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Abstract

The Iwahori-Matsumoto involution is an involutive operation on the Grothendieck
group of complex finite-dimensional representations of an affine Hecke algebra,
or a graded Hecke algebra. The Aubert—Zelevinsky involution is another in-
volutive operation on the Grothendieck group of complex finite-length repre-
sentations of p-adic groups. The representation theory of p-adic groups can
be described by certain affine and graded Hecke algebras, and the involutions
mentioned above are related via this. The main goal of the thesis it to provide
an explicit algorithm for the Iwahori-Matsumoto involution for irreducible tem-
pered representations of certain affine Hecke algebras, for irreducible tempered
representations of certain graded Hecke algebras which additionally have real
infinitesimal character, and an algorithm for AZ for tempered unipotent repre-
sentations for certian p-adic groups. The affine and geometric Hecke algebras
that we consider are those coming from the p-adic groups SO(N) and Sp(2n).
For AZ, we only consider the p-adic group SO(2n+1). We will consider the cases
SO(2n) and Sp(2n) in a forthcoming paper. The algorithm will be obtained by
completely different methods than the methods used by Atobe and Minguez,
who obtained an algorithm for AZ for SO(2n + 1) and Sp(2n).
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Introduction

Let k be a nonarchimedean local field of characteristic 0 with ring of integers o and finite
residue field k := F, of cardinality q. Let G be a connected reductive algebraic group
defined and split over k. The representation theory of G(k) is of major interest for the local
Langlands correspondence. There are various ways of studying the representations of G(k).
One such way is via ‘arithmetic Hecke algebras’. These arise in the following way. The
category of smooth complex representations R(G(k)) of G(k) splits into a direct product
of full subcategories called Bernstein blocks. Consider the Hecke algebra H(G(k)) of G(k),
which is the non-unital C-algebras consisting of locally constant and compactly supported
complex functions G(k) — C. For each Bernstein block, there exists a certain idempotent
e € H(G(k)) such that the category of e H(G(k))e-modules is isomorphic to the Bernstein
block. The unital algebra e H(G(k))e is called an ‘arithmetic’ Hecke algebra.

Lusztig has done a large amount of work on unipotent representations for G(k) under
the assumption that G is of adjoint type. They form the simple objects of a finite number of
unipotent Bernstein blocks. In the case that G(k) is adjoint, the arithmetic Hecke algebras
for such Bernstein blocks were shown to be of affine type in [Lus95al §1], i.e. they have
an explicit Iwahori-Matsumoto and Bernstein presentation. Lusztig furthermore defined
geometric affine Hecke algebras associated to the Langlands dual GV, i.e. the complex
reductive group whose root datum is the dual of that of G(k), and remarkably matched
up each geometric affine Hecke algebra with an isomorphic arithmetic affine Hecke algebra
in [Lus95al, giving a bijection between the set of arithmetic affine Hecke algebras and the
set of geometric affine Hecke algebras. Lusztig also introduced the notion of graded Hecke
algebras associated to these geometric affine Hecke algebras in [Lus89] and related their
representation theories to each other. Tracing all the equivalences and bijective correspon-
dences described above, we obtain a bijection between the unipotent representations of G(k)
and irreducible representations of various graded Hecke algebras.

The main goal of the thesis is to obtain explicit algorithms for various involutions on the
Grothendieck group of certain unipotent representations of G(k) as well as certain represen-

tations of the related arithmetic and geometric affine Hecke algebras, and the graded Hecke



algebras. The first two involutions of interest are the following. The Iwahori-Matsumoto
involution IM (resp. graded Iwahori-Matsumoto involution IM) is an involution on the
Grothendieck group of finite-dimensional representations of an affine Hecke algebras (resp.
graded Hecke algebra). We aim to obtain an algorithm for IM for tempered representations
of the arithmetic and geometric affine Hecke algebras, and an algorithm for IM for tempered
representations with real infinitesimal character of the geometric graded Hecke algebras that
show up in Lusztig’s classification of unipotent representations of SO(N, k) and Sp(2n, k).
The next involution is the Aubert—Zelevinsky involution AZ on the Grothendieck group of
finite-length representations of G(k). Our goal is to obtain an algorithm for AZ for tem-
pered unipotent representations of SO(2n + 1,k). We note here that an algorithm for AZ
for all irreducible representations of SO(2n + 1,k) and Sp(2n, k) was given in [AM23], but
the approach is completely different.

We describe the level of ‘explicitness’ of the algorithms for IM, IM and AZ that we
will obtain. For a connected complex reductive group G, Lusztig classified the irreducible
representations of the geometric graded Hecke algebras in [Lus88] and [Lus95b], showing
that they are in bijection with G-conjugacy classes of triples (e, o, 1) with e, 0 € g¥ = Lie(G)
such that ad(s)e = ge and % is an irreducible representation of the group Ag(e,o) of
components of the simultaneous centraliser of ¢ and e. Using this as one of the main inputs,
Lusztig classified all unipotent representations for G(k) (as well as all its inner twists) in
[Lus95al in the case that G(k) is adjoint in terms of the so-called Deligne-Langlands—Lusztig
triples (e, s, ¢), where s € GV is semisimple, called the infinitesimal character, e € g¥ =
Lie(GY) is a nilpotent element such that ad(s)e = ge and ¢ is an irreducible representation
of the group Agv(s,e) of connected components of the simultaneous centraliser of s and e.
The sought algorithm for IM mentioned above will be stated in terms of these triples for G
when G = SO(N) and G = Sp(2n).

Using the reduction theorems in [Lus89] mentioned in the previous paragraph and a
result from |Chal6] (which was based on [Kat93]), we can use the algorithm for IM to
obtain an algorithm for IM for the associated geometric affine Hecke algebra for irreducible
tempered representations, and in turn for the corresponding arithmetic affine Hecke algebra
via the isomorphisms coming from Lusztig’s matching. Finally, a result of Kato [Kat93] is
used to relate IM to AZ, giving an algorithm for AZ for all unipotent representations as well
in the case that G(k) is adjoint.

We note that the adjointness assumption is the reason why we only consider the SO(2n+
1,k) case for the algorithm for AZ. The SO(2n, k) and Sp(2n, k) case will be studied in a
subsequent paper, where we will use the results from [Soll8], which are strongly based on
results from [AMSI7], [AMS18a], and [AMS18b].



Main result: obtaining an algorithm for M

As noted in the previous paragraph, we aim to obtain an algorithm for IM, and then use
general theory (most of it due to Lusztig) to obtain an algorithm for IM and AZ.

Our approach towards obtaining the algorithm for IM for G = SO(N) and G = Sp(2n)
is as follows. As mentioned above, the irreducible representations of the geometric graded
Hecke algebras attached to GV are parametrised by triples (e, o, 1) of data of the Lie algebra.
To each such triple, one can attach a standard module Y (e, o, ), which is a representation of
one of the geometric Hecke algebras, H say. This standard module has a unique irreducible
quotient that we shall denote by Y (e, o,1). We assume that Y (e, 0,) is tempered, this
then implies that Y (e,0,1) = Y(e,0,%) is irreducible (however, IM(Y (e,0,1)) may be
non-tempered). Let W, denote the relative Weyl group associated to H. If o is furthermore
a real infinitesimal character, it turns out that the module Y(e,o,)|y, is isomorphic
to the v-isotypic component of the cohomology of a certain ‘generalised Springer fibre’,
ie. Y(e,0,¢)|w, is completely described by Green functions. As a consequence of the
Lusztig—Shoji algorithm [Lus86al Theorem 24.8], the generalised Springer representation
GSpr(e, 1)) corresponding to (e, 1)) in Y (e, 0,%)|w, is the unique ‘minimal representation’,
i.e. its Springer support — that is, the nilpotent class in gV containing e — is strictly smaller
than the Springer support of any other irreducible subrepresentation of Y (e, o, ¢)|w, , and
furthermore its multiplicity in Y (e, 0, 9)|w, is 1. Furthermore, we have IM(Y (e, o, ¢))|w, =
Y(e,0,9)|w, @sgn. The key idea to find IM is the following

p = GSpr(e, ¥)
with multiplicity 1 in the same sense as above (Theorem for SO(N) and Wald-

spurger’s result Theorem [3.2.12| for Sp(2n)),

1. We show that Y (e, 0,9)|w, has a unique ‘maximal subrepresentation’

2. We show that p ® sgn is the minimal representation in Y (e, 0,%)w, ® sgn (Theo-
rem for SO(N) and Waldspurger’s result Theorem [3.2.13| for Sp(2n)),

3. We show that this implies that IM(Y (e, 0,1)) = Y (&, 0,%) (Section .

Thus we have reduced the problem to finding an algorithm to determine p, i.e. to determine
(€,%). For G = Sp(2n,C), this result was proved in [Wall9], with the condition that e is
parametrised by a symplectic partition with only even parts. For G = SO(N,C), this was
done in [La22], with the condition that e is parametrised by an orthogonal partition with
only odd parts. Using these results, we obtain the desired algorithm for IM, but only
when e satisfies the conditions above. We will use the results from [Wall8al §3.4] to prove
Theorem which extends our algorithm to arbitrary e, giving us an algorithm for all

tempered representations with real infinitesimal character.



Structure of the thesis

We will discuss the theory of Bernstein blocks, their corresponding Hecke algebras, affine
Hecke algebras, graded Hecke algebras, the generalised Springer correspondence and unipo-
tent representations and in Chapter [II We will define the involutions AZ, IM, and IM in
Chapter [2| as well as the correspondences between them coming from the correspondence
between unipotent representations of G(k) and representations of the affine and graded
Hecke algebras. In Chapter [3] we will discuss the maximality and minimality result for
certain generalised Springer representations of and SO(N,C) and Sp(2n,C) as mentioned
above. Finally, in Chapter [4| we will give the explicit algorithm for IM tempered representa-
tions with real infinitesimal character and AZ for tempered unipotent representations with
arbitrary infinitesimal character. For IM, the main result will be obtaining the algorithm
for geometric graded Hecke algebras of SO(NV,C) and Sp(2n,C), although we also give an
algorithm for SL(n,C) as an easy example. We briefly comment on the exceptional types,
for which we intend to include all the tables for IM for the tempered representations with
real infinitesimal character in a subsequent paper. For AZ for tempered unipotent repre-
sentations, we will give the algorithm for SO(2n + 1, k), and briefly explain the steps that
we will take in a subsequent paper to obtain an algorithm for SO(N, k) with odd N and
Sp(2n, k).
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Chapter 1

Preliminaries

1.1 Notation

We fix the following notation for the remainder of the paper. Let k be a nonarchimedean
local field (of arbitrary characteristic) with ring of integers o with finite residue field k := F,
of cardinality ¢. Let G be a connected reductive algebraic group defined and split over k.
Denote g for the Lie algebra of G, GV for the Langlands dual group associated to G and
g for its Lie algebra. We also denote by GV and g¥ the group of C-points of G¥ and g
respectively.

Fix a minimal parabolic subgroup B of G defined over k and let Q denote the set of
parabolic subgroups of G defined over k containing B.

Fix an Iwahori subgroup | of G. Let & be the set of parahoric subgroups P of G
containing |. These are certain group schemes defined over Spec(o). The modern definition
of parahoric subgroups and the Iwahori subgroup uses the theory of Bruhat-Tits buildings
(see [BT84, Définition 5.2.6]; see also [RLO0, §1.1] for a short overview of the definition).
An older definition for | in the case that G is adjoint traces back to [IM65] and coincides
with the modern definition. For P € & of G, let Up be its pro-unipotent radical. The
reductive quotient P = P /1 of P is a connected reductive algebraic group defiend over the
residue field £ of k = IF,.

Denote by Rep(G(k)) the category of finite-length complex smooth representations of
G(k) and let R(G(k)) denote its Grothendieck group. Similarly, for a C-algebra A, denote
by R(A) the Grothendieck group of finite-dimensional A-modules.

In general, given a group I', we write I'”* for the set of isomorphism classes of irreducible
representations of I'. If I" acts on a set X, we write X! for the set of fixed points of X.

For the generalised Springer correspondence, as is well-known, one could also look at the
set of nilpotent orbits N on Lie(G) instead of U and consider G-equivariant local systems

on N. In particular the definitions of the objects later that will involve nilpotent orbits or
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unipotent orbits such as (the generalised) Springer fibres are ‘independent’ of whether we
choose to work with nilpotent or unipotent orits, i.e. if N is a nilpotent orbit of Lie(G)
corresponding to the unipotent orbit U of GG, then the definitions involving N will be the
same as the one involving U. In this thesis, we shall use both notations. Particularly for the
generalised Springer correspondence in Section and Chapter |3 we shall use the notation
with unipotent orbits, to be consistent with [Wall9] and [La22]. In the context of unipotent
representations and standard modules, especially in Section Section and Chapter

we shall use the notation with nilpotent orbits.

1.2 Generalised Springer correspondence

Let G be a connected complex reductive group. We give an overview of the generalised
Springer correspondence for G as studied by Lusztig in [Lus84b|, omitting details regarding
perverse sheaves.

Let U be the set of unipotent classes of G and let Ng be the set of pairs (C,£), where
C € U and £ is an irreducible G-equivariant local system on C'. Let L be a Levi subgroup
of G containing a cuspidal pair (Cr, L) (see for instance [Lus84bl 2.4 Definition]). Denote
by S¢ the set of such triples (L, Cr, £). Lusztig showed that Wi, := Ng(L)/L is a Coxeter
group. We call Wi, a relative Weyl group of G corresponding to (L,Cr, L). For any group
I, denote by I'* the set of equivalence classes of irreducible representations of I'. The

generalised Springer correspondence is a certain bijection

GSpr: Ng — |_| wi.
(L,CL,[:)ESG

We call the representations of the Wy, generalised Springer representations of G. For each
representation of Wy, we say that (L,Cr, L) is its cuspidal support. We have a partition
Ne = Ur,cp.00es0 Na (L) where Ng (L) = GSpr~}(W}). The restriction GSpr: Ng(T) —
W is the original Springer correspondence due to Springer [Spr76].

Next, we will describe the generalised Springer correspondence for G = Sp(2n,C) and
G = SO(N,C) in terms of symbols. The notation will be the same as in [Wall9, §4] and is
slightly different than the notation originally used in [Lus84b].

1.2.1 Combinatorics of partitions

Let R be the set of decreasing sequences A = (A1, Ag, ... ) of real numbers such that for each
r € R, there exist only finitely many ¢ € N such that A\; > r. For each r € R and A € R, we
define multy(r) = #{i € N: \; = r}. For each ¢ € N, we define Sc(A\) = A1 +---+ .. We
define an ordering < on R as follows: for A, \" € R, we denote A < X if S.(\) < S.(X) for all

11



c € N. For A\, N € R, we define \+ X = (A1 + A}, A\a+ ), ...), and we define AN to be the
unique element of R such that for each n € N, we have multy y(n) = multy(n)+multy (n).

Let Ry be the set of finite decreasing sequences A = (A1,..., ;) of non-negative real
numbers. For m,n € N with m < n and two elements A = (A1,..., A) and v = (v1,..., 1)
of Ry, we identify A and v if \; = v; fori =1,...,mand v; =0 for j = m+1,...,n.
Similarly as above, we can define multy and S, for ¢ € N, and we similarly define an ordering
<onRy. For A € Rand X € Ry, we define A\+ ) € R and AUN € R similarly as above as
well. For A € Ry, let t(\) be the largest integer 4 such that \; # 0 and let S(\) = Sy(q) ()

A sequence A € Ry is called a partition if it is a sequence of non-negative integers and
let P C Ry be the set of all partitions. For N € N, we say that X is a partition of N if
N = S()\). Let P(N) denote the set of partitions of N.

1.2.2  Sp(2n)

Let n € Z>o. A partition A of 2n is called symplectic if each odd part of A occurs with
even multiplicity. We write P%¥™P(2n) for the set of symplectic partitions of 2n. Let
A(N) = {i € N: i is even, multy(i) # 0}. Denote by PY™P(N) the set of pairs (A, &) with
A€ P(2n) and € € {£1}2AW,

It is well-known that P%Y™P(2n) is in 1-1 correspondence with Y. If C' € U is parametrised
by A € P¥™P(2n), then {£1}*™ is in 1-1 correspondence with the set of irreducible G-
equivariant local systems on C. Let Ng be the set of pairs (C,€) where C is a unipotent
class in G and £ is an irreducible G-equivariant local system on C'. We thus have a bijection
N — PSY™P(2n).

Suppose C' € U is parametrised by A € P¥™P(2n) and let u € C. Then {£1}*® is also
in 1-1 correspondence with the set of irreducible representations of the component group
A(u) = Zg(u)/Zg(u) of v in G. Up to isomorphism, A(u) does not depend on the choice
of u € C, hence we write A(X\) = A(C) = A(u).

Let (A, e) € P¥™P(2n). Let N = A+ [—1,—oo[1= (A1, A2 — 1, A3 — 2,...). There exist
sequences z, 2/ € R with integer terms such that A = (221,2z29,...)U(22] + 1,225 +1,...).
Let A# = 2/ +[1,—oc[; and B# = z + [0, —oc[;. Then A¥ > B > A¥ > Bf > ...
A finite subset of Z is called an interval if it is of the form {i,7 4+ 1,4+ 2,...,j} for some
i,j7 € Z. Let C be the collection of intervals I of AAB = (AU B) \ (AN B), with the
property that for any i € (AAB) \ I, the set ] U {3} is not an interval. There is an obvious
ordering on C: for I, I' € C, I is larger than I’ if any element of I is larger than any element
of I'. Then C is in bijection with A(X). Let A(X\) — C: i — C; be the unique increasing
bijection. Let ¢t = t(\). For i € {1,...,t}, write (i) = ¢),. For v € {1}, define

JU=1{ie{l,...,t}: e(i)(=1)" = u}.

12



Define the symbol of (X, ¢) to be the ordered pair Sy, = (Ax., By¢), where

A=A\ | @napuc | BFno,

1€EA(N);e,=—1 1€EAN);e,=—1
Bi.=(B*\ |J B*nopul U @na).
1E€EA(N);e,=—1 1€EA(N);es=—1

For m € N, let W(B,,) = W(Cy,) = Spm x (Z/2Z)™. The set W (C,,)" is in bijection
with Py(m). For (o, 8) € P2(n), we write p(, g) for the corresponding representation of W,.

Let k € N such that k(k+1) < 2n. Let (a, 8) € Pa(n— @) If k is even (resp. odd),
let Ay g = o+ [k, —o0[2 and By gy = B+ [—k—1,—0c0[z (resp. Aq gk = B+ [—k—1,—00[2
and Bq g.x = o+ [k, —oo[2) and define the symbol of («, B) to be S, gk = (Aa giks Bagik)k-
Let

W = A,
|_| W(CTZ— k(k2+1) )
kEN,k(k+1)<2n

The W(C _xw+1)) form all the relative Weyl groups of G (see the start of this section).

2
Hence the generalised Springer correspondence is a bijection

GSpr: Ng — W.

Using the parametrisations of Ng and W described above, we rephrase the generalised

Springer correspondence as follows.

Theorem 1.2.1 (Generalised Springer correspondence for Sp(2n)). Let n € N. For each
(A, g) € P3¥™P(2n), there exists a unique k € Z>o and a unique pair (o, ) € Pa(n— w)
such that (Ax e, Bx:) = (Ao, ik, Ba,gik). Conversely, for each k € Zx>q such that k(k+1) <
2n, and for each (o, B) € Pa(n — w), there exists a unique (A, €) € PY™P(2n) such
that (Axe, Brg) = (Aagik, Bapk). Thus we have a bijection

k(k+1)

Dy POH(N) — | | Pa(n — =),

kE€Z>0, k(k+1)<2n

1.2.3  SO(N)

Let N € Z>o. A partition A of N is called orthogonal if each even part of A occurs
with even multiplicity. We write P°'*(V) for the set of orthogonal partitions of N. Let
A(N) = {i € N:iisodd, multy(i) # 0}. Let F» be the field with two elements. Let
Fy[AN)] = {£1}2M be the set of maps e: A(X) — {£1}: \; — €),, considered as an
Fy-vector space. Let F5[A(M)]" be the quotient of F»[A(M)] by the line spanned by the sum
of the canonical basis of this Fh-vector space. Denote by P°"*(N) the set of pairs (), [g])

13



where A\ € P'Y(N) and [e] € F5[A(N\)] is the image of € € Fy[A()\)] under the quotient
map. We define P°"%2(N) to be the set of pairs (), &) with A € P°*(N) and € € F5[A(N)].

Let U be the set of unipotent classes of G. It is well-known that P°(N) is in 1-1
correspondence with U, except the orthogonal partitions of N that only have even parts
correspond to precisely two (degenerate) unipotent classes. This correspondence has the
following property. Suppose C,C’ € U are parametrised by X\, N € P*(N) respectively.
Then C C €’ (i.e. C =< O where < is the closure ordering), if and only if A < ). We say
that A is degenerate if A only has even parts and we call A non-degenerate otherwise. If
C € U is parametrised by A € P°'*(N), then F»[A()N)] is in 1-1 correspondence with the set
of irreducible G-equivariant local systems on C. Note that if C' is degenerate, then Fo[A(X)]
only contains the empty map, and note that there exist no non-trivial G-equivariant local
systems on C. Let Ng be the set of pairs (C, ) where C' is a unipotent class in G and & is
an irreducible G-equivariant local system on C. We obtain a surjective map Ng — P°"*(N)
such that the preimage of (\,¢) has one element if A is non-degenerate, and two elements
if A is non-degenerate. We denote the preimage of (A, [¢]) by {(C}, EQ), (cy, 5[;})}. If Ais
non-degenerate, we write (Cy, ;) = (C;\r, S[Jg}) = (C;,E[;]), i.e. we may drop the + and —
from the notation.

Suppose C € U is parametrised by A € P°"*(N) and let uw € C. Then F5[A())] is also
in 1-1 correspondence with the set of irreducible representations of the component group
A(u) = Zg(u)/Zg(u) of uwin G.

Let (\[g]) € PO"*(N). Let X = A+ [0, —oo[1= (A1,A2 — 1,A3 — 2,...). There exist
sequences z, 2’ € R with integer terms such that N = (221, 229,...)U(22] — 1,225 —1,...).
Let A# = 2/ 4+ [0,—occ[; and B# = z +[0,—occ[;. Then A% > B¥ > A% > Bf > ...
A finite subset of Z is called an interval if it is of the form {i,i 4+ 1,7 + 2,...,5} for some
i,7 € Z. Let C be the collection of intervals I of (AU B) \ (AN B), with the property that
for any i € (AUB)\ ((AN B) such that ¢ ¢ I, we have that I U{i} is not an interval. There
is an obvious ordering on C: for C’/,C" € C, C’ is larger than C” if any element of C’ is
larger than any element of C”. Then C is in bijection with A(\). Let A(X\) — C: i+ C;
be the unique increasing bijection. Let ¢ = ¢(\). For i € {1,...,t}, write £(i) = ¢),. For
u € {£1}, define

JU=1{ie{l,...,t}: e(i)(—1)" = u}.

Let M(\,e) = M = |J'| — |J7!] and let w()\, &) = w = sgn(M + 1/2) so that w = 1 if
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M =0 and w =sgn M if M # 0. Define

A=A ) @nopu | BFno,

1EAN);e;=—w 1EAN);e;=—w
By.=B*\ |J (BFnc))u( (A" N Cy)).
1EAN)sgi=—w 1€EAN)sgi=—w

If M # 0 and —¢ is the other representative of [¢], we have Ay, = Ay _. and B, =
By, ¢, so we define the symbol of (A, [¢]) to be the ordered pair Sy = (Axe, Bae) =
(Ax—c,Br—c). f M =0, Ay. = By, and By, = Ay _ ., we define the symbol of (X, [¢)]
to be the unordered pair Sy ;] = {Axz, Bac}- Let X be aset, d € Z>o and (7,y) € X x X.
Then let

(r,y) e X x X if k>0,

(33, y)k = .

{z,y} C X it k=0.

Following this notation, we see that Sy o] = (A, Bae)r where k = [M].
We define py ] = pre = Axe U By = A} U B} . Two pairs (4, B), (A, B') e R x R

are similar if AUB = A’UB'. For any (), [¢]), (X, [€]) € P°T*(N), their symbols are similar
if and only if A = ).

Remark 1.2.2. Let t = t(\), s = [t/2] and k = |[M|. Let A" = (Atra + 5, Arsa_| +
8,...,A14+5), B' = (Bt-a + 5,Bi—a_; + 5,...,B1 + s) and note that the2se are incieasing
sequences. Then (A’ ,B’;k is the 121811&1 symbol in the literature. The defect of (A, B) is
defined to be |#A’ — #B’'| and this is equal to k = |M].

Let n € N. Recall that W(B,) = W(C,) and let W(D,,) = S,, x (Z/2Z)"!. Define
0: Pa(n) — Pa(n) by 6(«, B) = (B, a) for (e, f) € P2(n). Let Pa(n)/0 be the set of #-orbits
and let c(, g) be the size of the f-orbit of (o, 8). We identify Pa(n) with the set of unordered
pairs {a, 8} where (a, 3) € Pa(n). Then W (D,,)" is parametrised as

W(Dn)v = {p{a,ﬁ},i: {a’ ﬁ} € PZ(”)/H’Z € {1’ 2/0(045)}}'

We sometimes write pa,)i O p(g,a),; if it is clear from the context that we are talking
about pr, gy ;- When ¢, gy =1, we also write py gy = pa,},1-

Let k € N such that k = N mod 2 and k? < N. Let (a,3) € Po((N — k%)/2). We
define Aqy g1 = a + [k, —oo[z and B, g = B+ [—k, —oo[2 and define the symbol of (a, 3)
t0 be Sogk = (Aasik: Bogik)k:

Let W be the Weyl group of G. Then W = W(B(y_1y/2) (resp. W = W (Dyys)) if N
is odd (resp. even). Let

W = wVY U |_| W(B(N,kQ)/z)v.
k€Zs2 k?<Nk=N mod 2
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The Weyl groups W and W (B(y_g2)/2) With k € Z>2, k= N mod 2 and k? < N form all
the relative Weyl groups of G (see the start of this section). Hence the generalised Springer

correspondence is a bijection
GSpr: Ng — W.

Using the parametrisations of Ng and W described above, we rephrase the generalised

Springer correspondence as follows.
Theorem 1.2.3 (Generalised Springer correspondence for SO(N)). Let N € N.

