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Abstract. Localized patterns are coherent structures embedded in a quiescent state and occur in
both discrete and continuous media across a wide range of applications. While it is well-
understood how domain-covering patterns (for example, stripes and hexagons) emerge from
a pattern-forming/Turing instability, analyzing the emergence of their localized counter-
parts remains a significant challenge. There has been considerable progress in studying
localized patterns over the past few decades, often by employing innovative mathematical
tools and techniques. In particular, the study of localized pattern formation has benefited
greatly from numerical techniques; the continuing advancement in computational power
has helped to both identify new types of pattern and further our understanding of their
behavior. We review recent advances regarding the complex behavior of localized patterns
and the mathematical tools that have been developed to understand them, covering var-
ious topics from spatial dynamics, exponential asymptotics, and numerical methods. We
observe that the mathematical understanding of localized patterns decreases as the spatial
dimension increases, thus providing significant open problems that will form the basis for
future investigations.
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I. Introduction. Nontrivial behavior embedded in a quiescent state, hereby
referred to as spatial localization, has long fascinated applied scientists. This stretches
from trying to understand on very large spatial scales why stars form galaxies to
the formation of a Bose—Einstein condensate at tiny length scales. Mathematical
interest in localization goes back at least to the tale of John Scott Russell in 1834
and his discovery of a solitary “wave of translation” propagating down a canal [4],
which led Joseph Boussinesq and Lord Rayleigh to develop a mathematical theory to
understand the mechanisms behind Russell’s observation. In the 20th century, the
study of spatially periodic patterns (SPPs) with symmetry can be traced back to Lord
Rayleigh [208] and Alan Turing [236], including in subsequent unpublished work [80].
It is now known that if an SPP and a quiescent state are both stable, the competition
induced by such bistability can lead to states that admit a cooperative embedding of
the pattern in the quiescent state, giving a localized pattern.
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Fig. 1.1 A collage of localized patterns found in (1) ferrofluids [164], (2) buckling of cylinders (photo
credit: M. A. Wadee), (3) vertically vibrated granular material (photo credit: P. B. Um-
banhowar), (4) sun spots (by NASA Goddard Space Flight Center from Greenbelt, MD,
USA—solar archipelago), (5) vegetation patches in arid areas (photo credit: S. Getzin),
and (6) vertically vibrated fluids [159].

In this review, we will focus on structures that are localized in one or more spatial
dimensions embedded in a quiescent state and possess some nontrivial fine-scale reg-
ular structure, which we call a pattern. Figure 1.1 provides examples of the types of
localized patterns we will concentrate on that occur in both continuum and discrete
systems. Throughout this review, we will see that the field has been developed with
numerical, experimental, and analytical techniques that work in tandem to better
understand localization mechanisms. We highlight several reviews that came before
this one [67, 77, 144, 145, 174], but note that their focus is more rooted in the physics
literature or primarily restricted to localized patterns in one spatial dimension. What
differentiates this review from those that came before is that we seek to highlight
the mathematical development of the subject. This includes examining how specific
equations have been investigated for localized patterns and providing overviews of the
myriad of clever mathematical and computational techniques that have been devel-
oped to study these multidimensional patterns.

Localized patterns can be found in a wide range of application areas from fluids,
quantum theory, biology, mechanics, and sociology to nonlinear optics. They come in
the form of an oasis of vegetation in an arid landscape, a hotspot of criminal activity,
or a laser pulse in plasmas. Because they arise in so many different applications,
they are often referred to by different names which have historical relevance to their
specific field. This includes solitary waves in fluid dynamics, convectons in binary
fluid convection, and fairy circles in vegetation models, to name a few. To ease the
reader’s journey into the literature on localized patterns, we will provide references
and nomenclature for each specific type of pattern as it occurs in this review. This
will help to connect the specific pattern to specific applications. However, we note
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that while the study of these patterns is motivated by applications, our goal is to
review all things mathematical in their investigation. This means primarily relying
on phenomenological equations that describe macroscopic behavior and attempting
to understand the fundamental mechanisms that drive their formation.

The Aid of Computers. The computational side of the study of localized pattern
formation has been developed in parallel to the analytical side. This is in part due
the development of numerical methods (root-finding, pseudoarclength continuation,
timestepping, etc.) and software to implement it, such as AUTO [89]. The impact
of the computational side of research into localized patterns cannot be understated.
Numerical exploration of spatially localized patterns has driven mathematical ques-
tions that have led to theoretical advances such as understanding the emergence of
small-amplitude patterns, developing center-manifold reductions, understanding flows
on and near invariant manifolds, studying exponential dichotomies, predicting bifur-
cating patterns using symmetry, the utility of exponential asymptotic expansions,
and rigorous computer-assisted proofs. The integration of newly developed software
such as PDE2PATH [237], VisualPDE [254], and Julia’s BifurcationKit.jl package
[248] will surely continue to drive mathematical methods for understanding the novel
phenomena uncovered with these programs.

To illustrate, Figure 1.2 shows typical numerically continued bifurcation diagrams
for localized spots and hexagon patches. In the left panel, we plot how the L2-norm
of the pattern (which corresponds roughly to a measure of spatial extent) changes
smoothly as a control parameter is varied, while the right panels show snapshots of
how the solutions change along this path. This diagram and others like it raise many
mathematical questions that drive research into them. Fundamental questions arising
in the discipline are:

1. What are the generic conditions for localized patterns to form?

2. What kinds of patterns will be selected in certain systems?

3. What generic kinds of behavior do these patterns have, such as stability and
bifurcations?
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Fig. 1.2 Numerically continued bifurcation curves of localized spot (blue) and hexagon patches (yel-
low) in the 2D SHE (1.2) with v = 1.6. Sample contour plots of the profiles are provided
at folds along the curves.
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4. Can one predict the existence regions (in parameter space) and resulting
bifurcation curves of these patterns?
It is questions like these arising from pictures such as Figure 1.2 that have driven
so much of the mathematical investigation into localized patterns. Patterns by their
very nature are enhanced by viewing them, and so computer simulation is almost
necessary for their analysis.

Prototypical equations. What many of these applications have in common is
that they are modeled by partial differential equations (PDEs), particularly reaction-
diffusion (RD) systems, that combine spatial spreading with state-dependent nonlin-
earities that undergo pattern-forming instabilities and are amenable to mathematical
analysis. Generally, these RD systems take the form

(1.1) u; = DAu+f(u, p),

where u = u(x,t) € R®, D is an n X n diagonal “diffusion” matrix whose entries
are all positive, A is the Laplace operator on R?, f is a smooth nonlinearity, y is a
bifurcation parameter, and the subscript ¢ denotes partial differentiation with respect
to that variable.

Beyond RD systems, in the pattern formation community much attention has
been paid to the Swift—-Hohenberg equation (SHE), whose quadratic-cubic form is
given by

(1.2) U=—(14+A)2U—-pU+vU?-U?  xeRY

where U = U(x,t) € R, u is the linear pumping or bifurcation parameter, and v is
a nonlinear damping parameter. As we will see in section 2.1, the SHE has been
introduced as a phenomenological model to better understand the pattern-forming
bifurcations in RD systems that Turing’s pioneering work described. The SHE has
the benefit of being simple enough that it can be studied analytically, while being
complicated enough to generate interesting solutions. An important aspect of the
SHE posed on R?, 1< d <3, is that it is a gradient flow in H?(R?) since

(1.3) Ui =-VEWU,p,v),

where the energy functional of the system is given by

A 2 2 3 4
g(U,u,m:/[(U*Q CE e e

(1.4)

This gradient flow structure means that £ decreases in time along solutions to the
SHE, causing them to asymptotically settle the system into steady states.

In one spatial dimension (d =1) the SHE supports stable spatially periodic pat-
terns (SPPs) for 0 < p < 1 and v > 4/27/38 that resemble sinusoidal functions. Since
both the SPP and the trivial state U = 0 are stable in the same parameter regime, an
interesting experiment one might undertake is to consider an initial condition in the
SHE that is the SPP on a compact set and the trivial state on the rest. Now, if the
energy of an SPP is larger or smaller than 0, the energy of the trivial state U = 0,
then one might intuit that the region of localization (the SPP) contracts or expands
as time goes on. For a fixed v, the energy of an SPP will vary with p leaving, in
general, only a single point of perfect matching where it also has zero energy. This
point is referred to as the Mazwell point and it occurs at p = 0.2004 when v = 1.6.
This argument seems to indicate that localized SPPs should only be expected at the
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Fig. 1.3 Snakes and ladders bifurcation diagrams are a familiar feature of localized patterns in one
spatial dimension. The diagram here is for the 1D SHE (1.2) with v = 1.6 and features
two intertwined branches of localized solutions: one with a mazimum in the middle (blue)
and one with a minimum (red). These branches are connected by the asymmetric “ladder”
states (green). As one ascends the diagram, the localized pattern grows by adding new SPPs
on both sides, as exemplified by the profiles taken at successive saddle-node bifurcations on
the curve.

Maxwell point, while the numerics presented in Figure 1.3 indicate otherwise. The
reason we find such a discrepancy is that the above intuition does not account for the
transition between U = 0 and the localized SPP components. The energy stored at
these interfaces allows one to observe localized SPPs in an open parameter interval
about the Maxwell point. Pomeau [205] was the first to postulate qualitatively that
the pattern could “pin” the interfaces and create an open region in parameter space
for stationary patterns to coexist.

One should compare the regular structure of the bifurcation curves in Figure 1.3
to those in Figure 1.2. While both present localized patterns in the SHE, the difference
between them serves as a microcosm of much of the study of localized patterns. In one
spatial dimension, the “snaking” bifurcation curves in Figure 1.3 are fully understood
(see section 2.3) from numerous mathematical investigations studying these localized
patterns and their bifurcation curves from multiple angles. This stands in stark
contrast to the mathematical understanding of the localized hexagons in Figure 1.2,
where neither the irregular bifurcation structure nor the existence of these patterns is
proven. This is a theme that runs through this review: as one increases the dimension
of the spatial setting, the less is known about the localized patterns that can be found
on it.

What Is Not Covered? As with all reviews, we have had to make some decisions
on what and what not to review. The literature on localized patterns is vast, covering
decades worth of research. In terms of applications, we give only an overview of some
of the main areas and instead focus on the mathematical aspects. The focus of the
review is not on solitons or solitary waves in integrable systems, though many of
the techniques described in what follows can be applied to those systems. Instead,
it will focus on unforced nonequilibrium thermodynamical systems such as the RD
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systems and SHE. Additionally, we focus on the ezistence of localized patterns and
not their stability; the literature surrounding the (in-)stability of localized patterns is
similarly extensive and worthy of its own review. In terms of mathematical analysis
and techniques, we do not cover localized and domain covering patterns occurring
near the singular limit where one of the diffusion coefficients in the RD system is very
small (though in section 2.4.5 we do describe how the localized patterns change their
behavior as they move closer to the singular limit), invasion pattern-forming fronts
(though we do link to this literature in section 3.1), numerical methods, nonlocal
models, and patterns forming in the wake of an invasion front. Our focus is on
localized patterns, and so we direct the reader to Cross and Hohenberg’s 1993 review
[76] for a wider range of patterns than those considered here. Furthermore, we only
review mathematical concepts at the surface level, while more in-depth mathematical
treatments can be found in books by Hoyle [128] and Schneider & Uecker [219].

Outline. This review is organized by the dimension in which the localized pat-
terns exist. The reason for this is that different mathematical tools and techniques
exist in different dimensions, and our collective understanding is greatest for one-
dimensional (1D) patterns and least for three-dimensional (3D) localized patterns.
In section 2, we review the emergence of localized patterns in one spatial dimension
and the bifurcation structure known as homoclinic snaking. Section 2 concludes by
looking at variations on the standard setup. Section 3 then looks at two-dimensional
(2D) patterns that are localized in only one direction, primarily with the nonlocal-
ized direction being compact. We then move to axisymmetric localized patterns,
reviewed in section 4, which provide a bridge from the 1D analysis to truly localized
2D patterns, since one can introduce the radial independent variable and reduce the
governing equations back to one spatial dimension, albeit a nonautonomous set of
ODEs. This leads to section 5, where we review results on fully localized patterns in
two dimensions which are not axisymmetric. Section 6 reviews localized patterns in
three dimensions where analytic results are significantly more scattered than their 1D
and 2D counterparts. Finally, we conclude in section 7 with some final thoughts and
open problems.

2. ID Localized Pattern Formation. Two of the most fundamental concepts
behind studying pattern formation are finite-wavenumber instabilities and the SHE.
Interestingly, both of these concepts can be traced back to Alan Turing and his work
on morphogenesis. In honor of Turing’s contribution, we typically refer to any finite-
wavenumber instability in a system of RD equations as a Turing instability, but as
a historical note, similar investigations were undertaken in the fluids’ literature well
before Turing by Rayleigh [208] and Taylor [229], among others.

In this section we will review both localized pattern formation in one spatial
dimension and the expected parameter-dependent existence curves. We begin with
Turing’s contributions in section 2.1.1 and the generalizations thereof to systems of
RD equations in section 2.1.2. The SHE and a variety of its solutions are discussed in
section 2.2. We introduce the concept of homoclinic snaking in section 2.3 to explain
Figure 1.3 and conclude in section 2.4 with a brief discussion of the multitude of
variations on the standard setting that have furthered our understanding of localized
pattern formation in one spatial dimension.

2.1. Turing and Finite-Wavenumber Instabilities.

2.1.1. Turing’s Contribution. Investigations of pattern formation go back at
least to Turing’s seminal 1952 paper “On the chemical basis of morphogenesis” [236].
To explain the emergence of complex spatial patterns, Turing considered a general
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two-component RD system for an activator, w, and inhibitor, v, chemical species.
These two chemical species interact with reaction kinetics f(u,v) and g(u,v) that
affect the rate at which the chemicals are produced. The chemicals are then assumed
to diffuse in space, giving way to the RD model

Uy = Duuww + f(u7 U)7

2.1
( ) ’Ut:Dv”zz —i—g(u,v),

where D,,, D, > 0 are the diffusion coefficients of u and v, respectively, and subscripts
on the variables u and v denote partial differentiation with respect to time ¢ > 0 and
space x € R.

Turing showed that patterns can bifurcate from spatially homogeneous steady
states ug and vy of (2.1). To see this, one can linearize (2.1) about these steady
states and look for exponentially growing, spatially periodic solutions of the form
(u,v)(2,t) = (uo,v0) + (G, 0)eMe*® + c.c, where @ and © € R, k € R is a spatial
wavenumber, A € C is the growth rate, and c.c denotes the conjugate of any complex
terms. Substituting this ansatz into (2.1) and truncating at the linear terms, one is
left to analyze the matrix eigenvalue problem

wp ][RR R 1

Provided one can find a wavenumber & € R such that (2.2) has a solution with positive
eigenvalue A = \(k?) > 0, one expects to see SPPs emerging from the homogeneous
steady states (ug,vq), as shown in Figure 2.1(a).

Turing’s original paper was interested in demonstrating that diffusion could lead
to pattern formation even when the spatially homogeneous steady state is linearly
stable in the absence of diffusion, i.e., D, = D, =0. In this context, the criterion for
a pattern-forming instability to occur reduces to

(2.3)
Ju(uo,v0) + gu(uo,v0) <0

fu(to,v0) gy (o, v0) — fo(uo,v0)gu(uo,vo) >0,

Dy fu(uo,v0) + Dugy(uo,vo) >0

(Do fu(uo,v0) — Dygo(ug, v0))? <0

(fu(uo,v0)gu (o, v0) — fu(uo,v0)gu(uo,v0)) —

4D, D,
(a) (b) AA
A
Uy
Yo
AE?) <0 ’ AE?) >0 x
Fig. 2.1 Turing patterns are one of the fundamental features of a system that leads to localized

patterns. (a) A sketch of solutions just before (left) and after (right) bifurcation. (b) A
plot of the linear growth curve just before, during, and after the Turing bifurcation.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

LOCALIZED PATTERNS 225

As illustrated in Figure 2.1(b), by plotting \(k?) against k2, we see that as one
passes through the Turing instability, a critical finite-wavenumber k = k, is the first
to become unstable and then a band of unstable wavenumbers occur with the most
unstable (largest A > 0) being the critical finite-wavenumber. Typically, the spatial
patterns grow and then saturate due to the stabilizing nonlinearities in (2.1) that
prevent solutions from blowing up. The observed wavenumber is found to be the
critical finite wavenumber that was the first to become unstable.

2.1.2. General Pattern-Forming Bifurcations. Turing’s approach can be ex-
tended to general multicomponent RD equations [250] of the form

(2.4) u; = Duy, + f(u), ueR"

The generalization of Turing’s original paper requires a finite-wavenumber insta-
bility to occur. We repeat Turing’s arguments by looking at the linear stability
of an assumed spatially homogeneous steady state ugp using the ansatz u(z,t) =
ug + teMe*® 4 c.c. Taking the determinant of the resulting eigenvalue problem,
akin to (2.2), leads to the condition

(2.5) d(\, k) :=det(—k*D 4 fy(ug) — A1) =0,

where d()\, k) is called the dispersion relation. Solving d(\,k) = 0 for A(k?), the
typical shape of A\(k?) that is required for a pattern-forming instability is shown in
Figure 2.1(b) and a critical wavenumber k =k, > 0 to yield A\(k2) = 0. For a pattern-
forming instability, one then requires the following conditions:

B 0d(0, k.) A (k)
d(0,k) =0, — =20, %( gz k=k. | <O

One can reverse-engineer the above setting by looking for a single scalar equa-
tion whose linearization about the trivial state gives the same dispersion relation as
Figure 2.1(b). The result of this exercise is the linear SHE

(2.6) uy = —(¢* 4+ 0%)*u — pu.
Here, k = q is the root of the resulting dispersion relation
AOK) = —(g — k)% — - A

and the inclusion of the parameter u provides analogous instability criteria to the
diffusion coefficients D,,, D,, in (2.1). Supposing (2.6) represents the linearization of
a nonlinear system, then a Taylor expansion of said nonlinear system about v = 0
would result in the (nonlinear) SHE (1.2), providing justification for why the SHE is
seen as a prototypical canonical form for pattern formation.

As an interesting historical note, Turing’s quest to understand finite-wavenumber
instabilities and pattern formation led to his own derivation of a nonlocal variant of
the SHE. Turing’s version of the SHE is given by

U?
_ 277 _ 2 _ v
Uy=—1+A)U—-pU+U 1/(1 5 >U,

where o, v are real parameters, and it arose from work in his last years on developing
a mathematical theory for the formation of patterns in daisies [80]. Similarly, Swift
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and Hohenberg’s original derivation of the equation that now bears their name had
a nonlocal term that has been all but forgotten in the literature [227]. For the rest
of this section (and the paper in general), we will concentrate on variants of the SHE
that do not include nonlocal terms since this is where much of the mathematical
progress has been made. A brief exception will be a quick review of localized patterns
in nonlocal equations found in section 2.4.2. Furthermore, the local versions of the
SHE have a lot in common with RD systems, and so much of the discussion in what
follows also applies to equations of the form (2.1). We discuss extensions of the theory
to the general RD setting in section 2.4.

2.2. Pattern Formation in the Swift-Hohenberg Equation. Turing bifurca-
tions lead to the existence of spatially periodic steady-state solutions to RD systems.
As it turns out, upon accounting for the nonlinear terms in the SHE, one can fur-
ther identify the existence of spatially localized solutions emerging from the Turing
bifurcation point. Formally, one carries out an asymptotic expansion of the form

(2.7) Ulz,t) =cA(ex,e*t)e™*® +c.c, p=e*f, le] <1,

where c.c. stands for complex conjugate of the previous term and f is a scaled bi-
furcation parameter. The function A is complex and describes the envelope of the
localization over the “fast” spatial oscillations of the e’** periodic pattern. A crucial
part of the expansion is that the envelope function A slowly evolves in space with
a variable X = ex and in time with a variable 7" = £2t. This separation of slowly
varying envelope and rapidly varying periodic pattern generates a multiscale problem
that can be taken advantage of when carrying out the asymptotic expansion.

The equation governing the leading order in € evolution of A is the cubic Ginzburg—
Landau equation,

(28) AT:CLAXX —ﬂA—b|A‘2A,

where (X,T) = (ez,£2t) are the slowly varying independent variables. We note that
for the quadratic-cubic SHE, a = 4,b = 3 — 381%/9; see [55]. The validity of (2.8) as
a good approximation of the dynamics for € < 1 can be rigorously justified for long
time scales using Gronwall estimates, as was done in [219].
The analysis of (2.8) is typically divided into two cases: the subcritical case when
b < 0 and the supercritical case when b > 0 [134]. Looking at time-independent
solutions to (2.8), we have the following special solutions for the subcritical case:
e The trivial state A =0.
e For i > 0, a nontrivial state A = +/—/i/b corresponding to an SPP via
(2.7).
e For (i >0, a localized solution A ==4+/—2/i/bsech(\/fi/aX).
In the supercritical case we have the following special solutions:
e The trivial state A =0.
e For i < 0, a nontrivial state A = +1/—/i/b corresponding to an SPP via
(2.7).
e For i <0, front and back solutions A ==++/—j/btanh(/—f/2aX).
Hence, for localized patterns embedded in the trivial state to occur, we are required to
be in the subcritical case of b < 0. Figure 2.2 provides illustrations of these solutions
in both the subcritical and the supercritical cases.

Remark 2.1. The Ginzburg—Landau equation (2.8) has a phase invariance prop-
erty such that if A is a solution, then so is e’ A for any 6 € S'. Thus, initially one
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Fig. 2.2 Phase portraits for time-independent solutions of the cubic Ginzburg—Landau equation (2.8)
in (a) the subcritical case b< 0, i >0, and (b) the supercritical case b >0, i < 0. The
system possesses three equilibria A = 0,£+/—[1/b (red circles) and either homoclinic or
heteroclinic orbits. We present profiles for (c) localized pulse (blue), (d) front (green),
and (e) back (purple) solutions, where the oscillating pattern U (yellow) is bounded by the
amplitude A.

might expect a continuum of localized patterns to emerge from the trivial state at
[ = 0 near any Turing bifurcation. However, (2.8) only constitutes a leading-order
asymptotic expansion near the instability at ¢ = 0 in the SHE and the inclusion of
higher-order terms will (generically) break this phase invariance. Numerically, one
observes only two localized patterns emerging from the Turing instability. In fact,
due to the exponentially small corrections beyond the regular asymptotic analysis
[155], at least two localized states bifurcate off the trivial state. In Figure 1.3, we
show a typical bifurcation diagram of time-independent states of the SHE.

The search for time-independent solutions to the SHE can be alternatively phrased
in the language of ordinary differential equations (ODEs). Indeed, a stationary solu-
tion to the SHE satisfies u; =0, and so we are left with the fourth-order ODE in the
spatial variable x given by

(2.9) 0=—(1+03U — uU +vU* - U>.

Studying the SHE from this angle constitutes the spatial dynamics perspective, since
one can formulate the problem as a dynamical system in the single spatial variable x.
The introduction of the variables

(2.10) u=U, up=0,U, wuz=1+0)U, us=0,(1+0>U

recasts (2.9) as a first-order system of ODEs,

U} = ua,
!

Uy = Uz —u
2 3 1,

(2.11)
N !/
Uz = U4,
uly = —uz — pug + vud —ud,

where we use ’ to denote differentiation with respect to the time-like spatial variable
x € R. The linearization about the trivial state u; = us = uz = ug = 0 results in a

matrix whose eigenvalues are given by \/—1++/—p and —/—1+ /—p. If <0, the

eigenvalues are purely imaginary, while for p > 0 they split off the imaginary axis to
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Spatial (Turing) Instability
Im(}) Im(})

U, H

Fig. 2.3 Spatial eigenvalues of the quiescent state for the pattern-forming/Turing instability, with
critical point pe = 0.

have nonzero real parts; see Figure 2.3. Thus, one expects solutions of the form €' to
bifurcate off the trivial state. This bifurcation takes place at the Turing bifurcation
point =0 and is known as a Hamiltonian—Hopf bifurcation [102], or sometimes a
reversible 1-1 bifurcation. Such a bifurcation follows from the Hamiltonian structure
of the time-independent system (2.9) but can also occur in more general spatially re-
versible systems like the RD system (2.1); these properties of a system being reversible
or Hamiltonian will be discussed in more detail in the following subsection.

At the bifurcation point u = 0 the center-eigenspace is four-dimensional, which
is the same dimension as the original ODE system, and one can carry out a normal
form analysis to rigorously arrive at the Hamiltonian—Hopf normal form

(2.12&) Al =1k, A+ B+ 1AP; + R,
where
1 i 1 1 1
A= b= = Ly Ol D, B =~ Ly + O + )

By carrying out a series of rescalings and coordinate transformations, the system
above can be written in the form

0=aA,, — A—bAP*A, a,beR,

which brings us back to the (time-independent) Ginzburg-Landau equation (2.8) en-
countered previously. With the spatial dynamics perspective, localized solutions cor-
respond to homoclinic orbits asymptotically connecting to the trivial state u = 0 in
(2.9). The persistence of these homoclinic orbits was proved by Iooss and Péroueme
[134] utilizing the spatial reversibility, # — —x, of the system. These results provide
the existence of small-amplitude states that can be continued numerically to follow
the localized states to larger values of pu. The typical result is a snaking bifurcation
diagram, as shown in Figure 1.3 for the SHE with v =1.6.

From the spatial dynamics perspective the domain-covering periodic patterns cor-
respond to limit cycle solutions to (2.9). Such solutions bifurcate subcritically from
the trivial state u =0 and are initially temporally unstable until they undergo a fold
bifurcation, meeting with a branch of large-amplitude and temporally stable periodic
solutions. For v = 1.6 this fold bifurcation point is p ~ 0.25, and from pu = 0 to the fold
bifurcation point there is a region of bistability between the trivial state U = 0 and
the large-amplitude periodic solutions. As the two small-amplitude localized patterns
grow with increasing values of u > 0, the states grow until they start to develop an

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

LOCALIZED PATTERNS 229

interior periodic pattern embedded in the trivial state. The localized states undergo
a succession of infinitely many folds, bouncing back and forth within the bistable
region, causing the periodic core to grow in spatial extent. This growth sequence of
the periodic core of the localized pattern is known as homoclinic snaking, which is the
focus of the following subsection and is depicted in Figure 1.3.

2.3. Homoclinic Snaking. The term homoclinic snaking has arisen to describe
the intricate bifurcation structure of localized steady states in one spatial dimension.
This terminology is guided by the spatial dynamics formulation, wherein localized
solutions are equivalently seen as homoclinic orbits to an associated ODE (2.9). In
this subsection we will build upon the spatial dynamics approach introduced in the
previous subsection, while also moving away from the bifurcation regime of p=0.

2.3.1. Weakly Nonlinear Analysis. The weakly nonlinear analysis described in
the previous subsection is unable to explain homoclinic snaking. However, it can
be extended to capture the snaking behavior and its parameter dependence near the
codimension-2 point (u,v) = (0,4/27/38) where the Turing bifurcation in the SHE
transitions from sub- to super-critical. The result is that the coefficient b which
governs the criticality of the bifurcation in (2.8) is small. This necessitates moving
to the next order in the amplitude equation, resulting in the cubic-quintic Ginzburg—
Landau equation [48, 49, 268]

(213) AT:CLAXX 7ﬂA*b|A‘2A76|A|4A.

Equation (2.13) possesses stationary small-amplitude localized solutions that bifurcate
off the trivial state and grow in width as one approaches the point pu = pps, as
illustrated in Figure 2.4. In particular, as one approaches p = uys the bifurcating
homoclinic connections grow in width, which appears to capture the growth of the
periodic core of localized solutions to the SHE seen in Figure 1.3. However, the
monotonic approach to pu = s does not capture the snaking behavior. The point
wn is referred to as the Mazwell point [48, 49], whose importance will be further
emphasized later in this subsection.

Going to higher order in the Ginzburg-Landau amplitude equation expansion
still cannot capture the snaking behavior. An alternative method is to use expo-

A ® g4

@Aﬂ

@Aﬂ

Fig. 2.4 The cubic-quintic Ginzburg—Landau equation (2.13) does not predict snaking bifurcation
curves of localized pulse solutions.
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nential asymptotics [68, 83, 84, 155]. This approach focuses on the region near the
codimension-2 point where the Turing bifurcation turns from being sub- to super-
critical, at which point the width of the snaking is exponentially small and the snaking
patterns are small in amplitude. In this case one attempts to explain the snaking bifur-
cations by expanding around the Maxwell point of the front solutions found in (2.13),
and so the resulting analysis is highly dependent on the choice of model. Kozyreff
and Chapman [68, 155] carried out exponential asymptotics for the quadratic-cubic
SHE of the form

(2.14) (14 02)2U +&*U — 3ealU? + £2U% =0,

where 0 < € < 1 is a small scaling parameter and a € R. Setting X = 2z they
introduced the expansions

N
(2.15) Uz)=>_ e"Un(z,X) + 0U(z,X),
n=0
(2.16) a=ay+e2as +etas+ -+ da.

As is typical with asymptotic series, the power series part of (2.15) is divergent and
hence needs to be truncated at finite N > 1 terms, so dU captures the remainder.
The power series expansion (2.16) of a approximates the location of the Maxwell
point, while da describes the deviation from it. Hence, the snaking behavior of the
bifurcation diagram is captured by varying da.

Kozyreff and Chapman’s work demonstrates that there is a bifurcation equation
given by

cre~ /e’ 2 — g2

(2.17) Sov=F— 1 cos( 1 Bd+51n5+02) + 2820567 7,
€

where §=1/v/734, ¢c; and ¢y are parameters that need to be numerically computed,

and d is the length of the localization plateau. As the front separation distance is

increased, this leads to da varying, leading to the snaking bifurcation diagram. The

=+ describes two intertwining snaking curves, as in Figure 1.3.

2.3.2. Snakes, Ladders, and Isolas of Localized Patterns. The weakly non-
linear analysis in the previous section is highly model dependent and only covers
small-amplitude patterns. In this section we look at the general geometric arguments
for homoclinic snaking that apply to large-amplitude localized patterns. We begin
by recalling the recast first-order ODE system (2.11), stemming from the original
fourth-order time-independent SHE ODE (2.9). Recall that (2.11) relates the exis-
tence of steady-state solutions to the SHE as orbits of (2.11) that remain bounded
for all € R, while localization requiring U(z) — 0 as © — +oo in the fourth-order
ODE (2.9) manifests itself as the condition (u(z),us(x),us(x),us(z)) — (0,0,0,0) as
x — £oo in (2.11). Thus, we see how the terminology “homoclinic snaking” arises,
as we have reduced ourselves to searching for homoclinic orbits to the spatial ODE
(2.11). Moreover, the SPP portion of localized states to the SHE can be interpreted
as the desired homoclinic orbit undergoing an intermediary winding around a peri-
odic orbit before mounting a return back to a neighborhood of the trivial equilibrium
state. Such periodic orbits are exactly the SPPs discussed earlier in this section, since
spatial periodicity in (2.9) is equivalent to a periodic solution of (2.11).

Due to the pattern-forming Turing bifurcation at p = 0, for certain fixed (u,v)
the SHE admits a one-parameter family of spatially periodic, steady-state SPPs that
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can be parameterized by their period. Intuitively, localized SPPs as illustrated in
Figure 1.3 can be obtained by truncating one of these periodic profiles over a finite
patch € [-L, L] and then gluing on the homogeneous rest state U = 0 for |z| > L.
Identifying exactly which SPP should be used for this gluing procedure can be achieved
by noticing that (2.9) admits the conserved quantity

vz, o, U? uU* wU®  U*
(2.18) HU, p,v) :=UpUpgs — 5 +U””+7+T_T+T'

The above quantity is conserved pointwise in x for solutions U(z) to (2.9) and so any
SPP that is matched with U = 0 to form a localized state must lie in H(U, u,v) =
H(0,u,v) = 0. As there is typically only one SPP in this zero-level set, this leads
to a selection principle for localized SPPs away from their onset at y = 0 that was
discussed in the previous subsection.

