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Abstract

A modified FitzHugh-Nagumo neuron model with sigmoid function-based recovery variable
is considered with electromagnetic flux coupling. The dynamical properties of the proposed
neuron model are investigated and as the excitation current becomes larger, the number of
fixed points decreases to one. The bifurcation plots are investigated to show the chaotic and

periodic regimes for various values of excitation current and parameters. A N XN network of
the neuron model is constructed to study the wave propagation and wave re-entry
phenomenon. Investigations are conducted to show that for larger flux coupling values, the
spiral waves are suppressed but for such values of the flux coupling the individual nodes are
driven into periodic regimes. By introducing Gaussian noise as an additional current term we
showed that when noise is introduced for entire simulation time, the dynamics of the nodes
are largely altered while the noise exposure for 200-time units will not alter the dynamics of
the nodes completely.
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FitzHugh-Nagumo neuron models are simplest yet one of the effective mathematical
models used to define the bursting and spiking phenomenon of neurons. We modified
the model by including sigmoid based recovery variable and flux coupling. Dynamical
behaviours and properties of the modified model is investigated. A network model of
the neuron model is constructed, and wave propagation phenomenon is studied. We
could effectively show the emergence of spiral waves in the network and by including
the noise effects we could show that introducing noise can suppress spiral waves.

1. Introduction


mailto:karthikeyan.rajagopal@citchennai.net
mailto:mrs.anithakarthikeyan@gmail.com
mailto:irene.Moroz@maths.ox.ac.uk
mailto:sajadjafari83@gmail.com
mailto:ashokkumar.srinivasan@citchennai.net

The behaviours of dynamical systems were considered rather smooth and continuous. On
contrary impact, switching, friction and sliding prologue intricate response, abrupt changes
and unpredictable regions. These discontinuities and instabilities inaugurate fertile field of
research for the scientific community and the yields categorized into two promising branches
namely “Catastrophe theory”[1]and “Chaos theory” [2]. The Catastrophe theory describes the
sudden or abrupt changes for the parameter variation by considering not only first derivative
of the potential function rather higher derivatives also zero[3]. Chaos theory elucidate the
absence of order in a system and provides a graphical representation called strange
attractors[4, 5]. Chaos can be predictable only locally but for long term it is unpredictable.
Horde of literature discussed the coexistence of discrete and continuous dynamics of the
nonlinear systems [6-9] and penned a technical term “Hybrid systems”[10-12]. The
challenge persists to investigate nonlinear dynamical behaviours of the hybrid systems since
it consists different bifurcation phenomena compared with smooth, continuous systems.
Because of the rich dynamical nature most of the real time systems are considered as hybrid
and throng of research articles generated[11-15].

The switching property in Biochemical systems and gene regulatory networks are well-
handled using hybrid modelling [16-18].Advanced computational techniques are demanded
for investigating state changes and to capture chaotic behaviours[11, 19-21]. The
corresponding network properties also subjected to redefine based on the discrete
scenario[10, 11, 22-24]. Simultaneously the non-homogeneity of the cell and hormonal
stimuli are investigated with hybrid models[16, 25]. Particularly the cancer cell division,
spread and proliferation along with tumour growth. Peculiar bifurcation structures were
identified and this study give a new raise to intermittent hormone therapy([25]. Firing
phenomena of neuron modelled as a continuous system while it reaches a threshold potential
and reset the states which results with spiking[11, 12, 14, 15, 17]. In 2010,Izhikevich
formulated a hybrid model which expose rich dynamic behaviours similar to real
neurons[26]. Basically, neurons are connected through electrical and chemical synapse; the
spike generation mechanism drives the synapse with discontinuity as switching function. A
simplified hybrid model was configured to investigate spiking and bursting mechanism|[27]
during impulsive perturbation[21, 26, 28]. Chaotic spiking and bursting were identified and
significant abrupt changes simulated. Chaotic maps are used to describe various network
phenomena of neurons articulated with hybrid models[11, 12, 14, 17, 29]. Coupling strength,
external excitation and topology plays vital role to describe dynamics of network[30-32].

