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A B S T R A C T 

We present three-dimensional Dedalus simulations of Rayleigh–Bénard convection with a blackbody-radiating free upper 
surface, subject to a low-amplitude oscillatory forcing that mimics tidal perturbations in convective envelopes of stars and 
planets. The forcing period is 10–100 times shorter than the convective time-scale, tconv . Using a Reynolds decomposition 

of the velocity field averaged over one oscillation period, in which the tidal oscillations naturally constitute the fluctuating 
field and convection the mean flow, we elucidate the kinetic energy exchange between the two. Provided the oscillatory 
Reynolds number exceeds a modest threshold, we find that the oscillations systematically transfer kinetic energy to the 
mean flow at a volume-averaged rate DR ∼ u′ 2 t−1 conv , where u′ is the rms fluctuation velocity. This reflects strong, order-unity 
correlations between the fluctuation velocities and the mean flow. These arise because the oscillatory forcing displaces fluid 
elements that are then redirected by buoyancy and incompressibility in the same manner as the mean flow. The transfer 
is dominated by correlations involving vertical velocity fluctuations and vertical gradients of the mean flow. The resulting 
energy transfer rate is consistent, within the equilibrium-tide framework, with the observed tidal circularization of solar- 
type binaries and with the orbital evolution of moons of Jupiter and Saturn. This validates the formalism proposed by C. 
Terquem ( 2021 ) for the dissipation of fast tides, a long-standing problem. Replacing the free surface with a rigid upper 
boundary significantly and artificially modifies the correlations. 

Key words: convection – hydrodynamics – Sun: general – planets and satellites: dynamical evolution and stability –
planet–star interactions – binaries: close. 
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 INTRODUCTION  

idal dissipation in convective flows plays a key role in the evo-
ution of stellar binaries, star–planet systems, and the satellite 
ystems of giant planets (G. I. Ogilvie 2014 ). In many of these
ystems, the tidal forcing varies on time-scales much shorter than 
he convective turnover time. How such fast tides interact with 
urbulent convection, and how efficiently they are dissipated, 
emains an open problem. 
Starting with J. P. Zahn ( 1966 ), tidal dissipation in convective

egions was traditionally described using an effective turbulent 
iscosity acting on the large-scale oscillatory flow. In this model, 
ased on mixing length theory, dissipation is assumed to arise 
rom correlations between convective velocity fluctuations and 
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radients of the tidal flow. When the tidal period is much shorter
han the convective overturning time, convective eddies are as- 
umed to respond inefficiently to the rapidly varying shear. This 
ehaviour is implemented through a prescribed reduction of the 
ffective turbulent viscosity at short forcing periods (J. P. Zahn 
966 , P. Goldreich & P. D. Nicholson 1977 ), rather than emerging
irectly from the mixing-length formalism itself. This leads to 
issipation rates that are typically orders of magnitude too small 
o explain the observations. 
C. Terquem ( 2021 , 2023 ) showed that this discrepancy

eflects a more fundamental limitation of the turbulent- 
iscosity approach in the fast-tide regime. When the forcing 
eriod is short, the tidal flow must instead be treated as
art of the fluctuating velocity field, with the mean flow 

efined by temporal averaging over an oscillation period. 
issipation then arises from correlations between the oscillatory 
elocity fluctuations and gradients of the convective flow, 
ather than from convective motions being sheared by the 
ide. This leads to a qualitatively different dissipation law: the 
ate still scales with the inverse convective time-scale but, 
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rucially, it does not suffer the strong reduction at short
orcing periods that is artificially imposed in traditional
urbulent-viscosity models. 
Despite this theoretical progress, the existence and robustness
f such Reynolds-stress correlations in fully three-dimensional
onvection remain debated. Most numerical studies have instead
ocused on estimating an effective turbulent viscosity (K. Penev
t al. 2009 ; G. I. Ogilvie & G. Lesur 2012 ; C. D. Duguid, A. J.
arker & C. A. Jones 2020 ; J. Vidal & A. J. Barker 2020a , b ). To
ate, the only direct numerical attempt to evaluate the dissipation
ate proposed by C. Terquem ( 2021 ) in a fully convective flow is
hat of A. J. Barker & A. A. V. Astoul ( 2021 ). However, the use
f rigid boundaries at both the top and bottom of the domain
recludes a fully consistent computation of the work done by a
otential tidal force in an incompressible fluid. As a consequence,
hey prescribe the tidal response kinematically as an irrotational
elocity field, appearing only through advection terms in the
ean-flow equations. While this set-up captures some aspects of 
ide-convection interactions, it does not allow the oscillatory tidal
ow to emerge self-consistently as the dynamical response to an
xternal forcing. 
In contrast, the present study models tides as an externally ap-
lied oscillatory forcing, allowing the full velocity field to adjust
ynamically and to generate secondary fluctuations as part of the
onvective flow itself. This distinction is crucial: the Reynolds-
tress correlations responsible for energy transfer arise precisely
ecause oscillatory displacements are redirected by buoyancy and
ncompressibility in the same way as the mean flow itself, rather
han being prescribed a priori as a fixed velocity field. The forcing
eriod is chosen to be one to two orders of magnitude shorter
han the convective time-scale, placing the system firmly in the
ast-tide regime. In this limit, the mean flow is naturally defined
y averaging over the oscillation period rather than over the con-
ective time-scale. Accordingly, we adopt a Reynolds decompo-
ition based on temporal averaging over one oscillation period
nd analyse the kinetic-energy exchange between the oscillatory
uctuations and the mean convective flow. 
To the best of our knowledge, this is the first three-dimensional
umerical study of turbulent Rayleigh–Bénard convection with
 dynamically deformable free surface and radiative cooling,
ubject to fast oscillatory forcing. Previous numerical studies of 
onvection with deformable free surfaces have largely focused
n weakly non-linear Marangoni-driven or mixed Rayleigh–
énard–Marangoni regimes, primarily concerned with instability
nd pattern formation, rather than on turbulent convection and
he energy transfer between oscillatory motions and the mean
ow considered here (e.g. K. A. Cliffe & S. J. Tavener 1998 ; C.
ang et al. 2021 ). The free surface is essential for capturing the
arge-scale vertical structure of convective plumes and the as-
ociated mean-flow gradients that drive the Reynolds-stress cor-
elations. As we show below, imposing a rigid upper boundary
ualitatively alters these correlations and can suppress the net
nergy transfer altogether. Moreover, when the flow is incom-
ressible and the forcing derives from a scalar potential, a free
urface is required for the forcing to perform net work on the
ow. 
We show that, above a modest threshold in the fluctuating
eynolds number, the oscillations systematically transfer kinetic
nergy to the mean flow at a rate DR ∼ u′ 2 t−1 conv , independent
f the forcing period over the range explored, where u′ is the
ms fluctuation velocity. We identify the Reynolds-stress com-
onents responsible for this transfer and discuss how viscous
NRAS 549, 1–21 (2026)
iffusion, thermal diffusion and boundary conditions control the
stablishment of the underlying correlations. Our results provide
irect numerical support for the fast-tide dissipation mechanism
roposed by C. Terquem ( 2021 , 2023 ). 
The outline of the paper is as follows. In Section 2 , we intro-
uce the governing equations, define the equilibrium state and
escribe the Reynolds decomposition appropriate for fast oscilla-
ory forcing. We also derive the mean-flow and fluctuation mo-
entum equations, together with the associated local and global
inetic-energy balances that form the theoretical framework of 
he study. Section 3 presents the boundary conditions, including
he formulation of the radiating, deformable free surface adopted
ere. In Section 4 , we describe the numerical set-up. We first
resent unforced reference simulations used to characterise the
onvective flow, and then introduce the oscillatory forcing. We
onsider both a purely vertical forcing, which provides a simple
ramework for understanding how correlations arise within the
onvective flow, and a forcing that derives from a scalar potential
nd mimics tidal forcing. We then analyse the resulting energy
udgets and Reynolds-stress transfer, and examine their depen-
ence on viscosity and boundary conditions. In Section 5 , we
iscuss the physical origin of the Reynolds-stress correlations.
inally, Section 6 summarises the main results and discusses their
mplications for tidal dissipation in stellar and planetary convec-
ive envelopes. 

 GOVERNING  EQUATIONS  

e consider a fluid with velocity u , mass density ρ, pressure
 and temperature T subject to an external gravitational field g
nd an imposed force per unit mass f . The fluid has constant
inematic viscosity ν and thermal diffusivity κ . We adopt Carte-
ian coordinates ( x, y, z) with corresponding unit vectors ( ̂ x , ˆ y , ˆ z ) ,
uch that g = −gˆ z . The force f represents an externally imposed
erturbation and is taken to be zero in the equilibrium state de-
ned below. 
The system is governed by the continuity, Navier–Stokes and

hermal energy equations which, in the Boussinesq approxima-
ion introduced below, take the form: 

 · u = 0 , (1) 
∂u 
∂t 

+ u · ∇ u = − 1 
ρ

∇ P + ν∇2 u − gˆ z + f , (2) 

∂T 
∂t 

+ u · ∇ T = κ∇2 T . (3) 

.1 Equilibrium state 

n equilibrium, the fluid is at rest (u = 0 ), the external forcing
anishes ( f = 0 ) and the domain spans 0 ≤ z ≤ H. The temper-
ture is fixed at T1 at the bottom and T2 at the surface, with
2 < T1 . We define �T ≡ T1 − T2 and assume that the interior
emperature profile is linear: 

0 ( z) = T1 − T1 − T2 
H 

z. (4) 

ith this choice, the thermal equation ( 3 ) is automatically satis-
ed. The mass density is taken to be uniform, equal to ρ0 , and
he equilibrium pressure profile P0 ( z) satisfies the hydrostatic
alance condition from equation ( 2 ): 

 P = −ρ gˆ z . (5) 
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.2 Perturbation and Boussinesq approximation 

eviations from the equilibrium state are characterized by a ve- 
ocity field u = (

ux , uy , uz 
)
and perturbations in density, pressure 

nd temperature: ρ = ρ0 + δρ, P = P0 + δP and T = T0 + δT . We
ssume that density variations are small and arise solely from 

emperature perturbations, with pressure-induced density vari- 
tions neglected. Specifically, we write: 

= ρ0 ( 1 − αδT ) , (6) 

here α is the (constant) coefficient of thermal expansion and 
 αδT | � 1 . Within the Boussinesq approximation, density vari- 
tions are neglected in the mass conservation equation, yield- 
ng the incompressibility equation ( 1 ). In the momentum equa- 
ion ( 2 ), density variations affect the dynamics only through the
ressure-gradient term. A first-order expansion of 1 /ρ in δT , 
ombined with the hydrostatic balance ( 5 ), produces the buoy- 
ncy term gαδT ˆ z . The governing equations for the perturbed 
uantities then become 

∂u 
∂t 

+ u · ∇ u = − 1 
ρ0 

∇ δP + ν∇2 u + gαδT ˆ z + f , (7) 

∂δT 
∂t 

+ u · ∇ ( T0 + δT ) = κ∇2 δT . (8) 

n the absence of external forcing ( f = 0 ), this system reduces 
o the classical Rayleigh–Bénard problem. Here, we focus on the 
urbulent convective regime (unstable equilibrium) and apply f 
s an oscillatory forcing to model perturbations within an already 
onvective flow. 

.3 Dimensionless form 

he Rayleigh and Prandtl numbers are defined as 

a = α�T gd3 

νκ
, P r = ν

κ
, (9) 

here d is a characteristic length-scale. The Rayleigh num- 
er measures the relative strength of buoyancy-driven advec- 
ion compared to thermal and viscous diffusion. When Ra ex- 
eeds a critical value Rac , the equilibrium state becomes unstable 
nd thermal convection develops, corresponding to the classical 
ayleigh–Bénard instability. In non-turbulent regimes, d is typ- 
cally taken to be the depth of the convective layer (here, H).
owever, in turbulent flows, a more appropriate length-scale may 
e the pressure scale height. We therefore formulate the equa- 
ions using a general characteristic length d. For the numerical 
imulations presented below, where the pressure scale height and 
ayer depth are comparable, we take d = H. 
We also define dimensionless viscosity and thermal diffusivity 
s: 

˜ ≡ κ√ 

α�T gd3 
= Ra−1 / 2 P r−1 / 2 , (10) 

˜ ≡ ν√ 

α�T gd3 
= Ra−1 / 2 P r1 / 2 . (11) 

ext, we introduce a characteristic velocity and time-scale: 

 =
√ 

α�T gd , τ = d 
U 

=
√ 

d 
α�T g 

. (12) 

sing these, we define the following dimensionless variables: ve- 
ocity ˜ u = u /U , time ˜ t = t/τ , pressure ˜ P = δP/

(
ρ0 U 2 ), tempera- 

ure perturbation ˜ b = δT / �T and external force ˜ f = f / ( α�T g) . 
e also rescale the spatial coordinates as ˜ x = x/d, ˜ y = y/d, ˜ z = 
/d, which gives the dimensionless gradient operator ˜ ∇ = d∇ , 
nd Lz = H/d. 
Substituting these expressions into equations ( 1 ), ( 7 ) and ( 8 )
ields the dimensionless equations: 

˜ 
 · ˜ u = 0 , (13) 

∂ ˜ u 
∂˜ t 

+ ˜ u · ˜ ∇ ̃  u = − ˜ ∇ ̃

 P + ˜ ν ˜ ∇2 ˜ u + ˜ b ̂ z + ˜ f , (14) 

∂ ˜ b 
∂˜ t 

+ ˜ u · ˜ ∇ ̃

 b − ˜ uz 
Lz 

= ˜ κ ˜ ∇2 ˜ b . (15) 

he quantity b ≡ δT is often loosely referred to as the buoy-
ncy , although the actual buoyancy force per unit mass is
αδT . 
We also introduce the dimensionless viscous stress tensor: 

˜ i j = ˜ σ ji = ˜ ν
(

∂ ˜ ui 
∂ ˜ x j 

+ ∂ ˜ uj 
∂ ˜ xi 

)
, (16) 

here indices i and j take values in (1,2,3), corresponding to
1 = x, x2 = y and x3 = z. Because the flow is incompressible,
he viscous term in equation ( 14 ) may equivalently be written as
˜ ̃  ∇2 ˜ ui = ∂ ˜ σi j /∂ ˜ x j . 