The conserved quantity (2.18) in (uq,us,us,us) coordinates takes the form

ud opud o ovud o uf

(2.19) H(U1,’LL2,U37’U,4,,U/):U2U4+U1’LL3—?"‘7_T‘FZ

when using the variables (2.10). For a fixed (p,v) this conserved quantity restricts the
flow of (2.11) to the (generically) 3D level sets of H. In particular, since we seek orbits
that are homoclinic to (u1,uz,us,us) = (0,0,0,0), we restrict to H~1(0). Moreover,
the Zo-symmetry of taking x — —x in (2.9) manifests itself as a reversible symmetry
in (2.11), with the reverser given by

(2.20) R(ul,u2, us, U4) = (ul, —Uu2,us3, —U4).

This means that if u(z) = (uy (2), uz(z), uz(z),us(x))T is a solution of (2.11), then so

is Ru(—=x), while a solution is said to be symmetric if u(x) = Ru(—=z) for all z € R.
Symmetric solutions are equivalently defined by having

u(0) € Fix(R) :={(a,0,b,0) : a,b€ R},

the set of points in R* left fixed after applying R and corresponding to even solutions of
(2.9), i.e., u(z) =u(—=z). It is exactly the symmetric localized solutions that lie along
the snaking branches in Figure 1.3, while the asymmetric states, i.e., nonsymmetric,
are the ladder states.

Before approaching the homoclinic orbits that result in snaking, we begin by
describing a simpler case in which snaking does not occur. We consider a front solution
Ugront () for (2.9) that connects the trivial state U =0 to a nontrivial equilibrium U.
Such a solution corresponds to a heteroclinic orbit ugont () in the four-dimensional
(4D) system (2.11), connecting the trivial state u = 0 and a nontrivial equilibrium
u=ug:= (U,O7 U,O). Due to the reversible symmetry from (2.11), there also exists
a corresponding heteroclinic orbit connecting ug to the trivial state, thus forming
a heteroclinic cycle. It can be shown using techniques from [150] that a family of
symmetric homoclinic orbits upyse(z) to the trivial state u = 0 bifurcate from the
above heteroclinic orbit. These orbits correspond to localized pulse solutions Upyjse ()
to (2.9), characterized by their width L, which exist for a parameter value p = pu(L),
where (L) — pp as L — co. The existence and bifurcation structures of these front
and pulse solutions are summarized in Figure 2.5. The crucial difference here is that
the bifurcation curve oscillates around the Maxwell point before converging to the
Maxwell point (unlike in Figure 2.4) since the linearization about the equilibria has
spatially complex eigenvalues.
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Fig. 2.5 Localized front solutions to the SHE (2.9) are interpreted as heteroclinic and homoclinic
orbits in the ODE (2.11). Left: A front solution (bottom) connects the background state
U = 0 and a nontrivial uniform state U = U, interpreted as a heteroclinic orbit in 4D
phase-space (top). Middle: A bifurcation diagram for localized pulses, with the width L
of the bifurcating pulses plotted against the bifurcation parameter p. Right: A localized
pulse solution (bottom) of width L corresponds to a bifurcating homoclinic orbit in 4D
phase-space (top).

0 0

B —
UPulse

z M H z

Fig. 2.6 The work of Beck et al. [30] uses spatial dynamics to frame localized SPPs as homoclinic
orbits in the ODE (2.11). Left: A front pattern (bottom) is used to transit between the
background state U =0 and the SPP in phase-space (top). Middle: Ascending the snaking
bifurcation diagram is equivalent to extending the length of the localization plateau. Right:
Localized patterns are homoclinic to U =0 and wrap around the periodic orbit, with more
wraps leading to a longer plateau.

We now turn our attention back to the case when localized SPPs undergo ho-
moclinic snaking. This spatial dynamics approach to obtaining the existence of the
desired homoclinic orbits to (2.11) requires the assumption of the existence of a het-
eroclinic connection between a periodic orbit and u=0 [8, 30, 148, 216]. In practice,
this assumption can be verified numerically. Such heteroclinic connections are pinned
front solutions to (2.9) and reversible symmetry implies that a connection from an SPP
to U = 0 exists if and only if a connection from U = 0 to the SPP exists. In the ge-
ometry of the 4D phase-space of (2.11), these heteroclinic orbits provide a method of
transiting in phase-space from u =0 to the periodic orbit and back, as illustrated in
Figure 2.6. Beck et al. [30] make the hypothesis that the parameter values p at which
a heteroclinic connection exists in (2.11) can be parameterized by the phase along the
periodic orbit, ¢, where the connection enters a tubular neighborhood of the periodic
orbit through pu = z(¢). The result is that symmetric homoclinic orbits that spend
time 2L in the neighborhood of the periodic orbit exist at a parameter value p if and
only if
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(2.21) p=2(L+ o) +O(e")

for some 1 > 0 and g € {0,7}. Each choice of ¢ gives way to one of the distinct
snaking branches in Figure 1.3. Most importantly, this result means that the bifur-
cation structure of symmetric localized states to (2.9) is entirely predicted by the
response to parameters of the front/back solutions. Moreover, the condition pu = z(y)
was loosened in [8] to allow for an implicit relationship between p and ¢ and it re-
turned identical findings.

The function p = z(y) further provides a complete description of the asymmetric
ladder states as well. Asymmetric homoclinic orbits of (2.11) that spend 2L units
of z in the neighborhood of the periodic orbit exist for (L, ) if and only if (L,u) =
(L, 2(L + ¢)) with some ¢ € S* satisfying

(2.22) 2(L+ @) =2z(L — ).

Satisfying the condition on ¢ can be done graphically, as demonstrated in Figure 2.7,
allowing one to predict the shape of ladder states without explicitly computing them.

General results for Hamiltonian ODEs indicate that the presence of homoclinic
orbits is accompanied by infinitely many more N-homoclinic orbits for every N > 2
[87, 117]. These N-homoclinic orbits manifest themselves as localized solutions with
N distinct regions of localization, each separated by the profile approximately at the
trivial background state U = 0. These multipulse solutions are well documented in
the literature and numerical investigations have indicated that they all lie along isolas
[56, 148, 241, 253], regardless of the bifurcation structure of the front/back solutions
used to prove their existence. Typical multipulses with n = 2 to the SHE are presented
in Figure 2.8 along with the isola they lie along. Knobloch et al. proved this for N =2
[148], while Bramburger has proved it for all N > 2 for spatially-discrete lattice
equations [42]. However, a Hamiltonian structure in the spatial dynamical system is
not necessary to observe snaking bifurcations and isolas of multipulses, as has been
documented, for example, in the Lugiato—Lefevre equation [201].

Extensions of the work in [30] abound. For example, [8] shows that if the Floquet
exponents of the periodic orbits are negative, then all localized states must lie along
isolas, regardless of the front/back bifurcation structure. Burke and Dawes exam-
ined localized states in a nonvariational SHE model and compared them to the SHE
studied herein [54]. Various symmetry-breaking results have been documented as well
[149, 172, 216], while PDE stability of localized solutions was examined numerically
in [55] and analytically in [173]. Knobloch, Uecker, and Wetzel further examined a

L—-¢ L Lte L L

Fig. 2.7 Solutions in (L, p)-space satisfying (2.22) can be found graphically by identifying two in-
tersection points with z along a fized horizontal line whose abscissas give L £ ¢. Moving
the horizontal line up and down generates the entire bifurcation branch, as depicted in the
center panel, with the resulting bifurcation curve on the right. If ¢ reaches w, the branch
terminates on a second snaking curve, as in Figure 1.3.
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Fig. 2.8 An isola (closed bifurcation curve) of multipulse solutions to the SHE with v = 1.6 with two
representative solutions from the leftmost saddle-node bifurcation points along the isola.

variant of the SHE with a degree-7 polynomial nonlinearity to find the existence of
localized solutions that replace the background state U =0 with another smaller am-
plitude SPP [147]. Using the above spatial dynamical framework, one can interpret
these defect patterns as trajectories that are homoclinic to a periodic orbit but spend
an intermediary portion of the orbit wrapping around a different one. All of the
above spatial dynamics analysis is therefore applicable in understanding these defect
patterns as well.

2.3.3. Lattice Dynamical Systems. Much of the aforementioned analysis on
localized pattern formation summarized in this section requires one to hypothesize the
existence of the necessary heteroclinic connections. Although this can be established
numerically, there are cases where it can be proven explicitly. A particular example is
that of lattice dynamical systems, where localized patterns have been known to exist
for some time [15, 18, 70, 157, 195, 218, 228, 263, 268]. To illustrate, consider the
lattice dynamical system

(2.23) Up=d(Ups1+ Un_1 —2U,) — pU, +2U3 - U2,  nel,

where U, € R is the state at each lattice point n € Z, d > 0 is the strength of
interaction between the nearest neighbors on the lattice, and y is again our bifurcation
parameter. Figure 2.9 demonstrates how spatially localized “top-hat” steady states
of (2.23) arrange themselves in the familiar snakes and ladders bifurcation diagram.

Taking Un =0 for all n and setting (un,v,) = (Uy—1,Up,) results in the spatial
dynamical formulation of (2.23) given by the map

Un+1 = Un,
(2.24) 1
Vpa1 =20, — Up + g(/wn — 203 +02).
As in (2.11), localized solutions of (2.23) come in the form of bounded orbits of (2.24)
homoclinic to the origin. The correspondence between the continuous and discrete set-
tings can be furthered since the map (2.24) can be used as an example of a Poincaré
map near the periodic orbits of (2.11) that exhibits a homoclinic tangle and leads
to the plethora of homoclinic orbits that correspond to localized solutions. Bram-
burger and Sandstede [45] used the (discrete) spatial dynamics formulation (2.24) to
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Fig. 2.9 Snaking localized “top-hat” steady states of the lattice system (2.23) with d = 0.5. As in
the continuous spatial setting, there are two branches of snaking symmetric states (red and
blue) with asymmetric ladder states that connect them near the folds (green).

provide a complete explanation of the snaking structure of localized solutions, with
[42] extending these results to prove that multipulses must always lie along isolas.
Most importantly though, these studies employed perturbation theory and Lyapunov—
Schmidt reductions to completely identify the bifurcation of front/back solutions of
(2.23) when 0 < d < 1. These results therefore provide a method of explicitly checking
all hypotheses required to obtain the results of [42, 45], thus bridging the gap from
theory to application in specific systems.

2.4. Variations on the Standard Setup. While the SHE has provided an excel-
lent test bed in which to explore and develop the mathematical theory of localized
patterns, there have been several extensions to more general classes of equations and
other types of 1D spatially localized patterns. In this section, we briefly review exten-
sions of the theory to general RD systems, nonlocal systems, systems with large-scale
modes, time-periodic spatially localized patterns, connections to the singular pertur-
bation limit analysis, and invasion fronts outside the snaking region.

2.4.1. General Reaction-Diffusion Systems. Localized patterns have been ob-
served in a wide variety of RD models [2, 3, 82, 105, 123, 151, 200, 244, 256] where
homoclinic snaking is found to be ubiquitous. The weakly nonlinear analysis of sec-
tion 2.2 can be extended for general RD systems (2.4) by letting

u=cA(ex)Ue* +cc., AeC,

where U is a left eigenvector of D~ 1f, (ug). Carrying out the asymptotic analysis, at
O(e?) one finds the amplitude equation to be the Ginzburg-Landau equation (2.8).
Similarly, a center-manifold reduction [247] can be carried out to yield the same
normal form as the Hamiltonian—Hopf normal form (2.12). All subsequent analyses
of the amplitude equation or normal form proceed as before.

The spatial dynamical analysis of Beck et al. [30, section 6.2] and Knobloch and
Wagenknecht [150] can be carried over to higher-dimensional ODEs with and without
Hamiltonian structure. One major exception is that the loss of a Hamiltonian or
conservative structure in the resulting spatial dynamical system leads the asymmetric
ladder states to become dynamic; that is, they move with nonzero speed either to the
left or the right in the spatial domain while maintaining their localized profile [127].
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2.4.2. Nonlocal Systems. Beyond PDEs, localized patterns have been exten-
sively investigated in nonlocal models. The most studied nonlocal model exhibiting
localized structures is the Wilson-Cowan—Amari model [7, 264] given by

(2.25) Uy=—U+W xS,

where U = U (x,t) describes the evolution of the average membrane voltage potential
of a neuronal population at a position x on the cortex, W = W (x,x’) is the con-
nectivity function of the neuronal population, the symbol * represents a convolution
integral, and S = S(U) describes the neuronal firing rate. When W has a rational
Fourier transform, one can transform (2.25) via Fourier transform to a PDE [158] and
apply all the previous analyses. Numerical continuation routines have shown that
the bifurcation diagrams are just as rich as the PDE setup [73, 98, 158, 207]. In the
special case where S is a Heaviside function, Avitabile and Schmidt [17] were able to
explicitly construct bifurcations equations for the snaking diagram.

2.4.3. Slanted Snaking and Finite Domains. The standard bifurcation diagram
where the snaking occurs between two fixed limits in parameter space can become
slanted when the model has an additional conserved quantity and the computation is
done over a finite spatial domain [23, 37, 81, 79, 146, 190, 206, 230]. The simplest ex-
tension to the SHE that has this feature is the phase-field crystal model (or conserved
SHE)

(2.26) Uy=—A[—(¢*+A)*U — pU +vU? = U?],

which conserves the total mass fOL Udzx on the bounded domain x € [0, L]. At =0,
the dispersion relation d(\, k) = —k?(q? — k?) — X has a neutral mode at k = 0 and
at k =|q|, with the former due to the additional conserved quantity. In Figure 2.10,
we show a typical bifurcation diagram that is observed wherein the snaking “slants”
toward the right while undergoing successive folds. The requirement for the domain
to be finite is to guarantee that the conserved quantity is always finite for bounded
solutions of the conserved SHE, while on an infinite domain one would have regular
snaking.

Various weakly nonlinear analyses such as [177] have been carried out to under-
stand (2.26). One can expand U as

U0 06 iU o
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05F 1 J\f
7¥ ] N
-1 0.4r 4
50 X 50 = ©] K X 50
£
Ul® 31 (@ | v1@®
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Fig. 2.10 Slanted snaking of stationary localized solutions for the conserved SHE equation (2.26)
with p = —0.9 and domain length L = 100. The solution measure is ||dul|2 = ||lu — uo]|2,

where ug = % fOL udz.
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U(x,t)=cA(X,T)e'™ +?B(X,T) + 2C(X,T)e*" + c.c. + O(£%),

where X = ez, T = &%t u = e2i. At O(g?) one identifies the presence of e?9* terms,
which allows one to deduce that C' = —vA%/9. At the next order, O(g3), one then
arrives at the amplitude equations

(2.27a) Ap=4Axx — A — (3202 /9)|AI?A - 2vAB,
(2.27b) Br=Bxx +2v(|A*) xx.

Unfortunately, these equations do not possess explicitly known localized solutions and
still have to be solved numerically; see, for instance, [79]. Developing a rigorous theory
for the existence and description of slanted snaking still remains an open problem.

We also briefly mention mass conserving systems that also display localized pat-
terns (see, for instance, [47, 191], in which a considerable amount of analysis has been
carried out).

2.4.4. Oscillons and Breathers. While all the structures we have looked at so far
are stationary, time-periodic spatially localized structures have been extensively stud-
ied in a wide range of models. These structures are called either oscillons or breathers,
depending on the context in which they arise. Oscillons can arise in nonlinear systems
from a uniform background state under parametric forcing whose frequency is often
close to the frequency of the pattern oscillation in space (the wavenumber of the SPP)
[5, 6, 171]. Such localized time-periodic patterns have been observed in Newtonian
fluids [11, 106, 249, 269], chemical reactions [204, 243, 245], granular layers [239], and
colloidal suspensions [159].

In RD systems, the main instabilities of a spatially homogeneous steady state
giving rise to temporally oscillating spatially localized patterns are the subcritical
Hopf bifurcation and the Turing-Hopf instability; see [133] for an analysis of the
Navier—Stokes equation in these limits. Weakly nonlinear analysis and center-manifold
reduction techniques have been used to investigate the emerging spatially localized
structures. Despite the wealth of experimental evidence, the study of these structures
in the RD setup is very sparse.

In periodically forced systems, such as the Faraday wave problem, simplified mod-
els have been proposed to better understand oscillons. An example is the forced
complex Ginzburg-Landau equation (CGL)

(2.28) Uy =(14+ia)Upy + (—p +iw)U — (1 +4B)|U|PU +4U, U eC,

where a, 8,7, u,w € R are system parameters. Similar to the contexts in which we
have already seen the Ginzburg—-Landau equation arise throughout this section, (2.28)
is argued in [74, 96] to be a model for a temporally forced spatially homogeneous Hopf
bifurcation. Here w is related to the offset of temporal forcing frequency, while v is
related to the forcing amplitude. The parameter v can always be assumed positive
due to the gauge symmetry (7v,U) — (yel?, Uel?/?) for any ¢ € R.

In the framework of (2.28), oscillons correspond to localized solutions that are
time-independent. The work [58] demonstrated that there are two different types of
localized steady state in (2.28), as depicted in Figure 2.11. The first is the usual
localized solution that limits to U =0 as x — +00. The second limits to a nontrivial
background state Uynyir # 0 as x — oo and was referred to as reciprocal oscillons
and also superoscillons in earlier work [33]. Both of these types of oscillon can have
either monotonic decay to U = 0 as x — to00, leading to spatial profiles resembling
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Fig. 2.11 Profiles of standard and reciprocal oscillons with oscillatory and monotonic tails. The
lower dotted line represents u =0, the upper dashed line u = uypnir # 0.

Gaussians/solitons, or damped oscillations into U = 0, leading to spatial profiles
resembling the localized SPPs of the SHE.

Parallel investigations of oscillons were carried out by Rucklidge and Silber [212],
who postulated a phenomenological PDE to understand Faraday waves. Their model
is given by

(2.29)
U= (pu+iw)U + (a+iB)V2U + (y+i8) VU + a, U? +ao|U[* + a3 |UPU +iR(U) £ (1),

where a; € C and f(t+27) = f(¢) is a periodic function. Model (2.29) was investigated
for localized patterns in a series of papers [5, 6]. In the first paper [5], Alnahdi, Niesen,
and Rucklidge studied the special case of (2.29) where patterns occur when the critical
spatial wavenumber is zero by setting v = § = 0 and setting the quadratic terms to
zero, i.e., a; = ag = 0. Linearizing about U = 0 and looking at solutions of the form
U(x,t) = et yields the dispersion relation for the growth rate, o, given by

o=p—ak®+i(w— BE?).

Setting o > 0 and w close to 1 so that a forcing f(¢) = F cos(2t) drives a subharmonic
response with frequency 1, one can find a Hopf bifurcation at u =0 with the critical
wavenumber at zero. Setting

U(z,t) =eA(X,T)e' + c.c. + O(e?), X =ecx, T=¢,

and carrying out an asymptotic analysis in the limit of weak forcing and weak damping
(i.e., setting w =1+ &%, F = eF, u = €2[i), at O(£?) the forced CGL (2.28) is found
(where the U is replaced with A) and existing results for localized patterns in the
forced CGL could be leveraged. Furthermore, it is possible to reduce the forced CGL
near onset to

BT:aBXX —|—bB+CB3,

where a, b, c are real parameters whose values are determined by the parameters in the
CGL. In the limit of strong damping corresponding to setting f(¢) = F.cos(2t)(1 +
£2)\), where F, is the critical forcing which must be determined numerically, Alnahdi,
Niesen, and Rucklidge [5] were able to carry out a direct reduction to the Allen—Cahn
equation, skipping the forced CGL reduction step altogether.

The second paper [6] investigating (2.29) studies the case when the spatial
wavenumber is nonzero at onset by reintroducing the fourth-order spatial derivatives.
A formal weakly nonlinear analysis is carried out in the limit of weak damping, weak
detuning, weak forcing, small group velocity, and small amplitude, taking p = ¢ as
the bifurcation parameter, by setting

Uz, t) =e(AX, 7)) 4 B(X,T)e' ")) + O(e?), X =ex, T=¢c%,
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where A and B are slowly-varying complex amplitudes. Substituting this ansatz into
(2.29) with the specified parameter choices and carrying out the weakly nonlinear
analysis, one finds at O(g%) a coupled forced CGL system of the form

(2.30) Ar=(p+iv)A—2(a+iB)Axx +v,Ax + (T +i6)(JA]* + 2|B|*)A +T'B,
' Br=(p+iv)B —2(a+if)Bxx —vyBx + (1 +10)(2|A]* + |B|*) B +iT'4,
where all parameters are real and vy = i—‘]ﬂk: k+ is the scaled group velocity evaluated
at the critical spatial wavenumber k*. The system (2.30) can then be subsequently re-
duced to a real coupled Ginzburg-Landau equation, where explicit localized solutions
can be found. Localized solutions of (2.30) remain largely unexplored, particularly

from the spatial dynamics perspective.

Finally, time-periodic forcing has also been studied by [103, 104], which investi-
gated the SHE with p = u(t) time periodic and oscillating around the snaking region
(and just outside the fold limits). The authors were able to find breathing localized
patterns that start to invade the trivial state and then retreat.

2.4.5. Transition to the Singular Limit. The localized patterns that are the fo-
cus of this review primarily emerge from pattern-forming Turing instabilities.
However, another class of localized patterns is that of patterns that arise in singularly-
perturbed models, where a high-order spatial derivative is multiplied by a small pa-
rameter. These patterns are well studied and have an extensive literature, including
the works [90, 91, 94, 257]. The study of such patterns deserves its own review article,
and so our focus here will be exclusively on how the localized patterns that emerge
from a Turing instability connect with those near the singular limit, as studied in
[2, 64, 65, 66, 165].

The general class of two-component RD systems near a singular limit can be
written in the form

uy = 62 Au+a — cu+ dv + g(u,v),

2.31
( ) ve=Av+b+eu— fv+ h(u,v),

where a,b,c,d,e,f € R, 0 < § < 1 is the singular perturbation parameter, and g,h
are nonlinear functions of u,v. A typical choice for g and h is g(u,v) = —h(u,v) = u?v,
which includes the classic Schnakenberg, Brusselator, Glycolysis, Selkov—Schnakenberg,
and root-hair models [14, 65]. Other models that have been studied in this context

include the cell-polarity model [66] in which one has

2

g(u,v):fh(u,v):fymfnquv, a=d=e=f=0, ~v,m €R,

and the urban-crime model [165],

ug = 02Au—u+a+ uv,

2.32
( ) thV-(VU—%Vu>—uv+b—a.
U

Setting § =0 in any of the above models removes the highest spatial derivative in wu,
thus making the parameter regime 0 < § < 1 a singularly-perturbed RD system. In
each of these singularly-perturbed RD models one can encounter homoclinic snaking
that bears a significant resemblance to that which we encounter in the SHE. As one
observes in Figure 2.12, the oscillating pattern in the middle of the localized structure

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

240 JASON J. BRAMBURGER, DAN J. HILL, AND DAVID J. B. LLOYD

Slow B
Fast

Fig. 2.12 Localized patterns in fast-slow systems. Left: The phase-space dynamics. Here g is a
homoclinic orbit in the fast regime, yp is a periodic orbit, and WS/U are the stable and
unstable manifolds of the saddle on the slow manifold. Right: The localized PDE solution.

Belyakov-Devaney Transition
Im(%) Im(%)

Fig. 2.13 Spatial eigenvalues of the quiescent state for the Belyakov-Devaney transition showing
the double-real-eigenvalue transition. We note that this is not a local bifurcation, as no
etgenvalues cross the imaginary axis.

has a characteristic sharp spike with a little bump at the bottom, which is the result
of the singular perturbation in the small § parameter regime.

The spiking of the localized structures in (2.31) can best be explained through
the “fast-slow” structure of the resulting spatial dynamical system. In the case of one
spatial dimension, one sets the time derivative on the left-hand side of (2.31) to zero
and rewrites the system as the first-order system of ODEs. In the limit of  small,
there exists a slow manifold that possesses a saddle equilibrium. Rescaling x = dy
and taking § = 0, one finds a homoclinic orbit that describes the fast spikes in the
oscillating profile of the snaking localized pattern. The geometry of this fast-slow
orbit is shown in Figure 2.12.

This fast-slow analysis provides a partial explanation for the snaking patterns
that are observed, but it is only able to predict the existence of one small-amplitude
and one large-amplitude solution [2] and not the snaking curves. What is typically
observed in these models is that, as one approaches the singular limit from the Tur-
ing instability, the uniform state’s spatial eigenvalues go through a transition from
complex conjugates to purely real eigenvalues. This is known as a Belyakov—Devaney
transition; see Figure 2.13 for an illustration.

To better understand the effect the Belyakov—Devaney transition has on localized
patterns in singularly-perturbed RD systems, Verschueren and Champneys [66] car-
ried out a return map analysis near the transition point. They were able to show that
there can only be two primary homoclinic orbits when the spatial eigenvalues of the
uniform state are real. However, when the eigenvalues are complex there are infinitely
many homoclinic orbits, giving way to the snaking solutions. Furthermore, they were

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

LOCALIZED PATTERNS 241

slow

- c
fast

\ MOoIs

- <

1se}

=
3 8 3
N
slow
Mojs
=
3 5 3

Fig. 2.14 Outside the snaking parameter regime, a localized SPP is dynamic, growing for u to the left
(red) of the snaking branches and collapsing in on itself to the right (blue). This growth
is nonuniform, alternating between fast and slow expansions, depending on whether or
not the pattern is close to a steady state at a nearby saddle-node.

able to describe how the solutions in the snaking region are destroyed as one crosses
the Belyakov—Devaney transition.

2.4.6. Invasion Fronts Outside the Snaking Region. Throughout this review
we focus primarily on steady-state patterns. However, some work has been done to
understand dynamic localized patterns. For example, outside the snaking parameter
regime in the SHE one can find that the SPPs either expand into the background
state or collapse upon themselves as time progresses, as illustrated in Figure 2.14.
Despite the snaking region of parameter space typically being much smaller than the
invasion regions, significantly less is known about these patterns and processes.

The spreading of SPPs into the trivial state is fundamentally different in nature to
the spreading of the trivial state. That is, in the case where the trivial state invades
the SPP patterns, the speed of the invasion is dictated by the wavelength of the
SPPs themselves. However, for the SPP invasion process, since we are in the bistable
region, the wavelength of the deposited pattern and the time between stripes being
deposited are selected [9, 163]. The SPP invasion fronts do not invade at a constant
speed and instead have a “helical” invasion process, appearing as a more complicated
version of the “bottlenecks” one encounters in parameter regimes near a saddle-node
bifurcation [224, section 4.3]. More precisely, the nonconstant traveling speed of the
front is understood by looking at the fronts near the snaking region, where one would
expect the invasion process to slow down as one passes near a fold bifurcation and
then speed up between the folds, as illustrated in Figure 2.14. There has been a lot
of recent progress on the analysis of pattern-forming invasion fronts; see [109] for a
review.

Near the edge of the snaking region, Burke and Knobloch [55] carried out a
semianalytical asymptotic analysis to predict the transition time, T, between two
successive folds. They did so by considering a solution to the SHE (1.2) of the form

(2.33) Ul(z,t) =Uo(z) + |e|'/2Us (a, 1), 1= lfold + €, le| <1,

where Up(z) is the stationary, localized front at the fold on the snaking curve. Sub-
stituting (2.33) into the SHE (1.2), one finds that U; can be decomposed at leading
order into

Up(z,t) = a(t)Ue(z) + b(t)Uy(2) + c(t)Un () + O(|e|M/?),
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where U, () is the even eigenfunction of the linearization of the stationary SHE about
the fold front whose eigenvalue vanishes at the fold, U,(z) is the odd eigenfunction
that tracks the even mode ever more closely as one moves up the snake, and U, ()
is the neutrally stable odd eigenfunction U/(z). The calculation can be simplified
by taking b = ¢ =0 to yield a nonlinear ODE for a(t). This ODE can be solved by
calculating the time it takes a(t) to pass from —oo to +00. While this approximation
provides a strong prediction for the invasion speed of the front, it has some problems.
Primarily, it says nothing about the selected wavelengths of the stripe pattern, while
the ansatz only has leading-order terms and no O(e) correction.

Numerical continuation methods to compute these fronts rely on a coordinate
transformation to put the helical invasion process into a fixed frame of reference. This
is achieved by introducing the coordinates (p,7) = (kz(z — ct),wt), where w = cky.
Letting U(z,t) =U(p,7) transforms the SHE to

WU, = Ur) = (1 +k302)°U — U + f(U) =0, (p,7) € [~00,00] x (0, 2],
subject to the boundary conditions

(2.34)

U(p,7)=Ul(p, T+ 2m), lim U(p,7)=0, lim (U(p,7) —Up(p+ T3ks)) =0,
p—00 p——00

with U, being the stripes in the comoving frame with a wavenumber k,, that is selected

by the invasion front. To have an amenable numerical scheme, Lloyd [163] employed

a far-field core decomposition approach in which we decompose U as

U(p,7) =Up(p+ 7k )x(2) +w(p,7),

with x(p) = (1 + tanh(m(p — d)))/2. The unknown function w(p,7) is known as the
core function, which can be found by solving the PDE arising from substitution of
the above ansatz into the SHE and subtracting out the equation for U, given by

(2.35) L[Up(p+ T kz)x(p) +w(p, T3w)] + f(Up(p+ 75 k)X (p) + w(p, T5w))
—x(LU, + f(Up)) =0,

where L:=w(d, 4+ 8;) — (1+k303)* — p. For computation, the p domain is truncated
to [—L, L]. Two other conditions are also imposed to select w and k,:

(2.36)
2 L 2T —L427 [ ky
/0 /L([ap _ 0, )UPY (U — UP) dpdr =0, /O /L (0,0 )wdpdr 0.

The first condition is a standard phase condition used to select front speeds as de-
scribed in [89], while the second condition is a zero-order phase condition to make the
core function w(p,7) orthogonal to the translation eigenfunction of the stripes.
Numerically, one finds the bifurcation diagram for the invasion fronts as shown in
Figure 2.15 for the quadratic-cubic and cubic-quintic SHEs in the bistable region. It is
found that as one leaves the edge of the snaking region and the selected wavenumber
that is the same as the selected wavenumber of the periodic orbit of the localized
stationary pattern at the edge of the snaking region, the wavenumber decreases as
p decreases to a minimum value and then rises again. The invasion fronts can be
continued for p < 0 until they reach the convective instability threshold where there
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Fig. 2.15 Invasion front outside the homoclinic snaking region in the bistable region for the
quadratic-cubic SHE. Panels (a) and (b) show the selected wavenumber and invasion
frequency for v =1.6 in (1.2). Panels (c) and (d) show the two-parameter diagrams of the
selected wavenumbers and temporal frequency for (1.2). Reproduced from [163].

is a transition to a pulled-front, which was analyzed in [12]. The invasion speed
monotonically increases as p is decreased from the edge of the snaking region. No
other bifurcations are found for the invasion fronts, and this picture is found to be the
same in the cubic-quintic SHE. Invasion fronts have yet to be explored using numerical
bifurcation methods in more complicated models.

3. Localization in Only One Direction. Localized solutions to mathematical
equations with localization in only one unbounded direction have been well docu-
mented in the literature [16, 30, 57, 97, 113, 129, 175, 176]. Much like the axisym-
metric solutions we will see in section 4, the analysis of patterns localized in only one
direction can often be approached through similar methods to those used in the 1D
spatial setting. In this subsection we review much of the recent progress on under-
standing the existence, bifurcation structure, and dynamics of planar patterns that
are localized in only one direction.

We will primarily concentrate on localized patterns in the cubic-quintic SHE on
an infinite cylinder,

(3.1) Uy=—(1+492492)°U — uU +vU® - U®, (z,y) eR x St

where S' =R/2LZ ~ [—L, L] is the circle of length 2L > 0. If not stated otherwise, we
will use L = 7w in numerical demonstrations. The reason for using the cubic-quintic
SHE here is that numerical investigations have revealed that it is easier in this model
to find stable patterns localized in the x-direction.

