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Abstract

Atoms in optical lattices are promising candidates to implement quantum infor-
mation processing. Their behaviour is well understood on a microscopic level, they
exhibit excellent coherence properties, and they can be easily manipulated using
external fields. In very deep optical lattices, each atom is restricted to a single
lattice site and can be used as a qubit. If the lattice is shallow enough such that
the atoms can move, their properties can be used to simulate certain condensed
matter phenomena such as superconductivity.

In this thesis, we show how technical problems of optical lattices such as
restricted decoherence times, or fundamental shortcomings such as the lack of
phonons or strong spin interactions, can be overcome by using current or near-
future experimental techniques. We introduce a scheme that makes it possible
to simulate model Hamiltonians known from high-temperature superconductivity.
For this purpose, previous simulation schemes to realise the spin interaction terms
are extended. We especially overcome the condition of a filling factor of exactly
one, which otherwise would restrict the phase of the simulated system to a Mott-
insulator. This scheme makes a large range of parameters accessible, which is
difficult to cover with a condensed matter setup.

We also investigate the properties of optical lattices submerged into a Bose-
Einstein condensate (BEC). A weak-coupling expansion in the BEC-impurity in-
teraction strength is used to derive a model that describes the lattice atoms in terms
of polarons, i.e. atoms dressed by Bogoliubov phonons. This is analogous to the
description of electrons in solids, and we observe similar effects such as a crossover
from coherent to incoherent transport for increasing temperatures. Moreover, the
condensate mediates an attractive off-site interaction, which leads to macroscopic
clusters at experimentally realistic parameters. Since the atoms in the lattice can
also be used as a quantum register with the BEC mediating a two-qubit gate,
we derive a quantum master equation to examine the coherence properties of the
atomic qubits. We show that the system exhibits sub- and superdecoherence and
that a fast implementation of the two-qubit gate competes with dephasing.

Finally, we show how to realise the encoding of qubits in a decoherence-free
subspace (DFS) using optical lattices. We develop methods for implementing ro-
bust gate operations on qubits encoded in a DFS exploiting collisional interactions
between the atoms. We also give a detailed analysis of the performance and sta-
bility of the gate operations and show that a robust implementation of quantum
repeaters can be achieved using our setup. We compare the robust repeater scheme
to one that makes use of conventional qubits only, and show the conditions under
which one outperforms the other.
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Chapter 1

Introduction

1.1 Quantum computation and simulation

Computers are nowadays a standard tool in science. They have eased the life of

experimentalists when acquiring and processing data, and of theorists in solving

complex problems both analytically and numerically. Furthermore, for the last four

decades the number of transistors on a reasonably-priced integrated chip has dou-

bled every 18 to 24 months, allowing for faster processors and bigger memories. By

extrapolating this behaviour, which is known as Moore’s law [1], one can see that

the size of a transistor will soon approach a few atoms, and unless new technologies

are developed this trend will stop due to physical limitations. Apart from this, and

despite the improvement seen over the last decades, the performance of computers

is still insufficient for a large class of physical problems. This becomes especially ap-

parent in quantum mechanics [2], where numerical simulations are often necessary

to gain a deeper understanding of the underlying physics. In general, the dimen-

sionality of the Hilbert space describing the quantum system growths exponentially

with the number of particles involved. This leads to memory requirements easily

surpassing the storage capacity of even the most powerful available computers, and

calculation times that can exceed months. Although many efforts are currently un-

derway in order to devise algorithms for an approximate description of quantum

systems, only a very restricted class of such systems can be simulated so far [3–9].

Even for seemingly simple systems known from condensed matter physics, such as

a few tens of electrons in a two-dimensional crystal, an exact simulation is at the

moment far beyond the accessible regime.

Due to these problems, R. Feynman made the ingenious suggestion that, in order

to calculate the behaviour of a quantum system, one should simply use another

quantum system [10]. There are two principal ways to achieve this goal. One is to

tailor a quantum system for the special purpose of simulating a more complicated

one or a model Hamiltonian of interest. The other way is to build a universal

quantum computer, which in many ways would behave like a universal Turing

machine for classical computing [11]. This idea was proposed by D. Deutsch [12]

and has led to a range of new algorithms for quantum computers, which often

1
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offer a considerable speed-up compared to the best-known classical algorithms [13].

These new quantum algorithms include Grover’s search algorithm in an unsorted

database [14], the algorithm by Deutsch and Jozsa to determine whether a function

is balanced or constant [15], and Shor’s number factorisation algorithm [16]. They

make use of the fact that the information is not encoded in strings of zeros and

ones as for a classical computer, but instead in a set of quantum bits or qubits,

which can be in a coherent superposition of different states and might exhibit

entanglement. Maintaining this coherence makes an experimental implementation

extremely difficult, since the quantum systems representing the qubits typically

couple to their environment [2].

Although a universal quantum computer would lead to many opportunities,

the experimental difficulties involved with its implementation have not yet been

overcome. It is thus worthwhile to concentrate on the other principal way of quan-

tum simulations, namely to specially tailor a quantum system for studying model

Hamiltonians of interest. The simulating system is chosen to be one that can be

easily manipulated and which exhibits the desired Hamiltonian. Such a quantum

simulator would then serve as a computer that has been devised to perform an

exactly defined task.

1.2 Atoms in optical lattices: Simulators and reg-

isters

A suitable and promising candidate for implementing special purpose quantum

simulators for condensed matter physics is given by ultracold atoms in optical

lattices [17–20]. In general, for a given solid most of the parameters, such as the

electron hopping and their interaction, are not easy to control. This is different

for ultracold fermionic atoms trapped in an optical lattice, which are described by

the Hubbard model.1 Within the tight-binding approximation, the atoms can hop

from one lattice site to a neighbouring one and density-density interactions between

two atoms only take place if they occupy the same lattice site. By changing the

intensities of the lasers that create the lattice potential, it is possible to drive the

atoms from a superfluid state, where the hopping of the atoms is large compared

to the interatomic interaction and they are delocalised over the lattice, to a Mott

insulator, where the hopping of the atoms is small compared to the interaction,

leading to a localisation of the atoms in their lattice sites. This phase transition,

which also occurs for bosons [21], was first demonstrated in a milestone experiment

by M. Greiner et al. [22], showing the wide range of parameter regimes that can be

covered in a single experiment.

1It has been shown in Ref. [17] that ultracold bosonic atoms in optical lattices are described
by the Bose-Hubbard model. The derivation for fermionic atoms is similar.
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Since then, there has been tremendous success in this field. On the theory side

it was shown that atoms in optical lattices can simulate a wide range of different

condensed matter Hamiltonians [20] such as the Hubbard Hamiltonian [18] or spin-

spin interactions [23, 24]. It is also possible to simulate effective magnetic fields in

these systems, for example by Raman-assisted hopping [25], by applying oscillating

quadrupole fields [26] or by using light with orbital angular momentum [27, 28].

On the experimental side progress has been made in the manipulation of ultracold

atoms in optical lattices. Higher order correlations between fermions in a lattice

have been measured, a technique which allows to experimentally investigate mod-

els of high-temperature superconductivity with this setup [29]. Moreover, Bloch

oscillations, originally predicted for electrons in a crystal [30], were observed using

atoms in tilted optical lattices [31, 32], showing the excellent coherence properties

of this setup. The admixture of fermions to bosonic atoms in the lattice changes

their coherence properties considerably as demonstrated in [33, 34].

Atoms in optical lattices are not only useful to simulate condensed matter sys-

tems, they also provide a first step towards the long-term goal of universal quantum

computing. The atoms in the lattice can be used as a quantum register [35], a device

to store qubits analogous to a classical register. For manipulation of the atoms they

have to be addressed individually, which in an optical lattice requires special tech-

niques due to the small distance between the atoms. Several methods have been

proposed, such as using marker atoms [36], or by employing additional external

fields [37, 38]. In experiments, the addressability problem has been circumvented

by leaving empty sites between the atoms [39, 40] or by using infrared lattices [41],

where the distance between the atoms is larger than in lattices with optical wave

lengths. It is also possible to move these atoms from one lattice site to another

using a setup known as an optical conveyor belt [42, 43]. Entanglement between

the atoms can be created by spin-dependent optical lattices, where state-dependent

collisional phases between the atoms are created [44]. This idea has been realised

in recent experiments [45, 46], again underlining the excellent coherence properties

of this setup.

However, atoms in optical lattices still exhibit some shortcomings. Although

the coherence properties in the above experiments are very good, they are currently

not sufficient for schemes which require long storage times of the order of a few tens

of milliseconds. Such storage times can occur for example in quantum repeaters

[47–49]. The qubits have to wait for operations on other qubits to be performed

and during this period coherence has to be maintained. Due to their architecture,

even a weak decoherence has a detrimental effect on the performance of quantum

repeaters [50], and ways have to be found to enhance the coherence properties of

the used registers.

Limitations also exist when it comes to the simulation of condensed matter

phenomena. In a crystal, the electrons couple to the lattice phonons of the solid,

which affects their properties considerably [51, 52]. The coupling to the phonons
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changes the transport behaviour of the electrons from a coherent, wavelike motion

to an incoherent, diffusive process. Also, the electrons are typically surrounded by

phonon clouds and the resulting quasi-particles, known as polarons, can exchange

phonons thus leading to bound polaron pairs, or bi-polarons, which are used to ex-

plain high-temperature superconductivity [53]. Since in typical experiments optical

lattices are produced using intense laser beams which create conservative poten-

tials, such phonons do not exist in a standard setup, thus restricting the number

of models that can be simulated.

Another problem encountered in optical lattices is the fact that the off-site in-

teraction, which might depend on the internal state of the atoms and thus resemble

a nearest-neighbour spin interaction, cannot be changed easily and is typically very

weak. However, some of the models discussed in high-temperature superconduc-

tivity include a spin-spin interaction term between the electrons whose strength is

on the order of the electron hopping and the on-site electron interaction [54, 55].

Although an appreciable nearest-neighbour interaction can be achieved by using a

very weak optical lattice, typically these lattices become too weak to justify the de-

scription of the atoms by a single band tight-binding Hamiltonian which is assumed

to be correct for the electrons.

1.3 Thesis overview

In this thesis, we will show how the shortcomings of optical lattices in both simu-

lating condensed matter systems and using them as quantum registers in quantum

repeaters, might be overcome with current or near-future experimental techniques.

The lack of phonons is remedied by submerging the optical lattice setup into a

Bose-Einstein condensate which naturally exhibits Bogoliubov phonons. Spin-spin

interactions between atoms in neighbouring lattice sites are introduced by exploit-

ing spin-dependent optical lattices. The reliability of atoms used as quantum reg-

isters is enhanced by encoding the qubits in so-called decoherence-free subspaces

[56–59]. In more detail, this thesis is structured as follows.

• In chapter 2 we review some of the essential preliminaries which are used

throughout this thesis. After a brief overview of the cooling techniques we

describe the basic mechanisms which lead to the trapping of atoms in an opti-

cal dipole potential. We then illustrate that for the low collision energies in a

BEC the interaction of atoms depends on a single parameter only, namely the

s-wave scattering length. This allows us to use a delta-like pseudo-potential

in the Hamiltonian which simplifies the interaction term considerably. The

dynamics of a weakly interacting BEC is described by a mean-field approach,

the so-called Gross-Pitaevskii equation. This ansatz is extended by the Bo-

goliubov approximation, in which the effects of small quantum fluctuations

are included. We then review the properties of ultra-cold bosonic atoms in
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optical lattices. We show that for low enough temperatures the atoms realise

the tight-binding model and are described by the Bose-Hubbard Hamilto-

nian. This model exhibits a phase transition between a superfluid and a

Mott insulator as is shown by a mean-field ansatz. We conclude the chapter

by discussing loss mechanisms for the atoms in the lattice which lead to a

non-unitary evolution.

• In chapter 3 we show that certain model Hamiltonians applied in high-tem-

perature superconductivity can be simulated using fermionic atoms in optical

lattices. We especially focus on the simulation of the so-called t-J-U model

[54, 55]. The spin-spin interaction J and the conventional Hubbard Hamili-

tonian (the t and U terms) are simulated independently from each other and

combined by experimentally performing a Trotter-Suzuki expansion, thereby

realising the full model Hamiltonian. The simulation of the spin interac-

tion makes use of spin-dependent optical lattices to create state-dependent

collisional phases. The proposed method can be implemented with current

experimental techniques and we give estimates of the reliability of our scheme.

• In chapter 4 we investigate the properties of atoms in an optical lattice which

are submerged into a Bose-Einstein condensate. We show that this system

is accurately described by the Hubbard-Holstein Hamiltonian known from

condensed matter physics. The atoms in the lattice couple to the Bogoli-

ubov phonons of the condensate, which allows a description of the system

in terms of polarons. By using a generalised master equation we show that

the transport properties of the atoms change from coherent, or wavelike, to

incoherent, or diffusive, depending on the coupling strength to the phonons

and the temperature of the BEC. We also demonstrate that an attractive off-

site interaction is mediated by the condensate, leading to a clustering of the

atoms in the lattice. All of these effects can be observed at experimentally

realistic parameters.

• In chapter 5 we extend the studies of chapter 4 by using a quantum master

equation (QME). This allows also the investigation of the off-diagonal matrix

elements which was not possible with the generalised master equation used in

chapter 4. With this we show that the coupling to the BEC leads to sub- and

superdecoherence which has severe consequences if the setup is to be used as

a quantum register. We also extend the studies of clustering of the lattice

atoms and show that for sufficiently low temperatures and strong couplings

the atoms aggregate in an single large cluster, which breaks up for increasing

temperature. The limits of the QME are demonstrated for atoms in a tilted

lattice. Since the QME does not include terms which cause dissipation, it

leads to incorrect results since in the tilted setup this dissipation is essential

for a correct description.
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• In chapter 6 and the following two chapters we will shift our emphasis to quan-

tum repeaters and decoherence free subspaces. We begin with an overview

in chapter 6 and explain why currently used asymmetric cryptosystems can-

not guarantee security and that a new way of secure cryptography has to be

implemented. We describe the basic protocols of quantum cryptography and

that by using the current techniques the distance between the two communi-

cating parties is restricted. This restriction was overcome by the introduction

of quantum repeaters, which we will discuss in some more detail. We then

give an introduction to decoherence and a method to overcome its effects,

namely decoherence free subspaces (DFSs).

• In chapter 7 a robust implementation of a quantum repeater scheme is dis-

cussed. For this purpose, we combine the ideas of DFSs and conventional

repeater schemes. The DFS is realised by encoding one logical qubit into

four atoms stored in an array of optical dipole traps such as an optical lat-

tice. Since an implementation of a controlled phase gate between two DFS-

qubits involves complicated many-body interacitons, we employ an auxiliary

atom that mediates the gate between the two qubits. This atom is subject

to dephasing and the influence of this noise on the performance of the gate

is investigated.

• In chapter 8 we extend the investigations of the preceding chapter. We cal-

culate in detail the influence the decoherence of the auxiliary atom has on

the entanglement swapping and purification. The performance of the whole

repeater scheme using DFS qubits is investigated and compared to a re-

peater which makes use of conventional qubits, i.e. qubits that are subject

to decoherence. We find that for short distances between the two commu-

nicating parties the conventional scheme can do better, however the robust

implementation using DFSs is favourable for large distances between the two

communicating parties.

• We conclude in chapter 9 and give an outlook on the further direction of our

work.

Apart from the research presented in this thesis, I have also contributed to

other work related to quantum information theory and Bose-Einstein condensa-

tion. In Ref. [60], we investigated the behaviour of mirror-inverting spin chains

that are subject to noise. These spin chains can be used in order to transport

a qubit or to entangle two qubits which are initially located at the two ends of

the chain. However, these properties are impaired by the unavoidable coupling to

the environment. We have modeled this coupling by independent local noise and

numerically calculated the thresholds for which the spin chain still maintains its

properties. I have also contributed to the investigation of the dynamics of vortices
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in weakly interacting Bose-Einstein condensates [61]. We used the Ritz method in

order to calculate the vortex wave functions for the weakly interacting case and

deduced the vortex dynamics from these functions. The results were compared to

numerical solutions of the Gross-Pitaevskii equation and are in excellent agreement

with the analytical predictions.





Chapter 2

Ultracold degenerate quantum gases

In this chapter, we review some of the techniques and results which are essential

for the remainder of this thesis. We start with a short overview of the cooling tech-

niques [62–66], which eventually have led to Bose-Einstein condensation [67, 68].

We then focus on the theoretical description of a Bose-Einstein condensate (BEC).

Due to the low collision energies in the interatomic scattering processes, the in-

teraction potential can be replaced by an effective contact interaction, which only

contains a single parameter, namely the s-wave scattering length [69]. This al-

lows to simplify the Hamiltonian considerably. However, further approximations

are necessary for an analytical description, and we therefore review the Bogoli-

ubov approximation for a weakly interacting BEC [70, 71]. The condensate is

described by a classical function, also known as the order parameter, and quantum

fluctuations, which are the so-called Bogoliubov phonons. These phonons are an

important part of our investigations carried out in chapters 4 and 5. After intro-

ducing this approximation, we give a short overview of the physics of ultracold

atoms in optical lattices [17–19]. The main approximations involved when deriv-

ing the Bose-Hubbard Hamiltonian [21] are given and the existence of different

phases, namely the Mott insulator and the superfluid phase, are briefly discussed.

We finally give some details on spin-dependent optical lattices [44–46]. In these

lattices, the atoms can be displaced depending on their internal state leading to

state-dependent collisional phases, which will be exploited in chapter 3.

2.1 Cooling and trapping of atoms in optical traps

The extremely low temperatures that are necessary to attain Bose-Einstein conden-

sation can only be achieved with special techniques involving laser fields. Atoms

are typically evaporated from an oven and need to be slowed down. One of the first

proposals for slowing down atoms using lasers came up in 1975 by T. Hänsch and

A. Schawlow [62] and the experimental realisation [63–66] of the slowing techniques

led in 1997 to Nobel Prizes for C. Cohen-Tannoudji, S. Chu and W. Phillips.

9



10 Ultracold degenerate quantum gases

The working principle of these slowing techniques is to transfer the photon mo-

mentum of the laser beam to the atoms [62, 72]. The atoms, which are evaporated

from an oven, are collimated into an atom beam, propagating in x-direction. This

beam is irradiated with a counter-propagating laser. The frequency ω of the laser

light is chosen to correspond to a transition line of the atom ω0, such that the atoms

can absorb the light and get a momentum kick in −x-direction. Typically after

the lifetime τ = Γ−1 of the upper level the atom will emit a photon into a random

direction, provided that stimulated emission can be neglected. It can be shown [72]

that the average scattering force acting on the atom beam in −x-direction is given

by

Fscatt = ~k
Γ

2

I/Isat

1 + I/Isat + 4δ2/Γ2
. (2.1)

Here, I is the intensity of the laser beam, Isat is the saturation intensity with

I/Isat = 2Ω2/Γ2 and Ω the Rabi frequency. The detuning δ = ω − ω0 + kv takes

the Doppler shift into account, which is given by the velocity of the atoms v and

the wave vector k = 2π/λ = ω/c of the laser beam, with c the speed of light. For

high intensities I, this leads to a maximum decelerating force of Fmax = ~kΓ/2. As

an example [72], sodium atoms with an initial velocity of v0 = 1000m/s, which is a

typical value when the oven is operated at a temperature T = 900K, can be slowed

down using their λ = 589nm transition line which has a life time of τ = 16ns. The

required stopping distance at half of the maximum deceleration is then given by

1.1m. This is a typical stopping length for most of the alkaline metals.

During the slowing down of the atom beam the decreasing velocity of the atoms

causes a change in the Doppler shift kv, which can reduce the efficiency of the

cooling process considerably at lower intensities. To compensate for this effect,

different methods have been devised. One way is to use the Zeeman effect to

balance the changing Doppler shift [63–65]. The atomic beam is propagated along

the x-axis through a varying field solenoid whose magnetic field B(x) is chosen

such that it fulfils the condition [72] ω0 +µBB(x)/~ = ω+kv, where µB is the Bohr

magneton. An alternative way is to directly change the laser frequency during

the slowing process [66, 73]. This method is known as a frequency chirp and

can be achieved by using electro-optic modulators [73] or by directly scanning the

frequency of infra-red semiconductor lasers [72].

Once the atoms are sufficiently slow they can be cooled down using an “optical

molasses”. An optical molasses is a setup which consists of three orthogonal pairs of

counter-propagating laser beams. By a suitable choice of the detunings, the atoms

can be cooled down by the same principle as described above. Due to the random

emissions during that process the momentum of the atom behaves as a random

walk when the deterministic slowing down caused by the absorption is subtracted.

This random walk leads to a finite variance of the momentum and thus to a finite

temperature. One can show [72] that the minimum temperature one expects to be

achievable with this optical molasses is given by kBTD = ~Γ/2. This temperature
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is also known as the Doppler cooling limit. For sodium, it is given by TD = 240µK.

With more sophisticated schemes taking more internal states of the atoms into

account, temperatures below the Doppler limit can be reached, for example by

applying the Sisyphus cooling technique [74]. Once the atoms are cooled down

to sufficiently low temperatures, they can be trapped in a magneto-optical trap

(MOT) or an optical dipole trap. Since the latter one plays a more important role

for the implementations considered in this thesis, especially in the special case of

optical lattices, we will focus mainly on the theory of dipole traps.

Dipole traps confine the atoms by exploiting the dipolar force acting on an atom

subject to an electric field. Let us for simplicity assume a single atom of mass m

with two internal states in one spatial dimension. The internal ground state |g〉
and the excited state |e〉 of the atom shall be separated by an energy ~ω0. The

atom is then described by the Hamiltonian

Ĥa =
p̂2

2m
+
~ω0

2
(1 + σ̂3) , (2.2)

where 1 = |e〉 〈e| + |g〉 〈g| is the unity operator, σ̂3 = |e〉 〈e| − |g〉 〈g|, and p̂ the

momentum operator of the atom in x direction. We furthermore define the raising

and lowering operators σ̂+ = |e〉 〈g| and σ̂− = |g〉 〈e|. If the wavelength of the

electric field E is larger than the orbit of the electrons, and the strength of the

field is smaller than the electric field of the nucleus which binds the electrons to

the atom, the interaction between the atom and the electric field is well described

by the dipole approximation Ĥdp = −e0r̂ · Ê, where e0 is the charge of the electron

[75].

For an electric field which is dominated by a single mode, e.g. a laser beam or

if the atom is stored in a single-mode cavity, the field is described by

Ê(x) = e

√
~ω

2ε0L
(âW (x) + â†W ∗(x)) , (2.3)

where W (x) is the mode function describing the field, ~ω is the energy of this mode,

â† and â are creation and annihilation operators of the mode, e its polarisation

vector, L is the quantisation volume, and ε0 is the free space permittivity. The

dynamics of the electric field itself is described by the simple harmonic oscillator

Hamiltonian [76] Ĥf = ~ω(â†â+1/2). With the expansion r =
∑

i,j=g,e |i〉 〈i| r |j〉 〈j|
and the assumption that the dipole matrix elements d = e0 〈e| r |g〉 = e0 〈g| r |e〉
are real1, the total Hamiltonian describing the atom, the electric field, and the

atom-field interaction, is given by

Ĥ = Ĥa + Ĥf + ~g(σ̂+ + σ̂−)(â†W ∗(x) + âW (x)) , (2.4)

1This can always be achieved by multiplying the wave functions of the internal states with a
suitable phase factor.



12 Ultracold degenerate quantum gases

where we have defined the coupling constant

g = −d · e
~

√
~ω

2ε0L
. (2.5)

This Hamiltonian contains terms which apparently violate the conservation of en-

ergy: They allow for the creation of a photon and the excitation of the atom at the

same time as well as the relaxation of the atom and the annihilation of a photon.

An understanding of this phenomenon is given when we change to the interaction

picture via the unitary operator Û(t) = exp(iω0σ̂3t/2 + iωâ†â). This yields

ĤIA = Û(t)ĤÛ †(t) =
p̂2

2m
+ ~g(σ̂+eiω0t + σ̂−e−iω0t)(â†eiωtW ∗(x) + âe−iωtW (x)) .

(2.6)

In order to trap the atom the detuning ∆ = ω−ω0 is chosen to fulfill the condition

∆ ¿ ω0. In this case, the rapidly rotating terms containing the expression ω + ω0

average to zero for typical time scales and can be dropped. This is known as the

rotating wave approximation [75]. The non-energy preserving terms are interpreted

as quantum fluctuations, which have no impact on the energy conservation when

long time scales are considered. After another transformation Û = exp(−i∆σ̂3t/2)

we arrive at

ĤJC =
p̂2

2m
+ ~g(σ̂+âW (x) + σ̂−â†W ∗(x)) +

~∆
2

(1 + σ̂3) , (2.7)

which is known as the Jaynes-Cummings Hamiltonian containing the momentum

operator of the atom [76]. Without the momentum operator this Hamiltonian is

often used to describe the dynamics of a fixed atom held in a single-mode cavity.

The exchange of excitations between the atom and the cavity mode is well described

by this model, coupling states of the form |g, n + 1〉 with |e, n〉, where n ≥ 0 is the

number of photons.

Here, however, we are not interested in this dynamics but concentrate on the

atom. If we assume that the detuning fulfils ~∆ À ~g
√

n and W (x) being on the

order of one, we can treat the coupling term as a perturbation, which yields in first

order

|g, n + 1〉 → |g, n + 1〉 − g
√

n + 1 W (x)

∆
|e, n〉 . (2.8)

This means that the ground state of the dressed atom has only a very small contri-

bution from the excited state and the probability of finding the atom in its internal

ground state is given by Pg = ∆2/[∆2 + (g
√

n + 1W (x))2] ≈ 1. This allows us

to adiabatically eliminate the excited state of the atom and to derive an effective

Hamiltonian by using the projection method [77, 78]

Ĥeff = lim
ε→0

PĤJCP − PĤJCQ(QĤJCQ+ ε1)−1QĤJCP . (2.9)
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In our case, the projector P onto the desired internal states is given by P =∑
n |g, n〉 〈g, n|, whereas the eliminated internal states are given by the projector

Q =
∑

n |e, n〉 〈e, n| and 1 = P +Q. This treatment is equivalent to perturbation

theory, where the unperturbed Hamiltonian is assumed to be PĤJCP and the

perturbation is given by PĤJCQ+QĤJCQ+QĤJCP [77]. Note that the motional

states of the atom commute with the projectors and are hence not affected. After

some algebra, equation (2.9) gives

Ĥ ′
eff =

p̂2

2m
− ~g

2|W (x)|2
∆

â†â . (2.10)

The last term of this Hamiltonian represents the ac Stark shift, a force which an

atom experiences when it is subject to an electric field, and still contains the mode

operators â. When this shift is used to trap atoms, one uses laser fields which are

described by a coherent state [75]

|α〉 = e−|α|
2/2

∞∑
n=0

αn

√
n!
|n〉 , (2.11)

such that the average photon number fulfils 〈n̂〉 = |α|2 À 1. To achieve a suffi-

ciently deep trap the laser intensity is typically so large that |α|2 À 1 and quantum

fluctuations (which are on the order of
√
|α|2) can be neglected. Hence, taking the

expectation value of the effective Hamiltonian with respect to this state is a good

approximation and gives

Ĥeff =
p̂2

2m
− ~|Ω(x)|2

4∆
, (2.12)

where we have introduced the spatially dependent Rabi frequency Ω(x) = 2W (x)d·
e
√
~ω〈n〉/2ε0L = Ω0W (x). The optical potential depends on the intensity of the

laser beam and on the detuning ∆. For a red-detuned laser, that means ∆ > 0, the

atoms occupy regions with a high laser intensity to minimise their energy, whereas

for a blue-detuned lattice (∆ < 0) the atoms seek regions with a low intensity. One

of the simplest ways to confine atoms with such traps is a focused, red-detuned laser

beam. The atoms will gather in the focal point of the beam provided that their

initial temperature is low enough. The depth of this optical potential is typically on

the order of a few 100µK and hence on the order of the Doppler cooling limit [72].

If the temperature of the atoms is well below the depth of the optical potential,

the laser beam provides a trap which is accurately described by an asymmetric

harmonic oscillator.

Another important type of potential is created when a standing wave laser field

with wave vector k = 2π/λ is used, which is created by two counter-propagating

laser beams. This leads to a trapping potential V0(x) = (Ω2
0/4∆2) sin2(kx). Such a

potential is known as an optical lattice. Its impact on the dynamics of the atoms

will be discussed in Section 2.3.
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2.2 Bose-Einstein condensates

The first work on Bose-Einstein condensation was done by A. Einstein some 80

years ago [79]. He expanded an earlier analysis of S. Bose [80] on the statistics of

photons. Einstein predicted a phase transition of a non-interacting atomic gas at

very low temperatures, where all atoms aggregate in the ground state. Since there

were no experimental techniques to verify Einstein’s prediction, his theory remained

controversial. Only after the discovery of superfluid Helium [81] the interest in

Einstein’s theory sparked again when F. London speculated whether there was a

connection between superfluidity and Bose-Einstein condensation [82, 83]. Later,

N. Bogoliubov developed the first microscopic theory of interacting Bose gases that

made use of Einstein’s concepts [70]. This was followed by further theories which

made connections between Bose-Einstein condensation and superfluidity [84].

An experimental proof of Bose-Einstein condensation was only possible after

cooling methods as described in Section 2.1 had been developed. Efforts culminated

in the direct experimental observation of Bose-Einstein condensates in 1995 [67, 68],

which led to Nobel Prizes for E. Cornell, W. Ketterle, and C. Wieman in 2001.

These experiments have opened the way to new fascinating developments in both

theory and experiment. Especially the experimental realisation [22] of the Mott-

insulator to superfluid transition [21] with ultracold atoms in optical lattices [17]

has led to an increased interest in the Bose-Hubbard and related models due to

their close connection to condensed matter physics [20]. In section 2.3 we will

go into more detail. Here, we will concentrate on some aspects of Bose-Einstein

condensation, especially interactions and the Bogoliubov theory.

2.2.1 Interactions between ultracold atoms

The interaction between the atoms plays an important role in Bose-Einstein con-

densation and can change the properties of a condensate considerably. Normally,

the interaction potentials between atoms are rather complicated and are often not

known precisely. As we will show in this section the low temperatures and hence

low collision energies of the atoms in a Bose-Einstein condensate (BEC) enable us

to use a simplified model interaction potential. In our presentation we will follow

the theory given in [69]. A more detailed discussion can be found in [85].

We assume two particles of mass mj, which interact via a potential Via. The

potential should fulfil the condition limr→∞ rVia(r) = 0, which is a reasonable

assumption for an interatomic potential. The Hamiltonian describing this system

is given by

Ĥ =
p̂2

2mred

+ Via(r) , (2.13)

where r = r1 − r2 is the relative coordinate of the two particles, p̂ the canonical

conjugated momentum operator, and mred = m1m2/(m1 + m2) is the reduced
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mass of the two atoms. We are only interested in the unbound solutions ψS(r) of

the Schrödinger equation and assume for the moment that any coupling to bound

(metastable) states is suppressed. The unbound states have a positive energy E

and hence we make the ansatz E = ~2k2/2mred. Putting this into the Schrödinger

equation gives after some algebra

(∇2 + k2)ψS(r) =
2mred

~2

∫
dr′ Via(r

′)ψS(r
′)δ(r− r′) , (2.14)

where the Dirac delta function δ has been formally introduced to get the integral

expression. This equation is equivalent to a single particle scattered at a central

potential. From the theory of Green’s functions we know that the differential

equation (∇2 + k2)G(r − r′) = δ(r − r′) is solved by G(r − r′) = − exp(ik|r −
r′|)/4π|r− r′|. This yields for the scattering state

ψS(r) = ψS,0(r)− 2mred

4π~2

∫
dr′

eik|r−r′|

|r− r′|Via(r
′)ψS(r

′) . (2.15)

The wave function ψS,0(r) is a solution of the homogenous Helmholtz equation

(∇2 + k2)ψS,0(r) = 0. Since it is interpreted as an incoming wave it is reasonable

to assume a plain wave as its solution, ψS,0(r) = exp(ik · r) with |k| = k. The

integral equation (2.15) is still not solvable for the general case. We hence apply

the Born approximation to first order, which means that in the integral we replace

the full wave function ψS(r
′) by the incoming one ψS,0(r

′). This corresponds to an

expansion of ψS(r
′) to zeroth order in Via and is reasonable for the low interaction

energies considered in the atomic context [69]. Since typical interatomic potentials

fall off very rapidly we can furthermore approximate the denominator of the Green

function as |r− r′| ≈ |r| = r. However, the phase factor in the numerator is more

crucial, and therefore needs to be expanded in first order as |r− r′| ≈ r − r′ · r/r.
Together, we find for the Green function G(r − r′) ≈ − exp(ik(r − r′ · r/r))/4πr,

which yields for the scattered state ψS(r) = ψS,0(r) + fk(n) exp(ikr)/r +O(1/r2),

where n = r/r. The scattering amplitude

fk(n) = −2mred

4π~2

∫
dr′ e−ikn·r′Via(r

′)ψS,0(r
′) (2.16)

does no longer depend on the distance r of the two atoms and contains the full

information about the scattered state for large distances. Due to the low temper-

atures in the condensate the momentum k is so small that the condition kr ¿ 1

holds for distances r for which the potential Via(r) is appreciable. We thus can

neglect the phase factor in the integral of the scattering amplitude, which also

eliminates the dependence of fk from the scattering direction n. The scattered

state is spherically symmetric, which means that the scattering process only hap-

pens in the s wave. Moreover, in a BEC the average distance between the atoms is
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typically larger than the range where the interaction potential differs significantly

from zero. This means that only the long-range behaviour of the scattering process

is important to describe the interactions in a BEC. We thus can replace the full in-

teraction potential Via(r) by an effective one which reproduces the same asymptotic

scattering behaviour for k → 0. One of the simplest model potentials is the contact

interaction described by gδ(r), with the coupling constant g = 4π~2a/2mred. Here,

the s-wave scattering length a is given by the limit −a = limk→0 fk(n), yielding

the correct asymptotic behaviour. In the context of BECs, it is the only parameter

describing the interaction potential and typically deduced from experimental data

[86].

2.2.2 Feshbach resonances

As shown in the previous section the only relevant parameter of the interatomic in-

teraction in the cold atom context is the s-wave scattering length a. The scattering

length does not only depend on the element, but also on the isotope of the atom

and varies considerably as for example for Potassium [87]. Despite this big choice

it would be desirable to have more freedom in changing the interaction strength.

For example, for the production of molecules in optical lattices a dynamical change

of the scattering length is necessary [88].

One way of achieving this is to make use of a Feshbach resonance. They were

first investigated in the context of atomic nuclei [89, 90], but the theory is also

applicable for the interatomic interaction. For a detailed discussion we refer the

reader to the literature [86, 88], here we only state the main idea. Interatomic

interaction potentials exhibit many excited states, which are bound and whose

energies lie within the scattering continuum. If the energy Ein of an incoming,

scattering particle coincides with the energy of a bound state Ebs of the interatomic

potential, the two particles can virtually occupy this state and a Breit-Wigner-like

resonance occurs [91]. This resonance strongly enhances the scattering length a.

The scattering energy Ein is given by the temperature of the atomic gas and is

normally close to zero. A dynamical variation of this energy is hence not practical.

By using a magnetic field B, however, the energy level of the bound states Ebs can

be shifted due to the Zeeman effect. One can show [86] that the scattering length

a close to a Feshbach resonance is given by

a = abg

(
1 +

∆B

B −B0

)
, (2.17)

where abg is the scattering length far away from the resonance, ∆B is the width

of the resonance and B0 is the magnetic field strength at the resonance. Typical

values for the resonance are on the order of several mT and allow for changing the

scattering length from large negative to positive values or even to zero [92, 93].

The possibility of tuning the value of the interaction strength dynamically has led
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to ground-breaking experiments such as the creation of a molecular BEC [94, 95]

or measurements on a degenerate quantum gas in the BEC-BCS crossover regime

[96].

2.2.3 The Bogoliubov approximation for weakly interact-

ing BECs

In this section we will illustrate the Bogoliubov formalism, which is used to describe

the main properties of a BEC. Our starting point is the Hamiltonian of a system

of identical Bosons described by a field operator ψ̂ and trapped in a potential Vext.

Typically, the number density n of a BEC ranges between 1015/m3 and 1022/m3

[97], whereas the scattering length a is for the alkali atoms on the order of a few

nanometers. Thus na3 ¿ 1, which means that the average distance between the

atoms is so large that only the asymptotic behaviour of the scattering process is

important. We furthermore note that higher partial waves than the s-wave with

an angular momentum ~l > 0 are suppressed by a factor of (kBT/Ec)
l, where Ec

is the characteristic energy of the centrifugal barrier, which for alkali atoms is on

the order of Ec/kB ≈ 1mK [91, 97]. Since the critical temperature for achieving

Bose-Einstein condensation is on the order of a few 100nK, only s-wave scattering

is important and the real atomic potential can be replaced by the model potential

gδ(r) introduced in Section 2.2.1. The Hamiltonian is then given by

ĤB =

∫
dr ψ̂†(r)

(
−~

2∇2

2mB

+ Vext(r)− µ

)
ψ̂(r) +

g

2

∫
dr ψ̂†(r)ψ̂†(r)ψ̂(r)ψ̂(r) ,

(2.18)

where µ is the chemical potential of the Bosons and mB their mass. A negative

interaction constant g < 0 means that the Bosons attract each other, which can

lead to a collapse of the BEC when the density is above criticality [69]. In what

follows we therefore restrict ourselves to the repulsive case g > 0.

