormalization

~Af 2
1oL L) e B shag (4.127)
Gr Gy ™ 360d 127
which gives a simplified expression for TZ;
r? =i — Gr 9 — 4o}, + ) )e " log . (4.128)
7 b 180m
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As the black hole evaporates due to Hawking radiation [67], its radius shrinks as
the area of the event horizon shrinks. This will, in turn, alter the effective radius
T4, and also logé. Hence we formally identify logé as giving a measure of time
which is convenient for our purposes. This identification can also be motivated from
considerations of “non-critical” string theory (5, 13, 14, 15, 16}, but these issues will
not be addressed here.

Our approach from here is to fix time ¢t = log ¢, and with this choice of a time
co-ordinate, calculate %, the time evolution of the density matrix. As discussed in
section 4.3.4, we are not able to compute the density matrix by tracing explicitly
over the unobservable degrees of freedom. Instead we shall assume that the density
matrix for the quantum scalar field on the black hole background is given, for a
system close to equilibrium, approximately by the Gibbs formula
_ﬁH

YA
This formula will be valid (at least approximately) for a black hole which is changing
slowly with respect to time, so it is approximately static. This will be the case for
Jarge black holes whose emission via Hawking radiation is slow. These are the black
holes for which the WKB approximation used in section 4.2 is valid. Evidently,
corrections to the formula (4.129) will produce corresponding corrections in g-f, and
so our calculation is only approximate.

If the formula (4.129) were exact, then for unitary evolution,

€

p= (4.129)

dp
- = 4.130
trivially since

(o, H] = 0. (4.131)

However, since the system is (albeit slowly) evolving, this is not the case. From
section 4.2, we see that Z depends on log ¢, and in the next section we shall compute
the dependence of H on logé. Hence, even assuming the Gibbs formula (4.129),
there are contributions to -‘g—’; not stemming from the commutator term. These are
precisely the §H factors in (4.121), and hence the Gibbs formula will allow us to

investigate this term, subject to the approximations we have made.

4.5 Calculation of the Hamiltonian

We now compute the é dependence of the Hamiltonian of the quantum scalar field.
The calculation will make use of the WKB approximation described in section 4.2.

4.5.1 Form of the Hamiltonian

A scalar field of mass p is described by the Lagrangian
1 ,
Lo=—5[g"0u00.9+ 2] (4.132)
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and propagates in the black hole geometry described by the metric
ds? = —el'dt? + efdr? + r*(d6? + sin® 8 dyp?). (4.133)
The canonical momentum r, conjugate to the field ¢ is

oL,
* 7 8(drg)

The Hamiltonian density H, is defined by

= ——gtu u¢ = e’raté. (4134)

H¢ = 7T¢Cr)t¢ - £¢ (4135)
and, for the metric (4.133) takes the form

1
Hy = 3 e T (0:¢)* + e72(0.4) + :12-(00@2 + m%;—é(apgb)z + (4.136)

from which we can evaluate the Hamiltonian
Hy = f dr df d 3T+ 2 gin 0 H,,. (4.137)
The first step in calculating (4.137) is to expand ¢ in normal modes:
UBtm, (6, 7,0,0) = € F frlr) Zimy (0,0), E >0 (4.138)

where fg(r) satisfies the radial equation (4.32)

1 . d L4+ 1
0= eAEQfEl(T,) +%e—§(r+/\)_di {6'2‘(1_‘—/\)7.2_‘{@[_} _ [ ( + ) +/12} fEl(r), (4139)

T dr r2

and Z;,,,(6,) is a real spherical harmonic [83] satisfying the differential equation

0 . aZ!m 2 82Zlm
0 = cosec 0% (sm() 50 ’) + cosec 6’"—6—(;2—’ + ({4 1) Zim, (4.140)
and normalized according to
/ d8 dip S0 0 Ziom, Zirmt, = 106rmyms,. (4.141)

As in section 4.2, we impose the “brick wall” boundary condition on ¢, namely
fee=0 atr=r,+te (4.142)
and also an infra-red cut-off

fer=0 atr=L>r (4.143)
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The Klein-Gordon inner product is [90]

(urfu) = —i /2 VE (w3, — wjur,,) A (4.144)

where dX* = n*dX, and n* is a future-directed unit vector orthogonal to the space-

like hyper-surface ¥, and /gg d¥ is the volume element in ¥. If we take ¥ to be a
surface of constant time ¢, then

n = (e737,0,0,0) (4.145)

and
Vs = ez r?sin 6. (4.146)

The inner product between two normal modes (4.138) is then given by:

L kg 2T 1
<UE111m1|UE212m2> = (Ey + Ez)/ / / e zT-Mr2sin g
r=rp+e¢ J =0 J =0
XfE1[1fE2[2Z11m1Zl2m2 dT‘ d0 dSD
L 1
= (E\+ Ez)ézlzgémlmz/ dre” 2082 fp 1 fi,1,(4.147)

TR+E

using (4.141). We therefore impose the following normalization condition on the

fEL:

L 1
/ dT T'ze_-zl-(r—A)](Elll fEQlQ = ‘_——5E1E251112 (4148)
rpte 2E1
so that
(UB 1ym, |UBlymy ) = OB, B, 0131y 0mymo - (4.149)

With condition (4.149) the modes (4.138) form an orthonormal basis of solutions of
the Klein-Gordon equation (4.30), and hence we write the general field ¢ as a linear
combination of these modes:

Cb(tv r, 91 99) = Z AEIm, UEIm, + a%lmluz:lm, (4150)
E,l,ml

where the agim, and aj,, are complex numbers. The field is then quantized by
promoting the coefficients to operators agim,, a%zm, satisfying the canonical com-

mutation relations [90]:
[aElllm”an?[sz] = 5E1E2511125m1m2- (4151)

The operators agim,, aE,ml are, respectively, the creation and annthilation operators.
The Fock space of particle states is built up from the vacuum [0) defined by

aElmlIO) =0 VE,l,m1. (4.152)
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The field expansion (4.150) is now substituted into the expression for the Hamilto-
nian (4.137), giving

1 L ™ 2
Hy = 3 Z {aElm,aTEIm, +a;}1m,C‘Elmz}/ dr/ db dp
Elml rp+e 1] 0
X [Eze_%(F"A)rzf%,mel sin @ + rze%(F—A)fg,me, sin 8
: Zm,\” . 8Z1m, \
+e2(”A)f}§z< alal) sm9+e%<F+A>féz( a:o[) cosect

+r2e3 T[22 72 sing) . (4.153)

This expression can be greatly simplified. Firstly, multiplying (4.139) by fElrze%(”A)
and integrating by parts, we have

L 1 L 1 l 1.
[ drr?ezT=4) 2 = / dr r2e2{T+A) [eAE2 — —([—u — ,uQJ 12, (4.154)

rte hte r?

the boundary terms vanishing due to (4.142) and (4.143). Similarly, multiply (4.140)
by Zi, sinf to obtain

’ T 1 aZlm‘ ’ aZlml :
/ezo /wzodt‘)dtp [sm@( 50 ) +cosec0<W)

m 27
- / df do (1 +1)Z2, sinf = (1 + 1) (4.155)
@

6=0 =0

from (4.141). Hence, using the normalization conditions (4.141) and (4.148), the
Hamiltonian takes the form

E
H¢ = — Z {aElmlaTElm, + a};lmlaElm,} (; + E2JE1> (4156)

< Elmy

where

L
Jgr = / N dere%(F”A)f%l. (4.157)
ThrTE

Note that all the ¢ dependence of H is contained in the integral Jg (4.157).
Before estimating the integral (4.157), a couple of comments are in order con-
cerning the form of the Hamiltonian (4.156). Firstly, (4.156) ensures that the Fock
basis states (built up from the vacuum (4.152) via the standard method [90]) are
eigenstates of energy. This means that the Hamiltonian can alternatively be written

as

Hy = > ('ny,, ng,,- ..,jn,k]]H(bllnkl,znkQ,...,jnk,>

states

x|k, s 2k, - - - ,jnkj>(lnk1,2nk2, cy g (4.158)
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where the expectation values are, from (4.156)

<1nk1’2nk27"'7jnleH¢!1nk172nk27-~-7jnkj>
1 1 : 1 s [l ,

=5 ). [-2-E+ E Jm} + 52 n [§E+ E JEI} . (4.159)
“~ modes i

The first term in (4.159) is state-independent and contributes an infinite constant
to the partition function Z = Tre #Hs. Hence it does not contribute to correlation
functions, and so from here on it shall be ignored. At the end of this section we shall
compare the second term with that used in section 4.2 to compute the free energy.

4.5.2 Estimation of the integral Jg

In order to find the € dependence of the Hamiltonian (4.156), it is necessary to
estimate the integral Jg;. We shall use the WKB approximation as in section 4.2:

() = Le-tr-n_CE g (/ [{El(r')dr'> (4.160)
T [X’El(r) rRt€
where the radial wave number Ag, is given by (4.36)
H+1 d
KEg(r) = el [E2 — J—%—le"\ — ﬂze"A} . (4.161)

The form of fg in (4.160) already satisfies the “brick wall” boundary condition
(4.142), whilst the boundary condition (4.143), fg:(L) = 0, implies that

L
/ Keg(r)ydr = nm for some integer n. (4.162)
rp+e
The constants Cg; are determined by the normalization condition for the fg; (4.148),
namely .
= 4.163
CEI 2E[El ( )
where L - ) .
Ig = / E  sin? </ Ki(r') dr ) dr. (4.164)
ryte ]XE](T') rpte
Decompose the integral in (4.164) as
Igr = Lig + ey, (4.165)

where I,z is the contribution to the integral for values of r very close to 74, and
Ig; is the remainder of the integral. Thus (4.163) becomes

1
Cél: 2

- (4.166)
E(Lip + LEl)
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Similarly, write

L
2 4 2
Jer = / drr?ex(T+3N) £,
rhte
2A

L r
. 2 € 2 - ! !
= (g /rh+€ dr——hKEl(r) sin </rh+e Kgi(r') dr)
= CiLlig + Jagi). (4.167)

Next introduce a dimensionless co-ordinate z by (4.54)

a 4.168
T =—
z (4.168)
and in addition define ;
For z very close to 1, we have
it = e gy (4.170)

where the metric functions have the alternative form (4.29)

L = o2 (1 _ 2m(r))

et = (1—M). (4.171)

r

In order to compute these integrals near the event horizon, we shall require the
expansion (section 4.2.4)

e =(1-2m))(z—1)+O0(z —1)° as T ~ 1, (4.172)
where 4
n(z) = AT, (4.173)
ry

Firstly, we need to evaluate, for z ~ 1,

z z E
/ riKEi(z') dz’ = /1 dz’ [ o ~(z' = 1)+ 0(1)
1

= ErhA [log(z — 1) — log €]
1 — 2m),

+O(x — 1) + O(8). (4.174)
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Hence
—1)" Er
J :/ (2 in? [ —ETh ) —lome
1El E(1—2A')Sm o (log(z — 1) — log ¢]
_ / ra(z — 1) 1
 Jiee 2E 1—2m
2F
{1 ~ cos ( h [log(x —1) —log E])} . (4.175)
Now
/ (z —1)"" cos {g[log(z — 1) — log ]}
log(z—1
= /1 ~ dT cos(g[i —log ¢€])
ogé
1. ‘
= asm (q(log(x — 1) — log ¢]) (4.176)
so that
1 Th 1 2E7‘h .
Jigr = 5 [1_27;2, logé +;—E—sm (1—27%;1 loge)J : (4.177)
Both I, and Jyg; are also dependent on € due to the term
sin’ ( [ Kut) dr') . (4.178)
rh+£
Since
/r Re(r'ydr' = — ErhA —log ¢ + terms independent of €, (4.179)
rnte 1 — 2772’h

the expression (4.178) contributes a factor to the integrands of I;g; and Jyg; of the
generic form

cos® | — —logé |,
1 — 2}
or
ET‘h . ET‘h n
inl| — — 1 . 4.180
sm( 2 loge) cos< T2 oge> ( )

We therefore write

55 . Ery, . ce 2 Ery, X
Le = Iz sin’ <__1 = logcz) + Zg, cos T o log é
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Ery,
+Z5 sin ( —Tlog e) cos ( T f};:ﬁ log é)

E
Jopr = JEF sin ( Th >—{—j’l cos ( Ern logé)

o>~

1—27”

ET‘h R ET‘h a
+J5F sin ( ) log 6) cos (—1 o log e) , (4.181)

where the I’s and J’s are constants which are independent of ¢ but do depend on

L.

