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Recent Results and Open Problems
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Abstract. The collective movements of unicellular organisms such as bacteria or amoebmidirfg)
cells are often modeled by partial differential equations (PDESs) that desttrébtime evolution of cell
density. In particular, chemotaxis equations have been used to model the movenseds various kinds
of extracellular cues. Well-developed analytical and numerical methodmfdyzing the time-dependent
and time-independent properties of solutions make this approach attractoxeever, these models are
often based on phenomenological descriptions of cell fluxes with no dweetspondence to individual cell
processes such signal transduction and cell movement. This leads to Htewws how to justify these
macroscopic PDEs from microscopic descriptions of cells, and how to relatm#croscopic quantities
in these PDEs to individual-level parameters. Here we summarize reagreps on this question in the
context of bacterial and amoeboid chemotaxis, and formulate several ofi@arpso

1 Introduction

In view of the enormous complexity of many biological problems, it is reasonalalestrt that ‘biology will
inspire and motivate new mathematics in the years to come, much as physics hés domey centuries’.
We follow the spirit of this philosophy in this contribution, and summarize recesgrgss in embedding
certain aspects of cell-level biology into population-level equations in the xtosftéaxis-driven movement
of unicellular organisms. We also formulate several open mathematical problems.

We begin with a simple random walk model and its connection to a partial differeqtialtion in Section
2.1. This classical example will illustrate basic relations between random walkBRIEd. In Section 2.2
and 2.3, we present examples of more complicated random walks that are tabistram the biology of
unicellular organisms, and summarize recent results on mapping the microstamiastic processes that
describe cell movement to macroscopic equations for cell density. In Sectioe 8efine two classes
of random walks that include the biological models from Section 2. We will cathtrendom walks with
internal dynamics of type P (when spatial variations in intracellular variabésgmored and cells are treated
as points) and type D (when the internal state variables of interest varpnwhthcell). The former applies
to small cells such as bacteria, while the latter applies to larger amoeboid cellgyBestiead to a number
of open mathematical problems, and a mathematician who is less interested in tigechlatwtivation can
find these problems in Section 3. On the other hand, a biologist who is more tatemre$iow this area of
mathematical biology relates to his/her research can focus on Section 2.

*Mathematical Biosciences Institute, Ohio State University, Columbus, @Hi®%3JSA; e-mail: cxue@mbi.osu.edu

fSchool of Mathematics, University of Minnesota, Minneapolis, MN 55455A, email: othmer@math.umn.edu
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2 From individual to collective behavior of unicellular organisms

Motile organisms can sense their environment and respond to it (i) by direxieement toward or away
from a signal, which is callethxis (ii) by changing their speed and/or turning frequency, which is called
kinesis or (iii) by a combination of these. The first is chemotaxis and the second cheraigkiinée signal
is a chemical, but despite their differences, the two are collectively egféoras chemotaxis. Chemotaxis
involves: (i) the extracellular signal, (ii) the signal transduction machinerytthasduces the extracellular
signal into an intracellular signal, and (iii) changes in the motile behavior of theinelessponse to the
intracellular signal. To move away from repellents or toward attractants orgammsist extract directional
information from the extracellular signal, which is usually a scalar field, ane #ertwo distinct strategies
that are used to do this.

The first strategy is used by bacterial cells, which detect the signal ityteaishe present location,
move away, measure the signal again and from a comparison of the two dedide next step. Thus they
measure the temporal variation in the signal as they move through the extelch&ftigd] and references
therein). Cells that are large enough to detect typical differences irighal ®ver their body length, e.g.,
amoeboid cells, employ the second strategy: these cells make a ‘two-pointerl-spe@asurement, com-
pare the signals, and crawl towards better conditions. In either caseganotisideration in understanding
population-level behavior is whether or not an individual merely detectsigmal and responds to it, or
whether the individual alters it as well, for example by consuming it or by ampgjfitiso as to relay the
signal. In the former case there is no feedback from the local densitgividnals to the external field, but
when the individual produces or degrades the signal, there is couplivwgdr the local density of individ-
uals and the intensity of the signal. The latter occurs during aggregation efittiee moldDictyostelium
discoideumwhere cells move up the gradient of cAMP and relay cAMP as well [2],, &&l in pattern
formation by the bacteriuri. coli discussed later in Section 2.2.

