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Abstract

This thesis presents the studies of terrestrial planetary atmospheric circula-
tion regimes using simplified GCMs with different levels of complexity. Two
different versions of the simplified GCM PUMA (Portable University Model
for the Atmosphere) are used — PUMA-S with Newtonian cooling scheme
and PUMA-G with a semi-grey two-band radiative transfer scheme and dry
convective adjustment. A series of controlled experiments are conducted by
varying planetary rotation rate and imposed equator-to-pole temperature dif-
ference using PUMAS-S, and by varying rotation rate, planetary obliquity, and
the ratio of optical depth in long-wave (thermal radiation) band to that in
short-wave (stellar radiation) band using PUMA-G. These defining parame-
ters are further combined with each other into dimensionless forms to establish
parameter spaces, in which the occurences of different circulation regimes are
mapped and classified. For the PUMA-S experiments, very coherent trends
when varying planetary rotation rate (thermal Rossby number) is found. It is
demonstrated that the GRW mechanism is mainly responsible for the equato-
rial super-rotation observed in our experiments. Regular baroclinic waves are
obtained at intermediate values of thermal Rossby number and depend strongly
on the strength of radiative and frictional damping. Global atmospheric ener-
getics in terms of Lorenz energy cycle and meridional heat transport efficiency
also exhibits strong dependence on planetary rotation rate from our PUMA-S
experiments. Theories of geostrophic turbulence (especially the recently in-
troduced zonostrophic turbulence) and jet formation are examined using the
PUMA-S experiments. For the PUMA-G experiments, Similar trends are ob-
served with respect to varying planetary rotation rates, while new regimes like
strongly subrotating (in the retrograde direction) atmospheres are found when
varying obliquity in PUMA-G. Tidally-locked planets are also studied by modi-
fying the incoming stellar irradiation in PUMA-G. It is found that atmospheric
optical depth in the long-wave band plays an important role in setting the heat
transport efficiency from day-side to night-side.
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Chapter 1

Introduction

1.1 The Problem and general approach

The study of atmospheric general circulation, which dates back to the 18th century

with the pathbreaking work by Hadley (1735), has been greatly enriched by explo-

rations (both observational and theoretical) of other planets since the last century.

Within our solar system, substantial atmospheres were discovered on a series of plan-

etary bodies: Venus, Mars, the gas/ice giants (Jupiter, Saturn, Uranus and Neptune),

and Titan—the largest moon of Saturn (see Table 1.1). Our knowledge of the dynam-

ics, radiative properties, and chemical compositions of these planets as well as the

atmospheres wrapping around them have grown to a reasonably satisfactory extent,

by means of ground-based, orbital and in-situ observations. Beyond the kingdom of

the Sun, more than 800 extrasolar planets (a.k.a. exoplanets) have been detected

using various astronomical observation techniques, and many of them are believed

to hold atmospheres around (see the review of Seager & Deming (2010)). The dif-

ferences of climate and circulation regimes amongst these planetary atmospheres are

strikingly significant. Even our two nearest neighbours pose an impressive contrast:

a hot and high pressure (nearly 90 times of the Earth!) inferno on Venus in contrast
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Planet
g

(×gE)
Albedo
(%)

Surface
tempera-

ture
(K)

Surface
pressure
(bar)

Atmospheric
composition

Venus 0.905 75 737 92
96.5%CO2, 3.5%N2

0.015%SO2, 0.002%H2O

Earth 1.000 30.6 288 1
78%N2, 21%O2,
0.038%CO2, < 1%H2O

Mars 0.379 25.0
184 night,
242 day

0.004-0.009
95.3%CO2, 2.7%N2,
0.021%H2O

Jupiter 2.530 34.3 165 ≫ 1000
89.8%H2, 10.2%He,
0.3%CH4, 0.026%NH3

Saturn 1.065 34.2 134 ≫ 1000
96.3%H2, 3.25%He,
0.45%CH4, 0.0125%NH3

Uranus 0.905 30.0 76 ≫ 1000
82.5%H2, 19.0%He,
1.5%CH4

Neptune 1.14 29.0 72 ≫ 1000
80.0%H2, 19.0%He,
1.5%CH4

Titan 0.14 22.0 93.7 1.47
98.4%N2, 1.4%CH4,
0.1%H2

Table 1.1: Basic properties of the planetary atmospheres within the Solar System

to a cold and extremely low pressure (1% of the Earth!) desert–world on Mars.

From a physicist’s viewpoint, all of these planetary atmospheres can be abstracted

as rotating, stratified fluids moving under mechanical/electromagnetic(.etc) forcings

from the host star and the underlying planet. It is thus natural to ask the question as

to what characteristic factors most fundamentally determine the various circulation

patterns that we observe in those exotic worlds, and also our own.

The meaning of giving a complete answer to this question is not just to satisfy

our sheer intellectual curiosity. The understanding of the dominating factors and

mechanisms of the general circulation is a prerequisite to our understanding of the

climate variability of the Earth both in the past and in the future. Besides, light

could be shed on the potential habitability questions of exoplanets by studying the

parameter dependence of the general circulation regime.

The general methodology employed by most theoreticians for this sort of problem
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is to establish a model atmosphere which is usually built upon various reasonable

idealisations, and then gain insights by studying the behaviours of this model at-

mosphere. In most cases, simple models incorporating dynamic constraints and key

physical processes are used rather than the highly complex and “realistic” models

with great details, which seek to simulate the climate and atmospheric circulation in

great quantitative detail. This is of course partly due to the convenience of handling

a simpler model, but more importantly, because it tells us more about fundamental

physical processes and causal relationships, which are usually not explicitly expressed

or straightforward to extract in the results of complex models. By conducting se-

quences of controlled experiments and sensitivity tests on these simple models (either

numerical or laboratory), dominating factors for the formation and maintenance of

circulation regimes can be highlighted and distinguished from those of secondary

importance.

Laboratory analogues of the planetary atmosphere usually take the form of viscous

stratified fluids confined in a rotating annulus (or tank) heated from the boundaries.

This configuration, although devoid of spherical geometry and radiative processes,

captures the essential physics of the atmospheric circulation, that is, a fluid in rota-

tion under the forcing of differential stellar heating. Since the pioneering work of Hide

(1953) and Fultz et al. (1959), much knowledge of the atmospheric general circulation

as well as other aspects of atmospheric dynamics has been gained by studying these

flow patterns (see Hide & Mason (1975), Lorenz (1967)). Flow behaviours under var-

ious conditions have been thoroughly measured and classified, and their dependence

on non-dimensional parameters can be shown by mapping the flow patterns within a

parameter space (the resulting map is known as a regime diagram). Nowadays this

method is still continually providing considerable enlightenment (both for scientific

research and for education) in the study of geophysical fluid dynamical systems (e.g.

see Read et al. (1998), Read (2001), Wordsworth et al. (2008), Illari et al. (2009)).
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Another approach is to make use of simplified numerical models of planetary

atmospheres to investigate the behaviour of the circulation. There has been a series

of work taking the parameter approach to study the circulation since 1970s (Hunt

(1979), Williams & Holloway (1982), Williams (1988a), Williams (1988b), Del Genio

& Suozzo (1987), Jenkins (1996)), with the motivations ranging from paleoclimate

simulation to GCM parameter optimisation. Depending on the purpose of studies, the

parameters to tune within a simple GCM include planetary rotation rate, planetary

radius, gravity, obliquity etc. Thus similar (although more complicated perhaps)

regime diagrams are expected to be produced by such numerical experiments. And

some of the previous studies have yielded preliminary regime diagrams (Geisler et al.

(1983)). However, a systematic investigation and exploration of the parameter space

has not yet been made. And this is one of the major motivations of the present

project.

In this project, we will use the simplified GCM—PUMA (Portable University

Model of Atmospheres) developed by the Meteorological Institute, University of Ham-

burg, as well as its modified version with two-band radiative-transfer, to conduct

controlled experiments and sensitivity tests on factors like planetary rotation rate,

obliquity and so on. Corresponding non–dimensional parameters are suitably de-

fined to construct a dimensionless parameter space in which circulation regimes are

mapped.

1.2 Diversity of observed terrestrial planetary cir-

culation regimes

Most planets (either Solar System or extra-solar ones) that we have detected are

either terrestrial or gaseous/icy. The latter ones differ significantly from the former

ones mostly because of their lack of a well-defined solid planetary surface. Besides,

4



most of these giants (with Uranus as an exception for example) are still emitting

considerable amount of radiation from their deep interiors (this radiation comes from

the heat released by the gravitational accretion during the planetary formation, see

Dowling (1995)), making the giant planets’ circulations partly driven by internal heat

sources. Given such fundamental differences, we will mainly focus on the circulation

regimes of terrestrial planets (planets with shallow atmospheres, solid surface, and

no internal heat sources) in this project.

In principle, the study of the general circulation of a prototypical planetary at-

mosphere is a coupled dynamics-radiation problem (see Fig. 1.1). The concept of

the so-called ‘atmospheric heat engine’ is frequently used to illustrate this idea (see

Barry et al. (2002), Peixoto J.P. (1992)). Differential heating drives the meridional

motion of the atmosphere, and this horizontal advection prevents the atmosphere

from reaching a state of local radiative equilibrium, thus maintaining the net heating

(cooling) at the equator (the poles). Hadley (1735) first realised this point (that the

circulation is driven by differential heating) and proposed an axisymmetric meridion-

ally circulating atmosphere to account for the prevailing trade winds over tropical

regions. Subsequent observations then revealed that this heat-driven overturning cir-

culation (now known as ‘Hadley Cell’) gives way to baroclinic waves and eddies in

the extra-tropical regions.

1.2.1 Earth and Mars

The zonal and temporal mean of Earth’s general circulation structure, as shown in

Fig. 1.2, is characterised by three circulation cells and one jet stream in each hemi-

sphere, with meridional surface temperature difference of around 50K. Atmospheric

temperature decreases with height in the troposphere and increases with height in

stratosphere, due to the existence of the ozone layer in upper stratosphere.
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Figure 1.1: Schematic of the nature of atmospheric general circulation.

As our neighbour and one of the most thoroughly observed planets within our

Solar System, Mars shares a lot of atmospheric circulation features in common with

the Earth. Both the Hadley cells and the baroclinic zones are found on this red

desert planet. And its similar rotation rate to the Earth determines many of these

similarities in their circulation regimes.

As we can see from Figs. 1.2 and 1.3, the Martian annual mean circulation looks

quite like that of the Earth, with two thermally-direct Hadley cells lying roughly anti-

symmetrically along the equator, as well as two indirect cells at higher latititudes

where baroclinic eddy activities are predominant and geostrophic balance stands.

Baroclinic jet streams can also be found on Mars although at a higher latitudes than

those on the Earth. The temperature field is featured by an equatorial warm core

graduately cooling towards the poles within the troposphere, with more complicated

latitudinal variations in the middle and upper atmosphere. It should be pointed out

that seasonal variation of the Martian circulation is significantly greater than that

of the Earth. For most times of the year, especially during those solstice seasons,

the circulation is dominated by a cross-equator global Hadley cell which transports

heat and mass from one hemisphere to the other. And the surface wind pattern at

those times has eastward wind at the winter hemisphere and westward wind at the
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Figure 1.2: Earth’s annual and zonal mean climatology, (a) temperature, (b) zonal
wind, (c) meridional mass streamfunction. From Kallberg et al. (2004) based on
ECMWF datasets.

summer hemisphere, just like the wind distribution of Earth’s middle atmosphere.

There is a short time around the solstice when the summer pole temperature is even

larger than the equator. This greater extent of seasonal variation is mostly because

of the small thermal inertia of the Martian climate system (thin atmosphere and lack

of ocean) as well as its larger orbital eccentricity. Moreover, the baroclinic waves on

Mars tend to behave more regularly and coherently than their chaotic counterparts

in Earth’s atmosphere (as observed by the Viking lander, see Barnes (1981)), a phe-

nomenon possibly rooted in the smaller planetary radius (implying larger thermal

Rossby number) of Mars. In spite of these differences, the circulation patterns of

Mars and the Earth are in most respects similar to each other, sharing a series of

features of rapidly rotating planets in common.

7



��������	�
�����

���	����������	���
	���	���


Figure 1.3: Annual and zonal mean martian climatology from GCM results, (a)
temperature, (b) zonal wind, (c) meridional mass streamfunction. From Read &
Lewis (2004a)

1.2.2 Venus and Titan

Venus and Titan are slowly rotating planets with very different circulation regimes

to those of the Earth and Mars. GCM simulations(see Fig. 1.4) show that the zonal–

mean circulation of Venus is dominated by two hemispheric Hadley cells ranging from

the equator to very high latitudes. This, together with the very large radiative time

scale on these two planets, leads to a much smaller latitudinal temperature difference

compared with the Earth and Mars. It can thus be implied that the atmospheres of

Venus and Titan are largely barotropic rather than baroclinic.

The most remarkable feature of the zonal wind field is the globally prograde upper

level wind. This is different from the situation on Mars and the Earth where prograde

wind is only observed in extratropical regions while the equatorial atmosphere is

dominated by deep eastward winds. This excess of angular momentum, compared
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Figure 1.4: Venus climatology from GCM results, (a) temperature, (b) zonal wind,
(c) meridional mass streamfunction. From Lee et al. (2005)

with the angular momentum air would have in co–rotation with the underlying solid

body, is known as the ‘super–rotation’ (Read (1986b)). This is a unique characteristic

of the slowly rotating planets.

The very fast wind speed on Venus and Titan compared with the underlying solid

planets indicates that geostrophic balance is no longer valid. In fact, cyclostrophic

balance (the balance between centrifugal force and the pressure gradient force) is

believed to be the dominant meridional force balance of the large scale dynamics on

Venus and Titan.

1.2.3 Terrestrial exoplanets

Exoplanets (a.k.a extrasolar planets) refer to planets beyond the Solar System. Since

the first discovery in the 1990s (Wolszczan & Frail (1992), Mayor & Queloz (1995)),

more than 1000 exoplanets1 have been detected via various observational techniques

(radial-velocity approach, transiting light-curve approach, gravitational lense ap-

proach etc., see review by Seager & Lissauer (2010)). Preliminary observational

1According to the Extrasolar Planets Encyclopaedia (http://exoplanet.eu), 1055 exoplanets
have been discovered until 30 December 2013.
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constraints obtained using current technology have revealed a great variety of or-

bital/planetary parameters among these exoplanets. The exotic conditions of these

planets in terms of planetary mass, stellar irradiation and planetary composition have

led to a series of new terminology like “Hot Jupiter” , “Hot Neptune” , “Super Earth”

and so on.

One of the central and ultimate questions brought up by the discovery of more and

more exoplanets is the potential habitability of these planets (especially the terrestrial

ones with solid surface) for terrestrial life. Most of the terrestrial planets detected so

far are essentially “Super Earths” , since they are easier to be discovered based on

current observational techniques. Nevertheless, there is a growing number of lower-

mass Earth-like planets being discovered recently following NASA’s successful Kepler

mission. Direct measurement of planetary radius and mass is available using transit

observations and Doppler velocity data. Additional information on the planetary

rotation rate can be inferred if the planet is in a tidally-locked state, in which case the

planet’s rotation period is equal to its revolutionary period. In order to estimate the

atmospheric circulation/climate conditions of such exoplanets based on these limited

observational data, systematic investigations of their circulation regimes’ dependence

on planetary parameter like rotation rate, obliquity angle, atmospheric opacity and

so on must be conducted.

1.3 Laboratory experiments and the regime dia-

gram

Rotating annulus experiments provide an intuitive laboratory approach to study var-

ious geophysical fluid problems including the planetary atmospheric circulation. The

idea of conducting systematic controlled experiments and building up regime dia-

grams is essentially inspired by similar methodologies originally used in the context
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of such laboratory experiments. The fluid in a rotating annulus is confined by two

coaxial cylinders, and the whole system rotates around the vertical axis of symmetry

with constant angular velocity. If the outer cylinder is heated and the inner cylinder

is cooled, this configuration roughly mimics the atmospheric circulation of terrestrial

planets forced by differential heating at relatively low obliquity.

At least two parameters (the rotation rate and the imposed temperature differ-

ence between the inner and the outer cylinders) can be modified to conduct controlled

experiments. But directly using the value of rotation rate or temperature difference

to construct the parameter space in which circulation regimes are categorised might

shed little light on our quantitative understanding of the behaviour of planetary at-

mospheres, since it could not get rid of the influence of the specific experimental

configuration which is obviously far different from planetary atmospheres in terms

of characteristic length/time scales, working fluid density, etc. In order to avoid the

influence of particular experimental configurations and obtain generalisable results,

non-dimensional parameters are adopted using the dynamical similarity theory. Pre-

vious experiments (e.g. Hide & Mason (1975)) have revealed that the most relevant

parameters of the rotating annulus experiments are the Taylor number (Ta) and the

thermal Rossby number (Ro):

Ta =
4Ω2L5

ν2D

Ro =
gα∆TD

Ω2L2

(1.1)

where L is the channel width, D the depth, Ω the rotation rate, ∆T the imposed

temperature difference, ν the kinematic viscosity coefficient of the fluid and α the

volumetric thermal expansion coefficient.

Using thermal Rossby number and Taylor number to construct a 2-D parameter

space, we can map the occurence of the type of flow observed in the experiments. The

map obtained shows the parametric dependence of the flow regime, and is known as

11
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Figure 1.5: Regime diagram from Hide & Mason (1975). Note that for historical
reasons, thermal Rossby number is written as Θ rather than Ro. 45◦ slope lines from
the top left to the bottom right are experiments with same horizontal temperature
difference. Numbers at individual points represent the observed wavenumbers.

the regime diagram (see Fig. 1.5). At least three distinct regimes can be found in

such a regime diagram obtained using rotating annulus experiments: axisymmetric

steady flow; steady or vacillating regular waves; irregular or turbulent waves.

1.4 Parametric approach using GCMs

The history of using numerical models to study atmospheric behaviour is roughly

as long as the laboratory rotating annulus experiments. However, a majority of the

previous efforts on numerical studies were focussed on the developing capabilities

of numerical weather prediction on synoptic time scales, or highly comprehensive

Earth-based GCMs to study the climate variability. Sensitivity tests and controlled

experiments on planetary parameters, on the other hand, have not been given much

systematic attention within the numerical modelling community (previous studies

taking parametric approach using numerical models tend to use relatively complex

models, e.g. GCMs with radiation and moisture schemes that are designed specifically

for Earth’s atmosphere, see Williams (1988a), Williams (1988b), Barry et al. (2002)).

12



One of the early fruitful attempts is that done by Geisler et al. (1983) focussing

on the dependence of circulation regimes on planetary rotation rate. A simplified

GCM using Newtonian cooling and a linear surface drag scheme was adopted to

construct a regime diagram, as shown in Fig. 1.6. Four different flow patterns were

identified: a steady wave dominated by a single zonal wavenumber and constant

amplitude (denoted by black solid dots with the dominant wavenumber labelled at

its right side); a vacillating wave flow with one or two dominant zonal wavenumbers

(denoted by black solid triangles with dominating wavenumbers labelled at its right

side); irregular waves (denoted by black solid dots with no wavenumber labelled).

Similar to the laboratory regime diagram, runs with constant temperature differences

are located along a diagnonal straight line. Point A is the terrestrial point with

∆T = 60K,Ω = 7×10−5s−1. Most of the runs done by Geisler et al. (1983) were with

rotation rate smaller than that of the Earth and temperature difference smaller than

60K. A systematic investigation including higher rotation rate and larger temperature

differences is therefore needed to explore regimes with these parameter configurations.

The most comprehensive study on the sensitivity of Earth-like planetary atmo-

spheres to planetary parameters so far is probably that done by Williams in the late

1980s (Williams (1988a),Williams (1988b)). The effect of changing rotation rate,

obliquity and so on are studied using both dry atmosphere GCM and moist atmo-

sphere GCM. Various circulation patterns observed in these experiments are sum-

marised qualitatively, and are further supported by other studies (e.g. Navarra &

Boccaletti (2002), Del Genio & Suozzo (1987)). Surprisingly, however, no regime dia-

gram was derived from these studies, making it less than straightforward to generalise

and apply the corresponding results to real planetary atmospheres.

13
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Figure 1.6: Regime diagram from Geisler et al. (1983). The thick black curve
represents the boundary between axisymmetric regime (white circles) and non-
axisymmetric regimes (black circles and triangles). Black circles with numbers rep-
resent runs in which steady waves with constant amplitude were found with one
dominating wavenumber indicated by the associated number near the points. The
black triangles represent runs of vacillating waves with one or two dominant wavenum-
bers as indicated by the associated numbers. Other solid points represent runs with
irregular waves.

1.5 Scientific questions and model choice

As indicated in the previous sections, a systematic investigation of the parametric

dependence of atmospheric general circulation on the defining planetary parameters

is needed, for providing insights into both theoretical understandings of atmospheric

circulation and potential habitability issues with regard to terrestrial exoplanets. By

conducting experiments that covers a relatively broad range of parameter space with

respect to a carefully chosen set of dimensionless parameters, this project not only

reveals the diversity of circulation regimes that can be obtained by simply varying

a few external parameters, but also provides key insights into a series of scientific

questions that are important to our understanding of the fundamental mechanisms

of atmospheric general circulation.

Planetary atmospheres have long been viewed as heat engines which convert ther-
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mal energy into mechanical energy (see discussions in e.g. Peixoto J.P. (1992)). For

the instance of Earth’s atmosphere, the ultimate energy source that drives the atmo-

spheric heat engine is the solar radiation. The atmosphere is heated either directly

by solar radiation, or indirectly by ground infrared emission and latent heat release

via the hydrological cycle. The absorbed thermal energy is then transformed into

potential energy, a tiny fraction of which is further transformed into kinetic energy.

A more detailed and meteorologically more meaningful picture can be obtained by

calculating the Lorenz energy cycle, which decomposes the available potential energy

and kinetic energy into zonal mean and eddy components. With a series of different

circulation regimes discovered in this project, it is a natural question to ask as to how

their Lorenz energy cycles look like.

Another important aspect of the atmospheric energetics is the heat transport effi-

ciency, especially in the meridional direction, by dynamical processes. For baroclinic

planetary atmospheres like that of the Earth, heat redistribution depends heavily on

the transport property of turbulent eddies, which is still not well understood. Using

the experiments conducted in this project, the dependence of dynamic heat transport

efficiency on planetary parameters like rotation rate is studied, which will shed lights

on the approach to parameterise the eddy heat transport.

Planetary atmospheric circulation at the global scale has very large Reynolds

number, which indicates that the flow is highly turbulent with fine structures of eddies

and waves. A thorough understanding of the planetary atmospheric circulation can

not avoid the study of the so-called “macroturbuluence” . 2-D turbulence theories,

especially the geostrophic turbulence theory, have long been studied as a possible

paradigm of atmospheric macroturbulence. This basically states that for baroclinic

atmospheres on rotating planets, kinetic energy (KE) is transferred from smaller

scales to larger scales via an inverse cascade process, whose signature in a log-log

KE spectrum is an inertial range with a −5/3 slope. Recent studies by Schneider &
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Walker (2006) found that the scale separation predicted by the geostrophic turbulence

theory is not valid for experiments they conducted over a range of parameters using

a simplified GCM, which questions the applicability of the geostrophic turbulence

theory to real planetary atmospheres.

Moreover, studies by Galperin and coworkers (see e.g. Galperin & Sukoriansky

(2010), Galperin et al. (2006), Sukoriansky et al. (2002)) in the past decade discovered

a special form of geostrophic turbulence, known as “zonostrophic turbulence” , which

shows highly anisotropic structures in terms of KE spectra and is closely related to

rapidly rotating fluids with multiple zonal jets. According to their studies, flows of

zonostrophic turbulence regime tend to reserve the inertial range (which associates

with the −5/3 slope) in the eddy component of the KE spectra, and scale separation

was found in their numerical experiments. In addition, a friction-dominated regime

where inverse energy cascade and scale separation are largely suppressed was also

found by Galperin and coworkers, which can be related to the experiments reported

in the studies of Schneider & Walker (2006). As Galperin and coworkers only used

2-D barotropic models in their studies, it is highly necessary to investigate the KE

spectra, the cross-scale spectral energy/enstrophy fluxes, and the scale separation and

associated inertial ranges in the context of GCMs in our project. Insights into the

applicability of zonostrophic and geostrophic turbulence to planetary atmospheres can

be obtained by carefully diagnosing our experiment results across a range of defining

parameters.

As advocated by Held (2005), when facing highly complex systems like planetary

atmospheres, investigations such as we proposed to conduct is best done using a

hierarchy of models with varying levels of complexity. One of the advantages is that

by adding complexity of physical processes step by step, the corresponding impact

of the physical processes on the general circulation can be highlighted by comparing

results from different models.
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PUMA is used as a baseline model in this project because it has simple but generic

physics schemes and the code is easy to be modified to include additional levels of

complexity. For this project, two different versions of the PUMA model are adopted

— PUMA-S and PUMA-G. PUMA-S (the original PUMA model as developed by the

Meteorological Institute, University of Hamburg) uses a Newtonian relaxation scheme

to represent the diabatic heating/cooling effects, whereas PUMA-G is a version that

we coded to replace this Newtonian relaxation scheme with a two-band semi-grey

radiative transfer scheme and dry convective adjustment. Since the characteristic

timescale of radiative heating/cooling appears explicitly in the Newtonian relaxation

scheme, PUMA-S is very convenient to use when this radiative timescale needs to be

modified, as shown in the study of steady baroclinic waves in Chapter 3. On the other

hand, by introducing a more physical scheme of radiative transfer (compared with

Newtonian relaxation), PUMA-G enables us to study the effect of varying planetary

obliquity and atmospheric optical properties without specifying an ad hoc radiative

timescale. Another advantage of PUMA-G is that, by changing the distrubtion of

incoming stellar radiation at top of the atmosphere in PUMA-G appropriately, it

enables the modelling of tidally-locked planets (as shown in Chapter 8), which is

known as an important type of exoplanet that we have been found so far.

1.6 Highlight of new findings and thesis outline

The primary new findings of this thesis include the following:

• A systematic exploration of parameter spaces is conducted revealing a rich va-

riety of circulation regimes, which covers a wider range of parameters than

previous studies (see e.g.Geisler et al. (1983)).

• Zonostrophic turbulence regime is discovered using PUMA-S when surface fric-

tion is weak. This is the first time that zonostrophic turbulence is found in a
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3D baroclinic model.2

• The energy/enstrophy transfer between different spatial scales in zonostrophic

turbulence is studied explicitly using spectral fluxes defined by Boer & Shepherd

(1983). This diagnosis has been used to study Earth’s atmosphere extensively

(see e.g.Burgess et al. (2013)) but has not been applied to flows in zonostrophic

turbulence regime. In addition to the power-law signature in kinetic energy

spectra, insights obtained from such spectral flux diagnostics provide further

evidence that flows observed in our weak-friction experiments are indeed zonos-

trophic turbulence.

• A generic two-band radiative-convective model is built in PUMA-G, which dif-

fers from other two-band models (e.g. model by Heng (2011)) in that our

model makes no preassumptions on vertical/meridional distribution of radia-

tive absorbers in the atmosphere.

• A new approach to analytically solve the two-band radiative-transfer problem is

presented, which differs from the existing treatment by Guillot (2010) in that our

approach starts from the two-stream radiative transfer equations widely used in

meteorological literatures, whereas the approach in Guillot (2010) starts from

the various moments of the radiation field which is a formulation usually used

in astrophysics literatures.

This thesis is organised as the following: Chapter 2 describes the model numerics

and physics of the simplifed GCM PUMA-S that we use. Chapter 3 presents the clas-

sification and phenomenology of the global circulation regimes observed in PUMA-S,

with detailed discussions on super-rotation and regular baroclinic waves. Chapter 4

discusses the heat transfer efficiency and its dependence on planetary rotation rate

2Previous numerical studies on zonostrophic turbulence tend to use 2D barotropic models with
artificial source of energy pumping at a specific wavenumber (see e.g. Galperin et al. (2006)).
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based on the PUMA-S experiments. Chapter 5 investigates the multiple-jet regime

and the applicability of idealised geostrophic/zonostrophic turbulence theories to sim-

ulated planetary atmospheres in PUMA-S. Chapter 6 describes the model physics of

the semi-grey radiative-convective scheme and the resultant PUMA-G. Chapter 7

then presents the regimes found using PUMA-G by varying rotation rate, planetary

obliquity and the strength of greenhouse effect. A study on the tidally-locked terres-

trial planetary atmospheric circulation focussing on the heat redistribution efficiency

is presented in Chapter 8. Chapter 9 summarises the major conclusions and discusses

the directions of future work.
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Chapter 2

PUMA-S model

PUMA is a simplified GCM developed by the Meteorological Institute, University

of Hamburg. It consists of a pseudo-spectral dynamical core based on the Simple

Global Circulation Model (SGCM) described by Hoskins & Simmons (1975), plus

several highly simplified physical processes. The original version of PUMA (PUMA-S

hereafter) has a Newtonian cooling scheme is used to represent the radiative heating

and cooling, and surface friction is assumed to have the form of linear Rayleigh

friction. The hydrological cycle, cloud and aerosol physics, as well as biological effects

are not taken into account in this simplified model.

