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Abstract

Body centred cubic (BCC) transition metals are of high interest for nuclear applications, where
they are subject to high radiation damage, which causes the material’s properties to decay.
Measuring the electrical and thermal properties of these materials after irradiation poses chal-
lenges due to sample size, activity, and cost of running the experiments. Traditional methods of
measuring thermal properties require bulk samples. Newer measuring techniques were developed
for smaller samples, but they have their limitations. Therefore, a new First Principles’ method was
developed to predict the electronic thermal conductivity and resistivity of Frenkel pairs (FP) in
BCC transition metals. The Boltzmann Transport equation for the thermal conductivity requires
the electron heat capacity, the Fermi velocity, and the electron scattering time. A model to cal-
culate the electron-FP scattering time for point defects is shown, and extended to include the
electron—phonon contributions. The electron—phonon corrections of s-electron to the d-band
from the Mott model for transition metals are presented and discussed. The method presented in
this work can provide an initial insight, in the degradation of the electric and thermal properties of
irradiated transition metals and their alloys, including high entropy alloys.

1. Introduction

Thermal conductivity is dominated by two mechanisms, electron and lattice (phonon) scatterings. In
particular, electrons dominate the heat transfer mechanism in metals, especially in d—block transition
metals, where the additional d—electrons and the metallic bonds provide high mobility to the electrons
[1]. Electrons transfer heat by scattering, the electrons moving in the metal will scatter at other particles
and quasi particles, like impurities, phonons, and to a lesser degree, other electrons [1, 2]. These scatter-
ings will impede the movement of the electrons, hence causing them to lose energies due to the changes
in the velocity. Impurities can be quite different, from elemental impurities, to point defects, like a miss-
ing ion in the lattice, to self-interstitial, all provide a centralized scattering centre [1], and can be treated
in the same way. Of high interest are vacancies and self-interstitial pairs, known also as Frenkel pairs
(FP). FP are defects that are formed during irradiation events in the ballistic phase [3]. Experimentally
measuring the thermal conductivity of irradiated metals poses many issues due to the radioactivity of the
samples, cost of the studies, and health and safety limitations. As such, developing a theoretical model
to successfully calculate the thermal conductivity is crucial for material development and understand-
ing how well a material will perform in a nuclear irradiation environment. Hence, the electronic thermal
conductivity for a material can be calculated knowing the electron scattering time, its Fermi velocity, and
the electronic heat capacity [1, 2].

There are different experimental methods to find the thermal properties of materials, resistivity mea-
surements combined with Wiedemann—Franz law [4], laser flash analysis (LFA) [4-6], and newer meth-
ods like transient grating spectroscopy (TGS) measurements [7—10], or the 3-omega method [11-13]. All
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these methods can be used to accurately measure the thermal conductivity, but they all have restrictions,
either on the size of the samples, its surface finish, and the cost of running them. LFA and resistivity
measurements are more reliable on bulk samples. TGS is a powerful method, it can be used in-situ dur-
ing irradiation experiments [7], and it can achieve small time resolutions [10]. However, it is restricted
by the surface finish of the sample, and the probing depth of 2.5 to 8.5 um [8, 9]. The 3-omega method
can also be used on small samples, and wires, but it is limited by the need to deposit complex surfaces,
and layering them on top of the sample to take the measurements [11-13]. The limiting factors remain,
the sample size, irradiation experiment cost and duration, dose rate and activities, these limit the mate-
rial testing and refinement for recent alloys. Therefore, it is significant to have a model that can accu-
rately predict the changes in thermal conductivity following irradiation damage.

Computational methods like Green—Kubo [14, 15] integrate over time and correlate the lattice vibra-
tions to calculate the thermal conductivity, or other properties like electrical conductivity. There are also
non equilibrium molecular dynamics [16], which create a heat flux in an atomistic system to calculate
the thermal conductivity. These are often limited by the complexity of the structures, and the simulation
time lengths required. Mason [2, 17] developed a method to calculate the thermal conductivity from Ab-
Initio and Molecular Dynamics simulations. The method produces accurate results, which relies on the
fitting of the electron scattering time to experimental data, either by fitting the experimental resistivities
[2], or with the thermal diffusivity obtained from TGS [8, 17]. This method limits the modelling to sys-
tems that have experimental data available, or for which that data can be acquired. Hence, it is difficult
to test new alloys before manufacturing.

Other methods to calculate the thermal conductivity rely on the Boltzmann’s transport equations
(BTE) [1, 18]. In First Principles, the BTE can be simplified and used with the relaxation time approx-
imation (RTA) [1, 18-20]. Smirnov [20] extended the BTE to account for electron scattering processes,
and electron—phonon coupling, which allowed them to get a good comparison with experimental data.
However, the scattering terms described by Smirnov were only considered in the x-direction due to the
cubic symmetries of the elements considered in their study [20]. This would work only in pure, defect
free, materials. The addition of defects is bound to break the symmetry, changing the electron scattering
rate, and some of these defects will be direction-dependent, hence making the scattering rate dependent
on the orientation of the defect. The use of RTA can lead to erroneous results as it does not consider
the electronic configuration, which is fundamental, as electrons can only scatter in empty states which
adhere to the Pauli exclusion principle [1]. Claes et al [21] have compared, analysed, and expanded RTA
approximations, and shown that the results produced with RTA have to be carefully examined. Jayaraj
et al [22] went further in developing a model that used the RTA model and fitted experimental data to
find accurate conductivity results. This method works primarily because of the experimental fitting of
the data, as it provides the information missed by the RTA.

The electron scattering time, also known as relaxation time, or collision time, is the average time
between electron collisions with other particles and quasi-particles [1]. The inverse of the relaxation time
is therefore the probability that the electron will scatter [1, 23]. In a perfect infinite lattice, the scattering
time would be infinite, and therefore the scattering probability would be negligible [23]. As there are no
perfect lattices, the electrons will scatter from impurities, phonons, and other electrons. Transition met-
als in the d-block are special because they have available states in the d-subshell for the electrons. Mott
and Jones considered that conduction is primarily done by s-subshell electrons, and thus resistance in
transition metals also arises from the scattering of s-electrons to the d-subshell [23]. The scattering prob-
ability should then be the sum between the scattering probability of the s-electrons with the impurity,
and the d-electron on the impurity, while including the s — d-shell scattering. This would also affect the
electronic thermal conductivity that is directly proportional to the relaxation time. Hence, the larger the
relaxation time, the larger the thermal conductivity.

In this work, a model was developed to study the effects of Frenkel defects in body centred cubic
(BCC) transition metals. In the following sections, the methodology behind the first principles calcu-
lations is described. Then, the various parts that make up the model are introduced. Firstly, the Fermi
velocity, the effective mass, and electronic thermal capacity are calculated. Then, a method to extract
the perturbation potential from the difference of the perfect supercell and the supercells with defect is
shown. From these, the FP resistivities are calculated and compared with the experimental available data.
Furthermore, the electron—phonon contribution is approximated using the Kaganov model to increase
the accuracy of the model. Additionally, using the Mott model the s-electrons to d-band scattering is
accounted for in the electron—phonon model to understand the effects of the defects on the temperature
dependence.
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2. First-principles calculations

2.1. Computational details

The first principles simulations present in this work were performed using VASP 5.4 [24, 25], using
semi-core Projector-Augmented-Wave Perdew—Burke—Ernzerhof generalized gradient approximation
(GGA) [26] potentials for all elements. Semi-core electrons were included, the electrons used are shown
in table 1. The structures used in this part were primitive structures with 1 atom, except in Cr where a
conventional structure was used with 2 atoms. Because of this, the Cr pseudo-potential was duplicated
to treat the atoms with the positive magnetic moment, and the negative magnetic moment as separate
Cr species. This was done to have an atom with positive magnetic field and one with negative mag-
netic field to study the effects of the anti-ferromagnetism. Additionally, a magnetic field was applied to
the Fe atom, and the calculations for Ta and W in their primitive structures were performed with spin
orbit coupling. These simulations will be referred as primitive calculations. All the primitive calculations
were performed with a plane-wave cut-off energy of 600 eV, the energy minimization was done with the
Blocked-Davidson algorithm, and with an electronic convergence of 107° eV, using an additional sup-
port grid was enabled in the simulation to have a finer augmentation charge grid.