.4 Time-scales and Reynolds decomposition 

n stellar models, the convective time-scale tconv at a radius r is the
ime required for energy to be transported across the local mixing-
ength (eddy turnover length). It is commonly defined as tconv ∼
P /Vconv , where HP is the local pressure scale height and Vconv 
s the horizontally averaged convective velocity on the sphere of 
adius r. The Rayleigh–Bénard simulations presented here model 
 local patch of a stellar convective envelope, with the vertical
xtent of the domain corresponding to the eddy turnover length. 
ccordingly, we define the convective time-scale in the volume V 

f the simulation as: 

conv = H 

uz, rms 
, (17) 

here: 

z, rms =
√ 

1 
V 

∫ 
V 
u2 z d v , (18) 

s the volume-averaged rms vertical velocity. Both upward and 
ownward motions contribute to uz,rms , consistent with the fact 
hat energy is transported towards the surface by the correlation 
etween uz and the temperature fluctuation δT , not by the mean
ertical flow. 
Another relevant time-scale is the crossing time: 

cross = H 

uz,max 
, (19) 

efined as the time it takes for the fastest plumes to traverse
he layer. A defining feature of convection, especially at high 
ayleigh numbers, is that tcross � tconv , because heat transport is 
ominated by rare, rapid plumes that occupy only a small fraction
f the flow volume. 
We consider a force f that oscillates in time with period tosc such

hat tosc � tconv . We perform a Reynolds decomposition: 

 = V + u ′ , where V ≡ 〈 u 〉 (20) 

ith the angle brackets denoting a time average over one 
scillation period tosc . By construction, at a fixed point in 
he flow, u′ oscillates about zero on the time-scale t . The 
MNRAS 549, 1–21 (2026)
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ean velocity V evolves on a time-scale τV 
 tosc , determined
y the intrinsic convective dynamics. The decomposition ( 20 )
s therefore well-defined. At high Rayleigh numbers, where
onvection is fully turbulent, τV ∼ tcross . In contrast, at the
oderate Rayleigh numbers explored in this study, convec-
ive structures are more persistent and τV > tconv , so that the
ean flow appears quasi-steady on time-scales small compared
o tconv . 
In three dimensions, convection supports a broad spectrum
f eddies with varying velocities, length-scales and time-scales,
eflecting the cascade of kinetic energy from large to small
cales. Since the largest eddies have both the highest velocities
nd the longest intrinsic time-scales, the mean flow V is dom-
nated by these large-scale coherent structures. The fluctuation
eld u′ comprises (i) the direct velocity response to the oscil-
ating force, (ii) secondary oscillations generated by the interac-
ion of this response with convection, and (iii) convective mo-
ions whose intrinsic time-scales are comparable to or shorter
han tosc . 

.5 Averaged equations 

e focus on cases where tosc � tconv . In this regime, mean quan-
ities can be considered approximately constant over a single os-
illation period. This assumption remains valid even when tosc is
omparable to, or exceeds, tcross , provided that tcross � tconv . 
Substituting the Reynolds decomposition into the incompress-

bility equation ( 13 ) and averaging over ˜ tosc gives: 

˜ 
 · ˜ V = 0 . (21) 

ubtracting this from equation ( 13 ) yields: 

˜ 
 · ˜ u ′ = 0 , (22) 

ndicating that both the mean flow and the fluctuations are in-
ompressible. 

.5.1 Momentum equations 

ubstituting the Reynolds decomposition into the momentum
quation ( 14 ) and averaging over ˜ tosc gives the mean-flow mo-
entum equation: 

∂ ˜ Vi 
∂˜ t 

+ ˜ Vj 
∂ ˜ Vi 
∂ ˜ x j 

+
〈
˜ u′ 
j 
∂ ˜ u′ 

i 
∂ ˜ x j 

〉

= −∂
〈 ˜ P 〉

∂ ˜ xi 
+ ∂

〈
˜ σi j 
〉

∂ ˜ x j 
+ 〈˜ b 〉 δ3 i , (23) 

ith summation over repeated indices implied. We have used the
dentity

〈
∂ ˜ u′ 

i /∂˜ t 
〉 = 0 , which holds because ˜ u′ 

i is periodic over the
veraging time interval. 
Equation ( 23 ) retains all non-linear terms and does not assume

hat the fluctuations are small compared to the mean quantities.
ince the external forcing ˜ f does not appear explicitly, it influ-
nces the mean flow only through the term

〈 
˜ u′ 
j 
(
∂ ˜ u′ 

i /∂ ˜ x j 
)〉 
. As long

s this term remains small compared to the dominant buoyancy
ontribution

〈˜ b 〉 and/or the mean advection term ˜ Vj 
(
∂ ˜ Vi /∂ ˜ x j 

)
, the

mplitude of the forcing may be chosen freely without altering
he leading-order balance of the mean flow. 
NRAS 549, 1–21 (2026)
Subtracting equation ( 23 ) from equation ( 14 ) gives the fluctu-
tion momentum equation: 

∂ ˜ u′ 
i 

∂˜ t 
+ ˜ u′ 

j 
∂ ˜ Vi 
∂ ˜ x j 

+ ˜ Vj 
∂ ˜ u′ 

i 
∂ ˜ x j 

+ ˜ u′ 
j 
∂ ˜ u′ 

i 
∂ ˜ x j 

−
〈
˜ u′ 
j 
∂ ˜ u′ 

i 
∂ ˜ x j 

〉

= −∂ ˜ P′ 

∂ ˜ xi 
+ ∂ ˜ σ ′ 

i j 

∂ ˜ x j 
+ ˜ b′ δ3 i + ˜ fi , (24) 

here the fluctuating components are defined as ˜ P′ = ˜ P − 〈 ˜ P 〉,
˜ ′ = ˜ b − 〈˜ b 〉 and ˜ σ ′ 

i j = ˜ σi j −
〈
˜ σi j 
〉
. 

.5.2 Local energy equations 

ultiplying equation ( 23 ) by ˜ Vi and summing over i yields the
inetic energy equation for the mean flow: 

∂ ˜ Ek 
∂˜ t 

= −∂ ˜ Fj 
∂ ˜ x j 

+ ˜ DR − ˜ Dv +
〈˜ b 〉 ˜ Vz , (25) 

here ˜ Ek ≡ 1 
2 

( ˜ V 2 
x + ˜ V 2 

y + ˜ V 2 
z 
)
is the kinetic energy of the mean

ow. The transfer and dissipation terms are given by 

˜ R =
〈 
˜ u′ 
i ̃  u′ 

j 

〉 
∂ ˜ Vi 
∂ ˜ x j 

, (26) 
˜ v =

〈
˜ σi j 
〉

∂ ˜ Vi 
∂ ˜ x j 

. (27) 

he associated mean energy flux ˜ F is 

˜ j = ˜ Ek ̃  Vj +
〈 
˜ u′ 
i ̃  u′ 

j 

〉 
˜ Vi −

〈
˜ σi j 
〉 ˜ Vi + 〈 ˜ P 〉 ˜ Vj . (28) 

n deriving equation ( 25 ), we have used the incompressibility of 
oth ˜ V and ˜ u′ . For later reference, we define the kinetic contribu-
ion to the flux as 
˜ kin , j = ˜ Ek ̃  Vj +

〈 
˜ u′ 
i ̃  u′ 

j 

〉 
˜ Vi . (29) 

imilarly, multiplying equation ( 24 ) by ˜ u′ 
i , summing over i and

veraging over ˜ tosc yields the kinetic energy equation for the
uctuations: 

∂
〈
˜ e′ k 
〉

∂˜ t 
= −

∂
〈 
˜ F ′ 
j 

〉 
∂ ˜ x j 

− ˜ DR − ˜ D′ 
v +

〈˜ b′ ˜ u′ 
z 
〉+ 〈 ˜ f · ˜ u ′ 〉 , (30) 

here ˜ e′ k ≡ 1 
2 

(
˜ u′ 2 
x + ˜ u′ 2 

y + ˜ u′ 2 
z 
)
is the kinetic energy of the fluctu-

tions. The viscous dissipation rate is 

˜ ′ v =
〈
˜ σ ′ 
i j 

∂ ˜ u′ 
i 

∂ ˜ x j 

〉
, (31) 

nd the mean fluctuation energy flux satisfies: 〈 
˜ F ′ 
j 

〉 
= 〈

˜ e′ k 
〉 ˜ Vj +

〈 
˜ e′ k ̃  u′ 

j 

〉 
−
〈 
˜ σ ′ 
i j ̃  u′ 

i 

〉 
+
〈 
˜ P′ ˜ u′ 

j 

〉 
. (32) 

n deriving equation ( 30 ), we have used the identity
〈
∂ ˜ e′ k /∂˜ t 

〉 =〈
˜ e′ k 
〉
/∂˜ t , which holds because the averaging is performed over

ne oscillation cycle of ˜ e′ k . 
The term ˜ DR represents the rate of energy exchange between

he mean flow and the fluctuations via the Reynolds stress, i.e.
orrelations between the components of the fluctuation veloc-
ty. When ˜ DR > 0 , energy is transferred from the fluctuations
o the mean flow. The objective of this study is to determine
he sign of ˜ DR . We emphasise that ˜ DR is a transfer term , not a
issipation rate. When ˜ DR > 0 , the fluctuations are effectively
amped because they lose energy to the mean flow. However,
his energy is not dissipated directly at the fluctuation scale. In-
tead, it is subsequently removed either by viscosity acting on the
ean flow or by transport through the boundaries via the energy
ux. 



Fast-oscillation damping by convection 5

2

I  

e

w  

d
s  

c

a

A

3

P
d

3

B
s  

r
c
t  

s

t

σ

S
fl

l
T  

r

w  

t  

∂  

e  

a

3

I
l  

t  

a
 

c
n  

t  

|

o
|
a
T

u
σ

σ

L

4

T
t
a
e
m
c
i
d
t
d
u
a
d
s

 

D
B
b

4

A  

o
H  

t
t  

m
i
p
s
c
p  

h

s
d
a
t

l
u
t
p
T
s
c  
.5.3 Global energy balances 

ntegrating equation ( 25 ) over the flow volume yields the global
nergy balance for the mean flow: 

−
∫ 

˜ F · ˆ n d s +
∫ (

˜ DR − ˜ Dv +
〈˜ b 〉 ˜ Vz )d v = 0 , (33) 

here the surface integral is taken over the boundaries of the
omain, with ˆ n the outward unit normal. We have assumed a 
tatistically steady state ( ∂ ˜ Ek /∂˜ t = 0 ), although the time variation
an be retained if necessary. 
Similarly, integrating equation ( 30 ) gives the global energy bal- 
nce for the fluctuations: 

−
∫ 〈 ˜ F ′ 〉 · ˆ n d s +

∫ (− ˜ DR − ˜ D′ 
v +

〈˜ b′ ˜ u′ 
z 
〉+ 〈 ˜ f · ˜ u ′ 〉 )d v = 0 . (34) 

gain, the time variation of
〈
˜ e′ k 
〉
may be included if needed. 

 BOUNDARY  CONDITIONS  

eriodic boundary conditions are applied in the horizontal 
irections. 

