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The Valued Constraint Satisfaction Problem (VCSP) is a framework which
captures many natural decision and optimisation problems. An instance of
the VCSP consists of a set of variables, which are to be assigned labels from a
finite domain, and a collection of local constraints, each specified by a weighted
relation mapping labellings of the variables in the constraint’s scope to values.
The objective is to minimise the total value from all constraints. The VCSP
is commonly parameterised by a language, i.e. a set of weighted relations that
are available for use in the constraints. Languages are classified according to
the computational complexity of the VCSP as tractable, for which the problem
can be solved in polynomial time, and intractable, for which the problem
is NP-hard. The recently proved VCSP dichotomy theorem established a
classification of all languages into these two categories. Additionally, various
structural restrictions can be imposed to limit the set of admissible instances
further, thus potentially changing the complexity of the VCSP.

Our first contribution relates to the algebraic approach to the VCSP,
which proved instrumental in recent advances in the field. We generalise the
Galois connection between weighted relational clones and weighted clones so
that it applies to infinite sets as well. Second, we study a structural restriction
requiring that the incidence graph be planar. In this setting, we establish a
complexity classification of conservative languages (i.e. languages contain-
ing all {0, 1}-valued unary weighted relations) and a necessary tractability
condition for Boolean languages (i.e. languages over a two-element domain).
Third, we study the surjective variant of the VCSP, in which labellings are
required to assign every domain element to at least one variable. We establish
a complexity classification of Boolean languages, which encompasses a new
tractable class of problems.
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Chapter 1

Introduction

The Valued Constraint Satisfaction Problem (VCSP) is a discrete optimisation
problem which enables expressing many natural decision and optimisation
problems as its special cases [77, 31, 91]. An instance of the VCSP consists
of a finite set of variables on which there are imposed constraints. Each
variable is to be assigned a label from a finite set called the domain;! such an
assignment is called a labelling. A constraint is represented by a weighted
relation which maps labellings of the variables in the constraint’s scope to
values (rational numbers or positive infinity). Because the scope covers only
a (typically small) subset of all the variables, constraints can be thought of
as local. The goal is to find a labelling that minimises the sum of the values
from all the constraints.

For example, consider how the maximum cut problem can be naturally
expressed in the VCSP framework. Let the domain consist of labels 0 and 1
representing the two parts of a cut. We associate each vertex of the graph
with a variable; the label assigned to a variable indicates which of the two
parts the corresponding vertex belongs to. In order to determine the total
weight of the cut, we impose on every adjacent pair of vertices u, v a binary
constraint v(u, v) that, based on the labels of the vertices, evaluates whether
the edge is cut or not. Weighted relation v, assigns a larger value to uncut
edges (see Example 2.10), and hence minimising the total value corresponds
to maximising the cut.

The minimum (s, t)-cut problem can be expressed in a similar way. This
time, we impose on every adjacent pair of vertices u,v a binary constraint
v=(u, v), where weighted relation v assigns a larger value to cut edges (see
Example 2.11). To ensure that vertices s and ¢ belong to different parts, we
impose on them unary constraints po(s) and p;(t), where p, maps label a to

!The VCSP over infinite domains has been studied as well, see [8].



value 0 and the other label to oco.

The VCSP captures many classic decision problems as well. Consider the
problem of determining whether the chromatic number of a given graph is
at most k. Let the domain consist of k distinct labels representing £ colours.
Again, we associate each vertex of the graph with a variable. For every edge
of the graph, we impose a binary constraint on the corresponding pair of
variables; the constraint assigns value oo if the endpoints have the same colour
and value 0 otherwise (see Example 2.9). Hence, proper vertex colourings
obtain a total value of 0, while other labellings are assigned oco. Instances
such as this one, in which the minimisation objective reduces to finding a
labelling with a finite value, form an important special case of the VCSP
called the Constraint Satisfaction Problem (CSP) [31, 91].

The VCSP is an NP-hard problem? in its full generality, but restricting
the set of admissible instances may result in tractable special cases. The main
types of restrictions that have been studied are language restrictions [15, 28,
25, 75, 100, 70], which limit the choice of weighted relations in constraints;
structural restrictions [58, 44, 57, 82, 21], which limit how constraints interact;
and hybrid restrictions [29], which are a combination of the first two types.

The language-restricted VCSP is parameterised by a set of weighted
relations called a (constraint) language that specifies which weighted relations
may appear in the constraints of admissible instances. For example, the
language consisting of all {0, co}-valued weighted relations restricts the VCSP
to the CSP, and language {7} encodes the maximum cut problem. These
are examples of intractable languages, as the restricted VCSP is still NP-
hard. On the other hand, there exist languages that limit the expressive
power of the VCSP sufficiently so that it becomes possible to find an optimal
solution in polynomial time; these are called tractable languages. For example,
any submodular language (such as {v—, po, p1}, which we previously used to
express the minimum (s, t)-cut problem) is tractable (see Example 2.29).

Identifying tractable and intractable languages has been at the centre of
research on the CSP for many years. Schaefer [92] classified languages over
two-element (also called Boolean) domains (see Theorem 2.32), while Hell
and Nesettil [60] classified languages consisting of a single binary symmetric
relation. Both results are in the form of a dichotomy, where every language
considered is either tractable or intractable. By Ladner’s theorem [78], there
exist NP-intermediate problems (assuming P # NP); however, it seemed
plausible that none of them can be encoded by a constraint language. Feder
and Vardi [46] formulated this as a conjecture stating that, in general, every

2The decision version, which asks whether there exists a solution with at most a given
value, is NP-complete.



language is either tractable or intractable. Moreover, they established that the
CSP is, in a certain sense, the largest natural subclass of NP that may exhibit
such a dichotomy. The conjecture was gaining support as further dichotomy
classifications in special cases were established: languages over three-element
domains [13], languages consisting of a single binary relation corresponding
to a digraph without sources and sinks [4], and languages containing all
unary relations [17, 2]. This progress was driven by the algebraic approach
introduced in [15], which enables characterising languages by their symmetries
called polymorphisms [5]. In particular, rather than classifying all languages,
it is sufficient to consider only relational clones, i.e. sets of relations closed
under certain operations that preserve language tractability. Conversely, the
polymorphisms of a language always form a so-called clone. Because of a
Galois connection (a type of a one-to-one correspondence) between relational
clones and clones, the focus may shift to classifying clones of polymorphisms,
for which powerful tools from the field of universal algebra can be employed.
Apart from establishing complexity classifications, the algebraic approach was
also instrumental in identifying precise boundaries of applicability of efficient
algorithms such as local consistency methods [16, 3] (see Theorem 2.18) and a
generalisation of Gaussian elimination [18, 33, 63, 6]. Bulatov, Krokhin, and
Jeavons [15] strengthened the conjecture of Feder and Vardi by proposing an
algebraic condition characterising tractable and intractable languages, and
showed that languages violating this condition are intractable. Finally, the
tractability part of this so-called algebraic CSP dichotomy conjecture was
independently proved by Bulatov [14] and Zhuk [107] (see Theorem 2.17).
Some of the earliest results on the optimisation front concerned the Min-
CSP (or Max-CSP?), in which the goal is to minimise (maximise) the number
of unsatisfied (satisfied) constraints [26, 66, 37, 67]. Equivalently, these prob-
lems correspond to the VCSP over {0, 1}-valued languages. The algebraic
approach was extended from the CSP to the (general-valued) VCSP [28, 25].
Analogously to the CSP, this allowed characterising languages by their symme-
tries called weighted polymorphisms, as a Galois connection between weighted
relational clones and weighted clones was established [25]. However, this
correspondence is limited to weighted relational clones that can be gener-
ated by a finite set. We present a new Galois connection that applies to
all weighted relational clones in Chapter 3. The algebraic approach for the
VCSP led to a number of complexity classifications for special classes of
general-valued languages: languages over two-element (Boolean) domains [28§]
(see Theorem 2.30), languages containing all {0, 1}-valued unary weighted

3When classifying languages with respect to exact solvability, the Min-CSP and Max-CSP
are interchangeable problems. However, this is not true for approximate solvability [31].



relations [73], and finite-valued languages [100]. Moreover, a classification
of languages with respect to their solvability by a particular efficient algo-
rithms was established for the basic linear programming relaxation [72] (see
Theorem 2.25) and the Sherali-Adams relaxation [101] (see Theorem 2.26).
As with the CSP, the complexity classifications in all known special cases
had the form of a dichotomy between tractable and intractable languages.
Kozik and Ochremiak [75] proposed an analogue of the algebraic CSP di-
chotomy conjecture, and showed that languages that violate their algebraic
condition are intractable. Kolmogorov, Krokhin, and Rolinek [70] proved
that this condition is sufficient for tractability under the assumption that
the underlying CSP is tractable. Because this assumption follows from the
algebraic CSP dichotomy conjecture, resolving the conjecture for the CSP
immediately established a dichotomy classification for the VCSP as well (see
Theorem 2.24).

Orthogonal to restricting the VCSP by a constraint language are various
structural restrictions, which limit the set of admissible instances by specifying
requirements for the interaction of constraints [58, 57, 82, 21]. This may reduce
the computational complexity of the VCSP; in the case of hybrid restrictions (a
combination of language and structural restrictions), an intractable language
may become tractable under a structural restriction. Although some progress
has been made on extending the algebraic approach to the VCSP with hybrid
restrictions [71, 97], many of its tools (e.g., a Galois connection) still remain
unavailable.

We focus on the planar VCSP, which requires that the incidence graph
of instances? be planar. In Chapter 4, we show that the complexity of any
language containing all {0, 1}-valued unary weighted relations is not affected
by the planarity restriction; in other words, there are no new tractable cases
in the planar setting compared to the general setting [73]. As another line of
research, we consider Boolean languages. In the case of the CSP (i.e., {0, c0}-
valued languages), Dvorak and Kupec identified a necessary condition for an
intractable language to become tractable under the planarity restriction. This
condition relates to a combinatorial structure called even delta-matroids [10,
22, 39|, generalising matroids. Kazda, Kolmogorov, and Rolinek [69] proved
the sufficiency of the condition by designing an efficient algorithm for a special
case of the VCOSP to which the original problem can be reduced. Interestingly,
their algorithm applies to a wider class of problems, as it does not rely on the
planarity of instances; that is required only for the reduction. In Chapter 4,

4In the incidence graph of an instance, two parts of vertices represent the variables and
constraints respectively, and the edges connect variables with the constraints in whose
scopes they appear.



we extend the condition of Dvordk and Kupec to the planar VCSP (i.e.,
general-valued languages) and prove its necessity. Our condition relates to
valuated delta-matroids [40], which generalise weighted matroids.

To model problems arising in practice, it is sometimes convenient or
even necessary to impose constraints that are not local (i.e., the number
of involved variables cannot be bounded by a constant). In such cases, the
VCSP alone is not an appropriate framework, and hence its extensions with
various kinds of global constraints® may be adopted instead. For example,
a global cardinality constraint specifies the cardinality for each label from
the domain, i.e., the number of variables to be assigned that label. A more
general variant specifies a set of allowed cardinalities for each label; in fact, the
two variants are polynomial-time equivalent, as there are only polynomially
many cardinality vectors for a fixed size of the domain. In contrast to hybrid
restrictions, extending the VCSP with a (general) global cardinality constraint
may increase the computational complexity of a language. Bulatov and
Marx [20] classified all {0, co}-valued languages with respect to this extended
framework as either tractable or intractable. Although their classification
can be expressed in terms of polymorphisms, the proof relies largely on
combinatorial tools, as the algebraic approach has not yet been fully extended
to the setting with global constraints.

The surjectivity constraint, an interesting special case of a general global
cardinality constraint, requires that each label be assigned to at least one
variable. Consider, for example, how to express the minimum cut problem
in the VCSP framework. As in the case of the minimum (s, ¢)-cut problem
mentioned at the beginning of this introduction, we use two labels representing
the two parts of a cut, associate each vertex with a variable, and impose a
binary (i.e., local) constraint on every edge to determine the total weight of
a cut. However, such an instance admits a trivial cut with all the vertices
in one part as an optimal solution. The surjectivity constraint prevents
this issue, and hence it allows expressing the minimum cut problem in a
natural way. Complexity classifications of Boolean languages with respect to
the surjective VCSP were established in some special cases: Creignou and
Hébrard [30] classified {0, co}-valued languages, and Uppman [102] classified
{0, 1}-valued languages. In Chapter 5, we extend both of these results by
establishing a dichotomy classification of all Boolean languages. We identify
a class of languages that are trivially tractable in the general setting but
require a different (non-trivial) approach under the surjectivity constraint. In
particular, we establish a reduction to a generalisation of the minimum cut
problem, for which we develop a polynomial-time algorithm.

°See http://sofdem.github.io/gccat/ for a catalog of global constraints.
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Chapter 2

Valued constraint satisfaction
problem

In this chapter, we define the terminology used throughout the thesis. Sec-
tion 2.1 gives a formal definition of the VCSP. Section 2.2 defines basic
concepts of the algebraic approach and states the CSP and VCSP dichotomy
theorems. Section 2.3 deals specifically with the case of Boolean VCSP.

For more details on the CSP and VCSP, we refer the reader to recent
surveys [5, 77].

2.1 Preliminaries

We work in the arithmetic model of computation, i.e., every number is
represented in constant space, and basic arithmetic operations take constant
time. Let Q = QU {oco} denote the set of extended rationals. For any
c € Q, we define ¢ < 0o and co+¢ = c+ 00 = 00. If ¢ > 0, we define
c-00 =00-c=00. We leave the result of multiplying oo undefined for ¢ < 0.

For any integer n > 1, let [n] = {1,...,n}. We denote the standard
polynomial-time Turing reduction by <,.

Definition 2.1. A domain is a finite set D of size at least 2. The elements
of a domain are called labels.
A Boolean domain is a domain D with |D| = 2. Conventionally, D =

(0,1},

Definition 2.2. Let r > 1 be an integer. An r-ary weighted relation over
D is a mapping 7 : D" — Q; the arity of v equals ar(y) = r. We denote by
Feas(v) the underlying feasibility relation of -, i.e.

Feas(y) = {x € D" | 7v(x) < o0} . (2.1)

6



We denote by Opt () the relation consisting of the minimal-valued tuples, i.e.

Opt(7) = {x € Feas() | ¥(x) < A(y) for every y € D'} . (2.2)

A weighted relation v is called crisp if Feas(y) = Opt(7). In other words,
there exists a constant ¢ € Q such that y(x) = ¢ for all x € Feas(y) and
v(x) = oo for all x € D"\ Feas(7).

Weighted relations that differ only by a constant are considered equivalent,
as adding a constant to a weighted relation changes the value of every solution
to the VCSP by the same amount. Therefore, a crisp weighted relation + can
be equated with the relation Feas(y). Conversely, a relation p can be seen
as a crisp weighted relation v, with Feas(y.) = p and the codomain equal to
{¢, 00} for some ¢ € Q. Unless stated otherwise, we choose ¢ = 0.

Definition 2.3. We denote by p— the binary equality relation {(d,d) | d € D},
by p. the binary disequality relation D? \ p_, and by py the unary empty
relation (). For any d € D, we denote by p, the unary relation {(d)}, which is
sometimes called a constant.

For any relation p, we denote by Soft(p) the soft variant of p defined by
Soft(p)(x) = 0 if x € p and Soft(p)(x) = 1 otherwise.

Definition 2.4. We define a few operations on weighted relations that occur
throughout the thesis. Let v be an r-ary weighted relation.

o Addition of a constant: For any ¢ € Q, v+ ¢ = ' such that 7/(x) =
y(x) + c.

e Non-negative scaling: For any ¢ € Qsg, ¢ -y = ' such that 7/(x) =
c-v(x). Note that 0 -~ = Feas(7).

e Coordinate mapping: For any arity r’ and mapping f : [r] — [],
f(7) =~ such that +/(21,...,2) =7 (s, - -, Ts(r))-

e Minimisation: For any ¢ € [r], the minimisation of v at coordinate i re-
sults in 7/ such that v/ (z1, ..., &i—1, Tiy1, . .., &) = Ming,ep y(T1, ..., Tp).

e Pinning: For any a € D and i € [r], the pinning of v to label a

at coordinate ¢ results in 4/ such that ~'(z1,..., 21, T, ..., @) =
Y(x1,. o, Tio1, @, Tig1, ..., 2). A pinning to label a is called an a-
pinnIng.

o Addition: For any weighted relations v;, 7. with ar(v;) = ar(vs), 71 +
Y2 =7 such that 7/(x) = 7 (x) + 72(x).

7



Definition 2.5. A constraint language (or simply a language) over D is a set
I’ of weighted relations over D. We extend operations on weighted relations
to languages in the natural way, e.g., Feas(I') = {Feas(y) | v € T'}.

Definition 2.6. An instance I = (V, D, ¢;) of the VCSP on domain D is
given by a finite set of variables V' = {z1,...,2,} and an objective function
¢r : D" — Q expressed as a weighted sum of constraints over V| i.e.,

Qbf(xla""xn) :Zwi"yi(xi)’ (23)

where ; is a weighted relation, w; € Qs is the weight and x; € V() the
scope of the ith constraint. Note that zero weights are allowed.

A labelling is an assignment s : V' — D. The value of a labelling s equals
or(s) = ¢r(s(z1),...,s(x,)). We call s feasible if ¢1(s) < oo, and optimal
if it is feasible and ¢;(s) < ¢;(s") for all labellings s’. Given an instance I,
the goal is to decide whether a feasible labelling exists and, if so, to find an
optimal one (i.e. a labelling that minimises ¢;).

Definition 2.7. For any language I' over D, we denote by VCSP(I') a
restriction of the VCSP in which only instances with v; € T" for all i € [g] are
permitted.

A language T is called tractable if, for every finite IV C T', VCSP(I) can be
solved in polynomial time. If there exists a finite IV C I" such that VCSP(I")
is NP-hard, language I is called intractable.

Defining tractability in terms of finite subsets ensures that the tractability
of a language is independent of whether the weighted relations are represented
explicitly (via tables of values) or implicitly (via oracles). A stronger notion
of global tractability [15] requires that VCSP(I") can be solved in polynomial
time. As it turns out, these notions are equivalent in the case of the VCSP [15,
75, 70, 14, 107], i.e., every tractable language is globally tractable, and every
globally intractable language is intractable. For the surjective VCSP, however,
we also consider the stronger notion, as there exist tractable languages that
are not globally tractable (see Chapter 5).

If a language I' is crisp (i.e., it contains only crisp weighted relations),
solving VCSP(T") reduces to finding a feasible labelling, as any such solution
has the same objective value. This subclass of the VCSP is known as the
constraint satisfaction problem (CSP).

Example 2.8. Let I' be a language over D = {0, 1} that consists of ternary
relations v, q,.4, defined by

¢a1,a27a3 = D3 \ {(ah az, &3)} (24)

8



for all a;,as,a3 € D. Then VCSP(I") corresponds to the 3-SAT problem.
Similarly, VCSP(Soft(I")) encodes the MAX-3-SAT problem.

Example 2.9. Problem VCSP({p,}) corresponds to graph colouring with
|D| colours (we impose a constraint p(x,y) for every edge (x,y) of the graph).
Therefore, {p,} is tractable for |D| = 2 and intractable for |D| > 3 [54].

Example 2.10. Let D = {0,1} and v = Soft(p,). Similarly as in the
previous example, VCSP({7..}) corresponds to the problem of minimising
the total weight of the edges such that both their endpoints are assigned
the same colour, i.e. the maximum cut problem. Language {v.} is thus
intractable [54].

Example 2.11. Let D = {0, 1} and v = Soft(p—). Then VCSP({po, p1,7=})
corresponds to a version of the minimum (s,t)-cut problem in which two
sets of terminal vertices are given: A constraint of the form p,(v) specifies
that v is a terminal vertex that must be assigned to part a of the cut, and a
constraint of the form w - y—(u, v) increases the overall value of the solution
by w if edge (u,v) is cut. Language {po, p1,7=} is thus tractable [93].

2.2 Algebraic approach

In this section, we formally define basic concepts forming the algebraic
approach to classifying constraint languages introduced in [15, 25].

Definition 2.12. For any & > 1 and i € [k], let w§’“) : D — D denote

the k-ary operation such that ﬂz(k)(xl, cooyxy) = a; for all xy, ... 2, € D.

Operations Wl(k) are called projections.
For any k > 2, a k-ary operation f : D¥ — D is called a weak near-

unanimity operation (WNU) if

fly,z,....x) = f(zx,y,x,...;2) == f(z,...,2,Y) (2.5)
holds for all x,y € D; and it is called symmetric if
f(xl, cen ,.Z‘k) = f (:Ij'p(l), ce ,:L'p(k)) (26)

holds for all zy, ...,z € D and all permutations p : [k] — [k].

For any a € D, we define ¢, : D — D to be the constant unary operation
such that c,(x) = a for all z € D.

If a total order on D is specified, we denote by min (max) the binary
operation which returns the smaller (larger) of its two arguments with respect

9



to that order. Note that min and max are symmetric (and thus also WNU)
operations.
A ternary operation f : D3 — D is called a majority operation if

flz,zy) = f(2,y,2) = fly,z,2) =2 (2.7)
for all z,y € D, and a minority operation if
flx,z,y) = flz,y,2) = f(y,2,2) =y (2.8)

for all x,y € D. Note that majority and minority operations are special cases
of ternary WNU operations but are not necessarily symmetric.

We denote by Op the set of all operations on D, and by IIp C Op the
set of all projections on D. For any C' C Op, we denote by C®) the set of
k-ary operations in C.

Definition 2.13 ([95]). The superposition of a k-ary operation f : D* —
D with f-ary operations g; : D* — D for i € [k] is the f-ary operation
flgis- -, gx] : D* = D defined by

flors - vgil(xr, . xe) = flgi(ze, ooy xe)y ooy gr(@, ..oy 20)) (2.9)

A set of operations C' C Op is called a clone if IIp C C' and C'is closed
under superposition.

Observation 2.14. Sets IIp and Op are clones.

For any r > 1 and a k-ary operation f : D¥ — D, we extend f to r-tuples
over D by applying it componentwise. Namely, for x;,...,x; € D" where
x; = (i1, ..., Tiyp), we define f(xy,...,X;) € D" by

f(Xl,. .. ,Xk) = (f (33171, R ;xk,l) e ,f(ILT, ce ,J/’kﬂ«)) . (210)

Polymorphisms, which can be thought of as symmetries of a constraint
language, form the basis of the algebraic approach for the CSP.

Definition 2.15 ([15]). Let 7 be a weighted relation on D. A k-ary operation
f: D* — D is a polymorphism of ~ (and v is invariant under f) if, for every
X1,...,X; € Feas(), it holds f(xy,...,xy) € Feas(y).

We say that f is a polymorphism of a language I" if it is a polymorphism
of every v € I'. By Pol(I") we denote the set of polymorphisms of T

Note that projections are (trivial) polymorphisms of all constraint lan-
guages. Moreover, it can be shown that polymorphisms are closed under
composition.

10



Theorem 2.16 ([88]). For any constraint language T', set Pol(T") is a clone.

Polymorphisms of a crisp language characterise its computational com-
plexity. In particular, the CSP dichotomy theorem can be stated in terms of
polymorphisms as follows.

Theorem 2.17 ([14, 107]). Let I" be a finite {0, co}-valued language. Then
I' is tractable if it is invariant under a WNU operation; otherwise, I is
intractable.

Similarly, polymorphisms can be used to characterise languages that
are tractable using a particular algorithms, e.g., so-called local consistency
methods [35].

Theorem 2.18 ([16, 3, 74]). Let T" be a finite {0, 0o}-valued language. Then
I’ us solvable by local consistency methods if and only if it is invariant under
a k-ary WNU operation for all k > 3.

For general (Q-valued) languages, an extension of the notion of a poly-
morphism that allows to state a full complexity classification is called a
weighted polymorphism [25]. First, we define an important special case called
a multimorphism.

Definition 2.19 (]28]). Let v be a weighted relation on D. A list (f1,..., fx)
of k-ary polymorphisms of v is a k-ary multimorphism of v (and  is improved
by (fi,..., fr)) if, for every xy,...,x; € Feas(y), it holds

k k

ZV(Xz‘) > ZV(fz‘ (X1,...,Xp)) (2.11)

i=1

We say that (fi,..., fi) is a multimorphism of a language T if it is a
multimorphism of every v € T.

Example 2.20 ([28]). For any total order on D, languages admitting multi-
morphism (min, max) are tractable. In the case of a Boolean domain, this
multimorphism characterises submodular functions (see Example 2.29).

Multimorphisms are in some cases sufficient to capture certain properties
of languages, e.g., submodularity or even tractability of Boolean languages
(see Theorem 2.30). For a general classification, however, we need to define
weightings and weighted polymorphisms.

11



Definition 2.21 ([25]). A k-ary weighting of a clone C' is a function w :
C®) — Q such that w(f) < 0 only if f is a projection and

> w(f)=0. (2.12)

fec®)

We define the support of w by
supp(w) = Hg) u{fec® | w(f) >0} . (2.13)
For any set of weightings €2, we define supp(Q2) = IIp U J,,cq, Supp(w).

When specifying a weighting, we often write it as a weighted sum of
operations excluding terms with weight 0. For example, w = 4- f —7T§2) — 3~7r£2)
is the binary weighting such that w(f) = 4, w(ﬂf)) =—1, w(7‘&’§2)) = —3, and

w(g) =0 for g € CP\ {f, 7r§2),7r§2)}.

Definition 2.22 ([25]). Let v be a weighted relation on D, and let C' be a
clone of operations on D such that C' C Pol({7}). A k-ary weighting w of
clone C'is a weighted polymorphism of v (and =y is improved by w) if, for every
Xi,...,X € Feas(y), it holds

0> > w(f) - y(fx ... %)) (2.14)

feck)

We say that w is a weighted polymorphism of a language I' if it is a
weighted polymorphism of every v € I'. By wPol(I"), we denote the set of
weighted polymorphisms of I'.

For any set of weightings (2, we denote by Imp(2) the set of weighted
relations which are improved by all weightings w € Q.

Note that a k-ary multimorphism (fi,..., fr) corresponds to a k-ary
weighted polymorphism

f1+"'+fk—7T§k)—"'—7T;(€k)- (2.15)

Theorem 2.23 ([75, Proposition 12]). For any constraint language T, the
set supp(wPol(T")) is a clone.

The VCSP dichotomy theorem can be stated in terms of weighted poly-
morphisms as follows.

Theorem 2.24 ([75, 70, 14, 107)). Let ' be a finite Q-valued language. Then
I is tractable if supp(wPol(I')) contains a WNU operation; otherwise, I" is
intractable.
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Weighted polymorphisms can be also used to characterise languages that
are tractable using a particular algorithm, e.g., the so-called basic linear
programming relazation and the Sherali-Adams relaxation [94].

Theorem 2.25 ([72]). Let T' be a finite Q-valued language. Then T is
solvable by the basic linear programming relazation if and only if supp(wPol(I"))
contains a k-ary symmetric operation for all k > 2.

Theorem 2.26 ([101]). Let T be a finite Q-valued language. Then T is solvable
by the Sherali-Adams relazation if and only if supp(wPol(I")) contains a k-ary
WNU operation for all k > 3.

Example 2.27. Let D be totally ordered, f, g be any binary operations on
D, and «, 8 € Qs¢ such that a + 8 < 2. We define a binary weighting

w:oz-f+ﬁ-g+(2—a—ﬁ)-min—7r§2)—7r§2). (2.16)

Let I' C Imp({w}) be a finite set of weighted relations that are improved by
w. Because w € wPol(I'), it holds min € supp(wPol(I")). Language I" is thus
tractable by the VCSP complexity classification (Theorem 2.24).

Let min® be the k-ary operation which returns the smallest of its k
arguments. As

min®) = min*~Y [min [ﬂk), Wék)i| ,Wék), . ,W,ik)] (2.17)

and supp(wPol(T')) is a clone, it holds min® € supp(wPol(I")) for all k& > 2.
By Theorem 2.25, language I' is solvable by the basic linear programming
relaxation.

2.3 Boolean languages

We assume D = {0, 1} in this section. For any r > 1, we denote by 0" (1")
the zero (one) r-tuple over D.

Definition 2.28. We denote by — the unary negation, i.e., =(0) = 1 and
—(1) = 0. For a weighted relation v : D" — Q, we define =(v) : D" — Q to
be the weighted relation such that —(v)(x) = v(—(x)).