In a BEC the ground state is macroscopically occupied for weak interactions

and temperatures well below the critical temperature Tc. Hence, the condensate

is well described by a classical wave function ψ0(r) and quantum fluctuations ξ̂(r),

i.e., ψ̂(r) = ψ0(r) + ξ̂(r).2 If we put this ansatz into the Heisenberg equation of

motion and neglect all terms containing the fluctuations ξ̂, we get

(
−~

2∇2

2mB

+ Vext(r)− µ + g |ψ0(r)|2
)

ψ0(r) = 0 . (2.19)

This is the well-know Gross-Pitaevskii equation (GPE), which was found indepen-

dently from each other by E. Gross and L. Pitaevskii [100, 101]. A mathematically

2The method described in the following is not particle-number conserving. An alternative
method, which conserves the number of particles, has been devised in Ref. [98, 99].
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rigorous derivation of this equation was recently given by E. Lieb and coworkers

[102].

Since the ground state of the BEC is macroscopically occupied, we have ψ0 ∼√
N , with N the number of condensate atoms, whereas the expectation value of

the fluctuations fulfil 〈ξ̂〉 ∼ 1. This means that when we put the ansatz ψ̂(r) =

ψ0(r) + ξ̂(r) into the Hamiltonian equation (2.18), we can neglect higher orders of

ξ̂ yielding

ĤB ≈ H0
B +

∫
dr

{
ξ̂†(r)

(
− ~2

2mB

∇2 + Vext(r)− µ

)
ξ̂(r)

+
g

2

(
4 |ψ0(r)|2 ξ̂†(r)ξ̂(r) + ψ2

0(r)ξ̂
†(r)ξ̂†(r) + ψ∗0

2 (r)ξ̂(r)ξ̂(r)
)}

.

(2.20)

The expression H0
B does not involve quantum terms and is hence not important

for the following. Furthermore, we have made use of the fact that all terms linear

in ξ̂ sum up to zero due to the Gross-Pitaevskii equation. The resulting Hamilto-

nian is bi-linear in the operators ξ̂ and thus allows for a diagonalisation using the

Bogoliubov transformation. This transformation was first applied by N. Bogoli-

ubov for a homogenous condensate [70] and was later generalised by P. de Gennes

[103]. The quantum fluctuations are expanded as ξ̂(r) =
∑′

ν uν(r)b̂ν−v∗ν(r)b̂
†
ν . The

ground state is excluded from this summation, which is indicated by the prime at

the sum symbol. The operators b̂†ν and b̂ν are bosonic creation and annihilation

operators, respectively, which represent elementary excitations of the condensate,

the so-called Bogoliubov phonons. If the classical functions uν and vν satisfy the

Bogoliubov-de Gennes equations [104]

(
−~

2∇2

2mB

+ Vext(r)− µ

)
uν(r) + g |ψ0(r)|2 (2uν(r)− vν(r)) = Eνuν(r) , (2.21)

(
−~

2∇2

2mB

+ Vext(r)− µ

)
vν(r) + g |ψ0(r)|2 (2vν(r)− uν(r)) = −Eνvν(r) , (2.22)

the Hamiltonian describing the condensate simplifies to

ĤB = H0
B −

∑
ν

′
Eν

∫
|vν(r)|2 dr +

∑
ν

′
Eν b̂

†
ν b̂ν . (2.23)

For this derivation we have assumed that the condensate wave function can be

chosen to be real. For a condensate in its ground state this is always possible

as was first supposed by R. Feynman [105] and later shown by O. Penrose and

L. Onsager [84]. The Hamiltonian in equation (2.23) has a very simple form.

Apart from the constant terms, which are normally neglected, it contains only the

number operators b̂†ν b̂ν of the Bogoliubov phonons. They behave as Bosons and for
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a finite temperature T ¿ Tc the occupation number is given by the Bose statistics,

〈b̂†ν b̂ν〉 = 1/(exp(βEν)− 1) with β = 1/kBT .

By using the above ansatz we find that the expectation value of the field

operator with respect to a thermal state is no longer 0, but has a finite value

〈ψ̂(r)〉 = ψ0(r). This mathematical artefact is know as breaking the U(1)-symmetry

of the condensate, since its phase is explicitly fixed. It does not spoil the validity

of the results used in this thesis. As a consequence of fixing the phase, the particle

number of the condensate is no longer conserved. Methods which work without

this symmetry breaking have been developed in Refs. [98, 99].

For illustration and since they are used later in this thesis we present the so-

lutions of the Bogoliubov-de Gennes equations for a homogenous condensate. The

wave function of the BEC is then simply given by the square root of the conden-

sate density n0, ψ0(r) =
√

n0. From the GPE, equation (2.19), we find for the

chemical potential µ = gn0, which means that the chemical potential simply re-

flects the interaction energy within the condensate. Using this we can rewrite the

Bogoliubov-de Gennes equations in the form

−~
2∇2

2mB

f+
ν (r) = Eνf

−
ν (r) , (2.24)

−~
2∇2

2mB

f−ν (r) + 2gn0f
−
ν (r) = Eνf

+
ν (r) , (2.25)

where we have defined f±ν (r) = uν(r)± vν(r). The solutions of these equations are

given by

f±k (r) =
1√
V

(√
Ek

ε0
k

)±1

eik·r , (2.26)

where V is the quantisation volume, ε0
k = ~2k2/2mB is the energy of a free par-

ticle with momentum k, and Ek =
√

ε0
k(ε

0
k + 2gn0) is the energy of a Bogoliubov

phonon.

2.3 Ultracold atoms in optical lattices and the

Bose-Hubbard Model

An optical lattice is a dipole trap which creates a potential with a regular peri-

odic pattern. One of the simplest lattice structures in three dimensions is created

by three orthogonal pairs of counter-propagating laser beams which result in a

potential of the form

V (r) = V0,x sin2(kx) + V0,y sin2(ky) + V0,z sin2(kz) . (2.27)
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Here, k = 2π/λ is the wave vector of the laser creating the optical lattice in a

certain direction and we have chosen k to be the same in all three directions. V0,α

is the depth of the optical lattice in direction α = x, y, z. The above lattice is

known as a simple cubic lattice in three dimensions. More exotic lattice geometries

[106] such as a hexagonal lattice [24] or a Kagomé lattice [107] have also been

proposed, here we however focus on the simple cubic case.

One of the main features of optical lattices is the unique control one has over the

lattice depths V0,α. By tuning the laser intensity, depths up to several 100kHz can

be achieved in times which are short compared to the typical time scale given by

the evolution of the atoms in the lattice [108]. Since the lattice is created by light,

it is essentially defect free in contrast to solid crystals and it also does not exhibit

lattice phonons as long as quantum effects at low intensities can be neglected [109].

This property leads to the fact that phonons have to be introduced to the system

by other means when the behaviour of electrons in solids is to be simulated, as

will be discussed in chapter 4. It is furthermore possible to apply additional laser

beams in order to change the periodicity of the lattice [110] or to apply pseudo-

random potentials [111]. By choosing very deep lattices in one or two directions

the tunnelling of the atoms through the potential barriers is essentially prohibited

and quasi-two and one dimensional geometries can be created [18, 19]. In the one-

dimensional case for example the atoms are restricted to single tubes, in which

they are still subject to the lattice in the third, weak direction.

The depth of the optical lattice is typically given in units of the recoil en-

ergy ER = (2π~)2/2mλ2, with m the mass of the atoms. In the following we

assume that the lattice is appreciably deep, V0 À ER. In this case, the bot-

tom of each lattice well can be approximated by a harmonic oscillator potential

Vho(x) = mωtrx
2/2 over the size of the ground state. The trapping frequency is

given by ωtr = 2
√

V0ER/~. The state of an atom at the bottom of a single well in

one spatial dimension can then be estimated by the ground state of the harmonic

oscillator ψho = exp(−x2/2a2
ho)/

√√
πaho with the length of the harmonic oscillator

given by aho =
√
~/mωtr [18]. Estimating the wave function in this way leads to

simple analytic results for the parameters U and J of the Bose-Hubbard model,

see section 2.3.2.

Before we proceed with the properties of atoms confined to optical lattices we

need to discuss the validity of the approximations done to derive the optical dipole

potential. As was shown in Section 2.1, there exists a finite probability that an

atom trapped by a dipole potential is in an excited state. Since this state has only

a finite lifetime the atom can emit a photon and hence the dynamics would no

longer be coherent. The rate of this spontaneous photon emission Γeff is given by

the probability of finding the atom in the excited level times the lifetime of this

upper state [18]. For a blue detuned optical lattice where the atoms are repelled by

the intensity maxima, the emission rate is given by Γeff ≈ −Γωt/4∆. In contrast,

if the lattice is red detuned, the atoms are attracted by the intensity maxima
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and Γeff ≈ ΓV0/~∆. In both cases, ∆ is the detuning of the laser introduced in

Section 2.1. Since we require a sufficiently deep lattice we find V0 > ~ωtr and hence

that the spontaneous emission for a blue detuned dipole trap is always lower than

for a red detuned one (provided the absolute value of the detuning is the same). To

be concrete let us assume a typical blue-detuned lattice with λ = 514nm for 23Na,

which uses the S1/2 → P3/2 transition at λt = 589nm with Γ = 2π × 10MHz. The

recoil energy is ER/~ ≈ 2π × 33kHz and the detuning ~∆ ≈ −2.3 × 109ER. For

a lattice with V0 = 25ER corresponding to ~ωtr = 10ER this leads to an emission

rate of Γeff = 10−2/s [18], whilst experiments are typically conducted in times

shorter than one second. For a typical red-detuned lattice as done with 87Rb in a

λ = 852nm lattice operated at the S1/2 → P1/2 transition with λt = 795nm and

Γ = 2π×6MHz we find ER ≈ 2π×3.1kHz and a detuning of ~∆ ≈ 8.0×109ER. For a

lattice with V0 = 25ER this leads to an effective emission rate of Γeff = 0.2×10−2/s

[112]. In conclusion, for typical experimental setups the spontaneous emission

can be neglected and the evolution of the atoms is coherent as was impressively

confirmed by experiments [22, 113].

2.3.1 A single atom in an optical lattice

After a detailed discussion of the trapping properties we now illustrate the effect

an optical lattice has on the dynamics of a single atom. For simplicity, we always

assume a quasi one-dimensional setup, where two of the trap depths, say V0,y =

V0,z = V0,⊥, are so deep that the atom is effectively restricted to one tube of the

lattice. The dynamics perpendicular to the tube is frozen out if the energy of the

atom is smaller than the excitation energy ~ωtr,⊥ = 2
√

V0,⊥ER in that direction,

and the atom is described by the Hamiltonian

Ĥ1D =
p̂2

2m
+ V0 sin2(kx) , (2.28)

where p̂ = −i~∇. In the third direction, here the x-direction, the atom is subject

to a periodic potential with period a = λ/2. The periodicity of the lattice allows us

to apply Bloch’s theorem [52], which is well-known from condensed matter physics.

It states that the eigenstates ψq(x) of the Hamiltonian equation (2.28) have the

form ψq(x) = exp(iqx)uq(x) with periodic functions uq(x) = uq(x + a). The wave

differs from the free wave of the atom only by a periodic modulation [51]. The so-

called quasi-momentum q behaves in many ways similar to a free-space momentum,

however it is only defined modulo a reciprocal lattice vector K = 2π/a. This

means that when discussing the properties of the wave functions one can restrict

themselves to quasi-momenta in the first Brillouin zone −π/a < q ≤ π/a.
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Figure 2.1. Energy levels E = Eq,n for a single atom in an optical lattice.
Shown are the first four Bloch bands for (a) V0 = 3ER, (b) V0 = 8ER, and
(c) V0 = 20ER. The energy levels have been calculated by using the central
equation (2.30).

If we put the wave function into the Schrödinger equation we find

eiqxEquq(x) = Ĥ1Dψq(x) = eiqx

(
(p̂ + ~q)2

2m
uq(x) + V0 sin2(kx)uq(x)

)
. (2.29)

Since uq(x) fulfils periodic boundary conditions on a finite spatial regime 0 ≤ x < a,

we expect for fixed q a discrete energy spectrum for the solutions of this equation.

The corresponding quantum number n is known as the band index of the respective

wave function. For each index n, the energies Eq,n form a quasi-continuum with

respect to the quasi-momentum q, which is known as the band structure. Numerical

solutions of the band structure can be obtained by solving the equivalent algebraic

equation (
~2q2

2m
− Eq,n

)
Cq +

∑

l

UlC(q − 2πl/a) = 0 , (2.30)

which is also known as the central equation [51]. Here, the constants are given by

ψ(x) =
∑

l C(2πl/L) exp(i2πlx/L), with L the length of the quantisation volume,

and V (x) =
∑

l Ul exp(i2πlx/a). The algebraic equation seems to be quite imprac-

tical to solve at the first glance, since a very large number of constants C needs to

be determined. However, experience shows that in practice a small number often

suffices [51]. The band structure for different lattice depths is shown in figure 2.1.

We observe that for deeper optical lattices the energy gap between the lowest and

the first excited band gets larger and that the lowest band gets also flatter. For a

lattice depth of V0 = 3ER the height of the lowest band is 0.45ER with an energy

gap to the next band of Eg = 1.5ER, whereas for a lattice depth of V0 = 20ER

the hight of the lowest band is reduced to 0.01ER, whereas the gap is increased to
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Figure 2.2. (a) Square of the absolute value of two different lowest band
Wannier functions localised at lattice site 0. (b) Logarithm thereof. The
solid line shows the Wannier function for a lattice depth of V0 = 3ER, the
dashed one for V0 = 15ER.

Eg = 7.6ER. This shows that for low atom energies and deep optical lattices it

is valid to ignore the higher bands, which is typically done in the Bose-Hubbard

model. We note that for our special case V (x) = V0 sin2(kx) the band structure

can also be solved analytically since the Schrödinger equation becomes equivalent

to the Mathieu equation [114].

Due to their periodicity, the Bloch functions are delocalised, that means they

spread over the whole lattice. Intuitively, one would expect that their Fourier

transforms are localised functions. Indeed, one can show that the Fourier transform

wn(Rj, r) =
1

v0

∫
dk e−iRj ·kψn,k(r) (2.31)

is essentially restricted to a single lattice site for small band indices n provided that

the energy gap between adjacent bands is large [52].3 This requires the lattice to be

deep enough, V0,x À ER for the lowest band. The Fourier transform is also known

as a Wannier function, localised at lattice site Rj = ja. In higher dimensions, this

vector corresponds to a Bravais lattice vector. Examples of Wannier functions are

shown in figure 2.2. The exponential localisation of the Wannier functions is clearly

visible, and even for a comparatively weak lattice with V0 = 3ER the localisation is

sufficiently strong. At this point we shall note that for more complicated periodic

structures than our simple sinusodial potential the correct choice of a complete set

of localised functions becomes a delicate issue. For more information we refer the

reader to [115] and, for a recent treatment in the field of optical lattices, to [110].

The Wannier functions only depend on the distance between Rj and r as is

3We note that the details of the localisation also depend on the phases chosen for the Bloch
functions [110].
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evident from their definition and Bloch’s theorem4. They fulfil the orthonormality

condition
∫

drwn(r−Rj)w
∗
n′(r−Rj′) = δn,n′δj,j′ and are a complete set of functions

[52]. As indicated above for a sufficiently deep lattice the Wannier function of the

lowest band n = 0 can be estimated by a Gaussian

wn=0(r−Rj) ≈ 1√√
πσ

e−
(r−Rj)2

2σ2 (2.32)

with a width σ = (ER/V0)
1/4a/π.

Since the Wannier functions form a complete orthonormal set we can expand

the field operator of the bosons as

ψ̂(r) =
∑
n,j

wn(r−Rj)âj,n , (2.33)

where âj,n are bosonic annihilation operators with the canonical commutation re-

lations [âj,n, â
†
j′,n′ ] = δj,j′δn,n′ and [âj,n, âj′,n′ ] = 0. With this, we can rewrite the

Hamiltonian Ĥ1D from equation (2.28) in second quantisation yielding

Ĥ =
∑

j,j′,n,n′
Jn,n′(j, j

′)â†j′,n′ âj,n . (2.34)

The amplitude of the transition process from state (j, n) to (j′, n′) is given by

Jn,n′(j, j
′) =

∫
drwn(r − Rj)Ĥ1Dw∗

n′(r − Rj′). When we use the definition of the

Wannier functions equation (2.31) and the fact that Ĥ1Dψn,q = En,qψn,q we find

that Jn,n′(j, j
′) equals zero whenever n 6= n′. This means that the atom cannot

change from one energy band to another. Furthermore, the hopping amplitude

only depends on the difference j − j′ and we find Jn(j − j′) =
∫

BZ
dq exp(iq(j −

j′)a)Eq,n/vBZ, where the integral is taken over the first Brillouin zone and vBZ is the

volume of that zone in reciprocal space. Hence the hopping amplitude is simply the

Fourier transform of the energy bands, which does not depend on the localisation

properties of the Wannier functions.

When the energy of the single atom is smaller than the gap between the lowest

and first excited band, a regime which can be achieved with current experiments,

it is justified to assume that the atom only occupies the lowest band and the

other bands are no longer important for the dynamics. For deep enough opti-

cal lattices with V0 À ER, it is furthermore possible to neglect all amplitudes

J0(j − j′) which are beyond nearest neighbours, that means for which |j − j′| > 1,

since they are typically one order of magnitude smaller than the amplitude for

|j − j′| = 1 [17]. This remaining hopping amplitude only couples neighbouring

lattice sites, i.e. the atom can only hop from one lattice well to an adjacent one.

This model is also known as the single band tight binding model, described by

4Note that Rj can only be shifted by a multiple of the lattice periodicity a.
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the Hamiltonian Ĥtb = −∑
〈i,j〉 Jâ†i âj, where the symbol 〈i, j〉 denotes that only

nearest neighbour lattice sites are included in the sum. Using Wannier functions

approximated by Gaussians as in equation (2.32), the hopping amplitude is given

by J = −J0(±1) = −(4/
√

π)ER(V0/ER)3/4 exp(−2
√

V0/ER) [114]. The coupling

decreases exponentially for an increasing lattice depth V0.

2.3.2 Interactions between atoms in an optical lattice

So far we only considered the dynamics of a single atom and did not take the inter-

actions between atoms into account. As discussed in section 2.2.1 the interaction

between the atoms can be described by a model potential, which simplifies the

interaction Hamiltonian of identical Bosons to

Ĥint =
g

2

∫
dr ψ̂†(r)ψ̂†(r)ψ̂(r)ψ̂(r) . (2.35)

As in the previous section, this Hamiltonian will be expanded in terms of Wannier

functions. If we neglect higher bands and all off-site terms, that means terms

which involve Wannier functions from different sites, the interaction Hamiltonian

simplifies to [17]

Ĥint =
U

2

∑
j

n̂j(n̂j − 1) , (2.36)

where n̂j = â†j âj counts the number of bosons in lattice site j. The interaction

constant is given by U = 4πas~2
∫

d3r |w(r)|4/m. By approximating the Wannier

function by the harmonic oscillator ground state given in equation (2.32) we get

for one spatial dimension U ≈ 2~ωtr(as/aho)/
√

2π =
√

2π(g/λ)(V/ER)1/4 [17, 114].

The above assumption of neglecting off-site terms is justified for deep enough

optical lattices V0 À ER. For neglecting higher bands we estimate the band gap

between the lowest band and the first excited one by the harmonic oscillator energy

~ωtr. In this case, the assumption is consistent with the above interaction term if

Unj(nj − 1)/2 ¿ ~ωtr, where nj is the average number of atoms in lattice site j.

For using the simplified model potential we furthermore need that the scattering

length as fulfils the condition as ¿ aho ¿ λ/2 [17].

When we combine the hopping and interaction contributions and also include

a slowly-varying, weak trapping potential VT(r) in addition to the optical lattice,

we get the well-known Bose-Hubbard Hamiltonian

ĤBH = −J
∑

〈i,j〉
â†i âj +

U

2

∑
j

n̂j(n̂j − 1) +
∑

j

εjn̂j . (2.37)

The terms taking the additional trap into account are give by εj =
∫

d3r|w0(r −
Rj)|2VT(r) ≈ VT(Rj), which is the average of the trapping potential on a site.
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2.3.3 Properties of the Bose-Hubbard Hamiltonian

For Fermions, the Hubbard model was originally introduced to investigate the

interaction of electrons in a narrow energy band and the magnetic properties of

those electrons [116]. The main characteristics of the model are that electrons in

the solid can hop from one atom to another and that the interaction between the

electrons is restricted to the case where electrons occupy the same atom. Later,

J. Hubbard extended the model and discussed a crossover between two regimes,

one in which there are no interactions between the electrons and one in which the

band width is zero, which corresponds to a vanishing hopping and whence to an

insulating phase [117]. Various extensions of the model have been devised to include

off-site spin-spin interaction between the electrons and these models are currently

studied in order to explain high-temperature superconductivity [54, 118–120].

For Bosons, extensive theoretical investigations have been done in [21], where

a transition from a superfluid phase to a Mott-insulator has been discussed. The

latter phase is characterised by an integer filling of the lattice sites, by an excitation

gap and zero compressibility. The model was originally compared to experimental

studies of 4He atoms adsorbed on porous materials [121]. The advent of optical

lattices has allowed for a clean realisation of the model and to tune its parameters

over a wide range from the superfluid to the insulating case in a single experiment.

This has eventually led to the experimental observation of the superfluid to Mott-

insulator transition [22].

To discuss the two limiting cases of vanishing hopping and vanishing interaction

between the bosonic atoms we assume that there is no additional weak trapping

and the atoms are described by the Hamiltonian

ĤBH = −J
∑

〈i,j〉
â†i âj +

U

2

∑
j

n̂j(n̂j − 1)− µ
∑

j

n̂j , (2.38)

with µ the chemical potential. For simplicity of notation we again assume a one-

dimensional lattice with M lattice sites and periodic boundary conditions, the

extension to the simple cubic case in three dimensions is straightforward. The

lattice sites shall be denoted by their index j and the vector pointing to that

lattice site shall be Rj. We first assume U = 0, that means a vanishing interaction.

We define the transformation

ĉq =
1√
M

∑
j

âje
−iq·Rj , (2.39)

where q is a vector in the first Brillouin zone, q ∈ (−π/2, π/2]. Using this transfor-

mation the Bose-Hubbard Hamiltonian is diagonalised as ĤBH =
∑

q(Eq − µ)ĉ†qĉq
with the energies Eq = −2J cos(qa). From this we deduce that the ground state
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of the system is given when all N atoms are in the q = 0 mode, that means

|ψgs,U=0〉 =
ĉ†q=0√

N !
|vac〉 =

1√
N !

(
1√
M

M∑
j=1

â†j

)N

|vac〉 . (2.40)

The atoms in this state are delocalised over the whole lattice and exhibit an off-

diagonal long range order [18]. Since all particles occupy the ground state it further-

more describes a Bose-condensed superfluid state [18, 91]. The energy spectrum

for this case is gapless in the thermodynamic limit where the quasi-momenta q

become continuous.

The situation changes in the opposite limit where J = 0 and the interaction

has a finite value. If the number of atoms N is not a multiple of the number

of lattice sites M , the ground state will be degenerate, that means there will be

several states which all have the same ground state energy. We therefore restrict

our considerations to a commensurate filling where N = γM with integer γ ≥ 0.

In this case, the ground state is given by a Fock state with

|ψgs,J=0〉 =
M∏

j=1

(
ĉ†j

)γ

√
γ!

|vac〉 , (2.41)

where the value of γ depends on the chemical potential and is chosen to minimise

the energy of the state, Eγ = MUγ(γ−1)/2−µγM . This state is also known as the

Mott insulator state. Excitations of this state consist for instance of taking an atom

out of one lattice site and putting it into a different one leading to an excitation

energy of U , or by adding or removing a single particle [122, 123]. The latter states

also exhibit an excitation gap apart from the cases where the ratio µ/U is an integer

number. These cases are known as degeneracy points and the Mott insulator is

compressible for these points, whereas its compressibility ∂〈N̂〉/∂µ vanishes for all

other chemical potentials, i.e. the number of atoms (and hence the density) stays

constant for varying chemical potential µ [21]. Here, N̂ =
∑

j n̂j is the operator

counting the total number of particles. In contrast to the superfluid state where

U = 0, the atoms in the Mott insulator state are localised in their lattice sites and

do not exhibit any off-diagonal long range order.

The regime in between those two limiting cases, where both U and J have

finite values, is not currently accessible with exact analytical methods. Instead,

approximations are used to get an insight into the involved physics. We employ a

consistent mean-field theory [124, 125], which changes the hopping operator to

â†i âj → 〈â†i〉âj + â†i〈âj〉 − 〈â†i〉〈âj〉 = ψ(â†i + âj)− ψ2 , (2.42)

where ψ = 〈âj〉 = 〈â†j〉 is the (real) superfluid order parameter. Putting this into
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the Bose-Hubbard Hamiltonian yields

ĤMF = −zJψ
∑

j

(â†j + âj) + zJψ2M +
U

2

∑
j

n̂j(n̂j − 1)− µ
∑

j

n̂j , (2.43)

where z is the number of nearest neighbours. This Hamiltonian does not involve

any hopping terms anymore and is thus block diagonal in terms of the lattice sites.

We thus only consider the Hamiltonian for one lattice site and drop the site index.

This leads to Ĥ1MF = Ĥ0 +ψV̂ , where Ĥ0 = Ũ n̂(n̂−1)/2− µ̃n̂+ψ2, V̂ = −(â†+ â)

and the constants have been renormalised to Ũ = U/zJ , µ̃ = µ/zJ . The ground

state energy of this Hamiltonian is calculated using perturbation theory [126]. For

the unperturbed Hamiltonian Ĥ0 we get

E(0)
g =

{
ψ2 if µ̃ < 0

Ũγ(γ − 1)/2− µ̃γ + ψ2 if Ũ(γ − 1) < µ̃ < Ũγ .
(2.44)

The first order perturbation in the energy vanishes, whereas the second order is

given by

E(2)
g = ψ2

(
γ

Ũ(γ − 1)− µ̃
+

γ + 1

µ̃− Ũγ

)
. (2.45)

We now apply the Landau criterion in order to determine the second order phase

transition [85]. If we expand the ground state energy as

Eg(ψ) = c0(γ, Ũ , µ̃) + c2(γ, Ũ , µ̃)ψ2 +O(ψ4) (2.46)

and neglect the higher orders in ψ we see that for c2 > 0 the energy is minimised

only if ψ = 0, which means that there is no superfluid density present. For c2 < 0,

however, the minimum occurs at a ψ 6= 0. This means that the boundary between

the Mott insulating and the superfluid phase is given by c2 = 0, which yields [124]

µ̃± =
1

2
[Ũ(2γ − 1)− 1]± 1

2

√
Ũ2 − 2Ũ(2γ + 1) + 1 . (2.47)

The two possible values for µ± mark the two boundaries of a Mott insulating phase

space region with a filling of γ particles per lattice site. The minimum value of Ũ ,

where the Mott insulator still exists, is given by µ+ = µ−, which yields

Ũc = 2γ + 1 +
√

(2γ + 1)2 − 1 , (2.48)

and especially for γ = 1 we find Ũ ≈ 5.83. The resulting phase diagram for the

Bose-Hubbard model is shown in figure 2.3. The results of the mean-field theory

are exact for z → ∞. For three spatial dimensions (z = 6) the shown boundaries

are still fairly accurate [122], whereas for one spatial dimension (z = 2) the results

found with the density matrix renormalisation group (DMRG) method deviate
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Figure 2.3. Phase diagram of the Bose-Hubbard model. Shown are the
phase boundaries for the first four insulating lobes with integer filling γ.
The results are derived from mean-field theory, equation (2.47). Outside
the lobes the lattice gas is superfluid and exhibits in general a non-integer
filling.

considerably at the tips of the lobes, which in the numerical calculations bend

downwards and have a sharp kink [127].

2.3.4 Numerical exact solutions of the Bose-Hubbard model

In later parts of this thesis we will tailor the constants of the Bose-Hubbard model in

such a way that the atoms can be used, for example, to store quantum information

in a reliable way. For this we need to solve the dynamics of the Bose-Hubbard

Hamiltonian ĤBH exactly. Given that the Hamiltonian is time-independent, the

dynamics of the state ψ(t) can be solved formally by

ψ(t) = exp(−iĤBHt/~)ψ(0) . (2.49)

Since ĤBH is a linear operator on a finite-dimensional Hilbert space, it can be

represented by a matrix and the exponentiation of this matrix should be easy.

This is certainly true as long as the Hilbert space is small. However, for an optical

lattice with M lattice sites filled with N bosons, the dimension D of the Hilbert

space is given by

D(M, N) =

(
N + M − 1

N

)
=

(M + N − 1)!

(M − 1)!N !
. (2.50)

By using the asymptotic behaviour of the central binomial coefficient,
(
2M
M

) ∼√
2/π4M/

√
2M + 1, one can show that for large M = N À 1 the dimensionality

of the Hilbert space behaves as D(M, M) ∼ 4M/
√

2π(2M + 1), which means an



30 Ultracold degenerate quantum gases

exponential growth of the Hilbert space dimension. From this it is evident that we

have to restrict ourselves to small systems when we solve the Schrödinger equation

exactly. For example, the Hilbert space dimension for N = 8 atoms in M = 8

lattice sites is given by D(8, 8) = 6435. Storing a non-sparse5 7000× 7000 matrix

with double precision needs about 400MB of RAM. A typical workstation at the

time of writing this thesis has 1GB of RAM. Hence we see that the above example

is about the maximum that can be solved exactly with present standard office

equipment.

We should note at this point that alternative methods have been developed

to solve the Bose-Hubbard model in an approximate way. These include quan-

tum Monte Carlo methods [128, 129], the density matrix renormalisation group

(DMRG) [3–6], and time-evolving block decimation (TEBD) [7–9]. The first method

is a stochastic one, which approximates the process by random variables that con-

verge to the desired state. The latter two methods truncate the Hilbert space in

such a way that the essential properties of the states or density matrices are con-

served. Although we compare some of our results to ones obtained with TEBD,

a description of these methods is beyond the scope of this thesis and we refer the

reader to the literature [7–9].

2.3.5 State-dependent and selectively moving lattices

So far we have only considered simple optical lattices where the potential does not

depend on the internal state of the trapped atoms. By a suitable choice of the laser

beams and atomic species it is possible to make the potential dependent on the

internal state of the atoms and to move them selectively according to their state.

Since this method is heavily used in chapter 3, in the following we briefly sketch

its main ideas.

Two counterpropagating linearly polarised laser beams with the same wave-

length, intensity and polarisation plane create a standing wave field. If the two

polarisation planes are tilted by an angle 2ϑ the resulting field can be described as

two standing waves with σ±-polarisation, given by the electric field

E(r, t) = E0 [cos(kx− ϑ)e− − cos(kx + ϑ)e+] , (2.51)

where we have assumed that the laser fields are propagating in x-direction and the

polarisation vectors are given by e± = ey ± iez, with ey, ez unit vectors in y- and

z-direction, respectively [18]. As we will see below, for certain cases the optical

dipole potential depends on the polarisation vector of the laser light which results

in the two dipole potentials V±(x) ∝ cos2(kx± ϑ).

5Although the Hamiltonian ĤBH can be represented as a sparse matrix, that means a matrix
which mainly contains zeros, the unitary exp(−iĤBHt/~) describing the time evolution is typically
non-sparse.
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Figure 2.4. (a) Level structure of the alkali atoms 23Na and 87Rb and
the (detuned) electric dipole transitions induced by σ− light (solid ar-
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ac Stark shifts for σ+-light. The dashed line gives the shift for the state∣∣S1/2, mj = 1/2

〉
, whereas the dotted line is the sum of the two shifts for

state
∣∣S1/2,mj = −1/2

〉
. The transition frequencies between the fine struc-

ture levels are denoted by ω1 and ω2, the critical frequency at which the
two Stark shifts for

∣∣S1/2,mj = −1/2
〉

cancel is given by ωL. (c) Hyperfine
structure of the S1/2-manifold.

As shown in section 2.1 the strength of the optical potential depends strongly

on the dipole moment. By choosing the laser beams accordingly, selection rules

can be exploited to tailor the optical potential [44, 130]. A typical level structure

of an alkali atom, which corresponds for example to 23Na or 87Rb, is shown in fig-

ure 2.4(a). Due to selection rules, the σ+-light couples the state
∣∣S1/2,mj = 1/2

〉
to∣∣P3/2,mj = 3/2

〉
, and the state

∣∣S1/2, mj = −1/2
〉

to the two states
∣∣P1/2,mj = 1/2

〉
and

∣∣P3/2,mj = 1/2
〉
. This means that atoms in state

∣∣S1/2,mj = −1/2
〉

experi-

ence two ac Stark shifts. If the laser frequency is chosen such that it lies between

the two transition frequencies, the resulting dipole potentials will have opposite

signs due to the opposite signs in the respective detuning. Hence there exists a

laser frequency ωL where the two contributions cancel each other, and the atom

in state
∣∣S1/2,mj = −1/2

〉
does not experience any potential from σ+-light. Since

transitions to other levels are far detuned their influence can be neglected and

atoms in state
∣∣S1/2,mj = 1/2

〉
will experience only one significant ac Stark shift,

which leads to a non-vanishing potential. The resulting Stark shifts are depicted in

figure 2.4(b). Analogous arguments apply to σ−-light, which yields the same criti-

cal frequency ωL. Hence by choosing the laser frequency as ω = ωL, the potentials
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for the mj = ±1/2 states are purely created by the σ±-contributions of the laser

field.

We should note that the above discussion slightly simplified the physics, since

the hyperfine structure of the atoms in the S1/2-manifold, shown in figure 2.4(c),

has not been taken into account. However, by using Clebsch-Gordan coefficients

one can easily calculate the respective optical potentials for the hyperfine states

[18]. For example, the potential for |F = 2, mF = 2〉 is given by V2,2 = V+(x),

for |F = 1,mF = 1〉 by V1,1 = 3V+(x)/4 + V−(x)/4 and for |F = 1,mF = −1〉 by

V1,−1 = V+(x)/4 + 3V−(x)/4. Since the contributions of the two polarisations are

different for different atomic states it is still possible to shift the atoms state-

dependently by changing the polarisation angle ϑ between the two laser beams.

The implementation of state-dependent optical lattices has been successfully

demonstrated in experiments [45, 46], where the collisional phase of atoms in dif-

ferent internal states has been used to create entanglement [44]. We illustrate this

with the following example. Let us assume two atoms in neighbouring lattice sites

j = 1, 2, each of which can be in one of the two internal states |↑〉 or |↓〉. The lattice

may be shifted in such a way that atoms in state |↑〉 move to the right and atoms

in state |↓〉 to the left. By choosing an angle of ϑ = π/2 the wave functions of the

atoms overlap if the atom in lattice site 1 is in state |↑〉 and the atom in site 2 is

in state |↓〉. In this case, due to the interaction between the atoms they will pick

up an additional phase ϕ, which depends on the interaction time, strength, and

details of the shifting process [44]. This phase does not occur for the three other

cases, which means that after shifting the atoms back again their state evolves to

|↓↓〉 → |↓↓〉 , |↓↑〉 → |↓↑〉 ,

|↑↑〉 → |↑↑〉 , |↑↓〉 → eiϕ |↑↓〉 .

For ϕ = π this gives up to local phases an entangling controlled-phase gate.

Analogous to the discussion above one can show that it is possible to create

species-selective optical lattices [131]. The optical potential only affects one atomic

species, whereas the other remains unaffected. This allows for the creation of a sys-

tem that consists of a fermionic or bosonic gas of atoms in an optical lattice, which

are submerged into a Bose-Einstein condensate. Such systems are investigated in

chapters 4 and 5.
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We investigate the feasibility of simulating different model Hamiltonians used in
high-temperature superconductivity. We briefly discuss the most common models
and then focus on the simulation of the so-called t-J-U Hamiltonian using ultra-cold
atoms in optical lattices. For this purpose, previous simulation schemes to realise
the spin interaction term J are extended. We especially overcome the condition
of a filling factor of exactly one, which otherwise would restrict the phase of the
simulated system to a Mott-insulator. Using ultra-cold atoms in optical lattices
allows simulation of the discussed models for a very wide range of parameters.
The time needed to simulate the Hamiltonian is estimated and the accuracy of the
simulation process is numerically investigated for small systems.

3.1 Introduction

Since its discovery, high-temperature superconductivity [132] has attracted much

attention on the theoretical as well as on the experimental side. Nevertheless, the

mechanisms which lead to this effect are not completely understood [133]. On the

theoretical side one encounters the problem that the physics of a very complex

many-body system has to be described and calculated. Because quantum effects

play a crucial role, the calculation of these systems is a very hard task on a classical

computer. Furthermore, it is not certain that the investigated theoretical models

accurately describe the macroscopic features of superconducting materials used in

experiments. Experimental efforts to test these models have suffered from diffi-

culties in changing the system parameters for a given superconductor. In general,

different parameter sets require different types of superconducting material. Due

to all these obstacles it is worthwhile searching for a versatile system which can be

used to accurately simulate high-temperature superconductor models.

33
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As we will show in this chapter ultra-cold atoms in optical lattices are a very

good candidate for simulating high-temperature superconductivity. During the

past few years the field of cold atom physics has made tremendous progress and

entered the regime of accurately controlled strongly correlated systems. Seminal

experiments with bosonic atoms have, e.g., realised the Mott-insulator to superfluid

transition and cold controlled collisions between atoms in optical lattices [22, 45,

46, 113]. They found excellent agreement with corresponding theoretical models

[17, 44]. For clouds of fermionic atoms superfluidity has been demonstrated by

creating vortices [134] and Fermi surfaces of atoms loaded into three-dimensional

optical lattices have been measured [135]. Optical lattice systems are also very

flexible; a large range of Hamiltonians can be realised and system parameters are

easily varied over a wide range by changing external laser parameters [18]. For

instance, it has also been proposed to implement effective magnetic fields [25–

28, 136, 137], and even the implementation of non-Abelian gauge fields seems to

be feasible [138, 139].

