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Abstract

In this thesis, we study the sample paths of some Gaussian processes using

the methods from Malliavin calculus. To be more specific, we consider sev-

eral interesting properties of fractional Brownian motion sample paths in

the context of both probability measures and capacities. We are in partic-

ular interested in the non-differentiability, the modulus of continuity, the

law of the iterated logarithm and self-avoiding properties. The capacities

we use here are those induced by Brownian motions on the classical Wiener

space, that is, we regard fractional Brownian motions with distinct Hurst

parameters as a collection of Wiener functionals on the classical Wiener

space and use the classical Wiener capacities as uniform measurements.

We also formulate a capacity version of the large deviation principles for

these functionals and determine the corresponding rate functions.
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Chapter 1

Introduction

1.1 General background

In past decades, Gaussian analysis has been one of the prevalent topics in stochastic

analysis, probability theory as well as functional analysis due to its wide range of

applications in various fields, including finance, statistical physics, quantum physics.

Typical examples of Gaussian processes are Brownian motions, Ornstein-Uhlenbeck

processes, and fractional Brownian motions.

Among all these Gaussian processes, fractional Brownian motions are in partic-

ular of much interest as they have been extensively used in the modelling of stock

prices in financial mathematics, and have also found applications in other areas such

as hydrodynamics and communication networks etc., see e.g. [3], [56]. Fractional

Brownian motions are centred Gaussian processes with covariance function given by

R(s, t) = E[BsBt] =
1

2

(
t2H + s2H − |t− s|2H

)
, ∀s, t ≥ 0,

where the constant H, taking values in (0, 1), is called the Hurst parameter cor-

responding to this process. The properties of fractional Brownian motion heavily

depend on the value of H. In particular, it is worth noting that when this Hurst
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parameter H is equal to 1
2
, this process becomes a standard Brownian motion.

There have been a lot of studies concerning fractional Brownian motions. It was

Kolmogorov who first considered this type of processes in [37] in early 1940s. The

name “fractional Brownian motion” was introduced by Mandelbrot and Van Ness

[50] in 1968. In the same paper, a stochastic integral representation of fractional

Brownian motions was provided, which is given by

Bt =
1

C(H)1/2

(∫ 0

−∞

(
(t− s)H−1/2 − (−s)H−1/2

)
dWs +

∫ t

0

(t− s)H−1/2dWs

)
,

where (Wt)t≥0 is a two-sided Brownian motion, and C(H) is some constant depending

only on the parameter H. More recently, another integral representation of fractional

Brownian motions was found by Decreusefond and Üstünel in [10], which characterises

fractional Brownian motions over finite time intervals by a stochastic integral of a

singular kernel against a standard Brownian motion:

Bt =

∫ t

0

K(t, s)dWs, ∀t ≥ 0, (1.1)

where (Wt)t≥0 is a standard Brownian motion, and K(t, s) is the singular kernel (we

will given the explicit definition of K in next chapter).

Though fractional Brownian motions may look similar to Brownian motion in

many ways at the first glance, they are neither semi-martingales, nor Markov processes

unless the Hurst parameter H = 1
2
. Therefore, when studying problems concerning

fractional Brownian motions, many powerful tools that are effective when dealing

with Brownian motions, such as potential theory, are no longer applicable.

Nonetheless, fractional Brownian motions are nice Gaussian processes. One robust

theory for Gaussian measures and processes is the theory of Malliavin calculus, also

known as the stochastic calculus of variations, which was initiated by Malliavin in

late 1970s. In [46] and [47], Malliavin established a differential structure on infinite-
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dimensional spaces, which allows us to study Gaussian processes on their paths spaces

– abstract Wiener spaces. The concept of abstract Wiener spaces was introduced by

Gross in [26]. Gaussian measures on separable Banach spaces are defined via these

abstract spaces, which are generalisations of the classical Wiener space. Apart from

Gaussian measures, another type of outer measures can be constructed on abstract

Wiener spaces using Malliavin calculus, which appear useful when exploring the prop-

erties of Gaussian processes. In [48] (see also [49]), (p, r)-capacities were introduced

as outer measures on abstract Wiener spaces by Malliavin, where p ∈ (1,∞) and r is

a positive integer. It turns out that on the same abstract Wiener space, capacities are

indeed finer than the corresponding Gaussian probability measure, that is, a null set

may have strictly positive capacity. Therefore, by replacing Gaussian measures with

capacities, we are able to take a closer look and describe the properties of fractional

Brownian motion more precisely.

Among all properties of Gaussian processes, sample path properties of these pro-

cesses are of much interest, and many questions concerning these properties arose from

statistical physics while studying interacting particle systems. In fact the behaviour

of these paths reflects their Gaussian feature. For instance, a standard Brownian

motion is a centred Gaussian process with stationary and independent increments,

and almost all of its sample paths are non-differentiable. These results were proved

by Paley, Wiener and Zygmund [60] in 1933. Another result related to the regularity

of Brownian motion paths is the modulus of continuity, proved by Lévy in [40], which

states that almost all sample paths of Brownian motions are α-Hölder continuous

with the component α < 1
2
. In 1933, Khintchine [35] described the asymptotic be-

haviour of Brownian motion paths near time zero and as time goes to infinity via the

law of the iterated logarithm. Another rather interesting question that comes from

statistical field theory is whether a Brownian motion path intersects with itself. In-

tuitively, one would expect that it becomes more likely for a path to be self-avoiding
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as the dimension of the Brownian motion increases. In 1944, Kakutani proved that

almost all sample paths are self-avoiding when the dimension of the Brownian motion

is greater than or equal to 5 in his work [32], and later in [16], Dvoretzky, Erdős and

Kakutani showed that d = 4 is the critical dimension of this phenomenon.

In addition, these results can be formulated in the framework of capacities as

well. Fukushima [21] studied sample path properties of Brownian motions with re-

spect to the capacity defined using Dirichlet form, which is indeed equivalent to the

one constructed by Malliavin when p = 2 and r = 1. He established the results on

non-differentiability, modulus of continuity, the law of the iterated logarithm, and

self-avoiding properties for Brownian motion paths under the capacity he defined. It

is worth mentioning that Fukushima proved that when the dimension of a Brownian

motion is greater than or equal to 7, then apart from on a zero capacity set, Brow-

nian motion paths are self-avoiding, and later Lyons [43] identified that the optimal

dimension of self-avoiding property under this capacity is 6. We would like to note

here that the increase of the optimal dimension for self-avoiding property reflects the

fact that capacities are finer than probability measures. After Malliavin introduced

the (p, r)-capacity, Takeda [67] generalised Fukushima’s results and proved the above

properties for Brownian motion under the (p, r)-capacity.

These properties of fractional Brownian motion sample paths have also been in-

vestigated in the setting of probability. Almost everywhere non-differentiability of

fractional Brownian motion sample paths was proved in [50] by Mandelbrot and Van

Ness. The modulus of continuity result was established by Decreusefond and Üstünel

in [10] and they proved that the sample paths of fractional Brownian motions are

α-Hölder continuous for all α < H almost surely. As for the law of the iterated

logarithm, Coutin [9] mentioned the following result

lim sup
ε→0+

Bt+ε −Bt√
2ε2H log log(1/ε)

= 1, a.s.
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While a written proof does not exist for the case that H < 1
2
, the functional version

of the law of the iterated logarithm for Gaussian processes implies the above result

for fractional Brownian motion (see for example [1] for a proof). For the case that

H ∈ (0, 1
2
], the law of the iterated logarithm was established by Cohen and Istas using

Slepian’s lemma in [8].

Another interesting topic related to Gaussian measures and Gaussian processes is

the theory of large deviations, which has plenty of applications in statistics as well

as statistical mechanics. The theory of large deviations completes the central limit

theorem by telling us that the convergence of tail distributions is exponentially fast.

The most essential result in this theory is the celebrated Cramér’s theorem, in which

the rate of decay of the tail probabilities are provided explicitly. The theory of large

deviation principles experienced a rapid development in 1970s due to the work done

by Donsker and Varadhan, see [13]. The theory can be established for probability

measures on both finite-dimensional and infinite-dimensional spaces. Schilder’s the-

orem describes the exponential decay of large perturbations of a Brownian motion

from its mean trajectory, and Freidlin–Wentzell theorem extends the result to case

of Itô diffusions, see e.g. [11] and [12] for proofs. One may refer to [12], [13] and [70]

for a comprehensive introduction.

Large deviation principles may be established for not only probability measures,

but also for capacities. In [72], a version of large deviation principles for (p, r)-capacity

was formulated by Yoshida on abstract Wiener spaces. Gao and Ren considered the

capacity version of Freidlin-Wentzell’s theory (see [23, 24]). After Lyons introduced

the analysis of rough paths (see e.g. [18, 20, 44, 45] for details), similar large devia-

tion principles results were established via rough paths theory by Ledoux, Qian and

Zhang in [38] (see also [19, 55]). In the case of Gaussian rough paths, large deviation

principles with respect to capacities were established in [5] and [30].

Our goal is to study fractional Brownian motion in view of these topics, and
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explore sample paths properties with respect to both probability measures and ca-

pacities. Though capacities are finer measurements compared to probabilities, its

disadvantage is obvious, that is when using capacities, fractional Brownian motions

with different Hurst parameters live on distinct abstract Wiener spaces, and their

properties will be studied with different capacities. Thus, instead of using distinct

capacities, we use one uniform measurement – the (p, r)-capacity induced by Brown-

ian motions. We regard a family of fractional Brownian motions with distinct Hurst

parameters as Wiener functionals on the classical Wiener space, and explore the prop-

erties shared by this family of processes, therefore fractional Brownian motions with

different Hurst parameters are compared.

1.2 Main results

The necessary background knowledge for the topics we study, including abstract

Wiener spaces, Malliavin calculus, Wiener chaos, fractional Brownian motions, as

well as large deviation principles will be introduced in Chapter 2. In Chapter 3, we

will introduce two sample path properties of fractional Brownian motions under prob-

ability measures. We revisit one standard result on the law of the iterated logarithm

for fractional Brownian motions, following the argument by Cohen and Istas in [8].

The reason why we include this result here is to show how to use Slepian’s lemma to

tackle the negative correlation between the increments over different time intervals

when the Hurst parameter is less than 1
2
. The result is stated in two propositions as

follows.

Proposition 1.2.1 (Theorem 3.2.4, [8]). Let (Bt)t≥0 be a fractional Brownian motion

of dimension one on a probability space (Ω,G ,P) with Hurst parameter H ∈ (0, 1).

Then

P

(
lim sup

t↓0

Bt√
2t2H log log(1/t)

≤ 1

)
= 1.
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Proposition 1.2.2 (Theorem 3.2.4, [8]). Let B = (Bt)t≥0 be a fractional Brownian

motion of dimension one on a probability space (Ω,G ,P) with Hurst parameter H ∈(
0, 1

2

]
, then

P

(
lim sup

t↓0

Bt√
2t2H log log(1/t)

≥ 1

)
= 1.

Combining these two results, the law of the iterated logarithm when H ≤ 1
2

follows.

The second property we consider is the self-avoiding property of fractional Brow-

nian motion paths. We adopt the classical method due to Kakutani [32] and prove

the following result:

Proposition 1.2.3. Let (Bt)t≥0 be an n-dimensional fractional Brownian motion

with Hurst parameter H. Then B has no double point almost surely if 2
n
< H.

Nevertheless, as potential theory no longer applies to the case of fractional Brow-

nian motions, the critical dimension of self-intersection for fBMs still remains an open

question.

The main contribution and new results of this thesis are presented in Chapter 4

and 5.

From Chapter 4 and on, we use capacities instead of probability measures, and

the integral representation (1.1) allows us to view fractional Brownian motions as

a family of measurable functionals on the classical Wiener space. We first consider

the regularity of fractional Brownian motion paths, and establish the modulus of

continuity for these paths under capacities:

Theorem 1.2.1. Let (Bt)t≥0 be a fractional Brownian motion with Hurst parameter

H. Then it holds that

lim sup
δ↓0

1√
2δ2H log(1/δ)

max
0≤s<t≤1
t−s≤δ

|Bt −Bs| ≤ 1, q.s.
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when H ∈ (0, 1) and

lim sup
δ↓0

1√
2δ2H log(1/δ)

max
0≤s<t≤1
t−s≤δ

|Bt −Bs| ≥ 1, q.s.

when H ∈
(
0, 1

2

]
.

Accordingly, we deduce the following corollary:

Corollary 1.2.1. (Bt)t≥0 is α-Hölder-continuous for α < H quasi-surely with respect

to the classical Wiener capacity.

Next, we prove that apart from a capacity zero set, all fractional Brownian motion

paths are nowhere differentiable.

Theorem 1.2.2. Let H ∈ (0, 1). Then for a fractional Brownian motion (Bt)t≥0 with

Hurst parameter H,

lim sup
h↓0

|Bt+h −Bt|
h

=∞ for all t ∈ [0, 1] q.s.

Then we establish the law of the iterated logarithm under capacities, but only for

the case when p = 2 and r = 1 due to technical reasons.

Theorem 1.2.3. Let (Bt)t≥0 be a one-dimensional fractional Brownian motion on

the classical Wiener space (W ,H, P ) with Hurst parameter H ∈
(
0, 1

2

]
. Then it holds

that

c2,1

(
lim sup

t↓0

Bt√
2t2H log log(1/t)

6= 1

)
= 0.

At the end of Chapter 4, we study the self-intersection problem of fractional

Brownian motions with respect to the classical Wiener capacity when p = 2 and

r = 1. What we obtain is the following:

Theorem 1.2.4. Let B = (Bt)t≥0 be a d-dimensional fractional Brownian motion

with Hurst parameter H. When H ≤ 1
2

and d > 2
H

+ 2, B has no double point under
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(2, 1)-capacity on the classical Wiener space; when H ≥ 1
2

and d > 6, B has no double

point under the (2, 1)-capacity.

In Chapter 5, we consider sample paths over time interval [0, 1]. We first prove

that fractional Brownian motions are Wiener functionals that are quasi-surely defined,

that is, they are defined apart from on a set of zero capacity, with the restriction that

the Hurst parameter H is greater than or equal to 1
2
. Then we establish the large

deviation principles for such functionals and identify the corresponding rate function.

Theorem 1.2.5. Let r ∈ N, 1 < p < ∞, and H ∈
[

1
2
, 1
)
. Then for a fractional

Brownian motion (Bt)t∈[0,1] with Hurst parameter H defined on the classical Wiener

space via the integral representation (1.1), there is a modification of B that is defined

(p, r)-quasi-surely.

Let us abuse our notations, and still denote the quasi-sure modification given in

the above theorem by B, then we have the following result on large deviations of such

functionals:

Theorem 1.2.6. Let r ∈ N, 1 < p <∞ and 1
2
≤ H < 1. Let Xε

t (ω) = Bt (εω) for all

ω expect for a (p, r)-capacity zero subset (for all t ∈ [0, 1], ε > 0). Then {Xε : ε > 0}

(which are scaled fractional Brownian motions with Hurst parameter H ∈
[

1
2
, 1
)
)

satisfies the large deviation principle with respect to (p, r)-capacity, with the good rate

function

I(ω) =


‖ω‖2
Ĥ

2
, ω ∈ Ĥ,

∞, otherwise,

where Ĥ denotes the Cameron-Martin space corresponding to the law of (Bt)t∈[0,1],

and ‖·‖Ĥ denotes the norm induced by the inner product on this Hilbert space.

The content of Chapter 4 is published in [42], and Chapter 5 is a submitted paper,

see [41].
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Chapter 2

Preliminaries

This chapter is devoted to the introduction to all definitions and notions that will be

used throughout this thesis.

Firstly, we give a brief introduction to the theory of Gaussian measures and ab-

stract Wiener spaces. Then we introduce several basic notions in Malliavin calculus

as well as the definition of capacities in the sense of Malliavin. In addition, we will

review several important results related to the fine properties of fractional Brownian

motions and end this chapter with a guide to the theory of large deviation principles.

For convenience, we shall omit the Hurst parameter H in our notation and denote

fractional Brownian motions by B = (Bt)t≥0 if no confusion arises. A standard Brow-

nian motion will be denoted by W = (Wt)t≥0, or simply just ω = ω(t) as we will

mainly work with the classical Wiener space.

2.1 Gaussian measures and abstract Wiener spaces

Let us first consider the finite-dimensional case. Given a probability space (Ω,F ,P),

a real-valued random variable ξ on this space is a Gaussian random variable or has
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normal distribution N(µ, σ2) if its law is given by

P[ξ ∈ A] =

∫
A

1√
2πσ2

e−
(x−µ)2

2σ2 dx,

for all A ∈ B(R), the Borel σ-algebra on R. Here, µ is the mean value of ξ, and σ2

is its variance. The characteristic function of this random variable ξ is given by

E
[
eitξ
]

= e−
1
2
t2σ2+itµ, ∀t ∈ R.

An n-dimensional vector-valued random variable ξ = (ξ1, · · · , ξn) is called Gaussian

if for all (λ1, · · · , λn) ∈ Rn,
∑n

i=1 λiξi is a real Gaussian random variable. It is

characterised by its mean value and covariance matrix. Its mean value is an n-

dimensional vector µ = (µ1, · · · , µn), where µi = E[ξi], 1 ≤ i ≤ n, and its covariance

matrix Σ = (σij)1≤i,j≤n is a positive semi-definite matrix, whose components are given

by

σij = E[(ξi − µi)(ξj − µj)], ∀1 ≤ i, j ≤ n.

An n-dimensional Gaussian random variable induces a Borel probability measure ν

on (Rn,B(Rn)) in that

ν(A) = P[ξ ∈ A], ∀A ∈ B(Rn),

which is said to be a Gaussian measure.

A family of random variables {ξα}α∈Λ with index set Λ (which can be uncountable)

is said to be Gaussian if every finite linear combination
∑

i∈I λiξi is a real Gaussian

random variable whose mean value is
∑

i∈I λiE[ξi], and variance is

∑
i,j

λiλjE [(ξi − E[ξi]) (ξj − E[ξj])] ,
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where I a finite index set, and λi ∈ R. A good reference for further details on

Gaussian random variables and Gaussian measures is [6].

Now we would like to generalise Gaussian measures to the infinite-dimensional

setting. According to Gross [26], we may define Gaussian measures on a real separable

Banach space by the construction of abstract Wiener spaces. Indeed, following the

same idea as in the finite-dimensional case, Gaussian measures may be characterised

via Gaussian random variables: let (X, || · ||) be a real separable Banach space, and

B(X) be its Borel σ-algebra. Let X∗ denote its topological dual space. Then a

probability measure γ on (X,B(X)) is Gaussian if for all continuous linear functional

l ∈ X∗, l(ω) with ω ∈ X is a real Gaussian random variable under this measure, i.e.

γ ◦ l−1 is a Gaussian measure on (R,B(R)) for all l ∈ X∗.

Let (X, || · ||) be a real separable Banach space, and (H, 〈·, ·〉H) be a real separable

Hilbert space which may be embedded into X via a continuous and dense embedding

J . Let J∗ : X∗ ↪→ H∗ be the dual map of J , where X∗ and H∗ denote the topological

dual of X and H respectively, so that we have the following embeddings:

X∗
J∗

↪→ H∗ ∼= H
J
↪→ X.

A Gaussian measure γ on (X,B(X)) is determined by the corresponding character-

istic functional, namely

∫
X

exp (il(x)) γ(dx) = exp

(
−1

2
||J∗l||H

)
, ∀l ∈ X∗, (2.1)

then the triple (X,H, γ) is called an abstract Wiener space. For all l ∈ X∗, set

Wl(x) = l(x), ∀x ∈ X,

and using (2.1), we deduce that {Wl}l∈X∗ is a family of centred Gaussian random
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variables on (X,B(X), γ), satisfying

E[WxWz] = 〈J∗x, J∗z〉H, ∀x, z ∈ X∗.

As J∗(X∗) is dense in H∗ ∼= H, one may extend W from X∗ to H such that for

each element h ∈ H, Wh is defined to be a random variable on (X,B(X), γ). Let

F denote the γ-completion of B(X), then the extended process W = {Wh}h∈H on

(X,B(X), γ) is called an isonormal Gaussian process, see [58] for further details.

One concrete example of abstract Wiener spaces is the classical Wiener space. We

shall follow the notation in the book by Ikeda and Watanabe (see Section 8, Chapter

V, [29]). Let W d
0 denote the space of all continuous paths valued in the Euclidean

space Rd that start from the origin, that is, ω(0) = 0 for all ω ∈W d
0 . The space W d

0

is equipped with the norm ‖·‖, defined by

‖ω‖ =
∞∑
n=1

2−n max
0≤t≤n

(|ω(t)| ∧ 1) ,

which induces the topology of uniform convergence over every compact subset of

[0,∞), and therefore (W d
0 , ‖·‖) is a real separable Banach space. The Borel σ-algebra

on W d
0 is denoted by B(W d

0 ) or by B if no confusion may arise.

We will use ω to denote a general element of W d
0 , so that for any fixed t ≥

0, ω(t) denotes the value of a path ω at time t. The same notation ω(t) denotes

also the coordinate mapping ω 7→ ω(t), and the parametrised family {ω(t) : t ≥ 0}

is the coordinate mapping process on W d
0 (see e.g. Section 2.2, Chapter 2, [33]).

The coordinate mapping ω(t) may be denoted by ωt (for t ≥ 0) as well. Then the

Borel σ-algebra, denoted by B(W d
0 ), is the smallest σ-algebra on W d

0 with which all

coordinate mappings ω(t) (for t ≥ 0) are measurable (for a proof, see e.g. Stroock

and Varadhan [66]).

Let PW be the Wiener measure on (W d
0 ,B(W d

0 )). The Wiener measure is the
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unique probability measure on (W d
0 ,B(W d

0 )) such that the coordinate mapping pro-

cess (ω(t))t≥0 is a d-dimensional standard Brownian motion. For simplicity, W d
0 and

PW will be abbreviated as W and P respectively, if no ambiguity may occur.

To complete the construction of classical Wiener space, one should identify the

Hilbert space H, which is the Cameron-Martin space associated with the Wiener

measure P . Let H be the space of all h ∈ W such that t → h(t) is absolutely

continuous, and its generalised derivative ḣ is square-integrable on [0,∞). Then

given the norm

‖h‖H =

√∫ ∞
0

|ḣ(t)|2dt,

H is a Hilbert space, and the dual space W ∗, consisting of all continuous linear func-

tionals onW , can be identified as a subset of H, so that we have the continuous dense

embeddings W ∗ ↪→ H ↪→W with respect to their corresponding norms respectively.

Furthermore, P is the unique measure on (W ,B(W )) such that every continuous

linear functional l ∈W ∗ has a normal distribution with mean value equal to zero and

variance ‖l‖2
H. In other words, P is the unique probability measure on W such that

∫
W

eil(ω)P (dω) = exp

[
−1

2
‖l‖2
H

]

for every l ∈W ∗.

The isonormal Gaussian process can also be introduced in the setting of classical

Wiener space. Every h ∈ H corresponds (unique up to a P -null set) to a random

variable on W , which will be denoted by [h]. This random variable [h] has a normal

distribution N(0, ‖h‖2
H). In fact, for every h ∈ H, the corresponding Gaussian ran-

dom variable [h] can be identified using the Itô integral [h] =
∫∞

0
ḣdω, which is the

stochastic integral of ḣ against a standard Brownian motion (ω(t))t≥0. In this sense,

the triple (W ,H, P ) is an example of abstract Wiener spaces, called the classical

Wiener space.
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The completion of the Borel σ-algebra B(W ) with respect to the Wiener measure

P is denoted by F . An F -measurable function on W , valued in a separable Hilbert

space, is called, according to the convention in literature, a Wiener functional.

Remark 2.1.1. Though in this section, when introducing the classical Wiener space,

we take our real separable Banach space W to be the collection of all continuous paths

over [0,∞), equipped with the norm defined as in (2.1). This space W could also be

taken to be C0([0, 1]), the space of all continuous paths over time interval [0, 1] starting

from the origin, and equipped with the norm

‖ω‖ = sup
0≤t≤1

|ω(t)|, ∀ω ∈W .

Accordingly, the corresponding Cameron-Martin space H is taken to be all abso-

lutely continuous functions over [0, 1] whose generalised derivatives are elements of

L2([0, 1]). In Chapter 4, we use continuous paths over [0,∞), and in Chapter 5, to

simplify our computation, we adopt W = C0([0, 1]).

2.2 Malliavin calculus and capacities

In this section, we introduce several definitions and results in Malliavin calculus.

A differential structure on the classical Wiener space (W ,H, P ) that is compatible

with the Wiener measure P was introduced by Malliavin (see [47] and [46]). We first

introduce the definition of smooth cylindrical random variables, which are random

variables of the form

F = f([h1], · · · , [hn]), hi ∈ H,
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where f ∈ C∞p (Rn) is a function whose partial derivatives have polynomial growth.

The Malliavin derivative of F is defined to be an H-valued random variable given by

DF =
n∑
i=1

∂if([h1], · · · , [hn])hi,

where ∂if(x1, · · · , xn), 1 ≤ i ≤ n, is the partial derivative of f with respect to the

i-th variable. The second order Malliavin derivative of F is given by

D2F =
n∑

i,j=1

∂2
i,jf([h1], · · · , [hn])hi ⊗ hj,

where ∂2
i,jf denotes the second order partial derivative of f in the i-th and j-th

components. Thus, higher order Malliavin derivatives DkF for k ≥ 1 may be defined

inductively. We denote the collection of all such smooth cylindrical random variables

by S.

For all r ∈ N and 1 < p < ∞, the Sobolev norm of a smooth cylindrical random

variable F ∈ S is defined to be

‖F‖Dpr =

(
E [|F |p] +

r∑
k=1

E
[∣∣‖DkF‖H⊗k

∣∣p])1/p

.

Let Dp
r be the completion of S with respect to the Sobolev norm ‖·‖Dpr . The (p, r)-

capacity of an open subset O of W is defined by (see e.g. [49]):

cp,r (O) = inf {‖ϕ‖Dpr : ϕ ∈ Dp
r, ϕ ≥ 1 a.e. on O, ϕ ≥ 0 a.e. on W } ,

and for an arbitrary subset A of W , its (p, r)-capacity is

cp,r (A) = inf {cp,r (O) : A ⊂ O, O is open} .

A set A ⊂ W is said to be slim if cp,r(A) = 0 for all r ∈ N and 1 < p < ∞. A
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property π defined over W is said to hold cp,r-quasi-surely or (p, r)-quasi-surely if the

set on which this property is not satisfied has (p, r)-capacity zero, and a property π

defined over W is said to hold quasi-surely (q.s.) if it holds cp,r-quasi-surely for all

r ∈ N and 1 < p <∞.

The notion of slim sets on the classical Wiener space (W ,H, P ) can be studied

via the Ornstein-Uhlenbeck operator, which gives rise to a different but equivalent

approach to the definition of (p, r)-capacity. For a given p ∈ [1,∞], let (Tt)t≥0 denote

the Ornstein-Uhlenbeck semigroup on Lp(W , P ), which is a one-parameter semigroup

of contractions on Lp(W , P ) given by Mehler’s formula:

Ttu(x) =

∫
W

u
(
e−tx+

√
1− e−2tω

)
P (dω). (2.2)

For each fixed t ≥ 0, Tt is a contraction operator on Lp(W , P ), p ≥ 1. Indeed,

∫
W

|Ttf(ω)|pP (dω) ≤
∫
W

∫
W

|f(e−tx+
√

1− e−2tω)|pP (dω)P (dx).

