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Abstract: In this paper, we propose a distributed stochastic model predictive control (DSMPC) algorithm for a team of linear
subsystems sharing coupled probabilistic constraints. Each subsystem is subject to both parameter uncertainty and stochastic
disturbances. To handle the probabilistic constraints, we first decompose the state trajectory into a nominal part and an uncertain
part. The latter one is further divided into two parts: one is bounded by probabilistic tubes that are calculated offline by mak-
ing full use of the probabilistic information on disturbances, whereas the other is bounded by polytopic tubes whose scaling is
optimized online and whose facets’ orientations are chosen offline. Under the update strategy that only one subsystem is permit-
ted to optimize at each time step, probabilistic constraints are transformed into linear constraints, and the original optimization
problem is then formulated as a convex problem. In addition, this new algorithm does not rely on instantaneous inter-subsystem
exchanges of data during a time step, and therefore may have a relatively low susceptibility to communication delay. By con-
structing a decoupled terminal set for each subsystem, the proposed algorithm guarantees recursive feasibility with respect to
both local and coupled probabilistic constraints and ensures stability in closed-loop operation. Finally, numerical simulations
illustrate the efficacy of the theoretical results.
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1 Introduction

Distributed model predictive control (DMPC) has been
widely used in practical applications mainly due to its struc-
tural flexibility and capability to handle constraints, such
as formation control of multi-agent systems. Over the past
years, many important results of the deterministic system-
s have been proposed, and the guaranteed stability and the
online computation burden of DMPC have been particular-
ly addressed [1, 2]. However, for systems with parameter
uncertainty and stochastic disturbances, the research of DM-
PC is still in an embryonic stage, and lots of difficult but
rather important problems still remain to be solved. For ex-
ample, how to explicitly deal with parameter uncertainty and
stochastic disturbances in a less conservative method; how
to design the terminal set for each subsystem to formulate a
tractable optimization problem with a finite number of con-
straints.

To the best of our knowledge, all results on stochastic M-
PC (SMPC) accounting for both parameter uncertainty and
stochastic disturbances are only developed for a single sys-
tem [3, 4], and the results of DMPC are restricted to a group
of subsystems subject to a single uncertainty source. For the
case of a team of subsystems with stochastic disturbances, a
distributed robust MPC (DRMPC) algorithm was proposed
in [5], which can guarantee the recursive feasibility and sta-
bility of the overall system by using the constraint-tightening
method in [6]. It required that all subsystems must be opti-
mized and communicate with each other during each sam-
pling period, further resulting in excessive communication.
[7] improved the result in [5] and achieved a significant re-
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duction in communication cost by using the strategy that
only one subsystem is optimized at each time. Recently a
cooperative DSMPC method based on output feedback was
proposed in [8] which can guarantee the recursive feasibility
and the quadratic stability in the presence of disturbances.
By using the strategy in [7] and the probabilistic information
on disturbances, a set of deterministic constraints are con-
structed to ensure the satisfaction of coupled probabilistic
constraints. For the case of parameter uncertainty, [9] pro-
posed a DSMPC algorithm based on generalized polynomial
chaos expansions (GPCEs), which had no restrictions on the
distributions of the uncertainty. However, this approach may
involve too many constraints if one requires to provide high-
precision approximation.

Motivated by the discussion above, this paper considers
a more challenging problem of DSMPC for a group of lin-
ear subsystems subject to parameter uncertainty and stochas-
tic disturbances as well as coupled probabilistic constraints.
To make the optimization problem tractable in a distributed
manner, we adopt the update strategy of [7] that only one
subsystem is permitted to optimize at each time step. Fol-
lowing the method of [10], the uncertain part of the state
trajectory is decomposed into two parts: one is handled by
calculating a sufficient tightening margin offline by using the
distribution function on disturbances, whereas the other is
handled by using polytopic tubes with facets of fixed orien-
tation and online adjustable tube scalings. The main contri-
butions of the paper are summarized as follows: (i) By using
the tube methodology, we transform both local and coupled
probabilistic constraints into linear deterministic constraints
in a less conservative method, further leading to a convex
optimization problem, which can be efficiently solved. (ii)
Thanks to the distributed terminal sets designed offline, both
the recursive feasibility of the optimization problem and the
stability of the overall system are guaranteed. (iii) Exchange



of data with other subsystems is only required after one sub-
system optimization and therefore greater flexibility in com-
munications is offered.