We begin in section 3.1 with localized stripe patterns wherein the localized pattern
takes the form of a 1D SPP extended trivially in the direction of z, y, or a combination
thereof. Section 3.2 reviews the work on patterns with hexagonal patches arranged
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along the region of localization, while section 3.3 provides the spatial dynamics inter-
pretation of these stripe and front patterns. Finally, in section 3.4 we review similar
work on planar lattices.

3.1. Localized Stripe Fronts. The simplest form of 2D planar localized patterns
n (3.1) are those that have no y-dependence. Such a restriction trivially reduces
to the 1D setting, with localization only taking place in the z-direction. As shown
in Figures 3.1(a) and 3.2(a), the result is a localized stripe pattern whose stripes are
parallel to the front interface. Since these structures are equivalent to the 1D patterns
of section 2, they exhibit the same snaking bifurcation curves as the 1D patterns.

The 2D cylindrical SHE (3.1) also exhibits localized patterns that are genuinely
2D. For example, numerical investigations have revealed the existence of localized
stripe patterns that are perpendicular to the front interface, as shown in Figure 3.1(c).
Continuing these patterns reveals that they do not snake, but instead smoothly grow

1
-1

y

Fig. 3.1 Four different types of localized planar stripe patterns (a) parallel to the front interface,
(b) obligue to the front interface, (c) perpendicular to the front interface, and (d) “almost-
planar” fronts. Patterns are symmetric over the left figure edge with only half the pattern
plotted to emphasize localization. Image originally appeared in [163].
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Fig. 3.2 (a) Snaking and (b) nonsnaking bifurcation diagrams of parallel and perpendicular localized
stripes in (3.1) with v =2. Image originally appeared in [16].
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the stripes onto the quiescent state, as shown in Figure 3.2(b). In an effort to under-
stand such patterns, one may carry out a formal weakly nonlinear analysis, similar to
that in section 2.2, by expanding

Uz, y,t) =cA(en, e )e™/E 4 e+ OE2),  p=cif,

and putting this into (3.1) with v = 20. At order O(£%) one again arrives at a
Ginzburg—Landau amplitude equation of the form

(3.2) Ap=—Axxxx — 1A+ 30| A?A — 10|A|*A,

where (X,T) = (ez,e*t). Stationary solutions of (3.2) are not known analytically, but
one can show that the equilibrium states have complex spatial eigenvalues and we
observe the nonsnaking explained in section 2.3.2.

Further numerical investigations indicate that one can find localized patterns
involving stripes with any orientation between the parallel and perpendicular config-
urations, known as oblique stripes [163]. Small-amplitude localized oblique stripes
can be captured similarly to the perpendicular patterns above with the expansion

Ulx,y,t) =cA(e?z,e)e* + c.c. + O(?),

where k is the critical linear wavenumber at bifurcation, r = cos(a)x — sin(a)y, and «
is the orientation of the interface. With this ansatz, a =0 corresponds to the parallel
s

(y-independent) stripes and o = 7 corresponds to the perpendicular stripes. The

amplitude equation is again found at O(g®) to be
(3.3) Ap =4(cos(a))?Axx — jiA +30|A]*A — 10| A]* A.

For o = 0, the amplitude equation (3.3) reduces to the 1D amplitude equation en-
countered in (2.8). As « varies from 0 to 7/2 the coefficient in front of the second
derivative term in (3.3) tends to zero, in turn leading to sharper localized fronts. It can
be shown that oblique stripes do not snake either using energy arguments involving
(3.7) and (3.8) [163] or by dimensional analysis, since we expect that the intersection
between the center-unstable and stable manifolds for such fronts in a spatial dynamics
setting is not transverse due to the 2D kernel from the x and y derivatives.

Beyond parallel, oblique, and perpendicular localized stripe patterns, there is
another type of pattern entirely distinct to (3.1). These localized patterns are referred
to as almost-planar fronts, comprised of a core of parallel stripes to the front interface
with square cells occurring along the length of the interface. Examples are shown in
Figure 3.3 and were initially found by looking at bifurcations off the parallel stripe
fronts. It was found that far away from bifurcation these structures can lie on a single
bifurcation curve that can either snake or not [16]. Interestingly, we start to see a
significant difference from the typical 1D snaking in that instead of there being a
regular ascension of the bifurcation diagram by bouncing between two different fold
values, there now appear to be four fold limits. This leads to a more interesting
bifurcation structure for the ladder/asymmetric states that can be predicted from the
theory described in section 2.3.2, as shown in Figure 3.4.

Outside the snaking regime these patterns become dynamic, much like the 1D
case of section 2.4.6. Figure 3.5 presents results from the numerical solution of the
SHE for invading oblique stripe fronts. Observe that all of these fronts terminate
very close to the Maxwell point (they are slightly off due to numerical approxi-
mation error) and the parallel front terminates at the edge of the snaking region.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

246 JASON J. BRAMBURGER, DAN |. HILL, AND DAVID J. B. LLOYD

|IIUI|§

L]
056 06 064 068 072 4

[lwll2

—

056 06 064 068 072 f4

w2

@

056 06 064 068 072 [L

Fig. 3.3 Bifurcation diagram of almost-planar fronts in (3.1) with v = 2. Localized patterns can
either snake or not snake depending on the interface with the trivial state. Image originally
appeared in [16].
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Fig. 3.4 Almost-planar stripes ladder structure for (3.1) with v = 2. The ladder structure of the
asymmetric localized state can be found from the symmetric snaking diagram using formula
(2.22). Image originally appeared in [16].
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Fig. 3.5 Bifurcation diagram for oblique invasion stripes for (3.1) with v =1.25 and ky > 0. The
parallel stripe invasion front is shown for ky =0. Panel (a) shows the selected wavenumber
k= /k2 +kZ, panel (b) shows the wavespeed cy selection, and panel (c) shows a zoom-in

near the Mazwell point showing that the parallel front ceases at the edge of the snaking
region, while the oblique fronts continue to the 1D stripe Mazwell point. Image originally
appeared in [163].
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For invading/retreating perpendicular stripes, it is observed that as the wavelength
of the stripes is shortened, the invading fronts can exist further for more negative p
values. The almost-planar stripe fronts are also found to invade and bifurcate sub-
critically off the parallel invading fronts, and they are found to restabilize in a fold
and become the stable invading fronts close to the snaking region.

3.2. Localized Hexagon Fronts. So far in this section we have been introduced
to localized stripe patterns. These localized patterned states are nearly 1D and do
not necessarily showcase the variety of localized patterns that can arise in two spatial
dimensions. Here we will detail another type of localized pattern to (3.1), this time
with the localized patterned state being one that is fundamentally 2D. More precisely,
we review the emergence of localized dihedral hexagon patterns, localized in a single
direction and known as planar fronts. Examples of these states can be found in
Figure 3.6. One key observation is that the orientation of the hexagonal lattice with
respect to the front leads to different types of front interface. Two key hexagon fronts
are called the (10)- and (11)-fronts, as defined by the Bravais-Miller index [162].
Other localized hexagon front orientations are also possible, but are not plotted here
for brevity. These fronts also play a fundamental role in the localized hexagon patches
described in section 5 since one can view a hexagon patch as being made up of different
combinations of these hexagon fronts.

We begin with the weakly nonlinear analysis of these planar hexagon fronts. This
can be used to understand the variety of different fronts possible between domain
covering hexagon patterns and the trivial background state. There are infinitely
many possible (discrete) orientations of the front interface to the hexagon lattice, and
these fronts are not all the same. The weakly nonlinear analysis starts by expanding
a solution to (3.1) as

(3.4)
3
U(z,y)=¢ <ZAZ-(X, T)etrr 4 c.c.) +0O(e?), X=cx, T=¢£% 0<e<l,
i=1
where r =z + y§, & = (cosa, —sina),§ = (—sina, cos @), ky = (—1,0), ks = (3, \/75),
ks = (5,—%), and «a describes the orientation of the hexagonal pattern to the di-
rection X. Working in the parameter regime (u,v) = (£2/i,e77) allows one to derive a

Fig. 3.6 (a) A (10)-hezagon front, (b) a (11)-hexagon front, and (c) a localized hexagon patch made
up of combinations of (10)- and (11)-fronts. Image originally appeared in [161].
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system of amplitude equations for the A;, Ay, and Az profiles at O(¢2). The equation
for A; is given by

(3.5) OrAr = Mi10% A1 — (i + 3(J A1 |* + 2(JA2|* + |A3]?))) Ay + 2045 A3,

while the other equations are given by cycling the indices of A; and M;. In the
above equation we have defined M; = 4(k; - ) and we use a bar to denote complex
conjugation. The hexagon pattern state is given by the solution A; = Ay = A3 = A, €
R, meaning that Ay solves

— (fi+15A7) Aj, + 2047 =0.

Unlike the 1D equivalents we have previously encountered for these Ginzburg-Landau-
type amplitude equations, there are no explicitly known stationary homoclinic or
heteroclinic solutions to (3.5) that can be used to prove the existence of localized
hexagon front patterns taking the form (3.4). However, the amplitude equations (3.5)
do possess a gradient structure, meaning that one can compute the Maxwell point
for the hexagons and trivial state to find that a stationary heteroclinic connection is
likely to occur around s = (8/135)v% + O(v?).

Based on the intuition built from the 1D spatial setting, one expects the Maxwell
point to lie firmly inside the region of existence for the planar hexagon fronts. Nu-
merical continuation of these localized hexagon fronts up from the small-amplitude
parameter regime confirms this and reveals that these structures exhibit a snaking
structure similar to the 1D localized patterns encountered in section 2, as can be seen
in Figure 3.7. We see that entire rows of cells are added at the interface. Numerically,
both the orientation of the front interface with the hexagon lattice as well as how
squeezed the hexagons are significantly affect the widths of the snaking regions.

Along with these snaking bifurcation curves, pairs of cells can be added to the
front to grow the pattern between the extremal folds of the snaking curves. These
branches appear similar to the ladder states in the 1D setting, as shown in Figure 3.8,
but cannot be captured by the spatial dynamics prediction that is featured in the
following subsection. The result is that this process of adding individual pairs along

2.0

@ . N ® | invasion
I : 1l fronts
£ EEE P \ 12
of 43 N ’ snaking
< HH : : v
| st QRN
B AN 0.8 —— (10) front fold
- B ; r ——— (11) front fold
| 0.4 ——— hexagon fold
i 0
0.1 0.2 K1 H3 o pqp2 0 0.2 0.4 0.6 0.8
1 i

Fig. 3.7 (a) Hezagon front snaking bifurcation diagram for the (10)- and (11)-fronts of (3.1) with
v =16 for ky = % and /3/2. (b) A bifurcation diagram in the parameters (u,v) for
the stationary hexagon fronts showing how the widths of the snaking regions vary and the

invasion front region. Image originally appeared in [161].
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Fig. 3.8 A bifurcation diagram of almost-planar hexagon pulses shown in red with the blue curve
depicting the regular (10)-front. Panels (b) and (c) show two of the almost-planar hexagon
pulses for 4 =0.3 on the red bifurcation curve. Image originally appeared in [162].

the front creates a mini snaking diagram within the full snaking diagram. This process
appears to be crucial in understanding the snaking of fully localized patches of hexagon
pattern seen in section 5.

Kozyreff and Chapman [154] extended their exponential asymptotic analysis from
one dimension (see section 2.2) to better understand these localized hexagon fronts.
They focused their analysis on the codimension-2 point where the domain-filling
hexagons transition from bifurcating supercritically to subcritically from the triv-
ial state. Their analysis is presented for more general systems, but in the case of the
SHE (3.1) this is done by setting u = €2 and v = /3/4eD. These results show that
the width of the parameter regime in p for which these localized hexagon fronts exist,
denoted dv(e) > 0, is given approximately by

51/(5) x e—l.57r\Ak|/e’

where (g, + Ak)? + qi =1 for appropriate orientations (¢z,qy) = miki + maks and
m; € Z. This result states that the orientation of the front interface to the hexagonal
lattice with the largest pinning region occurs for the smallest Ak, which turns out to
be the (10)-front. The next smallest is the (11)-front, with other orientations having
larger values. This work was then corroborated via numerical experiments in [154]
and holds in general near any Turing or finite-wavenumber instability occurring in an
RD system.

Nearly a decade after Kozyreff and Chapman’s work, Boissoniére, Choksi, and
Lessard were able to rigorously prove the existence of localized hexagon fronts in a
phase-field crystal model [36]. This result was achieved using rigorous numerics via
a Newton—Kantorovich argument applied to a phase-field crystal model whose Euler—
Lagrange equation is similar to the SHE. Moreover, Boissoniére, Choksi, and Lessard
proved the existence of a variety of different localized patches, as well as the existence
of hexagon-to-square fronts.

Much like we saw in section 2.4.6 for 1D localized patterns, the localized hexagon
patterns can be found to invade or retreat outside their snaking region. When in-
vading, the fronts select an average front speed and a wavenumber k, for a fixed size
of the periodic strip, denoted L = w/k, in (3.1); see Figure 3.6. In particular, these
fronts select a “squeezed” hexagon cellular pattern in the far-field. It is found that
the (10)-invasion fronts can develop periodic defects due to a saddle-node bifurcation
of a periodic orbit. These defects can be observed in Figure 3.9, where we provide a
snapshot of an invading hexagon front.
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Fig. 3.9 A snapshot from temporal simulations of a (10)-hezagon front with defects in the SHE with
(p,v) =(0.05,1.6) and ky =0.72. Image originally appeared in [161].

3.3. Spatial Dynamics. The spatial dynamics approach to localized structures
can also be applied to prove the existence and bifurcation structure of the stripe and
hexagon patterns encountered previously in this subsection. For exposition, we follow
[30] and again consider the 2D SHE on an infinite cylinder (3.1). Time-independent
solutions of (3.1) can be interpreted as bounded solutions in z € R evolving in the
phase-space H3(S'). More precisely, the spatial dynamics formulation for (3.1) is
given by the first-order system

’U,l—UQ,
Uy =1u
(3.6) 27
’LL3:U4,

uy=—(1+ 65)21“ —2(1+ 8§)u3 — puy +vud —ud,

where we use ’ to denote differentiation with respect to the unbounded spatial vari-
able x to emphasize the dynamical systems formulation. Any solution u(z,y) =
(ur (z,y),ua(z,y),us(z,y),us(x,y)) is, for each fixed x, a function of y that lies in the
infinite-dimensional phase-space X := H3(S') x H2(S') x H(S') x L?(S1).

Despite the fact that (3.6) possesses an infinite-dimensional phase-space, it bears
many of the same features as its finite-dimensional counterpart (2.11). First, (3.6)
can be written as a Hamiltonian system of the form

,_OH O P OH f_OH
Q1 ap17 q2 apzy pl aqu p2 ana
where
(g1, 42,1, p2) = (u1,u2, —(ug + 2(1 + 8 )us), ug) € H*(S") x H*(S)
x L2(SY) x H*(SY)
and

B 2 2 2 2 4 6
- oy 8 _[(AH0)al” pgt  val @}
(3.7) H(q)—/_L [qg(pl—l—(l—i-@y)th)-i- 5 9 2 4 6

dy.
As well as the Hamiltonian structure, system (3.6) has another conserved quantity
given by

L

(38)  S(u)= / (1L + 02)us + us)dyus + By (1 + 02z + ] dy.
-L

Moreover, the presence of only even derivatives in z in (3.1) endows (3.6) with a

reversible structure with reverser given by R(u1,ua,us, us) = (u1, —ug, us, —u4), while

the presence of the additional bounded spatial variable y now gives an additional Zo

symmetry whose action is generated by 7:u(y) — u(L — y).
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Thus, we see that many of the same ingredients that were exploited in [30] (and
summarized in section 2.3) are available to prove the existence of localized SPPs in
one dimension. Much like the 1D setting, localized structures of (3.1) correspond to
orbits homoclinic to 0 € X, i.e., u(x,-) = 0 as x — +00. One needs to be careful here
though as (3.6) is ill-posed as an initial-value problem. However, the theory developed
in [203, 215] guarantees that stable and unstable manifolds exist for the quiescent state
0 € X, providing the necessary phase-space structure for homoclinic orbits to exist.
Beyond this, first recall from section 2.3 that spatial dynamics interprets localized
solutions as homoclinic orbits wrapping a periodic orbit to produce the localized
SPPs. The same interpretation now holds here where the localized pattern comes
from the homoclinic orbit of (3.6) wrapping around a periodic in x solution y(z;y).
Again, the theory in [215] guarantees the existence of stable and unstable manifolds
to y(x;y) in the phase-space X that can be used to prove the existence of a homoclinic
orbit that wraps around 7 (in x), producing the desired localized solution to (3.1).

With all these pieces, Beck et al. [30] were able to extend their 1D analysis to
prove the existence of localized snaking solutions to (3.1). This work is a complete
extension of their work in one spatial dimension, while providing the necessary hy-
potheses and verification thereof to achieve their results in some generality. Important
to this review is that much, if not all, of the 1D theory can be carried over to the mul-
tidimensional spatial setting when only one variable is unbounded. Unfortunately,
if y in (3.1) is taken to be not periodic but infinitely extended in one or both di-
rections, then the necessary theory put forth in [203, 215] does not apply. Thus, the
spatial dynamics interpretation ultimately fails in trying to understand planar pattern
formation outside some limited scenarios.

3.4. Orientation-Dependent Pinning. Another investigation of patterns local-
ized in a single direction on a planar landscape can be found in the work of Dean
et al. [85] for lattice dynamical systems. More precisely, this work was concerned
with spatially-discrete systems of the form

(3.9)
Un,m = d[U71,+1,m + Un—l,m + Un,m+1 + Un,m—l - 4Un,m] + F(Un,m7 ,U)a (n, m) € Zza

where F'(U, u) is any bistable nonlinearity. This includes the two bistable nonlinear-
ities we encountered with the SHE: F(U, ) = —uU + vU? — U3 and F(U, u) — pU +
vU? — U®. System (3.9) represents a standard 5-point discretization of the Laplace
operator and is the 2D version of the lattice system encountered in section 2.3.3.

Patterns of the planar lattice system (3.9) that are localized in one direction
manifest themselves as planar monotone fronts and backs on the lattice glued together;
that is, they are solutions of (3.9) taking the form U, ., = A(ncos(vp) + msin(v),t)
for an angle ¢ € [0,27) and profile A(z,t) — 0 as |z| — co. Under this ansatz, the
system (3.9) becomes

A(z,t) =d[A(z + cos(¥),t) + A(z — cos(),t) + A(z + sin(¢), t)
+ A(z —sin(y), 1) — 4A(z, )] + F(A(z,1), ),
where we set 2z = n cos()) +msin(v)). Notice that if tan(y)) = b/a for (a,b) € Z*\ {0,0}

with ged(|al, |b]) =1, then we can interpret (3.10) as a 1D lattice equation indexed by
the countable set

(3.10)

na +mb

(3.11) d= {m

(n,m)EZ2}.
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In contrast, if tan(¢)) ¢ Q, then the set {ncos(x)) + msin(v)| (n,m) € Z?} is a dense
subset of R. Thus, unlike ® above, there is no well-defined lattice spacing when
tan(t)) is irrational. Already one can see that the orientation of the pattern plays a
major role since rational directions, i.e., tan(y) € Q U {£oo}, result in a 1D lattice
equation, but irrational directions do not. In the context of front propagation, the
regular lattice spacing in rational directions leads to wave pinning, while irrational
directions do not [71, 72, 124, 130].

Using matched exponential asymptotics, [85] investigates the existence of solu-
tions to bistable lattice equations that are localized in one direction. These results
demonstrate that with d>> 1 the snaking parameter regime (in p) of localized steady-
state solutions to (3.10) has nonzero width as long as tan(¢) = b/a € Q U {£o0}.
This region of parameter space depends explicitly on the orientation through the
term /a2 + b2, wherein smaller effective lattice spacing (a? +b%)~1/? leads to smaller
existence regions in parameter space. This echoes similar results for propagating
monotone fronts [61]. This work can similarly be applied to hexagonal lattice dis-
cretizations of the Laplace operator, where again one finds that orientations leading
to well-defined 1D lattice equations on the hexagonal lattice have exponentially small
pinning regions, with similar dependence on the effective lattice spacing.

4. Axisymmetric Patterns. A natural way of extending the study of 1D pat-
terns to higher spatial dimensions is to consider azisymmetric patterns. As solu-
tions to mathematical equations, axisymmetric patterns depend only on the distance
from the origin in a multidimensional space, essentially making them 1D in a ra-
dial variable. Axisymmetric patterns abound in both experiment and theory, having
been documented in dryland vegetation models [108, 143, 187], nonlinear optics
[38, 142, 182, 183, 200], vibrating media [6, 159, 171, 239], neural field equations [98,
99, 207], phase-field crystal models [125, 194], and several other examples from the
physical and social sciences [21, 165, 244].

Mathematically, an axisymmetric pattern over the spatial domain = € R™ takes
the form U(z) = U(r), where r := |z| > 0. For exposition, axisymmetric steady-state
solutions of the n-dimensional SHE satisfy the ODE (now in the radial variable r)
given by

1 2
(4.1) o(1+”r ar+a£) U — ulU +vU? - U?,

where U = U(r). Proceeding as we did previously, we may introduce the variables
(4.2)

U1:U, UQZaTU, U3(1+n

n

rlaﬁa??)U, U4ar<1+ T18T+63)U,

to result in the 4D radial ODE

/ p—
Uy = U2,
n—1
Uy = U3 — UL — U2,
(4.3) .
Uz = U4,
/o 2 3 n—1
Uy = —uUz — pur +ru] —uy — Uy,
where ' = %. Prior to moving on one should note the difference between (4.3) and

(2.11). In spatial dimensions n > 1, one introduces an inhomogeneity and a singularity
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at r = 0 (equivalently, x = 0) into the spatial ODE of the SHE. As we will review
in this section, the subtle difference between (4.3) and its 1D counterpart (2.11) has
drastic consequences for the approach and results for the existence and bifurcation
structure of radially-localized patterns.

4.1. Emergence of Axisymmetric Patterns. A natural focal point for the analy-
sis of solutions to PDEs is locations near bifurcation points, and this is exactly where
we begin the review of axisymmetric patterns in the SHE. As we saw previously with
localized patterns in one dimension, the natural organizing center for the SHE is the
Turing bifurcation point x = 0. The goal of works such as [160, 179] was to rigorously
establish the existence of localized axisymmetric patterns to the SHE by demonstrat-
ing their emergence in a bifurcation at g = 0 from the trivial steady state U = 0. Such
states are interpreted as bounded solutions to the spatial ODE (4.3) whose maximum
value over all of r > 0 scales with |u| < 1 and which converge exponentially fast to
(u1,u2,us,uqs) =(0,0,0,0) as r — co.

A major advancement toward applying spatial dynamics to examine the exis-
tence and bifurcation structure of axisymmetric patterns was the work of Scheel [217].
Scheel introduced a novel extension of standard dynamical systems techniques to sys-
tems such as (4.3), which we now call radial spatial dynamics. There is a qualitative
difference between the spatial eigenvalues of (4.3) when r < 1 and when r > 1; small-
amplitude solutions should exhibit algebraic behavior for small-to-moderate values of
r (the “core” region) and exponential behavior for large values of r (the “far-field”
region). Then, the set of localized axisymmetric solutions to (4.3) can be thought of
as the intersection of the set of solutions to (4.3) that remain bounded in the core
region and the set of solutions that decay exponentially to zero as r — oo in the
far-field region.

Using Scheel’s radial spatial dynamics, Lloyd and Sandstede [160] proved the
existence of axisymmetric, localized solutions to the planar (n =2) SHE (4.1). One
such solution is described in the following theorem. This solution is referred to as
Spot A for reasons that will become clear shortly.

THEOREM 4.1 (Spot A, [160, Theorem 2]). Fiz v #0. Then, there exist constants
to,T0,T1 > 0 such that (4.1) with n =2 has a steady-state solution of the form U(r) =
ua(r), where

\/6 ”%\/%JO(T)"‘O(M), OSTSTo, )
(44 walr) = Jom g uarme coslr 1)+ 0w, ro <r<ripTE,
I2V4 1
pEr=en=hEN/2 cos(r — T) 4+ O(p), TpE <,

for each p € (0, o) and Jy is the 0™"-order Bessel function of the first kind.

One should immediately note the O(|p|2) scaling of the core of the Spot A solution
in Theorem 4.1. Such a scaling is typical of codimension-1 saddle-node, pitchfork,
and Turing bifurcations. However, Lloyd and Sandstede identified another type of
solution, rings, that exhibit a slightly unusual O(M%) scaling in the core instead.
Spot A and ring-type solutions are compared in Figure 4.1, where one notices that
the Spot A solutions have a global maximum at r = 0. The ring vanishes at r =0
and has global extrema away from the origin, leading to the ring structure that is
exhibited in contour plots of the solution.

The existence of rings relies on performing a normal form transformation in the
far-field. The resulting leading-order approximation for the radial dynamics in the
far-field is governed by the nonautonomous Ginzburg-Landau equation
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U U

Fig. 4.1 Contour plots and radial profiles of localized azisymmetric patterns. including (1) Spot A,
(2) Spot B, (3) Ring A, and (4) Ring B. Each pattern is numerically obtained as a solution
of (4.1) with n=2, y=1.6, and u~0.08.

1

(45) 0=a (g5 +55) 906)—ae) = Halo)Pals) + O

where s := u%r is the rescaled radial coordinate in the far-field for p > 0. A key
difficulty in studying localized axisymmetric patterns in (4.1) lies in proving the ex-
istence of exponentially localized solutions to this Ginzburg-Landau equation. More
precisely, the combination of nonautonomous and nonlinear terms results in a differ-
ential equation that is intractable to standard existence theorems. The existence of
a localized solution to (4.5) was consequently left as an unproven hypothesis in early
works on localized axisymmetric patterns [160, 179], until van den Berg, Groothedde,
and Williams verified this hypothesis with a computer-assisted proof [240]. They
showed that as long as

319,

(46) 1—1—81/ <0 = |V|>\/ 27/38,

there exists a nontrivial solution on 0 < r < oo with the asymptotic expansions

B qor? —1—(9(7‘%), r—0,

4.7 = 1
(47 ar {(q+ L0 rde 2, 5o,

for some constants gy > 0, ¢4 # 0. Given this solution ¢(r) we now provide the
existence result for rings.

THEOREM 4.2 (rings, [160, Theorem 1]). Fiz |v| > 1/27/38 and let q be the
solution of (4.5) with asymptotics (4.7). Then, there exist constants i9,70,71,qo > 0
such that (4.1) with n =2 has two steady-state solutions of the form U(r) = fug(r),
where

2#%\/§q07%]1(7‘)+0(,u), 0<r<ro,
(4.8) ugr(r) =1 2uiqore sin (r—2)+0(w), ro<r<ripTE,
2utq(urr)sin(r = §) + O(n), rp~7<r,

for each € (0,p0) and Jy is the 15'-order Bessel function of the first kind.
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Notice that these solutions bifurcate from p = 0 in pairs, giving that rings arise
via a pitchfork bifurcation from the Turing instability in the SHE. Moreover, the
condition |v| > /27/38 arises from (4.6) and translates to the requirement that the
SPPs (Turing patterns) in the SHE bifurcate subcritically. In what follows we refer
to solutions along the bifurcating ug(r) branch as Ring A and the solutions along the
—upg(r) branch as Ring B.

Shortly after Theorems 4.1 and 4.2 were published, numerical continuations of
these patterns in the SHE revealed the existence of another type of localized solution:
Spot B profiles [178], which are shown in panel (2) of Figure 4.1. The results of these
continuations are the subject of the next subsection, but what is most important
for now is that the Spot B solutions are entirely distinct from the Spot A and ring
solutions. Like the other localized axisymmetric solutions in this section, they emerge
from the Turing bifurcation point p = 0, but their distinction comes from the fact that
they exhibit a O(|u|?) scaling for small 0 < ;< 1. The existence of these patterns
was proven in [179] and again relies on the existence of the solution ¢(r) to (4.5). The
result is summarized in the following theorem.

THEOREM 4.3 (Spot B, [179, Theorem 1]). Fiz |v| > \/27/38. Then, there exist
constants po,mo > 0 such that (4.1) with n = 2 has a steady-state localized solution
U(r)=up(r) for all € (0, o) with

(4.9) up(r) ~ =3 Jo(r) + O(V)
uniformly on bounded intervals [0,79] as p— 0.

The above results focused only on the planar (n =2) SHE. However, many of the
techniques developed for the planar system carry over to the SHE in higher spatial
dimensions. This was demonstrated by McCalla and Sandstede, who further proved
the existence of Spot A and Spot B solutions that bifurcate from g =0 in the SHE
with n =3 [179]. Both have profiles that are given by the spherical Bessel function
Jo(r) =sin(r)/r, as opposed to the Bessel function Jy(r) when n =2, and again Spot
A solutions exhibit O(|pu|2) scaling. With n = 3 the Spot B solutions now exhibit
O(] u\%) scaling. In fact, these results indicate that Spot B patterns in R” should scale
like O(] u\%) Along with the provided results for n = 2,3, this agrees with the fact
that for n=1 there are two solutions that bifurcate from p=0 with O(|u|?) scaling.
One barrier to using radial spatial dynamics to prove the existence of axisymmetric
solutions in the SHE with n > 4 is determining the profile of the solutions, potentially
as a function of n. These profiles are determined by the expansion of the core manifold
near r = 0, while finding and matching with bounded nontrivial solutions of the far-
field equations may again require bounded solutions of (4.5) or a related equation.
Finally, rings have not been proven to bifurcate from p =0 in the SHE for any n > 2
and so their existence in higher space dimensions remains an open question.

We briefly mention that away from the Turing instability, axisymmetric localized
spots have been extensively investigated in spatially singularly-perturbed PDEs; see,
for example, [14, 59, 69, 242, 256, 261, 262, 265, 267] in terms of both existence
and (in-)stability analysis. These spots can be stationary or translating, and they
rely on a core (known as either inner or fast solutions) and far-field (outer/slow
solutions) matching procedure using either matched asymptotics or geometric singular
perturbation theory. Localized rings have also been studied near the singular limit
[152, 153, 192] using similar techniques. Localized spots have also been investigated
on the sphere [136, 211].
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4.2. Axisymmetric Snaking Branches. Continuing the axisymmetric patterns of
the previous subsection from p & 0 into larger values of u reveals a complex bifurcation
structure that bears little resemblance to the familiar 1D snakes and ladders profiles
[178]. The situation appears to be qualitatively the same for dimensions n =2,3 and
Figure 4.2 presents a numerically obtained bifurcation diagram for visual reference.
Initially, the Spot A and Spot B branches follow the usual snaking structure wherein
fold bifurcations flip back and forth over a compact region of parameter space with
the folds appearing to align along two vertical asymptotes. Moreover, like the 1D
snaking phenomenon, SPPs are added that extend the region of localization for the
axisymmetric pattern, in turn causing the L2-norm of the solution to increase, thus
resulting in the vertical ascension in the bifurcation diagram.