Consider the mapping ϕt : W ×W →W , given by

ϕt(x, y) = e−tx+
√

1− e−2ty,

which induces a measure P̃ = (P ⊗ P ) ◦ ϕ−1
t on W . As for each t ≥ 0, write

e−t = sin θ, and
√

1− e−2t = cos θ for some θ ∈ [0, π]. Since Gaussian measures are

invariant under rotation, we deduce that P̃ = P , and thus

∫
W

|Ttf(ω)|pP (dω) ≤
∫
W×W

|f(ϕt(x, y))|p(P ⊗ P )(dx, dy)

=

∫
W

|f(z)|pP̃ (dz)

=

∫
W

|f |pdP,
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which implies that, Tt is a contraction on Lp(W , P ) for all t ≥ 0 and p ≥ 1.

The Ornstein-Uhlenbeck semigroup defined above enjoys several properties:

1. For each t ≥ 0, Tt is positivity preserving in that if f ≥ 0, then Ttf ≥ 0.

2. (Tt)t≥0 is symmetric with respect to the underlying probability measure P ,

which is ∫
W

(Ttf)gdP =

∫
W

f(Ttg)dP, ∀t ≥ 0.

3. The third property is the hypercontractivity: let p > 1 and t > 0, and set

q(t) = e2t(p − 1) + 1, which is, by definition, always strictly greater than p.

Suppose F ∈ Lp(W ), then it holds that

‖TtF‖Lq(t) ≤ ‖F‖Lp

for all t.

As the hypercontractivity property is rather important and will be used in the proof

of other results, we shall include the proof of this result here.

Proof of 3, Theorem 1.4.1, Chapter 1, [58]. The following proof is contained in Sec-

tion 1.4.3, Chapter 1, [58]. It suffices to verify that for any G ∈ Lq
∗
(W ), where

q∗ ∈ (1,∞) satisfying 1/q∗ + 1/q = 1, i.e.

q∗ = q∗(t) =
1 + e2t(p− 1)

e2t(p− 1)
,

it holds that

E [(TtF )G] ≤ ‖F‖Lp‖G‖Lq∗ . (2.3)

It holds that

|TtF | ≤ Tt(|F |).
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We assume that F and G are positive bounded measurable functions on W (or

otherwise argue by approximation) and of the forms

F (ω) = f([h1](ω), · · · , [hn](ω)) = f ◦W (ω)

and

G(ω) = g([h1](ω), · · · , [hn](ω)) = g ◦W (ω)

respectively, where f, g : Rn → R are positive bounded measurable functions, the

functions h1, · · · , hn are orthonormal inH, andW = ([h1], · · · , [hn]) is an n-dimensional

standard Gaussian random variable defined on W . Therefore using Mehler’s formula,

we may rewrite the left-hand side as

E [(TtF )G] =

∫
W

∫
W

F (e−tx+
√

1− e−2ty)G(x)P (dy)P (dx)

= E
[
f(e−tW1 +

√
1− e−2tW ′

1)g(W1)
]
,

where (Ws)0≤s≤1 and (W ′
s)0≤s≤1 are two independent n-dimensional Brownian motions

over the time interval [0, 1]. Notice that

W̃s = e−tWs +
√

1− e−2tW ′
s, ∀s ∈ [0, 1]

is still an n-dimensional Brownian motion with respect to the filtration generated by

W and W ′. Moreover, by the definition of F and G, we observe that

‖F‖pLp = E
[
|f(W̃1)|p

]
,

and

‖G‖q
∗

Lq∗
= E

[
|g(W1)|q∗

]
.

For convenience, denote X = f(W̃1) and Y = g(W1), and notice that X and Y are
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non-negative, bounded as f and g are, and measurable with respect to the σ-algebra

generated by W̃1 and W1.

With the above observations, the inequality (2.3) can be reduced to the following

inequality:

E[XY ] ≤ E[Xp]1/pE[Y q∗ ]1/q
∗
.

By the martingale representation theorem, there exist two predictable adapted n-

dimensional stochastic processes (ϕs)s≥0 and (ψs)s≥0 such that

Xp = E[Xp] +

∫ 1

0

ϕudW̃u,

and

Y q∗ = E[Y q∗ ] +

∫ 1

0

ψudWu.

Define

Ms = E[Xp] +

∫ s

0

ϕudW̃u

and

Ns = E[Y q∗ ] +

∫ s

0

ψudWu

for s ∈ [0, 1], then (Ms)0≤s≤1 and (Ns)0≤s≤1 are positive martingales with respect to

the filtration generated by W̃ and W respectively, and thus Itô’s formula applies. It

folllows that

dMs = ϕsdW̃s,

dNs = ψsdWs,

and by the definition of W̃ ,

d〈M,N〉s = ϕsψsd〈W̃ ,W 〉s = e−tϕsψsds
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for all s ∈ [0, 1]. Applying Itô’s formula to M1/pN1/q∗ , we get that

XY = M
1/p
1 N

1/q∗

1

= M
1/p
0 N

1/q∗

0 +

∫ 1

0

1

p
M1/p−1

s N1/q∗

s dMs +

∫ 1

0

1

q∗
M1/p

s N1/q∗−1
s dNs

+
1

2

[ ∫ 1

0

1

p

(
1

p
− 1

)
M1/p−2

s N1/q∗

s d〈M〉s

+ 2

∫ 1

0

1

pq∗
M1/p−1

s N1/q∗−1
s d〈M,N〉s

+

∫ 1

0

1

q∗

(
1

q∗
− 1

)
M1/p

s N1/q∗−2
s d〈N〉s

]
= E[Xp]1/pE[Y q∗ ]1/q

∗
+

1

p

∫ 1

0

M1/p−1
s N1/q∗

s ϕsdW̃s

+
1

q∗

∫ 1

0

M1/p
s N1/q∗−1

s ψsdWs

+
1

2p

(
1

p
− 1

)∫ 1

0

M1/p−2
s N1/q∗

s ϕ2
sds

+
1

2q∗

(
1

q∗
− 1

)∫ 1

0

M1/p
s N1/q∗−2

s ψ2
sds

+
1

pq∗

∫ 1

0

M1/p−1
s N1/q∗−1

s e−tϕsψsds.

Therefore, after taking expectation on both sides what we need to prove becomes the

following:

E
[

1

2p

(
1

p
− 1

)∫ 1

0

M1/p−2
s N1/q∗

s ϕ2
sds

+
1

2q∗

(
1

q∗
− 1

)∫ 1

0

M1/p
s N1/q∗−2

s ψ2
sds (2.4)

+
1

pq∗

∫ 1

0

M1/p−1
s N1/q∗−1

s e−tϕsψsds

]
≤ 0

Since p > 1 and 1/p− 1 < 0, by setting

As = M1/2p−1
s N1/2q∗

s ϕs,
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and

Bs = M1/2p
s N1/2q∗−1

s ψs,

we may write the left-hand side of the above inequality (2.4) as

1

2

∫ 1

0

E
[

1

p

(
1

p
− 1

)
A2
s +

2

pq∗
e−tAsBs +

1

q∗

(
1

q∗
− 1

)
B2
s

]
ds,

and hence it remains to show that

1

(pq∗)2
e−2t − 1

p

(
1

p
− 1

)
1

q∗

(
1

q∗
− 1

)
≤ 0,

which may be easily verified by plugging in the value of q∗.

Now we introduce the generator of semigroup (Tt), denoted by L in the sequel.

Let

D(L) =

{
u ∈ Lp(W , P ) : lim

t↓0

Ttu− u
t

exists in Lp-space

}
,

and define

Lu = lim
t↓0

Ttu− u
t

for u ∈ D(L).

For each r > 0, (I−L)−
r
2 is a contraction on Lp(W , P ), and is given by the following

integral

(I − L)−
r
2 =

1

Γ(r/2)

∫ ∞
0

t
r
2
−1e−tTtdt,

(defined in the sense of Bochner’s integrals). The Sobolev norm can also be defined.

The corresponding Sobolev norm, denoted by ‖·‖r,p (1 < p < ∞), is then defined to

be

‖u‖r,p = ‖(I − L)−
r
2u‖p.

The corresponding (p, r)-capacity Cr,p, following Fukushima’s convention in [22],
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can be defined in a similar manner as before, namely, for an open subset O of W ,

Cr,p(O) = inf
{
‖φ‖pp : (I − L)−

r
2φ ≥ 1 a.e. on O, (I − L)−

r
2φ ≥ 0 a.e. on W

}
,

(with convention that inf ∅ =∞) and

Cr,p(A) = inf {Cr,p(O) : A ⊂ O, O is open}

for an arbitrary subset A of W .

It was Meyer [53] who proved that two Sobolev norms ‖·‖Dpr and ‖·‖r,p are equiv-

alent to each other, and consequently we obtain that there exists a constant αr,p > 0

such that

1

αr,p
Cr,p (A) ≤ (cp,r (A))p ≤ αr,pCr,p (A) (2.5)

for every A ⊂ W . For further details about the Sobolev norm ‖·‖r,p and the corre-

sponding capacity, one should refer to [22], [71] and [67].

Both cp,r and Cr,p capacities have several rather important properties, which will

be used in our arguments frequently:

1. Firstly, capacities cp,r and Cr,p are outer measures in the sense that cp,r and Cr,p

are monotonic and sub-additive. In other words,

cp,r(A) ≤ cp,r(B)

for any A ⊆ B, and

cp,r(A) ≤
∑
n

cp,r(An)

if A ⊂
⋃
nAn. These properties hold for Cr,p as well. Let us point out that

the sub-additivity of cp,r follows from the localisation of ‖·‖Dpr , while the sub-

additivity of Cr,p follows from the triangle inequality for norms.

23



2. It follows that the first Borel-Cantelli applies to these capacities (see e.g. Corol-

lary 1.2.4, Chapter IV, [49]). More precisely, if {An}∞n=1 is a sequence of subsets

of W such that
∑∞

n=1 cp,r(An) <∞, then

cp,r(lim sup
n→∞

An) = 0.

The capacity version of the Borel-Cantelli lemma, together with the concept of

the Malliavin derivative, are major tools in our arguments.

3. A version of Chebyshev’s inequality can be established in the context of capac-

ities. In fact, the definition of capacity cp,r implies the following Chebyshev’s

inequality (see e.g. Corollary 1.2.5, Chapter IV, [49]). If ϕ ∈ Dp
r and ϕ is

lower-semi continuous, then

cp,r (ϕ > λ) ≤ λ−1‖ϕ‖Dpr

for every λ > 0.

4. We also have the following generalised sub-additivity. Lemma 1.1 in [22], to-

gether with Meyer’s inequality, implies a stronger version of the sub-additivity

for cp,r, which says that

(cp,r(A))p ≤Mp,r

∞∑
n=1

(cp,r(An))p (2.6)

for some constant Mp,r depending only on p and r, for any A ⊂
⋃
nAn.

5. Lower continuity: cp,r is lower continuous (see e.g. Theorem 5.1, Chapter IV,

[49]) in the sense that for an increasing sequence of sets {An}∞n=1,

cp,r

(
∞⋃
n=1

An

)
= lim

n→∞
cp,r(An). (2.7)

24



2.3 Wiener chaos

In this section, we introduce the theory of Wiener chaos decomposition and prove a

useful estimate on the Sobolev norm ‖·‖Dpr .

On the Wiener space, a Hermite polynomial is random variable given by

Hm(ω) =
∏
k∈N

Hmk([hk]), m = (m1, · · · )

with ‖m‖ =
∑

k∈Nmk. The n-th Wiener chaos is the closed subspace of L2(W ,F , P )

generated by Hm such that ‖m‖ = n.

Then we have the following Wiener chaos decomposition of L2-space:

L2(W ,F , P ) =
∞⊕
n=0

Hn.

The projection from L2(W ) to Hn is denoted by Jn. Let P0
n denote the space of

polynomial random variables of the form

F = p([h1], · · · [hn]), ∀h1, · · ·hn ∈ H,

where p is a polynomial with degree less than or equal to n, and Pn be its closure in

L2(W ). Then

Pn = ⊕nm=0Hm.

If F ∈ Dp
r where p ≥ 2, then for l ≤ r,

∥∥‖DlF‖H⊗l
∥∥2

2
=
∞∑
n=l

n(n− 1) · · · (n− l + 1)‖JnF‖2
2. (2.8)

For a proof of this result, one may refer to Proposition 1.2.2, Section 1.2, Chapter 1,

[58] and the comment afterwards.
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We recall that the Ornstein-Uhlenbeck semigroup (Tt)t≥0 may be defined via the

Mehler’s formula (2.2). Alternatively, this semigroup (Tt)t≥0 can be defined to be a

family of contraction operators on L2(W ) satisfying

Tt(f) =
∞∑
n=0

e−ntJnf,

for all f ∈ L2(W ). These two definitions coincide on L2-space, and we shall use this

new definition to prove two useful estimates as follows.

Proposition 2.3.1. If F ∈ Pn, then

‖F‖q ≤ (n+ 1)(q − 1)
n
2 ‖F‖2 (2.9)

and ∥∥‖DlF‖H⊗l
∥∥

2
≤ n

l
2‖F‖2 (2.10)

for any q > 2 and l ≤ n.

Proof. The first inequality (2.9) is due to the hypercontractivity property of the

Ornstein-Uhlenbeck semigroup (Tt)t≥0. Take F ∈ Hn. Then by definition

TtF = e−ntF.

Set p = 2, and q = q(t) = 1 + e2t, so

t =
1

2
log(q − 1),

and hence by the hypercontractivity property of the Ornstein-Uhlenbeck semigroup,

‖TtF‖q = ‖e−
n
2

log(q−1)F‖q = (q − 1)−
n
2 ‖F‖q ≤ ‖F‖2,
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which implies that

‖F‖q ≤ (q − 1)
n
2 ‖F‖2.

If F =
∑n

m=0 JmF ∈ Pn, then

‖F‖q ≤
n∑

m=0

‖JmF‖q

≤
n∑

m=0

(q − 1)
m
2 ‖JmF‖2

≤ (n+ 1)(q − 1)
n
2 ‖F‖2.

To prove (2.10), applying (2.8) to F ∈ Pn, where F ∈ D2
l for l ≤ n, and JmF ’s

vanish when m > n. Notice that

‖F‖2
2 =

n∑
m=0

‖JmF‖2
2,

so we deduce that

∥∥‖DlF‖H⊗l
∥∥2

2
=

n∑
m=l

m(m− 1) · · · (m− l + 1)‖JmF‖2
2

≤ nl
n∑

m=l

‖JmF‖2
2

≤ nl‖F‖2
2,

and the proof is complete.

2.4 Fractional Brownian motions

In this section, we will define fractional Brownian motion, introduce its integral rep-

resentation, and then list several important properties of this process.

A 1-dimensional fractional Brownian motion (fBM for short) (Bt)t≥0 with Hurst
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parameter H ∈ (0, 1) is a centred Gaussian process on a probability space (Ω,G ,P)

whose covariance function is given by

R(t, s) = E [BtBs] =
1

2

(
t2H + s2H − |t− s|2H

)
, ∀s, t ≥ 0.

A d-dimensional fractional Brownian motion is d-copies of independent one-dimensional

fBMs. As a centred Gaussian process is fully determined by its covariance function,

the properties of fBMs vary according to the value of Hurst parameter H. In partic-

ular, when H = 1
2
, an fBM becomes a standard Brownian motion.

In Chapter 4 and 5, fBMs will be realised as Wiener functionals on the classical

Wiener space (W ,H, P ), in terms of the following integral representation due to

Decreusefond and Üstünel [10]:

Bt =

∫ t

0

K(t, s)dω(s), (2.11)

where the integral on the right-hand side have to be interpreted as an Itô integral

against standard Brownian motion {ω(t) : t ≥ 0} under the Wiener measure P . Here,

for each pair t > s ≥ 0, define K to be the reproducing kernel

K(t, s) =

√
H(2H − 1)

B(2− 2H,H − 1
2
)
s

1
2
−H
∫ t

s

(u− s)H−
3
2uH−

1
2 du,

if H > 1
2
, and for H < 1

2
,

K(t, s) =

√
2H

(1− 2H)B(1− 2H,H + 1
2
)

·

[(
t

s

)H− 1
2

(t− s)H−
1
2 −

(
H − 1

2

)
s

1
2
−H
∫ t

s

uH−
3
2 (u− s)H−

1
2 du

]
,

where B(·, ·) denotes the Beta function. We define K = 1 when H = 1
2
, so that our

results are compatible with the classical results established for standard Brownian
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motions. We notice that K is a non-negative but singular kernel and it satisfies that

∫ t∧u

0

K(t, s)K(u, s)ds = R(t, u), ∀t, u ≥ 0.

For further details on the above integral representation and the reproducing kernel

K, one may refer to [10] and Chapter 5 in [58].

One may check that fBMs have the following properties:

1. Fractional Brownian motions have stationary increments, i.e. Bt−Bs and Bt−s

have the same distribution for any 0 ≤ s < t. We note here that one major

difference between fBMs and Brownian motions is that the increments of fBMs

over different time intervals are no longer independent. Indeed,

E [(Bt −Bs)(Br −Bu)] =
1

2

[
(t− u)2H − (t− r)2H −

(
(s− u)2H − (s− r)2H

)]
,

where 0 ≤ u < r < s < t. As f(x) = x2H is convex when H ∈
(

1
2
, 1
)
, and

t− u > s− u, we have

f(t− u)− f(t− r) ≥ f(s− u)− f(s− r),

so the increments over two distinct time intervals are positively correlated; while

f(x) = x2H is concave if H ∈
(
0, 1

2

)
, which implies that the increments are

negatively correlated in this case. Due to this property, the sample paths of

fractional Brownian motions with distinct Hurst parameters look different. The

paths of fBMs with Hurst parameter H < 1
2

tend to be more wiggly than those

of fBMs with Hurst parameter H > 1
2
. See Figure 2.1 for the case when H < 1

2

and Figure 2.2 when H > 1
2
.

2. FBMs are known as examples of self-similar stochastic processes. A stochastic
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Figure 2.1: FBM with H = 0.1

process is said to be self-similar with parameter H if for any h > 0 and t ≥ 0,

Xt
law
= h−HXht.

A fractional Brownian motion is self-similar with its Hurst parameter H, i.e. for

any α > 0, {Bt : t ≥ 0} =
{
α−HBαt : t ≥ 0

}
in distribution. The scaling prop-

erty of Brownian motion is simply just self-similarity property with parameter

1/2.

3. FBMs are almost surely continuous. For all α > 0, it follows that

E[|Bt −Bs|α] = E[|B1|α]|t− s|αH

by self-similarity and stationary increments properties, and hence Kolmogorov’s

continuity criterion indicates that for any H ∈ (0, 1), (Bt)t≥0 has a modification

which is almost-surely continuous.

4. FBMs are nowhere differentiable. Here we present the outline of the proof,

following Proposition 4.2 in [50]. Let (Bt)t≥0 be a fractional Brownian motion
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Figure 2.2: FBM with H = 0.9

on the probability space (Ω,G ,P) with Hurst parameter H. Consider the set

A :=

{
ω : lim sup

t→t0

|Bt(ω)−Bt0(ω)|
|t− t0|

=∞
}
,

and let

An,M =

ω : sup
s∈(t0,t0+ 1

n)

|Bs(ω)−Bt0(ω)|
|s− t0|

> M

 .

Then ω ∈ A if and only if there exists an M such that ω ∈ An,M for infinitely

many n, that is,

ω ∈
∞⋃

M=1

{An,M i.o.}.

However, we notice that An+1,M ⊂ An,M , and for each n, define

Bn,M =

{
ω :
|Bt0+ 1

n
(ω)−Bt0(ω)|

1
n

> M

}

=

{
ω : |Bt0+ 1

n
(ω)−Bt0(ω)| > M

n

}
.

It follows by definition that Bn,M ⊂ An,M , and since fractional Brownian mo-
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tions are self-similar, we deduce that

P(Bn,M) = P
(
ω : |B 1

n
(ω)| > M

n

)
= P

(
ω : |B1(ω)| > MnH−1

)
,

so P(Bn,M)→ 1 as n→∞. Furthermore, since

P(lim sup
n→∞

An,M) ≥ P(lim sup
n→∞

Bn,M) ≥ lim sup
n→∞

P(Bn,M) = 1,

we conclude that P(A) = 1, which indicates that B is nowhere differentiable

P-almost surely.

5. Unless H = 1
2
, fBMs are not semimartingales. This result follows from the fact

that every semimartingale has finite quadratic variation, and when its quadratic

variation vanishes, it is of finite variation. Now for any partition Π={0 = t0 ≤

t1 ≤ t2 ≤ · · · ≤ tm = T} of time interval [0, T ], where T > 0, define

V p
T (Π) =

m∑
k=1

|Btk−Btk−1
|p,

where p ≥ 1. Since

E [|Bt −Bs|p] = E [|B1|p] |t− s|pH ,

and convergence in L1 implies convergence in probability, we conclude that B

has p-variation equal to 0 when pH > 1 and equal to infinity when pH < 1.

If H ∈
(
0, 1

2

)
, then there exists some p ≥ 2 such that the p-variation of B is

infinite, and so is its quadratic variation. On the other hand, when H ∈
(

1
2
, 1
)
,

B has zero quadratic variation, but as H < 1, its variation is infinite. Therefore,

in either case, B is not a semimartingale according to the criterion mentioned
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above. For details, see Proposition 5.1.1, Chapter 5, [58].

6. FBMs are not Markov processes when H 6= 1/2. Due to this fact, a lot of

problems concerning fractional Brownian motions remain open, and many clas-

sical methods become ineffective. We include a proof of this result here. We

adopt the proof of Theorem 2.3, Chapter 2, [57] here. Suppose B is Markovian

when H 6= 1/2, and let {Ft : t ≥ 0} denote the σ-algebra generated by B, i.e.

Fs = σ(Bu : u ≤ s). Set Xt = Bt − aBs with

a =
E [BtBs]

E [B2
s ]

,

for s ≤ t. Then we have E [XtBs] = 0, and thus Xt and Bs are independent as

they are Gaussian random variables. The Markov property of B implies that

E [XtBu|F s] = BuE [Xt|Fs]

= BuE [Xt|Bs]

= 0,

and hence E [XtBu] = 0, i.e.

E
[
BtBu −

E [BtBs]

E [(Bs)2]
BsBu

]
= 0

for all 0 ≤ u ≤ s ≤ t. Plugging in the covariance function of fBM with Hurst

parameter H 6= 1/2, we get that

ϕ
(
t
u

)
ϕ
(
s
u

) = ϕ

(
t

s

)
,

where

ϕ(x) =
1

2

[
x2H + 1− (x− 1)2H

]
, x ≥ 1. (2.12)
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This implies that

ϕ(ab) = ϕ(a)ϕ(b)

for a, b ≥ 1. Notice that ϕ(1) = 1 and ϕ′(x) ≥ 0. We consider the function

f : [0,∞) → [0,∞) given by f(x) = logϕ(ex). Then f satisfies the Cauchy

functional equation

f(x+ y) = f(x) + f(y),

which implies that f(x) = cx with some positive constant c, so

ϕ(x) = xc. (2.13)

This leads to a contradiction since

lim
x↓1
|ϕ′′(x)| = lim

x↓1
|H(2H − 1)(x2H−2 − (x− 1)2H−2)| =∞,

according to (2.12) while

lim
x↓1
|ϕ′′(x)| = c|c− 1| <∞

by (2.13). Therefore, (Bt)t≥0 is not a Markov process unless H = 1/2.

Remark 2.4.1. Indeed, a non-constant self-similar Gaussian process with stationary

increments and continuous variance must be a fractional Brownian motion. Self-

similarity with parameter H and stationary increments force H to be less than 1, and

continuous variance implies that H ≥ 0. See Proposition 3.7 and Proposition 3.8 in

[50] for a proof.
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2.5 Large deviation principles

In this section, we review several important results in the large derivation principle

(LDP) theory without proofs. Let us first introduce several basic definitions in the

large deviation principle theory following [70] and [12].

Let (E, d) be a Polish space, that is, a complete separable metric space, and B(E)

be its Borel σ-algebra.

Definition 2.5.1. We say that a family of probability measures {µε : ε > 0} on

(E,B(E)) obeys the large deviation principle (LDP) with the rate function I if

lim sup
ε↓0

ε log µε(F ) ≤ − inf
x∈F

I(x)

for each closed set F ⊂ E, and

lim inf
ε↓0

ε log µε(G) ≥ − inf
x∈G

I(x)

for each non-empty open set G ⊂ E, where the rate function I : E → [0,∞] is defined

to be a lower semi-continuous function such that for every c ∈ R∪ {∞}, the level set

Ic = I−1((−∞, c]) = {s ∈ X : I(s) ≤ c}

is closed. Moreover, a rate function is said to be a good rate function if for any c ≥ 0,

the level set {s : I(s) ≤ c} is compact.

Remark 2.5.1. We say that a family of random variables {Xε : ε > 0} satisfies the

LDP with a rate function I if their laws satisfies the LDP with I as its rate function.

The most essential result in the large deviation principle theory is the celebrated

Cramér’s theorem. It provides us the explicit form of rate functions for finite dimen-

sional case.
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Let {Xi}i∈N be a family of Rd-valued independent identically distributed random

variables, and let µ denote their law. Define the empirical mean Sn = 1
n

∑n
i=1 Xi

for all n ∈ N, and let µn denote the law of Sn. Cramér’s theorem is stated as the

following.

Proposition 2.5.1. Suppose for λ ∈ Rd such that
∫
Rd e

〈λ,z〉µ(dz) < ∞. Then the

family {µn : n ≥ 1} satisfies the LDP with a good rate function

I(x) = sup
λ∈Rd
{〈λ, x〉 − log

∫
Rd
e〈λ,z〉µ(dz)},

that is,

lim sup
n→∞

1

n
log µn(F ) ≤ − inf

F
I

for each closed subset F of E, and

lim inf
n→∞

1

n
log µn(G) ≥ − inf

G
I

for each open subset G of E.

The following example is a quick application of Cramér’s theorem.

Example 2.5.1. An easy example is to consider the family of measures induced by

a collection of Gaussian random variables. Let ξn = (ξ
(1)
n , · · · , ξ(d)

n ), n = 1, 2, · · · , be

independent standard Gaussian random variables in Rd. We denote their law by µ

and consider the family of laws µn of their empirical mean Sn = 1
n

∑n
i=1 ξi. Since

∫
Rd
e〈λ,z〉µ(dz) =

∫
Rd
e〈λ,z〉

1

(
√

2π)d
e−|z|

2/2dz

= e|λ|
2/2 <∞,
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Cramér’s theorem applies, and hence

I(x) = sup
λ∈Rd
{〈λ, x〉 − log

∫
Rd
e〈λ,x〉µ(dx)} = sup

λ∈Rd
f(λ), ∀x ∈ Rd

with

f(λ) = 〈λ, x〉 − |λ|
2

2
.

By setting the derivative of f equal to zero, we conclude that f reaches its supremum

when λ = x. Therefore,

I(x) = f(x) =
|x|2

2
, x ∈ Rd,

and the family of laws {µn} obeys the LDP with the rate function I(x).

In particular, when d = 1, we have the following approximation due to the LDP:

P{Sn > a} ≈ e−
na2

2 , ∀a > 0.

For a proof of Cramér’s theorem, one may refer to Varadhan’s notes [70]. The fol-

lowing contraction principle is a very classical result in the LDP theory, which states

that LDPs are preserved under continuous functions, see Theorem 4.2.1, Chapter 4,

[11] for details.

