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We study spectral statistics in spatially extended chaotic quantum many-body systems, using
simple lattice Floquet models without time-reversal symmetry. Computing the spectral form factor
K(t) analytically and numerically, we show that it follows random matrix theory (RMT) at times
longer than a many-body Thouless time, tTh. We obtain a striking dependence of tTh on the spatial
dimension d and size of the system. For d > 1, tTh is finite in the thermodynamic limit and set
by the inter-site coupling strength. By contrast, in one dimension tTh diverges with system size,
and for large systems there is a wide window in which spectral correlations are not of RMT form.
Lastly, our Floquet model exhibits a many-body localization transition and we discuss the behavior
of the spectral form factor in the localized phase.

A central theme in our understanding of highly ex-
cited states in complex quantum systems is that spectral
properties are best discussed in statistical terms. First
formulated in the framework of nuclear physics, this has
led to the development of random matrix theory, in which
one renounces knowledge of the Hamiltonian for a specific
system and instead studies a statistical ensemble that is
constrained only by symmetries [1, 2].

Random matrix theory (RMT) has proved to be of im-
pressively wide applicability. It gives a precise descrip-
tion of many aspects of the quantum mechanics of low-
dimensional chaotic systems [3], of mesoscopic disordered
conductors [4], and of non-integrable many-body lattice
models on the energy scale of the level spacing [5].

Spatially extended systems with local Hamiltonians of-
fer a context in which it is natural that there should be
limits on the applicability of RMT, since the combina-
tion of spatial structure and locality implies a preferred
basis in Hilbert space, which is explicitly excluded from
the theory. This is well understood for single-particle
models of mesoscopic conductors in the diffusive regime.
Here, characteristic scales are set by the Thouless time
tTh, the time taken for a particle to explore the accessible
phase space, and its energy counterpart ETh ≡ ~/tTh [6].
With diffusion constant D and linear size L, the time
for a particle to cross such a system is L2/D, so that
ETh = ~D/L2. An energy window of width ETh contains
many levels in a large system with dimension d > 2, since
the spacing between energy levels varies as L−d. Spec-
tral statistics follow RMT on scales much smaller than
ETh, but have a different (although also universal) form
on scales much larger than ETh [7].

Our aim in this paper is to examine how spectral statis-
tics are influenced by spatial dimension and system size
in chaotic many-body systems with interactions that are
local in space. We treat Floquet systems, both because
they are convenient for our approach and because their
lack of locally conserved densities is expected to result
in particularly simple dynamics [8, 9]. In the spirit of
RMT, we study models drawn from an ensemble and
compute their average properties. We treat systems with-

FIG. 1: Diagrammatic representation of the Floquet
operator, where W1 contains unitary 1-gates, and W2

contains diagonal 2-gates with random phases.

out time-reversal symmetry. Important complementary
results have been obtained recently for time-reversal sym-
metric systems within the framework of periodic orbit
theory [10], while previous numerical work [11] on the
ergodic phase in weakly disordered spin chains has iden-
tified a Thouless time growing with system size.

The focus of our discussion is the behaviour of the
spectral form factor associated with the Floquet oper-
ator W , which generates time evolution over one cycle
for a periodically driven quantum system. Denoting the
eigenvalues of W by {θn}, the spectral form factor is de-
fined for integer t by

K(t) =
∑
m,n

〈eit(θm−θn)〉 , (1)

where 〈. . .〉 indicates the ensemble average. For a system
without spatial structure or time-reversal symmetry, W
is modelled within RMT by a unitary N × N matrix
drawn from the Haar distribution. In this case [2]

K(t) = N2δt,0 +

{
|t| 0 < |t| ≤ N
N N ≤ |t| (2)

The linear variation of K(t) with t for 0 < t ≤ N is a
consequence of spectral rigidity, and the saturation time
t = N is set by the inverse level spacing.

We define the Thouless time to be the time-scale be-
yond which K(t) has RMT form. Consider a many-body
system consisting of Ld chaotic grains with Hilbert space
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dimension q for each grain. If the grains are uncoupled

one has K(t) = tL
d

for 0 < t ≤ q. If the grains are weakly
coupled it is natural to expect that the coupling is effec-
tive only at long times, so that K(t)� t for 0 < t� tTh

and K(t) = t for tTh � t ≤ qL
d

. In the following we
define a simple model of this kind, show that it exhibits
just this behaviour, and determine the dependence of tTh

on dimension and system size. We use analytical calcula-
tions for large q and general d, and numerical simulations
for small q and d = 1. We also present qualitative argu-
ments in support of the idea that our main results are
generic.