The remainder of the paper is organized as follows. The
problem statement is presented in Section 2. Section 3
proposes a DSMPC algorithm, including probabilistic con-
straint handling strategy and construction of terminal sets,
and analyses the recursive feasibility and closed-loop sta-
bility. Section 4 demonstrates the effectiveness of our ap-
proach by one numerical simulation. Finally, the conclusion
is drawn in Section 5.

Notation. Let N , {0, 1, . . .}. For x ∈ Rn, xi denotes
the ith component of x. The inequality sign, absolute value
| · | and max operations apply elementwise to vectors. Pr{·}
denotes the probability and E[·] denotes the expectation. Let
B+
γ , {α | ||α||∞ ≤ γ, α ≥ 0}. For sets A and B, the

Cartesian product A×B is the set of all ordered pairs (a, b),
where a ∈ A and b ∈ B. 0 is the zero vector or zero ma-
trix whose elements are all zero and 1 is the vector whose
elements are all one.

2 Problem Statement

Consider a system of Np dynamically decoupled subsys-
tems with xp ∈ RNx,p , up ∈ RNu,p , and wp ∈ RNw,p ,

xp(k + 1) = Ap(k)xp(k) +Bp(k)up(k) + wp(k),

∀k ∈ N, p ∈ P , {1, 2, . . . , Np}. (1)

The disturbances wp(k), for k ≥ 0, are independent and
identically distributed (i.i.d.) and the elements of wp(k) are
zero-mean with known distributions satisfying wp ∈ Wp ,
{wp | |wp| ≤ αp}, where αp = [αp,1 αp,2 · · · αp,Nw,p ]

T >
0. Ap(k) and Bp(k) are defined by

[Ap(k) Bp(k)] = [A0
p B0

p ] +
L∑

j=1

[A
(j)
p B

(j)
p ]q

(j)
p (k), (2)

L∑
j=1

q
(j)
p (k) = 1, q

(j)
p (k) ≥ 0, (3)

where q
(j)
p (k) ∈ R, k ≥ 0, are i.i.d. random variables such

that E[
∑L

j=1[A
(j)
p B

(j)
p ]q

(j)
p (k)] = 0.

The predicted control input sequence is formulated as

up(k + i|k) = Kpxp(k + i|k) + cp(k + i|k), i = 0, 1, . . . ,

cp(k + i|k) = 0, i ≥ N, (4)

where cp(k + i|k), i = 0, 1, . . . , N − 1, are optimization
variables for some finite prediction horizon N . up = Kpxp

is assumed to stabilize subsystem (1) by choosing Kp offline.
The system is also subject to both local and coupled prob-

abilistic constraints

Pr{ηTp xp(k) ≤ hp} ≥ lp, ∀p ∈ P, (5)

Pr{
Np∑
p=1

µT
cpxp(k) ≤ bc} ≥ l̄c, ∀c ∈ C , {1, . . . , Nc}, (6)

where ηp, µcp ∈ RNx,p ; hp,bc ∈ R; lp ∈ [0, 1] and l̄c ∈ [0, 1]
are prescribed thresholds. Note that the hard constraints can
be treated as a special case of constraints (5)-(6) by setting
lp = l̄c = 1.

Before ending this section, three sets of [7] are introduced
to facilitate the problem formulation, which are defined as

Pc , {p ∈ P | µcp ̸= 0},
Cp , {c ∈ C | µcp ̸= 0},

Qp , (
∪
c∈Cp

Pc)\{p}.

3 DSMPC Algorithm

At time k, only subsystem pk is permitted to optimize for
a new perturbation sequence

cpk
(k) , [cTpk

(k) cTpk
(k + 1|k) · · · cTpk

(k +N − 1|k)]T .

Meanwhile, all other subsystems p ̸= pk adopt the feasible
perturbation sequences

c̃p(k) , [cTp (k|k − 1) · · · cTp (k +N − 2|k − 1) 0]T .