The structure optimization was performed with a force convergence of 107> eV A1, using the con-
jugate gradient (CG) algorithm. The smearing algorithm used was the tetrahedron with Bloch correc-
tions smearing with a 15 x 15 x 15 K-mesh centred at I'. In the case the simulations did not find the
optimum structure in a run, the output structure was copied and used as the starting input for the next
structure optimization. And, in the case that the optimization had reached a minimum but was not con-
verging, the CG algorithm was changed to the ‘Residual Minimization Method with Direct Inversion
in the Iterative Subspace’ (RMM-DIIS) algorithm, where the change step-size was determined from the
previous simulations CG step-size multiplied by the ‘trial-step’ obtained from VASP. For W and Ta, an
initial optimization was performed by letting the volume of the cell optimize, and using the resulting
output structure as the input, the atomic position was optimized in the following simulation.

The self-consistent field (SCF) calculations were performed using the optimized structure, the smear-
ing algorithm was the same as the structure optimization, tetrahedron with Bloch corrections, and using
the same K-mesh of 15 x 15 x 15 centred at I'. The charge density produced in the SCF calculations was
the basis for the following simulations.

Density of states (DOS) were calculated using the optimized structure, and the charge density from
the SCE. The K-mesh was kept the same. A 0.1 eV DOS mesh was used.

The Fermi surface was calculated using the optimized structure, and the charge density from the SCF
calculation. The K-mesh was increased from 15 x 15 X 15 to 29 X 29 x 29 centred at I". Meshes larger
than the 29 x 29 x 29 were not stable for all elements; hence, this mesh was chosen.

The band-structure calculations were performed using the 1st order Methfessel-Paxton (MP) smear-
ing with a smearing factor of, ¢ =0.01 eV, the optimized structure was used, and it also used the charge
density from the SCF calculation. The high symmetry path was found using SeeK-Path [27, 28], and
for BCC transition metals, this is ' -+ H — N — T — P — H|P — N. The path was subdivided in 101
points, which resulted in 606 K-points. These results were post-processed using VASPKIT [29] and
Python.

For the heat capacity, SCF simulations were performed using the optimized structure, the Fermi—
Dirac smearing, with ¢ in ranges of 0.01 to 0.35 eV, which corresponds to an electron temperature
range of 116 to 4061 K. The lower o range was set at 0.01 eV as simulations below this value were not
stable for all elements. Whereas, the upper range was set to be above the melting point of W, which is
the highest across the BCC transition metals chosen in this work. The values of the energy at 0 K were
extracted from the 0.01 eV simulations.

The perfect supercells were performed with a 5 x 5 x 5 resulting in 250 atoms. As such, the K-mesh was
reduced to 5 x 5 x 5. The structure optimization was performed by optimizing both the volume and

the atomic positions. The structures were optimized using the 1st order MP, with a smearing factor of

o —0.01. The electronic minimization was performed using the ‘FAST’ algorithm in VASP, with the first
ionic step using 12 electronic steps of Blocked-Davidson algorithm, and the rest using the RMM-DIIS
algorithm. For Cr and Fe, the optimization was performed with the standard blocked-Davidson. The
structure optimization algorithm used was CG. The convergence threshold was set to 107> eV A~!. The
table 2, below, shows the optimized lattice constants and compares them with the experimental results.
For the supercells with the defects, the optimized perfect supercell was taken and modified to include the
defect as follows;
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Table 1. Numbers of electrons chosen for the simulations.

Periodic table element

Element group old / new #e” Valence electrons
\% VB/V 13 3523p04s!3d*

Nb 4524p°5stadt

Ta 5525p05d°

Cr VIB/ VI 14 3523p°4s'3d°

Mo 4s*4p®5s'add

W 5525p°6s! 5d4°

Fe VIII 16 3s23p%4s'3d”

Table 2. Lattice parameter a, from perfect supercell structure optimization.

Element Supercell dimensions (A) a(A) Experimental [18] (&)
\' 14.984 x 14.984 x 14.984 2.997 3.03
Nb 16.536 X 16.536 X 16.536 3.307 3.30
Ta 16.585 x 16.585 x 16.585 3.317 3.30
Cr 14.249 X 14.249 x 14.249 2.850 2.88
Mo 15.811 x 15.811 x 15.811 3.162 3.15
w 15.925 x 15.925 x 15.925 3.185 3.16
Fe 14.074 X 14.074 X 14.074 2.815 2.87

o for the vacancy, the central atom of the [111] string in the middle of the cell was deleted, resulting in
a structure with 249 atoms.

e The dumbbell [111] dumbbell was created by replacing the centre atom along the [111] string with
two atoms, which had a vector separation of a x [0.05,0.05,0.05] A along the [111] dumbbell, where
a is the lattice parameter. In Fe, the [110] dumbbell was created, which had a vector separation of
a x [0.07,0.07,0] A. These structures have 251 atoms.

o The crowdion structure was created for all elements except Fe. The crowdion was created by adding
an atom at the centre of the cell, and displacing the other atoms in the [111] string following the kin-
klike static displacement field solution by Fitzgerald and Nguyen-Manh [30]. Which results in struc-
tures with 251 atoms.

These structures were then optimized by keeping the volume constant and only allowing the atomic
positions to optimize. The method was otherwise similar to that described previously for the perfect
supercell. In the case where the structure was close to the lowest energy state but was not converg-

ing with the CG algorithm, the algorithm was changed to the RMM-DIIS, where the change step-size
was determined from the previous simulations CG step-size multiplied by the ‘trial-step’ obtained from
VASP. The defect formation energies were calculated and compared with literature data to ensure that
the defects were correct using the following equation,

Ndefect

H?efect = Hefect — Hperfect (1)

Mperfect

where Hyefecr, and Hperseer are the total energies of the defect supercell and the energy of the perfect
supercell from the converged structure optimization result, while the #1gefect, and #perfect are respectively
the number of atoms in the defect supercell and perfect supercell.

The SCF simulations were all performed using the optimized structures, and the electronic min-
imization was changed to the blocked-Davidson algorithm, with the same K-mesh as the structure
optimization.

The density of states simulations were performed by extending the SCF simulations, using the tetra-
hedron with Bloch corrections smearing with a step of 0.1 eV, the same K-mesh as the SCF calcula-
tions was used. VASPKIT [29] and Python were used to post-process the DOS results and decompose
the DOS in the individual band contributions.

4
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2.2. Fermi velocity and effective mass
The Fermi velocity can be calculated as [1],

_ 1
Vg = ﬁVkEF (2)
where, 7 is the reduced Planck constant, VEy is the gradient of the electron free energy as a function

of K-wave vectors. In Python, the Fermi velocity was calculated by integrating over the Fermi surface
using [2],

ds (3)

o1 OEx) .
VF_ﬁleﬁg‘ ok "

where [ is the band index, and 7 is the normal to the Fermi surface. The effective mass of electrons will
be used in the electron—phonon scattering, but it is important to estimate correctly. The effective mass,

m* is defined as [1],

1 1 O°E

m* 12 Okiok; )

from this, using band structure calculations along the high symmetry path, it is possible to extract the
effective mass values from the bands that cross the Fermi surface. Only the value in between —kgTy <
er < kgTm were used, where Ty is the melting temperature of the metal, and ¢g is the Fermi energy.

