
Four dimensional hyperbolic

link complements via

Kirby calculus

Hemanth Saratchandran

Balliol College

University of Oxford

A thesis submitted for the degree of

Doctor of Philosophy

Hilary 2015



For Jaya, Chandran and Para



“Any man that can sing like that can’t be all bad”

Lt. Columbo; Swan Song



Acknowledgements

First and foremost I must thank my supervisor Marc Lackenby for his continual support and

encouragement during the writing of this thesis. I am indebted to him for the time and effort

he has put in helping me through my graduate research here at Oxford. His deep insight and

dedication in helping me understand various difficult concepts has proved invaluable in the

writing of this thesis.

I must also thank Andras Juhasz and Panos Papazoglou for reading parts of an earlier draft

of this thesis. Their comments on the mathematical contents and stylistic aspects proved

very helpful. I would also like to thank Manuel Araújo and Mark Penney for their help with
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Abstract

The primary aim of this thesis is to construct explicit examples of four dimensional hyperbolic

link complements. Using the theory of Kirby diagrams and Kirby calculus we set up a general

framework that one can use to attack such a problem. We use this framework to construct

explicit examples in a smooth standard S4 and a smooth standard S2 × S2. We then charac-

terise which homeomorphism types of smooth simply connected closed 4-manifolds can admit

a hyperbolic link complement, along the way giving constructions of explicit examples.
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Introduction

In the 1970’s W. Thurston initiated a grand study of the topology of 3-manifolds motivated by

the realisation that many 3-manifolds admitted homogeneous Riemannian metrics. Thurston’s

insight was that one could use this geometry to study the topology of a 3-manifold, the ultimate

goal being a unification of the worlds of geometry and topology in dimension three. Two worlds

thought to be completely distinct before Thurston’s time. Part of Thurston’s study involved

a detailed understanding of how various link complements in 3-manifolds could admit homo-

geneous geometries. He was able to show that many link complements admitted a hyperbolic

geometry thereby throwing the world of hyperbolic geometry to the forefront (see [20] chap.3,

p.27 and [21] cor.2.5, p.360). This grand vision of Thurston came to be known as the “geometri-

sation conjecture” and was finally proved by G. Perelman in 2003. The geometrisation theorem

together with the classification of surfaces leads to a complete understanding of the worlds of

two and three dimensional manifolds.

The quest for a complete understanding of the world of 4-manifolds, analogous to the two and

three dimensional cases, is a futile quest. The main reason being that, every finitely presented

group can arise as the fundamental group of a compact 4-manifold. As there is no algorithm

to tell whether two finitely presented groups are isomorphic, there is no algorithm to tell if two

4-manifolds have the same fundamental groups. Motivated by Thurston’s work on which link

complements, in dimension 3, admit hyperbolic geometries, we can restrict our attention to the

class of hyperbolic 4-manifolds and try to understand which 4-manifolds have link complements

that admit a hyperbolic geometry. The main problem here is that hyperbolic 4-manifolds are

characteristically different from hyperbolic 3-manifolds, and the techniques used to show that

a 3-manifold admits a link complement that is hyperbolic simply do not have four dimensional

counter parts. Due to this, the quest to understand which 4-manifolds admit link complements

that are hyperbolic takes on a very different feel right from the start.

In the last decade there have been quite a few constructions of hyperbolic 4-manifolds. One of

the simplest constructions was given by J. Ratcliffe and S. Tschantz in their paper [17]. Each of

the 4-manifolds they construct are non-compact and have ends of the form E× [0,∞), with E a

closed flat 3-manifold that is a circle bundle over a surface. We can take these ends, chop them
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off at a certain point, and produce a compact 4-manifold M0 with boundary a certain number

of flat closed 3-manifolds Ei. The region near the boundary is a copy of Ei × [0, t], for some

t > 0. These boundary 3-manifolds, being circle bundles, bound a 4-manifold Fi, the associated

disk bundle. We can then glue the manifold Fi to M0 by identifying the boundary components

via the identity, we will call this a “filling” of M0.

E1
E2

E3

F2
identify via
identity

E2

M0

It could be the case that the 3-manifold E fibres over a surface in more than one way, hence

the filling process will depend on the choice of S1-fibre. Carrying out this gluing procedure

for each boundary component of M0 produces a closed 4-manifold M̃ . The original hyperbolic

4-manifold can then be seen to be a complement inside of the closed 4-manifold M̃ . At this

point one of the most basic questions we can ask is, can we explicitly identify the manifold M̃?

This question is related to the above problem of finding 4-manifolds that have a hyperbolic link

complement in that the ability to classify such an M̃ would then result in an explicit example

of a four dimensional hyperbolic link complement. However, one has to be very careful in using

the word “classify”. The main reason being that the world of 4-manifolds is a truly wild world,

there are 4-manifolds out there that do not admit a single smooth structure, others out there

that admit countably many smooth structures, and some even admitting uncountably many

smooth structures! This exotic behaviour of 4-manifolds shows the mathematician that the

problem of characterising a 4-manifold up to homeomorphism is a very different problem than

to characterise it up to diffeomorphism, something one does not witness when restricting to

manifolds of dimensions two and three.

In general the identification of the topological/smooth type of the manifold M̃ can prove to

be an impossible task. However, if for example the filled in manifolds one obtains are simply

connected then there is certainly hope. A good way to try and smoothly identify a simply

connected 4-manifold is to resort to a “calculus of links” developed by R. Kirby towards the
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end of the 70’s (see [14]). Kirby showed that given a handle decomposition of a closed 4-manifold,

the one and two handles were really what one had to worry about in trying to understand the

manifold. The one and two handle structure of such a manifold can be neatly encoded in a link

diagram in S3, which we can view as R3 ∪ {∞}. Therefore, the one and two-handle structure

of such a manifold could be explicitly visualised by a link diagram in R3, which we now call

a Kirby diagram. Kirby was able to prove that if one applied certain elementary moves to

the link diagram, obtaining a new link diagram, the 4-manifold that corresponded to this new

link diagram would be diffeomorphic to the original 4-manifold. In this way Kirby set up a

“calculus” that one could appeal to in order to simplify their link diagram but without any

compensation being paid on the diffeomorphism type of their closed 4-manifold.

Armed with the knowledge that the Kirby calculus provides a means for exposing the diffeo-

morphism type of a filling of a hyperbolic link complement, we set our sights on understanding

how one can build a Kirby diagram for a non-compact finite volume hyperbolic 4-manifold. The

thesis starts by showing how to produce a Kirby diagram for any one of the Ratcliffe-Tschantz

manifolds and then shows how it changes when a filling procedure is carried out, in turn pro-

ducing an explicit diagram for any such filling. We then take a particular example and appeal

to Kirby’s calculus of links, showing how to simplify the associated Kirby diagram all the way

down to the Kirby diagram of a standard smooth S4. This leads us to our first main theorem:

Theorem. (theorem 2.3.1) There exists a collection L of five linked tori embedded in a standard

smooth S4 such that the complement S4 − L admits a finite volume hyperbolic geometry.

We would like to mention that D. Ivanšić proves in his paper [10] (see thm.4.3, p.18) that there

exists a system of five linked tori embedded in a smooth manifold X that is homeomorphic

to S4 such that X − L admits a finite volume hyperbolic geometry. The manifold he uses to

construct X is the same manifold we use to prove the above theorem. However, he does not

prove that X is diffeomorphic to S4 and in particular does not consider constructions to do with

Kirby diagrams and the Kirby calculus. Furthermore, D. Ivanšić, J. Ratcliffe and S. Tschantz in

their paper [11] construct several more examples of hyperbolic link complements in 4-manifolds

that are homeomorphic to S4, they do not prove that any of the fillings they construct are

diffeomorphic to S4, and they only consider fillings that can be homeomorphic to S4. We were

unaware of the existence of these two papers when we were constructing the proof of the above

theorem, and during the writing of this whole thesis. In fact we were only made aware of these

two papers very recently, we should also point out that the rest of our theorems have no counter

parts in their paper, and the techniques we use to analyse the fillings we obtain are completely

different from the techniques they employ.
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The above theorem showing the existence of a hyperbolic link complement in a standard smooth

S4 raises the question of whether there exist other 4-manifolds with hyperbolic link comple-

ments, and if so can we identify their diffeomorphism type? The next main theorem we prove

provides an answer to this question by constructing an explicit example in a standard smooth

(S2 × S2).

Theorem. (theorem 3.3.1) There exists a collection L of ten linked tori embedded in a standard

smooth (S2 × S2) such that the complement (S2 × S2) − L admits a finite volume hyperbolic

geometry.

Following on from the work of R. Kirby it was soon realised that many topological structures,

such as a spin structure, that a 4-manifold could posses could be investigated through the

knowledge of a Kirby diagram. This led to the knowledge of a Kirby diagram being a use-

ful tool to study the homeomorphism type of a 4-manifold. Chapters 4 and 5 are dedicated

to understanding the topological type of various fillings associated to the Ratcliffe-Tschantz

manifolds via knowledge of their Kirby diagram. The study is initiated with a discussion on

how using a Kirby diagram one can understand whether the Ratcliffe-Tschantz manifolds and

certain fillings associated to them posses a spin structure. Coupled with M. Freedman’s and

S. Donaldson’s classification of the homeomorphism types of smooth simply connected closed

4-manifolds (see [6] and [5]) we are able to classify the homeomorphism type of various fillings.

The main theorem we prove along these lines is the following.

Theorem. (theorem 4.2.6) There exists a collection L of linked tori embedded in a closed 4-

manifold X, such that X is homeomorphic to #n(S2 × S2) with n ≥ 2 even, and X −L admits

a finite volume hyperbolic geometry.

Using a classification theorem of A. Kawauchi on closed 4-manifolds with infinite cyclic fun-

damental group we are able to construct a hyperbolic complement in a non-simply connected

4-manifold and explicitly identify its topological type.

Theorem. (theorem 4.3.2) There exists a collection L consisting of seven tori and one Klein

bottle embedded in a closed 4-manifold X, such that X is homeomorphic to (S1×S3)#(S2×S2)

and X − L admits a finite volume hyperbolic geometry.

The work of M. Freedman and S. Donaldson on smooth simply connected closed 4-manifolds

gives a very nice list on the homeomorphism types a 4-manifold can be. Looking at such a

list one could try and understand which of these types could posses a link complement that

admits a finite volume hyperbolic geometry. The thesis ends by giving necessary conditions

on the homeomorphism type of those simply connected closed 4-manifolds that have a link

complement that admits a finite volume hyperbolic geometry.
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Theorem. (theorem 5.0.8) Let X be a smooth closed simply connected 4-manifold that has a

link complement that admits a finite volume hyperbolic geometry. Then the homeomorphism

type of X falls into one of the following three categories:

• S4

• #k(S
2 × S2), k > 0.

• #kCP2#kCP2, k > 0.

We now briefly outline the contents of each chapter.

In Chapter 1 we give details of the construction of the 24-cell, the fundamental domain for

each of the hyperbolic 4-manifolds that Ratcliffe and Tschantz construct. We then give a brief

survey of how Ratcliffe and Tschantz constructed their hyperbolic manifolds, giving explicit

details on the side pairing transformations they use. We then show how all this information can

be used to produce a Kirby diagram for any one of the 1179 manifolds they construct, giving

explicit examples with several pictures along the way.

Chapter 2 initiates the study of the smooth topology of the boundary fillings of the Ratcliffe-

Tschantz manifolds. In order to make sense of such a procedure, one needs a good understanding

of the cusp structure of each of the Ratcliffe-Tschantz manifolds. We explain how to compute

parabolic generators associated to the stabiliser subgroups of each cusp, and how to identify

translations in these stabiliser subgroups. We then explain how these translations give us a

way to produce a boundary filled manifold, and show how the boundary filling takes place on

the level of the Kirby diagram. The next step is to try and reduce the Kirby diagram of such

a boundary filled manifold, we explicitly explain what this entails and why it works in our

examples, along the way giving several pictures of examples of reduction moves. Finally, we

end with an explicit example of a boundary filled manifold that we reduced all the way down

to a smooth copy of a standard smooth S4 culminating in our theorem on the existence of a

hyperbolic link complement in a standard smooth S4. Another purpose of this example (done

in great detail) is to show the reader how our general framework for producing a Kirby diagram

can be constructively put to use for many particular examples, thereby making the techniques

of practical value.

Chapter 3 continues the study initiated in chapter 2, we show how to construct a smooth

hyperbolic link complement in a standard smooth S2×S2 using the methods from the previous

two chapters.

Chapter 4 begins the study of trying to understand the homeomorphism type of a boundary

filling. The starting point for this chapter is to show the reader how one can try and under-

stand whether a Ratcliffe-Tschantz manifold is spin via its associated Kirby diagram. We give
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explicit examples of such manifolds and use them to construct fillings that are homeomorphic

to #2k(S
2×S2) for each k > 0. The chapter ends with an explicit construction of a non-simply

connected filling with homeomorphism type (S1 × S3)#(S2 × S2).

Chapter 5 seeks to understand which smooth simply connected closed 4-manifolds can admit

a link complement that is hyperbolic. We prove a characterisation theorem that rules out many

possible 4-manifolds from admitting a complement with such a structure.
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Chapter 1

A Handle Decomposition for the
Ratcliffe-Tschantz Manifolds

This chapter begins with some basic properties of the 24-cell, a four dimensional polyhedron

that is the fundamental domain of all the manifolds we will be concerned with. We then

move on to explain how Ratcliffe and Tschantz constructed an assortment of non-compact

hyperbolic 4-manifolds each having the 24-cell as their fundamental domain. Using Ratcliffe

and Tschantz’ construction and the geometry of the 24-cell, we show how one can obtain a handle

decomposition for each of the hyperbolic 4-manifolds that Ratcliffe and Tschantz construct. The

chapter ends by giving an explicit handle decomposition for two of the hyperbolic 4-manifolds.

1.1 Dualising the 24-cell

In this section we will explain to the reader how the 24-cell is constructed, and how we can

visualise the boundary of the 24-cell in R3. In the sections to follow we will then show how

this leads one to obtain a Kirby diagram for any of the manifolds constructed by Ratcliffe and

Tschantz.

Let S(∗,∗,∗,∗) denote a sphere of radius 1 centred at a point in R4 whose coordinates have two

±1’s and whose other two coordinates are both zero. For example S(+1,+1,0,0) denotes the sphere

of radius 1 centred at the point (1, 1, 0, 0) in R4. If we let H4 denote the ball model of hyperbolic

4-space, then we find that all the spheres S(∗,∗,∗,∗) intersect the sphere at infinity orthogonally.

This implies that each such sphere determines a hyperplane in H4. If we let Q(∗,∗,∗,∗) denote

the corresponding half-space that contains the origin, and then take the intersection of all

such half-spaces, we find that we obtain a 24-sided polyhedron P in H4. This polyhedron is

known as the hyperbolic 24-cell and we will denote it by P . It is a four dimensional self dual

polyhedron. We will denote the side of P that lies on the sphere S(∗,∗,∗,∗) also by S(∗,∗,∗,∗). All

the dihedral angles of P are π/2 and it has 24 vertices which are all ideal vertices. We can
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explicitly describe each ideal vertex: We have 8 vertices of the form v(±1,0,0,0) = (±1, 0, 0, 0),

v(0,±1,0,0) = (0,±1, 0, 0), v(0,0,±1,0) = (0, 0,±1, 0), v(0,0,0,±) = (0, 0, 0,±1) plus 16 vertices of

the form v(±1/2,±1/2,±1/2,±1/2) = (±1/2,±1/2,±1/2,±1/2). Finally let us mention that it has

twenty four codimension 1 sides, ninety six codimension 2 sides, and ninety six codimension 3

sides.

In our study of the 24-cell it will be very useful for us to know which sides intersect in codi-

mension 2 faces and which vertices lie on a particular side. Two sides of P intersect in H4

if their identifying spheres have coordinates that have equal nonzero entries in one place and

the remaining nonzero entries lie in different positions. For example the sides S(+1,0,−1,0) and

S(+1,+1,0,0) intersect, however the sides S(+1,+1,0,0) and S(0,0,−1,−1) do not. In the case of vertices

with one nonzero ±1 (those from the first 8 described above) we find that such a vertex lies on

a side if the side has an equal nonzero entry in the same position as the vertex. For example

the vertex v(−1,0,0,0) lies on the side S(−1,0,0,+1) but not on the side S(0,+1,+1,0). In the case of

a vertex in the group v(±1/2,±1/2,±1/2,±1/2) we find that such a vertex lies on a side provided

the sign of the nonzero entries of the side coincides with the sign of the entries of the vertex in

the same position. For example the vertex v(+1/2,+1/2,−1/2,+1/2) lies on the side S(+1,0,−1,0) but

does not lie on the side S(−1,+1,0,0). We also mention that when two sides of P intersect they

do so at right angles.

The hyperbolic manifolds that we will be considering will be obtained by a side pairing iden-

tification of the 24-cell. In this regard it will be very helpful if we had some way to visualise

the 24-cell. The 24-cell is a 4-dimensional polyhedron, hence its boundary is 3-dimensional. We

will now outline a procedure that will allow us to visualise this boundary. This will prove useful

when we start looking at a Kirby diagram of a particular manifold obtained from a side pairing

transformation of the 24-cell.

Each side of the polyhedron P corresponds to a sphere of the form S(∗,∗,∗,∗), which itself is

identified by the co-ordinate (∗, ∗, ∗, ∗). We can then radially project this point to the boundary

∂B4 = S3. For example, if we are focusing on the side corresponding to the sphere S(+1,0,+1,0),

then the radial projection of the point (1, 0, 1, 0) is (1/
√

2, 0, 1/
√

2, 0). Thus each side in P

uniquely corresponds to a point in S3.

Using the Mobius transformation that transforms the ball B4 onto the upper half-plane R4
x4>0

we obtain a map from S3 onto R3 ∪ {∞}. We will use this map to transfer information about

the boundary of P into R3 ∪ {∞}.

We define the map:

φ : S3 → R4 ∪ {∞}
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by

φ(x1, x2, x3, x4) = (0, 0, 0, 1) +
2

x21 + x22 + x23 + (x4 − 1)2
(x1, x2, x3, x4 − 1).

This is just the usual Mobius transformation from B4 to R4
x4≥0 ∪∞ restricted to the boundary

sphere S3. Using the above map we can map each point in S3 that corresponds to a sphere

onto a point in R3. For example if we take the sphere S(+1,0,+1,0), then we know that the

associated point on S3 has coordinates (1/
√

2, 0, 1/
√

2, 0). Applying φ to this point we get the

point (1/
√

2, 0, 1/
√

2). Doing this for all the points corresponding to the sides of P we get a

collection of points in R3.

Suppose we have two sides of the polyhedron P call them S1 and S2 that intersect along a

codimension two face (a codimension two face is sometimes called a ridge). Associated to these

sides we have points x1 and x2 respectively that reside on S3. We can then choose a path in S3

from x1 to x2 that when projected to P will intersect the codimension 2 side S1∩S2 transversely

in one point. Let us note that there will be many paths we can choose between x1 to x2, but

if we give S3 the round metric induced from the standard Euclidean inner product on R4, then

there will be a unique length minimising geodesic segment joining x1 to x2. It is this segment

that we choose as our path, and from here on in when we spoke of such a path between two

such points we keep it fixed that it is the geodesic segment we are taking as the path. We can

think of this path in S3 as representing the intersecting face S1∩S2. For example if we took the

sides S(+1,+1,0,0) and S(+1,0,+1,0) then we know that the corresponding points in S3 are given

by the points (1/
√

2, 1/
√

2, 0, 0) and (1/
√

2, 0, 1/
√

2, 0). The corresponding path is taken to be

the geodesic segment between these two points. If we then use our map φ these paths between

such points will give us a path in R3 between the images of these points. In this way we view

the image path in R3 as representing a codimension 2 face in the polyhedron P , its endpoints

correspond to the sides in P that intersect to give this codimension 2 face. We mention that

since the path we are taking in S3 that corresponds to the intersection S1 ∩ S2 is a geodesic

segment (with respect to the round metric on S3) the image will in general not be a straight

line. However, the image path will be homotopic (fixing endpoints) to a straight line and when

drawing pictures we will always take the image paths to be straight line segments.

Thus far we have explained how to visualise the faces and edges (codimension 2 faces) of

the polyhedron P , before we draw these edges let us explain how we can also visualise the

codimension 3 faces. Fix three sides S1, S2 and S3, and suppose they all triply intersect in a

codimension 3 face. Let x1, x2, x3 denote the respective points in S3. As we explained above

each pair of intersections defines a geodesic segment in S3 whose endpoints are precisely the

points corresponding to the intersecting side. Thus associated to the triply intersecting sides

S1, S2 and S3 we have a geodesic triangle in S3 whose vertices are x1, x2 and x3, and whose

sides correspond to the pair of intersections of S1, S2 and S3. This geodesic triangle in S3 will
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get mapped to a triangle in R3 via φ. In general this triangle will not be made up of straight

line segments, however when we draw such triangles we will always take straight line segments.

This tells us that codimension 3 faces correspond to triangles made up of paths that correspond

to codimension 2 faces.

Putting together the above information gives us a way to picture the boundary of P in R3.

What we are really visualising is the dual polyhedron of ∂P , but since we will be interested in

a handle decomposition this is very useful for our purposes.

The red vertices in the above diagram correspond to the codimension 1 sides of P and recall

that we obtained these by picking the centre point of each sphere, radially projecting it to

S3, then mapping it to R3 using the Mobius transformation φ. The following table shows the

co-ordinates of each of the red vertices and their corresponding sphere.

S(+1,+1,0,0) ( 1√
2
, 1√

2
, 0) S(−1,+1,0,0) (−1√

2
, 1√

2
, 0)

S(+1,−1,0,0) ( 1√
2
, −1√

2
, 0) S(−1,−1,0,0) (−1√

2
, −1√

2
, 0)

S(+1,0,+1,0) ( 1√
2
, 0, 1√

2
) S(+1,0,−1,0) ( 1√

2
, 0, −1√

2
)

S(−1,0,+1,0) (−1√
2
, 0, 1√

2
) S(−1,0,−1,0) (−1√

2
, 0, −1√

2
)

S(0,+1,+1,0) (0, 1√
2
, 1√

2
) S(0,−1,−1,0) (0, −1√

2
, −1√

2
)

S(0,+1,−1,0) (0, 1√
2
, −1√

2
) S(0,−1,+1,0) (0, −1√

2
, 1√

2
)

S(+1,0,0,+1) (1 +
√

2, 0, 0) S(−1,0,0,−1) (1−
√

2, 0, 0)

S(+1,0,0,−1) (−1 +
√

2, 0, 0) S(−1,0,0,+1) (−1−
√

2, 0, 0)

S(0,+1,0,+1) (0, 1 +
√

2, 0) S(0,−1,0,+1) (0,−1−
√

2, 0)

S(0,+1,0,−1) (0,−1 +
√

2, 0) S(0,−1,0,−1) (0, 1−
√

2, 0)

S(0,0,+1,+1) (0, 0, 1 +
√

2) S(0,0,+1,−1) (0, 0,−1 +
√

2)

S(0,0,−1,+1) (0, 0,−1−
√

2) S(0,0,−1,−1) (0, 0, 1−
√

2)
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1.2 Preliminaries on the Ratcliffe-Tschantz 4-manifolds

In their paper [17] Ratcliffe and Tschantz construct several examples of non-compact hyperbolic

4-manifolds of finite volume. We briefly describe how this construction process works. The

interested reader is referred to page 109 of their paper [17] for more details.

Recall, a real (n+ 1)× (n+ 1) matrix A is said to be Lorentzian if A preserves the Lorentzian

inner product:

x · y := x1y1 + . . .+ xnyn − xn+1yn+1.

The hyperboloid model of hyperbolic n-space is the metric space

Hn := {x ∈ Rn+1 : x · x = −1 and xn+1 > 0}

with the metric d defined by the equation:

cosh(d(x, y)) := −x · y.

A Lorentzian (n+1)×(n+1) matrix A is said to be positive if A maps Hn to Hn. The isometries

of Hn are the positive Lorentzian matrices.

Let Γn be the group of (n+ 1)× (n+ 1) positive Lorentzian matrices with integer entries. The

group Γn is an infinite discrete subgroup of the group O(n, 1) of Lorentzian (n + 1) × (n + 1)

matrices. The principal congruence two subgroup of Γn is the group Γn2 of all matrices in Γn

that are congruent to the identity matrix modulo two.

In their paper [17] Ratcliffe and Tschantz classify all the hyperbolic space forms H4/Γ where Γ

is a torsion free subgroup of minimal index in the group Γ4
2 (they actually do the case n = 2, 3

as well but as we are only interested in the n = 4 case we will not worry about these other two).

The main theorem takes the form:

Theorem 1.2.1. There are, up to isometry, exactly 1171 hyperbolic space-forms H4/Γ where

Γ is a torsion free subgroup of minimal index in the group Γ4
2. Only 22 of these manifolds are

orientable.

The proof of this theorem which leads to the construction of the 1171 hyperbolic space-forms

H4/Γ involves finding suitable side pairings of the 24-cell that will give rise to hyperbolic 4-

manifolds. The interested reader can consult p.111 of [17] for the details of the proof. The

actual side-pairings they use will be important for our understanding of a Kirby diagram, so we

go through in some detail exactly how they code their side pairings.

All their side pairings are of the form rk, where k is a diagonal matrix with diagonal entry

taking the form (±1,±1,±1,±1), which is to be interpreted as a composition of reflections in

the coordinate planes xi = 0 for 1 ≤ i ≤ 4. In order to identify a particular element k it

11



suffices to simply give the diagonal (±1,±1,±1,±1), where a −1 in some position tells us that

we reflect in the coordinate corresponding to that position, and +1 tell us that we do nothing.

For example (−1,+1,−1,+1) is the composition of the reflection in the hyper-planes x1 = 0

followed by reflection in x3 = 0. When we want to speak of a particular side pairing rk and

make reference to its k-part we will always write the k-part in the form k
(±1,±1,±1,±1)

, the k is

to remind us that we are only dealing with the k part of rk and the subscript (±1,±1,±1,±1)

tells us what the diagonal is. Ratcliffe and Tschantz develop a coding system for the k-part of

each side pairing which we now describe.

The polyhedron P has 24 three dimensional sides, since a side pairing transformation must

identify pairs of sides we need to give twelve transformations. We will denote these transfor-

mations by the letters a, b, . . . , k, l. We then group the letters a, b, . . . , l and the sides of P into

the following groups:

{a, b, S(±1,±1,0,0)}, {c, d, S(±1,0,±1,0)}, {e, f, S(0,±1,±1,0)},

{g, h, S(±1,0,0,±1)}, {i, j, S(0,±1,0,±1)}, {k, l, S(0,0,±1,±1)}.

In each of the above sets the letters are pairings between the spheres in that set (remember the

spheres represent the sides of the 24-cell P by the way we constructed it). We give the sides

the ordering (+1,+1) < (+1,−1) < (−1,+1) < (−1,−1). So for example taking the first group

above our order tells us that

S(+1,+1,0,0) < S(+1,−1,0,0) < S(−1,+1,0,0) < S(−1,−1,0,0)

The first letter always pairs the side with +1,+1 to one of the other sides (we will show how

to determine this side), and the second letter pairs the next unused side (with respect to the

above ordering) with the last side. The actual side pairing transformations are encoded by a

string of six characters from the set

{1, 2, 3, 4, 5, 6, 7, 8, 9, A,B,C,D,E, F}

one character for each of the above sets. Each character represents a particular k-part, and the

following table shows the correspondence:

12



Character k-part

1 k
(−1,+1,+1,+1)

2 k
(+1,−1,+1,+1)

3 k
(−1,−1,+1,+1)

4 k
(+1,+1,−1,+1)

5 k
(−1,+1,−1,+1)

6 k
(+1,−1,−1,+1)

7 k
(−1,−1,−1,+1)

8 k
(+1,+1,+1,−1)

9 k
(−1,+1,+1,−1)

A k
(+1,−1,+1,−1)

B k
(−1,−1,+1,−1)

C k
(+1,+1,−1,−1)

D k
(−1,+1,−1,−1)

E k
(+1,−1,−1,−1)

F k
(−1,−1,−1,−1)

The coding of a particular manifold will take the form of six characters from the above set of

characters. For example, a code can look like

1428BD.

Each character in the above code tells us what the k-part of each pair of transformations in the

group

{(a, b), (c, d), (e, f), (g, h), (i, j), (k, l)}

is. For example for the code 1428BD the first character is 1, this tells us that for the particular

manifold corresponding to this code the side pairings a and b have k-parts given by k
(−1,+1,+1,+1)

.

The next character in the code is 4, this tells us that the side pairings c and d have k-part

k
(+1,+1,−1,+1)

. Continuing in this way we can determine all the k-parts of each of the side

pairings a, b, c, d, . . . , k, l.

S(+1,+1,0,0)
a

k
(−1,+1,+1,+1)

// S(−1,+1,0,0) S(+1,−1,0,0)
b

k
(−1,+1,+1,+1)

// S(−1,−1,0,0)

S(+1,0,+1,0)
c

k
(+1,+1,−1,+1)

// S(+1,0,−1,0) S(−1,0,+1,0)
d

k
(+1,+1,−1,+1)

// S(−1,0,−1,0)

S(0,+1,+1,0)
e

k
(+1,−1,+1,+1)

// S(0,−1,+1,0) S(0,+1,−1,0)
f

k
(+1,−1,+1,+1)

// S(0,−1,−1,0)

S(+1,0,0,+1)
g

k
(+1,+1,+1,−1)

// S(+1,0,0,−1) S(−1,0,0,+1)
h

k
(+1,+1,+1,−1)

// S(−1,0,0,−1)

13



S(0,+1,0,+1)
i

k
(−1,−1,+1,−1)

// S(0,−1,0,−1) S(0,+1,0,−1)
j

k
(−1,−1,+1,−1)

// S(0,−1,0,+1)

S(0,0,+1,+1)
k

k
(−1,+1,−1,−1)

// S(0,0,−1,−1) S(0,0,+1,−1)
l

k
(−1,+1,−1,−1)

// S(0,0,−1,+1) .

The above is to be understood as the letter above the arrow tells you which side of the polyhedron

P is being paired to another side, and the k-part of that transformation is on the bottom of the

arrow.