Spatiotemporal patterns are substantial dynamical characteristics of complex network
systems with excitable media such as neuronal systems. Investigating network dynamics is
one of the fruitful research topics in the last few decades. Spiral waves are typical
spatiotemporal pattern found harmful and undesirable in most of the network systems[33-38].
In 1997, Spiral waves are captured experimentally in neuron system while investigating turtle
visual cortex[39]. Multitude of theoretical models were developed to study the spiral wave
formation[35, 40-44] and its dynamics[45-50], considerable literatures found in control
scheme[48, 51-56].Periodic excitation of local neuron could be a potential method but recent
literatures conceived few more methods to control or suppress spiral waves[48, 51, 53-55, 57-
59]. Introduction of channel noise and additive noise found promising method to disintegrate
the spiral waves smoothly[38, 60-66].



The FitzHugh-Nagumo model (FHN) is a simplified model to replicate substantial dynamical
properties of neurons under external excitation[67]. On the other hand, Morris-Lecar (ML)
model exhibit fold/Hopf bursting bifurcations with two different classes of neuronal
excitability[24, 68-71]. Based on the discussion we arrive at a direction to investigate the
dynamical response of a spiking neuron model with discontinuous function and including
electromagnetic flux coupling[21, 26, 28]. The paper is organised as follows (i) Formulation
of the model and definition about sigmoid function and magnetic flux coupling. (ii) Dynamic
analysis and numerical simulations (iii) Network formulation, dynamics of spiral waves and
its propagation based on coupling properties. (iv) Spiral wave suppression by introducing
Box-Mueller type white noise[72].Finally, a discussion on results obtained and concluding
remarks are presented.

2. The model

The FitzHugh—Nagumo neuron model [67, 73] is a 2D system of differential equations
defined by

vo=v(v- Ia-v)- u+i

1
w=hv- cu (1)

where v represents the membrane potential of a neuron and u represents the membrane
recovery variable. The parameter a determines the shape of a v=0nullclines, while b and ¢
represents the time-constant and sensitivity of the recovery variable. In physical neurons, the
state variables transits from resting to spiking through both Hopf and saddle-node
bifurcations[74], whereas the neuron model in (1) transits through only Hopf bifurcation.
There are many famous spiking neuron models like the Morris—Lecar neuron model[75]
which exhibits transition through both bifurcations and this model uses a sigmoidal function
for v as the state equation for the recovery variable given by

w=gil(l+exp(-(v-h) &) - u) (2)
Using (2) in (1) the modified form of (1) called the FitzHugh—Nagumo-Morris-Lecar
(FNML) neuron model defined in[21],

vo=v(v- Ia-v)-u+d

€)

To derive the continuous spiking neuron model a resetting method is defined, using[75], as:

w=gl(1+expl-(v- b el - u)

|jvec
if v=04= 4

[0 — w+d

The dynamical behaviour of the FNML neuron was discussed in detail in (6) however many
literatures have shown that by including the effects of electromagnetic flux coupling we
could explore a complete dynamical behaviour of a physical neuron. Hence, we modify (4)
by including another flux variable as:

o= (v Ia- vh- w4+ i - kMg
w =l +expl-(v-h)y €)' - u) ®)

@ =kv-kp




. Vig) =t + 3¢
where ¢ denotes the magnetic flux across the membrane and flg) =3Py defines the

memductance. The significance of the memductance function and its properties such as V-I
curves are considered as in[76, 77].

The parameter values of system (5) are

{ o =00008a =0.1.h =05, ¢ =0.33,d =001 ¢ =01 =0.05
ce =001 =0.000L k& =001k =01k =0.01

3. Numerical analysis

(6)

Because of the exponential term in the equation for !!! }, it is not possible to determine exact

expressions for the equlibrium states. Instead we follow Sou et al (2018)[21] and plot the ¥

kv
|;,'_'.\ L

and ! nullclines, after substituting for the equlibrium value of % into evolution

equation for Y1) Since the objective of this study is to ascertain the effects of magnetic

induction on the FNML neuron, we also include the nullclines for various values of L .The
v-nullcline and ! -nullcline are given in terms of ! by

u =viv- a- vi+i, -k Mgy

1 (7

l+¢

The parameter choices are taken to be

g =000 0 =050 =033 d =001 g =0.1; & =005
e =0.1: 4 =0.001k, =0.1:k =0.1:k, =0.01 ®)
The equilibrium state of equation (5) is obtained by plotting the nullclines and noting their

points of intersection. It is of interest to see how varying ' affects these fixed points.Fig.1

. . =(
shows the nullclines for the Sou et al (2018) case, where “ is absent. When L Sou et al
(2018)[21] note that the locations of the fixed points are at (vou) =(0.0).(0.1.0).(0.35, f]_f]h}’

and "+t =l 0. f]}is stable. When fen increases the intersections of the two nullclines change.

