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Abstract

The main subject of this thesis is the effective resistance — a measure of

distance between the nodes of a graph which reflects how close or well-

connected two nodes are, taking into account all paths between them and

their interconnections.

The effective resistance has many other properties, however, and the con-

tribution of this thesis is twofold. First, we provide a self-contained and

unified exposition of some important but not well-known results on the

effective resistance: the Fiedler–Bapat identity between Laplacian and

resistance matrices and the graph–simplex correspondence. Second, we

introduce and study two new applications of the effective resistance: a

distance-based measure of variance for distributions on the nodes of a

graph, and two resistance-based graph invariants p and σ2 which we in-

terpret in the context of discrete curvature.

These contributions are unified in their geometric perspective on the ef-

fective resistance — ranging from the celebrated concept of resistance dis-

tance, to the lesser-known but far-reaching relation to simplex geometry

and finally, a newly discovered relation to discrete curvature.

While the focus lies on developing the mathematical theory of effective

resistances in a unified matrix-theoretic language, we also discuss many

examples and some applications. In particular, the proposed measures of

variance and covariance are readily applicable in practice to study func-

tional data (signals, distributions, etc.) defined on graphs.

We hope that the exposition in this thesis will enable and stimulate further

research on this fascinating subject and in particular on the theory of the

resistance-based graph invariants p and σ2, the full depths of which still

remain to be explored.
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Chapter 1

Introduction

1.1 Graphs and networks

A graph, or network, is a simple mathematical object that consists of nodes and links

that connect pairs of nodes. Typically these are drawn using dots and lines, giving

rise to figures that probably look familiar to many, such as Figure 1.1.

Figure 1.1: A network of mathematical concepts and their relations (see Chapter 5).

But why do graphs look so familiar? In the preface of his now-famous textbook

on graph theory, Frank Harary remarked that “[i]t has become fashionable to men-

tion that there are applications of graph theory to some areas of physics, chemistry,

communication science, computer technology, electrical and civil engineering, archi-

tecture, operational research, genetics, psychology, sociology, economics, anthropology,

and linguistics” [123, p. v]. In other words, graphs are everywhere! This was in 1969,

and five decades later such statements — often including an even longer list — are

still fashionable. This variety of disciplines and applications, loosely related by their

common methodology of describing a system’s connections as a graph, has since then

1



developed into a new field of study called ‘network science’ [184], complete with its

own conferences, journals, institutes and graduate programs.

In parallel with the growth of network science, there has been a continuous devel-

opment of new concepts, tools and ideas on how to analyse graphs. We may note, for

instance, that some of the tools developed in this interdisciplinary field have likely

been instrumental in the response to the recent COVID-19 pandemic, and they could

play a similar important role in the other systemic challenges we face in the next few

decades. Partly, these tools are borrowed from graph theory and other disciplines such

as dynamical systems, statistical physics, probability and linear algebra, but working

with large, heterogeneous and generally messy real-world networks often requires the

development of new ideas or a reconceptualization of old ones. The contributions of

this thesis are an attempt at interfacing between these two sides: the mathematics of

graph theory and the questions arising from applications. The first three chapters,

Chapters 2–4, focus on developing the theory of ‘effective resistances’ in graphs while

Chapters 5 and 6 pay more attention to showing examples, developing a conceptual

understanding and proposing some new tools to study graphs and associated data.

As network scientists and engineers come up with new ways to use graphs, the

mathematical theory of graphs has of course not been standing still. Harary’s pref-

ace continues: “The theory [of graphs] is also intimately related to many branches of

mathematics, including group theory, matrix theory, numerical analysis, probability,

topology, and combinatorics” [123, p. v]. Again, this is even more so the case today

with results like Szemerédi’s regularity Lemma [150], to name but one, having per-

colated through many fields of mathematics. One particular branch that might be

added to Harary’s list and that will be considered in this thesis is geometry. Geomet-

ric graph theory can refer to “a large, amorphous body of research” according to [190,

p. 1], including topics like straight-line embeddings of graphs [190] (the rigid cousin of

topological embeddings [178]), geometric representations of graphs [164], random ge-

ometric graphs [195], distances and metrics on graphs [39, 102] and discrete curvature

[26, 183, 199], with numerous related applications [27, 35, 121, 152, 187, 223, 255].

In other words, there is at present no one unified geometric theory of graphs,

but the connections are myriad (see also [164, Ch. 20] and [27]). As suggested by

the title, this thesis attempts to further add to this amorphous body of research

on graph geometry. In particular, we discuss three geometric perspectives on graphs

that follow from the ‘effective resistance’: we study the effective resistance as a metric

between the nodes of a graph and discuss some applications, we study the geometric

characterization of weighted graphs as hyperacute simplices and thirdly, we propose
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a new notion of discrete curvature based on the effective resistance. The specifics

of these perspectives are further detailed in the contributions section below and, of

course, in the respective chapters.

1.2 The effective resistance

The second giveaway of the title is that this thesis deals with the concept of effec-

tive resistance — this will be the main lens through which we will look at graphs.

The effective resistance is a measure of distance between the nodes of a graph and

reflects how close or well-connected two nodes are based on the different paths that

run between them and their interconnections. While originally defined as a tool for

electrical circuit analysis and design, the effective resistance can be seen as a purely

graph-theoretic concept with a rich theory independent of its original applied context.

Our focus will be on the matrix-theoretic and geometric properties of the effective

resistance, but we stress that this is just one of the many different perspectives.

The list below provides an overview of these perspectives, most of which will not be

discussed any further.

• Electrical circuits: As noted, the effective resistance originated in the context

of electrical circuit analysis and is discussed in most textbooks on this subject.

Relevant references are the broader mathematical theory of electrical circuits

[6, 79, 260], Kirchhoff’s original analysis of electrical circuits [143, 144], and the

algebraic (potential) theory of electrical circuits [23]. Some important results

on the effective resistance that stem from this context are Thomson’s principle

and Rayleigh monotonicity (see e.g. [168]).

• Random walks: A standard reference work on the relation between electrical

circuits, effective resistance and graphs is the monograph of Doyle and Snell

[80] and we also recommend Tetali’s work [236]. Other relevant references are

the surveys [169, 192], the early contributions by Nash-Williams [224], and the

work of Chandra et al. [46].

• Topology and combinatorics: In a first encounter with the effective resis-

tance, one often learns that the effective resistance is calculated by repeatedly

making small local changes to an electrical circuit — series, parallel and Y −∆

transformations1 — until only a single resistor is left with the sought-after ef-

1Usually, removing degree-one nodes and self-loops are also counted among the electrical trans-
formations [59].
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fective resistance. This procedure works in the case of planar graphs [86] and

a more general study of the combinatorics of these electrical transformations

and their relation to topology can be found in [47, 59, 63]. See also the seminal

work of Tutte et al. on square tilings of rectangles [37].

• Spanning trees: The relation between spanning trees and electrical circuits

traces back to the original work of Kirchhoff, with the celebrated matrix–tree

Theorem as an important exponent [22, 23]. The relation between effective

resistance and (random) spanning trees (Theorem 2.13) is generalized in the

far-reaching transfer-current Theorem [41] which in turn is part of the theory

of determinantal point processes [167]. There is also a strong relation between

spanning trees, effective resistances and computational problems on graphs [82,

171, 218]. An important practical consequence is that the effective resistance

can be approximated efficiently, as discussed in Section 2.3.2.

• Matrix theory: Detailed references on the matrix theory of effective resis-

tances will appear throughout the thesis. The basic references are Fiedler’s and

Bapat’s books [11, 96] and further relevant works are [232, 264].

• Metrics and geometry: One of the celebrated properties of the effective

resistance is that it is a metric between the nodes of a graph. This was dis-

covered independently by Gvishiani & Gurvich [117, 119] and Klein & Rand́ıc

[146, 149] and is implicit in the ‘no-amplification property’ in electrical circuit

analysis [214, Eq. 6], [236]. Geometrically, the effective resistance gives rise to a

simplicial embedding of graphs which was discovered independently by Fiedler

[92, 96] and Subak-Sharpe & Moore [179, 214]. Detailed references are given in

Chapter 4.

• Chemical graph theory: In mathematical chemistry, the structure of chemi-

cal compounds is sometimes modeled using graphs, and various graph invariants

are studied in relation to chemical properties. The effective resistance has a long

history in this context, in particular with a focus on the Kirchhoff index (Defi-

nition 3.4) as a resistance-based graph invariant [18, 118, 149, 191, 240].

• Robustness: The effective resistance and in particular the Kirchhoff index

have been linked to various notions of ‘robustness’ of graphs. The relation to

“structural robustness” of networks is treated for instance in [85, 104] while the

relation to “dynamical robustness” is considered in [243, 244, 265].
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• Generalizations: The concept of effective resistance can be generalized in a

number of ways. First, the classical theory of passive electrical circuits also

comprises reactive elements (inductors and capacitors) in addition to resistors.

In these circuits, the effective impedance describes a frequency-dependent trans-

fer function between the (alternating) current and voltage between two points

in the circuit [6, 78]. The effective resistance has furthermore been generalized

to other structures such as directed graphs [266], simplicial complexes [151], cel-

lular sheaves [122], infinite graphs [80, 237] and fractals [142]. As a metric, the

effective resistance is generalized by strict negative type metrics as discussed in

detail in Chapter 4.

While this variety of contexts and approaches may pose some problems in terms of

translating and communicating new results between the different research communi-

ties involved, it mainly enriches the theory of effective resistances by making available

a broad set of tools and concepts.

1.3 Contributions and outline

The contribution of this thesis is twofold. First, in Chapters 1–4 we provide a self-

contained, unified and detailed introduction to the effective resistance and a number

of important but not widely known results. Second, in Chapters 5 and 6 we discuss

two new applications of effective resistances: we propose a measure of (co)variance

for distributions on a graph and study its properties, and we study two graph-based

invariants p and σ2 and their relation to discrete curvature. The specific contributions

and new results are summarized in the statement of originality.

The outline below details the most important results (both known and new) dis-

cussed in each of the chapters.

Chapter 2 starts by introducing the relevant mathematical objects.

We pay particular attention to the (combinatorial) Laplacian matrix Q, its Moore–

Penrose pseudoinverse Q† and their properties. Definition (2.8) introduces the effec-

tive resistance ωij and we discuss a number of aspects: some intuitions, computational

results, the effective resistance as a metric and finally the relation to random spanning

trees.

Chapter 3 deals with the matrix theory of the effective resistance, based

on the resistance matrix Ω, which contains all pairwise effective resistances. The main

result is the Fiedler–Bapat identity (Theorem 3.6), which is an inverse matrix identity
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between the Laplacian Q and resistance matrix Ω. The Fiedler–Bapat identity fea-

tures the resistance-based invariants p and σ2 and we derive some initial properties of

these invariants. Theorem 3.9 is a new concise matrix characterization of resistance

matrices. Next, we discuss how the Fiedler–Bapat identity together with the Schur

complement lead to the notion of Kron reduction (Definition 3.14) and merged nodes

(Definition 3.27). Finally, we discuss some properties of σ2 as a set function defined

on subsets of the nodes (Definition 3.37).

Chapter 4 deals with the effective resistance as a metric. We start with a

proof of the fact that the effective resistance is a metric (Theorem 4.2), which leads

to the notion of a resistance metric space (N , ω). We discuss the classification of the

resistance metric as a metric of strict negative type and show that every resistance

metric space corresponds to the squared Euclidean distances between the vertices of

a hyperacute simplex S (a simplex with nonobtuse dihedral angles) in Theorem 4.19.

Equivalently, this is formulated as Fiedler’s bijective graph–simplex correspondence,

which associates a hyperacute simplex to each weighted graph. We discuss how this

correspondence is also ‘functorial’ since maps between graphs are in correspondence

with maps between simplices (Theorem 4.24). Finally, we introduce the resistive

embedding φ, which maps functions defined on the nodes of a graph to the ambient

Euclidean space of S. This determines a bijection between distributions on the nodes

and the simplex S (Theorem 4.28).

Chapter 5 introduces a measure of variance vard for distributions defined

on the nodes of a graph (Definition 5.1), with respect to a distance d. This measure

is illustrated in a number of examples and experiments on an empirical network. We

then consider the maximum-variance problem: “maxf vard(f) over all distributions

f”. We first provide a characterization of maximum variance distributions f⋆ for gen-

eral distances d and show how the maximum-variance problem can be redefined as a

problem over subsets of the metric space (equivalently, submatrices of the distance

matrix) in Theorem 5.15. The problem simplifies for negative type metrics and for

resistance metrics a greedy solution is possible (Theorem 5.23) and the solution is

characterized in terms of p and σ2. Finally, we interpret maximum variance distribu-

tions and their support supp(f⋆) in terms of a certain notion of ‘boundary’ of a graph

and discuss a number of examples.

Chapter 6 presents a discrete curvature interpretation of p. We discuss

some background on discrete curvature and present several arguments for the inter-

pretation of p, defined on the nodes, and a related notion κ defined on the links, as

discrete curvatures. In particular, we discuss theoretical and numerical evidence for
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their convergence in the case of Euclidean random geometric graphs and show their

relation to existing notions of discrete curvature. We study an associated discrete

Ricci flow — a differential equation describing an evolution G(t) of graphs — and a

simplified local flow which is related to Kron reduction (Proposition 6.21). Finally,

we consider graphs with positive curvature p > 0 and show that they have strong

connectivity properties (Theorem 6.31) and that their resistance radius σ2 has sub-

modular properties (see expression (6.29)) as a set function (Theorem 6.33).

Appendix A discusses some technical results in linear algebra: matrix theory related

to graphs, spectral results on symmetric matrices, and the Moore–Penrose pseudoin-

verse.

1.4 Notation and terminology

This thesis uses some non-standard notation and terminology. For instance, the

standard terminology in graph theory is ‘vertices and edges’ while we use ‘nodes and

links’ when describing a graph. The first reason for this choice is the appearance of

simplices, where vertices and edges have a related but different meaning. A second

more general reason is the context of this thesis at the interface between research

communities with different standards and conventions. We further remark that our

non-standard notation for the Schur complement is a result of trying to find a unified

notation for Schur complements, Kron reductions and faces of a simplex.

This thesis also introduces several new names for resistance-related mathematical

objects and results, such as relative resistance cijωij, resistance curvature p, resis-

tance radius σ2 and resistive embeddings φ. We briefly explain the meaning of each

name when they first appear in the text. Importantly, these names are introduced to

improve the exposition and readability of this thesis but we do not necessarily advo-

cate for them to become standard. While we believe that the objects and results with

clearly distinguished properties merit a specific name, it might well be that some of

their properties (which are yet to be discovered) suggest a different and more natural

name. For instance, the relation of p to potential theory through the equilibrium

characterization Ωp = 2σ2u might lead to a more natural name.

While unwieldy long, an alternative name for the Fiedler–Bapat identity (The-

orem 3.6) could have been the ‘Fiedler–Bapat-Subak-Sharpe identity’ to recognize

the contributions of Subak-Sharpe to this identity and its consequences, including (i)
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the Fiedler–Bapat identity was discovered independently by Subak-Sharpe and col-

laborators, see for instance [228], (ii) together with Moore, Subak-Sharpe discovered

the simplex characterization of resistance matrices in [179, 213] and (iii) in much of

his work, Subak-Sharpe advocated for the use of the resistance matrix and associated

concepts (our p and σ2) in electrical circuit theory [228–230] (even though to a certain

degree misguided [258]). Yet other names might relate to the content of or the ideas

behind the identity, and we may converge on a suitable name as the theory continues

developing.
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Chapter 2

Graphs, Laplacians and the
effective resistance

This chapter introduces the mathematical objects that will be used in the rest of this

thesis: graphs as the main structures of interest, Laplacians as their matrix represen-

tations and finally the effective resistance. We introduce the relevant properties of

Laplacian matrices and discuss some general aspects of the effective resistance such

as its metric property and the relation to spanning trees.

2.1 Weighted graphs

The main mathematical objects of interest in this thesis are graphs. A graph G

consists of a set N of n nodes and a set L of m links, which consist of pairs of nodes1.

We write (i, j) ∈ L for a link and i ∼ j if two nodes are linked. Without loss of

generality, we can label the nodes of the graph by 1, 2, . . . , n and use both i ∈ N
or 1 ≤ i ≤ n as the index of a node. A subset of nodes will be denoted by V and

its complement by Vc := N\V . In general, graphs may be directed and have self-

Figure 2.1: A connected graph with n = 9 nodes and m = 10 links.

1The standard terminology for nodes and links is ‘vertices’ and ‘edges’. To avoid confusion with
the geometric notion of vertices and edges in Chapter 4 and after, we use the terminology nodes and
links instead.
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loops or multilinks but here we will only consider graphs which are undirected (with

(i, j) ≡ (j, i)) and without self-loops ((i, i) is not a link) or multilinks (L is a set).

A weighted graph is a graph together with a positive function c : L → (0,∞) on

the links. For a link (i, j), the function value will be denoted by cij and is called the

weight of the link. The weight of a link is used to represent or model the strength,

affinity or similarity between its end nodes2. While most results in this thesis are de-

rived for weighted graphs, they can be translated to unweighted graphs by choosing

a constant weight function c = 1. In summary, a weighted graph is determined by

the data G = (N ,L, c).

We will make use of a number of substructures in graphs. A path P is determined by

an ordered set of nodes i1, i2, . . . , iℓ such that all nodes are distinct and all consecutive

nodes are linked as ik ∼ ik+1 for 1 ≤ k < ℓ; a path with i1 = i and iℓ = j is also called

an i − j path. A connected component (or simply, component) of G is a subgraph

in which there exists a path between every pair of nodes; these components parti-

tion the set of nodes and the number of connected components is denoted by β(G).

Unless stated otherwise, we will generally assume that G is a connected graph, with

β(G) = 1. A cycle is determined by an ordered set of vertices i1, i2 . . . , iℓ such that

all nodes are distinct and all consecutive nodes are linked as ik ∼ ik+1 for 1 ≤ k < ℓ

and iℓ ∼ i1.

In some cases, a graph is ‘almost’ disconnected in the sense that there is a single

node or link whose removal can disconnect the graph; these are called cut nodes and

cut links, respectively. A connected graph without cut nodes is called biconnected3 and

a maximal subgraph without cut nodes is a biconnected component. More generally,

a cut C ⊆ L is a set of links whose removal disconnects the graph4 (or the component

in which they are contained). Some examples of these substructures are shown in

Figure 2.2.

For a node i, the nodes j with j ∼ i are called the neighbours of i and the number

of neighbours is called the combinatorial degree, denoted by di. The total link weight

2While we exclude these limits from our definition of weighted graphs, a graph with cij → 0
may intuitively be thought of as a graph with (i, j) removed while a graph with cij → ∞ would
correspond to a graph with i and j merged (in the sense introduced in Section 3.3.2).

3A biconnected graph is also called 2-connected.
4Often, the name ‘cut’ is used for minimal sets of links that disconnect a graph. These minimal

cuts correspond to the links between a partition of the node set.
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Figure 2.2: Some examples of substructures in a graph. From left to right: a path
in a graph; a cut, a cut node and a cut link; the decomposition of the graph into its
biconnected components.

of all links incident on a node is called the degree5 and is denoted by

ki :=
∑
j:j∼i

cij .

The average degree is defined as ⟨k⟩ := 1
n

∑
i∈N ki. Some standard reference works on

graph theory are [28, 77, 123, 242] and for graph theory in the context of applications,

we refer to [184].

We now discuss a number of examples of graphs to illustrate the definitions and

for further reference.

Example 2.1 (tree graph). A tree graph T is a connected graph without cycles and

with, as a result, m = n− 1 links. All links in a graph are cut links and all nodes are

either leaf nodes (with combinatorial degree d = 1) or cut nodes. A path graph is a

tree graph with exactly two leaf nodes.

Example 2.2 (complete graph). The complete graph Kn is the graph on n nodes

with a link between every pair of (distinct) nodes and thus m = n(n − 1)/2 links.

The complete graph has the most links and cycles of any graph on a given number

of nodes. The graph K2 is a two-node path and K1 is a single node, also called the

trivial graph. If a subset of nodes in a graph are fully connected, this is also called a

clique; conversely a subset of nodes without any links between them is an independent

set.

Example 2.3 (cycle graph). A cycle graph consists of a single cycle. The nodes of

a cycle graph can be labelled as 1, . . . , n with links i ∼ i+ 1 and n ∼ 1.

5We choose to use the shorter name ‘degree’ for ki since this will occur more often in this thesis,
while di will be less relevant and we thus give it the longer name ‘combinatorial degree’. The degree
ki is sometimes also called ‘strength’ or ‘weighted degree’.
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Figure 2.3: Some examples of graphs. The Erdős–Rényi random graph is constructed
with n = 30 nodes and link probability ρ = 0.16 and the random geometric graph is
constructed by sampling points from a disc.

Example 2.4 (random graphs). A random graph is a graph that is constructed

based on some probabilistic rule. For instance, an Erdős–Rényi graph (ER) is defined

by fixing a set of n nodes and connecting each pair of nodes with some probability

0 ≤ ρ ≤ 1 independently6; see for instance [29, 245]. Another example are random

geometric graphs (RGGs) [195]. Here, the nodes correspond to randomly sampled

points from some metric space M (for instance M = R2) and links are established

between pairs of nodes whose distance (in M) is below a certain threshold. As shown

for instance in Chapter 6, RGGs often inherit certain properties from the ambient

space.

Figure 2.3 illustrates the different examples.

2.2 The Laplacian matrix

Among the numerous ways to study graphs, the approach in this thesis is to associate

algebraic (matrices, vectors and scalar invariants) and geometric (metric spaces, sim-

plices) objects to a graph, and use tools and ideas from linear algebra and geometry

to study its properties. Many of these algebraic and geometric objects will be defined

based on the Laplacian matrix of a graph.

6More precisely, this is the G(n, ρ) ER model. Other ER models exist; for instance, G(n,m) is a
graph with n nodes and m links selected uniformly at random from all graphs with n nodes and m
links.
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An n×n matrix A can be related to a graph by associating each row and column

with a node (i.e. by the labels 1 ≤ i ≤ n). In this way, the entry (A)ij of the matrix

is associated to the node pair i, j ∈ N . See Appendix A.1 for more on matrix theory

in the context of graphs. The Laplacian matrix 7 of a graph Q is defined as follows:

(Q)ij :=


−cij if i ∼ j

ki if i = j

0 otherwise.

(2.1)

Figure 2.4 below shows a graph and its associated Laplacian matrix.

Figure 2.4: The Laplacian matrix of a graph. The highlighted link has weight c67 = 2
and thus (Q)67 = −2.

The diagonal entries of the Laplacian are given by the degrees of the nodes and

the off-diagonal entries are determined by the links and their weights; clearly, the

graph data (N ,L, c) can be reconstructed from the Laplacian matrix so specifying a

graph G or a Laplacian Q is equivalent. The Laplacian matrix as a representation of

graphs dates back to the work of Kirchhoff in electrical circuits [143, 144] and it is also

called the admittance matrix, the combinatorial Laplacian or the Kirchhoff Laplacian.

Some standard references on Laplacian matrices are [11, 38, 55, 58, 175, 177] and many

books on (algebraic) graph theory discuss Laplacians [28, 107].

A number of properties follow immediately from definition (2.1): the Laplacian

matrix Q is a symmetric matrix with nonpositive off-diagonal entries and with zero

row (and column) sums, since

n∑
j=1

(Q)ij = ki −
∑
j:j∼i

cij = ki − ki = 0 for all i ∈ N .

7There are different types of ‘Laplacian matrices’ associated to a graph such as the normalized
Laplacian, the random-walk Laplacian and the combinatorial Laplacian. The matrix Q defined by
equation (2.1) is usually known as the combinatorial Laplacian or Kirchhoff Laplacian. Since this is
the only type of Laplacian that we will use in this thesis, we call Q “the Laplacian” of a graph.
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In other words, Qu = 0 or u ∈ ker(Q), where u = (1, . . . , 1)T is the all-one vector. The

connectedness of a graph furthermore implies that Q is an irreducible matrix — there

exists no permutation P of the rows/columns such that PQP T is a block diagonal

matrix. From any matrix with these properties, a graph can be constructed with

nodes corresponding to row indices and links corresponding to nonzero off-diagonal

entries, which means that the above properties — symmetry, nonpositive off-diagonal,

zero row sum and irreducibility — are necessary and sufficient conditions for a matrix

to be a Laplacian.

Definition (2.1) furthermore implies the following expression for the Laplacian

quadratic form (also called the Dirichlet energy [55, 58]):

fTQf =
∑
i∈N

fi(kifi −
∑
j:j∼i

cijfj) (by definition of Q)

=
∑
i∈N

fi
∑
j:j∼i

cij(fi − fj) (by definition of ki)

=
∑
i∼j

cij [fi(fi − fj) + fj(fj − fi)]

=
∑
i∼j

cij(fi − fj)
2. (2.2)

In other words, the quadratic form determined by the Laplacian matrix can be de-

composed as a sum over the links. By nonnegativity of each term cij(fi − fj)
2, this

quadratic form is nonnegative and can only be zero if fi = fj for all i ∼ j. By con-

nectedness of the graph, this implies8 that zero only occurs if f is a constant vector

f ∈ span(u), or in other words

fTQf ≥ 0 with equality if and only if f ∈ span(u). (2.3)

This bound leads to a concise characterization of Laplacian matrices:

Proposition 2.5. A symmetric matrix Q is the Laplacian matrix of a connected

graph if and only if it has nonpositive off-diagonal entries (Q)ij ≤ 0 and kernel

ker(Q) = span(u).

Proof. (forward direction) Let Q be a Laplacian matrix. By definition, the off-

diagonal entries of Q are nonpositive. Second, since the row sum of a Laplacian is

zero we have span(u) ⊆ ker(Q). Suppose for contradiction that this subset is strict.

8Take any two nodes i and j. By connectedness there is a path i = i1 ∼ · · · ∼ iℓ = j between
them and since f(ik) = f(ik+1) for all links 1 ≤ k < ℓ, we obtain fi = fj .
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Then there must exist f ̸∈ span(u) with f ∈ ker(Q) and thus fTQf = 0 but this is in

contradiction with (2.3) and we thus know that ker(Q) = span(u) as required.

(converse direction) Let Q be a symmetric matrix with nonpositive off-diagonal

entries (Q)ij ≤ 0 and kernel ker(Q) = span(u); we write i ∼ j if (Q)ij ̸= 0. By

definition of the kernel, we have Qu = 0 and thus (Q)ii = −
∑

j:j∼i(Q)ij, which

means that Q satisfies the definition of a Laplacian matrix — we may construct a

graph with nodes given by the row indices of Q and with links and their weights

determined by the negative off-diagonal entries of Q — but it remains to prove that

this graph is connected, i.e. that Q is irreducible. Suppose for contradiction that

Q is reducible. Then there exists a partition of the nodes (row indices) into subsets

V1, . . . ,Vℓ with ℓ > 1 such that A is block-diagonal on these subsets and with (Q)VkVk

irreducible and thus the Laplacian of a connected graph, for each partition 1 ≤ k ≤ ℓ.

Thus for the vector f with entries fi = 1 if i ∈ V1 and zero otherwise, we then find

Qf = QV1V1u = 0

since QV1V1 is a Laplacian. However, this is a contradiction since Qf = 0 but

f ̸∈ span(u) = ker(Q). Thus Q must be irreducible and the Laplacian matrix of

a connected graph as required.

We may thus talk about Laplacian matrices without explicit reference to some

underlying graph. The Laplacian matrix of a general graph (with β(G) ≥ 1) is

characterized similarly by nonpositive off-diagonal entries and a kernel spanned by

piecewise constant vectors on a partition of the nodes (row indices). We note that

the matrix (I − uuT

n
), where I is the identity matrix, is a projection matrix onto

span(u)⊥ = ker(Q)⊥ and will appear frequently throughout this thesis.

Other matrix characterizations are that the Laplacian is a Z matrix (a matrix with

nonpositive off-diagonal entries) and an M matrix (a positive semidefinite Z matrix,

see below) [21]. Succinctly, a Laplacian is a symmetric Z matrix with constant kernel.

The Laplacian matrix is singular and cannot be inverted. Instead, we may con-

sider the Moore–Penrose pseudoinverse of Q which is defined as the unique matrix

Q† that satisfies [196]

QQ†Q = Q, Q†QQ† = Q† and QQ†, Q†Q are symmetric.

See Appendix A.3 for further results on the Moore–Penrose pseudoinverse. The

Moore–Penrose pseudoinverse of a matrix always exists and is unique; we will refer to

Q† as the pseudoinverse Laplacian of a graph. From its definition, the pseudoinverse

15



Laplacian is a real symmetric matrix and, by Q† = Q†QQ†, it shares the following

important property with the Laplacian matrix

fTQ†f ≥ 0 with equality if and only if f ∈ span(u), (2.4)

and thus also ker(Q†) = span(u). The product between a Laplacian and its pseu-

doinverse satisfies the following property from which Q† derives its name as a ‘pseu-

doinverse’ (see Appendix A.3):

Proposition 2.6. The product of a Laplacian matrix and its Moore–Penrose pseu-

doinverse is the projection matrix onto ker(Q)⊥ = ker(Q†)⊥ = span(u)⊥:

QQ† = Q†Q = I − uuT

n
. (2.5)

In other words, Q† is the inverse of Q in the space ker(Q)⊥. We give one further

useful expression for the Laplacian pseudoinverse in terms of a matrix inverse (see

[104], or using (2.7) below):

Q† =

(
Q+

uuT

n

)−1

− uuT

n
. (2.6)

2.2.1 The Laplacian spectrum

The Laplacian matrix is one of the central objects in spectral graph theory, the

subfield of graph theory concerned with the relation between spectral properties of

various matrices associated with a graph9 and graph-theoretic properties [38, 55, 65,

120, 175, 177, 247]. In the case of Laplacian matrices, one is interested in solutions to

the eigenequation Qzk = µkzk, where a solution µk is called an eigenvalue with cor-

responding eigenvector zk ∈ Rn. As explained in Appendix A.2, the solutions to the

eigenequation for symmetric matrices satisfy some special properties: the eigenvalues

are real and there exists a basis of Rn consisting of eigenvectors, where eigenvectors

corresponding to different eigenvalues are orthogonal10. As a result, we may write

the following eigendecomposition11 for the Laplacian matrix (see e.g. [130]):

Q =
n∑

k=1

µkzkz
T
k with µk ∈ R and {zk}nk=1 an orthonormal basis for Rn,

9Aside from the Laplacian matrix, many results in spectral graph theory deal with the adjacency
matrix; this is the n× n matrix A with entries (A)ij = 1 if i ∼ j and zero otherwise. In this thesis,
we do not study the adjacency matrix.

10In general two eigenvectors corresponding to the same eigenvalue may thus be non-orthogonal,
but we will require them to be orthogonal such that the eigenvectors form an orthogonal basis.

11Often this eigendecomposition is written in matrix form as Q = ZMZT with Z = [z1 . . . zn]
and M = diag(µ1, . . . , µn).
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with the further choice of normalized eigenvectors (∥zk∥ = 1) and eigenvectors corre-

sponding to equal eigenvalues taken orthogonal. While the basis of eigenvectors is not

necessarily unique, the multiset of eigenvalues {µ1, . . . , µn} (with possible repeats) is

unique and is called the spectrum of the Laplacian matrix12.

Many results in spectral graph theory deal with how the Laplacian spectrum of

a graph relates to its structural or graph-theoretic properties. We will not use many

results from this rich field of study, but we may translate some of the results from the

previous subsection in terms of the spectrum of Q. The quadratic form inequality

(2.3) is equivalent to (see also [55]):

Property 2.7. The Laplacian matrix is positive semidefinite (all eigenvalues are

nonnegative) with a unique zero eigenvalue with corresponding constant eigenvector.

Proof. Let Q be a Laplacian matrix with z1, . . . , zn an orthonormal basis of eigen-

vectors. Since ker(Q) = span(u) we know that Qzk = 0 if and only if zk ∈ span(u)

and thus 0 is a unique zero eigenvalue (of multiplicity 1) with corresponding con-

stant eigenvector zn. Furthermore, by definition of the eigenvalues and (normalized)

eigenvectors, we find that

µk = µkz
T
k zk = zTkQzk ≥ 0

and thus µk > 0 as required for all k ̸= n.

We stress that this result is for Laplacian matrices as defined by Proposition 2.5

in correspondence with connected graphs; for disconnected graphs, the multiplicity of

the zero eigenvalue is equal to the number of connected components β(G). Following

Property 2.7, the Laplacian eigenvalues can thus be ordered as 0 = µn < µn−1 ≤
· · · ≤ µ1, and any corresponding basis of eigenvectors has zn = u/

√
n and zTku = 0

for all k ̸= n; we will call a vector x with uTx = 0 a zero-sum vector. Following

the same proof as for the Laplacian matrix, we find that the pseudoinverse Laplacian

satisfies the same property:

Property 2.8. The pseudoinverse Laplacian matrix Q† is positive semidefinite (all

eigenvalues are nonnegative) with a unique zero eigenvalue with corresponding con-

stant eigenvector.

The Laplacian and its pseudoinverse not only share the zero eigenvalue with cor-

responding constant eigenvector, but it can be checked that the nonzero eigenvalues

of the pseudoinverse Laplacian are given by the inverse of the nonzero eigenvalues of

12Another definition of the spectrum is as the multiset of solutions to the equation det(Q−µI) = 0.
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the Laplacian and with corresponding eigenspaces. The pseudoinverse Laplacian can

thus be found from the eigenvalues and eigenvectors of the Laplacian as follows:

Q† =
n−1∑
k=1

µ−1
k zkz

T
k . (2.7)

Importantly, the sum in (2.7) runs over 1 ≤ k ≤ n−1 with the zero eigenvalue µn = 0

excluded.

In this thesis, we will mainly make use of ‘qualitative’ results13 on the Laplacian

spectrum such as the dimension of the kernel and positive semidefiniteness of the

Laplacian. Spectral graph theory often deals with more quantitative results. For ex-

ample, the qualitative result ‘if the second smallest Laplacian eigenvalue is positive,

then the graph is connected’ is made more quantitative in the Cheeger inequality (see

e.g. [177]) and Fiedler’s results on the algebraic connectivity [91], which relate the

precise value of the second smallest Laplacian eigenvalue to how well-connected the

graph is.

2.3 The effective resistance

We now arrive at the central definition of this thesis, the effective resistance:

Definition 2.9. Let G be a connected, weighted graph. The effective resistance ωij

between a pair of nodes i, j is defined as

ωij := (ei − ej)
TQ†(ei − ej) for all i, j ∈ N . (2.8)

The vector ei is the unit vector with (ei)k equal to 1 if k = i and zero other-

wise, and the effective resistance is thus equal to ωij = (Q†)ii + (Q†)jj − 2(Q†)ij.

The effective resistance can also be seen as a function ω : N × N → R (with

ω(i, j) = ωij) on pairs of nodes and can be summarized in the n × n resistance

matrix Ω with entries (Ω)ij := ωij. This matrix is studied in detail in Chapter 3. For

disconnected graphs, the effective resistance can be defined in the same way for pairs

of nodes in the same component and with ωij = ∞ for nodes in different components.

13One reason why the theory of effective resistances mainly relies on qualitative spectral results is,
perhaps, that positivity of the link weights (off-diagonal nonnegativity of Q) plays such an important
role while this sign information has no clear spectral fingerprint.
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The name ‘effective resistance’ originates from the theory of (resistive) electrical cir-

cuits. If we force a unit current to flow from one point i in an electrical circuit to

another point j, then the measured voltage difference between i and j is given by the

effective resistance between these points. For two points that are electrically well-

connected, such that the current experiences little resistance and easily flows from i

to j without dissipating too much power, this voltage drop will be small (ωij small)

whereas two isolated points will experience a much larger voltage drop (ωij large).

Thus ωij is a resistance because resistance is defined as ‘voltage/current’ and it is

effective because from the perspective of the two points, the whole circuit behaves

effectively as if i and j were connected by a single resistor with resistance equal to

ωij (see Figure 2.5). The units of resistance are Ohm with symbol ‘Ω’.

Figure 2.5: Circuit (a) is electrically equivalent to circuit (b) for electrical flows and
potentials between the red nodes. In other words, the circuit between two nodes i and
j can be replaced by a single resistor with the effective resistance ωij as resistance.

This definition-by-measurement of the effective resistance translates to the alge-

braic definition by mapping the electrical circuit onto a weighted graph: each resistor

is modeled by a link and the weight of the link is given by the conductance of the re-

sistor (conductance = 1/resistance), hence ‘c’ for link weights. With this translation,

the linear system equations (Kirchhoff’s and Ohm’s laws) that relate the voltages v

and external currents x at each node in the circuit are then expressed compactly using

the Laplacian matrix as Qv = x; see for instance [23, 78]. A unit current from i to j

is given by x = ei − ej, and measuring the voltage difference vi − vj can be written

as (ei − ej)
Tv. Measuring the voltage difference retrieves the effective resistance as

ωij = (vi − vj) = (ei − ej)
Tv = (ei − ej)

TQ†x = (ei − ej)
TQ†(ei − ej).

The indeterminacy of the Laplacian equation in span(u) reflects that external currents

must be net zero (by conservation of charge) and the fact that only differences between

voltages are relevant. Importantly, there is a broad class of passive linear systems —

for instance, thermodynamic, hydraulic and mechanical systems — whose system
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equations are modeled by a Laplacian matrix [7]. In these settings the definition of

effective resistance also makes sense.

2.3.1 Intuition: effective resistance and connectivity

While its definition is fairly simple — as a quadratic product with the pseudoinverse

Laplacian — the interpretation of the effective resistance is not immediately obvious.

In the following sections and throughout the rest of this thesis, we will encounter

many different aspects of the effective resistance and develop various intuitions to

understand what the resistance ωij says about the relation between the two nodes i

and j in the graph. Section 2.3.4, for instance, discusses how the value cijωij for a

link (i, j) can be seen as a notion of importance of the link, which reflects whether the

link is important or redundant for connectivity: a cut link will have maximal cijωij

while a link that is part of many triangles will tend to have small cijωij. In Section

2.3.3, we show that ω satisfies the properties of a distance (metric) on the graph.

In this section, we take a small detour to mention an additional result that may

further guide the intuition. Proposition 2.10 below should not be seen as a techni-

cal result — no further theory will be based on it — but it may help in developing

additional understanding of the effective resistance.

The proposed intuition is that the effective resistance can be thought of as reflect-

ing how well-connected two nodes are in a graph. Here, ‘connectivity’ can be made

more precise by using the notions of paths and cuts between i and j. A classical no-

tion of connectivity for instance counts how many nodes or links need to be removed

from a graph to disconnect two nodes. If a small cut exists, this implies a poor/small

connectivity, while if many independent paths exist this implies a good/high con-

nectivity. The effective resistance reflects a more integrated notion of connectivity,

taking into account link weights and multiple sets of cuts and paths.

An i− j path P in a graph is a path with end nodes i and j, and two paths P and

P ′ are independent if they only share their end nodes. An i− j cut C is a cut whose

removal disconnects i from j, and two cuts C and C ′ are independent if they share

no links. We recall that the weight c of a link should be thought of as an affinity.

The weight of a path and a cut are defined as follows:

c(P )−1 :=
∑

(a,b)∈P

c−1
ab and c(C) :=

∑
(a,b)∈C

cab.
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In other words, a short path (with few links and/or large weights) will have a large

weight, and a small cut (with few links and/or small weights) will have a small weight,

and conversely. Intuitively, a short path between i and j adds to their connectivity

while a small cut can be thought of as a bottleneck between i and j. The effective

resistance can be bounded in terms of independent paths and cuts as follows:

Proposition 2.10. The effective resistance between a pair of nodes i and j satisfies∑
C∈C

c(C)−1 ≤ ωij ≤
(∑

P∈P

c(P )
)−1

for any set of independent i− j paths P and independent i− j cuts C.

Proof. The lower-bound is known as the Nash-Williams criterion; see [169, §2.5],[224].
The upper-bound follows from the Rayleigh monotonicity principle, which says that

removing any link from a graph will either leave the effective resistances unchanged

or increase the effective resistances [169, §2.4]. The upper-bound then follows by

constructing the new graph G′ with all links removed except those in a path in P .

The effective resistance ω′
ij in this graph can be calculated as ω′−1

ij =
∑

P∈P c(P ), for

instance using the Kron reduction defined in Chapter 3.

Proposition 2.10 thus says that the connectivity between two nodes is at least as

good as can be expected from the independent paths between them (upper bound)

and at most as good as can be expected from the independent cuts between them

(lower bound). Figure 2.6 shows an example of the path and cut bounds for the

effective resistance.

Figure 2.6: Example of the cut and path bound in a graph. The cuts and paths and
their weights are indicated in red on the right.

2.3.2 Computational aspects

The definition of the effective resistance is constructive: for a given graph, one can

formulate the Laplacian matrix, then calculate its pseudoinverse — for instance based
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on formula (2.6) — and then determine the effective resistance as ωij = (Q†)ii +

(Q†)jj−2(Q†)ij. For example, the numerical experiments in this thesis were calculated

in this way for graphs of up to n = 5000 nodes in a few minutes, using Matlab on

a computer with a 6-core Intel Core i9-8950HK processor with 32GB RAM.

For very large graphs, calculating the effective resistance straight from its defini-

tion becomes impractical since matrix inversion requires cubic time O(n3) in the worst

case (recall that n is the number of nodes). Fortunately, there exist much more effi-

cient solutions if an approximate solution for ωij suffices. Since computational prob-

lems involving Laplacian matrices are ubiquitous, for instance in numerical solutions

of partial differential equations and applications in network science, there has been a

sustained research effort to understand the computational complexity of these prob-

lems and develop efficient and practical algorithms [3, 53, 74, 194, 220, 221, 235, 249].

A breakthrough in this context was Spielman & Teng’s result [220, 222] that an

approximate solution x̃ for the Laplacian problem Qx = b can be calculated in

near-linear time14 in the number of links m. In the worst case of dense graphs with

m = O(n2), this still takes quadratic time in n, but in the case of sparse graphs15 with

m = O(n) it reduces to linear time in the number of nodes. These near-linear time

Laplacian solvers can be used to approximate the effective resistance efficiently: if we

let b = ei − ej and solve the Laplacian system Qx = b, we obtain an approximation

for the effective resistance as ω̃ij := (ei − ej)
T x̃.

Instead of solving a Laplacian system for each effective resistance separately, there

exist tailor-made algorithms for approximating effective resistances. Chu et al. con-

sidered calculating the effective resistance of all links [53], and [219] built a data

structure in near-linear time from which individual approximate effective resistances

can then be calculated in O(log(n)). The effective resistances can also be approxi-

mated by considering the graph locally, and [194] describes several local algorithms

for approximating the effective resistance; these local algorithms are based on ran-

dom walks, spanning trees or approximations of the pseudoinverse. Finally, in certain

classes of graphs, the diagonal of the pseudoinverse Laplacian can be calculated in

near-linear time in m [3], which is relevant for instance for calculating the resistance

curvature (see Theorem 3.6 and Chapter 6).

14For precise statements on the time complexity, which includes additional factors in log(n) and
the approximation error ϵ, we refer to the paper [220]. For more recent results, see for instance [53].

15We note that the term ‘sparse graphs’ is also used for graphs with a subquadratic number of
links.
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2.3.3 Resistance distance

A distance describes how far or close two things are and is often measured in terms of

time, physical distance or more abstract units. Mathematically, distances are modeled

by metrics and metric spaces:

Definition 2.11. Ametric space (X, d) consists of a setX and a function d : X×X →
R such that d satisfies for all x, y, z ∈ X:

(i) d(x, y) = d(y, x),

(ii) d(x, y) ≥ 0,

(iii) d(x, y) = 0 ⇔ x = y,

(iv) d(x, y) + d(y, z) ≥ d(x, z) .

