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While the number of network comparison methods is increasing, benchmarking of these methods is still
in its infancy. The lack of understanding of complex dependencies among network characteristics makes
it difficult to fully understand the meaning of the different network comparison methodologies and the
relations between them.
In this paper we use a Monte Carlo framework as a way to address three general questions about the
network comparison methods based on subgraph counts: (1) Can the methods differentiate between
networks generated from different network generation mechanisms? (2) Are the number of nodes, or
average degree, confounding factors for the comparison of networks? (3) Do all methods reach the same
conclusions?
We further use the Monte Carlo framework to test the fit of ER, Chung-Lu and a duplication divergence
model to the protein-protein interaction networks of Yeast, Fly, Worm, Human, E. Coli, five herpes virus
networks and five social networks. In contrast to previous claims in the literature, we show that the large
protein-protein interaction networks are not well modelled by the Chung-Lu model according to any of
our tested methods.
We find that network comparison statistics are not completely invariant to changes in the number of
nodes and edges. Some methods focus on fine grain similarities, such as GCD, while other methods,
such as Netdis, can capture the similarities of networks despite them having different numbers of nodes
and edges.
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1. Introduction

Networks appear across a large number of application fields such as linguistics, sociology, engineering,
biology and politics (Newman, 2003). Due to the increasing popularity of network analysis, network
generation and network comparison methods are becoming essential tools in network analysis (e.g.
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Newman, 2003; Shao et al., 2013).
Different methodologies for network comparison have been proposed in recent years (Emmert-Streib

et al., 2016); including comparing summary statistics of networks, such as average degree and clustering
coefficient (e.g. Shao et al., 2013; Topirceanu et al., 2013; Berlingerio et al., 2013), using network
alignment methodologies (e.g. Neyshabur et al., 2013; Hashemifar and Xu, 2014), subgraph counts (e.g.
Ali et al., 2014; Pržulj, 2007; Yaveroglu et al., 2014), machine learning procedures (e.g. Aliakbary et al.,
2015) and latent spaces (e.g. Asta and Shalizi, 2014). However, the results obtained from these methods
may not always point towards the same conclusions, as they can follow different premises, and could
be accounting for characteristics not explicitly considered in the initial methodology. Currently, it is not
known how some of these methods perform against other more standard methods, under what conditions
they perform best, or what their general capabilities are (e.g. Emmert-Streib et al., 2016). Hence, given
a particular research question, it is not always clear what network comparison measure should be used.
For example, what network comparison statistic is best suited to compare the core-periphery structure in
different networks? Would the same statistic detect that two networks have similar community structure?
Similar problems arise in assessment of model fit, where one of the interest lay in identifying networks
that share the same generation mechanisms.

This paper addresses these questions. We use a statistical framework to understand what network
comparison methods, based on subgraph counts, are best suited to the task of identifying similarities
between networks that come from the same network generation mechanism, even when the networks
have a different number of nodes or edges. We use the network comparison methods to assess if protein-
protein interaction (PPI) networks can be thought of as realisations of well known random graph mod-
els. PPI networks have been used in many biological studies, including the discovery of disease risk
pathways, the investigation of genes undergoing age expression changes, and the identification of sin-
gle druggable targets (e.g. Sarajlić et al., 2013; Noh et al., 2013; Zoraghi and Reiner, 2013; Higueruelo
et al., 2013; West et al., 2013). The pursuit of a network model that can describe the modular structure of
protein-protein interaction networks has been a focus of much research, leading to several proposals of
models, such as, the Chung-Lu model (Chung and Lu, 2002; Pržulj and Higham, 2006) and duplication
divergence models (Vázquez et al., 2003; Gibson and Goldberg, 2011; Ispolatov et al., 2005) among
others. Similarly, network models that can describe the structure of networks in other areas, such as
social networks, are also of increasing interest (Traud et al., 2012). Here we test if network models used
as backgrounds in community detection of social networks, such as the ER model or Chung-Lu model
(Porter et al., 2009; Newman, 2006), can also be used to describe the appearance of subgraph counts in
the Facebook networks of five USA universities.

Comparing networks through small connected subgraphs is a methodology of particular interest, as
small overrepresented subgraphs are thought to be building blocks of complex networks (Milo et al.,
2002). These small subgraphs have been shown to be important patterns in gene regulatory networks;
and there is evidence that they may be preserved in biological networks (Shen-Orr et al., 2002; Wuchty
et al., 2003; Alon, 2007; Pereira-Leal et al., 2007). In this study we focus on three main network com-
parison methods based on such connected subgraphs: “graphlet correlation distance” (GCD) (Yaveroglu
et al., 2014), the “graphlet degree distribution agreement” (GDDA) (Pržulj, 2007) and Netdis (Ali et al.,
2014). We also considered one method for network alignment, i.e. comparing networks based on how
can one network be mapped into the other in such a way that individual interactions on the first network
match interactions on the second network. We use a network alignment method as in many biological
applications, alignments are a natural and popular way of comparing networks (e.g. Mamano and Hayes,
2017; Hashemifar and Xu, 2014; Saraph and Milenković, 2014; Singh et al., 2008; Patro and Kingsford,
2012). In contrast to GDDA, GCD or Netdis, network alignments provide a more intensive structural
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comparison, as they take into account network isomorphism and aim to provide a one-to-one matching
between the nodes of the compared networks. Among the network alignment methodologies we choose
Netal (Neyshabur et al., 2013), because it is a reference method among network alignments methodolo-
gies (e.g. Sun et al., 2015; Crawford and Milenković, 2015; Hashemifar and Xu, 2014; Malod-Dognin
and Pržulj, 2015).

Here, we use an easy to apply framework to evaluate if a network can be considered as coming from a
given network model. To evaluate the fit of a network model, B, to data G, through a statistic S, there are
two steps. (1) Finding the null distribution of the statistic S, i.e. if the data comes from B, what should
the distribution of S look like? (2) Assessing how extreme the value S is when it is observed in a given
network G. Our framework addresses each step through straightforward simulation of model-vs-model
and data-vs-model comparisons, followed by a Monte Carlo test (a related procedure was proposed by
Rito et al. (2010) for GDDA). This procedure is then used to assess the ability of the different network
comparison methods, to compare networks in relation to their generation mechanisms.

We find that the proposed statistical framework allows accurate evaluation of the different network
comparison methods, and can help to gain insight into differences between apparently similar network
comparisons statistics. For example, by considering the type two error of the Monte Carlo test, we
find that despite the fact that GCD, GDDA and Netdis are based on subgraph counts and all aim to
measure similarity between networks they may capture network similarity at different ends of the spec-
trum. GCD tends to focus on fine-grained distinctions at the expense of missing large scale similarities,
while GDDA, and Netdis in particular, focus on capturing the common global structure of networks,
irrespective of their size and/or density. We also find that Netal, despite not being developed to compare
networks with a large difference in the number of nodes and edges, achieves a good performance for
two out of the three random graph models considered.

Given the crucial importance of a model for PPI networks, we assess the fit of the Chung-Lu model,
previously claimed as a good null model for PPI networks (Hayes et al., 2013). By applying this frame-
work to assess the fit of the Chung-Lu and duplication-divergence (DD) models to five large PPI net-
works and five small (virus) PPI networks we find that the suggestion of Hayes et al. (2013) that the
Chung-Lu model is a good model for PPI networks does not hold for the large PPI networks. The
Chung-Lu model is rejected by all four network comparison statistics and we conclude that the Chung-
Lu model does not generate networks with a subgraph structure that is similar to any of the five large
PPI networks.

This paper has two main results. Firstly it provides a better understanding of the practical differences
between network comparison statistics in the context of model fit. Secondly, it finds that all four network
comparison statistics considered reject the Chung-Lu model for all of the five large PPI networks.

2. Materials and Methods

2.1 Network data

We use the large PPI networks of Yeast, Human, Fly, Worm and E. coli, downloaded from BioGRID
(Stark et al., 2006) in October 2015. The E. coli PPI network was obtained from Rajagopala et al.
(2014). We also use the datasets analysed by Hayes et al. (2013), for which, according to Hayes et al.
(2013), “STICKY, SF-GD and GEO-GD (in that order) are the best fitting models” (see Appendix D).
This claim by Hayes et al. (2013) was based on the network comparison statistic GDDA (described in
the following section). In addition we consider the smaller PPI networks of the viruses EBV, VZV,
mCMV, HSV-1 and KSHV obtained from Fossum et al. (2009) which are also analysed by Hayes et al.
(2013). To agree with the setup in Hayes et al. (2013) and Ali et al. (2014), all self-loops, multiple edges
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and interspecies interactions are removed from the PPI networks, leaving simple undirected networks
for the analysis. All degree 0 nodes are also removed from the analysed PPI networks. This choice is
made to enable comparison with the results in (e.g. Rito et al., 2010; Hayes et al., 2013) where the same
network modifications were carried out. For an analysis of the influence which these modifications may
entail, particularly for configuration models, see for example Fosdick et al. (2017).