The model we study consists of q-state ‘spins’ arranged
with nearest-neighbour coupling on a d-dimensional lat-
tice. To be specific, we describe it first for d = 1 and
L sites. We use site labels n = 1 . . . L and orbital la-
bels an = 1 . . . q on the nth site. The qL × qL Flo-
quet operator W = W2 ·W1 is a product of two factors.
W1 = U1 ⊗ U2 ⊗ . . . UL generates independent rotations
at each site n, with q × q unitary matrices Un chosen
randomly and independently from the Haar distribution.
W2 couples neighbouring sites and is diagonal in the ba-
sis of site orbitals (Fig. 1). The phase of the diagonal
elements is a sum of terms depending on the quantum
states of adjacent sites, so that

[W2]a1,...aL;a1,...aL = exp

(
i
∑
n

ϕan,an+1

)
. (3)

We take each ϕan,an+1 to be an independent Gaussian
random variable with mean zero and variance ε. To con-
struct a similar model in higher dimensions we use sites
r on a hypercubic lattice and take independent contribu-
tions ϕar,a′r to the phase of W2 from each neighbouring
pair of sites, r and r′.

The model is distinguished from a related model that
we have investigated elsewhere [12] in having two sep-
arate parameters: q and ε. This brings the advantage
for analytical work that one can use large q to control
calculations, but retain variable coupling between sites
[13]. Sites are independent for ε = 0 and are maximally
coupled for ε � 1. It is natural to expect two phases: a
many-body localised (MBL) phase [14–17] for ε < εc(q)
and an ergodic phase [18] for ε > εc(q). We are con-
cerned here with behaviour in the ergodic phase; we be-
lieve (see below) that in one dimension: (i) εc(q)→ 0 as
q →∞, (ii) the model is MBL for all ε at q = 2, and (iii)
εc(3) ≈ 0.25. In numerical studies of the ergodic phase
we use q = 3 and ε = 1.

The spectral form factor is related to the Floquet op-
erator via

K(t) = 〈[TrW (t)][TrW †(t)]〉 , (4)

where we use W (t) to denote the t-th power of W .
It is possible to evaluate K(t) exactly for fixed t and

ε in the limit q → ∞, via a mapping to a Potts model

that we describe shortly. In one dimension (with periodic
boundary conditions) we find

K(t) = (t− 1)(1− e−εt)L + [1 + (t− 1)e−εt]L . (5)

This form can be simplified in the regime of most interest,
t� 1 and L� 1, giving

K(t) ∼
{
tL/ξ(t) t� tTh

t t� tTh ,
(6)

with

ξ(t) =
ln t

ln[1 + (t− 1)e−εt]
∼ ln t

t
eεt (7)

(where the asymptotic form is for eεt � t) and

tTh =
lnL

ε
. (8)

The behaviour of K(t) at times t � tTh has a clear in-
terpretation: the spectral fluctuations are the same as
if the system consisted of L/ξ(t) uncoupled pieces. The
size ξ(t) of each piece diverges very rapidly with t, and
the Thouless time tTh is the time at which ξ(t) reaches
the system size L.

In higher dimensions d > 1, we obtain for t � 1 and
ε� 1 (but εt arbitrary)

K(t) =

{
(te−dεt)L

d

t ≤ tTh

t t ≥ tTh
(9)

where the Thouless time is the larger of the two solutions
to tThe

−dεtTh = 1. Hence for d > 1 there is a fixed value
for tTh, which is independent of system size and is large
if the inter-site coupling ε is small.

Eqns. (6–9) constitute the main analytical results of
this paper. Before outlining their derivation, we present
computational studies probing behaviour at small q. Our
numerical methods are outlined and further results are
given in supplemental material [19].

The behaviour of K(t) is shown in Fig. 2 for q = 3,
ε = 1 [20]. The inset gives an overview of how K(t) ap-
proximates the RMT form given in Eq. (2). Departures
from this are largest at early times and grow with in-
creasing system size, as illustrated in the main panel of
Fig. 2. To interpret these deviations, we adapt Eq. (7)
to finite system size and express spectral fluctuations in
terms of the length scale ξL(t) = (L ln t)/ lnK(t). As we
demonstrate in Fig. 3, ξL(t) appears to be independent
of L at times sufficiently short that ξL(t)� L. It grows
rapidly with increasing t and saturates at ξL(t) = L for
t large (but less than qL). The timescale for saturation
is the Thouless time; it increases rapidly with L over
the available range of system sizes. We believe these
numerical results provide a good indication that quali-
tative behaviour throughout the ergodic phase in d = 1
is similar to what we have obtained analytically at large
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FIG. 2: K(t) at small t, showing deviations from RMT
form that grow with L. Data for L = 4, 6, 8 and 10
(from bottom to top). Inset: K(t) vs t for L = 6.