Using C2X [31] the VASP results were post-processed to produce a BXSF file, from which the bands
that crossed the Fermi surface were determined and extracted using XCrySDen [32]. The code from
Weinberg® [33], was used and modified for this work. The surface integral was performed using Einstein
summation in the NumPy python library [34]. Furthermore, using a piecewise cubic spline the eigenval-
ues were interpolated from 29° to 116” using a marching cube algorithm method following the method
used by Mason [2]. VASPKIT [29] was used to post-process the resulting band-structure simulations.
The effective mass was averaged from the values obtained by the bands that crossed the Fermi surface.

Figure 1 shows the Fermi velocites overlaid on the Fermi surfaces of the BCC transition metals.
While table 3 showcases the results obtained in this work, and compares the Fermi velocities with the
work done by Mason [2] and Medjanik et al [35]. The results for Nb, Ta, and Cr mostly agree with
Mason’s work, while the others do not. However, the Fermi velocity for W, 7.53 Afs’l, does match with
the experimental value of the electron hole velocity found by Medjanik et al of 7 Afs~!. These differences
come down to the potentials used, in this work semi-core potentials with PBE-GGA were used for all the
elements, while Mason used a semi-core HGH potential with LDA exchange correlation functional for
W, and they lifted the spin degeneracy on Fe. The Cr Fermi velocity was calculated on a conventional
cell to include the antiferromagnetic moments.

2.3. Electronic heat capacity from finite temperature approximation

To calculate the electronic thermal capacity, the Finite Temperature Approximation will be used. This
approach relies on the properties of the Fermi—Dirac distribution to smear the electronic temperatures.
The Fermi—Dirac distribution has the form of [24],

1
fle) = ~ (5)
exp (e —p) / (ke T)] +1
The main reason the Fermi—Dirac smoothing function was chosen was due to the smearing factor o =
kgT, as it is related to the electronic temperature. Furthermore, at ground state, the energy changes are
not small with changes in f{¢), hence, the free energy, F, is used [24],

F=E— ZwkaS (fu) (6)

nk

where wy are weighting factors associated to a k-point k, and S(f,;) is the entropy term and defined as,

S(fn ) :_[fnklnfnk+(l _fnk>1n(1 _fnk)]~ (7)

5 The version that was used and modified for this work corresponds to commit 781b3ef.



10P Publishing J. Phys.: Condens. Matter 38 (2026) 235901 J Singh et al

200 4.12 o™ Velogly (Angffs) o 105 200 4,12 o™i Velogly (Anglis) 5
_— T — _—

10.5

2.00 4.12 "o Velogly (Anglts) o 10.5 200
—_— U —

sk_z8
02 W04 00 01

0, at
0y
5,0 e
[I = o207 ¥

S C
r
200 10.5 2.00 4.12 ™! Velogly (Anofis) g 10.5
T — —_— T —

03

2,00 10.5

04

X

0.0

$k_z8

-0.2

B 0
By g4 w

Fe

Figure 1. Fermi velocity of BCC transition metals in Afs~!. The Fermi surface of each element is overlaid with its Fermi velocity.
Chromium Fermi surface is from the conventional cell to include the anti-ferromagnetic behaviour.

It becomes possible to calculate the heat capacity as equation (6) is in simpler terms [36],
F=U-1S (8)

where U is the internal energy, T is the temperature and S the entropy. The first derivative in respect of
temperature will result in,
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Table 3. Effective mass and comparison of Fermi velocity of BCC transition metals.

. . .
Effective mass Fermi velocity (Afs—!)

Element (x1073! kg) This work Mason [2] Medjanik et al [35]
A\ 3.02 5.41 4.47

Nb 1.80 6.45 6.46

Ta! 2.25 6.41 6.47

Cr? 3.68 5.99 5.73

Mo 1.15 7.45 8.72

w! 1.42 7.53 9.50 7

Fe’ 2.99 5.35 4.95

! Non-collinear spin orbit coupling interaction included.
2 Spin polarized anti-ferromagnetic, conventional cell.
3 Spin polarized magnetic moments included.

s=-F (9)
and the electronic thermal capacity is,
ce:ij—;:fof—le. (10)
The results obtained from equation (10) will be compared with the Sommerfeld model [1],
o2
Cs = ?kxstg(EF) (11)

where g(eg) is the value of the density of states at Fermi energy, which was determined from primitive
cell DOS calculations. The results will also be compared with the Free electron gas solution (based on

the Free electron model),
2
Cpg = U (kBT) nksg (12)
2 €F

where n is the number of free electrons, which has been taken to the number of electrons mentioned in
table 1.

Using equation (10), the heat capacity for the BCC transition metals was calculated. For the ther-
mal smearing at 0 K, the entropy should be 0 eV K™, this was considered when fitting the data to avoid
numerical errors from differentiating. The data was fitted and interpolated to 1 K precision. The elec-
tronic heat capacity is in the 107> eV K™! range, this is because unlike thermal conductivity, phonons
are the dominating mechanism behind heat capacity, with electrons providing small additions to it. The
results derived from equation (10) were compared with Sommerfeld approximation [1], with the values
calculated from the Electron Free model. This comparison is shown in figure 2.

The results seem to showcase a common pattern for each element group. Group V starts close to
the Sommerfeld and Free electron gas models at lower temperatures, and then start to diverge away at
higher temperatures. Meanwhile, in group VI, the Sommerfeld model acts as a lower bound and the Free
electron gas model as an upper bound, and the ¢, calculated from First Principles simulations is con-
tained between the two. The c. calculated for Fe is larger than the two models, but after its Curie point
it starts to diverge towards the approximations, and then diverge again at higher temperatures. The rea-
son Cr and Fe look so differently at lower temperatures, is most likely due to the inclusion of the mag-
netic moments in the calculations. But at higher temperature, for Fe tend to converge close to the Free
electron model solutions, while Cr keeps increasing. This is most likely due to the spin degeneracy in
Fe and Cr, which is not accounted for in the Sommerfeld model, and as such does not provide accu-
rate predictions of the electronic heat capacity. The results were also compared with linear experimental
results from Tari [37]. The experimental values are larger in group V, but are close to group VI. Both
Cr and Fe do not fully agree with the experimental results, and this deviation is most likely due to the
inclusion of magnetic moments. There is an additional explanation for these differences; the results from
Tari are from low-temperature experiments that have been extrapolated at higher temperature. Hence,
some high-temperature contribution might have been ignored. But as the results are close to the same
order of magnitude, they can be assumed to be correct.

7
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Figure 2. Electronic heat capacity in a primitive cell as a function of temperature from finite temperature differences. The black
dashed lines are the free electron model values, n indicates the number of electrons used. The dotted lines are the Sommerfeld
approximations. The red lines are the heat capacity from low-temperature experiments from [37] that were extrapolated at
higher temperatures using C. = yT.

3. Electron-impurity scattering times

3.1. Background

To calculate the scattering time of electron-impurity, the assumptions made by Ashcroft and Mermin [1]

were used;

(i) Scattering only occurs in a band n with a wave vector k to a band n’ with a wave vector k’, where

n=n.




10P Publishing

J. Phys.: Condens. Matter 38 (2026) 235901 J Singh et al

(ii) Electron spin is conserved during the scattering.

(iii) Scattering can only happen in states that are unoccupied (due to Pauli’s exclusion principle).

