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1 Introduction

General Relativity (GR) has been widely successful in explaining and predicting many
gravitational phenomena. It has so far passed several precise observational tests [1] ranging
from table-top experiments [2], our solar system [3] and other astrophysical systems [4], to
the detection of gravitational waves from mergers of compact objects [5]. Nevertheless, there
are reasons for us to consider extensions to GR [6]. The most well-motivated extension is
that of added higher curvature terms which come as quantum corrections to GR [7–9] and
treated in the language of effective field theory. Another possibility which has been in vogue
in the last twenty years or so, is to extend GR with new gravitational degrees of freedom
playing the role of dark energy, in an attempt to alleviate some of the issues associated with
the cosmological constant [6, 10, 11]. The less investigated case, which is more the concern of
this article, is to do with the missing mass commonly attributed to dark matter.
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GR is the cornerstone of our current cosmological model — the cold dark matter model
with a cosmological constant (ΛCDM). These two ingredients are necessary, within GR, to
explain the observed mismatch between the observed dynamics of luminous matter and its
gravitational influence. Of these, dark matter is commonly believed to be in the form of
particles which are not part of the standard model of particle physics, however, such particles
have so far been elusive to particle searches. As such, the possibility that an extension of GR
may explain this mismatch without the presence of dark matter, remains open.

Perhaps the most widely investigated scenario is that of Modified Newtonian Dynamics
(MOND) [12–14] which was prescribed as a phenomenological model introducing an accelera-
tion scale a0 = 1.2 ·10−10m/s2 under which the law of Newtonian gravity is altered; see [15] for
a review. MOND was quickly cast as an extension of Newtonian gravity [16] which was also
shown to emerge in the weak-field limit of a scalar-tensor extension of GR in the same work.
That early model was shown to be incompatible with observations of gravitational lensing
from bounded baryonic structures and the extensions that followed [17] did not improve on
this. The use of a scalar-field based disformal relation between two metrics was proposed [18]
but without overcoming the problem with gravitational lensing [19]. The latter was resolved
by Sanders using a unit-timelike vector field in the disformal relation [20] and the resulting
model was later developed by Bekenstein into a covariant theory, the Tensor-Vector-Scalar
(TeVeS) theory [21]. The formulation of TeVeS initiated a stronger interest in the possibility
of extensions of GR as alternatives to the particle dark matter hypothesis, as it became
possible to study other phenomena resulting from such extensions, particularly cosmol-
ogy [22–24], black holes [25–27], neutron stars [28], solar system tests [29, 30], Hamiltonian
analysis [31], and gravitational waves [30, 32, 33]. Further extensions or generalizations of
TeVeS followed [34–37], as well as other GR extensions not related to TeVeS but with similar
purpose [38–52]. See [53] for an early review of field-theoretical formulations of MOND.1

The usual obstacle that GR extensions have to face is to reproduce the success of
large scale cosmology and ΛCDM phenomenology in the absence of a dark matter particle.
Moreover, extending GR with the introduction of new gravitational degrees of freedom quite
often leads to a propagation speed for the tensor-mode gravitational wave different than the
speed of light. However, this has been severely constrained [61–63]. In cases where classic
cosmological observables have been computed — the matter power spectrum and the cosmic
microwave background angular power spectra — none of the above theories have been shown
to fit all of the cosmological data while preserving MOND phenomenology in galaxies. The
first model where this was shown to be possible, using the same fields both for cosmology
and for MOND, is the Aether Scalar Tensor theory (AeST) [64].

The AeST theory uses the same fields as the old TeVeS proposal, the metric, a scalar and
a unit-timelike vector field, however, it removes the necessity of a disformal transformation
in its formulation. It was conceived to lead to MOND phenomenology in its weak field
limit and correct gravitational lensing as in TeVeS theory. However, unlike TeVeS, it can
fit the large scale cosmological spectra similarly as ΛCDM, while the tensor modes of the

1We note that extended dark matter models [54–59] have also been proposed to accommodate for MOND
behaviour, keeping GR as the description of gravity. The possibility of a bi-metric theory (and thus GR
extension) with dark matter, as a way of leading to MOND behaviour was also investigated [60].
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theory propagate at the speed of light. Several articles study this theory in a variety of
observational or theoretical setups [65–78].

An important feature of every viable theory is the presence of black hole solutions, or at
least compact objects, near those described by GR, as there is strong observational evidence
for their existence [5, 79]. These objects and their departures from pure GR can serve as an
important probe for distinguishing the presence of additional fields and various extensions of
GR [80]. These departures can be both in the geometry of such objects and in the presence
of hair [81], meaning the presence of stable additional fields with non-trivial information
content. Hair is further classified into primary and secondary, where primary add a new
charge characterizing the solutions, whereas secondary do not. Some theories can contain
stealth black holes - black holes whose geometries are solutions to the vacuum Einstein
equations - but for which the additional fields have non-trivial solutions (hair) [82]. The
exact definition slightly varies in the literature and we choose a more liberal approach2 of
defining stealth black holes as BHs with geometries of solutions to GR coupled with standard
matter fields as in [86]. This makes stealth BHs geometrically indistinguishable from GR
black holes, and one must consider other signatures such as quasinormal modes [87] and
other perturbative signatures [88], or thermodynamics [89, 90] as relevant distinguishing
probes. Stealth black holes have been found in theories with similar components as AeST
- shift-symmetric scalar fields [91–93] and vector-tensor theories [86, 94, 95].

Compact spherically symmetric objects have been studied in the context of the old
TeVeS theory. Giannios found the first TeVeS static spherically symmetric solutions and
a subset of these describe stealth BH solutions [25] which, however, led to superluminal
propagation of scalar perturbations. Bekenstein and Sagi found stealth Reissner-Nordstrom
(RN) type solutions [26] where the RN charge was provided by the vector field present in
TeVeS, which contained the Giannios solution but also a different branch which did not have
the superluminality problem. Neutron star solutions were studied in [28] while quasinormal
modes were studied in [27]. A comprehensive summary of these solutions can be found in [96].

Given the few compact object solutions already found in TeVeS, some of which are of
the stealth BH type, it is relevant to investigate the existence of compact object solutions
in AeST. A first investigation of BH solutions in AeST can be found in [70]. There, the
authors present a general construction approach drawn from Horndeski models for finding
solutions without specifying the full Lagrangian in this theory. Using their procedure, they
found two concrete solutions with very specific parameters which, however, lie outside the
regime of stability of the theory [65]: a non-black hole solution and a very specific case of a
hairy Schwarzschild black hole. Specific cases of neutron star solutions was concluded in [77]
alongside the derivation of a Tolman-Oppenheimer-Volkoff-like equation for this theory.

In this article we consider the general strong-field regime of the AeST theory that
fully fixes the free function present in its Lagrangian and closes the system of the Einstein,
scalar and vector field equations. We solve this system in the most general spherically
symmetric static vacuum configuration leading to all possible classes of solutions under these

2Some authors define stealth BHs as those with a Ricci flat or an Einstein metric [83], while others extend
the nomenclature to Einstein-Maxwell theory and classify solutions where the metric is of Reissner-Nordstrom
type as stealth [84, 85].
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assumptions. The paper is organized as follows: section 2 presents the AeST theory and its
vacuum equations in the strong field regime, alongside details about our ansatz. In section 3,
we solve these equations in a general setup under the assumption that the vector field has a
spatial component which is non-zero but determined by the field equations. We follow in
section 4 with the case where the spatial component of the vector field is zero everywhere,
filling the gap in the derivation of the solutions of section 3. In section 5 we make some more
comments on the consistency of found solutions, including their weak-field limits. Section 6
concludes the findings of this paper and discusses further considerations. We use Greek letters
to denote spacetime indices taking values in 0 . . . 3, capital Latin letters to denote angular
indices taking values in 2 . . . 3, and use a − + ++ signature and the curvature conventions of
Wald [97]. We also define the usual (anti)symmetrization conventions 2X(µν) ≡ Xµν + Xνµ

and 2X[µν] ≡ Xµν − Xνµ.

