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STABLE LIFTING OF POLYNOMIAL TRACES ON TRIANGLES*
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Abstract. We construct a right inverse of the trace operator u — (u|gr, Onu|sr) on the reference
triangle T that maps suitable piecewise polynomial data on 97 into polynomials of the same degree
and is bounded in all W#:9(T") norms with 1 < ¢ < co and s > 2. The analysis relies on new stability
estimates for three classes of single edge operators. We then generalize the construction for mth-order
normal derivatives, m € Np.
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1. Introduction. The lifting of polynomial traces defined on the boundary of a
triangle T to a function defined over the entire triangle T plays an essential role in the
numerical analysis of high order finite element and spectral element discretizations of
partial differential equations (PDEs). One of the earliest and perhaps most widely
used lifting operators was constructed by Babuska and Suri [10] and later improved
upon by Babuska et al. [9]. The operator maps Hz (8T boundedly into H*(T), and
if the boundary datum is a continuous piecewise polynomial, then the lifting is also
a polynomial of the same degree. In the context of second-order elliptic problems,
this operator is used in the convergence analysis of the hp-finite element methods
(FEMS) to obtain optimal convergence rates (see, e.g., [10, 25]) and in the analysis
of substructuring preconditioners (see, e.g., [6, 5, 9, 34]). 3D analogues by Belgacem
[12] on the cube and Muiloz-Sola [32] on the tetrahedron have similarly been used in
a priori error analysis. Some generalizations of the operator in [9] with stability in
L%(T) based Sobolev spaces were constructed in [31] with applications to hp quasi-
interpolation operators.

A plethora of other lifting operators have since been constructed. In the analysis
of spectral element methods and polynomial inverse inequalities, extension operators
bounded in weighted Sobolev spaces on squares and cubes play a key role; see, e.g.,
[14, 15, 16, 17] and references therein. The lifting operators in [20, 21, 22] satisfy a
commuting diagram property with the de Rham complex and arise in the analysis
of high-order mixed methods for electromagnetic problems. More recently, H?(T)-
stable lifting operators were constructed in [2, 30] and used to prove uniform hp
inf-sup stability for H(div) elements [30] and H' elements [3] for Stokes flow, as well
as optimal H? convergence rates for C'! finite elements [4]. The above list is by no
means exhaustive but demonstrates the ubiquity of polynomial lifting operators.

Currently available lifting operators are not sufficient for all applications. For
example, the p-biharmonic equation, which appears in image denoising [27], and the
stream function formulation of 2D incompressible flow of a power-law fluid [19] lead to
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nonlinear fourth-order PDEs posed in W24, Consequently, a W?4(T)-stable polyno-
mial lifting operator for the trace and normal derivative would be crucial for optimal
a priori error estimates of conforming C! finite element discretizations. Additionally,
the need for a polynomial lifting of the trace and normal derivative boundedly into
H?3(T) is encountered in the analysis of a high-order mixed FEM for linear elasticity
[8]. Finally, the modeling of phase field crystal models [11] and the evolution of a
thin film [36], among other applications, give rise to sixth-order PDEs. The analysis
of C2-conforming FEMs would require an H?3(T)-stable lifting of a polynomial trace,
a normal derivative, and a second-order normal derivative.

The main contribution of this paper is the construction of lifting operators that
are simultaneously stable in all appropriate W#4(T') norms, that lift compatible poly-
nomial traces to polynomials, and that apply to each of the applications above.

We first consider the problem of lifting a trace f and normal derivative g into
general W*9(T) spaces, where 1 < ¢ < oo and the regularity s > 2 can be arbitrarily
large. In particular, we construct a single operator L independent of s and ¢ satisfying
L(f,)lor = f, OnL(f.9)lor = g, and L is bounded from an appropriate boundary
norm into W#4(T). Additionally, if f and g are piecewise polynomials and satisfy
certain compatibility conditions, then £~( f,g) is a polynomial. We then construct
lifting operators for the generalization of the above problem to mth-order normal
derivative traces, m € Ny. The existence of a lifting operator satisfying the condi-
tions in [2, 9, 31], respectively, follows from our results by taking (m,s,q) = (1,2,2),
(ma 5, Q) = (07 1, 2)7 and (mv qu) = (Oa 1, CI)~

The remainder of the paper is organized as follows. In section 2, we review the
regularity of the trace u|sr and the normal derivative d,u|ar for a general W*4(T)
function, wherel < ¢ < oo and s > 2. We state in section 3 the first main result
concerning the existence of L satisfying the properties above. The construction of the
operator £, which consists of three families of single edge lifting operators detailed
in section 4, is explicitly given in section 5. In section 6, we prove the continuity
properties of the single edge operators. Finally, we generalize our construction to
arbitrary order normal derivatives in section 7.

2. The first two traces of W*9(T') functions. Let T denote the reference
triangle as depicted in Figure 1, and let v € W*9(T), where 1 < g < oo and s > 1
are real numbers. In this section, we review the regularity properties of the trace
u|or and, when well-defined, the normal derivative d,ulgr, collecting results from
[7, 24, 28, 29].
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We first define some notation. Given an open set @ C R? with Lipschitz boundary,
let W*4(0), k € Ny, q € [1,00), denote the usual Sobolev spaces [1] equipped with
the norm

ol o= 3 / D%0(2)|? de,
|| <k

with the usual modification for ¢ = co. We collect the jth-order derivatives into one
jth-order tensor given by

(Dju)i”-27.“’ij = 67;181-2 0.

vj

For k =0, W%4(0) = L1(0), and we use the notation || - ||,,0 to denote the norm.
For k € Ny and real 3 € (0,1), let W*+5:4(0) denote the standard fractional Sobolev—
Slobodeckij space [1] with norm

|D*v(x) — D*v(y)|4
+ // dx dy.
k,q,0 Z OxO |x_y|,6’q+d

|l =k

21 olliysq0 =1V

The space W#54(T') for a (d — 1)-dimensional subset I' C 9O is defined analogously
(see, e.g., [24, section 1.3.3]) with the norm

ok
ol = ol + [ O e

When T is an edge of a polygon, we additionally define W**5:4(I"), k € N, as
WEHAATY .= {w e LYT) : dJw e LYT), je{1,2,...,k}, and 9w e WA YD)},
where 0; is the tangential derivative operator on I'. The corresponding norm is then

lulli s pqr = lulli—y g0 + 10Fulf 4 -

We now return to w € W#9(T), with 1 < ¢ < oo and s > 1 and T as in
Figure 1. Since the boundary of T" is not smooth owing to the presence of the corners,
the regularity of the trace of u is limited. The primary tool for studying its regularity
is the standard W#:4(T)) trace theorem (see, e.g., [28, Theorem 3.1] or [29, Theorem
1, p. 208): WH4(T) embeds continuously into W2~ 59(9T) for 1/q < B < 1+ 1/q.
It will be useful to equip W* 7%’q(8T) with the following equivalent norm (cf. [24
Lemma 1.5.1.8] and [7, pp. 171-172]):

”f” -1 an BQZHJCZH/@_, q,7i

where f; denotes the restriction of f to v;, ZI(f,g) is defined by the rule

{Zz 1 ZH figr, fige) if Bg=2,

otherwise,

(2.2) T9(f,9) / W\ f(@s — htinr) — g(ai + htiyo)|? dh,

and indices are understood modulo 3. We use the standard notation a <. b to mean
a < Cb, where C is a generic constant depending only on ¢, while a . b means a <. b
and b <. a.
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Let s =k+ /3, where k € N and 8 €[0,1). The jth-order derivative tensor satisfies
Diue W=9(T) c WHP4(T), 0< j < k-1, and D*u € W54(T). The trace theorem
then gives

Diu|sr € LI(OT) f0r0§j<s—%7
DF=lu|gp e WHHI=D9(OT)  if Bg <1,
DFulgr € WP~ 39(9T) if Bg > 1.

Note that in the final two cases above, the case ¢ = 1 is missing. In general, the
trace of a WH%’LI(T) function does not have a globally defined tangential derivative
in L1(OT) (see, e.g., Proposition 3.2 in [28] and the subsequent discussion). Moreover,
the trace of a Wk+%’q(R2), k > 1, function on the real line (—oo,00) x {0} belongs to
a Besov space which cannot be identified with an integer-order Sobolev space unless
q = 2, in which case the trace belongs to W*2(R) (see, e.g., [I, Chapter 7] or [29,
Theorem 4, p. 20]).! Using standard arguments (cf. [7, Theorem 6.1]), one can show
that

D7 ullg,q, < 00 for O§j<s—é7
(2.3) ID* Yl 11 g, <00 if Bg<1,
. [1D*ullg_1 4, <00 if Bg>1or (8,9) = (3,2),
T} (D*u, D*u) < 0o if Bg=2.

