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Synchronization phenomena in complex systems are fundamental to understanding collective be-
havior across disciplines. While classical approaches model such systems by using scalar-weighted
networks and simple diffusive couplings, many real-world interactions are inherently multidimen-
sional and transformative. To address this limitation, Matrix-Weighted Networks (MWNs) have
been introduced as a versatile framework where edges are associated with matrix weights that encode
both interaction strength and directional transformation. In this work, we investigate the emergence
and stability of global synchronization (GS) in MWNs by studying coupled Stuart-Landau (SL) os-
cillators—an archetypal model of nonlinear dynamics near a Hopf bifurcation. Besides the SL, we
considered a generalization of regular oscillators to higher dimensions and also the Lorenz model as
a prototype of chaotic oscillators. We derive a generalized Master Stability Function (MSF) tailored
to MWNs and establish necessary and sufficient conditions for GS to occur. Central to our analysis
is the concept of coherence, a structural property of MWNs ensuring path-independent transfor-
mations. Our results show that coherence is necessary to have global synchronization and provides
a theoretical foundation for analyzing multidimensional dynamical processes in complex networked

systems.

I. INTRODUCTION

Networks have emerged as a powerful framework for
modeling and understanding complex systems across dif-
ferent disciplines such as sociology, economics, biology,
and technology [35]. The structure of a network plays
a crucial role in shaping the behavior of dynamical pro-
cesses that occur on it [39]. In the most straightforward
scenario, namely once we consider a linear dynamical sys-
tem, this interplay is entirely governed by the spectral
characteristics of a matrix that represents the graph, typ-
ically the adjacency matrix or the graph Laplacian. This
equivalence allows to identify network features facilitat-
ing or hindering spreading processes, but also to design
efficient tools to identify key structural aspects of a net-
work, such as identifying influential nodes or detecting
communities [20].

The study of non-linear dynamics on networks is a
more challenging task, often requiring approximations,
e.g., heterogeneous mean-field [31], or techniques de-
signed for specific types of models [9], to make analytical
progress. A key family of dynamic phenomena in com-
plex networks is synchronization, i.e., the spontaneous
emergence of collective oscillatory behavior between in-
teracting units [3, 36, 42]. Synchronization is ubiquitous,
manifesting in systems as diverse as electric power grids,
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neural networks, and social coordination [25, 32, 33, 47].

Traditionally, synchronization has been studied within
the framework of real scalar-weighted networks, where
interactions between nodes are modeled by using sim-
ple diffusive couplings [21, 38]. However, in many real-
world contexts, nodes can interact through multiple and
more complex connectivity patterns: they may involve
multidimensional states or act through transformations
such as rotations or projections. Such multidimensional
interactions have been commonly represented by multi-
layer networks [24, 41], where synchronization phenom-
ena have been investigated with particular focus on the
interplay between intra-layer topology and inter-layer
coupling [12, 28, 49]. Let us also mention the case of
Global Topological (Dirac) Synchronization [7, 8] where
signals of (possibly) different dimensions are defined on
the faces of a simplicial complex and dynamically interact
to eventually determine global synchronization.

Recent years have seen significant advances in under-
standing nonlinear dynamics in different settings. For
instance, synchronized dynamics have been explored on
temporal networks [17], and various collective states be-
yond global synchronization, such as clustering and par-
tial synchrony, have been investigated on weighted net-
works [1, 23]. Other complementary studies have ex-
plored generalizations of the Stuart-Landau model to
higher-dimensional systems [18] and of the Kuramoto
model to multidimensional interactions [0, 14].

More recently, Matrix-Weighted Networks (MWNs)
have been introduced as a novel framework to capture the
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complexities of multidimensional interactions [16]. In a
MWN;, each edge is associated with a matrix that encap-
sulates both the strength and the transformative nature
of the connection between nodes. Specifically, this matrix
can be decomposed into a magnitude and a directional
transformation component, enabling the network to rep-
resent how multi-dimensional information flows and is
mixed as it passes from a node to its neighbors. Let us
observe that the works by [21, 38] can be seen as a very
peculiar and simple case of MWN where all the weight
matrices are equal to each other and thus independent
from the edges.

We note that the MWNs are also closely related to the
notion of connection graphs in the mathematics commu-
nity, defined for different purposes. The corresponding
graph connection Laplacian was proposed by Singer and
Wu when studying the transformations among massive
high-dimensional datasets, where they showed the con-
vergence to the connection Laplacian operator (for vec-
tor fields over the manifold) [40]. Researchers also an-
alyzed the properties of the graph connection Laplacian
via the Cheeger inequality [4], along with its applications
in clustering and ranking [10, 11]. Recently, the con-
nection Laplacian has also been extended for simplicial
complexes to effectively incorporate the directionality of
simplices [20].

In this work, we explore the emergence and stability of
Global Synchronization (GS) in MWNs by investigating
the nonlinear dynamics of coupled Stuart-Landau (SL)
oscillators, a canonical model that captures the behavior
of nonlinear systems near a supercritical Hopf bifurca-
tion [2, 16, —15, 48]. Due to its generality and ana-
lytical tractablhty, such a model is a paradigm for study-
ing the phenomenon of multi-dimensional synchroniza-
tion in complex systems. Here, we adapt the standard SL
oscillators to the setting of MWNSs, derive a generalized
Master Stability Function (MSF) for this framework, and
provide necessary and sufficient conditions for the exis-
tence and the stability of synchronized solutions. Besides
the SL model, we benchmarked our study by considering
an example of a higher-dimensional dynamical system
exhibiting regular oscillations, and then also the Lorenz
system to emphasize the generality of the proposed set-
ting dealing with global synchronization of chaotic os-
cillators. In this analysis, we explore the role of a key
structural property of MWNs, known as coherence [40].
Specifically, a MWN is said to be coherent if the product,
i.e., the composition, of the transformation component
of matrix weights along every oriented cycle equals the
identity transformation. Intuitively, this means that any
signal propagating through multiple paths in the MWN
always returns to its starting point without distortion.

The emergence of GS is then proved by resorting to
linear stability analysis of the system dynamics close to
a periodic reference solution. This allows to introduce
a Laplace operator whose spectrum exhibits a suitable
property to ensure GS; let us emphasize that coherence
is a necessary ingredient for this property to hold true.

Eventually, we bring to the fore the need for an inter-
esting interplay between the MWN structure, e.g., its
matrix weights, and the dynamical system: the latter
should preserve the MWN coherence.

By accounting for the structure and directionality of
interactions in multiple dimensions, our framework pro-
vides a versatile tool to study emergent collective be-
haviors in complex systems and may inform the design
and control of real-world networks. Indeed, MWNs and
their synchronization dynamics have potential applica-
tions across several real-world contexts. For instance,
they can model multidimensional interactions in social
networks, capture coordinated dynamics in neural cir-
cuits, or describe synchronization phenomena in power
grids. Moreover, in neuroscience, interactions between
brain regions often involve multidimensional signals (e.g.,
oscillatory activities), where transformations such as ro-
tations may naturally occur. Finally, in graph learning,
and more specifically in graph convolutional networks,
node features are diffused and aggregated to capture non-
local dependencies in graphs [13]. These examples show
how the proposed framework not only extends theoreti-
cal synchronization analysis but also provides a natural
foundation for studying collective dynamics in multidi-
mensional systems.