2 Theory and field equations

The AeST theory contains a metric gµν , a scalar field ϕ, and a unit time-like vector field
Aµ. The action of the theory is

Sg =
∫

d4x

√
−g

16πG̃

[
R − KB

2 F µνFµν + 2 (2 − KB) Jµ∇µϕ

− (2 − KB) Y − F(Y, Q) − λ (AµAµ + 1)
]
,

(2.1)

where ∇µ is the covariant derivative, λ the Lagrange multiplier normalizing the vector field,
G̃ the bare gravitational strength, KB a constant parameter of the theory similar to TeVeS
theory, R is the Ricci scalar and Fµν ≡ ∇µAν − ∇νAµ. We define the metric on orthogonal
subspaces to Aµ as qµν = gµν + AµAν and denote the associated covariant derivative as
Dµ ≡ q ν

µ ∇ν . Scalars in the Lagrangian are defined as Q ≡ Aµ∇µϕ and Y ≡ DµϕDµϕ and
the vector quantity Jν ≡ Aµ∇µAν . The function F is generally left as a free function in the
Lagrangian, however, it must obey specific constraints in order to have correct cosmological
evolution and Newtonian and MOND limits. Note that the Lagrangian does not explicitly
depend on ϕ; the theory is shift symmetric in this scalar field.

2.1 Strong-field regime with correct cosmology

We set the theory to be in the strong-field regime by letting the free function of the theory
F take on the form

F = (2 − KB) λsY − 2K2 (Q − Q0)2 + . . . , (2.2)

where λs and K2 are constants. The first term in (2.2) is necessary for having a consistent
strong-field regime while the second term is the lowest order in an expansion in Q − Q0 which
leads to Friedman-Lemaître-Robertson-Walker (FLRW) evolution for the energy density of the
scalar to be that of dust as is necessary for fitting CMB observations [64]. We do not include
MOND terms of the form Y3/2, since we are interested in compact solutions with scales much
smaller than the MOND radius. It was shown in [65] that stability of linear perturbations
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on Minkowski spacetime requires the conditions 0 < KB < 2, K2 > 0 and λs ≥ 0 which we
assume in the remaining of the article. With these in mind we define µ2 ≡ 2K2Q2

0/(2 − KB)
which is related to the scale of validity of Minkowski spacetime [65] as well as the quantities

ñ = 2 + KBλs

2(1 + λs) (2.3)

and

m̃ =
√

2 − KB
2 + KBλs

, (2.4)

obeying 0 < ñ ≤ 1 and 0 < m̃ < 1 which appear frequently in what follows.
Setting F to (2.2) and varying the action with respect to the scalar field yields

∇µSµ = 0, Sµ ≡ (2 − KB)(1 + λs)Dµϕ − (2 − KB) Jµ − 2K2 (Q − Q0) Aµ, (2.5)

where Sµ is the Noether current of the shift symmetry, while the vector field equation is
found as

KB
2 − KB

qρ
µ∇νF ν

ρ + 2∇νϕDµAν −
[
(1 + λs)Q + J − 2K2 (Q − Q0)

2 − KB

]
Dµϕ − DµQ = 0, (2.6)

where we have defined J ≡ ∇µAµ. Finally, the vacuum Einstein equations take the form

Gµν = (2 − KB)
[
(1 + λs)DµϕDνϕ − 2∇(µϕJν) − 2∇ρϕ

(
A(µ∇ν)A

ρ − A(µ∇ρAν)
)]

− KBF ρ
(µFν)ρ + 1

2C(g)gµν + C(A)AµAν − 4K2 (Q − Q0) D(µϕAν), (2.7)

where we have defined

C(g) ≡ −KB
2 FαβF αβ + (2 − KB) [2JρDρϕ − (1 + λs)Y] + 2K2 (Q − Q0)2 , (2.8)

C(A) ≡ (2 − KB)
(
qλ

ρ∇λ∇ρϕ + JQ − DρϕJρ

)
− KBAρ∇λF λ

ρ + 2K2 (Q − Q0) Q. (2.9)

to collect together these terms. Varying with respect to the Lagrange multiplier keeps the
vector field normalized, that is, AµAµ + 1 = 0.

2.2 Spherically symmetric static solutions

We impose spherical symmetry and staticity for the metric using the Schwarzschild-like
coordinates t and r where the metric takes the form

ds2 = −e2Φdt2 + e2Ψdr2 + r2dΩ2 (2.10)

where Φ = Φ(r), Ψ = Ψ(r) and dΩ2 is the metric of a 2-sphere. We denote differentiation
with respect to the radial coordinate using the ′ symbol, i.e. A′ ≡ dA/dr.

The notion of staticity for the fields is slightly more nuanced for the fields than the
metric. Since the Lagrangian of the theory is only proportional to gradients of the scalar
field and the theory is shift-symmetric, a linear term t in the scalar field is still a static
configuration, as t would not appear anywhere in the field equations or the action. This
means that foliations of the metric with constant t and surfaces of constant scalar field do
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not necessarily coincide, but the gradient of the scalar field is conserved on curves of constant
r. Putting it differently, the scalar field can sometimes be used as a time coordinate, which is
called the unitary gauge. With these considerations we have that

ϕ = Q0R1(r)t + R2(r). (2.11)

This is the most general static spherically symmetric scalar field. Terms mixing t and r would
not correspond to a static configuration, and dependence on t must be linear. However, this
is not sufficient as with this ansatz, important scalars of the Lagrangian, such as Q, would
be time-dependent. Therefore, our final ansatz reduces to

ϕ = Q0 (qt + R) , (2.12)

where R = R(r) only and q is a constant integer which we use to distinguish solution classes
and only takes the values q = 0 or q = 1. We briefly discuss the possibility q = −1 below.
The ansatz (2.12) is commonly used in other shift-symmetric theories, for further justification
and references see [98–100].

In order for the scalar to be continuously matched to the cosmological FLRW solution,
its gradient must be timelike. In the converse case, that is, if its gradient were spacelike,
there would be a surface of discontinuity in the gradient, or a type of acoustic horizon,
surrounding bounded structures such as black holes or stars, if they are embedded in an
FLRW cosmological background. Such a situation does not seem physical. Thus, the only
physical solutions are those with q = 1, however, we find also the solution class q = 0 for
completeness, as it could find use elsewhere.

We now turn to the vector field. Its components in the angular directions vanish as a
result of the spherical symmetry, that is A2 = A3 = 0. Moreover, the unit-timelike constraint
relates its A0 component with its A1 component and so only one independent function
A(r) remains which we choose to be the component A1 = A(r). Solving the unit-timelike
constraint leads to A0 = −eΦχ where

χ ≡ ±
√

1 + A2e−2Ψ. (2.13)

In what follows, we will consider χ to carry the sign due to taking the square root above.3

2.2.1 Discrete symmetry

Setting the function F aside, the action has the discrete symmetry Aµ → −Aµ. Correct
cosmological behaviour can be expressed with F having the expansion F = −2K2 (Q − Q0)2 +
. . . where this symmetry seems to be generally broken, although functional forms of F where
the symmetry is intact, and correct cosmological behaviour still emerges can be constructed,
for instance, F ∝

(
Q2 − Q2

0
)2. Nevertheless, as we will discuss later, in the small scale limit

µ → 0 the symmetry holds and we use it to simplify the classification of solutions.
3It might seem that variables such as χ and eΦ are not always well-defined, for instance, under horizons.

However, components of the fields of the theory are always well-defined. As an example, we can see that in
A0 = ±

√
χ2e2Φ, taking the square root of either variable would be pathological, as both are negative, but

taking the root of the combination χ2e2Φ yields a consistent result.
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2.2.2 Asymptotic frame freedom

A general Lorentz transformation Λµ
µ′ preserves the Minkowski metric ηµν . Starting from

the spherical system {t, r, θ, ϕ} with a vector field in the form of Aµ = (−(1 + Ā2)1/2, Ā, 0, 0)
with Ā a constant, we can then choose a Cartesian system aligned with the Ai axis so that
the above form may be thought to hold in that system. We can then Lorentz-boost away
the Ai component and bring Aµ into the form Aµ = (−1, 0, 0, 0). A second vector field, for
instance, ∇µϕ, need not in general be in the same frame as Aµ. If we look at asymptotically
flat solutions, we have the freedom perform Lorentz transformations to the two fields Aµ and
∇µϕ at r → ∞ without affecting the asymptotic metric. Specifically, in spherical symmetry
there is only one spatial axis available which is the axis aligned with r, thus, as expected
(and as we show below), the two asymptotic frames coincide, leading to simplifications of
the solution. The reader is referred to appendix A for more details.