To construct an implementable optimization problem, a s-
trategy to handle the probabilistic constraints is first investi-
gated.

3.1 Probabilistic Constraint Handling Strategy
To facilitate constraint handling, the state trajectory pre-

dicted at time k is split into two parts

xp(k + i|k) = zp(k + i|k) + ep(k + i|k), (7)
zp(k + i+ 1|k) = Ψ0

pzp(k + i|k) +B0
pcp(k + i|k), (8)

ep(k + i+ 1|k) = Ψp(k + i|k)ep(k + i|k) + Ψ̄p(k + i|k)
×zp(k + i|k) + B̄p(k + i|k)cp(k + i|k) + wp(k + i|k) (9)

with Ψ0
p = A0

p + B0
pKp, Ψp(k + i|k) = Ap(k + i|k) +

Bp(k + i|k)Kp, Ψ̄p(k + i|k) = Ψp(k + i|k) − Ψ0
p, and

B̄p(k + i|k) = Bp(k + i|k) − B0
p . The constraints (5)-(6)

can now be expressed as

Pr{ηTp zp(k + i|k) + ηTp ep(k + i|k) ≤ hp} ≥ lp, (10)

Pr{
Np∑
p=1

[µT
cpzp(k + i|k) + µT

cpep(k + i|k)] ≤ bc} ≥ l̄c.(11)

Following [10], ep(k + i|k) is further split into two parts

ep(k + i|k) = εp(k + i|k) + ζp(k + i|k), (12)
εp(k + i+ 1|k) = Ψ0

pεp(k + i|k) + wp(k + i|k), (13)

ζp(k + i+ 1|k) = Ψp(k + i|k)ζp(k + i|k) + Ψ̄p(k + i|k)
×zp(k + i|k) + B̄p(k + i|k)cp(k + i|k)
+Ψ̄p(k + i|k)εp(k + i|k), (14)

with εp(k) = 0 and zp(k) + ζp(k) = xp(k). After the
decomposition, the two components of ep in (10)-(11) can
be treated separately in two steps.

Step One: Handle εp using the distribution function of
wp. Since the evolution of εp in (13) is described by a linear
time-invariant system with disturbance, as in [8] and [12],
the conditions which ensure the satisfaction of probabilistic
constraints (10)-(11) are given below.



Theorem 1 For subsystem p, the satisfaction of (10)-(11) is
guaranteed, if cp(k) and zp(k) satisfy the recursively feasi-
ble constraints, for i = 1, 2, . . .,

ηTp H
i
pcp(k) + ηTp (Ψ

0
p)

izp(k) + ηTp ζp(k + i|k) ≤ hp − βi
p,

(15)
µT
cpH

i
pcp(k) + µT

cp(Ψ
0
p)

izp(k) + µT
cpζp(k + i|k) +∑

q∈Pc\{p}

[µT
cqH

i
qc

∗
q(k) + µT

cq(Ψ
0
q)

iz∗q (k) + µT
cqζq(k + i|k)]

≤ bc − κi
c, ∀c ∈ Cp, (16)

where Hi
p = [(Ψ0

p)
i−1B0

p (Ψ0
p)

i−2B0
p · · · B0

p 0 · · · 0].
βi
p and κi

c, respectively, are the maximum elements of the ith
column of 

γ1
p γ2

p γ3
p · · ·

0 γ1
p + a1p γ2

p + a2p · · ·
0 0 γ1

p + a1p + a2p · · ·
...

...
...

. . .

 , (17)


ξ1c ξ2c ξ3c · · ·
0 ξ1c + d1c ξ2c + d2c · · ·
0 0 ξ1c + d1c + d2c · · ·
...

...
...

. . .

 , (18)

with

aip = max
wp∈Wp

ηTp (Ψ
0
p)

iwp = |ηTp (Ψ0
p)

i|αp,

dic = max
wp∈Wp

Np∑
p=1

µT
cp(Ψ

0
p)

iwp =

Np∑
p=1

|µT
cp(Ψ

0
p)

i|αp.