[ o=0.002370 : . . . .
For , the Y- nullcline is tangential to the ! - nullcline at

! p— 2 ) . .
(v.u) =(0.049.0.00012) (This is found by finding the solutions to " ). The remaining

. ) =103 =0.002376
fixed point is at (vou) =(0.300.0.0041) "gor Values of L t

fixed point: the unstable one, bounded away from (0, 0).

, there is only one

=l .
Lo , the three fixed points are located at

I =004

When ¥ is included, we obtain Figs.2 and 3. For
(vce b =000 0 (voed =(0 1 12,00000426)  (vor) =(0.

2

377,0.0541) pom Fig.3 for



the only fixed point is at[ll'”]'::[D‘H"Z'D‘EQE}, while for {.., =0.003 it is at
(v} =(0.300.0.0045) g Figure 2, we see that the
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Fig.1: The nullclines for the neuron equations when @ isfabsent Lo “varies. The red line
corresponds to the u-nullcline, which is lfldepﬁrffbe—flt of, ’—‘ﬁ}ﬂh\xthe - nullcline varies
in a series of tight curves. The curves for are in distinguishable

~0.00289

Minimum of the' -nullcline occurs for -~ . The other fixed point is at

(v} =(0.300.0.0577) “his means that for larger values of ‘F-'-',there is only one fixed

point, shown in Figure3. Moreover, such fixed points are unstable, as can be verified by
computing the characteristic equation from the Jacobian matrix:
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Fig.2: The nullclines for the neuron equations when * #is included as " VaI'I?S Thﬁ ﬁ?fl,{lae
corresponds to the u- nljflllclnheﬂﬁvjnch 1? 1nd?Pﬁh]§1ent of ".The curves for
are also included.

where
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Fig.3: Behaviour away from the minima of the nullclines as Lo varies.

where,

A =p+k, - fac
A =k kM v+ gilg + k) - faclu+k,) (12)
A =k kM v+ gk (g - fac)

The eigen values are then determined by substitution of the appropriate equilibrium

state for' . When o =0 ,the eigen values for the stable trivial state "+t ?) =(0.0.0) 5

(-0.0100,- 0.1 iD.UUk?:?BJ'}’Whﬂe for' Vet @ =(0.112,0.00042, ].]2]-’

we have

(0.1,- 0.0958,-0.0993) (v @) =(0.357.0.054,3.57)

space (a saddle) and for , we have

(- 0.0L 01015 £0.24557) (a saddle focus)

The corresponding characteristic equation for the o :UIimit of the 2DSouet al

(0.1 £0.0095

3 C ) =
I‘}"""}for the stable state“'”} —[U.U}.

(2018) model gives Eigen values of
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Fig.4 Time series of (a) Y1) and (b) 1) for the 2D Sou et al system for Lo :U.UU—I_ Also

shown are time series of (c) V1 and (d) 1) for the 3D system (1).

[, =0.008 ) =(0.367.0.0648, 3.67)

For ,the unstable fixed point vt @

has

I, =0.004

(-0.01088.0.1017 20.2857i) 4 o 1. the fixed point at

Eigenvalues

v, gl :[U.E(‘IZ.U.UE'@?}haS Eigenvalues (-0 100,0.10167 £0.267)

We find it of interest to investigate the effects of the magnetic induction “ on the
nonlinear behaviour of system (7) in comparison with the Sou et al model (2018) when

=0

resetting is imposed. Throughout, we use £ =05 .Fig.4 shows time series of VYt ang w1t

eon 1. =0.004

(the choice of Sou et al (2018)[21]). In the absence of magnetic induction,
we observe regular periodic spiking behaviour for the 2D system, whereas we have

irregular bursts and spiking in the 3D model.
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Fig.5. (a) u(t) time series (b) First return map of successive maxima of “) for the 3D
system

We can plot successive maxima of “"in a return map. For the Sou et al system we
obtain a periodic map with just 1 point. Fig.5 shows the corresponding first return map

for the 3D system over a longer time scale, while Fig.6 shows the corresponding first

returm map when fes :D.Dﬂb.
0.08 - - 0.07
-lh-g.
0.065 e
0.06 )
oo} 7
' L]
v.
> 0.04 -~ 0.055 \
0.05 \‘
0.02 v
0.045 \
0 0.04 !
0 1000 2000 3000 0.04 0.05 0.06
(a) t (b) u
Fig.6. (a) u(t) time series (b) First return map of successive maxima of “1) for the 3D
system

Following Sou et al (2018)[21], we can produce the bifurcation transistion plot of the

maxima of “'"!over each cycle, as the resetting parameter © varies. This is shown in Fig.7,
and we could note the system taking period doubling route to chaos. For a brief range of ¢
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between [3.25,3.75] the chaotic regime of the FNML system is seen in Fig.7 with multiple

cascaded perodic-chaotic regions.
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Fig.7. Bifurcation transition plot of successive maxima of U1 for the 3D system
as © increases.