Thanks to the Sobolev embedding theorem, we augment the above conditions with
the following continuity condition: if u € W#4(T), then

(2.4) DiueC(T) if(s—j)g>2, j€{0,1,...,k}.

We first focus on the consequences of (2.3) and (2.4) for the trace u|sr. We may
express the jth-order tangential derivative of u on ; in terms of D7u as follows:

Ofuw=(Du)iyiy,.. i, (t0)i, (B1)is -+ ()i, o0 Y-

Thanks to (2.3), ul,, € Ws_%’q(’yi), i€{1,2,3}, whenever (s,q) € Ag, where
1
(2.5) Am::{(s,q)€R2:1<q<oo, s>m+1, and s—qg_fZifq;éQ}, m € Npy.

Moreover, if sq =2, then Z](u,u) < oo, while if sq > 2, then (2.4) shows that u|gr is
continuous. In summary, the Oth-order trace operator ¢° defined by the rule

(2.6) o%(f):=f ondT

satisfies the fgllowing conditions for f =ulsr and (s,q) € Ao:
1. W*™ @9 regularity on each edge:

(2.7) ol(f)eW Ta(y), i€ {1,2,3}
2. Continuity at vertices: For i € {1,2,3}, there holds that

(2.8a) opr1(f)(@i) = odis(f)(ai) if sq>2,
(2.8b) Iq(0?+1(f)>0?+2(f)) <0 if sq=2.

(2

IThe case B =1/q and ¢ # 2 is beyond the scope of this paper.
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We now turn to the normal derivative dnulsr for (s,q) € A;. Following the same
arguments as above, we have

3g8nu = (Dj+1u)i1i2,---,ij+1 (tl)il (tl)i2 e (tl)ij (nl)ij+1 on 7,

and so Opul,, € Ws_l_%’q(%), i € {1,2,3}. However, d,,u does not in general have
any additional regularity owing to the jumps in the normal vector along 0T Instead,
we turn to the operator o' defined by the rule

(2.9) o' (f,9) =00’ ()t +gn= (0 f)t +gn on OT.
Then o' (u,d,u) = (Oyu)t + (9,u)n = Du on T, and so applying the edge regular-

ity (2.3) to o' gives (2.10). In particular, we recover d,ul,, € W*=1=49(y;) via the
relation d,ul,, = o} (u,0,u) - n;. However, we obtain additional conditions: The con-
tinuity condition (2.4) gives (2.11a), while the integral condition (2.11b) follows from
(2.3). Furthermore, if (s —2)q > 2, then u € C%(Q). In particular, the mixed deriv-
ative Oy, ,¢,,,u is continuous at each vertex a;, i € {1,2,3}, which may be expressed

in terms of o!(u,d,u) as follows:

01041 (u, Onu)(@i) - tivo = By, Dula;) - tivo = 0r, 11, u(@i)

= 6ti+2 Du(ai) . ti+1 = at011+2 (U, anu)(al) . ti+1.

Consequently, we obtain that the additional condition (2.12) follows from (2.3) and
(2.4). In summary, the traces f = ulgr and g = d,ulgr satisfy the following for all

(Sa q) € A1: 1

1. W 1727 regularity on each edge:
(2.10) ol (f,g)eW T w9(y,),  ie{l,2,3}.

2. Continuity at vertices: For i € {1,2,3}, there holds that
(2.11a) o1 (f,9) (@) =0;15(f,9)(ar) if (s —1)g>2,
(2.11b) I (0341(f:9),0i42(f,9)) <00 if (s —1)g=2.

3. Higher derivative continuity at vertices: For i € {1,2,3}, there holds that
(2.12a) tiyo- 010}, (f,9)(a:i) =tit1- 0ol y(f.9)(as) if (s —2)g>2,
(2.12b) T (tiy2- 010} 1 (f,9),tiv1 ol o(f,9)) < oo if (s —2)g=2.

Motivated by the above conditions, we define the space X*%(9T) for (s,q) € A; as
follows:

(2.13) X*9AT):={(f,g) € LUT)?: (f,g) satisfy (2.7), (2.8a), and (2.10)(2.12)},

equipped with the norm

3
1.9 omi= DI, + il s
=1
3 Ig(0i+l<f7g)aoi+2(f7g)) if (S—l)q:27
"‘Z T (tiv2 - Oroir1(f,9) tiv1 - Oroiga(f,g)) if (s —2)g=2,
=110 otherwise.

The preceding discussion then shows that for w € W*(T), (ular, Onulor) € X*9(0T).
The following result shows that the converse is also true [7, Theorem 6.1].
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THEOREM 2.1. For every (s,q) € A1, and u € W*9(T), there holds that
(2.14) (ulor, Opulor) € X*U(OT), with |(u,0pu)l|x=9,07 Ss,q [[tlls,q,7

Moreover, there ezists a single linear operator L : \J e a, X¥4(0T) — Wh(T)
satisfying the following properties: For all (s,q) € A; (md (f, g) € X599T), L(f,g) €
W#4(T) and there holds that

(2.15) L(f.g)lor =1, OnL(f.9)lor=g, and [L(f,9)lls.q1 Ss.q I(f;9)llxe007-

In other words, there exists a single lifting operator of the trace and normal
derivative that is stable from X*®(9T) to W*4(T) for all (s,q) € A;.

3. Statement of the first main result. The present work constructs another
lifting operator £ satisfying the same interpolation and continuity properties as £ of
(2.15), with the additional property that if (f,g) € X*9(9T) are suitable piecewise
polynomials of degree p and p—1, then E(f, g) is a degree p polynomial. The operators
in [7, 24] do not satisfy this property as, among other reasons, they are constructed
by using partition of unity on the boundary OT. Instead, we seek an alternative
construction.

The first issue at hand is to identify the appropriate conditions on f and g that
ensure that a polynomial lifting exists. Let P,.(O) denote the set of polynomials of
total degree at most 7 >0 on an open set O; for r <0, set P.(O) ={0}. If the lifting
of f and g is polynomial £(f,g) € P,(T), then L(f,g) € W*4(T) for all (s,q) € A,
and so a necessary condition is that (f,g) satisfy (2.8a), (2.11a), and (2.12a). The
following lemma shows that these conditions are also sufficient for (f,g) € X*49(9T).

LEMMA 3.1. Let f,g: 0T — R, with f; € Pp(vi) and g; € Pp—1(v:), i € {1,2,3},
for some peNy. Then (f,g) € X*>4(IT) for all (s,q) € Ay if and only if (f,g) satisfy
(2.8a), (2.11a), and (2.12a).

Proof. Let (f,g) be as in the statement of the lemma, and assume that (f,g)
satisfy (2.8a), (2.11a), and (2.12a). Since polynomials are smooth, (f,g) satisfy (2.7)
and (2.10), while (2.8b), (2.11b), and (2.12b) follow from (2.8a), (2.11a), and (2.12a).
Thus, (f,g9) € X*4(9T) for all (s,q) € A;. The reverse implication follows by defini-
tion. a

We now state our first main result.

THEOREM 3.2. There exists a single linear operator

U x»or)—»whi(1)
(s,q)€AL

satisfying the following properties: For all (s,q) € Ay and (f,g) € X*(9T), £~(f7g) €
W4(T) and there holds that

B1) LU9lor =1, OuL(f.9)lor=g, and |L(f.9)lls.q1 SsqI(f9)]Ix20,07-

Moreover, if fi € Pp(vi), 9i € Pp1(%i), @ € {1,2,3}, for some p € No and satisfy
(2.8a), (2.11a), and (2.12a), then L(f,g) € Pp(T) and (3.1) holds for all (s,q) € A;.
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4. Fundamental single edge operators. The construction of the operator
L relies on three families of fundamental operators that lift a function defined on
the unit interval I := (0,1) to the reference triangle 7. The first family is based
on a convolution operator (see e.g. [7, equation (4.2)], [9, 14], [15, equation (2.1),
p. 56], [33, section 2.5.5]): Given a nonnegative integer m € Ny, a smooth compactly
supported function b € C°(I), and a function f: I — R, we define the operator &[,}L]
formally by the rule

EW(f) (a,y) = U [s0sem i @yer

m!  J;

We will use the notation 57[711] [b] when we want to make the dependence on b explicit.
Identifying v, with I via the mapping

(41) (pl(h) = (1—h)a2+ha3, hel,

we use the notation Eﬁ](f) = Er[il(f o) for f:yy =R

Analogous operators for edges 2 and 3 may be defined by mapping the triangle
T onto itself. More specifically, the map R(x,y) = (1 — 2 — y,2)T takes T — T by
rotating the labels of the vertices and edges in Figure 1 counterclockwise, while its
inverse R~ (x,y) = (y,1 —x — y)T corresponds to a clockwise rotation of the labels.
For f:v — R and ¢g:v3 — R, we then define 57[3](]”) and 5,[3] (g) as follows:

(4.2) ER(fy:=27%&ll(foR)oR™Y and EBN(g):=&l(go RN oR.

m

The properties of these operators are summarized in the following lemma.

