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Abstract

In this thesis, we study the sample paths of some Gaussian processes using
the methods from Malliavin calculus. To be more specific, we consider sev-
eral interesting properties of fractional Brownian motion sample paths in
the context of both probability measures and capacities. We are in partic-
ular interested in the non-differentiability, the modulus of continuity, the
law of the iterated logarithm and self-avoiding properties. The capacities
we use here are those induced by Brownian motions on the classical Wiener
space, that is, we regard fractional Brownian motions with distinct Hurst
parameters as a collection of Wiener functionals on the classical Wiener
space and use the classical Wiener capacities as uniform measurements.
We also formulate a capacity version of the large deviation principles for

these functionals and determine the corresponding rate functions.
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Chapter 1

Introduction

1.1 General background

In past decades, Gaussian analysis has been one of the prevalent topics in stochastic
analysis, probability theory as well as functional analysis due to its wide range of
applications in various fields, including finance, statistical physics, quantum physics.
Typical examples of Gaussian processes are Brownian motions, Ornstein-Uhlenbeck
processes, and fractional Brownian motions.

Among all these Gaussian processes, fractional Brownian motions are in partic-
ular of much interest as they have been extensively used in the modelling of stock
prices in financial mathematics, and have also found applications in other areas such
as hydrodynamics and communication networks etc., see e.g. [3], [56]. Fractional

Brownian motions are centred Gaussian processes with covariance function given by

R(s,t) =E[B,B] = = (*" + * — |t — s|*), Vs,t >0,

N | —

where the constant H, taking values in (0, 1), is called the Hurst parameter cor-
responding to this process. The properties of fractional Brownian motion heavily

depend on the value of H. In particular, it is worth noting that when this Hurst



parameter H is equal to %, this process becomes a standard Brownian motion.
There have been a lot of studies concerning fractional Brownian motions. It was
Kolmogorov who first considered this type of processes in [37] in early 1940s. The
name “fractional Brownian motion” was introduced by Mandelbrot and Van Ness
[50] in 1968. In the same paper, a stochastic integral representation of fractional

Brownian motions was provided, which is given by

B - W ( / T (= 5T~ ()Y aw, + /0 t(t—s)Hl/QdWs>,

—00

where (W})¢>0 is a two-sided Brownian motion, and C'(H) is some constant depending
only on the parameter H. More recently, another integral representation of fractional
Brownian motions was found by Decreusefond and Ustiinel in [10], which characterises
fractional Brownian motions over finite time intervals by a stochastic integral of a

singular kernel against a standard Brownian motion:

t
Bt—/ K(t,s)dW,, V>0, (1.1)
0

where (W}):>0 is a standard Brownian motion, and K (t, s) is the singular kernel (we
will given the explicit definition of K in next chapter).

Though fractional Brownian motions may look similar to Brownian motion in
many ways at the first glance, they are neither semi-martingales, nor Markov processes
unless the Hurst parameter H = % Therefore, when studying problems concerning
fractional Brownian motions, many powerful tools that are effective when dealing
with Brownian motions, such as potential theory, are no longer applicable.

Nonetheless, fractional Brownian motions are nice Gaussian processes. One robust
theory for Gaussian measures and processes is the theory of Malliavin calculus, also
known as the stochastic calculus of variations, which was initiated by Malliavin in

late 1970s. In [46] and [47], Malliavin established a differential structure on infinite-



dimensional spaces, which allows us to study Gaussian processes on their paths spaces
— abstract Wiener spaces. The concept of abstract Wiener spaces was introduced by
Gross in [26]. Gaussian measures on separable Banach spaces are defined via these
abstract spaces, which are generalisations of the classical Wiener space. Apart from
Gaussian measures, another type of outer measures can be constructed on abstract
Wiener spaces using Malliavin calculus, which appear useful when exploring the prop-
erties of Gaussian processes. In [48] (see also [49]), (p, r)-capacities were introduced
as outer measures on abstract Wiener spaces by Malliavin, where p € (1,00) and r is
a positive integer. It turns out that on the same abstract Wiener space, capacities are
indeed finer than the corresponding Gaussian probability measure, that is, a null set
may have strictly positive capacity. Therefore, by replacing Gaussian measures with
capacities, we are able to take a closer look and describe the properties of fractional
Brownian motion more precisely.

Among all properties of Gaussian processes, sample path properties of these pro-
cesses are of much interest, and many questions concerning these properties arose from
statistical physics while studying interacting particle systems. In fact the behaviour
of these paths reflects their Gaussian feature. For instance, a standard Brownian
motion is a centred Gaussian process with stationary and independent increments,
and almost all of its sample paths are non-differentiable. These results were proved
by Paley, Wiener and Zygmund [60] in 1933. Another result related to the regularity
of Brownian motion paths is the modulus of continuity, proved by Lévy in [40], which
states that almost all sample paths of Brownian motions are a-Hoélder continuous
with the component o < % In 1933, Khintchine [35] described the asymptotic be-
haviour of Brownian motion paths near time zero and as time goes to infinity via the
law of the iterated logarithm. Another rather interesting question that comes from
statistical field theory is whether a Brownian motion path intersects with itself. In-

tuitively, one would expect that it becomes more likely for a path to be self-avoiding



as the dimension of the Brownian motion increases. In 1944, Kakutani proved that
almost all sample paths are self-avoiding when the dimension of the Brownian motion
is greater than or equal to 5 in his work [32], and later in [16], Dvoretzky, Erdés and
Kakutani showed that d = 4 is the critical dimension of this phenomenon.

In addition, these results can be formulated in the framework of capacities as
well. Fukushima [21] studied sample path properties of Brownian motions with re-
spect to the capacity defined using Dirichlet form, which is indeed equivalent to the
one constructed by Malliavin when p = 2 and r = 1. He established the results on
non-differentiability, modulus of continuity, the law of the iterated logarithm, and
self-avoiding properties for Brownian motion paths under the capacity he defined. It
is worth mentioning that Fukushima proved that when the dimension of a Brownian
motion is greater than or equal to 7, then apart from on a zero capacity set, Brow-
nian motion paths are self-avoiding, and later Lyons [43] identified that the optimal
dimension of self-avoiding property under this capacity is 6. We would like to note
here that the increase of the optimal dimension for self-avoiding property reflects the
fact that capacities are finer than probability measures. After Malliavin introduced
the (p, r)-capacity, Takeda [67] generalised Fukushima’s results and proved the above
properties for Brownian motion under the (p, r)-capacity.

These properties of fractional Brownian motion sample paths have also been in-
vestigated in the setting of probability. Almost everywhere non-differentiability of
fractional Brownian motion sample paths was proved in [50] by Mandelbrot and Van
Ness. The modulus of continuity result was established by Decreusefond and Ustiinel
in [10] and they proved that the sample paths of fractional Brownian motions are
a-Holder continuous for all @ < H almost surely. As for the law of the iterated

logarithm, Coutin [9] mentioned the following result

. Bt+s - Bt
lim sup =1, as.
esot /22 loglog(1/e)




While a written proof does not exist for the case that H < %, the functional version
of the law of the iterated logarithm for Gaussian processes implies the above result
for fractional Brownian motion (see for example [1] for a proof). For the case that
H € (0, %], the law of the iterated logarithm was established by Cohen and Istas using
Slepian’s lemma in [8].

Another interesting topic related to Gaussian measures and Gaussian processes is
the theory of large deviations, which has plenty of applications in statistics as well
as statistical mechanics. The theory of large deviations completes the central limit
theorem by telling us that the convergence of tail distributions is exponentially fast.
The most essential result in this theory is the celebrated Cramér’s theorem, in which
the rate of decay of the tail probabilities are provided explicitly. The theory of large
deviation principles experienced a rapid development in 1970s due to the work done
by Donsker and Varadhan, see [13]. The theory can be established for probability
measures on both finite-dimensional and infinite-dimensional spaces. Schilder’s the-
orem describes the exponential decay of large perturbations of a Brownian motion
from its mean trajectory, and Freidlin-Wentzell theorem extends the result to case
of Ito diffusions, see e.g. [11] and [12] for proofs. One may refer to [12], [13] and [70]
for a comprehensive introduction.

Large deviation principles may be established for not only probability measures,
but also for capacities. In [72], a version of large deviation principles for (p, r)-capacity
was formulated by Yoshida on abstract Wiener spaces. Gao and Ren considered the
capacity version of Freidlin-Wentzell’s theory (see [23, 24]). After Lyons introduced
the analysis of rough paths (see e.g. [18, 20, 44, 45] for details), similar large devia-
tion principles results were established via rough paths theory by Ledoux, Qian and
Zhang in [38] (see also [19, 55]). In the case of Gaussian rough paths, large deviation
principles with respect to capacities were established in [5] and [30].

Our goal is to study fractional Brownian motion in view of these topics, and



explore sample paths properties with respect to both probability measures and ca-
pacities. Though capacities are finer measurements compared to probabilities, its
disadvantage is obvious, that is when using capacities, fractional Brownian motions
with different Hurst parameters live on distinct abstract Wiener spaces, and their
properties will be studied with different capacities. Thus, instead of using distinct
capacities, we use one uniform measurement — the (p, r)-capacity induced by Brown-
ian motions. We regard a family of fractional Brownian motions with distinct Hurst
parameters as Wiener functionals on the classical Wiener space, and explore the prop-
erties shared by this family of processes, therefore fractional Brownian motions with

different Hurst parameters are compared.

1.2 Main results

The necessary background knowledge for the topics we study, including abstract
Wiener spaces, Malliavin calculus, Wiener chaos, fractional Brownian motions, as
well as large deviation principles will be introduced in Chapter 2. In Chapter 3, we
will introduce two sample path properties of fractional Brownian motions under prob-
ability measures. We revisit one standard result on the law of the iterated logarithm
for fractional Brownian motions, following the argument by Cohen and Istas in [8].
The reason why we include this result here is to show how to use Slepian’s lemma to
tackle the negative correlation between the increments over different time intervals
when the Hurst parameter is less than % The result is stated in two propositions as

follows.

Proposition 1.2.1 (Theorem 3.2.4, [8]). Let (B;),5, be a fractional Brownian motion
of dimension one on a probability space (2,9, P) with Hurst parameter H € (0,1).
Then

B
P | limsup : <1l| =1
1o +/2t2H loglog(1/t)
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Proposition 1.2.2 (Theorem 3.2.4, [8]). Let B = (By),-, be a fractional Brownian

>0

motion of dimension one on a probability space (Q,9,P) with Hurst parameter H €

(0, %] , then

P { limsup B >1| =1
1o /2t*H loglog(1/t)

Combining these two results, the law of the iterated logarithm when H < %
follows.

The second property we consider is the self-avoiding property of fractional Brow-
nian motion paths. We adopt the classical method due to Kakutani [32] and prove

the following result:

Proposition 1.2.3. Let (By);>0 be an n-dimensional fractional Brownian motion

with Hurst parameter H. Then B has no double point almost surely Zf% < H.

Nevertheless, as potential theory no longer applies to the case of fractional Brow-
nian motions, the critical dimension of self-intersection for fBMs still remains an open
question.

The main contribution and new results of this thesis are presented in Chapter 4
and 5.

From Chapter 4 and on, we use capacities instead of probability measures, and
the integral representation (1.1) allows us to view fractional Brownian motions as
a family of measurable functionals on the classical Wiener space. We first consider
the regularity of fractional Brownian motion paths, and establish the modulus of

continuity for these paths under capacities:

Theorem 1.2.1. Let (B;)i>o be a fractional Brownian motion with Hurst parameter

H. Then it holds that

1
lim sup max |B; — Bs| <1, ¢.s.
510 202 log(1/0) 525151



when H € (0,1) and

1
lim sup max |B;, — Bs| > 1, ¢.s.
510 202H log(1/0) °5:545°

when H € (O, %}
Accordingly, we deduce the following corollary:

Corollary 1.2.1. (By)>o is a-Hdlder-continuous for o < H quasi-surely with respect

to the classical Wiener capacity.

Next, we prove that apart from a capacity zero set, all fractional Brownian motion

paths are nowhere differentiable.

Theorem 1.2.2. Let H € (0,1). Then for a fractional Brownian motion (B)i>o with

Hurst parameter H,

li ‘Bt+h - Btl
imsup ————

=o0 forallt€[0,1] g.s.
hl0 h

Then we establish the law of the iterated logarithm under capacities, but only for

the case when p = 2 and » = 1 due to technical reasons.

Theorem 1.2.3. Let (B;)i>0 be a one-dimensional fractional Brownian motion on
the classical Wiener space (W, H, P) with Hurst parameter H € (O, %} . Then it holds

that

B
cz1 | limsup ! #1|=0.
1o +/2t2H loglog(1/t)

At the end of Chapter 4, we study the self-intersection problem of fractional
Brownian motions with respect to the classical Wiener capacity when p = 2 and

r = 1. What we obtain is the following:

Theorem 1.2.4. Let B = (B;)i>0 be a d-dimensional fractional Brownian motion

with Hurst parameter H. When H < % and d > % + 2, B has no double point under

8



2,1)-capacity on the classical Wiener space; when H > L and d > 6, B has no double
2

point under the (2,1)-capacity.

In Chapter 5, we consider sample paths over time interval [0,1]. We first prove
that fractional Brownian motions are Wiener functionals that are quasi-surely defined,
that is, they are defined apart from on a set of zero capacity, with the restriction that

1

the Hurst parameter H is greater than or equal to ;. Then we establish the large

deviation principles for such functionals and identify the corresponding rate function.

Theorem 1.2.5. Letr € N, 1 < p < o0, and H € [%,1). Then for a fractional
Brownian motion (Bt)te[o,l] with Hurst parameter H defined on the classical Wiener
space via the integral representation (1.1), there is a modification of B that is defined

(p, r)-quasi-surely.

Let us abuse our notations, and still denote the quasi-sure modification given in
the above theorem by B, then we have the following result on large deviations of such

functionals:

Theorem 1.2.6. Letr € N, 1 <p < oo and 3 < H < 1. Let X; (w) = By (ew) for all
w ezpect for a (p,r)-capacity zero subset (for allt € [0,1], € > 0). Then {X¢:e > 0}
(which are scaled fractional Brownian motions with Hurst parameter H € [%, 1))
satisfies the large deviation principle with respect to (p,r)-capacity, with the good rate
function

llwll2,

—2ﬂ, (JJE?‘A[,
Iw) =

0, otherwise,

where H denotes the Cameron-Martin space corresponding to the law of (By)icp.],

and ||-||;; denotes the norm induced by the inner product on this Hilbert space.

The content of Chapter 4 is published in [42], and Chapter 5 is a submitted paper,
see [41].



Chapter 2

Preliminaries

This chapter is devoted to the introduction to all definitions and notions that will be
used throughout this thesis.

Firstly, we give a brief introduction to the theory of Gaussian measures and ab-
stract Wiener spaces. Then we introduce several basic notions in Malliavin calculus
as well as the definition of capacities in the sense of Malliavin. In addition, we will
review several important results related to the fine properties of fractional Brownian
motions and end this chapter with a guide to the theory of large deviation principles.
For convenience, we shall omit the Hurst parameter H in our notation and denote
fractional Brownian motions by B = (B;);>¢ if no confusion arises. A standard Brow-
nian motion will be denoted by W = (W});>0, or simply just w = w(t) as we will

mainly work with the classical Wiener space.

2.1 Gaussian measures and abstract Wiener spaces

Let us first consider the finite-dimensional case. Given a probability space (2, .7, P),

a real-valued random variable ¢ on this space is a Gaussian random variable or has

10



normal distribution N(u,o?) if its law is given by

1 _(e-w)?

Pce A :/ 202 dux,
¢ | A\/27T026 v

for all A € Z(R), the Borel o-algebra on R. Here, u is the mean value of £, and o2

is its variance. The characteristic function of this random variable £ is given by
E [¢"] = emat?ot it gy e R

An n-dimensional vector-valued random variable € = (&, -+ ,&,) is called Gaussian
if for all (Ar,---,A,) € R™, Y% N& is a real Gaussian random variable. It is
characterised by its mean value and covariance matrix. Its mean value is an n-
dimensional vector g = (1, , fn), where p; = E[§;], 1 < i < n, and its covariance
matrix X = (04)1<i j<n IS a positive semi-definite matrix, whose components are given
by

0y = El(& — p) (& — 1)), V1<ij<n.

An n-dimensional Gaussian random variable induces a Borel probability measure v

on (R, Z(R")) in that
v(A) =Pl€ € 4], VAe BR"),

which is said to be a Gaussian measure.
A family of random variables {, } aea with index set A (which can be uncountable)
is said to be Gaussian if every finite linear combination Eie ; Aii is a real Gaussian

random variable whose mean value is ;. AE[{;], and variance is

Z MNAE (&G —EG)) (&5 — EE])]

11



where [ a finite index set, and \; € R. A good reference for further details on
Gaussian random variables and Gaussian measures is [6].

Now we would like to generalise Gaussian measures to the infinite-dimensional
setting. According to Gross [26], we may define Gaussian measures on a real separable
Banach space by the construction of abstract Wiener spaces. Indeed, following the
same idea as in the finite-dimensional case, Gaussian measures may be characterised
via Gaussian random variables: let (X, || - ||) be a real separable Banach space, and
A(X) be its Borel o-algebra. Let X* denote its topological dual space. Then a
probability measure v on (X, Z(X)) is Gaussian if for all continuous linear functional
[ € X*, l(w) with w € X is a real Gaussian random variable under this measure, i.e.
v ol™!is a Gaussian measure on (R, Z(R)) for all I € X*.

Let (X, ]| -|]) be a real separable Banach space, and (H, (-, )3) be a real separable
Hilbert space which may be embedded into X via a continuous and dense embedding
J. Let J* : X* — H* be the dual map of J, where X* and H* denote the topological

dual of X and H respectively, so that we have the following embeddings:
x*Lyrendx

A Gaussian measure v on (X, Z(X)) is determined by the corresponding character-

istic functional, namely
/Xexp (il(z)) v(dx) = exp (—%||J*l||H) , Vie X", (2.1)
then the triple (X, H,~) is called an abstract Wiener space. For all [ € X*| set
Wi(x) =1(x), VzeX,
and using (2.1), we deduce that {W;},cx~ is a family of centred Gaussian random

12



variables on (X, #(X), ), satisfying
EW W, = (J*z, J"2)y, Vz,ze€ X"

As J*(X*) is dense in H* = H, one may extend W from X* to H such that for
each element h € H, W), is defined to be a random variable on (X, #(X),~). Let
Z denote the y-completion of Z(X), then the extended process W = {W}, }neq on
(X, ZA(X),7) is called an isonormal Gaussian process, see [58] for further details.

One concrete example of abstract Wiener spaces is the classical Wiener space. We
shall follow the notation in the book by Ikeda and Watanabe (see Section 8, Chapter
V, [29]). Let W¢ denote the space of all continuous paths valued in the Euclidean
space R? that start from the origin, that is, w(0) = 0 for all w € W. The space W
is equipped with the norm |||, defined by

HWH—Z2 * max (w(t)| A1),

0<t<n

which induces the topology of uniform convergence over every compact subset of
[0,00), and therefore (W, ||-||) is a real separable Banach space. The Borel o-algebra
on W{ is denoted by (W) or by 4 if no confusion may arise.

We will use w to denote a general element of W, so that for any fixed ¢t >
0, w(t) denotes the value of a path w at time . The same notation w(t) denotes
also the coordinate mapping w +— w(t), and the parametrised family {w(¢) : ¢t > 0}
is the coordinate mapping process on W (see e.g. Section 2.2, Chapter 2, [33]).
The coordinate mapping w(t) may be denoted by w; (for ¢ > 0) as well. Then the
Borel g-algebra, denoted by (W), is the smallest o-algebra on W¢ with which all
coordinate mappings w(t) (for ¢ > 0) are measurable (for a proof, see e.g. Stroock
and Varadhan [66]).

Let P be the Wiener measure on (W@ Z(W{)). The Wiener measure is the

13



unique probability measure on (W&, (W) such that the coordinate mapping pro-
cess (w(t))s>o is a d-dimensional standard Brownian motion. For simplicity, W& and
PW will be abbreviated as W and P respectively, if no ambiguity may occur.

To complete the construction of classical Wiener space, one should identify the
Hilbert space H, which is the Cameron-Martin space associated with the Wiener
measure P. Let #H be the space of all h € W such that t — h(t) is absolutely
continuous, and its generalised derivative h is square-integrable on [0,00). Then

given the norm
e =/ [ ot
0

‘H is a Hilbert space, and the dual space W*, consisting of all continuous linear func-
tionals on W, can be identified as a subset of H, so that we have the continuous dense
embeddings W* — H — W with respect to their corresponding norms respectively.

Furthermore, P is the unique measure on (W, Z(W)) such that every continuous
linear functional [ € W* has a normal distribution with mean value equal to zero and

variance ||I||3,. In other words, P is the unique probability measure on W such that

. 1
[ s = o |33
w 2

for every [ € W*.