At this stage we should comment that the logarithmic terms in Jg; have as their
argument € = €/r, rather than L/e as in [91]). The reason for this is that the
expansion we use in calculating these terms is valid only for values of z very close
to 1. An alternative expansion in inverse powers of z has to be used for very large
.

Black holes without hair For space-times which represent black holes without
hair (that is, the Schwarzschild geometry), e = e and in this case the integrals

[g (4.164) and Jg; (4.157) are identical. Hence,

1
2E’

the Hamiltonian (4.156) is independent of log ¢, and the form of the partition func-
tion Z is exactly as calculated in section 4.2.

Jgr = (4.182)

4.5.3 Dependence of H; on log¢

In order to find an order of magnitude estimate for the dependence of Jg; (and hence
of Hy) on log €, we write Jg; in the form (4.167)

Jer = Chilhe+ J2g]
—1———————[J1E1 + J2ml using (4.163)
2F (g + L2p1)

1 lhe+ J2E1)

2F [e¥nJipi + L2k

using (4.170)

_ kS o~ 26n Japr — 6”25"[251} . (4.183)
2F e¥rJip + lam
The second term in (4.183) is of the order of (log ¢)~! and hence is very small. Using
(4.183),
0Tk = —1— ! [anEl — e Ol } + smaller terms (4.184)
dlogé 2B e*nJipi+ I [Ologe Olog ¢
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from which the log é dependence of Hy is given by

6H¢ 1 1 t 2 8JEI

(4.185)

In order to estimate the order of magnitude of (4.185), first note that, from (4.181)

aJZE[ ~ rruld
8log€ hiLJ2E]
0l
dloge ropdaE (4.186)
and that
Le ~ raptlogé, L ~ ru™, (4.187)

Jigt ~ rpllogé, Jopr ~ rapTh
Then, from (4.184),

aJE[ 1 =1 a—1
Dlog ¢ ~ ;Th/l (log €)™ = ra (logé) (4.188)

and finally we have, from (4.185),

9H,

2 Ay—1
Blog ¢ pry (logé€) . (4.189)

We complete this section by commenting briefly on the relationship between this
analysis and that of section 4.2. The terms in Hy which are dependent on log € are
very small, leaving in effect

Hy=~ ) [(‘ElszTEzml + aTE[m,aElm[:I E(1 + e7%%) (4.190)

E,l,m;

| =

from (4.183). This should be compared with the expression

H¢ = {aElmta;rElm, + a};,mlamml] E (4.191)

Elmy

[N

used in section 4.2. As discussed previously, the WKB approximation on which
our analysis is based is only valid for black hole solutions with large radii 7y, for
which 6, is very small [2]. In this case, the two expressions (4.190) and (4.191) are

approximately identical.

4.6 Modified quantum-mechanical evolution

We are now in a position to estimate, in a first order approximation, the term ¢§H
arising in the modified time evolution equation for the density matrix.



CHAPTER 4. ENTROPY AND QUANTUM DE-COHERENCE

4.6.1 Form of §H
We begin with the Gibbs formula:

e PHs
P="7
In this case,
[0, Hs) =0
and hence the time-evolution equation for p is (4.121):
dp
5= §Hp.

Using (4.192),

dp _ SHp = OHye PHs 97 e~ FHe
A TR ot 72
The partition function Z is given by
Z=ePF

where F' is the free energy calculated in section 4.2.2. Thus

82_ a_F—ﬁF_ a_F
o = Pare =P

which gives
dp  |0H, OF
E“‘%?T‘az“
which means that _
oH, N _OE_
ot at’

Recall, from section 4.4.3, that we are making the identification

pH = -

t =loge.
The free energy F was calculated in section 4.2.2 to be

F = Fro+ Fnio
23 rd 473 13 (2 — din), + m})

— — — — — AI—2 —_— —
= o T I T e B (1 S 2

3
—-%%uz(l — 2}) " log €.

Bearing in mind that

log €

112

(4.192)

(4.193)

(4.194)

(4.195)

(4.196)

(4.197)

(4.198)

(4.199)

(4.200)

(4.201)

(4.202)



CHAPTER 4. ENTROPY AND QUANTUM DE-COHERENCE 113

then

oF oF 273 3 4m3 ry (2 —ai), + ) wrd

_ = — = _ o512 2 h _ %'k ) -1
9t = logé ~ asepitt T EM T+ m g Q—2mpp  eph 127
o (4.203)
Substituting for the inverse Hawking temperature
Ay, edn
B=10er 2 (4.204)
gives
IF 11 1 1
gr _ 201 9,40\ —38 NS, Y N AN =38y T 2,2 -6
¢ 5 = 1410 é(1 21, Je™ % + 720(2 4y, + my e %n Sy hH € ho(4.205)
From the previous section, we have
0H, 0H, o\
?{— = ET(;é—é = O(Iog 6) 1, (4206)
so that altogether we have
H*‘Ol Ay —1 11 95! Y p—30h 1 At A1y =38y, 1 2.2, =6,
§H = O(log é)™" + m;(l — 2y, e + %(2 — 4y, + m}))e BEVHLE
(4.207)

4.6.2 Comments on §JH

Consistency of the approximation The first thing to note about the form of
§H is that the terms obtained from the explicit time-dependence of the Hamiltonian
are suppressed relative to the terms coming from the free energy. Thus the main
time-dependence of p comes from the process of tracing over an infinite number of
states in the calculation of Z. This is in accordance with the approximation we have
used, in which the effect of quantum fluctuations on the Hawking temperature 37!
was neglected.

Order of magnitude of §H For non-extreme black holes, the most important
term in §H is that proportional to ¢! as ¢ — 0. This term corresponds, in the
entropy, to a factor that can be absorbed into a renormalization of the gravitational
constant (see section 4.3.2). For extreme black holes with r, > 1, the dominant term
is that containing p?. This is the only term which depends on the energy content
of the scalar field, the remainder of §H depending only on the black hole geometry.
The u? term is the most interesting phenomenologically, since it is proportional to
2

H (4.208)
Mp
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where Mp is the Planck mass.

Of course, at this stage we cannot be precise about the numerical coefficient
multiplying this factor, or, indeed, whether this term persists in a full theory of
quantum gravity. However, it is interesting that in the approximation employed
here, a term of order p?/Mp is present, and also that this term has not been further
suppressed. These are the maximal gravitational effects that could be expected, and
may even be observable in the not-too-distant future [92].

Entropy In section 4.2 we calculated the entropy of the quantum scalar field. The
log ¢ dependence calculated in section 4.5, coupled with the Gibbs formula, exactly
reproduces the é dependence found in section 4.2. Identifying ¢t = logé, the time
dependence of the entropy is

Js 0s 11
= = ——— (1 — 2} )e™ ™ —

ot dlogé  360e

@(2 — 4}, 4+ m))e P 4 %rﬁuze_‘s”.

(4.209)
For large extremal black holes, (4.209) is manifestly positive. Thus the quantum
state of the scalar field becomes more mixed as time proceeds due to the §H term,
and this is accompanied by a corresponding increase in entropy. Note that the en-
tropy increases in the extreme case even though the Hawking temperature vanishes.
This is because the state of the field ¢ becomes increasingly entangled with the
unobservable modes hidden behind the event horizon.

Summary

In this chapter we have made a proposal for how black holes may contribute to
the modifications of quantum mechanics we may expect to find in a final theory of
quantum gravity (at present unattainable!) [5]. Our estimate for the size of these
effects is the largest that could be expected from a naive dimensional analysis of
Planckian effects, hopefully spurring further phenomenological work in this area. It
has been beyond the scope of this chapter to consider “non-critical” string theory,
where such effects have been argued to arise naturally, through a proper mathem-
atical formalism.



Chapter 5

Higher Curvature String Gravity

String theory is a promising candidate for the elusive, but much sought, theory
of quantum gravity which will incorporate all known forces in the universe. It is
therefore important to study black holes and in particular, black holes with hair,
in string-inspired models of gravity. In this chapter we look at a particular model
of gravity which involves higher order curvature terms than general relativity, and
show that it is possible for black hole solutions with hair to exist. The mechanism
whereby these black holes evade the “no-hair” theorem [1] (see also section 1.3)
is elucidated in detail (6], and is similar to that for the EYMH system, discussed
in section 2.3. Finally, we discuss briefly the properties of these solutions, found
numerically in [6]. Some details on the field equations and their numerical solution
can be found in appendix B.

5.1 String-inspired gravity

String theory possesses an infinite tower of massive string modes (see [93] for a
review) as well as dilatons, axions, and Abelian or Yang-Mills gauge fields. In the
presence of these low energy degrees of freedom, various black hole solutions are
known (some examples of these solutions are studied in [29, 77, 94, 95, 96, 97,
98, 99, 100, 101]), but these will not concern us here. Instead we shall study an
effective, low energy, Lagrangian which involves only the massless string modes and
is derived from the full string theory by perturbation theory in the string tension
«'. This effective Lagrangian contains higher-order curvature terms which are O(a')
corrections to general relativity. Approximate (to O(a')) black hole solutions of such
a theory have been found recently [98, 99], and these solutions exhibit dilaton, axion
and modulus field hair. A natural extension of this work is to look for solutions to
all orders in o'

To this end, consider the bosonic part of the gravitational multiplet consisting
of the dilaton, graviton and antisymmetric tensor fields. Unlike [98], here we shall
ignore the antisymmetric tensor for simplicity. Its presence 1s unlikely to modify
drastically the results of this chapter. A generic form of the string-inspired O(c')

115
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corrections to general relativity is,

_ 1 1 1 2 o @ 2 4
;CgB = —-g §R -+ Z (8u(I)) - 8_92'8 (anGB + 2 (aucb) ) (51)

where @ is the dilaton field, o’ is the Regge slope, ¢* is a gauge coupling constant
and R%p is the Gauss-Bonnet invariant

Rip = R0 B*" ~ 4R, R* + R?. (5.2)

The coefficients n; and 7, are fixed by string scattering amplitudes. In the case
m = 0, only the fourth order dilaton terms in (5.1) are present. The modern proof
of the no-hair theorem [1] (section 1.3) then applies to the theory described by (5.1),
so that black hole solutions cannot sustain dilaton hair in this scenario. However,
the presence of the Gauss-Bonnet term allows non-trivial hair to exist. This will be
shown in the next section. For 7 # 0, the presence of the (9,®)* term does not
affect the analysis, and hence for the remainder of this chapter we set n; = 0 for
simplicity.

5.2 Evading the no-hair conjecture

In analogy with the analysis of sections 1.3 and 2.3 we now consider in detail the
mechanism whereby the black hole solutions of the higher curvature gravity evade
the no-hair theorem of [1].

5.2.1 The field equations

Consider the Lagrangian for dilaton gravity with a Gauss-Bonnet term:

!

111 1 s A g s
Lop = —¢= {;;R"f' 7 (0:2) — 55" RGB] (5-3)

4

where RZ%p is given by (5.2). The dilaton @ satisfies the field equation

/

0% = 9, [V=90"0] = 7‘;—2@“’333 (5.4)

1
Ve
whilst the Einstein equations take the form [102]

1
Ruu - é’guuR = 87TT;w (55)

where ! 1 o
2 o 5
87T'Tw_, = iau@ay@ - ngu (OP(I)) + 2g26 I\w/ (56>
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and

[\'/_w = Auu + B;w (57)
with

An = RO, — Rg,,0®% —~2R,,®.,” - 2R,,®.,7*
+2R*®. ,,9,, + 2R, 00 — 2R, P*

B, = ke, P, — Rg,,®,9* - 2R,,9, 9" - 2R,,,, 0"
+2R7®,9,,9,, + 2R, 9,97 — 2R,,,, 07 0. (5.8)

The left hand side of Einstein’s equation (5.5) is automatically conserved due to the
Bianchi identities [38] and hence the right hand side is also conserved, i.e.

vV, T* = 0. (5.9)

However, it should be stressed that T,. is not a conventional “energy-momentum”
tensor due to the presence of the K, term in (5.6). This term involves contributions
of the gravitational field itself to 7,, which arise because the dilaton is part of the
gravitational multiplet in string theory [93]. The consequence is that —T}, which,
in general relativity would correspond to the local energy density, is not necessarily
positive. Indeed, there are regions in the black hole solutions where —T} is negative
(see figure 5.3). The positivity of —T} is a key assumption in section 1.3 and hence
we have an indication here that the theorem of [1] can be evaded in this situation.