1. Suppose N = 2n + 1 is odd. For each () [g]) € P°Y(N), there exists a unique
odd integer k(X [¢]) = k € N and a unique pair (a, ) € Pa((N — k?)/2) such that
(Axe, Bre) = (Ao ik, Bagik). Conversely, for each odd k € N such that k> < N, and
for each (a, ) € Po((N — k?)/2), there exists a unique (\,[g]) € P"*(N) such that
(Axes Baje) = (Aagik, Bagik). Thus we have a bijection

dy: POHN) — L] PAW —#%)/2).
keNodd, k2<N

2. Suppose N = 2n is even. Let (\,[e]) € P°TY(N). Then one of the following is true:

e There exists a unique {a, B} € P2(N/2)/0 with o # B such that {Ay ), By ¢} =
{Aa,ﬁ;Oa Ba,ﬂ;O};

o There exists a unique even integer k(\,[e]) = k € N and a unique pair (o, ) €
Pa((N — k*)/2) such that (Ay g, Bxje) = (Aa,piks Bapik)-

Conversely, we have

e For each {a, B} € Po(N/2)/0, there exists a unique (), [¢]) € P"*(N) such that
{Axe Brjat = {Aas0, Baso}

e For each even k € N such that k* < N and for each (o, B) € P2((N—k?)/2), there
exists a unique (X, [¢]) € PO (N) such that (Ax [ Ba) = (Aasiks Bagk)-

Thus we have a bijection

dy: POY(N) — (Py(N/2)/6) U | ] Py((N — k?)/2).
keNeven, k2<N

Remark 1.2.4. Note that in Theorem we have N = t(\) = k() [g]) mod 2. Fur-
thermore, it is well-known that k() [¢]) is equal to the defect of (A, [¢]) (see [Lus84b, §13]),
hence k(\, [¢]) = |M| = |J}| — |J 71| by Remark
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Remark 1.2.5. Let (), [g]) € P°*(N) such that A only has odd parts. Let t = t()),
tt =[t/2] and t~ = [t/2]. Then

Aoio1+2i— 1
A#:<2“;’;z’:1,...,t+)u(—t—Qi:z'eZZO), (1.2.1)

Aoi + 26— 1
B = (Z“L; Li= L...,t‘) U (—t—2i: i € Zso),
and A’l# > B# > Ag& > B# > e > Aﬁ > Bﬁ. Hence the largest t terms of py. =
Axe U By, = A% LU B¥ are all distinct. Suppose (o, 8)x = ®n (A, [e]) with k = k() [g]).
Note that ¢t = £ mod 2 and let mg = # and mp = % It is easy to check that myg
and my are the same as in §3.1.3] i.e. mq is the smallest integer such that mo > t(«) and

mo —k > t(B), 0 pre = Mg —pa(a, B) € Hs((N — k?)/2,k), ie. (a,8) € H((N —k?)/2,k).

1.3 Hecke algebras

1.3.1 Hecke algebra of a Bernstein component

We give a brief overview of [BK98| §1-§3]. For a k-rational character ¢: G(k) — k* and

s € C, define a smooth one-dimensional complex representation

G(k) = C*: g = [l¢(9)llk;

where ||-||i denotes the usual normalised absolute value of k. Let Xc(G(k)) be the group
generated by these smooth representations; it has the structure of a complex torus. Elements
of Xc(G(k)) are called unramified quasicharacters of G(k).

Let L be a Levi subgroup of G defined over k and ¢ a supercuspidal representation of
L(k). Two pairs (L, 01) and (Lg, 02) are called inertially equivalent if there exists a g € G(k)
and y € Xc¢(La(k)) such that

Li(k) = gLa(k)g~t and of Zoa®x,

where of: 2 — o1(gzg™"). We write [L,0]g() for the inertial equivalence class of a pair

(L, o) and A(G(k)) for the set of inertial equivalence classes of G(k). For each irreducible 7 €
Rep(G(k)) there exists a Q € Q with Levi component L and a supercuspidal representation
of L(k) such that 7 is a subquotient of Indg((i))(a). In this case, we say that [L,o]g) is the

support of .

Definition 1.3.1. For s € #(G(k)), let Rep®(G(k)) be the full subcategory of Rep(G(k))
consisting of all 7 € Rep(G(k)) such that each irreducible subquotient of 7 has support s.
Such a Rep®(G(k)) is called a Bernstein component of G(k).
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Proposition 1.3.2 ([Ber84, Proposition 2.10]). We have a direct product decomposition

Rep(G(k) = [ Rep*(G(K)).
s€B(G(K))
Definition 1.3.3. Fix a Haar measure on G(k). The Hecke algebra H(G(k)) of G(k) is the
space of locally constant, compactly supported functions f: G — C on G(k) with C-algebra

structure given by convolution with respect to some fixed Haar measure.

Note that any m € Rep(G(k)) gives a representation of G(k) obtained from convolution.
We denote this representation by 7 as well.

Let K be a compact open subgroup of G(k) and (p, W) a smooth representation of K.
Let 2" be the space of compactly supported and locally constant functions f: G — W
such that f(kg) = p(k~1)f(g). Then G(k) acts on 2" by right translation, and we obtain a
smooth representation which we denote by C—Indg((t)) (p). We call this a compactly induced

representation.

Definition 1.3.4 ([BK98, (2.6)]). The Hecke algebra of compactly supported p-spherical
functions on G(k) is defined to be the C-algebra H(G(k), p) := Endg(c—Indg((t)) (p))-

Let (m,V) € Rep(G(k)) and let e € H(G(k)) be a non-zero idempotent element. Let
Rep,(G(k)) denote the full subcategory of Rep(G(k)) whose objects are representations
(m, V) for which H(G(k)) x e xV = V. Define

. viilr(n[g) trw(p(z~h)) ifx e K,
ep = 0 ifreG, v ¢ K.

It is well-known that e, x H(G(k)) x e, and H(G(k), p) are Morita equivalent.

Proposition 1.3.5. In the notation above, suppose Rep, (G(k)) is closed relative to sub-
quotients in Rep(G(k)). Then

1. [BK98, §2, (5.3) Proposition] There is an equivalence of categories Rep, (G(k)) =
H(G(k), p)-mod,

2. |[BK98, (3.5) Proposition, (3.7) Lemma] There exists a finite set & C B(G(k)) such
that Rep,,(G(k)) = [[es Rep®(G(k)).

In this situation, we say that the pair (K, p) is an G-type.

Proposition 1.3.6. For any finite subset (hence in particular also singletons) & C A(G(k)),
there exists an S-type.
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1.3.2 Affine Hecke algebras

A root datum is a quadruple ® = (X*, X,, R, R"), where X* and X, are free abelian groups

of finite rank with a perfect pairing
() X" x X, > Z,

R, RY are finite subsets of X*, X, respectively with a bijection denoted by R — R": o+ c.

These data satisfy the following conditions
1. (o,&) =2 for all @ € R,

2. For each a € R, the reflections so: X* — X*: 2 — z—(z,d)aand s4: Xx = Xu: y —

y — (o, y) & leave R and R stable, respectively.

The elements of R and RY are called roots and coroots, respectively. A basis of R is a subset
IT such that each a € R can uniquely be expressed as a linear combination of elements of
II with coefficients that are all either non-negative or all non-positive. Let R be the set of
positive roots with respect to I, i.e. the roots in R that are linear combinations of elements
of IT with strictly non-negative integer coefficients. Let S := {s,: a € II} be the set of
simple reflections. Define the length ¢(w) of w € W to be the smallest integer ¢ such that w
can be written as a product of ¢ simple reflections. The tuple (X*, X,, R, RV, 1I) is called a
based root datum. The Weyl group of ® is the finite group W := (s,: a € R). A parameter
set of ® is a pair (A, \*) of W-equivariant functions \: R — C, \*: {a € R: & € 2X,} — C.
We also write A(sq) = AM(a) and A*(sq) = A*(«) for a € R.

Let G = G(®) denote the connected complex reductive group corresponding to ®. Given

a maximal torus T of G, we can canonically identify
X* =Hom(T,C*), X, =Hom(C*,T),

such that if y € Hom(7T,C*) and ¢ € Hom(C*,T) are identified with z € X* and y € X,,
respectively, we have (x o ¢)(z) = 2{®¥) for all z € C*. In other words, X* and X, are
identified with the character lattice and lattice of 1-parameter subgroups, respectively. Then
we have an isomorphism X, ®7 C* 2 T, (y ® z) — y(z). We can also canonically identify
W = Ng(T)/T. The choice of IT uniquely determines a Borel subgroup B of G containing
T such that the root subgroups of the positive roots are precisely the ones that lie in B.

For the rest of the paper, let ¢t be an indeterminate.

Definition 1.3.7 (Bernstein presentation, [Lus89, Prop. 3.6, 3.7]). The affine Hecke algebra
H=HM (@) associated to a based root datum ® = (X*, X, R, RY,II) with parameter set
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(A, \*) is defined to be the unique associative unital C[t, ¢ !]-algebra generated by {T},: w €
W} and {6,: x € X*} subject to the relations

(T + 1) (T — t223)) = 0, forall s € S,
TwTyw = T, for all w,w’ € W with (ww') = (w) + £(w"),
020 = 0ty for all z, 2’ € X*,

0.1 — Tses(m) = (QI — 95(1))(g(5) — 1) for x € X,s €1I,

where for s = s, with a € 11, we have

A . -
6(s) = 0oy = { Tt it a ¢ 2X..
s)=0la) = A(@)+A*(a) _ A@) =2 (a) e«
I ) o,

Let A be the C[t,t !]-subalgebra of H generated by {f,: © € X*}.

For the remainder of the section, we fix # = H** (®). Note that up to isomorphism,
‘H does not depend on the choice of II; in fact the Iwahori-Matsumoto presentation of H is

defined for any root datum without a specified root basis.

Proposition 1.3.8 ([Lus89, Prop. 3.11]). We have Z = Z(H) = AV.

1.3.3 Graded Hecke algebras

The graded Hecke algebra can be constructed from a filtration on H coming from a certain
ideal of A. However, we will define the graded Hecke algebra here by giving its presentation.
Fix a finite W-invariant set ¥ in T. Let % be the commutative associative unital C-

algebra with vector space basis {E,: 0 € X} subject to the relations

Z Ey,=1, E,E,; =08y5,E,.
oey
Let . be the symmetric algebra of t¥ = X* ®z C. Note that t' can be viewed as the Lie
algebra of the dual torus TV = X* @7 C* of T = X, ®7 C*. Let A be the commutative
associative C-algebra Clr| ® € ®c . with componentwise multiplication.
Consider the diagonal action of W on ¥ x R and let u: ¥ x R — C be a W-invariant

function. Given (A, A\*) as above, consider the W-invariant function py x« given by

0 if sq0 # 0o,
fiaxs (0, @) = < 2X(a) if 500 =0, a ¢ 2X*, (1.3.1)
AMa) + X (a)0_n(0) if sqo0 =0, a € 2X*.
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Definition 1.3.9 ([Lus89, Proposition 4.4], [BM93| Proposition 4.2]). The graded Hecke
algebra Hy, = H&(®) is the unique associative unital C[r]-algebra generated by {t,: w €

C[W]} and A, with relations given by

twtw = tww’ for all w,w’ € W,

Esty = taEsa(U) for all o € ¥, a €11,

wets—ts-s(w) =r{w, &) ZEU,u(U,a) forallse S, we ., acll
o€eX

The grading of Hy, is given by deg(t,,) = deg(E,) = 0 for w € W and o € ¥ and deg(r) =
deg(w) = 1 for non-zerow € X, ®zC C A. If u = py »» asin ((1.3.1)), we also write Hg")‘*)(fb)
for HA(®).

When ¥ is a singleton, Definition [I.3.9]is the same as Lusztig’s original definition in
[Lus&9).
For 0 € ¥, let W(o) = stab(o) = {w e W: w(o) =0c}.

Proposition 1.3.10. Suppose X is a disjoint union of two W -invariant sets 1 and .

Then Hy, = Hy,, ¢ Hy, .
Proposition 1.3.11 ([BM93| Proposition 3.2]). It holds that
1. Z(Hy) = AW,
2. Suppose X2 =W - o is a single W-orbit. Then
AY = B, - (Clr] ©c LV O) = Clr] @c SV
a— FEs-a
is an isomorphism of Clr|-algebras.

3. Write X = ||l &; as a finite union of W-orbits $; = W - o*. Then

2(Hx) = @ z(Hy,) = PClr] 0c #7.
=1 =1

1.3.4 Reduction theorems

We will state two theorems that relate the representation theory of Hecke algebras with
the representation theory of certain associated graded Hecke algebras. The theorems are

originally due to Lusztig [Lus89], but we state the version given in [BM93].
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Suppose Y is a single W-orbit W - ¢ for some o € T" and consider

1 ifad2X.,

+1 ifac 2X*.}’

Rg:{aeR:HQ(J):{

Rf =R, NR",

I, = set of simple roots w.r.t. R},
Wy = (sq: a € 11,),

Ty = {we W(o): w(RE) = REY.

Note that (A, \*) restricts to a parameter set on the based root datum ®, = (X*, X,, Ry, RY,11,).
Let Hy = HO)(®,). Note that stabyy (0) = W (o) = 'y x W, and so W, - ¢ is a singleton.
Let H, = HF{;? *)(q)g). The finite group I', acts as algebra automorphisms of H, via its
action on W, and .7 (the action on % is trivial). Thus we can consider the semidirect
product H., := Ty x H,. Note that it has a centre Z(H’) = C[r] ® V() 2 Z(H).

Write ¥ = {0 = 01,09,...,0n}. For each i,j € {1,...,m}, let w; € W such that
w;o1 = o; and let

E;; = twi—lEo-twj.
Note that E,, = E; ;.
Theorem 1.3.12 (First reduction theorem [Lus89, Theorem 8.6], [BM93|, Theorem 3.3]).
1. For each i€ {1,...,m}, E,, -H, -E,, is canonically isomorphic to H, .

2. Let M,, be the C-algebra generated by {E; ;}ij. Then My, = M,,(C) in the obvious
way and we have an isomorphism Hy, = M, (H.) = M,, @c(H.) of C[r]-algebras that
maps AV isomorphically to C[r] @c .7V .1,,.

We consider something analogous to a completion of Hy,. For now, we drop the assump-
tion that ¥ is a single W-orbit. Rather than considering formal power series, consider the

algebras C[r], .7 of convergent power series in C[r] and .#, respectively. Define

~ ~

A=C[rloc € ®c.?, Hs=C[W]ecA.

We have Z(HE) AV ~ @[r] Q¢ yw(o), similar to Proposition |1.3.11

We have a polar decomposition T = T - T;., where

T.=Y @y St (the compact part), T, =Y ®z Rsg (the real part).
Recall that t =Y ®z C. We have a morphism of algebraic groups

log: T, = t: y®@u— y®logu,

22



with inverse given by
exp: t =T y®@v— y®exp(v).

For the following, we assume that o € T.. Let . be the field of fractions of C[t] ®¢ .
and let Hy(#) = C[W] ® (¢ ®c #) 2 Hy.
Proposition 1.3.13 ([BM93, Proposition 4.1]). Recall that ¥ is not necessarily a single
W-orbit. We have a C-algebra homomorphism
U: M — Hy(H)
Or Y 0a(0) Ey-e” (v€X*C.7),

oeYn
zr e,
¥(g(a))
Tt 100 Y Bt + )90
O—GZ 1 + Tﬂ(gva)

Now, assume that ¥ = W .o C T, is a single W-orbit again. Let s, € T, and let
s = os, € T. Since H is a finitely generated algebra over its centre Z = Z(H) = AV,
it follows by Dixmier’s version of Schur’s lemma that H has central characters. As A is
isomorphic to the coordinate ring of T'x C* = (X*®zC*) x C*, the set of central characters
of H is in bijection with W\T x C*. Similarly, Hy, H, and Hy, have central characters, and
for each of the three algebras, the set of central characters is in bijection with (W (o)\ t) x C,
where t = X* ®z C is the Lie algebra of T. Let x, X, X/, X be central characters of H,
H, H., H, respectively, such that x corresponds to (W - s,v0) and ¥, X' and Y correspond
(W (o) - sr,m0) € (W(0)\t) x C where €™ = vg. Let I, = ker x, Iy = ker x, Iy = ker x, and
I; = ker x and define

Hy = Hy, /(Hyx, -Iy) = Hy /(Hy - Iz) = ]I:H)-(( isomorphism of C[r] ®c " (@)-algebras),

H;,)Z :H;/Hi’_ I)_(U HU,)‘( :Hg/Ho— 'Ix, HX :H/HI)O

where Hy = Hy as Clr] @c " (?-algebras. Theorem [1.3.12| gives an isomorphism of
C[r] ¢ .7V ?)-algebras
Hy 2 M, (H), ). (1.3.2)

Let t € t and r € C and consider the central character x (resp. x) of H (resp. Hy)
corresponding to (W - gel, e*) € W\T x C* (resp. (W (o) -t,2) € (W(o)\t) x C).

Theorem 1.3.14 (Second reduction theorem [Lus89, Theorem 9.3], [BM93, Theorem 4.3]).
Recall that % = W -0 is a single orbit. Let x and X be as above, and suppose that z € R and
teY ®z R* Ct. The map ¥ in Proposition induces an isomorphism of C-algebras

\IIXI HX — Hx(g Hx)
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Corollary 1.3.15 (cf. [Lus89, Corollary 10.8]). 1. We have an isomorphism of C-algebras
Wl Hy = My (H, 5)
obtained by composing the isomorphisms (1.3.2)) and U, .
2. For x € X*, we have V' (0,) = diag(0z(01)e”, ..., 0. (om)e”).

Let m € Nand s!,...,s™ € T. For each i € {1,...,m}, let ¢* be the compact part of
s' and st the real part of s’. Consider the W-invariant set S = | |I"; S;, where S; = W - .
Also consider the W-invariant set ¥ = |_|Z";1 ¥; where ¥; = W-o? in T. Let y; be the central
character of H corresponding to (S;,vp). Recall that Hy, = D" | Hy, and Hy, = e, Hzi.
Let x; (resp. X;) be the central characer of Hy;, (resp. Hgl) corresponding to (S;, ) where
S; is the W (o?)-orbit W (c?) - log(st) in t. Consider the ideals

Is, vy :={f€Z(H): f(s',v0) =0 for all s' € S;} = ker(x;),

Isy, ={f€Z(H): f(s,v9) =0forall s € S} = HISuvm
i=1

I3, ,, := {9 € Z(Hx,): g(5',70) = 0 for all 5" € S;} = ker(x:),
ﬁSi,ro = {g € Z(Hy,): g(5',70) = 0 for all & € S;} = ker(¥;).

Abusing notation, we denote the ideal of Hy, (resp. Hy) generated by Is, ., (vesp. Ig, . )
and the Hy; (resp. ]I:]Igj) with j # i by Ig, , Hs (resp. ]Algiyro Hy:).

Proposition 1.3.16. We have an isomorphism of -algebras
m m
Vs ot H/Ispe ™ — Hy / 111, Hs = Hy / 111, Hs
i=1 i=1
induced by the map V: H — Hx (X in Proposition|1.3.13,

Proof. We will first show that ¥(Is,,) C [, ]AISMO so that W5 is well-defined. The
centre Z(H) is spanned by elements of the form h =" ., 0, for a W-orbit A in X*. We

have

U(h) =Y 0.(0) € E, € Hu(X).

r€AocEX

Let y® ( € X, ®z C =t with y € X, and z € C. Note that vg = €™, so we have

(UM)(y @ z,m0) = Y Y Oa(0) -0 By =373 " 6u(0 - (y @ w0)) - B

TEACEX TEACEX
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Hence we see that for each i € {1,...,m} and & € S;, we have
(T(R)(5',70) = DY Ou(o-exp(s)) - Es = Y h(o-exp(5)) - E,. (1.3.3)
ceX zeA oEY
Note that for each o € 3, o - exp(§') lies in W(0) - s;, so if h € Is ,,, then h(o-exp(§')) = 0,

and so (¥(h))(5',70) = 0 by (1.3.3). Thus ¥(h) € N2, ]AISZ,’TO =11, ]AISMO, and so Uy, is
well-defined.

The Chinese remainder theorem gives

m
H/IS,HOH = H/H/Isi,vo H, (1.3.4)
i=1
m m m
Hy, / 111, Hs = HHE/HSMO Hy = [ Hy, /15, ,, Hs, - (1.3.5)
i=1 1=1 i=1

By Corollary |1.3.15(1)| we have for ¢ = 1,...,m isomorphisms
U H /Is, 0o — Hy, /15, H,. (1.3.6)

The products of these maps together with the isomorphisms (1.3.4) and (1.3.5) give an

isomorphism
m
V' H [ Isw M —Hs [/ []1s,,, Hs.
i=1

It is easily checked that the image of the Bernstein generators of H under ¥’ and \112971)0 are
the same, hence \If’&vo = U’ is an isomorphism, as desired.

Finally, the isomorphism Hy /]2, I3, ,, Hs = Hy / [[;2, Is, ., Hs quickly follows from
the Chinese remainder theorem and the fact that Hy, / ﬁgﬂ o Hy. = Hy;, / I, », Hs. O

1.3.5 Graded Hecke algebras attached to cuspidal local systems

Let H be a connected complex reductive algebraic group and fix a Borel subgroup B and
a maximal torus T with Lie algebra t = Lie(T). Let Sy be the set of triples (L,Cp, L)
where L is a Levi subgroup of a standard parabolic subgroup P (containing B) of H, C7, is
a nilpotent orbit in Lie(L) and £ is a cuspidal L-equivariant local system on C. To each
(L,Cr, L) € Sg, Lusztig attached a graded Hecke algebra, denoted by H(H, L, Cy, L), and
classified all their representations in [Lus88] and [Lus95b].

We will define H(H, L, Cr, L) as in the two papers of Lusztig mentioned above, but we

25



will present it in notation that is more similar to the notation in [Ciu08|, §2,§3]. Let

b = Lie(H),
31, = Lie(Z(L)°),
WL = NH(L)/La

Rr ={a € X*(Z(L)°): a appears in the adjoint action of Z(L)° on h}.

Let R} be any subset of X, (Z(L)°) such that it forms a set of coroots of R, i.e. R} = {a: a €
Rr} and so(8) = B — (B, &)a. Since X, (Z(L)°) and X*(Z(L)°) are in perfect pairing, this
uniquely determines (3, &) for all «, 5 € Ry, and hence this value is independent of the
choice of R} .

By [Lus84bl Theorem 9.2], Wy, is the Weyl group with (possibly non-reduced) root
system Ry. Let Il be the set of roots in Ry, that are simple with respect to the parabolic
P associated to L and containing B. Define a function ur: Il — Z>9 as follows. Let
u € C. For each a € Iy, let pup () be the unique integer in Z>9 such that

Ad(u)"+*) 72, @ bhoy — by © by, is non-zero,
Ad(u)‘uL(a)ilz ha @ hQa — ba S b20¢ is zero.
Then py, is W-equivariant by [Lus88, Prop. 2.12] and thus extends W-equivariantly to a
function pr: Ry, — Z>o.
Definition 1.3.17. Let (L,Cr, L) € Sg. The graded Hecke algebra H(H, L, C1,, L) attached
to (L, Cr, L) is defined to be the graded Hecke algebra Hyyy (X*(Z(L)°), X«(Z(L)°), Rr, R}, 111,).
Fix (L,Cr, L) € Sg, write H = H(H, L,Cp, L), and let P = LU be a parabolic subgroup
of G with Levi subgroup L and unipotent radical U. Let n = Lie(U). Let
by = {(z,hP) € h xH/P: Ad(h 1)z € n}.
The L-equivariant local system £ gives a G x C*-local system £ on f)U via the map
ﬁU — Cp: (z,hP) = pr¢, (Ad(h_l):z:).
Let 79 € C and e € h be a nilpotent element. Consider the variety
P.={hP e H/P: Ad(h" e € Cp +n}.

The centraliser Z;;, ¢« (€) acts on P, by (h', \)hP = (h'h)P. Lusztig constructed aH x A, ~x (e)-

© (Pe, L), see [LusS8, §8.5, Theo-
rem 8.13]. By [Lus88, §8.7], the Zy;, -~ (e)°-equivariant cohomology H.;IXCX ©) (Pe, L) is the

coordinate ring of the affine variety V. of semisimple Z; ~x (e)°-orbits on the Lie algebra

ZO
action on the Z, cx (€)°-equivariant homology H, ">

Lie(Zyycx(€)) =3gxcx(e) = {(z,r0) € h B C: [z, €] = 2rpe}.

26



For (o,70) € Ve, let Cypy be the HY, (¢ymodule given by the evaluation map Hy. ) —
HxCX HxCX

C at (o,79), and define the H-module

Z° e .
Y(ev g, TO) = CGJ“O ®H%o H, HXCX( )(Peaﬁ)'

HxCX ©

Let Ay ox (e, 0,70) denote the stabiliser of (0, rg) in Ay, o= (€). Foreachy € Ay, cx(e,0,7m0)",

define Y (e, 0, 79,1) to be the ¥-isotypic component of Y (e, o,79), also denoted by

Y(e,0,70,%) :=Y(e,0,70)¥ := Homy (eor0) (W2 Y (€,0,70)).

HxCX

When (o, 79) = (0,0), we have the following isomorphism of W x Ay (e)-modules by [Lus88)
Proposition 7.2,§8.9] and [Lus95bl 10.12(d)]

Y (e, 0,0) = H;{l}(Pe,t) ({1}-equivariant homology). (1.3.7)

We have a canonical isomorphism Ay, cx(e,0,70) = An(e,0). Let Ag(e,0)y denote the
set of representations which appear in the restriction of H.{l}(Pe, E) to Ag(e, o).
Define

My = Zp(0)-conjugacy classes on {(e, ) € h x Ag(e, o)) : [0, €] = 2rope}.
M = {(e, g, To,lﬂ)l (0’, 7’0) € V€7 (67 1/}) S Ma,ro}-

Recall from Section that the central characters of H are in bijection with W\ t® C*.
Note that each semisimple element ¢ € H is H-conjugate to an element ¢ € t. Let x be the

central character corresponding to (W - ¢,7) define

Irrg po H = Irry o H := Irr H, .

Theorem 1.3.18 ([Lus88, Proposition 8.10, Theorem 8.15], [Lus95bl Corollary 8.18]).

1. Let e € b be nilpotent, (o,710) € Ve, and ¥ € Ag(e, o). Then Y (e,0,70,%) # 0 if and
only if Y € Ap(e, o).

2. Suppose M is a simple H-module on which r acts as multiplication by ro € C. Then
there erists a unique (e,rg,0,1) € M such that M is a quotient Y (e,c,79,v) of
Y(e,0,70,7).

3. We have a bijection

Mo < Irrg g H
(67 1/)) = }7(67 g,7T0, lp)
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Let M be an irreducible H-module. We have a weight space decomposition
M= P M..
)\EjL

We say that A\ € 3; is a weight if V) # 0.

Definition 1.3.19. An irreducible module M is called tempered if w(\) # 0 for all funda-
mental weights w € 3} and all weights A of M. We write

Miemp = {(e,0,9): (e,0,q9,9) € M, Y (e,0,q,%) is tempered}. (1.3.8)
Mtemp,real = {(6, g, ¢) (6, 0,4, Q;Z)) € Mtempa Se¢ = 0}

This is Casselman’s notion of temperedness and agrees with the notion of 7-temperedness
in [KL87] and [Lus02] where we take the group homomorphism 7: C — R to be given by

z — log|z|.

Proposition 1.3.20 ([Lus02, Theorem 1.21]). Let (e,o0,r9,%) € M. The following are

equivalent:
1. (6) g,7T0, Q;Z)) € Mtemp;

2. There exists an sla-triple (e, h, f) in b such that the semisimple element o — roh is

compact.

If any of these conditions are satisfied, then Y (e,o0,19,v%) = Y (e,0,10,) is irreducible.
Proposition 1.3.21. Let (e,0,70,%) € Miempreal- Then Ag(e,0) = Agn(e).