Proposition 2.5.2. Let X and Y be two Hausdorff topological spaces, and the map-

ping f : X → Y continuous. Suppose a family of probability measures {µε : ε > 0}

satisfies the LDP with a good rate function I : X → [0,∞]. Then the family of push-

forward probability measures {µε ◦ f−1 : ε > 0} on Y satisfies the LDP with a good

rate function given by

J(y) := inf{I(x) : x ∈ X, y = f(x)}.
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Next result shows that LDPs are also preserved under exponentially fast convergence.

Let us first introduce the definition of exponentially good approximations.

Definition 2.5.2. Let {Xε : ε > 0} and {Xε,(m) : ε > 0}m∈N be two families of

random variables on a probability space (Ω,G , µ), valued in a Polish space (E, d).

Random variables {Xε,(m) : ε > 0}m∈N are called exponentially good approximations

of {Xε : ε > 0} if for every δ > 0,

lim
m→∞

lim sup
ε→0

ε log µ
(
d(Xε, Xε,(m)) > δ

)
= −∞.

Proposition 2.5.3. Suppose that for each m ∈ N , the family of random variables

{Xε,(m) : ε > 0} satisfies the LDP with rate function Im : E → [0,∞], and {Xε,(m) :

ε > 0}m∈N are exponentially good approximations of {Xε : ε > 0}. If I is a good rate

function and for every closed set F

inf
y∈F

I(y) ≤ lim sup
m→∞

inf
y∈F

Im(y),

then the LDP holds for {Xε : ε > 0} with the good rate function I.

The theory of LDPs may be generalised to the context of capacities, see for exam-

ple [72] and [5]. Here we present the definition in the classical Wiener space setting

only, but similar definition can be introduced for general abstract Wiener spaces as

well.

Definition 2.5.3. Let r ∈ N and p > 1, and {Xε : ε > 0} be a family of cp,r-quasi-

surely defined mappings from W to a Polish space (Y, d). We say that the family

{Xε} satisfies the cp,r-LDP with a good rate function I : Y → [0,∞] if

(1) I is a lower semi-continuous function and for every α > 0, the level set

ΨI(α) = {y ∈ Y : I(y) ≤ α}
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is compact in Y ; and

(2) for every closed subset F ⊂ Y ,

lim sup
ε→0

ε2 log cp,r {ω ∈W : Xε(ω) ∈ F} ≤ −1

p
inf
y∈F

I(y),

for open subset G ⊂ Y ,

lim sup
ε→0

ε2 log cp,r {ω ∈W : Xε(ω) ∈ G} ≥ −1

p
inf
y∈G

I(y).

The majority of conclusions in the theory of LDPs (see for example [11, 12] for details)

remains valid in the context of capacities. Let us state some of them which will be

useful in the sequel. Their proofs (see e.g. [5]) are routine and will be omitted. The

following proposition is the counterpart of the contraction principle in the setting of

capacities.

Proposition 2.5.4. Let {Xε : ε > 0} be a family of cp,r-quasi-surely defined maps

from W to a Polish space (Y1, d1) satisfying the cp,r-LDP with the good rate function

I. Let F be a continuous map from (Y1, d1) to another Polish space (Y2, d2). Then the

family {F ◦Xε : ε > 0} of cp,r-quasi-surely defined maps satisfies the cp,r-LDP with

the good rate function

J(z) = inf
y:F (y)=z

I(y),

where inf ∅ =∞.

The natural modification of exponential tightness is formulated as the following.

Definition 2.5.4. Let
{
Xε,(m) : ε > 0

}
(where m = 1, 2, · · · ) and {Xε : ε > 0} be

two families of defined mappings from W to (Y, d). Then
{
Xε,(m) : ε > 0

}
is said to

be a family of exponentially good approximations of {Xε : ε > 0} under (p, r)-capacity
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if for all λ > 0,

lim
m→∞

lim sup
ε→0

ε2 log cp,r
{
ω : d

(
Xε,(m)(ω), Xε(ω)

)
> λ

}
= −∞. (2.14)

Proposition 2.5.5. Suppose that for each m = 1, 2, · · · , the family
{
Xε,(m) : ε > 0

}
,

consisting of cp,r-quasi-surely defined mappings from W to a Polish space (Y, d), sat-

isfies cp,r-LDP with the good rate function Im, and
{
Xε,(m) : ε > 0

}
are exponentially

good approximations of cp,r-quasi-surely defined mappings {Xε : ε > 0}. Define the

function

J(y) = sup
λ>0

lim inf
m→∞

inf
z∈B(y,λ)

Jm(z), ∀y ∈ Y, (2.15)

where B(y, λ) denotes the open ball in (Y, d) with centre y and radius λ. If J is a

good rate function and for every closed subset C ⊂ Y ,

inf
y∈C

J(y) ≤ lim sup
m→∞

inf
y∈C

Jm(y), (2.16)

then the family {Xε : ε > 0} satisfies cp,r-LDP with the good rate function J .
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Chapter 3

Fine properties of fractional

Brownian motions under

probability measure

In this chapter, we study the law of the iterated logarithm (LIL for short) and self-

avoiding properties of fBMs in the context of probability. We prove the result on the

LIL for fBMs following the argument in [8], and then prove the absence of double

points using the classical argument due to Kakutani [32]. In this chapter, we consider

fBMs on a general probability space (Ω,G ,P).

3.1 Law of the iterated logarithm for fBMs

The law of the iterated logarithm (LIL) was developed to describe the oscillations of

stochastic processes near time zero and the behaviour of processes when time tends

to infinity. The law of the iterated logarithm of random walks was firstly considered

by Khintchine [34] in 1920s. Let {Xn}n∈N be a family of independent identically

distributed random variables with mean µ and variance σ2, and let Sn =
∑n

k=1Xk.
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Then it holds that

lim sup
n→∞

Sn − nµ
σ
√

2n log log n
= 1, a.s.

and

lim inf
n→∞

Sn − nµ
σ
√

2n log log n
= −1, a.s.

In 1929, Kolmogorov [36] formulated a similar result for a family of independent

random variables, but not necessarily having the same distribution: let {Xn}n∈N be

a family of such random variables and Sn =
∑n

k=1Xk. If

s2
n = Var(Sn)→∞

as n→∞, and

|Xn| ≤
εnsn√

log log s2
n

, a.s.

for some sequence {εn}n∈N satisfying εn → 0 as n→∞, then

lim sup
n→∞

Sn√
2s2

n log log s2
n

= 1, a.s.

In 1933, Khintchine [35] extended the LIL to the case of standard Brownian mo-

tions (Wt)t≥0. He proved that

lim sup
t↓0

Wt√
2t log log(1/t)

= 1, a.s.

and by the scaling property and symmetry of Brownian motions, it follows that

lim sup
t→∞

Wt√
2t log log t

= 1, a.s.,

lim inf
t↓0

Wt√
2t log log(1/t)

= −1, a.s.,
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lim inf
t→∞

Wt√
2t log log t

= −1, a.s.

See Theorem 9.23, Section 2.9, Chapter 2, [33] for a proof of this result.

In 1964, Strassen derived a functional version of the LIL for standard Brownian

motions in his work [64]: let W = C0([0, 1]), the space of all continuous functions on

[0, 1] starting from the origin, and let P be the Wiener measure on (W ,B(W )) as

defined in Chapter 2. Define the Strassen set K to be

K =

{
ω ∈W : ω is absolutely continuous,

∫ 1

0

|ω′(t)|2dt ≤ 1

}
,

and let

ωn(t) =
ω(nt)√

2n log log n
, ∀n ≥ 3,

then for almost all ω ∈ W , the family {ωn : n ≥ 3} is relatively compact in the

topology of uniform convergence and K is the set of limit points of ωn as n→∞.

In particular, the classical LIL for Brownian motions is a direct consequence of

the functional version of LIL. Consider the continuous functional φ : W → R given

by φ(ω) = ω(1), then

lim sup
n→∞

φ(ωn) = lim sup
n→∞

ωn(1) = sup
ω∈K

ω(1),

which yields that

lim sup
n→∞

ω(n)√
2n log log n

= 1, a.s.

as supω∈K ω(1) = 1. Moreover, one may set φ(ω) = sups∈[0,1] ω(s) to obtain that

lim sup
t→∞

sup
s∈[0,t]

ω(s)√
2t log log t

= 1, a.s.

This result may be deduced from the large deviation principle theory for Brownian

motions, see e.g. Theorem 1.17, [65] for further details.
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In [51], Marcus established a similar result for real-valued centred Gaussian pro-

cesses (Xt)t≥0 with stationary increments under the condition that the variance func-

tion σ(t) := E[X2
t ] is concave and 2α-Hölder continuous with some α > 0. We will

use the method from his work to prove the LIL for fractional Brownian motions. In

1970s, Oodaira [59] generalised the result of Strassen and proved a functional version

of LIL for centred Gaussian processes under some conditions imposed on covariance

functions.

Now we will show the following result for fBM following the argument in Theorem

3.2.4, Chapter 3, [8]:

Proposition 3.1.1 (Theorem 3.2.4, [8]). Let (Bt)t≥0 be an fBM of dimension one

with Hurst parameter H ∈ (0, 1). Then

P

(
lim sup

t↓0

Bt√
2t2H log log(1/t)

≤ 1

)
= 1. (3.1)

Proof. Actually the upper bound of the iterated logarithm law has been established

for general Gaussian processes under technical conditions on the covariance function,

and the proof follows exactly the same arguments as for Brownian motions, see The-

orem 9.23, Section 2.9, Chapter 2, [33]. Our proof is a modification of the approach

used in [33].

Let us first introduce the following inequality, which is similar to Borell inequality.

This inequality is due to Marcus and Shepp (see Theoreom 2.4 and Theorem 2.5 in

[52]), and here we use a more friendly form in [62] (see (1.1)), that is, for every ε > 0,

there exists a constant k(ε) > 0 such that

P

(
sup
s∈(0,t)

Bs > λ

)
≤ k(ε)e−

(1−ε)λ2

2t2H , ∀t > 0. (3.2)
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For convenience, write h(t) =
√

2t2H log log(1/t), and consider the following event:

Aθ,δn :=

{
ω : sup

s∈(0,θn)

Bs(ω) > (1 + δ)h(θn)

}
,

where θ ∈ (0, 1), δ > 0, and n = 1, 2, · · · . The idea is to apply the first Borel-Cantelli

lemma to {Aθ,δn }n∈N for every given pair (θ, δ). By (3.2), we have

P
(
Aθ,δn

)
≤ k(ε)e−

(1−ε)(1+δ)2h2(θn)

2θ2nH = k(ε)

(
1

n(log(1/θ))

)(1−ε)(1+δ)2

.

Take ε small enough such that ε ∈
(

0, 1− 1
(1+δ)2

)
. Then as (1 − ε)(1 + δ)2 > 1, it

follows that

∑
n

P
(
Aθ,δn

)
≤ k(ε)

∑
n

(
1

n(log(1/θ))

)(1−ε)(1+δ)2

<∞,

which implies that, by the first Borel-Cantelli lemma,

P
(
Aθ,δn i.o.

)
= 0.

Let

Aθ,δ =
{
Aθ,δn i.o.

}c
.

Then P (Aθ,δ) = 1 and for every ω ∈ Aθ,δ,

sup
s∈(0,θn)

Bs(ω) ≤ (1 + δ)h(θn) (3.3)

for large n, by definition. Now for any t ∈ (θn, θn−1) and ω ∈ Aθ,δ,

Bt(ω) ≤ sup
s∈(0,θn−1)

Bs(ω)

≤ (1 + δ)
√

2θ2(n−1)H log log(θ1−n)
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≤ θ−H(1 + δ)
√

2θ2nH log log(θ−n)

= θ−H(1 + δ)h(θn)

≤ θ−H(1 + δ)h(t),

where the last inequality follows from the fact that h(t) is increasing for small t.

Therefore, for all ω ∈ Aθ,δ, and every large n,

sup
t∈(θn,θn−1)

Bt(ω)

h(t)
≤ θ−H(1 + δ),

so by letting n→∞, we obtain that

lim sup
t↓0

Bt(ω)

h(t)
≤ θ−H(1 + δ), ∀ω ∈ Aθ,δ.

As Aθ1,δ1 ⊂ Aθ2,δ2 when δ1 ≤ δ2, θ1 ≥ θ2, we may take two sequences rationals {δn}

and {θn} such that δn ↓ 0 and θn ↑ 1 as n tends to infinity, then A = limn→∞Aθn,δn

has probability one, and

lim sup
t↓0

Bt(ω)

h(t)
≤ 1

for all ω ∈ A, which completes the proof of upper bound.

The lower bound of the LIL for fBMs seems different from the upper bound, which

is true for any H. In fact the lower bound was also proved for a general Gaussian

process under some conditions on variance function (see [51]), which in turn requires

that H ≤ 1/2.

In order to show the lower bound of the LIL for fBM, we need a generalised version

of the second Borel-Cantelli Lemma proved in [51], which weakens the independence

condition in the classical second Borel-Cantelli lemma.

The proof of this generalised second Borel-Cantelli Lemma relies on one simple
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observation by Chung and Erdős [7], and it states as follows:

Lemma 3.1.1 ([7]). Let {Bk}nk=1 be a sequence of events on a probability space

(Ω,G ,P). If P (
⋃n
k=1Bk) > 0, then

2
∑

1≤j<k≤n

P (Bj ∩Bk) ≥

(
P

(
n⋃
k=1

Bk

))−1( n∑
k=1

P (Bk)

)2

−
n∑
k=1

P (Bk) .

Proof. This result follows from Cauchy-Schwarz inequality. Notice that

E

( n∑
k=1

1Bk

)2
E

[
12
∪nk=1Bk

]
≥

(
E

[(
n∑
k=1

1Bk

)
1∪nk=1Bk

])2

,

and (
n∑
k=1

1Bk

)
1∪nk=1Bk

=
n∑
k=1

1Bk ,

we deduce that

2
∑

1≤j<k≤n

P (Bj ∩Bk) = 2E

[ ∑
1≤j<k≤n

1Bj1Bk

]

= E

( n∑
k=1

1Bk

)2
− n∑

k=1

E
[
12
Bk

]
≥
(
E
[
12
∪nk=1Bk

])−1
(
E

[(
n∑
k=1

1Bk

)
1∪nk=1Bk

])2

−
n∑
k=1

P (Bk)

=

(
P

(
n⋃
k=1

Bk

))−1( n∑
k=1

P (Bk)

)2

−
n∑
k=1

P (Bk) .

Lemma 3.1.2 (Lemma 1, [51]). Let {Bn}n∈N be a sequence of sets such that

P (Bn ∩Bm) ≤ P (Bn)P (Bm)
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for all m > n. If
∑

n P (Bn) =∞, then

P (Bn i.o.) = 1.

Proof. With assumption that P (Bn ∩Bm) ≤ P (Bn)P (Bm) for all m > n, we have

P

(
n⋃
k=1

Bk

)
≥ (

∑n
k=1 P (Bk))

2∑n
k=1 P (Bk) + 2

∑
1≤j<k≤n P (Bj ∩Bk)

≥ (
∑n

k=1 P (Bk))
2∑n

k=1 P (Bk) + 2
∑

1≤j<k≤n P (Bj)P (Bk)

≥ (
∑n

k=1 P (Bk))
2∑n

k=1 P (Bk) + (
∑n

k=1 P (Bk))
2

= 1− 1

1 +
∑n

k=1 P (Bk)
,

and now we may conclude Lemma 3.1.2 by applying the monotone convergence the-

orem.

We also use the following criterion provided in Lemma 2 of [51]:

Lemma 3.1.3 (Lemma 2, [51]). Let X and Y be jointly normal distributed random

variables with mean value zero and E[XY ] ≤ 0. Then

P (X ≥ a, Y ≥ b) ≤ P (X ≥ a)P (Y ≥ b)

with a, b ≥ 0.

Proof. Let Z be a random variable independent of X such that Y = Z − cX, where

c = −E[XY ]

E[X2]
≥ 0,

and thus

E[Y 2] = E[Z2] + c2E[X2] ≥ E[Z2].
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Therefore, as X, Y, Z are all centred Gaussian random variables, we have that

P (X ≥ a, Y ≥ b) ≤ P (X ≥ a, Z ≥ b+ ac)

= P (X ≥ a)P (Z ≥ b+ ac)

≤ P (X ≥ a)P (Z ≥ b)

≤ P (X ≥ a)P (Y ≥ b) .

Now we are ready to prove the other half of the LIL for fBMs with the restriction

that Hurst parameter H ≤ 1
2
.

Proposition 3.1.2 (Theorem 3.2.4, [8]). Let B = (Bt)t≥0 be an fBM of dimension

one with Hurst parameter H ∈
(
0, 1

2

]
, then

P

(
lim sup

t↓0

Bt√
2t2H log log(1/t)

≥ 1

)
= 1. (3.4)

Proof. Let θ ∈ (0, 1) and define

Gθ
n =

{
ω : Bθn(ω)−Bθn+1(ω) ≥ (1− θ)Hh(θn)

}
,

where

h(t) =
√

2t2H log log(1/t).

Set

Xθ
n =

Bθn −Bθn+1

(θn − θn+1)H

for n = 1, 2, · · · , so that Xθ
n is a standard Gaussian random variable. Then we have

that
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P
(
Gθ
n

)
= P

(
Xθ
n ≥

√
2 log log(θ−n)

)
=

1√
2π

∫ ∞
√

2 log log(θ−n)

e−
u2

2 du

≥ 1√
2π

√
2 log log(θ−n)

1 + 2 log log(θ−n)
e− log log(θ−n)

≥ C

n
√

log n
,

where C = C(θ) is some constant depending on θ. It follows that

∑
n

P
(
Gθ
n

)
=∞.

As E
[
Xθ
nX

θ
m

]
< 0 for all m > n when H ∈

(
0, 1

2

]
, according to Lemma 3.1.2, we have

P
(
Gθ
n ∩Gθ

m

)
≤ P

(
Gθ
n

)
P
(
Gθ
m

)
.

Now we may deduce that there exists Gθ with P (Gθ) = 1 such that for all ω ∈ Gθ,

there are infinitely many n such that

Bθn(ω)−Bθn+1(ω) ≥ (1− θ)Hh(θn).

Notice that by symmetry, −B is also an fBM, and hence by (3.3) and taking δ = 1,

we have

−Bθn+1 ≤ (1 + δ)h(θn+1)

= 2θH
√

2θ2nH log log(θ−n−1)

≤ 2θHh(θn), a.s.

for large n. Therefore, for any sufficiently large N , there always exists some n > N

such that

Bθn

h(θn)
≥ (1− θ)H − 2θH , a.s.
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By letting n→∞, we have

lim sup
t↓0

Bt

h(t)
≥ (1− θ)H − 2θH , a.s.

Letting θ ↓ 0 via a rational sequence, the required result follows for the case when

H ∈
(
0, 1

2

]
.

We note here that the proof for the case when H > 1
2

requires a different approach,

and indeed it follows directly from the functional version of LIL for Gaussian processes

as in Theorem 1.3, [2].

3.2 Self-intersection of fBMs

One interesting question concerning the sample paths of fBMs is whether an fBM

path intersects itself or not. This question arose from statistical field theory when

studying interacting fields. It dates back to 1944, when Kakutani [32] first proved

that Brownian motion is self-avoiding almost surely when n ≥ 5, where n is the

dimension of Brownian motion. His proof based on a rather simple geometric obser-

vation. In [21], Fukushima showed that when the dimension n ≥ 7, sample paths

of Brownian motion are non-self-intersecting c2,1-quasi-surely. Later, Takeda [67] ex-

tended Fukushima’s result to the setting of Mallivin capacities for all r and p, and

showed the non-self-intersecting property of n-dimensional Brownian motion paths

with (p, r)-capacity when n > 4+rp. In a recent work by H. Boedihardjo et al. [4], it

was proved that the self-avoiding property also holds for signature paths of Brownian

motion.

We shall adopt the method by Kakutani in [32] and establish a similar result

for n-dimensional fBMs (Bt)t≥0 with Hurst parameter H. However, the approach in

literature to determine the optimal dimension of this property mainly relies on the
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Markov property of underlying processes, and requires the potential theory techniques

which are not applicable to non-Markovian processes such as fBMs.

Let (Bt)t≥0 be an n-dimensional fBM with Hurst parameter H ∈ (0, 1) on a

probability space (Ω,G ,P). A point x ∈ Rd is called a double point if there exist two

distinct time points s and t such that Bs = Bt = x.

Proposition 3.2.1. Let (Bt)t≥0 be an n-dimensional fBM with Hurst parameter H.

Then B has no double point almost surely if 2
n
< H.

Proof. Firstly, we notice that for a 1-dimensional fBM, as it has stationary increments,

we have

P (a < Bt −Bs < b) =
1√

2π(t− s)2H

∫ b

a

exp

(
− x2

2(t− s)2H

)
dx

for any s < t and a < b, and using the inequality (3.2) from [62] again, we have that

for all ε ∈ (0, 1), and η > 0,

P

(
sup

s∈[t0,t1]

|Bs −Bt0| > η

)
≤ 2k(ε) exp

(
− (1− ε)η2

2(t1 − t0)2H

)
,

where k(ε) > 0 is some constant depending only on ε. Therefore, to show an n-

dimensional fBM Bt = (B1
t , · · · , Bn

t ) has no double point almost surely, we only need

to prove that for any two disjoint time intervals I = (s0, s1) and J = (t0, t1) with

s0 < s1 < t0 < t1,

P (Bs = Bt for some s ∈ I, t ∈ J) = 0.

Denote

A = {ω : Bs(ω) = Bt(ω) for some s ∈ I, t ∈ J} ,
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then it holds that for any η > 0,

A ⊂
n⋂
i=1

{
|Bi

s1
−Bi

t0
| < 2η

}
∪

n⋃
i=1

{
sup
s∈I
|Bi

s −Bi
s1
| > η

}
∪

n⋃
i=1

{
sup
t∈J
|Bi

t −Bi
t0
| > η

}
.

It follows that

P (A) ≤
n∏
i=1

P
(
|Bi

s1
−Bi

t0
| < 2η

)
+

n∑
i=1

P
(

sup
s∈I
|Bi

s −Bi
s1
| > η

)
+

n∑
i=1

P
(

sup
t∈J
|Bi

t −Bi
t0
| > η

)

≤

(
1√

2π(t0 − s1)2H

∫ 2η

−2η

exp

(
− x2

2(t0 − s1)2H

)
dx

)n

+ 2nk(ε) exp

(
−(1− ε)η2

2|I|2H

)
+ 2nk(ε) exp

(
−(1− ε)η2

2|J |2H

)
≤

(
4η√

2π(d(I, J))2H

)n

+ 2nk(ε) exp

(
−(1− ε)η2

2|I|2H

)
+ 2nk(ε) exp

(
−(1− ε)η2

2|J |2H

)
.

Divide I and J evenly into p subintervals, i.e. I =
⋃p
m=1 Im, and J =

⋃p
l=1 Jl with

Im and Jl disjoint, |Im| = |I|/p and |Jl| = |J |/p, then

P (A) ≤
p∑

m=1

p∑
l=1

P (Bs = Bt for some s ∈ Im, t ∈ Jl)

≤
p∑

m=1

p∑
l=1

[(
4η√

2π(d(Im, Jl))2H

)n

+ 2nk(ε) exp

(
−(1− ε)η2

2|Im|2H

)
+2nk(ε) exp

(
−(1− ε)η2

2|Jl|2H

)]
≤ p2

[(
4η√

2π(d(I, J))2H

)n

+ 2nk(ε) exp

(
−(1− ε)η2p2H

2|I|2H

)
+2nk(ε) exp

(
−(1− ε)η2p2H

2|J |2H

)]
.
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Now set η = p−σ, where σ satisfies

2

n
< σ < H,

and hence the right-hand side of the above inequality converges to zero as p tends to

infinity, which completes the proof of the required result.
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Chapter 4

Sample path properties of

fractional Brownian motions under

the classical Wiener capacity

This chapter is organised as the following. In next section, we prove that fBMs

defined by the Volterra integral representation are smooth in the sense of Malliavin,

and compute their Malliavin derivatives explicitly, followed by several useful technical

lemmas, which are similar to the estimates made by Fukushima in [21] and Takeda

in [67].

In the third section, we establish the result on the modulus of continuity following

the argument by Fukushima [21], and as a direct corollary, we deduce the quasi-sure

Hölder continuity of fBMs on the classical Wiener space. This allows us to take con-

tinuous modifications of fBMs and prove the capacity version of non-differentiability

for fBM sample paths based on the argument by Dvoretzky, Erdős and Kakutani in

[17], as well as the law of the iterated logarithm (LIL) when p = 2 and r = 1 with

the restriction H ≤ 1
2
.

Finally, we prove the self-avoiding property of d-dimensional fBMs under c2,1 when
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d > 2
H

+ 2 and H ≤ 1
2
.

In this chapter, we consider fBM paths over [0,∞), and the classical Wiener space

is taken to be (W ,H, P ), where W = C0([0,∞)), equipped with the norm

‖ω‖ =
∞∑
n=1

2−n max
0≤t≤n

|ω(t)| , ∀ω ∈W .

4.1 FBMs as smooth random variables

In the first section of this chapter, we prove that fBMs given by the Volterra inte-

gral representation (2.11), which are regarded as Wiener functionals, are Malliavin

differentiable random variables. Indeed, for every t ≥ 0, Bt defined by

Bt =

∫ t

0

K(t, s)dω(s)

is smooth according to the definition given by Malliavin, that is, it belongs to the

Sobolev space Dp
r for all r ∈ N and p ∈ (1,∞). In fact, the Malliavin derivative of Bt

is a function on W , which can be calculated as in the following lemma.

Lemma 4.1.1. Let H ∈ (0, 1), r ∈ N and p ∈ (1,∞). Then for every t > 0, Bt ∈ Dp
r,

and its first order Malliavin derivative is given by

DBt(s) =

∫ s∧t

0

K(t, u)du. (4.1)

The higher-order derivatives of Bt all vanish (which reflects the fact that Bt is an

integral of a deterministic function against a standard Brownian motion).

This lemma is a corollary to the transfer principle given in Proposition 5.2.1,

Chapter V, [58]. We provide an elementary proof here, which is quite different from

the one in [58], based on the proof of Proposition 3.1 in Decreusefond and Üstünel

[10].
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We shall use the following elementary estimate from Theorem 3.2 in [10], which

states that for any H ∈ (0, 1), there exists a constant cH , which only depends on the

Hurst parameter H, such that the kernel K has the following bound:

K(t, r) ≤ cHr
−|H− 1

2 |(t− r)−( 1
2
−H)

+1[0,t](r) (4.2)

for any t > r ≥ 0, where x+ = max(x, 0). The proof of this upper bound relies on

the properties of hypergeometric functions and will be omitted here.

Proof of Lemma 4.1.1:

Proof. For each fixed t > 0, denote

ut(s) = K(t, s)1[0,t](s)

for simplicity, and for each n ∈ N, set

u
(n)
t (s) =

2n−1∑
i=0

2n

t

(∫ (i+1)2−nt

i2−nt

ut(r)dr

)
1(i2−nt,(i+1)2−nt](s).

Then ut and u
(n)
t , n ∈ N, belong to L2([0,∞)). For convenience, let

F
t,(n)
i =

2n

t

(∫ (i+1)2−nt

i2−nt

ut(r)dr

)
, 0 ≤ i ≤ 2n − 1.