We order the domain so that 0 < 1. Hence, operation min (max) corre-
sponds to the logical conjunction (disjunction) when 0 and 1 are interpreted
as the logical truth values false and true respectively.

By &, we denote the addition modulo 2 operation. In this case, we use
the infix notation, i.e., 060=0=101,0061=1=160.

By Mn (Mj), we denote the unique ternary minority (majority) operation
on D.
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One of the tractable classes of Boolean languages are submodular functions.

Example 2.29. A submodular function on a lattice family [93] can be
represented by a weighted relation v : D*() — Q that satisfies

Y(x) +7(y) > v(min(x,y)) + v(max(x, y)) (2.18)

for all x,y € D*0). Equivalently, v is submodular if and only if it admits
(min, max) as a multimorphism.

We finish by formally stating some of the complexity classifications of
Boolean languages that form the basis of our proofs in following sections.
Cohen et al. classified all Boolean languages in [28].

Theorem 2.30 ([28, Theorem 7.1]). Let I' be a finite Q-valued language.
Then T is tractable if it admits any the following multimorphisms: (co), {(c1),
(min, min), (max, max), (min, max), (Mn, Mn, Mn), (Mj, Mj, Mj), (Mj, Mj, Mn).
Otherwise, I' is intractable.

In the case of finite-valued languages, the classification can be simplified
as follows.

Theorem 2.31 ([28, Corollary 7.11]). Let I" be a finite Q-valued language.
Then T' is tractable if it admits any of the following multimorphisms: (co),
(¢1), (min, max). Otherwise, I' is intractable.

The special case of crisp languages is equivalent to the CSP, for which a
complexity classification was established by Schaefer [92].

Theorem 2.32 ([92]). Let I be a finite {0, co}-valued language. Then T" is
tractable if it is invariant under any of the following operations: ¢y, c1, min,
max, Mn, Mj. Otherwise, I is intractable.
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Chapter 3

(Galois connection for infinite
sets

Cohen, Cooper, Creed, Jeavons, and Zivny [25] introduced an algebraic theory
of weighted clones for classifying the computational complexity of constraint
languages, which was further developed in [99, 75]. This theory establishes a
Galois connection (a one-to-one correspondence) between weighted relational
clones (languages closed under expressibility, see Definition 3.2) and weighted
clones (sets of weightings closed under proper superposition, see Definition 3.6).
It extends the algebraic approach to the CSP, which relies on a Galois
connection between relational clones and clones [15]. Such a correspondence
makes it possible to utilise deep results from universal algebra, and has
ultimately led to the resolution of the (V)CSP dichotomy conjecture [75, 70,
14, 107].

Augmenting a language with weighted relations that are expressible over
that language does not affect the complexity of the corresponding VCSP, as
all such weighted relations occurring in an instance can be replaced with
appropriate expressibility gadgets in polynomial time. Therefore, in order to
classify all languages in terms of tractability, it is sufficient to only consider
weighted relational clones. A weighted relation is expressible over a finite
language I' if and only if it is improved by every weighted polymorphism
of I'. This means that any finitely-generated weighted relational clone is
precisely characterised by its set of weighted polymorphisms. Conversely,
a weighting can be obtained by proper superposition from a finite set of
weightings €2 if and only if it is a weighted polymorphism of every weighted
relation improved by €2, and hence any finitely-generated weighted clone is
precisely characterised by the set of weighted relations it improves. These
two theorems constitute the Galois connection from [25].

In this chapter, we consider the possibility of generalising the algebraic
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approach to infinite languages and infinite sets of weightings. We show that
the Galois connection from [25] does not hold in general. In particular, we
give an example of an infinite language I' such that some weighted relations
are not expressible over it even though they are improved by every weighted
polymorphism of I' (see Theorem 3.10), and an example of an infinite set
of weightings €2 such that some weightings cannot be obtained from it by
proper superposition even though they are weighted polymorphisms of every
weighted relation improved by €2 (see Theorem 3.11). Then we establish a new
Galois connection which applies to infinite sets as well. In order to do so, we
modify the definition of weighted (relational) clones; namely, we require them
to be topologically closed. This makes it necessary to work in a complete
field, and hence we allow real values in place of rationals.

As an independent improvement of the notion of weighted relational clones,
we require them to be closed under operation Opt. We show that closing
a language under Opt preserves its tractability, and hence it is sufficient
to classify only languages satisfying this stronger condition. Changing the
definition of weighted relational clones also simplifies the structure of weighted
clones; for details, see Section 3.3.

Section 3.1 presents the Galois connection introduced in [25]. In Section 3.2,
we examine the extent to which this Galois connection applies to infinite sets,
and give an example for which it does not hold. We establish a new Galois
connection in Section 3.3.

3.1 Previous Galois connection

3.1.1 Weighted relational clones

Definition 3.1. A constraint language I' is called a weighted relational clone
if it contains the binary equality relation p— and the unary empty relation
pp,t and is closed under addition, minimisation, coordinate mapping, scaling
by non-negative rational constants, and addition of rational constants.

We define wRelClone(I') to be the smallest weighted relational clone

containing I'.

Note that any weighted relational clone is also closed under operation
Feas, as Feas(y) =0 7.

An equivalent definition of weighted relational clones (see Theorem 3.4) is
based on the notion of expressing weighted relations by gadgets.

L Although the definition in [25] does not require the inclusion of pg, the proofs there
implicitly assume its presence in any weighted relational clone.
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Definition 3.2. Let I" be a constraint language, I = (V, D, ¢;) an instance
of VCSP(I"), and L = (vy,...,v,) a list of (not necessarily distinct) variables
from V. The projection of I onto L, denoted by 7 ([), is the r-ary weighted
relation on D defined by

mL(I)(z1,...,z,) =min{¢s(s) | s: V=D A s(v;) =a; for all i € [r]}
(3.1)
where the minimum over the empty set equals oco.
We say that a weighted relation ~y is expressible over a constraint language
I'if v = 7 (]) for some I € VCSP(I') and a list of variables L. We call the
pair (I, L) a gadget for expressing « over T

Example 3.3. For any language I', we can express the binary equality relation
p— over I' using the following gadget. Let I € VCSP(I") be the instance with
a single variable v and no constraints, and let L = (v,v). Then 7. (1) = p—.

Theorem 3.4 ([25, Proposition 4.5]). A constraint language is a weighted
relational clone if and only if it contains the unary empty relation py and is
closed under expressibility and addition of rational constants.

The following result implies that, in order to classify constraint languages
in terms of their (in)tractability, it is sufficient to consider only weighted
relational clones.

Theorem 3.5 ([25, Theorems 2.4 and 4.3]). A constraint language T' is
tractable if and only if wRelClone(I") is tractable, and T is intractable if and
only if wRelClone(I") is intractable.

3.1.2 Weighted clones

We call a function w : C®) — Q that satisfies (2.12) but assigns a negative
weight to some operation [ & H(Dk) an tmproper weighting. In order to
emphasise the distinction we may also call a weighting a proper weighting.

A weighting w of a clone C' can be also seen as a weighting of a clone
C’ O C, where we extend w to C’ by defining w(f) = 0 for f € C"\C. Given a
set € of weightings of different clones over D, we consider them as weightings
of the smallest clone such that it contains all the clones associated with the
weightings in .

Definition 3.6. For any k-ary weighting w of a clone C and any (-ary
operations gi,...,gx € CY, the superposition of w and ¢i,..., g is the
function w(gy, ..., gx] : C — Q defined by

wlgt, ..., gl () = > w(f). (3.2)

FECH A flgi,...gul=f
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By convention, the value of an empty sum equals 0.
A superposition which results in a proper weighting (i.e., negative weights
are only assigned to projections) is called a proper superposition.

Definition 3.7. A non-empty set of weightings €2 of a clone C' is called a
weighted clone if it is closed under scaling by non-negative rational constants,
addition of weightings of equal arity, and proper superposition with operations
from C'. Clone C'is called the support clone of 2.

We define wClone(£2) to be the smallest weighted clone containing §2.

The main result in [25] establishes a 1-to-1 correspondence between
weighted relational clones and weighted clones.

Theorem 3.8 ([25]). For any finite constraint language T', it holds
Imp(wPol(I")) = wRelClone(T) . (3.3)
For any finite set of weightings €2, it holds
wPol(Imp(€2)) = wClone(f?) . (3.4)

Thus, when trying to identify tractable constraint languages, it is sufficient
to consider only languages of the form Imp(€2) for some weighted clone €.

3.2 Extent of the previous (alois connection

First, we show that Theorem 3.8 can be extended to certain infinite sets. For
example, consider an infinite language I" such that wRelClone(T") is finitely
generated, i.e., wRelClone(I') = wRelClone(I"”) for some finite language I".
The following theorem implies that Imp(wPol(I")) = wRelClone(I"), since it
holds wRelClone(I") = Imp(2) for Q@ = wPol(I'") by Theorem 3.8.

Theorem 3.9. For any constraint language ', it holds ITmp(wPol(I')) =
wRelClone(I") if and only if wRelClone(I') = Imp(2) for some set of weight-
ings §2.

For any set of weightings Q, it holds wPol(Imp(€2)) = wClone(Q?) if and
only if wClone(Q)) = wPol(T") for some constraint language T'.

Proof. If a constraint language I' satisfies Imp(wPol(I")) = wRelClone(I'), it
holds wRelClone(I") = Imp(£2) for @ = wPol(I').

Suppose that wRelClone(I') = Imp(£2) for some set of weightings 2. As
I' € wRelClone(I"), set € improves I'. Therefore, 2 C wPol(I') and

Imp(wPol(I")) C Imp(£2) = wRelClone(I") . (3.5)
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The converse inclusion wRelClone(I") C Imp(wPol(T")) follows from the fact
that Imp(wPol(I")) is a weighted relational clone [25, Proposition 6.2] that
contains I'.

The second claim of the theorem can be proved analogously. O

In contrast, our next results show that Theorem 3.8 does not hold for
some infinite constraint languages and infinite sets of weightings.

Theorem 3.10. There is an infinite constraint language I" such that
Imp(wPol(I")) € wRelClone(I') . (3.6)

Proof. We set the domain to be D = {0, 1,2} and choose a positive irrational
number t. Let U be the set of unary weighted relations g such that, if
1(0), (1), u(2) are all finite, it holds

p(2) = p(0) = (1 +1) - (pu(1) — p(0)). (3.7)

Note that set U contains all unary crisp weighted relations, and it is closed
under addition, scaling by non-negative rational constants, and addition of
rational constants.

Let I equal the set of weighted relations v that can be written as

’y(xl,...,xT):Z/u(:ci)—i— > (@i xy), (3.8)

(i,5)€S
where r = ar(7), u; € U for all i € [r], and S is an equivalence relation on [r].

Claim 1. Language T" is a weighted relational clone.

Proof. Clearly, crisp weighted relations p—, pg € U are included in T'.

We show that I' is closed under minimisation. Without loss of generality,
let us assume we minimise an r-ary weighted relation v (r > 2) over the last
variable (z,). If the equivalence class of r in S is a singleton, we simply add
the value of min,, cp p-(z,) to (say) pi. Otherwise, we can pick any ¢ # r
such that (i,7) € S and replace weighted relation p; with p; + g,

Similarly, I is closed under the remaining operations (i.e., addition, coor-
dinate mapping, scaling by non-negative rational constants, and addition of
rational constants). [

Claim 2. Letk > 1, w e wPol(k)(F), and x € D*. For every a € D, it holds

W(f) =0. (3.9)



Proof. We denote s, = >~ ;—,w([f). Note that so + s1 4 s2 = 0.
For any rational v < t and v > t, we define unary weighted relations
[y, piy € U CT by

0 for x =0 0 for x =0
p, (x) =< —1 forz =1, ph(z) =<1 forz=1.
—1—u forx=2 1+v forx=2
(3.10)
Because weighting w improves g}, it holds
0> > w(f) uw(fx)=s1+s-(1+0v), (3.11)
fePol®)(T)

and hence sy > v-sy. Similarly, it holds sy < - s9, as w improves p.,. Both u
and v can be chosen arbitrarily close to ¢, so it must hold sg = - s5. However,
so and sy are rational while ¢ is not. Therefore, it holds sp =s1 = s, =0. B

It follows from Claim 2 that wPol(I') improves any unary finite-valued
weighted relation. Consider a unary weighted relation p defined by 1(0) =0
and p(1) = u(2) = 1. It holds pu € Imp(wPol(I')). However, u violates (3.7),
and therefore p1 ¢ I' = wRelClone(T'). O

Theorem 3.11. There is an infinite set of weightings €2 such that
wPol(Imp(©2)) Z wClone(£2) . (3.12)

Proof. We set the domain to be D = {0, 1,2} and choose a positive irrational
number t. We define a set of weightings {2 of the support clone Op. For every
arity k > 1, let Q) consist of weightings w such that, for all x € D¥,

-y wif)< Y wih). (3.13)
fx)=2 f(x)=0
Claim 1. Set Q is a weighted clone.

Proof. Clearly, 2 is closed under addition of weightings and non-negative
scaling.

Consider any w € Q*) and f-ary operations g1, . . ., gx such that w[gy, . . ., gi]
is a proper weighting. For any x € D’ and a € D, it holds

S wlgnLall) = ) wlf) =D wf), (3.14)

f(x)=a flg1,-gk](x)=a f(y)=a

where y = (¢1(x), ..., gk(x)). As w satisfies (3.13) for tuple y, the superposi-
tion w|g1, ..., gx] satisfies it for tuple x. Therefore, w(gy,. .., gx] € Q. |
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For any ag,a1,a2 € D, let f,4,4, be a unary operation defined by
faoaras(T) = ag for all x € D.

Claim 2. For any v € Imp(f2) and x € Feas(y), it holds y(x) = v(foza(X)).
Proof. For any rational v > t, we define a unary weighting ,ug,l) by

;Lgl) =—(14v)- 7T§1) + v fooz + fooo - (3.15)
Because ,uv € (), it holds

Y(fooz(x)) +7(foea(x)) <
V(foo2(x)) — v(x) <

Let g be a binary operation defined by

)-7(x) (3.16)

(14
v+ (7(x) = 7(fooz(x))) - (3.17)

1 forx=0 AN y=2
g(z,y) =<2 forz=2 A y=2. (3.18)

0 otherwise
For any positive rational u < t, we define a binary weighting uu) by
2 = —u. P — x4 (14+u)-g. (3.19)
Because i) € Q and g( fooz(a), fozz(a)) = a for all a € D, it holds

(1 +w) - (9(foo2(x), fo2(x))) < - v(foo2(x)) + ¥(foa(x)) (3.20)

u- (7(x) = 7(foo2(x))) < v(foa(x)) — v(x). (3.21)

We can choose both u and v arbitrarily close to ¢, and hence (3.17), (3.21)
imply

V(fora(x)) = v(x) = £+ (7(x) = Y(foo2(x))) - (3.22)

However, weights assigned by v are rational while ¢ is not. Therefore, it holds

Y(x) = Y(fooz2(x)) = 7(foz2(x)).- u

Consider a unary weighting w = —7T1 et fo22. By Claim 2, it holds

w € wPol(Imp(€2)). However, w violates (3.13) for x = (1), and therefore

w ¢ Q = wClone(£2). O
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3.3 New Galois connection

In order to establish a Galois connection for infinite sets, we need to work in a
complete field, and require weighted relational clones and weighted clones to
be topologically closed (see the counterexamples in Theorems 3.10 and 3.11).
Hence, we allow real values in place of rationals.

In particular, this change affects the values assigned by weighted relations,
weightings, and the weights of constraints in VCSP instances. To distinguish
the redefined concepts from their rational-valued counterparts, we use a
subscript R. We denote by R = R U {oo} the set of extended real numbers.

We also need to relax the notion of tractability of a constraint language so
that it is preserved by the topological closure operation, as our new definition
of weighted relational clones requires them to be topologically closed. Instead
of considering only optimal solutions, we accept any solution with a value
exceeding the optimum by at most an additive constant e (for arbitrarily
small € > 0; see Definition 3.20).

Inspired by weighted pp-definitions [98], we alter the definition of weighted
relational clones further and require them to be closed under operation Opt.
This is justified by Lemma 3.19, in which we prove that the inclusion of Opt
preserves tractability; in fact, it preserves the stronger (exact) tractability as
well. One of the benefits of this change is a simplified structure of weighted
clones: According to the original definition, a weighted clone is determined
by a support clone C' and a set of weightings of C'. By our new definition, a
k-ary weighting assigns weights to all k-ary operations, and a weighted clone
is simply a set of weightings. Moreover, any non-projection polymorphism
of a weighted relational clone I' is now guaranteed to be assigned a positive
weight by some weighted polymorphism of I' (see Corollary 3.37).

The new Galois connection is stated as follows.

Theorem 3.12 (cf. Theorem 3.8). For any constraint language T, it holds
Impg (wPolg(I')) = wRelCloneg(I'). For any set of weightings 2, it holds
wPolg (Impg (2)) = wCloneg(2).

In Section 3.3.1, we redefine weighted relational clones and prove that they
preserve tractability in the relaxed sense. In Section 3.3.2, we redefine weighted
clones. In Section 3.3.3, we prove Theorem 3.12, stated as Theorems 3.36
and 3.38.

3.3.1 Weighted relational clones

Definition 3.13 (cf. Definition 2.2). An r-ary weighted relation over D is a
mapping v : D" — R.
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For any fixed arity r» and any F' C D" let
H.p={y:D" =R | Feas(y) = F} . (3.23)

Set H, p with an inner product defined by

(@.6) =3 a(x) - Alx) (3.24)

xeF

is a real Hilbert space. The set of all weighted relations is a disjoint union of
such Hilbert spaces for all » and F', and therefore a topological space with the
disjoint union topology induced by inner products on the underlying Hilbert
spaces. When we say a set of weighted relations is open/closed, we will be
referring to this topology.

Definition 3.14 (cf. Definition 3.1). A constraint language I' is called a
weighted relational clone if it contains the binary equality relation p— and the
unary empty relation pyp, is closed under addition, minimisation, coordinate
mapping, scaling by non-negative real constants, addition of real constants,
and operation Opt, and is topologically closed.

We define wRelCloneg(I') to be the smallest weighted relational clone
containing I'.

Any expressibility gadget can be simulated using the binary equality
relation p—, addition of weighted relations, minimisation, coordinate mapping,
and scaling by non-negative real constants. Conversely, all of these can be
simulated using appropriate gadgets. Therefore, we obtain the following
characterisation of weighted relational clones.

Theorem 3.15 (cf. Theorem 3.4). A constraint language is a weighted rela-
tional clone if and only if it contains the unary empty relation py, is closed
under expressibility, addition of real constants, and operation Opt, and s
topologically closed.

Observation 3.16. All solutions to an instance with a constraint v such that
Feas(y) = 0 are infeasible.

Lemma 3.17. Let v be a weighted relation expressible over a constraint
language I'. Then

Proof. Let (J, L) be a gadget for expressing v over I', where L = (vq,...,v,).
Given an instance I € VCSPg(I" U {7}), we replace every constraint of the
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form ~y(x1,...,2,) in I with a copy of J. The weights of the introduced
constraints are scaled by the weight of the constraint v(xy,...,z,) in I. We
also add constraints p_(v;, z;) for all ¢ € [r]. This reduces the problem of
solving I to an instance of VCSPgr(I" U {p=}). To eliminate any constraint of
the form p_(z,y), we replace variables x and y with a single new one. O]

Observation 3.18. Adding a real constant to a weighted relation changes
the value of every solution by the same amount, and hence does not affect the
set of optimal solutions.

Lemma 3.19. Let I be a constraint language and v € I'. Then
VCSPr(I'U {Opt(v)}) <, VCSPg(T). (3.26)

Proof. We may without loss of generality assume that Feas(vy) # 0 (by
Observation 3.16). Also, we may assume that the minimum values assigned by
v and Opt(y) equal 0, and that all weighted relations in I' assign non-negative
values (by Observation 3.18). If v is crisp, it holds Opt(vy) = Feas(y) =0 -+,
and hence we may simply replace every constraint of the form w - Opt(7)(x)
with a constraint 0-y(x). Otherwise, 7 assigns a positive value to some tuple;
let m denote the smallest such value.

Given an instance I € VCSPr(I" U {Opt(7)}), let M be an upper bound
on the value of any feasible solution to I. We replace every constraint of
the form w - Opt(7y)(x) in / with a constraint (M/m + 1) - y(x) to obtain an
instance I’ € VCSPg(T').

Any feasible solution to instance I gets assigned the same value by I’.
Any infeasible solution to instance [ is either infeasible for I” as well, or it
incurs an infinite value from a constraint of the form w - Opt(v)(x) in I and
thus a value of at least (M/m + 1) -m > M from a constraint v(x) in I’.
Therefore, an optimal solution to I’ is optimal for I as well. O

In contrast to the rest of the closure operations defining weighted relational
clones, we can only show that topological closure preserves tractability in the
following relaxed sense.

Definition 3.20. Let ¢ > 0. We say that a labelling s : V' — D of a VCSP
instance I = (V, D, ¢;) is e-optimal if it is feasible and ¢(s) < ¢7(s) + € for
all labellings s’. An algorithm e-solves a VCSP instance if it correctly decides
whether a feasible labelling exists and, if so, it finds an e-optimal one.

A language I is called e-tractable if, for every finite I' C I'), VCSPg(I")
can be e-solved in polynomial time. If there exists a finite [ C I" such that it
is NP-hard to e-solve VCSPg(I"), language I is called e-intractable.
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Lemma 3.21. Let I' be a constraint language, T its topological closure, and
e > 0. Then e-solving VCSPgr(T') reduces in polynomial time to solving
VCSPg(T).

Proof. Given an instance I € VCSPg(T), we construct an instance I’ €
VCSPg(T") on the same set of variables V' as follows.

Let M be a positive upper bound on the sum of weights of constraints in
I. For any v € T, there is a weighted relation 7/ € T' with ar(y’) = ar(y) and
Feas(v') = Feas() such that the distance between v and 7 is at most €/2M.
We obtain the sought instance I’ by replacing every constraint of the form
v(x) in I with its counterpart +'(x).

For any labelling t : V' — D, it holds

I(t)— = <TI'(t) <I(t)+ % (3.27)

Let s and s’ be optimal solutions to I and I’ respectively. Since

I(s') — % < I'(s) < T'(s) < I(s) + % (3.28)

s’ is an e-optimal solution to 1. O
The following result justifies the definition of weighted relational clones.

Theorem 3.22 (cf. Theorem 3.5). Let I be a constraint language and € > 0.
If T is tractable, then wRelCloneg(I") is e-tractable. If wRelCloneg(I") is
e-intractable, then I' is intractable.

Proof. Recall the characterisation of weighted relational clones from Theo-
rem 3.15. The claim follows from Observation 3.16, Lemma 3.17, Observa-
tion 3.18, Lemma 3.19, and Lemma 3.21. O

3.3.2 Weighted clones

Definition 3.23 (cf. Definition 2.21). A k-ary weighting is a function w :
Og) — R such that w(f) < 0 only if f is a projection and

> w(f)=0. (3.29)

feo®

We define the support of w by
supp(w) = Hg) U {f € Og) ‘ w(f) > 0} : (3.30)
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For any set of weightings €2, we define supp(2) = IIp U J,,cq, sSupp(w).

For any fixed arity k, let Hy = (9%) — R. Set Hj with an inner product
defined by

(0. 8) = > alf)-B(f) (3.31)

feolk)

is a real Hilbert space. The set of all weightings lies in the disjoint union of
such Hilbert spaces for all k, which is a topological space with the disjoint
union topology induced by inner products on the underlying Hilbert spaces.
When we say a set of weightings is open/closed, we will be referring to this
topology.

Observation 3.24. Any point of closure of a set of weightings is itself a
weighting.

Definition 3.25 (cf. Definition 2.22). Let v be a weighted relation on D. A
k-ary weighting w is a weighted polymorphism of  (and + is improved by w)
if supp(w) C Pol({7}) and, for every xq,...,x; € Feas(y), it holds

Z w(f) - y(f(x1,. . xk)) <0 (3.32)

fesupp(w)

We say that w is a weighted polymorphism of a language I' if it is a
weighted polymorphism of every v € T'. By wPolg(I") we denote the set of
weighted polymorphisms of T'.

For any set of weightings (2, we denote by Impg(€2) the set of weighted
relations which are improved by all weightings w € Q.

Definition 3.26 (cf. Definition 3.7). A non-empty set of weightings 2 is
called a weighted clone if it is closed under scaling by non-negative real
constants, addition of weightings of equal arity, and proper superposition
with operations from supp({2), and is topologically closed.

We define wCloneg(2) to be the smallest weighted clone containing 2.

3.3.3 Proofs

We start with a few auxiliary lemmas. Then we relate the concept of weighted
polymorphisms and polar cones (see Definition 3.30), which enables us to
apply known properties of polar cones in our proofs. Finally, we establish a
new Galois connection in Theorems 3.36 and 3.38.

It is often convenient to build a desired proper weighting by taking a
sum of (possibly) improper superpositions. The following lemma, which is
an analogue of [25, Lemma 6.4], shows that weighted clones are closed under
such constructions.
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Lemma 3.27. Let Q be a weighted clone, wy,...,w, € ), and ¢1,...,¢c, €
Rso. Let k > 1, and g;; € supp(?) be a k-ary operation for all i € [n],
J € [ar(w;)]. If the k-ary weighting p defined by

n= Z Ci - Wy [gi,b - 7gi,ar(wi)} (3'33)
i=1

s proper, then pu € ).

Proof. We show that weighting p can be constructed using proper superposi-
tions only.

Let us denote t =3, ar(w;). For any m € [n], let s, = >°, ., ar(w;).
A superposition with projections is always proper (as all negative weights are
transferred to projections), and therefore the t-ary weighting p’ defined by

= Z Ci W [WS)-H’ - ’ﬂ-g)—i-ar(wi)] (3.34)
=1

belongs to . Since p = p'[g1,1,- -, Jrar(wr), 92,15 - - - » Inoar(wn)], We get pu €
Q. O

The following lemma has also been observed in [75, 101].
Lemma 3.28. For any weighted clone €2, supp(£2) is a clone.

Proof. We will denote supp(€2) by C. Since it contains all projections, we
only need to show that it is closed under superposition.

Let f € C® and gy,...,g, € CO. If flgi,...,gs] is a projection or is
equal to g; for some 7, then it clearly belongs to C'. Otherwise, f is not a
projection and therefore there is a k-ary weighting w € Q for which w(f) > 0.
Weighting wlgi, . . ., gx| certainly assigns a positive weight to f[g1,. .., gx] (we
are using the fact that only operations ¢y, ..., gr may receive negative weight
from projections in w). However, it is possibly improper, as it may assign a
negative weight to some g; that is not a projection.

We denote by G the set of such operations g € {g1,...,gx} that are
not projections and w(gy, ..., gx](g) < 0. For any g € G, there is an f-ary
weighting p, € 2 for which y,(g) > 0. Then the (-ary weighting defined by

N —wlg, .-, g6l(9)
917+ 0 +g; 1g(9) !

(3.35)

is proper, belongs to 2 (by Lemma 3.27), and assigns a positive weight to
flars -, gr)- O
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Lemma 3.29. For any weighted clone S0, it holds supp(Q2) = Pol(Impg(2)).

Proof. Projections are polymorphisms of every weighted relation, and any op-
eration f with w(f) > 0 for some w € Q is a polymorphism of Impg(£2) by the
definition of weighted polymorphisms. Therefore, supp(£2) C Pol(Impg(£2)).

Let Inv(supp(€2)) be the set of crisp weighted relations that are invariant
under all operations from supp({2) (i.e., operations from supp(f2) are their
polymorphisms). Because such weighted relations are improved by €2, it holds
Inv(supp(2)) C Impy(Q2). Therefore,

Pol(Impg (€2)) € Pol(Inv(supp(£2))) = supp(£?), (3.36)

where the last equality follows from the Galois connection between relational
clones and clones of operations [9, 56] and Lemma 3.28. ]

Inequality (3.32) defining weighted polymorphisms translates to an in-
equality (a, #) < 0 for appropriately chosen vectors o and /3 in a Hilbert space,
where o depends on weighting w and [ depends on weighted relation v and
tuples Xy, ..., X (see Lemma 3.33). Therefore, set wPolg(I") for a constraint
language T relates to a polar cone (defined below) of an appropriately chosen
set of vectors.

