
Algorithm for Iwahori-Matsumoto
duality for tempered unipotent

representations of geometric Hecke
algebras of type B, C, D

Ruben La

St John’s College

University of Oxford

A thesis submitted for the degree of

Doctor of Philosophy

Trinity 2023



Abstract

The Iwahori–Matsumoto involution is an involutive operation on the Grothendieck

group of complex finite-dimensional representations of an affine Hecke algebra,

or a graded Hecke algebra. The Aubert–Zelevinsky involution is another in-

volutive operation on the Grothendieck group of complex finite-length repre-

sentations of p-adic groups. The representation theory of p-adic groups can

be described by certain affine and graded Hecke algebras, and the involutions

mentioned above are related via this. The main goal of the thesis it to provide

an explicit algorithm for the Iwahori–Matsumoto involution for irreducible tem-

pered representations of certain affine Hecke algebras, for irreducible tempered

representations of certain graded Hecke algebras which additionally have real

infinitesimal character, and an algorithm for AZ for tempered unipotent repre-

sentations for certian p-adic groups. The affine and geometric Hecke algebras

that we consider are those coming from the p-adic groups SO(N) and Sp(2n).

For AZ, we only consider the p-adic group SO(2n+1). We will consider the cases

SO(2n) and Sp(2n) in a forthcoming paper. The algorithm will be obtained by

completely different methods than the methods used by Atobe and Minguez,

who obtained an algorithm for AZ for SO(2n+ 1) and Sp(2n).
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Introduction

Let k be a nonarchimedean local field of characteristic 0 with ring of integers o and finite

residue field k := Fq of cardinality q. Let G be a connected reductive algebraic group

defined and split over k. The representation theory of G(k) is of major interest for the local

Langlands correspondence. There are various ways of studying the representations of G(k).

One such way is via ‘arithmetic Hecke algebras’. These arise in the following way. The

category of smooth complex representations R(G(k)) of G(k) splits into a direct product

of full subcategories called Bernstein blocks. Consider the Hecke algebra H(G(k)) of G(k),

which is the non-unital C-algebras consisting of locally constant and compactly supported

complex functions G(k) → C. For each Bernstein block, there exists a certain idempotent

e ∈ H(G(k)) such that the category of eH(G(k))e-modules is isomorphic to the Bernstein

block. The unital algebra eH(G(k))e is called an ‘arithmetic’ Hecke algebra.

Lusztig has done a large amount of work on unipotent representations for G(k) under

the assumption that G is of adjoint type. They form the simple objects of a finite number of

unipotent Bernstein blocks. In the case that G(k) is adjoint, the arithmetic Hecke algebras

for such Bernstein blocks were shown to be of affine type in [Lus95a, §1], i.e. they have

an explicit Iwahori–Matsumoto and Bernstein presentation. Lusztig furthermore defined

geometric affine Hecke algebras associated to the Langlands dual G∨, i.e. the complex

reductive group whose root datum is the dual of that of G(k), and remarkably matched

up each geometric affine Hecke algebra with an isomorphic arithmetic affine Hecke algebra

in [Lus95a], giving a bijection between the set of arithmetic affine Hecke algebras and the

set of geometric affine Hecke algebras. Lusztig also introduced the notion of graded Hecke

algebras associated to these geometric affine Hecke algebras in [Lus89] and related their

representation theories to each other. Tracing all the equivalences and bijective correspon-

dences described above, we obtain a bijection between the unipotent representations of G(k)

and irreducible representations of various graded Hecke algebras.

The main goal of the thesis is to obtain explicit algorithms for various involutions on the

Grothendieck group of certain unipotent representations of G(k) as well as certain represen-

tations of the related arithmetic and geometric affine Hecke algebras, and the graded Hecke
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algebras. The first two involutions of interest are the following. The Iwahori–Matsumoto

involution IM (resp. graded Iwahori–Matsumoto involution IM) is an involution on the

Grothendieck group of finite-dimensional representations of an affine Hecke algebras (resp.

graded Hecke algebra). We aim to obtain an algorithm for IM for tempered representations

of the arithmetic and geometric affine Hecke algebras, and an algorithm for IM for tempered

representations with real infinitesimal character of the geometric graded Hecke algebras that

show up in Lusztig’s classification of unipotent representations of SO(N, k) and Sp(2n, k).

The next involution is the Aubert–Zelevinsky involution AZ on the Grothendieck group of

finite-length representations of G(k). Our goal is to obtain an algorithm for AZ for tem-

pered unipotent representations of SO(2n + 1, k). We note here that an algorithm for AZ

for all irreducible representations of SO(2n + 1, k) and Sp(2n, k) was given in [AM23], but

the approach is completely different.

We describe the level of ‘explicitness’ of the algorithms for IM, IM and AZ that we

will obtain. For a connected complex reductive group G, Lusztig classified the irreducible

representations of the geometric graded Hecke algebras in [Lus88] and [Lus95b], showing

that they are in bijection withG-conjugacy classes of triples (e, σ, ψ) with e, σ ∈ g∨ = Lie(G)

such that ad(s)e = qe and ψ is an irreducible representation of the group AG(e, σ) of

components of the simultaneous centraliser of σ and e. Using this as one of the main inputs,

Lusztig classified all unipotent representations for G(k) (as well as all its inner twists) in

[Lus95a] in the case that G(k) is adjoint in terms of the so-called Deligne–Langlands–Lusztig

triples (e, s, φ), where s ∈ G∨ is semisimple, called the infinitesimal character, e ∈ g∨ =

Lie(G∨) is a nilpotent element such that ad(s)e = qe and φ is an irreducible representation

of the group AG∨(s, e) of connected components of the simultaneous centraliser of s and e.

The sought algorithm for IM mentioned above will be stated in terms of these triples for G

when G = SO(N) and G = Sp(2n).

Using the reduction theorems in [Lus89] mentioned in the previous paragraph and a

result from [Cha16] (which was based on [Kat93]), we can use the algorithm for IM to

obtain an algorithm for IM for the associated geometric affine Hecke algebra for irreducible

tempered representations, and in turn for the corresponding arithmetic affine Hecke algebra

via the isomorphisms coming from Lusztig’s matching. Finally, a result of Kato [Kat93] is

used to relate IM to AZ, giving an algorithm for AZ for all unipotent representations as well

in the case that G(k) is adjoint.

We note that the adjointness assumption is the reason why we only consider the SO(2n+

1, k) case for the algorithm for AZ. The SO(2n, k) and Sp(2n, k) case will be studied in a

subsequent paper, where we will use the results from [Sol18], which are strongly based on

results from [AMS17], [AMS18a], and [AMS18b].
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Main result: obtaining an algorithm for IM

As noted in the previous paragraph, we aim to obtain an algorithm for IM, and then use

general theory (most of it due to Lusztig) to obtain an algorithm for IM and AZ.

Our approach towards obtaining the algorithm for IM for G = SO(N) and G = Sp(2n)

is as follows. As mentioned above, the irreducible representations of the geometric graded

Hecke algebras attached to G∨ are parametrised by triples (e, σ, ψ) of data of the Lie algebra.

To each such triple, one can attach a standard module Y (e, σ, ψ), which is a representation of

one of the geometric Hecke algebras, H say. This standard module has a unique irreducible

quotient that we shall denote by Ȳ (e, σ, ψ). We assume that Y (e, σ, ψ) is tempered, this

then implies that Y (e, σ, ψ) = Ȳ (e, σ, ψ) is irreducible (however, IM(Y (e, σ, ψ)) may be

non-tempered). Let WL denote the relative Weyl group associated to H. If σ is furthermore

a real infinitesimal character, it turns out that the module Y (e, σ, ψ)|WL
is isomorphic

to the ψ-isotypic component of the cohomology of a certain ‘generalised Springer fibre’,

i.e. Y (e, σ, ψ)|WL
is completely described by Green functions. As a consequence of the

Lusztig–Shoji algorithm [Lus86a, Theorem 24.8], the generalised Springer representation

GSpr(e, ψ) corresponding to (e, ψ) in Y (e, σ, ψ)|WL
is the unique ‘minimal representation’,

i.e. its Springer support – that is, the nilpotent class in g∨ containing e – is strictly smaller

than the Springer support of any other irreducible subrepresentation of Y (e, σ, ψ)|WL
, and

furthermore its multiplicity in Y (e, σ, ψ)|WL
is 1. Furthermore, we have IM(Y (e, σ, ψ))|WL

=

Ȳ (e, σ, ψ)|WL
⊗ sgn. The key idea to find IM is the following

1. We show that Y (e, σ, ψ)|WL
has a unique ‘maximal subrepresentation’ ρ̄ = GSpr(ē, ψ̄)

with multiplicity 1 in the same sense as above (Theorem 3.2.2 for SO(N) and Wald-

spurger’s result Theorem 3.2.12 for Sp(2n)),

2. We show that ρ̄ ⊗ sgn is the minimal representation in Y (e, σ, ψ)|WL
⊗ sgn (Theo-

rem 3.2.6 for SO(N) and Waldspurger’s result Theorem 3.2.13 for Sp(2n)),

3. We show that this implies that IM(Y (e, σ, ψ)) = Ȳ (ē, σ, ψ̄) (Section 4.1).

Thus we have reduced the problem to finding an algorithm to determine ρ̄, i.e. to determine

(ē, ψ̄). For G = Sp(2n,C), this result was proved in [Wal19], with the condition that e is

parametrised by a symplectic partition with only even parts. For G = SO(N,C), this was

done in [La22], with the condition that e is parametrised by an orthogonal partition with

only odd parts. Using these results, we obtain the desired algorithm for IM, but only

when e satisfies the conditions above. We will use the results from [Wal18a, §3.4] to prove

Theorem 4.3.1, which extends our algorithm to arbitrary e, giving us an algorithm for all

tempered representations with real infinitesimal character.
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Structure of the thesis

We will discuss the theory of Bernstein blocks, their corresponding Hecke algebras, affine

Hecke algebras, graded Hecke algebras, the generalised Springer correspondence and unipo-

tent representations and in Chapter 1. We will define the involutions AZ, IM, and IM in

Chapter 2, as well as the correspondences between them coming from the correspondence

between unipotent representations of G(k) and representations of the affine and graded

Hecke algebras. In Chapter 3 we will discuss the maximality and minimality result for

certain generalised Springer representations of and SO(N,C) and Sp(2n,C) as mentioned

above. Finally, in Chapter 4 we will give the explicit algorithm for IM tempered representa-

tions with real infinitesimal character and AZ for tempered unipotent representations with

arbitrary infinitesimal character. For IM, the main result will be obtaining the algorithm

for geometric graded Hecke algebras of SO(N,C) and Sp(2n,C), although we also give an

algorithm for SL(n,C) as an easy example. We briefly comment on the exceptional types,

for which we intend to include all the tables for IM for the tempered representations with

real infinitesimal character in a subsequent paper. For AZ for tempered unipotent repre-

sentations, we will give the algorithm for SO(2n + 1, k), and briefly explain the steps that

we will take in a subsequent paper to obtain an algorithm for SO(N, k) with odd N and

Sp(2n, k).
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Chapter 1

Preliminaries

1.1 Notation

We fix the following notation for the remainder of the paper. Let k be a nonarchimedean

local field (of arbitrary characteristic) with ring of integers o with finite residue field k := Fq
of cardinality q. Let G be a connected reductive algebraic group defined and split over k.

Denote g for the Lie algebra of G, G∨ for the Langlands dual group associated to G and

g∨ for its Lie algebra. We also denote by G∨ and g∨ the group of C-points of G∨ and g∨

respectively.

Fix a minimal parabolic subgroup B of G defined over k and let Q denote the set of

parabolic subgroups of G defined over k containing B.

Fix an Iwahori subgroup I of G. Let P be the set of parahoric subgroups P of G

containing I. These are certain group schemes defined over Spec(o). The modern definition

of parahoric subgroups and the Iwahori subgroup uses the theory of Bruhat-Tits buildings

(see [BT84, Définition 5.2.6]; see also [RL00, §1.1] for a short overview of the definition).

An older definition for I in the case that G is adjoint traces back to [IM65] and coincides

with the modern definition. For P ∈ P of G, let UP be its pro-unipotent radical. The

reductive quotient P̄ = P / I of P is a connected reductive algebraic group defiend over the

residue field k of k = Fq.
Denote by Rep(G(k)) the category of finite-length complex smooth representations of

G(k) and let R(G(k)) denote its Grothendieck group. Similarly, for a C-algebra A, denote

by R(A) the Grothendieck group of finite-dimensional A-modules.

In general, given a group Γ, we write Γ∧ for the set of isomorphism classes of irreducible

representations of Γ. If Γ acts on a set X, we write XΓ for the set of fixed points of X.

For the generalised Springer correspondence, as is well-known, one could also look at the

set of nilpotent orbits N on Lie(G) instead of U and consider G-equivariant local systems

on N . In particular the definitions of the objects later that will involve nilpotent orbits or
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unipotent orbits such as (the generalised) Springer fibres are ‘independent’ of whether we

choose to work with nilpotent or unipotent orits, i.e. if N is a nilpotent orbit of Lie(G)

corresponding to the unipotent orbit U of G, then the definitions involving N will be the

same as the one involving U . In this thesis, we shall use both notations. Particularly for the

generalised Springer correspondence in Section 1.2 and Chapter 3 we shall use the notation

with unipotent orbits, to be consistent with [Wal19] and [La22]. In the context of unipotent

representations and standard modules, especially in Section 1.3, Section 1.4 and Chapter 4,

we shall use the notation with nilpotent orbits.

1.2 Generalised Springer correspondence

Let G be a connected complex reductive group. We give an overview of the generalised

Springer correspondence for G as studied by Lusztig in [Lus84b], omitting details regarding

perverse sheaves.

Let U be the set of unipotent classes of G and let NG be the set of pairs (C, E), where

C ∈ U and E is an irreducible G-equivariant local system on C. Let L be a Levi subgroup

of G containing a cuspidal pair (CL,L) (see for instance [Lus84b, 2.4 Definition]). Denote

by SG the set of such triples (L,CL,L). Lusztig showed that WL := NG(L)/L is a Coxeter

group. We call WL a relative Weyl group of G corresponding to (L,CL,L). For any group

Γ, denote by Γ∧ the set of equivalence classes of irreducible representations of Γ. The

generalised Springer correspondence is a certain bijection

GSpr: NG →
⊔

(L,CL,L)∈SG

W∧L .

We call the representations of the WL generalised Springer representations of G. For each

representation of WL, we say that (L,CL,L) is its cuspidal support. We have a partition

NG =
⊔

(L,CL,L)∈SG NG(L) where NG(L) = GSpr−1(W∧L ). The restriction GSpr: NG(T )→
W is the original Springer correspondence due to Springer [Spr76].

Next, we will describe the generalised Springer correspondence for G = Sp(2n,C) and

G = SO(N,C) in terms of symbols. The notation will be the same as in [Wal19, §4] and is

slightly different than the notation originally used in [Lus84b].

1.2.1 Combinatorics of partitions

Let R be the set of decreasing sequences λ = (λ1, λ2, . . . ) of real numbers such that for each

r ∈ R, there exist only finitely many i ∈ N such that λi ≥ r. For each r ∈ R and λ ∈ R, we

define multλ(r) = #{i ∈ N : λi = r}. For each c ∈ N, we define Sc(λ) = λ1 + · · · + λc. We

define an ordering ≤ onR as follows: for λ, λ′ ∈ R, we denote λ ≤ λ′ if Sc(λ) ≤ Sc(λ′) for all
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c ∈ N. For λ, λ′ ∈ R, we define λ+λ′ = (λ1 +λ′1, λ2 +λ′2, . . . ), and we define λtλ′ to be the

unique element of R such that for each n ∈ N, we have multλtλ′(n) = multλ(n)+multλ′(n).

Let Rf be the set of finite decreasing sequences λ = (λ1, . . . , λn) of non-negative real

numbers. For m,n ∈ N with m < n and two elements λ = (λ1, . . . , λm) and ν = (ν1, . . . , νn)

of Rf , we identify λ and ν if λi = νi for i = 1, . . . ,m and νj = 0 for j = m + 1, . . . , n.

Similarly as above, we can define multλ and Sc for c ∈ N, and we similarly define an ordering

≤ on Rf . For λ ∈ R and λ′ ∈ Rf , we define λ+λ′ ∈ R and λtλ′ ∈ R similarly as above as

well. For λ ∈ Rf , let t(λ) be the largest integer i such that λi 6= 0 and let S(λ) = St(α)(λ)

A sequence λ ∈ Rf is called a partition if it is a sequence of non-negative integers and

let P ⊆ Rf be the set of all partitions. For N ∈ N, we say that λ is a partition of N if

N = S(λ). Let P(N) denote the set of partitions of N .

1.2.2 Sp(2n)

Let n ∈ Z≥0. A partition λ of 2n is called symplectic if each odd part of λ occurs with

even multiplicity. We write Psymp(2n) for the set of symplectic partitions of 2n. Let

∆(λ) = {i ∈ N : i is even, multλ(i) 6= 0}. Denote by Psymp(N) the set of pairs (λ, ε) with

λ ∈ Port(2n) and ε ∈ {±1}∆(λ).

It is well-known that Psymp(2n) is in 1–1 correspondence with U . If C ∈ U is parametrised

by λ ∈ Psymp(2n), then {±1}∆(λ) is in 1–1 correspondence with the set of irreducible G-

equivariant local systems on C. Let NG be the set of pairs (C, E) where C is a unipotent

class in G and E is an irreducible G-equivariant local system on C. We thus have a bijection

NG → Psymp(2n).

Suppose C ∈ U is parametrised by λ ∈ Psymp(2n) and let u ∈ C. Then {±1}∆(λ) is also

in 1–1 correspondence with the set of irreducible representations of the component group

A(u) = ZG(u)/Z◦G(u) of u in G. Up to isomorphism, A(u) does not depend on the choice

of u ∈ C, hence we write A(λ) = A(C) = A(u).

Let (λ, ε) ∈ Psymp(2n). Let λ′ = λ+ [−1,−∞[1= (λ1, λ2 − 1, λ3 − 2, . . . ). There exist

sequences z, z′ ∈ R with integer terms such that λ′ = (2z1, 2z2, . . . )t (2z′1 + 1, 2z′2 + 1, . . . ).

Let A# = z′ + [1,−∞[1 and B# = z + [0,−∞[1. Then A#
1 ≥ B#

1 ≥ A#
2 ≥ B#

3 ≥ . . . .

A finite subset of Z is called an interval if it is of the form {i, i + 1, i + 2, . . . , j} for some

i, j ∈ Z. Let C be the collection of intervals I of A4B = (A ∪ B) \ (A ∩ B), with the

property that for any i ∈ (A∆B) \ I, the set I ∪ {i} is not an interval. There is an obvious

ordering on C: for I, I ′ ∈ C, I is larger than I ′ if any element of I is larger than any element

of I ′. Then C is in bijection with ∆(λ). Let ∆(λ) → C : i 7→ Ci be the unique increasing

bijection. Let t = t(λ). For i ∈ {1, . . . , t}, write ε(i) = ελi . For u ∈ {±1}, define

Ju = {i ∈ {1, . . . , t} : ε(i)(−1)i = u}.

12



Define the symbol of (λ, ε) to be the ordered pair Sλ,ε = (Aλ,ε, Bλ,ε), where

Aλ,ε = (A# \
⋃

i∈∆(λ);εi=−1

(A# ∩ Ci)) ∪ (
⋃

i∈∆(λ);εi=−1

(B# ∩ Ci)),

Bλ,ε = (B# \
⋃

i∈∆(λ);εi=−1

(B# ∩ Ci)) ∪ (
⋃

i∈∆(λ);εi=−1

(A# ∩ Ci)).

For m ∈ N, let W (Bm) = W (Cm) = Sm n (Z/2Z)m. The set W (Cm)∨ is in bijection

with P2(m). For (α, β) ∈ P2(n), we write ρ(α,β) for the corresponding representation of Wn.

Let k ∈ N such that k(k+ 1) ≤ 2n. Let (α, β) ∈ P2(n− k(k−1)
2 ). If k is even (resp. odd),

let Aα,β;k = α+[k,−∞[2 and Bα,β;k = β+[−k−1,−∞[2 (resp. Aα,β;k = β+[−k−1,−∞[2

and Bα,β;k = α+ [k,−∞[2) and define the symbol of (α, β) to be Sα,β;k = (Aα,β;k, Bα,β;k)k.

Let

W =
⊔

k∈N,k(k+1)≤2n

W (C
n− k(k+1)

2

)∧.

The W (C
n− k(k+1)

2

) form all the relative Weyl groups of G (see the start of this section).

Hence the generalised Springer correspondence is a bijection

GSpr: NG →W.

Using the parametrisations of NG and W described above, we rephrase the generalised

Springer correspondence as follows.

Theorem 1.2.1 (Generalised Springer correspondence for Sp(2n)). Let n ∈ N. For each

(λ, ε) ∈ Psymp(2n), there exists a unique k ∈ Z≥0 and a unique pair (α, β) ∈ P2(n− k(k+1)
2 )

such that (Aλ,ε, Bλ,ε) = (Aα,β;k, Bα,β;k). Conversely, for each k ∈ Z≥0 such that k(k+ 1) ≤
2n, and for each (α, β) ∈ P2(n − k(k+1)

2 ), there exists a unique (λ, ε) ∈ Psymp(2n) such

that (Aλ,ε, Bλ,ε) = (Aα,β;k, Bα,β;k). Thus we have a bijection

ΦN : Port(N)→
⊔

k∈Z≥0, k(k+1)≤2n

P2(n− k(k + 1)

2
).

1.2.3 SO(N)

Let N ∈ Z≥0. A partition λ of N is called orthogonal if each even part of λ occurs

with even multiplicity. We write Port(N) for the set of orthogonal partitions of N . Let

∆(λ) = {i ∈ N : i is odd, multλ(i) 6= 0}. Let F2 be the field with two elements. Let

F2[∆(λ)] = {±1}∆(λ) be the set of maps ε : ∆(λ) → {±1} : λi 7→ ελi , considered as an

F2-vector space. Let F2[∆(λ)]′ be the quotient of F2[∆(λ)] by the line spanned by the sum

of the canonical basis of this F2-vector space. Denote by Port(N) the set of pairs (λ, [ε])

13



where λ ∈ Port(N) and [ε] ∈ F2[∆(λ)]′ is the image of ε ∈ F2[∆(λ)] under the quotient

map. We define Port,2(N) to be the set of pairs (λ, ε) with λ ∈ Port(N) and ε ∈ F2[∆(λ)].

Let U be the set of unipotent classes of G. It is well-known that Port(N) is in 1–1

correspondence with U , except the orthogonal partitions of N that only have even parts

correspond to precisely two (degenerate) unipotent classes. This correspondence has the

following property. Suppose C,C ′ ∈ U are parametrised by λ, λ′ ∈ Port(N) respectively.

Then C ⊆ C̄ ′ (i.e. C � C ′ where � is the closure ordering), if and only if λ ≤ λ′. We say

that λ is degenerate if λ only has even parts and we call λ non-degenerate otherwise. If

C ∈ U is parametrised by λ ∈ Port(N), then F2[∆(λ)]′ is in 1–1 correspondence with the set

of irreducible G-equivariant local systems on C. Note that if C is degenerate, then F2[∆(λ)]′

only contains the empty map, and note that there exist no non-trivial G-equivariant local

systems on C. Let NG be the set of pairs (C, E) where C is a unipotent class in G and E is

an irreducible G-equivariant local system on C. We obtain a surjective map NG → Port(N)

such that the preimage of (λ, ε) has one element if λ is non-degenerate, and two elements

if λ is non-degenerate. We denote the preimage of (λ, [ε]) by {(C+
λ , E

+
[ε]), (C

−
λ , E

−
[ε])}. If λ is

non-degenerate, we write (Cλ, E [ε]) = (C+
λ , E

+
[ε]) = (C−λ , E

−
[ε]), i.e. we may drop the + and −

from the notation.

Suppose C ∈ U is parametrised by λ ∈ Port(N) and let u ∈ C. Then F2[∆(λ)]′ is also

in 1–1 correspondence with the set of irreducible representations of the component group

A(u) = ZG(u)/Z◦G(u) of u in G.

Let (λ, [ε]) ∈ Port(N). Let λ′ = λ + [0,−∞[1= (λ1, λ2 − 1, λ3 − 2, . . . ). There exist

sequences z, z′ ∈ R with integer terms such that λ′ = (2z1, 2z2, . . . )t (2z′1− 1, 2z′2− 1, . . . ).

Let A# = z′ + [0,−∞[1 and B# = z + [0,−∞[1. Then A#
1 ≥ B#

1 ≥ A#
2 ≥ B#

3 ≥ . . . .

A finite subset of Z is called an interval if it is of the form {i, i + 1, i + 2, . . . , j} for some

i, j ∈ Z. Let C be the collection of intervals I of (A ∪B) \ (A ∩B), with the property that

for any i ∈ (A∪B) \ ((A∩B) such that i /∈ I, we have that I ∪{i} is not an interval. There

is an obvious ordering on C: for C ′, C ′′ ∈ C, C ′ is larger than C ′′ if any element of C ′ is

larger than any element of C ′′. Then C is in bijection with ∆(λ). Let ∆(λ) → C : i 7→ Ci

be the unique increasing bijection. Let t = t(λ). For i ∈ {1, . . . , t}, write ε(i) = ελi . For

u ∈ {±1}, define

Ju = {i ∈ {1, . . . , t} : ε(i)(−1)i = u}.

Let M(λ, ε) = M = |J1| − |J−1| and let w(λ, ε) = w = sgn(M + 1/2) so that w = 1 if
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M = 0 and w = sgnM if M 6= 0. Define

Aλ,ε = (A# \
⋃

i∈∆(λ);εi=−w

(A# ∩ Ci)) ∪ (
⋃

i∈∆(λ);εi=−w

(B# ∩ Ci)),

Bλ,ε = (B# \
⋃

i∈∆(λ);εi=−w

(B# ∩ Ci)) ∪ (
⋃

i∈∆(λ);εi=−w

(A# ∩ Ci)).

If M 6= 0 and − ε is the other representative of [ε], we have Aλ,ε = Aλ,− ε and Bλ,ε =

Bλ,− ε, so we define the symbol of (λ, [ε]) to be the ordered pair Sλ,[ε] = (Aλ,ε, Bλ,ε) =

(Aλ,− ε, Bλ,− ε). If M = 0, Aλ,ε = Bλ,− ε and Bλ,ε = Aλ,− ε, we define the symbol of (λ, [ε)]

to be the unordered pair Sλ,[ε] = {Aλ,ε, Bλ,ε}. Let X be a set, d ∈ Z≥0 and (x, y) ∈ X ×X.

Then let

(x, y)k =

{
(x, y) ∈ X ×X if k > 0,

{x, y} ⊆ X if k = 0.

Following this notation, we see that Sλ,[ε] = (Aλ,ε, Bλ,ε)k where k = |M |.
We define pλ,[ε] = pλ,ε = Aλ,ε t Bλ,ε = A#

λ,ε t B
#
λ,ε. Two pairs (A,B), (A′, B′) ∈ R×R

are similar if AtB = A′tB′. For any (λ, [ε]), (λ′, [ε′]) ∈ Port(N), their symbols are similar

if and only if λ = λ′.

Remark 1.2.2. Let t = t(λ), s = bt/2c and k = |M |. Let A′ = (A t+d
2

+ s,A t+d
2
−1 +

s, . . . , A1 + s), B′ = (B t−d
2

+ s,B t−d
2
−1 + s, . . . , B1 + s) and note that these are increasing

sequences. Then (A′, B′)k is the usual symbol in the literature. The defect of (A,B) is

defined to be |#A′ −#B′| and this is equal to k = |M |.

Let n ∈ N. Recall that W (Bn) = W (Cn) and let W (Dn) = Sn n (Z/2Z)n−1. Define

θ : P2(n)→ P2(n) by θ(α, β) = (β, α) for (α, β) ∈ P2(n). Let P2(n)/θ be the set of θ-orbits

and let c(α,β) be the size of the θ-orbit of (α, β). We identify P2(n) with the set of unordered

pairs {α, β} where (α, β) ∈ P2(n). Then W (Dn)∨ is parametrised as

W (Dn)∨ = {ρ{α,β},i : {α, β} ∈ P2(n)/θ, i ∈ {1, 2/c(α,β)}}.

We sometimes write ρ(α,β),i or ρ(β,α),i if it is clear from the context that we are talking

about ρ{α,β},i. When c(α,β) = 1, we also write ρ{α,β} = ρ{α,β},1.

Let k ∈ N such that k ≡ N mod 2 and k2 ≤ N . Let (α, β) ∈ P2((N − k2)/2). We

define Aα,β;k = α + [k,−∞[2 and Bα,β;k = β + [−k,−∞[2 and define the symbol of (α, β)

to be Sα,β;k = (Aα,β;k, Bα,β;k)k.

Let W be the Weyl group of G. Then W = W (B(N−1)/2) (resp. W = W (DN/2)) if N

is odd (resp. even). Let

W = W∨ t
⊔

k∈Z≥2,k2≤N,k≡N mod 2

W (B(N−k2)/2)∨.
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The Weyl groups W and W (B(N−k2)/2) with k ∈ Z≥2, k ≡ N mod 2 and k2 ≤ N form all

the relative Weyl groups of G (see the start of this section). Hence the generalised Springer

correspondence is a bijection

GSpr: NG →W.

Using the parametrisations of NG and W described above, we rephrase the generalised

Springer correspondence as follows.

Theorem 1.2.3 (Generalised Springer correspondence for SO(N)). Let N ∈ N.

1. Suppose N = 2n + 1 is odd. For each (λ, [ε]) ∈ Port(N), there exists a unique

odd integer k(λ, [ε]) = k ∈ N and a unique pair (α, β) ∈ P2((N − k2)/2) such that

(Aλ,ε, Bλ,ε) = (Aα,β;k, Bα,β;k). Conversely, for each odd k ∈ N such that k2 ≤ N , and

for each (α, β) ∈ P2((N − k2)/2), there exists a unique (λ, [ε]) ∈ Port(N) such that

(Aλ,[ε], Bλ,[ε]) = (Aα,β;k, Bα,β;k). Thus we have a bijection

ΦN : Port(N)→
⊔

k∈N odd, k2≤N

P2((N − k2)/2).

2. Suppose N = 2n is even. Let (λ, [ε]) ∈ Port(N). Then one of the following is true:

• There exists a unique {α, β} ∈ P2(N/2)/θ with α 6= β such that {Aλ,[ε], Bλ,[ε]} =

{Aα,β;0, Bα,β;0},

• There exists a unique even integer k(λ, [ε]) = k ∈ N and a unique pair (α, β) ∈
P2((N − k2)/2) such that (Aλ,[ε], Bλ,[ε]) = (Aα,β;k, Bα,β;k).

Conversely, we have

• For each {α, β} ∈ P2(N/2)/θ, there exists a unique (λ, [ε]) ∈ Port(N) such that

{Aλ,[ε], Bλ,[ε]} = {Aα,β;0, Bα,β;0},

• For each even k ∈ N such that k2 ≤ N and for each (α, β) ∈ P2((N−k2)/2), there

exists a unique (λ, [ε]) ∈ Port(N) such that (Aλ,[ε], Bλ,[ε]) = (Aα,β;k, Bα,β;k).

Thus we have a bijection

ΦN : Port(N)→ (P2(N/2)/θ) t
⊔

k∈N even, k2≤N

P2((N − k2)/2).

Remark 1.2.4. Note that in Theorem 1.2.3, we have N ≡ t(λ) ≡ k(λ, [ε]) mod 2. Fur-

thermore, it is well-known that k(λ, [ε]) is equal to the defect of (λ, [ε]) (see [Lus84b, §13]),

hence k(λ, [ε]) = |M | = |J1| − |J−1| by Remark 1.2.2.
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Remark 1.2.5. Let (λ, [ε]) ∈ Port(N) such that λ only has odd parts. Let t = t(λ),

t+ = dt/2e and t− = bt/2c. Then

A# =

(
λ2i−1 + 2i− 1

2
: i = 1, . . . , t+

)
t (−t− 2i : i ∈ Z≥0), (1.2.1)

B# =

(
λ2i + 2i− 1

2
: i = 1, . . . , t−

)
t (−t− 2i : i ∈ Z≥0),

and A#
1 > B#

1 > A#
2 > B#

2 > · · · > A#
t+

> B#
t+

. Hence the largest t terms of pλ,ε =

Aλ,ε t Bλ,ε = A# t B# are all distinct. Suppose (α, β)k = ΦN (λ, [ε]) with k = k(λ, [ε]).

Note that t ≡ k mod 2 and let m0 = t+k
2 and m1 = t−k

2 . It is easy to check that m0

and m1 are the same as in §3.1.3, i.e. m0 is the smallest integer such that m0 ≥ t(α) and

m0 − k ≥ t(β), so pλ,ε = Λk,−k;2(α, β) ∈ HS((N − k2)/2, k), i.e. (α, β) ∈ H((N − k2)/2, k).

1.3 Hecke algebras

1.3.1 Hecke algebra of a Bernstein component

We give a brief overview of [BK98, §1–§3]. For a k-rational character φ : G(k) → k× and

s ∈ C, define a smooth one-dimensional complex representation

G(k)→ C× : g 7→ ‖φ(g)‖sk,

where ‖·‖sk denotes the usual normalised absolute value of k. Let XC(G(k)) be the group

generated by these smooth representations; it has the structure of a complex torus. Elements

of XC(G(k)) are called unramified quasicharacters of G(k).