This contribution investigates GS in MWNs by devel-
oping a general theoretical framework that captures the
mechanisms underlying this collective behavior. Start-
ing from the Stuart-Landau model, we derive analytical
conditions for the emergence and stability of GS and vali-
date the theory through dedicated numerical simulations.
The proposed framework is then extended to multidimen-
sional dynamical systems of arbitrary dimension d > 2,
including a detailed analysis of coupled Lorenz oscilla-
tors as a representative case. The study concludes by
outlining the broader implications of these findings and
discussing potential directions for future research on syn-
chronization phenomena in complex networked systems.

II. RESULTS

Let us consider a generic dynamical system whose state
variable, # € R?, evolves according to

& ), (1)

for some nonlinear smooth function f : R — R De-
pending on the choice of f, the system of equations may
produce regular or even chaotic oscillatory behavior for
Z(¢).

Let us then assume to have n identical copies of the dy-
namical system (1), each one being identified by the state
variable Z; € R%, i = 1,...,n, and assume moreover to
couple them via a Matriz- Weighted Network [16] (MWN),
where to any existing link connecting nodes 4 and j, we
associate the weight matrix W;; € R?*4. By anticipat-
ing on the following (see Methods Section 1V), we de-



fine the scalar weight w;; := ||[Wj;||2 and thus rewrite
W;; = w;;R;;, where w;; represents the magnitude and
the d x d matrix R;; the transformation; in this work
the latter will belong to the group of rotations. Start-
ing from the latter matrices, one can define the supra-
Laplacian matriz, £, whose structure recalls the one of
combinatorial graph Laplacian, i.e., with “node degree”
on the diagonal and negated “adjacency matrix” off the
diagonal (see [16] and Methods Section IV). The time
evolution of the state variable anchored to the i—th node,
Z;, is then described by
dz;

= (@) - ijcijﬁ@) (2)

fl@) - Z wiTah(Z;) + Z Wi, h(&;) (3)

f@) - ZwideH(fi) + Z wi;Ri;A(T5), (4)

where w;; is the real scalar weight associated to the edge
(¢,4), Ri; the transformation and we assume that the

coupling function h does not depend on the node index.

By defining the vector ¥ = (&{,...,Z])" € R", we
can rewrite Eq. (2) as follows
di
= = F(@) — Lha(®), (5)

where f, and h, act component-wise resulting into a nd-
dimensional vector, namely

— —

fu@) = (fl@) 7", f(@)")7, (6)

and similarly for h,.

Let us, now, consider a reference solution, §(t), of the
isolated system (1), then Global Synchronization (GS)
amounts to require Z;(t) = §(t), for all i = 1,...,n and
t > 0, to be a stable solution of the interconnected sys-
tem (2). If the underlying support is a connected network
with real valued weights, the existence of the eigenvector-

eigenvalue pair 1, = (1,...,1)T € R*, A =0, ensures
that Z;(t) = 3(¢t) for all i = 1,...,n, is always a solu-
tion [21, 37,

We will hereby show that this is not the case for
MWNs. We will be able to determine a necessary and
sufficient condition to ensure the latter to hold true. By
anticipating the following, the coherence condition will
reveal an interplay between the topology of the network
and the matrix weights. Let us also observe that a similar
constraint was recently shown to hold true in the context
of global topological synchronization on simplicial com-
plexes, both in the case of coupled topological signals of
the same dimension [7] and, by leveraging on the prop-
erty of the Dirac operator, when topological signals of
different dimensions do interact [3].

To establish the results presented above, a key role
is played by the notion of coherence in a MWN, which
we formally hereby introduce (see [46] for further de-
tails). A MWN is said to be coherent if, for every

oriented cycle composed by k different edges, C =
((i1,142), (i2,13), ..., (ik,41)), the product of the trans-
formation matrices along the cycle equals the identity,
ie., H(i,j)ec R;; = I;. This condition ensures that the
net transformation along any cycle is neutral and it will
have important consequences concerning the existence of
global synchronization. This also implies that nodes can
be partitioned into distinct groups such that the transfor-
mation of any walk between nodes within the same group
is the identity. Importantly, the transformation from any
node in one group to any node in another group will be
the same. In the following, we focus on the case when
the transformation on each edge is a rotation, and we
denote by O the matrix associated with a walk, i.e., the
composition of the corresponding sequence of rotations.
Since the composition of two rotations is itself a rotation,
O is also a rotation (see Fig. 1).

In a coherent MWN, one can define the block diag-
onal matrix S, whose i-th block is the d x d matrix,
O,;, defined as the product of transformations, i.e., ro-
tations in the present setting, along any oriented walk
starting from node 1 and ending at node ¢. Let us ob-
serve that because of the coherence condition, the first
node can be arbitrarily chosen (for the sake of defini-
tiveness we hereby choose this node to have the label 1)
and if several paths exist, also the choice of the path is
arbitrary and does not change the results (see [16] and
Methods Section IV). Moreover, in the partition associ-
ated with the MWN, we also have that Oy; represents
the composed transformation between any node in the
group of 1 and any node in the group of i. Let us notice
that thanks to the above block structure characterizing
the coherent MWNs, we can connect the latter with the
identity-transformed MWN, where, i.e., the transforma-
tion of each edge is the identity matrix, Iz, and whose
supra-Laplacian matrix reads

L=8LST, (7)

(see Methods Section IV for more details). Additionally,
by leveraging the definition of the matrix S, one can then
eventually prove that given any @ € R?, the vector 7 =
ST(1, ® @) is an eigenvector of £ with eigenvalue 0. As
we will show, the latter vector replaces the synchronous
manifold in the case of MWN.