This vertical growth along the bifurcation diagram is not long lived. Eventually,
both the Spot A and the Spot B branches reach a maximal finite height in the bifurca-
tion diagram where they turn into rings and begin decreasing in norm by subtracting
SPPs. Following [178], Spot A connects to the Ring A branch and Spot B the Ring B
branch, as defined in the previous subsection. Above both of these terminal snaking
branches in the bifurcation diagram lie stacks of isolas—closed curves in the bifur-
cation diagram. Along each isola the solution profiles change in intricate ways and
switch between both ring- and spot-like patterns. In both two and three dimensions
there are only finitely many isolas with the 2D patterns extending vertically in the

(i) 1100

(@) 1,0

1000 | 1000

900

900

2o 800

800 -

700 - 700

600
600 -

500 -

400 -

U113
Upper branch

(iif)
300
410
200 +

== 400
=%
390
100
380
3701 .
0.19 0.2 0.21

Fig. 4.2 Snaking bifurcation branches of localized Spot A patterns in to the planar (n = 2) SHE
(4.1). (i) The full bifurcation diagram is fragmented into three distinct components: a lower
snaking branch (blue), numerous isolas (green), and an upper snaking branch (purple).
Only a representative few of the isolas are plotted as there are > 20 which appear stacked
upon each other. (ii) The upper snaking branch appears to narrow toward the Mazwell
point at p = 0.2 in this case. (iii) A single isola from the bifurcation diagram. Spot B
patterns exhibit a similar fragmented bifurcation diagram; see [178].
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Fig. 4.3 Left: The anatomy of a radial SPP solution used in the proofs of [43]. Right: In the phase-
space of (4.3), localized radial SPPs wrap around an invariant cylinder in phase-space for
a finite time to produce the SPP.

bifurcation diagram until they have approximately 38 SPPs, while in three dimen-
sions the isolas terminate with fewer SPPs. Finally, above the isolas there is another
snaking branch which consists of two intertwined arms that appear to ascend verti-
cally in the bifurcation diagram without bound. This snaking branch is referred to as
the upper snaking branch, while the branch containing Spot A or Spot B patterns that
emerges from (U, ) = (0,0) is termed the lower snaking branch. The upper branch
differs significantly from the lower branch in that SPPs are added near the core of
the pattern, i.e., near r =0, as opposed to at the tail like in one dimension. Based on
numerical observations, McCalla and Sandstede further conjectured in [178] that the
upper branch collapses onto a single parameter value as the number of SPPs in the
localized pattern goes to infinity. Bramburger et al. [43] attempted to better under-
stand the bifurcation structure of localized axisymmetric patterns in the 2D and 3D
SHEs from an analytical perspective. As in the previous section, their work focused
on the radial spatial dynamical system (4.3). When n =1, the nonautonomous terms
disappear, reverting back to the 1D setting (2.11) in which all dynamics take place
inside the level sets of the Hamiltonian function (2.19). Importantly, when n = 1,
SPPs of the SHE (4.1) correspond to periodic orbits of (4.3), which is only a slice of
a “stack” of periodic orbits forming a normally hyperbolic invariant manifold P that
can be parameterized by the value of H. The result is a cylinder of stacked periodic
orbits in phase-space, as illustrated in Figure 4.3. Due to the conserved quantity H,
localized SPPs of the SHE in one dimension can only be constructed through connec-
tions with the periodic orbit in #~1(0), the zero-level set of H, to the rest state U = 0
for each fixed (u,v).

For any n > 1 the function H is no longer a conserved quantity of (4.3). However,
when O(|n—1|/r) is small we expect the system (4.3) to present itself as a perturbation
from the n =1 equation, and therefore P will persist as an integral manifold in the
nonautonomous, nonconserved phase-space. It is important to note, however, that
the dynamics on the perturbed invariant manifold will no longer be periodic, which
potentially causes trajectories to leave the perturbed cylinder after a finite amount of
time through its top or bottom.

To better understand the system (4.3) (and in turn axisymmetric localized pat-
terns), McCalla and Sandstede proposed introducing a “dimensional perturbation” in
the form of n =1+ ¢ [178]. Although meaningless in the context of the dimension of
the underlying space, when 0 < ¢ < 1 this dimensional perturbation casts (4.3) as a
true perturbation from the well-understood spatial system (2.11) in one dimension. In
particular, [43, Theorem 2.7] shows that snaking branches persist for plateau lengths
L <exp(b/e) with constant b > 0. Such an upper bound is the result of determining
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the maximal number of times a trajectory can be guaranteed to wrap around the
perturbed cylinder in complete generality. Surprisingly, numerical continuations of
localized radial solutions to (4.3) at fixed values of € reveal that the upper bound
exp(b/e) closely tracks with the maximum of the lower snaking branches, even well
beyond the asymptotic regime 0 < ¢ < 1 and into e = 1,2 (dimensions n =2, 3).

Bramburger et al. [43] also provided results on the nature of the snaking branches
of the system (4.3) in dimensions n = 2,3. Using a combination of analytical and
numerical results, it is shown that the snaking branches of the SHE must collapse
onto the Maxwell point as one ascends the bifurcation diagram. This explains the
upper snaking branch becoming increasingly localized about the Maxwell point and
further proves the conjecture of [178].

There remain a number of outstanding questions related to the bifurcation curves
of localized radial patterns. Primary among them is that there is still no explanation
for the intermediate stack of isolas that splits the lower and upper snaking branches.
Similarly, it is not clear why the upper branch forms a connected curve or if it is even
the uppermost branch in the bifurcation diagram. That is, it is entirely possible that
the observed upper branch terminates much like the lower branch at a finite height
in the bifurcation diagram, possibly giving way to more isolas or another snaking
branch. Such a finding would not necessarily be surprising as the work [160] originally
presented evidence that the lower branch extends indefinitely and it wasn’t until
[178] that the termination of the lower branch was observed far up in the bifurcation
diagram. Finally, the reason for the difficulty in predicting the specific shape of
the snaking diagram with n = 2,3 is that numerical investigations indicate that the
structure is driven by the behavior of solutions away from the invariant manifold of
periodic orbits. This means that the curves depend on the global dynamics of the
dynamical system (4.3) and not just the local properties near the perturbed cylinder.

4.3. Time Periodic Patterns. Throughout this section we have only discussed
time-independent localized solutions. This is primarily due to the fact that time-
dependent patterns cannot be put into the spatial dynamics formulation, as was done
for the SHE (4.3). Nonetheless, as we saw in section 2.4.4, there is significant doc-
umentation in the mathematical and physical literature of localized time-periodic
patterns, termed oscillons and/or breathers. In dimensions greater than 1, notable
numerical documentation includes the axisymmetric and nonaxisymmetric localized
oscillons in [6] and the localized hexagon oscillons in [75].

Oscillons as solutions to PDEs present a serious mathematical challenge as even
those that are axisymmetric must be functions of both space and time to account for
the time-periodicity. For this reason, analytical results on oscillations are sparse in the
mathematical literature. One analytical result showed that the nonlinear Schrédinger
equation proposed in [189] to model Newtonian fluids supports ring-type oscillons in
two and three spatial dimensions [20]. Moreover, these ring oscillons are shown to be
stable. Weakly nonlinear analysis has provided further insight into the existence of
oscillons in Ginzburg-Landau models in one spatial dimension [58, 81].

One method of approaching the existence of axisymmetric oscillons is to return
to the forced CGL equation (2.28). In higher spatial dimensions this PDE takes the
form

(4.10) U= (1+ia)AU + (—p+iw)U — (1 +iB8)|U*U + 1T,

where «, 8,7, p,w € R, U =U(z,t) € C, and z € R™. Recall from section 2.4.4 that
although not explicitly time-periodic, (4.10) is argued to be an amplitude equation for
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Fig. 4.4 Spatial eigenvalues for the reversible Takens—Bogdanov instability.

periodically forced systems near a Hopf bifurcation. Assuming radial symmetry, i.e.,
U(xz) =U(r) only, we find that (4.10) is transformed to a complex ODE in the single
spatial variable r = |z| > 0. McQuighan and Sandstede extended the 1D existence
of monotone tailed oscillons (as mentioned in section 2.4.4) of the first type to two
spatial dimensions with the following theorem.

THEOREM 4.4 (radial oscillons, [181, Theorem 1]). Fir aw < p < fw and let
v = V2 +w? — &2 then there is an g9 > 0 such that (4.10) with x € R* has a
nontrivial localized radial solution of amplitude O(e) for each e € (0,£¢).

This result again makes use of radial spatial dynamics and provides the existence
as emergence from a bifurcation. In the setting of (4.10), the curve v = /2 + w? cor-
responds to a reversible Takens—Bogdanov bifurcation in the associated radial spatial
dynamical systems; see Figure 4.4. The condition p < fw provides that the bifurca-
tion is subcritical, while we recall that similar subcriticality conditions were necessary
for the existence of rings and the Spot B solution in Theorems 4.2 and 4.3, respec-
tively. The difference is that in the SHE the centralizing bifurcation is of Hopf type,
which leads to the Turing patterns in space. In both cases, it is the subcriticality that
leads to localized pattern formation. The condition p > aw provides that solutions in
the far-field decay monotonically to zero as 7 — oo, leading to the monotonic tails of
solutions coming from Theorem 4.4.

Further numerical investigations of (4.10) reveal a wealth of localized patterns.
In the parameter region p < aw the far-field equations exhibit damped oscillations
that decay to zero, which in turn can lead to the existence of localized solutions
with oscillatory tails. Further explorations have revealed the presence of reciprocal
oscillons exhibiting both monotone and oscillatory tails. The existence of these oscillon
patterns remains to be proven, while a rigorous justification of (4.10) as a normal form
for periodically forced RD systems near a supercritical Hopf bifurcation is also lacking.
Proofs in either of these directions would represent a major advancement in the theory
of oscillons.

5. Fully Localized Planar Patterns. In this section, we turn our attention
to fully localized planar patterns that are not radially-symmetric. Examples are
shown in Figure 5.1, including the now-famous localized hexagon patches found in
the SHE [162]. For the SHE alone there is further documentation of localized pat-
terns exhibiting rhombic and square symmetries [213, 273], while similar localized
patterns exhibiting dihedral symmetries in other pattern-forming RD systems abound
[10, 51, 52, 120, 164, 168, 182, 183, 194, 207, 214, 225, 239, 251]. Notable examples
come from vegetation models [135, 252] in which these localized patterns represent
symmetrically-arranged patches of dense vegetation surrounded by sparser ones.
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Fig. 5.1 Fully localized planar patterns, including (1) squares, (2) triangles, (3) hexagons, (4) do-
decagons, (5) rhomboids, (6) stripes (from [16]), and (7) quasi-patterns (from [225]).

We have seen over the past two sections that some approaches to planar patterns
rely on reducing the problem to one that is similar to the 1D setting. The case of
fully localized patterns that are neither axisymmetric nor bounded in one direction
unfortunately does not exhibit a similar reduction to a 1D problem and, consequen-
tially, it has no spatial dynamics formulation. Due to the lack of a spatial dynamics
interpretation, analytic approaches to localized patterns in two dimensions have been
scattered and are significantly less developed than their 1D counterparts. Investiga-
tions typically require one to fixate on a limited parameter regime, such as near a
Turing bifurcation, or to deploy some creativity in studying proxy systems that seem
to explain some of the observed phenomena.

Here we will review the creative investigations of and approaches to fully localized
(nonradial) patterns. We begin by reviewing the recent approach from [121, 122] in
section 5.1 to better understand the emergence of localized patterns with dihedral
symmetries from the Turing bifurcation point ;=0 in the SHE. Then, in section 5.2
we proceed to a review of the extensive numerical investigation of localized hexagon
patches. This subsection has a particular focus on the work [162] that inspired much of
the work over the past decade on localized planar patterns. We conclude in section 5.3
with a review of localized patterns to lattice dynamical systems of the form (3.9).

5.1. Emergence of Localized Dihedral Patterns. The works [121, 122] at-
tempted to predict the types of fully localized patterns one should expect to emerge
in RD systems from a Turing bifurcation. All of what follows holds for general two-
component RD equations under standard Turing bifurcation hypotheses, but as in
the previous sections we will focus exclusively on the SHE for illustrative purposes.
We consider localized dihedral patterns, meaning fully localized patterns that are in-
variant under the action of a dihedral symmetry group, D,,, for some m > 2. Writing
the planar variables (z,y) € R? in polar form (r,6), this means that a steady-state
localized dihedral pattern to a planar evolution equation satisfies the rotational sym-
metry condition U(r,0 + 2x/m) = U(r,0) and the flip condition U(r,—0) = U(r,0).
Periodicity in the #-component along with the symmetry constraints imply that a
dihedral pattern can be expanded as a cosine series

(5.1) U(r,0) =uo(r) +2 Z U (1) cos(nmb).
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The above Fourier decomposition essentially makes all phase dependence in U(r,6)
trivial and requires one only to identify the amplitudes w,(r), n = 0,1,2,.... The
drawback, of course, is that substituting this expansion into the planar SHE (1.2)
results in an infinite system of coupled nonautonomous ODEs with independent
variable 7.

Since an infinite system of ODEs is generally difficult to manage, [121, 122] in-
troduced a relaxation of the problem that helps to inform what should be expected
of localized dihedral patterns. Motivated by numerical treatments of pattern-forming
systems, the authors truncated the expansion (5.1) at a finite value N > 1, which
when put into the planar quadratic-cubic SHE (1.2) results in the coupled fourth-
order ODEs

1 2\ ?
(52) O<1+3f+r87, (W;Z) ) unfuunle/ Z UMUM
1+j=n

- E UG W5 W)k 5 n=0,1,...,N,
i+j+k=n

where the summation indices run over 4,5,k = —N,...,N. For any finite N, system
(5.2) provides a Galerkin expansion that can at best only approximate a solution to
the true SHE. However, the results that follow below for N > 1 can be used as an
initial guess to perform numerical continuation of localized dihedral patterns and in
so doing identify previously unidentified phenomena in the realm of localized pattern
formation.

Using radial normal form theory, [123] provides the following theorem which de-
scribes the emergence of Spot A type localized dihedral patterns in (5.2). Such so-
lutions emerge from the Turing point g = 0, much like the axisymmetric solutions
discussed in section 4.1.

THEOREM 5.1 ([123, Theorem 2.2]). Fiz m,N € N and assume the constants
{an}N_, are nondegenerate solutions of the nonlinear matching condition

N—n . n .
- -2
(5.3) ap =2 Z cos (T??JT(T;])) ajGn4j + Zcos (m7r(n3])) A

j=1 =0

for eachn=0,1,...,N. Then, there exist constants ug,ro,71 > 0 such that the system
(5.2) has a solution of the form

(5.4)
M%\/g,]mn(r)jt(’)(u), 0<r<ro,

n(r) = L0 1y & e cos( (1) + Ol ro<r <,
prr=z e iEN/2 cog(ih, (1)) + O(p), Tp~2 <r,

for each € (0,p0), n = 0,1,...,N, where P, (r) := r — 285 — % and Jp, is the
(mn)™-order Bessel function of the first kind.

Notice that everything comes down to satisfying the matching equation (5.3). For
small N, one can do this by hand (or with symbolic computation) and one finds that
the number of solutions for a given m quickly becomes overwhelming as N increases.
For example, the hexagonal case m = 6 gives only two distinct solutions with profiles
(5.4) when N =2, but five solutions when N =3 (see Figure 5.2), and many more for
each N >4. When 6 | m, the matching equation (5.3) becomes

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

262 JASON J. BRAMBURGER, DAN J. HILL, AND DAVID J. B. LLOYD

Fig. 5.2 Solving (5.3) with (m, N) = (6,3) leads to the five distinct solutions in the form (5.4), shown
here for p=0.0006.
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Fig. 5.3 Scaled solutions of the matching condition (a) (5.5) and (b) (5.7) (with m even) for large
values of N. Figure reproduced from [121, 122].

N—n n
(5.5) =2 Z @+ Zajan_j,
j=1 j=0

losing all cosine terms, and numerically we observe that there exists exactly one
solution satisfying a,, > 0 for all n = 0,1,..., N for every value of N, as plotted in
Figure 5.3(a). For m = 6 this positive solution is the “standard” hexagon pattern,
as documented in [162] and discussed in the next subsection. The existence of such
a solution to (5.5) is proven to exist for all sufficiently large N. This is achieved by
noticing that when N is large, the matching equations (5.5) (after rescaling the ay,)
resemble a Riemann sum discretization of the continuum matching equation

(56)  alt)= /O  as)als + f)ds + /0 als)alt—s)ds,  te[0,1].

A strictly positive solution a*(¢) > 0 is proven to exist using computer-assisted meth-
ods, following [240], which in turn is proven to lead to the strictly positive solution of
(5.5) roughly by a,, ~a*(n/(N +1))/(N + 1); see Figure 5.3.

Like localized dihedral spots, localized dihedral ring patterns are well documented
throughout the physical sciences. For example, such patterns arise as optical solitons
[142, 183, 251] and as fairy circles [107, 108, 271, 272]. Their emergence is also
amenable to analysis in the Galerkin system (5.2). The emergence of localized dihedral
ring patterns from the Turing point p =0 is detailed by the following theorem.

THEOREM 5.2 ([122, Theorem 2.2]). Fiz m,N € N and assume the constants
{a, }_, are solutions of the nonlinear matching condition

m(li|+]il—|k|l=n)
(5.7) an= > (-1 T agag|ag
i+j+k=n
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Fig. 5.4 Solving (5.7) with (m, N) = (6,3) leads to the 15 distinct solutions in the form (5.8), shown
here for p=0.08.

foreachn=0,1,... N and —N <1i,j,k < N. Then, there exist constants qg, o, 70,71 >
0 such that the system (5.2) has a solution of the form

pi V340 Imns1(r) +O0(n),  0<r<rg,

(5.8) Un (1) = 2an { piqor? sin(in(r)) +O(n),  ro<r<riu~%,
uHq(uin)sin(a(r) + O(n), rp~# <r,

for each p € (0, o), n € [0, N], where ¢y (1) :=r — 8% — % Jpny1 is the (mn+ 1)th-

order Bessel function of the first kind, and q(s) is the nontrivial homoclinic solution
(4.7) of the radial Ginzburg—Landau equation (4.5).

There are marked differences between the spot profiles of Theorem 5.1 and the
ring profiles of Theorem 5.2, similar to the spots and rings encountered in section 4.
Primary among them is that the spots have a local maximum at the origin of the
plane, (z,y) = (0,0), while all rings satisfy u(0) =0, which is a defining characteristic
of ring solutions to the SHE; see Figure 5.4. Another difference is the scaling which
mimics the scalings of axisymmetric Spot A solutions and rings in section 4.1; that
is, as u — 01 ring solutions scale as p3/*, while the spots in Theorem 5.1 take on
the usual Turing bifurcation scaling of p'/2. Both of these differences carry over
from the analysis of axisymmetric solutions and so the novel differences appear in
the matching equations (5.3) and (5.7). In particular, notice that the ring solutions
do not require a nondegeneracy assumption, while the spots do. In the ring case
the nondegeneracy condition can be proven to hold for any solution of the matching
equation (5.7). This result simply leverages the nondegeneracy results of [240] on
nondegenerate axisymmetric solutions to a Ginzburg-Landau PDE, as was similarly
done for the axisymmetric rings in [179]. This greatly eases the analysis of ring
patterns as one only requires the identification of solutions to the matching equation
(5.7), while in the case of the spots in Theorem 5.1 we have the extra step of confirming
nondegeneracy to arrive at a localized profile.
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The most interesting distinction between the dihedral spot and ring patterns
comes from how they emerge from the Turing instability at u© = 0. Notice that the
cubic order of the ring matching equation (5.7) endows the Zs symmetry that if
{a, })_, is a solution, then so is {—a,}N_,. This means that for any (m,N) the
emergence of one localized dihedral pattern u is accompanied by another pattern
related by negating it. The result is that rings emerge from g = 0 in the Galerkin
system (5.2) through pitchfork bifurcations. This is not the case for the spots as they
emerge along a single branch without a symmetric counterpart due to the lack of
symmetry in their matching equation (5.3).

When m is even we may obtain a similar continuum formulation to (5.6) for the
ring matching equation (5.7), as shown in Figure 5.3(b). The result is that one may
use such a continuum formulation to prove the existence of solutions to the matching
equation (when m is even) for all sufficiently large N. Despite results of this kind,
the reader is reminded that one always has a finite truncation of the Fourier-cosine
series (5.1), meaning that we can only approximate solutions to the SHE. Extending
these solutions to the full SHE is a nontrivial task without a clear course of action.
One limitation comes from the fact that the proofs of Theorems 5.1 and 5.2 require
1o — 0% as N — oo, meaning that the region of validity for a solution to exist shrinks
as the Galerkin expansion approximation is thought to be improving. Thus, it might
be necessary to employ techniques such as Nash—Moser iteration that can provide a
fast convergence algorithm as N — oo to beat the quickly shrinking region of validity
€ (0,p0). A guide toward this may come from work that proves the existence of
quasi-patterned states to the SHE using Nash—Moser iteration to overcome similar
issues in moving from a truncated Fourier expansion to a full one [132].

5.2. Localized Patches Beyond Onset. The work reviewed in the previous sub-
section gives evidence for a plethora of different types of fully localized patches that
are possible in the SHE and related models. While we were previously concerned
with the emergence of localized dihedral patterns, here we turn our attention to their
bifurcation structure.

Localized patches of stripes (sometimes also known as worms) have been investi-
gated in the SHE with a cubic-quintic nonlinearity [16],

(5.9) 0=—(1+A)u— pu+vu® —u’.

Here they find that the patches appear to undergo snaking behavior, as shown in
Figure 5.5. However, the branch eventually terminates once the patch becomes suffi-
ciently large with various isolated branches of larger patches found nearby, as shown
in Figure 5.6. Numerical investigations strongly suggest that the various branches of
the localized stripes with n interior SPPs should approach vertical asymptotes given
by 1D pulses with vanishing Hamiltonian that consist of n SPPs, but the reason for
this remains a mystery.

Most of the analysis on localized patches has concerned hexagon patterns. As is
shown in Figure 5.7, various different localized patches of cellular hexagon pattern
to the SHE have been identified far from onset. The main difference in all of these
patterns comes from whether the center of the localization occurs at the center of
a hexagon cell (leading to localized structures with Dg symmetry, termed standard
hezagons) or off-center (leading to localized structures with either Do or D3 symmetry,
breaking the Dg symmetry of the hexagonal superstructure, termed rhomboids and
triangles, respectively). In the SHE (1.2) with v = 1.6, whether or not a pattern is
centered leads to two different types of bifurcation diagram. While both on-center
and off-center patches appear to bifurcate from the trivial state U =0 at u =0, the
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0.6 0.62 0.64 066 p 0.68

Fig. 5.5 The bifurcation diagram of fully localized stripes for v=2 in (5.9). The Mazwell point for
1D stripes occurs at the vertical dashed line. Image originally appeared in [16].

lleell3 lleell3 e

Fig. 5.6 Fully localized stripes for the cubic-quintic SHE (5.9) with v = 2.655 (left) and v = 2.52
(right). Asv decreases, branches of localized stripes “pinch” off and form isolated branches.
Image originally appeared in [16].

Fig. 5.7 Illustrative examples of localized hexagon patches with (1) De symmetry (hexagons), (2) Da
symmetry (rhomboids), and (3) D3 symmetry (triangles).

on-center localized patch branch quickly collides with the radial Spot A branch, while
the off-center patch branches do not interact with the radial spot and eventually
undergo snaking behavior. At p & 0.15, there is another symmetry-breaking (Dg)
bifurcation of the Spot A branch leading to a large-amplitude on-center hexagon patch
bifurcating and subsequent snaking behavior. The large-amplitude branch of on-
center localized hexagon patches is shown in Figure 1.2 along with the Spot A branch
it bifurcates from. Rigorous existence of localized square, hexagon, and octagon
patches using validated numerics has recently been established by Cadiot, Lessard,
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and Nave [60] for specific parameter values while also establishing criteria for the
convergence of spatially periodic solutions to a localized solution.

What is most interesting about continuing the hexagon patches is that their
snaking bifurcation diagrams are significantly more complicated than the planar fronts
or 1D patterns encountered previously. They also bear little resemblance to the
axisymmetric curves we saw in section 4.2 in that localized hexagons appears to lie
along a single curve that causes the pattern to expand into the quiescent state without
bound. As can be seen in Figure 5.8, the bifurcation curve is quite complicated with
numerous folds on either side that do not appear to align at common values of p as
one ascends the diagram. What is apparent in the diagram is that large leftward
excursions represent the localized hexagon patch “completing” itself, wherein the
region of localization makes a near-perfect hexagon shape. Considering the localized
hexagon patch as the combination of various planar hexagon fronts (as in section 3.2),
the large leftward excursions are found to be well explained by the growth of individual
cells along the edge of the hexagon planar fronts, as shown in Figure 3.8 and Figure 5.9.
In between these leftward excursions, the patterns grow by adding activated cells along
the perimeter of the pattern in increasingly complicated ways.

Lloyd [161] extended this concept of considering a hexagon patch made up of
various planar fronts to propose a pattern selection criterion that predicts the selected

/(11,035

Fig. 5.8 A zoom of the hexagon patch bifurcation diagram in the SHE with v =1.6 showing how a
new layer of cells is added to a hexagon patch. Image originally appeared in [162].

hexagon
.. snake

Fig. 5.9 Comparison of the hexagon patch and front snaking bifurcation diagrams showing the emer-
gence of cells along the (10)-front interface. Image originally appeared in [162].
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Fig. 5.10 (a) A localized hexagon patch of the SHE (1.2) with (u,v) = (0.3,1.6). (b) The selected
wavenumber of the hexagon cell in the snaking region. Image originally appeared in [161].

wavenumber of the pattern cells in the patch. While the hexagon patch can be
considered as being made up of several fronts, we consider just two fronts oriented
perpendicular to one another, connected by the same pattern cell. This is illustrated
in Figure 3.6(c), where the horizontal front is denoted by (10) and the vertical front is
denoted by (11) and the matching pattern cell is highlighted as a white box. From the
planar front theory in section 3.2, we know that for a given vertical wavenumber &,
the horizontal front must select a corresponding horizontal wavenumber k,. Similarly,
the vertical front must select a corresponding k, for a given k,. Thus, for the pattern
cell to exist, a necessary condition is that the selected k, and k, values lead to a
compatible pattern. Tracing out the selected wavenumbers (k,,k,) of the (10)- and
(11)-fronts as we vary k, or k;, respectively, leads to the compatibility diagrams
shown in Figure 5.11. These diagrams show various slices through the snaking region
of the hexagon patches. Where the blue and gold curves intersect, one can expect to
find that compatible fronts occur. It is found that intersections of the curves occur
along the lines k, = v/3k, (perfect hexagons), k, = k, (perfect squares), and just
off the perfect hexagon lines. For the intersections along the perfect hexagon lines,
these lead to excellent predictions of the selected wavenumber of the hexagon patch.
The patch wavenumber selection argument can be extended to systems that do not
have a spatial Hamiltonian structure, as well as temporally invading patches using
the far-field core numerics [161]. The methods can also be extended to other localized
patterns, such as localized squares.

Sakaguchi and Brand [214] were the first to find stationary localized patches
involving squares in a modified SHE given by

Ui =—d(q2 + A)?U +aU +bU? — U’ + eV - [(VU)?].

We suspect that these square patches also undergo snaking bifurcations similar to
the hexagon patches and the lattice problem shown in Figure 5.13. In fact, continua-
tions of many of the various dihedral patterns predicted by the work of the previous
subsection in [121] show similarly complicated bifurcation structures. Despite these
similarities, little rigorous investigation has gone into understanding the bifurcation
structure of localized patches beyond the hexagon patterns we have reviewed here.
Localized patches involving quasi-patterns embedded in a quiescent state have
also been documented in [225] for a phase-field crystal model. These structures un-
dergo a succession of folds leading to the quasi-pattern taking up more of the domain.
Near onset, these structures should be captured by the weakly nonlinear analysis de-
scribed in section 5.1, but away from this limited parameter regime very little is known
analytically about these structures. The same authors have further documented
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Fig. 5.11 Compatibility diagrams for stretched dihedral hexagons in the snaking region for v =1.6
SHE (1.2) for (a) p=0.267, (b) p=0.28, (¢) p =10.3, (d) p=0.32, and (e) u = 0.345.
Image originally appeared in [161].

Fig. 5.12 Various different penta-hepta defect hexagon-hexagon patches where the interior hexagon
pattern patch is rotated by an angle of w/6 to the exterior hexagon pattern. Image origi-
nally appeared in [226].
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g. 5.13  Sample profiles and snaking bifurcation curves of planar localized D4-symmetric offsite
patterns of the lattice system (3.9). Panel (i) takes d = 0.001 and panel (ii) provides
solution profiles along the first six rightward saddle-node bifurcations on the curve. Panel
(iii) shows the same bifurcation diagram, but now with d = 0.1. Bifurcation curves for
onsite patterns exhibit the same behavior when increasing d; see [44].
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localized hexagon patches embedded in a hexagon state [226], as shown in Figure 5.12.
Continuations of these structures show that they typically lie along isolas in parame-
ter space. However, even numerically, their existence is not well understood and many
questions about them remain.

5.3. Planar Lattices. While much attention is rightfully paid to localized patterns
in the SHE and other RD systems, fully localized steady-state solutions have also
been well documented in spatially-discrete lattice systems. This is particularly true
in models from nonlinear optics [39, 70, 100, 233, 251, 270]. Relevant to our discussion
in this section, numerical continuations of localized steady-state square patterns on
2D lattices have been shown to exhibit snaking bifurcation behavior that bears a
striking resemblance to the hexagons in the previous subsection [70, 156, 228]. To
demonstrate this, compare the existence curves in panels (i) and (iii) of Figure 5.13
for the lattice system

(510) unm = d[un+1,m + Un—1,m + Un,m+1 + Un,m—1 — 4un,m]

— HUn,m + 2“137,,m - ui,mv (n7 m) € Z27

to those in Figure 1.2. We remind the reader that, as in (2.23) and (3.9), d >
0 represents the strength of interaction between the elements wu, ., arranged over
the integer lattice Z2, while the coupling comes in the form of a typical 5-point
discretization of the usual Laplace operator in two spatial dimensions.

The coupling strength plays a critical role in determining the shape of the bifur-
cation curves as panels (i) and (iii) in Figure 5.13 show a very regular snaking curve
for d = 0.001 that resembles a well-organized bifurcation curve typically seen in 1D
systems. Furthermore, much like 1D systems and the hexagons of the previous sub-
section, Figure 5.13 demonstrates the existence of two types of patterns: onsite and
offsite. Ounsite patterns are square (Ds-symmetric) equilibria of (3.9) which have their
center of symmetry on a lattice point, while offsite patterns have it in the middle of
four lattice points, similar to the localized hexagons in the SHE.

To further understand the structure of fully localized D4 patterns in (5.10), Bram-
burger and Sandstede [44] provided a detailed investigation that uses both rigorous
analysis and computational methods. Although this work is applicable to systems
well beyond that of (5.10), we review the results only in the context of (5.10) for
clarity. Analytical results can be obtained by noticing that setting d = 0 in (5.10),
the so-called anticontinuum limit, completely decouples elements arranged over the
lattice, resulting in the steady-state equation
(5.11) 0= —ptttym + 20, ,, —uy (n,m) € Z2.

n,m?

For each p € [0,1] the nonnegative roots of the above quintic polynomial are 0,
14+ +/T—u,, with collisions of these roots taking place in a saddle-node bifurca-
tion at 4 = 1 and a pitchfork bifurcation at p = 0 from the trivial branch. Impor-
tantly, taking wp ., € {0,4/14/1—p} for each (n,m) € Z* allows one to create
arrangements of patterns on the lattice. Away from the bifurcation points p = 0,1
one may evoke the implicit function theorem to guarantee the persistence of these
arrangements as steady-state solutions to the lattice system (5.10) with 0 < d < 1.
Thus, the problem of understanding the organization of the bifurcation curves of lo-
calized squares in (5.10) with small d essentially reduces to identifying how these
continued branches of arrangements connect near the bifurcation points at © =0, 1.
Using a combination of Lyapunov—Schmidt reduction and blow-up methods, [44]
proved that for sufficiently small d > 0 the bifurcation curves follow the neat organiza-
tion demonstrated in panels (i) and (iii) of Figure 5.13, akin to the snaking branches
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in the 1D SHE. Moreover, the growth of the pattern as one ascends the bifurcation
curve is predictable, adding activated lattice points (those continued in d > 0 from

14T —pu) in a ring around a square to increase its size; see panel (ii) of Fig-
ure 5.13. This analysis goes further and provides spectral and nonlinear stability of
the patterns along the curve as well. Beyond the instability results in [173], little is
known about stability in the continuous spatial setting, and so lattice systems such
as (5.10) present themselves as mathematical models that are amenable to analysis,
at least when d > 0 is small.