Let L be a Levi subgroup of G defined over k and σ a supercuspidal representation of

L(k). Two pairs (L1, σ1) and (L2, σ2) are called inertially equivalent if there exists a g ∈ G(k)

and χ ∈ XC(L2(k)) such that

L1(k) = g L2(k)g−1 and σg1
∼= σ2 ⊗ χ,

where σg1 : x 7→ σ1(gxg−1). We write [L, σ]G(k) for the inertial equivalence class of a pair

(L, σ) and B(G(k)) for the set of inertial equivalence classes of G(k). For each irreducible π ∈
Rep(G(k)) there exists a Q ∈ Q with Levi component L and a supercuspidal representation

of L(k) such that π is a subquotient of Ind
G(k)
Q(k)(σ). In this case, we say that [L, σ]G(k) is the

support of π.

Definition 1.3.1. For s ∈ B(G(k)), let Reps(G(k)) be the full subcategory of Rep(G(k))

consisting of all π ∈ Rep(G(k)) such that each irreducible subquotient of π has support s.

Such a Reps(G(k)) is called a Bernstein component of G(k).
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Proposition 1.3.2 ([Ber84, Proposition 2.10]). We have a direct product decomposition

Rep(G(k)) =
∏

s∈B(G(k))

Reps(G(k)).

Definition 1.3.3. Fix a Haar measure on G(k). The Hecke algebra H(G(k)) of G(k) is the

space of locally constant, compactly supported functions f : G→ C on G(k) with C-algebra

structure given by convolution with respect to some fixed Haar measure.

Note that any π ∈ Rep(G(k)) gives a representation of G(k) obtained from convolution.

We denote this representation by π as well.

Let K be a compact open subgroup of G(k) and (ρ,W) a smooth representation of K.

Let X be the space of compactly supported and locally constant functions f : G → W
such that f(kg) = ρ(k−1)f(g). Then G(k) acts on X by right translation, and we obtain a

smooth representation which we denote by c-Ind
G(k)
Q(k)(ρ). We call this a compactly induced

representation.

Definition 1.3.4 ([BK98, (2.6)]). The Hecke algebra of compactly supported ρ-spherical

functions on G(k) is defined to be the C-algebra H(G(k), ρ) := EndG(c-Ind
G(k)
Q(k)(ρ)).

Let (π,V) ∈ Rep(G(k)) and let e ∈ H(G(k)) be a non-zero idempotent element. Let

Repe(G(k)) denote the full subcategory of Rep(G(k)) whose objects are representations

(π,V) for which H(G(k)) ? e ? V = V. Define

eρ :=

{
dim ρ

vol(K) trW(ρ(x−1)) if x ∈ K,

0 if x ∈ G, x /∈ K.

It is well-known that eρ ?H(G(k)) ? eρ and H(G(k), ρ) are Morita equivalent.

Proposition 1.3.5. In the notation above, suppose Repeρ(G(k)) is closed relative to sub-

quotients in Rep(G(k)). Then

1. [BK98, §2, (3.3) Proposition] There is an equivalence of categories Repeρ(G(k)) ∼=
H(G(k), ρ) -mod,

2. [BK98, (3.5) Proposition, (3.7) Lemma] There exists a finite set S ⊆ B(G(k)) such

that Repeρ(G(k)) =
∏

s∈S RepS(G(k)).

In this situation, we say that the pair (K, ρ) is an S-type.

Proposition 1.3.6. For any finite subset (hence in particular also singletons) S ⊆ B(G(k)),

there exists an S-type.
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1.3.2 Affine Hecke algebras

A root datum is a quadruple Φ = (X∗, X∗, R,R
∨), where X∗ and X∗ are free abelian groups

of finite rank with a perfect pairing

〈·, ·〉 : X∗ ×X∗ → Z,

R, R∨ are finite subsets of X∗, X∗ respectively with a bijection denoted by R→ R∨ : α 7→ α̌.

These data satisfy the following conditions

1. 〈α, α̌〉 = 2 for all α ∈ R,

2. For each α ∈ R, the reflections sα : X∗ → X∗ : x 7→ x−〈x, α̌〉α and sα : X∗ → X∗ : y 7→
y − 〈α, y〉 α̌ leave R and R∨ stable, respectively.

The elements of R and R∨ are called roots and coroots, respectively. A basis of R is a subset

Π such that each α ∈ R can uniquely be expressed as a linear combination of elements of

Π with coefficients that are all either non-negative or all non-positive. Let R+ be the set of

positive roots with respect to Π, i.e. the roots in R that are linear combinations of elements

of Π with strictly non-negative integer coefficients. Let S := {sα : α ∈ Π} be the set of

simple reflections. Define the length `(w) of w ∈W to be the smallest integer ` such that w

can be written as a product of ` simple reflections. The tuple (X∗, X∗, R,R
∨,Π) is called a

based root datum. The Weyl group of Φ is the finite group W := 〈sα : α ∈ R〉. A parameter

set of Φ is a pair (λ, λ∗) of W -equivariant functions λ : R→ C, λ∗ : {α ∈ R : α̌ ∈ 2X∗} → C.

We also write λ(sα) = λ(α) and λ∗(sα) = λ∗(α) for α ∈ R.

Let G = G(Φ) denote the connected complex reductive group corresponding to Φ. Given

a maximal torus T of G, we can canonically identify

X∗ = Hom(T,C×), X∗ = Hom(C×, T ),

such that if χ ∈ Hom(T,C×) and φ ∈ Hom(C×, T ) are identified with x ∈ X∗ and y ∈ X∗,
respectively, we have (χ ◦ φ)(z) = z〈x,y〉 for all z ∈ C×. In other words, X∗ and X∗ are

identified with the character lattice and lattice of 1-parameter subgroups, respectively. Then

we have an isomorphism X∗ ⊗Z C× ∼= T, (y ⊗ z) 7→ y(z). We can also canonically identify

W = NG(T )/T . The choice of Π uniquely determines a Borel subgroup B of G containing

T such that the root subgroups of the positive roots are precisely the ones that lie in B.

For the rest of the paper, let t be an indeterminate.

Definition 1.3.7 (Bernstein presentation, [Lus89, Prop. 3.6, 3.7]). The affine Hecke algebra

H = Hλ,λ∗(Φ) associated to a based root datum Φ = (X∗, X∗, R,R
∨,Π) with parameter set
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(λ, λ∗) is defined to be the unique associative unital C[t, t−1]-algebra generated by {Tw : w ∈
W} and {θx : x ∈ X∗} subject to the relations

(Ts + 1)(Ts − t2λ(s)) = 0, for all s ∈ S,

TwTw′ = Tww′ , for all w,w′ ∈W with `(ww′) = `(w) + `(w′),

θxθx′ = θx+x′ for all x, x′ ∈ X∗,

θxTs − Tsθs(x) = (θx − θs(x))(G(s)− 1) for x ∈ X, s ∈ Π,

where for s = sα with α ∈ Π, we have

G(s) = G(α) =

{
θαz2λ(α)−1

θα−1 , if α̌ /∈ 2X∗,
(θαzλ(α)+λ∗(α)−1)(θαtλ(α)−λ∗(α)+1)

θ2α−1 , if α̌ ∈ 2X∗.

Let A be the C[t, t−1]-subalgebra of H generated by {θx : x ∈ X∗}.

For the remainder of the section, we fix H = Hλ,λ∗(Φ). Note that up to isomorphism,

H does not depend on the choice of Π; in fact the Iwahori-Matsumoto presentation of H is

defined for any root datum without a specified root basis.

Proposition 1.3.8 ([Lus89, Prop. 3.11]). We have Z = Z(H) = AW .

1.3.3 Graded Hecke algebras

The graded Hecke algebra can be constructed from a filtration on H coming from a certain

ideal of A. However, we will define the graded Hecke algebra here by giving its presentation.

Fix a finite W -invariant set Σ in T . Let C be the commutative associative unital C-

algebra with vector space basis {Eσ : σ ∈ Σ} subject to the relations∑
σ∈Σ

Eσ = 1, EσEσ′ = δσ,σ′Eσ.

Let S be the symmetric algebra of t∨ = X∗ ⊗Z C. Note that t∨ can be viewed as the Lie

algebra of the dual torus T∨ := X∗ ⊗Z C× of T = X∗ ⊗Z C×. Let A be the commutative

associative C-algebra C[r]⊗ C ⊗C S with componentwise multiplication.

Consider the diagonal action of W on Σ × R and let µ : Σ × R → C be a W -invariant

function. Given (λ, λ∗) as above, consider the W -invariant function µλ,λ∗ given by

µλ,λ∗(σ, α) =


0 if sασ 6= σ,

2λ(α) if sασ = σ, α /∈ 2X∗,

λ(α) + λ∗(α)θ−α(σ) if sασ = σ, α ∈ 2X∗.

(1.3.1)
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Definition 1.3.9 ([Lus89, Proposition 4.4], [BM93, Proposition 4.2]). The graded Hecke

algebra HΣ = Hµ
Σ(Φ) is the unique associative unital C[r]-algebra generated by {tw : w ∈

C[W ]} and A, with relations given by

twtw′ = tww′ for all w,w′ ∈W ,

Eσtα = tαEsα(σ) for all σ ∈ Σ, α ∈ Π,

ω · ts − ts · s(ω) = r〈ω, α̌〉
∑
σ∈Σ

Eσµ(σ, α) for all s ∈ S, ω ∈ S , α ∈ Π.

The grading of HΣ is given by deg(tw) = deg(Eσ) = 0 for w ∈ W and σ ∈ Σ and deg(r) =

deg(ω) = 1 for non-zero ω ∈ X∗⊗ZC ⊆ A. If µ = µλ,λ∗ as in (1.3.1), we also write H(λ,λ∗)
Σ (Φ)

for Hµ
Σ(Φ).

When Σ is a singleton, Definition 1.3.9 is the same as Lusztig’s original definition in

[Lus89].

For σ ∈ Σ, let W (σ) = stab(σ) = {w ∈W : w(σ) = σ}.

Proposition 1.3.10. Suppose Σ is a disjoint union of two W -invariant sets Σ1 and Σ2.

Then HΣ
∼= HΣ1 ⊕HΣ2.

Proposition 1.3.11 ([BM93, Proposition 3.2]). It holds that

1. Z(HΣ) = AW ,

2. Suppose Σ = W · σ is a single W -orbit. Then

AW → Eσ · (C[r]⊗C SW (σ)) ∼= C[r]⊗C SW (σ) :

a 7→ Eσ · a

is an isomorphism of C[r]-algebras.

3. Write Σ =
⊔m
i=1 Σi as a finite union of W -orbits Σi = W · σi. Then

Z(HΣ) ∼=
m⊕
i=1

Z(HΣi)
∼=

m⊕
i=1

C[r]⊗C SW (σi) .

1.3.4 Reduction theorems

We will state two theorems that relate the representation theory of Hecke algebras with

the representation theory of certain associated graded Hecke algebras. The theorems are

originally due to Lusztig [Lus89], but we state the version given in [BM93].
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Suppose Σ is a single W -orbit W · σ for some σ ∈ T and consider

Rσ = {α ∈ R : θα(σ) =

{
1 if α̌ /∈ 2X∗,

±1 if α̌ ∈ 2X∗.
},

R+
σ = Rσ ∩R+,

Πσ = set of simple roots w.r.t. R+
σ ,

Wσ = 〈sα : α ∈ Πσ〉,

Γσ = {w ∈W (σ) : w(R+
σ ) = R+

σ }.

Note that (λ, λ∗) restricts to a parameter set on the based root datum Φσ = (X∗, X∗, Rσ, R
∨
σ ,Πσ).

Let Hσ = H(λ,λ∗)(Φσ). Note that stabW (σ) = W (σ) = ΓσnWσ and so Wσ ·σ is a singleton.

Let Hσ = H(λ,λ∗)
{σ} (Φσ). The finite group Γσ acts as algebra automorphisms of Hσ via its

action on Wσ and T (the action on C is trivial). Thus we can consider the semidirect

product H′σ := Γσ nHσ. Note that it has a centre Z(H′σ) = C[r]⊗SW (σ) ∼= Z(H).

Write Σ = {σ = σ1, σ2, . . . , σm}. For each i, j ∈ {1, . . . ,m}, let wi ∈ W such that

wiσ1 = σi and let

Ei,j = tw−1
i
Eσtwj .

Note that Eσi = Ei,i.

Theorem 1.3.12 (First reduction theorem [Lus89, Theorem 8.6], [BM93, Theorem 3.3]).

1. For each i ∈ {1, . . . ,m}, Eσi ·Hσ ·Eσi is canonically isomorphic to H′σ.

2. Let Mm be the C-algebra generated by {Ei,j}i,j. Then Mm
∼= Mm(C) in the obvious

way and we have an isomorphism HΣ
∼= Mn(H′σ) =Mn⊗C(H′σ) of C[r]-algebras that

maps AW isomorphically to C[r]⊗C SW (σ) ·In.

We consider something analogous to a completion of HΣ. For now, we drop the assump-

tion that Σ is a single W -orbit. Rather than considering formal power series, consider the

algebras Ĉ[r], Ŝ of convergent power series in C[r] and S , respectively. Define

Â = Ĉ[r]⊗C C ⊗C Ŝ , ĤΣ = C[W ]⊗C Â.

We have Z(ĤΣ) = ÂW ∼= Ĉ[r]⊗C Ŝ
W (σ)

, similar to Proposition 1.3.11.

We have a polar decomposition T = Tc · Tr, where

Tc = Y ⊗Z S
1(the compact part), Tr = Y ⊗Z R>0 (the real part).

Recall that t = Y ⊗Z C. We have a morphism of algebraic groups

log : Tr → t : y ⊗ u 7→ y ⊗ log u,

22



with inverse given by

exp: t→ Tr : y ⊗ v 7→ y ⊗ exp(v).

For the following, we assume that σ ∈ Tc. Let K be the field of fractions of C[t]⊗C S

and let ĤΣ(K ) = C[W ]⊗ (C ⊗C K ) ⊇ HΣ.

Proposition 1.3.13 ([BM93, Proposition 4.1]). Recall that Σ is not necessarily a single

W -orbit. We have a C-algebra homomorphism

Ψ: H → ĤΣ(K̂ )

θx 7→
∑
σ∈Σ

θx(σ) · Eσ · ex (x ∈ X∗ ⊆ S ),

z 7→ er,

Ts + 1 7→
∑
σ∈Σ

Eσ(ts + 1)
Ψ(G(α))

1 + rµ(σ,α)
α

.

Now, assume that Σ = W · σ ⊆ Tc is a single W -orbit again. Let sr ∈ Tr and let

s = σsr ∈ T . Since H is a finitely generated algebra over its centre Z = Z(H) = AW ,

it follows by Dixmier’s version of Schur’s lemma that H has central characters. As A is

isomorphic to the coordinate ring of T×C× = (X∗⊗ZC×)×C×, the set of central characters

of H is in bijection with W\T ×C×. Similarly, HΣ, H′σ and ĤΣ have central characters, and

for each of the three algebras, the set of central characters is in bijection with (W (σ)\ t)×C,

where t = X∗ ⊗Z C is the Lie algebra of T . Let χ, χ̄, χ̄′, ˆ̄χ be central characters of H,

H, H′σ, Ĥ, respectively, such that χ corresponds to (W · s, v0) and χ̄, χ̄′ and ˆ̄χ correspond

(W (σ) · sr, r0) ∈ (W (σ)\ t)×C where er0 = v0. Let Iχ = kerχ, Iχ̄ = ker χ̄, Iχ̄′ = ker χ̄, and

I ˆ̄χ = ker ˆ̄χ and define

Hχ̄ = HΣ /(HΣ ·Iχ̄) ∼= ĤΣ/(ĤΣ · I ˆ̄χ) = Ĥ ˆ̄χ( isomorphism of C[r]⊗C SW (σ)-algebras),

H′σ,χ̄ = H′σ /H′σ Iχ̄′ , Hσ,χ̄ = Hσ /Hσ ·Iχ̄, Hχ = H /H ·Iχ,

where Hχ̄
∼= Ĥχ̄ as C[r] ⊗C SW (σ)-algebras. Theorem 1.3.12 gives an isomorphism of

C[r]⊗C SW (σ)-algebras

Hχ̄
∼= Mm(H′σ,χ̄). (1.3.2)

Let t ∈ t and r ∈ C and consider the central character χ (resp. χ̄) of H (resp. HΣ)

corresponding to (W · σet, ez) ∈W\T × C× (resp. (W (σ) · t, z) ∈ (W (σ)\ t)× C).

Theorem 1.3.14 (Second reduction theorem [Lus89, Theorem 9.3], [BM93, Theorem 4.3]).

Recall that Σ = W ·σ is a single orbit. Let χ and χ̄ be as above, and suppose that z ∈ R and

t ∈ Y ⊗Z R× ⊆ t. The map Ψ in Proposition 1.3.13 induces an isomorphism of C-algebras

Ψχ : Hχ → Ĥχ̄(∼= Hχ̄).
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Corollary 1.3.15 (cf. [Lus89, Corollary 10.8]). 1. We have an isomorphism of C-algebras

Ψ′χ : Hχ →Mm(H′σ,χ̄)

obtained by composing the isomorphisms (1.3.2) and Ψχ.

2. For x ∈ X∗, we have Ψ′χ(θx) = diag(θx(σ1)ex, . . . , θx(σm)ex).

Let m ∈ N and s1, . . . , sm ∈ T . For each i ∈ {1, . . . ,m}, let σi be the compact part of

si and sir the real part of si. Consider the W -invariant set S =
⊔m
i=1 Si, where Si = W · si.

Also consider the W -invariant set Σ =
⊔m
i=1 Σi where Σi = W ·σi in T . Let χi be the central

character of H corresponding to (Si, v0). Recall that HΣ
∼=
⊕m

i=1 HΣi and ĤΣ
∼=
⊕m

i=1 ĤΣi .

Let χ̄i (resp. ˆ̄χi) be the central characer of HΣi (resp. ĤΣi) corresponding to (S̄i, r0) where

S̄i is the W (σi)-orbit W (σi) · log(sir) in t. Consider the ideals

ISi,v0 := {f ∈ Z(H) : f(s′, v0) = 0 for all s′ ∈ Si} = ker(χi),

IS,v0 := {f ∈ Z(H) : f(s′, v0) = 0 for all s′ ∈ S} =
m∏
i=1

ISi,v0 ,

IS̄i,r0 := {g ∈ Z(HΣi) : g(s̄′, r0) = 0 for all s̄′ ∈ S̄i} = ker(χ̄i),

ÎS̄i,r0 := {g ∈ Z(ĤΣi) : g(s̄′, r0) = 0 for all s̄′ ∈ S̄i} = ker( ˆ̄χi).

Abusing notation, we denote the ideal of HΣ (resp. ĤΣ) generated by IS̄i,r0 (resp. IS̄i,r0)

and the HΣj (resp. ĤΣj ) with j 6= i by IS̄i,r0 HΣ (resp. ÎS̄i,r0 ĤΣ).

Proposition 1.3.16. We have an isomorphism of -algebras

Ψ′S,v0
: H /IS,v0 H → ĤΣ

/
m∏
i=1

ÎS̄i,r0 ĤΣ
∼= HΣ

/
m∏
i=1

ÎS̄i,r0 HΣ

induced by the map Ψ: H → HΣ(K̂ ) in Proposition 1.3.13.

Proof. We will first show that Ψ(IS,v0) ⊆
∏m
i=1 ÎS̄i,r0 so that Ψ′S,v0

is well-defined. The

centre Z(H) is spanned by elements of the form h =
∑

x∈A θx for a W -orbit A in X∗. We

have

Ψ(h) =
∑
x∈A

∑
σ∈Σ

θx(σ) · ex · Eσ ∈ ĤΣ(K̂ ).

Let y ⊗ ζ ∈ X∗ ⊗Z C = t with y ∈ X∗ and z ∈ C. Note that v0 = er0 , so we have

(Ψ(h))(y ⊗ z, r0) =
∑
x∈A

∑
σ∈Σ

θx(σ) · e〈x,y〉r0 · Eσ =
∑
x∈A

∑
σ∈Σ

θx(σ · (y ⊗ v0)) · Eσ.
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Hence we see that for each i ∈ {1, . . . ,m} and s̄′ ∈ S̄i, we have

(Ψ(h))(s̄′, r0) =
∑
σ∈Σ

∑
x∈A

θx(σ · exp(s̄′)) · Eσ =
∑
σ∈Σ

h(σ · exp(s̄′)) · Eσ. (1.3.3)

Note that for each σ ∈ Σ, σ · exp(s̄′) lies in W (σ) · si, so if h ∈ IS,v0 , then h(σ · exp(s̄′)) = 0,

and so (Ψ(h))(s̄′, r0) = 0 by (1.3.3). Thus Ψ(h) ∈
⋂m
i=1 ÎS̄i,r0 =

∏m
i=1 ÎS̄i,r0 , and so Ψ′S,v0

is

well-defined.

The Chinese remainder theorem gives

H /IS,v0 H ∼=
m∏
i=1

H /ISi,v0 H, (1.3.4)

HΣ

/
m∏
i=1

ÎS̄i,r0 HΣ
∼=

m∏
i=1

HΣ

/
ÎS̄i,r0 HΣ

∼=
m∏
i=1

HΣi / ÎS̄i,r0 HΣi . (1.3.5)

By Corollary 1.3.15(1), we have for i = 1, . . . ,m isomorphisms

Ψ′i : H /ISi,v0 → ĤΣi/ ÎS̄i,r0 ĤΣi . (1.3.6)

The products of these maps together with the isomorphisms (1.3.4) and (1.3.5) give an

isomorphism

Ψ′ : H /IS,v0 H → ĤΣ

/
m∏
i=1

ÎS̄i,r0 ĤΣ.

It is easily checked that the image of the Bernstein generators of H under Ψ′ and Ψ′S,v0
are

the same, hence Ψ′S,v0
= Ψ′ is an isomorphism, as desired.

Finally, the isomorphism ĤΣ/
∏m
i=1 ÎS̄i,r0 ĤΣ

∼= HΣ /
∏m
i=1 ÎS̄i,r0 HΣ quickly follows from

the Chinese remainder theorem and the fact that ĤΣi/ ÎS̄i,r0 ĤΣ
∼= HΣi / IS̄i,r0 HΣ.

1.3.5 Graded Hecke algebras attached to cuspidal local systems

Let H be a connected complex reductive algebraic group and fix a Borel subgroup B and

a maximal torus T with Lie algebra t = Lie(T ). Let SH be the set of triples (L,CL,L)

where L is a Levi subgroup of a standard parabolic subgroup P (containing B) of H, CL is

a nilpotent orbit in Lie(L) and L is a cuspidal L-equivariant local system on CL. To each

(L,CL,L) ∈ SH , Lusztig attached a graded Hecke algebra, denoted by H(H,L,CL,L), and

classified all their representations in [Lus88] and [Lus95b].

We will define H(H,L,CL,L) as in the two papers of Lusztig mentioned above, but we
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will present it in notation that is more similar to the notation in [Ciu08, §2,§3]. Let

h = Lie(H),

zL = Lie(Z(L)◦),

WL = NH(L)/L,

RL = {α ∈ X∗(Z(L)◦) : α appears in the adjoint action of Z(L)◦ on h}.

LetR∨L be any subset ofX∗(Z(L)◦) such that it forms a set of coroots ofR, i.e. R∨L = {α̌ : α ∈
RL} and sα(β) = β − 〈β, α̌〉α. Since X∗(Z(L)◦) and X∗(Z(L)◦) are in perfect pairing, this

uniquely determines 〈β, α̌〉 for all α, β ∈ RL, and hence this value is independent of the

choice of R∨L.

By [Lus84b, Theorem 9.2], WL is the Weyl group with (possibly non-reduced) root

system RL. Let ΠL be the set of roots in RL that are simple with respect to the parabolic

P associated to L and containing B. Define a function µL : ΠL → Z≥2 as follows. Let

u ∈ CL. For each α ∈ ΠL, let µL(α) be the unique integer in Z≥2 such that

Ad(u)µL(α)−2 : hα⊕ h2α → hα⊕ h2α is non-zero,

Ad(u)µL(α)−1 : hα⊕ h2α → hα⊕ h2α is zero.

Then µL is W -equivariant by [Lus88, Prop. 2.12] and thus extends W -equivariantly to a

function µL : RL → Z≥2.

Definition 1.3.17. Let (L,CL,L) ∈ SH . The graded Hecke algebra H(H,L,CL,L) attached

to (L,CL,L) is defined to be the graded Hecke algebra H{1}(X∗(Z(L)◦), X∗(Z(L)◦), RL, R
∨
L,ΠL).

Fix (L,CL,L) ∈ SH , write H = H(H,L,CL,L), and let P = LU be a parabolic subgroup

of G with Levi subgroup L and unipotent radical U . Let n = Lie(U). Let

ḣU = {(x, hP ) ∈ h×H/P : Ad(h−1)x ∈ n}.

The L-equivariant local system L gives a G× C×-local system L̇ on ḣU via the map

ḣU → CL : (x, hP ) 7→ prCL(Ad(h−1)x).

Let r0 ∈ C and e ∈ h be a nilpotent element. Consider the variety

Pe = {hP ∈ H/P : Ad(h−1)e ∈ CL + n}.

The centraliser ZH×C×(e) acts on Pe by (h′, λ)hP = (h′h)P . Lusztig constructed a H×AH×C×(e)-

action on the ZH×C×(e)◦-equivariant homology H
Z◦
H×C×

(e)

• (Pe, L̇), see [Lus88, §8.5, Theo-

rem 8.13]. By [Lus88, §8.7], the ZH×C×(e)◦-equivariant cohomology H•Z◦
H×C×

(e)(Pe, L̇) is the

coordinate ring of the affine variety Ve of semisimple ZH×C×(e)◦-orbits on the Lie algebra

Lie(ZH×C×(e)) = zH×C×(e) = {(x, r0) ∈ h⊕C : [x, e] = 2r0e}.
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For (σ, r0) ∈ Ve, let Cσ,r0 be theH•Z◦
H×C×

(e)-module given by the evaluation mapH•Z◦
H×C×

(e) →
C at (σ, r0), and define the H-module

Y (e, σ, r0) = Cσ,r0 ⊗H•Z◦
H×C×

(e)
H
Z◦
H×C×

(e)

• (Pe, L̇).

LetAH×C×(e, σ, r0) denote the stabiliser of (σ, r0) inAH×C×(e). For each ψ ∈ AH×C×(e, σ, r0)∧,

define Y (e, σ, r0, ψ) to be the ψ-isotypic component of Y (e, σ, r0), also denoted by

Y (e, σ, r0, ψ) := Y (e, σ, r0)ψ := HomAH×C× (e,σ,r0)(ψ : Y (e, σ, r0)).

When (σ, r0) = (0, 0), we have the following isomorphism of W ×AH(e)-modules by [Lus88,

Proposition 7.2,§8.9] and [Lus95b, 10.12(d)]

Y (e, 0, 0) ∼= H
{1}
• (Pe, L̇) ({1}-equivariant homology). (1.3.7)

We have a canonical isomorphism AH×C×(e, σ, r0) ∼= AH(e, σ). Let AH(e, σ)∧0 denote the

set of representations which appear in the restriction of H
{1}
• (Pe, L̇) to AH(e, σ).

Define

Mσ,r0 := ZH(σ)-conjugacy classes on {(e, ψ) ∈ h×AH(e, σ)∧0 : [σ, e] = 2r0e}.

M := {(e, σ, r0, ψ) : (σ, r0) ∈ Ve, (e, ψ) ∈Mσ,r0}.

Recall from Section 1.3.4 that the central characters of H are in bijection with W\ t⊗C×.

Note that each semisimple element σ ∈ H is H-conjugate to an element t ∈ t. Let χ be the

central character corresponding to (W · t, r0) define

Irrσ,r0 H := Irrt,r0 H := IrrHχ .

Theorem 1.3.18 ([Lus88, Proposition 8.10, Theorem 8.15], [Lus95b, Corollary 8.18]).

1. Let e ∈ h be nilpotent, (σ, r0) ∈ Ve, and ψ ∈ AH(e, σ)∧. Then Y (e, σ, r0, ψ) 6= 0 if and

only if ψ ∈ AH(e, σ)∧0 .

2. Suppose M is a simple H-module on which r acts as multiplication by r0 ∈ C. Then

there exists a unique (e, r0, σ, ψ) ∈ M such that M is a quotient Ȳ (e, σ, r0, ψ) of

Y (e, σ, r0, ψ).

3. We have a bijection

Mσ,r0 ↔ Irrσ,r0 H

(e, ψ) 7→ Ȳ (e, σ, r0, ψ).
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Let M be an irreducible H-module. We have a weight space decomposition

M =
⊕
λ∈zL

Mλ.

We say that λ ∈ zL is a weight if Vλ 6= 0.

Definition 1.3.19. An irreducible module M is called tempered if ω(λ) 6= 0 for all funda-

mental weights ω ∈ z∨L and all weights λ of M . We write

Mtemp = {(e, σ, ψ) : (e, σ, q, ψ) ∈M, Ȳ (e, σ, q, ψ) is tempered}. (1.3.8)

Mtemp,real = {(e, σ, ψ) : (e, σ, q, ψ) ∈Mtemp, sc = 0}.

This is Casselman’s notion of temperedness and agrees with the notion of τ -temperedness

in [KL87] and [Lus02] where we take the group homomorphism τ : C → R to be given by

z 7→ log |z|.

Proposition 1.3.20 ([Lus02, Theorem 1.21]). Let (e, σ, r0, ψ) ∈ M. The following are

equivalent:

1. (e, σ, r0, ψ) ∈Mtemp,

2. There exists an sl2-triple (e, h, f) in h such that the semisimple element σ − r0h is

compact.

If any of these conditions are satisfied, then Y (e, σ, r0, ψ) = Ȳ (e, σ, r0, ψ) is irreducible.

Proposition 1.3.21. Let (e, σ, r0, ψ) ∈Mtemp,real. Then AH(e, σ) = AH(e).

The definition of the standard module Y (e, σ, r0, ψ) depends on the choice of cuspi-

dal support (L,CL,L) ∈ SH . For now, denote the standard module by XL(e, σ, r0, ψ). By

[Lus95b, Proposition 8.16a], there exists precisely one triple (L,CL,L) such that YL(e, σ, r0, ψ) 6=
0 is non-zero. By Theorem 1.3.18(1), we have

0 6= H
{1}
• (Pe, L̇)ψ =

⊕
φ∈AH(e)∧

[φ : ψ]H
{1}
• (Pe, L̇)φ,

where [φ : ψ] denotes the multiplicity of ψ in φ|AH(e,σ). There exists a φ ∈ AH(e)∧ such

that [φ : ψ] 6= 0 and H
{1}
• (Pe, L̇)φ 6= 0. Thus (L,CL,L) is the cuspidal support of (e, φ) in

the generalised Springer correspondence. To summarise, we have the following.

Proposition 1.3.22. Let (e, σ, r0, ψ) ∈ M and (L,CL,L) ∈ SH . Let φ ∈ AH(e)∧ with

[φ : ψ] > 0. Then YL(e, σ, r0, ψ) 6= 0 if and only if (L,CL,L) is the cuspidal support of

(e, φ) in the generalised Springer correspondence of H.
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1.4 Unipotent representations

1.4.1 Unipotent representations and Bernstein components

We define an important class of irreducible admissible representations of G(k) analogous to

the notion of unipotent representations of a finite group of Lie type. Let H be a connected

reductive group split over Fq and let H(Fq) be a finite group of Lie type with corresponding

Frobenius map Fr : H(F̄q) → H(F̄q). Let T be a Fr-stable maximal torus in H. Given a

character θ : T(Fq) → C×, Deligne and Lusztig define a virtual representation RT(θ) of

H(Fq). They proved that all finite-dimensional irreducible representations of H(Fq) appear

in RT(θ) for some Fr-stable maximal torus T and some character θ : T(Fq). An irreducible

representation of G(Fq) is called unipotent if it appears in RT(1) for some Fr-stable maximal

torus T. Lusztig proved that the classification of the finite dimensional representations of

H(Fq) reduces to the classification of the unipotent representations, which was done in

[Lus84a].

Lusztig defined unipotent representations for a connected reductive group G(k) in [Lus95a].

Similarly to unipotent representations for finite groups of Lie type, they should form a ‘small’

set of representations that play an important role in the classification of irreducible smooth

representations of G(k) and are parametrised in terms of geometric data of the complex

Langlands dual G∨.

Definition 1.4.1 ([Lus95a]). An irreducible representation X of G(k) is called unipotent

(or is said to have unipotent cuspidal support) if there exists a P ∈P such that XUP(o) has

a L(Fq)-subrepresentation that is unipotent in the sense above. Write Unip(G(k)) for the

set of unipotent representations of G(k).

An important result is that the unipotent representations form the set of irreducible

representations of a finite product of Bernstein components of G(k). We shall call each of

these Bernstein components a unipotent.

The classification of unipotent representations of G(k) (recall that G splits over k) was

first done in [Lus95a] for the case that G is adjoint. The classification is best described by

the Deligne–Langlands–Lusztig correspondence (see Theorem 1.4.2). The classification in

the case that G is of arbitrary isogeny was later done in [Sol18]. We will state the DLL-

correspondence and give some useful properties regarding tempered, elliptic and square

integrable representations of G(k).

