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STABLE LIFTING OF POLYNOMIAL TRACES ON TRIANGLES\ast 
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Abstract. We construct a right inverse of the trace operator u \mapsto \rightarrow (u| \partial T , \partial nu| \partial T ) on the reference
triangle T that maps suitable piecewise polynomial data on \partial T into polynomials of the same degree
and is bounded in all W s,q(T ) norms with 1< q <\infty and s\geq 2. The analysis relies on new stability
estimates for three classes of single edge operators. We then generalize the construction for mth-order
normal derivatives, m\in \BbbN 0.
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1. Introduction. The lifting of polynomial traces defined on the boundary of a
triangle T to a function defined over the entire triangle T plays an essential role in the
numerical analysis of high order finite element and spectral element discretizations of
partial differential equations (PDEs). One of the earliest and perhaps most widely
used lifting operators was constructed by Babu\v ska and Suri [10] and later improved
upon by Babu\v ska et al. [9]. The operator maps H

1
2 (\partial T ) boundedly into H1(T ), and

if the boundary datum is a continuous piecewise polynomial, then the lifting is also
a polynomial of the same degree. In the context of second-order elliptic problems,
this operator is used in the convergence analysis of the hp-finite element methods
(FEMs) to obtain optimal convergence rates (see, e.g., [10, 25]) and in the analysis
of substructuring preconditioners (see, e.g., [6, 5, 9, 34]). 3D analogues by Belgacem
[12] on the cube and Mu\~noz-Sola [32] on the tetrahedron have similarly been used in
a priori error analysis. Some generalizations of the operator in [9] with stability in
Lq(T ) based Sobolev spaces were constructed in [31] with applications to hp quasi-
interpolation operators.

A plethora of other lifting operators have since been constructed. In the analysis
of spectral element methods and polynomial inverse inequalities, extension operators
bounded in weighted Sobolev spaces on squares and cubes play a key role; see, e.g.,
[14, 15, 16, 17] and references therein. The lifting operators in [20, 21, 22] satisfy a
commuting diagram property with the de Rham complex and arise in the analysis
of high-order mixed methods for electromagnetic problems. More recently, H2(T )-
stable lifting operators were constructed in [2, 30] and used to prove uniform hp
inf-sup stability for H(div) elements [30] and H1 elements [3] for Stokes flow, as well
as optimal H2 convergence rates for C1 finite elements [4]. The above list is by no
means exhaustive but demonstrates the ubiquity of polynomial lifting operators.

Currently available lifting operators are not sufficient for all applications. For
example, the p-biharmonic equation, which appears in image denoising [27], and the
stream function formulation of 2D incompressible flow of a power-law fluid [19] lead to
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STABLE LIFTING OF POLYNOMIAL TRACES ON TRIANGLES 693
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\bfitt 1

\bfitn 1

T

Fig. 1. Reference triangle T .

nonlinear fourth-order PDEs posed in W 2,q. Consequently, a W 2,q(T )-stable polyno-
mial lifting operator for the trace and normal derivative would be crucial for optimal
a priori error estimates of conforming C1 finite element discretizations. Additionally,
the need for a polynomial lifting of the trace and normal derivative boundedly into
H3(T ) is encountered in the analysis of a high-order mixed FEM for linear elasticity
[8]. Finally, the modeling of phase field crystal models [11] and the evolution of a
thin film [36], among other applications, give rise to sixth-order PDEs. The analysis
of C2-conforming FEMs would require an H3(T )-stable lifting of a polynomial trace,
a normal derivative, and a second-order normal derivative.

The main contribution of this paper is the construction of lifting operators that
are simultaneously stable in all appropriate W s,q(T ) norms, that lift compatible poly-
nomial traces to polynomials, and that apply to each of the applications above.

We first consider the problem of lifting a trace f and normal derivative g into
general W s,q(T ) spaces, where 1< q <\infty and the regularity s\geq 2 can be arbitrarily
large. In particular, we construct a single operator \~\scrL independent of s and q satisfying
\~\scrL (f, g)| \partial T = f , \partial n \~\scrL (f, g)| \partial T = g, and \~\scrL is bounded from an appropriate boundary
norm into W s,q(T ). Additionally, if f and g are piecewise polynomials and satisfy
certain compatibility conditions, then \~\scrL (f, g) is a polynomial. We then construct
lifting operators for the generalization of the above problem to mth-order normal
derivative traces, m \in \BbbN 0. The existence of a lifting operator satisfying the condi-
tions in [2, 9, 31], respectively, follows from our results by taking (m,s, q) = (1,2,2),
(m,s, q) = (0,1,2), and (m,s, q) = (0,1, q).

The remainder of the paper is organized as follows. In section 2, we review the
regularity of the trace u| \partial T and the normal derivative \partial nu| \partial T for a general W s,q(T )
function, where1 < q < \infty and s \geq 2. We state in section 3 the first main result
concerning the existence of \~\scrL satisfying the properties above. The construction of the
operator \~\scrL , which consists of three families of single edge lifting operators detailed
in section 4, is explicitly given in section 5. In section 6, we prove the continuity
properties of the single edge operators. Finally, we generalize our construction to
arbitrary order normal derivatives in section 7.

2. The first two traces of \bfitW \bfits ,\bfitq (\bfitT ) functions. Let T denote the reference
triangle as depicted in Figure 1, and let u \in W s,q(T ), where 1 < q < \infty and s \geq 1
are real numbers. In this section, we review the regularity properties of the trace
u| \partial T and, when well-defined, the normal derivative \partial nu| \partial T , collecting results from
[7, 24, 28, 29].
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694 CHARLES PARKER AND ENDRE S\"ULI

We first define some notation. Given an open set \scrO \subseteq \BbbR d with Lipschitz boundary,
let W k,q(\scrO ), k \in \BbbN 0, q \in [1,\infty ), denote the usual Sobolev spaces [1] equipped with
the norm

\| v\| qk,q,\scrO :=
\sum 
| \alpha | \leq k

\int 
\scrO 
| D\alpha v(x)| q dx,

with the usual modification for q =\infty . We collect the jth-order derivatives into one
jth-order tensor given by

(Dju)i1i2,...,ij = \partial i1\partial i2 \cdot \cdot \cdot \partial iju.

For k = 0, W 0,q(\scrO ) = Lq(\scrO ), and we use the notation \| \cdot \| q,\scrO to denote the norm.
For k \in \BbbN 0 and real \beta \in (0,1), let W k+\beta ,q(\scrO ) denote the standard fractional Sobolev--
Slobodeckij space [1] with norm

\| v\| qk+\beta ,q,\scrO := \| v\| qk,q,\scrO +
\sum 
| \alpha | =k

\int \int 
\scrO \times \scrO 

| D\alpha v(x) - D\alpha v(y)| q

| x - y| \beta q+d
dx dy.(2.1)

The space W \beta ,q(\Gamma ) for a (d  - 1)-dimensional subset \Gamma \subseteq \partial \scrO is defined analogously
(see, e.g., [24, section 1.3.3]) with the norm

\| v\| q\beta ,q,\Gamma := \| v\| qq,\Gamma +

\int \int 
\Gamma \times \Gamma 

| v(x) - v(y)| q

| x - y| \beta q+d - 1
dx dy.

When \Gamma is an edge of a polygon, we additionally define W k+\beta ,q(\Gamma ), k \in \BbbN , as

W k+\beta ,q(\Gamma ) := \{ w \in Lq(\Gamma ) : \partial j
tw \in Lq(\Gamma ), j \in \{ 1,2, . . . , k\} , and \partial k

t w \in W \beta ,q(\Gamma )\} ,

where \partial t is the tangential derivative operator on \Gamma . The corresponding norm is then

\| u\| qk+\beta ,q,\Gamma := \| u\| qk - 1,q,\Gamma + \| \partial k
t u\| 

q
\beta ,q,\Gamma .

We now return to u \in W s,q(T ), with 1 < q < \infty and s \geq 1 and T as in
Figure 1. Since the boundary of T is not smooth owing to the presence of the corners,
the regularity of the trace of u is limited. The primary tool for studying its regularity
is the standard W \beta ,q(T ) trace theorem (see, e.g., [28, Theorem 3.1] or [29, Theorem

1, p. 208): W \beta ,q(T ) embeds continuously into W \beta  - 1
q ,q(\partial T ) for 1/q < \beta < 1 + 1/q.

It will be useful to equip W \beta  - 1
q ,q(\partial T ) with the following equivalent norm (cf. [24,

Lemma 1.5.1.8] and [7, pp. 171--172]):

\| f\| q
\beta  - 1

q ,q,\partial T
\approx \beta ,q

3\sum 
i=1

\| fi\| q\beta  - 1
q ,q,\gamma i

+

\Biggl\{ \sum 3
i=1 \scrI 

q
i (fi+1, fi+2) if \beta q= 2,

0 otherwise,

where fi denotes the restriction of f to \gamma i, \scrI q
i (f, g) is defined by the rule

\scrI q
i (f, g) :=

\int 1

0

h - 1| f(\bfita i  - h\bfitt i+1) - g(\bfita i + h\bfitt i+2)| q dh,(2.2)

and indices are understood modulo 3. We use the standard notation a\lesssim c b to mean
a\leq Cb, where C is a generic constant depending only on c, while a\approx c b means a\lesssim c b
and b\lesssim c a.
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STABLE LIFTING OF POLYNOMIAL TRACES ON TRIANGLES 695

Let s= k+\beta , where k \in \BbbN and \beta \in [0,1). The jth-order derivative tensor satisfies
Dju\in W s - j,q(T )\subset W 1+\beta ,q(T ), 0\leq j \leq k - 1, and Dku\in W \beta ,q(T ). The trace theorem
then gives \left\{     

Dju| \partial T \in Lq(\partial T ) for 0\leq j < s - 1
q ,

Dk - 1u| \partial T \in W \beta +1 - 1
q ,q(\partial T ) if \beta q < 1,

Dku| \partial T \in W \beta  - 1
q ,q(\partial T ) if \beta q > 1.

Note that in the final two cases above, the case \beta q = 1 is missing. In general, the
trace of a W 1+ 1

q ,q(T ) function does not have a globally defined tangential derivative
in Lq(\partial T ) (see, e.g., Proposition 3.2 in [28] and the subsequent discussion). Moreover,

the trace of a W k+ 1
q ,q(\BbbR 2), k\geq 1, function on the real line ( - \infty ,\infty )\times \{ 0\} belongs to

a Besov space which cannot be identified with an integer-order Sobolev space unless
q = 2, in which case the trace belongs to W k,2(\BbbR ) (see, e.g., [1, Chapter 7] or [29,
Theorem 4, p. 20]).1 Using standard arguments (cf. [7, Theorem 6.1]), one can show
that \left\{           

\| Dju\| q,\gamma i
<\infty for 0\leq j < s - 1

q ,

\| Dk - 1u\| \beta +1 - 1
q ,q,\gamma i

<\infty if \beta q < 1,

\| Dku\| \beta  - 1
q ,q,\gamma i

<\infty if \beta q > 1 or (\beta , q) = ( 12 ,2),

\scrI q
i (D

ku,Dku)<\infty if \beta q= 2.

(2.3)

Thanks to the Sobolev embedding theorem, we augment the above conditions with
the following continuity condition: if u\in W s,q(T ), then

Dju\in C( \=T ) if (s - j)q > 2, j \in \{ 0,1, . . . , k\} .(2.4)

We first focus on the consequences of (2.3) and (2.4) for the trace u| \partial T . We may
express the jth-order tangential derivative of u on \gamma l in terms of Dju as follows:

\partial j
t u= (Dju)i1i2,...,ij (\bfitt l)i1(\bfitt l)i2 \cdot \cdot \cdot (\bfitt l)ij on \gamma l.