2.3 The field equations

We now present the field equations adapted to our ansatz. To aid the reader, we present
some of the calculational steps in appendix B.

2.3.1 The scalar and vector field equations

Rather than computing second derivatives of A, it is more useful to define the quantity
E ≡ e−ΦF01 which evaluates to

E = χ′ + χΦ′. (2.14)

We also define the frequently used variable C(Q) as

C(Q) ≡ Q
Q0

− 1 = e−Φχq + e−2ΨAR′ − 1, (2.15)

where the last equality has been evaluated using our static, spherical symmetric ansatz (2.10)
and (2.12). Since the theory is shift-symmetric, the scalar equation (2.5) is of the form
∇µSµ = 0 for a current Sµ and can be integrated to obtain a Noether charge corresponding to
the shift symmetry. In the SSS case we find that upon this integration the scalar equation gives

Q0χE − (1 + λs)Q2
0χ
[
e−ΦAq + χR′

]
+ µ2AC(Q) = ϕ0e−Φ+Ψ

r2 , (2.16)

where ϕ0 is an integration constant.
Due to the unit-norm constraint on the vector field, the µ = 0 and µ = 1 components of

the vector equation (2.6) are linear combinations of each other and reduce to
KB

2 − KB
eΦ−2ΨA

[
E′ +

(
−Ψ′ + 2

r

)
E

]
− Q0qΦ′ − 2qQ0e−2ΨA2

(
Φ′ − 1

r

)
+
[
(1 + λs)Q2

0

(
e−Φχq + e−2ΨAR′

)
− µ2C(Q)

] (
Aq + eΦχR′

)
(2.17)

+Q0eΦ−2ΨχA

{
R′′ +

[
−(Φ′ + Ψ′) + 2

r

]
R′
}

= 0,

which is equal to the µ = 1 component of (2.6) multiplied by − eΦ

(2−KB)χ . The angular
components are identically zero, as expected.
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2.3.2 The Einstein equations

The G01 component of the Einstein equation (2.7) divided by 2 − KB, leads to the relation

0 = − KB
2 − KB

eΦ−2Ψχ2A

[
E′ +

(
−Ψ′ + 2

r

)
E

]
− qQ0χ

[
E − χΦ′ − 2e−2ΨA2χ

(
Φ′ − 1

r

)]
− (1 + λs)Q2

0eΦ−2ΨAχ
(
e−ΦAq + χR′

)2
− Q0eΦ−2Ψχ3A

[
R′′ +

(
−Ψ′ − Φ′ + 2

r

)
R′
]

+ µ2C(Q)
(
e−2ΨA3q + eΦχ3R′

)
. (2.18)

We add the above equation (2.18) to χ2 times (2.17) and then add (2.16) to find the
constraint on the scalar charge:

ϕ0e−Φ+Ψ

r2 = (1 − q)
[
Q0χE − (1 + λs)Q2

0χ
(
e−ΦAq + χR′

)
+ µ2AC(Q)

]
. (2.19)

Thus, in the case q = 1 we find ϕ0 = 0, while in the case q = 0, (2.16) holds without any
constraint on ϕ0. These two cases are combined in the constraint

qϕ0 = 0. (2.20)

We now turn to the other Einstein equations. The G00 component of the Einstein
equation (2.7) multiplied by e2(Ψ−Φ) gives

2
r

Ψ′ + e2Ψ − 1
r2 = e2Ψχ2C(A) − 1

2e2ΨC(g) + KBE2 + (2 − KB)
(
e−ΦAq + χR′

) [
2Q0E

+ (1 + λs)Q2
0e−2ΨA2

(
e−ΦAq + χR′

)
− 2µ2AχC(Q)

]
. (2.21)

The G11 component of the Einstein equation (2.7) reduces to

2
r

Φ′ − e2Ψ − 1
r2 = A2C(A) + 1

2e2ΨC(g) − KBE2 + (2 − KB)
(
e−ΦAq + χR′

) [
− 2Q0E

+ (1 + λs)Q2
0χ2

(
e−ΦAq + χR′

)
− 2µ2AχC(Q)

]
, (2.22)

and finally, the GAB Einstein equation (2.7) multiplied by e2Ψ/r2 leads to

Φ′′ +
(
Φ′ −Ψ′)(Φ′ + 1

r

)
= (2−KB)

(
e−ΦAq +χR′

)[
Q0E − 1

2(1+λs)Q2
0

(
e−ΦAq +χR′

)]
+ KB

2 E2 + 1
2(2−KB)µ2e2Ψ

(
C(Q)

)2
. (2.23)

To summarize, we have reduced the relevant equations to (2.14), (2.16), (2.20), (2.21), (2.22)
and (2.23), all of which hold for any A, even if it is zero everywhere. Below we find solutions
to these equations. As we show, we do not need anymore (2.17) and (2.18) which can be
used, however, to test consistency of the final solutions.

– 8 –



J
C
A
P
0
3
(
2
0
2
5
)
0
3
5

3 General solutions with A ̸= 0

We now consider the main cases of this article. We assume that A ̸= 0 except at a set
of measure zero, so that we can freely divide by A. We proceed first by adding (2.21)
and (2.22) and using (2.17) to eliminate E′ and (2.16) to eliminate E, and also taking into
consideration (2.19), leads to

2
r

(
Φ′ + Ψ′) = (2 − KB)µ2e2Ψ

(
e−Φχq + e−2ΨAR′ − 1

)(
q

e−Φ

χ
+ R′

A

)
. (3.1)

Notice in the above equation A appears in the denominator, thus, our solutions which follow
cannot have A = 0 over the whole of spacetime. However, we do find such special solutions
where A = 0 and these are treated separately in section 4.

In this work we consider scales that are much smaller than the MOND radius, and
therefore, much smaller than µ−1. This then implies that the r.h.s. of (3.1) is negligible
due to the µ2 dependence, and we can safely assume

Ψ = −Φ, (3.2)

since we can set the constant of integration to zero by a temporal coordinate transformation.
We consider the two distinct cases separately: q = 1 and q = 0.

3.1 Case q = 1

We first set q = 1 into (2.16) to find

E = (1 + λs)Q0
(
e−ΦA + χR′

)
, (3.3)

and then add (2.22) and (2.23) to obtain an equation for the potential Φ as the only variable,
which is

Φ′′ + 2Φ′
(

Φ′ + 2
r

)
+ 1

r2

(
1 − e−2Φ

)
= 0. (3.4)

The unique solution to the above equation is the RN metric, that is,

e2Φ = 1 − 2GNM

r
+ q2

BH

r2 , (3.5)

where we have defined the integration constants in analogy with the Einstein-Maxwell RN
solution. Specifically, M is the black hole mass and qBH its charge. The RN black hole
has inner and outer horizons given by

r± = GNM
(
1 ±

√
1 − σ2

)
(3.6)

where σ ≡ qBH/(GNM) is the normalized RN charge, and thus for a BH to exist we need
−1 ≤ σ ≤ 1 with |σ| = 1 being the extremal case.