Consider a spherically-symmetric space-time with metric
ds? = —el dt? + erdr? 4 r* (a’92 + sin® 0 d(,oz) (5.10)

where I' and A are functions of r only. In addition, we assume that the dilaton field
® depends only on r and denote derivatives with respect to r by a prime. In the
metric (5.10) the Gauss-Bonnet curvature term is

4

1 ! T Al — —
RYg = - [ef\r"u_e~A)+;2-e-A(F2—FA)(1 —e ™™+ TN e “]. (5.11)

The relevant components of the Einstein tensor are [40]

1 AN el _
Rtt - §Rgtt = _;_ef A + ;5(1 — € A)
- — — - (M
R,. 2Rgrr - 2 (6 )
1 7,2 e ! -~ T2 7 r
Roo — S Rgso = -Q—F’e A (= A)e™t [—4—F + 5} : (5.12)
We shall also require the following components of (5.8)
1 - - IZ Y —-A
Ay = ﬁef M- e)(20" - A'P) + 2e AP
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1, _
Arr = _T‘_ZF(D/(I—36 A)
Aee — Te—-2A F’(I)”+F”<I>’+ %F/(I)'(F/—:f/\/)
2
Btt — r_zq)lZGF—A(l __e—A)
Brr =0
Bgs = r®2e~2ATY (513)
and
—-A 1 ’ IAY: ¥i 2
0% = e [-(r ~ AP+ 20 4 @”] . (5.14)
2 r

Thus the dilaton equation (5.4) takes the form

2 T g*r? 2

r4
4

" ! 1 1 / 2 o i3 ral _~A I
@ +(D< (P—‘A)—{*—): e FA@ +(1__6~A) I'\II_}___(FI_AI)}}
5.1

and the Einstein equations (5.5) can be written in the form

! rd? 1 —eA

o
Al 1 & x/ _ -A —
[ +292re d'(1 - 3e )J n .
a g 2 A
e (¢ +07) (1 - ) (5.16)
I; @IZ eA__l
1 e/ 3.0y — T
[ +2g2re O'(1 — e )] 1 + - (5.17)
I’ 1 o2 o
FII o FI_ 7 = FI—— l; - ® —A 1 " 2 [
+ (0= M)+ ~(I" = A) 7t e e [®T" + (2" + @")T
1
+SOT(I 3A’)] . (5.18)

Solutions without the Gauss-Bonnet term In the absence of the Gauss-
Bonnet term, equation (5.15) can be integrated immediately to obtain

1
o' ~ ;565("“”. (5.19)

For a black hole solution,
el = 0, e 50 as T — 7. (5.20)

Therefore the radial derivative of the dilaton diverges on the event horizon, leading
to a divergent stress tensor, since, in this case,

-A
e
T!= T =T = ———9%"? = as r — T (5.21)
327
Hence, in order to have a regular stress tensor, ® = 0 so that ® = constant

everywhere, in accordance with the no-hair theorem [1}, section 1.3.
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5.2.2 Form of the stress tensor

Following section 2.3, the conservation equations (5.9) give the following two equa-
tions for T7:

L
. €72 (T 1 , 4
) = o [ e “1] ar
r
, €72 s T 5\ o 2 ,
(T7Y(r) = = (=) (T = T + (Ty = T)). (5.22)
Using the functional form of the “stress” tensor (5.6), we see that
8 Tt _ e*A 2 O/ S _—ArgM 2 —-A Ol/ O _—AFxIA? -A
= = o —g2r26 e P+ D)1 —e )+292r2€ e MO'A' (1 = 3e7)
e~ A o
87TT: = —4—‘@,2 — 5*92—7‘—56@6—/\@/1—”(1 - 3€—A)
Sﬂ_Ta — _6_1\@/2 + al eq)e—?A F”¢, + Fl((I)II + @I?) + lr\l@l(l-\/ _ 3AI) (5 23)
6 4 2g°r 2 T

The equations (5.23) reveal a second reason for the evasion of the “no-hair” theorem,
namely the fact that
T #TY. (5.24)

This represents the violation of another key relation in the proof of [1], mirroring
the situation in the EYMH theory (cf. sections 1.3, 2.3).

5.2.3 Behaviour at infinity

Far from the event horizon, we require the geometry to be asymptotically flat and
expand ®(r), eM) and ") as power series in r~!. The field equations (5.15-5.18)
ensure that these expansions have the form

2 1
s = 1= po(5)

r 73
oM  16M — D? 1
Alr) -
€ = 1+ r t 4r? +0 (7‘3)
D MD 1
Br) = ot —+ =40 (5) . (5.25)

Here ®, is an arbitrary constant, M is the ADM [64] mass of the black hole and D
is the dilaton charge, defined by [77, 95]

1
=—— [ V,®d5* 5.26
D 47_r/ H ( )
where the integral is performed over a two-sphere at spatial infinity. From (5.25),

I A~ O <i> as 7 — 00 (5.27)

r?
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and hence the leading behaviour of the components of the stress tensor (5.23) is

8rT! = —%@’2 + O(r~%)
STTr = 1874 0(r)
8Ty = —%@’2 + O(r~%) (5.28)
which, when substituted into (5.22) yields
(T7)(r) ~ —4—3;@’2 <0 asr—oco. (5.29)

Thus T7 is positive and decreasing as r — oo.

5.2.4 Behaviour at the horizon
Near the event horizon, the field variables can be expanded as Taylor series:

e M) = A(r—=r) + Ag(r — )2 + ...

L) = Ti(r—rp)+ To(r —rp)* + ...
/ Lo
O(r) = (I>h+<1>h(r~—7‘h)+§<I>h(r—rh)2+... (5.30)
where Ay, Aa, ... and I';, I'y, ... are constants and the subscript & denotes quantities
evaluated on the event horizon. Equations (5.30) imply that
1 1
IV ~ and A~ — (5.31)
r—Th r—rp

as the event horizon is approached. The leading behaviour of the components of the
energy momentum tensor (5.23) is then:

al

SnT} = 25772 e?e AN + O(r — 1)

SrT7 = — 2gczrze®e—A<I)T' +0(r = 1)

8nT) = 2@ [F"@’ + 3F’q)'(f" = 3AY| + O(r —rp). (5.32)
2g%r? 2

The above expressions (5.32), when substituted into the conservation equation solu-
tion (5.22), give the leading behaviour of 7] as

r
2 " a, 7 7 -
SrTI(r) = — rh4gze%FA(I>e Ne® dr 4 O(r — 1)
_r ,
€ 2 T«

eT 128 e e dr + O(r — 1) (5.33)

r2 ' 49’2
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since
'+ A ~O(1) as r — T, (5.34)
From (5.33) we see that, for r sufficiently close to the horizon, T has the opposite

sign to @}. Substituting (5.32) into the expression (5.22) for (17)'(r) gives, near the
horizon,

’ I
871'(T:),(7‘) — :)#eQe—A {_Fl(q)// + (1)12) + (D/ __Q_(F/ + A/) + 26-—A1-w _ %A/]}
1
—ZF'e’AQ'Q +0(r —m4) (5.35)

which is finite by virtue of (5.34).
We now turn to Einstein’s equations (5.16-5.18). Adding together (5.16) and
(5.17) gives

/

a
29°r

!

d 5/ a2 _—A _T 2 S Y ”° -A .
e?Q'(1 — 3e )]—§<1> +E;6 (" +d“)(1—e") (5.36)

(I'" + A') [1 +

so that, near the event horizon,

/ ! 1 1 / al 1 ’ <
[+ A = z {57‘,&(1),12 + g2rh6®h(q)h + &) +O(r — 1) (5.37)
where
— Dy F!
Z=1+ ngrhe ") (5.38)
Equation (5.18) gives, as r — 1y,
o —%e‘“F’Q + %e’“F’A’ + O(r — 7). (5.39)
Subtracting (5.16) and (5.18), we obtain,
! 2 o , , _
(I = A) |1+ ———e®/(1 = 3e™)| = Z(e* = 1) = = (3"+ P7)(1 ~e Ay (5.40)
2g°r T gr
which implies that
2eh
(I" = A')y= — +0(1) as T — Th. (5.41)
ThZ
From (5.39) we then see that
D = — - 5.42
€ ' = T%LZ2 + O(T Th)) ( )
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since, from (5.16) and (5.17),

! eA
I = mZ + 0(1)
i eA
A = —Th—z +0(1) (5.43)

as 7 — 7. Now substitute all the above formulae into (5.35) to yield, near the event
horizon,

1 q)l2 o/ €®h a' 205,
ST(T7Y (r — ___h T 2y 7] .
( r) ( ) 47’%2 g2 7"}31,22( h+®}1) 4g4 riz,z@h +O(T Th). (5.44)

Condition on ¢, Finally we turn to the dilaton equation (5.15). As r — 7y, it

takes the form (assuming that ®} is finite),

i 3 o etn

-;Z:—'?:(FE—FO(T‘—WL). (5.45)
If we substitute for Z from (5.38), and then rearrange, a quadratic equation for ®}
is obtained:

o e 3o
——(D/Z-I-q)/ il d)hzo
297 1 i T+ 3 g26 (5.46)
which has solutions
2 6’2 ¢2%n
A e N | 1 —
h 0’17}16 :t g4 r;tl . (547)

In appendix B is it shown, from a different perspective, that (5.47) guarantees that
®/ is finite at the event horizon, which in turn implies that the “energy density”
—T!, given by (5.23), is also finite on » = rj,. Both the solutions given by (5.47) are
negative.

5.2.5 Eluding the “no-hair” theorem

We have observed earlier that T7(r) has the opposite sign to ®} for r sufficiently
close to the event horizon r,. Since @} is always negative, it must be the case that
TT is positive sufficiently close to the horizon. In addition, I, > 0 at infinity, and
so we have no contradiction with Einstein’s equations. These observations on the
sign of T are in agreement with numerical integrations (cf. figure 5.3).

The form of T¢ (5.32) near the horizon shows that it is positive, since both A’
and ®' are negative for » ~ r,. Thus the quantity —T} (which here does not give
the local matter energy density) is negative. Again, this fact is reflected in the black
hole solutions (figure 5.3). The key observation in this section is that the two factors
which enable us to evade the “no-hair” conjecture, the non-positivity of —T and
the fact that T} # T¢, are both due to the O(a’) corrections in the Lagrangian (5.3).
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5.3 Properties of the black hole solutions

In this section, having shown that it is possible to evade the no-hair theorem for
the Lagrangian (5.3), we now discuss the actual black holes of this theory, found
numerically in [6]. Firstly we discuss the physical significance of the relation (5.47),
before turning to the numerical solutions of the field equations. The field equations
(5.15-5.18), when arranged into a form suitable for numerical integration, are rather
unwieldy. Therefore we do not write them explicitly here, but they may be found
in appendix B.