0 20 40 60 80 100 120 140

t

0

2

4

6

8

10

12

ξ(
K

(t
))

0 5 10 15
0

2

4

FIG. 3: ξL(t) vs t. Main panel: L = 4, 6, 8 and 10
(from bottom to top). Inset: L = 10 (red) and L = 100

(purple) at short times.

q, although (as we discuss below) the specific functional
form of ξL(t) in Fig. 3 appears not to be very close to
that in Eq. (7).

We close with a discussion of the phase diagram of the
model as a function of ε for q = 2 and 3. We use the
well-established diagnostic computed from the ratio of
eigenphase spacings: let θn−1, θn and θn+1 be three suc-
cessive eigenphases, and define r = min{θn−θn−1, θn+1−
θn}/max{θn − θn−1, θn+1 − θn} [21]. Then 〈r〉 takes dif-
ferent characteristic values in the two phases. In Fig. 4,
we provide clear numerical evidence for a critical point
at εc(q = 3) ≈ 0.25. For q = 2, behaviour of K(t) and
〈r〉 indicate that there is only an MBL phase [19].

The behaviour of K(t) is quite different in the MBL
phase. Whereas in the ergodic phase K(t) reaches its
limiting value of qL at a time t = qL set by the inverse
level spacing, in the MBL phase K(t) approaches qL at
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FIG. 4: Identification of MBL and ergodic phases: 〈r〉
vs ε for q = 3 with system sizes L = 4, 5, 6, 7. Upper

and lower horizontal lines indicate the values expected
in an ergodic [22] and an MBL phase [21], respectively.

a time that remains finite as L→∞ [19].
We now turn to the derivation of our analytic re-

sults, Eqns. (6–9), which are based on an evaluation of
〈[TrW (t)][TrW †(t)]〉 at large q.

Consider first the average on W1, and in particular,
the Haar unitary Un at site n. The factors involved have
the form

〈[Un]a(1),a(2)[Un]a(2),a(3) . . . [Un]a(t),a(1)×
×[Un]∗b(1),b(2)[Un]∗b(2),b(3) . . . [Un]∗b(t),b(1)〉 .

(10)

The leading contributions to this average are the ones
in which the indices b(1), b(2) . . . b(t) are a cyclic per-
mutation of the indices a(1), a(2) . . . a(t) [23–25]. Their
average at leading order is q−t; corrections and other
contributions are smaller by inverse powers of q. In the
large-q limit we hence need to consider only these cyclic
permutations, which can be specified by the relative shift
s, with a(r) = b(r+s) for r = 1, 2 . . . t, where r and r+s
are counted mod t. Summing over values for {a(r)} at
fixed s generates a factor of qt, cancelling the factor of q−t

from the average. The shift takes the values s = 1, 2 . . . t
and serves to label at each site the dominant contribu-
tions that remain after averaging on W1.

Next consider the average on W2, and specifically the
contributions to the phase in (3) arising from a particular
pair of neighbouring sites, n and n′, for the leading terms
that are selected via the average on W1. Denoting indices
on Un by a(r) and those on Un′ by a′(r), and the shifts
by s and s′, this phase contribution is

Φn,n′ =

t∑
r=1

(ϕa(r),a′(r) − ϕa(r+s),a′(r+s′)) . (11)

For s = s′, terms cancel in pairs and Φn,n′ vanishes.
Conversely, for s 6= s′ at large q and fixed t, all except
a fraction O(q−1) of the possible assignments for {a(r)}
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and {a′(r)} leave 2t independent terms in Φn,n′ . As a
result, 〈eiΦn,n′ 〉 has the value 1 if s = s′, and e−εt if
s 6= s′.

Combining these results, we see that K(t) at large q
is given exactly by the partition function of a classical t-
state ferromagnetic Potts model, on the same lattice as in
the original many-body quantum system. This partition
function is a sum over configurations in which the shifts
at each site independently take one of t possible states,
with factors in the ‘Boltzmann weight’ from each coupled
pair of sites that are 1 or e−εt, according to whether the
sites of the pair are in the same or different states.