Let Φ(G∨) be the set of triples (e, s, φ) where s ∈ G∨ is a semisimple element, e ∈ g∨ is a

nilpotent element such that ad(s)e = qe, and φ ∈ AG∨(s, e)∧, where A(s, e) is the component

group AG∨(s, e) = ZG∨(s, e)/ZG∨(s, e)◦, where ZG∨(s, e) is the set of elements in G∨ that
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centralise both s and e. We have an action of G∨ on Φ(G∨) given by the conjugation

with G∨. The set Φ(G∨) is equivalent to the set of so-called ‘enhanced unramified L-

parameters’ of G(k), which we will note define here, and motivates the connection with

the local Langlands correspondence. It is known that there exists an sl2-triple {e−, h, e}
such that h ∈ t∨R. Then for s0 := sq−h/2, we have Ad(s0)e = e. Furthermore, we have

AG∨(s0, e) = AG∨(s, e). Note that e thus lies in the Lie algebra of ZG∨ . We can therefore

also write AG∨(s, e) = ZZG∨ (s0)(e)/ZZG∨ (s0)(e)
◦ = AZG∨ (s0)(e).

1.4.2 Classification of unipotent representations

We briefly discuss Lusztig’s classification of unipotent representations [Lus95a] as well

as some of the properties of this classification related to tempered, elliptic, and square-

integrable representations.

The Deligne-Langlands-Lusztig correspondence for the unipotent representations gives

an injection of Unip(G(k)) into Φ(G∨). To account for the non-surjectiveness, we look at

the disjoint union of the unipotent representations of all the inner twists of the split form

of G(k), analogous to Vogan’s idea to consider these twists in [Vog93]. The set of these

inner twists is in bijection with the the set of irreducible characters of Z(G∨). The trivial

character of Z(G∨) corresponds to the split form G(k). We now state the correspondence,

as well as a related result regarding tempered representations.

Theorem 1.4.2 (Deligne–Langlands–Lusztig correspondence). Suppose G is split over k.

Then there is a bijection

LLCunip : Φ(G∨)→
⊔

ζ∈Z(G∨)∧

Unip(G(k)ζ) : (e, s, φ) 7→ X(e, s, φ),

such that

1. For all (e, s, φ) ∈ Φ(G∨), we have X(e, s, φ) ∈ Unip(G(k)ζ), where ζ ∈ Z(G∨)∧ is

determined by the action of the cuspidal local system corresponding to (e, s, φ) on Z(G∨),

2. X(e, s, ρ) is tempered if and only if s0 ∈ T∨c and

G∨(s)e = {x ∈ g∨ : Ad(s)x = qx}.

Definition 1.4.3. Denote by Φtemp(G∨) the subset of Φ(G∨) consisting of the triples cor-

responding to tempered unipotent modules.

We briefly give an overview of some of the ideas in the proof of the classification of

unipotent representations of G in the case the G is adjoint in [Lus95a].
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The first step is to describe each unipotent Bernstein component in terms of an associ-

ated arithmetic affine Hecke algebra as in [Lus95a, §1] and [BK98, §2]. The set of unipo-

tent Bernstein components were parametrised by a certain set of ‘arithmetic diagrams’ in

[Lus95a, §1]. To each such arithmetic diagram, Lusztig attaches an affine Hecke algebra,

which turns out to be almost the same Hecke algebra corresponding to the relevant Bern-

stein block (recall that each Bernstein block has a type by Proposition 1.3.6): the difference

is that the Hecke algebra corresponding to the type of the Bernstein block is a direct sum

of copies of Lusztig’s arithmetic affine Hecke algebra. We refer to [Lus95a, §7] for a table

with all possible arithmetic affine Hecke algebras, whose Iwahori-Matsumoto presentations

are further described in [Lus95a, §1.18,§1.19].

On the other side, the set Φ(G∨) is shown to be a parametrising set for the irreducible

representations of a finite collection of affine Hecke algebras in [Lus95a, §5] called geometric

affine Hecke algebras. The parametrisation is roughly as follows. Suppose sc ∈ Tc is

compact. The centraliser ZG∨(sc) is a pseudo-Levi subgroup of G∨, and corresponds to a

subset of the extended Dynkin diagram associated to the (root datum of) G∨, i.e. a subset J

of the set of affine simple reflections of the extended Weyl group W̃ of G∨. Since G is adjoint,

its pseudo-Levi subgroups are connected. The generalised Springer correspondence (which

was studied for connected groups in [Lus84b]) for ZG∨(sc) attaches to each (e, φ) ∈ NG∨

a triple (L∨, C,L), where L∨ is a Levi-subgroup of ZG∨(sc) (hence also a Levi-subgroup of

G∨), C is a unipotent class in L∨ and L is a cuspidal L∨-equivariant local system on L.

We shall not give a description of the geometric affine Hecke algebra H(G,L∨, C,L), and

instead refer to [Lus95a, §7] for a table for all the possibilities. Note that L∨ corresponds

to a subset I ⊆ J . Let K = J \ I and let

P 0 = {x ∈ H0 : 〈x, αi〉 = 0 for all i ∈ I}.

Let Φ(sc, L
∨, C,L) be the set of triples (ξ, e, φ) where ξ ∈ ZG∨(sc) is semisimple and

real, n is a nilpotent element of Lie(ZG∨) ⊆ g such that Ad(ξ)e = qe and φ is an irreducible

representation of the component group AZ∨G(e). We then have a bijection⊔
sc∈Tc

Φ(sc, L
∨, C,L)/ZG∨(sc)↔ Φ(G∨)/G∨

(e, ξ, φ) 7→ (e, sc exp(ξ), φ)

where we mod out the conjugation action of G∨ and ZG∨(sc), respectively. If (ξ, e, φ)

corresponds to (e, s, φ) as above, then we have s = sc exp(ξ), i.e. sr = exp(ξ). To each

(L∨, C,L) as above, Lusztig defined the geometric affine Hecke algebra H(G∨, L∨, C,L).

We shall not give a description of H(G∨, L∨, C,L): from [Lus95a, §7], one can find all
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possibilities for H(G,L∨, C,L). Furthermore, Lusztig constructed a bijection between the

set of geometric affine Hecke algebras and the set of arithmetic affine Hecke algebras such

that the corresponding Hecke algebras are isomorphic. The representations of the geometric

algebras H(G∨, L∨, C,L) can be studied via the representation theory of the corresponding

graded Hecke algebras H(ZG∨(sc), L
∨, C,L) via Lusztig’s reduction theorems.

Applying the results of [Lus95b, §8] to the group ZG∨(sc) and applying Corollary 1.3.15,

we obtain by [Lus95b, Corollary 8.18] and the discussion in [Lus95a, §5.20] a bijection

between ⊔
(L∨,C,L)∈

⊔
(Σ,r0)∈W\T×C×

IrrΣ,r0 H(ZG∨(tc), L
∨, C,L)

and Φ(sc, L
∨, C,L)/ZG∨(sc).
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Chapter 2

Aubert-Zelevinsky duality and
Iwahori-Matsumoto duality

2.0.1 Aubert-Zelevinsky involution

Recall the set Q of parabolic subgroups of G defined over k containing B. It is well-known

that Q is canonically in bijection with the power set of S. For Q ∈ Q, let Ind
G(k)
Q(k) and Res

G(k)
Q(k)

denote the normalised induction and Jacquet functor, respectively (see for instance [BR96,

§III.1] for the definitions). Suppose Q corresponds to the subset J ⊆ S. Let rQ = |J |, i.e.

rQ is the semisimple rank of Q.

Definition 2.0.1 ([Aub95, §1]). The Aubert-Zelevinsky involution on R(G(k)) is the group

homomorphism AZG(k) : R(G(k))→ R(G(k)), defined as

AZG(k) =
∑
Q∈Q

(−1)rQ Ind
G(k)
Q(k) ◦Res

G(k)
Q(k) .

We often drop G(k) from the notation.

The map AZ is an involution [Aub95, Theorem 1.7].

2.0.2 Iwahori-Matsumoto involution

Let Φ = (X∗, X
∗, R,R∨,Π) be a based root datum with parameter set (λ, λ∗) and let H =

H(λ,λ∗) be the corresponding affine Hecke algebra. We retain the notation from Section 1.3.

Let w0 be the longest element of W .

Definition 2.0.2. The Iwahori-Matsumoto involution of H is a C[t, t−1]-algebra homomor-

phism IM : H → H defined by

IM(Tw) = (−t)`(w)T−1
w−1 for w ∈W ,

IM(θx) = Tw0θw0(x)T
−1
w0

for x ∈ X.
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Clearly, IM ◦ IM is the identity homomorphism on H, so IM is in fact an involution. Thus

IM induces an involution on R(H): for M ∈ R(H), IM(M) has the same underlying vector

space as M and the action of H is twisted by IM. From the definition, it is furthermore

easy to see that IM restricts to the identity on Z(H) = AW , and so IM preserves central

characters.

Let J ⊆ S, let WJ be the corresponding parabolic subgroup of W and let HJ be the

parabolic subgalgebra of H, i.e. the subalgebra generated by {Tw : w ∈ WJ} and A. Note

that HJ is itself the Hecke algebra of some smaller root datum with roots determined by

J . Let ResJ : H -mod → HJ -mod denote the restriction functor and IndJ : HJ -mod →
H -mod denote the induction functor, i.e. IndJ = H⊗HJ−. This defines abelian Group

morphisms ResJ : R(H)→ R(HJ) and IndJ : R(HJ)→ R(H).

Theorem 2.0.3 ([Kat93, Theorem 2]). We have the following equality of homomorphisms

of R(H)

IM =
∑
J⊆S

(−1)|J | IndJ ◦ResJ .

2.0.3 Graded Iwahori-Matsumoto involution

Recall that T = X∗⊗ZC× and let Σ = W ·σ be a single W -orbit in T . Consider the graded

Hecke algebra H = H(λ,λ∗)
Σ (Φ).

Definition 2.0.4. The graded Iwahori-Matsumoto involution of H is a C[r]-algebra homo-

morphism IM : H→ H defined by

IM(tw) = (−1)`(w)tw for w ∈W ,

IM(Eσ) = Eσ for σ ∈ Σ,

IM(ω) = tw0w0(ω)t−1
w0

for ω ∈ S .

We obtain an involution on R(H), also denoted by IM, such that IM(M) has the

same underlying vector space as M , but whose H-action is twisted by IM. From Proposi-

tion 1.3.11, we see easily that IM restricts to the identity map on Z(H), so IM preserves

central characters.

Remark 2.0.5. Let M be a representation of H. We identify W with the subset {tw : w ∈
W} of H. Note that H contains the group algebra C[W ] of W . Let χ and χ′ be the character

of M |C[W ] and IM(M)|C[W ], respectively. Then χ′(tw) = (−1)`(w)χ(tw), and so we see that

IM(M)|C[W ] = M |C[W ] ⊗ sgn.
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Given J ⊆ S, let HJ be the subalgebra of H generated by {tw : w ∈ WJ} and A. Let

IndJ : HJ -mod → H -mod be the induction functor H⊗HJ−, and let ResJ : H -mod →
HJ -mod denote the restriction functor.

Theorem 2.0.6. We have the following equality of homomorphisms of R(H)

IM =
∑
J⊆S

(−1)|J | IndJ ◦ResJ .

Theorem 2.0.6 was proved in [Cha16, Theorem 6.5] for the case that Σ is a singleton

and for a certain specialisation of r, and the proof was based on results and ideas from

[Kat93]. Our proof will almost be identical and will include some comments regarding the

differences that arise from the fact that Σ here is an arbitrary finite W -orbit.

Write Π = {α1, . . . , αm}. In particular, we have fixed an ordering on the simple roots.

For J ⊆ Π and M a H-module, let

CJ(M) = IndJ ResJ X = H⊗HJ (ResJM).

For i ∈ Z≥0, let

Ci(M) =
⊕

J⊆Π,|J |=i

CJ(M).

Given J ⊆ J ′ ⊆ Π with |J ′| = |J |+ 1, write Π \ J = {αi1 , . . . , αim−|J|} with 1 ≤ i1 < · · · <
im−J ≤ m. Let j be the unique integer such that αij ∈ J ′ \ J . Let εJ

′
J = (−1)j+1. We then

define

πJ
′

J : CJ(M)→ CJ ′(M) : h⊗ x 7→ εJ
′
J h⊗ x

and for i ∈ Z≥0, we define

πi =
⊕
J⊆Π
|J |=i

⊕
J⊆J ′⊆Π
|J ′|=i+1

πJ
′

J : Ci(M)→ Ci+1(M).

The proof of the following proposition is identical to the proof of [Cha16, Proposition

6.2], even for the case that Σ is not a singleton.

Proposition 2.0.7 ([Cha16, Proposition 6.2], cf. [Kat93, Theorem 1]). We have an exact

sequence of H-modules

0 kerπ0 C0(M) C1(M) . . . Cm−1(M) X 0.
π0 π1 πm−2 πm−1

In particular, as elements of R(H), we have

[kerπ0] =

m∑
i=0

(−1)i[Ci(M)] =
∑
J⊆Π

(−1)|J |[IndJ ResJM ].
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Let M be an H-module and let

χ : M → H⊗A(ResAM),

x 7→
∑
w∈W

(−1)`(w)tw ⊗ t−1
w · x.

Clearly, χ is injective.

Lemma 2.0.8 ([Cha16, Lemma 6.3]). We have an isomorphism of H-modules

imχ ∼= IM(M).

Proof. The proof of [Cha16, Lemma 6.3] already gives us

ts · χ(x) = χ(IM(ts) · x),

v · χ(x) = χ(IM(v) · x).

Furthermore, it is easy to see that

r · χ(x) = χ(r · x) = χ(IM(r) · x),

Eσ · χ(x) = χ(Eσ · x) = χ(IM(Eσ) · x),

and thus we have now proved that imχ ∼= IM(M).

Lemma 2.0.9 ([Cha16, Lemma 6.4], cf. [Kat93, Theorem 1, Lemma 1]). We have kerπ0 =

imχ.

Proof. We have kerπ0 =
⋂
s∈S Ls where Ls = {hts⊗x−h⊗tsx : h ∈ H, x ∈M} ⊆ C0(M) =

H⊗AM . Note that MW = AW ⊗AM and consider the A-linear map

φ : MW → H⊗AM : (mw)w∈W 7→
∑
w∈W

tw ⊗ t−1
w mw.

For s ∈ S, let

AWs = {(xw)w∈W ∈ AW : xws = −xw for all w ∈W}.

Note that ⋂
s∈S

φ(AWs ⊗AM) = imχ. (2.0.1)

We will show that Ls = φ(AWs ⊗AM). Clearly, we have Ls ⊇ φ(AWs ⊗AM). As an

A-algebra, Ls is generated by elements of the form ty ⊗ x− tys ⊗ tsx with y ∈ W , x ∈ M .

Let −xys := xy := tyx. For w ∈W \ {y, ys}, let xw = 0. Then

ty ⊗ x− tys ⊗ tsx = ty ⊗ t−1
y xy + tys ⊗ t−1

ys xys = φ((xw)w∈W ) ∈ φ(AWs ⊗AM).

36



Thus we have Ls ⊆ φ(AWs ⊗AM), hence equality.

By the above and (2.0.1), we have

kerπ0 =
⋂
s∈S

Ls =
⋂
s∈S

φ(AWs ⊗AM) = imχ.

Proof of Theorem 2.0.6. By Proposition 2.0.7, Lemma 2.0.8, and Lemma 2.0.9, we have

[IM(M)] = [imχ] = [kerπ0] =
m∑
i=0

(−1)i+1[IndJ ResJM ].

2.0.4 A correspondence between AZ, IM, and IM

Let s ∈ T and let σ be its compact part and sr its real part. Let χ, χ̄, χ̄′, be central

characters of H, HΣ, H′σ, respectively, such that χ corresponds to (W · s, v0) and χ̄ and

χ̄′ correspond to (W (σ) · log(sr), r0) ∈ (W (σ)\ t) × C where er0 = v0. Let Ω′ : Irr(Hχ) →
Irr(Hχ̄) be the map induced from the composition of Ω in Corollary 1.3.15(1) with the

isomorphism Mn(Γσ nHσ,χ̄) ∼= Γσ nHσ,χ̄ coming from Morita equivalence.

Theorem 2.0.10. We have a commutative diagram

Irr(Hχ) Irr(Hχ)

Irr(Hχ̄) Irr(Hχ̄).

IM

Ψ′χ Ψ′χ

IM

Proof. We can write W · s as a disjoint union of WJ -orbits W · s =
⊔m
i=1WJ · si. For

i = 1, . . . ,m, let σi be the compact part of si and sir, let χi be the central character of HJ
corresponding to (WJ · si, v0), and let χ̄i be the central character of HJ corresponding to

(W (σi) · log(sir), r0).

Let M be an irreducible representation of H with central character χ. Then M is a

representation of H /IW ·s,v0 H. The representation ResJ(M) is annihilated by IW ·s,v0 , so

it is also a representation of HJ /IW ·s,v0 HJ . Similarly, Ψ′χ(M) is an irreducible represen-

tation of H with central character χ̄, hence a representation of HΣ /IW (σ)·log(sr),r0 HΣ, and

ResJ(Ψ′χ(M)) is a representation of HJ,Σ /IW (σ)·log(sr),r0 HJ,Σ. Write

Ψ′J : HJ /IW ·s,v0 HJ → HJ,Σ /IW (σ)·log(sr),r0 HJ,Σ

for the map in Proposition 1.3.16 for HJ and HJ instead of H and H. Consider the diagram
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R(H /IW ·s,v0 H) R(HJ /IW ·s,v0 HJ)

R(H /IW (σ)·log(sr),r0 H) R(HJ,Σ /IW (σ)·log(sr),r0 HJ,Σ),

ResJ

Ψ′χ Ψ′J

ResJ

It is easy to check that this diagram commutes by checking that the action of the

generators (in the sense of Definition 1.3.9) of HJ,Σ on Ψ′J ◦ ResJ(M) is the same as on

ResJ ◦Ψ′χ(M). From (1.3.4), we see that each irreducible representation of H /IW ·s,v0 H has

central character corresponding to (WJ · si, v0) = (Si, v0) for some i ∈ {1, . . . ,m}, which we

denote by χi. Thus we obtain an isomorphism of abelian groups

R(HJ /IW ·s,v0 HJ)→̃
m⊕
i=1

R(HJ,χi),

such that each irreducible representation of HJ /IW ·s,v0 HJ is mapped to the appropriate

direct summand according to its central character. Similarly, by (1.3.5), irreducible rep-

resentations of HJ,Σ /IW (σ)·log(sr),r0 HJ,Σ have central characters corresponding to (W (σi) ·
log(sir), r0) for some i ∈ {1, . . . ,m}, which we denote by χ̄i. We similarly obtain an isomor-

phism of abelian groups

R(H /IW (σ)·log(sr),r0 H)→̃
m⊕
i=1

R(HJ,χ̄i).

For i = 1, . . . ,m, let Ψ′i be the map as in (1.3.6) for HJ and HJ instead of H and H. By

[BM93, Theorem 6.2], we have a well-defined commutative diagram

R(HJ,χi) = R(HJ /IWJ ·si,v0
HJ) R(H /IW ·s,v0 H) = R(Hχ)

R(HJ,χ̄i) = R(HJ,Σi /IW (σi)·log(sir),r0
HJ,Σi) R(HΣ /IW (σ)·log(sr),r0 HΣ) = R(Hχ̄).

IndJ

Ψ′i Ψ′χ

IndJ

We noted in the proof of Proposition 1.3.16 that Ψ′J is the same as the sum of the Ψ′i, and

so we obtain a commutative diagram

R(HJ /IW ·s,v0 HJ) R(Hχ)

R(HJ,Σ /IW (σ)·log(sr),r0 HJ,Σ) R(Hχ̄).

IndJ

Ψ′J Ψ′χ

IndJ

The result follows from Theorem 2.0.3, Theorem 2.0.6.

Remark 2.0.11. The proof of Theorem 2.0.10 is a result of joint work with Jonas Antor

and Emile Okada, who noticed an error in the proof in a previous version of the thesis.
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We can also consider the involution IM defined on Hσ and extend it to an involution

IM on H′σ. Consider the bijection (from Morita equivalence)

F : Irr(Hχ̄)→ Irr(H′σ,χ̄′)

M 7→ E1,1 ·M = Eσ ·M

and consider the composition Ω = F ◦Ψ′χ.

Corollary 2.0.12. We have a commutative diagram

Irr(Hχ) Irr(Hχ)

Irr(H′σ,χ̄) Irr(H′σ,χ̄).

IM

Ω Ω

IM

Proof. By Theorem 2.0.10, it suffices to show that the following diagram commutes

Irr(Hχ̄) Irr(Hχ̄)

Irr(H′σ,χ̄′) Irr(H′σ,χ̄′),

IM

F F

IM

Let M ∈ Irr(Hχ̄) and let m ∈M , w ∈ W (σ), and ω ∈ S . Note that w(σ) = σ for such

w. Since IM(Eσ) = Eσ, the underlying vector space of F ◦ IM(M) and IM ◦F (M) are both

equal to Eσ ·M , and it is easy to see from that tw and ω acts on F ◦ IM(M) in the same

way as on IM ◦F (M).

Finally, we will only briefly mention the relation between AZ on G(k) to IM on the

geometric Hecke algebras: if X̄ is an irreducible representation of G(k) corresponding to

the irreducible representation π of the relevant geometric Hecke algebra, then we have

AZ(X̄) = IM(π). The proof for this statement will be given in a forthcoming paper of the

author together with Emile Okada and Jonas Antor.
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Chapter 3

Maximal representations in
cohomology of generalised Springer
fibres

The contents of this chapter form the majority of [La22].

3.1 Green functions

We recall some notions regarding certain multiplicites from [Lus86a]. Let G be a complex

connected reductive group and let (C, E), (C ′, E ′) ∈ NG. Consider the intersection coho-

mology complex IC(C̄ ′, E ′) on C̄ ′ associated to (C ′, E ′). For each m ∈ N, the restriction

of H2m(IC(C̄ ′, E ′)) to C is a direct sum of irreducible G-equivariant local systems on C.

Consider the polynomial P(C′,E ′;C,E)(t) ∈ Z[t] whose m-th coefficient is the multiplicity of

E in H2m(IC(C̄ ′, E ′))|C . Let mult(C, E ;C ′, E ′) = P(C′,E ′;C,E)(1), i.e. the multiplicity of

E in
⊕

m∈ZH
2m(IC(C̄ ′, E ′))|C . The Lusztig-Shoji algorithm [Lus86a, Theorem 24.8] de-

scribes a linear algebraic method to determine P(C′,E ′;C,E)(t). It furthermore holds that

P(C′,E ′;C,E)(t) = 0 if (C, E) and (C ′, E ′) have different cuspidal supports (i.e. there are cer-

tain orthogonality relations). Let ρ = GSpr(C, E) and ρ′ = GSpr(C ′, E ′). We also write

P(C′,E ′;C,E)(t) = Pρ′,ρ(t).

Despite the existence of an algorithm to compute P(C′,E ′;C,E)(t), it is still often difficult

to determine some of its properties. Particularly, we are interested in determining whether

there exists a unique (Cmax, Emax) ∈ NG such that P(Cmax,Emax;C,E) = 1 and such that for any

other (C ′, E ′) ∈ NG with P(C′,E ′;C,E), we have either Cmax > C ′ or (C ′, E ′) = (Cmax, Emax).

We prove the existence of such a (Cmax, Emax) in this chapter for SO(N). The result for

Sp(2n) was proved in [Wal19, §4] and we shall only state the result without proof at the

end of the chapter in Section 3.4. They key idea in the proof will be to use the fact that

the polynomials P(C′,E ′;C,E)(t) are very closely related to so-called Green functions (in fact
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they are the same up to normalisation of the powers of t), which for SO(N) (as well as for

instance Sp(2n), SL(N), PGL(N)) have combinatorial descriptions.

3.1.1 Combinatorial results

We describe certain combinatorial results from [Sho01] and [Wal19] that will be used to

obtain certain results about Green functions for SO(N,C) and Sp(2n,C), but we shall

mostly only focus on the SO(N,C) case; the Sp(2n,C) case is fully described in [Wal19].

Let α, β ∈ P and consider integers m0 ≥ t(α) and n1 ≥ t(β). Let I := Im0,m1 :=

{(i, 0), (j, 1) : i ∈ {1, . . . ,m0}, j ∈ {1, . . . ,m1}}, which we call the set of indices of (α, β).

Consider a total order < on I such that for all e ∈ {0, 1} and i, j ∈ {1, . . . ,me}, we have

(i, e) < (j, e) if and only if i < j. We call the triple (m0,m1, <) an order on the set of indices

of (α, β). Any other order (m′0,m
′
1, <

′) is said to be equivalent to (m0,m1, <) if for each i ∈
N such that αi > 0, we have {j ∈ {1, . . . ,m1} : (j, 1) < (i, 0)} = {j ∈ {1, . . . ,m′1} : (j, 1) <′

(i, 0)} and for each j ∈ N such that βj > 0, we have {i ∈ {1, . . . ,m0} : (i, 0) < (j, 1)} = {i ∈
{1, . . . ,m′0} : (i, 0) <′ (j, 1)}. Often, we simply write < for the triple (m0,m1, <), since the

m0 and m1 were required to define I = Im0,m1 . We also often write the equivalence class of

(m0,m1, <) by just <, especially in situations where m0 and m1 are not important. Any

equivalence class of orders has a ‘minimal’ order (m<
0 ,m

<
1 , <) in the sense that m<

0 ≤ m0

and m<
1 ≤ m1 for all (m0,m1, <) in the equivalence class.

Let X ⊆ N be finite. Let φX : N → N \X be the unique increasing bijection. Define

α′ ∈ P by setting α′i = αφX(i) for all i ∈ N. For a finite set Y ⊆ N , we define φY and β′ ∈ P
similarly. Given an order (m0,m1, <) on the set of indices of (α, β), we uniquely obtain

an order (m′0,m
′
1, <

′) on the set of indices of (α′, β′) such that (i, 0) <′ (j, 1) if and only

if (φX(i), 0) < (φY (j), 1). Let (m̃0, m̃1, <̃) be another order on the set of indices of (α, β)

equivalent to <. It is shown in [Wal19, §1] that (m̃′0, m̃
′
1, <̃

′) is equivalent to <′.

Fix an equivalence class < of orders on the set of indices of (α, β). We shall describe two

procedures (a), resp. (b). For procedure (a), fix a representative (m0,m1, <) such that m0 ≥
1. Let a1 = 1. Suppose ai is defined for some i ∈ N. If Bi := {j ∈ {1, . . . ,m1} : (ai, 0) <

(j, 1)} is non-empty, let bi = minBi. For i ∈ N≥2, if Ai := {j ∈ {1, . . . ,m0} : (bi−1, 1) <

(j, 0)} is non-empty, let ai = minAi. This defines integers a1, . . . , ap, b1, . . . , bq ∈ N for

some p, q ∈ N. Let µ1 = αa1 + βb1 + αa2 + βb2 + .... Let (α′, β′) ∈ P × P as above for

X = {a1, . . . , ap} and Y = {b1, . . . , bq}. For procedure (b), fix a representative (m0,m1, <)

such that m ≥ 1. We define b1 = 1, and we recursively define a1, b2, a2, b3, . . . similarly as

in procedure (a) to obtain integers a1, . . . , ap, b1, . . . , bq ∈ N for some p, q ∈ N, and a pair of

partitions (α′, β′). We also define ν1 = βb1 + αa1 + . . . .
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It is shown in [Wal19, §1] that each of the objects defined in both procedures are

independent of the choice of representative (m0,m1, <).

3.1.2 The sets P (α, β,<) and PA,B;s(α, β,<)

Let (α, β) ∈ P ×P and consider an order < on the set of its indices. We will define a set

P (α, β,<) by induction on m<
0 + m<

1 . First, define P (∅,∅, <) = {(∅,∅)}. Suppose that

m<
0 + m<

1 > 0. If m<
0 > 0 (resp. m<

1 > 0) we obtain µ1, (α
′, β′), <′ (resp. ν1, (α

′′, β′′), <′′)

from procedure (a) (resp. (b)). By induction, P (α′, β′, <′) and P (α′′, β′′, <′′) have been

defined. We define P (α, β,<) = P a(α, β,<) ∪ P b(α, β,<), where

P a(α, β,<) =

{
∅ if m<

0 = 0,

{((µ1) t µ′, ν ′) : (µ′, ν ′) ∈ P (α′, β′, <′)} if m<
0 6= 0,

P b(α, β,<) =

{
∅ if m<

1 = 0,

{(µ′′, (ν1) t ν ′′) : (µ′′, ν ′′) ∈ P (α′′, β′′, <′′)} if m1 6= 0.

Let A,B ∈ R, s ∈ R>0. We define a subset PA,B;s(α, β,<) of P (α, β,<) by recursion on

m<
0 +m<

0 . Let PA,B;s(∅,∅, <) = {(∅,∅)}. Suppose m<
0 +m<

1 > 0. If the conditions

1. m<
0 > 0;

2. m<
1 = 0, or (1, 0) < (1, 1) and α1 +A ≥ B, or (1, 1) < (1, 0) and β1 +B ≤ A.

are satisfied, consider µ1, (α
′, β′), <′ from procedure (a) and let

P aA,B;s(α, β,<) = {((µ1) t µ′, ν ′) : (µ′, ν ′) ∈ PA−s,B;s(α
′, β′, <′)}.

If neither conditions hold, we set P aA,B;s(α, β,<) = ∅. Similarly, if the conditions

1. m<
1 > 0;

2. m<
0 = 0, or (1, 0) < (1, 1) and α1 +A ≤ B, or (1, 1) < (1, 0) and β1 +B ≥ A.

are satisfied, consider ν1, (α
′′, β′′), <′′ from procedure (b) and let

P bA,B;s(α, β,<) = {(µ′′, (ν1) t ν ′′) : (µ′′, ν ′′) ∈ PA,B−s;s(α′′, β′′, <′′)}.

If neither conditions hold, we set P bA,B;s(α, β,<) = ∅. Finally, let PA,B;s(α, β,<) =

P aA,B;s(α, β,<) ∪ P bA,B;s(α, β,<).

Proposition 3.1.1. For any C ∈ R, we have PA+C,B+C;s(α, β,<) = PA,B;s(α, β,<).

For C ∈ R and µ, ν ∈ P, define

[C,−∞[s = (C,C − s, C − 2s, . . . ) ∈ R,

ΛA,B;s(µ, ν) = (µ+ [A,−∞[s) t (ν + [B,−∞[s) ∈ R .
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Lemma 3.1.2. Let (µ, ν) ∈ P (α, β,<) and (µ,ν) ∈ PA,B;s(α, β,<). Then

(a) ΛA,B;s(µ, ν) ≤ ΛA,B;s(µ,ν),

(b) ΛA,B;s(µ, ν) = ΛA,B;s(µ,ν) if and only if (µ, ν) ∈ PA,B;s(α, β,<).

Definition 3.1.3. Let (µ, ν) ∈ PA,B;s(α, β,<). By Lemma 3.1.2 we can define

pA,B;s(α, β,<) := ΛA,B;s(µ, ν).

3.1.3 Some results for Pk,−k;2(α, β,<α,β,k)

Let n ∈ N. A pair (α, β) ∈ P ×P is called a bipartition of n if S(α) +S(β) = n. Denote by

P2(n) the set of bipartitions of n. Let (α, β) ∈ P2(n), k ∈ Z and write Λ = Λk,−k;2(α, β).

Let m0 ∈ N be the smallest integer such that m0 ≥ t(α) and m0 − k ≥ t(β) and let

m1 = m0 − k. Let r = m0 +m1. Consider the condition

1. Λr := (Λ1, . . . ,Λr) ∈ Rf has ‘no multiplicities’, i.e. each term of Λr has multiplicity

1.

Let H(n, k) be the set of (α, β) ∈ P2(n) such that Λk,−k;2(α, β) satisfies condition 1 above

and let HS(n, k) = {Λk,−k;2(α, β) ∈ P2(n) : (α, β) ∈ H(n, k)}.

Remark 3.1.4. Note that m0 = r+k
2 and m1 = r−k

2 and

αm0 + k + 2− 2m0 = α r+k
2

+ 2− r > −r,

βm1 − k + 2− 2m1 = β r−k
2

+ 2− r > −r,

αm0+1 + k + 2− 2(m0 + 1) = −r,

βm1+1 − k + 2− 2(m1 + 1) = −r,

so Λr consists of the first m0 terms of α+[k,−∞[2 and the first m1 terms of β+[−k,−∞[2.

If (α, β) ∈ H(n, k), there exists a unique order <α,β,k on the indices of (α, β) such that

for i < m0, j < m1, we have (i, 0) <α,β,k (j, 1) if and only if αi+k+2−2i > βj−k+2−2j.