Condition (i) is a symmetry condition, conditions (ii) and (iii) say that a metric is

nonnegative between two points and positive if they are distinct. The fourth condition

(iv) is called the triangle inequality and reflects the property that the direct distance

d(x, z) between two points inX is never bigger than the distance d(x, y)+d(y, z) when

first passing through a third point. A function that satisfies these four conditions is

called a metric. For example, by drawing a number of points on a piece of paper

or a balloon, you can verify that the distances between the points indeed satisfy the

conditions of a metric.

We will write n = |X| for the number of elements of the metric space and gen-

erally assume a metric space to be finite. A metric space can be summarized by its

distance matrix D, the n× n matrix with entries (D)ij := d(i, j) which is symmetric

and zero-diagonal by definition. A function ϕ : X → X ′ between two metric spaces

(X, d) and (X ′, d′) is called an isometric embedding if d′(ϕ(i), ϕ(j)) = d(i, j) for all

i, j ∈ X.

In the case of graphs, a metric d : N × N → [0,∞) reflects how ‘far’ two nodes

are in the graph. The most commonly used distance in graph theory is the shortest-

path distance, which counts the smallest number of links |P | of any i−j path P , or the

smallest inverse path weight 1/c(P ) in the case of weighted graphs. However, many

other distances exist that reflect different notions of distance between the nodes; see

for instance [39, 49, 75, 102, 103, 119, 149] and the examples in Chapter 4.

Another practical class of graph metrics follows from embeddings. Many data

science and machine learning applications on graphs involve some form of graph em-

bedding [35, 43, 121, 152, 250] where the nodes of a graph are embedded into some
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other space ϕ : N → M . These can for instance be embeddings ‘by design’ [57, 201]

or learned, data-driven embeddings [116, 197, 253]. The downstream tasks such as

clustering, classification or prediction are then performed on the embedded points

ϕ(1), . . . , ϕ(n) with the advantage that M is typically a ‘nicer’ space to work in, often

Euclidean space but also more general manifolds [36]. If the space M is a metric

space (which is usually the case), then the graph has an induced metric d := dM ◦ ϕ
as d(i, j) = dM(ϕ(i), ϕ(j)), where dM is the metric on M . In Chapters 4 and 5, we

discuss how some very natural choices of M such as Euclidean, hyperbolic and spher-

ical spaces result in metrics with desirable properties.

Metrics are relevant in this thesis because the effective resistance is a metric; for

this reason, it is also called the resistance distance. Chapter 4 discusses properties of

the resulting metric space (N , ω) and introduces two characterizations: geometrically

in terms of simplices and algebraically in terms of properties of the resistance matrix.

The resistance distance has a number of advantages and disadvantages when used

in the context of applications or as a theoretical tool in the study of graphs. A first ad-

vantage is that ω is a robust measure of distance, where a small change of link weights

dc will result in a small change of effective resistances dω as a result of Rayleigh’s

monotonicity law; see for instance [79]. Other metrics such as the shortest-path dis-

tance may change discontinuously. Second, the rich theory of effective resistances

means that any resistance-based measure or invariant is often amenable to a deep

theoretical analysis; this is illustrated in Chapter 5 for the introduced graph vari-

ance. Third, the effective resistance can be approximated efficiently and locally in

the common setting of sparse graphs, which means that it is available to use in prac-

tice. A first disadvantage is that the effective resistance is less intuitive to work with

at first compared to other distances such as the shortest-path distance. Furthermore,

the effective resistance is a non-local measure whose exact value depends on the whole

graph in general (even though local approximations exist). This may be a disadvan-

tage, for instance in the case of resistance curvature where a local measure would be

desirable (see Chapter 6). Finally, a strong point of critique was formulated by von

Luxburg et al. [251, 252], who showed that in certain classes of random graphs, the

effective resistance between two nodes only depends on the degrees of these nodes in

the first order ωij ≈ d−1
i + d−1

j . In these cases, the effective resistance becomes essen-

tially independent of the precise graph structure and thus cannot provide a sensible

measure of distance between nodes.
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2.3.4 Relative resistance and spanning trees

The effective resistance is defined between any pair of nodes i, j in a weighted graph

and, as noted, can be interpreted as a notion of connectivity and a distance between

pairs of nodes. There is a second closely related definition with different properties:

Definition 2.12. The relative resistance of a link (i, j) is defined as cijωij.

In other words, the relative resistance is defined for each link in the graph (not

between pairs of nodes) and is determined by the weight of the link times the effective

resistance between its end nodes. Since the link weight c has the unit ‘conductance =

1/resistance’ in the context of electrical circuits, the relative resistance is thus equal

to ‘effective resistance divided by link resistance’ which inspired our choice for the

name “relative resistance”.

The relative resistance is usually not considered as a separate quantity from the

effective resistance — perhaps because often c = 1 — but we believe that its proper-

ties are distinct enough to merit an independent treatment.

The main results on relative resistances in this thesis will follow from their rela-

tion to random spanning trees of a graph. We recall that a tree is a connected graph

with no cycles and thus m = n − 1 links; see [28] for basic properties of trees. A

spanning tree T of a graph G is a connected subgraph on all the nodes which is a

tree — i.e. T is a graph on the nodes of G with a subset of n− 1 links of G that do

not form any cycles. The set of all spanning trees is denoted by T and we define a

Figure 2.7: A graph (left) and its spanning trees (right). Note that the cut links
appear in each spanning tree.

random spanning tree T as a random element (tree) in this set, with probability to

equal any tree T given by

Pr[T = T ] =
τ(T )∑

T ′∈T τ(T ′)
where τ(T ) =

∏
(i,j)∈T

cij.
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In other words, the probability that T is equal to some tree T is proportional to

the product of the link weights of that tree. For unweighted graphs (c = 1) each

tree is sampled with equal probability given by 1/(# spanning trees). The relation16

between the relative resistance and spanning trees is then given as follows:

Theorem 2.13. The relative resistance of a link equals the probability that this link

is contained in a random spanning tree, as cijωij = Pr[(i, j) ∈ T].

For a proof of Theorem 2.13 and more on spanning trees, see for instance [169,

Ch. 4.2]. Theorem 2.13 is generalized by the transfer–current Theorem of Burton &

Pemantle in [41], which in turn is part of the theory of determinantal point processes

[167]. The relation between electrical currents and spanning trees dates back to

Kirchhoff’s work on electrical circuits in the 19th century [143].

Following Theorem 2.13, we can think of the relative resistance as a notion of ‘link

importance’: if the relative resistance is large, this means that the link (i, j) appears

in many spanning trees and thus that it is an important link, on average, for the

connectivity between i and j. In the most extreme case, Pr[(i, j) ∈ T] = 1, the link

is part of every spanning tree and must thus be a cut link (see also Proposition 2.16),

which corresponds to a highly important link for the connectivity of i and j. Instead,

whenever a link (i, j) is part of a triangle (i, j, k), the probability that (i, j) is part of

a random spanning tree decreases since the three nodes can be connected locally by

including the links (i, k) and (k, j) without (i, j). Thus the more triangles a link (i, j)

is part of, the smaller its relative resistance will generally be17; this corresponds to

(i, j) being less important for the connectivity of i and j. The link importance inter-

pretation is further supported by the theory of graph sparsification, where sampling

links from a graph with probability proportional to their relative resistances yields

statistically representative sparse graph samples [221]; this is related to the concept

of statistical load/leverage in numerical linear algebra [82].

We now show a number of results that follow from Theorem 2.13.

Property 2.14. The relative resistance of a link satisfies 0 < cijωij ≤ 1 with equality

in the upper bound if and only if the link is a cut link.

Proof. By Theorem 2.13, the relative resistance of a link is a probability and thus

0 ≤ cijωij ≤ 1.

16Alternatively, this relation could be taken as a definition of relative resistances with the advan-
tage that it suggests possible routes for generalization, for instance to matroids [167].

17This of course also depends on the weights of the links in the triangles.
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(lower bound strictness) Because the link weight cij is positive and ωij = (ei −
ej)

TQ†(ei − ej) > 0 since (ei − ej) ∈ span(u)⊥, the lower bound is strict.

(upper bound, forward) Next, we consider when equality occurs in the upper

bound. If (i, j) is a cut link in G then any subgraph of G without (i, j) is dis-

connected. Hence, all connected subgraphs (including all spanning trees) of G must

contain (i, j) and thus cijωij = Pr[(i, j) ∈ T] = 1. Hence, if (i, j) is a cut link then

cijωij = 1.

(upper bound, converse) Conversely, let cijωij = 1 and thus Pr[(i, j) ∈ T] = 1 for

some link (i, j) and suppose for contradiction that it is not a cut link. If we then

consider the graph G′ = G\(i, j) from which (i, j) has been removed, we arrive at a

contradiction: since (i, j) is not a cut link, the graph G′ is connected. Let T be a

spanning tree of G′. Then we know that (a) T is also a spanning tree of G, and (b)

T does not contain (i, j) because G′ does not contain (i, j). But (a) and (b) are in

contradiction with Pr[(i, j) ∈ T] = 1, which confirms that (i, j) must indeed be a cut

link. This completes the proof.

As a result, we also know that the effective resistance is bounded as follows:

0 < ωij ≤ c−1
ij for all i ∼ j,

with equality ωij = c−1
ij if and only if (i, j) is a cut link. Next, we find a number

of results for the sum of relative resistances over subsets of links in a graph. A first

classical result is Foster’s Theorem, named after Ronald M. Foster [101].

Theorem 2.15 (Foster’s Theorem). The sum over all relative resistances in a graph

is equal to the number of connected components:
∑

i∼j cijωij = β(G).

Proof. We show that the result holds for a connected graph (β(G) = 1). Since the

relative resistances are determined independently in each connected component of a

general graph, this implies Foster’s Theorem in the general case.

Let G be a connected graph. Then the sum over relative resistances is equal to∑
(i,j)∈L

cijωij =
∑

(i,j)∈L

Pr[(i, j) ∈ T]

=
∑

(i,j)∈L

(∑
T∈T

Pr[T = T ]1{(i,j)∈T}

)
=
∑
T∈T

Pr[T = T ]
∑

(i,j)∈L

1{(i,j)∈T}

=
∑
T∈T

Pr[T = T ](n− 1) (every spanning tree has n− 1 links)

= n− 1,
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which completes the proof.

A third result that follows from Theorem 2.13 are the following cut bounds for

relative resistances18:

Proposition 2.16 (cut bounds). The relative resistances satisfy∑
(i,j)∈C

cijωij ≥ 1 for any cut C, (2.9)

with equality if and only if C consists of a single cut link.

Proof. As in the proof of Foster’s Theorem, we can derive that∑
(i,j)∈C

cijωij =
∑
T∈T

Pr[T = T ]
∑

(i,j)∈C

1{(i,j)∈T}

for any cut C. If C is a cut in G, then any subgraph of G without links in C is

disconnected. Hence, all connected subgraphs (and spanning trees) of G must contain

at least one link in C. In other words
∑

(i,j)∈C 1{(i,j)∈T} ≥ 1 for every spanning tree

T , which implies that
∑

(i,j)∈C cijωij ≥ 1, as required. We now show the conditions

for equality.

(equality, forward) If C consists of a single link, then by Property 2.14 we find

cijωij = 1, as required. (equality, converse) Conversely, if
∑

(i,j)∈C cijωij = 1 then

since every spanning tree must have at least one link in C (as shown above) it follows

that every spanning tree must have exactly one link in C. We now show that this

implies that C must consist of a single link, which is thus a cut link. If G is a tree

graph then the relative resistance of each link is cijωij = 1 and the result follows; it

thus remains to prove the result for non-tree graphs.

Let T be a spanning tree and let ℓ = T ∩C be the unique link of T in the cut C.

Suppose for contradiction that |C| > 1. Then there exists another link ℓ′ ∈ C and we

can construct the graph T + ℓ′, i.e. the tree T with link ℓ′ included. This graph will

have a unique cycle H (see for instance [28]) and since cycles have length at least 3,

we can take a link ℓ′′ ∈ H which is different from ℓ, ℓ′. But then the graph T + ℓ′− ℓ′′

is a spanning tree of G (see [28]) that contains both ℓ and ℓ′ in the cut C. Since this

is in contradiction with every spanning tree having exactly one link in C, we know

that |C| = 1 as required.

While the result holds for any set of links whose removal disconnects the graph (a

cut), the bound is of course most tight for ‘minimal’ cuts. As an example, the incident

18We were unable to determine whether these bounds are new, but they are implied, for instance,
by the Nash-Williams inequality (i.e. the lower bound in Proposition 2.10).
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links on a node are a cut and thus we find that
∑

j:j∼i cijωij ≥ 1 with equality if and

only if i is connected by a single link. This will be relevant in Chapter 6.

We recall that a cycle in a graph is an ordered set of links (i1, j1), . . . , (iℓ, jℓ) where

consecutive links have a node in common as jk = ik+1 for 1 ≤ k < ℓ and with jℓ = i1.

The number of links in a cycle H is denoted by |H|. The cut bound has the following

‘dual’ cycle bound:

Proposition 2.17 (cycle bound). The relative resistances satisfy∑
(i,j)∈H

cijωij ≤ |H| − 1 for any cycle H.

Proof. As in the proof of Foster’s Theorem, we can derive that∑
(i,j)∈H

cijωij =
∑
T∈T

Pr[T = T ]
∑

(i,j)∈H

1{(i,j)∈T}

for any cycle H. If H is a cycle in G, then any subgraph of G that contains all links

in H has at least one cycle. Hence, all cycle-free subgraphs (and thus spanning trees)

can have at most |H| − 1 links in H. As a result,
∑

(i,j)∈H 1{(i,j)∈T} ≤ |H| − 1 for

every spanning tree T , which implies the proposition.
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Chapter 3

The resistance matrix

This chapter develops the matrix theory of the resistance matrix Ω. While many

interesting bounds and results may be found for individual effective or relative re-

sistances, a whole new picture emerges when considering all effective resistances at

once; this is where the resistance matrix Ω becomes relevant. The main result in

this chapter is the Fiedler–Bapat identity (Theorem 3.6) which describes an inverse

relation between extended Laplacian and resistance matrices. This simple identity in

combination with the Schur complement leads to two interesting theories: (i) taking

submatrices of the resistance matrix (i.e. metric subspaces) is equivalent to Kron

reduction of graphs, while (ii) taking submatrices of the Laplacian matrix can be

used to study the effect of merging nodes on the effective resistance. Kron reduction

in particular plays an important role in the rest of this thesis. The Fiedler–Bapat

identity also features the resistance curvature p and resistance radius σ2, which are

interpreted in the context of discrete curvature in Chapter 6.

Section 3.1 defines the resistance matrix and proves some basic properties.

In Section 3.2, we prove the Fiedler–Bapat identity and derive some of its con-

sequences. In particular, we show Bapat’s expression (3.8) for the inverse resistance

matrix Ω−1 and we describe a new concise matrix characterization of resistance ma-

trices in Theorem 3.9.

Section 3.3 introduces the Schur complement and some of its properties.

Section 3.3.1 shows a first application of combining the Fiedler–Bapat identity

and the Schur complement: the Kron reduction of a graph G → G′ is defined via the

Schur complement of the Laplacian matrix Q → Q′. Most importantly, (i) this opera-

tion maps Laplacians to Laplacians (Proposition 3.15), which means Kron reduction

is well-defined, and (ii) the effective resistance is invariant under Kron reduction

(Property 3.21). We discuss some examples, describe the structural effects of Kron
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reduction and describe how the resistance curvature and radius change with the Kron

reduction p, σ2 → p′, σ′2 in Proposition 3.25.

Section 3.3.2 shows the second application: the inverse of a Laplacian submatrix

is related to the effective resistances in a graph with merged nodes (Definition 3.27).

This results in new expressions for the effective resistance in node-merged graphs in

Proposition 3.34, which are illustrated in some examples.

Finally, in Section 3.4, we describe some properties of the resistance radius σ2. In

particular, we study the resistance radius for all possible Kron reductions of a graph,

interpreted as a set function defined on subsets of the nodes. We prove some bounds

and show an inclusion–exclusion property (Proposition 3.40) from which it follows

that the resistance radius decomposes over its biconnected components.

The main references for this chapter are the books of Fiedler and Bapat [11, 96].

For the Schur complement, we refer to the book of Zhang [267] and for Kron reduc-

tion to the survey [78].

3.1 The resistance matrix

We recall from the previous chapter the definition of the resistance matrix.

Definition 3.1. The resistance matrix Ω of a graph is the matrix containing all

pairwise effective resistances: (Ω)ij = ωij for all i, j ∈ N .

For a graph on n nodes, the resistance matrix is thus an n × n matrix and since

the underlying graph is assumed to be connected, all entries in Ω are finite (see

for instance Proposition 4.5). Furthermore, following the definition of the effective

resistance as a quadratic product with the pseudoinverse Laplacian, we know that

the resistance matrix satisfies the following properties:

Property 3.2. The resistance matrix is a real symmetric matrix with zero diagonal

and positive off-diagonal entries.

Instead of defining the resistance matrix entrywise, it can also be expressed com-

pactly in terms of the pseudoinverse Laplacian and its diagonal as:

Ω = uζT + ζuT − 2Q† with ζ := diag(Q†). (3.1)
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Equation (3.1) shows that the resistance matrix equals the pseudoinverse Laplacian

matrix up to a rank two matrix addition1. As a first consequence of equation (3.1),

we find that certain quadratic forms with the resistance matrix can be written in

terms of the pseudoinverse Laplacian as

fTΩf = −2fTQ†f for all f ∈ span(u)⊥. (3.2)

Since ker(Q†) = span(u), this can be summarized as follows:

Q† = −1

2

(
I − uuT

n

)
Ω

(
I − uuT

n

)
. (3.3)

This implies a characterization of the Laplacian pseudoinverse diagonal in terms of

average effective resistances:

Proposition 3.3. For n > 1, the pseudoinverse diagonal is positive and satisfies

(Q†)ii = ⟨ωi⟩ − ⟨ω⟩ with ⟨ωi⟩ :=
1

n

∑
j∈N

ωij and ⟨ω⟩ := 1

2n2

∑
i,j∈N

ωij. (3.4)

Proof. Following equation (3.3) we find that the pseudoinverse diagonal entries can

be written as

(Q†)ii = −1

2
Ωii +

1

n
eTi Ωu− 1

2n2
uTΩu.

With (Ω)ii = ωii = 0 and introducing ⟨ωi⟩ and ⟨ω⟩, this completes the proof. We

note that for n = 1 we have Q† = 0.

In other words, the pseudoinverse diagonal entries are related to how far a node i

is on average to the rest of the nodes in the graph, in terms of the resistance distance.

This ‘average distance’ idea was used in [203, 248] to propose the vector ζ as a measure

of importance or ‘centrality’ of a node in a graph. The expression for ⟨ω⟩ is closely
related to the so-called Kirchhoff index, which we define for further reference:

Definition 3.4. The Kirchhoff index of a graph is defined as Kf := 1
2
uTΩu.

The Kirchhoff index was originally defined in the context of chemical graph theory

in analogy with the Wiener index (see Example 5.4) and has been widely studied

since [18, 118, 191]. The Kirchhoff index also appears in applications as a measure of

robustness [85, 104, 243, 244, 265]. From (3.4) and (3.1), we have

Kf = n2⟨ω⟩ = n tr(Q†) = n
∑

k:µk>0

µ−1
k ,

1If the pseudoinverse diagonal is constant, this is a rank one matrix addition. This happens for
instance in the case of node transitive graphs (see Example 6.10).
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with Laplacian eigenvalues µ1, . . . , µn, and we will encounter a number of other ex-

pressions in the rest of this thesis.

Expression (3.1) for the resistance matrix in terms of the pseudoinverse Lapla-

cian, in combination with the Courant–Fischer–Weyl Theorem on eigenvalues (see

Appendix A.2) leads to the following important spectral characterization of the re-

sistance matrix:

Property 3.5. For n > 1 the resistance matrix has 1 positive and n − 1 negative

eigenvalues. In particular, the resistance matrix is invertible.

Proof. First, since n > 1 and the resistance matrix is off-diagonally positive, we find

uTΩu > 0,

which by Corollary A.3 of the Courant–Fischer–Weyl Theorem implies that Ω has at

least one positive eigenvalue. Second, from (3.2) and properties of the pseudoinverse

Laplacian quadratic form, we find

fTΩf = −2fTQ†f < 0 for all nonzero f ∈ span(u)⊥,

which again by Corollary A.3 of the Courant–Fischer–Weyl Theorem implies that Ω

has at least n− 1 negative eigenvalues. As the total number of eigenvalues is n, this

completes the proof.

Fiedler calls a matrix with one positive eigenvalue and negative eigenvalues other-

wise an elliptic matrix [96]. We note that since Ω has zero trace, its positive eigenvalue

is equal to the sum of its negative eigenvalues; the eigenvalues of the resistance matrix

are further studied for instance in [269]. The invertibility of Ω will be very important

in the rest of this thesis. In Chapters 5–6, the sum of the inverse matrix uTΩ−1u

and its row sums Ω−1u will play a central role, and in the remainder of this chapter,

we will derive a matrix identity for Ω−1 in terms of the Laplacian matrix and discuss

some of its consequences.

3.2 The Fiedler–Bapat identity

We now introduce the Fiedler–Bapat identity, an inverse matrix identity relating the

(inverse) resistance matrix to the Laplacian matrix. This identity was derived by

Miroslav Fiedler in the context of simplex geometry [96] (see Chapter 4) and by

Subak-Sharpe et al. in electrical circuit theory [228], and is closely related to Bapat’s

expression for the inverse resistance matrix [11, §9.5],[10].
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Theorem 3.6 (Fiedler–Bapat identity). The resistance and Laplacian matrix of a

graph satisfy (
0 uT

u Ω

)−1

= −1

2

(
4σ2 −2pT

−2p Q

)
, (3.5)

where p = 1
2
Qζ + 1

n
u and σ2 = 1

4
ζTQζ + 1

n
uTζ.

Proof. We first confirm that the ‘extended resistance matrix’
(

0 uT

u Ω

)
is invertible.

Suppose for contradiction that the extended resistance matrix is singular instead.

Then there exist α ∈ R, f ∈ Rn, not both equal to zero, such that(
0 uT

u Ω

)(
−α
f

)
=

(
0
0

)
⇔

{
uT f = 0

Ωf = αu .

If α = 0 then Ωf = 0, which by invertibility of the resistance matrix implies that

f = 0 as well. But α and f cannot both be zero, hence α ̸= 0. But then Ωf = αu

implies that f ̸= 0 (again since Ω is nonsingular) and from uT f = 0 we arrive at the

contradiction

0 = αfTu = fTΩf = −2fTQ†f < 0 since f ∈ span(u)⊥.

The extended resistance matrix is thus invertible and there exist unique σ2 ∈ R,p ∈
Rn and Q̃ ∈ Rn×n such that

(
0 uT

u Ω

)(
4σ2 −2pT

−2p Q̃

)
=

(
−2 0T

0 −2I

)
⇔


uTp = 1

2σ2u = Ωp

ΩQ̃ = −2I + 2upT

Q̃u = 0 .

We now show that these four equations determine σ2,p as in the theorem and show

that Q̃ is equal to the Laplacian matrix Q corresponding to Ω. From the identities

2σ2u = Ωp and uTp = 1 and expression (3.1) for the resistance matrix, we find

2σ2u = (uζT + ζuT − 2Q†)p ⇔
(
2σ2 − ζTp− 1

n
ζTu

)
u =

(
I − uuT

n

)
ζ − 2Q†p.

In the second expression, the left-hand side is a vector in span(u) and the right-hand

side a vector in span(u)⊥, thus we know that both sides must be equal to zero, and

thus

2σ2 = (p+ 1
n
u)Tζ and 2Q†p =

(
I − uuT

n

)
ζ (3.6)

Left-multiplying the second expression in (3.6) with the Laplacian matrix, we find

2

(
I − uuT

n

)
p = Qζ ⇔ p =

1

2
Qζ +

u

n
,
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which confirms the formula for p in the theorem. Introducing the vector p in the first

expression in (3.6) also confirms the formula for σ2.

The matrix Q̃ is determined by the remaining identities Q̃u = 0 and ΩQ̃ = −2I+

2upT . Left-multiplying the second identity by the Laplacian matrix Q corresponding

to the resistance matrix Ω, introducing expression (3.1) and invoking uTp = 1, we

find

Q(uζT + ζuT − 2Q†)Q̃ = −2Q ⇔ Q̃ = Q,

which completes the proof.

We will also call the matrices appearing in (3.5) the extended resistance and

extended Laplacian matrix and use index ‘1’ to denote the extra row/column. As

we will discuss in Section 4.2, the resistance matrix is a squared Euclidean distance

matrix. In this geometric setting, the extended resistance matrix is an example of a

Cayley-Menger matrix which is a central tool in the theory of distance geometry [25].

The proof of Theorem 3.6 readily generalizes to any symmetric zero-diagonal ma-

trix A with uTAu > 0 and fTAf < 0 for f ∈ span(u)⊥; these are squared Euclidean

distance matrices of simplices (see Chapter 4), which was Fiedler’s original context.

More generally, for any symmetric invertible matrix A with uTA−1u ̸= 0 the extended

matrix
(

0 uT

u A

)
is invertible2 and similar matrices/vectors/scalars to Q/p/σ2 can be

defined based on the inverse extended matrix A.

The Fiedler–Bapat identity features two new resistance-based quantities: p and σ2.

We will call p the resistance curvature. This is a vector defined on the nodes of

the graph3. To guide the intuition, one may think that pi is related to how ‘clustered’

the neighbourhood of i is. If there are a lot of triangles around i, then pi will be

large (and positive) whereas if there are few triangles around i, then pi will be small

and possibly negative. More precise interpretations are provided in Chapter 5, where

we relate p to the “boundary of a graph” and in Chapter 6, where we interpret p in

the context of discrete curvature; the latter underlies our choice for the terminology

“resistance curvature”. Several alternative expressions for p are presented throughout

this thesis and are summarized in Section 6.2.3.

We will call σ2 the resistance radius. This is a scalar invariant defined for a graph.

To guide the intuition, one may think of σ2 as a notion of ‘size’ for the graph, similar

2Follow the same proof as in Theorem 3.6, and for α ̸= 0, use the contradiction 0 = α−1uT f =
uTA−1u ̸= 0.

3As further explained in Appendix A.1, a vector f ∈ Rn can also be interpreted as a function
f : N → R, where the vector entries fi are given by the function values f(i) on the nodes.
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to the radius of a metric space but related to the effective resistance between all pairs

of nodes. More precisely, in Section 5.3.1 we show that the resistance radius σ2 is

determined up to a factor two by the largest effective resistance in a graph. In Section

3.4 we discuss the resistance radius as a ‘set function’ on subsets of nodes, in Chapter

5 we relate σ2 to the concept of variance on graphs (this motivated the notation ‘σ2’)

and in Chapter 6, we discuss the relation to discrete curvature.

The vector p and scalar σ2 have been studied before in the context of distance

geometry [111], simplex geometry [96], electrical circuit theory [228] and graph theory

[11]. Our main contributions to the theory of these resistance-based invariants are

presented in Chapters 5–6.

As shown already in the proof of the Fiedler–Bapat identity, the resistance curva-

ture and radius satisfy the following identities which may be taken as alternative

definitions:

Corollary 3.7. The Fiedler–Bapat identity implies that

uTp = 1 and Ωp = 2σ2u and QΩ = −2I + 2puT (3.7)

Proof. From the Fiedler–Bapat identity, we find:(
−2 0T

0 −2I

)
=

(
0 uT

u Ω

)(
4σ2 −2pT

−2p Q

)
=

(
−2uTp uTQ

4σ2u− 2Ωp −2upT + ΩQ

)
.

These identities are also noted in [11, 96, 228]. The identity for QΩ will be

particularly useful and for further reference, we will call this the QΩ identity. A

second corollary of the Fiedler–Bapat identity is the following expression for the

inverse resistance matrix:

Corollary 3.8. The inverse resistance matrix is equal to

Ω−1 = −1

2
Q+

ppT

2σ2
. (3.8)

Proof. Following Corollary 3.7, we know that{
QΩ = −2I + 2puT

Ωp = 2σ2u
⇔

{
Q = −2Ω−1 + 2puTΩ−1

Ω−1u = p/(2σ2)
⇔ Ω−1 = −1

2
Q+

ppT

2σ2
,

which completes the proof. In Section 3.3, we show an alternative proof based on the

Schur complement.
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Expression (3.8) was derived for tree graphs4 by Graham & Lovász in [111], and

was later generalized to the resistance matrix of general weighted graphs by Bapat in

[10]. Corollary 3.8 also allows to express the Laplacian matrix in terms of the inverse

resistance matrix as follows:

Q = −2Ω−1 + 2
Ω−1uuTΩ−1

uTΩ−1u
. (3.9)

This expression can be used to provide a matrix characterization of resistance matri-

ces, without explicit reference to an underlying graph:

Theorem 3.9. Let Ω be a real symmetric matrix. Then Ω is a resistance matrix if

and only if it is invertible and satisfies

(uTΩ−1u)(Ω−1)ij ≥ (Ω−1uuTΩ−1)ij for all i ̸= j. (3.10)

Proof. (forward direction) If Ω is a resistance matrix, then it is invertible by Property

3.5 and satisfies condition (3.10) by definition of the Laplacian in terms of the inverse

resistance matrix and positivity of link weights:(
Ω−1 − Ω−1uuTΩ−1

uTΩ−1u

)
ij

= −1

2
(Q)ij ≥ 0 for all i ̸= j.

(converse direction) Let Ω be a real symmetric invertible matrix that satisfies con-

dition (3.10). We first show that uTΩ−1u ̸= 0. Suppose for contradiction that

uTΩ−1u = 0. Then from condition (3.10) we know that (Ω−1u)i(Ω
−1u)j ≤ 0 for

all i ̸= j, which is only possible if Ω−1u = 0. But this is in contradiction with Ω

being invertible, and thus we must have uTΩ−1u ̸= 0 and we can define the matrix

X := −2Ω−1 + 2Ω−1uuTΩ−1

uTΩ−1u
. This matrix X is real, symmetric, has nonpositive off-

diagonal entries (by condition (3.10)) and satisfiesXu = 0 by construction. Moreover,

from

rank(2Ω−1) ≤ rank(X) + rank
(
2Ω−1uuTΩ−1

uTΩ−1u

)
⇒ rank(X) ≥ n− 1,

we know that X has rank n− 1 and thus ker(X) = u. All together, we thus find that

X is a Laplacian matrix and thus, by construction of X from Ω, we know that Ω is

a resistance matrix, as required. This completes the proof.

This characterization is of course equivalent to other characterizations of the effec-

tive resistance matrix, such as the characterizations of Subak-Sharpe & Moore [179],

Weihrauch [259], Kigami’s definition based on resistance forms [142, §2.3] and the

4For tree graphs, the shortest-path distance matrix is equal to the resistance matrix; see Propo-
sition 4.5.
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different equivalences of Fiedler in [92, 94]. As far as we know, however, the concise

matrix characterization in terms of the inverse resistance matrix in Theorem 3.9 is

new.

The condition (3.10) is particularly relevant given the important role of the scalar

uTΩ−1u and vector Ω−1u in this thesis. Following Corollary 3.8, we find that they

are related to the resistance curvature and radius as follows:

Corollary 3.10. The Fiedler–Bapat identity implies that

p =
Ω−1u

uTΩ−1u
, σ2 =

1

2

(
uTΩ−1u

)−1
and σ2 =

1

2
pTΩp

Proof. Right-multiplying the inverse resistance matrix (3.8) with the all-one vector

u, we find Ω−1u = p/(2σ2) and further left-multiplying with uT yields uTΩ−1u =

1/(2σ2). The relation between the resistance curvature and radius follows more di-

rectly from uTp = 1 and Ωp = 2σ2u in Corollary 3.7. This completes the proof.

These expressions also appear in [13, 111, 228] and further alternative expression

for p and σ2 are summarized in Section 6.2.3.

In addition to relating the resistance and Laplacian matrix and introducing the re-

sistance curvature and radius, the Fiedler–Bapat identity is also the starting point of

a rich theory of submatrices of the resistance and Laplacian matrices. We introduce

this theory in the following sections, starting with the Schur complement.

3.3 The Schur complement

The Schur complement, named after Issai Schur by Emilie Haynsworth in [125], is an

algebraic operation defined on matrices. For an n × n matrix A with rows/columns

indexed by the set N and block decomposition A =
(

AVV AVVc

AVcV AVcVc

)
, the Schur comple-

ment is defined as follows:

Definition 3.11 (Schur complement). The Schur complement of a matrix A with

respect to a nonempty subset (of row/column indices) V is defined as

A/Vc := AVV − AVVc(AVcVc)−1AVcV

if the submatrix AVcVc is invertible.

If the subset V = N is the full set of row/column indices, we have A/∅ = A. The

Schur complement A/Vc with respect to V is also called the V-Schur complement of

38



A and for a single node v, the vc-Schur complement A/{v} is called an elementary

Schur complement.

The Schur complement of a matrix appears when studying subsystems of a linear

system of equations. For the system

Ax = b with bVc = 0, (3.11)

the Schur complement can be used to find the solution x restricted to V based on

the subsystem (A/Vc)xV = bV (see Property 3.13). Equation (3.11) is also called a

boundary value problem since the problem is specified on a subset V , ‘the boundary’.
The Schur complement is a well-studied matrix operation and we will only introduce

those results that are relevant for the context of resistance matrices and Laplacians.

For an overview of the history and theory of the Schur complement — such as its

relation to Gaussian elimination, determinants, matrix inertia and its many closure

results — we refer to the excellent book [267] and references therein.

A first relevant property of the Schur complement is the so-called quotient property

[62],[267, Thm. 1.3], which implies the following:

Property 3.12 (composition property). Any Schur complement can be composed by

a sequence of elementary Schur complements, as

A/Vc =
(
(A/{vk})/ . . .

)
/{v1} with Vc = {v1, . . . , vk} (3.12)

whenever the Schur complement exists.

The “composition” terminology refers to the perspective where the Schur com-

plement is seen as an operation (⋆)/Vc acting on matrices; the quotient property

[267, Thm. 1.3] says that these operations can be composed as (⋆)/W ◦ (⋆)/V =

((⋆)/V) /W = (⋆)/{V ∪ W} for two disjoint node sets V ,W . In particular, this im-

plies that any Schur complement can be composed by elementary Schur complements

as in (3.12).

The composition property is useful when elementary Schur complements are well-

understood for a class of matrices, since it allows one to generalize this understanding

(via composition) to general Schur complements. This is illustrated in the proof of

Proposition 3.15 on the Schur complement of Laplacian matrices, and lies at the basis

of several closure properties of the Schur complement. We note that the order of the

elements of Vc in (3.12) is arbitrary.

A second relevant result relates submatrices of the matrix inverse to the Schur

complement:
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Property 3.13. Let A be an invertible matrix. Then

(A/Vc)−1 = (A−1)VV (3.13)

whenever the Schur complement exists.

We refer to [267, Thm. 1.2] for a proof. To illustrate the utility of Property

3.13 in combination with the Fiedler–Bapat identity, we give an alternative proof of

Corollary 3.8 on the inverse resistance matrix:

Proof of Corollary 3.8 First, from the Fiedler–Bapat identity, we know that[(
4σ2 −2pT

−2p Q

)−1
]
1c1c

=

[
−1

2

(
0 uT

u Ω

)]
1c1c

= −1

2
Ω,

where 1c denotes the set of all rows/columns except the first. Second, by the Schur

complement property (A−1)1c1c = (A/{1})−1, we find that[(
4σ2 −2pT

−2p Q

)−1
]
1c1c

=

(
Q− ppT

σ2

)−1

.

Equating both expressions proves the corollary. □

In the following sections, we show two classes of results results that follow by com-

bining the Schur complement and the Fiedler–Bapat identity. First, we show how

taking the Schur complement of the extended Laplacian matrix leads to the con-

cept of Kron reduction. Second, we show how taking the Schur complement of the

extended resistance matrix leads to the concept of merging nodes.

3.3.1 Kron reduction

In the context of graphs and the effective resistance, the Schur complement plays

an important role because it leads to the so-called Kron reduction of graphs (named

after Gabriel Kron):

Definition 3.14 (Kron reduction). The V-Kron reduction of a graph G is the graph

with Laplacian matrix Q′ = Q/Vc.

We also call this the Kron reduction of G with respect to V and write5 G′ = G/Vc,

following the notation for the Schur complement. For V = N , we have G′ = G/∅ =

5The notation G/ℓ for a link ℓ ∈ L is sometimes used to denote merging the two end nodes of
ℓ. This is a different operation from Kron reduction and we will only use the notation G/⋆ in the
context of Kron reduction.
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G, and we furthermore require that V ≠ ∅ is a nonempty subset. The vc-Kron

reduction G/{v} with respect to all but a single node is also called an elementary

Kron reduction. A survey of the properties of Kron reduction and its applications to

electrical networks is given in [78].

From the definition, it follows that the Kron reduction is a graph defined on the

node set V and that it is uniquely defined if it exists. It is less immediate, however,

whether Kron reduction is always well-defined since two things could go wrong: first,

the Schur complement can be undefined if the Laplacian submatrix QVcVc is singular

and second, the matrix Q/Vc might not satisfy all properties of a Laplacian matrix,

e.g. not have zero row sum, nonpositive off-diagonal entries, etc. However, we have:

Proposition 3.15 (closure). Let Q be a Laplacian matrix and ∅ ̸= V ⊆ N . Then

the Schur complement Q/Vc is always well-defined and a Laplacian matrix.

Proof. (well-defined) Proposition 3.26 (later) shows that the matrix QVcVc is positive

definite and thus, in particular, that it is invertible. This follows from Proposition 2.7

for the Laplacian matrix. Consequently, the Schur complement is always well-defined.

(Laplacian) Next we show that the Schur complement of a Laplacian matrix is

again a Laplacian. By the composition property 3.12 of the Schur complement, it

suffices to consider elementary Schur complements, with Vc = {x}, for which the

Schur complement equals

Q′ := Q/{x} = Qxcxc − qqT

kx
, (3.14)

where q := −Qxcx = Qxcxcu is the (n − 1) × 1 column vector containing the link

weights to all other nodes; we note that uTq = kx.

We now show that the matrix Q′ satisfies all properties of a Laplacian matrix.

By construction, Q′ is a real symmetric (n − 1) × (n − 1) matrix with nonpositive

off-diagonal entries, since (Q′)ij = −cij − cixcxj/kx ≤ 0. It thus remains to show that

ker(Q) = span(u). From (3.14) it follows that Q′u = 0 and thus that span(u) ⊆
ker(Q′). Suppose for contradiction that this subset is strict. Then there must exist

f ̸∈ span(u) with Q′f = 0. But then we find that

Q′f = 0 ⇔ Qxcxcf − qqT

kx
f = 0 ⇔

(
0
0

)
=

(
kx −qT

−q Qxcxc

)(
qT f
kx

f

)
= Q

(
qT f
kx

f

)
which is in contradiction with ker(Q) = span(u) since f is not a constant vector and

so
(

qT f/kx
f

)
is not in span(u). This contradiction confirms that ker(Q′) = span(u)

which by Proposition 2.5 thus completes the proof that Q′ is a Laplacian matrix.
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In other words, the class of Laplacian matrices is closed under Schur complement.

In Chapter 4, we discuss how this corresponds to closure of associated geometric

objects. Proposition 3.15 establishes that the Kron reduction G/Vc is a well-defined

and unique graph for each nonempty subset V .
To develop an understanding of the properties of Kron reduction on graphs, ex-

pression (3.14) for the elementary Schur complement of a Laplacian is a good starting

point. This expression shows that Kron reduction is a local operation: the elementary

Kron reduction G′ = G/{x} is equal to the graph G\{x} in which x is removed and

in which the neighbours Nx of x are fully connected; by expression (3.14), the link

weights and degrees are given by:

c′ij = cij +
cixcxj
kx

and k′
i = ki −

c2ix
kx

for all i, j ∈ Nx.

This ‘locality’ is illustrated in Figure 3.1, which shows that only the neighbourhood

of the removed node(s) changes. We now give a number of examples.

Figure 3.1: Example of an elementary Kron reduction (left) and a general Kron
reduction (right); the new or changed links in the Kron reduction graphs are shown
in red. These figures illustrate that the graph change due to Kron reduction is local.

Example 3.16. Figure 3.2 shows an example of Kron reduction. The composition

property applied to this example says that G/{x, y} = (G/{x})/{y}.

Figure 3.2: Example of Kron reduction (link weights are not given).
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Example 3.17 (cut nodes). If G is a graph and v a node with combinatorial degree

one, also called a pendant node, then the Kron reduction G/{v} is equal to G\{v}, i.e.
with the node removed. More generally, if x is a cut node that disconnects the graph

in two components supported on A,B (i.e. A, x,B is a partition of the node set),

then the Kron reduction with respect to Ac is equal to the graph with A removed:

G/A = G\A. This follows from the definition of the Schur complement, where we

find that eTi QB′A(QAA)
−1QAB′ej = 0 for all i ̸= j ∈ B′ = B ∪ {x}, and thus that

Q/A = QBB.

Example 3.18 (bipartite projection). Let G be a bipartite graph with a partition

A,B of the nodes such that there are no links between pairs of nodes in A and pairs

of nodes in B, and thus L ⊆ A × B. The Kron reduction G′ = G/B is a graph on

the nodes A with links c′ij =
∑

b∈B cibcbj/kb between i, j ∈ A. This graph G′ is also

known as the projection of G onto the node set A; see for instance [270].

Figure 3.3: Example of bipartite projection (link weights are not given).

These examples give some initial insight in the Kron reduction, but for general

graphs and general sets V , it is not immediately clear what the graph G′ looks like

structurally. The following result relates the structure of G and G′ (see [78, Thm.

3.4], [95, Thm. 1.10]):

Proposition 3.19. Let G′ = G/Vc. Then a link (i, j) exists between two nodes in G′

if and only if either (i, j) is a link in G or there exists an i− j path in G, all nodes

of which lie in Vc.

The weighted version of Proposition 3.19 says that c′ij ≥ cij (where cij = 0 if

there is no link) with equality unless there is a path between i and j contained in Vc.

An immediate consequence of Proposition 3.19 is that Kron reduction preserves cut

nodes:

Proposition 3.20. Let G be a graph and G′ any Kron reduction. Then x is a cut

node in G′ if and only if x is a cut node in G.
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Proof. (forward direction) Let G′ = G/Vc with x ∈ V . If x is a cut node that

disconnects the graph in two components supported on A,B, then all paths from

a ∈ A to b ∈ B must pass through x. Since x ̸∈ Vc, there are no a− b paths with all

nodes in Vc and by Proposition 3.19 it then follows that there are no links between

A′ = A\Vc and B′ = B\Vc in G′ and thus that all paths from a ∈ A′ to b ∈ B′ must

pass through x; equivalently, x is a cut node between A′, B′ in G′.

(converse direction) The graph G must have at least three nodes for the converse

to apply. Let G be a graph with Kron reduction G′ in which x is a cut node between

a and b. Suppose for contradiction that x is not a cut node between a and b in G.

Then there exists some a − b path P in G which does not go through x. Then we

can define the Kron reduction G′′ = G/{a, x, b}c in which a and b are linked, by

Proposition 3.19 and the fact that P ⊆ {a, x, b}c. In particular, x is not a cut node in

G′′. However, this is in contradiction with the forward direction of the proof, which

says that x must be a cut node in G′′ because G′′ is a Kron reduction of G′ and x is

a cut node in G′. This completes the converse direction and thus the proof.

In particular, this result implies that the number of cut nodes (and thus the num-

ber of biconnected components) is nonincreasing with respect to Kron reduction.