2.1 Spherical harmonics expansion

PUMA-S uses a finite difference method in the vertical direction and a spectral trans-

formation method based on spherical harmonics expansion in the horizontal direction

to discretise the governing equations of the atmosphere. For any horizontal variable

F (λ, ϕ) on a spherical surface we can use spherical harmonic function as expansion
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basis to obtain the representation of F as:

F (λ, ϕ) =
∞∑

m=−∞

∞∑
n=|m|

fm
n Y

m
n (λ, ϕ), (2.1)

where Y m
n (λ, ϕ) = eimλPm

n (sinϕ) is the spherical harmonic function at latitude ϕ

and longitude λ, n the total wavenumber, m the zonal wavenumber, Pm
n (sinϕ) the

normalised associated Legendre polynomial in sinϕ, and fm
n is the spectral amplitude

coefficient of F . For numerical computation, the expansion has to be truncated at

certain wavenumbers for m and n. PUMA-S adopts a triangular truncation which

truncates m and n at the same wavenumber N :

F (λ, ϕ) =

NT∑
n=0

n∑
m=−n

fm
n Y

m
n (λ, ϕ), (2.2)

where the truncation wavenumber NT can be set to NT = 21, 31, 42, 85, 127, 170, ...,

corresponding to horizontal resolution of T21, T31,..., T170.

2.2 Dynamical core

The dynamical core of the model is based on the primitive equations describing the

conservation of momentum, mass and energy. They can be written in a dimensionless

form as the following:

Vorticity equation

∂(ζ + f)

∂t
=

1

(1− µ2)

∂Fv

∂λ
− ∂Fu

∂µ
+ Pζ (2.3)

Divergence equation

∂D

∂t
=

1

(1− µ2)

∂Fu

∂λ
+
∂Fv

∂µ
−∇2

(
U2 + V 2

2(1− µ2)
+ Φ + T0 ln ps

)
+ PD (2.4)
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Hydrostatic equilibrium

∂Φ

∂lnσ
= −T (2.5)

Continuity equation

∂ln ps
∂t

= −
1∫

0

Adσ (2.6)

First law of thermodynamics

∂T ′

∂t
= − 1

(1− µ2)

∂(UT ′)

∂λ
− ∂(V T ′)

∂µ
+DT ′ − σ̇

∂T

∂σ
+ κ

T

p
ω +

J

cp
+ PT , (2.7)

where

Fu = V (ζ + f)− σ̇
∂U

∂σ
− T ′∂ln ps

∂µ
(2.8)

Fv = −U(ζ + f)− σ̇
∂V

∂σ
− T ′(1− µ2)

∂ln ps
∂µ

(2.9)

A = D +
−→
V · ∇ ln ps (2.10)

U = u cosϕ, V = v cosϕ (2.11)

and the physical meaning of the variables are:
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T temperature

T0 reference temperature

T ′ = T − T0 temperature deviation

ζ relative vorticity

D Divergence

ps surface pressure

p pressure

Φ geopotential

t time

λ, ϕ longitude, latitude

µ sinϕ

σ p/ps Sigma coordinate in vertical direction

σ̇ = dσ/dt vertical velocity in σ coordinate system

ω = dp/dt vertical velocity in pressure coordinate system

u, v zonal and meridional velocity component

−→
V (u, v)

f = 2Ω sinϕ Coriolis parameter

J diabatic heating rate

cp specific heat capacity of dry air at constant pressure

κ R/cp where R is the specific gas constant

Variables within these equations are nondimensionalised by scaling. Vorticity and

divergence are scaled by Ω, pressure p and ps by the Earth’s mean surface pressure

1011hPa, temperature T and T0 by a2Ω2/R (here a is the radius of the Earth),

geopotential Φ by a2Ω2/g, and time t by Ω−1. The initial state is set to a motionless

atmosphere with constant temperature in the horizontal dimension, whose vertical

profile is determined by the restoration temperature field. A white-noise perturba-

tion is applied to the surface pressure field at the beginning of the model calculation.
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Time stepping is implemented using a semi-implicit scheme which calculates the non-

linear part of the equations with an explicit time differencing scheme and calculates

the linear part of the equations with an implicit time differencing scheme.

2.3 Parameterisation of physical processes

2.3.1 Friction

Dissipation terms in the vorticity and divergence equations are parameterised as

Rayleigh friction:

Pζ =
ζ

τF (σ)
+Hζ (2.12)

PD =
D

τF (σ)
+HD, (2.13)

where τF (σ) is the characteristic timescale of momentum dissipation, Hζ and HD are

the hyperdiffusion terms (defined in subsection 2.3.3). In our experiments, τF (σ) is

set to about 1 Earth day in the lowest layers (where σ > 0.8, as 0.8 is roughly the level

corresponding to the top of planetary boundary layer) and ∞ in the free atmosphere

(where σ ≤ 0.8).

2.3.2 Diabatic Heating

Diabatic heating and cooling of the atmosphere is parameterised by a simple linear

Newtonian relaxation formulation:

J

cp
+ PT =

TR − T

τR(σ)
+HT , (2.14)

where τR is the characteristic timescale for the temperature field to relax towards

the prescribed restoration temperature field, and HT is a hyperdiffusion term. The
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restoration temperature field is prescribed as a function of latitude and height:

TR(ϕ, σ) = TRz(σ) + f(σ)TRl(ϕ), (2.15)

in which

TRz(σ) = (TRz)tp +

√[L
2
(ztp − z(σ))

]2
+ S2 +

L

2

(
ztp − z(σ)

)
, (2.16)

where (TRz)tp = (TRz)grd − Lztp is the restoration temperature at the tropopause,

L the vertical lapse rate, ztp the global constant height of the tropopause, (TRh)grd

the restoration temperature at the ground. The constant S acts as a smoothing

term at the tropopause. In the vertical direction, the restoration temperature field

essentially consists of a troposphere with constant (moist) adiabatic lapse rate and an

isothermal stratosphere. If S is set to zero, then there will be an abrupt discontinuous

change of temperature at the transition between troposphere and stratosphere. In our

experiments, L = 0.0065 K/m, ztp = 12000 m and S = 2 K. The vertical restoration

temperature profile is shown in Fig. 2.1 with surface temperature of 288 K.
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Figure 2.1: Vertical profile of the restoration temperature as a function of height (left)
and σ-coordinate (right), with ground temperature of 288 K.
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The meridional variation of the restoration temperature field is formulated by

TR(ϕ) = (∆TR)NS
sinϕ

2
− (∆TR)EP

(
sin2 ϕ− 1

3

)
, (2.17)

where (∆TR)EP is the prescribed constant restoration temperature difference between

the equator and the poles, (∆TR)NS is the variable part of the meridional temperature

gradients which can be made to change with time to simulate an annual cycle.

The meridional variation is modulated in altitude by the function f(σ) so that

the variation vanishes at the isothermal tropopause, that is assumed to be:

f(σ) =


sin
(

π
2

(σ−σtp

1−σtp

))
if σ ≥ σtp

0 if σ < σtp

(2.18)

The complete restoration temperature field with equator-to-pole temperature dif-

ference of 60 K is shown in Fig 2.2.
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Figure 2.2: Restoration temperature (colour) and potential temperature (contour)
field with equator-to-pole temperature difference of 60 K.
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2.3.3 Hyperdiffusion

Hyperdiffusion terms Hζ , HD and HT are needed (cf. Eqs. (2.12), (2.13) and (2.14))

in order to represent the effect of subgrid horizontal mixing and energy dissipation.

For an arbitrary model variable Q (Q might be ζ,D or T ), we have the hyperdiffusion

in the following form:

H = −(−1)hK∇2hQ(λ, µ, t) (2.19)

or, in spectral form,

H = −(−1)hK∇2h
∑
γ

Qγ(t)Yγ(λ, µ), (2.20)

in which γ = (n,m) designates the spectral modes (where n = 1, 2, 3, ... denotes

the total wave number and m = 0,±1,±2,±3, ... denotes the zonal wave number,

retaining only |m| ≤ n to represent a triangular form of truncation), and Yγ are the

spherical harmonics.

Using the condition that the spectral modes with n = NT are damped with a

prescribed time scale τH , we have

Hγ = − 1

τH
Qγ(t)Yγ(λ, µ) if n = NT , (2.21)

so that

K =
1

τH

( a2

NT (NT + 1)

)h
, (2.22)

where NT is the truncation limit of the total wave number (e.g. T21 corresponds to

NT = 21).

Thus,

Hγ = − 1

τH

( n(n+ 1)

NT (NT + 1)

)h
Qγ(t)Yγ(λ, µ). (2.23)

For this study, a standard value of h is of 4 was used, and the diffusion time scale
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was usually set to τH = 1/4 Earth day.

2.3.4 Vertical descretisation

PUMA-S uses a finite difference method to discretise in the vertical direction in

terms of σ-coordinate σ = p/ps. We typically use 10 equally spaced vertical levels in

our experiments (σ = 0.05, 0.15, 0.25, ..., 0.95). Half-levels (interfaces) are defined in

between full levels and at σ = 0.0 and σ = 1.0. Prognostic variables ζ, D, and T are

defined at full levels while σ̇ is defined at half-levels. Vertical velocity is set to zero

(σ̇ = 0) at the upper(σ = 0.0) and lower(σ = 1.0) boundaries.
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Chapter 3

Circulation regimes in an

atmosphere modelled by PUMA-S

This chapter presents part of the studies based on the diagnostic results of the con-

trolled experiments with PUMA-S. Section 3.1 describes the experiment setup and

definitions of the dimensionless parameters of the regime diagram. This is followed

by a brief overview and classification of the major circulation regimes observed in our

experiments in Section 3.2. Sections 3.3.1 and 3.3.2 then discuss the trends observed

in the zonal mean and eddy/wave diagnostics. The super-rotation regime and regu-

lar baroclinic waves regime are discussed in detail in Sections 3.4-3.5. The irregular

baroclinic waves regime is not discussed in detail, since it is essentially an Earth-like

circulation regime which has been more thoroughly understood compared with other

regimes. Studies on the multiple-jet regime are presented in Chapter 5.

3.1 Experiment design and regime diagram

PUMA-S is used in this chapter to study the behaviour of a prototype planetary atmo-

sphere (albeit the atmospheric composition, gravitational acceleration and planetary

radius are still set to terrestrial values). The model is set up with no topographical
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effect (e.g. normal drag, gravity waves excited by terrain, thermal contrast between

continents and oceans...). Seasonal and diurnal cycles are switched off and a fixed

annual mean thermal forcing is applied through Newtonian relaxation.

Controlled experiments are conducted by varying rotation speed Ω and the equator-

to-pole temperature difference ∆Th. We tested three values of ∆Th =60 K, 10 K, and 5

K. For each value of ∆Th, eight values of Ω (Ω∗ = Ω/ΩE = 8, 4, 2, 1, 1/2, 1/4, 1/8, 1/16,

where ΩE is the rotation rate of the Earth) were investigated. This leads to the ex-

periments shown in Fig. 3.2. Horizontal resolution was set to T42 for slowly rotating

experiments (Ω∗ ≤ 1), T127 for faster rotating experiments with Ω∗ = 2, 4, and T170

for experiments with Ω∗ = 8. For all the experiments, there were 10 vertical levels

(σ = 0.1, 0.2, 0.3, ..., 1.0). Frictional timescale τf was set to 0.6 Earth day at σ = 1.0

and 1.6 Earth days at σ = 0.9 with zero value at all other levels above, producing an

Ekman-like planetary boundary layer. The radiative timescale τt was set to 30 Earth

days in the free atmosphere and decreases to 2.5 Earth days at σ = 1.0. The initial

condition in each case was an isothermal atmosphere at rest. Each experiment was

run for 10 model years (360 day per model year) to ensure that a statistically steady

state was reached and all of the following diagnostics were based on the 10th model

year data unless otherwise stated.

The circulation regime shown in Fig. 3.2 is constructed by the thermal Rossby

number Ro and the frictional Taylor number T af , defined as the following (see Read

(2011), Mitchell & Vallis (2010)):

Ro = R∆θh
Ω2a2

T af = 4Ω2τ 2ft

(3.1)

where ∆θh is the equator-to-pole potential temperature difference, a the planetary

radius, R the gas constant and τft the characteristic spin-down time of the total

atmosphere (rather than just the boundary layer whose spin-down time is explicitly
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set by the profile of τf as stated above).

3.1.1 Spin-down timescale

The relationship between τft and τf can be derived by considering the spin-down of

an atmosphere with pressure scale height H and a Rayleigh-friction boundary layer

of thickness d (vertical range of boundary layer is defined as model levels with finite

frictional timescales). For simplicity, the free atmosphere is assumed to be geostrophic

and the boundary layer frictional timescale τf is assumed to be constant over height.

Following the conventions of Ekman layer analysis, let us start from the diagnostic

equation of momentum within this Rayleigh boundary layer:

−1

ρ

∂p

∂x
+ fv − u

τf
= 0, (3.2a)

−1

ρ

∂p

∂y
− fu− v

τf
= 0. (3.2b)

Assuming that the free atmosphere is in geostrophic balance, and that the pressure

gradient doesn’t change very much from the boundary layer to the free atmosphere,

then we have:

− 1

ρ

∂p

∂x
= −fvg, −∂p

∂y
= fug, (3.3)

where (ug, vg) is the geostrophic wind.

Thus Eqs. (3.2a) and (3.2b) can be rewritten as:

f(v − vg)−
u

τ
= 0, (3.4a)

f(u− ug) +
v

τ
= 0. (3.4b)
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This linear equation set can be easily solved:

u =
fτf

f 2τ 2f + 1
(fτfug − vg), (3.5a)

v =
fτf

f 2τ 2f + 1
(fτfvg + ug). (3.5b)

By vertically integrating the continuity equation within the boundary layer, we

can obtain

wT = −
∫ d

0

(∂u
∂x

+
∂v

∂y

)
dz − w|z=0, (3.6)

where wT and w|z=0 are the vertical velocity at the top of the boundary layer and

the ground level respectively. Further assuming that w|z=0 = 0, and substituting Eqs

(3.5a) and (3.5b) into Eq. (3.6), we can get:

wT = −
∫ d

0

fτf
f 2τ 2f + 1

(
− ∂vg
∂x

+
∂ug
∂y

)
dz

=

∫ d

0

fτf
f 2τ 2f + 1

ζgdz,

(3.7)

where ζg is the geostrophic vorticity. (Note that geostrophic divergence is zero.)

If we assume that τf is constant within the boundary layer (∂τ/∂z = 0), then we

have

wT =
fτf

f 2τ 2f + 1
dζg. (3.8)

For the geostrophic free atmosphere above this boundary layer, the Q-G vorticity

equation is essentially

Dζg
Dt

= f
∂w

∂z
. (3.9)

Assuming that the scale height of the free atmosphere isH and the vertical velocity
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at the top of the free atmosphere is zero, then

Dζg
Dt

= f
w(H)− w(d)

H

= − f 2τf
f 2τ 2f + 1

d

H
ζg.

(3.10)

This indicates that the free atmosphere spins down with a characteristic timescale of

τft =
f 2τ 2f + 1

f 2τf

H

d

=
(
τf +

1

f 2τf

)H
d
.

(3.11)

For our experiments shown in Fig. 3.2, f ∼ 10−4s−1 and τf ∼ 106s, therefore the

second term in the bracket is very small compared to the first term, and we have

τft ∼ τf
H

d
. (3.12)

3.1.2 Spin-down experiments

Spin-down experiments were performed using PUMA-S to test the validity of Eq.

(3.12). The initial condition of the model atmosphere was set to a state with relative

vorticity ζ = 1.05f , where f is the planetary vorticity. Diabatic heating/cooling

processes in terms of Newtonian relaxation is switched off, with only the mechanical

damping (Rayleigh friction) at work. This leads to an exponential decay of the total

kinetic energy of the atmosphere:

Ek(t) = Ek0e
−t/τft . (3.13)

which can be rewritten in logarithmic form as

lnEk(t) = − 1

τft
t+ lnEk0. (3.14)
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Figure 3.1: Globally-averaged logarithmic kinetic energy of the atmosphere with re-
spect to time of the first 50 days of the spin-down experiment. τf = 2.0 days and the
boundary layer is set to be 0.9 < σ < 1.0. Data was sampled at a frequency of twice
per day.

Therefore by plotting the logarithmic kinetic energy with respect to time, we can

perform a linear regression to estimate the slope − 1
τft

of Eq. (3.14). Fig. 3.1 shows

the results obtained from an experiment with τf = 1.0 day and H/d ∼ 10 (boundary

layer assumed to be the region of 0.9 < σ < 1.0). Linear regression using least square

approach indicates − 1
τft

∼ 0.041. This corresponds to τft ∼ 24 days, which is not

too different from the value of 20 days predicted by Eq. (3.12). Thus the relationship

derived above, although based on various crude approximations including assuming

the free atmosphere as homogeneous shallow-water layer, is reasonably accurate for

estimating the global spin-down timescale based on the frictional timescale within

the planetary boundary layer.

Our experiments are configured with values of H and d such that H/d ∼ 5, leading
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Figure 3.2: Regime diagram showing the various circulation regimes with respect to
characteristic dimensionless parameters. Stars refer to experiments in which wavy
flows are discovered, whereas circles are experiments in which axisymmetric flows are
found. Some Solar System planets are labeled as squares. The solid line delineates the
boundary between axisymmetric circulations and circulations with wavy/turbulent
flows. The dashed lines are the boundaries between different circulation regimes
within the wavy/turbulent region.

to the frictional Taylor number of

T af = 4Ω2τ 2ft ∼ 100Ω2τ 2f , (3.15)

where τf is approximately 1 Earth day given the profile of τf as stated above.
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3.2 Classification of circulation regimes

The regime diagram shown in Fig. 3.2 is obtained by mapping the occurrences of the

observed circulation regimes within a parameter space spanned by thermal Rossby

number Ro and frictional Taylor number T af . Five different types of global circula-

tion can be found in this regime diagram.

Axisymmetric flow. In our experiments, axisymmetric flows are found in the lower

left region of the regime diagram, with sufficiently small equator-to-pole temperature

contrast or strong enough frictional damping. Axisymmetric circulations are char-

acterised by smooth laminar flows encircling the axis of planetary rotation, with no

wave/eddy disturbances.

Cyclostrophic, super-rotating flow. Due to the weakness of the Coriolis force on

these slow rotators, the major force balance accounting for the large-scale atmospheric

motion is between pressure gradient force and the centrifugal force, which is known

as cyclostrophic balance (see Holton (1992)). Another unique feature of this kind

of circulation is that there is typically a very strong prograde wind over the equa-

torial regions, in contrast to the retrograde wind in Earth’s tropical atmosphere, a

phenomenon known as equatorial super-rotation (Read (1986b)). Fig. 3.3 shows a

cross-section of the zonal mean zonal wind averaged over the last 360 model days

in the experiment with a rotation rate of ΩE/16, which shows substantial eastward

(prograde) wind in the upper atmosphere over the equator. The extratropical jet

streams, which are usually located in mid-latitude or subtropics in Earth’s atmo-

sphere, are pushed further polewards due to the expanded Hadley cells under weak

rotational constraints.

Regular baroclinic flow. For planets with an intermediate thermal Rossby number

(larger than Earth’s, but smaller than those of Venus and Titan), the planetary

baroclinic waves tend to be very regular and coherent in structure. Fig. 3.4 shows a

polar view snapshot of the geopotential height field in the experiment with rotation
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Figure 3.3: Zonal mean zonal wind for experiment with rotation rate of 1/16ΩE.
Positive value refers to prograde direction.

rate of ΩE/2. This experiment has roughly the same thermal Rossby number as that

of Mars, and a regular baroclinic wave with the dominant wavenumber-4 mode is

found at 500mb level 1.

Figure 3.4: Snapshot of the geopotential height field at 500mb level for experiment
with rotation rate of 1/2ΩE, viewed from above the north pole.

Irregular baroclinic flow. This is the circulation regime that resembles the Earth’s

atmospheric circulation more closely than other regimes reported here, characterised

1Regular baroclinic waves with dominant wavenumber other than 4 are also found in experiments
by changing radiative and frictional timescales, see Section 3.5
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Figure 3.5: Latitude-longitude snapshots of the streamfunction at 500mb level in
the Northern Hemisphere for the experiment with rotation rate of 1ΩE, showing the
evolution of the flow over one week (day 3241, 3243, 3245, and 3247 in the 10-year
run).

by irregular baroclinic waves with mixed wavenumbers. Fig. 3.5 shows the evolution

of the flow field in the Northern Hemisphere over 7 Earth days for the experiment

with rotation rate of 1ΩE. It can be seen that the shape of the wavy structure changes

irregularly with time in terms of both phase and amplitude.

Multiple zonal jet flow. For planets with much smaller thermal Rossby number

(Ro < 10−2), the development of geostrophic turbulence leads to the formation and

maintenance of multiple eddy-driven jets in the presence of a strong β-effect and weak

friction. Characterised by multiple eddy-driven jets over the extratropical regions,

flows in this region of parameter space develop strongly zonal structures at planetary

scale, as shown in Fig. 3.6, in contrast to the global wavy structures of other non-

axisymmetric regimes. Gas giant planets in the Solar System (Jupiter, Saturn, Uranus

and Neptune) all exhibit strongly zonal multiple jets (Showman et al. (2010)) as

reflected in their banded appearances. Fig. 3.7 shows the zonal mean zonal wind
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Figure 3.6: Snapshot of the zonal wind u at 100mb of the experiment Ω∗ = 8. Unit:
ms−1.

cross-section of the experiment with Ω∗ = 8, which has about the same Ro as Jupiter

(as can be appreciated from Fig. 3.2). Recent studies suggest that such banded zonal

jets can be found in the Earth’s oceans as well (for example, as found in the eddy-

resolving ocean model simulations of the North Pacific Ocean, see Galperin et al.

(2004)).

Figure 3.7: Zonal mean zonal wind of experiment with rotation rate of 8ΩE.

The diversity of circulation regimes shown in this regime diagram prompted a
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series of fundamental questions regarding the general circulation of planetary atmo-

spheres: What determines the preferred eddy scales in a planetary atmosphere? How

does the planetary rotation rate affect the meridional heat transport? What causes

and maintains the equatorial superrotation when rotation rate is low? What de-

termines the selection of wavenumbers in steady baroclinic waves? Why do eddies

organise themselves into jets and what insights can be obtained on the jet formation

mechanism from modern theories of geostrophic turbulence? With these questions in

mind we will investigate the structures and trends of the circulation regimes in the

following sections.

3.3 Phenomenology

3.3.1 Zonal mean diagnostics

Since the incoming solar radiation which serves as the ultimate energy source of the

atmospheric circulation generally varies most in the meridional direction, the large-

scale motion of the atmosphere has greater variations in the meridional direction

than in the zonal direction, especially when averaging over a long time period (more

than one year, for example). Thus analysis of the zonal average of the meteorological

variables takes a significant role in the study of atmospheric general circulation. The

zonal mean zonal wind (u) contours for the runs with different Ω and ∆Th = 60 K are

shown in Fig. 3.8-3.9 with the meridional mass streamfunction superimposed using

colour shades.

The fast rotating experiments (Ω∗ > 1) are characterised by multiple extratropical

jet streams. The generation and maintenance of these jets through upscale energy

cascade which is characteristic of geostrophic turbulence will be discussed in Chapter

5. At this stage we focus on the change of global structures—the increase of the

number of jets with Ω. Under the f -plane approximation, the inverse energy cascade

40



Latitude

P
re

ss
ur

e 
(h

P
a)

Ω∗ =8

 

 

000000

0

0

00000000

2

2

22

2

2
2

2

22

2
2

2

44

44

44

4

4

000000

0

0

00000000

−50 0 50

200

400

600

800

1000

kg
/s

−1

−0.5

0

0.5

1
x 10

9

Latitude

P
re

ss
ur

e 
(h

P
a)

Ω∗ =4

 

 

0

00

0
0

0

00

0

2

2

2

2

22

2

2

2

222

4

4

4

4

4

4

4

4

6

6

6

66

66

8

8

88

8

8

8

8

10

10

−6−
4

−
2

0

00

0
0

0

00

0

−50 0 50

200

400

600

800

1000

kg
/s

−5

0

5
x 10

9

Latitude

P
re

ss
ur

e 
(h

P
a)

Ω∗ =2

 

 

0

00

0

0

0

5

5

5

5

5

5 10

10

15
15

−10−5

0

00

0

0

0

−50 0 50

200

400

600

800

1000

kg
/s

−1.5

−1

−0.5

0

0.5

1

1.5
x 10

10

Latitude

P
re

ss
ur

e 
(h

P
a)

Ω∗ =1

 

 

0

0

0
0

5

5

5

5
10

10

10

10

15

15

20

20

25

25
30 −5

0

0

0
0

−50 0 50

200

400

600

800

1000

kg
/s

−4

−2

0

2

4
x 10

10

Figure 3.8: Zonal mean zonal wind and meridional streamfunction of Ω∗ = 8, 4, 2, 1.
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Figure 3.9: Same as Fig. 3.8, but for Ω∗ = 1/2, 1/4, 1/8, 1/16.
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will lead to large isotropic vortices rather than alternating zonal jets and bands.

Rhines (1975) first proposed a theory for 2-D turbulence on β-plane which explains

the elongation of the structure of large scale eddies along the zonal direction caused

by the latitudinal variation of Coriolis parameter f . According to Rhines (1975), the

characteristic latitudinal range of such anisotropy can be estimated by the Rhines

scale:

LR = π
(U
β

)1/2
, (3.16)

in which U is the characteristic wind speed. Applying the thermal wind relationship

to estimate U (e.g. Read (2011)) leads to2:

LR ≃ π
(R∆θh

4Ω2

)1/2
. (3.17)

The number of jets expected on a planet then can be estimated by

NJ =
a

LR

. (3.18)

Table 3.1 shows the number of jets on a planet surface predicted by Eq. (3.18).

For experiments with very slow rotation rates (Ω∗ < 1/4), NJ is smaller than 1.

This means the picture of an eddy-driven jet through an inverse energy cascade in

the framework of geostrophic turbulence is no longer valid as the Rhines scale LR

exceeds the size of the planetary domain. The jets observed in these slowly rotating

experiments are primarily due to the quasi-conservation of angular momentum of the

upper branch of the extended thermally direct Hadley cell. At Ω∗ = 1, the predicted

number of jets is 2.26, which approximately corresponds to the regime of two prograde

2The original argument in Rhines (1975) uses Urms, which is the root mean square velocity. The
estimation here using thermal wind relationship essentially gives a zonal mean [U ]. Calculations
indicate that the difference between Urms and [U ] estimated using thermal wind relationship is not
significant for runs not in zonostrophic turbulence regime. Flows in zonostrophic turbulence regime
tend to have Urms ≪ [U ] For more discussions on zonotrophic turbulence, see Chapter 5.
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Ω∗ 1/16 1/8 1/4 1/2 1 2 4 8
NJ 0.14 0.28 0.57 1.13 2.26 4.53 9.03 18.08

Table 3.1: Number of jets predicted by Eq.(3.18) for experiments with ∆θh = 60K.

jet per hemisphere. For experiments with fast rotation rates (Ω∗ > 1), Eq. (3.18)

predicts up to 18 jets for Ω∗ = 8. This is consistent with the zonal wind cross-section

plot shown in Fig. 3.8 where at least 8 jets can be located in each hemisphere.

As we can see from Figs. 3.8-3.9, the subtropical jet stream moves to higher

latitude as the rotation rate decreases, which is consistent with the prediction from the

quasi-inviscid axisymmetric Hadley cell theory (see Held & Hou (1980)). The intensity

of the jet stream grows stronger as the rotation rate decreases until Ω∗ = 1/8. For the

Ω∗ = 1/16 run, the extratropical jet (∼ 60 m s−1) is actually weaker than that in the

Ω∗ = 1/8 run (∼ 70 m s−1). In principle, there are two competing factors determining

the intensity of the extratropical jet stream as the rotation rate decreases. The jet

stream reaches higher latitude, thus gaining more angular momentum than in the

lower latitude. On the other hand, the reduction in rotation rate actually decreases

the angular momentum of the whole planet, thus reducing the angular momentum

obtained by the poleward moving jet stream. For the runs from Ω∗ = 1 to Ω∗ = 1/8,

the first factor dominates and the jet intensity gets stronger for smaller rotation rate.

But for the Ω∗ = 1/16 run, the latter factor dominates and the angular momentum of

the background planetary rotation reduces a significant enough amount to offset the

angular momentum gain caused by the poleward motion of the jet stream (similar

results were found by Navarra & Boccaletti (2002)).

This poleward movement of the subtropical jet stream is a clear indication of the

expansion of Hadley cell in each hemisphere as the rotation rate decreases, which

can be evaluated by the zonal mean merdional mass streamfunction, defined in the
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pressure coordinate system as (see Peixoto J.P. (1992)):

Ψ =
2πa

g
cosϕ

∫ P

0

dp′[v],

where a is the planetary radius, [v] the zonal and temporal mean meridional velocity,

ϕ the latitude and P the surface atmospheric pressure.

As we can see, there are basically three cells in each hemisphere for the terres-

trial rotation rate (Ω∗ = 1). The positive values of Ψ represent clockwise flow and

the negative values represent counter-clockwise flow, while the magnitude reflects the

strength of the overturning. Thus the poleward edge of the overturning Hadley circu-

lation can be estimated by the latitude of the boundary between the tropical cell and

the adjacent mid-latitude cell. In this case (Ω∗ = 1), the expansion of the Hadley cell

in each hemisphere is roughly 30◦ which is consistent with the observational value for

the Earth. As the rotation rate decreases, the overturning Hadley cell expands and

gets intensified, just as predicted in the previously cited Held & Hou (1980) model.

In fact, at the lowest rotation rate Ω∗ = 1/16, only one strong hemispherically domi-

nating Hadley cell is found in each hemisphere while the other two cells at mid- and

high-latitudes disappear. Within the Hadley cell, baroclinicity (i.e. horizontal tem-

perature difference in the meridional direction) is considerably weaker compared to

that in the extratropical baroclinic eddy zones. This feature is reflected in the zonal

mean temperature cross-sections in Figs.3.10-3.11.