γi
p and ξic are the minimum values such that, for i = 1, 2, . . .,

Pr{ηTp (Ψ0
p)

i−1wp(k) + ηTp (Ψ
0
p)

i−2wp(k + 1|k) + . . .

+ηTp wp(k + i− 1|k) ≤ γi
p} = lp, (19)

Pr{
Np∑
p=1

[µT
cp(Ψ

0
p)

i−1wp(k) + µT
cp(Ψ

0
p)

i−2wp(k + 1|k) + . . .

+µT
cpwp(k + i− 1|k)] ≤ ξic} = l̄c. (20)

Proof. By iteration of (8) and (13), the predictions at time
k are made as follows

zp(k + i|k) = (Ψ0
p)

izp(k) +Hi
pcp(k), (21)

εp(k + i|k) = (Ψ0
p)

i−1wp(k) + (Ψ0
p)

i−2wp(k + 1|k) + . . .

+wp(k + i− 1|k). (22)

Substituting them into (10)-(11) and combining the defini-
tions of γi

p and ξic in (19)-(20), we conclude that if βi
p and κi

c

in (15)-(16) are replaced by γi
p and ξic in the first row of the

matrices (17)-(18) respectively, then (15)-(16) can guarantee
that (10)-(11) are satisfied at time k. However, since γi

p and
ξic are computed based on the information available at time
k, this cannot guarantee the future feasibility.

To ensure the recursive feasibility, consider the prediction
of (13) at time k + j

εp(k + j + i|k + j)

= (Ψ0
p)

iεp(k + j) + (Ψ0
p)

i−1wp(k + j) + . . .

+wp(k + j + i− 1|k + j). (23)

Note that, at time k + j, εp(k + j) cannot be treated as a
random variable. Therefore, when computing the distribu-
tion of εp(k+ j+ i|k+ j), we must consider the worst-case
value for εp(k + j) over the class of allowable uncertainty

max
wp∈Wp

ηTp (Ψ
0
p)

iεp(k + j) =

i+j−1∑
t=i

atp, (24)

max
wp∈Wp

Np∑
p=1

µT
cp(Ψ

0
p)

iεp(k + j) =

i+j−1∑
t=i

dtc. (25)

The ith elements of the (j+1)th rows of (17)-(18) are the pre-
dicted values of ηTp εp(k+ j+ i|k+ j) and

∑Np

p=1 µ
T
cpεp(k+

j+i|k+j), which are obtained by considering the worst-case
values for ηTp (Ψ

0
p)

iεp(k+ j) and
∑Np

p=1 µ
T
cp(Ψ

0
p)

iεp(k+ j).
Therefore, the satisfaction of probabilistic constraints (5)-

(6) and the recursive feasibility are guaranteed, if βi
p and κi

c

are selected as the maximum elements of the ith columns of
(17)-(18), respectively.

In (16), note that cq(k) and zq(k), q ∈ Qp, are not affect-
ed by the optimization variables, so they can be treated as
fixed values, denoted by c∗q(k) and z∗q (k).

Lemma 1 [12] The sequences {β1
p , β

2
p , . . .} and

{κ1
c , κ

2
c , . . .} are monotonically non-decreasing and

converge to β̄p and κ̄c respectively. Furthermore, the
arbitrarily tight upper bounds on β̄p and κ̄c are given as

β̄p ≤ γ1
p +

vp−1∑
j=1

ajp +
ρ
vp
p

1−ρp
∥ ηp ∥Sp , ∀p ∈ P, (26)

and

κ̄c ≤ ξ1c +
µc−1∑
i=1

dic +
Np∑
p=1

ρµc
p

1−ρp
∥ µcp ∥Sp , ∀c ∈ C, (27)

for any integers vp > 1 and µc > 1. The parameters ρp and
Sp are defined as the solution of a semidefinite program (see
[12]).

Step Two: Handle ζp using polytopic tubes. In this step,
a polytopic tube with bounded facets of fixed orientation is
constructed online to bound ζp [11]. The cross-section of the
tube is parameterized in the form

{ζp(k + i|k) | Vpζp(k + i|k) ≤ θp(k + i|k)}, i ≥ 0, (28)

where Vp ∈ RNv,p×Nx,p is chosen offline and θp ∈ RNv,p is
optimized online.