The definition of the standard module Y (e, o, 79,%) depends on the choice of cuspi-
dal support (L,Cr, L) € Sg. For now, denote the standard module by Xy (e, o,79,v). By
[Lus95bl, Proposition 8.16a], there exists precisely one triple (L, Cr, £) such that Yz, (e, o, ro, %) #

0 is non-zero. By Theorem [1.3.18(1)| we have
04 HMVPLLY = @ [o:vlH (P, L),
p€An(e)"

where [¢ : 9] denotes the multiplicity of ¢ in ¢|4,, (). There exists a ¢ € Ag(e)”" such
that [¢ : ¢] # 0 and H;{l}(Pe,ﬁ)¢ # 0. Thus (L,Cp, L) is the cuspidal support of (e, ¢) in

the generalised Springer correspondence. To summarise, we have the following.

Proposition 1.3.22. Let (e,0,79,%) € M and (L,Cr,L) € Sy. Let ¢ € Ay(e)" with
[ : Y] > 0. Then Yi(e,0,710,%) # 0 if and only if (L,Cr,L) is the cuspidal support of

(e, @) in the generalised Springer correspondence of H.
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1.4 Unipotent representations
1.4.1 Unipotent representations and Bernstein components

We define an important class of irreducible admissible representations of G(k) analogous to
the notion of unipotent representations of a finite group of Lie type. Let H be a connected
reductive group split over F, and let H(F,) be a finite group of Lie type with corresponding
Frobenius map Fr: H(F,) — H(F,). Let T be a Fr-stable maximal torus in H. Given a
character 6: T(F;) — C*, Deligne and Lusztig define a virtual representation Rt () of
H(F,). They proved that all finite-dimensional irreducible representations of H(F,) appear
in Rt(#) for some Fr-stable maximal torus T and some character #: T(F,). An irreducible
representation of G(Fy) is called unipotent if it appears in Rt (1) for some Fr-stable maximal
torus T. Lusztig proved that the classification of the finite dimensional representations of
H(F,) reduces to the classification of the unipotent representations, which was done in
[Lus84al.

Lusztig defined unipotent representations for a connected reductive group G(k) in [Lus95al.
Similarly to unipotent representations for finite groups of Lie type, they should form a ‘small’
set of representations that play an important role in the classification of irreducible smooth
representations of G(k) and are parametrised in terms of geometric data of the complex

Langlands dual GV.

Definition 1.4.1 ([Lus95al). An irreducible representation X of G(k) is called unipotent
(or is said to have unipotent cuspidal support) if there exists a P € & such that XUr(®) has
a L(IF,)-subrepresentation that is unipotent in the sense above. Write Unip(G(k)) for the

set of unipotent representations of G(k).

An important result is that the unipotent representations form the set of irreducible
representations of a finite product of Bernstein components of G(k). We shall call each of
these Bernstein components a unipotent.

The classification of unipotent representations of G(k) (recall that G splits over k) was
first done in [Lus95a)] for the case that G is adjoint. The classification is best described by
the Deligne—Langlands—Lusztig correspondence (see Theorem . The classification in
the case that G is of arbitrary isogeny was later done in [Soll8]. We will state the DLL-
correspondence and give some useful properties regarding tempered, elliptic and square
integrable representations of G(k).

Let ®(GV) be the set of triples (e, s, ¢) where s € GV is a semisimple element, e € gV is a
nilpotent element such that ad(s)e = ge, and ¢ € Agv(s,e)”, where A(s, e) is the component

group Agv(s,e) = Zgv(s,e)/Zagv(s,e)°, where Zgv (s, e) is the set of elements in GV that
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centralise both s and e. We have an action of G¥ on ®(G") given by the conjugation
with GY. The set ®(G) is equivalent to the set of so-called ‘enhanced unramified L-
parameters’ of G(k), which we will note define here, and motivates the connection with
the local Langlands correspondence. It is known that there exists an slo-triple {e™, h,e}
such that h € t. Then for s := sq "2, we have Ad(sp)e = e. Furthermore, we have

Agv(so,e) = Agv(s,e). Note that e thus lies in the Lie algebra of Zgv. We can therefore
also write Agv(s,e) = ZZGv (SO)(e)/ZZGv (30)(6)0 = AZGv (SO)(e).

1.4.2 Classification of unipotent representations

We briefly discuss Lusztig’s classification of unipotent representations [Lus95a] as well
as some of the properties of this classification related to tempered, elliptic, and square-
integrable representations.

The Deligne-Langlands-Lusztig correspondence for the unipotent representations gives
an injection of Unip(G(k)) into ®(GY). To account for the non-surjectiveness, we look at
the disjoint union of the unipotent representations of all the inner twists of the split form
of G(k), analogous to Vogan’s idea to consider these twists in [Vog93]. The set of these
inner twists is in bijection with the the set of irreducible characters of Z(G"). The trivial
character of Z(G") corresponds to the split form G(k). We now state the correspondence,

as well as a related result regarding tempered representations.

Theorem 1.4.2 (Deligne-Langlands—Lusztig correspondence). Suppose G is split over k.

Then there is a bijection

LLCunip: ®(GY) — |_| Unip(G(k),): (e,s,0) = X(e, s, 9),
cez(Gvn

such that

1. For all (e,s,¢) € ®(GY), we have X(e,s,¢) € Unip(G(k).), where ¢ € Z(GY)" is

determined by the action of the cuspidal local system corresponding to (e, s, d) on Z(GV),
2. X(e,s,p) is tempered if and only if so € T and

GV(s)e = {r € g": Ad(s)r = qz}.

Definition 1.4.3. Denote by ®iemp(G") the subset of ®(GY) consisting of the triples cor-
responding to tempered unipotent modules.
We briefly give an overview of some of the ideas in the proof of the classification of

unipotent representations of G in the case the G is adjoint in [Lus95a).
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The first step is to describe each unipotent Bernstein component in terms of an associ-
ated arithmetic affine Hecke algebra as in [Lus95a, §1] and [BK98, §2]. The set of unipo-
tent Bernstein components were parametrised by a certain set of ‘arithmetic diagrams’ in
[Lus95a, §1]. To each such arithmetic diagram, Lusztig attaches an affine Hecke algebra,
which turns out to be almost the same Hecke algebra corresponding to the relevant Bern-
stein block (recall that each Bernstein block has a type by Proposition : the difference
is that the Hecke algebra corresponding to the type of the Bernstein block is a direct sum
of copies of Lusztig’s arithmetic affine Hecke algebra. We refer to [Lus95al, §7] for a table
with all possible arithmetic affine Hecke algebras, whose Iwahori-Matsumoto presentations
are further described in [Lus95a), §1.18,§1.19].

On the other side, the set ®(GV) is shown to be a parametrising set for the irreducible
representations of a finite collection of affine Hecke algebras in [Lus95al, §5] called geometric
affine Hecke algebras. The parametrisation is roughly as follows. Suppose s. € T, is
compact. The centraliser Zgv(s.) is a pseudo-Levi subgroup of GV, and corresponds to a
subset of the extended Dynkin diagram associated to the (root datum of) GV, i.e. a subset J
of the set of affine simple reflections of the extended Weyl group W of GV. Since G is adjoint,
its pseudo-Levi subgroups are connected. The generalised Springer correspondence (which
was studied for connected groups in [Lus84b]) for Zgv(s.) attaches to each (e, ¢) € Ngv
a triple (LY, C, L), where LY is a Levi-subgroup of Zgv(s.) (hence also a Levi-subgroup of
GY), C is a unipotent class in LY and L is a cuspidal L"-equivariant local system on L.
We shall not give a description of the geometric affine Hecke algebra H(G,LY,C, L), and
instead refer to [Lus95al, §7] for a table for all the possibilities. Note that LY corresponds
to a subset I C J. Let K = J\ I and let

P’ ={2zec H': (x,0;) =0 for all i € I}.

Let ®(s., LY,C, L) be the set of triples (£, e,¢) where £ € Zgv(s.) is semisimple and
real, n is a nilpotent element of Lie(Zgv) C g such that Ad(§)e = ge and ¢ is an irreducible

representation of the component group A zy, (e). We then have a bijection

| | @(se, LY,C. L)/ Zgv (sc) > B(GY)/GY
sc€Te

(€,€,0) = (e, scexp(§), @)

where we mod out the conjugation action of GV and Zgv(s.), respectively. If (&, e, ¢)
corresponds to (e, s, ) as above, then we have s = sc.exp(§), i.e. s, = exp(§). To each
(LY,C,L) as above, Lusztig defined the geometric affine Hecke algebra H(GY,LY,C,L).
We shall not give a description of H(GY,LY,C,L): from [Lus95al, §7], one can find all
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possibilities for H(G, LY, C, L). Furthermore, Lusztig constructed a bijection between the
set of geometric affine Hecke algebras and the set of arithmetic affine Hecke algebras such
that the corresponding Hecke algebras are isomorphic. The representations of the geometric
algebras H(GY, LV, C, L) can be studied via the representation theory of the corresponding
graded Hecke algebras H(Zgv (s.), LY, C, L) via Lusztig’s reduction theorems.

Applying the results of [Lus95bl §8] to the group Zgv (s.) and applying Corollary
we obtain by [Lus95b, Corollary 8.18] and the discussion in [Lus95al, §5.20] a bijection

between

| | | ] Trrs  H(Zgv (L), LY, C, L)
(LV,C,L)E (,rg) EW\T xC*

and (s, LY, C, L)/ Zcv(sc).
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Chapter 2

Aubert-Zelevinsky duality and
Iwahori-Matsumoto duality

2.0.1 Aubert-Zelevinsky involution

Recall the set Q of parabolic subgroups of G defined over k containing B. It is well-known

that @ is canonically in bijection with the power set of S. For Q € O, let Indg((t)) and Resg((t))

denote the normalised induction and Jacquet functor, respectively (see for instance [BRIG,
§III.1] for the definitions). Suppose Q corresponds to the subset J C S. Let rq = |J|, i.e.

rq is the semisimple rank of Q.

Definition 2.0.1 ([Aub95, §1]). The Aubert-Zelevinsky involution on R(G(k)) is the group
homomorphism AZg: R(G(k)) — R(G(k)), defined as

_ "2 Tnd®™ o Res®(
AZguy = ) (~1)" Indg,) o Resqy -
QeQ

We often drop G(k) from the notation.
The map AZ is an involution [Aub95, Theorem 1.7].

2.0.2 Iwahori-Matsumoto involution

Let ® = (X, X*, R, RV, 1I) be a based root datum with parameter set (A, \*) and let H =
HAM) be the corresponding affine Hecke algebra. We retain the notation from Section
Let wg be the longest element of W.

Definition 2.0.2. The Iwahori-Matsumoto involution of H is a C[t,t~!]-algebra homomor-

phism IM: H — H defined by

IM(T,) = (—t)"™T 2, for w e W,
IM(02) = T Ou () o for z € X.
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Clearly, IM o IM is the identity homomorphism on H, so IM is in fact an involution. Thus
IM induces an involution on R(H): for M € R(H), IM(M) has the same underlying vector
space as M and the action of H is twisted by IM. From the definition, it is furthermore
easy to see that IM restricts to the identity on Z(H) = A" and so IM preserves central
characters.

Let J C S, let W; be the corresponding parabolic subgroup of W and let H; be the
parabolic subgalgebra of H, i.e. the subalgebra generated by {T},: w € W;} and A. Note
that H ; is itself the Hecke algebra of some smaller root datum with roots determined by
J. Let Resy: H-mod — Hj-mod denote the restriction functor and Indj;: Hj-mod —
‘H -mod denote the induction functor, i.e. Ind; = H ®3,—. This defines abelian Group
morphisms Res;: R(H) = R(H;) and Indy: R(H;) = R(H).

Theorem 2.0.3 ([Kat93, Theorem 2]). We have the following equality of homomorphisms
of R(H)

IM = "(~1)"IInd; o Res; .
JCS

2.0.3 Graded Iwahori-Matsumoto involution

Recall that T = X, ®7C* and let ¥ = W -0 be a single W-orbit in T'. Consider the graded
Hecke algebra H = H(Z)"/\*)(CI)).

Definition 2.0.4. The graded Iwahori-Matsumoto involution of H is a C|r]-algebra homo-
morphism IM: H — H defined by

IM(ty) = (—l)f(w)tw for w e W,
IM(E,) = Es for o € &,
IM(w) = twowo(w)t;; for w € 7.

We obtain an involution on R(H), also denoted by IM, such that IM(M) has the
same underlying vector space as M, but whose H-action is twisted by IM. From Proposi-
tion [1.3.11] we see easily that IM restricts to the identity map on Z(H), so IM preserves

central characters.

Remark 2.0.5. Let M be a representation of H. We identify W with the subset {t,,: w €
W} of H. Note that H contains the group algebra C[W] of W. Let x and x’ be the character
of M|cpw) and IM(M)|cpy, respectively. Then x'(t,) = (—1)“®)x(t,), and so we see that
IM(M)|cw) = M|cw) ® sgn.
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Given J C S, let H; be the subalgebra of H generated by {t,,: w € W;} and A. Let
Ind;: Hy-mod — H-mod be the induction functor H®p,—, and let Res;: H-mod —

H ; -mod denote the restriction functor.
Theorem 2.0.6. We have the following equality of homomorphisms of R(H)
M = Z(—1)|=’\ Ind; o Res; .
JCS

Theorem was proved in [Chal6, Theorem 6.5] for the case that ¥ is a singleton
and for a certain specialisation of r, and the proof was based on results and ideas from
[Kat93]. Our proof will almost be identical and will include some comments regarding the
differences that arise from the fact that ¥ here is an arbitrary finite W-orbit.

Write IT = {a,...,an}. In particular, we have fixed an ordering on the simple roots.
For J C II and M a H-module, let

CJ(M) = IndjyResy X :H®HJ(RGSJM).
For i € Z>q, let

Ci(M) = @ Cy(M).
JCIL|J|=i
Given J C J' C Il with [J| = [J| + 1, write IT\ J = {evi;, ... 05, } with 1 <4y <00 <
im—g < m. Let j be the unique integer such that o;; € J'\ J. Let 7 = (—=1)7*t'. We then
define

7 Cy(M) = Cp(M): h@z— e} h@x
and for i € Z>q, we define

T, = @ @ 7T§’I Cl(M)—>CZ+1(M)
JCIIL JCJ'CTl
|JT=i || =i+1
The proof of the following proposition is identical to the proof of [Chal6l Proposition
6.2], even for the case that ¥ is not a singleton.

Proposition 2.0.7 ([Chal6, Proposition 6.2], cf. [Kat93, Theorem 1]). We have an ezact

sequence of H-modules

0 — kermy — Co(M) =% Cy(M) =5 .32 Chy (M) ™53 X — 0.

In particular, as elements of R(H), we have

[ker 7o) = » " (=1)'[Ci(M)] = > (—1)//I[Ind; Res; M].
i=0 JCII
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Let M be an H-module and let

X: M — H®p(Resy M),

e > (D)t et
weWw

Clearly, x is injective.
Lemma 2.0.8 ([Chal6l Lemma 6.3]). We have an isomorphism of H-modules
im x = IM(M).

Proof. The proof of [Chal6, Lemma 6.3] already gives us

Furthermore, it is easy to see that
rex(@) = x(r- ) = x(IM(r) - ),
Es - x(x) = x(Ey - x) = x(IM(E,) - ),
and thus we have now proved that im y = IM(M). O

Lemma 2.0.9 ([Chal6, Lemma 6.4], cf. [Kat93| Theorem 1, Lemma 1]). We have ker my =

imy.

Proof. We have ker my = (,cg Ls where L, = {ht;@x—h®t,x: h € Hyx € M} C Co(M) =
H ®a M. Note that MW = AW @, M and consider the A-linear map

(b: MW —)H@AM (mw)wew — Z tw ®t;1mw

weWw
For s € S, let
AY = {(zw)wew € AV : x4y = —2, for all w € W}.
Note that
() 6(AY @4 M) = imy. (2.0.1)
ses

We will show that Ly = ¢(AY ®@,4M). Clearly, we have Ly O ¢(AY @, M). As an
A-algebra, Ly is generated by elements of the form ¢, ® v —t,s ® tsx with y € W, x € M.
Let —xys := xy = tyx. For w e W\ {y,ys}, let z,, = 0. Then

ty Xxr— tys Qtsx = ty ® t;ll‘y + tys ® ty_slxys = Qb((xw)wEW) € ¢(AZV ®AM)
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Thus we have L, C ¢(AY @4 M), hence equality.
By the above and (2.0.1)), we have

kermo = (| Le = [ | ¢(AY ®4M) = im . O
s€S seS

Proof of Theorem[2.0.6. By Proposition [2.0.7, Lemma [2.0.8] and Lemma [2.0.9} we have

[IM(M)] = [im ] = [kermo] = Y _(—1)"*"[Ind, Res; M]. O
=0

2.0.4 A correspondence between AZ, IM, and IM

Let s € T and let o be its compact part and s, its real part. Let x, Y, X', be central
characters of H, Hy, H/,
X' correspond to (W (o) - log(s;),r0) € (W(o)\t) x C where €™ = vy. Let Q': Trr(Hy) —
Irr(Hy) be the map induced from the composition of Q in Corollary with the

isomorphism M, (I'; X Hyy) = 'y X H, y coming from Morita equivalence.

respectively, such that y corresponds to (W - s,vg) and y and

Theorem 2.0.10. We have a commutative diagram

Irr(H,y ) M, Irr(Hy)

I I

Irr(Hy) M, Irr(Hy).

Proof. We can write W - s as a disjoint union of Wj-orbits W -s = | [, W - s'. For
i=1,...,m, let 0° be the compact part of s* and s, let x; be the central character of H;
corresponding to (W - s%,vg), and let y; be the central character of H; corresponding to
(W (o) - og(s2), o).

Let M be an irreducible representation of H with central character xy. Then M is a
representation of H /Iy .s ., H. The representation Res;(M) is annihilated by Iy .s.,, so
it is also a representation of H /Iy .54, Hy. Similarly, \IJ;((M ) is an irreducible represen-
tation of H with central character y, hence a representation of Hy: /Iy (o).10g( Hy, and

ro Hyx. Write

5r),T0

Res (¥} (M)) is a representation of Hy s /T (0).10g(s,)

\I/{]: Hy /Iw.sﬂ,o Hy — HJ@ /]IW(O')'IOg(Sy-),’I’() H(Lg

for the map in Proposition [1.3.16]for H ; and H; instead of H and H. Consider the diagram
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Ress

R(H /IW-s,vo H) _—> R(HJ /IW-s,vo HJ)

| k2

Res
R(H /HW(O')'IOg(Sr),To H) — R<HJ,E /]IW(O')-IOg(ST),T‘O HJ,Z)a

It is easy to check that this diagram commutes by checking that the action of the
generators (in the sense of Definition [1.3.9) of H;x on ¥’ o Res;(M) is the same as on
Resy oW (M). From (1.3.4), we see that each irreducible representation of H /Iy .5, H has
central character corresponding to (W - s%,v) = (S;, vg) for some i € {1,...,m}, which we

denote by ;. Thus we obtain an isomorphism of abelian groups

R(Hy [Tw.swo Hs) > EDR(Hin)s
i=1

such that each irreducible representation of My /Iw .54, H is mapped to the appropriate
direct summand according to its central character. Similarly, by , irreducible rep-
resentations of Hy s /Ty (0).10g(s,),ro s have central characters corresponding to (W (o) -
log(st),r9) for some i € {1,...,m}, which we denote by y;. We similarly obtain an isomor-

phism of abelian groups

(H /]IW(U -log(sr),ro @

For i =1,...,m, let ¥/ be the map as in (1.3.6) for H; and H; instead of # and H. By

[BM93|, Theorem 6.2], we have a well-defined commutative diagram

nd
R(Hys) = R(OHs [Ty, iy ) ey ROH [ Tw-s.00 H) = R(H,y)

|
b I

Ind
R(HJ,)Zi) = R(HJ,Ei /HW(ai)log(si),ro HJ,Zi) — R(HE /HW(U)-log(sr),ro HE) = R(ch)

We noted in the proof of Proposition [1.3.16| that ¥’; is the same as the sum of the ¥/, and

so we obtain a commutative diagram

Ind
R(Hy /1w -sw Ha) — R(Hy)
Ind
R(HJ,Z /HW(U)-log(sT),ro HJ,Z) —5 R (H )

The result follows from Theorem Theorem [2.0.6) ]

Remark 2.0.11. The proof of Theorem [2.0.10]is a result of joint work with Jonas Antor

and Emile Okada, who noticed an error in the proof in a previous version of the thesis.

38



We can also consider the involution IM defined on H, and extend it to an involution

IM on H. Consider the bijection (from Morita equivalence)

F': Trr(Hg) — Trr(H, o)
M'—)ELl-M:EU'M

and consider the composition 2 = F o \II’X

Corollary 2.0.12. We have a commutative diagram

Irr(Hy) M, Irr(H, )

Js Js

Trr(Hy, ;) M, Trr(H, 5 ).

Proof. By Theorem [2.0.10] it suffices to show that the following diagram commutes

Irr(Hg) SN Irr(Hyg)

7 |

M
Trr(H, o) —— Ter(H, o),

Let M € Irr(Hyg) and let m € M, w € W(o), and w € .. Note that w(c) = o for such
w. Since IM(E,) = E,, the underlying vector space of F'oIM(M) and IM oF (M) are both
equal to E, - M, and it is easy to see from that t,, and w acts on F o IM(M) in the same
way as on IMoF'(M). O

Finally, we will only briefly mention the relation between AZ on G(k) to IM on the
geometric Hecke algebras: if X is an irreducible representation of G(k) corresponding to
the irreducible representation m of the relevant geometric Hecke algebra, then we have
AZ(X) = IM(7). The proof for this statement will be given in a forthcoming paper of the
author together with Emile Okada and Jonas Antor.
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Chapter 3

Maximal representations in

cohomology of generalised Springer
fibres

The contents of this chapter form the majority of [La22].

3.1 Green functions

We recall some notions regarding certain multiplicites from [Lus86al. Let G be a complex
connected reductive group and let (C,€&),(C’,&") € Ng. Consider the intersection coho-
mology complex IC(C’,£") on C’ associated to (C',&’). For each m € N, the restriction
of H?*™(IC(C',&")) to C is a direct sum of irreducible G-equivariant local systems on C.
Consider the polynomial Picr g,0¢)(t) € Z[t] whose m-th coefficient is the multiplicity of
£ in H*™(IC(C",&"))lc. Let mult(C,&;C",E") = Prgrce(l), ie. the multiplicity of
& in @,,cq H*™(IC(C',€"))|c. The Lusztig-Shoji algorithm [Lus86a, Theorem 24.8] de-
scribes a linear algebraic method to determine Pcr g0 ¢)(t). It furthermore holds that
P groe(t) = 0if (C,€) and (C’,&’) have different cuspidal supports (i.e. there are cer-
tain orthogonality relations). Let p = GSpr(C, &) and p' = GSpr(C’,£’). We also write
Porence)(t) = Py p(t).

Despite the existence of an algorithm to compute Py ¢r.c)(t), it is still often difficult
to determine some of its properties. Particularly, we are interested in determining whether
there exists a unique (C™a* £™aX) ¢ A/ such that P(cmax gmax,c.g) = 1 and such that for any
other (C,&") € Ng with Pcr ¢1.0 ¢), we have either C™ > C’ or (C', ) = (C™™, £ma),
We prove the existence of such a (C™**, £™#*) in this chapter for SO(N). The result for
Sp(2n) was proved in [Wall9, §4] and we shall only state the result without proof at the
end of the chapter in Section They key idea in the proof will be to use the fact that

the polynomials P ¢r.c ¢)(t) are very closely related to so-called Green functions (in fact
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they are the same up to normalisation of the powers of ¢), which for SO(N) (as well as for

instance Sp(2n), SL(V), PGL(N)) have combinatorial descriptions.

3.1.1 Combinatorial results

We describe certain combinatorial results from [ShoOl] and [Wall9] that will be used to
obtain certain results about Green functions for SO(N,C) and Sp(2n,C), but we shall
mostly only focus on the SO(N, C) case; the Sp(2n, C) case is fully described in [Wall9].

Let a, 5 € P and consider integers mo > t(«) and ny > t(8). Let I = Ipym, =
{(4,0),(5,1): ¢ € {1,...,mo},j € {1,...,m1}}, which we call the set of indices of (a,3).
Consider a total order < on I such that for all e € {0,1} and 4,5 € {1,...,m.}, we have
(i,e) < (j,e) if and only if i < j. We call the triple (mg, m1, <) an order on the set of indices
of (o, B). Any other order (my, m}, <’) is said to be equivalent to (mg, m1, <) if for each i €
N such that «; > 0, we have {j € {1,...,m1}: (j,1) < (4,0)} = {j € {1,...,m|}: (4,1) <
(¢,0)} and for each j € N such that 5; > 0, we have {i € {1,...,mp}: (4,0) < (j,1)} = {i €
{1,...,mq}: (4,0) <’ (4,1)}. Often, we simply write < for the triple (mg, m;, <), since the
mo and m; were required to define I = I, ,n,. We also often write the equivalence class of
(mg,m1,<) by just <, especially in situations where mg and m; are not important. Any
equivalence class of orders has a ‘minimal’ order (mg,my, <) in the sense that mg < mg
and m1< < m; for all (mg, m1, <) in the equivalence class.

Let X C N be finite. Let ¢x: N — N\X be the unique increasing bijection. Define
o' € P by setting aj = ay () for all i € N. For a finite set Y C N, we define ¢y and ' € P
similarly. Given an order (mg, m1,<) on the set of indices of (o, 3), we uniquely obtain
an order (m(, m}, <) on the set of indices of (o/, 8’) such that (i,0) <’ (4,1) if and only
if (px(2),0) < (¢y(j),1). Let (mg,m1,<) be another order on the set of indices of (a, 3)
equivalent to <. Tt is shown in [Wall9, §1] that (1ny, ), <') is equivalent to <’.

Fix an equivalence class < of orders on the set of indices of (a, ). We shall describe two
procedures (a), resp. (b). For procedure (a), fix a representative (mg, m1, <) such that mg >
1. Let a; = 1. Suppose a; is defined for some i € N. If B; := {j € {1,...,m1}: (a;,0) <
(4, 1)} is non-empty, let b; = min B;. For i € N>o, if A; := {j € {1,...,mo}: (bi—1,1) <
(4,0)} is non-empty, let a; = min A;. This defines integers ay,...,ap,b1,...,b4 € N for
some p,q € N. Let p1 = g, + By, + Qay + Bp, + ... Let (/,8') € P x P as above for
X ={ai1,...,ap} and Y = {b1,...,by}. For procedure (b), fix a representative (mg,m1, <)
such that m > 1. We define by = 1, and we recursively define aq, b, as, bs, ... similarly as
in procedure (a) to obtain integers ay, ..., ap,b1,...,by € N for some p,q € N, and a pair of

partitions (o/, 3). We also define v; = By, + g, + ... .
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It is shown in [Wall9, §1] that each of the objects defined in both procedures are

independent of the choice of representative (mg, my, <).