From these assumptions, the scattering probability at a time 7 at k for all k' is defined as [1],

1 dk’ ,
7_():/(271_)3Wk,k’ [l—g(k )] (13)

where Wy k- is the probability of an electron scattering from k to k', and g(k’) is the density of states
at k'
The scattering probability, is related to the transition probability of an electron [1],

27
Wsr = Si6 (e (k) — e (k) |(K'| U TR (14)
where n; is the number of defects per volume, §(e(k) — e(k’)) is the density of states at Fermi energy
g(er), and (k’|U|k) is the Fermi’s Golden rule for the transition probability of an electron with a poten-
tial energy of U (also known as perturbation potential) from k to k’. The Fermi’s golden rule can be

solved as,

WU = [ dro () UG b (1) (15)
Further, assuming that the potential is uniform across the system, U(r) — U, equation (15) becomes,
K| UJK) = U/dmp;; (N (r) = U X vea (16)
where v is the volume of the supercell. Hence, Wy x» becomes,
21 2
Wi = = Mg (er) (U X Ve (17)

Finally, the scattering probability equation reduces to,

1 27 2[4 s
0 T nig(er) (U X veep)) /k(27r) (18)
with fdk/ = (277)3/Vcell:
1 2
T %n'g(eF) Ve U? (19)

VASP can output the local potential (Vipcpor) from DFT calculations as,
Viocror (1) = Vienic (1) + Vi (1) 4+ Vxc (1) (20)

Where, Vionic(r) is the ionic contribution to the potential, Vy(r) is the Hartree potential, and Vxc(r) is
the potential from the exchange-correlation potential.
To validate the scattering probability equation, the electric resistivity of FP were calculated. The resis-
tivity is defined as [1],
Me

— 21
ne*r 21)

where m, is the electron mass 9.109 x 1072 kg, # is the electron density of states per atom, n =
L [ gle)de, 7 is the scattering time.

Veell

Mason [2] showed that the total scattering time can be calculated as,

1 1 1\
T ="Tm+ + + (22)

Timp  Te—ph  Te—e

where Tun, Timps> Te—phs and T._. are respectively the scattering time that arises for the smallest scattering
distance, electron-impurities, electron—phonon, and electron—electron scattering. The shortest distance
is defined by the nearest-neighbour distance, which for BCC transition metals is a\/3/4 where a is the
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lattice parameter, and the speed at which the electrons travel in the conduction band is the defined by
the Fermi velocity. Thus, the smallest scattering probability allowed is,

a\/3/4
Vf ’

(23)

Tan =

The 7y, and 1/7yp are taken to be temperature-independent, whereas 1/7._, is proportional to T° at
T < Op, where Op is the Debye temperature, and T at T > Op. And 1/7._. is proportional to T2 [2].
Due to the high defect concentration in the structures with the defects (1 defect for every 250 atoms),
the contributions are approximated up to the first temperature approximation; hence the 1/7._. contri-
bution will be ignored as it scales with T2. In a model with a lower defect concentration, the e—e contri-
bution should be included to improve the accuracy of the model. Using the Matthiessen’s rule the total
resistivity is then,

P = Pnn + Pimp + Pe—ph (T) (24)

where pngs pimp> and pe_pn(T), are respectively the resistivities that arise from the shortest distance,
electron-impurities, and electron—phonon scattering. The various components will be analysed in the
following sections. In this section, the focus will be on the electron-impurities, which is related to the FP
resistivity. The electron-impurities can be further split down to individual components, i.e. the resistiv-
ity that would arise from electron scattering on vacancies, dumbbells, crowdions, and other defects. The
Matthiessen’s rule [1] can also be used to subdivide the Frenkel Pair resistivity using the vacancy and
interstitial scattering time as,

Me Me

prp = ——— > (25)
Nne*Tyae  NE*Ting
and Ty,c and 7y are respectively the scattering time for an electron-vacancy and electron-interstitial
interaction.
While to calculate the electronic thermal conductivity [1],
1
Ke = gcevﬁre (26)

similarly to the resistivity, one can apply the Matthiessen’s rule and using equation (22) to find individ-
ual components of the electron thermal conductivity, i.e.

1 1\
Ke = Knn + + (27)

Rimp Ke—ph

and specifically for the case of electron-impurities,

1 I
Kimp = + . (28)
Rvac Rint

The potentials were extracted from the different cells using PyVista [38]. A 3D model was created
using the LOCPOT file generated by VASP. Then, PyVista slicing function was used to create 1028 planes
by slicing in the x,y,z directions and 2048 planes were used by slicing in the [111] directions. The slic-
ing in the [111] direction was not done for the full length, but in the range of 4[111] < x < %[111],
this is to avoid artefacts at the edges of the cell. For Fe, the [110] direction was used, due to the [110]
dumbbell. Then the potential values in each plane were averaged to obtain an average point value that
could be then plotted. The potential difference was calculated for each defect. For the vacancy, the
potential value was taken to be the potential minima and averaged across all four directions and then
divided by two. For Fe and Cr, which included the magnetic moments, the potential is split in up and
down components. The potentials were treated separately, and averaged at the end. For the dumbbell,
and crowdion defect, this was taken to be the difference between the maxima and the minima in the
direction of the defect divided by two. The dumbbell and crowdion potentials were taken in the region
enclosed by the nearest-neighbours of the defect, with the following method,

(i) Find the region enclosed by the nearest neighbours of the defect in the defect direction. Nearest
neighbour in BCC transition metal is v/3/2 x a, where a is the lattice parameter.

10



10P Publishing J. Phys.: Condens. Matter 38 (2026) 235901 J Singh et al

. 0.24
% —— Potential in x-direction
= 0.11 In x-direction, NN found at
S x1= 6.370 A& & x,= 9.555 &
0.01 - S
5 Potential in [111] direction is between
B 11.033=x=<16.550
a —0.14
—0.21 . . ‘ ‘ . . .
0 2 4 6 8 10 12 14 16
Distance in x (A)
0.4
3 021
g —— Potential in the [111]-direction
'.g 0.01 A Minima
< @® Maxima
2 o5
5 .
o
—0.41
50 7.5 10.0 125 150 17.5 20.0 22.5
Distance in [111] (4)
0.4 1
3 0.2
) : Potential in the [111]-direction
° 50 "= U;=0434eV
=i == U, =0.439eV
o ) -
S —0.21 The final potential is 0.437 eV
o
_04_

50 7.5 100 125 150 17.5 20.0 22.5
Distance in [111] (A)

Figure 3. Potential value extraction from the perturbation potential between the perfect and [111] dumbbell supercells in W.

(ii) Find the maxima and minima in the defect direction.

(iii) Then the final potential value is given by (Umax — Unmin)/2, and averaged across as many combina-
tions of Up;, and U,y there are.

Each potential was unique for each defect and element. The process is shown in figure 3 for the [111]
dumbbell in W, further explanation behind these choices is discussed in appendix.

3.2. Results
The defect formation energies were calculated using equation (1), and they were compared with available
literature data. These results are shown in table 4. The formation energies match with the literature data
and experimental data (where available). There is no strong difference between crowdion and dumbbell
defects in the [111] direction. In figure 4, the density of states of the various elements is shown for the
pure, mono-vacancy, dumbbell, and crowdion structures. The graph shows the values per eV atom™!,
however, in the equations the total value of g(eg) were used. Chromium has a very small density of
states at Fermi energy, and this matches with the primitive cell calculations.

The perturbation potentials values for the Frenkel defects have been reported in appendix in
table Al. To validate the potentials value, the resistivities of BCC transition metals defects were calcu-
lated and compared with available experimental data, these results have been compiled in table 5. It is
noted that the experimental vacancy resistivity values in table 5 are that the resistivity values were mea-
sured using differential thermal analysis (DTA), and electrical resistivity measurements (ERM) which
can have errors up to one order of magnitude [42]. To reduce these errors the samples are quenched to
room temperature, which would maintain the number of vacancies caused by the irradiation, and reduce
the errors of ERM and DTA measurements. However, quenching a sample can generate additional vacan-
cies due to strain [43], and these can alter the final result of the resistivity measurements. However, this
work correctly predicts the vacancy resistivity of W, and this is because the measurements for W were
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Table 4. Comparison of the Frenkel pair formation energies. H* is the formation energy of a mono-vacancy, H}“’ is the formation

energy of a dumbbell defect, ch-d formation energy of a crowdion.