With this solution, taking the square root of both sides of (2.21) or (2.22) relates E

to the metric
qBH

r2 e−Φ = ±
√

ñE, (3.7)
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where it is understood that qBH can take both positive and negative values. Notice that
regardless of the sign of qBH , there remains an ambiguity as to how the sign of E is associated
with the sign of qBH . Indeed, this is a matter of convention. To make a choice we use the
electrodynamics analogy to define the vector field charge qA as

qA ≡ lim
r→∞

1
4π

∫
S2

F trr2 sin θdθdϕ = − lim
r→∞

eΦEr2 = ∓qBH√
ñ

, (3.8)

where the last equality is after using (3.7). Thus, we choose the convention that qA and
qBH have the same sign, such that,

qA ≡ qBH√
ñ

, and E = −qAe−Φ

r2 . (3.9)

At this point, we may determine the solution for the fields A and ϕ. Formally in-
tegrating (2.14) we find χ = e−Φ (χ0 + qA

r

)
where χ0 is an integration constant. The

integration constant χ0 can be fixed by the frame freedom mentioned in section 2.2.2 and
expanded on in appendix A. Taking the r → ∞ limit, we have that χ → χ0, from which
A

(∞)
µ = (−χ0, sA

√
χ2

0 − 1, 0, 0), where sA = ±1 is the sign of the spatial component of the
vector field. Furthermore, from (3.9) we have that E → 0 and then (3.3) implies that
R′ → −sA

√
1 − 1/χ2

0, so that ∇µϕ|(∞) = (Q0, −sAQ0
√

χ2
0 − 1/χ0, 0, 0). This has the same

form as (A.14) and thus, the two frames specified by Aµ and ∇µϕ are coincident. Therefore,
the integration constant χ0 has no physical meaning and we may set χ0 = ±1. Given this last
condition, we must also ensure that χ is never zero at any finite distance r, otherwise a pathol-
ogy would occur. This is readily done by associating the constant χ0 with the sign of qA, that
is χ0 = 1 corresponds to qA > 0 and χ0 = −1 to qA < 0. Thus, in all generality we have that

χ = χ0e−Φ
(

1 + |qA|
r

)
, (3.10)

Backgracing the steps until (3.7), the convention is that positive qA associates to a future
directed Aµ and negative to past-directed Aµ.

From (3.10) and (2.13) we solve for A to find

A = sAe−2Φ

√
2(|qA| + GNM)

r
+ (1 − ñ)q2

A

r2 , (3.11)

where sA = ±1 is the sign of A, resulting from taking the square root. The vector field A is
well defined for all values of r and has singularities exactly at the BH horizon at r± due to
the e−2Φ factor. Just as in the case of the RN metric written in these coordinates, this is a
coordinate and not a physical singularity, as we show more explicitly in subsection 3.1.2.

Remember that Aµ → −Aµ is a symmetry of the action in the case that µ = 0, a condition
which we have already imposed, see section 2.2.1. In component form, this amounts to the
symmetry under the simultaneous transformation χ0 → −χ0 and sA → −sA, in other words,
{χ0 = 1(qA > 0), sA = −1} and {χ0 = −1(qA < 0), sA = 1} correspond to the same physical
solution. Likewise, {χ0 = 1(qA > 0), sA = 1} and {χ0 = −1(qA < 0), sA = −1} is another set
of equivalent solutions. Thus, we have two types of solutions and without loss of generality, we
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fix χ0 = 1, and let sA take both positive and negative values. To make things more precise, we
set sA = −ϵASign(qA), and let ϵA = ±1 be a parameter which specifies the type of solution.

Having found the form of A, we then determine R′ using (3.3) and (3.11) to get4

R′ = − 1
1 + |qA|

r

 1
(1 + λs)Q0

|qA|
r2 − ϵAe−2Φ

√
2(|qA| + GNM)

r
+ (1 − ñ)q2

A

r2

 (3.12)

One can further integrate the above equation to get R(r), however, the result is rather
complicated and not particularly illuminating and so we refrain of showing it except in the
special case of qBH = 0 below. We have thus found the full solution which depends on three
parameters, being the mass M ≥ 0, charge qA and discrete parameter ϵA = ±1.

We finally discuss the scalar Q which should neither diverge nor vanish within the regime
of validity of the solution, that is, for r ≥ r+. We find

Q = Q0

1 + |qA|
r

1 + ϵA|qA|
(1 + λs)Q0r2

√
2(|qA| + GNM)

r
+ (1 − ñ)q2

A

r2

 . (3.13)

We see that Q is never divergent for any ϵA = ±1, and moreover, in the case of the solution
branch ϵA = 1 it never vanishes. However, it can vanish at a non-zero r in the case ϵA = −1,
and this can be avoided provided this point occurs at a point below the horizon. Indeed,
starting from a set of parameters for the theory {λs, Q0, KB} as well as (normalized) charge
σ, there is a lower bound on possible masses of black holes with this particular solution
branch given by

G2
NM2 >

σ2
[
2
(

|σ|√
ñ

+ 1
) (

1 ±
√

1 − σ2
)

+ σ2
(

1
ñ − 1

)]
ñ(1 + λs)2Q2

0

[
1 ±

√
1 − σ2

]6 . (3.14)

Notice that this bound does not include the M = 0 case. This may be an indication that
these solutions can only form with masses higher than this minimum mass bound. Ultimately,
it is a question of BH formation rather than constraints on the theory parameters. The
full viability of these solutions could be differentiated by a robust treatment of stability via
perturbations, which we leave for further work.

3.1.1 Schwarzschild case in suitable coordinates

In the Schwarzschild case qBH = 0, the fields simplify significantly. Specifically we have
that χ = e−Φ and E = 0, while

A = sAe−2Φ

√
2GNM

r
, R′ = −A, (3.15)

and the scalar field can be integrated to

ϕ = Q0t − 2sAQ0

√2GNMr − GNM ln

∣∣∣∣∣∣
1 +

√
2GNM

r

1 −
√

2GNM
r

∣∣∣∣∣∣
 . (3.16)

4Notice that R = 0 is not a consistent solution because in that case we find that A = − qA
(1+λs)Q0r2 which

results in χ = χ0

√
1 + e2Φ q2

A

(1+λs)2Q2
0r4 . However, this χ solution cannot be consistent with (3.10).
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More interestingly Q = Q0 exactly, which is a finite constant. This means that we retain
the sign freedom in choosing sA in this case. This is because, in the Schwarzschild case a
new symmetry emerges due to the fact that E = 0. This allows transformations of the form
A → −A and R′ → −R′ while keeping χ > 0 which leave the spherically symmetric field
equations invariant, letting the vector field switch between ingoing and outgoing configurations
irrespective of the original Aµ symmetry. This means that we can simply chose sA = 1 by
convention in the Schwarzschild case.

It is evident that both the vector field and the scalar field are divergent at the horizon.
However, this is not a physical divergence. Observe that (3.16) allows us to define a new
time coordinate τ(t, r) via ϕ = Q0τ . More detailed, we may transform to coordinates τ and

ρ via the coordinate transformation t(τ, ρ) = τ + 2sA

√
2GNMr + GNM ln

1−
√

2GNM

r

1+
√

2GNM

r

 and

r(τ, ρ) = (2GNM)1/3
(

3
2 |τ − ρ|

)2/3
, which brings the metric in the Lemaître-Novikov form

ds2 = −dτ2 + 2GNM

r
dρ2 + r2dΩ (3.17)

while the vector field aligns with the τ direction exactly, that is, Aµ′ = (−1, 0, 0, 0).5 These
coordinates acquire a physical meaning, as the rest-frame coordinates of a radially ingoing
(sA = 1) or radially outgoing (sA = −1) geodesic observer freely falling towards to (or
outwards from) the BH.

3.1.2 Eddington-Finkelstein coordinates and regularization of RN case

The singularity of the RN metric occuring at r = r± is commonly removed by transforming
to Eddington-Finkelstein (EF) coordinates. We show in this section that transforming to EF
coordinates also removes the singularities of the vector and scalar field.

As in GR, we define the tortoise radial coordinate r∗ using dr∗

dr ≡ e−2Φ = 1
(1− r+

r )(1− r−
r )

leading to

r∗ = r + r2
+

r+ − r−
ln
∣∣∣∣ r

r+
− 1

∣∣∣∣+ r2
−

r− − r+
ln
∣∣∣∣ r

r−
− 1

∣∣∣∣ (3.18)

which is then used to define the ingoing u− and outgoing u+ EF coordinates via u± = t ± r∗.
In these coordinates the metric takes the well known form ds2 = −e2Φdu+du− + r2dΩ2. But
the above metric, while non-singular at the horizon, is actually degenerate: it’s determinant
vanishes at the horizon, and in fact its inverse becomes singular there. In GR this is usually
resolved be further transforming to Kruskal coordinates, however, another possibility is to keep
within either the ingoing or outgoing branch of the EF coordinates. In that case, we transform
t to either u+ or u− but keep r as a coordinate so that ds2 = −e2Φdu2

± ± 2du±dr + r2dΩ2

which is non-singular at the horizon and not degenerate. We now demonstrate that the vector
and scalar fields are also non-singular at the horizon when expressed in this coordinate system.