We will briefly discuss some of the model Hamiltonians which are used to de-

scribe high-temperature superconductive cuprates. We will then focus on the t-J-U

Hamiltonian [55], which includes a spin-spin coupling term J additionally to hop-

ping t and on-site interaction U . The simulation of this Hamiltonian can be used

for obtaining a deeper understanding of the corresponding model, and also enlarges

the parameter space by an additional, freely tunable interaction term J . In analogy

to the cuprates we expect this model to show a very rich phase diagram for the

atoms in the optical lattice including the appearance of (anti)ferromagnetic phases.

The simulation of the spin-spin interaction part in optical lattices has already

been discussed in Refs. [23, 24, 140]. Atoms with two internal states simulate a

spin chain and the spin-spin interaction is implemented by state-dependent shifting

of the atoms causing controlled atomic collisions. These collisions induce state-

dependent phase shifts of the atomic wave function mimicking the spin-spin inter-

action. However, all of the proposals [23, 24, 140] require a filling of very close

to or exactly one atom per lattice site. For superconductors, this corresponds to

a Mott-insulating state. In order to extend this method to the simulation of the

t-J-U Hamiltonian, we will relax the condition of having exactly one atom in each

lattice site. Additional shifts of the atoms will be necessary for simulating the spin

interaction term J and we will also show that by choosing appropriate parameters

it is possible to implement effectively attractive interaction terms U < 0.

The simulation of the time evolution of the whole t-J-U Hamiltonian is per-

formed via a Trotter-Suzuki expansion [140–145] and we will consider the case of

temperature T = 0 in our calculations. To be able to experimentally observe su-

perconductivity effects using our simulation method the temperature of the optical

lattice atoms will have to be lower than kBT < 0.02t [146], where kB is the Boltz-

mann constant. Such low temperatures are experimentally difficult to achieve.

However, theoretical proposals for fault tolerant loading of fermionic atoms [147]
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into the lowest motional band of an optical lattice and phonon assisted side band

cooling within this motional band [148, 149] exist. These methods will be realisable

with current and near future experimental techniques and enable achievement and

control of temperatures sufficiently small for our purpose.

This chapter is organised as follows. In Sec. 3.2 we briefly discuss some of

the model Hamiltonians used to describe high-temperature superconductivity in

cuprates. In Sec. 3.3 we explain how one of these Hamiltonians, namely the t-J-U

model, can be simulated using ultra-cold atoms in optical lattices. The simulation

process is numerically tested in Sec. 3.4 and we conclude in Sec. 3.5.

3.2 Model Hamiltonians for high-Tc superconduc-

tors

In this section we briefly discuss some of the model Hamiltonians which are used

to describe high-temperature superconductors [54, 119, 120]. The most basic mi-

croscopic description is given by the Hubbard model

ĤtU = −t
∑

〈i,j〉,σ
ĉ†i,σ ĉj,σ + U

∑
j

n̂j,↑n̂j,↓ . (3.1)

The operator ĉ†j,σ (ĉj,σ) creates (annihilates) an electron with spin σ =↑, ↓ in lattice

site j and obeys the standard fermionic anticommutation relations, the number

operator is denoted by n̂j,σ = ĉ†j,σ ĉj,σ. This Hamiltonian describes electrons in

the lowest Bloch band tightly bound to the lattice sites formed by the atoms of

the solid. The electrons can tunnel from one lattice site to the nearest-neighbour

site (indicated by the brackets 〈i, j〉) with hopping energy t and the repulsive on-

site Coulomb interaction is given by U . Due to the Pauli exclusion principle for

electrons and the single Bloch band assumption in Hamiltonian Eq. (3.1), there

can be a maximum of one electron of each spin state in a single lattice site. Hence

no onsite interaction term for electrons in the same spin state is included in the

Hamiltonian.

The Hamiltonian Eq. (3.1) describes the behaviour of the electron gas, which

is assumed to be confined in two-dimensional (2D) layers. If the lattice sites are

all occupied by a single electron the system behaves like a Mott-insulating an-

tiferromagnet. By hole-doping of the cuprate the behaviour of the gas changes

considerably and for a critical doping and temperatures below Tc the solid gets

superconductive (see, e.g., [146, 150]). In a real superconductor many of these two-

dimensional layers are stacked on top of each other. The influence of these layers

can be included by a small inter-layer tunnelling strength [151].

Quantum cluster calculations give very strong evidence that the Hubbard Hamil-

tonian Eq. (3.1) is already a sufficient minimal model to describe the main prop-
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erties of the phase diagrams of cuprates [152]. Nevertheless, these calculations

suffer from finite size effects. The simulation of this Hamiltonian using ultra-cold

fermionic atoms in an optical lattice is straightforward and can overcome this prob-

lem for sufficiently large lattices. It requires the loading of the atoms into the lattice

and choosing the lattice parameters such that two-dimensional layers are created.

Details on which parameter range can be simulated are discussed in Sec. 3.3.1.

However, the Hubbard Hamiltonian Eq. (3.1) does not describe all properties

encountered in a superconductor [153]. Other effective model Hamiltonians have

been discussed trying to incorporate such experimentally observed effects. For

example, it has been suggested [154] to introduce a next-nearest neighbour hopping

term

Ĥnn = −t′
∑

〈〈i,j〉〉,σ
ĉ†i,σ ĉj,σ . (3.2)

These terms can be realised in the simulation process by using very shallow optical

lattices. In this case, however, the probability to excite atoms into higher Bloch

bands increases and off-site interaction terms Uos are important. Also, it becomes

more difficult to adjust all parameters in this Hamiltonian independently. There-

fore, in this chapter, we do not discuss the realisation of this model Hamiltonian

any further.

Another effective model is the so-called t-J-U Hamiltonian, which has recently

been used in connection with gossamer superconductivity1 [55, 155]. It is given by

Ĥ = ĤtU + ĤJ , (3.3)

where

ĤJ = J
∑

〈i,j〉
Ŝi · Ŝj (3.4)

is the spin interaction Hamiltonian of electrons in neighbouring lattice sites. The

spin operator Ŝj is defined by its components

Ŝw =
1

2

∑

ς,ζ=↑,↓
ĉ†ςσ

wĉζ , (3.5)

where σw are Pauli matrices, w = x, y, z. For very large interaction strengths

U Hamiltonian Eq. (3.3) converges to the so-called t-J model, where double-

occupancy of a single lattice site is excluded. This Hamiltonian has also very

often been used to describe the behaviour of high-Tc cuprates. In the following

sections we will investigate in detail how the t-J-U Hamiltonian can be simulated

using atoms in optical lattices. Such simulations can help to understand and test

features of the model, and also to investigate a larger parameter space which is

1The term “gossamer superconductor” was used by R. B. Laughlin for a superconducting state
that is physically equivalent to a dilute gas of bosons and thus highly unstable [155].
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likely to exhibit very interesting phase diagrams.

3.3 Simulation of the t-J-U model with atoms in

optical lattices

In this section we show how Hamiltonian Eq. (3.3) can be simulated by using

ultra-cold atoms in optical lattices. First we explain how to implement the t-U -

Hamiltonian and the spin-interaction independently from each other. Then these

Hamiltonians are combined to realise the full t-J-U Hamiltonian.

3.3.1 The hopping and interaction terms

The Hamiltonian ĤtU , Eq. (3.1), is simulated using a three-dimensional optical

lattice where hopping along the z-direction is suppressed by high potential barriers

[18]. The lattice is filled with ultra-cold fermionic atoms occupying the lowest

motional Bloch band only and moving in planes parallel to the xy-plane. We

restrict our considerations to one such 2D layer of the optical lattice. The two

spin states of the electrons are represented by two long-living internal states of

the atoms, which we denote by σ =↑, ↓. The Hamiltonian, which describes the

dynamics of fermionic atoms in the lattice, is given by ĤtUs , cf. Eq. (3.1), with the

hopping constant t and the interaction strength Us. By an appropriate choice of the

lattice constants the system parameters t and Us can be tuned over a wide range [18]

and using a Feshbach resonance it is possible to change the s-wave scattering length

between the atoms, which gives additional control over the interaction strength Us.

However, we are not completely free in our choice of the lattice depths. In

order to observe the superconducting phase in high-Tc cuprates the temperature

has to be lower than the critical temperature Tc, which is for high-temperature

superconductors of the order of 0.02t [146]. For our system with atoms in an

optical lattice we expect the same behaviour. We consider a lattice depth of 5ER

with ER = ~2(2π)2/2mλ2 the recoil energy, m the mass of the atoms and λ the wave

length of the laser producing the lattice potential. In this case the hopping term

t is of the order of 0.07ER and thus the superconducting phase will be observable

for temperatures lower than approximately 0.0014ER/kB. For the fermionic species
6Li trapped in a lattice with λ = 670nm this corresponds to a temperature of 5nK.

In recent experiments with 6Li temperatures of about 30nK have been reported

[134]. The required lower temperatures can be reached for example with phonon

side band cooling [147–149].

As an aside we note that in the case of bosonic atoms we have to assume a

very high interaction strength U↑↑ = U↓↓ between two atoms in the same state

to realise the above Hamiltonian ĤtUs and replace anticommutator relations with

commutator relations. This interaction has to be much larger than the inter-species
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interaction strength U↑↓ = Us, the hopping constant t and the spin-spin interaction

strength J . In this case all states with two or more identical atoms in the same

lattice sites can be discarded. However, a direct mapping to a fermionic system

using a Jordan-Wigner transformation is only possible in one spatial dimension

[156]. There are proposals for similar mappings in higher dimensions which require

the addition of Majorana fermions to the system [157, 158]. Although appealing

from a theoretical point of view it is not clear how to realise such systems with

atoms in optical lattices. Nevertheless, in the case of bosons the above conditions

on the interaction strength lead to a rich phase diagram similar to models discussed

in Ref. [24].

3.3.2 Implementation of the spin-spin interaction

In general, the van der Waals interaction between two atoms in neighbouring lattice

sites is not sufficient to realise the required ratios of J , t, and U . Lowering the

lattice barriers such that there is a significant nearest neighbour interaction also

causes problems since in this case it is more likely that higher Bloch bands are

occupied. Hence the spin interaction J has to be simulated indirectly. Methods for

achieving this have already been detailed in Refs. [23, 24, 140]. These proposals

require a filling factor of very close to or exactly one atom per lattice site, which

corresponds to half-filling of the electron system and thus a Mott-insulating phase

[150]. Therefore, these proposals cannot be used to simulate superconductivity.

In order to circumvent this problem we extend the scheme proposed in Ref. [23].

Let us first consider the one-dimensional spin-spin interaction in z-direction, i.e.,

Ĥzz = Jz

∑

〈i,j〉
Ŝz

i Ŝ
z
j

=
Jz

4

∑

〈i,j〉
n̂i
↑n̂

j
↑ + n̂i

↓n̂
j
↓ − n̂i

↑n̂
j
↓ − n̂i

↓n̂
j
↑ .

(3.6)

This type of interaction between the atoms is realised by state selectively moving

atoms. They are stored in very deep optical lattices such that any hopping is

strongly suppressed, i.e., t = 0. The atoms in, e.g., state |↑〉 are shifted and

overlapped for a certain time with their neighbouring atoms to the left and to

the right in state |↓〉. The resulting atom-atom interaction leads to the desired

phase shift as described in Ref. [44]. For illustration let us assume two lattice sites

described by the Fock states
∣∣n1
↑, n

1
↓; n

2
↑, n

2
↓
〉
, where nj

σ is the number of atoms in

state |σ〉 in the jth lattice site. After the above shifting procedure this state evolves

to ∣∣n1
↑, n

1
↓; n

2
↑, n

2
↓
〉 −→ exp(iχ(n1

↓n
2
↑ + n1

↑n
2
↓))

∣∣n1
↑, n

1
↓; n

2
↑, n

2
↓
〉

, (3.7)

where χ is the phase acquired during the collision process. This is exactly the

action of the last two summands −n̂i
↑n̂

j
↓ − n̂i

↓n̂
j
↑ of Eq. (3.6).
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However, this process is not yet sufficient to implement the spin interaction in

z-direction. In order to achieve our goal the spin state of the atoms in every second

lattice site has to be flipped, i.e., the operation Vfl = σx
1⊗12⊗σx

3⊗14⊗ ... has to be

applied to the atoms. This operation requires addressing each second lattice site,

which can be done by using an additional standing wave laser field. The resulting

superlattice must have twice the wavelength of the original lattice and its intensity

minima need to coincide with every second lattice site of the trapping potential.2

Thus the energy levels of every second atom are AC-Stark shifted out of resonance

such that a microwave or laser-field driving the transition |↑〉 ↔ |↓〉 realises Vfl.

By repeating this shifting process after the spin flip operation Vfl and flipping

the atoms back the state evolves according to

∣∣n1
↑, n

1
↓; n

2
↑, n

2
↓
〉 −→ exp(−iχ(n1

↓n
2
↓ + n1

↑n
2
↑))

∣∣n1
↑, n

1
↓; n

2
↑, n

2
↓
〉

, (3.8)

where the collision time has to be chosen such that the acquired phase is equal

to −χ. The whole process induces dynamics according to Hamiltonian Eq. (3.6),

where χ = Jzτ/4~ and τ is the time for which Ĥzz is applied (details on calculating

the phases can be found in Appendix 3.A).

The creation of such spin-dependent phases has already been demonstrated

experimentally. In Ref. [45] the authors used Rb atoms in an optical lattice with

V0 = 34ER. Excitations of atoms into higher Bloch bands were avoided by using

an appropriate time of τs = 40µs to shift the atoms spin-dependently into the

neighbouring lattice sites [46]. After holding the atoms in the shifted position

for τh = 450µs and shifting them back again, collisional phases of χ ≈ 2π were

achieved.

With being able to implement Hamiltonian Eq. (3.6) it is also possible to realise

the Hamiltonians

Ĥxx = Jx

∑

〈i,j〉
Ŝx

i Ŝx
j , (3.9)

Ĥyy = Jy

∑

〈i,j〉
Ŝy

i Ŝy
j . (3.10)

We first observe that with suitable laser pulses it is possible to implement the

following rotations on single atoms

Vy = exp
(
i
π

4
σy

)
, (3.11)

Vx = exp
(
−i

π

4
σx

)
. (3.12)

By simultaneously applying one of these rotations on all atoms, implementing

2The experimental realisation of such a configuration is planned. I. Bloch, private communi-
cation (2005).
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Hamiltonian Eq. (3.6), and applying the Hermitian conjugate of the same rotation

we get the time evolutions [23, 140, 159]

V †
y exp

(
−iĤzz

τ

~

)
Vy = exp

(
−iĤxx

τ

~

)
, (3.13)

V †
x exp

(
−iĤzz

τ

~

)
Vx = exp

(
−iĤyy

τ

~

)
. (3.14)

The interaction strengths Jx, Jy, and Jz can be tuned independently from each

other by the choice of the collisional phase χ during the simulation of the respective

Hamiltonian.

3.3.3 Combining the Hamiltonians

We simulate Hamiltonian Eq. (3.3) using the well known Trotter-Suzuki expansion

[140–145] described in detail in Appendix 3.B. In this approach, the different parts

of the Hamiltonian are simulated for a small time τ separately. For instance, in

first order, the decomposition of the t-J-U Hamiltonian reads

exp

(
−iĤ τ

~

)
= exp

(
−iĤzz τ

~

)
V †

x exp

(
−iĤzz τ

~

)
Vx

× V †
y exp

(
−iĤzz τ

~

)
Vy exp

(
−iĤtUs τ

~

)
+O(τ 2) .

(3.15)

The last part exp
(
−iĤtUs τ/~

)
of this time evolution is simulated by choosing a

suitable lattice depth such that the required values of t and Us are realised. After

waiting a time3 τ the lattice has to be ramped up avoiding any excitation into

higher Bloch bands. Then the shifting and flipping processes Vfl, as described in

the previous section, have to be applied in order to simulate the time evolution of

Ĥzz, Ĥyy, and Ĥxx. The latter two require the implementation of the operations

Vx and Vy, cf. Eqs. (3.11) and (3.12). By repeating all of these simulation steps

m times a time mτ is simulated with an error ∝ τ 2m. Better accuracies can be

achieved by using higher order approximations, see Appendix 3.B.

During the simulation of the spin-spin interaction term two atoms may occupy

the same lattice site j. This gives rise to an additional term not considered so far.

We illustrate this by considering shifts in x-direction during the simulation of the

spin interaction. The atoms will acquire an additional phase (compare Appendix

3Alternatively, if the real values tr and Ur implemented in the lattice are different from the
desired values t and U , it is also possible to let the system evolve for a real time τr such that
τt = τrtr and τU = τrUr.
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3.A)

φ = K

∫ τ0

−τ0

dτ exp

(
− [xj

↑(τ)− xj
↓(τ)]2

2x2
0

)
, (3.16)

with K given in Eq. (3.24). This phase corresponds to an (additional) effective

interaction term

Ĥeff
U = Ueff

∑
j

n̂j,↑n̂j,↓ , (3.17)

where the interaction constant is given by Ueff = ~φ/τ . Note that this effective

interaction does not diverge for τ → 0 as in this case also φ goes to zero. This

interaction provides an additional opportunity for tuning the simulated interaction

constant U . The total interaction for small Ueff ¿ 2π~/τ is given by U = Us +

3dUeff with d the number of spatial dimensions in which the spin-spin interaction is

simulated. Here the factor of 3 in front of the dimension number d arises because

the phase φ occurs in the simulations of Ĥxx, Ĥyy, and Ĥzz, which are all simulated

for the same time τ . By an appropriate choice of Us and φ it is possible to simulate

effective interactions that are attractive. For this purpose, the phase φ has to be

chosen in such a way that it can be written as φ = 2π + U ′
effτ/~ with a small

negative U ′
eff and 2π À |U ′

eff |τ/~. The total simulated interaction is then given by

U = Us + 3dU ′
eff . For not too large Us this leads to a negative U .4

The total time for which the system can be simulated is restricted by the life-

and decoherence-time of the ultra-cold atoms in the optical lattice. This is typically

on the order of one second [22]. Hence we have to estimate the time which is needed

for simulating one time step of Hamiltonian Eq. (3.3). During the shifting process

heating of the atoms has to be avoided. Since the lattice is required to be very deep

during the atoms are shifted hopping is strongly suppressed. This leads to a flat

Bloch band and thus no excitation can take place within the band during the shift.

Any heating thus means that atoms are excited into higher Bloch bands. In order

to avoid such excitations we require for each shift of atoms in, e.g., state |↑〉 into the

neighbouring lattice site a time larger than the inverse of the lattice site trapping

frequency ωt =
√

V0/ER ~(2π)2/mλ2, as already demonstrated experimentally in

Refs. [45, 46]. Furthermore, the atoms have to be held in the shifted position for a

certain time in order to achieve the desired phase. This phase is either χ or 2π−χ.

Thus the average time for one shifting and holding process is given by

τsh > 2π

(
4

ωt

+
1

K

)
. (3.18)

The minimal shifting times for varying lattice depths are shown in Fig. 3.1 and are

of the order of a few hundred microseconds for Rb or a few tens of microseconds

4This method can also be used to simulate negative interaction strengths in Hubbard models
in optical lattices. Properly timed periodic raising and lowering of the potential barriers to switch
off the hopping terms leads to effective negative onsite interaction strengths.
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Figure 3.1. Lower bounds for the calculated shifting and holding times τsh

(cf. Eq. (3.18)) for lattices with 87Rb atoms (λ = 826nm, as = 5.1nm), 40K
atoms (λ = 826nm, as = 5.5nm) and 6Li atoms (λ = 670nm, as = 2.4nm).
The values given in brackets are typical values used for the calculation of
τsh.

for Li. To simulate the time evolution of Ĥzz these shifts have to be repeated 2d

times.

The constraints for the ramping time between the application of the t-U -Hamil-

tonian and the spin-spin interaction are twofold: The ramping has to be adiabatic

on a time scale given by 1/ωt to avoid excitations into higher Bloch bands and it

has to be rapid compared to ~π/2t. This ensures that the system does not evolve

for too long with a hopping term t that is different from the desired one or even

follows the change in t adiabatically in contrast to the sudden change required

by the Trotter-Suzuki expansion. The first constraint has been experimentally

tested for Rb atoms [113] and was found to be fulfilled for ramping times longer

than 50µs in accordance with theoretical calculations [160]. For typical lattice

parameters the hopping time is given by ~π/2t = 1ms and is thus more than

one order of magnitude larger than the minimal ramping time required to avoid

excitations into higher Bloch bands. Therefore, both constraints can be fulfilled at

the same time. Furthermore, the ramping process conserves quasi-momentum, and

excitations that do not change the quasi-momentum involve at least two hopping

processes. Because the lattice is ramped on a time scale short compared to ~π/2t,

excitations within the lowest Bloch band are also strongly suppressed. Together

with the time needed to simulate the t-U -Hamiltonian it is thus feasible to simulate

several hundreds of Trotter steps m within the lifetime of the atoms in the lattice.

We finally remark that this procedure for simulating the t-J-U Hamiltonian is

compatible with the additional simulation of a magnetic field. Various methods for
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creating effective magnetic fields at the same time as the hopping and interaction

terms in ĤtU were recently proposed [25–28, 136, 137]. Thus it is possible to extend

our setup for studying the t-J-U Hamiltonian in external magnetic fields.

3.3.4 Measuring the properties of the atom gas

The properties of the time-evolved state can be probed by measurements of first-

and second-order correlation functions as proposed in Ref. [161]. The atoms are

released from their trapping potential and imaged after a certain time of flight.

Depending on the phase of the atomic gas these images reveal interference patterns;

second-order correlation functions give additional information on the phase and

the underlying structure of the lattice. Such measurements are similar to the

Hanbury Brown and Twiss experiment [162] and have already been performed

for bosonic atoms in the Mott-insulating phase [22, 163]. They agree very well

with the theoretical predictions [124]. With these techniques it will be possible to

check the phase diagrams of the simulated systems and compare them to calculated

or measured phase diagrams for different high-temperature superconductors (see,

e.g., [146, 150, 164]).

3.4 Numerical simulations

As already mentioned in the introduction the simulation of Hamiltonian Eq. (3.3)

is a very hard computational task. Even for a few lattice sites an exact simulation

of the system is no longer feasible and one has to use approximations such as mean-

field theories or Quantum Monte Carlo calculations. Since we want to compare the

results of the simulation of Hamiltonian Eq. (3.3) with exact results we have thus

restricted ourselves to the one-dimensional case with a few lattice sites only.

The anti-fidelity of the simulated state compared to a state which is time-

evolved using the full Hamiltonian Eq. (3.3) is calculated as follows. Let Û0(τ) =

exp(−iĤτ/~) be the full time evolution operator, Û(τ) the simulated time evo-

lution, |ψ〉in an input state and |ψ〉 = Û(τ) |ψ〉in, |ψ0〉 = Û0(τ) |ψ〉in. Due to the

Cauchy-Schwarz inequality and the properties of the matrix norm we get

|| Û(τ)− Û0(τ)||2 ≥ |(〈ψ| − 〈ψ0|)(|ψ〉 − |ψ0〉)|
= |2− 2Re(〈ψ|ψ0〉)| .

(3.19)

Since | 〈ψ|ψ0〉 | ≤ 1 the rhs of Eq. (3.19) is always positive even without the modulus

and we can rearrange

| 〈ψ|ψ0〉 | ≥ 1− 1

2
|| Û(τ)− Û0(τ)||2 . (3.20)
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Figure 3.2. Simulation of Hamiltonian Eq. (3.3) using first- and second-
order Trotter expansions, cf. Eqs. (3.25) and (3.26). Upper bounds for
the anti-fidelity F are shown. The number of lattice sites is M = 5, the
parameters for the simulation are J = 0.3t, Us = 5t, U ′

eff = −2t, m = 1
leading to U = −t.

For || Û(τ)− Û0(τ)||2 ≤ 2 this yields an upper bound for the anti-fidelity F

F = 1− | 〈ψ|ψ0〉 |2 ≤ || Û(τ)− Û0(τ)||2 , (3.21)

which can be easily calculated from the time evolution operators.

We have calculated this anti-fidelity F for several cases. First, we investigate

a parameter set which gives a negative (attractive) interaction strength U and

compare this to the exact time evolution according to Eq. (3.3). Upper bounds

for the corresponding anti-fidelity F are shown in Fig. 3.2. It has been assumed

that no errors such as unprecise creation of the phase shifts χ or excitation of

higher Bloch bands occur during the shifting process. For small times the slopes of

the curves for the first and second order approximations agree very well with the

predictions from first and second order expansions, cf. Eqs. (3.25) and (3.26). Note

that the slopes shown are increased by a factor of two since we take the square of

the matrix norm in order to calculate the anti-fidelity F . Figure 3.2 shows that for

small times the simulation of the time evolution of Hamiltonian Eq. (3.3) agrees

very well with the full time evolution but the desired simulation times of order

100~/t can only be reliably achieved by repeating this simulation process.

The dependence of the upper bounds of the anti-fidelity F on the number

m of Trotter steps for a fixed time τ = 100~/t is shown in Fig. 3.3 for values

corresponding to typical parameters in high-temperature superconductivity [165].
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Figure 3.3. Upper bounds for the anti-fidelity F for first- and second-order
Trotter expansions, cf. Eq. (3.28). The simulated time is fixed to τ =
100~/t, the number of lattice sites is M = 5. We have used J = 0.3t,
Us = 10t, and φ = 0.

As expected the fidelity gets better for an increasing number of steps. In second

order approximation for m = 500 steps the anti-fidelity is already smaller than

10−3. For the same accuracy using the first-order approximation m = 900 Trotter

steps have to be used. This means in first-order approximation the lattice has to be

ramped up and down 900 times and Ĥzz has to be simulated 2700 times with 1800

applications of Vx,y. In second-order each single step is more complicated, but by

choosing the simulation process in a judicious way only 500 rampings of the lattice

are required. By optimising the process (cf. Appendix 3.B) only 2500 simulations

of Ĥzz are required with 1500 applications of Vx,y.

To get an impression on how the anti-fidelity F scales with the number of lattice

sites M we calculated it for different values of lattice sites M in a 1D lattice. The

results are shown in Fig. 3.4 for a simulated time of τ = 0.01~/t. They indicate

that the anti-fidelity F does not increase quickly with the number of lattice sites.

Therefore, it should be possible to experimentally simulate systems of realistic size.

Since the time evolution of the full Hamiltonian Eq. (3.3) is only simulated

approximately in our scheme, the state vector of the atoms after the time evolution

will also only approximate the real state. However, we expect errors due to this

effect to be small, since the necessary measurements to distinguish the phases

involve only first- and second-order correlation functions. The influence of small

imperfections of the simulated Hamiltonian on these functions will in general be

smaller than the influence on the state vector estimated by the upper bounds of the

anti-fidelity F . Thus, the deviations of the simulated phase diagrams is expected
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ulated time was τ = 0.01~/t and we have chosen J = 0.3t, Us = 10t and
φ = 0.

to be smaller than implied by the anti-fidelities.

3.5 Conclusion

In the present chapter we have shown that it is feasible to simulate different

model Hamiltonians which are used to describe high-temperature superconduc-

tive cuprates. The simulation of the most minimal model, the Hubbard model

Eq. (3.1), can already be expected to deepen our understanding of the phase dia-

grams encountered in the cuprates. Since this model does not describe all exper-

imentally measured effects and to enlarge the accessible parameter space, which

can be investigated using atoms in optical lattices, we have especially discussed

how to simulate the t-J-U Hamiltonian Eq. (3.3), which requires the inclusion of

an additional spin-spin interaction term J .

In order to make the simulation possible we have extended earlier proposals to

create an effective spin interaction between atoms to the case where the lattice is

not fully occupied. We found that near future technology will allow to simulate

Hamiltonian Eq. (3.3) for times which are longer than the typical time scales as-

sociated with the dynamics of the t-J-U Hamiltonian. Hence the properties of the

Hamiltonian can be made visible using our simulation method. We also showed

that by an appropriate choice of the lattice parameters and shifting times it is

possible to create attractive on-site interactions U . Also, our method is compatible

with the simulation of magnetic fields in the lattice.
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Furthermore, we simulated the simulation process numerically for small systems

and compared the results with exact calculations of the time evolution. For these

simulations the results show very good agreement between the simulated and the

real time evolution. Anti-fidelities F < 10−3 can be achieved. Because of these

results and of the experimental progress we are confident that the proposed method

will help to deepen our knowledge and understanding of the t-J-U Hamiltonian

model.

3.A Calculation of the collisional phases

The exact phase shift due to the shift and interaction process can be calculated

analytically [44]. If we assume deep lattice potentials Vx,y,z, we can approximate

the wave functions of the atoms located in one lattice site by Gaussians. For

illustration we assume an atom of state |↑〉 in lattice site j and one of state |↓〉 in

lattice site j + 1. The shift shall occur in x-direction. Let xj
↑(τ), xj+1

↓ (τ) denote

the time-dependent x-coordinates of the atoms. Because of the collision process

the state of the two atoms will evolve to

|1, 0; 0, 1〉 → e−iχ |1, 0; 0, 1〉 (3.22)

with the collisional phase given by

χ = K

∫ τ0

−τ0

dτ exp

(
− [xj

↑(τ)− xj+1
↓ (τ)]2

2x2
0

)
. (3.23)

Here we have defined

K =
4πas~

m

(
√

2π)3

λ3

(
V0

ER

) 3
4

, (3.24)

where as is the s-wave scattering length between the two atoms in states |↑〉 and

|↓〉, V0 is the depth of the lattice, x0 = 4
√

ER/V0λ/2π and ER = ~2(2π)2/mλ2

is the recoil energy, m the mass of the atoms and λ the wavelength of the lasers

creating the optical lattice. The time τ0 is chosen such that the entire shift process

is contained in the time interval from −τ0 to τ0. For typical experimental param-

eters [45] of V0 = 34ER and 87Rb atoms with as = 5.1nm the prefactor in front of

the integral has a value of roughly K = 19rad/ms such that after a collisional time

of a few hundred microseconds phase shifts of the order of 2π can be achieved. For

Li atoms the prefactor has a value of the order of K = 230rad/ms and hence only

roughly a tenth of the time is necessary to achieve similar phase shifts. The exact

phase shifts depend on the details of the shifting process itself, i.e., on the exact

form of the functions xj
σ(τ).
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3.B The Trotter-Suzuki expansion

For an arbitrary Hamiltonian Ĥarb =
∑f

j=1 Ĥj the Trotter-Suzuki expansion [140–

145] is found by defining

Q1(x) =

f∏
j=1

exp(xĤj) , (3.25)

Q2(x) = eĤ1x/2...eĤf−1x/2eĤf xeĤf−1x/2...eĤ1x/2 , (3.26)

where x = −iτ/~ and τ is the simulation time. The operators Q1(x) and Q2(x)

are approximations to the time evolution operator of Ĥarb with

exp(Ĥarbx) = Q1(x) +O(|x|2) = Q2(x) +O(|x|3) . (3.27)

Higher order approximations to the time evolution of Ĥarb exist, but they either re-

quire the simulation of negative time, which is difficult for the hopping Hamiltonian

ĤtU , or they include terms which make the simulation unstable [142]. Therefore,

we simulate longer times using a generalised version of the Trotter formula [145]

with m simulation steps, reading

exp(Ĥarbx) =
[
Qj

( x

m

)]m

+O
( |x|j+1

mj

)
. (3.28)

When using the second-order approximation Eq. (3.26) in this formula the exper-

imental procedure can be optimised by combining subsequent simulations of Ĥ1

since exp(Ĥ1x/2) exp(Ĥ1x/2) = exp(Ĥ1x).



Chapter 4

Polaron physics in optical lattices

We investigate the effects of a nearly uniform Bose-Einstein condensate

(BEC) on the properties of immersed trapped impurity atoms. Using a

weak-coupling expansion in the BEC-impurity interaction strength, we

derive a model describing polarons, i.e., impurities dressed by a coherent

state of Bogoliubov phonons, and apply it to ultracold bosonic atoms

in an optical lattice. We show that stable polaron clusters are formed

via a phonon-mediated off-site attraction.1

The lack of lattice phonons is a distinguishing feature of optical lattices, i.e., con-

servative optical potentials formed by counterpropagating laser beams, and con-

tributes to the excellent coherence properties of atoms trapped in them [19]. How-

ever, some of the most interesting phenomena in condensed matter physics involve

phonons, and thus it is also desirable to introduce them in a controlled way into

optical lattices. Recently, it has been shown that immersing an optical lattice into

a Bose-Einstein condensate (BEC) leads to interband phonons, which can be used

to load and cool atoms to extremely low temperatures [148]. Here, we instead con-

centrate on the dynamics within the lowest Bloch band of an immersed lattice, and

show how intraband phonons lead to the formation of polarons [53, 166]. Polarons

aggregate on adjacent lattice sites into stable clusters, which are not prone to loss

from inelastic collisions. Since this phenomenon is relevant to the physics of con-

duction in solids, introducing phonons into an optical lattice system may lead to a

better understanding of high-temperature superconductivity [53, 167] and charge

transport in organic molecules [168]. Additionally, this setup may allow the inves-

tigation of the dynamics of classically indistinguishable particles [169].

Experimental progress in trapping and cooling atoms has recently made a large

class of interacting many-body quantum systems [20] accessible. For instance, the

formation of repulsively bound atom pairs on a single site has been demonstrated

1This chapter is based on the publication “Polaron physics in optical lattices”, Phys. Rev. A
76, 011605(R) (2007) by Martin Bruderer, Alexander Klein, Stephen R. Clark and Dieter Jaksch.
The chapter emphasises my own contributions to this publication and does not include all of the
published results.
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Figure 4.1. A quantum degenerate gas confined to an optical lattice is
immersed in a much larger BEC. For increasing BEC temperature T , a
crossover from coherent to diffusive hopping, characterised by J̃ and Ea,
respectively, can be observed, as shown in [178]. The phonon-induced in-
teraction potential Vi,j leads to the formation of off-site polaron clusters,
separated by a gap Eb from the continuum of unbound states.

[170], and strongly correlated mixtures of degenerate quantum gases have been re-

alised [33, 34]. In such Bose-Fermi mixtures, rich phase diagrams can be expected,

including charge and spin density wave phases [171, 172], pairing of fermions with

bosons [173], and a supersolid phase [174]. Here we instead consider one atomic

species, denoted as the impurities, confined to a trapping potential, for example

an optical lattice, immersed in a nearly uniform BEC, as shown in Fig. 4.1. Based

on a weak-coupling expansion in the BEC-impurity interaction strength, we derive

a model in terms of polarons, which are composed of impurity atoms dressed by

a coherent state of Bogoliubov phonons [53, 166]. The model also includes at-

tractive impurity-impurity interactions mediated by the phonons [175, 176]. An

essential requirement for our model is that neither interactions with impurities nor

the trapping potential confining the impurities impairs the ability of the surround-

ing gas to sustain phononlike excitations. The first condition limits the number

of impurity atoms [33, 34], whereas the latter requirement can be met by using a

species-specific optical lattice potential [131]. Moreover, unlike in the case of self-

localised impurities [177], we assume that the one-particle states of the impurities

are not modified by the BEC, which can be achieved by sufficiently tight impurity

trapping.

Model.—The Hamiltonian of the system is composed of three parts, Ĥ = Ĥχ +

ĤB + ĤI, where Ĥχ governs the dynamics of the impurity atoms, which can be

either bosonic of fermionic. The BEC Hamiltonian ĤB and the density-density

interaction Hamiltonian ĤI are

ĤB =

∫
dr φ̂†(r)

[
−~

2∇2

2mb

+ Vext(r) +
g

2
φ̂†(r)φ̂(r)

]
φ̂(r) ,

ĤI = κ

∫
dr χ̂†(r)χ̂(r)φ̂†(r)φ̂(r) ,

where χ̂(r) is the impurity field operator and φ̂(r) is the condensate atom field oper-

ator satisfying the commutation relations [φ̂(r), φ̂†(r′)] = δ(r−r′) and [φ̂(r), φ̂(r′)] =
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0. The coupling constants g > 0 and κ account for the boson-boson and impurity-

boson interaction respectively, mb is the mass of a condensate atom and Vext(r) a

weak external trapping potential. Without yet specifying Ĥχ we expand χ̂(r) =∑
ν ην(r)âν , where ην(r) are a set of orthogonal mode functions of the impurities

and âν (â†ν) the corresponding annihilation (creation) operators, labelled by the

quantum numbers ν.

A common approach to find the elementary excitations of the BEC in the pres-

ence of impurities is to solve the Gross-Pitaevskii equation (GPE) [104] for the

full system, i.e., for κ 6= 0, and to subsequently quantise small oscillations around

the classical ground state. To obtain a quantum description of the impurity dy-

namics, we instead solve the GPE without taking ĤI into account, and express

the BEC deformations around the impurities as coherent states of Bogoliubov

phonons. Specifically, we write φ̂(r) = φ0(r) + δφ̂(r), with φ0(r) = φ∗0(r) the

solution of the GPE for κ = 0. Provided that the impurity-boson coupling is suf-

ficiently weak, i.e., |κ|/gn0(r)ξ
D(r) ¿ 1, with ξ(r) = ~/

√
mbgn0(r) the healing

length, n0(r) = φ2
0(r) and D the number of spatial dimensions, we expect that

the deviation of φ̂(r) from φ0(r) is of order κ, i.e., 〈δφ̂(r)〉 ∝ κ, where 〈 · 〉 stands

for the expectation value. We insert φ0(r) + δφ̂(r) into the Hamiltonian ĤB + ĤI,

keep terms up to second order in κ, and obtain the with respect to δφ̂ linear

term κ
∫

dr χ̂†(r)χ̂(r)φ0(r)[δφ̂
†(r) + δφ̂(r)], in addition to the standard constant

and quadratic terms in δφ̂(r) and δφ̂†(r), since φ0(r) is no longer the ground state

of the system.

