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Abstract: We present a novel targeted exploration strategy for linear time-invariant systems
without stochastic assumptions on the noise, i.e., without requiring independence or zero mean,
allowing for deterministic model misspecifications. This work utilizes classical data-dependent
uncertainty bounds on the least-squares parameter estimates in the presence of energy-bounded
noise. We provide a sufficient condition on the exploration data that ensures a desired error
bound on the estimated parameter. Using common approximations, we derive a semidefinite
program to compute the optimal sinusoidal input excitation. Finally, we highlight the differences
and commonalities between the developed non-stochastic targeted exploration strategy and
conventional exploration strategies based on classical identification bounds through a numerical

example.
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1. INTRODUCTION

Estimation and control design require an accurate model in
order to infer unknown parameters and satisfactorily regu-
late a system’s behaviour. The system model can be identi-
fied based on data gathered in an experiment. Targeted ez-
ploration and optimal experiment design (Pronzato, 2008;
Gevers and Ljung, 1986) enhance control design by strate-
gically gathering informative data that aids in deriving
accurate models. In particular, targeted exploration inputs
are designed in such a way that the consequent reduction
in model uncertainty ensures: (i) the identified model
meets a desired accuracy, and/or (ii) the achievement of a
desired control goal and performance objective, see e.g.,
(Jansson and Hjalmarsson, 2005; Bombois et al., 2006,
2021; Barenthin and Hjalmarsson, 2008; Larsson et al.,
2016; Umenberger et al., 2019; Ferizbegovic et al., 2019;
Venkatasubramanian et al., 2020, 2023).

The prototypical problem focuses on targeted exploration
in order to identify model parameters with a desired
error bound (Jansson and Hjalmarsson, 2005; Bombois
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et al., 2021; Umenberger et al., 2019). Most works in
this direction assume that the process noise is stochastic,
e.g., normally distributed with known mean and variance.
Such disturbance models can be utilized to provide high-
probability credibility regions for the parameters that
can be approximately predicted and optimized (Umen-
berger et al., 2019). However, unmodeled dynamics or non-
linearities result in additional deterministic model mis-
match, which cannot be explained by independent stochas-
tic noise (Sarker et al., 2023). Identification results that
account for deterministic noise can be found in (Fogel,
1979; Sarker et al., 2023; Bisoffi et al., 2021; van Waarde
et al., 2020).

In the proposed approach, we utilize the data-dependent
non-stochastic uncertainty bound, derived by Fogel (1979),
to design a targeted exploration strategy that ensures a
desired error bound on the estimated parameters. As one of
our primary contributions, we derive a sufficient condition
on the exploration data, based on the data-dependent
uncertainty bound that ensures the desired closeness to the
true parameters. We consider multisine exploration inputs
of specific frequencies and optimized amplitudes. Utilizing
common approximations (Larsson et al., 2016) yields a
semidefinite program-based design that allows us to com-
pute an exploration strategy with minimal energy. Finally,
through a numerical example, we show that a different dis-
tribution of energy over the amplitudes, corresponding to
the different frequencies of the multisine inputs, is optimal
in the case of energy-bounded disturbances, in contrast
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to stochastic disturbances. We demonstrate that the de-
signed exploration strategy for non-stochastic noise yields
parameter estimates with lower error in the presence of
unmodeled system nonlinearities that are energy-bounded,
in comparison to stochastic exploration strategies designed
for classical stochastic noise.

2. PROBLEM STATEMENT

Notation: The transpose of a matrix A € R™"™ is
denoted by AT. The positive definiteness of a matrix
A € R™ " is denoted by A = AT = 0. The Kronecker
product operator is denoted by ®. The operator vec(-)
stacks the columns of a matrix to form a vector. The
operator diag(Ay, ..., A,) creates a block diagonal matrix
by aligning the matrices Aq,..., A, along the diagonal
starting with A; in the upper left corner. The Euclidean
norm and weighted Euclidean norm for a vector z € R"
and a matrix P > 0 are denoted by ||z|| = vz Tz and

lz||p = VT Pz, respectively.

2.1 Setting

Consider a discrete-time, linear time-invariant system of
the form

Tpt1 = Apxy + Byug + wy, (1)

where xj; € R™ is the state, up € R™ is the control input,
and wg € R™ is the disturbance. In our setting, we assume
that state is directly measurable. Furthermore, instead
of assuming that the disturbance follows some stochastic
distribution, we assume that it is energy-bounded.