5This form of the Schwarzschild solution in AeST theory has been independently discovered by T. Zlosnik
as an educated guess that the BH should be continuously joined to FLRW solution for which ϕ = Q0τ .
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Using 2GNM = r+ + r− and q2
Añ = r+r− we can express the vector field as

A = −
(

1 +
√

r+r−√
ñ r

)
du± +

sEF

(
1 +

√
r+r−√

ñ r

)
+ sA

√
r++r−

r + 2√
r+r−√
ñ r

+ 1−ñ
ñ

r+r−
r2(

1 − r+
r

) (
1 − r−

r

) dr, (3.19)

where sEF = 1 if we choose the outgoing coordinate u+ and sEF = −1 for the ingoing u−
case. We proceed by expanding the radius r near the horizon(s). We first set r = r+(1 + ϵ)
and consider the limit ϵ → 0. Provided that sA = −sEF , we find

A = −
(

1 +
√

r−
ñr+

)
du± + sEF

dr

2
(
1 +

√
r−

ñr+

) + O(ϵ), (3.20)

which is finite, while a divergence occurs as ϵ → 0 if sA = sEF . We analogously investigate
the inner horizon and set r = r−(1 + ϵ), leading to a similar non-divergent result as in (3.20),
except that r− ↔ r+ in how they occur in (3.20), and for the same correspondence between
sEF and sA. We conclude that the field divergences in Aµ and ϕ at the RN horizons are
a coordinate effect, just as in the case of the metric, and can be removed with a suitable
coordinate transformation.

3.2 Case q = 0

In this case, (2.20) does not necessarily imply that ϕ0 = 0, which means that ϕ0 can in
principle take any value. Specifically, in this case we have that

E = (1 + λs)Q0χR′ + ϕ̃0e−2Φ

χr2 , (3.21)

where ϕ̃0 ≡ ϕ0/Q0, and which is to be contrasted with (3.3) from the q = 1 case. Setting
q = 0 = µ and Ψ = −Φ into (2.21) and (2.23), and eliminating R′ in terms of E and ϕ0
using (3.21), leads to

2
r

Φ′ + 1 − e−2Φ

r2 = −ñE2 + 2 − KB
2(1 + λs)

ϕ̃2
0e−4Φ

χ2r4 , (3.22)

Φ′′ + 2Φ′
(

Φ′ + 1
r

)
= ñE2 − (2 − KB)

2(1 + λs)
ϕ̃2

0e−4Φ

χ2r4 , (3.23)

for (2.21) and (2.23) respectively. Therefore, adding the last two equations, leads once more
to (3.4) as in the q = 1 case, and so once again the RN metric (3.5) is the most general solution.

Given the metric solution (3.5), we insert it back into (3.22) to find the relation

E = sE
e−Φ

r2

√
q2

BH

ñ
+ m̃2ϕ̃2

0e−2Φ

χ2 , (3.24)

where sE = ±1. Then, directly integrating (2.14) and eliminating E using this last relation,

leads to e2Φχ2 = ñm̃2

Q2
0q2

BH

[(
u0 − sE

Q0q2
BH

m̃ñ
1
r

)2
− ϕ2

0

]
, where u0 is an integration constant.
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Once more we apply the frame freedom which fixes u2
0 = φ2

0 + Q2
0q2

BH
ñm̃2 , and so the solution

χ turns into

χ = sχ0e−Φ

√
1 + 2su0m̃|u0|

Q0

1
r

+ q2
BH

ñ

1
r2 , (3.25)

where sχ0 = ±1 and we have set u0 = −su0sE |u0|, where su0 = ±1 as the two possibilities
relating to the sign (but not equal) of u0. The first case, su0 = +1, implies that χ is well
defined for all values of r and diverges only at the two horizons and at the singularity r = 0.
The second case, su0 = −1, can lead to χ vanishing at a finite distance r > r±. A necessary
and sufficient condition for avoiding this is

GNM ≥ m̃|u0|
Q0

, (3.26)

which is to be applied only to the su0 = −1 case and not to su0 = 1. This last relation is
to be contrasted with (3.14) in the case of the q = 1 solution, only in the latter case, the
bound comes from requiring the non-vanishing of Q.

We now give a physical meaning to the constant u0 appearing above. Using (3.25)
into (3.24) leads to

E = sEsχ0
e−Φ

r2
−sE

m̃u0
Q0

+ q2
BH
ñr√

1 + 2su0 m̃|u0|
Q0

1
r + q2

BH
ñ

1
r2

, (3.27)

and analogously to the q = 1 case, we define an A-charge qA as

qA ≡ lim
r→∞

1
4π

∫
S2

F trr2 sin θdθdϕ = − lim
r→∞

eΦEr2 = sχ0
m̃u0
Q0

. (3.28)

Notice that just as in the q = 1 case, there is an ambiguity as to how we associate charge
to u0. Taking the limit ϕ0 → 0 we find qA → −sχ0sE

qBH√
ñ

, and so, we choose the convention
that in this limit qA → qBH√

ñ
as in (3.9) from the q = 1 case. This fixes sχ0 = 1, while

sE = −1 so that u0 = su0 |u0|. Then

qA = m̃u0
Q0

, (3.29)

which implies the following relation between the A-charge, scalar charge ϕ0 and BH charge qBH ,

q2
A = m̃2

Q2
0

φ2
0 + q2

BH

ñ
. (3.30)

With the above considerations and conventions we form the final solution for χ and E as

χ = e−Φ

√
1 + 2qA

r
+ q2

BH

ñ

1
r2 , E = −e−Φ

r2
qA + q2

BH
ñr√

1 + 2qA
r + q2

BH
ñ

1
r2

, (3.31)

while from χ, using (2.13) we immediately obtain A as

A = sAe−2Φ

√
2(GNM + qA)

r
+ q2

BH(1 − ñ)
ñ

1
r2 . (3.32)
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This is in fact identical to (3.11), even though the solution for χ is different (as well as
the relation between qA and qBH). Likewise, using (3.31) into (3.21) and integrating, give
the solution for the scalar as

(1 + λs)ϕ = ln

√
1 + 2qA

r
+ q2

BH

ñ

1
r2 + sϕ0

2m̃
ln

1 + qA+m̃|ϕ̃0|
r

1 + qA−m̃|ϕ̃0|
r

, (3.33)

where sϕ0 is the sign of ϕ0.
Before concluding this section, note that important scalar Q = Q0e2ΦAR′ behaves

correctly for all branches. Moreover, we note that all the above expressions are valid also in
the cases of qBH = 0, or if ϕ0 = 0 as we have explicitly verified, and so these special cases
connect smoothly to the general case. In appendix D we show the special Schwarzschild
case where qBH = 0.

4 Algebraically special solutions with A = 0

In section 3 we have assumed that A ̸= 0 which is important in reaching (3.1). Let
us now consider algebrically special cases, which amount to setting A = 0 everywhere
in (2.14), (2.16), (2.20), (2.21), (2.22) and (2.23). This is a case partially motivated by
similar type of solutions found in the case of TeVeS theory [25, 26]. Note that this implies that
χ = ±1 and so (2.14) becomes E = χΦ′ = ±Φ′. We consider both q = 1 and q = 0 separately.