5.3.1 Absence of naked singularities

For general values of the coupling o’/g?, we have from (5.47),

2,2
e < %' (5.48)
In the effective Lagrangian (5.3),
1
Begy = 7™ (5.49)

can be viewed as the (appropriately normalized with respect to the Einstein term)
coupling constant of the Gauss-Bonnet term. For a black hole with radius r, = 1,
solutions do not exist for Beps > B¢, ;, where

g

Fers = 460’
This can be compared to the situation for SU(2) sphalerons coupled to Gauss-
Bonnet gravity [103]. In that case, there is a critical value of the GB coefficient,
above which solutions do not exist, the critical value depending on the number of
nodes of the Yang-Mills field. Unlike [103], however, here we have an additional
length scale, namely the horizon radius ry. We therefore interpret condition (5.48)
as being a necessary condition for the absence of naked singularities in the space-
time geometry. This can be seen from the form of the scalar curvature as r — 7,

(5.50)

which is 9
R= -73(1 — A2+ O(r —13) (5.51)

where the constant A; is given by (B.22). Substituting in this value of A, gives, at

=T
’ 2 2¢ 2
h

1F,/1 -8

2 R

R== : (5.52)

2
Tr n 2¢y,
A SRRV
h

This expression becomes singular in the hmit 7, — 0. However, by virtue of (5.48),
r, = 0 can only be reached when ®, = —0o0, so that finite @5 forbids ry to shrink

to zero and reveal a naked singularity.
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(I’h (I)oo Th 2M D
—0.90 | —1.59656 | 2.22172 | 2.40514 | 0.686968
~1.00 | -1.62901 | 2.25806 | 2.41212 | 0.655905
—1.50 | —1.88561 | 2.56717 | 2.63528 | 0.500778
—2.00 | —2.23788 | 3.06161 | 3.09293 | 0.382030
—3.00 | —3.08963 | 4.68710 | 4.69399 | 0.226401
—5.00 | —5.01232 | 12.2578 | 12.2581 | 0.082250
~10.0 { —10.0001 | 148.421 | 148.422 | 0.005937

Table 5.1: Values of the field parameters for the black hole solutions

In order to fix a unique scale on the solutions, we can impose the asymptotic

condition ®,, = 0 (cf. (5.25)) on the dilaton field. This requires transforming the

variables:
3

b0, rore s (5.54)

and results in a rescaling of the parameters M and D:
M = M=, D De™ 5% (5.55)

The corresponding values @, ®,, and the rescaled rp, M and D are shown 1n table
5.1.

From above, we have a one-parameter family of black hole solutions, indexed
by ®,. Hence, the two parameters M and D which characterize the solution at
infinity (5.25) must be related in some way. The field equations (5.15-5.18) can be
rearranged to give the following identity:

!
4 2ehtr-a)pr _ gty - &0 00 {(1—e) @ ~T)+ e—Awa'}] — 0.
dr g°
(5.56)
Integrating this relation over (r4,00) yields the equation
al
2M — D =T/ (r,% + Zﬁe@h) (5.57)

which relates the parameters describing the solution near the horizon and those
describing it at infinity. This relationship is rather more complex than the relation
M = D found for the Einstein-Yang-Mills-Dilaton (EYMD) system [103]. In order
to elucidate the precise relation between M and D, it 1s necessary to take into
account the O(a’?) expression for the dilaton charge [98]. The result is 6]

o eq"” a/2 73e2<l>oo

_ el o T3e 5.58
FIM T g 60(2M)? (5:58)
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forr ~0is

M) = 14 A
D'(r) = Ty &
o,

giving a two-parameter family of solutions. The behaviour at infinity is the same
as in section 5.2.3, being characterized by ®.,, M and D. These solutions do not
appear to have any curvature singularities (R ~ 0 as r ~ 0), the components of the
stress tensor becoming infinite as the origin is approached [6].

Finally, it is interesting to note that the black hole solutions of section 5.3 form
a boundary surface in phase space, between the two classes of solutions discussed in
this section. In other words, if @, &g, ['c and I}, are the values of the field variables
for the black hole solution with r = ry > 1, then integrating the equations (B.6)
from rq with ®'(rg) > ®f leads to the solution (5.59), whilst if ®'(ry) < ®{ a solution
of the form (5.63) is constructed.

Summary

This chapter discusses the mechanism whereby black hole solutions of dilaton grav-
ity with a Gauss-Bonnet term evade the “no-hair” theorem [6]. The mechanism is
similar to that for the EYMH system (section 2.3). We also describe briefly the
properties of the solutions, which may be important for absorbing logarithmic di-
vergences in the quantum-mechanical entropy ([75], see also section 4.3.3, where this
question is addressed in more detail).



Chapter 6

Quantum Field Theory in Kerr
Space-time

Kerr space-time describes a black hole which does not possess any “hair” since it
is surrounded by a vacuum. However, the quantum field theory of a field on this
background contains many subtleties and is of great interest. We begin this chapter
by motivating the physical approach we shall be taking, and then concentrate on
the properties of the Hartle-Hawking vacuum state, which describes a black hole in
thermal equilibrium with a heat bath at the Hawking temperature [7, 8]. We shall
observe that the introduction of rotation produces some subtleties in the analysis
of this state, so that the picture is rather more complicated than is the case in
non-rotating space-times (see chapter 4).

6.1 The fundamental problem

As a first approximation to a full theory of quantum gravity one may consider the
semi-classical Einstein equations

G,y = 87(T) (6.1)

where the right-hand-side is the expectation value of the stress-energy tensor of
quantum fields, considered as perturbations of the fixed background geometry. Solu-
tion of (6.1) would give the effect of this quantum perturbation on the classical
geometry, and is known as the back reaction problem. Calculation of the right-hand-
side of (6.1) is therefore the first step in the solution of this problem, and has been
the focus of research in quantum field theory in curved space. (See [90] for a re-
view of the basic ideas of quantum field theory in curved space starting with the
canonical quantization procedure, [104] for a more mathematical approach based on
distributions and [105] for an introduction to the algebraic approach.)

However, such a calculation is beset with difficulties. In the canonical quantiza-
tion approach, one takes the classical expression for the energy-momentum tensor,

131
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for example, for a mass-less scalar field:

1
Tuu = au¢au¢ - 5(8M¢)2 (62)
and considers the fields as quantum-mechanical operators,
d(z)= > upar + uial (6.3)
modes

where the u; are an orthonormal basis of modes of the field equation, and a; and
aL are respectively the annihilation and creation operators for each mode, satisfying

the canonical commutation relations
[ax, al.] = Spe. (6.4)

The quantum scalar field can be thought of as an infinite collection of simple har-
monic oscillators, each oscillator mode having the form

woc eV (6.5)

We then obtain, for the Hamiltonian, in Minkowski space,

1
Hy = /Tﬁ P’z = 5 > (azak + akal) w. (6.6)

“ modes

This leads to divergences because there is a creation operator to the right of an
annihilation operator. The vacuum expectation value of the energy of the quantum

field is the sum .

O1HJ0) = £ 5 w8%0) (6.7)
“~ modes

which is infinite since w can be arbitrarily large. In Minkowski space this divergence
can be removed consistently by the process of normal ordering, namely by writing
each creation operator to the left of each annihilation operator. This is equivalent to
subtracting an infinite constant (the vacuum expectation value of the stress tensor)

from all the expectation values, thus rendering them finite.
Unfortunately, in curved space the situation is not so simple. There are two
reasons for this. Firstly, in a general curved space-time there is no natural global
definition of a vacuum state. In Minkowski space there is a natural set of basis

modes )

B (210(271’)3)%
5

which have positive frequency with respect to the Killing vector . The vacuum
defined from this basis is then invariant under the action of the Poincaré group. In
curved space, Poincaré invariance is broken and in general there will be no Killing
vectors or “natural” co-ordinates with which to define positive frequency modes.

ez’k.x—-z’wt w >0 (68)

9
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Even.in black hole space-times, which possess a time-like Killing vector %, there
remains an inherent ambiguity in the choice of vacuum state. This is discussed in
appendix C.

Secondly, the semi-classical Einstein equations (6.1) imply that absolute values
01.” energy-momentum are important, whereas in non-gravitational physics, it is only
differences in stress-energy that are of physical significance. It is therefore necessary
to employ some kind of regularization and renormalization scheme to subtract the
divergences in (T,.) In a reasonable and consistent manner.

There are two approaches to this problem, which are compared in [106]. The
standard method uses Green’s functions defined at two separated points in space-
time. Christensen {107, 108] calculated the appropriate terms which must be sub-
tracted, before the two points are brought together, to give a finite answer. The
alternative, axiomatic approach [109], is to specify the criteria that we wish (T, ),en
to satisfy, and construct a renormalization scheme which produces answers satisfy-
ing these criteria. The answers obtained by each of these two methods are identical
[106].

Even with all this machinery in place, actually calculating (T, )ren remains a long
and complex process. Detailed calculations have been performed on the Schwarz-
schild geometry for the scalar [110], electro-magnetic [111] and graviton [112] fields,
although the computational ingenuity required should not be underestimated. This
is particularly true in Kerr space-time, where the extra complexity of the geometry
is reflected in the stress tensor. A great deal of work was required to calculate
(T, )ren at a single point in this space-time [113] (corrected in [114]).

Therefore any information about the stress energy tensor which can be obtained
from means other than direct computation is of great value, and should be a pre-
requisite for any future calculation. In this chapter we shall consider the Hartle-
Hawking vacuum state, and work using this approach. Several, basic physical prin-
ciples will be employed, of which the most notable is the conservation equations.
Details on the definition of the Hartle-Hawking vacuum (and the other standard
vacua) can be found in appendix C.

6.2 The Hartle-Hawking state

6.2.1 The importance of this state

The existing literature on the stress tensor in Kerr space-time concentrates largely
on the Hartle-Hawking state (see, for example, [113, 115, 116]). From a calculational
point of view, this is because | H) is the state which reflects most of the symmetries of
the geometry, so that, for example, at the pole of the event horizon, one component of
(T, )ren is sufficient to determine the stress tensor [113]. The physical importance
of this state has already been stressed in chapter 4, since it represents a black
hole in thermal equilibrium with a heat bath at the Hawking temperature. The
reason for studying the Hartle-Hawking state in Kerr geometry is to elucidate the
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effect of rotation without the extra effects of hair, which are expected to be similar
(qualitatively at least) to those observed in spherically symmetric geometries in
chapter 4.

There is an important theorem in algebraic quantum field theory [117] which
states that a naive definition of |H) produces a state which does not exist in Kerr
space-time. In this chapter we shall discuss the physical properties of the state | H)
[115], the sense in which it is pathological, and how this difficulty might be resolved
to yield a state which has all the desirable qualities mentioned above.

The standard construction of the state using mode expansions is reviewed in
appendix C, which should be compared with the theory in non-rotating space-times
(chapter 4). Here we are taking a more physical approach, considering the properties
of the expectation value (H|T,,|H) rather than how this might be calculated in
practice.

6.2.2 Physical properties of the state

Here we consider the Hartle-Hawking state as seen by various observers in the Kerr
space-time [115], and from this motivate the key property which is central to the
analysis of this chapter.

The analogue for Kerr space-time of the static observers of Schwarzschild space-
time are ZAMOs (zero angular momentum observers [115]) who rotate about the
black hole at fixed r and § with angular velocity

do Gto
— =Qz;=-= 6.9
dt g Jep ( )

Writing the Kerr metric in the form
ds? = —Y2dt? + SA T dr? + S df + Q% (dp — Qzdt)? (6.10)

it can be seen that the orthonormal frames carried by the ZAMOs can be taken to
have the following basis 1-forms:

equdz? = Tdt

epudz? = (SA7)zdr

eppudz” = Didf

eopude” = Qz(dp — Qzdt). (6.11)

The proper time 7z of a ZAMO is related to the time co-ordinate ¢ by

0 0 d
— = — 4+ Q= 6.12
TaTZ 8t+ Zatp ( )

where Y is the lapse function, which vanishes at the horizon and tends fo unity at

infinity.
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A particle detector measures states having positive frequency with respect to the
detector’s proper time, rather than with respect to some universal time co-ordinate
[118]. Particle detectors carried by ZAMOs measure “Boulware particles” relative
to the Boulware vacuum |B) [115]. From these measurements, ZAMOs can compute

an expectation value of the stress-energy tensor (Tw)zamo. Then, if the field is in
a state |U), we have [115]

(Tul’)ZAMO = (‘IIITWI\I’>ren_<B|TWIB>T6"
= (V|T.|¥) - (B|T.|B), (6.13)

since the divergences subtracted in the renormalization process are the same for all
states.