Assumption 1. The disturbance w is energy-bounded, i.e.,
there exists a known constant 7, > 0 such that

T—1
D lwell? < e 2)
i=0

Ezxploration goal: The true system parameters 6, =
vec[Atr, Byy] are not precisely known. Hence, exploratory
inputs should be designed to excite the system to gather
informative data. Specifically, our objective is to design
exploration inputs that excite the system in a manner as

to obtain an estimate O = Vec[zZlT, BT] that satisfies
(etr - éT)TDdes(atr - éT) S 1a (3)

where Dges = 0 is a user-defined matrix characterizing
closeness of 01 to 0y,.

In order to achieve this goal, we first present a bound
on parameter estimation from time-series data for energy-
bounded disturbances in Section 3. As the main result,
we derive a sufficient condition on the exploration data
based on the data-dependent uncertainty bound in order to
achieve the exploration goal in Section 4. We later provide
tractable approximations and obtain an SDP that can
be solved to yield exploration inputs. Finally, in Section
5, we compare the derived exploration strategy based on
the non-stochastic data dependent uncertainty bound with
an exploration strategy based on a classical stochastic
uncertainty bound.

3. UNCERTAINTY BOUND

In this section, we discuss a data-dependent uncertainty
bound on the parameter estimates in the presence of
energy-bounded disturbances (Fogel, 1979). Given ob-
served data Dy = {xk,uk}kT:—Ol of length T € N, the
objective is to quantify the uncertainty associated with
the unknown parameters 6;,.. Henceforth, we denote ¢ =
[z] uf]T € R" where ng = ny + n,. The system (1) can
be re-written in terms of parameter 6, as
Tg41 = ((b;cr ® ]nx)etr + wg. (4)
From the standard least squares formulation, we obtain the
expressions for the mean 6 = VGC[AT, ET] and covariance
Pg as
T—1
Or = Py Z(éﬁg ® In,) T (5)
k=0
and

T—1
Pt = (Z ¢>k¢2> ® In,. (6)

k=0
The following lemma provides a non-falsified region for the
uncertain parameters 6.
Lemma 2. (Fogel, 1979) Given data set Dp and distur-
bance with energy bound 7, (cf. Assumption 1), the set
of non-falsified parameters 6 is given by

e — {9 (0 —0r) PO — ) < G} (7)
where
R T—1
G =+ H9T||29—1 = @] (8)
k=0

Proof. The energy constraint on the disturbance in (2)
yields the following non-falsified set:

T—1
0= {9 Y llwke — (0 @ L )0 < %v} (9)
k=0

which can be equivalently written as

T-1 T-1
0" (Z(m ® In,) (4] @ Inx)) 0+ |zl
k=0 k=0

—.p-1
=P,

T—1
-2 (Z o (of @ Inx)> 0 <yw. (10)

k=0

By using (5) and (6), and by completing the squares, we
get

T-1
16— 07130 < v+ 10713 = 3 llowsal® = G, (1)
k=0

which is equivalent to (7). O

Notably, the non-falsified set ® provides an exact charac-
terization of the set of parameters explaining the data,
given Assumption 1. The ellipsoid (7) obtained from
energy-bounded constraints is characterized by a vector
Or and a matrix Py, which coincide with the mean and
covariance of the least squares estimator for linear systems
with Gaussian noise (Umenberger et al., 2019, Prop. 2.1).
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T
des

((I)@T) ® Inx - 'YWDdes +D )
(2 ® 15,)X) ® Inn, ) D

However, a crucial difference between the robust case of
energy-bounded disturbance and the stochastic Gaussian
case is that the scaling G (8) of the bounding ellipsoid is
data-dependent. Similar non-falsified sets are considered
in (van Waarde et al., 2020; Berberich et al., 2023). In
the next section. we derive a targeted exploration strategy
using the data-dependent uncertainty bound in Lemma 2.