Definition 3.30. Let H be a Hilbert space. A set K C H is a convex cone
if it is closed under scaling by non-negative real constants and addition. The

polar cone (also called the internal polar cone) of a set K C H is denoted by
K° and defined by

K°={ae€H| (a,B)<0foral geK}. (3.37)

Theorem 3.31 ([12, 61)). The polar cone of any K C H is a topologically
closed convex cone. Set K°° = (K°)° equals the smallest topologically closed
convex cone containing K.

Definition 3.32. Let X = (x!,...,x*) € (D™)* be a sequence of m-tuples

over D, where x' = (z%,...,2%) for all i € [k]. By X7, we denote the
transpose of X, i.e. the sequence of k-tuples (y',...,y™) € (D*)™ such that
y' = (x},... 2F) for all i € [m)].
For any k-ary operation f, we denote by f(X) the m-tuple obtained by
applying f componentwise to x',...,x", ie.,
f(X):f(xl,...,xk):(f(yl),...,f(ym)) ) (3.38)
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Lemma 3.33. Let I' be a constraint language, k > 1, and H,, a Hilbert space
of functions Pol(k)(F) — R with an inner product analogous to (3.31). For
any v € T and X € (Feas(y))¥, we define 1X] € H}, by 4[X)(f) = 7(f(X))
for all f € Pol™(T"). Let

K={y[X]|v€T A X € (Feas(v))"} . (3.39)

A k-ary weighting w with supp(w) C Pol(T") is a weighted polymorphism of T’
if and only z'fw]P()l(k)(F) € K°.

Proof. For any v € T' and X = (xy,...,%;) € (Feas(y))*, (3.32) is equivalent
to

<W‘P01(’“)({7})7 ’Y[X]> <0. (3.40)
O

Lemma 3.34. For any constraint language T', set wPolg(I") is a weighted
clone.

Proof. Let k > 1 be a fixed arity. Any k-ary weighted polymorphism w of
I satisfies supp(w) € Pol®)(I"), and thus can be equated with its restriction
to Pol®(T"). By Lemma 3.33 and Theorem 3.31, set WPolg)(F) is closed
under scaling by non-negative real constants, closed under addition, and
topologically closed.

It remains to show that wPolg(I") is closed under superposition. Let
w € wPolg(I') be a k-ary weighting and ¢i,...,gr € supp(wPolg(I')) C
Pol(T") be f(-ary operations. For any v € I" and X € (Feas(y))t, let Y =
(g1(X),...,gx(X)). It holds Y € (Feas(v))* and

> wlgr, -5 gkl (f) -7 (f(X)) (3.41)

fesupp(w(g,-...gx])

= > wl) Sl 9kl (X) (3.42)
fesupp(w)
= > w() ) (3.43)
fesupp(w)
<0. (3.44)
Therefore, weighting wlgy, . . ., gx] is a weighted polymorphism of T'. O

Lemma 3.35. For any set of weightings 0, Impg () is a weighted relational
clone.
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Proof. Both p— and py are improved by any weighting and hence belong to
Impg (2). Addition, coordinate mapping, non-negative scaling, and addition
of a constant preserve (3.32), and therefore Impg(2) is closed under these
operations.

We need to prove that Impg(2) is closed under minimisation. Let v €
Impg (2) be an r-ary weighted relation and consider an (r — 1)-ary weighted
relation +" obtained by minimising v at some coordinate. Let w € Q be a
k-ary weighting and X’ = (x],...,x}) € (Feas(y'))*. For any i € [k], we can
extend (r — 1)-tuple x} to an r-tuple x; € Feas(7y) so that v/(x}) = v(x;); we
denote the list of these extended r-tuples by X = (xi,...,Xx). Note that
f(X) is an extension of f(X’) for any k-ary operation f € supp(w), and
therefore v/'(f(X')) < v(f(X)). Moreover, v/ (f(X")) = v(f (X)) whenever f
is a projection. As ~y satisfies (3.32) and only projections may be assigned a
negative weight, we have

S wl)AUEN S Y wif) (X)) <0, (3.45)

féesupp(w) féesupp(w)

and thus 7/ € Impg(Q2).

Now we prove that Impg(€2) is closed under operation Opt. Let v €
Impg (2) and p = Opt(y). We will assume that Feas(y) is non-empty (other-
wise 7 = p) and denote by ¢ the minimum weight assigned by 7. Let w € Q be
a k-ary weighting. As p is a relation, we only need to show that all operations
in the support of w are polymorphisms of p. Let X € (Feas(p))* C (Feas(7))*.
For any operation f in the support of w, it holds v(f(X)) > ¢. Moreover,

v(f(X)) = ¢ whenever f is a projection. We have

0> Y wfH)- XY= Y w(f)e=0, (3.46)

fesupp(w) fesupp(w)

which for all f € supp(w) implies v(f(X)) = ¢ and hence f(X) € Feas(p).
Therefore, p € Impg(2).

Finally, we show that Impg(£2) is topologically closed. Let r be a fixed
arity and F' C D"; we claim that the set ' of r-ary weighted relations v with
Feas(y) = F which are not improved by €2 is an open set. Take any v € T'.
There must be a non-zero weighting w € € (let us denote its arity by k) and
X € F* such that (w,y[X]) = d for some positive d, i.e., w violates (3.32) for
v and X. Then, for every r-ary weighted relation 4" with Feas(vy') = F' and
distance from + less than

(3.47)



it holds (w,~'[X]) > 0. Therefore, v has a neighbourhood contained in I". [

Theorem 3.36. For any constraint language I, it holds
Impp (wPolg(I")) = wRelCloneg(T") . (3.48)
Proof. By the fact that I' C Impg(wPolg(I')) and Lemma 3.35, it holds

wRelCloneg (I') € wRelCloneg (Impg (wPolg(I'))) = Impg (wPolg (L)) .
(3.49)
Now we prove the converse inclusion Impg(wPolg(I')) € wRelCloneg(I).
Let p € Impg(wPolg(I")) be a weighted relation and denote | Feas(p)| by k.
If k=0, p is expressible from py and hence p € wRelCloneg(T"). Otherwise,
we will focus solely on the k-ary weighted polymorphisms of I'. Let us denote
the Hilbert space of functions Pol(k)(F) — R by H; the k-ary weighted
polymorphisms of I' can be then seen as vectors from H. Denoting m = |D|,
a k-ary operation on D is uniquely determined by the m-tuple of labels it
assigns to its m possible inputs. Later we will define a correspondence between
a subset of m-ary weighted relations and H.
The outline of the proof is as follows. We transform I' into a set M C
wRelCloneg (I') of m-ary weighted relations and consider their corresponding
vectors in H. The polar cone of these vectors equals WPOI]%) (I'), and its polar

cone, in turn, consists of m-ary weighted relations improved by WPOlg )(P).
We know that the polar cone of the polar cone of a set is the closure of
the smallest convex cone containing this set; therefore, any m-ary weighted
relation improved by WPOlg) (I') belongs to wRelCloneg (I'). This also includes
a particular m-ary weighted relation that we use to express p, so we get
p € wRelCloneg(T').

We begin by formally defining the correspondence between certain m-ary
weighted relations and vectors from H. Let us denote by (zi,...,2,) = Z7
the sequence of all k-tuples over D in an arbitrary fixed order; any k-ary
operation f is then determined by the m-tuple (f(z1),..., f(zm)) = f(Z).
Let us define a set F' C D™ by

F= {f(Z) ‘ fe Pol(k)(l“)} . (3.50)

For any m-ary weighted relation  with Feas(y) = F, the corresponding
vector in H is y[Z]. Conversely, for any vector in H there is a corresponding
m-ary weighted relation with finite weights precisely on F'.

Now we transform I' into a set of m-ary weighted relations that captures
enough information to reconstruct the set of k-ary weighted polymorphisms

of I.
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Claim 1. For any n-ary weighted relation v € I' and X € (Feas(v))*, there is
an m-ary weighted relation i, x € wRelCloneg(I') such that Feas(j, x) = F

and juy, x (f(Z)) = 7(f(X)) for all f € Pol®(T).

Proof. We denote the k-tuples of X7 by (x1,...,%,). First, we construct an
m-ary weighted relation p/ y as

/’Lfy,X(yZ17"'7yZm) :7<yxl7"- 7yxn)7 (351)

where y,, are variables indexed by k-tuples over D. It holds

M;,X(f(Z» = M;,X(f(zl)7 T f(Zm)> = V(f(xl)7 T f(Xn)) = ’Y<f(X>> :

(3.52)
However, we are not done yet, as p/%  assigns a finite weight to all m-tuples
f(Z) such that f(X) € Feas(y), even if f & Pol®(T'). We can easily fix this:
Let f be a k-ary operation that is not a polymorphism of I'; then there is a
weighted relation vy € I' and X; € (Feas(vy))* such that f(X;) & Feas(v;).
Adding Feas(ufyfj Xf) to pi, y ensures that the weighted relation will assign
infinity to m-tuple f(Z) without changing other weights. This can be done
for all (finitely many) such operations f, so we obtain a weighted relation
iy, x with Feas(j, x) = F. |

Claim 2. There are m-ary weighted relations p,, pi—, € wRelCloneg(I") such
that Feas(p,) = Feas(u_,) = F and p,(f(2)) = 1, p_(f(2)) = —1 for all
f e Pol®)(I).

Proof. Again, we start with g/ (yz,, -+, Yz,,) = 1, ', (Y, - - - Ya,,) = —1 and
then add Feas(u7 x,) for all k-ary operations f ¢ Pol®™(T') to ensure that
the resulting weighted relations p,, pu_, assign finite weights only to m-tuples
from F. |

Let « € H be the vector assigning every operation value 1. For any
operation f € Pol(k)(F) that is not a projection, let ey € H be the vector such
that e;(f) =1 and e¢(g) = 0 for all g # f. We define a set of m-ary weighted
relations M C wRelCloneg(I"), the set of corresponding vectors V' C H, and
an auxiliary set of vectors W C H as follows:

M= {px |veT N X € (Feas(7))"} U {p, p—.} (3.53)
V={yX]|7el A X € (Feas())*} U{s, —¢} (3.54)
w=vu{- ) fepol®(r)\ )} (3.55)

Claim 3. The polar cone W° consists of k-ary weighted polymorphisms of T'.
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Proof. Let w € W° be a vector. As (w,:t) < 0 and (w, —t) < 0, we have
(w,t) =0, i.e., the sum of weights of w equals 0. For any non-projection f,
it holds (w, —ey) <0, i.e., w(f) is non-negative. Finally, for any v € I" and
X € (Feas(v))k, it holds (w,v[X]) < 0; hence w is a weighted polymorphism
of T. |

Let us now return to weighted relation p and denote the sequence of
elements of Feas(p) in an arbitrary fixed order by R € (Feas(p))*. As p is
improved by wPolg(I"), any vector w € W® satisfies (3.32) for p and any
X € (Feas(p))*, in particular for X = R. Hence, we would like to claim that
(w, p[R]) < 0 for all w € W° and thus p[R] € W°°. However, p[R] might
be ill-defined: Although p € Impg(wPolg(I")), not necessarily all operations
f € Pol®)(I") are polymorphisms of p, and therefore possibly p(f(R)) = oco.
Let us denote the set of these problematic operations by

Q= { FePl®() | f(R) ¢ Feas(p)} . (3.56)

On the other hand, every operation in the support of WPol](@lé€ )(F) is a poly-

morphism of p. This implies that operations in () must be assigned a zero
weight by all w € W°. As p[R] might not exist, let us define instead a
substitute vector § € H such that B(f) = p(f(R)) for all f € Pol®(I')\ Q,
with arbitrary values assigned to operations in (). By the previous argument,
B € Wee. Additionally, let Sy € H be a vector such that Go(f) > 0if f € Q,
and fy(f) = 0 otherwise. For any w € W¢ it holds (w, 5y) = 0, so 5y also
belongs to W°°.

Any vector in W can be obtained from some vector in V°° by adding
non-negative multiples of —¢; for f € Pol®(T") \H%C). Therefore, there is
a vector a € V° such that a(f) > 5(f) = p(f(R)) for all f ¢ @, and
a(f) = B(f) = p(f(R)) when f is a projection. Also, there is a non-negative
vector ap € V°° such that ag(f) > Go(f) > 0if f € Q, and ag(f) = Bo(f) =0
if f is a projection.

Vectors in V' correspond to weighted relations in M C wRelCloneg(I").
Set V°° is the closure of the smallest convex cone containing V', and therefore
weighted relations corresponding to vectors in V°° also belong to wRelCloneg (I")
(as it is closed under addition and non-negative scaling, and is topologically
closed). Hence, there are m-ary weighted relations v, 1y € wRelCloneg(I")
with Feas(¢)) = Feas(1y) = F such that ¢¥[Z] = a and ¢y[Z] = op. We are
going to express p from them.

Let us denote the arity of p by n and the k-tuples of RT by (ry,...,r,).
Consider the following gadget. Let I be a VCSPg instance with variables
Yays - - -y Yz, and a single constraint ¥(Yq,, . . ., Ya,, ), and let L = (Ypyy ..\ Yr,,)-
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Then 71,(I) is an n-ary weighted relation expressible over wRelCloneg(I'); we
will denote it by p'. For any n-tuple x € D", we have

/X: min 215 - -y Yz 357
g ( ) {(yzl """ Yzm )JED™ | (yr1 ~~~~~ yrn)=X}w(y ! Y m) ( )
= min Z1)y -y [ (Zm 3.58
{f:Dk=D | (f(r1),.., f(rn)):x}qzj(f( 1) f( )) ( )

= min Z)) = min o(f). 3.59
f(R):xw(f( ) F(R)=x (f) ( )

Analogously, by replacing 1) with 1y in the gadget we obtain an n-ary weighted
relation pf, for which pf(x) = minyg)—x ao(f).

For any x € Feas(p) and k-ary operation f such that f(R) = x, it holds
a(f) > p(f(R)) = p(x). As R is a list of all elements of Feas(p), there is
a projection f such that f(R) = x; for it we have a(f) = p(f(R)) = p(x).
Therefore, p'(x) = p(x). Similarly we get pj(x) = 0 for any x € Feas(p).

We are almost done; the last issue is that p’(x) may be finite also for some
x ¢ Feas(p). But f(R) ¢ Feas(p) implies f € @, and in that case ag(f) is
positive. Therefore, Opt(p}) is finite only on Feas(p), and p'+Opt(pp) = p. O

In the context of Min-Sol-Hom and Min-Cost-Hom [103], the following
corollary has been observed by Hannes Uppman.?

Corollary 3.37. LetT' be a weighted relational clone. Then supp(wPolg(I')) =
Pol(T).

Proof. As wPolg(I') is a weighted clone (Lemma 3.34), we get

supp(wPolg(T")) = Pol(Impg (wPolg(I"))) = Pol(wRelCloneg(I")) = Pol(I")

(3.60)

by Lemma 3.29 and Theorem 3.36. O]
Theorem 3.38. For any set of weightings €2, it holds

wPolg (Impg (2)) = wCloneg(€2) . (3.61)

Proof. By the fact that Q@ C wPolg(Impg(Q2)) and Lemma 3.34, it holds
wCloneg(2) C wCloneg(wPolg (Impg(2))) = wPolg (Impg(£2)) . (3.62)

We prove that, for any & > 1 and any k-ary weighting ;1 € wPolg (Impg(£2)),
it holds 1 € wCloneg(£2). First, let us establish the clone of operations we
will be working with. Let C' be the smallest clone containing supp(€2). The

2Private communication, 2014.
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support of wCloneg((2) is itself a clone (by Lemma 3.28) so we also have
C' = supp(wCloneg(£2)). As in the proof of Theorem 3.36, we will represent
k-ary weightings by vectors of the Hilbert space H = C*) — R, and identify
those vectors with certain m-ary weighted relations (where m = |D|*).

The outline of the proof is as follows. We transform €2 into a set W of
k-ary weightings. Although some of these weightings may be improper, any
proper weighting obtained as their non-negative linear combination belongs
to wCloneg(€2). The polar cone W° consists of m-ary weighted relations
improved by €2, and its polar cone W°° hence contains u. As the polar cone
of the polar cone of a set is the closure of the smallest convex cone containing
this set, we get p € wCloneg(2).

Recall the correspondence between a subset of m-ary weighted relations
and H from the proof of Theorem 3.36. This time, we are working with clone
C, so we define F' by

F={f(2)]| fec®}. (3.63)

Let I be the set of all m-ary weighted relations v with Feas(vy) = F. Similarly
as before, there is a bijection between I' and H: the corresponding vector to
a weighted relation v € I is y[Z].

Claim 1. For any v € T, it holds Pol({y})®) = C®.

Proof. Let f € C®. For any X € F*, there are k-ary operations g¢i,. .., g €
C® such that X = (g1(2),...,g1(Z)). So we have f(X) = flg1,...,q:](Z) €
F because flgi,...,q:] € C®.

Conversely, let f € Og) \ C®). Certainly Z = (ﬂk)(Z), . ,w,(ck)(Z)) € F*,
but f(Z) ¢ F. Therefore, f is not a polymorphism of ~. |

Let us define a set W C H by
W =A{wlg,....q € H | (>1ANweQ9 A g,..., gEC(k)} . (3.64)
Claim 2. For any v € " such that v[Z] € W°, it holds Q2 C wPolg({v}).

Proof. Let w € Q be an f-ary weighting, and X € F*. Then there are k-ary
operations gy, ..., g, € C® for which X = (¢1(2),...,9/(Z)), and we have

S wlf) X)) = > wlf) A flor.- - 9(2)) (3.65)

fesupp(w) fec®
= > wlo . 9d(f) - (f(2)) (3.66)

feck)
= (Wlg1,---,9d,7[Z]) <0, (3.67)
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Weighting p is a weighted polymorphism of Impg(2), so it improves any
weighted relation 7 corresponding to a vector y[Z] € W°. Firstly, this implies
supp(p) € C*); we can therefore view y as a vector of H. Secondly, p satisfies
(3.32) for v and any X € F*. In particular, Z € F*, so we get (u,v[Z]) <0
and thus p € Wee.

Set W*°° is the closure of the smallest convex cone containing W. By
Lemma 3.27, any proper weighting obtained as a non-negative linear com-
bination of weightings from W belongs to wCloneg(2). Therefore, pu €
wCloneg(2). O
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Chapter 4

Planar VCSP

The maximum cut problem can be expressed in the VCSP framework on
a Boolean domain using a single weighted relation v, (see Example 2.10).
Because the problem is NP-hard [54], language {7} is intractable. However,
the maximum cut problem can be solved in polynomial time on planar graphs
by a reduction to the maximum matching problem [59]. In this chapter, we
study the VCSP under a structural restriction of planarity, which reduces the
computational complexity of some constraint languages (including {7y.}).
The structural restriction concerns the incidence graph of an instance.
This is a bipartite graph, in which the two parts of vertices represent the
variables and the constraints of the instance respectively, and edges connect
constraints with the variables in their scopes. We require that the incidence
graph be planar and, moreover, that it can be drawn in a way that respects
the order of arguments of the constraints; this stronger notion of planarity
leads to a finer complexity classification of languages (see Definition 4.1). We
denote the VCSP restricted to such instances over a language I' by VCSP,(T').
Another example of an intractable Boolean language that becomes tractable
under the planarity restriction (we say it is p-tractable) corresponds to a variant
of the 3-SAT problem called the NAE-3-SAT (Not-All-Equal 3-Satisfiability)
problem, in which a clause is satisfied if and only if its three variables are
not assigned the same label (see Example 4.2). Again, the p-tractability
was established by a reduction to the maximum matching problem [83]. On
the other hand, there exist intractable languages that are also p-intractable,
i.e., the associated VCSP is NP-hard even on planar instances. For example,
the minimum vertex cover problem, the 3-SAT problem itself and also its
variant called the 1-IN-3 POSITIVE 3-SAT problem (see Example 4.3) are all
p-intractable [55, 80, 84]. For an example on a larger domain, consider graph
colouring with k colours, which corresponds to language {p.} on a domain
of size k (see Example 2.9). In the case of £k = 3, the problem is NP-hard
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even on planar graphs [54]. However, it becomes p-tractable if k£ > 4; namely,
the four colour theorem guarantees that a 4-colouring exists for any planar
graph, and a solution can be found in polynomial time [90].

Considering that a full complexity classification of languages on larger
domains would involve difficult special cases such as the graph colouring
problem, it is natural to focus on Boolean languages first. Dvotrak and Ku-
pec [41] studied the planar Boolean CSP (i.e., the case of {0, co}-valued
languages) and identified a necessary condition for an intractable language
to be p-tractable. The condition is stated in two parts: First, the language
must be self-complementary, i.e., swapping the two labels at all coordinates
simultaneously must preserve the feasibility of any assignment. Equivalently,
the language must be invariant under operation — (the unary negation).
As Dvorak and Kupec showed, the planar CSP over a self-complementary
language T' can be reduced to an instance over a related language diff(T")! in
which every variable participates in at most two constraints. This structural
restriction has been studied under the name fanout limitation [45]; here
we adopt instead the term edge CSP proposed in [69]. The second part of
the necessary condition requires that diff(T") consist of even delta-matroids,
which are a type of relation generalising matroids [10, 22, 39]. The condition
was proved to be sufficient for p-tractability by Kazda, Kolmogorov, and
Rolinek [69], who designed a polynomial-time algorithm for the edge CSP
over even delta-matroids, and thus established a complexity classification of
Boolean {0, co}-valued languages with respect to p-tractability. It is interest-
ing to note that their algorithm resembles in many aspects the classic blossom
algorithm for finding a maximum matching [43] and matroid partitioning
algorithm [42].

In Section 4.2, we generalise the necessary condition of Dvorak and
Kupec to all (Q-valued) Boolean languages. In particular, we show that an
intractable language must satisfy the following two requirements in order to
be p-tractable. First, the language must be self-complementary in a stronger
(valued) sense: Swapping the two labels at all coordinates simultaneously
must preserve the value of any assignment, or, equivalently, the language
must admit multimorphism (—). Second, diff(I") must consist of valuated
delta-matroids, which are a type of weighted relation generalising weighted
matroids [40]. We conjecture that the edge VCSP over valuated delta-matroids
can be efficiently solved by a generalisation of the algorithm from [69], and
hence our necessary condition is also sufficient for p-tractability.

Our second result concerns conservative languages (i.e. languages con-

nformally, operation diff eliminates redundancy in self-complementary languages by
mapping tuples x and —(x) to a single one.
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taining all {0, 1}-valued unary weighted relations) on any finite domain.
Kolmogorov and Zivny [73] obtained a complexity classification of all con-
servative languages, which characterises tractable cases by the existence of
a certain pair of multimorphisms (see Theorem 4.43). In Section 4.3, we
establish a complexity classification of all conservative languages with respect
to p-tractability that matches the classification with respect to tractability.
In other words, any intractable conservative language is also p-intractable.
We follow the proof in [73], but we simplify and adapt it to the planar setting.
For a discussion of the differences between the two proofs, see Section 4.3.

4.1 Preliminaries

First, we formally define the planarity restriction and give a few examples
of intractable languages that are p-tractable or p-intractable. Second, we
introduce a language closure that preserves p-tractability and is used in our
hardness proofs.

4.1.1 Planar VCSP

Definition 4.1. The incidence graph of a VCSP instance is an undirected
bipartite multigraph, where the two parts of vertices represent the variables
and constraints of the instance respectively, and the edge multiset is defined
as follows: Each constraint ~;(z;1,. .. ,a:i7ar(%)) is incident to ar(v;) edges
connecting it to variables z; 1, ..., Zjar(+,)-

A planar VCSP instance is an instance with a planar incidence graph?
that can be drawn in a way that respects the order of arguments of the
constraints.> Namely, the edges incident to constraint ~;(z;1,. .. , Tiar(v))
should lead, in clockwise order, to variables x; 1, ..., Tja(). For a language
I', we denote by VCSP,(I') the VCSP restricted to planar instances over
language I'.

A language I' is called p-tractable if, for every finite I'' C I", VCSP,(I")
can be solved in polynomial time. If there exists a finite IV C I" such that
VCSP,(I") is NP-hard, language I is called p-intractable.

2 Another standard representation of a VCSP instance is the primal graph (also called
the Gaifman graph), in which the vertices correspond to the variables and the edges
connect all pairs of variables that occur together in the scope of a constraint [35]. We find
the incidence graph a more natural choice for the planarity restriction, as restricting the
Gaifman graph would disallow, among others, constraints of arity more than four.

3This stronger planarity restriction was also assumed in [41]. Tt leads to a finer
classification, as the variant without respecting the order corresponds to languages that
are closed under permutation of arguments.
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As the following example shows, there exist intractable languages that
become tractable under the planarity restriction.

Example 4.2. Let D = {0,1}. The NAE-3-SAT (Not-All-Equal 3-Satisfiability)
problem can be expressed by a ternary relation

PNAE = {(l’,y,Z) S {071}3 | {l’,y,Z} = {O’ 1}} : (41)

Language {pnagr} is intractable [54], but it is p-tractable [83].

Let 72 = Soft(p..) denote the soft variant of the binary disequality relation
pz. Language {7} encodes the maximum cut problem (see Example 2.10);
it is intractable [54] but p-tractable [59].

On the other hand, some languages remain intractable even on planar
instances.

Example 4.3. Let D = {0,1}. The 1-IN-3 POSITIVE 3-SAT problem can be
expressed by a ternary relation

prins = {(0,0,1),(0,1,0),(1,0,0)}. (4.2)

Language {p1.in3} is p-intractable [84] and thus also intractable.

Let o = Soft(po) denote the soft variant of the unary relation py = {(0)},
and let p, = {(0,1),(1,0),(1,1)}. Then language {70, pv} encodes the
weighted minimum vertex cover problem, where the vertices included in a
cover are labelled with 1 (thus incurring a non-negative value from constraints
7(v)) and every edge {u, v} is represented by a constraint py(u,v). It is a
p-intractable language [55], and hence it is also intractable.

We denote by p. the quaternary relation {(a,b,a,b) | a,b € D}. It is easy
to see that relation p. can be used to transform any VCSP instance to a
planar one by replacing crossings.

Lemma 4.4 ([41, Observation 1]). For any language I, it holds
VOSP(T) <, VCSP,(T'U {py}) . (4.3)

Consider a planar incidence graph. Because it is bipartite, we may
represent it by a plane graph in which vertices correspond to variables and
faces to constraints [41]. This plane graph is allowed to have parallel edges
and self-loops (possibly several at a single vertex).

For a connected plane graph G, we denote by F(G) the set of its faces.
For any face f € F(G), let b(f) denote a closed walk in G bounding f,
enumerated in clockwise order around f.
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Definition 4.5. Let I = (V, D, ¢;) be a planar VCSP instance with ¢ con-
straints. A plane instance (I,G,7) extends I with a connected plane graph
G over vertices V' and an injective mapping 7 : [¢] — F(G) such that, for
every constraint v; (21, . . ., Tiar(y,)), it holds b(7(7)) = i1 . .. T4 ar(y,)-

Example 4.6. Let I be a VCSP instance with V' = {z1, 25, x3, 24} and

5
oOr(x1, T2, 3, 24) = 2:71(21)+0-72(22, $3,$1)+73($3,$2)+§'74($3, zy). (4.4)

The incidence graph of I (see Figure 4.1(a)) is planar, and hence [ is a planar
instance. Its extension to a plane VCSP instance is depicted in Figure 4.1(b).

T 4! e

) Y2 T
X3 V3 Ty T3 To
Ty Y4 V4

(a) (b)

Figure 4.1: Graphs from Example 4.6.

As mentioned in [41], a plane representation of a planar instance can be
found in polynomial time [62]. We may hence assume that we are given a
plane instance (i.e., graph G and mapping 7).

4.1.2 Planar weighted relational clones

We define planar weighted relational clones (see Definition 4.13), which are
closures of constraint languages that do not change the tractability of the
corresponding planar VCSP. Compared with regular weighted relational clones
(see Theorems 3.4 and 3.15), the notion of expressibility must be restricted
so that it preserves p-tractability (see Theorem 4.15).

Definition 4.7 (cf. Definition 3.2). Let I be a constraint language, (I, G, 1)
a plane VCSP instance such that I = (V, D, ¢;) € VCSP,(I') and 7 does
not map any constraint to the outer face f, € F(G) of G, and let L =
(v1,...,v,.) be a list of (not necessarily distinct) variables from V' such that
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b(fo) = vyv,—1...v1. The projection of I onto L, denoted by m(I), is the
r-ary weighted relation on D defined by

mL(I)(z1,...,z,) =min{¢s(s) | s: V=D A s(v;) =, for all i € [r]},
(4.5)
where the minimum over the empty set equals oco.
We say that a weighted relation v is p-expressible over a constraint language

[ if there exist (I, G, 7) and L such that v = 7 (1).