We have still not explained what the r-part of the side pairing transformations are, they are just

reflections in the image side, viewed as a hyperplane in H4. For example for the code 1428BD,

described above, we know that the side pairing transformation a pairs side S(+1,+1,0,0) to side

S(−1,+1,0,0), and has k-part given by k
(−1,+1,+1,+1)

. Using the fact that the r-part is just reflection

in the image side we have that

a := rk
(−1,+1,+1,+1)

where r is reflection in the side S(−1,+1,0,0).

To summarise, Ratcliffe and Tschantz construct 1171 distinct non-compact finite volume hyper-

bolic 4-manifolds, 22 of which are orientable and all others non-orientable. Each such 4-manifold

is obtained by giving side pairing transformations for the sides of the 24-cell P (described in

the previous section). The side pairing transformations for any fixed such manifold are labelled

by the letters a, b, . . . , k, l, and each such transformation is given in the form rk, where r is

always reflection in the image side. The k-part of each transformation is understood through a

six character code, which can be decoded using the above table, showing what each characters

k-part is.

We would like to point out that we have not said anything about the proof of why these side

pairing transformations on the polyhedron P actually lead to hyperbolic 4-manifolds. This is

all explained in their paper [17] from p.109-117, with details on the side-pairing coding from

p.112-117. We are taking it for granted that such manifolds exist and are well defined via side

pairing transformations as described above.

Towards the end of their paper (see p. 117-124 [17]) Ratcliffe and Tschantz have tables of the

1171 manifolds giving various information about these manifolds, in particular the tables tell

what the side pairing code for each manifold is. As we will be interested in the side pairing

codes of certain particular manifolds and some other information coming from these tables we

reproduce these tables here for convenience of the reader.
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Table 1.1: Orientable Ratcliffe-Tschantz hyperbolic 4-manifolds

The above table gives the information corresponding to the 22 orientable hyperbolic 4-manifolds.

Before we show tables of the non-orientable ones let us explain what some of the headers in the

table mean. To start with the the header N is simply referring to the number of the manifold.

As their are 1171 manifolds in total, each one is assigned a number, giving a convenient way to

refer to it (one can just think of it as the row number of the table). The column headed by SP

lists the side-pairing for the manifold in the coded form we explained previously. The column

headed by S lists the number of symmetries of the manifolds, for our work we will not need to

worry about this column. The columns headed by H1, H2, H3, lists the first, second and third

homology groups respectively. The three digit number abc represents Za ⊕ Zb2 ⊕ Zc4, and the

single digit entry a in the column H3 represents Za.
The column headed by LT lists the link types of the cusps corresponding to the ends of the

manifolds. The orientable manifolds are all five cusped manifolds, hence have five non-compact

ends each diffeomorphic to E×R, where E is a closed Euclidean manifold. The link type tells us

which Euclidean manifold E is, here A,B, . . . , J represent the ten closed Euclidean 3-manifolds

in the order given by Hantzsche and Wendt in [9], these are also given in Wolf’s text [22]

p.122, where in his notation G1, . . . , G6 correspond to A, . . . , F respectively, and B1, . . . , B4
correspond to G, . . . , J . The orientable ones are given by A, . . . , F and the non-orientable ones

are G, . . . , J . Only C,D,E do not occur as links of cusps of any of their manifolds.

We will end this section by giving tables of the non-orientable Ratcliffe-Tschantz manifolds.

These manifolds are either five cusped or six cusped, the ones numbered 23-1090 are all five

cusped, and the remaining ones are all six cusped.
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Table 1.2: non-orientable, five cusped, Ratcliffe-Tschantz hyperbolic 4-manifolds
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18



19



20



21



22



Table 1.3: non-orientable, six cusped, Ratcliffe-Tschantz hyperbolic 4-manifolds

1.3 Handle Decomposition of the Ratcliffe-Tschantz manifolds

In this section we want to explain how to obtain a handle decomposition of any of the Ratcliffe-

Tschantz manifolds.

Recall from the previous section that each of the Ratcliffe-Tschantz manifolds is obtained via

the 24-cell P in H4 by appropriate side pairing transformations. Therefore it should come

as no surprise that the approach to finding such a handle decomposition starts by trying to

decompose the polyhedron P into various pieces that glue up appropriately when we apply the

side pairing transformations. One must keep in mind that the polyhedron P is not a manifold

so we cannot really speak of a handle decomposition of it. The main idea is that the dual cell

decomposition we gave previously will lead to a handle decomposition for any of the Ratcliffe-

Tschantz manifolds.

In section 1.1 we constructed a diagram of the dual polyhedron of ∂P . The red dots in the

diagram will constitute pieces of the 1-handles for the manifolds. The lines joining these red

dots will be parts of the 2-handles, and the triangles formed by these lines will be parts of

3-handles. As for the 0-handle, just observe that the interior of P can be identified with the

interior of a 4-ball and as any side pairing transformation is injective on the interior of P we

find that we can think of the interior as the 0-handle of any of the Ratcliffe-Tschantz manifolds.
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Let us explain in slightly more detail how exactly we get this handle decomposition from the

dual cell diagram we drew.

Suppose we have obtained a manifold M from side pairing transformations of the polyhedron

P . The side pairing transformations form a group, which we denote by G, we obtain M by

taking the quotient of P by G. The polyhedron P has a natural stratification into codimension

k sides. The codimension 0 side is just the interior of P , so the zeroth level of the stratification

of P comprises of the interior of P . Codimension 1 sides of P comprise of the faces of P , and we

know that there are 24 such faces, thus the first level of the stratification comprises of these 24

sides. There are 96 codimension 2 sides, hence the second level of the stratification comprises

of these 96 codimension 2 sides. There are 96 codimension 3 sides, which tells us that the

third level of the stratification consists of these 96 codimension 3 sides. The side pairing group

G preserves this stratification, and the orbit of each codimension k side in the kth-level forms

a codimension k equivalence class. For example since G does not identify any points in the

interior of P we have that the codimension 0 equivalence class simply consists of the interior

of P . Each side pairing transformation takes a side of P and pairs it with another unique side

of P , distinct from the original side. This implies that each codimension 1 equivalence class

will consist of precisely two elements, a pair of codimension 1 sides that are paired together by

some side pairing transformation. For the codimension 2 sides there are exactly four elements

in each equivalence class (this is because the dihedral angles of a 24-cell are all π/2, hence four

copies are needed around each codimension 2 side in order to give a total angle of 2π), since

there are 96 codimension 2 sides it follows that there are a total of 24 codimension 2 equivalence

classes. Finally, there are eight codimension 3 sides in each codimension 3 equivalence class,

and since there are 96 codimension 3 sides there are a total of twelve codimension 3 equivalence

classes. From here it is easy to obtain a handle decomposition of M , each equivalence class

of codimension k sides corresponds to one k handle. As there is only one equivalence class

for the codimension 0 side we have that M has exactly one 0-handle. As there are twelve

equivalence classes of codimension 1 sides, it follows that M has twelve 1-handles. Similarly

one can conclude that M has twenty four 2-handles and twelve 3-handles. Finally, there are no

4-handles as all the vertices of P are ideal. We can now see why the dual cell diagram we drew in

section 1.1 gives us the handle structure information. The vertices in the diagram corresponded

to codimension 1 sides in P , hence pairs of vertices will correspond to 1-handles for M . Lines

joining vertices corresponded to codimension 2 sides, so collections of such lines (four to be

exact) will form a 2-handle. Triangles filling in triples of lines that join vertices corresponded to

codimension 3 sides, so collections of such triangles (8 to be exact) will constitute a 3-handle.

It is time to start giving some explicit examples, so let us start with manifold no. 3 in ta-

ble 1.1. The code for this manifold is 1477B8, decoding this we find that the side pairing

transformations are given by:
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S(+1,+1,0,0)
a

k
(−1,+1,+1,+1)

// S(−1,+1,0,0) S(+1,−1,0,0)
b

k
(−1,+1,+1,+1)

// S(−1,−1,0,0)

S(+1,0,+1,0)
c

k
(+1,+1,−1,+1)

// S(+1,0,−1,0) S(−1,0,+1,0)
d

k
(+1,+1,−1,+1)

// S(−1,0,−1,0)

S(0,+1,+1,0)
e

k
(−1,−1,−1,+1)

// S(0,−1,−1,0) S(0,+1,−1,0)
f

k
(−1,−1,−1,+1)

// S(0,−1,+1,0)

S(+1,0,0,+1)
g

k
(−1,−1,−1,+1)

// S(−1,0,0,+1) S(+1,0,0,−1)
h

k
(−1,−1,−1,+1)

// S(−1,0,0,−1)

S(0,+1,0,+1)
i

k
(−1,−1,+1,−1)

// S(0,−1,0,−1) S(0,+1,0,−1)
j

k
(−1,−1,+1,−1)

// S(0,−1,0,+1)

S(0,0,+1,+1)
k

k
(+1,+1,+1,−1)

// S(0,0,+1,−1) S(0,0,−1,+1)
l

k
(+1,+1,+1,−1)

// S(0,0,−1,−1) .

From our above discussion we know that the 1-handles of this manifold correspond to pairs of

identified sides of P . We are going to label the 1-handles as follows, each side pairing trans-

formation pairs a domain side to an image side. We label the domain side by a capital letter,

the letter corresponding to the letter of the side pairing transformation. We label the image

side by a primed capital letter, the letter being the same as what we used for the domain side.

For example, from the above we see that the transformation a pairs S(+1,+1,0,0) to S(−1,+1,0,0),

hence we label S(+1,+1,0,0) by A and S(−1,+1,0,0) by A′. The following table summarises this

information for manifold no. 3.

A S(+1,+1,0,0) ( 1√
2
, 1√

2
, 0) A′ S(−1,+1,0,0) (−1√

2
, 1√

2
, 0)

B S(+1,−1,0,0) ( 1√
2
, −1√

2
, 0) B′ S(−1,−1,0,0) (−1√

2
, −1√

2
, 0)

C S(+1,0,+1,0) ( 1√
2
, 0, 1√

2
) C ′ S(+1,0,−1,0) ( 1√

2
, 0, −1√

2
)

D S(−1,0,+1,0) (−1√
2
, 0, 1√

2
) D′ S(−1,0,−1,0) (−1√

2
, 0, −1√

2
)

E S(0,+1,+1,0) (0, 1√
2
, 1√

2
) E′ S(0,−1,−1,0) (0, −1√

2
, −1√

2
)

F S(0,+1,−1,0) (0, 1√
2
, −1√

2
) F ′ S(0,−1,+1,0) (0, −1√

2
, 1√

2
)

G S(+1,0,0,+1) (1 +
√

2, 0, 0) G′ S(−1,0,0,−1) (1−
√

2, 0, 0)

H S(+1,0,0,−1) (−1 +
√

2, 0, 0) H ′ S(−1,0,0,+1) (−1−
√

2, 0, 0)

I S(0,+1,0,+1) (0, 1 +
√

2, 0) I ′ S(0,−1,0,+1) (0,−1−
√

2, 0)

J S(0,+1,0,−1) (0,−1 +
√

2, 0) J ′ S(0,−1,0,−1) (0, 1−
√

2, 0)

K S(0,0,+1,+1) (0, 0, 1 +
√

2) K ′ S(0,0,+1,−1) (0, 0,−1 +
√

2)

L S(0,0,−1,+1) (0, 0,−1−
√

2) L′ S(0,0,−1,−1) (0, 0, 1−
√

2)
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The following diagram shows the 1-handles.

A
A'

B
B'

C

C'

D

D'

E

E'

G

G' HH'

K

K'

L'
F

F'

I

I'

J

J'

L

We should really think of the red vertices as very small 3-balls as a 1-handle is a copy of D1×D3,

hence the attaching sphere is S0 × D3, which is a pair of 3-balls. The standard convention,

for orientable manifolds, of visualising a 1-handle is by drawing its attaching region, which is

S0×D3, in R3 with the understanding that the boundaries of these two balls are identified via a

reflection (an orientation reversing diffeomorphism). For the non-orientable case the convention

is that attaching regions of 1-handles are attached by an orientation preserving diffeomorphism.

In our situation the 1-handles are in correspondence with pairs of codimension one faces of

P (the 24-cell), and each such pair is identified via a side-pairing transformation. Therefore

for our case the attaching regions of 1-handles will be identified via their corresponding side-

pairing transformation, these could be orientation reversing or preserving depending on the side

pairing transformation. One has to be slightly careful in situations where the attaching regions

are being identified via an orientation preserving diffeomorphism, the reason being that if we

have a knotted 2-handle that passes over the 1-handle and we push it through the 1-handle,

we find that the knotted part of the 2-handle changes to its mirror. However, if all 2-handles

present have components that are unknotted then pushing any 2-handle through a 1-handle

will not in anyway change the 2-handle. As we will see later we are in precisely the situation

where all the 2-handles are unknotted. At this stage it is hard to get a good idea of how these

1-handles sit in 3-space, we will soon show a better way to think of these 1-handles that will be

very useful in the second part of this thesis.

In order to see what a 2-handle looks like in the above picture we first need to understand how
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equivalence classes of codimension 2 sides arise. Recall that two codimension 1 sides intersect

if the centre vector of the spheres defining the sides have one entry the same, and the other

entry in different positions. For example the side S(+1,+1,0,0) intersects S(+1,0,+1,0) because

they both have a +1 in the first position and the second non-zero co-ordinates are in different

positions. On the other hand the side S(+1,+1,0,0) does not intersect S(0,0,−1,+1) as their non-zero

co-ordinates are in different positions. Also, S(+1,+1,0,0) does not intersect S(−1,0,0,−1) because

the first entry of each have different signs. Once we know which codimension 1 sides intersect,

we find an equivalence class by simply applying side pairing transformations to the intersection.

For example, we know that S(+1,+1,0,0) intersects S(+1,0,+1,0), which using the above table we

can write as A ∩ C, we then apply the transformation a and find that A ∩ C goes to A′ ∩ D.

We can then apply d and we find that we end up at A′ ∩D′. We continue in this way until we

cycle back to A ∩ C. Once we end up back at A ∩ C we know we have found an equivalence

class. The full equivalence class for A ∩ C is:

A ∩ C a // A′ ∩D d // A′ ∩D′ a−1
// A ∩ C ′ c−1

// A ∩ C .

Note that if a pairs A with A′ then a−1 is the transformation that pairs A′ with A. Continuing

in this fashion we can work out all codimension 2 equivalence classes, the following table gives

all 24 such classes.
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1. A ∩ C a // A′ ∩D d // A′ ∩D′ a−1
// A ∩ C ′ c−1

// A ∩ C

2. A ∩G a // A′ ∩G′ g−1
// B ∩G b // B′ ∩G′ g−1

// A ∩G

3. A ∩H a // A′ ∩H ′ h−1
// B ∩H b // B′ ∩H ′ h

−1
// A ∩H

4. A ∩ E a // A′ ∩ E e // B ∩ E′ b // B′ ∩ E′ e−1
// A ∩ E

5. A ∩ F a // A′ ∩ F f
// B ∩ F ′ b // B′ ∩ F ′ f

−1
// A ∩ F

6. A ∩ I a // A′ ∩ I i // B ∩ I ′ b // B′ ∩ I ′ i−1
// A ∩ I

7. A ∩ J a // A′ ∩ J j
// B ∩ J ′ b // B′ ∩ J ′ j−1

// A ∩ J

8. B ∩ C b // B′ ∩D d // B′ ∩D′ b−1
// B ∩ C ′ c−1

// B ∩ C

9. C ∩G c // C ′ ∩G g
// D ∩G′ d // D′ ∩G′ g−1

// C ∩G

10. C ∩H c // C ′ ∩H h // D ∩H ′ d // D′ ∩H ′ h
−1
// C ∩H

11. C ∩ E c // C ′ ∩ F f
// D ∩ F ′ d // D′ ∩ E′ e−1

// C ∩ E

12. C ∩ F ′ c // C ′ ∩ E′ e−1
// D ∩ E d // D′ ∩ F f

// C ∩ F ′

13. C ∩K c // C ′ ∩ L l // C ′ ∩ L′ c−1
// C ∩K ′ k−1

// C ∩K

14. D ∩K d // D′ ∩ L l // D′ ∩ L′ d−1
// D ∩K ′ k−1

// D ∩K

15. G ∩ I g
// G′ ∩ J ′ j−1

// H ∩ J h // H ′ ∩ I ′ i−1
// G ∩ I

16. G ∩ J ′ g
// G′ ∩ I i // H ∩ I ′ h // H ′ ∩ J j

// G ∩ J ′

17. G ∩K g
// G′ ∩ L l // H ′ ∩ L′ h−1

// H ∩K ′ k−1
// G ∩K

18. G ∩ L g
// G′ ∩K k // H ′ ∩K ′ h

−1
// H ∩ L′ l−1

// G ∩ L

19. E ∩ I e // E′ ∩ J ′ j−1
// F ∩ J f

// F ′ ∩ I ′ i−1
// E ∩ I

20. E ∩ J e // E′ ∩ I ′ i−1
// F ∩ I f

// F ′ ∩ J ′ j−1
// E ∩ J

21. E ∩K e // E′ ∩ L l // E′ ∩ L′ e−1
// E ∩K ′ k−1

// E ∩K

22. F ∩ L f
// F ′ ∩K k // F ′ ∩K ′ f

−1
// F ∩ L′ l−1

// F ∩ L

23. I ∩K i // I ′ ∩K ′ k−1
// J ′ ∩K j−1

// J ∩K ′ k−1
// I ∩K

24. I ∩ L i // I ′ ∩ L′ l−1
// J ′ ∩ L j−1

// J ∩ L′ l−1
// I ∩ L

The following picture shows the 2 handle given by the equivalence

A ∩ C a // A′ ∩D d // A′ ∩D′ a−1
// A ∩ C ′ c−1

// A ∩ C

the green edges and their blue vertices outline how the class looks in the whole handle decom-

position.
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A
A'

B
B'

C

C'

D

D'

E

E'

G

G' H
H'

K

K'

L'
F

F'

I

I'

J

J'

L

Let us give another picture of a 2 handle, this time we take the 2-handle corresponding to the

class

C ∩ E c // C ′ ∩ F f
// D ∩ F ′ d // D′ ∩ E′ e−1

// C ∩ E

A
A'

B
B'

C

C'

D

D'

E

E'

G

G' H
H'

K

K'

L' F

F'

I

I'

J

J'

L

In total there are twenty four 2-handles and it is clear that drawing each 2-handle in a picture

like the above would be very cumbersome. Also, drawing all of them together in one picture

proves to be a very difficult task, and even when one manages to do so it turns out to be very

hard to see which bits of 2-handles belong to which equivalence class. In order to overcome
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these management issues of the 2-handles observe that if we split R3 into the x− y, x− z and

y− z planes, then all of the 1-handles will lie in these planes. For example the 1-handles A−A′

and B−B′ lie in the x− y plane, C −C ′ and D−D′ lie in the x− z plane, E −E′ and F −F ′

lie in the y − z plane. Some 1-handles will lie in the intersection of these planes, for example

I− I ′ lies in both the x−y and y− z planes. Exactly which plane (or planes) each 1-handle lies

in can be found by simply looking at the table above showing the co-ordinates of the 1-handles.

Due to the fact that each 1-handle lies in at least one of three 2-planes, it turns out that many

of the 2-handles will lie in one of these three 2-planes. The upshot of all of this is that if we

split R3 into these three 2-planes, we can then visualise the various 2-handles in each 2-plane

separately. Unfortunately this hinges on the fact that every 2-handle resides on one of these

three 2-planes, and this is not true. It turns out that there are always six 2-handles which will

not lie in any one of the x−y, x−z or y−z planes. Therefore what we have to do is draw these

six special 2-handles in a separate diagram, this means to show the structure of the 2-handles

for each of the Ratcliffe-Tschantz manifolds we will draw four diagrams. Three diagrams will

consist of those 2-handles lying in the x− y, x− z, y− z planes and one more diagram showing

the six special 2-handles that do not lie in any of these three 2-planes.

The following picture shows those 2-handles of manifold no. 3 that lie in the x − y plane. We

have drawn the 1-handles as 3-balls now as we have enough space to do so.

I

G

A' A

J

G' H

J'

B' B

I'

H'

The 2-handles have been colour coded to make it easier to see which bits of 2-handle correspond

to which 2-handle.
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The following table shows which 2-handle corresponds to which colour:

colour equivalence class

green A ∩H a // A′ ∩H ′ h−1
// B ∩H b // B′ ∩H ′ h

−1
// A ∩H

red A ∩ J a // A′ ∩ J j
// B ∩ J ′ b // B′ ∩ J ′ j−1

// A ∩ J

brown A ∩G a // A′ ∩G′ g−1
// B ∩G b // B′ ∩G′ g−1

// A ∩G

blue A ∩ I a // A′ ∩ I i // B ∩ I ′ b // B′ ∩ I ′ i−1
// A ∩ I

pink G ∩ I g
// G′ ∩ J ′ j−1

// H ∩ J h // H ′ ∩ I ′ i−1
// G ∩ I

black G ∩ J ′ g
// G′ ∩ I i // H ∩ I ′ h // H ′ ∩ J j

// G ∩ J ′

The following picture shows those 2-handles that lie in the x− z plane, with the table after it

telling you which 2-handle corresponds to which colour.

K

G

L

C'D'

L'

HG'

K'

D C

H'

colour equivalence class

green D ∩K d // D′ ∩ L l // D′ ∩ L′ d−1
// D ∩K ′ k−1

// D ∩K

red G ∩K g
// G′ ∩ L l // H ′ ∩ L′ h−1

// H ∩K ′ k−1
// G ∩K

brown C ∩G c // C ′ ∩G g
// D ∩G′ d // D′ ∩G′ g−1

// C ∩G

blue G ∩ L g
// G′ ∩K k // H ′ ∩K ′ h

−1
// H ∩ L′ l−1

// G ∩ L

pink C ∩K c // C ′ ∩ L l // C ′ ∩ L′ c−1
// C ∩K ′ k−1

// C ∩K

black C ∩H c // C ′ ∩H h // D ∩H ′ d // D′ ∩H ′ h
−1
// C ∩H
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The following picture shows those 2-handles that lie in the y − z plane.

K

I

L

F' E

K'

JJ'

L'

FE'

I'

colour equivalence class

green I ∩ L i // I ′ ∩ L′ l−1
// J ′ ∩ L j−1

// J ∩ L′ l−1
// I ∩ L

red I ∩K i // I ′ ∩K ′ k−1
// J ′ ∩K j−1

// J ∩K ′ k−1
// I ∩K

brown F ∩ L f
// F ′ ∩K k // F ′ ∩K ′ f

−1
// F ∩ L′ l−1

// F ∩ L

blue E ∩K e // E′ ∩ L l // E′ ∩ L′ e−1
// E ∩K ′ k−1

// E ∩K

pink E ∩ J e // E′ ∩ I ′ i−1
// F ∩ I f

// F ′ ∩ J ′ j−1
// E ∩ J

black E ∩ I e // E′ ∩ J ′ j−1
// F ∩ J f

// F ′ ∩ I ′ i−1
// E ∩ I

The final diagram shows a picture of those six 2-handles that do not lie in any one of the x− y,

x− z, y − z planes.
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E

C

F'

A'

A

B'

D'

F
B

C'

E'

D

colour equivalence class

green A ∩ E a // A′ ∩ E e // B ∩ E′ b // B′ ∩ E′ e−1
// A ∩ E

red B ∩ C b // B′ ∩D d // B′ ∩D′ b−1
// B ∩ C ′ c−1

// B ∩ C

brown A ∩ C a // A′ ∩D d // A′ ∩D′ a−1
// A ∩ C ′ c−1

// A ∩ C

blue A ∩ F a // A′ ∩ F f
// B ∩ F ′ b // B′ ∩ F ′ f

−1
// A ∩ F

pink C ∩ E c // C ′ ∩ F f
// D ∩ F ′ d // D′ ∩ E′ e−1

// C ∩ E

black C ∩ F ′ c // C ′ ∩ E′ e−1
// D ∩ E d // D′ ∩ F f

// C ∩ F ′

The above four diagrams showing the various 2-handles constitutes a complete Kirby diagram

for manifold no. 3, and every Ratcliffe-Tschantz manifold has a Kirby diagram that can be

visualised by four similar diagrams.

The 3-handles can be found in a similar way, the starting point is to work out all codimension 3

equivalence classes. A codimension 3 side is obtained by intersecting three distinct codimension

1 sides. We already know that two codimension 1 sides intersect if the centre co-ordinates

defining the associated spheres have a common non-zero entry in the same position, and the

other non-zero entry are in different positions. Three codimension 1 sides have non-empty

intersection if any pair of sides from the three sides have non-empty intersection. We then find

an equivalence class as in the codimension 2 case, take such a non-empty intersection and apply

side pairing transformations until you cycle back to the original intersection of the three sides.
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Doing this for all codimension 3 sides gives us all the equivalence classes, which in turn gives

us all the 3-handles.

The following table shows all the codimension 3 equivalence classes, there are twelve in total

and each class contains eight sides.

1. A ∩ C ∩ E
a // A′ ∩D ∩ E

e // B ∩ C′ ∩ E′
b // B′ ∩D′ ∩ E′

d−1
// B′ ∩D ∩ F ′

b−1
// B ∩ C ∩ F ′

f−1
// A′ ∩D′ ∩ F

a−1
// A ∩ C′ ∩ F

2. A ∩ C ∩G
a // A′ ∩D ∩G′

g−1
// B ∩ C′ ∩G

b // B′ ∩D′ ∩G′
d−1
// B′ ∩D ∩G′

b−1
// B ∩ C ∩G

g
// A′ ∩D′ ∩G′

a−1
// A ∩ C′ ∩G

3. A ∩ C ∩H
a // A′ ∩D ∩H′

h−1
// B ∩ C′ ∩H

b // B′ ∩D′ ∩H′
d−1
// B′ ∩D ∩H′

b−1
// B ∩ C ∩H

h // A′ ∩D′ ∩H′
a−1

// A ∩ C′ ∩H

4. A ∩ E ∩ I
a // A′ ∩ E ∩ I

i // B ∩ F ′ ∩ I′
b // B′ ∩ F ′ ∩ I′

f−1
// A ∩ F ∩ J

a // A′ ∩ F ∩ J
j
// B ∩ E′ ∩ J′

b // B′ ∩ E′ ∩ J′

5. A ∩ E ∩ J
a // A′ ∩ E ∩ J

j
// B ∩ F ′ ∩ J′

b // B′ ∩ F ′ ∩ J′
f−1

// A ∩ F ∩ I
a // A′ ∩ F ∩ I

i // B ∩ E′ ∩ I′
b // B′ ∩ E′ ∩ I′

6. A ∩G ∩ I
a // A′ ∩G′ ∩ I

i // B ∩H ∩ I′
b // B′ ∩H′ ∩ I′

h−1
// A ∩H ∩ J

a // A′ ∩H′ ∩ J
j
// B ∩G ∩ J′

b // B′ ∩G′ ∩ J′

7. C ∩ E ∩K
c // C′ ∩ F ∩ L

l // C′ ∩ F ∩ L′
c−1
// C ∩ E ∩K′

e // D′ ∩ E′ ∩ L′
d−1
// D ∩ F ′ ∩K′

k−1
// D ∩ F ′ ∩K

d // D′ ∩ E′ ∩ L

8. C ∩ F ′ ∩K
c // C′ ∩ E′ ∩ L

l // C′ ∩ E′ ∩ L′
c−1
// C ∩ F ′ ∩K′

f−1
// D′ ∩ F ∩ L′

d−1
// D ∩ E ∩K′

k−1
// D ∩ E ∩K

d // D′ ∩ F ∩ L

9. C ∩G ∩K
c // C′ ∩G ∩ L

l // C′ ∩H ∩ L′
c−1
// C ∩H ∩K′

h // D′ ∩H′ ∩ L′
d−1
// D ∩H′ ∩K′

k−1
// D ∩G′ ∩K

d // D′ ∩G′ ∩ L

10. E ∩ I ∩K
e // E′ ∩ J′ ∩ L

l // E′ ∩ I′ ∩ L′
e−1
// E ∩ J ∩K′

j
// F ′ ∩ J′ ∩K

f−1
// F ∩ I ∩ L

l // F ∩ J ∩ L′
f
// F ′ ∩ I′ ∩K′

11. G ∩ I ∩K
g
// G′ ∩ J′ ∩ L

l // H′ ∩ I′ ∩ L′
h−1
// H ∩ J ∩K′

j
// G′ ∩ J′ ∩K

g−1
// G ∩ I ∩ L

l // H ∩ J ∩ L′
h // H′ ∩ I′ ∩K′

12. G ∩ J′ ∩K
g
// G′ ∩ I ∩ L

l // H′ ∩ J ∩ L′
h−1
// H ∩ I′ ∩K′

i−1
// G′ ∩ I ∩K

g−1
// G ∩ J′ ∩ L

l // H ∩ I′ ∩ L′
h // H′ ∩ J ∩K′

As each class contains eight elements we find that each 3-handle will consist of eight triangles.

The following picture shows the 3-handle corresponding to the class:

A ∩ C ∩ E
a // A′ ∩D ∩ E

e // B ∩ C′ ∩ E′
b // B′ ∩D′ ∩ E′

d−1
// B′ ∩D ∩ F ′

b−1
// B ∩ C ∩ F ′

f−1
// A′ ∩D′ ∩ F

a−1
// A ∩ C′ ∩ F

E
D

C

AA'

F'

B' B

C'D'

E'
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We have used a few colours to colour the triangles in the above picture to make it easier for the

reader to see exactly where each triangle lies. The totality of all eight triangles represents one

3-handle.

The following picture shows the 3-handle corresponding to the class:

A ∩ C ∩G
a // A′ ∩D ∩G′

g−1
// B ∩ C′ ∩G

b // B′ ∩D′ ∩G′
d−1
// B′ ∩D ∩G′

b−1
// B ∩ C ∩G

g
// A′ ∩D′ ∩G′

a−1
// A ∩ C′ ∩G

A'

C

G

G'

D

B'

D' C'

B

In the above picture we cannot see all components of the 3-handle, the bit of handle correspond-

ing to A ∩ C ∩ G lies behind B ∩ C ∩ G, and the bit corresponding to A ∩ C ′ ∩ G lies behind

B ∩ C ′ ∩G.