We want to apply the dominated convergence theorem to show that for each

t > 0, u
(n)
t → ut in L2([0,∞)) as n tends to infinity. Our first step is to find a control

function of (u
(n)
t )n∈N in L2([0,∞)).

Notice that for each n, u
(n)
t (s) vanishes outside of (0, t], and by definition, it is a

step function inside (0, t], so we only need to check that within each “step”, i.e. when

s ∈ (i2−nt, (i + 1)2−nt], 0 ≤ i ≤ 2n−1, u
(n)
t (s) is controlled by some square-integrable
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function, and this control function should be uniform in n.

When H > 1
2
, for each s ∈ (i2−nt, (i + 1)2−nt], 0 ≤ i ≤ 2n−1, by the estimate in

(4.2),

∣∣∣u(n)
t (s)

∣∣∣ =
2n

t

∫ (i+1)2−nt

i2−nt

K(t, r)dr

≤ 2n

t

∫ (i+1)2−nt

i2−nt

cHr
1
2
−Hdr

= c′H

(
t

2n

) 1
2
−H [

(i+ 1)
3
2
−H − i

3
2
−H
]

≤ c′Ht
1
2
−H (2n)H−

3
2

[
(i+ 1)

(
i+ 1

2n

) 1
2
−H

− i
(
i

2n

) 1
2
−H
]

≤ c′Ht
1
2
−H

[
(i+ 1)

(
i+ 1

2n

) 1
2
−H

− i
(
i+ 1

2n

) 1
2
−H
]

= c′Ht
1
2
−H
(
i+ 1

2n

) 1
2
−H

≤ c′Ht
1
2
−Hs

1
2
−H ,

where

c′H =
cH(

3
2
−H

) .
This implies that when H > 1

2
, we may take the control function to be

c′Ht
1
2
−Hs

1
2
−H1(0,t](s),

which is independent of n.

When H < 1
2
, similar to above, we have that by (4.2),

∣∣∣u(n)
t (s)

∣∣∣ =
2n

t

∫ (i+1)2−nt

i2−nt

K(t, r)dr

≤ cH
2n

t

∫ (i+1)2−nt

s

rH−
1
2 (t− r)H−

1
2 dr + cH

2n

t

∫ s

i2−nt

rH−
1
2 (t− r)H−

1
2 dr
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≤ cH
2n

t
sH−

1
2

∫ (i+1)2−nt

i2−nt

(t− r)H−
1
2 dr + cH

2n

t
(t− s)H−

1
2

∫ (i+1)2−nt

i2−nt

rH−
1
2 dr

= c′′H
2n

t
sH−

1
2

[(
t− i

2n
t

)H+ 1
2

−
(
t− i+ 1

2n
t

)H+ 1
2

]

+ c′′H
2n

t
(t− s)H−

1
2

[(
i+ 1

2n
t

)H+ 1
2

−
(
i

2n
t

)H+ 1
2

]

≤ c′′H
2n

t
sH−

1
2

[(
t− i

2n
t

)(
t− i

2n
t

)H− 1
2

−
(
t− i+ 1

2n
t

)(
t− i

2n
t

)H− 1
2

]

+ c′′H
2n

t
(t− s)H−

1
2

[(
i+ 1

2n
t

)(
i+ 1

2n
t

)H− 1
2

−
(
i

2n
t

)(
i+ 1

2n
t

)H− 1
2

]

= c′′Hs
H− 1

2

(
t− i

2n
t

)H− 1
2

+ c′′H(t− s)H−
1
2

(
i+ 1

2n
t

)H− 1
2

≤ 2c′′Hs
H− 1

2 (t− s)H−
1
2 ,

where

c′′H =
cH

H + 1
2

.

Therefore, when H < 1
2
, the control function is

2c′′Hs
H− 1

2 (t− s)H−
1
21(0,t](s),

which is an element of L2([0,∞)).

On the other hand, for every s ∈ (0, t), there exists some i such that

u
(n)
t (s) =

∫ (i+1)2−nt

0
ut(r)dr −

∫ i2−nt
0

ut(r)dr

2−nt

which converges to ut(s) pointwise as n tends to infinity due to the continuity of ut(s)

over (0, t). Now we may apply the dominated convergence theorem and conclude that

u
(n)
t → ut in L2([0,∞)) as n→∞.
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For fixed t ∈ [0, 1], set

B
(n)
t (ω) =


∑2n−1

i=0 F
t,(n)
i

(
ω(i+1)2−nt − ωi2−nt

)
, 0 < t ≤ 1,

0, t = 0

(4.3)

for all ω ∈W . Let G = (Gn)n∈N, where

Gn = σ (ωi2−nt, 0 ≤ i ≤ 2n)

is the σ-algebra generated by ωi2−nt’s, 0 ≤ i ≤ 2n. Then (B
(n)
t )n∈N is a discrete

martingale with respect to the filtration G . This was observed by Decreusefond and

Üstünel in [10].

The proof of this claim relies on the fact that for a standard Brownian motion ωt

and any 0 ≤ t0 < t1 < · · · < tn,

E
[
ωti

∣∣∣∣ωt0 , ωt1 , · · · , ωti−1
, ωti+1

, · · · , ωtn
]

=
ti+1 − ti
ti+1 − ti−1

ωti−1
+

ti − ti−1

ti+1 − ti−1

ωti+1
. (4.4)

To verify (4.4), one only needs to spot that for each i and n,

Xi := ωti −
ti+1 − ti
ti+1 − ti−1

ωti−1
− ti − ti−1

ti+1 − ti−1

ωti+1

is independent of σ(ωt0 , ωt1 , · · · , ωti−1
, ωti+1

, · · · , ωtn). Indeed, for any 0 ≤ j < i ≤ n,

E
[
Xiωtj

]
= E

[
ωtiωtj

]
− ti+1 − ti
ti+1 − ti−1

E
[
ωti−1

ωtj
]
− ti − ti−1

ti+1 − ti−1

E
[
ωti+1

ωtj
]

= tj −
ti+1 − ti
ti+1 − ti−1

tj −
ti − ti−1

ti+1 − ti−1

tj

= 0.

As both Xi and ωtj are Gaussian, they are independent. One may verify Xi and ωtj

60



are independent via similar computation when 0 < i < j ≤ n. Thus ωti is independent

of all linear combinations of

ωt0 , ωt1 , · · · , ωti−1
, ωti+1

, · · · , ωtn

and hence the σ-algebra

Fi := σ(ωt0 , ωt1 , · · · , ωti−1
, ωti+1

, · · · , ωtn).

Therefore, we get that

E [ωti |Fi ]

= E
[
Xi +

ti+1 − ti
ti+1 − ti−1

ωti−1
+

ti − ti−1

ti+1 − ti−1

ωti+1
|Fi

]
=

ti+1 − ti
ti+1 − ti−1

ωti−1
+

ti − ti−1

ti+1 − ti−1

ωti+1
.

For each 1 ≤ i ≤ 2n − 1, if i is odd, then we may write i = 2k + 1, 0 ≤ k ≤ 2n−1 − 1,

and thus by (4.4),

E
[
ω(i+1)2−nt − ωi2−nt|Gn−1

]
= E

[
ω(k+1)2−n+1t − ω(2k+1)2−nt|Gn−1

]
=

1

2
ω(k+1)2−n+1t −

1

2
ωk2−n+1t.

If i is even, write i = 2k for 0 ≤ k ≤ 2n−1 − 1, then it holds that

E
[
ω(i+1)2−nt − ωi2−nt|Gn−1

]
= E

[
ω(2k+1)2−nt − ωk2−n+1t|Gn−1

]
=

1

2
ω(k+1)2−n+1t −

1

2
ωk2−n+1t.

Therefore, by the definition of F
t,(n)
i , we conclude that

E
[
B

(n)
t

∣∣∣Gn−1

]
=

2n−1∑
i=0

F
t,(n)
i E

[
ω(i+1)2−nt − ωi2−nt

∣∣∣Gn−1

]
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=
2n−1−1∑
k=0

F
t,(n)
2k+1

(
1

2
ω(k+1)2−n+1t −

1

2
ωk2−n+1t

)

+
2n−1−1∑
k=0

F
t,(n)
2k

(
1

2
ω(k+1)2−n+1t −

1

2
ωk2−n+1t

)

=
2n−1−1∑
k=0

2−n+1

t

(
ω(k+1)2−n+1t − ωk2−n+1t

)
·

(∫ (2k+1)2−nt

k2−n+1t

ut(s)ds+

∫ (k+1)2−n+1t

(2k+1)2−nt

ut(s)ds

)

= B
(n−1)
t .

For p ∈ (1,∞), because the increments of ωt over different time intervals are inde-

pendent, and B
(n)
t is contained in the first Wiener chaos, by (2.9) in Chapter 2 with

N = 1, we have that

∥∥B(n)
t

∥∥
p
≤ 2
√
p− 1

∥∥B(n)
t

∥∥
2

= 2
√
p− 1

2n−1∑
i=1

(
2n

t

)2
(∫ i2−nt

(i−1)2−nt

ut(s)ds

)2

E
[(
ω(i+1)2−n − ωi2−nt

)2
] 1

2

= 2
√
p− 1

2n−1∑
i=1

2n

t

(∫ i2−nt

(i−1)2−nt

ut(s)ds

)2
 1

2

≤ 2
√
p− 1

(
2n−1∑
i=1

∫ i2−nt

(i−1)2−nt

u2
t (s)ds

) 1
2

= 2
√
p− 1tH ,

where the right-hand side is a uniform bound for all n, and hence

sup
n∈N

E[|B(n)
t |p] <∞.
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It thus follows from the martingale convergence theorem that for each fixed t, the

sequence (B
(n)
t )n∈N converges to Bt a.s. and in Lp(W ) as n tends to infinity. Fur-

thermore, Bt is a Gaussian random variable with mean zero and covariance given

by

lim
n→∞

E
[
B(n)
s B

(n)
t

]
= lim

n→∞
E
[(∫ ∞

0

u
(n)
t (r)dωr

)(∫ ∞
0

u(n)
s (r)dωr

)]
= lim

n→∞

∫ ∞
0

u
(n)
t (r)u(n)

s (r)dr

=

∫ s∧t

0

K(t, r)K(s, r)dr

= R(s, t)

for any s, t > 0. In particular, the variance of Bt is given by

lim
n→∞

E[|B(n)
t |2] = t2H

for every t > 0.

Now by the definition of Malliavin derivative, for t > 0 and each n ∈ N,

DB
(n)
t (s) =

∫ s

0

u
(n)
t (v)dv,

and all higher-order derivatives of B
(n)
t vanish.

We have already proved that

B
(n)
t → Bt

in Lp(W ) and

u
(n)
t → ut

in L2([0,∞)), so for any r ∈ N and p ∈ (1,∞), as

‖B(n)
t −B

(m)
t ‖Dpr =

(
E
[
|B(n)

t −B
(m)
t |p

]
+ E

[∣∣∣‖DB(n)
t −DB

(m)
t ‖H

∣∣∣p])1/p

=
(
E
[
|B(n)

t −B
(m)
t |p

]
+ E

[∣∣∣‖u(n)
t − u

(m)
t ‖L2([0,∞))

∣∣∣p])1/p

,
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we obtain that (B
(n)
t )n∈N is Cauchy in Dp

r. By the completeness of Dp
r, this sequence

tends to a limit random variable in Dp
r as n tends to infinity. Now by the definition

of ‖·‖Dpr , this convergence implies the convergence in Lp(W ), and by the uniqueness

of limit, this random variable must coincide with Bt. Moreover,

DBt(s) =

∫ s∧t

0

K(t, u)du,

where DBt ∈ H is the Malliavin derivative of Bt with respect to standard Brownian

motion, and all of its higher-order Malliavin derivatives equal to zero.

Therefore, according to the above lemma, we see that for each fixed time t, Bt :

W → R is a smooth random variable.

Remark 4.1.1. Indeed, according to Malliavin (see Theorem 2.3.3, Chapter IV, Part

II, [49]), for each fixed t, Bt ∈ Dp
r, there exists some B̃t which is a (p, r)-redefinition of

Bt, i.e. for all ε > 0, it is possible to find some subset Oε ⊂W whose (p, r)-capacity

satisfies

cp,r(Oε) < ε,

and B̃t is a continuous function on W \Oε. This result is Lusin’s theorem in the

setting of capacities.

4.2 Several technical facts

In this section, we shall prove several technical facts about fBMs which will be used

in the sequel.

The first one is the following inequality, which is similar to the result due to

Fukushima in [21].

Lemma 4.2.1. Let (Bt)t≥0 be a fractional Brownian motion with Hurst parameter
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H. Then for all H ∈ (0, 1),

(cp,r (|Bt −Bs| > η))p ≤ 2

(
r∑
l=0

(
η

p(t− s)H

)lp)
e
− η2

2(t−s)2H

for any r ∈ N, 1 < p <∞, η > 0, and 0 ≤ s < t.

Proof. Denote

Ms,t = Bt −Bs,

where 0 ≤ s < t. Then by the definition of Malliavin derivative, we obtain that

DMs,t(u) =

∫ u

0

K(t, r)1[0,t](r)−K(s, r)1[0,s](r)dr ∈ H

and higher-order derivatives of Ms,t are all equal to zero.

We first show that for all α ≥ 0,

e
α
p
Ms,t ∈ Dp

r,

and

Dle
α
p
Ms,t =

(
α

p

)l
e
α
p
Ms,tDMs,t ⊗ · · · ⊗DMs,t ∈ Lp(W ;H⊗l)

for all 1 ≤ l ≤ r.

Set f(x) = e
α
p
x. For each N ∈ N, let ψN ∈ C∞c (R) be a cut-off function taking

values in [0, 1] such that

ψN(x) =


1, |x| ≤ N,

0, |x| ≥ N + 1,

and

sup
x,N
|ψ(k)
N (x)| = C <∞
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for all 1 ≤ k ≤ r. Set

fN(x) = f(x)ψN(x).

For convenience, write FN = fN(Ms,t), then FN ∈ S as fN ∈ C∞0 (R), and by the

chain rule for Malliavin derivatives, we have

DlFN = f
(l)
N (Ms,t)DMs,t ⊗ · · · ⊗DMs,t

for 1 ≤ l ≤ r. We note here that FN → e
α
p
Ms,t as N tends to infinity in Lp(W ).

Hence,

E

[∣∣∣∥∥DlFN −
(
α

p

)l
e
α
p
Ms,tDMs,t ⊗ · · · ⊗DMs,t

∥∥
H⊗l

∣∣∣p]

= E

[∣∣∣f (l)
N (Ms,t)−

(
α

p

)l
e
α
p
Ms,t

∣∣∣p∥∥DMs,t

∥∥lp
H

]

= E

[∣∣∣ l∑
j=0

(
l

j

)
f (j)(Ms,t)ψ

(l−j)
N (Ms,t)−

(
α

p

)l
e
α
p
Ms,t

∣∣∣p]∥∥DMs,t

∥∥lp
H

= E

[∣∣∣ l−1∑
j=0

(
l

j

)
f (j)(Ms,t)ψ

(l−j)
N (Ms,t) +

(
α

p

)l
e
α
p
Ms,tψN(Ms,t)−

(
α

p

)l
e
α
p
Ms,t

∣∣∣p]

·
∥∥DMs,t

∥∥lp
H

≤ lp−1E

[
l−1∑
j=0

∣∣∣(l
j

)
f (j)(Ms,t)ψ

(l−j)
N (Ms,t)

∣∣∣p +
∣∣∣ (α

p

)l
e
α
p
Ms,t (ψN(Ms,t)− 1)

∣∣∣p]

·
∥∥DMs,t

∥∥lp
H

≤ lp−1E

[
l−1∑
j=0

∣∣∣(l
j

)(
α

p

)j
e
α
p
Ms,tC · 1{|Ms,t|≥N}

∣∣∣p +
∣∣∣ (α

p

)l
e
α
p
Ms,t1{|Ms,t|≥N}

∣∣∣p]

·
∥∥DMs,t

∥∥lp
H,

which tends to zero as N →∞ by the dominated convergence theorem. According
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to the previous estimate, we deduce that

DlFN →
(
α

p

)l
e
α
p
Ms,tDMs,t ⊗ · · · ⊗DMs,t

in Lp(W ;H⊗l) as N →∞.

Since Dl is closable, together with the definition of Dp
l , we conclude that

DlF =

(
α

p

)l
e
α
p
Ms,tDMs,t ⊗ · · · ⊗DMs,t

for each 1 ≤ l ≤ r and e
α
p
Ms,t ∈ Dp

r.

By Chebyshev inequality for (p, r)-capacity, it follows that

(
cp,r

(
Ms,t −

α

2
(t− s)2H > β

))p
=

(
cp,r

(
α

p
Ms,t −

α2

2p
(t− s)2H >

αβ

p

))p
=

(
cp,r

(
exp

(
α

p
Ms,t

)
> exp

(
α2

2p
(t− s)2H +

αβ

p

)))p
≤ exp

(
−α

2

2
(t− s)2H − αβ

)∥∥eαpMs,t
∥∥p
Dpr
, (4.5)

for any α, β > 0. It is clear that

〈DMs,t, DMs,t〉H =

∫ ∞
0

[
K(t, u)1[0,t](u)−K(s, u)1[0,s](u)

]2
du

= R(t, t)− 2R(s, t) +R(s, s)

= (t− s)2H .

Therefore,

〈Dle
α
p
Ms,t , Dle

α
p
Ms,t〉H⊗l =

(
α

p

)2l

e
2α
p
Ms,t(〈DMs,t, DMs,t〉H)l

=

(
α

p

)2l

e
2α
p
Ms,t(t− s)2lH ,
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which implies that

E
[∣∣∣‖Dle

α
p
Ms,t‖H⊗l

∣∣∣p] = E

[(
α

p

)lp
eαMs,t(t− s)lHp

]

=

(
α

p

)lp
(t− s)lHpe

α2

2
(t−s)2H ,

where we have used that Ms,t ∼ N(0, (t− s)2H). Hence,

∥∥eαpMs,t
∥∥p
Dpr

= E
[∣∣∣eαpMs,t

∣∣∣p]+
r∑
l=1

E
[∣∣∣‖Dle

α
p
Ms,t‖H⊗l

∣∣∣p]
= E

[
eαMs,t

]
+

r∑
l=1

(
α

p

)lp
(t− s)lHpe

α2

2
(t−s)2H

=

(
r∑
l=0

(
α

p

)lp
(t− s)lHp

)
e
α2

2
(t−s)2H .

Now by (4.5), we obtain that

(
cp,r

(
Ms,t −

α

2
(t− s)2H > β

))p
≤

(
r∑
l=0

(
α

p

)lp
(t− s)lHp

)
e−αβ.

For any positive η, optimise the above inequality by setting

α =
η

(t− s)2H

and

β =
η

2
,

and then we arrive at

(cp,r (Ms,t > η))p ≤

(
r∑
l=0

(
η

p(t− s)2H

)lp
(t− s)lHp

)
e
− η2

2(t−s)2H

=
r∑
l=0

(
η

p(t− s)H

)lp
e
− η2

2(t−s)2H .
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By replacing B with −B, we may conclude that

(cp,r (|Ms,t| > η))p ≤ 2

(
r∑
l=0

(
η

p(t− s)H

)lp)
e
− η2

2(t−s)2H .

The second technical lemma establishes a comparison result between the classical

Wiener capacity and the Wiener measure. Before we state the result, let us first

introduce the following notation.

Let 0 ≤ u < r < s < t ≤ T . Set

X =
Bt −Bs

(t− s)H
,

and

Y =
Br −Bu

(r − u)H
,

so that X, Y ∼ N(0, 1). Then by definition,

E[XY ] = (t− s)−H(r − u)−H (R(t, r)−R(t, u)−R(s, r) +R(s, u))

=
1

2(t− s)H(u− r)H
[
(t− u)2H − (t− r)2H

−
(
(s− u)2H − (s− r)2H

)]
,

(4.6)

which is non-negative when H ∈
[

1
2
, 1
)
, and non-positive when H ∈

(
0, 1

2

]
. We also

need the following simple observation. By (4.1), we compute that

〈DX,DY 〉H = (t− s)−H(r − u)−H〈DBt −DBs, DBr −DBu〉H (4.7)

= (t− s)−H(r − u)−H
∫ ∞

0

(
K(t, v)1[0,t](v)−K(s, v)1[0,s](v)

)
(4.8)

·
(
K(r, v)1[0,r](v)−K(u, v)1[0,u](v)

)
dv (4.9)
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= E[XY ]. (4.10)

Next technical lemma contains results similar to Proposition 1 in Fukushima [21]

and Proposition 2 in Takeda [67].

Lemma 4.2.2. For all H ∈ (0, 1) and each N ∈ N, let 0 ≤ t0 < t1 < · · · < tN with

|ti − ti−1| = L, 1 ≤ i ≤ N . Take −∞ < ai < bi < ∞, ci > 0, 1 ≤ i ≤ N . Then it

holds that

(
cp,r

(
N⋂
i=1

{ai < Xi < bi}

))p

≤

(
r∑
l=0

N lpC
lp/2
H

(
Mr

c

)lp)

· P

(
N⋂
i=1

{ai − ci < Xi < bi + ci}

)

for all r ∈ N and p ∈ (1,∞), where

Xi =
Bti −Bti−1

LH
∼ N(0, 1), (4.11)

c = min
1≤i≤N

ci,

Mr is a constant depending only on r, and

CH = max
{

22H−1 − 1, 1
}
≤ 1

is some constant depending only on H.

Proof. The proof is a modification of Takeda’s argument in [67]. For i = 1, 2, · · · , N ,

let fi ∈ C∞c (R) be the cut-off functions valued in [0, 1] such that

fi(x) =


1, x ∈ (ai, bi),

0, x ∈ (−∞, ai − ci) ∪ (bi + ci,∞),
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and ∣∣∣∣dlfidxl

∣∣∣∣ ≤ Mr

cli

for all l ≤ r, where Mr ≥ 1 is a constant depending on r. Set

F (x1, · · · , xN) =
N∏
i=1

fi(xi),

then according to the above conditions, we have that

∣∣∂ln1,··· ,nlF (x1, · · · , xN)
∣∣ ≤ (Mr

c

)l
1∏N

i=1(ai−ci,bi+ci)(x1, · · · , xN) (4.12)

for each l ≤ r, where c = min1≤i≤N ci. Here, ∂ln1,··· ,nlF denotes the l-th partial

derivative of F in the n1, · · · , nl-th components, where 1 ≤ ni ≤ N for 1 ≤ i ≤ l and

we allow ni = nj for i 6= j.

For simplicity, write

Y = F (X1, · · · , XN),

where Xi’s are defined as in (4.11). Then Y ∈ Dp
l . Moreover, since all Malliavin

derivatives of Xi of order higher than 2 vanish, it holds that

DlY =
∑

1≤n1,··· ,nl≤N

∂ln1,··· ,nlF (X1, · · · , XN)DXn1 ⊗ · · · ⊗DXnl .

Furthermore, DlF ∈ H⊗l and

‖DlY ‖2
H⊗l =

∑
1≤n1,··· ,nl≤N
1≤m1,··· ,ml≤N

(
∂ln1,··· ,nlF (X1, · · · , XN)∂lm1,··· ,mlF (X1, · · · , XN)

·
l∏

i=1

〈DXni , DXmi〉H

)
.

(4.13)

Our next step is to find an upper bound for |〈DXj, DXk〉H| for all 1 ≤ j, k ≤ N .
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When 1 ≤ j = k ≤ N , 〈DXj, DXk〉H = 1; when 1 ≤ j < k ≤ N , by (4.6) and

(4.10),

〈DXj, DXk〉H = E[XjXk]

=
1

2

[
(k − j + 1)2H + (k − j − 1)2H − 2 (k − j)2H

]
.

Set

g(x) =
1

2

[
(x+ 1)2H + (x− 1)2H − 2x2H

]
.

Observe that when H < 1
2
, x2H is concave, so g(x) ≤ 0, and similarly when H > 1

2
,

g(x) ≥ 0. The derivative of g is given by

g′(x) = H
[(

(x+ 1)2H−1 − x2H−1
)
−
(
x2H−1 − (x− 1)2H−1

)]
.

Using the fact that the function x2H−1 is convex if H ∈
(
0, 1

2

)
, we deduce that when

H ∈
(
0, 1

2

)
, g′(x) ≥ 0. As k − j ∈ {1, 2, · · · , N − 1}, it follows that

|〈DXj, DXk〉H| ≤ 22H−1 − 1.

When H ∈
(

1
2
, 1
)
, g′(x) ≤ 0 and thus

|〈DXj, DXk〉H| ≤ 22H−1 − 1.

When H = 1
2
, 〈DXj, DXk〉H = 0 by independence. Set

CH = max
{

22H−1 − 1, 1
}
,

then

|〈DXj, DXk〉H| ≤ CH
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for all 1 ≤ j, k ≤ N . Moreover, as H takes values in (0, 1), CH ≤ 1.

Therefore, by (4.13), together with (4.12), it follows that

‖DlY ‖2
H⊗l ≤ N2l

(
Mr

c

)2l

1∏N
i=1(ai−ci,bi+ci)(X1, · · · , XN)C l

H

for all l ≤ r. Hence

∣∣‖DlY ‖H⊗l
∣∣p ≤ N lpC

lp/2
H

(
Mr

c

)lp
1∏N

i=1(ai−ci,bi+ci)(X1, · · · , XN).

By the definition of (p, r)-capacity,

(
cp,r

(
N⋂
i=1

{ai < Xi < bi}

))p

≤ ‖Y ‖pDpr

= E [|Y |p] +
r∑
l=1

E
[∣∣‖DlY ‖H⊗l

∣∣p]
≤ P

(
N⋂
i=1

{ai − ci < Xi < bi + ci}

)

+
r∑
l=1

(
N lpC

lp/2
H

(
Mr

c

)lp)
P

(
N⋂
i=1

{ai − ci < Xi < bi + ci}

)

=

(
r∑
l=0

N lpC
lp/2
H

(
Mr

c

)lp)
P

(
N⋂
i=1

{ai − ci < Xi < bi + ci}

)
.

Throughout this chapter, we always use the notation X· to denote normalised

increments of fBMs, though it may refer to increments over time intervals of different

lengths, it always has the standard Gaussian distribution.

Before we state the third lemma, let us first mention one important tool we used

in the proof of next lemma, which is Slepian’s lemma. Here, we adopt the version

provided in Theorem 3.11, Chapter 3, [39].
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Proposition 4.2.1. Let X = (X1, · · · , XN) and Y = (Y1, · · · , YN) be two Gaussian

random variables in RN . Assume that

E[XiXj] ≤ E[YiYj], if (i, j) ∈ A,

E[XiXj] ≥ E[YiYj], if (i, j) ∈ B,

E[XiXj] = E[YiYj], if (i, j) /∈ A ∪B,

where A and B are subsets of {1, · · · , N} × {1, · · · , N}. Let f be a function on RN

such that its second derivatives in the sense of distributions satisfy

Dijf ≥ 0, if (i, j) ∈ A,

Dijf ≤ 0, if (i, j) ∈ B.

Then

E[f(X)] ≤ E[f(Y )].

We shall omit the proof of this result, and one may refer to [39] for a proof.

The third lemma we include here is a (2, 1)-capacity estimate on the supremum

process corresponding to the fBM with Hurst parameter H ∈ (0, 1).

