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POWER VARIATION AND TIME CHANGE*
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Abstract. This paper provides limit distribution results for power variation, that is, sums
of powers of absolute increments under nonequidistant subdivisions of time and for certain types of
time-changed Brownian motion and a-stable processes. Special cases of these processes are stochastic
volatility models used extensively in financial econometrics.
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1. Introduction. In [8] limit distribution results were derived for quantities of
the form

(L.1) [X6]11(¢) = Z [ X(j8) = X((G - 1) O,

where X denotes a special semimartingale with canonical decomposition of the form
(1.2) X=A+HeoW,

r is a positive number, and ndé = ¢ for some time ¢ > 0. The theory is based on ¢ | 0.
We refer to (1.1) and similar quantities as power variations.

The initial limit results have been very substantially generalized and ramified in a
number of recent publications. From the applied point of view the results in question
provide, in particular, a versatile basis for drawing inference on the process H, which
expresses the wvolatility of X, a key concept in the field of financial econometrics; see,
e.g., the review in [1]. This is discussed in [7], [8], and [9]. See also [28, Chap. 3a.6],
where an interest in the limits of sums of absolute returns is mentioned.

As a key illustration, suppose that X is a Brownian semimartingale of the form

t t
Xt:/ audu+/ H, dW,
0 0

where a is predictable and locally bounded and H is cadlag. Then, under a very mild
condition on H (for the most general setting see [3]), for any ¢ > 0 and 6§ | 0, we have

—r r P %
ST RIXI () = e HT (1),

where u, = E{|u|"}, u ~ N(0,1), and

HT*(t):/O H"(s)ds.
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Furthermore,
S X) () — pur HY (1) taw

—
51772, o, 0 (X527 1)

where v, = D{|u|"} is the variance of |u|".
Thus, in particular, we have

(1.3)

N(0,1),

(1.4) [Xs]P?(8) — H**(t) % N (0,1)

21X, (1)

and
S2( X0 (t) — \/2/mH*(t) law,
(15) V(1 —2/m) 8§[X6]E (1) o

Result (1.4) appeared first in [7]; later work on this includes [26]. See also the related
works [19] and [20]. Result (1.5) is connected to the unpublished work [19], but
appeared in this form first in [8].

The present paper indicates how these results may be extended to nonequidistant
subdivisions of the time interval [0,¢] and it also considers more general time changes
than those implicit in (1.2) (via the Dambis-Dubins—-Schwarz theorem). Furthermore,
we will discuss settings where instead of the Brownian motion W in (1.2) we have a
symmetric a-stable process.

The structure of the paper is as follows. Section 2 introduces some notation and
concepts for power variation, while in section 3 we establish several consequences of
the general central limit theory needed for the core part of the paper. In sections 4-6,
we derive new limit law results for power variation in the case of nonequidistant time
divisions and for time-changed Brownian motion and symmetric a-stable processes.
(For simplicity, in these sections, when discussing processes X = A+ H o S, where S
is either Brownian motion or symmetric stable, we assume that A = 0 and that H
and S are independent.) Finally, section 7 mentions some related work.

2. Notation for power variation. Let A denote a subdivision 0 = tg < t1 <
- < t, =tof [0,¢] and let §; = t; —t;_1 and |A| = max ;. When considering a
sequence of such subdivisions A we say that the sequence is balanced if max é;/ min §;
is bounded above and e-balanced, ¢ € (0,1), if max6;/(miné;)* — 0 as |A] — 0.
Clearly, if A is balanced, then it is a fortiori e-balanced for every ¢ € (0,1). Note
that here and in what follows we usually have in mind a single, generally unspecified,
sequence of subdivisions A with |A] — 0; however, for notational simplicity, we do
not indicate this by attaching a sequence index to A.

We consider arbitrary real functions f on the interval [0,¢] and introduce the
notation

(2.1) Al =1 r) — £t

where the sum is over j = 1,...,n and r > 0. We call [fa](") the rth order power
variation of f relative to A, or the r-tic variation for short.

In the special case where the subdivision A is equidistant, whence ¢; = ¢ for all j,
we will write fs instead of fa, etc. Thus when é occurs as an index the subdivision
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is understood to be equidistant. Furthermore, we write [f]I"! for the rth order sup-
variation or sup-r-variation' of f, that is,

(2.2) (] = sup Z |£(t5) — fti-1)],

where D denotes the class of all possible subdivisions of [0,¢]. When we wish to
indicate the dependence on t we shall write [fa]l"!(¢) instead of [fa]l"], etc.