The following picture shows the 3-handle corresponding to the class:

A ∩ C ∩H
a // A′ ∩D ∩H′

h−1
// B ∩ C′ ∩H

b // B′ ∩D′ ∩H′
d−1
// B′ ∩D ∩H′

b−1
// B ∩ C ∩H

h // A′ ∩D′ ∩H′
a−1

// A ∩ C′ ∩H
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C

A

H
B

C'

D

H'

B'

D'

The triangles corresponding to A′∩D∩H ′ and A′∩D′∩H ′ lie behind B′∩D∩H ′ and B′∩D′∩H ′

respectively, and hence cannot be seen in the above picture. The above pictures of the first

three 3-handles show that they do not lie in any one of the x − y, x − z or y − z planes. In

general only three 3-handles will lie in any one of the x− y, x− z or y− z planes. For manifold

no. 3 the 3-handles corresponding to orbits of A ∩G ∩ I, C ∩G ∩K and E ∩ I ∩K (numbers

6, 9 and 10 in the above table) all lie in the x− y, x− z and y − z planes respectively

The following picture shows the 3-handle corresponding to the class determined by A ∩G ∩ I.

A

G

I

A'

G' B
B'

J'

J

I'

In summary we have shown the handle structure of the 4-manifold numbered 3 in the Ratcliffe-

Tschantz census (see table 1.1), furthermore we have explicitly shown how the 2-handle structure
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can be clearly visualised via a Kirby diagram consisting of four diagrams. When we consider

boundary fillings these diagrams will prove to be invaluable. Let us mention that the choice

of the orientable manifold numbered 3 was completely arbitrary, one can obtain similar handle

structures for any of the orientable manifolds, the associated Kirby diagram describing the

2-handle structure can also be clearly visualised through four separate diagrams.

All the manifolds in table 1.1 are orientable, however most of the Ratcliffe-Tschantz manifolds

are non-orientable and one can ask whether we can obtain Kirby diagrams in a similar fashion

for all of them. The procedure is exactly analogous to the orientable case, for the sake of

completeness we give one non-orientable example.

Towards the beginning of their paper, Ratcliffe and Tschantz make special mention of one

particular non-orientable manifold. They say “quite surprisingly, there is a congruence two 24-

cell manifold with an even larger symmetry group of order 320. This manifold has the largest

symmetry group among all the congruence two 24-cell manifolds. If one equates beauty with

symmetry, then this manifold is the most beautiful congruence two 24-cell manifold” (see p.

102, second last paragraph in [17]). By “congruence two 24-cell manifold” they mean one of

the Ratcliffe-Tschantz manifolds. The most beautiful manifold they speak of is numbered 1011

in the census, we believe such a comment gives enough incentive to investigate this manifold

from the handle decomposition viewpoint out of the possible 1149 choices. Therefore we start

by describing, as in the case of manifold no. 3, its handle decomposition.

The side pairing code for manifold 1011 is 14FF28, decoding this we obtain the explicit trans-

formations:

S(+1,+1,0,0)
a

k(−1,+1,+1,+1)

// S(−1,+1,0,0) S(+1,−1,0,0)
b

k(−1,+1,+1,+1)

// S(−1,−1,0,0)

S(+1,0,+1,0)
c

k(+1,+1,−1,+1)

// S(+1,0,−1,0) S(−1,0,+1,0)
d

k(+1,+1,−1,+1)

// S(−1,0,−1,0)

S(0,+1,+1,0)
e

k(−1,−1,−1,−1)

// S(0,−1,−1,0) S(0,+1,−1,0)
f

k(−1,−1,−1,−1)

// S(0,−1,+1,0)

S(+1,0,0,+1)
g

k(−1,−1,−1,−1)

// S(−1,0,0,−1) S(+1,0,0,−1)
h

k(−1,−1,−1,−1)

// S(−1,0,0,+1)

S(0,+1,0,+1)
i

k(+1,−1,+1,+1)

// S(0,−1,0,+1) S(0,+1,0,−1)
j

k(+1,−1,+1,+1)

// S(0,−1,0,−1)

S(0,0,+1,+1)
k

k(+1,+1,+1,−1)

// S(0,0,+1,−1) S(0,0,−1,+1)
l

k(+1,+1,+1,−1)

// S(0,0,−1,−1) .
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The labelling of the 1-handles and their co-ordinates in R3 is shown in the following table:

A S++00 ( 1√
2
, 1√

2
, 0) A′ S−+00 (−1√

2
, 1√

2
, 0)

B S+−00 ( 1√
2
, −1√

2
, 0) B′ S−−00 (−1√

2
, −1√

2
, 0)

C S+0+0 ( 1√
2
, 0, 1√

2
) C ′ S+0−0 ( 1√

2
, 0, −1√

2
)

D S−0+0 (−1√
2
, 0, 1√

2
) D′ S−0−0 (−1√

2
, 0, −1√

2
)

E S0++0 (0, 1√
2
, 1√

2
) E′ S0−−0 (0, −1√

2
, −1√

2
)

F S0+−0 (0, 1√
2
, −1√

2
) F ′ S0−+0 (0, −1√

2
, 1√

2
)

G S+00+ (1 +
√

2, 0, 0) G′ S−00− (1−
√

2, 0, 0)

H S+00− (−1 +
√

2, 0, 0) H ′ S−00+ (−1−
√

2, 0, 0)

I S0+0+ (0, 1 +
√

2, 0) I ′ S0−0+ (0,−1−
√

2, 0)

J S0+0− (0,−1 +
√

2, 0) J ′ S0−0− (0, 1−
√

2, 0)

K S00++ (0, 0, 1 +
√

2) K ′ S00+− (0, 0,−1 +
√

2)

L S00−+ (0, 0,−1−
√

2) L′ S00−− (0, 0, 1−
√

2)

The twenty four equivalence classes of 2 handles is given in the following table with identifying

transformations.
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1. A ∩ C a // A′ ∩D d // A′ ∩D′ a−1
// A ∩ C ′ c−1

// A ∩ C

2. A ∩G a // A′ ∩H ′ h−1
// B ∩H b // B′ ∩G′ g−1

// A ∩G

3. A ∩H a // A′ ∩G′ g−1
// B ∩G b // B′ ∩H ′ h

−1
// A ∩H

4. A ∩ E a // A′ ∩ E e // B ∩ E′ b // B′ ∩ E′ e−1
// A ∩ E

5. A ∩ F a // A′ ∩ F f
// B ∩ F ′ b // B′ ∩ F ′ f

−1
// A ∩ F

6. A ∩ I a // A′ ∩ I i // B′ ∩ i′ b−1
// B ∩ I ′ i−1

// A ∩ I

7. A ∩ J a // A′ ∩ J j
// B′ ∩ J ′ b−1

// B ∩ J ′ j−1
// A ∩ J

8. B ∩ C b // B′ ∩D d // B′ ∩D′ b−1
// B ∩ C ′ c−1

// B ∩ C

9. C ∩G c // C ′ ∩G g
// D ∩G′ d // D′ ∩G′ g−1

// C ∩G

10. C ∩H c // C ′ ∩H h // D ∩H ′ d // D′ ∩H ′ h
−1
// C ∩H

11. C ∩ E c // C ′ ∩ F f
// D ∩ F ′ d // D′ ∩ E′ e−1

// C ∩ E

12. C ∩ F ′ c // C ′ ∩ E′ e−1
// D ∩ E d // D′ ∩ F f

// C ∩ F ′

13. C ∩K c // C ′ ∩ L l // C ′ ∩ L′ c−1
// C ∩K ′ k−1

// C ∩K

14. D ∩K d // D′ ∩ L l // D′ ∩ L′ d−1
// D ∩K ′ k−1

// D ∩K

15. G ∩ I g
// G′ ∩ J ′ j−1

// G′ ∩ J g−1
// G ∩ I ′ i−1

// G ∩ I

16. G ∩K g
// G′ ∩ L′ l−1

// H ′ ∩ L h−1
// H ∩K ′ k−1

// G ∩K

17. G ∩ L g
// G′ ∩K ′ k−1

// H ′ ∩K h−1
// H ∩ L′ l−1

// G ∩ L

18. H ∩ J h // H ′ ∩ I ′ i−1
// H ′ ∩ I h−1

// H ∩ J ′ j−1
// H ∩ J

19. E ∩ I e // E′ ∩ J ′ j−1
// F ∩ J f

// F ′ ∩ I ′ i−1
// E ∩ I

20. E ∩ J e // E′ ∩ I ′ i−1
// F ∩ I f

// F ′ ∩ J ′ j−1
// E ∩ J

21. E ∩K e // E′ ∩ L′ l−1
// E′ ∩ L e−1

// E ∩K ′ k−1
// E ∩K

22. F ∩ L f
// F ′ ∩K ′ k−1

// F ′ ∩K f−1
// F ∩ L′ l−1

// F ∩ L

23. I ∩K i // I ′ ∩K k // J ′ ∩K ′ j−1
// J ∩K ′ k−1

// I ∩K

24. I ∩ L i // I ′ ∩ L l // J ′ ∩ L′ j−1
// J ∩ L′ l−1

// I ∩ L

The following picture shows those 2-handles lying in the x − y plane, with the table following

explaining the colour coding.
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I

GH'

I'

A' A

J

G' H

J'

B' B

colour equivalence class

green A ∩H a // A′ ∩G′ g−1
// B ∩G b // B′ ∩H ′ h

−1
// A ∩H

red A ∩ J a // A′ ∩ J j
// B′ ∩ J ′ b−1

// B ∩ J ′ j−1
// A ∩ J

brown A ∩G a // A′ ∩H ′ h−1
// B ∩H b // B′ ∩G′ g−1

// A ∩G

blue A ∩ I a // A′ ∩ I i // B′ ∩ I ′ b−1
// B ∩ I ′ i−1

// A ∩ I

pink G ∩ I g
// G′ ∩ J ′ j−1

// G′ ∩ J g−1
// G ∩ I ′ i−1

// G ∩ I

black H ∩ J h // H ′ ∩ I ′ i−1
// H ′ ∩ I h−1

// H ∩ J ′ j−1
// H ∩ J

The 2-handles that lie in the x− z plane can be seen in the following picture.
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K

H' G

L

C'D'

L'

HG'

K'

D C

colour equivalence class

green D ∩K d // D′ ∩ L l // D′ ∩ L′ d−1
// D ∩K ′ k−1

// D ∩K

red G ∩K g
// G′ ∩ L′ l−1

// H ′ ∩ L h−1
// H ∩K ′ k−1

// G ∩K

brown C ∩G c // C ′ ∩G g
// D ∩G′ d // D′ ∩G′ g−1

// C ∩G

blue C ∩H c // C ′ ∩H h // D ∩H ′ d // D′ ∩H ′ h
−1
// C ∩H

pink C ∩K c // C ′ ∩ L l // C ′ ∩ L′ c−1
// C ∩K ′ k−1

// C ∩K

black G ∩ L g
// G′ ∩K ′ k−1

// H ′ ∩K h−1
// H ∩ L′ l−1

// G ∩ L

The 2-handles that lie in the y − z plane can be seen in the following picture.
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K

II'

L

F' E

K'

JJ'

L'

FE'

colour equivalence class

green I ∩ L i // I ′ ∩ L l // J ′ ∩ L′ j−1
// J ∩ L′ l−1

// I ∩ L

red I ∩K i // I ′ ∩K k // J ′ ∩K ′ j−1
// J ∩K ′ k−1

// I ∩K

brown F ∩ L f
// F ′ ∩K ′ k−1

// F ′ ∩K f−1
// F ∩ L′ l−1

// F ∩ L

blue E ∩K e // E′ ∩ L′ l−1
// E′ ∩ L e−1

// E ∩K ′ k−1
// E ∩K

pink E ∩ J e // E′ ∩ I ′ i−1
// F ∩ I f

// F ′ ∩ J ′ j−1
// E ∩ J

black E ∩ I e // E′ ∩ J ′ j−1
// F ∩ J f

// F ′ ∩ I ′ i−1
// E ∩ I

Finally, the 2-handles that do not lie in any one of the above three planes can be seen in the

following picture.
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E

C

F'

A'

A

B'

D'

F
B

C'

E'

D

colour equivalence class

green A ∩ E a // A′ ∩ E e // B ∩ E′ b // B′ ∩ E′ e−1
// A ∩ E

red B ∩ C b // B′ ∩D d // B′ ∩D′ b−1
// B ∩ C ′ c−1

// B ∩ C

brown A ∩ C a // A′ ∩D d // A′ ∩D′ a−1
// A ∩ C ′ c−1

// A ∩ C

blue A ∩ F a // A′ ∩ F f
// B ∩ F ′ b // B′ ∩ F ′ f

−1
// A ∩ F

pink C ∩ E c // C ′ ∩ F f
// D ∩ F ′ d // D′ ∩ E′ e−1

// C ∩ E

black C ∩ F ′ c // C ′ ∩ E′ e−1
// D ∩ E d // D′ ∩ F f

// C ∩ F ′

1.4 The planar framing of the 2-handles

A 2-handle in a 4-manifold is, by definition, simply a copy of D2 ×D2 and is attached along a

copy of S1 ×D2. We can think of the attaching data of a 2-handle to consist of two items:

• The attaching circle given by an embedding of S1×{0} in the 4-manifold, which is a copy

of a knot in the one handle body structure.

• A trivialisation of the normal bundle to the knot coming from the fact that we also have

the D2 factor to take in to account.
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When drawing the attaching region of a 2-handle in a Kirby diagram, the general practise is

to draw the attaching circle as some knot and then give the information of the trivialisation

of the normal bundle to the attaching circle in some external way. The trivialisation of the

normal bundle becomes important when one wants to carry out handle slides/cancellations. In

the case that the attaching circle of the 2-handle does not run over any 1-handles this is easy

to do. Namely, the attaching circle is just a knot in some region of R3 and the trivialisation

of the associated normal bundle is given by an integer, called the framing number. The reason

why the trivialisation of the normal bundle corresponds to an integer is essentially because one

can measure how twisted the normal bundle is by taking a parallel curve to the attaching circle

and counting (with sign) how many times it wraps around the attaching circle. One make this

intuition rigorous by using the fact that a trivialisation of the normal bundle of the attaching

circle of such a 2-handle corresponds to an element of π1(O(2)) ∼= Z, after one makes a choice

of which element in π1(O(2)) corresponds to zero in Z, for this explanation see [8] p.117.

In the general case, the attaching circle of a 2-handle may comprise of several components,

consisting of arcs, with each component running over a 1-handle. In this situation one has to

be careful about how one encodes the trivialisation of the normal bundle. A natural instinct

might be to try and mimic the above case, where our 2-handle did not run across any 1-

handles. However one must be very careful in trying to carry this process out, in general such a

generalisation of the framing number is only well-defined modulo 2 (see [8] p.120 and [1] p.6-7).

There are quite a few ways to overcome these technicalities, we will not bother going in to

the details of the various ways. Rather, we will keep track of the trivialisation of the normal

bundle to our 2-handles by defining what we call a planar framing. This will be sufficient for

our purposes, especially when we start carrying out handle slides/cancellations.

The following discussion will be valid for any one of the Ratcliffe-Tschantz manifolds. In the

next chapter we will be carrying out various handle slides/cancellations associated to a filling

of manifold 1011. In view of this we will explain how to keep track of the normal bundle data

associated to the attaching circles of the 2-handles of manifold 1011.

To start with we need to explicitly understand what the attaching maps for the attaching spheres

of the 1-handles are. We are going to start by giving a description of what the attaching map

for the 1-handle A,A′ looks like, this description will then provide us with an explicit formula

for computing the attaching map for all other 1-handles. The 1-handle A,A′ has attaching

spheres consisting of one sphere centred at ( 1√
2
, 1√

2
, 0), denoted by A and another centred at

(−1√
2
, 1√

2
, 0), denoted by A′. Recall that the way we obtained the 1-handles in R3 was to identify

each side of the 24-cell with a unique point on S3 and then use stereographic projection to map

this point to a point in R3. Therefore, if we take a sphere of small radius about ( 1√
2
, 1√

2
, 0),

applying the inverse stereographic projection map we will obtain a small sphere centred about

44



the point ( 1√
2
, 1√

2
, 0, 0) and contained in S3. The line through (0, 0, 0, 0) and ( 1√

2
, 1√

2
, 0, 0) meets

the sphere S(+1,+1,0,0) in a unique point, which we call a0.

,1
√2

1
√2
, 0 0,( )

a0

(+1,+1,0,0)

S
3

s(+1,+1,0,0)

The sphere of small radius centred at ( 1√
2
, 1√

2
, 0, 0) can then be projected to a sphere of small

radius about a0. When we apply the transformation a = rk(−1,+1,+1,+1), the small sphere about

a0 will get mapped to a small sphere about a point a1 on the side S(−1,+1,0,0). The point a1

is given by the intersection of the line through (0, 0, 0, 0) and (− 1√
2
, 1√

2
, 0, 0) with the sphere

S(−1,+1,0,0). Observe that when applying a the r-part is reflection in the image side, hence does

not affect the small sphere about a0 and contained in S(+1,+1,0,0). We then radially project

this small sphere about a1 to obtain a small sphere about (− 1√
2
, 1√

2
, 0, 0) and contained in S3.

Finally, applying the stereographic projection map we end up with a small sphere about the

point (− 1√
2
, 1√

2
, 0).

In summary, we started with a small sphere centred about ( 1√
2
, 1√

2
, 0) in R3, corresponding to

the side A, applied a diffeomorphism and obtained another sphere centred about (− 1√
2
, 1√

2
, 0) in

R3. This sphere corresponds to the side A′. Note that the sphere centred at ( 1√
2
, 1√

2
, 0), corre-

sponding to A, may have radius different from that of the image sphere centred at (− 1√
2
, 1√

2
, 0),

corresponding to A′.

If we let φ : S3 → R3 ∪ {∞} denote stereographic projection, it is not hard to see that the

above diffeomorphism from the attaching sphere corresponding to A to the attaching sphere

corresponding to A′ is given by

φ ◦ k(−1,1,1,1) ◦ φ−1.

This argument works for all 1-handles to show that the diffeomorphism that identifies the

attaching spheres is given by

φ ◦ k ◦ φ−1
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where k denotes the k-part of the transformation pairing the sides in question.

Using the above formula for the diffeomorphism we can explicitly work out how the attaching

spheres of the 1-handles are identified. We give the explicit details for the 1-handle A,A′. In

this case the k-part is k(−1,1,1,1), we then need to work out φ ◦ k(−1,1,1,1) ◦ φ−1. It is easy to

compute this explicitly to obtain

φ ◦ k(−1,1,1,1) ◦ φ−1(x, y, z) = (−x, y, z).

Therefore the attaching sphere corresponding to A, which is a sphere of small radius about

( 1√
2
, 1√

2
, 0) is identified to the attaching sphere corresponding to A′, which is a sphere centred

about (− 1√
2
, 1√

2
, 0) via the reflection (x, y, z) 7→ (−x, y, z).

We can carry out such computations for all 1-handles, the following table tells you exactly what

the identifying diffeomorphism is in each case.

1-handle Identifying diffeomorphism

A,A′ & B,B′ (x, y, z) 7→ (−x, y, z)

C,C ′ & D,D′ (x, y, z) 7→ (x, y,−z)

E,E′ & F, F ′ (x, y, z) 7→
(
− x

x2+y2+z2
,− y

x2+y2+z2
,− z

x2+y2+z2

)

G,G′ & H,H ′ (x, y, z) 7→
(
− x

x2+y2+z2
,− y

x2+y2+z2
,− z

x2+y2+z2

)

I, I ′ & J, J ′ (x, y, z) 7→ (x,−y, z)

K,K ′ & L,L′ (x, y, z) 7→
(

x
x2+y2+z2

, y
x2+y2+z2

, z
x2+y2+z2

)

From the table you can see that all attaching spheres of 1-handles are identified by either a

reflection or by a composition of a collections of reflections together with an inversion in S2.

Now that we know exactly how the attaching spheres of each 1-handle are identified we can deal

with the problem of understanding the normal bundle data associated to each 2-handle. We
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can split the 2-handles in to two groups, those that lie in the x− y, x− z or y − z planes, and

the other six that do not all lie in any one of these planes. When carrying out a handle slide

of a 2-handle over another 2-handle one has to pick a parallel curve to the 2-handle, the handle

slide is then done by carrying out a type of band sum (see [8] p.139 for details). It is in this

regard that the trivialisation of the normal bundle of a 2-handle component becomes important

as it tells us how the parallel curve looks in our diagram. Therefore we need to consider two

situations, how a trivialisation for the normal bundle of those 2-handles lying in the x−y, x−z
or y − z planes looks, and then how a trivialisation for the normal bundle for the six 2-handles

that do not lie in any one of these planes looks.

We start with the case of those 2-handles lying in the x−y, x−z or y−z planes. The discussion

is the same for each plane so we focus on the x− y plane. Each 2-handle has four components

consisting of straight line segments. Fix any 2-handle in the x − y plane, we can then take a

parallel straight line segment to one component of the 2-handle and chase it around. What we

find is that because the attaching circle of this 2-handle is confined to the x−y plane any parallel

curve must also be confined to the x − y plane. What this tells us is that the trivialisation of

the normal bundle of a component of such a 2-handle is one that does not “twist” out of the

x − y plane i.e. it is confined to the x − y plane. This argument shows that all the 2-handles

that reside in one of the x−y, x− z or y− z planes have components whose normal bundles are

trivialised in a similar manner, in particular this implies that any such parallel curve to such a

2-handle must remain confined to such a plane, and hence cannot twist around any component

of the 2-handle in any way. It thus follows that if we were to carry out a handle slide within

one of these planes then the resulting 2-handle will also be confined to this plane.

The next case to consider is that of the six 2-handles that do not all lie in the x − y, x − z
or y − z planes. What we need to do is understand how a parallel curve behaves to each such

2-handle. It is here that it becomes vital that we explicitly know how the attaching spheres

associated to each 1-handle are being identified, this is because we are going to take a parallel

segment and then follow it along the 2-handle keeping track of how it emerges out of attaching

spheres of 1-handles. Let us give the details in the case of the pink 2-handle. We start by taking

a parallel curve to the pink 2-handle at the point shown in the following diagram. We take a

parallel curve just below the pink 2-handle component running from C to E, shown as a black

dashed line.
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E

C

F'

A'

A

B'

D'

F
B

C'

E'

D

When this parallel curve hits E it comes back out of E′, we need to work out exactly where

it comes out of E′. Recall from the above we know that the diffeomorphism that identifies the

attaching sphere of E to that of E′ is given by

(x, y, z) 7→
(
− x

x2 + y2 + z2
,− y

x2 + y2 + z2
,− z

x2 + y2 + z2

)
which is a composition of an inversion in the unit sphere centred at the origin together with the

antipodal map. First of all, the pink 2-handle component that goes into E comes out of E′ in

the following way.

E

E'

x

y

z

x

y

z

We have put axes at each centre point of each sphere so that the reader knows which directions

are positive. To see how we get this diagram, just observe that the point at which the pink

2-handle component hits E can be written as (r, 1√
2
, 1√

2
), where r is the radius of the attaching

sphere (some small number, which we do not need to explicitly know). This point lies outside

of the unit sphere S2 ⊆ R2. If we apply the inversion map

(x, y, z) 7→ (
x

x2 + y2 + z2
,

y

x2 + y2 + z2
,

z

x2 + y2 + z2
)

The point (r, 1√
2
, 1√

2
) will get mapped to ( r

r2+1
, 1√

2(r2+1)
, 1√

2(r2+1)
), which lies inside the unit

sphere S2. In fact, the attaching sphere E centred at (0, 1√
2
, 1√

2
) will map to a sphere under the
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inversion map. One can carry out some simple computations to work out that the image sphere

will have centre (0, 1√
2(1−r2) ,

1√
2(1−r2)) and have radius R := r

1−r2 . The following diagram shows

the image of (r, 1√
2
, 1√

2
) under the inversion map.

x

y

z

S2

, 1
√2

1
√2
,0( )

, 1
√2

1
√2
,r( )

,( r +12(√2
1

(r +12(

(r
r +12(√2
1

(, (

The green point represents the image, and the blue curve represents a piece of S2 that is

intersecting the attaching sphere E. If we now apply the antipodal map to the above green

point ( r
r2+1

, 1√
2(r2+1)

, 1√
2(r2+1)

) we can see that we will get a point in E′ that will look like what

we had before (see two diagram above).

We now want to carry out the same analysis for a piece of a parallel curve that hits the attaching

sphere E. We start by choosing our component of parallel curve to lie directly below the pink

2-handle component. The following diagram shows a close up of this

E x

y

z

We choose the parallel curve so that it hits the attaching sphere at a point with co-ordinates of

the form (r−γ, 1√
2
, 1√

2
−δ), where γ and δ are small so that (r−γ, 1√

2
, 1√

2
−δ) lies outside of S2

(i.e. has norm greater than one). When we apply inversion in S2 the point (r−γ, 1√
2
, 1√

2
−δ) will

map to

(
r−γ

(r−γ)2+ 1
2
+( 1√

2
−δ)2 ,

1√
2
· r−γ
(r−γ)2+ 1

2
+( 1√

2
−δ)2 , (

1√
2
− δ) · r−γ

(r−γ)2+ 1
2
+( 1√

2
−δ)2

)
. The following

diagram shows the images of these points under inversion in S2.

x

y

z

S2

, 1
√2

1
√2
,0( )
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The pink and green points are the same points as before, the black point is (r− γ, 1√
2
, 1√

2
− δ),

and the yellow point represents the image of the black point under the inversion map. We then

apply the antipodal map to find the complete image of the black point. The following diagram

shows this image, together with how the parallel curve comes out of E′. The point to take away

is that the parallel curve comes out of E′ lying a bit below the pink 2-handle component.

E

E'

x

y

z

x

y

z

The pink 2-handle component then runs and hits the attaching sphere D′, along with the parallel

curve this looks like.
E

C

F'

A'

A

B'

D'

F
B

C'

E'

D

The attaching map for the 1-handle D,D′ is given by the reflection (x, y, z) 7→ (x, y,−z), and

in this case it easy to see how the parallel curve component comes out of D. The parallel curve

will run slightly above the pink 2-handle component.

E

C

F'

A'

A

B'

D'

F
B

C'

E'

D
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The attaching map for F, F ′ is the same as the attaching map for E,E′, and in order to see

how the parallel curve component comes out of F we need to perform a similar sort of analysis

as we did for when we tried to understand how it came out of E′. As the details are exactly

analogous to what we did for E,E′ we won’t give the details. The parallel curve comes out a

little above the pink 2-handle component as shown in the following diagram.

E

C

F'

A'

A

B'

D'

F
B

C'

E'

D

Finally, the attaching map for C,C ′ is the same as that of D,D′, namely the reflection (x, y, z) 7→
(x, y,−z). It is easy to see that under this map the parallel curve component comes out of C just

below the pink 2-handle component and joins up with where our parallel component initially

started going in to E. The following picture shows this.

E

C

F'

A'

A

B'

D'

F
B

C'

E'

D

What we have seen is that when we take a parallel curve to the pink 2-handle component and

follow it around, nowhere does it cross over the pink 2-handle. In some sense a parallel curve

behaves as if the pink 2-handle was confined to a 2-plane. Another way to think of this is

that the normal bundle can be given by taking a normal vector to each straight line segment

comprising a 2-handle and then using the Euclidean connection, given by the Euclidean dot

product, to parallel transport the normal vector along the 2-handle segment. This viewpoint

makes it clear that these 2-handles have parallel curves that behave very similar to the 2-handles
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that lie in the x− y, x− z or y − z planes. Due to this we say that each 2-handle contained in

the Kirby diagram of manifold 1011 has a planar framing. The word planar is used to remind

the reader that the parallel curves are behaving as if they were lying in a single 2-plane. Using

the fact that the 2-handles in this diagram are given by a planar framing we will find that any

handle slide we carry out in this diagram can be done in a very simple manner, just as if the

2-handle we were sliding over lay in one of the x− y, x− z or y − z planes.

Although we have focused on manifold 1011 a similar sort of analysis can be applied to show

that any one of the Ratcliffe-Tschantz manifolds has a Kirby diagram where all the 2-handles

have this planar framing type behaviour.
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Chapter 2

Elementary Moves and Boundary
Fillings

The primary aim of this chapter is to construct an explicit example of a smooth 4-manifold

that admits a hyperbolic link complement and whose diffeomorphism type we can characterise.

We will start by explaining how the Euclidean structure on each cusp of a Ratcliffe-Tschantz

manifold can be understood through an analysis of how a horospherical neighbourhood about

an ideal vertex changes as we apply various side pairing transformations. This will then allow us

to explicitly construct a fundamental domain for each cusp. We then move on to showing how

we can view each cusp in the Kirby diagram we constructed in the previous chapter, and how

we can fill in these cusps in a standard way to obtain a closed 4-manifold. In the final section,

we show using the theory of Kirby calculus how to obtain an explicit example of a smooth four

dimensional hyperbolic link complement in a smooth standard S4.

2.1 Parabolic transformations and the Euclidean structure of a
cusp

In this section we are going to explain how to compute parabolic transformations associated

to each cusp component. We are going to focus on the 5-cusped orientable manifolds and the

5-cusped non-orientable manifolds. This means that the methods we employ in this section

will be primarily with these manifolds in our viewpoint. The same techniques can be employed

to compute parabolic transformations for the 6-cusped manifolds with the only modification

needed to do with equivalence classes of ideal vertices. As all the examples we consider will be

5-cusped we will not worry about this modification for the 6-cusped manifolds.

Recall that the 24-cell P has twenty four ideal vertices, eight of the form (±1, 0, 0, 0), (0,±1, 0, 0),

(0, 0,±1, 0), (0, 0, 0,±1) and sixteen of the form (±1/2,±1/2,±1/2,±1/2). When we apply

any group of side pairing transformations defining any one of the 5-cusped Ratcliffe-Tschantz
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manifolds we find that the ideal vertices split into five equivalence classes. We have four of the

form:

{(1, 0, 0, 0), (−1, 0, 0, 0)}, {(0, 1, 0, 0), (0,−1, 0, 0)},

{(0, 0, 1, 0), (0, 0,−1, 0)}, {(0, 0, 0, 1), (0, 0, 0,−1)}

and one of the form:

{(±1/2,±1/2,±1/2,±1/2)}.