The isonormal Gaussian process can also be introduced in the setting of classical
Wiener space. Every h € H corresponds (unique up to a P-null set) to a random
variable on W, which will be denoted by [h]. This random variable [h] has a normal
distribution N (0, ||A||3,). In fact, for every h € H, the corresponding Gaussian ran-
dom variable [h] can be identified using the Ito integral [h] = [~ hdw, which is the
stochastic integral of / against a standard Brownian motion (w(t))s=o. In this sense,
the triple (W ,H, P) is an example of abstract Wiener spaces, called the classical

Wiener space.

14



The completion of the Borel g-algebra (W) with respect to the Wiener measure
P is denoted by .%. An .%-measurable function on W, valued in a separable Hilbert

space, is called, according to the convention in literature, a Wiener functional.

Remark 2.1.1. Though in this section, when introducing the classical Wiener space,
we take our real separable Banach space W to be the collection of all continuous paths
over [0,00), equipped with the norm defined as in (2.1). This space W could also be
taken to be Cy(]0, 1]), the space of all continuous paths over time interval [0, 1] starting

from the origin, and equipped with the norm

lwlf = sup [w(t)], Vwe W,
0<t<1

Accordingly, the corresponding Cameron-Martin space H is taken to be all abso-
lutely continuous functions over [0, 1] whose generalised derivatives are elements of
L2([0,1]). In Chapter 4, we use continuous paths over [0,00), and in Chapter 5, to

simplify our computation, we adopt W = Cy(]0, 1]).

2.2 Malliavin calculus and capacities

In this section, we introduce several definitions and results in Malliavin calculus.
A differential structure on the classical Wiener space (W, H, P) that is compatible
with the Wiener measure P was introduced by Malliavin (see [47] and [46]). We first
introduce the definition of smooth cylindrical random variables, which are random

variables of the form

15



where f € C*(R") is a function whose partial derivatives have polynomial growth.

The Malliavin derivative of F' is defined to be an H-valued random variable given by

DF =Y 0f([h),-- , [h]) P,
i=1
where 0;f(x1,--+ ,x,), 1 < i < n, is the partial derivative of f with respect to the

i-th variable. The second order Malliavin derivative of F' is given by

D’F =Y "2 f([h],- , [ha))hi ® Dy,
ij=1
where (9% f denotes the second order partial derivative of f in the i-th and j-th
components. Thus, higher order Malliavin derivatives D*F for k > 1 may be defined
inductively. We denote the collection of all such smooth cylindrical random variables
by S.
For all r € N and 1 < p < oo, the Sobolev norm of a smooth cylindrical random

variable F' € S is defined to be

r

1/p
1 F[lpz = (E[IFIP} +) E UHDkFIIH@k}p]) :

k=1
Let D? be the completion of S with respect to the Sobolev norm ||-[|pe. The (p,r)-

capacity of an open subset O of W is defined by (see e.g. [49]):

cpr (O) =inf {||@|lpr : o € DE, ¢ > 1 ae. on O, ¢ >0 a.e. on W},

and for an arbitrary subset A of W its (p, r)-capacity is
cpr (A) =inf{c,, (0): AC O, O isopen}.
A set A C W is said to be slim if ¢,,(A) =0 forall r € Nand 1 < p < co. A

16



property 7 defined over W is said to hold ¢, ,-quasi-surely or (p, r)-quasi-surely if the
set on which this property is not satisfied has (p, r)-capacity zero, and a property =
defined over W is said to hold quasi-surely (q.s.) if it holds ¢, ,-quasi-surely for all
reNand 1 <p<oo.

The notion of slim sets on the classical Wiener space (W, H, P) can be studied
via the Ornstein-Uhlenbeck operator, which gives rise to a different but equivalent
approach to the definition of (p, r)-capacity. For a given p € [1, o], let (1});>0 denote
the Ornstein-Uhlenbeck semigroup on LP(W, P), which is a one-parameter semigroup

of contractions on LP(W, P) given by Mehler’s formula:

Tyu(x) = / u <e’t:c +v1-— e—2tw> P(dw). (2.2)
w
For each fixed ¢ > 0, T} is a contraction operator on LP(W P), p > 1. Indeed,

/Wthf(w)V’P(dw) < /W /W|f(e‘tx V1= e %)P P(dw) P(dx).

Consider the mapping ¢, : W x W — W given by
pi(z,y) = ez + V1 —e My,

which induces a measure P = (P® P)op,' on W. As for each t > 0, write
e”! =sinf, and V1 — e = cos 6 for some 0 € [0,7]. Since Gaussian measures are

invariant under rotation, we deduce that P= P, and thus

/W\th(w)\pP<dw> < /wa\fwc,yww ® P)(dz,dy)
- /W|f<z>|pﬁ<dz>

= [ \rpar.
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which implies that, T; is a contraction on LP(W, P) for all ¢ > 0 and p > 1.

The Ornstein-Uhlenbeck semigroup defined above enjoys several properties:
1. For each t > 0, T; is positivity preserving in that if f > 0, then T, f > 0.

2. (T})i>0 is symmetric with respect to the underlying probability measure P,
which is

| @noar= [ sitgar, vezo
1% w

3. The third property is the hypercontractivity: let p > 1 and t > 0, and set
q(t) = e*(p — 1) + 1, which is, by definition, always strictly greater than p.
Suppose F' € LP(W), then it holds that

|TLF || oy < || F[| v

for all ¢.

As the hypercontractivity property is rather important and will be used in the proof

of other results, we shall include the proof of this result here.

Proof of 3, Theorem 1.4.1, Chapter 1, [58]. The following proof is contained in Sec-
tion 1.4.3, Chapter 1, [58]. It suffices to verify that for any G € L9 (W), where

q* € (1,00) satisfying 1/¢* +1/q =1, i.e.

1+e(p—1
¢ =qt) = %7
it holds that
E(TF)G] < [ Fllee |Gl - (2.3)
It holds that
T,F| < T(|F)).
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We assume that F' and G are positive bounded measurable functions on W (or

otherwise argue by approximation) and of the forms

Fw) = f([m](w), -, [ha](w)) = fo W(w)
and
G(w) = g([m](w), -, [hn](w)) = g o W(w)

respectively, where f,g : R® — R are positive bounded measurable functions, the
functions hq, - - - , h,, are orthonormal in H, and W = ([h4],- - - , [hy]) is an n-dimensional
standard Gaussian random variable defined on W. Therefore using Mehler’s formula,

we may rewrite the left-hand side as
E[(T,F)G] = / / Fe™'z + V1 — e 2y)G(z) P(dy) P(dx)
w Jw
—E | f(e" Wi + VI = e W])g(W)] |

where (W)o<s<1 and (W!)o<s<1 are two independent n-dimensional Brownian motions

over the time interval [0, 1]. Notice that

—~

Wy=e "W, +V1—e2W! Vsel0,1]

is still an n-dimensional Brownian motion with respect to the filtration generated by

W and W’. Moreover, by the definition of F' and G, we observe that

IFIL, =B |lF 7))
and
1GNNS, =E [lg(W)[*] .
For convenience, denote X = f (Wl) and Y = g(W;), and notice that X and Y are
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non-negative, bounded as f and g are, and measurable with respect to the o-algebra
generated by Wl and Wj.

With the above observations, the inequality (2.3) can be reduced to the following
inequality:

E[XY] < E[X?)VPE[Y TV

By the martingale representation theorem, there exist two predictable adapted n-

dimensional stochastic processes (¢s)s>0 and (1s)s>0 such that

1 —~——
X7 = B[X7] + / oy T,
0

and
1
YT =E[Y?] + / Y, dW,,.
0
Define
M, = E[X?] + / 0, AW,
0
and

N, —E[Y] + / YudW,
0

for s € [0,1], then (M;)o<s<1 and (Ns)o<s<1 are positive martingales with respect to
the filtration generated by W and W respectively, and thus It6’s formula applies. It
folllows that

AM, = o, dW,,
AN, = ¥, dW,,

and by the definition of W,

d<M7 N>s = 908¢8d</Wv> W)S = e_t@squjsds
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for all s € [0,1]. Applying It6’s formula to MYPN'9" we get that

XY = M{/"N/"

1 1
* 1 * 1 *
= My’ N,/ +/0 Z—ij/P—lN;/q d M, +/O p MYPNYT1AN,

[ [t1/1 o2 \rL/g"
+ = — (= —=1) MYP2NYTAM),
20Jo p\p

1
]. >k
+2/ — MYMPINYEYA(M, N,
o Pq*

1 /1 .
+/ — (— — 1) MYPNY4 Zd(N)S}
0o ¢ \¢"

1
— E[Xp]l/p]E[Yq*]l/Q* + 1/ M;/ple;/q*gpdeS
PJo

1
_f_l/ n{l/le/q*—1¢Sd[1fs
aJo ° 7

1
T / MIP2NYT p2ds
2p p 0 S S S

1 /1 ! .
— 1 MYP NG =224
+ 2q* (q* ) /0v S S ws S

1 [ .
pe / MYPTINYT e ) ds.
0

_|_

p

Therefore, after taking expectation on both sides what we need to prove becomes the

following:

1
E i 1 -1 / Ml/p—2Nl/q*902d8
2p p 0 S S S

1 /1 ! .
o (5—1) / MIPNYT =242 (2.4)
0
I .
+pq*/ MMYPAINVT et ah ds| <0
0

Since p > 1 and 1/p — 1 < 0, by setting

A, = M81/2P*1N51/2q*(ps

Y

21



and

Bs — M1/2pN1/2q*—1ws’

we may write the left-hand side of the above inequality (2.4) as

1 /11 /1 2 1 /1
—/1E{—(——l)A§+——etAJﬁ+——<——1>Bﬂd&
2 Jo p\p pq* T \q*

and hence it remains to show that

1 1/1 1 /1
e ) (3 <
(pg*) p\p g \q

which may be easily verified by plugging in the value of ¢*. m

Now we introduce the generator of semigroup (7;), denoted by L in the sequel.

Let
- Tu—u
D(L)=<Sue LP(W,P): ltli%l exists in LP-space ¢,
and define
. Tiu—wu
Lu = llfgl for u € D(L).
t

For each 7 > 0, (I — L)~ % is a contraction on LP(W, P), and is given by the following

integral

™ ]_ OO T
I—-1)2=— tz et dt
=1 wwmﬁ *e T,

(defined in the sense of Bochner’s integrals). The Sobolev norm can also be defined.
The corresponding Sobolev norm, denoted by ||-||., (1 < p < 00), is then defined to
be

lullep = (T = L) 3ull,

The corresponding (p, r)-capacity C, ,, following Fukushima’s convention in [22],
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can be defined in a similar manner as before, namely, for an open subset O of W,
Crp(O) =inf {||¢|F: (I—L)"2¢>1ae onO, (I—L)"2¢>0ae on W},
(with convention that inf () = oo) and
Crp(A) =inf {C,,(0) : AC O, O is open}

for an arbitrary subset A of W.

It was Meyer [53] who proved that two Sobolev norms ||-||pz and |||, are equiv-
alent to each other, and consequently we obtain that there exists a constant a;., > 0
such that

L0 (4) < (60 (A) < 4y Crp (4) (2.5)

Qrp
for every A C W. For further details about the Sobolev norm ||-||,., and the corre-
sponding capacity, one should refer to [22], [71] and [67].

Both ¢,, and C,, capacities have several rather important properties, which will

be used in our arguments frequently:
1. Firstly, capacities ¢, , and C,, are outer measures in the sense that c,, and C,
are monotonic and sub-additive. In other words,

cpr(A) < ¢ (B)

for any A C B, and

Cor(A) < cpr(An)

if A C |, An. These properties hold for C., as well. Let us point out that
the sub-additivity of c,, follows from the localisation of |-||pz , while the sub-

additivity of C,, follows from the triangle inequality for norms.
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2. Tt follows that the first Borel-Cantelli applies to these capacities (see e.g. Corol-
lary 1.2.4, Chapter IV, [49]). More precisely, if {A,}22, is a sequence of subsets
of W such that Y, ¢,,(A,) < oo, then

¢pr(limsup A4,) = 0.

n—o0

The capacity version of the Borel-Cantelli lemma, together with the concept of

the Malliavin derivative, are major tools in our arguments.

3. A version of Chebyshev’s inequality can be established in the context of capac-
ities. In fact, the definition of capacity c,, implies the following Chebyshev’s
inequality (see e.g. Corollary 1.2.5, Chapter IV, [49]). If ¢ € DP and ¢ is

lower-semi continuous, then

o (0> A) <A ollpe

for every \ > 0.

4. We also have the following generalised sub-additivity. Lemma 1.1 in [22], to-
gether with Meyer’s inequality, implies a stronger version of the sub-additivity

for ¢, which says that

(cpr(A))P < My, Z (cpr(An))" (2.6)

for some constant M, , depending only on p and r, for any A C {J,, A,.

5. Lower continuity: ¢,, is lower continuous (see e.g. Theorem 5.1, Chapter IV,

o0

[49]) in the sense that for an increasing sequence of sets {A,}22,

Cor (U An> = lim ¢, (4,). (2.7)



2.3 Wiener chaos

In this section, we introduce the theory of Wiener chaos decomposition and prove a
useful estimate on the Sobolev norm ||-||pe.

On the Wiener space, a Hermite polynomial is random variable given by

Hn(w) = HHmk([hk])7 m = (mg, )

keN

with |[m| = ", 7. The n-th Wiener chaos is the closed subspace of L*(W,.Z, P)
generated by Hy, such that |m| = n.

Then we have the following Wiener chaos decomposition of L2-space:
L*(W,.Z,P) =P Hn.
n=0

The projection from L?(W) to H, is denoted by J,,. Let PY denote the space of

polynomial random variables of the form
F=p([hal, - [ha]); Vi, by € H,

where p is a polynomial with degree less than or equal to n, and P,, be its closure in
L?*(W). Then
If FF € D? where p > 2, then for [ <7,
9 o
D' Fllgger ||y = nln = 1)« (n =1+ 1)[|J.F|3. (2.8)

n=l

For a proof of this result, one may refer to Proposition 1.2.2, Section 1.2, Chapter 1,

[58] and the comment afterwards.
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We recall that the Ornstein-Uhlenbeck semigroup (73);>0 may be defined via the
Mehler’s formula (2.2). Alternatively, this semigroup (7}):>¢ can be defined to be a

family of contraction operators on L?(W) satisfying

o0

Tt(f) = Z e_mjnf7

n=0

for all f € L*(W). These two definitions coincide on L?-space, and we shall use this

new definition to prove two useful estimates as follows.

Proposition 2.3.1. If F € P, then
1F]ly < (n+1)(g = 1)% || Fl2 (2.9)

and

[ID'F 3o, < 2| F ]y (2.10)
forany g >2 and I < n.

Proof. The first inequality (2.9) is due to the hypercontractivity property of the
Ornstein-Uhlenbeck semigroup (7);>9. Take F' € H,,. Then by definition

T,F =e ™F.
Set p=2, and q = q(t) = 1 + €%, so
1
t=—-1 —1
5 108(4 ),
and hence by the hypercontractivity property of the Ornstein-Uhlenbeck semigroup,

ITFlly = e 2 5V F]l = (¢ = )72 Fllg < [Fll2,
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which implies that
1F Nl < (g = 1% Fl2.

IftF=>%"_oJnF €P,, then
1F g <Dl ImFllg
m=0
<> (- VEIFls
m=0
< (n+1)(g—1)7 || F|>.

To prove (2.10), applying (2.8) to F' € P, where F € D7 for | < n, and J,,F’s

vanish when m > n. Notice that

1EN5 =Y Nl JmFI3,
m=0

so we deduce that
2 n
1D Fllggor ||y = Y - m(m = 1)« (m = 1+ 1)||Jn. F|[3
m=l

n
<n' ) | Fll3
m=l

< n'|[F]3,

and the proof is complete. O]

2.4 Fractional Brownian motions

In this section, we will define fractional Brownian motion, introduce its integral rep-
resentation, and then list several important properties of this process.

A 1-dimensional fractional Brownian motion (fBM for short) (B;)i>o with Hurst
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parameter H € (0,1) is a centred Gaussian process on a probability space (£2,%,P)

whose covariance function is given by

R(t,s) =E[B,By] = = (*" + s*" — [t —s]*"), Vs, t >0

DO | —

A d-dimensional fractional Brownian motion is d-copies of independent one-dimensional
fBMs. As a centred Gaussian process is fully determined by its covariance function,
the properties of fBMs vary according to the value of Hurst parameter H. In partic-
ular, when H = %, an fBM becomes a standard Brownian motion.

In Chapter 4 and 5, fBMs will be realised as Wiener functionals on the classical
Wiener space (W, H, P), in terms of the following integral representation due to

Decreusefond and Ustiinel [10]:

B, = /OtK(t, s)dw(s), (2.11)

where the integral on the right-hand side have to be interpreted as an It0 integral
against standard Brownian motion {w(t) : ¢ > 0} under the Wiener measure P. Here,

for each pair t > s > 0, define K to be the reproducing kernel

= HE2H - 1) s2H t u—s)7 20" 2 dy
Kﬁﬁ%—¢3< ) [( ) du,

2—2H,H—1

ifH>%,andforH<%,

2H
K(t,s) :\/(1 —2H)B(1—2H,H +1)

) o (- ) [t il

where B(-,-) denotes the Beta function. We define K = 1 when H = %, so that our

results are compatible with the classical results established for standard Brownian
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motions. We notice that K is a non-negative but singular kernel and it satisfies that

tAu
/ K(t,s)K(u,s)ds = R(t,u), Vt,u>0.
0

For further details on the above integral representation and the reproducing kernel
K, one may refer to [10] and Chapter 5 in [58].

One may check that fBMs have the following properties:

1. Fractional Brownian motions have stationary increments, i.e. B; — By and B;_g
have the same distribution for any 0 < s < t. We note here that one major
difference between fBMs and Brownian motions is that the increments of fBMs

over different time intervals are no longer independent. Indeed,

BI(B — BB — B = 3 (=0 — (1= = (=) — (s =],

DO | —

where 0 < u < r < s <t. As f(z) = 2?/ is convex when H € (%,1), and

t—u>s— u, we have

flt—u) = ft—r) = f(s —u) = f(s =),

so the increments over two distinct time intervals are positively correlated; while
f(z) = x*7 is concave if H € (0,1), which implies that the increments are
negatively correlated in this case. Due to this property, the sample paths of
fractional Brownian motions with distinct Hurst parameters look different. The
paths of fBMs with Hurst parameter H < % tend to be more wiggly than those
of fBMs with Hurst parameter H > % See Figure 2.1 for the case when H < %

and Figure 2.2 when H > %

2. FBMs are known as examples of self-similar stochastic processes. A stochastic
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Figure 2.1: FBM with H = 0.1

process is said to be self-similar with parameter H if for any h > 0 and ¢t > 0,

X, ™ pHx,,.

A fractional Brownian motion is self-similar with its Hurst parameter H, i.e. for
any o > 0, {By: t >0} = {a"¥B,, : t > 0} in distribution. The scaling prop-
erty of Brownian motion is simply just self-similarity property with parameter

1/2.

. FBMs are almost surely continuous. For all o > 0, it follows that

E[|B; —

|aH

B[] = E[|B,[*]]t —

by self-similarity and stationary increments properties, and hence Kolmogorov’s
continuity criterion indicates that for any H € (0, 1), (B):>o has a modification

which is almost-surely continuous.

. FBMs are nowhere differentiable. Here we present the outline of the proof,

following Proposition 4.2 in [50]. Let (By);>¢ be a fractional Brownian motion
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Figure 2.2: FBM with H = 0.9

on the probability space (£2,%,P) with Hurst parameter H. Consider the set

A {w:limsup | Bi(w) — Bty (w)] 200}7

t—to |7j - to’

and let
|Bs(w) — By (w)]
|S — t0|

A,y =< w: sup > M

, SE(tQ,t0+%)
Then w € A if and only if there exists an M such that w € A, » for infinitely
many n, that is,

w e U {An,M 10}
M=1

However, we notice that A, 11 s C A, ar, and for each n, define

B, 1(w)— B (w
BmM_{wy o2 (@) = By >|>M}

1

_ {w | Biys 1 (@) = Biy(w)] > %}‘

n

It follows by definition that B,y C A, a, and since fractional Brownian mo-
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tions are self-similar, we deduce that

3=

B(Buar) =B (w518, ()] > )

=P (w:|Bi(w)| > Mn"""),

so P(B, ) — 1 as n — oo. Furthermore, since

P(limsup A, ar) > P(limsup By, py) > limsup P(B,, i) = 1,

n—oo n—oo n—oo

we conclude that P(A) = 1, which indicates that B is nowhere differentiable

P-almost surely.