Thanks to (2.3), u| \gamma i \in W s - 1
q ,q(\gamma i), i\in \{ 1,2,3\} , whenever (s, q)\in \scrA 0, where

\scrA m :=

\biggl\{ 
(s, q)\in \BbbR 2 : 1< q <\infty , s\geq m+ 1, and s - 1

q
/\in \BbbZ if q \not = 2

\biggr\} 
, m\in \BbbN 0.(2.5)

Moreover, if sq = 2, then \scrI q
i (u,u)<\infty , while if sq > 2, then (2.4) shows that u| \partial T is

continuous. In summary, the 0th-order trace operator \sigma 0 defined by the rule

\sigma 0(f) := f on \partial T(2.6)

satisfies the following conditions for f = u| \partial T and (s, q)\in \scrA 0:
1. W s - 1

q ,q regularity on each edge:

\sigma 0
i (f)\in W s - 1

q ,q(\gamma i), i\in \{ 1,2,3\} .(2.7)

2. Continuity at vertices: For i\in \{ 1,2,3\} , there holds that

\sigma 0
i+1(f)(\bfita i) = \sigma 0

i+2(f)(\bfita i) if sq > 2,(2.8a)

\scrI q
i (\sigma 

0
i+1(f), \sigma 

0
i+2(f))<\infty if sq= 2.(2.8b)

1The case \beta = 1/q and q \not = 2 is beyond the scope of this paper.
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696 CHARLES PARKER AND ENDRE S\"ULI

We now turn to the normal derivative \partial nu| \partial T for (s, q) \in \scrA 1. Following the same
arguments as above, we have

\partial j
t \partial nu= (Dj+1u)i1i2,...,ij+1

(\bfitt l)i1(\bfitt l)i2 \cdot \cdot \cdot (\bfitt l)ij (\bfitn l)ij+1
on \gamma l,

and so \partial nu| \gamma l
\in W s - 1 - 1

q ,q(\gamma i), i \in \{ 1,2,3\} . However, \partial nu does not in general have
any additional regularity owing to the jumps in the normal vector along \partial T . Instead,
we turn to the operator \sigma 1 defined by the rule

\sigma 1(f, g) := \partial t\sigma 
0(f)\bfitt + g\bfitn = (\partial tf)\bfitt + g\bfitn on \partial T.(2.9)

Then \sigma 1(u,\partial nu) = (\partial tu)\bfitt + (\partial nu)\bfitn = Du on \partial T , and so applying the edge regular-

ity (2.3) to \sigma 1 gives (2.10). In particular, we recover \partial nu| \gamma i
\in W s - 1 - 1

q ,q(\gamma i) via the
relation \partial nu| \gamma i

= \sigma 1
i (u,\partial nu) \cdot \bfitn i. However, we obtain additional conditions: The con-

tinuity condition (2.4) gives (2.11a), while the integral condition (2.11b) follows from
(2.3). Furthermore, if (s - 2)q > 2, then u \in C2(\=\Omega ). In particular, the mixed deriv-
ative \partial ti+1ti+2

u is continuous at each vertex \bfita i, i \in \{ 1,2,3\} , which may be expressed
in terms of \sigma 1(u,\partial nu) as follows:

\partial t\sigma 
1
i+1(u,\partial nu)(\bfita i) \cdot \bfitt i+2 = \partial ti+1

Du(\bfita i) \cdot \bfitt i+2 = \partial ti+1ti+2
u(\bfita i)

= \partial ti+2
Du(\bfita i) \cdot \bfitt i+1 = \partial t\sigma 

1
i+2(u,\partial nu)(\bfita i) \cdot \bfitt i+1.

Consequently, we obtain that the additional condition (2.12) follows from (2.3) and
(2.4). In summary, the traces f = u| \partial T and g = \partial nu| \partial T satisfy the following for all
(s, q)\in \scrA 1:

1. W s - 1 - 1
q ,q regularity on each edge:

\sigma 1
i (f, g)\in W s - 1 - 1

q ,q(\gamma i), i\in \{ 1,2,3\} .(2.10)

2. Continuity at vertices: For i\in \{ 1,2,3\} , there holds that

\sigma 1
i+1(f, g)(\bfita i) = \sigma 1

i+2(f, g)(\bfita i) if (s - 1)q > 2,(2.11a)

\scrI q
i (\sigma 

1
i+1(f, g), \sigma 

1
i+2(f, g))<\infty if (s - 1)q= 2.(2.11b)

3. Higher derivative continuity at vertices: For i\in \{ 1,2,3\} , there holds that

\bfitt i+2 \cdot \partial t\sigma 1
i+1(f, g)(\bfita i) = \bfitt i+1 \cdot \partial t\sigma 1

i+2(f, g)(\bfita i) if (s - 2)q > 2,(2.12a)

\scrI q
i (\bfitt i+2 \cdot \partial t\sigma 1

i+1(f, g), \bfitt i+1 \cdot \partial t\sigma 1
i+2(f, g))<\infty if (s - 2)q= 2.(2.12b)

Motivated by the above conditions, we define the space Xs,q(\partial T ) for (s, q) \in \scrA 1 as
follows:

Xs,q(\partial T ) := \{ (f, g)\in Lq(T )2 : (f, g) satisfy (2.7), (2.8a), and (2.10)--(2.12)\} ,(2.13)

equipped with the norm

\| (f, g)\| qXs,q,\partial T :=

3\sum 
i=1

\Bigl\{ 
\| fi\| qs - 1

q ,q,\gamma i
+ \| gi\| qs - 1 - 1

q ,q,\gamma i

\Bigr\} 

+

3\sum 
i=1

\left\{     
\scrI q
i (\sigma i+1(f, g), \sigma i+2(f, g)) if (s - 1)q= 2,

\scrI q
i (\bfitt i+2 \cdot \partial t\sigma i+1(f, g), \bfitt i+1 \cdot \partial t\sigma i+2(f, g)) if (s - 2)q= 2,

0 otherwise.

The preceding discussion then shows that for u\in W s,q(T ), (u| \partial T , \partial nu| \partial T )\in Xs,q(\partial T ).
The following result shows that the converse is also true [7, Theorem 6.1].
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STABLE LIFTING OF POLYNOMIAL TRACES ON TRIANGLES 697

Theorem 2.1. For every (s, q)\in \scrA 1, and u\in W s,q(T ), there holds that

(u| \partial T , \partial nu| \partial T )\in Xs,q(\partial T ), with \| (u,\partial nu)\| Xs,q,\partial T \lesssim s,q \| u\| s,q,T .(2.14)

Moreover, there exists a single linear operator \scrL :
\bigcup 

(s,q)\in \scrA 1
Xs,q(\partial T ) \rightarrow W 1,1(T )

satisfying the following properties: For all (s, q)\in \scrA 1 and (f, g)\in Xs,q(\partial T ), \scrL (f, g)\in 
W s,q(T ) and there holds that

\scrL (f, g)| \partial T = f, \partial n\scrL (f, g)| \partial T = g, and \| \scrL (f, g)\| s,q,T \lesssim s,q \| (f, g)\| Xs,q,\partial T .(2.15)

In other words, there exists a single lifting operator of the trace and normal
derivative that is stable from Xs,q(\partial T ) to W s,q(T ) for all (s, q)\in \scrA 1.

3. Statement of the first main result. The present work constructs another
lifting operator \~\scrL satisfying the same interpolation and continuity properties as \scrL of
(2.15), with the additional property that if (f, g) \in Xs,q(\partial T ) are suitable piecewise
polynomials of degree p and p - 1, then \~\scrL (f, g) is a degree p polynomial. The operators
in [7, 24] do not satisfy this property as, among other reasons, they are constructed
by using partition of unity on the boundary \partial T . Instead, we seek an alternative
construction.

The first issue at hand is to identify the appropriate conditions on f and g that
ensure that a polynomial lifting exists. Let \scrP r(\scrO ) denote the set of polynomials of
total degree at most r\geq 0 on an open set \scrO ; for r < 0, set \scrP r(\scrO ) = \{ 0\} . If the lifting
of f and g is polynomial \~\scrL (f, g) \in \scrP p(T ), then \~\scrL (f, g) \in W s,q(T ) for all (s, q) \in \scrA 1,
and so a necessary condition is that (f, g) satisfy (2.8a), (2.11a), and (2.12a). The
following lemma shows that these conditions are also sufficient for (f, g)\in Xs,q(\partial T ).

Lemma 3.1. Let f, g : \partial T \rightarrow \BbbR , with fi \in \scrP p(\gamma i) and gi \in \scrP p - 1(\gamma i), i \in \{ 1,2,3\} ,
for some p\in \BbbN 0. Then (f, g)\in Xs,q(\partial T ) for all (s, q)\in \scrA 1 if and only if (f, g) satisfy
(2.8a), (2.11a), and (2.12a).

Proof. Let (f, g) be as in the statement of the lemma, and assume that (f, g)
satisfy (2.8a), (2.11a), and (2.12a). Since polynomials are smooth, (f, g) satisfy (2.7)
and (2.10), while (2.8b), (2.11b), and (2.12b) follow from (2.8a), (2.11a), and (2.12a).
Thus, (f, g) \in Xs,q(\partial T ) for all (s, q) \in \scrA 1. The reverse implication follows by defini-
tion.

We now state our first main result.

Theorem 3.2. There exists a single linear operator

\~\scrL :
\bigcup 

(s,q)\in \scrA 1

Xs,q(\partial T )\rightarrow W 1,1(T )

satisfying the following properties: For all (s, q)\in \scrA 1 and (f, g)\in Xs,q(\partial T ), \~\scrL (f, g)\in 
W s,q(T ) and there holds that

\~\scrL (f, g)| \partial T = f, \partial n \~\scrL (f, g)| \partial T = g, and \| \~\scrL (f, g)\| s,q,T \lesssim s,q \| (f, g)\| Xs,q,\partial T .(3.1)

Moreover, if fi \in \scrP p(\gamma i), gi \in \scrP p - 1(\gamma i), i \in \{ 1,2,3\} , for some p \in \BbbN 0 and satisfy
(2.8a), (2.11a), and (2.12a), then \~\scrL (f, g)\in \scrP p(T ) and (3.1) holds for all (s, q)\in \scrA 1.
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698 CHARLES PARKER AND ENDRE S\"ULI

4. Fundamental single edge operators. The construction of the operator
\~\scrL relies on three families of fundamental operators that lift a function defined on
the unit interval I := (0,1) to the reference triangle T . The first family is based
on a convolution operator (see e.g. [7, equation (4.2)], [9, 14], [15, equation (2.1),
p. 56], [33, section 2.5.5]): Given a nonnegative integer m \in \BbbN 0, a smooth compactly

supported function b \in C\infty 
c (I), and a function f : I \rightarrow \BbbR , we define the operator \scrE [1]

m

formally by the rule

\scrE [1]
m (f)(x, y) :=

( - y)m

m!

\int 
I

b(t)f(x+ ty) dt, (x, y)\in T.

We will use the notation \scrE [1]
m [b] when we want to make the dependence on b explicit.

Identifying \gamma 1 with I via the mapping

\varphi 1(h) := (1 - h)\bfita 2 + h\bfita 3, h\in I,(4.1)

we use the notation \scrE [1]
m (f) := \scrE [1]

m (f \circ \varphi 1) for f : \gamma 1 \rightarrow \BbbR .
Analogous operators for edges \gamma 2 and \gamma 3 may be defined by mapping the triangle

T onto itself. More specifically, the map R(x, y) = (1  - x  - y,x)T takes T \rightarrow T by
rotating the labels of the vertices and edges in Figure 1 counterclockwise, while its
inverse R - 1(x, y) = (y,1 - x - y)T corresponds to a clockwise rotation of the labels.

For f : \gamma 2 \rightarrow \BbbR and g : \gamma 3 \rightarrow \BbbR , we then define \scrE [2]
m (f) and \scrE [3]

m (g) as follows:

\scrE [2]
m (f) := 2 - 

m
2 \scrE [1]

m (f \circ R) \circ R - 1 and \scrE [3]
m (g) := \scrE [1]

m (g \circ R - 1) \circ R.(4.2)

The properties of these operators are summarized in the following lemma.

Lemma 4.1. Let m \in \BbbN 0, b \in C\infty 
c (I), with

\int 
I
b(t) dt= 1, and i \in \{ 1,2,3\} . For all

(s, q)\in \scrA m and f \in W s - m - 1
q ,q(\gamma i), the lifting \scrE [i]

m (f)\in W s,q(T ), and there holds that

\partial j
n\scrE [i]

m (f)| \gamma i
= f\delta jm, j \in \{ 0,1, . . . ,m\} ,(4.3)

and for real 0\leq \beta \leq s,

\| \scrE [i]
m (f)\| \beta ,q,T \lesssim b,m,\beta ,q

\Biggl\{ 
\| dm - \beta + 1

q

i+1 f\| \gamma i
if 0\leq \beta \leq m,

\| f\| \beta  - m - 1
q ,q,\gamma i

if m+ 1\leq \beta \leq s, (\beta , q)\in \scrA m,
(4.4)

where \delta jm is the Kronecker delta, \| \cdot \| \beta ,q,T is defined in (2.1), and dj is the distance

to \bfita j. If, in addition, f \in \scrP p(\gamma i), p\in \BbbN 0, then \scrE [i]
m (f)\in \scrP p+m(T ).

Equation (4.3) shows that the function \scrE [i]
m (f) is a lifting of f from \gamma i to T . The

proof of Lemma 4.1, along with the rest of the results in this section, are postponed
until section 6.

4.1. The Mu\~noz-Sola operator \bfscrM \bfitm ,\bfitr . We now define a lifting operator mo-
tivated by Mu\~noz-Sola [32, Lemma 6]. Given m,r \in \BbbN 0, b \in C\infty 

c (I), and function

f : I \rightarrow \BbbR , we define \scrM [1]
m,r(f) formally by the rule

\scrM [1]
m,r(f)(x, y) := xr\scrE [1]

m (\tau  - rf)(x, y) = xr ( - y)m

m!

\int 
I

b(t)
f(x+ tx)

(x+ ty)r
dt, (x, y)\in T.