In order to diagonalise the quadratic terms in δφ̂(r) and δφ̂†(r), we use the

expansion δφ̂(r) =
∑

µ[uµ(r)b̂µ − v∗µ(r)b̂†µ], where uµ(r) and v∗µ(r) are the solu-

tions of the Bogoliubov–deGennes equations [104] for κ = 0, and b̂µ (b̂†µ) are

the bosonic Bogoliubov annihilation (creation) operators, labelled by the quan-

tum numbers µ. We assume that the mode functions ην(r) are localised on a

length scale much smaller than is set by Vext(r), and that
∫

dr |ην(r)|2|ητ (r)|2 ≈ 0

for ν 6= τ , i.e., the probability densities |ην(r)|2 for different mode functions devi-

ate appreciably from zero only within mutually exclusive spatial regions. In this

case
∫

drφ0(r)[uµ(r) − vµ(r)]ην(r)η
∗
τ (r) ≈ 0 and

∫
drn0(r)ην(r)η

∗
τ (r) ≈ 0 hold for

ν 6= τ , and hence the nondiagonal impurity-phonon coupling is negligible. The

total Hamiltonian can thus be rewritten in the form of a Hubbard-Holstein model

[179] Ĥ = Ĥχ +
∑

ν,µ ~ωµ(Mν,µb̂µ + M∗
ν,µb̂

†
µ)n̂ν +

∑
ν Ēν n̂ν +

∑
µ ~ωµb̂

†
µb̂µ, with ~ωµ

the energies of the Bogoliubov excitations, the number operator n̂ν = â†ν âν , the di-

mensionless matrix elements Mν,µ = (κ/~ωµ)
∫

drφ0(r) [uµ(r)− vµ(r)] |ην(r)|2 and

the mean field shift Ēν = κ
∫

drn0(r)|ην(r)|2. We obtain an effective Hamiltonian

Ĥeff including corrections to φ0(x) of order κ by applying the unitary Lang-Firsov

transformation2 [53, 166] Ĥeff = ÛĤÛ †, with Û = exp
[ ∑

ν,µ(M∗
ν,µb̂

†
µ−Mν,µb̂µ)n̂ν

]
,

2Martin Bruderer had the idea of applying the Lang-Firsov transformation at this point. An
alternative way to derive the mediated interaction potential using an exact solution for fixed
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which yields

Ĥeff = ÛĤχÛ † +
∑

ν

(Ēν − Eν)n̂ν −
∑

ν

Eνn̂ν(n̂ν − 1)

−1

2

∑

ν 6=τ

Vν,τ n̂νn̂τ +
∑

µ

~ωµb̂
†
µb̂µ . (4.1)

The transformed impurity Hamiltonian ÛĤχÛ † is obtained using Û â†νÛ
† = â†νX̂

†
ν ,

where X̂†
ν = exp

[ ∑
µ(M∗

ν,µb̂
†
µ −Mν,µb̂µ)

]
is a Glauber displacement operator that

creates a coherent phonon cloud, i.e., a BEC deformation, around the impurity.

In the limit where the BEC adjusts instantaneously to the impurity configuration,

polarons created by â†νX̂
†
ν are the appropriate quasiparticles, and Ĥeff describes a

nonretarded interaction with the potential Vν,τ =
∑

µ ~ωµ

(
Mν,µM

∗
τ,µ + M∗

ν,µMτ,µ

)
.

The polaronic level shift Eν =
∑

µ ~ωµ|Mν,µ|2 is equal to the characteristic potential

energy of an impurity in the deformed BEC.

We now turn to the specific case of bosons loaded into an optical lattice im-

mersed in a homogeneous BEC [148]. In the tight-binding approximation, the impu-

rity dynamics is well described by the Bose-Hubbard model Ĥχ = −J
∑

〈i,j〉 â
†
i âj +

1
2
U

∑
j n̂j(n̂j − 1) + µ

∑
j n̂j , where µ describes the energy offset, U the on-site

interaction strength, and J the hopping matrix element between adjacent sites

[17, 18, 20]. The modes of the lattice atoms are Wannier functions ηj(r) of the

lowest Bloch band localised at site j, and 〈i, j〉 denotes the sum over nearest neigh-

bours. Noting that [Û , n̂j] = 0, we find

ÛĤχÛ † = −J
∑
〈i,j〉

(X̂iâi)
†X̂j âj +

U

2

∑
j

n̂j(n̂j − 1) + µ
∑
j

n̂j . (4.2)

The corresponding matrix elements are given by Mj,q = κ
√

n0εq/(~ωq)3 fj(q).

Here, fj(q) = Ω−1/2
∫

dr|ηj(r)|2 exp(iq · r), with Ω the quantisation volume, q

isthe phonon momentum, εq = (~q)2/2mb the free particle energy, and ~ωq =√
εq(εq + 2gn0) the Bogoliubov dispersion relation. We note that, for |q| ¿ 1/ξ,

we have Mj,q ∝ fj(q)/
√
|q|, whereas for |q| À 1/ξ, one obtains Mj,q ∝ fj(q)/q2.

The Hamiltonian Ĥeff describes the dynamics of hopping polarons according to

an extended Hubbard model [20], provided that c À aJ/~, with c ∼
√

gn0/mb

the phonon velocity and a the lattice spacing. We gain qualitative insight into the

dependence of Vi,j and the constant polaronic level shift Eν ≡ Ep on the system pa-

rameters by considering a one-dimensional quasi-BEC in the thermodynamic limit.

We assume a sufficiently deep lattice to approximate the Wannier functions by

Gaussians of width σ ¿ ξ, and find Vi,j = (κ2/ξg) e−2|i−j|a/ξ and Ep = κ2/2ξg. We

note that the interaction between impurities is always attractive. More importantly,

for realistic experimental parameters, ξ ∼ a, and hence the off-site terms Vj,j+1 ∝
impurities or a quantum master equation for non-fixed ones is presented in the next chapter.
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Figure 4.2. (a) Energy spectrum of three polarons in a 1D optical lattice.
The solid line shows the lowest energy band E3(k) characterising off-site
three-polaron clusters. The lattice (wavelength λ = 790nm, M = 31 sites,
periodic boundary conditions) contains 133Cs atoms with J̃ = 7.5×10−3ER,
U = 50Ep, and κ/ERλ = 1.05 × 10−1. The BEC consists of 87Rb atoms
with n0 = 5× 106 m−1 and g/ERλ = 4.5× 10−2. (b) Probability of finding
a three-polaron cluster (solid line) or a two-polaron cluster (dashed line)
versus temperature. The parameters are g/ERλ = 6.5 × 10−2, κ/ERλ =
1.32× 10−1, U = 2.2Ep, M = 27, and the rest as for (a).

e−2a/ξ are non-negligible. This interaction potential is a direct consequence of the

local deformation of the BEC around each impurity, as shown in Fig. 4.1. For a set

of static impurities at positions xj = aj, the overall deformation of the BEC density

to order κ is given by n(x) = n0 +
∑

j〈X̂j b̂
†
qb̂qX̂

†
j 〉 = n0 − (κ/gξ)

∑
j e−2|x−xj |/ξ.

In the following, we consider coherent dynamics at small BEC temperatures

kBT ¿ Ep, where incoherent phonon scattering is highly suppressed. Provided

that ζ = J/Ep ¿ 1, we can apply the so-called strong-coupling theory [167], and

treat the hopping term in Eq. (4.2) as a perturbation. Including terms of first order

in ζ, we obtain the impurity Hamiltonian

Ĥ(1) = −J̃
∑

〈i,j〉
â†i âj +

1

2
Ũ

∑
j

n̂j(n̂j − 1) + µ̃
∑

j

n̂j − 1

2

∑

i6=j

Vi,j n̂in̂j , (4.3)

with µ̃ = µ + κn0 − Ep, Ũ = U − 2Ep, and J̃ = J 〈〈X̂†
i X̂j〉〉. Here 〈〈 · 〉〉 denotes the

average over the thermal phonon distribution and i, j are nearest neighbours. We

find 〈〈X̂†
i X̂j〉〉 = exp

{−∑
q6=0 |M0,q|2[1− cos(q ·a)](2Nq + 1)

}
, with a the position

vector connecting two nearest neighbour sites and Nq = (e~ωq/kBT − 1)−1. Thus,

the hopping bandwidth decreases exponentially with increasing coupling constant

κ and temperature T .

Polaron Clusters.—We now discuss the formation of polaron clusters for kBT .
Ep, based on Hamiltonian Ĥ(1) in Eq. (4.3), and assume that the bosonic impurities
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Figure 4.3. (a) Density-density correlation in a system of three polarons in-
dicating the formation of off-site three-polaron clusters. (b) Corresponding
momentum distribution 〈nk〉. κ/ERλ = { 4.0, 6.1, 8.1, 10.1, 12.1 } × 10−2

where a higher value corresponds to a more localised correlation in (a) and
a more spread distribution in (b). The other parameters are g/ERλ =
6.5× 10−2, M = 27, U = 3Ep, and the rest as in Fig. 4.2(a).

are in thermal equilibrium with the BEC. At these temperatures Vi,j, and J̃ are well

approximated by their T = 0 values. We consider the limit Ũ À Vj,j+1, Ũ À J̃ , and

adiabatically eliminate configurations with multiply occupied sites. Keeping only

nearest neighbour interactions, we obtain approximate expressions for the binding

energy Eb(s) ≈ (s− 1)Vj,j+1 of a cluster of s polarons located in adjacent sites and

the lowest energy band Ek(s) ≈ −Eb(s) − 2J̃s(Vj,j+1)
1−s cos(ka) [180], with k the

quasimomentum. This band approximation is in good agreement with the results

from exact diagonalisation of Ĥ(1) using the full interaction potential Vi,j, as shown

for three polarons in Fig. 4.2(a).

This model predicts a decreasing average cluster size with increasing temper-

ature. For a small system with N = 3 polarons, we calculate the probability of

finding a three-polaron cluster P3 =
∑

ν〈nν〉, where the sum is taken over all states

with energies εν < Eg(2) + Eg(1), Eg(N) is the ground state energy of an N -

polaron cluster, and the occupation probabilities are given by the Boltzmann law

〈nν〉 ∝ exp(−εν/kBT ). Analogously, we determine the probability P2 of finding a

two-polaron cluster or bipolaron. The results are shown in Fig. 4.2(b). The prob-

ability of having a three-polaron cluster goes down with increasing temperature

and for T = Ep/kB ≈ 18nK is essentially zero for the parameters chosen. For this

three-polaron cluster, three-particle loss is negligible due to the on-site repulsion

U . Decreasing the value of U gives a significantly increased P2 compared to the

values shown in Fig. 4.2(b).

The clustering of polarons leads to their mutual exponential localisation. This is

illustrated by the density-density correlations 〈n̂in̂i+j〉 for the three-polaron cluster

in Fig. 4.3(a). With increasing attractive interaction Vi,j, the mutual localisation
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gets stronger, leading to an increased broadening of the momentum distribution, as

shown in Fig. 4.3(b). This allows polaron clusters to be identified in time of flight

experiments. We note that the transition from a superfluid to a Mott insulator also

leads to broadening of the momentum distribution as, e.g., observed in [33, 34].

However, using Bragg spectroscopy [170] would allow the unambiguous distinction

of boson clustering from this transition.

Conclusion.—We have demonstrated that the dynamics of bosonic impurities

immersed in a BEC is accurately described in terms of polarons. The phonons

induce off-site interactions, which lead to the formation of stable clusters that are

not affected by loss due to inelastic collisions. Using the techniques introduced

in this chapter, qualitatively similar phenomena can also be shown to occur for

fermionic impurities. In either case these effects can be controlled by external

parameters and lie within the reach of current experimental techniques.





Chapter 5

Publication

Dynamics, dephasing and clustering of impurity
atoms in Bose-Einstein condensates1

Alexander Kleina,b, Martin Bruderera, Stephen R. Clarka,c, and Dieter Jakscha,b

aClarendon Laboratory, University of Oxford, Parks Road, Oxford OX1 3PU, United Kingdom
b Keble College, Parks Road, Oxford OX1 3PG, United Kingdom

c Trinity College, Broad Street, Oxford OX1 3BH, United Kingdom

New J. Phys. 9, 411 (2007)

We investigate the influence of a Bose-Einstein condensate (BEC) on the properties
of immersed impurity atoms, which are trapped in an optical lattice. Assuming a
weak coupling of the impurity atoms to the BEC, we derive a quantum master equa-
tion for the lattice system. In the special case of fixed impurities with two internal
states the atoms represent a quantum register and the quantum master equation
reproduces the exact evolution of the qubits. We characterise the qubit dephasing
which is caused by the interspecies coupling and show that the effect of sub- and
superdecoherence is observable for realistic experimental parameters. Furthermore,
the BEC phonons mediate an attractive interaction between the impurities, which
has an important impact on their spatial distribution. If the lattice atoms are al-
lowed to move, there occurs a sharp transition with the impurities aggregating in
a macroscopic cluster at experimentally achievable temperatures. We also investi-
gate the impact of the BEC on the transport properties of the impurity atoms and
show that a crossover from coherent to diffusive behaviour occurs with increasing
interaction strength.

5.1 Introduction

Ultracold atoms in optical lattices have attracted considerable interest during the

last few years. Theoretical investigations showed that ultracold atoms in optical

lattices can be used for mimicking a wide range of models encountered in condensed

1Apart from the results shown in figure 5.8, the work presented in this chapter is my contri-
bution, the co-authors were discussion partners.
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matter physics [20]. These models include the Hubbard Hamiltonian [17, 18], spin-

spin interactions [23, 24], high-temperature superconductivity [181, 182], effective

magnetic fields [25–28, 136, 137], even with non-abelian gauge potentials [138, 139],

and the fractional quantum Hall effect [26, 183], to name but a few. Experimental

efforts have led to an unprecedented control over the properties of optical lattice

systems [19], including such milestones as the Mott insulator to superfluid transi-

tion [22, 113], investigations of Bose-Fermi [33, 34] as well as Bose-Bose mixtures

[184], vortex pinning [185], the creation of repulsively bound atom pairs [170], and

cold controlled collisions between atoms in optical lattices [45, 46]. Especially for

the latter experiments the absence of lattice phonons and thus the suppression of

decoherence mechanisms was crucial. However, when mimicking the behaviour of

electrons in crystals this lack of phonons might lead to an oversimplification of the

underlying model and it is desirable to introduce phonons in a controlled manner

into the optical lattice system.

One way of achieving this goal is to immerse the optical lattice system into

a Bose-Einstein condensate (BEC). Experiments where both atom species are

trapped by the optical lattice are common and decoherence effects in such sys-

tems have already been observed [33, 34]. Furthermore, these Bose-Fermi mix-

tures promise rich phase diagrams including charge and spin density wave phases

[171, 172], pairing of fermions with bosons [173] and a supersolid phase [174]. We,

however, focus on the case where only one species is trapped by the optical lat-

tice. This can be achieved by a suitable choice of the laser wavelengths and atomic

species such that the BEC is not affected by the optical lattice [131]. The lattice

atoms interact with the condensate via density-density interaction, which can be

described by Bogoliubov phonons coupling to the impurities. Earlier studies on

such systems have shown that this coupling can be exploited to cool the lattice

atoms to extremely low temperatures [148, 149], which are otherwise very difficult

to achieve. In Ref. [178], the present authors have derived a model in which lattice

atoms dressed by a coherent state of Bogoliubov phonons constitute polarons [166].

The model exhibits an attractive interaction potential between the lattice atoms

[175, 176] and allows a generalised master equation to be deduced which shows

that the system exhibits a crossover from coherent to diffusive dynamics.

Instead, in this chapter we concentrate on describing the lattice atoms by a

quantum master equation (QME), which is derived in Sec. 5.3. In contrast to the

generalised master equation, which only describes the density distribution of the

atoms, the QME also allows the investigation of the off-diagonal density matrix ele-

ments. Furthermore, both equations operate in complementary parameter regimes,

which widens the scope of physics that can be investigated. We show in Sec. 5.4

that for the case of fixed impurities the system can be solved exactly and after

tracing out the BEC degrees of freedom the QME reproduces this exact solution.

Due to the coupling to the phonons the lattice atoms experience dephasing, which

can be used to demonstrate the effects of sub- and superdecoherence [186] and to
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Vi,j ~ κ2

∼κ

Figure 5.1. An ultracold quantum gas trapped in an optical lattice is im-
mersed in a much larger BEC. The impurities interact with the BEC via
the coupling constant κ and can excite Bogoliubov phonons (right). These
lead to dephasing effects. By exchanging phonons an off-site interaction Vi,j

is mediated between the lattice atoms (left).

probe spatial properties of the BEC analogous to Ref. [187]. We also investigate the

severe effect this decoherence has if the atoms in the lattice are used as a quantum

register. In Sec. 5.5 we show that the attractive interaction mediated between the

lattice atoms leads to the formation of atom clusters, which should be observable

for typical experimental parameter regimes. This effect is reminiscent of the clus-

tering of ad-atoms on crystal surfaces [188]. The influence of the phonon coupling

on the transport properties of the lattice atoms is investigated in Sec. 5.6. We

show that the crossover from coherent to diffusive transport, which was observed

in Ref. [178], can also be described by the QME. In contrast to the treatment in

Ref. [178], the QME in addition gives access to the off-diagonal elements of the

density operator. We also show the limitations of the QME by applying it to a

tilted lattice system and comparing the results to a near-exact numerical solution

for the time evolution.

5.2 Model

The system under consideration is composed of a BEC and an ultracold gas of

impurity atoms trapped in an optical lattice giving a setup like that shown in

Fig. 5.1. The impurities can be either bosonic or fermionic atoms. For most of the

results derived in this chapter the statistics of the lattice atoms is unimportant, but

for concreteness we will assume bosonic impurities in the following. The dynamics

of the whole system is governed by the Hamiltonian Ĥ = ĤL + ĤB + ĤI, where

ĤB =

∫
dr φ̂†(r)

[
−~

2∇2

2mb

+ Vext(r) +
g

2
φ̂†(r)φ̂(r)

]
φ̂(r) (5.1)

describes the BEC, with φ̂† the condensate field operator, mb the mass of the BEC

atoms, Vext(r) an external potential confining the BEC, and g > 0 the coupling

constant between the BEC atoms. Here, we have assumed that the optical lattice
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potential does not affect the BEC atoms, which can be achieved by choosing the

laser wavelengths and atom species accordingly [131]. The atoms in the optical

lattice, which are distinguishable from the atoms in the BEC, are described by the

Hamiltonian ĤL, whereas the interaction between the two sub-systems is given by

ĤI = κ

∫
dr χ̂†(r)χ̂(r)φ̂†(r)φ̂(r) . (5.2)

Here, χ̂† is the field operator of the lattice atoms, and κ is the density-density

coupling constant between the BEC and the impurities. It was shown in Ref. [178]

that in the tight-binding limit and under the condition |κ|/gn0ξ
D ¿ 1 (where D is

the dimensionality of the system, n0 the density of the BEC in the trap centre, and

ξ = ~/√mbgn0 the healing length) the total Hamiltonian reduces to a Hubbard-

Holstein model, given by

ĤL = −J
∑

〈i,j〉
â†j âi +

U

2

∑
i

n̂i(n̂i − 1) + µ
∑

i

n̂i , (5.3)

ĤI =
∑

ν

′ ∑
j

~ων

[
Mj,ν b̂ν + M∗

j,ν b̂
†
ν

]
n̂j , (5.4)

ĤB =
∑

ν

′
~ων b̂

†
ν b̂ν . (5.5)

Here, the prime at the sum indicates that zero energy modes have been excluded, b̂†ν
creates a Bogoliubov phonon in mode ν with energy ~ων , â†j creates a lattice atom

in site j, n̂j = â†j âj is the number operator on site j, J describes the hopping of the

impurities, U is their on-site interaction, and the coupling between the phonons

and the lattice atoms is given by

Fj,ν = ~ωνMj,ν = κ

∫
drφ0(r) [uν(r)− vν(r)] |ηj(r)|2 . (5.6)

In this equation, ηj is a Wannier function describing an atom in lattice site j, φ0 is

the solution of the Gross-Pitaevskii equation and uν and vν solve the Bogoliubov-

deGennes equations, see also Ref. [104].

For the case of a homogenous condensate, which we consider in the remainder of

the chapter, the condensate wave function is given by φ0 =
√

n0 and the solutions of

the Bogoliubov-deGennes equations yield uq(r)−vq(r) =
√

εq/~ωq exp(ik·r)/√Ω,

see also Eq. (2.26). Here, q is the phonon quasi-momentum, Ω the quantisation

volume, εq = (~q)2/2mb the free particle energy, and ~ωq =
√

εq(εq + 2gn0) the

Bogoliubov dispersion relation. This gives

Fj,q = κ

√
n0εq

~ωq

fj(q) , (5.7)
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with fj(q) = Ω−1/2
∫

dr|ηj(r)|2 exp(iq · r). The latter integral can in general not

be solved analytically. However, for sufficiently deep lattices [91], the Wannier

functions can be approximated by Gaussians, yielding

fj(q) =
eiq·rj

√
Ω

exp

(
−1

4

D∑

l=1

q2
l x

2
0

)
, (5.8)

with x0 =
√
~/mbωt, where ωt is the trapping frequency of a harmonic trap ap-

proximating the lattice potential at a given lattice site.

An experimental realisation of this setup is achievable with present techniques

as follows. The creation of Rb condensates with 106 atoms has been demonstrated

leading to the desired BEC densities of about 1020/m3 in three dimensions, see for

instance [189]. By choosing a sufficiently flat trapping potential of a few Hz the

BEC can be assumed to be homogenous to a good approximation in the centre of

the trap, extending over a few micrometers. Furthermore, in references [33, 34] a

mixture of Rb and K atoms has been created and trapped in a three-dimensional

optical lattice, where several tens of thousands of lattice sites have been occupied.

The filling for the K atoms ranged between 0 and 1 atoms per lattice site, whereas

the filling of the Rb atoms could exceed 5 atoms per site in the centre of the trap.

Although in these experiments both atom species were trapped by the optical

lattice, techniques to trap only one of the two species, for example K, have been

studied extensively in reference [131]. Applying these techniques leaves the Rb

atoms virtually unaffected and enables the creation of a nearly homogenous BEC.

5.3 The quantum master equation

In order to investigate the behaviour of the impurity atoms we derive a Quantum

Master Equation (QME) for the lattice system by tracing out the surrounding

BEC. The details are given in appendix 5.A. Here we note that the main condition

of deriving the QME is that the sound velocity of the condensate, c ∼
√

gn0/mb , is

larger than the typical hopping speed of the atoms, i.e., c À Ja/~, where a = λ/2

is the distance between two lattice sites. With this assumption we get

i~∂t%̂L(t) =
[
Ĥg(t) , %̂L(t)

]

− i

~
∑
q

′ ∑

l,l′

sin(ωqt)

ωq

(n̂ln̂l′ %̂L(t) + %̂L(t)n̂ln̂l′ − 2n̂l′ %̂L(t)n̂l)

× (
Fq,lF

∗
q,l′ + Nq(T )(Fq,lF

∗
q,l′ + F ∗

q,lFq,l′)
)

.

(5.9)

Here, Nq(T ) = 1/(exp(~ωq/kBT ) − 1) is the number of thermal phonons at tem-

perature T , and %̂L(t) = TrB%̂(t), where TrB denotes the trace over the condensate.
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Furthermore, the Hamiltonian

Ĥg(t) = ĤL −
∑
q

′ ∑

l,l′

1− cos(ωqt)

2~ωq

(Fq,lF
∗
q,l′ + F ∗

q,lFq,l′)n̂l(t)n̂l′(t) (5.10)

describes the coherent evolution of the lattice atoms, most notably an off-site inter-

action that is mediated by the phonons of the BEC. The interaction term includes a

transient behaviour described by the cosine functions, which accounts for suddenly

turning on the interaction between lattice atoms and BEC. The sum over all these

cosine functions vanishes in the limit t →∞.

The Born approximation used in deriving the QME is valid if the perturbation

caused by the BEC is small compared to the typical energy scales given by the

lattice system. If only the hopping term is important for the lattice atoms, this

energy scale is determined by J . The energy scale of the perturbation is given by

the so-called polaron energy Ep =
∑′

q(Fq,lF
∗
q,l + F ∗

q,lFq,l)/2~ωq ∼ κ2/gξD, which

leads to the condition J À Ep, known as the weak coupling regime. This parameter

regime is complementary to the one considered in Ref. [178] (see also chapter 4).

There, the opposite limit was investigated, namely the strong coupling regime,

where the polaron energy is larger than the hopping of the atoms. As we will show

in the following section, the condition J À Ep is not required for the case of J = 0,

where an analytical solution of the dynamics of the whole system can be derived.

After tracing out the BEC degrees of freedom this solution agrees with the one

given by the QME.

5.4 Fixed impurities and the Quantum Register

For very deep optical lattices the hopping constant J is essentially zero and the

impurities cannot leave their site. If there is a maximum of one atom in each lattice

site, the setup can be used as a quantum register [190]. The lattice atoms represent

qubits on which single qubit rotations can be implemented via external laser pulses.

For the manipulation of the atoms single site addressability is necessary, which

may be achieved by using infrared lattices [41], by leaving empty sites between the

atoms [39, 40], by exploiting the properties of marker atoms [36], or by additional

external fields [37, 38]. An entangling two-qubit gate can be implemented by using

the interaction which is mediated by the condensate [176]. For this it is necessary

to turn the interaction on and off, which can be done by using different internal

states of the lattice atoms, some of which couple to the BEC, and others that do

not couple. However, due to the coupling to the BEC the qubits also experience

dephasing, which will be investigated in this section.
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5.4.1 Analytical solution of the time evolution

We first calculate the time evolution of the atoms subject to the BEC coupling. For

easier notation we focus on the case where the lattice atoms have only one internal

state and we assume that there is a maximum of one atom per lattice site. In the

regime were our model introduced in section 5.2 is valid, i.e. |κ|/gn0ξ
D ¿ 1, and for

J = 0, the Hamiltonian of the whole system simplifies to Ĥ0 = ĤB + ĤI, where ĤI

is given in Eq. (5.4) and ĤB in Eq. (5.5). The time evolution Û(t) = exp(−iĤ0t/~)
of this Hamiltonian is solved analytically. We first note that Û(t) =

∏′
q Ûq(t) with

Ûq(t) = exp

[
−i

(
~ωqb̂

†
qb̂q +

∑

l

n̂l(Fl,qb̂q + F ∗
l,qb̂

†
q)

)
t

~

]
. (5.11)

This operator can be decomposed using the methods described in Ref. [191], yield-

ing

Ûq(t) = exp
[
−iωqb̂

†
qb̂qt

]
exp

[∑

l

n̂l(F̃l,qb̂q − F̃ ∗
l,qb̂

†
q)

]

× exp

[
i(ωqt− sin(ωqt))

2~2ω2
q

∑

l,l′
n̂ln̂l′(Fl,qF

∗
l′,q + F ∗

l,qFl′,q)

]
.

(5.12)

Here, we have defined F̃l,q = Fl,q [−i sin(ωqt)− (1− cos(ωqt))] /~ωq. The last term

in Eq. (5.12) describes the off-site interaction between two atoms confined in lattice

sites l and l′, which is mediated by a phonon with quasi-momentum q. The total

interaction potential is derived by adding all phonon contributions together. For

t → ∞, the oscillations caused by the sine function cancel each other and the

off-site interaction potential is given by2

Vl,l′ =
∑
q

′ Fl,qF
∗
l′,q + F ∗

l,qFl′,q

2~ωq

. (5.13)

This interaction potential was already found earlier [176, 178], however, the exact

solution in addition reveals the transient behaviour after suddenly turning on the

interaction, which is described by the sine functions.

The coupling to the BEC leads to dephasing of the lattice atoms as gets ap-

parent after tracing out the condensate degrees of freedom. There are in essence

two different types of dephasing. One can be observed when a lattice atom is

driven into a superposition of two different states that couple differently to the

condensate. This situation has been discussed in reference [187]. The other type

2For later convenience, we define this Vl,l′ in such a way that the interaction term in the
Hamiltonian is given by −∑

l,l′ Vl,l′ n̂ln̂l′ .
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of dephasing is given when comparing the phase of two atoms in different lattice

sites. We illustrate this effect of dephasing by calculating the correlation function〈
â†γ âβ

〉
= Tr

[
â†γ âβ %̂(t)

]
= Tr

[
Û †(t)â†γÛ(t)Û †(t)âβÛ(t)%̂(0)

]
. A combination of the

two dephasing effects is discussed in section 5.4.2.

If we choose the same initial conditions as in appendix 5.A, namely %̂(0) =

%̂L(0)⊗ %̂B(0) and %̂B(0) describes a thermal state of the BEC, we get

〈
â†γ âβ

〉
= TrL

[
exp

(
i
~
∫ t

0
Ĥg(s) ds

)
ã†γ(0)ãβ(0) exp

(
− i
~
∫ t

0
Ĥg(s) ds

)
%̃L(0)

]
×

exp
(
− ∑

q
′ 1
~2ω2

q
|Fβ,q − Fγ,q|2(1− cos(ωqt))(2Nq(T ) + 1)

)
. (5.14)

Here, TrL denotes the trace over the lattice system, Ĥg was introduced in Eq. (5.10),

and we made use of the identity TrB

[
exp(αqb̂

†
q − α∗qb̂q)%̂B

]
= exp[−|αq|2(2Nq(T )+

1)/2] for thermally distributed %̂B and some complex number αq [192]. The first

part of Eq. (5.14) describes the correlations between lattice sites γ and β which

are induced by the dynamics of the lattice atoms. In our case, their time evolution

only contributes a phase term. The second part describes the dephasing which is

caused by the coupling to the BEC atoms. Let us denote the dephasing term by

Γ. In the thermodynamic limit of the Bogoliubov modes we can replace the sum

by an integral and get

Γ ≥ exp

(
−

∑
q

′ 8dq

(~ωq)2
(2Nq(T ) + 1)

)

≈ exp

(
−

∫
dDk

8κ2

(2π)Dg2n0ξD

exp(−k2x2
0/2ξ

2)

k
√

k2 + 2
3 (2Nk(T ) + 1)

)
=: Γmin ,

(5.15)

where dq = κ2n0εq exp(−q2x2
0/2)/Ω~ωq, Fq,j =

√
dq exp(iqrj), and D is the num-

ber of spatial dimensions. For zero temperature, D = 3, and ξ À x0 the in-

tegral can be approximated by neglecting the exponential function which gives

Γ(T = 0) ≥ exp(−4κ2/
√

2π2g2n0ξ
3), whereas for sufficiently high finite tempera-

ture kBT À gn0 we find Γ ≥ exp(−κ2kBT/
√

2πg3n2
0ξ

3). In both cases the factor

Γ describing the dephasing fulfils Γ > ς > 0 for a suitable real number ς. This is

independent of time or of the distance between the two atoms, which is different

from the one-dimensional case, where numerical calculations show that Γ decays to

0 in the thermodynamic limit for t → ∞ as well as for |rγ − rβ| → ∞, indicating

that no correlations survive.

Interestingly, the solution of the QME introduced in Sec. 5.3 gives the same

correlation functions, which also holds for the time evolution of the operators âj

after tracing out the condensate. This is due to the fact that the interaction

commutes with the lattice Hamiltonian for J = 0 and that the BEC is initially in

a Gaussian, namely a thermal, state [193]. Hence, for the case J = 0 the QME
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describes the lattice atoms exactly after the trace over the BEC is taken. For J 6= 0

the interaction Hamiltonian and the one describing the lattice atoms do no longer

commute, and the QME is only valid for a large hopping with J À Ep.

5.4.2 Sub- and superdecoherence and probing the BEC

It has been predicted in Ref. [186] that decoherence effects caused by a qubit-bath

coupling can be enhanced (superdecoherence) or suppressed (subdecoherence) for

certain cases.3 Here we show that these effects are indeed observable in a BEC

for realistic experimental parameters. The effect can moreover be used in order to

probe such BEC properties as the temperature with different sensitivity, similar to

the method introduced in Ref. [187].

Let us assume that the atoms have two internal states |0〉 and |1〉 which couple

to the BEC with different coupling constants κ0 = 0, κ1 = κ. This case can be

easily generalised to a non-zero κ0. The different coupling strengths can for example

be realised in a 40K−87Rb mixture. The positions of the Feshbach resonances for

the scattering with the rubidium atoms depends on the fine structure levels |F, mF 〉
of the potassium atoms [194]. By choosing the external magnetic field close to one

Feshbach resonance considerable differences between the scattering lengths and

hence the coupling constants for different internal states can be achieved, and it is

even possible to tune one scattering length to zero.

Initially, the total state of the two atoms is described by the density matrix

%̂2(0) =
∑

ijkl=0,1 %ijkl(0) |ij〉 〈kl|. After evolving for a certain time t and tracing out

the BEC the density matrix changes to %̂2(t) = Ûcoh

∑
ijkl=0,1 %ijkl(t) |ij〉 〈kl| Û †

coh,

where Ûcoh describes the coherent evolution of the atoms induced by the off-site

interaction term, which for our case only changes the phase of the matrix elements,

but not their absolute value. The elements %ijkl(t) are given by %ijkl(t) = %ijkl(0)

if i = k and j = l, %ijkl(t) = Γ0%ijkl(0) if i + j + k + l is an odd number, %ijkl(t) =

Γ−%ijkl(0) for %0110 and %1001 and %ijkl(t) = Γ+%ijkl(0) for %1100 and %0011. The

functions Γ+,0,− are calculated analogously to the dephasing term Γ in Sec. 5.4.1

and are given by

Γ0 = exp

(
−

∑
q

′
dq

1− cos(ωqt)

(~2ωq)2
(2Nq(T ) + 1)

)
, (5.16)

Γ− = exp

(
−

∑
q

′
dq[2− 2 cos(q(rγ − rβ))]

1− cos(ωqt)

(~2ωq)2
(2Nq(T ) + 1)

)
, (5.17)

Γ+ = exp

(
−

∑
q

′
dq[2 + 2 cos(q(rγ − rβ))]

1− cos(ωqt)

(~2ωq)2
(2Nq(T ) + 1)

)
, (5.18)

3In our case it would be more appropriate to speak of sub- and superdephasing. We will
however stick to the conventions introduced in Ref. [186].
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Figure 5.2. The different behaviour of the dephasing functions Γ− (solid
line), Γ0 (dashed line) and Γ+ (dotted line) versus (a) time, (b) temperature,
and (c) distance d of the lattice atoms. Two 133Cs atoms were assumed in
an optical lattice with wavelength λ = 790nm and a depth of V0 = 40ER,
where ER = (2π~)2/2mlλ

2. The one-dimensional BEC consists of 87Rb
atoms with a linear number density of 5× 106/m. The couplings are given
by g = 4.5 × 10−2ERλ and κ = 3.5 × 10−2ERλ. In (a), a temperature
of T = 5nK and a distance of d = 5λ/2 were chosen, in (b) the same
distance and a time of t = 10ms, in (c) T = 5nK and t = 10ms. For recent
experiments of RbCs-mixtures, see Refs. [195, 196].

where rγ and rβ denote the positions of the two atoms. Although the overall

structure of these three decoherence terms looks very similar they behave quite

differently. Let us for the moment assume that only such momenta q contribute

considerably to the sum for which the condition q(rγ − rβ) ¿ 1 holds. This is

typically the case for a temperature of T ≈ 0 and the atoms trapped in two neigh-

bouring lattice sites. Then, Γ− ≈ 1, which means that the decoherence for an

initial state |ψ〉 = (|10〉± |01〉)/√2 is strongly suppressed, because the fluctuations

of the condensate happen on a length scale which is too large to resolve the distance

between the two atoms. In contrast, the decay of the off-diagonal elements of the

initial state |ψ〉 = (|11〉± |00〉)/√2 is enhanced. These effects of sub- and superde-

coherence have been predicted in Ref. [186] for a general type of qubit-environment

coupling and are similar to the Dicke effect [197] well known in quantum optics.

However, in our case it is not the decay rate of the excited state which is sup-

pressed or enhanced. Instead, only the off-diagonal elements of the density matrix

are affected leaving the occupation numbers unchanged.

As depicted in Fig. 5.2, these effects can indeed be observed for realistic experi-

mental parameters. Figure 5.2(a) shows the time dependence of the three functions.

Γ− reaches its stationary state very quickly, whereas the two other functions drop

exponentially to zero. The temperature dependence is shown in Fig. 5.2(b). Since

for higher temperatures phonons with shorter wavelengths become more important,

the condition q(rγ − rβ) ¿ 1 is no longer fulfilled and Γ− decreases, however con-

siderably slower than Γ+. The condition is also violated when the distance between
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the two atoms is increased, as shown in Fig. 5.2(c). Interestingly, the function Γ+

shows exactly the opposite behaviour: With increasing distance, the value of the

function increases as well, until it reaches the same value as Γ−.

5.4.3 Implications for the quantum register

The dephasing investigated in the previous section has severe implications on the

performance of a quantum register. In order to store the information two internal

states |0′〉 and |1′〉 of the lattice atoms are needed, and we assume that these states

do not couple to the BEC, in which case there is also no decoherence caused by

the condensate coupling. However, the BEC can be used to perform a two-qubit

gate between two atoms submerged into it as detailed in Ref. [176]. In short, if

an atom is in state, say, |1′〉, it will be driven by a laser pulse to a state |1〉 which

couples to the condensate, whereas the state |0′〉 is either unaffected or driven

to a state |0〉 which does not couple to the BEC. If both atoms involved are in

state |1〉 they can exchange BEC phonons which causes an additional energy shift.

In the previous section, this evolution was described by the unitary Ûcoh, and by

appropriately chosen laser pulses this operator results in a controlled-phase gate.

However, due to the coupling the atoms also get entangled with the BEC, which

results in dephasing after tracing out the condensate.

The influence of the dephasing on the density matrix %̂2 is suitably expressed by

using Kraus operators Ej. The super-operator Λ giving the effect of the dephasing

(excluding the controlled-phase gate) can be expressed as

Λ(%̂2) =
d2∑

j=1

Ej %̂2E
†
j , (5.19)

where d is the dimensionality of the quantum system, here d = 4 for two qubits.