The crux of [115], is that when the field is in the state |¥) = |H), then

(Tw)zamo = (H|T.|H) —(B|T,.|B)
_ ek

puyv

(6.14)

the stress tensor of a perfectly thermal atmosphere surrounding the black hole. In
Schwarzschild space-time, the thermal nature of [H) can be easily interpreted [119]
(see also chapter 4), as follows. For any observable O, the expectation value in the
Hartle-Hawking state is given by

(H|O|H) = Tr(p0) (6.15)

where p is a density matrix describing black body radiation (see chapter 4 for the
properties of this object in static geometries). This does not carry straight over
to the rotating case, because the super-radiant modes render the density matrix
p un-renormalizable. However, this difficulty can be circumvented [115], yielding a
precisely thermal density matrix. In other words, for a field mode (cf. section C.1.1)
Ul = —ML)le‘iwt“m""Swlm,(cos 0)R yim, (1) (6.16)

(r* +a?)?

the probability that the field contains n ZAMO-measured quanta is
pa=plh=(1—eF)e T (6.17)

for n > 0, where = w~ mly > 0 and T = 3= is the Hawking temperature. The

distribution (6.17) is precisely thermal. ‘
Now consider an observer Qg orbiting the black hole at fixed » and 6 and with an

angular velocity @(r, ), so that the observer resides at constant r, § and ¢ = ¢ —wt.
The Kerr metric can be written in the form

- 2
ds? = —Y*y7? [dt - QQZ(w — QZ)T'272(d<p - wdt)]
+024% [de — wdt]’ + SA dr? + £ df (6.18)
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where
y=(1~v)3, (6.19)
with
v="T""w-Qz)0yz, (6.20)
is the Lorentz factor associated with the observer’s angular velocity relative to the

ZAMO at the same values of r and #. Hence the orthonormal frame carried by the
observer can be taken to have the basis 1-forms

e@udz? = YTy7! [dt — Q%@ - Q)T (dp — @ dt)]
eryudz” = (EA‘I)%dr
e(g)uda:“ = E%dﬂ

e((p)ud:z:“ = Qz’)f (ng - w dt) . (6.21)
The proper time 7 of the observer is related to the co-ordinate time ¢t by
0 5, d
-1 Y _ Y v
R el
0 a
= YT— - Qz)=— 6.22
pa (= Z)é)go (6.22)

where 77 is the proper time of a ZAMO residing at the same r and 0 co-ordinates
as the observer.

If a particle in the mode o
Uy, O €~ WM (6.23)

has energy E, as measured by the observer, then

Ewuwlmz = g Uwlmy = 7T—l(w - m'lw)uwlmt' (624)

07w

Hence the probability distribution (6.17) depends on the angular momentum of the
quanta as measured by O, as well as the energy E unless

w = QH, (625)
so that Oy co-rotates with the event horizon. In this case,
Es E
Pr = [1 — exp (iﬂ exp (nTw ) (6.26)
where 5 6.2
Ty = TT 2
and 1 )
¥ = (1 - 1/2)—7, vV = T—l(QH - Qz)Qz. (628)

Thus we expect that in the reference frame of an observer rotating rigidly with the
horizon, the state |H) has an isotropic, perfectly thermal, distribution of quanta. In
other words, we have the following:
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Key Property 6.1 The expectation value
(H|T.|H) — (B|T..|B) (6.29)
1s isotropic in the reference frame of the observer Oq,, -

We shall discuss in section 6.4 to what extent this property is believed to hold, and
it shall remain an important assumption in this chapter.

This key property suggests that |H) will exhibit pathological behaviour at the
velocity of light surface S;. This is the surface where, in order to co-rotate with
the horizon, Oq, must move at the velocity of light. Outside Sy, the observer Oq,
moves on a space-like world-line. The next section will show that this divergence
does in fact occur.

6.3 Pathological behaviour

We shall now prove that the key property of the previous section, combined with
the conservation equations, implies that the state |H) is pathological at the velocity
of light surface.

We shall use the notation

<TMV>H—‘B = (HITW[H)TM - <B'TuuiB>ren
= (H|T,,|H) — (B|T,,|B). (6.30)

Proposition 6.2 The expectation value (T,,)y_p is divergent at the velocity of light
surface.

Proof From our key property, (T,.)g-p is isotropic in the orthonormal frame
carried by Ogq,, 1.e.

~3.0 0 0
0 100

(T ir- = £(r,0) 0 0 1 0 (6.31)
0 00 1

where bracketed indices denote components with respect to the orthonormal tetrad
whose basis 1-forms are given by

cude® = Ty~ [dt— Q% (Qn = Qz) T2 (dp — )
eppde® = (DA77 dr

e(g)udl‘“ = E%d()
Qzy(dp — Qdt) (6.32)

Il

e(w)udx#
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and

T = (1—1/2)—157
v o= Y Qy - Q)05 (6.33)

The tensor (6.31) is traceless because it is the difference in expectation values for two
states, and the trace anomaly is the same for all states [107, 108]. The function &(r, §)
depends only on the position of the observer Ogq,, in Boyer-Lindquist co-ordinates.

Tetrad indices are raised and lowered using the constant symmetric matrices (see
[40] for a review of the tetrad formalism)

-1 000
0 100
0 0 0 1
and
-1 0 00
0 1 00
(a)(0) _
TTE o0 o001 0| (6.35)
0 0 01
so that (@)
@ = 5(5) (6.36)
and (a)
TEE) = o7l (6.37)

etc. The tetrad components may be converted to co-ordinate components via
Ty = €@pueey, T (6.38)

where the e(,), are the 1-forms given above (6.32). This operation is the inverse
of projecting the tensor field on to the tetrad frame. It is possible to write the
conservation equations in the tetrad formalism, but solving them would require the
calculation of the Ricci rotation coeflicients ~(ay(s)(c) given by

V(@) b)) = €(a) EBIuivE(c): (6.39)

It is more straightforward to convert the tetrad components back to Boyer-Lindquist
components and then solve the form of the conservation equations

0, ((T2)1-5v/73) = 53/=0(Dugo) (T} -5 (6.40)

in those co-ordinates.
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The covariant components of the stress-energy tensor are now given by
(Tu)u-p = [3T%y72(1+ Qpo)* + Q40847 e(r,0)
(To)u-s = [-3T27729(1 + Qud) - Qu3e?] e(r,0)
(Teedu-p = [3Y%0* + Q%" e(r,0)
(T..)u- = TA'e(r,0)
(Too)n-B = Xe(r,0) (6.41)
where
§ = Q%0 — Nz) T2, (6.42)

with the other components vanishing. Hence the non-zero contravariant commponents
are

(T = YT72(49% = D)e(r, 6)

(T = T7H4y*Qy — Qz)e(r,0)

(T*Vg_p = [YT72(49°0% — Q%) + O] e(r.0)

(TVa-p = AL 'e(r,0)

(T y_p = S7'%(r,0). (6.43)

The p = t and 4 =  conservation equations are trivial, and the 4 = r and p = ¢
equations give, respectively,
8, ((r,0)Tsin) = (r,0)Ssindd, (log [T ~54*S?sin’ 0])

Oy (e(r,0)Tsinb) =

O | = o) -

£(r,0)Ssin 09, (log [T 51 E%sin*0]) . (6.44)

These two equations are compatible and determine ¢(r,d) up to an arbitrary con-
stant. The result is

e(r,0) ==T%* (6.45)
where = is an arbitrary constant. This implies that:

1. The components of (7,,)r-p diverge as A~? as the event horizon is ap-
proached.

2. The components of (T.)n-p diverge as ~* as the velocity of light surface &g
is approached. (Note that v — co at St.)
(]

Conclusion (2) implies that if (B|Tu|B)ren is regular on Sr, then (H|T,|H)ren
diverges there. This is certainly true for slowly rotating black holes at least, when
Sy is far from the horizon and (B|Tyuy|B)ren has the form (C.38).

Result 6.3 For slowly rotating black holes at least, the Hartle-Hawking state 1s
pathological at the velocity of light surface.
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6.4 Discussion of result 6.3

At this point there are a number of issues concerning the proof of proposition 6.2
which require elaboration.

6.4.1 Validity of the key property

Firstly, we should consider the appropriateness of the key property, which is an
unproved assumption in this chapter. The corresponding property in Schwarzschild
space-time, that (T),,)y_p is isotropic in the frame of static observers, was hypo-
thesized in [120] but later shown not to be true in [121] for a mass-less scalar field.
However, as may be seen from the numerical calculations of [121], the deviation from
isotropy is in fact small. Hence our assumption of exact isotropy is a reasonable first
approximation (at least for the spin 0 case) which, it is hoped, will be vindicated
by future numerical calculations. Higher spin particles are in some sense directed
objects, and so are expected to deviate further from isotropy than the spin-less case.

6.4.2 Behaviour at the event horizon

Conclusion (1) stated that the components of (T}, )y_p diverge as A™? as the event
horizon is approached. This is the behaviour found in [122] for the electro-magnetic
case. There, the authors also found that the tensor was isotropic in the Carter
orthonormal tetrad [123], given by

e(C de* = TTIAZ (dt-—asin29dgo)

)
€0\ dzt = SEATHdr
cGypda? = TEdf
e(czp)ud:c“ =~ T zsinf [(rz +a*)dp —a dt} . (6.46)

This is true only near the event horizon, where the Carter orthonormal tetrad (and
also the ZAMO orthonormal tetrad (6.11)) coincide with the orthonormal tetrad
constructed by Ogq,,. Near the horizon, an observer at rest in the Carter tetrad has
the same angular velocity as Oq,, and a ZAMO at the same (r,8). However, this is
not true away from the event horizon. Thus (T,,)n-p remains isotropic in the Oq,
tetrad, but will not be isotropic with respect to the other two tetrads.

Assuming that |H) is regular at the event horizons, then conclusion (1) gives
us the divergent behaviour of the Boulware vacuum as the horizon is approached.
Putting @ = 0, the ZAMOs and Ogq,, now coincide, so that Qp =0, v =1, Q7 =

rsinf, 1z =0 and
T? = (1 —~ 2—]%) . (6.47)

r
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In this case the stress tensor (6.41) becomes

-3 000
_ 2MN2 0 1 0 0
Telo-s = =(1- 2
(To)n-p =21 . 0 010 (6.48)
0 0 0 1

This reproduces the behaviour observed near the horizon of Schwarzschlld space-
time (119] for a massless conformally invariant field of spin 0, 1 or %, in the state

|B), with ?

h
) 2$’+3 dw (6.49)
672 Jo e — (—1)2

[1)

where A(s) is the number of helicity states of a field of spin s.

6.4.3 Behaviour outside S;

Unfortunately, our analysis does not tell us anything about the behaviour of |H)
outside &g, since v and hence the tetrad (6.32) are defined only inside S;,. However,
since our key property of |H) is that (7, ) _p is isotropic with respect to the tetrad
(6.32) and this tetrad is undefined outside Sy, it seems to be the case that the state
|H) cannot be defined outside Sy, since the state |B) exists and is well defined
outside &r. This is discussed from another point of view in the next section.

6.4.4 Comparison with known results

Result 6.3 is in complete agreement with the theorem of Kay and Wald [117], which
states that there does not exist a generalized vacuum state on Kerr space-time which
is invariant under the isometry generated by the Killing vector

Cz—a—JrQHa

o 5 (6.50)

(which is the null generator of the horizon) and is regular everywhere. The Hartle-
Hawking state [H) satisfies the symmetry condition and is regular at the event
horizons, and so the theorem leads us to expect some kind of singular behaviour
somewhere outside the outer horizon.

The theorem [117] also holds for massive fields, and result 6.3 should apply
to this case. However, numerical calculations [116] seem to suggest that in fact
(H|T,|H) en is regular at Sy for massive fields. However, the approximation used
in [116] is asymptotic for very large mass, in which case emission via the Hawking
effect is negligible. Furthermore, the differences between the expectation values of
the stress tensor in the Unruh, Boulware and Hartle-Hawking vacua are proportional

to the factor L
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(where u is the mass of the quanta, and T is the Hawking temperature), except
in regions where pathologies occur. In this regime the factor (6.51) is very small
and so the calculations would not reveal a divergence at Sy, unless (H|\T.|H)
calculated very close to Si.