3.3.2 Non-axisymmetric features — eddies/waves

For rapidly rotating planets like the Earth and Mars, the maintenance of the gen-

eral circulation and the transport of heat and momentum depend significantly on the

interactions between transient eddies and the mean flow. In the absence of eddies,

the atmosphere of the mid- and high-latitudes would reach a state of radiative equi-
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Figure 3.10: Zonal and temporal mean temperature of Ω∗ = 8, 4, 2, 1.

librium, which is characterised by larger meridional temperature contrasts than we

observe here. Thermal winds induced by such strong temperature gradients would

then lead to wind shears in the vertical direction which are baroclinically unstable.

The baroclinic eddy transport of heat considerably reduces the equator-to-pole tem-

perature difference from that predicted by radiative equilibrium. In this section, we

will investigate the general trends of eddy activity with planetary rotation rate.

Figs. 3.12-3.13 show the zonal wavenumber amplitude spectra of geopotential

height at 500mb level from experiments with various rotation rates. As the rotation

rate decreases, the eddies become more and more confined to smaller wavenumbers,

which is consistent with the trend of the energy-containing scales, the Rossby de-

formation radius and the Rhines scale. At high rotation rates (e.g. Ω∗ = 4 and

46



Latitude

P
re

ss
ur

e 
(h

P
a)

Ω∗=1/2

 

 

26026
0 280

280

28
0

280

300

300

300

30
0

300

320

320

320

340340340
360360360
380380380
400400400

−50 0 50

100

200

300

400

500

600

700

800

900

1000

K

200

210

220

230

240

250

260

270

280

290

300

Latitude

P
re

ss
ur

e 
(h

P
a)

Ω∗=1/4

 

 

260260

280

280

28
0

280

300

300

300

30
0

300

320

320

320

340340340
360360360
380380380
400400400

−50 0 50

100

200

300

400

500

600

700

800

900

1000

K

200

210

220

230

240

250

260

270

280

290

300

Latitude

P
re

ss
ur

e 
(h

P
a)

Ω∗=1/8

 

 

260260

280

280

28
0

28
0

300

300

300

30
0

300

320

320

320
340340340 360360360
380380380
400400400

−50 0 50

100

200

300

400

500

600

700

800

900

1000

K

200

210

220

230

240

250

260

270

280

290

300

Latitude

P
re

ss
ur

e 
(h

P
a)

Ω∗=1/16

 

 

260260

280

280

280

28
0

300

300

300

30
0

30
0

320

320

320

340340340
360360360
380380380
400400400

−50 0 50

100

200

300

400

500

600

700

800

900

1000

K

200

210

220

230

240

250

260

270

280

290

300

Figure 3.11: Same as Fig. 3.10, but for Ω∗ = 1/2, 1/4, 1/8, 1/16.

8), noticeable parallel banded structures can be seen in the extratropical latitudes,

indicating the existence of multiple baroclinic zones, as would be expected if the

characteristic eddy length scale is significantly smaller than the planetary domain.

The Fourier amplitude is smaller for high rotation rate spectra as a result of the

decreased eddy length scale, which leads to smaller intensity of perturbations. The

maximum amplitude is reached around Ω∗ = 1/2 ∼ 1/4, which combined with the

fact that baroclinic conversion rate peaks around Ω∗ = 1/2 and kinetic energy con-

version (CK) between zonal flow and eddies changes direction at Ω∗ = 1/2 ∼ 1/4,

corroborates that baroclinic wave developments are suppressed with slow planetary

rotations, and the wave activity at Ω∗ = 1/8 ∼ 1/16 has a significant contribution

from barotropic instability. The maximum strength of eddy activities is found at
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Figure 3.12: Fourier amplitude maps of the zonal wavenumber spectra of geopotential
height at 500mb from experiments with high rotation rates. Spectra are averaged over
one model year. Unit: geopotential metres.

higher latitudes for experiments with lower rotation rates, which is again consistent

with the trend that Hadley cells tend to expand, pushing extratropical jets (along

with associated eddies) polewards as the rotation rate decreases.

3.4 Cyclostrophic, superrotation regime

Experiments with Ro > 1.5 are characterised by circulations featuring strong pro-

grade winds above the equatorial region, resembling the atmospheres of Venus and

Titan. Atmospheres in this regime are usually found on slowly rotating planetary

bodies where the Coriolis force is not strong enough to balance the pressure gradient

force in the meridional direction. Instead, the principal mechanical balance in the

horizontal direction is the cyclostrophic balance between centrifugal force and the

pressure gradient force, which is similar to the situation in small-scale vortices (like
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Figure 3.13: Same as Fig. 3.12, but from experiments with low rotation rates.

tornadoes) in the Earth’s atmosphere. The most prominent feature of this circula-

tion regime is the equatorial super-rotation, which means the angular momentum of

the atmosphere above the equatorial region is significantly larger than the angular

momentum it would have if it was in solid body rotation at the same rotation rate

with the underlying planet. The axial component of atmospheric specific angular

momentum is defined by

m = a cosϕ
(
Ωa cosϕ+ u

)
, (3.19)

where a is the planetary radius, ϕ the latitude, Ω the planetary rotation rate, and u

the zonal wind velocity. An objective measure of such equatorial super-rotation can

be defined as (Read (1986a))

s = m/(Ωa2)− 1, (3.20)
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so that s = 0 corresponds to solid body rotation on the equator at rotation rate Ω,

and s > 0 represents the local super-rotation. Similarly a global super-rotation index

can be defined as

S =

∫∫∫
mdV/M0 − 1, (3.21)

where dV is the volume element and M0 the integrated absolute angular momentum

of the fluid in solid body rotation at rotation rate Ω.

Super-rotation is not uncommon among planetary atmospheres. Observations

show that the Earth’s stratosphere exibits weak equatorial super-rotation during the

westerly phase of QBO (Quasi-Biennial Oscillation) due to vertical transfer of mo-

mentum by vertically propagating gravity waves, Kelvin waves, and mixed Rossby-

gravity waves (James (1995)). Significant equatorial (and global) super-rotation has

been found on Venus with S ≈ 10(Read (1986a)). In fact, the prograde wind near the

cloud tops above the equator of Venus can reach ∼ 100m s−1, which is about 60 times

faster than the underlying solid planet surface. In addition, equatorial super-rotation

has also been found on gas giant planets — Jupiter and Saturn, at least at the the

level of the visible cloud-decks, possibly resulting from deep convection (Kaspi et al.

(2009)) or equatorial waves (Yamazaki et al. (2004)). Recent modeling studies of

tidally-locked exoplanets find that equatorial super-rotation should also be expected

for close-in Hot-Jupiters, through the Gill mechanism due to the asymmetric heating

between the day-side and the night-side (Showman & Polvani (2011)). We will limit

the comparison of our experiments only with the slowly-rotating planetary bodies,

Venus and Titan.

3.4.1 Hide’s theorem

If the atmospheric circulation is axisymmetric and inviscid, then angular momentum

is conserved following the flow since there is no net torque exerted on the flow. There-
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Figure 3.14: Specific angular momentum of the experiment with Ω∗ = 1/16 (unit:
m2s−1).

fore, both s and S must not exceed zero for inviscid axisymmetric circulation unless

the initial condition is a locally and/or globally super-rotating atmosphere. This

constraint is known as Hide’s theorem (Hide (1969)). In order for the atmosphere to

super-rotate, the effect of non-axisymmetric eddies on the transfer of angular momen-

tum needs to be taken into account. Equatorial super-rotation can only be maintained

if there are non-axisymmetric eddies that transfer momentum up the gradient into

the angular momentum maximum above the equator (as shown in Fig. 3.14).

3.4.2 GRW mechanism

The mechanism of the formation and maintenance of strong equatorial super-rotation

has not yet been fully understood. One of the important paradigms in our current

understanding of super-rotation, especially within the context of Venus atmosphere,

is the so-called GRW (‘Gierasch-Rossow-Williams’) mechanism. Gierasch (1975) es-

tablished a framework of quasi-axisymmetric circulation model by incorporating the

effect of eddies into the zonal mean momentum equation in terms of eddy viscosity,
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Figure 3.15: Schematic diagram showing the classical GRW mechanism of super-
rotation. Dark red arrows denote the angular momentum flux due to surface frictional
torque, blue arrows the eddy angular momentum flux, and grey arrows the angular
momentum flux by Hadley cells.

and assumed that these eddies tend to mix primarily the vorticity in the horizon-

tal direction. By actively mixing vorticity in the meridional direction these eddies

tend to bring the global circulation into a state of solid body rotation, which cou-

pled to a steady overturning circulation will lead to strong equatorial super-rotation

(see Mitchell & Vallis (2010)). This is further supported by the studies of Rossow

& Williams (1979) in which equatorial super-rotation was observed in a numeri-

cal shallow-water model, with the origin of angular momentum-transporting eddies

ascribed to extratropical barotropic instability. The classical GRW mechanism is

illustrated by the schematic diagram shown in Fig. 3.15.

Apart from the GRW mechanism, recent numerical studies suggest that other

processes might also play an important role in the formation and maintenance of

equatorial super-rotation. For the case of Venus, thermal tides associated with diur-

nal cycle have been found to be a major cause of strong equatorial super-rotation (see

e.g.Takagi & Matsuda (2007)). Studies by Mitchell & Vallis (2010) and Potter et al.

(2014) employ a simple GCM similar to PUMA-S with no diurnal/seasonal cycles

and discovers that eddies due to equatorial perturbations (Kelvin waves) are crucial

at the early stage of forming equatorial super-rotation, instead of extratropical eddies
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as proposed in the GRW mechanism. Another study by Mitchell et al. (2014) us-

ing a slightly more complicated model with seasonally-varying Newtonian relaxation

scheme suggests that the strength of the seasonal cycle plays an important role in

determining whether the atmosphere can evolve into the equatorial super-rotation

state. According to Mitchell et al. (2014), strong seasonal cycle tends to prevent the

development of equatorial super-rotation.

3.4.3 Experiment results

In the following subsection, we will show a series of diagnostics on the equatorial

super-rotation found in our experiments, along with comparisons to the terrestrial

circulation regime.

The Eliassen-Palm (EP) flux (see e.g. Eliassen & Palm (1961), Andrews & McIn-

tyre (1978)) is an important diagnostic which reveals the dynamics of the eddy-mean

flow interaction. The full ageostrophic form of the EP flux is defined as:

E ={E(ϕ),E(p)}

=− a cosϕ
{
[u∗v∗]− [u]p[v

∗θ∗]/[θ]p,

[ω∗u∗] +
[
([u] cosϕ)ϕ/(a cosϕ)− f

]
[v∗θ∗]/[θ]p

}
,

(3.22)

where a is planetary radius, f the Coriolis parameter. [·] denotes zonal average and

∗ the eddy perturbation. All subscripts represent partial derivatives.

The zonal mean specific angular momentum equation can then be written as (Read

(1986a), Vallis (2006)):

[m]t + [u∗] · ∇[m] = ∇ · E+ F/ρ, (3.23)

where m is the specific angular momentum, F the viscous damping, and [u∗] =

([v∗], [ω∗]) the two components of the residual circulation under the Transformed
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Eulerian Mean (TEM) framework:

[v∗] = [v]− ([v∗θ∗]/[θ]p)p, (3.24a)

[ω∗] = [ω] + ([v∗θ∗] cosϕ/[θ]p)ϕ/(a cosϕ). (3.24b)

Thus the divergence of EP flux reflects the acceleration (eastward torque) exerted by

the eddies on the zonal mean flow. The direction of the EP flux vector shows the

propagation of the group velocity of planetary Rossby waves.

A latitude-pressure cross section map showing both the vectors of E and the corre-

sponding divergence has been advocated as useful diagnostics to give a compact view

of the eddy-mean flow interaction. To plot the EP flux and calculate its divergence

within the ϕ-p plane, the form of EP flux defined in Eq. (3.22) needs to be modified

following Edmon et al. (1980):

{Ê
(ϕ)
, Ê

(p)
} ≡ 2πa2g−1 cosϕ{a−1E(ϕ),E(p)}. (3.25)

so that the divergence of EP flux can be conveniently calculated as 3

∆ =
∂E(ϕ)

∂ϕ
+
∂E(p)

∂p
. (3.26)

Fig. 3.16 shows the EP flux and its divergence for the experiment with Ω∗ = 1 in

the statistically steady state, which largely resembles the situation of Earth’s atmo-

sphere in the annual-mean sense. Throughout the extratropical troposphere, there is

3Otherwise the divergence should be calculated as

∇ ·E =
1

a cosϕ

∂

∂ϕ
(cosϕE(ϕ)) +

∂

∂p
(E(p)).

It can be shown that in the ϕ− p plane,∫
∇ ·Edm =

∫
∆dϕdp

where dm = 2πa2g−1 cosϕdϕdp is the mass element in the form of a latitudinal ring.
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a net westward torque exerted by eddies on the zonal flow as reflected by the conver-

gence of EP flux. The direction of EP flux indicates the upward propagation of Rossby

waves in the mid-latitudes and its equatorward propagation at the upper levels. Fig.

3.17 shows the EP flux and its divergence for the experiment with Ω∗ = 1/16 in the

statistically steady state where equatorial super-rotation is found. It shows significant

differences compared with the terrestrial regime in Fig. 3.16. The EP flux vector is

predominantly horizontal, implying the relative significance of meridional momentum

flux ([v∗u∗]) compared with the heat flux ([v∗θ∗]). There is net divergence of EP flux

over the equatorial and subtropical region, indicating an eastward (prograde) torque

exerted by the eddies on the zonal flow. The typical mid-latitude baroclinic turbu-

lence regime with upward pointing EP flux vector disappears in this scenario, since

the Rossby deformation radius is larger than the domain size with Ω∗ = 1/16. Thus

the scenario of equatorial deceleration of zonal flow through the breaking and dissi-

pation of Rossby wave at critical latitudes is absent in the equatorial super-rotation

case. There is no significant EP flux convergence/divergence at the upper levels above

the equator, which is consistent with the findings of Mitchell & Vallis (2010) and Sar-

avanan (1993) that once the equatorial super-rotation is established, the absence of

equatorial torques over the super-rotating levels allows the regime to maintain itself

for a long period with very little momentum convergence/divergence.

The EP flux shown in Fig. 3.17 shows significant wave activities at the 600-700mb

levels. This is due to the strong meridional eddy momentum flux ([v∗u∗]) (see Fig.

3.18). In contrast with the poleward momentum flux as found in terrestrial case (see

Fig. 3.19), the eddy momentum flux is equatorward with maximum transport at the

700mb level.

Fig. 3.20 shows the EP flux of the experiment Ω∗ = 1/16 during the spin-up phase.

The fluxes tend to be weaker than in the statistically steady state. But significant

divergence can still be found over the equatorial region, indicating the existence of
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Figure 3.16: Annual mean EP flux (vectors) and its divergence (contour), based on
the experiment of Ω∗ = 1. Unit of divergence: m3.
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Figure 3.17: Annual mean EP flux (vectors) and its divergence (contour), based on
the experiment of Ω∗ = 1/16. Unit of divergence: m3.
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Figure 3.18: Zonal and temporal mean eddy momentum flux, based on the experiment
of Ω∗ = 1/16. Unit: m2s−2.
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Figure 3.19: Zonal and temporal mean eddy momentum flux, based on the experiment
of Ω∗ = 1. Unit: m2s−2
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Figure 3.20: EP flux (vectors) and its divergence (contour) during the spin-up phase
of Ω∗ = 1/16, averaged from day 200 to day 250. Unit of divergence: m3.

eddy-induced prograde equatorial torques during the spin-up phase.

The nature of the generation of the eddies responsible for the wave activities shown

in EP flux analysis can be revealed by analysing the development of the corresponding

hydrodynamic instability within the flow. The potential candidates include inertial

instability, barotropic instability and baroclinic instability. It is unlikely that the

modelled atmosphere shows merely one pure kind of instability. Instead, there may

well exist a mixture of instabilities.

Inertial instability refers to the instability that an air parcel moving in the merid-

ional plane might encounter when the imbalance between the pressure gradient force

and the Coriolis force tend to bring the perturbed air parcel away from its original

position. It is mathematically similar to the static instability which occurs in the

vertical direction. The (sufficent and necessary) condition for inertial instability to

occur is that f [q] < 0 where [q] could be either zonal mean absolute vorticity or

potential vorticity.
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Barotropic instability is essentially a kind of horizontal shear instability that oc-

curs within a background zonal flow u(y) on a β-plane. The first necessary condition

(Rayleigh-Kuo inflection point criterion) for the flow to be barotropically unstable

is that the meridional gradient of absolute vorticity (or PV), ∂[q]/∂y, changes sign

within the flow domain. The second necessary condition (Fjørtoft’s criterion) is that

∂[q]/∂y(u−us) where us is the value of u(y) at which ∂[q]/∂y vanishes, must be posi-

tive somewhere in the domain (Vallis (2006)). The Fjørtoft condition is satisfied if the

extremum of vorticity occurs in the interior of the domain and not at the boundaries.

Baroclinic instability occurs within a stably stratified atmosphere with horizon-

tal temperature gradient, and is usually pictured as ‘sloping convection’ which acts

to convert available potential energy into kinetic energy in spite of the stable ver-

tical stratification. The Charney-Stern-Pedlosky necessary condition for baroclinic

instability states that one of the following criteria must be satisfied:

1. ∂[q]/∂y changes sign in the interior;

2. ∂[q]/∂y takes the opposite sign to ∂[u]/∂z at the upper boundary;

3. ∂[q]/∂y takes the same sign as ∂[u]/∂z at the lower boundary;

4. ∂[u]/∂z takes the same sign at the upper and lower boundaries.

In the terrestrial atmosphere criterion 3 is usually satisfied with positive ∂[q]/∂y

and ∂[u]/∂z. Note that all these conditions for barotropic and baroclinic instabilities

are necessary conditions only. Thus the flow may well be stable even if these con-

ditions are satisfied, and satisfying these conditions should only be considered as an

indication that the flow may be barotropically/baroclinically unstable.

In order to reveal the instability responsible for the generation of eddies, the

zonal mean Ertel PV (q = −g(f + ζ)∂θ/∂p) is shown in Fig. 3.21. According to

the Rayleigh-Kuo criterion for barotropic instability, the zonal wind is barotropically
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Figure 3.21: Zonal mean zonal wind and PV at the 200mb (left) and 700mb (right)
level at statistically steady state, based on the experiment with Ω∗ = 1/16.

stable at 200mb, which is the level of most significant equatorial super-rotation, but

probably unstable at the 700mb level over high-latitude regions, as indicated by the

extremum of PV (Note that the Rayleigh-Kuo criterion is just a necessary condition).

This is consistent with the significant wave activity seen at the 700mb as reflected

by the eddy momentum flux and EP flux shown in Figs. 3.18 and 3.17. It is also

consistent with the findings of Mitchell & Vallis (2010) in which their maximum EP

flux was found at the σ = 0.7 level in the steady state of their equatorial super-rotation

experiment.

The analysis of zonal mean PV during the spin-up phase can provide further

insights into the role of eddies at the 200mb and 700mb levels in generating super-

rotation as shown in Figs. 3.22 and 3.23. At the 200mb level, the PV gradient

has weak extrema over a few latitude nodes during the early stages of spin-up, which

quickly disappear as the super-rotation gradually develops. In contrast, the PV gradi-

ent at 700mb has two persistent extrema over the high-latitude region throughout the

spin-up phase shown in Fig. 3.23. This implies the importance of eddy generation and

the corresponding horizontal eddy momentum transfer at the 700mb level. A heuris-

tic picture that can be summarised from these diagnostics is that eddies generated

through barotropic instability associated with jets at high latitudes transfer momen-

tum equatorward in the lower atmosphere. This extra momentum is then transported
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upwards over the equator mainly by the meridional overturning circulation, feeding

the equatorial super-rotation in the upper atmosphere.

However, it should be noted that this does not mean that the mechanism of the

formation of equatorial super-rotation found in our experiments are indeed the GRW

mechanism. From the above diagnosis, it is unclear as to what mechanism is respon-

sible for transporting momentum from extratropical regions to the equator. Rossby

waves have the property of converging momentum towards the source of perturbation,

which in our case is the extratropics. Therefore it is unlikely that the momentum

convergence towards the equator in our experiments is done by Rossby waves. The

study of Mitchell & Vallis (2010) suggests that equatorial perturbation and the as-

sociated Kelvin waves are responsible for equatorward momentum transport, though

in our case no clear evidence can be found about instabilities over the tropics. With

studies by Mitchell et al. (2014) and Potter et al. (2014) in mind, further analysis on

the nature of waves needs to be performed to really understand the exact mechanism

in our experiments. Besides, the direct applicability of the above discussions to the

real planetary super-rotation (e.g. superrotation of the atmosphere of Venus) can be

problematic. The mechanism present in our model is somewhat similar to the classical

GRW mechanism in the sense that eddies associated with the barotropically unstable

high-latitude jets are mainly responsible for the equatorward momentum transfer.

But the strength of the equatorial super-rotation produced in our experiments is

far weaker than that observed/modelled for the atmosphere of Venus. Recent studies

(e.g. Takagi & Matsuda (2007), Lebonnois et al. (2010), Mendonça et al. (2012)) have

shown that the much stronger equatorial super-rotation in the upper atmosphere of

Venus is largely maintained by thermal tides induced by the diurnal cycle of solar

irradiation. As our experiments adopt a permanent annual mean thermal forcing

with no diurnal cycle, the equatorial super-rotation obtained is thus much weaker

than that of Venus. For Titan, however, our experiment becomes more relevant in
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Figure 3.22: Zonal mean PV and zonal wind during spin-up phase at 200mb on day
30, 50, 100, 200, 360 and 720, based on the experiment of Ω = 1/16.
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Figure 3.23: Same as Fig. 3.22, but for 700mb.
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that the diurnal cycle on Titan is much less significant than its seasonal cycle4 and

GCM simulations have shown that a GRW-like mechanism is mainly responsible for

superrotation on Titan (see e.g. Lebonnois et al. (2012)).

3.5 Regular baroclinic waves regime

A regular baroclinic wave regime lies in the range 0.1 < Ro < 1.5 within the non-

axisymmetric region. Favouring intermediate rotation rates and moderate imposed

meridional/radial temperature contrasts, it is also one of the major flow regimes ob-

served in laboratory rotating annulus experiments (see e.g. Hide & Mason (1975)).

Featuring baroclinic waves with one or two dominating wavenumbers and their har-

monics, this regime is distinguished from irregular/chaotic baroclinic wave regimes

by its high regularity/predictability due to the presence of steady or (quasi-)periodic

vacillating waves.

Linear theories of baroclinic instability and eddy growth, being the classic pivotal

framework in dynamic meteorology studies, have been successful in delineating the

initial development of unstable disturbances on the background axisymmetric flow

and predicting the location of the transition boundary between axisymmetric and

non-axisymmetric flow regimes within the regime diagram (Hide & Mason (1975)).

But for the regular baroclinic wave regime, as the eddies/disturbances grow to ampli-

tudes non-negligible compared to the background domain (known as waves of ‘finite

amplitude’), linear theories begin to fail and nonlinear eddy-eddy and eddy-mean flow

interactions need to be taken into account. As an analytical first attempt, weakly

nonlinear theories have been proposed since the 1960s (Pedlosky (1970), Pedlosky

(1971)) which assumes the flow to be just weakly supercritical to baroclinic instabil-

ity so that only a small range of wavenumbers is unstable and grows relatively slowly

4Titan has a tidally-locked orbit around Saturn and has an obliquity of ∼ 27◦ which is quite
similar to that of the Earth
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compared to the wave phase speed. Although these idealised models tend to predict

the existence of vacillating or steady waves under appropriate conditions of viscous

dissipation, there have been frequent debates as to whether these weakly nonlinear

models are applicable to the fully developed baroclinic instability (e.g. see Boville

(1981), Esler & Willcocks (2012)). The challenge of the nonlinearity hinders the de-

velopment of a complete analytical understanding of the equilibration process of these

regular finite-amplitude baroclinic waves. But insights can somehow be obtained from

numerical modelling studies based on the fully nonlinear primitive equations.

The regular baroclinic wave regime found in our study may also be relevant to the

planetary scale baroclinic waves that have been observed in the Martian atmosphere.

Quasi-periodic surface pressure variations (especially in the northern winter hemi-

sphere) have been observed by in-situ measurement (Viking landers) which can be

attributed to large scale baroclinic wave activity (Ryan et al. (1978), Barnes (1981)).

A highly regular regime dominated by zonal wavenumber 3-4 could be inferred from

these observations, indicating that they are quite akin to what we have observed in

our idealised GCM experiments. Compared with Earth’s irregular and chaotic atmo-

sphere, the Martian atmosphere can be classified as a member of the regular baroclinic

wave regime. Admittedly, there are a number of differences between Mars and Earth

that might contribute to the formation and maintenance of such coherent baroclinic

waves within the Martian atmosphere. For example, the lack of a thermal contrast

between continents and oceans, as well as the lack of strong latent heating by phase

changes of water. But the laboratory annulus experiments and our idealised GCM

studies suggest that these factors should be of marginal significance (e.g. note that

chaotic circulation is found on aqua-planet experiments with higher rotation rates),

whereas the larger Ro (due to smaller planetary size) and the much stronger radiative

damping of the Martian atmosphere are likely to be primarily responsible for these

regular baroclinic waves.
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The larger Ro of Mars (and of our experiments within the regular baroclinic

wave regime) can partly explain the dominance of zonal wavenumber 3, which is

significantly smaller compared with the dominant wavenumber 5-6 that is usually

observed in Earth’s atmosphere. As shown in the previous section, this is related to

the scaling of the energy-containing wavenumber with Rossby/Rhines wavenumber

which is ultimately proportional to Ro. As for the thermal (radiative) damping,

it has been shown by the early work of Pedlosky (1970) and Pedlosky (1971) that

weak dissipation leads to wave vacillation whereas strong dissipation enables steady

regular waves. Later supported by the Q-G β-plane model study by Barnes (1981)

and idealised Mars GCM study of Collins & James (1995), it is shown that the

timescale of thermal damping (as well as surface friction, in the case of Collins &

James (1995)) is a crucial factor in determining the regularity of baroclinic waves.

We have therefore further conducted a series of experiments at Ω∗ = 1/2 with various

combinations of thermal and frictional damping timescale to reveal their effects on

planetary baroclinic waves.

3.5.1 Regime diagram

Fig. 3.24 shows the regime diagram based on the 25 experiments at Ω∗ = 1/2 with

various τr and τf . The lower left region of the diagram (corresponding to strong

frictional and thermal damping) is dominated by relatively weak waves with maxi-

mum Fourier power amplitude of geopotential height at 500mb level smaller than 30

geopotential metres. The right end of the diagram (corresponding to weak thermal

damping) is dominated by waves with 2-3 mixed dominating wavenumbers, indicat-

ing a weakly irregular transitional state towards the irregular/turbulent regime. The

region between the weak wave regime and the mixed wavenumber regime is mainly

characterised by relatively coherent regular baroclinic waves with a single dominating

wavenumber. Fig. 3.25 shows the geopotential height at 500mb level for two repre-
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sentative cases with dominating wavenumber 3 and 4 respectively. In the early study

by Collins & James (1995), similar experiments were performed by varying thermal

and frictional damping timescales in a simplified GCM. The main difference between

our work and Collins & James (1995) is that parameters are varied in a larger range

in our experiments, and regimes of m = 2 and 4 were found in addition to the m = 3

regime in our experiments.

The trend of these regimes with respect to the strength of frictional and thermal

damping is intuitive if we consider the growth and life cycle of baroclinic eddies. Baro-

clinic eddy growth tends to be suppressed under strong damping (for example, strong

thermal damping means that Newtonian relaxation is very efficient at restoring the

temperature perturbations back into the axisymmetric equilibrium state, making the

growth of eddies largely suppressed), which explains the dominance of weak waves

at the lower left corner of the regime diagram. In contrast, under weak dampings

eddies can grow into larger amplitudes, leading to regimes of waves with significantly

larger amplitudes and smaller dominating wavenumbers. With weak enough damp-

ings, more than one wavenumber component can grow to large amplitude and compete

for dominance through wave-zonal flow interactions (see e.g. Hart (1981), Appleby

(1988)), leading to the mixed wavenumber (or wavenumber vacillation) regime with

quasi-periodic switch of dominating wavenumbers among 2-3 wavenumber compo-

nents.

3.5.2 Spectral analysis

Flows of the regular wave regime with intermediate strength of frictional and thermal

damping are characterised by one dominant wavenumber component and its harmon-

ics. This is reflected in Figs. 3.26-3.27, which show the zonal amplitude spectra of

geopotential height at the 500mb level along 50◦N with respect to zonal wavenumber

from two representative runs with dominant wavenumbers 3 and 4 respectively. In the
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Figure 3.24: Regime diagram constructed by thermal timescale and frictional
timescale. We use the thermal timescale in the free atmosphere (σ < 0.8) as the
horizontal axis and the averaged frictional timescale in the boundary layer (σ ≥ 0.8)
as the vertical axis.

Figure 3.25: Snapshot of the geopotential height at 500mb level viewed from North
Pole, showing the wavenumber-3 regime (left) with τf = 1.0 day and τr = 7.5 days,
and wavenumber-4 regime (right) with τf = 2.0 days and τr = 1.625 days.
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Figure 3.26: Fourier amplitude of geopotential height at 500mb level along 50◦N with
respect to zonal wavenumber, based on the run with τf = 1.0 day and τr = 7.5 days,
averaged over three model years.

case of Fig. 3.26, well-defined signal peaks can be found at wavenumber 3 as well its

harmonic component wavenumber 6, with less obvious peaks at wavenumbers 9 and

12, both of which are also harmonics of wavenumber 3. In the case of Fig. 3.27, the

signal peaks at wavenumber 4 with a secondary peak at its first harmonic component

wavenumber 8. These circulations, with a single dominant zonal wavenumber and its

harmonics, have a latitudinally coherent structure as well, as shown in Fig. 3.28.