. Unless H = %, fBMs are not semimartingales. This result follows from the fact
that every semimartingale has finite quadratic variation, and when its quadratic
variation vanishes, it is of finite variation. Now for any partition [I={0 = ¢ <

ty <ty <--- <t, =T} of time interval [0,7], where T' > 0, define
V(1) = Z’Btk*Btqumv
k=1
where p > 1. Since
E(|B; — Bs["'l = E[|Bi["] |t — s|P",

and convergence in L' implies convergence in probability, we conclude that B
has p-variation equal to 0 when pH > 1 and equal to infinity when pH < 1.
If H € (0, %), then there exists some p > 2 such that the p-variation of B is
infinite, and so is its quadratic variation. On the other hand, when H &€ (%, 1),

B has zero quadratic variation, but as H < 1, its variation is infinite. Therefore,

in either case, B is not a semimartingale according to the criterion mentioned
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above. For details, see Proposition 5.1.1, Chapter 5, [58].

. FBMs are not Markov processes when H # 1/2. Due to this fact, a lot of
problems concerning fractional Brownian motions remain open, and many clas-
sical methods become ineffective. We include a proof of this result here. We
adopt the proof of Theorem 2.3, Chapter 2, [57] here. Suppose B is Markovian
when H # 1/2, and let {%; : t > 0} denote the o-algebra generated by B, i.e.
Fs=0(By:u<s). Set Xy = B, — aB, with

E [BtBs]

a =

E[BZ]

for s < ¢. Then we have E [X;B,] = 0, and thus X; and B; are independent as

they are Gaussian random variables. The Markov property of B implies that

= B,E [X;|Bs]
=0,
and hence E [X,B,] =0, i.e.
E [B;B;]
E |\BB,— ——=B.,B,| =0
{ ' E[(B;)?] ]

for all 0 < u < s <t. Plugging in the covariance function of fBM with Hurst

parameter H # 1/2, we get that

where

[ +1— (z—1)*], 2>1. (2.12)
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This implies that

p(ab) = p(a)p(b)

for a,b > 1. Notice that p(1) = 1 and ¢'(x) > 0. We consider the function
f :]0,00) = [0,00) given by f(x) = logp(e”). Then f satisfies the Cauchy

functional equation

flx+y) = fl@)+ f(y),

which implies that f(x) = cz with some positive constant ¢, so
o(x) = a°. (2.13)
This leads to a contradiction since
limip” ()| = lim|H(2H — 1)@ = (z = 1)*"7)] = oo,
according to (2.12) while
lim|p"(z)] = cle — 1] < o0

by (2.13). Therefore, (B;):>o is not a Markov process unless H = 1/2.

Remark 2.4.1. Indeed, a non-constant self-similar Gaussian process with stationary
increments and continuous variance must be a fractional Brownian motion. Self-
similarity with parameter H and stationary increments force H to be less than 1, and

continuous variance implies that H > 0. See Proposition 3.7 and Proposition 3.8 in

[50] for a proof.
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2.5 Large deviation principles

In this section, we review several important results in the large derivation principle
(LDP) theory without proofs. Let us first introduce several basic definitions in the
large deviation principle theory following [70] and [12].

Let (E, d) be a Polish space, that is, a complete separable metric space, and A(FE)

be its Borel o-algebra.

Definition 2.5.1. We say that a family of probability measures {pu. : € > 0} on

(B, B(E)) obeys the large deviation principle (LDP) with the rate function I if

limsup elog p.(F) < — inf I(x)
€l0 zeF

for each closed set F C E, and

. o
hr?ul)nfelog we(G) > ;Iel(f? I(x)

for each non-empty open set G C E, where the rate function I : E — [0, 00| is defined

to be a lower semi-continuous function such that for every ¢ € RU{oo}, the level set
I.=I((—o0,c) ={s € X : I(s) < c}

15 closed. Moreover, a rate function is said to be a good rate function if for any ¢ > 0,

the level set {s: I(s) < ¢} is compact.

Remark 2.5.1. We say that a family of random variables {X¢ : ¢ > 0} satisfies the

LDP with a rate function I if their laws satisfies the LDP with I as its rate function.

The most essential result in the large deviation principle theory is the celebrated
Cramér’s theorem. It provides us the explicit form of rate functions for finite dimen-

sional case.
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Let {X,}ien be a family of R?-valued independent identically distributed random
variables, and let p denote their law. Define the empirical mean S, = %Z:’L:l X;
for all n € N, and let p, denote the law of 5,,. Cramér’s theorem is stated as the

following.

Proposition 2.5.1. Suppose for A € R? such that Jra eMpu(dz) < oo. Then the

family {, : n > 1} satisfies the LDP with a good rate function

Ia) = sup{(a) log [ M),

AERd

that s,

1
lim sup — log p,, (F) < — i%f I

n—oo 1

for each closed subset F' of E, and

1
lim inf — log 1, (G) > — irclff

n—oo M

for each open subset G of E.
The following example is a quick application of Cramér’s theorem.

Example 2.5.1. An easy example is to consider the family of measures induced by
a collection of Gaussian random variables. Let &, = ( ﬁbl), e ,ffld)), n=12---, be
independent standard Gaussian random variables in RY. We denote their law by p

and consider the family of laws ., of their empirical mean S, = % Sor & Since

1 2
(A’Z> d — / <>‘7'Z> - _‘Zl /2d
€ z € € z
/]Rd M( ) R4 (\/ 27T)d

2
= M2 < o0,
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Cramér’s theorem applies, and hence

I(x) = sup{(\, z) — log/ e (dz)} = sup f(N), Vo € R?

AER4 AER4

with
£ = () - 2F,

By setting the derivative of f equal to zero, we conclude that f reaches its supremum

when A = x. Therefore,

I(x) = f(x) = @, r e RY

and the family of laws {p,} obeys the LDP with the rate function I(x).

In particular, when d = 1, we have the following approximation due to the LDP:
na2
P{S,>a}~e 2, VYa>0.

For a proof of Cramér’s theorem, one may refer to Varadhan’s notes [70]. The fol-
lowing contraction principle is a very classical result in the LDP theory, which states
that LDPs are preserved under continuous functions, see Theorem 4.2.1, Chapter 4,

[11] for details.

Proposition 2.5.2. Let X and Y be two Hausdorff topological spaces, and the map-
ping [ : X — Y continuous. Suppose a family of probability measures {p. : € > 0}
satisfies the LDP with a good rate function I : X — [0,00]. Then the family of push-
forward probability measures {u.o f~' : e > 0} onY satisfies the LDP with a good

rate function given by

J(y) =inf{l(z):z € X,y = f(x)}.
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Next result shows that LDPs are also preserved under exponentially fast convergence.

Let us first introduce the definition of exponentially good approximations.

Definition 2.5.2. Let {X® : ¢ > 0} and {X®™ : ¢ > 0},,en be two families of
random variables on a probability space (2,9, ), valued in a Polish space (E,d).

Random variables {X s(m) . g > O}men are called exponentially good approximations

of {X¢:e> 0} if for every § > 0,

lim limsup e log u (d(Xa,XE’(m)) > §) = —oo0.

m—oo ¢ 0

Proposition 2.5.3. Suppose that for each m € N | the family of random variables
{X=(M) ¢ > 0} satisfies the LDP with rate function I, : E — [0,00], and {X=(™)
e > 0}men are exponentially good approzimations of {X¢:e > 0}. If I is a good rate

function and for every closed set F

inf I(y) < limsup inlg I,.(y),

yer m—oo YE

then the LDP holds for {X® : € > 0} with the good rate function I.

The theory of LDPs may be generalised to the context of capacities, see for exam-
ple [72] and [5]. Here we present the definition in the classical Wiener space setting
only, but similar definition can be introduced for general abstract Wiener spaces as

well.

Definition 2.5.3. Let r € N and p > 1, and {X°® : e > 0} be a family of c,,.-quasi-
surely defined mappings from W to a Polish space (Y,d). We say that the family

{X¢} satisfies the ¢, ,-LDP with a good rate function I :'Y — [0, 00] if

(1) I is a lower semi-continuous function and for every o > 0, the level set

Ui(a) ={yeY:I(y) <a}
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18 compact in'Y ; and

(2) for every closed subset F' C'Y,

1
limsupe®logc,, {w € W : X°(w) € F} < —= inf I(y),
e—0 D yer

for open subset G C Y,

limsupe®logc,, {w € W : X°(w) € G} > 1 inf I(y).
e—0 P yeG
The majority of conclusions in the theory of LDPs (see for example [11, 12] for details)
remains valid in the context of capacities. Let us state some of them which will be
useful in the sequel. Their proofs (see e.g. [5]) are routine and will be omitted. The
following proposition is the counterpart of the contraction principle in the setting of

capacities.

Proposition 2.5.4. Let {X® : ¢ > 0} be a family of ¢, ,-quasi-surely defined maps
from W to a Polish space (Y1,dy) satisfying the c,,-LDP with the good rate function
I. Let F be a continuous map from (Y1,dy) to another Polish space (Ya,ds). Then the
family {F o X® :e> 0} of ¢,,-quasi-surely defined maps satisfies the c,,-LDP with
the good rate function

J(z)= inf I(y),

y:F(y)==
where inf ) = co.

The natural modification of exponential tightness is formulated as the following.

Definition 2.5.4. Let {X*(™) :e >0} (where m = 1,2,---) and {X* : € > 0} be
two families of defined mappings from W to (Y,d). Then {X&(m) te > 0} 15 said to

be a family of exponentially good approximations of {X¢ : ¢ > 0} under (p, r)-capacity
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if for all A >0,

lim limsupe®logc,, {w:d (XE’(m)(w),Xs(w)) > A} = —o0. (2.14)

m—00 0

Proposition 2.5.5. Suppose that for each m = 1,2, -+, the family {Xg’(m) te> 0},
consisting of ¢, ,-quasi-surely defined mappings from W to a Polish space (Y,d), sat-
isfies ¢, .-LDP with the good rate function I,,, and {XE’(m) te > O} are exponentially
good approzimations of ¢, ,-quasi-surely defined mappings {X¢ : e > 0}. Define the
function

J(y) =supliminf inf J,(2), VyeYy, (2.15)

A>0 Moo 2€B(y,\)

where B(y,\) denotes the open ball in (Y,d) with centre y and radius \. If J is a

good rate function and for every closed subset C' C Y,
inf J(y) < limsup inf J,,(y), (2.16)

yeC m—oo YEC

then the family {X° : € > 0} satisfies ¢,,-LDP with the good rate function J.
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Chapter 3

Fine properties of fractional
Brownian motions under

probability measure

In this chapter, we study the law of the iterated logarithm (LIL for short) and self-
avoiding properties of fBMs in the context of probability. We prove the result on the
LIL for fBMs following the argument in [8], and then prove the absence of double
points using the classical argument due to Kakutani [32]. In this chapter, we consider

fBMs on a general probability space (2,4, P).

3.1 Law of the iterated logarithm for fBMs

The law of the iterated logarithm (LIL) was developed to describe the oscillations of
stochastic processes near time zero and the behaviour of processes when time tends
to infinity. The law of the iterated logarithm of random walks was firstly considered
by Khintchine [34] in 1920s. Let {X,, }nen be a family of independent identically

distributed random variables with mean p and variance o2, and let S, = > Xj.
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Then it holds that

: Sp — np
lim sup =1, as.
n—oo  0v/2nloglogn
and
Sp —
lim inf M —1, a.s.

n-oo ov/2nloglogn
In 1929, Kolmogorov [36] formulated a similar result for a family of independent

random variables, but not necessarily having the same distribution: let {X,,},en be

a family of such random variables and S,, = >, Xj. If
s2 = Var(S,) — o

as n — 0o, and

€nSn
V/loglog s2”

for some sequence {¢, },en satisfying €, — 0 as n — oo, then

| X, < a.s.

. Sh
lim sup

=1
n—soo /252 loglog s?

In 1933, Khintchine [35] extended the LIL to the case of standard Brownian mo-

a.s.

tions (W;)i>o. He proved that

Wi

lim sup =1, as.

110~ y/2tloglog(1/t)

and by the scaling property and symmetry of Brownian motions, it follows that

Wi
limsup ———==1, a.s,,
Hoop V2tloglogt
lim inf W =—-1, as.,

to /2t loglog(1/t)
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lim inf A
t—oo /2tloglogt

See Theorem 9.23, Section 2.9, Chapter 2, [33] for a proof of this result.

—1, as.

In 1964, Strassen derived a functional version of the LIL for standard Brownian
motions in his work [64]: let W = Cy(]0, 1]), the space of all continuous functions on
0, 1] starting from the origin, and let P be the Wiener measure on (W, ZB(W)) as

defined in Chapter 2. Define the Strassen set K to be
1
K= {w € W : w is absolutely continuous, / ' () Pdt < 1} ,
0

and let

w(nt) Vn >3

V2nloglogn’ -

then for almost all w € W, the family {w, : n > 3} is relatively compact in the

wn(t) =

topology of uniform convergence and K is the set of limit points of w, as n — oo.
In particular, the classical LIL for Brownian motions is a direct consequence of

the functional version of LIL. Consider the continuous functional ¢ : W — R given

by ¢(w) = w(1), then

lim sup ¢(w,,) = limsup w, (1) = sup w(1),

n—00 n—00 weK

which yields that

lim sup w(n)

et S —
n—oo  V2nloglogn

as sup,ex w(1) = 1. Moreover, one may set ¢(w) = supyejo 1 w(s) to obtain that

lim sup sup w(s)

Bt S |
t—oo  sefo,g] V2t loglogt

This result may be deduced from the large deviation principle theory for Brownian

motions, see e.g. Theorem 1.17, [65] for further details.
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In [51], Marcus established a similar result for real-valued centred Gaussian pro-
cesses (X¢)i>0 with stationary increments under the condition that the variance func-
tion o(t) := E[X?] is concave and 2a-Holder continuous with some o > 0. We will
use the method from his work to prove the LIL for fractional Brownian motions. In
1970s, Oodaira [59] generalised the result of Strassen and proved a functional version
of LIL for centred Gaussian processes under some conditions imposed on covariance
functions.

Now we will show the following result for fBM following the argument in Theorem

3.2.4, Chapter 3, [8]:

Proposition 3.1.1 (Theorem 3.2.4, [8]). Let (By),5, be an fBM of dimension one

with Hurst parameter H € (0,1). Then

B
P <limsup : < 1) = (3.1)

1o /2t*Mloglog(1/t) ~

Proof. Actually the upper bound of the iterated logarithm law has been established
for general Gaussian processes under technical conditions on the covariance function,
and the proof follows exactly the same arguments as for Brownian motions, see The-
orem 9.23, Section 2.9, Chapter 2, [33]. Our proof is a modification of the approach
used in [33].

Let us first introduce the following inequality, which is similar to Borell inequality.
This inequality is due to Marcus and Shepp (see Theoreom 2.4 and Theorem 2.5 in
[52]), and here we use a more friendly form in [62] (see (1.1)), that is, for every e > 0,

there exists a constant k(e) > 0 such that

1—e 2
P ( sup B, > A) <k(e)e =, Wi >0. (3.2)

s€(0,t)
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For convenience, write h(t) = /2t2 loglog(1/t), and consider the following event:

AB9 = {w : sup Bg(w) > (14 5)h(6”)} :

s€(0,6m)

where 6 € (0,1),5 >0, and n = 1,2, --. The idea is to apply the first Borel-Cantelli

lemma to {A%9},cn for every given pair (0,6). By (3.2), we have

(1—€)(1+6)?
1—€)(148)2h2(0™) 1
P (A%%) < k(e)e™ mm = k(e (—> .
(4%) <49 9\ ilox(178)

Take € small enough such that e € (0, 1— m) Then as (1 —€)(1+6)? > 1, it

follows that

Ny 1 (1-6)(1+9)?
Sru) <10 (Gy) <

which implies that, by the first Borel-Cantelli lemma,
P (A% 0. ) =0.
Let
Agﬁ = {A%é i.0. }c.

Then P (Ayps) = 1 and for every w € Ay,

sup Bg(w) < (1+9)h(6™) (3.3)

s€(0,0m)

for large n, by definition. Now for any ¢t € (0™,6"!) and w € Apy,

Bi(w) < sup By(w)
s€(0,0n—1)

<1+ 5)\/202(”—1)H log log (1)
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< 7 (1 4 6)+/2027H loglog(6—™)
=0""(1+6)h(0™)
<O H(1+0)h(t),

where the last inequality follows from the fact that h(t) is increasing for small ¢.

Therefore, for all w € Ay s, and every large n,

sup
te(om,on-1y h(t)

so by letting n — oo, we obtain that

: By(w)
lim su
£0 P h(t)

< (97H<1 + 5), Yw € Agv(g.

As Ay, s, C Ap,s, when 01 < 0o, 0 > 65, we may take two sequences rationals {J,}

and {6,} such that 6, | 0 and 6,, T 1 as n tends to infinity, then A = lim,,_,o, Ay, s

ny,vn

has probability one, and

~—

B
lim sup i

<1
to  h(t) T

for all w € A, which completes the proof of upper bound. n

The lower bound of the LIL for fBMs seems different from the upper bound, which
is true for any H. In fact the lower bound was also proved for a general Gaussian
process under some conditions on variance function (see [51]), which in turn requires
that H < 1/2.

In order to show the lower bound of the LIL for fBM, we need a generalised version
of the second Borel-Cantelli Lemma proved in [51], which weakens the independence
condition in the classical second Borel-Cantelli lemma.

The proof of this generalised second Borel-Cantelli Lemma relies on one simple
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observation by Chung and Erdés [7], and it states as follows:

Lemma 3.1.1 ([7]). Let {Bg}}_, be a sequence of events on a probability space
(,9.P). If P(U,_, Bx) >0, then

2 ) ]P’(BjﬂBk)2<IP<OBk>> (il?’(BQ) —iP(Bk).

1<j<k<n

Proof. This result follows from Cauchy-Schwarz inequality. Notice that

n 2 n 2
k=1 k=1

(Z ]lBk) Ly B, = Z]lBk,
k=1 k=1

and

we deduce that

2 Y P(BNBy) =2E

> nBjan]

1<j<k<n 1<j<k<n
n 2 n
~2|(o) |- Yel
k=1 k=1
1 n 2 n
> (< [tt))” (=] (S0 ) ] ) 3o
k= k=1

Lemma 3.1.2 (Lemma 1, [51]). Let { B, }nen be a sequence of sets such that

P(B,NB,) <P(B, P(B,)
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for allm >n. If > P(B,) = oo, then

P (B, i.0.)=1.

Proof. With assumption that P (B, N B,,) < P(B,) P (B,,) for all m > n, we have

! (s P (By)”
g (H Bk) = Dokt P(Br) + 230 cjopen P (B N By)
N (S, P(B)’
N 22:1 P (Bk> +2 Zl§j<k§n P (Bj) P (Bk)
(Xres P (Br))”

=S PB4 (0, P(B)
1

- 1+ ZZ=1P(BIC)’

and now we may conclude Lemma 3.1.2 by applying the monotone convergence the-

orem. O]
We also use the following criterion provided in Lemma 2 of [51]:

Lemma 3.1.3 (Lemma 2, [51]). Let X and Y be jointly normal distributed random

variables with mean value zero and E[XY] < 0. Then

P(X>aY >0 <P(X>a)P(Y >b)

with a,b > 0.

Proof. Let Z be a random variable independent of X such that Y = Z — ¢X, where

and thus

E[Y? = E[Z%] + ¢°E[X?] > E[Z?].
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Therefore, as X,Y, Z are all centred Gaussian random variables, we have that

P(X>aY >b)<P(X>aZ>b+ac)
=P (X >a)P(Z>b+ac)
<P(X>a)P(Z20)
<P(X>a)P(Y >0).

]

Now we are ready to prove the other half of the LIL for fBMs with the restriction

that Hurst parameter H < 3.

Proposition 3.1.2 (Theorem 3.2.4, [8]). Let B = (By),5 be an fBM of dimension

one with Hurst parameter H € (0, %}, then

B
P | lim sup : >1) =1 (3.4)
10 \/2t*7 loglog(1/t)

Proof. Let § € (0,1) and define

G = {w : Bon(w) — Bgnr1(w) > (1 — G)Hh(ﬁn)} ,

where
h(t) = \/2t2H loglog(1/t).
Set
Bgn - Bgn-H
X0 == 9
n (en _ 0n+1)H
forn =1,2,---, so that X/ is a standard Gaussian random variable. Then we have
that
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P(GY) =P (Xg > \/2log log(@f”))
1 > _u?
= E/\/me z du
L /210g10g(07™) _iogion0)

~ V2r 14 2loglog(6—m)
> ¢ ,
~ ny/logn

where C' = C(#) is some constant depending on 6. It follows that

SP(E) - o
AsE [XngI] < 0 for allm > n when H € (0, %], according to Lemma 3.1.2, we have
P (G4 NGE) < P(GI)P(CL).