While the Kron reduction is mathematically consistent and well-defined based on

the properties of the Schur complement of the Laplacian matrix, its definition is un-

til this point still ‘unmotivated’. We now show why Kron reduction is a natural

definition in the context of effective resistances:

Property 3.21. Let G′ be a Kron reduction of G. Then ω′
ij = ωij for all pairs of

nodes in G′.

Proof. Let G′ = G/Vc. From the Fiedler–Bapat identity, we find that[(
4σ2 −2pT

−2p Q

)−1
]
V+V+

=

[
−1

2

(
0 uT

u Ω

)]
V+V+

= −1

2

(
0 uT

u ΩVV

)
.

where V+ = V ∪{1} indicates the index set V including the first row/column index of
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the extended matrix. Next, from the Schur complement property 3.13 we know that[( 4σ2 −2pT

−2p Q

)−1
]
V+V+

−1

=

(
4σ2 −2pT

−2p Q

)
/Vc

=

(
4σ2 −2pT

V
−2pV QVV

)
−
(
−2pT

Vc

QVVc

)
(QVcVc)−1

(
−2pVc QVcV

)
=

(
4σ′2 −2p′T

−2p′ Q/Vc

)
=

[
−1

2

(
0 uT

u Ω′

)]−1

. (Fiedler–Bapat for G′).

As a result, we find that Ω′ = ΩVV and thus that ω′
ij = ωij for all i, j ∈ V . The

relation between p′,p and σ′2, σ2 in Proposition 3.25 follows by equating the second

and third expression on the right-hand side in the derivation above.

In other words, Kron reduction preserves the effective resistance. An alternative

route to defining the Kron reduction is thus via the effective resistance:

Definition 3.22 (Kron reduction 2). The V-Kron reduction of a graph G is the graph

with node set V and the same effective resistances as G.

Starting from this definition, it is again not immediately clear whether this pro-

duces a well-defined graph. By this definition, the Kron reduction is a graph on

the node set V and it is uniquely defined by the submatrix ΩVV — i.e. if it is a

resistance matrix, then there is a unique corresponding Laplacian obtained via the

Fiedler–Bapat identity — but this submatrix could in principle fail to be a proper re-

sistance matrix. However, following the relation between Kron reduction and effective

resistances, we find that all is well:

Proposition 3.23 (closure). Any (nonempty) submatrix of a resistance matrix is

again a resistance matrix.

Proof. By Property 3.21, the Kron reduction G′ = G/Vc has resistance matrix

Ω′ = ΩVV and thus ΩVV is the resistance matrix of G′.

The class of resistance matrices is closed with respect to submatrices. This closure

result is not a generic property for distance matrices. Figure 3.4 for instance shows a

graph for which a submatrix of its shortest-path distance matrix cannot be realized

as the distance matrix of a graph:

Following Property 3.21, we discuss another Kron reduction example.
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Figure 3.4: A graph (left) and its shortest-path distance matrix (middle). The dis-
tance submatrix excluding the red node (last row/column) has no realization as an
unweighted graph: the adjacency matrix must satisfy i ∼ j if and only if d(i, j) = 1
which results in a cycle graph in which, for instance, d(1, 4) = 2 is incorrect.

Example 3.24 (two nodes). Let G be a graph with at least two nodes i, j. The

Kron reduction G′ = G/{i, j}c is a graph on two nodes i, j with effective resistance

ωij and with link weight c′ij = ω−1
ij since (i, j) is a cut link in G′. If (i, j) is also a cut

link in G, then by the weighted version of Proposition 3.19, it follows that c′ij = cij

and thus that cij = ω−1
ij for cut links. This shows an alternative proof for equality in

the upper bound of Property 2.14.

As a final result, we show how Kron reduction influences the resistance curvature

p and resistance radius σ2. We find the following relation (see also [96, Thm. 3.2.3]):

Proposition 3.25. Let G′ be the V-Kron reduction of a graph G. Then

σ′2 = σ2 − pT
Vc(QVcVc)−1pVc and p′ = pV −QVVc(QVcVc)−1pVc . (3.15)

The proof of this proposition was included in the proof of Property 3.21. For

elementary Kron reductions G′ = G/{x}, this implies the much simpler formulas:

σ′2 = σ2 − p2x
kx

and p′i = pi +
cix
kx

px. (3.16)

These relations are central for the results on positively curved graphs in Chapter 6.

3.3.2 Merging nodes

Similar to how the submatrices of a resistance matrix lead to Kron reductions of

a graph, the submatrices of a Laplacian have an interpretation in terms of effective

resistances. A Laplacian submatrix is a matrix QVcVc for some nonempty strict subset

∅ ̸= Vc ⊂ N of nodes6. In the definition of Kron reduction, we already implicitly

used the following property:

6We choose to consider Laplacian submatrices with respect to Vc and not V, because this choice
corresponds to merging the group of nodes V and is more consistent with the notation for Kron
reductions.
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Property 3.26. A Laplacian submatrix is positive definite and thus invertible.

Proof. By construction, a Laplacian submatrix is real and symmetric. Any quadratic

product with QVcVc corresponds to a quadratic product with the Laplacian matrix,

as follows

fTQVcVcf = gTQg ≥ 0, with gVc = f and gV = 0,

which implies that QVcVc is positive semidefinite (see Proposition A.2). Next, suppose

for contradiction that the Laplacian submatrix is singular. Then there exists some

nonzero vector f ∈ ker(QVcVc) such that the quadratic form fTQVcVcf = 0 is zero

and thus also gTQg = 0. But this is in contradiction with ker(Q) = span(u) since g

is not a constant vector. This proves that QVcVc is positive definite, as required. A

more direct proof using matrix theory uses the fact that Laplacian submatrices are

symmetric strictly diagonally dominant matrices, which are positive definite.

Since Laplacian submatrices are invertible, the Laplacian Schur complement and

thus Kron reduction are well-defined. As a simple example, for Vc = {i}, we find

that Qii = ki is invertible, as expected. To further describe the inverse of Laplacian

submatrices, we introduce the following graph operation:

Definition 3.27. Let V be a nonempty strict subset of nodes in a graph G. The

V − v merged graph G′ is obtained by merging the set of nodes V in G into a single

node v with link weights c′vi =
∑

j∈V cij for all i ∈ Vc. The Laplacian matrices Q′ and

Q are related by

Q′ := HQHT ,

where H is the (n − |V| + 1) × n matrix H with row indices Vc ∪ {v} and column

indices N and with entries (H)ij = 1 if i = j ∈ Vc and (H)vj = 1 for j ∈ V and

zeroes otherwise.

In other words, a V − v merged graph Laplacian is obtained by adding up the

rows/columns in V and assigning index v to the new row/column. Figure 3.5 below

illustrates this construction.

The reason why node-merged graphs are relevant for Laplacian submatrices is the

following observation: if G′ is the V − v merged graph of G, then

QVcVc = Q′
vcvc .

Schematically, this observation can be summarized by saying that the diagram

Q Q′

A

merge V − v

Vc-submatrix vc-submatrix
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Figure 3.5: Two examples of node-merged graphs. Note the weight c = 2 in the right
merged graph.

commutes for all Laplacians Q and all nonempty strict subsets of nodes Vc, i.e. first

taking the V − v merged graph Q → Q′ and then taking the vc submatrix is the same

as taking the Vc submatrix of Q. In combination with Schur complements and the

Fiedler–Bapat identity, this observation leads to the following results for the inverse

of Laplacian submatrices (see also [94]):

Proposition 3.28. The inverse Laplacian submatrix has entries

[(QVcVc)−1]ij =
1

2

(
ω′
iv + ω′

vj − ω′
ij

)
with effective resistances ω′ of the V − v merged graph G′.

Proof. Let G be a graph with a nonempty strict subset of nodes Vc and G′ the V −v

merged graph such that QVcVc = Q′
vcvc . The Fiedler–Bapat identity for the merged

graph G′ is equal to0 1 uT

1 0 Ω′
vvc

u Ω′
vcv Ω′

vcvc

−1

= −1

2

 4σ′2 −2p′v −2p′T
vc

−2p′v Q′
vv Q′

vvc

−2p′
vc Q′

vcv Q′
vcvc

 .

By the Schur complement property (A−1)vcvc = (A/{v})−1 applied to the extended

resistance matrix, we then find that

[
−1

2
Q′

vcvc

]−1

=

0 1 uT

1 0 Ω′
vvc

u Ω′
vcv Ω′

vcvc

 /{1, v} = Ω′
vcvc −

(
u Ω′

vcv

)(0 1
1 0

)−1(
uT

Ω′
vvc

)

Introducing the Laplacian submatrix Q′
vcvc = QVcVc of G and expanding the matrix

product in the right-hand side, this yields

(QVcVc)−1 =
1

2

(
uΩ′

vvc + Ω′
vcvu

T − Ω′
vcvc

)
, (3.17)

which completes the proof.
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In other words, the inverse Laplacian submatrix contains half the triangle excess7

1
2
(ω′

iv+ω′
vj−ω′

ij) of the effective resistances off-diagonally, and the effective resistances

ω′
iv from v to the rest of the nodes on the diagonal. We will also refer to this as a

triangle excess matrix. Making use of the triangle inequality property of the effective

resistance (see Chapter 4), this implies the following result:

Property 3.29. The inverse Laplacian submatrix (QVcVc)−1 is a block-diagonal ma-

trix with positive blocks for the connected components of G\V.

Proof. Let A1, . . . , Aℓ be the node sets of the connected components of G\V . Then
QVcVc is block-diagonal on A1, . . . , Aℓ and thus its inverse (QVcVc)−1 is as well. More-

over, in the V − v merged graph G′, the node v is a cut node between the same sets.

By the triangle equality for effective resistances — Theorem 4.2 and Proposition 4.3

in Chapter 4, which say that ωix + ωxj ≥ ωij with equality if and only if x is a cut

node between i and j — we then know that

ω′
iv + ω′

vj − ω′
ij = 0 if i ∈ Ak ̸= Am ∋ j and ω′

iv + ω′
vj − ω′

ij > 0 if i, j ∈ Ak,

which confirms by Proposition 3.28 that (QVcVc)−1 is block diagonal on A1, . . . , Aℓ

with positive entries within the blocks.

Proposition 3.28 and Property 3.29 describe the properties of inverse Laplacian

submatrices. If we shift the perspective to describing effective resistances in node-

merged graphs, we can also reformulate Proposition 3.28 as follows:

Corollary 3.30. The effective resistances in a V − v merged graph G′ are given by

ω′
ij = (ei − ej)

T (QVcVc)−1(ei − ej) and ω′
iv = eTi (QVcVc)−1ei

for all i, j ∈ Vc.

Proof. This follows immediately from Proposition 3.28 and in particular from the

matrix expression (3.17) of the Laplacian submatrix inverse.

The resistance matrix of the V − v merged graph G′ can thus be summarized as

Ω′ =

(
0 qT

q quT + uqT − 2(QVcVc)−1

)
with q = diag

(
(QVcVc)−1

)
and we find a matrix expression similar to (3.1):

Ω′
vcvc = quT + uqT − 2(QVcVc)−1 with q = diag

(
(QVcVc)−1

)
. (3.18)

7This is also called the Gromov product of i and j with respect to v.

49



In particular, Corollary 3.30 is valid if the set V = {v} is a single node, for which

the merged-node graph is simply G′ = G. We give two example applications of this

observation:

Example 3.31 (effective resistances). Corollary 3.30 with the merged set V equal

to a single node suggests two alternative definitions for the effective resistance:

ωij = (ei − ej)
T (Qxcxc)−1(ei − ej) for any x ̸= i, j and ωij = [(Qicic)

−1]jj

for any two nodes i, j. This definition can alternatively be derived by so-called

‘grounding’ of a node when solving the electrical equations; the voltage of some node

x is then assumed to be zero, which eliminates the equation corresponding to the xth

row/column of the Laplacian matrix, and makes the Laplacian system invertible; see

e.g. [78]. Finally, following (3.18), the elementary resistance submatrices satisfy:

Ωicic = quT + uqT − 2(Qicic)
−1 with q = diag

(
(Qicic)

−1
)
.

Example 3.32 (average resistance distance). From Corollary 3.30 with the

merged set V equal to a single node, it follows that the average effective resistance

from node i to the rest of the nodes (including i itself), and the Laplacian pseudoin-

verse diagonal entries are equal to

⟨ωi⟩ =
1

n
tr
(
(Qicic)

−1
)

and (Q†)ii =
1

n2
uT (Qicic)

−1u.

Related to these expressions, we note that det(Qicic) is equal to the (weighted) number

of spanning trees of a graph (independent of i); see for instance [11, §4.3],[37, 242].
This fact be used to prove Theorem 2.13.

While the inverse Laplacian submatrix (Qxcxc)−1 is known to be a triangle excess

matrix of the effective resistances in G (see for instance [78, Lem. 3.11]), the extension

to merged graphs does not seem to be known as far as we know. In what follows, we

make use of the Fiedler–Bapat identity in combination with the Schur complement

to find new expressions for the effective resistances in merged graphs in terms of the

original graph. We find the following result:

Proposition 3.33. The inverse Laplacian submatrix is equal to

(QVcVc)−1 = −1

2
ΩVcVc − 1

4

(
u ΩVcV

)( 4σ′′2 −2p′′T

−2p′′ Q/Vc

)(
uT

ΩVVc

)
with p′′ and σ′′2 defined with respect to Q′′ = Q/Vc.
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Proof. Let G be a graph with a nonempty strict subset of nodes Vc. The Fiedler–

Bapat identity for G in block-matrix form reads0 uT uT

u ΩVV ΩVVc

u ΩVcV ΩVcVc

−1

= −1

2

 4σ2 −2pT
V −2pT

Vc

−2pV QVV QVVc

−2pVc QVcV QVcVc

 .

By the Schur complement property (A−1)VcVc = (A/V)−1 applied to the extended

resistance matrix, we then find that[
−1

2
QVcVc

]−1

=

0 uT uT

u ΩVV ΩVVc

u ΩVcV ΩVcVc

 /(V ∪ {1})

= ΩVcVc −
(
u ΩVcV

)(0 uT

u ΩVV

)−1(
uT

ΩVVc

)
= ΩVcVc +

1

2

(
u ΩVcV

)( 4σ′′2 −2p′′T

−2p′′ Q/Vc

)(
uT

ΩVVc

)
,

∴ (QVcVc)−1 = −1

2
ΩVcVc − 1

4

(
u ΩVcV

)( 4σ′′2 −2p′′T

−2p′′ Q/Vc

)(
uT

ΩVVc

)
where the third equality follows from the Fiedler–Bapat identity for G/Vc = G′′.

We remark that the proof of Proposition 3.33 amounts to applying the Fiedler–

Bapat identity twice, in combination with the Schur complement. Combining Corol-

lary 3.30 and Proposition 3.33 for the effective resistances in a merged graph, we thus

find:

Corollary 3.34. The effective resistances in a V − v merged graph G′ are given by

ω′
ij = ωij −

1

4

∑
a∼′′b

c′′ab(ωia + ωjb − ωib − ωja)
2

ω′
iv = −σ′′2 +

∑
a∈V

ωiap
′′
a −

1

4

∑
a∼′′b

c′′ab(ωia − ωib)
2

where we use a ∼′′ b to denote that a and b are connected in G′′ = G/Vc with weight

c′′ab.

Proof. The result follows by combining the expression for effective resistances ω′ in

terms of the inverse Laplacian submatrix in Corollary 3.30 and the expression for the

inverse Laplacian submatrix in Proposition 3.33; the quadratic forms determined by

the Laplacian Q/Vc are expanded as fT (Q/Vc)f =
∑

a∼′′b c
′′
ab(fi − fj)

2.

We note that (ωia+ωjb−ωib−ωja)
2 = [(ei−ej)

TQ†(ea−eb)]
2 by expression (3.2).

To illustrate the corollary, we calculate the effective resistances in a graph where a

pair of nodes are merged:
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Example 3.35 (merging link). If the merged set consists of just two nodes a, b, we

find that the {a, b} − v merged graph G′ has effective resistances

ω′
ij = ωij −

(ωia + ωjb − ωib − ωja)
2

4ωab

ω′
iv =

1

2
(ωia + ωib)−

1

4

(
ωab +

(ωia − ωib)
2

ωab

)
,

for i, j ̸= a, b. This follows since the Kron reduction G′′ = G/{a, b}c is a single

link (a, b) with link weight c′′ab = ω−1
ab , and as shown in Example 6.7 this graph has

resistance curvature p′′ = (1/2, 1/2)T and resistance radius σ′′2 = ωab/4. From the

Cauchy–Schwarz inequality (or the maximum principle, Lemma 4.1), we find that

(ωia + ωjb − ωib − ωja)
2 ≤ ωijωab and thus ω′

ij ≥ 3
4
ωij. By the triangle inequality

(Theorem 4.2), we furthermore know that |ωia − ωib| ≤ ωab which leads to ω′
iv ≥

1
2
(ωia + ωib − ωab).

We will not make any further use of the concept of merged nodes in the rest of this

thesis. We note, however, that this concept is relevant when extending the definition

of weighted graphs to take into account infinite link weights; a graph with cij → ∞
is equivalent to the {i, j}− v merged graph. This is also called ‘shorting’ in electrical

circuit theory.

Finally, Laplacian submatrices can be characterized as a class of matrices without

explicitly making reference to their being the submatrix of a Laplacian:

Property 3.36. A matrix A is a Laplacian submatrix if and only if it can be written

as A = Q + V where Q is a Laplacian matrix and V a nonnegative diagonal matrix

not equal to the zero matrix.

Proof. Let V = diag(v). Then any matrix A = Q + V is a submatrix of
(
uTv −vT

−v A

)
which is a Laplacian matrix.

These matrices are also called Schrödinger matrices (operators) [17], loopy Lapla-

cians [78], weakly diagonally-dominant M matrices [94], bottleneck matrices [145] or

Stieltjes matrices [19]. Laplacian submatrices and their determinants play an impor-

tant role in the context of spanning trees [11, §4.3].

3.4 The resistance radius

As introduced in the Fiedler–Bapat identity, the resistance radius is a resistance-

based graph invariant. Following Corollary 3.10, the resistance radius can be defined
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concisely as

σ2 =
1

2

(
uTΩ−1u

)−1
.

Section 6.2.3 discusses several alternative definitions and we note in particular (i) its

relation to the resistance curvature by σ2 = 1
2
pTΩp, which will be further discussed

in Chapter 5, (ii) the simple expression σ2 = 1
2

∑
j∼i cij(ωix − ωjx)

2 for any x, as

derived in Section 6.2.3, and (iii) its geometric interpretation as the (squared) radius

of the simplex associated to a graph in Chapter 4: this last interpretation underlies

the name ‘resistance radius’. While the resistance radius appeared before in the work

of Fiedler, Bapat and Subak-Sharpe, it has not yet been studied in detail and, as

Fiedler noted, “[i]t would be desirable to find the interpretation . . . of q00 [4σ2] in the

graph-theoretical model.” [96, p. 158].

Here we study how the resistance radius relates between different Kron reductions of

a graph by considering the resistance radius as a function on subsets of the nodes.

A function on a family of subsets is called a set function and appears for instance in

combinatorics and measure theory.

Definition 3.37. The resistance radius (set) function is defined by

σ2(V) := 1

2

(
uT [ΩVV ]

−1u
)−1

for all V ⊆ N , (3.19)

and we define σ2(∅) = σ2({i}) = 0 for all i ∈ N .

In other words, σ2(V) is the resistance radius of the V-Kron reduction graph G/Vc.

As a quick example, one can check that this definition leads to σ2({i, j}) = ωij/4 for

any two nodes i, j based on the resistance matrix
(

0 ωij

ωij 0

)
. This means that the

resistance radius function fully characterizes the resistance matrix (consider all node

pairs) and thus the graph. Before continuing, we recall Proposition 3.25, which says

that the resistance radius of the Kron reduction of a graph is

σ2(V) = σ2(N )− pT
Vc(QVcVc)−1pVc and thus σ2(N\{x}) = σ2(N )− p2x

kx
.

A family of sets carries a natural partial order given by the subset relation A ≤ B ⇔
A ⊆ B and a set function that respects this partial order, i.e. as A ⊆ B ⇒ f(A) ≤
f(B), is called a nondecreasing function. Following Proposition 3.25, we find:

Property 3.38. The resistance radius σ2 is a nondecreasing set function.
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Proof. Let ∅ ̸= V ⊂ N be a nonempty subset of nodes. Then Proposition 3.25 says

that

σ2(V) = σ2(N )− pT
Vc(QVcVc)−1pVc .

Since QVcVc is positive definite by Property 3.26, the second term is nonnegative (pVc

could be zero) and thus we find that σ2(V) ≤ σ2(N ).

This property immediately implies that the range of the resistance radius function

is determined by the smallest set (∅) and the largest set (N ) as follows:

Property 3.39. The resistance radius is nonnegative and satisfies 0 ≤ σ2(V) ≤
σ2(N ) with equality in the lower bound if and only if |V| ≤ 1 and equality in the

upper bound if and only if V = N or pi = 0 for all i ∈ N\V.

Proof. The nondecreasing property of σ2 implies the range 0 = σ(∅) ≤ σ2(V) ≤
σ2(N ). Next, let V be any set with at least two nodes |V| ≥ 2 and pick two nodes

i, j in V . Then σ2(V) ≥ σ2({i, j}) = ωij/4 > 0 by the nondecreasing property and

positivity of the effective resistance. Thus, zero resistance radius is achieved if and

only if |V| ≤ 1 (in which case it holds by definition). Second, by Proposition 3.25 for

the resistance radius in Kron reduction graphs, we have

σ2(V) = σ2(N )− pT
Vc(QVcVc)−1pVc

for any ∅ ≠ V ⊂ N . Since QVcVc is positive definite, the quadratic form is zero, i.e.

σ2(V) = σ2(N ) if and only if pVc = 0. This completes the proof.

Another simple lower-bound follows directly from Property 3.38: σ2(V) ≥ 1
4
maxi,j∈V ωij

(see also Proposition 5.17). A second class of results deals with pairs of subsets that

are not necessarily related by the subset partial order. A set function f satisfies the

inclusion–exclusion principle if

f(A ∪B) = f(A) + f(B)− f(A ∩B) for all A,B ⊆ N .

The inclusion–exclusion property lies at the basis of many results in combinatorics and

probability theory and formalizes an intuitive property of notions like the cardinality

or size of an object [54, Ch. 4]. While σ2 does not satisfy inclusion–exclusion in

general8, we find the following partial result:

8A counterexample follows from the unit-weight complete graphK3 with nodes N = {1, 2, 3}. Let
A = {1, 2} and B = {2, 3}. For these sets, we calculate σ2(A ∪B) = 2/9 and σ2(A) = σ2(B) = 1/6
and σ2(A ∩B) = 0, and thus obtain the strict inequality:

σ2(A ∪B) = 2/9 < 2/6 = σ2(A) + σ2(B)− σ2(A ∩B).
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Proposition 3.40. Let A,B ⊆ N be two node subsets such that removing A ∩ B

disconnects A from B. Then

σ2(A ∪B) = σ2(A) + σ2(B)− σ2(A ∩B).

Proof. Let X, Y, Z ⊆ N be three disjoint subsets of nodes such that removing Y

disconnects X from Z, and define A = X ∪ Y and B = Z ∪ Y such that A ∩B = Y .

If X = 0 (or Z = 0) then A ⊆ B (or B ⊆ A) and the proposition holds trivially,

so we may assume that X,Z are non-empty. Furthermore, Y is non-empty since the

graph is connected.

Following Property 3.29 on the inverse Laplacian submatrix, we know that since

Y is a cut node set between X and Z, the matrix (QY cY c)−1 is block diagonal and

equal to

(QY cY c)−1 =

(
(QXX)

−1 0
0 (QZZ)

−1

)
. (3.20)

Furthermore, any path between two nodes x, x′ ∈ X that goes through Z also goes

through Y (since Y is an X−Z cut) and thus there exist no x−x′ path with all nodes

in Z. By the weighted version of Proposition 3.19, this means that the (X ∪Y )-Kron

reduction G′ = G/Z of G does not change any links or link weights between nodes in

X. Moreover, since X has no neighbours in Z, we have QXZ = 0 and thus we know

by Proposition 3.25 that the resistance curvature of nodes in X are left unchanged in

G. To summarize, we have Q′
XX = QXX and p′x = px for all x ∈ X.

We can derive the same results for the nodes in Z with respect to the (Z∪Y )-Kron

reduction G′′ = G/X and we thus have

Q′
XX = QXX , Q′′

ZZ = QZZ and p′x = px, p′′z = pz for all x ∈ X, z ∈ Z. (3.21)

Now we apply Proposition 3.25 for the resistance curvature in Kron reduction graphs,

and find:

σ2(X ∪ Y ∪ Z)− σ2(Y ) =

(
pX

pZ

)T

(QY cY c)−1

(
pX

pZ

)
= pT

X(QXX)
−1pX + pT

Z(QZZ)
−1pZ (by eq. (3.20))

σ2(X ∪ Y )− σ2(Y ) = p′T
X(Q

′
XX)

−1p′
X

= pT
X(QXX)

−1pX (by eq. (3.21))

σ2(Y ∪ Z)− σ2(Y ) = p′′T
Z(Q

′′
ZZ)

−1p′′
Z

= pT
Z(QZZ)

−1pZ (by eq. (3.21))

55



Summing these three expressions and introducing the sets A = X ∪Y and B = Y ∪Z

retrieves the inclusion–exclusion property and completes the proof.

We note that Proposition 3.40 is significantly strengthened in the case of graphs

with p ≥ 0, as shown in Theorem 6.33 in Chapter 6.

By a proper choice of node sets, the resistance radius of a graph can thus be

calculated as a sum over the resistance radii of smaller graphs. For example, if two

sets A,B overlap in a single cut node x, then the inclusion–exclusion principle implies

that the resistance radius can be decomposed as

σ2(A ∪B) = σ2(A) + σ2(B) if A ∩B = {x} is an A−B cut node

since σ2({x}) = 0 by definition. Recursively removing cut nodes from the remaining

connected components then directly leads to the following result.

Corollary 3.41. The resistance radius of a graph is the sum of the resistance radii

of its biconnected components.

We recall that a biconnected component is a maximal subgraph without cut nodes.

We now consider a number of examples.

Example 3.42 (tree graphs). In tree graphs, each link is a biconnected component

with resistance radius σ2({i, j}) = 1
4
ωij =

1
4
c−1
ij . By Corollary 3.41, we thus have:

Proposition 3.43. The resistance radius of a tree is equal to σ2(N ) =
∑

i∼j(4cij)
−1;

for unweighted trees (c = 1), this equals σ2(N ) = 1
4
(n− 1).

In other words, the resistance radius is equal for all (unweighted, connected) trees

on the same number of nodes.

Example 3.44 (node transitive graphs). In Example 6.10, we will discuss node

transitive graphs, which are highly symmetric graphs in which the nodes are ‘indis-

tinguishable’. Proposition 6.11 shows that the resistance curvature is constant as a

result of this symmetry, and equal to p = u/n. Consequently, the resistance radius

of a node transitive graph is

σ2(N ) =
1

2n2
uTΩu = ⟨ω⟩ = 1

n2
Kf,

where we recall that Kf is the Kirchhoff index of the graph, whose exact value is

known for many graphs. For instance, for the complete graph, we find σ2(N ) =

(n − 1)/n2 and for cycle graphs we find σ2(N ) = (n2 − 1)/(12n), see [166]. This

shows that the resistance radius can span several orders of magnitude, from O(n−1)

for the complete graph to O(n) for cycles and tree graphs.
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To conclude, we remark that the resistance radius is formally related to the concept

of magnitude. Tom Leinster introduced magnitude as an Euler characteristic-like

invariant9 for a variety of mathematical objects, including metric spaces [154, 156].

In the finite case, magnitude can be defined based on a similarity matrix Z, which

is a matrix with unit diagonal and nonnegative off-diagonal. For instance, for a

metric space (X, d), the similarity matrix is constructed as10 (Zt)ij = exp(−d(i, j)t)

at scale t. The magnitude is defined based on this similarity matrix follows: if the

equation Zw = u has a solution w, then this is called the weighting vector and

|Z| := uTw is called the magnitude. For invertible similarity matrices, we thus have

|Z| = uTZ−1u in a form similar to the (inverse) resistance radius. We recall that for

an invertible similarity matrix Z with nonzero magnitude, we may define the matrix

−2Z−1 + 2|Z|−1Z−1uuTZ−1, which satisfies a Fiedler–Bapat-like identity with the

similarity matrix. Section 5.3.1 will discuss some relations between the resistance

radius and ‘diversity’, which is a concept related to magnitude.

9The formal relation between σ2 and magnitude in combination with the latter’s interpretation
as an Euler characteristic-like invariant was our original inspiration to study the inclusion–exclusion
property of the resistance radius function, with Proposition 3.40 and Theorem 6.33 as a result.

10This relates similarity matrices to distance matrices, as discussed in Chapter 5, since for small
t, we have Zt ≈ uuT −Dt for distance matrix D.
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Chapter 4

Resistance distance and simplices

This chapter deals with the metric aspect of effective resistances, following the inter-

pretation of ω as the resistance distance. As mentioned in the introduction (Chapter

1), this is one of its most appreciated properties and underlies many applications. Less

commonly known but perhaps even more far-reaching is that this metric perspective

is the starting point for a geometric characterization of the effective resistance, and

by extension weighted graphs, in terms of ‘hyperacute simplices’ in Rn−1 (see Defini-

tion 4.17). This results in a geometric perspective on graphs and effective resistances

where, in Fiedler’s words, “every geometric invariant of the simplex is at the same

time an invariant of the graph” [93, p. 73] and such that, according to Subak-Sharpe,

“all the arsenal of knowledge, acquired over many years, which we posses [sic] on Eu-

clidean spaces may therefore be utilised in the solution of the resistive n-port problem

[related to characterizing properties of the resistance matrix]” [213, Abs.].

Section 4.1 starts by giving a proof of the metric property of ω based on the maximum

principle, and discusses some related results.

In Section 4.2, we classify the resistance distance as a strict negative type metric

(Proposition 4.9), which is a common class of metrics that includes, for instance,

subsets of hyperbolic and spherical spaces. This classification positions the effective

resistance in a ‘hierarchy’ of metric spaces (Proposition 4.22), where for each step

upwards in the hierarchy, some constraints are relaxed.

In addition to this metric classification, Section 4.2.2 discusses the geometric char-

acterization of the resistance distance as the squared Euclidean distance between the

vertices of a hyperacute simplex S (Theorem 4.19).

Section 4.3.1 shifts the focus back to graphs and introduces Fiedler’s graph–

simplex correspondence which describes a bijection G ↔ S between weighted graphs
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and hyperacute simplices in Theorem 4.23; even stronger, this correspondence is ‘func-

torial’ and associates Kron relations G → G′ with face relations S → S ′ (Theorem

4.24). As a first application, we give a new geometric proof of the metric property

of the effective resistance based on subset-closure of hyperacute simplices (Theorem

4.20). As a second application, we introduce the resistive embedding φ, which maps

functions on the graph to the ambient space of the simplex.

The main reference for this chapter is Fiedler’s work on simplices and their rela-

tion to graphs [96]. For the resistance distance, see [119, 149] and for (strict) negative

type metrics and distance geometry, the standard reference is Blumenthal’s book [25];

see also [160, 174, 210].

4.1 Resistance is distance

In order to prove that the effective resistance is indeed a metric, we start by estab-

lishing the maximum principle as an auxiliary lemma:

Lemma 4.1 (maximum principle). (ey − ex)
TQ†(ei − ej) ≤ ωij for all x, y, i, j ∈ N .

Proof. The lemma holds with equality if i = j and if (y, x) = (i, j), thus we may

further assume that i ̸= j and that n ≥ 3. We will first show that the lemma holds

for y = i.

(y = i) Let G be a graph with Laplacian Q and a pair of nodes i ̸= j, and define

the set of nodes

X :=
{
x ∈ N : (ei − ex)

TQ†(ei − ej) ≥ (ei − ez)
TQ†(ei − ej) for all z ∈ N

}
.

We note that this definition can be rewritten as (ez − ex)
TQ†(ei − ej) ≥ 0 for all

x ∈ X and all z, with equality if and only if z ∈ X . Let x ∈ X . Then either z ∈ X
for all neighbours z ∼ x, or x has at least one neighbour x ∼ z′ ̸∈ X and then∑

z:z∼x

cxz(ez − ex)
TQ†(ei − ej) > 0,

since link weights are positive. With the definition of the Laplacian matrix, this can

be rewritten as

−eTxQQ†(ei − ej) > 0 ⇔ −eTx

(
I − uuT

n

)
(ei − ej) = −eTx (ei − ej) > 0 ⇔ x = j.

In other words, if not all neighbours of x ∈ X are in X , then x = j. The set X
cannot be empty by its definition and it cannot contain all the nodes — this would
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mean that i ∈ X , but then we have the contradiction 0 = (ei − ei)
TQ†(ei − ej) ≥

(ei−ej)
TQ†(ei−ej) > 0. Since G is connected, there must be at least one node with

not all neighbours in X and thus j ∈ X such that we get (by definition of X )

ωij = (ei − ej)
TQ†(ei − ej) ≥ (ei − ex)

TQ†(ei − ej) for all x ∈ N ,

and thus that the Lemma holds for y = i. (general y) If y ̸= i, we can write

(ey − ex)
TQ†(ei − ej)

= (ey − ej)
TQ†(ei − ej) + (ej − ei)

TQ†(ei − ej) + (ei − ex)
TQ†(ei − ej) ≤ ωij

where the inequality follows from the case where y = i. This concludes the proof.

The proof shows that the maximum principle follows from basic properties of the

Laplacian and its pseudoinverse and, crucially, positivity of the link weights. The

name of the lemma refers to the related maximum principle of harmonic functions

(solutions to the Laplace equation) [164, Ch. 4], [32, Ch. 9].

The maximum principle has the following physical interpretation in terms of cur-

rents and voltages: if we consider a unit current flow from i to j then the voltages

in the network are given by the vector Q†(ei − ej); this is also called a ‘harmonic

function’. The maximum principle then says that the voltage difference between i

and j is larger than the voltage difference between any two other nodes x and y. In

electrical circuit theory, this principle is also called the no-amplification property; see

[179, Eq. 6]. From the maximum principle, it follows that ω is a metric, as first shown

in [119, 149].

Theorem 4.2. The effective resistance is a metric.

Proof. Recall from Definition 2.11 that a metric is symmetric, nonnegative and zero

only between identical elements and satisfies the triangle inequality. By its defini-

tion, the effective resistance ωij is symmetric and by properties of the pseudoinverse

Laplacian quadratic form, it is nonnegative and equal to zero if and only if i = j. It

thus remains to show the triangle inequality. For any i, j, x ∈ N , we can write

ωij = (ei − ex)
TQ†(ei − ej) + (ex − ej)

TQ†(ei − ej) ≤ ωix + ωxj

following the maximum principle. This completes the proof.

The effective resistance as a metric is also called the resistance distance. We now

proceed with showing two further results related to the resistance distance: when

triangle equalities occur and a comparison with the shortest-path distance.
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Lemma 4.1 implies that the triangle inequality holds for effective resistances, but it

does not explain in which cases this inequality is strict or when it holds with equality.

The forward direction of the following result was shown in [149]:

Proposition 4.3 (triangle equality). ωij = ωix + ωxj if and only if x is a cut node

between i and j.

Proof. (forward direction) Let G be a graph with cut node x between i and j and

consider the Kron reduction G′ := G/{i, j, x}c. By Proposition 3.20, we know that x

is also a cut node in G′. Since G′ is connected, it must thus be a path graph with end

nodes i, j and cut node x. Since (i, x) and (x, j) are cut links, we have ωix = 1/c′ix and

ωjx = 1/c′jx. Now consider the Kron reduction G′′ := G′/{x}, which is a K2 graph

on i, j with ωij = 1/c′′ij. By properties of the elementary Kron reduction G′ → G′′,

we find that

c′′ij =
c′ixc

′
xj

k′
x

=
c′ixc

′
xj

c′ix + c′xj
or

1

c′′ij
=

1

c′ix
+

1

c′xj
⇒ ωij = ωix + ωxj

as required.

(converse direction) Let G be a graph and i, x, j three nodes for which the triangle

equality holds with respect to x and consider the Kron reduction G′ := G/{i, j, x}c.
As calculated above, the path graph with cut node x and link weights c′ix = ω−1

ix

and c′jx = ω−1
jx is a graph realization that is consistent with the effective resistances

between i, j, x that satisfy the triangle equality with respect to x. Since the effective

resistances in G′ fully determine the graph (e.g. by the Fiedler–Bapat identity) this

means that G′ must be the path graph with cut node x. By Proposition 3.20 on cut

nodes in the Kron reduction, this confirms that x must be a cut node in G as well,

which completes the proof.

Remark 4.4. An alternative proof of the forward direction of Proposition 4.3 is as

follows: let x be a cut node between i and j. Then Qxcxc is block diagonal with i and

j in two separate blocks. Consequently, also (Qxcxc)−1 is block diagonal with i, j in

two different blocks and thus

0 =
[
(Qxcxc)−1

]
ij

(Prop. 3.28)
=

1

2
(ωix + ωxj − ωij),

as required.

In particular, this result implies that all effective resistances in a graph are de-

termined by the effective resistances within each of the biconnected components and
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that the effective resistance between two nodes i, j only depends on those nodes and

links that are contained in some path between i and j.

We now note a comparison result with the shortest-path distance on graphs. For

weighted graphs, where the link weight cij is a measure of ‘affinity’ or ‘closeness’, the

inverse weight c−1
ij can be taken as the length of a link1. The weighted shortest-path

distance is then equal to

dsp(i, j) := min
P

∑
(i,j)∈P

c−1
ij = min

P
c(P )−1 over all i− j paths P ,

which corresponds to the standard definition in terms of the number of links between

two nodes in the case of unweighted graphs (with c = 1). The subscript ‘sp’ will

sometimes be omitted. We find the following relation with effective resistances [11,

148]:

Proposition 4.5. The effective resistance is smaller than or equal to the weighted

shortest-path distance ωij ≤ dsp(i, j) with equality if and only if there is a unique path

between i and j.

Proof. Let P be a shortest weighted path between i and j with ordered nodes

i = 1 ∼ 2 ∼ · · · ∼ ℓ = j. By the triangle inequality for effective resistances and the

resistance upper bound ωij ≤ c−1
ij , we have

ωij ≤
ℓ−1∑
k=1

ωk(k+1) ≤
ℓ−1∑
k=1

c−1
k(k+1) = dsp(i, j),

with equality in the first (triangle) inequality if and only if all nodes in P except i

and j are cut nodes, and equality in the second inequality (ωij ≤ c−1
ij ) if and only if

all links in P are cut links; this corresponds to a unique path between i and j, which

completes the proof.

We note in particular that the effective resistance and the shortest-path distance

are equal in tree graphs. The upper-bound in Proposition 2.10 generalizes Proposition

4.5, since it can take into account any independent set of paths and their weights

instead of just the shortest path.

1While other monotonically decreasing function are possible, this particular choice of length leads
to connections with the effective resistance; see for instance Proposition 4.5.
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4.2 Classification and geometry of the resistance

metric

We recall that a general metric space is denoted by (X, d), where X is a set of n

elements and d : X × X → [0,∞) a metric between pairs of elements in X. This

metric space can also be characterized by its n × n distance matrix D with entries

given by the pairwise distances (D)ij = d(i, j). Since ω is a metric between the nodes

of a graph, we can define the following metric space:

Definition 4.6 (resistance metric space). A resistance metric space (X, d) is a finite

metric space where X = N is the set of nodes of a graph and d = ω is the resistance

distance.

Definition 4.6 is constructive: let G be any graph. Then we can calculate the

resistance matrix, which is the distance matrix of the resistance metric space. It is less

obvious, however, how to decide whether a given metric (space) is a resistance metric

(space). One solution is given by our new characterization of resistance matrices

in Theorem 3.9, by which we can recognize resistance metric spaces based on their

distance matrices:

Proposition 4.7. A metric space (X, d) is a resistance metric space if and only if

its distance matrix D is invertible and satisfies (uTD−1u)(D−1)ij ≥ (D−1uuTD−1)ij

for all i ̸= j.

A second question following Definition 4.6 is whether resistance metric spaces

can be classified in terms of known types of metric spaces. This question is answered

starting in Section 4.2.1 below by showing that resistance metric spaces are a subclass

of strict negative type metric spaces and that they can be characterized in terms of

a particular class of geometric objects in Euclidean space.

4.2.1 Negative type metrics

Metric spaces of negative type first appeared in the work of Schoenberg in distance

geometry [25, 210] and due to their nice properties (e.g. their relation to Euclidean

spaces), they are used in various applications [5, 45, 168]. A negative type metric

space is defined as follows:

Definition 4.8 ((strict) negative type). A metric space (X, d) is/has negative type if

its distance matrix satisfies

fTDf ≤ 0 for all f ∈ span(u)⊥. (4.1)
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If the inequality is strict for all nonzero f ∈ span(u)⊥, it is/has strict negative type.

We also say that (X, d) is a (strict) negative type metric space or that d is a

(strict) negative type metric; if a metric space has strict negative type, it clearly also

has negative type. While we only consider the finite case here, the theory of negative

type metrics extends to infinite spaces. Meckes listed a number of examples in [173],

which include some very common spaces: any subset of points X in Euclidean space,

hyperbolic space or on the sphere, with their respective distances d is either a negative

type or strict negative type metric space. Not all metrics are negative type however,

and the shortest-path distance on the complete bipartite graph2 K2,3 is an example

of a metric does not have negative type.

In practice, one can check whether a metric space with distance matrix D is

negative type by calculating the centered distance matrix Dc := (I− uuT

n
)TD(I− uuT

n
).

If this matrix is negative semidefinite, then fTDf = fTDcf ≤ 0 for all f ∈ span(u)⊥,

which means that the metric space has negative type by Definition 4.8. If the centered

distance matrix is negative semidefinite with kernel span(u), then the metric space

has strict negative type. For the resistance metric with resistance matrix as distance

matrix, we thus find:

Proposition 4.9. The resistance metric is a strict negative type metric.

Proof. The resistance matrix satisfies fTΩf = −2fTQ†f < 0 for nonzero f ∈
span(u)⊥.

This result is implicit in the work of Fiedler [96] and Subak-Sharpe & Moore [179].

The following example shows that Proposition 4.9 does not give a full classification

of resistance metric spaces, i.e. there exist strict negative type metric spaces which

are not resistance metric spaces.

Example 4.10 (resistance metric ⊊ strict negative type metric). Consider the

matrix3

D =


0 20 11 11
20 0 11 11
11 11 0 8
11 11 8 0

 .

This matrix is symmetric, has a zero diagonal and the triangle inequality can be

verified, so it is a distance matrix. Furthermore, the eigenvalues of the centered

distance matrix are equal to (0,−8,−8,−20) which means that it is a strict negative

2This is the 5-node graph with links {(i, j)}1≤i≤2, 3≤j≤5.
3This example appeared in [70] with a different scaling.
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type metric space. If we try to construct the corresponding Laplacian matrix following

expression (3.9) however, we find that

−2D−1 + 2
D−1uuTD−1

uTD−1u
=

1

80


9 1 −5 −5
1 9 −5 −5
−5 −5 15 −5
−5 −5 −5 15

 .

Since the (1, 2) entry is positive, we know from Proposition 4.7 that D is not a

resistance matrix. This shows an example of a negative type metric space that is not

a resistance metric space.

We thus know that the resistance metric space is a strict subclass of strict negative

type metric spaces, which means that the former must carry some additional structure

or constraints compared to the latter. This additional structure is most clearly seen

by following the geometric perspective on these metric spaces.