Although the details of the two strategies used by cells during chemotaxis ardiffergnt, the same
classical Patlak-Keller-Segel (PKS) chemotaxis equations

%’Z = V. (D,Vn—xnVS), Q)
% = D;AS+ f(n,95). (2)

and its variant forms have been widely used to model the population densitypimsesto external signals.
Heren is the cell densityS is the signal concentratior),, and D, are the diffusion constants, andis
the chemotaxis sensitivity. Questions of existence and uniqueness of sqly@dtesn formation, and in
particular aggregation, and the dependence of these properties ortiuhearad strength of the chemotac-
tic response have been widely studied [16]. However, the generdlepnatf justifying the macroscopic
equations from the microscopic details of signal transduction and movement,asasthting the micro-
scopic parameters into macroscopic quantities in different contexts remeliradlenge. Some progress on
this has been made recently in the background of both swimming bacteria avithgraukaryotic cells
[15, 26, 8, 9, 10, 38]. In the following we begin with a simple example in Sectionahd summarize the
main results for bacteria in Section 2.2 and for crawling cells in Section 2.3.

2.1 The telegraph process in the absence of internal dynamics

How the PKS equation (1) relates to the movement of individuals can be tooris the context of a
stochastic process called the telegraph process. In this process,wicdll the telegraph random walk
(TRW), a particle whose position is € R moves with speed in either direction. The particle changes
its direction according to a Poisson process with constant turning fregugne 0. It can be simulated
as follows: choose a small time stég and update the position of a particle&s + At) = z(t) £ s At
where=s is its velocity at timet. At each time step, generate a random numbeniformly distributed

in (0,1), and ifr < A\g At the particle changes direction, and otherwise it continues. Three realizafions
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Figure 1: (a)Three random trajectories generated by the TRWAfp= s = 1. (b) The histogram of particle
distribution obtained by a simulation @6, 000 particles (gray) and by solution of the macroscopic equation
(3) (red line).

trajectories of particles for the TRW are shown in Figure 1(a). Since thg pRcess is stochastic, different
realizations that begin at the same initial point are different, but the avbedgaior of many particles, each
executing the TRW, is deterministic.

In biological applications the quantity of interest is often this average, whielpresented by the density
n(z,t) of particles at point: and timet. This satisfies the macroscopic telegrapher’s equation [14, 18]

0*n on 5 0%n

@ + 2)\05 =S @
In Figure 1(b), we show the density profile predicted from (3) (red licejnpared with a histogram of
positions of 10,000 particles that startedcé) = 4 and follow the TRW. One sees that stochastic fluctu-
ations around the mean are relatively small, and the density profile doesammechignificantly for other
realizations using 10,000 particles.

Equation (3) shares some similarities with (1)-(2), but the fundamental eliféer between them is that
the coefficients of (3) are written in terms of the paramedgrands of the TRW. That is, the parameters
of the individual-level behavior fully determine the macroscopic evolution efdinsity given by (3). The
PKS system also contains coefficients that should reflect cell-leveVimehut until recently there was no
mechanism for relating micro- and macroscopic parameters. We will addisgsdiblem in Section 2.2
and 2.3.

The macroscopic equation (3) has been derived rigorously in [18], andgfociated TRW has been
studied by many authors [14, 18, 28]. The exact solution of (3) can tengd by a variety of methods
and it can be shown from the exact solution that the TRW is approximated kffusiah process in a
suitable limit. The motivation for finding macroscopic equations rests in the factsahtigre are many
established techniques for the analysis of PDEs that lead to a qualitatieestarttling of how various
processes interact to affect the solutions, and (b) we can bypass thetatiomally-intensive individual-
based simulations by solving the macroscopic PDEs. Progress toward thetoaioazro transition for the
PKS system is reported in [34, 24]. In the remainder of the paper wemrasre complicated examples of
random walks that are used for modeling the behavior of unicellular organigarsjmmarize recent results
on the derivation of macroscopic PDEs starting from the evolution equation foasepspace density, and
we formulate open problems in this field.
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2.2 Individual-level behavior of flagellated bacteria and nacroscopic PDEs