Here, and in what follows, \tau denotes the function \tau (t) = t for t \in I. We again use

the notation \scrM [1]
m,r[b](f) and \scrM [1]

m,r(f) := \scrM [1]
m,r(f \circ \varphi 1) for f : \gamma 1 \rightarrow \BbbR analogously
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STABLE LIFTING OF POLYNOMIAL TRACES ON TRIANGLES 699

as above. Loosely speaking, the presence of the term (x+ty) - r in the above expression

means that, for r > 0, f(t) needs to decay to 0 sufficiently fast at t= 0 for \scrM [1]
m,r(f)

to have sufficient regularity. To characterize this decay more precisely, we introduce
some additional spaces.

Let i \in \{ 1,2,3\} , and let W k+\beta ,q
L (\gamma i), k \in \BbbN 0, 0 \leq \beta < 1, 1 < q < \infty , denote the

subspace of W k+\beta ,q(\gamma i) functions satisfying\Biggl\{ 
\partial j
t f(\bfita i+1) = 0 for 0\leq j < k+ \beta  - 1

q ,

\| d - 
1
q

i+1\partial 
k
t f\| q,\gamma i

<\infty if \beta q= 1,
(4.5)

equipped with the norm

L\| u\| qk+\beta ,q,\gamma i
:= \| u\| qk+\beta ,q,\gamma i

+

\Biggl\{ 
\| d - 

1
q

i+1\partial 
k
t f\| qq,\gamma i

if \beta q= 1,
0 otherwise,

(4.6)

where dj is defined in Lemma 4.1. The weighted spaces W k+\beta ,q
L (\gamma i) are crucial for

characterizing the continuity of the operators \scrM [i]
m,r(f), i \in \{ 1,2,3\} , where \scrM [2]

m,r(f)

and \scrM [3]
m,r(f) are defined analogously as in (4.2), as the following result shows.

Lemma 4.2. Let m \in \BbbN 0, r \in \BbbN , b \in C\infty 
c (I), with

\int 
I
b(t) dt = 1, and i \in 

\{ 1,2,3\} . For all (s, q) \in \scrA m and f \in W s - m - 1
q ,q(\gamma i) \cap W

min\{ s - m - 1
q ,r\} ,q

L (\gamma i), the

lifting \scrM [i]
m,r(f)\in W s,q(T ), and there holds that

\partial j
n\scrM [i]

m,r(f)| \gamma i = f\delta jm, j \in \{ 0,1, . . . ,m\} ,(4.7a)

\partial l
n\scrM [i]

m,r(f)| \gamma i+2
= 0, l \in \{ 0,1, . . . , r - 1\} and (s - l)q > 1,(4.7b)

and for real 0\leq \beta \leq s,

\| \scrM [i]
m,r(f)\| \beta ,q,T \lesssim b,m,r,\beta ,q

\left\{       
\| dm - \beta + 1

q

i+1 f\| q,\gamma i
if 0\leq \beta \leq m,

L\| f\| \beta  - m - 1
q ,q,\gamma i

if m+ 1\leq \beta \leq m+ r+ 1
q , (\beta , q)\in \scrA m,

\| f\| \beta  - m - 1
q ,q,\gamma i

if m+ r+ 1
q <\beta \leq s, (\beta , q)\in \scrA m.

(4.8)

If, additionally, f \in \scrP p(\gamma i), p \in \BbbN 0, with \partial l
tf(\bfita 1) = 0 for l \in \{ 0,1, . . . , r  - 1\} , then

\scrM [i]
m,r(f)\in \scrP p+m(T ).

In particular, the function \scrM [i]
m,r(f) is a lifting of f with the additional property

that the normal derivatives up to order r - 1 of \scrM [i]
m,r(f) vanish on \gamma i+2.

4.2. The Mu\~noz-Sola operator \bfscrS \bfitm ,\bfitr . We define one final lifting operator,
again inspired by Mu\~noz-Sola [32, Lemmas 7 and 8]: Let m, r, b, and f be as above,

and define \scrS [1]
m,r(f) formally by the rule

\scrS [1]
m,r(f)(x, y) := \{ x(1 - x - y)\} r\scrE [1]

m

\biggl( 
f

\{ \tau (1 - \tau )\} r

\biggr) 
(x, y)

= \{ x(1 - x - y)\} r ( - y)m

m!

\int 
I

b(t)
f(s)

\{ s(1 - s)\} r

\bigm| \bigm| \bigm| \bigm| 
s=x+ty

dt, (x, y)\in T,

and again use the notation \scrS [1]
m,r[b](f) and \scrS [1]

m,r(f) := \scrS [1]
m,r(f \circ \varphi 3) for f : \gamma 1 \rightarrow \BbbR 

analogously as above. Similarly to the operator \scrM [1]
m,r, the presence of the term
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700 CHARLES PARKER AND ENDRE S\"ULI

\{ (x+ ty)(1 - x - ty)\}  - r in the above expression means that for r > 0, f(t) needs to

decay to 0 sufficiently fast at t= 0 and t= 1 for \scrS [1]
m,r(f) to have sufficiently regularity.

Here, the appropriate space to describe this decay is W k+\beta ,q
00 (\gamma i), k \in \BbbN 0, 0\leq \beta <

1, 1< q <\infty , i\in \{ 1,2,3\} , the subspace of W k+\beta ,q(\gamma i) functions satisfying\Biggl\{ 
\partial i
tf | \partial \gamma i

= 0 for 0\leq i < k+ \beta  - 1
q ,

\| (di+1di+2)
 - 1

q \partial k
t f\| q,\gamma i

<\infty if \beta q= 1,
(4.9)

equipped with the norm

00\| u\| qk+\beta ,q,\gamma i
:= \| u\| qk+\beta ,q,\gamma i

+

\biggl\{ 
\| (di+1di+2)

 - 1
q \partial k

t f\| qq,\gamma i
if \beta q= 1,

0 otherwise.

We then have the following result for the operator \scrS [i]
m,r, i \in \{ 1,2,3\} , where \scrS [2]

m,r(f)

and \scrS [3]
m,r(f) are defined analogously as in (4.2).

Lemma 4.3. Let m \in \BbbN 0, r \in \BbbN , b \in C\infty 
c (I), with

\int 
I
b(t) dt = 1, and i \in 

\{ 1,2,3\} . For all (s, q) \in \scrA m and f \in W s - m - 1
q ,q(\gamma i) \cap W

min\{ s - m - 1
q ,r\} ,q

00 (\gamma i), the

lifting \scrS [i]
m,r(f)\in W s,q(T ), and there holds that

\partial j
n\scrS [i]

m,r(f)| \gamma i
= f\delta jm, j \in \{ 0,1, . . . ,m\} ,(4.10a)

\partial l
n\scrS [i]

m,r(f)| \gamma i+1\cup \gamma i+2
= 0, l \in \{ 0,1, . . . , r - 1\} and (s - l)q > 1,(4.10b)

and for real 0\leq \beta \leq m,

\| \scrS [i]
m,r(f)\| \beta ,q,T \lesssim b,m,r,\beta ,q \| d

m - \beta + 1
q

i+1 f\| q,\gamma i
+ \| dm - \beta + 1

q

i+2 f\| q,\gamma i
,(4.11)

while for m+ 1\leq \beta \leq s,

\| \scrS [i]
m,r(f)\| \beta ,q,T \lesssim b,m,r,\beta ,q

\Biggl\{ 
00\| f\| \beta  - m - 1

q ,q,\gamma i
if \beta \leq m+ r+ 1

q , (\beta , q)\in \scrA m,

\| f\| \beta  - m - 1
q ,q,\gamma i

if m+ r+ 1
q <\beta \leq s, (\beta , q)\in \scrA m.

(4.12)

If, additionally, f \in \scrP p(\gamma i), p \in \BbbN 0, with \partial i
tf | \partial \gamma i

= 0 for i \in \{ 0,1, . . . , r  - 1\} , then

\scrS [i]
m,r(f)\in \scrP p+m(T ).

In particular, the function \scrS [i]
m,r(f) is a lifting of f with the additional property

that the normal derivatives up to order r - 1 of \scrS [i]
m,r(f) vanish on \gamma i+1 and \gamma i+2.

5. Construction of the lifting operator \~\bfscrL . In this section, we explicitly
construct the operator \~\scrL in Theorem 3.2 using the single edge operators in the previous
section. The construction proceeds in three steps, one per edge. Throughout this
section, let b\in C\infty 

c (I) denote any fixed function satisfying
\int 
I
b(t) dt= 1.

5.1. Stable lifting from \bfitgamma 1. We begin by constructing a lifting operator from
\gamma 1. Given functions f, g : \gamma 1 \rightarrow \BbbR , we formally define \~\scrL [1] : T \rightarrow \BbbR by the rule

\~\scrL [1](f, g) := \scrE [1]
0 [b](f) + \scrE [1]

1 [b]
\Bigl( 
g - \partial n\scrE [1]

0 [b](f)| \gamma 1

\Bigr) 
on T.

The following lemma shows that the operator \~\scrL [1] is a stable lifting of f and g.
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STABLE LIFTING OF POLYNOMIAL TRACES ON TRIANGLES 701

Lemma 5.1. For all (s, q) \in \scrA 1, f \in W s - 1
q ,q(\gamma 1), and g \in W s - 1 - 1

q ,q(\gamma 1), there
holds that

\~\scrL [1](f, g)| \gamma 1 = f and \partial n \~\scrL [1](f, g)| \gamma 1 = g,(5.1)

with

\| \~\scrL [1](f, g)\| s,q,T \lesssim s,q \| f\| s - 1
q ,q,\gamma 1

+ \| g\| s - 1 - 1
q ,q,\gamma 1

.(5.2)

Moreover, if f \in \scrP p(\gamma 1) and g \in \scrP p - 1(\gamma 1), p\in \BbbN 0, then \~\scrL [1](f, g)\in \scrP p(T ).

Proof. Let (s, q)\in \scrA 1, f \in W s - 1
q ,q(\gamma 1), and g \in W s - 1 - 1

q ,q(\gamma 1) be given. Equation
(5.1) follows immediately from (4.3). Moreover, (4.4) and the trace theorem (2.14)
give

\| \~\scrL [1](f, g)\| s,q,T \lesssim s,q \| f\| s - 1
q ,q,\gamma 1

+ \| g - \partial n\scrE [1]
0 [b](f)\| s - 1 - 1

q ,q,\gamma 1

\lesssim k,q \| f\| s - 1
q ,q,\gamma 1

+ \| g\| s - 1 - 1
q ,q,\gamma 1

+ \| \scrE [1]
0 [b](f)\| s,q,T

\lesssim k,q \| f\| s - 1
q ,q,\gamma 1

+ \| g\| s - 1 - 1
q ,q,\gamma 1

.

Now let f \in \scrP p(\gamma 1) and g \in \scrP p - 1(\gamma 1), p\in \BbbN 0. Then \scrE [1]
0 [b](f)\in \scrP p(T ) by Lemma

4.1, and so \partial n\scrE [1]
0 [b](f)| \gamma 1 \in \scrP p - 1(\gamma 1). Appealing to Lemma 4.1 again shows that

\scrE [1]
1 [b](g - \partial n\scrE [1]

0 [b](f)| \gamma 1)\in \scrP p(T ), and so \~\scrL [1](f, g)\in \scrP p(T ).

5.2. Stable lifting from \bfitgamma 1 and \bfitgamma 2. With the aid of the operator \~\scrL [1], we
proceed counterclockwise around \partial T and construct a lifting operator from \gamma 1 \cup \gamma 2.
For f, g : \gamma 1 \cup \gamma 2 \rightarrow \BbbR , we formally define \scrK [2](f, g), \~\scrL [2](f, g) : T \rightarrow \BbbR by the rules

\scrK [2](f, g) := \~\scrL [1](f, g) +\scrM [2]
0,2[b](f2  - \~\scrL [1](f, g)| \gamma 2

) on T,(5.3a)

\~\scrL [2](f, g) :=\scrK [2](f, g) +\scrM [2]
1,2[b](g2  - \partial n\scrK [2](f, g)| \gamma 2) on T.(5.3b)

The operator \scrK [2] corrects the trace of \~\scrL [1](f, g) on \gamma 2 to be f2 without changing
the trace or normal derivative of \~\scrL [1](f, g) on \gamma 1, while \~\scrL [2](f, g) corrects the nor-
mal derivative of \scrK [2](f, g) on \gamma 2 without changing the trace or normal derivative of
\scrK [2](f, g) on \gamma 1 or its trace on \gamma 2.

The continuity of the operators \scrM [2]
0,2 and \scrM [2]

1,2 appearing in (5.3) depends on
the weighted spaces W s,q

L (\gamma 2) as indicated in (4.8). The following lemma provides a
useful criterion for verifying when a pair of traces belongs to this space.

Lemma 5.2. Let (s, q) \in \scrA 1 and (f0, f1) \in Xs,q(\partial T ). Suppose that for some
j \in \{ 1,2,3\} and n\in \{ 0,1\} , there holds that

(i) f0
j = f1

j = 0, and
(ii) f0

j+1 = 0 if n= 1.