To demonstrate the effect of the external current I, we plotted the bifurcation diagram as
shown in Fig.8. The range of I, is taken between [4e-3,12e-3] and the local maxima of u(t)
is plotted. We could note two distinct chaotic regions and period halving exit from chaos.
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as ' increases.



4. Network behaviour of the FNML model

To investigate the network performance of the FNML model, we construct a lattice array of
the media whose local nodes are the FNML neurons. The mathematical model of the lattice
array can be defined as

v v s Da-v -+ 1 -k Mg v, +Dlv e e v =4

wo=aillvexp(-(v - by el - u ) (13)

E'r-" :-‘I:I-|1I.. - -‘I:I-:g'?

git) =Acos(wt)

The stimuli function is a periodic sinusoid defined by which is applied to

the network when i=MandJj=n. The size of the network is | 1" *!1” and thus i € [1,110] and
j €[1,110], The stimuli is applied from the left centre of the network by setting i=0 and
J=55. In our discussion we consider the coupling strength D, stimuli frequency @ and the
flux coupling coefficient K, as the control variables and discuss the spiral waves and wave
propagation in the network. We have used a periodic boundary conditions with ransom initial
condition settings for the nodes.

4.1 Spiral waves in the network:

Firstly, we consider @=0.0001 and k,=0.01 with coupling strength D as the control
parameter and capture the snapshot of the lattice network for the applied stimuli as in Fig.9.
For the coupling strengthD<0.5, the network is of lowly excited nodes with no wave
propagation seen. Increasing the coupling strength over D=0.5, the nodes are of different
excitability with the media showing wave reentry and spiral waves. The change in the node
excitability near the right boundary for D=0.8 results in a simple travelling periodic wave
seen near the right boundary.

10 220 3 40 s e 70 80 0D 00 110 i 20 30 40 S & 70O 8 00 10 10

D=0.7

0 20 3 40 5 80 70 80 90 100 110 0 20 30 40 50 80 70 80 90 100 110

0.2 -0.1 0 0.1 0.2 03 0.4 0.5



Fig.9. The snapshots captured at 5000-time units of the network (13) for s applied
stimuli of amplitude A=0.01 and w=0.0001. The flux coupling coefficient k,=0.01 and
considering coupling strength as the control parameter.

Now we consider the applied stimuli frequency as the control parameter with k,=0.01 and
D=1. We have tried from very low frequency of w=0.0001 to as high as w=1KHz.
Irrespective of the frequency of the stimuli, the snapshot confirms the emergence of spiral
waves in the network and doesn’t seem to be affected by the stimuli. The captured snapshots
are shown in Fig.10 and most of the literatures have shown that the stimuli frequency either
drives the network unstable of makes the media highly excitable thus eliminating spiral
waves. But the FNML network differs as the spiral waves initiated in the network are not
affected by the stimuli frequency.

w = 0.0001

Fig.10. The snapshots captured at 5000-time units of the network (13) for applied
stimuli of amplitude A=0.01 considering the flux coupling coefficientk,=0.01. The stimuli
frequency is considered as the control parameter.

To show the effects of flux coupling on the wave propagation in the network, we considered
k, as the control parameter. When there is no flux coupling, the network is idle with no
excitability and thus no wave propagation is supported as in Fig.11. When flux coupling is
applied by fixing k,=0.01, spiral waves are formed, and these spiral waves are seen for the
range 0.01<k;<0.3. By increasing k,=0.5 the spiral waves are eliminated in the network
because of the network excitability is minimum with the nodes in an idle state.
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Fig.11. The snapshots captured at 5000-time units of the network (13) for s applied
stimuli of amplitude A=0.01 and w=0.0001. The flux coupling coefficient is considered as
the control parameter.