3.1.2 The sets P(a,5,<) and P4 p.s(a, 5,<)

Let (o, ) € P x P and consider an order < on the set of its indices. We will define a set
P(a, 8,<) by induction on m§ + my. First, define P(&, &, <) = {(&,2)}. Suppose that
mg +my > 0. If mg > 0 (resp. mT > 0) we obtain pu, (o, 8"), <’ (resp. v, (o, 5"),<")
from procedure (a) (resp. (b)). By induction, P(¢/, ', <) and P(a”, 8", <") have been
defined. We define P(a, 3, <) = P%(a, 3, <) U P’(a, 3, <), where

g ifmS =0

P y M = 0 ’

(5 {{((m) U V) (W, v) € P(of, B, <)} if mg #0,
Pb y s = 9 if m1< =0,
0 {{(M, () UW): (") € Pl 3", <) iy #01

Let A,B € R, s € Ryg. We define a subset Py p.s(a, 5, <) of P(«, 3, <) by recursion on
mg +mg. Let Py p.s(2,9,<) = {(,9)}. Suppose mg + m; > 0. If the conditions

L. m§ >0;

2. my =0, or (1,0) < (1,1) and @y + A > B, or (1,1) < (1,0) and 8, + B < A.
are satisfied, consider p1, (¢/, '), <’ from procedure (a) and let

PA gl 5,<) = {(() U, 0): (4,1) € Pa_y sl 8, <)

If neither conditions hold, we set P§ . (, 8, <) = @. Similarly, if the conditions

1. mT > 0;

2. ms =0, o0r (1,0) < (1,1) and oy + A < B, or (1,1) < (1,0) and 8, + B > A.
are satisfied, consider v1, (¢, 8”), <" from procedure (b) and let

P 08, <) = {0, (1) UV): (1',0") € Pa (e, 87, <")}.

If neither conditions hold, we set Pz7B;8(a,5,<) — @. Finally, let Py p(a,B,<) =
PK:BZS(O(”B’ <) U Pz,B;s(awﬁu <)

Proposition 3.1.1. For any C € R, we have Payc picis(a, B, <) = Pa p:s(a, 5, <).
For C € R and p,v € P, define
[C, —oc[s = (C,C —s5,C —2s,...) € R,

AA,B;S(Na v) = (u+[A,—oofs) U(v+[B,—oofs) € R.
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Lemma 3.1.2. Let (u,v) € P(o, 8,<) and (p,v) € Py p.s(a, 5,<). Then
(¢) Aapis(pv) < Aapis(p, V),
(b) AaBis(p,v) = Aapis(p,v) if and only if (p,v) € Pa p;s(a, B, <).
Definition 3.1.3. Let (u,v) € Paps(a,3,<). By Lemma[3.1.2] we can define
paBis(a, B, <) == Aapis(p, V).
3.1.3 Some results for P, _io(a, 5, <apk)

Let n € N. A pair (a, 8) € P x P is called a bipartition of n if S(a) + S(8) = n. Denote by
P2(n) the set of bipartitions of n. Let (o, 5) € P2(n), k € Z and write A = Ay _p.o(c, B).
Let myg € N be the smallest integer such that mg > t(«) and my — k > ¢(8) and let

my1 = mg — k. Let » = mg + mq. Consider the condition

1. A" := (A1,...,A;) € Ry has ‘no multiplicities’, i.e. each term of A™ has multiplicity
1.

Let H(n, k) be the set of (o, 3) € Pa(n) such that Ay _p.2(c, B) satisfies condition (1) above
and let Hg(n, k) = {Ag —k2(a, B) € Pa(n): (o, B) € H(n, k)}.

Remark 3.1.4. Note that mg = # and mp = ’"gk and

am0+k+2—2m0:a#+2—r>—r,
ﬁm17k+272m1:ﬁ%k+277“>—r,
Qmot+1 +k+2—2(mg+1) =—r,
Bmy41 —k+2—=2(m1 +1) = —r,

so A" consists of the first mg terms of a+ [k, —oo[2 and the first m; terms of 5+ [—k, —oo[2.

If (o, B) € H(n, k), there exists a unique order <, g on the indices of (a, ) such that
for i < mg, j < mq, we have (7,0) <o (4,1) if and only if o +k+2—-2i > B; —k+2—2j.

Lemma 3.1.5. Let k € Z, (o, B) € H(n, k) and consider the order <, pgy. Let (¢!, ') be a
bipartition obtained from (c, B) via procedure (a) or (b) and let <" be the induced ordering
on the indices of (¢/,3"). Then Py _po(a, B, <apr) has a unique element (p,v),

Proof. Let my and m; = my — k be as above and consider the representative (mg,m1, <)
of the order <, g%. We will prove the result by induction on mg + mj. Clearly, the
result holds if m§ = 0 or my = 0. Suppose mg > 0 and m > 0. We may assume

that (1,0) < (1,1), otherwise we consider (f3,«,—k). From procedure (a) we obtain a
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bipartition (o/, 8') € Pa(n’) for some n’ € N. Since (a, 8) € H(n,k), we have ay + k >
Br—k > —k, s0 Py (e, B,<) = P{_po(c, B, <) is in bijection with Py_o ga(a/, 8/, <’
) = Pi_1_jy1.2(c/, 8, <'). Hence it suffices to show that (¢, ') € H(n',k— 1) and that <’
is equivalent to <,/ g x—1. By the induction hypothesis, Py_1 _j11.2(¢/, 8, <’) has a unique
element (u,v). For Lemma we will also prove that <’ is equivalent to <./ g .

Let k" € {k—1, k}. Procedure (a) applied to («, 3) also creates p1,a1,...,ap,by,...,b €
N where T' € {t,t + 1}. Let m{ = mo — T and m} = my — ¢ and let ¢: {1,...,m{} —
{1,...;mo} \{a1,...,ar} and ¢: {1,....,m}} — {1,...,m1} \ {b1,...,b:} be the unique
increasing bijections. For each i € {1,...,m(}, resp. j € {1,...,m}}, let h(i) € {1,...,T},
resp. ¢g(j) € {1,...,t} be the unique element for which ap;)y < @(i) < ap@)41, resp.
bej) < ¥(J) < by(j)+1- We have ¢(i) = h(i) +1, ¥(j) = g(j) +j and the maps i — h(i),
j = g(j) are weakly increasing.

Let i,7 € N. To show that (o/, ') € H(n', k'), we prove the following;:

(a) if i <my, j <mf and (i,0) <’ (4,1), then

K +2 -2 > 8 — kK +2 -2,

(b) if i <my, j <mj and (j,1) <’ (4,0), then

Bi—K+2-2j>a;+k+2-2,

(c) if i < mf and j > m/, then

o+ K +2—2 >k +2—2j,

(d) if i > m{ and j < mj, then

By =k +2-2j>k +2-2i,

(e) The inequality in [(d)|is strict if 3} # 0.

Assume for now that these inequalities hold. Let A’ = Ap_po(c/,8') and for m € N,
let A'™ = (A},...,A])). Let m{ € N be the smallest integer such that m{ > t(¢/) and
/. / ! / mh+m/, o qs ey B .

m) :=my — k' > t(5’). Note that A1 has no multiplicities by so if we have
my +m/y > mj+m}, then A’™0+t™ has no multiplicities and so (o/, ') € H(n', k').

If T =t, then mj — m} =k > k. Hence m{, > t(a/) and m(, — k' > m) > ('), so we
have m{, > m(, and m} > my, so (¢/, ') € H(n', k).

Suppose T' =t + 1. Then m{; —m} = k — 1. If ¥’ = k — 1, then similarly as above, we

have m(, > m( and m{ > m/ and so (¢, ') € H(n', k).
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Suppose T' = t+1 and k' = k. If B, = 0, then my > t(a) and m{—k' = m) -1 > t(3),
so mg > my and m) > m/, so (¢/, ") € H(n', k).

Suppose that T'=t+1, k' = k, and 3, # 0. Then mg+1 > #(a/) and (mg +1) — k' =
my > t(8'), so my +1 > my, and m} > m/). Now by @f@ it follows that A’™o+mi+1
has no multiplicities and since m{, + m/ < m{ + m} + 1, we then have (¢/, 5') € H(n', k).

We conclude that (¢/,8") € H(n',k’), and so we can define <, g . We show that
(mg, my, <") and (my, m}, <, ) are equivalent. Suppose ¢ € N such that o/ > 0. Suppose
j < m/ such that (j,1) <’ (i,0). Then by@ we have (j,1) <o g (4,0), and by Remark
we have j < m). Suppose j < mj and (j,1) <o/ g s (4,0). Then 8} — k' +2—2j >
o + k' + 2 — 2. By we have j < m} and by we have (j,1) <’ (4,0). Similarly, we
can show that for j € N such that 8} > 0, we have i < mg and (i,0) <’ (4, 1) if and only if
i <myg and (4,0) <o g g (4,1). Thus <" and <, g i are equivalent.

It remains to prove [(a)]- [(e)] Let i € {1,...,m(}, j € {1,...,m}}. Suppose that (i,0) <’
(4,1), ie. (6(i),0) < (¥(j),1). Note that (¢(i),0) < (bygy, 1), and since (o, 8) € H(n, k),

we have
0 +k+2— 2¢(l) > Bbh(i) —k+2— 2bh(i)'

Since (¢(i),0) < (¥(j), 1), we have by < 1(j), 50 By, = By() = B;- We have ay;y =

SO
o+ kK +2-20> 8 — K +2-2j 42X,
where
X=k—k+7—byu + o) —

We have ¢(i) — i = h(i). Since by < 9(j), we have h(i) < g(j). Furthermore, g — b, is
strictly increasing, so ¢ — ¢ — b, is weakly decreasing, so g(j) — by(j) < h(i) — by(;). Hence

we have
X:k/—kﬁ+j+h()—bh() —1+j+g()— bg(j):—l—F@ZJ(j)—bg(j)ZO,

where the last inequality follows from the fact that 1 (j) > by(;). Thus we have proved @

Suppose that (j,1) <’ (4,0), i.e. (¥(j),1) < (¢(i),0). We have (by(;), 1) < (ag(j)+1,0),
and since («, 8) € H(n, k), we have

Bw(j)—k+2—2¢(j)>aa +k+2-2a

9(j)+1 g(5)+1

Since (¥(j),1) < (¢(i),0), we have ag;)11 < ¢(i), so h(i) > g(j) + 1 and so

Bi—k+2-2j>a;+K +2—-2i+2Y,
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where
Y =k—k+i—agm+v0)—j=k—F+i—ag;41+90)
Note that £ — k" > 0. Similarly as before, the map p — p — a, is weakly decreasing, so
(9(7) +1) = ag)+1 = h(i) — ap(), and so
9(7) — agiye1 = (9(3) + 1) —agjys1 — 1 > h(i) —apey — 1= ¢(i) —i —ape) — 1 2> —i,

where the last inequality holds since ¢(i) > ap(;y. Thus we have Y > 0+4 —i > 0 and
follows.
Let ¢ < m{ and j > m). Note that m{ —m}| = kif T =t and mjy —m} = k—1if

T=t+1,s0omy—m) <k'+1. Thus
20" +j—i) > 2+ m) +1—my) > 2(K = k') > 0.

Thus k' +2 — 2i > —k’ +2 — 25, and|[(c)| follows. Similarly, we can show that k&’ +2 —2j >
k' +2 —2¢, and so @ and follow. dJ

We state a consequence of [Wall9l (7), p.387] without proof.

Proposition 3.1.6. Let k € Z and let (o, B) € H(n, k) and let (u,v) € Py _p2(a, 5, <apk)-
Then the largest term of Ay, _k.2(p, V) is strictly larger than the other terms of Ap _p.2(p,v).

We can repeatedly use Proposition to show that (u,v) € H(n, k). However, this is
rather heavy on the notation, and it will later follow that (u,v) € H(n,k) from Theorem

3.3.1] so it is not necessary to prove this now.

Lemma 3.1.7. Letn € N, k € Z and (o, f) € H(n, k). Write < for <o 5. We have

Pk/?,—k:/?;l/Q(aa B, <) = Pk,—k;?(av B, <)‘

Proof. Suppose there exist h,k € Z such that («, ) € H(n,k) and (o, 8) € H(n,h) and
such that <, g and <, g are equivalent. Denote <, g by <. We shall show that

P —n2(, B, <) = Puja—rs21/2(, B, <) = Py —k2(a, 8, <). (3.1.1)

This obviously holds if m§ = 0 or my = 0, so we assume that ms > 0 and my > 0. We
may assume that (1,0) < (1, 1), otherwise we consider (53, o, —k). From applying procedure
(a) to (a, B), we obtain uy and (o, 8") € Pa(n') for some n’ € N. For j € {k, h}, we have
(a,8) € H(n,j) and so a1 +j > 1 — j > —j. Thus we have

Pja*j§2(aaﬁ’<) = P;'l,—j;2(avﬁa <) (3.1.2)
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We show that

Ph/Q,—k/Q;l/Q(aa Ba <) = P}?/Q,—k/Q;l/Q(OZ?ﬁv <)' (313)

Since (1,0) < (1,1), we have to show that a; + h/2 > —k/2, ie. an > —(h+ k)/2. If
h+k > 0, this holds. Suppose h+k < 0. We have a1 +k > —h,so a; > —h—k > —(h+k)/2
since h + k < 0. Thus we have and so P9 _r/2:1/2(c, 8, <) is in bijection with
Pih-1)/2,-k/2:12(e/, ', <').

We showed in the proof of Lemmathat (o/,p") € H(n, j) and that <’, <, g ; are
equivalent for j = h,h — 1,k,k — 1. By the induction hypothesis, (3.1.1)) holds (o, 8’) for
(h—1,k) and (h,k—1). Applying the first equality of for (h—1, k) (resp. the second
equality of for (h,k — 1)) gives the first (resp. second) equality in the following:

Py1—ni12(, B, <) = Pyvy o,y 2(0, B, <) = Peo1—py10(, B, <) =

By (3.1.2) and ( -, any element of the three sets in is of the form (p; U p,v) for
some ( ) € P, and so (3.1.1)) follows. The lemma then follows from (3.1.1)) for h = k. O

3.1.4 Green functions for SO(N)

Recall that for N € N odd (resp. even), the Weyl group of SO(N) is W (B(y_1)/2) (resp.
W(Dyy2)) and the other relative Weyl groups are of the form W (B(y_j2)/2) for some odd
(resp. even) integer k € Z>( such that k? < N. In other words, for each n € Z>p, we can
interpret W (B,,) as a relative Weyl group of SO(2n + k?) for any k € N, and W(D,,) as
the Weyl group of SO(2n). Let n € Z>o and let W,, be W(B,,) or W(D,,). Let t be an
indeterminate and let d = 1 if W,, = W(D,,) and d = 2 if W,, = W(B,). The Poincaré
polynomial of W, is given by

i —1 T -1
t—1 - 1 t—1

1=

Py, (t) =

Let V' be the reflection representation of W. For a class function f of W,,, define R(f) € Z]t]
by

_ (t— 1)d1mVPW dety (w) f(w)
R(f) = Z detv ldV — )

If f is an irreducible character of W,,, then R(f) is called the fake degree of f. For p € W/,
let x(p) denote its character.

Let N* be the number of reflections of W,. Let Q = (w, /), rewp be the [Wy| x [W,]|
matrix over Z[t] defined by

wppr =tV R(x(p) ® x(p') ® dety).
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Let (o, B8) € Pa(n). If Wy, = W(By), let p = p(qp), and if W, = W(Dy), let i €
{1,2/ciap)} and let p = pr 8y Let k € Zso, N = 2n + k?, and r € N such that
r > t(a) +t(B) + k (so r is as in Remark [3.1.4). If W,, = W(D,,), we assume that k = 0.
Let A := Ayg = A _go(a, B) and A := [k, —co[oU[—k, —0o[s. Let (C,&) = GSpr'(p)
and suppose C' is parametrised by an orthogonal partition A of N. We define

an(C) = ar(\) = ap(p) = ap(e, f) = Y min(A, A7) — > min(A”,AP).
1<i<j<r 1<i<j<r

We will usually drop k from the notation. Note in particular that a(p) is well-defined when
Wy, = W(D,,), since in this case, we assumed that & = 0. Also note that ay(p) does not
depend on r. We write p ~ p' if the symbols A, and A, are similar. Then ay(p) = ax(p)
if p ~ p/, s0 ar(C) and ax () are well-defined. Note that ay, is the same as in [Sho01 (1.2.2)]
and if £ = 1, then ay, is the same as the function b in [Lus86bl, 4.4].

Define a total order <; on W/' such that for p,p’ € W/ we have ay(p) > ap(p’) if
p <k p', and such that each similarity class forms an interval. Again, we will usually drop
k from the notation. The order <} uniquely defines a total order < on Pa(n). In [ShoOl]
(for type B) and in [Sho02] (for type D) the following theorem is proved:

Theorem 3.1.8. Let n € N, k € Z>o, let W,, = W(B,,) or W,, = W(D,,), and write < for
<. If W, is of type D,,, we assume that k = 0. There exist unique |W)\| x |[W| matrices
P = p= (Dp,p ) pprewy and AW = A= (Npp)pprewy over Q(t) such that

PA\P! = Q,
>\p,p/ =0 pr 76 pl7
Ppp =0 unless p' < p and p £ p', or p=p,
Ppp = ta(/))_

Furthermore, the entries of P and A lie in Z[t]. The polynomials p, s are called Green

functions of W,, for k.

Except when W,, = W(B,,) and k = 0, we can view W,, as a relative Weyl group of
SO(N) = SO(2n + k?). Regardless, we considered the Green functions of W,, = W (B,,) for
k = 0 in Theorem [3.1.8, as we will later see from Proposition that they are related
to the Green functions of W(D,,) for k = 0.

The matrix P*) is closely related to the solutions of a similar matrix equation considered
in [Lus86al, §24]. We will briefly discuss this relation. Let p € W) and let (C,€) =
GSpr~1(p) € Nson). Define the Springer support of p to be supp p := C. Fix a maximal
torus T of G. Recall that W,, = Ng(L)/L for some Levi subgroup L of G with a cuspidal
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pair. Let D be the diagonal |[W,'| x |[W,)| matrix over Q(¢) such that for all p € W),
D,, =t Let Q = D'QD~'. Let p,p € W)\, C = suppp and C’ = suppp’. The
following result can be verified using [CM93|, Cor. 6.1.4.].

Proposition 3.1.9. We have 2a(p) = dim G —dim Z} —dim C, where Z} is the connected

component of the centre of L.

Denote by @, s the polynomial Q; ; in [Lus86al §24.7], where i = GSpr~1(p) and i’ =
GSpr—!(p’). By Proposition there exists a ¢ € Z such that for all p, p’ € W/, we have

— sa(p)+a(p’)+c~
Wp,p =1 Wp,p! -

Note that < is compatible with the closure order on U: if C' is strictly smaller than C’ in
the closure order, then a(p) > a(p’) by Proposition hence p < p’ and p # p/, and if
C = (', then A, = Ay i, by the generalised Springer correspondence, and so p ~ p’. Thus
we can apply [Lus86a, Theorem 24.8(b)] with this order <, and by taking the transpose of

the matrix equation in [Lus86a, Theorem 24.8(b)], this theorem becomes:

Theorem 3.1.10. Let n, k, W,,, < be as in Theorem [3.1.8, except we assume that k # 0 if
Wy, = W(B,). Then there exist unique |W,| x |W,| matrices P = P%*) and A = A®) over
Q(t) such that

PAP! =Q,
S‘p,p’ =0 ifpotr
Dp,p =0 unless p' < p and p oL p', or p=1p,
Dp,p = 1.

Furthermore, the entries of P, A lie in Z[t].

Consider P = P%) and A from Theorem Then it is easy to see that P = D~'P
and A = t°A are the solutions to the matrix equation in Theorem Thus we have now
related P in Theorem which has a combinatorial interpretation as shown in [Sho01],
to P in Theorem which has a geometric interpretation as shown in [Lus86a]. We
shall discuss the geometric interpretation later in §3.1.6]

Remark 3.1.11. If W,, = W(B,,) and p = pa and p/ = py for a,a’ € Pa(n), we will
also write pa,or = Dpp a0d P = Pp - If Wy, = W(D,,) and p = pa,; and p' = por v for
a,a/ € Pa(n)/0 and i € {1,1/ca}, ' € {1,1/car}, we will similarly write pi 0 = Dy
and pi o0 = Dp,pr- We will furthermore drop the i (or ¢') from the notation if cq =1 (or

Cor = 1).
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3.1.5 Symmetric polynomials

The matrix of Green functions P4»-1 for S, has an interpretation in terms of symmetric
functions, see for instance [Mac98, Ch. III §7], where it is shown that P4»-1 is equal
to the Kostka matrix, which is the transition matrix between Schur functions and Hall-
Littlewood functions. Shoji extended these results to complex reflection groups in [Sho01]
and [ShoOl]. In particular, the connection between the Green functions of type B/C and D
and symmetric functions were described. The result [ShoOll p.685] allows one to compute
the Green functions for Weyl groups of type B under some conditions. Waldspurger proved
a certain generalisation [Wall9l Proposition 4.2] of this result for the relative Weyl groups
of Sp(2n). Proposition and Lemma together are a direct analogue of [Wall9,
Proposition 4.2] for SO(N).

We briefly describe the symmetric functions used by Shoji, but we shall not include
their definitions here. The main purpose of this subsection is to highlight the main ideas
in [ShoO1] are relevant for Waldspurger’s proof of [Wall9, Proposition 4.2] and the proof of
Proposition

Let (o, 8) € P x P and let m = (mg, m1) € N x N such that mg > t(«) and m; > t(3)
and let Kk =mg —mq. Ford=1,2 and j = 1,...,my define indeterminates xg-d) and write
(@) = (x§d)) jand z = (x§d))d’j, Consider the following symmetric polynomials in Z[z] and
Z[z,t):

(I) (Schur functions) s, g)(7) = 50(2)s5(xM) € Z[x] as in [ShoO1, §2.1], where s, (2(?)) €
Z[z0] and sg(z™M) € Z[z™M] are the usual Schur functions attached to the partitions
a and S,

(IT) (Monomial symmetric functions) m, g)(v) € Z[z] as in [Sho01, §2.1],
(ITT) (Complete symmetric functions) h(, g)(x) € Z[z] as in [Sho01, §6.7],
(IV) 4(a,p) (1) € Z[z, 1] ([ShoO1}, §2.4)),

(V) Rp(z,t) = Riap)<(z,t) € Z[z,t] as in [Sho0l, (3.2.1)], where < stands for the

order (mg,m1,<) on the set of indices of (a, 3),

(VI) (Hall-Littlewood functions) P(’a B)(ac, t) = P(’a )k
4.4]. We write P’ instead of P to the notation to avoid confusion with P in Theorem
3.1.8). Note that in loc. cit., the Hall-Littlewood functions are indexed by certain

symbols that are equivalent to Ay _j.2(c, 3), so we can also index them by (o, §), k,

(z,t) € Z[x,t] as in [Sho01l, Theorem

(VII) Qap)(7) = Qa,p),x(7) € Z[z,t] as in [Sho01, Theorem 4.4 (ii)].
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The polynomials above all satisfy a ‘stability property’. The polynomials |[(I)|—|(V), can
(0)

be defined replacing mg with mq + 1 (resp. m; with my + 1). Evaluating z,,” ., = 0 (resp.
xgi 41 = 0) yields the same polynomial as in the definition for (m9,m1). The polynomials

P(’a ).k and Q(q,)r depend on k = mg — m1, and they can be defined when we replace
(0) 1)

(mo,m1) by (mo + 1,m1 + 1), and evaluating =, , b

1 = 0and z,, ,; = 0 yields the same
polynomial as in the definition for (mg,m1). As such, the polynomials above can be viewed
as functions in infinitely many variables. These functions form bases for certain Z and

Q(t)-modules as follows. Denote by

(0)

(mo,m1) — Z[‘Tz ri=1,... 7m0]sm0 ®Z[l‘§1) 1=1,.. .,ml]Sml

[1]

the ring of symmetric polynomials with variables x with respect to Sy, X Sp, . Then Ep 1)

has a graded ring structure Z(,,; m,) = 691'20 Eémo’ml), where each E’('mmml) consists of
homogeneous symmetric polynomials of degree ¢ and the zero polynomial. Consider the

inverse limit

=t — 13 =1
== Mm o Em)
(mo,m1)

with respect to the obvious restrctions E% where ¢ € N. Define

—1
mo—+£,m1+L) - —(mo,m1)

—_
i—tz
=

(1]

i>0
For n,mg,m1 € N with mg,m1 > n, we have that (s(4,3)(%))(a,8)eP.(n) 15 @ basis for

the Z-module E?
mo,mi

By the stability property, (S(,g)(%))(a,8)ePs(n) i also a Z-basis (resp. Q(t)-basis) of ="

) as well as the Q(t)-vector space E%,(mo,m)[t] = Q) ®z Zg.my -

(resp. Eo [t] := Q(t) ®z E™). As polynomials (resp. functions in infinitely many variables),
the functions in - are shown in [ShoOl] to be bases of the Q(t)-vector space
E, (mom1) [t] (vesp. E{[t]), where (a, B) runs through P2(n). We want to study the transition
matrices between some of these bases. By the stability properties, we see that the transition
matrices do not depend on mg and m1 as long as mg > n, m1 > n and mg—mq = k, and that
the transition matrix between any two bases in E&,(mo’ml)[t] is the same as the transition
matrix between between these two bases in =g [t]. Given any two bases X and Y of a vector

space, denote by M (X,Y’) the transition matrix from Y to X.

Theorem 3.1.12 ([Sho01, Theorem 5.4]). Let n € N, k € Zsq and let P = P%) be as
in Theorem for the Weyl group W (B,,). Then P = KPBn(t=\)T, where Ty is the
diagonal |W(By,)| x |W(B,,)| matriz with entries (Ty,),., = t*#) and KB»(t) = M(s, P') is
the transition matrixz between the Hall-Littlewood functions P(/a, 8).k and the Schur functions
S(a,8), where (o, B) € Pa(n). We call KBn(t) a Kostka matrix of type B, and the entries
of KBn(t) are called Kostka polynomials.
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Note that the Kostka polynomials in Theorem depend on k, but we drop it from
the notation for simplicity.

The Green functions of W (D,,) for k = 0 are described in [Sho(02]. Let T{j be the diagonal
|W(Dy,)| x |W(D,,)| matrix with diagonal entries (T}),, = t%(). Similar to the type B
case, it is shown in loc. cit. that the matrix of P = P(®) of Green functions of W (D,,) for
k = 0 is equal to the transition matrix K~ (¢t=1)T}, where KPn(t) is a transition matrix
between certain Schur functions and Hall-Littlewood functions ‘of type D’, defined slightly
different than in and . Using [Sho02), Proposition 4.9], we find the following result
for KPn(t). If n is even, let K4n/2-1(t) be the Kostka matrix of Sp/2 as in [Mac98, I11.6].
From Theorem we see that KP» depends on k. For the following, we assume that
k = 0. We will index the Kostka polynomials of type A, 5_; and B, by partitions of n/2
and bipartitions of n, respectively, and we will index the Kostka polynomials of type D,, by
o' where a € Pa(n)/6 and i € {1,2/cq}, and we drop the i if cq = 2 (cf. Remark [3.1.11]).

Proposition 3.1.13. Let a, 8 € Pa(n).
1. Suppose (a) # . Then for j = 1,2, we have

C
KR () = (Kgn() + K5 (1)):

2. Suppose O(a) = a and 0(B) # B. Then for i = 1,2 we have

Dn _ Bn — Bn
KD (1) = Ko (1) = K253, (0).