LEMMA 4.1. Let m € NO, be CX(I), with f{ dt=1, and i€ {1,2,3}. For all
(s,q) € Ay, and f e W*™ m_f’q( i), the lifting gl )€ WSUT), and there holds that

(4.3) FEN ) = fOjm,  §€{0,1,...,m},

and for real 0 < 8 <s,

m5+

44) D P sar Sompg d NGt Sl HFOSE<m,
I llpmmtgne Fm+1<B<s, (B.9) € Am,

where §jm, is the Kronecker delta, || - ||g,q,7 is defined in (2.1), and d; is the distance
to a;. If, in addition, f € Py(vi), p € No, then gl (f) € Ppem(T).

Equation (4.3) shows that the function &[ﬁ](f) is a lifting of f from ~; to T". The
proof of Lemma 4.1, along with the rest of the results in this section, are postponed
until section 6.

4.1. The Munoz-Sola operator M, .. We now define a lifting operator mo-
tivated by Mufioz-Sola BB27 Lemma 6]. Given m,r € Ng, b € C¢°(I), and function
f:IT— R, we define ML}M (f) formally by the rule

Mg}m(f)(z,y) =2 (T ) (@) :zr(;’?ﬁm /Ib(t>m & @yel

Here, and in what follows, 7 denotes the function 7(t) = ¢ for t € I. We again use
the notation ML}L]m[b](f) and Mglr(f) = ./\/l[l] (fopy) for f: v — R analogously

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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as above. Loosely speaking, the presence of the term (z+ty) ™" in the above expression
means that, for r > 0, f(¢) needs to decay to 0 sufficiently fast at ¢t =0 for M[l] (f)
to have sufficient regularity. To characterize this decay more precisely, we introduce
some additional spaces.

Let ¢ € {1,2,3}, and let Wé”ﬂ’q(’yi), keNp, 0<B8<1,1<q< oo, denote the
subspace of W*+5:4(~;) functions satisfying

{6‘f(al+1) 0 for0<j<k+p8-—

(4.5) .
||d2+18 f||qm <oo if Bg=1,

equipped with the norm

k .
4.6 u a = ||u a ||d7,+1a qu’yL if qulv
( ) L” HkJrB,qm ” HkJrB,qm { otherwise,

where d; is defined in Lemma 4.1. The Welghted spaces WIHB “U(~,) are crucial for

characterizing the continuity of the operators Mm,r( ), i €{1,2,3}, where Mﬁ],r(f)
and M,[i]m( f) are defined analogously as in (4.2), as the following result shows.
LEMMA 4.2. Let m € No, r € N, b € C*(I), with [;b(t) dt = 1, and i €

{1,2,3}. For all (s,q) € Ay, and f € W mg () N Wmm{s ™ T}q('yi), the
lifting ML m,r(f) € WU(T), and there holds that

(478“) agleT(f) Yi :f5]m7 ]6{071,,771}7
(4.7) MU (£, =0, 1€{0,1,...,r —1} and (s — 1)g> 1,
and for real 0 < 8 <s,
(4.8)
m—pB+1

] ||dz+1 qf”qm if 0< B <m,
IME (D07 S Llfllgm—1gn Fm+1<B<m+r+g, (B,9)€An,
: 1
1 lg-m-t,gm  dmAr+g<B<s, (B,9) € An.

If, additionally, f € Py(7:), p € No, with 0! f(ar) =0 for l € {0,1,...,r — 1}, then
M3 (f) € Py (T).

In particular, the function ./\/l . +(f) is a lifting of f with the additional property
that the normal derivatives up to order r—1of ./\/lm +(f) vanish on v;4a.

4.2. The Munoz-Sola operator S, ,.. We define one final lifting operator,
again inspired by Muifioz-Sola [32, Lemmas 7 and 8]: Let m, r, b, and f be as above,
and define SEAT( f) formally by the rule

S (F)(w.y) = {z 1~z y)}rfﬁ] (M) (#.9)

—{s(1—z—y) /b 1_8}

and again use the notation S},{]T[b](f) and Sy[,yr(f) = Sy[,lLl,«(f ops) for f:y = R
analogously as above. Similarly to the operator ./\/l#w, the presence of the term

dt7 (x7y) €T7

s=x+ty

Copyright (C) by STAM. Unauthorized reproduction of this article is prohibited.
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{(x +ty)(1 — 2z —ty)} " in the above expression means that for r > 0, f(t) needs to
decay to 0 sufficiently fast at t =0 and t = 1 for Sﬁ,r( f) to have sufficiently regularity.

Here, the appropriate space to describe this decay is WéCOJrB’q(%), keNp, 0<8<
1, 1<g<oo,i€{l1,2,3}, the subspace of W¥*+5:4(~,) functions satisfying

7 _ . 1
(4.9) 6tf|a%_0,; ) 'f0r0§z<k+ﬂ—5,
[(dit1div2)” 20f fllgq <oo if Bg=1,

equipped with the norm

1
o 1(disrdig2) 10 fIIS,, if Bg=1,
ol = W0l DCr102) 70O 0= 1,

We then have the following result for the operator SLi],r, i €{1,2,3}, where SE],T( 5

and SE]’T (f) are defined analogously as in (4.2).
LEMMA 4.3. Let m € No, r € N, b € C(I), with [;b(t) dt = 1, and i €
min{s—m—21 r},
{1,2,3}. For all (s,q) € Ay, and f € stmfé’q('yi) N Woo { ? }q('yi), the
lifting 87[%]77(]”) e W*4(T), and there holds that

(4.10a) SH (Nl = FSjm, j€{0.1,....m},
(4.10b)  ALSY (H)lrisrumiss =0, 1€{0,1,...,r—1} and (s —1)g> 1,

and for real 0 < 8 <m,

; m—p++ m—pB+1
(4.11) 1SS (Dllg0.7 Sbomorpoa 1y * Flla +diss * Fllges

while for m+1< B <s,

(4.12)

i 00||f|| —m—l, Yi Zfﬁ§m+r+l7 (67Q)€Am7
IS8 (£l frmqan “

; 1
1llg-m-1,gm  FmAr+g<B<s, (B,9) € An.

B8,a,T Sbym.,rB,q {

If, additionally, f € Py(vi), p € No, with 9} fla,, = 0 for i € {0,1,...,7 — 1}, then
Shir(f) € Pyem(T)-

In particular, the function S,Lllr( f) is a lifting of f with the additional property
that the normal derivatives up to order r — 1 of S,Lﬁ],(f) vanish on 7;41 and ;42.

5. Construction of the lifting operator L. In this section, we explicitly
construct the operator L in Theorem 3.2 using the single edge operators in the previous
section. The construction proceeds in three steps, one per edge. Throughout this
section, let be C2°(I) denote any fixed function satisfying [, b(t) dt =1.

5.1. Stable lifting from ~;. We begin by constructing a lifting operator from
v1. Given functions f,g:7v1 — R, we formally define £ : T"— R by the rule

L£0(f,g) = MBI + 0] (9 - 0. BN, ) o T

The following lemma shows that the operator £ is a stable lifting of f and g.
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LEMMA 5.1. For all (s,q) € A1, [ € WS_%’q(’yl), and g € Ws_l_%’q(fyl), there
holds that

(51) ‘Z[l](f7g)|’}/1 = f and 8712[1](f7g)|71 :gv
with
(5.2) 19, siar Soa o=t gy + 1912 g

Moreover, if f € Pp(v1) and g € Pp_1(71), p € No, then LU(f,g) € P, (T).
Proof. Let (s,q) € Ay, f € sté’q(%), and g € stlfé’q(%) be given. Equation

(5.1) follows immediately from (4.3). Moreover, (4.4) and the trace theorem (2.14)
give

A 1
L0, s S 1t e + 119 = OnEF B sm1— 2 .00
1
Shia 1 lem1 gm0 + 190123 g0 + IE I g,

5’43,11 ||f||sfé,q,’yl + ||g||3717%,q,w/1'

Now let f € Py(y1) and g € Py_1(11), p € No. Then EMN[b](f) € P,(T) by Lemma
4.1, and so 8n5(g1] B](f)]y: € Pp—1(71). Appealing to Lemma 4.1 again shows that
119 — 0uE D1(f)11s) € Po(T), and so LUI(f, g) € Py(T). 0

5.2. Stable lifting from ~; and 5. With the aid of the operator L1, we
proceed counterclockwise around 9T and construct a lifting operator from v, U 7a.
For f,g:v1 Uvs — R, we formally define KP(f,g),LI2(f,g): T — R by the rules

(5.3a)  KP(f,9):=LU(f,9) + MELBI(fo — £Y(f,9)]5) on T,
(5.3b)  LP(f,9) ==K (f,9) + MELB) (g5 — 0,KP(f,9)]1,) on T.