In order to compute the parabolic isometries associated to these five cusps we need to look at

horospherical neighbourhoods about each ideal vertex. Recall that given any ideal vertex of the

form (±1, 0, 0, 0), (0,±1, 0, 0), (0, 0,±1, 0), (0, 0, 0,±1), such a vertex lies on a given side S if

the centre vector of the sphere defining the side has an equal non-zero entry in the same position

as the vertex. For example the ideal vertex (−1, 0, 0, 0) lies on the side S(−1,0,0,1) but not on the

side S(1,0,0,1) or on the side S(0,1,1,0). Any ideal vertex of the form (±1/2,±1/2,±1/2,±1/2)

lies on a side S if the non-zero entries of the centre of the sphere defining the side have the

same sign as the non-zero entries in the same position of the ideal vertex. For example the ideal

vertex (1/2, 1/2,−1/2, 1/2) lies on the side S(+1,0,−1,0) but not on the side S(−1,+1,0,0).

The above recollection shows us that each ideal vertex lies on precisely six sides. Since each

side of the 24-cell P intersects precisely four other sides, and does so at right angles, we find

that a horospherical neighbourhood of any of the ideal vertices is a rectangular box. From this

fact it follows that for each of the equivalence classes

{(1, 0, 0, 0), (−1, 0, 0, 0)}, {(0, 1, 0, 0), (0,−1, 0, 0)},

{(0, 0, 1, 0), (0, 0,−1, 0)}, {(0, 0, 0, 1), (0, 0, 0,−1)}

the associated boundary cusp will have fundamental domain consisting of two rectangular boxes.

For example, if we take the vertex class {(1, 0, 0, 0), (−1, 0, 0, 0)} then we can think of a fun-

damental domain for the associated cusp cross section as a horospherical neighbourhood about

the ideal vertex (1, 0, 0, 0) together with a horospherical neighbourhood about the ideal vertex

(−1, 0, 0, 0). Similarly for the class {(±1/2,±1/2,±1/2,±1/2)}, we can think of the bound-

ary cusp cross section as coming from sixteen rectangular boxes, each one corresponding to a

horospherical neighbourhood about an ideal vertex making up the equivalence class. In order

to understand the structure of these cusp cross sections we need to understand the parabolic

isometries associated to them. Through the general theory of non-compact hyperbolic manifolds

of finite volume we know that the stabiliser subgroup of an ideal vertex induces the Euclidean

structure on the cusp cross section. The way one generally sees this is to observe that if one

takes a horospherical neighbourhood about an ideal vertex, then the stabiliser subgroup acts

as a group of Euclidean affine transformations on this neighbourhood. Viewing this neighbour-

hood as a copy of R3 one observes that the quotient via the action of the stabiliser subgroup
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is a Euclidean 3-manifold, the one corresponding to the cusp cross section (the reader who is

not familiar with this material can consult [3] Thm.D.3.3, p.145). In order to compute the

stabiliser subgroup one can take a horospherical neighbourhood about an ideal vertex and see

how it transforms under the side pairing transformations associated to the sides making up the

horospherical neighbourhood. We are going to give explicit examples of how to do this shortly.

Before we do this let us remind the reader that the Euclidean structure associated to each of

the five (or six) cusps is given in the Ratcliffe-Tschantz census under the column headed LT. A

quick glance at the census shows that many of the manifolds in the census have very different

cusp structures, this means that in general one needs to carry out such computations for the

particular manifolds they are interested in. That being said, the general principle of how to

compute the cusp structures works for all the Ratcliffe-Tschantz manifolds, and is in fact a

standard technique from the theory of non-compact hyperbolic manifolds of finite volume.

As promised we are going to give a calculation of the cusp structure for a particular manifold

using horospherical neighbourhoods as described above. Since we have already dealt with

aspects of manifold no. 3 we choose to use it again. For the convenience of the reader we recall

its basic construction. The side pairing code for manifold no. 3 is 1477B8, decoding this gives

the following side pairing transformations:

S(+1,+1,0,0)
a

k
(−1,+1,+1,+1)

// S(−1,+1,0,0) S(+1,−1,0,0)
b

k
(−1,+1,+1,+1)

// S(−1,−1,0,0)

S(+1,0,+1,0)
c

k
(+1,+1,−1,+1)

// S(+1,0,−1,0) S(−1,0,+1,0)
d

k
(+1,+1,−1,+1)

// S(−1,0,−1,0)

S(0,+1,+1,0)
e

k
(−1,−1,−1,+1)

// S(0,−1,−1,0) S(0,+1,−1,0)
f

k
(−1,−1,−1,+1)

// S(0,−1,+1,0)

S(+1,0,0,+1)
g

k
(−1,−1,−1,+1)

// S(−1,0,0,+1) S(+1,0,0,−1)
h

k
(−1,−1,−1,+1)

// S(−1,0,0,−1)

S(0,+1,0,+1)
i

k
(−1,−1,+1,−1)

// S(0,−1,0,−1) S(0,+1,0,−1)
j

k
(−1,−1,+1,−1)

// S(0,−1,0,+1)

S(0,0,+1,+1)
k

k
(+1,+1,+1,−1)

// S(0,0,+1,−1) S(0,0,−1,+1)
l

k
(+1,+1,+1,−1)

// S(0,0,−1,−1) .

The labelling of the sides is given in the following table:
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A S(+1,+1,0,0) ( 1√
2
, 1√

2
, 0) A′ S(−1,+1,0,0) (−1√

2
, 1√

2
, 0)

B S(+1,−1,0,0) ( 1√
2
, −1√

2
, 0) B′ S(−1,−1,0,0) (−1√

2
, −1√

2
, 0)

C S(+1,0,+1,0) ( 1√
2
, 0, 1√

2
) C ′ S(+1,0,−1,0) ( 1√

2
, 0, −1√

2
)

D S(−1,0,+1,0) (−1√
2
, 0, 1√

2
) D′ S(−1,0,−1,0) (−1√

2
, 0, −1√

2
)

E S(0,+1,+1,0) (0, 1√
2
, 1√

2
) E′ S(0,−1,−1,0) (0, −1√

2
, −1√

2
)

F S(0,+1,−1,0) (0, 1√
2
, −1√

2
) F ′ S(0,−1,+1,0) (0, −1√

2
, 1√

2
)

G S(+1,0,0,+1) (1 +
√

2, 0, 0) G′ S(−1,0,0,−1) (1−
√

2, 0, 0)

H S(+1,0,0,−1) (−1 +
√

2, 0, 0) H ′ S(−1,0,0,+1) (−1−
√

2, 0, 0)

I S(0,+1,0,+1) (0, 1 +
√

2, 0) I ′ S(0,−1,0,+1) (0,−1−
√

2, 0)

J S(0,+1,0,−1) (0,−1 +
√

2, 0) J ′ S(0,−1,0,−1) (0, 1−
√

2, 0)

K S(0,0,+1,+1) (0, 0, 1 +
√

2) K ′ S(0,0,+1,−1) (0, 0,−1 +
√

2)

L S(0,0,−1,+1) (0, 0,−1−
√

2) L′ S(0,0,−1,−1) (0, 0, 1−
√

2)

Consider the equivalence class of ideal vertices {(1, 0, 0, 0), (−1, 0, 0, 0)}, if we start with the

ideal vertex (1, 0, 0, 0) then by the above discussion it is easy to see that it lies on the sides A,

B, C, C ′, G and H. The vertex (1, 0, 0, 0) can be thought of as the unit basis vector e1 in R4,

a horospherical neighbourhood represented by pieces of the sides A, B, C, C ′, G and H can

then be thought of as a rectangular box in R3 (viewed as an orthogonal hyperplane to e1). The

orientation of the orthogonal copy of R3 will always be taken to be:

e
2

e

e

3

4

The horospherical neighbourhood will then look like:

e
2

e

e

3

4

As the side A is defined via the sphere S(+1,+1,0,0) with centre vector (+1,+1, 0, 0) we see that

its intersection with a horospherical neighbourhood about (1, 0, 0, 0) can be thought of as a

plane centred at (x, 0, 0) (here the three co-ordinates are (e2, e3, e4)), where x ∈ R, and parallel

to the plane defined by the equation e2 = 0. The actual value of x is unimportant, it depends

on where exactly we form our horospherical neighbourhood about (1, 0, 0, 0), which in turn
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comes down to how high up into the horoball about (1, 0, 0, 0) we are. The side B is defined

via the sphere S(+1,−1,0,0) with centre vector (+1,−1, 0, 0), its intersection with a horospherical

neighbourhood about (1, 0, 0, 0) can be thought of as a plane centred at (−x, 0, 0) and parallel

to the plane defined by the equation e2 = 0. The side C is defined by the sphere S(+1,0,+1,0) with

centre vector (+1,+1, 0, 0), similar reasoning to the above shows that its intersection with a

horospherical neighbourhood about the ideal vertex (1, 0, 0, 0) can be viewed as a plane centred

at (0, y, 0), where y ∈ R, parallel to the plane e3 = 0. The side C ′ can be viewed as a plane

centred at (0,−y, 0) parallel to the plane e3 = 0. The side G is defined by the sphere S(+1,0,0,+1)

with centre vector (+1, 0, 0,+1), intersecting it with a horospherical neighbourhood about the

ideal vertex (1, 0, 0, 0) we obtain a plane centred at (0, 0, z), where z ∈ R and parallel to the

plane e4 = 0. The side H can be viewed as a plane centred at (0, 0,−z) parallel to the plane

e4 = 0. Using this description we can label the above rectangular box, which represents a

horospherical neighbourhood based at (1, 0, 0, 0), as follows:

AB

C

C'

G

H

The equivalence class corresponding to the ideal vertex (+1, 0, 0, 0) also contains the ideal

vertex (−1, 0, 0, 0), therefore in order to describe the parabolic isometries giving rise to the cusp

corresponding to this class we need to describe a horospherical neighbourhood about (−1, 0, 0, 0).

The procedure is exactly analogous to what we did above. However, for this vertex we are going

to orient the orthogonal copy of R3 to the vertex (−1, 0, 0, 0) as follows:

e
2

e

e

3

4

The reason for this choice will become apparent shortly, for now let us observe that it leads to

the following labelling of a horospherical neighbourhood:
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B'A'

D'

D

H'

G'

A fundamental domain for a cross section of the cusp corresponding to the above ideal vertex

equivalence class consists of these two rectangular boxes.

AB

C

C'

G

H

B'A'

D'

D

H'

G'

We can see that when we apply the transformation h the bottom face of the top box gets joined

to the top face of the bottom box. In principle the bottom face of the top box has four different

ways it can be joined to the top face of the bottom box. However, observe that when applying

the transformation h, the side B maps to A′, side A maps to B′, side C maps to D′, and side

C ′ maps to D. This means we can visualise a fundamental domain as a rectangular box with

sides labelled as follows:

AB

C

C'

G

B'
A'

D

G'

D'

This is why we chose to orient the orthogonal copy of R3 to the ideal vertex (−1, 0, 0, 0) the way

we did. We then see that the top face of the rectangular box will be identified to the bottom

face of the rectangular box by the parabolic transformation g−1h (note that g−1h fixes the

ideal vertex (1, 0, 0, 0), hence is clearly an element of the stabiliser subgroup of the ideal vertex

(1, 0, 0, 0)). Similarly the front face will be identified to the back face via the transformation c
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(note one could also take the transformation d, they both act in the same way). Finally, the

identification of the face on the right side with the left side is done by the transformation a−1h,

this is because the top right A get identified to the bottom left A′, and the bottom right B′ gets

identified to the top left B. Thus what we see that is happening is that the top face is being

identified to the bottom face via a translation, the front face is being identified to the back face

via a translation, but the side faces are being identified by a “twist” (also called a screw parabolic

transformation). This tells us that the stabiliser subgroup associated to the vertex equivalence

class {(1, 0, 0, 0), (−1, 0, 0, 0)} is generated by the three transformations 〈c, g−1h, a−1h〉. Put

another way the parabolic subgroup associated to the vertex class {(1, 0, 0, 0), (−1, 0, 0, 0)} is

the subgroup 〈c, g−1h, a−1h〉.

Once one has understood the parabolic subgroup associated to a cusp, one can try to understand

how the Euclidean structure on the cusp cross section comes about. For a general non-compact

hyperbolic manifold of finite volume this can be a difficult task, the reason being that in order

to work out the Euclidean structure on the cross section one needs a solid understanding of how

elements of the associated parabolic subgroup act as Euclidean transformations on a horospher-

ical neighbourhood. For the Ratcliffe-Tschantz manifolds the action of the parabolic subgroup

on a horospherical neighbourhood can be completely understood due to some nice symmetry of

the 24-cell, and the fact that the side pairing transformations are very easy to describe.

Continuing with the above example, we outline how to describe the Euclidean structure on

a cusp cross section associated to the ideal vertex class {(1, 0, 0, 0), (−1, 0, 0, 0)}. We already

know that the associated parabolic subgroup is given by 〈c, g−1h, a−1h〉, we want to understand

how these transformations act on a horospherical neighbourhood centred about (1, 0, 0, 0). A

Euclidean transformation on R3 is just an affine transformation of the form:

x 7→ Λ · x+ v

where Λ ∈ O(3) and v ∈ R3. For each of the transformations c, g−1h, a−1h we want to under-

stand what the matrix Λ looks like, and what the translation vector v looks like. Each side

pairing transformation consists of two components, a k-part and an r-part, the k-part is given

by a diagonal matrix, hence its action on the copy of R3 is easy to understand. The r-part

consists of reflection in the image side of the k-part, in this case its action on R3 is also easy

to understand, this is because, as was mentioned before, the intersection of the sides that the

ideal vertex (1, 0, 0, 0) lies on with a horospherical neighbourhood can be thought as the box

(remember our orientation convention):
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AB

C

C'

G

H

Since the sides intersect the horospherical neighbourhood in planes parallel to the e2−e3, e2−e4
and e3−e4 planes we see that the r-part is an affine transformation with Λ-matrix corresponding

to one of reflections in the e2 − e3, e2 − e4 or e3 − e4 planes. For example suppose we take the

side pairing transformation c. From the picture above we see that the part of the side C ′ that

intersects the horospherical neighbourhood can be thought of as a plane parallel to the plane

e3 = 0 and centred at the point (0,−y, 0).

C'

-y

e
2

e4

e
3

This tells us that the r-part of the transformation c, which remember is reflection in the side C ′,

is a reflection in this plane. But it is easy to see that such a reflection is the affine transformation:

w 7→

1 0 0
0 −1 0
0 0 1

 · w +

 0
−2y

0


The k-part of the transformation c is given by the matrix:

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1


whose action on the horospherical neighbourhood (which we are viewing as a copy of R3) is
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given by the matrix: 1 0 0
0 −1 0
0 0 1


Therefore the action of the transformation c on this horospherical neighbourhood being the

composition of the k-part and the r-part, is given by the transformation:

w 7→

1 0 0
0 −1 0
0 0 1

1 0 0
0 −1 0
0 0 1

 · w +

 0
−2y

0

 = w +

 0
−2y

0


This tells us that the Euclidean transformation that corresponds to the action of c on a horo-

spherical neighbourhood about (1, 0, 0, 0) is nothing more than a translation by the vector

(0,−2y, 0).

We can apply the same techniques to understand the action of the parabolic transformation

g−1h on the horospherical neighbourhood. In this case we need to understand the k and r-parts

of two transformations, g−1 and h.

The k-part of the transformation h is given by the matrix:
−1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1


The side H ′ is parallel to the plane e4 = 0 and centred at the vector (0, 0,−z). Therefore the

r-part of the transformation h is given by the affine transformation:

w 7→

1 0 0
0 1 0
0 0 −1

 · w +

 0
0
−2z


The k-part of the transformation g−1 is the same is that of h, the r-part is given by reflection

in the plane defined by the side G. The associated plane is parallel to the plane e4 = 0 and

centred at the point (0, 0, z). Therefore the r-part for g−1 is given by the affine transformation:

w 7→

1 0 0
0 1 0
0 0 −1

 · w +

 0
0
2z


The composition g−1h consists of the two k-parts one from g−1 and one from h, as these are both

equal they simply give the identity. Therefore to understand g−1h as an affine transformation

we need only understand the composition of the r-parts of h and g−1. This is easy to calculate:

w 7→

1 0 0
0 1 0
0 0 −1

1 0 0
0 1 0
0 0 −1

 · w +

 0
0
−2z

+

 0
0
2z


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which is the affine transformation:

w 7→ x+

 0
0
4z


Finally, let us work out how the parabolic transformation a−1h behaves as a Euclidean transfor-

mation on a horospherical neighbourhood. The k-parts of h and a−1 are given by the following

matrices: 
−1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 ,


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


We have already computed the r-part of h, as for the r-part of a−1 observe that the side A is

parallel to the e2 = 0 plane, and centred at the vector (x, 0, 0). Reflection in this plane is given

by the affine transformation:

w 7→

−1 0 0
0 1 0
0 0 1

 · w +

2x
0
0


The composition a−1h is then given by the affine transformation:

w 7→

−1 0 0
0 1 0
0 0 1

−1 0 0
0 −1 0
0 0 −1

 · w +

 0
0
−2z

+

2x
0
0


which when we expand out we obtain:1 0 0

0 −1 0
0 0 −1

 · w +

 2x
0
−2z


The reader will recall that before we started showing how to compute the action of these

parabolic isometries on a horospherical neighbourhood, we showed how a cusp cross section

arises through a fundamental domain consisting of two rectangular boxes. We went on to say

that the right and left sides of this fundamental domain (which were being identified by the

parabolic transformation a−1h) were identified via a “twist”. The reader who was not content

with the use of the word “twist” at that time should now be at ease, for the “twisting” we speak

of is given by the matrix 1 0 0
0 −1 0
0 0 −1


in the above formula for the affine transformation associated to the parabolic isometry a−1h.

In summary, we have shown that the parabolic subgroup corresponding to the ideal vertex

equivalence class {(1, 0, 0, 0), (−1, 0, 0, 0)} is given by the group 〈c, g−1h, a−1h〉. Furthermore, for

each of these parabolic isometries we have shown how they act on a horospherical neighbourhood

as a Euclidean transformation. The following table summarises this information
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Parabolic isometry Affine transformation

c

1 0 0
0 1 0
0 0 1

,

 0
−2y

0


g−1h

1 0 0
0 1 0
0 0 1

,

 0
0
4z


a−1h

1 0 0
0 −1 0
0 0 −1

,

 2x
0
−2z


where in the second column the matrix is in O(3) and the vector corresponds to the translation

vector.

The information presented above is enough for one to obtain the Euclidean structure of the

cusp corresponding to the class {(1, 0, 0, 0), (−1, 0, 0, 0)}. Using the classification of orientable

compact Euclidean 3-manifolds (see [22] Thm.3.5.5, p.117) we see that this cusp has type B

(see table 1. column headed LT) using the Hantzsche-Wendt notation or type G2 using Wolf’s

notation.

One can carry out an analogous procedure to work out generators for the parabolic subgroups

corresponding to the other ideal vertex equivalence classes and their corresponding affine trans-

formations. The only slight difference is that when dealing with the class {(±1/2,±1/2,±1/2,±1/2)}
one has to take sixteen boxes to form a fundamental domain. Also, computing the associated

affine transformations in this case is slightly harder as one does not have such a nice parameter-

isation of horospherical neighbourhoods as in the case for the other equivalence classes. We will

not need explicit formulas for the corresponding affine transformations, hence will not bother

the reader with an explanation of how to find them in this situation. For the sake of complete-

ness we have included the following table showing the end results of the above computations

for all other ideal vertex equivalence classes.
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Ideal vertex class Generators for stabiliser subgroup Affine transformations Euclidean structure

{(1, 0, 0, 0), (−1, 0, 0, 0)} c

1 0 0
0 1 0
0 0 1

,

 0
−2y

0

 B (G2)

g−1h

1 0 0
0 1 0
0 0 1

,

 0
0
4z



a−1h

1 0 0
0 −1 0
0 0 −1

,

 2x
0
−2z



{(0, 1, 0, 0), (0,−1, 0, 0)} a

1 0 0
0 1 0
0 0 1

,

−2x
0
0

 A (G1)

e−1f

1 0 0
0 1 0
0 0 1

,

 0
4y
0



e−1i

1 0 0
0 1 0
0 0 1

,

 0
2y
−2z



{(0, 0, 1, 0), (0, 0,−1, 0)} k

1 0 0
0 1 0
0 0 1

,

 0
0
−2z

 A (G1)

d−1c

1 0 0
0 1 0
0 0 1

,

4x
0
0



e−1c

1 0 0
0 1 0
0 0 1

,

 0
2y
−2z



{(0, 0, 0, 1), (0, 0, 0,−1)} g

1 0 0
0 −1 0
0 0 −1

,

−2x
0
0

 F (G6)

k−1l

1 0 0
0 1 0
0 0 1

,

 0
0
4z



i−1l

−1 0 0
0 1 0
0 0 −1

,

 0
−2y
2z



{(±1/2,±1/2,±1/2,±1/2)} e−1g

1 0 0
0 1 0
0 0 1

,

 0
−4y

0

 B (G2)

a−1k−1ak

1 0 0
0 1 0
0 0 1

,

8x
0
0



a−1k−1j−1b−1fc

−1 0 0
0 −1 0
0 0 1

,

−2x
−2y
−4z



We point out that if we order the ideal vertices according to our table above then we see that

the Euclidean structures on the associated cusps are given by BAAFB. However, if we go to

manifolds no.3 in the Ratcliffe-Tschantz census we see that under the column headed LT the

Euclidean structure on the cusps is given by AABBF. This is because they chose to write out
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the Euclidean structures in alphabetical order, as opposed to any ordering on the ideal vertices.

The Euclidean structure on each cusp is found by an appeal to the classification theorem of

compact connected orientable flat 3-dimensional Riemannian manifolds (see [22] Thm.3.5.5,

p.117). One simply needs to identify the linear holonomy group, and one can do this from

the computations of the associated affine transformations. The matrices of each generator

(when viewed as an affine transformation on a horospherical neighbourhood) generate the linear

holonomy group. For example, consider the first entry in the above table, we see that two of

the generators have the identity matrix as their O(3) component, when viewed as an affine

transformation, and one of the generators has

(
1 0 0
0 −1 0
0 0 −1

)
as its O(3) component. Therefore

the linear holonomy group is generated by

(
1 0 0
0 −1 0
0 0 −1

)
, which has order 2. This implies the

linear holonomy group associated to this cusp is Z2. Using the classification theorem (see [22]

Thm.3.5.5, p.117) we see that it corresponds to a Euclidean structure of type B (or G2 in Wolf’s

notation).

Observe that from the table above we see that each stabiliser subgroup corresponding to a cusp

has a translation as one of its generators when viewed as an affine transformation. This means

that each cross section of any of these cusps can be viewed as an S1-fibre bundle over some

compact 2-manifold. In other words, if we let E denote a Euclidean 3-manifold arising as the

cusp cross section of manifold no.3 then we obtain an S1-fibre bundle:

E → S

where S is some compact (possibly non-orientable) closed surface. We can then fill in each

S1-fibre by a disk D2, obtaining a D2-bundle

π : Ẽ → S.

It is not hard to see that the boundary of Ẽ is precisely the Euclidean 3-manifold E. The

4-manifold Ẽ has a nice handle decomposition coming from the handle decomposition of the

surface S. S is a compact surface, hence can be given a handle decomposition consisting of one

0-handle, n 1-handles (n = 2 − χ(S)), and one 2-handle (see [8] p.131 last paragraph). The

k-handles of Ẽ are given by preimages under π of k-handles of B (see [8] p.131 last paragraph).

This means that Ẽ has a handle decomposition consisting of one 0-handle, n 1-handles and one

2-handle.

If we then take horoball neighbourhoods about each cusp of manifold no.3 then chop them off

we are left with a 4-manifold that has five boundary components consisting of the Euclidean 3-

manifolds in the above table. As explained above each of these 3-manifold boundary components

bounds a 4-manifold that is a disk bundle over some compact surface. Denoting these five 4-

manifolds by B̃, Ã, Ã, F̃, B̃, corresponding to the labelling we gave the 3-manifolds in the
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above table, we see that we can glue each of these 4-manifolds to their corresponding boundary

component in manifold no.3, obtaining a closed 4-manifold. On the level of Kirby diagrams

this gluing procedure is done by taking the Kirby diagram for manifold no.3 and adding one

2-handle, n 3-handles and one 4-handle (see [1] chap.3, p.35).

We mention that this “filling in” of boundary components works for any of the Ratcliffe-Tschantz

manifolds. Once we have “filled in” these boundary components we obtain a closed 4-manifold,

we can then try and apply certain handle slides/cancellations to try and reduce the Kirby

diagram of this “filled in” manifold. The hope is that we can reduce it to the Kirby diagram

of a familiar closed 4-manifold that we can explicitly identify. Provided we are successful in

this reduction process, we would have then found an explicit four dimensional hyperbolic link

complement. Before we go on to describe the “elementary moves” we will be using so as to reduce

the Kirby diagram of a filled in manifold we will give the parabolic information corresponding

to manifold 1011 as this will be our first example of a link complement that we can explicitly

identify.
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Ideal vertex class Generators for stabiliser subgroup Affine transformations Euclidean structure

{(1, 0, 0, 0), (−1, 0, 0, 0)} c

1 0 0
0 1 0
0 0 1

,

 0
−2y

0

 G (B1)

a−1b

1 0 0
0 1 0
0 0 1

,

4x
0
0



a−1g

1 0 0
0 −1 0
0 0 1

,

 2x
0
−2z



{(0, 1, 0, 0), (0,−1, 0, 0)} a

1 0 0
0 1 0
0 0 1

,

−2x
0
0

 G (B1)

e−1f

1 0 0
0 1 0
0 0 1

,

 0
4y
0



e−1i

−1 0 0
0 1 0
0 0 1

,

 0
2y
−2z



{(0, 0, 1, 0), (0, 0,−1, 0)} k

1 0 0
0 1 0
0 0 1

,

 0
0
−2z

 G (B1)

c−1d

1 0 0
0 1 0
0 0 1

,

4x
0
0



c−1e

1 0 0
0 1 0
0 0 −1

,

 2x
−2y

0



{(0, 0, 0, 1), (0, 0, 0,−1)} j

1 0 0
0 1 0
0 0 1

,

 0
−2y

0

 G (B1)

g−1h−1

1 0 0
0 1 0
0 0 1

,

4x
0
0



g−1k

1 0 0
0 −1 0
0 0 1

,

 2x
0
−2z



{(±1/2,±1/2,±1/2,±1/2)} e−1g

1 0 0
0 1 0
0 0 1

,

 0
−4y

0

 G (B1)

a−1k−1ak

1 0 0
0 1 0
0 0 1

,

8x
0
0



a−1k−1j−1fc

1 0 0
0 −1 0
0 0 1

,

−4x
2y
−4z



2.2 Elementary Moves

In this section we are going to show how to reduce the Kirby diagram of a filled in Ratcliffe-

Tschantz manifold, which we take to mean filling in the boundary components, using a combi-
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nation of handle slides and cancellations, which we call elementary moves.

We have already understood the Euclidean 3-manifolds that arise as the boundary components

of manifold no. 3, they are of the form B, A, A, F, B, and each is the boundary of the 4-

manifold which we denoted by B̃, Ã, Ã, F̃, B̃ respectively. We also saw that a handle structure

of any of these 4-manifolds consisted of one 0-handle, n 1-handles and a unique 2-handle. When

we glue any of these 4-manifolds to their 3-manifold boundary component in manifold no. 3

(i.e. doing a boundary filling) we need to add one 4-handle, n 3-handles and one 2-handle to

the handle decomposition of manifold no. 3. This means that on the level of our Kirby diagram

we need to show where the added 2-handle goes.

Recall that the handle decomposition of manifold no. 3 can be viewed via the four following

diagrams:

E

C

F'

A'

A

B'

D'

F
B

C'

E'

D

K

I

L

F' E

K'

JJ'

L'

FE'

I'

K

G

L

C'D'

L'

HG'

K'

D C

H'

I

G

A' A

J

G' H

J'

B' B

I'

H'

The top two diagrams show those handles lying in the x− y and x− z planes respectively, the

bottom left those which lie in the y− z plane and the bottom right those 2-handles that do not

all lie in a single two plane.

Consider the boundary component given by the code A (or G1 in Wolf’s notation), this is

the 3-torus and it bounds the solid 4-manifold S1 × S1 × D2. When we glue in the solid 3-

torus we need to add one 4-handle, two 3-handles (as the Euler characteristic of T 2 = 0) and

one 2-handle. If we go back to the table outlining the generators of each parabolic subgroup
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corresponding to each boundary component, we see that the first boundary component labelled

A has a generator given by the translation a. This means that algebraically the translation

a represents an S1-fibre of the boundary component. Therefore when we glue in a solid torus

to this boundary component we can do so along the S1-fibre corresponding to the translation

a. Algebraically this means we are killing the transformation a, hence the 2-handle we are

attaching must be a straight line segment running between A−A′ once. As the 1-handle A−A′

lies in the x− y plane we draw this 2-handle as a dashed line segment lying in the x− y plane,

it must also be added to the diagram showing the six 2-handles that do not all lie in a single

2-plane.