Lemma 3.1.5. Let k ∈ Z, (α, β) ∈ H(n, k) and consider the order <α,β,k. Let (α′, β′) be a

bipartition obtained from (α, β) via procedure (a) or (b) and let <′ be the induced ordering

on the indices of (α′, β′). Then Pk,−k;2(α, β,<α,β,k) has a unique element (µ, ν),

Proof. Let m0 and m1 = m0 − k be as above and consider the representative (m0,m1, <)

of the order <α,β,k. We will prove the result by induction on m<
0 + m<

1 . Clearly, the

result holds if m<
0 = 0 or m<

1 = 0. Suppose m<
0 > 0 and m<

1 > 0. We may assume

that (1, 0) < (1, 1), otherwise we consider (β, α,−k). From procedure (a) we obtain a
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bipartition (α′, β′) ∈ P2(n′) for some n′ ∈ N. Since (α, β) ∈ H(n, k), we have α1 + k >

β1 − k > −k, so Pk,−k;2(α, β,<) = P ak,−k;2(α, β,<) is in bijection with Pk−2,−k;2(α′, β′, <′

) = Pk−1,−k+1;2(α′, β′, <′). Hence it suffices to show that (α′, β′) ∈ H(n′, k− 1) and that <′

is equivalent to <α′,β′,k−1. By the induction hypothesis, Pk−1,−k+1;2(α′, β′, <′) has a unique

element (µ, ν). For Lemma 3.1.7, we will also prove that <′ is equivalent to <α′,β′,k.

Let k′ ∈ {k−1, k}. Procedure (a) applied to (α, β) also creates µ1, a1, . . . , aT , b1, . . . , bt ∈
N where T ∈ {t, t + 1}. Let m′0 = m0 − T and m′1 = m1 − t and let φ : {1, . . . ,m′0} →
{1, . . . ,m0} \ {a1, . . . , aT } and ψ : {1, . . . ,m′1} → {1, . . . ,m1} \ {b1, . . . , bt} be the unique

increasing bijections. For each i ∈ {1, . . . ,m′0}, resp. j ∈ {1, . . . ,m′1}, let h(i) ∈ {1, . . . , T},
resp. g(j) ∈ {1, . . . , t} be the unique element for which ah(i) < φ(i) < ah(i)+1, resp.

bg(j) < ψ(j) < bg(j)+1. We have φ(i) = h(i) + i, ψ(j) = g(j) + j and the maps i 7→ h(i),

j 7→ g(j) are weakly increasing.

Let i, j ∈ N. To show that (α′, β′) ∈ H(n′, k′), we prove the following:

(a) if i ≤ m′0, j ≤ m′1 and (i, 0) <′ (j, 1), then

α′i + k′ + 2− 2i > β′j − k′ + 2− 2j,

(b) if i ≤ m′0, j ≤ m′1 and (j, 1) <′ (i, 0), then

β′j − k′ + 2− 2j > α′i + k′ + 2− 2i,

(c) if i ≤ m′0 and j > m′1, then

α′i + k′ + 2− 2i ≥ −k′ + 2− 2j,

(d) if i > m′0 and j ≤ m′1, then

β′j − k′ + 2− 2j ≥ k′ + 2− 2i,

(e) The inequality in (d) is strict if β′j 6= 0.

Assume for now that these inequalities hold. Let Λ′ = Λk′−k′;2(α′, β′) and for m ∈ N,

let Λ′m = (Λ′1, . . . ,Λ
′
m). Let m′0 ∈ N be the smallest integer such that m′0 ≥ t(α′) and

m′1 := m′0 − k′ ≥ t(β′). Note that Λ′m
′
0+m′1 has no multiplicities by (a) – (d), so if we have

m′0 +m′1 ≥m′0 +m′1, then Λ′m
′
0+m′1 has no multiplicities and so (α′, β′) ∈ H(n′, k′).

If T = t, then m′0 −m′1 = k ≥ k′. Hence m′0 ≥ t(α′) and m′0 − k′ ≥ m′1 ≥ t(β′), so we

have m′0 ≥m′0 and m′1 ≥m1, so (α′, β′) ∈ H(n′, k′).

Suppose T = t + 1. Then m′0 −m′1 = k − 1. If k′ = k − 1, then similarly as above, we

have m′0 ≥m′0 and m′1 ≥m′1 and so (α′, β′) ∈ H(n′, k′).
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Suppose T = t+1 and k′ = k. If βm′1 = 0, then m′0 ≥ t(α′) and m′0−k′ = m′1−1 ≥ t(β′),
so m0 ≥m′0 and m′1 >m

′
1, so (α′, β′) ∈ H(n′, k′).

Suppose that T = t+ 1, k′ = k, and βm′1 6= 0. Then m′0 + 1 ≥ t(α′) and (m′0 + 1)− k′ =
m′1 ≥ t(β′), so m′0 + 1 ≥ m′0 and m′1 ≥ m′1. Now by (a) – (e), it follows that Λ′m

′
0+m′1+1

has no multiplicities and since m′0 +m′1 ≤ m′0 +m′1 + 1, we then have (α′, β′) ∈ H(n′, k′).

We conclude that (α′, β′) ∈ H(n′, k′), and so we can define <α′,β′,k′ . We show that

(m′0,m
′
1, <

′) and (m′0,m
′
1, <α,β,k′) are equivalent. Suppose i ∈ N such that α′i > 0. Suppose

j ≤ m′1 such that (j, 1) <′ (i, 0). Then by (b), we have (j, 1) <α′,β′,k′ (i, 0), and by Remark

3.1.4, we have j ≤m′1. Suppose j ≤m′1 and (j, 1) <α′,β′,k′ (i, 0). Then β′j − k′ + 2− 2j >

α′i + k′ + 2− 2i. By (c), we have j ≤ m′1 and by (a), we have (j, 1) <′ (i, 0). Similarly, we

can show that for j ∈ N such that β′j > 0, we have i ≤ m′0 and (i, 0) <′ (j, 1) if and only if

i ≤m′0 and (i, 0) <α′,β′,k′ (j, 1). Thus <′ and <α′,β′,k′ are equivalent.

It remains to prove (a) - (e) Let i ∈ {1, . . . ,m′0}, j ∈ {1, . . . ,m′1}. Suppose that (i, 0) <′

(j, 1), i.e. (φ(i), 0) < (ψ(j), 1). Note that (φ(i), 0) < (bh(i), 1), and since (α, β) ∈ H(n, k),

we have

aφ(i) + k + 2− 2φ(i) > βbh(i)
− k + 2− 2bh(i).

Since (φ(i), 0) < (ψ(j), 1), we have bh(i) ≤ ψ(j), so βbh(i)
≥ βψ(j) = β′j . We have αφ(i) = α′i,

so

α′i + k′ + 2− 2i > β′j − k′ + 2− 2j + 2X,

where

X = k′ − k + j − bh(i) + φ(i)− i.

We have φ(i) − i = h(i). Since bh(i) ≤ ψ(j), we have h(i) ≤ g(j). Furthermore, q 7→ bq is

strictly increasing, so q 7→ q − bq is weakly decreasing, so g(j)− bg(j) ≤ h(i)− bh(i). Hence

we have

X = k′ − k + j + h(i)− bh(i) ≥ −1 + j + g(j)− bg(j) = −1 + ψ(j)− bg(j) ≥ 0,

where the last inequality follows from the fact that ψ(j) > bg(j). Thus we have proved (a).

Suppose that (j, 1) <′ (i, 0), i.e. (ψ(j), 1) < (φ(i), 0). We have (bg(j), 1) < (ag(j)+1, 0),

and since (α, β) ∈ H(n, k), we have

βψ(j) − k + 2− 2ψ(j) > αag(j)+1
+ k + 2− 2ag(j)+1.

Since (ψ(j), 1) < (φ(i), 0), we have ag(j)+1 < φ(i), so h(i) ≥ g(j) + 1 and so

β′j − k + 2− 2j > α′i + k′ + 2− 2i+ 2Y,
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where

Y = k − k′ + i− ag(j)+1 + ψ(j)− j = k − k′ + i− ag(j)+1 + g(j).

Note that k − k′ ≥ 0. Similarly as before, the map p 7→ p − ap is weakly decreasing, so

(g(j) + 1)− ag(j)+1 ≥ h(i)− ah(i), and so

g(j)− ag(j)+1 = (g(j) + 1)− ag(j)+1 − 1 ≥ h(i)− ah(i) − 1 = φ(i)− i− ah(i) − 1 ≥ −i,

where the last inequality holds since φ(i) > ah(i). Thus we have Y ≥ 0 + i− i ≥ 0 and (b)

follows.

Let i ≤ m′0 and j > m′1. Note that m′0 − m′1 = k if T = t and m′0 − m′1 = k − 1 if

T = t+ 1, so m′0 −m′1 ≤ k′ + 1. Thus

2(k′ + j − i) ≥ 2(k′ +m′1 + 1−m′0) ≥ 2(k′ − k′) ≥ 0.

Thus k′ + 2− 2i ≥ −k′ + 2− 2j, and (c) follows. Similarly, we can show that k′ + 2− 2j ≥
k′ + 2− 2i, and so (d) and (e) follow.

We state a consequence of [Wal19, (7), p.387] without proof.

Proposition 3.1.6. Let k ∈ Z and let (α, β) ∈ H(n, k) and let (µ, ν) ∈ Pk,−k;2(α, β,<α,β,k).

Then the largest term of Λk,−k;2(µ, ν) is strictly larger than the other terms of Λk,−k;2(µ, ν).

We can repeatedly use Proposition 3.1.6 to show that (µ, ν) ∈ H(n, k). However, this is

rather heavy on the notation, and it will later follow that (µ, ν) ∈ H(n, k) from Theorem

3.3.1, so it is not necessary to prove this now.

Lemma 3.1.7. Let n ∈ N, k ∈ Z and (α, β) ∈ H(n, k). Write < for <α,β,k. We have

Pk/2,−k/2;1/2(α, β,<) = Pk,−k;2(α, β,<).

Proof. Suppose there exist h, k ∈ Z such that (α, β) ∈ H(n, k) and (α, β) ∈ H(n, h) and

such that <α,β,h and <α,β,k are equivalent. Denote <α,β,k by <. We shall show that

Ph,−h;2(α, β,<) = Ph/2,−k/2;1/2(α, β,<) = Pk,−k;2(α, β,<). (3.1.1)

This obviously holds if m<
0 = 0 or m<

1 = 0, so we assume that m<
0 > 0 and m<

1 > 0. We

may assume that (1, 0) < (1, 1), otherwise we consider (β, α,−k). From applying procedure

(a) to (α, β), we obtain µ1 and (α′, β′) ∈ P2(n′) for some n′ ∈ N. For j ∈ {k, h}, we have

(α, β) ∈ H(n, j) and so α1 + j > β1 − j > −j. Thus we have

Pj,−j;2(α, β,<) = P aj,−j;2(α, β,<) (3.1.2)
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We show that

Ph/2,−k/2;1/2(α, β,<) = P ah/2,−k/2;1/2(α, β,<). (3.1.3)

Since (1, 0) < (1, 1), we have to show that α1 + h/2 > −k/2, i.e. α1 > −(h + k)/2. If

h+k ≥ 0, this holds. Suppose h+k < 0. We have α1+k > −h, so α1 > −h−k > −(h+k)/2

since h + k < 0. Thus we have (3.1.3) and so Ph/2,−k/2;1/2(α, β,<) is in bijection with

P(h−1)/2,−k/2;1/2(α′, β′, <′).

We showed in the proof of Lemma 3.1.5 that (α′, β′) ∈ H(n′, j) and that <′, <α′,β′,j are

equivalent for j = h, h − 1, k, k − 1. By the induction hypothesis, (3.1.1) holds (α′, β′) for

(h−1, k) and (h, k−1). Applying the first equality of (3.1.1) for (h−1, k) (resp. the second

equality of (3.1.1) for (h, k − 1)) gives the first (resp. second) equality in the following:

Ph−1,−h+1;2(α′, β′, <′) = P(h−1)/2,−k/2;1/2(α′, β′, <′) = Pk−1,−k+1;2(α′, β′, <′) =: P ′.

By (3.1.2) and (3.1.3), any element of the three sets in (3.1.1) is of the form (µ1 t µ, ν) for

some (µ, ν) ∈ P ′, and so (3.1.1) follows. The lemma then follows from (3.1.1) for h = k.

3.1.4 Green functions for SO(N)

Recall that for N ∈ N odd (resp. even), the Weyl group of SO(N) is W (B(N−1)/2) (resp.

W (DN/2)) and the other relative Weyl groups are of the form W (B(N−k2)/2) for some odd

(resp. even) integer k ∈ Z≥0 such that k2 ≤ N . In other words, for each n ∈ Z≥0, we can

interpret W (Bn) as a relative Weyl group of SO(2n + k2) for any k ∈ N, and W (Dn) as

the Weyl group of SO(2n). Let n ∈ Z≥0 and let Wn be W (Bn) or W (Dn). Let t be an

indeterminate and let d = 1 if Wn = W (Dn) and d = 2 if Wn = W (Bn). The Poincaré

polynomial of Wn is given by

PWn(t) =
tdn − 1

t− 1
·
n−1∏
i=1

t2i − 1

t− 1
.

Let V be the reflection representation of W . For a class function f of Wn, define R(f) ∈ Z[t]

by

R(f) =
(t− 1)dimV PW (t)

|W |
∑
w∈Wn

detV (w)f(w)

detV (t · idV − w)
.

If f is an irreducible character of Wn, then R(f) is called the fake degree of f . For ρ ∈W∧,

let χ(ρ) denote its character.

Let N∗ be the number of reflections of Wn. Let Ω = (ωρ,ρ′)ρ,ρ′∈W∧n be the |Wn| × |Wn|
matrix over Z[t] defined by

ωρ,ρ′ = tN
∗
R(χ(ρ)⊗ χ(ρ′)⊗ detV ).
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Let (α, β) ∈ P2(n). If Wn = W (Bn), let ρ = ρ(α,β), and if Wn = W (Dn), let i ∈
{1, 2/c(α,β)} and let ρ = ρ{α,β},i. Let k ∈ Z≥0, N = 2n + k2, and r ∈ N such that

r ≥ t(α) + t(β) + k (so r is as in Remark 3.1.4). If Wn = W (Dn), we assume that k = 0.

Let Λ := Λρ;k := Λk,−k;2(α, β) and Λ(0) := [k,−∞[2t[−k,−∞[2. Let (C, E) = GSpr−1(ρ)

and suppose C is parametrised by an orthogonal partition λ of N . We define

ak(C) := ak(λ) := ak(ρ) := ak(α, β) :=
∑

1≤i<j≤r
min(Λi,Λj)−

∑
1≤i<j≤r

min(Λ
(0)
i ,Λ

(0)
j ).

We will usually drop k from the notation. Note in particular that ak(ρ) is well-defined when

Wn = W (Dn), since in this case, we assumed that k = 0. Also note that ak(ρ) does not

depend on r. We write ρ ∼ ρ′ if the symbols Λρ;k and Λρ′;k are similar. Then ak(ρ) = ak(ρ
′)

if ρ ∼ ρ′, so ak(C) and ak(λ) are well-defined. Note that ak is the same as in [Sho01, (1.2.2)]

and if k = 1, then ak is the same as the function b in [Lus86b, 4.4].

Define a total order ≺k on W∧n such that for ρ, ρ′ ∈ W∧n we have ak(ρ) ≥ ak(ρ
′) if

ρ ≺k ρ′, and such that each similarity class forms an interval. Again, we will usually drop

k from the notation. The order ≺k uniquely defines a total order ≺k on P2(n). In [Sho01]

(for type B) and in [Sho02] (for type D) the following theorem is proved:

Theorem 3.1.8. Let n ∈ N, k ∈ Z≥0, let Wn = W (Bn) or Wn = W (Dn), and write ≺ for

≺k. If Wn is of type Dn, we assume that k = 0. There exist unique |W∧n | × |W∧n | matrices

P (k) = P = (pρ,ρ′)ρ,ρ′∈W∧n and Λ(k) = Λ = (λρ,ρ′)ρ,ρ′∈W∧n over Q(t) such that

PλP t = Ω,

λρ,ρ′ = 0 if ρ 6∼ ρ′,

pρ,ρ′ = 0 unless ρ′ ≺ ρ and ρ 6∼ ρ′, or ρ = ρ′,

pρ,ρ = ta(ρ).

Furthermore, the entries of P and Λ lie in Z[t]. The polynomials pρ,ρ′ are called Green

functions of Wn for k.

Except when Wn = W (Bn) and k = 0, we can view Wn as a relative Weyl group of

SO(N) = SO(2n+ k2). Regardless, we considered the Green functions of Wn = W (Bn) for

k = 0 in Theorem 3.1.8, as we will later see from Proposition 3.1.13 that they are related

to the Green functions of W (Dn) for k = 0.

The matrix P (k) is closely related to the solutions of a similar matrix equation considered

in [Lus86a, §24]. We will briefly discuss this relation. Let ρ ∈ W∧n and let (C, E) =

GSpr−1(ρ) ∈ N SO(N). Define the Springer support of ρ to be supp ρ := C. Fix a maximal

torus T of G. Recall that Wn
∼= NG(L)/L for some Levi subgroup L of G with a cuspidal
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pair. Let D be the diagonal |W∧n | × |W∧n | matrix over Q(t) such that for all ρ ∈ W∧n ,

Dρ,ρ = ta(ρ). Let Ω̃ = D−1ΩD−1. Let ρ, ρ′ ∈ W∧n , C = supp ρ and C ′ = supp ρ′. The

following result can be verified using [CM93, Cor. 6.1.4.].

Proposition 3.1.9. We have 2a(ρ) = dimG− dimZ◦L− dimC, where Z◦L is the connected

component of the centre of L.

Denote by ω̃ρ,ρ′ the polynomial Ωi′,i in [Lus86a, §24.7], where i = GSpr−1(ρ) and i′ =

GSpr−1(ρ′). By Proposition 3.1.9, there exists a c ∈ Z such that for all ρ, ρ′ ∈W∧n , we have

ωρ,ρ′ = ta(ρ)+a(ρ′)+cω̃ρ,ρ′ .

Note that ≺ is compatible with the closure order on U : if C is strictly smaller than C ′ in

the closure order, then a(ρ) > a(ρ′) by Proposition 3.1.9, hence ρ ≺ ρ′ and ρ 6∼ ρ′, and if

C = C ′, then Λρ,k = Λρ′,k by the generalised Springer correspondence, and so ρ ∼ ρ′. Thus

we can apply [Lus86a, Theorem 24.8(b)] with this order ≺, and by taking the transpose of

the matrix equation in [Lus86a, Theorem 24.8(b)], this theorem becomes:

Theorem 3.1.10. Let n, k,Wn,≺ be as in Theorem 3.1.8, except we assume that k 6= 0 if

Wn = W (Bn). Then there exist unique |Wn| × |Wn| matrices P̃ = P̃ (k) and Λ̃ = Λ̃(k) over

Q(t) such that

P̃ λ̃P̃ t = Ω̃,

λ̃ρ,ρ′ = 0 if ρ 6∼ ρ′,

p̃ρ,ρ′ = 0 unless ρ′ ≺ ρ and ρ 6∼ ρ′, or ρ = ρ′,

p̃ρ,ρ = 1.

Furthermore, the entries of P̃ , Λ̃ lie in Z[t].

Consider P = P (k) and Λ from Theorem 3.1.8. Then it is easy to see that P̃ = D−1P

and Λ̃ = t−cΛ are the solutions to the matrix equation in Theorem 3.1.10. Thus we have now

related P in Theorem 3.1.8, which has a combinatorial interpretation as shown in [Sho01],

to P̃ in Theorem 3.1.10, which has a geometric interpretation as shown in [Lus86a]. We

shall discuss the geometric interpretation later in §3.1.6.

Remark 3.1.11. If Wn = W (Bn) and ρ = ρα and ρ′ = ρα′ for α,α′ ∈ P2(n), we will

also write pα,α′ = pρ,ρ′ and p̃α,α′ = p̃ρ,ρ′ . If Wn = W (Dn) and ρ = ρα,i and ρ′ = ρα′,i′ for

α,α′ ∈ P2(n)/θ and i ∈ {1, 1/cα}, i′ ∈ {1, 1/cα′}, we will similarly write pαi,α′i′ = pρ,ρ′

and p̃αi,α′i′ = p̃ρ,ρ′ . We will furthermore drop the i (or i′) from the notation if cα = 1 (or

cα′ = 1).
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3.1.5 Symmetric polynomials

The matrix of Green functions PAn−1 for Sn has an interpretation in terms of symmetric

functions, see for instance [Mac98, Ch. III §7], where it is shown that PAn−1 is equal

to the Kostka matrix, which is the transition matrix between Schur functions and Hall-

Littlewood functions. Shoji extended these results to complex reflection groups in [Sho01]

and [Sho01]. In particular, the connection between the Green functions of type B/C and D

and symmetric functions were described. The result [Sho01, p.685] allows one to compute

the Green functions for Weyl groups of type B under some conditions. Waldspurger proved

a certain generalisation [Wal19, Proposition 4.2] of this result for the relative Weyl groups

of Sp(2n). Proposition 3.1.17 and Lemma 3.1.20 together are a direct analogue of [Wal19,

Proposition 4.2] for SO(N).

We briefly describe the symmetric functions used by Shoji, but we shall not include

their definitions here. The main purpose of this subsection is to highlight the main ideas

in [Sho01] are relevant for Waldspurger’s proof of [Wal19, Proposition 4.2] and the proof of

Proposition 3.1.17.

Let (α, β) ∈ P × P and let m = (m0,m1) ∈ N×N such that m0 ≥ t(α) and m1 ≥ t(β)

and let k = m0 −m1. For d = 1, 2 and j = 1, . . . ,md define indeterminates x
(d)
j and write

x(d) = (x
(d)
j )j and x = (x

(d)
j )d,j , Consider the following symmetric polynomials in Z[x] and

Z[x, t]:

(I) (Schur functions) s(α,β)(x) = sα(x(0))sβ(x(1)) ∈ Z[x] as in [Sho01, §2.1], where sα(x(0)) ∈
Z[x(0)] and sβ(x(1)) ∈ Z[x(1)] are the usual Schur functions attached to the partitions

α and β,

(II) (Monomial symmetric functions) m(α,β)(x) ∈ Z[x] as in [Sho01, §2.1],

(III) (Complete symmetric functions) h(α,β)(x) ∈ Z[x] as in [Sho01, §6.7],

(IV) q(α,β)(x, t) ∈ Z[x, t] ([Sho01, §2.4]),

(V) R(α,β)(x, t) = R(α,β),<(x, t) ∈ Z[x, t] as in [Sho01, (3.2.1)], where < stands for the

order (m0,m1, <) on the set of indices of (α, β),

(VI) (Hall-Littlewood functions) P ′(α,β)(x, t) = P ′(α,β),k(x, t) ∈ Z[x, t] as in [Sho01, Theorem

4.4]. We write P ′ instead of P to the notation to avoid confusion with P in Theorem

3.1.8). Note that in loc. cit., the Hall-Littlewood functions are indexed by certain

symbols that are equivalent to Λk,−k;2(α, β), so we can also index them by (α, β), k,

(VII) Q(α,β)(x) = Q(α,β),k(x) ∈ Z[x, t] as in [Sho01, Theorem 4.4 (ii)].
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The polynomials above all satisfy a ‘stability property’. The polynomials (I) – (V), can

be defined replacing m0 with m0 + 1 (resp. m1 with m1 + 1). Evaluating x
(0)
m0+1 = 0 (resp.

x
(1)
m1+1 = 0) yields the same polynomial as in the definition for (m0,m1). The polynomials

P ′(α,β),k and Q(α,β),k depend on k = m0 − m1, and they can be defined when we replace

(m0,m1) by (m0 + 1,m1 + 1), and evaluating x
(0)
m0+1 = 0 and x

(1)
m1+1 = 0 yields the same

polynomial as in the definition for (m0,m1). As such, the polynomials above can be viewed

as functions in infinitely many variables. These functions form bases for certain Z and

Q(t)-modules as follows. Denote by

Ξ(m0,m1) = Z[x
(0)
i : i = 1, . . . ,m0]Sm0 ⊗ Z[x

(1)
i : i = 1, . . . ,m1]Sm1

the ring of symmetric polynomials with variables x with respect to Sm0×Sm1 . Then Ξ(m0,m1)

has a graded ring structure Ξ(m0,m1) =
⊕

i≥0 Ξi(m0,m1), where each Ξi(m0,m1) consists of

homogeneous symmetric polynomials of degree i and the zero polynomial. Consider the

inverse limit

Ξi = lim←−
(m0,m1)

Ξi(m0,m1)

with respect to the obvious restrctions Ξi(m0+`,m1+`) → Ξi(m0,m1) where ` ∈ N. Define

Ξ =
⊕
i≥0

Ξi.

For n,m0,m1 ∈ N with m0,m1 ≥ n, we have that (s(α,β)(x))(α,β)∈P2(n) is a basis for

the Z-module Ξn(m0,m1), as well as the Q(t)-vector space ΞnQ,(m0,m1)[t] := Q(t) ⊗Z Ξnm0,m1
.

By the stability property, (s(α,β)(x))(α,β)∈P2(n) is also a Z-basis (resp. Q(t)-basis) of Ξn

(resp. ΞnQ[t] := Q(t)⊗Z Ξn). As polynomials (resp. functions in infinitely many variables),

the functions in (II) – (VII) are shown in [Sho01] to be bases of the Q(t)-vector space

ΞnQ,(m0,m1)[t] (resp. ΞnQ[t]), where (α, β) runs through P2(n). We want to study the transition

matrices between some of these bases. By the stability properties, we see that the transition

matrices do not depend on m0 and m1 as long as m0 ≥ n, m1 ≥ n and m0−m1 = k, and that

the transition matrix between any two bases in ΞnQ,(m0,m1)[t] is the same as the transition

matrix between between these two bases in ΞnQ[t]. Given any two bases X and Y of a vector

space, denote by M(X,Y ) the transition matrix from Y to X.

Theorem 3.1.12 ([Sho01, Theorem 5.4]). Let n ∈ N, k ∈ Z≥0 and let P = P (k) be as

in Theorem 3.1.8 for the Weyl group W (Bn). Then P = KBn(t−1)Tk, where Tk is the

diagonal |W (Bn)| × |W (Bn)| matrix with entries (Tk)ρ,ρ = tak(ρ) and KBn(t) = M(s, P ′) is

the transition matrix between the Hall-Littlewood functions P ′(α,β),k and the Schur functions

s(α,β), where (α, β) ∈ P2(n). We call KBn(t) a Kostka matrix of type B, and the entries

of KBn(t) are called Kostka polynomials.
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Note that the Kostka polynomials in Theorem 3.1.12 depend on k, but we drop it from

the notation for simplicity.

The Green functions of W (Dn) for k = 0 are described in [Sho02]. Let T ′0 be the diagonal

|W (Dn)| × |W (Dn)| matrix with diagonal entries (T ′0)ρ,ρ = ta0(ρ). Similar to the type B

case, it is shown in loc. cit. that the matrix of P = P (0) of Green functions of W (Dn) for

k = 0 is equal to the transition matrix KDn(t−1)T ′0, where KDn(t) is a transition matrix

between certain Schur functions and Hall-Littlewood functions ‘of type D’, defined slightly

different than in (I) and (VI). Using [Sho02, Proposition 4.9], we find the following result

for KDn(t). If n is even, let KAn/2−1(t) be the Kostka matrix of Sn/2 as in [Mac98, III.6].

From Theorem 3.1.12, we see that KBn depends on k. For the following, we assume that

k = 0. We will index the Kostka polynomials of type An/2−1 and Bn by partitions of n/2

and bipartitions of n, respectively, and we will index the Kostka polynomials of type Dn by

αi where α ∈ P2(n)/θ and i ∈ {1, 2/cα}, and we drop the i if cα = 2 (cf. Remark 3.1.11).

Proposition 3.1.13. Let α,β ∈ P2(n).

1. Suppose θ(α) 6= α. Then for j = 1, 2, we have

KDn
βj ,α

(t) =
cβ
2

(KBn
β,α(t) +KBn

β,θα(t)).

2. Suppose θ(α) = α and θ(β) 6= β. Then for i = 1, 2 we have

KDn
β,αi

(t) = KBn
β,α(t) = KBn

θβ,α(t).

3. Suppose θ(α) = α = (α, α) and θ(β) = β = (β, β). Then n is even and for i = 1, 2

and j = 1, 2, we have

KDn
βj ,αi

(t) = (−1)i+jK
An/2−1

β,α (t2) +KBn
β,α(t).

Remark 3.1.14. It may not seem obvious from [Sho02, Proposition 4.9] that we have to

evaluate K
An/2−1

β,α in t2 in Proposition 3.1.13(3), as it comes from a subtlety involved in

defining the Hall-Littlewood functions. In the notation of loc. cit., when j = 1, then the P jz

are the usual Hall-Littlewood functions of Sn/2. Since hj = h1 = 2, the term thj in [Sho02,

(3.3.7)] is t2 and so the P jz are the Hall-Littlewood functions of Sn/2 evaluated in t2 rather

than t. As such, the Kostka matrix of Sn/2 that appears in [Sho02, Proposition 4.9] should

also be evaluated in t2. Similarly, when j = 0, we have hj = 1, so the Kostka matrices of

type B appearing in [Sho02, Proposition 4.9] are simply evaluated in t.

Furthermore, we will only need Proposition 3.1.13(1) later, but we include the other two

statements as well for completeness. In this case, we thus have a description of the Green

functions of W (Dn) for k = 0 in terms of Green functions of W (Bn) for k = 0, which are

described by Theorem 3.1.8 for Wn = W (Bn) and k = 0.
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The following is a direct consequence of [Sho02, (3.3.2), §3.9]. Suppose α,β ∈ P2(n)/θ

and i ∈ {1, 2/cα}, j ∈ {1, 2/cβ}. Then

KBn
θβ,θα(t) = KBn

β,α(t). (3.1.4)

Note that the condition k = 0 is important here.

3.1.6 Multiplicities

Let N ∈ N, G = SO(N), and (C, E), (C ′, E ′) ∈ NG. Consider the intersection cohomology

complex IC(C̄ ′, E ′) on C̄ ′ associated to (C ′, E ′). Recall that for each m ∈ N, the restriction

of H2m(IC(C̄ ′, E ′)) to C is a direct sum of irreducible G-equivariant local systems on C. Let

mult(C, E ;C ′, E ′) be the multiplicity of E in
⊕

m∈ZH
2m(IC(C̄ ′, E ′))|C . Let ρ = GSpr(C, E)

and ρ′ = GSpr(C ′, E ′). Suppose (C, E) and (C ′, E ′) are parametrised by (λ, [ε]), (λ′, [ε′]) ∈
Port(N), respectively. If k(λ, [ε]) 6= k(λ′, [ε′]), then mult(C, E ;C ′, E ′) = 0. If k(λ, [ε]) =

k(λ′, [ε′]), then ρ = GSpr(C, E) and ρ′ = GSpr(C ′, E ′) are representations of the same

relative Weyl group Wrel. In this case, let P̃ = P̃ (k(λ,[ε])) be as in Theorem 3.1.10 for

Wrel. For each m ∈ N, the coefficient of tm in p̃ρ′,ρ(t) is equal to the multiplicity of E in

H2m(IC(C̄ ′, E ′))|C by [Lus86a, (24.8.2)] (recall that P̃ in Theorem 3.1.10 is the transpose

of the matrix Π in [Lus86a, (24.8.2)]). Let mult(C, E ;C ′, E ′) be the multiplicity of E in⊕
m∈ZH

2m(IC(C̄ ′, E ′))|C . Then we have mult(C, E ;C ′, E ′) = p̃ρ′,ρ(1).

We want to give a combinatorial description of mult(C, E ;C ′, E ′). Let (α, β) ∈ P × P
and let (m0,m1, <) be any order on the set of indices I = Im0,m1 of (α, β). Let J =

{((i, e), (j, f)) ∈ I2 : (i, e) < (j, f), e 6= f}. Let X = NJ and write its elements as x =

(x(i,e),(j,f))((i,e),(j,f))∈J with x(i,e),(j,f) ∈ N. For x ∈ X, we define (α[x], β[x]) ∈ Zm0 ×Zm1

by

α[x]i = αi +
∑

j∈{1,...,m1},(i,0)<(j,1)

x(i,0),(j,1) −
∑

j∈{1,...,m1},(j,1)<(i,0)

x(j,1),(i,0),

β[x]j = βi +
∑

i∈{1,...,m0},(j,1)<(i,0)

x(j,1),(i,0) −
∑

i∈{1,...,m0},(i,0)<(j,1)

x(i,0),(j,1),

for i = 1, . . . ,m0, j = 1, . . . ,m1. For each (µ, ν) ∈ Zm0 ×Zm1 , let X(α, β,<;µ, ν) = {x ∈
X : α[x] = µ, β[x] = ν}.

Remark 3.1.15. 1. For all x ∈ X, we have S(α[x]) + S(β[x]) = S(α) + S(β). Hence

X(α, β,<;µ, ν) is empty if S(µ) + S(ν) 6= S(α) + S(β).

2. For all (µ, ν) ∈ Zm0 ×Zm1 , X(α, β,<;µ, ν) is finite.
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For each µ ∈ Zm0 and w ∈ Sm0 , we define µ[w] ∈ Zm0 by µ[w]i = µwi + i − wi for

i = 1, . . . ,m0. We similary define ν[v] for ν ∈ Zm1 and v ∈ Sm1 . Let (µ, ν) ∈ P × P.