Now we may deduce that there exists Gy with P (Gy) = 1 such that for all w € Gy,

there are infinitely many n such that
Byn(w) — Bgni1(w) > (1 — 0)h(0™).
Notice that by symmetry, —B is also an fBM, and hence by (3.3) and taking 6 = 1,

we have
—Bygn+1 < (1 + 5)h(0n“)

= 20" /20271 log log(f—-1)
< 20" h(0™), a.s.
for large n. Therefore, for any sufficiently large N, there always exists some n > N

such that




By letting n — oo, we have

B
limsup —~ > (1—0)% =207, as.

o h(t)

Letting 6 | 0 via a rational sequence, the required result follows for the case when

H e (0,3]. O

We note here that the proof for the case when H > % requires a different approach,
and indeed it follows directly from the functional version of LIL for Gaussian processes

as in Theorem 1.3, [2].

3.2 Self-intersection of fBMs

One interesting question concerning the sample paths of fBMs is whether an fBM
path intersects itself or not. This question arose from statistical field theory when
studying interacting fields. It dates back to 1944, when Kakutani [32] first proved
that Brownian motion is self-avoiding almost surely when n > 5, where n is the
dimension of Brownian motion. His proof based on a rather simple geometric obser-
vation. In [21], Fukushima showed that when the dimension n > 7, sample paths
of Brownian motion are non-self-intersecting ¢, j-quasi-surely. Later, Takeda [67] ex-
tended Fukushima’s result to the setting of Mallivin capacities for all » and p, and
showed the non-self-intersecting property of n-dimensional Brownian motion paths
with (p, r)-capacity when n > 44 rp. In a recent work by H. Boedihardjo et al. [4], it
was proved that the self-avoiding property also holds for signature paths of Brownian
motion.

We shall adopt the method by Kakutani in [32] and establish a similar result
for n-dimensional fBMs (B;):>o with Hurst parameter H. However, the approach in

literature to determine the optimal dimension of this property mainly relies on the

o1



Markov property of underlying processes, and requires the potential theory techniques
which are not applicable to non-Markovian processes such as fBMs.

Let (Bt)i>o be an n-dimensional fBM with Hurst parameter H € (0,1) on a
probability space (€2,%,P). A point x € R? is called a double point if there exist two

distinct time points s and t such that B, = B, = .

Proposition 3.2.1. Let (B;)i>0 be an n-dimensional fBM with Hurst parameter H.

Then B has no double point almost surely zf% < H.

Proof. Firstly, we notice that for a 1-dimensional fBM, as it has stationary increments,

we have

1 b x?
P B, —B;<b) = ————— S
(a<B <) \/27T(t—s)2H/a eXp( 2(t—s)2H) .
for any s < ¢t and a < b, and using the inequality (3.2) from [62] again, we have that
for all e € (0,1), and n > 0,

1 —e)n?
P ( sup |Bs — By,| > 77) < 2k(€) exp (—ﬁ) )

SE[to,t1]

where k(e) > 0 is some constant depending only on e. Therefore, to show an n-
dimensional fBM B; = (B}, -+, B") has no double point almost surely, we only need
to prove that for any two disjoint time intervals I = (sg, s1) and J = (tg,t;) with
S < 81 < tg <1y,

P(Bs = B, for some s € I,t € J) = 0.

Denote

A ={w: Bs(w) = By(w) for some s € I, t € J},
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then it holds that for any n > 0,

AcC ﬂ {IB,, - Bi,| <2n}u J {SE\B;' ~Bl|> 77}

i=1
ULJ{Sup|BZ B | >77}.

teJ

It follows that

P(A) gﬁ P(|B., — Bj | < 2n) +

Z (sup|BZ — B | >

teJ

P (sup|B;‘ ~Bi|> n)
sel

)
0 22 "
= ( 27r(t0 — ) /_2,7 o <_2(to = 81)2H) dx)
— €

+ 2nk(e) exp (—%) + 2nk(€) exp (_%)

iy ’ (1L
S( 2w<d<f,J>>2H> e (=i )

+ 2t e (-0

Divide I and J evenly into p subintervals, i.e. I = J0 _, I, and J = |J]_, J; with

m=1

I,, and J; disjoint, |I,,| = |I|/p and |J;| = |J|/p, then

P p
P(A) SZZIP’(BS = B, for some s € I,,,t € J))

m=1 [=1

' (1— e’
<ZZ [<\/27r ) ) + 2nk(e) exp (— STTMES )

m=1 [=1

+2nk(€) exp (_(;L_]TZZ])}

: w Y (1= 9y
=7 K 2w<d<w>>2ﬂ> k(o ()

e (~0597Y]
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Now set n = p~7, where o satisfies

2
— <0< H,
n

and hence the right-hand side of the above inequality converges to zero as p tends to

infinity, which completes the proof of the required result. m
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Chapter 4

Sample path properties of
fractional Brownian motions under

the classical Wiener capacity

This chapter is organised as the following. In next section, we prove that fBMs
defined by the Volterra integral representation are smooth in the sense of Malliavin,
and compute their Malliavin derivatives explicitly, followed by several useful technical
lemmas, which are similar to the estimates made by Fukushima in [21] and Takeda
in [67].

In the third section, we establish the result on the modulus of continuity following
the argument by Fukushima [21], and as a direct corollary, we deduce the quasi-sure
Holder continuity of fBMs on the classical Wiener space. This allows us to take con-
tinuous modifications of fBMs and prove the capacity version of non-differentiability
for fBM sample paths based on the argument by Dvoretzky, Erdés and Kakutani in
[17], as well as the law of the iterated logarithm (LIL) when p = 2 and r = 1 with
the restriction H < %

Finally, we prove the self-avoiding property of d-dimensional fBMs under ¢, ; when
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d>%—0—2andH§%.
In this chapter, we consider fBM paths over [0, 00), and the classical Wiener space

is taken to be (W, H, P), where W = Cy([0, ) ), equipped with the norm

Hw||—22 " max [w(t)[, Ywe W.

0<t<n

4.1 FBMs as smooth random variables

In the first section of this chapter, we prove that fBMs given by the Volterra inte-
gral representation (2.11), which are regarded as Wiener functionals, are Malliavin

differentiable random variables. Indeed, for every ¢t > 0, B; defined by

B = /O Kt $)dw(s)

is smooth according to the definition given by Malliavin, that is, it belongs to the
Sobolev space DP for all » € N and p € (1,00). In fact, the Malliavin derivative of B,

is a function on W, which can be calculated as in the following lemma.

Lemma 4.1.1. Let H € (0,1), r € N andp € (1,00). Then for everyt > 0, B, € DE,

and its first order Malliavin derivative is given by
DBy(s / K(t,u)d (4.1)

The higher-order derivatives of By all vanish (which reflects the fact that By is an

integral of a deterministic function against a standard Brownian motion).

This lemma is a corollary to the transfer principle given in Proposition 5.2.1,
Chapter V, [58]. We provide an elementary proof here, which is quite different from
the one in [58], based on the proof of Proposition 3.1 in Decreusefond and Ustiinel

10].
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We shall use the following elementary estimate from Theorem 3.2 in [10], which
states that for any H € (0, 1), there exists a constant ¢, which only depends on the

Hurst parameter H, such that the kernel K has the following bound:

1 L-H)

K(t,r) < CHT7|H72|(t—T‘)_<§ +1j0.4(r) (4.2)

for any t > r > 0, where x; = max(z,0). The proof of this upper bound relies on

the properties of hypergeometric functions and will be omitted here.

Proof of Lemma 4.1.1:

Proof. For each fixed t > 0, denote
ur(s) = K(t,5)Lpq(s)

for simplicity, and for each n € N, set

(n) 2n_4'2n (i+1)27"¢
utn (3) = Z 7 /2 ut(r)dr 1(i2—nt7(i+1)2—nt](s>.
i=0 w2mrt

Then u; and u{™, n € N, belong to L%([0,00)). For convenience, let

2" (i+1)2-"¢
Fi’":7 / w(r)dr ], 0<i<2"—1

2—nt

We want to apply the dominated convergence theorem to show that for each

t>0, u™ — u in L*([0,00)) as n tends to infinity. Our first step is to find a control
function of (u{™)pen in L([0, 00)).

Notice that for each n, uin)(s) vanishes outside of (0,t], and by definition, it is a
step function inside (0, ¢], so we only need to check that within each “step”, i.e. when

s € (127, (i+1)27"], 0 <4 < 2771 u§n)(s) is controlled by some square-integrable
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function, and this control function should be uniform in n.

When H > 3, for each s € (127", (i + 1)27"¢], 0 < ¢ < 2"7!, by the estimate in

(4.2),
N 2n (i+1)2_nt
ug )(s)‘ = —/ K(t,r)dr
U Jio—nt
277, (’i+1)27nt
< — CHT%_HdT
U Jig—nt
1_H
t\?2 3_
1 g 1
_ 1 2 2
< C}Iti’H (2”)H 2 (i +1) (l; ) —1 (%) ]
) i+1\z ! i1\ Y
<yt (z+1)<2n) _i(gn) ]
— o3 H (i+ 1) 21
= Cpy on
< c’HtTHS%_H,
where
= 1
H ™ 73 171\°
(5-H)

This implies that when H > %, we may take the control function to be
r yi-H L-H
Cyt? 7 s2 o (s),

which is independent of n.

When H < %, similar to above, we have that by (4.2),

on (i+1)27"¢
§">(s) = — / K(t,r)dr
t Jig-—n
27L (i+1)2—"¢ 271, S
< CHT rH_%(t—r)H_%dercH— TH_%(t—T)H_%dT
s 27Nt
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L (i+1)2—"¢ N on L (i+1)2—"¢ L
P / (t—T)H_§dT+CHT(t—S)H_ / rf=2dr

2—nt

277/
< CHTSH“

2—nt
)]
— t

H-1 11 . H
’ — t——l+ t t——i¢
n 2n 2n
. . H-1 . . H-1
z+1t z—i—lt B it z—i—lt
2m 2m

2" 1
2t s H-3
Tl ( ) on on
H-1 11 H-1
= cfste T +l(t—s)H e e
2n 2n
< 2c s é(t — )2,

where
/!
Cy = .
H
H+3

Therefore, when H < %, the control function is

QC%SH_% (t — S)H_% To4(s),

which is an element of L?([0, 00)).
On the other hand, for every s € (0,t), there exists some i such that

fo(z‘+1)2—nt ut(r)dr B 02‘2—% ut(r)dr

2"t

which converges to u,(s) pointwise as n tends to infinity due to the continuity of wu,(s)

over (0,t). Now we may apply the dominated convergence theorem and conclude that

u™ = 4, in L2([0, 00)) as n — oo,
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For fixed t € [0, 1], set

S22 EE (wpayp ot — wine) , 0 <t <1,

)

B (w) = (4.3)
0, t=20

for all w € W. Let 4 = (9,)nen, Where
gn =0 (wi2—nt7 0 S ) S 2")

is the o-algebra generated by w;o-—n;’s, 0 < ¢ < 2". Then (Bf"))neN is a discrete
martingale with respect to the filtration 4. This was observed by Decreusefond and
Ustiinel in [10].

The proof of this claim relies on the fact that for a standard Brownian motion w;

and any 0 <tg <t; <--- <t,,

ot — t; —tiq

ti—1

Wiy Wiyt o awtiflawt”l? ce W wti+1‘ (44)

n

E |:wti

tiv1 —ti1 liv1 —ti1

To verify (4.4), one only needs to spot that for each i and n,

Liv1 — 1 t; —ti
X’i =Wy T T Wy, T T Wy
tiv1 — tic1 tiv1 —tia
is independent of o (wy,, wy,, -+, Wy | Wiy, ,we, ). Indeed, for any 0 < j <i < n,
tior — t ti—ti
E [Xiwfj] =E [wtiwtj} - —"F [wti—lwtj} -———E [wti+1wtj}
liv1 —li1 liv1 — 1l
ti—t ti—ti
_ tj N i+1 7 b — [ i—1 tj

tig1 —tic1 7t — i

= 0.

As both X; and w;; are Gaussian, they are independent. One may verify X; and w;,
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are independent via similar computation when 0 < 7 < j7 < n. Thus wy, is independent

of all linear combinations of

wtoawtlﬂ e 7wti,15wti+17 e 7wtn
and hence the o-algebra
op . .
Jéi = U(wtmwtm T 7wti—17wti+1’ U ’wtn)'
Therefore, we get that
Hﬂ[a%i Jﬁ%]
Liv1 — 1 by —ti1
=E | X; + ti—1 Wt 1 |yz
Liy1 —tia tiy1 —tia
i — w4 ti —lioa "
- 7 5 Yt T 7 Wi
liv1 —li1 liv1 — 11

For each 1 < i < 2" — 1, if i is odd, then we may write 1 =2k +1, 0 < k <2771 — 1,

and thus by (4.4),

E [wiit1)2-nt — wiz-nt|Gp-1] = E [wips1)2-n+1¢ — Waks1)2-nt|Gn-1]

1 1
= §w(k+l)2—"+1t - §Wk2—"+1t-

If i is even, write ¢ = 2k for 0 < k < 2! — 1, then it holds that

E [w(i+1)2—"t - Wi2—”t|gn—1} =K [W(2k+1)2—"t - Wk2‘"+1t|gn—1]
1

— §W(k+1)277z+1t — —Wk27n+1t.

2

Therefore, by the definition of Fit’(n), we conclude that

2" —1

E [Bt(n) gn—l] = Z E-t’(n)E [w(i+1)2*”t — Wig—n¢
=0

%_1}
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on—1_1
Ft ,(n) 1
2U%+1 W(k+1)2—n+1¢ — 56%2 n+tlg

2n11

1
_I_ Z F2k ( W(k+1)2 n+ly — §Wk2 n+1t>

on— 1_1 2—TL+].

1™,

(W(k+1)2—"+1t - wk2—n+1t)

k=
(2k+1)27 "¢ (k+1)27nt+1¢
/ u(s)ds + / w(s)ds
k2—n+1g (2k+1)2—"¢

p=1
B,

O

For p € (1,00), because the increments of w; over different time intervals are inde-
pendent, and Bt(") is contained in the first Wiener chaos, by (2.9) in Chapter 2 with

N =1, we have that
1B, < 2v/p = 1| B

-2n_1 on 2 27" 2
=2 -1 — u(s)ds ]E[wi —n — Wig—n 2}
S G (T

=1

(SIS

2n—1 2n 27"t 2
=2yp—1 — / u(s)ds
; o\ Ja-1)2-nt

2" —1 i2— "¢ %
<2y/p-—1 Z / u?(s)ds)
= Ji-1)2m

=2/p— 1t1,

where the right-hand side is a uniform bound for all n, and hence

sup E[| B ] < oc.

neN

62



It thus follows from the martingale convergence theorem that for each fixed ¢, the
sequence (Bt("))neN converges to B; a.s. and in LP(W) as n tends to infinity. Fur-

thermore, B; is a Gaussian random variable with mean zero and covariance given

lim E [B§">B§”>} — lim E K / ugn)(r)dwr> ( / ui")(r)dwr)]

= lim u™ (P u (r)dr
n—oo

by

- /OSAtK(t,r)K(SJ)dT
= R(s,t)

for any s,t > 0. In particular, the variance of B; is given by

lim E[|BM™ ] = 2#

n—0o0

for every ¢ > 0.

Now by the definition of Malliavin derivative, for ¢ > 0 and each n € N,

DB = [l (w)a,
0

and all higher-order derivatives of Bt(n) vanish.
We have already proved that
B™ - B,

in LP(W) and

Ugn) — Uyt

in L?([0,00)), so for any r € N and p € (1,00), as

p])ljp
p}) /p’

1B = By = (E 1B = B™P| + E [|IDB" — DB™ |

- (E [‘Bt(n) B Bt(m)’p] +E H g™ ~ “gm)”H([Qoo»

63



we obtain that (Bt(n) Jnen is Cauchy in DP. By the completeness of D?, this sequence
tends to a limit random variable in D? as n tends to infinity. Now by the definition
of ||-||pz, this convergence implies the convergence in LP(W), and by the uniqueness

of limit, this random variable must coincide with B;. Moreover,

SAL
DBy(s) = / K(t,u)du,
0

where DB; € H is the Malliavin derivative of B, with respect to standard Brownian

motion, and all of its higher-order Malliavin derivatives equal to zero. O

Therefore, according to the above lemma, we see that for each fixed time ¢, B, :

W — R is a smooth random variable.

Remark 4.1.1. Indeed, according to Malliavin (see Theorem 2.3.3, Chapter IV, Part
II, [49]), for each fixed t, By € DP, there exists some B, which is a (p, r)-redefinition of
By, i.e. for alle > 0, it is possible to find some subset O, C W whose (p, r)-capacity
satisfies

cpr(O:) < e,

and By is a continuous function on W\O.. This result is Lusin’s theorem in the

setting of capacities.

4.2 Several technical facts

In this section, we shall prove several technical facts about fBMs which will be used
in the sequel.
The first one is the following inequality, which is similar to the result due to

Fukushima in [21].

Lemma 4.2.1. Let (By)i>o be a fractional Brownian motion with Hurst parameter
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H. Then for all H € (0,1),

Ui

r . Ip
<%WW%—BA>mwgz<§:QEt5E)>62W¢m

=0

foranyr eN, 1<p<oo,n>0, and0<s <t.

Proof. Denote

M, = B, — B,

where 0 < s < t. Then by the definition of Malliavin derivative, we obtain that
DM, () = / K(t,r) Lo (r) — K(s,7)Lp.g(r)dr € H
0

and higher-order derivatives of M, are all equal to zero.

We first show that for all a > 0,
erMet e PP,

and

l
DlesMer — (g) er™ DM, ® -+ ® DM, € LP(W; H™)
p

foralll1 <[ <r.

Set f(x) = e»”. For each N € N, let vy € C°(R) be a cut-off function taking

values in [0, 1] such that

1, Jz| <N,
Un(z) =
0, |z[>N+1,

and

sup [y ()| = C < o0
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forall 1 <k <r. Set

In(z) = f(z)Yn().

For convenience, write Fy = fy(Ms,), then Fiy € S as fxv € Ci°(R), and by the

chain rule for Malliavin derivatives, we have
D'Fy = f(M.)DM,; & - @ DM,

for 1 <1 <r. We note here that Fiy — e»Mst a5 N tends to infinity in LP(W).

Hence,
« : el P
E ‘HDZFN_ (E) eEMS’tDMs,t®"'®DMS¢HH®I ]
r l
I o anr P l
& [#on0- (2) o]
_ . l ‘ o l » .
-8 |3 (0) ot o - (2) | 1o
=0 M Y
RS | o\ a\’ p
_E (.)fWMs,t) 9 (M) + (—> Moty (M) — (—) 5o
L =0 g g
l
(DM
1 , » al’ p
SlpflE )<.>f(])(Msvt)1/1](\lfj)(Ms,t) +‘(—) egM&t (d}N(Ms,t)_l) ]
=0 i
l
1DM|l3,
(1 (@) =um P o\’ eu !
<R )() (_) er 0 L, 1=y +‘ <_) SRS FVANESS!
=N/ \p p
l
(DM

which tends to zero as N — oo by the dominated convergence theorem. According
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to the previous estimate, we deduce that
o)
D'Fy — <—> erMtDM,, & - ® DM,,
p

in LP(W;H®!) as N — oo.

Since D' is closable, together with the definition of DP, we conclude that

l
DZF - (%) 6%MS7tDMS,t ® U ® DMSvt

foreach 1 <[ <7 and erMet ¢ De.

By Chebyshev inequality for (p, r)-capacity, it follows that

p
D2’

o’ 2H oM,
< exp —7(25—3) —af Hev ot

for any o, 8 > 0. It is clear that

2

(DM, DM 1)y = /000 [K(t, u) 1o q(u) — K(s, u)1[078](u)} du
= R(t,t) — 2R(s,t) + R(s, s)

= (t —s)?H.

Therefore,



which implies that

E | [IDtes e

M| PYEY

Nz

lp
(g) eaMs,t(t B s)al
p

lp
- (g) (= s)Hres (=71

p

where we have used that M, ~ N(0, (t — 5)*7). Hence,

M ¢

p " a
]+ e fiotes
—IE aMSt +Z< ) alGQ(t s)2H

r Ip
- (Z <2) (t— S)IH”> e (=9
=0 p

Now by (4.5), we obtain that

(o - - 0)) < (5 (3)" o)

=0

P M
—= P
b =E |e

o
e~

For any positive n, optimise the above inequality by setting

and

and then we arrive at

r lp 2
(cpr (M > 1)) < (t — 5)17 ) ¢ 2o
l 0
T lp 2
(t—) e T o(t— q)QH
p —S
=
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By replacing B with —B, we may conclude that

(Cpr (M| > m))P <2 (2 (Wj_)H> ) o T

=0

]

The second technical lemma establishes a comparison result between the classical
Wiener capacity and the Wiener measure. Before we state the result, let us first
introduce the following notation.