Then fn
j+1 \in W \beta ,q

L (\gamma j+1), with \beta =min\{ s - n - 1/q,2\} , and there holds that

L\| fn
j+1\| \beta ,q,\gamma j+1 \lesssim s,q \| (f0, f1)\| Xs,q,\partial T .(5.4)

If, in addition, f l
j+1 \in \scrP p - l(\gamma i), l \in \{ 0,1\} , for some p \in \BbbN 0 and (2.8a), (2.11a), and

(2.12a) hold for i= j + 2, then \partial l
tf

n
j+1(\bfita j+2) = 0, l \in \{ 0,1\} .
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702 CHARLES PARKER AND ENDRE S\"ULI

Proof. Let F = (f0, f1) \in Xs,q(\partial T ) be as in the statement of the lemma. By
definition, there holds that

\| fn
j+1\| \beta ,q,\gamma j+1 \lesssim s,q \| (f0, f1)\| Xs,q,\partial T ,(5.5)

and so it remains to verify the conditions in (4.5) and bound the weighted Lq norm
term in (4.6) when s - 2/q \in \BbbZ .

Suppose first that n= 0. Thanks to (i), we have

f0
j+1 \circ \phi j+1 = f0

j+1 \circ \phi j+1  - f0
j \circ \phi j ,

where \phi j(h) = \bfita j+2  - h\bfitt j and \phi j+1(h) = \bfita j+2 + h\bfitt j+1 for 0 \leq h \leq 1 are (partial)
parametrizations of \gamma j and \gamma j+1. Thus, f

0
j+1(\bfita j+2) = 0. Using (i) once again gives

\partial h\{ f0
j+1 \circ \phi j+1\} = \bfitt j+1 \cdot \{ \sigma 1

j+1(F ) \circ \phi j+1\} = \bfitt j+1 \cdot \{ \sigma 1
j+1(F ) \circ \phi j+1  - \sigma 1

j (F ) \circ \phi j\} ,

where \partial h denotes differentiation with respect to the parametrization variable h. Thus,
\partial tf

0
j+1(\bfita j+2) = 0 when (s - 1)q > 2 by (2.11a). For (s - 1)q = 2, we use a change of

variables and the triangle inequality to conclude that

\| d - 
1
q

j+2\partial tf
0\| qq,\gamma j+1

\lesssim q \| \partial tf0\| qq,\gamma j+1
+ \scrI q

j+2(\sigma j(F ), \sigma j+1(F )).

Equation (5.4) now follows from (5.5) and f0
j+1 \in W

min\{ s - 1
q ,2\} ,q

L (\gamma j+1) by (4.5).
Now suppose that n= 1. Since \bfitt j and \bfitt j+1 are linearly independent, there exist

constants c0, c1 \in \BbbR such that \bfitn j+1 = c0\bfitt j + c1\bfitt j+1. Thanks to the orthogonality of
\bfitt j+1 and \bfitn j+1, there holds that

f1
j+1 =\bfitn j+1 \cdot \sigma 1

j+1(F ) = c0\bfitt j \cdot \sigma 1
j+1(F ) + c1\bfitt j+1 \cdot \sigma 1

j+1(F )

= c0\bfitt j \cdot \sigma 1
j+1(F ) + c1\partial t\sigma 

0
j+1(f

0) = c0\bfitt j \cdot \sigma 1
j+1(F ),

where we used condition (ii) in the final equality. Again using F \equiv 0 on \gamma j by (i), we
obtain

\partial i
h\{ f1

j+1 \circ \phi j+1\} = \alpha \partial i
h\{ \bfitt j \cdot \sigma 1

j+1(F ) \circ \phi j+1  - \bfitt j+1 \cdot \sigma 1
j (F ) \circ \phi j\} , i\in \{ 0,1\} .

Consequently, \partial i
tf

1
j+1(\bfita j+2) = 0 when s > i+1+ 2

q by (2.11a) and (2.12a). Arguments
similar to those above show that for (s - i - 1)q= 2, there holds that

\| d - 
1
q

j+1\partial 
i
tf

1\| qq,\gamma j+1
\lesssim \| \partial i

tf
1\| qq,\gamma j+1

+

\Biggl\{ 
\scrI q
j+2(\sigma j(F ), \sigma j+1(F )) if i= 0,

\scrI q
j+2(\bfitt j+1 \cdot \sigma j(F ), \bfitt j \cdot \sigma j+1(F )) if i= 1.

Thus, f1
j+1 \in W

min\{ s - 1 - 1
q ,2\} ,q

L (\gamma j+1) with (5.4).
Now suppose that f l

i \in \scrP p(\gamma i), l \in \{ 0,1\} , i \in \{ j, j + 1\} , for some p \in \BbbN 0 and
(2.8a), (2.11a), and (2.12a) hold for i = j + 2. Then we have already shown that
fn
j+1 \in W 2,q

L (\gamma j+1) for all 1< q <\infty , and so \partial l
tf

n
j+1(\bfita j+2) = 0, l \in \{ 0,1\} .

Lemma 5.3. For all (s, q)\in \scrA 1 and (f, g)\in Xs,q(\partial T ), there holds that

\~\scrL [2](f, g)| \gamma i = fi and \partial n \~\scrL [2](f, g)| \gamma i = gi, i\in \{ 1,2\} ,(5.6)

and

\| \~\scrL [2](f, g)\| s,q,T \lesssim s,q \| (f, g)\| Xs,q,\partial T .(5.7)

If, in addition, fi \in \scrP p(\gamma i), gi \in \scrP p - 1(\gamma i), i \in \{ 1,2\} , p \in \BbbN 0, and (2.8a), (2.11a), and
(2.12a) hold for i= 3, then \~\scrL [2](f, g)\in \scrP p(T ).
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STABLE LIFTING OF POLYNOMIAL TRACES ON TRIANGLES 703

Proof. Let (s, q) \in \scrA 1 and (f, g) \in Xs,q(\partial T ). Applying Lemmas 5.1 and 5.2 with

n= 0 gives f2  - \~\scrL [1](f, g)| \gamma 2
\in W

min\{ s - 1
q ,2\} ,q

L (\gamma 2), and so

\scrK [2](f, g)| \gamma i
= fi, i\in \{ 1,2\} , and \partial n\scrK [2](f, g)| \gamma 1

= g1,

with the estimate

\| \scrK [2](f, g)\| s,q,T \lesssim \| \~\scrL [1](f, g)\| s,q,T + \| \scrM [2]
0,2(f1  - \~\scrL [1](f, g)| \gamma 1

)\| s,q,T
\lesssim \| (f, g)\| Xs,q,\partial T

by Lemma 4.2. Now applying Lemmas 5.1 and 5.2 with n = 1 shows that g2  - 
\partial n\scrK 1(f, g)| \gamma 2

\in W
min\{ s - 1 - 1

q ,2\} ,q
L (\gamma 2). Another application of Lemma 4.2 and the

triangle inequality completes the proof of (5.6) and (5.7).
Now assume further that fi \in \scrP p(\gamma i), gi \in \scrP p - 1(\gamma i), i \in \{ 1,2\} , p \in \BbbN 0, and

(2.8a), (2.11a), and (2.12a) hold for i= 3. Thanks to Lemma 5.1, \~\scrL [1](f, g) \in \scrP p(T ),
and Lemma 5.2 then gives \partial l

t(f2  - \~\scrL [1](f, g)| \gamma 2
)(\bfita 3) = 0 for l \in \{ 0,1\} . Consequently,

\scrK [2](f, g) \in \scrP p(T ) by Lemma 4.2. Applying similar arguments shows that \partial l
t(g2  - 

\partial n\scrK [2](f, g)| \gamma 2)(\bfita 3) = 0 for l \in \{ 0,1\} , and so Lemma 4.2 gives \~\scrL [2](f, g)\in \scrP p(T ).

5.3. Stable lifting from entire boundary. With the aid of the operator \~\scrL [2],
we again proceed counterclockwise around \partial T and finally complete the construction of
the lifting operator \~\scrL . For f, g : \partial T \rightarrow \BbbR , we formally define \scrK [3](f, g), \~\scrL (f, g) : T \rightarrow \BbbR 
by the rules

\scrK [3](f, g) := \~\scrL [2](f, g) + \scrS [3]
0,2[b](f3  - \~\scrL [2](f, g)| \gamma 3) on T,

\~\scrL (f, g) :=\scrK [3](f, g) + \scrS [3]
1,2[b](g3  - \partial n\scrK [3](f, g)| \gamma 3) on T.

The operator \scrK [3] corrects the trace of \~\scrL [2](f, g) on \gamma 3 to be f3 without changing
the trace or normal derivative of \~\scrL [2](f, g) on \gamma 1 \cup \gamma 2, while \~\scrL (f, g) corrects the nor-
mal derivative of \scrK [3](f, g) on \gamma 3 without changing the trace or normal derivative of
\scrK [3](f, g) on \gamma 1 \cup \gamma 2 or its trace on \gamma 3. We start with an analogue of Lemma 5.2.

Lemma 5.4. Let (s, q) \in \scrA 1 and (f0, f1) \in Xs,q(\partial T ). Suppose that for some
n\in \{ 0,1\} , there holds that

(i) f l
i = 0 for l \in \{ 0,1\} and i\in \{ 1,2\} , and

(ii) f0
3 = 0 if n= 1.

Then fn
3 \in W \beta ,q

00 (\gamma 3), with \beta =min\{ s - n - 1/q,2\} , and there holds that

00\| fn
3 \| \beta ,q,\gamma 3

\lesssim s,q \| F\| Xs,q,\partial T .(5.8)

If, in addition, f l
i \in \scrP p(\gamma i), l \in \{ 0,1\} , i \in \{ 0,1,2\} , for some p \in \BbbN 0 and (2.8a),

(2.11a), and (2.12a) hold, then \partial l
tf

n
3 | \partial \gamma 3

= 0, l \in \{ 0,1\} .
Proof. Let F = (f0, f1) \in Xs,q(\partial T ) be as in the statement of the lemma, and let

n\in \{ 0,1\} . Applying Lemma 5.2 to \gamma 2 \cup \gamma 3 gives fn
3 \in W \beta ,q

L (\gamma 3), with

L\| fn
3 \| \beta ,q,\gamma 3

\lesssim s,q \| F\| Xs,q,\partial T .(5.9)

Applying the same arguments as in the proof of Lemma 5.2 with j = 3 and reversing
the roles of \gamma 3 and \gamma 1 then gives

\partial i
tf

n
3 (\bfita 2) = 0 for 0\leq i <min

\biggl\{ 
s - n - 2

q
,2

\biggr\} 
,
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704 CHARLES PARKER AND ENDRE S\"ULI

and if (s - i - n)q= 2 for some i\in \{ 0,1\} , then

\| d - 
1
q

2 \partial i
tf\| q,\gamma 3

\lesssim s,q \| F\| Xs,q,\partial T .(5.10)

The inclusion fn
3 \in W \beta ,q

00 (\gamma 3) then follows from (4.9) on noting that d1+ d2 \lesssim d1d2 on
\gamma 3, which in conjunction with (5.9), (5.10), and the triangle inequality gives (5.8).

Now suppose that f l
i \in \scrP p(\gamma i), l \in \{ 0,1\} , i\in \{ 1,2,3\} , for some p\in \BbbN 0 and (2.8a),

(2.11a), and (2.12a) hold. Then we have already shown that fn
3 \in W 2,q

00 (\gamma 3) for all
1< q <\infty , and so \partial l

tf
n
3 (\bfita )| \gamma 3 = 0, l \in \{ 0,1\} .

We now prove the main result, Theorem 3.2.

Proof of Theorem 3.2. Let (s, q) \in \scrA 1 and (f, g) \in Xs,q(\partial T ). According to

Lemmas 5.3 and 5.4, f3 - \~\scrL [2](f, g)| \gamma 3 \in W
min\{ s - 1

q ,2\} ,q
00 (\gamma 3). Consequently, Lemma 4.3

shows that

\scrK [3](f, g)| \gamma i = fi, i\in \{ 1,2,3\} , and \partial n\scrK [3](f, g)| \gamma j = gj , j \in \{ 1,2\} ,

with the estimate

\| \scrK [3](f, g)\| s,q,T \lesssim s,q \| \~\scrL [2](f, g)\| s,q,T + \| \scrS [3]
0,2(f3  - \~\scrL [2](f, g)| \gamma 3)\| s,q,T

\lesssim s,q \| (f, g)\| Xs,q,\partial T .

Applying Lemmas 5.3 and 5.4 once again show that g3  - \partial n\scrK [3](f, g)| \gamma 3 \in 
W

min\{ s - 1 - 1
q ,2\} ,q

00 (\gamma 3). Another application of Lemma 4.3 and the triangle inequal-
ity completes the proof of (3.1).

Now assume further that fi \in \scrP p(\gamma i), gi \in \scrP p - 1(\gamma i), i \in \{ 1,2,3\} , p \in \BbbN 0, and
(2.8a), (2.11a), and (2.12a) hold. Thanks to Lemma 5.1, \~\scrL [2](f, g) \in \scrP p(T ), and
Lemma 5.4 then gives \partial l

t(f3  - \~\scrL [1](f, g)| \gamma 3
)| \partial \gamma 3

= 0 for l \in \{ 0,1\} . Consequently,
\scrK [3](f, g) \in \scrP p(T ) by Lemma 4.3. Applying similar arguments show that \partial l

t(g3  - 
\partial n\scrK [3](f, g)| \gamma 3

)| \partial \gamma 3
= 0 for l \in \{ 0,1\} , and so Lemma 4.3 gives \~\scrL (f, g)\in \scrP p(T ).