The operator K2 corrects the trace of £ (f,9) on 2 to be fo without changing
the trace or normal derivative of ﬁ[”( fyg) on ~1, while L2 (f,g) corrects the nor-
mal derivative of KPI(f,g) on 4, without changing the trace or normal derivative of
K (f,g) on 71 or its trace on s.

The continuity of the operators ME]Q and ./\/1[12]2 appearing in (5.3) depends on
the weighted spaces W;'(y2) as indicated in (4.8). The following lemma provides a
useful criterion for verifying when a pair of traces belongs to this space.

LEMMA 5.2. Let (s,q) € Ay and (f°, f!) € X*9(9T). Suppose that for some
j€{1,2,3} and n€{0,1}, there holds that

() £0=f =0, and

(i) fO,=0ifn=1.
Then f}' 1 € WLB’q(ij), with B =min{s —n —1/q,2}, and there holds that

(5-4) Lllfallan o Soa I ) lxeor-

If, in addition, fjl-Jr1 € Pp_i(vi), 1 €{0,1}, for some p € Ny and (2.8a), (2.11a), and

(2.12a) hold for i=j+2, then O} [}, (aj+2) =0, 1 €{0,1}.
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Proof. Let F = (f% f!) € X*9(dT) be as in the statement of the lemma. By
definition, there holds that

‘(fo 1)||X'§>‘1,8Ta

and so it remains to verify the conditions in (4.5) and bound the weighted L? norm
term in (4.6) when s —2/q € Z.
Suppose first that n =0. Thanks to (i), we have

[0 0ie =000 — ] 0 ¢y,
where ¢;(h) = aj12 — ht; and ¢;11(h) = ajo + htj41 for 0 < h < 1 are (partial)
parametrizations of v; and ;1. Thus, f,,(a;42) =0. Using (i) once again gives
m{f 10 bt =tiy1-{oj 1 (F)odjp} =tjp1 {01 (F)odjp1 — o) (F)og;},

where 0y, denotes differentiation with respect to the parametrization variable h. Thus,
8tf;)+1(aj+2) =0 when (s —1)g > 2 by (2.11a). For (s — 1)g =2, we use a change of
variables and the triangle inequality to conclude that

15500 NG s S 108 5, + 4205 (F). 02 (F):

min{s— 1214
(

(5-5) || g"+1 ||/3,qm+1 ~8,q

Equation (5.4) now follows from (5.5) and f/,; € W vj+1) by (4.5).

Now suppose that n = 1. Since t; and t]+1 are hnearly independent, there exist
constants cp,c; € R such that nj;1 = cot; + citj41. Thanks to the orthogonality of
tj+1 and nj4q, there holds that

fii=mng41 -0 (F) =coty- 01 (F) + ity -0 (F)
= cot; - U}+1(F) + 013t0?+1(f0) =cot; - U}+1(F)a

where we used condition (ii) in the final equality. Again using F'=0 on ~; by (i), we
obtain

ai{f}+10¢j+1}zaaﬁ{tj‘0}+1(F)O¢j+1 tjva- U( )o ¢J}a i€{0,1}.

Consequently, 07 f;(a;j2) =0 when s >i+1+ E by (2.11a) and (2.12a). Arguments
similar to those above show that for (s —i — 1)g =2, there holds that

q e
”d]_:laz]c Hq’}’_7+1 < ”azf Hq'y]+1 IJ(I+2<UJ(F)’UJ+1(F)) %fl._oa
Ii o (tjgr-0i(F)tj 0500 (F)) ifi=1.
Thus, f1,, € Wy C 0290 ) with (5.4).
Now suppose that f! € P,(v:), I € {0,1}, i € {j,j + 1}, for some p € Ny and
(2.8a), (2.11a), and (2.12a) hold for i« = j + 2. Then we have already shown that
fra € WLQ"’(%H) for all 1 < g < oo, and so O} f",(a;2) =0, 1€ {0,1}. u|

LEMMA 5.3. For all (s,q) € Ay and (f,g) € X*>9(9T), there holds that

(56) Ep](f,g) Vi :f’L and anﬁp](fvg) Yi =i, i€{172},
and
(5.7) LB (f,9)ls.0 S (f19) | x5 ,0m-

If, in addition, f; € Pp(vi), gz 6731, 1(%), i€{1,2}, pe Ny, and (2.8a), (2.11a), and
(2.12a) hold for i =3, then L (f,g) € P,(T).
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Proof. Let (s,q) € Ay and (f,g) € X*9(9T). Applying Lemmas 5.1 and 5.2 with
min{s—%,2},q

n=0 gives fo — LI(f,g)|,, €W,
KEP(f, ) = fi, i€{1,2}, and 8,KP(f,9)|,, = g1,

with the estimate

KB, )l S IEW S, 9) s + IMEL(fr = 28, 0) )l 7
SN0l xsa0r

by Lemma 4.2. Now applying Lemmas 5.1 and 5.2 with n = 1 shows that g —

min{s—1—1%
0nK1(f,9)|y, € W, tet q’z}’q(vg). Another application of Lemma 4.2 and the

triangle inequality completes the proof of (5.6) and (5.7).

Now assume further that f; € P,(vi), gi € Pp—1(vi), ¢ € {1,2}, p € Ny, and
(2.8a), (2.11a), and (2.12a) hold for i = 3. Thanks to Lemma 5.1, LI(f, g) € P,(T),
and Lemma 5.2 then gives 9}(f2 — LIU(f,9)|,,)(as) = 0 for I € {0,1}. Consequently,
KPl(f,g) € P,(T) by Lemma 4.2. Applying similar arguments shows that 0! (go —
KB f,9)])(asz) =0 for 1 €{0,1}, and so Lemma 4.2 gives LI2(f,g) € P,(T). 0O

5.3. Stable lifting from entire boundary. With the aid of the operator £
we again proceed counterclockwise around 07 and finally complete the construction of
the lifting operator £. For f,g:9T — R, we formally define KBl(f, ), L(f,g): T =R
by the rules

KB(f,9) = L2 £, 9) + S5 01(fs — L2 (f,9)]1,) on T,
L(f.9) =KP(f,9) + SPh0)(g5 — 8.KL (f.9)]s)  on T

The operator KBl corrects the trace of 2[2]( fyg) on 3 to be f3 without changing
the trace or normal derivative of LI2(f,g) on v, U~,, while £(f,g) corrects the nor-
mal derivative of KI¥/(f,g) on ~3 without changing the trace or normal derivative of
KB(f,g) on y1 U~y or its trace on 43. We start with an analogue of Lemma 5.2.

LEMMA 5.4. Let (s,q) € Ay and (f°,f') € X*9(9T). Suppose that for some
n € {0,1}, there holds that

(i) ff=0 for1€{0,1} and i€ {1,2}, and

(i) f0=0ifn=1.
Then f3 € Wis(ys), with 8 =min{s —n —1/q,2}, and there holds that

(5-8) 00l £ 18,0, Ss.a |1 Fllx0.0,07-

If, in addition, f! € Py(vi), | € {0,1}, i € {0,1,2}, for some p € Ny and (2.8a),
(2.11a), and (2.12a) hold, then 0! f3|s,, =0, 1 € {0,1}.