Many flagellated bacteria such Bscoli swim using a run-and-tumble strategy in which movement consists
of more-or-less straight runs interrupted by tumbles [2, 4]. When rotatettealockwise the flagella form

a bundle that propels the cell forward with a speed 10 — 30 um/s; when rotated clockwise the bundle
flies apart and the cell ‘tumbles’. Tumbles reorient the cells in a more-or-lagemay-chosen direction,
with a slight bias in the direction of the previous run, for the next run [3]. ilimeand tumble movement is

a 3D analog of the TRW, and in the absence of signal gradients the ramdtinis unbiased, with a mean
run time~ 1 s and a tumble time- 0.1s. However, when exposed to an external signal gradient, the cell
responds by increasing (decreasing) the run length when moving ®awdy from) a favorable direction,
and therefore the random walk is biased with a drift in that direction [1, TBg coordinated movement

of these bacteria can lead to a variety of cell density patterns including rkestwocalized aggregation and
traveling waves (Figure 2).
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Figure 2: Simulated E. coli patterns by a cell-based modgl) Network formation from an uniform cell
lawn; (b) Aggregate formation from the networ{g) Traveling wave formation from a single inoculum in
the center. Adapted from [29] with permission.

The TRW is an example of a larger class of random walks called velocity-jumpgses [25]. Bacteria such
asE. coliare typically small £ 1um in length), and for movement purposes can be characterized as point
particles with positiox € RV and velocityv € V € RY. By approximating the relatively short tumbling
stage as an instantaneous jump, individual movement is described as a \jelogtgrocess [25], and the
statistics of movement of cells can be described by the probability densitigich evolves according to the
transport equation

SR v Vplev,0) = “Apevit) + A | T v ) V. @
\%

Here \ is the turning rate and@'(v’, v) is the turning kernel. When the cells are well separated and there is
little mechanical interaction between themgan also be regarded as the cell density as a functicn of
and¢. The observed macroscopic densitys an integral ofp over all variables other than space and time,
i.e,n = [,pdvhere.

In the absence of a signal gradients a constant=£ )\;), and on suitable time and space scales, and
under suitable hypotheses on the turning kefhehis velocity-jump process reduces to a diffusion process

[15]. In the diffusion equation
on
— =V-(D, 5
5 =V (DuVn) (5)
that results, the macroscopic coefficiéht can in general be a second-rank tensor, but viiensymmetric
itis a scalar and,, = s2/(N (1 —14)\o) whereN is the spatial dimension ang; is the so-called index of
directional persistence that characteriZefl5]. In the presence of a chemical signal the PKS chemotaxis

equation (1) was derived in the diffusion limit by assuming that the extracellignalsfield S enters via
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small perturbations of the unstimulated turning raf26]. The essential assumption was that the time scale
for the microscopic random walk is well separated from the transportigfugion time scales.

Experimental advances have led to extensive study of the mechanismsasfdl@hemotaxis, and much
is known for the model systei. coli. Therefore representations of the macroscopic chemotactic sensitivity
in terms of parameters that characterize the microscopic intracellular signsdliction network became
possible, which was carried out in a sequence of papers [8, 9, 88]8] linternal state variables were
introduced to describe the time-dependent signal transduction and sesp@hen this is done the transport
equation becomes

% +Va (vp) +Vy - (fp) = —A(y)p + / AW (v, v, y)p(x, vy, t)dv’, (6)
|4
where q
Y _ f(y, S(x,t)) (7)

dt
models signal transduction andy ) describes the motor response. The entire signal transduction of bacteria
is very complicated and detailed models involve many state variables [33], but jbepracesses consist
of fast excitation in response to signal changes and slow adaptation thraicssibut the background signal.
These processes can be captured by the cartoon description

dyi  G(S(x,1)) — (y1 +y2)