Let 0<u<r<s<t<T. Set

Bt Bs
X =
(t—s)"’
and
B, — B
Y: T u
(r —u)f’

so that X,Y ~ N(0,1). Then by definition,

E[XY] = (t—s) " (r —u) " (R(t,r) — R(t,u) — R(s,7) + R(s,u))
I
2(t — s)H(u—r)H

—((s = = (s =r)*")],

t—u)* —(t—r)?H (4.6)

1

which is non-negative when H € [5, 1), and non-positive when H € (0, %] We also

need the following simple observation. By (4.1), we compute that

(DX, DY)y = (t — ) (r —u)" (DB, — DB,, DB, — DB,) (4.7)

=(t—s)r—u™ /000 (K(t,0)Lj04(v) — K(s,v)Ljq(v))  (4.8)

(K (r,v)Ljo.(v) — K(u,v) 1 (v)) dv (4.9)
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=E[XY]. (4.10)
Next technical lemma contains results similar to Proposition 1 in Fukushima [21]
and Proposition 2 in Takeda [67].

Lemma 4.2.2. For all H € (0,1) and each N € N, let 0 <ty <t; < --- < ty with
|ti —t;i 1| = L, 1 <i < N. Take —0co < a; < b; <00, ¢; >0,1<i<N. Then it

holds that

(cp,r ((]_V] {a; < X; < bi}>>p < <Zr: Nlpcgﬂ (%)lv

N
-P(ﬂ{ai—ci<Xi<bi+cZ~}>

=1

for allr € N and p € (1,00), where
X; = 2 O N(0,1), (4.11)

c= min ¢,
1<i<N

M, is a constant depending only on r, and
Cp=max{2°""'—11} <1

18 some constant depending only on H.
Proof. The proof is a modification of Takeda’s argument in [67]. Fori =1,2,--- | N,

let f; € C°(R) be the cut-off functions valued in [0, 1] such that

1, T € (ai,bi),

0, zé€ (—00,a;—¢;)U (b + ¢;,00),
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and
d f;
da!

M,

=77
G

for all [ <r, where M, > 1 is a constant depending on r. Set

then according to the above conditions, we have that

M\
108, . Flay - an)| < < - ) LN (arenpiten (@15 2N) (4.12)

for each | < r, where ¢ = min;<;<y¢;. Here, 8}11’,,,’an denotes the [-th partial
derivative of F' in the nq,--- ,n;-th components, where 1 <n; < N for 1 <7 <[ and
we allow n; = n; for ¢ # j.

For simplicity, write

Y:F(Xla >XN)7
where X;’s are defined as in (4.11). Then Y € D?. Moreover, since all Malliavin

derivatives of X; of order higher than 2 vanish, it holds that

Dy= > 0, . F(Xi - Xy)DX, @ ®DX,,.

1<ny, <N

Furthermore, D'F € H®' and

ID'Y e = ) (afn,...,mF(Xlw“aXN)%,---,mlF(le'“vXN>
1§n1,-<-,nl§N
1<mq,--- ,m<N (413)
l
[0x... DXml.>H) :
=1

Our next step is to find an upper bound for [(DX;, DXj)y/| for all 1 < j, k < N.
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When 1 < j =k < N, (DX;,DX})y = 1: when 1 < j < k < N, by (4.6) and

(4.10),
(DX, DX})y = E[X; X}]
[ R e R R R T i
Set

g(z) == [(z + 1)* + (z — 1)*7" — 2227] .

N | —

Observe that when H < 3, 22 is concave, so g(z) < 0, and similarly when H > 1,

g(x) > 0. The derivative of g is given by
g(x) = H [((w + 1)1 — 22071) — (2211 — (3 — 1)21)] |

Using the fact that the function z*#71 is convex if H € (0, 3), we deduce that when

He (0, %), g (x) >0. Ask—j€{1,2,--- N — 1}, it follows that
(DX, DXp)y| < 22771 —1.
When H € (%, 1), ¢'(r) <0 and thus
(DX;, DX})y| < 22771 —1.
When H = %, (DX, DX})3 = 0 by independence. Set
Cyp =max {2271 — 1,1},

then

(DX, DXy)u| < Cy
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for all 1 < j,k < N. Moreover, as H takes values in (0,1), Cy < 1.

Therefore, by (4.13), together with (4.12), it follows that

MT 2[
ID'Y |3 < N (7) LY farenpiben (X0 X)) Ol

for all [ < r. Hence
M\
DY " € MR (2] Ay (- )

By the definition of (p, r)-capacity,

<Cp,r (ﬁ {CLZ‘ < X; < bl}>>

< ||Y||$I;

T

=E[YP]+ Y E[|IDY[lue|’]

=1

N
< P<ﬂ{ai—ci<Xi<bi+c,-}>

i=1

T l/2 M lp N

=1 =1

(s wwewe (2 p (0 X, <b
= Z H T ﬂ{ai—ci< 0 < Z+CZ} .
=0

=1

Throughout this chapter, we always use the notation X. to denote normalised

increments of fBMs, though it may refer to increments over time intervals of different

lengths, it always has the standard Gaussian distribution.

Before we state the third lemma, let us first mention one important tool we used

in the proof of next lemma, which is Slepian’s lemma. Here, we adopt the version

provided in Theorem 3.11, Chapter 3, [39].
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Proposition 4.2.1. Let X = (Xq, -+, Xn) and Y = (Y1,--- ,Yy) be two Gaussian

random variables in RY. Assume that

E[XiX;] < E[YiYj], if (i, 5) € A,
E[XZXJ] > E[Y;Y]], of (27]) € B,
E[X.X,] = E[Y;Y]], if (i,4) ¢ AUB,

where A and B are subsets of {1,--+- N} x {1,--- ,N}. Let f be a function on RY

such that its second derivatives in the sense of distributions satisfy

Then
E[f(X)] < E[f(Y)].

We shall omit the proof of this result, and one may refer to [39] for a proof.
The third lemma we include here is a (2, 1)-capacity estimate on the supremum

process corresponding to the fBM with Hurst parameter H € (0, 1).
Lemma 4.2.3. Let 0 < s <t. For H€ (0,1) andn > 0,

2
Ui
By —By)>n) < Coppu-oxp | — 4
(i, 18059 >0) = om0 (- sy ) 019

and
V2 i
C sup |B, — Bg| > < V20, cexp | — , (4.15
(Sg};‘ | ") en p( 4<7H<t—s>2H+<t—s>>) (4.15)
V2 i
c sup |B; — B,| > < V20, -exp | — , (4.16
(sgu‘;' v~ Bl ”) et p( 4<vH<t—s>2H+<t—s>>) (4.16)
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where

17 H S %7

YH = (4.17)
3 1
3 H >3,

and

2 t—s 2H
Cs,t,n,H - 1 ( 2H ) 3 + 2
2(yu(t — )"+ (t —s))

Proof. We shall follow the same ideas as for the proof of Proposition 2 and 3 in
[21], while we have to overcome several difficulties arising from the fact that the
distribution of supremum processes is not known for fBMs.

When H = %, the above inequality is already covered by the result due to
Fukushima in [21].

From now on, we assume that H # 1. We prove (4.14) and (4.15) first. For
simplicity, define

M;, = sup (B, — Bs)

s<u<t
for any 0 < s < t. Following Fukushima’s notation in [21], for s < t; < --- <t, <,

let us define

Bs;t1,-~~,tn = (Btl - st T 7Bt" - BS) )

and let

g(z1,- - xp) =1 VooV Ty,

and define

Mgy, .. 1, = 9(Bsity. 1) = max (B, — By).

1<i<n

n

Then we proceed in 4 steps.
Step 1. In this step, only the law of fBMs will be involved, so the argument

is indeed applicable to various Gaussian processes. As t;’s are fixed in the first two

5



steps, we simplify our notations by writing
B} = Bty

and

M(z) — Ms;tl,.l. tn

S

. . (n)
for the moment. In this step, we establish an upper bound for E [eO‘M&t ], where
a > 0.

Consider the following correlation:
E (B, — Bs) (B, — Bs)] =E[(B,, — By)* + (B,, — B) (B, — By,)] . (4.18)

When H < %, for any 1 <14 < j < n, the increments of (Bt)t>0 over different time

intervals are negatively correlated, which leads to

E (B, — By) (By, — B,)] <E[(B,, — B,)’]
— (ti o S)2H

< (t—s)*. (4.19)
When H > %, we seek for an upper bound of
E [(B:, — Bs) (B, — By,)] -
We compute that

E [(Btz - BS) (Btj - Btz)j| = [(tj - 8)2H - (tj - ti)QH - (ti - 3)2H]

<

N — DN =

(t - S)2H>
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where 0 < s < t; < t; <t. Combining with (4.18), we have

E[(B, - B) (B, - B)] <

[\CR V]

(t —s)*H,
Therefore, for all H € (0,1),
E [(Btz - BS) (Btj - BS)] < ryH(t - 8)2H7

where vg is defined as in (4.17).

For convenience, set
Zi = By, — By ~ N(0, (t; — 5)*"),

and by the above estimate, correlations between any two Z;’s are bounded by v (t —
s)*. We want to apply Proposition 4.2.1 to overcome the difficulties in finding the

distribution of the supremum process of (B;);>0, so we take a random variable

ot ~ N(0,vu(t — 5)*7),

which is independent of the standard Brownian motion (w;):>o on (W, H, P), so that

&+ and wy, — w; are independent for all ¢ € {1,2,--- ,n}. Define
Y, = Wy, — Ws + fs,t;
for all 1 <7 <n and let
Ngz) = max Y; = max (wy, — ws) + s

1<i<n 1<i<n

7



Then by independence,

K [YZY;] =E [(wti — Ws T+ £S,t>(wtj — Ws + £S,t)}
=K [(Wti - WS)(Wtj - WS)] +E [fit]
= ti — S +’)/H(t — S)2H

>yt — s)*",

for 1 <i < j <mn, and hence by (4.19),
E[Z;Z;] < E[Y;Y)]

for all 1 < 7,57 < n. Since both exponential function and maximum function are
convex, their composition is also convex, and hence according to Proposition 4.2.1,

Slepian’s lemma, we obtain that
E |:eaMS(Z>} —F [6amax19§n Zi] <E [eamaxlgiSnYi} —F [eaNéz)]
for all & > 0. Due to independence and the fact that

— < —
2 (n ) = i (),

we deduce that

ozNiz)] _ als ¢ o
E [e =E [¢**] E {exp (a max (wy, ws))}

< exp (%Q”YH(t - 8)2H> E [eXp (a sup (wy — ws)>] :

s<u<t
Using the distribution of the supremum of standard Brownian motion, we obtain that

E e | = [exp (aMyp,.,)]
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2

< 2exp (% [ve(t — s)* + (¢t — s)}) (4.20)

foralla >0and 0 < s < t.

Step 2. The difference between our method and classical approaches will be
demonstrated in this step since we use only the capacities induced by standard Brow-
nian motion.

. o (n)
In this step, we show that e2M<¢ € D? and

S,

DesMY = L oxp (%Msgtl,...@ DM®.
We observe that g is Lipschitz, so by Proposition 1.2.4, Chapter 1, [58],
MY = g(BY) e D2,
and the chain rule applies, which is

DM (u Z]l{M(n) _p.py(Bi)D(B, — B,)

s,t T
s,t T

-y Ly, oy (BAR) K (t ) Loy (u) = K (s,0) Lo, ()]

Therefore, we have

(DM DMy, = Z Ly, - 5 (B)

' / (K (s, w) Lo () = K (5,0)To,9(w)]” du
0
N Z Loue—p, - s}(Bif?)(ti —s5)*M
< (t—s)* Z ]l{Mg?thi_Bs}. (4.21)

=1
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Similar to the argument in Lemma 4.2.1, we set f(z) = €2%, and ¥ (z) as in
Lemma 4.2.1, and set fy = f - y. For simplicity, denote F = €2M( ), and Fy =

fN(MSfZ ). Then since fy € C°(R), the chain rule applies, and
DFy = fy(M{)DM}.
Similarly, we have that

E||DFy - Se DM }

(M Yo (M) + FE Yo (M) = Sed ™

sTtL) HHdP
w

QO ap) n a () _NE
S/W 2 e (wN(Msf,t))_1>+€2M Uy (Ms(t))’
2H
. (Z IL{MS(:’;):Bti—BS}> (t—s) dP
i=1
<9E [)gewsr? .

aqp(n) 2
7Ms,t . . 2H
extor U ]l{lMs(fi)IZN}‘ } (t =)™,

2
{\M;'mzzv}‘ T

which tends to zero as N — oo, where C' is defined as in Lemma 4.2.1. Therefore,

since Fiy — F in L*(W),

DFy — %&M(t DM

in L?(W;H) and D is closable from L*(W) to L*(W;H), so it follows that

DF = %egM(t DM (4.22)

and F € D3

Step 3. In this step, we find an upper bound for E [e“M;t] for any o > 0, then

we prove that e*s+ € D? and find an upper bound for |[e*Ms.

ID)%' As Ms;t1,~~- tn

increases to M;, when we refine the partition and let n tend to infinity, the monotone
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convergence theorem and (4.20) imply that

2

E [e*st] < 2exp <% [yt — ) + (t - s)}) :

We have already proved that et € D? in the previous step, and by (4.21)
and (4.22),

4>|Qw

(D exp (g

(6]
5 Ms;t1,~- 7tn) N D exXp (EMS;tl,m 7tn)>

(t = )" exp (Mg . 1,)

. Linasy . in=B1,—B.}-
1

7=

Therefore, by (4.20), we obtain that

a «
E [(D exp <§Ms~t1 tn) , Dexp <§Ms;t1,~-,tn>>7-l]

S t —5)2H Z/ exp (aMsy, ... 1,) AP
Mty ,- —Bs}
a’ 2H
= Z(t — )" E [exp (Mg, .. 1,)]
a? a?
< G- exp (5 Lute = 9+ (0= 5)).

which implies that

a
supE [HD exp <§Ms;t1,...,tn> ||3{} < 00.

Applying Lemma 1.2.3 in [58], we deduce that e2*s+ € D? and

D exp <g

2Ms;t1,~~,tn> — De>Msr

weakly in L?(W;H). As a consequence, we have

E [(De2™st, Dez M)y ]

<liminfE [(D exp (%Ms;th.._ytﬁ , Dexp (%Ms;th...7tn)>%]

n—oo

81



2

< %(t — 5)*E [e*Mss]
o? a?
< St oo (G Lt + (0-)]).
Therefore,

HQ%M;,t

;)% =E [eaM;t} +E [<D6%M;t, De%Ms*»t)H}

= <%2(t -8 + 2) exp (%2 [yt — 82" 4 (t — s)]> . (423)

Step 4. By Chebyshev’s inequality for capacities and (4.23), we thus have

<C2,1 (M;t — %(t —5)2H > ﬂ))Q

- o’ on _ P ’
= (0271 <§M;,t — Z(t — 8) > 7))

- ((;2,1 (eXp (%MQ > exp (O‘—f + %Q(t . 3)2H)))2 (4.24)

< exp (—aﬁ - 7(15 — ) ) |2 s

< (%Z(t — ) 2) exp (—aﬁ + %2 (v = 1)t = 9)*" + (¢ = Sﬂ)

oz

for any positive constants a and f3.
Notice that the exponential function is the dominating part in the last term of

(4.24), so we optimise the above quantity by minimising the exponent, and setting

and
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Therefore, we get that

* 2 2 _ 772
(e 0022 ) < Chpwesn (3 )

where

2 _ 2H
Os,t,n,H - n <t 8) ) + 2
2[yu(t — s)* + (t = s)]

Moreover, by replacing B with —B, it follows that

2

2
B.—BJ>n)) <20 - ! .
(e (s, - 202 0) ) < 2o (<o)

Finally, (4.16) may be established directly following the same argument with slight

modification in the definition of M ;t. OJ

Remark 4.2.1. The results in the previous lemma can be considered as a version of
the mazximal inequality for fBMs, but with respect to the classical Wiener capacity.
For a similar result when H = %, one may refer to Fukushima [21] for the case
when p = 2 and r = 1, or Takeda [67] for any r € N and p € (1,00). Though we
establish these inequalities for all H € (0,1), when considering a sufficiently small
time interval [s, t], the result looks weaker when H > 3 due to the appearance of (t—s)
in the exponent. In fact, when H > %, (t — s) will be the dominating part rather than

(t — 8)?2. However, the factor (t — s) appears necessary for small time intervals.

4.3 Modulus of continuity

In this part, we shall show the result on the modulus of continuity for fBMs with
respect to the (p,r)-capacity defined on the classical Wiener space. We shall adopt
the arguments in Fukushima’s work [21] and use the method from the original proof

by Lévy [40], who proved the modulus of continuity for standard Brownian motion
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in probability sense.
Theorem 4.3.1. Let (By)i>o be an fBM with Hurst parameter H. Then it holds that

1

lim su ax — B, <1, 8. 4.25
10 /255 10g(1/0) °fsfé§1| A ! 2
when H € (0,1) and
) 1
lim sup X |B;— Bs| > 1, g¢q.s. (4.26)
510 /257 log(L]3) 05ts'

when H € (0, %}

Proof. Let us prove (4.26) first. For any » € N and p € (1, 00), we want to show that

1
o (I i 51 <1 ) =0

t—s<é

where

9(8) = /207 1og(1/5).

By Lemma 4.2.2, we have

Cp (123)2% BQ% - Bg;,} <(1- H)Q(Q_n))
nH _ n
— e (122}2(:” 2 BJQ" (1 0) 210g(2 )>
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for 6 € (0, 1), where ¢ is some small constant such that ¢ < 6y/21log2. Set

for j # k. Take a sequence of independent standard Gaussian random variables Y;’s

so that
E[X;Xi] <0 =E[Y;Y}]
for j # k. Let
;L c
v2log?2

so that # — ¢ > 0, and hence 0 < 1 — 6 + ¢ < 1. Then Proposition 4.2.1 implies that

<1<]<2n

{ <(1—0+) 2log(2n)})
<p {y — 0+ ) 210g(2”)}>
N {

1<5<2n
<P X; <(1—-60+c)? 210g(2”)}>
1<5<2n
<P ﬂ {Yj <(1—-604c)? 210g(2")})
1<j<on
-1 P (Yj <(1-0+ c’)l/%/zlog@n))
1<j<on

on

_ <1 ) (Yj >(1—60+4c)Y? 2log(2”)>>

<exp(—£2"),
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where

£=P (Yj S (1-6+ c’)l/Q\/Qlog(2")>

(1—0+ )% /21og(27)
~ 142(1—-60+¢)log(2n)

exp (—(1 — 6+ ) log(2"))

> CZ—n(l—G-i—c’)
for n sufficiently large, hence it follows that

P ( N {xli<a-0+0) 210g(2”)}) < exp (—020°).

1<j<an

The right-hand side is a term of a convergent series, and hence by the first Borel-
Cantelli lemma for (p, r)-capacity, (4.26) follows immediately.

For the upper bound, we first notice that

g(k2™) = (k27" [2108(2).

For any € > 0, applying Lemma 4.2.1 with

n=(1+¢e)g(k27"),

we get that
p
"= |¢,, ma J >1+¢
n ( P, O<k:j_f;n9 g(k2m) >
0<i<j<2m
|B‘2—n — BZ'Q—n’ P
S M, r (C r ( ] Z 1+¢
b 2 " g(k2—m)

0<k=j—i<2m?
0<i<j<2™
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. " (1 +e)g(k27)\ " o (14e)?
< M2 D (2 < P2y ))““2 )

1<k<2nd
" ((1+9) '
. n ]_ + g 2” “n (1+ )2
= M,,2 Z 2 ( p 2log (?>> (k27
1<k<2n? =0

T

lp
1
S Mp,r2n(1+9) (22 (( +8> /277, log 2) > 277L(1*9)(1+€)2’
=0

p

where the first inequality follows from the subadditivity property of capacities.
Now we only need to pick up a suitable § such that ) I, < co. To this end, we

want

1+60<(1-0)(1+¢)

will do. The proof is complete by applying the first Borel-Cantelli lemma for (p, r)-

In fact, any

capacity and letting ¢ — 0. O
The upper bound (4.25) indicates the following result:

Corollary 4.3.1. (B;)>o is a-Hdlder-continuous for o < H quasi-surely with respect

to the classical Wiener capacity.

Remark 4.3.1. We regard (By)i>0 as a family of measurable functions on (W, .F)
with parametert > 0, where F is the completion of B(W') with respect to the Wiener
measure P. What we proved previously is that apart from on a slim set, t — By(w)
1s continuous. Therefore, we can modify (Bt)tZO on the slim set K by for example
setting By(w) = 0 for all w € K such that the modified process is continuous, and
K € % has measure P(K) = 0 as ¢, is increasing in p and r. From now on, we

always refer (By),sq to its continuous modification.
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4.4 Non-differentiability

In this part, we will generalise a very standard result and prove that fBM sample
paths are nowhere differentiable, based on the argument in [17] (see also Theorem

9.18, Section 2.9, Chapter 2, [33]), [21] and [67].