Proof. Let F = (f°, f') € X*49(9T) be as in the statement of the lemma, and let
n €{0,1}. Applying Lemma 5.2 to v2 U3 gives f§ € Wf’q(’yg), with

(v2), and so

(5-9) L”f??”ﬁﬂﬁa ss,q ||FHX'W,8T~

Applying the same arguments as in the proof of Lemma 5.2 with j =3 and reversing
the roles of v3 and ; then gives

) 2
0, f(az) =0 f0r0<i<min{s—n—,2}’
q

Copyright (C) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/26/24 to 163.1.203.121 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

704 CHARLES PARKER AND ENDRE SULI
and if (s —i —n)g=2 for some i € {0,1}, then

1
(5.10) 1y * 0; fllavs Ss.a

The inclusion f§' € Woﬁo,q(%) then follows from (4.9) on noting that dy + ds < dids on
3, which in conjunction with (5.9), (5.10), and the triangle inequality gives (5.8).
Now suppose that f! € Py(v;), [ € {0,1}, i € {1,2,3}, for some p € Ny and (2.8a),
(2.11a), and (2.12a) hold. Then we have already shown that fJ* € Wi(vs) for all
1< g< oo, and so 9 fi(a)|,, =0, 1 €{0,1}. O

[Fllxea,07

We now prove the main result, Theorem 3.2.

Proof of Theorem 3.2. Let (s,q) € A; and (f,g9) € X*9(0T). According to

Lemmas 5.3 and 5.4, f3 — LB(f,9)|,, € Wégin{s_a’ ’q(fyg). Consequently, Lemma 4.3
shows that
KE(fo9)le = fir i€{1,2,3}, and 0.KF)(fg)l,, =g;, je{1,2},

with the estimate

KB (f, st Soa 1IEP (s )llssarr + ISEL (s = £2(F, 9) ) s,
Ss,q ||(fag)HX5=q,6T-

Applying I;emmas 53 and 5.4 once again show that g3 — 9,KPl(f,g)|,, €
WSBIH{S?PE’Q}’Q(V?,). Another application of Lemma 4.3 and the triangle inequal-
ity completes the proof of (3.1).

Now assume further that f; € P,(vi), ¢ € Pp—1(v:), ¢ € {1,2,3}, p € Ny, and
(2.8a), (2.11a), and (2.12a) hold. Thanks to Lemma 5.1, LIZ(f,g) € P,(T), and
Lemma 5.4 then gives 0! (fs — LU(f,9)]vs)|a4s = O for I € {0,1}. Consequently,
KBl(f,g) € P,(T) by Lemma 4.3. Applying similar arguments show that 0! (g3 —
OB f, 9)|~s)]64s =0 for 1 €{0,1}, and so Lemma 4.3 gives L(f,g) € P,(T). O

6. Continuity of single edge operators. In this section, we prove Lemmas
4.1-4.3.

6.1. Continuity in some weighted L9 spaces. Given an open interval A C
(0,00), we define the weighted space LI(A;t%dt), B > —1 to be the set of all measurable
functions such that the following norm is finite:

(6.1) 1718 0 5= /A F(0)77 dt.

The following result shows that el is well-defined on La(I;tmat1qt).
LEMMA 6.1. For all m € Ny, be C(I), and 1 < ¢ < oo, there holds that

(6.2)

q . .
IERTB1CF)lg < 17" 0llootllFlgrmasr for all f€ LO(L;¢mT dt).

(g—1)m

Proof. Let f € LI(I;t™9%1dt), 1 < g < oo, and 0 <x < 1. Using that y(x+ty)~! <
t~!for 0<y<1—xand 0 <t< 1, we obtain

1 1
'ym [ s+ dt‘ < [ Erbole )@ ) d
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and so

1
770l / ym/ b(t)f(z+ty) dt
0

u=x+ty

z= a:+y 1 1 m ! q
( /\u f(u |du> dz<(q ) [ e p——

by Hardy’s inequality [26 Theorem 327]. Additionally,

//|tmf |thdx—/ |f(t) |%"“1/ dxdt—/\f (t)|9tmatt qt.
0

Equation (6.2) now follows on collecting results. O

q
dy

Remark 6.2. The same arguments show that (6.2) holds with b replaced by |b|.
LEMMA 6.3. For m,r € Ny, real 0 < 8 <m, and b€ C*(I), there holds that
(6.3)
IMEL (D507 Seamra 1 g1, m-prger  for all f € LI P+ ar),
Proof. Let m, r, and b be as in the statement of the lemma, and let f € C°(I).
Let j€{0,1,...,m}, a € N2, with |a| =4, and let [; = max(a; —7,0). For 0<i; <oy
and 0 <iy < a9, we apply the identities
dy{g(z +ty)} =tg'(x +ty) =ty 0{g(z + ty)},
duf{gla+ty)y =g (z+ty) =y gz +ty)}

and integrate by parts i1 +i2 < k < m times to obtain
dt

/b 812811 { (l‘ + ty) } dt = y—(il-‘riz) /b(t)t“’@;lﬂQ {f(s)}
) 1 s” s=x+ty

L o . t )
—(—1 i1+ (21+12)/811+12 b(#)t2 f(13+ Yy
(1) [ oy [

dt
= (1)t~ Gtia gl o1 (777 f) (2,y),
and so

(=)™ DML (f)(,y)

- T ()G {5) oo (32} o

0<i;<ai
0<iz<as
r—oaq+i;, m—ii—o 1 —r
= Z Cr,ait,ia L vt ly ! 25([) ][bilin] (T f) (IL’,y),
l1<ii<an
0<iz<as
where
| () )
1 Go 811+12 b(t)t* d roLin i U 2
1,82 {() } an Cr,a,i,ia (r_a1+21)(m CY2+7/2)
Since x < + sy and - <s ~1 for (x,y) €T, 0 < s <1, there holds that
1
r—oa1+1i1,, m—1i1—o [1] —r m—i1—o f(.’L'—Fty)
€ ! 1y ! 2gO [ 21712]( f)‘ ! 2/ bll,zz(t)( +ty)a1 i1

v / =y, (8 (2 + ty)]
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Since b€ C(I), the function t'1=1b;, ;. € C°(I), and so (6.2) and Remark 6.2 give

1D ME (Pllgr Spamargia €L [7 = [bi, i, 11 £1)

By density, M, is a bounded operator from L(I;¢(m=)a+1dt) into W4(T). By
the real method of interpolation (see, e.g., [13]),

MU LI = Da gy La( Lt TNt ag) g o — [WR(T), WITR(T)], ,

PR I(m—j)g+1-

is linear and continuous for any 0 <6 <1 and j € {0,1,...,m — 1}. It is well known
that (see, e.g., [13, Theorem 5.4.1])

Lq(I;t(m—j—G)qH dt) = [LI(I; t(m—J’)q-Hdt)7 Lq(_r;t(m—j—l)q-s-ldt)]e’q
and that (see, e.g., [18, Theorem 14.2.3])
(6.4) WIHOA(T) = [WH(T), WITHI(T)]g,q.

Equation (6.3) now follows. 0

6.2. The operator &,,. The next result concerns the W*9(T) stability of the
operator &,,.

LEMMA 6.4. Let m € Ny and be C°(I). For all (s,q) € Ay, there holds that

(6.5) 1Em ] (N)ls.q.0 Soimsig [fllsmm—1,gr  for all feW=="7w4(I).

Proof. Let m € Ng, b€ C°(I), and (s,q) € Ay, be given. Let x € C°(R) be any
fixed smooth function satisfying x =1 on [0,1] and x =0 on R\ [—1,2], and let b
denote the zero extension of b to R. For g € C>°(R), define

~ —y m ~
En@e) x4 g+ dt @y e
R
Thanks to [7, Lemma 4.2], there holds that
(6.6) 1€m(9)ls..82 Sboxim.sg I9lls—m—1,4r  forall ge CZ(R).

By density, (6.6) holds for all ge W5 ™ 4 ’Q(R)
_Let f € S_E’q(I), and let f denote an extension of f to R satisfying
||f||57%,q,R Ss,q Hf”sf%,q,I and flf - f7 see, ¢.g., [23] Applylng (66) then glVGS

1Em Bl s, = IEm I |0 Sposa 1 llsm—1 gr Ssig [1Flsm-190- O

We are now in a position to prove Lemma 4.1.

Proof of Lemma 4.1. For all (s,q) € A, (6.3) and (6.5) give

IER BN .07 Stim,ua [ llg,1,801 for all f e LYI;t7*dt), 0< B<m
IER BN st Shamsa | flemm—s qp Tor all fEW* ™" 29(1).
Additionally, for any f € C>°(I), there holds that
. J ; erJym 7
el Z()/b O U (p 4 ty) dt,  0<j<m,

1=
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and so 8;57[,1](16)(@0) = f(x)d;m for 0 <z <1. Moreover, if f € P,(I), p € Ny, then
direct verification reveals that £\ ( f) € Ppym(T).