Table 1 describes these networks; the column density in the table is the number of edges divided by
the possible number of edges and is given here to aid comparisons.

Nodes Edges Density Avg d. Extracted from
Worm 3189 5556 0.00109 3.49 BioGRID ver 3.4.130
Fly 7958 36322 0.00115 9.13 BioGRID ver 3.4.130
Human 15590 182701 0.00150 23.44 BioGRID ver 3.4.130
Yeast 5862 79537 0.00463 27.14 BioGRID ver 3.4.130
E. coli 2002 3574 0.00178 3.57 (Rajagopala et al., 2014)
mCMV 111 393 0.06437 7.08 (Fossum et al., 2009)
KSHV 50 115 0.09388 4.60 (Fossum et al., 2009)
VZV 57 160 0.10025 5.61 (Fossum et al., 2009)
HSV-1 47 100 0.09251 4.26 (Fossum et al., 2009)
EBV 60 208 0.11751 6.93 (Fossum et al., 2009)

Table 1. Number of nodes, edges, density, average degree (Avg d.) and source of recent Yeast, Human, Fly, Worm PPI networks
(downloaded in October 2015); and previously studied mCMV, KSHV, VZV, HSV-1, EBV virus PPI networks. The dashed line
separates the large PPI networks from the small virus networks.

Five social networks are also used in this work. These networks correspond to the Facebook net-
works of Caltech, Reed, Haverford, Simmons and Swarthmore universities. The nodes in each network
represent users of Facebook who were members of the same university at September 2005. The undi-
rected edges represent reciprocated friendship between the users. These five Facebook networks are the
smallest networks of a larger set of 100 universities (Traud et al., 2012; Onnela et al., 2012). Table 2
describes these networks.

All PPI and Facebook networks are sparse, in the sense that the average node degree is much smaller
than the number of nodes.

Nodes Edges Density Avg d.
Caltech 769 16656 0.05640 43.32
Reed 962 18812 0.04070 39.11
Haverford 1446 59589 0.05704 82.42
Simmons 1518 32988 0.02865 43.46
Swarthmore 1659 61050 0.04439 73.60

Table 2. Number of nodes, edges, density, average degree and source of Facebook social networks of five universities previously
studied by Traud et al. (2012).

2.2 Network Comparison methods

In this paper we compare four network comparison statistics:

2.2.1 Graphlet correlation distance. The graphlet correlation distance (GCD) (Yaveroglu et al., 2014)
is a network comparison statistic that uses a generalisation of the degree distribution to the degree distri-
bution of all 30 automorphism orbits of connected subgraphs (graphlets) on two to five nodes. An auto-
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morphism of a graph G=(V,E) is a bijection g : V →V such that (i, j)∈E if and only if (g(i),g( j))∈E.
An automorphism orbit of a node i ∈ V is the set of nodes {x ∈ V |g(x) = i}, where g is any automor-
phism of G. As an example, Figure 1 shows the 15 automorphism orbits that appear on subgraphs on
two to four nodes.

FIG. 1. Connected subgraphs in two to four nodes an their automorphism orbits. The different shades of colour within each
subgraph show their different possible automorphism orbits.

GCD considers a set of 11 automorphism orbits, here-onwards called orbits, O = {0,1,2,4,5,6,7,8,
9,10,11,12}. The first step in the construction of GCD consist of obtaining an orbit count matrix K
for each individual network with number of rows equal to the number of nodes, and with 11 columns
(orbits). Each orbit count matrix K, is composed of the number of times each node in the network
appears at orbit l, l ∈ O, in the network. Hence, for node i and orbit l, with corresponding column
K(l), the entry K(l)

i is the total number of times node i appears at orbit l among all the different induced
subgraphs in the network that are isomorphic with the subgraph where orbit l is located (see Figure 1
and Appendix A for more details). As a second step, for each orbit count matrix, a correlation matrix C
is formed by taking all pairwise Spearman’s correlations between the columns of K. Then, for networks
G1 and G2 with corresponding correlation matrices CG1 and CG2 , GCD is defined as the Euclidean dis-
tance between these two correlation matrices:

GCD-11 =

√√√√ 11

∑
i=1

11

∑
j>i

(CG1
i, j −CG2

i, j )
2.

Yaveroglu et al. (2014) also proposed other graphlet correlation statistics by using different sets of
orbits, for example GCD-73 where all orbits on 2-5 node subgraphs are used and GCD-15 where all
subgraphs up to four nodes are used. GCD-11 uses 11 orbits of the 15 possible orbits on subgraphs of
2-4 nodes and is reported as the best choice among their alternatives. The authors mentioned that small
values of GCD suggest higher similarity.

2.2.2 Graphlet degree distribution agreement. The graphlet degree distribution agreement (GDDA)
proposed by Pržulj (2007) uses the degree distribution of all 73 orbits on connected subgraphs on two
to five nodes. The distributions are represented by d j

G(.), j = 0,1, ...,72, where the frequency d j
G(k) is

given by the number of nodes in the network whose j orbit count is exactly equal to k (see Appendix A
for an example). The construction of GDDA is as follows: For graph G1 on n nodes compute for every
orbit j

N j
G1
(k) =

d j
G1
(k)/k

∑n
m=1 d j

G1
(m)/m

,
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and similarly for any other graph. Then, to compare graphs G1 and G2 take

D j =
1√
2

( n

∑
k=1

[N j
G1
(k)−N j

G2
(k)]2

)1/2;

D j is supposed to reflect ‘how different’ the orbit degree distributions are and 1−D j ‘how close’ they
are. Finally, the GDDA is obtained as the arithmetic mean of the values 1−D j. Alternatively, the
geometric mean can be used, but the arithmetic mean is the standard method. Large GDDA values
are thought to imply ‘similarity’ between the compared graphs (Hayes et al., 2013). Note that in the
definition of the GDDA degree zero nodes are not taken into account as k > 0, in D j(k) and N j

G1
(k).

2.2.3 Netal. Netal (Neyshabur et al., 2013) is an algorithm that creates a “mapping” (alignment)
between the node sets of two networks. Given two networks G1, G2 such that |V (G1)| ⩽ |V (G2)|,
an alignment f is an injective function f : V1 → V2, that aims to maximise the number of conserved
interactions. A conserved interaction is an edge (l, l′) present in G1 for which ( f (l), f (l′))) is an edge
present in G2. Netal uses two matrices, S and I with rows representing nodes of G1 and columns
representing nodes of G2, to obtain an alignment score matrix, A. Here S is called a similarity score
matrix and I is called an interaction score matrix. In the absence of exogenous information on the nodes,
the similarity score matrix is composed only of topological scores which assess similarity between two
local node neighbourhoods. Under this scenario the alignment score matrix is the weighted sum

A(i, j) = λS(i, j)+(1−λ )I(i, j),

where, λ is a tuning parameter between zero and one. We use λ = 1/|V (G2)| as suggested by Neyshabur
et al. (2013).

To obtain S, initially a matrix of equal dimensions S0 = 1 is considered prior to the construction of
A, and then updated iteratively by scoring the similarity of the neighbourhood of node i ∈ G1, N(i) (the
set of all nodes which are connected to i by an edge), to the neighbourhood of node j ∈ G2, N( j). By
default Netal uses two iterations, thus leading to

S(i, j) = max
h

∑u∈N(i) min{1, |N(u)|/|N(h(u))|}
max{|N(i)|, |N( j)|}

,

where h is a one-to-one mapping between N(i) and N( j).
The interaction score matrix I, which is updated after each alignment step along with matrix A,

and which indicates an approximation to the expected number of conserved interactions in the local
neighbourhood of i and j, were nodes i and j to be aligned, is constructed as:

I(i, j) =
min

{
(∑i′∈N(i) 1/|N(i′)|)−C1(i),(∑ j′∈N( j) 1/|N( j′)|)−C2( j)

}
maxk∈V1∪V2{|N(k)|}

,

where C1(i) and C2( j) are the number of conserved interactions, accounted by the nodes aligned up to
the current alignment step, that are incident to nodes i and j, respectively.