One of the fundamental properties of negative type metric spaces is that they have

a corresponding Euclidean embedding [25, 211]:

Property 4.11. Let (X, d) be a metric space of negative type. Then there exists an

embedding ϕ : X → Rn−1 such that ∥ϕ(i)− ϕ(j)∥2 = d(i, j).

In other words, there exists an isometric embedding ϕ of (X,
√
d) into Euclidean

space. Further on (below Proposition 4.13), we will show how this embedding follows

from a simple transformation of the distance matrix into a Gram matrix. We remark

that the embedding ϕ is not unique; if τ : Rn−1 → Rn−1 is a rigid transformation

of Euclidean space — a transformation that leaves distances invariant, which can

be generated by combinations of rotations, translations and reflections — then the

composition ϕ′ = τ ◦ ϕ is again a valid embedding. The dimension of the embedding

space can be smaller than n− 1 if the embedded points are not affinely independent

(see Definition 4.14).

Property 4.11 allows one to characterize (strict) negative type metric spaces in

terms of the geometry of the embedded points ϕ(X). For negative type metric spaces,

for instance, this already gives a complete characterization [25, 211]:

Proposition 4.12. A metric space (X, d) has negative type if and only if there exists

an isometric embedding of (X,
√
d) into Rn−1.

See Section 4.2.2 for a proof. Any negative type metric space can thus be charac-

terized uniquely (up to rigid transformations) by some set of n points in which any
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three points determine a nonobtuse triangle — i.e. a triangle with acute (smaller

than π/2) or right (equal to π/2) angles. This angle requirement follows from the

triangle inequality for d, which implies that

∥ϕ(i)− ϕ(j)∥2 ≤ ∥ϕ(i)− ϕ(x)∥2 + ∥ϕ(x)− ϕ(j)∥2 for all i, x, j.

By trigonometry (e.g. the cosine rule), this inequality implies that ϕ(i), ϕ(x), ϕ(j) are

the vertices of a triangle with a nonobtuse angle at x. As an example, the squared

distance between the vertices of a hypercube or the vertices of a simplex (see Definition

4.14) forms a negative type metric space.

In Section 4.2.2, we show a similar characterization of strict negative type metric

spaces and resistance metric spaces, based on further constraints on the geometric

object determined by the points ϕ(X).

4.2.2 Hyperacute simplices

Let b1, . . . ,bn be a set of n points (vectors) in Rn−1. The Gram matrix of these

points is the n×n matrix with entries bT
i bj. To characterize these points up to rigid

transformations, we define the centered Gram matrix M

M :=

(
I − uuT

n

)
BTB

(
I − uuT

n

)
where B = [b1 . . . bn],

which is invariant with respect to rigid transformations of the point set B → OB+xuT

for some orthogonal matrix O (which implies that OTO = I) and translation x ∈
Rn−1. We remark that ‘centered Gram matrix’ is not standard terminology in the

context of distance geometry.

A centered Gram matrix is characterized as follows:

Proposition 4.13. A matrix M is a centered Gram matrix if and only if it is positive

semidefinite with Mu = 0.

Proof. By its definition as the product between a matrix with zero row sum and

its transpose, a centered Gram matrix is positive semidefinite with zero row sum.

Conversely, if M is a positive semidefinite matrix, then there exists a matrix B such

that M = BTB (see Proposition A.4), and thus M is the Gram matrix of the n

columns of B. Since Mu = 0, we know that Bu = 0 and thus that M can also

be written as M = (I − uuT/n)BTB(I − uuT/n), the centered Gram matrix of the

columns of B.
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For a set of points b1, . . . ,bn, the centered Gram matrix M (with entries (M)ij =

bT
i bj) and the squared Euclidean distance matrix E (with entries (E)ij := ∥bi−bj∥2)

are related as follows:

M = −1

2

(
I − uuT

n

)
E

(
I − uuT

n

)
and E = u diag(M)T+diag(M)uT−2M. (4.2)

These relations show that the spectral properties ofM and E are closely related, which

will be crucial in describing the geometry of (strict) negative type metric spaces. For

instance, this leads to a proof of Property 4.11.

Proof of Property 4.11 The negative type condition (4.1) on a distance matrix

D implies that the centered distance matrix Dc is a negative semidefinite matrix with

Dcu = 0. By Proposition 4.13, this means that −1
2
Dc is a centered Gram matrix and

thus that D is a squared Euclidean distance matrix as required. □

If condition (4.1) is strict, this further restricts Dc to have rank n − 1, which in

turn implies that the embedded points determine a ‘simplex’.

A simplex is a generalization of triangles to higher dimensions, where ‘three points

not on a line’ is generalized to the notion of affine independence. More precisely, a

simplex is defined as follows:

Definition 4.14 (simplex and affine independence). An n-simplex S is the convex

hull of n points b1, . . . ,bn ∈ Rn−1

S :=

{
n∑

i=1

θibi with θi ≥ 0 and
n∑

i=1

θi = 1

}
,

where the points are affinely independent : for every j with 1 ≤ j ≤ n, the vectors

{bi − bj}i ̸=j are linearly independent.

Figure 4.1 shows four of simplices in low dimensions. A simplex is a convex

polytope S ⊂ Rn−1 and while S could live in (a subspace of) a higher-dimensional

space, at least n− 1 dimensions are required for affine independence to hold. The n

points {bi}ni=1 that determine a simplex are called the vertices of the simplex.

Simplices are used for instance as the building blocks of triangulations, where

a space is approximated by a collection of simplices glued together at their faces.

Triangulations of manifolds appear for instance in discretizations of general relativity

in the so-called Regge calculus [106, 205], in theories of discrete exterior calculus

[69, 126] and in finite element calculations of partial differential equations [32, 33].
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Figure 4.1: Example of simplices in 0, 1, 2 and 3 dimensions.

Similarly, a topological space can be triangulated using abstract simplices4 glued

together at their faces; this gives rise to a simplicial complex, which is a central

object in algebraic topology [124] and topological data analysis [44, 105].

How can we determine whether a given set of points b1, . . . ,bn are the vertices

of a simplex, i.e. whether they are affinely independent? The following result shows

that affine independence translates to centered Gram matrices with maximal rank

[96, Thm. 1.4.7]:

Proposition 4.15. A matrix M is the centered Gram matrix of a simplex if and only

if it is positive semidefinite with ker(M) = span(u).

Proof. (forward direction) Let M = (I − uuT/n)TBTB(I − uuT/n) be the centered

Gram matrix of a simplex, i.e. with vertices given by the columns b1, . . . ,bn of

B. Then M is positive semidefinite because it is the product of a matrix and its

transpose; and from

xTMx = 0 ⇔
∥∥∥B (I − uuT

n

)
x
∥∥∥2 = 0 ⇔ x ∈ ker(Bc),

where we define the right-centered matrix Bc := B(I − uuT/n), we know that

ker(M) = ker(Bc). By construction, we know that span(u) ⊆ ker(Bc). Suppose

for contradiction that this subset is strict. Then there must exist a nonzero vector

f ∈ span(u)⊥ for which Bcf = 0. But then for any j, we can write fj = −
∑

i ̸=j fi

(since f is a zero-sum vector) and thus

0 =
∑
i

fibi =
∑
i ̸=j

fi(bi − bj).

This is in contradiction with affine independence of the vertices, which means that

no such vector f can exist and that ker(M) = ker(Bc) = span(u), as required.

4While geometric simplices are defined up to rigid transformations, the simplices in topologi-
cal applications are allowed to deform non-rigidly as long as the affine independence of its ver-
tices is not violated. As a result, one of the main ‘algebraic’ properties that characterizes such
abstract/topological simplices is that they are subset-closed (since each subset of an affinely inde-
pendent set is again affinely independent).
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(converse direction) LetM be an n×n positive semidefinite matrix with ker(M) =

span(u) and thus in particular rank(M) = n − 1. Since M is positive semidefinite,

it can be written as the product M = BT
c Bc, where the right-centered matrix Bc has

n columns. We now show that the columns of Bc are affinely independent and thus

the vertices of an n-simplex. As in the forward direction, we find that ker(Bc) =

ker(M) = span(u). Suppose for contradiction that the columns of Bc are not affinely

independent. Then there would exist a column index j with 1 ≤ j ≤ n and some

coefficients {fi}i ̸=j (not all zero) such that

∑
i ̸=j

fi(bi − bj) = 0 ⇔
n∑

i=1

gibi = 0 ⇔ g ∈ ker(Bc) = span(u),

where we define gi = fi for i ̸= j and gj = −
∑

i ̸=j fi. But by its definition, g can

only be constant if it is zero and thus if f is zero, which is a contradiction. Thus the

columns of Bc are the affinely independent vertices of a simplex with centered Gram

matrix M . This completes the proof.

Proposition 4.15 leads to the following characterization of strict negative type

metric spaces (see for instance [96, Thm. 1.2.4],[25]):

Proposition 4.16. A metric space (X, d) has strict negative type if and only if there

exists an isometric embedding of (X,
√
d) into Rn−1 such that the embedded points are

the vertices of a simplex.

Proof. (forward direction) Let (X, d) be a strict negative type metric space. By

Property 4.11, there exists an isometric embedding ϕ of (X,
√
d) into Rn−1. The

distance matrix D is the squared Euclidean distance matrix of the embedded points

ϕ(X) and, following expression (4.2), we find that fTDf = −2fTM f for all f ∈
span(u)⊥, where M is the centered Gram matrix of the points ϕ(X). By strict

negative type of (X, d), we then know that

fTDf < 0 for all nonzero f ∈ span(u)⊥ ⇔ M is PSD with ker(M) = span(u),

where ‘PSD’ abbreviates positive semidefinite. By Proposition 4.15, this means that

M is the centered Gram matrix of the vertices of a simplex and thus that ϕ(X) are

the vertices of a simplex as required.

(converse direction) Conversely, let (X, d) be a metric space which has an isometric

embedding ϕ of (X,
√
d) into Rn−1 such that the embedded points ϕ(X) are the

vertices of a simplex. In particular, we then know that D is the squared Euclidean
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distance matrix of a simplex. By Proposition 4.15, the centered Gram matrix M of

the points ϕ(X) is PSD with kernel span(u) and thus

fTDf = −2fTM f < 0 for all nonzero f ∈ span(u)⊥,

which proves that (X, d) has strict negative type. This completes the proof.

We again remark that implicitly all triangular faces need to be nonobtuse triangles

due to the triangle inequality of d. Any strict negative type metric space can thus

be characterized uniquely (up to rigid transformations) by a simplex with nonobtuse

triangular faces. An example of a non-strict negative type metric is the squared

distance between the vertices of a hypercube of dimension at least 2.

The distinction between strict and non-strict negative metric spaces originates

from the strictness in condition (4.1), which translates to affine independence of the

embedded points. It now remains to show which additional geometric constraints

characterize resistance metric spaces. As shown in the next paragraph, this will be

in terms of the angles of the simplex.

A face of a simplex is a simplex determined by a subset of the vertices5; for a specified

set V of vertices, we will call this a V-face. A face containing all but one vertex is

also called a facet or an elementary face6, and the interior angle between two facets

is called the dihedral angle (see Figure 4.2). Fiedler studied the qualitative (smaller,

equal or larger than π/2) patterns of dihedral simplex angles in [96]; here we consider

the following class of simplices:

Definition 4.17. A hyperacute simplex is a simplex with nonobtuse dihedral angles.

Hyperacute simplices (also called “nonobtuse simplices”) are important in triangu-

lations, where they lead for instance to a ‘discrete maximum principle’ [32, Ch. 9],[33].

To calculate the angles in a simplex, we will consider the centered pseudoinverse

Gram matrix M † of a simplex, which is the Moore–Penrose pseudoinverse of the

centered Gram matrix M . Repeating the arguments for the Laplacian and its pseu-

doinverse, we find that fTM †f ≥ 0, with equality if and only if f ∈ span(u), and

that MM † = M †M = I − uuT/n. We find the following characterization of dihedral

angles [96, Thm. 2.1.1]:

5If this subset were affinely dependent, then also the full set of vertices would be dependent; as
a result, any face of a simplex is again a simplex.

6For example, the ic-face for some i ∈ N is the face determined by all vertices but i.
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Proposition 4.18 (dihedral angles). The dihedral angle θij between the ic-face and

jc-face of a simplex is given by the centered pseudoinverse Gram matrix M † as

cos(θij) =
−(M †)ij√
(M †)ii(M †)jj

.

Proof. Let S be a simplex and let B = [b1 . . . bn] be the (n − 1) × n matrix

with the vertex vectors of S as its columns. Since angles are invariant under rigid

transformations, we may assume that S is centered, with
∑n

i=1 bi = 0, and thus that

B has zero row sums Bu = 0. As in the proof of Proposition 4.15, we know that

affine independence implies that ker(B) = span(u). Finally, we note that M = BTB

is the centered Gram matrix of S.

The Moore–Penrose pseudoinverse B† is an n × (n − 1) matrix and we write

B† = [b̃1 . . . b̃n]
T , which means that B† has rows b̃T

i . Following Proposition A.5

in Appendix A.3, we know that B†B = I − uuT/n, which can be used to show that

M † = B†B†T by checking that it agrees with the pseudoinverse definition. Finally,

we have (BTB)† = B†B†T as a property of the Moore–Penrose pseudoinverse of the

product between transposed matricesBT andB; see [113] (in general, (AB)† ̸= B†A†).

We now show the proposition. The ic-face of the simplex S determines a hyper-

plane (affine space)

Hi =
{
Bf : f ∈ Rn s.t. fi = 0 and uT f = 0

}
of vectors parallel with the ic-face. Indeed, any vector f with fi = 0 and fTu = 0 can

be decomposed as f = α(g − g′), where α ∈ R is some scalar and where g,g′ ∈ Rn

are two vectors with gi = g′i = 0 and uTg = uTg′ = 1. By construction, we have that

Bg, Bg′ are points in the ic-face, which means that the vector Bf = α(Bg − Bg′) is

parallel to the facet and Hi.

The rows of the pseudoinverse vertex matrix B† satisfy

b̃T
i (Bf) = eTi (B

†B)f = eTi

(
I − uuT

n

)
f = 0,

if fi = 0 and uT f = 0; in other words, b̃i is a normal vector of the hyperplane Hi.

Since b̃T
i bi = (I−uuT/n)ii = 1−1/n > 0 (i.e. bi and b̃i point in the same direction)

and the simplex S is centered, this shows that b̃i is the inner-normal vector of the

ic-face of S. As illustrated in Figure 4.2, the dihedral (inner) angle θij between a pair

of facets can be calculated from the angle between these corresponding inner-normal

vectors as follows:

cos(π − θij) = − cos(θij) =
b̃T
i b̃j

∥b̃i∥∥b̃j∥
=

(M †)ij√
(M †)ii(M †)jj

.
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This completes the proof.

Figure 4.2: A 3-simplex with its inner normals (red) and a dihedral angle θ high-
lighted.

Thus if (M †)ij is larger/smaller/equal to zero then the dihedral angle θij is ob-

tuse/acute/right. This leads to the following characterization of resistance metric

spaces [96, 179]:

Theorem 4.19. A metric space (X, d) is a resistance metric space if and only if there

exists an isometric embedding of (X,
√
d) into Rn−1 such that the embedded points are

the vertices of a hyperacute simplex.

Proof. (forward direction) Let (X, d) be a resistance metric space. Since resistance

metric spaces have strict negative type, there exists an isometric embedding ϕ of

(X,
√
d) into Rn−1 where ϕ(X) are the vertices of a simplex. The distance matrix D of

these vertices is a resistance matrix and the corresponding centered Gram matrixM =

−1
2
(I − uuT/n)D(I − uuT/n) is a pseudoinverse Laplacian matrix. This means that

the pseudoinverse centered Gram matrix M † is a Laplacian matrix with nonpositive

off-diagonal entries, and thus that ϕ(X) are the vertices of a hyperacute simplex, as

required.

(converse direction) Conversely, let (X, d) be a metric space with an isomet-

ric embedding ϕ of (X,
√
d) into Rn−1 such that ϕ(X) are the vertices of a hy-

peracute simplex S. Following Proposition 4.15, we then know that the centered

Gram matrix M of S is positive semidefinite with ker(M) = span(u) and by ex-

tension the centered pseudoinverse Gram matrix M † is also positive semidefinite

with ker(M †) = span(u). Furthermore, by hyperacuteness, the pseudoinverse cen-

tered Gram matrix has nonpositive off-diagonal entries (M †)ij ≤ 0, which means

that M † is a Laplacian matrix (Proposition 2.5) and thus that the distance matrix

D = u diag(M)T + diag(M)uT − 2M of the metric space (which is the squared Eu-

clidean distance matrix of ϕ(X)) is a resistance matrix. This completes the proof.
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We note once again that implicitly the embedded points must determine nonobtuse

triangles. However, in contrast to the case of (strict) negative type metric spaces, this

extra condition is automatically satisfied for hyperacute simplices due to the following

result [96, Thm. 3.3.1]:

Theorem 4.20. The face of a hyperacute simplex is a hyperacute simplex. In partic-

ular, all triangular faces are nonobtuse.

Proof. Let S be a hyperacute simplex. Then its centered pseudoinverse Gram matrix

has nonpositive off-diagonal entries and kernel span(u) and thus is a Laplacian matrix

Q. The squared Euclidean distance matrix of S is then a resistance matrix Ω. This

means that the V-face of S has (Ω)VV as its squared Euclidean distance matrix. Since

this submatrix is a resistance matrix, it is again the squared Euclidean distance matrix

of a hyperacute simplex by Theorem 4.19, which completes the proof.

In addition to the constructive definition 4.6 and Proposition 4.7, which describes

how to check whether a metric space is a resistance metric space, we thus have a

second constructive definition of resistance metric spaces (see also [96, 179]):

Definition 4.21. A resistance metric space is a finite metric space (X, d), where X

corresponds to the vertices of a hyperacute simplex and d to the squared distance

between the vertices.

The equivalence with Definition 4.6 follows from Theorem 4.19 and the fact that

triangular faces of a hyperacute simplex are hyperacute (Theorem 4.20), by which

the squared edge lengths are a metric.

4.2.3 Closure and hierarchy of spaces

The classes of metric spaces discussed above all satisfy a specific property: they are

closed with respect to taking subspaces. For negative type metric spaces, this follows

directly from the definition in terms of distance matrices and geometrically from the

fact that any subset of points with nonobtuse triples is again a set of point with

nonobtuse triples. For strict negative type metric spaces, this follows from condition

(4.1) on the distance matrix and the fact that a subset of affinely independent points

(with nonobtuse triples) is again affinely independent. For resistance metric spaces,

we know from Proposition 3.23 that the submatrix of a resistance matrix is again a

resistance matrix and geometrically that faces of a hyperacute simplex are hyperacute

(Theorem 4.20).
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Taking the geometric ‘closure of hyperacuteness’ as a starting point leads to an al-

ternative proof of the metric property of effective resistances. We note that this is

not a circular argument, since the relation between effective resistances and hyper-

acute simplices is derived without reference to the fact that ω is a metric; it relies

on properties of the Laplacian matrix (rank, kernel and off-diagonal signs) and how

this is equivalent to the centered pseudoinverse Gram matrix of a hyperacute simplex.

Alternative proof of Theorem 4.2 The effective resistance is equal to the squared

Euclidean distance between pairs of vertices of a hyperacute simplex S; thus it is

symmetric and positive between distinct nodes. By closure of hyperacuteness (The-

orem 4.20), every triangular face of S is a hyperacute triangle, which means that the

squared edge lengths of every triangular face satisfy the triangle inequality (e.g. by

the cosine rule), and thus that the effective resistances satisfy the triangle inequality.

□

In [70], we remarked that this geometric perspective shows in a precise sense that

‘the effective resistance is more than a distance’. First of all, not all distances have an

embedding — i.e. not all metrics are negative type. And, second, the effective resis-

tance being a metric means that any three points in this embedding form a hyperacute

triangle, which overlooks the much stronger constraint that any k points must form

a hyperacute simplex and in particular that the n points form a hyperacute simplex;

these are additional independence and angular constraints. This view was also con-

sidered in Klein [147] and by Subak-Sharpe & Moore [214]. The counterexample 4.10

illustrates an example of a simplex with triangular faces, which is not hyperacute. If

the effective resistance were merely a metric, no such counterexample would exist.

The classification of resistance metric spaces can also be summarized in a hierar-

chy of metric spaces:

Proposition 4.22. The following is a strict hierarchy of metric spaces: ‘negative type

⊃ strict negative type ⊃ resistance metric space’. Geometrically, this corresponds to

‘point sets with nonobtuse triangles ⊃ simplices with nonobtuse triangular faces ⊃
hyperacute simplices’. Each class is subset-closed.

We remark that while these classes are closed under taking subsets, a subset can

move ‘downwards’ in the hierarchy. Intuitively, this is because stricter classes in the

hierarchy have a higher number of constraints, such that larger (smaller) spaces have

more (less) ‘degrees of freedom’ to violate these constraints. For instance, in any
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metric space, all three-point subspaces determine a nonobtuse triangle and are thus

resistance metric spaces.

The utility of this hierarchy as a means to gradually generalize the effective re-

sistance (or specialize to the effective resistance) is illustrated in Chapter 5, where

we study the maximum-variance problem starting from general metrics over negative

type metrics and finally to the resistance metric.

In Chapter 6, we will consider a further refinement of this hierarchy by defining

positively curved graphs, in which the resistance curvature is positive p > 0. Geomet-

rically, these correspond to hyperacute simplices where the circumcenter lies inside

the simplex (see Section 4.31), and the hierarchy is thus refined as

. . . ⊃ resistance metric spaces ⊃ positively curved resistance metric spaces

. . . ⊃ hyperacute simplices ⊃ hyperacute simplices with interior circumcenters,

which are still subset-closed as shown in Proposition 6.29. Fiedler calls hyperacute

simplices with interior circumcenters ‘totally hyperacute simplices’.

4.3 The simplex geometry of graphs

4.3.1 graph–simplex correspondence

The previous section classified resistance metric spaces as strict negative type metric

spaces and ended up with a geometric characterization in terms of hyperacute sim-

plices. Since every resistance metric space is uniquely related to a weighted graph G,

this geometric characterization extends to graphs [92]:

Theorem 4.23 (graph–simplex correspondence). There is a bijection between weighted

graphs and hyperacute simplices, up to rigid transformations.

Proof. Let G be a graph and define the mapping f : graphs → simplices, where f(G)

is the hyperacute simplex (seen as a representative of any of its rigid transformations)

with squared Euclidean distance matrix equal to the resistance matrix Ω of G. We

show that this mapping f is injective and surjective, and thus a bijection.

(injective) If two graphs G,G′ map to the same simplex f(G) = S = f(G′), then

this implies that Ω′ = Ω and thus that G = G′.

(surjective) Let S be a hyperacute simplex. Then there exists a graph G such that

f(G) = S. Let D be the squared Euclidean distance matrix of S (which is invariant

under rigid transformations); this is a resistance matrix Ω and the corresponding
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graph G satisfies f(G) = S, as required. (We will not use the notation f(G) any

further)

The bijection between graphs and hyperacute simplices is established by associ-

ating resistance matrices of graphs and squared Euclidean distance matrices of hy-

peracute simplices. Fiedler proved a broader version of the graph–simplex correspon-

dence [92, 94], including additional equivalent objects, and Subak-Sharpe & Moore

[179] found the same characterization but in terms of resistance matrices instead of

graphs. The graph–simplex correspondence is constructive: for a given graph G with

Laplacian matrix Q, let z1, . . . , zn−1 be an orthonormal basis of eigenvectors of the

space ker(Q)⊥ = span(u)⊥, corresponding to the positive eigenvalues µ1, . . . , µn−1.

Then the vectors b1, . . . ,bn defined as

(bi)k := (zk)iµ
−1/2
k for all i ∈ N and 1 ≤ k ≤ n− 1

are the vertices of a hyperacute simplex S. The Gram matrix of these points is Q†

and their squared distances thus equal the effective resistance. Conversely, let S be

a hyperacute simplex with vertices b1, . . . ,bn. Then the centered Gram matrix with

entries bT
i bj is a pseudoinverse Laplacian and its Moore–Penrose pseudoinverse is

the Laplacian matrix of the corresponding graph G. We will say that G,S is a cor-

responding graph–simplex pair if they are in bijection, or simply say that S is the

simplex of (or associated to) G and vice versa.

As the proof of Theorem 4.20 already suggests, the graph–simplex correspondence

also respects the Kron reduction and face relations between graphs and simplices (see

[96, Thm. 3.3.1 & Thm. 3.2.3]):

Theorem 4.24. There is a bijection between weighted graphs and hyperacute sim-

plices. Furthermore if G,S is a graph–simplex pair, then the V-face S ′ of S and the

V-Kron reduction G′ of G is a graph–simplex pair G′, S ′, for any non-empty subset V
of nodes.

Proof. The bijection was proven in Theorem 4.23. Let G,S be a graph–simplex pair,

where Ω is the resistance matrix of G and Ω is the squared Euclidean distance matrix

of S. Then the V-face S ′ of S has squared Euclidean distance matrix (Ω)VV , equal to

the resistance matrix of the V-Kron reduction G′, and thus G′, S ′ is a graph–simplex

pair.
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Schematically, this theorem can be summarized by the fact that the diagram

G S

G′ S ′

V-Kron V-face

commutes, i.e. going from G to S ′, we can first take the corresponding simplex S

(via Ω) and then the V-face S ′ or first take the V-Kron reduction G′ and then the

corresponding simplex S ′ (via Ω′). Similarly, the two paths from S to G′ commute.

The right language to make this conceptual diagram (and the commuting relation)

more precise is that of category theory; see for instance [98, 155, 170]. We may

define a category G of graphs and a category S of hyperacute simplices. The objects

in G are weighted graphs and the morphisms between graphs follow from the Kron

reduction. The objects in S are (equivalence classes of) hyperacute simplices and a

morphism between two simplices indicates that one is the face of the other7. In these

categorical terms, Theorem 4.24 comes down to saying that the graph-simplex bijection

is a functor between G and S. In other words, the graph–simplex correspondence is

a so-called functorial relation that not only maps graphs to simplices but also maps

‘(Kron) relations between graphs’ to ‘(face) relations between simplices’. Figure 4.3

below illustrates some of these relations for a given graph–simplex pair.

Figure 4.3: The graph–simplex correspondence relates weighted graphs (left) and hy-
peracute simplices (right), as well as Kron relations between graphs and face relations
between simplices (red lines). Graph links without a number have weight c = 1.

Fiedler describes several applications of the graph–simplex correspondence in [96],

and [239] studies low-dimensional graph embeddings based on the graph–simplex

correspondence.

7A careful definition of these categories would be in terms of (node–) labeled graphs and (vertex–)
labeled simplices.
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4.3.2 The resistive embedding

Following the classification of resistance metric spaces, we know that there is an

isometric Euclidean embedding of (N ,
√
ω), which maps the nodes of a graph G onto

the vertices of a hyperacute simplex S. This embedding can be extended to functions

on the nodes as follows:

Definition 4.25 (resistive embedding). Let G be a graph. A resistive embedding is

a function φ : Rn → Rn−1 defined by ∥φ(ei)− φ(ej)∥2 = ωij for all i, j and which is

linearly extended to functions on the nodes as follows:

φ(f) :=
∑
i∈N

fiφ(ei) for all f ∈ Rn.

A resistive embedding is thus defined by mapping the basis vectors in Rn to the

vertices of a hyperacute simplex in Rn−1. These embeddings can be decomposed as

φ(f) = φ′(f) + (uT f)φ,

where φ′ satisfies
∑

i∈N φ′(ei) = 0 and with φ :=
∑

i∈N φ(ei). The embedding φ′ is

called a centered embedding and if φ = 0, then φ = φ′ is a centered embedding. In

terms of matrices, a resistive embedding can be written as

φ(f) = Bf + (uT f)φ with B = [φ′(ei) . . . φ′(ej)], (4.3)

where B is the matrix with the centered embedding of the vertices as columns, such

that Bu = 0. The matrix BTB = Q† is the centered Gram matrix of the hyperacute

simplex S corresponding to G.

We now show a number of results that illustrate how resistive embeddings can

be used to study functional data on a graph, i.e. node functions f : N → R with a

corresponding vector representation f = (f(1), . . . , f(n))T . A first result deals with

the distance between two embedded points:

Proposition 4.26. Let G be a graph with resistive embedding φ. Then

∥φ(f)− φ(g)∥2 = (f − g)TQ†(f − g) for all uT f = uTg.

Proof. Following decomposition (4.3) of the resistive embedding, we find

∥φ(f)− φ(g)∥2 = ∥B(f − g)∥2 = (f − g)TQ†(f − g),

as required. This completes the proof.

One consequence is the following property of resistive embeddings:
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Property 4.27. Let G be a graph with resistive embedding φ. Then φ is a bijection

between constant-sum vectors in Rn, and Rn−1.

Proof. Let F := {f ∈ Rn : uT f = α} be vectors in Rn whose entries sum to α;

we will also call these α-sum vectors. We prove that φ : F → Rn−1 is injective and

surjective and thus bijective. (injective) If two vectors f ,g ∈ F are mapped onto

the same point, then ∥φ(f) − φ(g)∥2 = 0. By Proposition 4.26, we then know that

(f − g)TQ†(f − g) = 0, which implies that f − g ∈ span(u). But since f and g are

α-sum vectors, they cannot differ by a constant and thus must be equal. (surjective)

Let x ∈ Rn−1. Then we show that there is a function f ∈ F such that φ(f) = x.

Decomposing the resistive embedding, we find x = φ(f) = Bf + αφ. Since the

columns of B are the vertices of a hyperacute simplex, they are affinely independent

with rank(B) = n − 1 and ker(B) = span(u). Therefore, the system Bf = x − αφ

is underdetermined and has a family of solutions {f + λu}λ∈R for some f , which

intersects with F at λ = (α− uT f)/n. This completes the proof.

We now focus our attention on unit-sum vectors, which are vectors with uT f = 1.

By Property 4.27, these unit-sum vectors are in bijection with Rn−1 under the resistive

embedding φ. In other words, every point x ∈ Rn−1 has a unique associated unit-sum

vector with resistive embedding x; we call this the (unit-sum) coordinate of x and

write φ−1(x). This is also called the ‘barycentric coordinate’. Combining Proposition

4.26 and Property 4.27, we find that φ induces a metric between unit-sum vectors:

d(f ,g) = ∥φ(f)− φ(g)∥ =
√

(f − g)TQ†(f − g) for all unit-sum f ,g ∈ Rn.

This illustrates how the resistive embedding provides additional structure on func-

tional data on graph.

We consider one further restriction; the nonnegative unit-sum vectors in Rn are given

by

∆ :=
{
f ∈ Rn : f ≥ 0 and fTu = 1

}
.

The set ∆ is called the probability simplex since it is an n-simplex in Rn with vertices

e1, . . . , en; its elements f ∈ ∆ are called distributions. This terminology follows

because nonnegative unit-sum vectors correspond to distributions on the nodes; see

Chapter 5. The probability simplex and the simplex of a graph are related as follows:

Theorem 4.28. A resistive embedding φ is a bijection between the probability simplex

∆ and the hyperacute simplex S associated with φ.
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Proof. We prove that φ : ∆ → S is injective and surjective, and thus bijective.

(injective) Since φ is injective between unit-sum vectors and Rn−1, it is injective

in particular between ∆ and S. (surjective) Any point in the simplex x ∈ S can

be expressed as a convex combination of the n vertices of S as
∑

i∈N fiφ(ei). The

coefficients f1, . . . , fn of this convex combination are nonnegative and sum to one,

which implies that they determine a vector f ∈ ∆ in the probability simplex for

which φ(f) = x. This completes the proof.

The coordinate of a point in the simplex is thus a distribution on the graph and

likewise, every distribution corresponds to a unique point on the simplex. We may

also write

φ(∆) = S and φ−1(S) = ∆

This bijection is a starting point and an important motivation for the results in

Chapter 5, which looks in more detail at how to characterize and study distributions

on a graph. To illustrate Theorem 4.23 and Proposition 4.26, we give some examples

of points on the simplex S and their coordinates.

Example 4.29 (vertices). Following Definition 4.25 of resistive embeddings, the

basis vectors ei are mapped to the vertices φ(ei) of the simplex S.

Example 4.30 (centroid). The point φ(u/n) in the simplex that corresponds to the

uniform distribution u/n is called the centroid of S; this is also called the ‘barycenter’

or ‘center of mass’. Since Q†u = 0, we know that fTQ†f = ∥φ(f)− φ(u/n)∥2 for any

distribution f ∈ ∆. In other words, the quadratic form fTQ†f is equal to the squared

distance from φ(f) to the centroid of S. In particular, we find

(Q†)ii = ∥φ(ei)− φ(u/n)∥2 for each node i,

which means that the pseudoinverse diagonal entries are equal to the squared distance

from the corresponding vertices to the simplex centroid. This geometric interpretation

of (Q†)ii was used in [203] to argue for the pseudoinverse diagonal as a centrality

measure.

Example 4.31 (circumcenter). Every simplex S has a unique sphere, the circum-

sphere, that passes through all of its vertices. The center and radius of this sphere are

called the circumcenter and circumradius, respectively. The following result underlies

the name ‘resistance radius’ for σ2 (see [96, Thm. 2.1.1]):

Proposition 4.32. Let G be a graph with associated simplex S. Then p is the unit-

sum coordinate of the circumcenter of S and σ the circumradius of S.
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Proof. Let f be the unit-sum coordinate of the circumcenter. Then the circumsphere

equations r2 = ∥φ(f)− φ(ei)∥2 for all i can be written as follows:

r2 = (f − ei)
TQ†(f − ei) = −1

2
(f − ei)

TΩ(f − ei) = −1

2
fTΩf + eTi Ωf for all i.

This shows that Ωf must be a constant vector Ωf =
(
r2 + 1

2
fTΩf

)
u. Inverting the

resistance matrix and using the unit-sum property of f , this yields the solution f = p

and r = σ, as required.

If the resistance curvature is nonnegative p ≥ 0, this implies that p ∈ ∆ and thus

that φ(p) ∈ ∆; i.e. that the circumcenter is a point in the simplex (or one of its

faces). This is the geometric meaning of positively curved graphs studied in Chapter

6.

The formula for the circumradius of a simplex in terms of its squared Euclidean

distance matrix seems to have been rediscovered a number of times; for instance in

[61, 90, 110, 131, 261]. And while some recursive relations between the circumcenter

of different faces of a simplex are known; see for instance [126, §2.4], the concise ex-

pressions (3.15) that follow from the Schur complement of the Fiedler–Bapat identity

do not seem to be widely known.

We remark that the circumradii and circumcenters of different faces in a simplex

satisfy interesting orthogonality relations. Let S ′ be a face of S; since both φ(p) and

φ(p′) are equidistant to all vertices of S ′, the circumcenter φ(p′) of S ′ is the orthogonal

projection of φ(p) onto the affine space determined by S ′. By Pythagoras’ Theorem,

the distance between φ(p) and φ(p′) is then given by ∥φ(p) − φ(p′)∥2 = σ2 − σ′2

which in the case of elementary faces yields

∥φ(p)− φ(p′)∥2 = σ2 − σ′2 =
p2i
ki

for the ic-face S ′ of S, (4.4)

where we recall that the ic-face of S is the face determined by all vertices except i.

Expression (4.4) yields a new interpretation of pi in terms of the distance from the

circumcenter of a simplex to the corresponding elementary face (facet); see also [96,

Eq. 2.7]. The fact that φ(p) − φ(p′) is a normal to the face S ′ can be used for an

alternative proof of Proposition 4.18 on the dihedral angles in a hyperacute simplex:

Alternative proof of Proposition 4.18 (restricted to hyperacute simplices)

Let S be a hyperacute simplex and consider the ic-face S ′ = S/i and the jc-face

S ′′ = S/j. We consider the associated graph G and a resistive embedding φ. From

the discussion above, we know that the vector φ(p)−φ(p′) is an inner-normal vector
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of S ′ and, similarly, that φ(p)− φ(p′′) is an inner-normal vector of S ′′. The dihedral

angle θij between S ′ and S ′′ can be determined based on the angle between these two

normal vectors as follows (see Figure 4.2):

cos(π − θij) =
(φ(p)− φ(p′))T (φ(p)− φ(p′′))

∥φ(p)− φ(p′)∥.∥φ(p)− φ(p′′)∥

=
(p− p′)TBTB(p− p′′)√

(p− p′)TQ†(p− p′)(p− p′′)TQ†(p− p′′)
(by Eq. (4.3))

=
(p− p′)TQ†(p− p′′)√

(p− p′)TQ†(p− p′)(p− p′′)TQ†(p− p′′)
.

By properties of the Kron reduction (3.16), we know that

p− p′ = pi

(
ei −

∑
k:k∼i

cik
ki

ek

)
=

pi
ki
Qei

and similarly for p− p′′, and thus

cos(π − θij) =

pi
ki
eTi QQ†Qej

pj
kj√

p2i p
2
j

k2i k
2
j
eTi QQ†Qei.eTj QQ†Qej

=
(Q)ij√

(Q)ii(Q)jj
(since QQ†Q = Q).

Since cos(π − θij) = − cos(θij) and the pseudoinverse centered Gram matrix M † of

S is equal to the Laplacian Q of the associated graph G, we thus retrieve cos(θij) =

−(M †)ij/
√
(M †)ii(M †)jj, as required. □

The same proof works for simplices that are not hyperacute.
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Chapter 5

Variance and covariance of
distributions on graphs

In this chapter, we generalize the concepts of variance and covariance to distributions

— i.e. nonnegative unit-sum node functions — on a graph. Roughly speaking, the

graph variance measures the average distance between two randomly sampled nodes

to characterize the spread of a distribution. This addresses a methodological gap in

the analysis of data defined on the nodes of graphs and networks1 and, being both

simple in form and concept, we expect the graph variance to be widely applicable. We

illustrate its use in a number of examples and experiments on a real-world network.

The second part of this chapter deals with the ‘maximum-variance problem’. We find

several interesting results on this problem, such as an equivalent formulation, a com-

plexity hierarchy that partly matches the metric hierarchy of the resistance distance,

and a relation to graph boundaries.

Section 5.1 introduces the new variance and covariance measures with several ex-

amples for illustration.

In Section 5.2 we use variance and covariance to study a network of mathematical

concepts (based on Wikipedia) and scientific articles that invoke these concepts. We

use variance to characterize the diversity of articles and use covariance to quantify the

degree to which related concepts are likely to appear together in an article (Figures

5.3–5.6 and Table 5.1). We propose some basic null models and statistical tests to

compare the empirical values against.

Section 5.3 introduces the maximum-variance problem (5.6), which asks to find

the largest possible variance for a given graph G and distance d. We formulate

1We will also call this functional data, as opposed to structural data which is data about the
graph itself.
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necessary conditions for the solution and as a first result find that the maximum-

variance problem can be rephrased in terms of submatrices of the distance matrix

(Theorem 5.15), in close analogy with the work of Leinster & Meckes on maximum

diversity [158]. As the second result, we consider the maximum-variance problem for

different classes of metrics; we find that by gradually adding constraints to the metric,

the problem transitions from ‘hard’ for general distances to ‘computable’ for negative

type metrics and finally to ‘greedily computable’ for resistance metrics (Example 5.16,

Proposition 5.20 and Theorem 5.23), in close relation with the metric hierarchy in

Proposition 4.22.

Section 5.4 describes a third feature of the maximum variance and its solutions:

maximum variance distributions tend to concentrate on the ‘boundary’ of a graph.

Finally, we briefly discuss the graph variance in the context of the associated simplex

geometry.

5.1 Variance and covariance on graphs

Variance is a fundamental concept in probability theory and statistics and is routinely

applied throughout the sciences and engineering. Intuitively speaking, the variance

reflects how spread-out samples of a distribution are. In many practical cases however,

distributions are defined on the nodes of a graph and the usual definition of variance

does not apply. Here we address this methodological gap and propose a measure

of variance and covariance for distributions defined on the nodes of a graph. The

structure of the graph is taken into account by using distances between the nodes.

Our contribution relates to the pursuit of other research topics, such as graph

signal processing and graph neural networks: to take tools that are traditionally

designed for data on Euclidean or simple grid-like spaces, and generalize them to

work for data defined on graphs and other irregular structures [35, 36, 215, 257, 268].

Our proposed variance is also closely related to the setting of ‘diversity measures’

[68, 157, 202, 204, 227] which are widely used, for instance in ecology [42, 209].

In particular, our variance is a special case of Rao’s quadratic entropy [204], which

measures diversity of distributions on sets with respect to ‘differences’ defined between

elements of the set, and fits in the framework of Leinster & Cobbold’s family of

diversity measures [157] (see Section 5.3.1 for the latter).
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5.1.1 Variance

We recall the notion of distributions introduced in Chapter 4. A distribution on a

graph is a function on the nodes f : N → [0, 1], which assigns a nonnegative number

f(i) to each node in the graph, such that all numbers add up to one:
∑

i∈N f(i) = 1.

This corresponds to a vector f ∈ Rn with nonnegative entries f ≥ 0 and unit sum

uT f = 1; in other words, a distribution f is an thus an element of the probability

simplex ∆. Distributions can be used to define a random node N , which is a random

element of the node set, where the probability to sample any node i is given by the

corresponding function value f(i). In other words, we can ‘sample’ the random node

N and get any of the nodes of G with probability

Pr[N = i] = f(i) for all i ∈ N .

For this reason, the value f(i) of a node is called the probability of i. To specify the

underlying distribution of a random node N , we will write2 N
d∼ f and say that N

is distributed according to f . For some function γ : N → R, the expected value

(average) of γ of a random node is defined as

E(γ(N)) :=
∑
i∈N

f(i)γ(i) with N
d∼ f.

For instance, the average degree of a random node N
d∼ f is given by E(kN) = kT f .

As introduced, the interpretation of a graph distribution is twofold: it can rep-

resent a random node, or it can be a signal (function, vector) on the nodes of a

graph. In both cases, it is natural to ask whether the probabilities of a distribution

are concentrated on a small part of the graph — and thus that we might restrict our

attention to this small part — or if instead the distribution is spread out over the

graph. In the context of probability theory, the variance is a standard way to an-

swer this question; it reflects how spread out a distribution is, as the average squared

difference between a random outcome of the distribution and the mean. Of course,

there exist many other characterizations of distributions which convey complemen-

tary information to the variance and their generalization to distributions on graphs

could be an interesting line of future research.

To generalize the standard notion of variance to graphs, we propose to take into

account distances between nodes in a graph, i.e. some function d : N ×N → [0,∞),

2A more standard notation in probability theory would be N ∼ f ; we choose the notation ‘
d∼’ in

this thesis to avoid confusion with adjacency of nodes, which is denoted by i ∼ j if (i, j) ∈ L.
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from which a notion of ‘being spread out’ on a graph can be derived. Formally we

require d to be a semimetric, which satisfies all properties of a metric except for

the triangle inequality3 — we will use the terms “distance” and “semimetric” inter-

changeably in this section. The corresponding distance matrix D is symmetric, has

a zero diagonal and positive off-diagonal entries. We propose the following variance:

Definition 5.1 (graph variance). Let G be a graph with a distance d between its

nodes. Then the graph variance of a distribution f ∈ ∆ (with respect to d) is defined

as

var(f) :=
1

2

∑
i,j∈N

f(i)f(j)d2(i, j). (5.1)

The proposed variance is thus equal to the average squared distance between two

random nodes sampled according to f . To make the dependence of variance on the

distance explicit, we will sometimes include a subscript vard.

The specific choice for definition (5.1) follows as a generalization of the classical

notion of variance. For a random variable N
d∼ f taking values in a finite set of real

numbers N ⊂ R, the variance is defined as

E
(
[N − E(N)]2

)
=

1

2

∑
i,j∈N

f(i)f(j)(i− j)2.