4.1 Case q = 1

Here (2.20) implies that ϕ0 = 0, thus, setting A = 0 and q = 1 in (2.16), (2.21), (2.22)
and (2.23), and leaving the details for appendix C we find the scalar field as

ϕ = Q0t + 1
2n(1 + λs) ln |u − u2|

|u − u1|
(4.1)

and the metric as

ds2 = −|u − u2|
1
n

|u − u1|
1
n

dt2 + r2
0

u2
|u − u1|

1+n
n

|u − u2|
1−n

n

[
du2

ñ(u − u1)(u − u2)u2 + dΩ2
]

. (4.2)

The new coordinate u is implicitly given through the coordinate transformation

r(u) = r0
|u|

|u − u1|
1+n
2n

|u − u2|
1−n
2n

, (4.3)

where r0 is an arbitrary scale, n ≡
√

1 − ñ and u1 = −1/(1 + n) and u2 = −1/(1 − n) are
the two roots of the polynomial p(x) = 1 + 2x + ñx2, and since 0 ≤ n < 1 then u2 < u1 < 0.
The scalar curvature of this solution is

R = − 2u4

r2
0(u − u1)(u − u2)

|u − u2|
1−n

n

|u − u1|
1+n

n

(4.4)
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From (4.3) we see that there are four disconnected solution branches:

• Branch I: u ≥ 0. This branch covers the manifold from a minimum radius r = r0
corresponding to u → ∞, to spatial infinity r → ∞ corresponding to u = 0. The scalar
curvature is finite and negative during the entire range, corresponding to R = 0 as
r → ∞ and R → −2/r2

0 as r → r0. Moreover, as r → ∞ we have that ϕ′ → 0, and
so the frame of Aµ and ∇µϕ coincide. This interesting behaviour deserves further
investigation elsewhere.
We may also define an A-charge for this solution analogously to section 3 by setting
qA ≡ limr→∞

1
4π

∫
S2 F trr2 sin θdθdϕ = ∓ limu→0+ eΦur. This leads to qA = ∓r0/

√
ñ.

• Branch II: u1 < u ≤ 0. For this branch, the upper limit corresponds to spatial infinity
r → ∞, while the lower limit corresponds to r = 0, however, there the scalar curvature
diverges. Thus this branch has a naked singularity and is not expected to be physical.

• Branch III: u2 < u < u1. This branch has a metric signature − − ++ and is therefore
not physical.

• Branch IV: u < u2. This last branch has some similarities with branch I, that is, as
u → −∞, then r → r0 while as u → u2 then r → ∞. The former limit also has the
property that the scalar curvature R → −2/r2

0, however, the latter limit leads to three
subcases concerning the behaviour of R. If 0 ≤ n < 1/2 (branch IVa) then, R → 0 as
r → ∞, and this behaviour is similar to branch I. If 1/2 < n < 1 (branch IVc) then R
diverges as r → ∞, and so this subcase is pathological. If n = 1/2 exactly (branch IVb),
then, R interpolates between its value at r = r0 and R = − 81

8r2
0

at r → ∞. Nevertheless,
as u → u2 ( r → ∞), we have that ∇µϕ∇µϕ diverges.

Upon inspection, Branch I and Branch IV seems to cover two portions of the Eling-
Jacobson wormhole [101] which was first discovered in Einstein-Aether theory, where the
solution is joined between u = ∞ to u = −∞ through r0.6

4.2 Case q = 0

We briefly comment on the subcase q = 0, and again leaving the details for appendix C, we
get a condition µR′ = 0 from combining the (2.16), (2.17) and (2.18) equations. It turns
out that the R′ = 0 possibility reduces to the A = 0, q = 1 case considered above, with
the identification ñ → KB/2. However, here we also have a non-zero ϕ0 and this leads
to the relation Q0r0 = |ϕ0|

√
KB
2 while Sign(u) = Sign(ϕ0), that is, the branch is chosen

by the sign of ϕ0.
Letting µ = 0 without a priori setting R′ to anything leads to a single equation for

the metric potential

Ψ′′ + 1
r

(
3e2Ψ + 1

)
Ψ′ + 1

r2 e2Ψ
(
e2Ψ − 1

)
= 0, (4.5)

6See appendix C and specifically the footnote below (C.2) and (C.3). The existence of Eling-Jacobson
wormhole [101, 102] solutions in AeST theory has been brought to our attention by William Barker, who has
discovered them in another work with collaborators [103].
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which admits a Schwarzschild solution for the metric, and scalar hair

ϕ =
1 ±

√
2+KBλs

2−KB

2(1 + λs) ln
(

1 − 2GNM

r

)
. (4.6)

coming from solving (C.21). Interestingly, satisfying the Einstein equation (C.23), leads
to the constraint

ϕ0 = ±
√

2 + KBλs

2 − KB
GNM. (4.7)

which removes any explicit dependence on ϕ0 from this solution. Unfortunately we have
not found more general solutions, and given the low interest in this particular case, we
leave it for another investigation.

5 Discussion

We have already validated that the scalar Q is regular at the BH horizons in section 3.
Moreover, since the metric solution is of the RN type, then all curvature invariants are also
well-behaved. In the case q = 1 we have that Y = −eΦE/(1 + λs) = − 1

1+λs

qA

r2 which is
therefore regular at the horizon and the same can be shown to true in the q = 0 case, where
Y = Q2

0e2Φχ2R′2, using (3.31) and (3.21). Hence, the scalar kinetic term is also regular there.
Another important scalar that frequently appears in shift-symmetric theories is the

term SµSµ formed out of the shift symmetry Noether current (2.5). If Φ = −Ψ, then a
commonly used argument (see [104] as a coherent example) states that the horizon should
be a regular locus and any scalar quantity O should not diverge there. Otherwise, given
O which diverges at the horizon, adding a term ϵhO for a constant ϵh to the Lagrangian
would change the solution to the field equations for any ϵh, regardless of how small ϵh is
made. For the q = 1 branch, this term is identically zero, while for the q = 0 branch, it
evaluates to SµSµ = ϕ̃2

0(2−KB)2

e2Φχ2r4 , which for the (3.31) solution it is regular at all points r > 0,
including the horizons r = r±.

Checking the divergence of scalar quantities at horizons becomes even more involved if we
require that the BH should be continuously joined to a cosmological spacetime. The q = 1 case
of section 3 has the right properties for doing so, however, as we have explicitly removed the
cosmological dependence (the solutions are asymptotically flat), more checking is necessary
for ensuring this is the case. One could try to find solutions which are asymptotically de
Sitter, see [105] where this was addressed in the case of scalar Gauss-Bonnet theory, and
check that they do remain regular at both the BH and at the de Sitter horizon. We conjecture
that this does not pose a problem, and leave it for a future investigation.

Finally, let us consider what could happen if the full J (Y) = F(Y, Q0)/(2−KB) function
is included, so that the solution smoothly joins to the MOND regime. Upon inspection of the
Einstein equations, it seems that in the limit µ → 0, that is, considering scales smaller than
rC ∼ (GNM/a0)1/6µ−2/3 (see [72]), then the condition Ψ = −Φ is retained. However, the
r.h.s. of (3.4) is no longer expected to be zero, but rather proportional to YJY − J , hence,
the full solution will no longer be the RN solution, once scales close to the MOND radius
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become important. Interestingly, since E = 0 in the (q = 1) Schwarzschild case, then also
Y = 0, and hence, we do not expect the Schwarzschild solution of section 3.1 to be smoothly
joinable to the MOND regime. These issues could be addressed elsewhere.

6 Conclusion

We have found the most general classes of static spherically symmetric solutions in the
AeST theory assuming the strong field regime which amounts to looking at scales smaller
than the characteristic radius where MOND effects would appear. We found two classes
of stealth black holes — black holes with geometries identical to GR black holes — with
non-trivial secondary hair. Specifically, the BH geometry is that of the Reissner-Nordstrom
spacetime. The first class, q = 1, was presented in section 3.1 and consists of consistent black
hole candidates with zero shift-charge, which can in principle be smoothly connected to the
cosmological regime. This is possible because the gradient of the scalar field for this class is
by construction timelike. Some further important considerations before the smooth extension
of this class to cosmology can be established are found in the discussion section 5. The second
class, q = 0, was presented in section 3.2 and consists of consistent black hole candidates
with non-zero shift-charge and spacelike scalar field gradient. As such, it is unlikely that
this class can be smoothly connected to cosmology. Apart from the RN black holes, we also
found algebraically special solutions where the vector field is aligned with the time direction,
see section 4. These solutions have no horizon and can be extended only down to a finite
distance r0. The solution space of these algebraically special class also contains non-physical
branches which contain naked singularities. Our solutions are summarized in table-1.