The regular waves observed in most of our experiments are not actually steady

waves that drift around the globe with a constant amplitude. Instead, their ampli-

tudes undergo temporal evolutions, making the waves more akin to the (modulated)

amplitude vacillation regime that has been found in laboratory annulus experiments

(Hide & Mason (1975),Read et al. (1992),Young & Read (2008)). Fig. 3.29 shows a

Hovmöller diagram from the wavenumber-3 regime along 50◦N. The zonal structure

of the flow is dominated by the wavenumber-3 component throughout the model time,

though there are noticeable variations of the wavenumber-3 perturbation amplitude.

A Fourier spectral analysis was performed on the amplitude timeseries to reveal the

quasi-periodicity of this modulated amplitude vacillation, as shown in Fig. 3.30, with
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Figure 3.27: Same as Fig. 3.26 but for the run with τf = 1.0 day and τr = 3.25 days.
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Figure 3.29: Hovmöller diagram of the geopotential height at the 500mb level along
50◦N, based on the run with τf = 1.0 day and τr = 7.5 days. 120 days are shown.

a single very well defined dominant vacillation period of about 108 days.

3.5.3 Comparison with the Martian atmosphere

As stated at the beginning of this section, quasi-regular baroclinic waves are also

observed to be present in the Martian atmosphere, especially in Northern winter

when the atmosphere is usually characterised by a dominant wavenumber-3 regime.

It is therefore interesting to see where Mars lies in our τr-τf regime diagram and

whether the wavenumber-3 regime found in our experiments has any relevance to the

Martian baroclinic waves.

It should be noted that, in order to make the comparison dynamically mean-

ingful and consistent, we should use characteristic dimensionless parameters rather

than directly comparing the corresponding timescales. Based on the frictional and

thermal timescales, the frictional and thermal Taylor numbers can be defined as the
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Figure 3.30: Periodogram based on the 3-year time series of Fourier amplitude of
geopotential height at 500mb level along 50◦N for the run with τf = 1.0 day and
τr = 7.5 days. The red dot shows the dominant period of 107.9 days.

dimensionless parameter characterising frictional and thermal damping:

Ff = 4Ω2τ 2f , (3.27a)

Fr = 4Ω2τ 2r . (3.27b)

Constraints on the globally-averaged thermal and frictional timescales are not di-

rectly available from the sparse in-situ measurements of the Martian atmosphere. Our

current best estimate of these two timescales can be found in Mars GCMs in which

these parameters are tuned to obtain the best-fit global atmospheric circulation and

climate compared with observations. In the study by Nayvelt et al. (1997), the aver-

age boundary layer frictional timescale τf was set to 0.5 Martian days (1 Mars day is

to 24h37m, so 1 Mars day can be viewed approximately as 1 Earth day for our com-

parison), and the free atmosphere thermal timescale τr was set to about 3 Martian

days (see Fig. 3.31). Given that our experiments run with half the rotation rate of

Earth/Mars, these timescales used in the Mars GCM should be doubled before locat-

ing them in our τf -τr regime diagram so that the corresponding point representing
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Figure 3.31: Atmospheric thermal damping timescale τr with height (σ-coordinate)
of a Mars GCM, from Nayvelt et al. (1997)

Mars in the regime diagram is dynamically similar to the real Martian atmosphere

in terms of Ff and Fr. Therefore, the corresponding point representing the Martian

atmosphere in the τf -τr regime diagram is essentially (τf = 1.0, τr = 6.0), as shown

in Fig. 3.32. It is clear that the real Martian atmosphere lies close to the experiment

in which a well-defined regular wavenumber-3 regime is discovered. It is therefore

concluded that the regular baroclinic waves found in Martian atmosphere may be

strongly influenced by the strength of thermal and frictional damping. The smaller

size of the planet might lead to the dominance of smaller wavenumbers in Martian

atmosphere compared with Earth’s atmosphere, given a similar Rossby deformation

radius on these two planets. But our experiments demonstrate that the regularity of

these baroclinic waves and their wavenumber selection significantly depends on the

strength of thermal and frictional dampings.
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Figure 3.32: Regime diagram as in Fig. 3.24, with the green triangle reprenting the
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et al. (1997).
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Chapter 4

Heat transfer efficiency and

atmospheric energetics

This chapter presents studies on the atmospheric heat transport efficiency as well as

the atmospheric energetics. Section 4.1 discusses the heat transfer efficiency of the

atmospheric dynamic processes based on the PUMA-S experiments described in the

previous chapter. Section 4.2 then presents the analysis of Lorenz energy cycle for

each case considered in Chapter 3 which reveals the primary eddy generation process.

4.1 Heat transfer efficiency

There is a clear trend in the zonal mean temperature field from Ω∗ = 8 to Ω∗ =

1/16 in that the horizontal temperature gradient becomes smaller as the rotation

rate decreases. This is especially prominent at the middle and high levels of the

atmosphere, where the isothermal contours become almost horizontal at low rotation

rates, due to the strong and extensive overturning Hadley cell in each hemisphere

which is highly efficient in smoothing out the horizontal temperature inhomogeneity.

Near the ground level, ∆Th does not vary significantly with Ω due to the shorter

relaxation timescales of the lower atmosphere (a shortcoming that is overcome in
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PUMA-G, see Chapter 6 and 7). At higher rotation rates, the meridional temperature

variation shows staircase-like features (see Fig. 4.1), indicating the existence of zonally

parallel baroclinic zones and belts, resembling the banded structure of the Jovian

atmosphere.
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Figure 4.1: Zonal and temporal mean temperature at 500 hPa level for Ω∗ = 1, 2, and 4
in the southern hemisphere.

Meridional eddy heat flux, which can be formulated as [v′T ′], provides an intuitive

estimate of the intensity of meridional heat transfer by eddies. Figs. 4.2 and 4.3 show

the zonal and temporal average of meridional eddy heat flux v′T ′ for experiments with

different rotation rates as obtained in PUMA-S runs with ∆T = 60K. It can be seen

that in all of these experiments, the atmosphere (especially the lower atmosphere) is

dominated by poleward eddy heat transport. The strength of eddy heat flux reaches

its maximum in the extratropical baroclinic regions, with multiple cores of maximum

for experiments with higher rotation rate (e.g. Ω∗ = 2, 4, 8), which is consistent with

the existence of multiple baroclinic zones in these experiments.

Since the term v′T ′ is significant only in the extratropical regions (where the atmo-
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Figure 4.2: Zonal and temporal mean of meridional eddy heat flux v′T ′ for experi-
ments with Ω∗ = 1/16, 1/8, 1/4, 1/2. Unit: K ms−1.
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Figure 4.3: Zonal and temporal mean of meridional eddy heat flux v′T ′ for experi-
ments with Ω∗ = 1, 2, 4, 8. Unit: K ms−1.
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sphere is characterised by eddies and waves rather than quasi-axisymmetric circula-

tion cells), the areal and mass average of v′T ′ over the whole globe is not informative.

One way to obtain a more insightful estimate of the gross effect of v′T ′ is to calculate

its average weighted by ∂[u]/∂y:

⟨v′T ′⟩ =

∫
[v′T ′]

∂[u]

∂y
dm∫

∂[u]

∂y
dm

, (4.1)

where overbar denotes time average, and square brackets denote zonal average.

The sensitivity of this appropriately defined meridional eddy heat flux ⟨v′T ′⟩ to

changes of rotation rates is shown in Fig. 4.4 (blue squres). It can be seen that

as rotation rate decreases from Ω∗ = 8, the strength of meridional eddy heat flux

increases monotonically until it reaches its maximum at Ω∗ = 1/2, indicating the

prominence of baroclinic eddies at this rotation rate. As the rotation rate decreases

further below Ω∗ = 1/2, meridional eddy heat flux becomes less intense, indicating

that the global circulation is dominated by meridional overturning Hadley cells which

extend far into the high-latitudes at slow rotation rates.

A nondimensional measure of the atmospheric heat transport efficiency can be

defined as the following:

Eh =
⟨∂zθe/∂yθe⟩
⟨∂zθ/∂yθ⟩

, (4.2)

where ⟨·⟩ is the global and temporal average, θ the potential temperature observed

in the GCM results, θe the prescribed (equilibrium) potential temperature used by

the Newtonian relaxation scheme, and ∂z, ∂y the vertical and meridional derivatives

respectively. ∂zθe/∂yθe essentially represents the meridional isentrope slope of the

restoration potential temperature field (i.e. the baroclinicity of the atmosphere).

When dynamics is allowed to redistribute heat around the globe, the isentrope slope

will be modified such that the energy can be converted from the form of (available)
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potential energy into atmospheric kinetic energy. The more efficient the dynamic

heat transfer, the lower the realised isentrope slope. Therefore, higher values of Eh

correspond to more efficient atmospheric heat transfer. This diagnostic provides a

nondimensional measure of the efficiency of dynamic heat transport, which redis-

tributes heat not only along the meridional direction as reflected in Fig. 4.1, but

also along the vertical direction. It should also be noted that Eh measures the total

heat transport including the transport by both the meridional mean circulation (e.g.

Hadley cell) and the eddies.

Fig. 4.4 (red circles) shows the comparison of Eh based on experiments with

∆Tep = 60K at various rotation rates. It can be seen that fast rotation rates tend

to inhibit the redistribution of heat by dynamical processes, which include direct

meridional overturning circulation (Hadley cells) as well as non-axisymmetric waves

and eddies. This trend is consistent with that shown in Fig. 4.1. Note that the

downward trend is almost arrested around Ω∗ = 1/4 − 1, which indicates that the

eddy heat transport tends to prevent the total heat transport from collapsing as

rotation rate increases. This is similar to the findings of laboratory and numerical

annulus experiments where nonaxisymmetric flows exhibit larger total heat transport

than axisymmetric flows as rotation rate increases (Read (2003)).

4.2 Energy cycle and eddy generation mechanisms

4.2.1 Formulation of the Lorenz energy cycle

The generation and growth of eddies within terrestrial planetary atmospheres requires

the conversion into eddy kinetic energy from other forms of energy in the background

environment, the ultimate source of which is stellar irradiation. This process of energy

conversion can be illustrated with the classic Lorenz energy cycle (Lorenz (1955))

which formulates the global mean atmospheric kinetic energy and available potential
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energy, as well as the conversion rates between the zonal mean and eddy components

of these energy forms. The globally averaged kinetic energy and available potential

energy of the zonal mean and eddy parts of the atmosphere are defined as (James

(1995)):

KZ =
⟨1
2
[u]2
⟩
, (4.3a)

KE =
⟨ [u∗2 + v∗2]

2

⟩
, (4.3b)

AZ =
⟨ h2
2s2

[θA]2
⟩
, (4.3c)

AE =
⟨ h2
2s2

[θ∗2]
⟩
, (4.3d)

where KZ, KE, AZ, and AE refer to zonal mean kinetic energy, eddy kinetic energy,

zonal mean available potential energy, and eddy available potential energy respec-

tively. h and s are defined as:

h(p) =
R

p

( p
pR

)κ
, s2 = −h(p)∂θR

∂p
.

θR is the global mean potential temperature so that θ(x, y, p, t) = θR(p)+θA(x, y, p, t).

Overbar and brackets refer to temporal and zonal average.
⟨
·
⟩
represents global mass

and areal average such that

⟨
Q
⟩
=

1

4πa2g

∫∫∫
Qdm.
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Figure 4.5: Schematic of Lorenz energy cycle. AZ: zonal mean available potential
energy; AE: eddy available potential energy; KZ: zonal mean kinetic energy; KE:
eddy kinetic energy.

Following Peixóto & Oort (1974), the conversion rates among these components (see

Fig. 4.5) in pressure-coordinate can then be written as:

CE =
⟨
− g
( u′

a cosϕ

∂Z ′

∂λ
+
v′

a

∂Z ′

∂ϕ
+

u∗

a cosϕ

∂Z
∗

∂λ
+
v∗

a

∂Z
∗

∂ϕ

)⟩
, (4.4a)

CA =
⟨
− h2

s2
∂[θ]

a∂ϕ
[v∗θ∗]− ∂

∂p

(h2
s2

[θ]
)
[w∗θ∗]

⟩
, (4.4b)

CZ =
⟨
[v]g

∂[Z]

a∂ϕ

⟩
, (4.4c)

CK =
⟨
[u∗v∗]

∂[u]

a∂ϕ
+ [v′2 + v∗2]

∂[v]

a∂ϕ
+ [ω∗u∗]

∂[u]

∂p
+ [ω∗v∗]

∂[v]

∂p
− [v][u′2 + u∗2]

tanϕ

a

⟩
.

(4.4d)

There are at least two principal mechanisms of eddy generation within planetary

atmospheres: barotropic instability and baroclinic instability. The physical pictures

of these two different eddy-generation mechanisms can be clearly distinguished from

the viewpoint of energy conversion. Eddies generated through barotropic instability

are fed directly by the zonal mean kinetic energy, implying the conversion route
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of KZ→KE to be important. Baroclinic instability, on the other hand, converts

available potential energy into eddy kinetic energy through the so-called ‘sloping

convection’, which corresponds to the conversion route of AZ→AE→KE. Therefore,

the dominating mechanism of eddy generation can be appreciated by comparing the

relative intensity and direction of CK and CE.

4.2.2 Experiment results

Fig. 4.6 shows the globally-averaged Lorenz energy cycles obtained from experiments

with different rotation rates. In the rapidly-rotating experiments (Ω∗ ≥ 1/4), the

conversion route of KZ→KE is reversed, indicating that the atmosphere is barotropi-

cally stable in general. Eddies are generated predominantly by baroclinic instability,

which is consistent with the significant meridional temperature gradient as shown in

the previous section. In the slowly-rotating experiments (Ω∗ < 1/4), the direction of

conversion between KZ and KE becomes KZ→KE, which suggests that barotropic in-

stability begins to take a significant role in the eddy generation process. These slowly-

rotating runs show a mixed barotropic-baroclinic form of instability, with barotropic

instability gradually overtaking the baroclinic instability in generating eddies as rota-

tion rate decreases (at Ω∗ = 1/16, the conversion into KE become dominated by the

route KZ→KE), which is consistent with the observed weak meridional temperature

gradient (i.e. weak baroclinicity) and strong horizontal wind shear in these experi-

ments. The change of sign of CK at Ω∗ = 1/4 is consistent with the fact that thermal

Rossby number Ro begins to exceed 1 at this rotation rate (see Fig. 3.2).

The direct conversion between AZ and KZ also changes sign at Ω∗ = 1/4, which

reveals the strengthening of Hadley cells as rotation rate is decreased. The Hadley

cell, also known as the ‘thermally direct’ cell (driven directly by differential heating),

converts the zonal mean available potential energy into kinetic energy of the zonal

mean flow. Weak Coriolis force caused by slow rotation rate enables Hadley cells
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Figure 4.6: Lorenz energy cycles obtained from experiments with different rotation
rates. Numbers in boxes represent globally averaged energy (in 105Jm−2). Conversion
rates are in unit of Wm−2.
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to expand to higher latitudes and become dominant over the ‘indirect’ Ferrel cells,

leading to the global mean conversion from AZ to KZ. The strength of baroclinic

conversion rate CE reaches its maximum at Ω∗ = 1/2, which agrees with results

from Del Genio & Suozzo (1987) in which baroclinic eddies peak in energy conversion

efficiency at Ω∗ = 1/2, and is also consistent with the peak of meridional eddy heat

flux at Ω∗ = 1/2 as shown in the red curve in Fig. 4.4. Note that the Rhines

scale starts to exceed the planetary radius a at Ω∗ = 1/4 as rotation rate decreases,

as shown in Table 3.1. As the Rhines scale represents the characteristic meridional

width of baroclinic zone, atmospheres with rotation rate of Ω∗ = 1/4 or slower tend

to have less well-developed baroclinic eddies, thus leading to the weaker eddy heat

transport.
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Chapter 5

Eddy scales, jet formation, and

atmospheric macroturbulence

This chapter presents the studies on atmospheric macroturbulence, with a special

focus on jet formation and the role of eddies. Section 5.1 describes the characteristic

scales of eddies. Section 5.2 discusses the theories on geostrophic turbulence which

have been considered as an idealisation of the atmospheric macroturbulence. Section

5.3 then shows the kinetic energy spectra based on PUMA-S experiments. The cor-

responding spectral transfer fluxes are shown in Section 5.4. Some comments and

conclusions are summarised in Section 5.5.

5.1 Characteristic scales of eddies

Planetary atmospheres at the global scale are essentially fluids at very high Reynolds

number (Re = UL/ν), which means the corresponding flow is highly turbulent with

eddies growing and interacting over a wide range of spatial and temporal scales. The

study of how the eddies distribute energy/enstrophy with respect to these scales and

what determines such a distribution has been pivotal to the community of turbulence

research. Under the framework of the 3-D isotropic turbulence theory proposed by
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Kolmogorov in 1941 (Kolmogorov (1941), later known as the K41 theory), eddies tend

to break into smaller and smaller ones within an inertial range (the range of scales

over which the fluid is assumed to be free from small scale dissipation and large

scale anisotropic forcing). Later extended to 2-D turbulence by Kraichnan (1967), it

is found that eddies in 2-D turbulence tend to merge with each other and cascade

energy inversely to larger scales. Eddies in the Earth’s atmosphere, however, turn

out to follow neither of these two theories exactly and have a preferred spatial scale

which is neither down to the viscous Kolmogorov scale, nor up to the whole globe

(Boer & Shepherd (1983)).

The preferred scale can be more rigorously defined as the energy containing

wavenumber ne, based on the global barotropic eddy kinetic energy spectrum of the

atmosphere (Schneider & Walker (2006)1):

ne(ne + 1) =

∑
n

En∑
n

[
n(n+ 1)

]−1
En

, (5.1)

in which En is the barotropic eddy kinetic energy density at spherical harmonic

wavenumber n, computed following Koshyk et al. (1999) for the components with

non-zero zonal wavenumber.

Linear theories of baroclinic instability (Eady (1949), Charney (1947)) predict the

characteristic eddy length scale to be the wavelength of the fastest growing unstable

mode, which can be estimated by the first baroclinic Rossby deformation radius. But

if nonlinear eddy-eddy interactions and the consequential inverse energy cascade are

taken into account, the characteristic eddy length scale will be the scale at which

the inverse energy cascade is inhibited2. This is shown to be characterised by the

1According to the argument made in Schneider & Walker (2006), using this −1 moment gives
a better approximation of the observed energy containing wavenumber than the conventional first
moment, since the former is closer to the maximum of the KE spectra of Earth’s atmosphere and
their series of simulations.

2Most previous literatures use the word “halted” , which is argued against by Sukoriansky et al.
(2007) as discussed later in this chapter. We follow the argument of Sukoriansky et al. (2007) and
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Figure 5.1: Barotropic eddy kinetic energy (EKE) spectrum of experiment with Ω∗ =
1. Dashed line represents the slope of −3.

so-called Rhines scale (Rhines (1975)), or the size of the whole domain if the Rhines

scale exceeds the bound of the domain. It is therefore interesting to see how Rossby

deformation and Rhines scales vary with the rotation rate in our experiments and

whether there is a scale separation due to the potential cascade of kinetic energy.

Following Schneider & Walker (2006), the Rossby deformation radius is calculated

as:

LD = cD
NH

f0
= cD

Np∆p

f0
, (5.2)

where N2
p = −(ρsθs)

−1∂pθ
s
is the static stability measure3, ∆p the pressure difference

between tropopause and ground level, and ρs is the atmospheric density at the surface.

Since it is the extratropical (baroclinic) Rossby deformation radius that is interesting

to compare with, this deformation radius is averaged within the baroclinic zone whose

boundaries are defined as the outermost latitudes at which the meridional heat flux

v′θ′ cosϕ at the near surface level (800 mb) exceeds 30% of its maximum value. The

empirical constant cD is chosen to be 1.35 following Schneider & Walker (2006).

use the word “inhibited” to indicate that inverse energy cascade is not completely stopped at the
Rhines scale.

3HereNp is estimated using near-surface quantities following the treatment of Schneider &Walker
(2006). Using a vertically averaged value of Np does not change the result significantly.
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The Rhines scale is calculated as:

LR =
√
2U/β =

EKE
1/4
bt

β1/2
, (5.3)

where U is the rms flow speed, and EKEbt is the barotropic eddy kinetic energy

density.

The corresponding Rossby wavenumber and Rhines wavenumber can be defined

as:

nD(nD + 1) = a2/L2
D, nR(nR + 1) = a2/L2

R.

Figs. 5.2-5.3 show the comparison of Rossby wavenumber nD, Rhines wavenum-

ber nR and energy-containing wavenumber ne based on experiments with fast rotation

rates (Ω∗ ≥ 1/2; experiments with slower rotation rates have LR and LD exceeding

the planetary radius, thus are not shown). It can be seen that these three wavenum-

bers are almost identical to each other. This agrees with the results of Schneider &

Walker (2006) in which they found that the simulated atmospheric macroturbulence

tends to self-organise into a state of weak nonlinear eddy-eddy interactions with su-

percriticality Sc ∼ 1. Here supercriticality is defined as a nondimensional measure

of the slope of isentropes near the ground (see Schneider & Walker (2006)). As the

Rhines wavenumber is close to the baroclinic Rossby wavenumber, inverse energy

cascade via eddy-eddy interactions is largely inhibited, which is consistent with the

fact that no well-defined −5/3 slope in barotropic eddy kinetic energy spectrum is

observed in our experiments. According to Schneider (2004) and Schneider & Walker

(2006), such self-organisation is done through the adjustment of the extratropical

thermal stratification by baroclinic eddies, which is not allowed in the traditional

quasi-geostrophic theories where the thermal stratification is taken to be fixed. This

explains to some extent the historical success of linear or weakly nonlinear theories

of dynamical meteorology for extratropical regions. It should be mentioned, however,

90



10
0

10
1

10
2

10
0

10
1

10
2

Rossby wavenumber

B
ar

ot
ro

pi
c 

E
K

E
 w

av
en

um
be

r

Figure 5.2: Energy-containing wavenumber of barotropic eddy kinetic energy (ne) vs
Rossby wavenumber (nD) for experiments with Ω∗ = 1/2, 1, 2, 4, 8. ne = nD along
the dashed line.

that some recent studies find that the atmosphere can adjust into states with a su-

percriticality very different from 1 if the external forcings and planetary parameters

are varied sufficiently (e.g. see Zurita-Gotor (2008), Jansen & Ferrari (2012)). Thus

the results presented here and in Schneider & Walker (2006) are valid probably only

within a subset of the parameter space.

5.2 Jet formation mechanism

As shown in Chapter 3, circulations featuring multiple zonal jets are found in exper-

iments with small thermal Rossby numbers. This multiple-jet regime is very similar

to the multiple jets observed in the atmospheres of Jovian planets (e.g. Jupiter and

Saturn) as well as in terrestrial oceans. Despite the morphological similarity of the

ubiquitous jets in Jovian atmospheres and terrestrial oceans, mechanisms underlying

the formation and maintenance of these jets are not necessarily the same. Even for

the case of Jupiter alone, at least two classes of conceptual models have been pro-

posed trying to explain the existence of multiple jets at Jupiter’s cloud level. These

91



10
0

10
1

10
2

10
0

10
1

10
2

Rhines wavenumber

B
ar

ot
ro

pi
c 

E
K

E
 w

av
en

um
be

r

Figure 5.3: Similar to 5.2, but for ne vs Rhines wavenumber (nR). ne = nR along the
dashed line.

are the “shallow models” in which eddies within a shallow ‘weather-layer’ pump en-

ergy upscale into the zonal mean flow leading to the formation of jets confined to

this weather-layer (e.g. see OGorman & Schneider (2008), Schneider & Liu (2009)),

and “deep models” in which deep thermal convection drives nested Taylor-Proudman

cylinders that manifest as jets at the cloud layer (e.g. see Busse (2002), Christensen

(2001)). It should be noted that the following discussions will be focussed mainly

upon the “shallow model” scenario which is more relevant to our terrestrial GCM

experiments.

The concept of geostrophic turbulence, first introduced by Charney (1971), has

been an important paradigm for theories of the large-scale planetary atmospheric and

oceanic circulations. The flow in geostrophic turbulence tends to be a highly chaotic,

quasi-2D (horizontal), quasi-geostrophic flow, featuring an inverse energy cascade if

small-scale forcing is present. Planetary rotation, large aspect ratio (between hor-

izontal vertical scales) and statically stable stratification all act to bring planetary

atmospheric flows into quasi-horizontal (quasi-2D) motion. Small-scale forcing is

usually envisaged as being provided either by baroclinic instability occuring at scales
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comparable to the Rossby deformation radius (LD) or by small-scale convection, as

is possibly in the case of Jovian planets (see e.g. Ingersoll et al. (2000), Read et al.

(2007)). The energy generated through such processes then becomes a small-scale

“agitator” of the inverse energy cascade in the barotropic mode, though the precise

mechanism for energising this mode is still not well understood. It is a typical fea-

ture of 2-D isotropic (in a 2-D planar sense, or horizontally isotropic) turbulence that

energy goes from small scale to large scale through a spectrally-local inverse cascade.

The direct consequence of such an inverse energy cascade is the emergence of large

circular eddies with no preferred directionality. In the presence of a non-negligible

background vorticity gradient (e.g. β-effect), however, it was shown by Rhines (1975)

that such large-scale eddies becomes anisotropic, causing an elongation of structures

in the zonal direction and ultimately leading to the formation of zonal jets. The

characteristic latitudinal length scale of these jets can be estimated by the Rhines

scale, as introduced in the previous section.

The Rhines scale is usually interpreted as a transitional scale between the regime

of isotropic turbulence (featuring strongly non-linear eddy-eddy interactions) and

a regime of quasi-linear Rossby waves. This can be understood via the vorticity

equation for a barotropic fluid:

∂ζ

∂t
+ v · ∇ζ + vβ = 0. (5.4)

The advection term, v · ∇ζ, is mainly responsible for the non-linear turbulent eddy-

eddy interactions, and the β-effect term, vβ, induces the Rossby wave propagation. If

v ·∇ζ ≫ vβ, then the flow is dominated by 2-D turbulence. If v ·∇ζ ≪ vβ, then the

flow manifests mainly as Rossby waves. If v · ∇ζ ∼ vβ, then a corresponding length

scale can be revealed by U2/L2 ∼ βU , which yields L ∼
√
U/β, the Rhines scale. For

scales smaller than the Rhines scale, the nonlinear advection term dominates, leading
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to 2-D turbulence. For scales larger than the Rhines scale, the β term dominates and

the flow is characterised by Rossby waves. At scales much larger than Rhines scale,

the Rossby wave frequency is therefore significantly larger than the turbulence fre-

quency, making the wave/turbulence interactions very inefficient at cascading energy

isotropically further towards larger scales. Thus in this sense the Rhines scale can be

viewed as the scale at which the isotropic, spectrally-local inverse energy cascade is

inhibited, and a pile-up of energy at the Rhines scale might be expected for flows in

this 2-D non-divergent barotropic framework.

The anisotropisation of flow structures due to the β-effect is associated with the

property of Rossby waves, the dispersion relation of which can be written as:

ω = − βkx
k2x + k2y

= −β cosα
|k|

, (5.5)

where kx, ky are the zonal and meridional wavenumber respectively, and |k| =√
k2x + k2y the magnitude of wave vector k = (kx, ky). The Rhines wavenumber can be

obtained by equating Rossby wave frequency ω to turbulence frequency U |k|, which

gives4

k2R =
β

U
| cosα|. (5.6)

Since the inverse energy cascade tries to pump energy to the smallest kR, and kR

reaches 0 (minimum value) when α = ±90◦, the inverse cascade tends to favor the

route of α = ±90◦. This corresponds to kx ≪ ky, which is essentially a structure

highly elongated along the zonal direction (See Vallis & Maltrud (1993)).

Although this classic 2-D non-divergent barotropic framework provides an elegant

and insightful explanation of the jet formation via interactions between turbulence

and Rossby wave, the real atmospheric jet formation does not follow exactly this

4Rhines wavenumber was initially denoted by nR back in Section 5.1 in the context of spherical
geometry. We will use kR hitherto to represent Rhines wavenumber in general theoretical discussions
and reserve nR for specific discussions where spherical geometry is unambiguously present.
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paradigm. In contrast to the picture of successive cascades of energy from small eddies

to larger eddies and ultimately into the jets, an additional direct eddy-mean flow (or

eddy-jet) interaction is found in practice to be primarily responsible for the upscale

energy pumping from eddies into the jets in the context of Earth’s atmosphere (see

discussions on the weakly non-linear eddy-eddy interaction of terrestrial atmosphere

in the previous section, and studies based on reanlysis data by Shepherd (1987) and

Burgess et al. (2013)). In addition, a recent numerical study by Srinivasan & Young

(2012) have shown that alternating zonal jets can be produced in a quasi-linear system

in which nonlinear eddy-eddy interactions are essentially absent. This direct pumping

of energy from eddies to the jet is closely related to the fundamental property of

Rossby waves to transfer eddy momentum up-gradient (such that [u∗v∗]∂[u]/∂y > 0,

see e.g. Held (2000)) towards the source of eddies (the jet).

The KE spectrum of fully developed turbulence is often observed to exhibit a

power law structure over significant ranges of wavenumber, which manifests itself in

constant slopes in the logarithmic KE spectrum. This may be an important indi-

cator for distinguishing different turbulence regimes. Figs. 5.4-5.5 show schematic

“cartoons” of KE spectra for 3-D and 2-D turbulence. If the classic 3-D isotropic tur-

bulence (as investigated by Kolmogorov (1941)) has an inertial range associated with

a forward energy cascade, its spectrum is typically characterised by a −5/3 slope. In

contrast, 2-D turbulence may have an inertial range associated with an inverse energy

cascade with the same −5/3 slope, together with another inertial range associated

with a forward enstrophy cascade with a −3 slope.