4. TARGETED EXPLORATION

In this section, we propose a targeted exploration strat-
egy based on the robust uncertainty bound on the data
obtained through the process of exploration derived in
Lemma 2. There exists a large body of literature on
targeted exploration strategies that assume independent
and identically distributed (i.i.d.) stochastic disturbances
(Larsson et al., 2016; Bombois et al., 2021; Venkatasub-
ramanian et al., 2023). In contrast, we propose an explo-
ration strategy based on the data-dependent uncertainty
bound for energy-bounded disturbances derived in Lemma
2. In particular, we first derive sufficient conditions on
the exploration data to achieve the exploration goal (3)
(cf. Section 4.2). Since this condition is non-convex in the
decision variables, a convex relaxation procedure is carried
out (cf. Section 4.3). Furthermore, we provide tractable
approximations in Section 4.4, and obtain an SDP that
can be solved to yield exploration inputs.

4.1 Ezploration strategy

The exploration input sequence takes the form
L
Uy = Z a; cos(2mw;k),
i=1
where T is the exploration time and a; € R™*! are the
amplitudes of the sinusoidal inputs at L distinctly selected
frequencies w; € Qr :={0,1/T, ..., (T — 1)/T}. We denote
U, = diag(ay, . ..,ar) € RE™*E The exploration input is
computed such that it excites the system sufficiently with
minimal control energy, based on the initial parameter
estimates. To this end, we require that the control energy
at each time instant does not exceed 72, i.e., Zle l|la:]|? =
l—L'—UeTUelL =< ~2 where 17, € REX1 is a vector of ones, and
the bound ~, > 0 is desired to be small. Using the Schur
complement, this criterion is equivalent to

e 1,US
Senergy—bound(')/e, Ue) = [U’y]_L % Ie :| = 0.

k=0,...,T—1 (13)

(14)

Remark 3. Since we consider only open-loop inputs in our
exploration strategy, we require Ay, to be Schur stable. An
exploration input of the form in (13) with an additional
linear feedback, i.e., vy = wux + Kz, which robustly
stabilizes the initial estimate and prior uncertainty, may
be considered if it is not known whether the system is
Schur stable.

4.2 Sufficient conditions for targeted exploration

Given the data-dependent uncertainty bound in Lemma 2,
in what follows, we determine the conditions that the

1 1
((XTX) ® I”X”(b) Dc?es Dje:((XT((I)T Y I"x)) Y Inxn(p)

= 0.

(12)
(®27) @ In,) @ Iy,

exploration data has to satisfy to achieve the exploration
goal. In order to simplify the exposition, we denote

d = [¢07' .. 7¢T—1] S Rn¢XT7
X" =[z],... o) € RM*Tnx,

Then, the mean estimate (5) is given by

(15)

Or = Py(® @1, )X (16)
and the covariance Py (6) can be computed from
Pyl =(20")®1,,. (17)

We denote the Cholesky decomposition of Dges as Dges =
1T 1 1

DE;DEGS where Dj . is an upper triangular matrix. The

following theorem presents a sufficient condition to ensure

that the exploration goal is achieved.

Theorem 4. Let Assumption 1 hold. Suppose ® and X

satisfy

((I)(I)T) & Inx - ’YWDdcs 0
0 0

1T 1T T
+ Dc?es (XT ® Inx"¢) D(fes (XT ® Inx"qb) > 0. (18)
(Q®Ih,) @ nn, | (@@ 1n) @ Lnn, | —

Y

Then, the estimate 7 computed as in (5) satisfies the
exploration goal of 6;, € O (3).

Proof. The bound in (11) can be re-written as
(0 —0r)T((@27) @ I,)(6 — br)

(16)
< Yw — XTX + XT((I)T & Inx)PQ,T(q) 0y Inx)X

(17)

Yo — XX+ XT((@T (@) ' ®) @1, )X. (19)

By applying the Schur complement twice to (19), we get
(0 — 07)(0 — )"
S = XTX + XT (@7 (207)710) & 1, ) X)
(@) 'w1,,). (20)
Inequality (18) can be written as (12). By applying the
Schur complement to (12), we get
1
(‘I)(I)T) ®Q I"X - ’YWDdes + Dje—sr ((XTX) X Inxnd))
1 1
— DL (XT((@T(@0T) @) ® 1,,)X) ® I,.n,) DE
=0 (21)
which can be written as
(@DT) @ I, =(yw — XX
+XT((@7 (@) '®) ® I5,,) X ) Daes
(22)
since the term 7, — X "X + X (@7 (2 ") '®)® [, )X
is scalar. Furthermore, by inserting (22) in (20), we get
(0 —07)(0 —67)" < Dyl (23)
Finally, applying the Schur complement twice to (23)
yields the exploration goal (3). O

1
2
Ddes

Inequality (18) uses X and ®, which depend on the am-
plitudes of the sinusoidal signals U, (13), as well as the
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disturbance w. Thus, ensuring the exploration goal (3) re-
sults in non-convex constraints in the decision variable U,.
To overcome this problem, we utilize a convex relaxation
procedure.