.1 Lower boundary ( z = 0 ) 

y analogy with the Sun, the convectively unstable region con- 
idered here may overlie a stably stratified layer, with z = 0 rep-
esenting the interface between the two. In such configurations, 
onvective overshooting can lead to a non-zero vertical velocity at 
his boundary. However, this effect is not included in the present
tudy, and we therefore impose ˜ uz = 0 at z = 0 . 
To complete the velocity boundary conditions, we assume that 

he tangential stresses vanish at the interface: 

˜ xz = 0 , ˜ σyz = 0 . (35) 

uch a stress-free interface approximates the behaviour of a fluid- 
uid boundary with negligible resistance to shear. 
For the temperature, we impose a fixed-flux condition at the 

ower boundary, corresponding to constant heating from below. 
he radiative flux at z = 0 is held equal to its hydrostatic equilib-
ium value, denoted F0 : 

− k∇ T · ˆ n = F0 , (36) 

here k is the thermal conductivity and ˆ n is the unit normal to
he boundary. At z = 0 , we have ˆ n = ˆ z , so the condition becomes
 T /∂ z = −F0 /k. Writing T = T0 + δT , and noting that F0 sets the
quilibrium gradient d T0 / d z = −F0 /k, we obtain the final bound-
ry condition: 

∂ ˜ b 
∂ ˜ z 

= 0 . (37) 

.2 Free surface ( z = H + η) 

n the simulations presented below, the upper surface is free and 
ocated at z = H + η ( x, y) , where η represents the departure from
he equilibrium height z = H. The surface radiates as a blackbody
t temperature T ( H + η) . 
In Appendix A , we derive the kinematic condition ( A3 ), the
ontinuity of tangential stresses ( A8 ) and ( A9 ), the continuity of 
ormal stress ( A14 ) and the radiative condition ( A20 ). Together,
hese form the surface boundary conditions, valid to first order in
 η| /H. 
These equations include terms involving products of ˜ η = η/d 
r its derivatives with dimensionless perturbed quantities. Since 
 ˜ η| � 1 in all simulations presented here, such non-linear terms 
re neglected in comparison to the perturbations themselves. 
his leads to the following boundary conditions at ˜ z = Lz ≡ H/d: 

˜ z = ∂ ˜ η

∂˜ t 
, (38) 

˜ xz = 0 , ˜ σyz = 0 , (39) 

˜ zz + ˜ η

α�T 
− ˜ P = 0 , (40) 

z 
∂ ˜ b 
∂ ˜ z 

= 1 + 4 ˜ η

Lz ̃  T2 
−
( 

1 +
˜ b 
˜ T2 

) 4 

. (41) 

 NUMERICAL  SIMULATIONS  

his section describes the numerical set-up and diagnostics used 
o quantify the transfer of kinetic energy between fluctuations 
nd the mean flow. We first discuss the non-dimensional param- 
ters, present the time-averaging procedure used to separate the 
ean flow from the fluctuations and characterize the unforced 
onvective state that serves as the baseline reference. We then 
ntroduce an external oscillatory forcing and discuss the con- 
itions required to ensure it probes the coupling between fluc- 
uations and the mean flow without altering the leading-order 
ynamics of the convection. Finally, we analyse the forced sim- 
lations through their global energy budgets, dissipation scales 
nd the detailed structure of the Reynolds-stress transfer term DR , 
emonstrating its robustness across different oscillation time- 
cales and forcing configurations. 
We solve equations ( 13 ), ( 14 ), and ( 15 ) using the spectral code
edalus (K. J. Burns et al. 2020 ). For our Cartesian Rayleigh–
énard set-up, the horizontal directions are expanded in Fourier 
ases and the vertical direction in Chebyshev polynomials. 

.1 Parameter choices and non-dimensional numbers 

s discussed in Section 2.3 , we adopt d = H (the vertical extent
f the domain) as the characteristic length-scale, yielding Lz ≡
/d = 1 . The horizontal dimensions are Lx = Ly = 3 , sufficient
o accommodate two convection cells while remaining computa- 
ionally tractable. We set the Prandtl number to P r = 1 and, in
ost simulations, the Rayleigh number to Ra = 106 , correspond- 
ng to ˜ ν = ˜ κ = 10−3 . These are the only dimensionless control 
arameters entering the governing equations. For this parameter 
et and the range of oscillation periods tosc considered, numeri- 
al convergence of the forced simulations required 160–192 grid 
oints in the vertical direction and 60–70 grid points in each
orizontal direction. 
For the boundary conditions, two additional quantities must be 
pecified: α�T and ˜ T2 . The product α�T represents the fractional 
ensity change across the imposed temperature difference �T 
nd must be small to justify the Boussinesq approximation. We 
herefore set α�T = 0 . 1 . 
Because the flow is heated from below, convection cools the 

ower region and warms the upper boundary layer through the 
pward transport of heat. As a result, the horizontally averaged 
emperature perturbation δT at the upper surface is positive, im- 
lying a radiative flux σT4 that exceeds the equilibrium value F0 . 
his boundary condition, which provides a more realistic repre- 
entation of a stellar envelope or giant-planet atmosphere, makes 
onvection slightly more vigorous than in the case of a fixed-flux
MNRAS 549, 1–21 (2026)
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pper boundary. We have verified that this choice does not alter
ur main conclusions by performing additional simulations with
 fixed-flux condition at the top. In the simulations presented
ere, we fix the surface temperature ˜ T2 = 0 . 25 , corresponding to
2 /T1 = 0 . 2 . Varying ˜ T2 within a reasonable range does not affect
he qualitative behaviour of the flow. 

.2 Averaging procedure 

o track the energy budget of the fluctuations, we compute time
verages over one oscillation period tosc not only of the full fields
e.g. velocity components), but also of products of fluctuating
uantities (e.g. u′ 

i u′ 
j ). Using equation ( 20 ), we compute the aver-

ge Q of any quantity q as 

( ntosc ) ≡ 〈 q〉 ( ntosc ) = 1 
tosc 

∫ (n +1) tosc 
ntosc 

q d t. (42) 

Consider two quantities q and r whose averages Q and R vary
n time-scales much longer than tosc . We then have 

〈 qr〉 = 〈(
Q + q′ ) (R + r′ 

)〉 = QR + 〈
q′ r′ 

〉
, (43) 

hich implies
〈
q′ r′ 

〉 = 〈 qr〉 − QR. This identity allows us to com-
ute

〈
q′ r′ 

〉
without storing the fluctuating fields q′ and r′ , rely-

ng only on time-averaged quantities. The same decomposition
eadily extends to products of three or more fluctuating fields, as
eeded for the flux terms in the energy budgets. 
An important consequence of this finite-window block aver-
ge is that, even in the absence of external forcing, the residual
eld u′ contains contributions from the temporal evolution of 
he convective flow on time-scales longer than tosc within each
veraging window. This is distinct from what we would obtain
ith, say, a Fourier decomposition at the forcing frequency, which
ould isolate only the oscillatory response. As we will see below,
n the forced case, the externally driven oscillations dominate
he fluctuation budget and this distinction is inconsequential.
owever, in the unforced case, the fluctuation field is dominated
y this finite-window artefact. Keeping this in mind is essential
or correctly interpreting the sign and magnitude of DR in the two
ases, as discussed below. 

.3 Simulations without forcing 

e begin by considering unforced Rayleigh–Bénard convection,
.e. by setting ˜ f = 0 in equation ( 14 ). 
Fig. 1 shows instantaneous snapshots of the velocity field, illus-

rating the characteristic flow structures through the components
˜ x and ˜ uz and their vertical gradients in the plane ˜ y = Ly / 2 . All
imulations with Lx = Ly = 3 and Lz = 1 exhibit one ascending
nd one descending plume, accompanied by two vortices. 
Fig. 2 shows the total energy budget, with all terms expressed as
olume-averaged quantities (i.e. integrated over the domain and
ivided by the total volume). 
To provide a baseline against which to compare simulations
ith external forcing, we apply the Reynolds decomposition in-
roduced in Section 2.4 , using a temporal block average over non-
verlapping windows of duration tosc , as described in Section 4.2 .
n the absence of forcing, tosc acts as a temporal filter that sepa-
ates the flow into a slowly varying mean component V(t ) and a
esidual field u ′ = u −V , which includes both motions on time-
cales shorter than tosc and contributions from the temporal evo-
ution of the mean flow within each averaging window. Since
u ′ | � |u | in all cases considered here, the mean flowV is nearly
NRAS 549, 1–21 (2026)
dentical to the full velocity field u , and the top-left panel of Fig. 2
s therefore essentially identical for all values of tosc . 

.3.1 Mean flow 

he mean-flow energy budget (top-left) satisfies global energy
onservation in the statistically steady state, as expressed by equa-
ion ( 33 ). The surface flux term is negligible: energy is dissipated
ocally by viscosity. The cyan curve (buoyancy work plus viscous
issipation) remains near zero, confirming this balance. The term
˜ R is negative but small in magnitude compared to buoyancy
ork and may be neglected in the mean-flow budget. The time
erivative of the mean kinetic energy is also negligible, indi-
ating that no significant energy accumulation occurs over the
ntegration time. Equation ( 33 ) therefore holds without a storage
erm. 
Surface temperature perturbations are larger at early times and
ecrease as the system evolves towards a statistically steady state,
ith the maximum value of

∣∣˜ b ∣∣ at the surface dropping from 0.2 at
˜ 
 = 30 to 0.06 at ˜ t = 200 . As a result, convection is more vigorous
t early times, since positive surface temperature perturbations
T enhance the radiative flux as ∝ ( T2 + δT ) 4 . In contrast, the
ms value of ˜ b within the flow volume increases from 0.32 to 0.48
ver the course of the simulation. This behaviour reflects the fact
hat, as convection becomes established, thermal fluctuations
re redistributed from the boundary into the interior, reducing
urface temperature contrasts while amplifying temperature
ariations within the bulk of the flow. To isolate the role of 
he radiative boundary condition, we performed an otherwise
dentical simulation in which the upper surface is held at a fixed
adiative flux rather than obeying a blackbody condition. In this
ase, surface temperature perturbations remain large throughout
he simulation, with a maximum

∣∣˜ b ∣∣ � 0 . 5 at all times, while tem-
erature fluctuations in the bulk are weaker, with an rms value
f 0.29. This contrast demonstrates that the blackbody radiative
oundary condition promotes the redistribution of thermal
ariability from the surface into the interior of the flow. Similar
ehaviour is obtained for both free and rigid upper boundaries. 
The dimensionless convective time-scale ˜ tconv = Lz / ˜ uz,rms (see
quation 17 ) increases from approximately 9 at ˜ t = 30 to about 13
t ˜ t = 200 . The dimensionless crossing time ˜ tcross (equation [ 19 ])
emains of order unity throughout. The rms values of the velocity
omponents satisfy ˜ ux,rms � ˜ uy,rms � ˜ uz,rms � 0 . 1 , while the rms
alues of the velocity gradients ∂ ˜ ux /∂ ˜ z and ∂ ˜ uz /∂ ˜ x are approxi-
ately 0.5, with comparable values obtained by interchanging x 
nd y . These scalings imply a characteristic dimensionless con-
ective length-scale ˜ λconv ∼ 0 . 2 . 
All simulations presented here use a free upper surface. The
aximum surface displacement satisfies | ˜ η| � 0 . 01 at all times,
alidating the assumption that surface deformations remain
mall compared to Lz . We have additionally verified that the
uantities shown in Fig. 2 depend only weakly on whether a free
r rigid upper boundary is used. 

.3.2 Fluctuations 

he fluctuation budgets (other panels) show the energy of the
otions on the filtered scale set by ˜ tosc . Thus, ˜ tosc = 1 retains
ll variability faster than unity but filters slower motions. Corre-
pondingly, the fluctuation kinetic energy is much smaller than
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Figure 1. Instantaneous snapshots of the velocity field in the plane ˜ y = Ly / 2 at ˜ t � 120 . From top to bottom, the panels show ˜ uz , ∂ ˜ uz /∂ ˜ z , ˜ ux , and 
∂ ˜ ux /∂ ˜ z . Colour shading indicates scalar magnitude (red and blue corresponding to positive and negative values, respectively). Arrows in the velocity 
panels represent the in-plane velocity vector ( ˜ ux , ˜ uz ) , with lengths proportional to the velocity magnitude. Coordinates are shown in units of the domain 
dimensions, 0 ≤ ˜ x ≤ Lx and 0 ≤ ˜ z ≤ Lz . 
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he mean-flow energy, indicating that most of the energy re- 
ides in motions with time-scales longer than 1, consistent with 
 conv ∼ 10 . 
Because the fluctuations are defined as the residual with re- 
pect to a finite-time block average, they include not only motions
roduced by the turbulent cascade on time-scales shorter than 
osc , but also contributions from the temporal evolution of the 
lowly varying flow within each averaging window. To illustrate 
his, noting that tosc is small compared to the time-scale on which 
he convective flow varies, we expand the convective velocity 
n a Taylor series for t between ntosc and (n + 1) tosc . Denoting
m = ( n + 1 / 2) tosc , this yields u (t ) � u (tm ) + ( t − tm ) u̇ (tm ) , 
here the dot is a time-derivative. The linear term does not
ontribute to the block-averaged velocity V over the interval 
 

ntosc , (n + 1) tosc ] , so that the residual within the block is, to 
eading order, u ′ ≡ u −V = ( t − tm ) u̇ (tm ) . This contributes 
˙ 2 (tm ) t2 osc / 24 to

〈
e′ k 
〉
, consistent with the scaling 〈˜ e′ k 〉 ∝ ˜ t2 osc 

bserved in Fig. 2 and indicating dominance over the turbulent 
ascade. This interpretation is further supported by an analysis 
f the temporal power spectrum of the convective flow, obtained 
ia Fourier transform, which shows that the kinetic energy 
ontained at the corresponding high frequencies is significantly 
maller than the fluctuation energy measured using the block- 
veraging procedure. In other words, the fluctuations isolated 
y the averaging procedure do not primarily represent energy 
njected at small spatial or temporal scales by a turbulent cascade,
ut rather energy already present in the large-scale flow that is
ssigned to the fluctuation field by the finite-time temporal filter. 
MNRAS 549, 1–21 (2026)
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M

Figure 2. Time evolution of the volume-averaged total energy budget for unforced convection at Ra = 106 . Top-left: mean flow (identical for all ˜ tosc ). 
Brown: ˜ Ek (mean kinetic energy); green: 〈˜ b 〉 ˜ Vz (buoyancy work); orange: − ˜ Dv (viscous dissipation); cyan: sum of the last two terms. Other panels: 
fluctuations obtained using averaging windows ˜ tosc = 1 , 0.5, 0.1. Brown: 〈˜ e′ k 〉 (fluctuation kinetic energy); green: 〈˜ b′ ˜ u′ 

z 〉 (buoyancy work); orange: − ˜ D′ 
v 

(viscous dissipation); red: − ˜ DR (net kinetic energy assigned to the fluctuation field); cyan: sum of the last three terms. Note : Kinetic energy is shown 
as energy, other terms are rates. All quantities are dimensionless and share the same axis for visual comparison (despite different physical dimensions). 
With ˜ tconv ∼ 10 , the chosen ˜ tosc values filter motions well below the dominant convective time-scale. The clear t2 osc scaling of fluctuation kinetic energy 
confirms that the fluctuations are dominated by large-scale temporal variability rather than a forward energy cascade to small scales. 
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The budgets of these fluctuations satisfy global energy conser-
ation, as given by equation ( 34 ). Because the fluctuation kinetic
nergy is dominated by the temporal variability of the large-scale
onvective flow within the averaging window, rather than by a
orward cascade to small spatial scales, the term DR should not
e interpreted as a classical turbulent energy transfer. Both the
esidual kinetic energy and the exchange term DR arise simulta-
eously from this variability. From the expression of u ′ above, we
an write: 

R = t2 osc 
12 

u̇i (tm )u̇ j (tm )
∂Vi 
∂x j 

(tm ) . 

he observed ˜ DR < 0 reflects a systematic anticorrelation be-
ween the local acceleration u̇ and the block-mean gradients,
hich arises because the evolution of the flow is dominated by
NRAS 549, 1–21 (2026)
elaxation towards a statistically steady state. Thus, −DR > 0 ex-
ctly accounts for the portion of large-scale kinetic energy that
he finite averaging window reassigns from the block-mean to the
esidual field. 
The surface flux term is negligible, and there is no significant
ccumulation of fluctuation kinetic energy over time: viscous dis-
ipation −D′ 

v balances the sum of buoyancy work on fluctuations
nd −DR . 