Galperin and Sukoriansky (Sukoriansky et al. (2002), Galperin et al. (2006)) re-

cently proposed the paradigm of zonostrophic turbulence as an attempt to characterise

universally the regime of eddy-driven multiple zonal jets on a β-plane. Under a strong

β-effect, it is proposed that flows can develop into the regime of zonostrophic turbu-

lence which is characterised by a strongly anisotropic KE spectrum with a steep (−5)
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Figure 5.4: Schematic plot of the kinetic energy spectrum of 3-D turbulence. kν is the
wavenumber representing the so-called Kolmogorov scale where viscous dissipation
becomes predominant.
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Figure 5.5: Same as Fig. 5.4, but for 2-D turbulence on a β-plane. kR is the Rhines
wavenumber at which the β-effect “halts” the inverse energy cascade.
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slope for the zonally symmetric flow component and a classic Kolmogorov-Batchelor-

Kraichnan (KBK) −5/3 slope in the non-axisymmetric eddy/residual modes (as

shown in Fig. 5.6). The segments of the spectra in this regime take the univer-

sal form (when appropriately non-dimensionalised):

EZ(n) = CZβ
2n−5, CZ ∼ 0.5, (5.7a)

ER(n) = CKϵ
2/3n−5/3, CK ∼ 5, (5.7b)

where ϵ is the energy pumping rate of the small-scale excitation (which, in the previous

2-D numerical studies of zonostrophic turbulence, is represented as an artificial energy

input at a specific wavenumber nξ, see e.g. Huang et al. (2001) and Galperin et al.

(2004). In a real planetary atmosphere, this can be due to barotropic or baroclinic

eddies, or in the case of gas giants, possibly from small-scale moist convection as

well.). CK is the universal Kolmogorov-Kraichna constant, and CZ can vary between

0.1 to 1.0, based on various 2-D barotropic simulations (e.g. Huang et al. (2001),

Chekhlov et al. (1996)).

According to Sukoriansky et al. (2007), the β-effect can not really ‘halt’ or ‘arrest’

the inverse energy cascade at the Rhines wavenumber. Instead, it only makes the

upscale energy transfer more anisotropic. The energy transferred into the large zonal

modes is ultimately removed through the large-scale friction, which terminates the

upscale energy transfer at a characteristic wavenumber nfr as shown in Fig. 5.6.

The transitional wavenumber nβ ∼ (β3/ϵ)1/5, first revealed by Vallis & Maltrud

(1993), is later shown (Sukoriansky et al. (2007), Galperin et al. (2006)) to be a better

estimation than the Rhines wavenumber of the scale at which the upscale energy

transfer becomes significantly anisotropic. Equating the zonal KE EZ ∼ β2n−5 to the

eddy/residual KE ER ∼ ϵ2/3n−5/3, nβ can be revealed as the cross-over wavenumber

at which the zonal KE spectrum and the eddy KE spectrum intersect. nβ is subtly
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different from the Rhines wavenumber nR in that nR is deduced in the framework

of unforced flow whereas nβ is a parameter defined specifically for flows continuously

forced at a certain small scale (with non-zero upscale spectral transfer rate ϵ). If

the small-scale forcing intensity is constant over time (as is the case in various 2D

barotropic numerical model studies in which a zonostrophic turbulence regime is

found), then nβ will be a stationary parameter whereas nR will be time-dependent

until the flow reaches a statistically steady state.

Since the ultimate large-scale energy removal in a statistically steady state in

terrestrial-style model atmosphere is via a linear (typically Rayleigh) drag at the

bottom, the arrest of the upscale energy transfer eventually occurs at the frictional

wavenumber nfr (defined as the scale where the eddy turnover time τt = n−1/U(n) =

[n3E(n)]−1/2 is comparable to the frictional damping time). It can be shown (Galperin

et al. (2006)) that nfr ∼ nR at the statistically steady state as nR can be essentially

viewed as the ‘moving energy front’ in the spectral space in the unsteady flow (e.g.

during the spin-up phase), which ultimately equilibrates at nfr at the steady state.

A −8/3 slope is shown in Fig. 5.6 at large wavenumbers (n > nz) of the zonal KE

spectrum, which is due to the isotropisation of the KE spectrum at small-scales.

The scale separation between nβ and nR (nfr) as shown in Fig. 5.6 defines a region

of strongly anisotropic upscale energy transfer, which Galperin and coworkers refer

to as the zonostrophic inertial range (though the strict definition of inertial range

requiring a constant energy cascade rate is probably not satisfied within this spectral

region). If friction is very strong such that nfr ∼ nβ, the zonostrophic inertial range

then disappears and the flow is classified as being in a friction-dominated regime.

Galperin & Sukoriansky (2010) introduced the zonostrophy index Rβ = nβ/nR to

distinguish such regimes, and demonstrated that flows with Rβ > 2.5 will develop the

characteristic structures associated with zonostrophic turbulence.
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Figure 5.6: Schematic diagram of the KE spectrum of zonostrophic turbulence regime.
Blue and red lines represent the zonal and eddy (residual) KE spectra respectively.

5.3 Kinetic energy spectra

In the following subsection, the KE spectrum is employed as the major diagnostic

to reveal insights into the jet formation mechanism. Since current theories relevant

to atmospheric macroturbulence are predominantly 2-D (as discussed in the previous

section), we will focus on the barotropic component of the global KE spectrum.

Following Koshyk et al. (1999), the vertically and temporally averaged horizontal KE

on a certain pressure level can be calculated by

En(p, t) =
1

4

a2

n(n+ 1)

n∑
m=−n

(
|ζmn |2 + |δmn |2

)
, (5.8)

where a is the planetary radius, ζmn and δmn the spherical harmonic coeffients of vor-

ticity ζ and divergence δ respectively, n and m the total and zonal wavenumber

respectively, and the overbar denotes the time average.

The KE spectrum can be further decomposed into a zonal mean KE spectrum
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and an eddy (or residual) KE spectrum as the following:

EZ
n (p, t) =

1

4

a2

n(n+ 1)

(
|ζ0n|2 + |δ0n|2

)
,

ER
n (p, t) =

1

4

a2

n(n+ 1)

n∑
m=−n

(
|ζmn |2 + |δmn |2

)
,m ̸= 0

(5.9)

where EZ
n and ER

n represent the zonal and eddy (residual) part of the spectrum

respectively.

Fig. 5.7 shows the KE spectrum of the run with Ω∗ = 1, the terrestrial sce-

nario. The total KE spectrum (the black curve) demonstrates the classic −3 slope

between n = 10 − 30, which is consistent with various previous studies based on

observational/reanlysis datasets of Earth’s atmosphere (see Boer & Shepherd (1983),

Koshyk et al. (1999)), indicating the possible existence of a forward enstrophy cas-

cade inertial range. The zonal spectrum is characterised by a much steeper −5 slope,

which is still not well-understood despite the prediction of a −5 slope in the early

work of Rhines (1975). Rhines shows that near the cross-over scale from Rossby

waves to turbulence (i.e. near the Rhines wavenumber kβ), the typical wind speed

is U ∼ β/k2. Since E = kE(k) = 1/2U2, the −5 power law can then be revealed

as E(k) ∼ β2k−5. But this does not explain the extended −5 slope in the zonal KE

spectrum. A study by Huang et al. (2001) indicates that the −5 slope associated

with the zonal KE spectrum can be qualitatively explained by the stabilisation effect

of β on the zonal jets. According to Huang et al. (2001), the β-effect modifies the

necessary condition of barotropic instability from [u]yy = 0 to β−[u]yy = 0 somewhere

in the flow domain. This means the stability criterion is eased by the β-effect from

[u]yy ̸= 0 to β − [u]yy ̸= 0, which allows the existence of velocity inflection points

([u]yy=0) and enables more energy to reside in the zonal modes without violating the

stability criterion. But this does not fully explain why a −5 slope is favoured over

any other steep slope as observed here, which leads to the speculation of whether
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Figure 5.7: KE spectrum with respect to spherical wavenumber n for the experiment
of Ω∗ = 1 with horizontal resolution T127, scaled by Ω2a2. Black curve represents the
total KE spectrum, blue curve the zonal spectrum, and red curve the eddy spectrum.
Grey dashed slope lines represent the corresponding power-laws as indicated.

a well-defined power-law scaling relationship even exists for the zonal KE spectrum

(Danilov & Gurarie (2004)).

Figs. 5.8-5.9 show the KE spectra of the regime of multiple zonal jets. The strong

zigzag feature of the zonal KE spectrum at small spherical wavenumbers is due to

the hemispheric symmetry of the predominantly zonal structures across the globe.

The classic −5/3 slope of an inverse energy cascade can not be found, indicating

the picture of 2-D isotropic turbulence may not be applicable to the multilple jet

formation of this regime. The −3 slope can still be found in the eddy KE spectrum,

similar to the terrestrial scenario (irregular baroclinic regime). As shown in Section

5.1, the energy-containing wavenumber, Rossby deformation wavenumber, and the

Rhines wavenumber appear to coalesce into one scale in this regime. Such lack of
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Figure 5.8: Same as Fig. 5.7, but for the experiment of Ω∗ = 4.

scale separation suggests the inverse energy cascade through eddy-eddy interactions

has been greatly suppressed. The zonal KE spectrum demonstrates a much steeper

−9 slope than the −5 slope as observed in the terrestrial scenario. This can be

qualitatively understood following the arguments of Huang et al. (2001) that the

stronger β-effect of the Ω∗ = 4 and 8 experiments allows more energy to stay in

the zonal modes compared to the Ω∗ = 1 experiment without violating the stability

criterion. But a quantitative explanation of the−9 power-law has not been established

at this stage.

The lack of the KBK −5/3 slope in the KE spectra of the above experiments

implies that nonlinear eddy-eddy interactions are greatly suppressed in these ex-

periments, leading to atmospheric circulation states reminiscent of the findings of

Schneider & Walker (2006) with ne, nD and nβ all at roughly the same scale. But if

the surface friction is made weaker, the nonlinear eddy-eddy interactions, as well as
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Figure 5.9: Same as Fig. 5.7, but for the experiment of Ω∗ = 8 with horizontal
resolution of T170.
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a −5/3 slope in the residual spectrum can indeed be observed. Fig. 5.10 shows the

KE spectrum decomposed into zonal and eddy/residual components obtained from an

experiment with Ω∗ = 1 and permanent January thermal forcing, at a much weaker

surface frictional damping. The permanent January forcing breaks the meridional

symmetry of the annual mean forcing and thereby eliminates the strong “zigzag“ fea-

ture in the previous shown zonal KE spectra. The overall configuration of the KE

and eddy spectra resembles the zonostrophic regime as shown in the schematic plot

of Fig. 5.6, with a well-defined KE inertial range with a −5/3 slope between n = 6

and n = 30 in the eddy spectrum and a steeper (−5 slope) zonal spectrum within the

same spectral region. Dashed lines with slopes of −5 and −5/3 are plotted following

Eqs. (5.7a)-(5.7b) with CZ = 0.15, CK = 5.0. This immediately leads to an esti-

mation of the inertial energy cascade rate of ϵ ∼ 0.6× 10−6m2 s−3. The transitional

wavenumber nβ can be obtained by equating Eqs. (5.7a) and (5.7b). Adopting these

values of CZ , CK and ϵ we get nβ ≃ 16.35, which is close to the crossover wavenumber

as shown in Fig. 5.10.

The Rhines wavenumber nR can be estimated following the approach discussed

in Section 5.1, which gives nR ≃ 6.28 in this case. Thus there is now a well-defined

scale separation between nR ≃ 6.28 and nβ ≃ 16.35 which enables the existence of

a so-called ‘zonostrophic inertial range’. Galperin & Sukoriansky (2010) introduced

an approximate chain inequality as a quantitative criterion for the occurrence of a

zonostrophic regime:

nξ ≳ 4nβ ≳ 10nR ≳ 40. (5.10)

This is satisfied at least partially, given the values of nR = 6.28 and nβ = 16.35.

The scale of nξ, which has a clear definition in numerical 2-D barotropic models

energised at a particular scale, however, does not have straightforward explanation

in our experiment.

For multiple-jet regimes, zonostrophy-like KE spectra can also be obtained if sur-
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Figure 5.10: Vertical and temporal mean KE spectrum (scaled by Ω2a2) of the ex-
periment with Ω∗ = 1 and permanent January forcing. Surface frictional damping
timescale τf is increased 200 times to a value of 200 Earth days in the planetary
boundary layer. Slopes of −5/3, −5 and −8/3 are plotted as grey lines, in which the
−5 slope follows Eq. (5.7a) with CZ = 0.15 and the −5/3 slope follows Eq. (5.7b)
with CK = 5 and ϵ = 7.17× 10−8m2 s−3
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Figure 5.11: Same as Fig. 5.10, but for experiment with Ω∗ = 8. CZ = 0.1 and
CK = 5.0 is assumed to plot the grey lines of −5 and −5/3 slopes.

face friction is made weak enough. Fig. 5.11 shows the KE spectra of the experi-

ment with Ω∗ = 8 at the same strength of weak surface friction as the experiment

shown in Fig. 5.10. An apparent zonostrophic range can now be found between

n = 20 and n = 50 ∼ 60, corresponding to an estimated spectral energy transfer rate

ϵ ≃ 2.45× 10−8m2 s−3.

Snapshots of the zonal wind with respect to latitude and longitude can pro-

vide intuitive pictures of how the flow field differs between the apparently zonos-

trophic regime and the weakly nonlinear (friction-dominated) regime. Figs. 5.12-5.13

show a comparison of mid-tropospheric wind field between zonostrophic and friction-

dominated flows, with rotation rates of Ω∗ = 1 and Ω∗ = 8. It is clear that weaker

friction enables the atmospheric circulation to become more “zonal”, compared to

the meandering jet scenario observed in experiments with strong friction. The effect
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of surface friction on the flow “zonation” can be related to the hypothesis of the

“barotropic governor” (James & Gray (1986), and James (1987)), which describes a

mechanism that might be responsible for the effect of surface friction on the baroclinic

lifecycle. According to the GCM experiments by James & Gray (1986) and the two-

layer analytic study by James (1987), weak surface friction enables larger barotropic

(horizontal) shear to develop in a baroclinic atmosphere, which in turn supresses the

growth rate of the most unstable baroclinic modes, leaving the final state to be a

wave-free atmosphere that is relatively stable to baroclinic perturbations. Such a

counter-intuitive paradigm, in which weak (rather than strong) frictional damping

suppresses baroclinic eddy activity, is called the “barotropic governor” since it is the

enhanced barotropic shear that inhibits the baroclinic eddy growth and governs the

evolution and the consequential equilibrated state of the atmosphere. The supression

of growth rates of the most unstable baroclinic mode can be understood easily in

a qualitative approach. The spatial structure of the most unstable baroclinic mode

within an unsheared background flow is an optimal configuration to extract available

potential energy from the mean flow and convert that into kinetic energy. Adding

shear to the background flow therefore tends to reduce the efficiency of such baroclinic

energy conversion. The specific mechansim of this reduction of efficiency through, e.g.

meridional confinement of the most unstable baroclinic mode, is illustrated in a two-

layer analytic model in James (1987).

It should be noted that the link between our experiment results and this “barotropic

governor” mechanism needs to be supported by further diagnostics, e.g. the growth

rates of the baroclinically most unstable mode under various strength of surface fric-

tion, as well as the corresponding Lorenz energy cycles. It will be very interesting to

reveal the potential role of “barotropic governor” in the development and maintenance

of zonostrophic turbulence based on such diagnostics.
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Figure 5.12: Zonal wind vector at 500mb and its magnitude
√
u2 + v2 (color) of the

experiment with normal friction (above) and 200 times weaker friction (below).
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Figure 5.13: Same as Fig. 5.12 but for Ω∗ = 8.
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5.4 Spectral transfer fluxes of KE and enstrophy

Although power-law slopes observed in the KE spectrum provide encouraging evi-

dence which suggests that the model atmospheric circulations may be demonstrat-

ing some features of idealised 2-D turbulence, it should be noted that the existence

of a power-law alone cannot provide conclusive insights into the direction of en-

ergy/enstrophy cascade. The nonlinear spectral energy/enstrophy transfer flux (Boer

& Shepherd (1983), Shepherd (1987), Burgess et al. (2013)) can provide more de-

tailed insights into the energy/enstrophy redistribution among different wavenumbers

through nonlinear eddy-eddy interactions. Starting from the vorticity equation

∂ζ

∂t
= −(v · ∇)ζ −D (5.11)

where v = (u, v) is the rotational velocity, D the effects on vorticity evolution due

to divergence and other vorticity sources and sinks. Multiply by ζ to obtain the

enstrophy equation (G = 1
2
ζ2)

∂G

∂t
= −ζ(v · ∇)ζ − ζD. (5.12)

In spectral space this can be rewritten as

∂Gn

∂t
= Jn +Dn (5.13)

where the interaction term Jn is

Jn = −1

4

n∑
m=−n

[
ζm

∗

n (v · ∇ζ)mn + ζmn (v · ∇ζ)m∗

n

]
(5.14)
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The corresponding kinetic energy interaction term In can be defined similarly and is

related to the enstrophy interaction term Jn by

In =
a2

n(n+ 1)
Jn (5.15)

where a is the planetary radius. Note that interaction terms only redistribute KE

and enstrophy among wavenumbers so

N∑
n=0

In = 0 =
N∑

n=0

Jn.

We can then define KE flux and enstrophy flux as

Fn+1 = −
n∑

l=0

Il, and Hn+1 = −
n∑

l=0

Jl, (5.16)

respectively, where the minus sign is adopted conventionally such that a positive value

corresponds to a forward energy/enstrophy cascade while a negative value corresponds

to an inverse cascade.

The key to obtaining F and H is the calculation of Jn as in Eq. (5.14). Model

output of streamfunction was used to calculate the rotational component of velocity.

The SPHEREPACK 3.2 code package from CISL (Computational and Information

Systems Laboratory)/NCAR was employed for the spherical harmonic transformation

and spherical gradient calculations.

The interaction terms and spectral fluxes of KE and enstrophy can be further

decomposed into contributions from eddy-eddy interactions and eddy-zonal flow in-

teractions (Burgess et al. (2013)). Nonlinear interaction terms of enstrophy due to

purely eddy-eddy interactions can be written as

J (e)
n = −1

4

n∑
m=−n

[
(ζ ′)m

∗

n J(ψ′, ζ ′)mn + c.c.
]

(5.17)

111



where all primed quantities are eddy components with respect to zonal mean flow,

J(ψ′, ζ ′) is the Jacobian of geostrophic streamfunction ψ′ and vorticity ζ ′, and c.c.

represents the complex conjugate of the first term in square bracket. The contribution

to Jn through eddy-zonal mean interactions is then simply J
(z)
n = Jn−J (e)

n . Similarly,

interaction terms of KE can be decomposed in the form of In = I
(z)
n + I

(e)
n . In this

way, spectral flux of KE and enstrophy can be decomposed as Fn = F (z)
n + F (e)

n and

Hn = H(z)
n +He

n.

Fig. 5.14 shows the decomposed spectral KE fluxes (Fn), based on the experiment

with weak friction at Ω∗ = 1, corresponding to the KE spectra of Fig. 5.10. By

examining the total KE flux (black curve) alone, it can be found that the spectral

region n < 60 is dominated by up-scale KE transfer, as indicated by the negative

values of Fn. The majority of this up-scale KE transfer is contributed by the eddy-

zonal mean interaction (red curve), which is consistent with the physical picture of

the highly zonal structures shown in Fig. 5.12. Contributions from pure eddy-eddy

interactions, in contrast, play only a marginal role in this up-scale energy transfer.

Fig. 5.15 shows the decomposed KE spectral flux for the experiment with Ω∗ = 1

and normal friction. The up-scale KE transfer region (2 < n < 16) is consistent with

the findings by Burgess et al. (2013), in which up-scale KE transfer is found in similar

spectral ranges based on ECMWF’s reanalysis datasets. The total KE transfer flux

is mostly contributed by eddy-zonal mean interactions at lower wavenumbers. Figs.

5.16-5.17 show the corresponding KE flux for the experiments of Ω∗ = 8 with weak

and strong friction. Similar to the cases with Ω∗ = 1, KE fluxes are dominated by

up-scale transport within the spectral region of n < 80.

Figs. 5.18-5.19 show the spectral enstrophy flux (Gn), based on the experiment

of Ω∗ = 1 with weak and normal (Earth-like) friction. Under weak surface frictional

damping, the atmosphere has a rather narrow range of forward enstrophy cascade

(Gn > 0) range, compared to the broad forward enstrophy cascade range in Fig. 5.19.
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Figure 5.14: Spectral KE flux for the experiment with Ω∗ = 1, permanent January
thermal forcing and 200 times weaker friction with frictional damping timescale of
200 Earth days in the planetary boundary layer (corresponding to the Spectra in Fig.
5.10).

According to Fjørtoft’s theorem (Fjø rtoft (1953)), 2-D turbulence is more efficient

at transferring energy up-scale and enstrophy down-scale than transferring energy

down-scale and enstrophy up-scale. This narrow range of forward enstrophy cascade

is indicative of the development of an up-scale energy cascade range within n < 30

which confines the enstrophy cascade range to higher wavenumbers.

5.5 Comments and discussions

The results shown in the previous section examine the jet formation mechanism in

terms of KE spectra, with a particular attention to the paradigm of “zonostrophic

turbulence” recently proposed by Galperin and coworkers as a potential candidate of

universal regime for jet formation in various geophysical fluids including planetary

atmospheres. The experiments presented in this chapter demonstrate that under
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Figure 5.15: Spectral KE flux for the experiment with Ω∗ = 1, permanent January
thermal forcing and normal (Earth-like) friction.
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Figure 5.16: Spectral KE flux for the experiment with Ω∗ = 8, permanent January
thermal forcing and 200 times weaker friction (corresponding to the Spectra in Fig.
5.11).
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Figure 5.17: Spectral KE flux for the experiment with Ω∗ = 8, permanent January
thermal forcing and normal friction.
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Figure 5.18: Spectral enstrophy flux for the experiment with Ω∗ = 1, permanent
January thermal forcing and weak friction.
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Figure 5.19: Spectral enstrophy flux for the experiment with Ω∗ = 1, permanent
January thermal forcing and normal friction.

weak surface friction, the atmosphere does develop strongly coherent zonal jets with

a highly anisotropic KE spectrum which shares many features in common with the

zonostrophic turbulence regime (e.g. −5 and −5/3 slopes in the zonal and eddy KE

spectra). However, eddy-driven jet streams can still be found with stronger surface

friction, though in a weaker and more meandering/wavy form. This is consistent with

the “barotropic governor” mechanism which indicates that weak frictional damping

leads to stronger barotropic shear in the atmosphere, thereby suppressing the growth

of baroclinic instability, and making the circulation equilibrate into a more zonally

symmetric state.

It should be noted that the zonostrophic turbulence regime, as Galperin and

coworkers have defined, is essentially a kind of anisotropic 2-D barotropic turbulence.

Previous studies of this regime have usually employed barotropic numerical models

with artificial energy input at a certain high wavenumber, which should be at best

viewed as a highly idealised abstraction of a real baroclinic planetary atmosphere.
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Linear theories predict that eddies generated via baroclinic instability tend to have

their fastest growth rate near the scale of the Rossby deformation radius, though real

eddy generation is by no means confined spectrally to such a narrow range as treated

in these 2-D barotropic models. Besides, our spectral flux diagnostics imply that the

up-scale/down-scale energy/enstrophy transfer is not completely inertial, since the

spectral KE/enstrophy fluxes are not constant within the region of up-scale/down-

scale transfer.

The lack of scale separation between Rhines wavenumber and Rossby wavenumber,

as stated in Section 5.1, indicates that pure eddy-eddy interaction and the associated

inertial range of inverse energy cascade is not an appropriate paradigm of the at-

mospheric macroturbulence. This is consistent with the discussions in Section 5.4

which demonstrates that the KE spectral transfer flux does not have any range of

constant value. It is therefore concluded that the eddy-zonal mean flow interaction,

characterised by the up-scale and spectrally non-local energy transfer from eddies to

zonal jets, plays a major role for the maintenance of jets in the atmosphere.
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Chapter 6

A two-band radiative-convective

scheme and PUMA-G

As we stated in Chapter 1, the definition of thermal Rossby number Ro requires

knowledge of the meridional temperature difference ∆θh, which is not an externally

controllable parameter in GCM experiments. In PUMA-S, ∆θh usually differs not

too much from the imposed temperature difference of the relaxation temperature

field. But when it comes to the modelling of planets with obliquities and atmospheric

compositions different from those of the Earth, the prescribed specification of a relax-

ation temperature field and the associated timescales can be rather arbitrary and ad

hoc. Therefore, in order to explore a parameter space which could include planetary

parameters like obliquity and atmospheric opacities, it was desirable to use a more

physically-based radiative-transfer scheme for diabatic heating/cooling effects to re-

place the Newtonian relaxation scheme. In this chapter, we present the description

of a two-band semi-grey radiative-convective scheme suitable for this purpose in Sec-

tion 6.1, whose properties are then illustrated by a 1-D column model. An analytic

equilibrium solution (comparable to Guillot (2010)) to the radiative-transfer equation

in this semi-grey model is derived in Section 6.2. A comparison of some results of
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this model against the observed thermal structure of real planetary atmospheres of

Earth, Mars and Venus is discussed in Section 6.3 to assess how well it can represent

realistic thermal structures of known atmospheric systems. At the end of this chapter

(Section 6.4), we demonstrate how this column model is coupled with the dynamical

core of PUMA-S to make a new GCM (PUMA-G), as well as the comparison of its

results with those obtained using PUMA-S.

6.1 Model physics

6.1.1 Radiative-transfer

The detailed process of radiative transfer in an atmosphere is highly complex and

always poses a significant challenge to numerical modellers. Different gases in the

atmosphere have different absorption and scattering signatures, at different wave-

lengths. In an ideal situation, line-by-line calculations can provide the most accurate

representation of the radiative effect of each gaseous component in the atmosphere,

but is computationally very demanding. Most GCMs take a more practical approach

of grouping the individual absorption lines into several broad spectral bands each

with a representative mean absorption coefficient, which saves a lot of computer re-

source. In our radiative-convective scheme here, we adopt a similar methodology and

construct the simplest possible scheme with only two spectral bands, respectively

representing a long-wave thermal radiation band (1.7∼250 µm) and a short-wave

stellar radiation band (0.1∼5.0 µm). Furthermore, we assume that in each band the

extinction coefficient is uniform with respect to the wavelength (i.e. the atmosphere

is grey in each band — hence the term “semi-grey” is used). Scattering effects are

only partially reflected in the constant extinction coefficient. For simplicity, we as-

sume that there are no condensable constituents in the atmosphere, hence no cloud

coverage. Radiatively active gases or aerosol absorbers are assumed to be well-mixed
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in the vertical direction.

We use a 1-D model to describe and illustrate the characteristics of this radiative-

convective scheme, in which only the atmospheric structure in the vertical direction

is represented. Again for simplicity radiative transfer processes are modelled with the

assumption of a plane parallel atmosphere, which regards the atmosphere to be a flat

slab in which there are effectively only upward and downward beams of radiation. The

diffusivity approximation (e.g. see Andrews (2010) and Vardavas & Taylor (2007)) is

employed to express the Schwarzschild radiative transfer equations in their classical

form:

−dF
↑

dτ ∗
+ F ↑ = πB(T ), (6.1a)

dF ↓

dτ ∗
+ F ↓ = πB(T ). (6.1b)

Here τ ∗ is a scaled optical depth. In our scheme, it is estimated following Ra-

manathan et al. (1985) as:

τ ∗ =
1

1.5 + 0.5/(1 + 4τ + 10τ 2)
τ

≡ Dτ,

(6.2)

in which

D ≡ 1

1.5 + 0.5/(1 + 4τ + 10τ 2)

is known as the diffusivity factor representing the effect of integrating over a hemi-

sphere. Some radiative transfer schemes use a constant value of diffusivity factor, like

3/2 (Goody & Young (1995)) or 1.66(Andrews (2010)) for example, to approximate

the integration (which seems straightforward at first sight, but could be fairly tricky

in practice1). Our approach here is more accurate than the single value approximation

1The explicit result of the upward flux of surface emitted radiation reaching the top of the
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Figure 6.1: Schematic of the radiative transfers in the 1-D model, levels are marked
by #.

(see Ramanathan et al. (1985) for more details).

Fig. 6.1 illustrates the framework for the radiative transfer computations repre-

sented by our 1-D model. We typically use 40 vertical layers in the standard setting.

Each layer has an upper boundary and a lower boundary, which are referred to as lev-

els. Thus 40 layers correspond to 41 levels in the vertical direction, with the first level

representing the top of the atmosphere, and the 41st level representing the ground.

Stellar radiation enters the top of atmosphere and gets partially attenuated on its way

to the ground. When it hits the planetary surface, part of it is absorbed by the ground

and the other part reflected back towards the space. The planetary bond albedo is

assumed to be 0.3 by comparison with the Earth. On the other hand, the planetary

surface as well as the atmosphere itself is emitting long wave thermal radiation. In a

typical calculation, the model starts from an isothermal atmosphere. Radiative fluxes

(measured in Wm−2) are calculated at each level, and heating rates are then calcu-

lated within layers based on the net fluxes between adjacent levels. Temperatures are

atmosphere integrated over all directions (a hemisphere) can be written as 2πBE3(τ0), where πB
is the surface emission and E3(τ0) represent the effect of atmospheric extinction. Special function
En(x) is formulated as En(x) =

∫∞
1

t−ne−xtdt = xn−1
∫∞
x

t−ne−tdt.
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then updated by the calculated heating rates at each layer. This temperature profile

is then further updated by a convective adjustment scheme. When the temperature

tendency at consecutive timesteps becomes lower than a certain prescribed threshold

value, the atmosphere is assumed to be in a radiative equilibrium state.