Finally, the Netal algorithm works by selecting at each iteration a pair (i, j) for which A(i, j) is
largest at that iteration. A(i, j) and I(i, j) are updated after each pair (i, j) is selected (for more details
see (Neyshabur et al., 2013)).
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Now, for any two given networks such that |V (G1)| ⩽ |V (G2)|, after the alignment is created, we
use the number of conserved edges in the first network as a network comparison statistic,

EC =
|{(u,v) ∈ E(G1) : ( f (u), f (v)) ∈ E(G2)}|

|E(G1)|
.

Larger values of EC would suggest similarity between the two networks. EC is known as the edge
correctness, a standard measure used to judge network alignments (e.g. Neyshabur et al., 2013; Saraph
and Milenković, 2014). However, this measure has to be interpreted with great care; for example, if G2
is a complete graph, then EC = 1 for any G1.

2.2.4 Netdis. Netdis (Ali et al., 2014) also uses subgraph counts as building blocks for a network
comparison statistic. However, in contrast to GCD and GDDA, which start by obtaining the orbit counts
for each node in the network (see Figure 1 and Appendix A); Netdis assigns to each node the total
number of subgraphs that appear within that node’s 2-step ego-network. In addition, Netdis also differs
from GCD and GDDA in that it takes into account a background expectation for the subgraph counts,
which aims to give more reliable comparisons between networks of different sizes and/or densities.

Netdis counts small subgraphs (see Figure 1) w on k nodes for all 2-step ego-networks, k = 3,4,5.
These counts are centred by subtracting the expected number of counts Ew. The centred counts between
the networks are compared to form the Netdis statistic. In detail, Netdis is constructed as follows:

Let Nw,i(G) be the number of induced occurrences of small graphs w in the 2-step ego network
of vertex i. Now, bin all 2-step ego-networks of network G according to their network density. Let
Ew(G,d) be the expected number of occurrences of w in an ego-network whose density falls in density
bin d. For a given network G compute the centred subgraph counts as

Sw(G) = ∑
i

(
Nw,i(G)−Ew(G,ρ(i))

)
,

where i is a node in G and ρ(i) the density bin of the 2-step ego-network of node i.
Now, to compare networks G1 and G2, set

netDS
2(k) =

1√
M(k) ∑

w∈A(k)

(
Sw(G1)Sw(G2)√

Sw(G1)2+Sw(G2)2

)
, k = 3,4,5,

where A(k) is the set of connected subgraphs of size k, and where M(k) is a normalising constant so that
netDS

2(k) ∈ [−1,1]. M(k) is equal to

M(k) = ∑
w∈A(k)

(
Sw(G1)

2√
Sw(G1)2+Sw(G2)2

)
∑

w∈A(k)

(
Sw(G2)

2√
Sw(G1)2+Sw(G2)2

)
.

The corresponding Netdis statistic is defined as

Netdis(k) = netdS
2(k) =

1
2 (1−netDS

2(k)) ∈ [0,1].

Small values of Netdis suggest higher ‘similarity’ between the networks (Ali et al., 2014). By default
Netdis uses subgraphs on k = 4 nodes.

Due to the lack of joint probabilistic models for subgraph counts, Ali et al. (2014) proposed to
use the subgraph counts from a (fixed) gold-standard network, as an approximation to the expected

Page 7 of 29 Journal of Complex Networks



8 of 29 MODEL FIT

subgraph counts. In this paper, instead of considering an approximation based on an observed gold-
standard network whose selection could not be straight forward, we use, following (Picard et al., 2008),
a geometric Poisson approximation (also called Polya-Aeppli approximation). Hence, following (Picard
et al., 2008), we compute Ew based on a geometric Poisson (GP) approximation for the distribution of
the number of occurrences of subgraph w. Here, we assume Nw,i ∼ GP(λ ρ(i)

k ,θ ρ(i)
w ), where λ ρ(i)

k is the

Poisson parameter indexed by the size of subgraph w and the density bin ρ(i); and where θ ρ(i)
w is the

geometric parameter indexed by subgraph w and density bin ρ(i). Then, we take Ew(G,ρ(i)) as the
mean of the GP approximation, i.e. λ ρ(i)

k /θ ρ(i)
w .

As λ ρ(i)
k and θ ρ(i)

w are not known, they are estimated as follows: Let x j
w,d be the number of subgraphs

w on the 2-step ego-network j of density bin d, and let

X̄w,d =
1
q

q

∑
j=1

x j
w,d , V 2

w,d =
1

q−1

q

∑
j=1

(x j
w,d − X̄w,d)

2,

where q is the number of ego-networks in density bin d. Then,

λ̂ d
k =

1
l ∑

h∈A(k)

2(X̄h,d)
2

V 2
h,d + X̄h,d

, θ̂ d
w =

2X̄w,d

V 2
w,d + X̄w,d

,

where l is the number of connected subgraphs of size k, for example, l = 6 for k = 4. These estimators
are based on the moment estimators of a GP random variable and the proposal made by Picard et al.
(2008), where the total count of each individual subgraph could be thought as the sum of the total
subgraph counts over multiple “clumps” of edges that appear across the network.

It is important to notice that currently, contrary to the EC used for the network alignment method
Netal, there is no clear understanding about the meaning of the values obtained from the network com-
parison statistics GCD, GDDA and Netdis. Whilst an EC value of 0.90 (1−EC = 0.10), means that
10% of the edges on the first network are not mapped to edges in the second network, for GDDA, Net-
dis or GCD there is no clear meaning about what a value of, for example, 0.9 means in relation to the
networks being compared.

2.3 Random graph models

We consider three random graph models:

ER MODEL: This ER(nv,ρ) model, proposed by Gilbert (1959) is a random graph on nv nodes where
single undirected edges are present independently at random, each with probability ρ . In this work all
ER networks are generated without self-loops.

THE CHUNG-LU MODEL: The Chung and Lu (2002) model, also known as the Sticky model (Pržulj
and Higham, 2006) is as follows: Given a sequence {d1,d2, ...,dnv} such that maxi d2

i < ∑k dk and di > 0
for all i, the model assigns a weight (θi) to each node, where

θi =
di√

∑nv
l=1 dl

.
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Then, an edge is established between any two nodes with probability equal to the product of their
weights,

P((i, j) ∈ E) = θiθ j, i ̸= j.

By construction, the model assumes a known sequence {d1,d2, ...,dnv}, which is the ‘only’ parameter of
this model. In this work all Chung-Lu networks are generated without self-loops, i.e. P((i, i) ∈ E) = 0.
We note that the probability P((i, j) ∈ E) = θiθ j is the same as the null model proposed by Newman
(2006) for community detection based on modularity optimisation (Newman and Girvan, 2004).

A DUPLICATION DIVERGENCE MODEL: Duplication divergence (DD) models were one of the first
random graph models to consider the PPI network as resulting from a process of ‘evolution’. One of the
first duplication divergence models was proposed by Vázquez et al. (2003). This model addresses the
evolutionary process of PPI networks by two biologically related steps: ‘duplication’ and ‘divergence’
of proteins (nodes). The model is given as follows:

• Initialise the network with two connected nodes and then follow the following duplication and
divergence steps, alternating between them until the desired number of nodes is reached.

• Duplication: A node vi is randomly selected and a new node v j is created with all the edges as the
node previously selected (vi). Then an edge between nodes vi and v j is created with probability
p.

• Divergence: For all pair of edges {(vi,vk);(v j,vk)} from the duplication step; one of the two edges
is selected uniformly at random and then deleted with probability q.

2.4 Monte-Carlo test

Consider testing the null hypothesis “H0: Network G0 is a realisation the fully specified model B”,
based on a network comparison statistic S; against the alternative hypothesis “H1: Network G0 is not a
realisation of the fully specified model B”. We use a Monte Carlo test which compares data-vs-model
and model-vs-model to assess such hypothesis, relative to S; see also (Rito et al., 2010) for a precursor.
For simplicity assume that the model is rejected when S is large. The test is given by the following steps:

1. Generate M random graphs from the given model. For each of them generate another N ran-
dom graphs and obtain the average of the comparison statistics between each of the M random
graphs and the respectively generated N random graphs. This leads to a sample of M averages
S̄1, S̄2, ..., S̄M .

2. Generate N random graphs from the given model, and for each of these random graphs calculate
S comparing the random graph to the data. Take the average of this sample (S̄0).

3. If S̄0 is the kth value on the ordered sample (with ties broken randomly) S̄(0) ⩾ S̄(1) ⩾ ... ⩾ S̄(M),
then the p-value of the test is k

M+1 . We reject the null hypothesis when the p-value is small
(typically p-value ⩽ 0.05).