Theorem 2 For any ζp(k+ i|k) ∈ {ζ | Vpζ ≤ θp(k+ i|k)},
a necessary and sufficient condition for Vpζp(k+ i+1|k) ≤
θp(k+i+1|k) is that for i = 0, 1, . . ., there exist nonnegative
matrices M (j)

p ≥ 0, j = 1, 2, . . . , L, satisfying

M (j)
p Vp = Vp(Ψ

0
p +Ψ(j)

p ), (29)

M (j)
p θp(k + i|k) + VpΨ

(j)
p zp(k + i|k) + VpB

(j)
p cp(k + i|k)

+d(j)p (i) ≤ θp(k + i+ 1|k), (30)

where d
(j)
p (i) = maxwp∈Wp VpΨ

(j)
p εp(k + i|k).

Proof. From (14) and Proposition 3.31 in [13], it is easy
to obtain (29)-(30).



Remark 3.1 For each vertex j = 1, 2, . . . , L, the sequence
{d(j)p (0), d

(j)
p (1), . . .} converges to a limit d̄(j)p . The arbi-

trarily close upper bound on d̄
(j)
p can be computed by

d̄
(j)
p ≤

τ−1∑
l=0

b
(j)
p (l) +

ρτ
p

1−ρp
∥(VpΨ

(j)
p )T ∥Sp , (31)

where b
(j)
p (l) = maxwp∈Wp VpΨ

(j)
p (Ψ0

p)
lwp and τ is any

given integer.

Theorem 3 reformulates (15)-(16) as linear constraints by
using the definition of tube cross-section (28).

Theorem 3 For any ζp(k+ i|k) ∈ {ζ | Vpζ ≤ θp(k+ i|k)},
(15)-(16) for i = 1, 2, . . . are satisfied if and only if there
exist nonnegative matrices Mp ≥ 0 and Mcp ≥ 0 satisfying

MpVp = ηTp , (32)

Mpθp(k + i|k) + βi
p + ηTp H

i
pcp(k) + ηTp (Ψ

0
p)

izp(k) ≤ hp,

(33)
McpVp = µT

cp, (34)

Mcpθp(k + i|k) + κi
c + µT

cpH
i
pcp(k) + µT

cp(Ψ
0
p)

izp(k) +∑
q∈Pc\{p}

[µT
cqH

i
qc

∗
q(k) + µT

cq(Ψ
0
q)

iz∗q (k) +Mcqθ
∗
q (k + i|k)]

≤ bc, ∀c ∈ C. (35)

In (35), θq(k + i|k) can also be regarded as a fixed val-
ue. To relax constraints (30), (33), and (35) applied online,
M

(j)
p , Mp, and Mcp can be calculated offline as the solutions

of the linear programmings [11]

(M (j)
p )i = arg min

mT
{1Tm | mTVp = (Vp)i(Ψ

0
p +Ψ(j)

p ),

m ≥ 0}, (36)
Mp = arg min

mT
{1Tm | mTVp = ηTp , m ≥ 0}, (37)

Mcp = arg min
mT

{1Tm | mTVp = µT
cp, m ≥ 0}, (38)

where (M)i is the ith row of matrix M .

3.2 Construction of Terminal Sets
To use an infinite prediction horizon cost but keep a finite

number of constraints, zp(k+N1|k) and θp(k+N1|k), N1 >
N , will be bounded to lie in some terminal set. By requiring
zp(k +N |k) ∈ χ0

p, where χ0
p is a robust positively invariant

set for zp(k + 1) = Ψ0
pzp(k) + (Ψ0

p)
Nwp(k), zp(k +N1|k)

will enter a smaller set χl
p , (Ψ0

p)
lχ0

p, l = N1 −N . Based
on it, Theorem 4 designs a terminal set for θp(k +N1|k).