Lemma 4.2.3. Let 0 ≤ s < t. For H ∈ (0, 1) and η > 0,

c2,1

(
sup
s≤u≤t

(Bu −Bs) > η

)
≤ Cs,t,η,H · exp

(
− η2

4 (γH(t− s)2H + (t− s))

)
, (4.14)

and

c2,1

(
sup
s≤u≤t

|Bu −Bs| > η

)
≤
√

2Cs,t,η,H · exp

(
− η2

4 (γH(t− s)2H + (t− s))

)
, (4.15)

c2,1

(
sup
s≤u≤t

|Bt −Bu| > η

)
≤
√

2Cs,t,η,H · exp

(
− η2

4 (γH(t− s)2H + (t− s))

)
, (4.16)
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where

γH =


1, H ≤ 1

2
,

3
2
, H > 1

2
,

(4.17)

and

Cs,t,η,H =

√
η2(t− s)2H

2 (γH(t− s)2H + (t− s))2 + 2.

Proof. We shall follow the same ideas as for the proof of Proposition 2 and 3 in

[21], while we have to overcome several difficulties arising from the fact that the

distribution of supremum processes is not known for fBMs.

When H = 1
2
, the above inequality is already covered by the result due to

Fukushima in [21].

From now on, we assume that H 6= 1
2
. We prove (4.14) and (4.15) first. For

simplicity, define

M∗
s,t = sup

s≤u≤t
(Bu −Bs)

for any 0 ≤ s < t. Following Fukushima’s notation in [21], for s < t1 < · · · < tn ≤ t,

let us define

Bs;t1,··· ,tn = (Bt1 −Bs, · · · , Btn −Bs) ,

and let

g(x1, · · · , xn) = x1 ∨ · · · ∨ xn,

and define

Ms;t1,··· ,tn = g(Bs;t1,··· ,tn) = max
1≤i≤n

(Bti −Bs) .

Then we proceed in 4 steps.

Step 1. In this step, only the law of fBMs will be involved, so the argument

is indeed applicable to various Gaussian processes. As ti’s are fixed in the first two
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steps, we simplify our notations by writing

B
(n)
s,t = Bs;t1,··· ,tn

and

M
(n)
s,t = Ms;t1,··· ,tn

for the moment. In this step, we establish an upper bound for E
[
eαM

(n)
s,t

]
, where

α > 0.

Consider the following correlation:

E
[
(Bti −Bs)

(
Btj −Bs

)]
= E

[
(Bti −Bs)

2 + (Bti −Bs)
(
Btj −Bti

)]
. (4.18)

When H < 1
2
, for any 1 ≤ i ≤ j ≤ n, the increments of (Bt)t≥0 over different time

intervals are negatively correlated, which leads to

E
[
(Bti −Bs)

(
Btj −Bs

)]
≤ E

[
(Bti −Bs)

2]
= (ti − s)2H

≤ (t− s)2H . (4.19)

When H > 1
2
, we seek for an upper bound of

E
[
(Bti −Bs)

(
Btj −Bti

)]
.

We compute that

E
[
(Bti −Bs)

(
Btj −Bti

)]
=

1

2

[
(tj − s)2H − (tj − ti)2H − (ti − s)2H

]
≤ 1

2
(t− s)2H ,
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where 0 ≤ s < ti < tj ≤ t. Combining with (4.18), we have

E
[
(Bti −Bs)

(
Btj −Bs

)]
≤ 3

2
(t− s)2H .

Therefore, for all H ∈ (0, 1),

E
[
(Bti −Bs)

(
Btj −Bs

)]
≤ γH(t− s)2H ,

where γH is defined as in (4.17).

For convenience, set

Zi = Bti −Bs ∼ N(0, (ti − s)2H),

and by the above estimate, correlations between any two Zi’s are bounded by γH(t−

s)2H . We want to apply Proposition 4.2.1 to overcome the difficulties in finding the

distribution of the supremum process of (Bt)t≥0, so we take a random variable

ξs,t ∼ N(0, γH(t− s)2H),

which is independent of the standard Brownian motion (ωt)t≥0 on (W ,H, P ), so that

ξs,t and ωti − ωs are independent for all i ∈ {1, 2, · · · , n}. Define

Yi = ωti − ωs + ξs,t,

for all 1 ≤ i ≤ n and let

N
(n)
s,t = max

1≤i≤n
Yi = max

1≤i≤n
(ωti − ωs) + ξs,t.
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Then by independence,

E [YiYj] = E
[
(ωti − ωs + ξs,t)(ωtj − ωs + ξs,t)

]
= E

[
(ωti − ωs)(ωtj − ωs)

]
+ E

[
ξ2
s,t

]
= ti − s+ γH(t− s)2H

≥ γH(t− s)2H ,

for 1 ≤ i ≤ j ≤ n, and hence by (4.19),

E[ZiZj] ≤ E[YiYj]

for all 1 ≤ i, j ≤ n. Since both exponential function and maximum function are

convex, their composition is also convex, and hence according to Proposition 4.2.1,

Slepian’s lemma, we obtain that

E
[
eαM

(n)
s,t

]
= E

[
eαmax1≤i≤n Zi

]
≤ E

[
eαmax1≤i≤n Yi

]
= E

[
eαN

(n)
s,t

]
,

for all α > 0. Due to independence and the fact that

max
1≤i≤n

(ωti − ωs) ≤ sup
s≤u≤t

(ωu − ωs) ,

we deduce that

E
[
eαN

(n)
s,t

]
= E

[
eαξs,t

]
E
[
exp

(
α max

1≤i≤n
(ωti − ωs)

)]
≤ exp

(
α2

2
γH(t− s)2H

)
E
[
exp

(
α sup
s≤u≤t

(ωu − ωs)
)]

.

Using the distribution of the supremum of standard Brownian motion, we obtain that

E
[
eαM

(n)
s,t

]
= E [exp (αMs;t1,··· ,tn)]
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≤ 2 exp

(
α2

2

[
γH(t− s)2H + (t− s)

])
(4.20)

for all α > 0 and 0 ≤ s < t.

Step 2. The difference between our method and classical approaches will be

demonstrated in this step since we use only the capacities induced by standard Brow-

nian motion.

In this step, we show that e
α
2
M

(n)
s,t ∈ D2

1 and

De
α
2
M

(n)
s,t =

α

2
exp

(α
2
Ms;t1,··· ,tn

)
DM

(n)
s,t .

We observe that g is Lipschitz, so by Proposition 1.2.4, Chapter 1, [58],

M
(n)
s,t = g(B

(n)
s,t ) ∈ D2

1,

and the chain rule applies, which is

DM
(n)
s,t (u) =

n∑
i=1

1{M(n)
s,t =Bti−Bs}

(B
(n)
s,t )D(Bti −Bs)

=
n∑
i=1

1{M(n)
s,t =Bti−Bs}

(B
(n)
s,t )

[
K(ti, u)1[0,ti](u)−K(s, u)1[0,s](u)

]
.

Therefore, we have

〈DM (n)
s,t , DM

(n)
s,t 〉H =

n∑
i=1

1{M(n)
s,t =Bti−Bs}

(B
(n)
s,t )

·
∫ ∞

0

[
K(ti, u)1[0,ti](u)−K(s, u)1[0,s](u)

]2
du

=
n∑
i=1

1{M(n)
s,t =Bti−Bs}

(B
(n)
s,t )(ti − s)2H

≤ (t− s)2H

n∑
i=1

1{M(n)
s,t =Bti−Bs}

. (4.21)
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Similar to the argument in Lemma 4.2.1, we set f(x) = e
α
2
x, and ψN(x) as in

Lemma 4.2.1, and set fN = f · ψN . For simplicity, denote F = e
α
2
M

(n)
s,t , and FN =

fN(M
(n)
s,t ). Then since fN ∈ C∞c (R), the chain rule applies, and

DFN = f ′N(M
(n)
s,t )DM

(n)
s,t .

Similarly, we have that

E
[∥∥DFN − α

2
e
α
2
M

(n)
s,t DM

(n)
s,t

∥∥2

H

]
=

∫
W

∣∣∣f ′(M (n)
s,t )ψN(M

(n)
s,t ) + f(M

(n)
s,t )ψ′N(M

(n)
s,t )− α

2
e
α
2
M

(n)
s,t

∣∣∣2 ‖DM (n)
s,t ‖2

HdP

≤
∫
W

∣∣∣α
2
e
α
2
M

(n)
s,t

(
ψN(M

(n)
s,t )− 1

)
+ e

α
2
M

(n)
s,t ψ′N(M

(n)
s,t )
∣∣∣2

·

(
n∑
i=1

1{M(n)
s,t =Bti−Bs}

)
(t− s)2HdP

≤ 2E
[∣∣∣α

2
e
α
2
M

(n)
s,t · 1{|M(n)

s,t |≥N}

∣∣∣2 +
∣∣∣eα2M(n)

s,t C · 1{|M(n)
s,t |≥N}

∣∣∣2] (t− s)2H ,

which tends to zero as N → ∞, where C is defined as in Lemma 4.2.1. Therefore,

since FN → F in L2(W ),

DFN →
α

2
e
α
2
M

(n)
s,t DM

(n)
s,t

in L2(W ;H) and D is closable from L2(W ) to L2(W ;H), so it follows that

DF =
α

2
e
α
2
M

(n)
s,t DM

(n)
s,t (4.22)

and F ∈ D2
1.

Step 3. In this step, we find an upper bound for E
[
eαM

∗
s,t
]

for any α > 0, then

we prove that eαM
∗
s,t ∈ D2

1 and find an upper bound for ‖eαM∗s,t‖D2
1
. As Ms;t1,··· ,tn

increases to M∗
s,t when we refine the partition and let n tend to infinity, the monotone
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convergence theorem and (4.20) imply that

E
[
eαM

∗
s,t
]
≤ 2 exp

(
α2

2

[
γH(t− s)2H + (t− s)

])
.

We have already proved that eαMs;t1,··· ,tn ∈ D2
1 in the previous step, and by (4.21)

and (4.22),

〈D exp
(α

2
Ms;t1,··· ,tn

)
, D exp

(α
2
Ms;t1,··· ,tn

)
〉H ≤

α2

4
(t− s)2H exp (αMs;t1,··· ,tn)

·
n∑
i=1

1{Ms;t1,··· ,tn=Bti−Bs}.

Therefore, by (4.20), we obtain that

E
[
〈D exp

(α
2
Ms;t1,··· ,tn

)
, D exp

(α
2
Ms;t1,··· ,tn

)
〉H
]

≤ α2

4
(t− s)2H

n∑
i=1

∫
{Ms;t1,··· ,tn=Bti−Bs}

exp (αMs;t1,··· ,tn) dP

=
α2

4
(t− s)2HE [exp (αMs;t1,··· ,tn)]

≤ α2

2
(t− s)2H exp

(
α2

2

[
γH(t− s)2H + (t− s)

])
,

which implies that

sup
n

E
[
‖D exp

(α
2
Ms;t1,··· ,tn

)
‖2
H

]
<∞.

Applying Lemma 1.2.3 in [58], we deduce that e
α
2
M∗s,t ∈ D2

1 and

D exp
(α

2
Ms;t1,··· ,tn

)
→ De

α
2
M∗s,t

weakly in L2(W ;H). As a consequence, we have

E
[
〈De

α
2
M∗s,t , De

α
2
M∗s,t〉H

]
≤ lim inf

n→∞
E
[
〈D exp

(α
2
Ms;t1,··· ,tn

)
, D exp

(α
2
Ms;t1,··· ,tn

)
〉H
]
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≤ α2

4
(t− s)2HE

[
eαM

∗
s,t
]

≤ α2

2
(t− s)2H exp

(
α2

2

[
γH(t− s)2H + (t− s)

])
.

Therefore,

∥∥eα2M∗s,t∥∥2

D2
1

= E
[
eαM

∗
s,t
]

+ E
[
〈De

α
2
M∗s,t , De

α
2
M∗s,t〉H

]
≤
(
α2

2
(t− s)2H + 2

)
exp

(
α2

2

[
γH(t− s)2H + (t− s)

])
.

(4.23)

Step 4. By Chebyshev’s inequality for capacities and (4.23), we thus have

(
c2,1

(
M∗

s,t −
α

2
(t− s)2H > β

))2

=

(
c2,1

(
α

2
M∗

s,t −
α2

4
(t− s)2H >

αβ

2

))2

=

(
c2,1

(
exp

(α
2
M∗

s,t

)
> exp

(
αβ

2
+
α2

4
(t− s)2H

)))2

≤ exp

(
−αβ − α2

2
(t− s)2H

)∥∥eα2M∗s,t∥∥2

D2
1

≤
(
α2

2
(t− s)2H + 2

)
exp

(
−αβ +

α2

2

[
(γH − 1)(t− s)2H + (t− s)

])
(4.24)

for any positive constants α and β.

Notice that the exponential function is the dominating part in the last term of

(4.24), so we optimise the above quantity by minimising the exponent, and setting

α =
η

γH(t− s)2H + (t− s)
,

and

β = η − α

2
(t− s)2H .
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Therefore, we get that

(
c2,1

(
M∗

s,t > η
))2 ≤ C2

s,t,η,H exp

(
− η2

2 [γH(t− s)2H + (t− s)]

)
,

where

Cs,t,η,H =

√
η2(t− s)2H

2 [γH(t− s)2H + (t− s)]2
+ 2.

Moreover, by replacing B with −B, it follows that

(
c2,1

(
sup
s≤u≤t

|Bu −Bs| > η

))2

≤ 2C2
s,t,η,H exp

(
− η2

2 [γH(t− s)2H + (t− s)]

)
.

Finally, (4.16) may be established directly following the same argument with slight

modification in the definition of M∗
s,t.

Remark 4.2.1. The results in the previous lemma can be considered as a version of

the maximal inequality for fBMs, but with respect to the classical Wiener capacity.

For a similar result when H = 1
2
, one may refer to Fukushima [21] for the case

when p = 2 and r = 1, or Takeda [67] for any r ∈ N and p ∈ (1,∞). Though we

establish these inequalities for all H ∈ (0, 1), when considering a sufficiently small

time interval [s, t], the result looks weaker when H > 1
2

due to the appearance of (t−s)

in the exponent. In fact, when H > 1
2
, (t− s) will be the dominating part rather than

(t− s)2H . However, the factor (t− s) appears necessary for small time intervals.

4.3 Modulus of continuity

In this part, we shall show the result on the modulus of continuity for fBMs with

respect to the (p, r)-capacity defined on the classical Wiener space. We shall adopt

the arguments in Fukushima’s work [21] and use the method from the original proof

by Lévy [40], who proved the modulus of continuity for standard Brownian motion
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in probability sense.

Theorem 4.3.1. Let (Bt)t≥0 be an fBM with Hurst parameter H. Then it holds that

lim sup
δ↓0

1√
2δ2H log(1/δ)

max
0≤s<t≤1
t−s≤δ

|Bt −Bs| ≤ 1, q.s. (4.25)

when H ∈ (0, 1) and

lim sup
δ↓0

1√
2δ2H log(1/δ)

max
0≤s<t≤1
t−s≤δ

|Bt −Bs| ≥ 1, q.s. (4.26)

when H ∈
(
0, 1

2

]
.

Proof. Let us prove (4.26) first. For any r ∈ N and p ∈ (1,∞), we want to show that

cp,r

(
lim sup

δ↓0

1

g(δ)
max

0≤s<t≤1
t−s≤δ

|Bt −Bs| < 1

)
= 0,

where

g(δ) =
√

2δ2H log(1/δ).

By Lemma 4.2.2, we have

cp,r

(
max

1≤j≤2n

∣∣∣B j
2n
−B j−1

2n

∣∣∣ ≤ (1− θ)g(2−n)

)

= cp,r

(
max

1≤j≤2n
2nH

∣∣∣B j
2n
−B j−1

2n

∣∣∣ ≤ (1− θ)
√

2 log(2n)

)

≤

(
r∑

k=0

(2n)kpC
kp/2
H

(
Mr

c

)kp)1/p

·
(
P

(
max

1≤j≤2n
2nH

∣∣∣B j
2n
−B j−1

2n

∣∣∣ ≤ (1− θ)
√

2 log(2n) + c

))1/p
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for θ ∈ (0, 1), where c is some small constant such that c < θ
√

2 log 2. Set

Xj = 2nH
(
B j

2n
−B j−1

2n

)
,

then Xj ∼ N(0, 1) and when H ≤ 1
2
,

E[XjXk] ≤ 0

for j 6= k. Take a sequence of independent standard Gaussian random variables Yj’s

so that

E[XjXk] ≤ 0 = E[YjYk]

for j 6= k. Let

c′ =
c√

2 log 2

so that θ− c′ > 0, and hence 0 < 1− θ+ c′ < 1. Then Proposition 4.2.1 implies that

P

( ⋂
1≤j≤2n

{
|Xj| ≤ (1− θ + c′)

√
2 log(2n)

})

≤ P

( ⋂
1≤j≤2n

{
|Xj| ≤ (1− θ + c′)1/2

√
2 log(2n)

})

≤ P

( ⋂
1≤j≤2n

{
Xj ≤ (1− θ + c′)1/2

√
2 log(2n)

})

≤ P

( ⋂
1≤j≤2n

{
Yj ≤ (1− θ + c′)1/2

√
2 log(2n)

})

=
∏

1≤j≤2n

P
(
Yj ≤ (1− θ + c′)1/2

√
2 log(2n)

)
=
(

1− P
(
Yj > (1− θ + c′)1/2

√
2 log(2n)

))2n

≤ exp (−ξ2n) ,
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where

ξ = P
(
Yj > (1− θ + c′)1/2

√
2 log(2n)

)
≥

(1− θ + c′)1/2
√

2 log(2n)

1 + 2(1− θ + c′) log(2n)
exp (−(1− θ + c′) log(2n))

≥ C2−n(1−θ+c′)

for n sufficiently large, hence it follows that

P

( ⋂
1≤j≤2n

{
|Xj| ≤ (1− θ + c′)

√
2 log(2n)

})
≤ exp

(
−C2n(θ−c′)

)
.

The right-hand side is a term of a convergent series, and hence by the first Borel-

Cantelli lemma for (p, r)-capacity, (4.26) follows immediately.

For the upper bound, we first notice that

g(k2−n) = (k2−n)H
√

2 log(
2n

k
).

For any ε > 0, applying Lemma 4.2.1 with

η = (1 + ε)g(k2−n),

we get that

Ipn =

cp,r
 max

0<k=j−i≤2nθ

0≤i<j≤2n

|Bj2−n −Bi2−n|
g(k2−n)

≥ 1 + ε

p

≤Mp,r

∑
0<k=j−i≤2nθ

0≤i<j≤2n

(
cp,r

(
|Bj2−n −Bi2−n|

g(k2−n)
≥ 1 + ε

))p
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≤Mp,r2
n
∑

1≤k≤2nθ

(
2

r∑
l=0

(
(1 + ε)g(k2−n)

p(k2−n)H

)lp)
(k2−n)(1+ε)2

= Mp,r2
n
∑

1≤k≤2nθ

2
r∑
l=0

(
(1 + ε)

p

√
2 log

(
2n

k

))lp
 (k2−n)(1+ε)2

≤Mp,r2
n(1+θ)

(
2

r∑
l=0

(
(1 + ε)

p

√
2n log 2

)lp)
2−n(1−θ)(1+ε)2 ,

where the first inequality follows from the subadditivity property of capacities.

Now we only need to pick up a suitable θ such that
∑

n In <∞. To this end, we

want

1 + θ < (1− θ)(1 + ε)2.

In fact, any

θ ∈
(

0,
(1 + ε)2 − 1

(1 + ε)2 + 1

)
will do. The proof is complete by applying the first Borel-Cantelli lemma for (p, r)-

capacity and letting ε→ 0.

The upper bound (4.25) indicates the following result:

Corollary 4.3.1. (Bt)t≥0 is α-Hölder-continuous for α < H quasi-surely with respect

to the classical Wiener capacity.

Remark 4.3.1. We regard (Bt)t≥0 as a family of measurable functions on (W ,F )

with parameter t ≥ 0, where F is the completion of B(W ) with respect to the Wiener

measure P . What we proved previously is that apart from on a slim set, t 7→ Bt(ω)

is continuous. Therefore, we can modify (Bt)t≥0 on the slim set K by for example

setting Bt(ω) = 0 for all ω ∈ K such that the modified process is continuous, and

K ∈ F has measure P (K) = 0 as cp,r is increasing in p and r. From now on, we

always refer (Bt)t≥0 to its continuous modification.

87



4.4 Non-differentiability

In this part, we will generalise a very standard result and prove that fBM sample

paths are nowhere differentiable, based on the argument in [17] (see also Theorem

9.18, Section 2.9, Chapter 2, [33]), [21] and [67].

Theorem 4.4.1. Let H ∈ (0, 1). Then for a fractional Brownian motion (Bt)t≥0 with

Hurst parameter H,

lim sup
h↓0

|Bt+h −Bt|
h

=∞ for all t ∈ [0, 1] q.s.

Proof. Let

A =

{
lim sup

h↓0

|Bt+h −Bt|
h

<∞ for some t ∈ [0, 1]

}
.

The goal is to show that A is a slim set. If ω ∈ A, then there exists a t ∈ [0, 1],

positive integers M and k, such that

|Bt+h(ω)−Bt(ω)| ≤Mh

for all 0 ≤ h ≤ 1
k

. Therefore, we may consider

Atk,M =

{
sup
h∈[0, 1

k
]

|Bt+h −Bt|
h

≤M

}
,

where M and k are positive integers. Then

A =
⋃
t∈[0,1]

∞⋃
M=1

∞⋃
k=1

Atk,M .

By the sub-additivity property of (p, r)-capacity, it remains to show that

cp,r

( ⋃
t∈[0,1]

Atk,M

)
= 0
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for all r ∈ N and 1 < p <∞.

Fix r, p, k and M . For H ∈ (0, 1), take N to be the smallest integer such that

N(1−H)

p
> 1,

and divide [0, 1] into n subintervals with n ≥ (N + 1)k. Then for all t ∈ [ i−1
n
, i
n
],

1 ≤ i ≤ n,

i+N

n
− t ≤ 1

k
,

which indicates that for 1 ≤ j ≤ N ,

i+ j − 1

n
− t ≤ i+ j

n
− t ≤ i+N

n
− t ≤ 1

k
. (4.27)

Now if ω ∈ Atk,M with t ∈ [ i−1
n
, i
n
], then for each 1 ≤ j ≤ N , by (4.27),

∣∣∣B i+j
n

(ω)−B i+j−1
n

(ω)
∣∣∣ ≤ ∣∣∣Bt+( i+j

n
−t)(ω)−Bt(ω)

∣∣∣+
∣∣∣Bt(ω)−Bt+( i+j−1

n
−t)(ω)

∣∣∣
≤
[(

i+ j

n
− t
)

+

(
i+ j − 1

n
− t
)]

M

≤ (2j + 1)M

n
.

Therefore, if we define

Ci,n =
N⋂
j=1

{
nH
∣∣∣B i+j

n
−B i+j−1

n

∣∣∣ ≤ (2j + 1)M

n1−H

}
, 1 ≤ i ≤ n

for each n ≥ (N + 1)k, then

⋃
t∈[0,1]

Atk,M ⊂
n⋃
i=1

Ci,n.

Therefore, it suffices to prove that
∑n

i=1 cp,r(Ci,n)→ 0 as n→∞.

To this end, we apply Lemma 4.2.2 to bound cp,r(Ci,n) from above. For each fixed
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i, set

Xj = nH
(
B i+j

n
−B i+j−1

n

)
and

αj =
(2j + 1)M

n1−H

for all 1 ≤ j ≤ N . By Lemma 4.2.2 with L = 1
n
, it follows that

n∑
i=1

cp,r(Ci,n) ≤

(
r∑
l=0

(
N lpC

lp/2
H

(
Mr

c

)lp))1/p

·
n∑
i=1

(
P

(
N⋂
j=1

{−αj − c ≤ Xj ≤ αj + c}

))1/p

,

(4.28)

where c > 0 is a constant, Mr and CH are given as in Lemma 4.2.2. Note that

(X1, · · · , XN) is a centred Gaussian random variable with covariance matrix Σ, de-

termined by

E[XjXk] =
1

2

[
(k − j + 1)2H + (k − j − 1)2H

]
− (k − j)2H ,

depending only on j and k. Σ is an N × N positive definite matrix independent of

n. Therefore, the right-hand side of (4.28) may be computed explicitly as

P

(
N⋂
j=1

{|Xj| ≤ αj + c}

)

=2N
∫ αN+c

0

· · ·
∫ α1+c

0

1√
2π|Σ|

exp

(
−1

2
xTΣ−1x

)
dx1 · · · dxN

≤2N
1√

2π|Σ|

N∏
j=1

(αj + c)

=O(n−N(1−H)),
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hence it follows that

n∑
i=1

(
P

(
N⋂
j=1

{−αj − c ≤ Xj ≤ αj + c}

))1/p

≤ O
(
n · n−N(1−H)/p

)
→ 0

as n→∞, which completes the proof.

4.5 Law of the iterated logarithm

In this section, we establish the result on the law of the iterated logarithm for fBMs

with Hurst parameter H ∈
(
0, 1

2

]
with respect to the (2, 1)-capacity defined on the

classical Wiener space, using the method from [21].

Theorem 4.5.1. Let (Bt)t≥0 be a one-dimensional fBM on (W ,H, P ) with Hurst

parameter H ∈
(
0, 1

2

]
. Then it holds that

c2,1

(
lim sup

t↓0

Bt√
2t2H log log(1/t)

> 1

)
= 0.

Proof. When H = 1
2
, the problem will be reduced to the case of standard Brownian

motion, which will become the same as in [21] and [67].

The rest of our proof will be similar to the argument in [21]. Let

h(t) =
√

2t2H log log(1/t), ∀t > 0.

Fix θ, δ ∈ (0, 1), and set η = (1 + δ)h(θn), s = 0, t = θn in Lemma 4.2.3, then it

follows that

(
c2,1

(
sup

0≤u≤θn
Bu > (1 + δ)h(θn)

))2

≤

((
θ2nH

θ2nH + θn

)2

(1 + δ2) log log(θ−n) + 2

)
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· exp

(
− θ2nH

θ2nH + θn
(1 + δ)2 log log(θ−n)

)
≤
(
(1 + δ2) log log(θ−n) + 2

) (
n log(θ−1)

)− θ2nH

θ2nH+θn
(1+δ)2

= C1(log n+ C2)n
− θ2nH

θ2nH+θn
(1+δ)2

. (4.29)

For each θ and δ, as H < 1
2

and θ < 1, there exists some N0 such that for all n ≥ N0,

θ2nH

θ2nH + θn
(1 + δ)2 > 1,

so the right-hand side of (4.29) is a term of a convergent series, and thus by the first

Borel-Cantelli lemma for capacities,

sup
0≤u≤θn

Bu ≤ (1 + δ)h(θn) eventually

under (2, 1)-capacity. The rest of proof remains the same as in probability case.

Theorem 4.5.2. Let (Bt)t≥0 be a one-dimensional fBM on (W ,H, P ) with Hurst

parameter H ∈
(
0, 1

2

]
. Then it holds that

c2,1

(
lim sup

t↓0

Bt√
2t2H log log(1/t)

< 1

)
= 0.

Proof. When H = 1
2
, the problem is reduced to the Brownian motion case, so we only

need to consider the case when H ∈
(
0, 1

2

)
. Denote

h(t) =
√

2t2H log log(1/t).