The following question still remains: when d becomes larger, what happens that
leads to the perceived complexity of the snaking curves? One might be tempted to
think that the curve in panel (i) of Figure 5.13 is the same that in panel (iii) with only a
diffeomorphic deformation mapping one to the other as d is increased. It was originally
observed by Taylor and Dawes in [228] that this is not the case. They observed that
the bifurcation diagram begins to turn back on itself after an isola collides with the
primary snaking branch of localized square patterns. This phenomenon is referred to
as a “switchback” and happens when a fold along the isola and a fold along the primary
solution branch collide with one another, resulting in a codimension-2 cusp bifurcation.
The result of a switchback is illustrated in Figure 5.14, while numerical results in [44]
indicate that one should expect infinitely many switchbacks to occur upon increasing
the coupling parameter d. Denoting the sequence {d;,ds,ds,...} to be the set of
values at which one of the infinitely many switchbacks occurs, numerical evidence
indicates that d,, — do, = 0.068 at an exponential rate. This means that increasing d
across do, would result in a near complete rearrangement of the bifurcation diagram
from order to complexity in the bifurcation curves, seemingly all at once.

Finally, we are also able to examine the asymmetric patterns that emerge through
pitchfork bifurcations near each of the folds along the primary branches. One can
evoke equivariant bifurcation theory [128, 110] and, in particular, the equivariant
branching lemma to determine exactly how many states bifurcate near each fold and
what their 1D eigenspaces will be when d > 0 is small. All bifurcating branches are
initially unstable, but can become stable after a fold bifurcation. What is noteworthy
here is that the branches appear to be unpredictable, unlike those in one dimen-
sion [30], thus presenting another complexity in the study of localized planar pattern
formation.

(i) (iii)
16

Fig. 5.14 Switchbacks take place in (5.10) when an isola collides with the main snaking branch and
attaches itself. (i) At d = 0.12 there is an isola (blue) that is about to collide with the

primary solution branch of offsite solutions (grey). (ii) Sample profiles along the isola.

(iii) The rearranged primary snaking branch at d=0.2 due to the switchback taking place
at a point d € (0.12,0.2).
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6. Three-Dimensional Patterns. Over the previous three sections, we have in-
troduced the limited understanding of localized patterns in two dimensions and the
different approaches required to study them. Increasing the spatial dimension to
three now moves us even further into mostly uncharted territory. Despite the chal-
lenge of analyzing and simulating mathematical equations in three spatial dimensions,
localized patterns have been identified in numerous settings, including water waves
[1, 50, 51, 198], fluid convection [169, 185, 222, 235], turbulence [13, 202, 220], and
crystal formation in soft matter [225, 230]. What makes the analysis of localization in
three spatial dimensions even more difficult is that it can manifest itself in one, two,
or three directions. We refer to each respective case as (1 + 2)D patterns, (2 + 1)D
patterns, and fully localized 3D patterns.

As in previous sections, numerical continuation provides an invaluable tool for
studying the bifurcation structure of localized 3D patterns. In some of the following
examples, solutions to 3D equations can be computed directly, whereas other examples
require restrictions to particular symmetry groups via pseudospectral methods. In
the case of the latter, bifurcation diagrams are then also restricted to such symmetry
groups and so do not reveal the entire bifurcation structure of the problem. A new
tool for simulating localized 3D patterns is the MATLAB package pde2path [237],
which is an elliptic PDE solver with numerical continuation and bifurcation detection.
Uecker and Wetzel [238] considered the prototypical Brusselator model in three spatial
dimensions and, using pde2path, studied the bifurcation structure of snaking branches
of planar fronts connected to body centered cubic patterns (BCCs)—3D patterns that
are localized in a single direction. This was a significant computational undertaking
that highlights the potential utility of pde2path for pushing forward the theory of
localization in three dimensions with computational insight.

Similar to the localized fronts in two dimensions discussed in section 3, most
analytical results for (1 + 2)D patterns and (2 + 1)D patterns in three dimensions
consist of reducing the problem to a lower-dimensional system where the tools and
techniques discussed in the previous sections can be applied. Usually this requires
the nonlocalized directions to be bounded or periodic, although we will note some
examples where this is not the case. Many of the above examples in three dimensions
are modeled using quasi-linear PDEs and so often require more delicate analysis than
semilinear systems like the SHE and RD systems.

Notable examples of 3D patterns come from the study of water waves, where
localized patterns form on a 2D free surface between two 3D domains, and so it is
natural to perform some form of dimensional reduction. There have been a number
of analytical results for localized 3D patterns in water waves, for which we direct
readers to relevant review articles [111, 118]. We will briefly mention some of the
key methods employed in this area and summarize recent results that represent the
extent of current analytical tools. However, we remind the reader that results in three
dimensions are even less unified than those in two dimensions, making this section a
venture into the frontiers of localized patterns.

6.1. Localized (1 + 2)D Patterns. We begin by considering patterns that exhibit
localization in a single unbounded direction, typically with either bounded domains
or periodic profiles in the two remaining transverse directions. The predominant
example of such patterns is that of 2D solitary waves, which have been well studied
both analytically and numerically since the first observations of John Scott Russell
in 1834 (see the historical review [4]). In more recent years, localized states have
been observed in fluid convection, where they are known as convectons, as well as
in magnetohydrodynamics and turbulent fluids. Techniques in these fields fall into
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roughly three approaches: (1) numerical continuation where significant advances have
been made to render the computations feasible (such as timestepping and equation-
free methods), (2) semianalytic weakly nonlinear analysis [235], where one has to
numerically compute the null space of the linearization of the bifurcating state, and (3)
a minimal Fourier decomposition and asymptotic analysis of the reduced model [78].
While significant progress has been made in numerically studying these structures,
the question of analytic results remains an open problem.

The study of convectons goes back to the work of Blanchflower [34] and has
been undertaken predominantly in two models for fluid convection. The first model
is binary fluid convection, where two horizontal layers of miscible fluids are heated
from below [185, 258, 259, 260], and the second is doubly diffusive convection, where
a two-component fluid subject to horizontal gradients of temperature and concen-
tration [25, 28, 29, 235] and with vertical gradients [24] is studied. Various local-
ized solutions can be found via direct numerical simulations of the models, and nu-
merical continuation can be used to further understand their bifurcation diagrams
[24, 26, 32, 184, 185, 186]. In particular, localized solutions can form bound states
called multiconvectons [185], which are similar to the multipulse solutions studied by
Knobloch et al. [148]. In closed box doubly diffusive convection, two branches of sym-
metric convectons emerge from the conduction state and undergo homoclinic snaking,
where numerous secondary bifurcations occur along each branch [25, 26]. Each of the
bifurcating solutions possesses less symmetry than the original convecton and under-
goes secondary snaking similar to that observed in the SHE [162]. In Figure 6.1, we
show an example of some of the numerically computed doubly diffusive convectons
from [26] from the lowest kinetic energy branch.

Beyond the standard convection problems, localized patterns have also been stud-
ied in Rayleigh-Bénard convection [222, 223], rotating fluids [23, 27], and magneto-
hydrodynamics [34, 35, 78, 167]. In most of these examples, there exist conserved
quantities that result in slanted snaking (recall section 2.4.3) rather than the stan-
dard homoclinic snaking. In particular, for convection in rotating fluids, Beaume
et al. [23] determined that the presence of a conserved quantity results in the nonlocal
amplitude equation

Axx +1(vAx + a1|APAx + aa A Ax) + pA + b|APPA — |A[*A=0,

where a1,ao are fixed constants, while the “nonlocal” coefficients u,y,b depend on
the spatial average of A. Furthermore, localized solutions no longer require SPPs to
bifurcate subcritically in order to emerge and persist outside the bistability region.
Localized (1 + 2)D patterns have also been observed in turbulence of plane Couette
flow [202, 220, 221]; however, these solutions have a strong connection to chaos, and
so they are extremely difficult to study using deterministic methods [13].

: =
4 = =

xr

Fig. 6.1 An illustration of the 3D doubly diffusive convectons found in [26]. The box is rotated so
that gravity acts to the left. Plotted are isosurfaces of the velocity in the x-direction where
positive values are shown in red and negative values in blue.
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One area of significant investigation of (1 + 2)D patterns concerns localized so-
lutions in the water wave problem. Some notable examples include waves induced by
a combination of gravity and surface tension (gravity-capillary waves), waves induced
by stratified flows within a fluid (internal waves), and waves propagating through a
fluid with an elastic cover, such as an ice sheet (hydroelastic waves). In these models,
such solutions are referred to as 2D solitary waves. The scope of research in this area
is much too broad and merits its own review, so we do not cover it in any significant
detail here. Instead, we will present a brief summary of the relevant tools for studying
2D solitary waves and refer the reader to previous reviews [88, 111, 131, 188] and the
many references therein for more details. The two main approaches for numerically
computing solitary waves are via boundary integral or series truncation methods, as
summarized in [246]. By utilizing ideas from complex analysis, one can compute water
wave solutions by solving a contour integral (in the case of the former) or by taking a
finite Laurent expansion and solving the resulting nonlinear algebraic system (in the
case of the latter). In order to capture solitary waves numerically, the domain is often
taken sufficiently large such that the solution is not affected by the boundary. Alter-
natively, one can compute periodic wave solutions and then take increasing values of
the wavelength, so that the periodic solution tends to a solitary wave profile.

The analytic study of localized patterns in the water wave problem again relies
heavily on the methods of spatial dynamics, as introduced by Kirchgéssner [141]. The
governing equations are first formulated as a (usually ill-posed) evolution equation

(6.1) ug = Lu+ N(u),

where the traveling spatial direction £ = x — ct, with wave speed ¢ € R, is taken to
be an unbounded time-like variable. The linear operator L contains derivatives in
the vertical direction and admits an infinite-dimensional phase-space, much like we
saw with the approach to stripe and hexagon front patterns in section 3.3. Hence,
one must perform some form of reduction in order to analyze the vector field of
(6.1). Numerous rigorous reduction techniques have been developed for the study of
water waves, including the use of Dirichlet—-Neumann operators, Lyapunov—Schmidt
reductions, and center-manifold reductions. These approaches have become standard
within the water waves community, and so we direct readers to previous reviews
[88, 111] for more details. Due in part to these developments, the study of localized
(1 4+ 2)D patterns is the most advanced of the 3D localized patterns and almost all
the existing applications and models sit in the fluid mechanics context.

6.2. Localized (2 + 1)D Patterns. Next, we consider patterns that exhibit local-
ization in two spatial dimensions, referred to as (2 + 1)D patterns. These localized
patterns appear as fully localized 2D patterns extended in a third spatial dimension.
Examples again include water waves and binary fluid convection, as well as patterns
on the surface of a ferrofluid in the Rosensweig instability experiment. As detailed
in section 5, fully localized patterns in two spatial dimensions are still not well un-
derstood mathematically, and this similarly extends to (2 + 1)D patterns as well.
Hence, the primary focus of this subsection is on the numerical computation of lo-
calized planar patterns, as well as several analytic studies of solutions that are either
axisymmetric or that decay algebraically in one direction.

Localized planar patterns have been observed in various hydrodynamic settings,
including binary fluid convection [169], magnetohydrodynamics [35, 126], and turbu-
lence of plane Couette flow [46]. Among these examples, the only thorough investiga-
tion of the bifurcation structure of localized planar patterns comes from the work of
Lo Jacono, Bergeon, and Knobloch [168, 169] on binary fluid convection, in which the
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authors use spectral element methods to numerically identify localized rhombic, i.e.,
Ds-symmetric, and square, i.e., Dy-symmetric, patterns that are then continued in a
system parameter to trace out their bifurcation diagrams. Localized planar patterns
with both De and Dy symmetries are found to emerge and undergo snaking, where
the pattern grows in width. However, in contrast to the localized dihedral patterns
observed in [121, 162], the patterns do not grow in a regular fashion by maintain-
ing a convex core of periodic pattern. Rather, as one can see in Figure 6.2, growth
takes place through the extension of SPPs in a symmetric arm-like configuration. The
“arms” of each localized planar pattern exhibit similar behavior to the worm solu-
tions studied by Avitabile et al. [16] for the cubic-quintic SHE. Lo Jacono, Bergeon,
and Knobloch further investigated localized planar patterns in binary fluid convection
in various sizes of domains [169]. They observed that, for relatively small domains,
localized rhombic and square patterns grow until they fill the domain, generating spa-
tially extended convection patterns. By contrast, if the domain is large enough, each
pattern maintains a “convex-core—extended-arms” structure as observed previously.
As such, the pattern never fills the domain and does not generate any kind of spatially
extended convection pattern, as shown in Figure 6.2.

Beyond fluid convection, many of the key results for (2 + 1)D patterns again
come from the water waves community, which perhaps represent the most natural
example of such localized planar patterns in the form of 3D solitary waves. In 2005,
Parau, Vanden-Broeck, and Cooker [198] numerically computed 3D gravity-capillary
solitary waves by extending boundary integral methods for 2D waves. The resulting
solutions exhibit decaying oscillations in the direction of propagation and monotone
decay in the transverse direction. Similar results have been determined for internal
[199] and hydroelastic waves [197, 234], and further numerical studies have focused
on the nonlinear interaction between multiple solitary waves [1, 255].

The majority of rigorous results for localized planar patterns utilize variational
techniques, such as variational Lyapunov—Schmidt reductions [50, 51, 95, 112]. Lo-
calized solutions are then found as minimizers of an energy functional, such as for
the Davey—Stewartson equation, and can usually be found by using mountain-pass or
concentration-compactness methods. More recently, Buffoni, Groves, and Wahlén [52]
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Fig. 6.2 A bifurcation diagram of localized planar binary fluid convectons in a porous medium, where
E and Ra are the kinetic energy and Rayleigh number, respectively. (a)—(d) 2D slices of
3D localized patterns for binary fluid convection, plotted from the midplane velocity.
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s dde

Fig. 6.3 An illustration of fully localized solitary waves traveling in the direction shown by the arrow.

(@)

Height above ground (mm) [l
5

Fig. 6.4 Left: Localized ferrofiuid patterns for increasing applied magnetic field strength, originally
appearing in [164]. Right: A photo of a localized spike on the surface of a ferrofluid,
originally appearing in [209].

presented a nonvariational Lyapunov—Schmidt reduction that maps the infinite-depth
water wave problem to a perturbation of the 2D (stationary) nonlinear Schrédinger
equation

1

11
(62) _§wa_<yy+C_E|C|2<:0a

for a complex field ¢ = ((z,y) € C. Localized planar patterns are then approximated
by a unique ground state of (6.2). Figure 6.3 provides an illustration of such mini-
mizers. For a more detailed review of the functional analytic approaches for localized
planar patterns in water waves, see [118, section 8.3].

A notable example of (2 + 1)D patterns comes from the so-called Rosensweig
instability experiment. Here, a circular dish of magnetic fluid, known as a ferrofluid,
is placed between two Helmholtz coils that induce a constant magnetic field vertically
up through the fluid. At a critical applied field strength, a surface instability occurs
and spikes begin to form on the surface of the previously quiescent fluid. In 2005, the
experiments of Richter and Barashenkov [210] revealed that localized spikes can form
in the bistable region and remain stable, as can be seen in Figure 6.4.

In 2015, Lloyd et al. [164] aimed to further study the emergence of localized
planar ferrofluid patterns using a combination of experimental and numerical tools.
The nondimensional ferrohydrostatic equations take the form

(6.3)
A¢_ :Ov zZe (_D?n)v (:U'V(ZS_ - v¢+) : ﬁ:()v z=n,
Apt =0, z€(n D), (Vo™ —Vo') xii=0, =z=n,
Vo=, :=iD,  LIVe P JWetP4 Rt =0 2=,
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Fig. 6.5 Bifurcation of localized (1) hexagonal and (2) rhombic ferrofluid patterns. Image originally
appeared in [164].

for respective magnetic potentials ¢, ™ in the ferrofluid and the air and free sur-
face 1. Here p denotes the magnetic permeability of the ferrofluid and the function
F(¢~,¢",n) models the effects of the magnetic field, gravity, and surface tension on
the interface. Beyond the axisymmetric spikes found previously, the authors observed
the emergence of localized patches of dihedral patterns, including the hexagons pic-
tured in Figure 1.1(1). Starting with a single axisymmetric spike, they were able to
produce dihedral patches of spikes in a hexagonal arrangement, where the number
of spikes increased proportionally with the strength of the applied magnetic field,
as shown in Figure 6.4. In order to numerically simulate these patterns, the fer-
rohydrostatic problem was formulated as an energy minimization problem that can
then be approximated via pseudospectral methods. Through this approach, Lloyd
et al. were able to numerically study localized planar ferrofluid patterns with axisym-
metry as well as rthombic (Dy) and hexagonal (Dg) symmetry. Figure 6.5(1) shows
that, similar to the SHE, localized hexagons in the ferrofluid problem emerge from
a symmetry-breaking bifurcation on the solution branch for the axisymmetric spot,
whereas localized Ds patterns emerge from the trivial state in Figure 6.5(2). Both the
rhombic and the hexagonal patterns undergo snaking, with both solution branches
orbiting the Maxwell point for the domain covering hexagonal pattern. The growth
dynamics of the patch, whereby spikes are added to the patch one-by-one as the
applied field strength increases, suggest that the snaking branches may be slanted
(recall section 2.4.3) because of certain modeling assumptions such as the choice of
magnetization law or boundary effects.

Recent attempts to prove the existence of localized (2 + 1)D ferrofluid patterns
have been restricted to considering cylindrical patterns, such as those observed in
experiments by Richter and Barashenkov in 2005 [210]. These cylindrical patterns are
axisymmetric and localized in two dimensions, while being extended and bounded in
the third direction. In order to study the emergence of localized axisymmetric patterns
in (6.3), Hill, Lloyd, and Turner [123] presented a formal reduction to the center
subspace of the linearized problem about the quiescent state in the far-field region,
i.e., 7> 1, using the theory of strong stable foliations previously applied to localized
oscillons for the CGL equation (4.10) in [181]. The radial ferrohydrostatic problem,
restricted to the center subspace, can then be written in an equivalent form to the
radial SHE (4.3), where the weakly nonlinear theory of [160, 179] is then applied to find
localized spots and rings, similar to those reviewed in section 4.1. However, a rigorous
existence result for localized axisymmetric solutions to the ferrofluid equations remains
an open problem.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

LOCALIZED PATTERNS 277

Fig. 6.6 Domain covering and localized quasi-crystals in the PFC model. Image originally appeared
in, [225].

The understanding of these patterns is largely driven and limited by our under-
standing of the planar localized patterns in the SHE described in section 5. Hence,
any advances in understanding localized planar patterns in the SHE will lead to new
insights for localized (2 + 1)D patterns, and vice versa.

6.3. Fully Localized 3D Patterns. The final class of localized patterns in three
dimensions is that of fully localized patterns, where localization is exhibited in all three
directions. These are less well studied than the previous front and planar patterns, and
real-world examples are currently limited to nonlinear optics [40, 232] and soft matter
crystals [225]. As discussed at the end of section 4.1, axisymmetric spot solutions
were proven to exist in the 3D SHE in [179] using the same tools from radial spatial
dynamics as in the 2D case. However, there is currently no existence proof for rings in
three dimensions, or for fully localized patterns with nontrivial angular dependence.
The weakly nonlinear Galerkin approach of Hill, Bramburger, and Lloyd [121, 122]
for planar dihedral patterns might be extended to 3D problems, especially in the case
of patterns with discrete rotational symmetries. Such patterns have already caught
the interest of the soft matter community, particularly in regard to quasi-crystals.

Localized quasi-crystalline structures were investigated by Subramanian et al. in
[225] for the phase-field-crystal (PFC) model. These states minimize the energy po-
tential

QU) :/ [—MU Ly - Qs + Lo d3x,

2 3 4
where the linear operator £ induces two distinct wavenumbers k = 1, k = ¢ < 1
(in comparison to the SHE that induces only & = 1). Using numerical methods
to minimize Q(U), the authors obtained not only thermodynamically-stable domains
covering quasi-crystals, but also metastable fully localized quasi-crystalline structures.
These structures retain the rotational symmetry of their domain covering counterparts
and can be thought of as a domain covering quasi-crystal overlaid with a fully localized
envelope. Examples of domain covering and localized quasi-crystals are provided in
Figure 6.6.

It is clear that fully localized 3D patterns have not received much attention,
mostly due to the computational demands of computing them as well as the problem
of visualization and classification of the different types of pattern. For this area to
advance, it is clear that more numerical computations are required to investigate the
solutions which should in turn lead to further mathematical undertakings.
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7. Conclusions and Open Problems. The study of localized patterns has seen
significant development over the past 30 years. It has motivated new mathematical
methods and techniques that can be used for a variety of applications that go far
beyond localized patterns. The use of numerical continuation and the increase in
the speed of modern computers has allowed researchers to uncover new phenomena
and provide evidence of interesting mathematical questions. It is clear that the un-
derstanding of 1D localized patterns is the strongest and most complete, while the
community’s grasp weakens as the dimension the patterns arise on increases.

In many respects, multidimensional localized patterns have a lot in common with
their 1D localized counterparts, and so the simpler 1D setting provides an optimal
testing ground from which to understand more complex and realistic patterns. Some
common features include the facts that localized stripes and axisymmetric patterns
have a well-developed mathematical theory, while localized 2D patches appear to
have snaking behavior that is governed by localized front patterns. Despite the nu-
merical evidence for the existence of fully localized 2D patches, one of the biggest
open mathematical problems is that there currently exists no mathematical theory
for the emergence of such patches from a pattern-forming instability. The recent work
of Hill, Bramburger, and Lloyd [122] has provided some advancements in this area
that could be further developed mathematically or used as a point of initiation for a
computer-assisted proof.

Future Directions and Open Problems. While it is clear from this review that
the development of mathematical theory for 3D localized patterns is a major and fruit-
ful area for future research, there exist other avenues that might be more tractable in
the immediate future. Many were highlighted as we progressed through the individual
sections, but here we enumerate some outstanding problems that would significantly
advance the field.

1. In one spatial dimension, periodic-to-periodic (PtoP) and quasi-periodic to
quasi-periodic heteroclinic connections remain largely unstudied. Kaheman
et al. [139] used similar techniques to [30, 43] to prove the existence of PtoP
connections in Hamiltonian systems using local Poincaré mappings, which
could be applied to the spatial system (2.11). This work may be useful in
analytically justifying the recent preliminary numerical findings for the 1D
SHE and variations [19, 31], while deeper techniques would be required to
better understand 2D and 3D stripe grain boundaries [53, 114, 115, 116, 166].
The main challenge from a computational perspective is that the boundary
conditions become part of the problem to be solved. This is because the
heteroclinic orbits typically select a wavenumber of the far-field spatially
periodic orbits, which inhibits the types of numerical investigation that have
largely driven the field to date.

2. Localized patterns in the presence of spatial inhomogeneities form an active
area of research in the singular perturbation limit [93, 266] in one spatial
dimension. Most common is the study of either a delta or a step function
inhomogeneity, but more general types of small-amplitude inhomogeneities
have also been considered [22, 92]. Near the Turing instability limit various
numerical studies have been carried out for domain covering and localized
patterns [101, 140], but there is little mathematical analysis beyond linear
instability analysis.

3. Many of the proofs for the results reviewed in section 4 rely upon the fact
that axisymmetric RD systems have a spatial dynamics representation, with
the radial variable acting as a “time-like” quantity. This spatial dynamics
formulation does not construct a single equation for all of r and leads to a
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very involved matching process of the core and far-field manifolds. It would
be advantageous to future studies to develop a reduction that does not rely
on such an involved matching process and have a more direct proof of the
axisymmetric localized patterns. Furthermore, when looking to axisymmet-
ric (2 + 1)D patterns in three dimensions with a bounded third direction,
developing a general radial center-manifold reduction for quasi-linear PDEs
and nonlocal equations is of immediate importance.

4. The approximate theory of localized dihedral patches of Hill, Bramburger,
and Lloyd [122] is a first step to understanding the emergence of localized
patches from a Turing instability. Extending the analysis to prove the exis-
tence of the patches in PDEs remains an open problem. It is clear from the
numerics that the bifurcation diagram of the patches is intrinsically linked
to the bifurcation behavior of the hexagon fronts, but currently there is no
proof of this.

5. The majority of work on localized patterns in lattice equations described in
section 5.3 relies heavily on the form of coupling between lattice sites. What
is not fully understood is how the connection topology of the lattice informs
both the patterns that emerge and the bifurcations of these patterns that
is observed. Some work has been made in this direction. Tian, Bramburger,
and Sandstede [231] attempted to better understand the effect of different
couplings on ring lattices by looking at how longer-range couplings affect
the bifurcation diagram of localized solutions, while [41] initiated a study
into predicting patterns that emerge from Turing bifurcations on random
networks. This latter study could potentially form the basis for an under-
standing of localized pattern formation and the resulting snaking bifurcations
on random networks that were observed in [180]. Beyond spatially-discrete
RD systems, localization has further been observed in networks of coupled
oscillators [195, 196]. Little is understood regarding these localized oscilla-
tions, while recent numerical work by Nicolaou and Bramburger [193] pro-
vides numerical evidence for entirely new routes to localization beyond Turing
instabilities. A better understanding of these results both analytically and
numerically remains outstanding.

6. Developing a general stability theory, in particular for the 3D localized pat-
terns in section 6, is very much an open problem. This could potentially be
tackled through a combination of variational and spatial dynamical methods.
Spatial inhomogeneities can have a significant impact on pattern selection,
and some recent advances in this direction have been made in [137, 138].

7. Studying localized patterns in the context of disordered, random, and noisy
systems is a very open area for future research with limited work carried out
so far [62, 63, 86, 119, 170]. Most work has been limited to either numerical
simulation or finding a mean-field equation and then applying the methods
described in this review. Development of a more systematic theory would
greatly increase the range of applications of localized patterns.

While localized pattern formation is a maturing field, the fundamental problems
of why emergent localization with structure occurs in continuum and discrete models
and their behaviors such as pattern selection remain very much open. The importance
of developing new mathematical and computational tools to study these structures is
a very exciting area of active research.

Acknowledgments. We gratefully acknowledge Mark Groves (Figure 6.3), Edgar
Knobloch (Figure 6.2), and Priya Subramanian (Figures 5.12 and 6.6) for provid-

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

280

JASON J. BRAMBURGER, DAN |. HILL, AND DAVID ). B. LLOYD

ing data to reproduce some of the figures presented in this work. We also thank
Cédric Beaume, Alan Champneys, Jonathan Dawes, Arjen Doelman, Gregory Kozyr-

eff,

Edgar Knobloch, Alastair Rucklidge, Priya Subramanian, Edgardo Villar-

Sepilveda, and Michael Ward for their helpful comments on the first draft of the
review.

(1]

2]

(3]

(4]

(5]

[6]

[7]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

REFERENCES

B. AKERsS AND P. A. MILEWSKI, Dynamics of three-dimensional gravity-capillary solitary
waves in deep water, STAM J. Appl. Math., 70 (2010), pp. 2390-2408, https://doi.org/
10.1137/090758386. (Cited on pp. 271, 274)

F. AL Saapi, A. CHAMPNEYS, T. KOLOKOLNIKOV, AND C. GAI, Spikes and localised pat-
terns for a novel Schnakenberg model in the semi-strong interaction regime, European J.
Appl. Math., 33 (2022), pp. 133-152, https://doi.org/10.1017/S0956792520000431. (Cited
on pp. 235, 239, 240)

F. AL SaADI AND P. PARRA-RIVAS, Transitions between dissipative localized structures in
the simplified Gilad—Meron model for dryland plant ecology, Chaos, 33 (2023), 033129,
https://doi.org/10.1063/5.0133576. (Cited on p. 235)

J. ALLEN, The early history of solitons (solitary waves), Phys. Scripta, 57 (1998), pp. 436—441,
https://doi.org/10.1088,/0031-8949/57/3/016. (Cited on pp. 218, 271)

A. S. ALNAHDI, J. NIESEN, AND A. M. RUCKLIDGE, Localized patterns in periodically forced
systems, SIAM J. Appl. Dynam. Syst., 13 (2014), pp. 1311-1327, https://doi.org/10.1137/
130948495. (Cited on pp. 237, 238)

A. S. ALNAHDI, J. NIESEN, AND A. M. RUCKLIDGE, Localized patterns in periodically forced
systems: I1. Patterns with nonzero wavenumber, SIAM J. Appl. Dynam. Syst., 17 (2018),
pp. 1478-1502, https://doi.org/10.1137/17M1162330. (Cited on pp. 237, 238, 252, 258)

S.-I. AMARI, Dynamics of pattern formation in lateral-inhibition type neural fields, Biol. Cy-
bernet., 27 (1977), pp. 77-87, https://doi.org/10.1007/BF00337259. (Cited on p. 236)

T. AoucAaB, M. BEck, P. CARTER, S. DESAI, B. SANDSTEDE, M. STADT, AND A. WHEELER,
Isolas versus snaking of localized rolls, J. Dynam. Differential Equations, 31 (2019),
pp. 1199-1222, https://doi.org/10.1007/s10884-017-9624-0. (Cited on pp. 232, 233)

I. S. ARANSON, B. A. MALOMED, L. M. PISMEN, AND L. S. TSIMRING, Crystallization kinet-
ics and self-induced pinning in cellular patterns, Phys. Rev. E, 62 (2000), pp. R5-RS,
https://doi.org/10.1103/PhysRevE.62.R5. (Cited on p. 241)

I. S. ARANSON AND L. S. TSIMRING, Formation of periodic and localized patterns in an
oscillating granular layer, Phys. A, 249 (1998), pp. 103-110, https://doi.org/10.1016/
S0378-4371(97)00437-8. (Cited on p. 259)

H. ARBELL AND J. FINEBERG, Temporally harmonic oscillons in Newtonian fluids, Phys.
Rev. Lett., 85 (2000), pp. 756-759, https://doi.org/10.1103/PhysRevLett.85.756. (Cited
on p. 237)

M. AVERY, M. HOLZER, AND A. SCHEEL, Pushed-to-pulled front transitions: Continu-
ation, speed scalings, and hidden monotonicty, J. Nonlinear Sci., 33 (2023), 102,
https://doi.org/10.1007/s00332-023-09957-3. (Cited on p. 243)

M. AviLa, F. MELLIBOVSKY, N. ROLAND, AND B. HoF, Streamuwise-localized solutions at the
onset of turbulence in pipe flow, Phys. Rev. Lett., 110 (2013), 224502, https://doi.org/
10.1103/PhysRevLett.110.224502. (Cited on pp. 271, 272)

D. AVITABILE, V. F. BRENA-MEDINA, AND M. J. WARD, Spot dynamics in a reaction-diffusion
model of plant root hair initiation, STAM J. Appl. Math., 78 (2018), pp. 291-319, https://
doi.org/10.1137/17M1120932. (Cited on pp. 239, 255)

D. AviTaBILE, J. L. Davis, aNnD K. WEDGWOOD, Bump attractors and waves in net-
works of leaky integrate-and-fire neurons, SIAM Rev., 65 (2023), pp. 147-182, https://
doi.org/10.1137/20M1367246. (Cited on p. 234)

D. AvitaBiLE, D. J. B. LLroyD, J. BURKE, E. KNOBLOCH, AND B. SANDSTEDE, To snake or
not to snake in the planar Swift—Hohenberg equation, SIAM J. Appl. Dynam. Syst., 9
(2010), pp. 704-733, https://doi.org/10.1137/100782747. (Cited on pp. 243, 244, 245, 246,
260, 264, 265, 274)

D. AVITABILE AND H. SCHMIDT, Snakes and ladders in an inhomogeneous neural field model,
Phys. D, 294 (2015), pp. 24-36, https://doi.org/10.1016/j.physd.2014.11.007. (Cited on
p. 236)

D. AviTABILE AND K. C. WEDGWOOD, Macroscopic coherent structures in a stochastic neural
network: From interface dynamics to coarse-grained bifurcation analysis, J. Math. Biol.,
75 (2017), pp. 885-928, https://doi.org/10.1007/s00285-016-1070-9. (Cited on p. 234)

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/090758386
https://doi.org/10.1137/090758386
https://doi.org/10.1017/S0956792520000431
https://doi.org/10.1063/5.0133576
https://doi.org/10.1088/0031-8949/57/3/016
https://doi.org/10.1137/130948495
https://doi.org/10.1137/130948495
https://doi.org/10.1137/17M1162330
https://doi.org/10.1007/BF00337259
https://doi.org/10.1007/s10884-017-9624-0
https://doi.org/10.1103/PhysRevE.62.R5
https://doi.org/10.1016/S0378-4371(97)00437-8
https://doi.org/10.1016/S0378-4371(97)00437-8
https://doi.org/10.1103/PhysRevLett.85.756
https://doi.org/10.1007/s00332-023-09957-3
https://doi.org/10.1103/PhysRevLett.110.224502
https://doi.org/10.1103/PhysRevLett.110.224502
https://doi.org/10.1137/17M1120932
https://doi.org/10.1137/17M1120932
https://doi.org/10.1137/20M1367246
https://doi.org/10.1137/20M1367246
https://doi.org/10.1137/100782747
https://doi.org/10.1016/j.physd.2014.11.007
https://doi.org/10.1007/s00285-016-1070-9

Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

LOCALIZED PATTERNS 281

[19] R. BANDARA, A. GIRALDO, N. G. R. BRODERICK, AND B. KRAUSKOPF, Generalized and multi-

oscillation solitons in the nonlinear Schrédinger equation with quartic dispersion, Chaos,
33 (2023), 073154, https://doi.org/10.1063/5.0152562. (Cited on p. 278)

[20] I. BARASHENKOV, N. ALEXEEVA, AND E. ZEMLYANAYA, Two- and three-dimensional oscillons

21]

22]

[29]

[30]

31]

32]

[33]

[34]

[35]

37]

[38]

[39]

[40]

M.