.4 Forcing prescriptions and constraints 

e now introduce an external forcing in equation ( 14 ). We con-
ider the following dimensionless prescriptions: 
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˜ f 1 = ˜ f1 ̂  z , ˜ f1 = −a˜ z ̃  x ( Lx − ˜ x ) ̃  y 
(
Ly − ˜ y 

)
sin 

(
2 π ˜ t 
˜ tosc 

)
, (44) 

˜ f 2 = ˜ f2 ̂  z , ˜ f2 = −a˜ z2 ( Lz − ˜ z ) ̃  x ( Lx − ˜ x ) ̃  y 
(
Ly − ˜ y 

)
sin 

(
2 π ˜ t 
˜ tosc 

)
, 

(45) 
˜ f 3 = ˜ f1 ( ̂ x + ˆ z ) , (46) 
˜ f 4 = −∇ �, � = a 

2 
˜ z2 sin 

(
2 π ˜ x 
Lx 

)
sin 

(
2 π ˜ y 
Ly 

)
sin 

(
2 π ˜ t 
˜ tosc 

)
, (47) 

here a is a constant amplitude varied across simulations. All 
orcing functions satisfy the periodic boundary conditions in the 
orizontal directions. The form ( 44 ) is not intended to model tidal
orcing in a dynamical sense, since it does not derive from a scalar
otential. Rather, it provides a deliberately simple test case in 
hich the only similarity with tides is the decay of the forcing am-
litude with depth. Because it directly excites only vertical veloc- 
ty fluctuations, it offers a clean framework for isolating how cor-
elations arise within the convective flow. The expression ( 45 ) has
 similar structure but vanishes at the upper boundary, allowing 
s to assess the sensitivity of the results to near-surface forcing. 
ase ( 46 ) extends ( 44 ) by including a horizontal component. This
onfiguration is particularly useful for comparing simulations 
ith free and rigid upper boundaries and for assessing whether 
orizontal forcing modifies the resulting correlations. Finally, the 
rescription ( 47 ) derives explicitly from a scalar potential and 
ecreases with depth, and therefore provides the most physically 
aithful representation of tidal forcing considered in this study. 
All forcings vary on length-scales comparable to the domain 
ize, corresponding to a characteristic dimensionless oscillation 
ength-scale ˜ λosc ∼ 0 . 5 -1, several times larger than the convective 
ength-scale ˜ λconv . This ordering is consistent with expectations 
or tidal oscillations in the convective envelopes of stars and giant 
lanets. 
To ensure reliable measurements of DR , the forcing amplitude 

 must satisfy the following conditions: 

(i) As discussed in section 2.5.1 , the external forcing must 
ot modify the leading-order balance of the mean flow. This 
equirement is satisfied if the mean buoyancy

〈˜ b 〉 remains large 
ompared to the Reynolds stress term

〈 
˜ u′ 
j 
(
∂ ˜ u′ 

i /∂ ˜ x j 
)〉 
. Multiply- 

ng both terms by ˜ Vz , this condition may be written as
〈˜ b 〉 ˜ Vz 


˜ DR 
∣∣ ˜ λconv /˜ λosc , where the factor ˜ λconv /˜ λosc accounts for the dif- 

erence between the characteristic convective and forcing length- 
cales. Since ˜ λconv is a few times smaller than ˜ λosc , it is sufficient 
o require that: ∣∣ ˜ DR 
∣∣ � 〈˜ b 〉 ˜ Vz , (48) 

hich places the system safely within the desired asymptotic 
egime and therefore provides an upper bound on the forcing 
mplitude a . 
(ii) A lower limit on a is set by viscous dissipation. For the
scillatory fluctuations to sustain Reynolds stress correlations 
 u′ 
i u′ 

j 〉 ∂Vi /∂x j that yield significant DR , advection of fluid ele- 
ents by the oscillations across the scale of the mean velocity 
radients must outpace viscous damping of the fluctuations. This 
equires the fluctuating Reynolds number: 

e′ ≡ u′ λconv 
ν

= ˜ u′ ˜ λconv 
˜ ν

� 1- 10 , (49) 

here u′ is the rms fluctuation velocity and λconv is the typical 
ength-scale over which the mean flow varies. For Ra = 106 and 
 r = 1 , ˜ ν = 10−3 . With ˜ λconv � 0 . 2 , this criterion implies ˜ u′ �
 few times 5 × 10−3 . 
(iii) To ensure that the block-averaged quantities isolate the 
xternally forced oscillatory response, the forcing must produce 
scillations whose kinetic energy is significantly larger than that 
ssociated with the large-scale variability that dominates the un- 
orced case. 

.5 Simulations with external forcing 

e have performed simulations with ˜ tosc = 1 , 0.5 and 0.1, corre-
ponding to ratios of the oscillation period to the convective time-
cale in the range 0.1–0.01. Because of the constraints discussed 
n the previous section, namely the lower and upper bounds on
he forcing amplitude, the range of forcings that can be explored
s necessarily limited. 
We find that, whenever the time- and volume-averaged fluc- 

uation kinetic energy
〈
˜ e′ k 
〉
exceeds approximately 2 × 10−3 , the 

olume-averaged transfer term ˜ DR is positive, indicating a net trans- 
er of kinetic energy from the fluctuations to the mean flow. More-
ver, at fixed fluctuation kinetic energy, the magnitude of ˜ DR is 
ssentially independent of ˜ tosc over the range of oscillation periods 
xplored. 
In the unforced case, the fluctuation kinetic energy scales as 

˜ e′ k 
〉 ∝ t2 osc , reflecting the temporal variability of the slowly evolv- 

ng mean flow within the averaging window rather than any dis-
inct dynamical process. In the forced case, the externally driven 
scillatory response dominates the fluctuation budget, with

〈
˜ e′ k 
〉

ne to three orders of magnitude larger than in the unforced case
t the same tosc . This large separation in amplitude is the primary
iagnostic confirming that the block-averaging procedure now 

solates a physically meaningful oscillatory response rather than 
 filtering artefact. The sign and interpretation of ˜ DR are corre- 
pondingly different: whereas the negative ˜ DR of the unforced 
ase reflects the finite-window accounting identity derived in 
ection 4.3.2 , the positive ˜ DR in the forced simulations reflects 
 genuine physical transfer of kinetic energy from the oscillatory 
uctuations to the large-scale convective flow. 
Since the fluctuating kinetic energy is distributed approxi- 
ately equally among the three velocity components, we have 

˜ ′ 2 � 2
〈
˜ e′ k 
〉
/ 3 . A value

〈
˜ e′ k 
〉 = 2 × 10−3 therefore corresponds to 

 characteristic fluctuating velocity ˜ u′ ∼ 0 . 036 , yielding a fluc- 
uating Reynolds number Re′ � 7 . The empirical threshold for 
he emergence of positive correlations is thus consistent with the 
ondition expressed by equation ( 49 ). 
We interpret the results below in terms of an effective dimen-
ionless damping rate ˜ γ , defined as 

˜ ≡ ˜ DR 

˜ u′ 2 �
3 ˜ DR 

2
〈
˜ e′ k 
〉 . (50) 

lthough we refer to ˜ γ as a damping rate, reflecting its role in
epleting the fluctuation kinetic energy, it represents a transfer 
o the mean flow rather than a direct viscous sink. 

.5.1 Energy budgets 

e now describe representative simulations at Ra = 106 that il- 
ustrate the energy budgets of the mean flow and fluctuations 
nder external forcing. We begin with the purely vertical forcings 
˜ f 1 and ˜ f 2 , using amplitudes chosen in accordance with the con- 
traints outlined above. Simulations employing the other forcings 
MNRAS 549, 1–21 (2026)



10 C. Terquem, E. Martinez and A. Boone

M

(  

s  

s  

A  

e
 

k
f

 

v  

a  

c  

i  

b  

d  

fl  

o  

t  

3  

r
 

b  

t  

t  

c  

 

w  

0  

s  

t  

a  

o  

t  

t  

f  

t  

t  

e  

r  

e  

o  

e  

c  

a  

s
 

w  

2  

r  

t  

o  

F  

k  

s  

t  

fl  

fl  

t
 

s  

fi  

s
 

e  

m  

t  

t  

r  

a  

t  

f  

f
 

b  

t  

T  

o  

a  

q  

t  

w
 

s  

f

4

T  

d

D

w  

w
 

f
a  

t  

f  

d  

i  

l
 

i  

0  

t
 

a
0  

i  

t  

o  

t  

s  

u  

f  

s  

o osc 
˜ f 3 and the potential-derived ˜ f4 ) are discussed in subsequent
ubsections. Results for ˜ f 1 are shown in Fig. 3 . The viscous time-
cale associated with a convective length-scale is ˜ λ2 conv /˜ ν � 40 .
ll simulations are run for at least ˜ t = 100 , ensuring that viscous
ffects are fully captured over the convective scales of interest. 
Table 1 summarizes the time- and volume-averaged fluctuating
inetic energy 〈˜ e′ k 〉 , transfer rate ˜ DR and resulting damping rate ˜ γ

or all the simulations. 
The left column of Fig. 3 shows the time evolution of the
olume-averaged kinetic energies of the mean flow and fluctu-
tions. The panels in the middle and right columns show the
umulative time integrals, from ˜ t = 25 , of the terms appearing
n the global energy equations ( 33 ) and ( 34 ), after normalization
y the volume. In the fluctuation energy budget, energy input is
ominated by the external forcing, while the contribution from
uctuating buoyancy is small for ˜ tosc = 1 and negligible at shorter
scillation time-scales. The fraction of the fluctuation energy
ransferred to the mean flow via the ˜ DR term is approximately
0 per cent, 40 per cent and 74 per cent for ˜ tosc = 1 , 0.5 and 0.1,
espectively, with the remainder dissipated viscously. 
For ˜ tosc = 1 and 0.5, the residual of the fluctuation energy
udget (cyan curves) is one to two orders of magnitude smaller
han ˜ DR , indicating excellent energy conservation. No energy flux
hrough the upper surface is included in the fluctuation budget,
onfirming that such fluxes are negligible in all cases considered.
For ˜ tosc = 1 and 0.5, the time- and volume-averaged external
ork

〈 ˜ f · ˜ u ′ 〉 is 4 . 7 × 10−4 and 5 . 1 × 10−4 , respectively. For ˜ tosc =
 . 1 , however, the net work becomes highly sensitive to extremely
mall phase differences between ˜ f and ˜ u ′ . At such short periods,
iny numerical phase offsets accumulate over long integrations
nd dominate the inferred time average. We therefore do not rely
n a direct evaluation of the forcing work in this case. Crucially,
he transfer term ˜ DR itself remains robust. Its value is insensitive
o spatial resolution and to the procedure used to estimate the
orcing work. Furthermore, for ˜ tosc = 0 . 1 , over 25 ≤ ˜ t ≤ 100 , the
ime-averaged residual of the mean-flow energy budget is more
han an order of magnitude smaller than ˜ DR , confirming that
nergy conservation is satisfied to high precision. The greater
obustness of ˜ DR , compared with the direct evaluation of the
xternal work, arises because the latter depends on small phase
ffsets between f and u ′ which are highly sensitive to numerical
rrors. By contrast, as will be shown below, ˜ DR results from spatial
orrelations controlled by the large-scale convective dynamics
nd is therefore much less sensitive to discretization and time-
tepping choices. This point is discussed further in Section 5 . 
The mean-flow energy budget is dominated by buoyancy work,
hose time- and volume-averaged value remains approximately
 × 10−3 for all values of ˜ tosc considered here, similar to the cor-
esponding value in the unforced case. The energy transfer from
he fluctuations via the ˜ DR term accounts for about 10 per cent
f the total. Most of the mean-flow energy is dissipated viscously.
or ˜ tosc = 1 , however, there is also a significant contribution from
inetic energy flux through the upper surface. In this case, es-
entially all of the energy gained from DR , and slightly more, is
ransported to the surface by the kinetic component of the energy
ux, ˜ F kin , defined in equation ( 29 ). Contributions to the surface
ux arising from pressure and viscous stresses are not shown, as
hey are significantly smaller. 
The fact that ˜ DR remains more than an order of magnitude
maller than the buoyancy work acting on the mean flow con-
NRAS 549, 1–21 (2026)
rms that the condition ( 48 ) is satisfied in a volume-averaged
ense. 
Among the three cases considered, the simulation with ˜ tosc = 1
xhibits the largest level of noise and the largest residuals in the
ean-flow energy budget. This occurs because, in this case, the
ime-scale of the externally driven fluctuations is comparable to
hat of the fastest convective plumes. Although such plumes are
are, this partial overlap makes the separation between mean flow
nd fluctuations less clean at the diagnostic level. Consistent with
his interpretation, a substantial fraction of the energy transferred
rom the fluctuations to the mean flow is transported to the sur-
ace in this case. 
Fig. 4 shows the energy budget in the same format as Fig. 3 ,
ut using the external forcing ˜ f 2 (equation 45 ) at ˜ tosc = 1 . The
ime - and volume -averaged values of

〈
˜ e′ k 
〉
and ˜ DR are listed in

able 1 , with
〈 ˜ f · ˜ u ′ 〉 = 6 . 3 × 10−4 . Approximately, 40 per cent

f the fluctuation kinetic energy is transferred to the mean flow,
 larger fraction than observed with forcing ˜ f1 . Aside from this
uantitative difference, the energy budgets are very similar to
hose found for ˜ f 1 , indicating that the results are not sensitive to
hether the forcing vanishes at the upper boundary. 
The maximum surface displacement | ˜ η| remains small in all
imulations, reaching values of at most 0.06 for ˜ tosc = 1 and 0.02
or the shorter oscillation periods ˜ tosc = 0 . 5 and 0.1. 