The result for f G VV9 (1) now follows from the smoothness of the map ¢ (4.1),
while the result for £, i € {2, 3}, follows from the chain rule and the smoothness of
the mappings R and R~!. O

Remark 6.5. Note that the above proof shows that (4.4) holds without the re-
striction [, b(t) dt = 1.

6.3. Proof of Lemma 4.2. For k € Ny and 8 € [0,1), define W, (1) by
identifying v, with I. Let (s,q) € A,,. We ﬁrst prove the following for m,r € Ny,
beC(D), and fe Wby w T g,

L||f||[3—m_%7q,1 ifB<m+r+ %’

(67) HMBL]T[be)”ﬁ, T gb,m,r,ﬁ, ]
; q 1 Hf||/3—m_%,q,1 1fﬁ>m+r+%’

_1
where m+1<3<s, (8,q) € Ay, and W, q’q(I) := L9(I) for notational convenience.
We proceed by induction on r. The case r = 0 is a consequence of (4.4) and

Remark 6.5. Now assume that (6.7) holds for some fixed » > 0 and all m € Ny and
be Co(I). Let fe W™ waqynw, "t @D The following identity

will be useful:

M) = MU (= S0 [yl et fy Y g

(x +ty) T+ ty
P (=y)mtt f(z+ty)
—a /Itb(t) @+ iy

= *(m + 1)Mm+1,7’[7—b] (Tilf) (xay)

First consider the case s =m+ 1. Thanks to (A.6), there holds that 7! f € L9(I;tdt)
and

HTilf lgr1=17" 177)f a1 éqLHf||1—7
Now applying (6.3) gives
1 _
(6.8) ML 1 D g Soamora 112 g1

s—m—1—

Now consider the case 2<s—m<r+1+1/qforr>1. Then 7' f e W,
by (A.5), which combined with the inductive hypothesis gives

()

1 — _
(6:9) ML (P8 Dot Shamrs LI lacmo1-3.0.1 Soia £ lacm—1 0.1

Now let s—m >r+1+1/q. By (A4) and (A.5) 7=1fe W™~ 1_7( YNW](I), and
the inductive hypothesis and (A.4) give

1 — _
IMEL 1 PO llsiq St 77 Fllscmo1- 201 S

Thanks to the triangle inequality, we have shown that
LHfHS_m_%ALI lfS:m+1,

‘|M7[71L]7r+1[b](f)”s,q,T ,Sb,m,r,s,q LHfHSfm,qu Hf2<s—m<r+1+ %7
||f||sfm—%’q,1 ifs—m>r+1_~_%
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min{s— m—f,r—i-l},q

for any b€ C2°(I) and all f e W meg “nnNw,
A
For the remaining case 1 < s—m <2, (s,q) € Anm, and r > 1, we apply an interpo-

lation argument. More specifically, Mm 1(b] maps W E’q(I) into W™m*L4(T) and

2-1,
W, ¢ ‘(I into W™+2:4(T). Consequently,

(I), where (s,q) €

-2, 2-¢, m m
MOl W), W T (D)]g,g — WD), WHR(T)],

)

for any 0 < 6 < 1. Choosling 0 = s—m — 1 and applying (A.10) and (6.4) gives
that MEL{TH[b] maps Wzia’q(l) into W™+$:4(T'). This completes the proof of (6.7).
Equation (4.8) now follows from the smoothness of (4.1). Direct computation then
shows (4.7a).

Suppose further that f € P,(71), p € No, with 8} f(az) =0 for 0<i <7 —1. Then
£ f o p(t) € Pp_r(I), and so My, (f) € Py (T).

The result for M%,r, i € {2,3}, follows from the chain rule and the smoothness
of the mappings R and R~!

6.4. Proof of Lemma 4.3. Let m € Ng, r € N, b € C(I), and (s,q) € Ap,
be as in the statement of the lemma. Let &;,n; € Pi—1(I), i € {1,2,...,r}, be the
components from the partial fraction decomposition of {¢t(1 —¢)}~":

{t(t=)}" Z{gz 12 z+771 )(1_t)_i}'

min{s—m—

Then, for f € stm*%’q(vl) NWyo arha (71), there holds that

S (Hay)=2""" (1 -z~ ZMW )
(l—z—y HZM Hl—z—y,y),

where b(t) = b(1 — t) and 7 (¢ ) = 77(1 —t) for t € I, while f(;v y) fd —xz,y)
fOI‘ (x’y) c . Smce f G mm s—m— qﬂ‘}yq( ) f c Wmm{s m— q,T ,q( ) and f c

min{sfmffé,r},q

w, (71), and so

IS5 (Mt Smrpaa Z{IIM[” 1 ) paor + 1ML 81 F) g.0.m }

i=1

for 0 < 8 <'s. Equations (4.11) and (4.12) now follow from the triangle inequality and
(4.8) on noting that

cl&ifllp—m—1.q,r + Ll fllg—m—1,4.10 Smrp.a 00l fllg—m—1,4,1

form+1<pg<m+r+ %, (8,q) € A,,. Direct computation then gives (4.10).
Suppose further that f € P,(y1), p € Ny, with 9} f|s,, =0 for i € {0,1,...,r — 1}.
Then (dads) " f € Pp_r(11), and 50 SE(f) € Ppym (T).
The result for Sy, i € {2,3}, follows from the chain rule and the smoothness of
the mappings R and R~!.
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7. Generalization to arbitrary-order normal derivatives. In section 5, we
constructed an operator £ that boundedly lifts a pair of functions defined on the
boundary 97T to a single function defined on the whole triangle 7. We now consider
the generalized problem of boundedly lifting m + 1 functions on 0T to one function
on T. To make this statement precise, we first review the regularity of the traces
of u e W*9(T) for (s,q) € Am, as we did in section 2 for (s,q) € A;. To this end,
we define the mth-order trace operator ¢™, m > 2, edge by edge to be the unique
symmetric mth order tensor satisfying

TP SO I jrgsegon (E) 3 (8) g == (8) 5 () (1) gy - (104),, = O f ™

for 0 <1< m, where we use the Einstein summation notation.

Let F = (ulor, Onulor,-..,0Tulsr). Applying the same arguments as in section
2, we see that o™ (F) = D™u on JT, and so (2.3) gives the edge regularity condition
(7.1). Similarly, we obtain continuity conditions of ¢ (F) from (2.3) and (2.4) for
particular values of s and ¢ as stated in (7.2a) with [ = 0. By forming mixed derivatives
at a vertex using tangential derivatives of 0 (F), as we did with o' in section 2, we
obtain additional conditions which we now describe. For a d-dimensional tensor S
and v € R2, we define

v®0.8=95 and % .5= Sivig,...iyVisVig -+ Viys le{1,2,...,d}.
Then, using the symmetry of the derivative tensors, we have
"u(a;) = tz®l2 (tgl D™ty (a:))
l 1 ol
Oy, , D" u(a;) =3, - 91075 (F)(a:)

tito
for 1 € {0,1,...,m}. Thus, we obtain at most m additional continuity conditions at
the vertices as stlated in (7.2). In summary, o}"(F) satisfies the following conditions:
1. W™ 09 regularity on each edge:

tily 0107t (F)(ar) =t7l, - 0f

®1 ®1
- tz+1 (tz+2

z+1

DmHU( )) = t?—'ﬁl

(7.1) o (F) eWSfmf?q(%), ie{1,2,3}.

2. Continuity at vertices:
(7.2a) 3, - Ofofty (F)(ai) =tE, - dioly(F)(ai) if (s —m—1)g>2
(7.2b) Iq(t;®+l2 0 1—0—1(F)7t?‘:1 o 0i'to(F)) <oo if (s=m—1l)g=

for 1€{0,1,...,m} and i € {1,2,3}.
Motivated by the above conditions, we define the space X5:9(9T) for (s,q) € A
as follows:
(7.3) X390T) = {(fO, f, ..., f™) € LUT)™ T ook (O, f1, ..., f*) satisfies
(7.1) and (7.2) for k€{0,1,...,m}},

equipped with the norm

0P P o= S

1=1 k=0

s {I?(t;% Ohorty (), 4L, - Ohotty (1) if (s —m —1)g =

— |0 otherwise.

Note that with the above definition, X;"%(0T) = X*%(9T), where X*9(9T) is defined
n (2.13). The above discussion leads to the following trace estimate.
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LEMMA 7.1. For every m € Ny, (8,q) € A, and u € W*4(T), the traces satisfy
(uloT, Onuilor, - .., O ular) € X59(0T) and

(7.4) I(w, Opuy ..., 00 u)|

X59.07 Smisq |[Uls,q,7

The remainder of this section is devoted to proving the following generalization of
Theorem 3.2.