Let θ ∈ (0, 1), and define

Gn =
{
Bθn −Bθn+1 < (1− θH)h(θn)

}
.
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We want to prove that

c2,1

(
lim inf
n→∞

Gn

)
= 0,

from which we may deduce that for sufficiently large n,

Bθn −Bθn+1 > (1− θH)h(θn)

apart from on a (2, 1)-capacity zero set.

Write

Xn =
Bθn −Bθn+1

(θn − θn+1)H
∼ N(0, 1),

then by definition,

Gn =

{
Xn <

1− θH

(1− θ)H
√

2 log log(θ−n)

}
.

For any integer l ≤ N , take a decreasing sequence of real numbers {ai}∞i=1 such that

ai ↓ −∞ as i→∞, due to the continuity of capacities (2.7), we have that

(
c2,1

(
N⋂
n=l

Gn

))2

=

(
c2,1

(
N⋂
n=l

{
Xn <

1− θH

(1− θ)H
√

2 log log(θ−n)

}))2

=

(
c2,1

(
∞⋃
i=1

N⋂
n=l

{
ai < Xn <

1− θH

(1− θ)H
√

2 log log(θ−n)

}))2

= lim
i→∞

(
c2,1

(
N⋂
n=l

{
ai < Xn <

1− θH

(1− θ)H
√

2 log log(θ−n)

}))2

.

Then we may apply Lemma 4.2.2 to control the intersection capacity with the inter-

section probability as the following:

(
c2,1

(
N⋂
n=l

Gn

))2

≤ lim
i→∞

(
1 + (N − l)2CH

(
Mr

c

)2
)
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· P

(
N⋂
n=l

{
ai − cn < Xn <

1− θH

(1− θ)H
√

2 log log(θ−n) + cn

})

≤

(
1 + (N − l)2CH

(
Mr

c

)2
)

· P

(
N⋂
n=l

{
Xn <

1− θH

(1− θ)H
√

2 log log(θ−n) + cn

})
. (4.30)

When H ∈
(
0, 1

2

)
, the increments of fBMs over distinct time intervals are nega-

tively correlated, i.e. E[XnXm] ≤ 0. For all l ≤ n,m ≤ N , we may take a sequence of

independent standard Gaussian random variables {Yn}, and apply Slepian’s lemma

(what we use here is a corollary of Proposition 4.2.1, see Corollary 3.12, Chapter 3,

[39]) to the intersection probability in the last line in (4.30) to obtain that

P

(
N⋂
n=l

{
Xn <

1− θH

(1− θ)H
√

2 log log(θ−n) + cn

})

≤ P

(
N⋂
n=l

{
Yn <

1− θH

(1− θ)H
√

2 log log(θ−n) + cn

})

=
N∏
n=l

P

(
Yn <

1− θH

(1− θ)H
√

2 log log(θ−n) + cn

)

=
N∏
n=l

(
1− P

(
Yn ≥

1− θH

(1− θ)H
√

2 log log(θ−n) + cn

))

≤ exp

(
−

N∑
n=l

P

(
Yn ≥

1− θH

(1− θ)H
√

2 log log(θ−n) + cn

))
,

where the last inequality follows from the fact that 1− x ≤ e−x.

We proceed by picking up suitable cn’s such that the left-hand side of (4.30)

vanishes as N tends to infinity. Notice that for each n ∈ {l, · · · , N}, it holds that

P
(
Yn ≥ α

√
2 log log(θ−n)

)
=

1√
2π

∫ ∞
α
√

2 log log(θ−n)

e−
x2

2 dx

94



≥ 1√
2π

α
√

2 log log(θ−n)

1 + 2α2 log log(θ−n)
exp

(
−α2 log log(θ−n)

)
≥ 1√

2π

1

C1

√
2α2 log log(θ−n)

· 1

nα2(log(θ−1))α2

≥ C2

nα2
√

log n
, (4.31)

where C1 and C2 are positive constants. Choose suitable C and small β such that

log x < Cxβ for large x, and set cn to be small enough such that the quantity

α =
cn√

2 log log(θ−n)
+

1− θH

(1− θ)H

satisfies

γ = α2 +
β

2
< 1.

By taking α equal to the above value in (4.31), we conclude that

N∑
n=l

P

(
Yn ≥

1− θH

(1− θ)H
√

2 log log(θ−n) + cn

)
≥

N∑
n=l

C3

nγ

≥ C3(N1−γ − l1−γ),

where C3 is a positive constant. Therefore,

(
c2,1

(
∞⋂
n=l

Gn

))2

≤

(
c2,1

(
N⋂
n=l

Gn

))2

≤ C ′(N − l)2CHe
−C3(N1−γ−l1−γ),

where C ′ is some positive constant, and

CH = max
{

22H−1 − 1, 1
}
≤ 1

as in Lemma 4.2.2. Since the right-hand side of the above inequality vanishes as N

95



tends to infinity, we arrive at

c2,1

(
lim inf
n→∞

Gn

)
= 0.

4.6 Self-intersection

Recall that W d
0 consists of all Rd-valued continuous paths, starting at the origin,

and (W d
0 ,H, P ) is the corresponding classical Wiener space. In this section, a d-

dimensional fBM is defined to be the functional on (W d
0 ,H, P ) given by the integral

Bt =

∫ t

0

K(t, s)dω(s), (4.32)

where ω ∈W d
0 is a d-dimensional Brownian motion. By definition, a d-dimensional

fBM is d copies of independent one-dimensional fBM defined as in (2.11) due to the

definition of multi-dimensional Brownian motion. Like in the one-dimensional case,

we take a suitable modification of Bt such that it is quasi-surely continuous with

respect to the classical Wiener capacity.

In this section, we will study the self-avoiding property of d-dimensional fBMs and

establish a result with respect to (2, 1)-capacity on (W d
0 ,H, P ), following the idea by

Kakutani [32] together with several techniques from Fukushima [21] and Takeda [67]

to deal with capacities.

Theorem 4.6.1. Let B = (Bt)t≥0 be the d-dimensional fBM defined in (4.32) with

Hurst parameter H. When H ≤ 1
2

and d > 2
H

+ 2, B has no double point under

(2, 1)-capacity on the classical Wiener space; when H ≥ 1
2

and d > 6, B has no

double point under (2, 1)-capacity.

Proof. When H = 1
2
, the above result is proved in Fukushima [21] and Takeda [67].
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It suffices to show that for any two disjoint intervals I = (s0, s1) and J = (t0, t1) with

s0 < s1 < t0 < t1,

c2,1 (Bs = Bt, for some s ∈ I and some t ∈ J) = 0. (4.33)

By the self-similarity property of fBMs, we only need to establish the above equality

(4.33) for 0 ≤ s0 < s1 < t0 < t1 ≤ 1. Denote the set

A =
{
ω ∈W d

0 : Bs(ω) = Bt(ω), for some s ∈ I and some t ∈ J
}
.

Then for any η > 0, we have

A ⊂
d⋂
i=1

{∣∣Bi
s1
−Bi

t0

∣∣ < 2η
}
∪

d⋃
i=1

{
sup
s∈I

∣∣Bi
s1
−Bi

s

∣∣ > η

}

∪
d⋃
i=1

{
sup
t∈J

∣∣Bi
t −Bi

t0

∣∣ > η

}
,

where Bi is the i-th component of B. It thus follows from the sub-additivity property

of capacities that

c2,1(A) ≤c2,1

(
d⋂
i=1

{∣∣Bi
s1
−Bi

t0

∣∣ < 2η
})

+
d∑
i=1

c2,1

(
sup
s∈I

∣∣Bi
s1
−Bi

s

∣∣ > η

)

+
d∑
i=1

c2,1

(
sup
t∈J

∣∣Bi
t −Bi

t0

∣∣ > η

)
.

Applying Lemma 4.2.2 with c = ci = η, i = 1, 2, · · · , d, we obtain that

c2,1

(
d⋂
i=1

{
−2η < Bi

s1
−Bi

t0
< 2η

})
≤

(
1 + d2CH

(
M

η

)2
)
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· P

(
d⋂
i=1

{∣∣Bi
s1
−Bi

t0

∣∣ < 3η
})

,

where CH = max
{

22H−1 − 1, 1
}
≤ 1, and M is some positive constant.

Therefore,

c2,1

(
d⋂
i=1

{∣∣Bi
s1
−Bi

t0

∣∣ < 2η
})

≤

(
1 + d2

(
M

η

)2
)

d∏
i=1

P

(∣∣Bi
s1
−Bi

t0

∣∣ < 3η

)

=

(
1 + d2

(
M

η

)2
)(

1√
2π(t0 − s1)2H

∫ 3η

−3η

exp

(
− x2

2(t0 − s1)2H

)
dx

)d

≤

(
1 + d2

(
M

η

)2
) 6η√

2π (d(I, J))2H

d

,

where d(I, J) = t0 − s1 denotes the distance between these two intervals. Also,

applying Lemma 4.2.3, we deduce that

c2,1

(
sup
s∈I

∣∣Bi
s1
−Bi

s

∣∣ > η

)
≤

√
η2(s1 − s0)2H

[γH(s1 − s0)2H + (s1 − s0)]2
+ 4

· exp

(
− η2

4[γH(s1 − s0)2H + (s1 − s0)]

)
=

√
η2|I|2H

(γH |I|2H + |I|)2 + 4 · exp

(
− η2

4 (γH |I|2H + |I|)

)
,

where |I| = s1 − s0 denotes the length of I. Accordingly,

c2,1

(
sup
t∈J

∣∣Bi
t −Bi

t0

∣∣ > η

)
≤

√
η2|J |2H

(γH |J |2H + |J |)2 + 4 · exp

(
− η2

4 (γH |J |2H + |J |)

)
,

with |J | = t1 − t0, the length of interval J .

Divide I and J into k subintervals evenly, i.e. I =
⋃k
m=1 Im, J =

⋃k
l=1 Jl, Im and

Jl are disjoint for all 1 ≤ m, l ≤ k and |Im| = |I|/k, |Jl| = |J |/k. By sub-additivity
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and what has been proved above,

c2,1(A) ≤
k∑

m=1

k∑
l=1

c2,1

(
Bs = Bt, for some s ∈ Im and some t ∈ Jl

)

≤
k∑

m=1

k∑
l=1

(1 + d2

(
M

η

)2
) 6η√

2π (d(Im, Jl))
2H

d

+ d

√
η2|Im|2H

(γH |Im|2H + |Im|)2 + 4 exp

(
− η2

4 (γH |Im|2H + |Im|)

)

+d

√
η2|Jl|2H

(γH |Jl|2H + |Jl|)2 + 4 exp

(
− η2

4 (γH |Jl|2H + |Jl|)

)]

≤k2

(1 + d2

(
M

η

)2
) 6η√

2π (d(I, J))2H

d

+ d

√
η2k2H

γ2
H |I|2H

+ 4 exp

(
− η2

4 (γH |I|2Hk−2H + |I|k−1)

)

+d

√
η2k2H

γ2
H |J |2H

+ 4 exp

(
− η2

4 (γH |J |2Hk−2H + |J |k−1)

)]
.

Now set η = k−σ, then according to the previous estimate, when k is sufficiently

large and H < 1
2
, it holds that

c2,1(A) ≤ C1

(
k2−σ(d−2) + k(H−σ)+2e−Ck

2(H−σ)
)
, (4.34)

where C1 is some constant.

Notice that when

2

d− 2
< σ < H,

the expression on the right-hand side of (4.34) vanishes as k tends to infinity. This

implies that if such a σ exists, then B has no double point under (2, 1)-capacity, which
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only requires 2
d−2

< H, i.e. d > 2
H

+ 2.

On the other hand, when H > 1
2
, by setting η = k−σ, we get that

c2,1(A) ≤ C2

(
k2−σ(d−2) + k(H−σ)+2e−Ck

1−2σ
)

when k is sufficiently large, where C2 is a constant. Therefore, in order to guarantee

that the right-hand side vanishes as k tends to infinity, we require

2

d− 2
< σ <

1

2
,

which forces d > 6.

Remark 4.6.1. For d-dimensional Brownian motion, the absence of double points

under (2, 1)-capacity was firstly proved by Fukushima in [21]. According to Lyons [43],

the critical dimension for such a property is d = 6. Due to the lack of tools such as

potential theory for the case of fBMs, the critical dimension of self-avoiding property

for fBMs remains an open question, even in probability setting.
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Chapter 5

Large deviation principles for

fractional Brownian motions under

the classical Wiener capacity

In this chapter, we establish a version of large deviation principles (LDPs) for fBMs

in the context of classical Wiener capacity.

To this end, we shall first prove that fBMs as Wiener functionals are quasi-surely

defined on the classical Wiener space. Then we study the large deviations of the

corresponding scaling mappings, and determine the rate function. We only prove

these results for the case when the Hurst parameter H ≥ 1
2

due to technical reasons.

In this chapter, in order to simplify our computations a bit, we shall consider

fractional Brownian motions over finite time interval [0, 1], and set W = C0([0, 1]),

the space of all continuous function on [0, 1] with ω(0) = 0. The norm ‖·‖ on W is

the supremum norm, i.e.

‖ω‖ = sup
t∈[0,1]

|ω(t)|.

We recall that fBMs B = (Bt)t∈[0,1] can be realised as Wiener functionals on the
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classical Wiener space due to the following integral representation:

Bt(ω) =

∫ t

0

K(t, s)dω(s), (5.1)

where {ω(s) : s ≥ 0} is the coordinate mapping process on W (hence a standard

Brownian motion). Bt is defined almost surely, and the stochastic integral on the

right-hand side is understood in the sense of Itô. K is a kernel given by

K(t, s) = cHs
1
2
−H
∫ t

s

(u− s)H−
3
2uH−

1
2 du, s < t

when H > 1
2
, and cH is some constant depending only on H. In addition, s 7→∫ s∧t

0
K(t, u)du is not in W ∗, but only in H.

In this chapter, our strategy of the proof can be described as the following:

1. For each fixed t > 0, we define B
(m)
t to be a finite linear combination of elements

in the classical Wiener space, and show that the sequence of random variables(
B

(m)
t

)
m∈N

converges quasi-surely (with respect to the capacities induced by

standard Brownian motion). The main difficulty here is that the kernel K(t, s)

is singular in s, and will explode when s approaches 0, so it becomes quite

difficult to control its increments in s and estimate the integral of K over small

time intervals near time s = 0. However, we notice that K as a function of t,

behaves more regularly. Therefore, we attempt to control the difference

K(t, s+ α)−K(t, s)

by the difference of K when t varies.

2. Then we may define a family of mappings {X(n)}n∈N on the classical Wiener
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space by linear interpolation:

X(n)(ω)(t) := B k−1
2n

(ω)+2n
(
t− k − 1

2n

)(
B k

2n
(ω)−B k−1

2n
(ω)
)
, ∀k − 1

2n
< t ≤ k

2n
.

For each n, X(n) is quasi-surely defined. We will show that this sequence

{X(n)}n∈N converges to some mapping X. As any countable union of capac-

ity zero sets still has zero capacity, we conclude that the limit random variable

X is quasi-surely defined, and we shall also see that this convergence is exponen-

tially fast in the proof. Now as the large deviation principles may be established

for X(n)’s, using the result of exponentially good approximations from the LDP

theory, we deduce the LDP for the limit mapping X.

5.1 FBMs as Wiener functionals

Let B = (Bt)t∈[0,1] be a fractional Brownian motion with Hurst parameter H ≥
1
2

defined by (5.1), which can be realised as a Wiener functional on the classical

Wiener space. According to the result in Chapter 4 (see also the transfer principle,

Proposition 5.2.1, page 288, [58]), for each fixed t, Bt ∈ Dp
r, and its first order

Malliavin derivative is given by

DBt(s) =

∫ s∧t

0

K(t, u)du.

The higher-order derivatives of Bt vanish.

Recall that in the previous chapter, to prove that for each fixed t, Bt is a smooth

random variable in the sense of Malliavin, we construct a sequence of random variables

(B
(m)
t )m∈N. These random variables are approximations of Bt in the Sobolev space

Dp
r, and are given by
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B
(m)
t (ω) :=

2m−1∑
i=0

2m

t

∫ i+1
2m

t

i
2m

t

K(t, r)dr
(
ω i+1

2m
t − ω i

2m
t

)
, (5.2)

and B
(m)
0 = 0, where m = 1, 2, · · · .

Obviously B
(m)
t ∈ Dp

r and by direct computation,

DB
(m)
t (s) = u

(m)
t (s) =

2m−1∑
i=0

2m

t

∫ i+1
2m

t

i
2m

t

K(t, r)dr1( i
2m

t, i+1
2m

t](s). (5.3)

Its higher-order Malliavin derivatives vanish identically.

Theorem 5.1.1. For all r ∈ N, 1 < p < ∞ and t ∈ [0, 1],
(
B

(m)
t

)
m∈N

con-

verges (p, r)-quasi-surely to some limit, denoted by Bt too, which is also the limit

of
(
B

(m)
t

)
m∈N

in Dp
r.

Proof. The proof is quite technical and will be divided into several steps. Let us begin

with the simple fact that

{
ω :
(
B

(m)
t (ω)

)
m≥1

is not Cauchy

}
⊂ lim sup

m→∞

{
ω :
∣∣∣B(m+1)

t (ω)−B(m)
t (ω)

∣∣∣ > 1

2mδ

}

for all δ > 0. Therefore, by the first Borel-Cantelli lemma for capacities, as long as

we can prove that
∞∑
m=1

cp,r

(∣∣∣B(m+1)
t −B(m)

t

∣∣∣ > 1

2mδ

)
<∞

for all p ∈ (1,∞) and r ∈ N, then the required result follows. Since cp,r is increasing

in p and r, it suffices to prove that the above infinite sum is finite for p > 2 and all

r ∈ N. Therefore, we shall assume that p > 2 in the sequel.

Step 1. In this step, we convert our problem from estimating the classical Wiener

capacity to estimating L2-norm of Gaussian random variables.
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By Chebyshev’s inequality, we have that for fixed t > 0,

cp,r

(∣∣∣B(m+1)
t −B(m)

t

∣∣∣ > λ
)

= cp,r

(∣∣∣B(m+1)
t −B(m)

t

∣∣∣2 > λ2

)
≤ λ−2

∥∥∥∥(B(m+1)
t −B(m)

t

)2
∥∥∥∥
Dpr

(5.4)

for any λ > 0 and m ∈ N. We notice that
(
B

(m+1)
t −B(m)

t

)2

is a polynomial Wiener

functional of degree 2, so Proposition 2.3.1 applies. Furthermore, by direct computa-

tion,

D
(
B

(m+1)
t −B(m)

t

)
= u

(m+1)
t − u(m)

t ,

and for all l ≥ 3,

Dl

((
B

(m+1)
t −B(m)

t

)2
)

= 0.

Therefore, by Proposition 2.3.1,

∥∥∥∥∥∥∥∥Dl

((
B

(m+1)
t −B(m)

t

)2
)∥∥∥∥
H⊗l

∥∥∥∥
p

≤ 3(p− 1)

∥∥∥∥∥∥∥∥Dl

((
B

(m+1)
t −B(m)

t

)2
)∥∥∥∥
H⊗l

∥∥∥∥
2

≤ 3(p− 1)2
l
2

∥∥∥∥(B(m+1)
t −B(m)

t

)2
∥∥∥∥

2

= 3(p− 1)2
l
2

∥∥∥B(m+1)
t −B(m)

t

∥∥∥2

4

≤ 3(p− 1)2
l
2

(
2
√

3
∥∥∥B(m+1)

t −B(m)
t

∥∥∥
2

)2

= 36(p− 1)2
l
2

∥∥∥B(m+1)
t −B(m)

t

∥∥∥2

2

for all p > 2 and 0 ≤ l ≤ r, and thus we deduce that

∥∥∥∥(B(m+1)
t −B(m)

t

)2
∥∥∥∥
Dpr
≤

r∑
l=0

∥∥∥∥∥∥∥∥Dl

((
B

(m+1)
t −B(m)

t

)2
)∥∥∥∥
H⊗l

∥∥∥∥
p

≤ 36(r + 1)(p− 1)2
r
2

∥∥∥B(m+1)
t −B(m)

t

∥∥∥2

2
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= Cr,p

∥∥∥B(m+1)
t −B(m)

t

∥∥∥2

2
, (5.5)

where

Cr,p = 36(r + 1)(p− 1)2
r
2

is a constant depending only on r and p.

The L2-norm on the right-hand side of the above inequality can be handled as the

following. By definition (5.2),

B
(m+1)
t (ω)−B(m)

t (ω) =
2m+1−1∑
i=0

2m+1

t

∫ i+1

2m+1 t

i
2m+1 t

K(t, r)dr
(
ω i+1

2m+1 t
− ω i

2m+1 t

)
−

2m−1∑
i=0

2m

t

∫ i+1
2m

t

i
2m

t

K(t, r)dr
(
ω i+1

2m
t − ω i

2m
t

)
.

The integral term inB
(m)
t (ω) may be split into two parts, i.e. for each i ∈ {0, 1, · · · , 2m−

1},

2m

t

∫ i+1
2m

t

i
2m

t

K(t, r)dr
(
ω i+1

2m
t − ω i

2m
t

)
=

2m

t

(∫ 2i+2

2m+1 t

2i+1

2m+1 t

K(t, r)dr +

∫ 2i+1

2m+1 t

2i
2m+1 t

K(t, r)dr

)(
ω i+1

2m
t − ω i

2m
t

)
=

2m

t

[∫ 2i+2

2m+1 t

2i+1

2m+1 t

K(t, r)dr
(
ω 2i+2

2m+1 t
− ω 2i

2m+1 t

)
+

∫ 2i+1

2m+1 t

2i
2m+1 t

K(t, r)dr
(
ω 2i+2

2m+1 t
− ω 2i

2m+1 t

)]
.

We observe that the contribution from the interval
(
i

2m
t, i+1

2m
t
]

in B
(m+1)
t (ω) is

2m+1

t

[∫ 2i+2

2m+1 t

2i+1

2m+1 t

K(t, r)dr
(
ω 2i+2

2m+1 t
− ω 2i+1

2m+1 t

)
+

∫ 2i+1

2m+1 t

2i
2m+1 t

K(t, r)dr
(
ω 2i+1

2m+1 t
− ω 2i

2m+1 t

)]
.
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Therefore, it follows that

B
(m+1)
t (ω)−B(m)

t (ω)

=
2m

t

2m−1∑
i=0

[∫ 2i+2

2m+1 t

2i+1

2m+1 t

K(t, r)dr
(
ω 2i+2

2m+1 t
− 2ω 2i+1

2m+1 t
+ ω 2i

2m+1 t

)
+

∫ 2i+1

2m+1 t

2i
2m+1 t

K(t, r)dr
(

2ω 2i+1

2m+1 t
− ω 2i

2m+1 t
− ω 2i+2

2m+1 t

)]

=
2m

t

2m−1∑
i=0

(∫ 2i+2

2m+1 t

2i+1

2m+1 t

K(t, r)dr −
∫ 2i+1

2m+1 t

2i
2m+1 t

K(t, r)dr

)

·
(
ω 2i+2

2m+1 t
− 2ω 2i+1

2m+1 t
+ ω 2i

2m+1 t

)
. (5.6)

Since a standard Brownian motion has independent increments, we have

∥∥∥B(m+1)
t −B(m)

t

∥∥∥2

2

= E

2m−1∑
i=0

(
2m

t

(∫ 2i+2

2m+1 t

2i+1

2m+1 t

K(t, r)dr −
∫ 2i+1

2m+1 t

2i
2m+1 t

K(t, r)dr

))2

·
(
ω 2i+2

2m+1 t
− 2ω 2i+1

2m+1 t
+ ω 2i

2m+1 t

)2
]

=

(
2m

t

)2 2m−1∑
i=0

(∫ 2i+2

2m+1 t

2i+1

2m+1 t

K(t, r)dr −
∫ 2i+1

2m+1 t

2i
2m+1 t

K(t, r)dr

)2

· E
[(
ω 2i+2

2m+1 t
− 2ω 2i+1

2m+1 t
+ ω 2i

2m+1 t

)2
]

=

(
2m

t

)2 2m−1∑
i=0

(∫ 2i+2

2m+1 t

2i+1

2m+1 t

K(t, r)dr −
∫ 2i+1

2m+1 t

2i
2m+1 t

K(t, r)dr

)2

· E
[(
ω 2i+2

2m+1 t
− ω 2i+1

2m+1 t

)2

+
(
ω 2i+1

2m+1 t
− ω 2i

2m+1 t

)2
]

=

(
2m

t

)2 2m−1∑
i=0

(∫ 2i+2

2m+1 t

2i+1

2m+1 t

K(t, r)dr −
∫ 2i+1

2m+1 t

2i
2m+1 t

K(t, r)dr

)2(
t

2m

)

=

(
2m

t

) 2m−1∑
i=0

(∫ 2i+2

2m+1 t

2i+1

2m+1 t

K(t, r)dr −
∫ 2i+1

2m+1 t

2i
2m+1 t

K(t, r)dr

)2

. (5.7)
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Step 2. In this step, we further simplify our problem using a rather simple

observation.

By change of variables, for each i ∈ {0, · · · , 2m − 1}, define

Mi :=

∫ 2i+2

2m+1 t

2i+1

2m+1 t

K(t, r)dr −
∫ 2i+1

2m+1 t

2i
2m+1 t

K(t, r)dr

=

∫ 2i+1

2m+1 t

2i
2m+1 t

K

(
t, s+

t

2m+1

)
ds−

∫ 2i+1

2m+1 t

2i
2m+1 t

K(t, r)dr

=

∫ 2i+1

2m+1 t

2i
2m+1 t

[
K

(
t, s+

t

2m+1

)
−K(t, s)

]
ds.

Using the definition of kernel K, we observe that for all α ∈ (0, t− s),

K(t, s+ α) = cH(s+ α)
1
2
−H
∫ t

s+α

(u− s− α)H−
3
2uH−

1
2 du

= cH(s+ α)
1
2
−H
∫ t−α

s

(v − s)H−
3
2 (v + α)H−

1
2 dv

= cH(s+ α)
1
2
−H
∫ t−α

s

(v − s)H−
3
2vH−

1
2

(
v + α

v

)H− 1
2

dv

≤ cH(s+ α)
1
2
−H
(
s+ α

s

)H− 1
2
∫ t−α

s

(v − s)H−
3
2vH−

1
2 dv

= cHs
1
2
−H
∫ t−α

s

(v − s)H−
3
2vH−

1
2 dv

= K(t− α, s),

and hence

K(t, s+ α)−K(t, s) ≤ K(t− α, s)−K(t, s). (5.8)

On the other hand, for every α ∈ (0, r),

K(t, r − α) = cH(r − α)
1
2
−H
∫ t

r−α
(u− r + α)H−

3
2uH−

1
2 du

= cH(r − α)
1
2
−H
∫ t+α

r

(v − r)H−
3
2 (v − α)H−

1
2 dv
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≤ cH(r − α)
1
2
−H
∫ t+α

r

(v − r)H−
3
2vH−

1
2 dv

=

(
r

r − α

)H− 1
2

K(t+ α, r).

By setting r = s+ α, we deduce that

K(t, s+ α)−K(t, s) = K(t, s+ α)−K(t, s+ α− α)

≥ K(t, s+ α)−
(
s+ α

s

)H− 1
2

K(t+ α, s+ α). (5.9)

Now let

α =
t

2m+1

in (5.8) and (5.9), and for all s < t− t
2m+1 , set

Li =

∫ 2i+1

2m+1 t

2i
2m+1 t

K

(
t, s+

t

2m+1

)

−
(
s+ t

2m+1

s

)H− 1
2

K

(
t+

t

2m+1
, s+

t

2m+1

)
ds

=

∫ 2i+2

2m+1 t

2i+1

2m+1 t

K(t, r)−
(

r

r − t
2m+1

)H− 1
2

K

(
t+

t

2m+1
, r

)
dr,

and

Ui :=

∫ 2i+1

2m+1 t

2i
2m+1 t

K

(
t− t

2m+1
, s

)
−K(t, s)ds.