Theorem 4 Define v̄
(j)
p,l = maxzp∈χl

p
{VpΨ

(j)
p zp}, f̄p,l =

maxzp∈χl
p
{ηTp zp}, and f̄cp,l = maxzp∈χl

p
{µT

cpzp}. If θ̄p
satisfies

θ̄p ≥
max

j
(∥v̄(j)p,l ∥∞ + ∥d̄(j)p ∥∞)

1−max
j

∥M (j)
p ∥∞

, (39)

θ̄p ≤ hp − β̄p − ∥f̄p,l∥∞
∥Mp∥∞

, (40)

Np∑
p=1

∥Mcp∥∞θ̄p ≤ bc − κ̄c −
Np∑
p=1

∥f̄cp,l∥∞, (41)

then χl
p × B+

θ̄p
is an invariant set with respect to

zp(k + i+ 1|k) = Ψ0
pzp(k + i|k), (42)

θp(k + i+ 1|k) = max
j

{M (j)
p θp(k + i|k) + d(j)p (i) +

VpΨ
(j)
p zp(k + i|k)}, i ≥ N1, (43)

and constraints (33) and (35) are satisfied in χl
p × B+

θ̄p
.

Due to space limitations, the proof of Theorem 4 is omit-
ted here. In Theorem 4, (39) ensures that the set χl

p ×B+
θ̄p

is
invariant for the dynamics given in (42)-(43) and (40)-(41)
are conditions of θ̄p corresponding to the local constraint
(33) and the coupled constraint (35) respectively.

3.3 Optimization Problem Formulation and Distribut-
ed Implementation Algorithm

Define the cost function in terms of the nominal state as

Jk
p =

∞∑
i=0

[∥zp(k + i|k)∥2Qp
+ ∥Kpzp(k + i|k)+

cp(k + i|k)∥2Rp
], (44)

where the weighting matrices Qp and Rp are symmetric
positive-definite. Lemma 2 states that (44) can be rewritten
as a quadratic function of the optimization variables.

Lemma 2 Let Wp be the solution of

Wp −
[

Ψ0
p B0

pEp

0 Tp

]T
Wp

[
Ψ0

p B0
pEp

0 Tp

]
= Q̄p, (45)

where Tp is a matrix with the identity ma-
trix on its super-diagonal blocks and zeros
elsewhere, Ep =

[
I 0 · · · 0

]
, Q̄p =[

Qp +KT
p RpKp KT

p RpEp

ET
p RpKp ET

p RpEp

]
, then we have

Jk
p =

∥∥∥∥[ zp(k)
cp(k)

]∥∥∥∥2
Wp

. (46)

Proof. Pre- and post- multiplication of (45) by [zTp (k +

i|k) cTp (k + i|k)] and [zTp (k + i|k) cTp (k + i|k)]T and then
summing over i = 0, 1, . . . will lead to (46).

The MPC optimization problem Pp(xp(k);Z
∗
p (k)) can

now be formulated as follows.

min
cp(k),zp(k),θp(k|k),...,θp(k+N1|k)

Jk
p =

∥∥∥∥[ zp(k)
cp(k)

]∥∥∥∥2
Wp

s.t.
Vp(xp(k|k)− zp(k|k)) ≤ θp(k|k), xp(k|k) = xp(k) (47)
∀i ∈ {0, 1, . . . , N1 − 1}, ∀j ∈ {1, 2, . . . , L} :

zp(k + i+ 1|k) = Ψ0
pzp(k + i|k) +B0

pcp(k + i|k) (48)

M (j)
p θp(k + i|k) + VpΨ

(j)
p zp(k + i|k) +

VpB
(j)
p cp(k + i|k) + d(j)p (i) ≤ θp(k + i+ 1|k) (49)



∀i ∈ {1, 2, . . . , N1 − 1} :

Mpθp(k + i|k) + βi
p + ηTp H

i
pcp(k) +

ηTp (Ψ
0
p)

izp(k) ≤ hp (50)

Mcpθp(k + i|k) + κi
c + µT

cpH
i
pcp(k) + µT

cp(Ψ
0
p)

izp(k) +∑
q∈Pc\{p}

[µT
cqH

i
qc

∗
q(k) + µT

cq(Ψ
0
q)

iziq
∗
(k) +

Mcqθ
∗
q (k + i|k)] ≤ bc, ∀c ∈ Cp (51)

zp(k +N |k) ∈ χ0
p (52)