E - te ’ (8)
dy  G(S(x,1) —yo

i i : 9)

HereG(S) models signal detection via surface receptorstarahdt, specify the excitation and adaptation
time scales, with, << t,. Using this cartoon description fér applying moment closure techniques and a
regular perturbation method, the macroscopic equation

on 52 , bs?t,
A Fo WISl o wepnp wa s wa LA E (10)
with b = —g—jlblzo was first derived in 1D in [8], and later extended to 3D in [9]. The majsuagption

in this derivation is that the signal gradient is shallow, G'(S)VS - v ~ O(e)sec!, andt,\g ~
O(1), which results in a clear separation of the microscopic time scales from thesnapiotransport and
diffusion time scales. Other assumptions include time-independent sigjral§'(x), a linear turning rate
A = )Xo — by; and no directional persistengg; = 0. New moment closure methods were developed in
[38] to generalize the derivation for time dependent sigals S(x,t) and nonlinear dependence of the
turning rate on internal variablés= Xy — by1 + azyi — - - - with the previous case correspondsifo= 0,
for all i > 2. The shallow gradient assumption becon%él’(S)(VS -V %—f) ~ O(e) sec! and the
same equation (10) was derived under this condition with directional persistgpearing as a scaling of
the turning rates by a factor ¢f — ;). The method also works for any finite system of internal dynamics
f(y) in polynomial form under the assumption of separability of microscopic and reempic time scales.
Cell movement in the presence of multiple signals and external forces wasaasimered in [38].
Many cells have multiple receptor types and thus can respond to many difiégeais. How a cell in-
tegrates these different signals and responds properly is not knogenieral, but in bacteria different
signaling pathways share the same network downstream of the receptbtieeefore different signals are
integrated at the signal processing step. In this case, the fur@tisrgenerally a function of all signals,

G = G(S51, 59, ,Sn), and the macroscopic equation for cell density becomes
on oG oG
T V- [DnVn — Xon <651VS1 + -4 aSmVSmﬂ , (12)



where

D, = 782 and = bs”ta
"7 Noo(l— ) X0 N1+ Mo(1 = da)ta) (1 + Ao(1 — Ya)te)”

Other generalizations are possible. For example, bacteria generally swim icongpécated environments
with external forces acting on them, and macroscopic equations can bediedmn a velocity jump process
with acceleration terms. As an example, when cells swim close to a surfacenghareucurved to the right
when observed from above [7] due to an imbalance of viscous forddeell body, and this bias has
been shown to induce spiral density patterns [37]. By treating the swimming &s external force, the
macroscopic equation

M poAn-V. @5 (xS + 60(vS)H)] (12)
ot

has been derived in two space dimensions in [38]. K&i€): = ((VS)s, (—V.S)1)T is a vector orthogonal
to V.S, and the diffusion coefficient and the chemotactic sensitivities under thenpsion of fast excitation
are as follows:

82

w2
2X0(1 = %a) + 5575y

b= a)s?Po(l — ) o1 — ) + ) — ] )
X (01— ) + 22+ ) (31— da)? + )

wob(1 — 1hq)s?(200(1 — 1bg) + )
2((Mo(1 = a) + 1) + W) A (1 — va)? +wj)

The parametew, measures the swimming bias, whilg is the index of directional persistence. Notice
that the swimming bias decreases the diffusion coefficient and the chemotasitivitg x(, and introduce

a drift or a second taxis-like term in the direction orthogonal to the signaligma Also notice that)y
appears only in the scaling factor of the turning rate constangdb. The method developed in [38] can
be used to incorporate the effect of more general imposed forces as well.