We define a time change to be a nondecreasing function T': [0, 00) — [0, 00) with
T(0) =0 and T(t) — oo as t — oo.

For an arbitrary function f (as above) and time change T we have

[(FoT)a)"™ = [fr)] o

(where o means composition of mappings) or, more specifically,

[(foT)a]" () = [fra)]) " (T(1)),

where T'(A) is the subdivision 0 =T'(¢1) < --- < T'(t,,) = T(¢).

Henceforth, unless otherwise mentioned, we assume that 7' is continuous and
strictly increasing. Then T is uniformly continuous on any compact interval and
|A] = 0 will imply |T'(A)| — 0. Hence, in wide generality it will hold that

(2.3) [(for)" = (A oT.

Finally, when f = 0, we use the notation

(2.4) ﬁ@:Af@@

and, more generally,

(2.5) wmzﬁﬂ@m

3. Some central limit theory results. We shall need the following special
cases of the general central limit theory.

Let Yn1y--- s Ynk, (n=1,2,..., with k, — 00 as n — o) be a triangular array
of independent random variables and let y, = yn1 + -+ + Ynk,, -

3.1. Asymptotic normality.
THEOREM 3.1 (see [17]). Suppose that E{y,;} =0 for all n and j and that

D{yn} =1 for all n. Then y, law, N(0,1) if and only if for every v > 0
krn
(3'1) ZE{ijl('y,oo)“ynjD} —0.

j=1

COROLLARY 3.1. Suppose that yn; is of the form yn; = cnjTn;, where the cy;
are real constants and the x,; are independent copies of a random variable x that has

IWe adopt this term, rather than the more usual r-variation, for clarity in the context of the
present paper. We will refer to some of the literature on r-variation in section 7 of this paper.
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mean 0 and variance 1. If ¢y + -+ c2, =1 and ¢, = max; c,; — 0 as n — oo,
then y,, converges in law to the standard normal distribution N(0,1).

Proof. In the present case
kn kn
Z E{yigl(’y,oo)(lynjl)} = Z C?LjE{x21('y,oo)(|anx|)} é E{$21(C;177OO)(|-T|)} —0,
j=1 j=1
and hence Theorem 3.1 applies.

3.2. Probability limit results.
THEOREM 3.2 (degenerate convergence criterion [23, p. 329]). We have that

Yn .0 and the uniform asymptotic negligibility condition is satisfied if and only if
for every e > 0 and for some v >0

kn
(3.2) ZP{|ynj| >e}—0,

(3.3) Z E{Ynj1l(—q) (Ynj)} — 0,
En ,
(3.4) (B{W2 L7 000)} = [BlYns Ly (i) }]*) — 0
j=1
as n — oo.
Now, let z,;, n =1,2,..., j =1,2,... ,ky, be independent copies of a random

variable x having distribution function F' and mean 0, suppose that ¢,; are arbitrary
positive reals, and let

Ynj = CnjTnj

and Yn = Yn1 + -+ Ynk,, -
COROLLARY 3.2. Suppose that x has mean 0, let ¢, = max; cy;, and assume that,
as n — oo,

(3.5) cn — 0,

(3.6) kyP{|z| = c;'e} —0,
3.7 su Cpj < 00,
(3.7) npz J

and, for some vy > 0,

(3.8) en / " e ap(e) —o0.

—1
—Cn 7Y

Then yn, Eo.
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Proof. In the present setting the conditions of Theorem 3.2 take the form

kn
(3.9) ZP{|$| = c;jls} —0,
j=1

kn Cni Y
(3.10) Yoo [ 7 €ar©—o0,
=1 =

Crj Y

and

kn c;jlfy c,;jl’y 2
(3.11) Zci](/ L EdRE) - (/ By ng(g)) >—>o.
j “Cni Y “Cnj Y

The first of these conditions is implied by (3.5) and (3.6). Next, since E{z} =0
and ¢, — 0,

—1

|7 eare —o

-1
“Cnj Y

uniformly in j. Combined with (3.7) the latter entails (3.10) and also

kn (::lefy 2
Zcij(/ ng(g)) —0.
j=1 —Cni Y
Finally (3.8) gives
kn c;jl ¥ c, ! ¥ kn
Zcij/ . §2dF(§)§cn/ L EAFE©)Y w0
j=1 “Cns Y O T Jj=1

COROLLARY 3.3. Suppose that x has mean 0 and finite variance and assume that,

as n — 00, (3.5)—(3.7) hold. Then yy 2.
Proof. Condition (3.8) follows from the assumed finiteness of D{z}.