I

G

A' A

J

G' H

J'

B' B

I'

H'

E

C

F'

A'

A

B'

D'

F
B

C'

E'

D

There are two subtle points we need to address with this gluing procedure. First of all, we

did not explain how the normal bundle to the added 2-handle looks in the Kirby diagram. In

order to understand this one must carry out a similar analysis as was done when trying to

understand how the normal bundles of the 2-handles in the Kirby diagram look like (see end of

previous chapter). The point is that these added 2-handles will, most of the time, lie in a single

plane, hence the trivialisation of their normal bundle is easy to understand. When the added

2-handle does not lie in a single plane we will find that it has a planar framing, in other words

a parallel curve to the 2-handle behaves as if the added 2-handle was lying in a plane. The

second point to address has to do with how exactly we know where to put the added 2-handle

in our Kirby diagram. In the above diagram the added 2-handle lies in the x − y plane, just

before the diagram we said that we can draw this 2-handle as a straight line running between

A,A′ in the x − y plane because both A and A′ lie in the x − y plane. The question is, why

69



is this the right place for the added 2-handle? The basic idea of why this is the right place

has to do with how the fundamental domain of this boundary component looks. It consists of

two rectangular boxes, one coming from the ideal vertex (0, 1, 0, 0), and another coming from

(0,−1, 0, 0). The rectangular box centred at (0, 1, 0, 0) has two of its sides being A and A′ and

the S1-fibre that we are filling along corresponds to a straight line joining A and A′. When we

formed the Kirby diagram we did so by taking the dual polyhedron to the 24-cell P , when we

do this the rectangular boxes will look like octahedrons in the Kirby diagram, as the dual of a

rectangular box is an octahedron. The point is that we can then go to our Kirby diagram find

the associated dual octahedron, and then identify the corresponding S1-fibre as a straight line

running between some 1-handles. If we do this for the above mentioned boundary component

we find that the added 2-handle does indeed lie where we have drawn it in the above diagram.

This explanation may seem convoluted, but for now we insist the reader to not pay too much

attention to it as the primary aim of this section is to explain the “elementary moves” we will

be using to reduce a Kirby diagram, and we don’t want the reader to get bogged down with

some minor details. In the next section we will deal with an explicit example, and give full

details of exactly how the dual octahedra look like in the Kirby diagram, which in turn will tell

us exactly how the added 2-handles look like, and how they should be added.

Coming back to the above diagram we can see that the added 2-handle only passes over A−A′

once, in other words the attaching sphere of the added 2-handle transversely intersects the

belt sphere of the 1-handle A − A′ once. This means this 1-handle and 2-handle pair form a

cancelling pair and can be erased from the diagram. Any other 2-handles that pass over the

1-handle A − A′ must first be slid over the added 2-handle, and then we can erase the pair of

handles from the diagram. Observe that because all the added 2-handles, coming from boundary

fillings, are unknotted and have parallel curves that do not twist around the 2-handle in any

way (i.e. they are planar framed), whenever we slide 2-handles over them nothing non-trivial

will happen, making the sliding process very straightforward. This standard handle cancellation

move is the first elementary move we will be using to try and reduce our Kirby diagram.

Let us show how the diagram in the x− y plane changes when we carry out such a cancellation.
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I

G

J

G' H

J'

B' B

I'

H'

After this cancellation has taken place we can see that a few 2-handles have slid into new

positions. In particular notice how the blue 2-handle has a component that now loops back into

I, similarly the red 2-handle has a component that loops back into J .

The second elementary move we will be making use of is to push such 2-handles through

the 1-handle piece they loop back into. For example if we consider the component of the blue 2-

handle that loops back into I, we see that we can push it through I to come out as a component

that loops back into I ′.

I

G

J

G' H

J'

B' B

I'

H'

We can then slide the blue 2-handle off I ′, giving a blue 2-handle that runs between B − B′

once.

71



I

G

J

G' H

J'

B' B

I'

H'

We can also carry out the same move for the component of the red 2-handle that loops back

into J :

I

G

J

G' H

J'

B' B

I'

H'

In the above move it is very important that we have that the 2-handle we are pushing through

being unknotted. This is because some of our 1-handles are being identified via orientation

preserving diffeomorphisms, hence pushing 2-handles through will cause bits of knots to get

mirrored, however if the 2-handles are all unknotted then one does not have to worry about

such minor technicalities.

We now have a blue 2-handle and a red 2-handle passing over the 1-handle B − B′ once. The

third elementary move we will be making use of can be described as follows. We can cancel

the 1-handle B − B′ using the blue 2-handle that now runs over it once, in so doing the red

2-handle will form an unknotted circle:
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I

G

J

G' H

J'

B' B

I'

H'

Note that this unknotted circle now has a well-defined notion of a framing number. You can

see that because the 2-handles in the x − y plane all have parallel curves that do not twist

around them in any way the unknotted circle must have framing zero. This unknotted circle

then cancels a 3-handle and can be deleted from the diagram, a proof of this fact can be found

in [8] prop.5.1.9, p.148.

The three moves described above will be heavily used in various situations in the sections to

come, this is why we took the time to explain each one carefully. On top of this we will carry

out various handle slides, as all our 2-handle are unknotted and have a planar framing the

handle slides we carry out will always be straightforward. If at any point we exploit the use of

a non-trivial move we will take the time to carefully explain how one proceeds.

Filling in the boundary components of any one of the Ratcliffe-Tschantz manifolds produces a

compact 4-manifold (possibly non-orientable) for which we know how to build a Kirby diagram

for. Using the elementary moves outlined above one can try and reduce the Kirby diagram of this

smooth 4-manifold, the hope is that after sufficiently many reductions the end Kirby diagram is

that of a compact smooth 4-manifold that we can identify. This gives a way of trying to identify

which compact smooth 4-manifolds have smooth complements that are given by the Ratcliffe-

Tschantz manifolds, and in turn allows one to obtain explicit examples of smooth hyperbolic

link complements. In general this proves to be a very difficult task, the reason being is that we

have at least twenty four 2-handles to deal with and we view many of them in certain 2-planes.

The added 2-handles (coming from filling boundary components) will in general pass through

some of these 2-planes giving rise to intersection points that have to be carefully tracked when

carrying out various elementary moves. In the next section we will give an explicit example of

a situation in which we can identify the filled in 4-manifold up to diffeomorphism.
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2.3 An explicit example: Manifold 1011

In this section we will show that the double cover of the Ratcliffe-Tschantz manifold numbered

1011 is a smooth complement in the standard smooth 4-sphere. In other words if we perform a

boundary filling, as described in the previous section, on the orientable double cover of manifold

1011 we get a closed smooth 4-manifold that is diffeomorphic to S4.

For the remainder of this section we are going to denote the manifold numbered 1011 in the

Ratcliffe-Tschantz census by M . We remind the reader of the structure of the Kirby diagram

for M :

The following picture shows those 2-handles lying in the x − y plane, with the table following

explaining the colour coding.

I

GH'

I'

A' A

J

G' H

J'

B' B

colour equivalence class

green A ∩H a // A′ ∩G′ g−1
// B ∩G b // B′ ∩H ′ h

−1
// A ∩H

red A ∩ J a // A′ ∩ J j
// B′ ∩ J ′ b−1

// B ∩ J ′ j−1
// A ∩ J

brown A ∩G a // A′ ∩H ′ h−1
// B ∩H b // B′ ∩G′ g−1

// A ∩G

blue A ∩ I a // A′ ∩ I i // B′ ∩ i′ b−1
// B ∩ I ′ i−1

// A ∩ I

pink G ∩ I g
// G′ ∩ J ′ j−1

// G′ ∩ J g−1
// G ∩ I ′ i−1

// G ∩ I

black H ∩ J h // H ′ ∩ I ′ i−1
// H ′ ∩ I h−1

// H ∩ J ′ j−1
// H ∩ J
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The 2-handles that lie in the x− z plane can be seen in the following picture.

K

H' G

L

C'D'

L'

HG'

K'

D C

colour equivalence class

green D ∩K d // D′ ∩ L l // D′ ∩ L′ d−1
// D ∩K ′ k−1

// D ∩K

red G ∩K g
// G′ ∩ L′ l−1

// H ′ ∩ L h−1
// H ∩K ′ k−1

// G ∩K

brown C ∩G c // C ′ ∩G g
// D ∩G′ d // D′ ∩G′ g−1

// C ∩G

blue C ∩H c // C ′ ∩H h // D ∩H ′ d // D′ ∩H ′ h
−1
// C ∩H

pink C ∩K c // C ′ ∩ L l // C ′ ∩ L′ c−1
// C ∩K ′ k−1

// C ∩K

black G ∩ L g
// G′ ∩K ′ k−1

// H ′ ∩K h−1
// H ∩ L′ l−1

// G ∩ L

The 2-handles that lie in the y − z plane can be seen in the following picture.
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K

II'

L

F' E

K'

JJ'

L'

FE'

colour equivalence class

green I ∩ L i // I ′ ∩ L l // J ′ ∩ L′ j−1
// J ∩ L′ l−1

// I ∩ L

red I ∩K i // I ′ ∩K k // J ′ ∩K ′ j−1
// J ∩K ′ k−1

// I ∩K

brown F ∩ L f
// F ′ ∩K ′ k−1

// F ′ ∩K f−1
// F ∩ L′ l−1

// F ∩ L

blue E ∩K e // E′ ∩ L′ l−1
// E′ ∩ L e−1

// E ∩K ′ k−1
// E ∩K

pink E ∩ J e // E′ ∩ I ′ i−1
// F ∩ I f

// F ′ ∩ J ′ j−1
// E ∩ J

black E ∩ I e // E′ ∩ J ′ j−1
// F ∩ J f

// F ′ ∩ I ′ i−1
// E ∩ I

Finally, the 2-handles that do not lie in any one of the above three planes can be seen in the

following picture.
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E

C

F'

A'

A

B'

D'

F
B

C'

E'

D

colour equivalence class

green A ∩ E a // A′ ∩ E e // B ∩ E′ b // B′ ∩ E′ e−1
// A ∩ E

red B ∩ C b // B′ ∩D d // B′ ∩D′ b−1
// B ∩ C ′ c−1

// B ∩ C

brown A ∩ C a // A′ ∩D d // A′ ∩D′ a−1
// A ∩ C ′ c−1

// A ∩ C

blue A ∩ F a // A′ ∩ F f
// B ∩ F ′ b // B′ ∩ F ′ f

−1
// A ∩ F

pink C ∩ E c // C ′ ∩ F f
// D ∩ F ′ d // D′ ∩ E′ e−1

// C ∩ E

black C ∩ F ′ c // C ′ ∩ E′ e−1
// D ∩ E d // D′ ∩ F f

// C ∩ F ′

Recall the manifold M is non-orientable and has five cusps each of which has the type G (or

in Wolf’s notation type B1). We denote the 4-manifold that bounds this 3-manifold by G̃,

remember this is the associated disc bundle to G. We need to choose a translation in each

parabolic subgroup that is going to correspond to an S1-fibre which we will fill in. We have

already shown the parabolic information corresponding to each cusp in the table at the end of

section 2.1. From that table the reader can see that we can take the first generator associated

to each stabiliser subgroup as the translation corresponding to an S1-fibre. That is, we take

the transformations c, a, k, j and e−1g. We are going to fill in each of these five S1-fibres by

gluing in the manifold G̃, on the level of the above Kirby diagrams we need to show where the

added 2-handles go.

In order to understand where these added 2-handles will go in our Kirby diagram let us go
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back and see how we obtained these parabolic translations. The idea was to take each ideal

vertex then take a horospherical neighbourhood about each of these vertices, and then by ap-

plying various isometries we could work out the parabolic translations. For example when we

took the ideal vertex {(1, 0, 0, 0)} we found that its equivalence class consisted of two points

{(1, 0, 0, 0), (−1, 0, 0, 0)}, and hence a fundamental domain for the parabolic subgroup corre-

sponding to this class were two rectangular boxes, one centred at the ideal vertex (1, 0, 0, 0) and

one centred at (−1, 0, 0, 0). The rectangular box around the ideal vertex (1, 0, 0, 0) took the

form:

C'

C

H

G

B A

We then found that the isometry c was a parabolic translation in the parabolic subgroup cor-

responding to the class {(1, 0, 0, 0), (−1, 0, 0, 0)}. When we formed the handle decomposition of

the 24-cell what we were really doing was taking a dual cell structure. This means that if we

take the dual of the above box we will be getting that part of the fundamental domain in the

handle decomposition of the 24-cell. As the dual of a rectangular box is an octahedron, taking

the dual of the above box gives:

G

A

B C

C'

H

Filling in the S1-fibre of the associated boundary component involves attaching a 2-handle from

C to C ′. In our Kirby diagram this involves drawing an attaching circle between C and C ′ in

our octahedron. Note that the S1-fibre is identified in the fundamental domain by a straight line

joining side C to side C ′ and running inside the rectangular box making up the fundamental

domain. Therefore, in our Kirby diagram the added 2-handle, representing a filling of the

S1-fibre corresponding to the translation c, will be a straight line running from C to C ′ and
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contained in the dual octahedron.

G

A

B C

C'

H

We can also see how this looks in part of our ambient handle decomposition diagram. Recall,

the coordinates of C, C ′, A, B, G and H are:

A S(+1,+1,0,0) ( 1√
2
, 1√

2
, 0) B S(+1,−1,0,0) ( 1√

2
, −1√

2
, 0)

C S(+1,0,+1,0) ( 1√
2
, 0, 1√

2
) C ′ S(+1,0,−1,0) ( 1√

2
, 0, −1√

2
)

G S(+1,0,0,+1) (1 +
√

2, 0, 0) H S(+1,0,0,−1) (−1 +
√

2, 0, 0)

The following shows a picture of this octahedron (in purple) in part of the ambient handle

decomposition diagram.

E

C

A

C'

F'

D

A'

B'

D'

E'

F

B

G

H

The filling of C − C ′ can be seen in the following picture, with the attaching circle of the 2-

handle we are using to do the filling being shown in green. You can clearly see that it lies in

the x− z plane.
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E

C

A

C'

F'

D

A'

B'

D'

E'

F

B

G

H

We can do the same for all the other fillings we are going to carry out. The reader should keep

in mind that each attaching circle of an added 2-handle, corresponding to a filling, comes from

a straight line joining two sides of the rectangular box making up the fundamental domain of

the boundary component we are filling.

If we consider the ideal vertex {(0, 1, 0, 0)} we saw that its equivalence class consisted of the

two vertices {(0, 1, 0, 0), (0,−1, 0, 0)}. The horosphere about the vertex {(0, 1, 0, 0)} looks like:

A'

A

F

E

J I

Taking the dual gives the following octahedron:

E

A

A' I

J

F

Filling in the S1 fibre of the associated boundary component involves attaching a 2-handle from

A to A′ in the following way.
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E

A

A' I

J

F

A picture of this dual octahedron in part of the three dimensional handle decomposition diagram

is shown in the following picture, with the octahedron given by the purple edges.

E

F'

D

B'

D'

E'

C'

F

A'

C

B

A
J

I

The filling of A−A′ can be seen in the following picture, with the added 2-handle in green. One

can clearly see that it lies in the x− y plane, and does not interfere with the other 2-handles.

E

F'

D

B'

D'

E'

C'

F

A'

C

B

A
J

I

For the ideal vertex (0, 0, 1, 0) we found that the equivalence class was {(0, 0, 1, 0), (0, 0,−1, 0)},
the horosphere about the vertex (0, 0, 1, 0) looks like:
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K'

K

F'

E

D C

The dual octahedron then takes the form:

E

C

D K'

K

F'

Filling in the S1 fibre of the associated boundary component involves attaching a 2-handle from

K to K ′, and in this case we take the following attaching circle.

E

C

D K'

K

F'

A picture of this dual octahedron in part of the handle decomposition is shown in the following

picture, with the octahedron given by the purple edges
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D

B'

D'

E'

C'

F

A'

B

A

C

E

F'

K'

K

The attaching circle of the 2-handle we are attaching is shown in the following picture, it is

clear that this 2-handle lies in the x − z and y − z planes, and does not interfere with any of

the other 2-handles.

D

B'

D'

E'

C'

F

A'

B

A

C

E

F'

K'

K

For the vertex class {(0, 0, 0, 1), (0, 0, 0,−1)} we found that the isometry j was a parabolic

translation. In this case we need to look at the horosphere about the ideal vertex (0, 0, 0,−1).

J'

J

G'

H

K' L'

The dual octahedron is then given by
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H

J

J' K'

L'

G'

and the added 2-handle can be seen in the following picture.

H

J

J' K'

L'

G'

A picture of this dual octahedron in part of the handle decomposition is shown in the following

picture, with the octahedron given by the purple edges.

D

E

C

F'

A

C'

B

E'

D'

B'

A'

F

K'

L'

J

J'

HG'

The attaching circle of the 2-handle we are attaching is shown in the following picture, it is

clear that this 2-handle lies in the x − y and y − z planes, and does not interfere with any of

the other 2-handles.
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D

E

C

F'

A

C'

B

E'

D'

B'

A'

F

K'

L'

J

J'

HG'

The final vertex class to consider consists of the ideal vertices {(±1/2,±1/2,±1/2,±1/2)}. In

this case we found that the isometry e−1g corresponded to a parabolic translation. Therefore,

when we fill the fibre corresponding to this isometry we need to add a 2-handle component

from E to G and one from E′ to G′. In this case we need to consider two horospheres, the one

about the vertex (1/2, 1/2, 1/2, 1/2) and the one about the vertex (−1/2,−1/2,−1/2,−1/2).

Both these horosphere are shown in the following picture, the one on the left corresponding to

(1/2, 1/2, 1/2, 1/2).

E

G

I

C

K A

G'

E'

J'

D'

L' B

The dual octahedrons are then given by:

C

G

E A

K

I

D'

L'

B' G'

E'

J'

The following shows a three dimensional picture of the first octahedron above.
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E

D

B'

D'

E'

F

C'

A'

F'

B

C

A

I

G

K

The 2-handle that we are going to add has one component running from E to G, and can be seen

in the following diagram. The reader should note that we have drawn the added component

as a curved arc when it really should be a straight line running from E to G. The reason for

drawing it as a curved arc is simply because it is easier to view in the diagram, the reader

should really picture this as a straight line.

E

D

B'

D'

E'

F

C'

A'

F'

B

C

A

I

G

K
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Observe that the added component falls outside of the diagrams showing the x− y, x− z, y− z
planes and the diagrams showing the six 2-handles that do not all lie in a single 2-plane. Due

to this, any handle cancellation/slides we do which take place in the x − y, x − z and y − z
planes or the diagram corresponding to the six 2-handles that do not all lie in a single 2-plane,

will not interfere with this added 2-handle component running from E to G.

The following shows a three dimensional picture of the second octahedron above

D

E

F'

C

A

B

C'

E'

D'

B'

A'

F

G'

J'

L'

The 2-handle component that we are adding runs from E′ to G′ and can be seen in the following

diagram:

D

E

F'

C

A

B

C'

E'

D'

B'

A'

F

G'

J'

L'

In this case the added 2-handle runs inside the diagram corresponding to the six 2-handles that

do not all lie in a single 2-plane. However, it does not lie in any of the planes x − y, x − z or

y − z. Furthermore, all the handle cancellations/slides we do to begin with will not interfere

with this 2-handle.

The following picture shows the Kirby diagrams with the added attaching circle of the added
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2-handles that pass over A−A′, J−J ′, K−K ′ and C−C ′, they are the black dashed lines. We

note that these 2-handles pass over the 1-handles in question once. Also, the added 2-handle

running between C − C ′ in the x − z plane is drawn as a curved arc, as opposed to a straight

line, purely for ease of viewing.

K

II'

L

E' E

K'

JJ'

L'

FE'

K

H' G

L

C'D'

L'

HG'

K'

D C

I

GH'

I'

A' A

J

G'

J'

B' B

D
E

F'

A'

A

B'

D'

F
B

E'

C

C'

H

The added 2-handle that runs from E to G and E′ to G′ are shown in the following picture.

E

D

B'

D'

E'

F

C'

A'

F'

B

C

A

I

G

K

D

E

F'

C

A

B

C'

E'

D'

B'

A'

F

G'

J'

L'

The above shows the Kirby diagram associated to the smooth closed 4-manifold that is obtained
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from filling in the boundary components of M . Recall that at the end of the last chapter we

explained how the 2-handles associated to the Kirby diagram of M had what we called a planar

framing. This had the feature that whenever we took a parallel curve to such a 2-handle it

would never cross over the 2-handle. We want to briefly show that the same feature is possessed

by the added 2-handles making up the closed boundary filling of M .

The first four added 2-handles all lie in at least one single 2-plane, it is easy to check that a

parallel curve to such a 2-handle cannot cross over the 2-handle in any way, and lies in the same

plane. We will show this for the added 2-handle that runs between A,A′. This added 2-handle

lies in the x− y plane, we take a parallel curve just above it that is going into A, and that also

lies in the x− y plane. It is shown as the orange curve going into A in the following diagram.

I

GH'

I'

A' A

J

G'

J'

B' B

H

The attaching map for A,A′ is given by the reflection (x, y, z) 7→ (−x, y, z), it is therefore clear

that when the parallel curve goes into A it comes out of A′ also above the added 2-handle. The

following diagram shows what the parallel curve looks like.

I

GH'

I'

A' A

J

G'

J'

B' B

H

We see that a parallel curve to the added 2-handle running between A,A′ does not at any point
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cross over the added 2-handle. A similar argument for the added 2-handles running between

C,C ′, J, J ′, K,K ′ shows that these added 2-handles have parallel curves behaving in a similar

way.

Let us show that the added 2-handle running from E to G and from E′ to G′ has parallel curve

exhibiting a similar behaviour. We start by taking a parallel curve component to the piece going

into E, we choose the parallel curve component to lie just above this added 2-handle piece. The

following picture shows the added 2-handle (corresponding to the boundary filling) in green,

and the parallel curve component in orange. Remember that we are drawing the added 2-handle

component, in green, as a curved arc purely for ease of viewing. The reader should really think

of this as a straight line running from E to G. Due to this we have had to draw the parallel

curve as a curved arc, again the reader should think of this as a straight line running into E

and that is parallel to what should be a straight line running between E and G.

E

D

B'

D'

E'

F

C'

A'

F'

B

C

A

I

G

K

The attaching map for E,E′ was given by the composition of the inversion in S2 followed by

the antipodal map. A rough computation, similar to what we did when analysing 2-handles in

the diagram corresponding to those six 2-handles that did not all lie in a single plane (see end

of previous chapter) shows that the orange parallel curve comes out of E′ slightly above the

added green 2-handle.

D

E

F'

C

A

B

C'

E'

D'

B'

A'

F

G'

J'

L'
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The attaching map for G,G′ is the same as the one for E,E′, and a little rough analysis shows

that when the parallel curve comes out of G′ it does so just above the added green 2-handle.

E

D

B'

D'

E'

F

C'

A'

F'

B

C

A

I

G

K

We thus see that the parallel curve never crosses over the added 2-handle, and in this regard

has a planar framing. The importance of this observation is that the closed filled in manifold,

obtained from filling in the boundary of M , has a Kirby diagram with every 2-handle having a

planar framing is that it allows us to carry out handle slides in a very straight forward manner.

In particular, for those 2-handles that reside in the diagram corresponding to the six 2-handles

that do not all lie in a single plane the handle slides can be carried out as if these 2-handles

were all lying in a single 2-plane.

There is one technicality to do with the second elementary move we described in section 2.2.

This was the handle slide that involved pushing a component of 2-handle through one attaching

sphere of a 1-handle so that it came out of the second attaching sphere. When we described

this handle slide, we showed how it took place in the case that the 2-handles were all residing

in a single 2-plane. In this situation it was straightforward to understand how the 2-handle

component behaved as it went through one attaching sphere and then out the other. We also

want to carry out such handle slides in the diagram corresponding to the six 2-handles that do

not all lie in a single 2-plane. In this case one has to be a bit careful, the reason being that if

the attaching map identifying the attaching spheres is some “wild” diffeomorphism then it may

well be the case that when we push a component of 2-handle through one attaching sphere it

could come out the other in a very non-trivial way. The point is that for all the Kirby diagrams

we consider this will never be a problem as the attaching maps between attaching spheres are

very straightforward. Let us explain this in a bit more detail.

Suppose we have a 1-handle S, S′ and we have a component of a 2-handle that goes in to S, as
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shown in the following diagram.

S S'

We can then push the blue 2-handle component through S so that it comes out of S′. What

we are really doing when we carry out such a move is we are isotoping the blue curve onto the

attaching sphere S, producing a curve on S. For example, the following diagram shows one such

isotopy in which the blue 2-handle component has been moved to give a curve on the attaching

sphere S.

S S'

Now, we have an attaching map from S to S′, which is some diffeomorphism identifying the

spheres. Therefore, the blue curve on S will map to some image curve on S′, once we understand

how this image curve on S′ looks we can then understand what the blue 2-handle component

looks like after we have pushed it through S. It is at this point that one must be very careful, for

the attaching map identifying S to S′ could be some “wild” diffeomorphism, which in turn may

map the blue curve on S to some curve on S′ that winds around S′ several times. If there are

other bits of 2-handle coming out of S′, then this image curve could wrap around some of these

other bits of 2-handle, and this is precisely why it is important to know what the attaching map

between the attaching spheres is. In our case all attaching maps are reflections or compositions

of reflections with inversion in S2, therefore it is a straightforward process to work out what a

2-handle component looks like when we push it through a 1-handle.

We give an explicit example of this sort of computation. Consider the diagram consisting of

the six 2-handles that did not all lie in a single plane together with the added 2-handle running

from A to A′, corresponding to a filling of a boundary component.

D
E

F'

A'

A

B'

D'

F
B

E'

C

C'
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When we use the added 2-handle running between A and A′ (black dashed line) to cancel A,A′

the green 2-handle component moves in to the following position.

D
E

F'

A'

A

B'

D'

F
B

E'

C

C'

We can then slide this green 2-handle component through E so that it comes out of E′. To

start with this involves isotoping the green curve looping back into E to the following curve on

E.

D
E

F'

A'

A

B'

D'

F
B

E'

C

C'

E

We have shown a close up of the curve on E and how it looks in the whole diagram. The curve

sits in a plane parallel to the x-z plane

If we want to push it through so that it comes out of E′ we need to understand what the

attaching map for E,E′ is. Observe that there are other 2-handles that are hitting E′, we have

a pink and black 2-handle component in the above diagram, but E′ also sits in the y-z plane,

and there are blue, black and pink 2-handle components in that plane meeting E′ (see diagram

showing 2-handles in the y-z plane). Therefore it is possible that when we send the green curve

on E, using the attaching map of E,E′, we could end up with an image curve on E′ that winds

around some of these other 2-handle components meeting E′.

In this situation we know exactly how E is identified to E′, we showed that the identifying map

was given by

(x, y, z) 7→
(
− x

x2 + y2 + z2
,− y

x2 + y2 + z2
,− z

x2 + y2 + z2

)
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which is the composition of the inversion in S2 followed by the antipodal map. Recall that the

attaching sphere corresponding to E is a sphere (of some small arbitrary radius) centred at the

point (0, 1√
2
, 1√

2
). The green curve on E lies inside S2:

E x

y

z

S2

When we apply the inversion map it will map to a curve outside of S2. The following diagram

shows what it looks like when we apply the inversion map.

x

y

z

S2

We then apply the antipodal map to get the following curve on E′.

E'

In the whole diagram we then see that the image of the green curve, which was residing on E,

under the attaching map from E to E′ looks like:

D
E

F'

A'

A

B'

D'

F
B

E'

C

C'

Thus, what we are able to conclude is that when we push the original green curve through E

it comes out of E′ in straightforward manner, and does not “wind around” any of the other

2-handle components meeting E′. We can then proceed to push the green 2-handle component
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off E′ to obtain a green 2-handle component passing over B,B′ once and that does not interfere

with any of the other 2-handles

D
E

F'

A'

A

B'

D'

F
B

E'

C

C'

In general we will carry out several moves where we push a 2-handle component through the

attaching sphere of a 1-handle. As all our attaching maps are reflections or reflections composed

with inversion in S2, we will find that we will never be in a situation where the curve on one

attaching sphere is pushed to a curve in the image attaching sphere in such a way that it winds

around other bits of 2-handle.

Before we proceed to doing some handle cancellations we remark that some of these added

2-handles will intersect some of the other planes. For example consider the added 2-handle that

runs between C − C ′, as the co-ordinate of C = ( 1√
2
, 0, 1√

2
) and C ′ = ( 1√

2
, 0, −1√

2
), we can see

that in the bottom right picture above, this 2-handle must intersect the x− y plane. We have

drawn this intersection point as a black dot in the top left picture below. Similarly the added

2-handle that runs over A−A′ intersects the y− z plane in a point, and this has been drawn as

a black dot in the bottom left picture below. Finally, the 2-handle passing over J−J ′ intersects

the x− z plane in a point, and this can be seen as a black dot in the top right picture below.
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K

II'

L

E' E

K'

JJ'

L'

FE'

K

H' G

L

C'D'

L'

HG'

K'

D C

I

GH'

I'

A' A

J

G'

J'

B' B

D
E

F'

A'

A

B'

D'

F
B

E'

C

C'

H

When we start cancelling handles and doing handle slides we have to be careful that we do not

cut through any of the other 2-handles for then we would be doing an “illegal” move, and that

if one of our 2-handles goes around another, then a handle slide on one may cause the other to

change position and we have to keep track of this. It turns out that none of this really creates

any problems as all our moves are primarily done in the planes in question, and it can be clearly

seen that they do not tangle around any of the added 2-handles that intersect these planes.

The above discussion may seem confusing so we go through a few handle cancellations in detail

to make our point.

The added 2-handles corresponding to boundary fillings pass over a 1-handle once and hence

form a handle cancellation pair, therefore we may cancel them from our diagram. We recall that

if we have a handle cancelling pair that does not meet any other 2-handles in a Kirby diagram

then we can simply delete them from the diagram. However, if there are some 2-handles that

pass over the 1-handle that we are cancelling, we must push those 2-handles through the 2-

handle that is cancelling the 1-handle.

We start by cancelling A− A′ (the reader should compare this with the first elementary move
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we showed in the previous section) using the added 2-handle that passes over it once. This only

affects the 2-handles in the x − y plane and the six extra 2-handles that do not lie in any one

plane. The following pictures show the Kirby diagrams of these handles once we have done the

cancellation.

G

J

HG'

J'

H'

B'B

I

I'

E

D

C

F'

B'

BF

D'

E'

C'

Recall that this 2-handle that we just used to cancel A−A′ intersected the y − z plane, hence

when we use it to cancel A − A′ we will introduce new intersection points in the y − z plane,

and it is important to keep track of these new intersection points.

We start by giving an analysis of what happens when we cancel A − A′ from the x − y plane.