The (squared) difference (i− j)2 is not defined for general sets N such as the nodes

of a graph, but if we interpret it as the squared distance between elements in R, this
formula retrieves the graph variance (5.1).

The graph variance can be expressed as a quadratic form determined by the matrix

D(2) containing squared pairwise distances between the nodes:

var(f) =
1

2
fTD(2)f for some f ∈ ∆.

This highlights that the graph variance is a very simple measure given by a quadratic

form, which is readily calculated by standard linear algebra software.

As noted, the distance d need not be a metric, but symmetry and positivity for

distinct points are sensible requirements for the formula to make intuitive sense. For

a discussion on graph metrics, we refer to Section 2.3.3, and we recall that in many

applied contexts, a distance or metric between the nodes of a graph is induced by

some embedding ϕ : N → M of the graph into another metric space, as follows:

d = dM ◦ ϕ. The graph variance (and covariance, see Section 5.1.2) can thus be

3We note that many of the subsequent results still hold if we also relax the requirement that
d(x, y) = 0 only if x = y.
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applied off the shelf in these cases. Moreover, some standard choices for M such as

Euclidean, hyperbolic and spherical spaces lead to negative type induced metrics for

which vard has additional nice properties, such as concavity (see Section 5.3.2).

More generally, Definition 5.1 for the variance (and later Definition 5.7 for the

covariance) can be used on any metric space. While we focus on the case of graphs

and their distances, the same questions and applications are clearly also interesting

in the more general setting of metric spaces.

We conclude the introduction of the graph variance with a number of examples

for illustration.

Example 5.2. Figure 5.1 illustrates how the graph variance captures the spread of

distributions on a graph.

Figure 5.1: (a) Illustration of the data that goes into defining the graph variance and
(b) a graph with four distributions with increasing variance, measured with respect
to the square-root effective resistance as 1

2
fTΩf .

Example 5.3 (square-root distance). If d is a (semi)metric, then
√
d is also a

(semi)metric4. This means that for any distance d on the graph, we can also define a

variance as

var(f) =
1

2
fTDf with distance matrix D. (5.2)

Since metrics d are generally better studied than squared metrics d2, formula (5.2)

is often more practical than (5.1), for instance to relate the graph variance to known

4Clearly,
√
d is symmetric, equal to zero for identical elements and positive otherwise. Suppose

for contradiction that the triangle inequality does not hold for a triple of elements i, j, k. Then we
obtain the contradiction

d(i, k) >
(√

d(i, j) +
√
d(j, k)

)2
= d(i, j) + d(j, k) + 2

√
d(i, j)d(j, k) ≥ d(i, k).
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expressions. The square-root distance will be used in the next example and in Section

5.3.

Example 5.4 (Wiener and Kirchhoff index). The uniform distribution f = u/n

is a canonical distribution. For the square root shortest-path distance
√
dsp as a

metric (see Example 5.3), the variance is equal to

vardsp(u/n) =
1

2n2

∑
i,j

dsp(i, j).

The number 1
2

∑
i,j dsp(i, j) is a widely-studied graph invariant known as the Wiener

index, after Harry Wiener, who introduced it to characterize chemical compound

graphs in mathematical chemistry [262].

Similarly, the variance of the uniform distribution with respect to the square root

effective resistance
√
ω is equal to

varω(u/n) =
1

2n2

∑
i,j

ωij =
1

n2
Kf,

with Kirchhoff index Kf .

Example 5.5 (random walks and Kemeny’s constant). Random walks are well-

studied (families of) distributions on a graph. A random walk is a process in which

a ‘random walker’ makes its way across the nodes of a graph, following the links in

the graph with certain probabilities [81, 159, 165]. More precisely, a random walk

describes a sequence of random nodes {Nt}t∈N where the consecutive random nodes

Nt represent the position of the random walker at timestep t. The distributions of

the random nodes are related via the transition probabilities (different probabilities

give rise to different random walks)

Pr[Nt+1 = j|Nt = i] = cij/ki.

In other words, the probability that the walker leaves a node via any given link is

proportional to the weight of that link. On a connected graph, the distribution of Nt

converges to a unique stationary distribution π with probabilities π(i) = ki/(n⟨k⟩),
where we recall that ⟨k⟩ is the average degree. The variance of the stationary distri-

bution with respect to the square root effective resistance is then equal to

varω(π) =
1

2n2⟨k⟩2
∑
i,j

kikjωij.
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The number n⟨k⟩ varω(π) is equal to the Kemeny constant of a graph, as shown in

[254]. This constant is the average time it takes for a random walker in the stationary

distribution to reach a node i — as discovered by Kemeny [140], this average time is

independent of i. Studying the variance of random walk distributions more generally

(i.e. for all times t) is an interesting line of future research.

Example 5.6 (diffusion). An important class of graph distributions follows from

the discrete diffusion (heat) equation

d

dt
f = −Qf with solution f(t) = exp(−Qt)f0

for some initial vector f(0) = f0 ∈ Rn. Solutions to the diffusion equation can also be

written as f(t) = Ptf0 using the diffusion matrix5 Pt := exp(−Qt). If the initial state

is a distribution, then the solution will remain a distribution for all times6; in other

words Pt : ∆ → ∆ for all t ≥ 0, where we recall that ∆ is the probability simplex. For

any initial distribution, the solution converges to the uniform distribution f(t) → u/n

for t → ∞.

The diffusion distribution can also be interpreted as the occupation probability

of a continuous-time random walker with initial distribution f0. In this context, the

normalized diffusion process d
dt
f = −Q diag(k)−1f is more common since it is closely

related to the classical discrete random-walk process. In Chapter 6, we discuss how

the small-t variance of the diffusion distribution starting at a single node (f0 = ei)

reflects the resistance curvature at that node (Eq. (6.9)).

5.1.2 Covariance

The study of random nodes is extended to pairs of random nodes by considering joint

distributions. A joint distribution on a graph is a function P : N ×N → [0, 1], which

assigns a nonnegative number P (i, j) to each pair of nodes in the graph, such that

all numbers add up to one. A joint distribution can be used to define a random pair

of nodes (N,M), which are two random elements of the node set, with probability of

being sampled given by the joint distribution as

Pr[(N,M) = (i, j)] = P (i, j) for all (i, j) ∈ N ×N .

5The family of matrices {Pt}t>0 is also called the heat semigroup since it forms a semigroup with
composition ‘◦’ as group operation: Ps ◦ Pt = Ps+t.

6To see this, note (i) that d
dtfm =

∑
j∼m cmj(fj − fm) ≥ 0 if fm = fmin and thus that nonnega-

tivity is conserved by diffusion and (ii) that uT d
dt f = 0, which means that the unit-sum property is

conserved.
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Any joint distribution P on node pairs also leads to two distributions f̃ and g̃ on the

nodes, defined by f̃(i) =
∑

j∈N P (i, j) and g̃(j) =
∑

i∈N P (i, j), which are called the

marginal distributions of P . We remark that P need not be symmetric in general,

and thus that the ordering of the pair of nodes matters — i.e. (N,M) is in general

different from (M,N).

For joint distributions, covariance is used much in the same way as the variance

to quantify whether random pairs of nodes are on average close together, or far apart.

Making use of a distance d (a semimetric) between the nodes of the graph again, we

propose a generalization of covariance for joint distributions on a graph:

Definition 5.7 (graph covariance). Let G be a graph with a distance d between its

nodes. Then the graph covariance of a joint distribution P (with respect to d) is

defined as

cov(P ) =
1

2

∑
i,j∈N

[p̃(i)q̃(j)− P (i, j)] d2(i, j). (5.3)

The covariance thus measures the average distance between a random pair of

nodes sampled according to the marginals f̃ , g̃ minus the average distance between a

pair sampled from P . We note that this expression is closely related to the ‘distance

covariance’ [168, 233]. Our definition of covariance follows as a generalization of the

classical notion of covariance: for a pair of random variables (N,M)
d∼ P taking

values in a set N ⊂ R of numbers, the covariance is defined as (see Section 5.1.2.1)

E ([N − E(N)][M − E(M)]) =
1

2

∑
i,j∈N

(
f̃(i)g̃(j)− P (i, j)

)
(i− j)2.

This corresponds to the graph covariance formula (5.3) since (i − j)2 = d2(i, j) is

equal to the Euclidean distance. The covariance can be expressed using the squared

distance matrix D(2) and the n× n matrix P containing all pairwise probabilities as

cov(P ) =
1

2
tr
(
(PuuTP − P )D(2)

)
=

1

2
f̃TD(2)g̃ − 1

2
tr(PD(2)).

In order to reduce the effect of the variance of the marginal distributions on the

covariance, we propose a normalization, which we call the graph correlation:

corr(P ) :=
cov(P )√

var(f̃) var(g̃)
.

An alternative notion of correlation on graphs was defined in [60] by generalizing the

Pearson correlation while taking into account the structure of a graph. We now show

a number of examples for illustration.
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Figure 5.2: Five joint distributions on a 10-node graph. Each joint distribution is
illustrated by a 10×10 grid with white squares indicating P (i, j) = 0 and black squares
a constant such that P normalizes. The covariance and correlation are calculated with
respect to the shortest-path distance for (a) the joint distribution for two identical
nodes (N,N) with uniform distribution, (b) the joint distribution for the ends of a
random link, i.e. (N,M) is a link sampled uniformly at random from the graph, (c)
the uniform joint distribution, corresponding to two independent uniform random
nodes, (d) the joint distribution for a pair of leaf nodes, i.e. with (N,M) a random
distinct pair of nodes from {5, 6, 7, 9} and (e) the joint distribution for a randomly
permuted pair of nodes (N,M) = (5, 9) or (9, 5).

Example 5.8. Figure 5.2 shows a small graph with some examples of joint distribu-

tions and their covariance.

Example 5.9 (independent/identical pairs). If two random nodes N,M are in-

dependent, then their joint distribution decouples as Pr[(N,M) = (i, j)] = Pr[N =

i] Pr[N = j] and P = f̃ g̃T and the covariance is cov(N,M) = 0 with respect to any

distance. For two copies of the same random node N , the joint distribution is given

by Pr[(N,N) = (i, j)] = Pr[N = i] if i = j and zero otherwise. In other words, we

have P = diag(f̃) and find that cov(P ) = var(f̃) and corr(P ) = 1 with respect to any

distance.

Example 5.10 (network modularity). There has been a large research effort in

the network science community (and more generally) to develop methods that iden-

tify groups of nodes which are tightly connected within each of the groups but poorly
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connected between different groups; these mesoscale structures are often called com-

munities7 [100, 184, 200]. One approach to community detection8 is based on Newman

& Girvan’s measure of network modularity [185], which assigns a score M(κ) to each

partitioning κ : N → {1, . . . , ℓ} of the nodes into ℓ partitions (communities); this is

defined as

M(κ) :=
1

n⟨k⟩
∑
i,j∈N

(
cij −

kikj
n⟨k⟩

)
δκ(i)κ(j),

with the Kronecker delta defined as δκ(i)κ(j) = 1 if two nodes are in the same partition

κ(i) = κ(j) and zero otherwise. If we use the “distance”9 dκ(i, j) := 1− δκ(i)κ(j) and

define the joint distribution P (i, j) = cij/(n⟨k⟩), then we find that

covdκ(P ) =
1

2
M(κ).

In other words, network modularity is equal to the covariance of the end points of a

uniform random link in the graph, measured with respect to the distance dκ. In [73],

we show that the related measure of ‘Markov stability’ [67] can also be obtained as a

covariance.

Example 5.11 (distance between distributions). Let f ,g ∈ ∆ be two distribu-

tions on a graph and define the joint distribution P = 1
2
(fgT + gfT ). This can be

seen as a random pair of nodes (N,M) distributed conditionally on a third random

variable: define a coin flip C ∈ {H,T} with uniform probabilities; if the coin lands

on heads ‘H’, then N
d∼ f and M

d∼ g, and if the coin lands on tails ‘T’, the other

way around N
d∼ g and M

d∼ f . The random variables (N,M) are conditionally

independent once the outcome of C is known. The covariance of this distribution is

equal to

cov(P ) =
1

8
(f − g)TD(2)(f − g).

From Chapter 4, we know that if D(2) is the squared Euclidean distance matrix of a

set of points in Rk (for some k) and with k × n matrix B containing these points as

columns, then we may write

cov(P ) = −1

4
∥Bf −Bg∥2,

7These structures are also called ‘assortative communities’ to distinguish them from more general
mesoscale community structures.

8There exist many different approaches to community detection, for instance based on spectral
clustering or Bayesian inference; see [2, 100, 153, 193, 200, 250] for some reviews on community
detection methods and their applications.

9This is not a semimetric since dκ is zero between distinct nodes in the same partition. We
furthermore note that dκ can be seen as an induced ‘distance’ dκ = d′ ◦ κ where d′ is a metric on
the partitions defined by d′(a, b) = 1− δab for 1 ≤ a, b ≤ ℓ.
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i.e., equal to the distance between the two points Bf , Bg ∈ Rk. In other words, the

covariance of the conditionally independent distribution of f and g is related to the

distance between their embeddings in the case of a squared Euclidean metric. For

instance, if we let D(2) = Ω, this is the distance between the points φ(f) and φ(g) in

the hyperacute simplex associated with Ω.

5.1.2.1 Classical covariance

We show that the proposed graph covariance is a generalization of the classical co-

variance. For a random pair of elements (X, Y ) from a subset X ⊂ R of the real

numbers, the expectation operator is defined as

E(γ(X, Y )) :=
∑
i,j∈X

P (i, j)γ(i, j) with (X, Y )
d∼ P ,

where γ : R × R → R is some function on pairs of reals (this could be the identity

function). The (classical) covariance is then defined as

cov(P ) = E ([X − E(X)][Y − E(Y )]) with (X, Y )
d∼ P . (5.4)

To arrive at an expression in terms of distances, we start by combining two identities

that follow from the definition of covariance and linearity of expectation:{
cov(P ) = E(XY )− E(X)E(Y )

E([X − Y ]2) = E(X2)− 2E(XY ) + E(Y 2)

⇒ cov(P ) =
1

2

[
E(X2)− 2E(X)E(Y ) + E(Y 2)− E([X − Y ]2)

]
. (5.5)

Expanding the first three terms in expression (5.5) for the covariance, we find

E(X2)− 2E(X)E(Y ) + E(Y 2)

=
∑
i∈X

f̃(i)i2 − 2
∑
i∈X

f̃(i)i
∑
j∈X

g̃(j)j +
∑
j∈X

g̃(j)j2

=
∑
i∈X

f̃(i)i

(
i−
∑
j∈X

g̃(j)j

)
+
∑
j∈X

g̃(j)j

(
j −

∑
i∈X

f̃(i)i

)

=
∑
i∈X

f̃(i)i

(∑
j∈X

g̃(j)(i− j)

)
+
∑
j∈X

g̃(j)j

(∑
i∈X

f̃(i)(j − i)

)
=
∑
i,j∈X

f̃(i)g̃(j)(i− j)2.
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Including the last term in (5.5), the covariance can thus be written as

cov(P ) =
1

2

∑
i,j∈X

(f̃(i)g̃(j)− P (i, j))(i− j)2

where (i − j)2 = d2(i, j) is the squared Euclidean distance between elements of X .

The proposed graph covariance (5.3) is a generalization of this expression with N a

set of nodes and d any semimetric between pairs of nodes.

5.2 Experiments

As an example application of the (co)variance measures, we study a ‘network of knowl-

edge’ made up of mathematical ideas, results and their relations. We use a dataset

from [206] that consists of a list of mathematical concepts (theorems, lemmas and

equations) compiled from four general-topic Wikipedia pages, and with links between

the concepts inferred from hyperlinks between their respective Wikipedia pages. More

information about the data retrieval and filtering of the data set can be found in [206].

The resulting network of concepts consists of n = 1150 nodes and m = 4109 links

and is shown in Figure 5.3.

Figure 5.3: Hyperlink network of Wikipedia pages of the considered mathematical
concepts (see [206]). The size of the nodes is proportional to their PageRank [34]
(calculated with standard parameters) and the color coding corresponds to commu-
nities found using the Louvain algorithm [24].

The structural information of this network captures the relations between different

concepts, as highlighted in Figure 5.3 by emphasizing ‘central’ nodes and coloring

different communities (groups of clustered concepts). To study the functional aspects
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of the network of knowledge — in particular, how the mathematical concepts are used

— we use a corpus of 142071 papers from the arXiv preprint repository. For each

paper, we count which of the mathematical concepts appear, and represent this by a

uniform distribution over the used concepts. Every paper x thus has a corresponding

subset Vx of concepts and distribution f (x) uniform over this set of concepts, as

illustrated in Figure 5.4.

Figure 5.4: Illustration of the functional data.

A first question we address is whether mathematical papers contain ‘coherent’

sets of mathematical concepts. This is measured by the variance of the (empirical)

concept distributions f (x) relative to the variance of ‘virtual papers’ generated by

a null model that reproduces some of the observed statistics. More precisely, we

consider null model distributions f̃ (x) that are uniform over a number of randomly

sampled concepts, according to their relative frequency over the full corpus. Figure

5.5 shows that the empirical paper distributions generally have a smaller variance

than the virtual paper distributions. This is confirmed by performing the one-sided

Mann–Whitney U test [128, Ch. 15] (see Section 5.2.0.1), from which we find with

high significance (p-values < 10−12) that the variance of a paper is typically smaller

than what would be expected from the null model; more details on the test results

are given in Section 5.2.0.1. Intuitively, this observation reflects the idea that a group

of mathematical concepts is more likely to be considered in a paper if these concepts

are related (in the constructed network). Furthermore, Figure 5.5 clearly indicates

a ‘typical’ range of variance values which could be used to identify papers with ex-

ceptionally small (or large) variances. As a second application, the variance of paper

distributions can be used for a (qualitative) comparison between different fields of

study. In the bottom plots of Figure 5.5, different sub-fields are ranked based on

their variance distributions, from more concentrated on small variances on the top

left to more concentrated on large values in the bottom right. These comparisons are

confirmed by one-sided Mann–Whitney U tests.

On an aggregate level, we study the corpus of papers by counting the co-occurrences
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Figure 5.5: (Top panels) Distribution of network variances of concept distributions
f (x) in papers, calculated with respect to the shortest-path distance in the Wikipedia
network. In each panel, the probability density function (pdf) of variances is calcu-
lated for papers containing 3 (resp. 5, 7 and 9) concepts present in the Wikipedia
network, and compared with the variance pdf for a collection of (null model) vir-
tual papers with the same number of concepts. The empirical variance distributions
are concentrated on smaller variances compared to the null model variances, as con-
firmed by the one-sided Mann–Whitney U test. (Bottom panels) Distribution of
network variances of concept distributions f (x) for arXiv papers from different sub-
fields. The fields are ordered from top left to bottom right according to concentration
on increasing variances, again based on the Mann–Whitney U test.
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of pairs of concepts over all papers. This gives a (symmetric) joint distribution P ,

where P (i, j) is proportional to the frequency of co-occurrence of concepts i and j. For

instance, if concept i and concept j appear in 10% of the papers, then P (i, j) = 0.1

before P is normalized to have unit sum. To quantify how much the function of the

network (i.e. concepts being used together) aligns with its structure (i.e. relations be-

tween the concepts), we again compare the covariance of the empirical distribution P

to null model distributions. In the first model, the distribution P is left constant but

the underlying graph is randomized, while in the second model, the distribution P is

randomized with the graph left constant. Since we are comparing joint distributions

with potentially different marginals, we use the correlation corr(P ) = cov(P )/ var(f̃).

In the first null model, we perform a degree-preserving rewiring [176] of the

Wikipedia network while keeping the joint distribution constant. As seen in the

left panel of Figure 5.6, measuring the covariance of P with respect to these random-

ized graphs yields significantly smaller correlation values compared to the observed

correlation; this suggests that the empirical correlation is not simply a consequence of

the degree distribution of the network. The second null model consists of a marginal-

preserving randomization of P while leaving the graph intact. We pick two pairs of

nodes (i, j) and (i′, j′) with non-zero joint probabilities and reshuffle the joint proba-

bilities as

P → P − α(vij + vi′j′ − vij′ − vi′j)

where vij = eie
T
j + eje

T
i and with a uniform random value α < min(P (i, j), P (i′, j′)).

In other words, there is a shift of probability mass α from (i, j) → (i, j′) and from

(i′, j′) → (i′, j). We repeat this procedure until all pairs of nodes have been involved,

which produces a randomized joint distribution P ′ with the same marginals as P .

The middle panel in Figure 5.6 shows that these randomized joint distributions are

concentrated on significantly lower correlation values. We remark that the empirical

correlation is highly atypical for both null model distributions and it is thus very likely

that these null models discard too much structure to give a reliable baseline for the

empirical correlation. A further development of appropriate null models for (joint)

distributions on a network is an interesting line of further research. The table on the

right in Figure 5.6 reports the co-occurrence correlations for a number of sub-fields.

The above analysis illustrates a practical scenario where structural and functional

data is available, for which our variance and covariance measures enable a unified

treatment of the system data. Our (co)variance measures are of course not restricted

to this specific example, but can be applied in the context of many other network

problems in which a combination of structural and functional data is important.
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Figure 5.6: (Left and middle figures) Comparison between empirical correlation of
the co-occurrence distribution P on the Wikipedia network of concepts and two null
models, measured with respect to the shortest-path distance. The left panel shows the
correlation of the empirical distribution P on the original Wikipedia networks (dashed
line) and 100 realizations of a degree-preserving randomization of the network (blue
bars). The middle panel shows the correlation of the empirical distribution P (dashed
line) and 100 realizations of a marginal-preserving randomization of P (blue bars) on
the Wikipedia network. (Right table) Correlation of the joint probability distribution
of concepts for papers of different sub-fields.

5.2.0.1 Statistical tests

Figure 5.5 shows a comparison between the variances of concept distributions obtained

from real arXiv papers and the variances of concept distributions of virtual papers

constructed based on the overall frequencies of the concepts. Visually, the variance

distribution of the real papers appears to be concentrated on smaller values than the

variance distribution of the virtual papers.

To quantify this observation, we perform a one-sided Mann–Whitney U test10

[128, Ch. 15] comparing the two distributions (for a given number of concepts in

the papers), and the outcome of this test is recorded in Table 5.1. In all cases, the

p-value (< 10−12) rejects the Mann–Whitney null hypothesis with high significance,

in favour of the alternative hypothesis that samples from the null model distribution

are typically larger than samples from the empirical distribution — i.e. Pr[var(fR) <

var(fV )] > 1/2, where fR is the concept distribution of a randomly selected real

paper and fV the distribution of a randomly selected virtual paper. In this sense, the

variance of the papers is typically smaller than what would be expected from the null

model. We note again that the extremely high significance values indicate that the

null model distribution likely does not give a reliable baseline for comparison.

10The test statistic U counts the number of samples from one distribution that are larger than
samples from the other distribution and works under the assumption that all samples are indepen-
dent.
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no. concepts no. samples (real/virt.) U value U norm. p-value

3 concepts 25716/400 6202641.5 0.60 6.52e-13
4 concepts 17578/400 4995856 0.71 1.71e-47
5 concepts 11742/400 3553001.5 0.76 1.13e-68
6 concepts 7449/400 2338463.5 0.78 1.19e-82
7 concepts 4545/400 1473777.5 0.81 7.06e-95
8 concepts 2629/400 875333.5 0.83 2.27e-102
9 concepts 1428/400 478299 0.84 4.65e-95
10 concepts 785/400 269039 0.86 2.91e-90

Table 5.1: Mann–Whitney U test statistics comparing the empirical distribution of
paper variances to the distribution of (null model) virtual paper variances, for papers
containing 3–10 concepts. Tabulated from left to right are the number of concepts, the
number of real and virtual papers (no. samples), the U value of the Mann–Whitney
test, the normalized U value U/(nrealnvirt.) and the p-value of the U test statistic.

5.3 The maximum-variance problem

This section deals with the maximum-variance problem: what is the largest possible

variance on a given graph with distance (semimetric) d, and what are the distributions

that achieve it? Starting from general distances, we characterize the solution(s) to the

maximum-variance problem and show how adding further constraints to the distances

makes the problem increasingly tractable. In the rest of this section, we consider

variance with respect to square root distances such that the variance is a quadratic

form determined by the distance matrix D.

Hjorth et al. [127] studied an equivalent optimization problem in the context

of finding a generalized (‘transfinite’) diameter of metric spaces, and found that a

unique solution exists for strict negative type metrics; this is our Proposition 5.20.

Dankelmann [66] considered the quadratic form fTDf for the geodesic graph distance

and solved the corresponding maximization problem for trees and cycle graphs. Ba-

pat, Neogy et al. considered the quadratic form fTΩf in [12, 83] and found that the

corresponding maximum-variance problem can be solved efficiently.
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5.3.1 General distances

Let d be any distance (semimetric) and vard the corresponding variance; themaximum-

variance problem is defined as follows:

maximize
1

2
fTDf (5.6)

subject to f ∈ ∆.

Intuitively, the maximum-variance problem asks to distribute a fixed probability mass

over the nodes of a graph such that sampling two nodes according to the resulting

distribution yields nodes that are as far apart on average as possible. While a first

guess for such a maximizing distribution might be to put probability 1/2 on the two

nodes which are furthest apart, this means that in 1/4th of the cases two identical

nodes (at distance 0) are selected11. In addition to selecting far apart nodes, the

maximum distribution thus also favours being spread out over a larger set of nodes

and the problem is more complex than it might appear at first sight.

The solution to the maximum-variance problem is the maximum variance and is

denoted by var⋆d (or simply var⋆). Since the variance is a continuous real function on

a convex set ∆, its maximum is achieved by at least one distribution, which we call a

maximum variance distribution and denote by f⋆. The support of this distribution is

denoted by V⋆
d := {i : f ⋆

i > 0} (or V⋆) and is called the maximum variance support.

To characterize the maximum variance, we start by deriving some necessary con-

ditions on the maximum variance distribution:

Proposition 5.12. A necessary condition for maximum variance distributions is

f ∈ ∆ and (ei − ej)
TDf ≥ 0 for all i ∈ supp(f) and all j. (5.7)

Proof. Let d be a distance with distance matrix D and f⋆ a maximum variance

distribution with support V⋆. We consider the vector f ′ = f⋆ − ϵ(ei − ej) with i ∈ V⋆

and any j; for small enough ϵ > 0, this vector is a distribution since f ⋆
i > 0. By

maximality of f⋆, we must have vard(f
′) ≤ vard(f

⋆), which can be written as

f⋆TDf⋆ − 2ϵ(ei − ej)
TDf⋆ + ϵ2(ei − ej)

TD(ei − ej) ≤ f⋆TDf⋆

⇔(ei − ej)
TDf⋆ ≥ −ϵd(i, j) for all i ∈ V⋆ and all ϵ > 0. (5.8)

11This first guess yields a variance of 1
4 diam(d). Proposition 5.17 says that this variance is achieved

if and only if the graph is a path graph and that for graphs that are not paths, the maximum variance
can be up to a factor 2 larger.
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Now suppose for contradiction that there exists some i ∈ V⋆ and j such that (ei −
ej)

TDf⋆ < 0. Since i ̸= j and thus d(i, j) > 0, we can then choose an ϵ with

ϵ < |(ei − ej)
TDf⋆|/d(i, j) in equation (5.8); this produces a contradiction:

(ei − ej)
TDf⋆ ≥ −ϵd(i, j) > (ei − ej)

TDf⋆.

This shows that no i ∈ V⋆ and j with a negative value for (ei − ej)
TDf⋆ can exist,

which completes the proof.

The necessary condition (5.7) encompasses three different aspects of maximum

variance distributions: a basic feasibility condition f ∈ ∆, which says that f must be

a distribution; a ‘local’ optimality condition, which reflects optimality with respect

to perturbations of the distribution without changing its support — this corresponds

to the inequalities with j ∈ supp(f) — and finally, a ‘nonlocal’ optimality condition,

which reflects optimality with respect to perturbations that change the support —

this corresponds to the inequalities with j ̸∈ supp(f).

The local optimality condition can be translated to the following requirement on

maximum variance distributions.

Proposition 5.13. A necessary condition for maximum variance distributions is

f ∈ ∆ with support V , and DVVfV = (uT [DVV ]
†u)−1u. (5.9)

Proof. Let f be a maximum variance distribution with support V . By the necessary

conditions (5.7), we know that

(ei − ej)
TDf ≥ 0 and (ej − ei)

TDf ≥ 0 for all i, j ∈ V ,

which implies that (ei − ej)
TDf = 0 for all i, j ∈ V , and thus that Df is constant on

the support of f . In other words,

DVVfV = αu for some constant α.

Since DVV is a distance matrix with positive off-diagonals (and |V| ≥ 2; see Propo-

sition 5.30) and fV is a positive vector, we know that α > 0. This implies that

u ∈ ker(DVV)
⊥ since no solution could exist otherwise, and thus by properties of the

Moore–Penrose pseudoinverse (Proposition A.5) that DVV [DVV ]
†u = u. We then find

uT [DVV ]
†u = α−1uT [DVV ]

†DVVfV = α−1uT fV = α−1,

which completes the proof.

Proposition 5.13 implies the following result for the maximum variance:
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Corollary 5.14. The maximum variance is equal to var⋆d =
1
2
(uT [DV⋆V⋆ ]†u)−1.

Proof. Let f⋆ be a maximum variance distribution with support V⋆. The maximum

variance is then equal to

var⋆d =
1

2
f⋆TDf⋆ =

1

2
f⋆TV⋆ DV⋆V⋆f⋆V⋆

(Prop. 5.13)
=

1

2
(uT [DV⋆V⋆ ]†u)−1,

as required.

In other words, the maximum variance can be expressed in terms of a submatrix of

the distance matrix, without explicit reference to the maximum variance distribution.

Of course, the question remains how to find the maximum variance support V⋆.

Combining Proposition 5.13 and Corollary 5.14, we find the following reformulation

of the maximum-variance problem in terms of submatrices of the distance matrix:

Theorem 5.15. The maximum-variance problem is equivalent to

maximize
1

2
(uT [DVV ]

†u)−1

subject to V ⊆ N for which DVVx = u has a nonnegative solution

Proof. We construct an equivalent optimization problem to the maximum-variance

problem (5.6) by adding additional constraints to the optimization domain ∆ → ∆̃,

such that the restricted domain ∆̃ still contains the solution. We define

∆̃ := {f ∈ ∆ with support V such that DVVfV = (uT [DVV ]
†u)−1u}.

A solution with support V exists if and only if DVVx = u has a nonnegative and

nonzero solution for x. For any candidate distribution f ∈ ∆̃ in the support, the

maximum variance is given by

vard(f) =
1

2
fTDf =

1

2
fTV DVVfV = 1

2
(uT [DVV ]

†u)−1,

only dependent on the support V . Thus all possible variances that correspond to

distributions in ∆̃ are covered if we consider 1
2
(uT [DVV ]

†u)−1 over all subsets V for

which DVVx = u has a nonnegative nonzero solution. This completes the proof.

The maximum-variance problem can thus be solved by iterating over all subsets,

checking whether a nonzero nonnegative solution exists — this amounts to determin-

ing whether a certain system of linear equations Ax ≥ b has a solution, which is

equivalent to solving a linear program in general — and finally comparing which of

these subsets with solutions produces the largest value for 1
2
(uT[DVV ]

†u)−1. In gen-

eral, this procedure requires to check all 2n subsets of nodes, which is not practical.

The following example based on [158] shows that the maximum-variance problem is

in fact NP-hard.
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Example 5.16 (max variance and max clique). Let G be an unweighted graph

and let d̃(i, j) = 1 if i ∼ j and zero otherwise; in other words, the distance matrix D̃ is

the adjacency matrix of G; see e.g. [28]. As discussed in [158, Cor. 3], the maximum-

variance problem maxf∈∆
1
2
fT D̃f has as solution var⋆

d̃
= 1

2
(1−cl(G)−1), where cl(G) is

the clique number ofG, the size of the largest clique in the graph. Since calculating the

clique number is NP-hard in general [139], so must be the maximum-variance problem

with respect to d̃. While d̃ is not a semimetric because it can be zero between distinct

nodes, we may define the semimetric dϵ(i, j) = d̃(i, j) + ϵ if i ̸= j and dϵ(i, i) = d̃(i, i)

otherwise. By letting ϵ > 0 be small enough, the maximum variance with respect

to dϵ resolves to the rational solution12 found by d̃, and thus the maximum-variance

problem for general semimetrics must be NP-hard as well.

While calculating the maximum variance is thus not practical in general, we have

the following estimate in terms of the diameter diam(d) := maxi,j d(i, j):

Proposition 5.17. The maximum variance of a graph with metric d is bounded by

its diameter as
1

4
diam(d) ≤ var⋆d ≤

n− 1

2n
diam(d).

Equality in the lower bound (resp. upper bound) holds if and only if d is the resistance

distance on a path graph (resp. complete graph).

Proof. (lower bound) The maximum variance is at least as large as the variance of

any particular distribution f . By choosing f = 1
2
(ei + ej) for some pair of nodes at

distance d(i, j) = diam(d), we then find that

1

4
diam(d) = vard

(
1
2
(ei + ej)

)
≤ var⋆d .

Next, we will derive the conditions for equality in the lower bound.

(lower bound equality, forward) Let G be a path graph with resistance distance

d = ω. Then Example 6.7 shows that the resistance curvature is p = 1/2 on the

end nodes of the path and p = 0 for all other nodes. In particular, the resistance

curvature is nonnegative. By Corollary 5.24 for the maximum variance distribution

with respect to the resistance distance, we then know that the maximum variance

distribution is equal to the resistance curvature f⋆ = p = 1
2
(ei + ej) where i and j

are the end nodes of the path. This yields var⋆d =
1
4
diam(d) as required.

12For an n-node graph, the clique number cl(G) is an integer between 2 and n and thus var⋆
d̃
=

1
2 (1− cl(G)−1) must be a positive rational number.
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(lower bound equality, converse) Conversely, if var⋆d = 1
4
diam(d), then a possible

maximum variance distribution is f⋆ = 1
2
(ei + ej) for some pair of nodes at distance

d(i, j) = diam(d). From the necessary conditions (5.7), we then know that

(ei − ex)
TD(ei + ej) ≥ 0 for all x.

For x = i, j, this yields zero and for x ̸= i, j, this translates to

0 ≤ d(i, j)− d(x, j)− d(x, i) ≤ 0,

where the second inequality is the triangle inequality for d. This implies that d(i, j) =

d(i, x) + d(x, j) for all x ̸= i, j; in other words, there are two nodes i, j such that all

other nodes x are a cut node between i and j. This implies that d is the resistance

metric on a path with end nodes i, j.

(upper bound) The upper bound follows from

var⋆d =
1

2

∑
i,j

f ⋆
i f

⋆
j d(i, j) ≤

1

2
diam(d)

∑
i ̸=j

f ⋆
i f

⋆
j =

1

2
diam(d)

(
1− ∥f⋆∥2

)
,

and the fact that ∥f∥2 ≥ 1
n
for all f ∈ ∆ with equality if and only if f = u/n. Equality

in the upper bound is thus achieved if and only if f⋆ = u/n and d(i, j) = diam(d)

for all pairs of nodes i ̸= j, which corresponds to the resistance metric on a complete

graph. This completes the proof.

We note that the lower-bound equality result requires d to be a metric while the

inequalities work for general distances. Furthermore, we recall that the resistance

distance is equal to the shortest-path distance for path graphs. The diameter of a

metric space thus determines its maximum variance up to a factor of at most 2. These

bounds were inspired by the results of Steinerberger [226] in a different context and

proven using different techniques.

As noted before, the maximum-variance problem is closely related to the work of

Leinster et al. on diversity measures [157, 158]. We briefly discuss their main results

as they pertain to the maximum-variance problem.

A similarity matrix Z is a symmetric n × n matrix with unit diagonal (Z)ii = 1

and bounded off-diagonal 0 ≤ (Z)ij ≤ 1 for all i ̸= j. The diversity of order q of a

distribution f with respect to a similarity matrix Z is defined as

divZq (f) :=
(
fT (Zf)q−1

) 1
1−q for some f ∈ ∆,

where the powers are entrywise and q ∈ [0,∞]. The maximum diversity problem asks

to maximize divZq over the probability simplex ∆, and the following result was shown

by Leinster & Meckes [158, Thm. 1 & 2]:
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Theorem 5.18. (i) There exists a distribution f⋆ that maximizes divZq for all q ∈
[0,∞]. Moreover, the maximum diversity divZq (f

⋆) is independent of q. (ii) The

maximum diversity problem is equivalent to maxV u
T (ZVV)

†u over subsets V, for which
ZVVx = u has a nonnegative solution.

Result (i) says that the maximum diversity and the maximum diversity distribu-

tion are generic for a given similarity matrix, as they do not depend on the specific

order of the measure. Result (ii) is called the ‘computation theorem’ and shows how

the maximum diversity is determined by submatrices of the similarity matrix, in close

analogy with Theorem 5.15 for the maximum-variance problem.

The relation between the variance with respect to a distance matrix D and the

q-diversity with respect to a similarity matrix Z is found by defining the similarity

matrix13 Zδ := uuT − δD with δ ≤ diam(d)−1 and distance matrix D, for which we

find

divZδ
2 (f) =

1

1− 2δ vard(f)
.

As a consequence, finding the maximum diversity with respect to Zδ corresponds to

finding the maximum variance with respect to D. By Theorem 5.18, this implies

that the maximum-variance problem and its solutions are relevant for a broad class

of diversity measures (0 ≤ q ≤ ∞), and not just for the ‘simple’ quadratic variance

(q = 2).

5.3.2 Negative type metrics

Since the general maximum-variance problem is NP-hard, we further restrict the

class of distances under consideration. As a first result, we find that the variance has

additional desirable properties for negative type metrics:

Proposition 5.19. The variance vard is (strictly) concave on ∆ if and only if the

distance matrix D is a squared Euclidean distance matrix (of a simplex). In particular,

vard is (strictly) concave for (strict) negative type metrics.

Proof. LetG be a graph with metric d and corresponding variance vard. By definition

of concavity, the variance is concave on ∆ if and only if

θ vard(f) + (1− θ) vard(g) ≤ vard(θf + (1− θ)g) for all f ,g ∈ ∆ and θ ∈ [0, 1].

13We note that this is asymptotically equivalent to (Z)ij = exp(−d(i, j)t) as t → ∞. This general
mapping from distances to similarity matrices is central to the theory of magnitude of metric spaces
[154].
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Introducing the expression for variance, this can be written as

(vard concave) ⇔ θfTDf + (1− θ)gTDg ≤ (θf + (1− θ)g)TD(θf + (1− θ)g)
(5.10)

⇔ θ(1− θ)(f − g)TD(f − g) ≤ 0 for all f ,g ∈ ∆ and θ ∈ [0, 1].

Since θ(1 − θ) ≥ 0 and any vector x ∈ span(u)⊥ can be written as x = α(f − g) for

some f ,g ∈ ∆ and scalar α, we find that concavity is equivalent to

(vard concave) ⇔ xTDx ≤ 0 for all x ∈ span(u)⊥ ⇔ (D is an SED matrix),

where ‘SED’ abbreviates squared Euclidean distance matrix (see Chapter 4). Simi-

larly, for strict concavity, the inequality in (5.10) is strict and θ ∈ (0, 1) in combination

with f ̸= g is equivalent to xTDx < 0 for all nonzero x ∈ span(u)⊥, which is equiva-

lent to D being the squared Euclidean distance matrix of a simplex.

By Proposition 4.12, the distance matrix of a negative type metric is a squared

Euclidean distance matrix and by Proposition 4.16, the distance matrix of a strict

negative type metric is the squared Euclidean distance matrix of the vertices of a

simplex. This completes the proof.

It was observed in [158] that the maximum diversity problem simplifies signifi-

cantly in the case of positive definite similarity matrices, which relates to Proposition

5.19. Concavity is a key property in the context of optimization, since it guarantees

that local maxima are also global maxima [31]. For the maximum-variance problem,

we find the following result:

Proposition 5.20. A necessary and sufficient condition for a maximum variance

distribution of a graph with negative type metric d is

f ∈ ∆ and (ei − ej)
TDf ≥ 0 for all i ∈ supp(f) and all j,

and a solution can be calculated in polynomial time in n. For a strict negative type

metric, these conditions are satisfied by a unique distribution.

Proof. For a negative type metric, the variance is a concave function on a convex set

∆. The maximum-variance problem is thus a convex quadratic program which can be

solved in polynomial time in n; see [31].

(necessary) By Proposition 5.12, condition (5.7) is a necessary condition for the

maximum variance distribution with respect to any distance, and thus in particular

with respect to negative type metrics. We now show that the conditions are also

sufficient for negative type metrics.
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(sufficient) Let f and g be any two distributions and θ ∈ [0, 1]. By concavity of

the variance for negative type metrics, we then have

vard (θf + (1− θ)g) ≥ θ vard(f) + (1− θ) vard(g)

⇔ θ(θ − 1)gTDg ≥ θ(θ − 1)fTDf − 2θ(θ − 1)(f − g)TDf

⇔ vard(g) ≤ vard(f)− 2
∑

i∈supp(f),j

figj(ei − ej)
TDf (since θ ≤ 1).

If f satisfies conditions (5.7), then the second term on the right-hand side is non-

positive, which implies that vard(g) ≤ vard(f) for all g ∈ ∆ and thus that f is the

maximum variance distribution as required.

(uniqueness) Next, suppose for contradiction that two distinct distributions f and

f ′ achieve the maximum variance var⋆d for a strict negative type metric d. Then by

strict concavity, we find that vard
(
1
2
(f + f ′)

)
> var⋆d which is a contradiction against

maximality and thus proves that there is a unique maximum variance distribution for

strict negative type metrics.

In practice, the maximum variance can be calculated using standard convex pro-

gramming software such as the CVX package [112]. We recall that (strict) negative

type metrics appear commonly, for instance as point sets in Rd, in hyperbolic space

or on the sphere. Consequently, if a graph (or any dataset) is embedded into one

of these spaces as ϕ : N → M , then the maximum-variance problem can be solved

efficiently for the graph with the induced metric dM ◦ ϕ.

5.3.3 Resistance metrics

Translating the maximum variance results for general and negative type metrics to

the special case of effective resistances, we find the following characterization:

Proposition 5.21. The maximum variance of a graph with respect to the resistance

distance d = ω is determined by a unique subset of nodes V⋆ and the corresponding

Kron reduction G⋆ = G/V⋆c
ω : the maximum variance is equal to the resistance radius

var⋆ω = σ2
⋆ and the maximum variance distribution is equal to the resistance curvature

f⋆ = p⋆ of G⋆.

Proof. Since the resistance metric has strict negative type, there is a unique maxi-

mum variance distribution f⋆. Following Proposition 5.13, this distribution satisfies

ΩV⋆V⋆f⋆V⋆ = 2var⋆ω u,
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which by inverting the resistance submatrix, yields f⋆V = pV and thus var⋆ω = σ2
⋆, as

required.

In context of the resistance metric, we will thus use σ2
⋆ to refer to the maximum

variance and p⋆ for the maximum variance distribution14, both of which are deter-

mined by the maximum variance support V⋆. According to Proposition 5.20, this

maximum variance support V⋆ can be calculated in polynomial time using quadratic

programming. However, making use of the specific properties of the effective resis-

tance — in particular, positivity of the link weights of the associated graph — we

obtain a simple ‘greedy’ method to solve the maximum-variance problem. We start

from the following observation:

Lemma 5.22. pi ≥ p⋆i > 0 for all i ∈ V⋆.

Proof. Let G be a graph with its resistance metric ω and maximum variance distri-

bution p⋆. Condition (5.7) for the maximum variance distribution says that

(ei − ej)
TΩp⋆ ≥ 0 for all i ∈ V⋆ and all j.