In Fig. 1, we report some examples of small coherent
MWNs. Based on the above definition (see also Meth-
ods), one can easily show that the matrix S for the tri-
angle, MWN,, (panel a of Fig. 1) is given by

I, 0 0
S = 0 R12 0 ) (8)
0 0 Ris

namely O1; = Ry, for j = 2,3.. Note that in that case,
the matrices associated with the two possible paths from
node 1 to node 3, i.e., C; = (1,3) and C2 = ((1,2), (2, 3)),
are the same because Ri3 = Ri2Roa3, as required by
the coherence of the MWN. In the case of the MWN
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FIG. 1: Examples of coherent MWNs. In panel a), we show a triangular network whose matrix weights are
denoted by R;;, notice that the matrix associated to each reciprocal link is the transpose of the direct one (shown
in light gray). Moreover R13 = R13Ro3 is the condition to have coherence. In panel b), we report a MWN obtained
by joining two triangles; for the sake of simplicity, we only show directed weighted matrices, the reciprocal ones are
assumed to be given by the transpose as in panel a. Moreover, we assume the following conditions hold true to ensure
the coherence: Ri3 = R12Ros and R15 = R14Ry5. In panel ¢), we propose a MWN obtained by gluing a triangle
and a square; once again, the matrix weights of the reciprocal edges are given by the transpose of the original matrix
weight. The coherence condition is given by: Ri3R23 = Ry3 and RoyRy5 = RosRags.

composed of two triangles, MWNy, (panel b of Fig. 1), Once again, the matrices Oy, j = 2,...,5, equal the
we can compute rotation matrices Ry; because all nodes can be reached
from node 1 with a single hop. Eventually, for the MWN

I, 0o 0 0 © made of a triangle and a square, MWN, (panel of ¢
0 Rio O 0 0
S=|0 0 Ry 0 0 9)
0 0 0 Riy O
0 0 0 0 Ris



Fig. 1), we get

I, 0 0 0 0
0 Riz 0 0 0

S=[0 0 Ry 0 0 (10)
0 0 0 RpRoy 0

0 0 0 0 Ri3R35

Let us notice that Q14 is independent, as it should be
because of the coherence condition, from the oriented
path used to reach node 4 from node 1. Indeed, by using
the path ((1,3),(3,5), (5,4)), we obtain

Ri3R35R5:0 = RipRosRas R,

where we used R13 = R12R53 and the opposite orienta-
tion of the link (5,4) with respect to (4,5), the former
being thus associated to the transpose matrix. However
Ro3R35 = RosRys, from which we can conclude that

Ri3R35R51 = RisRosRysR); = RioRoy,

that corresponds to the product of transformations of the
oriented walk ((1,2),(2,4)).

Let us observe that the larger the number of edges
shared between different cycles, the larger the number of
constraints the rotation matrices should satisfy to have
a coherent MWN.

To ensure the existence of GS, we require the nonlinear
functions f and h to be invariant under the transforma-
tions Oy; introduced above. Namely Vi = 1,...,n and
all # € R, the following conditions must hold true:

0., f(0,%) = f(Z) and Oh(0],Z) = h(Z). (11)

Based on the above assumption, we will prove in the
Methods Section IV that, given any reference solution
5(t) of Eq. (1), then S(t) = ST (1), ® (1)) is a solution of
Eq. (5). Note that such an assumption allows us to ensure
that the generalized synchronous solution Z;(t) = O1;5(t)
is invariant by the flow (5); indeed, the commutation of
the nonlinear functions f and h with the transformations
O,; guarantees that trajectories starting on the manifold
remain on it, so that S(t) is a solution of the dynamical
system.

Establishing the stability of this solution is the final
step needed to prove the existence of GS. To achieve this
goal, we will perform a linear stability analysis of the
system (5) close to the solution S. The time evolution of

the deviation vector 6% = Z — S is given at first order by

d - S
2075 =34(01;5)07; = > £3e3n(0{,5)07¢,  (12)
¢
where 6% = (0z],...,0z,])T and Jf*(g), 35, (S) are re-
spectively the Jacobian of f, and h, evaluated on the

solution S. By using the invariance condition (11), we
can introduce 7; = O1;0%; and obtain

d ., . = N
2095 = J5(5)89; — > Liedn(3)5Ge , (13)
4

where L is related to the second supra-Laplace matrix £
given by (7) (see also Methods Section IV).

The latter equation returns a linear, non-autonomous
system whose size can be huge, making the stability anal-
ysis of 0¢; challenging. Hence, to make some analyti-
cal progress, we exploit the spectral decomposition of L,
namely, we project the deviations d%; onto an orthonor-
mal eigenbasis ¢(®) of L associated with the nonnegative
eigenvalues A(®), o = 1,..., n, and rewrite

07 = 0jads™ . (14)

By inserting the latter into Eq. (13) and exploiting the
orthonormality of the eigenbasis, we get

d
07 = [J +(5) — A(“)Jh(s“‘)] Si (15)
Va =1,...,n. The above equation is the extension of the

Master Stability Function to the Matrix-Weighted Net-
work framework, and allows us to conclude about the
stability of the solution S based on the eigenvalues A(®)
of the supra-Laplacian matrix. Indeed, let A\(A(®)) denote
the largest Lyapunov exponent of the 1-parameter family
of matrices J, = J¢(5) — A(¥J,(5). Then, if A(A(Y) <0
for all @« = 1,...,n, we can conclude that dg, — 0 and
thus S(t) is a stable solution, hence GS is proved. On the
other hand, if there exists at least one o > 1 such that
A(A(®)) > 0, then the system (5) does not exhibit GS.

To summarize, our analysis relies on the following three
assumptions: while the first two ensure the existence of
the generalized synchronization solution, the third guar-
antees its linear stability.

1. Coherence of the metwork. For any oriented cycle
C := ((i1,%2), (i2,93), ..., (i, 41)), the product of
the transformations satisfies [[; ;e Rij = La.

2. Invariance of dynamics. The nonlinear functions f
and h commute with the transformations O;;, en-
suring that the generalized synchronization mani-
fold &; = O41;5(t) is preserved.

3. Spectral stability. The nonzero eigenvalues of the
transformed Laplacian £ lie in the stability region
determined by the MSF, guaranteeing the linear
stability of the manifold. In formulas, the eigenval-
ues of £, A®| for any a = 2,...,n, must satisfy
the condition A\(A(®)) < 0, i.e., the matrix J,, must
be stable for all .

If any of the above conditions is not satisfied, synchro-
nization may not occur. Let us also observe that the
change of basis realized via the matrix & is necessary to
observe the GS if the latter is allowed; stated differently,
the system could exhibit GS but the choice of the coor-
dinates impedes its visualization.

In the rest of this section, we will provide some appli-
cations of the above theoretical framework to a system of



Stuart-Landau oscillators coupled via a MWN, to an ab-
stract d-dimensional example and to the Lorenz model,
also coupled via a MWN.

A. Global synchronization of Stuart-Landau
oscillators

The first system we consider is the Stuart-Landau (SL)
model [2, 16, 15, 48]. This is a paradigmatic model of
nonlinear oscillators, often invoked for modeling a wide
range of phenomena, resulting to be a normal form for
systems close to a supercritical Hopf-bifurcation.

In Cartesian coordinates, the SL can be defined as

d (x\ _ (ore —om) (®
dt \y) \Omm ORe Yy

- (G ) ) o

J

d (x;\ _ (0oRe
dt \y; )] \0m
= flaj,y;) — Zﬁjlﬁ(xbyf) ;

L

here h(zg,ye) = (22 4+y2) "7 (FRe ~HIm ) (L0} 4nd
v ( ¢ yE) ( ¢ yE) HIm  HMRe Ye
= URe + tlim 1S the complex coupling strength.