D, =

Bo =

2.3 The route from individual-level descriptions of amoebail cells to macroscopic PDEs

The directed motion of eukaryotic cells (for examiéctyostelium discoideurfidd) or leukocytes) is more
complicated than bacterial motion. Cells detect extracellular chemical and meclsagrieds via membrane
receptors, and these trigger signal transduction cascades that pitacellular signals. Small differences
in the extracellular signal over the cell are amplified into large end-to-end éfluker differences that
control the motile machinery of the cell and thereby determine the spatial localizdittamtact sites with
the substrate and the sites of force-generation needed to produce direatted [32, 5]. For instance,
well-polarized Dd cells are able to detect and respond to chemoattractdigrgsawith as little as a 2%
concentration difference between the anterior and posterior of the 8glI&ectional changes of a shallow
gradient induce polarized cells to turn on a time scale of 2-3 secondsWh8}eas large changes lead to
large-scale disassembly of motile components and creation of a new “leading diceyted toward the
stimulus [12].

Thus the first important difference from the bacterial case is that amidoél-based model of Dd that
purports to provide at least a caricature description of direction sensthmpavement cannot treat cells as
points, but must allow for spatial variations in the finite cell volume (or area in ZBgre are a number
of models for how cells extract directional information from the cAMP field. Aryesiggestion was that
directional information is obtained by the extension of pseudopods bearM céceptors, and that sensing
the temporal change experienced by a receptor is equivalent to sensisygtiial gradient [11]. However,

6



more recent experiments show that cells in a steady gradient can polarizedirehtion of the gradient
without extending pseudopods [32]. Thus cells must rely entirely on difte®in the signal across the cell
body for orientation. Moreover, the timing between different componenteaktsponse is critical, because
a cell must decide how to move before it begins to relay the signal. Analysisofial for the cAMP relay
pathway, in which cells are treated as squat cylinders, shows that a petiexces a significant difference
in the front-to-back ratio of cCAMP when a neighboring cell begins to sif@lalwhich demonstrates that
sufficient end-to-end differences for reliable orientation can be géeaifor typical extracellular signals;
all that is needed is that the direction-sensing pathways respond at $efestt aas the cCAMP pathway.
More recently, a number of simplified models of directional sensing in eukaryatimotaxis have been
developed [17, 22, 21]. The model used in [6] produces realistic ggtiom when suitable formal rules for
cell movement are used, as shown in Figure 3.

@ o ®

Figure 3: Aggregation patterns in Dd predicted by a cell-based model with realistic cAitBcellular
dynamics and formal movement rules. (a): a single aggregation cembeving cell streams and a superim-
posed spiral cCAMP wave (blue), and (b) several competing aggregegioters.From [6] with permission.

The second complication that must be dealt with is that the force-generation ng¢hatedrives the motion
of eukaryotic cells plays a central role in the macroscopic responses# tedls to chemotactic signals. In
the ‘run-and-tumble’ description of bacterial motion we assumed that jumps weretarstausi(e., forces
were Dirac distributions) and the bacterial behavior was described dsatygump process. Moreover,
the reduction to a diffusion process can still be carried through if therengta lifetime in the tumble state,
as long as the transitions are instantaneous [26]. In contrast, the directi@magles in eukaryotic cells are
much slower and depend directly on the signal location, and thus this has tdumehin the model. This
has been done at the single cell level, using a model for intracellular cAM&naigs, and treating the cells
as deformable viscoelastic ellipsoids that exert forces on the substrabmarmehother. This more complex
model also produces realistic aggregation patterns, as shown in Figurethelmiis a huge gap between
realistic, single-cell models and continuum descriptions. Thus far only rdiatiiraple cell-based models
have been used for the derivation of macroscopic descriptions, fordeens elaborated below.

Following [6, 10, 21], a cell is described &, = {¢ € RY| || £ ||< o} whereN = 20or N = 3 is
the dimension of the physical spade,, B, is a circle (forV = 2) or a sphere (fotN = 3). The model
of an eukaryotic cell is formulated in terms of the position of its cemtez RY, its velocityv € RY,
its internal state functiong : B, — R% and its membrane state functioas 9B, — R%. We denote
byy = (y,z) € Y the combined internal and membrane state. Heis a suitable, in general infinite-
dimensional, Banach space.