Example 4.8 (cf. Example 3.3). Relation p_ is p-expressible over any lan-
guage by a plane instance consisting of a single variable x with two self-loops,
and L = (z,x).

Example 4.9. Let (I,G,7) be a plane VCSP instance depicted in Figure 4.2
with D = {0,1}, V = {xy, 29, 23, 2}, and

Gr(T1, T2, 3, 2) = Y£(T1, 2) + Y2 (72, 2) + V2£(73, 2), (4.6)

where 7. = Soft(p.) is the soft variant of the binary disequality relation p.
Then 7y, 2,24 (1) = 7 is a ternary weighted relation such that v(z,y,2) =0
if + =y =z and y(x,y, 2) = 1 otherwise. Hence,  is p-expressible over {~.}.

X1

Figure 4.2: Instance from Example 4.9.

Example 4.10. To see that p-expressibility is a proper restriction of regular
expressibility from Definition 3.2, note that, for any domain D, relation py is
expressible from the binary equality relation p—, as

Px (1,22, 23, 24) = p—(x1,73) + p= (72, 24) . (4.7)
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However, p, is not p-expressible from p—. This can be proved unconditionally
but here we give a simpler argument assuming P # NP:

By Theorem 4.15 below, p-expressibility preserves p-tractability. Relation
p— can be included in any language without affecting its complexity (see
Example 4.9). On the other hand, relation py enables bypassing the planarity
restriction; by Lemma 4.4, languages containing px have the same complexity
in the planar setting as in general. Consequently, if p, is p-expressible from
p—, then every p-tractable language is also tractable; for instance, the NAE-
3-SAT problem (see Example 4.2) can be solved in polynomial time even on
non-planar instances.

Now we show that minimisation (see Definition 2.4) as well as a few
operations defined below are p-expressible.

Definition 4.11. Let v and p be an r-ary and a unary weighted relation
respectively. The I-addition of u to v at coordinate i € [r] results in an
r-ary weighted relation 4/ such that, for every x = (z1,...,2,) € D", it holds
() = 1(x) + ().

Let v and p be an r-ary and a binary weighted relation respectively. The 2-
addition of u to «y at coordinate i € [r] results in an r-ary weighted relation ~/
such that, for every x = (x1,...,2,) € D", it holds v'(x) = y(x) + p(zs, Tit1),
where .11 = 1.

Let v be an r-ary weighted relation. The domain restriction of v to
D" C D at coordinate i € [r] results in an r-ary weighted relation 4/ such
that, for every x = (xy,...,2,) € D", it holds 7/(x) = v(x) if z; € D’ and
7' (x) = oo otherwise.

Let 7, 71,72 be binary weighted relations. We say that v is a join of
and v, if it can be written as

Y(z,y) = min (71 (ur,v1) +y2(ug, v2)) (4.8)

where {uy,v1} = {z, 2}, {uz, v} ={y, z}.

For any D’ C D, we denote by pps the unary relation D', i.e., pp/(x) = 0 if
x € D" and pp/(x) = oo otherwise. Recall from Definition 2.3 that pga) = pq
for all a € D.

Lemma 4.12. Minimisation, 1-addition, 2-addition, and join are p-expressible
operations over any language. Domain restriction to D' C D is p-expressible
over any language containing pp:. Operation a-pinning is p-expressible over
any language containing p,.
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Proof. The minimisation of an r-ary weighted relation at coordinate i is
p-expressible by a cycle xq, ..., z, with an additional edge {z;_1,2;11} in the
outer face, which hides vertex z;.

The 2-addition to an r-ary weighted relation at coordinate ¢ is p-expressible
by a cycle x1,...,x, with a pair of parallel edges {z;, z;11}. In the case of
1-addition, we also add a self-loop at vertex x; in the face bounded by the
pair of edges {z;, z;41}.

A join y(z,y) is p-expressible by three pairs of parallel edges {x, z}, {y, 2},
{z,y} drawn so that the pair of edges {z,y} bound the outer face, thus hiding
vertex z (similarly as in Figure 4.2).

A domain restriction can be achieved by a 1-addition of pp/. An a-
pinning can be achieved by a domain restriction to {a} and subsequent
minimisation. [

Definition 4.13 (cf. Theorems 3.4 and 3.15). A constraint language T is
called a planar weighted relational clone if it contains the unary empty
relation py, is closed under p-expressibility, addition of rational constants,
and operation Opt.

We define wRelClone,(I') to be the smallest planar weighted relational
clones containing I'.

Remark 4.14. Note that a planar weighted relational clone also contains
the binary equality relation p— and is closed under minimisation, 1-addition,
2-addition, join, scaling by non-negative rational constants, and operation
Feas (as Feas(y) = 0-7).

Theorem 4.15 (cf. Theorems 3.5 and 3.22). A constraint language T is
p-tractable if and only if wRelClone, (") is p-tractable, and T' is p-intractable
if and only if wRelClone,(I") is p-intractable.

Proof. Observation 3.16, Observation 3.18, and Lemma 3.19 apply to the
planar setting as well; we only need to prove an analogue of Lemma 3.17 for
p-expressibility.

Let v be a weighted relation that is p-expressible using gadget (J, L),
where L = (vy,...,v,), (J,Gy,7s) is a plane instance over language I', and
fo € F(G) is the outer face of G;. Given a plane instance (I, Gy, 77) over
language I" U {7}, we replace every constraint of the form v(z1,...,z,) in
I with a copy of J and add constraints p—(v;, z;) exactly as in the proof
of Lemma 3.17. This reduces the problem of solving I to an instance I’ of
VCSP(I'U {p=}); we claim that the obtained instance I’ is in fact planar.

Let f € F(G;) be the face assigned by 7; to a constraint of the form
v(z1, ..., x,.). Without loss of generality, we may assume that f is not the
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outer face of G7. As it holds b(f) = x; ...z, and b(f,) = v, ... vy, plane graph
G and a pair of parallel edges {v;, x;} for every ¢ € [r] can be embedded in
face f. Each of these pairs of parallel edges {v;, z;} bounds a new face, to
which the added constraint p_(v;, x;) can be mapped. Therefore, instance I’
is planar.

To eliminate any constraint of the form p_(z,y), we replace variables x
and y with a new variable z. It is easy to see that this operation preserves
planarity of the instance: Constraint p_(x,y) is mapped to a face bounded
by two {z,y} edges. This face can be shrunk to a new vertex z with two
additional self-loops in place of the two {z,y} edges. O

In order to prove the hardness results for conservative languages in Sec-
tion 4.3, we do not need the full expressive power of p-expressibility; the
following (more restricted) notion of closure is sufficient.

Definition 4.16. A constraint language I' is called closed if it contains all
unary weighted relations and the binary equality relation p—, and is closed
under minimisation, 1-addition, join, and operations Feas and Opt.

We define I'* to be the smallest closed language containing I'.

Note that a closed set is also closed under domain restriction and pinning,
as these operations can be achieved by 1-addition and minimisation.

Lemma 4.17. For any conservative language I, it holds I'* C wRelClone, ().

Proof. Let U C T' denote the set of all {0, 1}-valued unary weighted rela-
tions. Any unary weighted relation can be obtained from U by 1-addition,
non-negative scaling, addition of constants, and operator Opt. Hence, set
wRelClone, (I') contains all unary weighted relations. The remaining proper-
ties follow from Remark 4.14. O

Corollary 4.18. A conservative constraint language I' is p-tractable if and
only if I'* is p-tractable, and I" is p-intractable if and only if I'* is p-intractable.

Finally, we establish an auxiliary lemma that is used for proving results
about both Boolean and conservative languages. Before its statement, we
need to define 2-decomposable relations and introduce some notation.

Definition 4.19. Let p be an r-ary relation. For any 4, j € [r], we denote by
Pr; ;(p) the projection of p on coordinates ¢ and j, i.e. the binary relation
defined as

((J,Z', aj) c Prm-(p) St (E'X S p) T; = a; N\ Tj=aj. (49)
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Relation p is 2-decomposable if

xep = J\ (wiz))€Pri(p). (4.10)

1<ij<r

Note that all unary and binary relations are 2-decomposable.

For any r-tuple z, we denote its ith component by z;. Let I C [r] be a
subset of coordinates, we denote by z; the projection of z onto I. For any
partition I U J of coordinates [r], we then write - for the inverse operation,
ie., z;-Z; = Z.

Lemma 4.20. Let v be an r-ary weighted relation and I U J a partition of
its coordinates [r]. If x,y € Feas(y) and

Y(x) +9(y) <v(xr-ys) +(yr-xs), (4.11)

then there exist coordinates © € 1,5 € J and a binary weighted relation
vij € {7} such that (z;,x;), (yi,y;) € Feas(y;;) and

Yig (@i 25) + % Wi v5) < Yig (@i y5) + g (Vis 75) - (4.12)

Moreover, if every relation in {v}* is 2-decomposable, then x; -y ; € Feas(y)
implies (x;,y;) € Feas(v; ;) and y; - x,; € Feas(y) implies (y;, ;) € Feas(7, ;).

Proof. We prove the lemma by induction on the arity of . If |[I| =0, |J| =0,
or |[I| = |J| =1, the claim holds trivially. Otherwise we may without loss
of generality assume that |J| > 2. Let k € J be an arbitrary coordinate
and define J' = J \ {k}. We extend our notation - to I U J' U {k} as a finer
partition of [r|, and write for instance x as x; - X/ - 7.

We first consider the case when x; -y - g, y7 - Xy - yr, & Feas(y). We
restrict the domain at coordinate k to {xy, yx} and minimise over it to obtain
an (r — 1)-ary weighted relation «" with a coordinate partition 7 U J’. It holds
V' (xp %) < y(X), Y (YY) Y)Y e ya) = (X0 ya) Y (X)) =
v(ys-xy), and the claim follows directly from the induction hypothesis for +'.

We may now assume without loss of generality that y; - x - yp € Feas(y).
If it holds that

V(XX xk) (X oyk) <X xXgyk) Fy(yroxe o), (4.13)

we pin vy at every coordinate j' € J' to its respective label z; to obtain a
weighted relation + with a coordinate partition I U {k}. The claim then fol-
lows from the induction hypothesis for 7/. Note that x; - y; € Feas(v)
implies (x;,yx) € Pr;(Feas()) for all i € I; together with (z;,yx) €
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Pr; ,(Feas(v)), (x;, ;) € Pr; j(Feas(y)) foralli € 1,5 € J' (asy;xy -y, X €
Feas(y)) this implies x; - x5 - yx € Feas(y) if Feas(7) is 2-decomposable.
If (4.13) does not hold, we have x; - x -y € Feas(y), and therefore

Y(xr-Xgoyk) YY) < YXroyacuk) Fy(yroxoyk),  (4.14)

otherwise the sum of negated (4.13) and (4.14) would contradict (4.11). We
resolve this case analogously to the previous one, this time pinning v at
coordinate k to yy. O

4.2 Boolean languages

In this section, we prove a necessary condition for p-tractability of intractable
Boolean languages (see Theorems 4.36 and 4.41), and show that the planar
VCSP over languages satisfying the condition can be reduced to a special case
in which every variable appears in at most two constraints (see Theorem 4.23).

First we define necessary concepts and notation. We assume D = {0, 1}
throughout the section.

Definition 4.21. A weighted relation (analogously, a language) is called
self-complementary if it admits multimorphism (—).

Note that a weighted relation ~ is self-complementary if and only if
v(x) = v(—(x)) for all x € Feas(v).

As the first part of our main result, we establish in Theorem 4.36 that
self-complementarity is a necessary condition for p-tractability of intractable
languages.

(,...,2)) € D" by x, = x; ® x;41, where x,,1 = z1. Note that 2} + - -
is even, and that diff(x) = diff(y) if and only if y € {x, ~(x)}.

For any self-complementary r-ary weighted relation 7, we define diff()
to be the r-ary weighted relation such that diff(y)(diff(x)) = v(x) for all
x € D7, and diff(7)(x) = oo for all X’ = (2, ...,2)) € D" with an odd value

of oy +---+ .

Definition 4.22. For any x = (xy,...,2,) € D", we define diff(x)
T

3~

The fanout limitation is a structural restriction studied in the context of
the CSP [45] which limits the maximum number of constraints in which a
variable may participate. Dalmau and Ford [34] showed that allowing at least
three occurrences of every variable is sufficient to retain the NP-hardness
of any intractable Boolean language. Hence, the only interesting variant is
restricting the number of occurrences to at most two. This is called the edge
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CSP in [69]; the name draws an analogy between variables and edges of a
graph whose vertices represent constraints.*

We say that a VCSP instance is an edge instance if every variable occurs
at most twice in the scope of the constraints (i.e., every variable has degree
at most two in the incidence graph). We denote by VCSP.(I') the VCSP
restricted to edge instances over language I'.

As showed in [41], a planar instance over a self-complementary {0, co}-
valued language I' can be reduced to an edge instance over language diff(I") U
{A1, As, A3}, where A, denotes the r-ary relation consisting of all tuples
(x1,...,2,) € D" such that x; 4+ --- + x, is even. We extend this reduction
to Q-valued languages. In fact, the resulting edge instance is also planar, but
this does not seem to be instrumental in establishing tractability results later
(namely, Theorem 4.27 does not require planarity).

Theorem 4.23. For any self-complementary language ', it holds
VCSP,(I') <, VCSP(diff(I') U {A;, As, A3}). (4.15)

Proof. Let (I,G,7) be a plane instance with I = (V, D, ¢;) € VCSP,(I)
and G = (V, E). We denote the image of 7 by T" C F(G). Without loss of
generality, we may assume that every face in F/(G)\ T is bounded by at most
three edges (otherwise it can be split into two smaller faces by adding a new
edge).

We construct an instance I’ = (E, D, ¢p) € VCSP,(diff (I') U{ A1, Az, A3})
as follows. The variables of I’ correspond to the edges of G. For every
constraint y(x1, ..., Ta(y)) in 1, we impose a constraint diff (y)(e, ..., €ar(y))
in I" with the same weight, where e; = {z;, z;41} and 2 y)41 = 21.° For
every face f € F(G) \ T, we impose a constraint A,(ei,...,e,) in I, where
e1,...,e. are the edges bounding f. Since every edge of GG participates in
exactly two constraints, I’ is an edge instance.

Now we show that the values of optimal solutions to I and I’ are equal.
For any labelling s : V' — D, we define s’ : E — D by §'({u,v}) = s(u) @ s(v).
By the definition of operation diff, it holds

Y(s(z1), ..., 5(Tar(y))) = diff (7)(s'(e1), . .., 5" (€ar(y))) (4.16)

for every constraint y(z1,...,%a(y)) in I, and hence ¢p(s’) = ¢;(s). Con-
versely, consider any labelling s’ : E — D. If there exists a face f € F(G)
bounded by edges e, ..., e, such that §'(e;) + --- + §'(e,) is odd, then s’ is

4In fact, variables are required to occur in ezactly two constraints in [69]. Both variants
are polynomial-time equivalent by a simple reduction.
®Since T maps every constraint of I to a face of G, it holds e; € E for all i € [ar(y)].
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infeasible, as it incurs an infinite value from a constraint diff(y) (if f € T)
or A, (if f € F(G)\T). Otherwise, s'(e1) + --- + s'(e,) is even for every
cycle eq,...,e. in G. Therefore, there exists a labelling s : V' — D such that
s(u) ® s(v) = s'({u,v}) holds for all {u,v} € E.% By the same argument as
above, it holds ¢;(s) = ¢ (). ]

Valuated delta-matroids were originally identified as functions whose
mazimum can be found by a certain greedy algorithm [40]. These can be also
described as M-concave functions on a special case of constant-parity jump
systems [11, 86]. We define valuated delta-matroids as M-convez functions
or, equivalently, as functions whose minimum can be found by an analogous
greedy algorithm.

For any r-tuples x = (x1,...,2,),y = (y1,-..,4,) € D", we denote by
A(x,y) the set of coordinates where x and y differ, i.e., A(x,y) = {i €
[r] | z; # y;}. For x € D" and U C [r], we denote by x @ U the tuple y € D"
such that A(x,y) = U.

Definition 4.24. A relation p is an even delta-matroid if, for any x,y € p
and i € A(x,y), there exists j € A(x,y) \ {7} such that x ® {3, j} € p.

This property is called the symmetric exchange condition. It implies the
following strong exchange condition.

Theorem 4.25 ([106]). Let p be an even delta-matroid. For any X,y € p and
i € A(x,y), there exists j € A(x,y) \ {i} such that x @ {i,j},y ® {i,j} € p.

Definition 4.26. A weighted relation 7 is a valuated delta-matroid if, for
any X,y € Feas(v) and i € A(x,y), there exists j € A(x,y) \ {i} such that

(%) +(y) 2 7(x @ {i,5}) + vy @ {i,5}) - (4.17)

Note that any even delta-matroid is a valuated delta-matroid (by Theo-
rem 4.25). Conversely, for any valuated delta-matroid v, both Feas(y) and
Opt(7) are even delta-matroids.

As the second part of our main result, we establish in Theorem 4.41 that,
for any intractable language I' that is p-tractable (and thus, by Theorem 4.36,
self-complementary), language diff(I") must consist of valuated delta-matroids.
Kazda et al. [69] proved that this condition is sufficient for p-tractability in
the case of {0, co}-valued languages (by Theorem 4.23 and the fact that A,
is an even delta-matroid for every r).

6In fact, exactly two such labellings exist: Starting from an arbitrary vertex w, we
may choose s(u) = 0 or s(u) = 1. The label of its neighbour v is then given by s(v) =
s'({u,v}) ® s(u), and so on. This determines the labels of all vertices, since G is connected.
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Theorem 4.27 ([69]). For any {0, co}-valued language T' consisting of even
delta-matroids, problem VCSP.(T') is polynomial-time solvable.

We conjecture that this can be generalised to all (Q-valued) languages.

Conjecture 4.28. For any language 1" consisting of valuated delta-matroids,
problem VCSP(I") is polynomial-time solvable.

In the rest of this section, we prove the necessary condition, stated as
Theorems 4.36 and 4.41.

First, suppose that I' is an intractable language, and hence it does not
admit any of the multimorphisms from Theorem 2.30. Moreover, suppose
that I" is not self-complementary. We show in a series of lemmas that certain
relations are p-expressible over I'. In particular, Lemma 4.35 establishes that
p1-in3 (see Example 4.3) is p-expressible, and hence I' is p-intractable.

For any arity r and ¢ € [r], let € be the r-tuple 0" @& {i}. We denote by
Yo, V1, V=, Y the soft variant of relations pg, p1, p=, p» respectively.

Definition 4.29. Let v be an r-ary weighted relation and i € [r]. We call
the 2-addition of p— (p.) to v at coordinate i the =-restriction (#-restriction)
of v at coordinate 1.

The twist of v at coordinate 7 results in an r-ary weighted relation " such
that, for every x € D", it holds 7/(x) = v(x & {i}).

In other words, a twist switches roles of labels 0 and 1 at a single coordinate.

Example 4.30. The twist of a binary relation {(0,0),(0,1),(1,0)} at the
first coordinate results in a binary relation {(1,0), (1,1),(0,0)}.

Lemma 4.31. Operation =-restriction is p-expressible over any language
containing p—. Twist and #-restriction are p-expressible over any language
containing p+.

Proof. As =-restriction and #-restriction are special cases of 2-addition, they
are p-expressible by Lemma 4.12.

The twist of an r-ary weighted relation at coordinate ¢ is p-expressible by a
cycle xy, ..., x, connected to a vertex x} in the outer face by edges {x}, x;_1},
{2}, z;11} and a pair of parallel edges {z},2;}. We impose a constraint
p£(2}, x;) and map it to the face bounded by the pair of edges {z}, z;}. O

Lemma 4.32. Let ' be a language that admits neither of the multimorphisms
(co), (c1). Then py, p1 € wRelClone,(I') or p € wRelClone, (T").
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Proof. If T does not admit (cp), it contains a weighted relation assigning
to the zero tuple a value larger than the optimum. Applying Opt, we have
that wRelClone,(I') contains a relation that is not invariant under ¢o. We
denote by p such a relation of minimum arity and by r its arity. Relation p is
non-empty, but 0" & p. If »r =1, then p = p; € wRelClone,(T').

Otherwise, €] € p for all ¢, because the minimisation of p over coordinate
i produces a non-empty relation invariant under ¢ (by the choice of p) and
hence containing 0"~ If r > 3, the =-restriction of p at coordinate 2 followed
by the minimisation results in an (r — 1)-ary relation p’ with e[™' € p/
and 0"~! ¢ p/, which contradicts the choice of p. Therefore, r = 2. If
(1,1) € p, we would again get a contradiction by applying the =-restriction
and minimisation at coordinate 1. Hence we have p = p € wRelClone, (I").

By the analogous argument for multimorphism (¢;), we get that py €
wRelClone, (I') or p € wRelClone, (I'). O

Lemma 4.33. Let I' be a language that admits neither of the multimorphisms
(min, min), (max, max), (min, max). If po, p1 € wRelClone,(I"), then p, €
wRelClone,(I').

Proof. If min ¢ Pol(wRelClone,(I')), we choose a minimum-arity relation
p,, € wRelClone,(I') that is not invariant under min; its arity r is at least
2. Let x,y € p!, be r-tuples such that min(x,y) & p,. Tuples x,y differ at
every coordinate, otherwise we would obtain a contradiction with the choice
of pl, by taking a pinning instead. Therefore, min(x,y) = 0" € p{, and, by
the same argument as in Lemma 4.32, we have e € p{, for all i. But then
r = 2, otherwise we could take as x,y tuples e}, e; which agree at the first
coordinate, and obtain a smaller counterexample by pinning. Hence we have
pz S, S prU{(L, 1)}

If min € Pol(wRelClone,(I")), then we choose a minimum-arity weighted
relation 7 € wRelClone,(I') that does not admit multimorphism (min, min)
and denote its arity by r. Let x,y € Feas(v) be r-tuples such that (x) +
Y(y) < 2-y(min(x,y)). Without loss of generality, we have 7y(x) < y(min(x,y))
and may assume that y = min(x,y). Again, x and y must differ at every
coordinate, which implies x = 1",y = 0". If » > 2, we would obtain a contra-
diction by applying the =-restriction and minimisation at coordinate 1. Hence,
r =1 and by scaling and adding a constant to v we get ; € wRelClone,(I').

Analogously, if max ¢ Pol(wRelClone,(I')), we get pi € wRelClone,(T")
where p} is a binary relation such that p. C o} C p. U {(0,0)}. Otherwise,
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70 € wRelClone, (I'). It holds

p2(x,y) = o, (2, y) + pi(z,y) (4.18)
= Opt (o, (z,y) +Y0(z) + 70(y)) (4.19)
= Opt (ph(x,y) +n(z) + 1 (y)) , (4.20)

so px can be constructed with a planar gadget if at least one of min, max is
not a polymorphism of wRelClone,(I).

Finally, consider the case when min, max € Pol(wRelClone,(I')) and hence
70,71 € wRelClone,(I'). Set wRelClone,(I') is then a conservative language,
so we have wRelClone, (I')* = wRelClone,(I'). We choose a minimum-arity
weighted relation 7 € wRelClone, (I") that does not admit multimorphism
(min, max) and denote its arity by r. Let x,y € Feas(y) be tuples such that
Y(x)+7(y) < y(min(x,y))+v(max(x,y)). Note that min(x, y), max(x,y) €
Feas(7). By the choice of v, tuples x,y must differ at every coordinate, and
hence y = —(x), min(x,y) = 0", max(x,y) = 1. We partition coordinates
7] into I = {i | z; = 0} and J = {j | z; = 1}. By Lemma 4.20, {y}* C
wRelClone,(I') contains a binary weighted relation that does not admit
multimorphism (min, max), and hence r = 2. It holds ~(0,1) + v(1,0) <
7(0,0) + (1, 1), where all the values are finite. We may assume that v(0,0) +
v(1,1) — ~(0,1) — v(1,0) = 2 and (0,0) = 1 (this can be achieved by
scaling and adding a constant). We define unary weighted relations py, ps €
wRelClone, (I') as p1(0) = p2(0) = 0, p1(1) = —7(1,0), pa(l) = —(0,1). By
adding p; and ps to v at the first and second coordinate respectively we get
v, and therefore p. = Opt(v.) € wRelClone, (T'). O

Lemma 4.34. Let I' be a language that does not admit multimorphism ().
If p+ € wRelClone,(I'), then pg, p1 € wRelClone,(I).

Proof. We choose a minimum-arity weighted relation v € wRelClone,(I') that
does not admit multimorphism (=) and denote its arity by r. Let x € Feas(7)
be an r-tuple such that y(x) # v(=(x)). It must hold » = 1, otherwise
we would get a smaller counterexample by applying the =-restriction or #-
restriction at the first coordinate (depending on whether x; = x5 or z7 # x3)
followed by minimisation. Hence, we have Opt(v) € {po, p1}, and the other
relation can be obtained by a twist. O

Recall from Example 4.3 that p1,.3 = {(0,0,1),(0,1,0),(1,0,0)}.

Lemma 4.35. Let ' be a language that admits neither of the multimorphisms
(Mn, Mn, Mn), (Mj, Mj, Mj), (Mj,Mj,Mn). If po, p1,p~ € wRelClone,(I'),
then pi.i-3 € wRelClone,(I).
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Proof. If Mn ¢ Pol(wRelClone,(I')), we choose a minimum-arity relation
p € wRelClone,(I') that is not invariant under Mn. Its arity r must be at least
2; let us first assume r > 3. For any triple of r-tuples from p that agree at some
coordinate, the r-tuple obtained by applying Mn to them also belongs to p
(otherwise we would get a contradiction with the choice of p by taking a pinning
instead). Let x,y,z € p be r-tuples such that Mn(x,y,z) & p. Without loss
of generality, we may assume that Mn(x,y,z) = 0" (this can be achieved with
twists). By the same argument as in Lemma 4.32, we have €] € p for all i. Let
w € p be a tuple with the minimum even number of ones (such a tuple exists
as at least one of x,y,z contains an even number of ones). If w # 17, there
are distinct coordinates i, j, & with w; = w; = 1,w, = 0. Because w,ej, e’

) g
agree at coordinate k, tuple Mn(w, e}, ") belongs to p. However, it has two

fewer ones than w, which is a contrad]iction. Hence, w = 1" and r > 4.
But then Mn(1", e}, e}) ¢ p (as it contains an even number of ones), and we
obtain a smaller counterexample by taking the =-restriction of p at the first
coordinate followed by minimisation. Therefore, r = 2 and |p| = 3. Using
twists, we can get from p relation pr = {(0,0), (0,1), (1,0)} € wRelClone,(T").

If Mj ¢ Pol(wRelClone,(I")), we choose a minimum-arity relation pf;, 5 €
wRelClone,(I') that is not invariant under Mj. Its arity » must be at least 3
since every unary and binary relation admits Mj as a polymorphism. By the
same argument as for Mn, we may assume 0" & p .. 5, and it can be shown
that €] € p;, 5 for all i. If r > 4, tuples €], e}, e} and Mj(e], e}, e;) = 0"
agree at coordinate 4; we then obtain a smaller counterexample by pinning.
Therefore, r = 3.

If neither of Mn, Mj is a polymorphism of wRelClone,(I"), we have

Pl-in—S(fE, Y, Z) = pll_in_3($a Y, Z) + pT(gjv y) + pT(y7 Z) + pT(Za ZIZ') s (421)

which can be implemented in a planar way, and hence py.i,.3 € wRelClone,(I).
Otherwise, I' is not a crisp language, because that would make it admit
multimorphism (Mn, Mn, Mn) or (Mj, Mj, Mj). Let u € wRelClone,(I') be a
minimum-arity non-crisp weighted relation and x,y € Feas(u) tuples such
that pu(x) # u(y). Tuples x,y differ at every coordinate (otherwise we could
obtain a smaller counterexample by pinning), and hence y = —(x). Moreover,
it is unary, otherwise we could apply the =-restriction or #-restriction at
the first coordinate (depending on whether x; = x5 or 1 # x5) followed by
minimisation to obtain a smaller counterexample. If 1(0) < (1), we get vo €
wRelClone, (I') by scaling p and adding a constant, and v, € wRelClone,(T")
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by twisting vo; the case p(0) > u(1) is symmetric. It holds

prin3(2,y, 2) = Opt (py(w,y) + pr(y, 2) + pr(2, ) + (@) +1(y) +71(2))
(4.22)

= Opt (Pins(z, 9, 2) +70(z) +70(Y) +70(2)) - (4.23)

Both can be implemented planarly, and therefore p1i,.5 € wRelClone,(I') if
exactly one of Mn, Mj is a polymorphism of wRelClone,(I").