Summing cij(ei − ej)
TΩp⋆ over the neighbours of a node i ∈ V⋆, we then find the

inequality ∑
j:j∼i

cij(ei − ej)
TΩp⋆ = eTi QΩp⋆ ≥ 0 for all i ∈ V⋆.

From the QΩ identity (3.7) we then find that

eTi (−2I + 2puT )p⋆ ≥ 0 ⇒ pi ≥ p⋆i > 0 for all i ∈ V⋆

which completes the proof.

In other words, nodes in the maximum variance support V⋆ have positive resis-

tance curvature both in G⋆ (by definition) but also in the graph G. Conversely, the

maximum variance support V⋆ must be a subset of the nodes with positive resistance

curvature in G. This observation leads to the following result:

Theorem 5.23. Let G be a graph and repeatedly take the Kron reduction with respect

to all nodes with positive resistance curvature pi > 0 until all nodes have positive

resistance curvature. The remaining graph is G⋆ = G/V⋆c.

14This is a slight abuse of notation, since p⋆ may also be the |V⋆| × 1 resistance curvature vector
of the graph G⋆.
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Proof. We first note that for all sets W with V⋆ ⊆ W ⊆ N , the maximum variance

support V⋆ of G is also the maximum variance support of the Kron reduction G/Wc.

This holds because the optimization domain of the maximum-variance problem for

G/Wc is a subset of the optimization domain of the maximization problem for G,

with the optimum contained in the subset. This implies that the nodes in V⋆ have

positive resistance curvature in the Kron reduction G/Wc for all V⋆ ⊆ W ⊆ N .

Now consider the sequence of graphs G0, G1, . . . defined by G0 := G and Gk+1 =

Gk/Vk for all k ≥ 0, where Vk is the set of nodes with nonpositive resistance curvature

pi ≤ 0 in Gk. By Lemma 5.22 and the discussion above, we know that Vk ∩ V⋆ = ∅
and thus that the nodes in V⋆ are contained in every graph in the sequence. For every

step k ≥ 0 in the sequence, either the set Vk of nonpositively curved nodes is non-

empty and the size of the graph decreases or Vk is empty and the sequence terminates.

Let G′ = Gℓ be the graph where such an empty set occurs (i.e. with p′ > 0) and

suppose for contradiction that V⋆ ̸= Nℓ. Then we know that V⋆ ⊂ Nℓ (this is because

V⋆ ⊆ Nk is true for every graph in the sequence and equality is excluded) and that

the resistance curvature p′ satisfies (i) p′i > 0 = p⋆i for all i ∈ V⋆c and (ii) p′i ≥ p⋆i for

all i ∈ V⋆ by Lemma 5.22 and by properties of the sequence. Together, we thus have

that p′ ≥ p⋆ and in particular that p′ −p⋆ is a nonnegative nonzero vector. But this

produces the contradiction

0 ≤ (p′ − p⋆)TΩ(p′ − p⋆) < 0 if p′ ̸= p⋆

where the lower bound follows because the quadratic product of a nonnegative vector

and a nonnegative matrix is nonnegative, and the upper bound follows because (p′−
p⋆) ∈ span(u)⊥. This contradiction implies that Nℓ = V⋆ and thus that the graph

sequence strictly decreases in size every step and terminates if and only if the graph

is equal to G⋆ as required.

This characterization suggests a simple greedy algorithm to calculate an exact

solution to the maximum-variance problem with respect to the resistance distance:

(step 1) identify any node x with nonpositive resistance curvature, (step 2) if such

a node exists, take the {x}c-Kron reduction and return to step 1 or if no such node

exists then the resulting graph is G⋆. Each step in this algorithm is local (once Q

and Ω are known) and can be constant time if the largest degree is constant in n.

Furthermore, the procedure is more transparent than using general convex program

solvers and we found that it runs faster in practice.

As a consequence of Theorem 5.23, the maximum-variance problem is trivial for

graphs with nonnegative resistance curvature.
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Corollary 5.24. If a graph has nonnegative resistance curvature p ≥ 0, then the

maximum-variance problem with respect to the effective resistance is solved by f⋆ = p

and var⋆ω = σ2.

Proof. Let G be a graph with nonnegative resistance curvature p ≥ 0 with support

V — i.e. nodes in Vc have zero resistance curvature. Applying Theorem 5.23, the first

two graphs in the sequence are G1 = G and G2 = G/Vc =: G′. Following Proposition

3.25 on the resistance curvature for Kron reduction graphs and the fact that pi = 0

for all i ∈ Vc, we find that p′
i = pi > 0 for all i ∈ V and thus that the sequence

terminates at G2 = G⋆. This proves that f⋆ = p′ = p. Similarly, by Proposition

3.25, the resistance radius satisfies σ′2 = σ2 since pi = 0 for all i ∈ Vc, and thus

var⋆ω = σ′2 = σ2, as required.

We note in particular that Corollary 5.24 in combination with Proposition 5.17

implies that 1
4
diam(ω) ≤ σ2 ≤ n−1

2n
diam(ω) for graphs with p ≥ 0. In other words,

the resistance diameter and twice the resistance radius are equal, up to a factor of at

most two.

As a direction for future work we believe it would be interesting to study the set

function

η(V) := 1

2

(
uT [DVV ]

†u
)−1

for all V ⊆ N ,

for some distance matrix D (or general matrix A) whenever this is well-defined. This

definition is inspired by the resistance radius set function — which has many interest-

ing properties such as an inclusion–exclusion property for cut sets in Proposition 3.40

and submodularity (see Eq. (6.29)) for nonnegatively curved graphs in Theorem 6.33

— and the maximum variance formulation in terms of distance submatrices (Theorem

5.15).

5.4 The geometry of variance

5.4.1 The maximum variance support

The results in the previous section are valid for any semimetric space, without explicit

reference to an underlying graph. In the case of graph distances, which reflect the

structure of the graph, the maximum-variance problem and its solutions can further-

more be interpreted in terms of the graph structure and geometry. More precisely,

we propose that maximum variance distributions and their supports V⋆
d determine a

notion of graph boundary. We support this intuition by showing that the maximum
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variance support is contained in an existing notion of boundary, and then by a num-

ber of examples.

Chartrand et al. defined a notion of graph boundary in [48], which has been widely

studied. Steinerberger considered a relaxation of this definition and proposed the

following graph boundary [225]:

∂dG :=
{
i ∈ N : ∃x ∈ N s.t. d(i, x) ≥

∑
j∼i

1
di
d(j, x)

}
. (5.11)

For the shortest-path distance, Steinerberger showed that the boundary ∂dspG satisfies

a number of natural geometric properties, such as isoperimetric inequalities. We note

that a node function f is called superharmonic at node i if f(i) ≥
∑

j:j∼i f(j)/di (see

[164, Ex. 4.4]) and that the graph boundary thus contains nodes i for which there

exists a node x such that the distance to x, i.e. fx : i 7→ d(i, x), is superharmonic at

i. We find the following relation between maximum variance supports and the graph

boundary:

Proposition 5.25. The support of a maximum variance distribution is a subset of

Steinerberger’s graph boundary for any distance d on a graph; i.e.

V⋆
d ⊆ ∂dG

Proof. Let G be a graph with a maximum variance distribution f⋆. Following the

necessary conditions in Proposition 5.12, we know that (ei−ej)
TDf⋆ ≥ 0 for all i ∈ V⋆

d

and all j. Let i ∈ V⋆
d be some node in the maximum variance support; summing over

its neighbours j ∼ i, we find∑
k∈V⋆

d

f ⋆
k

∑
j:j∼i

(d(i, k)− d(j, k)) ≥ 0.

Since the maximum variance probabilities f ⋆
k are positive, there must be at least one

x ∈ V⋆
d for which

∑
j:j∼i(d(i, x) − d(j, x)) ≥ 0, which means that i ∈ ∂dG. As i was

an arbitrary node in the maximum variance support. This completes the proof.

Next, we discuss a number of examples in which the maximum variance support

V⋆
d retrieves an intuitive set of boundary nodes of a graph.

Example 5.26 (cut nodes & tree graphs). Chartrand et al. [48] found the

intuitive result that their boundary (a subset of Steinerberger’s boundary) cannot

contain cut nodes. This result is reproduced by the maximum variance support with

respect to the effective resistance:

111



Proposition 5.27. The maximum variance support V⋆
ω does not contain any cut

nodes.

Proof. Let G be a graph with cut node x. By Property 6.2, the resistance curvature

of the cut node x is nonpositive in G, i.e. px ≤ 0. By Lemma 5.22, we furthermore

know that all nodes in V⋆
ω have nonnegative resistance curvature in G, as pi ≥ p⋆i > 0,

which excludes the cut node x from the maximum variance support, as required.

As a corollary, the maximum variance support of a tree graph must be a subset of

its leaf nodes, which is the intuitive boundary of a tree. This result for tree graphs was

obtained in [66, 73, 127, 225] for related problems and using a variety of approaches.

Example 5.28 (node transitive graphs). Proposition 6.11 in Chapter 6 says that

the resistance curvature in node transitive graphs is constant, positive and given by

p = u/n. By Corollary 5.24, this implies that G⋆ = G and thus that the maximum

variance support is equal to the full node set V⋆
ω = N . This result is expected since

nodes are indistinguishable in a node transitive graph and thus no set of nodes should

be distinguished from the others as a boundary.

Example 5.29 (size of the maximum variance support). As discussed in the

introduction to this section, we not only expect the maximum variance distribution

to be supported on nodes which are far apart, but also to be spread out over many

nodes. The following result gives some further intuition:

Proposition 5.30. The maximum variance support contains at least two nodes and

exactly two nodes if and only if these nodes are the ends of a path graph with resistance

(equivalently, shortest-path) metric.

Proof. A distribution supported on a single node has zero variance, which is in

contradiction with the positive lower bound for the maximum variance in Proposition

5.17. As a result, any maximum variance distribution must be supported on at least

two nodes. We now consider when the case of two nodes occurs.

(forward direction) Proposition 5.17 states that the maximum variance of a path

graph with resistance (or shortest-path) distance d is var⋆d = 1
4
diam(d), which is

achieved by the distribution f⋆ = 1
2
(ei + ej) supported on the two end nodes, as

required.

(converse direction) Let G be a graph in which a maximum variance distribution

f⋆ is supported on two nodes i, j. Then we find

var(f⋆) = f ⋆
i f

⋆
j d(i, j) ≤ f ⋆

i (1− f ⋆
i ) diam(i, j) ≤ 1

4
diam(d)

112



with equality if and only if d(i, j) = diam(d) (the first inequality) and f ⋆
i = f ⋆

j = 1/2

(the second inequality). By Proposition 5.17, we also know that var(f⋆) ≥ 1
4
diam(d),

which means that equality must hold throughout, and by the equality condition in

5.17, we then know that this implies that d is the resistance metric of a path graph,

which completes the proof.

Example 5.31 (Random geometric graphs). Random geometric graphs (RGGs)

are random graphs with nodes sampled from some metric space N ⊆ M and with

nearby nodes connected i ∼ j if dM(i, j) ≤ r for some connection radius r. If the

sampled domain has a clear boundary in the ambient space M , then we would hope

that the nodes close to this boundary play the role of a boundary in the graph. Figure

5.7 shows that this is indeed the case for some RGGs constructed on a domain in

Euclidean space and considering the boundary with respect to the effective resistance;

Section 6.3.3 discusses RGGs in some more detail.

Importantly, as observed in the letter ‘A’ in Figure 5.7, the boundary V⋆
ω does

not seem to contain nodes near points on the boundary with negative curvature (in

this case, locally concave). The precise interplay between boundary curvature and

the set V⋆
ω is unclear, but in Chapter 6 we discuss the interpretation of p as a notion

of discrete curvature; in fact, this observation was the initial clue that motivated our

investigation of p in the context of discrete curvature.

Figure 5.7: The maximum variance support V⋆
ω of RGGs in a bounded domain of R2

is more likely to contain nodes that are located near the boundaries. Panel (a) shows
one realization of an RGG on n = 500 nodes in a domain shaped as the letter ‘A’,
with connection radius as indicated. The nodes in the maximum variance support
are colored red, and are all located near the boundary of the domain. Panel (b) sum-
marizes the maximum variance support node locations calculated in 250 independent
RGG realizations on the given domains. A darker (respectively lighter) shading indi-
cates a higher (respectively lower) density of maximum variance nodes. This figure
supports that the maximum variance support nodes are more likely to be located near
the domain boundaries and, in particular, near corners with high curvature.
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5.4.2 Variance and the simplex

We briefly discuss how the variance measured with respect to
√
ω can be interpreted

geometrically in terms of the resistive embedding φ and the associated simplex geom-

etry. Recall that the resistive embedding determines a bijection between distributions

on a graph (the probability simplex ∆) and the hyperacute simplex S associated with

the graph, and that the circumcenter and circumradius are given by φ(p) and σ.

Variance with respect to the effective resistance can be written in terms of dis-

tances related to the simplex as follows:

Proposition 5.32. Let G be a weighted graph with resistive embedding φ. The vari-

ance of a distribution f with respect to the effective resistance is determined by the

distance from its resistive embedding φ(f) to the circumcenter φ(p) of the simplex:

varω(f) = σ2 − ∥φ(f)− φ(p)∥2 for any resistive embedding φ.

Proof. Expressing the squared distance between points on the simplex in terms of

the resistance matrix and invoking the equilibrium identity Ωp = 2σ2u, we find

∥φ(f)− φ(p)∥2 = −1

2
(f − p)TΩ(f − p) = −1

2
fTΩf + pTΩf − 1

2
pTΩp = σ2 − varω(f),

as required.

Following Proposition 5.32, the variance of a distribution becomes larger as its

resistive embedding lies closer to the circumcenter φ(p). This suggests a geometric

reformulation of the maximum-variance problem:

σ2
⋆ = σ2 −min

x∈S
∥x− φ(p)∥2 = σ2 − d2(φ(p), S)

with optimal solution p⋆, where the distance d between a point and a set in Rn−1 is

defined as the smallest distance to any point in the set. If the graph has nonnegative

resistance curvature p ≥ 0, the circumcenter is a point in the simplex and the maxi-

mum variance is achieved for p⋆ = p. Otherwise, the maximum variance distribution

is the projection of the circumcenter φ(p) onto S, which is the closest point on the

simplex to φ(p). Following Theorem 5.23, this projection can thus be computed by

a repeated Kron reduction of the associated graph until p′ ≥ 0.
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Chapter 6

Discrete curvature from effective
resistances

This chapter deals with the interpretation of the resistance curvature p as a notion

of discrete curvature. The contribution of this new perspective is twofold: first, we

add to the conceptual understanding of the vector p, with the new results in Section

6.4 on discrete Ricci flow and Section 6.5 on positively curved graphs as important

consequences. Second, we add one more approach to the active and broad discrete

curvature research landscape, with both clear connections to existing approaches as

well as apparent unique features. While the contribution to the theory of p and the

effective resistance more generally is already clear, the precise implications of this

new approach for the study of discrete curvatures remains to be seen.

Section 6.2 introduces a definition for the resistance curvature in terms of relative

resistances. This leads to bounds on p and examples of graphs with positive, nega-

tive and zero resistance curvature. We introduce a related notion of link resistance

curvature κ (Definition 6.4) and derive similar bounds. Finally, we summarize the

many equivalent definitions for p and σ2 encountered in this thesis in Section 6.2.3,

including new ones such as Proposition 6.13.

Next, Section 6.3 details our arguments for an interpretation of p as a notion

of discrete curvature. We consider graphs with constant resistance curvature of the

correct sign, we describe the relation to other notions of discrete curvature and present

numerical and theoretical evidence for convergence to zero curvature in Euclidean

RGGs (expression (6.18)).

Section 6.4 introduces a discrete Ricci flow of graphs G(t) based on the resistance

curvature. We show that this flow is a gradient flow and is described as a quadratic

flow of Laplacian matrices. To develop a further understanding, we define and study
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a simplified local flow (6.27). This flow is well-defined and can be interpreted as a

continuous interpolation between a graph and an elementary Kron reduction (Propo-

sition 6.21) with simple solutions for the effective resistances (Property 6.23) and

resistance curvatures (Property 6.24) as a result.

Finally, Section 6.5 considers the class of graphs with nonnegative curvature p ≥
0. We describe some examples and show that these graphs are closed under Kron

reduction. Most importantly, we find the following properties: positively curved

graphs are strongly connected in the technical sense of ‘toughness’ (Theorem 6.31)

and as a second result, we show that the resistance radius σ2 is a ‘submodular⋆ set

function’ in nonnegatively curved graphs (Theorem 6.33).

Most of this chapter appeared in [72], with the exception of Sections 6.4.2 and 6.5,

and references to the relevant literature are given in the introduction section below.

6.1 Introduction

6.1.0.1 From continuous ...

The idea of curvature has a long and rich history in geometry and provides the

mathematical language for one of the most important modern-day physical theories,

Einstein’s theory of general relativity, which describes the interplay between mass and

energy and the (Ricci) curvature of spacetime. As illustrated in Figure 6.1, curvature

is a geometric property of smooth spaces such as lines and surfaces, and quantifies

how much and in which ways a smooth space differs from being flat around a point.

Several complementary and related notions of curvature exist. Scalar curvature,

for instance, associates a single number to each point on a manifold and allows one

to distinguish the qualitatively different cases of positive curvature (like the surface

of a sphere), zero curvature (like the flat plane) and negative curvature (like a saddle

point), as illustrated in Figure 6.1. The scalar curvature is a measure of how much the

volume of (small) ϵ-balls around a point differ from the volume of ϵ-balls in Euclidean

space of the same dimension. Ricci curvature associates a tensor to each point on a

manifold, and reflects the difference of volume growth between geodesics emanating

from the point in two tangential directions compared to Euclidean growth. While the

Ricci curvature includes ‘directional’ information not present in the scalar curvature,

the latter can be retrieved as the trace of the former. We refer the readers to [20, 135]

for the background on curvature and differential geometry.
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Figure 6.1: Scalar curvature distinguishes points with different local geometries.
On smooth surfaces, such as the images shown on the left, points with posi-
tive/zero/negative curvature are locally like the surface of a sphere/flat plane/saddle
point. The figures on the right illustrate how the curvature sign influences the local
geometry around a point, in terms of triangles around the point (with different angle
sums) and in terms of volume growth (where geodesic discs can grow faster/slower
than in Euclidean space). The second row on the left shows some graphs, which are
naturally associated to spaces of constant curvature; see Section 6.3.1.

6.1.0.2 ... to discrete

Discrete settings such as graphs lack the differential structure required for classical

definitions of curvature. However, it is still widely acknowledged that these spaces

exhibit relevant geometric features and many notions of discrete curvature have been

proposed that work in the discrete setting [9, 30, 56, 87, 99, 115, 189, 205, 208]; for

a survey, see for instance [26, 138, 183, 199]. In Section 6.3.2, we briefly discuss a

number of these curvatures. Broadly speaking, the vision is that discrete curvature

can mimic the successful classical differential theory and play a role in representing

and understanding ‘emergent’ geometric properties in discrete structures — which

at the local level appear purely combinatorial, but at a larger scale, feature much

richer properties. Importantly, the subject of discrete curvature is thus not just

about finding generalized notions of curvature, but also about trying to translate the

multitude of curvature-related results (Bonnet–Myers, Lichnerowicz, etc.) to the dis-

crete setting; this has been done successfully for instance in the case of Forman–Ricci

curvature [99], Ollivier–Ricci curvature [161, 162, 181, 189], Bakry–Émery curvature

[16], entropic curvature [87] and Steinerberger’s curvature [226]. This aspect is less

pronounced in this thesis (except perhaps for Section 6.5), but the logical next step
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is to try and translate the classical curvature results to our proposed curvatures.

The idea of discrete curvature is perhaps most easily understood when the discrete

space under consideration is closely related to some smooth space. For instance, a

graph which can be isometrically embedded into a manifold (see Section 6.3.1), or

random geometric graphs, which are natural ‘coarse’ representations of some smooth

metric space (see Section 6.3.3). However, most notions of discrete curvature still

apply even when no smooth ambient space is involved. In other words they are

defined intrinsically.

Discrete curvature is not only studied out of mathematical curiosity, but also as

a tool in applications, for instance in the context of various digital technologies. As

noted in the preface of Najman & Romon’s review on modern approaches to discrete

curvature [183, p. v]: “[discrete geometry] has nevertheless taken a new twist at the

end of the twentieth century, first with the onset of computer science and engineering,

requiring a science based on discrete objects, bits and integers, molecules or bricks,

graphs, and networks.”. This includes applications that rely on finite approximations

of continuous or smooth structures, as in computer graphics and image processing

[133, 183]. More recently, notions of discrete curvature have also appeared in the

design and analysis of algorithms [76, 132, 217, 238] and applications in network

science, including community detection [109, 188, 216], methods for graph comparison

[186] and alternative ways to capture connectivity in interconnected systems [134, 182,

187, 256]. Discrete curvature also plays a role in some approaches to quantum gravity,

which attempt to unify the continuous theory of gravity with the discrete theory of

quantum mechanics; see for instance1 [108, 241].

6.2 Resistance curvature

We consider two types of discrete curvature: a curvature defined on the nodes of a

graph as p : N → R and a curvature defined on the links of a graph as κ : L → R. As
introduced in Chapter 3, we refer to the nodal curvature as ‘resistance curvature’ and

will use the slightly longer ‘link resistance curvature’ for the latter2. The relation of p

and κ to existing notions of curvature suggests that p might be a scalar curvature and

κ a Ricci curvature. However, these two types of curvature satisfy specific relations

1There are many different approaches to quantum gravity with discreteness arising in a variety
of ways; in particular, discrete curvature does not always play as important of a role as it does in
[241] or [108].

2The name “effective resistance curvature” was introduced in [114] for a different notion of cur-
vature derived from effective resistances.
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in the continuous case which are not reproduced by p and κ; for instance, scalar

curvature is the trace of the Ricci curvature. This suggests that p or κ might instead

be approximate notions of scalar and Ricci curvature.

6.2.1 Node resistance curvature

Chapter 3 introduced the resistance curvature p in context of the Fiedler–Bapat

identity and we already encountered a number of alternative definitions throughout

the thesis; Section 6.2.3 provides a summary of these alternative definitions. The

discussion on the curvature properties of p will focus on the following definition in

terms of relative resistances:

Definition 6.1 (resistance curvature). The (node) resistance curvature is defined as

pi := 1− 1

2

∑
j:j∼i

cijωij for any node i ∈ N . (6.1)

This expression follows from the diagonal of the QΩ identity as
∑

j:j∼i cijωij =

−(QΩ)ii = 2− 2pi. While Definition 6.1 for the resistance curvature appeared before

(under a different name) in [10, 70, 96, 228, 269], there has not been a systematic

study of its properties, and its relation to discrete curvature in particular seems to be

new. Initially, this curvature interpretation is suggested by the following qualitative

observation: if the neighbourhood of a node is “tree-like” with few short cycles, then

the local relative resistances will be large and thus pi will be small, as expected for a

notion of curvature [136, Thm. 1]. If the neighbourhood is “clique-like” with many

short cycles, then the local relative resistances will be small with a large pi as a result.

Expression (6.1) defines the resistance curvature based on the relative resistance of

incident links on a node. We recall Theorem 2.13, which states that the relative

resistance cijωij of a link is the probability that this link is contained in a random

spanning tree. This result bounds the relative resistance in (0, 1] and leads to Foster’s

Theorem and the cut bounds (2.9). With these results, we find the following bounds

on the node resistance curvature:

Property 6.2. The resistance curvature of a node i is bounded as

1− di
2

≤ pi ≤ 1− β(Gi\{i})
2

where Gi\{i} is the component Gi with node i removed. Equality is achieved if and

only if all links connected to i are cut links, in which case both bounds are equal.
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Proof. (lower bound) The lower bound follows from the relative resistance bound

cijωij ≤ 1 for each term in expression (6.1), with equality if and only if each link is a

cut link. (upper bound) The upper bound follows by summing the relative resistance

over cuts: if removing i disconnects Gi into β′ := β(Gi\{i}) components, this means

that the links incident to node i can be partitioned into β′ sets of links {Ck}β
′

k=1 that

are cuts of Gi. By the cut bound (2.9), we then find

pi = 1− 1

2

β′∑
k=1

∑
(i,j)∈Ck

cijωij ≤ 1− β(Gi\{i})
2

.

Furthermore, equality occurs in the cut bound if and only if the cut consists of a

single link, which means that equality in the upper bound for pi occurs if and only if

all incident links are cut links. This completes the proof.

We note that the bounds correctly assign pi = 1 for a disconnected node. In

tree graphs, every link is a cut link and thus Property 6.2 implies that the non-leaf

nodes in a tree have nonpositive curvature while leaf nodes have resistance curvature

equal to 1/2. For path graphs, the two end nodes have resistance curvature 1/2 while

all other nodes have zero curvature. The bounds for p thus produce some examples

where negative and zero curvature happen generically (independent of link weights),

in tree and path graphs.

A second property of the node resistance curvature follows from Foster’s Theorem:

Property 6.3. The sum of node resistance curvatures in a graph is equal to the

number of connected components:
∑

i∈N pi = β(G).

Proof. Let G be a connected graph. By Foster’s Theorem, the sum over all relative

resistances in the graph is equal to n− 1 and thus∑
i∈N

pi = n−
∑
j∼i

cijωij = n− (n− 1) = 1.

For a graph with more than one connected component, this result can be applied to

each component separately to yield Property 6.3. We note that uTp = 1 for a con-

nected graph also follows immediately from the Fiedler–Bapat identity, as described

in Corollary 3.7.

In geometric terms, Property 6.3 can be thought of as a Gauss–Bonnet-like result,

which relates the sum over all curvatures to topological properties of the graph. Fur-

thermore, Property 6.3 suggests the cycle graph as an example of positive curvature:

by virtue of the rotational symmetry of the cycle graph, all nodes are indistinguish-

able and thus should have the same resistance curvature. By
∑

pi = 1, this then
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implies that the resistance curvature is positive and equal to pi = 1/n for all nodes

in the n-cycle graph; this derivation is confirmed in Example 6.10. The cycle graph

is thus a first example of a graph with positive resistance curvature. These examples

are further discussed (and illustrated) at the end of the next section.

6.2.2 Link resistance curvature

The link resistance curvature is defined as follows:

Definition 6.4 (link resistance curvature). The link resistance curvature is defined

as

κij :=
2(pi + pj)

ωij

for all (i, j) ∈ L. (6.2)

The link resistance curvature of a link is equal to the sum of the (node) resistance

curvature of its end nodes, divided by the effective resistance between them. Conse-

quently, calculating the link resistance curvature is straightforward once p is known,

and when pi and pj have the same sign, this immediately determines the sign of κij

as well. Tree, path and cycle graphs can thus serve as first examples of graphs with

links of negative/zero/positive link curvature.

Similar to the node resistance curvature bounds, we find:

Property 6.5. The link resistance curvature is bounded as

1
ωij

(4− di − dj) ≤ κij ≤ 1
ωij

[6− 2β(Gi\(i, j))− β(Gi\{i, j})] ,

where Gi\(i, j) is the graph with link (i, j) removed and Gi\{i, j} the graph with nodes

i and j removed. Equality is achieved if and only if all links incident to i and j are

cut links, in which case both bounds are equal.

Proof. (lower bound) Both the lower bound and the conditions for equality follow

directly from the lower bound pi ≥ 1 − di/2 on the node resistance curvature in

Property 6.2. (upper bound) For simplicity we further assume that G = Gi is a

connected graph; this is without loss of generality since any link is contained in a

connected component. We can write the link resistance curvature as

2(pi + pj)

ωij

=
1

ωij

4−
∑
ℓ∈Lij

cℓωℓ − 2cijωij

 , (6.3)

where Lij := {(x, k) ∈ L\(i, j) | x ∈ {i, j}} are the links incident on (i, j). We

note that removing nodes i and j from G is equal to removing the links Lij from G
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and then removing the nodes i, j from the resulting graph. Hence, every connected

component in G\{i, j} is disconnected from G by some cut Ck ⊆ Lij, which gives a

partition of Lij into cuts. For each cut, we may then invoke the cut bound (2.9) and

find that ∑
ℓ∈Lij

cℓωℓ =

β(G\{i,j})∑
k=1

∑
ℓ∈Ck

cℓωℓ ≥ β(G\{i, j}),

with equality if and only if all cuts consist of single links and thus if all links in

Lij (and thus also (i, j)) are cut links. Second, we know that the relative resistance

satisfies cijωij > 0 and that cijωij = 1 if and only if (i, j) is a cut link. Hence, in

general, we have cijωij ≥ [β(G\(i, j))− 1], where G\(i, j) has the link (i, j) removed;

again, equality only holds if this is a cut link. Introducing the bounds for these link

terms into (6.3) yields the proposed upper bound and conditions for equality, and

thus completes the proof.

A simpler but less tight version of the upper bound is κij ≤ 2/ωij which follows

from the upper bound on pi with β(Gi\{i}) ≥ 1 when i is not a isolated node.

Following the discussion in Section 2.3.2, the resistance curvatures can be approx-

imated efficiently using Laplacian solvers and related tools. In particular, we note

that the work in [194] suggests that the resistance curvatures can be approximated

using local methods (i.e. only depending on the structure of the graph within a

certain number of steps from the node or link) and the methods in [3] to efficiently

approximate the pseudoinverse Laplacian diagonal ζ can be used to calculate the

node resistance curvature, based on expression p = 1
2
Qζ + u/n.

We now discuss a number of examples to support the introduced definitions and

to illustrate how negative, zero and positive curvature occur generically in certain

classes of graphs.

Example 6.6 (tree graphs). Since every link in a tree graph is a cut link, the

resistance curvature bounds in Properties 6.2 and 6.5 hold with equality, and we find

cijωij = 1, pi = 1− di
2

and κij = cij(4− di − dj)

for all nodes i and links (i, j). In other words, except for the leaf nodes and the

links connected to them, all nodes and links have nonpositive node/link resistance

curvature.
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Example 6.7 (path graphs). We recall that a path is a tree graph with two end

nodes of combinatorial degree d = 1, and d = 2 for all other nodes. Following the

result for tree graphs, the resistance curvatures in a path with n > 2 are given by{
pi =

1
2
at the end nodes

pi = 0 otherwise

{
κij = cij if i or j is an end node

κij = 0 otherwise.

In other words, except for the end nodes and the links connected to them, all nodes

and links have zero curvature. The case of a 2-node path K2 is different, as we get

κij = 2cij.

Example 6.8 (cycle graphs). As explained in Example 6.10 below, the symmetries

of a graph have implications for the resistance curvature. One example of a node

and link transitive graph is the cycle graph, for which the node and link resistance

curvatures are all equal, and thus

cωij =
n− 1

n
, pi =

1

n
and κij =

4c

n− 1

for all nodes i and links (i, j) and constant link weight c. In other words, all nodes

and links are positively curved. Some more examples of positively curved graphs are

discussed in Example 6.10 and Section 6.3.1. Figure 6.2 shows examples of tree, path

and cycle graphs and their curvature signs.

Figure 6.2: The node and link resistance curvatures in tree, path and cycle graphs.

Example 6.9 (Erdős–Rényi random graph). An Erdős–Rényi (ER) graphG(n, ρ)

is a random graph where every pair of nodes is connected with probability ρ, see

[29, 245]. Figure 6.3 shows how the mean link curvature 1
m

∑
i∼j κij and resistance

curvature distributions evolve in these random graphs as a function of the connection

probability (density) ρ. An intuitive explanation for the observed evolution of the

mean link curvature is as follows: ER graphs with very small ρ typically consist of

a collection of 2-paths and disconnected nodes (graph A in Figure 6.3) with a mean

link curvature of +2 since κij = 2 for a 2-path. As ρ increases, the typical ER graph
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will transition from 2-paths to a collection of trees or locally tree-like components

(graphs B,C) with decreasing κ as the density increases. As ρ increases further, the

typical ER graph will be a dense, connected graph (graph D) in which κ increases

along with the density, until it reaches mean link curvature +2 for the complete graph

at ρ = 1. For the node resistance curvature, we find a similar explanation: small and

medium-density ER graphs consist mainly of disconnected nodes and 2-paths with

p = 1 and p = 1/2 respectively, or a collection of trees with pi = 1 − di/2, which

results in the ‘discrete distribution’ of p on half integers, as observed in Figure 6.3.

For large density ρ, we observe that the locally tree-like graphs have a “continuous

distribution” of possible node curvatures. This distribution narrows and converges to

p ≈ 1/n when the density increases to 1; this can be explained by the high uniformity

of dense ER graphs in combination with Foster’s Theorem for β = 1. The description

above suggests a possible explanation for the observed mean link resistance curvature

in Figure 6.3. The Erdős–Rényi model is very well-studied and so we may hope that

a detailed and precise explanation can be provided.

Example 6.10 (symmetry and curvature). Certain graph symmetries have strong

implications for the resistance curvatures in a graph. For resistance curvatures, the

relevant notion is node (link) transitivity, which says that every node (link) can be

mapped onto any other node (link) by some structure-preserving map. More precisely,

a permutation π : N → N of the nodes of a graph is called an automorphism if it

preserves the graph structure, i.e. π(i) ∼ π(j) ⇔ i ∼ j. A graph is called node

transitive3 if for every two nodes i, j there exists an automorphism with π(i) = j;

intuitively, this means that all nodes are indistinguishable in the graph since any

two nodes may be interchanged without changing the graph structure. Similarly, a

graph is called link transitive if for every pair of links (i, j) and (x, y), there exists an

automorphism with (π(i), π(j)) = (x, y) (as unordered tuples). See for instance [22]

for properties of such graphs. Some common examples of node and link transitive

graphs are cycle graphs, the complete graph, the hypercube graph and the Platonic

graphs (graph skeletons of the Platonic solids); furthermore, all ‘Cayley graphs’ are

node transitive [22, 107]. For graphs with node and/or link transitivity, we can find

the resistance curvatures exactly as follows:

Proposition 6.11 (transitivity and curvature). Let G be a finite connected graph on

n nodes, m links and with constant link weights c:

3This name refers to the fact that the automorphism group, with automorphisms as group ele-
ments and composition as group operation, acts transitively on the node set. Usually this is called
vertex transitive when nodes are called vertices.
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Figure 6.3: The mean link resistance curvature and node resistance curvature distri-
butions in Erdős–Rényi (ER) graphs for different connection probabilities (densities)
ρ. We select Nρ = 104 connection probabilities log10(ρ) ∈ [−5,−0.05] uniformly at
random, construct an ER random graph on n = 103 nodes for each probability and
calculate the mean link resistance curvature 1

m

∑
j∼i κij and node resistance curva-

tures p in each graph. (Top left figure) Plot of the sample mean of the mean link
resistance curvature, with graph samples binned together according to their connec-
tion probabilities (Nbins = 75), and ±1/2/3 standard deviations around the average.
The size of the largest connected component (as a fraction of the total number of
nodes) is shown in red, again averaged according to the bins; we remark that the
threshold for the appearance of a giant component at (n − 1)ρ = 1 (see [88]) coin-
cides with the mean link curvature crossing zero. (Bottom left figure) Plot of the
aggregate distribution of node curvatures for each of the 75 connection probability
bins. The shaded regions are proportional to the observed frequency of nodes with
a given curvature p in ER graphs in a given density bin ρ; white–black corresponds
to 0–100% observed frequency and to enhance the contrast, we plot the fourth power
f 4 of the frequency f ∈ [0, 1]. (Right figure) Four ER graphs (A–D) with different
connection probabilities to illustrate the evolution from a collection of many small
tree-like components (A,B) for small ρ to the emergence of a larger locally tree-like
component (C) and finally, a dense connected graph (D) as ρ further increases. Com-
ponents consisting of single nodes are omitted for clarity.
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(i) if G is node transitive, then it has constant resistance curvature p = 1/n,

(ii) if G is link transitive with nodes of (possibly equal) degree r1 and r2, then it has

constant link resistance curvature κ = 4cm
n−1

− c(r1 + r2), and

(iii) if G is node and link transitive, then it has constant node and link resistance

curvatures p = 1/n and κ = 2cρ, where ρ = m/
(
n
2

)
is the link density.

Proof. (i) By [22, Proposition 15.2], a permutation π of the nodes of a graph is

an automorphism if and only if its corresponding permutation matrix P leaves the

Laplacian matrix invariant as PQP T = Q. Consequently, the structure-preserving

row and column permutations of the Laplacian of a node transitive graph will act

transitively on the row and column set and we say that the Laplacian is row and

column transitive. Since G is connected, the pseudoinverse Laplacian Q† is the inverse

of the Laplacian in the space span(u)⊥ with the permutation-invariant constant vector

u and we find that PQP T = Q ⇒ PQ†P T = Q† from

Q† =

(
Q+

uuT

n

)−1

− uuT

n
(see Eq. (2.6))

=

(
PQP T +

uuT

n

)−1

− uuT

n
for all P with PQP T = Q

= P T

[(
Q+

uuT

n

)−1

− uuT

n

]
P (since Pu = u and P−1 = P T )

= P TQ†P for all P with PQP T = Q.

This implies that the pseudoinverse Laplacian Q† is also row and column transitive

and consequently that Q† has a constant diagonal: for every two nodes i, j, there

exists a permutation matrix P such that PQ†P T = Q† and Pei = ej, and thus

(Q†)ii = eTi Q
†ei = eTi PQ†P Tei = eTj Q

†ej = (Q†)jj for all i, j.

By definition of the resistance curvature in the Fiedler–Bapat identity (Theorem 3.6)

we then find that

p =
1

2
Qζ +

u

n

(ζ constant)
=

u

n
,

which proves that pi = 1/n for node transitive graphs, as required.

(ii) If a graph is link transitive and not node transitive, then it must be bipartite on

V1,V2 and the automorphism group acts transitively on these partitions [107, Lemma

3.2.1]; i.e. the nodes are indistinguishable inside the partitions. In particular, this

implies that all n1 nodes in V1 have the same degree r1 and all n2 nodes in V2 have
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degree r2. The number of links is then equal tom = n1r1 = n2r2. By Foster’s theorem

and link transitivity — such that cijωij must be equal for all links — we find that the

effective resistance of every link is equal and given by ω = n−1
n1r1c

= n−1
n2r2c

. The node

curvatures in the two sets then follow as p1 = 1− n−1
2n1

and p2 = 1− n−1
2n2

and the link

resistance curvature is calculated from their sum, resulting in the proposed formula

for κ.

(iii) If a graph is link transitive and node transitive, then r1 = r2 in the previous

derivation, and from c(r1+r2) = 4mc/n, we find the proposed link resistance curvature

2rc/(n− 1). This completes the proof.

Remark 6.12. An alternative proof of statement (iii) in Proposition 6.11 uses the

fact that if the graph is node transitive. Then pi = 1/n as before and Foster’s Theorem

together with link transitivity implies that ω = 2(n−1)
nrc

, such that κ = 2rc/(n− 1), as

required.

6.2.3 Alternative definitions

There exist many alternative definitions for the node resistance curvature p. This

section summarizes the expressions that appeared in this thesis and introduces a

few new ones. The alternative definitions not only highlight different aspects of the

resistance curvatures and their relation to discrete curvature — in particular, the more

‘geometric’ definitions in terms of distances — but also illustrate the rich theory of the

node resistance curvature, which originates in its definition in terms of the effective

resistance and its role in the Fiedler–Bapat identity. In tandem, we summarize some

related results for the resistance radius σ2.

6.2.3.1 Distance–difference characterization

A first (family of) definition(s) for the resistance curvature follows from the inverse

relation between the Laplacian and resistance matrix, as captured by the Fiedler–

Bapat identity. In particular, from the QΩ identity (3.7), we find that

p =
1

2
QΩf + f for any uT f = 1.

By expanding the matrix product, this can be written as follows:

pi =
ki
2

∑
k∈N

fk

(
ωik −

∑
j:j∼i

cij
ki

ωjk

)
+ fi for any uT f = 1. (6.4)
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This expression in terms of distance differences between a node and its neighbours

leads to a number of interesting expressions for the node resistance curvature. With

f = ei, expression (6.4) retrieves the definition in terms of relative resistances: pi =

1− 1
2

∑
j∼i cijωij. With f = ex for some x ̸= i, expression (6.4) yields

pi =
ki
2

(
ωix −

∑
j:j∼i

cij
ki

ωjx

)
for any x ̸= i. (6.5)

From Definition (5.11) of the graph boundary in Chapter 5, this implies that the graph

boundary with respect to ω consists of nodes with nonnegative curvature ∂ωG = {i :
pi ≥ 0}. For f = u/n and using relation (3.4) between the pseudoinverse Laplacian

diagonal and average resistance distances, expression (6.4) yields

p =
1

2
Qζ +

u

n
and pi =

1

2

∑
j:j∼i

cij(⟨ωi⟩ − ⟨ωj⟩) +
1

n
.

In other words, the resistance curvature is determined by the Laplacian of the average

resistance distances.

The QΩ identity also leads to a family of distance-based definitions for the re-

sistance radius; invoking the QΩ identity (3.7) and the equilibrium characterization,

equation (6.10) in Section 6.2.3.3, we find that ΩQΩ = −2Ω + 4σ2uuT , from which

it follows that

σ2 =
1

4
(ΩQΩ)xx =

1

4

∑
j∼i

cij(ωix − ωjx)
2 for any x. (6.6)

Since this holds for any x, we also find 4nσ2 = tr (ΩQΩ).

6.2.3.2 Dynamical characterization

The diffusion of a unit mass at a node i results in a distribution ρi(t) := exp(−Qt)ei

for t ≥ 0. This distribution can be interpreted as a growing ‘ball’ around the node

(see also Section 6.3.2.2) or as the occupation probability at time t of a continuous-

time random walker starting from node i. Introducing this diffusion distribution as

f = ρi(t) in expression (6.4) leads to the following dynamical characterization for the

resistance curvatures:

Proposition 6.13. The node and link resistance curvature are equal to

pi = lim
t→0

(
1− 1

4t
E(ωNtMt)

)
with Nt,Mt

d∼ ρi(t) independently (6.7)

κij = lim
t→0

1

t

(
1− E (ωNtMt)

ωij

)
with Nt

d∼ ρi(t),Mt
d∼ ρj(t). (6.8)
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Proof. The average resistance distance between a pair of random nodes N
d∼ f and

M
d∼ g is equal to E(ωNM) =

∑
i,j f(i)g(j)ωij = fTΩg. Together with the definition of

the diffusion distribution, the right-hand side of expression (6.7) can then be written

as

lim
t→0

(
1− 1

4t
E(ωNtMt)

)
= lim

t→0

(
1− 1

4t
eTi exp(−Qt)Ω exp(−Qt)ei

)
for Nt,Mt

d∼ ρi(t).

By definition of the matrix exponential as the power series exp(A) =
∑∞

k=0 A
k/(k!),

the leading order term of the diffusion distribution around i in the t → 0 limit is

(I −Qt)ei. Making use of the QΩ identity (3.7), we find

(I −Qt)Ω(I −Qt) = Ω + 4I − (2puT + 2upT )t− 2Qt2,

and thus

lim
t→0

(
1− 1

4t
E(ωNtMt)

)
= lim

t→0

(
pi +

1

2
kit

)
= pi for Nt,Mt

d∼ ρi(t),

as required. Similarly, for the link resistance curvature, we find that the right-hand

side in expression (6.8) is equal to

lim
t→0

1

t

(
1− E(ωNtMt)

ωij

)
= lim

t→0

(
2(pi + pj)

ωij

− 2cijt

ωij

)
= κij for Nt

d∼ ρi(t) and Mt
d∼ ρj(t)

as required. This completes the proof.