Element A\ Nb Ta Cr Mo w Fe

Hye 2.484% 2.686 2.961* 2.655% 2.820° 3.163 2.339°
2.51P 2.99° 3.14° 2.64> 2.96° 3.56" 2.15¢
2.14 2.74 3.14 2.14 3.14 3.64 1.8-2.04

Hfb 2.853% 3.913° 4.811° 6.458° 7.677 10.379* 4.682%"
3.367> 5.253P 5.8320 5.685" 7.417° 9.548b 3.93¢

H;d 2.853% 3.913 4.811% 6.415 7.677 10.380? /
3.371° 5.254b 5.836° 5.660° 7.419b 9.551°

2 This work

2" [110] dumbbell.

b First principles, Nguyen-Manh, Horsfield, Dudarev [39].
¢ First principles, Derlet, Nguyen-Manh, Dudarev [40].

4 Experimental from Schultz [41].

by comparing and fitting field ion microscopy and ERM for the 7 p{2m value, and transmission elec-
tron microscopy combined with ERM for 6.3 p{2m [42, 43]. For the reference values for the resistivities
of Frenkel Pair in table 5, Broeders and Konobeyev collected various experimental and analytical data,
from x-ray diffraction methods, electron irradiation at low temperature of single crystals, experiments
with polycrystals, analysis of various experiments and data obtained by fitting resistivities equations [44].
By statistical analysis and the relative accuracy of the methods, they evaluated the values used in their
work [44].

From the results, the crowdion resistivities are lower than the dumbbell ones. The majority of this
difference comes from the extraction method of the perturbation potential. Dumbbells and crowdions
are topologically different, the dumbbell is a 0-dimensional defect, while the crowdion is a 1-dimension
defect. Hence, the method developed for dumbbells is not feasible to be used for the crowdions. The
crowdions will require a treatment that considers the [111] crowdion influence on the whole [111]
string, like the Frenkel-Kontorova model used by Fitzgerald and Nguyen-Manh [30]. Furthermore, this
suggests that in dislocations, the electron-dislocation scattering time will be positionally dependent.
This is outside the scope of this work, and it will now focus on the 0-dimensional defects like vacan-
cies and dumbbells. Due to the high-concentration of defects, 1 per every 250 atoms, the electronic
thermal conductivity is local to the defect and cannot be compared to the bulk thermal conductivity
directly as shown in table 6. This leads to the large discrepancy between the calculated values and the
experimental ones from Ho, Powell, and Lily [45]. The results were also compared with the nearest-
neighbour limit thermal conductivity calculated from the values reported by Mason [2]. While they are
on the same order of magnitude, the values of the electron-impurities from Mason differ from the one
calculated in this work due to many reasons; Mason used experimental lattice parameters, their Fermi
velocity is different, and the heat capacity also slightly differs. These lead to the differences in the val-
ues. Group VI transition metals and Fe are the closest, while in group V these are higher than the values
from Mason. In the FP case, the smallest value dominates the thermal conductivity due to the applica-
tion of the Matthiessen’s rule. The vacancy and the dumbbell defects have lower thermal conductivity
when compared to the crowdion, which is the opposite effect seen in the resistivity.

4. Flectron—phonon scattering times and correction factors

4.1. Electron—phonon contribution

Mason in their work [2] used the Kaganov model to approximate the electron—phonon scattering time.
Assuming that the electron temperature is the same as the lattice temperature, Tj, the Kaganov model is
defined as [46],

OE 2% 2Ne
R —GT G=T1TYNe (29)
ot e—ph 6T57PhT1

where G is the phonon coupling strength, v, is the speed of sound in the material, 7._p}, is the electron—
phonon scattering time, m* is the effective mass, and N is the number of electrons, N, = [ fpoo g(e)de.
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Figure 4. Supercell density of states of BCC transition metals centred at Fermi energy, with tetrahedron smearing and a 0.1 eV
energy step. Fe and Cr included magnetic moments in the simulations, hence the difference in DOS up and DOS down. The
presence of defects affects the DOS. The contribution from d-electrons is also shown.

G(Th) =

mwhkgA\(w?) [
g(eF) \/—oo

" (-3 ) ae

where the gg is the derivative of the Fermi—Dirac function in respect of energy, A is the first reciprocal
moment of the Eliashberg spectral function, and (w?) is the second moment of the phonon density of
states. This results in,

To find the electron—phonon coupling strength, the temperature dependent derivation by Lin [47] is
used,

(30)
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Table 5. Comparison of Frenkel pairs resistivities in BCC transition metals.

This work (u2m) References (p€2m)
Element Pvac Pdb Ped Prac—db Prac—cd Pyac [42] prp [44]
\' 22.2 11.6 7.0 33.9 29.2 21
Nb 31.0 17.4 7.0 48.4 38.0 14
Ta 20.0 19.8 2.9 39.8 22.8 8.5 16.5
Cr® 6.0 7.7 0.6 13.7 6.6 37
Mo 9.2 16.8 1.1 26.0 10.3 4.3 13.4
W 7.9 10.7 0.6 18.6 8.5 6.38 1 74° 27
Fe’ 20.1 31.1 / 51.1 / 24.6

¢ Spin polarized anti-ferromagnetic.

7 Spin polarized ferromagnetic, [110] dumbbell.

8 Field Ion Microscopy and resistivity measurements [42]

¥ Comparison of Differential Dilatometry and quenching resistivity [42].

19 Transmission electron microscopy and resistivity [42].

Table 6. Comparison of Frenkel pairs electron thermal conductivities in BCC transition metals at 300 K.

This work (W mK) ! References (W mK) !
Element Knn Kvac Kdb Ked Kvac—db Rvac—cd Knn : (2] Exper. [45]
\' 6.89 0.024 0.045 0.075 0.016 0.018 3.70 30.7
Nb 5.35 0.019 0.034 0.084 0.012 0.016 3.74 53.7
Ta 5.82 0.032 0.033 0.225 0.016 0.028 3.28 57.5
Cr!! 2.18 0.026 0.020 0.241 0.011 0.023 1.99 93.7
Mo 2.83 0.034 0.018 0.289 0.012 0.030 2.23 138
w 2.37 0.034 0.025 0.427 0.014 0.031 1.42 174
Fe!? 2.93 0.008 0.005 / 0.003 / 2.57 80.2

* Calculated using values reported in [2].
" Spin polarized anti-ferromagnetic.
12 Spin polarized ferromagnetic, [110] dumbbell.

Table 7. Parameters needed to define the electron—phonon contribution, and the
Debye temperature.

Element AMw?) meV—2 vs (ms) ™! [48] ©p (K) at 298 K [45]
\% 281.6% 4560 390
Nb 275° 3480 260
Ta 165.44¢ 3400 225
Cr! 128.31¢ 5940 424
Mo 118.8¢ 6190 377
W 110.5% 5174 312
Fe? 738¢ 4910 373

! Spin polarized anti-ferromagnetic.
2 Spin polarized magnetic moments included.
The values for A{w?) are from 9-[49], ¥-[50], ¢-[51], 4-[52], and ¢-[53].

1 6GT,
(1) = 1

Te—ph T2m* V2N,

(31)

The values of \(w?) were collated by Mason [2] and are shown in table 7, which also has the speed of
sound, and the Debye temperatures (Op), the effective mass values are absolute values from table 3.