Since the dephasing Λ commutes with the controlled-phase operation, the effect of

the noisy gate is described by Λg(%̂2) = ÛcZΛ(%̂2)Û
†
cZ = Λ(ÛcZ %̂2Û

†
cZ). The Kraus

operators for Λ are given in appendix 5.B, where we also show how the average

fidelity 〈F 〉 of the noisy gate can be calculated using the explicit form of these

operators. We find

〈F 〉 =
1

10
(4 + 4Γ0 + Γ− + Γ+) . (5.20)

From the definition of the dephasing terms it is evident that the fidelity is worse for

higher interactions κ between the BEC and the lattice atoms. On the other hand,

a lower interaction κ means a lower interaction strength between the two atoms

and hence it takes a longer time to perform the gate. In the three-dimensional

case, by choosing an arbitrary low interaction strength κ, the average gate fidelity

can be brought arbitrarily close to 1, however the time to perform the gate gets

arbitrarily long as well. Since there also exist other decoherence mechanisms in
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cold atom systems, this will eventually decrease the performance of the setup.

For concreteness, we consider the three-dimensional case where two 133Cs atoms

are placed in two neighbouring lattice sites with wavelength λ = 790nm. They

are surrounded by a 23Na BEC with a number density of (5 × 106)3/m3 and an

interaction strength of g = 1.5× 10−2ERλ3. Here, ER = (2π~)2/2mlλ
2 is the recoil

energy, with ml the mass of the lattice atoms and λ the wave length of the laser

creating the lattice. The interspecies coupling is given by κ = 1.1 × 10−2ERλ3.

In the thermodynamic limit, for i 6= j and ξ À x0 the mediated interaction is

Vi,j = κ2ξ exp(−√2|i − j|a/ξ)/πgξ3|i − j|a, where a is the distance between two

neighbouring lattice sites. This leads to the (minimal) gate time tg = ~π/V1,2 =

40ms [176], where the gate fidelity is given by 〈F 〉 = 0.99. For getting the last

result, we used the approximations Γx ≥ exp(−cxκ
2/
√

2π2g2n0ξ
3), which hold in

the thermodynamic limit, T = 0, ξ À x0, and where c0 = 1, c− = 2, and c+ = 4.

For the case of two or one spatial dimensions, the interaction is in general larger

and thus the expected gate times shorter. However, the fidelities decrease much

faster than for three dimensions, and all of our numerical tests showed that for

the same gate times the three-dimensional fidelities were always better than the

ones achieved in lower dimensions. Although this restricts the applicability of this

setup for quantum information purposes, the scheme can still be used for probing

the interaction strength which is mediated by the condensate, simply by measuring

the phase differences for varying interaction times.

5.5 Clustering of the lattice atoms

If the lattice is not uniformly filled with atoms but the filling ranges somewhere

between zero and one atom per lattice site, the mediated interaction has an impor-

tant impact on the spatial distribution of the atoms. For low enough temperatures,

it will lead to atom clusters. To observe the clustering of the atoms we have to

allow for a weak hopping J ¿ |V1,2|, |U |,4 because otherwise the atom distribution

remains stationary. We can assume that the perturbation due to the hopping does

not change the interaction potential Vi,j derived from the exact solution, which is

in agreement with our earlier findings [178]. The hopping energy can furthermore

be neglected compared to the interaction potential, such that the weak hopping

leads only to a re-arrangement of the atoms, which is similar to the treatment of

ad-atoms on crystal surfaces [188]. The Hamiltonian for this situation is given by

Ĥcl =
U

2

∑
j

n̂j(n̂j − 1)−
∑
i,j

Vi,jn̂in̂j . (5.21)

4In the assumed homogeneous setup the value V1,2 corresponds to the mediated interaction
between two nearest neighbours and V1,1 to the mediated on-site interaction.
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The mediated on-site interaction V1,1, which in our case is always attractive,

cf. equation (5.13), might overcompensate the on-site interaction U , i.e., U +V1,1 <

0. If this happens, all the atoms can aggregate in a single lattice site, which will

inevitably lead to three-body losses. We therefore assume that the repulsive on-

site interaction U is large enough such that states with more than one atom in a

single lattice site can be neglected, i.e., U + V1,1 À J . For the parameters used

below (see captions of Figs. 5.3 and 5.4) the mediated on-site interaction is given

by V1,1 = −0.03ER in one dimension and V1,1 = −0.08ER in two. Since we require

a deep lattice for the hopping J to be small, a sufficiently high U can easily be

achieved. For a reasonably deep lattice of 15ER and perpendicular confinement of

35ER, the interaction strength is on the order of U ≈ 0.4ER for a one-dimensional

lattice and U ≈ 0.3ER for two dimensions and thus sufficiently high to overcome

the induced on-site attractive interaction. The repulsive interaction strength cor-

responds to a temperature of U/kB = 150nK in one dimension (U/kB = 130nK in

two dimensions), such that neglecting states with more than one atom per lattice

site is well-justified for the temperature regime considered, see below. With these

assumptions, the ground state for the lattice system consists of a cluster where all

the atoms are located in neighbouring lattice sites. We note that this also holds if

the lattice is loaded with spin-polarised fermions, in which case the Pauli exclusion

principle ensures that there is never more than one atom in each lattice site. The

restriction to a maximum of one atom per lattice site and ignoring interactions

beyond nearest neighbours makes it also possible to map the system to an Ising

model by using the correspondence n̂j = (1 + ŝj)/2, which gives

Ĥcl = −V1,2

4

∑

〈i,j〉
ŝiŝj − V1,2

∑
j

ŝj , (5.22)

where a constant term has been neglected. We will make use of this correspondence

shortly when we compare our results to analytical ones found for the Ising model

in two dimensions.

In an experiment, the lattice atoms will have a finite temperature T , which leads

to a breaking up of the ground state into smaller clusters, reflecting the increased

average energy. It is therefore important to investigate at which temperatures the

clustering can be observed. To this end, we simulated the lattice system using

the well-established Metropolis algorithm [198, 199], which is often used in the

simulation of classical lattice spin and lattice gas models when the kinetic energy

can be neglected compared to the interaction energies. For a one-dimensional

lattice, the averaged number of clusters5 for different temperatures is shown in

Fig. 5.3(a). For temperatures above T = 7nK the number of clusters does not

change very much with the temperature and roughly 110 clusters exist, which

shows that most of the atoms do not have nearest neighbours. A drastic reduction

5Note that a single atom without nearest neighbours is also considered to constitute a cluster.
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Figure 5.3. Normalised cluster number Nc/N versus (a) temperature of
the one-dimensional lattice gas and (b) coupling to the BEC. The solid line
shows the analytical estimate given in Eq. (5.23), results from numerical
calculations only taking the nearest neighbour interaction into account are
marked by ‘o’ and numerical results including the full interaction potential
are marked by ‘x’. The algorithm was run for 108 steps after which an
equilibrium state is reached. Then, another 5 × 107 steps were done and
after every 1000 steps the number of clusters was calculated. Error bars
show one standard deviation derived from averaging over those results. The
lattice with wavelength λ = 790nm consists of M = 800 lattice sites filled
with N = 160 41K atoms. The surrounding BEC was assumed to consist of
87Rb atoms with a linear number density of n = 5× 106/m and a coupling
g/ERλ = 1.1× 10−2. In (a), the interspecies coupling is given by κ/ERλ =
2.5 × 10−2, whereas in (b) the temperature is fixed to T = 3nK. Periodic
boundary conditions were assumed.

of the cluster number only occurs for T < 7nK, such that the number of clusters

finally reaches Nc = 1 for T ≈ 0. A method to achieve such low temperatures

of below 7 nK has been proposed, where the surrounding BEC is first used for

dark-state cooling [148, 149].

The numerical data in Fig. 5.3 is compared to an analytical result derived

in the thermodynamic limit, where the number of lattice sites M goes to infinity

whilst keeping the filling fraction N/M constant, and only taking nearest-neighbour

interactions into account [200]. In this case, the normalised number of clusters

Nc/N is given by

Nc

N
=

M

N

√
1 + 4(M −N)N [exp(2|V1,2|/kBT )− 1] /M2 − 1

2[exp(2|V1,2|/kBT )− 1]
, (5.23)

where kB is Boltzmann’s constant. Our calculations show that the numerical re-

sults taking only the nearest neighbour term of the interaction into account is in
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Figure 5.4. (a) Distribution of the atoms in a homogenous two-dimensional
lattice with periodic boundary conditions and a temperature of T = 1.8nK.
A macroscopic island is clearly visible. (b) Normalised size of the largest
cluster NI/N versus temperature of the lattice gas for a two-dimensional
system (marked by ‘x’) and normalised number of clusters Nc/N (marked
by ‘o’). The solid line shows the analytical expression given in Eq. (5.24),
the dashed line is a guide to the eye. Error bars show one standard deviation
derived from averaging over several runs. The lattice with wavelength λ =
790nm consists of M = 150 × 150 lattice sites filled with 900 41K atoms.
The surrounding BEC was assumed to consist of 87Rb atoms with a number
density of n = 25 × 1012/m2 and a coupling g/ERλ2 = 5.1 × 10−3. The
interspecies coupling is given by κ/ERλ2 = 1.87× 10−2.

excellent agreement with the result for the thermodynamic limit. We furthermore

observe that the number of clusters for the full interaction potential is for low tem-

peratures considerably smaller than for the truncated one, which indicates that the

interaction terms beyond nearest neighbours make the clusters more stable. This

gets also apparent when the temperature is fixed and the number of clusters is

calculated for different coupling strengths κ, as shown in Fig. 5.3(b). For small κ

the interaction beyond nearest neighbours is still quite weak and does not change

the number of clusters significantly, whereas for stronger coupling κ, interaction

terms beyond nearest neighbours are considerable, reflected in a smaller number of

clusters or, equivalently, in a larger average cluster size.

The situation gets more interesting if we consider a two-dimensional lattice. For

T ≈ 0, the atoms aggregate in an “island” and for increasing temperature parts of

this island break away, see Fig. 5.4(a). We have calculated the size of the largest

cluster (i.e. the number NI of atoms constituting the island) numerically, only tak-

ing nearest neighbour interactions into account. This will give a lower bound for the

temperature below which the formation of the island can be observed. The results

are shown in Fig. 5.4(b). For very low temperatures, all the atoms are contained

in a single cluster. This largest cluster gets smaller with increasing temperature
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and shows a pronounced transition at a temperature of T ≈ 2nK, above which the

system mainly consists out of many small clusters. It has been shown in Ref. [201],

that the normalised size NI/N of the island in the thermodynamic limit and only

taking nearest neighbour interactions into accout behaves as

NI

N
=

(1 + N0)(N0 −Nr)

2N0(1−Nr)
. (5.24)

Here, N0 = {1 − [sinh(2Js/kBT )]−4}1/8, and Js = |V1,2|/4. For this formula to be

valid we further require a filling of N/M ≤ 1/2, such that Nr = 1−2N/M ≥ 0, and

above the transition temperature TI where NI/M hits zero for the first time, the

function has to be set to zero, since for this temperature the normalised size of the

largest island vanishes in the thermodynamic limit. Our Monte-Carlo results are in

excellent agreement with Eq. (5.24), deviations above the transition temperature

are due to finite size effects. We note that a higher transition temperature TI can

be achieved by increasing the interaction strength Vi,j or by loading more atoms

into the lattice. We find kBTI = 2Js/arsinh
[
1/ 4

√
1−N8

r

]
, which yields for the

chosen values (see caption of Fig. 5.4) and Nr → 0 a value of TI = 2.34nK.

We note that for a ground state where the atoms are anticlustered, for example a

density wave state, a repulsive off-site interaction would be necessary. For identical

atoms in the lattice this can not be achieved with our setup, since the mediated

interaction between the atoms is always attractive irrespective of the sign of the

interspecies interaction κ.

5.6 Transport properties of the impurity atoms

In this section, we use the QME to investigate the behaviour of the lattice system

for a hopping J À Ep. In general, an analytical solution of the QME is no longer

possible, and the dynamics has to be calculated numerically. Let us consider the

simple case of one atom initially localised in a single lattice site. With vanishing

coupling to the condensate, the atom will spread across the lattice coherently in

a wavelike motion, as shown in Fig. 5.5(a). The interference fringes between the

two wave fronts are clearly visible. The coherent nature of the evolution is also

reflected in the density matrix, where all off-diagonal elements have their maximum

possible value, compare Fig. 5.5(b). The situation changes when the coupling to

the condensate is increased, as shown in Fig. 5.5(c). The wave-fronts still exist,

however the region in between no longer exhibits clear interference patterns, which

are washed out instead. This implies that the coherent nature of the evolution is

impaired, which is also supported by the density matrix, see Fig. 5.5(d). The off-

diagonal elements are clearly suppressed, which confirms the incoherent character.

The motion of the atom in the lattice can be explained by the coexistence of
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Figure 5.5. (a) and (c) time evolution of the atom density. (b) and (d)
graphical representation of the absolute values of the density matrix for the
final time step t = 8.2ms shown in (a) and (c). A darker colour corresponds
to a higher density in (a) and (c) or a higher absolute value of the matrix
elements in (b) and (d). For the examples shown we have assumed a 41K
atom in an optical lattice with wave length λ = 790nm, and a hopping
of J = 0.03ER. The BEC consists of 87Rb atoms with a density of n0 =
5×106/m and a coupling of g/ERλ = 1.1×10−2. The temperature is given
by T = 100nK. The interspecies coupling for case (a) and (b) was assumed
to be κ = 0, whereas for (c) and (d) it was κ/ERλ = 1.94×10−2. For recent
experiments on these mixtures, see Refs. [184, 202].

wavelike, coherent evolution responsible for the two wave-fronts, and a diffusive,

incoherent evolution. The diffusive motion stems from the decay of the off-site

elements in the density matrix, which destroys the memory of the atom and causes

it to perform a random walk, leading to the washing out of the interference effects

between the two wave fronts. To investigate the time evolution more quantitatively,

we calculate the standard deviation σd of the atom density distribution at a time t,

given by σd =
∑

j pj(j − j0)
2, where j labels the lattice sites, pj is the probability

of finding the atom at lattice site j, and j0 is the initial lattice site of the atom

at t = 0. Figure 5.6(a) shows that for an increasing coupling to the condensate

this standard deviation σd decreases. This stems from the fact that the hopping

is reduced due to the coupling between the lattice atoms and the phonons of the

BEC, which has also been observed in Ref. [178].

Taking one standard deviation to either side of j0 defines a suitable interval

I between the two wave fronts to investigate the diffusive character of the mo-
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Figure 5.6. (a) Standard deviation of the density distribution after an evo-
lution time of t = 6.7ms (dashed line) and t = 8.2ms (solid line). (b) Av-
erage density p̄ (solid line) and standard deviation pd (dashed line). Apart
from the interspecies coupling κ, all the parameters are as in Fig. 5.5.

tion. For this interval, we calculate the average atom density p̄ =
∑

j∈I pj/2σd

and the standard deviation of the density distribution pd =
∑

j∈I(pj − p̄)2/2σd.

For the coherent case, we expect that this standard deviation is on the order of

the average density p̄ due to the interference patterns, whereas for the incoherent

case the standard deviation should be much lower than the average density due

to the more homogenous spread of the atom between the two wave fronts. These

expectations are confirmed by our findings shown in Fig. 5.6(b). We observe that

the average density between the two wave fronts p̄ moderately increases with in-

creasing interspecies coupling. The standard deviation of this density pd stays first

approximately constant with increasing κ, indicating a regime where the evolution

can still be considered to be coherent, but then for κ > 5 × 10−3ERλ drops off

considerably, caused by the increased loss of coherence.

The QME describes the lattice atoms well as long as only dephasing has to

be taken into account and energy exchange with the BEC can be neglected. This

is consistent with the approximations we have used to derive the QME: It was

assumed that Ja/~¿ c, which means that the atoms move slower than the critical

velocity of the BEC. Then, according to the Landau criterion for superfluidity, no

energy exchange is possible with a single phonon process, and higher order phonon

processes are not included into the QME.

This gets especially apparent when we try to describe the decay of Bloch oscil-

lations with the QME. Let us assume a Stark potential Ĥs = K
∑

j jn̂j is applied

to the one-dimensional optical lattice. For one particle initially located in a single

lattice site and not coupling to the BEC, we expect breathing oscillations with fre-

quency ωB = K/~ and width 4Ja| sin(ωBt/2)|/K [203]. This is shown in Fig. 5.7(a).

When the atom couples to the BEC, it can dissipate energy into the condensate
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Figure 5.7. Bloch oscillations in an optical lattice submerged into a BEC of
87Rb atoms with a density of n0 = 5× 106/m, a coupling of g/ERλ = 1.1×
10−2 and a temperature of T = 75nK. The 41K atom is trapped in a lattice
with wavelength λ = 790nm and has a hopping rate of J = 0.03ER. The
strength of the Stark potential is given by K/~ = 1.5kHz. The interspecies
coupling is given by (a) κ = 0 and (b) κ/ERλ = 1.6× 10−2.

modes and one expects that the atom can “fall down” the tilted lattice, causing a

net current. When using the QME to describe the dynamics this is, however, not

the case. Instead, the Bloch oscillations only get washed out, but the mean position

of the atom remains unchanged, as shown in Fig. 5.7(b). This is in agreement with

our expectations and with other attempts to describe the system with a simple

master equation approach [204]. An alternative way based on a generalised master

equation, which includes the coupling of phonons to the hopping term, has been

devised to describe the occurrence of an atomic net current. Details are given in

reference [205].

Another way to observe the net current is given by solving the complete dy-

namics of the atom and the surrounding BEC numerically. For this, the BEC has

to be discretised, which is equivalent to assuming that it is trapped in an optical

lattice with appropriately chosen hopping and interaction constants [206]. The

Hamiltonian describing the system is then given by

Ĥ = ĤL − Jb

∑

〈i,j〉
β̂†i β̂j +

Ub

2

∑
j

β̂†j β̂
†
j β̂jβ̂j + Ui

∑
j

β̂†j β̂j â
†
j âj , (5.25)

with β̂†j (β̂j) an operator that creates (annihilates) a boson in lattice site j, Ub the

on-site interaction strength and Jb the hopping matrix element of the BEC atoms,

and Ui the interspecies interaction strength. The time evolution of this Hamiltonian

including the BEC and a single atom in the lattice is performed numerically by

using the time evolving block decimation (TEBD) algorithm [8, 160, 207]. The
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Figure 5.8. (a) Decay of Bloch oscillations and occurrence of a net current.
Shown are the density distributions of one atom initially localised in lattice
site 13 after a time evolution of t = 2π/ωB for different interaction strengths
ranging from Ui = {0.1; 0.5; 0.8; 1; 2}Jb (top to bottom line in lattice site
13). The dynamics of the lattice atom and the BEC consisting of 25 atoms
was calculated in an optical lattice with 25 lattice sites using the TEBD
algorithm. We used Ja = Jb, Ub = 0.5Jb, K = 1.25Jb, T = 0. (b) Time
evolution of the density distribution for one lattice atom with Ui = Jb. The
coexistence of Bloch oscillations and a current is visible. The vertical line
indicates the time where the densities of (a) are taken.

resulting density distribution of the lattice atom initially placed in a single lattice

site and evolved for one Bloch period is shown in Fig. 5.8(a). For a weak interaction

strength Ui ¿ Jb the surrounding BEC atoms hardly affect the dynamics of the

lattice atom and after one cycle it ends up in its original lattice site again. For

increased interaction the lattice atom is able to dissipate more and more energy to

the BEC and to drift towards lattice sites with a lower potential energy, which leads

to a net current. This is illustrated in Fig. 5.8(b), where a competition between

Bloch oscillation and net current is clearly visible. The current can be measured

either directly or after a time of flight expansion of the lattice atoms as detailed in

Ref. [208].

5.7 Conclusion

In the present chapter we have investigated the behaviour of an optical lattice

system immersed into a BEC. To this end, we have derived a quantum master

equation which describes the time evolution of the lattice atoms. For the case of

fixed impurities, the lattice system represents a quantum register and the internal

states of the atoms represent the states of the qubit. We have derived an exact
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solution for this system, which is reproduced by the QME. We found that an

interaction between the lattice atoms is mediated by the condensate and that the

coupling to the phonon modes of the BEC causes a dephasing of the lattice atoms,

i.e., of the qubits they represent. This dephasing can be used to probe the properties

of the BEC with different sensitivity.

The interaction between the lattice atoms leads to a clustering process at low

enough temperatures. In contrast to on-site clusters, which are prone to three-body

losses, the clustering in our case is caused by the off-site interaction terms. We have

simulated the clustering process using the Metropolis algorithm and compared our

results with analytical ones originally found for spin systems or ad-atoms on a

crystal surface. Our findings indicate that for realistic experimental parameters

the clustering process occurs at temperatures of about 5nK and is observable with

near-future experimental techniques.

We also investigated the transport properties of the lattice atoms subject to

the BEC coupling. We found that the lattice atoms undergo a crossover from co-

herent to incoherent evolution when the interaction to the condensate is increased.

This process is indicated by a washing out of the typical interference fringes in

the density distribution and by vanishing off-diagonal elements in the one-particle

density matrix. However, due to the approximations necessary to derive the QME,

it does not include dissipation of energy to the BEC. This process is a vital effect to

describe the decay of Bloch oscillations in a tilted lattice. More work is necessary

to include this effect into a master equation description.

5.A Derivation of the QME

The details of deriving the QME are given in this appendix. Our starting point is

the Liouville-von Neumann equation for the total density operator %̂(t),

i~∂t%̂(t) = [Ĥ, %̂(t)] . (5.26)

For a general operator Ô in the Schrödinger picture we define the corresponding

operator Õ(t) in the interaction picture by

Õ(t) = ei(ĤB+ĤL)t/~ Ô e−i(ĤB+ĤL)t/~ . (5.27)

With this, the Liouville-von Neumann equation changes to

i~∂t%̃(t) = [H̃I(t), %̃(t)] . (5.28)

If there was no interaction between the lattice atoms and the BEC before a time

t0 = 0, it is reasonable to assume that the density operator at time t0 is described

by %̂(0) = %̂L(0)⊗%̂B(0), i.e., at time t0 there are no correlations present between the



78 Dynamics, dephasing and clustering of impurity atoms in BECs

BEC and the lattice atoms. Here, %̂L(0) and %̂B(0) are the initial density operators

of the lattice system and the BEC, respectively. We furthermore assume that at t0
the BEC is in a thermal state with temperature T . Integrating the Liouville-von

Neumann equation, substituting it into itself and using the definition of H̃I(t), we

find after applying the Born approximation and taking the trace over the BEC

variables [192]

∂t%̃L(t) = − 1
~2

∫ t

0
dt′

∑
q
′ ∑

l,l′{[ñl(t)ñl′(t
′)%̃L(t′)− ñl′(t

′)%̃L(t′)ñl(t)]Cq,l,l′(t− t′)

+[%̃L(t′)ñl′(t
′)ñl(t)− ñl(t)%̃L(t′)ñl′(t

′)]C∗
q,l,l′(t− t′)} , (5.29)

with

Cq,l,l′(t− t′) = Fq,lF
∗
q,l′(1 + Nq(T )) e−iωq(t−t′) + F ∗

q,lFq,l′Nq(T ) eiωq(t−t′) . (5.30)

Under the assumption that the sound velocity of the condensate, c ∼
√

gn0/mb ,

is larger than the typical hopping speed of the atoms, c À Ja/~, the dynamics

of the BEC is much faster than the typical dynamics of the lattice atoms. This

means that the BEC reacts almost instantaneously and without memory effects to

changes caused by the lattice atoms and we are allowed to perform the Markov-

approximation by replacing %̃L(t′) → %̃L(t) and ñl(t
′) → ñl(t). After calculating

the time integral and transforming back into the Schrödinger picture we finally

arrive at Eq. (5.9).

5.B Kraus operators for the two-qubit dephasing

Here, we give explicit formulas for the Kraus operators describing the operator Λ

given by Λ(%̂2) = Û †
cZΛg(%̂2)ÛcZ . We find

E1 =
√

(1 + 2Γ0 + Γ+)/414 , (5.31)

E2 =
√

(1− 2Γ0 + Γ+)/4 σz ⊗ σz , (5.32)

E3 =
√

(1− Γ−)/4 σz ⊗ 12 , (5.33)

E4 =
√

(1− Γ−)/412 ⊗ σz , (5.34)

E5 =
√

(Γ− − Γ+)/4 diag(−1, 1, 1, 1) , (5.35)

E6 =
√

(Γ− − Γ+)/4 diag(1, 1, 1,−1) , (5.36)

and all other Kraus operators are zero. Here, 1n is the n × n unit matrix, σz is

the Pauli z matrix, and diag is a diagonal matrix with the entries on the diagonal

given as the argument.

With the knowledge of the Kraus operators the average fidelity 〈F 〉 of the gate
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is calculated as follows. We first note that the fidelity F of the noisy operation Λg

with respect to the perfect (i.e., noise-free) operation ÛcZ on a special input state

|ψ〉 is defined by

F (ψ) = 〈ψ| Û †
cZ Λg{|ψ〉 〈ψ|} ÛcZ |ψ〉 . (5.37)

By taking the average over all possible input states the overall performance of the

gate operation can be estimated. It has been shown [209, 210] that the average

fidelity is given by

〈F 〉 =

∫

S2d−2

F (ψ) dψ =
1

d(d + 1)

(
d2∑

j=1

|Tr(Ej)|2 + d

)
, (5.38)

where the integral is taken over the unit sphere S2d−2 embedded in (2d−1)-dimen-

sional real space, which is isomorphic to the d-dimensional complex space after

eliminating a global phase, and dψ is the normalised measure over the sphere, also

know as Haar measure. With this formula and the explicit form of the Kraus

operators the calculation of the average fidelity Eq. (5.20) is straight forward.

We note that the Kraus operators for a coupling to independent reservoirs are

given by replacing Γ− = Γ+ = (Γ0)
2. This gives an average fidelity of 〈Find〉 =

(2+2Γ0 +(Γ0)
2)/5. Hence the coupling to the BEC reservoir is worse than the one

to independent reservoirs if Γ+ + Γ− < 2(Γ0)
2.





Chapter 6

Quantum repeaters and

decoherence-free subspaces

In this chapter, we review some preliminaries which are useful for the following

chapter on the robust implementation of quantum repeaters. We will first show

why it is important to devise a new kind of cryptographic scheme, namely quantum

cryptography [2, 211], and what measures would have to be taken to enable a

communication scheme over large distances [47–49]. We will then briefly discuss

why storing qubits in single atoms leads to loss of quantum information and how

this problem can be circumvented by using decoherence-free subspaces [56–59].

6.1 Quantum cryptography

Since people started to exchange information by sending messages it was also their

desire to keep this information secret so that only the intended recipient can read

the message. Cryptography has developed from using simple code words via shifting

the letters of the alphabet to the asymmetric RSA method [211–213]. In this

section, we show that the implementation of a new type of cryptography, called

quantum key distribution, seems advisable if secret communication were to be

ensured in the future. We will then present some of the main protocols of quantum

cryptography. Since these proposals only allow for a secure communication over a

short distance we also briefly discuss an extension of these protocols, namely the

quantum repeater.

6.1.1 The need for quantum cryptography

Nowadays, many people send personal data via the internet, for example to pur-

chase goods and services or to communicate with other people. Often, the ex-

changed data consists of sensitive information such as credit card or insurance

numbers which should not be disclosed to third parties. It is therefore important

that this data is securely encrypted before it is sent via the internet. Currently,

this is widely achieved using an asymmetric RSA protocol [211–213]. Asymmetric

means that one party A makes an encryption key ke publicly available to everyone

81
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who wants to communicate with A. For decrypting the encoded message, A uses

a decryption key kd, which is only known to A. In principle, the decryption key

can be deduced from the encryption key by prime factorising a large number. The

security of the RSA protocol is hence based on the believe that it is a mathemat-

ically hard task to find the prime factors of a large number. Here, “hard” means

that the effort in terms of time or resources scales exponentially with the length

of the number. Up to now, the best known classical algorithm to perform the

factorisation of a large number is the general number field sieve which scales as

O(exp(cn1/3(log n)2/3)), where n is the number of decimal digits and c ≈ 1.9 is a

constant [214, 215]. It is, however, not proven that this algorithm is optimal, and it

is possible that there exist better, yet unknown classical algorithms to perform the

task. To give an insight into the complexity of the problem we note that in 2005 a

special number known as RSA-640, consisting of 640 binary digits, was factorised.

The task took approximately 30 2.2GHz-Opteron-CPU years, which was equivalent

to 5 months since the factorisation was performed on a multi-processor cluster.1

With the current algorithms and computers, it is deemed to be extremely hard to

factorise a number with 1024 binary digits, often used for encryption nowadays,

and factorising any number with more than 2048 binary digits is deemed to be in-

feasible in the foreseeable future. Hence, a classical algorithm which could perform

the factorisation task in a significantly shorter, polynomial time would lead to a

collapse of the current asymmetric cryptographic systems.

But even if there were no better classical algorithm, it has been shown by

P. Shor that a quantum algorithm can do better [16]. By making use of quantum

computation, the algorithm is able to accomplish the factorisation task with an

effort of O(n2(log n)(log log n)), where n is the number of digits. Thus Shor’s algo-

rithm is exponentially faster than the best present-known classical algorithm. This

especially means if a quantum computer with a sufficient number of qubits was

available the factorisation task would be an easy problem and the RSA encryption

scheme would no longer be secure. So far, quantum computation has only been ac-

complished for a very small number of qubits. For example, the number 15 has been

factorised using a 7 qubit NMR technique [217]. However, this technique exhibits

a poor scaling behaviour, that means it is difficult to devise NMR molecules with

a large number of qubits. Other methods, such as ion traps [218, 219], Josephson

junctions [220], quantum dots in solids [221, 222], or cold atoms [219] have been de-

veloped to circumvent this problem, but they currently still suffer from uncontrolled

interactions with their environment, inducing decoherence. This decoherence leads

1Factorising this number was part of the RSA-challenge. The RSA company announced prizes
for the factorisation of certain numbers known as the RSA numbers in order to “prove” the
security of the RSA method. Although the challenge run for about 10 years, no-one managed
to factorise any of the numbers with more than 700 binary digits. For more information see
http://www.rsa.com/rsalabs/node.asp?id=2092 . For earlier developments of the challenge
see also [216].
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to an unwanted loss of quantum information which eventually makes the successful

application of quantum algorithms impossible. Even though, with the current state

of the art, it will be a long time before quantum computers with a reasonable num-

ber of qubits can be implemented, it is advisable to devise cryptographic methods

which are able to overcome the problems involved with RSA.

One provably secure way of encrypting a message is given by the application

of a so-called Vernam cipher, also known as a one time pad [2]. The idea of this

cipher is as follows. Assume the message m is a string of bits. The key k then

consists of a random string of bits which is as long as the message m. The bits of m

and k are bitwise added modulus 2 yielding the encrypted message e. The receiver

of the message e can decrypt this message by simply bitwise adding the key k to

e (modulus 2), thereby restoring the original message m. The important point is

that the key k is only known to the sender and the receiver, but not to any other

party. If the secrecy of the sufficiently random key is ensured and it is only used

once, this method is proven to be secure. It is a purely classical way of encryption

and easily implemented with today’s technology. The only problem remaining is

the distribution of the key k.

In the following, we will discuss two protocols which are used for quantum key

distribution. However, they do not allow for the authentication of the communi-

cating parties. This makes them vulnerable to man-in-the-middle attacks [223],

where a third party interrupts the communication channel of the two communicat-

ing parties and pretends to be one of the two parties. There exist proposals of how

this problem can be overcome, such as quantum digital signatures [224] or using

a (shorter) pre-established key [223, 225]. Since these methods are not important

for the presented protocols and the problems discussed in the following chapters,

we will not go into more detail and refer the reader to the literature [211, 226].

6.1.2 Quantum cryptography protocols

In this section we will briefly discuss two protocols for securely generating and

distributing a key for a one time pad. Due to this the methods should rather

be called “quantum key distribution protocols” since quantum mechanics is only

required to ensure the security of the key, but “quantum cryptography protocols”

is also an established expression. Both methods are based on discrete quantum

variables such as qubits, in contrast to schemes which are based on continuous

variable quantum communication [227, 228]. The security of all these schemes is

ensured by the fact that quantum mechanical states in general cannot be copied

without disturbing them. This is also known as the no-cloning theorem [229, 230].

The first method we discuss is the BB84 protocol, named after C. Bennett and

G. Brassard [231] and the year of publication. Let us call the two communicating

parties Alice and Bob. Alice sends single photon pulses for example through an

optical fibre to Bob. For the preparation of the photon, she uses two sets of orthog-
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onal bases, for example horizontally and vertically polarised light for the first basis

set and circular polarised σ+ and σ− light for the second. She chooses randomly

first a basis set and then one of the two possible polarisations. Bob also randomly

chooses one of the two basis sets for measuring the polarisation of the arriving

photon. Only if he uses the same basis as Alice will the measurement result tell

with certainty in which state Alice has prepared the photon. Otherwise, the two

outcomes of the measurement are equally likely and he cannot gather any infor-

mation about the polarisation chosen by Alice. After a sufficient number of runs

Alice and Bob publicly2 announce which basis they have used to prepare/measure

the qubit. Only if the two basis sets agree do they then keep the results of the

preparation/measurement, otherwise they discard them. The results are then as-

signed bit values, for example 0 for horizontally and σ+-polarised light and 1 for

vertically and σ−-polarised light. This bit sequence then constitutes their so called

sifted key for the Vernam cipher, and provided that all measurements and the

channel are perfect Alice’s and Bob’s keys are identical. The secrecy of the key is

ensured by the no-cloning theorem [2]. A possible eavesdropper, commonly called

Eve, is not able to perfectly copy the quantum state of the single photon or to

manipulate it without the chance of being detected. Hence Eve can only gather

partial information on the key. If the quality of the channel is known to Alice and

Bob and sufficiently high, they can estimate the information Eve has won on the

key by comparing some of their key bits. If their bit sequences are the same, the

probability that an eavesdropper is present is practically zero and they can assume

that their key is secure. If the result of their comparison is completely random,

i.e. the qubits in the two sequences agree only with a probability of 50%, their key

is useless. Provided that the errors were not caused by noise in the channel, the

eavesdropper has successfully prevented the exchange of a secure key by intercept-

ing the qubits and Alice and Bob have to start the protocol again. If Eve has only

intercepted some of the qubits and her information is below a certain threshold, by

sacrificing some of the key bits Alice and Bob can use privacy amplification algo-

rithms known from classical communication in order to decrease Eve’s information

below any desired level [232].

An alternative protocol, which is also proven to be secure, is the one proposed

by A. Ekert [233]. An EPR pair [234] such as φ+ = (|0, 0〉+ |1, 1〉) /
√

2 is created

by a common source and one of the two qubits is sent to Alice, the other one to

Bob. The entanglement of the EPR pair leads to the fact that when Alice and

Bob make measurements of their qubit in the same basis, their results are perfectly

correlated, but it is impossible to gain any information on the outcome of the

other party’s measurement when two orthogonal bases are used. Thus Alice and

Bob perform measurements in randomly chosen, orthogonal bases and afterwards

announce which basis they have used. If the bases agree, they can deduce the

2Here, publicly means via a non-encrypted channel, which might be overheard by an eaves-
dropper.
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measurement result of the other party, since the two qubits were entangled, and

convert them to a key bit sequence analogous to the BB84 protocol. Otherwise,

they do not use the result for the key, but still keep the results of the measurements.

When an eavesdropper Eve tries to gain information on the key she will disturb the

entangled qubits. Alice and Bob can check this by testing Bell’s inequality [235].

They randomly choose some of their measurement results, including those where

the bases did not agree, and check whether they fulfill the inequality. Depending

on the outcome they can trust their key since no eavesdropper was present, use

privacy amplification to reduce Eve’s information, or discard their key if Eve has

gained too much information. In the latter case, they have to start the protocol

from the beginning.

A successful implementation of quantum key distribution protocols has been

demonstrated in several experiments [236–239]. For example, a recent experimental

implementation of the Ekert protocol (also known as the EPR protocol) under real-

world conditions has been carried out in Vienna [239]. The two communicating

parties were based in a Viennese bank and in the city hall, both connected by a

1.45km long, commercial optical telecom fibre installed in the sewage system. The

EPR source, hosted by Alice and realised by parametric down-conversion, was able

to produce 8200 entangled photon pairs per second. The choice of the measurement

basis for the photons was done by beam splitters and hence intrinsically random.

For the creation of a sifted key of the length of about 245000 bits the experiment

run for 18 minutes. During this time, Alice’s detectors registered more than 12.8

million counts. The big difference is mainly due to losses in the optical fibre, but

also due to imperfections of the detectors and discarding of bits during sifting the

key. After error correction and privacy amplification there were about 79500 bits

left for the final secure key. The corresponding average key distribution rate was

about 76 bits/second.

6.1.3 The quantum repeater

The schemes introduced in the previous section work well as long as the distance

between the two communicating parties is not too large, which means on the order

of a few kilometers. For larger distances on the order of several hundred kilometers

and above, one has to fight an essential problem. The qubits are transmitted by

single photon pulses through optical fibres. In these optical fibres, the photons will

eventually be absorbed if the distance between Alice and Bob is increased, making

it impossible to exchange a secret key. Alternatives have been proposed such as

free-space protocols, where the photons are sent through the atmosphere or even

to satellites. However, experimental implementations so far suffered from loss of

photons in the atmosphere, from straylight and from the fact that instead of single

photon sources, weak laser pulses were used, opening more opportunities for an

eavesdropper and compromising the security of the scheme [240–242].
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Another way for allowing a larger distance between the two communicating

parties is given by using quantum repeaters [47–49]. The communication channel

between Alice and Bob is divided into shorter sections, each of which is short

enough to ensure the near-lossless exchange of single photon pulses. Between those

sections, there are quantum repeater nodes which consist of a quantum memory

capable of storing several qubits (the exact number depends on the details of the

implementation scheme). By sending single photon pulses from one repeater node

to another, qubits in neighbouring nodes are entangled. For simplicity only assume

one node. Let us define the Bell states |φ±〉 = (|00〉 ± |11〉)/√2 and |ψ±〉 =

(|01〉± |10〉)/√2. By exchanging photons Alice’s qubit is entangled with one qubit

of the node creating the Bell state, say, |φ+〉, and the other qubit of the node is

entangled with Bob’s qubit, yielding the total state

|ψ〉 = |φ+〉A,N1
|φ+〉N2,B , (6.1)

where the index A denotes Alice’s qubit, B Bob’s and Nj the j-th qubit of the

repeater node. It is easy to see that this state can be rewritten as

|ψ〉 =
1

2

(
|φ+〉A,B |φ+〉N1,N2

+ |φ−〉A,B |φ−〉N1,N2

+ |ψ+〉A,B |ψ+〉N1,N2
+ |ψ−〉A,B |ψ−〉N1,N2

)
.