In [115], the authors used an argument based on the form of the mode solutions
to the conformal wave equation to show that, for a slowly rotating black hole at
least, the renormalized stress energy tensor for the Hartle-Hawking vacuum state
diverges as the velocity of light surface is approached, and remains singular every-
where outside it. The work in both [115]) and [117] relies heavily on the existence
of super-radiant modes, although divergences are expected for both fermions and
bosons. Whilst fermions do not exhibit classical super-radiance phenomena, there is
spontaneous emission of quanta via the Unruh-Starobinskii process [124]. It is this
process which may well have a role to play in the pathological behaviour of |H). The
advantage of our method of proof is that it does not rely on any detailed knowledge
of the modes of the field, but only on the conservation of the stress tensor and the
key property 6.1.

ren 18

6.5 Construction of a well-behaved, thermal state

We now review the method of [125] and show how it can be exploited to modify the
state |H) and produce a state |Has) which has all the desirable physical properties of
|H) (regularity at the event horizon and thermal nature) but which does not exhibit
its pathological behaviour. This analysis will also shed light on why the state |H)
is badly behaved at §;.

6.5.1 The Euclidean manifold

Following the method of section 4.1.3, the first step in constructing a thermal state
is to consider the Euclidean manifold. We work in the Kruskal co-ordinates Uy, V.,

6, ¢4 given by
U+ = _e—'nu7 V+ = e’w, Py =@ — KZHt (652)

where
u=t—r’, v=t47r" (6.53)

with 7* the usual “tortoise” co-ordinate (C.17) and

ry —T-

- 6.5
2(ri + a?) (6.54)

KR =

is the surface gravity of the event horizon. These co-ordinates are regular everywhere
outside the inner Cauchy horizon. Between the event horizon and the velocity of
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light surface Sy, the Killing vector

-(3) @5

1s time—likt-a and coincides at the horizon with the null generators of the horizon. The
geometry is invariant under the isometry generated by (, and the horizon and Sy
are fixed points of (; that is, ( vanishes on the horizon and .

Now introduce the co-ordinates

1

W = §(v+ + Uy) = ¢ sinhxt
z = %(1@ —U,) =€ coshrt, (6.56)
in which case { becomes .
(= ZaiW+W582' (6.57)

The W, Z, 6, ¢ co-ordinates are regular at and outside the event horizon, where
W = Z = 0 and ( vanishes.

Complexified Kerr space is constructed by allowing the co-ordinates W, Z,8,
¢4 and the parameters a and M to be complex, with the space having the same
metric [125]. The Euclidean Kerr black hole [125] is defined as the regular Euclidean
section of complexified Kerr space, given by

t = —iT, a =1ag (6.58)

and 7, ag, 7, 9, v+, M € IR in Boyer-Lindquist co-ordinates, which is the same as
introducing a real co-ordinate ¥’ by

W =Y. (6.59)

The metric in the Y, Z, 6, o4 co-ordinates is real and positive definite, and the
Killing vector ¢ now has the form

. d .0

and vanishes at Y = 0 = Z. The co-ordinates ¥ and Z are given by

Y = e sinkT
7 = e coskT. (6.61)

Thus 7 is an angular co-ordinate with period 27” and, with this prescription, the
manifold is regular at and outside the event horizon ¥ = 0 = Z, which has now

become a symmetry axis [125].
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6.5.2 Use of the Euclidean manifold

Th.e Euclidean manifold is essential for the construction of a Green’s function de-
§cr1b1ng the thermal equilibrium between the black hole and the heat bath enclosed
1n the box. It is also the appropriate background on which to evaluate path integrals
for scalar field perturbations, the approach taken in section 4.1.3. For our purposes
here, the Green’s function will suffice.

Th.e Euclidean Green’s function GEg(z,z') is a suitably analytic function of the
co-ordinates Y, Z, 8, ¢, which satisfies the inhomogeneous wave equation

DGE(Y7 Z,H,Q,O+;Y,,Zl,9’, 99;-) = _Z\/Eé(l‘_ ‘T,) (662)

for a mass-less scalar field with conformal coupling, where g is the determinant of
the positive definite Euclidean metric. When written as a function of T, 7, 80, ¢y
and 7', 1, 0', ¢’ it will be periodic in 7 — 7/ with a period of %}, which is the inverse
of the Hawking temperature 7. On substituting for 7 and ag,

GH(ta r, (97 P43 t’a rla 917 (rji}_) = GE(ltv r, 03 P43 it,v T,7 017 W;)IQE:Aia (663)

will be periodic in ¢ — ¢’ with period 1T-!,

This condition of periodicity in imaginary time means that Gy is a thermal
Green’s function, describing the thermal equilibrium between the black hole and a
heat bath enclosed in a suitable box. In addition, Gy (and hence also the state it
represents) will be regular at the event horizon since the Euclidean manifold is also
regular there.

6.5.3 Properties of the state

The properties of G’y depend crucially on the global structure of the Euclidean
manifold. If 7 were not an angular co-ordinate, there would be a conical singularity
at Y = 0 = Z which would be reflected in the propagator Gg. The global structure
also indicates why 1t is not possible to construct |H) for points outside Sy. In Kerr
space-time, the Killing vector ¢ (6.55) has two zeros, one at the event horizon and
one at Sr. In the Euclidean manifold, it has just one, at the event horizon, and does
not vanish at r and @ co-ordinates equivalent to the position of S, in the physical
geometry. Hence, at and outside Sy, the Euclidean space-time ceases to represent a.
useful model of the situation.

To see what is happening physically, suppose the box is placed outside Sp. The
walls of the box are rigid and stationary in the co-ordinates ¢, r, 8, ¢4 since it
is with respect to these co-ordinates (in effect) that the propagator Gg has been
constructed. Thus the box rotates about the black hole with angular velocity Qp,
as expected, since we have already seen that the state |f) represents a black hole in
equilibrium with a thermal bath which is rigidly rotating with angular velocity Qp.
Such a box cannot exist at or outside the velocity of light surface since it would be
required to move on a null or space-like world-line.
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Placing the box inside Sy, produces a modified Hartle-Hawking state | Hps) which
1s regular at the horizon and everywhere outside it (as far as the field is concerned
the geometry end at the reflecting walls of the box). The state |Hps) also has the
entropy expected for a thermal state [126] (cf. section 4.2).

6.5.4 An alternative approach

If, instead of considering a black hole in an asymptotically flat space-time, we look
at a rotating black hole in a space-time that is asymptotically anti-de Sitter, the
above problems may not arise [127]. In Schwarzschild anti-de Sitter space-time, the
gravitational potential performs the role of a finite box, and a stable equilibrium
between the black hole and rotating thermal radiation is formed without the need for
external constructs. Then, for Kerr anti-de Sitter space-time, provided the angular
momentum of the hole is sufficiently small (so that the gravitational potential of
anti-de Sitter space-time comes into play prior to the formation of a velocity of light
surface), the state representing this physical situation may be regular throughout
the space-time.

Summary

In this chapter we have considered in detail the effect of rotation on the Hartle-
Hawking state (discussed in chapter 4), by working on the “hairless” Kerr geometry.
Using basic physical ideas, in particular the conservation equations, we have proved
that the Hartle-Hawking state is pathological at the velocity of light surface Sp.
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Catastrophe Theory

In this appendix we outline the basic concepts and results of catastrophe theory, and
describe briefly one example of a catastrophe, the fold catastrophe. These results
are important in the analysis of section 3.6.

A.1 Important definitions and results
Consider a family of functions
f: X xC— R flz,c) = fo(=z) (A1)

where X and C are both manifolds known as the state space and control space
respectively. In other words, we have a family of functions of the variable z, the
members of the family being indexed by c. In the particular case of interest to our
application of the theory, X and C are both intervals of the real line. Then f maps
out a surface z = f(z,c) in IR® which is known as the Whitney surface.

Definition A.1 The catastrophe manifold C is defined as the subset of X x C at
which
Df(x) =0, (A2)

where Df. is the derivative of the function f.(z); namely C is the set of all the
critical points of the family of functions.

The set C is not necessarily a manifold, despite its name. However, it will turn out
that C is a manifold in our application (see sections A.2 and 3.6).

Definition A.2 A j-unfolding of a function fo: IR* — IR 15 a function
f:R" > R (A.3)

such that
f(z1,22,...,20,0,0,...,0) = fo(z1,...,Tn). (A4)
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Alternatively, we can denote f(z1,...,Zn,¢1,...,¢;) as fe, ., (21,...,%n) and think
of f as a family of functions IR — IR parametrized by c.

Definition A.3 A k-unfolding f of fo is induced from f by three mappings:
1. a smooth mapping
e: R¥ - R
(cr1y--rek) — (e(e),...,e5(c)), (A.5)
2. a c-independent local change of co-ordinates in IR™, viz a mapping
R 5 RT
(z,¢) = (ulz,c),...,t(z,0)) (A.6)
such that for each ¢ the map
te i — t(z,c) (A7)
is a local diffeomorphism around 0,
3. a shear function h : R - R,

provided

f(z,¢) = f(eelx),e(c)) + hic) (A.8)
around 0 in R™*.

Definition A.4 . A j-unfolding of fo is versal if all other unfoldings of fo can
be induced from it.

9. It is universal if j is the smallest dimension for which a versal j-unfolding of
fo exists.

Theorem A.5 If the family of functions f in (A.1) is universal as an unfolding,
then the set C is a manifold.

This condition is satisfied for the elementary catastrophes we shall be considering
and hence the catastrophe manifold C is in fact a manifold [62].

Definition A.6 The catastrophe map x is the restriction to the catastrophe mani-
fold of the natural projection

r:XxC—=C, m(z,c)=c. (A.9)

Definition A.7 The singularity set s the set of singular points of x n the cata-
strophe manifold C, and the image of the singularity set in C is called the bifurcation

set B.
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In other words, the singularity set is the set of points in C where the rank of the
derivative of y is less than j.

Definition A.8 Consider a smooth function fo : R® — IR. A point z € R" is a
critical point for fq if

Dfs|s = . (A.10)

Further, z is a non-degenerate critical point if Dfy), =0 and D*fy), has rank n.
Otherwise x is a degenerate critical point of fo.

Proposition A.9 The singularity set is the set of points (z,c) where f.(z) has a
degenerate critical point.

Proof (62] We consider only the case of interest, namely where both X and C are
intervals of the real line. Then C is a one-dimensional sub-manifold of IR*, namely a
curve, and can be parametrized by its arc-length s € U C IR. The catastrophe map
x :U— IR is given by

x(s) = x(z(s), e(s)) = c(s) (A11)
and has derivative q v d v d y
gx ax X ac
X —— = —c(s). A.12
= %t aeds = a5 (A-12)
Thus —\(5) = 0 if and only if ~c(s) = 0. If, for some sp it is the case that

Ed—c(so) = 0, then —;c(so) # 0, since s is the arc-length of the curve C. Consider two

points (z(s0), c(s0)) and (z(so + 8s),c(so + és)) lying on the catastrophe manifold
C. Then by Taylor’s theorem

8f(l(“0 +6s),c(s0+ds)) = %(1‘(50 cs0)) + wj_f (z(s0), c(50)) d$(so)5s
a*f d 2 .
m(f(SO)aC(SO))E(So)és +0(85%). (A.13)
Now a7 of
5;(36(50), c(sp))=0= %(:c(so +4s),c(so + 8s)) (A.14)
since these points lie on the catastrophe manifold. If, in addition, %(so) = 0, then
2 d
%(w(so),c(so))i(so)és = O(4s%) (A.15)
whence , )
dd 2 fe(so)(z(s0)) = g J:( (s0),¢(s0)) = 0. (A.16)

In other words, f.(z) has a degenerate critical point whenever EX = 0 and vice versa.
This proof can readily be extended to the general case where X =R and C = IR.
0
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From this result it follows that the set B is the place where the number and nature
of the critical points of the family of functions f,(z) change [62]. In order to see
this, we need a number of important concepts in catastrophe theory.