THEOREM 7.2. Let m € Ny. There exists a single linear operator
Ln: | Xpu01)—Wm™N(T)
(SaQ)e-Am

satisfying the following properties. For all (s,q) € Ay and F = (fO, fL... fm™) €
X29(9T), L, (F) € W4(T) and there holds that

(7.5)
arli’cm(F)|9T:fk7 ke {071,...7m}, and H‘Cm(F)HS,q,T Sm,s,q ||FHX$,;“,8T~

Moreover, if for some p € Ng and all i € {1,2,3} there holds that

(7.6a) FeP, (v, ke{0,1,...,m},
(76b) Uf+1(f07fla-~-7fk)(ai>:U§+2(foafla---7fk)(ai)7 ]{76{0,1,...7’”’1/}7
(7.6¢) tﬁfg '8éaﬂ1(F)(ai):tﬁf1 '6£0ﬁ2(F)(ai)7 le{l,2,...,m},

then L, (F) € Pp(T) and (7.5) holds for all (s,q) € Ap.
7.1. Two technical lemmas. We first generalize Lemma 5.2.

LEMMA 7.3. Let m € Ny, (s,q) € A, and F = (fO, f1,....f™) € X%90T).
Suppose that for some l € {0,1,...,m}, there holds that

(i) ff=fi==f"=0, and

(i) ff=fo="=f"=0ifl>1
Then fi e Wf’q(vg), with =min{s — 1l — 1/q,m + 1}, and there holds that

(7.7) 126,00 Sp.a 1Fllxzm 01
If, in addition, F satisfies (7.6), then 8! fi(as) =0, j €{0,1,...,m}.
Proof. Let m € Ng, [ € {0,1,...,m}, (5,q) € A, and F = (fO, f1,...,f™) €
X59(9T) be as in the statement of the lemma. By definition, there holds that
(7.8) 1Fj1lls.amin Smopoa 1F | xs0 07,

and so it remains to verify the conditions (4.5) and bound the weighted LY norm term
in (4.6) when s —2/q € Z.
Let ¢1(h) = a3z — hty, and let ¢a(h) = a3 + hty for 0 < h <1 be the same edge
parametrizations as in the proof of Lemma 5.2. Thanks to the identity
(7.9) ook (FY=t5"-obt"(F),  re{0,1,....,m—1},
where ¢/ (F) =0o7(f°, f1,..., f7), we obtain the following for k € {0,1,...,m —1—1}:
Op{fr0 b2} =0 {n5' - 0y(F) o b2}
=t3" - ng" oy (F) o ¢y
=t5®l+k . Tl;@l . {O.l2+k(F) 0 o — O.ll-‘rk(F) ° ¢1}’
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where we used (i) in the final step. Equation (7.2a) then gives 0f f}(a3) = 0.
For ke {m—Ii,m—1+1,...,m} and k < s —1+1/q, there holds that

Of fy=ng' -5 oy oy (F).
Since t; and t, are linearly independent, there exist constants ci,co € R such that
ny =1ty + caty, and so (7.9) gives
l l
affé — Z Ezt?z . té@mfz . aécferlUm Z ®z akJrl 7 %(F)
i=0 i=0
for suitable constants {¢;}. Thanks to (i), 9™ ~*{o%(F)o¢o} =0 for i € {0,1,...,1—
1}, and so
i fio o} =at? #5105 o (F) o 6o}
_ éltég)mfl .t(IX)mfk . {ttlgkferl . al]iferl{o_gn(F) ° ¢2}

— TG o (F) 0 61},
where we used (i). Using (7.2a) and combining with the case k <m —1— 1 then gives
o fllaz)=0 if (s—k—1)g>2and 0<k<m.
When (s —k —1)g =2, we have the bound
1 o o
lds “OF F1113 -, S 107 11 5, + T3 (857 - 8]0 (F), 277 - 0] 03 (F)),

where j =k —m + 1. Collecting results then gives f € WLB’q('yg) and (7.7).

Now suppose that F satisfies (7.6). Then we have already shown that f} €
W9 () for all 1 < g < oo, and so &} fi(az) =0, j € {0,1,...,m}. 0

We also have the following generalization of Lemma 5.4.

LEMMA 7.4. Let (s,q) € A, and let F = (f°, f1,...,f™) € X59(0T). Suppose
that for some l € {0, 1,...,m} there holds that

i) fR=f= —fm Oforie{l 2}, and

(i) f§=f3= 5 =04dfl>1.
Then f3' € Wéaoq('yg) wzth B=min{s — 1 —1/q,m+ 1}, and there holds that

(7.10) 00||f:§||5,q,% Sha

If, in addition, F satisfies (7.6), then 8! fila,, =0, j € {0,1,...,m}.

Proof. Let m € Ng, [ € {0,1,...,m}, (s,q) € Am, and F = (fO f1,....f™) €
X59(9T) be as in the statement of the lemma. Applying the same arguments as in
the proof of Lemma 7.3, replacing 71 and v with v, and 73 gives f} € Wﬁ (73), with

|Fllxe o1-

(7.11) Lllfslls.a00 Ssiq 1F x5 0m-

Again applying the same arguments as in the proof of Lemma 7.3 but reversing the
roles of 41 and 7, and then replacing v and 2 with 72 and s gives

2
ok fi(ag) =0 for0<k<min{s—k‘—,m+1},
q
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and if (s — k —l)g=2 for some k € {0,1,...,m}, then

1
(7.12) Iy * 07 fllgvs Spoa I1F Nl x 20 o

The inclusion fé € W(%q(73) then follows from (4.9) on noting that dy + do < dida,

which, in conjunction with (7.11), (7.12), and the triangle inequality gives (7.10).
Now suppose that F satisfies (7.6). Then we have already shown that fie

Wnth9(y3) for all 1 < ¢ < oo, and so & fi(a)|,, =0, j € {0,1,...,m}. 0

7.2. Construction of the lifting operator. We now extend the construction
in section 5. Let m € Ny be given, and let b € C2°(I), with [, b(t) dt = 1. For
F=(f f1,...,f™) € LYOT)™ ", we formally define the following operators:

(7.13a)

K (F) =M )(f0),
(7.13b)

KF) = K () 410 (71 = 0 () ) ie{1,2,...,m},
(7.13c)

K F) == KI(F) + MEL 018 — KE(F)],),
(7.13d)

KPPy = K (F) + MEL 0l — 0L (F)]y), ie{l,2,...,m},
(7.13e)

K(F) = K2(F) + S5, B9 — KE(F)],),
(7.13f)

KV F) = K2 () + 8Pl — 0Lk (F)],), ie{1,2,...,m},

(7.13g) Lon(F):=KEPI(F).

We now prove Theorem 7.2.

Proof of Theorem 7.2. Let m € Ny, (s,q) € Ay, and F = (fO, fL,....f™) €
X59(9T). IC([)l] is well-defined by Lemma 4.1, and arguing inductively shows that ICZ[-I]
is well-defined for i € {0,1,...,m}. Repeatedly applying (4.4), the triangle inequality,
and the trace estimate (7.4) gives

1
KB ) s Smssa W1 (F) s+ 157 et g 07

m
1 |
Smsa IR o (P)lsuqr + D Ifillacizt gor

i=m—1

m

1 |
- Smossa KO Nssq + D I fillizs g om

=1

Sm,s,q ||F||Xf,;q,6T~

Moreover, (4.3) shows that 8516[711} (F)|4, = fF for k€{0,1,...,m}.
1
We now turn to IC([)Q]. Applying Lemma 7.3 gives f — Kbl (F)lye €W 2 (y2) N
min{s—% m s . .
wr a0y Thus, K2 s well-defined by Lemma 4.2 with K2 (F)|.,, = £9,

L
alglC([)Q](F)hl =fk, for k€ {0,1,...,m}, and

2
K F) s, Smssa IR ) sz + IS = KEN a2 g0 Smvssa | Fllxczeo o

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/26/24 to 163.1.203.121 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy
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by (4.8), (7.4), and (7.7). Arguing inductively by applying Lemmas 4.2 and 7.3
repeatedly shows that IC?], 1€{0,1,...,m}, is well-defined, with

8kld2] (F)|~/1U~/2 = fk ke {0, 1,... m} and ||’C[2] (F)”s,q,T gm,s,q ||FHX$;;‘1,6T~

Next we turn to IC[ !, Applying Lemma 7.4 gives - IC[Q]( F)lys € Ws_%’q(%) N
min{s—=,m+1
Woo fomgmt }’q( ~v3). Thus, IC([)B] is well-defined by Lemma 4.3 with IC([)g] (F)|s = 19,

8§IC[3](F)|71U72 = fk for ke {0,1,...,m}, and
3
IS () lo.0.0 S 1K )00 + 00l1f5 = K ()l 1 gy S 1Pl x30 0

by (4.12), (7.4), and (7.10). Arguing inductively and analogously as above with
Lemmas 4.3 and 7.4 repeatedly shows that IC?], i1€{0,1,...,m}, is well-defined with

55/C§(F)|3T = fka ke {07 L...,m}, and ”ICE)L](F)”&q,T Sm,s,q ||FHX,;“,;‘1,8T~

This completes the proof of (7.5).
Finally, we assume that F satisfies (7.6). By definition (7.3), F € X39(9T).