The force per unit mass on the centroid of a cell is denotedrly, v,¥), and the internal state and




Figure 4: Intermediate (a) and late-stage (b) aggregation patterns in Dd predicteal ¢sll-based model
with cAMP dynamics, directional sensing and orientation, and cell-cell adigsabstrate interactions.
From [31] with permission.

velocity are assumed to evolve according to

oy .
dv _
a - f(X,V,y), (15)

whereG : Y x S — Y is a mapping between Banach spacesBndR” x RY x Y — RY. This generality

is needed because the combined internal statecludes quantities that depend on the location in the cell
or on the membrane, and which may, for example, satisfy a reaction-diffusimtieq or another evolution
equation. The example of (14) that will be used in Section 3 (Random walk D) isetation-diffusion
equation fory

%‘; = DAy + f(y), in B,, (16)
b(y,z) =0, in 0B,. a7

Thus the boundary condition fgrinvolves a relation between it and the membrane state funciigresrhaps
to reflect binding or other processes such as scaffold formation. Thedhouvariables in turn evolve

according to the equation
0z

T g(z,9), in 0B, (18)
whereS is the external signal, and this could also incorporate diffusion on thedaoyiby suitably altering
the equation. The equation (15) is in general a stochastic differential equhtibcan incorporate the
random processes observed in cells, and thus the individual-bdsaddres formulated as a random walk.

The derivation of macroscopic equations for eukaryotic cells is a challengikgAasimple model of the
form (14-15) for a single cell is studied in [10]. This model captures thergizd features of cell movement
in response to traveling waves of chemoattractant. Moreover, there existgng® : Y — RF, k < oo,
satisfying F(x,v,y) = F(x,v,P(y)) whereF : RV x RV x R¥ — R such that a closed evolution
equation for the variablg = P(y) can be derived. Then the cellular random walk written in terms ofr(
y) can be equivalently formulated in terms of the finite-dimensional state variables ). In particular,
one can formulate an equation for the probability distributidr, v,z) (compare with the equation (6)
written for p(x, v, y) in the bacterial case). Asymptotic analysis of this transport equation leadysteas
of macroscopic hyperbolic equations, but it is not known if that systemircdarn be reduced to (1);
details are given in [10]. The derivation of macroscopic equations faesyswhen the finite-dimensional
reduction? : Y — R* is not possible is an open problem.

8



3 Open problems

In this section we define several random walks motivated by the foregoitaghial examples and formu-
late several open problems relating to the derivation of macroscopic equidtaimscorporate microscopic
properties of these random walks. Solving these problems will not onlytéeraelv developments in mathe-
matics, but the results will also enhance our understanding of behavimiagllular organisms. As before,
we denote byV the dimension of the underlying physical space, whEre- 2 when cell movements are
restricted to a surface amd = 3 when cell moves freely in space. We start with two definitions — a cell of
type P corresponds to bacterial (prokaryotic and smaller) cells and a cell efilyporresponds to larger
cells such as Dd.

Definition 1 A cell of type P is a point-like particle described by its positiog RY, velocityv € RY and
internal statey € R% whered is a positive integer.

Definition 2 A cell of type D is a ball described by the position of its center RY, velocityv € RY,
radius o > 0, internal state functiong : B, — R% and membrane state functioas 9B, — R, where

BQ = {(a:,y,z)| ” (a;,y,z) HS Q}'

Random walk P: We consider a cell of type P. Its position evolves according to

dx
= v 19
i (19)
The random velocity changes are the results of a Poisson process wiithgtfirequency\(y). The
probability of a change in velocity from’ to v, given that a reorientation occurs, 1{v,v’). The
internal state evolves according to (7).