6. Continuity of single edge operators. In this section, we prove Lemmas
4.1--4.3.

6.1. Continuity in some weighted \bfitL \bfitq spaces. Given an open interval \Lambda \subseteq 
(0,\infty ), we define the weighted space Lq(\Lambda ; t\beta dt), \beta > - 1 to be the set of all measurable
functions such that the following norm is finite:

\| f\| qq,\Lambda ,\beta :=

\int 
\Lambda 

| f(t)| qt\beta dt.(6.1)

The following result shows that \scrE [1]
m is well-defined on Lq(I; tmq+1dt).

Lemma 6.1. For all m\in \BbbN 0, b\in C\infty 
c (I), and 1< q <\infty , there holds that

\| \scrE [1]
m [b](f)\| q,T \leq q

(q - 1)m!
\| \tau  - mb\| \infty ,I\| f\| q,I,mq+1 for all f \in Lq(I; tmq+1dt).

(6.2)

Proof. Let f \in Lq(I; tmq+1dt), 1< q <\infty , and 0\leq x\leq 1. Using that y(x+ty) - 1 <
t - 1 for 0\leq y\leq 1 - x and 0< t< 1, we obtain\bigm| \bigm| \bigm| \bigm| ym \int 1

0

b(t)f(x+ ty) dt

\bigm| \bigm| \bigm| \bigm| \leq \int 1

0

| t - mb(t)| (x+ ty)m| f(x+ ty)| dt,
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STABLE LIFTING OF POLYNOMIAL TRACES ON TRIANGLES 705

and so

\| \tau  - mb\|  - q
\infty ,I

\int 1 - x

0

\bigm| \bigm| \bigm| \bigm| ym \int 1

0

b(t)f(x+ ty) dt

\bigm| \bigm| \bigm| \bigm| q dy

u=x+ty
z=x+y

\leq 
\int 1

x

\biggl( 
1

z  - x

\int z

x

| umf(u)| du
\biggr) q

dz \leq 
\biggl( 

q

q - 1

\biggr) q

\| f\| qq,(x,1),mq+1

by Hardy's inequality [26, Theorem 327]. Additionally,\int 1

0

\int 1

x

| tmf(t)| q dt dx=

\int 1

0

| f(t)| qtmq

\int t

0

dx dt=

\int 1

0

| f(t)| qtmq+1 dt.

Equation (6.2) now follows on collecting results.

Remark 6.2. The same arguments show that (6.2) holds with b replaced by | b| .
Lemma 6.3. For m,r \in \BbbN 0, real 0\leq \beta \leq m, and b\in C\infty 

c (I), there holds that

\| \scrM [1]
m,r[b](f)\| \beta ,q,T \lesssim b,m,r,\beta ,q \| f\| q,I,(m - \beta )q+1 for all f \in Lq(I; t(m - \beta )q+1dt).

(6.3)

Proof. Let m, r, and b be as in the statement of the lemma, and let f \in C\infty 
c (I).

Let j \in \{ 0,1, . . . ,m\} , \alpha \in \BbbN 2
0, with | \alpha | = j, and let l1 =max(\alpha 1 - r,0). For 0\leq i1 \leq \alpha 1

and 0\leq i2 \leq \alpha 2, we apply the identities

\partial y\{ g(x+ ty)\} = tg\prime (x+ ty) = ty - 1\partial t\{ g(x+ ty)\} ,
\partial x\{ g(x+ ty)\} = g\prime (x+ ty) = y - 1\partial t\{ g(x+ ty)\} 

and integrate by parts i1 + i2 \leq k\leq m times to obtain\int 
I

b(t)\partial i2
y \partial i1

x

\biggl\{ 
f(x+ ty)

(x+ ty)r

\biggr\} 
dt= y - (i1+i2)

\int 
I

b(t)ti2\partial i1+i2
t

\biggl\{ 
f(s)

sr

\biggr\} \bigm| \bigm| \bigm| \bigm| 
s=x+ty

dt

= ( - 1)i1+i2y - (i1+i2)

\int 
I

\partial i1+i2
t \{ b(t)ti2\} \underbrace{}  \underbrace{}  

=bi1,i2

f(x+ ty)

(x+ ty)r
dt

= ( - 1)i1+i2y - (i1+i2)\scrE [1]
0 [bi1,i2 ]

\bigl( 
\tau  - rf

\bigr) 
(x, y),

and so

( - 1)mD\alpha \scrM [1]
m,r(f)(x, y)

=
\sum 

0\leq i1\leq \alpha 1
0\leq i2\leq \alpha 2

\biggl( 
\alpha 1

i1

\biggr) \biggl( 
\alpha 2

i2

\biggr) 
\partial \alpha 1 - i1
x \{ xr\} \partial \alpha 2 - i2

y

\biggl\{ 
ym

m!

\biggr\} \int 
I

b(t)\partial i2
y \partial i1

x

\biggl\{ 
f(x+ ty)

(x+ ty)q

\biggr\} 
dt

=
\sum 

l1\leq i1\leq \alpha 1
0\leq i2\leq \alpha 2

cr,\alpha ,i1,i2x
r - \alpha 1+i1ym - i1 - \alpha 2\scrE [1]

0 [bi1,i2 ]
\bigl( 
\tau  - rf

\bigr) 
(x, y),

where

bi1,i2 := \partial i1+i2
t \{ b(t)ti2\} and cr,\alpha ,i1,i2 :=

( - 1)m+i1+i2
\bigl( 
\alpha 1

i1

\bigr) \bigl( 
\alpha 2

i2

\bigr) 
r!

(r - \alpha 1 + i1)!(m - \alpha 2 + i2)!
.

Since x\leq x+ sy and y
x+sy \leq s - 1 for (x, y)\in T , 0\leq s\leq 1, there holds that\bigm| \bigm| \bigm| xr - \alpha 1+i1ym - i1 - \alpha 2\scrE [1]

0 [bi1,i2 ](\tau 
 - rf)

\bigm| \bigm| \bigm| \leq ym - i1 - \alpha 2

\int 1

0

\bigm| \bigm| \bigm| \bigm| bi1,i2(t) f(x+ ty)

(x+ ty)\alpha 1 - i1

\bigm| \bigm| \bigm| \bigm| dt

\leq ym - j

\int 1

0

| ti1 - \alpha 1bi1,i2(t)f(x+ ty)| dt.
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706 CHARLES PARKER AND ENDRE S\"ULI

Since b\in C\infty 
c (I), the function ti1 - \alpha 1bi1,i2 \in C\infty 

c (I), and so (6.2) and Remark 6.2 give

\| D\alpha \scrM [1]
m,r(f)\| q,T \lesssim b,m,r,j,q \| \scrE [1]

m - j [\tau 
i1 - \alpha 1 | bi1,i2 | ](| f | )\| q,T \lesssim b,m,r,q \| f\| q,I,(m - j)q+1.

By density, \scrM [1]
m,r is a bounded operator from Lq(I; t(m - j)q+1dt) into W j,q(T ). By

the real method of interpolation (see, e.g., [13]),

\scrM [1]
m,r : [L

q(I; t(m - j)q+1dt),Lq(I; t(m - j - 1)q+1dt)]\theta ,q \rightarrow [W j,q(T ),W j+1,q(T )]\theta ,q

is linear and continuous for any 0\leq \theta \leq 1 and j \in \{ 0,1, . . . ,m - 1\} . It is well known
that (see, e.g., [13, Theorem 5.4.1])

Lq(I; t(m - j - \theta )q+1 dt) = [Lq(I; t(m - j)q+1dt),Lq(I; t(m - j - 1)q+1dt)]\theta ,q

and that (see, e.g., [18, Theorem 14.2.3])

W j+\theta ,q(T ) = [W j,q(T ),W j+1,q(T )]\theta ,q.(6.4)

Equation (6.3) now follows.

6.2. The operator \bfscrE \bfitm . The next result concerns the W s,q(T ) stability of the
operator \scrE m.

Lemma 6.4. Let m\in \BbbN 0 and b\in C\infty 
c (I). For all (s, q)\in \scrA m, there holds that

\| \scrE m[b] (f)\| s,q,T \lesssim b,m,s,q \| f\| s - m - 1
q ,q,I

for all f \in W s - m - 1
q ,q(I).(6.5)

Proof. Let m \in \BbbN 0, b \in C\infty 
c (I), and (s, q) \in \scrA m be given. Let \chi \in C\infty 

c (\BbbR ) be any
fixed smooth function satisfying \chi \equiv 1 on [0,1] and \chi = 0 on \BbbR \setminus [ - 1,2], and let \~b
denote the zero extension of b to \BbbR . For g \in C\infty 

c (\BbbR ), define

\~\scrE m(g)(x, y) = \chi (y)
( - y)m

m!

\int 
\BbbR 
\~b(t)g(x+ ty) dt, (x, y)\in \BbbR .

Thanks to [7, Lemma 4.2], there holds that

\| \~\scrE m(g)\| s,q,\BbbR 2 \lesssim b,\chi ,m,s,q \| g\| s - m - 1
q ,q,\BbbR 

for all g \in C\infty 
c (\BbbR ).(6.6)

By density, (6.6) holds for all g \in W s - m - 1
q ,q(\BbbR ).

Let f \in W s - 1
q ,q(I), and let \~f denote an extension of f to \BbbR satisfying

\| \~f\| s - 1
q ,q,\BbbR 

\lesssim s,q \| f\| s - 1
q ,q,I

and \~f | I = f ; see, e.g., [23]. Applying (6.6) then gives

\| \scrE m[b](f)\| s,q,T = \| \~\scrE m[\~b]( \~f)\| s,q,T \lesssim b,s,q \| \~f\| s - m - 1
q ,q,\BbbR 

\lesssim s,q \| f\| s - m - 1
q ,q,I

.

We are now in a position to prove Lemma 4.1.

Proof of Lemma 4.1. For all (s, q)\in \scrA m, (6.3) and (6.5) give

\| \scrE [1]
m [b](f)\| \beta ,q,T \lesssim b,m,\beta ,q \| f\| q,I,\beta q+1 for all f \in Lq(I; t\beta q+1dt), 0\leq \beta \leq m,

\| \scrE [1]
m [b](f)\| s,q,T \lesssim b,m,s,q \| f\| s - m - 1

q ,q,I
for all f \in W s - m - 1

q ,q(I).

Additionally, for any f \in C\infty (\=I), there holds that

\partial j
y\scrE [1]

m (f)(x, y) =

j\sum 
i=0

\biggl( 
j

i

\biggr) 
( - 1)m+jym - i

(m - i)!

\int 
I

b(t)tj - if (j - i)(x+ ty) dt, 0\leq j \leq m,
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STABLE LIFTING OF POLYNOMIAL TRACES ON TRIANGLES 707

and so \partial j
y\scrE 

[1]
m (f)(x,0) = f(x)\delta jm for 0 \leq x \leq 1. Moreover, if f \in \scrP p(I), p \in \BbbN 0, then

direct verification reveals that \scrE [1]
m (f)\in \scrP p+m(T ).

The result for f \in W s,q(\gamma 1) now follows from the smoothness of the map \varphi 1 (4.1),

while the result for \scrE [i]
m , i \in \{ 2,3\} , follows from the chain rule and the smoothness of

the mappings R and R - 1.

Remark 6.5. Note that the above proof shows that (4.4) holds without the re-
striction

\int 
I
b(t) dt= 1.

6.3. Proof of Lemma 4.2. For k \in \BbbN 0 and \beta \in [0,1), define W k+\beta ,q
L (I) by

identifying \gamma 1 with I. Let (s, q) \in \scrA m. We first prove the following for m,r \in \BbbN 0,

b\in C\infty 
c (I), and f \in W s - m - 1

q ,q(I)\cap W
min\{ s - m - 1

q ,r\} ,q
L (I):

\| \scrM [1]
m,r[b](f)\| \beta ,q,T \lesssim b,m,r,\beta ,q

\Biggl\{ 
L\| f\| \beta  - m - 1

q ,q,I
if \beta \leq m+ r+ 1

q ,

\| f\| \beta  - m - 1
q ,q,I

if \beta >m+ r+ 1
q ,

(6.7)

where m+1\leq \beta \leq s, (\beta , q)\in \scrA m, and W
 - 1

q ,q

L (I) :=Lq(I) for notational convenience.
We proceed by induction on r. The case r = 0 is a consequence of (4.4) and

Remark 6.5. Now assume that (6.7) holds for some fixed r \geq 0 and all m \in \BbbN 0 and

b \in C\infty 
c (I). Let f \in W s - m - 1

q ,q(I) \cap W
min\{ s - m - 1

q ,r+1\} ,q
L (I). The following identity

will be useful:

\scrM [1]
m,r(f) - \scrM [1]

m,r+1(f) = xr ( - y)m

m!

\int 
I

b(t)
f(x+ ty)

(x+ ty)r

\biggl\{ 
1 - x

x+ ty

\biggr\} 
dt

= - xr ( - y)m+1

m!