Then

Li ≤Mi ≤ Ui

for each i, and it thus follows that

M2
i ≤ L2

i ∨ U2
i ,
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which implies that

∥∥∥B(m+1)
t −B(m)

t

∥∥∥2

2
=

(
2m

t

) 2m−1∑
i=0

M2
i

≤

[(
2m

t

) 2m−1∑
i=0

L2
i

]
∨

[(
2m

t

) 2m−1∑
i=0

U2
i

]
. (5.10)

Step 3. In this step, we find upper bounds for L2
i and U2

i , respectively. We first

find a control of

(
2m

t

) 2m−1∑
i=0

L2
i =

(
2m

t

) 2m−1∑
i=0

[∫ 2i+2

2m+1 t

2i+1

2m+1 t

K(t, r)

−
(

r

r − t
2m+1

)H− 1
2

K(t+
t

2m+1
, r)dr

]2

.

For all r ∈
(

t
2m+1 , t

)
, consider the function

fr(x) =

(
r

r − x

)H− 1
2

K(t+ x, r), 0 ≤ x < r.

Then

fr(0) = K(t, r)

and

fr

(
t

2m+1

)
= rH−

1
2

(
r − t

2m+1

) 1
2
−H

K

(
t+

t

2m+1
, r

)
.

Therefore, we may write

Li =

∫ 2i+2

2m+1 t

2i+1

2m+1 t

∫ 0

t
2m+1

f ′r(x)dxdr.

We may compute the derivative of fr, which is

f ′r(x) = rH−
1
2

[(
H − 1

2

)
(r − x)−

1
2
−HK(t+ x, r) + (r − x)

1
2
−H∂1K(t+ x, r)

]
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=

(
H − 1

2

)
rH−

1
2 (r − x)−

1
2
−HK(t+ x, r)

+ cHr
H− 1

2 (r − x)
1
2
−H
(
t+ x

r

)H− 1
2

(t+ x− r)H−
3
2

=

(
H − 1

2

)
rH−

1
2 (r − x)−

1
2
−HK(t+ x, r)

+ cH(r − x)
1
2
−H (t+ x)H−

1
2 (t+ x− r)H−

3
2 ,

where ∂1K(t, s) denotes the partial derivative of K with respect to the first variable.

Denote

gr(x) =

(
H − 1

2

)
rH−

1
2 (r − x)−

1
2
−HK(t+ x, r)

and

hr(x) = cH(r − x)
1
2
−H (t+ x)H−

1
2 (t+ x− r)H−

3
2 .

Then for all x < r, gr(x) ≥ 0 and hr(x) ≥ 0. By Cauchy-Schwarz inequality, we

obtain that

L2
i =

(
−
∫ 2i+2

2m+1 t

2i+1

2m+1 t

∫ t
2m+1

0

f ′r(x)dxdr

)2

=

(∫ 2i+2

2m+1 t

2i+1

2m+1 t

(∫ t
2m+1

0

gr(x)dx+

∫ t
2m+1

0

hr(x)dx

)
dr

)2

≤ t

2m+1

∫ 2i+2

2m+1 t

2i+1

2m+1 t

(∫ t
2m+1

0

gr(x)dx+

∫ t
2m+1

0

hr(x)dx

)2

dr

≤ t

2m

∫ 2i+2

2m+1 t

2i+1

2m+1 t

(∫ t
2m+1

0

gr(x)dx

)2

+

(∫ t
2m+1

0

hr(x)dx

)2

dr,

and hence

(
2m

t

) 2m−1∑
i=0

L2
i ≤

∫ t

t
2m+1

(∫ t
2m+1

0

gr(x)dx

)2

+

(∫ t
2m+1

0

hr(x)dx

)2

dr. (5.11)
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We control the integral of gr first. When H > 1
2
, since t ≤ 1,

K(t, s)sH−
1
2 = cH

∫ t

s

(u− s)H−
3
2uH−

1
2 du

≤ cHt
H− 1

2

∫ t

s

(u− s)H−
3
2 du

= cHt
H− 1

2 (t− s)H−
1
2

≤ cHt
2H−1

≤ cH ,

i.e.

K(t, s) ≤ cHs
1
2
−H .

Therefore, we deduce that

0 ≤
∫ t

2m+1

0

gr(x)dx =

(
H − 1

2

)∫ t
2m+1

0

rH−
1
2 (r − x)−

1
2
−HK(t+ x, r)dx

≤ cH

(
H − 1

2

)∫ t
2m+1

0

(r − x)−
1
2
−Hdx

= cH

[(
r − t

2m+1

) 1
2
−H

− r
1
2
−H

]
.

As (
r − t

2m+1

) 1
2
−H

≥ r
1
2
−H ,

it follows that

[(
r − t

2m+1

) 1
2
−H

− r
1
2
−H

]2

=

(
r − t

2m+1

)1−2H

− 2

(
r − t

2m+1

) 1
2
−H

r
1
2
−H

+ r1−2H

≤
(
r − t

2m+1

)1−2H

− r1−2H .
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Consequently,

(∫ t
2m+1

0

gr(x)dx

)2

≤ C1

[(
r − t

2m+1

)1−2H

− r1−2H

]
, (5.12)

where C1 is a constant depending only on H.

As for hr, due to change of variables,

0 ≤
∫ t

2m+1

0

hr(x)dx = cH

∫ t
2m+1

0

(r − x)
1
2
−H (t+ x)H−

1
2 (t+ x− r)H−

3
2 dx

≤ cH (2t)H−
1
2

∫ t
2m+1

0

(r − x)
1
2
−H(t+ x− r)H−

3
2 dx

= cH (2t)H−
1
2

∫ r

r− t
2m+1

y
1
2
−H(t− y)H−

3
2 dy

≤ cH (2t)H−
1
2

(
r − t

2m+1

) 1
2
−H ∫ r

r− t
2m+1

(t− y)H−
3
2 dy

≤ 2cH
H − 1

2

(
r − t

2m+1

) 1
2
−H

·

[(
t+

t

2m+1
− r
)H− 1

2

− (t− r)H−
1
2

]

≤ 2cH
H − 1

2

(
r − t

2m+1

) 1
2
−H (

t

2m+1

)H− 1
2

,

which implies that

(∫ t
2m+1

0

hr(x)dx

)2

≤ C2

(
t

2m+1

)2H−1(
r − t

2m+1

)1−2H

, (5.13)

with C2 some constant only depending on the value of H. Using (5.11), we get that

(
2m

t

) 2m−1∑
i=0

L2
i ≤ C1

∫ t

t
2m+1

(
r − t

2m+1

)1−2H

− r1−2Hdr

+ C2

(
t

2m+1

)2H−1 ∫ t

t
2m+1

(
r − t

2m+1

)1−2H

dr
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= C1
1

2− 2H

[(
t− t

2m+1

)2−2H

− t2−2H +

(
t

2m+1

)2−2H
]

+ C2

(
t

2m+1

)2H−1
1

2− 2H

(
t− t

2m+1

)2−2H

≤ C1
1

1−H

(
t

2m+1

)2−2H

+ C2
1

2− 2H

(
t

2m+1

)2H−1

= c1

(
t

2m+1

)2−2H

+ c2

(
t

2m+1

)2H−1

, (5.14)

where c1 and c2 are two positive constants.

Next, we move onto the estimate of Ui’s. By the definition of Ui’s and Cauchy-

Schwarz inequality, we have that

(
2m

t

) 2m−1∑
i=0

U2
i

≤
(

2m

t

) 2m−1∑
i=0

(
t

2m+1

)∫ 2i+1

2m+1 t

2i
2m+1 t

(
K

(
t− t

2m+1
, s

)
−K(t, s)

)2

ds

=
1

2

∫ t− t
2m+1

0

(
K

(
t− t

2m+1
, s

)
−K(t, s)

)2

ds

≤ 1

2

∫ t− t
2m+1

0

K2

(
t− t

2m+1
, s

)
ds−

∫ t− t
2m+1

0

K

(
t− t

2m+1
, s

)
K(t, s)ds

+
1

2

∫ t

0

K2(t, s)ds

=
1

2

(
t

2m+1

)2H

. (5.15)

Step 4. We complete our proof using the above estimates in this step.

It follows from (5.10), (5.14) and (5.15) that

∥∥∥B(m+1)
t −B(m)

t

∥∥∥2

2
≤

[
c1

(
t

2m+1

)2−2H

+ c2

(
t

2m+1

)2H−1
]
∨

[
1

2

(
t

2m+1

)2H
]

≤ c3

(
t

2m+1

)2−2H

+ c4

(
t

2m+1

)2H−1

,

where c3 and c4 are some constants.
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Therefore, for any λ > 0, it holds that

cp,r

(∣∣∣B(m+1)
t −B(m)

t

∣∣∣ > λ
)
≤ Cr,pλ

−2
∥∥∥B(m+1)

t −B(m)
t

∥∥∥2

2

≤ Cr,pλ
−2

[
c3

(
t

2m+1

)2−2H

+ c4

(
t

2m+1

)2H−1
]
.

Set λ = 2−mδ, then as t ≤ 1,

cp,r

(∣∣∣B(m+1)
t −B(m)

t

∣∣∣ > 1

2mδ

)
≤ Cr,p,H

(
1

22m(1−H−δ) +
1

22m(H− 1
2
−δ)

)
,

where Cr,p,H is a suitable constant depending on r, p and H only.

Hence, if we choose δ small enough such that

0 < δ < (1−H) ∧
(
H − 1

2

)
,

then
∞∑
m=1

cp,r

(∣∣∣B(m+1)
t −B(m)

t

∣∣∣ > 1

2mδ

)
<∞,

which implies that (B
(m)
t )m≥0 converges quasi-surely to some random variable, de-

noted by B̃t, as m tends to infinity by the first Borel-Cantelli lemma.

In Chapter 4, we have already shown that (B
(m)
t )m≥0 converges in Dp

r to Bt for all

r ∈ N and 1 < p < ∞, and the Malliavin derivative of the limit random variable is

given by

DBt(s) = K(t, s)1[0,t](s),

with all higher-order Malliavin derivatives of Bt equal to zero. Now we can easily

prove that there exists a subsequence (B
(mk)
t )k≥0 converging quasi-surely by choosing
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this sequence to be such that (for example by applying Hölder’s inequality)

∥∥∥∥(B(mk+1)
t −B(mk)

t

)2
∥∥∥∥
Dpr
≤ 1

2k+1
,

and then applying the first Borel-Cantelli lemma as before. If for ω ∈W , there are

infinitely many k’s such that

∣∣∣B(mk+1)
t (ω)−B(mk)

t (ω)
∣∣∣ > 1,

then (B
(mk)
t (ω))k≥0 is not Cauchy. Therefore, by Chebyshev’s inequality,

∞∑
k=0

cp,r

{
ω :
∣∣∣B(mk+1)

t (ω)−B(mk)
t (ω)

∣∣∣ > 1
}

=
∞∑
k=0

cp,r

{
ω :
(
B

(mk+1)
t (ω)−B(mk)

t (ω)
)2

> 1

}
≤

∞∑
k=0

1

2k+1

<∞,

and hence by the first Borel-Cantelli lemma,

cp,r

{∣∣∣B(mk+1)
t −B(mk)

t

∣∣∣ > 1 infinitely often
}

= 0.

As a consequence, (B
(mk)
t )k≥0 converges to Bt apart from on a slim set, and the

uniqueness of limit forces its limit to be B̃t, which implies Bt = B̃t q.s.

Consequently, we will have the following corollary.

Corollary 5.1.1. Let r ∈ N, 1 < p < ∞, and let H ∈
[

1
2
, 1
)
. For each t ∈ [0, 1],

there is a modification of Bt, given by the integral representation (5.1) of the fractional

Brownian motion with Hurst parameter H, that is defined (p, r)-quasi-surely.
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From now on, we work with the modification of Bt which is defined as a quasi-sure

limit of the approximations B
(m)
t .

5.2 Exponential tightness

For each fixed t, Bt is quasi-surely defined (with B0(ω) = 0 for all ω ∈ W ), so for

each integer m ∈ N, we may define a map X(m) : W →W by

X(m)(ω)(t) := Btmk−1
(ω) + 2m

(
t− tmk−1

) (
Btmk

(ω)−Btmk−1
(ω)
)
, ∀tmk−1 ≤ t ≤ tmk ,

where tmk = k
2m

.

Then X(n) is quasi-surely defined as it is a linear interpolation of finitely many

Btmk
’s. For each m, let Xε,(m) to be the scaled map, which is defined as

Xε,(m)(ω) = X(m)(εω).

As Bt is the limit of linear combinations of ωt’s, it follows that

Xε,(m)(ω) = εX(m)(ω).

Our goal is to show that the sequence
(
X(m)

)
m∈N converges to some X quasi-surely

as m tends to infinity, which implies that
(
Xε,(m)

)
m∈N converges to Xε quasi-surely,

where the scaled map Xε is given by

Xε(ω) = X(εω) = εX(ω).

Moreover, the fact that the family of scaled maps
(
Xε,(m)

)
m∈N converges exponentially

fast will be revealed in the proof as well. Since Xε is quasi-surely defined with

exponentially good approximations
(
Xε,(m)

)
m∈N, we may apply the result from the
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LDP theory to conclude the final result.

We will need the following estimate from the rough path analysis, which is con-

tained in [45] (see Proposition 4.1.1, Chapter 4 or equation (4.15) on page 64). Here,

we adapt the result to our case and state it as the following:

Proposition 5.2.1. Let u and w be two continuous paths in a Banach space. Then

for any q > 1 and γ > q − 1, there exists a constant Cq,γ depending only on q and γ

such that

sup
D

∑
l

∣∣utl−1,tl − wtl−1,tl

∣∣q ≤ Cq,γ

∞∑
n=1

nγ
2n∑
k=1

∣∣∣utnk−1,t
n
k
− wtnk−1,t

n
k

∣∣∣q ,
where the supremum is taken over all finite partitions D of [0, 1], tnl = l

2n
for n =

1, 2, · · · , l = 0, · · · , 2n, and us,t = ut − us is the increment of path u.

Together with Proposition 2.3.1, the above estimate allows us to convert our

problem from controlling capacities to controlling the L2-norm of Gaussian processes,

which is much easier to work with.

Theorem 5.2.1. For r ∈ N and 1 < p < ∞,
(
X(m)

)
m∈N converges (p, r)-quasi-

surely to some limit X, and the family of scaled maps
(
Xε,(m)

)
m∈N is a family of

exponentially good approximations of Xεunder the capacity cp,r.

Proof. Here we use a technique from the theory of rough paths to control the tails

of X(m)’s, which are Gaussian. Let us first prove that the sequence
{
X(m) : m ≥ 1

}
converges uniformly quasi-surely. By using the elementary fact that

‖u− w‖ ≤ sup
D

(∑
l

∣∣utl−1,tl − wtl−1,tl

∣∣q) 1
q

,

for any u,w ∈W and for any q > 1, where the supremum is taken over all possible

finite partition of [0, 1], and us,t = ut−us, together with Proposition 5.2.1, we obtain
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that

‖u− w‖q ≤ Cq,γ

∞∑
n=1

nγ
2n∑
k=1

∣∣∣utnk−1,t
n
k
− wtnk−1,t

n
k

∣∣∣q
for γ > q − 1, where Cq,γ is a constant depending on q and γ, and tnk = k

2n
.

We will apply the above estimate to X(n) to estimate

Im(λ) := cp,r
(∥∥X(m+1) −X(m)

∥∥ > λ
)
, (5.16)

where λ > 0. Since (p, r)-capacity is increasing in p, we shall assume that p > 2.

By monotonicity and sub-additivity properties of capacities, we obtain that for

θ > 0,

Im(λ) ≤ cp,r

(
Cq,γ

∞∑
n=1

nγ
2n∑
k=1

∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣q > λq

)

= cp,r

(
∞∑
n=1

nγ
2n∑
k=1

∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣q > C−1
q,γCθ,γ

∞∑
n=1

nγ
λq

2nθ

)

≤
∞∑
n=1

cp,r

(
2n∑
k=1

∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣q > C−1
q,γCθ,γ

λq

2nθ

)

≤
∞∑
n=1

2n∑
k=1

cp,r

(∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣ > C
− 1
q

q,γ C
1
q

θ,γ

λ

2
n(1+θ)

q

)
, (5.17)

where

Cθ,γ =

(
∞∑
n=1

nγ

2nθ

)−1

.

We introduce a new parameter N , whose value is to be determined at the end of our

proof, and consider

cp,r

(∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣2N > C
− 2N

q
q,γ C

2N
q

θ,γ

λ2N

2
2nN(1+θ)

q

)
. (5.18)

Notice that when n ≤ m, X
(m)
tnk

= Btm
2m−nk

. Since tm2m−nk = tm+1
2m+1−nk, we have that
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X
(m+1)
tnk−1,t

n
k

= X
(m)
tnk−1,t

n
k
. By Chebyshev’s inequality, we obtain that

cp,r

(∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣2N > Cq,γ,θ,N
λ2N

2
2nN(1+θ)

q

)
≤ C−1

q,γ,θ,Nλ
−2N2

2nN(1+θ)
q

∥∥∥∥∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣2N∥∥∥∥
Dpr
, (5.19)

where

Cq,γ,θ,N = C
− 2N

q
q,γ C

2N
q

θ,γ

is a constant. Now by Proposition 2.3.1, with the fact that

∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣2N
is a polynomial functional of degree 2N , where N ≥ r

2
, we have that

∥∥∥∥∥∥∥∥Dl

(∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣2N)∥∥∥∥
H⊗l

∥∥∥∥
p

≤ (2N + 1)(p− 1)
N
2

∥∥∥∥∥∥∥∥Dl

(∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣2N)∥∥∥∥
H⊗l

∥∥∥∥
2

,

and

∥∥∥∥∥∥∥∥Dl

(∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣2N)∥∥∥∥
H⊗l

∥∥∥∥
2

≤ (2N)
r
2

∥∥∥∥∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣2N∥∥∥∥
2

for any 0 ≤ l ≤ r. The above two inequalities imply that

∥∥∥∥∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣2N∥∥∥∥
Dpr
≤ (r + 1)(2N + 1)(p− 1)

N
2 (2N)

r
2

·
∥∥∥∥∣∣∣X(m+1)

tnk−1,t
n
k
−X(m)

tnk−1,t
n
k

∣∣∣2N∥∥∥∥
2

. (5.20)
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For N ∈ N, f(x) = x2N is convex, so by Jensen’s inequality,

f(x+ y) = 22N

(
1

2
x+

1

2
y

)2N

≤ 22N

(
1

2
x2N +

1

2
y2N

)
= 22N−1 (f(x) + f(y)) ,

and hence

∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣2N ≤ 22N−1

(∣∣∣X(m+1)
tnk−1,t

n
k

∣∣∣2N +
∣∣∣X(m)

tnk−1,t
n
k

∣∣∣2N) .
Therefore, it suffices to estimate

∥∥∥∥∣∣∣X(m)
tnk−1,t

n
k

∣∣∣2N∥∥∥∥
2

.

By definition, if tml−1 ≤ tnk−1 < tnk ≤ tml for some l, then

X
(m)
tnk−1,t

n
k

= 2m
(
tnk − tnk−1

) (
Btml
−Btml−1

)
.

Hence, by Proposition 2.3.1,

∥∥∥∥∣∣∣X(m)
tnk−1,t

n
k

∣∣∣2N∥∥∥∥
2

=
∥∥∥X(m)

tnk−1,t
n
k

∥∥∥2N

4N

≤ 22N(4N − 1)N
∥∥∥X(m)

tnk−1,t
n
k

∥∥∥2N

2

= 22N(4N − 1)NE
[(

2m
(
tnk − tnk−1

) (
Btml
−Btml−1

))2
]N

= 22N(4N − 1)N22mN 1

22nN
E
[(
Btml
−Btml−1

)2
]N

= 22N(4N − 1)N22mN 1

22nN

1

22mNH

= 22N(4N − 1)N
22mN(1−H)

22nN
.
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It thus implies that

∥∥∥∥∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣2N∥∥∥∥
2

≤ 22N−1

(∥∥∥∥∣∣∣X(m+1)
tnk−1,t

n
k

∣∣∣2N∥∥∥∥
2

+

∥∥∥∥∣∣∣X(m)
tnk−1,t

n
k

∣∣∣2N∥∥∥∥
2

)
≤ 24N−1(4N − 1)N

(
22(m+1)N(1−H)

22nN
+

22mN(1−H)

22nN

)
= CN,H

22mN(1−H)

22nN
, (5.21)

where

CN,H = 24N−1 (4N − 1)N
(
1 + 22N(1−H)

)
is a constant depending only on N and H. We may conclude from (5.20) and (5.21)

that ∥∥∥∥∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣2N∥∥∥∥
Dpr
≤ Cr,p,N,H

22mN(1−H)

22nN
(5.22)

for n > m, where

Cr,p,N,H = (r + 1)(2N + 1)(p− 1)
N
2 (2N)

r
2CN,H (5.23)

depends on r, p, N and H. Plugging (5.22) into (5.19), we obtain that

cp,r

(∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣2N > Cq,γ,θ
λ2N

2
2nN(1+θ)

q

)
≤ C−1

q,γ,θ,NCr,p,N,Hλ
−2N 22mN(1−H)

22nN(1− 1+θ
q )

. (5.24)

Therefore, according to (5.17), (5.18) and (5.24),

Im(λ) ≤
∞∑
n=1

2n∑
k=1

cp,r

(∣∣∣X(m+1)
tnk−1,t

n
k
−X(m)

tnk−1,t
n
k

∣∣∣2N > Cq,γ,θ,N
λ2N

2
2nN(1+θ)

q

)

≤
∞∑

n=m+1

2n∑
k=1

C−1
q,γ,θ,NCr,p,N,Hλ

−2N 22mN(1−H)

22nN(1− 1+θ
q )
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= C−1
q,γ,θ,NCr,p,N,Hλ

−2N

∞∑
n=m+1

22mN(1−H)

2n(2N(1− 1+θ
q )−1)

= C−1
q,γ,θ,NCr,p,N,Hλ

−2N 1

2m(2N(H− 1+θ
q )−1)

∞∑
k=1

1

2k(2N(1− 1+θ
q )−1)

.

Since

2N

(
1− 1 + θ

q

)
− 1 > 2N

(
H − 1 + θ

q

)
− 1,

the above series converges as long as

2N

(
H − 1 + θ

q

)
− 1 > 0,

which means that we need

qH − q

2N
− 1 > 0

for some N ∈ N. Therefore, if we choose

q >

(
H − 1

2

)−1

and

θ ∈
(

0, qH − q

2N
− 1
)
,

then the above series converges. As a consequence, we thus have

Im(λ) ≤ C
′

q,γ,θ,NCr,p,N,H
λ−2N

2m(2N(H− 1+θ
q )−1)

(5.25)

for every m = 1, 2, · · · , where

C
′

q,γ,θ,N = C−1
q,γ,θ,N

∞∑
k=1

1

2k(2N(1− 1+θ
q )−1)

= C−1
q,γ,θ,N

1

22N(1− 1+θ
q )−1 − 1
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≤ C−1
q,γ,θ,N

1

22(1− 1+θ
q )−1 − 1

= C−1
q,γ,θ,NCq,θ

with

Cq,θ =
(

22(1− 1+θ
q )−1 − 1

)−1

.

From (5.25), we may deduce that

Im(λ) ≤ C−1
q,γ,θ,NCq,θCr,p,N,H

λ−2N

2m(2N(H− 1+θ
q )−1)

. (5.26)

Applying the same argument as in the previous theorem, we see that the problem

may be reduced to proving that for some suitable positive δ > 0,

∞∑
m=1

Im

(
1

2mδ

)
<∞. (5.27)

Then by the first Borel-Cantelli lemma for capacities, we obtain the quasi-sure con-

vergence for (X(m))m∈N. Since

Im

(
1

2mδ

)
≤ C−1

q,γ,θ,NCq,θCr,p,N,H
1

2m(2N(H− 1+θ
q
−δ)−1)

,

so the series in (5.27) converges as long as we choose δ such that

δ < H − 1 + θ

q
− 1

2N
,

which must exist as we have chosen q and θ such that

2N

(
H − 1 + θ

q

)
− 1 > 0

for some N ∈ N. The convergence of the series in (5.27) implies the convergence of
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(
X(m)

)
m∈N. Denote its limit by X, then X is defined quasi-surely on W .

Next, we prove the sequence
{
Xε,(m) : m ≥ 1, ε > 0

}
converges to {Xε : ε > 0}

exponentially fast with respect to the capacity cp,r, that is,

lim
m→∞

lim sup
ε→0

ε2 log cp,r
{
ω :
∥∥Xε,(m)(ω)−Xε(ω)

∥∥ > λ
}

= −∞

for λ > 0. To this end, we shall use a similar argument as in the proof above. By the

sub-additivity of capacity, for α > 0,

cp,r
{
ω :
∥∥Xε,(m)(ω)−Xε(ω)

∥∥ > λ
}

≤ cp,r

{
ω :

∞∑
k=m

∥∥Xε,(k)(ω)−Xε,(k+1)(ω)
∥∥ > λ

}

= cp,r

{
ω :

∞∑
k=m

∥∥Xε,(k)(ω)−Xε,(k+1)(ω)
∥∥ > Cα

∞∑
k=m

λ

2(k−m)α

}

≤
∞∑
k=m

cp,r

{
ω :
∥∥X(k)(ω)−X(k+1)(ω)

∥∥ > Cαε
−1 λ

2(k−m)α

}
=

∞∑
k=m

Ik

(
λCα

2(k−m)αε

)
, (5.28)

where we have used the notations in (5.16), and

Cα =

(
∞∑
i=0

1

2iα

)−1

is some positive constant depending only on α.

Recall that up to now, the only assumption on N is that N ≥ r
2
, and now we shall

pick up a suitable N to show that the convergence of
(
Xε,(m)

)
m∈N is exponentially

fast. By (5.26),

Ik

(
λCα

2(k−m)αε

)
≤ C−1

q,γ,θ,NCr,p,N,HCq,θ
1

2k(2N(H− 1+θ
q
−α)−1)

1

22Nmα

ε2N

λ2NC2N
α
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= C−1
q,γ,θ,NCr,p,N,HCq,θC

−2N
α

1

2kβ
1

22Nmα

ε2N

λ2N
, (5.29)

where

β = 2N

(
H − 1 + θ

q
− α

)
− 1.