Theorem 4.4.1. Let H € (0,1). Then for a fractional Brownian motion (B;)i>o with

Hurst parameter H,

By, — B
lim sup —| th t|

=00 forallte[0,1] gq.s.
h10 h

Proof. Let

By — B
A= {limsupw < oo for some t € [0, 1]}
hl0 h

The goal is to show that A is a slim set. If w € A, then there exists a t € [0, 1],

positive integers M and k, such that
Buan(w) — By(w)| < Mh

forall 0 < h < Therefore, we may consider

1
-

B, — B
A = sup B =Bl U
7 helo, }] h

where M and k are positive integers. Then

A=1J UUAw
t€[0,1] M=1k=1
By the sub-additivity property of (p,r)-capacity, it remains to show that

cp7r< U AZ,M) =0

te(0,1]

88



forall r € Nand 1 < p < .

Fix r, p, k and M. For H € (0, 1), take N to be the smallest integer such that

N(1 - H)
p

> 1,

and divide [0,1] into n subintervals with n > (N + 1)k. Then for all t € [=1, £],

1< <n,
N, L
n — k
which indicates that for 1 < j < N,
S o N 1
i At N NP L N (4.27)
n n n k

Now if w € A}, ), with t € [+, £], then for each 1 < j < N, by (4.27),

Busy () = Bugas ()] < [Byy 1 (@) = Biw)| + | Biw) = By sy ()

RGO
(2j+1)M_

<

Therefore, if we define

for each n > (N + 1)k, then

U 4w C OCM
=1

tel0,1]

Therefore, it suffices to prove that > | ¢,,(Ci,) — 0 as n — co.

To this end, we apply Lemma 4.2.2 to bound ¢, ,.(C; ) from above. For each fixed
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1, set

and
(25 +1)M
@ = Tl H

forall 1 <j < N. By Lemma 4.2.2 with L = %, it follows that

Swcns (5 (vt (4)7)”

1=1 =0

. N 1/p
.Z(P(ﬂ{—aj—cﬁXjSOéj+C})> )

i=1 j=1

(4.28)

where ¢ > 0 is a constant, M, and Cp are given as in Lemma 4.2.2. Note that
(X1, ,Xn) is a centred Gaussian random variable with covariance matrix X, de-

termined by

E[X;Xe] = 5 [(k—j+ 1) + (k—j — 1] = (k—5)*",

N —

depending only on j and k. ¥ is an N x N positive definite matrix independent of

n. Therefore, the right-hand side of (4.28) may be computed explicitly as

P (ﬂ {1X;] < a; + C}>

j=1

an+c ai+c 1 1
—2N/ . / exp (——:CTE_la:> dxq---day
0 0 V27| 2

] N
N \/27T|E| o1

=O(n)

(aj +¢)
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hence it follows that

n N 1/p
Z (P (ﬂ {—aj—c<X; <a; + c})) <O (n- n—N(l—H)/p) 0

i=1 j=1

as n — 0o, which completes the proof. O

4.5 Law of the iterated logarithm

In this section, we establish the result on the law of the iterated logarithm for fBMs
with Hurst parameter H € (0, %] with respect to the (2,1)-capacity defined on the

classical Wiener space, using the method from [21].

Theorem 4.5.1. Let (B;)i>0 be a one-dimensional fBM on (W, H, P) with Hurst

parameter H € (O, %} Then it holds that

B
c21 | limsup ‘ >11=0
10 /2t*"loglog(1/t)

Proof. When H = %, the problem will be reduced to the case of standard Brownian
motion, which will become the same as in [21] and [67].

The rest of our proof will be similar to the argument in [21]. Let

h(t) = \/2t?H loglog(1/t), Wt > 0.

Fix 0,6 € (0,1), and set n = (1 4+ J)h(6"), s = 0, t = 0" in Lemma 4.2.3, then it

follows that

(e (om0 52 1))

g2nH 2
< <m) (14 6*) loglog(0™") + 2
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2nH
- exp (—m(l +6)?log log(é_"))

o2nH

< ((1+6%) loglog(0™") +2) (n log(@‘l))’m(lﬂﬂ2

p2nH

= Cy(logn + Cy)n e +em (A+0)* (4.29)

For each 0 and ¢, as H < % and 6 < 1, there exists some N; such that for all n > N,

2nH

Tl T g +9”(1 +0)* > 1,

so the right-hand side of (4.29) is a term of a convergent series, and thus by the first

Borel-Cantelli lemma for capacities,

sup B, < (14 §)h(0") eventually
0<u<on

under (2, 1)-capacity. The rest of proof remains the same as in probability case. [

Theorem 4.5.2. Let (By)i>0 be a one-dimensional fBM on (W, H, P) with Hurst

parameter H € (0, %} Then it holds that

B,
c lim su <1l]=0.
2! ( t10 P V/2t2 log log(1/t) )

Proof. When H = %, the problem is reduced to the Brownian motion case, so we only

need to consider the case when H € (O, %) Denote

h(t) = \/2t2H loglog(1/t).
Let 6 € (0,1), and define

Gn = {Bgn — B@n+1 < (1 — 6H>h(9n)} .
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We want to prove that
C21 <lim inf Gn> =0,

n—oo

from which we may deduce that for sufficiently large n,
Bgn — Bgn+1 > (1 — GH)h(G”)

apart from on a (2, 1)-capacity zero set.

Write
Bgn —_— B@nJrl

X, =
(Qn _ Qn—l—l)H

~ N(0,1),
then by definition,

1_H

Gn:{xmﬁm}.

For any integer | < N, take a decreasing sequence of real numbers {a;}3°, such that

a; | —o00 as i — 00, due to the continuity of capacities (2.7), we have that

o () e (e g el

= <C2,1 (U m {ai <X, < % 2log log(@‘”)}))

i=1n=l

= lim (0271 (ﬂ {ai <X, < %vaglog(Q—")}>) )

n=l

Then we may apply Lemma 4.2.2 to control the intersection capacity with the inter-

section probability as the following:

) o)
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. P (ﬂ {ai —c, < X, < %\/ﬂogbg(@—ﬂ + Cn})

n=l

< (1 + (N —1)’Cy (Af)j

P (ﬂ {Xn < %v?bglog(ﬁ—”) + cn}> . (4.30)

n=I

When H € (O, %), the increments of fBMs over distinct time intervals are nega-
tively correlated, i.e. E[X,,X,,] <0. Foralll <n,m < N, we may take a sequence of
independent standard Gaussian random variables {Y,,}, and apply Slepian’s lemma
(what we use here is a corollary of Proposition 4.2.1, see Corollary 3.12, Chapter 3,

[39]) to the intersection probability in the last line in (4.30) to obtain that

P <Q {Xn < %Vﬂoglogw‘”) + Cn}>
<P (ﬂ {Yn < %\/ﬂoglog(ﬁn) + cn})
= H P (Yn < %vag log(6—™) + Cn)

:ﬂ(l—P(YRZ%\/W+%))

>~.<

< exp <—ZP( > %Vﬂoglogwn) —i—cn)) ,

where the last inequality follows from the fact that 1 — 2 < e™".
We proceed by picking up suitable ¢,’s such that the left-hand side of (4.30)

vanishes as N tends to infinity. Notice that for each n € {I,---, N}, it holds that

P (¥ > av/Zloglos@ )

1 /Oo o2
= — e 2dx
V2T a/2loglog(6—™)
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1 «ay/2loglog(6—

~ V21 1+ 2a2loglog(6-7)

exp (—a”loglog(67"))

1 1 1
> D — .
~ V21 01202 loglog(f—m) n* (log(6-1))~
Cy

S _ 4.31
~ no*\/logn’ ( )

where C] and Cy are positive constants. Choose suitable C' and small 5 such that

log z < Cx? for large z, and set ¢, to be small enough such that the quantity

Cn 1—6"

2loglog(@7) | (1—0)"

satisfies

< 1.

_24 B
y=o+ 3

By taking « equal to the above value in (4.31), we conclude that

N N

1—0 Cs
PlY,>———1/2logl -n n | > —
nz::l ( _(1_9)H\/ og log (6 )+c> 2

Z Ct?)(]\/vl_’y - ll—"/))
where C} is a positive constant. Therefore,

00 2 N 2
(62,1 (ﬂ Gn)) < (CZ,1 (ﬂ Gn)) < C'(N = 1)2Cye W=
n=lI n=l

where C” is some positive constant, and

Cy=max {21 - 11} <1

as in Lemma 4.2.2. Since the right-hand side of the above inequality vanishes as N
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tends to infinity, we arrive at

C2.1 (h??_l}ogf Gn> =0.

4.6 Self-intersection

Recall that W¢ consists of all R%valued continuous paths, starting at the origin,
and (W@ H, P) is the corresponding classical Wiener space. In this section, a d-

dimensional fBM is defined to be the functional on (W, H, P) given by the integral

B, = /0 UK 5)dw(s) (4.32)

where w € W is a d-dimensional Brownian motion. By definition, a d-dimensional
fBM is d copies of independent one-dimensional fBM defined as in (2.11) due to the
definition of multi-dimensional Brownian motion. Like in the one-dimensional case,
we take a suitable modification of B; such that it is quasi-surely continuous with
respect to the classical Wiener capacity.

In this section, we will study the self-avoiding property of d-dimensional fBMs and
establish a result with respect to (2, 1)-capacity on (W, H, P), following the idea by
Kakutani [32] together with several techniques from Fukushima [21] and Takeda [67]

to deal with capacities.

Theorem 4.6.1. Let B = (By)i>o be the d-dimensional fBM defined in (4.52) with
Hurst parameter H. When H < % and d > % + 2, B has no double point under

(2,1)-capacity on the classical Wiener space; when H > % and d > 6, B has no

double point under (2,1)-capacity.
Proof. When H = 1, the above result is proved in Fukushima [21] and Takeda [67].
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It suffices to show that for any two disjoint intervals I = (sg, s1) and J = (¢, 1) with

Sp < 81 < g <1y,
c2.1 (Bs = By, for some s € I and some t € J) = 0. (4.33)

By the self-similarity property of fBMs, we only need to establish the above equality

(4.33) for 0 < sp < 51 < tg < t; < 1. Denote the set
A={we W : By(w) = Bi(w), for some s € I and some ¢t € J}.

Then for any n > 0, we have

d d
A Cﬂ{}Bﬁl —BZO‘ < 277} UU{SI;II)‘B; —Bé‘ > 77}
i=1 5

=1

d
U B} — B,
U {aptoi =t >}

where B is the i-th component of B. It thus follows from the sub-additivity property

of capacities that

d
c2,1(A) <ca1 (ﬂ {‘Bil - BZO| < 277})
i=1
d
# Y cun (sup B, - B > )
i—1 sel

d
B, — B; .
G

Applying Lemma 4.2.2 with c =¢; =n,1=1,2,--- ,d, we obtain that
d M\ 2
Co1 (ﬂ {-2n<B. - B, < 277}) < (1 + d*Cy (—) )
. Ui
=1
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P (ﬂ (B, - Bl < 3n}) ,

where Cyy = max {2271 — 1,1} <1, and M is some positive constant.

Therefore,

d . .

(e, - 5] <20)

i=1

2\ d ‘
<1+d2( ))HP( —B;0|<3n>
=1
2 z’ ‘
1+d 27T 0_812H/ exp( 0_—81)2H)dx

: <1+d2 <%> ) o (d6(z, N

where d(I,J) = to — s; denotes the distance between these two intervals. Also,

applying Lemma 4.2.3, we deduce that

o (a1, - 8320) < o T ZZ Pt
P (_4[7H(31 - SO)ZH + (51— 30)])

n2|[|2H +4 ( 772 )
= “exp | — ;
(vl 1127 + |1))* 4 (yu I[P+ |1])

where |I| = s; — sp denotes the length of I. Accordingly,

e (gl i) ) < [T ()
" N\ies TR —\ (yulJ12E 4 |J))° A(yulJPHE+1T1)) 7

with |J| = t; — to, the length of interval J.

Divide I and J into k subintervals evenly, i.e. [ = Ufnzl I, J= Ule J;, I, and
J; are disjoint for all 1 < m,l < k and |I,,| = |I|/k, |J;] = |J|/k. By sub-additivity
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and what has been proved above,

kook
c1(A) < Z ZCQJ (BS = B, for some s € [,, and some t € Jl>

m=1 [=1

k
>y <1+d2(M)> 00
m=1 I=1 \/271' Im, Jl
n2|lm|2H ( 772 )
+d +4exp | —
\/(7H|Im|2H + [ I))? 4 (v L+ | 1))
772|<]l|2H ( 772 )
+d +4dexp | —
\/(7H|Jl|2H+|JzD2 4 (yu| NP+ [4])
) d
<1 + 2 (%) > 61
g 2 (d(1, J))*"

772k2H 772
d 4 —
g TP ( 4 (v [ TP 27 ¢ mkl))
772k2H 772
d 4 — .
T PR TP TG PR+ e

Now set 7 = k77, then according to the previous estimate, when £ is sufficiently

d

IN

large and H < %, it holds that
ca1(A) < Cy (k2_”(d_2) + k(H_”)+26_Ck2(H_U)) , (4.34)

where (] is some constant.
Notice that when

2
—— < o< H,
a—2°7

the expression on the right-hand side of (4.34) vanishes as k tends to infinity. This

implies that if such a o exists, then B has no double point under (2, 1)-capacity, which
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only requires ﬁ < H,ie. d> % + 2.

On the other hand, when H > %, by setting n = k=7, we get that
c21(A) < Co <k2‘“(d—2) 1 k;(H—O')-F?e—Ckl*%)

when £ is sufficiently large, where C5 is a constant. Therefore, in order to guarantee

that the right-hand side vanishes as k£ tends to infinity, we require

which forces d > 6. OJ

Remark 4.6.1. For d-dimensional Brownian motion, the absence of double points
under (2, 1)-capacity was firstly proved by Fukushima in [21]. According to Lyons [43],
the critical dimension for such a property is d = 6. Due to the lack of tools such as
potential theory for the case of fBMs, the critical dimension of self-avoiding property

for fBMs remains an open question, even in probability setting.
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Chapter 5

Large deviation principles for
fractional Brownian motions under

the classical Wiener capacity

In this chapter, we establish a version of large deviation principles (LDPs) for fBMs
in the context of classical Wiener capacity.

To this end, we shall first prove that fBMs as Wiener functionals are quasi-surely
defined on the classical Wiener space. Then we study the large deviations of the
corresponding scaling mappings, and determine the rate function. We only prove
these results for the case when the Hurst parameter H > % due to technical reasons.

In this chapter, in order to simplify our computations a bit, we shall consider
fractional Brownian motions over finite time interval [0, 1], and set W = Cy(]0, 1]),
the space of all continuous function on [0, 1] with w(0) = 0. The norm ||-|| on W is

the supremum norm, i.e.

lw[| = sup [w(t)].
te(0,1]

We recall that fBMs B = (B) tefo,1) can be realised as Wiener functionals on the
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classical Wiener space due to the following integral representation:

By(w) = /0 K(t, s)dw(s), (5.1)

where {w(s) :s >0} is the coordinate mapping process on W (hence a standard
Brownian motion). B, is defined almost surely, and the stochastic integral on the

right-hand side is understood in the sense of t0. K is a kernel given by

when H > %, and cy is some constant depending only on H. In addition, s
S K (t,u)du is not in W*, but only in H.

In this chapter, our strategy of the proof can be described as the following:

1. For each fixed t > 0, we define Bt(m) to be a finite linear combination of elements
in the classical Wiener space, and show that the sequence of random variables
<Bt(m))m€N converges quasi-surely (with respect to the capacities induced by
standard Brownian motion). The main difficulty here is that the kernel K (¢, s)
is singular in s, and will explode when s approaches 0, so it becomes quite
difficult to control its increments in s and estimate the integral of K over small
time intervals near time s = 0. However, we notice that K as a function of ¢,

behaves more regularly. Therefore, we attempt to control the difference
K(t,s+a)— K(t,s)

by the difference of K when ¢ varies.

2. Then we may define a family of mappings {X(™},cn on the classical Wiener
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space by linear interpolation:

XO(w)(t) = Bua (w)+2" <t - %) <B%(w) ~ By (w)) , v% <t< 2%
For each n, X™ is quasi-surely defined. We will show that this sequence
{X (”)}neN converges to some mapping X. As any countable union of capac-
ity zero sets still has zero capacity, we conclude that the limit random variable
X is quasi-surely defined, and we shall also see that this convergence is exponen-
tially fast in the proof. Now as the large deviation principles may be established
for X ™’s, using the result of exponentially good approximations from the LDP

theory, we deduce the LDP for the limit mapping X.

5.1 FBMs as Wiener functionals

Let B = (Bt)

t€[0,1] be a fractional Brownian motion with Hurst parameter H >

1 defined by (5.1), which can be realised as a Wiener functional on the classical

Wiener space. According to the result in Chapter 4 (see also the transfer principle,

Proposition 5.2.1, page 288, [58]), for each fixed ¢, B, € DP, and its first order

Malliavin derivative is given by

DBy(s) = /OSM K(t,u)du.

The higher-order derivatives of B; vanish.

Recall that in the previous chapter, to prove that for each fixed ¢, B, is a smooth

random variable in the sense of Malliavin, we construct a sequence of random variables

(Bt(m))meN. These random variables are approximations of B; in the Sobolev space

DP, and are given by
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B (w) = Z 277%/1% K(t,r)dr <Wi2+7lt — W t> : (5.2)

and B(gm) =0, where m=1,2,---.

Obviously Bt(m) € D? and by direct computation,

2m -1 1y

DBt(m)(s):uEm)(s):. KL g (s). (5.3)

4
om t, om

Its higher-order Malliavin derivatives vanish identically.

Theorem 5.1.1. For all7 € N, 1 < p < oo and t € [0,1], (Bt(m)) con-
meN

verges (p,r)-quasi-surely to some limit, denoted by By too, which is also the limit

of (Bt(m)> in DP.

meN

Proof. The proof is quite technical and will be divided into several steps. Let us begin

with the simple fact that

m . . m m 1
{w : (Bt( )(w)>m>1 is not Cauchy} C lim sup {w : ‘Bt( H)(w) — Bt( )(w)‘ > W}

m—o0

for all 6 > 0. Therefore, by the first Borel-Cantelli lemma for capacities, as long as

we can prove that

- m m 1
Zcpm (‘Bg +1) _Bt( )‘ > W) < 0

m=1
for all p € (1,00) and r € N, then the required result follows. Since ¢, , is increasing
in p and r, it suffices to prove that the above infinite sum is finite for p > 2 and all
r € N. Therefore, we shall assume that p > 2 in the sequel.

Step 1. In this step, we convert our problem from estimating the classical Wiener

capacity to estimating L?-norm of Gaussian random variables.
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By Chebyshev’s inequality, we have that for fixed ¢ > 0,

2
Cpr <‘B§m+” - Bt(m)‘ > ) = (\Bw - Bt(m)‘ > /\2>

2
<A (B§m+1) - Bt(m)> (5.4)

Dy

2
for any A > 0 and m € N. We notice that <B§m+1) — Bt(m)) is a polynomial Wiener
functional of degree 2, so Proposition 2.3.1 applies. Furthermore, by direct computa-

tion,

D <Bt(m+1) _ Bt(m)) _ ungrl) _ ugm)

Y

and for all [ > 3,

2
D' ((Bt(m“) - B,fm)) ) ~0.

Therefore, by Proposition 2.3.1,

Il (G2 =5Y)

2
ey

2

HOUp H®LI2

< s~ 1t | (B — )

2

2

B(m+1) . B(m)

t t

=3(p—1)22

4
2
<t 124 (25t 7]

2
B£m+1) . B(m)

t

= 36(p — 1)22

2

for all p > 2 and 0 <[ < r, and thus we deduce that

2
HDz ((B,Fm“) B Bt(m) )

Bt(erl) _ Bt(m)

2
H <Bt(m+1) _ Bt(m)>

.
<>
DY =

H®Up

. 2
<36(r+ 1)(p—1)25 ‘

2
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2

Bt _ pim (5.5)

— CT‘p

)

2

where
Crp = 36(r +1)(p — 1)22

is a constant depending only on r and p.