\int 
I

tb(t)
f(x+ ty)

(x+ ty)r+1
dt

= - (m+ 1)\scrM m+1,r[\tau b]
\bigl( 
\tau  - 1f

\bigr) 
(x, y).

First consider the case s=m+1. Thanks to (A.6), there holds that \tau  - 1f \in Lq(I; tdt)
and

\| \tau  - 1f\| q,I,1 = \| \tau  - (1 - 1
q )f\| q,I \lesssim s,q L\| f\| 1 - 1

q ,q,I
.

Now applying (6.3) gives

\| \scrM [1]
m+1,r[\tau b](\tau 

 - 1f)\| m+1,q,T \lesssim b,m,r,q L\| f\| 1 - 1
q ,q,I

.(6.8)

Now consider the case 2\leq s - m\leq r+1+ 1/q for r\geq 1. Then \tau  - 1f \in W
s - m - 1 - 1

q

L (I)
by (A.5), which combined with the inductive hypothesis gives

\| \scrM [1]
m+1,r[\tau b](\tau 

 - 1f)\| s,q,T \lesssim b,m,r,s,q L\| \tau  - 1f\| s - m - 1 - 1
q ,q,I

\lesssim s,q L\| f\| s - m - 1
q ,q,I

.(6.9)

Now let s - m> r+1+1/q. By (A.4) and (A.5) \tau  - 1f \in W s - m - 1 - 1
q (I)\cap W r

L(I), and
the inductive hypothesis and (A.4) give

\| \scrM [1]
m+1,r[\tau b](\tau 

 - 1f)\| s,q,T \lesssim b,m,r,s,q \| \tau  - 1f\| s - m - 1 - 1
q ,q,I

\lesssim s,q \| f\| s - m - 1
q ,q,I

.

Thanks to the triangle inequality, we have shown that

\| \scrM [1]
m,r+1[b](f)\| s,q,T \lesssim b,m,r,s,q

\left\{       
L\| f\| s - m - 1

q ,q,I
if s=m+ 1,

L\| f\| s - m - 1
q ,q,I

if 2\leq s - m\leq r+ 1+ 1
q ,

\| f\| s - m - 1
q ,q,I

if s - m> r+ 1+ 1
q
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708 CHARLES PARKER AND ENDRE S\"ULI

for any b \in C\infty 
c (I) and all f \in W s - m - 1

q ,q(I) \cap W
min\{ s - m - 1

q ,r+1\} ,q
L (I), where (s, q) \in 

\scrA m.
For the remaining case 1< s - m< 2, (s, q)\in \scrA m, and r\geq 1, we apply an interpo-

lation argument. More specifically, \scrM [1]
m,r+1[b] maps W

1 - 1
q ,q

L (I) into Wm+1,q(T ) and

W
2 - 1

q ,q

L (I) into Wm+2,q(T ). Consequently,

\scrM [1]
m,r+1[b] : [W

1 - 1
q ,q

L (I),W
2 - 1

q ,q

L (I)]\theta ,q \rightarrow [Wm+1,q(T ),Wm+2,q(T )]\theta ,q

for any 0 \leq \theta \leq 1. Choosing \theta = s  - m  - 1 and applying (A.10) and (6.4) gives

that \scrM [1]
m,r+1[b] maps W

s - 1
q ,q

L (I) into Wm+s,q(T ). This completes the proof of (6.7).
Equation (4.8) now follows from the smoothness of (4.1). Direct computation then
shows (4.7a).

Suppose further that f \in \scrP p(\gamma 1), p\in \BbbN 0, with \partial i
tf(\bfita 2) = 0 for 0\leq i\leq r - 1. Then

t - rf \circ \varphi (t)\in \scrP p - r(I), and so \scrM [1]
m,r(f)\in \scrP p+m(T ).

The result for \scrM [i]
m,r, i \in \{ 2,3\} , follows from the chain rule and the smoothness

of the mappings R and R - 1.

6.4. Proof of Lemma 4.3. Let m \in \BbbN 0, r \in \BbbN , b \in C\infty 
c (I), and (s, q) \in \scrA m

be as in the statement of the lemma. Let \xi i, \eta i \in \scrP i - 1(I), i \in \{ 1,2, . . . , r\} , be the
components from the partial fraction decomposition of \{ t(1 - t)\}  - r:

\{ t(1 - t)\}  - r =

r\sum 
i=1

\bigl\{ 
\xi i(t)t

 - i + \eta i(t)(1 - t) - i
\bigr\} 
.

Then, for f \in W s - m - 1
q ,q(\gamma 1)\cap W

min\{ s - m - 1
q ,r\} ,q

00 (\gamma 1), there holds that

\scrS [1]
m,r(f)(x, y) = xr - i(1 - x - y)r

r\sum 
i=1

\scrM [1]
m,i[b](\xi if)(x, y)

+ xi(1 - x - y)r - i
r\sum 

i=1

\scrM [1]
m,i[

\^b](\^\eta i \^f)(1 - x - y, y),

where \^b(t) = b(1  - t) and \^\eta i(t) = \eta (1  - t) for t \in I, while \^f(x, y) = f(1  - x, y)

for (x, y) \in \gamma 1. Since f \in W
min\{ s - m - 1

q ,r\} ,q
00 (\gamma 1), f \in W

min\{ s - m - 1
q ,r\} ,q

L (\gamma 1) and \^f \in 
W

min\{ s - m -  - 1
q ,r\} ,q

L (\gamma 1), and so

\| \scrS [1]
m,r(f)\| \beta ,q,T \lesssim m,r,\beta ,q

r\sum 
i=1

\Bigl\{ 
\| \scrM [1]

m,i[b](\xi if)\| \beta ,q,T + \| \scrM [1]
m,i[b](\^\eta i

\^f)\| \beta ,q,T
\Bigr\} 

for 0\leq \beta \leq s. Equations (4.11) and (4.12) now follow from the triangle inequality and
(4.8) on noting that

L\| \xi if\| \beta  - m - 1
q ,q,I

+ L\| \^\eta i \^f\| \beta  - m - 1
q ,q,I

\lesssim m,r,\beta ,q 00\| f\| \beta  - m - 1
q ,q,I

for m+ 1\leq \beta \leq m+ r+ 1
q , (\beta , q)\in \scrA m. Direct computation then gives (4.10).

Suppose further that f \in \scrP p(\gamma 1), p\in \BbbN 0, with \partial i
tf | \partial \gamma 1

= 0 for i\in \{ 0,1, . . . , r - 1\} .
Then (d2d3)

 - rf \in \scrP p - r(\gamma 1), and so \scrS [1]
m,r(f)\in \scrP p+m(T ).

The result for \scrS [i]
m,r, i\in \{ 2,3\} , follows from the chain rule and the smoothness of

the mappings R and R - 1.
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STABLE LIFTING OF POLYNOMIAL TRACES ON TRIANGLES 709

7. Generalization to arbitrary-order normal derivatives. In section 5, we
constructed an operator \~\scrL that boundedly lifts a pair of functions defined on the
boundary \partial T to a single function defined on the whole triangle T . We now consider
the generalized problem of boundedly lifting m+ 1 functions on \partial T to one function
on T . To make this statement precise, we first review the regularity of the traces
of u \in W s,q(T ) for (s, q) \in \scrA m, as we did in section 2 for (s, q) \in \scrA 1. To this end,
we define the mth-order trace operator \sigma m, m \geq 2, edge by edge to be the unique
symmetric mth order tensor satisfying

\sigma m
i (f0, f1, . . . , fm)j1j2,...,jm(\bfitt i)j1(\bfitt i)j2 \cdot \cdot \cdot (\bfitt i)jl(\bfitn i)jl+1

(\bfitn i)jl+2
\cdot \cdot \cdot (\bfitn i)jm = \partial l

tf
m - l

for 0\leq l\leq m, where we use the Einstein summation notation.
Let F = (u| \partial T , \partial nu| \partial T , . . . , \partial m

n u| \partial T ). Applying the same arguments as in section
2, we see that \sigma m(F ) =Dmu on \partial T , and so (2.3) gives the edge regularity condition
(7.1). Similarly, we obtain continuity conditions of \sigma m(F ) from (2.3) and (2.4) for
particular values of s and q as stated in (7.2a) with l= 0. By forming mixed derivatives
at a vertex using tangential derivatives of \sigma m(F ), as we did with \sigma 1 in section 2, we
obtain additional conditions which we now describe. For a d-dimensional tensor S
and v \in \BbbR 2, we define

v\otimes 0 \cdot S = S and v\otimes l \cdot S = Si1i2,...,ilvi1vi2 \cdot \cdot \cdot vil , l \in \{ 1,2, . . . , d\} .

Then, using the symmetry of the derivative tensors, we have

\bfitt \otimes l
i+2 \cdot \partial 

l
t\sigma 

m
i+1(F )(\bfita i) = \bfitt \otimes l

i+2 \cdot \partial 
l
ti+1

Dmu(\bfita i) = \bfitt \otimes l
i+2 \cdot 

\bigl( 
\bfitt \otimes l
i+1 \cdot D

m+lu(\bfita i)
\bigr) 

= \bfitt \otimes l
i+1 \cdot 

\bigl( 
\bfitt \otimes l
i+2 \cdot D

m+lu(\bfita i)
\bigr) 
= \bfitt \otimes l

i+1 \cdot \partial 
l
ti+2

Dmu(\bfita i) = \bfitt \otimes l
i+1 \cdot \partial 

l
t\sigma 

m
i+2(F )(\bfita i)

for l \in \{ 0,1, . . . ,m\} . Thus, we obtain at most m additional continuity conditions at
the vertices as stated in (7.2). In summary, \sigma m

i (F ) satisfies the following conditions:
1. W s - m - 1

q ,q regularity on each edge:

\sigma m
i (F )\in W s - m - 1

q ,q(\gamma i), i\in \{ 1,2,3\} .(7.1)

2. Continuity at vertices:

\bfitt \otimes l
i+2 \cdot \partial 

l
t\sigma 

m
i+1(F )(\bfita i) = \bfitt \otimes l

i+1 \cdot \partial 
l
t\sigma 

m
i+2(F )(\bfita i) if (s - m - l)q > 2,(7.2a)

\scrI q
i (\bfitt 

\otimes l
i+2 \cdot \partial 

l
t\sigma 

m
i+1(F ), \bfitt \otimes l

i+1 \cdot \partial 
l
t\sigma 

m
i+2(F ))<\infty if (s - m - l)q= 2(7.2b)

for l \in \{ 0,1, . . . ,m\} and i\in \{ 1,2,3\} .
Motivated by the above conditions, we define the space Xs,q

m (\partial T ) for (s, q)\in \scrA m

as follows:

Xs,q
m (\partial T ) := \{ (f0, f1, . . . , fm)\in Lq(T )m+1 : \sigma k(f0, f1, . . . , fk) satisfies(7.3)

(7.1) and (7.2) for k \in \{ 0,1, . . . ,m\} \} ,

equipped with the norm

\| (f0, f1, . . . , fm)\| q
Xs,q

m ,\partial T
:=

3\sum 
i=1

m\sum 
k=0

\| fk
i \| 

q

s - k - 1
q ,q,\gamma i

+

3\sum 
i=1

\Biggl\{ 
\scrI q
i (\bfitt 

\otimes l
i+2 \cdot \partial l

t\sigma 
m
i+1(F ), \bfitt \otimes l

i+1 \cdot \partial l
t\sigma 

m
i+2(F )) if (s - m - l)q= 2,

0 otherwise.

Note that with the above definition, Xs,q
1 (\partial T ) =Xs,q(\partial T ), where Xs,q(\partial T ) is defined

in (2.13). The above discussion leads to the following trace estimate.
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710 CHARLES PARKER AND ENDRE S\"ULI

Lemma 7.1. For every m \in \BbbN 0, (s, q) \in \scrA m, and u \in W s,q(T ), the traces satisfy
(u| \partial T , \partial nu| \partial T , . . . , \partial m

n u| \partial T )\in Xs,q
m (\partial T ) and

\| (u,\partial nu, . . . , \partial m
n u)\| Xs,q

m ,\partial T \lesssim m,s,q \| u\| s,q,T .(7.4)

The remainder of this section is devoted to proving the following generalization of
Theorem 3.2.

Theorem 7.2. Let m\in \BbbN 0. There exists a single linear operator

\~\scrL m :
\bigcup 

(s,q)\in \scrA m

Xs,q
m (\partial T )\rightarrow Wm,1(T )

satisfying the following properties. For all (s, q) \in \scrA m and F = (f0, f1, . . . , fm) \in 
Xs,q

m (\partial T ), \~\scrL m(F )\in W s,q(T ) and there holds that

\partial k
n
\~\scrL m(F )| \partial T = fk, k \in \{ 0,1, . . . ,m\} , and \| \~\scrL m(F )\| s,q,T \lesssim m,s,q \| F\| Xs,q

m ,\partial T .