First of all, the cancellation from the x − y plane introduces some new 2-handles in the x − y
plane. We have the blue 2-handle that starts at I and loops back into I. This creates an

intersection point in the y − z plane close to I, you can see it as the black dot in the following

diagram:

K

II'

L

E

K'

JJ'

L'

FE'

F'
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We also have the new brown 2-handle in the x − y plane that goes between G and H ′, this

creates a second intersection point with the y − z plane:

K

II'

L

E

K'

JJ'

L'

FE'

F'

Remaining in the x− y plane we also have the new green 2-handle that passes between G′ and

H, this introduces a third intersection point in the y − z plane.

K

II'

L

E

K'

JJ'

L'

FE'

F'

Finally, we have the red 2-handle that starts at J and loops back into it, this gives a fourth

intersection point.

K

II'

L

E

K'

JJ'

L'

FE'

F'
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In total we obtain four new intersection points from cancelling A − A′ from the x − y plane.

However we are not done yet, there will also be some intersection points arising from the

cancellation of A− A′ from the diagram containing the six 2-handles that do not all lie in any

2-plane.

The analysis of this situation is exactly analogous to what we did above. We start with the

green 2-handle that starts at E and loops back into it. This gives an intersection point in the

y − z plane near E as shown in the following diagram.

K

II'

L

E

K'

JJ'

L'

FE'

F'

The brown 2-handle that runs between C and D gives an intersection point that looks like:

K

II'

L

E

K'

JJ'

L'

FE'

F'

There is also the brown 2-handle that runs between C ′ and D′, this gives a point of intersection

that looks like:
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K

II'

L

E

K'

JJ'

L'

FE'

F'

Finally, we have the 2-handle that starts at F and loops back into it, it gives an intersection

point near F :

K

II'

L

E

K'

JJ'

L'

FE'

F'

In total we get 8 new intersection points, to make things easier we want to keep track of how each

intersection came about. Namely, we want to keep track of which 2-handle in which diagram

gave us a particular intersection point. To do this we will introduce a simple coding system

that will allow us to keep track of where these points of intersection are coming from. Each

intersection point will be labelled with either four letters or two letters. In the case of four

letters, the first two will tell us that the intersection point is coming from the x − y, x − z
or y − z planes, and the next two letters will tell us the 1-handles that the 2-handle causing

the intersection point is passing between, the actual 2-handle will be clear from context. In

the case of a two letter code, we are to interpret that the 2-handle causing the intersection

point is coming from the diagram representing the six 2-handles that do not all lie in a single

2-plane. The two letters denote the two 1-handles that this 2-handle passes over, again the

actual 2-handle in question will be clear from the context.
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At times it will be difficult for us to show the labels of all intersection points in the whole

diagram simply because there may be too many intersection points and not enough space. In

these instances we will always show two diagrams, a whole diagram with unlabelled points of

intersection and a close up diagram of the labelled intersection points. It will be easy to tell

which point corresponds to which point in the two diagrams.

It is time to show an explicit example of what exactly we mean by this code, and how exactly it

looks. The following picture shows the y− z plane with a black dot near I labelled XY II, the

first two letters being XY tell us that the 2-handle giving this point of intersection is coming

from the x − y plane, the second two letters are II and this tells us that the 2-handle in the

x− y plane is starting at I and looping back into I.

K

II'

L

E

K'

JJ'

L'

FE'

F'

XY_II

This is precisely the point of intersection we talked about above which arose through cancelling

A−A′ in the x−y plane, and we showed a picture of it previously. There were also many other

intersection points (remember there were 8 in total!), as another example the following picture

shows a labelled intersection point coming from cancelling A−A′ in the diagram corresponding

to the six 2-handles that do not all lie in a single 2-plane. The labelling consists of just two

letters, which immediately tells us that the 2-handle contributing this point of intersection is

coming from the diagram corresponding to the six 2-handles that do not all lie in a single 2-

plane. The two letters are CD, which tell us that the 2-handle in question is running between

the 1-handle C and the 1-handle D.

K

II'

L

E

K'

JJ'

L'

FE'

F'

CD
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When we cancelled A− A′ we saw that there were a total of 8 new points of intersection. The

following shows a close up of all these points of intersection with their corresponding labels.

I

E

F

J

XY_GH'XY_G'H XY_IIXY_JJ

EE

FF

CD

C'D'

So far we have done one handle cancellation, and in some detail explained how we get extra

points of intersection. The following picture shows what we have done.

K

II'

L

E

K'

JJ'

L'

FE'

F'

GH

J'

H'

B'B

I

I'

E

D

C

F'

B'

BF

D'

E'

C'

K

H' G

L

C'D'

L'

HG'

K'

D C

G'

J

In the top left diagram we have a 2-handle, corresponding to (the one in blue)

A ∩ I a // A′ ∩ I i // B′ ∩ i′ b−1
// B ∩ I ′ i−1

// A ∩ I

which has a component that loops back into I. In the above picture this is the blue arc at the

top meeting I twice. We can then slide it over the 1-handle I− I ′ to give a 2-handle that meets

B −B′ once.

There is also a second handle slide we can do in the x− y plane. Namely, we have the 2-handle
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in red that starts at J and loops back into it. We can then slide it over the 1-handle J − J ′ to

give a 2-handle in red that also meets B −B′ once.

G

J

HG'

J'

H'

B'B

I

I'

In carrying out these two handle slides the intersection points labelled XY II and XY JJ in

the y − z plane will disappear. However, in the x − y plane the 2-handle (in blue) that meets

B − B′ once will give a point of intersection in the y − z plane in the region bounded by the

1-handles I ′, F ′, J ′ and E′ and the 2-handles that run between them, and the red 2-handle that

meets B − B′ will also give an intersection point in the y − z plane in the region bounded by

the 1-handles I ′, F ′, J ′, E′ and the 2-handles that run between them.

The picture below shows these new intersection points along with the other intersection points

that we have encountered so far. The two diagrams at the bottom of the picture show close ups

of the regions that these intersection points lie in and the labels of the intersection points.

K

II'

L

E

K'

JJ'

L'

FE'

F'

I

E

F

J

XY_GH'XY_G'H
XY_BB' XY_JJ

EE

FF

CD

C'D'

I'

F'

J'

E'

We can also carry out two handle slides in the diagram consisting of the 2-handles that do not

all lie in a single 2-plane. We can slide the green 2-handle that starts and ends at E through E
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and then off E′ to obtain a 2-handle that meets B − B′ once. Similarly we can slide the blue

2-handle that starts and ends at F through F and then off F ′ to give another 2-handle that

meets B −B′ once.

E

D

C

F'

F

D'

E'

C'

B

B'

These handle slides that we have carried out have not interfered with the added 2-handles

running from E to G and E′ to G′. In the case of the added 2-handle that runs between E and

G this is easy to see as it lies outside of the diagrams for which these handle cancellations and

slides are being done. In the case of the 2-handle that runs between E′ and G′ it is also easy

to see, using some three dimensional insight, that none of the cancellations and slides we have

done so far affect the handle. The following picture shows how this 2-handle sits after we have

carried out the above cancellations and slides, it is drawn in yellow. The picture is supposed to

give the reader some insight in to why it is the case that carrying out the above cancellations

and slides does not affect the added 2-handle that runs between E′ and G′.
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F'
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F
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J'

L'

The two handle slides just carried out above will cause the intersection points in the y − z

plane labelled EE and FF to disappear, but the two new 2-handles between B−B′, that arose

through these handle slides, will give two new points of intersection in the y − z plane in the

region bounded by I ′, F ′, J ′, E′ and the 2-handles that run between them.
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The following picture shows the end result of cancelling A− A′, along with the various handle

slides we under took after this cancellation
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G
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I
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B' B

and the picture below shows how the added 2-handles running between E and G, and E′ and

G′ sit in our Kirby diagram so far.

105



E

D

B'

D'

E'

F

C'

F'

B

C

I

G

K

D

E

F'

C

B

C'

E'

D'

B'

F

G'

J'

L'

We now cancel K −K ′, in this case only the 2-handles in the x− z and y − z planes change.

The following picture shows how the Kirby diagrams change after we have carried out this

cancellation.

G

L

L'

D'

H

C'

D C

G'H'

II'

L

E' F

L'

F' E

J' J

At this point one can ask if cancelling K − K ′ has introduced any new intersection points in

any of the other diagrams ? The only candidate is the x − y plane. In this case it is easy to

see that no intersection points are created. Let us give a brief explanation of why this is the

case. Start with the x − z plane, this meets the x − y plane along a straight line that passes
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through the one handles H ′, G′, H and G. In the following picture you can see this line as the

horizontal yellow line through H ′, G′, H and G, where the top diagram is that of the x − y
plane, and the bottom diagram is that of the x− z.

G

J

HG'

J'

H'

I

I'

B' B

K

H' G

L

C'D'

L'

HG'

K'

D C

When we cancel K −K ′ from the x − z plane it is easy to see that none of the cancellations

interfere with the yellow line, meaning that in cancelling K − K ′ from the x − z plane none

of the 2-handles that emerge from this cancellation cross the yellow line. This means none of

these 2-handles contribute to any intersection points in the x− y plane.

In the case of the y − z plane we have that it intersects the x − y plane along a vertical line

through I ′, J ′, J and I, as shown in the following picture.
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J
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B' B
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L
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JJ'

L'

FE'

F'
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In this case you can also clearly see that when we cancel K − K ′ from the y − z plane none

of the new 2-handles that emerge from this cancellation cross the horizontal yellow line in the

y− z plane. This means none of these 2-handles intersect the x− y plane, and hence we do not

get any points of intersection from cancelling K −K ′ from the y − z plane.

Coming back to the pictures of the x− z and y − z planes, after cancelling K −K ′ we see that

we can do some handle slides. First of all, in the x − z plane we have a green 2-handle that

starts at D and loops back into it, and a pink 2-handle that starts at C and loops back into it.

We can slide the green 2-handle through D to D′ and then off D′ to give a 2-handle meeting

L−L′ once. We can do the same with the pink 2-handle to get another 2-handle meeting L−L′

once.

In the case of the y− z plane we have the red 2-handle that starts at F ′ and loops back into it,

and we have the blue 2-handle that starts at E and loops back into it. We can then slide these

(just as we did above) to give two 2-handles that meet L− L′ once.

G

D'

H

C'

D C

G'H'

L

L'

II'

L

E' F

L'

F' E

J' J

Observe that in carrying out these handle slides we have not added any new points of intersection

to the x − y plane. For example the two handle slides we did in the x − z plane gave us two

2-handles that met L − L′ once. These two 2-handles do not cross the intersection line of the

x− y plane with the x− z plane, hence these new 2-handles cannot intersect the x− y plane. A

similar analysis for the handle slides in the y − z plane shows that they do not add any points

of intersection as well.

It is clear that in cancelling the 1-handle K−K ′ we have introduced no new intersection points

in the other diagrams. For example when we cancelled K−K ′ in the x−z plane, we introduced

a 2-handle that loops back in to C, it is the pink 2-handle in the first cancellation diagram. This

2-handle does not introduce any intersection points in the x− y plane because C lies above the
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x− y plane. Similarly we also introduced a 2-handle that goes from H to G, it is drawn as the

red 2-handle in the picture above. This 2-handle also does not create any points of intersection

with the x − y plane. A similar analysis shows that when we first cancel K −K ′ none of the

new 2-handles formed create any new intersection points.

We then proceeded to doing some handle slides, and we can ask whether these handle slides

create any new intersection points. It turns out that they do not, and one can easily see this by

simply thinking of what happens in a 3-dimensional picture. Let us give an explicit analysis of

this, we will work with the y− z plane and the 2-handle that loops back in to E, it is drawn in

blue in the first picture showing what happens when we cancel K −K ′ (see the picture before

the three above pictures). We push this 2-handle through E − E′ to get a 2-handle meeting

L−L′, note that E′, L′ and L all lie below the x− y plane. Hence when we push this 2-handle

through E − E′ to give a 2-handle between L − L′ we create no intersection points with the

x− y plane. Similarly, this new 2-handle does not create any intersection points with the x− z
plane.

So far we have filled in two boundary components of the manifold M corresponding to the fibres

given by the isometries a and k. We then carried out various handle cancellations and handle

slides. The following picture puts all that we have done so far together.
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L
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L

E' F
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The labelling of the intersection points are shown in the following diagram. The top two

diagrams show close ups of the regions around the intersection points in the x − y and x − z
planes respectively (viewing from left to right). The bottom two diagrams show close ups of
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the intersection points in the y − z plane.
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BB'
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F
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XY_GH'XY_G'H

CD

C'D'

The next step is to cancel J − J ′, this cancellation will only affect the x− y and y − z planes.

The diagrams on the right correspond to sliding the obvious handles in the left picture over

1-handles and then off them to obtain 2-handles that only meet certain 1-handles once. For

example in cancelling J − J ′ from the x− y plane we obtain a pink 2-handle that starts at G′

and loops back into it (see the top left diagram in the picture below), we can then slide this

through G′ and off G to obtain a pink 2-handle that meets I−I ′ once (see the top right diagram

in the picture below).

G
H'

I

I'

B' B

G' H

GH'

B' B

G' H

I
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L
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When we first cancel J − J ′ in the x − y plane we introduce some new 2-handles, namely the

one in pink that loops back into G′ and the one in black that does the same with H. These two

2-handles create two new points of intersection with the x− z plane:

G

D'

H

C'

D C

G'H'

L

L'

When we cancel J − J ′ in the y − z plane we introduce a 2-handle between I − I ′, E − F ′,
E′ − F , and one that loops back into L′. These four 2-handles each create intersection points

with x− z plane as well, you can see them as the four vertical black dots:

G

D'

H

C'

D C

G'H'

L

L'

The labelling of these 6 new intersection points is given in the following picture.

HG'

CD

D' C'

L'

XY_G'G' XY_HH

YZ_L'L'

YZ_E'F

YZ_EF'

YZ_II'

After cancelling J − J ′ we carried out some some handles slides. In the x− y plane we slid the

new 2-handle that starts at G′ and loops back into it (the one in pink) through G′ and then

off G to give a 2-handle that passes over I − I ′ once. This will cause the intersection point in

the x− z plane, labelled XY G’G’, to disappear. However, a new intersection point will arise
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corresponding to the new 2-handle that passes over I − I ′ once. This new intersection point is

shown in the following diagram as the black dot to the right of G, you can also see that the

intersection point labelled XY G’G’ is no longer in the picture.

G

D'

H

C'

D C

G'H'

L

L'

The other handle slide we did in the x− y plane was to take the black 2-handle that starts at

H and loops back into it and slide it through H and then off H ′ to give a new 2-handle that

passes over I − I ′ once. This handle slide causes the intersection point labelled XY HH to

disappear with a new intersection point appearing to the left of H ′ (viewed in the x− z plane).

G

D'

H

C'

D C

G'H'

L

L'

We also carried out one handle slide in the y−z plane. This handle slide corresponded to taking

the green 2-handle that starts at L′ and loops back into it, pushing it through L′ so it comes

out at L, and then sliding it off to give a new 2-handle that passes over I− I ′ once. This causes

the intersection point labelled YZ L’L’ to disappear, with a new intersection point just below

L to appear. The following picture shows this new intersection point and all the others with

their corresponding label.
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If we put everything we have done so far we get the following:
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The pictures showing how the added 2-handle running between E and G, and E′ and G′ is the

same as before.

We move on to cancelling C −C ′, this will only affect the x− z plane and the six 2-handles not

lying in any one plane.
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G'H'

L
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H G
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E
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Recall that the added 2-handle that passed between C − C ′ (the one we just used above to

cancel C − C ′) intersected the x − y plane. Therefore the above handle cancellation will give

rise to some points of intersection in the x − y plane. We take the time to explain how these

points of intersection look like.

Start with the x− z plane, when we cancel C −C ′ we got two new 2-handles one in blue which

starts at H and loops back into it, and one in brown that starts at G and loops back into it.

These will give two new intersection points in the x− y plane, as shown below:
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GH'

B' B

G' H

I

I'

XZ_HH

XZ_GG

Moving to the case of the six 2-handles that did not all lie in a single 2-plane, we see that we get

four new points of intersection. First of all, we have the red 2-handle that starts and ends at B.

Secondly, we have the black 2-handle that runs from E′ to F ′ and the pink 2-handle that runs

from F to E. Finally, we have the brown 2-handle that runs from D to D′. All four of these

2-handles give four points of intersection in the x− y plane. The following picture show these

points of intersections in the x − y plane, with the bottom diagram being a close up showing

the labelling of these intersection points.
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B' B
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DD'

EF

E'F'
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We also have to deal with the points of intersection in the y − z plane. We have two points of

intersection labelled C’D’ and CD, when we cancel C − C ′ from the diagram that consisted

of the six 2-handles that did not all lie in a single 2-plane the part of the brown 2-handle

component running from C ′ to D′ and the part running from C to D join together to give a

brown 2-handle running from D to D′. Thus in the y − z plane we will still see two points of

intersection but their labelling will be DD’ because this new brown 2-handle running from D

to D′ intersects the y − z plane in two distinct points.
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BB'
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XY_BB' XY_BB'

We can then carry out three handle slides. In the x − z plane we can slide the blue 2-handle

that starts and ends at H through H and then off H ′ to give a blue 2-handle between D −D′.
Similarly, we can slide the red 2-handle that starts and ends at G off G′ to give a red 2-handle

that meets D − D′ once. Finally, in the diagram corresponding to the six 2-handles that did

not all lie in a single 2-plane, we have the red 2-handle that starts and ends at B. We can slide

it off B′ to give a red 2-handle meeting D −D′ once.

G'H'
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L'

H G
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E
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The first two handle slides we undertook will cause the points of intersection labelled XZ HH

and XZ GG to disappear from the x−y plane, however we will get two new points of intersection

coming from the new 2-handles that run between D − D′, these are shown in the picture

below with labelling XZ DD’. The second handle slide we undertook will cause the point of

intersection labelled BB to disappear, but the new 2-handle that we obtained running from D
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to D′ will give a new intersection point labelled DD’. These new points of intersection can be

seen in the picture below.

GH'

B' B

G' H

I

I'

DD'

EF
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XZ_DD' XZ_DD'

DD'

These handle slides do not affect the y − z plane.

So far we have we have cancelled the 1-handles A−A′, K −K ′, J − J ′ and C − C ′, the result

of all these cancellations and various handle slides are shown in the picture below along with

points of intersections that arise when we cancel/slide handles.
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It is clear that none of the handle cancellations and slides we have done so far have interfered

with the added 2-handles running from E to G and E′ to G′. This will be the case for many

of the handle cancellations and slides we do in the following, and because of this we will often

omit drawing the 2-handles between E to G and E′ to G′. However, it is recommended that

the reader keep a mental image of these two 2-handles so as to help convince themselves that

none of the handle cancellations/slides we carry out do indeed affect these two 2-handles.
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In the above picture you can see several 2-handles that pass over certain 1-handles only once.

For example, if we look at the x − y plane we can see that there is a red 2-handle and a blue

2-handle that passes between the 1-handle B − B′ once, hence we may use either of these to

cancel B −B′.

Cancelling B − B′ only affects the handle diagram in the x − y plane and the diagram corre-

sponding to the six 2-handles not lying in any one plane.

I

I'

G' HH' G
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F
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F'

E

E'

The unknotted circles in the above picture denote 2-handles not meeting any 1-handles and

have zero framing. Hence they can be used to cancel a 3-handle, and so we may simply erase

them from the diagram (recall elementary move number 3, which we outlined in the previous

section).

Recall that the 2-handles running between B and B′ gave points of intersection in the y − z
plane. To remind the reader the picture below shows all the points of intersection in the y − z
plane.

L
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E' F
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When we cancel B − B′ from the x − y plane using the red 2-handle, the intersection point

corresponding to this 2-handle in the y − z plane will disappear. However, a new one corre-
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sponding to the green 2-handle running from G to H ′ will appear, and one corresponding to

the brown 2-handle running from G′ to H will appear. The blue 2-handle running between B

and B′ (still staying in the x − y plane) also corresponds to an intersection point in the y − z
plane, when we cancel B − B′ this 2-handle forms a closed loop with framing 0. It then gives

a point of intersection in the y − z plane, however since the framing of this 2-handle is 0 it

cancels a 3-handle, and so we can simply delete it from our diagram. This means that we can

simply delete the corresponding point of intersection from the y − z plane. Similarly, when we

cancelled B−B′ from the diagram that consisted of the 2-handles that did not all lie in a single

2-plane we obtained two 2-handles, one in blue and the other in green which are loops with zero

framing. Hence they each cancel a 3-handle respectively and can be deleted from the diagram.

This means that the points of intersection they give in the y − z plane can be deleted.
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DD'
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Observe that there are two points of intersection labelled XY GH’, and another two labelled

XY G’H. It is easy to work out which one corresponds to which 2-handle in the x − y plane.

For example, the point of intersection between E′, I ′ and F ′ labelled XY GH’ corresponds to

the green 2-handle running between G and H ′ in the x− y plane, and the point of intersection

labelled XY GH’ between E, I and F corresponds to the brown 2-handle running between G

and H ′ in the x− y plane.

Before we show how all diagrams look like after the cancellation of B −B′, we want to go back

to the diagram that corresponded to the six 2-handles that did not all lie in a single 2-plane.
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Look at the brown 2-handle that runs between D and D′. We were going to do an isotopy that

moves this 2-handle into a different position. When carrying out such an isotopy we have to

be careful that we do not pass through any other 2-handles. Therefore in order to do this in a

correct manner we need to keep track of the intersection points with the other planes.

We are going to push the brown 2-handle in the following direction:

D

F

D'
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E

E'

This will cause the brown 2-handle (over time) to move in the following way:

D

F

D'

F'

E

E'

D

F

D'

F'

E

E'

D

F

D'

F'

E

E'

D

F

D'

F'

E

E'

During this moving of the brown 2-handle the intersection point corresponding to this 2-handle

in the x− y plane also moves, and the trajectory it takes looks like:
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G' H

I
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Observe that so far, in moving the brown 2-handle we have not passed through any of the other

2-handles, this is because in the x − y plane we have kept track of how the intersection point

has moved. In the x − z plane there is nothing to check as the brown 2-handle that we are

moving does not intersect this plane. Finally, in the case of the y − z plane we have that this

2-handle intersects it in two points, thus in carrying out this isotopy of the 2-handle in question

there will definitely be some change in the y − z plane. In order to understand what goes on

observe that when we continue to move the 2-handle in the direction shown above we will come

to a stage where a vertical arc of this 2-handle will lie in the y − z plane. Thus when we look

at the y − z plane we will see an arc between the two points of intersection corresponding to

this brown 2-handle. The following picture shows this arc in the y − z plane.
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E' F

I' I

Intersecting arc

As we continue to move this 2-handle in the direction indicated we will see this arc in the y− z
plane disappear along with the original two points of intersection that this 2-handle gave.

The final position of this 2-handle is shown in the following picture, with the bottom diagram

showing the final position of the intersection point in the x− y plane.
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The following picture shows all diagrams so far, notice that two points of intersection in the
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y − z plane have disappeared.
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We are going to move on to cancelling D − D′. In this case we have a few options in regard

to which 2-handle we use to carry out the cancellation. In the x − z plane we have the choice

of the brown and blue 2-handles that pass between D − D′ once, and in the diagram that

corresponded to the six 2-handles that did not all lie in a single 2-plane, we have the choice of

the red and brown 2-handle that passes between D−D′ once. We will choose the red 2-handle

in the diagram that corresponds to the six 2-handles that did not all lie in a single 2-plane.
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Observe that after cancelling D − D′ all the 2-handles that passed between D − D′ become

loops with framing 0. We can see two in the x − z plane, one in blue and the other in brown,

and we can see one brown one in the other diagram. As all these two handles have framing

0 we know that they form a cancellation pair with a 3-handle, and hence we can erase them

from our diagram. In doing so we will see the intersection points in the x − y plane labelled

XZ DD’ and DD’ disappear, but we will get two new ones corresponding to the pink 2-handle

running from E′ to F ′ and the black 2-handle running from E to F , both in the diagram that

corresponds to the six 2-handles that did not all lie in a single 2-plane.
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All diagrams look like:
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Let us remark that the cancellations and slides we have done so far have not interfered in any

way with the two added 2-handles that run from E to G and E′ to G′.

We move on to cancelling L−L′ using the green 2-handle in the x− z plane. This cancellation

only affects the diagrams in the x− z and y − z planes.
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In undertaking this cancellation we obtain three 2-handles that become loops which carry fram-

ing number 0, these will then cancel a 3-handle and hence we can simply erase them from our

diagrams.

Note that as none of the 2-handles that ran between L−L′ intersected any of the other planes,

the points of intersection in the various planes do not change. Furthermore it is easy to see

that cancelling L− L′ does not cause the added 2-handles that run from E to G and E′ to G′

to change.

We can then cancel I − I ′ using the red 2-handle that lies in the y − z plane.

G' HH' G

EF'

FE'

EF

E'F' EF
E'F'

XY_GH' XY_G'H XY_GH'XY_G'H

We obtain three 2-handles that are loops with framing 0, which we can simply erase from

the diagrams. As for the intersection points, the only plane we have to worry about is the

x − z plane. The intersection points labelled XY II’ disappear and nothing new takes their

place. The points of intersection labelled YZ II’ also disappear, but we get two new points of

intersection at the top of the y− z plane corresponding to the black 2-handle in the y− z plane

that runs between E and F ′ and the pink 2-handle in the y− z plane that runs between E′ and

F . The labelling of these points of intersection are YZ EF’ and YZ E’F respectively.
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The following picture shows the diagrams so far with labelled points of intersection. The first

diagram represents the x − y plane, the one below it is the x − z plane, and the next two

diagrams are the y − z plane and the diagram that corresponded to the six 2-handles that did

not all lie in a single plane.

G' HH' G

EF

E'F' EF
E'F'

EF'

FE'

XY_GH' XY_G'H XY_GH'XY_G'H

F'

E'

F

E

H' G' H G

YZ_E'F

YZ_EF'

YZ_E'F

YZ_EF'

We can isotope the pink 2-handle in the y− z plane joining E′ to F , so that it does not enclose

the 1-handles E and F ′. The isotopy moves the 2-handle in the direction of the x-axis. The

following picture shows the direction in which we move this 2-handle.

EF'

FE'

XY_GH' XY_G'H XY_GH'XY_G'H

X

Y

Z

It is easy to see that in moving this 2-handle in this direction, we do not pass through any of

the other 2-handles, hence it is a well defined isotopy. The final position of this 2-handle can

be seen in the following picture.

EF'

FE'

XY_GH' XY_G'H XY_GH'XY_G'H

124



We can also isotope the 2-handles in the diagram that corresponded to the six 2-handles that

did not all lie in a single plane to get:

F'

E'

F

E

The 2-handles now lie in planes parallel to the x− z plane.

We observe that this will cause the points of intersection in the x − y plane to move into the

following position:

G' HH' G

EF

E'F'

EF

E'F'

We can now put everything together to give a picture in 3-space. Remember the co-ordinates

of the 1-handles H, H ′, G, G′ and E, E′, F , F ′ are given as:

E S(0,+1,+1,0) (0, 1√
2
, 1√

2
) E′ S(0,−1,−1,0) (0, −1√

2
, −1√

2
)

F S(0,+1,−1,0) (0, 1√
2
, −1√

2
) F ′ S(0,−1,+1,0) (0, −1√

2
, 1√

2
)

G S(+1,0,0,+1) (1 +
√

2, 0, 0) G′ S(−1,0,0,−1) (1−
√

2, 0, 0)

H S(+1,0,0,−1) (−1 +
√

2, 0, 0) H ′ S(−1,0,0,+1) (−1−
√

2, 0, 0)

The following picture shows a diagram of these 1-handles in 3-space along with the various

2-handles that run between them.

E

F'

F

E'

G

H

G'

H'

e

e

f

f

a

a
b

b

i

i

j

j

k

k

l

l
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Observe that in the top diagram the 2-handle denoted by e passes over the 1-handle H − H ′

once, hence they form a cancelling pair, and the cancellation can be done in the x − y plane

without affecting any of the other 2-handles.

a

a

b

b

f fG'
G

a

a

b

b

fG'
G

The 2-handles denoted by f then cancels a 3-handle and can be erased from the diagram.

In our 3-space picture we then have:

E

F'

F

E'

G

G'

a
a

b

b

i

i

j

j

k

k

l

l

The 2-handle denoted k runs over F −F ′ once, and hence we can use it to cancel F −F ′. This

cancellation can be done in the y − z plane without affecting the other 2-handles.

G

E

E'

G'

a

b

b

l

l

i j

i
j

a

The 2-handle l slides off E − E′ and cancels a 3-handle, we are then left with:
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E

E'

G

G'

a
a

b

b

i

i

j

j

We can then slide the 2-handle denoted j along i to obtain a 2-handle that has one component

looping back into E and another into E′. We can push either component through the attaching

sphere it loops back into obtaining an unknot with framing zero. This then cancels a 3-handle

and can be deleted from the diagram.

Recall we still have not dealt with the 2-handle that corresponds to filling in the last boundary

component. This is represented by e−1g, which corresponds to attaching a 2-handle component

from E to G, and then one from E′ to G′. So far the handle cancellations and slides we have

done have not affected these two components, and hence it suffices to put them in now.

E

E'

G

G'

a
a

b

b

i

i

We can then use them to cancel G−G′:

E

E'

a

a bb

i

i

At this point one can perform a handle slide, one can slide the 2-handle labelled b along a the
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end result is that b will have two components, one that loops back into E and one that loops

back into E′. We can then push one component through the attaching sphere it loops back into

obtaining an unknot with zero framing. This cancels with a 3-handle and can be erased from

the diagram. We are then left with the same diagram as above with only the 2-handles labelled

a and i remaining.