The L?-norm on the right-hand side of the above inequality can be handled as the

following. By definition (5.2),

om+1_1 i+1
(m+1) (m) 2mtt famert
B - B w) = Y 2 / K(tr)dr (s, —w )
1=0 sz-‘rlt
2m_1 2m Z‘Qtnlt
— 7/ K(t,r)dr (wh:nlt _W%mt>
i=0 amt

The integral term in Bt(m) (w) may be split into two parts, i.e. for eachi € {0,1,---,2"—

1},

i1y

2m
7 K(t r)dr (w%t —cu%mt>
2m 2255:175
= — K(t,r)dr + K(t,r)dr (wmt - wit>
t 2i41 4 2, 2 2m
om+1 om+1
2m 27,+2
:—[ tr)dr(wzmt w2 t)
t 2041 om+1 om+1
om—+1
2i41 ,
om~+1T
+/ K(t,'r’)dr <w 2i42 , — W_ 2 t) .
2 4 om+T om+1
om—+1
We observe that the contribution from the interval (—t7 Z;nl t} Bt(m+1)(w) is
2m+1 ;,;'flt
/ K(t, T’)d?“ (cu 2i+2 4 — W 2i+1 t)
t 2041, omF1 omF1
om~+1
2i41 4
om—+1
+ / 2ilt K(t, T‘)d?“ (w;;-:_l t wgwﬁl t)] .
2m
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Therefore, it follows that

B (w) — B (w)

om 2m—1 722,;':_2115
= — E K(t,r)dr in+2t—2w2¢+1t—|—w 2,
t 2i41 om+1 om+1 om+1
1=0 2m+1t
2i41 4
om~+1
+ K(t, T)d?“ (2(,0 2i41 , — W_2i _; — W 2i+2 t>
24 om~+T om+1 om+1
om+1 t
m 271 2277;.1—:-21 t 2277;;:_11 t
= — K(t,r)dr — K(t,r)dr
t 4 2i41 4 2
=0 om—+1 om+1
C |\ W2ite , — 2w 2i41 y Fw_2 4. (5.6)
om—+1 om~+T om—+1

Since a standard Brownian motion has independent increments, we have

2
HBt(m+1) _ Bt(m)
2
2m—1 om 2275;21 t 227;;;;11 t 2
=E Z (— (/ K(t,r)dr—/ K(t,r)dr))
, t 2it1 2i
1=0 2m+1t 2m+1t
2
(w0 = 200+ ) ]
m i 7 2
om 22Mm—1 2m++21t 2m++11t
— <—> Z /2 K(t,r)dr — /2 K(t,r)dr
t , 2041, 2
1=0 om—+1 om—+1
2
B W 2it2 , — 2W 2641 , + W _ 2 >
2m+1t 2m+1t 2m+1t
m i i 2
yn\ P [ e
- <—> Z /2 K(t,r)dr — /2 K(t,r)dr
t . 2i+1 4 2 4
=0 om—+1 omI1
2 2
- E W 2i+2 , — W 2i+1 ) + (w 2i+1 , — W_ 2i )
om+1 13 om+1 3 om~+1 t om+1 t
m i i 2
g\ P (i e t
= | — K(t,r)dr — K(t,r)d —
(7) £ (Lo, kena- [ Twena) (5
1=0 om+1 om—+1
om 2m—1 2i45r21t 21‘4;11t 2
2m 2m
_ <_> 3 ( / K(t,r)dr — / K(t,r)dr) | (5.7)
t 241 2i
i=0 omFIt mFTt
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Step 2. In this step, we further simplify our problem using a rather simple
observation.

By change of variables, for each i € {0,---,2™ — 1}, define

2142

2141
2m+1t 2m+1t
M; ::/ K(t,r)dr —/ K(t,r)dr
2i+1 21
smrTt smITt
2i41 2i+1
2m+1t t 2m+1t
= K|(ts+ ds — K(t,r)dr
2 om+1 2
om+1 t om~+T t
2i+1t
om—+1 t
:/Qi {K (t,5+2m+1>—K(t,s)} ds.
gmFTt

Using the definition of kernel K, we observe that for all « € (0,¢ — s),

t
K(t,s+a) =cu(s + a)%_H/ (u—s—a) 24" 2du
st+a

t—a
:cH(s%—a);_H/ (v—8)""2(v+ )T 2dv

t—a Hfé
ZCH(S+a)§‘H/ (U_S)H—%UH_% <v+a> "

and hence

K(t,s+a)— K(t,s) < K(t—a,s) — K(t,s). (5.8)

On the other hand, for every a € (0,7),

t
K(t,r—a) =enlr = a)s™" / (u—r+a)"u 2 du

1 tta 3 1
:cH(r—a)fH/ (v—r)""2(v—a)? z2dv
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By setting r = s + «, we deduce that

K(t,s+a)— K(t,s)=K(t,s+a)— K(t,s +a—a)

_ 1

S+«

2K(t,s+a)—<

Now let

_t
a_2m+1

in (5.8) and (5.9), and for all s <t — 57, set

2i+1 t

om—+1 t
Li:/m t K t,s—i—szr1

om+

H-—1
S+2m% 2 t t
() e (e g o

2142 t

m+1 H_% t
:/2 K(t,r)—(—rt ) K(t—i——l,r)dr,
2041, T — STt 2m+

om—+1

and

Then

for each i, and it thus follows that

M2 < L?VU?,
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which implies that

2

gmy 2"~
() s

om z2:*2—1 gmy 2"~
<|(F) 5 |(F) 5o

Step 3. In this step, we find upper bounds for L? and U?, respectively. We first

HBt(m—H) _ Bt(m)

. (5.10)

find a control of
2142 t

B B[

i=0 i=0 | gmrr
H-1 2
T 2 t
(") K@+ )
(T_anﬁ) U+ g 7) T]

For all r € (5:47,t), consider the function

H—3
fr(x):( i ) Kit+axr), 0<z<r.

Then
1-(0) = K(t,r)

g
fT(W>:T Q(T—W> K(t+Wﬂ’)-

Therefore, we may write

and

2i42

it (0

L= fr(z)dzdr.
2i+1 t t
om—+1 om—+1

We may compute the derivative of f,., which is
1
fi(z) = rf—3 {(H — 5) (r — x)_%_HK(t +x,r)+ (r— x)%_HalK(t +x,7)
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1
- (H_i) P — )R (4 )

w

g_1 1 t+x H=3 H_3
+oeprt T2 (r —x)2 (t+x—r)" 2
1 H 1 1 g
= H_§ 2(r—az) 2 " K(t+x,7)
+ey(r— x)%_H (t+ x)H_% (t+x— r)H_%,

where 01 K (t, s) denotes the partial derivative of K with respect to the first variable.

Denote

and

ho(z) = cp(r —a)a H (t+ )72 (¢ + 2 —r)H 3.

Then for all z < 7, g.(z) > 0 and h,(x) > 0. By Cauchy-Schwarz inequality, we

obtain that

2i+2 4 2
9 om+1 2m+1
L; = x)dxdr
27,+1 t

mF1

2i+2 t

om~+1 ﬁ yn% 2

= / / gr(z)dz + / hy(x)dx | dr
24\ Jo
2i42 4 2
< t /2m+1 /2m+1 d + / d
> X r
2mtt J 2y \ Jo 0

t /2m+1 /2mt+1 /2m+1 2 d
_ _I._ T,
2m 20t 0 0

2142 t
om

IN

and hence

( ) i; / (/Om+ gr($)dI>2+ (/Om+ hr(:p)dx>2dr. (5.11)

2m+1

111



We control the integral of g, first. When H > %, since t < 1,

1.e.

Therefore, we deduce that

it follows that

K(t,s) < cszH,

t
- gm+1
4 pl2H
t
r= 2m+1
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Consequently,

S 2 ;o\ 12H
(/ gr(a:)dx> < (7" — 2m+1) - rl_ZH] ) (5.12)
0

where (' is a constant depending only on H.

As for h,., due to change of variables,

FATT Tt )
0< / hy(x)dz = CH/ i (r — m)%_H (t+2)"2 (t+x— r)H_%da:
0 0

< ¢n (275)H_% /

0

/ yr 1t —y) 2 dy
r t

T om+1

H-—1L1 t §_H " H-3
<cg(2t)772 T St / ) (t—y)"2dy
T SmFT
¢ —H

2cH :
7" —
H— 1\ g

t
om+1
’ (r—a)2 (it +2z—r)2ds

ol

= ey (207

IN

2m t N\
S 1 r— )
H -5 2m+1 2m+1

which implies that

- 2 ' 2H-1 ' 1—-2H
/Ov hr('x)d'x S 02 (2m+1) (T_ 2m+1) )

with Cy some constant only depending on the value of H. Using (5.11), we get that
2m 9 t
(F) L=l
i=0

" 1-2H
1-2H
(r 2m+1> T dr
om—+1

¢ 2H-1 ot ¢ 1-2H
+ O (2m+1) / . (T B 2m+1) dr
FmFT
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1 ¢ 2—2H t 2—-2H
=C t— — 22—
19 o [( 2m+1) + gm+1
2H—-1 2—2H
t 1 t
C t—
T 2<2m+1) 2—2H< 2m+1>
1 ¢ 2—2H 1 ¢ 2H-1
<C C
= 11—H<2m+1) T on (2m+1)

¢ 2—2H ¢ 2H—1
= <2m+1> + ¢ (W) , (5.14)

where ¢; and ¢y are two positive constants.

Next, we move onto the estimate of U;’s. By the definition of U;’s and Cauchy-

Schwarz inequality, we have that

2m—1

om
(F) 2
2i41 4

2m 1 2
2m t am+I t
— K(t—-—— — K(t d
()% (5) L, ((- ) - se) @
1 [t t 2
:5/ (K(t—w,S)—K(t,S)) ds
0
1 [t zmer ¢ t— T ¢
5/ 2 KQ(t_W’S)dS_/ ’ K(t—w,s)[((t,s)ds
0 0
1 t
—l——/ K*(t,s)ds
2 Jo
;o\ 2H

-1 (2m+1) | (5.15)

Step 4. We complete our proof using the above estimates in this step.

IN

IN

It follows from (5.10), (5.14) and (5.15) that

9 ¢\ 22H b\ 2H 1 ¢\ 2H
(m+1) (m)
HBt - B H2 < [Cl (2m+1) T e (2m+1> v 92 (2m+1)
¢\ 22H ;o\ 201
< ¢ (2m+1) TG (2m+1> ’

where ¢3 and ¢4 are some constants.
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Therefore, for any A > 0, it holds that

2
Bt(m—l-l) B B(m)

t

;o\ 22 ;o\ 21
—2
= Crph™™ |63 (2m+1> T <2m+1) :

Cor (‘B§m+” - B,fm)‘ >A) <A

Set A =27 then as t < 1,

(m-+1) (m) 1 1 1
Cp,r <‘Bt — Bt ‘ > W) S Or,p,H (22m(1—H—6) + 22m(H15)> 3

2
where (), i is a suitable constant depending on 7, p and H only.
Hence, if we choose ¢ small enough such that

0<6<(1—H)/\<H—%>,

then

. m m 1
Zcpﬂﬂ (‘Bt( ) _ Bt( )} > W) < 00,
m=1

which implies that (Bt(m))mzo converges quasi-surely to some random variable, de-
noted by Et, as m tends to infinity by the first Borel-Cantelli lemma.
In Chapter 4, we have already shown that (Bt(m))mzo converges in DP to B, for all
r € Nand 1 < p < oo, and the Malliavin derivative of the limit random variable is
given by
DBy(s) = K(t, s)Lp(s),

with all higher-order Malliavin derivatives of B, equal to zero. Now we can easily

prove that there exists a subsequence (Bt(m’“)) k>0 converging quasi-surely by choosing
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this sequence to be such that (for example by applying Hélder’s inequality)

< 1
pp 2R

2
(s

and then applying the first Borel-Cantelli lemma as before. If for w € W there are

infinitely many k’s such that
(Mit1) _ p(mg)
B (w) = B (w)| > 1,
then (Bt(mk)(CU))kzo is not Cauchy. Therefore, by Chebyshev’s inequality,

> e {w s [BI W) = B w)| > 1}
k=0
_ ic {w . <B(mk+1)(w) _ B(mk)(w>)2 > 1}
- p,T . t t
k=0

<1
<D o
k=0

< 00,

and hence by the first Borel-Cantelli lemma,

Cp,r {’Bt(mk“) — Bt(m’“) > 1 infinitely often} =0.

As a consequence, (Bt(m’“))kzo converges to B; apart from on a slim set, and the

uniqueness of limit forces its limit to be ét, which implies B; = ét q.s. O
Consequently, we will have the following corollary.

Corollary 5.1.1. Letr e N, 1 < p < oo, and let H € [%,1). For each t € [0,1],
there is a modification of By, given by the integral representation (5.1) of the fractional

Brownian motion with Hurst parameter H, that is defined (p,r)-quasi-surely.
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From now on, we work with the modification of B; which is defined as a quasi-sure

limit of the approximations Bt(m).

5.2 Exponential tightness

For each fixed t, B; is quasi-surely defined (with By(w) = 0 for all w € W), so for

each integer m € N, we may define a map X™ : W — W by

XD (@)(E) = By, (@) + 2" (t = 1) (Bip (@) = By, (), Wty <t <,

m _ k
where #}" = 55

Then X™ is quasi-surely defined as it is a linear interpolation of finitely many

Bym’s. For each m, let X &(m) to be the scaled map, which is defined as
X (w) = XM (cw).

As B, is the limit of linear combinations of w;’s, it follows that
X&) (w) = eX ™ (w).

Our goal is to show that the sequence (X (m)) converges to some X quasi-surely

meN

as m tends to infinity, which implies that (X 5’(’”)) converges to X° quasi-surely,

meN

where the scaled map X°¢ is given by
X (w) = X(ew) = eX(w).

Moreover, the fact that the family of scaled maps (X E’(m)) converges exponentially

meN

fast will be revealed in the proof as well. Since X¢ is quasi-surely defined with

exponentially good approximations (X E’(m)) we may apply the result from the

meN’?
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LDP theory to conclude the final result.
We will need the following estimate from the rough path analysis, which is con-
tained in [45] (see Proposition 4.1.1, Chapter 4 or equation (4.15) on page 64). Here,

we adapt the result to our case and state it as the following:

Proposition 5.2.1. Let u and w be two continuous paths in a Banach space. Then
for any ¢ > 1 and v > q — 1, there exists a constant C,~ depending only on q and vy

such that

o0
q
q vy
sup § luty st — Wiy |" < Copy § n § Ugp o — Wen_ pn |
l

271
n=1 k=1

where the supremum is taken over all finite partitions D of [0,1], t} = 2% forn =

1,2,---,1=0,---,2", and usy = u, — us 15 the increment of path w.

Together with Proposition 2.3.1, the above estimate allows us to convert our
problem from controlling capacities to controlling the L2-norm of Gaussian processes,

which is much easier to work with.

Theorem 5.2.1. Forr € N and 1 < p < oo, (X(m)) converges (p,T)-quasi-

meN

surely to some limit X, and the family of scaled maps (Xa’(m)) is a family of

meN

exponentially good approrimations of X under the capacity cp,,.

Proof. Here we use a technique from the theory of rough paths to control the tails
of X(™)’s which are Gaussian. Let us first prove that the sequence {X m) . m > 1}

converges uniformly quasi-surely. By using the elementary fact that

Q|

|u—wl| < Slll)p (Z |ut171:tl - wtzutz‘q) )

l

for any u,w € W and for any ¢ > 1, where the supremum is taken over all possible

finite partition of [0, 1], and u,; = u; — us, together with Proposition 5.2.1, we obtain
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that

Usn tn n
tk l’k k 1’tk

Ju —wl|? <O<1’YZ Z
n=1

for v > ¢ — 1, where C, 5 is a constant depending on ¢ and v, and t}} = 2%
We will apply the above estimate to X ™ to estimate
Ln(A) = ¢y ([ X — XM > 4, (5.16)

where A > 0. Since (p, r)-capacity is increasing in p, we shall assume that p > 2.

By monotonicity and sub-additivity properties of capacities, we obtain that for

0 >0,
m+1 m q
L) < e (omznvzlﬂ Pl )
n=1
(m+1 m) g -1 -
(Z mz Xk 1t 2SR > Cq,7097vzn72n9>
n=1
< mH) ) 1 -1 A1
S (Z\Xk -3 > il
00 2" A
m+1 (m)
<22 (‘Xk v X | > Ca qcﬁqunTm) (5.17)
n=1 k=1
where

oo 'y -1
Coyy = (Z %) .

n=1
We introduce a new parameter N, whose value is to be determined at the end of our

proof, and consider

(m+1) (m) 2N &y )\2N
Cpur (’X m= X el > Cant G W) : (5.18)
q
Notice that when n < m, Xt(gl) = Bt;”m_nk' Since 5., = t;"mtll ., We have that
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m+1 m 5 . . .
Xt(z,l,t)ﬁ = Xt(LL)l e By Chebyshev’s inequality, we obtain that

kl’

2N
(m+1 m
Cor (‘X D - X

)\2N
> qu’%H:N 2nN(1+40) >
K

2nN(140) 2N
q

-1 —2N
< anﬁ,N)‘ 2

where
2N 2N

— (Y 4 q
qu’Yve:N - C‘]v’Y CB,'y

is a constant. Now by Proposition 2.3.1, with the fact that

X(m+1 m)

k:l’ kl’k:

is a polynomial functional of degree 2N, where N > 7, we have that

8

m+1 m
D! (‘X - Xt(n_) "

m+1 m
HHDZ <‘X Do xm

kl’ k—1'"k

He!

<EN+1)p-1)?

)

2

7

HEl

and

< (2N)?

2

m+1 m
’Xt(n t27. - Xt(n ) tn

k:l’k k—1"k k—1"k k—1"k

m 1 m
HHD’(‘X _xm

)

for any 0 <[ < r. The above two inequalities imply that

HEl

H X = X < (r+ 1)@2N +1)(p—1)2(2N)>
D7
2N
H ’X k-1t N th—lvtz 2
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For N € N, f(x) = 2*V is convex, so by Jensen’s inequality,

1 1 2N
flz+y) =22 (59(: + §y)

1
< 92N (22N | L 2N
<2 (30 4 3

=27 (f(2) + f (),

and hence

2
m+1 m
X - xm
k—1""k k—1"k

N < 92N-1 (‘X(mﬂ

‘ + | xm

)

2N
Therefore, it suffices to estimate

X(m)
et

By definition, if /", <t}_; <t} <" for some [, then

(m)  om (i n
th,l,t;; =2 (tk - tk—l) (Btlm - Btﬁl) '
Hence, by Proposition 2.3.1,

2N

pr

I

n n
tk—l’tk

4N

2N
< 2NN — 1)V HX(,C”) "
=1tk ||o

= 22N(4N — 1) E {<2m (tz - tZ—l) (Btin - Bt{ﬂl))ﬂ

1 21N
=22V (4N — )N | {(Btlm - Bt{'jl) ]

2271]\/

1 1
__ 92N No2mN
=277 (4N - 1)72 92nN 92mNH
. N22m]\/(1 H)
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It thus implies that

H‘X (m+1) _ xm) 2N < 92N-1 <H)X(m+1 ’Xt(:@ . 2N )
k k— 1 9 k 9 k—1> k 9
92(m+1)N(1-H)  92mN(1—H)
AN—1 N
S 2 (4N - 1) ( 22nN + 22nN )
22mN(1—H)
- ONJ{QQT, (521)
where

CN,H _ 24N71 (4N - 1)N (1 4 22N(17H)>

is a constant depending only on N and H. We may conclude from (5.20) and (5.21)

that
2N 92mN(1-H)
m+1 m
H X XD < Oy (5.22)
DY
for n > m, where
Crpv = (r+ 1) (2N +1)(p— 1)% (2N):C. (5.23)
depends on 7, p, N and H. Plugging (5.22) into (5.19), we obtain that
2N )\QN
m+1 m
(‘X X( )17 i > Cq,%em)
q
22mN(1—H)
< G, onCrpnah N —— . (5.24)

22nN(1—#)

Therefore, according to (5.17), (5.18) and (5.24),

I,(\) < Xm“) xS e A
m( )_ Z o > q’yﬁNm
n=1 k=1 2

2" 22mN(1 H)
< Cq’iONCTPNH/\ N om N(1_1+e>
n=m-+1 k=1 2
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o0 92mN (1—-H)

_ —1 —2N
= ConanCronadh™ 3, oy

n=m+1 2n
1 > 1
_ -1 —9N
- Cq,%@,No’“7va’H>\ 2m(2N(H71$9)71) = 2k<2N(1 1;9)71)

Since

1
2N(1—ﬂ>—1>2N(H—ﬂ)—1,
q q

the above series converges as long as

1
QN(H—LQ)—1>O,
q

which means that we need

q
H———-1>0
1 2N

for some N € N. Therefore, if we choose
1\ 1
> H— -

q
0 (o,H———1),
<\ oy

and

then the above series converges. As a consequence, we thus have

(5.25)

for every m = 1,2, - - -, where
C c! fj !
q,7,0,N q,7,0,N — 2k(2N(171+9)71)
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with
Cyo = (20471 1)

From (5.25), we may deduce that

In(N) < C, 2 g vCobCrp N - (5.26)

Applying the same argument as in the previous theorem, we see that the problem

may be reduced to proving that for some suitable positive ¢ > 0,

i L, <%> < 0. (5.27)

Then by the first Borel-Cantelli lemma for capacities, we obtain the quasi-sure con-

vergence for (X),,cx. Since

1 -1 !
5 (W) < ConaxCasCran i mr oy

so the series in (5.27) converges as long as we choose ¢ such that

which must exist as we have chosen ¢ and 6 such that

2N(H—ﬂ>—1>0
q

for some N € N. The convergence of the series in (5.27) implies the convergence of
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(X (m))meN. Denote its limit by X, then X is defined quasi-surely on W.
Next, we prove the sequence {Xe’(m) :m>1,e> O} converges to {X¢:e >0}

exponentially fast with respect to the capacity c,,, that is,

lim limsupe®logc,, {w: HX6 Nw ) — X*(w)|| > A} =—
e—0

m—0o0

for A > 0. To this end, we shall use a similar argument as in the proof above. By the

sub-additivity of capacity, for a > 0,
e {0 [ X5 (@) — X5(@)]| > A}
<y, {w : i ||X€,(k)<w) _ Xs’(k“)(w)H > A}
oo St - x> 03 A
< g;cp,T {w: | X®(w) = XFD ()] > Cue 12(kAm)a}
= g;lk (2(’5\——%%) 7 (5.28)

where we have used the notations in (5.16), and

00 1 -1
oo (35)
i=0
is some positive constant depending only on a.
Recall that up to now, the only assumption on NN is that N > Z, and now we shall

pick up a suitable N to show that the convergence of (X €’(m)) is exponentially

meN

fast. By (5.26),

AC, 1 1 1 g2N
I (Q(km)aé—) < Cq,’y,@,NCT‘,nN,HCq,@ 2k(2N(H*1%q0*04)*1) 922Nma )\ZNC’(%N
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1 1 82N

=0 2N

where

ﬁZQN(H—%Q—a>—1.