In d = 1 it is straightforward to evaluate the partition
function using a transfer matrix, yielding Eq. (5). For
d > 1, we note that the main interest is in behaviour
at t� 1 and that the t-state ferromagnetic Potts model
in d > 1 has an ordering transition that is strongly dis-
continuous at large t [26]. In the disordered phase (e−εt

close to 1) the state of each site fluctuates almost inde-
pendently of its neighbours, while in the ordered phase
nearly all sites occupy the same state. The two phases
give the two contributions to Eq. (9).

An important question is whether this large-q be-
haviour describes more broadly ergodic many-body Flo-
quet systems without time-reversal symmetry. We be-
lieve that our solution in fact suggests an appealing and
potentially general picture, as follows. Note first that
an expansion of [TrW (t)][TrW †(t)] can be expressed for
general W as a sum over terms arising from the product
of two t-step orbits in the space of many-body states, one
from expansion of TrW (t) and the other from TrW †(t).
Contributions in which one orbit is a cyclic permutation
of the other are always real and positive, while other con-
tributions may have any phase. It is therefore natural to
anticipate that orbits paired in this way will dominate
under many circumstances. Just as with periodic orbit
theory for the quantisation of low-dimensional chaotic
systems [27], or diffusons in mesoscopic conductors [28],
we expect these paired orbits to give the RMT form for
K(t) at t < N .

In a spatially extended system, a clear alternative to
a global pairing of orbits is that orbits are locally paired
in this way, but with a cyclic permutation that varies
between regions separated by domain walls. The simpli-
fying features of our model at large q make this picture
exact and restrict domain walls to run only in the time
direction. A more general treatment should include lo-
cal disruptions to the pairing, and domain walls with
locations that fluctuate in both space and time. Equiva-
lence to a t-state Potts model may survive if these addi-
tional fluctuations are not qualitatively important, and
provided the statistical cost of domain walls remains pro-
portional to their d− 1 dimensional area.

Domain walls between pairings, similar to the ones we
discuss here, have been proposed previously in discus-
sions of entanglement spreading in random unitary cir-

cuits [29–31], and an equivalent construction emerged in
our study of entanglement in Floquet systems [12].

While the spirit of our approach and aspects of our
results have much in common with a recent evaluation
[10] of K(t) for a Floquet spin chain using periodic orbit
theory, there are also important differences. In particu-
lar, the significance of locality and dimensionality, and
the notion of domain walls separating different pairings
of cycles seem specific to the present work. The logarith-
mic scaling of the Thouless time obtained in [10] appear
via a different mechanism, which in outline is as follows.
Periodic orbit theory yields K(t) = (2t/β)

∑
a Paa(t) for

0 < t � N , where β = 1 or 2 in systems with or with-
out time-reversal symmetry. Here Pab(t) is the proba-
bility within the diagonal approximation for propagation
in t time steps between states a and b from the many-
body Hilbert space. It is given by Pab(n) = [Tn]ab with
Tab = |Wab|2. Let the eigenvalues of T be λ1, λ2 . . ., with
|λ1| ≥ |λ2| ≥ . . .. Unitarity of W ensures that λ1 = 1.
RMT behaviour follows if λ2 = 0, and the corrections of
[10] arise because the subleading eigenvalues of T are not
zero. In our model λ2 ∼ O(q−1) and so corrections of
this type are absent for q → ∞. We note that correc-
tions to RMT similar to those of Ref. [10] have recently
been found in the SYK and other models [32]; we think
it is likely that they arise by the same mechanism as in
[10], which (in contrast to ours at large q) is dimension-
independent.

By contrast, many-body systems with a locally con-
served density that relaxes diffusively with diffusion con-
stant D are expected [32, 33] to have tTh ∼ L2/D,
as in the singe-particle case. We expect ergodic time-
independent Hamiltonians to belong to this category, in
consequence of their conserved energy density.