The fundamental group of this manifold is clearly Z2. We want to take the double cover of the

above 4-manifold to get a simply connected 4-manifold. Let us denote the above 4-manifold by

Y , then we want to form the double cover X → Y . More precisely using the Kirby diagram of

Y obtained above, we want to obtain a Kirby diagram of X. In order to do this we proceed

as follows. First of all since Y has only one 1-handle we can identity the 1-skeleton of Y with

S1×D3. As X is a cyclic double cover we have that the 1-skeleton of Y is 2-fold covered in the

obvious way. I.e. the 1-skeleton of X is S1×D3 and this double covers S1×D3 (corresponding

to the 1-skeleton of Y ) in the usual way. Each of the remaining handles of Y lift to two copies

of that handle in X. There is a subtle issue in what we have said so far, namely we did not say

how the data determining the trivialisation of the normal bundle to each 2-handle lift to the

double cover. In our case this is not a problem as all our 2-handles have a planar framing, and

so when we lift them we still get 2-handles with a planar framing (i.e. parallel curves do not

twist around). In the general case one only has to observe that a choice of trivialisation on each

normal bundle to each knot (representing a 2-handle) lifts to that trivialisation on each lifted

knot, and changing the trivialisation to the normal bundle of a 2-handle in Y by one twist causes

the trivialisation on each lifted knot to change by one twist, hence we know how to lift any

choice of trivialisation. Focusing on our case we make an important observation, the 2-handles

in our manifold Y do not twist around each other in any way, hence when we lift them to X

we can focus on their lifts separately. In our situation we have two 2-handles denoted a and i.

When we lift each one, we will get two 2-handles each passing the lifted 1-handle once. As none

of them twist around each other we use any lifted one to cancel the lifted 1-handle, leaving us

with three unknot’s with framing zero. Each of these then cancels a 3-handle, and we see that

the manifold we are left with is S4. The boundary components of manifold 1011 where given

by the non-orientable closed flat 3-manifold labelled G (B1 in Wolf’s notation). Appealing to

the classification of closed flat 3-manifolds we know that the orientable double cover of G is the

flat 3-manifold given by A (G1 in Wolf’s notation), which is the 3-torus.

Thus we have proved the following theorem:

Theorem 2.3.1. There exists a collection L of five linked tori embedded in a standard smooth

S4 such that the complement S4 − L admits a finite volume hyperbolic geometry.

We should mention that D. Ivanšić proves in his paper [10] (see thm.4.3, p.18) that there exists

a system of five linked 3-tori embedded in a smooth manifold X that is homeomorphic to S4
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such that X−L admits a finite volume hyperbolic geometry. The manifold he uses to construct

X is also manifold 1011. However, he does not prove that X is diffeomorphic to S4 and in

particular does not consider constructions to do with Kirby diagrams and the Kirby calculus
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Chapter 3

A hyperbolic link complement in a
standard smooth S2 × S2

In this chapter we construct a smooth hyperbolic link complement in a standard smooth S2×S2.

We follow the general procedure outlined in the previous chapter, the only difference being that

we will work with a Kirby diagram associated to the double cover of a non-orientable Ratcliffe-

Tschantz manifold. Due to this we begin the chapter with an explanation of how to construct

a Kirby diagram for the orientable double cover associated to any of the Ratcliffe-Tschantz

manifolds. We then end the chapter by proving, using the methods of Kirby calculus, that a

boundary filling of the orientable double cover of manifold no. 35 has a double cover that is

diffeomorphic to S2 × S2.

3.1 How to construct the orientable double cover

The main aim of this section is to show the reader how, given a presentation of the fundamental

group of a non-orientable Ratcliffe-Tschantz manifold, we can obtain a presentation of the

orientable double cover. We will then put this technique to use in the next section for a particular

example, showing the reader how to obtain a Kirby diagram for the orientable double cover.

The principle technique in extracting a presentation for the orientable double cover is a easy

case of the Reidemeister-Schreier rewriting process. Fix a non-orientable Ratcliffe-Tschantz

manifold, which from here on in we denote by M . We know that the orientable double cover of

M , denoted M̃ , corresponds to an index 2 subgroup of π1(M). In fact if we let

φ : π1(M)→ Z2

denote the homomorphism that sends the orientation preserving isometries, making up M , to

1 and the orientation reversing isometries to −1. Then we have that ker(φ) = π1(M̃), and it is

clear that π1(M̃) is an index 2 subgroup of π1(M).
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Given a group G and a finite index subgroup H of G we remind the reader of the definition of

a transversal to H in G.

Definition 3.1.1. A transversal to H in G is a subset T of G such that

G =
⋃
t∈T

H · t

In our case it is easy to find a transversal, we simply take any orientation reversing isometry,

making up M , call it α. Then it should be clear that the set {1, α} is a transversal to π1(M̃) in

π1(M). Now, let us fix the finite presentation of π1(M) = 〈X|R〉, recall that the set X is given

by the side pairing transformations that make up M . Let ψ : π1(M)→ T be the map that the

sends an element x ∈ π1(M) to its coset representative. In our case the definition of ψ can be

given explicitly in the form:

• ψ(x) = 1 if x is orientation preserving.

• ψ(x) = α if x is orientation reversing.

Let ρ : π1(M) → π1(M̃) be defined by π(x) = x · ψ(x)−1. In our case the definition of ρ can

also be explicitly written in the form:

• ρ(x) = x if x is orientation preserving

• ρ(x) = x · α−1 if x is orientation reversing

We then have the following theorem.

Theorem 3.1.2 (Reidemeister-Schreier rewriting process). A presentation of π1(M̃) is given

by 〈X ′|R′〉, where

X ′ = {ρ(tx) 6= 1|t ∈ T and x ∈ X}

R′ = {xrx−1|x ∈ X and r ∈ R}

and the word xrx−1 is written in terms of elements of X ′.

We would like to remind the reader that the above theorem is actually a very special case of

the general rewriting process. As we only need the case of an index two subgroup (since we are

dealing with orientable double covers) we thought it best to restrict to this simple case. For the

proof of the theorem (and its general form) we refer the reader to [12] p.106.
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3.2 Example: Double cover of Manifold 35

We start by giving the side pairing information for manifold 35, which we will denote by M .

The side pairing code for this manifold is 146928. The explicit side pairings are given as:

S(+1,+1,0,0)
a

k(−1,+1,+1,+1)

// S(−1,+1,0,0) S(+1,−1,0,0)
b

k(−1,+1,+1,+1)

// S(−1,−1,0,0)

S(+1,0,+1,0)
c

k(+1,+1,−1,+1)

// S(+1,0,−1,0) S(−1,0,+1,0)
d

k(+1,+1,−1,+1)

// S(−1,0,−1,0)

S(0,+1,+1,0)
e

k(+1,−1,−1,+1)

// S(0,−1,−1,0) S(0,+1,−1,0)
f

k(+1,−1,−1,+1)

// S(0,−1,+1,0)

S(+1,0,0,+1)
g

k(−1,+1,+1,−1)

// S(−1,0,0,−1) S(+1,0,0,−1)
h

k(−1,+1,+1,−1)

// S(−1,0,0,+1)

S(0,+1,0,+1)
i

k(+1,−1,+1,+1)

// S(0,−1,0,+1) S(0,+1,0,−1)
j

k(+1,−1,+1,+1)

// S(0,−1,0,−1)

S(0,0,+1,+1)
k

k(+1,+1,+1,−1)

// S(0,0,+1,−1) S(0,0,−1,+1)
l

k(+1,+1,+1,−1)

// S(0,0,−1,−1) .

The labelling of the sides of this manifold are given in the following table:

A S(+1,+1,0,0) ( 1√
2
, 1√

2
, 0) A′ S(−1,+1,0,0) (−1√

2
, 1√

2
, 0)

B S(+1,−1,0,0) ( 1√
2
, −1√

2
, 0) B′ S(−1,−1,0,0) (−1√

2
, −1√

2
, 0)

C S(+1,0,+1,0) ( 1√
2
, 0, 1√

2
) C ′ S(+1,0,−1,0) ( 1√

2
, 0, −1√

2
)

D S(−1,0,+1,0) (−1√
2
, 0, 1√

2
) D′ S(−1,0,−1,0) (−1√

2
, 0, −1√

2
)

E S(0,+1,+1,0) (0, 1√
2
, 1√

2
) E′ S(0,−1,−1,0) (0, −1√

2
, −1√

2
)

F S(0,+1,−1,0) (0, 1√
2
, −1√

2
) F ′ S(0,−1,+1,0) (0, −1√

2
, 1√

2
)

G S(+1,0,0,+1) (1 +
√

2, 0, 0) G′ S(−1,0,0,−1) (1−
√

2, 0, 0)

H S(+1,0,0,−1) (−1 +
√

2, 0, 0) H ′ S(−1,0,0,+1) (−1−
√

2, 0, 0)

I S(0,+1,0,+1) (0, 1 +
√

2, 0) I ′ S(0,−1,0,+1) (0,−1−
√

2, 0)

J S(0,+1,0,−1) (0,−1 +
√

2, 0) J ′ S(0,−1,0,−1) (0, 1−
√

2, 0)

K S(0,0,+1,+1) (0, 0, 1 +
√

2) K ′ S(0,0,+1,−1) (0, 0,−1 +
√

2)

L S(0,0,−1,+1 (0, 0,−1−
√

2) L′ S(0,0,−1,−1) (0, 0, 1−
√

2)

The twenty four 2-handles are given in the following table:
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1. A ∩ C a // A′ ∩D d // A′ ∩D′ a−1
// A ∩ C ′ c−1

// A ∩ C

2. A ∩ E a // A′ ∩ E e // B′ ∩ E′ b−1
// B ∩ E′ e−1

// A ∩ E

3. A ∩ F a // A′ ∩ F f
// B′ ∩ F ′ b−1

// B ∩ F ′ f−1
// A ∩ F

4. A ∩G a // A′ ∩H ′ h
−1
// A ∩H a // A′ ∩G′ g−1

// A ∩G

5. A ∩ I a // A′ ∩ I i // B′ ∩ I ′ b−1
// B ∩ I ′ i−1

// A ∩ I

6. A ∩ J a // A′ ∩ J j
// B′ ∩ J ′ b−1

// B ∩ J ′ j−1
// A ∩ J

7. B ∩ C b // B′ ∩D d // B′ ∩D′ b−1
// B ∩ C ′ c−1

// B ∩ C

8. B ∩G b // B′ ∩H ′ h
−1
// B ∩H b // B′ ∩G′ g−1

// B ∩G

9. C ∩ E c // C ′ ∩ F f
// C ∩ F ′ c // C ′ ∩ E′ e−1

// C ∩ E

10. C ∩G c // C ′ ∩G g
// D′ ∩G′ d−1

// D ∩G′ g−1
// C ∩G

11. C ∩H c // C ′ ∩H h // D′ ∩H ′ d−1
// D ∩H ′ h−1

// C ∩H

12. C ∩K c // C ′ ∩ L l // C ′ ∩ L′ c−1
// C ∩K ′ k−1

// C ∩K

13 D ∩ E d // D′ ∩ F f
// D ∩ F ′ d // D′ ∩ E′ e−1

// D ∩ E

14. D ∩K d // D′ ∩ L l // D′ ∩ L′ d−1
// D ∩K ′ k−1

// D ∩K

15. E ∩ I e // E′ ∩ I ′ i−1
// F ∩ I f

// F ′ ∩ I ′ i−1
// E ∩ I

16. E ∩ J e // E′ ∩ J ′ j−1
// F ∩ J f

// F ′ ∩ J ′ j−1
// E ∩ J

17. E ∩K e // E′ ∩ L l // E′ ∩ L′ e−1
// E ∩K ′ k−1

// E ∩K

18. F ∩ L f
// F ′ ∩K k // F ′ ∩K ′ f

−1
// F ∩ L′ l−1

// F ∩ L

19. G ∩ I g
// G′ ∩ J j

// G′ ∩ J ′ g−1
// G ∩ I ′ i−1

// G ∩ I

20. G ∩K g
// G′ ∩K ′ k−1

// H ′ ∩K h−1
// H ∩K ′ k

−1
// G ∩ I ′

21. G ∩ L g
// G′ ∩ L′ l−1

// H ′ ∩ L h−1
// H ∩ L′ l−1

// G ∩ L

22. H ∩ J h // H ′ ∩ I i // H ′ ∩ I ′ h−1
// H ∩ J ′ j−1

// H ∩ J

23. I ∩K i // I ′ ∩K k // J ′ ∩K ′ j−1
// J ∩K ′ k−1

// I ∩K

24. I ∩ L i // I ′ ∩ L l // J ′ ∩ L′ j−1
// J ∩ L′ l−1

// J ∩ L

The manifold has five cusps with associated boundary components having code GGGGH

(or in Wolf’s notation B1B1B1B1B2). One can resort to the standard procedure of working

out parabolic subgroups associated to each cusp, and then pick out those generators that are

translations. We will not give the details of the explicit computations of the parabolic subgroups

associated to each cusp, the method is exactly analogous to what we have done previously.

Instead, we simply give the following table which outlines the translations we will be filling

along.
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Ideal vertex Filling translation

{(1, 0, 0, 0), (−1, 0, 0, 0)} c

{(0, 1, 0, 0), (0,−1, 0, 0)} a

{(0, 0, 1, 0), (0, 0,−1, 0)} k

{(0, 0, 0, 1), (0, 0, 0,−1)} i

{(±1/2,±1/2,±1/2,±1/2)} e−1heh−1

Filling along the boundary components corresponding to these five cusps via the above transla-

tions, algebraically corresponds to adding the translations as relations to the fundamental group

of manifold 35. It is easy to see that a presentation for the fundamental group of manifold 35

is obtained by taking generators corresponding to pairs of sides of P , and relations given by

the 24 codimension 2 equivalence classes. Therefore a presentation for the filling is obtained by

adding the relations c = a = k = i = e−1heh−1 = 1. One can then simplify the presentation

to obtain 〈e, g|e2, g2, ege−1g−1〉 (one can do this computation by hand, although it is rather

tedious. An easier approach is to use a computer program, for example using Magma one can

input the presentation of the group and then use the ReduceGenerators command to obtain

the simplification), thereby concluding that the filled in manifold as fundamental group Z2×Z2.

It is then clear that the orientable double cover has fundamental group Z2. If we denote the

orientable double cover by M̃ , then we have that its universal cover is a two fold covering,

which we will denote by M̃2. All the Ratcliffe-Tschantz manifolds have Euler characteristic

1, this implies that M̃2 has Euler characteristic 4. Appealing to the classification theorems of

Donaldson and Freedman we can conclude that the homeomorphism type of M̃2 is determined

by one of the three manifolds S2 × S2, CP2#CP2 or CP2#CP2. In fact using the theory of

spin structures one can conclude that M̃2 must be homeomorphic to S2 × S2. Unfortunately,

one cannot conclude anything about the diffeomorphism type of M̃2, in fact it is unknown if

S2 × S2 admits a unique smooth structure so at this point we cannot rule out the case that we

are getting an exotic copy of S2 × S2. In order to understand the diffeomorphism type of M̃2

we will, as we have been doing all along, resort to the Kirby calculus. We will construct a Kirby

diagram for the orientable double cover M̃ , then apply various elementary moves to simplify

the diagram, then take the double cover of this simplified diagram and conclude that M̃2 is in

fact diffeomorphic to S2 × S2.

The starting point to obtaining a Kirby diagram of the double cover is to identify the orien-

tation preserving isometries and those that are orientation reversing. Recall, any side pairing

transformation is written as the composition rk, where r is reflection in the image side and

k is a diagonal matrix. It is clear that r is orientation reversing (since it is a reflection in a

hyperplane), therefore we can conclude the orientation preserving isometries are those whose

k-part has an odd number of −1’s, and the orientation reversing isometries are those that have
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an even number of −1’s. We then find that the orientation preserving isometries are given by

a, b, c, d, i, k, and the orientation reversing isometries are given by e, f, g, h.

From section 3.1, we know that a fundamental domain for the orientable double cover consists

of two copies of the 24-cell P attached along a codimension one side corresponding to one of

the orientation reversing isometries. If we take the orientation reversing isometry g−1, then

we can think of the fundamental domain of the orientable double cover to consist of the union

P ∪ g−1 · P . In order to understand how we obtain the double cover from P ∪ g−1 · P , we need

to work out what the side pairing transformations are i.e. which side gets paired to which side.

Before we do this, let us comment on a thought that has possibly crossed the readers mind.

Why did we pick g−1 as opposed to g ? The reason for this will become apparent soon, but for

now let us just say that it turns out to make ones life much easier when drawing Kirby diagrams

if one chooses g−1 over g. Appealing to the theory outlined in section 3.1 we find that if we fix a

side pairing transformation φ : S → S′, we have two cases to consider. First, if φ is orientation

preserving we find that:

S
φ

// S′ and g−1S
g−1φg

// g−1S′

and if φ is orientation reversing, then:

S
g−1φ

// g−1S′ and g−1S
φg

// S′ .

From here it is easy to work out what the side pairing transformation for the orientable double

cover are.

A
a // A′ g−1A

g−1ag
// g−1A′ B

b // B′ g−1B
g−1bg

// g−1B′

C
c // C ′ g−1C

g−1cg
// g−1C ′ D

d // D′ g−1D
g−1dg

// g−1D′

E
g−1e

// g−1E′ g−1E
eg

// E′ F
g−1f

// g−1F ′ g−1F
fg

// F ′

G
g−1g

// g−1G′ g−1G
gg

// G′ H
g−1h

// g−1H ′ g−1H
hg

// H ′

I
i // I ′ g−1I

g−1ig
// g−1I ′ J

j
// J ′ g−1J

g−1jg
// g−1J ′
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K
k // K ′ g−1K

g−1kg
// g−1K ′ L

l // L′ g−1L
g−1lg

// g−1L′

The next step is to work out equivalence classes of codimension 2 sides, this is done in the usual

way. One simply takes a codimension 2 side and applies side pairing transformations until one

cycles back to the original codimension 2 side. Recall that a codimension 2 side is given by the

intersection of two distinct codimension 1 sides. We already know which codimension 1 sides in

P intersect, applying the transformation g−1 then tells us which codimension 1 sides intersect

in g−1P . In total we obtain forty eight distinct equivalence classes, with each class containing

precisely four distinct codimension 2 sides. The following table collects together all forty eight

equivalence classes.

1. A ∩ C a // A′ ∩D d // A′ ∩D′ a−1
// A ∩ C ′ c−1

// A ∩ C

2. A ∩ E a // A′ ∩ E g−1e
// g−1B′ ∩ g−1E′

(g−1bg)−1

// g−1B ∩ g−1E′
(g−1e)−1

// A ∩ E

3. A ∩ F a // A′ ∩ F g−1f
// g−1B′ ∩ g−1F ′

(g−1bg)−1

// g−1B ∩ g−1F ′
(g−1f)−1

// A ∩ F

4. A ∩G a // A′ ∩H ′
(hg)−1

// g−1A ∩ g−1H g−1ag
// g−1A′ ∩ g−1G′

(g−1g)−1

// A ∩G

5. A ∩ I a // A′ ∩ I i // B′ ∩ I ′ b−1
// B ∩ I ′ i−1

// A ∩ I

6. A ∩ J a // A′ ∩ J j
// B′ ∩ J ′ b−1

// B ∩ J ′ j−1
// A ∩ J

7. B ∩ C b // B′ ∩D d // B′ ∩D′ b−1
// B ∩ C ′ c−1

// B ∩ C

8. B ∩G b // B′ ∩H ′
(hg)−1

// g−1B ∩ g−1H g−1bg
// g−1B′ ∩ g−1G′

(g−1g)−1

// B ∩G

9. C ∩ E c // C ′ ∩ F g−1f
// g−1C ∩ g−1F ′ g−1cg

// g−1C ′ ∩ g−1E′
(g−1e)−1

// C ∩ E

10. C ∩G c // C ′ ∩G g−1g
// g−1D′ ∩ g−1G′

(g−1dg)−1

// g−1D ∩ g−1G′
(g−1g)−1

// C ∩G

11. C ∩H c // C ′ ∩H g−1h
// g−1D′ ∩ g−1H ′

(g−1dg)−1

// g−1D ∩ g−1H ′
(g−1h)−1

// C ∩H

12. C ∩K c // C ′ ∩ L l // C ′ ∩ L′ c−1
// C ∩K ′ k−1

// C ∩K

13 D ∩ E d // D′ ∩ F g−1f
// g−1D ∩ g−1F ′ g−1dg

// g−1D′ ∩ g−1E′
(g−1e)−1

// D ∩ E

14. D ∩K d // D′ ∩ L l // D′ ∩ L′ d−1
// D ∩K ′ k−1

// D ∩K

15. E ∩ I g−1e
// g−1E′ ∩ g−1I ′

(g−1ig)−1

// g−1F ∩ g−1I fg
// F ′ ∩ I ′ i−1

// E ∩ I

16. E ∩ J g−1e
// g−1E′ ∩ g−1J ′

(g−1jg)−1

// g−1F ∩ g−1J fg
// F ′ ∩ J ′ j−1

// E ∩ J

17. E ∩K g−1e
// g−1E′ ∩ g−1L g−1lg

// g−1E′ ∩ g−1L′
(g−1e)−1

// E ∩K ′ k−1
// E ∩K

18. F ∩ L g−1f
// g−1F ′ ∩ g−1K g−1kg

// g−1F ′ ∩ g−1K ′
(g−1f)−1

// F ∩ L′ l−1
// F ∩ L

19. G ∩ I g−1g
// g−1G′ ∩ g−1J g−1jg

// g−1G′ ∩ g−1J ′
(g−1g)−1

// G ∩ I ′ i−1
// G ∩ I

20. G ∩K g−1g
// g−1G′ ∩ g−1K ′

(g−1kg)−1

// g−1H ′ ∩ g−1K
(g−1h)−1

// H ∩K ′ k−1
// G ∩K

21. G ∩ L g−1g
// g−1G′ ∩ g−1L′

(g−1lg)−1

// g−1H ′ ∩ g−1L
(g−1h)−1

// H ∩ L′ l−1
// G ∩ L

22. H ∩ J g−1h
// g−1H ′ ∩ g−1I g−1ig

// g−1H ′ ∩ g−1I ′
(g−1h)−1

// H ∩ J ′ j−1
// H ∩ J

23. I ∩K i // I ′ ∩K k // J ′ ∩K ′ j−1
// J ∩K ′ k−1

// I ∩K

24. I ∩ L i // I ′ ∩ L l // J ′ ∩ L′ j−1
// J ∩ L′ l−1

// I ∩ L
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25. g−1A ∩ g−1C g−1ag
// g−1A′ ∩ g−1D g−1dg

// g−1A′ ∩ g−1D′
(g−1ag)−1

// g−1A ∩ g−1C ′
(g−1cg)−1

// g−1A ∩ g−1C

26. g−1A ∩ g−1E g−1ag
// g−1A′ ∩ g−1E eg

// B′ ∩ E′ b−1
// B ∩ E′

(eg)−1

// g−1A ∩ g−1E

27. g−1A ∩ g−1F g−1ag
// g−1A′ ∩ g−1F fg

// B′ ∩ F ′ b−1
// B ∩ F ′

(fg)−1

// g−1A ∩ g−1F

28. g−1A ∩ g−1G g−1ag
// g−1A′ ∩ g−1H ′

(g−1h)−1

// A ∩H a // A′ ∩G′
(gg)−1

// gA ∩ gG

29. g−1A ∩ g−1I g−1ag
// g−1A′ ∩ g−1I g−1ig

// g−1B′ ∩ g−1I ′
(g−1bg)−1

// g−1B ∩ g−1I ′
(g−1ig)−1

// g−1A ∩ g−1I

30. g−1A ∩ g−1J g−1ag
// g−1A′ ∩ g−1J g−1jg

// g−1B′ ∩ g−1J ′
(g−1bg)−1

// g−1B ∩ g−1J ′
(g−1jg)−1

// g−1A ∩ g−1J

31. g−1B ∩ g−1C g−1bg
// g−1B′ ∩ g−1D g−1dg

// g−1B′ ∩ g−1D′
(g−1bg)−1

// g−1B ∩ g−1C ′
(g−1cg)−1

// g−1B ∩ g−1C

32. g−1B ∩ g−1G g−1bg
// g−1B′ ∩ g−1H ′

(g−1h)−1

// B ∩H b // B′ ∩G′
(gg)−1

// g−1B ∩ g−1G

33. g−1C ∩ g−1E g−1cg
// g−1C ′ ∩ g−1F fg

// C ∩ F ′ c // C ′ ∩ E′
(eg)−1

// g−1C ∩ g−1E

34. g−1C ∩ g−1G g−1cg
// g−1C ′ ∩ g−1G gg

// D′ ∩G′ d−1
// D ∩G′

(gg)−1

// g−1C ∩ g−1G

35. g−1C ∩ g−1H g−1cg
// g−1C ′ ∩ g−1H hg

// D′ ∩H ′ d−1
// D ∩H ′

(hg)−1

// g−1C ∩ g−1H

36. g−1C ∩ g−1K g−1cg
// g−1C ′ ∩ g−1L g−1lg

// g−1C ′ ∩ g−1L′
(g−1cg)−1

// g−1C ∩ g−1K ′
(g−1kg)−1

// g−1C ∩ g−1K

37. g−1D ∩ g−1E g−1dg
// g−1D′ ∩ g−1F fg

// D ∩ F ′ d // D′ ∩ E′
(eg)−1

// g−1D ∩ g−1E

38. g−1D ∩ g−1K g−1dg
// g−1D′ ∩ g−1L g−1lg

// g−1D′ ∩ g−1L′
(g−1dg)−1

// g−1D ∩ g−1K ′
(g−1kg)−1

// g−1D ∩ g−1K

39. g−1E ∩ g−1I eg
// E′ ∩ I ′ i−1

// F ∩ I g−1f
// g−1F ′ ∩ g−1I ′

(g−1ig)−1

// g−1E ∩ g−1I

40. g−1E ∩ g−1J eg
// E′ ∩ J ′ j−1

// F ∩ J g−1f
// g−1F ′ ∩ g−1J ′

(g−1jg)−1

// g−1E ∩ g−1J

41. g−1E ∩ g−1K eg
// E′ ∩ L l // E′ ∩ L′

(eg)−1

// g−1E ∩ g−1K ′
(g−1kg)−1

// g−1E ∩ g−1K

42. g−1F ∩ g−1L fg
// F ′ ∩K k // F ′ ∩K ′

(fg)−1

// g−1F ∩ g−1L′
(g−1lg)−1

// g−1F ∩ g−1L

43. g−1G ∩ g−1I gg
// G′ ∩ J j

// G′ ∩ J ′
(gg)−1

// g−1G ∩ g−1I ′
(g−1ig)−1

// g−1G ∩ g−1I

44. g−1G ∩ g−1K gg
// G′ ∩K ′ k−1

// H ′ ∩K hg
// g−1H ∩ g−1K ′

(g−1kg)−1

// g−1G ∩ g−1K

45. g−1G ∩ g−1L gg
// G′ ∩ L′ l−1

// H ′ ∩ L
(hg)−1

// g−1H ∩ g−1L′
(g−1lg)−1

// g−1G ∩ g−1L

46. g−1H ∩ g−1J hg
// H ′ ∩ I i // H ′ ∩ I ′ hg

// g−1H ∩ g−1J ′
(g−1jg)−1

// g−1H ∩ g−1J

47. g−1I ∩ g−1K g−1ig
// g−1I ′ ∩ g−1K g−1kg

// g−1J ′ ∩ g−1K ′
(g−1jg)−1

// g−1J ∩ g−1K ′
(g−1kg)−1

// g−1I ∩ g−1K

48. g−1I ∩ g−1L g−1ig
// g−1I ′ ∩ g−1L g−1lg

// g−1J ′ ∩ g−1L′
(g−1jg)−1

// g−1J ∩ g−1L′
(g−1lg)−1

// g−1I ∩ g−1L

As was mentioned earlier, a fundamental domain for the orientable double cover M̃ consists of

two copies of P obtained by taking the standard copy of P (as we have described earlier) and

transforming it across the side G via the transformation g−1 to obtain another copy of P on

the other side of G. The union of these two copies of P joined along the side G constitutes

a fundamental domain for M̃ . Recall that the side G corresponds to the sphere with centre

(1, 0, 0, 1), and in the handle decomposition the side G corresponds to the point (1 +
√

2, 0, 0).

Then since the transformation g−1 = k(−1,1,1,−1)r, where r is now reflection in the side G, we

can think of that part of the Kirby diagram of M̃ coming from the g−1P piece as being obtained

by taking the part coming from P , applying the transformation k(−1,1,1,−1) to each component

of a 1-handle pair, and then reflecting along a plane parallel to the plane y = z = 0 and lying

on the right side of (1 +
√

2, 0, 0), this reflection along a plane parallel to the plane y = z = 0
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corresponds to the r part of the transformation g−1. Note that the exact centre of the plane

parallel to y = z = 0 is not important, for example we can take the centre to be given by the

vector (3, 0, 0) (as long as it lies to the right of (1 +
√

2, 0, 0)). From here it is easy to see how a

Kirby diagram for M̃ will look like. It will consist of the usual Kirby diagram corresponding to

M , and then to the right of that part of the one handle labelled G it will consist of a diagram

obtained by taking the diagram corresponding to M , applying the transformation k(−1,1,1,−1),

and then reflecting through a plane parallel to y = z = 0 and centred at (3, 0, 0), in other words

we take the diagram corresponding to M and then apply the transformation g−1. Recall that

whenever we drew a Kirby diagram of a Ratcliffe-Tschantz manifold we would split the total

diagram into four diagrams, three such diagrams would correspond to those 2-handles that lie

in the x-y, x-z and y-z planes, and one more diagram corresponded to those 2-handles that did

not all lie in such a plane, there were always six such 2-handles. We can similarly decompose the

Kirby diagram of M̃ into a collection of four such diagrams. The difference in this case is that

each diagram will have have two components, one coming from that part of the fundamental

domain corresponding to P , and another coming from that part corresponding to g−1P .

It is time to show the reader how these diagrams look like. Previously, each diagram would

show six 2-handles with each 2-handle being shown in a particular colour. The situation now is

that each diagram will have twelve 2-handles, hence we will need twelve colours to distinguish

each 2-handle. So as to avoid confusion right from the start we have included the following

table which shows precisely the colours we will be using.

Pink

Brown

Turquoise

Yellow

Dark Green

Light Green

Green

Orange

Grey

Red

Blue

Black

In the following diagrams, for each side S we denote the component of the 1-handle correspond-

ing to g−1S by S−. There are in total twenty four 1-handles.

The following diagram shows that part of the Kirby diagram contained in the x-y plane, with
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the table following outlining the colouring of the 2-handle.