4. Power variation under general subdivisions. We shall now derive a
partial extension of (1.3) to cases of nonequidistant A. Convergence statements will
refer to a sequence of subdivisions A with |A| — 0.

For simplicity we assume that the process a = 0, i.e., X is of the form X = He W
with H being cadlag and independent of the Brownian motion W. We let Q = H?.

It is now convenient to introduce the notation

(4.1) (Xa}l =362 X (1) - X ()|

and the following condition:
(V) The volatility process H is (pathwise) bounded away from 0 and has, more-
over, the property that for some v > 0 (equivalently for all v > 0)

>y 051 H (n;) — HY(&)]

\/min 6;

for any sequences &; = &;(A) and n; = n;(A) satisfying

(4.2) —0

0SHEMEhSHLESmSEh S SLSnm St
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Now recall the definition of an e-balanced sequence of subdivisions A, given in
section 2.

THEOREM 4.1. Let X be a semimartingale of the form X = H ¢ W and suppose
that the volatility process H is independent of the Brownian motion W and satisfies
condition (V). Then, for any t > 0 and for any %-balanced sequence of subdivisions A
we have

(4.3) {(Xa(t) 5w H™ (1)

as |A] = 0 and where p, = E{|u|"} and u ~ N(0,1).
Furthermore, if the sequence of subdivisions A is %—balanced, then

{XA(t) — e H™ (1)
\/Mz?l’/r SIOTTTX () — X(t5-1)|

where v, = D{|u|"} is the variance of |u|".
Proof. We have

(4.4) 1 N (0,1),

2r

(t)

{(Xa}E Y07 Q (1) — @ (-0l
where the u; are i.i.d. standard normal. Hence, for arbitrary v > 0, letting
{Qay =3 "6771Q7(t) - Q" (-0,
we find
r %\ [r law —r * * r/2 T
(X3 = AQAYH Y 6T Q7 (1) — @ (15— )| (ful” — )
and it follows from Corollary 3.1 that

(X3 (@) — 1 {QAY/A(t)  taw

) % N (0, 1)
v 3065 TTQ () — Q* (1)l

provided
mas! 82 10% (1) — OF (£, 1)|7/2

(4.6) ax{d; 7|Q"(t;) — Q" (-1l }—>O.

VE IR () — @ ()

To show that the latter is the case we note that

max{6;"*1Q(t;) = Q*(5-)I"/?} _ maxs; max{s;"*|Q"(t;) — Q" (t;-1)"/*}
VEETIQ W) - Q )l Jming; /T8I () — @ ()l

7/2
. Inax (Zb-
( ] ) max 6j j

- ming, /S a0p

where ¢; is given by

(4.8) §1Q(t)) — Q*(tj-1)| = ¢5-
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By the cadlag property of H we have ¢; < supy<,<; Q(s) < oo and, for any v > 0,

(4.9) S 6567 — / Q(s)ds = Q7 (1)

which, together with (4.7) and the assumption that the sequence of subdivisions A is
1-balanced, implies that (4.6) is fulfilled. Hence (4.5) has been shown to hold.
By (4.9) we also have

(4.10) Q)P — @ = 2
for every v > 0 and therefore, in view of (4.5), we will have
[r] o HT
(4.11) {X(;} (t) pr H (t) law, N(O 1)
Vor eI () - @ ()l
provided
* \[r/2] _Or/2x

VE TR (1) — Q- (1)l

The numerator in (4.12) may be rewritten as

v Q"/?(s) ds)

tj71

{Qay"(n) - Q> () Zé< 6,7%1Q7 (1) = Q ()2 = 55
_Zé‘ ( T/2 T/2>’

where ¢; was defined by (4.8) and

(4.13) < /IQ’”/Z > T.

]

(For simplicity, we have suppressed the dependence of 9; on r in the notation.) For
the denominator we have

(414)  min&{QAIN(1) £ 87T (¢ i-1)|" € max 6, {QA ().
Thus
{Q*A}[T'/Q] (t) _ Qr/z*(t) - 1 Zé ( 7/2 7/);/2)

E o) - @ VIRAHTI® m

and on account of (4.10) and condition (V) the right-hand side tends to 0, verify-
ing (4.12) and hence (4.11).