∥θp(k +N1|k)∥∞ ≤ θ̄p. (53)

c∗q(k), z
i
q
∗
(k), and θ∗q (k + i|k) in (51) can be constructed

by iteration of (54)-(57) with the optimal solutions c∗q(k̂q),
ziq

∗
(k̂q) = z∗q (k̂q), and θ∗q (k̂q + i|k̂q), i = 0, 1, . . . , N1, of

subsystems q ∈ Pc \ {p} at their last update step k̂q ,

c∗q(k) = Tqc
∗
q(k − 1), (54)

ziq
∗
(k) = zi+1

q

∗
(k|k − 1) + sgn(µT

cq(Ψ
0
q)

i)T · αq, (55)
θ∗q (k + i|k) = θ∗q (k + i|k − 1), i = 0, 1, . . . , N1 − 1,(56)

θ∗q (k +N1|k) = max
j

{M (j)
q θ∗q (k − 1 +N1|k − 1) +

VqΨ
(j)
q z∗q (k − 1 +N1|k − 1) + d(j)q (N1)},(57)

where for x, y ∈ Rn, sgn(x) = [sign(x1) · · · sign(xn)]
and x · y = [x1y1 x2y2 · · · xnyn]

T .
The distributed algorithm can now be summarized below.

Algorithm 1.
1) Initialization: Wait for a feasible solution and information

Z∗
p (0) for each p ∈ P . If a solution cannot be found, stop.

2) All subsystems p: Apply u∗
p(k) = Kpxp(k) + c∗p(k).

3) All subsystems p: Update k and sample states xp(k).
4) Subsystem p = pk:

a) Solve PD
p (xp(k);Z

∗
p (k)) to obtain {cp(k), zp(k),

θp(k|k), θp(k + 1|k), . . . , θp(k +N1|k)}.
b) Transmit it to subsystems q ∈ Qp.
c) Set k̂p = k.

Subsystems p ̸= pk: Construct cp(k) = T
k−k̂p
p cp(k̂p).

5) Go to step 2).
Different from [8], here the exchange of information is

only required when a subsystem is optimized for a new so-
lution.

3.4 Main Results
Theorem 5 If there exists a feasible solution for subsystem
p ∈ P to the optimization problem Pp(xp(k0);Z

∗
p (k0)) at

the initial time, and the system is controlled by Algorithm
1, then the MPC optimization problem is recursively feasi-
ble. Moreover, the MPC control law converges to the uncon-
strained optimal control law as k → ∞.

Proof. At time k0, the feasible solution for subsystem
p ∈ P is assumed to be

{cp(k0), zp(k0), θp(k0|k0), θp(k0 + 1|k0), . . . ,
θp(k0 +N1|k0)}.

Next, we will show that

{Tpcp(k0), zp(k0 + 1|k0) + wp(k0), θp(k0 + 1|k0), . . . ,
θp(k0 +N1|k0),max

j
{M (j)

p θp(k0 +N1|k0) +

VpΨ
(j)
p zp(k0 +N1|k0) + d(j)p (N1)}} (58)

is a feasible solution at time k0 + 1.
From the fact that ζp(k0 +1|k0) = xp(k0 +1)− zp(k0 +

1|k0) − εp(k0 + 1|k0), (47) is satisfied at time k0 + 1. The
constraints (48) and (49)-(50) for i = 0, 1, . . . , N1 − 2

are satisfied directly at time k0 + 1. Since d
(j)
p (N1) ≥

VpΨ
(j)
p (Ψ0

p)
N1−1wp(k0)+d

(j)
p (N1−1) and βN1

p ≥ βN1−1
p +

ηTp (Ψ
0
p)

N1−1wp(k0), (49)-(50) also hold for i = N1 − 1.
With similar argument, from κi+1

c = κi
c + dic, (51) is sat-

isfied at time k0 + 1. From the definitions of χ0
p and B+

θ̄p
,

we can verify that the terminal constraints (52)-(53) are sat-
isfied at time k0 + 1. Hence the candidate solution (58) is a
feasible solution to Pp(xp(k0 +1);Z∗

p (k0 +1)). The recur-
sive feasibility of Pp(xp(k);Z

∗
p (k)) follows immediately by

recursion.
The recursive feasibility implies that the sequence

{cp(0), cp(1), . . .} is in l2, and therefore cp(k) tends to ze-
ro as k → ∞. As a consequence, the MPC control law
converges asymptotically to the unconstrained optimal con-
trol law up(k) = Kpxp(k) which can stabilize the subsys-
tem (1) by assumption, and meanwhile the state of each sub-
system converges asymptotically to a set of states in which
probabilistic constraints are satisfied by applying the uncon-
strained optimal control law.