If t(µ) > m0 or t(ν) > m1, we define mult(α, β,<;µ, ν) = 0. Otherwise, we can consider

(µ, ν) as an element of Zm0 ×Zm1 and we define

mult(α, β,<;µ, ν) :=
∑

w∈Sm0 ,v∈Sm1

sgn(w) sgn(v)|X(α, β,<;µ[w], ν[v])|.

It is shown on [Wal19, §3.1, p. 412] that mult(α, β,<;µ, ν) is independent of the choice of

representative for <.

Recall pA,B;s(α, β,<) from Definition 3.1.3. Let Qs(α, β,<) be the set of pairs (µ, ν) ∈
P × P such that for all A,B, s ∈ R with s > 0, we have

ΛA,B;s(µ, ν) ≤ pA,B;s(α, β,<).

We have the following result [Wal19, Prop. 3.1]:

Proposition 3.1.16. Let (µ, ν) ∈ P × P and A,B, s ∈ R with s > 0.

1. Suppose that mult(α, β,<;µ, ν) 6= 0. Then (µ, ν) ∈ Qs(α, β,<).

2. Suppose that ΛA,B;s(µ, ν) = pA,B;s(α, β,<). Then mult(α, β,<;µ, ν) 6= 0 if and only

if (µ, ν) ∈ PA,B;s(α, β,<).

3. Suppose that (µ, ν) ∈ PA,B;s(α, β,<). Then mult(α, β,<;µ, ν) = 1.

Proposition 3.1.17 (cf. [Wal19, Proposition 4.2]). Let N ∈ N, let (λ, [ε]), (λ′, [ε′]) ∈
Port(N) such that λ only has odd parts and such that k := k(λ, [ε]) = k(λ′, [ε′]). Let

(α, β)k = ΦN (λ, [ε]), (α′, β′)k = ΦN (λ′, [ε′]) and write < for <α,β,k.

1. If k > 0, then

mult(Cλ, E[ε];Cλ′ , E[ε′]) = mult(α, β,<;α′, β′).

2. If k = 0 (note that N is even), then

mult(Cλ, E[ε];C
±
λ′ , E

±
[ε′]) =

c(α′,β′)

2
(mult(α, β,<;α′, β′) + mult(α, β,<;β′, α′))

=

{
mult(α, β,<;α′, β′) if α′ = β′,

mult(α, β,<;α′, β′) + mult(α, β,<;β′, α′) if α′ 6= β′.
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3.1.7 Proof of Proposition 3.1.17

We first prove some preliminary results.

Let m = m0 + m1 and let e1, . . . , em be the unit vectors in Zm. For i 6= j define an

operator Rij on Zm by Rijλ = λ + ei − ej . A raising operator (resp. lowering operator)

R on Zm is a product of Rij with i < j (resp. i > j). Given an identification of Zm with

Zm0 ×Zm1 , we write Rij as Rµ,ν for µ,ν ∈ Zm0 ×Zm1 correspond to i, j ∈ Zm, respectively.

We define s(µ,ν), h(µ,ν) and q(µ,ν) for (µ, ν) ∈ Zm0 ×Zm1 as follows (so far, they were only

defined for (µ, ν) ∈ P ×P). If any of the µi or νi is negative, we set q(µ,ν) = 0 and h(µ,ν) = 0.

Otherwise, pick w ∈ Sm0 , v ∈ Sm1 such that w(µ), v(ν) ∈ P and we set q(µ,ν) = q(w(µ),v(ν))

and h(µ,ν) = h(w(µ),v(ν)). We set s(µ,ν) = 0 if µi − i for i = 1, . . . ,m0 are not all distinct,

or if νi − i for i = 1, . . . ,m1 are not all distinct. Otherwise, there exist (α, β) ∈ P ×P and

w ∈ Sm0 , v ∈ Sm1 such that µ = α[w] and ν = β[v] are partitions and we set

s(µ,ν) = sgn(w) sgn(v)s(α,β).

For a raising or lowering operator R on Zm, we define

Rq(µ,ν) = qR(µ,ν),

Rh(µ,ν) = hR(µ,ν),

Rs(µ,ν) = sR(µ,ν).

Note that there may exist raising or lowering operators R,R′ such that R′q(µ,ν) = 0 but

(RR′)q(µ,ν) 6= 0. The same problem can occur for h(µ,ν) and s(µ,ν).

Remark 3.1.18. For any raising or lowering operator R, the matrix of the linear map

q(α,β) 7→ Rq(α,β) in the basis (q(α,β)) is the same as the matrix of the linear map h(α,β) 7→
Rh(α,β) in the basis (h(α,β)), but it is not generally the same as the matrix of s(α,β) 7→ Rs(α,β)

in the basis (s(α,β)).

The following result follows from the proof of [Sho01, Corollary 6.8]. However, one of

the steps in the proof that we present is different than what was done in loc. cit., where we

use ideas from [Gar92, §2].

Lemma 3.1.19. Let k ∈ Z≥0, n = N−k2

2 . Let α = (α, β) ∈ P2(n) Let m0,m1 ∈ N such

that m1 = m0 − k ≥ n and let (m0,m1, <) be any order on the set of indices of (α, β) such

that αi + k + 2− 2i ≥ βj − k + 2− 2j if (i, 0) < (j, 1). Suppose that Qα,k = Rα,< in ΞnQ[t].

Suppose P = P (k) is as in Theorem 3.1.8 for Wn := W (Bn). Then

p(α′,β′),(α,β)(1) = mult(α, β,<;α′, β′).
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Proof. Recall that the transition matrices between the bases of symmetric functions in (I)

- (VII) in the space ΞQ[t] are the same as in the space ΞnQ,(m0,m1)[t], as m0 = m1 + k and

m0,m1 ≥ n. Thus we can consider the symmetric functions in (I) - (VII) as elements of

ΞnQ,(m0,m1)[t]. Write K(t) for KBn(t) = M(s, P ′). By Theorem 3.1.12, we have K(t−1)Tk =

P (t). By [Sho01, (5.6.1)], we have

M(Q, q) = (M(P ′,m)t)−1 = K(t)t(M(s,m)t)−1.

Let I = Im0,m1 be the set of indices of (α, β) and let J = {((i, e), (j, f)) ∈ I2 : (i, e) <

(j, f), e 6= f} as in §3.1.6 and define J ′ = {((i, e), (j, e)) ∈ I2 : (i, e) < (j, e), e = 0, 1}. We

can identify I with {1, . . . ,m0 + m1}, respecting < and the usual order on {1, . . . ,m0 +

m1}. We identify Zm0+m1 with Zm0 ×Zm1 accordingly, and we define raising and lowering

operators on Zm0 ×Zm1 as before. Then

s(α,β)(x) =
∏

(a,b)∈J ′
(1−Ra,b)h(α,β)(x) (3.1.5)

by [Sho01, (6.7.3)]. Using Q(α,β) = R(α,β) and [Sho01, (3.7.1)], we find

Q(α,β)(x, t) =

 ∏
(a,b)∈J ′

(1−Ra,b)
∏

(a,b)∈J

(1− tRa,b)−1

 q(α,β)(x, t). (3.1.6)

Define a basis (H(α,β))(α,β)∈P2(n) of ΞnQ,(m0,m1)[t] by requiring that M(H,h) = M(Q, q). By

Remark 3.1.18, we have

H(α,β)(x) =

 ∏
(a,b)∈J ′

(1−R(i,e),(j,f))
∏

(a,b)∈J

(1− tRa,b)−1

h(α,β)(x). (3.1.7)

Note that K(t)t = M(Q, q)M(s,m)t = M(H,h)M(s, h)−1 = M(H, s). We want to show

that K(α′,β′),(α,β) is the coefficient of s(α′,β′) in

H(α,β)(x) =
∏

(a,b)∈J

(1− tRa,b)−1s(α,β) =
∏

(a,b)∈J

(
∞∑
`=0

(tRa,b)
`)s(α,β). (3.1.8)

Note that (3.1.6) involves raising operators acting on q(α,β), whereas in (3.1.8), the raising

operators act on s(α,β), and we noted that the matrices of these actions are not generally

the same in Remark 3.1.18. We shall prove (3.1.8) using ideas from [Gar92, §2], where a

similar result is proved for classical Schur functions, avoiding the use of raising operators.

Let α = (α(0), α(1)) ∈ P2(n). The complete symmetric functions h(α(0),α(1)) are defined

to be a product

h(α(0),α(1))(x) =
1∏
d=0

md∏
i=1

h
(d)

α
(d)
i

(x(d)),
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where h
(d)

α
(d)
i

(x(d)) are the ordinary complete symmetric functions in the variables x(d) =

(x
(d)
1 , . . . , x

(d)
md) of degree a

(d)
i . For d = 0, 1, consider the generating function of {h(d)

m (x)}m∈Z≥0
:

Ω(d)(x(d), z) =
∞∑
m=0

h(d)
m (x(d))zm.

For d = 0, 1 and i = 1, . . . ,md, introduce the variables y
(d)
i . Then (3.1.5) is equivalent to

the statement that sα(x) = sα(0)(x(0))sα(1)(x(1)) where for d = 0, 1, we have

sα(d)(x(d)) =

(
md∏
i=1

Ω(d)(x(d), y
(d)
i )

) ∏
1≤a<b≤md

1−
y

(d)
b

y
(d)
a

∣∣∣∣∣∣∏md
i=1(y

(d)
i )α

(d)
i

, (3.1.9)

where the |∏md
i=1 y

(d)
i

stands for taking the coefficient of the (
∏md
i=1 y

(d)
i ) term. Let ∆md(y

(d)) =∏
1≤a<b≤md(y

(d)
a −y(d)

b ), δmd = (md−1,md−2, . . . , 0) ∈ P, and Ωd(x
(d), y(d)) =

∏md
i=1 Ω(d)(x(d), y

(d)
i ).

Then we can rewrite (3.1.9) to obtain

sα(x) = sα(0)(x(0))sα(1)(x(1))

= Ω0(x(0), y(0))∆m0(y(0))
∣∣∣
(y(0))α

(0)+δm0
· Ω1(x(1), y(1))∆m1(y(1))

∣∣∣
(y(1))α

(1)+δm1
.

For d = 0, 1, since Ωk(x
(d), y(d))∆md(y

(d)) is an alternating function in y(d), taking the

coefficient of (y(d))α
(d)+δmd is the same as taking the coefficient of

∆α(d)(y(d)) :=
∑

σ∈Smd

sgn(σ)(σy(md))α
(d)+δmd (3.1.10)

in Ωk(x, y)∆md(y), so we see that

Ω0(x(0), y(0))Ω1(x(1), y(1)) =
∑

α∈P×P
sα(0)(x(0))

∆α(0)(y(0))

∆m0(y(0))
sα(1)(x(1))

∆α(1)(y(1))

∆m1(y(1))
. (3.1.11)

Note that (3.1.7) is equivalent to

Hα(x) =

(
1∏
d=0

Ωd(x
(d), y(d))

) ∏
((a,e),(b,e))∈J ′

1−
y

(e)
b

y
(e)
a

 ∏
((a,e),(b,1−e))∈J

1− t
y

(1−e)
b

y
(e)
a

∣∣∣∣∣∣
yα

and by (3.1.11), this becomes

Hα(x) =
∑

α∈P×P
sα(x)

(
1∏
d=0

∆α(d)(y(d))

) ∏
((a,e),(b,1−e))∈J

1− t
y

(1−e)
b

y
(e)
a

∣∣∣∣∣∣
yα+(δm0 ,δm1 )

.

(3.1.12)

By (3.1.10) and the definition of the Schur functions s(µ,ν) for (µ, ν) ∈ Z×Z, we see that

(3.1.12) is equivalent to (3.1.8), as desired.
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Thus (3.1.8) gives a way to compute M(H, s) = K(t)t in Ξn, hence a way to compute

p(α′,β′),(α,β)(1) = K(α′,β′),(α,β)(1). For each w ∈ Sm0 , v ∈ Sm1 , we want to count the

number of ways we can create products R of raising operators Rj with j ∈ J such that

(α′[w], β′[v]) = R(α, β), i.e. we want to determine the size of the set

R(w, v) := {(yj)j∈J ∈ X : (α′[w], β′[v]) =
∏
j∈J

R
yj
j (α, β)}.

It holds that

p(α′,β′),(α,β)(1) =
∑

w∈Sm0 ,v∈Sm1

sgn(w) sgn(v)|R(w, v)|.

Note that R(w, v) = X(α, β,<;α′[w], β′[v]), so

p(α′,β′),(α,β)(1) = mult(α, β,<;α′, β′).

The following lemma and [Wal19, Proposition 4.2] are a generalisation of [Sho01, Prop.

6.2], where it was shown that Qα = Rα for symbols of type B and C, but with strictly

stronger conditions on α than the conditions in Lemma 3.1.20 and [Wal19, Proposition 4.2].

Lemma 3.1.20. Let k ∈ Z≥0, n = N−k2

2 and let α = (α, β) ∈ P2(n) such that α ∈ H(n, k).

Let m0,m1 ∈ N such that m1 = m0 − k ≥ n and let (m0,m1, <) be an order on the set of

indices of (α, β) equivalent to <α,β,k. Then Qα,k = Rα,<α,β,k in ΞnQ,(m0,m1)[t].

Proof. We show that Rα satisfies the conditions (a) and (b) in [Sho01, Theorem 4.4 (ii)]

that uniquely characterise Qα. It was shown that Rα satisfies condition (a) in [Sho01,

Proposition 3.12 (i)]. Let A be the subring of Q(t) consisting of functions that have no

pole at t = 0 and let A ∗ be the set of units of A . Condition (b) can be formulated as

(b) Rα can be expressed as

Rα(x, t) =
∑

α′∈P2(n)

uα,α′(t)sα′(x),

where uα,α′(t) ∈ A such that uα,α(t) ∈ A ∗, and such that uα,α′(t) = 0 if α ≺ α′

and α 6∼ α′.

By [Sho01, Proposition 3.14], Rα can be expressed as a linear combination of Schur

functions with coefficients in Z[t], i.e.

Rα(x, t) =
∑

(α′,β′)∈P2(n)

rα(α′, β′)(t)s(α′,β′)(x), rα(α′, β′)(t) ∈ Z[t].

58



We show that for any α′ = (α′, β′) ∈ P2(n) such that rα(α′, β′) 6= 0, we have

Λk,−k;2(α′, β′) ≤ Λk,−k;2(α, β), (3.1.13)

which implies that a(α′) ≥ a(α) and hence α′ � α or α ∼ α′, which in turn implies that

Rα satisfies condition (b) as above. An expression for Rα is given in [Sho01, (3.13.1)] in

terms of raising operators. Using this, a more explicit expression for rα(α′, β′) is given in

[Wal19, §4.3] as follows. Recall that we assume that m0 = m1 − k ≥ n. Let I = Im0,m1 be

the set of indices of (α, β). For e = 0, 1, let (vei )i=1,...,me denote the canonical basis for Zme .
Let ν0 = max((t(α), 0), (t(β), 1)). Let J = {vei − v

f
j ∈ Zm0 ×Zm1 : ((i, e), (j, f)) ∈ I2, e 6=

f, (i, e) < (j, f), (i, e) ≤ ν0} and let K = {vei − v
f
j ∈ Zm0 ×Zm1 : ((i, e), (j, f)) ∈ I2, e =

f, (i, e) < (j, f), ν0 < (i, e)}. Let ∆me = (me − 1,me − 2, . . . , 0) for e = 1, 2 and consider

(α+ ∆m0 , β + ∆m1) ∈ Zm0 ×Zm1 . Consider the usual action of the symmetric groups Sm0

and Sm1 on Zm0 and Zm1 , respectiveley. For e ∈ {0, 1}, σ ∈ Sme , and x ∈ Zme , write

xσ = (xσ1, . . . , xσme). For (α′, β′) ∈ Pm0 × Pm1 and d ∈ Z≥0, define

rdα(α′, β′) =
∑

σ∈Sm0 ,τ∈Sm1

(sgnσ sgn τ)· (3.1.14)

|{X ⊆ J ∪K : |X| = d, (α+ ∆m0 , β + ∆m1)−
∑
x∈X

x = ((α′ + ∆m0)σ, (β′ + ∆m1)τ )}|.

Then

rα(α′, β′) = vα,β(t)−1
∑
d∈Z≥0

(−1)drdα(α′, β′)td, (3.1.15)

for some non-zero vα,β(t) ∈ Q[t]. We note that we can derive (3.1.15) by keeping track of the

raising operators appearing in [Sho01, (3.13.1)]. Note in particular that [Sho01, (3.13.1)]

requires that m0,m1 ≥ n, which we indeed assume. Alternatively, we can write (3.1.14) as

rdα(α′, β′) =
∑

σ∈Sm0 ,τ∈Sm1

sgnσ sgn τ
∑

XJ⊆J : |XJ |≤d

|XK(XJ , σ, τ)|,

where

XK(XJ , σ, τ) = {XK ⊆ K : |XK | = d− |XJ |,

(α+ ∆m0 , β + ∆m1)−
∑
x∈XK

x = ((α′ + ∆m0)σ, (β′ + ∆m1)τ ) +
∑
x∈XJ

x}.

Let (α′, β′) ∈ P2(n) such that rα(α′, β′) 6= 0. Then there exist XJ ⊆ J , σ ∈ Sm0 and

τ ∈ Sm1 such that XK(XJ , σ, τ) 6= ∅. Similar to [Wal19, §4.3 (11)], we can show that if

XK(XJ , σ, τ) is non-empty, then we must have

(α+ ∆m0 , β + ∆m1) = ((α′ + ∆n)σ, (β′ + ∆m)τ )) +
∑
x∈XJ

x. (3.1.16)
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The result [Wal19, §4.3 (11)] is a priori specific for Sp(2n), as the order on the indices

of (α, β) comes from the ordering of the terms of the symbols of Sp(2n). However, the

arguments used in [Wal19, §4.3 (11)] work in the SO(N) setting as well. In particular, one

of the arguments requires the use of [Sho01, (3.13.1)], and this result is applicable to our

situation since (m0,m1, <) satisfies the condition on [Sho01, §3.8 p.666]. In this paper, we

shall not include the proof of (3.1.16). We shall mainly focus on the part of the proof of this

proposition analogous to [Wal19, §4.4], as this part has some sublte differences compared

to the proof in loc. cit..

Let r = m0 + m1. We can view Rr as a root space of type Ar−1 and we shall use

the theory of the root system Ar−1 to prove that Λ(α′, β′) ≤ Λ(α, β). Recall that I is

the set of indices of (α, β). Similar as before, we identify I with {1, . . . , r}, respecting

the order (m0,m1, <). This identification defines an isomorphism ι : Rm0 ×Rm1 → Rr.
For h ∈ N, let Ph be the subset of P consisting of all the partitions of length at most

h. Thus Pm0 × Pm1 is also identified with a subset of Rr via ι. For i = 1, . . . ,m0 and

j = 1, . . . ,m1, let xi and yj be the elements of {1, . . . , r′} that are identified with the

elements (i, 0) and (j, 1) in I, respectively. Let Ia = {x1, . . . , xm0}, Ib = {y1, . . . , ym1},
and let ε1, . . . , εr be the unit vectors in Rr. Then Σ = {εi− εj}i 6=j in Rr forms the root

system Ar−1 with positive roots Σ+ = {εi− εj}i<j . Denote by W = Sr the Weyl group of

Σ. Let ΣM = {εi− εj : i 6= j; i, j ∈ Ia or i, j ∈ Ib} and ΣM,+ = ΣM ∩ Σ+. For e ∈ N, let

δe = {(e− 1)/2, (e− 3)/2, . . . , (1− e)/2}. Then δ := δr is the half-sum of the positive roots

and δM = ι(δm0 , δm1) is the half-sum of the roots in ΣM,+. Let J = ι(J) ⊆ Σ+ \ΣM,+. Let

C̄+ = {x ∈ Rr : x1 ≥ x2 ≥ . . . } be the fundamental Weyl chamber. For all x ∈ Rr, there

exists a w ∈W such that x+ := wx ∈ C̄+. Define z ∈ Rr by

zi =

{
k + 1−m0 if i ∈ Ia,
−k + 1−m1 if i ∈ Ib.

Let

(A,B) = (Aα,β,k, Bα,β,k) ∈ R×R, (A′, B′) = (Aα′,β′,k, Bα′,β′,k) ∈ R×R .

Let Λ = ((A1, . . . , Am0), (B1, . . . , Bm1)), Λ′ = ((A′1, . . . , A
′
m0

), (B′1, . . . , B
′
m1

)) ∈ Zm0 ×Zm1 .

Let Λ = ι(Λ) and Λ = ι(Λ′). Then Λ = Λ+ by definition of ι. Note that Λ+ and Λ each

form the largest r terms of Λk,−k;2(α′, β′) and Λk,−k;2(α, β) respectively, so it suffices to

show that Λ+ ≤ Λ, since we then immediately get (3.1.13).

We first describe Λ. Note that (α′, β′) can be considered as an element of Pm0 × Pm1 ,

and so we can consider ι(α′, β′). Let XJ ⊆ J , σ ∈ Sm0 and τ ∈ Sm1 such that (3.1.16)

holds. Since σ× τ fixes (∆m0 − δm0 ,∆m1 − δm1), we can replace ∆m0 and ∆m1 by δm0 and

δm1 in (3.1.16), respectively. Note that WM is identified with Sm0 × Sm1 via ι. Let wM be
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the element of WM corresponding to (σ × τ)−1 ∈ Sm0 × Sm1 and let X = ι(XJ). Applying

ι to both sides of (3.1.16) and rearranging, we find

ι(α′, β′) + δM = wM (ι(α, β) + δM −
∑
x∈X

x).

Note that Λ = ι(α′, β′) + 2δM + z and wMz = z, so we have

Λ = wM (ι(α, β) + δM −
∑
x∈X

) + δM + z

= wM (Λ− δM − z −
∑
x∈X

x) + δM + z

= wM (Λ− δM −
∑
x∈X

x) + δM . (3.1.17)

Next, we want to prove (3.1.18), which is a ‘substitute’ for a certain property in [Wal19,

Proposition 4.2] that does not hold in our setting. In the Sp(2n) setting of [Wal19, Propo-

sition 4.2], it holds that Λ − δ ∈ C+, and this is a property that was used in the proof of

the proposition. In our setting, we generally do not have Λ − δ ∈ C̄+. In fact, let m′0 ∈ N
be the smallest integer such that m′0 ≥ t(α) and m′1 := m′0 − k ≥ t(β). Let Λ̄ = Λ − δ
and r′ = m′0 + m′1 = t(λ). Since (α, β) ∈ H(n, k), we have Λ1 > Λ2 > · · · > Λr′ . Thus

if m0 = m′0, and hence m1 = m′1, we have Λ̄ ∈ C̄+. However, we very well may have

m0 > m′0, and thus m1 > m′1, in which case we have Λr′+1 = Λr′+2, hence Λ̄r′+1 < Λ̄r′+2

and so Λ̄ /∈ C̄+.

Let d1 = m0 −m′0 = m1 −m′1 = 1
2(r − r′). Then

(Λ̄r′+1, Λ̄r′+2, . . . , Λ̄r) = (x, x+ 1, x, x+ 1, . . . , x, x+ 1)

where x = Λ̄r′+1. Let

X̄ = {εr̄+2i−1− εr−2i+2 : i = 1, . . . , dd1/2e} ⊆ Σ+.

For i > m̄0 and j > m̄1, we may assume that (i, 0) < (j, 1) < (i + 1, 0) < . . . , since the

equivalence class of the order < on the set of indices of (α, β) only depends on the ordering

of the indices smaller than ν0 = max((t(α), 0), (t(β), 1)). Thus we have X̄ ⊆ Σ+ \ ΣM,+.

Furthermore, note that Λr′ > Λr′+1 + 1 since λ′r > 0 = λr′+1, so Λ̄r′ ≥ Λ̄r′+1 + 1 = x + 1.

Thus we have

(Λ− δ) +
∑
x∈X̄

x = (Λ̄1 ≥ · · · ≥ Λ̄r′ ≥ x+ 1 = · · · = x+ 1 ≥ x = · · · = x) ∈ C̄+, (3.1.18)

where the x+ 1 terms appear d1 times and the x terms also appear d1 times.
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Next, we will further describe Λ. Note that

δ − δM =
1

2

∑
x∈Σ+\ΣM,+

x =
1

2

∑
x∈X

x+
∑

x∈Σ+\(ΣM,+∪X)

x

 .

Recall that X̄ ⊆ Σ+ \ΣM,+ and let X ′ = X ∪ X̄ ⊆ Σ+ \ΣM,+. Note that X ∩ X̄ = ∅, since

for εi− εj ∈ X̄, we have max{xt(α), yt(β)} ≤ r′ < i < j, whereas for εi− εj ∈ X, we have

i < max{xt(α), yt(β)}. Thus we have

µ := δM − δ +
∑
x∈X

x+
∑
x∈X̄

x =
1

2

∑
x∈X

x−
∑

x∈Σ+\(ΣM,+∪X)

x

+
∑
x∈X̄

x (3.1.19)

=
1

2

∑
x∈X′

x−
∑

x∈Σ+\(ΣM,+∪X′)

x

 .

Let µ′ = −µ+ (wM )−1(δM ). Now (3.1.17) and (3.1.19) together give

Λ = wM (Λ− δ − µ+
∑
x∈X̄

x) + δM = wM (Λ− δ + µ′ +
∑
x∈X̄

x).

There exists a w ∈W such that

Λ+ = w(wM )−1Λ

= w(Λ− δ +
∑
x∈X̄

x+ µ′)

= w(Λ− δ +
∑
x∈X̄

x) + w(µ′) + (Λ− δ +
∑
x∈X̄

x)− (Λ− δ +
∑
x∈X̄

x)

= Λ + w(Λ− δ +
∑
x∈X̄

x)− (Λ− δ +
∑
x∈X̄

x) + w(µ′)− δ +
∑
x∈X̄

x.

We will now show that Λ+ ≤ Λ. Since (Λ− δ +
∑

x∈X̄ x) ∈ C̄+ by (3.1.18), we have

w(Λ− δ +
∑
x∈X̄

x)− (Λ− δ +
∑
x∈X̄

x) ∈ −+C̄. (3.1.20)

Next, we show that w(µ′)− δ ∈ −+C̄. Let

E :=

1

2
(
∑
y∈Y

y −
∑

y∈Σ+\Y

y) ∈ Rr : Y ⊆ Σ+

 ,

EM :=

1

2
(
∑
y∈Y

y −
∑

y∈ΣM,+\Y

y) ∈ Rr : Y ⊆ ΣM,+

 .
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Note that E and EM are fixed by the action of W and WM on Rr, respectively. For each

HM ∈ EM , it is easy to see that −µ + HM ∈ E. Thus since δM ∈ EM , we have µ′ ∈ E,

and so w(µ′) ∈ E. For any H ∈ E, we have H − δ ∈ −+C̄, so in particular, we have

w(µ′)− δ ∈ −+C̄.

We now have

Λ−
∑
x∈X̄

x ∈ Λ− +C̄ i.e. Λ−
∑
x∈X̄

x ≤ Λ.

As noted before, if εi− εj ∈ X̄, then ι(ν0) < r′ < i < j. Thus for ` = 1, . . . , r′, the `th term

of Λ−
∑

x∈X̄ is equal to Λ`, so

∑̀
i=1

Λ` ≤
∑̀
i=1

Λ`.

Now suppose ` ∈ {r′ + 1, . . . , r}. Let κ = [k,−∞[2t[−k,−∞[2. As noted in Remark 3.1.4,

the first r′ = m′0 + m′1 terms of Λ are the first m′0 terms of α + [k,−∞[2 and the first m′1

terms of β + [−k,−∞[2. Thus

∑̀
i=1

Λi =

r′∑
i=1

Λi +
∑̀
i=r̄+1

Λi

=

m′0∑
i=1

(αi + k + 2− 2i) +

m′1∑
i=1

(βi − k + 2− 2i) +
∑̀

i=r′+1

κi

=

m′0∑
i=1

αi +

m′1∑
i=1

βi +
∑̀
i=1

κi

= n+
∑̀
i=1

κi,

where the last equality follows since m′0 ≥ t(α) and m′1 ≥ t(β). The first ` terms of Λ+ are

the first ` terms of Λk,−k;2(α′, β′) = (α+ [k,−∞[2) t (β + [−k,−∞[2). Thus we have

∑̀
i=1

Λ+
i ≤

∑̀
i=1

(α t β)i +
∑̀
i=1

κi ≤ n+
∑̀
i=1

κi =
∑̀
i=1

Λi.

To conclude, we have now shown that
∑`

i=1 Λ+
i ≤

∑`
i=1 Λi for ` = 1, . . . , r, i.e. Λ+ ≤ Λ, as

desired.

Proof of Proposition 3.1.17. Since λ only has odd parts, we have (α, β) ∈ H((N −k2)/2, k)

by Remark 1.2.5, and so by Lemma 3.1.20, we have Q(α,β),k = R(α,β),<. Thus Proposi-

tion 3.1.17(1) follows from Lemma 3.1.19.

63



Suppose that k = 0. Then N = 2n is even. Let PB and PD be the matrix of Green

functions as in Theorem 3.1.8 for k = 0 and for W (Bn) and W (Dn), respectively. Note that

the Green functions evaluated in t = 1 are the same as the Kostka polynomials evaluated

in t = 1. Also note that c(α,β) = 2 since λ only has odd parts and hence non-degenerate.

So for i ∈ {1, 2/c(α′,β′)}, Proposition 3.1.13(1) gives

pD(α′,β′)i,(α,β)(1) =
c(α′,β′)

2
(pB(α′,β′),(α,β)(1) + pB(α′,β′),(β,α)(1)).

Since λ is non-degenerate, we have α 6= β. By (3.1.4), we have pB(α′,β′),(β,α)(1) = pB(β′,α′),(α,β)(1),

so by Proposition 3.1.13(1) and Lemma 3.1.19, we have

mult(Cλ, E[ε];C
±
λ′ , E

±
[ε′]) = pD(α′,β′)i,(α,β)(1) =

c(α′,β′)

2
(pB(α′,β′),(α,β)(1) + pB(β′,α′),(α,β)(1))

=
c(α′,β′)

2
(mult(α, β,<;α′, β′) + mult(α, β,<;β′, α′)).

3.2 Maximality and minimality theorems

3.2.1 Maximality and minimality results for SL(N)

Let G = SL(N). For details about the generalised Springer correspondence of this group,

we refer to [Lus84b, §10.3] and [LS85, §5]; also see [CMO23, §5.6.1]. Let (C, E) ∈ NG and

suppose C is parametrised by some partition λ = (λ1, . . . , λt) of N . It is a well-known

fact that AG(C) ∼= Z/n′Z where n′ = gcd(λ1, . . . , λt). Denote by ε the representation of

Z/n′Z corresponding to E . Let d be the degree of ψ in Z/n′Z. Lusztig showed that d | λi
for i = 1, . . . , t. Next, GSpr(e, φ) is the representation ρλ/d of the relative Weyl group

WL
∼= Sn/d corresponding to the partition (λ1/d, . . . , λt/d) (denoted by λ/d) of n/d.

The combinatorial results regarding the Green functions for type A in [Mac98, III.6.]

tell us that (Cmax, Emax) exists and that it corresponds to the representation ρ(n/d) of Sn/d.

From the generalised Springer correspondence, we then see that Cmax is parametrised by

λmax = (n) and Emax corresponds to εmax = ε.

Tensoring a symmetric group representation with the sign representation corresponds

to transposing the corresponding partition, so ρ(n/d) ⊗ sgn = ρ(1)n/d is the representation

E(N0, ψ0) in Proposition 4.1.1 in the current setting. Furthermore, this is an order-reversing

operation, hence we may deduce that λmin = (d)n/d and εmin = ε (here λmin and εmin are

as in Theorem 3.2.6, but for SL(N) in an appropriate sense).

3.2.2 Maximality theorem for SO(N)

Lemma 3.2.1. Let (λ, [ε]), (λ′, [ε′]) ∈ Port(2N). Then λ ≤ λ′ if and only if pλ,[ε] ≤ pλ′,[ε′].
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Proof. Let c ∈ N. We have

Sc(λ) = Sc(λ+ [0,−∞[1)− Sc([0,−∞[1).

Recall z and z′ from Section 1.2.3. Suppose c is even. If Sc(λ) is odd, then the largest

c terms of λ + [0,−∞[1 are z1, . . . , zc/2−1 and z′1, . . . , z
′
c/2+1, and we have that λc = λc+1

is even and z′c/2+1 = zc/2. If Sc(λ) is even, then z1, . . . , zc/2 and z′1, . . . , z
′
c/2. Suppose c

is odd. If Sc(λ) is even, then the largest c terms of λ + [0,−∞[1 are z1, . . . , z(c+1)/2 and

z′1, . . . , z
′
(c−1)/2, and we have that λc = λc+1 is even and z′(c+1)/2 = z(c+1)/2. If Sc(λ) is

odd, then z1, . . . , z(c−1)/2 and z′1, . . . , z
′
(c+1)/2. Let c+ = dc/2e, c− = bc/2c and δc(λ) = 1 if

Sc(λ) + c is odd and δc(λ) = 0 otherwise. Then

Sc(λ+ [0,−∞[1) = 2Sc+(z′) + 2Sc−(z)− c+ + δc(λ).