In other words, the node resistance curvature is related to the average distance

between nodes in its neighbourhood, as defined by the diffusion equation, and the link

resistance curvature is related to the average distance between the neighbourhoods of

the end nodes of the link. Equivalently, E(ωNtMt) corresponds to the average distance

between two independent continuous-time random walkers (as defined by the diffusion

equation) starting at a node or at the end nodes of a link. Changing the diffusion

equation to a normalized variant with ρ̃i(t) = exp(−Q diag(k)−1t)ei, we arrive at

normalized variants of the node and link resistance curvature:

p̃i =
pi
ki

and κ̃ij =
2(p̃i + p̃j)

ωij

.

In Section 6.3.2.2, we discuss how the dynamical characterization for the link resis-

tance curvature relates to the definition of Ollivier–Ricci curvature.

The average distance between two identically and independently distributed ran-

dom nodes may also be interpreted as a variance since E(ωNM) = fTΩf = 2var(f)
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with N,M
d∼ f independently. This allows one to define the node resistance curvature

as

pi = lim
t→0

(
1− 1

2t
var(ρi(t))

)
. (6.9)

The diffusion variance thus grows as 2t around nodes with zero node resistance cur-

vature. This is equal to the variance growth for diffusion or, equivalently, the mean

square displacement of Brownian motion on the real line [84].

6.2.3.3 Equilibrium characterization

We recall from Corollary 3.7 the following expressions for the resistance curvature

and radius:

p =
Ω−1u

uTΩ−1u
and σ2 =

1

2
(uTΩ−1u)−1. (6.10)

As discussed in Section 3.4, this definition relates to Leinster’s magnitude and in

Section 6.3.2.4 we discuss the relation between definition (6.10) and Steinerberger’s

discrete curvature [226]. The ‘equilibrium’ terminology is inspired by the theory of

electrostatics and potential theory (see for instance [17]).

6.2.3.4 Variational characterization

In the context of maximum variance distributions, we found that σ2
⋆, the resistance

radius of a particular Kron reduction G⋆ of a graph (see Theorem 5.23), maximizes

the variance over all distributions ∆ with the maximum achieved at the maximum

variance distribution p⋆. Similarly, we find the following variational characterization

for the resistance curvature and radius as the solution to an optimization problem:

Proposition 6.14. The resistance curvature and radius of a graph satisfy

σ2 = max
f :uT f=1

1
2
fTΩf , (6.11)

with the maximum achieved uniquely at f⋆ = p.

Proof. Let f ∈ Rn be any unit-sum vector distinct from p. Then we find

0
(a)
> (f − p)TΩ(f − p) = fTΩf − pTΩp− 2(f − p)TΩp

(b)
= fTΩf − pTΩp,

where step (a) follows from expression (3.2) or equivalently from the fact that the

resistance distance has strict negative type, and step (b) uses the equilibrium expres-

sion Ωp = 2σ2u in combination with the fact that (f − p)Tu = 0. This implies that

2σ2 = pTΩp > fTΩf for all unit-sum vectors f ̸= p, and completes the proof.
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6.2.3.5 Geometric characterization

Proposition 4.32 relates the resistance curvature and radius to the circumscribed

sphere of the hyperacute simplex S associated to a graph. More precisely, p is the

unit-sum coordinate of the circumcenter of S and σ is the circumradius. The circum-

sphere is thus defined as

{x ∈ Rn−1 : ∥φ(p)− x∥2 = σ2}

which contains the vertices φ(ei) of S. Similarly, for each V-face of the simplex

S, the circumcenter and radius are defined by the resistance curvature and radius

of the corresponding V-Kron reduction. The relations between circumcenters and

circumradii of different faces are determined by the Kron reduction formula (3.15);

see also Section 4.3.2.

6.3 Curvature properties

So far, the only hints towards an interpretation of p and κ as notions of discrete

curvature have been some examples of graphs with negative/zero/positive curvature.

This section presents three arguments that further evidence this interpretation. A

brief summary of the arguments is given below and each argument is then presented

in more detail in the following subsections. These arguments do not constitute a

‘proof’ that p is a discrete scalar curvature and κ a discrete Ricci curvature, but

instead highlight some relevant connections and provide a starting point for further

research.

(1) The resistance curvatures are constant and of the correct sign for a number

of graphs associated to constant curvature spaces. We show this for infinite

regular lattices, infinite regular trees and regular tilings of the sphere.

(2) The resistance curvatures are related to established notions of discrete curva-

ture on graphs. We show that the node resistance curvature is related to com-

binatorial curvature and Steinerberger’s curvature and that the link resistance

curvature satisfies ‘Forman curvature ≤ link resistance curvature ≤ Ollivier

curvature’.

(3) We present numerical and theoretical evidence that the node resistance curva-

ture is zero in random geometric graphs in R2.
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We note again that aside from being a potential contribution to the theory of dis-

crete curvature, the proposed interpretation of p and κ as discrete curvatures is also

important for the theory of effective resistances. As the results in Section 6.4 and

6.5 illustrate, thinking of p and κ as curvatures can guide their study by suggesting

specific problems such as the discrete Ricci flow and graphs with positive resistance

curvature.

6.3.1 Constant curvature graphs

Positive curvature (platonic graphs) Platonic graphs are the graph skeletons

of the platonic solids (tetrahedron, cube, octahedron, dodecahedron, icosahedron),

which are regular tilings of the 2-sphere S2. These graphs are node and link transitive

and thus have constant and positive resistance curvatures pi = 1/n and κij = 2ρ,

where ρ = m/
(
n
2

)
is the link density. This is in correspondence with the constant

positive curvature of S2.

Zero curvature (infinite lattice) The rectangular/triangular/hexagonal lat-

tices are infinite graphs that correspond to (the graph skeleton of) the regular tilings

of the Euclidean plane. The effective resistance in these lattices has been studied

extensively, and it was shown that the relative resistance of all links is equal to 2/d

with d the combinatorial degree of the respective lattice [80, 97, 237]. As a result,

lattice graphs have zero resistance curvatures pi = 0 and κij = 0, in correspondence

with the zero curvature of R2.

Negative curvature (infinite regular tree) The infinite regular tree or Bethe

lattice [180] corresponds to a regular tiling of the hyperbolic plane H2. Like all trees,

the relative resistance of every link is equal to cijωij = 1, which implies that if d > 2

then these graphs have negative resistance curvatures pi = 1−d/2 and κij = 2c(2−d)

in correspondence with the constant negative curvature of H2.

An example of these constant curvature graphs is shown in Figure 6.1. We remark

that the correct curvature in regular tilings is not always reproduced correctly by

other notions of discrete curvature. As noted in [141] for instance, the hexagonal

lattice is often assigned a negative curvature because it is locally tree-like.

6.3.2 Relation to other discrete curvatures

As a second argument, we show that the resistance curvatures are related to existing

notions of discrete curvature. In particular, we show that p is related to combinatorial
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curvature (through random spanning trees) and Steinerberger’s curvature (through

the equilibrium definition) and that the link resistance curvature is related to Ollivier–

Ricci and Forman–Ricci curvature (through tight two-sided bounds).

6.3.2.1 Combinatorial curvature

Combinatorial curvature [115, 138] measures discrete curvature for graphs embedded

in the plane (or other surfaces) — i.e. with the nodes and links drawn in the plane

such that the links only intersect at their endpoints. These drawings partition the

plane into faces which are connected regions of the plane bordered by links that form

a cycle in the graph. The combinatorial curvature is then defined as [138]

p
(co)
i := 1− di

2
+
∑

face f∋i

1

df
,

where f ∋ i are the faces that contain node i in their boundary. In tree graphs,

there is only a single unbounded face, which does not contribute to the combinatorial

curvature. As a result, every node in a tree graph has combinatorial curvature 1−di/2

equal to the node resistance curvature in the tree. Following the connection between

relative resistances and random spanning trees in Theorem 2.13, we find

pi = 1− 1

2

∑
j∼i

cijωij = 1− 1

2

∑
j∼i

∑
T∈T

Pr[T = T ]1{(i,j)∈T} (by Theorem 2.13)

=
∑
T∈T

Pr[T = T ]

(
1− 1

2

∑
j∼i

1{(i,j)∈T}

)
=
∑
T∈T

Pr[T = T ]

(
1− d

(T )
i

2

)
.

In other words, the resistance curvature of a node i in a graph is equal to the expected

combinatorial curvature of i in a random spanning tree:

pi = E[p(co)i (T)] with random spanning tree T. (6.12)

6.3.2.2 Ollivier–Ricci curvature

Yann Ollivier [189] introduced a notion of curvature for metric spaces with an asso-

ciated Markov chain. This notion of discrete curvature can be applied to graphs, for

instance with the shortest-path distance as metric and with random walks as Markov

chain.

For every node i, the Markov chain determines a distribution4 µt,i ∈ ∆ on the

4The subscript ‘t’ of the Markov chain is the laziness parameter of the random walk and should
not be confused with the ‘Markov time’ of a continuous-time Markov chain, which is often denoted by
t as well. For a given Markov chain with transition probabilities Tij = Pr[j at step k + 1|i at step k],
the lazy Markov chain has transition probabilities T ′

ij = (1− t)I + tTij ; i.e. with probability (1− t)
to stay at the same node each step.
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nodes which is concentrated around i and can thus be thought of as a ‘ball’ around

i in the graph; think for instance of the occupation probability of a random walker a

few steps after starting at node i. The (continuous) laziness parameter t > 0 captures

how tightly the balls are concentrated around the nodes. The metric d can be used to

provide a notion of distance between these balls by making use of the 1-Wasserstein

distance W1:

W1(µt,i,µt,j) := min
P

tr(PD),

with distance matrix D and where the minimum is taken over all nonnegative n× n

matrices P with Pu = µt,i and P Tu = µt,j; these matrices determine joint dis-

tributions with the balls µt,i and µt,j as marginals. Ollivier–Ricci (OR) curvature

measures how much the direct distance d(i, j) between two nodes differs from the dis-

tance between balls around these nodes W1(µt,i,µt,j) as a generalization of continuous

Ricci curvature to the data (N , d,µt). Lin, Lu & Yau [161] further modified Ollivier’s

definition to a limit for shrinking balls as follows:

κ
(OR)
ij := lim

t→0

1

t

(
1−

W1(µt,i,µt,j)

d(i, j)

)
.

The two distances W1 and d converge for t → 0, and OR curvature thus measures how

much they differ in the first order in t. If the distance between the balls is larger than

the direct distance between the points, then κ(OR) will be negative, and the other way

around for positive curvature.

The Ollivier–Ricci curvature on graphs is usually studied with respect to the shortest-

path distance as metric and lazy random walks as Markov chain, defined by µt,i =

(I − Qt)ei; see for instance [161, 181]. Since OR curvature is defined in the t → 0

limit, the lazy random walk can also be approximated by the diffusion distribution

ρi(t) = exp(−Qt)ei. This highlights the similarity between κ
(OR)
ij and the link resis-

tance curvature κij in expression (6.8); the former is defined based on the Wasserstein

distance between two distributions µt,i and µt,j whereas the latter is defined based on

the mean resistance distance between5 distributions ρi(t) and ρj(t); i.e. between pairs

of nodes sampled from these distributions. As a consequence, we find the following

relation when measuring OR curvature with respect to the effective resistance:

5One way to think of this difference, perhaps, is that there is a trade-off between simplicity in
the node distance (dsp is simple while ωij is complex) and simplicity in the ball distance (expected
distance is simple while Wasserstein distance is complex).
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Proposition 6.15. The Ollivier–Ricci curvature with respect to the resistance dis-

tance and the lazy random walk is lower-bounded by the resistance curvature: κ
(OR)
ij ≥

κij, with equality if (i, j) is a cut link.

Proof. We start by bounding the Wasserstein distance between the balls µt,i =

(I −Qt)ei and µt,j = (I −Qt)ej:

W1(µt,i,µt,j) = min
P

tr(PΩ)
(a)

≤ tr(µt,iµ
T
t,jΩ)

(b)
= µT

t,jΩµt,i, (6.13)

where inequality (a) follows from the fact that P = µt,iµ
T
t,j is a valid matrix for the

Wasserstein distance — i.e. with nonnegative entries and the correct marginals —

and where equality (b) invokes properties of the trace operator. By definition of µt,i

and µt,j, we obtain

W1(µt,i,µt,j) ≤ eTj (I −Qt)Ω(I −Qt)ei
(a)
= ωij − 2t(pi + pj) + 2t2cij,

where (a) follows from the QΩ identity. With this bound for the Wasserstein distance,

we find for the Ollivier–Ricci curvature with ω as distance:

κ
(OR)
ij = lim

t→0

1

t

(
1−

W1(µt,i,µt,j)

ωij

)
≥ 2(pi + pj)

ωij

, (6.14)

establishing the bound in Proposition 6.15.

Next, we show that equality is achieved in the case of cut links. If (i, j) is a cut

link, then i is a cut node and thus for any two nodes x, y, which are disconnected by

removal of i, we have the triangle equality ωxy = ωxi+ωiy. Similarly, j is a cut node. In

particular, the triangle equality holds for effective resistances between the neighbours

of i and the neighbours of j; in other words between the supports I := supp(µt,i)

and J := supp(µt,j) of the balls around i and j respectively. Note that i, j ∈ I
and i, j ∈ J by definition of the balls and by i ∼ j. The effective resistances satisfy

ωxy = ωxi + ωij + ωjy for all x ∈ I\{j} and y ∈ J \{i}, and consequently the block

matrix ΩJI has the following decomposition:

ΩJI = ωju
T + uωT

i + ωij(uu
T − 2eiu

T − 2ueTj + 2eie
T
j )

where ωi is the |I| × 1 vector with effective resistances to the neighbours of i, as

(ωi)x = ωix for x ∈ I and similarly for ωj, and with u and uT the all-one vectors of
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appropriate size. The Wasserstein distance thus satisfies:

W1(µt,i,µt,j) = min
P

tr(PΩ)
(a)
= min

P
tr(PIJΩJI)

= min
P

(
uTPIJωj + ωT

i PIJu+ ωij

[
uTPIJu− 2uTPIJ ei − 2eTj PIJu+ 2eTj PIJ ei

])
(b)
= min

P

(
µT

t,j(ωj − 2ωijei) + (ωT
i − 2ωije

T
j )µt,i + ωij(1 + 2Pji)

)
= µT

t,jΩµt,i − 2ωijµ
T
t,jeie

T
j µt,i + 2ωij min

P
Pji

(c)

≥ µT
t,jΩµt,i − 2cijt

2

where in step (a) we use that a nonnegative matrix P with supp(Pu) = I and

supp(P Tu) = J can only have nonzero entries in I ×J , in step (b) we introduce the

marginals of P and in step (c) we use nonnegativity of Pji for the minimization and

the fact that (µt,i)j = (µt,j)i = cijt and cijωij = 1 since the link is a cut link. With

the definitions of µt,i and µt,j, we obtain

W1(µt,i,µt,j) ≥ eTj (I −Qt)Ω(I −Qt)ei − 2cijt
2 = ωij − 2t(pi + pj)

such that

κ
(OR)
ij = lim

t→0

1

t

(
1−

W1(µt,i,µt,j)

ωij

)
≤ 2(pi + pj)

ωij

(if (i, j) is a cut link).

Combined with the general lower-bound (6.14) for the OR curvature, this proves that

equality must hold between κ
(OR)
ij and κij when (i, j) is a cut link.

In tree graphs, all links are cut links and the link resistance curvature thus cor-

responds to the OR curvature throughout the graph. We recall that the resistance

distance is equal to the shortest-path distance in trees.

The normalized lazy random walk, defined by µt,i = (I −Q diag(k)−1t)ei, where

diag(k) is the diagonal matrix with the weighted degrees on its diagonal, is an alter-

native choice for the Ollivier–Ricci curvature Markov chain [161, 181]. Similar to the

standard lazy random walk, this random walk corresponds to the t → 0 limit of the

continuous-time normalized random walk, and we find the bound

κ
(LLY)
ij ≥ 2(pi/ki + pj/kj)

ωij

. (6.15)

This again suggests the definition of a degree-normalized version of the link resistance

curvature. The superscript LLY refers to the authors Lin, Lu and Yau of [161], where

this variant of OR curvature was first considered.
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6.3.2.3 Forman–Ricci curvature

In [99], Robin Forman introduced a notion of curvature for ‘CW complexes’6, which

is a class of topological spaces with combinatorial descriptions that includes graphs;

see for instance [124] for a definition. This so-called Forman–Ricci (FR) curvature

is defined by generalizing the definition of the classical Ricci curvature in terms of

the ‘Bochner Laplacian’ of a manifold to a definition for discrete spaces based on an

analogous Laplacian on these spaces; see also [137]. The FR curvature is expressed in

terms of local combinatorial data around a considered point, and Sreejith et al. [223]

translated Forman’s general definition to graphs, as

κ
(FR)
ij = 2wi

(
1− 1

2

∑
k∼i

√
wij

wik

)
+ 2wj

(
1− 1

2

∑
k∼j

√
wij

wjk

)
(6.16)

where w∗ and w∗∗ are nonzero weights associated to the nodes and links of the graph.

Expression (6.16) clearly resembles Definition (6.2) of κ in terms of the node resistance

curvature and indeed, choosing unit weights yields the following relation:

Proposition 6.16. The Forman–Ricci curvature with respect to unit weights is upper-

bounded by the link resistance curvature as κ
(FR)
ij /ωij ≤ κij, with equality if and only

if (i, j) is a cut link.

Proof. Starting from the definition of FR curvature (6.16) with unit weights w = 1,

we find that

κ
(FR)
ij = 2

(
1− 1

2

∑
k∼i

1

)
+ 2

(
1− 1

2

∑
k∼j

1

)
= 4− di − dj

(a)

≤ ωijκij

where (a) is the lower bound for κij in Property 6.5. This completes the proof.

With the inverse degree as node weights wi = 1/ki and unit link weights c = 1, we

find the bound κ
(FR)
ij /ωij ≤ 2(pi/ki + pj/kj)/ωij, which again features the degree-

normalized version of the link resistance curvature similar to equation (6.15).

The relation between the link resistance curvature and Forman–Ricci and Ollivier–

Ricci curvature can be summarized by the two-sided bound

κ
(OR)
ij ≥ κij ≥ κ

(FR)
ij /ωij with equality for cut links.

6The acronym CW stands for ‘closure-finite’ and ‘weak topology’ in reference to two important
properties of these objects [124].
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Importantly, these are OR and FR curvatures with respect to specific data: ω as a

metric for OR and w = 1 as weights for FR. In addition to serving as an argument

for the interpretation of link resistance curvature as a discrete curvature, this result

is relevant in the context of other works that investigate the relation between both

curvatures [137, 207, 234].

6.3.2.4 Steinerberger’s curvature

Steinerberger [226] introduced a discrete curvature based on the shortest-path dis-

tance matrix D of a graph, defined as the vector w that solves Dw = nu, the equilib-

rium equation. If multiple solutions exist, then any solution that maximizes mini wi

is chosen, and if the system has no solutions, then the Moore–Penrose pseudoinverse

w = nD†u may be used instead. Replacing the shortest-path distance matrix D by

the resistance matrix Ω retrieves the equilibrium definition for p, and we find the

relation w = np/(2σ2) between Steinerberger’s curvature and the node resistance

curvature.

6.3.3 Zero curvature in random geometric graphs

A natural question for discrete curvatures is whether they converge to the classical

continuous curvature on discrete structures that represent finer and finer discretiza-

tions of some continuous space. For instance, Cheeger, Müller & Schrader [50] showed

a curvature convergence result for piecewise flat spaces that approximate an underly-

ing manifold and van der Hoorn et al. [246] recently proved convergence of Ollivier–

Ricci curvature to Ricci curvature in a specific continuum limit of random geometric

graphs sampled from Riemannian manifolds. As the third argument for our interpre-

tation of the resistance curvature p as a discrete curvature, we show numerical and

theoretical evidence that the resistance curvature in random geometric graphs in R2

is equal to the underlying zero curvature of the Euclidean plane.

We recall that a random geometric graph (RGG) is a random graph constructed

on a domain D ⊆ R2 in the plane from which points are sampled by a Poisson

point process with a homogeneous rate λ; the expected number of points is equal to

N = λArea(D) so we may equivalently fix a desired N . These points are then taken

as the nodes of a graph and pairs of nodes are linked if they lie at most a certain

connection radius (distance) r apart from each other. All together, an RGG can thus

be parametrized by (D, N, r). See [195] for more information on RGGs and their

properties and Figure 6.4 for an illustration of their construction and some examples.
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Figure 6.4: (Left panels) Illustration of the construction of an RGG: points are ran-
domly sampled from a domain D ⊆ R2 and connected if they lie within a certain
connection radius r. (Right figure) The resistance curvatures are calculated in an
RGG on a disc with radius R/r = 4 and expected number of nodes N = 2000, with
red/green/blue indicating positive/zero/negative values. Visually, both the node and
link resistance curvatures are close to zero near the center of the disc but become
negative and then positive going closer to the boundary. More detailed experimental
results are shown in Figure 6.5 and the mechanism behind the boundary effect is
explained in the main text and Section 6.3.3.

To simplify the setup for further analysis, we consider RGGs on the disc D = {x ∈
R2 : ∥x∥ ≤ R} of radius R, such that nodes at the same radial distance Di from the

boundary are statistically equivalent, and the parameters reduce to (R/r,N).

As a first numerical result, Figure 6.4 shows the resistance curvatures in an RGG

on the disc with R/r = 4 and N = 2000 nodes. Near the center of the disc, the

resistance curvatures are close to zero, while moving towards the boundary, they first

become negative and then positive at the boundary. Figure 6.5 illustrates this result

in more detail. The mean and standard deviations of pi are plotted with respect to

Di/r with data aggregated over 100 samples of an RGG with R/r = 5 and N = 5000.

The main observation in Figure 6.5 is again that pi is close to zero in the center of the

domain — moreover, it appears to be a zero-mean random variable — and becomes

negative and then positive when moving closer to the boundary.

We now develop a model for the resistance curvature in Euclidean RGGs that par-

tially explains these observations. While a full understanding of the relative resistance

in RGGs is lacking, in particular concerning dependencies between the relative resis-

tance of different links, we find that the numerical observations in Figures 6.4 and 6.5

can be explained in great detail using a simple heuristic for the effective resistance.
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In [251, 252], von Luxburg et al. showed that in RGGs with increasing number of

nodes, the effective resistance between any pair of nodes i, j converges to the sum

of their inverse degrees: d−1
i + d−1

j . While the degree of a node depends on the

specific random graph realization, we know by properties of Poisson sampling that

the expected degree of a given node i is determined by the area of overlap between

the domain and an r-radius disc centered at i; more precisely E(di) = λS(i), where

S(i) := Area({x ∈ D : ∥x− i∥ ≤ r}), with expectation taken over the random graph

ensemble. Combining these two results, we propose the following heuristic ω̂ for the

effective resistance in RGGs:

ω̂ij :=
1

λS(i)
+

1

λS(j)
for all links i ∼ j. (6.17)

Importantly, this heuristic reduces the relative resistance of a link to a purely geomet-

ric and local quantity that is only determined by how the r-radius region around the

link overlaps with the domain D. In the derivation in Section 6.3.3.1, we show that

this heuristic, combined with the assumption that r ≪ R, allows one to calculate the

expected resistance curvature p̂ as a function of the distance to the boundary D as

E(p̂(D)) =
1

2

(
1−

∫ min(D,r)

t=−r

|dA(t)|
A(max(−r, t−D))

)
(6.18)

where A(t) is the area of a circular segment at height t and |dA(t)| the change of

segment size — as illustrated in the figure on the right — and with expectation taken

over the RGG ensemble. While we were not able to find a general closed-form ex-

pression for the integral in (6.18), the expression can be evaluated numerically and

is shown in Figure 6.5 by the red line. Importantly, Figure 6.5 shows that formula

(6.18) matches very well with the experimentally observed resistance curvatures (the

black line). This agreement suggests that the heuristic (6.17) captures some of the

mechanisms behind the experimentally observed convergence of resistance curvature

in random geometric graphs.

Due to the appearance of min and max operations, expression (6.18) is a piecewise

function of the boundary distance D. In the derivation at the end of this section,

we show that there are three possible regimes for D as a result of the different lo-

cal geometries around a node — i.e. how much of the connection discs around the

node and its neighbours overlap with the domain (see also Figure 6.5). We find the

following cases: (A) the boundary regime D ≤ r where a node as well as some of its
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neighbours are influenced by the boundary, (B) the near-boundary regime r < D ≤ 2r

where a node is not influenced directly by the boundary (i.e. no overlap between the

connection disc and the boundary), but some of its neighbours are, and (C) the bulk

regime D > 2r where a node is at least two connection radii away from the boundary

such that neither the node nor any of its neighbours are influenced by the boundary.

Most importantly, in the bulk regime, expression (6.18) simplifies to E(p̂(D)) = 0,

which implies zero node resistance curvature p̂ in expectation in the bulk of RGGs on

the disc. In the limit7 of r/R → 0, this bulk regime will take up all but a vanishing

fraction of the domain and almost all nodes will thus have zero expected resistance

curvature.

We remark that the derivation for expression (6.18) is independent of the specific

shape of the domain D (i.e. it need not be a disc) and that for RGGs in higher

dimensions, A(t) is replaced by the volume of a higher-dimensional spherical cap at

height t.

6.3.3.1 Derivation of the boundary function (6.18)

The model for the expected node resistance curvature is based on our heuristic for

the effective resistance

ω̂ij :=
1

λS(i)
+

1

λS(j)
, (Eq. (6.17))

where S(i) is the area of the intersection of the domain D and an r-radius disc around

i. In general, this intersection can take many forms depending on the geometry of

the boundary and the location of i with respect to the boundary. To overcome this

complexity, we make two further assumptions. First, we assume that the curvature

of the boundary (as a 1D curve in R2) is negligible with respect to the curvature of

the r-disc around i; if the largest curvature of the boundary is 1/rD, then we assume

r ≪ rD. In the case of a circular domain of radius R, as in the experiments, we have

rD = R such that the assumption is r ≪ R. With this assumption, the boundary can

be approximated locally as a straight line (i.e. when considering the neighbourhood

around a node). Second, we assume that every point that lies at distance less than

2r from the boundary of D has a unique closest point on the boundary. This may

be formalized using the concept of ‘reach’ [1, 89] by requiring that the boundary has

reach at least 2r. The reach of a domain D ⊂ Rd is the largest number τ such that

7While the ratio r/R needs to be small to reduce the boundary effect, the expected number of
nodes N needs to be large enough with respect to r such that the Poisson distribution (for the node
degrees) concentrates around its mean and to be consistent with the conditions of von Luxburg et
al. for our heuristic (6.20).
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Figure 6.5: (Left panel) We sample 100 graphs from an RGG on a disc with R/r = 5
and N = 5000 and calculate the node resistance curvature pi for all nodes. The plot
shows the mean and variation around the mean of these curvatures (vertical axis) as
a function of the distance from the boundary divided by the connection radius Di/r
(horizontal axis); the mean and variation are calculated by grouping the 100 × N
points according to their boundary distance in 75 equal-distance bins. The red line
shows the heuristic E(p̂(D)) (expression (6.18)) which is in close correspondence with
the black line, the experimental approximation for E(p(D)). The largest deviation
seems to occur when D/r ≈ 1, but we have no explanation for this observation. The
vertical black lines delineate the boundary (A), near-boundary (B) and bulk regimes.
(Bottom right panel) illustration of the local geometries around a node that give
rise to the regimes A–C. (Top right panel) The distribution of pi for nodes in the
bulk regime and the maximum likelihood Gaussian fit of this distribution; the good
correspondence of this fit suggests that pi could be a zero-mean Gaussian random
variable in the bulk.

all points at distance less than τ from the boundary of D have a unique closest point

on this boundary. For a fixed domain D, these two assumptions will automatically

be satisfied if we let r be small enough.

As Figure 6.6 illustrates, with these further assumptions, S(i) is determined by

the intersection of a disc and a half-plane (due to the straight boundary) and equal

to

S(i) =

{
A(−Di) if 0 ≤ Di ≤ r

πr2 if Di > r
or, in short S(i) = A(max{−r,−Di}) (6.19)

where A(t) is the area of a circular segment8 at height t. In other words, the function S

only depends on the distance from the boundary, and only variations of node position

in the direction towards or away from the boundary can change S; we may thus write

S(Di). We note that A(−r) = πr2 and A(x) + A(−x) = πr2 for all x ∈ [−r, r].

8This is equal to A(t) = r2 arccos(t/r)− t
√
r2 − t2 with |dA(t)| = 2

√
r2 − t2.
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Figure 6.6: Illustration of the local neighbourhood around a node in an RGG. By
assuming that the boundary curvature is negligible with respect to the curvature of
the connection disc around each node, as r ≪ rD, the boundary can be taken as a
straight line. (Left figure) A node (red point) at distance D > r from the boundary
with the connection disc of radius r around this node, an example of a circle segment
at height t with area A(t) and |dA(t)|, which is the intersection between the connection
disc and points at distanceD−t from the boundary. (Right figure) The three different
node regimes determined by their distance D to the boundary.

Now, we fix a distance D and consider one sample graph G of the RGG on D and we

add a node i at distance Di = D from the boundary. For this node, we can write

p̂i = 1− 1

2

∑
j∼i

ω̂ij (we consider unweighted RGGs)

= 1− 1

2

∑
j∼i

(
1

λS(Di)
+

1

λS(Dj)

)
(by (6.17) for ω̂)

= 1− di
2λS(D)

− 1

2

∑
j∼i

1

λS(Dj)
(Di = D by construction)

= 1− di
2λS(D)

− 1

2

∑
D′

# neighbours of i at distance D′ from boundary

λS(D′)
,

where in the last expression D′ ranges over {Dj : j ∼ i} with respect to the fixed

node i. As noted, S only depends on variations in the direction orthogonal to the

straight boundary. This allows us to express the position of the neighbours of i using

the difference D − Dj; i.e. the distance between i and j measured in the direction

orthogonal to the boundary. We can write

p̂i = 1− di
2λS(D)

− 1

2

∑
t

# neighbours of i at distance D − t from the boundary

λS(D − t)

(6.20)

where we sum over {t = D −Dj : j ∼ i}. We now consider the expectation of p̂ over

a random realization of the RGG in which node i is included at the same point in the
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domain, at distance D from the boundary. First, the expectation of the degree di is

proportional to S(D) as a property of the Poisson point process:

E(di) = λS(D).

Second, as shown in Figure 6.6 and as a property of the Poisson process, we find that

the expected number of neighbours of node i at distance D− t from the boundary is

given by λ|dA(t)|. We can thus write the expectation of (6.20) as

E(p̂i) =
1

2

(
1−

∫ min(r,D)

−r

|dA(t)|
S(D − t)

)
, (6.21)

where the range for t = D−Dj is [−r,min(r,D)]. The lower bound of this range cor-

responds to the distance from i to the neighbours furthest away from the boundary.

The upper bound of the range corresponds to the distance to the neighbours closest

to the boundary. With expression (6.19) for the function S, we retrieve formula (6.18)

for the expected resistance curvature in the section above. Equation (6.21) can be

integrated numerically for different values of D, as shown in Figure 6.5.

We can further simplify expression (6.21) by distinguishing three different cases for

D. Most importantly, this shows that nodes that are sufficiently far away from the

boundary will have zero curvature p̂i = 0 in expectation and thus provides a (heuris-

tic) explanation for the zero resistance curvature tendency in RGGs. The different

regimes for D are as follows:

Bulk regime (D > 2r): In this case, we get min(r,D) = r and thus neighbours

in the range t ∈ [−r, r] around i. For these neighbours, we have S(D − t) = πr2 for

all t since D − t > r. Using
∫ r

−r
|dA(t)| = A(−r) = πr2, we then find that

E(p̂i) =
1

2

(
1− 1

πr2

∫ r

−r

|dA(t)|
)

= 0 for D > 2r.

Near-boundary regime (r < D ≤ 2r): In this case, we get min(r,D) = r and

thus neighbours in the range t ∈ [−r, r] around i. For these neighbours, we find (a) if

−r ≤ t ≤ D−r then r ≤ D−t ≤ D+r and thus by (6.19) that S(D−t) = πr2 and (b)

if D−r < t ≤ r then D−r ≤ D− t < r and thus by (6.19) that S(D− t) = A(t−D).
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Expression (6.21) then yields

E(p̂i) =
1

2

(
1− 1

πr2

∫ D−r

−r

|dA(t)| −
∫ r

D−r

|dA(t)|
A(t−D)

)
=

1

2

(
1− A(−r)− A(D − r)

πr2
−
∫ r

D−r

|dA(t)|
A(t−D)

)
=

A(D − r)

2πr2
− 1

2

∫ r

D−r

|dA(t)|
A(t−D)

for r < D ≤ 2r.

Boundary regime (0 ≤ D ≤ r): In this case, we get min(r,D) = D and thus

neighbours in the range t ∈ [−r,D] around i. Similar to the near-boundary regime,

we then find that

E(p̂i) =
1

2

(
1− 1

πr2

∫ D−r

−r

|dA(t)| −
∫ D

D−r

|dA(t)|
A(t−D)

)
=

A(D − r)

2πr2
− 1

2

∫ D

D−r

|dA(t)|
A(t−D)

for 0 ≤ D ≤ r.

To summarize, we find the following piecewise expression:

E(p̂(D)) =



0 if D > 2r

A(D − r)

2πr2
− 1

2

∫ r

D−r

|dA(t)|
A(t−D)

if r < D ≤ 2r

A(D − r)

2πr2
− 1

2

∫ D

D−r

|dA(t)|
A(t−D)

if 0 ≤ D ≤ r

The analysis of the resistance curvature in RGGs based on ω̂ not only explains why

we may expect zero resistance curvature in the bulk of RRGs, but it also provides

an explanation for the ‘boundary effect’ in Figures 6.4 and 6.5, where we found

experimentally that the resistance curvature changes from zero to negative and then

positive curvature when nearing the boundary. The derivation of E(p̂) shows how

this boundary effect originates from the different possible local geometries around a

node. This analysis could be relevant in other cases; for instance, in [263], where a

similar boundary effect was described in the context of the magnitude of graphs (see

also [154]), and [40], where a related boundary effect was used for boundary detection

and related data-analysis tasks.

6.4 Discrete Ricci flow

Ricci flow is an important curvature-related concept in differential geometry [52].

Intuitively, the Ricci flow describes a curvature-dependent evolution of the metric of
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a Riemannian manifold, where the metric decreases in directions of positive curvature

while increasing in directions of negative curvature. The overall effect of this flow is

that the curvature is ‘smoothed out’ and for this reason the Ricci flow is also thought

of as a form of nonlinear heat equation for the metric. Due to its importance in the

continuous setting, there have been several proposals to define a Ricci flow for discrete

curvatures, with various applications: Jin et al. [133] defined a Ricci flow for meshes

in computer graphics, Ni et al. [188] used a Ricci flow inspired evolution of networks

for community detection and network alignment and Weber et al. considered Ricci

flows related to the Forman–Ricci curvature [255]. Recently, Bai et al. studied a Ricci

flow based on the Lin–Lu–Yau curvature [8] and Cushing et al. studied a Ricci flow

based on Bakry–Émery curvature [64]. Here, we show that there is a natural Ricci

flow associated to the resistance curvature with interesting features.

6.4.1 Resistance Ricci flow

Ollivier proposed in [189, Problem N] to look at the differential equation d
dt
d(i, j) =

−κ
(OR)
ij d(i, j) as a discrete version of Ricci flow based on the Ollivier–Ricci curvature.

If we introduce the link resistance curvature κij and resistance distance d(i, j) = ωij

in this expression, we find

dωij

dt
= −2(pi + pj) for all i ̸= j in the same component (6.22)

which we call the resistance Ricci flow. Since ω is metric, we furthermore assume

dωii/dt = 0. Ideally, equation (6.22) would describe the evolution of a resistance

matrix Ω(t) for all t ≥ 0 and starting from any initial resistance matrix Ω(0) = Ω0.

Unfortunately, however, Ω(t) is in general not guaranteed to be a resistance matrix

since the examples below show that the flow can result in graphs with negative and

diverging link weights in finite time. Nonetheless, we find that the resistance Ricci flow

satisfies a number of interesting properties. As the flow (6.22) affects each connected

component independently, we will assume G to be connected in the rest of Section

6.4.

6.4.1.1 Gradient flow

If X is a state space (e.g. a vector space) and P : X → R a potential defined on

this state space, then the evolution dx/dt = −∇P for a flow x(t) ∈ X, assuming

that it is well-defined, is called a gradient flow. This terminology reflects that the

resulting flow follows the direction of steepest descent of the potential P , as given
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by the negative gradient. As a first result, we find that the resistance Ricci flow is a

gradient flow:

Proposition 6.17. The resistance Ricci flow (6.22) is a gradient flow of the potential

2nσ2 defined on symmetric zero-diagonal matrices Ω:

dΩ

dt
= −∇Ω(2nσ

2), (6.23)

Proof. We follow the terminology and approach for matrix differentiation used in

[198]. The gradient ∇Ω of a real function f defined on resistance matrices is the

matrix with entries

(∇Ωf)ij :=
df

dωij

= tr

([
∂f

∂Ω

]T
∂Ω

∂ωij

)
,

where the second equality is the chain rule; see [198]. First, due to the structure of

resistance matrices (zero diagonal and symmetry), we find

∂Ω

∂ωij

= (1− 1{i=j})(eie
T
j + eje

T
i ).

Second, following expression (6.6) for the resistance radius, we have 2nσ2 = 1
2
tr(ΩQΩ).

The partial derivative of the resistance radius is thus given by ∂ tr(1
2
ΩQΩ)/∂Ω =

1
2
(QΩ + ΩQ) and the gradient can be written as

(∇Ω tr(1
2
ΩQΩ))ij = tr

(
1
2
(1− 1{i=j})(QΩ + ΩQ)(eie

T
j + eje

T
i )
)

= (1− 1{i=j})
(
eTi QΩej + eTj QΩei

)
= (1− 1{i=j})(2pi + 2pj − 4.1{i=j}) (by the QΩ identity (3.7))

=

{
2(pi + pj) if i ̸= j

0 otherwise.

This confirms that the gradient corresponds to minus the resistance Ricci flow (6.22),

which completes the proof of Proposition 6.17.

We remark that Proposition 6.17 should be seen as an ‘instantaneous’ result: at

a time t where Ω(t) is a resistance matrix and thus σ2 is well-defined, the resistance

Ricci flow (6.22) is equal to the gradient flow of 2n times the resistance radius.

The gradient form (6.23) relates the resistance Ricci flow to the classical diffusion

equation, which is a gradient flow of x(t) for the potential 1
2
tr(xTQx). Furthermore,

a general property of gradient dynamics is that the potential is a decreasing function

of time and thus dσ2(t)/dt < 0 for the resistance Ricci flow.
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6.4.1.2 Flow of Laplacians

Expression (6.22) for the resistance Ricci flow in terms of changing effective resistances

does not provide much insight into how the resistance Ricci flow affects the structure

of a graph. Instead, the flow can be formulated in terms of Laplacian matrices:

Proposition 6.18. The resistance Ricci flow (6.22) is equivalent to the following

flow of Laplacian matrices:

dQ

dt
= 2Q diag(p)Q, for some initial Laplacian Q(0) = Q0. (6.24)

Proof. We start from expression (6.24) and show that this flow of Laplacian matrices

is equivalent to (6.22) as a flow of effective resistances. First, the derivative of the

inverse of a matrix satisfies dA−1/dt = −A−1(dA/dt)A−1. Writing the Laplacian

pseudoinverse as Q† = (Q + uuT/n)−1 − uuT/n (see (2.6)) and considering the flow

dQ/dt = 2Q diag(p)Q, yields

dQ†

dt
= −Q†dQ

dt
Q†

= −2Q†Q diag(p)QQ†

= −2

(
I − uuT

n

)
diag(p)

(
I − uuT

n

)
.

For the change of effective resistances, we then find

dωij

dt
= (ei − ej)

T dQ
†

dt
(ei − ej) = −2(pi + pj) for all i ̸= j

which confirms that (6.24) and (6.22) are equivalent expressions for the resistance

Ricci flow.

Proposition 6.18 shows that the resistance Ricci flow — which we defined based on

the proposal of Ollivier — corresponds to a quadratic flow of Laplacian matrices. By

considering the off-diagonal entries of expression (6.24), we can write the evolution

of individual link weights as:

dcij
dt

= −2
∑
k∼i,j
k ̸=i,j

cikckjpk + 2cij (kipi + kjpj) for all i ̸= j, (6.25)

where the equation for the diagonal (dki/dt) follows from the conserved zero row sum.

The change of link weights in the resistance Ricci flow is thus caused by two types

of processes: there is one term for each shared neighbour k of i and j, which can

increase or decrease the link weight based on its resistance curvature pk, and a second
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term based on the degrees and curvatures of i and j. Other works such as [4] have

arrived at similar dynamical rules when modeling dynamic network structures, with

a balance between positive link-reinforcing terms and competing link-decaying terms.

As a possible variation on the resistance Ricci flow, one might consider the dynamics

dQ/dt = 2Q diag(q)Q, where q is some function on the nodes. For instance, if q

depends on a process taking place on the graph as in [4], this type of equation models

the codependent evolution of structure and processes.

Finally, we remark that the Laplacian expression (6.24) shows that the resistance

Ricci flow can result in links being added to or removed from a graph. This is in

contrast with other proposals of discrete Ricci flow, which leave the graph structure

intact and only evolve the link weights [8, 64, 255]. Already after a short time,

the resistance Ricci flow can result, perhaps undesirably from the graph-theoretic

perspective, in a fully connected graph, where only the link weight information is

relevant.

To illustrate the resistance Ricci flow, we discuss two examples.

Example 6.19 (node transitive graphs). The node resistance curvature in node

transitive graphs is constant and equal to pi = 1/n. Following the definition of the

resistance Ricci flow, we then find that dωij/dt = −2/n is equal for all pairs of nodes

i ̸= j such that transitivity is conserved by the flow and thus pi(t) = 1/n as long as it

is well-defined. As a consequence, the resistance Ricci flow for node transitive graphs

simplifies to dQ/dt = 2Q2/n. Diagonalizing this equation and solving the differential

equation dx/dt = 2x2 ⇒ x(t) = x0/(1 − 2tx0) for each eigenvalue, we obtain the

solution

Q(t) =
[
I − 2

n
tQ0

]−1
Q0 for t <

n

2µmax(Q0)
.

This flow diverges in finite time for t → n/(2µmax). The resistance Ricci flow for

node transitive graphs is formally related to a matrix flow studied in [172] as a model

for structural balance in social networks, which considers the differential equation

dA/dt = A2 for a matrix A. The entries (A)ij of this matrix represent pairwise

affinities or rivalries, depending on the sign, and finite-time divergence was interpreted

in context of the model as the onset of a structurally balanced configuration of social

relations [172].

Example 6.20 (path graph). All nodes in a path graph have zero node resistance

curvature, except for the end nodes, which have p = 1/2. From equation (6.25) for
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the evolution of link weights, we then find that the only change occurs for the end

links, whose link weight evolves according to

dc

dt
= c2 ⇒ c(t) =

c0
1− c0t

for t <
1

c0
,

and diverges to +∞ for t → 1/c0. While this result may seem pathological, we can

interpret the ‘infinite affinity’ (which corresponds to ω → 0) as merging the end node

and its neighbour into a single node (see Section 3.3.2). This analysis shows that the

resistance Ricci flow of a path graph evolves by merging the end nodes of the path

with their neighbours at t = 1/c0, resulting in a path of decreasing length until just

a single node remains.

An alternative ‘normalized flow’ can be defined based on the degree-normalized

link resistance curvature as dωij/dt = −2(pi/ki + pj/kj) or equivalently dQ/dt =

2Q diag(p/k)Q where p/k denotes entrywise division of vectors. This flow appears

to share many properties with the unnormalized flow (6.22) with some apparent

additional advantages that follow from the normalization.