As Cq,γ,θ,N = C
− 2N

q
q,γ C

2N
q

θ,γ , where Cr,p,N,H is given as in (5.23) with

CN,H = 24N−1 (4N − 1)N
(
1 + 22N(1−H)

)
,

we have that

C−1
q,γ,θ,NCr,p,N,H

= C
2N
q
q,γ C

− 2N
q

θ,γ (r + 1)(2N + 1)(p− 1)
N
2 (2N)

r
2 24N−1 (4N − 1)N

(
1 + 22N(1−H)

)
=

1

2
(r + 1)(2N + 1)(2N)

r
2

(
C

2
q
q,γC

− 2
q

θ,γ (p− 1)
1
2 24

)N
(4N − 1)N

(
1 + 22N(1−H)

)
≤ (r + 1)(2N + 1)(2N)

r
2

(
16C

2
q
q,γC

− 2
q

θ,γ (p− 1)
1
2

)N
(4N)N 22N(1−H)

= (r + 1)(2N + 1)(2N)
r
2

(
64C

2
q
q,γC

− 2
q

θ,γ (p− 1)
1
2 22(1−H)

)N
NN

:= Pr(N)CN
q,γ,θ,p,HN

N , (5.30)

where

Pr(N) = (r + 1)(2N + 1)(2N)
r
2

is a polynomial of N depending only on r, and

Cq,γ,θ,p,H = 64C
2
q
q,γC

− 2
q

θ,γ (p− 1)
1
2 22(1−H)
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is a constant. If we set α such that

α < H − 1 + θ

q
− 1

2N
,

then β > 0, together with (5.29) and (5.30), we obtain that

∞∑
k=m

Ik

(
λCα

2(k−m)αε

)
≤ Pr(N)CN

q,γ,θ,p,HN
NCq,θC

−2N
α

1

22Nmα

ε2N

λ2N

∞∑
k=m

1

2kβ

= Pr(N)CN
q,γ,θ,p,HN

NCq,θC
−2N
α λ−2Nε2N

∞∑
k=0

1

2kβ
1

2m(2Nα+β)

= Pr,q,θ,β(N)CN
q,γ,θ,p,H,αλ

−2Nε2NNN 1

2m(2N(H− 1+θ
q )−1)

,

where

Cq,γ,θ,p,H,α = Cq,γ,θ,p,HC
−2
α

and

Pr,q,θ,β(N) = Cq,θ

(
∞∑
k=0

1

2kβ

)
Pr(N).

According to (5.28), it holds that

ε2 log cp,r
{
ω :
∥∥Xε,(m)(ω)−Xε(ω)

∥∥ > λ
}

≤ ε2 logPr,q,θ,β(N) + ε2N logCq,γ,θ,p,H,α

+ ε2N log

(
ε2N

λ2

)
− ε2

(
2N

(
H − 1 + θ

q

)
− 1

)
m log 2.

For ε small enough, choose N = bε−2c. Then since Pr,q,θ,β(N) is a polynomial of N ,

it holds that

lim sup
ε→0

ε2 log cp,r
{
ω :
∥∥Xε,(m)(ω)−Xε(ω)

∥∥ > λ
}
≤ logC − 2

(
H − 1 + θ

q

)
m log 2,
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where C = Cq,γ,θ,p,H,αλ
−2 is a constant. Therefore, as H > 1+θ

q
,

lim
m→∞

lim sup
ε→0

ε2 log cp,r {ω : ‖Xε,m(ω)−Xε(ω)‖ > λ} = −∞,

which completes the proof.

5.3 cp,r-LDPs for fBMs

In this section, we will state the main result of this chapter-the large deviation prin-

ciples for fractional Brownian motions with respect to the classical Wiener capacity,

and the rest of this section is devoted to the proof of this result. In order to state the

large deviation principles for fBMs, we need to identify their rate functions, which

must be the same rate functions in the context of probability as probability is a very

special case of capacities. To properly define the rate functions, we need to identify

the Cameron-Martin space associated with the fBM whose Hurst parameter is H.

We notice that the integral representation of fBMs

Bt(ω) =

∫ t

0

K(t, s)dω(s)

is defined almost surely, i.e. it defines a measurable mapping B : (W ,B(W )) →

(W ,B(W )) which takes almost all standard Brownian motion paths to the sample

paths of fractional Brownian motion. From the previous section, we see that indeed

this mapping is defined except for on a set even smaller than a null set – it is indeed

quasi-surely defined, and this mapping is denoted by X in the previous section. We

shall keep using X to denote this mapping in the sequel.

By the definition of X, we see that it is a measurable mapping from (W ,B(W ))

to (W ,B(W )). Now let Q = P ◦X−1 be the push-forward of the Wiener measure,

which is a Gaussian measure on (W ,B(W )). Similar to the case of Brownian motion,
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there is a canonical way to associate this Gaussian measure and W with a separable

Hilbert space Ĥ, which can be embedded intoW via a continuous and dense mapping

such that this triple (W , Ĥ, Q) forms an abstract Wiener space.

In [10], Decreusefond and Üstünel identified the Cameron-Martin space corre-

sponding to the fractional Brownian motion with Hurst parameter equal to H, which

is the space consisting of all elements of the form

h(t) =

∫ t

0

K(t, s)ḣ(s)ds,

where K is the singular kernel as in the integral representation, and ḣ ∈ L2([0, 1]). It

turns out this Cameron-Martin space is the one that we are looking for. The inner

product structure on this space is defined as

〈h1, h2〉Ĥ =

∫ 1

0

ḣ1(s)ḣ2(s)ds,

for all h1, h2 ∈ Ĥ such that hi(t) =
∫ t

0
K(t, s)ḣi(s)ds, i = 1, 2. Then

∫
W

eil(ω)Q(dω) = e−
‖l‖2
Ĥ

2 , ∀l ∈W ∗.

Let {Qε} be the family of scaled measures, the laws of {εω} underQ. By definition,

Qε(A) = Q {ω ∈W : εω ∈ A} = P {ω ∈W : εX(ω) ∈ A} (5.31)

for each A ∈ B(W ). According to Theorem 3.4.12 in [12], the family of scaled

measures {Qε} satisfies the LDP with the good rate function I given by

I(ω) =


‖ω‖2
Ĥ

2
, ω ∈ Ĥ,

∞, otherwise.
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Now we are in a position to state the main result of this section.

Theorem 5.3.1. Let r ∈ N, 1 < p < ∞ and 1
2
≤ H < 1. Let Xε

t (ω) = Bt (εω) for

all ω expect for a cp,r-zero subset (for all t ∈ [0, 1], ε > 0). Then {Xε : ε > 0} (which

are scaled fBMs with Hurst parameter H) satisfies the cp,r-LDP with the good rate

function

I(ω) =


‖ω‖2
Ĥ

2
, ω ∈ Ĥ,

∞, otherwise.

(5.32)

Notice that for each m, X(m), which is a Wiener functional on W defined quasi-

surely, is a linear interpolation of some Gaussian random variables, so we may consider

Fm : R2m+1 →W given by

Fm(x0, · · ·x2m)(t) = xk−1 + 2m
(
t− k − 1

2m

)
(xk − xk−1) , ∀t ∈

[
k − 1

2m
,
k

2m

]
,

(5.33)

which maps a (2m + 1)-dimensional vector to its linear interpolation. Let us apply

Varadhan’s contraction principle to the family of maps above. As the rate func-

tion for the vector-valued Gaussian random variable
(
B0, B 1

2m
, · · · , B k

2m
, · · · , B1

)
is

computable, the capacity version of LDPs may be established easily for X(m).

Proposition 5.3.1. Let t = {0 ≤ t1 < t2 < · · · < tn ≤ 1} be a finite partition of [0, 1].

Define T ε : W → Rn (for ε > 0) by T ε (ω) = Bt(εω), where

Bt(ω) = (Bt1(ω), · · · , Btn(ω))

is a Gaussian vector with covariance matrix Σ = (σij)1≤i,j≤n and σij = R(ti, tj). Then

{T ε : ε > 0} satisfies cp,r-LDP with the good rate function In : Rn → [0,∞] given by

In(x) =
1

2
xTΣ−1x.
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Proof. According to the definition of cp,r-LDP, we need to establish the upper bound

and lower bound. Since (p, r)-capacity is increasing in p and r, the lower bound part

follows directly from the classical LDPs for Gaussian measures, and thus we have for

all open G,

lim sup
ε→0

ε2 log cp,r {ω ∈W : T ε(ω) ∈ G} ≥ 1

p
lim sup
ε→0

ε2 logP {ω ∈W : T ε(ω) ∈ G}

≥ −1

p
inf
y∈G

In(y).

For the upper bound part, we first establish the result when n = 1. Let a > 0.

By Chebyshev’s inequality, for any t ∈ [0, 1],

cp,r {ω : Bt(εω) > a} = cp,r
{
ω : eλεBt(ω) > eλa

}
≤ e−λa

∥∥eλεBt∥∥Dpr
= e−λa

(
r∑
l=0

E
[∣∣∥∥Dl

(
eλεBt

)∥∥
H⊗l
∣∣p]) 1

p

.

Recall that

D
(
eλεBt

)
(s) = λεeλεBtK(t, s)1(0,t)(s),

so by iteration,

Dl
(
eλεBt

)
(s1, s2, · · · , sl) = (λε)l eλεBt

(
K(t)1(0,t)

)⊗l
(s1, s2, · · · , sl)

for all l ≤ r, where
(
K(t)1(0,t)

)⊗l
denotes l-fold tensor product of K(t, s)1(0,t)(s) with

itself.

Therefore,

∥∥Dl
(
eλεBt

)∥∥2

H⊗l = (λε)2l e2λεBt

(∫ 1

0

K2(t, s)1(0,t)(s)ds

)l
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= (λε)2l e2λεBtt2Hl,

and therefore

E
[∣∣∥∥Dl

(
eλεBt

)∥∥
H⊗l
∣∣p] = (λε)lp tHlpE

[
eλεpBt

]
= (λε)lp tHlpe

(λεp)2t2H

2 .

It thus follows that

cp,r {ω : Bt(εω) > a} ≤ e−λa

(
r∑
l=0

E
[∣∣∥∥Dl

(
eλεBt

)∥∥
H⊗l
∣∣p]) 1

p

≤ e−λa
r∑
l=0

E
[∣∣∥∥Dl

(
eλεBt

)∥∥
H⊗l
∣∣p] 1

p

= e
(λε)2pt2H

2
−λa

r∑
l=0

(
λεtH

)l
,

so that

ε2 log cp,r {ω : Bt(εω) > a} ≤ λ2ε4pt2H

2
− λaε2 + ε2 log

(
r∑
l=0

(
λεtH

)l)
. (5.34)

Setting

λ =
a

pε2t2H

so that the sum of first two terms in (5.34) attains its minimum, we obtain that

ε2 log cp,r {ω : Bt(εω) > a} ≤ − a2

2pt2H
+ ε2 log

(
(r + 1) · max

0≤l≤r

(
a

εptH

)l)

= − a2

2pt2H
+ ε2 log(r + 1) + max

0≤l≤r
lε2 log

(
a

εptH

)
.
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It follows that

lim sup
ε→0

ε2 log cp,r {ω : Bt(εω) > a} ≤ − 1

2p
· a

2

t2H
= −1

p
inf
x>a

I1(x), (5.35)

which remains true if we replace {ω : Bt(εω) > a} with {ω : Bt(εω) ≥ a}. We may

also deduce the similar results for {ω : Bt(εω) < b} and {ω : Bt(εω) ≤ b} with b < 0

by symmetry.

Now let us deal with the case of a finite partition t = {0 ≤ t1 ≤ · · · ≤ tn ≤ 1}.

Then by linearity Bt(εω) = εBt(ω). Introduce an inner product 〈·, ·〉Σ on Rn:

〈x,y〉Σ = xTΣ−1y,

and denote the corresponding norm by |·|Σ. Notice that for any x = (x1, · · · , xn) ∈

B(a, r), the open ball in (Rn, |·|Σ) with centre a and radius r,

〈λ,a− x〉Σ ≤ |λ|Σ|a− x|Σ ≤ r|λ|Σ

for all λ ∈ Rn, which implies that

B(a, r) ⊂ {x : 〈λ,a− x〉Σ ≤ r|λ|Σ} .

Based on this observation, we may apply Chebyshev’s inequality and get that

cp,r {ω : Bt(εω) ∈ B(a, r)} ≤ cp,r {ω : 〈λ,a−Bt(εω)〉Σ ≤ r|λ|Σ}

= cp,r
{
ω : e〈λ,Bt(εω)〉Σ ≥ e〈λ,a〉Σ−r|λ|Σ

}
≤ er|λ|Σ−〈λ,a〉Σ

∥∥e〈λ,Bt(εω)〉Σ
∥∥
Dpr

(5.36)

for all λ = (λ1, · · · , λn) ∈ Rn.
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By the Chain rule for Malliavin derivatives,

D
(
e〈λ,Bt(εω)〉Σ

)
(s) = εe〈λ,Bt(εω)〉Σ〈λ, DBt〉Σ(s),

where

DBt = (DBt1 , · · · , DBtn) ,

and by iteration,

Dl
(
e〈λ,Bt(εω)〉Σ

)
(s1, · · · , sl) = εle〈λ,Bt(εω)〉Σ〈λ, DBt〉⊗lΣ (s1, · · · , sl),

where 〈λ, DBt〉⊗lΣ denotes the l-fold tensor product of 〈λ, DBt〉Σ with itself.

Since 〈DBti , DBtj〉H = σij for all 1 ≤ i, j ≤ n, it follows that

∥∥Dl
(
e〈λ,Bt(εω)〉Σ

)∥∥2

H⊗l = ε2le2ε〈λ,Bt(ω)〉Σ〈〈λ, DBt〉Σ, 〈λ, DBt〉Σ〉lH

=

〈
n∑
i=1

(
λTΣ−1

)
i
DBti ,

n∑
j=1

(
λTΣ−1

)
j
DBtj

〉l

H

· ε2le2ε〈λ,Bt(ω)〉Σ

=

( ∑
1≤i,j≤n

(
λTΣ−1

)
i

(
λTΣ−1

)
j
〈DBti , DBtj〉H

)l

· ε2le2ε〈λ,Bt(ω)〉Σ

= ε2le2ε〈λ,Bt(ω)〉Σ

( ∑
1≤i,j≤n

(
λTΣ−1

)
i

(
λTΣ−1

)
j
σij

)l

= ε2le2ε〈λ,Bt(ω)〉Σ
(
λTΣ−1Σ

(
λTΣ−1

)T)l
= ε2l|λ|2lΣe2ε〈λ,Bt(ω)〉Σ ,
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where
(
λTΣ−1

)
i

denotes the i-th component of λTΣ−1. Thus,

E
[∣∣∥∥Dl

(
e〈λ,Bt(εω)〉Σ

)∥∥
H⊗l
∣∣p] = εlp|λ|lpΣE

[
eεp〈λ,Bt(ω)〉Σ

]
= εlp|λ|lpΣe

1
2

(εp)2(Σ−1λ)
T

Σ(Σ−1λ)

= εlp|λ|lpΣe
1
2

(εp)2|λ|2Σ ,

which implies that

∥∥e〈λ,Bt(εω)〉∥∥
Dpr
≤

r∑
l=0

E
[∣∣∥∥Dl

(
e〈λ,Bt(εω)〉)∥∥

H⊗l
∣∣p] 1

p

=
r∑
l=0

εl|λ|lΣe
1
2
ε2p|λ|2Σ .

Therefore, by (5.36),

cp,r {ω : Bt(εω) ∈ B(a, r)} ≤
r∑
l=0

(ε|λ|Σ)l e
1
2
ε2p|λ|2Σ+r|λ|Σ−〈λ,a〉Σ .

As a consequence we have,

ε2 log cp,r {ω : Bt(εω) ∈ B(a, r)} ≤ 1

2
ε4p|λ|2Σ + ε2r|λ|Σ − ε2〈λ,a〉Σ

+ ε2 log

(
r∑
l=0

(ε|λ|Σ)l
)
. (5.37)

Choosing λ such that

f(λ) =
1

2
ε4p|λ|2Σ + ε2r|λ|Σ − ε2〈λ,a〉Σ

attains its minimum, which happens when λ has the same direction as a since the

first two terms only depend on the magnitude of λ, so we may write λ = a|λ|Σ|a|−1
Σ .
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Then the function becomes

f(λ) =
1

2
ε4p|λ|2Σ + ε2r|λ|Σ − ε2|a|Σ|λ|Σ,

which is a quadratic function of |λ|Σ, we thus deduce that it reaches its minimum

when

|λ|Σ =
(|a|Σ − r)+

ε2p
.

Therefore, the minimum is attained at

λ =
(|a|Σ − r)+

ε2p|a|Σ
a.

By setting λ to take the above value in (5.37), we obtain that

ε2 log cp,r {ω : Bt(εω) ∈ B(a, r)} ≤ − 1

2p

(
(|a|Σ − r)+)2

+ ε2 log

(
r∑
l=0

(
(|a|Σ − r)+

εp

)l)

≤ − 1

2p

(
(|a|Σ − r)+)2

+ ε2 log (r + 1)

+ max
0≤l≤r

ε2l log

(
(|a|Σ − r)+

εp

)
,

which implies that

lim sup
ε→0

ε2 log cp,r {ω : Bt(εω) ∈ B(a, r)} ≤ − 1

2p

(
(|a|Σ − r)+)2

= −1

p
inf

x∈B(a,r)
In(x).

Now for any compact K ⊂ (Rn, |·|Σ) and any δ > 0, there exists a finite open
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cover {B(ai, δ)}i∈I in (Rn, |·|Σ) of K with ai ∈ K and I a finite index set. Therefore,

lim sup
ε→0

ε2 log cp,r {ω : Bt(εω) ∈ K}

≤ lim sup
ε→0

ε2 log cp,r

{
ω : Bt(εω) ∈

⋃
i∈I

B(ai, δ)

}

≤ lim sup
ε→0

ε2 log

(∑
i∈I

cp,r {ω : Bt(εω) ∈ B(ai, δ)}

)

≤ lim sup
ε→0

ε2 log |I|+ lim sup
ε→0

ε2 log

(
max
i∈I

cp,r {ω : Bt(εω) ∈ B(ai, δ)}
)

= max
i∈I

lim sup
ε→0

ε2 log cp,r {ω : Bt(εω) ∈ B(ai, δ)}

≤ max
i∈I
−1

p
inf

x∈B(ai,δ)
In(x)

= −1

p
min
i∈I

inf
x∈B(ai,δ)

In(x)

≤ −1

p
inf

x∈B(K,δ)
In(x),

where

B(K, δ) =

{
x ∈ Rn : inf

y∈K
|x− y|Σ < δ

}
.

Let δ → 0, then the upper bound for compact sets is established.

Now for any F ⊂ Rn closed under the Euclidean metric, as all norms on Rn are

equivalent, F is also closed in (Rn, |·|Σ). For ρ > 0, let

Hρ = {x = (x1, · · · , xn) : |xi| ≤ ρ, ∀1 ≤ i ≤ n}

be a hypercube in Rn. Then by sub-additivity property,

cp,r {ω : Bt(εω) ∈ F} ≤ cp,r {ω : Bt(εω) ∈ F ∩Hρ}+ cp,r
{
ω : Bt(εω) ∈ HC

ρ

}
≤ cp,r {ω : Bt(εω) ∈ F ∩Hρ}+

n∑
i=1

cp,r {ω : |Bti(εω)| > ρ} .
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Therefore, by the result for compact sets and (5.35), as well as Lemma 1.2.15, Chapter

1, [11], we have that

lim sup
ε→0

ε2 log cp,r {ω : Bt(εω) ∈ F}

≤ max

{
lim sup
ε→0

ε2 log cp,r {ω : Bt(εω) ∈ F ∩Hρ} ,

lim sup
ε→0

ε2 log

(
n∑
i=1

cp,r {ω : |Bti(εω)| > ρ}

)}

≤ max

{
lim sup
ε→0

ε2 log cp,r {ω : Bt(εω) ∈ F ∩Hρ} ,

lim sup
ε→0

ε2 log (cp,r {ω : |Bti(εω)| > ρ})
}

≤ max

{
−1

p
inf

x∈F∩Hρ
In(x),−1

p
inf
x>ρ

I1(x)

}

for all ρ > 0. The proof is complete by letting ρ→∞.

Now we may conclude our proof of the large deviation principles and obtain The-

orem 5.3.1.

As Fm : R2m+1 →W defined in (5.33) is continuous and by definition Fm ◦ T ε =

Xε,(m), so by the contraction principle, the family
{
Xε,(m)

}
satisfies the cp,r-LDP with

the good rate function

Jm(ω) = inf
x:Fm(x)=ω

I2m+1(x), ω ∈W

where we define inf ∅ = ∞. When p = 1 and r = 0, the capacity cp,r coincides with

the Wiener measure P , and we would expect that the classical LDPs for fBMs defined

on the classical Wiener space hold.

Now define F̂m : W →W by

F̂m(ω) = ω

(
k − 1

2m

)
+2m

(
t− k − 1

2m

)(
ω

(
k

2m

)
− ω

(
k − 1

2m

))
, t ∈

[
k − 1

2m
,
k

2m

]
,

(5.38)
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which is a continuous mapping with respect to the uniform convergence topology.

Then by the contraction principle for measures (see Theorem 4.2.1, Chapter 4, [11]),

the family
{
Qε ◦ F̂−1

m

}
on (W ,B(W )) satisfies the LDP with the good rate function

Ĵm(ω) = inf
{
I(x) : x ∈W , F̂m(x) = ω

}
, ∀ω ∈W , (5.39)

where inf ∅ =∞.

By (5.31), for each A ∈ B(W ), F̂−1
m (A) ∈ B(W ), and

Qε ◦ F̂−1
m (A) = Qε

(
F̂−1
m (A)

)
= P

{
ω ∈W : εB(ω) ∈ F̂−1

m (A)
}

= P
{
ω ∈W : F̂m (εB(ω)) ∈ A

}
.

Since F̂m (εB) = Xε,(m) P -a.s. on W , we obtain that

Qε ◦ F̂−1
m (A) = P

{
ω ∈W : Xε,(m)(ω) ∈ A

}
.

Therefore, by the uniqueness of rate functions (see Lemma 4.1.4, Chapter 4, [11]), Jm

and Ĵm coincides.

As shown in Theorem 5.2.1,
{
Xε,(m)

}
are exponentially good approximations of

{Xε}, so it suffices to verify that the function I defined above coincides with the

function J given in (2.15) and satisfies all conditions in Proposition 2.5.5.

Let us first check if I satisfies all conditions. We observe that I given in (5.32) is

a good rate function by definition.

For any closed C ⊂W , denote ηm = infω∈C Ĵm(ω), where Ĵm = Jm is defined as

in (5.39). By definition,

ηm = inf
ω∈F̂−1

m (C)
I(ω).
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Suppose that

lim inf
m→∞

ηm = η <∞,

then as I is a good rate function and as lower semi-continuous functions attain their

minimums on compact sets, we conclude that I attains its minimum on the closed

subset F̂−1
m (C) ⊂ W . Therefore, for each m , there exists some ωm ∈ W such that

ωm ∈ F̂−1
m (C) and

ηm = inf
ω∈F̂−1

m (C)
I(ω) = I(ωm).

We notice that for all ω ∈W , F̂m(ω)→ ω in (W, ‖·‖) as m→∞. Indeed, by the

definition of F̂m in (5.38),

‖F̂m(ω)− ω‖ = sup
t∈[0,1]

∣∣∣F̂m(ω)(t)− ω(t)
∣∣∣

= max
1≤i≤2m

sup
t∈[ i−1

2m
, i
2m ]

∣∣∣F̂m(ω)(t)− ω(t)
∣∣∣

= max
1≤i≤2m

sup
t∈[ i−1

2m
, i
2m ]

∣∣∣∣ω(i− 1

2m

)
+2m

(
t− i− 1

2m

)(
ω

(
i

2m

)
− ω

(
i− 1

2m

))
− ω(t)

∣∣∣∣
≤ max

1≤i≤2m
sup

t∈[ i−1
2m

, i
2m ]

(∣∣∣∣ω(i− 1

2m

)
− ω(t)

∣∣∣∣
+2m

(
t− i− 1

2m

)(∣∣∣∣ω( i

2m

)
− ω(t)

∣∣∣∣+

∣∣∣∣ω(i− 1

2m

)
− ω(t)

∣∣∣∣))
≤ max

1≤i≤2m
sup

t∈[ i−1
2m

, i
2m ]

(
2

∣∣∣∣ω(i− 1

2m

)
− ω(t)

∣∣∣∣+

∣∣∣∣ω( i

2m

)
− ω(t)

∣∣∣∣) ,
and since ω is uniformly continuous over [0, 1], for any ε > 0, there exists some N > 0

such that for all s, t ∈ [0, 1] satisfying

|s− t| < 1

2N
,
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it holds that

|ω(s)− ω(t)| < ε

3
.

Therefore, it follows that ∀ε > 0, there exists some N > 0 such that ‖F̂m(ω)−ω‖ < ε.

Since F̂m (ωm) ∈ C for all m, for each δ > 0, ωm ∈ Cδ for large m, where

Cδ = {ω : ‖ω − C‖ ≤ δ} .

It follows that

inf
ω∈Cδ

I(ω) ≤ I(ωm) = ηm = inf
ω∈C

Ĵm(ω)

for m sufficiently large, and hence by taking limit infimum on both sides, we have

that

inf
ω∈Cδ

I(ω) ≤ lim inf
m→∞

inf
ω∈C

Ĵm(ω).

According to Lemma 4.1.6 (a), Chapter 4, [11],

inf
ω∈C

I(ω) ≤ lim inf
m→∞

inf
ω∈C

Ĵm(ω) (5.40)

when letting δ → 0, and hence the condition (2.16) is fulfilled. The case when

lim infm→∞ ηm =∞ is trivial, so we have verified all conditions in Proposition 2.5.5.

Next, we prove that I coincides with the function J defined as in (2.15) by

J(ω) = sup
λ>0

lim inf
m→∞

inf
x∈B(ω,λ)

Ĵm(x).

For any ω ∈W , set C = B(ω, λ) in (5.40). It holds that

inf
x∈C

I(x) ≤ lim inf
m→∞

inf
x∈C

Ĵm(x)

≤ lim inf
m→∞

inf
x∈B(ω,λ)

Ĵm(x)
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≤ J(ω).

By letting λ→ 0 and applying Lemma 4.1.6 (a), Chapter 4 in [11], we may conclude

that I(ω) ≤ J(ω) for all ω. For the reverse part, denote ω̂m = F̂m(ω) for ω ∈ W ,

and as shown above, ω̂m → ω as m→∞. Therefore, for any λ > 0, there exists some

M > 0 such that for all m ≥M ,

inf
x∈B(ω,λ)

Ĵm(x) ≤ Ĵm(ω̂m).

By the definition of Ĵm, Ĵm(ω̂m) ≤ I(ω). By taking limit infimum in m first, then

supremum in λ, we obtain that

J(ω) = sup
λ>0

lim inf
m→∞

inf
x∈B(ω,λ)

Ĵm(x) ≤ I(ω),

and hence I = J .
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Annales de l’Institut Henri Poincaré (B) Probabilités et Statistiques, 43(6):775–

785, 2007.

144



[20] P. Friz and N. Victoir. Multidimensional Stochastic Processes as Rough Paths:

Theory and Applications (Cambridge Studies in Advanced Mathematics). Cam-

bridge University Press, 2010.

[21] M. Fukushima. Basic properties of Brownian motion and a capacity on the

Wiener space. Journal of the Mathematical Society of Japan, 36(1):161–176,

1984.

[22] M. Fukushima. Two topics related to Dirichlet forms: quasi everywhere conver-

gences and additive functionals, pages 21–53. Springer Berlin Heidelberg, Berlin,

Heidelberg, 1993.

[23] F. Gao and J. Ren. Large deviations for stochastic flows and their applications.

Science in China Series A: Mathematics, 44(8):1016–1033, 2001.

[24] F. Gao and J. Ren. Large deviations for small perturbations of SDEs with

non-Markovian coefficients and their applications. Stochastics and Dynamics,

6(4):487–520, 2006.
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