Recall A# and B# from Section 1.2.3. By definition, we have

Sc+(z′) = Sc+(A#)− Sc+([0,−∞[1),

Sc−(z) = Sc−(B#)− Sc−([0,−∞[1),

and since A#
1 ≥ B

#
1 ≥ A

#
2 ≥ B

#
2 ≥ . . . , we have

Sc+(A#) + Sc−(B#) = Sc(A
# tB#) = Sc(pλ,ε).

Hence we have

Sc(λ) = 2Sc(pλ,ε) + δc(λ) + Cc, (3.2.1)

for some Cc ∈ Z independent of λ.

Suppose λ < λ′. Then for all c ∈ N, we have Sc(λ) ≤ Sc(λ′), and so by (3.2.3), we have

Sc(pλ,ε) ≤ Sc(pλ′,ε′) +
δc(λ

′)− δc(λ)

2
≤ Sc(pλ′,ε′) +

1

2
,

hence Sc(pλ,ε) ≤ Sc(pλ′,ε′) since both are integers. Thus pλ,[ε] ≤ pλ′,[ε′].
Conversely, suppose that pλ,[ε] ≤ pλ′,[ε′]. Then for all c ∈ N, we have Sc(pλ,ε) ≤ Sc(pλ′,ε′)

and hence by (3.2.3), we have

Sc(λ) ≤ Sc(λ′) + δc(λ). (3.2.2)

If c = 1, then obviously Sc(λ) ≤ Sc(λ
′), so assume c > 1. If c + Sc(λ) is even, then

Sc(λ) ≤ Sc(λ′). Suppose c+ Sc(λ) is odd and suppose Sc(λ) = Sc(λ
′) + 1. Then λc = λc+1

is even. Thus c−1+Sc−1(λ) is even and so Sc−1(λ) ≤ Sc−1(λ′) by (3.2.2). Thus λc ≥ λ′c+1

and so

λc+1 = λc ≥ λ′c + 1 ≥ λ′c+1 + 1.
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Now we have

Sc+1(λ) = Sc(λ) + λc+1 ≥ (Sc(λ
′) + 1) + (λ′c+1 + 1) > Sc+1(λ′). (3.2.3)

But c + 1 + Sc+1(λ) = (c + Sc(λ) + (1 + λc+1) is even since λc+1 = λc is even, and so

Sc+1(λ) ≤ Sc+1(λ′), which contradicts (3.2.3). Thus SC(λ) ≤ Sc(λ
′). We conclude that

λ ≤ λ′.

Recall that for (λ, [ε]), (λ′, [ε′]) ∈ Port(N) with λ non-degenerate, it follows from Propo-

sition 3.1.17 that mult(Cλ, E [ε];C
+
λ′ , E

+
[ε′]) = mult(Cλ, E [ε];C

−
λ′ , E

−
[ε′]).

Theorem 3.2.2. Suppose (λ, [ε]) ∈ Port(N) such that λ only has odd parts. Then there

exists a unique (λmax, [εmax]) ∈ Port(N) such that λmax is non-degenerate and

(1) mult(Cλ, E[ε];Cλmax , E[εmax]) = 1,

(2) For all (λ′, [ε′]) ∈ Port(N) with mult(Cλ, E [ε];C
+
λ′ , E

+
[ε′]) = mult(Cλ, E [ε];C

−
λ′ , E

−
[ε′]) 6= 0,

we have λ′ < λmax or (λ′, [ε′]) = (λmax, [εmax]).

Proof. Let k = k(λ, [ε]) and (α, β)k = ΦN (λ, [ε]). We have (α, β) ∈ H((N − k2)/2, k) by

Remark 1.2.5. Denote <α,β,k by <. By Proposition 3.1.16 and Lemma 3.1.5, there exists a

unique (αmax, βmax) ∈ P2((N − k2)/2) such that

(i) mult(α, β,<;αmax, βmax) = 1,

(ii) For all (α′, β′) ∈ P × P with mult(α, β,<;α′, β′) 6= 0, we have Λk,−k;2(α′, β′) <

Λk,−k;2(αmax, βmax) or (α′, β′)k = (αmax, βmax)k (note that is an equality of ordered

(resp. unordered) pairs if k > 0 (resp. k = 0)).

Furthermore, (αmax, βmax) is the unique element of Pk,−k;2(α, β,<). By Proposition 3.1.6,

the largest two terms of Λk,−k;2(αmax, βmax) are distinct, so αmax 6= βmax.

Suppose k > 0. Then Proposition 3.1.17(1) and Lemma 3.2.1 show that Φ−1
N (αmax, βmax)

satisfies (1) and (2).

Suppose k = 0 and let (λ̄, ε̄) = Φ−1
N (αmax, βmax). By Proposition 3.1.17(2) and (i), we

have

mult(Cλ, E [ε];Cλ̄, E [ε̄]) = mult(α, β,<;αmax, βmax) + mult(α, β,<;βmax, αmax)

= 1 + mult(α, β,<;βmax, αmax).

Suppose that mult(α, β,<;βmax, αmax) 6= 0. Since αmax 6= βmax, we have (βmax, αmax) /∈
P0,0;−2(α, β,<), but since Λ0,0;2(βmax, αmax) = Λ0,0;2(αmax, βmax), we have mult(α, β,<

;βmax, αmax) = 0 by Proposition 3.1.16(2). Hence mult(Cλ, E [ε];Cλmax , E [εmax]) = 1. Next,
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let (λ′, [ε′]) ∈ Port(N) such that mult(Cλ, E [ε];C
±
λ′ , E

±
[ε′]) 6= 0 and let {α′, β′} = ΦN (λ′, [ε′]).

Since mult(Cλ, E [ε];C
±
λ′ , E

±
[ε′]) 6= 0, we have either mult(α, β,<;α′, β′) 6= 0 or mult(α, β,<

;β′, α′) 6= 0 by Proposition 3.1.17(2), and so Λ0,0;2(α′, β′) = Λ0,0;2(β′, α′) < Λ0,−0;2(αmax, βmax)

or {α′, β′} = {αmax, βmax}. Thus (λ̄, ε̄) satisfies (2) by Lemma 3.2.1.

Uniqueness follows easily from the fact that Pk,−k;2(α, β,<) has a unique element. Hence

we conclude that (λmax, [εmax]) = Φ−1
N (αmax, βmax) is the unique element of Port(N) that

satisfies (1) and (2), and that λmax is non-degenerate, since αmax 6= βmax.

Remark 3.2.3. We only showed that λmax is non-degenerate, but we shall later see from

a corollary of Theorem 3.3.1 that λmax in fact only has odd parts.

3.2.3 Minimality theorem for SO(N)

We state a result from [Wal19, §4.6] without proof. For µ ∈ P, write tµ for the transpose

of µ and let Rµ = µ+ [0,−∞[1.

Lemma 3.2.4. For all µ ∈ P and x ∈ Z, we have

multRµ(x) + multRtµ(1− x) = 1.

For µ ∈ R, let µ2 = µ t µ. Let n ∈ N and let (α, β) ∈ P2(n). As representations

of W (Bn), we have sgn⊗ρ(α,β) = ρ(tβ,tα), where sgn is the sign representation of W (Bn).

Let i ∈ {1, 2/c(α,β)} and note that c(α,β) = c(tβ,tα). As representations of W (Dn), we

have sgn⊗ρ(α,β)i = ρ(tβ,tα)i , where sgn is the sign representation of W (Dn). Let (λ, [ε]) ∈
Port(N), k = k(λ, [ε]). If (α, β))k = ΦN (λ, [ε]), then let (sλ, sε) = Φ−1

N ((tβ, tα)k).

Lemma 3.2.5. We have

2Λk/2,−k/2;2(α, β) = t(sλ) + ([0,−∞[1)2.

Proof. Let U = 2α + [k,−∞[1, V = 2β + [−k,−∞[1, X = (tβ)2 + [k,−∞[1, Y = (tα)2 +

[−k,−∞[1. Then

2Λk/2,−k/2;2(α, β) = U t V. (3.2.4)

For x ∈ Z, we have multU (x) = multR2α(x − k) and multY (x) = multR(tα)2
(x + k). Hence

by Lemma 3.2.4, we have

multU (x) + multY (1− x) = 1, (3.2.5)

and similarly

multV (x) + multX(1− x) = 1. (3.2.6)
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Write (µ, τ) = (sλ, sε). For ν ∈ R, write ν − 1 = (ν1 − 1, ν2 − 1 . . . ). We have

pµ,τ = Λk,−k;2(tβ, tα) = (tβ + [k,−∞[2) t (tα+ [−k,−∞[2).

Note that X t Y = pµ,τ t (pµ,τ − 1), so (3.2.4), (3.2.5) and, (3.2.6) give

mult2Λk/2,−k/2;2(α,β)(x) + multpµ,τt(pµ,τ−1)(1− x) = 2. (3.2.7)

Define µ′, µ′′ ∈ R by µ′j = bµj/2c and µ′′j = dµj/2e for all j ∈ N. Then µ = µ′ + µ′′. We

show that for all x ∈ Z, we have

pµ,τ t (pµ,τ − 1) = Rµ′ tRµ′′ . (3.2.8)

Let i ∈ N. Suppose µi is odd. If i = 2j + 1 is odd, then

(A#
µ )j+1 =

µi + (1− i) + 1

2
+ 1− i+ 1

2
=
µi + 1

2
+ 1− i = (Rµ′′)i

and so (A#
µ )j − 1 = (Rµ′)i. If i = 2j is even, then

(B#
µ )j =

µi + 1− i
2

+ 1− i

2
=
µi + 1

2
+ 1− i = (Rµ′′)i

and so (B#
µ )j − 1 = (Rµ′)i. Since µ is orthogonal, we can partition the set consisting of

the i ∈ N for which µi is even into pairs such that each pair contains consecutive integers

i, i + 1 and such that µi = µi+1. For pairs of the form (2j − 1, 2j), S2j(λ) is even and for

pairs of the form (2j, 2j + 1), S2j+1(λ) is odd.

Consider a pair (i, i+ 1) with i = 2j − 1, i+ 1 = 2j and µi = µi+1 even. Then

(A#
µ )j = (B#

µ )j =
µi + 1− i

2
+ 1− j =

µi
2

+ 1− i = (Rµ′)i = (Rµ′′)i,

(A#
µ )j − 1 = (B#

µ )j − 1 = (Rµ′)i+1 = (Rµ′′)i+1.

Consider a pair (i, i+ 1) with i = 2j, i+ 1 = 2j + 1 and µi = µi+1 even. Then

(A#
µ )j+1 = (B#

µ )j =
µi + (1− i) + 1

2
+ 1− j =

µi+1

2
+ 2− i = (Rµ′)i+1 = (Rµ′′)i+1,

(A#
µ )j+1 − 1 = (B#

µ )j − 1 = (Rµ′)i = (Rµ′′)i.

We conclude that (3.2.8) holds.

We apply Lemma 3.2.4 to µ′ and µ′′, which together with (3.2.7) and (3.2.8) gives

mult2Λk/2,−k/2;2(α,β)(x) = multRtµ′ (x) + multRtµ′′ (x) for all x ∈ Z, hence

2Λk/2,−k/2;2(α, β) = Rtµ′ tRtµ′′ . (3.2.9)

We show that tµ′′j ≥ tµ′j ≥ tµ′′j+1 for all j ∈ N. Let h = tµ′j . Then µ′h ≥ j, and since

µ′′h ≥ µ′h, we have tµ′′j ≥ h. Now let h = tµ′′j+1. Then µ′′h ≥ j + 1, so µ′h ≥ µ′′h − 1 ≥ j and so

tµ′j ≥ h, as desired.
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Since (tµ′ t tµ′′) = t(µ′ + µ′′) = tµ, we now have

Rtµ′ tRtµ′′ = (tµ′′1,
tµ′1,

tµ′′2 − 1, tµ′2 − 1, . . . ) = (tµ′ t tµ′′) + ([0,−∞[1)2 = tµ+ ([0,−∞[1)2,

which together with (3.2.9) finishes the proof.

For the following, note that for (λ, [ε]) ∈ Port(N), it holds that sλmin is degenerate if

and only if λmin is degenerate.

Theorem 3.2.6. Let (λ, [ε]) ∈ Port(N) with λ only consisting of odd parts. Then there

exists a unique (λmin, εmin) ∈ Port(N) such that sλmin is non-degenerate and

1. mult(Cλ, E [ε];Csλmin , E [sεmin]) = 1,

2. For all (λ′, [ε′]) ∈ Port(N) with mult(Cλ, E[ε];C
+
sλ′
, E+

[sε′]) = mult(Cλ, E[ε];C
−
sλ′
, E−[sε′]) 6=

0, we have λmin < λ′ or (λ′, [ε′]) = (λmin, [εmin]).

Furthermore, we have (λmax, [εmax]) = (sλmin, [sεmin]).

Proof. Let k = k(λ, [ε]). Let (λ′, [ε′]), (λ′′, ε′′) ∈ Port(N) such that k(λ′, [ε′]) = k(λ′′, ε′′) =

k. Let (α′, β′)k = ΦN (λ′, [ε′]) and (α′′, β′′)k = ΦN (λ′′, ε′′).

The theorem is equivalent to the following statement: there exists unique a (λ, ε) ∈
Port(N) such that λ̄ is non-degenerate and

(a) mult(Cλ, E [ε];Cλ, Eε) = 1,

(b) For all (λ′, [ε′]) ∈ Port(N) with mult(Cλ, E [ε];C
±
λ′ , E

±
[ε′]) 6= 0, we have sλ < sλ′ or

(λ′, [ε′]) = (λ, ε),

and furthermore, we have (λ, ε) = (λmax, [εmax])

Since transposition is an order reversing operation on P, it follows from Lemma 3.2.5

that

(I) sλ′ ≤ sλ′′ if and only if Λk/2,−k/2;1/2(α′′, β′′) ≤ Λk/2,−k/2;1/2(α′, β′).

Denote <α,β,k by <. By Lemma 3.1.7, we have

Pk/2,−k/2;1/2(α, β,<) = Pk,−k;2(α, β,<) = {(αmax, βmax)}

and we showed in the proof of Theorem 3.2.2 that (αmax, βmax)k = ΦN (λmax, [εmax]). Thus

by Proposition 3.1.16 (with A = −B = k/2, s = 1/2), (αmax, βmax) is the unique element

(α, β) ∈ P × P such that

(A) mult(α, β,<;α, β) = 1;
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(B) For each (α′, β′) ∈ P×P such that mult(α, β,<;α′, β′) 6= 0, we either have Λk/2,−k/2;1/2(α′, β′) ≤
Λk/2,−k/2;1/2(α, β) or (α′, β′)k = (α, β)k (this is an equality of ordered (resp. un-

ordered) pairs if k > 0 (resp. k = 0).

Now (λ, ε) = Φ−1
N (α, β) = (λmax, [εmax]) satisfies (a) by Theorem 3.2.2, and (b) by (B),

Proposition 3.1.17 and (I). Uniqueness follows easily from the fact that Pk/2,−k/2;1/2(α, β,<)

has a unique element. Thus we have shown that (λmax, [εmax]) is the unique element of

Port(N) that satisfies (a) and (b).

3.2.4 Orthogonal partitions with even parts

Let (λ, [ε]) ∈ Port(N), k = k(λ, [ε]) and (α, β)k) = ΦN (λ, [ε]) In Theorem 3.2.2, we assumed

that λ ∈ Port(N) only has odd parts. Note that λ only has odd parts if and only if

pλ,ε ∈ HS(n, k), where and n = (N − k2)/2. If (α, β) /∈ H(n, k) then we cannot define

<α,β,k. However, consider the following order with a weaker condition: for m0,m1 as

above, define (m0,m1, <̃) such that (i, 0)<̃(j, 1) if αi + k + 2 − 2i > βj − k + 2 − 2j. If

we mimic the proof of Lemma 3.1.20 for (α, β), then (3.1.20) is no longer necessarily true.

As such, we cannot show that Q(α,β) = R(α,β), which was a crucial part in the proof of

Theorem 3.2.2, since it allowed the use of Lemma 3.1.19.

In fact, there exists an orthogonal partition λ ∈ P with even parts for which Q(α,β) 6=
R(α,β). Although a tedious exercise, one can show that for λ = (4 4 1) ∈ Port(9) and any

order <̃ defined above, we have Q(α,β) 6= R(α,β).

For (λ, [ε]) ∈ Port(N) appearing in the usual Springer correspondence (i.e. k(λ, [ε]) ∈
{0, 1}) for which λ has even parts, we shall study the Green functions via a different per-

spective using an induction theorem from Lusztig.

Let G = SO(N), T a maximal torus and B the Borel subgroup of G associated to T .

Let u ⊆ G be a unipotent element and φ ∈ A(u)∧ an irreducible representation of the

component group A(u) = ZG(u)/Z◦G(u) of u in G. Let B = G/B be the flag variety and

Bu = {B ∈ B : u ∈ B}. Let W be the Weyl group of G. We have the following classical

result.

Proposition 3.2.7. Let ρ ∈ W∧ and suppose it corresponds to (u, φ) via the original

Springer correspondence. Let H•(Bu)φ be the φ-isotypic component of the total cohomology

H•(Bu) of Bu. Then we have the following isomorphism as W -representations

H•(Bu)φ ∼=
⊕
ρ′∈W∧

pρ′,ρ(1)ρ′,

where pρ′,ρ are the Green functions of W as in Theorem 3.1.8 for k = 1 if N is odd, and

k = 0 if N is even.
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Let L be a Levi subgroup attached to some standard parabolic of G and let W ′ be

the Weyl group of L (note that W ′ is not a relative Weyl group of G). Then W ′ can be

canonically considered as a subgroup ofW . Suppose that u ∈ L is unipotent and φ ∈ AL(u)∧

where AL(u) = ZL(u)/Z◦L(u). Since G = SO(N), we can identify AL(u) = A(u). Let

B′ = L/B and B′u = {B′ ∈ B′ : u ∈ B′}. We have the following induction theorem. It was

first stated in [AL82] without proof; a proof is given in [Lus04] (see also [Ree01, Proposition

3.3.3].

Proposition 3.2.8. As W -representations, we have

H•(Bu)φ ∼= indWW ′ H
•(B′u)φ.

Let (λ, [ε]) ∈ Port(N) with k := k(λ, [ε]) ∈ {0, 1}. Let u ∈ G be a unipotent element

parametrised by λ. Let εodd = ε and write λ = λodd tλeven where λodd (resp. λeven)

consists of all the odd (resp. even) parts of λ. Write λeven = (a1, a1, a2, a2, . . . , a`, a`) with

a1 ≥ a2 ≥ · · · ≥ a` and let a = a1 + · · ·+ a`. Let N ′ = t(λodd) and n′ = bN ′/2c. Let L be

a Levi subgroup of G of a standard parabolic such that u ∈ L. Suppose φ ∈ AL(u) = A(u)

corresponds to ε. Then

L ∼= SO(N ′)⊕GL(a1)⊕GL(a2)⊕ · · · ⊕GL(a`)

and W ′ = Wn′ ×
∏`
i=1 Sai where Wn′ = W (Bn′) (resp. Wn′ = W (Dn′)) if N ′ is odd (resp.

even). Note that N ′ ≡ N mod 2, so W ′n and W are of the same type. Let u′ ∈ L be the

element parametrised by λodd. By Proposition 3.2.8, we have

H•(Bu)φ ∼= indWW ′(H
•(Buodd)φ �

∏̀
i=1

trivSai ), (3.2.10)

where trivSai is the trivial representation of Sai .

We can explicitly determine the subrepresentations of H•(Bu)φ using the Littlewood-

Richardson rule for type B and D Weyl groups, see [GP00, §6] for type B, [Tay15] for type

D, or [Ste06] for an overview of type B and D. We note that [Ste06] explicitly states the

results that we will use. Let I0 be the set of (α, β) ∈ P2(n′) such that ρ(α,β) is a Wn′-

subrepresentation of H•(Buodd)φ. For i = 0, . . . , `, let ni = n′+a1 + · · ·+ai. We recursively

define sets Ii as follows. Suppose i ∈ {1, . . . , `}. Let Ii be the set of (γ, δ) ∈ P2(ni) such

that there exist a (γ̃, δ̃) ∈ Ii−1 such that

γ̃tj ≤ γtj ≤ γ̃tj + 1 and δ̃tj ≤ δtj ≤ δ̃tj + 1. (3.2.11)

By Pieri’s rule for type B and D (see [Ste06]), Ii consists of precisely all (γ, δ) ∈ P2(ni)

such that ρ(γ,δ) is a Wni-subrepresentation of ind
Wni
Wni−1×Sai

(ρ(γ̃,δ̃) � trivSai ). Since induction
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and direct products are compatible, we see from (3.2.10) that I` consists of all irreducible

constituents of H•(Bu)φ.

Let (λ, [ε]) ∈ Port(N) with k := k(λ, [ε]) ∈ {0, 1}. Let ((λodd)max, [(εodd)max]) be as in

Theorem 3.2.2 for (λodd, [εodd]). Define (λmax, [εmax]) ∈ Port(N) such that for all j ∈ Z≥2,

we have

λmax
1 = (λodd)max

1 +
∑
i∈N

λeven
i = (λodd)max

1 + 2a,

λmax
j = (λodd)max

j ,

and such that εmax = (εodd)max. Note that λmax is degenerate.

Theorem 3.2.9. Let (λ, [ε]) ∈ Port(N) with k := k(λ, [ε]) ∈ {0, 1}. Then (λmax, [εmax]) is

the unique element of Port(N) such that

1. mult(Cλ, E [ε];Cλmax , E [εmax]) = 1,

2. For all (λ′, [ε′]) ∈ Port(N) with mult(Cλ, E±[ε];Cλ′ , E
±
[ε′]) 6= 0, we have λ′ < λmax or

(λ′, [ε′]) = (λmax, [εmax]).

Proof. Let (α, β)k = ΦN (λodd, εodd) and let (µ, ν) be the unique element of Pk,−k;2(α, β,<α,β,k

). Then (µ, ν)k = ΦN ((λodd)max, (εodd)max), as shown in the proof of Theorem 3.2.2. If

(1, 0) <α,β,k (1, 1), let (α,β) = (µ + (a, 0, 0, . . . ), µ) and if (1, 1) <α,β,k (1, 0), let (α,β) =

(µ, ν + (a, 0, 0, . . . )). By definition of the Ii, we have (α,β) ∈ I`. Let Λ = Λk,−k;2(µ, ν) and

Λ = Λk,−k;2(α,β). Let (α′,β′) ∈ I`. Since (3.2.11) holds for i = 1, . . . , `, there exists an

(α′, β′) ∈ I0 and x ∈ Zt(α)
≥0 , y ∈ Zt(β)

≥0 such that

α′ = α′ + x β′ = β′ + y,
∑
j

(xj + yj) = a. (3.2.12)

Clearly, if (α′, β′) 6= (µ, ν), then (α′,β′) 6= (α,β), and by Theorem 3.2.2, the multiplicity

of ρ(µ,ν) in H•(B′u)φ
′

is 1. Furthermore, the multiplicity of ρ(α,β) in

indWn

Wn′×
∏`
i=1 Sai

(ρ(α,β) �
∏̀
i=1

trivSai ) (3.2.13)

can be computed using results from [Ste06, §2.A, §2.B] for type B and [Ste06, §3.A, §3.C]

for type D, and it follows that this multiplicity is 1. Thus part 1 of the theorem follows. Let

z be the sequence in R obtained by rearranging the terms of xt y. Let Λ′ = Λk,−k;2(α′, β′)

and Λ′ = Λk,−k;2(α′,β′). Let i = 1, . . . , `. By (3.2.12), we have Λ′i + Si(z) ≥ Λ′i and

a1 + · · ·+ a` ≥ Si(z). Furthermore, Λi ≥ Λ′i by Lemma 3.1.2, so

Λi = Λi + a1 + · · ·+ a` ≥ Λ′i + Si(z) ≥ Λ′i.

72



Hence Λ ≥ Λk,−k;2(α′,β′) for all (α′,β′) ∈ I`, so part 2 of the theorem follows from

Lemma 3.2.1. To show that (λmax, [εmax]) is unique, suppose that Λ = Λ′. Then Λ′1 =

Λ1 = Λ1 + a. Since Λ1 ≥ Λ′1 and Λ′1 ≤ Λ′1 + a, we have Λ1 = Λ′1. From this and

(3.2.12), it follows that Λi = Λi = Λ′i = Λ′i for all i ∈ N, and so Λ = Λ′, hence (α′, β′) ∈
Pk,−k;2(α, β,<α,β,k) by Lemma 3.1.2. Since Pk,−k;2(α, β,<α,β,k) has a unique element (µ, ν),

we have (α′, β′) = (µ, ν), and using that Λ′1 = Λ′1 + a, we find that (α,β) = (α′,β′). Thus

(λmax, [εmax]) is unique.

Theorem 3.2.10. Let (λ, [ε]) ∈ Port(N) with k := k(λ, [ε]) ∈ {0, 1} and consider the

notation as above. Then there exists a unique (λmin, [εmin]) ∈ Port(N) such that sλmin is

non-degenerate and

1. mult(Cλ, E [ε];Csλmin , E [sεmin]) = 1,

2. For all (λ′, [ε′]) ∈ Port(N) with mult(Cλ, E [ε];C
±
λ′ , E

±
[ε′]) 6= 0, we have λmin < λ′ or

(λ′, [ε′]) = (sλmin, s[εmin]).

Furthermore, we have (λmax, [εmax]) = (sλmin, [sεmin]).

Proof. Let (α,β), (α′,β′) as in the proof of Theorem 3.2.9. By the same arguments as in

the proof of Theorem 3.2.9, we can show that Λk/2,−k/2;2(α,β) ≥ Λk/2,−k/2;2(α′,β′), with

equality if and only if (α,β) = (α′,β′). Hence

Pk/2,−k/2;1/2(α, β,<α,β,k) = Pk,−k;2(α, β,<α,β,k) = {(α,β)}.

By the arguments in Theorem 3.2.6, it then follows that (λmin, [εmin]) = (sλmax, [sεmax]) is

the unique element satisfying the two conditions.

Remark 3.2.11. By similar arguments and using analogous results for Sp(2n) from [Wal19],

we similarly obtain the analogues of Theorem 3.2.9 and 3.2.10 for Sp(2n) for any (λ, [ε]) ∈
Psymp(2n) such that k(λ, [ε])) = 0.

3.2.5 Maximality and minimality theorems for Sp(2n)

As stated before, the Sp(2n) analogues of Theorem 3.2.2 and Theorem 3.2.6 were proved in

[Wal19], and we shall state the results without proof.

Theorem 3.2.12. Suppose (λ, ε) ∈ Psymp(2n) such that λ only has even parts. Then there

exists a unique (λmax, εmax) ∈ Psymp(2n) such that λmax is non-degenerate and

(1) mult(Cλ, Eε;Cλmax , Eεmax) = 1,
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(2) For all (λ′, ε′) ∈ Port(N) with mult(Cλ, Eε;Cλ′ , Eε′) 6= 0, we have λ′ < λmax or

(λ′, ε′) = (λmax, εmax).

Theorem 3.2.13. Let (λ, ε) ∈ Psymp(2n) such that λ only has of even parts. Then there

exists a unique (λmin, εmin) ∈ Psymp(2n) such that sλmin is non-degenerate and

1. mult(Cλ, Eε;Csλmin , Esεmin) = 1,

2. For all (λ′, ε′) ∈ Port(N) with mult(Cλ, Eε;Csλ′ , E [sε′]) = 6= 0, we have λmin < λ′ or

(λ′, ε′) = (λmin, εmin).

Furthermore, we have (λmax, εmax) = (sλmin, sεmin).

3.3 Algorithm for (λmax, εmax) for SO(N)

Let N ∈ N. Recall Port,2(N) defined in Section 1.2.3 and let (λ, ε) ∈ Port,2(N). Suppose

λ only has odd parts. We give an algorithm that outputs an element (λ̄, ε̄) ∈ Port,2(N)

such that (λ̄, [ε̄]) = (λmax, [εmax]) ∈ Port(N). The algorithm and its proof are inspired by

the discussion of the algorithm for Sp(2n) in [Wal19, §5], but similarly as we have seen

before, there will be some differences between the proofs since the symbols are different in

our setting. In particular, when k(λ, [ε]) = 0, the symbols are unordered pairs, which we

have to be especially careful about.

Let t = t(λ). We view ε as a map {1, . . . , t} → {±1} by setting ε(i) = ελi for all i ∈ N.

Let u ∈ {±1} and consider the finite sets

S = {1} ∪ {i ∈ {2, . . . , t} : ε(i) = ε(i− 1)} = {s1 < s2 < · · · < sp}, for some p ∈ N,

Ju = {i ∈ {1, . . . , t} : ε(i)(−1)i+1 = u},

J̃u = Ju \S.

Recall from Section 1.2.3 that M(λ, ε) = |J1| − |J−1| and that k(λ, ε) = |M |. Note that

S, Ju,M depend on the choice of representative ε of [ε]. In particular, we have M(λ, ε) =

−M(λ,− ε).
We define (λ̄, ε̄) by induction. For N = 0, 1. Let (λ̄, ε̄) = (λ, ε). Suppose N > 1 and

suppose that we have defined (λ̄′, ε̄′) for any (λ′, ε′) ∈ Port,2(N ′) with N ′ < N . Let

λ̄1 =
∑
i∈S

λi − 2|J̃− ε(1)| − 1 + (−1)|S|

2
=

{∑
i∈S λi − 2|J̃− ε(1)| if |S| is odd,∑
i∈S λi − 2|J̃− ε(1)| − 1 if |S| is even,

ε̄(1) = ε(1).
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Let r′ = |J̃1| + |J̃−1| = t(λ) − |S| and φ : {1, . . . , r′} → J̃1 ∪ J̃−1 be the unique increasing

bijection. Let N ′ = N−λ̄1. We define λ′ ∈ Zr′+(1+(−1)|S|)/2 and ε′ : {1, . . . , r′+ 1+(−1)|S |

2 } →
{±1} as follows.

(λ′j , ε
′(j)) =


(λφ(j), ε(φ(j))) if j ≤ r′, φ(j) ∈ J̃ε(1),

(λφ(j) + 2,− ε(φ(j))) if j ≤ r′, φ(j) ∈ J̃− ε(1),

(1, (−1)r
′
ε(1)) if j = r′ + 1 and |S| is even,

0 else.

Note that we can similarly define (λ′, (− ε)′), in which case we have (− ε)′ = − ε′, i.e.

[− ε′] = [ε′]. We prove in Proposition 3.3.4(2) that N ′ < N . By induction, we have defined

(λ̄′, ε̄′) ∈ Port,2(N ′) by applying the algorithm to (λ′, ε′) ∈ Port,2(N ′).

Let ` = t(λ̄′). We define λ̄ ∈ Z`+1 and ε̄ : {1, . . . , ` + 1} → {±1} as follows: for

i = 1, . . . , `, let

λ̄i+1 := λ̄′i−1,

ε̄(i+ 1) := ε̄′(i).

Theorem 3.3.1. Let (λ, ε) ∈ Port,2(N) such that λ only has odd parts and let (λmax, εmax) ∈
Port,2(N) such that (λmax, [εmax]) is as in Theorem 3.2.2. Let k = k(λ, ε) and let (α, β) ∈
P2((N − k2)/2) so that (α, β)k = ΦN (λ, [ε]) and such that if k = 0, then α1 = (Aλ,ε)1

and β1 = (Bλ,ε)1. Let (αmax, βmax) ∈ Pk,−k;2(α, β,<α,β,k). Then it holds that (λ̄, [ε̄]) =

(λmax, [εmax]). Furthermore, we have

M(λ̄, ε̄) = M(λ, ε), (Aλ̄,ε̄, Bλ̄,ε̄) = (αmax +[k,−∞[2, β
max +[−k,−∞[2).

Remark 3.3.2. For k > 0, the statement (Aλ̄,ε̄, Bλ̄,ε̄) = (αmax +[k,−∞[2, β
max +[−k,−∞[2)

is equivalent to the statement (λ̄, [ε̄]) = Φ−1
N (αmax, βmax) = (λmax, [εmax]). However, for

k = 0, the equality (λ̄, [ε̄]) = (λmax, [εmax]) is equivalent to

{Aλ̄,ε̄, Bλ̄,ε̄} = {αmax +[k,−∞[2, β
max +[−k,−∞[2},

which is weaker than an equality of ordered pairs. We include this equality of ordered

pairs in the theorem, as the theorem will be proved by induction on N and this equality of

ordered pairs will become useful for that.

3.3.1 Properties of (λ′, ε′) and (λ̄, ε̄)

Recall that S = {s1, . . . , sp} and note that

Jε(1) =
⋃
i

{s2i−1, . . . , s2i − 1}, J− ε(1) =
⋃
i

{s2i, . . . , s2i+1 − 1},

J̃ε(1) =
⋃
i

{s2i−1 + 1, . . . , s2i − 1}, J̃− ε(1) =
⋃
i

{s2i + 1, . . . , s2i+1 − 1}. (3.3.1)

Throughout this subsection, we assume that N > 1 and so λ 6= 0.
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Lemma 3.3.3. Suppose r′ 6= 0 and let i, j ∈ {1, . . . , r′} with i < j. Then λφ(i) ≥ λφ(j) +

2(j − i).