4.2 Suppressing spiral waves using Box-Mueller noise:

To study the effects of noise on the excitability and spiral waves in the network and for this
we have considered the Box-Mueller type white [78, 79] defined by

45 .
.‘x'r_.'}=| —{]n[:.']-‘ cos( 2.7h) (14)
._"h'

where [a,b] are random chosen in the range [0.1],6 is the variance of the noise and At is the
step size of the solver. This noise term is considered as an additional current and added to the
state equation (v ¢ and the network model with noise is defined as

Vo= v - WNa-v -, 44 - kMg,

+0l (U S TR U —11'__] + Mt

(15)

wo =gl +exp(-(v, - b)Y ) -u))

@ =k, - kg

Depending on the time duration of the inclusion of noise to the network, we divide the
discussion in to two sections. In the first discussion we consider that the noise is applied for
the entire simulation time of 5000-time units and captured the snapshot as in Fig.12. For the
simulation we considered the stimuli parameters as A=0.01 and w=0.0001 with the coupling
strength D=1 and flux coupling constant k,=0.01. We started by applying a noise variance of
6=0.0001 and kept increasing the variance as shown in Fig.12. When the variance is
increased to 6=0.002 the spiral waves are compressed in the network and we could see
travelling waves originating from the centre of the network. It should be noted that the stimuli
are applied to the centre of the network for this simulation by fixing a =55andf3=55. Thus,
we could confirm that by applying a noise with variance ¢0.002 , the spiral waves are

12



supressed in the network and the network shows target waves for the selected noise variance.
This is because of the loss of heterogeneity and the nodes becoming highly excitable.

6 =0.0001 6 =0.001 6 =0.0015

S

10 20 30 40 50 60 70 80 90 100 110 10 20 30 40 50 &0 70 80 a0 100 110 10 20 30 40 50 60 70 &0 a0 100 110

§=0.002

10 20 30 40 S 6 70 80 90 100 110

0.2

Fig.12: The snapshots of the network with noise considering the noise variance as the control
parameter while the stimuli settings are A=0.01 and w=0.0001 with network coupling
strength at D=1 and flux coupling at K,=0.01, The noise is applied to the network for the
entire simulation time.

In Fig.12 we have shown the snapshots considering the noise being applied for the entire
simulation time. In Fig.13, we considered noise applied for 200-time units between 2500- and
2700-time units. In this case we need a higher noise variance of §=0.005 to make the media
highly excitable and thus suppressing the spiral waves in the network. This is again because
of the loss of heterogeneity in the network making the nodes highly excitable. It should be
noted that the noise is applied only for a shorter duration which means that the dynamical
behaviour of the nodes is not much affected by the insertion of noise which was not the case
when noise is applied for the whole simulation time wherein the dynamics of the neurons are
completely affected by noise.
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Fig.13: The snapshots of the network with noise considering the noise variance as the control

parameter while stimuli settings are A=0.01 and @=0.0001 with network coupling strength at

D=1 and flux coupling at k,=0.01, The application of noise to the network for the time 2500-
time units to 2700-time units.

5. Conclusion

In this paper we have considered the modified Fitzhugh — Nagumo neuron model with
discontinuous resetting and considering the recovery variable as the sigmoid function of
voltage. This new modified model is now extended by considering electromagnetic flux
coupling. In the numeric analysis of the FNML nodes we could show that the model has three

=( [, =0.008

fixed points for L and one fixed point for " . By using the nullclines we have

shown that for a larger value of Lo there is only one fixed point for the FNML model. When

the flux coupling is not considered and keeping I, =0.004 , the FNML model shows periodic

spiking but when flux coupling is introduced, we could note irregular bursts and spiking in
the FNML model.

To understand the network behaviour and wave re-entry a NHN attice array of FNML
neurons are constructed and a stimuli is applied from the left boundary. Interestingly the
stimuli frequency has no effects except the initiation of wave re-entry and spiral waves and
even for larger values of the stimuli the network shows different excitability. Hence as many
literatures showed, we couldn’t suppress the spiral turbulence with periodic stimuli. But when
introducing the flux coupling, we can control the excitability of the nodes in the network and
thus we could suppress spiral waves in the network. But it should be noted that for the values
of flux coefficient which suppresses spiral waves in the network, the nodes are in periodic
state. But our interest is suppressing the spiral waves when these nodes are in different
excitability (irregular bursting).
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Finally, we introduced Gaussian white noise in the network. During application of noise for
the entire simulation time, we could show that the noise variance needed to support spiral
waves is ¢ =0.002
¢ =0.005

. But if it restricted to only 200-time units the variance needed is

. In this case as the application of noise for only a shorter period, the effect of noise
on individual nodes is much less compared to the effect of noise when applied for entire
simulation time.
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