Definition A.10 Two families of functions fif i R"x R = R are equivalent if
there exist

1. a diffeomorphism e : IR? — IR,

o

a smooth map ¢ : IR™ x IR® — IR" such that for each ¢ € IR™ the map
te : IR™ - IR, te(z) = ¢(z, ¢) (A.17)
is a diffeomorphism,
3. a smooth map h: R’ - R,
each defined in a neighbourhood of 0, such that

fz,c) = flee(x), ec)) + h(c) (A.18)
for all (z,¢) € IR™ x IR’ in that neighbourhood.

Definition A.11 A family of functions f : IR" x R - R is structurally stable of
f is equiwvalent to any family f + f : R" x IR? — IR where f is a sufficiently small
famaly.

The importance of these concepts lies in the following.

Theorem A.12 (Morse Lemma) Let f : IR" x IR — IR be smooth and suppose
that the matriz

52
1) i
alfialfj 1<ij<n
is non-singular at (z,¢) = (0,0). Then [ is equivalent to a family of the form
+il4+ ..+ 32 (A.20)

This tells us that any family of functions having a non-degenerate critical point at
(z,¢) = (0,0) is structurally stable [62]. This is because the determinant of the

matrix (A.19) is non-zero, and hence for sufficiently small perturbations f it must

be the case that e .
det T+ ]) #0 (A.21)
8:cl-833j

whence, from the Morse Lemma, f and f+ f have the same type of critical point at
(z,¢) = (0,0). In other words, the system does not change locally provided critical

points remain non-degenerate, so that the bifurcation set B is the only place where
the number and nature of the critical points of the family of functions f.(z) can

change.
Ngow consider the case where X and (' are subsets of K. The following theorem

then tells us how C and B behave [62]:
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Theorem A.13 (Thom’s classification theorem) Typically a one-parameter fam-

ily of smooth functions R™ — IR for any n, is structurally stable and is equivalent
around any point to one of the following forms:

1. non-critical: z,
2. non-degenerate critical: g% + - .- 4 22 — 22, = — 12 (0 <1< n)

3. fold catastrophe: z3 + cyay + 22+ - 4 2?7 — T (1<i<n).

A.2 The fold catastrophe

This is the only type of catastrophe that can occur in a one-parameter family of
functions, and from Thom’s theorem above, it is sufficient to consider the standard
family

felz) = %1?3 + cz. (A.22)

This family is universal as an unfolding by the classification theorem, and hence C
is a manifold. At points (x,c) € C, we have

0= Zld;fc(:r) =z’+c (A.23)
1.e.
C = —,1‘2 (A24)
Since
pei
wfc(;r) = 2z, (A.25)

the only non-degenerate critical point occurs at (0,0), the general point on C being
(z,—2?%). When z > 0, from (A.25),
&2
Ef(l) >0 (A.26)
and f has a minimum; when z < 0, similarly,
&2
dz?

folz) <0 (A.27)

and f has a maximum. Hence the singularity set is simply the point (0,0) and the
bifurcation set B is a single point (see figure A.1).
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Figure A.1: The structure of a fold catastrophe



Appendix B

Equations for Gauss-Bonnet Black
Holes

In this appendix we consider in detail the field equations for higher-curvature string
gravity discussed in chapter 5. The somewhat complicated equations given below
were integrated numerically in [6] to give the black holes which are described in
section 5.3. The main result of this appendix is the confirmation, from another
perspective, of the condition (5.47) satisfied by the dilaton field at the event horizon.

We consider the Gauss-Bonnet model of gravity described by the Lagrangian
(5.3)

!

11, : o 4o,

»CGB = —8—71‘ §R+ Z (Ou@) — 8—92'6 RGB . (Bl)

The part of the action given by the Gauss-Bonnet term R%y is a topological invariant
if the dilaton is not present in the Lagrangian (B.1). The model described by (B.1)

1s useful in string theory because it is ghost-free.

B.1 Behaviour near the horizon

Firstly, we make just one assumption: that, as r — 75, then [' — oo and both &
and @' remain finite. We do not assume that the field variables have the form (5.30),
but rather will derive that asymptotic behaviour. By making the translation

® = & —log (%) (B.2)
in the Lagrangian (B.1), we can, without loss of generality, set
/
! (B.3)
g

Now note that the Finstein equation (5.17) possesses the analytic solution
1
et = 5 (—y +/y? — 42) (B.4)

VIl
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where

1
y = Zr2®'2 -1-T (r + %e%b')

: = g—r'@'eq’. (B.5)

Relation (B.4) can then be used to eliminate A’ from the remaining Einstein equa-
tions (5.16), (5.18), and the dilaton equation (5.15). This gives three equations in
the two unknowns I' and @. Fortunately they are compatible and give the following
pair of (somewhat complex) second order differential equations [6]:

@//:__gl PI/:~(_12

; : (B.6)

where
d = 4e*r (—4+ 8" —4e™ —4D'r + 4l'eMr 4 56717 — ¢eMr?)

A€M (6 — 12" 4 6e2* + 61" — SVelr + 2T r — 3¢/
+¢%ehr?) — 120"¢ %™ (1 — eh)? — 8¢'e® ! (B.7)

dy = 20 ™ (91" — 6/ — 6T'e™ +12¢/¢" + Ve — 6¢'e™)
1M (244 — STVeM — 48" + 8T'e? + 24/ — 421"
_30¢ 7 + 200" %ty — 321" ¢ eMr + 169 2N — 212y

~2¢/ %My 4 3072 — 30 M + 240 ¢ + STV ¢e?r)

1§ (24 + 48e™ — 24¢*" —dT'r — 16¢'r + 8IVelr

1+32¢'eMr — 4r'e“ 164 e r + 321" r? — 161 ¢'r? +3b<z‘>'2 2
+16F/ /e 6§b12 A 2 3F/¢/2 3+ F'(}S,Q A 3 81—\/ )

+2e*Mr (8 — 16€™ 4 8 4 4I'r — 4lVePr — — 61"
+T7 ¢ — 26 eMr?) (B.8)
dy = T'ge™¥r (1817 4 647 — 4T7eh +8¢7°¢M 207%™ + 297
15D g — 8¢ et — OT¢r) — 2% e (3 4 )
L #er? (8 = 8eh — ATy — 4Tehr — 410?27 4 T¢%r°)
240 (ST — 161" + 8I"e? — 4I"r + 8¢/ °r + 8T e
4Dy — 8¢ty — 12007 — 100 g7t — 8¢t 4 4T et

2T ¢’2eAr2 + 8N 4 13T 4 4T'¢%r 4 64
AT ¢ e — 24/ ey _ 3Dt — 31 3) (B.9)

Choosing the minus sign in (B.4) leads to
et ~ 0(1) as T ~Th (B.10)
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which does not give a regular black hole event horizon at r = r,. Hence we choose
the positive sign. With this choice, expanding (B.4) near r = r,, gives

® g/ o §13,.2 2,3
ot = o () T - 22 i’(";; f 2:)+ 2 4o (5) B
provided
e?®' +2r # 0. (B.12)
If e2®' + 2r ~ 0, then
er =V3r(l')7 +. .. (B.13)
and from (B.6),
& =3re (M) + ..., (B.14)

which means that @} is finite only if ®, — oo, contrary to our initial assumption
of finite ®;,. Substituting (B.11) into (B.6) yields the following expansions close to
the horizon:

o - __(eq’(I)' 4 2r)(6e® + e2®%r? + 2®’r3)r, L o)

1

2 —6e2% 4 23 4 274

1 —6e22 + e22®'r? + 4e%2d'r3 + 494
2

l—\l/ —
_6624) + eQ(I)IT.B 4+ 27.4

I + O(I). (B.15)

Since I diverges at the horizon, and we have already observed that e®®' 4 2r £ 0,
the only way to keep @} finite is to impose an additional constraint, namely

6e? + 2®"%r? 4 20'1° = 0, (B.16)
which gives
e2®
) =rpe” 14 |1 - — (B.17)
Th
so that
o, <1 ( Th ) (B.18)
O —=]. .
h g \/6
With this constraint, from (B.15), " ~ O(1) and
M =-I"+0(1) (B.19)
whence ]
['= + O(1) (B.20)
T —Th

as r — 7. This unique solution gives a regular “black hole” type metric for r ~ 7y
and follows from the requirement that ®;, @ and ®" be finite as I' — co. The

expansions can also be written in the form
L) = Ty(r—rs)+0(r —rp)?
e M = A(r—rh)+O(r —ra) (B.21)
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which is exactly the ansatz used in section 5.2.4, where I'; is an arbitrary constant
and

Ay=2 (" +2r,) . (B.22)

In addition, note that (B.17) is in complete agreement with the condition (5.47)
derived in section 5.2.

B.2 Numerical analysis

We mention briefly a couple of points which are relevant for the discussion of the
numerical solution of equations (B.6) in section 5.3. Firstly, it is found that the
choice of a plus sign in (B.17) is necessary in order to give solutions having the
correct behaviour for large r. Secondly, the solutions can be described by just
two parameters. Due to relations (B.17) and (B.22) there are three independent
parameters ®,, r, and [}, since the equations of motion do not give any constraint
on I'1, due to the fact that they involve only I'(r) and not I'(r). In fact, I'; can be
fixed by the boundary conditions at infinity (5.25), leaving just two parameters @5
and r.



Appendix C

Vacua in Kerr Space-time

In this appendix we describe how the standard Boulware, Unruh and Hartle-Hawking
vacua are defined in Kerr space-time.

C.1 The Kerr geometry

Consider the Kerr-Newman space-time with metric, in Boyer-Lindquist co-ordinates:

sin% 6

A D
ds? = =S (dt — asin 0dg)? + (72 + a*)dp —adt] + Sdrt+Tde* (C1)

)

where

Alr) = r? —o9Mr + Q2 + a2
S(r,0) = r’+a*cos?d, (C.2)

M being the ADM [64] mass of the black hole, Ma its angular momentum as viewed
from infinity, and @ the charge.

In the non-extreme case, a? < M? — (Q%, the metric possesses two co-ordinate
singularities at

A =0, (C.3)

namely

r:ri:M:I:(MQ—a2—Q2>2, (C.4)

where r = r, is the (outer) event horizon. The space-time is stationary and axisym-
metric, possessing two Killing vectors,

0 d
§=4; on X =55 (C.3)
The former is time-like at infinity, but becomes null when
r:rs:M+(M2—a2c0820>52r+. (C.6)

XI
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This is known as the stationary limit surface, and between here and the event horizon

1s a region called the ergo-sphere. The event horizon rotates with an angular velocity
Q0 given by

a

Qp = 1 (C.7)
due to the fact that the Killing field
0 0
¢ = e + QH—BE (C.8)

rather than £ is tangent to the null geodesic generators of the Kerr black hole event
horizon. The Killing field { is time-like just outside the event horizon and becomes
null again on a surface

r=ry(0) (C.9)

known as the velocity of light surface. This is the surface on which observers must
move with the speed of light if they wish to rotate with the same angular velocity
as the event horizon. It should be stressed that the velocity of light surface is not
the same as the stationary limit surface.

C.1.1 Massless scalar field

Following [128], we consider a massless scalar field satisfying the Klein-Gordon equa-
tion

0 =0, (C.10)

the scalar curvature R vanishing in Ricci-flat Kerr space-time. This equation is
separable in the Kerr metric [128], and the basis functions may be taken to be
N(k)

Uwlm; = €

(r2 + a?)2

—iwt+imyp q

..wIm,(COS H)Rwlml(T’) (C.ll)

where k is a function of the frequency w, the function N(k) is a normalization con-
stant, [ and m, are integers and

m| <1,  1=0,1,2,.... (C.12)

The spheroidal harmonic Syim, satisfies the eigenvalue equation [80]:

d 2 d m?
- (1= __ ™ 49
d cos 9(1 cos B)dcos 6 1—cos?d +amaw
—(aw)*(1 — cos®8) + /\,m,(aw)} Swim,(cos8) = 0. (C.13)

The eigenvalue A, (aw) depends on the integers [ and m; and has the known value

A (0) = 1(L+ 1), (C.14)
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The radial equation takes the form

d2
[dr*z - lem,("f”)] Rwlm,('r) =90 (015)
where r* is the “tortoise” co-ordinate,

dr* 1?4 g2

- T A (C.16)
In other words,
. M
r*=r+ e (ryloglr —ry|—r_loglr —r_|), (C.17)
and the potential V,n, is given by
2 A 2A(Mr? ~ a?) 3a% Al
Viim (1) = — ( _ __m’_a_>
tmy () w 2+ a2 +>‘lmt(aw)(r2+a2)2 + (r? + a?)? + (r? + a?)*
(C.18)
In the asymptotic regions r* — 400, (C.18) reduces to
—(w-mQy): r— -
lem,(r) = { — 102 ™= 00 (Clg)

where Qg 1s the angular velocity of the horizon (C.7).