Proof. Suppose first that there exists no s ∈ S such that φ(j − 1) < s < φ(j). Then

φ(j − 1) = φ(j)− 1, and since φ(j) /∈ S, we have ε(φ(j − 1)) = − ε(φ(j)). Thus λφ(j−1) >

λφ(j), and since these are odd, we have λφ(j−1) ≥ λφ(j) + 2. Suppose there exists an s ∈ S

such that φ(j − 1) < s < φ(j). Pick the largest such s so that φ(j) ≥ s + 1 /∈ S. Then

ε(s+ 1) = − ε(s), hence λs ≥ λs+1 + 2. Thus we have

λφ(j−1) ≥ λs ≥ λs+1 + 2 ≥ λφ(j) + 2.

In both cases, we have λφ(j−1) ≥ λφ(j) + 2. Thus we have

λφ(i) ≥ λφ(i+1) + 2 ≥ λφ(i+2) + 4 ≥ · · · ≥ λφ(j) + 2(j − i).

Proposition 3.3.4. 1. We have (λ′, ε′) ∈ Port,2(N ′) and λ′ only has odd parts.

2. We have N ′ < N .

3. By the first part, we can define J ′u, J̃ ′u, S′ for (λ′, ε′) as we defined Ju, J̃u, S for

(λ, ε). For u ∈ {±1}, φ restricts to a bijection φ : J ′−u ∩ {1, . . . , r′} → J̃u.

4. Let M = M(λ, ε), M ′ = M(λ′, ε′), k = k(λ, ε), and k′ = k(λ′, ε′). Let w = sgn(M +

1/2). Then M ′ = −M + ε(1) and k′ = |k − ε(1)w|.

Proof. 1. By definition of λ′ and Lemma 3.3.3, we have

λ′i ≥ λφ(i) ≥ λφ(i+1) + 2 ≥ λ′i+1,

so λ′ ∈ P. Clearly, λ′i only has odd parts and S(λ′) = N ′, and so λ′ ∈ Port(N ′). Let

i ∈ {1, . . . , t(λ′)} such that λ′i = λ′i+1. We have to show that ε′(i) = ε′(i+ 1). If φ(i), φ(i+

1) ∈ J̃u for some u ∈ {±1}, then λφ(i) = λφ(i+1), which contradicts Lemma 3.3.3. If

φ(i) ∈ J̃− ε(1) and φ(i+ 1) ∈ J̃ε(1), then λφ(i+1) = λ′i+1 = λ′i = λφ(i) + 2, which contradicts

the fact that λφ(i) ≥ λφ(i+1). Hence φ(i) ∈ J̃ε(1) and φ(i + 1) ∈ J̃− ε(1). Then there exists

an s ∈ S such that φ(i) < s < φ(i + 1), and since φ is an inreasing bijection, we have

∅ 6= {φ(i) + 1, φ(i) + 2, . . . , φ(i+ 1)− 1} ⊆ S. Thus

ε(φ(i)) = ε(φ(i) + 1) = · · · = ε(φ(i+ 1)− 1) = − ε(φ(i+ 1)),

and since φ(i) ∈ Jε(1) and φ(i+1) ∈ J− ε(1), we have ε′(i) = ε(φ(i)) = − ε(φ(i+1) = ε′(i+1).
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2. Since N > 1, we have λ1 ≥ 1. If r′ = 0, then |J̃− ε(1)| = 0 and so∑
i∈S

λi ≥ 1 + 2|J̃− ε(1)|. (3.3.2)

Suppose that r′ 6= 0. Then λφ(r′) ≥ 1 and r′ ≥ |J̃− ε(1)|. We also have λ1 ≥ λφ(1) + 2. Using

Lemma 3.3.3, we find∑
i∈S

λi ≥ λ1 ≥ λφ(1) + 2 ≥ λφ(r′) + 2(r′ − 1) + 2 ≥ 1 + 2|J̃− ε(1)|. (3.3.3)

Thus

N ′ = N −
∑
i∈S

λi + 2|J̃− ε(1)|+ 1 + (−1)|S|

2
≤ N − 1 +

1 + (−1)|S|

2
≤ N.

If |S| is odd, then the last inequality is strict. If |S| is even, then the first inequality is

strict, since the first inequality of (3.3.2) and (3.3.3) is strict. Thus we have N ′ < N .

3. Suppose i ∈ J ′u, i.e. ε′(i)(−1)i+1 = u. If φ(i) ∈ J̃− ε(1), then ε′(i) = − ε(φ(i)).

Let h ∈ N be the unique integer such that sh < φ(i) < sh+1. Then sh ∈ J− ε(1), so h

is even by (3.3.1). Note that φ(i) = h + i, so i and φ(i) have the same parity. Thus

u = ε′(i)(−1)i+1 = − ε(φ(i))(−1)φ(i)+1 = ε(1). If φ(i) ∈ J̃ε(1), we can similarly show that

u = − ε(1). Hence we have φ(J ′u) ⊆ J̃−u. Since φ : {1, . . . , r′} → J̃1 ∪ J̃−1 is a bijection

and {1, . . . , r′} = J ′1 ∪ J ′−1, the result follows.

4. Let u = ε(1). Suppose |S| = 2q+1 is odd. Then |Ju|−|J̃u| = q+1, |J−u|−|J̃−u| = q

and t(λ′) = r′. By the previous part, we then have |J ′±u| = |J̃∓u|. Thus

uM ′ = |J ′u| − |J ′−u| = |J̃−u| − |J̃u| = −(|Ju| − |J−u|) + 1 = −uM + 1.

Suppose |S| = 2q is even. Then |Ju| − |J̃u| = |J−u| − |J̃−u| = q. Now, t(λ′) = r′ + 1 and

ε′(r′ + 1) = (−1)r
′
u, i.e. r′ + 1 ∈ J ′u. So by the previous part, we have |J ′u| = |J̃−u| + 1

and |J ′−u| = |J̃u|. Thus

uM ′ = |J ′u| − |J ′−u| = |J̃−u| − |J̃u|+ 1 = −(|Ju| − |J−u|) + 1 = −uM + 1.

In both cases, we find M ′ = −M + u. Note that k = |M | = wM . Thus k′ = |M ′| =

| −M + u| = | − w|| −M + u| = |wM − uw| = |k − uw|.

Proposition 3.3.5. 1. λ̄1 is odd and λ̄1 ≥ λ1.

2. (λ̄, ε̄) ∈ Port,2(N).

77



Proof. 1. It is easy to see from the definition that λ̄1 is odd. We have

λ̄1 − λ1 =
∑

i∈S,i≥2

λi − 2|J̃− ε(1)| − 1 + (−1)|S|

2
.

If S = {1}, then J̃− ε(1) = ∅ and so λ̄1 − λ1 = 0. Suppose |S| ≥ 2. Then s2 < j for

all j ∈ J̃− ε(1). Let i = min J ′ ε(1) so that r′ − i + 1 ≥ |J ′ ε(1) ∩ {i, . . . , r′}| = |J ′ ε(1) ∩
{1, . . . , r′}| = |J̃− ε(1)|, where the last equality holds by Proposition 3.3.4(3). By definition

of i, we have φ(i) = min J̃− ε(1), and so we have λs2 > λφ(i). Lemma 3.3.3 then gives

λs2 ≥ λφ(i) + 2 ≥ λφ(r′) + 2(r′ − i) + 2 ≥ 1 + 2|J̃− ε(1)|, hence λ̄1 − λ1 ≥ 0.

2. The assertion is clear if N = 0, 1. Suppose that N > 1. By the previous part, all

the terms of λ̄ are odd. It suffices to show that λ̄1 ≥ λ̄′1, and that if ε̄(1) = −ε̄(2), i.e.

ε(1) = − ε′(1), then λ̄1 > λ̄′1. It then follows that (λ̄, ε̄) ∈ Port,2(N).

Write S̃′ = {1, . . . , r′} ∩S′ = {s′1 < s′2 < · · · < s′q}. Note that⋃
i

{s′2i−1, . . . , s
′
2i − 1} ⊆ J ′ ε′(1),

⋃
i

{s′2i, . . . , s′2i+1 − 1} ⊆ J ′−ε′(1). (3.3.4)

Note that λ′r′+1 = 1+(−1)|S|

2 and S′ ⊆ {1, . . . , r′ + 1}, so

∑
s′∈S′

λ′s′ ≤ λ′r′+1 +

q∑
h′=1

λ′s′
h′
≤ 1 + (−1)|S|

2
+

q∑
h′=1

λ′s′
h′
. (3.3.5)

Define ψ : S̃′ → S by ψ(s′) = max{s ∈ S : s < φ(s′)} = φ(s′)−1. Then ψ is increasing and

injective. Let u ∈ {±1} and let s′ ∈ S̃′∩J ′−u. By Proposition 3.3.4(3), we have φ(s′) ∈ J̃u.

Since φ(s′) /∈ S, we have ε(ψ(s′)) = − ε(φ(s′)) and so λψ(s′) ≥ λφ(s′) + 2. Thus if u = ε(1),

then λψ(s′) ≥ λ′s′ + 2, and if u = − ε(1) then λψ(s′) ≥ λ′s′ . Hence we can further bound the

right-hand side of (3.3.5):∑
s′∈S′

λ′s′ ≤
1 + (−1)|S|

2
+

q∑
h′=1

λ′s′
h′
≤ 1 + (−1)|S|

2
+

∑
h∈im(ψ)

λsh − 2|S̃′ ∩ J ′−ε(1)|.

From this, we find

λ̄1 − λ̄′1

≥
∑

s∈S\im(ψ)

λs + 2|S̃′ ∩ J ′−ε(1)|+ 2|J̃ ′−ε′(1)| − 2|J̃− ε(1)| − (1 + (−1)|S|) +
1 + (−1)|S

′|

2
=: X.

Suppose ε(1) = ε′(1). If ψ(1) = 1, then φ(1) = 2 ∈ Jε(1), so 1 ∈ J ′−ε(1) by Proposi-

tion 3.3.4(3), hence ε′(1) = − ε(1) = − ε′(1), a contradiction. Thus ψ(1) > 1 and since ψ is

increasing, we have 1 /∈ im(ψ), and so |S| ≥ 2 and

X ≥ λ1 − 2|J̃− ε(1)| − (1 + (−1)|S|).
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We showed in the previous part that λs2 ≥ 1 + 2|J̃− ε(1)| when |S| ≥ 2. Thus we have

X ≥ λs2 − 2|J̃− ε(1)| − (1 + (−1)|S| ≥ (−1)|S| ≥ −1,

and so λ̄1 − λ̄′1 ≥ −1. By the previous part, λ̄1 and λ̄′1 are odd, so we have λ̄1 − λ̄′1 ≥ 0.

Suppose ε(1) = − ε′(1). We show that X ≥ 1 so that λ̄1 > λ̄2. By Proposition 3.3.4(3),

we have

φ(J̃− ε(1)) = J ′ ε(1) ∩ {1, . . . , r′} = (S̃′ ∩ J ′ ε(1)) t (J̃ ′ ε(1) ∩ {1, . . . , r′})

= (S̃′ ∩ J ′ ε(1)) t (J̃ ′ ε(1)) \ (J̃ ′ ε(1) ∩ {r′ + 1}),

hence

|J̃ ′ ε(1)| = |J̃− ε(1)|+ |J̃ ′ ε(1) ∩ {r′ + 1}| − |S̃′ ∩ J ′ ε(1)|.

Using that ε(1) = − ε′(1), we find

X =
∑

s∈S\im(ψ)

λs + 2|S̃′ ∩ J ′ ε′(1)| − 2|S̃′ ∩ J ′−ε′(1)|

+ 2|J̃ ′−ε′(1) ∩ {r′ + 1}| − (1 + (−1)|S|) +
1 + (−1)|S

′|

2
.

By (3.3.4), |S̃′ ∩ J ′ ε′(1)| (resp. |S̃′ ∩ J ′−ε′(1)|) is the number of odd (resp. even) integers in

{1, . . . , q}.

Suppose q is odd. Then

2|S̃′ ∩ J ′ ε′(1)| − 2|S̃′ ∩ J ′−ε′(1)| = 2.

Suppose |S| is odd. Then 1+(−1)|S| = 0, so X ≥ 2. Suppose |S| is even. Then 1+(−1)|S| =

2, λ′r′+1 = 1, and by definition of ε′(r′ + 1), we have r′ + 1 ∈ J ′ ε(1) = J ′−ε
′(1). Then either

r′ + 1 ∈ J̃ ′−ε′(1), in which case we have |J̃ ′−ε′(1) ∩ {r′ + 1}| = 1, and so X ≥ 2 + 2− 2 = 2,

or r′ + 1 ∈ S′, in which case |S′| = q + 1 is even, and so X ≥ 2− 2 + 1+(−1)|S
′|

2 = 1.

Suppose q is even. Then

2|S̃′ ∩ J ′ ε′(1)| − 2|S̃′ ∩ J ′−ε′(1)| = 0.

Suppose |S| is odd. Then λr′+1 = 0, so |S′| = |S̃′| = q is even. Thus 1 + (−1)|S| = 0 and

(1 + (−1)|S
′|)/2 = 1 and so X ≥ 1. Suppose |S| is even. Then λr′+1 = 1 and by definition

of ε′(r′ + 1), we have r′ + 1 ∈ J ′ ε(1) = J ′−ε
′(1). Since q is even, we have s′q ∈ J ′−ε

′(1) by

(3.3.4), and so r′ + 1 /∈ S′, thus r′ + 1 ∈ J̃ ′−ε′(1). Hence we have |S′| = |S̃′| = q is even, so

X ≥ 2|J̃ ′−ε′(1) ∩ {r′ + 1}| − (1 + (−1)|S|) + 1+(−1)|S
′|

2 = 2− 2 + 1 = 1.

We conclude that λ̄1 > λ̄2 if ε(1) = − ε′(1), as desired.
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3.3.2 Proof of Theorem 3.3.1

Proof. We first set up some notation. Let η ∈ {±1}. For (x, y) ∈ R×R or (x, y) ∈ Z×Z,

let (xη, yη) := (x, y) if η = 1, and (xη, yη) := (y, x) if η = −1. Let

φ(η) : {1, . . . , |Jη|} → Jη

be the unique increasing bijection. Let (A,B) = (Aλ,ε, Bλ,ε). Let (α, β) ∈ P2(n) so that

(α, β)k = ΦN (λ, [ε]) such that if k = 0, then α1 = A1 and β1 = B1, which uniquely defines

α and β, since λ only has odd parts, and so A1 6= B1. Let w = sgn(M + 1/2) so that

w = sgnM if M 6= 0 and w = 1 if M = 0. Using (1.2.1), we find

A = ((λj + 1)/2 + 1− j : j ∈ Jw) ∪ (−t(λ)− 2i+ 2: i ∈ N) = (αi + k + 2− 2i : i ∈ N),(3.3.6)

B = ((λj + 1)/2 + 1− j : j ∈ J−w) ∪ (−t(λ)− 2j + 2: j ∈ N) = (βj − k + 2− 2j : j ∈ N).

We note particularly that for k = 0, we defined α, β and w in such a way so that this holds.

Thus for any η ∈ {±1} and for i = 1, . . . , |Jηw|, j = 1, . . . , |J−ηw|, and h ∈ N, we have

Aηi =
λφ(ηw)(i) + 1

2
− φ(ηw)(i) + 1 = αηi + ηk + 2− 2i, (3.3.7)

Bη
j =

λφ(−ηw)(j) + 1

2
− φ(−ηw)(j) + 1 = βηj − ηk + 2− 2j,

Aη|Jηw|+h = Bη
|J−ηw|+h = −t(λ)− 2(h− 1). (3.3.8)

Let u = ε(1) and v = uw. Then for i = 1, . . . , |Ju|, j = 1, . . . , |J−u|, we have

Avi =
λφ(u)(i) + 1

2
− φ(u)(i) + 1 = αvi + vk + 2− 2i, (3.3.9)

Bv
j =

λφ(−u)(j) + 1

2
− φ(−u)(j) + 1 = βvj − vk + 2− 2j.

Let m0 = t(λ)+k
2 and m1 = t(λ)−k

2 . As noted in Remark 1.2.5, m0 is the smallest integer

such that m0 ≥ t(α) and m0 − k ≥ t(β). Thus we can consider the order (m0,m1, <α,β,k).

We also consider the order (mv
0,m

v
1, <αv ,βv ,vk) on the indices of (αv, βv). We denote <α,β,k

by < and <αv ,βv ,vk by <v. Since λ only has odd parts, Pk,−k;2(α, β,<) has a unique element

(αmax, βmax) as shown in the proof of Theorem 3.2.2. We then have {(αmax,v, βmax,v)} =

Pvk,−vk;2(αv, βv, <v). We have (1, 0) <v (1, 1), since the largest term of Av t Bv is λ1+1
2 =

λ
φ(u)(1)

+1

2 = Av1, so applying procedure (a) to (αv, βv) gives us a bipartition (α,β) with an

order on the set of its indices equivalent to <α,β,vk−1 by Lemma 3.1.5, and positive integers

µ̄1, a1, a2, . . . , ax, b1, b2, . . . , by such that

(αmax,v, βmax,v) = ((µ̄1) t µ,ν),
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where {(µ,ν)} = Pvk−2,−vk;2(α,β, <α,β,vk−1) = Pvk−1,−vk+1;2(α,β, <α,β,vk−1). From (3.3.9)

and by definition of the ai, we see that S∩ Ju = {φ(a1), . . . , φ(ax)} and so φ(u)(ai) = s2i−1

for i = 1, . . . , x. Similarly, φ(−u)(bj) = s2j for j = 1, . . . , y.

Having set up the notation, we now prove the theorem by induction on N . The theorem

is obvious for N = 0, 1, so assume N > 1.

1. We will show that λ̄1 = (λmax)1. Let q = |S |. Using (3.3.9), we find that

µ̄1 =

dq/2e∑
h=1

αvah +

bq/2c∑
h=1

βvbh

=

dq/2e∑
h=1

λs2h−1
+ 1

2
− s2h−1 − 1− vk + 2ah +

bq/2c∑
h=1

λs2h + 1

2
− s2h − 1 + vk + 2bh.

Suppose first that q is odd. Then

µ̄1 = −s1 − 1− vk + 2a1 +

q∑
h=1

λsh + 1

2
+

q−1
2∑

h=1

(2ah+1 − s2h+1 + 2bh − s2h − 2).

We have 2a1 − s1 − 1 = 2 − 1 − 1 = 0. Since ah+1 = |{i ∈ Ju : i ≤ s2h+1}| and bh = |{i ∈
J−u : i ≤ s2h}|, we also have ah+1 + bh = |{1, . . . , s2h} ∪ {s2h+1}| = s2h + 1. Thus

µ̄1 = −vk +

q∑
h=1

λsh + 1

2
+

q−1
2∑

h=1

s2h − s2h+1 =
1

2
− vk +

q∑
h=1

λsh
2

+

q−1
2∑

h=1

(s2h − s2h+1 + 1)

=
1

2
− vk +

q∑
h=1

λsh
2
− |J̃−u|.

Proposition 3.1.6 implies that (λmax)1 is odd, so we also have µ̄1 = (λmax)1+1
2 − 2vk, hence

(λmax)1 = 2µ̄1 + 2vk − 1 =

q∑
h=1

λsh − 2|J̃−u| = λ̄1.

Now suppose that q is even. Then

µ̄1 =

(
q∑

h=1

λsh + 1

2

)
+

q/2∑
h=1

(2ah − s2h−1 + 2bh − s2h − 2).

Similarly as above, we find ah + bh = |{1, . . . , s2h−1} ∪ {s2h}| = s2h−1 + 1. Thus

µ̄1 =

(
q∑

h=1

λsh + 1

2

)
+

q/2∑
h=1

(s2h−1 − s2h) =

(
q∑

h=1

λsh
2

)
+

q/2∑
h=1

(s2h−1 − s2h + 1)(3.3.10)

=

(
q∑

h=1

λsh
2

)
− |J̃u|.
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Since q is even, we have |J±1| = |J̃±1|+ q/2, and so M = |J1| − |J−1| = |J̃1| − |J̃−1|. Thus

we have vk = uwk = uM = |J̃u| − |J̃−u|, so by (3.3.10), we have

µ̄1 =

(
q∑

h=1

λsh
2

)
− vk − |J̃−u|,

hence

(λmax)1 = 2µ̄1 + 2vk − 1 = −1 +

q∑
h=1

λsh − 2|J̃−u| = λ̄1.

2. We will show that ΦN ′(λ
′, [ε′]) = (α−uw

′
,β−uw

′
)k′ . Let m′u := |J̃u| = |J ′−u ∩

{1, . . . , r′}| and let ι : {1, . . . ,m′u} → N \{a1, . . . , ax} be the unique increasing injection.

Define

ψ′(u) = φ−1 ◦ φ(u) ◦ ι.

Then ψ′(u) is the unique increasing bijection from {1, . . . ,m′u} to J ′−u ∩ {1, . . . , r′}. Let

j ∈ {1, . . . ,m′u} and q = ψ′(u)(j). For h := ι(j)− j we have ah < ι(j) < ah+1, and applying

ψ′(u) to the three terms gives s2h−1 < φ(q) < s2h+1. Thus we have φ(q) = q+ 2h− 1. Using

(3.3.9), we find

αj = αvι(j) =
λφ(q) + 1

2
− φ(q) + 1− (vk + 2− 2ι(j))

=
λφ(q) + 1

2
− (q + 2h− 1) + 1− (vk + 2− 2j − 2h)

=
λφ(q) + 1

2
+ 2j − vk − q.

Since φ(q) ∈ Ju, we have λ′
ψ′(u)(j)

= λφ(q), and so

αj + (vk − 1) + 2− 2j =
λφ(q) + 1

2
+ 1− q =

λ′
ψ′(u)(j)

+ 1

2
+ 1− ψ′(u)(j). (3.3.11)

Let u′ = ε′(1), w′ = sgn(M ′+1/2), v′ = u′w′ and (A′, B′) = (Aλ′,ε′ , Bλ′,ε′). Let φ′(±1) : {1, . . . , |J ′±1|} →
J ′±1 be the unique increasing bijections. We have φ′(−u)|{1,...,m′u} = ψ′(u), and by the ana-

logue of (3.3.7) for (λ′, ε′), we have A′−uw
′

j =
λ′
φ′(−u)(j)

+1

2 + 1− φ′(−u)(j) for j = 1, . . . ,m′u,

so by (3.3.11), we get

A′−uw
′

j =
λ′
φ′(−u)(j)

+ 1

2
+ 1− φ′(−u)(j) =

λ′
ψ′(u)(j)

+ 1

2
+ 1− ψ′(u)(j) = αj + (vk − 1) + 2− 2j.

Thus the first m′u terms of α+ [vk− 1,−∞[2 are equal to the first m′u terms of A′−uw
′
. By

similar arguments, it holds that the first m′−u terms of β+ [−vk+ 1,−∞[2 are equal to the

first m′−u terms of B′−uw
′
. Let h ∈ N. We consider two cases. Suppose |S| is even. Then
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r′ + 1 ∈ J ′u and t(λ′) = r′ + 1, so |J ′u| = m′−u + 1, and |J ′−u| = m′u. By the analogue of

(3.3.8) for (λ′, ε′), we have

(A′−uw
′
)m′u+h = (A′−uw

′
)|J ′−u|+h = −t(λ′)− 2(h− 1) = −r′ + 1− 2h,

(B′−uw
′
)m′−u+1+h = (B′−uw

′
)|J ′u|+h = −t(λ′)− 2(h− 1) = −r′ + 1− 2h.

We have r′ = |J̃u| + |J̃−u| = m′u + m′−u, and since S is even, we have m′u − m′−u =

|J̃u| − |J̃−u| = |Ju| − |J−u| = vk. Thus r′ = −vk + 2m′u = vk + 2m′−u. Since αm′u+h =

βm′−u+1+h = 0, we find

αm′u+h + (vk − 1) + 2− 2m′u − 2h = −r′ + 1− 2h

= βm′−u+1+h + (1− vk)− 2m′−u − 2h.

It remains to consider the (m′−u+1)-th term of B′−uw
′
: we have βm′−u+1 = 0 and λ′r′+1 = 1,

so

βm′−u+1 + (1− vk)− 2m′−u = 1− r′ =
λ′r′+1 + 1

2
− r′ = (B′−uw

′
)m′−u+1.

Thus we have shown that if |S| is even, then (α + [vk − 1,−∞[2,β + [−vk + 1,−∞[2) =

(A′−uw
′
, B′−uw

′
).

Suppose |S| is odd. Then λ′r′+1 = 0, so |J ′u| = m′−u, and |J ′−u| = m′u. By similar

arguments as in the previous case, we have t(λ′) = r′, r′ = −vk+1+2m′u = vk−1+2m′−u,

so for all h ∈ N, we have

(A′−uw
′
)m′u+h = (B′−uw

′
)m′−u+h = −r′ + 2− 2h,

αm′u+h + (vk − 1) + 2− 2m′u − 2h = βm′−u+h + (1− vk) + 2− 2m′−u − 2h = −r′ + 2− 2h.

Thus we have shown that

(α+ [vk − 1,−∞[2,β + [−vk + 1,−∞[2) = (A′−uw
′
, B′−uw

′
).

Note that −uw′(vk − 1) = −ww′(k − v), so this gives

(α−uw
′
+ [−ww′(k − v),−∞[2,β

−uw′ + [ww′(k − v),−∞[2) = (A′, B′). (3.3.12)

We need to show that k′ = −ww′(k − v); it then follows from (3.3.12) that ΦN ′(λ
′, [ε′]) =

(α−uw
′
,β−uw

′
)k′ , as desired. By Proposition 3.3.4(4), we have k′ = |k − v|, so we need to

show that |k−v| = −ww′(k−v) This is obvious if k−v = 0. Suppose k−v ≥ 1. Then M 6= 0

and M ′ 6= 0. Since M = −M ′ + u by Proposition 3.3.4(4), we have sgnM = − sgnM ′, so

w = −w′, and thus −ww′(k − v) = k − v = |k − v|. Suppose k − v = −1. Then k = 0

and v = 1. From k = 0, we get M = 0 and so w = 1. Thus u = v/w = 1. Next, we get

M ′ = −M + u = 1, so w′ = 1. Thus −ww′(k − v) = |k − v|.
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3. We will show that (Aλ̄,ε̄, Bλ̄,ε̄)k = (Aλmax , Bεmax)k, hence (λ̄, [ε̄]) = (λmax, [εmax]). We

have

(Avλmax,εmax , Bv
λmax,εmax)k = ((µ̄1 + vk) t (µ+ [vk − 2,−∞[2),ν + [−vk,−∞[2)k. (3.3.13)

Recall that {(µ,ν)} = Pvk−1,−vk+1;2(α,β, <α,β,vk−1). We just saw that −uw′(vk−1) = k′,

so {(µ−uw′ ,ν−uw′)} = Pk′,−k′;2(α−uw
′
,β−uw

′
, <α−uw′ ,β−uw′ ,k′). So by the induction hypoth-

esis, we have (λ̄′, [ε̄′]) = (λ′max, [ε′max]), M(λ̄′, ε̄′) = M(λ′, ε′), and

Aλ̄′,ε̄′ = µ−uw
′
+ [k′,−∞[2 and Bλ̄′,ε̄′ = ν−uw

′
+ [−k′,−∞[2.

Let J̄±1 = {i ∈ N : ε̄(i)(−1)i+1 = ±1} and J̄ ′±1 = {i ∈ N : ε̄′(i)(−1)i+1 = ±1}. Note that

M(λ̄′, ε̄′) = M(λ′, ε′) implies that w′ = sgn(M(λ̄′, ε̄′) + 1/2). By Proposition 3.3.5, λ̄′ and

λ̄ only have odd parts, so by the analogue of (3.3.6) for (λ̄′, ε̄′), it holds that the largest

|J̄ ′−u| terms of µ+ [vk − 1,−∞[2= A−uw
′

λ̄′,ε̄′
are the largest |J̄ ′−u| terms of(

λ̄′j + 1

2
+ 1− j : j ∈ N, (−1)j+1ε̄′(j) = −uw′w′ = −u

)

=

(
λ̄j+1 + 1

2
+ 1− j : j ∈ N, (−1)j+1ε̄(j + 1) = −u

)
=

(
λ̄j + 1

2
+ 2− j : j ∈ N≥2, (−1)j ε̄(j) = −u

)
=

(
λ̄j + 1

2
+ 2− j : j ∈ N≥2, (−1)j+1ε̄(j) = u

)
.

Thus the largest |J̄ ′−u|+1 terms of (µ̄1 +vk)t (µ+[vk−2,−∞[2) are the largest |J̄ ′−u|+1

terms of (
λ̄1 + 1

2

)
t
(
λ̄j + 1

2
+ 1− j : j ∈ N≥2, (−1)j+1ε̄(j) = u

)
. (3.3.14)

Note that ε̄(1) = ε(1) = u and recall that M(λ̄′, ε̄′) = M(λ′, ε′). We also have M(λ′, ε′) =

−M(λ, ε)+u by Proposition 3.3.4(4). By definition of (λ̄, ε̄), we haveM(λ̄, ε̄) = −M(λ̄′, ε̄′)+

u, hence we have M(λ̄, ε̄) = M(λ, ε) (and so also k(λ̄, ε̄) = k). Thus if we define ū := ε̄(1),

w̄ = sgn(M(λ̄, ε̄) + 1/2) and v̄ := ūw̄, we find that v = v̄, u = ū and w = w̄. Thus by the

analogue of (3.3.9) for (λ̄, ε̄), we see that the largest |J̄u| terms of (3.3.14) are equal to the

first |J̄u| terms of Av
λ̄,ε̄

. By definition of (λ̄, ε̄), we see that |J̄u| = |J̄ ′−u|+1, so the largest |J̄u|
terms of Av

λ̄,ε̄
are equal to the largest |J̄u| = |J̄ ′−u|+1 terms of (µ̄1+vk)t(µ+[vk−2,−∞[2).

By similar arguments as above, we find that the largest |J̄−u| = |J̄ ′u| terms of (ν +

[−vk,−∞[2) are equal to the largest |J̄ ′u| terms of(
λ̄j + 1

2
+ 1− j : j ∈ N, (−1)j+1ε̄(j) = −u

)
,
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hence equal to the largest |J̄−u| terms of Bv
λ̄,ε̄

.

Clearly, we have t(λ̄) = t(λ̄′) + 1. Let h ∈ N and i := |J̄u|+ h = |J̄ ′−u|+ h+ 1. Then

(Avλ̄,ε̄)i = −t(λ̄)− 2(h− 1).

Note that µi+h−1 ≤ µ|J̄ ′−u|+1 = 0, so the ith term of (µ̄1 + vk) t (µ+ [vk − 2,−∞[2) is

µi−1 + (vk − 2) + 2− 2(i− 1) = vk − 2|J̄u| − 2h+ 2.

We have t(λ̄) = |J̄u|+ |J̄−u|. We showed earlier that ū = u, v̄ = v,w̄ = w, and k(λ̄, ε̄) = k,

so we have vk = |J̄u| − |J̄−u|, hence t(λ̄) = 2|J̄u| − vk. Thus (Av
λ̄,ε̄

)i is the ith term of

(µ̄1 + vk) t (µ+ [vk − 2,−∞[2). Hence we now have

Avλ̄,ε̄ = (µ̄1 + vk) t (µ+ [vk − 2,−∞[2). (3.3.15)

Similarly, for j := |J̄−u| + h = |J̄ ′u| + h, we find that (Bv
λ̄,ε̄

)j is the jth term of (ν +

[−vk,−∞[2), hence

Bv
λ̄,ε̄ = ν + [−vk,−∞[2. (3.3.16)

By (3.3.13), we then have

(Aλ̄,ε̄, Bλ̄,ε̄)k = (Aλmax , Bεmax)k.

We conclude that (λ̄, [ε̄]) = (λmax, [εmax]). Note that ((µ̄1) t µ,ν) = ((αmax)v, (βmax)v),

so we also have (Aλ̄,ε̄, Bλ̄,ε̄) = (αmax +[k,−∞[2, β
max +[−k,−∞[2) by (3.3.15) and (3.3.16).

We showed earlier that M(λ̄, ε̄) = M(λ, ε), and so we completed the proof.

Corollary 3.3.6. It holds that λmax = λ̄ only has odd parts.

3.3.3 Example

Example 3.3.7. Let (λ, ε) ∈ Port,2(2n + 1) for some n ∈ Z≥0 with λ1 ≥ λ2 ≥ · · · ≥
λ7 > λ8 = 0. Write ε = (ε(1) ε(2) . . . ) = (− + + − + − +). We compute (λ1, ε1) :=

(λ′, ε′), (λ2, ε2) := (λ′′, ε′′), . . . . For each j ∈ N for which (λj , εj) is defined, we define

ε̃j = (εj(1),− εj(2), εj(3), . . . ). Following the algorithm, we find

λ̄1 = λ1 + λ3 − 9, ε̄(1) = −1,

λ̄2 = λ2 + (λ4 + 2)− 9, ε̄(2) = 1.