Since we have found the most general static spherically symmetric vacuum solutions,
these can also be considered as possible exterior stellar solutions, for example the neutron star
solutions found in [77]. Importantly, it would be interesting to study the stability of these
solutions to small time-dependent fluctuations. Ultimately, only the stable branches should be
considered as physically viable solutions. Studying such fluctuations and resulting quasinormal
modes and gravitational radiation, as well as resulting observational constraints on parameters
of the theory is left for future work. Finally, it would be very interesting to investigate the
thermodynamics of our new solutions, another subject to be studied in further work.
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ñ
)q

2 A

r2

]
M

,q
A

,ϵ
A

3.
1

q
=

0
A

=
s A

e−
2Φ

√ 2(
G

N
M

+
q A

)
r

+
q2 B

H
(1

−
ñ
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ñ
(u

−
u

1)
(u

−
u

2)
u

2
+

Σ
A

B
d
x

A
d
x

B

]
ϕ

=
Q

0t
+

1
2n

(1
+

λ
s
)ln

|u
−

u
2|

|u
−

u
1|

r 0
4.

1

q
=

0
e2Φ

=
1−

2G
N

M

r

ϕ
=

1±
√ 2+

K
B

λ
s

2−
K

B

2(
1+

λ
s
)

ln
( 1−

2G
N

M

r

)
M

4.
2

T
ab

le
1.

Su
m

m
ar

y
of

al
lt

he
ty

pe
s

of
so

lu
tio

ns
in

cl
ud

in
g

fie
ld

fo
rm

s
an

d
pa

ra
m

et
er

s
ad

di
tio

na
lt

o
th

e
on

es
of

th
e

th
eo

ry
.

– 19 –



J
C
A
P
0
3
(
2
0
2
5
)
0
3
5

A Lorentz transformations and flat spacetime symmetries

A general Lorentz transformation Λµ
µ′ preserves the Minkowski metric, that is, if we assume

a cartesian system such that ηµν = diag(−1, 1, 1, 1) then ηµ′ν′ = Λµ
µ′Λν

ν′ηµν is also of the
form ηµ′ν′ = diag(−1, 1, 1, 1). The vector field Aµ and the scalar field gradient ∇µϕ will also
transform. We can boost into the frame of either one to simplify expressions, however, in
general, these two frames do not necesserily have to coincide.

Consider general Lorentz boosts in a direction β⃗

t′ = γ
(
t − β⃗ · x⃗

)
, (A.1)

x⃗′ = x⃗ + γ − 1
β2

(
β⃗ · x⃗

)
β⃗ − γtβ⃗, (A.2)

where

γ = 1√
1 − β2 , (A.3)

and where β2 ≡ |β⃗|2. Then, the vector and scalar fields transform as

A0′ = γ
(
A0 + βiAi

)
, Ai′ = Ai + γ − 1

β2 β⃗ · A⃗βi + γA0βi, (A.4)

∂ϕ

∂t′ = γ

(
∂ϕ

∂t
+ βi∂iϕ

)
, ∇⃗i′ϕ = ∇⃗iϕ + γ − 1

β2 β⃗ · ∇⃗ϕβi + γ
∂ϕ

∂t
βi. (A.5)

Now suppose that in a general frame our fields have the form

A0 = −χ0, Ai = sA

√
χ2

0 − 1ẑ, (A.6)

ϕ̇ = Q0, ∇⃗iϕ = Q0ϕf ẑ, (A.7)

where χ0 and ϕf are arbitrary constants, with the latter obeying ϕf < 1. We then perform
a Lorentz transformation into a special frame chosen by β = sA

√
1 − 1/χ2

0 which is none
other than the vector frame, that is, A′

µ = (−1, 0, 0, 0). With this choice of β, the scalar
transforms to

∂ϕ

∂t′ = χ0Q0 (1 + ϕf β) , ∇⃗i′ϕ = χ0Q0 (ϕf + β) ẑ. (A.8)

Redefining Q0 and ϕf to Q̂0 and ϕ̂0 we get the vector frame (performing also rotations
to bring the ẑ axis into a general direction), as

A0 = −1 A⃗ = 0, (A.9)

ϕ̇ = Q̂0√
1 − ϕ̂2

0

∇⃗ϕ = Q̂0ϕ̂0√
1 − ϕ̂2

0

n̂, (A.10)

ϕ = Q̂0√
1 − ϕ̂2

0

[
t + ϕ̂0r

]
, (A.11)

with ϕ̂0 < 1, s.t. ∇µϕ∇µϕ = −Q̂2
0 < 0, and where r =

√
x2 + y2 + z2, is the distance along

n̂. Likewise, in the scalar frame, we have

A0 = −γ A⃗ = γϕ̂0n̂ (A.12)
ϕ̇ = Q0 ∇⃗ϕ = 0 (A.13)
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Thus, in general an additional parameter appears, ϕ̂0, which expresses the tilt of the two
frames: scalar vs vector.

Suppose, however, that we have a situation where ϕf + β = 0, in (A.8), so that

ϕ̇ = Q0 ∇⃗iϕ = −Q0sA

√
χ2

0 − 1
χ0

ẑ. (A.14)

Then the two frames coincide, such that

∂ϕ

∂t′ = Q0/χ0 ∇⃗i′ϕ = 0 (A.15)

This is indeed the case of our solutions found in section 3.

B Important middle calculation steps

Using the metric (2.10), where to remind the reader, capital Latin letters denote angular
indices which take values in 2 . . . 3 we find the non-zero components of the vector field
covariant derivatives to be

∇0A0 = −e2(Φ−Ψ)AΦ′ , (B.1)
∇0A1 = eΦχΦ′ , (B.2)
∇1A0 = −eΦχ′ , (B.3)
∇1A1 = A′ − AΨ′ , (B.4)

∇AAB = re−2ΨAΣAB . (B.5)

where ΣAB is the metric tensor of a 2-sphere such that dΩ2 = ΣABdxAdxB. The above
relations lead to the definition of E as

E ≡ e−ΦF01 = χ′ + χΦ′ (B.6)

while we get

J0 = −eΦ−2ΨAE (B.7)
J1 = χE (B.8)

J = e−2Ψ
[
A′ + A

(
Φ′ − Ψ′ + 2

r

)]
(B.9)

and

FµνF µν = −2e−2ΨE2 (B.10)

∇µF µ
0 = −eΦ−2Ψ

[
E′ +

(
−Ψ′ + 2

r

)
E

]
(B.11)

while ∇µF µ
i = 0.
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Useful components of Einstein and field equations in our coordinates include:

qλ
ρ∇λ∇ρϕ = Q0e−2Ψ

[
χ2R′′ − 2e−ΦχAqΦ′ +

(2
r

− χ2Ψ′ − e−2ΨA2Φ′
)

R′
]

(B.12)

JρDρϕ = Q0e−2ΨE
(
e−ΦqA + χR′

)
(B.13)

C(g)

2 − KB
= KB

2 − KB
e−2ΨE2 + 2Q0e−2ΨE

(
e−ΦqA + χR′

)
− (1 + λs)Q2

0e−2Ψ
(
e−ΦqA + χR′

)2
+ µ2

(
C(Q)

)2
(B.14)

C(A)

2 − KB
= KB

2 − KB
e−2Ψχ

[
E′ +

(
−Ψ′ + 2

r

)
E

]
− Q0e−2ΨE

(
e−ΦqA + χR′

)
+ Q0e−2Ψ

[
A′ + A

(
Φ′ − Ψ′ + 2

r

)](
e−Φχq + e−2ΨAR′

)
+ Q0e−2Ψ

[
χ2R′′ − 2e−ΦχAqΦ′ +

(2
r

− χ2Ψ′ − e−2ΨA2Φ′
)

R′
]

+ µ2C(Q)
(
e−Φχq + e−2ΨAR′

)
(B.15)

C Derivation of algebraically special solutions

C.1 Case q = 1

With q = 1, (2.20) implies ϕ0 = 0 and so with A = 0 (2.16) leads to

(1 + λs)Q0R′ = χE = Φ′. (C.1)

The Einstein equation (2.18) leads to µ2R′, which when combined with (C.1) is consistent
with the vector equation (2.17). Thus either R′ = 0 or µ = 0.

In the case R′ = 0, (C.1) leads to Φ′ = 0 = E, and so we may set Φ = 0. Then the
remaining of the Einstein equations give, in the case χ = 1, that Ψ = 0, and hence, the
resulting spacetime is Minkowski. In the case χ = −1, the Einstein equations give full
consistency only iff µ = 0 = Ψ, and thus the resulting spacetime is once more Minkowski.