Given any 2 X 2 rotation matrix R, the following in-

variance conditions are clearly satisfied

— —

f(RZ) =Rf(Z) and h(RZ)=RA(Z) VI; (19)

indeed, it is trivial to verify that ORe —OIm )R _
OIm ORe

R <URe _alm), and similarly for 8 and p. Then, by
OIm ORe
defining (2/,y')" = & = R&, it is also clear that

J

g 5ﬂo¢ _ _QURG O _ ORe
dt 5’{}a o 72ﬂlm ggz 0 ﬂRe

where 01, and 60, denote the components of the pertur-
bation about the limit cycle in the Laplace eigenbasis.
Importantly, their convergence to zero implies GS of the
SL coupled oscillators all converging to the limit cycle
solution.

—O0Im X5 _ 2 2 BRe _ﬁlm
ORe ) <y;> (@5 +5;) <5Im Bre

where we introduced the complex model parameters ¢ =
ORe+10mm and 8 = Bre+1i0mm-. One can easily show that,
if ore > 0 and fre > 0, then the SL admits a stable limit
cycle solution given by

2ro(t) = \/ORe/PRe cOS(WE)
yLC(t) =V URe/ﬁRe Sin(Wt) )

(17)

where w = 01 — BimORe/Pre- Throughout the following,
we assume that this condition on ogre and g, is satisfied.

Let us, now, assume to have n identical copies of the SL
model (16) anchored to the nodes of a MWN and coupled
via a diffusive-like nonlinear function. The evolution of
the j-th oscillator is thus given by

) ()]

(18)

Ti) _ L. 2, 2yt [ [Re
)(w) Ze: 7 [(xé+y£) (mm

(

(2")2 + (y')? = 22 + y*. Hence, if the MWN is coherent,
then S(t) = ST (1,, ® 5 ) is a solution of (18), where we
denoted by §pc = (1o, yrc) the limit cycle solution of
an isolated SL oscillator (17).

To prove the stability of the latter solution, namely
the existence of GS, we perform the change of coordi-

nates <gu] > = Oy (5xj ), which allows us to reduce
v; 0y,

the problem to one involving only scalar weights. We

then linearize the resulting system close to the limit cy-

cle solution and project it onto the Laplace eigenbasis to

obtain (see Supplementary Note 1 for more details):

) )] (e

Finally, let us observe that another advantage of using
the SL model is that the resulting Jacobian matrix turns
out to be constant, even when evaluated along the limit
cycle solution, simplifying thus the stability analysis
of (20).

m—1

A(oc) MURe
mUim




Let us now present numerical results to support the
theoretical framework discussed above, focusing on SL
oscillators coupled via a MWN. By using the coordinates
(uj,v;)" = O1;(z;,y;) ", we can define the order param-
eter

(u? + U?)l/QeiEj , (21)
1

R(t):%"

n
J:
where tan({;) = v;/u,. Such a quantity provides a scalar
measure of how well the oscillators are synchronized in
both phase and amplitude. If the system synchronizes,
then the amplitudes (u} + U?)l/ 2 will converge to the

limit cycle amplitude, i.e., \/oRe/BRre, While the phase
differences (§; — &) will converge to zero; in conclusion,

R(t) will converge to \/ore/PBre- On the other hand, if
the system does not synchronize, both amplitudes and
phase differences will oscillate in time, and thus R(t) will
assume “small” values.

In Fig. 2, we present the numerical simulations ob-
tained by using the 3-nodes network MWN, presented
in Fig. 1a. The scalar weights, w;;, are randomly drawn
from the uniform distribution U[0, wyaz], With wmee =
0.8, while the rotation matrices are defined as

- _ (cos2m/3 —sin27/3
Riz = Ros = (sin 21/3  cos2m/3 ) ’ (22)

and

_( cos2m/3 sin2m/3
Ris = (— sin27/3 cos27r/3) ’ (23)

It follows that Ri3 = R12Rs3, and therefore MWNa is
a coherent network. As one can observe in panel (a) of
Fig. 3, the Master Stability Function (red dots) is non-
positive (notice that the blue line — plotted as an eye-
guide — has been obtained by determining the character-
istic roots of (20) by considering A(®) to be a continuous
variable) and, as predicted by the theory, the system syn-
chronizes. This is confirmed by the convergence of the
order parameter R(t) (panel (b)) and by the aligned time
evolution of the first component of the SL oscillator, u;(t)
(panel (c)). Let us emphasize the following fact: because
the MSF could achieve positive values close to the ori-
gin (i.e., the blue curve first increases from 0 and then
reaches negative values), there can be MWNs with suit-
able Laplace eigenvalues returning a positive MSF and
thus preventing the system from synchronization. This
is the aim of the next example.

GS can be destroyed by changing the scalar weights,
while keeping the rest unchanged. In Fig. 3, we report
numerical simulations to prove this claim; they have been
obtained with the same network and parameters used
in Fig. 3 except for the scalar weights, that, now, are
drawn from the uniform distribution U[0, wyqz], where
Waz = 0.1. This rescaling of the weights is expected to
shift some eigenvalues into the unstable region. In this
case, indeed, one can observe that there exists one A(®)

for which the Master Stability Function is positive (panel
(a)). As aresult, the order parameter R(¢) now oscillates
about 0.2 (panel (b)), and some nontrivial patterns for
the variable u;(t) emerge (panel (c)).

To study the impact of the coherence condition and
the lack thereof, we consider SL oscillators coupled via
the MWNy, shown in Fig. 1b. For the “upper” triangle
of the network, let us fix the rotation matrices as

cosf; —sinf
Riz = Ro3 = <sin 9; cos 911> ’ (24)
and
_ (cos260; —sin26;
Ris = <sin 20, cos 26, ) ’ (25)

so that for all fixed 6; € [0,27) the relation Ry3 =
R12R53 holds true. Similarly, for the “lower” triangle,
we define

_ __(cosfy —sinfs
Ris = Ras = <sin 02 cosby ) ’ (26)
for some 6y €[0,27). It then follows that the rotation
matrix
cosf —sind
Ri; = (sin@ cos ) ’ (27)

fulfills the coherence condition R15 = R14Ry45 if and only
if 26 = 05.

Numerical results are reported in Fig. 4. In panels
(a), (b) and (c), we set 0; = 27/3, 03 = 27/5 and
6 = 7/5, which ensure that WMND is coherent; while,
the scalar weights are now drawn from U[0, wyqz], with
Wmae = 0.8. In this setting, we conclude that the Mas-
ter Stability Function (panel (a)) is non-positive, and the
system synchronizes, as evidenced by the behavior of the
order parameter R(t) (panel (b)) and the time evolu-
tion of u;(t) (panel (c)). On the other hand, panels (d),
(e) and (f) show the numerical results obtained with the
choice § = 27/5 that removes the coherence assumption.
Although the Master Stability Function is non-positive
(panel (d)), the system does not synchronize: the or-
der parameter converges to a quite small value (panel
(e)), and the oscillators 4 and 5 are now out of phase
(panel (f)). This outcome highlights that the vector
S = ST(TE, ® §) is no longer a solution to the system,
and therefore the Master Stability Function is no longer
a valid predictor of global synchronization.