Open Problem 1: Consider a population of cells of type P that move by Random walk P in aieidt) €
C>(RYN x R*). The general problem is to derive equations for the cell density frombesikd models
with f : R — R% X @ R? — (0,00) andT : R?Y — (0, 00) under a variety of signal gradients.
As shown in Section 2.2, the problem has been investigated for a cartoaipties®f f given by (8)—(9),
analyticalA and symmetricl” [9, 8, 38]. Equation (10) has been derived for shallow gradiémts,H =
%G’(S)(Vs-v+%f) ~ O(g) sect withe = s/(L\g) =~ 10~2. The chemotactic sensitivity derived would
be zero for, = 0, which agrees with the biological fact that instantaneous adaptation to ttzé gigoludes
aggregation. It remains to be determined whether the PKS equation (1) origatarms gives a good
representation of the population dynamics for bacterial chemotaxis, how thesoapic quantities relate
to microscopic parameters, and if the PKS equation fails under certain chaesacroscopic equation can
be derived. In [39] it is shown that for an ultra-small signal gradiéht< O(<?) sec!, the chemotactic
response of the population provides a small perturbation, via higher ordes,tef the cell density, which
evolves according to a diffusion process withy = s?/(N\g). However, for large signal gradient& (>
O(1) sec'!) equation (10) fails since the macroscopic velocity

us = x(S)VS=s <bSG’(S)VS> (—1/ V@ (tgAoA — 1)1vdv> (20)
Ao Vv
can exceed realistic cell speeds whéf is large. In this case the microscopic time scale and macroscopic
time scales are lumped together and new techniques are needed to deriveamgicrequations. Therefore
the problem remains to be solved for a large signal gradiént O(1) sec’!, where the adaptation tintg
can vary from seconds to minutes.

Random walk P1: Random walk P1 is the same as random walk P except that cell velocity ehang

. . dv
between turnings as a result of external forces. priak




Open Problem 2: Random walk P1 witlf given by (8)—(9) anch as a swimming bias has been shown
to predict transient spiral patterns [37] similar to what is observed. titquél1) has been derived from
random walk P1 under the shallow gradient assumption [38]. Therefamdins to determine whether the
equation (11) also has spiral solutions under certain conditions when cowitthetthe signal equation.

Random walk P2: Random walk P2 is the same as random walk P1 except that the turning date an
turning kernel also depends on the external force fidld, X\ = A(y,b), T =T(v,v',b).

Open Problem 3: Chemotaxis of bacteria has the potential to facilitate waste degradation in bior&oredia
processes. There bacterial movement are subject to convection bysfhwiellaas active swimming towards
wastes. Presumably the fluid motion alters bacterial moving pattern by alteringbwthtand tumbles,
therefore the running velocity, turning kernel and turning rate aretiume of the local fluid velocityu
etc. The macroscopic equation that incorporates cell-fluid interaction nebdsirived and may not be a
simple addition of convective flux to the chemotaxis equation.

Open Problem 4: A more general problem is to derive macroscopic equations that incorpateel|

interaction. One step in this direction is made in [20]. Another question is whethehdémeotaxis equation
with volume-exclusion [30] can be derived from the random walk P.

Random walk D: We consider a cell of type D. The position of its center evolves accordintfio (ts
internal state evolves according to the PDE (16)—(17). The membranewstat®hs evolve according tp
the ODE (18) wheré is the external signal. The velocity evolves according te V(y) whereV (y)
is a random variable.

Open Problem 5: The general question is: under what conditions can be the collective ibeloficells
that undergo Random walk D be described by equation (1)? As discusSatiion 2.3, the derivation
of macroscopic equations has been addressed for a simplified model of ithduatibehavior of cells of
type D; details are given in [10]. However, even in this simplified case theasaapic equations are not
the classical chemotaxis equation (1), and whether the macroscopic equeatiponsider some conditions,
be reduced to (1) remains an open problem. Considering a differemtdndl-based model of the form of
Random walk D, brings additional challenges to the derivation of macrosegpiations. The derivation
of macroscopic equations remains open, for example, for the balancedatiactimodel of Levineet al,,
[21] and for the intracellular model of Dd developed by Tang, Dallon and Oth8&ieiq].

4 Summary

We have summarized recent results and open problems in modeling the belawmaretiular organisms,

with a focus on the derivation of macroscopic equations from individuadédasodels. We also formu-
lated several open problems in this area in mathematical terms. Advances ieding @i PDEs, random

processes, moment closure techniques and asymptotic analysis must be mddeto i@solve these prob-
lems. This makes the ‘micro-macro transition in biology’ an exciting area of curesearch in applied
mathematics.
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