Finally, we consider the case when both Mn, Mj € Pol(wRelClone,(I")).
Let v € wRelClone, (I') be an r-ary weighted relation of the minimum arity for
which (2.11) does not hold as equality for multimorphism (Mj, Mj, Mn). Let
X,y,z € Feas(y) be r-tuples that violate the equality. They do not agree at any
coordinate (otherwise we could obtain a smaller counterexample by pinning),
and hence Mj(x,y,z) and Mn(x,y,z) differ everywhere. Without loss of
generality, we may assume that Mj(x,y,z) = 0" and Mn(x,y,z) = 1" (this
can be achieved with twists) and z # 0. Note that 0", 1" € Feas(vy) because
Mj, Mn are polymorphisms of 7. Tuples x,y,0" agree at all coordinates 7
where z; = 1, and hence they satisfy (2.11) as equality, i.e.

7(X)+7(y)+7(0") = 2-9(Mj(x,y,0"))+7(Mn(x,y,0")) = 2'7(0r)+7(ﬁ((z)))-

4.24
Because v(x) +7(y) +7(2) # 2-7(0") +~(1"), this implies ¥(z) +v(~(2)) #
v(0") 4+ ~(1"). We are going to apply Lemma 4.20 for this disequality. Lan-
guage wRelClone, (I') is conservative (as it contains both vy, 71), and hence
wRelClone, (I')* = wRelClone,(I'). It admits a majority polymorphism,
therefore every relation in wRelClone,(I') is 2-decomposable [64]. We par-
tition coordinates [r] into [ = {i | z; = 0} and J = {j | z; = 1}. By
Lemma 4.20, there is a binary weighted relation 7" € {v}* C wRelClone,(T")
with Feas(y’) = D? and 7/(0,1)++/(1,0) # ~/(0,0) ++'(1,1). We may assume
that 7/(0,1) ++/(1,0) < +(0,0) ++/(1,1), otherwise we apply a twist. As
in the proof of Lemma 4.33, weighted relation vy can be obtained from ~'.
Then we planarly construct p;.i,3 € wRelClone,(I') as

pl—in—S(J;»y; Z) - Opt (’775(1‘7 y) + ’775(y7 Z) + ’Y#(za l’) + 70(1:) + 70(?;) + ’7(()4(::)))
.25
]

Finally, we prove the first part of our necessary condition.

Theorem 4.36. Let I' be an intractable language. If T is not self-comple-
mentary, then it is p-intractable.

o4



Proof. Since T' is intractable we know, by Theorem 2.30, that I' admits
neither of the multimorphisms (cy), (¢1), (min, min), (max, max), (min, max),
(Mn, Mn, Mn), (Mj, Mj, Mj), (Mj, Mj,Mn). By assumption, I' is not self-
complementary, and hence it does not admit the (=) multimorphism.

By Lemmas 4.32 to 4.34, we have po, p1, px € wRelClone,(I'), and hence
p1in3 € WRelClone, (I') by Lemma 4.35. The planar 1-IN-3 POSITIVE 3-SAT
problem is NP-complete [84], and therefore I' is p-intractable by Theorem 4.15.

O

Now we prove the second part of the necessary condition, stated as
Theorem 4.41. Suppose that I' is an intractable self-complementary language,
and hence it does not admit any of the multimorphisms from Theorem 2.30.
As we show in Lemma 4.38, this implies that p. is p-expressible over I' and,
if I" is not crisp, then -, v, are also p-expressible. Moreover, suppose that
diff(T") contains a weighted relation that is not a valuated delta-matroid. In
the {0, co}-valued case, Dvordk and Kupec [41] proved that relation py is
then p-expressible over I', and hence I is p-intractable by Lemma 4.4.

Lemma 4.37 ([41, Lemma 7]). Let I' be a self-complementary language such
that px € T'. If diff (I") contains a relation that is not an even delta-matroid,
then px € wRelClone,(I').

In Lemma 4.40, we extend this result to the general case (i.e., to valuated
delta-matroids).

Lemma 4.38. Let I' be a self-complementary language that admits neither
of the multimorphisms (co), (c1). Then p. € wRelClone,(I'). Moreover, if I
is not crisp, then y=, v« € wRelClone,(I).

Proof. By Lemma 4.32, it must hold p. € wRelClone,(I'), as I" (and hence
also wRelClone, (I")) is self-complementary, while py, p; are not.

In the rest we assume that wRelClone,(I") contains a non-crisp weighted
relation v, i.e., there exist x,y € Feas(y) such that v(x) < v(y). We choose
7 so that its arity ar(y) = r is minimum, and x,y so that their Hamming
distance |A(x,y)| = d is minimum.

Clearly, d > 1. Suppose that d > 2, and let i € A(x,y). It must hold
v(y @ {i}) > v(y), otherwise we would get a contradiction with the choice
of x,y (as |[A(y @ {i},y)] = 1 < d). But then the minimisation of v at
coordinate 7 results in an (r — 1)-ary non-crisp weighted relation, which is a
contradiction. Hence, it holds d = 1.

Because v is self-complementary, it holds » > 2. Suppose that » > 3.
Then there exists i € [r] such that x and y agree at both coordinates i,
i+ 1 (considered cyclically), and hence the =-restriction or the #-restriction
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(depending on whether z; = ;1 or z; # x;11) of v at coordinate i followed
by the minimisation results in an (r — 1)-ary non-crisp weighted relation,
which is a contradiction. Hence, it holds r = 2.

As wRelClone,(I') is closed under addition of constants and non-negative

scaling, we may assume that v(x) = 0, v(y) = 1. Therefore, we have
v € {7=,7+}, and the other weighted relation can be obtained from v by a
twist. [

For any r-ary weighted relation v and p : [r] — Q, we denote by ~[p] the
r-ary weighted relation defined by

Ylpl(x) = (%) + Y pli), (4.26)

;=1

where x = (z1,...,,) € D" and the sum is over i € [r].

Suppose that ~v is a valuated delta-matroid. It is easy to show that, for
any p: [r] = Q, v[p| is also a valuated delta-matroid, and hence Opt(~y[p]) is
an even delta-matroid. The following theorem establishes that this condition
in fact characterises valuated delta-matroids.

Theorem 4.39 ([85, Theorem 2.2]). Let 7y be an r-ary weighted relation such
that Feas(7y) is an even delta-matroid. Then v is a valuated delta-matroid if
and only if Opt(y[p]) is an even delta-matroid for all p : [r] — Q.

Lemma 4.40. Let I' be a self-complementary language that admits neither
of the multimorphisms (co), (c1). If diff(T") contains a weighted relation that
is not a valuated delta-matroid, then p, € wRelClone,(I').

Proof. By Lemma 4.38, it holds p. € wRelClone,(I'). We claim that there
exists a relation p € wRelClone,(I") such that diff(p) is not an even delta-
matroid. Then, by Lemma 4.37, we get

px € wRelClone,({px, p}) € wRelClone,(I') . (4.27)

To prove the claim, let v € I" be an r-ary weighted relation such that
diff () is not a valuated delta-matroid. If Feas(diff(7)) is not an even delta-
matroid, then we are done, as Feas(y) € wRelClone,(I') and diff (Feas(v)) =
Feas(diff(y)). Otherwise, ~ is not crisp, and hence -, 7. € wRelClone,(I")
by Lemma 4.38. We define auxiliary binary weighted relations ~v,,v_ €
wRelClone,(I') by v4 = 7= and 7 =y, — 1, i.e., it holds

0 ifz=y 0 ifz=y
) = ) — 9 — . 428
V+(,y) {1 oy 7-(,y) {_1 ity (4.28)
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By Theorem 4.39, there exists p : [r] — Q such that Opt(diff(+)[p]) is not
an even delta-matroid. Let Py (P_) denote the set of coordinates i € [r] for
which p(7) is positive (negative). We define an r-ary weighted relation ' by

Y (x) = v(x) + Z p(i) - v (is Tiga) — Z p(@) - v (i, Tita) (4.29)

iePt i€EP—

where x = (z1,...,2,) and 2,41 = 1. It holds 7' € wRelClone,(I'), as 7' can
be obtained from v by non-negative scaling and 2-addition of v, ~_. Because
diff (7') = diff(y)[p], relation diff (Opt(7’)) is not an even delta-matroid. [

Theorem 4.41. Let ' be an intractable self-complementary language. If
diff(T') contains a weighted relation that is not a valuated delta-matroid, then
I' is p-intractable.

Proof. Language T is intractable, and hence, by Theorem 2.30, it does not
admit either of the multimorphisms (cg), (¢1). By Lemma 4.40, we have
px € wRelClone, (I'). By Lemma 4.4 and Theorem 4.15, I is p-intractable. [

4.3 Conservative languages

A language is called conservative if it contains all {0, 1}-valued unary weighted
relations. In this section, we establish a complexity classification of conserva-
tive languages on any finite domain D in the planar setting (see Theorem 4.45).
Our classification precisely matches the one given in [73] for the general setting
(see Theorem 4.43). This means that the planarity restriction does not add
any tractable classes of conservative languages.

Definition 4.42. A k-ary operation f : D¥ — D if called conservative if

flxy,...,xx) € {x1,..., 2} for every z1,...,2, € D. A multimorphism
(f1,..., fr) is called conservative if applying (fi,..., fx) to (z1,...,xx) re-
turns a permutation of (xq,...,xy).

A binary multimorphism (f, g) is called a symmetric tournament pair
(STP) if it is conservative and both f and g are commutative operations.

A ternary multimorphism (f, g, h) is called MJN if it is conservative,
f and g are (possibly different) majority operations, and h is a minority
operation.

It was shown in [27] that languages admitting an STP multimorphism are
tractable. In fact, languages admitting a certain combination of STP and
MJN multimorphisms are also tractable.

57



Theorem 4.43 ([73]). Let T" be a conservative language. If T admits a conser-
vative binary multimorphism (f, g) and a conservative ternary multimorphism
(f',g',h'), and there is a family M of 2-element subsets of D such that

o for every {a,b} € M, (f,g) restricted to {a,b} is an STP multimor-
phism, and

o for every {a,b} & M, (f',¢',h') restricted to {a,b} is an MJN multi-
morphism,

then I' is tractable. Otherwise, I' is intractable.

The idea of the proof of Theorem 4.43 is as follows: Given a conservative
language I', [73] defines a certain graph G whose vertices are pairs of distinct
labels from D and an edge (a,b) — (¢,d) is present if there exists a binary
weighted relation v € wRelClone(I') that is “non-submodular with respect
to the order a < b and ¢ < d”. The edges of Gr are then classified as
soft and hard. It is shown that a soft self-loop implies intractability of I'.
Otherwise, the vertices of G are partitioned into M U M, where M denotes
the set of loopless vertices and M denotes the rest (i.e. vertices with hard
loops). It is then shown that G restricted to M is bipartite, which is in
turn used to construct a binary multimorphism and a ternary multimorphism
of I" such that the binary multimorphism is an STP on M and the ternary
multimorphism is an MJN on M. (Proving that the constructed objects
are multimorphisms of I is the most technical part of the proof.) Any such
language is then tractable via an involved algorithm from [73] that relies
on [27], or by an LP relaxation [101].

Our approach is to follow the above-described proof and adapt it to the
planar setting. We remark that similar graphs to Gr have been important in
other studies of the (V)CSP. In particular, in the classification of the conser-
vative CSP [17] and in the classification of Minimum Cost Homomorphism
problems [96]. In [17], the graph has labels as vertices and three types of
edges depending on three types of polymorphisms. In [96], the graph has,
as in our case, pairs of labels as vertices but the edges of the graph are
defined, informally, via a min/max polymorphism rather than a (min, max)
multimorphism. Also, edges in [96] are not classified as soft or hard.

It is natural to replace wRelClone(I') by wRelClone,(I") in the definition
of Gr. However, this simple change does not immediately yield the desired
result. There are two main obstacles. First, the proof of Theorem 4.43
from [73] heavily relies on [96], which (in the tractable case) guarantees
the existence of a majority polymorphism, and hence that the language is
2-decomposable. Second, some of the gadgets (for instance, the “i-expansion”
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from [73, Section 6.4]) are not necessarily planar. In more detail, [96] builds
a similar graph to ours (as described above) and argues that, in the tractable
case, this graph is bipartite (part of our Gr is also bipartite). This property
is then used in [96] to argue about the existence of a majority polymorphism.
However, this is proved in [96] using clones and depends on the Galois
connection between clones and relational clones; such a connection is not
known for p-expressibility!

To avoid these obstacles, we modify, significantly simplify, and generalise
the proof so that it works in the planar setting. The key changes are the
following. We define our graph based on a language closure I'* (see Defi-
nition 4.16), which is a subset of the planar weighted relational clone of a
conservative language. We do not rely on Takhanov’s result on the existence
of a majority polymorphism [96] but instead prove directly that (the closure
of) I is 2-decomposable. We define different STP and MJN multimorphisms,
which allows us to simplify the proof that these are indeed multimorphisms
of T'. In particular, we prove modularity of weighted relations on M, and
show that the ternary MJN multimorphism satisfies (2.11) with equality, thus
obtaining a better structural understanding of tractable languages. The main
simplification is that we define the MJN multimorphism as close to projection
operations as possible; in particular, we define it independently from the STP
multimorphism (as opposed to [73]).

We remark that it is not clear how to derive non-trivial properties of graph
Gr used in our proofs from the related graph defined in [73] apart from the
obvious fact that our graph is a subgraph of the graph from [73]. We believe
that with more work one can derive, using techniques and proofs from this
section, that the two graphs are in fact the same, but we have not done so
since our goal was to obtain a complexity classification.

Definition 4.44. Let I" be a conservative language; recall that I'* denotes
the closure of I" as defined in Definition 4.16. We define an undirected graph
Gr on vertices (a,b) for all a,b € D,a # b. For any vertex v = (a,b), we
denote by v vertex (b,a). Graph Gr is allowed to have self-loops. It contains
edge (aq,b1) — (ag, by) if there is a binary weighted relation v € I'* such that
(ay,b9), (b1, az) € Feas(y) and

/Y(ala b2) + ,Y(bla a?) < ’Y(alv a?) + 7(b17 b2) . (430)

If there exists such a weighted relation v with at least one of (aq,as), (b1, b2)
belonging to Feas(7), we call the edge soft, otherwise the edge is hard. We
denote by M and M the set of vertices with and without self-loops respectively.
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Theorem 4.45. If Gy has a soft self-loop, language T' is p-intractable. Oth-
erwise, I' is tractable; in particular, I' admits a conservative binary multimor-
phism (M, U) that is STP on M, and a conservative ternary multimorphism

(Mj;, Mj,, Mng) that is MJN on M.

Proof. The p-intractable case is proved in Theorem 4.47. In the case when Gr
has no soft self-loop, we establish multimorphisms (1, 1) and (Mj,, Mj,, Mn3)
in Theorems 4.52 and 4.55 respectively; the tractability then follows from
Theorem 4.43. O

The following lemma gives a useful alternative characterisation of an edge
in GF.

Lemma 4.46. Graph Gr contains edge (a1, by)—(ag, b2) if, and only if, binary
relation { (a1, b2), (b1, as)} belongs to T*. The edge is soft if, and only if, at least
one of binary relations {(ay,as), (a1,bs), (b1,az2)}, {(b1,b2), (a1, b2), (b1,a2)}
belongs to I'*.

Proof. Both if implications follow directly from the definition of Gr; we
need to prove the only if part. Let v be a weighted relation establishing
edge (ay,b1) — (ag, be) such that Feas(y) C {ay, b1} x {a2, b2} (this can be
always achieved by domain restriction). Note that we may add to v any
unary finite-valued weighted relation without invalidating (4.30). We choose
any A € Q such that A < (b1, b2) and (a1, be) + (b1, a2) — A < y(a1,a2).
Note that such A exists due to (4.30). We define unary weighted relations
71,72 such that yi(a1) = A — (a1, b2), 12(a2) = A — v(by, az), and v (x) =
72(x) = 0 otherwise. Now consider binary weighted relation 4" defined as
Y (z,y) = v(z,y) + n(x) +12(y). We have v/(a1,bs) = 7'(b1,a2) = A and
A <9 (a1,az),7 (b1, be), so then Opt(v') = {(a1,ba), (b1,aq)} € I'™".

If the edge is soft and (a1, az), (b1, b2) € Feas(7), we proceed as above with
A = (b1, b2), so that Opt(y') = {(b1,b2), (a1,bs), (b1,a2)} € T'*. Otherwise
we simply take Feas(y) € T'™. O

We show that the absence of soft self-loops is a necessary condition for
p-tractability.

Theorem 4.47. If Gt has a soft self-loop, language T is p-intractable.

Proof. Let (a,b) be a vertex of Gr with a soft self-loop. Without loss of
generality, we have p = {(a,a),(a,b),(b,a)} € I'* by Lemma 4.46. We
denote by 74,7 the unary weighted relations defined as ~,(a) = 7,(b) = 0,
V(D) = W(a) = 1, and y4(z) = w(x) = oo for = & {a, b}.

Set TV = {p,Ya, W} C I'* can be viewed as a conservative language
over a Boolean domain {a,b}. By Theorem 2.30, I" is intractable. (In
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particular, IV does not fall into either of the two tractable cases for Boolean
conservative languages, corresponding to the (min, max) and (Mj, Mj, Mn)
multimorphisms.) As I is not self-complementary, it is p-intractable by
Theorem 4.36. Therefore, I" is p-intractable by Theorem 4.15. O]

It remains to show that this condition is also sufficient for tractability.
This is done by establishing multimorphisms (M, 1) and (Mj,, Mj,, Mn3) in
Theorems 4.52 and 4.55 respectively. First, we prove some properties of I'*
and graph Gr. From now on we assume that Gt has no soft self-loop.

Lemma 4.48. For any vertex v, graph Gr contains edge v —v. There is no
edge between M and M, no odd cycle in M, and no soft edge in M.

Proof. As the binary equality relation belongs to ['*, we have edge v — ¥ for
all vertices v.

Consider any sequence of vertices vy, vq, v3, v4 such that there is an edge
between every two consecutive ones, and denote v; = (a;, b;). By Lemma 4.46,
there exist binary relations p; = {(a;, bit1), (bi,ai11)} € I'* for i € {1,2,3}.
Their join equals {(aq,bs), (b1, a4)} € T*, and hence Gr contains edge v; — vy.
If any of edges vq —vy, va—v3, V3—1y is soft, we can replace the corresponding re-
lation p; with {(a;, aiy1), (@i, bit1), (bi; ai1)} or {(bs, bisr), (@i, biva), (bi; aiv1)}
to show that v; — v, is also soft.

Suppose that there is an edge between s € M and t € M. Then we have
edges s —t,t —t,t — s, and hence also self-loop s — s, which is a contradiction.

If there is an odd cycle in M, let us choose a shortest one and denote
its vertices vy,..., v, (kK > 3). We have a sequence of adjacent vertices
Uk, V1, U2, v3, and hence vz and vy are also adjacent. But that means there is
a shorter odd cycle (or a self-loop) vs, ..., vg; a contradiction.

Finally, suppose that s, € M and edge s — t is soft. Then we have edges
s—t,t—t,t— s, and hence a soft self-loop at s, which is a contradiction. [J

Lemma 4.49. FEvery relation in I'* is 2-decomposable.

Proof. Let p € I'* be an r-ary relation. By definition, x € p implies
Ai<ij<r(i;x;) € Prij(p). We prove the converse implication by induc-
tion on r. If r < 2, relation p is trivially 2-decomposable. Let r = 3.
Suppose for the sake of contradiction that (xi,z9,23) € p even though
(Y1, T2, x3), (T1, Y2, 3), (21, 22,y3) € p for some y1,y2,y3 € D. Let p € I
be the binary relation obtained from p by pinning it at the first coordinate
to label z1; we have (x2,y3), (y2,23) € p1, (22,23) & p1, and thus graph
Gr contains edge (w9, y2) — (73, y3). Analogously, the graph contains edges
(r3,vy3) — (x1,9y1) and (z1,y1) — (w2,y2). This is an odd cycle, so it must
hold (z1,31), (22, 2), (r3,y3) € M. Let v be a unary weighted relation with
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Y(z1) = 0,7(y1) = 1 and (2) = oo for all z € D\ {z1,y1}. By adding ~
to p at the first coordinate and then minimising over it we show that edge
(x2,y2) — (x3,ys3) is soft, which is a contradiction.

It remains to prove the lemma for » > 4. Let p; € I'* be the rela-
tion obtained from p by minimisation over the first coordinate. Relation
p1 is 2-decomposable by the induction hypothesis, so (za,...,z,) € p1,
and hence (y;,x9,...,2,) € p for some y; € D. Analogously, we have
(21, Y2, X3, .., T), (T1, %2, Y3, X4, ..., T,) € p for some ys,y3 € D. Pinning
p at every coordinate k > 4 to its respective label x; gives a ternary 2-
decomposable relation p’ such that (z;,z;) € Pr;;(p’) for all 4,5 € {1,2,3}.
Therefore, (x1, 22, x3) € p and x € p. ]

The following lemma involves an extension of the definition of an edge in
Gr to non-binary weighted relations.

Lemma 4.50. Let v € I'* be an r-ary weighted relation and I U J a partition
of its coordinates [r]. If x,y € Feas(y) and

Y(x) +9(y) < v(xr-ys) +(yr-xs), (4.31)

then graph Gr contains edge (z;,y;) — (y;,x;) for some i € I,j € J. If at
least one of X7 -y ,yr1 - X7 belongs to Feas(v), the edge is soft.

Proof. By Lemma 4.20, there are coordinates ¢ € I,j5 € J and a binary
weighted relation v; ; € I'* such that (z;,z;), (v;,y;) € Feas(y;;) and

Yig (@i 25) + % Wi v5) < Vi (@ y5) + g (Vis 75) 5 (4.32)

so graph Gr contains edge (z;,v:;) — (y;,2;). If x7-y; or yr - x; be-
longs to Feas(v), then (z;,y;) or (y;,z;) belongs to Feas(v;;) (as {y}* is
2-decomposable by Lemma 4.49), and hence the edge is soft. O

Lemma 4.51. Let v € I'* be an r-ary weighted relation and I U J a partition
of its coordinates [r]. If X,y,X; -y, yi - Xs € Feas(y) and, for all i € I,
(xwyz) € M; then

Y(x) +(y) =v(xr-ys) + (v xg). (4.33)

Proof. Suppose for the sake of contradiction that the equality does not hold.
Without loss of generality, we may assume that y(x) + v(y) < v(x; - ys) +
v(ys - xs). By Lemma 4.50, graph G contains a soft edge incident to (z;, ;)
for some i € I, which contradicts Lemma 4.48. O
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Graph Gr does not have any odd cycle on vertices M. Therefore, there
is a partition of M into two independent sets M, M,. (In fact, it can be
shown that every connected component of Gr restricted to M is a complete
bipartite graph but we do not need this fact here.) Note that (a,b) € M if,
and only if, (b,a) € M,, as every vertex v € M is adjacent to v. We define
multimorphism (1, L) as follows:

(x,y) if (x,y) € My, (4.34a)
(MW (x,y) = < (y,x) if (x,y) € My, (4.34b)
(x,y)  otherwise. (4.34c)

By definition, (M1,L) is commutative on M.
Theorem 4.52. (M,L1) is a multimorphism of T".

Proof. Let v € T be an r-ary weighted relation and x,y € Feas(y). Suppose
for the sake of contradiction that (2.11) does not hold. We partition set [r]
into I and J: Set J consists of all coordinates j such that case (4.34b) applies
to (z;,y;); set I covers the other two cases. For any ¢ € I, either z; = y;
or (z;,y;) € My UM. For any j € J, (x;,y;) € My and hence (y;,z;) € M.
(M,U) maps X,y to Xy s, ¥1-XJ, so we have y(x)+7(y) < y(x;y,)+7v(yr-Xxs).
By Lemma 4.50, graph G contains an edge (z;,y;) — (y;,x;) for some i €
I,j € J. Since M; is an independent set, this implies (z;,v;) € M, which
contradicts Lemma 4.48. O]

The following definition corresponds to the “u function” from [73, Sec-
tion 6].

Definition 4.53. For any a,b,c € D, we say that ablc holds if a,b,c are
all different labels and there exist (s,t) € M such that binary relation
{(a, s), (b,s),(c,t)} belongs to I'*.

The intuition is that if ab|c holds, then any minority operation on M must
map any permutation of {a, b, c} to ¢ in order to be a polymorphism of T

Lemma 4.54. For any a,b,c € D, at most one of ablc, ca|b, bela holds. If
able, then (a,c), (b,c) € M.

Proof. Suppose that both ca|b and be|a hold. Then there are (s, 1), (s2,t2) €
M and binary relations p;, p; € I'* such that p; = {(c, s1), (a,51), (b,t1)}, p2 =
{(b, s2), (¢, $2), (a,t3)}. We construct their join p as p(z,y) = min,ep(p1(z, )+
p2(z,y)). We have p € I'* and p = {(s1, 52), (81, t2), (t1, s2) }, which implies a
soft edge in M and hence a contradiction.
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If ablc, then there are (s,t) € M such that {(a,s), (b, s), (c,t)} € T*. By
restricting this relation at the first coordinate to labels {a,c} we get edge
(a,c) — (t,s) and thus (a,c) € M; analogously by restricting to {b, c} we get

(b,c) € M. O
We define multimorphism (Mj,, Mj,, Mng) as follows:

z,y,2) ifx=yA(y,z) € M or zy|z, (4.35a)
z,x,y) if 2= A(z,y) € M or zz|y, (4.35b)
) ify=2A(z,2) € M or yz|z, (4.35¢)

)

x,y,z) otherwise. (4.35d

(
(Mjy, Mj,, Mng)(x,y, 2) = (
(y,z,x
(

Note that the operations of (Mj;, Mj,, Mn3) are majorities and a minority
on M. Also note that in the subcase z = y A (y,2) € M of case (4.35a), the
output has to be (z,y, z) for (Mj,, Mj,, Mns) to be an MJN multimorphism of
I on M (and similarly for the first subcase of case (4.35b) and case (4.35¢)).
It is the other cases where there is some freedom and where we differ from [73].

Theorem 4.55. (Mj;, Mj,, Mng) is a multimorphism of T.
In fact, we prove that (2.11) holds with equality.

Proof. Suppose for the sake of contradiction this is not true for some r-ary
weighted relation v € I'* and x,y,z € Feas(y); we choose v so that it has
the minimum arity among such counterexamples. We denote the r-tuples to
which (Mj;, Mj,, Mng) maps (x,y,z) by (f, g, h).

First we show that case (4.35b) does not occur. Let I be the set of
coordinates ¢ such that case (4.35b) applies to (z;,y;, z;) and let J cover the
remaining cases. Suppose that [ is non-empty, and note that f; = z;,g; =
x;,h; = y;. For every i € I, it holds (z;, 1), (2, ;) € M (directly or by
Lemma 4.54), and either z; = z; or z;x;|y;.

We claim that {x;, vi, z:} X {z;,y;, 2;} C Pr; j(Feas(y)) for alli € I,j € J.
We already have (z;,x;), (i, y;), (%, z;) € Pr; j(Feas(v)). It holds

(wi,y;) € Pr; j(Feas(y)) <= (vi,x;) € Pr; ;(Feas(v)), (4.36)
(2i,y;) € Pr; j(Feas(v)) <= (v, 2;) € Pr; ;(Feas(y)), (4.37)

otherwise there would be a soft edge in M (i.e. soft edge (v, v;) — (y;, ;) and
(zi,yi) — (yj, 2;) respectively).