4.8 Convez relaxation

The following lemma is utilized to provide sufficient con-
ditions for Inequality (18) that are linear in the decision
variable U,.

Lemma 5. For any matrices L € C"*™ and N € C™"*™,
we have:

NNH = NIH + LNH — LM, (24)

Proof. We have
NN - NIH LN+ LW = (N - TL)(N - IL)" =0
and hence, we have (24). O

The following proposition provides a sufficient condition
that is linear in ® and Y which, if satisfied, ensures the
exploration goal (3).

Proposition 6. Suppose there exist matrices ¢, Y, Ly €
R™%*T and L, € RMmetning)xTning that satisfy the
following matrix inequality:

Sexploration(q)a K L17 L27 Yw s Ddes)

((I)Lir + Ll(I)T - LlLlT) Y Inx - 'Ywaes 0
0 0
+YL] +LyY" — LoL]
=0. (25)

Then, the estimate 67 computed as in (5) satisfies the
exploration goal (3).

Proof. Starting from Inequality (25), we have

0 < -((I)LlT + qu)T — LlLir) ® Inx - ’Ywaes 0
=1 0 0
+ YLy + LY — LyLg

CO[(@27) @ In, — Yo Detes 0]
- 0 0

+YL) + LY -
(%3) _((I)(I)T) & Inx - 'VWDdes 0 + YYT
= 0 0

Hence, if there exists a matrices ® and Y satisfying (25),

then the condition in Theorem 4 is satisfied and the
exploration goal (3) is achieved. O

LyLg

The bound (24) derived in Lemma 5 is tight if L; = @
and Ly = Y. Inequality (25) is linear in ® and Y which
are composed of zg, ug, k = 0,...,7 — 1. Hence, ® and
Y are linear in the chosen inputs w; and disturbance
wg. However, a few challenges need to be addressed in
order to tractably compute the exploration inputs: (i)
since the true dynamics A, B;, are unknown, the linear
mapping from the input sequence to the state sequence
is not known, and (ii) the future states xj depend on
the disturbances wy, which are unknown. Notably, these
challenges equally appear in the existing formulations for
targeted exploration with stochastic noise assumptions,
e.g., (Barenthin and Hjalmarsson, 2008; Larsson et al.,

2016). In the following section, we address these problems
using common approximations from the literature and
demonstrate how to tractably compute the exploration
strategy.

4.4 Approximations for a tractable solution

In order to tractably compute the exploration strategy,
certain approximations and assumptions are made. Al-
though the dynamics Ay, By, are not exactly known, we
consider a rough initial estimate of the dynamics by =
vec([Ag, Bo]). Consequently, the challenge is to account
for w and the error in 6, in computing the future states
X, o.

Remark 7. Such an initial estimate may also be inferred
from data obtained through a short experiment. In par-
ticular, given a data set Dy = {d)k};:lff obtained from a
randomly exciting input, § = VeC([Ao, BO]) is the ordinary
least squares estimate.

To address this challenge, we consider the following sim-
plifications: (i) the future states evolve exactly according
to y, i.e., we neglect the error O, — y; (ii) the effect of w
on x is small compared to u, and hence we neglect this in
determining future states (cf., e.g., Larsson et al. (2016)).
In what follows, we use the initial estimate to design a
targeted exploration strategy. To simplify the exposition,
we assume that ny, = 1, i.e., uy is scalar!', and 29 = 0,
without loss of generality. Given the exploration strategy
(13), we obtain a simple/tractable expression for ® and X
by simulating the open-loop systems Ag, By with w = 0
and

u,(;) = cos(2mw;k), i =1,...,L, (26)
for k = 1,...,7, and recording the resulting values in
X(i), () We then obtain

Z@Ual X~ X(U,

ZX@ . (27)
=1

which are approximations of ® and X hnear in U,. Further,
we determine Y linear in U, as