The smallest p-value that this test report is 1
M+1 . Hence, p-values smaller than 1

M+1 are overesti-
mated by the test.

Such Monte Carlo tests are used in this paper to assess model fit. Consider a network G0 generated
from a model A, with the aim to test the null hypothesis “H0 : G0 is a realisation of the fully specified
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model B” against the alternative hypothesis “H1: Network G0 is a realisation of the fully specified model
A, A ̸= B”, with a significance level of 5%. Consider also the quantity P(H0 is not rejected|H1), known
as the type II error of a hypothesis test.

The Monte Carlo test provides an intuitive and rigorous framework to compare the behaviour of
different network comparison statistics under deviations from the null hypothesis (such as changes in
the number of nodes, edge density or generation mechanism) via type II error. Here we estimate the type
II error by the relative frequency of tests for which the null hypothesis is not rejected, i.e. the percentage
of networks G0 found not to be different from networks generated from a fully specified null model (B);
(A ̸= B).

Using this framework, we perform right-tailed tests with significance level of 0.05 for the network
comparison statistics GCD, 1−GDDA, 1−EC (Netal), and Netdis. It is crucial to note that for all of
these test statistics, large values indicate dissimilarity. Hence it is appropriate to carry out a one-sided
test only. This is in contrast to the more common practice in network analysis to carry out two-sided
tests; for a recent example see Payrato Borras et al. (2017) where the fit of the Chung-Lu model to
ecological networks is examined. Following Hayes et al. (2013) and Rito et al. (2010), we take M = 99
and N = 30 for ease of comparison of the results. In practice, M = 999 would be recommended for
more precise results.

3. Results and discussion

3.1 Model fit and assessment of network comparison statistics

Currently the network comparison statistics based on subgraph counts GDDA, GCD and Netdis state
that they capture structural similarities/dissimilarities between networks. However, it is not known what
type of feature they best capture (e.g. edge density, density of cliques or cycles, number of connected
components, etc.), nor is it clear how these methods compare to each other (e.g. Emmert-Streib et al.,
2016). Thus, in order to start understanding better what features these network comparison methods
capture, we consider the following general questions: (1) Can a network comparison statistic differenti-
ate between networks generated from different network generation mechanisms? (2) Are the number of
nodes, or average degree, confounding factors for the comparison of networks? (3) Do all four network
comparison statistics agree in their conclusions? We address these questions based on two simulation
scenarios:

(a) Varying average degree: ER, Chung-Lu and DD networks are generated with 1000 nodes and
with approximate average degrees, (d), of 20, 15 and 11.

(b) Varying number of nodes: ER, Chung-Lu and DD networks are generated with 1500, 1000 and
500 nodes and with an approximate average degree of 15.

For both of these simulation scenarios, the degree sequences used in the Chung-Lu model are
fixed from single realisations of a DD model in such a way that the average degree of the degree
sequence is equal to the average degree in the respective scenarios, e.g. (20, 15 and 11). A detailed
description of the parameterisation used for all models can be found in Appendix B.

For each of the previous simulation scenarios, Figure 2 shows 9 × 9 different test cases of null
hypotheses of the type “H0 : Network G0 is a realisation of model B”, for each of the network comparison
statistics. Note that there are 9 possible cases for data G0: It can be drawn from one of three different
models, and with one of three possible average degrees for Scenario (a); (or for Scenario (b), three
possible network sizes). Model B can also represent any of the three different models and with any of
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the three average degrees for Scenario (a) (or network sizes for Scenario (b)). This leads to a total of
9×9 possible test cases for each of the four network comparison statistics. Figure 2 arranges these cases
in a grid with 36×9 blocks for each simulation scenario.

For each block, 100 hypothesis tests with significance level 5% are conducted. Then, each block in
Figure 2 is coloured according to the percentage of tests where the null hypothesis is not rejected. See
Appendix Tables A.7 and A.8 for the exact percentage of non-rejection.

In Figure 2, we group the test cases for each network comparison statistic into larger blocks of 3×3
each. The purpose of these larger blocks is to focus on comparisons of the type “Data A” vs. “Model
B” regardless of the average degree or network size. The columns of the figure represent models and
the rows represent actual network realisations from those models (Data). Hence, the arrays displayed in
Figure 2 are not symmetric, as a test of “Data A” vs. “Model B” is not the same as a test of “Data B” vs.
“Model A”.

The outcome of an ideal statistic that only captures the type of network generation process is por-
trayed in Figure 3. In the ideal outcome, the expected result of comparisons of “Data A” vs. “Model A”,
irrespective of network size and edge density, is 95%, as the significance level of the test is 5% (shown
in red), while the expected result of comparisons of “Data A” vs. “Model B” is: 0%, (shown in blue),
i.e. for A ̸= B the null hypothesis is always rejected.

In Figure 2 (and Appendix Tables A.7 and A.8), the cases where a network drawn from a fully
specified model A is tested as a realisation of such fully specified model A, behave as expected from a
hypothesis test with a confidence level of 5%; i.e. the number of non rejected tests mostly fall within
the expected number of non-rejected tests (95) plus/minus two standard deviations (2×2.18).

In Scenario (a) of Figure 2, it can firstly be noted that Netal, the network alignment methodology,
despite not being developed for comparing networks with large differences in the number of edges,
performs the best for the task of identifying networks that come from the same model irrespective of
having different average degrees. However, Netal seems to struggle more than the subgraph count
methods at differentiating networks that come from different models, particularly differentiating DD
networks from ER or Chung-Lu networks. GCD, on the contrary, is able to differentiate networks
coming from different models better than Netal, but GCD is the method that struggles the most at
detecting similarities between networks of different average degrees, coming from the same model.
GDDA displays a performance in between that of Netal and GCD, as it identifies similarities between
networks coming from the Chung-Lu and DD models, but fails at identifying similarities between the
ER networks, or detecting differences between Chung-Lu and DD networks. Finally, Netdis shows a
more balanced performance, as it differentiates well most cases where the data does not come from a
particular model. It is also able to identify the similarities between networks that come from the same
model irrespective of the average degrees considered.

Results for Scenario (b) show a similar overall behaviour as the one observed in Scenario (a),
although with some minor differences: Netal’s performance decreases, which is not surprising as align-
ment methodologies, such as Netal, are not developed to tackle this type of scenario and goal, however
for the ER and the Chung-Lu model Netal’s performance is better or comparable to GCD and GDDA.
Results for GCD, GDDA and Netdis are also similar to what is observed in Scenario (a), although for
this scenario GDDA is able to find some similarities between ER networks, and Netdis clearly displays
a better performance than the others.
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FIG. 3. The Monte Carlo result for Scenario (a) of an ideal network comparison statistic that is only able to capture the network
generation mechanisms, regardless of the number of nodes or edge density of the networks being compared. The colour scale
shows the percentage of times the null hypothesis “H0 : G0 is a realisation of model B” is not rejected, at a 5% level.

The results shown in scenarios (a) and (b) also illustrate clear differences between the network
comparison statistics based on subgraph counts that are not evident from their formulation in their
respective publications. GCD, GDDA and Netdis, all aim to measure “closeness” between networks
and they all use similar inputs (subgraph counts). However, from Figure 2, it can be seen that GCD
focuses more on fine grained differences, thus finding discrepancies more easily within networks of the
ER and Chung-Lu models. In contrast, GDDA and Netdis, seem to focus on coarser differences, thus
detecting similarities between networks of the same model despite having different number of nodes or
edges.

Over all the four network comparison methods considered, Netdis shows the best compromise
between detecting similarities between networks generated from the same model (irrespective of their
size or density), and detecting differences between networks coming from different models (irrespec-
tive of their size or density). However, it can also be seen that the results of none of the methods used
are completely invariant under the number of nodes or network density, as a different number of nodes
and/or average degree can suffice for most methods to avoid detecting that networks share the same
network generation mechanism.

3.2 Testing the Chung-Lu and Duplication divergence models as null models for protein-protein inter-
action networks

Using GDDA Hayes et al. (2013) suggested that the Chung-Lu model is a good model for the Human,
Yeast, Worm, Fly and E. coli PPI networks, but provided evidence only for the five small virus networks
EBV, HSV-1, KSHV, mCMV and VZV. In this section we use the proposed Monte Carlo test to assess
whether the large and updated PPI networks of Human, Yeast, Worm, Fly and E. coli can be viewed
as a realisation of a Chung-Lu model with the same degree sequence of the respective PPI network.
In addition to the Chung-Lu model, we also consider the biologically inspired duplication divergence
model from Section 2.3. We perform a Monte-Carlo test, as proposed in Section 2.4, with each of the
four network comparison methods to test whether the PPI networks can be thought as realisations of the
Chung-Lu or DD models.