3. Suppose O(a) = a = (o, ) and §(B) = B = (B,5). Then n is even and for i = 1,2

and j = 1,2, we have

Dy, 1§ 7-An/2— Bn
Kgoi(t) = (1)K 027 (%) + K g (1),

Remark 3.1.14. It may not seem obvious from [Sho02, Proposition 4.9] that we have to

A
evaluate Kg */27 in 2 in Proposition [3.1.13(3)| as it comes from a subtlety involved in

defining the Hall-Littlewood functions. In the notation of loc. cit., when j = 1, then the P!
are the usual Hall-Littlewood functions of S, /5. Since hj = hy = 2, the term thi in [Sho(2,
(3.3.7)] is t? and so the P! are the Hall-Littlewood functions of Sp2 evaluated in t? rather
than ¢. As such, the Kostka matrix of S, /5 that appears in [Sho02, Proposition 4.9] should
also be evaluated in t2. Similarly, when j = 0, we have hj = 1, so the Kostka matrices of
type B appearing in [Sho02, Proposition 4.9] are simply evaluated in .

Furthermore, we will only need Proposition later, but we include the other two
statements as well for completeness. In this case, we thus have a description of the Green
functions of W(D,,) for kK = 0 in terms of Green functions of W (B,,) for kK = 0, which are
described by Theorem for W,, = W(B,,) and k = 0.
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The following is a direct consequence of [Sho02] (3.3.2), §3.9]. Suppose «, 3 € Pa(n)/0
and i € {1,2/ca}, j € {1,2/cg}. Then

B, Bn
Kgﬁﬁa(t) = Kﬁ’a(t). (3.1.4)
Note that the condition k£ = 0 is important here.

3.1.6 Multiplicities

Let N € N, G = SO(N), and (C,€&),(C",&") € Ng. Consider the intersection cohomology
complex IC(C’, &) on C’ associated to (C’,E’). Recall that for each m € N, the restriction
of H?>™(IC(C',£")) to C is a direct sum of irreducible G-equivariant local systems on C. Let
mult(C, £; C’, E’) be the multiplicity of € in €D, H*"(IC(C',£"))|c. Let p = GSpr(C, )
and p/ = GSpr(C’,&’). Suppose (C,€) and (C', ') are parametrised by (A, [¢]), (N, [€]) €
POrt(N), respectively. If k() [e]) # k(N,[€]), then mult(C,&;C", &) = 0. If k(A [g]) =
k(XN,[€']), then p = GSpr(C,€&) and p' = GSpr(C’,E&’) are representations of the same
relative Weyl group Wi. In this case, let P = PFXED) be as in Theorem for
Wiel. For each m € N, the coefficient of ™ in p, ,(t) is equal to the multiplicity of £ in
H?>™(IC(C", £")|c by [Lus86a, (24.8.2)] (recall that P in Theorem is the transpose
of the matrix II in [Lus86al (24.8.2)]). Let mult(C,&;C’, &) be the multiplicity of £ in
D,z H*™(IC(C', &"))|c. Then we have mult(C, &;C",E") = py ,(1).

We want to give a combinatorial description of mult(C,&;C",&"). Let (a,8) € P x P
and let (mg,m1,<) be any order on the set of indices I = Ip,m, of (o,f). Let J =
{((G,e), (4, f)) € I*: (i,e) < (4, f),e # f}. Let X = N’ and write its elements as 2 =
(T(i.e),G.1)) (Gre), G f))ed With ey j.p) € N. For x € X, we define (a[z], Blz]) € Z™° x Z™
by

alr]; = a; + > T(i,0),(j,1) — > T(5,1),(i,0)»
j€{17-~~’m1}7(i70)<(j’1) j€{1»~~-7m1}7(j’1)<(’£70)

Blzl; = Bi + > T(5,1),(,0) — > (1,0),(,1)
i6{1,~-~,m0}7(j71)<(iv0) iE{l,...,mo},(i,0)<(j7l)

fori=1,...,mp, j =1,...,my. For each (u,v) € Z™ x Z™  let X(o, B, <;u,v) ={x €
X: afe] = i Ble] = v}.

Remark 3.1.15. 1. For all 2 € X, we have S(afz]) + S(B[z]) = S(«) + S(8). Hence
X(a, B, <; pu,v) is empty if S(u) + S(v) # S(a) + S(5).

2. For all (u,v) € Z™ x Z™, X(«, B, <; 1, V) is finite.
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For each p € Z™ and w € S,,,, we define p[w] € Z™° by plw]; = pwi + @ — wi for
i =1,...,mp. We similary define v[v] for v € Z™ and v € S,,,. Let (u,v) € P x P.
If t() > mo or t(v) > my, we define mult(a, 8, <;pu,v) = 0. Otherwise, we can consider

(1, v) as an element of Z™° x Z™" and we define

mult(a, 8, <;p,v) = Y sgu(w)sgn(v)| X (@, B, < plw], v[v])].
WESm( ,WESmy

It is shown on [Wall9l §3.1, p. 412] that mult(«, 5, <; u, v) is independent of the choice of
representative for <.

Recall pa p.s(a, 5, <) from Definition Let Qs(a, B, <) be the set of pairs (pu,v) €
P x P such that for all A, B,s € R with s > 0, we have

AaB.s(1t,v) < pa,Bs(a, f,<).
We have the following result [Wall9, Prop. 3.1]:
Proposition 3.1.16. Let (u,v) € P x P and A, B,s € R with s > 0.
1. Suppose that mult(a, B, <;u,v) # 0. Then (u,v) € Qs(a, 8, <).

2. Suppose that Aa p.s(pt,v) = pa,Bis(o, f,<). Then mult(a, 5, <;u,v) # 0 if and only
Zf (,u,y) S PA,B;S(OZ?B’ <)‘

3. Suppose that (p,v) € Pa ps(a, B,<). Then mult(a, 5, <;p,v) = 1.

Proposition 3.1.17 (cf. [Wall9, Proposition 4.2]). Let N € N, let (), [e]), (N, []) €
POY(N) such that A only has odd parts and such that k = k(\[e]) = k(N,[¢']). Let
(@, B)k = En (A [€]), (o, Bk = QN (N, [€]) and write < for <qpk-

1. If k > 0, then

mult(C)\, 5[5}; Cy, g[e’]) = mult(aa B, <; O/a B/)

2. If k =0 (note that N is even), then

mult(C, E); Cf\c,, 5[3;,}) = C(O/Q”B/) (mult(a, B, <; o, ') + mult(a, 3, <; B, a’))

[ mult(a, B, <0, 8) if o =p,
| mult(e, 8, <5 o, B) + mult(a, B, <; B,0/) if o # B
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3.1.7 Proof of Proposition |3.1.17]

We first prove some preliminary results.

Let m = mg + m1 and let eq, ..., e, be the unit vectors in Z™. For i # j define an
operator R;; on Z™ by RijjA = A+ e; — e;. A raising operator (resp. lowering operator)
R on Z™ is a product of R;; with ¢ < j (resp. i > j). Given an identification of Z™ with
Z™0 x 7™, we write R;j as Ry, for p,v € Z™° x Z™* correspond to i,j € Z™, respectively.

We define s(,, ), h(y,) and q(, ) for (p,v) € Z™° x Z™* as follows (so far, they were only
defined for (u,v) € P x P). If any of the p; or v; is negative, we set q(,,,y = 0 and h, .y = 0.
Otherwise, pick w € Sy, v € Sy such that w(u),v(v) € P and we set q(,.) = Guu(u)v())
and A,y = hw(u) ) We set sq,,) = 0if p; —i for i = 1,...,mg are not all distinct,
orif vy —ifori=1,...,my are not all distinct. Otherwise, there exist (a, 3) € P x P and

W € Sy, V€ Sy, such that p = afw] and v = B[v] are partitions and we set

S(uy) = sgn(w) sgn(v)S(aﬂ).

For a raising or lowering operator R on Z™, we define

Rq(p) = 4R(uv)»
Rhupy = hR(uw),

Rs(u) = SR(uw)-

Note that there may exist raising or lowering operators R, R’ such that R’ q(up)y = 0 but
(RR')q(u,) # 0. The same problem can occur for h, .y and s, ).

Remark 3.1.18. For any raising or lowering operator R, the matrix of the linear map
q(a,8) = Rq(a,p) in the basis (q(,,)) is the same as the matrix of the linear map h(, g)
Rh(q, gy in the basis (h(4,g)), but it is not generally the same as the matrix of 5(,, gy = Rs(a,p)
in the basis (s(q,g))-

The following result follows from the proof of [ShoOl, Corollary 6.8]. However, one of
the steps in the proof that we present is different than what was done in loc. cit., where we
use ideas from [Gar92, §2].

Lemma 3.1.19. Let k € Z>p, n = N?’“Z. Let a = (a, 8) € Pa(n) Let mg,m; € N such
that mi1 = mg — k > n and let (mg, m1, <) be any order on the set of indices of (c, B) such
that o +k+2—2i > B; —k+2—25 if (i,0) < (4, 1). Suppose that Qq = Ra,< in E&[t]

Suppose P = P*) is as in Theoremfor W, :=W(B,,). Then
Plar,87),(,3)(1) = mult(a, 8, <; ', ).
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Proof. Recall that the transition matrices between the bases of symmetric functions in
- in the space Zglt] are the same as in the space E&(mo’ml)[t], as mp = m1 + k and
mg,m; > n. Thus we can consider the symmetric functions in |(I)|- |(VII)| as elements of
E&(mo’ml)[t]. Write K (t) for KB (t) = M(s, P"). By Theorem [3.1.12, we have K (t~1)T} =
P(t). By [Sho01l, (5.6.1)], we have

M(Q,q) = (M(P',m)")™ = K(t) (M(s,m)") .

Let I = Ippym, be the set of indices of (o, ) and let J = {((i,e), (4, f)) € I*: (i,e) <
(J,f),e # f} as in and define J' = {((i,e), (j,e)) € I%: (i,e) < (j,e),e = 0,1}. We

can identify I with {1,...,mo + m1}, respecting < and the usual order on {1,...,mg +
my}. We identify Z™0T™ with Z™0 x Z™ accordingly, and we define raising and lowering

operators on Z™° x Z™ as before. Then

Sap@) = [ (1= Rap)has() (3.1.5)
(a,b)eJ’

by [Sho01} (6.7.3)]. Using Q4,5 = R(a,) and [ShoO1} (3.7.1)], we find

Qup@t)=| J[ 0=Rap) JI 0 =tRap)™ | gas(@.). (3.1.6)

(a,b)eJd’ (a,b)ed
Define a basis (H 4 g))(a,8)ePs(n) Of 0 (mo ml)[t] by requiring that M(H,h) = M(Q,q). By
Remark we have
Heop (@)= [I Q-Raoun) IT @ —tRa)™ | hiap (). (3.1.7)
(a,b)eJ’ (a,b)ed

Note that K (t)! = M(Q,q)M(s,m)! = M(H,h)M(s,h)~t = M(H,s). We want to show
that K g/) (a,p) is the coefficient of s gy in

H(Oéﬁ)(x) = H (1_tRa,b)_13(a,6) = H (Z(tRa,b)e)S(a,g). (3.1.8)
(ab)ed (a,b)eJ £=0

Note that (3.1.6) involves raising operators acting on g(, g), whereas in (3.1.8), the raising

operators act on s, ), and we noted that the matrices of these actions are not generally
the same in Remark We shall prove using ideas from [Gar92, §2], where a
similar result is proved for classical Schur functions, avoiding the use of raising operators.

Let a = (a9, aM) € Py(n). The complete symmetric functions R (a(0) o)y are defined

to be a product

1 mg
d
hioo oy (@) = [TT] th&) (),
d=01i=1 g
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where h("?

D (2(49) are the ordinary complete symmetric functions in the variables z(4) =
(d)

i

07

(afgd), ce x%) of degree a; . For d = 0, 1, consider the generating function of {h,(ﬁf) () }mezs,:

Q@D (@D ) = Z AD (D)™,
m=0

For d = 0,1 and ¢ = 1,...,mg, introduce the variables yfd). Then (3.1.5)) is equivalent to

the statement that sq(x) = 5,00 (2(?)s, 1) (z™M) where for d = 0,1, we have

(d)

mq
Y
5 (D) = (H Q(d)(x(d)vyi(d))> T - % : (3.1.9)
i=1 1<a<bsmg Yo [ {pma @ )al®

)

where the ‘H”d e stands for taking the coefficient of the ([[;~¢ y(d)) term. Let A, (y@) =

i=1
H1§a<b§md (yc(Ld)_y{()d))’ 5md = (md_]-a md_2a ) 0) € 73) and Qd(x(d)a y(d)) = H?;dl Q(d) (m(d)v yl(d))

Then we can rewrite (3.1.9) to obtain

sa(@) = 540 (@ D)s @ (z1)

= Q0(e®, 5 ) A, (40| 2@,y ) A, (4 V)

(y(©@)+omo (yy ™ om

For d = 0,1, since Q (@, y@)A,, (y9) is an alternating function in y(@, taking the

coefficient of (y(d))o‘(d) +omg is the same as taking the coefficient of

Ay (D)= 3" sgn(o)(oy ™0y Homa (3.1.10)

UGSmd

in Q(x,y)Am,(y), so we see that

Ay () A )
20,y (W, y®) = sa0 (#19) 22 sam (#1V) 22 (3.1.11)
aepzxp Ay () A, (yD)
Note that (3.1.7)) is equivalent to
1 y(e) y(lfe)
Ha(z) = H Qd(x(d)’y(d)) H 1- Ize) H L= (e)
d=0 ((ase),(b,e)) e’ Ya ((a,e),(b1—e))ET Ya o
and by (3.1.11]), this becomes
1 y(l—e)
Ha('I) = Z Sa(‘r) (H Aa(d)(y(d))) H 1—t=2 (e)
acPxP d=0 ((a,e),(b1—e))eJ Ya Y&t g Smy)
(3.1.12)

By (3.1.10) and the definition of the Schur functions s, ,) for (u,v) € Z x Z, we see that
(3.1.12) is equivalent to (3.1.8]), as desired.
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Thus (3.1.8)) gives a way to compute M (H,s) = K(t)! in =", hence a way to compute
P8, (a,8) (1) = Ko g, (a,8)(1). For each w € Sy, v € Sy, we want to count the
number of ways we can create products R of raising operators R; with j € J such that

(/[w], B'[v]) = R(«, B), i.e. we want to determine the size of the set

R(w,v) :={(y;)jes € X: ([w], B'[v]) = H R;{j(a,ﬁ)}.

jeJ
It holds that
Parpn@nD) = Y sgu(w)sgu(v)|R(w,v).
WESm(,VESmyq
Note that R(w,v) = X(a, 8, <; o/ [w], 8'[v]), so
p(a’,ﬁ’),(a,ﬁ)(l) = mult(a757<;a/aﬁ/)' O]

The following lemma and [Wall9, Proposition 4.2] are a generalisation of [ShoOl, Prop.
6.2], where it was shown that Qo = Rq for symbols of type B and C, but with strictly
stronger conditions on a than the conditions in Lemma|3.1.20|and [Wall9, Proposition 4.2].

Lemma 3.1.20. Let k € Z>p, n = N§k2 and let oo = (o, B) € Pa(n) such that o € H(n, k).

Let mg,m1 € N such that my = mg — k > n and let (mg,m1,<) be an order on the set of

indices of (o, B) equivalent to <o p k. Then Qa = Ra,<, 4, in E&’(mo’ml)[t].

Proof. We show that R4 satisfies the conditions (a) and (b) in [ShoOl, Theorem 4.4 (ii)]
that uniquely characterise QQq. It was shown that R, satisfies condition (a) in [ShoO1l,
Proposition 3.12 (i)]. Let 7 be the subring of Q(t) consisting of functions that have no
pole at ¢t = 0 and let /* be the set of units of /. Condition (b) can be formulated as

(b) Rg can be expressed as

Ra(z,t) = D taa(t)sa(®),
OL’E'PQ(TL)
where Uq o/ (t) € &/ such that uq«(t) € &%, and such that ugq (t) = 0 if a < @

and a 4 o'.

By [Sho0O1l, Proposition 3.14], R, can be expressed as a linear combination of Schur

functions with coefficients in Z[t], i.e.

Ra(z,t) = Y rald,B))s@ g (@), rald,B)(t) € Z[t].

(a’,B")EP2(n)
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We show that for any o’ = (o, 8) € Pa(n) such that ro(a/, ') # 0, we have

Ap—p2(e, B') < Mg —i2(a, B), (3.1.13)

which implies that a(a@’) > a(a) and hence &’ < e or a ~ &', which in turn implies that
Rq satisfies condition [(b)] as above. An expression for Rq is given in [Sho01) (3.13.1)] in
terms of raising operators. Using this, a more explicit expression for rq(c/, 8') is given in
[Wall9l §4.3] as follows. Recall that we assume that mo = m; — k > n. Let I = I,;; m, be
the set of indices of (e, 8). For e = 0,1, let (vf)i=1,...m, denote the canonical basis for Z".
Let vp = max((t(«),0), (£(8),1)). Let J = {vf — v;c € ZM x 7™ : ((i,e), (4, f)) € I?,e #
filive) < (5, f),(i.e) < wo} and let K = {vf —v] € Z™ xZ™: ((ie), (j, f)) € I*,e =
fi(iye) < (4, f),vo < (i,e)}. Let Ay, = (me — 1, me — 2,...,0) for e = 1,2 and consider
(a4 Ay, B+ Apyy) € Z™0 x Z™. Consider the usual action of the symmetric groups Sp,
and S,,, on Z™® and Z™, respectiveley. For e € {0,1}, 0 € S,,., and = € Z™<, write

27 = (To1,- -+, Tom. ). For (¢/, ") € Ppy X P, and d € Z>g, define

rd (o, f) = Z (sgnosgnT)- (3.1.14)

O'Esmo ,TGSml

|{X CJUK: |X| =d, (a'i_AmmB""Aml) - Z T = ((a/+Am0)Ua(5/+Am1)T)}"

Then
ra(a!,B) = v 3 (~1)h (!, B, (3.1.15)
dE€Z>o

for some non-zero v, g(t) € Q[t]. We note that we can derive (3.1.15)) by keeping track of the
raising operators appearing in [ShoO1l, (3.13.1)]. Note in particular that [ShoO1l (3.13.1)]

requires that mg, m1 > n, which we indeed assume. Alternatively, we can write (3.1.14) as
rd(o/,B") = Z sgnosgnT Z |\ 2k (X, 0,7)|,
TESmy,TESm, X CJ: | X |<d

where

2x(Xg,0,1)={Xg CK: |Xg|=d—|X;|,
(O‘+Amovﬁ+Am1)_ Z L= ((O‘,+Am0)ov(ﬁ/+Am1)7)+ Z ‘/E}

reX K ze€Xy

Let (¢/,0") € Pa2(n) such that ro(a’, ") # 0. Then there exist X; C J, 0 € Sy, and
T € Sy, such that Zx(Xy,0,7) # &. Similar to [Wall9, §4.3 (11)], we can show that if

2k (Xy,0,7) is non-empty, then we must have

(@4 A, B4 Ay) = (0 + A0)7, (B + Ap)) + > . (3.1.16)
zeX s
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The result [Wall9, §4.3 (11)] is a priori specific for Sp(2n), as the order on the indices
of (e, B) comes from the ordering of the terms of the symbols of Sp(2n). However, the
arguments used in [Wall9, §4.3 (11)] work in the SO(N) setting as well. In particular, one
of the arguments requires the use of [Sho01, (3.13.1)], and this result is applicable to our
situation since (mg, m1, <) satisfies the condition on [Sho01, §3.8 p.666]. In this paper, we
shall not include the proof of . We shall mainly focus on the part of the proof of this
proposition analogous to [Wall9, §4.4], as this part has some sublte differences compared
to the proof in loc. cit..

Let » = mg + m;. We can view R" as a root space of type A,_1 and we shall use
the theory of the root system A,_; to prove that A(o/, ') < A(a, ). Recall that I is
the set of indices of (a, ). Similar as before, we identify I with {1,...,7}, respecting
the order (mg, my,<). This identification defines an isomorphism ¢: R™® x R™ — R".
For h € N, let P;, be the subset of P consisting of all the partitions of length at most
h. Thus Pp,, X Pn, is also identified with a subset of R" via ¢«. For i = 1,...,mg and
Jj =1,...,mq, let z; and y; be the elements of {1,...,r'} that are identified with the
elements (i,0) and (j,1) in I, respectively. Let I, = {z1,...,Zme}s Ib = {Y1,- -+ Ym, }»
and let e1,...,&, be the unit vectors in R". Then ¥ = {e; —¢;};2; in R" forms the root
system A,_; with positive roots ¥ = {¢; —¢,}i<;. Denote by W = S, the Weyl group of
Y. Let ¥M = {e;—¢j:i # jii,j € Iy or i, € I} and XM+ =M N2+ For e € N, let
de ={(e—1)/2,(e—3)/2,...,(1 —e€)/2}. Then ¢ := 9, is the half-sum of the positive roots
and 0™ = 1(0,ng, Om, ) is the half-sum of the roots in XM+, Let J = o(J) C BT\ M+, Let
Ct ={x €R": 21 > 29 > ...} be the fundamental Weyl chamber. For all x € R", there
exists a w € W such that 1 := wx € C*. Define z € R" by

k+1—mg ifi€l,,
zi =
k4 1-—my ifiel,

Let
(A, B) = (Aa,pks Bapr) € RxR, (A, B') = (Aw gk, Ba k) € RXR.

Let A = ((A1,..., Amg), (B1,...,Bmy)), N = (A%, ..., A},,), (BY, ..., By, ) € Z™ x Z™.
Let A = ¢(A) and A = ((A’). Then A = AT by definition of +. Note that AT and A each
form the largest r terms of Ay _g.2(a/,8") and Ay _k2(c, 5) respectively, so it suffices to
show that AT < A, since we then immediately get .

We first describe A. Note that (¢/, 8') can be considered as an element of Pp,, X Pp,,
and so we can consider «(o/,3"). Let X; C J, 0 € Sy, and 7 € S,,, such that
holds. Since o x 7 fixes (Apmy — Omg, Amy — Om, ), We can replace Ay, and Ay, by 9, and
Sm, in (B.1.16)), respectively. Note that W™ is identified with S,y X Sp,, via t. Let w™ be
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the element of W corresponding to (o x 7)™1 € Sy, X Sy, and let X = (X ;). Applying
¢t to both sides of (3.1.16)) and rearranging, we find

oo, B+ M = wM (1, B) + 6M — Z x).

zeX

Note that A = i(c/, ') +26M 4 z and wM 2z = 2z, so we have

A:wM(L(a,ﬁ)—i—(sM—Z)—i—éM—i—z

rxeX
:wM(AféMfszx)Jr(sMJrz

zeX
=wM(A =M= " z)+45M. (3.1.17)

zeX

Next, we want to prove , which is a ‘substitute’ for a certain property in [Wall9,
Proposition 4.2] that does not hold in our setting. In the Sp(2n) setting of [Wall9l Propo-
sition 4.2], it holds that A —§ € C™T, and this is a property that was used in the proof of
the proposition. In our setting, we generally do not have A — & € CT. In fact, let m{, € N
be the smallest integer such that m{ > t(a) and m} = m) —k > ¢(8). Let A=A -6
and ' = m{ + m} = t(\). Since (a, ) € H(n,k), we have Ay > Ay > --- > A,s. Thus
if myg = m{, and hence m; = m), we have A € CT. However, we very well may have
mo > my, and thus m; > m/, in which case we have A, 11 = Ap4g, hence Apiy < Ao
and so A ¢ CT.

Let di = mo —m{y =mq —m} = (r —1'). Then

(A1, Ao, oo A = (e + L,z + 1, .,z + 1)

where x = A,vy1. Let
X ={ery2i-1 —€r—2iqa:i=1,...,[d1/2]} C ET.

For i > mg and j > mj, we may assume that (7,0) < (j,1) < (¢ +1,0) < ..., since the
equivalence class of the order < on the set of indices of («, 8) only depends on the ordering
of the indices smaller than 1y = max((t(a),0), (¢(8),1)). Thus we have X C %+ \ oM+,
Furthermore, note that A, > A1 + 1 since A, > 0= A\vyq, 50 A > Ay +1 =2+ 1.

Thus we have

(A—5)+Zx:([\1_--.2]\r,zx+1:---:x+1zx:---:x)eé*, (3.1.18)
zeX

where the x + 1 terms appear d; times and the x terms also appear d; times.
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Next, we will further describe A. Note that
§— oM = 1 Z T = 1 Z T+ Z x
2 2
€T T\DM+ reX zeXH\(SMHUX)

Recall that X C ¥\ M+ and let X' = XUX C ¥+ \ 2™+, Note that X N X = &, since
for ¢;—¢; € X, we have max{Ty(q), Y1)} < ' < i < j, whereas for ¢, —¢; € X, we have

i < max{Ty(q), Yy(g)}- Thus we have

,u::(SM—(F—l—Zx—i—Zx:% Zx— Z x —|—Zw (3.1.19)

zeX zeX zeX €D\ (ZM,+UX) zeX
1
=32z 2 e
zeX'’ zeXT\(ZMtux/)

Let p/ = —p + (wM)~1(6M). Now (3.1.17) and (3.1.19) together give
A=wMA-6—p+ Zx)+(5M:wM(A—5—|—,u/+ ZZL’
reX zeX

There exists a w € W such that

AT = wwM)TIA

=w(A =6+ ) x+4)

reX
wh =0+ x) A=+ @) - A=+ > =)
zeX zeX zeX

=A+wA=0+) o) = (A=d+ > 2)+wp) -5+
reX reX reX
We will now show that AT < A. Since (A =0+, .5 2) € CT by (3.1.18), we have
wA =6+ > 2)—(A-0+) ) (3.1.20)
reX reX

Next, we show that w(y/) —d € —FC. Let

E = Zy— Y yeR:YCETS,

yGY yeXT\Y

EM .= %(Zy— Y yeR:ycCnMt
yey yeXM,+\y
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Note that E and EM are fixed by the action of W and W™ on R”, respectively. For each
HM ¢ EM it is easy to see that —u + H™ € E. Thus since 6 € EM | we have i’ € E,
and so w(y') € E. For any H € E, we have H — 6 € —+C, so in particular, we have

w(p') -0 € -"C.
We now have
A— ZxEA—+C’ ie. A-— Zach.
zeX zeX

As noted before, if &; —¢; € X, then t(vy) <7/ < i < j. Thus for £ =1,...,7/, the £*" term

of A =3 cx is equal to Ay, so

¢ ¢
ZA( < Z AK
i=1 i=1

Now suppose £ € {r' +1,...,r}. Let k = [k, —oo[sU[—k, —o0[2. As noted in Remark
the first v’ = m{, + m) terms of A are the first m{, terms of « + [k, —oo[2 and the first m)

terms of § 4 [—k, —oo[z2. Thus

ZA—ZA+ZA
=741
l

:i(ai+k+2—2i)+zl(5i_k+2_2i>+ Z Ki
=1 i=1

i=r'4+1
o m ¢
=Y @i+ Bi+ ) ki
=1 i=1 =1
¢
=n-+ Z Ki,
i=1

where the last equality follows since m{, > t(a) and m) > ¢(3). The first ¢ terms of A" are
the first £ terms of Ay _j.2(c/, ') = (a + [k, —oo[2) U (B + [—k, —o0[2). Thus we have

l l
ZAT Zal_lﬁ +Z/{Z§n+2m ZAi'
] i=1 i=1

To conclude, we have now shown that Zle A;r < Zle Ajfor 6 =1,... r ie. AT <A, as
desired. O

Proof of Proposition[3.1.17. Since \ only has odd parts, we have («, 3) € H((N —k?)/2,k)
by Remark [T.2.5 H, and so by Lemma [3.1.20] we have Q) x = R(a,8),<- Thus Proposi-
tion |3.1.17(1)| follows from Lemma |3.1.19
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Suppose that £ = 0. Then N = 2n is even. Let PP and PP be the matrix of Green
functions as in Theorem for k = 0 and for W(B,,) and W (D,,), respectively. Note that
the Green functions evaluated in ¢ = 1 are the same as the Kostka polynomials evaluated

in ¢t = 1. Also note that c(, g) = 2 since A only has odd parts and hence non-degenerate.