P PN
}A/(Ue) = Dﬁes (X(Ue)T ® I"xn¢)
(@(Ue) ® In,) ® I,

P~ (U,

(28)

xMe

Hence, Inequality (25) reduces to the following linear
matrix inequality in Us,:

Sexploration((i)(Ue)a Y(Ue)a L17 Lg, Vs Ddes) = 0. (29)

As a result, we can pose the exploration problem of
achieving the exploration goal (3) with minimal input
energy using the following SDP:

inf 7
Ue,ve

s.t. Senergy bound(’yea ) =0 (30)
Sexploration((p(U ) Y(U ) Lla L27’YW7DdGS) t 0.

L For ny > 1, u](ci) = Zyil bj cos(wik), i =1,...,

basis vector comprising zeros, except the ;"

L, where b; is a

element, which is 1.
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The optimization variables U, = diag(ai,...,an,) re-
quired for the implementation of the exploration input are
obtained from a solution of (30). To eliminate the conser-
vatism stemming from the convex relaxation procedure,
we iterate Problem (30) multiple times by recomputing
L1 and Ly for the next iteration as

- XTor
Li=®, L=, = jiind , 31
' ’ [<<I> ®1.,)® Inxnd,] By
where & and X are computed as
L L
bp =Y 0Wa, Xr =" XV (32)
i=1 i=1

where a; is an arbitrary candidate for the first iteration,
and for further iterations, a; = a; is the solution from
the previous iteration. The overall targeted exploration
strategy is summarized in Algorithm 1. The goal of the
strategy is to excite the system with exploratory inputs
(13) in order to determine model parameters up to a user
defined closeness D ges.

Algorithm 1 Non-stochastic targeted exploration

1: Specify exploration length T, frequencies w;, ¢ =
1,...,L, energy bound -y, initial estimates Ay, By,
desired accuracy of parameters Dges.

2. Compute @), X9 yging initial estimates Ag, By (27).
3: Select initial candidate a;, i =1, ..., L.

4: while ||a; — a}| > tol do

5: Compute Ly, Ly (31).

6: Solve the optimization problem (30).

7: Set a; = a;.

8: end while

9: Apply the exploration input (13) for k =0,...,7 — 1.
10: Compute O7 (5); compute parameter set @ (9).

Note that Scxploration((b(Uc)a Y(Uc)v Lla L27 Yws Ddcs) (29)
is an LMI of dimension nyng + (nxne)?, which is inde-
pendent of the exploration time T'. The time T is only of
significance in step 2 of Algorithm 1 while computing the
trajectories X@ and ¢,

4.5 Discussion

The proposed exploration strategy summarized in Algo-
rithm 1 serves as a preliminary bridge between identifica-
tion methods for systems with non-stochastic disturbances
(Fogel, 1979) with design of targeted exploration (Baren-
thin and Hjalmarsson, 2008). In case the disturbances in
the system is in fact Gaussian, then an energy bound of the
form in (8) still remains valid with high probability. Hence,
the non-stochastic uncertainty bound on the parameters
remains valid with high probability. On the other hand,
in the presence of unmodeled dynamics, which lead to de-
terministic errors, standard stochastic uncertainty bounds
are, in general, incorrect (Sarker et al., 2023). Although
the mean éT and covariance Py that characterize both
the stochastic and non-stochastic parameter uncertainty
bounds are the same, there are significant differences: (i)
the scaling G (8) for the non-stochastic uncertainty bound
is data-dependent unlike the stochastic bound, (ii) the
stochastic uncertainty bound is arbitrarily small for arbi-
trarily small excitation under sufficiently long exploration

o
~

o
@

o
4]

o
=

<o
w

o
]

Non-stochastic
Stochastic

<
0

Relative energy of amplitudes a;

0 0.1 0.2 0.3 0.4

(725

Fig. 1. Optimal relative energy over different frequencies
w; for non-stochastic and stochastic targeted explo-
ration.

time T, unlike the non-stochastic bound. These differ-
ences in uncertainty bound descriptions lead to significant
differences in quantifying parameter errors. Therefore, it
is necessary to appropriately consider and address these
distinctions.