Lemma 4.1 then gives that Cl (F) € P,(T). Repeatedly applying Lemmas 7.3 and 4.2
and arguing analogously as in the proof of Theorem 3.2 shows that IC,[i](F ) € Pp(T).
Similar arguments based on Lemmas 7.4 and 4.3 then show that Kl (F) € Py(T),
which completes the proof. ]

8. Summary and future work. We have constructed a right inverse of the
trace operator u +— (u|sr, Opulor, ..., 0Mu|aT), m € Ny, that maps suitable piecewise
polynomial data on 0T into polynomials of the same degree and is bounded from
X59(0T) into W4(T) for all (s,q) € Ap,. One open problem is whether the above
construction is also stable from the appropriate Besov space into W#9(T') when s —
1/q € Z and q # 2 or from the trace of W#4(T) with m +1/¢ < s < m+ 1 into
W#4(T), which arises in the analysis of high-order discretizations of fractional PDEs.
Another open problem is how to generalize the above construction to three or more
space dimensions.

Appendix A. Auxiliary 1D results.
LEMMA A.1. Define the operator Hy formally by the rule

t 1
'HLf(t):fl/O f(s) ds:/o f(ts) ds, tel.

For any real numbers s > 0 and 1 < ¢ < 0o, Hy, is a bounded map of W*9(I) into
W#4(I) and of W;(I) into Wi(I). In particular,

(A1) e flls.q.r Ssiq 1 Flls.az for all f e W>(I),
(A.2) clH e flsgr Ssa llflls,qr for all f e Wp(I).

Proof. Let f € C>(I) and 1 < g < oo. Thanks to [2, Lemma 3.1, equation (3.3)],

t 1
(A.3) (Hof)™(t)= tf("Jrl)/ u £ (u) du :/ u™ f (ut) du for all n € Ny.
0 0

Applying Hardy’s inequality [26, Theorem 327] gives

) < [ (t : / £ |du) dt<(q ) TRITe
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Consequently, Hy, is a bounded map of W™1(TI) into W™4(T) for all n € Ny. Equation
(A.1) now follows from interpolation.

Now let f € W;%(I). Identity (A.3) and inequality (A.1) show that Hpf €
W=4(I) and (Hrf)P(0)=0 for 0<i<s— %. Consequently, in the case s —1/q ¢ Z,
Hrf € W)UI). For s —1/q € Z, we set n = |s| and apply Hardy’s inequality [26,
Theorem 327] once again:

t q q
||7—8<HLf)<”>ng/I(t—1/ u”* [ £ (w)] ds) dt < (q‘%) lm=2 £ ;.
0

Equation (A.1) then shows that H, is a bounded map of W;*(I) into W; () for all

1 < g < 00, which completes the proof. 0
COROLLARY A.2. Let 1 < g<oo. For real numbers s >0, there holds that

(A.4) 177 Fllsgur Soq 1 10,1 for all f e W*HHa(I) N W, (1),

(A5) 2T fllsar Ssq Lllfllstrar for all f e W (1)

Additionally, for all real 0 < B < 1, there holds that

(A.6) 17" fllor Spq el flsqr  forall fEW(I).

Proof. Let s > 0 and 1 < ¢ < oo. Equation (A.4) follows from the identity
t=1f(t) = (Hof')(t) for fe Wstha(I)n W, 4(I) and (A.1). Similarly, (A.5) follows
from the same identity and (A.2).

Now let f € W}?’q(])7 0< B <1. When f¢g=1, (A.6) follows from the definition of
the norm, so suppose that 8¢ # 1. Equation (A.6) is implicit in [24, Theorem 1.4.4.4],

but we provide that proof here for completeness.
(1) We first show that

(A7) 172 gllors Sallgllsar, — forall ge WP (Ry).
By density, it suffices to consider g € C°(R4). (a) Let B¢ < 1. Thanks to the identity

(A8) /y 9(y dy/ / ) dt — 2™ /Oxg(t)dt,

which follows from integration by parts, we have

o0

(A.9) g(fv)Z—w(x)Jr/ y 'w(y) dy,  where w(w)Zx‘l/Oz[g(t)—g(x)] dt.

x

Using Holder’s inequality, we obtain

- = lg(t) — gla)
Ir 5w||g7R+</ ~fa- 1/ 19(6) — g()[7 dt dm</ / Wdtd

Consequently, |7 Pw| 4z, < ||l9lg,qr,. Hardy’s inequality [26, Theorem 330] then

gives
o0 o0
/ w‘ﬁ/ y~w(y) dy
0 x

Consequently, (A.7) holds.

(b) Now assume that B¢ > 1. The identity g(z) = —w(z) — [ ¥ 'w(y) dy, where
w is defined in (A.9), may be shown similarly to the identity (A.8). Applying Hardy’s
inequality [26, Theorem 330] once again gives

00 z q >
Ll [t ) desy [T o @i de <ol s,

and so (A.7) holds.

q o0
iz <, / Pl ()| dz < |lgl% . 5. -
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(2) Now let f € WL’B’q(I), 1<q<oo, Bg+#1. Let f denote an extension of f
to R, satisfying f|; = f and Hf||6,q,R+ Sg.q | fllg.r- Many extensions are possible.
For example, let F' denote the extension of f on (1/2,1) to all of R using the linear
extension operator of Stein [35, Chapter 3] and take f=Fon [1,00). Applying (A.7)
gives

177 Fllat <772 Fllay Sa IF g0 Spoa 1f 60,1

which completes the proof. ]
LEMMA A.3. There exists a linear operator Fr,:\J s>0 W;%(I)— L*(R) satis-
. 1<g<oo
fying

FrOli=1f Fo(f)lr- =0, and [|FL(f)lsqr Ssqrllfllsgr for all feWpi(I).
Moreover, the space C2°((0,1]) is dense in W;'*(I) for all s>0 and 1 < ¢ < co.

Proof. Let 1 < g < 00, k € Ny, 8 € [0,1), s =k + 8, and f € W(I). Let
fe W#4(R,) denote the extension of f to (0,00) in the proof of Corollary A.2. We
then define F7,(f) by Fr(f) =0 on R_ and F(f) = f on R. Clearly, 7, is a linear
operator, and if 8 > 0, there holds that

f(k) =B ¢(k)a
IFL DI e Sona 1512z, + // e dudt Sag 1L+ 171

58,11 L”fHZ,q,I

by (A.6). The case 8 = 0 follows analogously. Thus, the zero extension of f to all
of R is bounded. By [24, Theorem 1.4.2.2], there exists a sequence {fu} C C=(R,)
such that f, — f strongly in W;(R4). Consequently, f, := fn on I satisfies f, €
C2°((0,1]) and f, converges strongly to f in W;'?(I). Thus, C2°((0,1]) is dense in
WS(T). O

LEMMA A4. ForneN, 1 <qg<oo, and 0 < B <1, with Bq # 1 if q # 2, there
holds that

n+f—1.q n—2,q n+l-1g

(A.10) Wy ()= [WL (1), W, (D],
with equivalent norms, where brackets indicate the real method of interpolation [13].

nip_1
Proof Since C’OO((O 1]) is dense in both W, T *(I) and the interpolation space

[W;_E’Q(I),WEH_1 (I)]B,q by Lemma A.3 and [13, Theorem 3.4.2], it suffices to
-1

show that the Wg q’q(I ) norm is equivalent to the interpolation norm. This

equivalence follows from exactly the same arguments as in the proof of [18, Theo-

rem 14.2.3], replacing the operators “Es” and “lEg” with Fp, from Lemma A.3 and
the spaces “W}(Q)” and “WE+1(Q)” with W, *(I) and W"+1 (1), 0
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