(7.5)

Moreover, if for some p\in \BbbN 0 and all i\in \{ 1,2,3\} there holds that

fk
i \in \scrP p - k(\gamma i), k \in \{ 0,1, . . . ,m\} ,(7.6a)

\sigma k
i+1(f

0, f1, . . . , fk)(\bfita i) = \sigma k
i+2(f

0, f1, . . . , fk)(\bfita i), k \in \{ 0,1, . . . ,m\} ,(7.6b)

\bfitt \otimes l
i+2 \cdot \partial 

l
t\sigma 

m
i+1(F )(\bfita i) = \bfitt \otimes l

i+1 \cdot \partial 
l
t\sigma 

m
i+2(F )(\bfita i), l \in \{ 1,2, . . . ,m\} ,(7.6c)

then \~\scrL m(F )\in \scrP p(T ) and (7.5) holds for all (s, q)\in \scrA m.

7.1. Two technical lemmas. We first generalize Lemma 5.2.

Lemma 7.3. Let m \in \BbbN 0, (s, q) \in \scrA m, and F = (f0, f1, . . . , fm) \in Xs,q
m (\partial T ).

Suppose that for some l \in \{ 0,1, . . . ,m\} , there holds that
(i) f0

1 = f1
1 = \cdot \cdot \cdot = fm

1 = 0, and
(ii) f0

2 = f1
2 = \cdot \cdot \cdot = f l - 1

2 = 0 if l\geq 1.
Then f l

2 \in W \beta ,q
L (\gamma 2), with \beta =min\{ s - l - 1/q,m+ 1\} , and there holds that

L\| f l
2\| \beta ,q,\gamma 2

\lesssim \beta ,q \| F\| Xs,q
m ,\partial T .(7.7)

If, in addition, F satisfies (7.6), then \partial j
t f

l
2(\bfita 3) = 0, j \in \{ 0,1, . . . ,m\} .

Proof. Let m \in \BbbN 0, l \in \{ 0,1, . . . ,m\} , (s, q) \in \scrA m, and F = (f0, f1, . . . , fm) \in 
Xs,q

m (\partial T ) be as in the statement of the lemma. By definition, there holds that

\| f l
j+1\| \beta ,q,\gamma j+1 \lesssim m,\beta ,q \| F\| Xs,q

m ,\partial T ,(7.8)

and so it remains to verify the conditions (4.5) and bound the weighted Lq norm term
in (4.6) when s - 2/q \in \BbbZ .

Let \phi 1(h) = \bfita 3  - h\bfitt 1, and let \phi 2(h) = \bfita 3 + h\bfitt 2 for 0 \leq h \leq 1 be the same edge
parametrizations as in the proof of Lemma 5.2. Thanks to the identity

\partial r
t \sigma 

l
2(F ) = \bfitt \otimes r

2 \cdot \sigma l+r
2 (F ), r \in \{ 0,1, . . . ,m - l\} ,(7.9)

where \sigma j(F ) = \sigma j(f0, f1, . . . , f j), we obtain the following for k \in \{ 0,1, . . . ,m - l - 1\} :

\partial k
h\{ f l

2 \circ \phi 2\} = \partial k
h

\bigl\{ 
\bfitn \otimes l

2 \cdot \sigma l
2(F ) \circ \phi 2

\bigr\} 
= \bfitt \otimes k

2 \cdot \bfitn \otimes l
2 \cdot \sigma l+k

2 (F ) \circ \phi 2

= \bfitt \otimes l+k
2 \cdot \bfitn \otimes l

2 \cdot \{ \sigma l+k
2 (F ) \circ \phi 2  - \sigma l+k

1 (F ) \circ \phi 1\} ,
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STABLE LIFTING OF POLYNOMIAL TRACES ON TRIANGLES 711

where we used (i) in the final step. Equation (7.2a) then gives \partial k
t f

l
2(\bfita 3) = 0.

For k \in \{ m - l,m - l+ 1, . . . ,m\} and k < s - l+ 1/q, there holds that

\partial k
t f

l
2 =\bfitn \otimes l

2 \cdot \bfitt \otimes m - l
2 \cdot \partial k - m+l

t \sigma m
2 (F ).

Since \bfitt 1 and \bfitt 2 are linearly independent, there exist constants c1, c2 \in \BbbR such that
\bfitn 2 = c1\bfitt 1 + c2\bfitt 2, and so (7.9) gives

\partial k
t f

l
2 =

l\sum 
i=0

\~ci\bfitt 
\otimes i
1 \cdot \bfitt \otimes m - i

2 \cdot \partial k - m+l
t \sigma m

2 (F ) =

l\sum 
i=0

\~ci\bfitt 
\otimes i
1 \cdot \partial k+l - i

t \sigma i
2(F )

for suitable constants \{ \~ci\} . Thanks to (ii), \partial k+l - i
h \{ \sigma i

2(F )\circ \phi 2\} = 0 for i\in \{ 0,1, . . . , l - 
1\} , and so

\partial k
h\{ f l

2 \circ \phi 2\} = \~cl\bfitt 
\otimes l
1 \cdot \bfitt \otimes m - l

2 \cdot \partial k - m+l
h \{ \sigma m

2 (F ) \circ \phi 2\} 
= \~cl\bfitt 

\otimes m - l
2 \cdot \bfitt \otimes m - k

1 \cdot \{ \bfitt \otimes k - m+l
1 \cdot \partial k - m+l

h \{ \sigma m
2 (F ) \circ \phi 2\} 

 - \bfitt \otimes k - m+l
2 \cdot \partial k - m+l

h \{ \sigma m
1 (F ) \circ \phi 1\} \} ,

where we used (i). Using (7.2a) and combining with the case k\leq m - l - 1 then gives

\partial k
t f

l
2(\bfita 3) = 0 if (s - k - l)q > 2 and 0\leq k\leq m.

When (s - k - l)q= 2, we have the bound

\| d - 
1
q

3 \partial k
t f

l\| qq,\gamma 2
\lesssim q \| \partial k

t f
l\| qq,\gamma 2

+ \scrI q
3 (\bfitt 

\otimes j
2 \cdot \partial j

t \sigma 
m
1 (F ), \bfitt \otimes j

1 \cdot \partial j
t \sigma 

m
2 (F )),

where j = k - m+ l. Collecting results then gives f l
2 \in W \beta ,q

L (\gamma 2) and (7.7).
Now suppose that F satisfies (7.6). Then we have already shown that f l

2 \in 
Wm+1,q

L (\gamma 2) for all 1< q <\infty , and so \partial j
t f

l
2(\bfita 3) = 0, j \in \{ 0,1, . . . ,m\} .

We also have the following generalization of Lemma 5.4.

Lemma 7.4. Let (s, q) \in \scrA m, and let F = (f0, f1, . . . , fm) \in Xs,q
m (\partial T ). Suppose

that for some l \in \{ 0,1, . . . ,m\} there holds that
(i) f0

i = f1
i = \cdot \cdot \cdot = fm

i = 0 for i\in \{ 1,2\} , and
(ii) f0

3 = f1
3 = \cdot \cdot \cdot = f l - 1

3 = 0 if l\geq 1.
Then fn

3 \in W \beta ,q
00 (\gamma 3), with \beta =min\{ s - l - 1/q,m+ 1\} , and there holds that

00\| f l
3\| \beta ,q,\gamma 3

\lesssim \beta ,q \| F\| Xs,q
m ,\partial T .(7.10)

If, in addition, F satisfies (7.6), then \partial j
t f

l
3| \partial \gamma 3

= 0, j \in \{ 0,1, . . . ,m\} .
Proof. Let m \in \BbbN 0, l \in \{ 0,1, . . . ,m\} , (s, q) \in \scrA m, and F = (f0, f1, . . . , fm) \in 

Xs,q
m (\partial T ) be as in the statement of the lemma. Applying the same arguments as in

the proof of Lemma 7.3, replacing \gamma 1 and \gamma 2 with \gamma 2 and \gamma 3 gives f l
3 \in W \beta ,q

L (\gamma 3), with

L\| f l
3\| \beta ,q,\gamma 3

\lesssim s,q \| F\| Xs,q
m ,\partial T .(7.11)

Again applying the same arguments as in the proof of Lemma 7.3 but reversing the
roles of \gamma 1 and \gamma 2 and then replacing \gamma 1 and \gamma 2 with \gamma 2 and \gamma 3 gives

\partial k
t f

l
3(\bfita 2) = 0 for 0\leq k <min

\biggl\{ 
s - k - 2

q
,m+ 1

\biggr\} 
,
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712 CHARLES PARKER AND ENDRE S\"ULI

and if (s - k - l)q= 2 for some k \in \{ 0,1, . . . ,m\} , then

\| d - 
1
q

2 \partial k
t f

l\| q,\gamma 3
\lesssim \beta ,q \| F\| X\beta ,q

m ,\partial T .(7.12)

The inclusion f l
3 \in W \beta ,q

00 (\gamma 3) then follows from (4.9) on noting that d1 + d2 \lesssim d1d2,
which, in conjunction with (7.11), (7.12), and the triangle inequality gives (7.10).

Now suppose that F satisfies (7.6). Then we have already shown that f l
3 \in 

Wm+1,q
00 (\gamma 3) for all 1< q <\infty , and so \partial j

t f
l
3(\bfita )| \gamma 3 = 0, j \in \{ 0,1, . . . ,m\} .

7.2. Construction of the lifting operator. We now extend the construction
in section 5. Let m \in \BbbN 0 be given, and let b \in C\infty 

c (I), with
\int 
I
b(t) dt = 1. For

F = (f0, f1, . . . , fm)\in Lq(\partial T )m+1, we formally define the following operators:

\scrK [1]
0 (F ) := \scrE [1]

0 [b](f0
1 ),

(7.13a)

\scrK [1]
i (F ) :=\scrK [1]

i - 1(F ) + \scrE [1]
i [b]

\Bigl( 
f i
1  - \partial i

n\scrK 
[1]
i - 1(F )| \gamma 1

\Bigr) 
, i\in \{ 1,2, . . . ,m\} ,

(7.13b)

\scrK [2]
0 (F ) :=\scrK [1]

m (F ) +\scrM [2]
0,m+1[b](f

0
2  - \scrK [1]

m (F )| \gamma 2
),

(7.13c)

\scrK [2]
i (F ) :=\scrK [2]

i - 1(F ) +\scrM [2]
i,m+1[b](f

i
2  - \partial i

n\scrK 
[2]
i - 1(F )| \gamma 2), i\in \{ 1,2, . . . ,m\} ,

(7.13d)

\scrK [3]
0 (F ) :=\scrK [2]

m (F ) + \scrS [3]
0,m+1[b](f

0
3  - \scrK [2]

m (F )| \gamma 3
),

(7.13e)

\scrK [3]
i (F ) :=\scrK [3]

i - 1(F ) + \scrS [3]
i,m+1[b](f

i
3  - \partial i

n\scrK 
[3]
i - 1(F )| \gamma 3

), i\in \{ 1,2, . . . ,m\} ,
(7.13f)

\~\scrL m(F ) :=\scrK [3]
m (F ).(7.13g)

We now prove Theorem 7.2.

Proof of Theorem 7.2. Let m \in \BbbN 0, (s, q) \in \scrA m, and F = (f0, f1, . . . , fm) \in 
Xs,q

m (\partial T ). \scrK [1]
0 is well-defined by Lemma 4.1, and arguing inductively shows that \scrK [1]

i

is well-defined for i\in \{ 0,1, . . . ,m\} . Repeatedly applying (4.4), the triangle inequality,
and the trace estimate (7.4) gives

\| \scrK [1]
m (F )\| s,q,T \lesssim m,s,q \| \scrK [1]

m - 1(F )\| s,q,T + \| fm
1 \| s - m - 1

q ,q,\partial T

\lesssim m,s,q \| \scrK [1]
m - 2(F )\| s,q,T +

m\sum 
i=m - 1

\| f i
1\| s - i - 1

q ,q,\partial T

\cdot \cdot \cdot \lesssim m,s,q \| \scrK [1]
0 \| s,q,T +

m\sum 
i=1

\| f i
1\| s - i - 1

q ,q,\partial T

\lesssim m,s,q \| F\| Xs,q
m ,\partial T .

Moreover, (4.3) shows that \partial k
n\scrK 

[1]
m (F )| \gamma 1 = fk

1 for k \in \{ 0,1, . . . ,m\} .
We now turn to \scrK [2]

0 . Applying Lemma 7.3 gives f0
2  - \scrK [1]

m (F )| \gamma 2
\in W s - 1

q ,q(\gamma 2)\cap 
W

min\{ s - 1
q ,m+1\} ,q

L (\gamma 2). Thus, \scrK [2]
0 is well-defined by Lemma 4.2 with \scrK [2]

0 (F )| \gamma 2
= f0

2 ,

\partial k
n\scrK 

[2]
0 (F )| \gamma 1

= fk
0 , for k \in \{ 0,1, . . . ,m\} , and

\| \scrK [2]
0 (F )\| s,q,T \lesssim m,s,q \| \scrK [1]

m (F )\| s,q,T + L\| f0
2  - \scrK [1]

m (F )\| s - 1
q ,q,\gamma 2

\lesssim m,s,q \| F\| Xs,q
m ,\partial T
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STABLE LIFTING OF POLYNOMIAL TRACES ON TRIANGLES 713

by (4.8), (7.4), and (7.7). Arguing inductively by applying Lemmas 4.2 and 7.3

repeatedly shows that \scrK [2]
i , i\in \{ 0,1, . . . ,m\} , is well-defined, with

\partial k
n\scrK [2]

m (F )| \gamma 1\cup \gamma 2
= fk, k \in \{ 0,1, . . . ,m\} , and \| \scrK [2]

m (F )\| s,q,T \lesssim m,s,q \| F\| Xs,q
m ,\partial T .