Table 3 shows the results of the Monte-Carlo test using each of the four network comparison statis-
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tics. All four statistics reject the Chung-Lu model for the five larger PPI networks. However, apart
from the EBV virus, there is no unanimous rejection of the Chung-Lu model among the four network
comparison statistics for all other virus networks. In addition, the DD model is only rejected on a single
occasion and by a single comparison statistic; in all other cases the DD model is not rejected. Thus,
both the Chung-Lu and the DD model can generate networks with a subgraph structure that is “similar”
to that of the virus PPI networks. Most of the results for the five large PPI networks (Yeast, Human,
Worm, Fly and E. coli) reject both the Chung-Lu and the DD model. Among the large PPI networks,
only for Worm and E. coli the DD model is not rejected by all four network comparison statistics.

Model PPI GCD GDDA Netal Netdis
Worm 0.01 0.01 0.01 0.01
Fly 0.01 0.01 0.01 0.01

CH-L Human 0.01 0.01 0.01 0.01
Yeast 0.01 0.01 0.01 0.01
E. coli 0.01 0.01 0.01 0.01
mCMV 0.04 0.35 0.01 0.06
KSHV 0.05 0.01 0.14 0.98

CH-L VZV 0.05 0.08 0.11 0.11
HSV-1 0.38 0.50 0.04 0.01
EBV 0.02 0.03 0.02 0.02
Worm 0.01 0.35 0.01 0.13
Fly 0.01 0.01 0.01 0.01

DD Human 0.01 0.02 0.01 0.04
Yeast 0.01 0.03 0.01 0.07
E. coli 0.02 0.41 0.01 0.01
mCMV 0.77 0.77 0.17 0.07
KSHV 0.76 0.64 0.13 0.94

DD VZV 0.64 0.78 0.20 0.90
HSV-1 0.77 0.76 0.38 0.01
EBV 0.64 0.24 0.23 0.29

Table 3. Table of p-values of the Monte-Carlo test using the network comparison statistics GCD, GDDA, Netal and Netdis. The
test is performed for the updated E. coli, Worm, Fly, Yeast and Human PPI networks, and the small virus PPI networks. Here
p-values smaller or equal to 0.05 are in bold. The smallest possible p-value is equal to 1

99+1 = 0.01. The DD and Chung-Lu
models are rejected as models for the large PPI networks for most of the network comparison statistics. In contrast for the smaller
virus PPI networks the Chung-Lu model, and the DD model are not rejected by most of the network comparison statistics. The
dashed line separates large from small PPI networks.

From the Monte Carlo tests we find no evidence for the claim that the Chung-Lu model is a suitable
model for the large PPI networks, even with the same statistic used by Hayes et al. (2013), GDDA. We
note that Hayes et al. (2013) showed no data for their claim that large PPI networks can be modelled
well by a Chung-Lu model. Hence, to understand whether our results differ because of the different data
sets used, we use GDDA and perform the Monte Carlo test with the same PPI networks used by Hayes
et al. (2013), see Appendix D. We find the same results as the ones obtained for the updated versions of
the Yeast, Human, Worm, Fly and E. coli PPI networks, (given in Table 3). Only for some of the virus
PPI networks we do obtain evidence to support the conclusion proposed by Hayes et al. (2013).

The fact that inter-species interactions are not taken into account in the virus networks, and the fact
that cellular machinery highly relevant for the virus life cycle usually is from an organism (host) of a
different species, could be reasons why the virus networks perform differently.

In contrast to the virus networks studied, all other organisms used in this work (except for E. coli)
are eukaryotic organisms, and therefore have an additional diversity present in their PPI networks. This
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diversity arises from the fact that eukaryotic organisms are composed of different cellular compartments,
e.g. nucleus, Golgi apparatus, etc.; and the fact that the protein interaction relations between and within
cellular compartments are different. Tarassov et al. (2008) showed, for yeast, that the number of protein
interactions within the same cellular compartment are often larger than expected. In contrast, the num-
ber of protein interactions between different cellular compartments can in some cases be higher than
expected and, in other cases be lower than expected.

In addition, even when considering prokaryote organisms, such as E. coli, there are still significant
differences with viruses, as viruses are not able to reproduce on their own (Moreira and Lopez-Garcia,
2009), which in turn means that all protein interactions related to the reproduction of the viruses will
not be present on their own PPI networks. Hence, similar complex and heterogeneous relations of the
protein interactions of other organisms may only be present on the virus-host PPI networks rather than
in the virus own networks. However, we note that virus-host interactions are often not taken into account
when analysing PPI networks, as there are no clear ways to select which hosts to consider, (e.g. Hayes
et al., 2013).

Lastly, another factor that could be leading to this difference in results is the small size of the virus
PPI networks. These virus PPI networks are small networks (the largest has 111 nodes), in comparison
to the Worm, Fly, Human, Yeast or E. coli PPI networks (the smallest having 2002 nodes). With a lower
number of nodes there are fewer options for connections available, which may lead to a lower level of
complexity than the one observed in other larger PPI networks. Hence, it may be easier for random
graph models to reproduce network structures which are similar to the ones observed in the virus PPI
networks.

3.3 Testing the ER and Chung-Lu models as null models for the Facebook networks

The edge probabilities defined in the Chung-Lu model are commonly used as a background model used
to find community structures, in both PPI networks and social networks (e.g. Newman, 2006; Porter
et al., 2009; Lewis et al., 2010; Onnela et al., 2012; Traud et al., 2012; Fosdick et al., 2017). Here we
test if the Facebook networks of five USA universities from 2005 can also be considered as realisations
of the ER or Chung-Lu models. The p-values of the Monte-Carlo test using the four network comparison
methods are given in Table 4.

Model FB GCD GDDA Netal Netdis
Caltech 0.01 0.01 0.01 0.01
Reed 0.01 0.01 0.01 0.01

ER Haverford 0.01 0.01 0.01 0.01
Simmons 0.01 0.01 0.01 0.01
Swarthmore 0.01 0.01 0.01 0.01
Caltech 0.01 0.01 0.01 0.01
Reed 0.01 0.01 0.01 0.01

CH-L Haverford 0.01 0.01 0.01 0.01
Simmons 0.01 0.01 0.01 0.01
Swarthmore 0.01 0.01 0.01 0.01

Table 4. Monte Carlo p-values using the network comparison statistics GCD, GDDA, Netal and Netdis. The test is performed
for Facebook networks of five USA universities, p-values smaller or equal to 0.05 are in bold. The ER and Chung-Lu models are
rejected as models for these five Facebook networks by all of the network comparison statistics.

The results obtained by GCD, GDDA, Netal and Netdis reject the null hypothesis in all cases. Thus
we cannot recommend the Chung-Lu model as a model that recreates similar subgraph configurations
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to the ones observed in these Facebook networks.

4. Discussion

We illustrated a rigorous framework to statistically assess when a given network can be considered as a
realisation of a random graph model, by means of any network comparison statistic. We have also shown
how the analysis of the type two errors in this framework provides a level playing field in which different
network comparison statistics can be compared with regards to standard goals, such as model fit. This
framework allowed us to find previously unknown differences between the four network comparison
statistics used, and which could otherwise have been difficult to identify, particularly for GCD, GDDA
and Netdis, which use similar comparison strategies (subgraph counts). We found that GCD focuses
more on fine grained differences between networks while GDDA, Netal and Netdis focus more on
coarser differences, thus making the detection of common generation mechanisms easier. We also
found that changes in edge density or number of nodes imposes a challenge for the network comparison
statistics. For example, for GCD this means that it might not be able to detect networks that share the
same network generation mechanism, while for Netdis this means that it might not be able to perfectly
differentiate between networks with different network generation mechanisms. Overall, Netdis, using
the proposed geometric Poisson variation to obtain the expected counts, showed the best compromise
between detecting similarities and detecting differences between networks that have different sizes or
densities.

We also found that Netal, despite not being developed to compare networks of with large different
number of nodes and edges, was able to relate ER and Chung-Lu networks to other ER and Chung-Lu
networks with different number of nodes and edges, respectively.

In the application of the Monte Carlo test to the PPI networks, we showed that recent protein-protein
interaction networks of Yeast, Human, Fly and Worm are not fitted well by the Chung-Lu model nor
the DD model. In contrast, we find that all of the virus data sets can be seen as a realisation of the
DD model. The difference in the results obtained between the virus PPI networks and the other larger
PPI networks may stem from the level of complexity of the networks, and the fundamental differences
between viruses and the other organisms.