B. Global synchronization of higher-dimensional
dynamical systems

The aim of this section is to present some results within
the framework of higher-dimensional dynamical systems,
d > 2, thereby extending the analysis done for the 2-
dimensional Stuart-Landau model.



Fig/Figure 2.pdf

FIG. 2: Global Synchronization of SL coupled via the MWN, shown in Fig. 1la. By visual inspection of

the Master Stability Function presented in panel (a), one can clearly appreciate that the latter is negative for all

Al >0 (red dots), ensuring thus the onset of GS as testified by the order parameters reaching the constant value

\V/ORe/Bre = 1 (panel (b)) and the time evolution of w;(t) for short and long times (panel (c)). The remaining

model parameters are given by ¢ = 1.0 — 0.5, 8 = 1.0+ 41.1, m = 3 and p = 0.1 — i5.5. The scalar weights have

been drawn from U[0,0.8] and the rotation matrices have been set to R = Roz = (COS 2r/3 —sin 277/3) and
T sin27/3 cos2m/3

Rox — cos2m/3 sin2w/3
137\ —sin27/3 cos2r/3)



Fig/Figure 3.pdf

FIG. 3: Absence of Global Synchronization of SL coupled via the MWN, shown in Fig. 1a. The Master
Stability Function (panel (a)) assumes positive values, hence the order parameter (panel (b)) cannot converge to

VORe/Bre = 1 and u;(t) oscillates out of phase for short and long times (panel (c¢)). The remaining model parameters
and rotation matrices have been set to the same values of Fig. 2 but w;;, now drawn from U[0,0.1].
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Fig/Figure 4.pdf

FIG. 4: Impact of the coherence assumption on GS of SL coupled via the MWN;, shown in Fig. 1b.
Panels (a), (b) and (c) report simulations obtained under the assumption of coherent network, i.e., we set 6; = 27/3,
02 = 27 /5 and 6 = 7/5 in Eqs. (24)- (27); the Master Stability Function (panel (a)) is non-positive and the system
converges to synchronization, R(t) stabilizes at \/ore/Bre = 1 (panel (b)) and the oscillators are in phase after a
transient time (panel (c)). In the panels (d), (e) and (f), the coherence condition does not hold true because we
set 0 = 27/5 in Eq. (27), and the system is not capable to synchronize, the order parameter converges to a small
value (panel (e)) and two oscillators are out of phase (panel (f)). The model parameters are given by ¢ = 1.0 — ¢0.5,
B =1.0+141.1, m =3, p=0.1 —i5.5 and the scalar weights have been drawn from UJ0, 0.8].

Before introducing the general case d > 2, let us con- thus assume the isolated system (1) to have the following
sider in detail the d = 3 one, which contains all the main
ideas without adding unnecessary complications. Let us



form

dr o
dit‘” — f(@) == A7 — |7’B7, (28)

where © € R? and A and B are 3 x 3 matrices. The spe-
cific functional form of the latter system has been chosen
to ensure that the system preserves the coherence of the
MWN.

In 3—dimension, rotation matrices can be defined by
the Rodrigues formula

R(d,0) = I3 +sin(0)[i@] x + (1 — cos(8))([id]x)*, (29)

where the vector @ = (uy,uy,u,)’ € R® denotes the ro-
tation axis, @ is the rotation angle in the plane orthogonal
to w, I is the 3 x 3 identity matrix, and [@]« is the skew-
symmetric matrix associated to the cross-product of ,
ie.,

0 —u, wuy
[Wx = | us 0 —ug| . (30)

—Uy Uy 0

For the sake of definitiveness and without loss of general-
ity, since we can always perform a rotation to map any ro-
tation axis into the vector (0,0,1)T, we fix @ = (0,0,1)"
(see the Supplementary Notes for more details). Then,
to ensure the invariance of (28) with respect to such ro-
tations, the matrices A and B must be of the form:

A, 0 B, 0
A:<6T1 ;m) and B:<6T1 ) (31)

KB
where pa,pup € R, 0 = (0,0)7 and A4, B; are 2 x 2
rotation matrices defined as

AL = (cos(a) —Sin(a)) ’ (32)

sin(a) cos(a)

and

cos(b) —sin(b
B1 =2z <sin((b; cos(lg))) ’ (33)

with Ag, Ap € R. A straightforward computation allows
to rewrite A and B as

A, O B; 0
A:(GT1 (D—k,uAPuandB:(aTl (;>+NBPuv

(34)

where P, = i is the orthogonal projection onto the
axis @ = (0,0,1)T. This corresponds to choose matri-
ces that commute with rotations about the wu-direction,
namely, A; and B act as rotation (possibly as a con-
traction or an expansion according to the parameters A4
and Ap) in the zy-plane.

To study the dynamics of the system (28), we decom-
pose T = (w1, 22, 23) " as follows:

i":fu-f—fl, (35)
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where Z)| = )@ = (@- %) is the component along @ and
¥y = ¥ — ) is the one perpendicular to it. In particular,
since @ = (0,0,1)7, the decomposition can be explicitly

rewritten as
e | S 3 0
T=2d 4+ 2 = (O’—i-(xg), (36)

where 5 € R2. Because of this decomposition, sys-
tem (28) can be rewritten as
L = A (|£\2 + xg) B¢, -
52 = s (18 + o) s,

To make a step further, we express 5 in polar coordi-
nates, i.e., & = rcos¢ and & = rsin¢g, and show (see
Supplementary Note 2) that it admits a stable limit cy-

A4 cos(a Py
)\’; COS((b;, Z3(t) = 0, and

d(t) = ¢(0) + wt, where w = Ay Si?(f:(g)b), provided the
following conditions hold:

cle solution given by #(t) =

Aacos(a) >0, Apcos(b) >0, (38)

and
parp cos(b) — ppAacos(a) < 0. (39)

(see the Supplementary Note 2 for a complete analysis of
the equilibria of (37) and their stability).

Such a limit cycle will serve as the reference solution
characterizing GS

5(t) = (7 cos(wt), 7 sin(wt),0) " . (40)

Let us, now, consider n identical copies of the isolated
system (28) coupled via a MWN and study the emergence
of GS. Specifically, we are interested in studying

dz;
dt

= ‘]?(3'77) —eC Z‘Cljfj
J

= Afl — |3'_J'1|2sz —eC Z‘C'L]fj 5 (41)
J

Vi € {1,...,n}, where Z; € R3 A and B are 3 x 3
matrices defined as in (34), and C is a third 3 x 3 matrix
given by

C— (31} 0 with Cy = Ac cos(c) —sin(c) ’
0" pe

sin(c) cos(c)
(42)

where A\¢, uc € R. Let us observe that for the sake of
pedagogy, we consider a linear coupling in Eq. (41).