To validate the electron—phonon scattering time the tungsten results were compared with the val-
ues reported by Hofmann ez al [8] in their supplementary information, where they fitted the thermal
diffusivity data to obtain the scattering time for the electron-impurity, electron—phonon and electron—
electron scatterings. Specifically, the electron—phonon scatterings are compared, and shown in figure 5.
The electron—phonon from the perfect cell is slightly higher than the results from Hofmann et al [8].
There are a few reasons for these differences, in the current model, the speed of sound and the effective
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Figure 5. Comparison of electron—phonon (El-Ph) scattering rates for the supercell structures; perfect, vacancy, and [111]

dumbbell structures in W from Kaganov model, and W primitive cell. And, comparison with experimental fitting done by
Hofmann et al [8].

mass are fixed values rather than dependent on temperature, and the changes in the Debye tempera-
ture are not accounted either. Furthermore, Hofmann et al pure W values were experimentally mea-
sured up to 473 K [8], hence extending their fitted value beyond 473 K might lose on high-temperature
changes. However, it is an acceptable difference, as it should provide a good estimate of the trend. The
perfect electron—phonon scattering time from the primitive cell is similar to the supercells’ vacancy, and
larger than the dumbbell electron—phonon times at lower temperatures, but they all converge towards
the perfect electron—phonon scattering time at higher temperatures. While the perfect supercell electron—
phonon time sits between the vacancy and dumbbell scattering time at lower temperatures, while con-
verging to the primitive perfect electron—phonon at higher temperatures. This indicates that at higher
temperatures, the electron—phonon scattering probability is in the same order of magnitude.

4.2. Temperature dependent correction factors for resistivity from Mott model
The scattering time derived is temperature-independent, and this is because the scattering rate of elec-
trons to an impurity does not change with temperature. But what does change with temperature is the
scattering from the s-band to the d-band [23, 54]. Electron—electron scatterings are assumed to be an
intra-process, i.e. s-electrons will only collide with other s-electrons and will not have enough energy
to escape the s-energy level. However, s-electron and phonons collision can lead the s-electron to scat-
ter in another s-state or in a d-state [54]. In d-block transition metals, the d-band is not fully occupied,
which means that it has some ‘holes’ available for other electrons to take. However, when a phonon col-
lides with an s-electron, the additional vibrational energy, enables s-electrons to jump to the empty states
of the d-band [54]. This is limited to electrons that match the spin of the hole, to maintain the Pauli’s
exclusion principle; if the space is occupied by a spin up electron, then the s-electron must have spin
down to scatter to this state.

Therefore, a correction factor needs to be included to account for the scattering from s-band to the
d-band in the electron—phonon resistivity and thermal conductivity. For non-magnetic transition metals,
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the resistivity equation with the correction factor should be applied to the electron—phonon scattering
time as [54-56],

Me

_ _ 2
= 7ne2n_ph(T) [1-A,T{] (32)

Pe—ph (T)

According to Mott [54], A, is defined as,

2 7\ 2 "

where 7/, and 7" are derivatives of the scattering time as a function of energy. Since the scattering time
is dependent on the density of states at Fermi energy, g(¢r), and the conduction electron transition
probability is dependent on the available holes in the d-band, the temperature degeneracy is therefore
dependent on the slope and the curvature of the density of states at Fermi energy of the d-band. As
shown by Aisaka and Shimizu [55] and Chiu [56] the correction factor is,

(k) [L (2@ gale)”
A= Hgd(e)) gd<e>] oY

Finally, by substituting for A,

me kT [ (80" gale)”
pe_ph(T)—nezTe_Ph(T) (1 . [3<gd(6)> gd(c)]). (35)

For magnetic materials, the holes in the d-band will have a magnetic spin equal and opposite to that
of the magnetic field, while an occupied state will have the magnetic spin parallel to that of the magnetic
field [57]. Which means that the electron not only has to match the electron spin, but also the magnetic
spin of the hole. Thus, reducing the probability of a collision to result in a jump from s to d-band. And
as the probability of the jump is reduced, the electron resistivity should increase by a maximum factor of
2 [57]. Mott and Wills [54] proved that the resistivity caused by impurities should increase by a factor of
22/3 up to the Curie temperature (T¢). And, above the Curie temperature, the resistivity will be depen-
dent on A, [54] as shown in equation (32). The changes at the Curie temperature are because below the
Curie temperatures s-electrons will have to match the spin direction available in the d-shell holes and
be antiparallel to the magnetic field. While, above the Curie temperature, there is no magnetic field, and
there will be more holes with more spin directions available, hence allowing the conduction electrons to
scatter in the d-shell [54]. From this, it can be deduced that below Curie temperature (T¢),

B L 2/3 E
pe—ph (1) = ne*7e_ph (T) (1 * (2 1) TC) >

Above the Curie temperature, the resistivity will have the same form as the paramagnetic metals,
shown in equation (35). Finally, the temperature dependent impurity scattering probability for magnetic
metals is given by,

e (1 + (2% 1) %) for T} < T

ne*Te_pn (T) C

pe—ph (T) = m (ﬂ'kBT)z a(e)’ 2 ()’ (37)
ﬂez‘f'e,ph(T) 1— 6 1 3 ( ;d(f) ) — gid(E) fOI' Tl > TC
€r

using these equations, a temperature dependent scattering can be calculated, as well as temperature
dependent impurity resistivity.

The Mott correction for the s-d scatterings arise from the scattering of the conduction electrons due
to the presence of phonons [54]. Therefore, changes in the electron’s scattering rate will not only affect
the resistivity, but also the thermal conductivity. Hence, if a correction factor is applied to the resistiv-
ity, this should also be applied to the thermal conductivity. Following the Mott model [54], the thermal
conductivity correction factor should help increase the electron thermal conductivity, as such the e-ph
correction thermal conductivity for non-ferromagnetic is,

1
Ke—ph (T) = 3 eV%Te,ph(T) [1 —|—A,QT12] , (38)
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Table 8. Density of states and its derivatives at Fermi energy of the d-band for tetrahedron with Bloch corrections smearing and
AE=0.1¢eV.

Perfect Vacancy Dumbbell
Element ga(e) gi(€) g/ (e) ga(e) g(e) g/ (€ ga(e) g(e) g/ (€
v 308 —376 —576 421 —646 —3353 343 —544 45
Nb 143 —236 5384 270 —825 —2193 197 —434 1029
Ta 182 —437 622 169 —165 734 180 271 —460
Cr! 42 —621 4397 41 —337 3214 66 —396 1927
Mo 102 —42 512 88 160 1394 143 49 —1075
w 79 158 577 75 —-17 —218 93 124 —889
Fe? 192 —435 530 223 —60 —3177 210 —270 —1163

The units of g4(e), g;(€), and g/ (€) are respectively eV !, eV~2,and eV >
! Spin polarized anti-ferromagnetic.
2 Spin polarized ferromagnetic, [110] dumbbell.

and A, is given by Aisaka and Shimizu as [55],

2
L k) [37 (20y _na "
" 6 5\ gile) 5 gie) .
therefore, the correction factor for non-ferromagnetic is,
2 "
1 (mksT))* |37 [ga(e)’ 21 g4 (e)
—on (1) = ZcV2Teoy (T) |14+ —4 |22 - — 40
Fiepn (T) 3 CeVETe pn (1) | 14 6 5\ ga(e) 5 gi(e) o w
And for ferromagnetic materials this is,
3 ceViTe—ph (T) (1 —(2*°-1) Tl;) for Ty < Tc
He_Ph (T) = (TrkBT)Z 3 (E)/ 2 2 (6)” . (41)
$eeViTe—pn (T) [ 14 2 |2 (3:;(6) ) — glg;d(ﬁ) ) for Ty > Tc

In the simulations, the density of states was fitted with a cubic spline using SciPy [58] and then the gra-
dient was found using NumPy gradient [34]. From these, the values of the d-band density of states and
its derivatives were extracted.

Table 8 shows the values of the d-band density of states and its derivatives at Fermi energy. One sur-
prising feature is that in group VI, the vacancy have a lower density of states value than the perfect cell,
indicating that is a more stable structure. Furthermore, figure 6 shows the comparison of the electron—
phonon correction factor for the resistivity, between the primitive and perfect supercell on the left and
the supercell with defects on the right. They had the same smearing, tetrahedron with Bloch corrections,
with an energy mesh of AE=0.1 eV. As it can be deduced by the graphs, the Mott correction factor is
strongly affected by the number of atoms. This arises from equation (34), where small changes of the
DOS at Fermi energy will entirely change the correction factor, leading to each Frenkel defect having dif-
ferent behaviours. The number of atoms will affect the DOS value at Fermi energy, thus changing the
correction factor.