(6.2)

This means after performing a Bell measurement on the two qubits in the repeater

node, the remaining two qubits shared by Alice and Bob will end up in one of

the four possible Bell states, which can be transformed to the desired Bell state

|φ+〉A,B by local operations. This procedure is known as entanglement swapping

[243] and is closely related to quantum teleportation [244]. For more than one node

the process is iterated in a straightforward manner. The entangled pair which is

shared by Alice and Bob is then used as in the original Ekert protocol.

Since imperfections during the creation of the entangled pairs and the entan-

glement swapping are unavoidable, the fidelity of the entangled states is decreased,

which eventually would make a successful implementation of the entanglement

swapping and the Ekert protocol impossible. This can be overcome by using en-

tanglement purification methods [47, 245, 246]. Additional pairs of (sufficiently)

entangled qubits are produced and they are sacrificed in order to increase the en-

tanglement of other pairs. More details on the whole scheme can be found in

chapter 7.2.

6.2 Decoherence and decoherence-free subspaces

In contrast to ordinary bits, which are typically stored as a macroscopic (and hence

classical) current or in the magnetisation of a macroscopic part of a solid, qubits
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are stored in small quantum systems such as single atoms, ions, nuclear spins or

photons. Especially atoms, ions, and nuclear spins, couple to external electric and

magnetic fields [2], which change the energy levels of the respective system or even

lead to spontaneous decay of an excited level. This has a destructive influence on

the information stored in the system which needs to be circumvented. The earliest

proposals to handle this problem are active error correction codes [247–249]. One

logical qubit is encoded in several physical qubits thereby introducing redundancy.

Depending on the specific error correction code used, certain errors can be detected

and corrected by applying suitable gates. However, a large overhead of qubits and

operations is needed to implement these schemes. An alternative route is given by

suppressing the errors using decoherence-free subspaces (DFSs), also known as pas-

sive quantum error correction [56–59]. Here, the quantum information is encoded

in a part of the Hilbert space which does not couple to the kind of noise which has

been identified to be the dominant one. In the following, we will demonstrate the

benefit of DFSs using the example of dephasing noise.

Let us for concreteness assume the quantum information is stored in two internal

levels of an atom. The Hamiltonian of this two-level atom might be represented by

Ĥa =
1

2
~ωσz , (6.3)

where ~ω is the energy difference between the two atomic levels and σz the Pauli

spin operator in z direction. The atom (or qubit) is described by the density matrix

%̂(t) =

(
%11(t) %12(t)

%∗12(t) %22(t)

)
. (6.4)

The two internal states of the atom are normally chosen such that they are meta-

stable and hence the decay of the excited state can be neglected. The coupling of

the atom to randomly varying magnetic or electric fields causes dephasing which

is described by the quantum master equation [250, 251]

∂t%̂(t) = − i

~

[
Ĥa, %̂(t)

]
+

γ

2

(
σz%̂(t)σz − %̂(t)

)
, (6.5)

where γ is the dephasing constant. The solution of this master equation in the

interaction picture gives

%̂(t) =

(
%11(0) %12(0) exp(−γt)

%∗12(0) exp(−γt) %22(0)

)
. (6.6)

This means that the off-diagonal elements, describing the coherence of the qubit,

get damped. For the completely dephased state where the off-diagonal elements

are zero, the atom is no longer in a superposition of the two internal states, but in

a statistical mixture, which is useless for most quantum information purposes [2].
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One way of suppressing this kind of noise is to use decoherence-free subspaces

(DFSs). For atoms the relevant source of noise are magnetic or electric stray fields,

which are homogenous over several micrometers and do not depend on the exact

position of the atom [252–255]. The Hamiltonian describing this homogenous kind

of noise is then given by

Ĥint =
∑

j

Bxσ
j
x + Byσ

j
y + Bzσ

j
z , (6.7)

where j labels the atoms. The quantities Bx and By represent a decay or an

excitation of the upper level of the atom. Since typically metastable states are

used to represent the qubits, these processes are strongly suppressed, and only

dephasing given by a non-zero Bz is the predominant source of noise, which has

been confirmed by experiments [252–255]. For this case with Bx = By = 0, the

information can be protected in a DFS making use of two atoms. The logical qubits

are for example encoded as

|0〉L =
1

2
(|10〉+ |01〉) , |1〉L =

1

2
(|10〉 − |01〉) . (6.8)

The z component of the total spin has always a value of zero, which means that the

noise Hamiltonian has no effect on the logical qubits, Ĥint |0〉L = Ĥint |1〉L = 0. As

a consequence, the time evolution of the logical qubits is still unitary after tracing

out the field degrees of freedom. No dephasing occurs and hence the logical qubits

are protected from this kind of noise. The usefulness of DFSs to protect qubits

from dephasing has been impressively demonstrated in a recent experiment [255],

where the dephasing time of a qubit encoded in a DFS using 9Be+ ions could be

extended to about 7s. In chapter 7 we will show how a decoherence-free subspace

which is immune against all homogenous noise can be implemented by using atoms

in optical lattices, and how to combine them with quantum repeaters.
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We show how to efficiently exploit decoherence free subspaces (DFSs), which are
immune to collective noise, for realising quantum repeaters with long lived quantum
memories. Our setup consists of an assembly of simple modules and we show how
to implement them in systems of cold, neutral atoms in arrays of dipole traps. We
develop methods for realising robust gate operations on qubits encoded in a DFS
using collisional interactions between the atoms. We also give a detailed analysis of
the performance and stability of all required gate operations and emphasise that all
modules can be realised with current or near future experimental technology.

7.1 Introduction

One of the major obstacles in the realisation of quantum information processors

(QIP) is decoherence, caused by the unwanted interaction of the system with its

environment. Even the feasibility of simple special purpose quantum devices, such

as quantum repeaters, is significantly affected by the presence of decoherence, and a

special precaution to counteract the resulting loss of quantum information has to be

taken. A number of concepts have been developed to fight decoherence and increase

the reliability of QIP including active error correction [247–249] and fault tolerant

quantum computing [256]. Aside from this it was shown that, dependent on the

type of interaction processes between the qubits and their environment, subspaces

of the system’s Hilbert space can exist which are immune to decoherence processes

induced by this interaction [56–59]. These decoherence free subspaces are a method

of passive error correction or error prevention, and can significantly increase the

lifetime of quantum information and reliability of QIP as already demonstrated

1Section 7.2.1 has been contributed by Uwe Dorner.
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with ion traps, NMR and optical methods [252, 255, 257–262]. However, this

robustness makes states within the decoherence free subspace (DFS) difficult to

manipulate via controlled operations and, in general, complicated interactions with

a DFS are necessary for realising universal QIP [59].

A particularly promising application of DFSs are quantum repeaters [47, 49],

which require very long quantum information storage times but only a limited

set of quantum manipulations. In this chapter we show that the quantum opera-

tions necessary for a quantum repeater can be realised on DFS qubits with nearest

neighbour hopping [263, 264] and interactions with ancilla qubits [265] only, thus

circumventing the difficulties usually associated with the use of DFSs [59]. Quan-

tum repeaters are used to distribute maximally entangled pairs of qubits over long

distances, which is a necessary prerequisite for important applications such as quan-

tum cryptography [233] and quantum teleportation [266]. They are thus considered

one of the most important near future special purpose QIP.

The basic idea of a quantum repeater is to divide the transmission line into

segments with a length of the order of the attenuation length of the channel. On

each segment entangled particle pairs are created and by applying entanglement

swapping [243] and purification protocols [47, 245, 246] entangled pairs of larger

distances are produced. By repeating these steps a distant pair of qubits with high

entanglement fidelity is obtained. Entanglement purification, distillation, and con-

centration have been realised in a number of seminal experiments [267–270] using

photonic states for encoding the qubits. Techniques for converting flying photonic

qubits into atomic ones by means of cavity-enhanced interactions [271, 272] or the

use of atomic ensembles [273, 274] have been proposed. Very recently, a demon-

stration of long distance entanglement of massive particles has been achieved [275].

Here we develop a proposal for a quantum repeater with DFS quantum memory

using the entanglement purification scheme introduced in [47, 48] (also known as

the “Innsbruck protocol”). During the purification procedure the entanglement of

a primary pair of qubits is increased by sacrificing auxiliary entangled qubit pairs.

The entanglement fidelity of the final entangled qubit pair does not converge to 1,

but to a value which depends on the fidelity of the initial primary pair and on the

constant fidelity of the auxiliary pairs. However, the scheme [47, 48] is favourable

from a pragmatic point of view, since it requires fewer physical resources than the

purification schemes used in [245, 246, 276]. On the other hand, the protocol [47, 48]

takes longer and thus quantum information has to be stored reliably for the whole

duration of the protocol. We overcome this apparent disadvantage by the usage

of DFS qubits of four neutral atoms, which form the key elements of our DFS

quantum repeater.

Our scheme is based on current and near future technology and is motivated by

the extraordinary progress of the field of cold, neutral atoms in dipole traps over

the past few years both on the theoretical [107, 219, 277, 278] and on the exper-

imental [279, 280] side. Atomic quantum registers have been realised in arrays of
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microlenses [281, 282] and by exploiting the superfluid to Mott-Insulator transition

in optical lattices [17, 108, 283], single and many atoms have been manipulated

coherently [284, 285], atoms stored in standing waves have been transported over

macroscopic distances using conveyor belt techniques [42, 43, 286, 287], and multi-

partite entangled states of atoms were created [285, 288]. Furthermore, extremely

versatile technologies such as optical tweezers and holographic traps that are con-

trolled by liquid crystal spatial light modulators [289–291] are currently developed.

They allow for essentially arbitrary designs of optical potentials.

We will show that a DFS quantum repeater can be assembled from modules

which only require rotations of the logical DFS qubits around the x and z axes by

angles π and π/2, and a controlled phase (CPHASE) gate where an ancilla atom

acts as the control qubit. The single qubit rotations will be realised by selectively

lowering potential barriers between atoms and the system will not leave the DFS

during these gates. The ancilla qubit, which is required to interact with a DFS

qubit for realising the CPHASE gate, will not be decoherence free. However, we

will show that its influence on the DFS memory is sufficiently small to allow for gate

fidelities better than 98.7%. Furthermore, we will show that our scheme allows for

deviations of the system parameters of a few percent without significantly affecting

the gate fidelities.

This chapter is structured as follows: In Sec. 7.2 we will briefly summarise the

repeater protocol and show how DFSs can be embedded into this scheme. The

goal of this section is to show which resources are needed for the implementation

of the quantum repeater. In Sec. 7.3 we propose methods of how the operations

of Sec. 7.2 can be physically realised with cold, neutral atoms in arrays of dipole

traps. The results are summarised in Sec. 7.4.

7.2 Quantum Repeaters with decoherence free

subspaces

In the following we will describe the purification and repeater protocol of Refs. [47,

48] and extend it by using a DFS. The basic steps of the purification scheme are

illustrated in Fig. 7.1. Only one quantum channel (represented by the lines with an

arrow) and two DFS qubits (represented by the solid circles) are needed. The goal

is to share a high fidelity Bell state between A and B which is done by transmission

of “one-half” of a maximally entangled flying qubit pair (open circles in Fig. 7.1(i)).

In general, the flying qubit (e.g., a photon) is not directly sent from A to B since

the present available transmission quantum channels (particularly optical fibres)

degrade the entanglement of the flying qubit pair exponentially with the distance

between the nodes. Thus, if the channel is too long, the minimum fidelity required

for the successful application of the purification protocol (Fmin) is not achieved. To

overcome this problem a sufficiently high number of intermediate nodes between A



92 Robust implementations of quantum repeaters

(i)

(ii)

(iii)

(iv)

(v)

(vi)

State transfer

Purification

Entanglement swapping

A B
intermediate

node

Entanglement swapping

Figure 7.1. Illustration of the entanglement purification scheme. Pairs of
entangled flying qubits (open circles) are created via entanglement swap-
ping. These pairs are then used to purify an entangled pair of DFS qubits
(solid circles; see text). The framed steps (iv)-(vi) are repeated until a
desired entanglement fidelity is achieved.

and B is introduced, such that the distance between two nodes is of the order of the

optical fibre’s attenuation length [48]. Entangled flying qubit pairs are prepared at

each of the intermediate nodes and transmitted to the next node. In Fig. 7.1 this

is illustrated for the example of one intermediate node. After this, entanglement

swapping [243] at all intermediate nodes is performed, which yields a partially

entangled pair of flying qubits between A and B, and its state is transferred to

a DFS qubit pair (step (ii)). Finally, as in (i) and (ii), auxiliary entangled qubit

pairs are generated, which are sacrificed in order to increase the entanglement of

the DFS qubit pair (step (iv)-(vi)). Steps (iv)-(vi) are repeated until a desired

degree of entanglement is obtained for the DFS qubit pair.

However, a straightforward extension of this scheme in order to connect ar-

bitrary separated points A and B is not possible since the distance between the

intermediate nodes has to be chosen such that the fidelity of the final pair is not

lower than Fmin. This is, in general, not possible if the distance between A and B is

too large. Therefore, a quantum repeater concept by means of a nested purification

scheme was proposed [47, 48], which uses the above purification protocol to create
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(i)

(ii)

(iii)

...

..
.

(iv)

Figure 7.2. The quantum repeater scheme. The dashed boxes indicate the
subroutine shown in Fig. 7.1. The created entangled DFS qubit pairs are
used to purify further DFS qubit pairs (in line (iii)). The resulting pairs
are then used to purify the pairs of line (iv) and so on.

a number of entangled DFS qubit pairs that are then used to purify a lower number

of additional DFS pairs with greater distance. These pairs are then again used to

purify an even lower number of pairs, etc., until merely one entangled pair is left.

This procedure is illustrated in Fig. 7.2: The boxes stretching over lines (i) and (ii)

represent the purification protocol of Fig. 7.1. The entangled pairs of line (ii) are

then used to purify the pairs in line (iii) in the same way as in Fig. 7.1 except that

the flying qubits have to be replaced by DFS qubits, i.e., entanglement swapping

between DFS qubits, a state transfer between DFS qubits (to initialise the pairs in

line (iii) and (iv)) and purification by using entangled DFS pairs have to be per-

formed. The diagram shown in Fig. 7.2 can be extended in horizontal and vertical

directions such that an arbitrary distance between the final pair can be achieved.

It was shown that the number of (DFS) qubits necessary for the scheme increases

merely logarithmically with the distance of the final entangled pair [47, 48].

In summary, the purification procedure shown in Fig. 7.1 can be realised by

assembling the following modules: (0) The creation of pairs of flying qubits and

performing entanglement swapping between them, (1) the realisation of two DFS

qubits, (2) the transfer of the state of the flying qubits to the DFS qubits, and (3)

the actual purification of the entangled DFS qubit pair. Additionally, for the nested

purification protocol, i.e., for the full implementation of the quantum repeater, we

have to (4) perform entanglement swapping between neighbouring DFS qubits, (5)

we need a state transfer between DFS qubits (analogously to module (2)), and (6)

we must perform entanglement purification using two DFS qubit pairs. Module

(0) can be implemented using standard quantum optical methods as demonstrated

in [292–296]. It does not involve DFS qubits and will thus not be discussed further

in this chapter.

In the following we will show how each of the remaining modules can be realised.

For the operations using ancilla qubits and thus leaving the DFS we then calculate

the achievable fidelities.
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7.2.1 Realisation of the repeater modules

7.2.1.1 Module 1: Decoherence free memory and single qubit rotations

The main sources of decoherence in systems of cold atoms are fluctuations of the

optical potential and external electromagnetic (stray-)fields [297]. These sources

are homogeneous across the region of the physical qubits and the interaction with

them thus only depends on their internal states. The Hamiltonian describing the

situation is given by

HI =
∑

i

σx
i Bx + σy

i By + σz
i Bz . (7.1)

Here, i labels the physical qubits, B = (Bx, By, Bz) describes the fields and fluctu-

ations, and the σi are Pauli matrices acting on the ith physical qubit.

The corresponding decoherence free subspace is spanned by the states with total

zero angular momentum, and the lowest number of physical qubits giving a twofold

degenerate DFS is 4. The DFS qubit is then represented by [59, 298]

|0〉L =
1

2
(|01〉 − |10〉)⊗ (|01〉 − |10〉) ,

|1〉L =
1

2
√

3
(2 |1100〉+ 2 |0011〉 − (|01〉+ |10〉)⊗2) ,

(7.2)

where |ijkl〉 = |i〉1 |j〉2 |k〉3 |l〉4 with i, j, k, l = 0, 1 describes the computational basis

states of the four physical qubits. Each of the four physical qubits is represented

by two internal states of an atom, which is trapped in an array of dipole traps, for

example, an optical lattice. By the method described in Sec. 7.3.1 the system is

prepared in the logical state |0〉L and in Sec. 7.3.2 it is shown that by tuning the

system parameters appropriately we can implement the Hamiltonians HX and HZ

with

HX = XL =
1√
3
(V12 + 2V23) , (7.3)

HZ = ZL = −V12 , (7.4)

where XL (ZL) is the X-gate (Z-gate) for the logical qubit and Vij are permutations

of the physical qubits i and j. Note that the logical Z-gate can also be represented

as ZL = −V34. Since the DFS defined by Eq. (7.2) is invariant under permutations

of the physical qubits [59], the time evolution of the system generates rotations

Rx
L(θ) = e−i θ

2
XL , (7.5)

Rz
L(θ) = e−i θ

2
ZL (7.6)

without ever leaving the DFS, where θ = 2t and t is the time necessary for perform-

ing the rotations. The index L indicates that these are operations on the logical
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|ψ〉q • Rx(−π
2
)

NM
°°° •

|0〉L Rx
L(π

2
) −ZL Rx

L(−π
2
) Rz

L(π) |ψ〉L

Figure 7.3. Quantum circuit for the state transfer of the auxiliary qubit to
the DFS qubit.

auxiliary qubit UA,B Rz(−π
2 ) Rx(−π

2 ) • Rx(π
2 ) Rz(π

2 )
NM

°°°

DFS qubit UA,B
L

Rx
L(−π) −ZL Rx

L(π)

Figure 7.4. Quantum circuit for entanglement purification. The procedure
is performed on both sides, A and B.

qubit; in the following we will also use this notation for operations on physical

qubits, where we omit the index L.

Although it is not required in the repeater protocol, we can thus perform ar-

bitrary rotations of the logical qubit (and hence we can prepare arbitrary states

in the DFS) since every two level unitary operator can be decomposed in Rx
L and

Rz
L [2].

7.2.1.2 Module 2: State transfer between flying and DFS qubit

The quantum circuit for the state transfer of the flying qubit to the logical qubit is

shown in Fig. 7.3. The state of the flying qubit is denoted as |ψ〉q = α |0〉q +β |1〉q.
As described in Sec. 7.3 the state of the flying qubit (a photon) is first transferred

to an appropriate internal state of an auxiliary atom. The state of this atom then

controls the interaction between physical qubits 3 and 4 leading to a controlled

SWAP operation between these atoms. Since ZL = −V34, a controlled SWAP

operation of the physical qubits 3 and 4 leads to a controlled (−ZL) (CPHASE)

gate on the logical qubit. As can be seen from Fig. 7.3, apart from rotations given in

Eqs. (7.5) and (7.6), we need to perform a rotation Rx(−π/2) and a measurement of

the control atom, which can be done by standard techniques such as laser induced

Rabi oscillations and state selective laser excitations. Eventually, the state of the

atom is transferred to the logical qubit, i.e., |ψ〉L = α |0〉L + β |1〉L.

7.2.1.3 Module 3: Entanglement purification

The local operations required for entanglement purification are shown in Fig. 7.4.

This circuit corresponds to the scheme proposed in [246], but here it is expressed

in terms of operations that we can implement in our setup. The circuit has to be
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|ψ〉L1 Rx
L(−π) −ZL Rx

L(π) Rz
L(π)

|0〉q Rx(−π
2 ) • Rx(π

2 ) • Rx(−π
2 )

NM
°°° •

|ψ〉L2 Rz
L(−π

2 ) Rx
L(π

2 ) −ZL Rx
L(−π

2 ) Rz
L(π

2 )

Figure 7.5. Quantum circuit for a CNOT operation between two logical
qubits.

|1〉q Rx(π
2
) • Rx(−π

2
)

NM
°°°

|ψ〉L −ZL

Figure 7.6.Measurement of the logical qubit.

applied on both ends of the transmission line A and B, where

UA
L =

(
UB

L

)†
= Rx

L(π/2) . (7.7)

As in subsection 7.2.1.2, the auxiliary qubit is again an atom that controls a phase

operation on the logical qubit. If the outcome of the measurements at A and B

coincide we end up with an entangled DFS qubit pair of higher fidelity. If they do

not coincide the purification procedure has to be repeated.

7.2.1.4 Module 4: Entanglement swapping between DFS qubits

Entanglement swapping between neighbouring DFS qubit pairs can be done by

a Bell measurement and subsequent local operations Rx
L(π/2) and Rz

L(π/2) that

are controlled by the outcome of the measurement [48]. The Bell measurement

can be decomposed in a controlled not (CNOT) gate, a Hadamard gate, and a

measurement in the computational basis. The Hadamard gate can be replaced by,

e.g., the sequence Rz
L(π/2)Rx

L(π/2)Rz
L(π/2).

The implementation of a decoherence free CNOT operation is relatively compli-

cated including lengthy sequences of two-particle interactions with pairwise individ-

ual tuning [59]. Thus, we use as before an ancilla atom to mediate the interaction

between different DFS qubits. A possible quantum circuit for a CNOT gate be-

tween DFS qubits is shown in Fig. 7.5. The middle line in the circuit represents

the ancilla qubit. The shown circuit uses only gates that we can implement in our

scheme and leads to a CNOT gate with the upper DFS qubit as the control qubit.

We will discuss in Sec. 7.2.2 how the decoherence of the auxiliary atom influences

the fidelity of this operation.

For the measurement of the DFS qubit we use the same ancilla as for the CNOT

gate. The corresponding circuit is shown in Fig. 7.6. The final measurement of the
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ancilla is equivalent to a measurement of the DFS qubit.

7.2.1.5 Modules 5 and 6: State transfer between DFS qubits and en-

tanglement purification using pairs of DFS qubits

The state transfer of one DFS qubit to another can be done analogously to Fig. 7.3,

where |ψ〉q has to be replaced by |ψ〉L . The necessary CPHASE gate between DFS

qubits can be constructed similarly to the CNOT gate: We merely have to omit the

single qubit rotations in the last line of Fig. 7.5. Also the entanglement purification

scheme of Fig. 7.4 can be adapted in this way. Again, the auxiliary qubit is replaced

by a DFS qubit and the CPHASE (or CNOT) gate is realised as described above.

7.2.2 Operation time and decoherence

Some of the above operations require the use of a single auxiliary qubit that is not

decoherence free. Entangling this qubit with the DFS qubits will therefore lower

the overall fidelity of the corresponding gate operations on the DFS qubits. The

auxiliary qubit is represented in our scheme by two long-lived internal states of

an atom and thus the major experimentally expected decoherence mechanism is

dephasing [299]. This process is described by the master equation

∂t%aux = − i

~
[Ĥ, %aux] +

γ

2
(σz%auxσz − %aux) , (7.8)

where %aux is the density matrix of the auxiliary atom, Ĥ is the Hamiltonian of

the system, 1/γ characterises the decoherence time, and σz is a Pauli matrix.

Decoherence of the DFS qubits is not taken into account here.

A quantitative measure of the operation fidelity is derived from Ref. [2]. A

distance measure of two density matrices %, σ is given by

f(%, σ) =

(
Tr

√√
σ%
√

σ

)2

, (7.9)

where, in contrast to [2], we use the squared trace. This measure has the advantage

that if % and σ represent pure states, it corresponds to a probability, namely the

absolute square of the overlap of the two states. In the theoretical framework

of this chapter, it furthermore allows for an easy calculation of the encountered

fidelities, for example by making use of the chaining property [2]. The operation-

(or gate-) fidelity can be derived from Eq. (7.9): Let E be a quantum operation

describing a quantum circuit where decoherence is taken into account, and E0 the

same operation without decoherence. We define the operation fidelity by

F (E0, E) = min
%

f(E0(%), E(%)) , (7.10)
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where it is sufficient to minimise over pure input states % [2].

Let us first consider the state transfer from the atom to the DFS qubit (Fig. 7.3).

To minimise decoherence effects, the Rx
L(π/2) and Rx

L(−π/2) gates are applied

before the auxiliary atom interacts with the DFS qubit and after the measurement,

respectively. In addition, we neglect decoherence during the Rx(−π/2) rotation

since the time to perform such a gate on one atom is, in general, much smaller

than the expected decoherence time 1/γ, see Sec. 7.3.4. Thus, decoherence occurs

mainly during the CPHASE gate. We examined the dynamics of the system during

the application of the CPHASE gate by solving Eq. (7.8) analytically. The resulting

gate fidelity for the CPHASE operation is given by

FCPHASE(E0, E) =
1 + e−γt

2
≥ 1− γt

2
. (7.11)

As will be discussed in Sec. 7.3.4, this behaviour is sufficient to ensure a working

repeater scheme.

Note that, since unitary operations do not change the fidelity of the circuits [2],

all operations which only involve one CPHASE gate have the same fidelity given

in Eq. (7.11). This includes particularly the operations shown in Figs. 7.4 and 7.6.

In a similar way we calculated the fidelity of the CNOT gate between the two

DFS qubits (Fig. 7.5). Again, all R
(x,z)
L gates are applied before the auxiliary atom

interacts with the DFS qubit and after the measurement, respectively. During

these periods the auxiliary atom is not entangled with either DFS qubit and thus

its decoherence has no influence on them. Furthermore, we assume again that

decoherence during the R(x,z) rotations can be neglected. The gate fidelity of the

CNOT operation is then given by

FCNOT(E0, E) =

(
1 + e−γt

2

)2

≥ 1− γt , (7.12)

where t is the time which is needed to perform one CPHASE gate. Since the two

DFS qubits are not entangled before the CNOT gate is applied it is sufficient to use

only pure, unentangled states for the minimisation [2]. The fidelity for a CPHASE

gate between two DFS qubits is the same as for the CNOT gate because they differ

only by unitary operations. As in the case of the CPHASE gate, the decay of the

CNOT fidelity is slow enough to ensure a working quantum repeater, see Sec. 7.3.4.

The fidelity of the state transfer between two DFS qubits described in Sec. 7.2.1.5

can also be calculated by explicitly solving the time evolution. The state transfer

fidelity FST is given by

FST(E0, E) =
1

4

(
1 + e−2γt

) (
1 + e−γt

) ≥ 1− 3

2
γt . (7.13)

The fidelity of the entanglement purification using pairs of DFS qubits, see
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Sec. 7.2.1.5, is calculated using the chaining property for fidelity measures [2].

Assuming that the two DFS qubits on one side A or B are not entangled with each

other we find as a lower bound

FEP(E0, E) ≥ 1−
(

3

2
+
√

2

)
γt . (7.14)

In both formulas, Eqs. (7.13) and (7.14), the time t is again the time needed for

performing one CPHASE gate. As we will show in Sec 7.3.4 all of these infidelities

are small for typical experimental decoherence times.

In summary, we have shown in this section that the DFS quantum repeater can

be divided into simple modules, which require (apart from single qubit rotations

and measurements of an ancilla atom which can be realised by standard methods)

merely the operations Rx
L(±π

2
), Rx

L(±π), Rz
L(±π

2
), Rz

L(π), and a CPHASE gate on

a DFS qubit with the ancilla atom as control qubit. In the following section we

proceed by describing how these basic operations can be implemented in systems

of trapped neutral atoms.

7.3 Physical implementation in arrays of dipole

traps

The physical system we consider for the implementation of a DFS qubit is a one-

dimensional chain of four atoms in an array of optical dipole traps, e.g., an optical

lattice [277] with one atom per site. Each of the atoms has two long-lived internal

states a and b, which encode a physical qubit â† |vac〉 ≡ |0〉, b̂† |vac〉 ≡ |1〉. In

Fig. 7.7 two DFS qubits are schematically shown. The thick, diagonal line repre-

sents an optical conveyor belt [42] storing the auxiliary atom. This atom can be

transported to the DFS strings where it occupies an empty site between the third

and the fourth atom, which is necessary for the CPHASE operations described in

Sec. 7.2. Aside from this, the auxiliary atom is needed for the state transfer of

the flying qubit to the DFS qubit: The flying qubits in our repeater scheme are

represented by entangled photon pairs. After a photon arrives at a repeater node

its state is transferred to the auxiliary atom, e.g., by a cavity-enhanced interac-

tion [271, 272]. The atom is then moved to the DFS qubit and the operation shown

in Fig. 7.3 is performed. In order to implement the rotations on the DFS qubits

we also have to be able to selectively lower lattice barriers between certain lattice

sites. This can be done by using suitable superlattices or by applying single laser

pulses as described in [263]. The addressability of single atoms is only required for

the initialisation of the register, cf. Sec. 7.3.1.

The general Hamiltonian for a one-dimensional atom chain for M lattice sites



100 Robust implementations of quantum repeaters

x

z

y

1

1

2 3 4

2 3 4

aux

Figure 7.7. Schematic picture of a repeater node. The four register atoms
per qubit (black circles) are stored in a one-dimensional array of dipole
traps, e.g., an optical lattice. Between the third and fourth atom there is a
free lattice site in which the auxiliary atom (grey) can be moved, e.g., via
an optical conveyor belt.

(without auxiliary atom) is given by [17]

Ĥ =
M−1∑
j=1

(
−J

(a)
j â†j âj+1 − J

(b)
j b̂†j b̂j+1 + h.c.

)

+
M∑

j=1

(
Ua

2
â†j â

†
j âj âj +

Ub

2
b̂†j b̂

†
j b̂j b̂j + Uabâ

†
j âj b̂

†
j b̂j

)
,

(7.15)

where J
(α)
j are state dependent hopping matrix elements from site j to site j + 1

and Ua,b, Uab are state dependent on-site interaction strengths. We should mention

that for the rotations Rx
L and Rz

L and for the CPHASE gate the hopping constants

for both kinds of atoms are required to be the same, J
(a)
j = J

(b)
j , as well as Ua =

Ub = Uab, cf. also Appendix 7.A. Apart from the initialisation of the register we

need M = 5 lattice sites.

In the following subsections we will show how the register can be prepared in

state |0〉L and how the rotations R
(x,z)
L and the CPHASE gate can be implemented.

These three ingredients are sufficient to realise the repeater protocol.
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7.3.1 Initialisation of state |0〉L
The preparation of state |0〉L requires the creation of a pair of singlet states

(|01〉 − |10〉)/√2. These states are decoupled from global operations but can be

realised by local operations and by selectively lowering the potential barriers be-

tween neighbouring atoms. Starting from the product state |0110〉, the potential

barrier between the first and second atom and between the third and fourth atom

are lowered, e.g. via a superlattice potential. This generates two double well type

potentials. The parameters of the Hamiltonian Eq. (7.15) are then given by

J2 = 0, J
(a)
1,3 = J

(b)
1,3 = J, Ua = Ub = Uab = U . (7.16)

Assuming that J/U is sufficiently small (see also Sec. 7.3.2), states with two atoms

in one site can be adiabatically eliminated leading to an effective Hamiltonian [24]

of the form

Hini = −J2

U
(σx

1σx
2 + σy

1σ
y
2 + σz

1σ
z
2 + σx

3σx
4 + σy

3σ
y
4 + σz

3σ
z
4) . (7.17)

Turning this Hamiltonian on for a time t = π~U/8J2 we obtain the state (|01〉 +

i |10〉)⊗ (|10〉+ i |01〉)/2. Finally, a local operation on the first and fourth physical

qubit of the form exp(−iπσz
1/4) and exp(−iπσz

4/4), respectively, yields the desired

product of singlet states. Alternatively, methods proposed in [300] can be used to

realise the state (|01〉+ |10〉)⊗ (|10〉+ |01〉)/2. Local single qubit rotations of the

first and fourth qubit can be used to bring this state into the desired from. If laser

addressing of single physical qubits in adjacent lattice sites is not possible we can

move the first and the fourth atom into their neighbouring, free sites (and back

again) by lowering the corresponding potential barriers.

In order to write information into the register we require a free lattice site

between the third and fourth atom. Hence, in a last step the fourth atom is moved

into the fifth lattice site by lowering the potential barrier between the fourth and

fifth site.

7.3.2 Rotations of the logical qubit

In this section we analytically investigate how to implement the rotations Rx
L and

Rz
L in the two limiting cases of a very high interaction between the register atoms

and a vanishing interaction. The system is simulated numerically to check our

results.

7.3.2.1 Analytical treatment

The Hamiltonian HZ is, apart from a sign, equivalent to a swap of the first two

atoms V12 [see Eq. (7.4)]. If we assume high potential barriers between the second,
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the third, and the fourth atom, i.e., J
(a,b)
2 = J

(a,b)
3 = 0, such that these atoms form

a separate, decoupled system, we only have to describe the dynamics of the first

and the second atom. If we further assume that Ua,b, Uab are much larger than the

hopping terms J
(a,b)
j , we can adiabatically eliminate all states with more than one

atom in a lattice site. By choosing the parameters according to

J
(a)
1 = J

(b)
1 = J, (7.18)

Ua = Ub = Uab = U, (7.19)

we arrive at the effective Hamiltonian

HZ = −J2

U
(σx

1σx
2 + σy

1σ
y
2 + σz

1σ
z
2 + 112)

= −2J2

U
V12 =

2J2

U
ZL ,

(7.20)

where we omitted a constant term. The time evolution of the system then generates

the rotation

Rz
L(θ) = exp

(
−i

θ

2
ZL

)
, (7.21)

where θ = 4J2t/U~. Hence, the time for an Rz
L(π)-rotation is given by t =

πU~/4J2. As an example we consider Na atoms in an optical lattice with a wave-

length of λ = 514nm. The height of the transverse potential barriers are assumed

to be Vy = Vz = 50ER, which is in the range of today’s experiments [280]. Here,

ER = ~2(2π)2/2mλ2 is the recoil energy and m is the mass of the atoms. If we

increase the s-wave scattering length by a factor of 5 using a Feshbach resonance

and choose Vx = 7.7ER between the first and second lattice site we get a ratio

U/J = 75, which is well in the regime where the adiabatic elimination is valid, as

will be discussed in more detail below. Note that for these parameters the assump-

tions for the validity of the Bose-Hubbard Hamiltonian Eq. (7.15) are fulfilled. The

hopping term is then calculated to be J = 0.033ER, which results in an operation

time of t = 8.7ms for the Rz
L(π)-rotation. We emphasise that we never leave the

DFS during the rotation and it is expected that this time is much shorter than the

decoherence time of the DFS qubit.

Nevertheless, the time for an Rz
L(π)-rotation can be made considerably shorter

by tuning the interaction between the register atoms to zero (e.g., via a Feshbach

resonance). As we show in Appendix 7.B, the qubits still remain in the DFS for

all times. In this interaction-free case, the exact dynamics of the two atom system

(i.e., without adiabatic elimination) results after a time t = π~/2J in the mapping

|α, β〉12 → −|β, α〉12 , α, β = 0, 1 . (7.22)

Up to a global phase this is equivalent to an Rz
L(π)-rotation on the logical qubits.
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Figure 7.8. Numerical studies of the phase difference φ between states |0〉L
and |1〉L after applying the rotation Rz

L(π) versus the ratio U/J calculated
with the full Hamiltonian Eq. (7.15) and the parameters Eqs. (7.18) and
(7.19) given by adiabatic elimination.

The time needed for a lattice as above is t = 0.23ms. The disadvantage of this

scheme is that only rotations with a phase of π can be performed.

According to Eq. (7.3) the implementation of HX involves three atoms. In the

same spirit as for the ZL-gate we require that the potential barrier between the

third and fourth lattice site is high, i.e., J
(a,b)
3 = 0. By choosing the remaining

parameters as

J
(a)
2 =

√
2J

(a)
1 =

√
2J

(b)
1 = J

(b)
2 ≡

√
2J , (7.23)

Ua = Ub = Uab = U , (7.24)

and requiring that J/U ¿ 1, we again adiabatically eliminate all states with more

than one atom in one well. A detailed calculation is given in Appendix 7.A. The

resulting Hamiltonian on the logical qubits is then given by

HX = −2
√

3J2

U
XL , (7.25)

where we omitted a constant term. This Hamiltonian generates a rotation

Rx
L(θ) = exp

(
−i

θ

2
XL

)
, (7.26)

where θ = −4
√

3J2t/U~. Taking the numbers of the above example, the time

required for an Rx
L(−π) rotation is t = 5.0ms.
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Figure 7.9. Fidelity Eq. (7.27) for the rotation Rz
L(π). In (a) the hopping

term between the second and third atom is detuned, in (b) the interaction
between register atoms of kind a and b. The other parameters are (a)
Ua,b = Uab = 100J1, (b) Ua,b = U = 100J .