So for i € {1,2/c(4r 31y}, Proposition [3.1.13(1)| gives

D _ Yp) B B
Plar i (8) (D) = =5 (Plar,8),(0,8) (1) + Plav,p),(8,0)(1))-

Since A is non-degenerate, we have o # 3. By (3.1.4), we have pi’,ﬁ'),(ﬁ,a)(l) = p%’,a’),(a,ﬂ)(l)’
so by Proposition |3.1.13(1)| and Lemma [3.1.19| we have

C o B
mult(C, €11 3 £51) = Py 0y (1) = 5 (0 500,01 + {0 (a0 (D)

Ca,8") ! ol ;o
= (mult(e, 8, <;a/, ") + mult(e, 5, <; B, ).

3.2 Maximality and minimality theorems
3.2.1 Maximality and minimality results for SL(N)

Let G = SL(N). For details about the generalised Springer correspondence of this group,
we refer to [Lus84b, §10.3] and [LS85] §5]; also see [CMO23| §5.6.1]. Let (C,&) € Ng and
suppose C' is parametrised by some partition A = (Ag,...,A;) of N. It is a well-known
fact that Ag(C) = Z/n'Z where n' = ged(\1,...,A¢). Denote by e the representation of
Z/n'Z corresponding to £. Let d be the degree of 1 in Z/n'Z. Lusztig showed that d | \;
for i = 1,...,t. Next, GSpr(e, ¢) is the representation py/4 of the relative Weyl group
W, = 8,4 corresponding to the partition (A1/d,...,\;/d) (denoted by \/d) of n/d.

The combinatorial results regarding the Green functions for type A in [Mac98| I11.6.]
tell us that (C™®*, €M) exists and that it corresponds to the representation p(,/q) of Sy, /4-
From the generalised Springer correspondence, we then see that C™#* is parametrised by
A% = (n) and E™?* corresponds to M = ¢,

Tensoring a symmetric group representation with the sign representation corresponds
to transposing the corresponding partition, so p(,/q) ® sgn = P(1yn/d is the representation
E(No, o) in Proposition [4.1.1]in the current setting. Furthermore, this is an order-reversing
operation, hence we may deduce that A™® = (d)*¢ and ™" = ¢ (here A™™ and ™" are
as in Theorem but for SL(NN) in an appropriate sense).

3.2.2 Maximality theorem for SO(N)

Lemma 3.2.1. Let (X, [¢]), (X, []) € P**(2N). Then A < X if and only if py (] < pav [e1]-
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Proof. Let ¢ € N. We have
Se(A) = Se(A+ [0, —oc0]1) — Sc([0, —o0[1).

Recall 2z and 2’ from Section m Suppose ¢ is even. If S.(\) is odd, then the largest
c terms of A + [0, —oo[1 are z1,..., 2,91 and zj,... ,zé/2+1, and we have that \. = Aci1
is even and 22/2+1 = Z2¢/2- If Se(A) is even, then z1,..., 2./ and zi,...,zé/Q. Suppose ¢

is odd. If Sc()) is even, then the largest ¢ terms of A + [0, —oo[1 are 21, ..., 2(41)/2 and

zi,...,zzc_l)/Q, and we have that A\, = A.41 is even and ZZCH)/Q = Z(et1)/2- I Se(N) is

odd, then z1,...,2c_1y/2 and 2],. .. ,z(c+1)/2. Let ¢t = [¢/2], ¢ = |¢/2] and 6.(\) = 1 if
S¢(A) + ¢ is odd and 6.(\) = 0 otherwise. Then

Sc(A+ [0, —oc[1) = 25,4 () + 25, (2) — ¢T + 6.(N).

Recall A# and B# from Section m By definition, we have

Ser (2') = Ser (A7) = 8.+ ([0, —ool1),

Se-(2) = 8- (B) — 5.~ ([0, —o01),
and since A# > BfIE > A# > Bf > ..., we have

St (A%) + 5.~ (B¥) = S.(A%* U B#) = S,(pac).
Hence we have
Se(N) = 2u(pas) + 8e(N) + Ce, (3.2.1)

for some C, € Z independent of .
Suppose A < X. Then for all ¢ € N, we have S.(\) < S.(\), and so by (3.2.3), we have

de(N) = 6c(N)

Sc(p)\,a) < SC(pA’,a’) + 92

1
S Sc(p/\’,é") + 53

hence S¢(pxc) < Se(pa ) since both are integers. Thus py o] < py 1]
Conversely, suppose that py -] < py /- Then for all ¢ € N, we have Sc(pxc) < Se(px o)

and hence by (3.2.3), we have
Se(A) < Se(N) + 8(N). (3.2.2)

If ¢ = 1, then obviously S¢(\) < Sq(\), so assume ¢ > 1. If ¢ + Sc(A) is even, then
Se(A) < Se(N). Suppose ¢+ S.(A) is odd and suppose S.(A\) = Se(N) + 1. Then A\ = A1
is even. Thus c—1+S._1()) is even and so S.—1(\) < Sc_1(XN) by (3.2.2). Thus A\, > AL +1

and so

A1 =Ac > AL +1> N +1.
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Now we have
Ser1(A) = Se(A) + A1 > (Se(N) +1) + ()\;H +1) > Ser1 (V). (3.2.3)

But ¢ + 14 Scqy1(A) = (¢ + Se(A) + (1 + Acy1) is even since Aep1 = A¢ is even, and so
Ser1(A) < Sey1(N), which contradicts (3.2.3). Thus Sc(M) < S.(\). We conclude that
A< N O

Recall that for (A, [¢]), (', [¢']) € PO"(N) with A non-degenerate, it follows from Propo-
sition [3.1.17| that mult(Cy, £; Cy,, g[j,]) = mult(Cy, E; Oy, 5[;,]).

Theorem 3.2.2. Suppose (), [g]) € P"Y(N) such that \ only has odd parts. Then there

exists a unique (A™%, [e™2X]) € PO(N) such that \™®* is non-degenerate and
(1) mult(C)\, 8[817 C)\max, g[amax]) =1

(2) For all (N, [£']) € POT8(N) with mult(Cy, £; C’;\C,E[Jg,]) mult(Cy, £; Cmg[g/]) £ 0,
we have X' < X or (X, [£]) = (e, [,

Proof. Let k = k(X [g]) and (o, B)r = ®n (A, [¢]). We have (o, 8) € H((N — k?)/2,k) by

Remark Denote <, g by <. By Proposition |3.1.16| and Lemma there exists a
unique (o™, fMaX) € Py((N — k?)/2) such that

(i) mult(a, 5, <;a™a* gmax) =1,

(ii) For all (¢/,5) € P x P with mult(e, 3, <;¢/,8") # 0, we have A _p2(c/,f) <
Ag, 2 (o™, %) or (o, B')r = (o™, ™), (note that is an equality of ordered

(resp. unordered) pairs if £ > 0 (resp. k = 0)).

Furthermore, (o™, 3™%) is the unique element of P, _.2(a, 3, <). By Proposition
the largest two terms of Ay _g.o(a™®, ™M) are distinct, so a™®* # M8,

Suppose k > 0. Then Proposition and Lemma show that @&1 (qmax | gmax)
satisfies and

Suppose k = 0 and let (), &) = <I);V1 (aMax gmaxy - By Proposition m and . we

have

mult(Cy, E); Cx, €jg) = mult(a, B, <; ™, M%) + mult(a, 3, <; 7%, o)
=1+ mult(e, B, <; B, ).

Suppose that mult(a,ﬁ, <;Bmax’amax) ?é 0. Since a™ax 75 Bmax’ we have (Bmax7amax) ¢
Poyo;,g(a,ﬁ,<), but since Aop;g(ﬁmax,amax) = A070;2(amax’ﬁmax)’ we have mult(a,ﬁ,<
; B, M) = 0 by Proposition (3.1.16(2)f Hence mult(Cy, & [g; Camax, E[cmax)) = 1. Next,
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let (X, []) € P°**(IV) such that mult(Cy, &} 05\5,5[3;,]) # 0 and let {o/, 5’} = DN (N, [€]).
Since mult(C’,\,E[a];C’)%,Ei]) # 0, we have either mult(«, 3, <; o/, ') # 0 or mult(a, 5, <

o
;0',a’) # 0by Propositiorim and so Agg.2(a/, ') = Ao o.2(f', ') < Ag —o2(a™, M)
or {o/, B'} = {a™*, Bmax} Thus (), &) satisfies [(2)] by Lemma[3.2.1]

Uniqueness follows easily from the fact that Py _.2(a, 8, <) has a unique element. Hence
we conclude that (A8, [em2X]) = &} (2, fM2%) is the unique element of P°T*(N) that

satisfies and and that A™* is non-degenerate, since o™M?* £ fmax, O

Remark 3.2.3. We only showed that A™#* is non-degenerate, but we shall later see from
a corollary of Theorem that A™#* in fact only has odd parts.

3.2.3 Minimality theorem for SO(N)

We state a result from [Wall9, §4.6] without proof. For u € P, write ‘i for the transpose
of pand let R, = p+ [0, —00]s.

Lemma 3.2.4. For all p € P and x € Z, we have
multg, () + multg, (1—z)=1.

For p € R, let p2 = pUp. Let n € N and let (o, 3) € Pa(n). As representations
of W(By), we have sgn ®p(,,3) = p(¢3,:a), Where sgn is the sign representation of W (B,,).
Let i € {1,2/c(a,p)} and note that c, g = cppgra)- As representations of W(D,), we
have sgn ®p(a,8), = P(t8,:a);» Where sgn is the sign representation of W(Dy,). Let (A, [¢g]) €
POTEN), k= k(\ [€]). If (o, B))r = Pn (N, [€]), then let (3, %) = & ((*3, )y

Lemma 3.2.5. We have
2Ak/2,fk/2;2(a7/8) = t(sA) + ([07 _00[1)2'

Proof. Let U = 2 + [k, —oo[1, V =28 + [k, —o0[1, X = (’fﬂ)2 + [k, —o0o[1, Y = (ta)2 +
[k, —o0[1. Then

202, —kj22(, B) =U LU V. (3.2.4)

For x € Z, we have multy(x) = multg, (r — k) and multy (z) = multg, (x + k). Hence

by Lemma [3.2.4] we have
multy (z) + multy (1 —z) =1, (3.2.5)
and similarly

multy () + multx (1 —z) = 1. (3.2.6)
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Write (u, 7) = (°A,%¢). For v € R, write v — 1 = (1 — 1,15 — 1...). We have
P = Mo—i2('B, ') = (18 + [k, —oo2) U ("ar + [k, —oo[2).
Note that X UY =p, - U (pur — 1), so , and, give
multgAk/Qﬁk/m(aﬁ)(aﬁ) +mult,, yp,,-1)(1—2)=2. (3.2.7)

Define /', " € R by p; = |p;/2] and pff = [p;/2] for all j € N. Then p = p' + p”. We

show that for all x € Z, we have
Dp,r U (pﬂﬂ' —-1)= R#/ (W RM”‘ (3.2.8)
Let ¢ € N. Suppose p; is odd. If i =25 4+ 1 is odd, then

i+ (1—4)+1 t+1 +1 .
(Af )y = LDy LB Ly (),

and so (Aﬁ)j —1=(R,);. If i =27 is even, then

pi+1—i i1
B, = S [
(BL)j 2 + 2 2

+1—i=(Ry);
and so (BffE ); —1 = (R,);. Since p is orthogonal, we can partition the set consisting of
the ¢ € N for which p; is even into pairs such that each pair contains consecutive integers
i, + 1 and such that p; = pi1. For pairs of the form (25 — 1,25), S2;(A) is even and for
pairs of the form (24,25 4+ 1), Sg;j11(A) is odd.

Consider a pair (¢, + 1) with i =25 — 1, i+ 1 = 25 and p; = p;+1 even. Then

H 1 o :
:%Jrl—]:%Jrl—z:(Ru’)z‘:(Ru”)i?

(Az%)j —-1= (B#)j — 1= (Ry)it1 = (Rum)it1-

(Af); = (Bf);

Consider a pair (4,7 + 1) with i =25, i+ 1=2j 4+ 1 and p; = pi+1 even. Then

pi+(1—i)+1 i .
(U= )y = DTy B i (R = (Rdin,

(Af)j1—1=(Bf); — 1= (Ryw)i = (Ry ).

We conclude that (3.2.8]) holds.
We apply Lemma to p' and p”, which together with (3.2.7) and (3.2.8) gives

multgA,@/2 _ry22(@f) (x) = multhu, (x) + multhu,, (z) for all x € Z, hence
2019,k j2:2(0r, B) = Repy L Reyyor. (3.2.9)

We show that tu;.’ > tM;- > t/ﬁ;'/ﬂ for all j € N. Let h = tu;.. Then p) > j, and since
py, > p,, we have ‘pff > h. Now let b ="uf, . Then py > j+1, 50 pj > py —1 > j and so

t,u; > h, as desired.
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t, N

Since (‘p/ Uty =t (u' + p") = tu, we now have
Rt#' U Rt#” = (tlj’/1/7tull’tul2/ - 17t//2 -1,.. ) = (tﬂl U t/J’//) + ([07 _00[1)2 = t:U’ + ([07 _00[1)2’
which together with (3.2.9)) finishes the proof. O

For the following, note that for (), [e]) € P°"*(N), it holds that *A™" is degenerate if

and only if A™" is degenerate.

Theorem 3.2.6. Let (), [g]) € P°™(N) with \ only consisting of odd parts. Then there

exists a unique (A1 ™M) € POTY(N) such that SA™" is non-degenerate and
1. mult(CA, 5[5]7 CS)\min, g[sgmin]) = ].,

2. For all (X, [€']) € P°T(N) with mult(Cy, &; C2,

0, we have \™» < ) or (N, [€]) = ()\min7 [Emin])_

5;6/]) = mult(CA,E[s];CS},,E[Qa,]) %

Furthermore, we have (\M&¥, [¢™MaX]) = (S min [sgmin]),

Proof. Let k = k() [¢]). Let (X, []), (\,€") € P°"*(N) such that k(N []) = k(\,&") =
k. Let (o/, ) = ®n(N,[€]) and (", 8" ) = PN (N, 7).
The theorem is equivalent to the following statement: there exists unique a (A, g) €

POt (N) such that A is non-degenerate and
(a) mult(CA,g[E];CA, &) =1,

(b) For all (X, [¢']) € PO(N) with mult(Cy, £ Oy, €Zy) # 0, we have *A < *X or
(N, [€']) = (A, 9),

and furthermore, we have (A, &) = (A, [¢™#¥])
Since transposition is an order reversing operation on P, it follows from Lemma [3.2.5)

that
(I) *N <N if and only if Ay o _goi1/2(a”, B") < Apjo iy /2(e, B).
Denote <q,8% by <. By Lemma[3.1.7} we have
Prja, k21 /2(a, B, <) = P _pa(a, B, <) = {(a™, 7)}

and we showed in the proof of Theorem that (o™, g7M8%), = & (A [¢™8X]). Thus
by Proposition [3.1.16| (with A = —B = k/2, s = 1/2), (o™, ™) is the unique element
(a,B) € P x P such that

(A) mult(e, 8, <;0a,8) = 1;
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(B) Foreach (o/, ') € PxP such that mult(e, 3, <;/, 8') # 0, we either have Ay /o _j /9.1 /2(, 5')

/

Agja,—kj20/2(a, B) or (o, 8")r = (o, B)r (this is an equality of ordered (resp. un-
ordered) pairs if k£ > 0 (resp. k = 0).

Now (\,e) = ®3'(a, B) = (A2, [¢maX]) satisfies by Theorem and by

Proposition|3.1.17|and Uniqueness follows easily from the fact that Py /o 12,1 /2(c, 8, <)
has a unique element. Thus we have shown that (A\™**, [¢™%¥]) is the unique element of

POTt(N) that satisfies @ and @ O

3.2.4 Orthogonal partitions with even parts

Let (), [g]) € P°™(N), k = k(\, [g]) and (o, B)x) = ®n (A, [¢]) In Theorem we assumed
that A € P°T*(N) only has odd parts. Note that A only has odd parts if and only if
pre € Hg(n,k), where and n = (N — k?)/2. If (o, 8) ¢ H(n,k) then we cannot define
<a,p,k- However, consider the following order with a weaker condition: for mg,m; as
above, define (mg, mi,<) such that (¢,0)<(j,1) if o +k+2—2i > ; —k+2—25. If
we mimic the proof of Lemma for (a, B), then is no longer necessarily true.
As such, we cannot show that Qg = R(a,), which was a crucial part in the proof of
Theorem since it allowed the use of Lemma [3.1.19

In fact, there exists an orthogonal partition A € P with even parts for which Q4 g) #
R(s)- Although a tedious exercise, one can show that for A = (441) € P°*(9) and any
order < defined above, we have Qa,8) 7 B(a,p)-

For (\,[e]) € P°"(N) appearing in the usual Springer correspondence (i.e. k() [g]) €
{0,1}) for which A has even parts, we shall study the Green functions via a different per-
spective using an induction theorem from Lusztig.

Let G = SO(N), T a maximal torus and B the Borel subgroup of G associated to T'.
Let v C G be a unipotent element and ¢ € A(u)" an irreducible representation of the
component group A(u) = Zg(u)/Zg(u) of u in G. Let B = G/B be the flag variety and
B, ={B € B: u € B}. Let W be the Weyl group of G. We have the following classical

result.

Proposition 3.2.7. Let p € W and suppose it corresponds to (u,d) via the original
Springer correspondence. Let H*(B,)? be the ¢-isotypic component of the total cohomology

H*(B,) of By. Then we have the following isomorphism as W -representations

H.(Bu)(z)g @ pp’,p(l)Pl7

pleEWA

where py , are the Green functions of W as in Theorem for k =1 if N is odd, and
k=0 if N is even.
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Let L be a Levi subgroup attached to some standard parabolic of G and let W’ be
the Weyl group of L (note that W’ is not a relative Weyl group of ). Then W' can be
canonically considered as a subgroup of W. Suppose that « € L is unipotent and ¢ € A (u)"
where AL(u) = Zp(u)/Z5(u). Since G = SO(N), we can identify A¥(u) = A(u). Let
B'=L/B and B], = {B’' € B': uw € B'}. We have the following induction theorem. It was
first stated in [AL82] without proof; a proof is given in [Lus04] (see also [Ree01, Proposition
3.3.3].

Proposition 3.2.8. As W -representations, we have
H*(B,)? = ind}y, H*(B,)®.

Let (A, [g]) € PO"Y(N) with k := k(\, [¢]) € {0,1}. Let u € G be a unipotent element
parametrised by A. Let €294 = ¢ and write A = A4 v where A4 (resp. Aeven)
consists of all the odd (resp. even) parts of \. Write A*V*" = (aq, a1, as, a9, .. ., agz, ag) with
a;>ay>--->agandlet a = ay +--- + ag. Let N' = t(\°4) and n’ = |[N’/2]. Let L be
a Levi subgroup of G of a standard parabolic such that u € L. Suppose ¢ € A*(u) = A(u)

corresponds to €. Then
L = SO(N") @ GL(a1) ® GL(a2) ® - - - ® GL(ay)

and W' = W,y x [[.L, Sa, where W,y = W (B, (resp. W,y = W(D,)) if N” is odd (resp.
even). Note that N' = N mod 2, so W/ and W are of the same type. Let v’ € L be the
element parametrised by A°d. By Proposition we have

¢
H*(B,)? = indyy (H*(Byoaa)? ¥ [ [ trivs, ), (3.2.10)
i=1
where trivg, is the trivial representation of Sy, .

We can explicitly determine the subrepresentations of H*(B,)? using the Littlewood-
Richardson rule for type B and D Weyl groups, see [GP00, §6] for type B, [Tay15] for type
D, or [Ste06] for an overview of type B and D. We note that [Ste06] explicitly states the
results that we will use. Let Iy be the set of (a, ) € P2(n’) such that p(, g is a Wiy-
subrepresentation of H®(Byodaa)?. Fori=0,...,¢, let n; =n'+aj +---+a;. We recursively
define sets I; as follows. Suppose i € {1,...,¢}. Let I; be the set of (,d) € Pa(n;) such
that there exist a (,8) € I;_; such that

<yt <Al+1 and < ob <ot 41 (3.2.11)

By Pieri’s rule for type B and D (see [Ste06]), I; consists of precisely all (v,d) € Pa(n;)

such that p(y s5) is a Wy, -subrepresentation of indy, * | & (p(,y 5) Ktrivg, ). Since induction
’ ni—1 XPa; ) i
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and direct products are compatible, we see from that I, consists of all irreducible
constituents of H*(B,)?.

Let (A, [¢]) € PO"Y(N) with k := k() [¢]) € {0,1}. Let ((\0dd)max [(goddymax]y he a5 in
Theorem for (A°dd [°9d]). Define (Am2*, [emaX]) € PO(N) such that for all j € Z>a,

we have

)\Ilnax — ()\odd)llnax + Z )\;?ven _ ()\odd)linax + 2(1’
1€EN
dd
)\;nax _ ()\o )}nax7

and such that ema* = (g°dd)max  Note that A™2* is degenerate.

Theorem 3.2.9. Let (), [g]) € PO (N) with k := k(\, [g]) € {0,1}. Then (A™a%, [e™2X]) is
the unique element of P°**(N) such that

1. mult(C)\,g[g];C)\max’g[am“]) =1,

2. For all (N, [€']) € PO*(N) with mult(Cy, i O, Ey) # 0, we have X' < X or
(A/, [8/]) — ()\maX7 [Emax]).

Proof. Let (v, B)x = ®n(X°94, £°4d) and let (u, v) be the unique element of Py _ro(o, B, <a8k
). Then (u,v)p = ®y((Add)max (coddymaxy aqg shown in the proof of Theorem If
(1,0) <apk (1,1), let (e, 8) = (p+ (a,0,0,...),p) and if (1,1) <4 p% (1,0), let (o, 8) =
(4, v+ (a,0,0,...)). By definition of the I;, we have (a, 8) € I;. Let A = Ay _p.2(p,v) and
A = Ap_po(a, B). Let (o,8') € 1. Since holds for 7 = 1,..., ¢, there exists an
(o/,8) € Iy and z € Z';(g),y € Z';(g) such that

o =d+z B =p5+y, Z(:cj +y;) = a. (3.2.12)

J

Clearly, if (¢/,8') # (u,v), then (o/,3") # (o, 3), and by Theorem the multiplicity
of p(u) in H'(B;)qy is 1. Furthermore, the multiplicity of p4 g) in

¢
] Wh, .
indp” e s, (Pas B H1 trivs,, ) (3.2.13)
1=

can be computed using results from [Ste06, §2.A, §2.B] for type B and [Ste06, §3.A, §3.C]
for type D, and it follows that this multiplicity is 1. Thus part [I] of the theorem follows. Let
z be the sequence in R obtained by rearranging the terms of x Uy. Let A’ = Ag _p.o(a/, )
and A" = Ay _po(a/,3). Let i = 1,...,0. By (3.2.12), we have A, + S;j(z) > A} and
ai +---+ay > Si(z). Furthermore, A; > A/ by Lemma SO

A=A +ar+-+a> AN+ Si(2) > Al
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Hence A > Ay _po(a/, @) for all (&/,8') € I, so part 2| of the theorem follows from
Lemma To show that (A™#* [e™2X]) is unique, suppose that A = A’. Then A} =
Ay = Ay +a. Since Ay > A} and A} < A} + a, we have Ay = A}. From this and
(3-:2.12), it follows that A; = A; = A} = A} for all i € N, and so A = A/, hence (¢/,3) €

Py _i:2(o, B, <a,,k) by Lemma Since Py, _p.2(a, B, <q,p,%) has a unique element (y,v),
we have (o, 8) = (u,v), and using that A} = A} + a, we find that (o, 8) = (&, 3). Thus

(Amax[eMax]) ig unique. O

Theorem 3.2.10. Let (), [g]) € PO"(N) with k := k(X [¢]) € {0,1} and consider the
notation as above. Then there erists a unique (A™™, [e™1]) € POTY(N) such that SA™" s

non-degenerate and
1‘ mult(C)” 8[8]7 Os)\min, g[sgmin]) = 1,

2. For all (N, [']) € P"Y(N) with mult(CA,S[a];C)jj,S[j:,]) £ 0, we have \™™ < X or
(X, €)= (X, e,

Furthermore, we have (\™3X, [gMaX]) = (S \min [sgmin]),

Proof. Let (a,3),(a’,3') as in the proof of Theorem By the same arguments as in
the proof of Theorem we can show that Ay/o _p/00(a, B) > Agjo _j/20(a’, B3'), with
equality if and only if (o, 3) = (&/,3'). Hence

Pk/2,—k:/2;1/2(aa IB’ <o¢,ﬁ,k) = Pk,—k;Q(a, ﬂa <o¢,ﬁ,k) = {(aa /3)}

By the arguments in Theorem it then follows that (A™In, [gMin]) = (SAmax [sgmax]) jg

the unique element satisfying the two conditions. O

Remark 3.2.11. By similar arguments and using analogous results for Sp(2n) from [Wall9],

we similarly obtain the analogues of Theorem [3.2.9( and |3.2.10| for Sp(2n) for any (A, [¢]) €
PSY™P(2n) such that k(A [g])) = 0.

3.2.5 Maximality and minimality theorems for Sp(2n)

As stated before, the Sp(2n) analogues of Theorem and Theorem were proved in
[Wall9], and we shall state the results without proof.

Theorem 3.2.12. Suppose (A, ) € P¥™P(2n) such that X only has even parts. Then there

exists a unique (AT, ™M) € PSYMP(2n) such that A™™ is non-degenerate and

(1) mult(CA, 65, C)\max7 5€nlax) = ]_’
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(2) For all (N,&') € P°"Y(N) with mult(Cy,Ec;Cy,Er) # 0, we have N < A™aX o
()\/,8/) — ()\maxvemax).

Theorem 3.2.13. Let (A, &) € PY™P(2n) such that X\ only has of even parts. Then there

exists a unique (A™1, e™in) € PSY™P(2n) such that *A™™ is non-degenerate and
1. mult(CA, 85, CS)\min,gsamin) == 1,

2. For all (N,€') € P™(N) with mult(Cy, Ec; Csyr, Esery) =7 0, we have X™" < X or
()\/7 &J) _ ()\min7 Emin).

Furthermore, we have (\™aX, gMmax) = (5 \min sgmin)

3.3 Algorithm for (\"*, ™) for SO(N)

Let N € N. Recall P°"“%(N) defined in Section and let (\,e) € P°"*(N). Suppose
A only has odd parts. We give an algorithm that outputs an element (X&) € P°?(N)
such that (A, []) = (AP [e™2X]) € PO (N). The algorithm and its proof are inspired by
the discussion of the algorithm for Sp(2n) in [Wall9, §5], but similarly as we have seen
before, there will be some differences between the proofs since the symbols are different in
our setting. In particular, when k(A [¢]) = 0, the symbols are unordered pairs, which we
have to be especially careful about.