4 Numerical Example

The system of three subsystems is defined by

A0
p =

[
1.6 1
−0.5 1.2

]
, B0

p =

[
1
1

]
,

A(1)
p =

[
0.05 −0.15
−0.01 0.01

]
, B(1)

p =

[
−0.05
0.05

]
,

A(2)
p = −A(1)

p , B(2)
p = −B(1)

p .

q
(1)
p (k) is a random variable uniformly distributed over [0, 1]

and q
(2)
p (k) = 1− q

(1)
p (k). Each element of wp is truncated

from a normal distribution with mean zero and variance 1
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and satisfies ∥wp∥∞ ≤ 0.12. The constraint parameters are
given by

ηp,1 = [0.8 − 0.2]T , hp,1 = 2.1, lp,1 = 0.8;

ηp,2 = [−0.8 − 0.2]T , hp,2 = 2.5, lp,2 = 0.8;

µ1p = [0.8 − 0.2]T , b1 = 5.5, l̄1 = 0.8.

Choose Qp = [1 0.3]T [1 0.3], Rp = 0.1, N = 4,
N1 = 7, and Nv,p = 8. The update sequence adopted is
{1, 2, 3, 1, 2, 3, . . .}.

For the initial condition x1(0) = [3.5 − 3.5]T , x2(0) =
[3.4 − 3.45]T , and x3(0) = [3.5 − 3.25]T , Fig. 1-Fig. 4
respectively show the evolution of xp(k) for each subsystem
and

∑3
p=1 xp(k) by applying Algorithm 1 and the uncon-

strained optimal control for 100 Monte Carlo simulations.
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Fig. 1: Closed-loop response of subsystem 1 under Algorithm 1 (left) and
unconstrained optimal control (right) for 100 realizations of uncertainty.
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Fig. 2: Closed-loop response of subsystem 2 under Algorithm 1 (left) and
unconstrained optimal control (right) for 100 realizations of uncertainty.
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Fig. 3: Closed-loop response of subsystem 3 under Algorithm 1 (left) and
unconstrained optimal control (right) for 100 realizations of uncertainty.

Under the unconstrained optimal control, the violation
probabilities of both local and coupled probabilistic con-
straints are 100% at time k = 1. While under Algorithm
1, 5.1%, 1%, and 2.5% of the same uncertainty realization-
s violate the local constraints of subsystems 1, 2, and 3 at
time k = 1, and the coupled constraint is violated with a
probability of 5.3%.
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Fig. 4: Evolution of coupled state
∑3

p=1 xp(k) under Algorithm 1 (left)
and unconstrained optimal control (right) for 100 realizations of uncertainty
of each subsystem.

5 Conclusion

By using the tube methodology, a DSMPC algorithm is
proposed for multiple subsystems subject to parameter un-

certainty and disturbances as well as coupled probabilistic
constraints. we divide the uncertain component of the state
trajectory into two parts and deal with them separately in
two steps: one part with respect to disturbances is first con-
strained to lie in probabilistic tubes which are derived of-
fline from the distribution of disturbances; the other part is
then constrained to lie in polytopic tubes with facets of fixed
orientation determined offline, and the cross-section of the
tube is determined online. By applying the update strate-
gy that only one subsystem is optimized at each time step,
the coupled probabilistic constraints are satisfied in a dis-
tributed manner. The formulated MPC optimization prob-
lem for each subsystem is a convex optimization, which can
be effectively solved by many available methods. The pro-
posed algorithm guarantees the satisfaction of probabilistic
constraints, and ensures the recursive feasibility and the sta-
bility. A numerical example is given to illustrate the efficacy
of the algorithm.
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