R.

C.

C.

C.

C.

C.

C.

C.

M

D.

A.

D.

M

in nonlinear Faraday resonance, Phys. Rev. Lett., 89 (2002), 104101, https://doi.org/
10.1103/PhysRevLett.89.104101. (Cited on p. 258)

BARKMAN, A. SAMOILENKA, T. WINYARD, AND E. BABAEV, Ring solitons and soliton
sacks in imbalanced fermionic systems, Phys. Rev. Res., 2 (2020), 043282, https://doi.org/
10.1103/PhysRevResearch.2.043282. (Cited on p. 252)

BASTIAANSEN, M. CHIRILUS-BRUCKNER, AND A. DOELMAN, Pulse solutions for an extended
Klausmeier model with spatially varying coefficients, SIAM J. Appl. Dynam. Syst., 19
(2020), pp. 1-57, https://doi.org/10.1137/19M1255665. (Cited on p. 278)

BEAUME, A. BERGEON, H.-C. Ka0o, AND E. KNOBLOCH, Convectons in a rotating fluid layer,
J. Fluid Mech., 717 (2013), pp. 417-448, https://doi.org/10.1017/jfm.2012.585. (Cited on
pp. 236, 272)

BEAUME, A. BERGEON, AND E. KNOBLOCH, Homoclinic snaking of localized states in doubly
diffusive convection, Phys. Fluids, 23 (2011), 094102, https://doi.org/10.1063/1.3626405.
(Cited on p. 272)

BEAUME, A. BERGEON, AND E. KNOBLOCH, Convectons and secondary snaking in
three-dimensional natural doubly diffusive convection, Phys. Fluids, 25 (2013), 024105,
https://doi.org/10.1063/1.4792711. (Cited on p. 272)

BEAUME, A. BERGEON, AND E. KNOBLOCH, Three-dimensional doubly diffusive convectons:
Instability and transition to complex dynamics, J. Fluid Mech., 840 (2018), pp. 74-105,
https://doi.org/10.1017/jfm.2017.905. (Cited on p. 272)

BeEAUME, H.-C. Kao, E. KNOBLOCH, AND A. BERGEON, Localized rotating convection
with no-slip boundary conditions, Phys. Fluids, 25 (2013), 124105, https://doi.org/
10.1063/1.4843155. (Cited on p. 272)

BEAUME, E. KNOBLOCH, AND A. BERGEON, Nonsnaking doubly diffusive convectons and
the twist instability, Phys. Fluids, 25 (2013), 114102, https://doi.org/10.1063/1.4826978.
(Cited on p. 272)

BEAUME, A. M. RUCKLIDGE, AND J. TUMELTY, Near-onset dynamics in natural doubly dif-
fusive convection, J. Fluid Mech., 934 (2022), A42, https://doi.org/10.1017/jfm.2021.1121.
(Cited on p. 272)

. BECk, J. KNoBLOCH, D. J. B. LLoyD, B. SANDSTEDE, AND T. WAGENKNECHT, Snakes,
ladders, and isolas of localized patterns, SIAM J. Math. Anal., 41 (2009), pp. 936-972,
https://doi.org/10.1137/080713306. (Cited on pp. 232, 233, 235, 243, 250, 251, 270, 278)
C. BENTLEY AND A. M. RUCKLIDGE, Localized patterns in a generalized Swift—Hohenberg
equation with a quartic marginal stability curve, IMA J. Appl. Math., 86 (2021),
pp. 944-983, https://doi.org/10.1093/imamat/hxab035. (Cited on p. 278)

BERGEON AND E. KNOBLOCH, Spatially localized states in natural doubly diffusive convection,
Phys. Fluids, 20 (2008), 034102, https://doi.org/10.1063/1.2837177. (Cited on p. 272)

BLAIR, I. ARANSON, G. CRABTREE, V. VINOKUR, L. TSIMRING, AND C. JOSSERAND, Patterns
in thin vibrated granular layers: Interfaces, hexagons, and superoscillons, Phys. Rev. E,
61 (2000), pp. 5600-5610, https://doi.org/10.1103/PhysRevE.61.5600. (Cited on p. 237)

. BLANCHFLOWER, Magnetohydrodynamic convectons, Phys. Lett. A, 261 (1999), pp. 74-81,

https://doi.org/10.1016,/S0375-9601(99)00573-3. (Cited on p. 272)

. BLANCHFLOWER AND N. WEIss, Three-dimensional magnetohydrodynamic convectons, Phys.

Lett. A, 294 (2002), pp. 297-303, https://doi.org/10.1016/S0375-9601(02)00076-2. (Cited
on pp. 272, 273)

. M.-L. BOISSONIERE, R. CHOKSI, AND J.-P. LESSARD, Microscopic patterns in the 2D

phase-field-crystal model, Nonlinearity, 35 (2022), pp. 15001520, https://doi.org/10.1088/
1361-6544/ac4d91. (Cited on p. 249)

. Borrorozzo, M. G. CLERC, AND S. RESIDORI, Local theory of the slanted homo-

clinic snaking bifurcation diagram, Phys. Rev. E, 78 (2008), 036214, https://doi.org/
10.1103/PhysRevE.78.036214. (Cited on p. 236)

. BorrorLozzo, M. G. CLERC, AND S. RESIDORI, Solitary localized structures in a lig-

wid crystal light-valve experiment, New J. Phys., 11 (2009), 093037, https://doi.
org/10.1088,/1367-2630,/11/9/093037. (Cited on p. 252)

. BorTOLOZZO, L. PASTUR, P. RAMAZZA, M. TLIDI, AND G. KOZYREFF, Bistability between

different localized structures in nonlinear optics, Phys. Rev. Lett., 93 (2004), 253901,
https://doi.org/10.1103/PhysRevLett.93.253901. (Cited on p. 269)

. BRAMBILLA, T. MAGGIPINTO, G. PATERA, AND L. COLUMBO, Cavity light bullets: Three-
dimensional localized structures in a monlinear optical resonator, Phys. Rev. Lett., 93
(2004), 203901, https://doi.org/10.1103/PhysRevLett.93.203901. (Cited on p. 277)

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1063/5.0152562
https://doi.org/10.1103/PhysRevLett.89.104101
https://doi.org/10.1103/PhysRevLett.89.104101
https://doi.org/10.1103/PhysRevResearch.2.043282
https://doi.org/10.1103/PhysRevResearch.2.043282
https://doi.org/10.1137/19M1255665
https://doi.org/10.1017/jfm.2012.585
https://doi.org/10.1063/1.3626405
https://doi.org/10.1063/1.4792711
https://doi.org/10.1017/jfm.2017.905
https://doi.org/10.1063/1.4843155
https://doi.org/10.1063/1.4843155
https://doi.org/10.1063/1.4826978
https://doi.org/10.1017/jfm.2021.1121
https://doi.org/10.1137/080713306
https://doi.org/10.1093/imamat/hxab035
https://doi.org/10.1063/1.2837177
https://doi.org/10.1103/PhysRevE.61.5600
https://doi.org/10.1016/S0375-9601(99)00573-3
https://doi.org/10.1016/S0375-9601(02)00076-2
https://doi.org/10.1088/1361-6544/ac4d91
https://doi.org/10.1088/1361-6544/ac4d91
https://doi.org/10.1103/PhysRevE.78.036214
https://doi.org/10.1103/PhysRevE.78.036214
https://doi.org/10.1088/1367-2630/11/9/093037
https://doi.org/10.1088/1367-2630/11/9/093037
https://doi.org/10.1103/PhysRevLett.93.253901
https://doi.org/10.1103/PhysRevLett.93.203901

Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

282

[41]

(42]

(43]

[44]

(45]

[46]

(47]

(48]

[49]

(50]

[51]

[52]

(53]

[54]

(53]

[56]

[57]

(58]

59]

[60]

J.

E.

F.

B

B

J.

J.

J.

J.

E.

JASON J. BRAMBURGER, DAN |. HILL, AND DAVID ). B. LLOYD

BRAMBURGER AND M. HOLZER, Pattern formation in random mnetworks using graphons,
SIAM J. Math. Anal., 55 (2023), pp. 2150-2185, https://doi.org/10.1137/21M1455875.
(Cited on p. 279)

. J. BRAMBURGER, Isolas of multi-pulse solutions to lattice dynamical systems, Proc. Roy. Soc.

Edinburgh Sect. A, 151 (2021), pp. 916-952, https://doi.org/10.1017/prm.2020.44. (Cited
on pp. 233, 235)

. J. BRAMBURGER, D. ALTSCHULER, C. I. AVERY, T. SANGSAWANG, M. BECK, P. CARTER, AND

B. SANDSTEDE, Localized radial roll patterns in higher space dimensions, STAM J. Appl.
Dynam. Syst., 18 (2019), pp. 1420-1453, https://doi.org/10.1137/18M1218728. (Cited on
pp. 257, 258, 278)

J. BRAMBURGER AND B. SANDSTEDE, Localized patterns in planar bistable weakly cou-
pled lattice systems, Nonlinearity, 33 (2020), pp. 3500-3525, https://doi.org/10.1088/
1361-6544/ab7dle. (Cited on pp. 268, 269, 270)

J. BRAMBURGER AND B. SANDSTEDE, Spatially localized structures in lattice dynam-
ical systems, J. Nonlinear Sci., 30 (2020), pp. 603-644, https://doi.org/10.1007/
$00332-019-09584-x. (Cited on pp. 234, 235)

BRAND AND J. GIBSON, A doubly localized equilibrium solution of plane Couette flow,
J. Fluid Mech., 750 (2014), R3, https://doi.org/10.1017/jfm.2014.285. (Cited on p. 273)
BRrAUNs, J. HALATEK, AND E. FREY, Phase-space geometry of mass-conserving
reaction-diffusion dynamics, Phys. Rev. X, 10 (2020), 041036, https://doi.org/10.
1103/PhysRevX.10.041036. (Cited on p. 237)

. J. Bubp, G. W. HuNT, AND R. KUSKE, Asymptotics of cellular buckling close to the Mazwell
load, Royal Soc. London Proc. Ser. A Math. Phys. Engrg. Sci., 457 (2001), pp. 2935-2964,
https://doi.org/10.1098 /rspa.2001.0843. (Cited on p. 229)

. J. BubpD AND R. KUSKE, Localized periodic patterns for the mnon-symmetric general-
ized Swift-Hohenberg equation, Phys. D, 208 (2005), pp. 73-95, https://doi.org/10.
1016/j.physd.2005.06.009. (Cited on p. 229)

. BUFFONI, M. GROVES, S. SUN, AND E. WAHLEN, Ezistence and conditional energetic stability

of three-dimensional fully localised solitary gravity-capillary water waves, J. Differential

Equations, 254 (2013), pp. 1006-1096, https://doi.org/10.1016/j.jde.2012.10.007. (Cited

on pp. 271, 274)

BuUFFONI, M. D. GROVES, AND E. WAHLEN, A wariational reduction and the exis-

tence of a fully localised solitary wave for the three-dimensional water-wave prob-

lem with weak surface tension, Arch. Ration. Mech. Anal., 228 (2018), pp. 773-820,

https://doi.org/10.1007/s00205-017-1205-1. (Cited on pp. 259, 271, 274)

Burroni, M. D. GROVES, AND E. WAHLEN, Fully localised three-dimensional gravity-
capillary solitary waves on water of infinite depth, J. Math. Fluid Mech., 24 (2022), 55,

https://doi.org/10.1007/s00021-022-00684-5. (Cited on pp. 259, 274)

. BurroNI, M. HARAGUS, AND G. 100ss, Heteroclinic orbits for a system of amplitude equa-
tions for orthogonal domain walls, J. Differential Equations, 355 (2023), pp. 193-218,
https://doi.org/10.1016/j.jde.2023.01.026. (Cited on p. 278)

BURKE AND J. H. P. DAWES, Localized states in an extended Swift—Hohenberg equation,
SIAM J. Appl. Dynam. Syst., 11 (2012), pp. 261-284, https://doi.org/10.1137/110843976.
(Cited on p. 233)

BURKE AND E. KNoOBLOCH, Localized states in the generalized Swift-Hohenberg equation,
Phys. Rev. E, 73 (2006), 056211, https://doi.org/10.1103/PhysRevE.73.056211. (Cited on
pp. 226, 233, 241)

BURKE AND E. KNOBLOCH, Multipulse states in the Swift-Hohenberg equation, Confer-
ence Publications, AIMS Proceedings, 2009 (2009), pp. 109-117, https://doi.org/10.3934/
proc.2009.2009.109. (Cited on p. 233)

BURKE AND E. KNOBLOCH, Homoclinic snaking: Structure and stability, Chaos, 17 (2007),
037102, https://doi.org/10.1063/1.2746816. (Cited on p. 243)

BURKE, A. YOCHELIS, AND E. KNOBLOCH, Classification of spatially localized oscillations in
periodically forced dissipative systems, SIAM J. Appl. Dynam. Syst., 7 (2008), pp. 651-711,
https://doi.org/10.1137/070698191. (Cited on pp. 237, 258)

BYRNES, P. CARTER, A. DOELMAN, AND L. Liu, Large amplitude radially symmet-
ric spots and gaps in a dryland ecosystem model, J. Nonlinear Sci., 33 (2023), 107,
https://doi.org/10.1007/s00332-023-09963-5. (Cited on p. 255)

M. CapiOT, J.-P. LESSARD, AND J.-C. NAVE, Stationary non-radial localized patterns in the

planar Swift-Hohenberg PDE: Constructive proofs of existence, J. Differential Equations,
414 (2025), pp. 555-608, https://doi.org/10.1016/j.jde.2024.09.015. (Cited on p. 266)

[61] J. W. CAHN, J. MALLET-PARET, AND E. S. VAN VLECK, Traveling wave solutions for systems of

ODEs on a two-dimensional spatial lattice, SIAM J. Appl. Math., 59 (1998), pp. 455-493,
https://doi.org/10.1137/S0036139996312703. (Cited on p. 252)

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/21M1455875
https://doi.org/10.1017/prm.2020.44
https://doi.org/10.1137/18M1218728
https://doi.org/10.1088/1361-6544/ab7d1e
https://doi.org/10.1088/1361-6544/ab7d1e
https://doi.org/10.1007/s00332-019-09584-x
https://doi.org/10.1007/s00332-019-09584-x
https://doi.org/10.1017/jfm.2014.285
https://doi.org/10.1103/PhysRevX.10.041036
https://doi.org/10.1103/PhysRevX.10.041036
https://doi.org/10.1098/rspa.2001.0843
https://doi.org/10.1016/j.physd.2005.06.009
https://doi.org/10.1016/j.physd.2005.06.009
https://doi.org/10.1016/j.jde.2012.10.007
https://doi.org/10.1007/s00205-017-1205-1
https://doi.org/10.1007/s00021-022-00684-5
https://doi.org/10.1016/j.jde.2023.01.026
https://doi.org/10.1137/110843976
https://doi.org/10.1103/PhysRevE.73.056211
https://doi.org/10.3934/proc.2009.2009.109
https://doi.org/10.3934/proc.2009.2009.109
https://doi.org/10.1063/1.2746816
https://doi.org/10.1137/070698191
https://doi.org/10.1007/s00332-023-09963-5
https://doi.org/10.1016/j.jde.2024.09.015
https://doi.org/10.1137/S0036139996312703

Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

[62]

[63]

[74]

[75]

[76]

[77]

[79]

[80]

[81]

[82]

LOCALIZED PATTERNS 283

C. CarTES, O. DEscaLzi, AND H. R. BRAND, Noise can induce explosions for dissipative
solitons, Phys. Rev. E, 85 (2012), 015205, https://doi.org/10.1103/PhysRevE.85.015205.
(Cited on p. 279)

C. CARTES, O. DEscaALzi, AND H. R. BRAND, Simultaneous influence of additive and mul-
tiplicative noise on stationary dissipative solitons, Phys. Rev. E, 100 (2019), 012214,
https://doi.org/10.1103/PhysRevE.100.012214. (Cited on p. 279)

A. CHAMPNEYS AND F. AL SAADI, Unified framework for localized patterns in reaction-diffusion
systems; the Gray—Scott and Gierer—Meinhardt cases, Philos. Trans. Roy. Soc. A, 379
(2021), 2213, https://doi.org/10.1098 /rsta.2020.0277. (Cited on p. 239)

A. CHAMPNEYS, F. AL SAaADI, AND N. VERSCHUEREN VAN REES, Localized patterns and semi-
strong interaction, a unifying framework for reaction-diffusion systems, IMA J. Appl.
Math., 86 (2021), pp. 1031-1065, https://doi.org/10.1093/imamat/hxab036. (Cited on
p. 239)

A. CHAMPNEYS AND N. VERSCHUEREN VAN REES, Dissecting the snake: Transition from
localized patterns to spike solutions, Phys. D, 419 (2021), 132858, https://doi.org/
10.1016/j.physd.2021.132858. (Cited on pp. 239, 240)

A. R. CHAMPNEYS, F. AL Saapi, V. F. BRENA-MEDINA, V. A. GRIENEISEN, A. F.
MAREE, N. VERSCHUEREN, AND B. WuvTs, Bistability, wave pinning and localisa-
tion in natural reaction—diffusion systems, Phys. D, 416 (2021), 132735, https://doi.
org/10.1016/j.physd.2020.132735. (Cited on p. 219)

S. J. CHAPMAN AND G. KOZYREFF, Ezxponential asymptotics of localised patterns and
snaking bifurcation diagrams, Phys. D, 238 (2009), pp. 319-354, https://doi.org/10.
1016/j.physd.2008.10.005. (Cited on p. 230)

W. CHEN AND M. J. WARD, The stability and dynamics of localized spot patterns in the two-
dimensional Gray-Scott model, SIAM J. Appl. Dynam. Syst., 10 (2011), pp. 582-666,
https://doi.org/10.1137/09077357X. (Cited on p. 255)

C. CHONG, R. CARRETERO-GONZALEZ, B. MALOMED, AND P. KEVREKIDIS, Multistable solitons
in higher-dimensional cubic-quintic nonlinear Schrédinger lattices, Phys. D, 238 (2009),
pp. 126-136, https://doi.org/10.1016/j.physd.2008.10.002. (Cited on pp. 234, 269)

S.-N. CHOwW, J. MALLET-PARET, AND W. SHEN, Traveling waves in lattice dynamical systems,
J. Differential Equations, 149 (1998), pp. 248-291, https://doi.org/10.1006/jdeq.1998.3478.
(Cited on p. 252)

S.-N. CHow, J. MALLET-PARET, AND E. S. VAN VLECK, Dynamics of lattice differen-
tial equations, Internat. J. Bifur. Chaos, 06 (1996), pp. 1605-1621, https://doi.org/
10.1142/50218127496000977. (Cited on p. 252)

S. CoomBES, G. J. LorD, AND M. R.OWEN, Waves and bumps in neuronal metworks
with azo-dendritic synaptic interactions, Phys. D, 178 (2003), pp. 219241, https://doi.
org/10.1016/S0167-2789(03)00002-2. (Cited on p. 236)

P. CouLLET AND K. EMILSSON, Strong resonances of spatially distributed oscillators: A labo-
ratory to study patterns and defects, Phys. D, 61 (1992), pp. 119-131, https://doi.org/10.
1016,/0167-2789(92)90154-F. (Cited on p. 237)

R. P. COYLE, Localised States in the Zhang-Vinals Equations, Ph.D. thesis, University of Leeds,
UK, 2023. (Cited on p. 258)

M. C. Cross AND P. C. HOHENBERG, Pattern formation outside of equilibrium, Rev. Modern
Phys., 65 (1993), pp. 851-1112, https://doi.org/10.1103/RevModPhys.65.851. (Cited on
p. 223)

J. DAWES, The emergence of a coherent structure for coherent structures: Localized states in
nonlinear systems, Philos Trans. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci, 368 (2010),
pp. 3519-3534, https://doi.org/10.1098 /rsta.2010.0057. (Cited on p. 219)

J. H. P. DAWES, Localized convection cells in the presence of a vertical magnetic field, J. Fluid
Mech., 570 (2007), pp. 385—406, https://doi.org/10.1017/S0022112006002795. (Cited on
p. 272)

J. H. P. DAWES, Localized pattern formation with a large-scale mode: Slanted snaking, STAM
J. Appl. Dynam. Syst., 7 (2008), pp. 186-206, https://doi.org/10.1137/06067794X. (Cited
on pp. 236, 237)

J. H. P. DaAwEgs, After 1952: The later development of Alan Turing’s ideas on the
mathematics of pattern formation, Historia Math., 43 (2016), pp. 49-64, https://doi.
org/10.1016/j.hm.2015.03.003. (Cited on pp. 218, 225)

J. H. P. DAwWES AND S. LILLEY, Localized states in a model of pattern formation in a ver-
tically vibrated layer, SIAM J. Appl. Dynam. Syst., 9 (2010), pp. 238-260, https://doi.
org/10.1137/090762865. (Cited on pp. 236, 258)

J. H. P. DAWES AND J. L. M. WILLIAMS, Localised pattern formation in a model for dryland veg-
etation, J. Math. Biol., 73 (2016), pp. 63-90, https://doi.org/10.1007/s00285-015-0937-5.
(Cited on p. 235)

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1103/PhysRevE.85.015205
https://doi.org/10.1103/PhysRevE.100.012214
https://doi.org/10.1098/rsta.2020.0277
https://doi.org/10.1093/imamat/hxab036
https://doi.org/10.1016/j.physd.2021.132858
https://doi.org/10.1016/j.physd.2021.132858
https://doi.org/10.1016/j.physd.2020.132735
https://doi.org/10.1016/j.physd.2020.132735
https://doi.org/10.1016/j.physd.2008.10.005
https://doi.org/10.1016/j.physd.2008.10.005
https://doi.org/10.1137/09077357X
https://doi.org/10.1016/j.physd.2008.10.002
https://doi.org/10.1006/jdeq.1998.3478
https://doi.org/10.1142/S0218127496000977
https://doi.org/10.1142/S0218127496000977
https://doi.org/10.1016/S0167-2789(03)00002-2
https://doi.org/10.1016/S0167-2789(03)00002-2
https://doi.org/10.1016/0167-2789(92)90154-F
https://doi.org/10.1016/0167-2789(92)90154-F
https://doi.org/10.1103/RevModPhys.65.851
https://doi.org/10.1098/rsta.2010.0057
https://doi.org/10.1017/S0022112006002795
https://doi.org/10.1137/06067794X
https://doi.org/10.1016/j.hm.2015.03.003
https://doi.org/10.1016/j.hm.2015.03.003
https://doi.org/10.1137/090762865
https://doi.org/10.1137/090762865
https://doi.org/10.1007/s00285-015-0937-5

Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

284 JASON J. BRAMBURGER, DAN J. HILL, AND DAVID J. B. LLOYD

[83] H. bE WITT, Beyond all order asymptotics for homoclinic snaking in a Schnakenberg system,
Nonlinearity, 32 (2019), pp. 2667-2693, https://doi.org/10.1088/1361-6544/ab0bld. (Cited
on p. 230)

[84] A. D. DeaN, P. C. MarTHEWS, S. M. Cox, AND J. R. KiNG, Ezponential asymp-
totics of homoclinic snaking, Nonlinearity, 24 (2011), pp. 3323-3351, https://doi.org/
10.1088,/0951-7715/24/12/003. (Cited on p. 230)

[85] A. D. DEAN, P. C. MATTHEWS, S. M. Cox, AND J. R. KING, Orientation-dependent pinning
and homoclinic snaking on a planar lattice, SIAM J. Appl. Dynam. Syst., 14 (2015),
pp. 481-521, https://doi.org/10.1137/140966897. (Cited on pp. 251, 252)

[86] O. DEscaLzl, C. CARTES, AND H. R. BRAND, Noisy localized structures induced by large noise,
Phys. Rev. E, 91 (2015), 020901, https://doi.org/10.1103/PhysRevE.91.020901. (Cited on
p.- 279)

[87] R. L. DEVANEY, Homoclinic orbits in Hamiltonian systems, J. Differential Equations, 21 (1976),
pp. 431-438, https://doi.org/10.1016/0022-0396(76)90130-3. (Cited on p. 233)

[88] F. Dias AND G. Iooss, Water-waves as a spatial dynamical system, in Handbook of Mathe-
matical Fluid Dynamics, Vol. II, S. Friedlander and D. Serre, eds., North-Holland, 2003,
pp. 443-499, https://doi.org/10.1016/S1874-5792(03)80012-5. (Cited on p. 273)

[89] E. J. DOEDEL, A. R. CHAMPNEYS, F. DERCOLE, T. F. FAIRGRIEVE, Y. A. KUZNETSOV,
B. OLDEMAN, R. PAFFENROTH, B. SANDSTEDE, X. WANG, AND C. ZHANG, AUTO-
07P: Continuation and Bifurcation Software for Ordinary Differential Equations,
2007, https://depts.washington.edu/bdecon/workshop2012/auto-tutorial/documentation/
auto07p%20manual.pdf. (Cited on pp. 220, 242)

[90] A. DOELMAN AND T. J. KAPER, Semistrong pulse interactions in a class of coupled reaction-
diffusion equations, SIAM J. Appl. Dynam. Syst., 2 (2003), pp. 53-96, https://doi.
org/10.1137/S1111111102405719. (Cited on p. 239)

[91] A. DoeLMaN, T. J. KAPER, AND P. A. ZEGELING, Pattern formation in the one-
dimensional Gray-Scott model, Nonlinearity, 10 (1997), pp. 523-563, https://doi.org/10.
1088/0951-7715/10/2/013. (Cited on p. 239)

[92] A. DOELMAN, P. VAN HEUJSTER, AND J. SHEN, Pulse dynamics in reaction-diffusion equations
with strong spatially localized impurities, Philos. Trans. Roy. Soc. A, 376 (2018), 20170183,
https://doi.org/10.1098 /rsta.2017.0183. (Cited on p. 278)

[93] A. DOELMAN, P. vAN HEIJSTER, AND F. XIE, A geometric approach to stationary defect so-
lutions in one space dimension, SIAM J. Appl. Dynam. Syst., 15 (2016), pp. 655-712,
https://doi.org/10.1137/15M1026742. (Cited on p. 278)

[94] A. DOELMAN AND F. VEERMAN, An ewplicit theory for pulses in two component, singu-

larly perturbed, reaction-diffusion equations, J. Dynam. Differential Equations, 27 (2015),

pp. 555-595, https://doi.org/10.1007/s10884-013-9325-2. (Cited on p. 239)

EHRNSTROM AND M. D. GROVES, Small-amplitude fully localised solitary waves for the

Sull-dispersion Kadomtsev—Petviashvili equation, Nonlinearity, 31 (2018), pp. 5351-5384,

https://doi.org/10.1088/1361-6544 /aadf3f. (Cited on p. 274)

[96] C. Evrpuick, G. Iooss, AND E. TIRAPEGUI, Normal form reduction for time-periodically
driven differential equations, Phys. Let. A, 120 (1987), pp. 459-463, https://doi.org/10.
1016,/0375-9601(87)90110-1. (Cited on p. 237)

[97] D. Escarr AND O. DEscALZI, Shape and size effects in localized hexagon patterns, Internat.
J. Bifur. Chaos, 19 (2009), pp. 27272743, https://doi.org/10.1142/S021812740902444X.
(Cited on p. 243)

[98] G. FAYE, J. RANKIN, AND P. CHOSSAT, Localized states in an unbounded neural field equation
with smooth firing rate function: A multi-parameter analysis, J. Math. Biol., 66 (2013),
pp. 1303-1338, https://doi.org/10.1007/s00285-012-0532-y. (Cited on pp. 236, 252)

[99] G. FAYE, J. RANKIN, AND D. J. B. LLOYD, Localized radial bumps of a neural field equa-
tion on the Euclidean plane and the Poincaré disc, Nonlinearity, 26 (2013), pp. 437-478,
https://doi.org/10.1088/0951-7715/26/2/437. (Cited on p. 252)

[100] W. FIrTH, L. COLUMBO, AND T. MAGGIPINTO, On homoclinic snaking in optical systems,
Chaos, 17 (2007), 037115, https://doi.org/10.1063/1.2768157. (Cited on p. 269)

[101] E. A. GAFFNEY, A. L. KrAUSE, P. K. MaINI, AND C. WANG, Spatial heterogeneity localizes
Turing patterns in reaction-cross-diffusion systems, Discrete Contin. Dynam. Syst. B, 28
(2023), pp. 6092-6125, https://doi.org/10.3934/dcdsb.2023053. (Cited on p. 278)

[102] J. P. GAIVAO AND V. GELFREICH, Splitting of separatrices for the Hamiltonian—Hopf bifurcation
with the Swift-Hohenberg equation as an example, Nonlinearity, 24 (2011), pp. 677-698,
https://doi.org/10.1088/0951-7715/24/3/002. (Cited on p. 228)

[103] P. GanpHI, C. BEAUME, AND E. KNOBLOCH, Time-periodic forcing of spatially localized
structures, in Nonlinear Dynamics: Materials, Theory and Experiments, M. TIidi
and M. G. Clerc, eds., Springer, Cham, 2016, pp. 303-316, https://doi.org/10.1007/
978-3-319-24871-4_23. (Cited on p. 239)

[95] M.