The methodology is also applied to five small Facebook networks. Here, all network comparison
methods reject both the Chung-Lu and the ER model. Hence, while the Chung-Lu model might be
well suited for the task of community detection it does not provide a good representation of the small
structure accounted by the occurrence of small subgraphs.
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Appendix

A. Example: Orbit counts

The orbit counts used in Section 2.2 are obtained considering induced subgraphs only, hence other
non-induced subgraphs with n-nodes, (n ∈ {2,3,4,5}), which are included in the induced subgraph on
n-nodes are not taken into account in the counting process. Consider the graph in Figure A.4 (which is
repeated three times). The orbit counts are obtained by counting the number of times each node in the
graph is “touching” each of the subgraphs on two to five nodes at the individual automorphism orbits
(see Figure 1). For example, in Figure A.4, node 5 is touching the 2-star subgraph (in red) three times
at orbit 1, and zero times at orbit 2, (zero times as well at orbit 3 in the triangle subgraph), since node
5 is not in the middle of any 2-star subgraph nor in any part of a triangle. On the other hand, node 1
only touches a 2-star subgraph at orbit 1 two times (corresponding to the induced subgraphs 1-3-5 and
1-3-4); if nodes 1, 2 and 3 are considered, the induced subgraph corresponds to a triangle subgraph only.
Hence, node 1 touches a triangle subgraph only once.

FIG. A.4. A graph on 5 nodes (repeated three times) illustrating the number of times that node 5 is “touching” the 2-star subgraph
(red) at orbit 1.

Node \Orbit 1 2 3
Node 5 3 0 0
Node 4 3 0 0
Node 3 0 5 1
Node 2 2 0 1
Node 1 2 0 1

Table A.5. Number of times each node in the graph is “touching” the 2-star and triangle subgraphs at orbits 1, 2 and 3, (see Figure
1).

Once all counts of Table A.5 are compiled, the orbit degree is the number of times a node touched
that orbit exactly zero, one, two, three, etc. times; see Table A.6 for an example.

Orbit \ Degree 0 1 2 3 4 5
Orbit 1 1 0 2 2 0 0
Orbit 2 4 0 0 0 0 1
Orbit 3 2 3 0 0 0 0

Table A.6. Orbit degree of the first, second and third orbit for the graph shown in Figure A.4. See Figure 1 for a graphical
representation of different orbits on subgraphs with two to four nodes.
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B. Setup and results of the simulation study

We use two simulation scenarios to perform a study of the type two error at 0.05 for the Monte Carlo
test via different network comparison methods. These scenarios are:

(a) All model networks are generated with 1000 nodes and with approximate average degrees of 20,
15 and 11.

(b) All model networks are generated with a different number of nodes (1500, 1000 and 500), and
with an approximate average degree of 15.

The aim of these scenarios is to better understand the performance of the different network compar-
ison methods when networks have similar number of nodes and edges but come from different models.
We are also interested in the ability of the network comparison methods to detect that two networks
do (or do not) come from the same model, despite having different number of nodes and/or different
average degrees.

To carry out the simulation we first set the parameters of the duplication-divergence model DD(p,q)
of Vázquez et al. (2003) on 1000 nodes (nv) to p = 0.2 and q = 0.3. Similar parameters have been used
to model some Yeast PPI networks in the past, e.g. (p = 0.26, q = 0.33) and (p = 0.22, q = 0.54) (Shao
et al., 2013). This parameter selection leads to DD networks with an expected average degree of 20.274.
Then we consider the average degrees that would be obtained if the number of nodes is reduced in half
(500) and to a quarter (250) (still maintaining p = 0.2 and q = 0.3). The resulting average degrees are
15.12 and 11.226 for 500 and 250 nodes, respectively. We use these expected degrees in order to set the
parameters for scenarios (a) and (b) in the following manner.

In Scenario (a) all networks are generated with 1000 nodes (nv = 1000). Hence, in order to fix
the expected average degrees of the DD models used in Scenario (a) to 20.274, 15.12 and 11.226, we
maintain p= 0.2 and vary q. This procedure leads to q= 0.3, q= 0.32996 and q= 0.36122, respectively
for the expected average degrees 20.274, 15.12 and 11.226. The parameter of a Chung-Lu model is a
complete degree sequence of a graph. To that purpose, we use the degree sequence of a realisation of
a DD model with our parameter choices {p = 0.2, q = 0.3}; {p = 0.2, q = 0.32996} and {p = 0.2,
q = 0.36122}. We select degree sequences such that their average degree is 20.274, 15.12 and 11.226,
respectively. For the ER(nv,ρ) model, where ρ is the probability of connecting any two nodes, we
use ρ = 0.02029, ρ = 0.01513 and ρ = 0.01124, respectively for each of the expected average degrees
20.274, 15.12 and 11.226.

For Scenario (b), networks are generated with a fixed expected average degree of 15.12 but with dif-
ferent number of nodes (1500, 1000 and 500). For the DD model, as in Scenario (a), we fix p = 0.2 and
varied q in order to obtain the desired degree with the different number of nodes. This procedure leads to
q values of 0.3442998, 0.3299654 and 0.3, for networks of sizes 1500, 1000 and 500, respectively. The
parameters of the Chung-Lu model are obtained from degree sequences of realisations of DD graphs, as
in Scenario (a). We select degree sequences such that their average degree is 15.12. For the ER(nv,ρ)
model, where ρ is the probability of connecting any two nodes, we use ρ = 0.01009, ρ = 0.01514 and
ρ = 0.03031, respectively for each of the network sizes.

In both simulation scenarios, we take a network G0 generated from model A and use the Monte Carlo
test to evaluate the null hypothesis “H0 : G0 is a realisation of model B” against the general alternative,
with a significance level α of 5%. Models A and B can be any of the three random graph models,
ER, DD and Chung-Lu. We repeat this test 100 times and record the number of times the test rejected
network G0 as a realisation of model B, for each corresponding network comparison statistic. Tables
A.7 and A.8 show the results of these simulations for scenarios (a) and (b), respectively.
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Model ER CHL DD
Data Avg d. 20 15 11 20 15 11 20 15 11

20 0.97 0.00 0.00 0.00 0.00 0.00 0.35 0.12 0.25
ER 15 0.00 0.96 0.00 0.00 0.00 0.00 0.00 0.00 0.00

11 0.00 0.00 0.95 0.00 0.00 0.00 0.00 0.00 0.00
20 0.00 0.00 0.00 0.95 0.00 0.00 0.6 0.13 0.00

GCD CHL 15 0.00 0.00 0.00 0.00 0.94 0.00 0.78 0.37 0.04
11 0.00 0.00 0.00 0.00 0.00 0.92 0.99 0.94 0.73
20 0.00 0.00 0.00 0.00 0.00 0.00 0.96 0.95 0.95

DD 15 0.00 0.00 0.00 0.00 0.00 0.00 0.96 0.95 0.95
11 0.00 0.00 0.00 0.00 0.00 0.00 0.92 0.92 0.93
20 0.93 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

ER 15 0.00 0.95 0.05 0.00 0.00 0.00 0.00 0.00 0.00
11 0.00 0.00 0.95 0.00 0.00 0.00 0.00 0.00 0.00
20 0.00 0.00 0.00 0.93 0.36 0.05 1.00 0.92 0.05

GDDA CHL 15 0.00 0.00 0.00 0.99 0.98 0.86 1.00 1.00 0.28
11 0.00 0.00 0.00 0.91 0.87 0.96 1.00 1.00 0.64
20 0.00 0.00 0.00 0.00 0.00 0.00 0.97 0.89 0.75

DD 15 0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.95 0.83
11 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 0.98
20 0.92 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00

ER 15 1.00 0.96 1.00 0.00 0.00 0.00 0.00 0.00 0.00
11 1.00 1.00 0.95 1.00 0.00 0.00 0.00 0.00 0.00
20 0.00 0.00 1.00 0.94 1.00 1.00 0.00 0.00 0.42

Netal CHL 15 1.00 0.00 0.00 1.00 0.97 1.00 0.00 0.00 0.02
11 1.00 1.00 0.00 1.00 1.00 0.97 0.11 0.00 0.00
20 0.46 0.43 0.32 0.65 0.65 0.53 0.96 0.96 1.00

DD 15 0.59 0.42 0.3 0.72 0.66 0.52 0.89 0.94 0.97
11 0.9 0.66 0.25 0.95 0.73 0.55 0.97 0.95 0.94
20 0.94 0.86 0.00 0.00 0.00 0.00 0.09 0.09 0.09