Next, we turn to \scrK [3]
0 . Applying Lemma 7.4 gives f0

3  - \scrK [2]
m (F )| \gamma 3 \in W s - 1

q ,q(\gamma 3)\cap 
W

min\{ s - 1
q ,m+1\} ,q

00 (\gamma 3). Thus, \scrK [3]
0 is well-defined by Lemma 4.3 with \scrK [3]

0 (F )| \gamma 3
= f0

3 ,

\partial k
n\scrK 

[3]
0 (F )| \gamma 1\cup \gamma 2

= fk
0 , for k \in \{ 0,1, . . . ,m\} , and

\| \scrK [3]
0 (F )\| s,q,T \lesssim m,s,q \| \scrK [2]

m (F )\| s,q,T + 00\| f0
3  - \scrK [2]

m (F )\| s - 1
q ,q,\gamma 2

\lesssim m,s,q \| F\| Xs,q
m ,\partial T

by (4.12), (7.4), and (7.10). Arguing inductively and analogously as above with

Lemmas 4.3 and 7.4 repeatedly shows that \scrK [2]
i , i\in \{ 0,1, . . . ,m\} , is well-defined with

\partial k
n\scrK [3]

m (F )| \partial T = fk, k \in \{ 0,1, . . . ,m\} , and \| \scrK [3]
m (F )\| s,q,T \lesssim m,s,q \| F\| Xs,q

m ,\partial T .

This completes the proof of (7.5).
Finally, we assume that F satisfies (7.6). By definition (7.3), F \in Xs,q

m (\partial T ).

Lemma 4.1 then gives that \scrK [1]
m (F )\in \scrP p(T ). Repeatedly applying Lemmas 7.3 and 4.2

and arguing analogously as in the proof of Theorem 3.2 shows that \scrK [2]
m (F ) \in \scrP p(T ).

Similar arguments based on Lemmas 7.4 and 4.3 then show that \scrK [3]
m (F ) \in \scrP p(T ),

which completes the proof.

8. Summary and future work. We have constructed a right inverse of the
trace operator u \mapsto \rightarrow (u| \partial T , \partial nu| \partial T , . . . , \partial m

n u| \partial T ), m \in \BbbN 0, that maps suitable piecewise
polynomial data on \partial T into polynomials of the same degree and is bounded from
Xs,q

m (\partial T ) into W s,q(T ) for all (s, q) \in \scrA m. One open problem is whether the above
construction is also stable from the appropriate Besov space into W s,q(T ) when s - 
1/q \in \BbbZ and q \not = 2 or from the trace of W s,q(T ) with m + 1/q < s < m + 1 into
W s,q(T ), which arises in the analysis of high-order discretizations of fractional PDEs.
Another open problem is how to generalize the above construction to three or more
space dimensions.

Appendix A. Auxiliary 1D results.

Lemma A.1. Define the operator \scrH L formally by the rule

\scrH Lf(t) = t - 1

\int t

0

f(s) ds=

\int 1

0

f(ts) ds, t\in I.

For any real numbers s \geq 0 and 1 < q < \infty , \scrH L is a bounded map of W s,q(I) into
W s,q(I) and of W s

L(I) into W s
L(I). In particular,

\| \scrH Lf\| s,q,I \lesssim s,q \| f\| s,q,I for all f \in W s,q(I),(A.1)

L\| \scrH Lf\| s,q,I \lesssim s,q L\| f\| s,q,I for all f \in W s,q
L (I).(A.2)

Proof. Let f \in C\infty (\=I) and 1< q <\infty . Thanks to [2, Lemma 3.1, equation (3.3)],

(\scrH Lf)
(n)(t) = t - (n+1)

\int t

0

unf (n)(u) du=

\int 1

0

unf (n)(ut) du for all n\in \BbbN 0.(A.3)

Applying Hardy's inequality [26, Theorem 327] gives

\| (\scrH Lf)
(n)\| qq,I \leq 

\int 
I

\biggl( 
t - 1

\int t

0

| f (n)(u)| du
\biggr) q

dt\leq 
\biggl( 

q

q - 1

\biggr) q

\| f (n)\| qq,I .
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714 CHARLES PARKER AND ENDRE S\"ULI

Consequently, \scrH L is a bounded map of Wn,q(I) into Wn,q(I) for all n\in \BbbN 0. Equation
(A.1) now follows from interpolation.

Now let f \in W s,q
L (I). Identity (A.3) and inequality (A.1) show that \scrH Lf \in 

W s,q(I) and (\scrH Lf)
(i)(0) = 0 for 0\leq i < s - 1

q . Consequently, in the case s - 1/q /\in \BbbZ ,
\scrH Lf \in W s,q

L (I). For s  - 1/q \in \BbbZ , we set n = \lfloor s\rfloor and apply Hardy's inequality [26,
Theorem 327] once again:

\| \tau  - s(\scrH Lf)
(n)\| qq,I \leq 

\int 
I

\biggl( 
t - 1

\int t

0

u - s| f (n)(u)| ds
\biggr) q

dt\leq 
\biggl( 

q

q - 1

\biggr) q

\| \tau  - sf (n)\| qq,I .

Equation (A.1) then shows that \scrH L is a bounded map of W s,q
L (I) into W s,q

L (I) for all
1< q <\infty , which completes the proof.

Corollary A.2. Let 1< q <\infty . For real numbers s > 0, there holds that

\| \tau  - 1f\| s,q,I \lesssim s,q \| f\| s+1,q,I for all f \in W s+1,q(I)\cap W 1,q
L (I),(A.4)

L\| \tau  - 1f\| s,q,I \lesssim s,q L\| f\| s+1,q,I for all f \in W s+1,q
L (I).(A.5)

Additionally, for all real 0<\beta < 1, there holds that

\| \tau  - \beta f\| q,I \lesssim \beta ,q L\| f\| \beta ,q,I for all f \in W \beta ,q
L (I).(A.6)

Proof. Let s > 0 and 1 < q < \infty . Equation (A.4) follows from the identity
t - 1f(t) = (\scrH Lf

\prime )(t) for f \in W s+1,q(I) \cap W 1,q
L (I) and (A.1). Similarly, (A.5) follows

from the same identity and (A.2).
Now let f \in W \beta ,q

L (I), 0<\beta < 1. When \beta q= 1, (A.6) follows from the definition of
the norm, so suppose that \beta q \not = 1. Equation (A.6) is implicit in [24, Theorem 1.4.4.4],
but we provide that proof here for completeness.

(1) We first show that

\| \tau  - \beta g\| q,\BbbR +
\lesssim q \| g\| \beta ,q,\BbbR +

for all g \in W \beta ,q
0 (\BbbR +).(A.7)

By density, it suffices to consider g \in C\infty 
c (\BbbR +). (a) Let \beta q < 1. Thanks to the identity\int \infty 

x

y - 1g(y) dy=

\int \infty 

x

y - 2

\int y

0

g(t) dt - x - 1

\int x

0

g(t) dt,(A.8)

which follows from integration by parts, we have

g(x) = - w(x) +

\int \infty 

x

y - 1w(y) dy, where w(x) = x - 1

\int x

0

[g(t) - g(x)] dt.(A.9)

Using H\"older's inequality, we obtain

\| \tau  - \beta w\| qq,\BbbR +
\leq 
\int \infty 

0

x - \beta q - 1

\int x

0

| g(t) - g(x)| q dt dx\leq 
\int \infty 

0

\int \infty 

0

| g(t) - g(x)| q

| x - t| 1+\beta q
dt dx.

Consequently, \| \tau  - \beta w\| q,\BbbR +
\leq \| g\| \beta ,q,\BbbR +

. Hardy's inequality [26, Theorem 330] then
gives \int \infty 

0

\bigm| \bigm| \bigm| \bigm| x - \beta 

\int \infty 

x

y - 1w(y) dy

\bigm| \bigm| \bigm| \bigm| q dx\lesssim q

\int \infty 

0

x - \beta q| w(x)| q dx\leq \| g\| q\beta ,q,\BbbR +
.

Consequently, (A.7) holds.
(b) Now assume that \beta q > 1. The identity g(x) = - w(x) - 

\int x

0
y - 1w(y) dy, where

w is defined in (A.9), may be shown similarly to the identity (A.8). Applying Hardy's
inequality [26, Theorem 330] once again gives\int \infty 

0

\bigm| \bigm| \bigm| \bigm| x - \beta 

\int x

0

y - 1w(y) dy

\bigm| \bigm| \bigm| \bigm| q dx\lesssim q

\int \infty 

0

x - \beta q| w(x)| q dx\leq \| g\| q\beta ,q,\BbbR +
,

and so (A.7) holds.
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(2) Now let f \in W \beta ,q
L (I), 1 < q < \infty , \beta q \not = 1. Let \~f denote an extension of f

to \BbbR + satisfying \~f | I = f and \| \~f\| \beta ,q,\BbbR +
\lesssim \beta ,q \| f\| \beta ,I . Many extensions are possible.

For example, let F denote the extension of f on (1/2,1) to all of \BbbR using the linear
extension operator of Stein [35, Chapter 3] and take \~f = F on [1,\infty ). Applying (A.7)
gives

\| \tau  - \beta f\| q,I \leq \| \tau  - \beta \~f\| q,\BbbR +
\lesssim q \| \~f\| \beta ,q,\BbbR +

\lesssim \beta ,q \| f\| \beta ,q,I ,

which completes the proof.

Lemma A.3. There exists a linear operator \scrF L :
\bigcup 

s\geq 0
1<q<\infty 

W s,q
L (I)\rightarrow L1(\BbbR ) satis-

fying

\scrF L(f)| I = f, \scrF L(f)| \BbbR  - = 0, and \| \scrF L(f)\| s,q,\BbbR \lesssim s,q L\| f\| s,q,I for all f \in W s,q
L (I).

Moreover, the space C\infty 
c ((0,1]) is dense in W s,q

L (I) for all s\geq 0 and 1< q <\infty .

Proof. Let 1 < q < \infty , k \in \BbbN 0, \beta \in [0,1), s = k + \beta , and f \in W s,q
L (I). Let

\~f \in W s,q(\BbbR +) denote the extension of f to (0,\infty ) in the proof of Corollary A.2. We
then define \scrF L(f) by \scrF L(f) = 0 on \BbbR  - and \scrF L(f) = \~f on \BbbR +. Clearly, \scrF L is a linear
operator, and if \beta > 0, there holds that

\| \scrF L(f)\| qs,q,\BbbR \lesssim s,q \| \~f\| qs,q,\BbbR +
+

\int 1

0

\int 0

 - \infty 

| f (k)(t)| q

| t - u| \beta q+1
du dt\lesssim s,q \| f\| qs,q,I + \| \tau  - \beta f (k)\| qq,I

\lesssim s,q L\| f\| qs,q,I

by (A.6). The case \beta = 0 follows analogously. Thus, the zero extension of \~f to all
of \BbbR is bounded. By [24, Theorem 1.4.2.2], there exists a sequence \{ \~fn\} \subset C\infty 

c (\BbbR +)
such that \~fn \rightarrow \~f strongly in W s,q

L (\BbbR +). Consequently, fn := \~fn on I satisfies fn \in 
C\infty 

c ((0,1]) and fn converges strongly to f in W s,q
L (I). Thus, C\infty 

c ((0,1]) is dense in
W s,q

L (I).

Lemma A.4. For n \in \BbbN , 1 < q < \infty , and 0 < \beta < 1, with \beta q \not = 1 if q \not = 2, there
holds that

W
n+\beta  - 1

q ,q

L (I) = [W
n - 1

q ,q

L (I),W
n+1 - 1

q ,q

L (I)]\beta ,q,(A.10)

with equivalent norms, where brackets indicate the real method of interpolation [13].

Proof. Since C\infty 
c ((0,1]) is dense in both W

n+\beta  - 1
q ,q

L (I) and the interpolation space

[W
n - 1

q ,q

L (I),W
n+1 - 1

q ,q

L (I)]\beta ,q by Lemma A.3 and [13, Theorem 3.4.2], it suffices to

show that the W
n+\beta  - 1

q ,q

L (I) norm is equivalent to the interpolation norm. This
equivalence follows from exactly the same arguments as in the proof of [18, Theo-
rem 14.2.3], replacing the operators ``ES"" and ``EG"" with \scrF L from Lemma A.3 and

the spaces ``W k
p (\Omega )"" and ``W k+1

p (\Omega )"" with W
n - 1

q ,q

L (I) and W
n+1 - 1

q ,q

L (I).
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