.5.2 Magnitude of D′ 
v and dissipation length-scale 

he rate ˜ D′ 
v of fluctuating kinetic energy loss through viscous

issipation, defined in equation ( 31 ), may be estimated as 

˜ ′ v ∼ 2 ˜ ν
˜ u′ 2 

˜ λ2 dis 
, (51) 

here ˜ λdis is the characteristic dimensionless length-scale at
hich the fluctuating kinetic energy is dissipated. 
The non-linear advection termu · ∇ u transfers energy from the

orcing scale ˜ λosc to smaller spatial scales, so that gradients of u′ 

re dominated by structures at scales ˜ λdis < ˜ λosc . However, when
he oscillation time-scale ˜ tosc becomes short, the time available
or non-linear self-advection within one oscillation period is re-
uced. As a result, the fluctuations are less efficient at generat-
ng small-scale structures, and the cascade stops at progressively
arger dissipation scales. 
Using the measured values of

〈
˜ e′ k 
〉
and ˜ D′ 

v shown in Fig. 3 , we
nfer dissipation length-scales ˜ λdis = 0 . 07 , 0.1 and 0.2 for ˜ tosc = 1 ,
.5 and 0.1, respectively, in the case of the forcing given by equa-
ion ( 44 ). 
In the absence of external forcing, the dissipation length-scale
ssociated with the fluctuations, as inferred from Fig. 2 , is ˜ λdis ∼
 . 03 for all values of ˜ tosc , comparable to the grid scale. A sim-
lar dissipation length-scale is obtained for the mean flow. In
his regime, the fluctuations arise from the temporal evolution
f the convective flow within each averaging window rather
han from a distinct dynamical cascade. The corresponding dis-
ipation therefore reflects the viscous damping of this resid-
al field at the smallest resolved scales, rather than a trans-
er of energy across an inertial range. The dissipation length-
cale is thus set by the numerical resolution and is independent
f ˜ t . 
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Figure 3. Time evolution of the volume-averaged total energy budget for forced convection with ˜ tosc = 1 (upper row), 0.5 (middle row), and 0.1 (lower 
row). The forcing is ˜ f 1 given by equation ( 44 ). The curves correspond to the local terms appearing in the global energy equations ( 33 ) and ( 34 ). Kinetic 
energies are volume-averaged, while all other curves show cumulative time integrals of the corresponding volume-averaged quantities. Left column: 
kinetic energy of the mean flow (upper panel) and of fluctuations (lower panel). Middle column: mean flow energy budget. Green : 〈˜ b 〉 ˜ Vz (buoyancy 
work); orange : − ˜ Dv (viscous dissipation); red : ˜ DR (kinetic energy gained from the fluctuations); purple : −∇ · ˜ F kin (surface flux; negligible for ˜ tosc = 0 . 5 
and 0.1); cyan : sum of all terms. Right column: fluctuation energy budget. Green : 〈˜ b′ ˜ u′ 

z 〉 (buoyancy work); orange : − ˜ D′ 
v (viscous dissipation); red : − ˜ DR 

(kinetic energy transferred to the mean flow); blue :
〈 ˜ f · ˜ u ′ 〉 (work of the external forcing); cyan : sum of all terms. For ˜ tosc = 0 . 1 , the work done by the 

external forcing is not shown, as it is sensitive to small phase errors at short oscillation periods; instead, we plot the cumulative time integral of ˜ D′ 
v + ˜ DR 

(black dashed curve) which, by the fluctuation energy budget, must balance the external work. The dotted curves in the ˜ tosc = 0 . 1 row illustrate a case 
with smaller fluctuating kinetic energy. Overall, these budgets show that while the mean-flow energetics remain dominated by buoyancy work, a positive 
and well-converged transfer term ˜ DR systematically channels a fraction of the fluctuation energy into the mean flow, with a time- and volume-averaged 
magnitude that is essentially independent of ˜ tosc for the cases shown. 
MNRAS 549, 1–21 (2026)
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Table 1. Time- and volume-averaged fluctuating kinetic energy 〈˜ e′ k 〉 , 
transfer rate ˜ DR and resulting damping rate ˜ γ for the simulations shown 
in Figs 3 –8 . 

Forcing ˜ tosc 〈˜ e′ k 〉 ˜ DR ˜ γ Figures 

f 1 1.0 2 . 2 × 10−3 1 . 6 × 10−4 0.1 Figs 3 , 5 
– 0.5 3 . 5 × 10−3 2 . 2 × 10−4 0.1 –
– 0.1 3 . 2 × 10−3 2 . 1 × 10−4 0.1 –
– – 2 . 3 × 10−3 1 . 5 × 10−4 0.1 –
f 2 1.0 2 . 4 × 10−3 3 . 0 × 10−4 0.19 Fig. 4 
f 3 1.0 2 . 3 × 10−3 1 . 9 × 10−4 0.1 Fig. 6 
f 4 = −∇ � 0.5 1 . 8 × 10−3 2 . 2 × 10−4 0.19 Figs 7 , 8 
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.5.3 Reynolds-stress contributions to DR and effective damping 
caling 

ig. 5 shows the cumulative time integrals of the volume-
veraged Reynolds-stress components ˜ Di j ≡ 〈 ˜ u′ 

i ̃  u′ 
j 〉 (∂ ˜ Vi /∂ ˜ x j ) ,

ith no summation implied over i and j, and their sum ˜ DR ,
or the same simulations as in Fig. 3 , corresponding to the
urely vertical forcing ˜ f1 given by equation ( 44 ). The upper,
iddle, and lower panels correspond to ˜ tosc = 1 , 0.5 and 0.1,
espectively. In all cases, the cumulative sum of the individual
ontributions yields a positive volume-averaged net transfer ˜ DR ,
onfirming that kinetic energy is systematically transferred from
he fluctuations to the mean flow. 
A component-wise decomposition shows that the dominant
ositive contributions arise from ˜ Dzz , ˜ Dxz and ˜ Dyz , indicating that
orrelations involving vertical velocity fluctuations and vertical
radients of the mean flow control the energy transfer across all
scillation time-scales examined. By contrast, the components
˜ zx and ˜ Dzy , associated with horizontal shear of the vertical ve-
ocity, contribute negatively. These terms typically offset the con-
ribution from ˜ Dzz , such that the net volume-averaged transfer is
ell approximated by ˜ DR ∼ ˜ Dxz + ˜ Dyz . The physical origin of this
ominance is discussed in Section 5 . 
Results obtained with the purely vertical forcing ˜ f2 that van-

shes at the surface, given by equation ( 45 ) (not shown), are
uantitatively similar, with the same Reynolds-stress compo-
ents contributing positively and negatively to the volume-
veraged ˜ DR . 
For all three oscillation periods shown in Figs 3 and 5 , we find

hat the effective dimensionless damping rate ( 50 ) is ˜ γ � 0 . 1 . In
he case where the forcing vanishes at the surface and ˜ tosc = 1 ,
he inferred value of ˜ γ is larger, approaching ˜ γ � 0 . 2 . The the-
retical basis for the period-independence of ˜ γ is discussed in
ection 6.2 . 
Consider one of the components ˜ Di j that contributes posi-

ively to ˜ DR . If the correlation between the fluctuations and the
ean-flow velocity gradient were perfect, one would expect ˜ Di j ∼

˜ ′ 2 
(
∂ ˜ Vi /∂ ˜ x j 

)
rms . In our simulations, the rms value of the mean-

ow velocity gradient is approximately 0.5, which would imply
 volume-averaged value of ˜ DR several times larger than that
bserved. 
The measured values therefore indicate that the correlations
re not perfect, but remain of order unity. The observed magni-
ude of the volume-averaged ˜ DR is instead consistent with replac-
ng
(
∂ ˜ Vi /∂ ˜ x j 

)
rms by the characteristic mean-flow shear ˜ Vrms /Lz =

 /˜ tconv . This leads to the scaling: 

R ∼ u′ 2 

tconv 
, (52) 
NRAS 549, 1–21 (2026)
hich reflects strong correlations between the fluctuations and
he large-scale mean flow. In terms of the effective damping rate,
his scaling implies: 

∼ 1 
tconv 

. (53) 

.5.4 The effect of changing the Rayleigh number 

e investigate the effect of varying the Rayleigh number Ra while
eeping the Prandtl number P r fixed. Decreasing Ra increases
oth the viscosity and the thermal diffusivity, as implied by equa-
ions ( 10 ) and ( 11 ), thereby weakening buoyant driving relative
o viscous and thermal diffusion. 
For the reference case shown in Figs 3 and 5 with ˜ tosc = 1 and
a = 106 , corresponding to the purely vertical forcing f1 , we find
hat, when Ra is reduced to 105 , the volume-averaged contribu-
ions Dxz , Dyz , and Dzz are initially positive but decay significantly
fter a time comparable to the viscous time-scale associated with
 convective length-scale, ˜ λ2 conv /˜ ν. 
For the alternative purely vertical forcing f 2 , corresponding to

he case shown in Fig. 4 at Ra = 106 , we find that when Ra is
educed to 105 the volume-integrated transfer ˜ DR remains com-
arable to its value at Ra = 106 . However, its decomposition is
ignificantly altered: the contribution from Dzz increases, while
he relative contribution from horizontal shear, quantified by
(Dxz + Dyz ) /DR , decreases accordingly. 

.5.5 Rigid upper surface 

e now examine the effect of replacing the free upper surface
y a rigid boundary. In this case, the boundary conditions at
˜  = Lz (see section 3.2 ) are changed to ˜ uz = 0 and Lz 

(
∂ ˜ b /∂ ˜ z 

) =
 − (

1 + ˜ b / ˜ T2 
)4 

. The normal stress condition ( 40 ) is replaced by
 pressure constraint, enforced using a standard τ -formulation
K. J. Burns et al. 2020 ). 
For a rigid upper surface, simulations with purely vertical forc-

ng do not yield a positive volume-averaged transfer term ˜ DR over
he duration of the simulations, which extend up to ˜ t ∼ 500 . A
ositive ˜ DR is obtained only when the forcing includes a horizon-
al component. Accordingly, we consider the forcing f 3 defined
n equation ( 46 ). In this configuration, the impermeability con-
ition ˜ uz = 0 at the upper boundary requires pressure forces to
ocally balance both buoyancy and the imposed vertical forcing
ear the surface, thereby strongly modifying the structure of the
uctuating response. 
Fig. 6 shows the cumulative time integrals of the Reynolds-
tress transfer terms, in the same format as Fig. 5 , for this mixed
orcing f 3 and for both a free and a rigid upper surface. In the free-
urface case (upper panel), the structure of the transfer terms is
ualitatively similar to that obtained with purely vertical forcing:
he dominant positive contributions arise from ˜ Dzz , ˜ Dxz , and ˜ Dyz ,
ielding an effective damping rate ˜ γ � 0 . 1 . 
For a rigid upper surface (lower panel), the emergence of a
ositive ˜ DR occurs only after a substantially longer transient.
oreover, the structure of the correlations responsible for the
nergy transfer is fundamentally different from that obtained
n the free-surface case. Only the components ˜ Dxx and ˜ Dzx 
ontribute positively to the volume-averaged ˜ DR , while the
ontributions associated with vertical velocity fluctuations and
ertical gradients of the mean flow are strongly reduced, with ˜ Dxz 
ecoming negative. This behaviour, together with the absence
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Figure 4. Same as Fig. 3 , but for the external forcing ˜ f 2 given by equation ( 45 ) and for ˜ tosc = 1 . The overall structure of the energy budget is very similar 
to that obtained with the forcing ˜ f 1 , although a larger fraction of the fluctuating kinetic energy is transferred to the mean flow. 
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f positive ˜ DR under purely vertical forcing, indicates that in the 
igid-surface case the net energy transfer is dominated by corre- 
ations associated with the horizontally forced response, rather 
han by the vertical shear and buoyancy-driven interactions that 
ominate in the free-surface case. We have also verified that 
he same qualitative behaviour is obtained when f 3 = f1 ( ˆ x + ˆ z ) 
s replaced by f2 ( ˆ x + ˆ z ) , confirming that the results are not
ensitive to the detailed vertical structure of the forcing. 
These trends are consistent with additional simulations em- 
loying purely horizontal forcing in the x-direction (not shown). 
or a rigid upper surface, ˜ Dzx contributes positively while ˜ Dxz 
s negative, whereas the signs of these two contributions are re-
ersed in the free-surface case. 