The optical thickness of layer i with zenith angle θz is defined by:

τ(i, µ) =
1

µ

∫ t

b

kρedz, (6.3)

in which µ = cos θz, k = ka+ks is the total extinction coefficient, taken to be the sum

of an absorption coefficient ka and a scattering coefficient ks, and ρe is the density

of the gas attenuating the radiation. Using the hydrostatic relationship, Eq.(6.3) can

be rewritten as

τ(i, µ) =
k

µ

ρe
ρa

∆pi
g
, (6.4)

where ρa is the density of the environment atmosphere, ∆p the pressure difference

between the top and bottom of layer i, and g the constant gravititional acceleration.

If we define k∗ = kρe/ρa as the scaled extinction coefficient, then τ(i, µ) can be

expressed in a more compact form:

τ(i, µ) =
k∗∆pi
µg

. (6.5)

This is the final expression used in our algorithm to calculate the optical thickness of

layer i.

For the shortwave band stellar radiation, its intensity is attenuated exponentially

during its transfer within the model atmosphere. For example, the downward stellar

radiation flux at level i is:

F ↓
s (i, µ) = F ↓

s (i− 1, µ)e−τ(i,µ), (6.6)
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with the boundary condition at the top of the atmosphere:

F ↓
s (1, µ) = S0µ (6.7)

in which S0 is the stellar irradiance.

At the ground level, this downward stellar radiation flux is partly absorbed ac-

cording to the prescribed planetary albedo and the rest gets reflected back upwards,

which is then also subject to an exponential extinction in its path to space.

In a similar but slightly more complicated way, the upward and downward long-

wave thermal radiation fluxes at level i can be calculated by the following equations:

F ↓
L(i) = E↓(i) + F ↓

L(i− 1)e−τ(i)/D, (6.8)

where D is the diffusivity factor (as defined in Eq. 6.2), and E↓(i) is the downward

atmospheric thermal emission of layer i, which is estimated (see Lacis & Oinas (1991))

by:

E↓(i) = (B(Tb)−B(Tt)e
−τ(i)/D)

τ(i)

τ(i)−D ln [B(Tt)/B(Tb)]
. (6.9)

Here B(Tb) is the blackbody radiation flux at the bottom boundary of layer i where

the temperature is Tb, and B(Tt) is the blackbody radiation flux at the top boundary

of layer i where the temperature is Tt.

For the upward transfer of long-wave thermal radiation, we have:

F ↑
L(i) = E↑(i) + F ↑

L(i+ 1)e−τ(i)/D, (6.10)

in which E↑(i) is the upward atmospheric thermal emission of layer i estimated by:

E↑(i) = (B(Tt)−B(Tb)e
−τ(i)/D)

τ(i)

τ(i)−D ln [B(Tb)/B(Tt)]
. (6.11)
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Using these equations, we can calculate the net radiative flux at each model level,

and hence derive the heating rate within layer i as:

Q(i) =
g

cp

Fn(i+ 1)− Fn(i)

p(i+ 1)− p(i)
, (6.12)

in which g is the constant gravitational acceleration, cp the specific heat capacity at

constant pressure of the atmosphere, and Fn(i + 1), p(i + 1), Fn(i), p(i) refer to the

net radiative fluxes and pressures at level i+ 1 and i respectively.

It should be noted that when calculating the short-wave radiation, the above

equation is calculated with a specific value of stellar zenith angle θz, which is taken

to vary with geographical location and time of year. In order to compute the globally

averaged annual mean state, we need to perform the following integration to obtain

the shortwave stellar radiation heating rate (Crisp (1989)):

dT

dt
(i)
∣∣∣
GA

=
1

2

∫ π/2

0

dT

dt
(θz, i) sin(θz)dθz, (6.13)

in which the subscript GA stands for global average. An 8-point Gaussian quadrature

algorithm is used to estimate this integral.

The temperature change at layer i caused by radiative heating/cooling is calcu-

lated by:

T (i) = T0(i) +Q(i)∆t, (6.14)

where T0(i) is the temperature of layer i at the previous time step, Q(i) the total

heating rate (sum of longwave and shortwave heating), and ∆t the length of one time

step.

For simplicity, the ground is assumed to be a black body that is always in local

radiative equilibrium. Thus the following equation stands:

Fns(i+ 1) + F ↓
L(i+ 1) = σT 4

g , (6.15)
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in which Fns(i + 1) refers to the net shortwave stellar radiation flux at level i + 1

(planetary surface level), F ↓
L(i+1) the downward longwave thermal radiation flux at

ground level, σ the Stefan-Boltzmann constant, and Tg the ground temperature.

6.1.2 Convective adjustment

The radiative equilibrium temperature profile, given by the pure radiative transfer

scheme, has a significant temperature discontinuity near the ground level and is stat-

ically unstable to vertical perturbations. Convection could easily be triggered for an

atmosphere with such a lapse rate, rapidly transporting heat upwards and modifying

the temperature profile. First introduced by climate modellers in the 1960s (Manabe

& Strickler (1964),Manabe & Wetherald (1967)), convection schemes nowadays have

grown to a formidable complexity, some even with cloud-resolving capability (e.g.

see Emanuel (1994), McGuffie & Henderson-Sellers (2005)). In our model, however,

we implement the simple dry convective adjustment scheme proposed by Manabe &

Strickler (1964). This is not a realistic adjustment scheme that explicitly resolves the

vertical overturning motion, but rather a numerical re-evaluation of the temperature

profile that is applied when the lapse rate exceeds a critical value to take account of

the end state of convective instability.

The convective adjustment subroutine in our model is performed every time the

temperature profile has been updated by the radiative heating calculations. It scans

from the bottom upwards to check whether the temperature difference between adja-

cent layers exceeds the temperature difference required by a critical lapse rate, which

is set to be the usual dry adiabatic lapse rate (Γ = g/cp). If dT/dz < −Γ, the temper-

ature of these two layers is modified with the constraint of conserving total enthalpy

(i.e. equivalent to conserving total potential energy), and the local lapse rate is then

restored to the critical value of Γ. For the bottom layer (layer N) adjacent to the

ground, the temperatures of the atmosphere and the ground are modified according
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to:

cp
g
∆pN [T

(1)
N − T

(0)
N ] = σ∆t

{
[T (0)

g ]4 − [T (1)
g ]4

}
, (6.16a)

T
(1)
N = T (1)

g − LRCN , (6.16b)

in which ∆pN is the pressure difference between level N and level N + 1, T
(1)
N the

temperature of layer N after the adjustment, T
(0)
N the temperature of layer N before

the adjustment, T
(0)
g the temperature of the ground before the adjustment, T

(1)
g the

temperature of the ground after the adjustment, and LRCN is the critical temperature

difference. The first equation (Eq. (6.16a)) basically states that the enthalpy gain of

the bottom layer of the atmosphere is equal to the enthalpy lost by the ground. The

second equation (Eq. (6.16b)) represents the constraint that the critical dry adiabatic

lapse rate is restored after the adjustment step.

For layers (e.g. i and i+1) not in direct contact with the ground which are deemed

ustable are modified with the following constraint:

cp
g

{
∆pn[T

(1)
n − T (0)

n ] + ∆pn−1[T
(1)
n−1 − T

(0)
n−1]

}
= 0, (6.17a)

T (1)
n − T

(1)
n−1 = LRCn. (6.17b)

After this modification, the temperature profile is scanned again to check whether

it is statically stable. If not, the above procedures will be repeated until a stable

profile is reached.
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6.2 Analytical Solutions

Given certain simplifying assumptions, the two-band semi-grey radiative-transfer

problem is in fact analytically solvable (Guillot (2010)). The approach used in cur-

rent literature (see e.g. Guillot (2010)) employs the three moments of the radiative

instensity, and essentially follows the formulation in astrophysics literatures. In this

section, we will present a new derivation of the radiative equilibrium temperature

profile by solving the two-band radiative-transfer equations that are widely used in

meteorology literatures.

We consider a static, non-scattering, plane-parallel atmosphere with no internal

heat source. Stellar radiation flux has a zenith angle of θ (cos θ = µ).

For the long-wave (LW) radiative transfer, the two-stream formulation that is

widely used in the meteorology literature is as the following:

dF ↓

d(Dτ)
+ F ↓ = σT 4, (6.18a)

− dF ↑

d(Dτ)
+ F ↑ = σT 4. (6.18b)

Here D is the diffusivity factor which is employed to represent the gross effect of

non-vertical (slantwise) LW radiative transfer. F ↓ and F ↑ are the downward and up-

ward LW irradiance respectively, τ the LW optical depth measured along the vertical

direction, σ the Stefan-Boltzmann constant, and T the temperature.

The short-wave (SW) stellar radiation follows an exponential decay:

Q = S0e
−γτ/µ, (6.19)

where γ = τSW/τ , and S0 is the stellar irradiance at the top of atmosphere (Wm−2).
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The stellar heating rate ∝ −dQ
dτ

and the LW heating rate ∝ − d

dτ
(F ↓ − F ↑). So

in equilibrium, we must have

d

dτ
(Q+ F ↓ − F ↑) = 0. (6.20)

At the top of the atmosphere, there is no net irradiance, i.e. Q + F ↓ − F ↑ = 0

Therefore we have Q+ F ↓ − F ↑ = 0 for all levels within the atmosphere.

According to Eq.(6.20), we have

dQ

dτ
=
dF ↑

dτ
− dF ↓

dτ

= (DF ↑ −DσT 4)− (DσT 4 −DF ↓)

= DF ↑ +DF ↓ − 2DσT 4

= DQ+ 2DF ↓ − 2DσT 4.

(6.21)

Thus

σT 4 = F ↓ +
Q

2
− 1

2D

dQ

dτ
. (6.22)

Substituting this equation into Eq.(6.18a), we have

1

D

dF ↓

dτ
+ F ↓ = F ↓ +

Q

2
− 1

2D

dQ

dτ
. (6.23)

Thus
dF ↓

dτ
=
DQ

2
− 1

2

dQ

dτ

=
1

2

(
DS0e

−γτ/µ + S0
γ

µ
e−γτ/µ

)
=

1

2

(
DS0 + S0

γ

µ

)
e−γτ/µ.

(6.24)
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Integrating with respect to τ , we have:

F ↓ =
1

2

∫ τ

0

(
DS0 + S0

γ

µ

)
e−γτ/µdτ

=
(DS0

2

µ

γ
+
S0

2

)(
1− e−γτ/µ

)
.

(6.25)

From Eq.(6.18a) we can write:

σT 4 =
dF ↓

d(Dτ)
+ F ↓

=
1

D

(DS0

2

µ

γ
+
S0

2

)γ
µ
e−γτ/µ + F ↓

=
(S0

2
+
S0

2D

γ

µ

)
e−γτ/µ +

(DS0

2

µ

γ
+
S0

2

)(
1− e−γτ/µ

)
=
S0

2
+
DS0

2

µ

γ
+
S0

2

( γ

Dµ
− Dµ

γ

)
e−γτ/µ.

(6.26)

Assuming the stellar irradiance at TOA can be formulated by S0 = µσT 4
irr, where

Tirr is the effective irradiation temperature, then we can rewrite the above equation

as

T 4 =
1

2
T 4
irrµ
[
1 +D

µ

γ
+
( γ

Dµ
− Dµ

γ

)
e−γτ/µ

]
. (6.27)

If the diffusivity parameter is taken to be D = 3/2 (e.g. Goody & Young (1995)), we

have

T 4 =
1

2
T 4
irrµ
[
1 +

3µ

2γ
+
(2γ
3µ

− 3µ

2γ

)
e−γτ/µ

]
. (6.28)

This represents the temperature profile under purely radiative equilibrium condi-

tion. In the case of a highly transparent short-wave band (γ → 0),

e−γτ/µ ≈ 1− γτ/µ.
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Then Eq. (6.28) becomes

T 4 ≈ 1

2
T 4
irrµ
(
1 +

γ

Dµ
− γ2τ

Dµ2
+Dτ

)
. (6.29)

Ignoring terms of order O(γ) and higher, we have

T 4 ≈ 1

2
T 4
irrµ(1 +Dτ), (6.30)

which is essentially the equilibrium temperature profile derived under the assumption

of a classical grey atmosphere (see Andrews (2010)).

6.3 Comparison with Earth, Mars and Venus

In this section, we will use suitably calibrated versions of the 1-D model in an attempt

to emulate the temperature profiles of Earth, Mars and Venus, for comparison with

the realistic global mean profiles.

6.3.1 Mars

The Martian atmosphere is largely composed of CO2 (95.3% by mole fraction), with

only trace amounts of water vapor and various other gases. Compared with the Earth

and Venus, Mars’ atmosphere is particularly well-suited to be computed using our 1-

D R-C model, mainly because it has no locally concentrated, short-wave absorbing

gas components like the ozone layer on Earth nor does it have any dense cloud layers

which significantly reshape the temperature profile as found on Venus. The annual

mean globally averaged thermal structure, therefore, should be calculated reasonably

accurately by our 1-D model, although note that the transient, yet radiatively signif-

icant, dust storms that occur sporadically on this planet (Read & Lewis (2004b)) are

not represented in this model.
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The optical depth assumed in this two-band scheme is essentially the gross optical

depth averaged over a wide range of wavelengths. Based on the available experimental

line-by-line spectroscopic data, such an average can be obtained by calculating the

Rosseland mean optical depth (Seager (2010)):

τ−1
m =

∫
τ−1
ν Bν(T )dν∫
Bν(T )dν

, (6.31)

where τm is the averaged optical depth, τν the optical depth at wavenumber ν, Bν(T )

the Planck function for temperature T at wavenumber ν. The average value here is

calculated by the Rosseland mean because this approach gives more weight to spec-

tral bands in which the atmosphere is less opaque. This captures the physics that

most radiation goes through the atmosphere in the most transparent wavelengths. It

gives a more accurate representation of the gross spectroscopic features of an opti-

cally thick atmosphere (see Seager (2010) for more details) compared with the Planck

mean, which gives more weight to optically-thick spectral bands. Using the spectro-

scopic data from the NASA Ames Mars 1-D Radiation code with 5 infrared bands,

we obtained an average total optical depth for the long-wave (infrared) band of ∼ 0.3

following Eq. (6.31). Further assuming that the atmosphere is transparent to the

short-wave (visible) incoming solar radiation (which corresponds approximately to

the dust-free Martian atmosphere), then the radiative-convective equilibrium tem-

perature profile can be obtained using our two-band scheme, as shown in Fig. 6.2.

By comparing the model result and observed temperature profile in Fig. 6.2, it can

be seen that the model captures the characteristic thermal structures of Martian at-

mosphere to a relatively accurate extent, with a surface temperature of ∼ 225 K.

It should be noted that the agreement between our model and the observation in

Fig. 6.2 does not mean that our model can always reflect the true state of the ver-

tical thermal structure of Mars at any time. Due to strong seasonal cycle as well as
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low temperature, a significant portion of the Martian atmosphere (CO2) consolidates

into dry ice over polar regions near solstices. Besides, the occurence of overwhelm-

ing global dust storms every couple of Martian years can strongly alter the radiative

property of the Martian atmosphere. Our two-band semi-grey scheme is not meant

to be able to capture these details. The temperature profile shown in Fig. 6.2 should

only be viewed as an annual mean state in a relatively calm (dust-free) Martian year.

Figure 6.2: Comparison of a set of observed temperature profiles over Martian south-
ern hemisphere mid-lattitudes using MGS radio occultation data (from Smith (2008),
purple profile denote a nighttime profile taken near the Tharsis volcanoes at solar
longitude Ls = 150◦.) and modelled temperature profile of the Martian atmosphere.

6.3.2 Venus

Similarly, we can obtain a temperature profile for an optically thick atmosphere simi-

lar to that of Venus using the two-band scheme, as shown in Fig. 6.3. The long-wave

(infrared) band optical depth is again estimated by the Rosseland average, based on
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spectroscopic data from Lee & Richardson (2011). The short-wave (visible) band

optical depth is tuned so that the total solar irradiation at the ground level is ap-

proximately 20 Wm−2, which fits with the observational data (see Titov et al. (2007)

and references therein). Despite having no representation of the ubiquitous clouds on

Venus, the simulated equilibrium temperature profile, with a near-isothermal strato-

sphere at around 200K and a convectively adjusted troposphere extending to a surface

temperature of 760K or so, fits surprisingly well with the observed temperature profile

(VIRA), given the simplicity of the two-band scheme and the crude assumption of

well-mixed absorbers in the vertical direction.
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Figure 6.3: Radiative-convective equilibrium temperature profile of the 1-D two-band
scheme (red solid line), compared with VIRA (Venus International Reference At-
mosphere, see Kliore et al. (1992)) profile (blue solid line). 1-D scheme assumes
τlw = 473.56 and τsw = 1.40. Bond albedo of the 1-D scheme is set to 0.76 (which is
the bond albedo of Venus, see Taylor (2010)).
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6.3.3 Earth

The radiative-convective temperature profile predicted by the 1-D semigrey model fea-

tures an isothermal stratosphere and a statically stable troposphere. This is at first

sight quite different from the “zigzag” temperature profile observed in the Earth’s

atmosphere (see Fig. 6.4). The 1-D model, however, assumes that the short-wave

absorbers are uniformly distributed in the vertical direction (i.e. with the same mass

concentration everywhere, as stated in Section 6.1). Thus, there is no local concentra-

tion of absorbers to create a localised temperature maximum. In the Earth’s atmo-

sphere, however, the existence of a concentrated ozone layer at altitudes of 30−40 km

creates a temperature maximum at the top of the stratosphere (roughly the 1 mb

level in Fig. 6.4). If the ozone was not locally concentrated within a certain layer

but spread uniformly in the vertical direction, then there would be no temperature

maximum in the blue curve. If we were to remove ozone from the atmosphere, there

would be no significant absorption of solar radiation in the stratosphere, and the

vertical temperature structure would then tend to resemble the classical grey atmo-

sphere curve (shown in red in Fig. 6.4), which reproduces reasonably the structure

of the troposphere and the tropopause temperatures. Therefore, apart from features

that are related to the distribution of absorbers, the fundamental attributes of the at-

mospheric thermal structure (e.g.surface temperature, lapse rate, upper atmospheric

temperature and so on) should be predicted reasonably well by the model.

Based on the above-stated comparisons between the results of our radiative-

convective model and the realistic planetary atmospheres, it can be concluded that

the two-band semi-grey radiative-convective model, despite its simplicity, essentially

captures the characteristic vertical thermal structures of typical terrestrial planetary

atmospheres, provided clouds are not too significant. Although features of localised

1Data available from NCAS British Atmospheric Data Centre at http://badc.nerc.ac.uk/

view/badc.nerc.ac.uk__ATOM__dataent_CIRA
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Figure 6.4: Radiative-convective equilibrium temperature profile of the 1D model
(red solid line), compared with the climatological profile of Earth’s atmosphere (blue
solid line, based on the COSPAR International Reference Atmosphere (CIRA-86)1).
1D model assumes τlw = 2.0 and τsw = 0.0.

temperature inversion associated with layers of short-wave absorbers (e.g. ozone layer

of the Earth, and the organic haze layer in Titan’s stratosphere) cannot be reproduced

using our model, it should be noted that structures of extensive temperature inver-

sion can be captured in our model by setting the short-wave optical depth larger than

that of the long-wave (see discussion on anti-greenhouse atmospheres in Chapter 5).

Our study is focussed upon the most fundamental processes in determining the atmo-

spheric dynamical and thermodynamical structures with no intention to simulate the

peculiar details unique to any planet, so we conclude that the two-band semi-grey

radiative-convective scheme is suitable for our purpose, thanks to its capability to

reproduce gross thermal structures and its intermediate levels of complexity.

6.4 Coupling with the dynamical core

The two-band radiative-convective scheme outlined in the previous section was pre-

sented in the form of a 1-D model which has no horizontal variation or dynamic
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transport. In this section, we will describe how we couple this semi-grey scheme with

the pseudo-spectral dynamical core of PUMA. This was done by replacing the New-

tonian heating/cooling at each grid box2 with the local heating/cooling calculated by

the two-band scheme.

6.4.1 Incoming stellar radiation (ISR) at top of atmosphere

for different latitudes

The instantaneous incoming stellar radiation at the top of the atmosphere for a certain

location on a planet depends on a variety of factors: the local time, the latitude, the

obliquity of the planet, and the stellar irradiance. For a non-synchronously rotating

planet in a circular orbit, the daily average stellar insolation at TOA on day j is

F (ϕ, j) =
S

π
µ(ϕ, j)H(ϕ, j), (6.32)

in which ϕ is the latitude, S0 the stellar irradiance reaching the planet’s orbit, µ(ϕ, j)

the daily average value of cos θz (θz is the stellar zenith angle), and H(ϕ, j) the half

day length (half of the time span from sunrise to sunset) scaled by 2π.

µ(ϕ, j) and H(ϕ, j) can be calculated following Vardavas & Taylor (2007) as:

µ(ϕ, j) = sinϕ sin δ(j) + cosϕ cos δ(j)
sinH(ϕ, j)

H(ϕ, j)
, (6.33)

and

H(ϕ, j) = arccos [− tanϕ tan δ(j)], (6.34)

where

δ(j) = −ε cos 2π
N
j (6.35)

2This involves transformation from spectral space into physical space.
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is the stellar declination angle3 of day j (Cooper (1969)). Here ε is the planetary

obliquity in radians, and N = Tr/Ts (Tr is the revolutionary period, Ts is the spin

period) represents the number of days in a year of the planet in consideration.

Special attention should be paid to polar regions where polar day/night could

occur over a certain period of a year. If tanϕ tan δ(j) > 1, then H(ϕ, j) = π; if

tanϕ tan δ(j) < −1, then H(ϕ, j) = 0.

The annual mean insolation at a certain latitude ϕ is:

F (ϕ) =
1

N

N∑
j=1

F (ϕ, j). (6.36)

The annual mean zenith angle for a certain latitude ϕ can be obtained by:

µ(ϕ) =
F (ϕ)

S
. (6.37)

It should be particularly noted that the above calculations are based on the as-

sumption that the orbit of the planet is circular rather than elliptical. If the orbit was

to be elliptical with a non-negligible eccentricity, there would be various additional

complicated modifications to the above equations. Other orbital factors, such as the

position of equinox points along the orbit, the eccentricity and so on, would appear

in the calculation (see Liou (2002) for more details). It might seem that the posi-

tion of equinox points does not directly influence the insolation for a given latitude,

but combined with eccentricity, it determines the insolation difference between the

two hemispheres4. In this study, however, we will only consider circular orbits for

simplicity.

The daily averaged insolation at each latitude within one year calculated by Eq.

3stellar declination angle is defined as the angle between the equatorial plane and the line joining
the substellar point and the star. For Earth, it varies between −23.45◦ and 23.45◦ at present.

4For Earth, the change of the position of equinox points in the orbit in geological time scale is
known as apsidal precession , which is a major component of the Milankovitch cycles. The physical
cause of such orbital ‘drift’ is the gravitational interaction of the Earth with Jupiter and Saturn.
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(6.32) for parameters of Earth’s orbit is shown in Fig. 6.5. Note that the northern and

southern hemispheres are perfectly symmetrical in our calculations of received ISR.

But in fact, the Earth’s orbit is slightly elliptical, which causes the southern hemi-

sphere to receive more insolation than the northern hemisphere since the Earth is

closer to the sun near southern hemisphere summer, thus leading to a small asymme-

try between the two hemispheres. The resultant annual mean insolation with respect

to latitude calculated by Eq. (6.36) is shown in Fig. 6.6.

Figure 6.5: Spatial and temporal distribution of daily average ISR at TOA of the
Earth. Black regions represent polar night. The abscissa true anomaly is the angular
difference (in degrees) between the direction of periapsis and the position of the planet,
which could be viewed as an indicator of time in one astronomical year.

This scheme for calculating the annual mean incoming stellar radiation at the top

of the atmosphere has a range of parameters which can be tuned to represent different

orbital configurations. The obliquity is particularly interesting in our study and its

effect on the distribution of incoming stellar radiation can be seen in Fig. 6.6, which

shows the distribution of incoming stellar radiation at the top of the atmosphere

for a planet at three different obliquities. For an obliquity angle of 85◦, the planet’s

polar regions receive far more stellar radiation than the tropics. Note that the critical
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Figure 6.6: Incoming stellar radiation (ISR) at TOA at different latitudes for three
different obliquities. The blue curve represents the scenario of present-day Earth,
with obliquity of 23.45◦. The red curve represents the Earth with a rather large
obliquity angle of 85◦, somewhat resembling Uranus. The green curve stands for a
middle state with obliquity 50◦.

obliquity under which the average incoming stellar radiation over the equator is equal

to that over the poles is approximately 50◦. This is slightly different from the value

∼ 54◦ predicted by the Milankovitch theory (see e.g. Williams (1975)), but this is

based on assuming an elliptical orbit rather than the circular orbit assumed here.

6.4.2 Computational procedure and benchmark tests of the

coupled two-band semi-grey GCM

The PUMA-G model, which employs the above-stated semi-grey radiative-convective

scheme, is based on the simple GCM PUMA-S introduced in Chapter 2. Dynamical

and physical processes are computed separately within the PUMA-S model. Linear

terms of the primitive equations are integrated in spectral space while the physical
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Figure 6.7: Flow chart of the execution loop of PUMA-G model. Processes within
the red dash line box, which are executed only every 20 dynamic time steps, are what
differs from the PUMA-S.

processes (Newtonian cooling, Rayleigh friction etc.) plus non-linear terms of the

primitive equations are computed in physical (grid-point) space. The two-band semi-

grey radiative-convective scheme is implemented in the model by introducing two

switches NRAD and NCONV, which controls the execution of radiative and convective

computations respectively. If NRAD = 1 then the two-band radiative transfer is used

instead of Newtonian relaxation at each grid box. If NCONV = 1 then the dry

adiabatic convective adjustment is performed to keep the atmosphere in a statically

neutral stable state. In order to accelerate the computation, radiative transfer and

convective adjustment are calculated every 20 dynamical timesteps. Fig. 6.7 shows

a schematic execution flow chart of the PUMA-G model.
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A benchmark test was conducted by setting τlw = 1.0 (which corresponds to a

total optical depth of approximately 2.0 under the diffusivity approximation) and

τsw = 0.0. Radiative forcing from the star at the top of the atmosphere was set to the

values shown in Fig. 6.6. This configuration gives a thermal forcing which mimics

that received by the Earth’s atmosphere at a distance of 1 AU from the Sun. A

comparison of the annually-averaged zonal mean fields from PUMA-S and PUMA-G

results is shown in Fig. 6.8.

It can be seen that the zonal mean fields produced by PUMA-S and PUMA-G

share various features in common. A mid-latitude jet stream can be found in each

hemisphere for both simulations located around 45◦ N/S. In each hemisphere, the

general circulation exhibits the classical 3-cell regime with a thermally-direct Hadley

cell in the tropics and an eddy-driven indirect Ferrel cell in the mid-latitudes. The

zonal mean temperature in the troposphere has a maximum near the tropical ground

level and gradually decreases towards the upper atmosphere and the poles. A couple

of differences exist, however, between the output of these two models. The mid-

latitude jet produced by PUMA-G does not have a closed core like its counterpart

in PUMA-S. Instead, the zonal wind speed increases all the way up to the top of

the atmosphere in PUMA-G. This is essentially caused by the significant meridional

temperature difference in the upper atmosphere of PUMA-G, consistent with the

thermal-wind relationship. In PUMA-S, the temperature field always relaxes towards

a prescribed equilibrium temperature field, which has been prescribed to give an

isothermal tropopause/stratosphere. The maintaining of this isothermal cap over the

troposphere requires both the presence of an ozone layer in the stratosphere and

a latitudinally-varying concentration of water vapor near the ground. In PUMA-

G, however, diabatic heating/cooling is realised solely by radiative and convective

processes. Since we are assuming that (for conceptual simplicity) the radiatively

active absorbers are well-mixed in the atmosphere, there can be neither an ozone
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Figure 6.8: Comparison between the temporal and zonal mean fields of PUMA-S and
PUMA-G. (a): zonal mean zonal wind (m/s, contour) and the meridional mass stream
function (kg/s, colour) of PUMA-S. (c): zonal mean temperature (K) of PUMA-S.
(b): same as (a) but for PUMA-G. (d): same as (c) but for PUMA-G.

layer nor a build-up of water vapor in the lower atmosphere to modify the heating

distribution. Thus an isothermal tropopause cannot be produced using this version

of PUMA-G. But apart from this difference, the simulated climatology by PUMA-G

is reasonably good and reflects the physical consistency of the assumptions we have

made.
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Chapter 7

Circulation regimes of an

atmosphere modelled by PUMA-G

This chapter presents studies based on the controlled experiments using PUMA-G.

Section 7.1 describes the setup of experiments and the regime diagrams obtained us-

ing PUMA-G. This is followed by a survey of the zonal mean diagnostics on a series

of representative runs in Section 7.2, with the aim of highlighting the meridional

climatological structures of various circulation regimes. Section 7.3 and 7.4 then dis-

cuss the regime diagrams obtained under different obliquities. Section 7.3 shows the

comparison between PUMA-S regimes and their counterparts obtained using PUMA-

G at obliquity of 23.44◦. Section 7.4 describes circulation regimes found at higher

obliquity of 50◦ and 85◦. This is followed by discussions on the impact of the green-

house parameter G in Section 7.5. Section 7.6 investigates the impact of the defining

parameters on the atmospheric heat transport efficiency.

7.1 Experiment design and regime diagram

As a GCM with slightly more complicated physics than PUMA-S used in Chapter

3, PUMA-G is employed in this chapter to study the circulation regimes when some
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characteristic external parameters are changed. Apart from varying the planetary ro-

tation rate as in Chapter 3, we will also investigate effects of changing the planetary

obliquity and the band-averaged atmospheric opacities on planetary global circula-

tion, thanks to the explicit representation of radiative-transfer processes in PUMA-

G which enables the modification of these parameters in a self-consistent approach

without introducing ad hoc relaxation temperature fields and radiative timescales as

needed in PUMA-S.