Figure 7 shows the ratio of the resistivity and the resistivity at 300 K of Frenkel defects in BCC tran-
sition metals. The ratio between the resistivities and the resistivity at 300 K follows the same pattern as
shown in figure 6(b). Overall, the resistivity decreases when the Mott correction factors are included. In
some cases, the resistivity first increases, but then it starts to decrease. Cr and Nb have the largest impact
from the correction factors. In Fe, the change in the ratio of the resistivities due to the Curie tempera-
ture is evident. In Ta and Mo, the vacancy causes an increase in the resistivity.

Figure 8 shows the thermal total thermal conductivity of the Frenkel defects in BCC transition met-
als. The k. is in log function to showcase the small changes in the thermal conductivity. The perfect
electron—phonon thermal conductivity is higher than experimental one in most cases, except for Nb,
where is smaller. Introducing the nearest neighbour limit takes away differences from the defects. The
thermal conductivity will keep increasing until it matches with the combined electron—phonon with
nearest neighbour limit, as from the Matthiessen’s rule the smallest contributor dominates the thermal
conductivity. This can be seen in both Fe and Nb. The Frenkel defect thermal conductivity approaches
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Figure 6. Comparison of the effect of density of states on the electron—phonon correction factor in BCC transition metals. All
DOS have a AE = 0.1 eV.

the experimental thermal conductivity close to the melting points of the material. The electron—phonon
contribution for Fe and Cr is larger than the other BCC transition metals, this might suggest that the
electron—phonon scattering requires a correction to account for the magnetic moments.

5. Realistic FP concentrations

The model would be imperfect if it could not predict resistivity and electron thermal conductivity for
realistic Frenkel defect concentrations. As the scattering time is measured over a single defect, the realis-
tic scattering time can be found by multiplying the impurity scattering time by the ratio of the surviving
defects and the total number of atoms,

1 1 Msurviving
X —.

Nefe =
Timi)m Timp Ntotal

(42)

This ratio is close to the definition of the displacement per atom (DPA) used to predict the damage a
material will receive in operation. There are some hurdles in comparing the model results with experi-
mental data at this stage. DPA is usually calculated as the number of FP divided by the total number of
atoms,

ppA = (43)

Mtotal

this does not show how many surviving vacancy and interstitial are present; it just estimates the number
of atoms that were displaced. Hence, it cannot be used directly to predict the surviving Frenkel defects.
Frenkel defects are the most basic type of defect produced during irradiation damage, and these tend
to mostly recombine during the recombination phase, forming larger defect clusters, i.e. voids and dis-
locations, or annihilating. Additionally, due to the irradiation, transmuted elements (i.e. Re in W) can
form, as well as He bubbles, and formation of hydrides. All these defects, will have different effects on
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‘El-Ph’ is the electron—phonon contribution, where the s-electron to d band corrections have been included.

the electron scattering times than the individual vacancy and interstitial. Which means that directly com-
paring the results with experimental data will give results that are a few orders of magnitude different,
depending on what defects formed in the irradiated sample.

Echols et al have provided an in-depth study of the resistivity measurements at various DPAs for
irradiated W that can be used to compare with this model. A plot of the DPA vs resistivity is shown in
figure 9. The standard results from the model are around 2 orders of magnitude smaller than the experi-
mental results. This is to be expected as in an actual irradiated sample the resistivity would be primarily
arising from dislocation, voids, grain boundaries, transmutation impurities, He, and H impurities. The
FPs would play a smaller role in the total resistivity. Additionally, the measurements from Echols et al
include measurements at different orientations, and irradiation temperatures [4], these will also have an
effect on the resistivity. Figure 3 showcases how the potential changes from the [100] direction compared
to the [111] direction, this will then change the electron-impurity scattering time, and thus the resistiv-
ity. Irradiation at different temperatures will also produce different defect clusters, and this will also then
affect the resistivity.
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6. Discussion

Fermi velocity was calculated by integrating over the Fermi surface, which meant that it required high
accuracy Fermi surfaces. This was achieved by using a large K-mesh, and using a marching cube algo-
rithm to further interpolate the surface. The results were compared with the work from Mason [2], and
it showed that for Nb, Ta, and Cr the results were close, but not for the other elements. This is most
likely due to the differences in the chosen potentials, and the number of valence electrons, between this
work and the ones chosen by Mason. However, W Fermi velocity closely matched with experimental data
by Medjanik et al [35], thus suggesting that it is fundamental to include semi-core electrons to obtain
highly accurate Fermi surfaces. The effective mass is very susceptible to the band structure and its curva-
ture, hence only values between —kg Ty < €p < kgTy were used.

The electron heat capacity was successfully calculated by using the Fermi—Dirac function to smear
the electron temperatures. As the system’s energy is dependent on the electronic temperature, by double
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Figure 9. Resistivity of FP as a function of DPA in W. Compared with the experimental values are from Echols et al [4].

differentiating the energy in respect to temperature, the electronic thermal capacity was found. This was
in the range of 107°, to 10™* eV K—1, which is to be expected as phonons dominate the contribution
to the heat capacity. In group V BCC transition metals the Sommerfeld and Free electron gas approxi-
mation are very similar, and the calculated heat capacity closely matches with the approximation at low
temperatures, but it diverges at higher temperatures. Meanwhile, the Free electron gas approximation for
the Group VI BCC transition metals is close to the Sommerfeld approximation at lower temperatures.
The exception being Cr, which diverges at higher temperatures, most likely due to the anti-ferromagnetic
moments that were included in the First principle calculations. Finally, the c. calculated for Fe starts
lower than the approximations, but starts to converge towards the Free electron approximation and the
experimental result at higher temperatures. The electronic heat capacity does not fully match with the
experimental data from Tari [37] in Group V, while in Group VI the results are quite close. For Cr and
Fe, this is most likely due to presence of the magnetic moments. The experimental values are for low-
temperature electronic heat capacity, which was then extrapolated at higher temperatures, this extrapo-
lation might mean that some factors have not been considered which lead to the small deviations seen
when comparing the experimental values to the ones calculated in this work. However, they are in the
same order of magnitude and can therefore be used.

The electron-impurity scattering probability relied on finding the perturbation potential caused by
the presence of defects, be it vacancy, dumbbell, or crowdion. This was achieved by performing vari-
ous supercell calculations. Firstly, the defect formation energies were validated against literature data to
ensure that the defects had properly formed. Then, using self-consistent calculations, the potential energy
in each cell was found. This allowed to find the energy differences between the pure and the defect
structure, from which the perturbation potential was extracted. The initial validation of the scattering
probability was done calculating the resistivities values and comparing them with literature data. The
data ended up being in the same magnitude, but not all the elements matched with the reference data.
This is due to the Frenkel pair reference data being adopted values by the authors [44], and furthermore
the resistivities from this work are at 0 K. However, this is enough to assume that the method to cal-
culate the electron scattering probabilities is valid. The crowdion results were underestimated because
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crowdions are a 1-dimensional defect, and the current method to extract the perturbation potential only
would work for 0 dimensional defects, like vacancies and dumbbells. The thermal conductivity of the
defects is much lower than the experimental ones at 300 K. There are a few reasons for this; the exper-
imental values are for the total electron thermal conductivity, which would also include the electron—
phonon and electron—electron contribution. Then, there is a very high defect concentration of 1 defect
for every 250 atoms. Which means that the results are giving the results not for the bulk, but close to
the defect.