Assuming that the network is coherent and the matrix
weights are rotations about the axis @ = (0,0,1)7, it
follows by construction that

— —

0,f(0],3) =f(3 Vi=1,....n, (43)



where the definition of the matrices Oq; comes from the
coherence condition, while § is given by (40).

By defining the vector ¥ = (#],...,%))" € R3" we
can rewrite Eq. (41) as follows

CC%’ = o (F) — e(L, ® C)LT = fu(7) — CLT,  (44)
where C = I,, ® C is the Kronecker product of the two
matrices, and f, acts component-wise resulting into a
3n—dimensional vector.

We have thus formulated the problem within the
framework of MWN presented earlier. To make some fur-
ther analytical progress, we left-multiply Eq. (44) by the
block-diagonal matrix S, and introduce the transformed
variable § = ST = (¥1,...,¥,) . Foralli = 1,...,n,
this yields

ag;
dt

Aj, — |5:*Bgi —€C > Liji;,  (45)
J

where we used the commutativity property of the matri-
ces A, B, C with (product of) rotation matrices and the
definition of the transformed supra-Laplacian L.

Global synchronization to the reference solution 3(¢),
given by (40), can be achieved if ¥;(t) = §(t), for all
i1 =1,...,n, is a stable solution of Eq. (45). To prove this
claim, we analyze the linear stability of the synchronized
state by introducing small perturbations. Specifically, we
define

7 cos(wt)du,; — 7 sin(wt)dv;
7 sin(wt)ou; + 7 cos(wt)ov; | ,  (46)
07

g;(t) = 8(t) +

where du;, dv; and 07; are small functions whose time

evolution, once projected into the eigenbasis formed by
the eigenvectors of L is determined by (see Supplemen-
tary Note 2)

df;;a = —2X4 cos(a)duy
—eAc A (cos(¢)duq — sin(c)dvy)
ddvg, cos(a) sin(b)
= 2 ————F0u,
dt A cos(b) “
—eAc A (sin(c)duq + cos(c)dvy)
doneg, Aa cos(a)
— _ AP _ Al
a7 (uA N cos(b) P 0N — €pc A 0na

(47)

Let us observe that because of the form of the system (45)
and of the perturbation we chose (46), the linearized sys-
tem turns out to be time independent and thus a com-
plete study of its stability can be performed (see Supple-
mentary Note 2 for a comprehensive analysis)

In Fig. 5, we report the numerical simulations of the
3D-system (45) defined on the 3-nodes network MWN,
shown in Fig. la. The rotation matrices are given by
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Egs. (22) and (23) and all scalar weights are unitary,
ie., w;; = 1. As shown in panel (a), the Master Stabil-
ity Function (red dots) is non-positive (the blue line is
shown for visual reference, and it has been obtained by
replacing A(®) with a continuous variable), and the sys-
tem synchronizes. Panel (b) confirms this by showing the
time evolution of the first component of §j;, i.e., & ;(t),
while panel (c) illustrates the convergence of the third
component, yg,i(t), to zero, reflecting the system stabi-
lization along the rotation axis. In Fig. 6, we show a set
of parameters for which there is no GS. We can observe
that the MSF is positive (panel (a)) and the coordinate
&1,; (panel (b)) clearly shows the absence of synchroniza-
tion. Additionally, dynamics along the rotation direction
exhibit non-trivial behavior (panel (c)).

Remark 1 - Higher dimensional dynamical sys-
tems, d > 3. The theory presented above can be general-
ized to d-dimensional dynamical systems, d > 3, coupled
via a coherent MWN, provided the vector field preserves
the rotation matrices of the MWN.

Let us observe that among the d-dimensional rota-
tions, one can consider matrices acting on orthogonal
2-dimensional planes, i.e., the matrix can be written as
2 x 2 blocks on the diagonal. The function f(Z) should
thus preserve each 2-plane, and the analysis reduces to
the one presented above, but considering several planes.

On the other hand, one can consider the opposite case,
where the rotation matrix leaves invariant the direction
given by the vector (0,...,0,1)"T and thus non-trivially

acts on R%~!. In this case, we require the function f(Z)
to preserve this space.
Eventually, one can consider combinations of both

—

cases and deal with suitable functions f(Z).

C. Global synchronization of Lorenz oscillators

In the previous sections, we have considered regular
oscillators, the Stuart-Landau and a generalization in
higher dimensions, coupled via a MWN, and shown that
global synchronization can be achieved under suitable
conditions. The aim of this section is to make a step
forward and to consider the case of global synchroniza-
tion of chaotic oscillators still coupled via a MWN.

For the sake of definitiveness and because it has been
largely used in synchronization problems both on net-
works [5, 22, 34] and simplicial complexes [15], we de-
cided to consider the Lorenz system [29] as a prototype
of chaotic systems. The time evolution of the i-th oscil-
lator is thus described by

dx;

dtz =o(yi — x;)

d .

% =xi(p—2) —yi (48)
dz;

7; = xiyi — Bz,
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Fig/Figure 5.pdf

FIG. 5: Synchronization of the 3D-system (45) on the MWN, shown in Fig. 1la with rotation matrices
given by (22) and (23) and scalar weights w;; = 1. Panel (a): the Master Stability Function; panel (b): & ;(t),
i.e., the first component of ¥;, and panel (c): ys ;(t), for j = 1,2,3, for short and long times. The matrices, A, B
and C are defined with a = 27/5, b=2n/3, c=2n/7, A\a =1, Ap = =3, A\c¢ =2, pa =1, up = 5 and pc = 1. The
coupling parameters is fixed to € = 0.1.

where o, p and § are model parameters that we hereby Lorenz system via a MWN so to obtain
fix to 0 = 10, p = 28 and § = 2, ensuring thus the
existence of a chaotic behavior [29].

= f(@) —e)_LyEF;, (49)

Let us now assume to couple n identical copies of the J
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Fig/Figure 6.pdf

FIG. 6: Absence of Synchronization for the 3D-system (45) defined on the MWN, shown in Fig. 1a with
rotation matrices given by (22) and (23) and scalar weights w;; = 1. Panel (a): the Master Stability Function,
panel (b): & ;(t), i.e., the first component of ;, and panel (c) ys3 ;(t), for j = 1,2,3, for short and long times. The
matrices, A, B and C are defined with a = 27/5, b =27/3, c =2n/7, Aa =15, Ap = -3, A¢ =2, ua =1, up =5
and pco = 1. The coupling parameters is fixed to e = 0.1.

where € > 0 is the coupling strength and we defined coupling. More precisely we assume [22] all the entries
of E to be zero except one. For instance if Fy; = 1, then

- T > o(yi — i) for all 7 € {1,...,n}, z; (the variable number 1) will be

Ty = Z’ (@) = ngcp; 21)5; Yi (50) coupled to z; (again the variable number 1) for all nodes

j connected to node i; if F1o =1 then x; will be coupled
and E is a constant 3 x 3 matrix determining the linear to y; (the variable number 2), and so on.