Let us now move to the non-trivial case for which R′ ̸= 0, and thus by our consider-
ations above, µ = 0. Then using (C.1) into (B.14) and (B.15) and then into the Einstein
equations (2.21), (2.22) and (2.23) leads, after some computation, to

e2Ψ = 1 + 2rΦ′ + ñr2(Φ′)2, (C.2)

Φ′′ +
[2

r
+ 2Φ′ + ñr

(
Φ′)2]Φ′ = 0, (C.3)

where ñ is given by (2.3).7 To solve the above equations, we change variables to x ≡ ln(r/r0)
for some arbitrary scale r0, and further define the variable

u ≡ dΦ
dx

. (C.4)

7After finishing this work, it was brought to our attention by William Barker, that AeST contains Eling-
Jacobson solutions [101]. Upon closer inspection, we checked that these are identical to our algebraically
special branch, specifically, (C.2) and (C.3) are equivalent to (25) and (26) of [101] , as well as, (5.11) and
(5.17) of [102], respectively. We thank W. Barker who brought this possible connection to our attention, and
who has discovered these AeST solutions in an independent work with collaborators [103].
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Thus, (C.2) is rewritten as

e2Ψ = 1 + 2u + ñu2 = ñ(u − u1)(u − u2), (C.5)

where the second equality is possible because 0 < ñ ≤ 1, so that the quadratic 1/ñ+2u/ñ+u2

has two real roots u1 and u2. These two roots are both negative, that is,

u1 = − 1
1 + n

, u2 = − 1
1 − n

, (C.6)

with u2 < u1 < 0, where n ≡
√

1 − ñ, such that, 0 < n < 1.
With this in mind, we write (C.3) as

dx

du
= − 1

ñ(u − u1)(u − u2)u, (C.7)

which may be split using partial fractions, considering also that u1 − u2 = 2n/ñ > 0, and
then integrated to get

r(u) = r0
|u|

|u − u1|
1+n
2n

|u − u2|
1−n
2n

, (C.8)

which is (4.3). This, in fact means that there are four solution branches: {u < u2, u2 < u <

u1, u1 < u < 0, u > 0} with r = ∞ corresponding to u = 0 or to u = u2.
Finally, we find Φ(u) by combining (C.4) and (C.7) to get

Φ = −
∫

du

ñ(u − u1)(u − u2) = 1
2n

ln |u − u2|
|u − u1|

. (C.9)

Thus with (C.5), (C.8) and (C.9), we reconstruct the metric (4.2) and so (4.1) also follows.

C.2 Case q = 0

In this case ϕ0 may take in principle any real value, and does not have to be zero. Then,
with A = q = 0, which imply C(Q) = −1, (2.16) gives

Φ′ − (1 + λs)Q0R′ = ϕ̃0e−Φ+Ψ

r2 , (C.10)

where ϕ0 = ϕ̃0Q0, while both (2.17) and (2.18) lead to µ2R′ = 0. Meanwhile the (2.21)
Einstein equations results in

2
r

Ψ′ + e2Ψ − 1
r2 = KB

[
Φ′′ +

(1
2Φ′ − Ψ′ + 2

r

)
Φ′
]

− 1
2(2 − KB)µ2e2Ψ

+ (2 − KB)Q0

[
R′′ +

(2
r

− Ψ′ + 1
2(1 + λs)Q0R′

)
R′
]

, (C.11)

eq. (2.22) reduces to
2
r

Φ′ − e2Ψ − 1
r2 = −1

2KBΦ′2 + (2 − KB)
[
−Q0Φ′R′ + 1

2(1 + λs)Q2
0R′2 + 1

2µ2e2Ψ
]

, (C.12)

and (2.23) to

Φ′′ +
(
Φ′ − Ψ′) (Φ′ + 1

r

)
= (2 − KB)Q0R′

[
Φ′ − 1

2(1 + λs)Q0R′
]

+ KB
2 Φ′2

+ 1
2(2 − KB)µ2e2Ψ. (C.13)

We now consider the two possible subcases: R′ = 0 and µ = 0 separately.
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C.2.1 Case R′ = 0

Taking the derivative of (C.10) gives

Φ′′ + (Φ′ − Ψ′)Φ′ + 2
r

Φ′ = 0, (C.14)

and adding (C.12) and (C.11) leads to

2
r

(Φ′ + Ψ′) = KB

[
Φ′′ +

(
−Ψ′ + 2

r

)
Φ′
]

. (C.15)

Then, using (C.14) to eliminate Φ′′ allows us to express Ψ′ in terms of Φ′ as

Ψ′ = −1
2KBrΦ′2 − Φ′, (C.16)

while (C.14) subbed into (C.13) gives after using (C.14), the additional condition µ2 = 0.
Substituting into (C.11) leads to

e2Ψ = 1 + 2rΦ′ + KB
2 r2(Φ′)2, (C.17)

and differentiating the above equation we eliminate Ψ′ with (C.16) to get

Φ′′ + 2
r

Φ′ + 2(Φ′)2 + KB
2 r(Φ′)3 = 0. (C.18)

The above equation admits a Φ′ = Ψ′ = 0 Minkowski solution (obtainable also directly
by ϕ̃0 = 0).

The system (C.17) and (C.18) is analogous to (C.2) and (C.3) with ñ → KB/2 whose
solution we have already found. Thus, this system reduces to the A = 0, q = 1 case studied
in subsection C.1, that is, (C.5) and (C.9), with r = r(u) given by (C.8). However, there are
some additional constraints that make it different from the full solution of subsection C.1,
the first being that since R′ = 0 then ϕ = 0 throughout. The second constraint that needs
to be satisfied is in fact (C.10), that is,

Φ′ = ϕ̃0e−Φ+Ψ

r2 , (C.19)

and this leads to identifying Q0r0 = |ϕ0|
√

KB
2 and Sign(u) = Sign(ϕ0).

C.2.2 Case µ = 0

In this case adding (C.12) and (C.13) we get

Φ′′ +
(
Φ′ − Ψ′) (Φ′ + 1

r

)
+ 2

r
Φ′ + 1 − e2Ψ

r2 = 0, (C.20)

while (C.10) is used to solve for R′ as

(1 + λs)Q0R′ = Φ′ − ϕ̃0e−Φ+Ψ

r2 . (C.21)
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We use the above equation to eliminate R′ so that (C.11) leads to

2
r

Ψ′ + e2Ψ − 1
r2 = 2ñ

[
Φ′′ +

(2
r

− Ψ′ + 1
2Φ′

)
Φ′
]

+ 2 − KB
2(1 + λs)

ϕ̃2
0e−2Φ+2Ψ

r4 , (C.22)

and (C.12) to

2
r

Φ′ − e2Ψ − 1
r2 = −ñΦ′2 + 2 − KB

2(1 + λs)
ϕ̃2

0e−2Φ+2Ψ

r4 , (C.23)

so that subtracting one from the other to cancel out the term proportional to ϕ̃2
0 we find

1
r

(Ψ′ − Φ′) + e2Ψ − 1
r2 = ñ

[
Φ′′ +

(
Φ′ − Ψ′ + 2

r

)
Φ′
]

. (C.24)

Thus using (C.20) to eliminate the Φ′′ term we find

Φ′ = Ψ′ + e2Ψ − 1
r

, (C.25)

which allows us to eliminate Φ′ from (C.20) to get

Ψ′′ + 1
r

(
3e2Ψ + 1

)
Ψ′ + 1

r2 e2Ψ
(
e2Ψ − 1

)
= 0. (C.26)

D The q = 0 Schwarzschild case

Taking the q = 0 solutions and setting qBH = 0 leads to the Schwarzschild for the metric,
while χ and E in (3.31) reduce to

χ = e−Φ
√

1 + 2qA

r
, E = −e−Φ

r2
qA√

1 + 2qA
r

. (D.1)

Likewise, (3.32) and (3.33) reduce respectively to

A = sAe−2Φ

√
2(GNM + qA)

r
, (1 + λs)ϕ = ln

√
1 + 2qA

r
+ sϕ0

2m̃
ln

1 + qA+m̃|ϕ̃0|
r

1 + qA−m̃|ϕ̃0|
r

, (D.2)

while further setting ϕ̃0 = 0, leads to ϕ = 0, i.e. the scalar hair vanishes and we are left
with only the vector hair.
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