5. NUMERICAL EXAMPLE

In this section, we consider a simple numerical example
and highlight the differences between the developed tar-
geted exploration strategy for non-stochastic disturbances
and conventional exploration strategies based on the clas-
sical stochastic disturbance assumptions. Numerical simu-
lations were performed on MATLAB using CVX (Grant
and Boyd, 2014) in conjunction with the default SDP
solver SDPT3. We first introduce the problem setup, and
then compare the proposed targeted exploration for non-
stochastic disturbances to targeted exploration based on
standard stochastic assumptions, e.g., (Venkatasubrama-
nian et al., 2023). We consider a linear system (1) taken
from (Venkatasubramanian et al., 2023) with

049049 0 0 0
0 049049 0 0

Av=1 0 "0 049 049|  Be=1| (33)
0 0 0 049 0.49

5.1 Non-stochastic vs. stochastic targeted exploration

The goal of targeted exploration is to ensure 6, is within a
user-defined closeness Dges to the true parameters 6y, (3).
We select Dgos = I and exploration time 7" = 100. The
initial estimate is given by éo = 6y + (5 % 10_3)1nxn¢.
We select L = 5 = ng frequencies from {2199 to yield
w; = {0,0.1,0.2,0.3,0.4}, ¢ = 1,..., L. The solution
of Problem (30) provides the corresponding amplitudes
a;, t = 1,..., L. In the context of stochastic targeted ex-
ploration, the exploration problem (Venkatasubramanian
et al., 2023, Prob. (46)) is solved with the same simpli-
fications used to solve the non-stochastic problem. We
solve the exploration problem according to Algorithm 1
and the exploration problem based on stochastic assump-
tions. From Fig. 1, it can be observed that the optimal
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Exploration |0t — O ||
Non-stochastic 0.0257
Stochastic 0.0389

Table 1. Parameter estimation error.

relative energy over frequencies w; yield different profiles.
This supports our assertion that the optimal exploration
depends on the disturbance characterization. Note that
the relative energy over frequencies do not depend on the

absolute value of vy, 02.

In order to further asses both the targeted exploration

strategies, we compare the estimates obtained after explo-

ration in the presence of unmodeled nonlinearities. Con-
sider a nonlinearity in the model given by
T

Y

wy = ¢[—cos(z,1) 00 0] (34)

where ¢ = /0.1 and Zr,1 is the first element of the state at
time k. This disturbance is energy-bounded, i.e., Assump-
tion 1 holds with v, = 10, and wy is not independent
or zero mean. We compute the non-stochastic exploration
inputs according to Algorithm 1 and the stochastic tar-
geted exploration inputs according to (Venkatasubrama-
nian et al., 2023). For a fair comparison, the stochastic ex-
ploration inputs are scaled such that both strategies apply
inputs with the same energy for exploration. From Table 1,
it can be inferred that the designed non-stochastic targeted
exploration strategy achieves the exploration goal (3). Fur-
thermore, it yields an estimate that is closer to the true
estimate compared to the stochastic exploration method.

6. CONCLUSION

In the proposed work, we design a targeted exploration
strategy by using the non-stochastic uncertainty bound
based on energy-bounded noise constraints (Fogel, 1979).
Similar to (Venkatasubramanian et al., 2023; Sarker
et al., 2023; Bombois et al., 2021), we consider har-
monic/multisine exploration inputs in a priori specified
frequencies, since their amplitudes can be easily optimized
to yield optimal exploration inputs. As the main contribu-
tion, we provide a sufficient condition on the exploration
data that guarantees a desired error bound on the es-
timated parameters. In order to tractably compute the
exploration inputs, we neglect the errors in parameters and
the effect of disturbances in our proposed strategy, similar
to Larsson et al. (2016). Through a numerical example,
we highlight that the profile of the optimal relative energy
of the amplitudes for different frequencies of the non-
stochastic exploration inputs differs from that of classical
stochastic exploration. Furthermore, we demonstrate that
the designed non-stochastic targeted exploration strategy
results in smaller parametric error, in the presence of
unmodeled nonlinearities, compared to classical stochastic
exploration.

Achieving targeted exploration without approximations by
robustly accounting for noise and parametric uncertainty
is part of future work. Similar to (Venkatasubramanian
et al., 2023), we expect that the targeted exploration
design (30) can be adapted to ensure the resulting model
is sufficiently accurate to subsequently design a robust
controller.
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