=

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1088/1361-6544/ab0b1d
https://doi.org/10.1088/0951-7715/24/12/003
https://doi.org/10.1088/0951-7715/24/12/003
https://doi.org/10.1137/140966897
https://doi.org/10.1103/PhysRevE.91.020901
https://doi.org/10.1016/0022-0396(76)90130-3
https://doi.org/10.1016/S1874-5792(03)80012-5
https://depts.washington.edu/bdecon/workshop2012/auto-tutorial/documentation/auto07p%20manual.pdf
https://depts.washington.edu/bdecon/workshop2012/auto-tutorial/documentation/auto07p%20manual.pdf
https://doi.org/10.1137/S1111111102405719
https://doi.org/10.1137/S1111111102405719
https://doi.org/10.1088/0951-7715/10/2/013
https://doi.org/10.1088/0951-7715/10/2/013
https://doi.org/10.1098/rsta.2017.0183
https://doi.org/10.1137/15M1026742
https://doi.org/10.1007/s10884-013-9325-2
https://doi.org/10.1088/1361-6544/aadf3f
https://doi.org/10.1016/0375-9601(87)90110-1
https://doi.org/10.1016/0375-9601(87)90110-1
https://doi.org/10.1142/S021812740902444X
https://doi.org/10.1007/s00285-012-0532-y
https://doi.org/10.1088/0951-7715/26/2/437
https://doi.org/10.1063/1.2768157
https://doi.org/10.3934/dcdsb.2023053
https://doi.org/10.1088/0951-7715/24/3/002
https://doi.org/10.1007/978-3-319-24871-4_23
https://doi.org/10.1007/978-3-319-24871-4_23

Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

LOCALIZED PATTERNS 285

[104] P. GanpHI, E. KNOBLOCH, AND C. BEAUME, Localized states in periodically forced systems,
Phys. Rev. Lett., 114 (2015), 034102, https://doi.org/10.1103/PhysRevLett.114.034102.
(Cited on p. 239)

[105] P. GanpDHI, Y. R. ZELNIK, AND E. KNOBLOCH, Spatially localized structures in the
Gray—Scott model, Philos. Trans. Roy. Soc. A, 376 (2018), 20170375, https://doi.org/
10.1098/rsta.2017.0375. (Cited on p. 235)

[106] P. GERMAIN, N. MASMOUDI, AND J. SHATAH, Global solutions for 3D gquadratic Schrédinger
equations, Internat. Math. Res. Notices, 2009 (2009), pp. 414-432, https://doi.org/
10.1093/imrn/rnn135. (Cited on p. 237)

[107] S. GETzIN, K. WIEGAND, T. WIEGAND, H. Y1ZHAQ, J. VON HARDENBERG, AND E. MERON,
Adopting a spatially explicit perspective to study the mysterious fairy circles of Namibia,
Ecography, 38 (2015), pp. 1-11, https://doi.org/10.1111/ecog.00911. (Cited on p. 262)

[108] S. GETzIN, H. Y1zHAQ, B. BELL, T. E. ERICKSON, A. C. PosTLE, I. KaTRA, O. TZUK, Y. R.
ZELNIK, K. WIEGAND, T. WIEGAND, AND E. MERON, Discovery of fairy circles in Australia
supports self-organization theory, Proc. Natl. Acad. Sci. USA, 113 (2016), pp. 3551-3556,
https://doi.org/10.1073 /pnas.1522130113. (Cited on pp. 252, 262)

[109] R. GOH AND A. SCHEEL, Growing patterns, Nonlinearity, 36 (2023), R1, https://www.doi.
org/10.1088/1361-6544/acf265. (Cited on p. 241)

[110] M. GOLUBITSKY, I. STEWART, AND D. G. SCHAEFFER, Singularities and Group in Bi-
furcation Theory, Vol. II, Springer-Verlag, New York, 2000, https://doi.org/10.1007/
978-1-4612-4574-2. (Cited on p. 270)

[111] M. GROVES, Steady water waves, J. Nonlinear Math. Phys., 11 (2004), pp. 435-460, https://
doi.org/10.2991 /jnmp.2004.11.4.2. (Cited on pp. 271, 273)

[112] M. D. GROVES AND S. M. SuN, Fully localised solitary-wave solutions of the three-dimensional
gravity—capillary water-wave problem, Arch. Ration. Mech. Anal., 188 (2008), pp. 1-91,
https://doi.org/10.1007/s00205-007-0085-1. (Cited on p. 274)

[113] A. HAGBERG, A. YocHELIS, H. YizHAQ, C. ELPHICK, L. PisSMEN, AND E. MERON, Linear
and nonlinear front instabilities in bistable systems, Phys. D, 217 (2006), pp. 186-192,
https://doi.org/10.1016/j.physd.2006.04.005. (Cited on p. 243)

[114] M. HARAGUS AND G. Io0ss, Domain walls for the Bénard—Rayleigh convection problem
with “rigid—free” boundary conditions, J. Dynam. Differential Equations, 34 (2022),
pp. 3217-3236, https://doi.org/10.1007 /s10884-021-09986-0. (Cited on p. 278)

[115] M. HARAGUS AND A. SCHEEL, Interfaces between rolls in the Swift-Hohenberg equation, In-
ternat. J. Dynam. Syst. Differential Equations, 1 (2007), pp. 89-97, https://doi.org/
10.1504/IJDSDE.2007.016510. (Cited on p. 278)

[116] M. HARAGUS AND A. SCHEEL, Grain boundaries in the Swift-Hohenberg equation, European J.
Appl. Math., 23 (2012), pp. 737-759, https://doi.org/10.1017/S0956792512000241. (Cited
on p. 278)

[117] J. HARTERICH, Cascades of reversible homoclinic orbits to a saddle-focus equilibrium, Phys.
D, 112 (1998), pp. 187-200, https://doi.org/10.1016/S0167-2789(97)00210-8. (Cited on
p. 233)

[118] S. V. HazioT, V. M. HUR, W. A. STRAUSS, J. F. TOLAND, E. WAHLEN, S. WALSH, AND M. H.
WHEELER, Traveling Water Waves—The Ebb and Flow of Two Centuries, Quart. Appl.
Math., 80 (2022), pp. 317401, https://doi.org/10.1090/qam/1614. (Cited on pp. 271, 275)

[119] I. HEcHT, D. A. KESSLER, AND H. LEVINE, Transient localized patterns in noise-driven
reaction-diffusion systems, Phys. Rev. Lett., 104 (2010), 158301, https://doi.org/
10.1103/PhysRevLett.104.158301. (Cited on p. 279)

[120] J. HERTKORN, J.-N. ScumipT, M. Guo, F. BOTTCHER, K. S. H. NG, S. D. GRAHAM,
P. UerLINGS, T. LANGEN, M. ZWIERLEIN, AND T. PFrAU, Pattern formation in quan-
tum ferrofluids: From supersolids to superglasses, Phys. Rev. Res., 3 (2021), 033125,
https://doi.org/10.1103/PhysRevResearch.3.033125. (Cited on p. 259)

[121] D. J. HiLL, J. J. BRAMBURGER, AND D. J. B. LLoYD, Approzimate localised dihedral pat-
terns near a Turing instability, Nonlinearity, 36 (2023), pp. 2567-2630, https://doi.org/
10.1088,/1361-6544/acc508. (Cited on pp. 260, 261, 262, 267, 274, 277)

[122] D. J. HiLL, J. J. BRAMBURGER, AND D. J. B. LLOYD, Dihedral rings of patterns emerg-
ing from a Turing bifurcation, Nonlinearity, 37 (2024), 035015, https://doi.org/10.1088/
1361-6544/ad2221. (Cited on pp. 260, 261, 262, 277, 278, 279)

[123] D. J. HiLL, D. J. B. LLoYD, AND M. R. TURNER, Localised radial patterns on the free surface
of a ferrofluid, J. Nonlinear Sci., 31 (2021), pp. 1-99, https://doi.org/10.1007/s00332-
021-09719-z. (Cited on pp. 235, 261, 276)

[124] A. HOFFMAN AND J. MALLET-PARET, Universality of crystallographic pinning, J. Dynam.
Differential Equations, 22 (2010), pp. 79-119, https://doi.org/10.1007/s10884-010-9157-2.
(Cited on p. 252)

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1103/PhysRevLett.114.034102
https://doi.org/10.1098/rsta.2017.0375
https://doi.org/10.1098/rsta.2017.0375
https://doi.org/10.1093/imrn/rnn135
https://doi.org/10.1093/imrn/rnn135
https://doi.org/10.1111/ecog.00911
https://doi.org/10.1073/pnas.1522130113
https://www.doi.org/10.1088/1361-6544/acf265
https://www.doi.org/10.1088/1361-6544/acf265
https://doi.org/10.1007/978-1-4612-4574-2
https://doi.org/10.1007/978-1-4612-4574-2
https://doi.org/10.2991/jnmp.2004.11.4.2
https://doi.org/10.2991/jnmp.2004.11.4.2
https://doi.org/10.1007/s00205-007-0085-1
https://doi.org/10.1016/j.physd.2006.04.005
https://doi.org/10.1007/s10884-021-09986-0
https://doi.org/10.1504/IJDSDE.2007.016510
https://doi.org/10.1504/IJDSDE.2007.016510
https://doi.org/10.1017/S0956792512000241
https://doi.org/10.1016/S0167-2789(97)00210-8
https://doi.org/10.1090/qam/1614
https://doi.org/10.1103/PhysRevLett.104.158301
https://doi.org/10.1103/PhysRevLett.104.158301
https://doi.org/10.1103/PhysRevResearch.3.033125
https://doi.org/10.1088/1361-6544/acc508
https://doi.org/10.1088/1361-6544/acc508
https://doi.org/10.1088/1361-6544/ad2221
https://doi.org/10.1088/1361-6544/ad2221
https://doi.org/10.1007/s00332-021-09719-z
https://doi.org/10.1007/s00332-021-09719-z
https://doi.org/10.1007/s10884-010-9157-2

Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

286

[125] M.

[126] S.

JASON J. BRAMBURGER, DAN |. HILL, AND DAVID ). B. LLOYD

P. HoLL, A. J. ARCHER, S. V. GUREVICH, E. KNOBLOCH, L. OPHAUS, AND U. THIELE,
Localized states in passive and active phase-field-crystal models, IMA J. Appl. Math., 86
(2021), pp. 896-923, https://doi.org/10.1093 /imamat/hxab025. (Cited on p. 252)

M. HOUGHTON AND P. J. BUSHBY, Localized plumes in three-dimensional compressible
magnetoconvection, Monthly Notices Roy, Astronom. Soc., 412 (2011), pp. 555-560,
https://doi.org/10.1111/j.1365-2966.2010.17926.x. (Cited on p. 273)

[127] S. M. HOUGHTON AND E. KNOBLOCH, Swift—-Hohenberg equation with broken cubic-quintic non-

[128] R.

[129] G.

[130] H.

[131] A.

[132] G.

[133] G.

[134] G.

[135] O.

[136] A.

[137] G.

[138] G.

[139] K.

linearity, Phys. Rev. E, 84 (2011), 016204, https://doi.org/10.1103/PhysRevE.84.016204.
(Cited on p. 235)

B. HOYLE, Pattern Formation: An Introduction to Methods, Cambridge University Press,
2006. (Cited on pp. 223, 270)

W. HunT, M. A. PELETIER, A. R. CHAMPNEYS, P. D. Woobns, M. AHMER WADEE, C. J.
BuDpD, AND G. J. LorD, Cellular buckling in long structures, Nonlinear Dynam., 21 (2000),
pp. 3-29, https://doi.org/10.1023/A:1008398006403. (Cited on p. 243)

Hupkes, D. PELINOVSKY, AND B. SANDSTEDE, Propagation failure in the discrete
Nagumo equation, Proc. Amer. Math. Soc., 139 (2011), pp. 3537-3551, https://doi.org/
10.1090/50002-9939-2011-10757-3. (Cited on p. 252)

T. ILICHEV, Solitary waves in media with dispersion and dissipation (a review), Fluid
Dynam., 35 (2000), pp. 157-176, https://doi.org/10.1007/BF02831423. (Cited on p. 273)
Iooss, Existence of quasipatterns in the superposition of two hexagonal patterns, Non-
linearity, 32 (2019), pp. 3163-3187, https://doi.org/10.1088/1361-6544/ab230a. (Cited on
p. 264)

Iooss AND A. MIELKE, Bifurcating time-periodic solutions of Navier—Stokes equa-
tions in infinite cylinders, J. Nonlinear Sci., 1 (1991), pp. 107-146, https://doi.org/
10.1007/BF01209150. (Cited on p. 237)

TIooss AND M.-C. PEROUEME, Perturbed homoclinic solutions in reversible 1 :1 resonance
vector fields, J. Differential Equations, 102 (1993), pp. 6288, https://doi.org/10.1006/jdeq.
1993.1022. (Cited on pp. 226, 228)

JAIBI, A. DOELMAN, M. CHIRILUS-BRUCKNER, AND E. MERON, The existence of localized
vegetation patterns in a systematically reduced model for dryland vegetation, Phys. D, 412
(2020), 132637, https://doi.org/10.1016/j.physd.2020.132637. (Cited on p. 259)
JAMIESON-LANE, P. H. TRINH, AND M. J. WARD, Localized spot patterns on the sphere
for reaction-diffusion systems: Theory and open problems, in Mathematical and Com-
putational Approaches in Advancing Modern Science and Engineering, J. Bélair, 1. A.
Frigaard, H. Kunze, R. Makarov, R. Melnik, and R. J. Spiteri, eds., Springer, Cham, 2016,
pp. 641-651, https://doi.org/10.1007/978-3-319-30379-6_58. (Cited on p. 255)

JARAMILLO AND A. SCHEEL, Deformation of striped patterns by inhomogeneities, Math.
Methods Appl. Sci., 38 (2015), pp. 51-65, https://doi.org/10.1002/mma.3049. (Cited on
p. 279)

JARAMILLO, A. SCHEEL, AND Q. Wu, The effect of impurities on striped phases,
Proc. Roy. Soc. Edinburgh Sect. A, 149 (2019), pp. 131-168, https://doi.org/10.1017/
S0308210518000197. (Cited on p. 279)

KAHEMAN, J. J. BRAMBURCGER, J. N. KuTz, AND S. L. BRUNTON, Saddle transport and
chaos in the double pendulum, Nonlinear Dynam., 111 (2023), pp. 7199-7233, https://doi.
org/10.1007/s11071-023-08232-0. (Cited on p. 278)

[140] H.-C. Kao, C. BEAUME, AND E. KNOBLOCH, Spatial localization in heterogeneous systems,

[141] K.

[142] Y.

[143] A.

[144] E.

[145] E.

[146] E.

Phys. Rev. E, 89 (2014), 012903, https://doi.org/10.1103/PhysRevE.89.012903. (Cited on
p. 278)

KIRCHGASSNER, Wave-solutions of reversible systems and applications, J. Differential Equa-
tions, 45 (1982), pp. 113-127, https://doi.org/10.1016/0022-0396(82)90058-4. (Cited on
p. 273)

S. KivSHAR AND B. LUTHER-DAVIES, Dark optical solitons: Physics and applications, Phys.
Rep., 298 (1998), pp. 81-197, https://doi.org/10.1016/S0370-1573(97)00073-2. (Cited on
pp. 252, 262)

Y. KLETTER, J. VON HARDENBERG, AND E. MERON, Ostwald ripening in dryland vegeta-
tion, Commun. Pure Appl. Anal., 11 (2012), pp. 261-273, https://doi.org/10.3934/cpaa.
2012.11.261. (Cited on p. 252)

KNOBLOCH, Spatially localized structures in dissipative systems: Open problems, Nonlinear-
ity, 21 (2008), T45, https://doi.org/10.1088/0951-7715/21/4/T02. (Cited on p. 219)

KNOBLOCH, Spatial localization in dissipative systems, Ann. Rev. Condensed Matter Phys., 6
(2015), pp. 325-359, https://doi.org/10.1146 /annurev-conmatphys-031214-014514. (Cited
on p. 219)

KNOBLOCH, Localized structures and front propagation in systems with a conservation law,
IMA J. Appl. Math., 81 (2016), pp. 457-487, https://doi.org/10.1093/imamat/hxw029.
(Cited on p. 236)

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1093/imamat/hxab025
https://doi.org/10.1111/j.1365-2966.2010.17926.x
https://doi.org/10.1103/PhysRevE.84.016204
https://doi.org/10.1023/A:1008398006403
https://doi.org/10.1090/S0002-9939-2011-10757-3
https://doi.org/10.1090/S0002-9939-2011-10757-3
https://doi.org/10.1007/BF02831423
https://doi.org/10.1088/1361-6544/ab230a
https://doi.org/10.1007/BF01209150
https://doi.org/10.1007/BF01209150
https://doi.org/10.1006/jdeq.1993.1022
https://doi.org/10.1006/jdeq.1993.1022
https://doi.org/10.1016/j.physd.2020.132637
https://doi.org/10.1007/978-3-319-30379-6_58
https://doi.org/10.1002/mma.3049
https://doi.org/10.1017/S0308210518000197
https://doi.org/10.1017/S0308210518000197
https://doi.org/10.1007/s11071-023-08232-0
https://doi.org/10.1007/s11071-023-08232-0
https://doi.org/10.1103/PhysRevE.89.012903
https://doi.org/10.1016/0022-0396(82)90058-4
https://doi.org/10.1016/S0370-1573(97)00073-2
https://doi.org/10.3934/cpaa.2012.11.261
https://doi.org/10.3934/cpaa.2012.11.261
https://doi.org/10.1088/0951-7715/21/4/T02
https://doi.org/10.1146/annurev-conmatphys-031214-014514
https://doi.org/10.1093/imamat/hxw029

Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

LOCALIZED PATTERNS 287

[147] E. KNnoBLOCH, H. UECKER, AND D. WETZEL, Defectlike structures and localized patterns
in the cubic-quintic-septic Swift-Hohenberg equation, Phys. Rev. E, 100 (2019), 012204,
https://doi.org/10.1103/PhysRevE.100.012204. (Cited on p. 234)

[148] J. KnoBLOCH, D. J. B. LLoyD, B. SANDSTEDE, AND T. WAGENKNECHT, Isolas of 2-pulse
solutions in homoclinic snaking scenarios, J. Dynam. Differential Equations, 23 (2011),
pp. 93-114, https://doi.org/10.1007/s10884-010-9195-9. (Cited on pp. 232, 233, 272)

[149] J. KNOBLOCH, M. VIELITZ, AND T. WAGENKNECHT, Non-reversible perturbations of ho-
moclinic snaking scenarios, Nonlinearity, 25 (2012), pp. 3469-3485, https://doi.org/
10.1088/0951-7715/25/12/3469. (Cited on p. 233)

[150] J. KNOBLOCH AND T. WAGENKNECHT, Homoclinic snaking near a heteroclinic cycle in reversible
systems, Phys. D, 206 (2005), pp. 82-93, https://doi.org/10.1016/j.physd.2005.04.018.
(Cited on pp. 231, 235)

[151] S. KoGA AND Y. KURAMOTO, Localized patterns in reaction-diffusion systems, Progr. Theoret.
Phys., 63 (1980), pp. 106-121, https://doi.org/10.1143/PTP.63.106. (Cited on p. 235)

[152] T. KOLOKOLNIKOV AND M. WARD, A ring of spikes in a Schnakenberg model, Phys. D, 441
(2022), 133521, https://doi.org/10.1016/7.physd.2022.133521. (Cited on p. 255)

[153] T. KOLOKOLNIKOV, M. J. WARD, AND J. WEI, Zigzag and breakup instabilities of stripes and
rings in the two-dimensional Gray-Scott model, Stud. Appl. Math., 116 (2006), pp. 35-95,
https://doi.org/10.1111/j.1365-2966.2005.0333.x. (Cited on p. 255)

[154] G. KOZYREFF AND S. J. CHAPMAN, Analytical results for front pinning between an hexagonal
pattern and a uniform state in pattern-formation systems, Phys. Rev. Lett., 111 (2013),
054501, https://doi.org/10.1103/PhysRevLett.111.054501. (Cited on p. 249)

[155] G. KOZYREFF AND S. J. CHAPMAN, Asymptotics of large bound states of localized structures,
Phys. Rev. Lett., 97 (2006), 044502, https://doi.org/10.1103/PhysRevLett.97.044502.
(Cited on pp. 227, 230)

[156] R. KUSDIANTARA AND H. SUSANTO, Snakes in square, honeycomb and triangular lattices, Non-
linearity, 32 (2019), pp. 5170-5190, https://doi.org/10.1088/1361-6544/ab46e8. (Cited on
p- 269)

[157] R. KUSDIANTARA AND H. SUSANTO, Homoclinic snaking in the discrete Swift-Hohenberg equa-
tion, Phys. Rev. E, 96 (2017), 062214, https://doi.org/10.1103/PhysRevE.96.062214.
(Cited on p. 234)

[158] C. R. LaiNG AND W. C. TrRoY, PDE methods for nonlocal models, STAM J. Appl. Dynam.
Syst., 2 (2003), pp. 487-516, https://doi.org/10.1137/030600040. (Cited on p. 236)

[159] O. LIOUBASHEVSKI, Y. HAMIEL, A. AGNON, Z. RECHES, AND J. FINEBERG, Oscillons and prop-
agating solitary waves in a vertically vibrated colloidal suspension, Phys. Rev. Lett., 83
(1999), pp. 3190-3193, https://doi.org/10.1103/PhysRevLett.83.3190. (Cited on pp. 219,
237, 252)

[160] D. LLoYD AND B. SANDSTEDE, Localized radial solutions of the Swift-Hohenberg equation, Non-
linearity, 22 (2009), pp. 485-524, https://doi.org/10.1088/0951-7715/22/2/013. (Cited on
pp. 253, 254, 258, 276)

[161] D. J. LLoyDp, Hexagon invasion fronts outside the homoclinic snaking region in the pla-
nar Swift-Hohenberg equation, STAM J. Appl. Dynam. Syst., 20 (2021), pp. 671-700,
https://doi.org/10.1137/20M1369622. (Cited on pp. 247, 248, 250, 266, 267, 268)

[162] D. J. LLOYD, B. SANDSTEDE, D. AVITABILE, AND A. R. CHAMPNEYS, Localized hezagon pat-
terns of the planar Swift-Hohenberg equation, SIAM J. Appl. Dynam. Syst., 7 (2008),
pp. 1049-1100, https://doi.org/10.1137/070707622. (Cited on pp. 247, 249, 259, 260, 262,
266, 272, 274)

[163] D. J. B. LLOYD, Invasion fronts outside the homoclinic snaking region in the planar Swift—
Hohenberg equation, SIAM J. Appl. Dynam. Syst., 18 (2019), pp. 1892-1933, https://
doi.org/10.1137/18M1225653. (Cited on pp. 241, 242, 243, 244, 245, 246)

[164] D. J. B. LLoyD, C. GOLLWITZER, I. REHBERG, AND R. RICHTER, Homoclinic snaking near the
surface instability of a polarisable fluid, J. Fluid Mech., 783 (2015), pp. 283-305, https://
doi.org/10.1017/jfm.2015.565. (Cited on pp. 219, 259, 275, 276)

[165] D. J. B. LLoyp AND H. O’FARRELL, On localised hotspots of an urban crime model, Phys.
D, 253 (2013), pp. 23-39, https://doi.org/10.1016/j.physd.2013.02.005. (Cited on pp. 239,
252)

[166] D. J. B. LLoyD AND A. SCHEEL, Continuation and bifurcation of grain boundaries in
the Swift-Hohenberg equation, SIAM J. Appl. Dynam. Syst., 16 (2017), pp. 252-293,
https://doi.org/10.1137/16M1073212. (Cited on p. 278)

[167] D. Lo JacoNoO, A. BERGEON, AND E. KNOBLOCH, Magnetohydrodynamic convectons, J. Fluid
Mech., 687 (2011), pp. 595-605, https://doi.org/10.1017/jfm.2011.402. (Cited on p. 272)

[168] D. Lo JaconNo, A. BERGEON, AND E. KNOBLOCH, Three-dimensional spatially localized
binary-fluid convection in a porous medium, J. Fluid Mech., 730 (2013), pp. 1-11,
https://doi.org/10.1017/jfm.2013.377. (Cited on pp. 259, 273)

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1103/PhysRevE.100.012204
https://doi.org/10.1007/s10884-010-9195-9
https://doi.org/10.1088/0951-7715/25/12/3469
https://doi.org/10.1088/0951-7715/25/12/3469
https://doi.org/10.1016/j.physd.2005.04.018
https://doi.org/10.1143/PTP.63.106
https://doi.org/10.1016/j.physd.2022.133521
https://doi.org/10.1111/j.1365-2966.2005.0333.x
https://doi.org/10.1103/PhysRevLett.111.054501
https://doi.org/10.1103/PhysRevLett.97.044502
https://doi.org/10.1088/1361-6544/ab46e8
https://doi.org/10.1103/PhysRevE.96.062214
https://doi.org/10.1137/030600040
https://doi.org/10.1103/PhysRevLett.83.3190
https://doi.org/10.1088/0951-7715/22/2/013
https://doi.org/10.1137/20M1369622
https://doi.org/10.1137/070707622
https://doi.org/10.1137/18M1225653
https://doi.org/10.1137/18M1225653
https://doi.org/10.1017/jfm.2015.565
https://doi.org/10.1017/jfm.2015.565
https://doi.org/10.1016/j.physd.2013.02.005
https://doi.org/10.1137/16M1073212
https://doi.org/10.1017/jfm.2011.402
https://doi.org/10.1017/jfm.2013.377

Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

288 JASON J. BRAMBURGER, DAN J. HILL, AND DAVID J. B. LLOYD

[169] D. Lo Jacono, A. BERGEON, AND E. KNOBLOCH, Complex convective structures in three-
dimensional binary fluid convection in a porous medium, Fluid Dynam. Res., 49 (2017),
061402, https://doi.org/10.1088/1873-7005/aa7b2a. (Cited on pp. 271, 273, 274)

[170] G. J. LOorD AND V. THUMMLER, Computing stochastic traveling waves, SIAM J. Sci. Comput.,
34 (2012), pp. B24-B43, https://doi.org/10.1137/100784734. (Cited on p. 279)

[171] Y.-P. MA aND E. KNOBLOCH, Two-dimensional localized structures in harmonically forced
oscillatory systems, Phys. D, 337 (2016), pp. 1-17, https://doi.org/10.1016/j.physd.
2016.07.003. (Cited on pp. 237, 252)

[172] E. MAKRIDES AND B. SANDSTEDE, Predicting the bifurcation structure of localized snaking pat-
terns, Phys. D, 268 (2014), pp. 59-78, https://doi.org/10.1016/j.physd.2013.11.009. (Cited
on p. 233)

[173] E. MAKRIDES AND B. SANDSTEDE, Ezistence and stability of spatially localized patterns, J. Dif-
ferential Equations, 266 (2019), pp. 1073-1120, https://doi.org/10.1016/j.jde.2018.07.064.
(Cited on pp. 233, 270)

[174] B. A. MALOMED, Multidimensional Solitons, AIP Publishing LLC, 2002, https://doi.org/
10.1063/9780735425118. (Cited on p. 219)

[175] B. A. MALOMED, Past and present trends in the development of the pattern-formation the-
ory: Domain walls and quasicrystals, Physics, 3 (2021), pp. 1015-1045, https://doi.org/
10.3390/physics3040064. (Cited on p. 243)

[176] B. A. MALOMED, A. A. NEPOMNYASHCHY, AND M. I. TRIBELSKY, Domain boundaries in
convection patterns, Phys. Rev. A, 42 (1990), pp. 7244-7263, https://doi.org/10.1103/
PhysRevA.42.7244. (Cited on p. 243)

[177] P. C. MATTHEWS AND S. M. CoX, Pattern formation with a conservation law, Nonlinearity, 13
(2000), pp. 1293-1320, https://doi.org/10.1088/0951-7715/13/4/317. (Cited on p. 236)

[178] S. McCALLA AND B. SANDSTEDE, Snaking of radial solutions of the multi-dimensional Swift—
Hohenberg equation: A numerical study, Phys. D, 239 (2010), pp. 1581-1592, https://
doi.org/10.1016/j.physd.2010.04.004. (Cited on pp. 255, 256, 257, 258)

[179] S. G. McCALLA AND B. SANDSTEDE, Spots in the Swift—-Hohenberg equation, SIAM J. Appl. Dy-
nam. Syst., 12 (2013), pp. 831-877, https://doi.org/10.1137/120882111. (Cited on pp. 253,
254, 255, 263, 276, 277)

[180] N. McCULLEN AND T. WAGENKNECHT, Pattern formation on networks: From localised activity
to Turing patterns, Sci. Rep., 6 (2016), 27397, https://doi.org/10.1038 /srep27397. (Cited
on p. 279)

[181] K. McQUIGHAN AND B. SANDSTEDE, Oscillons in the planar Ginzburg-Landau equation
with 2:1 forcing, Nonlinearity, 27 (2014), pp. 3073-3116, https://doi.org/10.1088,/0951-
7715/27/12/3073. (Cited on pp. 259, 276)

[182] J. M. McSroy, W. J. FIrTH, G. K. HARKNESS, AND G.-L. Opro, Computationally determined
existence and stability of transverse structures. 11. Multipeaked cavity solitons, Phys. Rev.
E, 66 (2002), 046606, https://doi.org/10.1103/PhysRevE.66.046606. (Cited on pp. 252,
259)

[183] Y. MENESGUEN, S. BARBAY, X. HACHAIR, L. LEROY, I. SAGNES, AND R. KUSZELEWI1CZ, Optical
self-organization and cavity solitons in optically pumped semiconductor microresonators,
Phys. Rev. A, 74 (2006), 023818, https://doi.org/10.1103/PhysRevA.74.023818. (Cited on
pp. 252, 259, 262)

[184] I. MERCADER, O. BATISTE, A. ALONsO, AND E. KNOBLOCH, Convectons in periodic
and bounded domains, Fluid Dynam. Res., 42 (2009), 025505, https://doi.org/
10.1088/0169-5983,/42,/2/025505. (Cited on p. 272)

[185] I. MERCADER, O. BATISTE, A. ALONSO, AND E. KNOBLOCH, Convectons, anticonvectons and
multiconvectons in binary fluid convection, J. Fluid Mech., 667 (2011), pp. 586-606,
https://doi.org/10.1017/50022112010004623. (Cited on pp. 271, 272)

[186] I. MERCADER, O. BATISTE, A. ALONSO, AND E. KNOBLOCH, Travelling convectons in bi-
nary fluid convection, J. Fluid Mech., 722 (2013), pp. 240-266, https://doi.org/10.1017/
ifm.2013.77. (Cited on p. 272)

[187] E. MERON, H. Y1ZHAQ, AND E. GILAD, Localized structures in dryland vegetation: Forms and
Sunctions, Chaos, 17 (2007), 037109, https://doi.org/10.1063/1.2767246. (Cited on p. 252)

(188] J. W. MILES, Solitary waves, Ann. Rev. Fluid Mech., 12 (1980), pp. 11-43, https://doi.
org/10.1146/annurev.fl.12.010180.000303. (Cited on p. 273)

[189] J. W. MILES, Parametrically excited solitary waves, J. Fluid Mech., 148 (1984), pp. 451-460,
https://doi.org/10.1017/S0022112084002433. (Cited on p. 258)

[190] D. MORGAN AND J. H. P. DAWES, The Swift—-Hohenberg equation with a nonlocal nonlinearity,
Phys. D, 270 (2014), pp. 60-80, https://doi.org/10.1016/j.physd.2013.11.018. (Cited on
p. 236)

[191] Y. MoRI, A. JILKINE, AND L. EDELSTEIN-KESHET, Wave-pinning and cell polarity from a
bistable reaction-diffusion system, Biophys. J., 94 (2008), pp. 3684-3697, https://doi.org/
10.1529 /biophysj.107.120824. (Cited on p. 237)

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1088/1873-7005/aa7b2a
https://doi.org/10.1137/100784734
https://doi.org/10.1016/j.physd.2016.07.003
https://doi.org/10.1016/j.physd.2016.07.003
https://doi.org/10.1016/j.physd.2013.11.009
https://doi.org/10.1016/j.jde.2018.07.064
https://doi.org/10.1063/9780735425118
https://doi.org/10.1063/9780735425118
https://doi.org/10.3390/physics3040064
https://doi.org/10.3390/physics3040064
https://doi.org/10.1103/PhysRevA.42.7244
https://doi.org/10.1103/PhysRevA.42.7244
https://doi.org/10.1088/0951-7715/13/4/317
https://doi.org/10.1016/j.physd.2010.04.004
https://doi.org/10.1016/j.physd.2010.04.004
https://doi.org/10.1137/120882111
https://doi.org/10.1038/srep27397
https://doi.org/10.1088/0951-7715/27/12/3073
https://doi.org/10.1088/0951-7715/27/12/3073
https://doi.org/10.1103/PhysRevE.66.046606
https://doi.org/10.1103/PhysRevA.74.023818
https://doi.org/10.1088/0169-5983/42/2/025505
https://doi.org/10.1088/0169-5983/42/2/025505
https://doi.org/10.1017/S0022112010004623
https://doi.org/10.1017/jfm.2013.77
https://doi.org/10.1017/jfm.2013.77
https://doi.org/10.1063/1.2767246
https://doi.org/10.1146/annurev.fl.12.010180.000303
https://doi.org/10.1146/annurev.fl.12.010180.000303
https://doi.org/10.1017/S0022112084002433
https://doi.org/10.1016/j.physd.2013.11.018
https://doi.org/10.1529/biophysj.107.120824
https://doi.org/10.1529/biophysj.107.120824

Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

[192] 1.