Following the practice of PUMA-S experiments described in Chapter 3, PUMA-G

was configured with terrestrial values of planetary radius, gas constant, gravity con-

stant, surface pressure and cp. The rotation rate was varied to 8, 4, 2, 1, 1/2, 1/4,

1/8, and 1/16 times the current Earth’s rotation rate. Planetary obliquity was set

to values of ε = 23.44◦, 50.00◦, 85.00◦, in which 23.44◦ represents the current Earth,

50.00◦ the intermediate obliquity which makes the equator and the poles receive ap-

proximately same amount of stellar irradiation at the top of the atmosphere averaged

over the year, and 85.00◦ an extreme case with Uranus-like obliquity, making the poles

receive much more annual mean irradiation than the tropics. The atmospheric optical

depth ratio G = τsw/τlw was set to 0, 1, or 51, which correspond respectively to at-

mospheres with a substantial greenhouse effect (transparent to short-wave radiation,

but opaque to long-wave, like the Earth’s atmosphere), a neutral-greenhouse effect

(equally opaque at all wavelengths), and an anti-greenhouse effect (opaque to short-

wave radiation, but transparent to long-wave). Stellar irradiation was represented in

the form of an annual mean, which is symmetric with respect to the equator. Exper-

iments were conducted with all possible combinations of these three parameters (Ω∗,

ε, and G), leading to 72 experiments in total.

Since there are three independent dimensionless parameters, the resultant param-

eter space is in 3-D. Instead of plotting the regime diagram directly in a 3-D space, a

1The globally averaged long-wave optical depth of the atmosphere is set to 2.0, which is approx-
imately the value of the Earth’s atmosphere.
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clearer way to show the regime diagram is adopted by plotting 2-D sections at three

different values of G.

Fig. 7.1 shows the regime diagram corresponding to the greenhouse atmosphere

with G = 0. For experiments with terrestrial obliquity ε = 23.44◦, the circulation

regimes are similar those shown in Chapter 3, with equatorial super-rotation for ex-

periments at slow rotation rate, regular/irregular baroclinic waves for experiments

at intermediate rotation rate, and multiple zonal jets for experiments at fast rota-

tion speed. Two regimes can be found for experiments with intermediate planetary

obliquity of ε = 50.00◦. Purely axisymmetric flow is found in fast-rotating (Ω∗ ≥ 1)

experiments whereas flows with baroclinic wave activity is found in slowly-rotating

(Ω∗ < 1) runs. For the Uranus-like high obliquity experiments, the circulation ob-

served is dominated by a strong retrograde (“sub-rotation”) wind field with maximum

wind speed of ∼ 100m s−1 over the low-latitudes.

Figs. 7.2-7.3 show the regime diagrams for experiments of neutral-greenhouse

and anti-greenhouse atmospheres. These two regime diagrams are almost the same

and they are not too different from the regime diagram of greenhouse atmospheres

shown in Fig. 7.1, which implies that planetary rotation and planetary obliquity

play a dominant role while the greenhouse parameter only has a marginal effect on

the organisation of the general circulation. Nevertheless, it should be noted that

although the regime diagram may change very little with respect to different values

of G, the thermal structure of the atmosphere changes significantly when G is assigned

a different value, as will be shown in the following section.

7.2 Zonal mean diagnostics

In this section, collages of zonal and temporal mean cross-sections of dynamical and

thermal structures of the modelled atmospheres are presented (Figs. 7.4-7.9) based
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Figure 7.1: Regime diagram based on experiments with G = 0 (Greenhouse atmo-
sphere).
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Figure 7.3: Regime diagram based on experiments with G = 5 (Anti-greenhouse
atmosphere).

upon 36 representative experiments selected from the 72 runs. For each experiment,

zonal wind and meridional mass streamfunction are plotted to reveal the circulation

dynamics regime, while atmospheric thermal strutures are shown by latitude-height

temperature and potential temperature maps. The representative subset uses only

4 values of Ω (selected from the 8 values of Ω stated in the previous section), and

includes all possible combinations of Ω∗ = {1/16, 1/4, 1, 4}, G = {0, 1, 5}, and ε =

{23.44◦, 50.00◦, 85.00◦}.

Figs. 7.4-7.5 show the results of experiments with G = 0 (corresponding to the

regime diagram of greenhouse atmospheres shown in Fig. 7.1). Experiments with

ε = 23.44◦ ((a) and (c) in Figs. 7.4 and 7.5) are essentially comparable to the

PUMA-S runs with the corresponding values of Ω shown in Figs. 3.8-3.11. Signifi-

cant equatorial super-rotation is found in experiments with Ω∗ = 1/16 and 1/4, and

a multiple-jet structure is found in the fast-rotating experiment with Ω∗ = 4. A

terrestrial-like circulation regime with planetary-scale waves is found with Ω∗ = 1.

It should be noted that the temperature structures produced by PUMA-G demon-
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strate larger variations near the surface when Ω is changed, compared to what we

found with PUMA-S experiments (Figs. 3.10-3.11). This is probably due to the more

realistic representation of radiative-transfer in PUMA-G, in contrast to the Newto-

nian relaxation scheme of PUMA-S which has stronger damping near the ground.

The meridional surface temperature gradient is much smaller at low rotation rates

(Ω∗ = 1/16, 1/4), which is consistent with the expansion of the Hadley cells. As stated

in Chapter 6, the upper atmosphere of PUMA-G at G = 0 and ε = 23.44◦ does not

have the small meridional temperature gradient like PUMA-S. This is not unduly sur-

prising based on our idealised assumptions about the distribution of radiatively-active

absorbers/emitters in PUMA-G (see discussions at the end of Chapter 6).

For experiments with intermediate obliquity (ε = 50.00◦, (b) and (d) of Figs. 7.4

and 7.5), the temperature field exhibits a very small meridional gradient (meridional

temperature difference < 10K) at all vertical levels, with relatively warmer regions

over the equator and the poles and relatively colder regions near 50◦N/S. This small

horizontal temperature contrast leads to weaker Hadley cells compared with their

counterparts in experiments with ε = 23.44◦ and thermally-direct weak polar cells

are formed polewards of 50◦N/S. The thermal wind relationship leads to prograde

jets equatorward of 40◦N/S and weak retrograde jets poleward of 40◦N/S. Wave-free,

axisymmetric flows are found for experiments with fast rotation rate, the mechanism

of which will be discussed in Section 7.4.1.

For experiments with high obliquity (ε = 85.00◦, (c) and (f) of Figs. 7.4 and 7.5),

the polar regions receive most of the irradiation and are significantly warmer than

the equator. This induces thermally-direct Hadley cells circulating in the opposite

direction to their counterparts with a terrestrial-like small obliquity. If the upper

branch of the Hadley cell is nearly inviscid, as is usually assumed in Hadley cell studies

(e.g. Held & Hou (1980)), then angular momentum conservation will naturally lead

to retrograde flows over the lower latitudes.
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Figs. 7.6-7.7 show the results of experiments with G = 1 (corresponding to the

regime diagram of “neutral greenhouse” atmosphere shown in Fig. 7.2). In this

case the atmosphere is non-selective to short-wave stellar radiation and long-wave

planetary thermal radiation, and the consequential radiative-equilibrium temperature

field features approximately vertical isotherms. This vertical isotherms structure is

especially coherent for fast-rotating experiments (Ω > 1) due to the suppression of

direct meridional advection by Hadley cells.

Figs. 7.8-7.9 show the results of experiments with G = 5 (corresponding to the

regime diagram of anti-greenhouse atmosphere shown in Fig. 7.3). The circulation

regimes observed under this scenario are qualitatively similar to those found with

G = 1 as stated in the previous section. But the thermal structures are very different

from those of G = 1 in that most the stellar irradiation is absorbed by the upper

atmosphere, making the atmosphere heated from above like Earth’s oceans. This leads

to a highly statically stable stratification, which is reflected by the larger potential

temperature gradient along the vertical direction, compared to experiments with G =

0.

7.3 Comparison with PUMA-S results at Earth’s

obliquity

Since PUMA-G shares the dynamical core of PUMA-S, with the only difference being

the representation of diabatic heating/cooling and convective adjustment, it will be

insightful to compare the circulation regimes obtained using these two models when

similar external parameters are adopted. Our results indicate that PUMA-G experi-

ments with G = 0 and ε = 23.44◦ exhibit qualitatively similar circulation regimes with

those obtained using PUMA-S, given the rotation rates are set to the same values as

those in PUMA-S experiments.
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Figure 7.4: Zonal and temporal mean cross sections of zonal wind (contour, upper
panel), meridional streamfunction (colour, upper panel), temperature (colour, lower
panel) and potential temperature (contour, lower panel). All six experiments are
atmospheres with G = 0. Ω = 1/16 for (a), (b) and (c); Ω = 1/4 for (d), (e) and (f).
Obliquity angle ε = 23.44◦ for (a) and (d), 50.00◦ for (b) and (e), and 85.00◦ for (c)
and (f).
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Figure 7.5: Same as Fig. 7.4, but with Ω = 1 for (a), (b) and (c); Ω = 4 for (d), (e)
and (f). Obliquity angle ε = 23.44◦ for (a) and (d), 50.00◦ for (b) and (e), and 85.00◦

for (c) and (f).
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Figure 7.6: Zonal and temporal mean cross sections of zonal wind (contour, upper
panel), meridional streamfunction (colour, upper panel), temperature (colour, lower
panel) and potential temperature (contour, lower panel). All six experiments are
atmospheres with G = 1. Ω = 1/16 for (a), (b) and (c); Ω = 1/4 for (d), (e) and (f).
Obliquity angle ε = 23.44◦ for (a) and (d), 50.00◦ for (b) and (e), and 85.00◦ for (c)
and (f).
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Figure 7.7: Same as Fig. 7.6, but with Ω = 1 for (a), (b) and (c); Ω = 4 for (d), (e)
and (f). Obliquity angle ε = 23.44◦ for (a) and (d), 50.00◦ for (b) and (e), and 85.00◦

for (c) and (f).
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Figure 7.8: Zonal and temporal mean cross sections of zonal wind (contour, upper
panel), meridional streamfunction (colour, upper panel), temperature (colour, lower
panel) and potential temperature (contour, lower panel). All six experiments are
atmospheres with G = 5. Ω = 1/16 for (a), (b) and (c); Ω = 1/4 for (d), (e) and (f).
Obliquity angle ε = 23.44◦ for (a) and (d), 50.00◦ for (b) and (e), and 85.00◦ for (c)
and (f).
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Figure 7.9: Same as Fig. 7.8, but with Ω = 1 for (a), (b) and (c); Ω = 4 for (d), (e)
and (f). Obliquity angle ε = 23.44◦ for (a) and (d), 50.00◦ for (b) and (e), and 85.00◦

for (c) and (f).
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Figure 7.10: Zonal and temporal mean eddy momentum flux at statistically steady
state, based on the experiment with Ω∗ = 1/16, G = 0, and ε = 23.44◦. Unit: m2s−2.

7.3.1 Super-rotation regime

The super-rotation regime obtained using PUMA-G at low rotation rates with ε =

23.44◦ is similar to that obtained using PUMA-S in Chapter 3, except the lack of the

closure of jet due to the different thermal structure of the upper atmosphere. The

equator-ward meridional eddy momentum transport and E-P flux averaged over the

last 360 Earth days of the simulation are shown in Figs. 7.10-7.11. The meridional

eddy momentum transfer is predominantly equatorward, with maximum transfer at

mid-troposphere (∼ 500mb) as well as close to the ground. Zonal mean Ertel PV

at 500mb and 700mb shown in Fig. 7.12 indicate that the eddies responsible for

the super-rotation are generated by barotropic instability, which is similar to the

mechanism observed in Chapter 3 using PUMA-S.
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Figure 7.11: Temporal mean EP flux (vectors) and its divergence (contour) at statis-
tically steady state, based on the experiment with Ω∗ = 1/16, G = 0, and ε = 23.44◦.
Unit of divergence: m3
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Figure 7.12: Temporal mean zonal wind and Ertel PV at 500mb (left) and 700mb
(right), based on the experiment with Ω∗ = 1/16, G = 0, and ε = 23.44◦.
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Figure 7.13: North polar view of the meridional wind (v) at the 500mb level, based
on the experiment with Ω∗ = 1/2, G = 0, and ε = 23.44◦.

7.3.2 Regular baroclinic waves regime

Similar to the results shown in Chapter 3, regular baroclinic waves are found in

experiments at intermediate rotation rates (Ω∗ = 0.5 and 0.25) with G = 0 and

ε = 23.44◦. Fig. 7.13 shows a snapshot of the meridional wind at the 500mb level for

the experiment at rotation rate of Ω∗ = 0.5 with G = 0 and ε = 23.44◦. A regular

baroclinic wave with zonal wavenumber 4 can be seen. This is consistent with the

regular wavenumber-4 regime found in the PUMA-S experiment at the rotation rate

of Ω∗ = 0.5.

7.3.3 Irregular baroclinic waves regime

For experiments with even higher rotation rate, the planetary waves become irregular

and chaotic which resembles the Earth’s atmosphere. This is again similar to the

trend observed in the corresponding PUMA-S experiments. Fig. 7.14 shows the the

evolution of the flow field in the Northern Hemisphere over 7 Earth days for the

experiment with rotation rate of Ω∗ = 1. It can be seen that the shape of the wavy

structure changes irregularly with time in terms of both phase and amplitude, which
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Figure 7.14: Latitude-longitude snapshots of the streamfunction at 500mb level in
the Northern Hemisphere for the experiment with rotation rate of Ω∗ = 1, G = 0, and
ε = 23.44◦ showing the evolution of the flow over one week (day 3241, 3243, 3245,
and 3247 in the 10-year run).

is consistent with the results shown in Fig. 3.5 obtained using PUMA-S.

7.3.4 Multiple-jet regime

Similar to the results shown in Chapter 3, a multiple jet regime is found in experi-

ments at fast rotation rates (Ω∗ > 2.0) with G = 0 and ε = 23.44◦. Fig. 7.15 shows

a latitude-longitude snapshot of the zonal wind on the 200mb level, based on the

experiment with Ω∗ = 4, G = 0 and ε = 23.44◦. Combined with Fig. 7.5(d), it can

be seen that each hemisphere has three jets. The corresponding vertically averaged

kinetic energy spectrum shown in Fig. 7.16 has similar logarithmic slopes with that

obtained using PUMA-S as shown in Fig. 5.8, with −3 slope for the eddy/residual

spectrum and −7 slope for the zonal mean spectrum. Fig. 7.17 shows the corre-

sponding spectral KE flux defined in Chapter 5. The spectral flux is dominated by
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Figure 7.15: Snapshot of zonal wind u on 200mb level of the experiment with Ω∗ = 4,
G = 0 and ε = 23.44◦. Unit: m/s.

negative values (which refers to upscale transfer of KE) over the wavenumber range

of n < 45, contributed mainly by eddy-eddy interactions over 10 < n < 45 and by

eddy-zonal mean interactions over n < 10. Such “handing off” phenomenon has also

been found by Burgess et al. (2013). This indicates that the mechansim of jet forma-

tion is similar in this case to that found with PUMA-S experiments, for which direct

eddy-mean flow interaction tends to be primarily responsible.

7.4 Regimes at obliquity of 50◦ and 85◦

7.4.1 Axisymmetric regime

Experiments with a fast rotation rate and intermediate obliquity angle ε = 50◦ tend

to equilibrate into a wave-free axisymmetric circulation regime. The radiative equilib-

rium temperature field for obliquity angle of ε = 50◦ has its lowest surface temperature

at mid-latitudes, which enables the development of two thermally-direct circulation
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cells in each hemisphere. The higher latitude region is characterised by a thermally-

direct “polar” cell with upwelling over the poles and downwelling over mid-latitudes,

leading to a weak retrograde jet near 50 − 60◦N/S. The lower latitude region is

dominated by a classic Hadley cell driven by the temperature difference between the

warm equator and the cool mid-latitudes. Prograde sub-tropical jets are formed due

to the upper branch of the Hadley cell carrying angular momentum polewards. There

are two external factors setting the extent of the Hadley cell in the scenarios with

obliquity angle of ε = 50◦. One is the surface temperature minimum point at the

mid-latitudes (∼ 45◦). The other is the Coriolis parameter f , the effect of which on

Hadley cell extent has been thoroughly investigated by previous analytical/numerical

studies (e.g. see Held & Hou (1980) and the review by Schneider (2006)). For exper-

iments with a relatively slow rotation rate (Ω∗ < 1), the Hadley cell can expand to

higher latitudes, rendering a stronger sub-tropical jet which easily becomes barotrop-

ically unstable. For experiments with faster rotation rate, the Hadley cell is highly

limited by the strong planetary rotation, and the corresponding sub-tropical jet is

found at latitudes lower than those in slow rotation rate experiments. This leads to

a much weaker sub-tropical jet in these experiments which tends to be barotropically

stable.

Fig. 7.18 shows the zonal mean Ertel PV and zonal wind on the 500mb level for

experiments with Ω∗ = 4, ε = 50◦, and G = 0 (a), 1 (b), 5 (c). There is no sign of

a PV extremum within the planetary domain (PV on other pressure levels have also

been plotted (not shown) and checked, and no PV extremum was found), indicating

that the atmosphere is barotropically stable according to the Rayleigh-Kuo criterion.

7.4.2 Baroclinic waves at ε = 50◦

Experiments with lower rotation rates (Ω∗ < 1) at intermediate obliquity ε = 50◦

are characterised by non-axisymmetric circulations with baroclinic waves in the ex-
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Figure 7.18: Zonal and temporal mean of Ertel PV (red dash line) and zonal wind
(black solid line) at 500mb for experiments with Ω∗ = 4, ε = 50◦, and (a) G = 0; (b)
G = 1; (c) G = 5.
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tratropics. The surface temperature minimum at mid-latitude leads to ∂T/∂y < 0

in the lower latitudes and ∂T/∂y > 0 in the higher latitudes. Such a temperature

configuration enables two separate baroclinic zones in each hemisphere. Fig. 7.19

shows snapshots of latitude-longitude zonal wind maps at the 200mb for experiments

with G = 0, ε = 50◦. The extratropical region features a westerly baroclinic zone

along the lower latitudes and an easterly baroclinic zone along the higher latitudes.

Equatorial super-rotation, as found in experiments with similar rotation rates, G and

ε = 23.44◦, is absent in these runs with intermediate obliquity. This is due to the

weaker extratropical prograde jets, which are less efficient at generating eddies to

transport momentum equatorwards. Fig. 7.20 shows the Fourier amplitude of the

temperature anomaly with respect to latitude and zonal wavenumber. The dominat-

ing wavenumber decreases with rotation rate, from 3 ∼ 4 at Ω∗ = 1/2 to 1 ∼ 2 at

Ω∗ = 1/16, which is consistent with the scaling of Rossby deformation radius and the

trend observed in PUMA-S experiments.

7.4.3 Sub-rotation regime at high obliquity

Experiments with obliquity angle ε = 85◦ are characterised by significant equatorial

and global sub-rotation. The radiative-convective equilibrium temperature field with

ε = 85◦ has warm poles and cold equator, inducing a thermally-direct “polar” cell

that expands into the lower latitudes. The associated jets formed in association

with the angular-momentum-conserving upper branch of the cell is located near the

equatorward flank of the cell. For experiments with relatively slow rotation rate, such

cells can reach the equator, leading to the merging of the two jets at the equator.

For experiments with faster rotation rate, the stronger Coriolis effect hinders the

equatorward expansion of the “polar” cell as well as the merging of the associated

jets. Such trends can be appreciated from Figs. 7.4-7.9 in which the separation of

jets is well-defined in runs with Ω = 4.
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Figure 7.19: Latitude-longitude snapshot of zonal wind u on 200mb level. Unit:m/s.
G = 0, ε = 50◦ and (a) Ω∗ = 1/16; (b) Ω∗ = 1/8; (c) Ω∗ = 1/4; (d) Ω∗ = 1/2.
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Figure 7.20: Latitude-zonal wavenumber map of Fourier amplitude of temperature
anomaly relative to zonal mean on 200mb level. Unit: K. G = 0, ε = 50◦ and (a)
Ω∗ = 1/16; (b) Ω∗ = 1/8; (c) Ω∗ = 1/4; (d) Ω∗ = 1/2.
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The obliquity of ε = 85◦ tested in our experiments is not very different from the

obliquity angle of Uranus (98◦) The observed atmospheric circulation over the cloud

level of Uranus is characterised by a retrograde equatorial jet ∼ 100 m/s with two

prograde mid-latitude jets ∼ 200 m/s (Hammel et al. (2005)). This is fundamen-

tally different from the sub-rotation regime found in our experiments which has no

prograde extratropical jets, no matter what values of G and Ω are used. One pos-

sible explanation is that the seasonal cycle might play an important role in shaping

the global circulation regime when obliquity is very high, which is a process not yet

represented in PUMA-G.

The temperature fields from experiments with ε = 85◦ show strong dependence on

the planetary rotation rate. As shown in Figs. 7.4-7.5, the meridional temperature

gradient decreases with rotation rate for experiments with ε = 85◦ ((c) and (f) in each

figure). The upper atmosphere is almost isothermal along the meridional direction

for experiments with Ω∗ < 1. This is similar to the trend observed in experiments

with ε = 23.44◦ ((a) and (d) in each figure).

7.5 Effects of greenhouse parameter G

The effect of greenhouse parameter G is mainly on the static stability of the at-

mosphere, which then has a significant influence on the Rossby deformation radius

LD = NH/f , where the buoyancy oscillation (Brunt-Väisälä) freqency N =

√
g

θ

dθ

dz

is ultimately determined by the vertical stratification.

Fig. 7.21 shows the temporally averaged latitude-zonal wavenumber maps of the

Fourier amplitude of temperature field at 200mb for experiments with Ω = 1, ε =

23.44◦ and G = 0, 1, 5. The dominant zonal wavenumber components for G = 0

is a broad range of 1 ∼ 4, whereas the runs with G = 1 and 5 are dominated by

zonal wavenumber 1 planetary wave. This decrease of dominant zonal wavenumber
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Figure 7.21: Latitude-zonal wavenumber maps of Fourier amplitude of temperature
field at 200mb level for experiments with Ω = 1, ε = 23.44◦, and (a) G = 0; (b) G = 1;
(c) G = 5

with increasing static stability can be explained by the dependence of LD on N . For

experiments with G = 1, the atmosphere can be viewed as approximately isothermal

along the vertical direction. For experiments with G = 5, the atmosphere is essentially

heated from above. Both scenarios can lead to much more stable vertical stratification

than that with G = 0, in which case the atmosphere is heated from below by the

surface. The statically more stable stratification of experiments with G = 1 and 5

means the buoyancy oscillation frequency N is larger, which consequentially leads to

larger Rossby deformation radius LD. Therefore the dominating wavenumber tends

to be smaller for experiments with G = 1 and 5.
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7.6 Atmospheric Energetics

7.6.1 Heat transfer efficiency

Following the discussions in Chapter 3, the meridional heat transport efficiency by

dynamical processes is reflected by the scaled isentropic slope, which is defined as

the ratio of the globally averaged isentropic slope at radiative-convective equilibrium

and the isentropic slope obtained with dynamic transport. This scaled isenstropic

slope can be viewed as an index of the heat transport efficiency in that large values

of scaled isentropic slope correspond to more efficient dynamic heat transport. Fig.

7.22 shows the comparison of the scaled isentropic slopes obtained from experiments

with obliquity of ε = 23.44◦ at various rotation rates and different values of the

greenhouse parameter G. It can be seen that slowly rotating atmospheres tend to be

more efficient at redistributing heat under all three scenarios of different G. Such a

coherent trend with respect to rotation rate is consistent with the results discussed

in Chapter 3 obtained using PUMA-S. Another trend that can be seen in Fig. 7.22 is

that the effect of rotation rate tends to be more prominent for runs with greenhouse

atmospheres than those with neutral- or anti-greenhouse atmospheres. This is prob-

ably related to the associated stability of stratification. As the value of G increases,

the atmosphere becomes less greenhouse-dominated and more statically stable, which

tends to suppress the development of waves and eddies to transport heat efficiently.

7.6.2 Lorenz energy cycle

The Lorenz energy cycle has been an important diagnostic of the global atmospheric

energetics since first proposed by Lorenz (1955). In Chapter 4, Lorenz energy cycles

were calculated for the representative PUMA-S experiments at various rotation rates,

which revealed a number of trends regarding the atmospheric energy conversion with

implications for the principal eddy-generating mechanism and dominating circulation
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Figure 7.22: The scaled isenstrope slope with respect to the rotation rate Ω∗, reflecting
the decreasing trend in heat transport efficiency for experiments with ε = 23.44◦. Blue
squares represent runs with G = 0. Red circles represent runs with G = 1. Black
triangles represent runs with G = 5.

regimes. Since the corresponding ranges of defining dimensionless parameters are also

covered by the PUMA-G experiments, it is natural to conduct a similar analysis on

such energy conversion processes with the aim of comparing the physical processes of

these two models from the energetics perspective.

Following the formulation of full (ageostrophic) energy and conversion terms stated

in Chapter 4, the PUMA-G counterpart of the Lorenz energy cycle shown in Fig. 4.6

(i.e. experiments of various rotation rates with G = 0 and ε = 23.44◦) is shown in

Fig. 7.23. Despite the significant difference in representing diabatic heating/cooling

processes in PUMA-S and PUMA-G, their energetics signatures in terms of Lorenz

energy cycle are generally consistent. As can be seen in Fig. 7.23, the direction of

conversion between KZ and KE changes between Ω∗ = 1/2 and Ω∗ = 1/4, indicating

that barotropic instability begins to become dominant at a global scale for rotation

rates slower than or equal to Ω∗ = 1/4. The rate of energy conversion following

the route of barotropic instability KZ → KE exceeds that following the route of

baroclinic instability AZ → AE → KE at the rotation rate of Ω∗ = 1/16, which
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is consistent with the results of PUMA-S experiments as well (in Fig. 4.6). Along

with the change of direction of the CK term (conversion between KZ and KE) at

1/2 < Ω∗ < 1/4 , the conversion between AZ and KZ also changes direction at

1/2 < Ω∗ < 1/4, which is again consistent with the PUMA-S results in Fig. 4.6.

The conversion route of AZ → KZ at rotation rates lower than Ω∗ = 1/4 indicates

that thermally-direct circulation cells (which are mainly contributed by Hadley cells)

become more important than the thermally-indirect cells (which are mainly Ferrel

cells in baroclinic zones) at such slow rotation rates.

The trend of globally averaged kinetic energy and available potential energy re-

flected in Fig. 7.23 also demonstrates similarities with that observed in Fig. 4.6.

In all of these experiments, it is found that most of the energy is stored in terms

of available potential energy, with only a small fraction being converted into kinetic

energy. As the planet rotates faster, more energy is stored as available potential en-

ergy, indicating that atmospheres of rapidly rotating planets become less efficient at

converting available potential energy into kinetic energy.
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Figure 7.23: Lorenz energy cycles obtained from experiments with different rotation
rates. Numbers in boxes represent globally averaged energy (in 105Jm−2). Conversion
rates are in unit of Wm−2.
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Chapter 8

Experiments on tidally-locked

planets

Tidal locking occurs when the gravitiational gradient makes one astronomical body

rotate synchronously around the other, such that one body always presents the same

face to its parent object. A well-known example is the Moon, which is tidally locked

to the Earth so that only one side of the Moon is visible to observers on the Earth.

For a pure two-body problem, such a tidally locked state is essentially the ultimate

equilibrium state. However, the time to reach this state may well exceed the lifetime of

the corresponding planetary/stellar system. Thus most of the observed tidal locking

scenarios occur for close-in planets or satellites where tidal forces are strong. Given

that a significant portion of the exoplanets detected so far are close-in planets (e.g.

the so-called “hot Jupiters” ), many of them are believed to be in a tidally locked

state (e.g. Gliese 581b, Gliese 581c, see Esteves & Jayawardhana (2013)).

The study of circulation and climate on tidally-locked planets was pioneered by

Joshi (1997), which investigated the impact of atmospheric mass on the tidally locked

planetary climate, with the aim of finding the sensitivity of the range of the habitable

zone to the atmospheric mass. A recent study by Merlis & Schneider (2010) then
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focussed on the influence of planetary rotation rate and argued that planetary rota-

tion can also shape the climate, especially the dayside-to- nightside heat transport

efficiency. Both of these studies adopted GCMs with radiative schemes specifically

tuned to model Earth-like atmosphere. For example, the model by Merlis & Schneider

(2010) employed the long-wave optical depth representation by Frierson et al. (2006),

which implicitly incorporates the optical depth variations associated with variations

of water vapor concentration in the lower atmosphere. It is therefore of interest to use

PUMA-G, which is designed to avoid such peculiar model assumptions, to study the

circulation and climate of tidally-locked terrestrial planets so that results obtained

are more generalisable. As Joshi (1997) and Merlis & Schneider (2010) investigated

the influence of atmospheric mass and rotation rate respectively, this chapter will also

study the relative importance of these two parameters on determining the atmospheric

heat transport efficiency.

This chapter is organised as the following. Section 8.1 describes the modified

PUMA-G radiative scheme which is capable of modelling insolation of a tidally-locked

planet. Section 8.2 then shows the modelled climatological fields in terms of zonal

and temporal mean. Section 8.3 compares the heat transport efficiency under various

scenarios and concludes with a discussion of the relative importance of rotation rate

and atmospheric mass on the heat transport efficiency.