Let the reference orbit, 5(t¢), be the chaotic solution of
a single Lorenz oscillator and let us study the conditions
under which all nodes do satisfy Z;(¢) = §(¢) for all t > 0.
As previously stated, we require the MWN to be coher-
ent, the dynamical system to preserve the coherence, and
the spectrum of the Laplace matrix £ to return a nega-
tive master stability function. For the sake of pedagogy,
let us consider a simple MWN composed by four nodes
and four links organized to form a square (see panel (c)
in Fig. 7), moreover, we assume all the rotation matrices
to be given by

-1 .0 0
R,=[0 -10],
0 0 1

encoding thus a rotation in the zy-plane of an angle 7
about the z-axis. Or stating equivalently we have R -
(,y,2)" = (—x,—y,2)". The resulting MWN is triv-
ially coherent because R;R, = I3. On the other hand,
the Lorenz system (48) is clearly invariant with respect
to the transformation (z,y,2)" — (=2, —y, 2)", namely
the function f defined in (50) does satisfy R, f(R]Z) =
f (Z), for all Z. Hence, the latter function preserves the
coherence of the MWN. As trivially does the linear cou-
pling EZ.

It remains to prove the negativeness of the MSF.
Let us observe that in this case we do not have an
analytical expression for the reference solution 3(t) =
(52(t), 8y(t),5.(t)) " and thus we have to resort to a nu-
merical integration of the linear system (15) that now
reads

d
%&ja: Jf(,?)feA(o‘)E 0o Ya=1,...,n,

where
—0 o 0
3@ = [p=s.t) 1 =s,(0)
sy(t)  sa(t) —p

In panel (a) of Fig. 7, we report the MSF as a function
of kK = eA® | in the case of the 1 — 1 coupling, namely
FE11 = 1 and all the remaining entries vanish (other ex-
amples of linear couplings are briefly presented in Supple-
mentary Note 3). We can observe that the MSF is posi-
tive for k = 0, testifying the chaotic behavior of the refer-
ence solution §(¢), then it steadily decreases and vanishes
at k1 ~ 7.216. Because the eigenvalues of the Laplace
matrix associated to the MWN are given by {0, 2,4}, by
taking 2¢ > k1, we are sure that the MSF is negative
(see red circles computed with e = 4 in Fig. 7(a)) and
thus global synchronization is achieved. This can be con-
firmed by looking at panel (b) of Fig. 7, where we show
the time evolution of the first component of ; = RZ);
as a function of time. In panel (d) of Fig. 7, we report
the time evolution of the synchronization error, in the
original variables (blue curve):

) =  [——— S I17(t) — 7 ()| 2
n(n—1)

ij
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and in the rotated ones (red curve)

Ernlt) = | ———— SNt — 5 1)1
n(n—1) 4=

One can clearly appreciate that &.,:(t) — 0 testifying
the presence of global synchronization, while the similar
quantity, but computed by using the original variables,
without rotation, does not decrease in time, wrongly sug-
gesting that the system is out of synchrony.

III. DISCUSSION

In this work, we have advanced the theoretical under-
standing of Global Synchronization (GS), a widespread
phenomenon underpinning numerous biological rhythms
and the reliable operation of engineered systems. Specif-
ically, we have extended existing synchronization theory
from systems connected via scalar-weighted links to the
more general case of matrix-weighted networks (MWNss).
Our focus has been on rotation matrices as edge weights,
although the framework could be generalized further to
include all orthogonal matrices (notice that to general-
ize the results for the orthogonal matrices, one needs
to impose further constraints on the dynamical systems
in response to the invariance of applying these matri-
ces). We have demonstrated that coherence in MWNs
is a necessary condition for the emergence of global syn-
chronization. Notice that the choice of rotation matrices
imposes structural constraints on the class of admissible
dynamical systems, namely, only those invariant under
the action of these matrices can achieve synchronization.
This finding aligns with existing results in the litera-
ture and reinforces the intrinsic connection between net-
work topology and dynamical behavior [30] to the case
of multi-dimensional dynamics.

The existence of GS can be established by using the
well-known Master Stability Function (MSF) framework.
A central objective of our work has therefore been to
extend the MSF formalism to the context of MWNs.
Within this framework, we have shown that the spectrum
of an appropriately defined Laplacian operator governs
the onset of GS. Furthermore, we have identified the ex-
istence of a preferred basis, determined by the eigenspace
of this Laplacian, in which GS becomes manifest. In
other words, while the MSF provides the conditions un-
der which GS occurs, the ability to observe synchroniza-
tion depends critically on the choice of reference frame.
This effect has no counterpart in scalar-weighted net-
works and represents a novel phenomenon specific to the
matrix-weighted setting. Classical synchronization sta-
bility methods, such as the classical MSF, are limited
to scalar-weighted networks and assume identical inter-
actions among nodes. These approaches do not easily
extend to networks in which node states are multidi-
mensional and edges encode linear transformations be-
tween components. In contrast, our framework considers



16

Fig/Figure 7.pdf

FIG. 7: Global synchronization of Lorenz oscillators coupled with a square MWN. In panel (a), we report
the Master Stability Function, in panel (b) y1 ;(t), i.e., the first component of ;. The used MWN is shown in panel
(¢), while in panel (d) we report the time evolution of the synchronization error computed in the original Z; variables
(blue curve) and in the rotated ones, ¢; (red curve). The coupling parameter is fixed to € = 4.

matrix-weighted coupling, explicitly allows interactions
involving linear transformations (e.g., rotations), and in-
troduces the notion of coherence. By performing a suit-
able similarity transformation, the proposed method re-
duces the system to a generalized Laplacian form while
preserving the effect of the transformations. This ap-
proach ensures the invariance of the generalized synchro-
nization manifold and enables a rigorous stability anal-
ysis in cases where classical scalar-based methods would
be insufficient.

The studied framework naturally connects with the
broader literature on multilayer and multidimensional
networks. In these network structures, scalar node states
across layers or dimensions can be considered as vector
states, and the related edges can simultaneously affect
such vector states, where inter-layer couplings are com-

monly assumed to be only between (the copies of) the
same nodes. Matrix-weighted couplings provide a princi-
pled generalization by allowing explicit linear transfor-
mations between the state vectors, enabling collective
interactions that are not emphasized by scalar-weighted
multilayer networks. In other words, while traditional
multilayer networks restrict how edges influence differ-
ent components, MWNs unify this perspective by letting
each edge fully specify how the state of a source node
affects that of a target node. Furthermore, the notion of
coherence generalizes the idea of layer alignment in mul-
tilayer networks, representing a structural feature that is
both necessary for synchronization to happen and unique
to the MWNSs formalism.