(193] Z.

[194] L.

[195] A.

[196] A.

[197] E.

[198] E.

[199] E.

[200] P.

[201] P.

[202] A.

[203] D.

[204] V.
[205] Y.

[206] B.

[207] J.

[208] L.

[209] R.

[210] R.

[211] 1.

[212] A.

LOCALIZED PATTERNS 289

R. MoYLES AND M. J. WARD, Euxistence, stability, and dynamics of ring and near-ring
solutions to the saturated Gierer—Meinhardt model in the semistrong regime, SIAM J.
Appl. Dynam. Syst., 16 (2017), pp. 597-639, https://doi.org/10.1137/16M1060327. (Cited
on p. 255)

G. NicorLAoU AND J. J. BRAMBURGER, Complex localization mechanisms in networks of
coupled oscillators: Two case studies, Chaos, 34 (2024), 013131, https://doi.org/10.1063/
5.0174550. (Cited on p. 279)

OpHAUS, E. KNOBLOCH, S. V. GUREVICH, AND U. THIELE, Two-dimensional local-
ized states in an active phase-field-crystal model, Phys. Rev. E, 103 (2021), 032601,
https://doi.org/10.1103/PhysRevE.103.032601. (Cited on pp. 252, 259)

PAPANGELO, A. GROLET, L. SALLES, N. HOFFMANN, AND M. CIAVARELLA, Snaking bifur-
cations in a self-excited oscillator chain with cyclic symmetry, Commun. Nonlinear Sci.
Numer. Simul., 44 (2017), pp. 108-119, https://doi.org/10.1016/j.cnsns.2016.08.004. (Cited
on pp. 234, 279)

PAPANGELO, N. HOFFMANN, A. GROLET, M. STENDER, AND M. CIAVARELLA, Multiple spa-
tially localized dynamical states in friction-excited oscillator chains, J. Sound Vibration,
417 (2018), pp. 5664, https://doi.org/10.1016/j.jsv.2017.11.056. (Cited on p. 279)

I. PARAU AND J.-M. VANDEN-BROECK, Three-dimensional waves beneath an ice sheet
due to a steadily moving pressure, Philos. Trans. A Math. Phys. Eng. Sci., 369 (2011),
pp. 2973-2988, https://doi.org/10.1098 /rsta.2011.0115. (Cited on p. 274)

I. ParAU, J.-M. VANDEN-BROECK, AND M. J. COOKER, Nonlinear three-dimensional
gravity—capillary solitary waves, J. Fluid Mech., 536 (2005), pp. 99-105, https://doi.org/
10.1017/S0022112005005136. (Cited on pp. 271, 274)

I. PArAU, J.-M. VANDEN-BROECK, AND M. J. COOKER, Nonlinear three-dimensional inter-
facial flows with a free surface, J. Fluid Mech., 591 (2007), pp. 481-494, https://doi.org/
10.1017/S0022112007008452. (Cited on p. 274)

PARRA-RIvAS, E. KNOBLOCH, L. GELENS, AND D. GoOMILA, Origin, bifurcation structure
and stability of localized states in Kerr dispersive optical cavities, IMA J. Appl. Math., 86
(2021), pp. 856-895, https://doi.org/10.1093 /imamat/hxab031. (Cited on pp. 235, 252)

PARRA-RIvAS, E. KNOBLOCH, D. GOMILA, AND L. GELENS, Dark solitons in the Lugiato-
Lefever equation with normal dispersion, Phys. Rev. A, 93 (2016), 063839, https://doi.org/
10.1103/PhysRevA.93.063839. (Cited on p. 233)

PERSHIN, C. BEAUME, AND S. M. ToOBIAS, Dynamics of spatially localized states in tran-
sitional plane Couette flow, J. Fluid Mech., 867 (2019), pp. 414-437, https://doi.org/
10.1017/jfm.2019.154. (Cited on pp. 271, 272)

PETERHOF, B. SANDSTEDE, AND A. SCHEEL, Ezponential dichotomies for solitary-wave so-
lutions of semilinear elliptic equations on infinite cylinders, J. Differential Equations, 140
(1997), pp. 266-308, https://doi.org/10.1006/jdeq.1997.3303. (Cited on p. 251)

PETROV, Q. OUYANG, AND H. L. SWINNEY, Resonant pattern formation in achemical system,
Nature, 388 (1997), pp. 655-657, https://doi.org/10.1038/41732. (Cited on p. 237)

PoMEAU, Front motion, metastability and subcritical bifurcations in hydrodynamics, Phys.
D, 23 (1986), pp. 3—11, https://doi.org/10.1016/0167-2789(86)90104-1. (Cited on p. 222)

PRADENAS, I. ARAYA, M. G. CLERC, C. FALCON, P. GanpHI, AND E. KNOBLOCH, Slanted
snaking of localized Faraday waves, Phys. Rev. Fluids, 2 (2017), 064401, https://doi.
org/10.1103/PhysRevFluids.2.064401. (Cited on p. 236)

RANKIN, D. AVITABILE, J. BALADRON, G. FAYE, AND D. J. B. LLoyD, Continuation of
localized coherent structures in nonlocal neural field equations, STAM J. Sci. Comput., 36
(2014), pp. B70-BY3, https://doi.org/10.1137/130918721. (Cited on pp. 236, 252, 259)

RAYLEIGH, On convection currents in a horizontal layer of fluid, when the higher temperature
is on the under side, Lond. Edinb. Dublin Philos. Mag. J. Sci., 32 (1916), pp. 529-546,
https://doi.org/10.1080/14786441608635602. (Cited on pp. 218, 223)

RICHTER, Mag(net)ic liqguid mountains, Europhys. News, 42 (2011), pp. 17-19,
https://doi.org/10.1051 /epn/2011301. (Cited on p. 275)

RICHTER AND I. V. BARASHENKOV, Two-dimensional solitons on the surface of magnetic flu-
ids, Phys. Rev. Lett., 94 (2005), 184503, https://doi.org/10.1103/PhysRevLett.94.184503.
(Cited on pp. 275, 276)

RozapaA, S. J. RuutH, AND M. J. WARD, The stability of localized spot patterns for
the Brusselator on the sphere, SIAM J. Appl. Dynam. Syst., 13 (2014), pp. 564-627,
https://doi.org/10.1137/130934696. (Cited on p. 255)

M. RUCKLIDGE AND M. SILBER, Design of parametrically forced patterns and quasipatterns,
SIAM J. Appl. Dynam. Syst., 8 (2009), pp. 298-347, https://doi.org/10.1137,/080719066.
(Cited on p. 238)

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/16M1060327
https://doi.org/10.1063/5.0174550
https://doi.org/10.1063/5.0174550
https://doi.org/10.1103/PhysRevE.103.032601
https://doi.org/10.1016/j.cnsns.2016.08.004
https://doi.org/10.1016/j.jsv.2017.11.056
https://doi.org/10.1098/rsta.2011.0115
https://doi.org/10.1017/S0022112005005136
https://doi.org/10.1017/S0022112005005136
https://doi.org/10.1017/S0022112007008452
https://doi.org/10.1017/S0022112007008452
https://doi.org/10.1093/imamat/hxab031
https://doi.org/10.1103/PhysRevA.93.063839
https://doi.org/10.1103/PhysRevA.93.063839
https://doi.org/10.1017/jfm.2019.154
https://doi.org/10.1017/jfm.2019.154
https://doi.org/10.1006/jdeq.1997.3303
https://doi.org/10.1038/41732
https://doi.org/10.1016/0167-2789(86)90104-1
https://doi.org/10.1103/PhysRevFluids.2.064401
https://doi.org/10.1103/PhysRevFluids.2.064401
https://doi.org/10.1137/130918721
https://doi.org/10.1080/14786441608635602
https://doi.org/10.1051/epn/2011301
https://doi.org/10.1103/PhysRevLett.94.184503
https://doi.org/10.1137/130934696
https://doi.org/10.1137/080719066

Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

290

[213] H.

[214] H.

[215] B.

[216] B.

[217] A.
[218] H.

[219] G.

[220] T.

[221] T.

[222] V.

[223] V.

[224] S.

[225] P.

[226] P.

[227] J.

[228] C.

[229] G.

[230] U.

[231] M.

[232] M.

[233] M.

JASON J. BRAMBURGER, DAN |. HILL, AND DAVID ). B. LLOYD

SAKAGUCHI AND H. R. BRAND, Stable localized solutions of arbitrary length for the quin-

tic Swift-Hohenberg equation, Phys. D, 97 (1996), pp. 274-285, https://doi.org/10.1016/
0167-2789(96)00077-2. (Cited on p. 259)

SAKAGUCHI AND H. R. BRAND, Stable localized squares in pattern-forming nonequilib-
rium systems, Europhys. Lett., 38 (1997), pp. 341-346, https://doi.org/10.1209/epl/
i1997-00249-7. (Cited on pp. 259, 267)

SANDSTEDE AND A. SCHEEL, Defects in oscillatory media: Toward a classification, STAM
J. Appl. Dynam. Syst., 3 (2004), pp. 1-68, https://doi.org/10.1137/030600192. (Cited on
p. 251)

SANDSTEDE AND Y. XU, Snakes and isolas in non-reversible conservative systems, Dynam.
Syst., 27 (2012), pp. 317-329, https://doi.org/10.1080,/14689367.2012.691961. (Cited on
pp. 232, 233)

SCHEEL, Radially symmetric patterns of reaction-diffusion systems, Mem. Amer. Math.
Soc., AMS, 2003, https://doi.org/10.1090/memo/0786. (Cited on p. 253)

SCHMIDT AND D. AVITABILE, Bumps and oscillons in networks of spiking neurons, Chaos,
30 (2020), 033133, https://doi.org/10.1063/1.5135579. (Cited on p. 234)

SCHNEIDER AND H. UECKER, Nonlinear PDEs: A Dynamical Systems Approach, Grad.
Stud. Math. 182, American Mathematical Society, 2017, https://doi.org/10.1090/gsm/182.
(Cited on pp. 223, 226)

M. SCHNEIDER, J. F. GIBSON, AND J. BURKE, Snakes and ladders: Localized solutions
of plane Couette flow, Phys. Rev. Lett., 104 (2010), 104501, https://doi.org/10.1103/
PhysRevLett.104.104501. (Cited on pp. 271, 272)

M. SCHNEIDER, D. MARINC, AND B. ECKHARDT, Localized edge states nucleate turbulence
in extended plane Couette cells, J. Fluid Mech., 646 (2010), pp. 441-451, https://doi.
org/10.1017/S0022112009993144. (Cited on p. 272)

S. SOLOMATOV, Localized subcritical convective cells in temperature-dependent wviscos-
ity fluids, Phys. Earth Planetary Interiors, 200-201 (2012), pp. 63-71, https://doi.org/
10.1016/j.pepi.2012.04.005. (Cited on pp. 271, 272)

S. SoLoMATOV AND C. JAIN, Stability range of localized subcritical Rayleigh—Bénard con-
vection in temperature-dependent viscosity fluids: Constraints from two-dimensional sim-
ulations, Phys. Fluids, 33 (2021), 056603, https://doi.org/10.1063/5.0050576. (Cited on
p. 272)

H. STROGATZ, Nonlinear Dynamics and Chaos: With Applications to Physics, Biology,
Chemistry, and Engineering, CRC Press, Boca Raton, 2018, https://doi.org/10.1201/
9780429492563. (Cited on p. 241)

SUBRAMANIAN, A. J. ARCHER, E. KNOBLOCH, AND A. M. RUCKLIDGE, Spatially localized
quasicrystalline structures, New J. Phys., 20 (2018), 122002, https://doi.org/10.1088/
1367-2630/aaf3bd. (Cited on pp. 259, 260, 267, 271, 277)

SUBRAMANIAN, A. J. ARCHER, E. KNOBLOCH, AND A. M. RUCKLIDGE, Snaking without
subcriticality: Grain boundaries as non-topological defects, IMA J. Appl. Math., 86 (2021),
pp. 1164-1180, https://doi.org/10.1093 /imamat/hxab032. (Cited on pp. 268, 269)

SwIFT AND P. C. HOHENBERG, Hydrodynamic fluctuations at the comvective instability,
Phys. Rev. A, 15 (1977), pp. 319-328, https://doi.org/10.1103/PhysRevA.15.319. (Cited
on p. 226)

TAYLOR AND J. H. DAWES, Snaking and isolas of localised states in bistable discrete lat-
tices, Phys. Lett. A, 375 (2010), pp. 14-22, https://doi.org/10.1016/j.physleta.2010.10.010.
(Cited on pp. 234, 269, 270)

I. TAYLOR, VIII. Stability of a viscous liquid contained between two rotating cylinders,
Philos Trans. Roy. Soc. Lond. Ser. A, 223 (1923), pp. 289-343, https://doi.org/10.1098/
rsta.1923.0008. (Cited on p. 223)

THIELE, A. J. ARCHER, M. J. RoBBINS, H. GOMEZ, AND E. KNOBLOCH, Localized states in
the conserved Swift-Hohenberg equation with cubic nonlinearity, Phys. Rev. E, 87 (2013),
042915, https://doi.org/10.1103/PhysRevE.87.042915. (Cited on pp. 236, 271)

TiaN, J. J. BRAMBURGER, AND B. SANDSTEDE, Snaking bifurcations of localized pat-
terns on ring lattices, IMA J. Appl. Math., 86 (2021), pp. 1112-1140, https://doi.org/
10.1093/imamat/hxab023. (Cited on p. 279)

TLip1, S. GOPALAKRISHNAN, M. TAKI, AND K. PANAjOTOV, Optical crystals and light-
bullets in Kerr resonators, Chaos Solitons Fractals, 152 (2021), 111364, https://doi.org/
10.1016/j.chaos.2021.111364. (Cited on p. 277)

Trip, P. MANDEL, AND R. LEFEVER, Localized structures and localized patterns in
optical bistability, Phys. Rev. Lett., 73 (1994), pp. 640-643, https://doi.org/10.1103/
PhysRevLett.73.640. (Cited on p. 269)

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1016/0167-2789(96)00077-2
https://doi.org/10.1016/0167-2789(96)00077-2
https://doi.org/10.1209/epl/i1997-00249-7
https://doi.org/10.1209/epl/i1997-00249-7
https://doi.org/10.1137/030600192
https://doi.org/10.1080/14689367.2012.691961
https://doi.org/10.1090/memo/0786
https://doi.org/10.1063/1.5135579
https://doi.org/10.1090/gsm/182
https://doi.org/10.1103/PhysRevLett.104.104501
https://doi.org/10.1103/PhysRevLett.104.104501
https://doi.org/10.1017/S0022112009993144
https://doi.org/10.1017/S0022112009993144
https://doi.org/10.1016/j.pepi.2012.04.005
https://doi.org/10.1016/j.pepi.2012.04.005
https://doi.org/10.1063/5.0050576
https://doi.org/10.1201/9780429492563
https://doi.org/10.1201/9780429492563
https://doi.org/10.1088/1367-2630/aaf3bd
https://doi.org/10.1088/1367-2630/aaf3bd
https://doi.org/10.1093/imamat/hxab032
https://doi.org/10.1103/PhysRevA.15.319
https://doi.org/10.1016/j.physleta.2010.10.010
https://doi.org/10.1098/rsta.1923.0008
https://doi.org/10.1098/rsta.1923.0008
https://doi.org/10.1103/PhysRevE.87.042915
https://doi.org/10.1093/imamat/hxab023
https://doi.org/10.1093/imamat/hxab023
https://doi.org/10.1016/j.chaos.2021.111364
https://doi.org/10.1016/j.chaos.2021.111364
https://doi.org/10.1103/PhysRevLett.73.640
https://doi.org/10.1103/PhysRevLett.73.640

Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

LOCALIZED PATTERNS 291

[234] O. TRICHTCHENKO, E. I. PARAU, J.-M. VANDEN-BROECK, AND P. MILEWSKI, Solitary flexural—
gravity waves in three dimensions, Philos. Trans. Roy. Soc. A, 376 (2018), 20170345,
https://doi.org/10.1098 /rsta.2017.0345. (Cited on p. 274)

[235] J. TuMmELTY, C. BEAUME, AND A. M. RUCKLIDGE, Toward convectons in the supercritical
regime: Homoclinic snaking in natural doubly diffusive convection, SIAM J. Appl. Dynam.
Syst., 22 (2023), pp. 1710-1742, https://doi.org/10.1137/22M1510303. (Cited on pp. 271,
272)

[236] A. M. TURING, The chemical basis of morphogenesis, Philos. Trans. Roy. Soc. London Ser. B,
237 (1952), pp. 37-72, https://doi.org/10.1007/BF02459572. (Cited on pp. 218, 223)

[237] H. UECKER, D. WETZEL, AND J. D. M. RADEMACHER, pde2path - a Matlab package for con-
tinuation and bifurcation in 2D elliptic systems, Numer. Math. Theory Methods Appl., 7
(2014), pp. 58-106, https://doi.org/10.4208 /nmtma.2014.1231nm. (Cited on pp. 220, 271)

[238] H. UECKER AND D. WETZEL, Snaking branches of planar BCC fronts in the 3D Brussela-
tor, Phys. D, 406 (2020), 132383, https://doi.org/10.1016/j.physd.2020.132383. (Cited on
p. 271)

[239] P. B. UMBANHOWAR, F. MELO, AND H. L. SWINNEY, Localized ezcitations in a vertically vibrated
granular layer, Nature, 382 (1996), pp. 793-796, https://doi.org/10.1038/382793a0. (Cited
on pp. 237, 252, 259)

[240] J. B. vAN DEN BERG, C. M. GROOTHEDDE, AND J. F. WILLIAMS, Rigorous computation of a
radially symmetric localized solution in a Ginzburg—Landau problem, SIAM J. Appl. Dy-
nam. Syst., 14 (2015), pp. 423-447, https://doi.org/10.1137/140987973. (Cited on pp. 254,
262, 263)

[241] G. H. M. vaN DER HEUJDEN, A. R. CHAMPNEYS, AND J. M. T. THOMPSON, Spatially complex
localisation in twisted elastic rods constrained to a cylinder, Internat. J. Solids Struct., 39
(2002), pp. 1863-1883, https://doi.org/10.1016/S0020-7683(01)00234-7. (Cited on p. 233)

[242] P. vAN HEIJSTER AND B. SANDSTEDE, Bifurcations to travelling planar spots in a three-
component Fitzhugh—Nagumo system, Phys. D, 275 (2014), pp. 19-34, https://doi.org/
10.1016/j.physd.2014.02.001. (Cited on p. 255)

[243] V. K. VANAG AND 1. R. EPSTEIN, Stationary and oscillatory localized patterns, and subcritical
bifurcations, Phys. Rev. Lett., 92 (2004), 128301, https://doi.org/10.1103/PhysRevLett.
92.128301. (Cited on p. 237)

[244] V. K. VANAG AND I. R. EPSTEIN, Localized patterns in reaction-diffusion systems, Chaos, 17
(2007), 037110, https://doi.org/10.1063/1.2752494. (Cited on pp. 235, 252)

[245] V. K. VANAG, A. M. ZHABOTINSKY, AND I. R. EPSTEIN, Oscillatory clusters in the periodically
illuminated, spatially extended Belousov—Zhabotinsky reaction, Phys. Rev. Lett., 86 (2001),
pp. 552-555, https://doi.org/10.1103/PhysRevLett.86.552. (Cited on p. 237)

[246] J. VANDEN-BROECK, Solitary waves in water: Numerical methods and results, in Solitary Waves
in Fluids, Advances in Fluid Mechanics, R. Grimshaw, ed., WIT Press, 2007, pp. 55-84,
https://books.google.co.uk/books?id=W0rQCwAAQBAJ. (Cited on p. 273)

[247] A. VANDERBAUWHEDE, Centre manifolds, normal forms and elementary bifurcations, in Dy-
namics Reported: A Series in Dynamical Systems and Their Applications, U. Kirch-
graber and H. O. Walther, eds., Vieweg+Teubner Verlag, Wiesbaden, 1989, pp. 89-169,
https://doi.org/10.1007/978-3-322-96657-5_4. (Cited on p. 235)

[248] R. VELTZ, BifurcationKit.jl, Ph.D. thesis, INRIA, Sophia Antipolis, France, 2020. (Cited on
p. 220)

[249] S. C. VENKATARAMANI AND E. OTT, Pattern selection in extended periodically forced systems:
A continuum coupled map approach, Phys. Rev. E, 63 (2001), 046202, https://doi.org/
10.1103/PhysRevE.63.046202. (Cited on p. 237)

[250] E. VILLAR-SEPULVEDA AND A. R. CHAMPNEYS, General conditions for Turing and wave in-
stabilities in reaction -diffusion systems, J. Math. Biol., 86 (2023), 39, https://doi.
org/10.1007/s00285-023-01870-3. (Cited on p. 225)

[251] A. G. VviapiMmirRov, J. M. McSLoy, D. V. SKRYABIN, AND W. J. FIrRTH, Two-dimensional
clusters of solitary structures in driven optical cavities, Phys. Rev. E, 65 (2002), 046606,
https://doi.org/10.1103/PhysRevE.65.046606. (Cited on pp. 259, 262, 269)

[252] J. vVON HARDENBERG, E. MERON, M. SHACHAK, AND Y. ZARMI, Diversity of vegetation pat-
terns and desertification, Phys. Rev. Lett., 87 (2001), 198101, https://doi.org/10.1103/
PhysRevLett.87.198101. (Cited on p. 259)

[253] M. K. WADEE, C. D. COMAN, AND A. P. BassoM, Solitary wave interaction phenomena
in a strut buckling model incorporating restabilisation, Phys. D, 163 (2002), pp. 26-48,
https://doi.org/10.1016/S0167-2789(02)00350-0. (Cited on p. 233)

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1098/rsta.2017.0345
https://doi.org/10.1137/22M1510303
https://doi.org/10.1007/BF02459572
https://doi.org/10.4208/nmtma.2014.1231nm
https://doi.org/10.1016/j.physd.2020.132383
https://doi.org/10.1038/382793a0
https://doi.org/10.1137/140987973
https://doi.org/10.1016/S0020-7683(01)00234-7
https://doi.org/10.1016/j.physd.2014.02.001
https://doi.org/10.1016/j.physd.2014.02.001
https://doi.org/10.1103/PhysRevLett.92.128301
https://doi.org/10.1103/PhysRevLett.92.128301
https://doi.org/10.1063/1.2752494
https://doi.org/10.1103/PhysRevLett.86.552
https://books.google.co.uk/books?id=W0rQCwAAQBAJ
https://doi.org/10.1007/978-3-322-96657-5_4
https://doi.org/10.1103/PhysRevE.63.046202
https://doi.org/10.1103/PhysRevE.63.046202
https://doi.org/10.1007/s00285-023-01870-3
https://doi.org/10.1007/s00285-023-01870-3
https://doi.org/10.1103/PhysRevE.65.046606
https://doi.org/10.1103/PhysRevLett.87.198101
https://doi.org/10.1103/PhysRevLett.87.198101
https://doi.org/10.1016/S0167-2789(02)00350-0

Downloaded Oo/le/2010 o2.1/./2.225 . Redistribution supject to SIAM license or copyrignt; see https.//epupns.slam.org/terms-privacy

292 JASON J. BRAMBURGER, DAN J. HILL, AND DAVID J. B. LLOYD

[254] B. J. WALKER, A. K. TowNsEND, A. K. CHUDASAMA, AND A. L. KRAUSE, VisualPDE: Rapid
interactive simulations of partial differential equations, Bull. Math. Biol., 85 (2023), 113,
https://doi.org/10.1007/s11538-023-01218-4. (Cited on p. 220)

[255] Z. WANG AND P. A. MILEWSKI, Dynamics of gravity—capillary solitary waves in deep water,
J. Fluid Mech., 708 (2012), pp. 480-501, https://doi.org/10.1017/jfm.2012.320. (Cited on
p. 274)

[256] M. J. WARD, Spots, traps, and patches: Asymptotic analysis of localized solutions to some
linear and nonlinear diffusive systems, Nonlinearity, 31 (2018), R189, https://doi.org/
10.1088/1361-6544 /aabedb. (Cited on pp. 235, 255)

[257] M. J. WARD AND J. WEL, The existence and stability of asymmetric spike patterns for the
Schnakenberg model, Stud. Appl. Math., 109 (2002), pp. 229-264, https://doi.org/10.1111/
1467-9590.00223. (Cited on p. 239)

[258] T. WATANABE, K. TOYABE, M. IiMA, AND Y. NISHIURA, Time-periodic traveling solutions of
localized convection cells in binary fluid mizture, Theoret. Appl. Mech. Japan, 59 (2011),
pp. 211-219, https://doi.org/10.11345/nctam.59.211. (Cited on p. 272)

[259] T. WATANABE, M. I1MA, AND Y. NISHIURA, Spontaneous formation of travelling localized struc-
tures and their asymptotic behaviour in binary fluid convection, J. Fluid Mech., 712 (2012),
pp. 219-243, https://doi.org/10.1017/jfm.2012.413. (Cited on p. 272)

[260] T. WATANABE, M. IIMA, AND Y. NISHIURA, A skeleton of collision dynamics: Hierarchical
network structure among even-symmetric steady pulses in binary fluid convection, STAM J.
Appl. Dynam. Syst., 15 (2016), pp. 789-806, https://doi.org/10.1137/15M1010968. (Cited
on p. 272)

[261] J. WEI AND M. WINTER, On the two-dimensional Gierer—Meinhardt system with strong
coupling, SIAM J. Math. Anal., 30 (1999), pp. 1241-1263, https://doi.org/10.1137/
S0036141098347237. (Cited on p. 255)

[262] J. WEI AND M. WINTER, Asymmetric spotty patterns for the Gray-Scott model in R?, Stud.
Appl. Math., 110 (2003), pp. 63-102, https://doi.org/10.1111/1467-9590.00231. (Cited on
p. 255)

[263] T. D. WHITELEY, D. AVITABILE, P.-O. SIEBERS, D. ROBINSON, AND M. R. OWEN, Modelling
the emergence of cities and urban patterning using coupled integro-differential equations,
J. Roy. Soc. Interface, 19 (2022), 20220176, https://doi.org/10.1098 /rsif.2022.0176. (Cited
on p. 234)

[264] H. R. WILSON AND J. D. CowaN, A mathematical theory of the functional dynamics of cor-
tical and thalamic mervous tissue, Kybernetik, 13 (1973), pp. 55-80, https://doi.org/
10.1007/BF00288786. (Cited on p. 236)

[265] T. WoONG AND M. J. WARD, Weakly nonlinear analysis of peanut-shaped deformations for
localized spots of singularly perturbed reaction-diffusion systems, STAM J. Appl. Dynam.
Syst., 19 (2020), pp. 2030-2058, https://doi.org/10.1137/20M1316779. (Cited on p. 255)

[266] T. WONG AND M. J. WARD, Spot patterns in the 2-D Schnakenberg model with localized
heterogeneities, Stud. Appl. Math., 146 (2021), pp. 779-833, https://doi.org/10.1111/
sapm.12361. (Cited on p. 278)

[267] T. WONG AND M. J. WARD, Dynamics of patchy vegetation patterns in the two-dimensional
generalized Klausmeier model, Discrete Contin. Dynam. Syst. Ser. S, 15 (2022),
pp. 2747-2793, https://doi.org/10.3934/dcdss.2022043. (Cited on p. 255)

[268] P. D. Woops AND A. R. CHAMPNEYS, Heteroclinic tangles and homoclinic snaking in the
unfolding of a degenerate reversible Hamiltonian—Hopf bifurcation, Phys. D, 129 (1999),
pp. 147-170, https://doi.org/10.1016/S0167-2789(98)00309-1. (Cited on pp. 229, 234)

[269] H. X1A, T. MAIMBOURG, H. PUNZMANN, AND M. SHATS, Oscillon dynamics and rogue wave gen-
eration in Faraday surface ripples, Phys. Rev. Lett., 109 (2012), 114502, https://doi.org/
10.1103/PhysRevLett.109.114502. (Cited on p. 237)

[270] A. YULIN AND A. CHAMPNEYS, Snake-to-isola transition and moving solitons via symmetry-
breaking in discrete optical cavities, Discrete Contin. Dynam. Syst. Ser. S, 4 (2011),
pp. 1341-1357, https://doi.org/10.3934/dcdss.2011.4.1341. (Cited on p. 269)

[271] Y. R. ZELNIK, E. MERON, AND G. BEL, Gradual regime shifts in fairy circles, Proc. Natl. Acad.
Sci. USA, 112 (2015), pp. 12327-12331, https://doi.org/10.1073/pnas.1504289112. (Cited
on p. 262)

[272] L.-X. Zuao, K. Zuanag, K. SITEUR, X.-Z. L1, Q.-X. Liu, AND J. VAN DE KOPPEL, Fairy cir-
cles reveal the resilience of self-organized salt marshes, Sci. Adv., 7 (2021), eabell00,
https://doi.org/10.1126/sciadv.abel100. (Cited on p. 262)

[273] B. ZIMANOWSKI, R. BUTTNER, AND J. NESTLER, Britte reaction of a high-temperature ion
melt, Europhys. Lett., 38 (1997), pp. 285-290, https://doi.org/10.1209/epl/11997-00239-3.
(Cited on p. 259)

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1007/s11538-023-01218-4
https://doi.org/10.1017/jfm.2012.320
https://doi.org/10.1088/1361-6544/aabe4b
https://doi.org/10.1088/1361-6544/aabe4b
https://doi.org/10.1111/1467-9590.00223
https://doi.org/10.1111/1467-9590.00223
https://doi.org/10.11345/nctam.59.211
https://doi.org/10.1017/jfm.2012.413
https://doi.org/10.1137/15M1010968
https://doi.org/10.1137/S0036141098347237
https://doi.org/10.1137/S0036141098347237
https://doi.org/10.1111/1467-9590.00231
https://doi.org/10.1098/rsif.2022.0176
https://doi.org/10.1007/BF00288786
https://doi.org/10.1007/BF00288786
https://doi.org/10.1137/20M1316779
https://doi.org/10.1111/sapm.12361
https://doi.org/10.1111/sapm.12361
https://doi.org/10.3934/dcdss.2022043
https://doi.org/10.1016/S0167-2789(98)00309-1
https://doi.org/10.1103/PhysRevLett.109.114502
https://doi.org/10.1103/PhysRevLett.109.114502
https://doi.org/10.3934/dcdss.2011.4.1341
https://doi.org/10.1073/pnas.1504289112
https://doi.org/10.1126/sciadv.abe1100
https://doi.org/10.1209/epl/i1997-00239-3

	Introduction
	1D Localized Pattern Formation
	Turing and Finite-Wavenumber Instabilities
	Turing's Contribution
	General Pattern-Forming Bifurcations

	Pattern Formation in the Swift-Hohenberg Equation
	Homoclinic Snaking
	Weakly Nonlinear Analysis
	Snakes, Ladders, and Isolas of Localized Patterns
	Lattice Dynamical Systems

	Variations on the Standard Setup
	General Reaction-Diffusion Systems
	Nonlocal Systems
	Slanted Snaking and Finite Domains
	Oscillons and Breathers
	Transition to the Singular Limit
	Invasion Fronts Outside the Snaking Region


	Localization in Only One Direction
	Localized Stripe Fronts
	Localized Hexagon Fronts
	Spatial Dynamics
	Orientation-Dependent Pinning

	Axisymmetric Patterns
	Emergence of Axisymmetric Patterns
	Axisymmetric Snaking Branches
	Time Periodic Patterns

	Fully Localized Planar Patterns
	Emergence of Localized Dihedral Patterns
	Localized Patches Beyond Onset
	Planar Lattices

	Three-Dimensional Patterns
	Localized (1 + 2)D Patterns
	Localized (2 + 1)D Patterns
	Fully Localized 3D Patterns

	Conclusions and Open Problems
	Acknowledgments
	References