7.3.2.2 Numerical simulation

To test the validity of the adiabatic elimination we simulated the system numer-

ically. For Rz
L-rotations the parameters of the exact Hamiltonian Eq. (7.15) are

chosen according to Eqs. (7.18)-(7.19). We numerically calculated the fidelity of

the DFS qubit remaining in its state during an Rz
L-rotation,

fZ ≡ | 〈l|L exp(−iHZt/~) |l〉L |2 , (7.27)

with l = 0, 1. For U/J = 75 it turns out that the infidelity 1 − fZ is smaller than

3× 10−3 for l = 1 and smaller than 10−9 for l = 0 during the whole duration of an

Rz
L(2π)-rotation.

Since this fidelity does not take the phase difference φ between states |0〉L and

|1〉L into account, φ was calculated as well. In Fig. 7.8 the phase difference is shown

for the rotation Rz
L(π). As expected, for increasing ratios U/J the phase difference

gets closer to π. For U/J ≈ 75 the inaccuracy of the achieved phase is already

smaller than 10−3, which shows that the adiabatic elimination is well justified.

From an experimental point of view it is also important to know what happens

when some of the parameters are detuned. Some results are shown in Fig. 7.9.

The error due to the nonvanishing hopping between the second and third lattice

site J2 is negligible as long as J2 < 10−2J1. Because of this we have completely

neglected the influence of the fourth register atom, which is not involved in these

rotations. For a detuned interaction coefficient Uab the infidelity changes quite

quickly if Uab/U differs from 1, but still remains smaller than 10−3 as long as the

detuning is less than 2%.

The fidelity Eq. (7.27) and the phase difference φ between the logical qubit for

the faster scheme of a Rz
L(π)-rotation for small, residual interactions U/J (in the
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Figure 7.10. Numerical studies for a fast rotation with no or only weak
interaction between the atoms. The fidelity Eq. (7.27) of the rotation Rz

L(π)
and the phase difference between the two logical qubits after this rotation
versus the ratio U/J is calculated with the full Hamiltonian Eq. (7.15). The
accuracy of the gate gets better with a smaller interaction U between the
atoms. Note that here no adiabatic elimination has been used.

ideal case this interaction is vanishing) are shown in Fig. 7.10. For this case the

inaccuracy of the gate decreases with decreasing U/J and is smaller than 2×10−3 for

U/J ≈ 10−2. The error calculated according to Eq. (7.27) is orders of magnitudes

smaller than the phase inaccuracy.

The simulations of the Rx
L-rotations lead to similar numbers. The fidelity of

this process, determined by

fX ≡ | 〈0|L exp(−iHXt/~) |1〉L |2, (7.28)

is shown in Fig. 7.11 depending on the ratio U/J . As can be seen from this figure,

the infidelity 1− fX decreases with increasing ratio of U/J and for U/J ≈ 75 the

infidelity is smaller than 10−3. Any infidelities caused by a change of the relative

phases between the two logical states are orders of magnitudes smaller and do not

play any role.

Figure 7.12 shows the results of numerical simulations if various system pa-

rameters are detuned. For the case of a nonideal hopping the deviation should be

smaller than 1.5% to yield infidelities smaller than 3× 10−3. A slight detuning in

the interaction strength is less critical, but should nevertheless be smaller than 4%

to achieve small errors.
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Figure 7.11. Numerical studies of the fidelity Eq. (7.28) of the rotation
Rx

L(π) versus the ratio U/J calculated with the full Hamiltonian Eq. (7.15)
and the parameters Eqs. (7.23) and (7.24) given by adiabatic elimination.
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Figure 7.12. Fidelity Eq. (7.28) for the rotation Rx
L(π). In (a) the hopping

term between the second and third atom is detuned, in (b) the interaction
between register atoms of kind a and b. The other parameters are (a)
Ua,b = Uab = 100J1, (b) Ua,b = U = 100J .

7.3.3 Controlled phase gate

The CPHASE gate can be realised by a controlled swap operation between the

third and the fourth atom since, as mentioned in Sec. 7.2.1.1, ZL = −V34. We

assume that the potential barriers between the first, second, and third atom of

the DFS qubit are high enough to ignore the dynamics of the first two atoms.

The auxiliary atom is assumed to be distinguishable from the DFS atoms and is

confined in a sufficiently deep lattice such that it always remains at its site. If the

auxiliary atom is moved to the free site of the DFS string (cf. Fig. 7.7) and if a
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register atom tunnels into the site of the auxiliary they interact with each other

according to the Hamiltonian

ĤCPHASE = Ĥ +
∑
σ=0,1

U q
σ â†4â4q̂

†
σ q̂σ + U q

σ b̂†4b̂4q̂
†
σ q̂σ , (7.29)

where Ĥ is the Hamiltonian given by Eq. (7.15), q̂σ is the state-dependent annihila-

tion operator of the auxiliary atom with q its internal state, and U q
σ the interaction

strength which is independent of the internal state of the DFS atoms. If the inter-

action U q
0 for state |0〉q of the auxiliary atom is very large compared to the hopping

strength, the third or fourth register atoms cannot enter the lattice site of the aux-

iliary atom and hence they will remain in their sites. Numerical tests show that

during the gate operation this still holds for an interaction strength of U q
0/J ≈ 100,

where J is the hopping term of the register atoms. Under these circumstances the

probability of finding the register in its original state is larger than 1 − 10−3. If

the auxiliary atom is in the state |1〉q and U q
1 = 0, the existence of the auxiliary

atom can be ignored and we only need to solve the dynamics of two register atoms

in three lattice sites. A similar scheme has been discussed in [301, 302], where

an electromagnetically induced transparency-like configuration was used to control

the interaction strength. We will investigate in the following the two limiting cases

of very large and vanishing interaction strength between the register atoms.

7.3.3.1 Large interaction between the register atoms

For the case of large U/J we calculate the fidelities of the swap operation,

f01 = |〈0σ1| U(t) |1σ0〉|2 , (7.30)

f00 = f11 = |〈0σ0| U(t) |0σ0〉|2 (7.31)

numerically, where t is the numerically obtained time for the CPHASE gate and

U(t) = exp(−iĤCPHASEt/~) is the time evolution operator corresponding to Hamil-

tonian Eq. (7.29). The states |ασβ〉 , α, β = 0, 1 denote the states of the third

and the fourth DFS atom, |α〉 and |β〉, and |σ = 1〉 is the internal state of the

auxiliary atom, located in between the two DFS atoms. We choose J (a,b) = J and

Ua,b = Uab = U .

In Fig. 7.13a the fidelities Eqs. (7.30) and (7.31) are shown for a small but

nonvanishing interaction U q
1 between the auxiliary atom and the register atoms for

a ratio U/J = 100. As can be seen the infidelities are smaller than 10−3 as long

as the interaction fulfills U q
1/J < 0.05. A further numerical observation is that the

value of f00 (f01) for very small U q
1/J gets smaller with increasing U/J .

The fidelities Eqs. (7.30) and (7.31) do not take into account the occurrence of
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Figure 7.13. (a) Numerical results for the fidelities Eqs. (7.30) and (7.31),
where the auxiliary atom has a nonvanishing rest interaction with the reg-
ister atoms. (b) Numerical results for the fidelity Eq. (7.35) due to the
phase difference, where the auxiliary atom has a nonvanishing rest interac-
tion with the register atoms. In both cases we took for the register atoms
U/J = 100.

phases. In general, the dynamics of the system will yield a phase,

|ασβ〉 → eiϕαβ |βσα〉 (7.32)

with α, β = 0, 1. Since the interactions U q
σ do not depend on the state of the

DFS atoms we have ϕ01 = ϕ10 and ϕ00 = ϕ11, and a nonvanishing U q
1 leads to the

behaviour

U(t) |0〉L = eiϕ10 |0〉L , (7.33)

U(t) |1〉L = eiϕ10
1

2
√

3
[2(|1100〉+ |0011〉)− eiϕ(|01〉+ |10〉)⊗2] (7.34)

of the four DFS atoms, i.e., to the presence of a nonzero phase ϕ ≡ ϕ00 − ϕ10.

Thus the state U(t) |1〉L is not entirely contained in the DFS anymore. To study

this error we define the fidelity

fph = | 〈1|L U(t) |1〉L |2 =
5 + 4 cos ϕ

9
, (7.35)

which is shown in Fig. 7.13b depending on U q
1/J . The infidelity 1− fph is typically

one order of magnitude smaller than the infidelities shown in Fig. 7.13a.

The time that is needed to perform the swap gate has been calculated nu-

merically. For a ratio of U/J = 75 and the same lattice parameters as for the

Rz
L-rotations we get t = 11.4ms.

Numerical tests show that for the same ratio U/J = 75 the probability of finding

the qubit outside the DFS is smaller than 5×10−4 during the whole gate operation
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Figure 7.14. (a) Fidelity after evolving the state for a time t = π~/
√

2J
for the case of noninteracting register atoms. (b) Fidelity Eq. (7.35) of
state |1〉L after the time evolution, where a perfect fidelity of the atom
swap operation has been assumed and the error is only due to the phase
difference, see text.

time.

7.3.3.2 No interaction between DFS atoms

A substantially shorter gate time can be achieved for the case of a vanishing in-

teraction between the DFS atoms. In Appendix 7.B it is shown that the qubits

still remain in the DFS during the gate operation. By analytically solving the time

evolution of the Hamiltonian it can be shown (see also Appendix 7.B) that after a

time t = π~/
√

2J the dynamics yields the mapping

|ασβ〉 → |βσα〉 , α, β = 0, 1, σ = 1 , (7.36)

which is a swap operation between the third and the fourth DFS atom and thus a

CPHASE gate. For the same lattice potential as earlier with Vx = 7.7ER the gate

time is given by t = 0.33ms.

The results of numerical tests for a small rest interaction between the register

atoms are shown in Fig. 7.14. Figure 7.14a shows the infidelities derived from

Eqs. (7.30) and (7.31) and Fig. 7.14b shows the infidelity derived from Eq. (7.35),

all depending on U/J . The fidelities are better than 1 − 10−3 for interactions

U/J < 0.05. The results of numerical simulations for a nonvanishing rest inter-

action between the DFS atoms and a state |1〉q of the auxiliary atom yield an

infidelity smaller that 3× 10−3 for U q
1/J ≤ 0.05.

In conclusion, a reliable CPHASE gate can be implemented in both cases. If

the auxiliary atom is in the state |1〉q and thus a swap of register atoms 3 and 4

should occur, the interaction U q
1 between the auxiliary atom and the register atoms

is required to be smaller than 0.05J . If the auxiliary atom is in the state |0〉q no
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swap should occur. This holds during the gate interaction time for an interaction

U q
0 larger than approximately 100J . The difference of more than three orders of

magnitude in the interaction can be achieved either by using a Feshbach resonance

or by using an electromagnetically induced transparency scheme as in [301].

7.3.4 Gate times and decoherence

Recent experiments have demonstrated that the decoherence time of quantum in-

formation stored in DFSs can be increased by several orders of magnitudes com-

pared to unprotected qubits. In the case of ion traps decoherence times of more

than 7s have been reported [255] and although the DFS scheme in this experiment

was different from ours we expect a similar improvement in the reliability of our

quantum memory. The required storage time is found by adding the single qubit

and CPHASE gate times calculated in previous sections. According to these the

state transfer from the auxiliary atom to the DFS takes 11ms, neglecting the time

that is needed to implement the rotation and measurement of the auxiliary atom.

The entanglement purification module described in Fig. 7.4 takes 26ms, the CNOT

operation of Fig. 7.5 takes 28ms. The necessary readout process of the DFS qubits

takes 11ms. In comparison to these times the additional operations in steps (i), (ii),

and (iii) of Fig. 7.1 are expected to contribute a negligible amount of extra time to

the overall scheme [271, 272, 292–296]. All these times are very short compared to

the expected decoherence time of the DFS qubit. Since the system remains in the

DFS during the entire single qubit operations we conclude that decoherence of the

DFS qubits plays only a minor role.

However, in the modules which involve a CPHASE gate between the auxiliary

qubit and a DFS qubit the decoherence of the auxiliary atom has to be taken

into account since, in general, it gets entangled with the DFS qubit thus lowering

the overall fidelity. As discussed in Sec. 7.2.2 the fidelity for, e.g., the CNOT

gate is better than 1 − γt, where γ is the inverse decoherence time and t is the

time to perform a CPHASE gate. In our fastest example (without interaction

between register atoms) a CPHASE gate takes approximately 0.33ms. In Ref. [297]

decoherence times of 146ms for ∼ 50 Cs atoms stored in a red-detuned standing

wave have been reported. In the experiment presented in Ref. [43] the influence of

a moving conveyor belt is investigated. It is found that the transport procedure

decreases the coherence time by approximately a factor of 2. This would still be

long enough for our purposes. For the entanglement purification module, which has

the worst fidelity of all our models, the influence of the auxiliary atom leads to a

fidelity of better than 98.7%. For the other modules the fidelity due to decoherence

of the auxiliary atom is better than 99%. Using a blue-detuned trap could give

further considerable increase of the decoherence time. Aside from this, it should

be emphasised that all these times have been measured for many atoms in a trap.

In the case of single atoms longer decoherence times can be expected. Thus, the
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influence of the auxiliary atom on the modules described in Sec. 7.2.1 is small and

only slightly decreases their fidelity.

7.4 Conclusion

In this chapter we developed a scheme for the robust implementation of a quan-

tum repeater. The qubits at the repeater nodes are encoded in a DFS, which

increases the decoherence time of the quantum memory considerably and thus im-

proves the reliability of the scheme. We showed that the quantum repeater can be

divided into simple modules whose implementation only requires a small number

of different quantum gate operations. The single qubit gates can be realised by

selectively lowering potential barriers between the atoms without ever leaving the

DFS. Controlled operations are mediated by a single auxiliary qubit, which is not

decoherence free. However, the influence of this qubit on the gate fidelities was

thoroughly investigated and shown to be sufficiently small as not to significantly

affect the quality of the repeater scheme.

Furthermore, we presented proposals for implementing the DFS qubits and all

necessary operations in systems of neutral atoms trapped in arrays of optical dipole

traps. The times for implementing these gates were calculated and shown to be

much smaller than the expected decoherence time of the DFS qubits. Numerical

examinations have shown that the achieved gate fidelities can be better than 98.7%

and that the gate operations are stable against possible, small deviations of the

system parameters.

Our scheme is extendable to general purpose quantum computing with DFS

qubits, since the elementary one-qubit rotations Rx
L, Rz

L and a two-qubit gate,

which together form a universal set of gates, can be realised. However, during the

CPHASE gate the DFS is left. This effect is very small for our quantum repeater

scheme and the influence of leaving the DFS in other applications as well as the

scalability of the scheme is the subject of further investigations.

Recent experiments have demonstrated that it is possible to implement and

control quantum registers with a few atoms in optical lattices [35] or dipole trap

arrays [282] and that the decoherence times of the auxiliary atom are long enough

to ensure a successful operation of our scheme [43, 297]. The experimental com-

bination of atom registers and optical conveyor belts is also planned [35]. Hence

we are confident that the presented scheme can be implemented with current and

near future experimental techniques.

7.A Adiabatic elimination for the XL-gate

The derivation of Hamiltonian HX , Eq. (7.25), is given in more detail. The starting

point is the Hamiltonian Eq. (7.15) for three atoms in three lattice sites. Since the
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number of atoms in state a and b is conserved the states decouple in two subspaces

where the first one contains only states with one atom in state a and two atoms in

state b and the other one contains two atoms in state a and one atom in state b.

The states with three atoms in the same internal state do not occur in our system.

For simplicity we only consider the second subset, the results for the other subset

can be derived in the same way.

Let Q be the projection operator on all states with more than one atom in a

lattice site, P = 1−Q. The Hamiltonian after adiabatic elimination in first order

perturbation theory is given by

Ĥeff = lim
ε→0

PĤP − PĤQ(QĤQ + ε1)−1QĤP . (7.37)

The inversion of QĤQ + ε1 was calculated up to first order in the perturbation

parameter J/U since in this treatment higher orders of J/U are neglected anyway.

In the basis {|100〉 , |010〉 , |001〉} the adiabatically eliminated Hamiltonian has the

form

Ĥeff =




f1 g1 0

g1 f2 g2

0 g2 f3


 (7.38)

with

f1 = −
Ua

(
(J

(a)
1 )2 + (J

(b)
1 )2

)
+ 4Uab(J

(a)
2 )2

UaUab

, (7.39)

f2 = −(J
(a)
1 )2 + (J

(a)
2 )2 + (J

(b)
1 )2 + (J

(b)
2 )2

Uab

, (7.40)

f3 = −
Ua

(
(J

(a)
2 )2 + (J

(b)
2 )2

)
+ 4Uab(J

(a)
1 )2

UaUab

, (7.41)

g1 = −2
J

(a)
1 J

(b)
1

Uab

, g2 = −2
J

(a)
2 J

(b)
2

Uab

. (7.42)

The action of this Hamiltonian on the logical qubits can be written in the form

Ĥeff |0〉L = u |0〉L + v |1〉L , (7.43)

Ĥeff |1〉L = u |1〉L + v |0〉L . (7.44)

Solving the corresponding equations for u and v one finds

u = f2 , v =

√
3

2
g2 , (7.45)

f1 = f2 + 2g1 , g2 = 2g1 , f3 = f2 + g1 . (7.46)
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Because of the symmetry between the states with two atoms in state a and one

in state b and vice versa the only physical solution for these equations is given by

Eqs. (7.23) - (7.25).

7.B Qubits remain in the DFS

In this appendix we show that the DFS qubits remain decoherence free in the case

without any interaction between the physical qubits, which is relevant for the fast

Rz
L(π) rotation and the CPHASE gate. Since in this case there can be more than

one atom in a lattice site we introduce Fock states |n1
a, n

1
b ; n

2
a, n

2
b ; ...; n

5
a, n

5
b〉, where

nj
a (nj

b) is the number of atoms in mode a (b) in lattice site j = 1, ..., 5 , respectively.

The fast Rz
L(π) rotation can be performed by setting Ua,b = Uab = 0, J

(a,b)
2 =

J
(a,b)
3 = J

(a,b)
4 = 0. In this case the corresponding time evolution operator U(t) =

exp(−iĤt/~), where Ĥ is given by Eq. (7.15), can be calculated analytically and

we get

U(t) |0〉L = |0〉L , (7.47)

for all t and thus the system never leaves the DFS if it is in state |0〉L. The state

|1〉L evolves as

U(t) |1〉L = cos

(
2Jt

~

)
|1〉L

+
i

2
√

3
sin

(
2Jt

~

){
2√
2

[|0, 2; 0, 0〉+ |0, 0; 0, 2〉]⊗ |1, 0; 0, 0; 1, 0〉

+
2√
2

[|2, 0; 0, 0〉+ |0, 0; 2, 0〉]⊗ |0, 1; 0, 0; 0, 1〉

− [|1, 1; 0, 0〉+ |0, 0; 1, 1〉]⊗ [|1, 0; 0, 0; 0, 1〉+ |0, 1; 0, 0; 1, 0〉]
}

.

(7.48)

Clearly, the first term cos(2Jt/~) |1〉L remains in the DFS. In order to see that this

is also true for the second part we rewrite the states in first quantisation. Let |αβ〉A
denote a state where the first atom is in state |α〉 and the second one in state |β〉,
independent in which lattice site they are stored. Due to symmetrisation we get

1√
2

[|1, 1; 0, 0〉+ |0, 0; 1, 1〉] → 1√
2

[|01〉A + |10〉A] , (7.49)
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1√
2

[|2, 0; 0, 0〉+ |0, 0; 2, 0〉] → |00〉A , (7.50)

1√
2

[|0, 2; 0, 0〉+ |0, 0; 0, 2〉] → |11〉A . (7.51)

By rewriting Eq. (7.48) we get

U(t) |1〉L = cos

(
2Jt

~

)
|1〉L +

i

2
√

3
sin

(
2Jt

~

)
{2 |11〉A ⊗ |00〉A + 2 |00〉A ⊗ |11〉A
− [|01〉A + |10〉A]⊗ [|01〉A + |10〉A]} .

(7.52)

The part proportional to the sine function is again decoherence free, because it is

just the state |1〉L.

The case of the CPHASE gate is more complicated because the atoms can hop
into an additional lattice site. The time evolution of state |1〉L is given by

U(t) |1〉L = [|1, 0; 1, 0〉+ |0, 1; 0, 1〉]⊗{
1
4

(
3 + cos

(
2
√

2Jt

~

))
[|0, 1; 0, 0; 1, 0〉+ |1, 0; 0, 0; 0, 1〉]

+
i

2
√

2
sin

(
2
√

2Jt

~

)
[|0, 0; 0, 1; 1, 0〉+

|0, 0; 1, 0; 0, 1〉+ |0, 1; 1, 0; 0, 0〉+ |1, 0; 0, 1; 0, 0〉]

− 1
2

sin2

(√
2Jt

~

)
[|1, 1; 0, 0; 0, 0〉+ 2 |0, 0; 1, 1; 0, 0〉+ |0, 0; 0, 0; 1, 1〉]

}

+ |0, 1; 0, 1〉 ⊗
{

1
4

(
3 + cos

(
2
√

2Jt

~

))
|1, 0; 0, 0; 1, 0〉

+
i

2
√

2
sin

(
2
√

2Jt

~

)
[|1, 0; 1, 0; 0, 0〉+ |0, 0; 1, 0; 1, 0〉]

− 1
2
√

2
sin2

(√
2Jt

~

)
[|2, 0; 0, 0; 0, 0〉+ 2 |0, 0; 2, 0; 0, 0〉+ |0, 0; 0, 0; 2, 0〉]

}

+ |1, 0; 1, 0〉 ⊗
{

1
4

(
3 + cos

(
2
√

2Jt

~

))
|0, 1; 0, 0; 0, 1〉

+
i

2
√

2
sin

(
2
√

2Jt

~

)
[|0, 1; 0, 1; 0, 0〉+ |0, 0; 0, 1; 0, 1〉]

− 1
2
√

2
sin2

(√
2Jt

~

)
[|0, 2; 0, 0; 0, 0〉+ 2 |0, 0; 0, 2; 0, 0〉+ |0, 0; 0, 0; 0, 2〉]

}
.

(7.53)
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For |0〉L we get

U(t) |0〉L = [|1, 0; 0, 1〉 − |0, 1; 1, 0〉]

⊗
{

cos

(√
2Jt

~

)
[|1, 0; 0, 0; 0, 1〉 − |0, 1; 0, 0; 1, 0〉] +

i√
2

sin

(√
2Jt

~

)

[|1, 0; 0, 1; 0, 0〉 − |0, 1; 1, 0; 0, 0〉+ |0, 0; 1, 0; 0, 1〉 − |0, 0; 0, 1; 1, 0〉]
}

.

(7.54)

Making analogous substitutions as above we see that these qubits are again

decoherence free at all times.
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We study a quantum repeater which is based on decoherence free quantum gates
recently proposed by Klein et al. [Phys. Rev. A, 73, 012332 (2006)]. A number of
operations on the decoherence free subspace in this scheme makes use of an ancilla
qubit, which undergoes dephasing and thus introduces decoherence to the system.
We examine how this decoherence affects entanglement swapping and purification
as well as the performance of a quantum repeater. We compare the decoherence
free quantum repeater with a quantum repeater based on qubits that are subject to
decoherence and show that it outperforms the latter when decoherence due to long
waiting times of conventional qubits becomes significant. Thus, a quantum repeater
based on decoherence free subspaces is a possibility to greatly improve quantum
communication over long or even intercontinental distances.

8.1 Introduction

Quantum communication is one of the experimentally most advanced areas of quan-

tum information processing and promises to yield commercial applications in the

near future [211]. In addition to free space quantum communication, current setups

mainly use photon transmission in optical fibres and the distances over which quan-

tum cryptography is possible so far are in the range of up to about 100km [303].

However, quantum communication over longer distances is primarily limited by

photon loss, which grows exponentially with the length of the fibre. A possible

solution of this problem is the use of quantum repeaters [47, 49] to distribute max-

imally entangled pairs of qubits over long distances. These pairs can then be used

1Uwe Dorner took the leading role in writing the paper and is thus the first author. The
results were found in close collaboration, where analytical expressions were mainly found by me
and numerical implementations were mainly done by Dr Dorner.
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for entanglement based quantum communication by teleporting [266] quantum in-

formation from one party to the other. The basic idea of a quantum repeater is

to divide the transmission line into shorter segments with a length of the order

of the attenuation length of the fibre. On each segment entangled particle pairs

are created and by applying entanglement swapping [243] and purification proto-

cols [47, 245, 246] entangled pairs of larger distances are produced. Successive

application of these steps according to a nested repeater protocol [47] creates a

distant qubit pair with high entanglement fidelity.

During the purification process the entanglement fidelity of a pair of qubits

is successively increased by sacrificing auxiliary entangled pairs. In the present

chapter we will use a purification protocol known as “entanglement pumping” [48].

From a practical point of view the use of entanglement pumping is favourable

compared to other purification schemes [245, 246, 276] since it requires significantly

fewer qubits and thus might be easier to implement. However, the decrease of

physical resources comes at the cost of long operation times of the repeater during

which quantum information has to be stored. These waiting times grow quickly

with the distance of the two parties who desire to share an entangled state and if

they are too long the stored quantum information will decohere to such a degree

that the quantum repeater can not be successfully operated anymore. This problem

was recently addressed by Hartmann et al. [50] (see also [304]), who examined the

limitations of a quantum repeater (in terms of maximal distance) depending on

the noise strength. A number of modifications of the repeater protocol have been

proposed and it was shown that the maximal distance might be increased by an

order of magnitude at the cost of a reasonable overhead of resources. Unlimited

distances are only possible with the help of quantum error correction. However,

this imposes very stringent error thresholds, which seem out of reach with present

technology.

In this chapter we pursue the different and conceptually more straightforward

strategy of improving the quality of the quantum memories at the repeater nodes.

We study a repeater architecture based on a scheme recently proposed by Klein

et al. [305], which relies on the concept of decoherence free subspaces (DFSs) [56–

59]. DFSs are a method of passive error correction or error prevention and can

significantly increase the lifetime of quantum information and reliability of quantum

computing as already demonstrated in a number of experiments [252–255, 257–262].

In Ref. [305] a logical qubit at a repeater node is represented by two states of a

decoherence free subspace of a Hilbert space consisting of four atomic qubits. The

logical qubits are immune to collective noise thus greatly improving the lifetime of

stored quantum information. However, gate operations become more complicated

and slower than operations on “bare”, unprotected atomic qubits. In fact the two

qubit operation proposed in [305] is not decoherence free since an unprotected

auxiliary qubit is used to mediate between two logical DFS qubits. In the present

chapter we examine how this noise affects the performance of the quantum repeater
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network and show that it is possible to create entangled pairs of high fidelity

over intercontinental distances. We compare the results to a repeater based on

unprotected qubits, i.e., qubits that are subject to decoherence, and show that

it outperforms the latter when decoherence due to long waiting times becomes

significant. Although we consider only the special case of a quantum repeater,

we emphasise that the methods we employ are generally applicable to arbitrary

quantum networks.

This chapter is organised as follows. In Sec. 8.2 we briefly review the quantum

repeater protocol. In Sec. 8.3 we present the error model we use for quantum

repeaters based on unprotected qubits and DFS qubits. In the same section we

furthermore describe the quantum circuits necessary to implement the repeater. In

Sec. 8.4 we present the results of simulations for both repeater setups. Finally we

conclude in Sec. 8.5.

8.2 The quantum repeater

In this chapter we use the nested repeater protocol developed in [47, 48], which

consists of a combination of entanglement purification and entanglement swapping.

The goal is to create a highly entangled pair between two parties, say, A and B,

which might be attempted by transmitting a photon through a fibre. However, un-

wanted noise will decrease the entanglement fidelity of the qubit pair monotonously

with the distance between A and B. The fidelity can be increased again by apply-

ing purification procedures, in which additional entangled pairs between A and B

are created and sacrificed in order to distill an entangled pair with high fidelity.

However, if the distance between A and B is too large, the entanglement fidelity of

the pairs can drop below a minimum value fmin, which is required by the purifica-

tion protocol to increase the entanglement fidelity [48]. To overcome this problem,

a number of intermediate nodes Ni with sufficiently small distances l0 are intro-

duced between A and B, and entangled qubit pairs are prepared between each of

the intermediate nodes such that the entanglement fidelity of each pair is greater

than fmin. These pairs can be purified and connected via entanglement swapping

to create an entangled pair of larger distance. For the setup used in this chapter

we consider purification via “entanglement pumping” [48], which requires consid-

erably less qubits than other schemes [245, 246, 276] and is thus preferable from a

practical point of view.

The principle of the nested repeater protocol is illustrated by the example shown

in Fig. 8.1: Each bullet represents a qubit and the lines between them indicate

entanglement. On repeater level 1 (indicated by the dashed box on the top left)

two entangled qubit pairs between nodes A and N1 and between nodes N1 and

N2 are created in line (i). The two qubits at node N1 are then connected via

entanglement swapping, creating an entangled pair of qubits with larger distance,
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Figure 8.1. Illustration of the nested repeater protocol. For explanation
see text.

indicated by the curved arrow. Within the schematic of Fig. 8.1 the state of this

qubit pair is then transfered by a quantum operation to the qubit pair in line (ii).

We then generate further entangled pairs in line (i), which are used to purify the

pair in line (ii), indicated by vertical arrows. Given that l0 is the distance between

the nodes, the final pair will have a distance 2l0. Repeater level 2 consists of two

adjacent level 1 repeaters, both of which create an entangled pair of distance 2l0
on line (ii). These two pairs are then connected, the resulting pair is transfered

to line (iii) and subsequently produced pairs are used to purify the pair in line

(iii), which has now a distance 4l0. Repeater level 3 is constructed in the same

way: We use two level 2 repeaters which successively generate pairs in line (iii).

After connecting them the resulting pair is transfered to line (iv), and subsequently

produced pairs are used to purify the pair with distance 8l0 in line (iv). In this

example the distance between the entangled qubits is doubled with each further

repeater level. In general, the number of entanglement swapping steps on each

repeater level can vary from level to level and is adapted to the specific physical

situation. The distance between entangled qubits on repeater level n is then given

by

Sn ≡ l0

n∏
j=1

(Lj + 1) (8.1)

for n ≥ 1 and S0 = l0. The quantity Lj is the number of connections on level j

immediately before the final qubit pair of this level is purified, i.e. in the example

shown in Fig. 8.1 we have L1 = L2 = L3 = 1. Thus, Lj is generally different from

the total number of connections necessary to operate a level j repeater.

We note that in basically all quantum communication schemes flying qubits are

represented by photons. For our setup we assume that the states of these photons

are first transferred to stationary qubits (atoms) creating an entangled pair with

entanglement fidelity f0, which might be lower than the entanglement fidelity of

the photon pair. We use this fidelity f0 as the starting fidelity in all our discussions.

We also note that the state transfer described above is not necessary if we do an
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appropriate relabelling of the qubits. However, for reasons given in Sec. 8.4 we

assume that this transfer is done via a quantum operation.

8.3 Error models

8.3.1 Error model for unprotected qubits

The error model we use in this chapter is motivated by realisations of quantum

information processing with single atoms stored in tight traps [253, 254, 305].

In this scenario, qubits can be represented by two metastable states of atoms.

The lifetime of these states is typically on the order of several minutes or longer,

such that their spontaneous decay can be neglected [252–255, 297]. The major

source of decoherence is then given by dephasing, represented by the σz-Pauli

operator. Unitary single qubit operations necessary to manipulate the qubits can

be realised by laser pulses and static magnetic or electric fields. It is thus easily

possible to implement Hamiltonians which are proportional to Pauli operators such

that the time evolution of the system corresponds to rotations around the x, y,

and z axis of the Bloch sphere. For two qubit operations various schemes have

been developed [219]. Here, we consider two qubit operations caused by an Ising

interaction, which can be realised via the collisional interaction between neutral

atoms stored in optical traps [285, 288].

8.3.1.1 Single qubit gates and measurements

We assume that the major source of noise is dephasing so that the time evolution of

the system state ρ whilst applying a gate described by H i
α on qubit i is determined

by the master equation (~ = 1)

ρ̇ = −i[H i
α, ρ] +

γ

2
(σi

zρσi
z − ρ) . (8.2)

Here,

H i
α = Ωασi

α, (8.3)

where σi
α are the Pauli operators with α = 0, x, y, z. In the case of α = 0 we

set σi
0 = 1 so that the above master equation also describes the dephasing of a

quantum channel or memory. For simplicity we furthermore assume that Ωα is

real and non-negative. For vanishing noise (i.e., γ = 0) the ith qubit undergoes a

rotation around the x, y or z axis

ρ → Ri
α(θ)ρRi

α(θ)† with Ri
α(θ) ≡ e−i θ

2
σi

α , (8.4)

where the rotation angle is given by θ = 2Ωαt.
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In the presence of dephasing (i.e., γ 6= 0) the solutions of Eq. (8.2) can be

described by quantum operations E i
α,

ρ → E i
α(θ)[ρ] =

∑

k

Ei
α,kρ

(
Ei

α,k

)†
. (8.5)

For α = 0, i.e., if the commutator in Eq. (8.2) vanishes, the evolution of the density

operator is given by

ρ → E i
0(γt)[ρ] = p1(γt)ρ + p2(γt)σi

zρσi
z, (8.6)

where

p1(γt) =
1

2

(
1 + e−γt

)
, p2(γt) =

1

2

(
1− e−γt

)
. (8.7)

Note that for α = z the noise operator σi
z commutes with H i

z so that

E i
z(θ)[ρ] = E i

0(γt)[Rz(θ)ρRz(θ)
†] = Rz(θ)E i

0(γt)[ρ]Rz(θ)
†, (8.8)

i.e., the process can be replaced by a perfect rotation followed by noise in the chan-

nel, or vice versa. In the remainder of the present chapter we omit the superscript

i whenever it is clear from the context (e.g. in quantum circuits) on which qubit

the operation is acting on.

Non-ideal measurements are described in this chapter by the positive operator

valued measure [48]

P0 = η |0〉 〈0|+ (1− η) |1〉 〈1| (8.9)

P1 = η |1〉 〈1|+ (1− η) |0〉 〈0| (8.10)

with 0 ≤ η ≤ 1. The parameter η is the probability to obtain the correct result if

a measurement is done in the {|0〉 , |1〉}-basis.

8.3.1.2 Two qubit gates

We consider two qubit operations mediated by an Ising interaction. The dynamics

of the system can thus be described by a master equation of the form

ρ̇ = −i[Ωzzσ
i
zσ

j
z, ρ] +

γ

2
(σi

zρσi
z − ρ) +

γ

2
(σj

zρσj
z − ρ) , (8.11)

where we assume that the noise on qubit i and j is uncorrelated. Since the Ising

Hamiltonian commutes with the noise operators σi
z, the time evolution is simply

given by

ρ → E ij
zz(ξ)[ρ] =E i

0(γt)[E j
0(γt)[e−i ξ

2
σi

zσj
zρei ξ

2
σi

zσj
z ]] , (8.12)



8.3. Error models 123

where ξ = 2Ωzzt. The order of the three distinct operations in the above equation

is arbitrary. This means that E ij
zz can, for example, be described by a perfect

operation followed by dephasing in the quantum channels. An application of thisEzz(�2 ) Ez( 3�2 ) e�i�4 �z�z Rz( 3�2 ) E0(
t)=Ez( 3�2 ) Rz( 3�2 ) E0(
t)
Figure 8.2. Controlled-Z operation, ZAA

↓ , on two unprotected qubits. The
left circuit can be replaced by an effective circuit consisting of ideal gates
followed by noise in the quantum channels. The time t is given by t =
π/4Ωzz + 3π/4Ωz, which is the time needed to perform the noiseless gates.

fact is illustrated in Fig. 8.2, which shows the realisation of a noisy controlled-Z gate

on two qubits. In the following figures we denote this gate as ZAA
↓ , the superscript

indicating that the gate is acting on two unprotected (atomic) qubits. The subscript

defines control and target qubit, i.e., in quantum circuits the arrowhead points to

the target qubit. Strictly speaking this is not necessary since this gate is symmetric

under qubit exchange. However, in later sections we use a similar notation for

controlled-(−Z) gates which are not symmetric.

8.3.1.3 Building blocks of the quantum repeater with unprotected qubits

As indicated in Sec. 8.2, three basic modules are needed to run the quantum re-

peater. In particular, these are the transfer of a state from one qubit to another

one, entanglement swapping, and entanglement purification. In Figs. 8.3-8.5 we

show possible implementations of these three blocks according to the error models

and gate operations described in Secs. 8.3.1.1 and 8.3.1.2. In our simulations qubits

that are measured are immediately removed from the system by tracing them out.

The removal of a qubit is indicated by a Tr-symbol in the corresponding quantum

circuits unless we perform measurements that classically control further operations.

Furthermore, we assume for simplicity that Ω ≡ Ωx = Ωy = Ωz.� ZAA# Ex(�2 ) ZAA# Trj0ih0j Ex( 3�2 ) Ex(�2 ) ~�
Figure 8.3. State transfer between two unprotected qubits. In the noiseless
case the output state ρ̃ would be equal to the input state ρ.

Clearly, the partitioning of the three blocks into elementary gate operations is

not unique and in the presence of noise different architectures can lead to different
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fidelities. In our simulations we compared various possibilities, and the realisations

shown in this article are the ones which led to the best results for the error models

and corresponding error parameters we use, see Sec. 8.4. Moreover, in the case of

a quantum repeater based on unprotected qubits, which is used for communication

over long distances, the dominant source of noise is due to long waiting times during

classical communications (see below and Ref. [50]) and the specific partitioning of

the blocks becomes less important.

Apart from noise during gate operations, the quantum circuits shown in this

section also include noise which is due to waiting times of qubits. Whenever it

is unavoidable that a qubit has to wait until an operation on another qubit is

finished or until a classical signal arrives it undergoes dephasing E0. Fig. 8.4 shows

entanglement swapping between two entangled pairs A−C1 and C2−B of qubits.