2N 2N

As Cyron = Cor * Cy? , where C,p, v g7 is given as in (5.23) with
Cyr =271 (4N — 1)V (14 22V0-D) |
we have that

-1
Oq,vﬁ,NOnp,N,H

2N 2N N
2

= Cq,Tngﬁq (r+1)2N+1)(p—1) (2N)§24N*1 (4N — 1)1\/ (1 i 22N(1—H))

2

- %(T +1EN +1)2 )% (qu,vc_ (p— 1)524> (4N — 1)N (1 + 22N(1—H))

N
< (r+1)(2N +1)(2N)2 ( (]qu a 1)§> (4N)N 92N(1-H)
2 N
= (r4+1)(2N +1)(2N)? < qu,y _1)3920- H)) NN
B NG 0N (5.30)

where

P,(N) = (r+1)(2N +1)(2N)?
is a polynomial of N depending only on r, and

2 2

_2 Lo
Corop i = 640;7709’7‘1 (p—1) 292(1-H)
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is a constant. If we set o such that

then 5 > 0, together with (5.29) and (5.30), we obtain that

1 eV X1

N —2N
Z Ik (2(k ma ) - ( )Cq’yepHN Cq7‘9COé 22Nmo¢A2_N Z 275

k=m

( )CN ngNNcquC 2N/\ 2N 2NZ

1
2k,8 om(2Na+p)

1
— T,q,Q,B(N)CN )\_2N€2NNN

0700, Hyex gm(2N (H-150) 1)

where

_ -2
047%97107}1704 - Cqm&p,HCa

and

— 1
Pragop(N) = Cqo (Z 275) PN

k=0

According to (5.28), it holds that

e*log ¢y, {w ||XE’(m)(w) — X (w)|| > A}

< {52 IOg Pr7q7075(N) + 82N log Cq;y,e,p,H,a

2
+ 2N log (6/\—]2\[) — ¢ <2N (H — ﬂ) — 1) m log 2.
q

For & small enough, choose N = |¢72]. Then since P, ,94(N) is a polynomial of N,

it holds that

limsupe®logc,, {w : HX‘E’(m)(w) — X°(w)|| > A} <logC —2 (H — #) mlog2,
e—0
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1+6

_ -2
where C' = Cy .0 102" is a constant. Therefore, as H > et

lim limsupe®loge,, {w: [ X" (w) — X (w)|| > A} = —o0,

m— 00 0

which completes the proof. n

5.3 ¢,,-LDPs for {BMs

In this section, we will state the main result of this chapter-the large deviation prin-
ciples for fractional Brownian motions with respect to the classical Wiener capacity,
and the rest of this section is devoted to the proof of this result. In order to state the
large deviation principles for fBMs, we need to identify their rate functions, which
must be the same rate functions in the context of probability as probability is a very
special case of capacities. To properly define the rate functions, we need to identify
the Cameron-Martin space associated with the fBM whose Hurst parameter is H.

We notice that the integral representation of {BMs

Bt(w):/o K(t,s)dw(s)

is defined almost surely, i.e. it defines a measurable mapping B : (W, ZA(W)) —
(W, %(W)) which takes almost all standard Brownian motion paths to the sample
paths of fractional Brownian motion. From the previous section, we see that indeed
this mapping is defined except for on a set even smaller than a null set — it is indeed
quasi-surely defined, and this mapping is denoted by X in the previous section. We
shall keep using X to denote this mapping in the sequel.

By the definition of X, we see that it is a measurable mapping from (W, Z(W))
to (W, 2(W)). Now let Q = P o X! be the push-forward of the Wiener measure,

which is a Gaussian measure on (W, Z(W)). Similar to the case of Brownian motion,
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there is a canonical way to associate this Gaussian measure and W with a separable
Hilbert space %, which can be embedded into W via a continuous and dense mapping
such that this triple (W, A, () forms an abstract Wiener space.

In [10], Decreusefond and Ustiinel identified the Cameron-Martin space corre-
sponding to the fractional Brownian motion with Hurst parameter equal to H, which

is the space consisting of all elements of the form

h(t) = /0 K(t, s)h(s)ds.

where K is the singular kernel as in the integral representation, and i € L2([0,1]). Tt
turns out this Cameron-Martin space is the one that we are looking for. The inner

product structure on this space is defined as
1 . .
(h1,ha)y = / hi(s)ha(s)ds,
0
for all hy, hy € H such that h;(t) = fot K(t,s)hi(s)ds, i = 1,2. Then
. 1%,
/ IQdw)=e7, Vie W
w
Let {Q-} be the family of scaled measures, the laws of {ew} under Q). By definition,
Q:(A)=Q{weW: :icwe A} =P{we W :eX(w) € A} (5.31)

for each A € Z(W). According to Theorem 3.4.12 in [12], the family of scaled

measures {Q.} satisfies the LDP with the good rate function I given by

llwll3, >
H
5, weEH,

[(w) =

00, otherwise.
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Now we are in a position to state the main result of this section.

Theorem 5.3.1. Let r € N, 1 < p < oo and 5 < H < 1. Let X (w) = By (ew) for
all w expect for a c,,-zero subset (for allt € [0,1], € >0). Then {X°®:e> 0} (which
are scaled fBMs with Hurst parameter H) satisfies the c,,-LDP with the good rate
function

llwll%,

5, WwWE 7:[,
I(w) = (5.32)

0, otherwise.
Notice that for each m, X which is a Wiener functional on W defined quasi-

surely, is a linear interpolation of some Gaussian random variables, so we may consider

F,, : R*"*! — W given by

Fo(wo, -+ wam)(t) = 21 + 2™ (75 — %) (Tp — 1), V€ {k—;l ﬁ} ;
(5.33)
which maps a (2™ + 1)-dimensional vector to its linear interpolation. Let us apply
Varadhan’s contraction principle to the family of maps above. As the rate func-
tion for the vector-valued Gaussian random variable (BO, B FEFE , B I ,Bl) is

computable, the capacity version of LDPs may be established easily for X (™).

Proposition 5.3.1. Lett = {0 < t; <ty < --- <t, <1} be a finite partition of [0, 1].

Define T° : W — R" (fore > 0) by T¢ (w) = Bt(cw), where
Bt(w> = (Bh(w)a T 7Btn<w))

is a Gaussian vector with covariance matriz 3 = (o) and 0;; = R(t;,t;). Then

1<i,j<n

{T* : € > 0} satisfies ¢, ,-LDP with the good rate function I, : R™ — [0, 00| given by

1
I,(x) = EacTE_lac.
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Proof. According to the definition of ¢, ,-LDP, we need to establish the upper bound
and lower bound. Since (p, r)-capacity is increasing in p and r, the lower bound part
follows directly from the classical LDPs for Gaussian measures, and thus we have for

all open G,

1
limsupe®logc,, {w € W : T¢(w) € G} > = limsupe’log P {w € W : T¢(w) € G}

e—0 P =0

1
> _Zinf I (y).
2~ nf n(Y)

For the upper bound part, we first establish the result when n = 1. Let a > 0.

By Chebyshev’s inequality, for any t € [0, 1],

o {w t By(ew) > a} = ¢, {w: 2P > e}

< ef)\a ||€)\€Bt}

Dy

- (el )l

Recall that
D (6/\th) (8) = )\€€>\€BtK(t, S>]l(0,t)(8)7

so by iteration,
Dl (€>\€Bz) (817 S92, 781) = ()\g)l e/\aBt (K(t)]]-(o,t))®l (817 59, 7Sl>

for all [ < r, where (K(t)]l(o,t))@ denotes [-fold tensor product of K (t,s)1 (o) (s) with
itself.

Therefore,

1 l
D! (X54) |50 = (Ne)™ €25 ( /0 K*(t, 8)11<o,t>(8)d8)
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_ ()\5)% €2>\5Btt2Hl’
and therefore

E H ”Dl (eAEBt) H’H@l ‘p} - ()\€>lp tHPE [eAsth]

. Oepy2e2H
= ()PP

It thus follows that

=

p

ot B >0} < (S0 o)

r 1
< ey E[[ID" () [|pei|]”

1=0
o2p2H r
= e(A =i _MZ (AetH)l ,
1=0
so that
A\2edp2H r
e?logc,, {w : Bi(ew) > a} < % — Xag® + & log (/\stH)l . (5.34)
1=0
Setting
_a
- pe2t2H

so that the sum of first two terms in (5.34) attains its minimum, we obtain that

a2

I
e?log ¢y, {w : Bi(ew) > a} < Ty + &% log <(T +1) - max ( ¢ > )

o<i<r \ ept?

a

2
_ 2 2 a
= g +e“log(r+1) + Inax le”log (eptH) .
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It follows that

1 a? 1
i 2 : <0 .
hr?j(l)lps log ¢y, {w : Bi(ew) > a} < 5y P p ;I;ﬁ I(x), (5.35)

which remains true if we replace {w : Bi(sw) > a} with {w : Bi(ew) > a}. We may
also deduce the similar results for {w : B;(ew) < b} and {w : By(ew) < b} with b < 0
by symmetry.

Now let us deal with the case of a finite partition t = {0 <t; <.-- <t¢, <1}

Then by linearity By(cw) = e By(w). Introduce an inner product (-,-)s on R™:
<13, y>E = wTE_lya

and denote the corresponding norm by |-|s. Notice that for any @ = (x1,--- ,z,) €

B(a,r), the open ball in (R", |-|s) with centre a and radius r,
A a—x)s <|Azsla—z|s <rAls
for all A € R™, which implies that
B(a,r) C{x: (A a—x)s <71|A|s}.
Based on this observation, we may apply Chebyshev’s inequality and get that

cpr{w: Bi(ew) € B(a,r)} < cpr{w: (X, a — Bi(ew))s < 7|A|s}

)\,Bt(&‘w))z > €<}\,a>)3—r|)\\z}

= cpr {w: el

< A E—(Aa)s H€<A,Bt(€w)>2’ (5.36)

D7

forall A= (A1, -, \y) € R™
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By the Chain rule for Malliavin derivatives,
D (€<A,Bt(sw)>z) (s) = ceMBi(ew))s (X, DBy)sx(s),
where

DB, = (DBy,,--- ,DBy,),

and by iteration,
D! (e()\,Bt(Ew)>2) (51, ,8) = €Ze<)‘»Bt(5W)>Z<)\7 DBt@l(sl, 8,

where (X, DB;)$ denotes the I-fold tensor product of (A, DBy)s with itself.
Since (DBy,, DBy, )y = o0y for all 1 <, j < n, it follows that

||Dl <e<)\,Bt(€W)>2> _ 62l€25<A,Bt(w))2<<A’ DBt>2, <)\7 DBt>E>é.{

2
e
n n !
- <Z (A=), DB, Y (A=), DBtj>
i=1 j=1 5

. €2l€25 (ABt(w))s

(X o e, 08,0

1<ij<n

. 62[626 (A\Bt(w))s

l
— 2,260 Bi(w)x ( Z (ATE_I)Z, ()\TE_I)J. Uij)
1<i,j<n

!
_ 2,26(ABi(w))s (}\Tz—lz ()\Tz_l)T)

— 621 |A|§€62€<)\,Bt(w)>2 ,
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where (ATX7!)  denotes the i-th component of ATX~!. Thus,

E U HDZ (€<A,Bt(€w)>2) H’H®1|pi| = | \|2E [ee;;(A,Bt(w»z]
— | \[ned ) (B7A) B (27

_ p x|, (ep)? A2
=c |A|E€2 5

which implies that

1

o < B[0P o ]

=0

.
=Y A [ger R
=0

H6</\7Bt(aw)>‘

Therefore, by (5.36),

Cpr {w : By(ew) € Bla, 1)} <Y (e|A]p) 3= PAEHr A=),
=0

As a consequence we have,

1
e?logc,, {w : Bi(cw) € B(a,r)} < §s4p|)\|2E +e¥r|Als — 2N, a)s

+e?log (Z (5y>\|g)l> . (5.37)

=0

Choosing A such that

1
f(A) = §€4p|)\|22 +e%r[As — ¥\, a)s

attains its minimum, which happens when A has the same direction as a since the

first two terms only depend on the magnitude of A, so we may write A = a|\|s|aly’
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Then the function becomes

1
FN) = 5P + 1A — €lals|Als,

which is a quadratic function of |Als, we thus deduce that it reaches its minimum

when
(lajs —r)"

s —
[Als =

Therefore, the minimum is attained at

(lals —n)"

A=
52P‘a|z

By setting A to take the above value in (5.37), we obtain that

g2 logc,, {w: Bi(ew) € B(a,r)} < —% ((]a\z — r)+)2

+ & log (g (W) l)

1
<~ ((lals = 1))+ log (r+ 1)
. +
+ max €%l log (M) ,
0<i<r ep

which implies that

1
limsupe®log ¢, {w : By(ew) € B(a,r)} < —— ((la|s — r)+)2
e—0 7 2p
1
=—— inf [,(x).
P xz€B(a,r)

Now for any compact K C (R",|-|s) and any 6 > 0, there exists a finite open
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cover {B(a;,d)}icr in (R™, |-|x) of K with a; € K and I a finite index set. Therefore,

limsupe?logc,, {w: Bi(ew) € K}

e—0

< limsupe®logc,, {w : Bi(ew) € UB(ai,é)}

e—0 iel

< lim sup €* log <Z cpr {w : Bi(ew) € B(ay, 5)})

e=0 icl

< limsupe®log |I| + lim sup £ log (malx cpr {w : B(ew) € B(ay, 5)})
0 1€

e—0 e—

= maxlimsup e®log ¢, {w : Bi(sw) € B(a;,0)}
il e—0

1
<max—-— inf [,(x)
el P z€B(a;,9)

1
= ——min inf [,(x)
p i€l xeB(a;,0)

1
< —— inf [I,(x),
P zeB(K,J)

where

B(K,¢) = {:I: ER": inflx —y|s < 6}.
yeK

Let 6 — 0, then the upper bound for compact sets is established.
Now for any F' C R"™ closed under the Euclidean metric, as all norms on R" are

equivalent, F' is also closed in (R™,|-|s). For p > 0, let
H,={x = (v1, - ,2,) : |z;| < p,V1 < i <n}
be a hypercube in R”. Then by sub-additivity property,
o {w : Bi(ew) € F} < ¢y, {w : By(ew) € FN H,} + ¢, {w : By(ew) € Hpc}
<cpr{w:Bilew) e FNH,} + zn:cp,r {w 1| By, (ew)| > p}.

=1
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Therefore, by the result for compact sets and (5.35), as well as Lemma 1.2.15, Chapter

1, [11], we have that

limsupe?logc,, {w : Bi(sw) € F}

e—0

< max {lim supe’logc,, {w: By(ew) € FNH,},

e—0

lim sup € log (Z e {w 1 | By, (ew)| > p}) }

e—0 i—1

< max {limsup e?log ey, {w: Bi(ew) € FNH,},

e—0

imsup <10 6, 2 [ (5)] > o)}

e—0

§max{—1 inf In(w),—linfll(w)}

p xeFNH, p x>p

for all p > 0. The proof is complete by letting p — oo. O]

Now we may conclude our proof of the large deviation principles and obtain The-
orem H.3.1.

As F,, : R?"T! — W defined in (5.33) is continuous and by definition F,, o T¢ =
X&) 5o by the contraction principle, the family {X 6’(’”)} satisfies the ¢, ,-LDP with
the good rate function

In(w) = inf  Imy(x), weW

z:Fo ()=w

where we define inf ) = co. When p = 1 and r = 0, the capacity ¢,, coincides with
the Wiener measure P, and we would expect that the classical LDPs for fBMs defined
on the classical Wiener space hold.

Now define £, : W — W by

=55 (52 () (). <[24]

(5.38)
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which is a continuous mapping with respect to the uniform convergence topology.
Then by the contraction principle for measures (see Theorem 4.2.1, Chapter 4, [11]),
the family {@5 o Fgl} on (W, 2(W)) satisfies the LDP with the good rate function

A

I (w) = inf {I(m) cxe W, F,(z) = w} , YweW, (5.39)

where inf ) = co.

By (5.31), for each A € B(W), F;}(A) € B(W), and

Q-0 F (A) = Q. (Fr'(4)
— P{w €W :eB(w) € F_l(A)}

:P{we W : F,, (¢B(w)) GA}.
Since F), (¢B) = X=(™ P-as. on W, we obtain that
Q.0 F-1(A) = PloeW: X=M(w)e A}.

Therefore, by the uniqueness of rate functions (see Lemma 4.1.4, Chapter 4, [11]), J,,
and jm coincides.

As shown in Theorem 5.2.1, {X 8’(m)} are exponentially good approximations of
{X¢}, so it suffices to verify that the function I defined above coincides with the
function J given in (2.15) and satisfies all conditions in Proposition 2.5.5.

Let us first check if I satisfies all conditions. We observe that I given in (5.32) is
a good rate function by definition.

For any closed C C W, denote n,, = inf,cc jm(w), where J,, = J,, is defined as
in (5.39). By definition,

N = inf  I(w).
weFLH(0)
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Suppose that

liminf n,, =n < oo,
m—0o0

then as [ is a good rate function and as lower semi-continuous functions attain their
minimums on compact sets, we conclude that I attains its minimum on the closed
subset F;1(C') € W. Therefore, for each m , there exists some w,, € W such that
wm € F-1(C) and

N = inf  I(w) = I(wn).
weFLH0)

We notice that for all w € W, F,,(w) = w in (W, ||-||) as m — co. Indeed, by the

definition of F}, in (5.38),

Frn(e)(®) = w(t)

| £ (w) — wl]| = sup
te€[0,1]

= max  sup
1<e<2™ | i1
te]

and since w is uniformly continuous over [0, 1], for any ¢ > 0, there exists some N > 0

such that for all s,¢ € [0, 1] satisfying

1
’S—t‘<2—N,
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it holds that

lw(s) = w(t)] < 3.

Therefore, it follows that Ve > 0, there exists some N > 0 such that || F,(w) —w]|| < e.

Since F, (wm) € C for all m, for each § > 0, w,, € C;s for large m, where
Cs={w:|lw—-C| <d}.

It follows that
inf I(w) < I(wm) = nm = inf Jp,(w)

weClCls wel

for m sufficiently large, and hence by taking limit infimum on both sides, we have
that

inf I(w) < liminf inf J,,(w).

weCs m—oo weC

According to Lemma 4.1.6 (a), Chapter 4, [11],

inf I(w) < liminf inf .J,,(w) (5.40)

wel m—oo wel

when letting 6 — 0, and hence the condition (2.16) is fulfilled. The case when
liminf,, ,. N, = oo is trivial, so we have verified all conditions in Proposition 2.5.5.
Next, we prove that I coincides with the function J defined as in (2.15) by

J(w) = supliminf inf jmm.
@) >\>13 m—00 z€B(w,\) ()

For any w € W, set C = B(w, A) in (5.40). It holds that

inf I(z) < liminf inf J,,(z)

zeC m—oo zeC

<liminf inf J,(x)
m—00 zeB(w,\)
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< J(w).

By letting A — 0 and applying Lemma 4.1.6 (a), Chapter 4 in [11], we may conclude
that I(w) < J(w) for all w. For the reverse part, denote &, = Fi,(w) for w € W,
and as shown above, w,, — w as m — oo. Therefore, for any A > 0, there exists some

M > 0 such that for all m > M,

By the definition of J,,, Ji(&m) < I(w). By taking limit infimum in m first, then
supremum in A, we obtain that
J(w) = supliminf inf J,(2) < I(w),

A>Q M—o0 zeB(w,\)

and hence I = J.
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