ER 15 0.92 0.98 0.00 0.00 0.00 0.00 0.02 0.01 0.02
11 0.81 0.22 0.95 0.00 0.00 0.00 0.00 0.00 0.00
20 0.00 0.00 0.00 0.98 1.00 0.60 0.01 0.00 0.00

Netdis CHL 15 0.00 0.00 0.00 0.14 0.95 0.12 0.02 0.00 0.00
11 0.00 0.00 0.00 0.28 0.19 0.95 0.00 0.00 0.00
20 0.22 0.00 0.00 0.00 0.00 0.00 0.97 0.91 0.87

DD 15 0.28 0.00 0.00 0.00 0.00 0.00 0.99 1.00 0.99
11 0.21 0.00 0.00 0.00 0.00 0.00 0.99 0.96 0.96

Table A.7. Results of Scenario (a) where all networks generated are set to have 1000 nodes and approximate average degrees of
20, 15 and 11. The value in the table shows the percentage of times the null hypothesis “H0 : G0 is a realisation of model B” is not
rejected against the general alternative, at 5%, from 100 realisations of the Monte Carlo test using the four network comparison
statistics GCD, GDDA, Netal and Netdis. Despite the fact all methods aim to show how ’close’ or ’far’ two networks are from
one another, they may not detect when the networks come from the same network generation mechanism. GCD performs better
at telling fine grained differences between networks, but may not detect when the networks share the same network generation
mechanism. Netdis shows a good compromise between fine grain differences and more broad scale similarities. Values larger
than 0.50 are shown in bold.

C. Reliability of thresholds in model selection

In this section we show that the use of a universal threshold in network comparison statistics as a way to
establish which networks share the same network generation mechanisms may lead to unreliable results.
Here we continue using the two previous simulation scenarios defined in Appendix B.

Pržulj (2007) made GDDA comparisons of synthetic networks generated from the same model, with
the same parameters and the same number of nodes. Among the different models they considered, the
smallest average GDDA value (0.86) was obtained for Scale-Free Networks.

In this section we explore the behaviour of using such value as a cut off to indicate that the networks
being compared are closely related. Here we use this threshold to classify networks into a given network
generation mechanism. Whenever the comparison between a pair of networks passes the cut-off, they
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Model ER CHL DD
Data N. of

nodes
1500 1000 500 1500 1000 500 1500 1000 500

1500 0.95 0.04 0.00 0.00 0.00 0.00 0.00 0.00 0.00
ER 1000 0.04 0.96 0.00 0.00 0.00 0.00 0.00 0.00 0.02

500 0.00 0.00 0.95 0.00 0.00 0.00 0.06 0.28 0.90
1500 0.00 0.00 0.00 0.99 0.00 0.00 0.77 0.85 0.98

GCD CHL 1000 0.00 0.00 0.00 0.00 0.94 0.00 0.14 0.37 0.83
500 0.00 0.00 0.00 0.00 0.00 0.94 0.29 0.43 0.87
1500 0.00 0.00 0.00 0.00 0.00 0.00 0.94 0.98 0.99

DD 1000 0.00 0.00 0.00 0.00 0.00 0.00 0.92 0.95 1.00
500 0.00 0.00 0.00 0.00 0.00 0.00 0.82 0.85 0.93
1500 0.95 0.83 0.00 0.00 0.00 0.00 0.00 0.00 0.00

ER 1000 0.64 0.95 0.02 0.00 0.00 0.00 0.00 0.00 0.00
500 0.00 0.01 0.92 0.00 0.00 0.00 0.00 0.00 0.04
1500 0.00 0.00 0.00 0.96 1.00 1.00 0.59 1.00 1.00

GDDA CHL 1000 0.00 0.00 0.00 0.22 0.98 0.99 0.33 1.00 1.00
500 0.00 0.00 0.00 0.00 0.08 0.95 0.12 0.92 1.00
1500 0.00 0.00 0.00 0.00 0.00 0.00 0.92 0.95 1.00

DD 1000 0.00 0.00 0.00 0.00 0.00 0.00 0.88 0.95 1.00
500 0.00 0.00 0.00 0.00 0.00 0.00 0.53 0.73 0.92
1500 0.93 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

ER 1000 1.00 0.96 0.00 1.00 0.00 0.00 0.00 0.00 0.00
500 1.00 1.00 0.96 1.00 1.00 0.00 0.00 0.00 0.00
1500 0.00 1.00 1.00 0.95 1.00 1.00 0.00 0.00 0.01

Netal CHL 1000 0.00 0.00 1.00 1.00 0.97 1.00 0.00 0.00 0.00
500 0.00 0.00 0.00 1.00 1.00 0.92 0.26 0.00 0.00
1500 0.35 0.57 0.71 0.57 0.55 0.62 0.96 0.77 0.53

DD 1000 0.27 0.42 0.64 0.65 0.66 0.54 0.73 0.94 0.56
500 0.31 0.32 0.47 0.90 0.86 0.70 0.75 0.70 0.96
1500 0.92 1.00 1.00 0.00 0.00 0.00 0.00 0.00 0.00

ER 1000 0.21 0.98 1.00 0.00 0.00 0.00 0.00 0.01 0.02
500 0.00 0.16 0.97 0.00 0.00 0.00 0.10 0.13 0.15
1500 0.00 0.00 0.00 0.98 0.95 0.56 0.00 0.00 0.02

Netdis CHL 1000 0.00 0.00 0.00 0.14 0.95 0.95 0.00 0.00 0.04
500 0.00 0.00 0.00 0.03 0.85 0.91 0.00 0.00 0.06
1500 0.00 0.00 0.14 0.00 0.00 0.00 0.96 0.97 0.97

DD 1000 0.00 0.00 0.15 0.00 0.00 0.00 0.99 1.00 0.99
500 0.00 0.00 0.10 0.00 0.00 0.00 0.85 0.89 0.93

Table A.8. Results of Scenario (b) where all networks generated are set to have expected average degrees of 15 but with different
number of nodes 1500, 1000 and 500. The value in the table shows the percentage of times the null hypothesis “H0 : G0 is a
realisation of model B” is not rejected against the general alternative, at 5%, from 100 realisations of the Monte Carlo test using
the four network comparison statistics GCD, GDDA, Netal and Netdis. Despite the fact all methods aim to show how ’close’
or ’far’ two networks are from one another, they may not detect when the networks come from the same network generation
mechanism. GCD performs better at telling fine grain differences between networks, but may not detect when the networks share
the same network generation mechanism. Netdis shows a good compromise in fine grain differences to compare more broad scale
similarities. Values larger than 0.50 are shown in bold.

are considered as coming from the same network generation mechanism. We show that, even with a
small number of models considered (ER, Chung-Lu and DD), this type of procedure is not always able
to correctly identify networks coming from the same network generation mechanism, even when the
networks are generated from the same model with the same number of nodes and parameter values.

In detail, for all combinations of model and average degree (Scenario (a)), or model and number of
nodes (Scenario (b)), we perform pairwise GDDA comparisons among networks generated from each of
the models, thus leading to 9×9 GDDA pairwise comparisons. We repeat this procedure 100 times and
record the percentage of network comparisons such that one minus their GDDA comparison (1-GDDA)
was smaller than the threshold proposed in Pržulj (2007), 0.14 = 1−0.86. Figure A.5 shows the results.
Similarly to the plots shown for the Monte Carlo test (Figures 2 and 3), here the plots are arranged by a
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grid of 9×9 blocks, which correspond to all pairwise comparisons among networks from the different
models along with their respective average degrees, or number of nodes.

Note that if the threshold is used to state that two networks share the same network generation
mechanism, the ideal result would show that all comparisons between networks from the same model
would be smaller than the threshold considered for 1-GDDA, and all comparisons between networks
from different models would be larger than such threshold.

FIG. A.5. Percentage of 1-GDDA pairwise network comparisons with values smaller than 0.14 = 1−0.86.

The results shown in Figure A.5 illustrate that considering the 0.14 threshold as a way to state
whether two networks share similar generation mechanisms may lead to unreliable results. For exam-
ple, for both scenarios (a) and (b), the GDDA was in most cases not able to detect that DD networks
generated from the same model, and even with the same number of nodes and same parameters, did
come from the same model. This behaviour is also observed for networks coming from the Chung-Lu
model with 500 nodes and average degree 15, (Scenario (b)), where less than 20% of the comparisons
detected that the networks came from the same model. Similarly, for Chung-Lu networks with 1000
nodes and average degree 20, approximately 50% of the comparisons do not detect that the networks
came from the same model, even when those networks were generated with the same number of nodes
and the same degree sequence.