The electron—phonon scattering time was calculated from the Kaganov model [46] using the tem-
perature dependent electron—phonon coupling term by Lin [47]. The scattering time for W was calcu-
lated and compared with the experimental values from Hofmann et al [8]. The simulation results closely
match with the experimental values. And, the [111] dumbbell electron—phonon scattering time is the
closest to match with the experimental data, while the vacancy closely matches with the electron—phonon
time from the primitive perfect cell. All the simulation results converge with the supercell scattering time
at higher temperatures, while the dumbbell increases first, and then it decreases and crosses from being
the lowest scattering time at low temperatures to being the highest at high temperatures. The correction
factors from the Mott model were used and applied to the electron—phonon contribution for both the
resistivity and thermal conductivity. From the results, the Mott correction factors are extremely corre-
lated to the values of the density of states at Fermi energy, where small changes in the value caused by a
change in DOS smearing method or energy mesh would lead to entirely different behaviours. The num-
ber of atoms also seem to have an effect on the DOS, which will affect the correction factors. Overall,
at higher temperatures, the resistivity decreases across the BCC transition metals, except in Ta and Mo
where the vacancy resistivity increased. Whereas, the electron thermal conductivity increased as a func-
tion of temperature. The perfect electron—phonon thermal conductivity with no correction factors is
close to the experimental values, but it is an overestimate (except in Nb). The lack of the e—*e contri-
bution is evident, these contributions would improve the results. Additionally, the thermal conductivity
of the Frenkel defects increases towards the experimental one close to the melting point of the material.
The resistivity and thermal conductivity results are not the values of the bulk system, but rather show
the localized effect of the defect in their surroundings, which is why the electron-impurity contribution
dominates the results.

A case study was performed to understand how more realistic defect concentrations would com-
pare with experimental data. The resistivity data for W provided by Echols et al [4] for various DPA was
compared with the results of the resistivity calculated for increasing DPA from the model in this work.
Specifically, the case for the Frenkel pair, and the individual defects were compared with the experimen-
tal data. The results from the Frenkel defects over-predict the experimental resistivity. This is because
in an irradiation run the FP will be recombining, and hence using the DPA is not a good prediction
of how many stable FPs will be present in the system. Additionally, an irradiated sample will also have
grain boundaries, dislocations, voids, He, H, and transmutation defects (depending on the type of irra-
diation). These will also affect the resistivity, and hence relying solely on FPs to predict the resistivity
of the irradiated sample would be erroneous. This is a weakness of the model; however, the model also
allows for building up the knowledge of the scattering time for the individual defects, making the model
more complete and reliable.

7. Conclusion

In conclusion, this work presented a simple method to calculate the thermal conductivity and resistivities
of FP in BCC transition metals. This was done by,

(i) the Fermi velocity, effective mass, and electronic heat capacity were calculated from first principle
simulations.

(ii) Then a method to calculate the electron-impurity scattering time for 0 dimensional defects is pre-
sented. This relies on finding the perturbation potential from the differences in potential energy
caused by the presence of the defect. This gave good results that match with experimental data or
are in the same order of magnitude.

(iii) The model is extended to the first temperature approximation by including the electron—phonon
contribution. Additionally, the correction factors for the scattering from s-electrons to the d-band
from the Mott model are included in the electron—phonon contribution. The inclusion of the
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electron—phonon scattering time is not as evident due to high defect concentration in the structures,
but it does have an effect on the results. The corrections factor mostly decrease the resistivity while
increasing the thermal conductivity.

Finally, this method can be extended to calculate the thermal and electrical properties of irradi-
ated BCC transition metals that have elemental impurities due to transmutations, alloys system, like
high entropy alloys (HEA). In HEAs, there is an additional source of scattering coming from the ran-
dom atomic position of the elements, which leads to an ‘electron-disorder’ scattering contribution. The
electron-impurity methodology developed in this work can be used to calculate the ‘electron-disorder’,
and since a HEA is mainly disordered, this implies that the electron-disorder contribution will be the
dominating one and the approximation used in this model would be effective. However, this would
require additional and thorough investigation with different kinds of HEA to confirm its accuracy.

The current devised model only applies to point defects; defects like dislocations, vacancy clusters,
and voids would require a further investigation of the spatial correlation of the potential. With some
considerations, the model could be expanded to study the effects of dislocations.

This model brings us closer to a full Ab-Initio picture of the degradation of thermal and electrical
properties in transition metals for nuclear applications.
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Appendix. Perturbation potential extraction

To analyse the potential, the number of slices has to be determined. The minimum number of suggested
slices in any direction corresponds to the grid points, NGX x NGY x NGZ, determined by VASP, these
can be found in the LOCPOT or in the OUTCAR files. The grid of NGX x NGY x NGZ, is determined
by VASP depending on the number of plane-wave cut-offs; however, they can also be set manually if
needed. Figure Al shows the potential of the perfect cell of W, from this it can be deduced that the
potential obtained from slicing should give a periodical potential.

z (Ang)

1.72

Figure Al. Potential of W for the perfect structure. Visualized using PyVista [38]. The dark spots represent where the atoms can
be found, while the area in yellow shows the ‘empty’ space between atoms.

To better show why this is the case, figure A2 shows how changing the number of slices affects the
quality of the output potential. From the figure, 10 slices are not enough to correctly construct a peri-
odic potential, and most of the information of the periodicity of the potential is lost. With 100 slices,
the potential is a lot more well-defined, but the potential around the maxima and the minima is still
quite rough. However, with NGX slices, which for W is 256 slices, the potential is both well-defined and
smooth around the maxima and minima. It becomes clear from the images, that the number of slices
can also be used to determine the resolution of the potential. In terms of this work, 1048 slices were
performed in each of the x,y,z directions, while 2048 were performed for the [111] direction were cho-
sen to provide a resolution of 2 0.01 A across all BCC transition metals for ease of comparison.

The number of slices determines the resolution of the cell, but to determine the perturbation poten-
tial, the analysis has to be performed over the difference in the potential energies of the perfect cell and
the defect. An example is given in figure A3 for the perturbation potential from the [111] dumbbell in
W. The difference is given by,

Eqiff = Eperf - Eimp (AI)
where Ef is the potential energy from the perfect structure, and the Ejn,, is the potential energy from
the impurity.

The perturbation potential is extracted from the region where the defect is situated. The region of
interest (ROI) is defined as the following,

ap\/3 ap\/3
0 <P<P+0

5 5 (A.2)

where P(x,y,z) is the position of the perfect atom that was substituted by the defect, which corresponds
to the atom at the centre of the supercell, which is also the central atom of the [111] string. The aq V3 /2
corresponds to the nearest-neighbour distance in BCC transition metals. Figure A3 showcases the ROI,
by delimiting it with black lines. In the figure, the position of the perfect atom is shown by a dashed
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Figure A2. Determining the minimum number of slices needed to obtain a continuous, well-defined potential. Each blue dot
corresponds to a slice. The potential is from the perfect structure of W in the x-direction.

black line, whereas the red dashed lines represent the atoms of the [111] dumbbell. The perturbation
potential is found by averaging the difference of the maxima and the minima in the ROI, and dividing
the result by two. The division by two is done because the potential difference is the result of the overlap
of two different structures. This process is shown in figure 3 in the main text, and it is calculated as,

max (Egig (P)) — min (Egg (P
Upertubation: ( dff( )) 2 ( dff( >) for P—%g gPSP-‘r%5 (A.3)

This equation is used to calculate the perturbation potential for the defects show in table Al.
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Table Al. Perturbation potentials of Frenkel defects in BCC
transition metals.

Potential (eV)

Element Uvac Udb Ucd
Y4 —0.329 0.267 0.214
Nb —0.372 0.329 0.210
Ta —0.368 0.361 0.137
Cr'? —0.575 0.537 0.187
Mo —0.447 0.475 0.123
W —0.424 0.437 0.105
Fe!t —0.571 0.746 /

13 Spin polarized anti-ferromagnetic.
14 Spin polarized ferromagnetic, [110] dumbbell.
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