If (z;,v;), (z,y;) € Pr; j(Feas()), then there are edges (z;,v:) — (y;, z;),
(zi,y:) — (vj,2;), and hence (zj,y;),(2j,y;) € M. Because case (4.35b)
does not apply at coordinate j, it holds z; # z;, and therefore labels
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x;,y;, z; are all distinct. But then (z;,z;) ¢ Pr; j(Feas(y)), otherwise we
would get {(z;, 2;), (@i, z;), (vi, y;)} € I'* (obtained by domain restriction of
Pr, ;(Feas(v))), and thus z;x;|y; would hold. Analogously, we have (z;,x;) ¢
Pr; j(Feas(y)). This implies z; # x;, and hence zz;|y; holds. By domain
restriction of Pr; ;(Feas(y)) we obtain a bijection relation

{(@5, 25), (Wi y5), (20, 25)} €T (4.38)

joining it with a binary relation showing that z;x;|y; gives us z;x;|y;, which
is a contradiction.

If (x;,y;) € Pr;;(Feas(y)) and (z;,y;) € Pr;;(Feas(y)), then we have
zi # x4, 2iw|yi, and (z5,y;) € M. It must also hold (z;, 2;) & Pr; ;(Feas(v)),
otherwise there would be a soft edge incident to vertex (z;,y;). But then
we have {(x;,v;), (vi,y;), (zi,2;)} € I'*, which implies z;y;|z; and contra-
dicts Lemma 4.54. The case when (z;,y;) ¢ Pr; ;j(Feas(y)) and (z;,y,) €
Pr; ;(Feas(v)) can be ruled out by an analogous argument.

Therefore, we have (z;,y;), (2,y;) € Pr;;(Feas(y)). It must also hold
(zi,2), (21, 7;) € Pr; j(Feas(7y)), otherwise there would be a soft edge in M
(incident to vertex (x;, ;) and (z;,y;) respectively). Hence, we have shown
that {x;, i, 2} ¥ {x},9;, 2} C Pr; j(Feas(y)).

Because Feas(7) is 2-decomposable by Lemma 4.49, we have uy - vy €
Feas(v) for any u,v € {x,y,z}. It must hold

Y(yr-x0)+v(yr-ys) +y(yr-zs) = vy £5) +v(yr-gs) +v(yr-hy), (4.39)

otherwise we would obtain a smaller counterexample by pinning v at every
coordinate ¢ € [ to its respective label y;. This gives y; - £5,y7 - 87, ¥71 -
h; € Feas(y); by an analogous argument we get uy - v; € Feas() for any
u € {x,y,z} and v € {f, g, h}. By Lemma 4.51, it holds

Y(xr %) +y(yr-gs) =v(xr-8s) +y(yr-xs), (4.40)
Y(zr - 2) +y(yr-£7) = v(z1-£5) +(y1-2s). (4.41)

By adding (4.39), (4.40), and (4.41) we get

Y(xr-x7) (YY) +y(2z1-25) = (21 - £5) +v(x1-87) +7(yr-hy), (4.42)

and hence (2.11) holds as equality (note that f; = z;, g = x7,hy = y;). This
is a contradiction; therefore case (4.35b) does not apply at any coordinate.

Suppose that case (4.35¢) applies at some coordinate i. (Mj;, Mj,, Mn3)
maps (y,x,z) to (g,f, h), which gives us another smallest counterexample
to the theorem. However, at coordinate ¢ is now applied case (4.35b), which
was proved impossible.
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Finally, we have that only cases (4.35a) and (4.35d) may occur in a smallest
counterexample. But then (Mj,, Mj,, Mn3) maps (x,y,z) to (x,y,z), and
hence the stated equality holds. O]
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Chapter 5
Surjective VCSP

The well-known (s, t)-Min-Cut problem [93] can be expressed in the framework
of the language-restricted VCSP quite straightforwardly: Let D = {0,1} be
the domain; its labels represent the two parts of a cut. For every vertex of a
given graph, we introduce a corresponding variable. We impose constraints
po(s) and p;(t) to ensure that vertices s and t end up in different parts. In
order to determine the number of edges that are cut, we impose a constraint
v=(u,v) for every edge {u,v} of the graph, where 7 = Soft(p~). Clearly,
optimal solutions to such an instance of VCSP({p, p1,7=}) correspond to
minimum (s, ¢)-cuts in the given graph. (See also Example 2.11.)

The (global) Min-Cut problem [93], however, evades such a natural rep-
resentation. Indeed, applying the same approach as for the (s,t)-Min-Cut
problem fails, as we do not know which pair of vertices to choose as s and t.
If we do not force any two vertices to be assigned different labels, an optimal
solution will correspond to a trivial cut with all the vertices in one part. The
surjective VCSP, denoted by VCSPg, enables us to circumvent this issue by
imposing an additional global constraint: A labelling s : V' — D must be
surjective, i.e., every label must be assigned to at least one variable. Hence,
the Min-Cut problem can be expressed by VCSP({7=}).

Analogously to the VCSP, it is natural to investigate the computational
complexity of the VCSPy restricted to a constraint language. It comes as no
surprise that, for a fixed language, the complexity of these two frameworks
is closely related. Specifically, the VCSP reduces to the VCSPy, and the
VCSPy reduces to the VCSP if the language contains all the constants, i.e.,
unary relations p,; for all d € D (see Lemmas 5.2 and 5.3). Consequently,
only languages that are tractable (for the VCSP) but do not include all
the constants are interesting to study in the surjective setting, as they may
become intractable when the surjectivity requirement is imposed.

The understanding of the surjective setting is, compared to the general
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VCSP, far less advanced. For instance, the algebraic approach (see Chapter 3),
which has proved extremely successful in the study of the VCSP, saw little
progress after Chen’s initial attempt to extend it to the surjective CSP [23]
(see [79] for an application of Chen’s result). Another obstacle to a complete
classification are problems of open complexity that are captured by the VCSPq,
for example the 3-No-Rainbow-Colouring problem [7]. This special case of
the surjective CSP on a domain of size 3 asks whether the vertices of a given
3-uniform hypergraph can be surjectively labelled using 3 colours so that no
hyperedge contains vertices of all the colours.

For Boolean languages, a complexity classification has been attained in
some special cases. For {0, co}-valued languages (i.e., the surjective CSP),
Creignou and Hébrard [30] proved that all the interesting languages (in the
sense described above) are in fact intractable in the surjective setting (see
Theorem 5.7). In particular, the constants pg, p; admit four out of the six
polymorphisms characterising the tractable classes of the Boolean CSP (see
Theorem 2.32), namely min, max, Mn, and Mj. The remaining two classes,
i.e. languages invariant under ¢y or ¢y, are, without the surjectivity constraint,
trivially tractable by assigning all the variables label 0 or 1 respectively.
However, it is NP-hard to find a surjective feasible assignment.

Uppman [102] established a complexity classification of Boolean {0, 1}-
valued languages. As in the case of {0, co}-valued languages, the surjectivity
constraint reduces the two trivially tractable classes that exclude the constants,
namely languages improved by multimorphism (cg) or {¢;) (see Theorem 2.31).
However, Uppman discovered that two subclasses (called almost-min-min and
dual almost-min-min) maintain their tractability even in the surjective setting.
The algorithm developed in [102] solves them by finding all near-optimal
solutions to a generalisation of the Min-Cut problem.

In this chapter, we extend the previously known classifications of Boolean
{0,00}- and {0, 1}-valued languages and encompass all Boolean (Q-valued)
languages. According to our classification (see Theorem 5.11), the two trivially
tractable classes that exclude the constants, namely languages improved by
multimorphism (cy) or {¢;) (see Theorem 2.30), contain two subclasses for
which the VCSP; is tractable. We call the condition characterising these
subclasses FDS, which stands for essentially a downset. A relation that is
essentially a downset can be obtained from a downset by introducing redundant
copies of its coordinates (see Definition 5.18). A finite EDS language consists
of weighted relations such that their Feas and Opt relations are essentially
downsets; for the general definition, see Definition 5.10. The notion of EDS
generalises that of almost-min-min [102]. Our main result also implies a
complexity classification of Boolean Q>-valued languages for the surjective
Max-VCSP problem with respect to approximation (see Section 5.2.3). This
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generalises the classification of Boolean {0, 1}-valued languages by Bach and
Zhou [1].

As in [102], our proof of the tractability of EDS languages in the surjective
setting is based on a reduction to a (further) generalisation of the Min-Cut
problem. The objective in this problem is to minimise the sum of the total
weight of edges that are cut and a superadditive set function (see Defini-
tion 5.43). For our reduction, we need to find all a-optimal solutions (for a
fixed a depending on the EDS language). As we show in Section 5.4.2; this
can be achieved in polynomial time; in fact, there are at most O(n**) such
solutions, where n is the number of variables. This improves the bound of
O(n*™) established in [102] for a special case of the problem. Our reduction
also implies that, given a VCSPy instance over an EDS language, one can enu-
merate all its optimal solutions with polynomial delay [65] (see Theorem 5.13).
The remaining tractable classes have this property as well, although in their
case it simply follows from the fact they include the constants.

To prove that the EDS property is necessary for tractability in the sur-
jective setting, we define a language closure operation that captures some
of the possible gadget constructions while preserving the tractability of the
language. This closure operation differs from the standard definition of the
weighted relational clone (see Definitions 3.1 and 3.26), as minimisation may
not preserve the complexity of the VCSP,.! We prove that the VCSP over
a language I' not included in any of the tractable classes is NP-hard by
showing that at least one of the following cases applies: even a crisp (i.e.,
{0, co}-valued) version of I' is intractable in the surjective setting, or the
constants pg, p1 can be simulated over I' (I' U {pg, p1} is intractable), or the
NP-hard Minimum Distance problem? [104] can be reduced to VCSP(T).

The tractability of a constraint language is commonly defined in terms
of its finite subsets: A language I' is tractable if, for every finite IV C T,
VCSP(I”) can be solved in polynomial time (see Definition 2.7). Alternatively,
one could adopt a stronger notion of global tractability [15], which requires
that VCSP(I") be solvable in polynomial time. In the case of the VCSP, all
tractable classes of languages are also globally tractable; however, we show
that the situation is different in the surjective setting. We give an example of
an infinite non-EDS language I' such that every finite subset IV C I' is EDS
(see Example 5.23). While VCSP4(T") is NP-hard, every VCSP4(I"”) can be
solved in polynomial time. To draw this distinction, we consider both notions
of tractability. Hence, we take into account infinite constraint languages as

IThis is also an issue for the aforementioned algebraic approach.
2The Minimum Distance problem asks to find a smallest non-zero vector in a linear
subspace over the field {0, 1}.
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well, but only if they are of bounded arity. Weighted relations in an instance
are assumed to be represented explicitly (by tables of values).?

Section 5.1 introduces tools that are applicable to the surjective VCSP in
general; the rest of the chapter deals only with a Boolean domain D = {0, 1}.
In Section 5.2, we present our results. The hardness part of our classification
is proved in Section 5.3, and the tractability in Section 5.4.

5.1 Preliminaries

In this chapter, we consider only languages of bounded arity.

Definition 5.1. A language I is called s-tractable if, for every finite I' C T,
VCSP4(I”) can be solved in polynomial time. If VCSP4(I") can be solved in
polynomial time, language I' is called globally s-tractable.

If there exists a finite I C I" such that VCSP4(I") is NP-hard, language I'
is called s-intractable. If VCSP4(T") is NP-hard, language T' is called globally
s-intractable.

Note that a globally s-tractable language is s-tractable, and an s-intractable
language is globally s-intractable.

Lemmas 5.2 and 5.3 establish a relation between the complexity of the
VCSP and VCSP;.

Lemma 5.2. For any constraint language T,
VCSP(I') <, VCSP4(T). (5.1)

Proof. Given an instance I of VCSP(I'), we construct an instance I’ of
VCSP4(T") by adding |D| extra variables. Any solution to I can be extended
to a surjective solution to I’ of the same value and, conversely, any (surjective)
solution to I’ induces a solution to I of the same value. O

Lemma 5.3. Let Cp be the set of constants on D, i.e., Cp = {pq | d € D}.
For any constraint language T,

VCSP,(T) <, VCSP(I'UCp). (5.2)

3The bounded arity restriction is vital in some of our proofs. Also, unbounded arity
presents new challenges to complexity classification. For example, explicitly representing a
weighted relation of an arity that is super-logarithmic in the number of variables requires a
super-polynomial space.
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Proof. Given an instance I = (V, D, ¢;) of VCSP4(I"), we iterate through all
O (|V|IP1) injective mappings f : D — V. For each mapping f, we construct
an instance [} of VCSP(I'UCp) by adding constraints p4(f(d)) for all d € D.
The additional constraints guarantee that only surjective solutions to [ }’c are
feasible. Conversely, any surjective solution to I is a feasible solution to I’ for
some mapping f. Therefore, a solution of the smallest value among optimal
solutions to I} for all f is an optimal surjective solution to I. m

Corollary 5.4. Any (globally) tractable language T' with Cp C T is also
(globally) s-tractable.

In contrast to the VCSP, minimisation may not preserve the complexity
of the VCSP;. Hence, we need to define a language closure that excludes this
operation (cf. Definitions 3.1 and 3.26).

Definition 5.5. A constraint language I' is called closed if it is closed under
addition, coordinate mapping, non-negative scaling, addition of a constant,
operation Opt, and, for all d € D such that p; € I', d-pinning.

We define I'* to be the smallest closed language containing I'.

Note that we require a language to be closed under d-pinning only if it
contains pg. A weighted relational clone that contains p, is also closed under
d-pinning, as that can be achieved by adding py; and minimising. Therefore,
['* C wRelCloneg(I).

Now we show that these closure operations preserve the complexity of the

VCSPs.

Lemma 5.6. For any constraint language T,
VCSP4(I'™) <, VCSP4(T) . (5.3)

Proof. For most of the closure operations, standard reductions for the VCSP
(see Section 3.3.1) apply to the surjective setting as well. In case of pinning,
however, we need a reduction that does not rely on minimisation.

Suppose that pg € I'. Let 7' be a d-pinning of a weighted relation v € I';
without loss of generality, let it be a pinning at the first coordinate. We show
that VCSPs(I' U {+'}) <, VCSP4(I).

Let I = (V, D, ¢;) be an instance of VCSPg(TU{~'}) with V' = {xy,..., 2z, }.
For every i € [n], we construct an instance I; = (V, D, ¢;,) of VCSP4(I") by
replacing all constraints of the form +/(x;) with v(x;,x;) and adding a con-
straint py(x;) to force variable x; to take label d. A solution of the smallest
value among optimal solutions to Iy, ..., I, is an optimal solution to I, as at
least one variable needs to be assigned label d. O
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Unless explicitly stated otherwise, we consider only Boolean languages
(i.e., D ={0,1}) in the rest of the chapter.

Our hardness proof relies on the following classification of {0, oo }-valued
languages by Creignou and Hébrard [30].

Theorem 5.7 ([30]). Let I' be a Boolean {0, co}-valued language. Then T' is
s-tractable if it 1s invariant under any of the following operations: min, max,
Mn, Mj. Otherwise, I is s-intractable.

Remark 5.8. We also rely on the classification of Boolean VCSP (see Theo-
rems 2.30 and 2.31), which is stated only for the weaker notion of tractability
(i.e., for finite languages) in [28]. However, the proofs there actually establish
the same classification for the stronger notion of global tractability as well.

In particular, all the tractable cases (given by the eight multimorphisms
stated in Theorem 2.30) are globally tractable. Conversely, any globally
intractable language is also intractable: If a language I" does not admit any
of the eight multimorphisms, then there exists a finite subset IV C I" with
II'| < 8 that does not admit any of the eight multimorphisms (as a single
weighted relation suffices to violate a multimorphism).

5.2 Results

We present our results in three parts: Section 5.2.1 defines the EDS property
and states the main classification theorem, Section 5.2.2 focuses on finite EDS
languages, and Section 5.2.3 gives a classification in terms of approximability
for the surjective Max-VCSP.

5.2.1 Boolean surjective VCSP

We first define the property EDS (which stands for essentially a downset,
see Definition 5.18) characterising the newly discovered tractable class of
weighted relations.

Let sub (short for subtraction) be a binary operation defined by sub(z, y) =
min(z, —y). For x = (z1,...,2,),y = (y1,...,¥.) € D", we define x < y if
and only if z; <y, for all i € [r]. (Recall that D = {0,1} and 0 < 1.)

Lemma 5.9. If a weighted relation admits polymorphism sub, then it also
admits polymorphisms ¢y and min.

Proof. For every z,y € D, it holds ¢o(x) = 0 = sub(x,z) and min(z,y) =
sub(x,sub(z,y)). O
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Definition 5.10. For any a > 1, an r-ary weighted relation v is a-EDS if,
for every x,y € Feas(7), it holds 0" € Feas(y) and

a- (y(x) +7(y) —2-7(0")) > y(sub(x,y)) — v(0"). (5.4)

A weighted relation is EDS if it is a-EDS for some o > 1. A language is
EDS if there exists o > 1 such that every weighted relation in the language
is a-EDS.

Although this definition does not involve the notion of (weighted) poly-
morphisms, it is stated in a similar vein. Let f be a binary operation defined
by f(z,y) = 0; then the requirement “for every x,y € Feas(y), it holds
0" € Feas()” translates to “y is invariant under f” (or, equivalently, “y is
invariant under ¢;”).*> In the case of a = 1, inequality (5.4) translates to
that of admitting multimorphism (sub, f). Note also that any EDS weighted
relation admits polymorphism sub.

For more intuition behind this notion in the general case, see the corre-
sponding definition of EDS for set functions (Definition 5.53) in Section 5.4.3.
Finite EDS languages admit a simpler equivalent definition, see Corollary 5.21.

The following classification of Q-valued languages is our main result.

Theorem 5.11. Let I’ be a Boolean Q-valued language. Then T is glob-
ally s-tractable if it is EDS, or —~(I") is EDS, or T admits any of the fol-
lowing multimorphisms: (min, min), (max, max), (min, max), (Mn, Mn, Mn),
(Mj, Mj, Mj), (Mj, Mj, Mn). Otherwise, I' is globally s-intractable.

Proof. The global s-tractability of languages admitting any of the six mul-
timorphisms in the statement of the theorem follows from Theorem 2.30
(see Remark 5.8) by Lemma 5.3. The global s-tractability of EDS languages
(whether I or —(I"), which is symmetric) follows from Theorem 5.59, proved
in Section 5.4. Finally, the global s-intractability of the remaining languages
follows from Theorem 5.39, proved in Section 5.3. n

Theorem 5.11 gives us also a classification in terms of s-tractability. As
noted above, any globally s-tractable language is s-tractable. Consider now
a globally s-intractable language I'. It does not admit any of the six multi-
morphisms, and hence there exists a finite subset of I' that does not admit
them either (see Remark 5.8). If there exists a finite subset IV C I' such that
neither IV nor —(I") is EDS, then I' is s-intractable; otherwise I' is s-tractable.
Equivalently (by Corollary 5.21), T" is s-intractable if neither Feas(I") U Opt(I")

4In fact, any EDS weighted relation admits multimorphism (cg) (see Lemma 5.15).
®Note that the unary empty relation pg is vacuously a-EDS for all a > 1, as Feas(pg) = 0.
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nor Feas(—(I")) U Opt(—(I")) admit polymorphism sub, and it is s-tractable
otherwise.

To see how EDS languages fit into the classification of {0, co}-valued
languages established in Theorem 5.7, note the following. Any {0, co}-valued
language of bounded arity is finite. By Corollary 5.21, any EDS {0, oo }-valued
language admits polymorphism sub, and hence also polymorphism min (by
Lemma 5.9).

Theorem 5.11 implies a tighter classification for Q-valued languages (the
only reasons for global s-tractability are EDS and submodularity):

Theorem 5.12. Let I' be a Boolean Q-valued language. Then I' is glob-
ally s-tractable if it is EDS, or =(I') is EDS, or T' admits the (min, max)
multimorphism. Otherwise, I" is globally s-intractable.

Proof. We need to show that in the case of Q-valued languages, the remaining
globally s-tractable classes from Theorem 5.11 (which are characterised by
polymorphisms (min, min), (max, max), (Mn, Mn, Mn), (Mj, Mj, Mj), and
(Mj, Mj, Mn)) collapse.

If a Q-valued r-ary weighted relation v admits the (min, min) multimor-
phism, then it holds v(x) > 7(y) for all x > y. This implies that, for
all x,y € Feas(v), it holds v(x) > y(sub(x,y)) and 7(y) > 7(0"). Hence,
v is 1-EDS. If v admits the (max, max) multimorphism, then —(v) admits
the (min, min) multimorphism. Therefore, if a Q-valued language I' admits
(min, min) or (max, max) as a multimorphism, then I" or =(I") is EDS.

Multimorphisms (Mn, Mn, Mn), (Mj, Mj, Mj), and (Mj, Mj, Mn) are cov-
ered by the (min, max) multimorphism: Weighted relations that admit
(Mn, Mn, Mn) or (Mj, Mj, Mj) as a multimorphism are crisp [28, Propositions
6.20 and 6.22], and hence, in the Q-valued case, they are constant functions.
Q-valued weighted relations that admit the (Mj, Mj, Mn) multimorphism are
modular |28, Corollary 6.26], and hence they are submodular. O

Enumerating all optimal solutions to an instance with polynomial delay is
a fundamental problem [65, 105] studied in the context of CSP [36, 19]. An
algorithm outputting a sequence of solutions works with polynomial delay
if the time it takes to output the first solution as well as the time it takes
between every two consecutive solutions is bounded by a polynomial in the
input size.

It is known that, for a tractable constraint language I' that includes
the constants Cp, one can enumerate all optimal solutions with polynomial
delay [24]. Our results imply that the newly discovered globally s-tractable
EDS languages enjoy the same property (despite not including the constants).
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Theorem 5.13. Let I be a Boolean Q-valued language. If T' is globally
s-tractable then there is a polynomial-delay algorithm that enumerates all
optimal solutions to any instance of VCSP4(T).

The theorem is proved in Section 5.4.3.

5.2.2 Finite EDS languages

The EDS property can be described in a simpler way for languages of finite
size; see the following observation and Corollary 5.21.

Observation 5.14. A language of finite size is EDS if and only if it consists
of EDS weighted relations.

In the following we prove several useful properties EDS weighted relations.
Lemma 5.15. Any EDS weighted relation admits multimorphism {cg).

Proof. Let v be an r-ary a-EDS weighted relation. For any x € Feas(y), it
holds 0" € Feas(y) and

a-(2-7(x) = 2-7(07) = y(sub(x,x)) = 7(0") = 0 (5.5)
as sub(x,x) = 0", and therefore v(x) > v(0"). O

Lemma 5.16. A crisp weighted relation is EDS if and only if it admits
polymorphism sub.

Proof. Any EDS weighted relation admits polymorphism sub. For the con-
verse implication, note that any crisp weighted relation that admits polymor-
phism sub (and thus, by Lemma 5.9, also polymorphism c¢g) satisfies (5.4) for
any o > 1. O

Lemma 5.17. A weighted relation v is EDS if and only if both Feas(y) and
Opt(y) are EDS.

Proof. Let v be an r-ary a-EDS weighted relation. For any x,y € Feas(7),
it holds 0" € Feas(y) and

00 > o+ (y(x) +7(y) = 2-7(0") = y(sub(x,y)) = 7(0"), (5.6)

and hence sub(x,y) € Feas(y). By Lemma 5.16, Feas(v) is EDS. Similarly,
for any x,y € Opt(y), it holds 0" € Opt(~) (by Lemma 5.15) and

0=a-(y(x)+7(y) —2-7(07) = y(sub(x,y)) =~(0");  (5.7)
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therefore sub(x,y) € Opt(y) and Opt(v) is EDS.

To prove the converse implication, let us assume that Feas(y), Opt(y)
are EDS and consider any x,y € Feas(y). As Opt(7y) admits polymorphism
co, it holds 0" € Opt(y) C Feas(v). Therefore, the left-hand side of (5.4)
is non-negative. Moreover, if it equals 0, then x,y € Opt(y), and hence
sub(x,y) € Opt(y) and the right-hand side equals 0 as well. Therefore,
(5.4) holds for large enough «, as there are only finitely many choices of
x,y € Feas(y). O

We show that relations invariant under sub have a simple structure.

Definition 5.18. An r-ary relation p is a downset if, for any r-tuples x,y
such that x > y and x € p, it holds y € p.

An r-ary relation p is essentially a downset if it can be written as the sum
of a downset and binary equality relations, i.e.,

T

p(l‘h B 71:7’) - Pl (Iﬂ’(l)a s 7x7r(1”’)) + Z P= (Iﬂ'(i)7 xai) ) (58)
i=r'+1
where ' < r, p/ is a downset, 7 is a permutation of [r], and a; € {m(1),...,7(r")}

for every ' +1 < i < r. In other words, removing duplicate coordinates® of p
results in a downset.

Example 5.19. Relation o' = {(0,0),(0,1),(1,0)} is a downset, while
p=14(0,0,0),(0,1,1),(1,0,0)} is only essentially a downset (as p(z,y, z) =
p(@,y) +p=(y,2)).

Lemma 5.20. A relation is essentially a downset if and only if it admits
polymorphism sub.

Proof. For any r-ary relation p that is essentially a downset and x,y € p,
we prove that z = sub(x,y) € p. Let x = (z1,...,2.), y = (Yy1,---,Yr),
z = (z1,...,2). It holds x > z. Moreover, for any coordinates i, j such that
x; = x; and y; = y;, it holds z; = z;. Since p can be written as a sum of a
downset and equality relations, we have z € p.

We prove the converse implication by contradiction. Suppose that p is a
smallest-arity relation that admits polymorphism sub but is not essentially a
downset; let us denote its arity by r. If there are distinct coordinates i, j such
that z; = z; for all z = (2q,...,2,) € p, identifying these coordinates yields
an (r — 1)-ary relation p’ such that p can be written as the sum of p’ and a

SA coordinate i is a duplicate of a coordinate j if, for every (x1,...,2,) € p, it holds
Ti=Tj-
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binary equality relation. However, p’ also admits sub, and hence is essentially
a downset by the choice of p, which implies that p is essentially a downset as
well. Therefore, for any distinct coordinates i, j, there exists z(%/) € p with
Zi(i’j) £ ZJ(-i’j).

As p is not a downset, for some r-tuples x,y it holds x > y, x € p,
y € p. We may assume without loss of generality that, for some n € [r],
the set of coordinates with label 1 equals [n] for x and [n — 1] for y. Let
e = (e1,...,e.) € pbeatuple with the smallest number of coordinates labelled
1 such that e, = 1. We claim that e; = 0 for all i # n: Otherwise, either
sub (e,z(i’”)) = min (e,ﬁ(z(i’”))) or sub (e,sub (e,z(i’”))) = min (e,z(i’"))
contradicts the minimality of e. But then sub(x,e) = y € p, which is a
contradiction. O

Corollary 5.21. Let I' be a finite language. The following conditions are
equivalent.

1. Language T" is EDS.
2. For every v € I', weighted relation v is EDS.
3. For every v € I, both Feas(y) and Opt(y) admit polymorphism sub.

4. For every v € T, both Feas(vy) and Opt(vy) are essentially downsets.

Remark 5.22. In [53], a weighted relation v is called PDS if both Feas(y)
and Opt(7y) are essentially downsets. For a {0, 1}-valued weighted relation,
this condition is equivalent to that of being almost-min-min [102]. By Corol-
lary 5.21, PDS and EDS are equivalent concepts for languages of finite size.

As we show in the following example, there exists an infinite non-EDS
language I such that every finite subset IV C I" is EDS. Hence, I' is s-tractable,
although it is globally s-intractable (VCSP4(I") is NP-hard).

Example 5.23. For any w € Z>;, we define a ternary weighted relation g,
on D ={0,1} by

if z=1and x =y,
if z=1and x # y,

: (5.9)
ifz=0and x =y =0,

/Lw(l’7 yu ’Z) =

g O = N

otherwise.

Note that Feas(u,,) = D? and Opt(u,) = {(0,0,0)} are downsets, and hence
iy is EDS. However, it is not a-EDS for any @ < w/2: For x = (0,1,1),
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y = (1,0, 1), we have 11,(X) + 1 (y) = 2 but pu,(sub(x,y)) = 1,(0,1,0) = w.
Language I' = {i,, | w € Z>1} is therefore not EDS.

By our classification (Theorem 5.11), language I is globally s-intractable;
here we show it directly by a reduction from the NP-hard Max-Cut problem.
Given an undirected graph G = (V, E) with no isolated vertices, we construct
a VCSP4(I") instance I as follows. Let w = 2|E| 4+ 1. We introduce a
corresponding variable for every vertex in V', and add a special variable z.
For every edge {z,y} € E, we impose a constraint pu,,(z,y, z).