.5.6 Forcing deriving from a potential 

he forcing f 4 = −∇ �, derived from a scalar potential � given 
y equation ( 47 ), mimics tidal forcing. Using incompressibility 
 ∇ · ˜ u ′ = 0 ), the net work done by the forcing on the flow can be
ewritten as: ∫ 〈 ˜ f · ˜ u ′ 〉 d v = −

∫ 
∇ · 〈� ˜ u ′ 

〉
d v = −

∫ 〈
� ˜ u ′ 

〉 · ˆ n d s, (54) 

here the surface integral is taken over the domain boundaries 
nd ˆ n is the outward unit normal. For rigid boundaries ( ˜ u ′ · ˆ n = 0 
verywhere), the surface term vanishes, so the forcing performs 
o net work on the flow. Kinetic energy is injected locally in some
egions and removed in others, but these contributions cancel 
n the volume integral. With a free surface present, however, 
he boundary term is generally non-zero, allowing the forcing to 
erform net work through the surface. In this case, the potential
orcing acts effectively like a pressure perturbation applied at the 
oundary, enabling energy exchange between the exterior and the 
uid domain. 
Fig. 7 shows the energy budget for ˜ f 4 at ˜ tosc = 0 . 5 , in the same

ormat as Fig. 3 . The time- and volume-averaged values of
〈
˜ e′ k 
〉
and 

˜ R are listed in Table 1 , with
〈 ˜ f · ˜ u ′ 〉 = 4 . 1 × 10−4 . Approximately

0 per cent of the fluctuating kinetic energy is transferred to the
ean flow, a larger fraction than in the cases with forcings ˜ f 1 
nd ˜ f 2 . Unlike the purely vertical forcing case, both the mean- 
ow and fluctuation budgets now exhibit a significant surface- 
ux contribution. For the mean flow, this is dominated by the
inetic component of the energy flux, ˜ F kin , whereas for the fluc- 
uations the dominant contribution arises from pressure fluctua- 
ions,

〈 
˜ P′ ˜ u′ 

j 

〉 
in equation ( 32 ). The residual in both the mean-flow

nd fluctuation budgets is an order of magnitude smaller than ˜ DR , 
onfirming that the transfer term satisfies energy conservation to 
igh precision. 
Fig. 8 presents the cumulative time integrals of the individ- 
al transfer components, together with the corresponding cycle- 
veraged values. As in the purely vertical forcing case, the posi-
ive volume-averaged transfer ˜ DR is primarily associated with the 
omponents ˜ Dzz , ˜ Dxz , and ˜ Dyz , with ˜ Dxx and ˜ Dyy providing smaller 
dditional contributions. In contrast to the vertical-forcing case, 
owever, all components exhibit significantly stronger temporal 
ariability. This enhanced variability, together with the signifi- 
ant surface contribution in the mean-flow and fluctuation bud- 
ets, reflects the fact that net work is delivered at the boundary
ather than in the fluid interior. 
To test the robustness of these results, we have also performed
imulations with ˜ tosc = 1 and with alternative polynomial (rather 
han sinusoidal) choices of �(x, y ) . 
In the simulations shown, the maximum surface displacement 

s 0.04, confirming that the small-deformation assumption (rela- 
ive to Lz ) is well satisfied. 

 ORIGIN  OF  THE  REYNOLDS-STRESS  

ORRELATIONS  

he results presented in the previous section show that, over the
arameter range investigated here, the volume-averaged transfer 
erm DR is consistently positive, implying a net transfer of ki- 
etic energy from the fluctuations to the mean flow. This transfer
rises from systematic correlations between the fluctuating veloc- 
ty field and gradients of the mean flow. In this section, we discuss
he physical origin of these correlations. 

.1 Forced and secondary fluctuations 

or the forcing defined in equation ( 44 ), only the vertical velocity
omponent is driven directly, generating a fluctuating motion 
′ 
z . The horizontal velocity fluctuations u′ 

x and u′ 
y therefore arise 
MNRAS 549, 1–21 (2026)
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Figure 5. Cumulative time integrals of the volume-averaged transfer terms ˜ Di j ≡
〈 
˜ u′ 
i ̃  u

′ 
j 

〉 (
∂ ˜ Vi /∂ ˜ x j 

)
, defined with no summation over i and j, for the same 

simulations as in Fig. 3 , corresponding to the purely vertical forcing ˜ f 1 given by equation ( 44 ). The net transfer is ˜ DR =
∑ 

i, j ˜ Di j . Positive values of the 
volume-averaged ˜ Di j correspond to a transfer of kinetic energy from the fluctuations to the mean flow. The upper, middle and lower panels correspond 
to ˜ tosc = 1 , 0.5 and 0.1, respectively. Dotted blue, orange and green curves show ˜ Dxx , ˜ Dyy and ˜ Dzz . Dashed curves represent mixed components: ˜ Dxz and 
˜ Dyz (blue and orange), and ˜ Dzx and ˜ Dzy (green). Dash–dotted curves show ˜ Dxy (blue) and ˜ Dyx (orange). The solid red curve shows the total transfer 
˜ DR . In each panel, the indicated value of

〈
˜ e′ k 
〉
corresponds to the time- and volume-averaged fluctuating kinetic energy over the interval shown, and 

˜ γ ≡ ˜ DR / ˜ u′ 2 denotes the effective damping rate. In all cases, the net positive volume-averaged transfer ˜ DR is dominated by the contributions ˜ Dzz , ˜ Dxz 
and ˜ Dyz , indicating that correlations involving vertical velocity fluctuations and vertical gradients of the mean flow play the primary role in transferring 
kinetic energy from fluctuations to the mean flow across oscillation time-scales. Despite the change in oscillation time-scale, ˜ γ remains close to 0.1 in 
all three cases. 
NRAS 549, 1–21 (2026)
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Figure 6. Same as Fig. 5 , but for the external forcing f 3 given by equation ( 46 ) with ˜ tosc = 1 , comparing a free upper surface (upper panel) and a rigid one 
(lower panel). In contrast to Fig. 5 , the inclusion of a horizontal forcing component breaks the symmetry between the mixed vertical terms. As a result, 
˜ Dzx (dash–dotted green curve) and ˜ Dzy (dashed green curve) are shown separately. The indicated values of 〈˜ e′ k 〉 denote the time- and volume-averaged 
fluctuating kinetic energy over the interval displayed. For a free upper surface, the structure of the transfer terms remains qualitatively similar to that 
obtained with purely vertical forcing. For a rigid upper surface subjected to the same mixed forcing, the behaviour differs markedly from the free-surface 
case, with correlations associated with the horizontal forcing dominating the net transfer. Note also that simulations with a rigid surface and purely 
vertical forcing do not yield a positive volume-averaged ˜ DR . 

Figure 7. Energy budget for the potential-derived forcing ˜ f 4 = −∇� (equation 47 ) at ˜ tosc = 0 . 5 , shown in the same format as Fig. 3 . Both the mean-flow 

and fluctuation budgets include a significant surface-flux contribution, reflecting net work transmission through the boundary. 
MNRAS 549, 1–21 (2026)
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Figure 8. Cumulative time integrals (upper panel) and cycle-averaged values (lower panel) of the volume-averaged transfer components for the 
potential-derived forcing ˜ f 4 = −∇� at ˜ tosc = 0 . 5 , shown in the same format as Fig. 5 . The indicated value of 〈˜ e′ k 〉 denotes the time- and volume- 
averaged fluctuating kinetic energy over the interval displayed. As in the vertical-forcing case, the net positive transfer ˜ DR is dominated by ˜ Dzz , ˜ Dxz , 
and ˜ Dyz . However, these components show much stronger temporal fluctuations. 
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ndirectly: the forced vertical motion, being subject to buoyancy
nd incompressibility constraints, is redirected in the same man-
er as the mean convective flow, generating secondary horizon-
al fluctuations. As a result, correlations between the Reynolds
tresses and the mean-flow velocity gradients naturally develop.
imilar considerations apply when the forcing acts purely in
he horizontal direction. More generally, even when the forc-
ng includes both vertical and horizontal components, secondary
uctuations arise and establish correlations with the mean-flow
radients. 
To clarify this mechanism, we decompose the fluctuating ve-

ocity as u ′ = u ′ f + u ′ s , where u ′ f denotes the direct response to
he external forcing and u ′ s represents secondary fluctuations.
lthough such a decomposition is not strictly valid in a fully non-
inear system, it provides a useful conceptual framework. 
For example, a vertically oscillatory forced velocity u′ 

f,z (x, y, z)
nduces horizontal velocity fluctuations u′ 

s ,x and u′ 
s ,y with am-

litudes comparable to that of u′ 
f,z , through the incompress-

bility constraint and buoyancy. The Reynolds stress
〈
u′ 
x u′ 

z 
〉 ≈

u′ 
s ,x u′ 

f,z 
〉
then couples efficiently to the mean vertical shear

 Vx /∂ z. 
Similarly, the forced vertical oscillation u′ 

f,z generates a sec-
ndary vertical component u′ 

s ,z which couples to the mean ver-
ical shear ∂ Vz /∂ z. Together, these mechanisms provide a natural
NRAS 549, 1–21 (2026)
xplanation for the robust Reynolds-stress correlations observed
etween the fluctuating velocity field and the large-scale mean
ow: the secondary fluctuations, being subject to the same buoy-
ncy and incompressibility constraints as the mean flow, natu-
ally inherit its spatial structure. 
This interpretation is supported by the fact that the forcings
sed in the simulations produce larger u′ 

f,z in the upper regions of 
he domain, where ∂ Vz /∂ z is predominantly negative (see Fig. 1 ).
evertheless, across all cases examined, we find Dzz > 0 , imply-
ng that u′ 2 

z is systematically larger in regions where the mean
hear ∂ Vz /∂ z is positive. This counterintuitive spatial preference
eflects the fact that the secondary fluctuations, being subject
o the same buoyancy constraints as the mean flow, are prefer-
ntially amplified in regions of stronger convective instability,
here ∂ Vz /∂ z > 0 . 
This picture also explains why the computation of DR is com-
aratively insensitive to the details of the numerical scheme,
n contrast to the external work

〈
f · u ′ 〉, as noted earlier. The

atter depends on small phase offsets between f and u ′ , which
rise from the damping of u′ and are therefore very sensitive
o numerical errors. By contrast, the volume-averaged transfer
R results from spatial correlations between velocity fluctua-
ions and slowly varying mean-flow gradients, which are con-
rolled by the large-scale convective dynamics and are conse-
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uently much more robust to discretization and time-stepping 
hoices. 
It is important to note that the directly forced oscillations alone 
ay produce a Reynolds-stress tensor that does not correlate with 
he mean-flow velocity gradients. The energy transfer is there- 
ore controlled primarily by the contribution from the secondary 
uctuations. This explains why the detailed structure of the forc- 
ng has only a weak influence on the resulting transfer rates, as
hown in the previous section. To illustrate this point, one may 
rite: 〈 
u′ 
i u

′ 
j 

〉 
≈
〈 
u′ 
f,i u

′ 
f, j 

〉 
+
〈 
u′ 
f,i u

′ 
s , j 

〉 
+
〈 
u′ 
s ,i u

′ 
f, j 

〉 
+
〈 
u′ 
s ,i u

′ 
s , j 

〉 
. 

he first (purely forced) term on the right-hand side is ex- 
ected to contribute little to Di j , while the mixed terms involving 
oth forced and secondary fluctuations provide the dominant 
ource of correlation with the mean-flow velocity gradients. Since 
he amplitudes of the secondary fluctuations are comparable to 
hose of the forced oscillations, these correlations naturally yield 
eynolds stresses of order u′ 2 

f . 
This mechanism applies equally to potential-derived forcings, 
uch as ˜ f 4 = −∇ �. Although the net work done by the forc-
ng is achieved exclusively through the non-zero boundary term 

see Section 4.5.6 ), the scalar potential � induces oscillatory 
isplacements of fluid elements throughout the fluid interior. 
hese motions generate secondary fluctuations that develop the 
ame correlations with the mean flow as in the non-potential 
ases. Consequently, Reynolds-stress correlations are established 
hroughout the domain and sustain a net transfer to the mean 
ow. With a rigid upper boundary, the net work done by the
orcing vanishes, so any Reynolds-stress correlations must cancel 
n the volume average and cannot produce a systematic transfer. 
hen a free surface is present, the non-zero surface work pro-
ides a net energy input, allowing these correlations to organize 
nto a sustained positive transfer. 

.2 How the convective flow produces the correlations 

 detailed analysis of the simulations and description of the 
echanisms responsible for all observed correlations will be pre- 
ented in a subsequent paper. Here, we outline the physical pro-
esses underlying those Reynolds-stress components for which 
 clear interpretation can be identified from the simulations. To 
his end, it is helpful to refer to the snapshots in Fig. 1 , which
llustrate the typical velocity field and its vertical gradients. The 
ull velocity field ˜ u shown in these snapshots is nearly identical 
o the mean-flow velocity ˜ V entering the transfer terms ˜ Di j . 
For the case of a free upper surface, for which the mean-
ow velocity gradients can develop without direct kinematic con- 
traints imposed by the boundary, we have found in all simu-
ations that the volume-averaged Dzz , Dxz and Dyz are positive, 
hereas the volume-averaged Dzx and Dzy are negative. 