Let t = t(\). We view € as a map {1,...,t} — {1} by setting (i) = ¢, for all i € N.
Let u € {1} and consider the finite sets

S={1}u{ie{2,...,t}: e(i) =e(i — 1)} = {51 < s2 < --- < sp}, for some p € N,

JU={ie{l,...,t}: e@)(=1)" = u},

JU=Ju\ 6.
Recall from Section m that M(\,e) = |J!| — |J7!| and that k() &) = |[M|. Note that
S, J% M depend on the choice of representative € of [¢]. In particular, we have M (A, &) =
—M(\ —e¢).

We define (), ) by induction. For N = 0,1. Let (\,&) = (), ). Suppose N > 1 and
suppose that we have defined (X, ') for any (V,¢’) € P™?(N’) with N’ < N. Let

S o F_e(1 . .
A= Z)\i — 2‘j_a(1)‘ _ I (_1)| | — {ZieG Ai —2|J e )‘ if [&] is odd,

2 Ziee /\i_Z‘jfs(l)‘ —1 if |S] is even,

€6

g(1) =¢e(1).
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Let 7/ = [JY + |J 7! = t(\) — |&| and ¢: {1,...,7"} = J'UJ ! be the unique increasing

bijection. Let N’ = N—X;. We define X € Z"'+(1+=D1D/2 apq ¢/, {1,. H%)‘G‘} —
{£1} as follows.
(Ao(5),£(8(4))) it j < ¢(j) € JW,
oy = d ey + 2 =S8 i <1 6) € T
7 (1,(=1)" e(1)) if j =741 and |S] is even,
0 else.
Note that we can similarly define (X, (—¢)’), in which case we have (—¢) = —¢, ie.

[— €] = [¢']. We prove in Proposition [3.3.4(2)[ that N’ < N. By induction, we have defined
(N,&") € P"%23(N’) by applying the algorithm to (X, &’) € PH2(N').
Let £ = t()). We define A\ € Z*! and &: {1,...,£ + 1} — {£1} as follows: for
i=1,...,¢ let
j‘i-i-l = 5‘271)
g(i+1):=&(3).
Theorem 3.3.1. Let (\, &) € PY23(N) such that X only has odd parts and let (\™2X 02X ¢

POY2(N) such that (A2, [e™%X]) is as in Theorem |3.2.3. Let k = k(\, &) and let (o, B) €
Po((N — k?)/2) so that (o, B)r = ®n(\,[e]) and such that if k = 0, then a; = (Ax.)1

)

and By = (Bag)1. Let (o™, 8m3%) € Py _po(a, B,<apr). Then it holds that (N, [g]) =

(Amax_[emax]) - Fyrthermore, we have
M(XE)=M(\e), (Axz Brz) = (@™ +[k, —oola, B +[—k, —oc0ly).

Remark 3.3.2. For k > 0, the statement (A ;, By z) = (a™** +[k, —oo[2, B +[—k, —00[2)
is equivalent to the statement (), [£]) = @' (amax, gmax) = (A\max [cmax])  However, for

k = 0, the equality (), []) = (A™8X [e™8X]) is equivalent to
{AS\,E’ BS\,E} = {amax +[k7 _00[27 g +[_k7 _00[2}7

which is weaker than an equality of ordered pairs. We include this equality of ordered
pairs in the theorem, as the theorem will be proved by induction on N and this equality of

ordered pairs will become useful for that.
3.3.1 Properties of (X,¢') and (), )
Recall that & = {s1,...,s,} and note that
D= U{SQi—ly ceoyS2i — 1}, J—e) = U{SQi, ey 82i41 — 1},
= Js2ici 41, s =1}, T W = Jsa+ 1 spipa — 1) (33.1)

Throughout this subsection, we assume that N > 1 and so A # 0.

75



Lemma 3.3.3. Suppose v’ # 0 and let i,j € {1,...,r"} with i < j. Then Ay > Ag(j) +
207 — ).

Proof. Suppose first that there exists no s € & such that ¢(j — 1) < s < ¢(j). Then
#(j — 1) = ¢(j) — 1, and since ¢(j) ¢ &, we have e(¢(j — 1)) = —e(é(j)). Thus Ayi—1) >
As(j), and since these are odd, we have Ay(j_1) > Ag(j) + 2. Suppose there exists an s € &
such that ¢(j — 1) < s < ¢(j). Pick the largest such s so that ¢(j) > s+ 1 ¢ &. Then
g(s+1) = —e(s), hence A\g > A\s41 + 2. Thus we have

Ap(i—1) = As = Asy1 +2 2 Ag(jy + 2.
In both cases, we have Ay(;j_1) > Ag(;) + 2. Thus we have
Aofi) Z Aofivt) 22 Aglia) 420 = Ag() + 205 =), 0
Proposition 3.3.4. 1. We have (N,€') € P™2(N") and X' only has odd parts.

2. We have N' < N.

3. By the first part, we can define J'*, J", &' for (N,€') as we defined J*, J*, & for
(A, e). Foru e {£1}, ¢ restricts to a bijection ¢: J~*N{1,... 17"} — J.

4. Let M = M(\e), M' = M(N,&'), k =k(\e), and k' = k(N,€’). Let w = sgn(M +
1/2). Then M' = —M +&(1) and k' = |k — e(1)w|.
Proof. 1. By definition of A and Lemma we have

AL > Ay = Ag(ir) T2 2 Nigs

so X € P. Clearly, A only has odd parts and S(X') = N’, and so X' € PY(N’). Let
i€ {1,...,t(\)} such that \; = \j, ;. We have to show that &'(i) = '(i 4 1). If ¢(i), p(i +
1) € J* for some u € {£1}, then Ao(i) = Ag(i+1), Which contradicts Lemma If
o(i) € J75W and ¢(i + 1) € J5, then Ag(i+1) = Aiy1 = A; = Ag(i) + 2, which contradicts
the fact that A4y > Agiq1). Hence ¢(i) € JW and ¢(i + 1) € J (D, Then there exists
an s € G such that ¢(i) < s < ¢(i + 1), and since ¢ is an inreasing bijection, we have
g #{o(1)+1,0(0)+2,...,0(i+1) —1} CS. Thus

(i) =e(p(i) +1) =---=e(@(i+1) = 1) = —e(o(i + 1)),

and since ¢(i) € J*U) and ¢(i4+1) € J~ =), we have £'(i) = e(p(i)) = — e(p(i+1) = '(i+1).
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2. Since N > 1, we have A; > 1. If 7/ = 0, then |J~¢)| = 0 and so

d oAz 1427 °W) (3.3.2)
€S
Suppose that 7' # 0. Then Ay > 1 and 7' > |J—¢(M|. We also have A\; > Ag(1) +2. Using
Lemma [3.3.3] we find

DTN = A= M) +2 > Mgy + 207 — 1) +2> 1+ 2| =), (3.3.3)
€S
Thus
. 14 (=1)l®l 14 (=1)l®l
I _ N _ ) (1) -V ) < N — — < N.
N =N-> N+2J W+ 5 <N—-1+ 5 <N

1€6
If |&| is odd, then the last inequality is strict. If |S]| is even, then the first inequality is
strict, since the first inequality of (3.3.2)) and (3.3.3)) is strict. Thus we have N’ < N.

3. Suppose i € J, ie. € (i)(=1)"F = u. If ¢(i) € J =) then £/(i) = —e(¢(i)).
Let h € N be the unique integer such that s, < ¢(i) < spr1. Then s, € J=¢0) so h
is even by . Note that ¢(i) = h + i, so i and ¢(i) have the same parity. Thus
u =& (i)(=1)"F! = —g(o(i))(—=1)?D+ = (1) If ¢(i) € J°(I, we can similarly show that
u = —e(1). Hence we have ¢(J™) C J~*. Since ¢: {1,...,7'} = J'UJ ! is a bijection
and {1,...,r'} = J* U J' 71, the result follows.

4. Let u = &(1). Suppose |&| = 2¢+1is odd. Then |J¥|—|J¥| = q+1, |J¥|—|J ¥ = ¢
and t(\') = 7. By the previous part, we then have |.J/**| = [J¥%|. Thus

WM’ = | = |7 = T = T = (T = [T + 1= —u L

Suppose |&| = 2¢ is even. Then |J*| — [J%| = |J %] — |J %] = q. Now, t(\) =7/ +1 and
g'(r' +1) = (=1)"u, i.e. ¥ +1 € J™. So by the previous part, we have |J*| = [J ¥ + 1
and |J'~%| = |J¥|. Thus

WM’ = 7] = 77 = 1T = [T 1= (Y~ [T 41 = —ub 1.

In both cases, we find M’ = —M + u. Note that k = |M| = wM. Thus k¥ = |M'| =
| - M +ul=|—w||—M+u| =|wM —uw| = |k —uwl|. O

Proposition 3.3.5. 1. M\ is odd and My > M.

2. (\,8) € P(N).
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Proof. 1. Tt is easy to see from the definition that A; is odd. We have

> /\i—2j‘a(1)—1+(2_1)|6|.
i€6,i>2
If & = {1}, then J () = & and so \; — A\; = 0. Suppose |&| > 2. Then so < j for
all j € J ¢, Let i = minJ’*M so that ' —i+1 > |J*O N {5,...,+} = [JDn
{1,...,7"} = ]j —¢(M)]|, where the last equality holds by Proposition By definition
of i, we have ¢(i) = minJ (), and so we have \,, > Ap(i)- Lemma then gives
Ass = Ap(iy +2 = Mgy +2(r" — i) +2 > 1+ 2[J =W, hence Ay — Ay > 0.

2. The assertion is clear if N = 0,1. Suppose that N > 1. By the previous part, all
the terms of A are odd. It suffices to show that A\; > M|, and that if (1) = —£(2), i.e.
e(1) = —€'(1), then A\; > X}. It then follows that (X, &) € P42(N).

Write é’z{l,...,r’}ﬂ@’:{s’l < sy < --- < 5.} Note that

U{shiogs.oosh 13 <= U{SQZ, S — 1y C g, (3.3.4)
A
Note that A, | = %1)'6‘ and & C {1,...,7 + 1}, so
/ / |6| d /
>N <>\r+1+Z)\h,§ ZAM (3.3.5)
s'ed’! h'=1 h'=1

Define ¢: & — & by 9(s') = max{s € &: s < ¢(s')} = ¢(s') — 1. Then 1/ is increasing and
injective. Let u € {#1} and let s’ € &' N.J~*. By Proposition we have ¢(s') € J*.
Since ¢(s') ¢ &, we have £(¢(s")) = —e(¢(s')) and 50 Ay > Ag(ery + 2. Thus if u = (1),
then Ay > Ay, +2, and if u = — (1) then Ay ) > A,,. Hence we can further bound the
right-hand side of :

SN < _1+ DR

1+ (1)l X
+Y N, < # + Y A, =26 nJ W)
s'eq’ W=1 heim()

From this, we find
M= X,
1+ (-1)¥
2

> >0 A +28 N =W 42O =2l f =W — (14 (—1)%) + = X.
s€G\im(y)

Suppose (1) = &'(1). If ¥(1) = 1, then ¢(1) = 2 € J*B), s0 1 € J~¢) by Proposi-

tion hence €/(1) = —&(1) = —€/(1), a contradiction. Thus ¢(1) > 1 and since ¢ is

increasing, we have 1 ¢ im(v)), and so |&] > 2 and

X >N\ =2l 5| — (14 (-1)h.
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We showed in the previous part that As, > 1+ 2|J~ 51| when |&| > 2. Thus we have
X >Ny = 2[00 = (1 4+ (-1)I°I > (1)1 > -1,

and so \; — A] > —1. By the previous part, \; and \| are odd, so we have A\; — \] > 0.

Suppose £(1) = —¢€’(1). We show that X > 1 so that A\; > Xo. By Proposition [3.3.4(3

we have

p(JEDy = =W nf1, "y = (& n TSy u (D N {1, )
_ (é/ N J/s(l)) L] (j/s(l)) \ (j/a(l) N {1"/ + 1})7

hence
|j/6(1)| — ‘jfs(l)‘ + ‘j/s(l) N {T, + 1}‘ . ‘é/ N Jls(l)‘.
Using that (1) = —¢&'(1), we find

X= > MN+26nJ W -2& ns =0
s€B6\im(y)
1+ (=)l
—
By (3:34), |6 NJ' W] (resp. |&' N J~<M)]) is the number of odd (resp. even) integers in
{1,...,q}.

Suppose ¢ is odd. Then

+2l WA+ 1} - (14 (-1)%) +

216" NJ N —2/& nJ =W =2

Suppose | S| is odd. Then 14(—1)I® =0, s0 X > 2. Suppose |&| is even. Then 1+(—1)I6 =
2, \,,; = 1, and by definition of &'(r’ + 1), we have 7' + 1 € J'<(1) = J'=¢'() Then either
' +1¢€ J7¢M in which case we have [J'*M N {r' +1} =1, andso X >2+2—-2=2,

or ' +1 € &, in which case |&'| = ¢+ 1 is even, andsz22—2+%l)‘6|:1.

Suppose q is even. Then
216" NJEN| —2/& N W] =0.

Suppose |&| is odd. Then \pv41 = 0, so |&| = |&'| = q is even. Thus 1 + (—1)/®/ = 0 and
(1+ (=1)!®y/2 =1 and so X > 1. Suppose |&| is even. Then A4 = 1 and by definition
of &'(r' + 1), we have ' +1 € J'*(M) = J=¢'() Since ¢ is even, we have sy € J=' W) by
(3:34), and so 7’ +1 ¢ &', thus ' + 1 € J'~='(). Hence we have |&'| = [&'| = ¢ is even, so
X >2[7 W 1} — (1+ (—1)18h + %”‘G' =2-2+1=1.

We conclude that A\; > Ay if £(1) = —£/(1), as desired. O
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3.3.2 Proof of Theorem [3.3.1]

Proof. We first set up some notation. Let n € {£1}. For (z,y) € RxR or (z,y) € Z X Z,
let (2", y") := (x,y) if n =1, and (2", y") := (y,x) if n = —1. Let

ACEI S N ] Sy

be the unique increasing bijection. Let (A, B) = (Ax., Bas). Let (o, 8) € Pa(n) so that
(o, B), = DN (A, [€]) such that if & =0, then oy = A; and 1 = Bj, which uniquely defines
a and (3, since A only has odd parts, and so A1 # B;. Let w = sgn(M + 1/2) so that
w=sgn M if M #0 and w =1 if M = 0. Using ,Weﬁnd

=((N+D/241—j:jeJ)U(—t(A\)—2i+2:ieN)= (v +k+2—2i:ic18.3.6)

A
B=(\+1)/241—j:ijeJ ™) U(=t(\)—2j+2: j€N) = (B; —k+2—2j: j €N).

We note particularly that for £ = 0, we defined «, 8 and w in such a way so that this holds.

Thus for any n € {£1} and for i =1,...,[J"™], j=1,...,|J ™|, and h € N, we have
Ayomo iy + 1
A?:%—(b(”w)(i)—kl:a?—%nk—kQ—%, (3.3.7)
As(—nwy oy + 1
Bl = ¢ ")2(]) — () +1 =B8] —nk+2-2j
A = By = —t(N) = 2(h — 1), (3.3.8)
Let u =¢(1) and v = ww. Then for i =1,...,|J%|, j =1,...,|J7"|, we have
A;f:%—%“)(i)ﬂza%vmz—zi, (3.3.9)
Ag—uyy + 1
v o_ ¢< >(J) —u)( Qv -
Bj_f—qs( V() +1 =Y —vk+2-2j.

Let mg = W and mq, = t()‘%fk. As noted in Remark myg is the smallest integer
such that mg > t(a) and mg — k > t(3). Thus we can consider the order (mg, m1, <q k)
We also consider the order (mg, my, <qv gv k) on the indices of (a’, 5¥). We denote <, g
by < and <qv gv oy, by <. Since A only has odd parts, Py, _j.2(c, 3, <) has a unique element
(™ fM3%) as shown in the proof of Theorem We then have {(a™®?, gmaxv)l =
Pk, —vk2(a?, BY,<”). We have (1,0) < (1,1), since the largest term of A L BY is % =
M = AY, so applying procedure (a) to (o, ") gives us a bipartition (e, 3) with an
order on the set of its indices equivalent to < g vk—1 by Lemma and positive integers

fi1,01,a2,...,0:,b1,b2,. .., b, such that

(amax,v ’ Bmax,'u)

= ((lal) U, V)a
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where {(p,v)} = Pop—2,—vk2(e, B, <apuk-1) = Pok—1,—vkr1:2(e, B, <a,g,vk—1). From
and by definition of the a;, we see that &N J* = {¢(ay),...,P(az)} and so ¢ (a;) = s9;_1
for i =1,...,x. Similarly, gi)(_“)(bj) =sg;forj=1,...,y.

Having set up the notation, we now prove the theorem by induction on N. The theorem

is obvious for N = 0,1, so assume N > 1.

1. We will show that A\; = (A™®);. Let ¢ = | &|. Using (3.3.9)), we find that

[q/2] la/2]
= Z Qq), T Z Bbh
h=1
[q/2] lq/2]
AS2h—1 + 1 )\S h + 1
— > S — syt — 1= vk 2ap + ; ZT—SQh—l-FUk-FQbh.

Suppose first that ¢ is odd. Then

2

fip = —s1 — 1 — vk + 2a +Z Z 2ap41 — S2p+1 + 20, — sop — 2).
h=1 h=

)\Sh+1

We have 2a; —s1 —1=2—-1—-1=0. Since ap41 = {i € J*: i < sop+1}| and by, = |{i €
J7%: 4 < sop}|, we also have apy1 + by, = |{1,..., son} U {Sont1}| = son + 1. Thus

q—1

2

g—1
q q 2
. Aoy, + 1 1 A
i1 = —vk + E S”T—l— E szh—szh+1=§—vk~l— E ;h + (s2n — Sopt1 + 1)
— — h=1 h=1

1 CHDW _

Proposition implies that (A\™#%); is odd, so we also have iy = % — 2vk, hence

q
()\max)l =20 + 20k —1= Z)\sh — Q‘jfu‘ = 5\1.
h=1

Now suppose that ¢ is even. Then

A, +1) L
= Z h2 —i—ZQah—SQh 1+2bh_32h_2)

h=1 h=1

Similarly as above, we find ap, + by, = [{1,...,2n-1} U {son}| = sap—1 + 1. Thus

/2
_ Aoy +1) <
fir = <Z —— ) + ) (son-1 — s2n) = <

h=1 h=1
<h

w‘>’

q/2
) + ) (s2n-1 — 52 + 1)3.3.10)

h=1

Sho| | Ju
1

>

M= EMQ
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Since ¢ is even, we have |J*| = |J*| +¢/2, and so M = |J'| = |J~Y = |J!| = |J!|. Thus
we have vk = uwk = uM = |J*| — [J~¥|, so by (3.3.10), we have

a9y )
fin = (Z ;h) — vk —[J7",

hence

q
(™)) =21 + 20k — 1= =14 ) Ay, — 2|77 = Ay
h=1
2. We will show that ®x/(N,[€]) = (@™, 8~ ). Let m/, = |[J* = |J~* N
{1,...,7"} and let ¢: {1,...,m,} — N\{a1,...,a,} be the unique increasing injection.
Define

w/(u) _ d)fl o ¢(u) oL

Then /() is the unique increasing bijection from {1,...,m/.} to J=*N{1,...,'}. Let
je{1,...,m.} and ¢ = '™ (j). For h := 1(j) — j we have aj, < 1(j) < ap11, and applying
'™ to the three terms gives sop_1 < ¢(q) < Son41. Thus we have ¢(q) = ¢+ 2h — 1. Using

(3-3.9), we find

;= oy = MBI g) 41— (k42 2(5)
A"’(‘gﬂ —(g+2h—1)+1— (vk+2—2j—2h)
= M + 25 —vk —q.
2
Since ¢(q) € J*, we have /\ip/(u)(j) = Ag(q)> and so
oyt k1) 2oz = 0L e g g

Let ' = &/(1), w’ = sgn(M'+1/2),v' = v'w' and (A’, B') = (Ay o, By o). Let /D {1, |J* ]} —

J'*1 be the unique increasing bijections. We have ¢’(_“)|{1’m7m&} = ¢/ and by the ana-

, Ny,
logue of (3.3.7) for (X,&'), we have A;_“w = % +1—¢CW() forj=1,...,m,,
so by (3.3.11)), we get
N L1 N +1

! /(—u) ), 1) (4 W) /- ,
At = I 1= () = I () = o (k= 1) + 2 - 2

Thus the first m/, terms of a + [vk — 1, —ooy are equal to the first m/, terms of A’~**'. By
similar arguments, it holds that the first m’_, terms of B+ [—vk + 1, —oo[s are equal to the

first m”_, terms of B’ —uw’ Let h € N. We consider two cases. Suppose |S| is even. Then
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r+1eJ"and t(N)=1r"4+1,s0 |[J" =m',+1, and |J 7% = m],. By the analogue of
(3.3.8) for (N, &’), we have

/ /

(A )it = (AT ) grmupn = —t(N) = 2(h = 1) = —r" +1 - 2h,

(B = (B ) o = —t(N) = 2(h — 1) = —+* 41— 2.
We have 7/ = |J% + [J¥| = m/, + m’_,, and since & is even, we have m/ —m’ , =
| JU = |J7% = |J¥| — |[J7¥| = vk. Thus v’ = —vk + 2m!, = vk + 2m’,. Since o, 4, =

Oty b+ (VK — 1) +2 —2my, — 2h = —r' + 1 —2h

=B s14n + (L —vk) —2m’, — 2h.

It remains to consider the (m/_, 4 1)-th term of B'~%*": we have B 41 =0and A\, =1,
S0)
)‘;’—&—1 +1 o

B o1+ (1= k) —2ml, = 1=’ = SIS (g,

Thus we have shown that if |&] is even, then (a + [vk — 1, —o0[2, 8 + [-vk + 1, —0]2) =
(A/—uw’ B/—uw’)‘

Suppose |&| is odd. Then X, ., = 0, so [J"| = m',,, and [J'7"| = mj,. By similar
arguments as in the previous case, we have t(\) =1/, v’ = —vk+1+2m), =vk—1+2m’,,

so for all h € N, we have
(A g o = (B )t = =1 + 2= 20,
Qg+ (k= 1) +2 = 2m), —2h = By 4y + (1 —vk) +2—2m., —2h = —1'+2—2h.
Thus we have shown that
(e + [vk — 1, —00p, B + [~vk + 1, —00]) = (A", B"~").
Note that —uw'(vk — 1) = —ww'(k — v), so this gives
(™™ + [~ww(k — v), —00[z, 87" + [ww!(k — v), —oc[y) = (A, BY). (3.3.12)

We need to show that ¥ = —ww'(k — v); it then follows from that @/ (N, [€']) =
(a_“w/,ﬁ_“w/)k/, as desired. By Proposition we have k' = |k — v|, so we need to
show that |k—v| = —ww'(k—v) This is obvious if k—v = 0. Suppose k—v > 1. Then M # 0
and M’ # 0. Since M = —M’ + u by Proposition [3.3.4(4)| we have sgn M = —sgn M’, so
w = —w', and thus —ww'(k —v) =k —v = |k — v|. Suppose k —v = —1. Then k = 0
and v = 1. From k£ =0, we get M = 0 and so w = 1. Thus u = v/w = 1. Next, we get
M =—-M+u=1,s0w =1. Thus —ww'(k —v) = |k — v|.
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3. We will show that (Ay z, By z)x = (Axmax, Bemax g, hence (A, [8]) = (Amax, [gmax]) We

have
( Kmax7€max, BKmax75max)k - (([Ll + Uk) I_l (’1/ + [Uk - 2, _00[2), 1 %4 + [_Uk:, _00[2)k; (3313)

Recall that {(1, 1)} = Pok 1ok s1:2(06 B, <augok1). We just saw that —uw'(vk — 1) = I,
so {(p~w' pmuwy} = Pk,7_k,;2(a_“w/,ﬁ_“wl, <quw! g-uw! )+ S0 by the induction hypoth-
esis, we have (X, [¢']) = (Vmax, [¢max]) M (N, &) = M(N,¢'), and

Ay 2 = p " 4 [k —oo[; and By 2 = v L[~k —ocls.

Let J*' = {i € N: 2(3)(—=1)""! = 1} and J*! = {i € N: &(i)(—1)"*! = £1}. Note that
M(N,&") = M(XN,¢') implies that w' = sgn(M(N,&') + 1/2). By Proposition M and
A only have odd parts, so by the analogue of (3.3.6) for ()\,&’), it holds that the largest

|J'74| terms of p + [vk — 1, —co[r= A/\,w“f’ are the largest |J'~“| terms of

No+1 .
( 2 +1—j:jeN (=1 () = —uw'vw' = —u)

2
(g eN e ) = )
= (A 42— 5: € Noa, (1)) =
(&-;1 +2—j: j € Noo, (-1)712(j) =U> :
Thus the largest |J'~%| +1 terms of (fi1 +vk) U (p+ [vk — 2, —co[2) are the largest |J'~%| +1
terms of
(/\1;—1>|_|<)\ ;—14-1—] J € N>o, (— )JHE(j):u). (3.3.14)

Note that (1) = &(1) = u and recall that M (N ,&") = M(XN,&’). We also have M ()X, &) =
—M (), €)-+u by Proposition[3.3.4(4)] By definition of (), &), we have M (\,g) = —M (X, &)+
u, hence we have M (X, g) = M(\,e) (and so also k(),&) = k). Thus if we define @ := £(1),
w = sgn(M (), &) +1/2) and © := ww, we find that v = v, u = & and w = w. Thus by the
analogue of for (A, &), we see that the largest |J%| terms of are equal to the
first |.J%| terms of A5 .. By definition of (X, &), we see that |J4| = |J'~%|+1, so the largest | J¥|
terms of A“ _are equal to the largest |J“| = |J'~%|+1 terms of (fiy +vk)U(p+[vk—2, —ool2).

By similar arguments as above, we find that the largest |J~“| = |J"%| terms of (v

[~vk, —oo2) are equal to the largest |J"*| terms of

Aj+ 1 .
(M 1-dsd e N (-1)e0) = -u).
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hence equal to the largest |J | terms of B? .

Clearly, we have t(\) = t(X') + 1. Let h € N and i := |J%|+ h = |J~“| + h + 1. Then
(A5 i = —t(\) — 2(h — 1).
Note that pi1h-1 < pyj-u11 = 0, so the i term of (i + vk) U (p + [vk — 2, —o0[2) is
i1+ (vk—2)+2—2(i—1) = vk — 2|J"| — 2h + 2.