Cuts in GG are in one-to-one correspondence with assignments to [ satisfying
z = 1. In particular, a cut of size k£ corresponds to an assignment to [ with
value k + 2(|E| — k) = 2|E| — k. Any surjective assignment with z = 0 is of
value at least w > 2|E| — k. Thus, solving I amounts to solving Max-Cut in

G.

5.2.3 Approximability of maximising surjective VCSP

Although the VCSP is commonly defined with a minimisation objective, it is
easy to see that, for exact solvability, its maximisation variant is essentially
an identical problem: Minimising a Q-valued function ¢; corresponds to
maximising —¢;. When studying approximability, however, the two variants
vastly differ (see [81] for a survey).

We focus on maximisation of the Qxo-valued VCSP. This problem gen-
eralises the Max-CSP, in which the objective is to maximise the number of
satisfied constraints; in particular, the Max-CSP corresponds to maximisation
of the {0, 1}-valued VCSP. The complexity of exactly maximising the Qxo-
valued VCSP was established by Thapper and Zivny [100]. Raghavendra [89]
showed that, assuming the unique games conjecture, the basic semidefinite
programming relaxation achieves the optimal approximation ratio for the prob-
lem. In this section, we consider approximate maximisation of the surjective

Q>o-valued VCSP.

Definition 5.24. An instance I = (V, D, ¢;) of the Max-VCSP on domain D
is given by a finite set of variables V' = {z1,...,x,} and an objective function
¢r: D" — Q>( expressed as a weighted sum of constraints over V| i.e.,

¢1($1,---,$n) :Zwi'%’(xz’)a (5-10)
i=1

where v; is a Q>p-valued weighted relation, w; € Q¢ is the weight and
x; € Vi) the scope of the ith constraint.

Given an instance I, the goal is to find an assignment s : V' — D of
domain labels to the variables that maximises ¢;. We denote the maximum

78



value of the objective function by opt;. For any r € [0, 1], an assignment s is
an r-approzimate solution to I if ¢;(s) > r - opt;.

An assignment s is surjective if its image equals D. We denote the
maximum objective value of surjective assignments by s-opt;. For any r €
(0, 1], a surjective assignment s is an r-approzimate surjective solution to I if
¢r(s) > 1 - s-opt;.

We denote by Max-VCSP(I") the surjective Max-VCSP problem on in-

stances over a language I'.

Following the standard definitions, we say that Max-VCSP4(T") belongs
to APX if, for some r € (0, 1], there exists a polynomial-time algorithm that
finds an r-approximate surjective solution to every Max-VCSP(I") instance.
If such an algorithm exists for every r < 1, we say that the problem admits a
polynomial-time approximation scheme (PTAS). Max-VCSP(I") is APX-hard
if there exists a PTAS reduction (an approximation-preserving reduction,
see [32]) from every problem in APX to Max-VCSP4(T").

First, we prove that a polynomial-time algorithm for exactly maximising
the Qxo-valued VCSP over a language I" implies a PTAS for Max-VCSP(I').
Second, we establish a complexity classification of Boolean languages in
Theorem 5.27.

Lemma 5.25. Let I' be a Q>¢-valued language and fiz r,e € R such that
0 <e<r<1. Thereis a polynomial-time algorithm that, given a Max-VCSP
instance I = (V, D, ¢;) over T' and an r-approximate solution s to I, outputs
an (r — €)-approximate surjective solution s’ to I.

Proof. Let ap. denote the maximum arity of weighted relations in I'; and n
the number of variables of I. If n < %, we find an optimal surjective
assignment to I by trying all O(|D|") assignments.

Otherwise, we modify the given assignment s in order to obtain a surjective
assignment s’. For any variable x € V', let B, C [¢] be the set of indices of
constraints in whose scopes = appears. We define the contribution of x by

c(x) = Z w; - vi(s(x4)) - (5.11)

1€ By

It follows that the total contribution of all variables is at most amax - ¢1(s).
Let U be a set of |D| variables with the smallest contribution. We assign
to them labels D bijectively. The resulting assignment s is surjective, and it
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holds

61(") = dr(s) = Y elx) (5.12)

zeU
> 01(8) = 2 - 64(5) (5.13)
> <1 — @ . amax) -7 - opt; (5.14)
n
> (r —e€)-s-opt; . (5.15)

]

Applying this lemma to an optimal solution to an Max-VCSP instance
(i.e., r = 1) gives us the following corollary.

Corollary 5.26. If the Max-VCSP over a Q>¢-valued language I' is solvable
in polynomial time, then there is a PTAS for Max-VCSP(I).

Finally, we classify Boolean Q>¢-valued languages by the complexity of the
corresponding Max-VCSP;. Since multimorphisms and the EDS property are
defined in the context of minimisation, the following theorem applies them to
language —I" instead of I' (where —I' = {—~ | v € T'} and (—7)(x) = —7(x)).

Theorem 5.27. Let I' be a Boolean Q>¢-valued language. Then

1. Max-VCSP(T'") is solvable exactly in polynomial time if —I" is EDS, or
—(=(I")) is EDS, or —I' admits the (min, max) multimorphism;

2. otherwise it is NP-hard to solve exactly, but

(a) it is in PTAS if —T" admits {co) or {(c1),
(b) and is APX-hard otherwise.

Proof. Theorem 5.12 implies the case (1) and NP-hardness in the case (2).
Case (2a) follows from Theorem 2.31 and Corollary 5.26. By Theorem 2.31,
if I does not admit either of (¢g), (¢1) and (min, max), then Max-VCSP(I")
is NP-hard. The proof of Theorem 2.31 in [28] actually establishes that
Max-VCSP(T") is APX-hard. By the approximation-preserving reduction in
the proof of Lemma 5.2, this implies that Max-VCSP(T") is APX-hard as
well. O
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Theorem 5.27 generalises the result of Bach and Zhou [1, Theorem 16]
in two respects. Firstly, we classify all Qs(-valued languages as opposed
to {0, 1}-valued languages. Secondly, we classify constraint languages as
being in P, in PTAS, or being APX-hard; [1] only distinguishes admitting
a PTAS versus being APX-hard. Finally, the main technical component of
Theorem 5.27, Lemma 5.25, has a slightly simpler proof compared to [1].

5.3 Hardness proof

Consider a Boolean language I' that admits multimorphism (cq) (the case
of multimorphism (c;) is symmetric), but does not admit any of the fol-
lowing multimorphisms: (min, min), (max, max), (min, max), (Mn, Mn, Mn),
(Mj, Mj, Mj), (Mj,Mj,Mn). Suppose that ' is not EDS. We prove that
VCSP(T') is NP-hard, i.e., I' is globally s-intractable.

We start by showing that there exists a relation such that it is not
invariant under sub and it can be added to I' without changing the complexity
of VCSP4(T") (see Corollary 5.31). For finite I', this follows simply from
Corollary 5.21 and Lemma 5.6, as there exists 7 € I such that Feas(y) or
Opt(7) is not invariant under sub. In general, however, a different argument
is necessary. We prove it by showing that I' contains weighted relations
arbitrarily “similar” to a relation which is not invariant under sub, and that
this relation may be thus added to I'.

Definition 5.28. For any a > 1, an r-ary weighted relation ~ is a-crisp if
its image y(D") lies in [0, 1] U (o, 00]. We will denote by Round,,(y) the r-ary
relation defined as

0 ify(x)€e[0,1],

oo if y(x) € (a, 0. (5.16)

Round, (v)(x) = {

Note that an a-crisp weighted relation is o/-crisp for any o/ < «. Moreover,
a crisp weighted relation p is a-crisp for any o > 1, and Round,(p) = p.

Lemma 5.29. Let I' be a language and p a relation such that, for any o > 1,
there exists an «a-crisp weighted relation v € I' with Round,(y) = p. Then
VCSP(I" U {p}) <, VCSP4(T).

Proof. Let I be an instance of VCSP¢(I' U {p}) with k constraints that apply
relation p. By scaling and adding constants to weighted relations in I, we
ensure that all the assigned values are non-negative integers. Let w € Z be a
strict upper bound on the maximum value of a feasible solution to I (e.g.,
the weighted sum of the maximum finite values assigned by the constraints of
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I, increased by one). Let v € I" be a w - (k + 1)-crisp weighted relation such
that Round,,.(x+1)(7) = p. In each constraint applying relation p, we replace
it by v with weight 1/(k + 1), and thus obtain an instance I" of VCSP4(T).
The value of any feasible assignment increases by at most k/(k+ 1) < 1
and the value of any infeasible assignment becomes larger than w (as 7 is
w - (k4 1)-crisp). Since the value of any feasible assignment to [ is an integer
less than w, any optimal solution to I’ is also optimal for . O

Lemma 5.30. Let I" be a language such that it admits multimorphism {(cq)
but s not EDS. Then there exists a relation p that is invariant under co but
not under sub and, for any o > 1, there exists an a-crisp weighted relation
v € T with Round, () = p.

Proof. We will show that for any o > 1, there exists an a-crisp weighted
relation v € I'* such that Round, () is a relation of arity at most 4 that is
invariant under ¢y but not under sub. As there are only finitely many such
relations, the claim of the lemma will follow.

Consider any a > 1. Language I'* admits multimorphism (cq) as well but
is not EDS; in particular, it is not a!”-EDS. Therefore, there exists an r-ary
weighted relation v € I'" and u,v € Feas(vy) such that v(0") = 0 (as ['* is
closed under adding constants) and

0<a'™ (y(u) +4(v)) < 7y(sub(u,v)). (5.17)

We may assume that there are no distinct coordinates ¢, 7 where u; = u; and
v; = v; (otherwise we identify them), and hence r < 4. As I'* is closed under
scaling, we may also assume that y(u),v(v) < 1 and y(sub(u,v)) > o',
Let us consider, for any 0 < i < 16, the intersection of the image ~v(D")
with the interval (af, a’™!]. Because |D"| < 2' = 16, the intersection is
empty for some i. Scaling v by 1/a’ then yields an a-crisp weighted relation
7" € I'* such that Round,(7’) is invariant under ¢y but not under sub, as
7(07),~'(u),~'(v) <1 and +'(sub(u,v)) > a. O

Corollary 5.31. Let I' be a language such that it admits multimorphism {(co)
but is not EDS. Then VCSP(I' U {p}) <, VCSP4(I") for some relation p that

18 tnvariant under co but not under sub.

Proof. By Lemmas 5.29 and 5.30, we have that VCSP4(I*U{p}) <, VCSP4(I™)
for some relation p that is invariant under c¢q but not under sub. By Lemma 5.6,
it holds VCSP4(I™*) <, VCSP4(I). O

Let us define weighted relations vy = Soft(pg), 71 = Soft(p1), and 7= =
Soft(p—); a binary relation p< = {(0,0),(0,1),(1,1)}, and, for r € {3,4}, an
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r-ary relation

A, = {(ml,...,mr) e {0,1}"

zr:xi = 0 (mod 2)} : (5.18)

=1

Assuming that I' does not admit polymorphism sub, we prove that
VCSP4(I") is NP-hard (see Lemma 5.38). The proof makes use of several
sources of hardness. More specifically, we show that at least one of the
following cases applies:

e VCSPg(Feas(I') U Opt(T")) is NP-hard (by the classification of {0, co}-

valued languages, see Theorem 5.7).

e VCSP(I'U{po, p1}) reduces to VCSP,(I"). In particular, it holds p< € I'*,
which can be used to simulate the constants (see Lemma 5.36). The
intractability of VCSP(I' U {po, p1}) follows from Theorem 2.30.

e The NP-hard Minimum Distance problem [104] reduces to VCSP4(T").
In particular, it holds {As,70} C I'* or {A4,7=} C I'*; the reduction
from the Minimum Distance problem to these languages is given in
Lemma 5.37.

Before proving Lemma 5.38, we need a few auxiliary lemmas to establish
the existence of certain weighted relations in I'™.

Lemma 5.32. Let p be a relation invariant under ¢y but not under —. Then
po € {p}* or p< € {p}".

Proof. Let r denote the arity of p. There exists an r-tuple u € p such
that —(u) &€ p. If 1" & p, we obtain py by identifying all coordinates of p.
Otherwise, we obtain p< by identifying all coordinates where u; = 0 and
identifying all coordinates where u; = 1. ]

Lemma 5.33. Let v be a non-crisp weighted relation such that it admits
multimorphism {(co). Then o € {7, po}*. If in addition Feas(y) and Opt(y)
are invariant under —, then y= € {y}*.

Proof. Let r denote the arity of 7. There exists an r-tuple u such that
7(0") < y(u) < oco. By 0-pinning at all coordinates where u; = 0 and
identifying all coordinates where u; = 1, we obtain a unary weighted relation
v € {7, po}* such that v (0) < 7/(1) < oo. From it, we can obtain 7y by
adding a constant and scaling, as vy = %.

If Feas(y) and Opt(7y) are invariant under —, it holds v(1") = ~v(0") and
7(0") < v(=(u)) < oco. By identifying all coordinates where u; = 0 and
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identifying all coordinates where u; = 1, we obtain a binary weighted relation
v € {v}*. Consider v € {v}* defined as v"(z,y) = v'(z,y) + ¥ (y,z). It
holds 7”(0,0) =+"(1,1) < ~"(0,1) =~+"(1,0) < co. From it, we can obtain
~v— by adding a constant and scaling. O

Lemma 5.34. Let p be a relation invariant under cy, -, and Mn, but not
under sub. Then Ay € {p}*.

Proof. Let p' be a smallest-arity relation in {p}* that is not invariant under
sub, and denote its arity by r. As 0" € p’ and Mn(x,y,0") = x @y, relation
P is closed under the @ operation. Let u,v € p’ be r-tuples such that
sub(u,v) & p'. There are no distinct coordinates i,j where u; = u; and
v; = vj, otherwise we could identify them to obtain an (r — 1)-ary relation
not invariant under sub. For any a,b € {0, 1}, there is a coordinate ¢ where
u; = a and v; = b, otherwise sub(u, v) would be equal to =(v), u@® v, 0", or
u respectively, which would imply sub(u,v) € p/. Therefore, r = 4, and we
may assume without loss of generality that u = (0,0,1,1), v =(0,1,0,1). As

sub(u,v) = (0,0,1,0)
= (0,0,0,1) ®u
= (0,1,0,0) ® (u @ v)
=(1,0,0,0) & —~(v),

it holds (0,0,0,1),(0,0,1,0),(0,1,0,0),(1,0,0,0) & p'. Because p is closed

under —, we have p' = Ay. O

Lemma 5.35. Let p be a relation invariant under co but not under sub. If
p is invariant under Mn, then As € {p, po}*. If p is invariant under min or
max, then p< € {p, po}*.

Proof. Let p be a smallest-arity relation in {p, pp}* that is not invariant
under sub, and denote its arity by r. Let u,v € p/ be r-tuples such that
sub(u,v) & p'. There are no distinct coordinates i,j where u; = u; and
v; = vj, otherwise we could identify them to obtain an (r — 1)-ary relation
not invariant under sub. For any b € {0, 1}, there is a coordinate ¢ where
u; = 1 and v; = b, otherwise sub(u, v) would be equal to 0" or u respectively,
which would imply sub(u,v) € p’. However, there is no coordinate i where
u; = v; = 0, otherwise we could obtain an (r — 1)-ary relation not invariant
under sub by O-pinning p" at coordinate i. Therefore, r =2 or r = 3. If r = 2,
we have p< € {p, po}*, and p is not invariant under Mn (as neither is p<).

If r = 3, we may assume without loss of generality that u = (0,1,1) and
v = (1,0,1). Relation p is not invariant under min, otherwise it would hold
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min(u,v) = (0,0,1) € p’ and we could obtain a binary relation not invariant
under sub by 0-pinning p’ at the first coordinate. Similarly, relation p is not
invariant under max, otherwise it would hold max(u,v) = (1,1,1) € p’ and we
could obtain a binary relation not invariant under sub by identifying the first
and third coordinate. Finally, assume that relation p is invariant under Mn.
Then p’ is also closed under the @ operation, as Mn(x,y,0") = x @y, and
we have u@ v = (1,1,0) € p'. Because sub(u,v) = (0,1,0) = (0,0,1) ®u =
(1,1,1) & v =(1,0,0) ® (ud v), it holds (0,0,1),(1,1,1),(1,0,0) & p’, and
therefore p’ = As. O

Lemma 5.36. If p< € I', then VCSP(I' U {po, p1}) <, VCSP4(I').

Proof. For a given instance of VCSP(I' U {pg, p1}) with variables V', we
construct an instance of VCSP(I") as follows: We introduce new variables
Yo, y1 and impose constraints p<(yo, z), p<(z,y1) for all z € V to ensure that
Yo = 0, y1 = 1 in any feasible surjective assignment. Then we replace each
constraint of the form po(x) with p<(z,yo) and each constraint of the form

p1(x) with p<(y1, ). O
Lemma 5.37. Languages {As, o} and {A4,v=} are both s-intractable.

Proof. First we show a reduction from the optimisation variant of the Min-
imum Distance problem, which is NP-hard [104], to VCSP({A43,7%}). A
problem instance is given as an m x n matrix H over the field D = {0,1},
and the objective is to find a non-zero vector x = (x1,...,z,) € D" satisfying
H -x = 0™ with the minimum weight (i.e. > . | ;).

Note that pg = Opt(7o), and therefore we may use relation py as well (by
Lemma 5.6). We construct a VCSPy instance I as follows: Let xq,...,xz,
be variables corresponding to the elements of the sought vector x. The
requirement H - x = 0™ can be seen as a system of m linear equations, each
in the form @Y | z,, = 0 for a set {a1,...,az} C [n] (the set may differ for
each equation). We encode such an equation by introducing new variables
Yo, - - -, Y and imposing constraints po(yo), As(yi—1,%a,y;) for all i € [k],
and po(yx). These ensure that each variable y; is assigned the value of the
prefix sum €P]_, z,,, and that the total sum equals 0. Finally, we encode the
objective function of the Minimum Distance problem by imposing constraints
Yo(21)s - -+ 70(@n)-

Every vector x € D" satisfying H - x = 0™ corresponds to a feasible
assignment to . If x is non-zero, the corresponding assignment is surjective,
as at least one of variables x1,...,x, gets label 1 and, for every equation,
variable 1, gets label 0. Conversely, if a feasible assignment to [ is surjective,
then it corresponds to a non-zero vector x (labelling all variables x1, ..., z,
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with 0 implies that all the prefix sums y; equal 0 as well). The objective
value of the assignment corresponding to a vector x equals the weight of x,
and hence finding an optimal surjective solution to I solves the Minimum
Distance problem.

Finally, we show that {A4,7-} is s-intractable by a reduction from
VCSP({A3,7}) to VCSPs({A4,7=}). Given an instance I, we construct
an instance I’ by introducing a new variable w and replacing each constraint
of the form As(zx,y,z) with Ay(z,y, z,w) and each constraint of the form
Yo(x) with v—(z,w). Any surjective assignment to I can be extended to a
surjective assignment to I’ of the same objective value by labelling w with 0.
Conversely, consider a feasible surjective assignment s’ to I’; we may assume
s'(w) = 0 since language {A4, 7=} admits multimorphism (—). Restricting
s’ to the variables of I gives us a surjective assignment to I of the same
objective value. Note that if s" assigns label 1 to all the variables except w, its
restriction will not be surjective; however, such s’ violates constraints po(yo)
and thus is not feasible. O

Lemma 5.38. Let I" be a language such that it admits multimorphism {(cq)
but not polymorphism sub. If I' U {pg, p1} is intractable, then VCSP4(T") is
NP-hard.

Proof. Let ® = Feas(I") U Opt(I") C I'*. Suppose that ® does not admit any
of the following polymorphisms: min, max, Mn, and Mj. By the classification
of {0, c0}-valued languages (see Theorem 5.7), ® is s-intractable. Hence,
VCSP(T") is NP-hard by Lemma 5.6. In the rest of the proof, we assume that
® admits at least one of polymorphisms min, max, Mn, and Mj. Note that
® admits polymorphism ¢y but not polymorphism sub. Since min(zx,y) =
Mj(z,y,0), we may assume that ¢ admits at least one of polymorphisms min,
max, and Mn.

Suppose that ® admits polymorphism —. Then it does not admit min,
as sub(z,y) = min(z, —y), nor it admits max, as min(z,y) = - max(—z, 7y).
Therefore, ® admits polymorphism Mn. If I is crisp, then language I'U{py, p1 }
admits multimorphism (Mn, Mn, Mn) and thus is tractable by Theorem 2.30,
which contradicts an assumption of the lemma. Hence, I' is not crisp. By
Lemmas 5.33 and 5.34, we have {A4,7-} C I'*. Therefore, VCSP4(I") is
NP-hard by Lemma 5.37.

If ® does not admit polymorphism —, then, by Lemma 5.32, we have
po € I'" or p< € I'*. If p< € I'*, VCSP4(T") is NP-hard by Lemma 5.36 and we
are done; in the rest of the proof we assume that p< € I'* and hence py € I'*.
If & admits polymorphism min or max, we get p< € I'* by Lemma 5.35, which
is a contradiction. Therefore, ® admits Mn, and thus I' is not crisp (by the
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same argument as in the previous paragraph). By Lemmas 5.33 and 5.35, we
have {As, v} C I'*. Therefore, VCSP4(I") is NP-hard by Lemma 5.37. [

Theorem 5.39. Let I' be a language such that it is not EDS, —(T') is not
EDS, and T does not admit any of the following multimorphisms: (min, min),
(max, max), (min, max), (Mn, Mn, Mn), (Mj, Mj, Mj), (Mj, Mj, Mn). Then
VCSP4(T") is NP-hard.

Proof. If T does not admit at least one of multimorphisms (co) and (c1), it is
intractable by Theorem 2.30, and hence VCSP(T") is NP-hard by Lemma 5.2.
Language I' U {pg, p1} is, by the same theorem, intractable. We may assume
that [' admits multimorphism (co); if it does not, we consider —(I") instead.
By Corollary 5.31 and Lemma 5.38, VCSP(T") is NP-hard. O

5.4 'Tractability of EDS languages

We prove that EDS languages are globally s-tractable by a reduction to
a generalised variant of the Min-Cut problem. The problem is defined in
Section 5.4.1, its tractability is established in Section 5.4.2, and the reduction
is stated in Section 5.4.3.

5.4.1 Generalised Min-Cut problem

Let V be a finite set. A set function on V is a function v : 2" — Qs U {0}
with (@) = 0.

Definition 5.40. A set function v : 2 — Qs¢ U {oo} is symmetric if
Y(X) =V \ X) for all X C V; it is increasing if v(X) < v(Y) for all
X CY CV;itis superadditive if
7(X) +7(Y) <4(XUY) (5.19)
for all disjoint X, Y C V; it is posimodular if
Y(X) + (V) 2 (X \Y) +9(Y\ X) (5.20)
for all X,Y C V; and it is submodular if

AY(X) +7(Y) 21X NY) +5(X UY) (5.21)

forall XY C V.
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Note that any superadditive set function is also increasing, as for all
X CY CVitholds v(X) <v(X)+~(Y \ X) <~(Y) by superadditivity. In
the case of symmetric set functions, submodularity implies posimodularity, as

VX) +(Y) =1(X) +4(V\Y) (5.22)
(XN VAY)) +9(XU(V\Y)) (5.23)
=7(X\Y) +(VA (Y \ X)) (5.24)
=7(X\Y)+7(Y\ X). (5.25)

and, similarly, posimodularity implies submodularity.

Example 5.41. Let V be a finite set and T' C V' a non-empty subset. We
define a set function v on V by v(X) =1if 7' C X and 7(X) = 0 otherwise.
Intuitively, this corresponds to a soft NAND constraint imposed on variables
T. The set function ~ is superadditive, and hence also increasing.

We now formally define the Min-Cut problem.

Definition 5.42. An instance of the Min-Cut (MC) problem is given by an
undirected graph G = (V, E) with edge weights w : E — Q> U {o0}. The
objective function g of the MC problem is a set function on V' defined by

g X)= > w(uv). (5.26)

IXN{u,}=1

Function ¢ is a well-known example of a submodular function. Since it is
symmetric, it is also posimodular.

A solution to the MC problem is a set X such that ) C X C V. Note
that a cut (X, V '\ X) corresponds to two solutions, namely X and V' \ X. An
optimal solution is a solution with the minimum objective value among all
solutions. A minimal optimal solution is an optimal solution with no proper
subset being an optimal solution.

Note that any two different minimal optimal solutions X,Y must be
disjoint, otherwise X \ Y or Y\ X would be a smaller optimal solution (by
the posimodularity of g).

Although the definition allows infinite weight edges, those can be easily
eliminated by identifying their endpoints, and so we may assume that all edge
weights are finite. Edges with weight 0 are conventionally disregarded.

Finally, we define the Generalised Min-Cut problem, which further gener-
alises the problem introduced in [102].
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Definition 5.43. An instance J of the Generalised Min-Cut (GMC) problem
is given by an undirected graph G = (V| F) with edge weights w : £ —
Q>0 U {0}, and an oracle defining a superadditive set function f on V.
The objective function the GMC problem is a set function on V' defined by
J(X) = f(X)+ g(X), where g is the objective function of the underlying
Min-Cut problem on G.

A solution to the GMC problem is a set X such that ) C X C V. An
optimal solution is a solution with the minimum objective value among all
solutions. We denote this minimum objective value by A. For any o > 1, an
a-optimal solution is a solution X such that J(X) < aA.

We show in Theorem 5.50 that, in the case of 0 < A < oo and a fixed
a > 1, there are only polynomially many a-optimal solutions and they can
be found in polynomial time.

5.4.2 Tractability of the Generalised Min-Cut problem

In this section, we present a polynomial-time algorithm that solves the
Generalised Min-Cut problem. We assume that w(u,v) € Qs for all edges

(u,v).

Lemma 5.44. There is a polynomial-time algorithm that, given an instance
J of the GMC problem, either finds a solution X with J(X) = X =0, or
determines that A\ = oo, or determines that 0 < A < oo.

Proof. A solution X with J(X) = f(X)4¢(X) = 0satisfies f(X) = g(X) =0,
and hence it does not cut any edge. Because the set function f is increasing,
we may assume that X is a single connected component. The algorithm
simply tries each connected component as a solution, which takes a linear
number of queries to the oracle for f.

The case of A = oo occurs only if f(X) = oo for all solutions X. Because
f is increasing, it is sufficient to check all solutions of size 1. ]

In view of Lemma 5.44, we can assume that 0 < A\ < co. Our goal is to
show that, for a given v > 1, all a-optimal solutions to a GMC instance can
be found in polynomial time. This is proved in Theorem 5.50; before that we
need to prove several auxiliary lemmas on properties of the MC and GMC
problems.

Lemma 5.45. For any instance J of the GMC problem on a graph G = (V, E)
and any non-empty set V' C V| there is an instance J' on the induced subgraph
G[V"] that preserves the objective value of all solutions X C V'. In particular,
any a-optimal solution X of J such that X C V' is a-optimal for J' as well.
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Proof. Edges with exactly one endpoint in V' need to be taken into ac-
count separately because they do not appear in the induced subgraph. We
accomplish that by defining the new set function f’ by

(X)) = f(X)+ Z Z w(u,v) (5.27)

ueX veV\V’

for all X C V’. By the construction, f’ is superadditive, and the objective
value J'(X) for any X C V' equals J(X).

Note that the minimum objective value for J’ is greater than or equal to
the minimum objective value for J. Therefore, any solution X C V' that is
a-optimal for J is also a-optimal for J'. O]

Lemma 5.46. Let X be an optimal solution to an instance of the GMC
problem over vertices V with A < oo, and Y a minimal optimal solution to
the underlying MC problem. Then X CY, X CV\Y, or X is an optimal
solution to the underlying MC problem.

Proof. Assume that X Z Y and X € V\Y. If Y C X, we have f(Y) < f(X)
as f is increasing, and hence f(Y) + g(Y) < f(X) 4 g(X) < oo. Therefore,
Y is optimal for the GMC problem and X is optimal for the MC problem. In
the rest, we assume that Y ¢ X.

By the posimodularity of g we have g(X) +g(Y) > g(X\Y)+g(Y \ X).
Because Y\ X is a proper non-empty subset of Y, it holds g(Y \ X) > g(Y),
and hence g(X) > ¢g(X \'Y). But then f(X)+g(X) > f(X\Y)+g(X\Y)
as oo > f(X) > f(X\Y). Set X\ Y is non-empty, and therefore contradicts
the optimality of X. O

The following lemma relates the number of optimal solutions and the
number of minimal optimal solutions to the MC problem. Note that this
bound is tight for (unweighted) paths and cycles with at most one path
attached to each vertex.