Since by (4.14) and (4.9) the denominator in (4.11) tends to 0 we have shown the
first assertion in Theorem 4.1.

It remains to prove that, under the strengthened assumption that the sequence
of subdivisions is 7-balanced we may substitute

pat > 8TTIX () — X ()|
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for
(4.15) &R - (-0
in (4.11). Noting that

Do 8TIQ 1)~ Q1) = 0835
and

S OET|X () = X ()| = e D 62TIQ (1) — Q7 (t)|
=Y 6705 (w7 — pizr)

we must, in other words, prove that Y7 677 (Ju;|[*" — pa,) is of smaller order of mag-
nitude than )7 62¢%|u;[*", in probability as [A| — 0. For this it is enough to show
that the standard deviation of the former sum is of smaller order than the mean of
the latter sum. The ratio of these two quantities is

NRIL

2 r )
H2r 26j¢j

where for the second ratio we have

\/263%? < (max 6;)3/2 \/Z(Sﬂ'(b?r

The second ratio on the right-hand side of this inequality is bounded, by a previous
argument, and the first ratio tends to 0 on account of the %—balancedness assumption.

Ezxample 4.1. 1If the sequence of subdivisions A is balanced and if H is of locally
bounded variation, then condition (4.2) is satisfied. The latter requirement is met in
particular by the superpositions of Ornstein—Uhlenbeck type processes used as models

for H in [6], [5]; cf. also [2] and [4].

5. Power variation and time-changed Brownian motion. Our focus in
this section is on time-changed Brownian motion; that is, we are considering local
martingales of the form

(5.1) X=BoT

and we aim to extend (1.3) to this setting, moreover, allowing the subdivisions A to
be nonequidistant.

Processes of the form X = H e W, where H is cadlag, fall within this group. In
fact, supposing that

H*(t) = /0 H?*(s)ds — oo

as t — oo we have, by the Dambis-Dubins—Schwarz theorem,? that the process X =
H o W can be re-expressed a.s. as B o T, where T = H?* = Q* and the Brownian

2The extension of this theorem to the case, where instead of the Brownian motions W and B one
considers stable processes, is discussed in the recent paper [21], the results of which are summarized
in section 6.
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motion B is defined from X by B = X o <T, where T denotes the inverse of the
time change of T. (Of course, T and T are themselves determined by X since
T = H* = [X], the quadratic variation of X.)

We assume that the time change T is continuous and strictly increasing. As
before, A stands for a subdivision 0 =ty < t; < -+ < t,, = t of [0,¢] (with ¢ and n
suppressed in some of the notation), and the limit statements refer to a single, but
arbitrary, sequence of subdivisions A with |A| — 0. Further, we assume that T is
independent of B, and therefore we may argue conditionally on 7. Otherwise put, we
may consider T' to be deterministic.

Letting
Taj =T(t;) = T(tj-1)
we have
M
r r law r/2 r
XAl = pur [Ta]02 Y TR (| = ),
j=1
where wuq,...,u, are independent copies of a standard normal variate u (and, as

before, p, = E{|u|"}). Consequently,

[XA][T] — MT[TA]WZ] law
= YA,
’UT[TA][T]

where ya = ya1 + - + yan and ya; = ca;Ta; with

r/2
TA;

CA; = ——2
Aj [TA}[T]

aw

and za; o (Ju|" — pr)/y/vr. By Corollary 3.1 we obtain the following theorem.
THEOREM 5.1. Suppose that

/2

max; T\
(5.2) A7
[TA]["]

as |A| — 0. Then

(XAl — i, [TA]"72) e
=

(5.3) PTG

N(0,1).

Ezample 5.1. Suppose r = 1. Then [Ta]I"l = T'(t) and, since T is uniformly con-
tinuous on [0, ¢], condition (5.2) holds. More generally, since, by Jensen’s inequality,
([TA]"YY/7 is decreasing in 7, we have for r < 1 that

[Ta)l) 2 T(t)"72,

and hence (5.2) is, in fact, valid for all 0 < r < 1.
Note that, writing TA = max; Ta; we have

r -y —1/2
= (2(2))"
[TA]l] Ta '
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Ezample 5.2.  Suppose T(s) = s¥ for some ¢ € (0,1) and, for simplicity, take
t = 1. Taking A to be the equidistant subdivision determined by ¢; = j/n we have
Th =n~% and

Z(TA;) Z{] G—1) }

where for large j
(7 = G =1)%)" ~rg =,

Consequently, if (1 —¢)r > 1, condition (5.2) is not satisfied. In particular, this is
the case if r = 2 and ¢ < %
Example 5.3. In case T = Q*, where

s) = /0S Q(u) du

for some positive Riemann integrable function @ on [0, t], we have
Q g AngAj g Q,

where @ and Q are, respectively, the infimum and the supremum of @ over [0,1].
Suppose further that @ is bounded away from 0, i.e., @ > 0.