The goal is to teleport the state of qubit C1 to qubit B by using the entanglement

of the pair C2 − B. In a noiseless version of this circuit qubit A would be simply

represented by a straight line, which is disconnected from the remaining qubits, and

undergoes no operations (and thus it would normally be omitted in the circuit).

However, in the presence of noise, it has to wait until the whole procedure is finished

and undergoes dephasing during this time. On repeater level n we have to wait a

time tw = Sn−1/c, where c is the speed of light, until the classical signal resulting

from the measurement of qubits C1 and C2 arrives at qubit B. For large distances

between qubits C1, C2 and B, i.e. on higher repeater levels, this waiting times will

be quite long. For instance, taking Sn−1 = 1000km yields a waiting time tw ≈ 3ms,

which is considerably larger than gate operation times of atomic qubits that are

typically in the µs regime, see for instance [285, 306]. Realisations solely based on

solid state systems such as electron spins in quantum dots would have even shorter

gate operation times [307]. However, in the case of a quantum repeater this is of no

advantage since in solid state systems coherence times are typically shorter than in

atomic systems where it can exceed 100ms [43, 297]. Since the waiting times during

classical communication necessary for entanglement swapping are independent of

the implementation, solid state realisations would be less suitable.

If more than two qubit pairs are to be connected we can use a simultaneous

entanglement swapping scheme. For example three entangled qubit pairs A − C1,

C2 − C3 and C4 − B, can be transformed into one entangled qubit pair A− B by

teleporting the state of qubit C2 to qubit A (using the entanglement of A−C1) and

by teleporting the state of qubit C3 to qubit B (using the entanglement of C4−B) at

the same time. In general, a sequence of qubit pairs A−C1, C2−C3, . . . , C2Ln−B

with Ln even can be transformed into a single entangled qubit pair A − B by

simultaneously teleporting the state of qubit CLn to CLn−2 and the state of qubit

CLn+1 to CLn+3 before CLn−2 is teleported to CLn−4 and CLn+3 to CLn+5 and so

on. If Ln is odd we start by teleporting CLn−1 to CLn−3 and CLn to CLn+2 before

CLn−3 is teleported to CLn−5 and CLn+2 to CLn+4 and so on. This leads to two

remaining entangled qubit pairs A−C2Ln−1 and C2Ln −B which can be connected
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Figure 8.4. Entanglement swapping of qubit pairs A − C1 and C2 − B.
The state of qubit C1 is teleported to qubit B by using the entanglement
of qubit pair C2 − B yielding an entangled pair A− B. The waiting times
are given by t1 = 3π/4Ω, t2 = 5π/4Ω + π/4Ωzz and t3 = π/2Ω. The value
of t4 depends on the outcome of the measurement of qubit C2, given by
m2 = 0, 1. In particular we have t4 = π/Ω if m2 = 1 and t4 = π/2Ω
if m2 = 0. The time tme corresponds to the time necessary to perform a
measurement and tw = Sn−1/c is the classical communication time between
qubits C1,2 and qubit B where Sn−1 is the distance between C1,2 and B on
repeater level n.

to a single pair A − B via the procedure shown in Fig. 8.4. In total this method

takes a time dLn/2e(tsw + Sn−1/c) where tsw is the time of the operation shown in

Fig. 8.4 minus the classical communication time tw and d.e is the ceiling function.

Fig. 8.5 shows the quantum circuit for an entanglement purification step of a

qubit pair. The circuit corresponds to the scheme proposed by Deutsch et al. [246],

but here it is expressed in terms of operations which correspond to our gate and

error model. We start with two entangled pairs A1 − B1 and A2 − B2 and sac-

rifice the pair A1 − B1 in order to get—whenever we obtain a coincidence in the

measurements—a new pair A′
2−B′

2, which can have a higher entanglement fidelity

than the pair A2−B2. Whether the fidelity increases depends on the noise strength

and the fidelity of the input pairs and will be discussed in Sec. 8.4. If we do not get

coinciding measurement results the procedure fails and has to be repeated with a

new set of pairs. The measurement result has to be classically exchanged between

node A (the location of qubits A1,2) and node B (the location of qubits B1,2),

which are a macroscopic distance apart from each other. This is indicated by the

double wire connecting the two measurements in Fig. 8.5. The classical communi-

cation time is given by tw = Sn/c and will thus be, as in the case of entanglement

swapping, quite large on higher repeater levels leading to a significant dephasing

of qubit A′
2 and B′

2.

In addition to the already discussed waiting times during entanglement swap-

ping and purification there will be further waiting times for entangled qubits during

the repeater protocol: After an entangled pair on repeater level n is created we

have to wait a certain time until a second pair is available that we can use for a

purification step. In the following, we derive a lower bound for these waiting times.

On the lowest repeater level photons are sent to the repeater nodes and their
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Figure 8.5. Quantum circuit for an entanglement purification step. The
waiting times are given by t1 = 3t2 = 3π/4Ω, tw = Sn/c, where Sn is the
distance between the qubits A1,2 and B1,2 on repeater level n, tme is the
time required to perform a measurement and t′w = tw + π/2Ω.

state is transfered to atomic qubits. The travelling time of the photons can be omit-

ted since they can be triggered such that they arrive at the nodes just in time before

a transfer is possible. After the transfer, which consumes a time t0, entanglement

swapping is performed L1 times taking a total time t′0 = t0 + dL1/2e(tsw + S0/c),

where we take tsw = 9π/4Ω + π/4Ωzz + tme. The resulting state is then transfered

to another qubit pair in a time ttr = 5π/2Ω + π/2Ωzz. Only after this transfer is

complete, it is possible to transfer photonic states to atomic qubits again and con-

nect them. These pairs are then used to purify the pair previously generated, which

takes a time tpur = 5π/2Ω+π/4Ωzz +tme for the operations and measurements, and

a time S1/c for the classical communication of the measurement outcome. Dur-

ing this communication, we can already start creating a subsequent pair necessary

for purification, such that the second purification step can be started after a delay

tpur+max(t′0, S1/c). The purification is performed K1 times and thus the minimum

time it takes to create a pair on repeater level 1 is given by

t1 = ttr + t′0 + K1 [tpur + max (t′0 , S1/c)] . (8.13)

During this process, the pairs on level 1 might have to wait until subsequent pairs

for purification are created. After each purification step, this additional waiting

time is given by taw = max(0, t′0 − S1/c).

On higher levels, the minimum additional waiting time can be estimated as

follows. In order to create a pair on level n ≥ 2 one has to create
∏n

m=2(Km + 1)

times the pairs on level 1, which takes at least a time

tn = t1

n∏
m=2

(Km + 1). (8.14)

However, while the pairs created on level n−1 are used to purify the pairs on level

n, we can already start to prepare the pairs on level n− 2, n− 3, an so on. Hence,

the minimum time the pairs on level n have to wait for the completion of the pairs



8.3. Error models 127

on level n− 1 is given by

tcn−1 = max

{
0 , tn−1 −

n−2∑

l=1

tl

}
(8.15)

for n ≥ 2 and tc0 = t0. The minimum additional waiting time after each purification

and transfer step on level n is then given by

taw = max
{
0 , dLn/2e(tsw + Sn−1/c) + tcn−1 − Sn/c

}
(8.16)

and

t̃aw = dLn/2e(tsw + Sn−1/c) + tcn−1 , (8.17)

respectively. Note that in Eq. (8.16) the waiting time tw = Sn/c has been sub-

tracted from the additional waiting time taw, since it is already included in the

purification scheme, see Fig. 8.5.

Equation (8.14) can be used to estimate the operation time for the quantum

repeater. It provides only a lower bound since it gives the time if the operation of

the repeater was successful “in one go”, i.e., if all involved purification steps have

been successful. However, the probability for this to happen is extremely small [50]

and most likely one would operate the repeater in a different way, such that on

each repeater level one would wait until the corresponding purification steps are

successful, which introduces further waiting times.

8.3.2 Error model for DFS qubits

The setup we consider for an experimental implementation of the repeater nodes

utilises single atoms stored in neighbouring dipole traps, such as the wells of an

optical lattice [305]. Recent experiments [252–255, 297] showed that for this case

the coupling of the qubits to their environment, for example caused by electric or

magnetic stray fields, can be considered to be homogeneous, that means identical

for all qubits. Thus it is possible to extend the lifetime of the stored information

considerably by encoding it in a DFS, which protects the qubits from homogeneous

noise. In the next subsection, we briefly discuss two possible DFSs which we

consider in this chapter. The first DFS scheme, which was used in Ref. [305],

encodes a logical qubit in four two-level atoms in such a way that it is protected

against arbitrary kinds of homogeneous noise [59]. The second DFS scheme employs

only two atoms, and is therefore easier to realise, but protects the encoded quantum

information only against homogeneous dephasing. However, this is sufficient for a

lot of implementations, as has already been demonstrated in experiments [252–

255]. For both cases we present how the single and two qubit gates necessary for

implementing the repeater protocol can be performed and which limitations occur.
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Figure 8.6. Noisy controlled-(−Z) operation, ZAD

↓ , between an auxiliary
qubit and a DFS qubit. In reality the dephasing takes place during the gate
operation. In simulations it can be applied before or after the controlled-
(−Z) operation.

8.3.2.1 Single qubit gates, two qubit gates and measurements of DFS

qubits

The two logical states of a DFS qubit are represented by two states of a system

consisting of four two-level atoms, which are stored in an array of dipole traps,

|0〉DFS =
1

2
(|01〉 − |10〉)⊗ (|01〉 − |10〉) ,

|1〉DFS =
1

2
√

3
(2 |1100〉+ 2 |0011〉 − (|01〉+ |10〉)⊗2) ,

(8.18)

where |ijkl〉 = |i〉1 |j〉2 |k〉3 |l〉4 with i, j, k, l = 0, 1 are the basis states of the four-

atom system. This subspace does not couple to collective noise corresponding to

fluctuating fields of the form

HI =
4∑

i=1

σx
i Bx + σy

i By + σz
i Bz . (8.19)

As a consequence, the subspace is immune to all kinds of homogeneous noise. So

far the DFS in equation (8.18) has not been implemented using an atomic sys-

tem. There are, however, experimental realisations of a DFS which protects qubits

against homogeneous dephasing [252–255] using the simpler DFS described below.

It has been demonstrated that the coherence time of quantum information stored

in such a DFS is ultimately limited by the lifetime of the excited atomic level with

respect to spontaneous decay [253, 254]. The lifetime of ground state hyperfine

levels with respect to spontaneous decay is extremely long, in fact times exceeding

10 minutes have been observed [255]. We can therefore neglect uncorrelated spon-

taneous emission and assume that quantum information is stored without loss in

the DFS.

It was shown in [305] that single qubit rotations Rx(θ) and Rz(θ) can be done

without leaving the decoherence free subspace and thus we assume that these

operations are performed without any error. In contrast to this it was shown

that a feasible implementation of a two qubit gate can be achieved by applying

a controlled-(−Z) operation, which involves the use of an unprotected auxiliary
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Figure 8.7. Implementation of a controlled-(−Z) operation, ZDD

↓ , between
two DFS qubits.

atom. The five atoms are then subject to collective noise of the form HI +σx
AUXBx+

σy
AUXBy +σz

AUXBz and the action of this operator on a state |ψ〉DFS |φ〉AUX is given

by |ψ〉DFS |φ〉AUX → |ψ〉DFS (σx
AUXBx + σy

AUXBy + σz
AUXBz) |φ〉AUX. Hence, we can

assume that the noise acts independently on the auxiliary atom. We further re-

strict our considerations to dephasing noise Bzσ
z
AUX. The dynamics of the auxiliary

atom is thus described by the model detailed in Sec. 8.3.1. Since the noise opera-

tion (dephasing of the auxiliary atom) and the controlled-(−Z) operation commute,

the combined operation can be represented by an effective operation as shown in

Fig. 8.6, where τ is the time needed to perform the controlled-(−Z) gate. In the

following figures we denote this gate as ZAD
↓ , the arrow again defining control and

target qubit. Since τ is relatively large (∼ 1 ms) we expect decoherence caused by

the auxiliary atom to be the major limiting factor in our setup, because the long

waiting times of the qubits during classical communication between the repeater

nodes do not play any role for the DFS qubits.

Although Ref. [305] concentrates on a DFS given by Eq. (8.18), we point out

that in the case where only collective dephasing (i.e. Bx = By = 0) is the relevant

source of noise a DFS consisting of two atoms is sufficient. In this case, the logical

states are

|0〉DFS =
1√
2
(|01〉+ |10〉) ,

|1〉DFS =
1√
2
(|01〉 − |10〉) .

(8.20)

The controlled-(−Z) operation between an auxiliary (atomic) qubit and a DFS

qubit as well as rotations Rz(θ) can be done in exactly the same way as described

in Ref. [305] (omitting two of the four atoms) with the same fidelities and operation

times. Rotations Rx(θ) can be performed using a laser to induce a rotation around

the z−axis of the Bloch sphere of, e.g., the first atom constituting the DFS. As in

the case of the four-qubit DFS, these operations can be done without leaving the

DFS and noise is mainly introduced by the auxiliary atom. Hence, all methods and

results presented in this chapter are also valid for the DFS spanned by the states

given in Eq. (8.20).

The operation depicted in Fig. 8.6 can be used to implement controlled op-
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Figure 8.8. Quantum circuit for a controlled-not operation, XDD
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Figure 8.9.Measurement of a DFS qubit.

erations between two DFS qubits by using an auxiliary qubit. Fig. 8.7 shows a

possibility to implement a controlled-(−Z) gate between two DFS qubits. The

single qubit operations and the measurement of the auxiliary qubit are the same

as in Sec. 8.3.1. The controlled-(−Z) operation can then be used to generate a

controlled-not between two DFS qubits as shown in Fig. 8.8. Analogously to our

previous notation, these are denoted in the following figures as ZDD
↓ and XDD

↓ .

In order to measure the state of a DFS qubit we again make use of an auxiliary

qubit. The corresponding circuit is shown in Fig. 8.9. The measurement of the

auxiliary qubit is equivalent to a measurement of the DFS qubit.

8.3.2.2 Building blocks of the quantum repeater using DFS qubits

The basic modules necessary to implement a quantum repeater involving DFS

qubits are shown in Figs. 8.10-8.12. In the case of state transfer shown in Fig. 8.10

we need two procedures, namely a transfer from an auxiliary qubit to a DFS qubit

and a transfer of the state from one DFS qubit to another one. In contrast to the

state transfer between two DFS qubits (and also between two unprotected qubits,

see Fig. 8.3), which can theoretically be avoided, the transfer between auxiliary

(atomic) qubit and DFS qubit is necessary on the lowest level of the quantum re-

peater. This is required since we assume that the state of the flying qubit (typically

a photon) is first transferred to an atom, see Sec. 8.2 and Ref. [305], and not directly

to a DFS qubit. The circuit shown in Fig. 8.10a includes a dephasing operation,

which accounts for the fact that the first qubit has to wait until the Rx(−π/2) gate

on the second qubit is finished. This operation is relatively slow (∼ 2.5 ms) [305]

and is thus much slower than typical single qubit gates on atomic (auxiliary) qubits.

However, since the E0 operation commutes with the ZAD
↓ operation, this noise has

no effect on the outcome of the state transfer.

The quantum circuit for entanglement swapping with DFS qubits is shown in

Fig. 8.11. The principle is the same as described in Sec. 8.3.1.3: The state of

qubit C1 is teleported to qubit B using the entanglement of the pair C2−B. Since

quantum information can be stored in the DFS without losses, waiting times during
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Figure 8.10. Quantum circuits for the transfer of (a) the state of an atomic
qubit to a DFS qubit and (b) the sate of a DFS qubit to a DFS qubit. The
operation E0 shown in (a) has no effect on the outcome of the state transfer,
see text. In the noiseless case the output state ρ̃ would be equal to the
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Figure 8.11. Quantum circuit for entanglement swapping involving only
DFS qubits. The shown circuit corresponds to the standard protocol of
teleporting the state of qubit C1 to qubit B.

classical communications do not have any effect if they do not exceed the coherence

time of the DFS qubit (see above). Thus qubit A is omitted in this circuit since it

would be simply represented by a straight line.

Figure 8.12 shows the quantum circuit for entanglement purification of (a) a

pair of auxiliary qubits A1−B1 and a pair of DFS qubits A2−B2, and (b) two pairs

of DFS qubits A1 − B1 and A2 − B2. The major difference to the corresponding

case of unprotected qubits (Fig. 8.5) is again that the waiting times during classical

communication do not have any effect if they are shorter than the coherence time

of the DFS qubit.

8.4 Results of simulations

In this section, we present results of simulations of the full nested purification

protocol. For a better understanding we first concentrate on its main components,

namely entanglement swapping and entanglement purification, as well as state

transfer. As indicated in Sec. 8.2 the state transfer is theoretically not necessary,

however it turns out that its inclusion into the repeater protocol does not reduce

the final entanglement fidelity significantly. Therefore, we include the state transfer

into the repeater protocol since in an experimental implementation it might be
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Figure 8.12. Quantum circuit for an entanglement purification step be-
tween (a) pairs of auxiliary and DFS qubits and (b) two pairs of DFS
qubits. A1 j0ih0j EW EpurB1 j0ih0j =A2 j0ih0j EiB2 j0ih0j Ei+1
Figure 8.13. Illustration of the numerical method taking entanglement pu-
rification with Werner states as an example. The operation in the big box
can be combined via process tomography to a single operation Ei+1 given
by a set of Kraus operators. Initially we have E0 = EW . The method is
repeated n times corresponding to n entanglement pumping processes. For
more details see text.

easier to do so.

We assume that the initial states are either Werner states

ρW = f0 |Φ+〉 〈Φ+|+ 1− f0

3
(|Φ−〉 〈Φ−|+ |Ψ+〉 〈Ψ+|+ |Ψ−〉 〈Ψ−|) (8.21)

or binary (mixture) states

ρB = f0 |Φ+〉 〈Φ+|+ (1− f0) |Φ−〉 〈Φ−| , (8.22)

where

|Φ±〉 =
1√
2
(|00〉 ± |11〉) , |Ψ±〉 =

1√
2
(|01〉 ± |10〉) . (8.23)
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The entanglement fidelity of a state ρ is defined as

f = 〈Φ+| ρ |Φ+〉 . (8.24)

In order to simulate the repeater and its constituents we developed a program with

a modular structure, i.e., it allows the simulation of a quantum circuit by succes-

sively applying subroutines with mixed states as input. Each of these subroutines

corresponds to a quantum operation (gates and measurements), which is repre-

sented by a Kraus decomposition. Furthermore, we extensively use the fact that a

quantum network can be combined into one effective quantum operation, the Kraus

operators of which can be calculated by using the quantum process tomography

algorithm [2].

We illustrate this method in more detail for the example of entanglement pu-

rification with Werner states as shown in Fig. 8.13. The aim is to purify a qubit

pair A2 − B2 via entanglement pumping using Werner states. The operation EW

creates a Werner state out of the input state |00〉 〈00| and the operation Epur cor-

responds to the actual entanglement purification circuit, for example as shown in

Fig. 8.5. The operation Ei is set initially to E0 = EW . The circuit shown in Fig. 8.13

then leads to an output state which corresponds to the state after one entangle-

ment pumping process. All the operations inside the large box in Fig. 8.13 can

be combined to one effective quantum operation E1, which acts on two qubits and

which can be determined via process tomography. The operation E1 is then used

instead of E0 in a repetition of these steps and so forth. After n iterations we get

an effective operation En which, when applied to the input state |00〉 〈00|, creates

a state that we would get after n entanglement pumping steps. By replacing the

quantum operations inside the large box in Fig. 8.13 appropriately, we applied this

method also to state transfer and entanglement swapping, since in all cases all but

two qubits are measured at the end of the operation, i.e., also transfer and swap-

ping can be represented by an effective operation with two input and two output

qubits. Ultimately, the combination of state transfer, entanglement swapping, and

purification makes it possible to calculate an effective quantum operation for the

whole repeater, which transforms a given input state (e.g. |00〉 〈00|) into the final

state of the repeater.

For the examples shown in this section we set Ω = Ωx = Ωy = Ωz = 2π×50kHz,

which means we assume that a 2π-rotation around the x, y, z axes can be done in

10µs. The two particle interaction strength of Eq. (8.11) is set to Ωzz = 0.1Ω, i.e.,

the controlled-Z gate described in Fig. 8.2 takes 32.5µs. Furthermore, we assume

an operation time for the controlled-(−Z) operation between an auxiliary qubit and

a DFS qubit (see Fig. 8.6) of τ = 1ms, which corresponds to the gate operation

times calculated in Ref. [305]. The measurement time is set to tme = 10µs and the

measurement error is assumed to be 1− η = 0.01 unless otherwise stated.

Figure 8.14 shows the fidelity of the state of an entangled particle pair after it
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Figure 8.14. Fidelities after transfer of the state of a qubit pair depending
on the noise parameter γ (τ = 1ms). The initial states are Werner states
with fidelities f0 = 0.7, 0.8, 0.9, 0.99 (bottom to top). Dotted lines corre-
spond to the transfer of auxiliary (unprotected) qubits (cf. Fig. 8.3), dashed
lines correspond to a transfer from auxiliary to DFS qubits (cf. Fig. 8.10a)
and solid lines correspond to the transfer of DFS qubits (cf. Fig. 8.10b).

was transfered to another qubit pair versus γ by means of the circuits described in

the previous section. The initial states are Werner states. The corresponding plot

for binary states (not shown) is very similar and deviates from Fig. 8.14 appreciably

only for small fidelities. Assuming a coherence time of 1/γ = 100ms, the initial

fidelity is reduced by ∼ 0.1% in the case of a transfer between auxiliary qubits, by

∼ 1− 2% for a transfer from auxiliary to DFS qubits and by ∼ 2− 3% in the case

of a transfer between DFS qubits.

The fidelities after connecting L + 1 entangled qubit pairs (i.e., after L con-

nection processes) via entanglement swapping are shown in Fig. 8.15. In these

examples we assumed that there are initially L + 1 qubit pairs of fidelity f0 and

distance l0 in a Werner state (Fig. 8.15a) or in a binary state (Fig. 8.15b), which

are connected according to the method described in Sec. 8.3.1.3. This implies that

the ith entangled pair with i = 1, 2, . . . , L + 1 has to wait an additional time

max{0, |d(L+1)/2e− i|−1}(l0/c+ tsw), until the connection process starts for this

pair. The final pair has then a distance of (L + 1)l0.

As can be seen from these plots, entanglement swapping with partially entangled

states leads to a significant loss of fidelity, in fact it has been shown that the fidelity

decreases exponentially in the noiseless case [50]. The effect of noisy gate operations

and waiting times becomes less important for small fidelities. For example, starting

with two Werner pairs of fidelity 80% we lose about 15% fidelity by connecting

them. For short distances a swapping procedure using unprotected qubits performs

generally better than one with DFS qubits due to the long gate operation times

in the decoherence-free case. However, for distances l0 larger than about 1000km

entanglement swapping with DFS qubits becomes advantageous.
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Figure 8.15. Fidelities depending on the number of connection processes L
for γ = 1/100ms. The qubit pairs are initially (a) in Werner states and (b)
in binary states with fidelities f0 = 0.7, 0.8, 0.9, 0.99 (bottom to top). The
solid lines correspond to DFS qubits, and the short dashed and long dashed
lines correspond to auxiliary (unprotected) qubit pairs with distances of
l0 = 1000km and l0 = 10km, respectively. The dotted line corresponds to
the noiseless case, i.e., γ = 0, η = 1.

The effect of entanglement purification (using entanglement pumping) of an

entangled qubit pair, which has initially the fidelity f0, is shown in Fig. 8.16 and

Fig. 8.17. In particular, we calculated the maximally reachable fidelity fmax after a

large number of successful purification steps depending on f0, which is also the fi-

delity of the successively provided additional pairs used for entanglement pumping.

In Figs. 8.16 and 8.17 the initial pair and the additional pairs are Werner states

and binary states, respectively. Whenever the curves are above the bold diagonal

line we gain fidelity, otherwise the fidelity is decreased during the process. These

figures illustrate again that the DFS scheme becomes better than the scheme based

on unprotected qubits at a distance of l0 ≈ 500km. For γ = 1/25ms and a distance

of l0 = 1000km (lowest short dashed line in Fig. 8.16b) purification would not be

possible at all for unprotected qubits. Moreover, binary states perform generally

better than Werner states [48]. Also shown in these figures are the maximal fideli-
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Figure 8.16.Maximal fidelity obtainable via entanglement purification us-
ing Werner states versus initial fidelity f0, which is also the fidelity of
the successively generated entangled pairs, for (a) γ = 1/100ms and (b)
γ = 1/25ms. The bold, diagonal lines aid to read off whether entanglement
is gained or lost, see text. The thin, solid lines correspond to purification
using DFS qubits, and the short dashed lines correspond to purification
using unprotected qubits for l0 = 10km, 500km, 1000km (top to bottom).
The long dashed line was obtained by purifying a DFS qubit pair with
an auxiliary (unprotected) qubit pair. As a reference we also plotted the
corresponding result for the noiseless case (dotted lines).

ties for purification between an auxiliary qubit and a DFS qubit (long dashed lines),

which is needed on the first level of the DFS repeater, compare Fig. 8.12a. Note

that in this case the maximally reachable fidelity, i.e., the point where the curves

intersect the diagonal line in the upper right corner of the plots, is very close to

one even for small coherence times 1/γ. The points where the curves intersect the

bold diagonal line in the lower left corner correspond to the purification threshold

below which no purification is possible.

As described in Sec. 8.2, the quantum repeater protocol we use in this chapter

is a nested arrangement of entanglement purification and entanglement swapping.

The DFS repeater suffers from long gate operation times, which particularly affects



8.4. Results of simulations 137

0.5

0.6

0.7

0.8

0.9

1

0.5 0.6 0.7 0.8 0.9 1

f m
ax

f0

(a)

0.5

0.6

0.7

0.8

0.9

1

0.5 0.6 0.7 0.8 0.9 1

f m
ax

f0

(b)

Figure 8.17. Same as in Fig. 8.16 but using binary states instead of Werner
states.

the noisy two qubit gate. Quantum gates based on unprotected qubits are signif-

icantly faster, however, due to long waiting times during the repeater protocol in

the case of long distances, the involved memory qubits are strongly prone to de-

coherence. In Fig. 8.18 we show an example which compares these two cases. We

calculated the fidelity of the entangled pair generated by a quantum repeater with

n levels. On each level we perform 5 purification steps and perform one connection

(i.e., Lj = 1) except for the first level where no connection is done (i.e., L1 = 0).

For the repeater based on unprotected qubits we assume t0 = 10µs. The distance

of the generated entangled pair on level n scales like Sn = 2n−1l0. If we take for

example l0 = 10km and n = 12, we get a distance of 20480km. Clearly, we do not

suggest that the distance over which entangled pairs can be distributed with the

DFS quantum repeater is unlimited. The DFS we use protects only against noise

given by Eq. (8.19) and is for example not immune to fluctuating inhomogeneous

fields. Therefore, the “decoherence free” subspace ultimately has a finite coherence

time which, however, can be very long (see Sec. 8.3.2.1). In particular, we expect it

to exceed the time necessary to generate an entangled pair on an intercontinental

distance, which is on the order of tens of seconds [48]. As can be seen from Fig. 8.18,
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Figure 8.18. Fidelity f of an entangled pair created by a quantum repeater
using (a) Werner states and (b) binary states on the lowest level depending
on the repeater level n. The solid lines correspond to a DFS repeater and
the dashed lines to a repeater based on unprotected qubits. The fidelities
of the initially created pairs are f0 = 0.8, 0.9 (bottom to top), l0 = 10km
and γ = 1/100ms. For further parameters see text.

the DFS repeater outperforms the repeater based on unprotected qubits already

on repeater level 4 which corresponds to 80km in the above example. The final

fidelity of the entangled pairs produced by the DFS repeater is f = 98.1%. The

waiting times, which are relevant for the repeater based on unprotected qubits, are

calculated according to Eqs. (8.16) and (8.17), i.e., they represent a lower bound.

We emphasise here that the strategy (i.e., the choice of the Lj, the number of pu-

rification steps on a repeater level, the distance l0 of the initially created pairs etc.)

used in this example might not be the most optimal one. A systematic approach

to this problem, albeit with a different error model, can be found in [50]. However,

it was found in this reference that even with an optimised strategy and reasonable

errors intercontinental distances can not be reached by a repeater using entangle-

ment pumping. Therefore, a number of alterations to the repeater protocol have

been proposed to increase the distance [50]. Our results show that improving the

quantum memory by employing a decoherence free subspace (and not changing the
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repeater protocol) gives an alternative method to reach intercontinental distances.

8.5 Conclusions

In the present chapter we described in detail the implementation of a quantum

repeater based on DFS quantum memories, i.e., the qubits at the repeater nodes

are represented by two states of a DFS consisting of four physical qubits, which

can be manipulated as proposed in Ref. [305]. We showed that the distribution

of entangled pairs over long distances is possible with our setup. We simulated

the DFS repeater as well as a repeater based on unprotected qubits using realistic

parameters, and demonstrated that the DFS scheme outperforms the scheme based

on unprotected qubits if waiting times due to classical communication become too

large. The implementation of a repeater based on a reliable memory, even in the

case of slow and faulty gate operations as in the example we considered, would

thus offer the possibility for long distance quantum communication.

In future work one might enhance the performance of the quantum repeater

even further by conceiving hybrid architectures, which combine the advantages

of fast schemes based on unprotected qubits and schemes involving DFS qubits.

For example, one could use the DFS qubits merely as a memory and quantum

information is processed with unprotected qubits. The memory could be accessed

via state transfer mechanisms as it is discussed in the present chapter acting as an

interface between memory and processing qubits. Fast gate operations would then

be performed on and between unprotected qubits. A further option along the lines

of these ideas is based on the observation that the maximally reachable fidelity

fmax of purification of a DFS qubit pair with unprotected qubit pairs is larger

than purification using only DFS qubit pairs (see long dashed lines in Figs. 8.16

and 8.17): On the final repeater level(s) we could therefore transfer the state of

the DFS qubit pair to an unprotected qubit pair and use this in turn to purify

another DFS qubit pair. If the loss in fidelity induced by the state transfer is not

too high the results presented in Figs. 8.16 and 8.17 suggest that this could lead

to final fidelities exceeding those obtained from using exclusively DFS qubits on

higher repeater levels.





Chapter 9

Conclusion

In this thesis we have shown how a system of ultracold atoms in an optical lattice

can be used for special purpose quantum simulations. The proposed methods make

use of recent experimental developments in this field such as spin-dependent optical

lattices [44–46], the implementation of superlattices [308, 309], and mixtures of

degenerate quantum gases [33, 34].

Specifically, we have shown that it is possible to implement model Hamiltonians

known from high-temperature superconductivity by using atoms in spin-dependent

optical lattices. The crucial point of the implementation is the spin-spin interac-

tion, which is realised by inducing state-dependent collisional phases as already

demonstrated in experiments [45, 46]. This interaction is combined with the usual

Hubbard Hamiltonian by employing a Trotter-Suzuki expansion. We have com-

pared the fidelity of this expansion to an exact calculation of the Hamiltonian

and found that reliable results can be expected. The whole scheme can be im-

plemented with current experimental techniques and opens the way to explore

high-temperature superconductivity model Hamiltonians in a novel manner.

We have also shown that the effect of phonons, which are always present in a

solid crystal, can be mimicked in a cold atom setup by immersing an optical lattice

system into a Bose-Einstein condensate (BEC). The atoms in the lattice are then

accurately described in terms of polarons and behave similarly to electrons in a

solid. For this system, we derived a generalised and a quantum master equation

which both describe the system for different parameter regimes. We were able to

observe a crossover in the transport properties from a coherent, wavelike dynamics

to a non-coherent, diffusive one. Investigations with the quantum master equation

and exact solutions of the system showed that depending on the internal state of

the atoms and their distance, effects such as sub- and superdecoherence can be

observed [186]. These have to be taken into account when the setup is to be used

as a quantum register. We have also investigated the interactions of the lattice

atoms mediated by the BEC and showed that a clustering of the atoms occurs for

experimentally realistic parameters.

Moreover, we used the optical lattice setup in order to combine the ideas of

decoherence-free subspaces and quantum repeaters. A logical qubit is encoded into

several atoms such that decoherence is suppressed. During single-qubit rotations

141



142 Conclusion

the logical qubit never leaves the DFS, and only the two-qubit gate has to be

implemented by using an additional auxiliary atom, which is subject to dephasing.

Although this atom induces decoherence into the system, the quantum repeater

scheme can still be operated reliably.

The setup we have proposed is specially designed for a quantum repeater, where

only a few qubits have to be considered. However, the setup might be extended

to more qubits and even to a universal computing device. Several questions arise

regarding how this extension can be done. A suitable architecture has to be used

to accommodate all the necessary qubits, and ways have to be found to manipulate

the qubits individually. Furthermore, if more qubits are involved it is not absolutely

clear whether the influence of the decoherence caused by the auxiliary atom can still

be suppressed. It would also be interesting to combine the ideas of decoherence-free

subspaces with mirror-inverting spin chains [310–312]. Here, we could extend our

previous work on the influence of noise on the properties of these spin chains [60]

and find means for making them more robust.

Our work on atoms in optical lattices submerged into Bose-Einstein condensates

has already received interest in other, recent publications. In reference [184], the

authors experimentally produced a Bose-Bose mixture and used some of our results

to interpret their findings, especially the reduction of hopping. In reference [313], a

system of atoms trapped in a self-assembled dipolar lattice was investigated. This

system is qualitatively similar to ours, and the authors also observe a dressing of

the atoms with phonons and an induced off-site interaction. As experiments be-

come more and more sophisticated, we hope that our setup will be implemented in

the near future. This will lead to the need of a more rigorous theoretical analysis

of this system. Especially finite-size effects and the presence of weak trapping po-

tentials, which are unavoidable in experiments, have been neglected in our analysis

and should be investigated. Furthermore, the combination of having phonons in

an optical lattice with other techniques, such as effective magnetic fields or the

incorporation of spin-spin interactions as described in chapter 3, might open the

door to a deeper understanding of the effects which take place in a solid crystal.
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[88] Thorsten Köhler, Krzysztof Góral, and Paul S. Julienne. Production of cold

molecules via magnetically tunable Feshbach resonances. Rev. Mod. Phys.

78, 1311 (2006).

[89] Herman Feshbach. Unified theory of nuclear reactions. Ann. Phys. (NY) 5,

357 (1958).

[90] Herman Feshbach. A unified theory of nuclear reactions. II. Ann. Phys. (NY)

19, 287 (1962).

[91] Immanuel Bloch, Jean Dalibard, and Wilhelm Zwerger. Many-body physics

with ultracold gases. arXiv:0704.3011v1 (2007).

[92] S. Inouye, M. R. Andrews, J. Stenger, H.-J. Miesner, D. M. Stamper-Kurn,

and W. Ketterle. Observation of Feshbach resonances in a Bose Einstein

condensate. Nature (London) 392, 151 (1998).

[93] T. Bourdel, L. Khaykovich, J. Cubizolles, J. Zhang, F. Chevy, M. Teichmann,

L. Tarruell, S. J. J. M. F. Kokkelmans, and C. Salomon. Experimental study

of the BEC-BCS crossover region in Lithium 6. Phys. Rev. Lett. 93, 050401

(2004).



150 Bibliography

[94] S. Jochim, M. Bartenstein, A. Altmeyer, G. Hendl, S. Riedl, C. Chin,

J. Hecker Denschlag, and R. Grimm. Bose-Einstein condensation of

molecules. Science 302, 2101 (2003).

[95] M. W. Zwierlein, C. A. Stan, C. H. Schunck, S. M. F. Raupach, S. Gupta,

Z. Hadzibabic, and W. Ketterle. Observation of Bose-Einstein condensation

of molecules. Phys. Rev. Lett. 91, 250401 (2003).

[96] M. Bartenstein, A. Altmeyer, S. Riedl, S. Jochim, C. Chin, J. Hecker Den-

schlag, and R. Grimm. Collective excitations of a degenerate gas at the

BEC-BCS crossover. Phys. Rev. Lett. 92, 203201 (2004).

[97] Anthony J. Leggett. Bose-Einstein condensation in the alkali gases: Some

fundamental concepts. Rev. Mod. Phys. 73, 307 (2001).

[98] C. W. Gardiner. Particle-number-conserving Bogoliubov method which

demonstrates the validity of the time-dependent Gross-Pitaevskii equation

for a highly condensed Bose gas. Phys. Rev. A 56, 1414 (1997).

[99] Y. Castin and R Dum. Low-temperature Bose-Einstein condensates in time-

dependent traps: Beyond the U(1) symmetry-breaking approach. Phys. Rev.

A 57, 3008 (1998).

[100] L. P. Pitaevskii. Sov. Phys. JETP 13, 451 (1961).

[101] E. P. Gross. Hydrodynamics of a superfluid condensate. J. Math. Phys. 4,

195 (1963).

[102] E. H. Lieb, R. Seiringer, and J. Yngvason. Bosons in a trap: A rigorous

derivation of the Gross-Pitaevskii energy functional. Phys. Rev. A 61, 043602

(2000).

[103] P. R. de Gennes. Superconductivity of Metals and Alloys. Benjamin, New

York, first edition, (1966).
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[111] L. Guidoni, C. Triché, P. Verkerk, and G. Grynberg. Quasiperiodic optical

lattices. Phys. Rev. Lett. 79, 3363 (1997).

[112] Andrew John Daley. Manipulation and Simulation of Cold Atoms in Optical

Lattices. PhD thesis, Leopold-Franzens-Universität Innsbruck, (2005).
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[281] R. Dumke, T. Müther, M. Volk, W. Ertmer, and G. Birkl. Interferometer-

type structures for guided atoms. Phys. Rev. Lett. 89, 220402 (2002).
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