The exponential divergence of ξ(t) with t at large q is
apparently more rapid than the growth shown for q = 3
in Fig. 3. We expect at finite q that rare weak links
in a disordered one-dimensional system [34] change the
growth of ξ(t) at long times from exponential to power-
law. A weak link arises in our model between sites n and
n + 1 if the coupling phase ϕan,an+1

has approximately
the separable form: ϕan,an+1

= ϕ̃an + ϕ̃an+1
+O(δ). This

condition imposes (q − 1)2 constraints on the entries of
ϕan,an+1 . It is therefore satisfied in the ensemble to an

accuracy δ � 1 with probability ∝ δ(q−1)2 . We expect
the value of δ2 will play a similar role to that of ε in
Eq. (5), so that links of strength δ are ineffective until

a time t ∼ δ−2, implying ξ(t) . t(q−1)2/2 for large t.
This upper bound is compatible with our analytical re-
sults, since the exponent diverges for q →∞. The bound
appears to rise faster with t than our data at q = 3, in-
dicating either large finite-size effects or the existence of
another, more effective, mechanism for the formation of
weak links.

A number of important points remain open. First, it
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is unclear how or whether our definition of a Thouless
energy in terms of the spectral form factor is related to
alternative definitions involving properties of matrix ele-
ments [18, 35–37]. More broadly, it will be valuable if the
description of many-body quantum dynamics in terms of
paired orbits can be developed further.

We thank Adam Nahum for extensive discussions.
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Supplementary Material
Spectral statistics in spatially extended chaotic quantum many-body systems

In this supplementary material we provide additional details about:

• Numerical methods employed in the calculation of K(t) and ξ(t).

• Numerical results for K(t) and ξ(t) in a Floquet model that has an ergodic phase at q = 2. This model was
studied analytically at large q in [12]. At q = 2 it gives access to the ergodic phase for larger system sizes than
the principal model we consider, which has only an MBL phase at q = 2.

• Numerical results for K(t) and 〈r〉 for the many-body localized phase at q = 2.

Numerical methods

Our numerical results for q = 3 are obtained with three complementary methods. We use (i) exact diagonalisation
(ED) of W to obtain K(t) at all t for L ≤ 6. Since it is faster to act with the quantum circuit on a vector than it is to
do ED, there are alternatives that can treat larger systems. We use: (ii) Monte Carlo (MC) to compute TrW (t) by
evaluating 〈u|W (t)|u〉 for randomly chosen vectors |u〉, giving access to L ≤ 10 at times of most interest (|t| ≤ 500);
and (iii) a transfer matrix (TM) acting in the space direction, giving access to very large systems (L ≤ 100) but only
for short times (|t| ≤ 14). With each method we average over a large number N of realisations: N ∼ 105 for ED;
N ∼ 106 for MC; N ∼ 103 for TM.

Our numerical results for q = 2 are obtained using ED with N ∼ 105.

Spectral form factor for an alternative Floquet model for chaotic quantum many-body systems

Here we present numerical results for K(t) and ξ(t) in a Floquet model that was studied analytically at large q in
[12]. This model is defined as a Floquet random unitary quantum circuit acting on q-state ‘spins’ on a 1-dimensional
lattice with an even number of sites L. The qL × qL Floquet operator W = W2 ·W1 is a product of two factors,
W1 = U1,2 ⊗ U3,4 ⊗ . . . UL−1,L and W2 = 1q ⊗ U2,3 ⊗ U4,5 ⊗ . . . 1q. Each Ui,i+1 is a q2 × q2 unitary matrix acting on
the Hilbert space of the spins at sites i and i+ 1. The matrices Ui,i+1 are chosen randomly and independently from
the Haar distribution, and 1q denotes q × q unit matrix.

We use ED to calculate K(t) and ξL(t) = log(t)/(L logK(t)) for q = 2 and 4 ≤ L ≤ 14, taking N ∼ 103. The data
for K(t) (Fig. S1) show a clear deviation from the RMT behaviour for early time. The behaviour of ξ(t) in this model
(Fig. S2) is similar to that for the model discussed in the main text.
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FIG. S1: K(t) at small t, showing deviations from RMT form that grow with L. Data for L = 4, 6, . . . , 14 (from
bottom to top).
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FIG. S2: ξL(t) vs t for L = 4, 6, . . . , 14 (from bottom to top).

Numerical results for K(t) and 〈r〉 for the many-body localized phase at q = 2

Using ED with N ∼ 105 realizations, we compute K(t) and 〈r〉 in Fig. S3. Both K(t) and 〈r〉 show a clear deviation
from expected RMT forms and suggest that there is only an MBL phase (see the main text for discussion).
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FIG. S3: On the left, K(t) vs t in the MBL phase for q = 2 and ε = 1 for L = 8 and 10. On the right, 〈r〉 vs ε for
q = 2; L = 4, 6, 8 and 10, from top to bottom.
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