Then we have
max; TA) 1 (maxe;\7* @\
V[Ta]lr) = /n \ miné; Q

and it follows that condition (5.2) is satisfied and Theorem 5.1 applies if max 6,/ min 6;
is bounded above, as is the case in particular if the subdivision A is equidistant.

Now suppose that [Ta]"/? converges as |A| — 0, with limit [T)["/?] irrespectively
of which sequence of subdivisions is considered. It is then of interest to consider
conditions under which

XA][T-] — [T /2] |

(5.4) [

— N(0,1).
Uy [TA][T]
Clearly this will be the case provided
[r/2] _ 7)lr/2]
(Ta]/2 — (T)erd

N

as |A| — 0. In particular, for r = 2 we have simply [Ta]"/?l = [T]l"/2] and therefore
the following corollary to Theorem 5.1.
COROLLARY 5.1. If

max; TA]'
[TA]l2]
as |A] — 0, then

[XalP(t) — T(t) 1aw,
2TA®

N(0,1).
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6. Power variation and time-changed stable processes. We now question
the degree to which the results discussed above for time-changed Brownian motion
can be extended to the class of a-stable processes. For simplicity we restrict our
attention to the case where X is of the form X = H e Z for some symmetric a-stable
Lévy process Z, and we consider only equidistant subdivisions.

We first recall some known facts about symmetric a-stable processes. Let Z be
the symmetric a-stable process with 0 < a < 2 and cumulant function

(6.1) C{¢1Z(t)} =logEe“?®) = —t|¢|~.

This process is representable by subordination as

where S is the positive a/2-stable subordinator with cumulant function
K{01S(t)} =logEe ) = —t(20)~/2.
When r < «, which is needed for the moments to exist, we will write
poor = B{|Z()]"} = i B{S(1)"/?}.

Furthermore, if H is a predictable process such that for all ¢ > 0 f(f |H|¢ds < o0
and, as t — oo, fot |H|*ds — oo, then

(6.2) HeZ=7Zo|H|*,

where Z is a symmetric a-stable process and (in the previously established notation)

t
H[ = / H? ds.
0

Remark. In the case where H is nonnegative the same conclusion holds for ar-
bitrary, i.e., not necessarily symmetric, a-stable processes Z. For a proof and the
history of these result, see [21]. These authors also show that, in essence, the results
cannot be extended to more general Lévy processes.

Henceforth, let H(t) be a nonnegative and locally Riemann integrable function
on [0,00) and assume that

/t H(s)dZ(s) < o0
0

for all t > 0. Then X = H e Z is a well-defined process. In line with the previous
discussion, we assume that H and Z are independent, and we write

X;=X(j6) - X((j—1)6) and Z; = Z(j8) — Z((j — 1)§).

As an initial consideration we look at the asymptotic behavior of unnormalized
power variations and let H = 1; i.e., we consider the simplest case, X = Z. Recall
first that the sup-variation [Z]I"}(¢) is finite or infinite according to whether r > «
or r < « (cf. [16], [25]).
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The law of | X;| is the same as the law of §'/%|Z(1)|, and thus
M
[Xa] (1) & 87/ Y7 |2
=1

The random variables |Z;| belong to the domain of normal attraction of a stable
law with index «. Hence, on account of [15, section XVIL.6], we have the following
limit properties, where for simplicity we are letting r = 1:

o If 1 < a < 2, then, for a certain a-stable law S,

[Xo)U(t) = 672 gy 2 S
o If 0 < a < 1, then, for a certain positive a-stable law S,
(X)) * S
e If o =1, then, for a certain 1-stable law Sy,
[X5)01(t) — bs = i,

where

bs = /Oo sin(éz) dP{|Z(1)| < z}.