Next, we have (λ̄2, ε̄2) = (λ2, ε2), since for any N ∈ N and (λ, ε) ∈ Port,2(N) such

that λ only has odd parts and ε(i) = (−1)i+1 for all i ∈ {1, . . . , t(λ)}, it is easy to

see from the algorithm that (λ̄, ε̄) = (λ, ε). Finally, we have λ̄ = (λ̄1, λ̄2) t λ̄2 and

ε̄ = (ε̄(1), ε̄(2), ε2(1), ε2(2), ε2(3), ε2(4), ε2(5)) = (−+ +−+−+).
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λ = λ1 λ2 λ3 λ4 λ5 λ6 λ7

ε = − + + − + − +
ε̃ = − − + + + + +

λ1 = λ2 λ4 + 2 λ5 + 2 λ6 + 2 λ7 + 2 1
ε1 = + + − + − +
ε̃1 = + − − − − −

λ2 = λ5 + 4 λ6 + 4 λ7 + 4 3 1
ε2 = + − + − +
ε̃2 = + + + + +

3.4 Algorithm for (λmax, εmax) for Sp(2n)

The algorithm for Sp(2n) is given in [Wal19, §5]. For completeness, we shall state the

algorithm here.

Suppose (λ, ε) ∈ Psymp(2n) such that λ only has even parts. If n = 0, let (λ̄, ε̄) = (λ, ε).

If n > 0. Similarly as we did previously for SO(N), we write ε as a function ε : N→ {±1}
with ε(i) = ελi for all i ∈ N. Let η ∈ {±1} and recall/define

Jη = {i ∈ N : (−1)i+1 ε(i) = η},

O := {i ∈ N≥2 : ε(i) = ε(i− 1)} ∪ {1},

J̃η := J1 \ O .

Note that N \O is finite, hence J̃η is also finite. Define

λ̄1 =
∑
i∈O

λi − 2|J̃− ε(1)|,

ε̄λ̄1
= ε(1).

Also define

λ′ = (λj : j ∈ J̃ε(1)) t (λj + 2: j ∈ J̃− ε(1)).

For each i ∈ λ′, there exists a j ∈ Jε(1) such that i = λj or a j ∈ J̃− ε(1) such that i = λj +2.

Fix such a j and set

ε′i =

{
ε(j) if j ∈ J̃ε(1),

− ε(j) if j ∈ J̃− ε(1).

This defines a pair (λ′, ε′) ∈ Psymp(2n − λ̄1). We can repeat the steps above for (λ′, ε′)

to obtain λ′1 = λ̄2 and ε′λ′1 = ε̄λ̄2
as well as a pair (λ′′, ε′′), etc. to obtain an element

(λ̄, ε̄) ∈ Psymp(2n).

Theorem 3.4.1 ([Wal19, Théorème 5.1]). We have (λ̄, ε̄) = (λmax, εmax).
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Chapter 4

Algorithm for IM, IM, and AZ for
tempered representations

4.1 Algorithm for IM

We will now describe an explicit algorithm for IM for graded Hecke algebras attached to

cuspidal local systems. Let G be a connected complex reductive group and suppose we are

in the same setting as in Section 1.3.5. Recall Mtemp from (1.3.8) and define

Mtemp,real,q = {(e, σ, ψ) : (e, σ,
1

2
log q, ψ) ∈Mtemp,real}.

Let (e, σ, ψ) ∈ Mtemp,real,q and recall from Proposition 1.3.20 that the standard module

Y := Y (e, σ, 1
2 log q, ψ) is irreducible. Since Y is tempered and σ is real, we have AG(e, σ) =

AG(e) by Proposition 1.3.21. Let (L,CL,L) ∈ SG be the cuspidal support of (e, σ, 1
2 log q, ψ).

The graded Hecke algebra H(L,CL,L) contains the relative Weyl group WL by construction.

From [Lus95b, §10.13] and (1.3.7), we have isomorphisms

Y |WL
∼= Y (e, 0, 0, ψ) ∼= H

{1}
• (Pe, L̇)ψ.

Note that ψ ∈ AG(e)∧ (the point we stress here is that this component group has no σ

dependence), and from Proposition 1.3.22, it follows that (L,CL,L) is the cuspidal support

of (e, ψ) in the generalised Springer correspondence. Hence the graded WL-representation

H
{1}
• (Pe, L̇)ψ is fully described by Green functions ofG associated to the relative Weyl group

WL: for (C, E), (C ′, E ′) ∈ NG with (C, E) corresponding to (e, ψ) and (e′, ψ′) respectively, the

multiplicity of GSpr(C ′, E ′) in H
{1}
• (Pe, L̇)ψ is precisely the multiplicity mult(C, E ;C ′, E ′)

from Section 3.1.6.

There exists an (e′, ψ′) ∈Mσ, 1
2

log(q) such that

Ȳ ′ := Ȳ (e′, σ,
1

2
log(q), ψ′) = IM(Y (e, σ,

1

2
log(q), ψ)).
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Write Y ′ = Y (e′, σ, 1
2 log(q), ψ′) for the corresponding standard module. Note that Ȳ ′|WL

is a WL-subrepresentation of

Y ′|WL
∼= H

{1}
• (Pe′ , L̇)ψ

′ ∼=
⊕

φ′∈AG(e′)∧

[φ′ : ψ′]H
{1}
• (Pe′ , L̇)φ

′
,

and each non-zero H
{1}
• (Pe′ , L̇)φ

′
is a direct sum of generalised Springer representations of

the form E(e′′, φ′′) with the property that the G-orbit of e′′ is strictly larger than that of e′ in

the closure ordering, or (e′′, φ′′) = (e′, φ′). Furthermore, E(e′, φ′) appears in H
{1}
• (Pe′ , L̇)φ

′

with multiplicity 1, and furthermore also appears in Ȳ ′|WL
(cf. last math display in [CMO21,

Proof of Theorem 3.0.8]).

By Remark 2.0.5, we also have the following

Ȳ ′|WL
= Y |WL

⊗ sgn ∼= H
{1}
• (Pe, L̇)ψ ⊗ sgn,

which we can also view as a sum of generalised Springer representations of the relative Weyl

group WL.

From the above, we can deduce the following proposition.

Proposition 4.1.1. We retain the notation above. Suppose that Y ′|WL
contains a unique

generalised Springer representation E(e0, ψ0) with multiplicity 1 such that for any other

generalised Springer representation E(e′′, ψ′′) appearing in Y ′|WL
, we either have that e′′ is

strictly larger than e0 in the closure ordering, or (e0, ψ0) = (e′′, ψ′′). Then we have

e′ = e0, AG(e′) = AG(e0), ψ′ = ψ0,

hence IM(Y (e, σ, 1
2 log(q), ψ′)) = Ȳ (e0, σ,

1
2 log(q), ψ0).

In the following subsections, we explore cases where the condition in Proposition 4.1.1

is satisfied and where we are able to compute (e0, ψ0) from (e, ψ) explicitly.

4.1.1 Type A: g = sl(n,C)

Suppose G = SL(n,C). For details about the generalised Springer correspondence of G,

we refer to [Lus84b, §10.3] and [LS85, §5]; also see [CMO23, §5.6.1] for a short overview.

The nilpotent classes of G are parametrised by partitions of n. Let (e, σ, ψ) ∈ Mtemp,real

and suppose e is parametrised by a partition λ = (λ1, . . . , λn) of n. Recall from Proposi-

tion 1.3.21 that we can identify AG(e) = AG(e, σ), so ψ ∈ AG(e)∧. It is a well-known fact

that AG(e) ∼= Z/n′Z where n′ = gcd(λ1, . . . , λt). Let d be the degree of ψ in Z/n′Z. Lusztig

showed that d|λi for i = 1, . . . , t. The relative Weyl group WL of the cuspidal support of

(e, φ) is equal to Sn/d and the generalised Springer representation corresponding to (e, φ) is
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the representation of Sn/d parametrised by the partition (λ1/d, . . . , λt/d) of n/d. We denote

such a partition by λ/d and denote the corresponding representation by ρλ/d.

The combinatorial results regarding the Green functions for type A in [Mac98, III.6] tell

us that ρ(n/d) appears with multiplicity 1 in Y (e, s, ψ)|W , and is furthermore the unique sub-

representation with maximal Springer support. Tensoring a representation with the sign rep-

resentation corresponds to transposing the corresponding partition, so ρ(n/d)⊗sgn = ρ(1)n/d

is the representation E(e0, ψ0) in Proposition 4.1.1 in the current setting. Proposition 4.1.1

also tells us what e0 and ψ0 are, which from the generalised Springer correspondence turn

out to be the orbit of a nilpotent element e(d)n/d parametrised by (d)n/d and ψ. Recall that

IM fixes infinitesimal characters, so we have

IM(Y (e, σ, ψ)) = Ȳ (e(d)n/d , σ, ψ).

4.1.2 Type B and D: so(N,C)

Suppose G = SO(N,C) and g = so(N,C). We identify Mtemp,real with the set of G-

conjugacy classes of triples (λ, σ, [ε]) with λ ∈ Port(N) and [ε] ∈ F ′2[∆(λ)]. We also write

standard modules in terms of these triples (i.e. Y (λ, σ, [ε])) and generalised Springer rep-

resentations in terms of the pairs (λ, ε) (i.e. E(λ, [ε]); this notation is consistent with

the notation we used for the generalised Springer correspondence of SO(N,C) earlier). Let

(λ, σ, [ε]) ∈Mtemp,real. Now if we suppose that λ only has odd parts, then by Theorem 3.2.2,

it follows that E(λmin, [εmin]) satisfies the condition in Proposition 4.1.1. Theorem 3.3.1 fur-

thermore allows us to compute (λmin, [εmin]). Hence we have

IM(Y (λ, σ, [ε])) = Ȳ (λmin, σ, [εmin]).

We stress again that for now, we have only shown that this result holds for the case that λ

only has odd parts.

4.1.3 Type C: sp(2n,C)

Suppose G = Sp(2n,C) and g = sp(2n,C). We identify Mtemp,real with the set of G-

conjugacy classes of triples (λ, σ, ε) with λ ∈ Psymp(2n) and ε ∈ {±1}∆(λ) (G acts trivially

on λ and ε and by conjugation on σ). We also write standard modules in terms of these

triples (i.e. X(λ, σ, ε)) and generalised Springer representations in terms of the pairs (λ, ε)

(i.e. E(λ, ε)). Let (λ, σ, ε) ∈Mtemp,real. Now if we suppose that λ only has even parts, then

by Theorem 3.2.12, it follows that E(λmin, εmin) satisfies the condition in Proposition 4.1.1.

Theorem 3.4.1 furthermore allows us to compute (λmin, [εmin]). Hence we have

IM(λ, σ, ε)) = Ȳ (λmin, σ, εmin).
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We stress again that for now, we have only shown that this result holds for the case that λ

only has even parts.

For direct products of symplectic groups, we shall use similar notation as above. For

instance, for G = Sp(2n,C)×Sp(2m,C), we can identifyMtemp,real with the set of conjugacy

classes of tuples (λ, λ′, σ, ε, ε′) in the obvious sense.

4.1.4 Comment on exceptional types

The strategy for a simply connected complex group G of exceptional type is completely

the same as for type B, C, and D above. The corresponding analogous maximality and

minimality results for any (C, E) ∈ NG for G can be verified directly using GAP [Mic15]

(without any additional constraints on the nilpotent orbit as in the SO(N,C) and Sp(2n,C)

cases). Using this, one can then again determine the Deligne–Langlands–Lusztig triple

corresponding to IM(Y (e, σ, ψ)) for any (e, σ, ψ) ∈ Mtemp,real by using Proposition 4.1.1 –

we show that the hypothesis in Proposition 4.1.1 is satisfied for the generalised Springer

representations of the relevant pseudo-Levi subgroups of G∨, i.e. the centralisers of compact

semisimple elements in G∨. There are only finitely many such pseudo-Levi subgroups, and

so this is a matter of checking the hypothesis in Proposition 4.1.1 for a finite number of

cases, which we aim to do with GAP. We intend to include all the tables and a description

of the precise steps for the algorithm for IM in future work.

4.2 Algorithm for AZ

4.2.1 SO(2n+ 1, k)

Let G = SO(2n + 1). Then G∨ = Sp(2n,C) and Φtemp(G∨) is in bijection with the set

of G∨-conjugacy classes of triples (λ, s, ε) with λ ∈ Psymp(2n) and ε ∈ {±1}∆(λ). Let

Φtemp,quad(G∨) be the subset of Φtemp(G∨) consisting of triples (e, s, ψ) such that s2 = 1.

In [Wal18a, §1.3] it is shown that Φtemp,quad(G∨) is in bijection with the set Psymp
2 (2n) of

quadruples (λ+, ε+, λ−, ε−) with (λ+, ε+) ∈ Psymp(2n+) and (λ−, ε−) ∈ Psymp(2n−) for

some n+, n− ∈ Z≥0 such that n+ + n− = n. This bijection has the following properties.

Suppose (e, s, ψ) ∈ Φtemp,quad(G∨) such that (e, ψ) is corresponds to (λ, ε) ∈ Psymp(2n)

and suppose that (e, s, ψ) correesponds to such a quadruple (λ+, ε+, λ−, ε−) via the bijection

above. Then λ = λ+ t λ− and ε± is the restriction of ε to (−1)∆(λ±). In this case we write

X(λ+, ε+, λ−, ε−) := X(λ+ t λ−, s, ε), (4.2.1)

Let (λ, s, ε) ∈ Φtemp(G∨). We intend to use the result from Section 4.1.3, and so we

assume λ consists of only even parts, as was required in that section. Suppose (λ, s, ε)
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corresponds to (e, s, ψ) with e ∈ g∨ nilpotent and ψ ∈ AG∨(s, e). We briefly explain how

one obtains the corresponding quadruple (λ+, ε+, λ−, ε−) ∈ Psymp
2 (2n). Fix an sl2-triple

(e−, h, e) in g∨ such that h ∈ t∨R and let sc = s0 = sq−h/2 as above. Since λ only has even

parts and sc commutes with e, it follows that ZG∨(sc) is of the form

ZG∨(sc) = Sp(2n+,C)× Sp(2n−,C),

where n+, n− ∈ Z≥0 are the multiplicities of the eigenvalues 1 and −1 of sc, respectively

(note that n+ + n− = n), as shown on [Wal18a, p.8]. The element e is also an element

of g∨(sc) := Lie(ZG∨(sc)) ∼= sp(2n+,C) ⊕ sp(2n−,C) and is parametrised by a pair of

symplectic partitions (λ+, λ−) ∈ Psymp(2n+) × Psymp(2n−) such that λ = λ+ t λ−. By

restricting ε : ∆(λ)→ {±1}, we obtain ε+ ∈ {±1}∆(λ+) and ε− ∈ {±1}∆(λ−).

Let (L,CL,L) ∈ SZG∨ (sc) be the cuspidal support of the element of NZG∨ (sc) corre-

sponding to (λ+, ε+, λ−, ε−). As in Section 1.4.2, we attach an irreducible representation

of the graded Hecke algebra H(ZG∨(sc), L, CL,L) corresponding to the data (λ+, ε+, λ−, ε−).

Using results from Section 4.1.3 for the adjoint groupG = ZG∨(sc) = Sp(2n+,C)×Sp(2n−,C),

we can compute the graded Iwahori-Matsumoto dual of this representations. Using the cor-

respondence between IM and AZ under all of Lusztig’s reductions in the classification of

unipotent representations of adjoint groups, we then find that

AZ(X(λ, s, ε)) = AZ(X(λ+, ε+, λ−, ε−)) = X(λ+,min, ε+,min, λ−,min, ε−,min) = X(λ, s, ε),

where (λ, s, ε) ∈ Φtemp,quad(G∨) corresponds to (λ+,min, ε+,min, λ−,min, ε−,min) ∈ Psymp
2 (2n).

Note that in particular, λ = λ+,min t λ−,min.

4.2.2 Further study: other types and non-adjoint groups over k

Both Sp(2n, k) and SO(2n, k) are non-adjoint groups, Sp(2n, k) being simply-connected and

SO(2n, k) being neither adjoint nor simply-connected. The key results that we used for

obtaining an algorithm for AZ was showing that IM on the graded geometric Hecke alge-

bras corresponds to AZ through Lusztig’s reduction theorems, the matching between the

arithmetic affine Hecke algebras and geometric affine Hecke algebras, and finally the equiv-

alence of categories between the representations of the arithmetic affine Hecke algebras and

the corresponding Bernstein block. In Lusztig’s classification of unipotent representations,

G∨ was assumed to be adjoint. In particular the definitions of the arithmetic and geomet-

ric affine and graded Hecke algebras also relied on the fact that G∨. All of these notions

were later generalised and proved for non-adjoint groups in [Sol18], which relies on results

from [AMS17], [AMS18b], and [AMS18a]. In a subsequent paper, we intend to use these

results to show that AZ for Sp(2n, k) and SO(2n, k) indeed corresponds to a version of IM
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of the ‘twisted graded Hecke algebras’1 in the non-adjoint case. We then use the result from

Section 4.1.2 to obtain an algorithm for AZ in a similar fashion as in this thesis.

If G∨ is an adjoint exceptional group, all we have to do is identify all its pseudo-Levis (i.e.

all the possibilities for ZG∨(sc)), which can be done using GAP. For all these pseudo-Levis,

we use computations in GAP again to show that the condition in Proposition 4.1.1 is always

satisfied for all tempered unipotent representations (the author has verified this for some,

but not all exceptional groups yet). Following the same strategy as for the SO(2n + 1, k)

case, we find an algorithm for AZ for all tempered unipotent representations of G.

For non-adjoint exceptional groups, we will have to use results from [AMS17], [AMS18b],

and [AMS18a] as above, compute IM for all of graded Hecke algebras associated to the

cuspidal pairs of the pseudo-Levis of G∨.

4.3 IM and AZ of tempered unipotent representations for
SO(2n+ 1, k)

Suppose G = SO(2n+ 1) and G∨ = Sp(2n,C). The unique split inner form of SO(2n+ 1, k)

has two inner twists, which we denote by G+,n and G−,n. Let (λ, s, ε) ∈ Φ(Sp(2n,C)) and

ζ ∈ {+,−}. Suppose X(λ, s, ε) is a representation of Gζ,n. It is noted in [Wal18b, §3.4],

using results from [Wal18a, §1.3], that there exist

1. a parabolic subgroup P of Gζ,n with Levi factor isomorphic to

M := GL(m1, k)× · · · ×GL(mt, k)×Gζ,n0 (Gζ,n0 inner twist of SO(2n0 + 1, k))

for some m1, . . . ,mt, n0 ∈ N such that m1 + . . .mt + n0 = n,

2. unramified characters χ1, . . . , χt of k×,

3. a triple (λ0, s0, ε0) ∈ Φtemp,quad(Sp(2n0,C)) such that λ0 only has even parts such

that λ = (m1,m1) t (m2,m2) t · · · t (mt,mt) t λ0 with m1, . . . ,mt ∈ N odd, and

X(λ, s, ε) = Ind
Gζ,n
P (stm1(χ1 ◦ det)⊗ · · · ⊗ stmt(χt ◦ det)⊗X(λ0, s0, ε0)), (4.3.1)

where for each m ∈ N, stm is the Steinberg representation of GL(m, k).

Note that the complex Langlands dual of M is

M∨ = M := GL(m1,C)× · · · ×GL(mt,C)× Sp(2n0,C).

1In [AMS18b], a certain twist of the graded Hecke algebra is considered as an analogue to Lusztig’s
geometric graded Hecke algebras.
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4.3.1 Determining AZ(X(λ, s, ε))

We retain the notation above. Our goal is to determine (λ, s, ε) ∈ Φ(G∨) such that

X(λ, s, ε) = AZGζ,n(X(λ, s, ε)).

By [Wal18a, Théorème 1.7], we have

AZGζ,n ◦ Ind
Gζ,n
P = Ind

Gζ,n
P ◦(AZGLm1

⊗ · · · ⊗ AZGLmt
⊗AZGζ,n0

).

Applying this to (4.3.1) gives

X(λ, s, ε) = Ind
Gζ,n
P ((χ1 ◦ det)⊗ · · · ⊗ (χt ◦ det)⊗ AZGζ,n0

(X(λ0, s0, ε0))).

Note that

ZM∨(sc) ∼= GL(m1)× · · · ×GL(mt)× Sp(2n+
0 )× Sp(2n−0 ), (4.3.2)

and that ZG∨(sc) is of the form

ZG∨(sc) ∼=
∏
i∈I

GL(mi)× Sp(2n+)× Sp(2n−), (4.3.3)

where I is a subset of {1, . . . , t}, n± = n±0 +
∑

i∈J±mi where J± ⊆ {1, . . . ,m} such that

J+tJ−t I = {1, . . . ,m}. The isomorphisms (4.3.2) and (4.3.3) are such that for i ∈ I, the

factor GL(mi) in (4.3.2) are mapped to the GL(mi) factor of (4.3.3), for i ∈ J±, the factor

GL(mi) in (4.3.2) are mapped into the Sp(2n±) factor of (4.3.3), and the Sp(2n±0 ) factor is

also mapped into Sp(2n±).

The pair (λ, ε) corresponds to an element of NZG∨ (sc). Consider the graded Hecke alge-

bra H := H(ZG∨(sc), L, CL,L) of the cuspidal support (L,CL,L) ∈ SZG∨ (sc) of this element

of NZG∨ (sc). Similarly, consider the graded Hecke algebra HM∨ := H(ZM∨(sc), L
′, C ′L,L

′)

of the cuspidal support (L′, C ′L,L
′) ∈ SZM∨ (sc) of the element of NZM∨ (sc) that corresponds

to (λ, ε). The graded Hecke algebra HM∨ has Weyl group WL′ = NM∨(L′)/L′ and H has

Weyl group WL = NG∨(L)/L. Note that the GL(mi,C) have no non-trivial local systems,

hence its only relative Weyl group is Smi . Thus we have

WL′ = Sm1 × · · · × Smt ×W (C
n+

0

′)×W (C
n−0
′), (4.3.4)

for some n±0
′ ∈ N (in fact, we have n±0

′
= n±0 − k±(k± + 1)/2 for some k± ∈ Z≥0 from the

generalised Springer correspondence for Sp(2n±0 ,C)). Similarly, WL is of the form

WL =
∏
i∈I

Smi ×W (Cn+′)×W (Cn−′), (4.3.5)

where n±
′

= n±0
′
+
∑

i∈J±mi. Furthermore, we can view HM∨ as a subalgebra of H. We

identify WL and WL′ with the subsets {tw ∈ H : w ∈WL} and {tw ∈ HM∨ : w ∈WL′} in the
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obvious way, respectively, and the inclusion HM∨ ⊆ H mentioned above and the inclusion

L′ ⊆ L give an inclusion WL′ ⊆ WL such that for i ∈ I, each factor Smi of WL′ in (4.3.4)

is mapped to the factor Smi of WL in (4.3.5), for i /∈ J±, Smi is mapped to W (Cn±′), and

W (C
n±0
′) is mapped into W (Cn±′).

Let Y be the standard module of H whose unique irreducible quotient Ȳ corresponds

to X(λ, s, ε), and note that (χ1 ◦ det)⊗ · · · ⊗ (χt ◦ det)⊗ AZ(X(λ0, s0, ε0)) corresponds to

the irreducible representation stm1 ⊗ · · · ⊗ stmt ⊗ IM(Y (λ+
0 , λ

−
0 , log(s0,r), ε

+
0 , ε

−
0 )) of HM∨ .

By [Sol18, Lemma 3.6] and [BM93, Theorem 6.2]2, Ind
Gζ,n
P and Ind

HM∨
H correspond to each

other when passing from unipotent representations of Gζ,n to representations of H, so we

have

Ȳ = IndH
HM∨

(st′m1
⊗ · · · ⊗ st′mt ⊗ IM(Y (λ+

0 , λ
−
0 , log(s0,r), ε

+
0 , ε

−
0 ))), (4.3.6)

where the st′mi are each some twist of the Steinberg representation stmi of the relevant

graded Hecke algebra corresponding to GL(mi,C) by an unramified character. Denote the

sign and trivial representations of Smi by sgnmi and trivmi , respectively. Restricting Ȳ to

WL, we find using (4.3.6)

Ȳ |WL
= IndWLWL′

(sgnm1
⊗ · · · ⊗ sgnmt ⊗

Y (λ+
0 , λ

−
0 , log(s0,r), ε

+
0 , ε

−
0 )|W (C

n+
0
′ )×W (C

n−0
′ ) ⊗ sgnW (C

n+
0
′ )×W (C

n−0
′ ))

= IndWLWL′
(trivm1 ⊗ · · · ⊗ trivmt ⊗Y (λ+

0 , λ
−
0 , log(s0,r), ε

+
0 , ε

−
0 )|W (C

n+
0
′ )×W (C

n−0
′ ))⊗ sgnWL .

Note that Y (λ+
0 , λ

−
0 , log(s0,r), ε

+
0 , ε

−
0 )|W (C

n+
0
′ )×W (C

n−0
′ ) is the tensor product of the gener-

alised Springer representations Y (λ+
0 , log(s+

0,r), ε
+
0 )|W (C

n+
0
′ ) and Y (λ−0 , log(s−0,r), ε

−
0 )|W (C

n−0
′ )

of Sp(2n+
0
′
,C) and Sp(2n−0

′
,C), respectively. By Theorem 3.2.12, Y (λ±0 , log(s±0,r), ε

±
0 )|W (C

n±0
′ )

has a unique maximal generalised Springer representation ρ(λ±,max, ε±,max), and so

Y (λ+
0 , λ

−
0 , log(s0,r), ε

+
0 , ε

−
0 )|W (C

n+
0
′ )×W (C

n−0
′ ) has a unique maximal generalised Springer rep-

resentation ρ(λ+,max, ε+,max)⊗ ρ(λ−,max, ε−,max). Since WL′ is a subgroup of WL and both

are products of type A and B/C Weyl groups, we can show by similar arguments as in

Section 3.2.4 (applied to Sp(2n,C) instead of SO(N,C)), particularly the usage of the

2The way we use [BM93, Theorem 6.2] is briefly as follows. The representations X(λ, s, ε) and
X(λ0, s0, ε0) both correspond to some irreducible representation of an affine Hecke algebra H and HM∨

respectively, and it is well-known that HM∨ is a parabolic subgroup of H and that Ind
Gζ,n
P corresponds

to IndHHM∨ by for instance [Sol18, Lemma 3.6]. Let Σ = W · sc and ΣJ = WJ · s0,c. Then HJ,ΣJ is a

parabolic subgroup of HΣ, and [BM93, Theorem 6.2] states that IndHΣ
HJ,ΣJ

corresponds to IndHHJ via the

reduction theorems. Now H and HM∨ are Morita equivalent to HΣ and HJ,ΣJ respectively, and via this
Morita equivalence, we have that IndH

HM∨ corresponds to IndHΣ
HJ,ΣJ

.
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Littlewood-Richardson rule for type B/C, to compute λ̄ as follows. First note that we can

further write

Ȳ |WL ∼=
(⊗
i∈I

trivmi ⊗ Ind
W (C

n+′ )×W (C
n−′ )∏

j /∈I Smj×W (C
n+

0
′ )×W (C

n−0
′ )

(
∏
j /∈I

trivmj ⊗Y (λ+
0 , λ

−
0 , log(s0,r), ε

+
0 , ε

−
0 )|W (C

n+
0
′ )×W (C

n−0
′ )

))
⊗ sgnWL

∼=
(⊗
i∈I

trivmi ⊗ Ind
W (C

n+′ )∏
j∈J+ Smj×W (C

n+
0
′ )

( ∏
j∈J+

trivmj ⊗Y (λ+
0 , log(s+

0,r), ε
+
0 )|W (C

n+
0
′ )

)
⊗ Ind

W (C
n−′ )∏

j∈J− Smj×W (C
n−0
′ )

( ∏
j∈J−

trivmj ⊗Y (λ−0 , log(s−0,r), ε
−
0 )|W (C

n−0
′ )

))
⊗ sgnWL .

Compare

Ind
W (C

n±′ )∏
j∈J± Smj×W (C

n±0
′ )

( ∏
j∈J±

trivmj ⊗Y (λ+
0 , log(s±0,r), ε

±
0 )|W (C

n±0
′ )

)
(4.3.7)

with (3.2.13) – both are representations of a type B/C Weyl group induced from a product of

type A and type B/C Weyl groups, and so by the exact same arguments as in the discussion

above Theorem 3.2.9 and the proof of Theorem 3.2.9, we see that (4.3.7) has maximal

generalised Springer representation ρ(λ̄±, ε±,max) where λ̄± ∈ Psymp(2n±) is defined by

λ̄±1 = λ̄±,max
1 + 2(n±

′ − n±0
′
) = 2

∑
i∈J±

mi = 2(n± − n±0 ), λ̄±i = λ̄±,max
i (for i ≥ 2).

Thus

Ind
W (C

n+′ )×W (C
n−′ )∏

j /∈I Smj×W (C
n+

0
′ )×W (C

n−0
′ )

(∏
j /∈I

trivmj ⊗Y (λ+
0 , λ

−
0 , log(s0,r), ε

+
0 , ε

−
0 )|W (C

n+
0
′ )×W (C

n−0
′ )

)
has maximal representation ρ(λ̄+, ε+,max)⊗ρ(λ̄−, ε−,max). Note that the nilpotent elements

of Lie(ZG∨(sc)) ∼=
∏
i∈I gl(mi) × sp(2n+) × sp(2n−) are parametrised by a (|I| + 2)-tuple

of partitions of mi for all i ∈ I and symplectic partitions of 2n+ and 2n−, and so by the

above, Ȳ |WL ⊗ sgnWL has maximal representation

ρ((
∏
i∈I

(mi), λ̄
+, λ̄−), (

∏
i∈I

triv, ε+,max, ε−,max)) ∈W∧L .

Recall the notation using ‘left superscript s’ from Section 3.2.3. Tensoring Ȳ |WL ⊗ sgnWL

with sgnWL again to obtain Ȳ |WL , we find using the same arguments as in the proof of

Theorem 3.2.10 that Ȳ |WL has minimal representation

ρ((
∏
i∈I

(1mi),
s
λ̄+,

s
λ̄−), (

∏
i∈I

triv, sε+,max, sε−,max)) ∈W∧L ,

95



hence we can use Proposition 4.1.1 to find that

Ȳ = Ȳ ((
∏
i∈I

(1mi),
s
λ̄+,

s
λ̄−), log(s0,r), (

∏
i∈I

triv, sε+,max, sε−,max)) ∈ H .

Next, (
∏
i∈I(1

mi),
s
λ̄+,

s
λ̄−) corresponds to the nilpotent orbit of sp(2n,C) parametrised by

λ =
s
λ̄+ t s

λ̄− t
⊔
i∈I

(12mi),

and (
∏
i∈I triv, sε+,max, sε−,max) corresponds to

ε ∈ (−1)∆(λ),

which is obtained from (sε+,max, sε̄−,max) in the same way as how ε is obtained from (ε+, ε−)

in (4.2.1).

Thus we have proved the following.

Theorem 4.3.1. Suppose (λ, s, ε) ∈ Φ(Sp(2n,C)). Let λ = (λ0)+,min t (λ0)−,min and ε be

as above. It holds that

AZG∨ζ,n(X(λ, s, ε)) = X(λ, s, ε).
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[Kat93] Shin-ichi Kato. Duality for representations of a Hecke algebra. Proceedings of

the American Mathematical Society, 119(3):941–946, 1993.

[KL87] David Kazhdan and George Lusztig. Proof of the Deligne-Langlands conjecture

for Hecke algebras. Inventiones mathematicae, 87:153–215, 1987.

[La22] Ruben La. Maximality properties of generalised Springer representations of

SO(n). arXiv preprint arXiv:2208.10633, 2022.

98



[LS85] George Lusztig and Nicholas Spaltenstein. On the generalized Springer corre-

spondence for classical groups. Advanced Studies in Pure Math, 6:289–316, 1985.

[Lus84a] George Lusztig. Characters of reductive groups over a finite field. Number 107.

Princeton University Press, 1984.

[Lus84b] George Lusztig. Intersection cohomology complexes on a reductive group. In-

ventiones mathematicae, 75(2):205–272, 1984.

[Lus86a] George Lusztig. Character sheaves, V. Advances in Mathematics, 61(2):103–155,

1986.

[Lus86b] George Lusztig. On the character values of finite Chevalley groups at unipotent

elements. Journal of Algebra, 104(1):146–194, 1986.

[Lus88] George Lusztig. Cuspidal local systems and graded Hecke algebras, I. Publica-

tions Mathématiques de l’IHÉS, 67:145–202, 1988.

[Lus89] George Lusztig. Affine Hecke algebras and their graded version. Journal of the

American Mathematical Society, 2(3):599–635, 1989.

[Lus95a] George Lusztig. Classification of unipotent representations of simple p-adic

groups. International Mathematics Research Notices, 1995(11):517–589, 1995.

[Lus95b] George Lusztig. Cuspidal local systems and graded Hecke algebras. II. In Repre-

sentations of groups, pages 217–275. American Mathematical Society Providence,

1995.

[Lus02] G Lusztig. Cuspidal local systems and graded Hecke algebras, III. Representation

Theory of the American Mathematical Society, 6(8):202–242, 2002.

[Lus04] George Lusztig. An induction theorem for Springer’s representations. Represen-

tation theory of algebraic groups and quantum groups, Adv. Stud. Pure Math,

40:253–259, 2004.

[Mac98] Ian Grant Macdonald. Symmetric functions and Hall polynomials. Oxford uni-

versity press, 1998.

[Mic15] Jean Michel. The development version of the CHEVIE package of GAP3. Journal

of algebra, 435:308–336, 2015.
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