In Figure A.5 we do not observe network comparisons with a comparison value smaller than the
threshold (0.14) for networks coming from different models. However this does not mean that such
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behaviour cannot occur. Take for example 1-GDDA comparisons between a complete graph and a line-
like network on 10, 20, 30,...,90 and 100 nodes (Figure A.6). It can be noted that all comparison values
are below the threshold 0.14 = 1−0.86, despite line-like networks and complete networks being largely
different.

FIG. A.6. 1-GDDA comparisons of line-like networks vs. complete graphs on 10, 20, 30,...,90 and 100 nodes. The insert shows a
sketch of these type of networks on five nodes. All comparison values are below the threshold 0.14 = 1−0.86 (shown in red).

The results shown in Figures A.5 and A.6 illustrate that considering a threshold as a way to state that
two networks share the same generation mechanisms or, are similar to one another, can lead to a wide
array of results, some of which are misleading and inconsistent. In addition, there is no telling when
the threshold used will be able to correctly assess the similarity between networks. Thus, for a task of
model fit, a more reliable method should be used.

D. Inspecting claims of good fit

Hayes et al. (2013) wrote “... Examining the biological reasons for the good fit of the sticky model
in 80% of the viral networks, and why it is a less good fit for KSHV, is a subject of future research.
Similar plots (not shown because of space limitations) of three bacterial PPI networks [MZL (Shimoda
et al., 2008), SPP (Sato et al., 2007) and CJJ (Parrish et al., 2007)], the functional interaction network of
E. coli (Peregrin - Alvarez et al., 2009), as well as the Arabidopsis thaliana PPI network (Arabidopsis
Interactome Mapping Consortium, 2011), and PPI networks of Yeast, Worm, Fly and Human from
BioGRID, all indicate that STICKY, SF-GD and GEO-GD (in that order) are the best fitting models for
these networks.”

In this section we use the PPI datasets analysed by Hayes et al. (2013) that were publicly available,
and for which “STICKY, SF-GD and GEO-GD (in that order) are the best fitting models” (Hayes et al.,
2013). These datasets are shown in Table A.9. All self-loops, multiple edges and interspecies interac-
tions are removed from PPI networks, leaving simple undirected networks for the analysis. All degree
0 nodes were also removed from the analysed PPI networks. Three of the BioGRID datasets used by
Hayes et al. (2013) have a slightly different number of nodes and edges. Table A.9 describes these net-
works; the column density in the tables is the number of edges divided by the possible number of edges
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and is given here to aid comparisons.

Nodes Edges Density Extracted from
Human 8920 35386 0.000890 BioGRID ver 3.1.74
Worm 2831* 4527 0.001130 BioGRID ver 3.1.74
Fly 7373* 24063 0.000885 BioGRID ver 3.1.74
Yeast 5608* 57143 0.003635 BioGRID ver 3.1.74
AT 2634 5529 0.001594 (Dreze et al., 2011)
E. coli 1941 3989 0.002119 (Peregrı́n-Alvarez et al., 2009)
EBV 60 208 0.117514 (Fossum et al., 2009)
HSV-1 47 100 0.092507 (Fossum et al., 2009)
KSHV 50 115 0.093878 (Fossum et al., 2009)
mCMV 111 393 0.064373 (Fossum et al., 2009)
VZV 57 160 0.100251 (Fossum et al., 2009)

Table A.9. Number of nodes, edges, density and source of the PPI networks used by Hayes et al. (2013). *The number of nodes
found is slightly different from those reported in (Hayes et al., 2013). Only the Worm PPI network has a difference greater than 1
node (Worm +14.)

D.1 The Chung-Lu model is not generally a background model for local structure in protein-protein
interaction networks

Using the GDDA, Hayes et al. (2013) indicated that the Chung-Lu model (or sticky model) was in most
cases the best model for the PPI networks in Table A.9, although they only showed results for the virus
PPI networks. As we do not obtain the claimed results for the more recent PPI networks of Human,
Yeast, Fly and Worm, we perform the Monte Carlo test for the data used by Hayes et al. (2013) using
GDDA. Table A.10 shows the p-values obtained. Except for the virus datasets EBV, HSV-1, mCMV
and VZV, all p-values take the smallest possible value of the Monte Carlo test. Hence, for 8 of the 11
available datasets used by Hayes et al. (2013) we reject the hypothesis, at 5% significance level, that the
Chung-Lu model is a good null model.

Data p-value (GDDA)

Networks used by Hayes et al. (2013) (M = 30 N = 30)
Yeast 0.0322
Human 0.0322
Worm 0.0322
Fly 0.0322
AT 0.0322
ECL 0.0322
EBV 0.0400*
HSV-1 0.4516
KSHV 0.0322
mCMV 0.3548
VZV 0.1100*

Table A.10. Monte Carlo p-values using the data vs. model and model vs. model GDDA comparisons shown in Figure A.7.
Note that for this particular test the smallest p-value is equal to 1

30+1 = 0.0322 (M = 30). We reject the null hypothesis that the
Chung-Lu model fits when the p-value < 0.05. Hence, except for HSV-1, mCMV and VZV, all null hypotheses are rejected. Here
p-values marked with ‘*’ were obtained using M = 99 since M = 30 was inconclusive in this two cases. The p-values obtained
with M = 30 for VZV and EBV were 0.0645 and 0.0967, respectively.
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D.2 Issues when using histograms for comparing distributions

Hayes et al. (2013) used comparisons of 30 networks from the random graph model to create two
samples; a first sample of comparisons of PPI data vs. model networks and a second sample of GDDA
comparisons of model vs. model networks. From these samples, two histograms are created and the
overlap between them is used to assess the goodness of fit between the model and the PPI networks.

Figure A.7 shows the histograms we obtain from the comparisons created in the application of
the Monte Carlo test, where following Hayes et al. (2013) we take N = M = 30. Histograms with
considerable overlap are seen for three of the five virus PPI networks. In contrast, for the other larger
PPI networks the amount of overlap is very low or null.

The results shown in Figure A.7 for the virus networks are expected, since a similar figure is pre-
sented by Hayes et al. (2013), (no figure was shown by Hayes et al. (2013) for the larger PPI networks).

In addition, it can also be seen from A.7 that the amount of overlap is correlated with the Monte-
Carlo p-values of Table A.10. However, we believe this approach is not well suited to test whether a
given network can be thought as a realisation of a given random graph model, as:

1. There is no clear indication of what amount of overlap is necessary in order to claim that the
observed data comes from the model. For example, despite all five networks have considerable
overlap, only for the three virus networks with the largest overlap, the Monte-Carlo test does not
reject these networks as realisations of the Chung-Lu model, at a 5% significance level.

2. It is not clear what histogram building rule should be used, as different rules lead to a different
number of bins and therefore to possible changes in the resulting overlap. In Figure A.7 we use the
Sturges rule, a standard binning procedure to construct histograms (Venables and Ripley, 2002,
p. 112), however other rules could be used.

3. In case the distributions are heavy-tailed, the histograms may struggle to assign the correct amount
of mass at the tail of the distributions, thus leading to less reliable overlap statistics. Newman, in
(Newman, 2005), discusses some of the problems histograms have at the tail of the distribution.

4. The histograms are not built from samples drawn from the same distribution, even when the
observed network is indeed generated from the proposed model. On the one hand, one histogram
is formed from one-to-many comparisons (observed network vs model networks) while, on the
other hand, the second histogram is formed from a sample of many-to-many comparisons (model
networks vs model networks).

5. The overlap of the histograms does not reflect the sample size, although the importance of sample
size is a fundamental statistical insight. For example, when two samples of n observations are
obtained from N(0,1) and N(0.5,1), respectively, the overlap between the histograms of those
two samples will converge to the overlap between the density functions of the two distributions
as n goes to infinity. However, if instead of the raw values the average is used, as done in the
Monte Carlo procedure, the overlap between the corresponding distributions of the sample means
N(0,1/n), and N(0.5,1/n), tends towards 0 as n goes to infinity.
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PPI networks used by Hayes et al. (2013) - M=30 N=30

FIG. A.7. Histograms (Sturges rule) overlap of the GDDA values – data vs. model (blue) and model vs. model (red) (Chung-Lu
model, CL)– obtained for the Monte Carlo test (M = 30, N = 30) of PPI networks shown in Table A.9.

The Sturges rule formula is k = ⌈1+ log2 N⌉, where k is the number of classes,⌈.⌉ is the ceiling
function, and N is the size of the sample (Sturges, 1926), see also Venables and Ripley (2002, p. 112).
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