.2.1 Dzz > 0 

onsider a plume moving upwards ( Vz > 0 ). A positive vertical
uctuation u′ 

z > 0 displaces a fluid parcel upward faster than the
ean flow into a cooler environment. As a result, it has not cooled
s much (via diffusion or mixing) and is therefore more buoy- 
nt. This increased buoyancy then accelerates the parcel further 
pward and reinforces the original positive u′ 

z . By contrast, for a 
egative u′ 

z < 0 , the parcel is displaced downward into a hotter
nvironment, reducing buoyancy, which opposes the fluctuation 
nd tends to restore the parcel towards the mean velocity. 
In regions where ∂ Vz /∂ z > 0 , the coupling between u′ 

z and δT 
s more efficient: the growth rate of the convective instability is
igher. Thus, aligned fluctuations ( u′ 

z > 0 ) grow faster, while mis-
ligned ones ( u′ 

z < 0 ) are damped more effectively. In contrast,
here ∂ Vz /∂ z < 0 , the buoyant drive is weaker, so the reinforce-
ent/opposition is less pronounced. The same argument applies 
ymmetrically to downward-moving plumes ( Vz < 0 ), where neg- 
tive fluctuations are preferentially reinforced in accelerating re- 
ions ( ∂ Vz /∂ z > 0 ). 
This selective amplification in both rising and descend- 

ng regions yields a robust positive volume-averaged Dzz = 

u′ 2 
z 
〉
( ∂ Vz /∂ z) . 

Fig. 5 shows that a larger volume-averaged values of Dzz are 
btained for smaller oscillation periods tosc . Although decreasing 
osc at fixed fluctuation amplitude reduces the vertical displace- 
ent per cycle ( δz ∼ u′ 

z tosc / 2 ), which would tend to weaken the
uoyancy contrast and thus the selective reinforcement of u′ 

z , a 
ompeting effect dominates. As tosc decreases, the dimensionless 
issipation length-scale λdis increases (from ∼0.07 to ∼0.2 in the 
imulations) because non-linear interactions have less time to 
ascade energy to small scales. Consequently, the dimensionless 
iffusive time-scale τdiff ∼ λ2 dis /˜ κ grows and more readily exceeds 
 osc , preserving buoyancy perturbations more effectively (closer 
o adiabatic conditions). This enhances the reinforcement mech- 
nism despite the smaller displacements, resulting in stronger 
orrelations and larger volume-averaged Dzz at lower tosc . 

.2.2 Dzx and Dzy < 0 

e focus on the term Dzx , with a similar argument applying to
zy . Consider a rising plume in a region where ∂ Vz /∂ x < 0 , mean-
ng the mean buoyancy δT decreases in the positive x-direction. 
 positive horizontal fluctuation u′ 

x > 0 displaces a fluid parcel 
owards lower mean buoyancy. Since the parcel approximately 
onserves its temperature perturbation over this short displace- 
ent, it becomes relatively hotter (more buoyant) than its new 

urroundings, accelerating upwards and acquiring a positive ver- 
ical fluctuation u′ 

z > 0 . Conversely, a negative horizontal fluc- 
uation u′ 

x < 0 displaces the parcel towards higher mean buoy- 
ncy, making it relatively cooler (less buoyant) and thus generat- 
ng u′ 

z < 0 . In both cases, u′ 
x and the induced u′ 

z have the same
ign, yielding Dzx =

〈
u′ 
x u′ 

z 
〉
( ∂ Vz /∂ x) < 0 . An analogous argument 

pplies where ∂ Vz /∂ x > 0 : displacements now induce opposite
igns in u′ 

x and u′ 
z , yielding again Dzx < 0 . The same logic holds

or displacements along the y -direction. 

.2.3 Dxz and Dyz > 0 

he physics mechanism responsible for the positive volume- 
veraged values of Dxz and Dyz is less clear than for the vertical
ontributions discussed above, and the interpretation we offer 
ere remains speculative. A more thorough analysis will be car- 
ied out separately. Consider a rising plume in a region where
 Vx /∂ z > 0 , corresponding to mean-flow vorticity ω = ∇ ×V = 

 

∂ Vx /∂ z) ̂  y . A positive vertical fluctuation u′ 
z (z) > 0 displaces a 

uid parcel upward into layers where Vx is larger. One might 
herefore expect pressure and viscous stresses to adjust the parcel 
elocity towards that of the surrounding flow, leading to a van-
shing horizontal fluctuation u′ . However, the fact that Dxz > 0 
MNRAS 549, 1–21 (2026)
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ndicates that the parcel acquires a positive horizontal fluctuation
′ 
x > 0 , so that it locally overtakes the mean horizontal flow. One
ossible explanation is that the parcel experiences a lift-like accel-
ration associated with the background vorticity, analogous to the
ift force acting on a body in a rotational flow (T. R. Auton 1987 ).
o illustrate this idea, suppose the fluid parcel were replaced by
 small bubble moving with velocity Vz + u′ 

z in the laboratory
rame. The surrounding mean flow has vertical velocity Vz , so in
he bubble frame the flow moves past the bubble with relative
elocity U rel = −u′ 

z ̂  z . The background vorticity then generates
 lift force proportional to U rel × ω , directed in the positive x-
irection. Such a mechanism would accelerate the bubble hori-
ontally beyond the local mean-flow speed. While a fluid parcel
s not a rigid body and does not experience a literal Magnus force,
his analogy suggests that interactions between vertical slip mo-
ions and mean-flow vorticity can bias the horizontal response of 
ising and sinking plumes, leading to positive correlations 〈 u′ 

x u′ 
z 〉

n regions where ∂ Vx /∂ z > 0 , and similarly positive
〈
u′ 
y u′ 

z 
〉
where

 Vy /∂ z > 0 . 

.2.4 Viscous and thermal constraints on the transfer mechanism 

hese mechanisms are consistent with the results presented in
ection 4.5.4 , where the effect of varying the Rayleigh number
as examined. Increasing viscous diffusion (i.e. decreasing Ra )
educes the relative contributions of Dxz and Dyz to the net trans-
er, because horizontal motions across a convective length-scale
re increasingly damped by viscosity. By contrast, the Dzz con-
ribution, which is primarily buoyancy-driven, is comparatively
ess affected. The criterion ( 49 ), involving the Reynolds number
f the fluctuations, therefore reflects the conditions required to
stablish correlations in the Dxz and Dyz terms, rather than in Dzz .
The mechanisms described above also rely on fluid parcels

etaining their temperature perturbations as they are displaced
ver a convective length-scale. This requires thermal diffusion to
e sufficiently weak over the displacement time-scale. We there-
ore expect an additional constraint, analogous to equation ( 49 ),
nvolving the fluctuating Péclet number: 

e′ ≡ u′ λconv 
κ

, (55) 

hich must be of order unity or larger for the buoyancy-mediated
orrelations to be sustained. This will be investigated in a subse-
uent paper. 

.2.5 The role of spatial coherence in the fluctuation-mean flow 

oupling 

he mechanisms described above rely on fluid parcels being dis-
laced by the fluctuating motions into regions where local mean-
ow properties, such as buoyancy or velocity, differ from those at
heir original location. These displacements are small, of order
′ tosc , where u′ is a characteristic amplitude of the fluctuating
elocity. Nevertheless, because the fluctuations are coherent over
arge spatial scales comparable to convective plume widths, their
umulative effect becomes significant when integrated over the
olume. This spatial coherence allows the resulting accelerations,
hether buoyancy-driven or arising from other interactions with
he mean flow, to act systematically in phase over extended re-
ions. As a result, robust volume-averaged correlations develop
etween 〈 u′ 

i u′ 
j 〉 and the mean-flow gradients ∂ Vi /∂ x j , yielding

nite contributions to the transfer terms Di j . 
NRAS 549, 1–21 (2026)
.2.6 Spatial coherence dominates over time-scale matching 

t is often assumed that correlations between oscillatory fluctu-
tions and the mean flow require a matching of time-scales be-
ween the forcing and the convective dynamics. Our results show
hat this is not the case. Instead, the emergence of a positive DR 
eflects a match in spatial, rather than temporal, scales between
he oscillatory motions and the convective structures. In particu-
ar, no resonance between the oscillation period and convective
urnover times is required. 
The oscillation period is largely irrelevant, provided that fluid
lements can be displaced back and forth coherently over an os-
illation period without viscous or thermal diffusion overwhelm-
ng advection. This condition is satisfied as long as the fluctuating
eynolds and Péclet numbers meet the criteria given by equa-
ions ( 49 ) and ( 55 ). By contrast, matching the relevant length-
cales is essential: spatial coherence over a convective length-
cale is required for the correlations to build up and yield a net
nergy transfer, as described above. 
This perspective represents a significant shift in our under-
tanding of tidal dissipation, emphasizing the primacy of spatial
oherence over time-scale matching in mediating the interaction
etween oscillatory forcing and convective flows. 

.2.7 Effect of the boundary condition on the correlations 

he free upper surface plays two conceptually distinct roles in the
imulations, which we distinguish here. The first is energetic: as
hown by equation ( 54 ), a forcing derived from a scalar potential
an perform net work on the flow only through a non-zero surface
erm, which requires a free surface. This is a mathematical result
ndependent of the details of the flow. The second role is dy-
amical: the free surface permits large-scale vertical plume struc-
ures and mean-flow gradients that differ qualitatively from those
ound with a rigid lid, and these differences affect the Reynolds-
tress correlations, as discussed in Section 4.5.5 . 
With a rigid boundary, Dxx becomes positive when the forcing

ncludes a horizontal component, while Dzz no longer contributes
o the transfer. The impermeability constraint imposed by the
igid lid redirects part of the vertically forced response into strong,
train-dominated horizontal motions near the upper boundary.
s a result, regions of enhanced u′ 2 

x preferentially coincide with
ositive horizontal strain. The signs of Dzx and Dxz are also re-
ersed relative to the free-surface case. This indicates that, in
he presence of a rigid boundary, the pressure forces required
o enforce impenetrability substantially modify the mean-flow
radients and constrain the fluctuation dynamics. Consequently,
he mechanisms operating in the free-surface case are no longer
ominant. In this sense, the rigid-surface configuration repre-
ents a qualitatively distinct regime, in which coupling between
he fluctuations and the mean flow is governed primarily by
oundary constraints and pressure adjustments rather than by
he intrinsic structure of the convective flow. 
A more complete physical explanation of why the rigid bound-
ry suppresses or modifies the correlations would require a de-
ailed analysis of the mean-flow structure and plume morphology
n the two configurations. This goes beyond what we can estab-
ish from the present simulations and we flag it as an important
uestion for future work. 
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 SUMMARY  AND  DISCUSSION  

.1 Summary 

he simulations presented in this paper show that, when the 
pper surface is free and the fluctuating Reynolds number ex- 
eeds a modest threshold, the oscillations transfer kinetic energy 
ystematically to the mean flow. The volume-averaged transfer 
ate is DR ∼ u′ 2 t−1 conv , where u′ denotes a characteristic amplitude 
f the fluctuating velocity. This corresponds to an effective di- 
ensionless damping rate ˜ γ � 0 . 1 , essentially independent of 
he oscillation period over the range explored. This behaviour 
eflects robust correlations between the Reynolds stresses of the 
uctuations and the gradients of the large-scale convective flow. 
A decomposition of the transfer by Reynolds-stress component 
hows that, for a free upper surface, the dominant positive contri-
utions typically involve vertical velocity fluctuations interacting 
ith vertical gradients of the mean flow. Contributions associated 
ith horizontal shear tend to oppose this transfer and partially 
ancel the buoyancy-driven term, such that the net transfer is well
pproximated by the mixed components involving vertical mo- 
ions. These correlations arise because the oscillations coherently 
isplace fluid parcels over large spatial regions comparable to 
lume widths. The displaced parcels are then systematically redi- 
ected by buoyancy and incompressibility, producing sustained, 
olume-filling correlations. 
Importantly, potential-derived forcings that mimic realistic 

idal perturbations yield the same robust positive transfer rates 
nd dominance of vertical correlations. This demonstrates that 
he mechanism remains effective even when the net energy input 
s localized at the surface. 
Viscous and thermal diffusion place clear constraints on this 
echanism. Positive transfer is observed only when the fluctu- 
ting Reynolds number satisfies Re′ � O(1 −10) , ensuring that 
dvective displacements across convective length-scales are not 
rased by viscous damping. We expect an analogous constraint 
nvolving the fluctuating Péclet number, which reflects the need 
or fluid parcels to retain their temperature perturbations while 
eing displaced. 
Replacing the free upper surface with a rigid boundary has 

wo distinct consequences. First, for forcings derived from a po- 
ential, a rigid boundary prevents the forcing from performing 
et work on the flow, as shown by equation ( 54 ). Secondly, and
ndependently, the rigid boundary alters the large-scale structure 
f the mean flow and the associated Reynolds-stress correlations, 
uppressing the dominant transfer terms present in the free- 
urface case. The physical origin of this second effect remains 
nclear, and distinguishing the relative contributions of energetic 
onsistency, plume morphology and mean-flow gradients is left 
or future work. In summary, the rigid-surface configuration rep- 
esents a distinct regime that is not representative of stellar or
lanetary convective envelopes. 