Finally, it is worth noting a possible conceptual con-
nection with the H/R (Hopf/Rotation) theorem by Gol-



ubitsky and Stewart [19], which addresses the emergence
of symmetric periodic solutions in networks with equiv-
ariant (group-symmetric) dynamics, particularly in the
context of pattern formation and bifurcations. While our
framework focuses on GS in MWNs rather than bifurca-
tion phenomena, both approaches highlight the key role
played by symmetry: in our case, the hypothesis that the
nonlinear functions f and h commute with the transfor-
mations Oq; ensures that the generalized synchronization
manifold is preserved, recalling the equivariance condi-
tions of the H/R theorem. Exploring this connection in
more detail could provide fruitful avenues for future work.

IV. METHODS

Given the matrix weight of an edge (i, ), W;; € R?*4
where d is the characteristic dimension of the dynami-
cal system under study, we rewrite it as W;; = w;;Ry;,
where w;; = ||W,;||2 characterizes the magnitude and
R;; € R™? encodes the transformation with ||R;;||2 = 1.
In this paper, we focus on the case when each transforma-
tion R is a rotation matrix. We also maintain the same
assumption as [46] where W;; = WJTZ for all 7 and j, thus
w;; = wy; and Ry; = R;'; Let d; = Zj w;; be the node
strength, D = D ® I, the supra-degree matrix, where
D = diag(dy,...,d,) and I; the d-dimensional identity
matrix. Then we can eventually define the supra-Laplace
matric

L=D-W, (51)

where the supra-weight matrix W has blocks structure,
with the ’L,] block being Wij = winij.

The coherence condition is defined by looking at the
transformation of each oriented cycle. More precisely, let
the oriented cycle be defined by the sequence of distinct
edges (i1,%2), (i2,43), ..., (ig, 1) and let Ry, ; ., be the
transformation associated to the edge (¢;,%;11), then we
require

R, i, R

11,02t Vig, i3 - -

Ry

Tk ,i1

=1,. (52)

This allows to define the block diagonal matrix S, whose
i-th block is the d x d matrix, Oy, equal to the product
of the transformation of each edge O associated to any
path starting from nodes in the first block (that can be
arbitrarily chosen, hereby set to node 1) to the block
containing node 7. In formula:

I, 0 ... ... 0
0 012 ...... 0

s=. .. . .| (53)
0 O Oln

Let us observe that we introduced above a small abuse
of notation by identifying node ¢ with the ¢-th block to
which it belongs; this will allow us to simplify the no-
tations and moreover we hereby assume a block to be
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formed by a single node, differently from the general
MWN framework [46] where a block can contain several
nodes, each one connected by edges whose weight is the
identity matrix.

We can then prove that given any @ € R, the vector
7 =8T(I, ® @) is an eigenvector of £ with eigenvalue
0 by Eq. (2) in [40], that will replace the synchronous
manifold in the case of MWN. By using the matrix S
and the supra-Laplacian £, we can define a second supra-
Laplacian matrix

L=8LS", (54)

and we can prove that the latter corresponds to the
supra-Laplacian matrix where all the transformations O
have been replaced by the identity matrix I as in [46],
depending thus only on the scalar weights and the topol-
ogy of the network:

L=Lol,, (55)

where L = D — A®) | with each 4,j element of A(*)
being w;;, i.e., A™) is the weighted adjacency matrix of
the underlying network in the classic sense.

We can now state our main result. Namely, let § be
a reference solution of Eq. (1), then the vector function

S(t) given by

@ &y
e}

i,

[\v]

|

—

Sy=8"T,09)=8"|.[=] . |. (6

!
o
-

is a solution of Eq. (5). To prove this claim, let us com-
pute the left hand side of the Eq. (5) once we insert S(t)

ds
dt
ds . ds 0/,%
dt:ST(h@%;>= PR L
o7, %

being the matrices O1; time independent. The right hand
side of the same equation, returns

RIS j@
R —ciS) = |70 | e[ "] )
foL9 HOL)
7(s) i)
_ Osz:f(g) _r Osz.h(g)
o7, () 07, i(9)
= ST(I.® f(3) — £LST (1, ® h(3)),

where we used the invariance of f and & given by (11).
By observing that £8T (I, ® 1(5)) = 0 and recalling that



§ solves (1), we can thus conclude that

ds ds
dt_ST( dt)
=8T(1, ® f(5) = £u(S) -

To prove the stability of the latter solution S(t), we
rewrite the (dn)-dimensional state vector as = S + 07,
where 02 is “small” perturbation whose time evolution
will determine the stability of S if 67 converges to zero,
then Z will converge to S and thus the system will exhibit
GS. Otherwise, if 02 will stay away from zero, then GS
cannot be achieved because # will deviate from S.

To study the time evolution of §Z we expand to the
first order system (5) to get

-,

Lh,(S). (59)

djf = T4, ()67 — LI, (5)o7, (60)
where J f(§) and Jj,_ (S) are respectively the Jacobian

of f. and h, evaluated on the solution S. The lat-
ter can be written in “components” by defining 6% =
(6z],...,6x,))" and to obtain Eq. (12), hereby rewrit-
ten to help the reader

d - -
atsxj = Jf(OL-E’)(S;Ej — Z £szh(01re§)5$z 5 (61)
J4

The invariance condition (11) translates into a similar
one for the Jacobian matrices, more precisely, it allows
to obtain

J;(0{;5) = 0,3 4(5)0; (62)
and

J4(0],3) = 0],3(3)0s; (63)

Hence, we can conclude that

d - -
%6% = O]—]Jf(é’)oljéx] - ZﬁngDJh(é’)Owéw s
4

(64)
or equivalently by defining ¢; = O1;Z;
d . = L,
2095 = 35(8)07; — ZouLjéOlTeJh(g)fSye
= J;(3)dy; — ZLJZJh 8)64e » (65)

namely Eq. (13) in the main text. Let us observe that to
get the latter formula we made use of the definition of the
supra-Laplace matrix £ whose entries are related to the
Laplace matrix of the weighted underlying network (55).
Let us observe that by using the stack vectors & and v,
the above change of variables can be rewritten as § = S&.

To prove the stability of dy; and hence of §%;, we
exploit the existence of an orthonormal basis for the
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Laplace matrix L, i.e., ¢(® A o =1,...,
0y; onto the latter

n, to project

5 =D 0iady” (66)
In this way, Eq. (13) returns

Z—é a0S =313 65a 0

— Y AT(SFGdS . (67)

By left multiplying by ¢(®) and by using the orthonormal-
ity of eigenvectors we eventually obtain Eq. (15), hereby
reported:

d .. o .
%&ga = [Jf(E)—A( )Jh(§)} 0o Ya=1,...,n
= Jabia - (68)

This is a non-autonomous linear system containing the
information about the dynamics and the coupling via
the Jacobian matrices, while the MWN enters only via
the eigenvalues of the supra-Laplace matrix £ depend-
ing only on the scalar weights. Recall however that the
rotation weights play a central role in determining the
coherence condition. Global synchronization is thus ob-
tained by proving that for all A(® the largest Lyapunov
exponent of Eq. (15) is negative. In the case the latter
system is autonomous, this accounts to prove that the
real part of the spectrum of J, is negative for all c.
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