We have t(\) = |J¥| + |J~“|. We showed earlier that & = u, ¥ = v,w = w, and k(\,&) = k,
so we have vk = |J*| — |J %], hence t(\) = 2|J“| — vk. Thus (AS )i is the i term of

(i1 + vk) U (p + [vk — 2, —o0[2). Hence we now have
A{ . = ([ + vk) U (p + [0k — 2, —00lp). (3.3.15)

Similarly, for j := [J %] + h = |J"| + h, we find that (BY )j is the j'™ term of (v +
[—vk, —o0[2), hence

5. =v+[—vk,—oo. (3.3.16)
By (3.3.13|), we then have

(AS\,Ea ijg)k = (AAmax, Bsmax)k'

We conclude that (), [g]) = (A™8%, [e™aX]). Note that ((fiy )|_| w,v) = ((o max) (Bmax)o),

so we also have (Ajy ., By ;) = (a* +[k, —oo[z, 87 +[—k 2) by (3.3.15)) and (3.3.16] m
We showed earlier that M (X, &) = M (), ¢), and so we completed the proof.

Corollary 3.3.6. It holds that \™* = X only has odd parts.

3.3.3 Example

Example 3.3.7. Let (\,&) € P?(2n + 1) for some n € Zso with A\ > Ag > --- >
A7 > Ag = 0. Write e = (e(1) g(2)...) = (= ++ — + — +). We compute (A}, &l) :=
(N, €"),(A%,e2) == (N",€"),.... For each j € N for which (M, e/) is defined, we define
& = (e4(1),—€/(2),%(3),...). Following the algorithm, we find

5\1 =M\ +23—09, 5(1):—1,
5\2:)\2+()\4+2)—9, £(2) =1.
Next, we have (\2,22) = (A2,?), since for any N € N and (\,e) € P°?(N) such
that A only has odd parts and e(i) = (=1)"! for all i € {1,...,t(N\)}, it is easy to

see from the algorithm that (X,€) = (A,e). Finally, we have A = (A1, A2) U A? and
€= (5(1)75(2)782(1)762(2)752(3)752(4)752(5)) = (_ +t+—+- +)
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A= A A A3 A As A6 A7

e= - + + - + - +

E= — - + 4 + + +

A= A2 M+2 X+2 X+2 A+2 1
el = + + — + -+
gl = + - — — - -
A2 = Xs+4 Xe+4 Ad+4 3 1
g2 = + - + - +
g2 = + + + o+ o+

3.4 Algorithm for (\**, ™) for Sp(2n)

The algorithm for Sp(2n) is given in [Wall9, §5]. For completeness, we shall state the
algorithm here.
Suppose (A, &) € PSY™P(2n) such that A only has even parts. If n = 0, let (X, &) = (), ¢).

If n > 0. Similarly as we did previously for SO(V), we write € as a function e: N — {£1}
with e(i) =€), for all i € N. Let n € {£1} and recall/define

J"={i € N: (=1)"" (i) = n},

O :={ieNxy: (i) =e(i — 1)} U{1},

J=J\0.

Note that N\ O is finite, hence J" is also finite. Define

Also define
N=\:jeJDun+2:je W)

For each i € X, there exists a j € J() such that ¢ = Ajoraje J— =) such that i = Aj+2.

Fix such a j and set

5, o E(]) lf] € je(l)a
Y —ely) ifjeJ =W,

This defines a pair (\,&') € PY™P(2n — \;). We can repeat the steps above for (X, &’)
to obtain X'; = Ay and ?71 = &y, as well as a pair (\",€"), etc. to obtain an element
(A, E) € PSY™P(2n).

Theorem 3.4.1 ([Wall9, Théoreéme 5.1]). We have (), &) = (A™aX, gmax),
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Chapter 4

Algorithm for IM, IM, and AZ for
tempered representations

4.1 Algorithm for IM

We will now describe an explicit algorithm for IM for graded Hecke algebras attached to
cuspidal local systems. Let G be a connected complex reductive group and suppose we are
in the same setting as in Section Recall Myemp from (1.3.8)) and define

1
Mtemp,real,q = {(67 g, 1/}) : (67 g, 5 IOg q, 1,[)) € Mtemp,real}-

Let (e,0,%) € Myiempreal,q and recall from Proposition that the standard module
Y =Y (e,o, % log q, 1) is irreducible. Since Y is tempered and o is real, we have Ag(e,0) =
Ag(e) by Proposition Let (L,Cp, L) € Sg be the cuspidal support of (e, o, % log q,v).
The graded Hecke algebra H(L, Cf,, £) contains the relative Weyl group Wy, by construction.
From [Lus95D, §10.13] and (1.3.7)), we have isomorphisms

Ylw, = Y(e,0,0,¢) = HSY (P., £)?.

Note that ¥ € Ag(e)” (the point we stress here is that this component group has no o
dependence), and from Proposition it follows that (L, C7p, £) is the cuspidal support
of (e, ) in the generalised Springer correspondence. Hence the graded Wi-representation
H, .{1} (Pe, E)w is fully described by Green functions of G associated to the relative Weyl group
Wp: for (C,€),(C', &) € Ng with (C, €) corresponding to (e, ) and (¢, ¢') respectively, the
multiplicity of GSpr(C”,&') in H{Y (P, £)¥ is precisely the multiplicity mult(C,&;C”, £’
from Section B.1.6]

There exists an (¢/,¢') € M_ such that

.3 log(q)

V' = V(e 0, 5 os(a), v/) = TM(Y (e, 0, los(a), )

2
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Write Y/ = Y (¢, 0, % log(gq), ') for the corresponding standard module. Note that Y|y,

is a Wp-subrepresentation of

YI‘WL ~ H:[l} (Pel7t)w/ ~ @ [¢/ , Tﬁ/}Hil} (pe,7£)¢/7
¢'eAg(e)”

and each non-zero H;{l}(Per, /:)d’l is a direct sum of generalised Springer representations of
the form E(e”, ¢") with the property that the G-orbit of €” is strictly larger than that of ¢’ in
the closure ordering, or (¢, ¢") = (¢/, ¢'). Furthermore, E(¢, ¢') appears in H;{l}(Pe/,ﬁ)d’/
with multiplicity 1, and furthermore also appears in Y’ lw,, (cf. last math display in [CMO21],
Proof of Theorem 3.0.8]).

By Remark we also have the following

Y'lw, = Ylw, ©sgn = Ho{l}(Pe, L)Y ® sgn,

which we can also view as a sum of generalised Springer representations of the relative Weyl
group Wr.

From the above, we can deduce the following proposition.

Proposition 4.1.1. We retain the notation above. Suppose that Y'|w, contains a unique
generalised Springer representation FE(eg, o) with multiplicity 1 such that for any other
generalised Springer representation E(e”, ") appearing in Y'|w, , we either have that €” is

strictly larger than eg in the closure ordering, or (e, o) = (€”,4"). Then we have
¢ =ey, Ac(e) =Acle), ' =1,

hence HM(Y(@, g, % log(q), w/)) = Y(e(], g, % lOg(Q), ¢0)

In the following subsections, we explore cases where the condition in Proposition

is satisfied and where we are able to compute (eq, %) from (e, 1)) explicitly.

4.1.1 Type A: g =5sl(n,C)

Suppose G = SL(n,C). For details about the generalised Springer correspondence of G,
we refer to [Lus84b, §10.3] and [LS85l §5]; also see [CMO23, §5.6.1] for a short overview.
The nilpotent classes of G are parametrised by partitions of n. Let (e,0,1) € Miemp real
and suppose e is parametrised by a partition A = (A1,...,\,) of n. Recall from Proposi-
tion that we can identify Ag(e) = Ag(e,0), so ¥ € Ag(e)™. Tt is a well-known fact
that Ag(e) 2 Z/n'Z where n' = ged(A1, ..., A). Let d be the degree of ¥ in Z/n'Z. Lusztig
showed that d|\; for i = 1,...,t. The relative Weyl group Wy, of the cuspidal support of

(e, ¢) is equal to S, /q and the generalised Springer representation corresponding to (e, ¢) is
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the representation of .S, /4 parametrised by the partition (A1/d, ..., \;/d) of n/d. We denote
such a partition by A/d and denote the corresponding representation by py /4.

The combinatorial results regarding the Green functions for type A in [Mac98|, I11.6] tell
us that p(,,/q) appears with multiplicity 1in Y (e, s,%)|w, and is furthermore the unique sub-
representation with maximal Springer support. Tensoring a representation with the sign rep-
resentation corresponds to transposing the corresponding partition, so p(,,/q) @ sgn = P(1yn/d
is the representation E(ep, 1g) in Proposition in the current setting. Proposition
also tells us what eg and g are, which from the generalised Springer correspondence turn
out to be the orbit of a nilpotent element €(qyn/d parametrised by (d)"/ @ and 1. Recall that

IM fixes infinitesimal characters, so we have
HM(Y(@, g, Qp)) = Y(e(d)"/fh g, w)

4.1.2 Type B and D: so(N,C)

Suppose G = SO(N,C) and g = so(N,C). We identify Miempreat With the set of G-
conjugacy classes of triples (), 0, [e]) with A € P'*(N) and [e] € F4[A(N)]. We also write
standard modules in terms of these triples (i.e. Y (), 0,[¢])) and generalised Springer rep-
resentations in terms of the pairs (A, &) (i.e. E(A,[g]); this notation is consistent with
the notation we used for the generalised Springer correspondence of SO(N, C) earlier). Let
(A, 0, [e]) € Miemp real. Now if we suppose that A only has odd parts, then by Theorem
it follows that E(A\™®, [e™1]) satisfies the condition in Proposition Theorem fur-

thermore allows us to compute (A™", [¢™1]). Hence we have
IM(Y (X, 0, [e])) = Y (A™, 7, [g™™]).

We stress again that for now, we have only shown that this result holds for the case that A

only has odd parts.

4.1.3 Type C: sp(2n,C)

Suppose G = Sp(2n,C) and g = sp(2n,C). We identify Miempreal With the set of G-
conjugacy classes of triples (X, o, ¢) with A € P¥™P(2n) and e € {£1}2M) (G acts trivially
on A and € and by conjugation on o). We also write standard modules in terms of these
triples (i.e. X(\,0,¢)) and generalised Springer representations in terms of the pairs (), ¢)
(i.e. E(\€)). Let (A, 0,€) € Miemp,real- Now if we suppose that A only has even parts, then
by Theorem it follows that E(A\™", e™in) satisfies the condition in Proposition
Theorem furthermore allows us to compute (A™", [¢™®]). Hence we have

IM(\, 0,¢)) = V(A2 g, ™in),
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We stress again that for now, we have only shown that this result holds for the case that A
only has even parts.

For direct products of symplectic groups, we shall use similar notation as above. For
instance, for G = Sp(2n, C) xSp(2m, C), we can identify Miemp real With the set of conjugacy

classes of tuples (A, X, 0,¢,¢’) in the obvious sense.

4.1.4 Comment on exceptional types

The strategy for a simply connected complex group G of exceptional type is completely
the same as for type B, C, and D above. The corresponding analogous maximality and
minimality results for any (C,&) € Ng for G can be verified directly using GAP [Mic15]
(without any additional constraints on the nilpotent orbit as in the SO(N, C) and Sp(2n, C)
cases). Using this, one can then again determine the Deligne-Langlands—Lusztig triple
corresponding to IM(Y (e, 0,v)) for any (e, 0,1) € Miemp,real by using Proposition -
we show that the hypothesis in Proposition is satisfied for the generalised Springer
representations of the relevant pseudo-Levi subgroups of GV, i.e. the centralisers of compact
semisimple elements in GV. There are only finitely many such pseudo-Levi subgroups, and
so this is a matter of checking the hypothesis in Proposition for a finite number of
cases, which we aim to do with GAP. We intend to include all the tables and a description

of the precise steps for the algorithm for IM in future work.

4.2 Algorithm for AZ
4.2.1 SO(2n+1,k)

Let G = SO(2n + 1). Then GY = Sp(2n,C) and Piemp(GY) is in bijection with the set
of GY-conjugacy classes of triples (\,s,¢) with A € P¥™(2n) and ¢ € {£1}2WN. Let
Ptemp,quad(GV) be the subset of @emp(GY) consisting of triples (e, s,1) such that s* = 1.
In [Wall8a) §1.3] it is shown that Premp quad(GY) is in bijection with the set P5Y™P(2n) of
quadruples (AT, et A7, e7) with (AT,e™) € P¥Y™P(2nt) and (A\~,e7) € P¥™P(2n7) for
some nt,n~ € Zx>q such that n™ + n~ = n. This bijection has the following properties.
Suppose (e, $,1) € Premp quad(GY) such that (e, 1)) is corresponds to (\,e) € PY™P(2n)
and suppose that (e, s, 1)) correesponds to such a quadruple (AT, ™, A7, ™) via the bijection

above. Then A = AT LU A~ and 7 is the restriction of ¢ to (—1)A()‘i). In this case we write
XAt et A7 e7) = X(ATUA,s,¢8), (4.2.1)
Let (X, 5,€) € Premp(GY). We intend to use the result from Section and so we

assume A consists of only even parts, as was required in that section. Suppose (A, s,¢)
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corresponds to (e, s,1) with e € g¥ nilpotent and ¢ € Agv(s,e). We briefly explain how
one obtains the corresponding quadruple (AT,e*, A7, e7) € P5Y™P(2n). Fix an sly-triple
(e7,h,e) in g¥ such that h € tf and let s, = sp = sq~"/? as above. Since A only has even

parts and s, commutes with e, it follows that Zgv (s.) is of the form
Zgv(se) = Sp(2n™,C) x Sp(2n~,C),

where n™,n~ € Z>o are the multiplicities of the eigenvalues 1 and —1 of s, respectively
(note that n™ + n~ = n), as shown on [WallRa, p.8]. The element e is also an element
of gY(sc) := Lie(Zgv(sc)) = sp(2nt,C) @ sp(2n~,C) and is parametrised by a pair of
symplectic partitions (AT, A7) € P¥™P(2pt) x PW™P(2p7) such that A = AT U A~. By
restricting e: A(\) — {£1}, we obtain et € {£1}2*") and e~ € {£1}2C7).

Let (L,Cp,L) € Sz, (sc) be the cuspidal support of the element of NZGv (sc) corTe-
sponding to (AT,eT,A7,e7). As in Section we attach an irreducible representation
of the graded Hecke algebra H(Zgv (s.), L, CL, L) corresponding to the data (AT, e™, A7, e7).
Using results from Sectionfor the adjoint group G = Zgv(,,) = Sp(2n™,C)xSp(2n~,C),
we can compute the graded Iwahori-Matsumoto dual of this representations. Using the cor-
respondence between IM and AZ under all of Lusztig’s reductions in the classification of

unipotent representations of adjoint groups, we then find that
AZ(X (N 5,6)) = AZ(X (AT, et A7 7)) = X (Ahmin ghmin \=min o=miny _ x/(} 5 ¢),

where (), 8, &) € Premp,quad(G") corresponds to (AN ghmin \—min c=miny ¢ PIYRP(9y),

Note that in particular, A = \tmin |y \—min,

4.2.2 Further study: other types and non-adjoint groups over k

Both Sp(2n, k) and SO(2n, k) are non-adjoint groups, Sp(2n, k) being simply-connected and
SO(2n, k) being neither adjoint nor simply-connected. The key results that we used for
obtaining an algorithm for AZ was showing that IM on the graded geometric Hecke alge-
bras corresponds to AZ through Lusztig’s reduction theorems, the matching between the
arithmetic affine Hecke algebras and geometric affine Hecke algebras, and finally the equiv-
alence of categories between the representations of the arithmetic affine Hecke algebras and
the corresponding Bernstein block. In Lusztig’s classification of unipotent representations,
GY was assumed to be adjoint. In particular the definitions of the arithmetic and geomet-
ric affine and graded Hecke algebras also relied on the fact that G¥. All of these notions
were later generalised and proved for non-adjoint groups in [Soll8], which relies on results
from [AMSI17], [AMS18b], and [AMS18a]. In a subsequent paper, we intend to use these
results to show that AZ for Sp(2n, k) and SO(2n, k) indeed corresponds to a version of IM
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of the ‘twisted graded Hecke algebrasﬂ in the non-adjoint case. We then use the result from
Section to obtain an algorithm for AZ in a similar fashion as in this thesis.

If GV is an adjoint exceptional group, all we have to do is identify all its pseudo-Levis (i.e.
all the possibilities for Zgv (s.)), which can be done using GAP. For all these pseudo-Levis,
we use computations in GAP again to show that the condition in Proposition is always
satisfied for all tempered unipotent representations (the author has verified this for some,
but not all exceptional groups yet). Following the same strategy as for the SO(2n + 1,k)
case, we find an algorithm for AZ for all tempered unipotent representations of G.

For non-adjoint exceptional groups, we will have to use results from [AMS17], [AMS18b],
and [AMS18a] as above, compute IM for all of graded Hecke algebras associated to the

cuspidal pairs of the pseudo-Levis of GV.

4.3 IM and AZ of tempered unipotent representations for
SO(2n + 1, k)

Suppose G = SO(2n+ 1) and GV = Sp(2n, C). The unique split inner form of SO(2n + 1, k)
has two inner twists, which we denote by G4, and G_ ,,. Let (A, s,e) € ®(Sp(2n,C)) and
¢ € {+,—}. Suppose X (A, s,¢) is a representation of G¢,,. It is noted in [Wall8bl §3.4],
using results from [Wall8al §1.3], that there exist

1. a parabolic subgroup P of G¢, with Levi factor isomorphic to
M = GL(m1,k) x - -+ x GL(my, k) X G¢ny (G inner twist of SO(2ng + 1, k))
for some my,...,m¢,ng € N such that mi +...my +ng = n,
2. unramified characters i, ..., x; of k™,

3. a triple (Ao, S0,€0) € Ptemp,quad(SP(2n0, C)) such that Ay only has even parts such
that A = (mq, mq) U (mg, mg) U--- L (my, my) U Ao with mq,...,m; € N odd, and

X(\ s,e) = Indgg’" (Stim, (x1 0 det) ® -+ - ® sty,, (x¢ 0 det) @ X (Ao, s0,€0)), (4.3.1)
where for each m € N, st,, is the Steinberg representation of GL(m, k).
Note that the complex Langlands dual of M is
MY = M := GL(m1,C) x --- x GL(my, C) x Sp(2ng, C).

In [AMS18b], a certain twist of the graded Hecke algebra is considered as an analogue to Lusztig’s
geometric graded Hecke algebras.
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4.3.1 Determining AZ(X (), s,¢))

We retain the notation above. Our goal is to determine (),s,g) € ®(GY) such that
X(A,s,8) = A, (X(A, 5,¢)).
By [Wall8al Théoréme 1.7], we have

AZg,, oIndpe" = Indp¢" o(AZgr,,, ® - ® AZgr,, ®AZg,,, )-

mg

Applying this to (4.3.1]) gives
X(A s,6) = Indgg’”((m odet) ® -+ ® (x¢ o det) ® AZg,, (X (Ao, 50,€0)))-

Note that

Zyv(se) 2 GL(my) x - -+ x GL(m¢) x Sp(2ng) x Sp(2ng ), (4.3.2)
and that Zgv (s.) is of the form

Zgv(se) = [ GL(mi) x Sp(2n*) x Sp(2n7), (4.3.3)
el

where I is a subset of {1,...,t}, n™ = nF + > eyt m; where JE C {1,...,m} such that
JTuJ ul=1{1,...,m}. The isomorphisms (4.3.2)) and (4.3.3)) are such that for i € I, the

factor GL(m;) in are mapped to the GL(m;) factor of ([{:3.3), for i € J*, the factor
GL(m;) in are mapped into the Sp(2n*) factor of (£3.3)), and the Sp(2ng) factor is
also mapped into Sp(2n¥).

The pair (), ) corresponds to an element of N/ Zewv (s0)- Consider the graded Hecke alge-
bra H := H(Zgv (s.), L,CL, L) of the cuspidal support (L,Cr, L) € SZq (se) of this element
of Nz, (s.)- Similarly, consider the graded Hecke algebra Hyv := H(Zyv (se), L', Cp, L)
of the cuspidal support (L',C7, L") € Sz, (s, of the element of N5 (,,) that corresponds
to (A,e). The graded Hecke algebra Hy,v has Weyl group W, = Ny (L')/L" and H has
Weyl group Wy = Ngv(L)/L. Note that the GL(m;, C) have no non-trivial local systems,

hence its only relative Weyl group is S,,,. Thus we have

WL/ = Sm1 X - X Smt X W(C +/) X W(C _/), (434)

o o

for some nacl € N (in fact, we have n(jf, = nE — k* (kT 4 1)/2 for some k* € Z>g from the

generalised Springer correspondence for Sp(QnaE, C)). Similarly, W, is of the form

We =] Sm: x W(Cpi) x W(C, ), (4.3.5)
i€l
where nt’ = ngl + > e+ m;. Furthermore, we can view Hj/v as a subalgebra of H. We

identify W, and W, with the subsets {t,, € H: w € W} and {t,, € Hpv: w € Wy} in the
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obvious way, respectively, and the inclusion Hj,v C H mentioned above and the inclusion
L' C L give an inclusion W, C W, such that for ¢ € I, each factor S,,, of W, in (4.3.4)
is mapped to the factor Sp,, of W, in , for i ¢ J*, Sy, is mapped to W(C, /), and
W(Cﬁ/) is mapped into W (C, +/).

Let Y be the standard module of H whose unique irreducible quotient Y corresponds
to X (A, s,g), and note that (xj odet) ® --- ® (x; o det) @ AZ(X (Mo, So,€0)) corresponds to
the irreducible representation sty,, ® -+ ® sty,, @ IM(Y (A\{, Ay, log(so0.), eq , €5 ) of Hpyv.
By [Soll8, Lemma 3.6] and [BM93] Theorem 6.2] IndIGf’" and Ind%“ " correspond to each

other when passing from unipotent representations of G¢,, to representations of H, so we

have

mi

Y =Indg (st @ @sty,, @ IM(Y (AF, Ay, log(so,), 58+ £5)), (4.3.6)

where the st;, are each some twist of the Steinberg representation st,,, of the relevant
graded Hecke algebra corresponding to GL(m;, C) by an unramified character. Denote the

sign and trivial representations of Sy, by sgn,,. and triv,,,, respectively. Restricting Y to

W, we find using (4.3.6])

Y|WL
_ We
= IndWU (sgn,,, ®--- @sgn,,, ®

Y(AT5 Ag s 10g(s50,): €560 )lwic L xwie _) ©@sehwic yxwc )
0 0 0 0
W, . . _ _
=Indy”, (trivin, ® - @ trivi, ®Y (A], A, log(so,r), €5+ €0 Nwie ,yxwe _n) @ sgy, -
0 0

Note that Y (\J, )\O*,log(soﬂa),eg,eaﬂw(c L)xw(c _,) 18 the tensor product of the gener-
"0 "0
alised Springer representations Y (\{, log(safr), es)lwic L and Y (Ag,log(sg ), €0 )lwc _,)
ng ’ nO_

of Sp(2na“,, C) and Sp(2na,, C), respectively. By Theorem|3.2.12 Y()\(jf, log(sojfr), sa:)|w(c )
"0

has a unique maximal generalised Springer representation p(/\i’max,si’max), and so

Y (A A s log(sor), e¢ s €0)lw(c ,)xw(c _,) has aunique maximal generalised Springer rep-
resentation p(\Tmax gtmax) ®T,Lz;)()\_’ma"r:?€_’max). Since W, is a subgroup of W, and both
are products of type A and B/C Weyl groups, we can show by similar arguments as in

Section (applied to Sp(2n,C) instead of SO(N,C)), particularly the usage of the

The way we use [BM93, Theorem 6.2] is briefly as follows. The representations X (), s,e) and
X (o, s0,€0) both correspond to some irreducible representation of an affine Hecke algebra H and Hasv

respectively, and it is well-known that H,;v is a parabolic subgroup of H and that Ind}G)C’" corresponds

to Ind%Mv by for instance [Soll8 Lemma 3.6]. Let ¥ = W -s. and X5 = Wy - so,c. Then Hy 5, is a

parabolic subgroup of Hy, and [BM93| Theorem 6.2] states that IndgfE corresponds to IndﬁJ via the
= J

reduction theorems. Now H and H,,v are Morita equivalent to Hx and H J,5, respectively, and via this
Morita equivalence, we have that Ind%Mv corresponds to IndgfZ .
= J
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Littlewood-Richardson rule for type B/C, to compute X as follows. First note that we can

further write

_ ~ . W(Cn+/)><W(Cn,/)
Y’WL = (® trivey,, ® Indnjgl Smj XW(CHJF/)XW(CH,/) (
el 0 0
Htrivmj QY (A, A, log(sor), g s Ea)|W(Cn+’)XW(Cn*’))) ® sghyy,
2 ’ ’
~ : W(C, 1)
= (®tr1vmi®1ndnjg:s <W(C (H trive,; @Y (AF, log(sg,), e5)lw(c )
el 0 jeJt "o
W(Cn,/)
®IndH]€J_ S, XTW(C ( H trivin; @Y (Ag', log(sg,.): €0 ) lwc ) )> ® sghyy,. -
no jeJ— "o
Compare
W(Cn ’)
Indl_[jeJ:SijW(Cni/ ( 1_[i trivem, @Y (A, log(sy,),€)lw(c i,)> (4.3.7)
0 jed

with (3.2.13)) — both are representations of a type B/C Weyl group induced from a product of
type A and type B/C Weyl groups, and so by the exact same arguments as in the discussion

above Theorem and the proof of Theorem we see that (4.3.7) has maximal
generalised Springer representation p(A%, M%) where AT € PY™P(2pF) is defined by

j\li = S\Ii,max + 2(nj:/ _ ngl) =9 Z m; = Q(n:lz _ ng)’ )\i )\i max (fOI' i > 2)
ieJ*
Thus

W(C L )XxW(C _i)
ngm xW(C +/)xW(C = )(E[Itl"le ®Y()\o ; Ag s log(s0,r), 50 1 €0 )’W e )XW(Cng’)>
J

Ind

has maximal representation p(AT, ™M) @ p(A~,e7™3%), Note that the nilpotent elements
of Lie(Zgv(sc)) = [lier 8l(ms) % sp(2nt) x sp(2n~) are parametrised by a (|I| + 2)-tuple
of partitions of m; for all i € I and symplectic partitions of 2n™ and 2n~, and so by the

above, Y|y, ® sgnyy, has maximal representation
p(([J(ma), AT, A7), (] ] triv, e, e7me%)) € W
il il
Recall the notation using ‘left superscript s’ from Section Tensoring Y|y, @ sghyy,.

with sgny,, again to obtain }7|W£, we find using the same arguments as in the proof of

Theorem [3.2.10| that Y|y, has minimal representation

p((H(lml >\+ s HtI‘lV s +,max S¢ max)) c Wl/:\’
iel el
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hence we can use Proposition to find that
Y = Y((H(W), AT, PA7), log(s0.r), (H triv, Sghmax sgmmaxy) o
iel iel
Next, (IT;c;(1™), AT, *A7) corresponds to the nilpotent orbit of sp(2n, C) parametrised by
A="XTutaT o] @em,
el

and ([],¢; triv, Se™max sg—max) corresponds to

which is obtained from (S¢™™@% $g=MaX) i the same way as how ¢ is obtained from (e, e7)

in (21).

Thus we have proved the following.

Theorem 4.3.1. Suppose (), s,¢) € ®(Sp(2n,C)). Let A = (Ao) ™™ U (\g) ™™™ and g be
as above. It holds that
AZGZn(X(A’ s,e)) =X (A, s,¢).
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