.2 Discussion 

. J. Barker & A. A. V. Astoul ( 2021 ) argued that the volume-
veraged transfer term DR does not contribute to the damp- 
ng of fast oscillations in convective flows. This conclusion was 
ased on a combination of analytical arguments and numeri- 
al simulations. As already noted by C. Terquem ( 2023 ), their
nalytical argument is flawed, owing to a misidentification of 
he term responsible for energy exchange between the oscillatory 
uctuations and the mean flow. More fundamentally, their nu- 
erical simulations impose rigid upper and lower boundaries. In 
n incompressible fluid, a potential tidal forcing cannot perform 

et work in such a configuration, preventing a self-consistent de- 
ermination of the energy exchange between the oscillatory flow 

nd the mean flow. Consequently, the oscillatory tidal response 
s imposed through a prescribed irrotational velocity field rather 
han being generated dynamically by the forcing. As demon- 
trated in this paper, the correlations responsible for a positive DR 
rise because fluid displacements driven by the forcing respond 
o buoyancy and incompressibility constraints, generating sec- 
ndary oscillations. The rigid-boundary configuration suppresses 
he free-surface displacements required for these correlations to 
evelop, while prescribing the oscillatory velocity field directly in 
he advection terms further interferes with the self-consistent de- 
elopment of the secondary responses. Consequently, the transfer 
echanism identified here cannot arise in these simulations. 
A key result of this study is that DR is independent of the

orcing period over the range explored. This period-independence 
s not merely an empirical observation. Rather, it follows from 

he physical argument developed in Section 5.2 : the correlations 
esponsible for DR arise from spatial coherence between the os- 
illatory displacements and the convective structures, and do not 
equire any matching of time-scales between the forcing and the 
onvection. The scaling DR ∼ u′ 2 t−1 conv contains no explicit depen- 
ence on tosc , and period-independence is therefore expected to 
old throughout the regime tosc � tconv , provided that the fluc- 
uating Reynolds and Péclet number conditions given by equa- 
ions ( 49 ) and ( 55 ) are satisfied. That said, our numerical simula-
ions span only a factor of ten in tosc , and direct verification over
 broader range would be valuable. 
Although our simulations were performed at Rayleigh and 
randtl numbers far from those relevant to stellar and planetary 
onvection, they nevertheless isolate physical mechanisms that 
re expected to persist in more extreme regimes. In particular, 
he energy transfer quantified by DR arises from correlations be- 
ween oscillatory displacements and the large-scale convective 
ow, which depend primarily on spatial coherence and on the 
bility of the fluctuations to advect fluid across mean-flow gradi- 
nts. These conditions are controlled by the fluctuating Reynolds 
nd Péclet numbers, rather than by the absolute values of Ra and
 r, and are therefore expected to remain satisfied in astrophysical
nvironments where Re′ and Pe′ are extremely large. In the outer 
onvective envelope of a solar-type star, above roughly 0.8 R�, 
he region most relevant for tidal interactions with a compan- 
on, Ra ∼ 1020 –1022 and P r ∼ 10−6 –10−4 (J. Schumacher & K. 
. Sreenivasan 2020 ). These values correspond to thermal dif- 
usivities κ ∼ 1 –500 m2 s−1 and kinematic viscosities ν ∼ a few 

imes 10−4 m2 s−1 . The characteristic convective length-scale in 
his region is λconv ∼ 0 . 08 R� (C. Terquem 2021 ). The tidal ve-
ocity amplitude excited by a 1 M� companion is typically in the
ange 0.01–1 m s−1 for orbital periods between 4 and 12 days (C.
erquem et al. 1998 , C. Terquem 2021 ). These values imply fluc-
uating Reynolds and Péclet numbers Re′ > 109 and Pe′ > 103 , 
ell above the thresholds required for the establishment of the 
orrelations between the fluctuations and the mean flow. In this 
egime of extremely large fluctuating Reynolds numbers, we ex- 
ect the vertical shear terms Dxz and Dyz to dominate tidal damp- 
ng. At the same time, important uncertainties remain in extrap- 
lating these results quantitatively to astrophysical conditions. 
he structure of convection at Ra ∼ 1020 –1022 is significantly 
ore turbulent and intermittent than in the present simulations, 
MNRAS 549, 1–21 (2026)
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nd may modify the detailed distribution of velocity gradients
nd the resulting correlations. In addition, the influence of very
ow Prandtl number, strong stratification, rotation and magnetic
elds, all absent from our model, may affect both the magnitude
nd spatial structure of the energy transfer. While these effects are
ot expected to suppress the mechanism itself, they may either
nhance or reduce its efficiency. 
The results presented in this paper validate the formalism
roposed by Terquem ( 2021 , 2023 ), who demonstrated from
rst principles that the traditional turbulent-viscosity description
reaks down when the external forcing varies on a time-scale
uch shorter than the convective time-scale. For fast tides, the
elevant Reynolds stresses are set by correlations involving the
idal velocity fluctuations and gradients of the convective flow,
ather than by correlations involving convective velocities and
radients of the tidal flow. 
Adopting this formalism, C. Terquem & S. Martin ( 2021 ) ex-
lored the consequences of equilibrium-tide dissipation by as-
uming an energy transfer rate of the form investigated here.
nder this assumption, they showed that dissipation of the equi-
ibrium tide alone can account for the observed circularization
eriods of solar-type binaries. By incorporating, for the first time,
he full time evolution of stellar structure, they found that tidal
issipation is efficient both before and after the main sequence,
hile remaining weak during the main-sequence phase, in sig-
ificantly improved agreement with observations compared to
revious theories. Using the same framework, C. Terquem ( 2023 )
erived an average phase lag between the equilibrium tide and
he tidal potential due to moons, obtained by integrating over
he convective envelope of giant planets, in good agreement
ith observational constraints for Jupiter and several of Saturn’s
oons. 
The present results establish the existence and basic scaling
f the mechanism by which fast tides transfer their energy to
he mean convective flow. Further work is required to explore
 broader region of parameter space and to develop a more de-
ailed physical understanding of the correlations underlying this
ransfer. In particular, extending this study to a wider range of 
ayleigh and Prandtl numbers, and to forcing prescriptions that
ore closely reflect tidal potentials in stratified convective en-
elopes, will help clarify the origin of these correlations and their
ependence on viscosity, thermal diffusion and geometry. 
Taken together, these results represent a substantial advance in
ur understanding of tidal dissipation, with broad implications
or the evolution of stellar binaries, planetary systems and the
ynamics of forced turbulent flows more generally. 
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PPENDIX  A:  DERIVATIONS  OF  

REE-SURFACE  BOUNDARY  CONDITIONS  

e consider a free surface z = H + η ( x, y) which radiates as a
lackbody at temperature T2 . 

1 Kinematic boundary condition 

t the surface z = H + η, the kinematic boundary condition is
z = d η/ d t. Defining dimensionless quantities ˜ η = η/d and Lz =
/d, this becomes: 

˜ z = ˜ η˜ t + ˜ ux ̃  η ˜ x + ˜ uy ̃  η˜ y , (A1) 

here all velocity components are evaluated at ˜ z = Lz + ˜ η and we
efine: 

˜ ˜ t ≡
∂ ˜ η

∂˜ t 
, ˜ η ˜ x ≡ ∂ ˜ η

∂ ˜ x 
, ˜ η˜ y ≡ ∂ ˜ η

∂ ˜ y 
. (A2) 

Assuming small deformation, i.e. | ˜ η| � Lz , we expand to first
rder: 

˜ z + ˜ η
∂ ˜ uz 
∂ ˜ z 

= ˜ η˜ t + ˜ ux ̃  η ˜ x + ˜ uy ̃  η˜ y , (A3) 

valuated at ˜ z = Lz . 
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2 Continuity of the tangential stress 

t the surface z = H + η ( x, y) , we define tangent vectors: 

 

 

(x) = 1 √ 

1 + η2 x 

⎛ 

⎝ 

1 
0 
ηx 

⎞ 

⎠ , ˆ t (y ) = 1 √ 

1 + η2 y 

⎛ 

⎝ 

0 
1 
ηy 

⎞ 

⎠ , (A4) 

nd the surface normal: 

ˆ  = 1 √ 

1 + η2 x + η2 y 

⎛ 

⎝ 

−ηx 
−ηy 
1 

⎞ 

⎠ , (A5) 

here ηx = ∂ η/∂ x = ˜ η ˜ x and ηy = ∂ η/∂ y = ˜ η˜ y . 
The viscous stress is Ti = σi j nj , where σi j are the components 
f the viscous stress tensor and nj are the components of ˆ n . For
n incompressible Newtonian fluid: 

i j = σ ji = ρν

(
∂ui 
∂x j 

+ ∂uj 
∂xi 

)
, (A6) 

ith x1 = x, x2 = y and x3 = z. 
Continuity of tangential stress at the surface requires T · ˆ t(x) = 

 , which gives 

x ( σzz − σxx ) +
(
1 − η2 x 

)
σxz − ηy 

(
σxy + ηx σzy 

) = 0 , (A7) 

here the components of the stress tensor are evaluated at z =
 + η. In dimensionless form and to first order in | ˜ η| /Lz , this
ecomes 

˜ ˜ x ( ̃  σzz − ˜ σxx ) + ˜ σxz + ˜ η
∂ ˜ σxz 

∂ ˜ z 
− ˜ η˜ y ̃  σxy = 0 , (A8) 

valuated at ˜ z = Lz . 
Similarly, the condition T · ˆ t (y ) = 0 yields 

˜ ˜ y 
(
˜ σzz − ˜ σyy 

)+ ˜ σyz + ˜ η
∂ ˜ σyz 

∂ ˜ z 
− ˜ η ˜ x ̃  σxy = 0 , (A9) 

lso at ˜ z = Lz . 

3 Continuity of the normal stress 

et Patm 

be the atmospheric pressure above the fluid. At z = H +
, the normal stress balance is 

 · ˆ n − P = −Patm 

, (A10) 

e write P = P0 + δP , with P0 satisfying the hydrostatic equilib-
ium equation ( 5 ). This yields P0 = −ρ0 gz + C, where the con-
tant C is determined by the boundary condition P0 = Patm 

at 
 = H. Substituting in equation ( A10 ) yields 

 · ˆ n + ρ0 gη − δP = 0 , (A11) 

valuated at z = H + η. In dimensionless form, 

˜ 
 · ˆ n + ˜ η

α�T 
− ˜ P = 0 , (A12) 

valuated at ˜ z = Lz + ˜ η, where ˜ Ti = ˜ σi j nj . Expanding this using 
he stress components: 

1 
1 + ˜ η2 ˜ x + ˜ η2 ˜ y 

(
˜ η2 ˜ x ̃  σxx + ˜ η2 ˜ y ̃  σyy + ˜ σzz + 2 ˜ η ˜ x ̃  η˜ y ̃  σxy − 2 ˜ η ˜ x ̃  σxz − 2 ˜ η˜ y ̃  σyz 

)

+ ˜ η − ˜ P = 0 , (A13) 

α�T 
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o first order in | ˜ η| /Lz , this reduces to 

˜ zz + ˜ η
∂ ˜ σzz 

∂ ˜ z 
− 2 ˜ η ˜ x ̃  σxz − 2 ˜ η˜ y ̃  σyz + ˜ η

α�T 
− ˜ P − ˜ η

∂ ˜ P 
∂ ˜ z 

= 0 , (A14) 

valuated at ˜ z = Lz . 

4 Radiative boundary condition 

t the surface, the radiative flux is given by 

− k∇ T · n = εσ
(
T4 − T4 

atm 

)
, (A15) 

here T is evaluated at z = H + η, Tatm 

is the atmospheric tem-
erature above the fluid, σ is the Stefan-Boltzmann constant, ε is 
he emissivity and k is the thermal conductivity. We take Tatm 

= 0
nd ε = 1 , corresponding to a blackbody radiating into a vacuum.
sing T = T0 + δT and ∇ T0 = − ( �T /H ) ˆ z , the boundary con- 
ition becomes: 

−k √ 

1 + η2 x + η2 y 

(
−ηx 

∂δT 
∂x 

− ηy 
∂δT 
∂y 

+ ∂δT 
∂z 

− �T 
H 

)
= σT4 , 

(A16) 

valuated at z = H + η. To first order in | η| /H, we expand 
4 ( H + η) = T4 ( H ) + 4 ηT3 ( H ) 

∂T 
∂z 

( H ) . (A17) 

ith T ( H ) = T2 + δT ( H ) , where T2 ≡ T0 ( H ) , this becomes 

4 ( H + η) = T4 
2 

(
1 + δT ( H ) 

T2 

)4 

+4 ηT3 
2 

(
1 + δT ( H ) 

T2 

)3 (
−�T 

H 

+ ∂δT 
∂z 

( H ) 
)

. 

(A18) 

t equilibrium, −kd T0 / d z = k�T /H = F0 , and the surface tem-
erature T2 satisfies σT4 

2 = F0 . Substituting these relations yields 

T4 ( H + η) = F0 

⎡ 

⎣ 

( 

1 +
˜ b 
˜ T2 

) 4 

− 4 ˜ η
1 
˜ T2 

( 

1 +
˜ b 
˜ T2 

) 3 ( 

1 
Lz 

− ∂ ˜ b 
∂ ˜ z 

) 

⎤
⎦

(A19

here ˜ b and its derivative are evaluated at ˜ z = Lz and we define 
˜ 2 = T2 / �T . 
Finally, substituting into equation ( A16 ), we obtain, to first
rder in | η| /H: 

 +
( 

˜ η ˜ x 
∂ ˜ b 
∂ ˜ x 

+ ˜ η˜ y 
∂ ˜ b 
∂ ˜ y 

− ∂ ˜ b 
∂ ˜ z 

− ˜ η
∂2 ˜ b 
∂ ˜ z2 

) 

Lz 

=
( 

1 +
˜ b 
˜ T2 

) 4 

− 4 ˜ η
1 
˜ T2 

( 

1 +
˜ b 
˜ T2 

) 3 ( 

1 
Lz 

− ∂ ˜ b 
∂ ˜ z 

) 

, (A20) 

valuated at ˜ z = Lz . 
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