6.4.2 Local resistance Ricci flow

To develop some intuition for the resistance Ricci flow, we define and analyze a simpli-

fied ‘local’ version of the normalized resistance Ricci flow; this local flow only affects

the graph structure and weights around a given node x. As we show, the flow transfers

weight from the direct links with its neighbours to the links in between its neighbours

and results in an increase of the node resistance curvature px (or decreases for the

reverse flow).

By linearity, the normalized resistance Ricci flow can be decomposed into a sum

of n terms associated to individual nodes:

dQ

dt
=
∑
x∈N

2pxQ
exe

T
x

kx
Q . (6.26)

We isolate one term from this decomposition and define the local (resistance Ricci)

flow for node x as the following Laplacian flow:

dQ

dt
= −Q

exe
T
x

kx
Q with Q(0) = Q0. (6.27)

In the rest of Section 6.4.2, we will consider this flow with respect to an arbitrary but

fixed node x.
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The local resistance Ricci flow can be solved exactly and its solution is given in

terms of the Schur complement of the Laplacian. If we let matrix Q(t)/{x} be the

Schur complement of Q(t) with respect to {x}c and with an additional zero row and

column corresponding to index x, then we find the following solution

Proposition 6.21. The solution of the local resistance Ricci flow (6.27) is

Q(t) = e−tQ0 + (1− e−t)Q0/{x}, for all t > 0. (6.28)

Proof. We derive the evolution of the link weights by looking at the entries of the

local flow (6.27). For neighbours i ∼ x, we find

dcix
dt

= −cix ⇒ cix(t) = e−tcix(0) for all i ∼ x, and thus kx(t) = e−tkx(0).

For pairs of neighbours i, j ∼ x, we find

dcij
dt

=
cixcjx
kx

= e−t cix(0)cjx(0)

kx(0)
⇒ cij(t) = cij(0) + (1− e−t)

cix(0)cjx(0)

kx(0)
.

For pairs of non-neighbours, we simply have dcij/dt = 0 and thus cij(t) = cij(0).

These expressions for the link weights and thus the off-diagonal entries of Q(t) agree

entrywise with the proposed solution (6.28). Since zero row and column sums are

conserved by definition of the local flow, this also uniquely determines the diagonal

entries and completes the proof.

The solution (6.28) confirms that the local resistance Ricci flow is indeed local :

links and their weights only change in the direct neighbourhood of the node x.

While the appearance of the Schur complement might be surprising at first, it can

be better understood by noting that the flow equations can be expressed as

dQ(t)

dt
= Q(t)/{x} −Q(t) = Q0/{x} −Q(t),

where Q(t)/{x} = Q0/{x} holds for all t > 0 because the effective resistances between

non-neighbours of x are unchanged by the local flow (see Property 6.23 below). Since

Q0/{x} is constant, the local flow is thus a (matrix) differential equation of the form

dA/dt = C − A which agrees with the solution in Proposition 6.21.

An important consequence of Proposition 6.21 is that the local flow is well-defined:

Property 6.22. The solution Q(t) to the local resistance Ricci flow is the Laplacian

matrix of a connected graph for all finite times t > 0. At t = ∞, the matrix Q0/{x}
is the Laplacian of a non-connected graph that has one isolated node.
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Proof. For finite times, the matrix Q(t) described by (6.28) is given by the Laplacian

matrix Q0 with some link weights changed in the neighbourhood of x, but with no

links removed and all weights positive; this is thus a Laplacian matrix. The result for

t = ∞ follows immediately from Proposition 6.21.

The local resistance Ricci flow thus gives rise to a graph G(t), which is a connected

weighted graph for finite times t, and in the limit of t = ∞ is equal to the xc-

Kron reduction of G0 with an additional disconnected node, labeled x. With the

transformation θ = e−t, which lies in θ ∈ [0, 1] for t ≥ 0, it becomes more apparent

that the local resistance Ricci flow graph G(t) graph interpolates between G0 and its

xc-Kron reduction as G(θ) = θG0 + (1 − θ)G0/{x}. This is illustrated in Figure 6.7

for a star graph.

Figure 6.7: The local resistance Ricci flow on a star graph evolves from the star graph
with the central node x (in red) connected to its neighbours at θ = 1 to a graph with
x disconnected and the xc-Kron reduction of the star graph at θ = 0. The width of
a link is proportional to its weight.

The effective resistances of the graph G(t) are found as follows:

Property 6.23. The effective resistances in G(t) are equal to

ωix(t) = ωix(0) + (et − 1)kx(0)
−1 for all i ∼ x and ωij(t) = ωij(0) if i, j ̸= x.

Proof. Following the proof of Proposition 6.18, we know that

dQ†

dt
= −Q†dQ

dt
Q† =

(
I − uuT

n

)
exe

T
x

kx

(
I − uuT

n

)
and thus that dωij/dt = 0 with ωij(t) = ωij(0) whenever i, j ̸= x, and that

dωix

dt
= k−1

x = etkx(0)
−1 for all i ̸= x.

This differential equation is solved by ωix(t) = ωix(0)+(et−1)/kx(0), which completes

the proof.

Property 6.23 shows that the resistance distance between x and the rest of the

nodes increases uniformly, while all other distances remain constant; this confirms
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that G(t)/{x} = G0/{x}. Geometrically, this uniform increase of the effective resis-

tance between i and all other nodes means that the vertex φ(ex) of the hyperacute

simplex S moves perpendicularly away from the xc-face of S.

Finally, the resistance curvatures in G(t) can be solved as follows:

Property 6.24. The resistance curvatures in G(t) for finite times are equal to

px(t) = e−tpx(0) + (1− e−t)
1

2
and pi(t) = pi(0)−

cix(0)

kx(0)
[px(t)− px(0)] .

Proof. Making use of the differential equations for the link weights and effective

resistances in the proof of Proposition 6.21 and Property 6.23, the change of node

resistance curvature of x equals

dpx
dt

= −1

2

∑
i∼x

(
dcix
dt

ωix + cix
dωix

dt

)
= −1

2

∑
i∼x

(
−cix(t)ωix(t) +

cix(t)

kx(t)

)
=

1

2
− px(t).

This differential equation is solved as px(t) = e−tpx(0) + (1 − e−t)1
2
as required. For

the neighbours of x, we find

dpi
dt

= −1

2

∑
j:j∼i

(
dcij
dt

ωij + cij
dωij

dt

)
= −1

2

(
dcix
dt

ωix + cix
dωix

dt

)
− 1

2

∑
j∼x

(
dcij
dt

ωij

)
(flow is local)

= −1

2

(
−cix(t)ωix(t) +

cix(t)

kx(t)

)
− 1

2

∑
j∼x

cix(t)cjx(t)

kx(t)
ωij(t)

=
cix(t)

kx(t)

(
1

2

[
kx(t)ωix(t)−

∑
j∼x

cjx(t)ωij(t)

]
− 1

2

)

=
cix(t)

kx(t)

(
px(t)−

1

2

)
(see Eq. (6.5) for p).

Introducing the solutions for cix(t), kx(t) and px(t), this yields

dpi
dt

= e−t cix(0)

kx(0)

(
px(0)−

1

2

)
⇒ pi(t) = pi(0) +

cix(0)

kx(0)

(
1− e−t

)(
px(0)−

1

2

)
= pi(0)−

cix(0)

kx(0)
[px(t)− px(0)]

as required. This completes the proof.

The solutions for px(t) and pi(t) respect the unit-sum property of resistance cur-

vatures. We note that while px(t) → 1
2
for increasing times, at t = ∞, the resistance

curvatures are determined by the graph G0/{x} in which x is an isolated node, with
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px = 1. Consequently, there is a discontinuity in the resistance curvatures at t = ∞,

which originates from node x being disconnected.

Following Proposition 6.21 and Properties 6.22–6.24 above, the local resistance

Ricci flow describes a local change of a graph around a node x; the flow shifts link

weight from the direct incident links on x to links between the neighbours of x, with

an increase of the node resistance curvature of x as a result. Similarly, if we consider

the reverse local flow by changing the sign of (6.27), we find a shift of link weight from

links between neighbours to direct incident links with a decreasing node resistance

curvature as a result. The decomposition (6.26) of the resistance Ricci flow in terms

of local flows and the analysis of the local resistance Ricci flow above thus suggest

the following intuition: the resistance Ricci flow changes the neighbourhood around

each node x (by shifting link weight between its neighbours and incident links) such

that px increases if it is negative and decreases if it is positive. These processes occur

concurrently for all nodes, and the change of resistance curvature for a node x is thus

also influenced by the local flow of all of its neighbouring nodes. A full understanding

of the resistance Ricci flow would thus require a better understanding of the interplay

between the different local processes.

While studied here in the context of resistance Ricci flow, the flow (6.27) and the

resulting graphs G(t) are interesting objects in their own right. Following Proposi-

tion 6.21, the local flow equation can be seen as a continuous version of Kron reduction

with respect to a node x. Below are some suggestions (not meant to be precise) on

how one may further study this continuous Kron reduction. For a graph G with

Laplacian Q one might define an “infinitesimal dxc-Kron reduction” G′ = G/d{x}
with Laplacian Q′ = Q + dt(Q/{x} − Q); this infinitesimal Kron reduction would

have many properties in common with the normal Kron reduction such as

c′ij = cij +
cixcjx
kx

dt,

and the composition property would still hold. For matrices more generally, one could

similarly consider an infinitesimal version of the Schur complement A/dVc and the

related flow dA/dt = A(t)/Vc − A(t) whenever these Schur complements are well

defined.

6.5 Positive curvature

In differential geometry, spaces with positive curvature (bounded from below by some

K > 0 at every point) enjoy many strong properties. Inspired by these results, this
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section discusses some properties of graphs with positive node resistance curvature.

More precisely, we consider the following class of graphs:

Definition 6.25. graph G is positively (resp. nonnegatively) curved if its node resis-

tance curvature is positive (resp. nonnegative).

By extension, a resistance metric space is positively curved if the associated graph

is positively curved. In line with the characterization of resistance matrices in Theo-

rem 3.9, the resistance matrix of a positively curved graph can be characterized as a

(real, symmetric) invertible matrix Ω that satisfies

(uTΩ−1u)(Ω−1)ij ≥ (Ω−1uuTΩ−1)ij > 0 for all i ̸= j.

Some examples of positively curved graphs, including node transitive graphs, were

already discussed in Section 6.2. We give some further examples here, which highlight

that positively curved graphs appear commonly.

Example 6.26 (graphs with n ≤ 3). Graphs with n ≤ 3 nodes are always non-

negatively curved. The graph on one node has p = 1 by definition. A graph on two

nodes has p = 1/2 for both nodes if it is connected and p = 1 otherwise. Disconnected

graphs on three nodes consist of components of at most 2 nodes, which are positively

curved. For connected graphs on three nodes, assume for contradiction that one of

the nodes has pi < 0. Then by the unit-sum property of p, we have that the other

two must sum to a value strictly larger than 1. This is impossible because p ≤ 1/2

for any connected node, so any graph on three nodes has nonnegative curvature.

Example 6.27 (V⋆-Kron reduction). By definition, the maximum variance support

V⋆
ω yields a graph G⋆ = G/V⋆c which is positively curved; this graph can be found by

repeatedly taking the Kron reduction with respect to the positively curved nodes in

a graph until all nodes are positively curved (Theorem 5.23). For any graph G, this

produces a canonical ‘embedded’ positively curved graph G⋆.

Example 6.28 (Kron reduction of positively curved graph). Following Propo-

sition 3.25 for the node resistance curvature and Kron reduction, we find:

Proposition 6.29. The Kron reduction of a positively (nonnegatively) curved graph

is positively (nonnegatively) curved.

155



Proof. By the composition property of Kron reduction, it suffices to prove the result

for elementary Kron reductions. Let G be a graph with positive curvature, x an

arbitrary node and G′ the xc-Kron reduction of G. Following expression (3.15) for

the resistance curvature in Kron reduction graphs, the resistance curvatures in G′

satisfy

p′i = pi +
cix
kx

px ≥ pi for all i ̸= x.

Thus if p > 0, then also p′ > 0 (and similarly for nonnegative curvature), which

completes the proof.

In other words, for every positively curved graph, we get many more examples of

positively curved graphs. For instance, any Kron reduction of a node transitive graph

is positively curved.

Positively curved graphs (and the associated resistance metric spaces) can be seen

as a further refinement in the hierarchy of metric spaces and associated geometric

objects in Proposition 4.22, especially since they are again closed under Kron reduc-

tion. In the next subsections we discuss some strong properties of positively curved

graphs.

6.5.1 Connectivity and toughness

Positive curvature has strong implications on the structural properties of a graph; we

recall that a graph is biconnected if it contains no cut nodes. Following bounds on

the resistance curvature, we find the following restriction:

Proposition 6.30. Positively curved graphs are biconnected.

Proof. Since pi ≤ 1− β(Gi\{i})/2 by Property 6.2 and β(Gi\{i}) ≥ 2 for cut nodes

— as removing a cut node increases the number of connected components — cut

nodes have nonpositive curvature. A positively curved graph can thus not contain

any cut nodes.

A biconnected graph can also be characterized as a graph in which ‘removing

one node results in one component’. The relevant notion that generalizes this char-

acterization is toughness : a graph G is t-tough if removing any k nodes yields at

most k/t components [14]. More precisely: a graph G is t-tough for some t > 0 if

β(G\V) ≤ |V|/t for any subset of nodes V ⊆ N for which β(G\V) ≥ 2; the complete

graph is defined to be t-tough for all t > 0. For example, if a graph is 1-tough, this
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means that removing any k nodes from the graph results in at most k components9

— and in particular that the graph is biconnected. The toughness τ(G) of a graph is

defined as the largest t such that G is t-tough10. Intuitively, the larger the toughness

of a graph, the more difficult it is to disconnect this graph in many components, as

larger sets of nodes need to be removed. Graph toughness was introduced by Chvátal

in the context of Hamiltonian circuits and many results are known relating τ(G) to

the existence of large cycles in G; see for instance [14].

In his study of simplices, where positive curvature corresponds to simplices whose

circumcenter lies in the simplex interior, Fiedler found a result [96, Thm. 3.4.18]

which implies the following relation between toughness and positively curved graphs:

Theorem 6.31. Positively curved connected graphs are 1-tough.

Proof. Let G be a connected positively curved graph and R ⊆ N a subset of nodes

such that removing R results in at least l ≥ 2 disconnected components11. Such a

set always exists (e.g. let R = N\{i, j} for some i ̸∼ j) except if G is the complete

graph, which is 1-tough. We will prove that l ≤ |R|, which means that G is 1-tough.

(graph preprocessing step) Let L1, L2, . . . , Ll ⊆ N denote the subsets of nodes that

form connected components after removing the set of nodes R and let ℓ1, ℓ2, . . . , ℓl be

an arbitrary node in each of the subsets (i.e. ℓi ∈ Li for 1 ≤ i ≤ l). We consider the

Kron reduction G′ of G with respect to the remaining nodes in Li; i.e.

G′ := G/
l⋃

i=1

(Li\{ℓi}) .

The graph G′ is a graph on n′ = |R|+ l nodes and each of the nodes ℓi is connected

only to the nodes in R; i.e. the node set {ℓi}li=1 is an independent set with no links

between them. Indeed, by Proposition 3.19 on the structural implications of Kron

reduction and the fact that any path from ℓi to ℓj for distinct i, j ∈ [1, ℓ] must pass

through R since this is a cut node set, we know that ℓi ̸∼ ℓj in G′. The graph G′ thus

has two types of links: links within R and links between R and the nodes {ℓi}li=1.

Figure 6.8 illustrates the construction of G′ from G.

(proof of toughness) Second, by Proposition 6.29, we know that Kron reduction

conserves positive curvature and thus that p′ > 0 since p > 0. Summing the curvature

9We note that the t-tough property is different from k-connectivity, which says that removing
any k nodes does not disconnect the graph.

10The toughness of the complete graph is defined to be τ = ∞ and we note that this includes K2,
the path on two nodes and K1, the graph on one node.

11This is a technical requirement for the definition of toughness.
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Figure 6.8: Sketch of the graph preprocessing step. The nodes of a graph are parti-
tioned into a set R of nodes and sets L1, . . . , Ll determined by the connected compo-
nents of G\R. An arbitrary node ℓ1, . . . , ℓl is selected in each of these components.
In the Kron reduction G′, only the node ℓi is left in component Li, resulting in the
graph structure on the right: an arbitrary graph on the nodes R and the set of nodes
ℓi connected to R. If G is positively curved, then so is G′.

of the nodes in R in G′ and by the definition of node resistance curvature, we find

0 <
∑
i∈R

p′i = |R| − 1

2

∑
j∼i

i∈R,j ̸∈R

c′ijω
′
ij −

∑
j∼i
i,j∈R

c′ijω
′
ij

where the relative resistances between nodes in R appear twice — once for each node

at the end of the link. Grouping terms and invoking Foster’s Theorem, we then find

that

0 < |R|−1

2

∑
j∼i

c′ijω
′
ij−

1

2

∑
j∼i
i,j∈R

c′ijω
′
ij = |R|−1

2
(|R|+ l − 1)−1

2

∑
j∼i
i,j∈R

c′ijω
′
ij ≤

1

2
(|R| − l + 1)

where the last inequality follows from nonnegativity of the relative resistance: c′ijω
′
ij ≥

0. This inequality implies l < |R| + 1 and since l, |R| and 1 are integers and the

inequality is strict, we thus have l ≤ |R| as required. Note that if we relax the

connectedness constraint, we obtain the inequality l < |R|+ β, which does not imply

1-toughness if β > 1.

To our knowledge, no similar connectivity results exist for the known notions

of discrete curvature. Fiedler suggested that Theorem 6.31 might be a complete

characterization of positively curved graphs; i.e. in our terminology, that all 1-tough

graphs have positive resistance curvature. However, comparing the computational

complexity of deciding whether a graph is 1-tough and deciding whether it is positively

curved gives the following result:

Proposition 6.32. If P ̸= NP , then not all 1-tough graphs are positively curved.
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Proof. In [15], it is shown that the decision problem “Is G 1-tough?” is NP-hard.

Calculating the resistance curvature p for an n-node graph can be done in polynomial

time, where in a straightforward implementation calculating the pseudoinverse Lapla-

cian is the most time-consuming step with a worst-case time complexity of O(n3).

Thus, the problem “Is G positively curved?” is in the computational complexity class

P. As a result, if P ̸= NP , both problems must be distinct and since all positively

curved graphs are 1-tough by Theorem 6.31, not all 1-tough graphs can be positively

curved.

In other words, positively curved graphs are a strict subset of 1-tough graphs if

P ̸= NP . However, since it is unclear how different weightings of a graph affect the

resistance curvature, the question “does every 1-tough graph have a weighting with

positive curvature?” remains unsettled.

6.5.2 Submodular resistance radius

We recall the definition of the resistance radius as a function on subsets of the nodes:

σ2(V) := 1

2

(
uT [ΩVV ]

−1u
)−1

for all V ⊆ N (Eq. (3.19))

with σ2({i}) = σ2(∅) = 0. The resistance radius function is nondecreasing A ⊆ B ⇒
σ2(A) ≤ σ2(B) and satisfies a partial inclusion–exclusion property: σ2(A ∪ B) =

σ2(A) + σ2(B)− σ2(A ∩ B) if A ∩ B is an A− B cut set. For nonnegatively curved

graphs, we find the following strengthening of the inclusion–exclusion property:

Theorem 6.33. Let G be a graph with nonnegative resistance curvature. Then the

resistance radius function satisfies

σ2(A ∪B) ≤ σ2(A) + σ2(B)− σ2(A ∩B) (6.29)

for all A,B ⊆ N with nonempty intersection A ∩B ̸= ∅.

The proof of Theorem 6.33 is given in Section 6.5.2.1. A set function f : {V ⊆
N} → R that satisfies f(A ∪ B) ≤ f(A) + f(B) − f(A ∩ B) for all subsets A,B is

called submodular ; see for instance [163] for a survey of basic results and examples of

submodular functions. One interpretation of submodularity is as a discrete analog of

convexity with the important analogous property that certain discrete optimization

problems with submodular objective functions can be solved efficiently. A second,

equivalent characterization of submodular functions is

f(Y ∪ {z})− f(Y ) ≤ f(X ∪ {z})− f(X)
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for all subsets X ⊆ Y and elements z. This expression shows that submodular

functions also embody the principle of diminishing returns: the increase in the set

function when adding an element z to a small set (X) is larger than the increase when

adding it to a larger set (Y ).

Following Theorem 6.33, the resistance radius is submodular for graphs with non-

negative resistance curvature, up to the additional requirement that A∩B ̸= ∅. This
requirement cannot be relaxed in general, as this would produce a contradiction if A

and B each consist of a single node and A∩B = ∅. We will call this submodularity⋆;

i.e. defined as submodularity where the subsets A and B must intersect.

A natural question following Theorem 6.33 is to try and characterize graphs with

submodular⋆ resistance radius. Is this a ‘trivial’ property that is satisfied by many (or

even most/all) graphs, or does a submodular⋆ resistance radius have any implications

on the resistance curvature of the graph. In particular, since nonnegative curvature

leads to submodularity⋆, it might be the case that submodularity⋆ implies some lower

bound on the curvature, or even nonnegative curvature. We find the following result:

Proposition 6.34. Let G be a graph with submodular⋆ resistance radius. Then the

nodes have resistance curvature p ≥ −1, and furthermore p′ ≥ −1 in any Kron

reduction G′.

Proof. Let G be a connected graph with submodular⋆ resistance radius. If G has

n = 1 node, then p = 1 > −1 and the proposition is satisfied; we thus assume that

n ≥ 2. Let z be any node and x ∼ z one of its neighbours and define A = N\{z}
and B = {x, z}, for which A ∪ B = N and A ∩ B = {x}. By submodularity⋆ of G

and A ∩B ̸= ∅, we then know that

σ2(N )− σ2(N\{z}) ≤ σ2({x, z})− σ2({x}) ⇔ p2z
kz

≤ ωxz

4
,

following expression (3.16) for the difference between resistance radii in the left-hand

side and σ2({x}) = 0 and σ2({x, z}) = ωxz/4 in the right-hand side. If z has a single

neighbour, we know that pz = 1/2 > −1. If z has at least two neighbours, the above

inequality holds for any neighbour and summing over all neighbours x ∼ z multiplied

by cxz > 0, we then find

p2z =
∑
x:x∼z

cxz
p2z
kz

≤ 1

4

∑
x:x∼z

cxzωxz =
1

2
(1− pz) ⇔ 2p2z + pz − 1 ≤ 0,

where we used the definition of resistance curvature. This quadratic function in pz

is nonpositive if pz ∈ [−1, 1/2]; this implies that pz ≥ −1, as required. The same
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approach applies to any Kron reduction G′ = G/Vc of G by letting A = V\{z}. This
holds for any node z and thus completes the proof.

This lower-bound on the resistance curvature is not trivial since nodes with p < −1

can exist in general graphs; for instance any node with di ≥ 5 in a tree graph. In

other words, a submodular⋆ resistance radius puts some additional constraints on the

graph structure. A full characterization of graphs with submodular⋆ resistance radius

would be interesting, and we propose the following problem:

Problem 6.35. Characterize graphs with submodular⋆ resistance radius. Is sub-

modularity⋆ equivalent to nonnegative resistance curvature?

6.5.2.1 Proof of Theorem 6.33

To conclude, we give the proof of Theorem 6.33.

Proof of Theorem 6.33. We recall that we are trying to prove inequality (6.29)

for the resistance radius σ2. We will first show another inequality (equation (6.30)

below) for σ2 and then show that this implies the desired inequality and thus the

theorem.

We start by proving the following inequality:

σ2(V ∪{x, y})−σ2(V ∪{x}) ≤ σ2(V ∪{y})−σ2(V ) for all x ̸= y and ∅ ≠ V ⊆ N\{x, y}.
(6.30)

The graph must have n ≥ 3 nodes for equation (6.30) to apply. Let x, y be two

distinct nodes, V = N\{x, y} and let G′ = G/{x} be the xc-Kron reduction of G.

By expression (3.16) for the relation between resistance radii and elementary Kron

reductions, we then find that

σ2(V ∪ {x, y})− σ2(V ∪ {x}) =
p2y
ky

and σ2(V ∪ {y})− σ2(V ) =
p′y

2

k′
y

. (6.31)

If x ̸∼ y in G, then we have p′y = py and k′
y = ky by properties of the Kron reduction

and thus p2y/ky = p′2y /k
′
y. If x ∼ y in G, then we have p′y = py + cxypx/kx ≥ py by

expression (3.16) and nonnegative curvature of G, and k′
y = ky − c2xy/kx < ky and

thus p2y/ky < p′2y /k
′
y. For any x, y, we thus have p2y/ky ≤ p′2y /k

′
y (with equality if and

only if x ̸∼ y), which by (6.31) confirms the inequality (6.30) for any triple V, x, y

whose union is N . For a general choice of V, x, y, we can take the corresponding

(V ∪ {x, y})-Kron reduction of the graph, which is nonnegatively curved by closure

with respect to Kron reduction (Proposition 6.29). In this Kron reduction, the union
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of V, x, y is the full node set and we may thus follow the same steps as above to

confirm inequality (6.30) in general.

Next, we show that inequality (6.30) implies submodularity⋆

σ2(A ∪B) ≤ σ2(A) + σ2(B)− σ2(A ∩B) (Eq. (6.29))

for all A,B ⊆ N with A∩B ̸= 0 as in the theorem. What follows is an adaptation of

a proof given by Schrijver in [212, Thm. 44.1] for the equivalence between different

notions of submodularity. Let A,B ⊆ N with A ∩ B ̸= ∅, and define the symmetric

difference A∆B := (A∪B)\(A∩B), which are the nodes unique to A or B (analogous

to an XOR relation). We will prove the implication (6.30)⇒(6.29) by induction on

|A∆B|, the number of nodes in the symmetric difference.

(induction base cases) If |A∆B| ≤ 2, then (i) either A ⊆ B (or the other way

around), in which case A ∪ B = A,A ∩ B = B and thus equality holds for (6.29), or

(ii) if they are not a subset, then let V = A ∩ B and x = A\B, y = B\A and then

(6.30) combined with V = A ∩B ̸= ∅ implies (6.29).

These are the base cases for induction. Now, assuming inequality (6.29) holds for

all pairs of subsets A,B with nonempty intersection and |A∆B| ≤ k where k ≥ 2, we

show that it also holds for |A∆B| = k + 1.

(induction step) Let A,B ⊆ N with A∩B ̸= ∅ (in particular this implies A,B ̸= ∅)
and with |A∆B| = k + 1 ≥ 3. If A ⊆ B, we know that the inequality holds with

equality, so assume that this is not the case. Then A\B has at least two elements

(if not, interchange A and B) and let a ∈ A\B be one of the elements. First, we

define B′ = (B ∪ A)\{a}, for which we have12 |A∆B′| < |A∆B| = k + 1 and thus

|A∆B′| ≤ k. By the induction assumption and the fact that A ∩ B′ = A\{a} is

nonempty, we thus have the inequality

σ2(A∪B′)−σ2(A) ≤ σ2(B′)−σ2(A∩B′) ⇔ σ2(A∪B)−σ2(A) ≤ σ2((A∪B)\{a})−σ2(A\{a}).

Next, we define A′ = A\{a}, for which we have |A′∆B| < |A∆B| = k + 1 and thus

|A′∆B| ≤ k. By the induction assumption and the fact that A′ ∩ B = A ∩ B is

nonempty, we then have the inequality

σ2(A′∪B)−σ2(A′) ≤ σ2(B)−σ2(A′∩B) ⇔ σ2((A∪B)\{a})−σ2(A\{a}) ≤ σ2(B)−σ2(A∩B).

12Note that this inequality requires that A\B has at least two elements since otherwise B′ = B.
This is why the induction base case is k ≤ 2 and why we thus require (6.30) to settle the k = 2 case.
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Combining the two inequalities above, we find

σ2(A ∪B)− σ2(A) ≤ σ2(B)− σ2(A ∩B).

This concludes the induction step and since A,B were any two subsets of nodes with

nonempty intersection, it confirms that (6.30)⇒(6.29) and completes the proof. □
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Chapter 7

Conclusion and outlook

This thesis dealt with the effective resistance on graphs, both reviewing and unify-

ing parts of the existing theory as well as developing several new results, especially

related to geometry. If anything, we hope to have convinced the reader that the ef-

fective resistance is an interesting and rich concept in graph theory and beyond, with

many more properties left to be discovered.

The first part of the thesis, Chapters 2–4, discussed the basic theory of effective

resistances with a focus on matrix-theoretic properties. We discussed the Fiedler–

Bapat identity as a central result and introduced Kron reductions — both of which

find numerous applications throughout the thesis. We then derived the famous re-

sult that the effective resistance is a metric and classified the resistance distance as

a strict negative type metric, and geometrically as the squared Euclidean distance

between vertices of a hyperacute simplex. This led to Fiedler’s graph–simplex cor-

respondence, which gives a geometric perspective on much of the later results. In

addition to providing a unified and self-contained treatment of the theory, we gave

several new proofs and results.

In the second part, Chapters 5 and 6, we introduced new results and applications

of the effective resistance. Broadly speaking, our new contributions are aligned with

the following three central definitions:

• Graph variance var : ∆ → R (Definition 5.1). To address a methodological

gap in the analysis of distributions and other data defined on the nodes of

a graph, we propose generalized notions of variance and covariance based on

distances between the nodes. This is not only a practical tool but leads to some

interesting theoretical questions. We study the maximum-variance problem and

characterize its solutions for different classes of metric spaces, where we find
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that the resistance distance admits a greedy solution of the maximum-variance

problem.

• Resistance curvature p (Definition 6.1). As summarized in Section 6.2.3,

the resistance curvature appears naturally in the different settings considered

in this thesis: the Fiedler–Bapat identity, the graph–simplex correspondence

and the maximum-variance problem. We derive some basic theoretical results

about p, we discuss a several alternative definitions and find an interpretation

of p in the context of discrete curvature. This interpretation leads to a new

class of graphs with strong properties, positively curved graphs characterized by

p > 0, and to two variants of discrete Ricci flow that describe a flow of graphs

G(t).

• Resistance radius σ2 (Definition 3.19). Similar to the resistance curvature,

the resistance radius appears naturally in the different settings in this thesis. We

derive some basic theoretical results of this graph invariant and find particularly

interesting results when considering the resistance radius as a set function σ2 :

{V ⊆ N} → R defined based on the Kron reductions of a graph.

A detailed summary of the contributions with references to specific equations, theo-

rems and results was provided in Section 1.3 and the introductions of the respective

chapters. As a quick ‘one-line summary’, many of the central concepts in this thesis

make an appearance in Theorem 3.9:

Ω is a resistance matrix ⇔ (uTΩ−1u)(Ω−1)ij ≥ (Ω−1uuTΩ−1)ij for all i ̸= j.

This condition follows from the Fiedler–Bapat identity and reflects consistency with

the definition of Laplacian matrices, with link weight positivity c > 0 front and

center; we furthermore recognize the definitions of resistance curvature p ∝ Ω−1u

and resistance radius σ2 ∝ (uTΩ−1u)−1, and the condition is easily extended to

positively curved graphs by requiring the righthandside to be positive.

Similarly, Kron reduction embodies many of the themes in this thesis. It first

appears as the resistance-preserving graph operation, where closure of graphs with

respect to Kron reduction reflects (via the graph–simplex correspondence) the geo-

metric closure of hyperacute simplices with respect to taking faces. In Chapter 5

furthermore, the maximum variance is expressed in terms of Kron reductions of a

graph and both the resistance curvature and resistance radius evolve simply with

respect to Kron reduction.
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The results in this thesis lead to many new questions. First, there are some ‘loose

ends’ where further work is desirable: further studying node-merged graphs (Def-

inition 3.27), the proposed covariance measure (Definition 5.7), the link resistance

curvature κ (Definition 6.4) and the resistance Ricci flow (Eq. (6.22)). Second, while

we describe connections to various applications and other theories — such as graph

embeddings, Leinster’s magnitude, triangulations and models of dynamical graphs —

this is just the first step and much work can be done to further discover what we can

learn from these connections. Finally, we list a number of follow-up questions and

research directions that we find particularly interesting and/or promising:

• Given the importance of the Fiedler–Bapat identity in this thesis, it would

be interesting to generalize the identity to other settings. For instance, for a

symmetric matrix A with uTA†u ̸= 0, we may define an analogous identity

based on the matrix −2A† + 2A†uuTA†

uTA†u
. It would be interesting to see how

much of the theory of resistance matrices (e.g. based on submatrices and Schur

complements) can be reproduced in this setting.

• The relation between the resistance radius (and curvature) and Leinster’s mag-

nitude as described in Section 3.4 is compelling. For the theory of effective

resistances, this relation suggests to study the matrix with entries exp(−ωijt)

and its inverse, while for the theory of magnitude, it suggests to study the matrix

−2Z−1 + 2Z−1uuTZ−1

uTZ−1u
and the associated Fiedler–Bapat identity for invertible

similarity matrices Z. In particular, following the results on submatrices of the

extended resistance matrix in Section 3.3.1, this may lead to new insights on

the magnitude of submatrices of Z.

• It would be interesting to further develop some practical aspects of the graph

(co)variance, for instance, trying to understand the influence of uncertainties

in the estimation of distributions and network structure or developing better

null models. More generally, we believe that it would be promising to develop

a theory of distributions on the nodes of a graph. In Chapter 5, we studied

the variance var : ∆ → R, but many other characterizations of distributions

might be useful. A starting point might be to define classes of distributions on

the nodes, in analogy with well-studied classical distributions such as normal

distributions.
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• Theorem 6.33 says that nonnegatively curved graphs have submodular⋆ resis-

tance radius set functions, while Proposition 6.34 says that a submodular⋆ re-

sistance radius implies a nontrivial lower bound on the resistance curvature.

Together, these results suggest to study whether the following equivalence holds:

σ2 is submodular⋆
?⇔ p ≥ 0.

This would be a new result in the study of discrete curvatures.

• The local resistance Ricci flow leads to a continuous variant of Kron reduction

and, when applied to general matrices, a continuous variant of the Schur com-

plement. Given the importance of Kron reduction and Schur complements in

graph and matrix theory, a further characterization and study of these results

seems a promising direction for future research.

• While finishing this thesis, we learned about the concept of Choquet capacity

[51] and fuzzy measures [231] (also related to Lovász extensions [163]) and we

believe that this could be a useful new perspective on the resistance radius

set function. For instance, there is a relation to equilibrium equations (in the

definition of capacities) and monotonicity and submodularity play important

roles.

To conclude, we restate our hope that this thesis may be useful to anyone trying

to better understand the effective resistance, and that it may enable and stimulate

further research into this fascinating topic.
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Appendix A

Linear algebra

A.1 Matrices and vectors

The basic objects in matrix theory are matrices. A real k× d matrix A is an array of

real numbers (A)ij indexed by i ∈ [1, k] and j ∈ [1, d], for some k, d ∈ N as

A =

(A)11 . . . (A)1d
...

. . .
...

(A)k1 . . . (A)kd

 .

We also write A ∈ Rk×d, where k and d are called the row and column dimensions.

The transpose AT of a matrix is defined by ‘flipping’ the matrix around its diagonal

as (AT )ij = (A)ji. A column vector is a k × 1 matrix and is written in bold as

f = (f1, . . . , fk)
T with its entries denoted by fi = (f)i. A row vector is a 1× d matrix

written as gT . In particular, a row and column vector can correspond to the row or

column of another matrix. A 1 × 1 matrix is called a scalar and corresponds to a

single real number. The vector ei is the ith unit vector with (ei)j = 1 if i = j and

zero otherwise and the vector u = (1, . . . , 1)T is the all-one column vector.

Two matrices can be multiplied if their dimensions agree; a k× d matrix A and a

d× ℓ matrix B multiply to give the k × ℓ matrix AB with entries

(AB)ij =
d∑

r=1

(A)ir(B)rj for all i ∈ [1, k] and j ∈ [1, ℓ].

In particular, a matrix multiplied with a column vector yields a column vector Af

and a row vector multiplied with a matrix yields a row vector gTA. Finally, gTAf is

called a quadratic form and yields a scalar. These are of course just the basics, and

we refer for instance to [130] for more on matrix theory.
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Matrix theory is a particular (practical) way to study linear algebra. A real k × d

matrix A represents a linear map T : V → W , where V is a d-dimensional vector

space and W a k-dimensional vector space over the real numbers. Fixing a basis

for V and W , the matrix entries of A are given by the map T as follows: for basis

vectors j ∈ V and i ∈ W , the matrix entry (A)ij is given by the ith coordinate of the

vector T (j) ∈ W . Similarly, a column vector corresponds to a vector f ∈ V with its

entries f1, . . . , fd given by the coordinates in the fixed basis and the matrix–vector

product Af corresponds to the vector T (f) expressed in the fixed basis of W . While

any matrix implicitly represents a linear map T , we will always work in a fixed basis

and thus use the language of matrices instead of linear maps.

Throughout this thesis we mainly work with vectors in Rn, which correspond to

functions on the n nodes of a graph. Let f : N → R be a real function on the nodes;

the collection of all such functions is a vector space with functions as vectors, elemen-

twise addition and and real scalar multiplication. This is called the (real) function

space on N and is sometimes denoted C(N ). The function space on N is isomorphic

to Rn and thus we may write f ∈ Rn to denote a function on the nodes. The nodes

are fixed as basis vectors such that the entries of f as a column vector are given by

fi = f(i) for a node i ∈ N and we have the n×1 column vector f = (f(1), . . . , f(n))T .

Similarly, an n × n matrix A can be seen as a linear map between node functions

A : C(N ) → C(N ), where an entry (A)ij corresponds to the node pair i, j ∈ N .

We endow the function space Rn with the standard inner product. The inner product

of two vectors f ,g is defined by1 ⟨f ,g⟩ =
∑

i∈N f(i)g(i) and we note that this inner

product is independent of the basis in which these vectors are expressed. From the

inner product, we obtain a dual vector space2 and since this is in bijection with Rn,

each vector f has a dual vector, which is denoted by fT . The matrix representations

of a linear map T and its dual T ⋆ are related by the matrix transpose as A for T

and AT for T ⋆. The inner product between two vectors can be written as the matrix

product ⟨f ,g⟩ = fTg. The inner product also induces the following structures on Rn:

• a norm: ∥f∥ =
√
fT f ,

1Another inner product that is often used on C(N ) is ⟨f ,g⟩ =
∑n

i=1 f(i)g(i)/ki with degree ki
or alternatively with the combinatorial degree di.

2This is the vector space whose vectors are linear maps from Rn → R and with elementwise
addition and real scalar multiplication; in other words, a dual vector f⋆ acts on a vector g as
f⋆(g) ∈ R and may for that reason be written as a row vector.
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• a metric: ∥f − g∥,

• angles: cos−1(fTg/
√
∥f∥.∥g∥),

• orthogonality: f ⊥ g if fTg = 0, and correspondingly we may define orthogonal

subspaces such as span(f)⊥ in Rd.

For further results on matrix theory, see for instance [130].

A.2 Eigenvalues of symmetric matrices

The eigenvalues and eigenvectors of a matrix A are solutions to the eigenvalue prob-

lem: if Af = λf , then λ is called an eigenvalue of A with corresponding eigenvector f .

In general, the eigenvalues of a matrix may be complex, but in the case of symmetric

matrices things simplify significantly [130, Thm. 2.5.6]:

Theorem A.1 (spectral theorem for symmetric matrices). Let A be a symmetric n×n

matrix. The eigenvalues of A are real and there exists a basis of Rn of eigenvectors,

where eigenvectors that correspond to different eigenvalues are orthogonal.

In particular, each eigenvalue λk is associated with a subspace Ek of Rn and sub-

spaces that belong to different eigenvalues are orthogonal; Ek is called the eigenspace

of λk and the dimension of this space is the geometric multiplicity3 of λk. The total

sum of geometric multiplicities is n.

If λ1, . . . , λn and x1, . . . ,xn are the eigenvalues and corresponding orthonormal

eigenvectors of a symmetric matrix A, then we may write the following spectral

decomposition:

A =
n∑

k=1

λkxkx
T
k .

A symmetric matrix with nonnegative eigenvalues is called positive semidefinite and

with positive eigenvalues it is called positive definite; these are sometimes abbreviated

as PSD and PD, respectively. An equivalent characterization of positive (semi)definite

matrices is the following [130, Def. 4.1.9 & Thm 4.1.10]:

Proposition A.2. Let A be a symmetric n×n matrix. Then A is positive semidefinite

if and only if fTAf ≥ 0 for all f ∈ Rn and A is positive definite if and only if fTAf > 0

for all nonzero f ∈ Rn.

3For a symmetric matrix A, the geometric multiplicity (the dimension of the corresponding
eigenspace) of an eigenvalue is equal to its algebraic multiplicity (the multiplicity of this eigenvalue
as a root in the ‘characteristic polynomial’ det(A− λI)).
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This also relates to the Courant–Fischer–Weyl Theorem [130, Thm. 4.2.6], from

which we will use the following corollary [130, Cor. 4.2.12]:

Corollary A.3. Let A be a symmetric matrix. If fTAf ≥ 0 for all f in a k-

dimensional subspace, then A has at least k nonnegative eigenvalues. If the inequality

is strict for nonzero f , then A has at least k positive eigenvalues.

Finally, positive semidefinite matrices are closely related to Gram matrices. Let

b1, . . . ,bn be n vectors in Rd. Then the n × n matrix A with entries (A)ij = bT
i bj

is called the Gram matrix of these vectors. Gram matrices are related to positive

semidefinite matrices as follows [130, §7.2]:

Proposition A.4. Let A be a matrix. Then A is a Gram matrix if and only if A is

positive semidefinite.

For a positive semidefinite matrix A, we can thus always write a decomposition

A = BTB. The vectors b1, . . . ,bn (i.e. the columns of B) can be constructed from

the spectral decomposition of A as (bi)k = (xk)i
√
λk for 1 ≤ i ≤ n and 1 ≤ k ≤ d

with {xk, λk}dk=1 the eigenvalue-eigenvector pairs of A.

A.3 The Moore–Penrose pseudoinverse

We make use of the Moore–Penrose pseudoinverse of a matrix as defined in [196]. Let

A be a real matrix. Then the Moore–Penrose pseudoinverse is defined by

AA†A = A, A†AA† = A† and AA†, A†A are symmetric.

The Moore–Penrose exists and is unique [196, Thm. 1] and corresponds to the

usual inverse for invertible matrices. We note that from the definition it follows

immediately that the Moore–Penrose pseudoinverse preserves symmetry and positive

(semi)definiteness. Furthermore, it can be checked from the definition and unique-

ness, that the Moore–Penrose pseudoinverse of a symmetric matrix A with eigenvalues

λ1, . . . , λn and corresponding orthonormal eigenvectors x1, . . . ,xn has eigendecompo-

sition

A† =
∑

k:λk ̸=0

λ−1
k xkx

T
k .

We will make use the following property of the Moore–Penrose pseudoinverse:

Proposition A.5. Let A be a matrix. Then AA† is an orthogonal projection matrix

onto ker(A)⊥.
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Proof. Let P = A†A. By definition of the Moore–Penrose pseudoinverse, we find

P T = P and

AA†A = A ⇒ A†AA†A = A†A ⇔ P 2 = P.

This shows that P is an orthogonal projection matrix. Next, we find

P = A†A such that Af = 0 ⇒ P f = 0,

AP = AA†A = A such that P f = 0 ⇒ Af = 0,

which implies ker(P ) = ker(A) and thus that the image of P is ker(A)⊥, as required.
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