In all three cases, 8'/2[X;]M(¢) £, 0. Note that the above limit laws are more
complicated than the mixed Gaussian limit laws obtained in sections 3 and 5.
Next, for general H we have, by (6.1) and (6.2),

X, '™ (/(j5 H(s) ds)l/azu)

j-1)6
so that
law 36 /e
(6.3 e ([0 mas)
(G-1)6
where vy,...,vp are i.i.d. with the same distribution as Z(1). Equivalently, by the

subordination property, we have

r law 38 a /e r/2 r
1 X;|" = : H*(s)ds ) q;" " |u|",

j—1)6
where the q1,...,qp are i.i.d., with the same law as S(1) and are independent of
U, ... ,up which are i.i.d. standard normal.

In view of these representations of | X;|" it would be rather simple to give a com-
plete description of the various possible limiting behaviors of realized power variation
as 6 — 0. Here we shall discuss only some particular cases.

For » = 2 we have that realized quadratic variation is such that

n 76 2/«
[X5]<t>@{zuj|“ / H%s)ds} S().

j=1 -1
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The term in braces satisfies, conditionally on H, as § | 0
M 6 P
Slusl [ B ds B (1),
i=1 (G-1)6

This follows from Corollary 3.3. Consequently, for the quadratic variation we have
* law ax 2/
(6.4) [X*](t) = {aH (#)} 7 S(1).

Much simpler and statistically more powerful results are available if we use real-
ized power variation instead of realized quadratic variation.

Recall E|Z(1)|7 exists if (and only if) v < a. Thus the moments of |Z(1)|" exist
up to, but not including, order «/r. Hence, still given H, if r < a and 1 < a < 2,
then

(6.5) S X () s o, H(2)

(where pio,r = E{|Z(1)|"}). This may be verified by means of Corollary 3.2. In
fact, the assumptions made on H imply that it suffices to prove the statement in
the case H = 1. Then, in the notation of Corollary 3.2, ¢, = n~', and the condi-
tions (3.5)—(3.8) are easily checked using the well-known tail behavior of the a-stable
laws. (The result (6.5) provides a simple generalization of the use of quadratic varia-
tion for Brownian motion—based stochastic volatility models, for then r = 2 and

1X5)2 () 2 H> (1)

exactly.)
In case r < /2 we have the stronger result that

61—7"/04 —l1x [r]t — H™ (¢t
(66) /’La,r[ 5] ( ) ( ) la_w>]\/v(071)7

§51/2 ME,era,rHQT* (t)

where vy, = D{|2(1)|"}. This result holds both conditionally and unconditionally.
This is a consequence of Corollary 3.1.

Of course in practice the above limit theory has an unknown denominator H2"*(t)
and so could not be used even if we were to know «. However, in theory we could
replace H?"*(t) by the consistent estimator

61727“/04”;7127“ [X6] [27] (t) )

7. Related work. There are in the literature a considerable number of impor-
tant results on power variations of semimartingales generally, and Lévy processes in
particular, that are related but not directly relevant to what we have discussed above.
To complete the picture the following points contain a brief guide to those results.

Power variation and Lévy processes. A number of authors have investigated
the relation between the Lévy measure v of a Lévy process L and existence of sup-
variations of the process.

The Blumenthal-Getoor index of a Lévy process is defined by

B = inf {r > 0: / |z|"v(dz) < oo}.
[71’1]
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If B < r, then pathwise (see [22], [18])

[Lal"(8) — Y |AL(s)]" < o0,

0<s<t

whereas in general [Ls][")(t) — oo when r < 3.

Furthermore (see [27, Theorem 21.9]), with r = 1 we have [L]l! < oo or = o0
according to whether 3 <1 or 1 < (< 2).

Some extensions to additive processes are considered in [29].

Power variation and semimartingales. Let X be a semimartingale. Lé-
pingle [22] considered sup-variations of semimartingales generally and showed that
[X]I7)(t) < oo for every r > 2, while for 1 < r < 2 we have

(X)) — D |AX(s)

0<s<t

T
)

provided (X); = 0 and

Z ‘AX(S)|T < 0.

0<s<t

Sup-r-variation and integration. We briefly recall the role of sup-variation
in the theory of integration.

Young [30] extended the Stieltjes integral to allow for integration in cases where
the integrand and/or the integrator may be of unbounded variation. Dudley and Nor-
vaisa [11], [13] extended the concept further, and Mikosch and Norvaisa [25] applied
the theory to give path-by-path solutions to many basic stochastic integral equations.
The main condition for the existence of such solutions is that 0 < r < 2.

An annotated bibliography on power variation is available in [14]. See also [12].
We also refer to the related work of Lyons on rough paths; see [24] and [10] and
references given there.
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