We now consider two classes of solutions to (C.15). Waves incident from Z~
will be partially scattered back to Z* by the potential barrier V, and partially
transmitted to H*. Similarly, waves emanating from H~ will be scattered into
either asymptotic region. These two classes therefore have the asymptotic forms

Ro, (1) e + A;lmle‘m’”’ asr* — —oo
T p=—4 - N "
whm, Bo,. ™" as r* — 0o
R*(r) Bl e as 1" = —00 (C.20)
T = 3 * 3 - .
wlmy e twr + Azlmlew}r as r* — 00

where w = w — m;Qg. We define an inner product on the mode functions uym, by

1 . * *
(uy, uz) = 52/2 V=g(u  — uuy,)dTH (C.21)

where ¥ is any Cauchy hyper-surface of the geometry. The basis functions are
orthonormal provided one normalizes the spheroidal harmonics so that

1
/ S wim, (€08 8)Syirm,(cos 0) d cos O = by (C.22)
-1

and chooses the normalization constant according to
1

where k = w for incoming (+) modes and k = w for outgoing (~) modes.

N(k) =

o
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C.2 Properties of the vacua in Kerr space-time

We now extend analysis of [129] to the uncharged Kerr black hole, in order to
derive the asymptotic properties of the candidate vacuum states without recourse
to renormalization (for further details see [8]). Firstly, we need to consider precisely
what is meant by the three vacuum states (Boulware [130], Unruh [118] and Hartle-
Hawking {131]) in Kerr space-time.

In the Schwarzschild geometry, an outgoing mode which has positive frequency
with respect to the retarded null co-ordinate u = t — r* at the past horizon H~ will
also have positive frequency with respect to w at Z+. Hence, if, for example, we
wish to define the Boulware vacuum state, it does not matter whether we consider
outgoing modes having positive frequency with respect to u at H~ or Zt. Both
definitions yield the same vacuum state.

This is not the case in Kerr geometry, due to super-radiant modes [124, 132, 133].
This can be seen from the asymptotic forms of the in-going and outgoing modes

(C.20):

exp(—twv + tmyp) at 1~
N Swim, (cos ) A} 1, exp(—iwu + imyp)  at IF
Unim, = : 9 o t H-
32 wl(r? + a?) o 2
Bwlm[ exp(—iwv + imypy) at HY
0 at I~
um o Sum(cos®) ) By, exp(—twutimg)  at I (C.24)
v femrfal(rr +a?) | eXp(=iRu iy at
A, €Xp(—10v + imypy ) at HY

where v = ¢t +7r* is the advanced null co-ordinate, py = ¢ —Qyt and & = w—my.
Hence an outgoing mode having positive frequency with respect to v at H~ will have
negative frequency with respect to u at I* if it lies in the super-radiant regime, i.e.
if @ > 0 but w < 0.

The general consensus in the current literature is to define the Boulware, Unruh
and Hartle-Hawking vacua so that the un-renormalized expectation values of the
stress tensor in these states are, respectively [122]

I,my

<B|TNV|B> = / dle“’ wlml’ wlm[]+2/ dleJV wlmy? wlml]
lml

Ty = 5 [ dwcotn (52) Toliin i
+Z/ dwTuU wlml’ wlml]

l,my

(HIT,H) = Z/ dwcoth< )T [wlm[,u;fm[]
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+ 3 [ dweoth (2 >T St ] (C.25)

lm[

where the contribution to the stress tensor for a single mode u,m, and a conformally
coupled, massless scalar field in the Ricci-flat Kerr space-time is (90]

1 .
—guu,u’. (C.26)

Tw[uwlmn u:ulml] = % (u;uu?u + u;l’u:u> - é (u;wu* + uu;u) 6

The definitions (C.25) correspond to choosing positive frequency, outgoing, modes
on H~ and positive frequency, in-going, modes on Z~. Below we shall investigate
how this choice affects the properties of the vacua.

Firstly, it is expected that (H|T,,|H)sen will be regular on both the future and
past outer event horizons, so that the divergent behaviour of (U|T,,|U)ren (if any)
can be evaluated by renormalizing (U|T,,|U) by subtracting (H|T,,|H), namely, as
r =Ty,

(UITuw|U)ren ~ (UITu|U)ren = (H [Ty [H)ren

= (U|T.|U) - <H|Tu»|H> (C.27)
_ Z/ g 1T Skt (C.28)
l,my ko=

Note that the second line (C.27) holds because the subtraction terms used to renor-
malize (T,,) are independent of the vacuum state [107, 108]. At infinity, the Boul-
ware vacuum is expected to be as empty as possible. We shall calculate

<U|T/.Lu|U>ren - <B|TﬁwlB>r6n = <UlTuV|U> - <B|T#'/|B>
00 2
= Z dwTTuU[uwlmp wlml] (C29)

Ile 0 € » —_

C.2.1 Christoffel symbols

We record here for completeness the non-zero Christoffel symbols for the Kerr metric,
which will be required in the calculation of (C.28) and (C.29):

L = AT+ a®)M(r* — a* cos® 0)

b, = a’%7? [A —(r* + a2)] sin 6 cos 8

re, = aAT'E?sin? 9 [(r2 +a )M(r? — a* cos’ 0) + rZ {A —(r* + aQ)}]

Iy, = —a*y? [A —(r*+ a2)] sin® @ cos 6

[T, = AYX>M(—r*+a®cos’0)

I, = aAL M (=r? 4 a*cos® §) sin® 0

I, = A7~ Mr? + ra®sin’® 0 + Ma? cos® 8)
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", = —a®’S 'sinfcosd
I = —rAD™!
I, = —AxZ? [r22 -M (7'2 — a? cos? 9) a® sin® 0] sin” @
‘Y = &’s73|A [ (r? 4 a? ] sind cos
l"fw = —a¥” [ —(r*+a )] (r? + a®)sinf cos 6
[ = ¢*A7'S'sinfcos
réy, = —rx-t
M = —a’T 'sinfcosh
Ffw = -3 [(7'2 4+ a2)3 - (12A('r2 +a%+ ¥) sin? H] sin @ cos #

Iy, = aA7'S7IM(r* — a®cos? )
'Y, = ¥ [A —(r* 4+ a2)] cot

re, = ATIY? [—a?M(r2 — a*cos? 0)sin®  + rE(A — a’sin? 9)]
I'y, = coté. (C.30)

C.2.2 Asymptotic behaviour at the event horizon

The behaviour of the components of the stress-energy tensor near the event horizon
is given by [§]

(UIT|U) ren~—4ﬁzz [ == = Bl Sutm (<05

(e7s —
{z - —WJ} (C.31)
where Z is the matrix
—wATISTHT wpL! 0 wATISTHr? 4 o)1V
—WATIE NP 4+ )T DEATIETHrE + ) O(1) ATIE-LY
0 O(A) O(1) 0
mATISTIT —mE! 0 —mATIS (2 4 ab)7Y
(C.32)
and where
T = wr®+ad)—ma- alA(r? + a?) " (wasin® 0 — my)
Y = A(wa —mycosec’ ) — aw(r® + a*) + mad®

W = AR 4 eh)! {— [(rz +a*)w — m;ar + A(my cosec§ — wasin 6)?

+r2A2(T2+a2)—2+w2(r2+a2)2}
1S, (cos 0)[7

Sutmi(cos D)

+37M(r? + a?)!
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The leading order behaviour of (C.31) is then given by

<mwwmmu222/ = J&WH&m@ﬁW
AN r2 4+ aY)ww —ww 0 A~ aww
y A3 r? +a?)?20? —A- Yr + a2 0(1) —A%a(r} + *)w?
0 0(A) (1) 0 (C.34)
AN + aP)mpw mw 0 ~AYamw
since, as the horizon is approached,
T ~ w(rl +a*) +0(A)
V ~ —auw(r} +a®) +0(A) (C.35)

and W is finite.

C.2.3 Regularity on the horizon

The tensor (C.34) can be shown [8] to be regular at the future, but not on the past,
event horizon, which means that, if (H|T/|H),., is regular at the event horizon,
then (U|T|U),en is regular on the future event horizon, but diverges on the past
event horizon.

For non-zero a, the tensor (C.34) is in agreement with that obtained in [134]
in the context of equivalence principle analysis. Unfortunately, in [134] the author
does not state whether or not his tensor is regular on the future event horizon. This
is probably because he was unable to calculate to the order of accuracy required.
If this had been the case, we could have used the regularity of (C.34) to imply the
regularity of (H|T}|H)en at the horizon. All we can say is that the components of
(H|T¥|H)yen, are at least one order of magnitude smaller than those of (C.34), which
is sufficient to ensure that at most two components of (H|T|H )., diverge at the
horizon.

C.2.4 Asymptotic behaviour at infinity

We now consider the asymptotic behaviour of the stress tensor at infinity. The
leading behaviour is given by:

dw -
(UITA0 ) = BITB)ren ~ T [ ooz Bt S utn (cos )
l,my ko=

—w?r? wir? 0 muwr?
2,.-2 .2 -2 -2
s e | o

0 0 0 0
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C.2.5 Properties of the Boulware vacuum

The tensor (C.36) represents a thermal flux of radiation at infinity. However, in the

limit that the Hawking temperature T — 0 (i.e. kK — 0), (C.36) vanishes, whereas
the Hawking flux [67, 135, 136]

20

(ny) =Ty [exp (T) - 1] w >0 (C.37)

reduces to the spontaneous Unruh-Starobinskii emission in the super-radiant modes.
Hence, in this case, (C.36) does not give the form we expect of the Unruh vacuum
state. The reason for this is that our definition of the Boulware vacuum state

corresponds at infinity to the particles produced by the Unruh-Starobinskii effect,
namely

(BT Bl ~ s 5 / (1= | AL )| Sutm (05 )

w —w 0 —my
w —w 0 —my
“1'o 0 o o . (C.38)

0O 0 0 0

Using the Wronskian relations between the reflection and transmission coefficients

[8] and adding (C.38) to (C.36) yields

T on ~ gz 2 / (L = A1, )| Sutm (cos )

—w w
—w w
0 0
0 0

Equation (C.39) is the expected form of the stress tensor for the Unruh vacuum
state, corresponding to a thermal distribution of quanta which reduces to the super-
radiance effects in the limit T' — 0. It is also the form of (U|T;|U),c. calculated
in [134] by an equivalence principle approach. This suggests that an alternative
definition of the “Boulware vacuum” |B) may produce a state which resembles more
closely the state |B) in Schwarzschild space-time.

(C.39)

X
OO OO

C.2.6 Modifying the Boulware vacuum

We would like to construct a state which is as empty as possible at infinity, having no
super-radiant flux. Consider the state |B), defined by considering outgoing modes
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with positive frequency with respect to u on Z*, and in-going modes with positive
frequency with respect to v on Z~. Then

B|TNV|B Z/ dwT, wlm,v“wlm,] + Z/ dwT, wlml,u:;;‘ml] (C.40)

lymy lymy

At infinity,

(UITXNU Y en — (BITWIf?)ren = (U|TY|U) ~ (B|T,.,|B)

47r r2 2/ e (1- lAwlm1| ) Sewim, (cos ¢9)|2

—wwOm;

—w w 0 my
X 0o 00 0 | (C.41)
0 0 0 0

which is the asymptotic behaviour exhibited by (U|T)|U);en in (C.39). Hence the

components of (B|Tyy|B),en are at most O(r~3) at 7 — co. Thus it may be expec-
ted that |B), rather than the state |B), exhibits the asymptotic properties of the
Boulware vacuum as observed in Schwarzschild space-time.
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