8.1 Model and experiment setup

For fully tidally-locked planets, the planetary obliquity is zero due to the tidal dis-

sipation. Therefore the local stellar zenith angle does not change with time. The

incoming stellar irradiation at the top of the atmosphere can be formulated as:

S(ϕ, λ) = S0 max(0, cos(ϕ) cos(λ− λ0)), (8.1)
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where ϕ and λ are latitude and longitude, S0 the incoming stellar irradiation (in

W/m2) reaching the planet, and λ0 the longitude of the substellar point1. In our

experiments, λ0 = 0 by definition so the substellar point in a (latitude, longitude)

grid is simply (0, 0).

Experiments were designed to test the effect of planetary rotation rate and atmo-

spheric mass (in terms of surface pressure) on the general circulation and climate. Six

combinations of Ω∗ = {1, 1/10} and ps = {0.1, 1, 10} bar were tested and analysed.

When changing surface pressure to values other than 1 bar, the atmospheric optical

depth was varied simultaneously as optical depth was formulated to be proportional

to pressure in PUMA-G. Therefore a thick atmosphere in terms of surface pressure

is also optically thick for our model configuration.

8.2 Zonal mean diagnostics and climatology

Zonal-mean cross-sections of zonal wind, eddy momentum flux, and (potential) tem-

perature of the experiments with different values of rotation rate and surface pressure

are shown in Figs.8.1-8.2. By comparing plots (b), (d), and (f) in each figure, it

can be found that the meridional temperature gradient is smaller for thicker atmo-

spheres, indicating that a thicker atmosphere tends to be more efficient at dynamical

heat transport from the equator to poles. Meridional temperature gradients are also

smaller when rotation rate is decreased, as can be seen by comparing the temperature

plots in Fig. 8.1 with their counterparts in Fig. 8.2, which can be understood as due

to the inhibiting effect of Coriolis forces on meridional transport.

The zonal wind cross-section is dominated by equatorial super-rotation for all ex-

periments. Stronger prograde winds are found in experiments with faster rotation

rates and thinner atmospheres. The prograde wind maximum over the equator is

mostly accompanied by equatorward eddy momentum fluxes, which maintains the

1The latitude of substellar point is always the equator for fully tidally-locked planets.
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super-rotation. The mechanism of such equatorial super-rotation has been explained

by Showman & Polvani (2011) in a shallow-water framework, based upon the classical

Gill model (Gill (1980)). According to Showman & Polvani’s study, the fixed inhomo-

geneous stellar heating on a tidally-locked planet between its day-side and night-side

excites a pattern of stationary equatorial Rossby/Kelvin waves along latitude circles

in the tropical region. It is a characteristic property of Rossby waves that positive

(prograde) momentum can be transferred “up-gradient” into the source region of

wave stirring/excitation, which in the case of tidally-locked planets is basically the

equatorial region.

Fig. 8.3 shows temporal mean latitude-longitude maps of surface temperature of

experiments with a surface pressure of 1 bar at fast (Ω∗ = 1) and slow (Ω∗ = 0.1)

rotation rates. The surface temperature distribution is largely determined by the

distribution of insolation, with higher temperatures on the day-side than on the night-

side. The highest temperature, instead of being located right at the sub-stellar point,

is located to the east of it by ∼ 20◦ in longitude for Ω∗ = 0.1 and ∼ 30◦ in longitude

for Ω∗ = 1. This longitudinal offset of the temperature maximum, also found in

various previous studies of tidally-locked exoplanets (see review by Showman et al.

(2010) and references therein), is due to dynamical advection by the super-rotating

equatorial wind, which is stronger when Ω∗ = 1 as shown in Figs. 8.1-8.2. The

eastward group velocity of equatorial Kelvin waves may contribute to the displaced

temperature maximum as well.

8.3 Heat redistribution by dynamical transport

In a radiative or radiative-convective equilibrium state, the temperature of the night-

side planetary atmosphere is essentially 0 K as there is no source of heating from stellar

irradiation. The observed surface temperature of the night side in our experiments
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Figure 8.1: Left column: temporal and zonal mean of zonal wind u (contour lines,
unit: m/s) and eddy momentum flux u∗v∗ (color, unit: m2s−2); right column: tempo-
ral and zonal mean of temperature (contour lines, unit: K) and potential temperature
(color, unit: K). (a)(b): ps = 0.1 bar; (c)(d): ps = 1 bar; (e)(f): ps = 10 bar. Ω∗ = 1.0
for all plots.
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Figure 8.2: Same as Fig.8.1, but for Ω∗ = 0.1.
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Figure 8.3: Surface temperature (unit: K) of experiments with surface pressure ps =
1 bar and (a) Ω∗ = 1, (b) Ω∗ = 0.1. White X represents the sub-stellar point while
white cross represents the anti-stellar point.
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as shown in Fig. 8.3 is around 250 K, however, which clearly indicates that heat is

redistributed efficiently both in the meridional (from the equator to poles) direction

and in the zonal direction (from day side to night side), by dynamical advection. Fig.

8.4 shows the zonal mean cross-sections of temperature and potential temperature

on the day side and night side respectively, based on the experiment with Ω∗ = 1

and ps = 1 bar. The day-side temperature field features stronger equator-to-pole

surface temperature difference than the night side. The night-side temperature field is

characterised by a temperature inversion near the top of the boundary layer (σ ∼ 0.8),

with warm air over the colder boundary layer. This implies that dynamical transport

is most efficient within the free atmosphere where winds are strong. Temperature

in the planetary boundary layer of the night side is influenced largely by the strong

radiative cooling of the surface.

A measure of the heat redistribution efficiency can be defined as Fday/Fnight, where

Fday represents the day-side outgoing longwave radiation (OLR) and Fnight represents

the night-side OLR. Both Fday and Fnight are averaged over the day/night hemisphere.

The dynamical heat redistrubtion is efficient when Fday/Fnight ∼ 1 and less so when

Fday/Fnight > 1.

Fig. 8.5 shows the OLR ratio Fday/Fnight based on a series of experiments with

different values of rotation rate and surface pressure. It can be seen that for tidally-

locked planets, the horizontal heat redistribution efficiency is strongly determined by

surface pressure while planetary rotation rate only plays a marginal role. Thicker at-

mospheres are more efficient than thinner atmospheres at transporting heat from

the day side to the night side. This can be understood by comparing the dy-

namic/advective timescale and the radiative timescale. The advective timescale can

be estimated by τadv = a/U , where a is the planetary radius, and U is a characteristic

horizontal wind speed. The observed U as shown in Figs. 8.1-8.2 is mostly deter-

mined by rotation rate. Following James (1995) , if the atmosphere can be modelled
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Figure 8.4: Zonal and temporal mean cross-sections of temperature (color) and po-
tential temperature (contours) of the (a) night side and (b) day side of the planet,
based on the experiment with Ω∗ = 1 and ps = 1 bar.
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Figure 8.5: Heat redistribution efficiency Fday/Fnight observed in the experiments with
different values of surface pressure and rotation rate.

as a single layer with radiative-equilibrium temperature Ta0 and is transparent to

short-wave incoming stellar irradiation, then the radiative timescale can be estimated

as

τrad =
pscp

4(2− ϵa)σT 3
a0g

, (8.2)

where ϵa is the ratio of longwave radiation absorbed by the atmosphere (so that

the surface longwave emission U has a portion of ϵaU aborbed by the atmosphere).

In our experiments, change of surface pressure also results in changes of ϵa, thus the

radiative timescale for experiments with ps = 10 bar can be roughly 1.7 times that for

experiments with ps = 1 bar and ∼ 24 times that for experiments with ps = 0.1 bar.
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Chapter 9

Conclusions and future work

9.1 Major conclusions and discussions

This thesis presents the work done in my DPhil project on the comparative plane-

tary circulation regimes in simplified GCMs. Two versions of PUMA with different

levels of complexity were used to conduct a series of controlled experiments and con-

struct regime diagrams. PUMA-S used the Newtonian cooling scheme to represent

the diabatic heating/cooling of the atmosphere. PUMA-G replaced this scheme with

a two-band semi-grey radiative-convective scheme, which enabled more realistic sim-

ulation on the effect of planetary obliquity and atmospheric optical properties.

The ultimate aim of this project was to build up planetary circulation regime

diagrams with respect to several characteristic dimensionless parameters using a hi-

erarchy of numerical models. Effects of varying planetary rotation rate, planetary

obliquity and the atmospheric opacity were investigated in terms of their dimension-

less combinations—thermal Rossby number, Taylor number, planetary obliquity and

the greenhouse parameter. A series of controlled experiments were conducted using

both PUMA-S and PUMA-G. Experiments using PUMA-S were coordinated with

respect to thermal Rossby number and the frictional/radiative Taylor number, while
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PUMA-G experiments were coordinated with respect to relative planetary rotation

rate (Ω∗ = Ω/ΩE), planetary obliquity and greenhouse parameter. Tidally-locked

planetary circulation and the corresponding heat transfer efficiency were studied by

modifying the stellar irradiance at the top of the atmosphere in PUMA-G.

9.1.1 Circulation regimes

Circulation regimes revealed by PUMA-S experiments included axisymmetric circula-

tion, super-rotation, regular baroclinic waves, irregular baroclinic waves, and multiple

zonal jets.

The axisymmetric regime was found in experiments with relatively small merid-

ional temperature difference and rotation rate, which essentially corresponded to ex-

periments with small thermal Rossby number and Taylor number. This was consistent

with the findings of Geisler et al. (1983), where axisymmetric regimes were found in

the lower left region of the parameter space constructed by thermal Rossby number

and frictional Taylor number. Similar results have also been reported in various lab-

oratory and numerical annulus studies (see e.g. Hide & Mason (1975) and references

therein).

The Super-rotation regime was found in experiments at slow rotation rate (small

thermal Rossby number), with a GRW-like mechanism maintaining the equatorial

super-rotation. Experiments with Ω∗ = 1/16 and 1/8 exhibit significant equatorial

super-rotation, which was very similar to the modelled circulation of slowly-rotating

planetary bodies like Titan (see e.g. Lebonnois et al. (2012)), where equatorial super-

rotation was found together with two jet streams (closed contours in zonal mean cross

sections) at the high-latitudes. It should be noted that the equatorial super-rotation

found in our experiments is not as prominent as that observed/simulated in the

atmosphere of Venus. The equatorial super-rotation on Venus is so overwhelmingly

strong that no separate jets (closed contours) can be found off equator. Instead of
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the regime of prograde equatorial wind with two separate jets, the atmosphere of

Venus tends to exhibit closed contours centered over the equator that extend roughly

symmetrically in the meridional direction with respect to the equator (see Fig. 1.4

back in Chapter 1). Recent studies (see e.g. Lebonnois et al. (2010)) indicated

that the equatorial super-rotation on Venus was maintained by a synergy of a GRW

mechanism and diurnal tides, the latter of which contributed more to the excess

angular momentum over the equator. It was therefore anticipated that adding diurnal

cycles to the model in the future might enable us to obtain strong Venus-like equatorial

super-rotation at small thermal Rossby number.

Another interesting comparison on the equatorial super-rotation regime was be-

tween this thesis and the study by Mitchell & Vallis (2010). By using an idealised

GCM that was almost same as PUMA-S, they found Venus-like equatorial super-

rotation at small thermal Rossby number, by reducing the size of the planet in-

stead of its rotation rate. In order to achieve dynamically similar comparison, a

PUMA-S experiment (not shown) was conducted with Ω∗ = 1/16 and 16 times the

original radiative/frictional timescales, so that the thermal Rossby number and fric-

tional/radiative Taylor numbers were same to those if planetary radius was decreased

16 times. It turned out that even with radiatve/frictional timescales multiplied by

16, the circulation still looked more like that of Titan, rather than that obtained in

Mitchell & Vallis (2010). One possible explanation was that another nondimensional

parameter was potentially missing, which lead to this degeneracy issue where chang-

ing planetary radius and changing rotation rate resulted in two different circulation

structure even when their Ro, Fr, and Ff were same with each other.

Experiments with intermediate thermal Rossby number at Ω∗ = 1/4 and 1/2 were

characterised by regular (vacillating) baroclinic waves. A survey on the sensitivity of

the regular waves to frictional and radiative Taylor number revealed similar wavenum-

ber 3 pattern with the Martian atmosphere (Northern Hemisphere) when frictional
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and thermal damping timescales were set to their characteristic values of Mars. This

indicated that frictional/thermal damping was crucial in determining the dominat-

ing wavenumber for regular baroclinic waves. Compared to the previous study by

Collins & James (1995), our experiments covered a wider range of values for both

the frictional and radiative timescales, with more regimes like wavenumber 2 and 4

discovered. In addition, comparisons between the dimensionless numbers (Fr, Ff ) of

our experiments and those used in Mars GCM indicated that the Martian atmosphere

was dynamically similar to the highly regular and vacillating wavenumber-3 regime

in our experiments.

Irregular baroclinic waves were found in experiments with relatively fast rotation

rate (small thermal Rossby number), which resembled the circulation of the Earth’s

atmosphere. Multiple zonal jets formed when rotation rate is even faster. The exper-

iment at Ω∗ = 8 had a similar thermal Rossby number to Jupiter’s atmosphere (Read

(2011)). The number of jets obtained in this experiment was similar to that of the

Jupiter, though the equatorial jet is retrograde, rather than prograde as on Jupiter.

The exact mechanism of the generation and maintenance of prograde equatorial jet

in Jupiter’s atmosphere is still not well understood now. Convective heat fluxes over

the equatorial region from internal heat sources has been suggested by various nu-

merical studies as the possible cause of Jupiter’s equatorial super-rotation (e.g. see

Schneider & Liu (2009), Heimpel et al. (2005)). It is therefore not surprising that

our experiments do not produce prograde equatorial jets as there is no internal heat

source nor its associated convective heat fluxes in PUMA model.

The above-stated circulation regimes were found in PUMA-G experiments as well,

if planetary rotation rate was changed consistently while keeping planetary obliquity

23.44◦. If the planetary obliquity was changed to an Uranus-like 85.00◦, then the equa-

tor received much less stellar irradiation than the poles, and the global circulation

was characterised by a strong retrograde jet centred over the equator. For interme-
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diate planetary obliquity of 50.00◦, the equator and the poles received roughly the

same amount of stellar irradiation, leading to a much smaller meridional temperature

gradient, with very weak baroclinic regions in the mid-latitudes.

9.1.2 Atmospheric energetics and heat transfer

Atmospheric energetics of different circulation regimes were studied by calculating

their Lorenz energy cycles. Energy conversions of experiments at fast rotation rate

(Ω∗ > 1/4) mainly followed the route of AZ → AE → KE (Energy converted from

zonal mean available potential energy into eddy available potential energy, and then

into eddy kinetic energy), which is the classical paradigm of baroclinic conversion. The

principal energy conversion route began to transit into barotropic conversion of KZ →

KE (Energy converted from zonal mean kinetic energy into eddy kinetic energy)

around the rotation rate Ω∗ = 1/4 as the conversion between KZ and KE changed sign.

Our experiments revealed that the conversion between AZ and KZ also changed sign at

Ω∗ = 1/4, which implies the strengthening of Hadley cell circulation as the rotation

rate decreases. The baroclinic conversion rate reached its maximum at Ω∗ = 1/2,

which was also found in experiments reported in Del Genio & Suozzo (1987). These

fundamental changes of energy conversion in Lorenz energy cycles around Ω∗ = 1/4 is

consistent with the fact that Rhines scale starts to exceed planetary domain at Ω∗ =

1/4 as the rotation rate decreases. As the Rhines scale exceeds planetary domain,

baroclinic eddies are significantly suppressed, hence the maximum of baroclinic energy

conversion rate at Ω∗ = 1/2.

This suppression of baroclinic eddies at rotation rates slower than and equal to

Ω∗ = 1/4 was also demonstrated by the finding that meridional eddy heat flux v′T ′

reaches its maximum at Ω∗ = 1/2. The total heat transport by atmospheric circu-

lation, on the other hand, showed a monotonically decreasing trend with respect to

planetary rotation rate. The total heat transport did not change significantly within
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the range of 1/4 < Ω∗ < 1, which was exactly the range where baroclinic eddies were

most active. This is consistent with the trend observed in numerical and laboratory

annulus studies (e.g. see Read (2003)) where eddy heat transport tend to compensate

for the decrease of heat transport by Hadley cells as rotation rate increases.

9.1.3 Jet formation and geostrophic turbulence

The role of eddies in planetary atmospheric circulation and jet formation was stud-

ied based on the PUMA-S experiments. Our calculation indicated that the energy-

containing wavenumber was approximately equal to the Rhines wavenumber and the

Rossby wavenumber. Such lack of scale separation between the Rhines wavenum-

ber and the Rossby wavenumber implies that inverse energy cascade via eddy-eddy

interactions, which according to the classical 2-D (geostrophic) turbulence theory

should transfer energy from the Rossby wavenumber up to the Rhines wavenumber,

is largely inhibited. Calculations of the kinetic energy spectral transfer fluxes demon-

strated that the upscale energy tranfer which maintained the zonal jets was primarily

contributed by the eddy-zonal mean flow interaction. The nonlinear eddy-eddy inter-

action, however, only played a marginal role in this upscale energy transfer. Besides,

the eddy-eddy component of spectral KE flux did not show any extended range of

constant value, which implies that the conventional definition of an inverse energy

cascade with an inertial range is not applicable here. The dominance of eddy-zonal

mean interaction in the KE spectral transfer flux is consistent with the historical

success of the eddy-zonal mean interaction theory in dynamic meteorology.

The decomposition of KE spectrum into zonal mean and eddy components re-

vealed anisotropic structures in geostrophic turbulence. Galperin and coworkers,

based mainly on 2-D barotropic model studies, proposed that the atmospheric macro-

turbulence with strong zonal jets can be characterised by the so-called zonostrophic

turbulence with a −5 slope in the zonal mean KE spectrum and −5/3 slope in the
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eddy KE spectrum. PUMA-S experiments showed that surface friction played an im-

portant role in shaping the structure of jets as well as the associated signature in KE

spectra. Experiments with weak surface friction exhibited KE spectral slopes similar

to those defined in the zonostrophic turbulence regime, whereas experiments with

stronger surface friction were more like the friction-dominated regime as defined in

Galperin & Sukoriansky (2010). The difference between these two regimes was more

intuitively reflected in the wind field, as zonostrophic regime has stronger “zonation”

effect with less meandering jets. This can be related to the “barotropic governor”

mechanism, which leads to an counter-intuitive paradigm in which weak (rather than

strong) frictional damping suppresses baroclinic eddy activities, since it is the en-

hanced barotropic shear that inhibits the baroclinic eddy growth. Previous studies

on zonostrophic turbulence were all based on highly idealised 2-D barotropic models

(see e.g. Galperin & Sukoriansky (2010), Huang et al. (2001)). Our study discovered

zonostrophic flows in a simplified 3-D GCM, which further supported the concept of

zonostrophic turbulence as an important paradigm of planetary atmospheric circula-

tion and jet formation/maintenance.

9.1.4 Tidally locked planets

The stellar irradiation scheme in PUMA-G was modified to enable the simulation of

tidally locked planetary atmospheres with G = 0. Consistent with previous studies

using different models, strong equatorial super-rotation was found in our experiments.

One of the central themes in studying tidally locked planets is the efficiency of dynamic

heat transport from the day-side to the night-side. This can be measured by the ratio

of the outgoing long-wave radiation (OLR) from the day-side to that from the night-

side (Fday/Fnight). Our experiments indicated that the heat transport efficiency was

influenced by both the planetary rotation rate and the atmospheric mass, with the

atmospheric mass playing a more significant role. Similar results were obtained by
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Leconte et al. (2013) by comparing two specific exoplanets Gl 581c and HD 85512b

at various surface pressure using a more complex GCM of a CO2 atmosphere with a

water cycle. Another study by Perna et al. (2012) focussed on the impact of stellar

irradiance on the OLR ratios, by comparing a series of specific exoplanets. The effect

of varying stellar irradiance can be a part of the future studies on parameter space

exploration of exoplanetary atmospheres. The advantage of using simplified GCMs

to do parameter space exploration in the context of exoplanet atmospheres is that

it offers great generalisability of the results obtained. Future investigations following

this line will focus on scenarios with G = 1 and especially G = 5 which corresponds

to tidally-locked explanets with anti-greenhouse effect.

9.2 Future work

This thesis presents our efforts to take the first steps to systematically investigate

terrestrial planetary circulation regimes in two numerical models with different levels

of complexity. The ultimate and complete study of the parametric dependence of

circulation regimes requires serious theoretical advancement and computational re-

sources, given our current understanding of the general circulation and the potential

number of defining parameters. This thesis is by no means such a definitive study.

Instead, it should be viewed as a pilot project which tests the methodology of such a

systematic study by focussing only upon a selected subset of planetary parameters.

Even so, a great diversity of circulation regimes is revealed and various theoretical

insights have been obtained. Progress can be made in the future by further studying

the following topics upon reflection.

190



9.2.1 Seasonal/diurnal cycles and circulation regimes

Seasonal and diurnal cycles are not included in our PUMA-S and PUMA-G exper-

iments for simplicity. The restoration temperature field in PUMA-S and the stellar

irradiation at the top of the atmosphere in PUMA-G are set to their annual mean

respectively. One of the important directions to go following the study of this thesis

is to incorporate seasonal cycle into PUMA-S and PUMA-G experiments.

Previous studies have shown that the impact of seasonal cycle on atmospheric

general circulation is nonlinear. For example, Lindzen & Hou (1988) studied the

classical Held & Hou model of Hadley circulation and demonstrated that the strength

and extent of the axisymmetric Hadley circulation responds nonlinearly to the shift of

substellar latitude (specifically, the annual average of meridional mass streamfunction

field with seasonal cycle is much more intense than that at the equinox. There is a

nonlinear amplification effect.). It is therefore necessary to study how the seasonal

cycle influences the structure of the general circulation for various circulation regimes.

Another issue related to seasonal cycle is the effect of orbital eccentricity. The

radiative-transfer scheme of PUMA-G assumes that the planetary orbit is perfectly

circular for simplicity. Some of the exoplanets detected so far are believed to have

significant orbital eccentricity (see e.g. Jones et al. (2006)), which implies that sea-

sonal variation of such planets’ mean temperature can be so dramatic that part or all

of their atmosphere might condense during certain period in a year (this is essentially

the case for Mars, which has a non-negligible eccentricity of 0.1). In order to simulate

the circulation on these planets more accurately, a full seasonal cycle must be taken

into account, though this will add another dimension to our parameter space.

The diurnal cycle is another factor that needs to be taken into account in future

studies using PUMA-G, especially when studying slowly rotating planets where tidal

forces might be crucial for producing the reasonable strength of equatorial super-

rotation, as in the case of Venus. The technical implementation of both seasonal and
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diurnal variations is relatively straightforward. By running PUMA-G in parallel on

super-computers (which is exactly how the PUMA-G experiments in this thesis were

calculated) the added number of simulations to do will be feasible.

9.2.2 Heat transfer parametrisation

Finding out an appropriate parametrisation scheme to represent the effect of heat

transfer (especially along the meridional direction) of the atmospheric macroturbu-

lence has been an active area of research in recent decades (see e.g. Held (1999),

Schneider (2006), Vallis (2006)). This is not only for pure theoretical interest, but

also for improving numerical model developements, especially for ocean models where

running eddy-resolving models are computationally too expensive. Current efforts on

designing such parametrisation schemes tend to either follow the baroclinic adjust-

ment hypothesis or view the dynamic heat transfer as a diffusive process (see review

by Showman et al. (2010)). The diffusive eddy heat transfer can be represented as

the following (Held (1999)):

c
∂T

∂t
= ∇ · (cD∇T ) + S(ϕ)− I (9.1)

where c is the heat capacity of the atmosphere, T is the surface temperature, D is

the diffusivity characterising the baroclinic eddy activities. S(ϕ) is the absorbed the

stellar radiation as a function of latitude ϕ. I is the thermal radiation emitted by the

atmosphere.

By simply parameterizing the term I as I = A+BT and S(ϕ) as a constant term

plus a term proportional to the second Legendre Polynomial P2(cos(ϕ)), a steady

state solution of the equator–to–pole temperature difference can be obtained (Held

(1999)) as

∆TEP =
∆Trad

1 + 6 cD
Ba2

(9.2)
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Scheme D

Stone (1972)
H2Ng

f 2θ0

∂θ

∂y

Green (1970) L2
zone

g

Nθ0

∂θ

∂y

Held & Larichev (1996)
g3

N3β2θ30

(∂θ
∂y

)3
Barry et al. (2002)

(eaq̇net
θ0

∂θ

∂y

)3/5( 2
β

)4/5
Table 9.1: Baroclinic eddy diffusivity parametrisation schemes, after Showman et al.
(2010).H is the atmospheric scale height, N the buoyancy oscillation frequency, g the
gravitional acceleration, f the Coriolis parameter, θ0 the reference potential temper-
ature, ∂θ/∂y the R-C equilibrium meridional θ gradient, Lzones the latitudinal range
of the baroclinic zone, e a constant of order unity, a the planetary radius, q̇net the net
radiative heating/cooling per unit mass that the eddy fluxes are balancing.

where a is the planetary radius and ∆Trad is the pre–determined equator–to–pole

temperature difference at radiative equilibrium.

Thus the determination of the temperature difference depends on the value of

the eddy diffusivity D. A series of parameterisation schemes of eddy diffusivity D

have been proposed based on various assumptions of baroclinic eddy activities (Stone

(1972), Green (1970), Held & Larichev (1996), and Barry et al. (2002)) as shown in

Table 9.1.

In this project, we have conducted a series of controlled experiments by varying

planetary parameters like rotation rate, obliquity angle, atmospheric opacity and so

on. It is therefore convenient to use our experiments to test different parametri-

sation schemes so that a robust and accurate scheme can be found (following the

approach of Barry et al. (2002)). It is very likely that the above-mentioned schemes

are not accurate when applying to more exotic circulation regimes. And it will be

necessary to modify these schemes based on theoretical insights of the atmospheric

macroturbulence.
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9.2.3 Modification of the model for the Jovian atmosphere

The studies reported in this thesis mainly focus on relatively shallow atmospheres

of terrestrial planets1. One direction to extend our current study is to modify the

PUMA-S/G models to investigate thicker atmospheres, e.g. the Jovian atmosphere.

The two-band semi-grey radiative-convective scheme used by PUMA-G is built

upon various idealised assumptions. One crucial assumption is that the radiatively

active constituents in the atmosphere are well-mixed in the vertical direction. This

is OK for Earth-like atmospheres where one of the dominant greenhouse gases, CO2,

itself is well-mixed in the vertical direction. But if we consider thicker atmospheres,

the effect of pressure broadening must be taken into account. And this will lead to

some necessary modifications to the assumption of the vertical profile of extinction

coeffcient. One straightforward scheme is to use a quadratic form of atmospheric

optical depth (Liu & Schneider (2010)):

τ(p) = τ0(p/p0)
2. (9.3)

Such a formulation of atmospheric optical depth in the long-wave thermal radia-

tion band has been used in modelling Jovian atmospheres (see e.g. Schneider & Liu

(2009), Liu & Schneider (2010)). Fig. 9.1 shows our preliminary effort to put this

scheme to work in the context of Jupiter’s atmosphere. By coupling this scheme with

the GCM dynamical core, it will enable us to better simulate optically thick planetary

atmospheres in our future exploration of parameter spaces.

Another important limitation of PUMA-S/G for modelling Jovian atmospheres is

that the model assumes the atmosphere is shallow compared to the planetary radius,

which is not a valid assumption for gas giants like Jupiter. There are two schools of

thoughts on the large scale circulation and the jet formation of Jovian atmosperes —

1By “shallow” we mean the vertical scale of the atmosphere is much smaller than the radius of
the whole planet
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Figure 9.1: Radiative-convective equilibrium temperature field of Jupiter’s atmo-
sphere, with atmospheric optical depth represented by Eq. 9.3. Optical depth in the
thermal radiation band is set to 80 at 3 bar, and optical depth in the solar radiation
band is set to 3.0 at 3 bar, following the treatment of Liu & Schneider (2010).

195



the “shallow-jet” paradigm and the “deep-jet” paradigm. The “shallow-jet” paradigm

argues that the formation of jets and vortices and the observed banded structures in

the Jovian atmosphere can be explained by the classical 2-D turbulence framework

in a shallow “weather-layer” which only goes down to a few bars level (see e.g. Liu

& Schneider (2010)). The other paradigm (“deep-jet” ) argues that the observed jets

and vortices are essentially manifestations of deep Taylor-Proudman cylinders which

penetrate deep into the atmosphere. Due to the lack of a solid surface, Jupiter’s

atmosphere extends deep into the planetary interior (see e.g. Vasavada & Show-

man (2005)). An important consequence following this fact is that the widely-used

primitive equation system in conventional GCMs (including PUMA-S/G) is no longer

valid. The full form of the Coriolis force needs to be incorporated into the momentum

equations. Besides, anelastic approximation must be adopted to include the effect of

varying background density with respect to height (see e.g. Kaspi et al. (2009)).

This raises questions as to the applicability of the zonostrophic turbulence regime

observed in our experiments (and also in experiments by previous studies like Galperin

& Sukoriansky (2010), Sukoriansky et al. (2002) etc.) to Jovian planetary atmo-

spheres. In essence, zonostrophic turbulence is just a special form of 2-D (geostrophic)

turbulence, which follows the assumption that the atmosphere is shallow and the large

scale dynamics is quasi 2-D. If the “deep-jet” paradigm is correct, then the zonos-

trophic turbulence regime might not be applicable to the Jovian atmosphere. Due to

lack of observational data, it is currently unclear whether jets and vorticies on jupiter

penetrate deep into the planetary interior. With the launch of NASA’s spacecraft

Juno due to arriving at Jupiter’s orbit in 2016, more insights into the deep thermal

and wind structure of Jupiter are expected to be obtained (see e.g. Helled et al.

(2011)) within the next few years.
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