Lemma 5.47. For any instance of the MC problem on a connected graph
with n > 2 wvertices and p minimal optimal solutions, there are at most
p(p — 1) + 2(n — p) optimal solutions.

We prove the lemma by induction on n, closely following the proof that
establishes the cactus representation of minimum cuts in [47]. We note that
the cactus representation could be applied directly to obtain a weaker bound
of p(p — 1) + O(n) but we do not know how to achieve the exact bound using
it.
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Proof. For n = 2, the lemma holds as there are exactly two solutions and
both are minimal optimal. Assume n > 3. We denote the number of optimal
solutions by s. A solution X is called a star if |[X| =1 or |X| =n — 1,
otherwise it is called proper.

First we consider the case where every optimal solution is a star. Let us
denote the minimum cuts by ({v1}, V \{v1}),...,{vn}, V \{vn}). T h=1,
then we have s = p = 2 and the bound holds. Otherwise, there are 2h optimal
solutions but only A of them are minimal (i.e., {v1},...,{vs}). Hence,

pp—1)+2(n—p)=2h+(h—1)-(h—2)—2+2(n—h) (5.28)
>oh =5 (5.29)

as it holds n > h > 2 and n > 3.

From now on we assume that there is a proper optimal solution, and hence
n > 4. We say that solutions X,Y cross if none of X \ Y, Y\ X, X NY,
V\ (X UY) is empty. Note that only proper solutions might cross. If every
proper optimal solution is crossed by some optimal solution, then the graph
is a cycle with edges of equal weight [47, Lemma 7.1.3]. In that case, there
are n(n — 1) optimal solutions (all sets of contiguous vertices except for () and
V') and n minimal optimal solutions (all singletons), and therefore the bound
holds.

Finally, assume that there is a proper optimal solution that is not crossed
by any optimal solution, and denote the corresponding minimum cut by
(V1,V5). For any optimal solution X, it must hold either X C Vj, V; C X
X CVy,or Vo C X. Fori € {1,2}, let G; be the result of shrinking V; into a
new vertex t; so that the weight of any edge (¢;,v) for v € V' \ V; equals the
sum of weights of edges (u,v) for u € V;. Denote by n;, p;, and s; the number
of vertices, minimal optimal solutions, and optimal solutions to G;. It holds
n = ny + ny — 2. Consider any solution X’ of G;: If t; & X', it corresponds
to a solution X = X’ of the original graph G; otherwise it corresponds to
X = X"\ {t;} UV,. In both cases, the objective values of X’ and X in their
respective problem instances are equal. Therefore, any optimal solution X
of GG such that X C V5, or V; C X corresponds to an optimal solution to G,
and any optimal solution to G such that X C Vj or Vo C X corresponds to
an optimal solution in G. Hence, p = p; +po —2 and s = s1 + s — 2, as only
solutions V; and V5 satisfy both conditions simultaneously. By the inductive
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hypothesis, we get

p(p—1)+2(n—p) =pi(pr — 1) +2(n1 — p1) + pa(p2 — 1) + 2(n2 — p2)

+2(p1—2) - (p2—2) -2 (5.30)

Z 81+ 89 — 2 + 2(p1 - 2) . (pg — 2) (531)

>s (5.32)

as it holds py, py > 2. O

Lemma 5.48. For any instance of the GMC problem on n vertices with
0 < A\ < oo, the number of optimal solutions is at most n(n — 1). There is an
algorithm that finds all of them in polynomial time.

Note that the bound of n(n — 1) optimal solutions precisely matches the
known upper bound of (g) for the number of minimum cuts [68]; the bound
is tight for cycles.

Proof. Let t(n) denote the maximum number of optimal solutions for such
instances on n vertices. We prove the bound by induction on n. If n = 1,
there are no solutions and hence t(1) = 0. For n > 2, let Y3,...,Y), be the
minimal optimal solutions to the underlying MC problem. As there exists at
least one minimum cut and the minimal optimal solutions are all disjoint, it
holds 2 < p < n.

First, suppose that | JY; = V. By Lemma 5.46, any optimal solution to
the GMC problem is either a proper subset of some Y; or an optimal solution
to the underlying MC problem. Restricting solutions to a proper subset of
Y; is, by Lemma 5.45, equivalent to considering a GMC problem instance on
vertices Y;, and hence the number of such optimal solutions is bounded by
t(1Y;]) < |Yi| - (JYi| = 1). Since it holds > |Yi| = n and |Y;| > 1 for all 4, the
sum Y |Yi| - (|Yi| — 1) is maximised when p — 1 of the sets Y; are singletons
and the size of the remaining one equals n — p + 1. If the graph is connected,
then, by Lemma 5.47, there are at most p(p — 1) + 2(n — p) optimal solutions
to the underlying MC problem. Adding these upper bounds we get

P
plp—1)+2(n—p)+ > Yi|-(Yi| = 1) (5.33)

i=1
<plp-D+2n—p)+@-1)-1-0+(n-p+1)-(n-p) (534
=n(n—1)—=2(p—2)-(n—p) (5.35)
<n(n-1). (5.36)
If the graph is disconnected, the sets Y7, ..., Y], are precisely its connected

components. The optimal solutions to the underlying MC problem are
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precisely unions of connected components (with the exception of () and V),
which means that there can be exponentially many of them. However, only
the sets Y7,...,Y, themselves can be optimal solutions to the GMC problem:
We have 0 < A < f(Y;) + g(Y;) = f(Y;). Because f is superadditive, it holds

U UYe) = f(Yi) + -+ f(Ye) = kA (5.37)

for any distinct ¢y, ...,%, and hence no union of two or more connected
components can be an optimal solution to the GMC problem. This gives us
an upper bound of p < p(p — 1) + 2(n — p), and the rest follows as in the
previous case.

Finally, suppose that [ JY; # V, and hence the graph is connected. Let
Z =V \ Y. By Lemma 5.46, any optimal solution to the GMC problem is
a proper subset of some Y, a proper subset of Z, set Z itself, or an optimal
solution to the underlying MC problem. Similarly as before, we get an upper
bound of

plp—1)+2n—p)+ > Yi[- (Y- D) +|2[- (12| -1)+1  (538)

i=1

<plp—1)4+2n—p)+p-1-0+(n—p)-(n—p—1)+1 (5.39)
=nn—1)—2(p—1)-(n—p)+1 (5.40)
<n(n-—1). (5.41)

Using a procedure generating all minimum cuts [105], it is straightforward
to turn the above proof into a recursive algorithm that finds all optimal
solutions in polynomial time. O]

Lemma 5.49. Let o, 8 > 1. Let X be an a-optimal solution to an instance
J of the GMC problem over vertices V with 0 < A < oo, and Y an optimal
solution to the underlying MC' problem. If g(Y) < A/, then

JIX\Y)+J(XNY)< (a%—%)A; (5.42)

if g(Y) > M\/B, then X is an af-optimal solution to the underlying MC
problem.

Proof. 1f g(Y) > A/3, it holds g(X) < J(X) < aX < af - g(Y), and hence
X is an af-optimal solution to the underlying MC problem. In the rest we
assume that g(Y) < \/p.

Because ¢ is posimodular, we have

9(X) +9(Y) 2 g(X\Y) +g(Y \ X) (5.43)
gY)+9(Y \X) = g(XNY)+g(0), (5.44)
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and hence

9(X) +29(Y) 2 g(X\Y) +g(XNY). (5.45)
By superadditivity of f, it holds f(X) > f(X \Y) + f(X NY). The claim
then follows from the fact that f(X) + g(X) + 29(Y) < (a+2/8)A. O

Finally, we prove that a-optimal solutions to the GMC problem can be
found in polynomial time.

Theorem 5.50. For any instance J of the GMC problem on n vertices with
0 < XA <ooand a € Zsy, the number of a-optimal solutions is at most
n202=15 " There is an algorithm that finds all of them in polynomial time.

Note that for a cycle on n vertices, the number of a-optimal solutions to the
MC problem is ©(n??), and thus the exponent in our bound is asymptotically
tight in a.

Proof. Let B € Zs3 be a parameter. Throughout the proof, we relax the
integrality restriction on « and require only that o is an integer. For a =1,
the claim follows from Lemma 5.48, therefore we assume o > 1+ 1/ in the
rest of the proof.

Define a linear function ¢ by

lz) = w - (Bxr—3) . (5.46)
8 —2

We prove that the number of a-optimal solutions is at most n‘(®); taking 5 = 4
then gives the claimed bound. Function ¢ was chosen as a slowest-growing
function satisfying the following properties required in this proof: It holds
U(x)+L(y) < l(z+y—3/pP) for any z,y, and {(x) > 2fx for any x > 1+ 1/5.
We prove the bound by induction on n + af. As it trivially holds for
n < 2, we assume n > 3 in the rest of the proof. Let Y be an optimal solution
to the underlying MC problem with k = |Y| < n/2. If g(Y') > A/ then, by
Lemma 5.49, any a-optimal solution to the GMC problem is an af-optimal
solution to the underlying MC problem. Because g(Y) > A/ > 0, the graph

is connected, and hence there are at most

22a[j (27715) < n2a/5 < n@(a) (547)
«

such solutions by [68]. (In detail, [68, Theorem 6.2] shows that the number of
aB-optimal cuts in an n-vertex graph is 22¢7-1 (22 B)’ and every cut corresponds
to two solutions.)
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From now on we assume that ¢(Y) < A/f, and hence inequality (5.42)
holds. Upper bounds in this case may be quite loose; in particular, we use
the following inequalities:

(k /)" < (k/n) YD = (k/n)* D < (k/n)® < (k/n)(1/2)" = k/128n
(5.48)

(1/n)% < (1/n)® < (1/n)(1/3)° < 1/128n. (5.49)

Consider any a-optimal solution to the GMC problem X.

If X C Y, then, by Lemma 5.45, X is an a-optimal solution to an
instance on vertices Y. By the induction hypothesis, there are at most
K@) < (k/128n) - n*®) such solutions.

Similarly, if X C V'\ Y, then X is an a-optimal solution to an instance
on vertices V' \ Y, and there are at most

(n — k)4 = (1 — k/n)4®) . p4®) < (1 — k/n) - n4®) (5.50)

such solutions.

If Y C X, then X\ Y is an (o« — 1 + 2//3)-optimal solution on vertices
V\Y by (5.42) and the fact that J(X NY) > A. Similarly, if V\Y C X|
then X NY is an (o — 14 2/f)-optimal solution on vertices Y. In either case,
we bound the number of such solutions depending on the value of a: For
a < 2 —2/p, there are trivially none; for « = 2 — 2/, Lemma 5.48 gives a
bound of n(n — 1) < n“®=2%; and for a > 2 — 2/3 we get an upper bound of
nHa=142/8) < pt(@)=28 by the induction hypothesis. The number of solutions
is thus at most n“®=2% < (1/128n) - n*® for any a.

Finally, we consider X such that ) C X \Y CV\Y and P C XNY C Y,
ie., X\Y and X NY are solutions on vertices V' \ Y and Y respectively. Let
7 be the integer for which

(1+3)AgJ(XmY)<(1+Z+1)A. (5.51)
B B

Then, by (5.42), it holds J(X\Y) < (a—1—(i—2)/B)A. Therefore, XNY is a
(14 (i+1)/5)-optimal solution on vertices Y and X \Y is an (a—1—(i—2)/f)-
optimal solution on vertices V' \ Y. Because 0 < i < (o —2)5 + 1, we can
bound the number of such solutions by the induction hypothesis as at most

KO — k)1 F) < (§>Z(l+igl) 05 H(1F) (5.52)

n
k 2(8+1) 1

< (-) o nf@ (5.53)
n (2
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which is at most 2 - (k/128n) - n“®) in total for all i.

By adding up the bounds we get that the number of a-optimal solutions is
at most nf(®. A polynomial-time algorithm that finds the a-optimal solutions
follows from the above proof using a procedure generating all a/f3-optimal
cuts [105]. O

Remark 5.51. For our reduction from the VCSPg over EDS languages, we
need to find all a-optimal solutions to the GMC problem. However, if one is
only interested in a single optimal solution, the presented algorithm can be
easily adapted to an even more general problem.

Let f,g be set functions on V given by an oracle such that f : 2V —
Q>0 U {oo} is increasing and g : 2V — Qs satisfies the posimodularity and
submodularity inequalities for intersecting pairs of sets (i.e. sets X,Y such
that neither of X NY, X \ Y, Y \ X is empty). The objective is to minimise
the sum of f and g.

The case when the optimum value A = co can be recognised by checking
all solutions of size 1. Assuming A\ < oo, note that the proof of Lemma 5.46
works even for this more general problem. Let Y be a minimal optimal
solution to g. It follows that there is an optimal solution X to f 4 g such
that X CY, X CV\Y, or X is itself a minimal optimal solution to g (as f
is increasing). We can find all minimal optimal solutions to g in polynomial
time [87, Theorem 10.11]. Restricting f,g to a subset of V preserves the
required properties, and hence we can recursively solve the problem on Y and
V'\ Y. Therefore, an optimal solution to f 4+ ¢g can be found in polynomial
time.

5.4.3 Reduction to the Generalised Min-Cut problem

At the heart of our reduction is an observation that EDS weighted relations
can be approximated by instances of the Generalised Min-Cut problem. We
define this notion of approximability in Definition 5.55. In Theorem 5.56,
we show how to approximate any EDS weighted relation with a constant
factor. However, that construction does not yield a sufficient bound on the
approximation factor; we present it only in order to provide some intuition
for the more opaque construction in Theorem 5.58. Using that, we establish
the global s-tractability of EDS languages in Theorem 5.59.

In this section, we equate weighted relations admitting multimorphism
(co) with set functions; the correspondence is formally stated in the following
definition. Note that we may without loss of generality assume that the
minimum assigned value equals 0, as adding a constant to a weighted relation
preserves tractability.
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Definition 5.52. Let v be an r-ary weighted relation such that, for any
r-tuple x, y(x) > v(0") = 0. The corresponding set function ' on [r] is
defined by 7v/(X) = v(x) where z; =1 <= i€ X.

The definition of a-EDS weighted relations then translates into the fol-
lowing;:

Definition 5.53. For any a > 1, a set function v on V' is a-EDS if, for every
X, Y C V., it holds

a- (y(X)+7(Y)) 2 (X \Y). (5.54)

Remark 5.54. Inequality (5.4) could be modified so that (5.54) becomes
symmetric, say

a- (Y(X)+7(Y)) 2 (X \Y)+9(Y\ X). (5.55)

It is easy to see that, although the set of a-EDS weighted relations for a fixed
a would be different, this change would not affect the set of EDS weighted
relations. We opt for the shorter, albeit asymmetric, definition.

Definition 5.55. Let J be an instance of the GMC problem on vertices V'
and v a set function on V. For any o > 1, we say that J a-approximates
if, for all X C V,

J(X) <y(X)<a-J(X). (5.56)

A set function is a-approximable if there exists a GMC instance that
a-approximates it, and it is approximable if it is a-approximable for some
a > 1.

Theorem 5.56. Any a-EDS set function is approximable.

Proof. Let v be an a-EDS set function on [n] and 4 the corresponding n-ary
weighted relation. By Corollary 5.21, both Feas(v') and Opt(+’) are essentially
downsets (recall Definition 5.18). The rest of the proof relies only on this
property and does not depend on the value of . The intuition behind our
construction is that the downset in (5.8) can be represented by a superadditive
function on [n], while the binary equality relations can be represented by
edges.

There exist Apeas, Aopt  [n] (corresponding to coordinates 7(1), ..., 7(r’)
in (5.8)), downsets Speas C 247 S € 2400t (corresponding to downset p'),
and sets of pairs of distinct coordinates Efpeas, Fopt (corresponding to pairs
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{m(i),a;} fori € {r'+1,...,r}) such that | Apeas|+| Ereas| = |Aopt|+|Eopt| = n
and

Y(X) <00 <= XN Apeas € Speas A | X N {4, 5} # 1 for all {i,j} € Freas
(5.57)

Y(X) =0 <= X NAop €Sopt N |[XN{i, 5} #1forall {i,j} € Eop -
(5.58)

We construct an instance J of the GMC problem on vertices [n] as
follows. Let weas(i, ) = 00 if {i,j} € Ereas and wreas(?, 7) = 0 otherwise. Let
wopt(1,7) = 1if {1, j} € Eop and wop (4, j) = 0 otherwise. Then the weight of
edge (i,7) is w(i, j) = Wreas(%, J) + wopt (7, j). Let freas be a set function on [n]
defined by freas(X) = 0if X N Apeas € Sreas and freas(X) = 00 otherwise; freas
is superadditive because Speas is & downset. Let fou be a set function on [n]
defined by fopt(X) = 0if XNAopt € Sopt and fopt(X) = | XN Aopt| otherwise;
fopt 1s superadditive because Sop; is a downset. Then the superadditive
function defining instance J is f = freas + fopt-

By the construction, it holds v(X) < co <= J(X) < 0o and y(X) =
0 < J(X)=0. Moreover, for any X such that 0 < J(X) < oo, it holds
1 < J(X) < n. If the set

B={(X) | XC[n] A0<y(X)<oo} (5.59)

is empty, then instance J 1-approximates ~y; otherwise let by, bmax denote the
minimum and maximum of B. We scale the weights of the edges w and the
superadditive function f by a factor of by, /n to obtain an instance J’ such
that J'(X) < y(X) for all X. Instance J’ then (n - byax/bmin)-approximates
. [

To establish the tractability of infinite EDS languages, we need a better
bound on the approximability of a-EDS set functions than the one given in
Theorem 5.56. This is achieved in Theorem 5.58, which we prove using the
following technical lemma. We refer the reader to [38, Theorem 1.1} for an
example of the application of this proof technique in a simpler setting.

Lemma 5.57. Let v be an a-EDS set function on V' for some a« > 1. For
any distinct u,v € V', let T,y be a subset of V' such that ‘T{M} N {u, v}| =1.
Then, for any R C S CV, it holds

(S +2) S+ D v (Twy) | Z(R). (5.60)
|RN{u,v}|=1
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Proof. First, we show by induction that, for any X,Y;,... Y, C V, it holds

- (v(X) + Zv(Yz)) > 5 (X U 1@-) . (5.61)

For n = 1, this is equivalent to (5.54). As for the inductive step, assume that
(5.61) holds for n > 1. By the inductive hypothesis and (5.54), we get

. <7(X) + ZV(YJ) >a- (7 (X \ UY> +7(Yn+1)> (5.62)
>y (X\UY;) : (5.63)

If v(S) = oo, the inequality claimed by this lemma trivially holds. In
the rest of the proof, we assume v(S) < oco. For any u € R, v € S\ R, we
define a set T}, such that 77, N {u,v} = {v}: If v € Ty, let T, = Ty}
otherwise let T, = S\ T{y.}. We claim that

a - (V(S) +y (T{um})) > PY(Tz/w) . (5'64)

This is trivially true in the case of T, = T4}, and it follows from (5.54) in
the case of T, = S\ T{u,,}- By (5.64), it holds

o v Twn) 2D > 7 (Tuw) (5.65)

|[RN{u,v}|=1 ucRveS\R
Z > AT = RIS\ R|-4(S).  (5.66)
uER veES\R
For any u € R, let
w,=S\ |J Tu,. (5.67)
veS\R

By properties of 17, it holds u € W, C R. Moreover, we have

uv?

oV A (S) + D AT, | = (W) (5.68)
veS\R

by (5.61), which together with (5.66) gives us

S 3 (To) 2 s S — [RI-(S\ B+ 1)-1(5) (5.69)

|[RN{u,v}|=1 wER

> s 27— IS (S). (5.70)

uER
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As it holds |J,.p W. = R, we have

alftl (7(5) + Z’Y(Wu)> >(S\ R), (5.71)
and hence
> (Tw) 2 g AS\R) — (ISP +1)4(5). (572)
|RN{u,v}|=1

As it holds a- (7(S)+~(S\ R)) > ~v(R), this proves the claimed inequality. [

Theorem 5.58. Any a-EDS set function on'V is a2 (n3 + 2n)-approzimable,
where n = |V|.

Proof. Let v be an a-EDS set function on V' for some o« > 1. We construct
an instance J of the GMC problem on vertices V such that it a2 (n® + 2n)-
approximates . The weight of edge (u,v) is

w(u, v)

Let f be a set function on V' defined as

= 5 min{1(2) | ZCVAIZn{uo} =1} (573)

F(x) = X

= g, min{(IZP+2) v(2) [ X czCV). (7Y

We claim that f is a superadditive set function. As () = 0, it holds
f(@) = 0. Consider any disjoint X, Y C V and let Z O X UY be a minimiser
in (5.74) for f(XUY). It holds f(X) <|X|-(|Z]* +2)-v(Z)/ (n® + 2n) and
FY)<|Y|-(|Z?+2)-v(Z)/ (n* 4+ 2n), and hence

FX) 1 f(vy < 29V

< g, (2042 (2) = fXuY). (575)

The edge weights w and superadditive set function f define the GMC instance
J. Now we prove that it a"*2 (n3 4 2n)-approximates 7.

First, we show that J(R) < v(R) for all R C V. By (5.74), we have
f(R) < |R|- (|R]*+2)-vy(R)/ (n*+ 2n). For any edge (u,v) cut by R (i.e.
RN {u,v} = 1), it holds w(u,v) < y(R)/ (n®+ 2n) by (5.73), and hence
g(R) < |R|- |V \ R|-v(R)/ (n® + 2n). Together, this gives

R|-(|R*+ |V \ Rl +2)
n3 + 2n

J(R) = f(R) + g(R) <!

y(R) <v(R). (5.76)
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Second, we show that a"*2 (n3 +2n) - J(R) > v(R) for all R C V. For
R = (), the inequality holds, as J(0)) = (@) = 0. Otherwise, let S O R be a
minimiser in (5.74) for f(R), and T{,,} a minimiser in (5.73) for any edge
(u,v). It holds

(n® +2n) - f(R) = [R]- (IS]* +2) - 2(5) = (IS]* +2) -2(S)  (5.77)

(n*+2n)-gR) = > 7 (Tuw) . (5.78)
|[RN{u,v}=1|

and therefore, by Lemma 5.57, "2 (n3 +2n) - J(R) > al¥*2(n? 4 2n) -
J(R) > ~(R). O

Theorem 5.59. Any EDS language is globally s-tractable.

Proof. Let T' be an EDS language and o/ > 1 such that every weighted
relation in I' is o/-EDS. Without loss of generality, we may assume that
y (Oar(”) = 0 for every v € I', and hence identify weighted relations with
their corresponding set functions. Weighted relations in I' are of bounded
arity and therefore, by Theorem 5.58, there exists o such that every v € I is
a-approximable. We will denote by J, a GMC instance that a-approximates
.
Given a VCSP(I'") instance I with an objective function

A1, ) = Zwi (%), (5.79)
i=1

we denote by ¢; the corresponding set function and construct a GMC instance
J that a-approximates ¢;. For i € [g], we relabel the vertices of J,, to match
the variables in the scope x' of the ith constraint (i.e., vertex j is relabelled
to xz) and identify vertices in case of repeated variables. As the constraint is
weighted by a non-negative factor w;, we also scale the weights of the edges
of J,, and the superadditive function by w;. (Note that non-negative scaling
preserves superadditivity.) Instance J is then obtained by adding up GMC
instances J,, for all ¢ € [g].

Let x € D™ denote a surjective assignment minimising ¢}, X C [n] the
corresponding set {i € [n] | x; = 1}, Y C [n] an optimal solution to J, and
A= J(Y). Because J a-approximates ¢y, it holds

A< J(X) < 6r(X) < 61(Y) < a- J(Y) = ad, (5.80)

and hence X is an a-optimal solution to J. By Lemma 5.44, we can determine
whether A = 0, in which case any optimal solution to J is also optimal for
¢r; and whether A = co. If 0 < A < oo, we find all a-optimal solutions by
Theorem 5.50. [
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We now prove Theorem 5.13.

Proof. We only need to prove the theorem in the case of an EDS language
(whether I' or —=(I"), which is symmetric), as the remaining classes of globally
s-tractable languages include the constants pgy, p; and thus admit a polynomial-
delay algorithm using standard self-reduction techniques [30, 24].

Let I be an EDS language. As in the proof of Theorem 5.59, we may
assume that every weighted relation in I' assigns 0 as the minimum value.
Given an instance of VCSP4(I"), we can determine in polynomial time, by
Lemma 5.44, whether A =0, 0 < A < oo, or A = co. If A =0, then optimal
solutions incur the minimum value from every constraint. By applying Opt to
all constraints, we obtain a CSP instance invariant under min (by Lemma 5.9),
and hence are able to enumerate all optimal solutions with a polynomial delay
by the results in [30]. If 0 < A < oo, then the claim follows from the proof
of Theorem 5.59; moreover, the number of optimal solutions is polynomially
bounded (see Theorem 5.50). Finally, the case A = oo is trivial. ]
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Chapter 6

Conclusion

In Chapter 3, we showed that the Galois connection between weighted re-
lational clones and weighted clones established in [25] does not hold for
infinite languages and infinite sets of weightings. We modified the definition
of weighted (relational) clones by requiring them to be topologically closed,
and established a new Galois connection which applies to infinite sets as
well. We additionally required that weighted relational clones be closed under
operation Opt, which simplified the structure of weighted clones.

The algebraic approach has facilitated rapid progress in research on the
complexity of language-restricted VCSP. Hence, extending it to other variants
(such as the VCSP with global constraints, hybrid restrictions, or infinite
domains) would be helpful in classifying constraint languages in those settings
and lead to new insights. More generally, (weighted) polymorphisms may
have interesting applications for other problems as well, because the thesis
that symmetry enables efficient tractability is not limited to the (V)CSP only.

In Chapter 4, we classified all conservative languages with respect to
their tractability under the planarity structural restriction. Our classification
precisely matches the analogous result for general instances [73]; in other
words, every intractable conservative language remains NP-hard to solve
even when restricted to planar instances. On the other hand, there exist
intractable (non-conservative) Boolean languages that become solvable in
polynomial time under the planarity restriction. We proved a necessary
condition such languages must satisfy, thus generalising the condition of
Dvoiak and Kupec [41] for the crisp case. For languages satisfying our
condition, we showed a reduction to the edge VCSP over valuated delta-
matroids.

Generalising the algorithm of Kazda, Kolmogorov, and Rolinek [69] to the
case of valuated delta-matroids would prove the sufficiency of our condition
and complete the classification of the Boolean planar VCSP. Another potential
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direction for generalisation of this algorithm is to solve the edge CSP over
delta-matroids (as opposed to even delta-matroids), which would settle an
open question about the complexity of the CSP with fanout limitation posed
by Feder [45]. As for the planar (V)CSP on larger domains, a complete
classification seems elusive, especially due to the 4-colouring problem being
trivially tractable in consequence of the four colour theorem. However, it might
be feasible to classify languages on domains of size 3. Finally, structural
restrictions generalising planarity (e.g., graphs with a bounded genus or
even graph classes characterised by forbidden minors) might be tackled by
techniques developed for the planar setting. In particular, in the case of
the Boolean planar CSP, the planarity of an instance is utilised only in
the reduction to the edge CSP over even delta-matroids, which is tractable
without assuming planarity.

In Chapter 5, we classified all Boolean languages with respect to the
computational complexity of the corresponding surjective VCSP. We identified
a condition called EDS which characterises a new tractable class of languages
(i.e., those languages are trivially tractable if we allow non-surjective solutions
but require a non-trivial algorithm in the surjective setting). We showed
that, in contrast to tractable classes characterised by a multimorphism, EDS
languages do not exhibit compactness: There exists an (intractable) infinite
non-EDS language such that its every finite subset satisfies the EDS condition.
We established the tractability of EDS languages by a reduction to the
Generalised Min-Cut (GMC) problem, which further generalises the problem
introduced by Uppman [102], and an algorithm that finds all a-optimal
solutions to a GMC instance in polynomial time (for a fixed «).

The surjective VCSP over languages on larger domains captures some
simple-to-state problems whose complexity remains open, for example the
3-No-Rainbow-Colouring problem [7]. Hence, even a complete classification of
languages on domains of size 3 seems very challenging. On the other hand, it
might be feasible to identify a new tractable class analogous to EDS languages
which can be solved by a reduction to a generalisation of the minimum k-cut
problem for k > 3.
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