I

GH'

I'

A' A

J

G' H

J'

B' B

A'-

H-G'-

B'-

I'-

I-

J-

J'-

G-H'-

A-

B-

Colour Equivalence class

Orange g−1H ∩ g−1J hg
// H ′ ∩ I i // H ′ ∩ I ′ hg

// g−1H ∩ g−1J ′
(g−1jg)−1

// g−1H ∩ g−1J

Brown A ∩G a // A′ ∩H ′
(hg)−1

// g−1A ∩ g−1H g−1ag
// g−1A′ ∩ g−1G′

(g−1g)−1

// A ∩G

Turquoise g−1A ∩ g−1J g−1ag
// g−1A′ ∩ g−1J g−1jg

// g−1B′ ∩ g−1J ′
(g−1bg)−1

// g−1B ∩ g−1J ′
(g−1jg)−1

// g−1A ∩ g−1J

Yellow g−1A ∩ g−1I g−1ag
// g−1A′ ∩ g−1I g−1ig

// g−1B′ ∩ g−1I ′
(g−1bg)−1

// g−1B ∩ g−1I ′
(g−1ig)−1

// g−1A ∩ g−1I

Dark Green g−1B ∩ g−1G g−1bg
// g−1B′ ∩ g−1H ′

(g−1h)−1

// B ∩H b // B′ ∩G′
(gg)−1

// g−1B ∩ g−1G

Light Green g−1A ∩ g−1G g−1ag
// g−1A′ ∩ g−1H ′

(g−1h)−1

// A ∩H a // A′ ∩G′
(gg)−1

// gA ∩ gG

Green B ∩G b // B′ ∩H ′
(hg)−1

// g−1B ∩ g−1H g−1bg
// g−1B′ ∩ g−1G′

(g−1g)−1

// B ∩G

Pink G ∩ I g−1g
// g−1G′ ∩ g−1J g−1jg

// g−1G′ ∩ g−1J ′
(g−1g)−1

// G ∩ I ′ i−1
// G ∩ I

Grey g−1G ∩ g−1I gg
// G′ ∩ J j

// G′ ∩ J ′
(gg)−1

// g−1G ∩ g−1I ′
(g−1ig)−1

// g−1G ∩ g−1I

Red A ∩ J a // A′ ∩ J j
// B′ ∩ J ′ b−1

// B ∩ J ′ j−1
// A ∩ J

Blue A ∩ I a // A′ ∩ I i // B′ ∩ I ′ b−1
// B ∩ I ′ i−1

// A ∩ I

Black H ∩ J g−1h
// g−1H ′ ∩ g−1I g−1ig

// g−1H ′ ∩ g−1I ′
(g−1h)−1

// H ∩ J ′ j−1
// H ∩ J

We can see two sets of 1-handles, there are those on the right of G and those on the left. Just to

make sure the reader understands exactly how this diagram is being formed, let us explain why

the 1-handle component A− sits where it does. The 1-handle component A− corresponds to the

side g−1A, the transformation g−1 consists of two parts the r-part, which is reflection through

the side G and the k-part given by the diagonal matrix whose diagonal is (−1,+1,+1,−1). The

side A can be identified with its centre vector given by (1, 1, 0, 0), which after mapping to R3 is

identified by the co-ordinate (1/
√

2, 1/
√

2, 0). Applying the k matrix to this vector we obtain

the vector (−1, 1, 0, 0), this tells us that the k part of the transformation maps the 1-handle

component A to A′. We still need to deal with the r-part, since the side G has corresponding

1-handle component in R3 with centre (1 +
√

2, 0, 0), and the r-part is reflection through the

side G, we see that we need to reflect each centre co-ordinate corresponding to each 1-handle

component through a plane parallel to the y = z = 0 plane centred at the point (3, 0, 0) (any

centre vector to the right of G will do). From here it should be clear that applying k to A
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followed by reflection in the plane parallel to y = z = 0 and centred at (3, 0, 0) gives us the

point where A− is in the above diagram. The reader can check for him/her-self that the images

of all the other 1-handle components are in the places they are shown in the diagram.

The fundamental domain for M̃ consists of two copies of M joined together at the side G,

therefore the total polyhedron that constitutes the fundamental domain will not contain the

side G and its image g−1G′ as these two sides have been identified. This means that in the

Kirby diagram associated to M̃ we need to kill the 1-handle pair G−G′−, we do this by adding

a 2-handle whose attaching circle runs over the 1-handle G − G′− once. It can be seen as the

dotted line running from G to G′− in the above diagram, we have chosen to add this 2-handle

so that its attaching circle lies in the x-y and x-z planes.

We move on to show that part of the Kirby diagram that is contained in the x-z plane, the table

that follows the diagram shows which 2-handle corresponds to which colour.

K

H' G

L

C'D'

L'

HG'

K'

D C

L'-

G'- H-

K'-

D'- C'-

L-

C-

H'- G-

K-

D-

Colour Equivalence class

Orange g−1C ∩ g−1H g−1cg
// g−1C ′ ∩ g−1H hg

// D′ ∩H ′ d−1
// D ∩H ′

(hg)−1

// g−1C ∩ g−1H

Brown C ∩G c // C ′ ∩G g−1g
// g−1D′ ∩ g−1G′

(g−1dg)−1

// g−1D ∩ g−1G′
(g−1g)−1

// C ∩G

Turquoise g−1G ∩ g−1K gg
// G′ ∩K ′ k−1

// H ′ ∩K hg
// g−1H ∩ g−1K ′

(g−1kg)−1

// g−1G ∩ g−1K

Yellow g−1D ∩ g−1K g−1dg
// g−1D′ ∩ g−1L g−1lg

// g−1D′ ∩ g−1L′
(g−1dg)−1

// g−1D ∩ g−1K ′
(g−1kg)−1

// g−1D ∩ g−1K

Dark Green g−1G ∩ g−1L gg
// G′ ∩ L′ l−1

// H ′ ∩ L
(hg)−1

// g−1H ∩ g−1L′
(g−1lg)−1

// g−1G ∩ g−1L

Light Green g−1C ∩ g−1G g−1cg
// g−1C ′ ∩ g−1G gg

// D′ ∩G′ d−1
// D ∩G′

(gg)−1

// g−1C ∩ g−1G

Green D ∩K d // D′ ∩ L l // D′ ∩ L′ d−1
// D ∩K ′ k−1

// D ∩K

Pink C ∩K c // C ′ ∩ L l // C ′ ∩ L′ c−1
// C ∩K ′ k−1

// C ∩K

Grey g−1C ∩ g−1K g−1cg
// g−1C ′ ∩ g−1L g−1lg

// g−1C ′ ∩ g−1L′
(g−1cg)−1

// g−1C ∩ g−1K ′
(g−1kg)−1

// g−1C ∩ g−1K

Red G ∩K g−1g
// g−1G′ ∩ g−1K ′

(g−1kg)−1

// g−1H ′ ∩ g−1K
(g−1h)−1

// H ∩K ′ k−1
// G ∩K

Blue C ∩H c // C ′ ∩H g−1h
// g−1D′ ∩ g−1H ′

(g−1dg)−1

// g−1D ∩ g−1H ′
(g−1h)−1

// C ∩H

Black G ∩ L g−1g
// g−1G′ ∩ g−1L′

(g−1lg)−1

// g−1H ′ ∩ g−1L
(g−1h)−1

// H ∩ L′ l−1
// G ∩ L

The part contained in the y-z plane is shown in the following diagram.
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K

II'

L

F' E

K'

JJ'

L'

FE'

F'- E-

K'-

J-J'-

L'-

F-E'-

L-

K-

I-I'-

Colour Equivalence class

Orange g−1E ∩ g−1K eg
// E′ ∩ L l // E′ ∩ L′

(eg)−1

// g−1E ∩ g−1K ′
(g−1kg)−1

// g−1E ∩ g−1K

Brown F ∩ L g−1f
// g−1F ′ ∩ g−1K g−1kg

// g−1F ′ ∩ g−1K ′
(g−1f)−1

// F ∩ L′ l−1
// F ∩ L

Turquoise g−1I ∩ g−1K g−1ig
// g−1I ′ ∩ g−1K g−1kg

// g−1J ′ ∩ g−1K ′
(g−1jg)−1

// g−1J ∩ g−1K ′
(g−1kg)−1

// g−1I ∩ g−1K

Yellow g−1E ∩ g−1J eg
// E′ ∩ J ′ j−1

// F ∩ J g−1f
// g−1F ′ ∩ g−1J ′

(g−1jg)−1

// g−1E ∩ g−1J

Dark Green g−1E ∩ g−1I eg
// E′ ∩ I ′ i−1

// F ∩ I g−1f
// g−1F ′ ∩ g−1I ′

(g−1ig)−1

// g−1E ∩ g−1I

Light Green g−1F ∩ g−1L fg
// F ′ ∩K k // F ′ ∩K ′

(fg)−1

// g−1F ∩ g−1L′
(g−1lg)−1

// g−1F ∩ g−1L

Green I ∩ L i // I ′ ∩ L l // J ′ ∩ L′ j−1
// J ∩ L′ l−1

// I ∩ L

Pink E ∩ J g−1e
// g−1E′ ∩ g−1J ′

(g−1jg)−1

// g−1F ∩ g−1J fg
// F ′ ∩ J ′ j−1

// E ∩ J

Grey g−1I ∩ g−1L g−1ig
// g−1I ′ ∩ g−1L g−1lg

// g−1J ′ ∩ g−1L′
(g−1jg)−1

// g−1J ∩ g−1L′
(g−1lg)−1

// g−1I ∩ g−1L

Red I ∩K i // I ′ ∩K k // J ′ ∩K ′ j−1
// J ∩K ′ k−1

// I ∩K

Blue E ∩K g−1e
// g−1E′ ∩ g−1L g−1lg

// g−1E′ ∩ g−1L′
(g−1e)−1

// E ∩K ′ k−1
// E ∩K

Black E ∩ I g−1e
// g−1E′ ∩ g−1I ′

(g−1ig)−1

// g−1F ∩ g−1I fg
// F ′ ∩ I ′ i−1

// E ∩ I

Finally, we have the 2-handles that do not all lie in one of the above planes. There are twelve

in total, six coming from each copy of P contributing to the fundamental domain (two copies

in total).

E

C

F'

A'

A

B'

D'

F
B

C'

E'

D
E-

F'-

A'-

D-

F-

B'-

C-

E'-

D'-

A-

B-

C'-
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Colour Equivalence class

Orange g−1D ∩ g−1E g−1dg
// g−1D′ ∩ g−1F fg

// D ∩ F ′ d // D′ ∩ E′
(eg)−1

// g−1D ∩ g−1E

Brown A ∩ C a // A′ ∩D d // A′ ∩D′ a−1
// A ∩ C ′ c−1

// A ∩ C

Turquoise g−1C ∩ g−1E g−1cg
// g−1C ′ ∩ g−1F fg

// C ∩ F ′ c // C ′ ∩ E′
(eg)−1

// g−1C ∩ g−1E

Yellow g−1A ∩ g−1C g−1ag
// g−1A′ ∩ g−1D g−1dg

// g−1A′ ∩ g−1D′
(g−1ag)−1

// g−1A ∩ g−1C ′
(g−1cg)−1

// g−1A ∩ g−1C

Dark Green g−1A ∩ g−1E g−1ag
// g−1A′ ∩ g−1E eg

// B′ ∩ E′ b−1
// B ∩ E′

(eg)−1

// g−1A ∩ g−1E

Light Green g−1B ∩ g−1C g−1bg
// g−1B′ ∩ g−1D g−1dg

// g−1B′ ∩ g−1D′
(g−1bg)−1

// g−1B ∩ g−1C ′
(g−1cg)−1

// g−1B ∩ g−1C

Green A ∩ E a // A′ ∩ E g−1e
// g−1B′ ∩ g−1E′

(g−1bg)−1

// g−1B ∩ g−1E′
(g−1e)−1

// A ∩ E

Pink C ∩ E c // C ′ ∩ F g−1f
// g−1C ∩ g−1F ′ g−1cg

// g−1C ′ ∩ g−1E′
(g−1e)−1

// C ∩ E

Grey g−1A ∩ g−1F g−1ag
// g−1A′ ∩ g−1F fg

// B′ ∩ F ′ b−1
// B ∩ F ′

(fg)−1

// g−1A ∩ g−1F

Red B ∩ C b // B′ ∩D d // B′ ∩D′ b−1
// B ∩ C ′ c−1

// B ∩ C

Blue A ∩ F a // A′ ∩ F g−1f
// g−1B′ ∩ g−1F ′

(g−1bg)−1

// g−1B ∩ g−1F ′
(g−1f)−1

// A ∩ F

Black D ∩ E d // D′ ∩ F g−1f
// g−1D ∩ g−1F ′ g−1dg

// g−1D′ ∩ g−1E′
(g−1e)−1

// D ∩ E

Recall that our primary interest is to study, via Kirby calculus, a boundary filling of the manifold

M . Before we take this up in the next section, we mention that we have not yet explained how

to obtain the 3-handles of the double cover. The procedure is exactly analogous to how we

obtained the 3-handles in regard to the previous examples we have considered. We simply

take three distinct codimension 1 sides with non-empty intersection, then apply side pairing

transformations till we cycle back to the original intersection, this constitutes a 3-handle. As

we will be dealing with closed 4-manifolds and hence do not have to worry about the 3 and

4-handles (this is due to a theorem of Laudenbach and Poénaru, see [8] p.116), we will not be

showing tables of the 3-handles nor pictures of how they look like.

3.3 Boundary filling of the orientable double cover of Manifold
35.

In this section we are going to use elementary moves to reduce the Kirby diagram of M̃ , this

will help us in identifying the diffeomorphism type of the double cover of M̃ . Recall that

in the previous chapter we explained how all the 2-handles for a filling had a planar framing,

furthermore we explained how the attaching maps being reflections or compositions of reflections

with inversion in S2 had the effect that when we pushed components of 2-handles through

attaching spheres of 1-handles nothing “wild” could happen i.e. the 2-handle component being

pushed through would not twist around the attaching sphere it came out of. These observations

all hold true in the case of the orientable double cover of manifold 35, and in fact for all of the

Ratcliffe-Tschantz manifolds. We will not go through the details of this as they are completely

analogous to what we did in the previous chapter.
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We already mentioned that the boundary type associated to each ideal vertex is given by the code

GGGGH (or in Wolf’s notation B1B1B1B1B2), each of these boundaries are themselves non-

orientable, therefore in the orientable double cover they will lift to there own orientable double

covers. We also mentioned that we computed a translation in each of the parabolic subgroups

associated to each cusp, the translations we obtained were c, a, k, i and e−1heh−1. The first

four translations are all given by orientation preserving transformations, hence in the double

cover they correspond to translations in their respective boundary components. Therefore the

associated filling of the corresponding boundary components in the Kirby diagram of M̃ will

consist of adding four 2-handles running over C − C ′, A − A′, K − K ′ and I − I ′ once. The

translation e−1heh−1 can be written as e−1heh−1 = (e−1g)(g−1h)(eg)(g−1h−1), therefore the

corresponding filling of the associated boundary component in M̃ will involve adding a 2-handle

with four components, one running from E to H, followed by one running from H ′− to E−,

followed by one running from E′ to H ′, and finally one running from H− to E′−.

We move on to showing how the Kirby diagrams look with these added 2-handles. The following

diagram shows the x-y plane, by considering a fundamental domain for the ideal vertex class

{(0, 0, 0, 1), (0, 0, 0,−1)} we can replace the translation i with j, it will be much easier to use

the transformation j when we apply elementary moves to the Kirby diagram, therefore we make

this change from now itself. The reader should notice how the added 2-handles running over

A−A′ and J − J ′ lie completely in the x-y plane.

I

GH'

I'

A' A

J

G' H

J'

B' B

A'-

H-G'-

B'-

I'-

I-

J-

J'-

G-H'-

A-

B-

The following diagram shows the x-z plane, the reader should note how the added 2-handles

running over K −K ′ and C − C ′ lie entirely in the x-z plane.
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K

H' G

L

C'D'

L'

HG'

K'

D C

L'-

G'- H-

K'-

D'- C'-

L-

C-

H'- G-

K-

D-

The following diagram shows a picture of the y-z plane, this plane also contains the added

2-handles running over J − J ′ and K −K ′.
K

II'

L

F' E

K'

JJ'

L'

FE'

F'- E-

K'-

J-J'-

L'-

F-E'-

L-

K-

I-I'-

Finally, we have the twelve 2-handles that do not all lie in any one of the above planes.

E

C

F'

A'

A

B'

D'

F
B

C'

E'

D

E-

F'-

A'-

D-

F-

B'-

C-

E'-

D'-

A-

B-

C'-

We have not shown the added 2-handle corresponding to the translation e−1h−1eh that has

components running from E to H, H ′− to E−, E′ to H ′ and H− to E′−. Two of the com-

ponents, the ones running from E to H and E′ to H ′, move from that part of the y-z plane

corresponding to the piece of the Kirby diagram coming from P to the x− y plane, hence they
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run outside the four diagrams we have been showing. Due to this none of the elementary moves

we carry out to begin with will affect these two components in any way. Similarly, the two

components running from H ′− to E− and H− to E′− move from that part of the y-z plane

corresponding to the piece of the Kirby diagram coming from g−1P to the piece in the x-y

plane, due to this they will also not be affected by any of the elementary moves to begin with.

Therefore we will choose to leave this 2-handle out of our diagrams to start with, towards the

end when we start doing handle slides that move between planes we will put this 2-handle back

in so the reader can see exactly how it is affected.

We are now in the situation where we have various 2-handles that are running over 1-handles

once, and hence we have various handle cancelling pairs. We want to start carrying out several

of these cancellations, however we need to be a bit careful when we do so. A few of the 2-

handles intersect the other planes, hence when carrying out cancellations/slides we must keep

track of how these intersection points move. We remind the reader of our coding system that

helps keep track of various intersection points. An intersection point in a diagram will be shown

via a black dot, the dot will have a code next to it which is supposed to tell the reader which

2-handle is creating the point of intersection. The code will consist of either four characters or

two characters, in the case that it consists of four characters the first two tell the reader from

which plane the 2-handle, creating the intersection point, lies in. The second two characters

tell us which 1-handles the 2-handle runs over, in situations where there are multiple 2-handles

running over the 1-handles we will always make it apparent as to which 2-handle we are talking

about. Finally, in the case that the code consists of just two letters we are to immediately take

this to mean that the 2-handle creating the intersection point is residing in the diagram showing

the twelve 2-handles that do not all lie in a single plane. The two characters of the code then

tell us which 1-handles this 2-handle is running over.

The following shows pictures of the x-y, x-z and y-z planes respectively, with intersection points

added

I

GH'

I'

A' A

J

G' H

J'

B' B

A'-

H-G'-

B'-

I'-

I-

J-

J'-

G-H'-

A-

B-

XZ_CC'
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K

H' G

L

C'D'

L'

HG'

K'

D C

L'-

G'- H-

K'-

D'- C'-

L-

C-

H'- G-

K-

D-

XY_JJ'

K

II'

L

F' E

K'

JJ'

L'

FE'

F'- E-

K'-

J-J'-

L'-

F-E'-

L-

K-

I-I'-
XY_AA'

The first cancellation we are going to carry out is to cancel G,G′− using the black dashed

2-handle in the x-y plane. This will only affect the diagrams in the x-y and x-y planes. The

following shows how the diagram in the x-y plane changes.

I

H'

I'

A' A

J

G' H

J'

B' B

A'-

H-

B'-

I'-

I-

J-

J'-

G-H'-

A-

B-

XZ_CC'

The diagram in the x-z plane changes as follows.
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K

H'

L

C'D'

L'

HG'

K'

D C

L'-

H-

K'-

D'- C'-

L-

C-

H'- G-

K-

D-

XY_JJ'

The next step we take is to cancel A,A′ using the added 2-handle that runs over this 1-handle

once. As this 2-handle resides in the x-y plane and the diagram showing the twelve 2-handles

that do not all lie in a single plane, it is only these two diagrams that will be affected. However,

the reader should keep in mind that this 2-handle creates a point of intersection with the y-z

plane, hence there will be some changes to the y-z plane on the level of intersection points. The

following picture shows how the x-y plane changes when we carry out this cancellation.

I

H'

I'

J

G' H

J'

B' B

A'-

H-

B'-

I'-

I-

J-

J'-

G-H'-

A-

B-

XZ_CC'

Observe that after carrying out the cancellation we have also carried out two handle slides.

When we cancel A,A′ we get a blue 2-handle component that loops back into I, we push this

through I to come out of I ′, then slide the blue 2-handle off of I ′ to give a blue 2-handle running

over B,B′ once. We also get a red 2-handle component that loops back into J , we can perform

an analogous slide to obtain a red 2-handle running over B,B′ once. In general, when we carry

out such handle cancellations we will also simultaneously carry out handle slides analogous to

the one described above. It should be clear to the reader that we have carried out such handle

slides.

The diagram corresponding to the twelve 2-handles that do not all lie in a single plane changes

as follows.
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E

C

F'

B'

D'

F
B

C'

E'

D

E-

F'-

A'-

D-

F-

B'-

C-

E'-

D'-

A-

B-

C'-

The reader should note that once again we have carried out some handle slides, when we cancel

A,A′ we obtain a blue 2-handle component that loops back into F , remember that in the double

cover our 1-handle pair is F, F ′−, therefore when we push this blue 2-handle component through

F it will come out of F ′−, then slide the blue 2-handle off of F ′− to obtain a blue 2-handle

running over B−, B′− once. Similarly when we cancel A,A′ we get a green 2-handle component

that loops into E, and since E is identified to E′− this component can be pushed through to

come out of E′−, we can then slide the green 2-handle into the position shown in the above

picture.

The cancellation of A,A′ with the added 2-handle that ran over it once causes the intersection

point, in the y-z plane, labelled XY AA’ to disappear, with many new intersection points

appearing. The following picture shows the y-z plane with the added intersection points coming

from the above cancellation.

K

II'

L

F' E

K'

JJ'

L'

FE'

F'- E-

K'-

J-J'-

L'-

F-E'-

L-

K-

I-I'-
XY_G'H

XY_H'A'-XY_BB'XY_BB'

CD

C'D'

B-B'-

B-B'-

We move on to cancelling C,C ′ using the added 2-handle that passes over it once, and that

resides in the x-z plane and the diagram corresponding to the twelve 2-handles that did not all

lie in a single plane.

The x-z plane changes as follows:
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K

H'

L

D'

L'

HG'

K'

D

L'-

H-

K'-

D'- C'-

L-

C-

H'- G-

K-

D-

XY_JJ'

The reader should observe that we have also carried out a handle slide. Namely, we have pushed

the blue 2-handle component that loops back into H through H and then slid it off of H ′− to

get a blue 2-handle running over D−, D′− once.

The diagram corresponding to the twelve 2-handles that did not all lie in a single plane changes

to the following diagram.
E

F'

B'

D'

F
B

E'

D
E-

F'-

A'-

D-

F-

B'-

C-

E'-

D'-

A-

B-

C'-

The 2-handle that was used to do the cancellation intersected the x-y plane, hence this point

of intersection will disappear with some new ones coming in place of it. The following picture

shows the coding of these new intersection points, it should be clear as to which components of

2-handle are creating the intersection points.

I

H'

I'

J

G' H

J'

B' B

A'-

H-

B'-

I'-

I-

J-

J'-

G-H'-

A-

B-

XZ_K'L'

XZ_KL XZ_D-D'-

XZ_D-D'-

EF

E'F'

DD'

DD'

There were also points of intersection in the y-z plane created by the brown 2-handle component

running from C to D and C ′ to D′. These will change as follows:
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K

II'

L

F' E

K'

JJ'

L'

FE'

F'- E-

K'-

J-J'-

L'-

F-E'-

L-

K-

I-I'-
XY_G'H

XY_H'A'-XY_BB'XY_BB'

DD'

DD'

B-B'-

B-B'-

The next step we take is to cancel B,B′ with the red 2-handle in the x-y plane. This cancellation

will affect the x-y plane and the diagram corresponding to the twelve 2-handles that did not all

lie in a single plane.

The following picture shows how the x-y plane changes after this cancellation has been carried

out. The reader should observe that when we perform this cancellation using the red 2-handle,

the blue 2-handle component slides to a zero framed unknot hence cancels a 3-handle and can

be deleted from the diagram.

I

H'

I'

J

G' H

J'

A'-

H-

B'-

I'-

I-

J-

J'-

G-H'-

A-

B-

XZ_K'L'

XZ_KL

EF

E'F'

DD'

DD'

XZ_D-D'-

XZ_D-D'-

The following picture shows how the diagram corresponding to the twelve 2-handles that did

not all lie in a single plane changes.

E

F'

D'

F

E'

D
E-

F'-

A'-

D-

F-

B'-

C-

E'-

D'-

A-

B-

C'-

The astute reader would have noticed that in the picture above showing the x-y plane, the

intersection point labelled DD’ has moved from the right to the left. This is because when we
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cancelled B,B′ in the diagram corresponding to the twelve 2-handles that did not all lie in a

single plane we also moved the brown 2-handle into the position shown above. As this brown

2-handle was intersecting the x-y plane, this intersection point must also move.

Finally, we note that the red 2-handle used to carry out the above cancellation intersected the

y-z plane, hence we will get some new points of intersection in this plane. Furthermore, the

moving of the brown 2-handle we did above will cause the two intersection points in the y-z

plane labelled DD’ to disappear.

The following picture shows the structure of the y-z plane after all the above has been carried

out.

K

II'

L

F' E

K'

JJ'

L'

FE'

F'- E-

K'-

J-J'-

L'-

F-E'-

L-

K-

I-I'-
XY_G'H

XY_H'A'-XY_G'HXY_H'B'-

B-B'-

B-B'-

A-A'-

A-A'-

We can then cancel B−, B′− with the blue 2-handle in the diagram corresponding to the twelve

2-handles that did not all lie in a single plane. The diagram changes as follows.
E

F'

D'

F

E'

D
E-

F'-

A'-

D-

F-

C-

E'-

D'-

A-

C'-

Note that the green 2-handle component that originally ran from B− to B′− slides to a zero

framed unknot and can be immediately deleted from the diagram.

The cancellation also affects the x-y plane, which changes to the following.
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I

H'

I'

J

G' H

J'

A'-

H-

I'-

I-

J-

J'-

G-H'-

A-

XZ_K'L'

XZ_KL

EF

E'F'

DD'

DD'

XZ_D-D'-

XZ_D-D'-

The blue 2-handle used to carry out the cancellation intersected the y-z plane, it is clear that

the intersection points in the y-z plane change in the following way:
K

II'

L

F' E

K'

JJ'

L'

FE'

F'- E-

K'-

J-J'-

L'-

F-E'-

L-

K-

I-I'-
XY_G'H

XY_H'A'-XY_G'HXY_H'H-

C-D-

C'-D'-

A-A'-

A-A'-

XY_G-H'-XY_H'H- A-A'- A-A'-

So far we have carried out five different handle cancellation moves. The following pictures

collect together how the various diagrams have changed so far. The first picture shows the x-y

and x-z planes respectively, and the second shows the y-z plane and the diagram corresponding

to the twelve 2-handles that did not all lie in a single plane.
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I

H'

I'

J

G' H

J'

A'-

H-

I'-

I-

J-

J'-

G-H'-

A-

XZ_K'L'

XZ_KL

EF

E'F'

DD'

DD'

XZ_D-D'-

XZ_D-D'-

K

H'

L

D'

L'

HG'

K'

D

L'-

H-

K'-

D'- C'-

L-

C-

H'- G-

K-

D-

XY_JJ'

K

II'

L

F' E

K'

JJ'

L'

FE'

F'- E-

K'-

J-J'-

L'-

F-E'-

L-

K-

I-I'-
XY_G'H

XY_H'A'-XY_G'HXY_H'H-

C-D-

C'-D'-

A-A'-

A-A'-

XY_G-H'-XY_H'H- A-A'- A-A'-

E

F'

D'

F

E'

D
E-

F'-

A'-

D-

F-

C-

E'-

D'-

A-

C'-

We move on to cancelling the 1-handle A−, A′− using the yellow 2-handle in the x-y plane.

This cancellation affects the x-y plane and the diagram corresponding to the twelve 2-handles
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that did not all lie in a single plane.
I

H'

I'

J

G' H

J'

H-

I'-

I-

J-

J'-

G-H'-

XZ_K'L'

XZ_KL

EF

E'F'

DD'

DD'

XZ_D-D'-

XZ_D-D'-

E

F'

D'

F

E'

D
E-

F'-

D-

F-

C-

E'-

D'-

C'-

The intersection points in the y-z plane change as follows.

K

II'

L

F' E

K'

JJ'

L'

FE'

F'- E-

K'-

J-J'-

L'-

F-E'-

L-

K-

I-I'-
XY_G'H

XY_H'H-XY_G'HXY_H'H-

C-D-

C'-D'-

C-D-

C'-D'-

XY_G-H'-XY_H'H- XY_G-H'- XY_H'H-

We can then cancel D,D′ using the brown 2-handle in the diagram corresponding to the twelve

2-handles that did not all lie in a single plane. The result of this cancellation can be seen in the

following picture.
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E

F'

F

E'

E-

F'-

D-

F-

C-

E'-

D'-

C'-

The cancellation also affects the x-z plane, which changes in the following way.

K

H'

L

L'

HG'

K'

L'-

H-

K'-

D'- C'-

L-

C-

H'- G-

K-

D-

XY_JJ'

The intersection points in the x-y plane change in the following way.

I

H'

I'

J

G' H

J'

H-

I'-

I-

J-

J'-

G-H'-

XZ_K'L'

XZ_KL

EF

E'F'

EF

E'F'

XZ_D-D'-

XZ_D-D'-XZ_K'L'XZ_KL

XZ_C-C'-

XZ_C-C'-

In the x-z plane we have the blue 2-handle that runs over D−, D′− once, these then form a

handle cancellation pair. Carrying out this cancellation, the x-z plane changes to:
K

H'

L

L'

HG'

K'

L'-

H-

K'-

C'-

L-

C-

H'- G-

K-

XY_JJ'
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The diagram corresponding to the twelve 2-handles that did not all lie in a single plane will

also be affected by this cancellation and change in the following way.
E

F'

F

E'

E-

F'-

F-

C-

E'-

C'-

The intersection points labelled C-D- and C’-D’- will disappear from the y-z plane, no new

intersection points will appear.
K

II'

L

F' E

K'

JJ'

L'

FE'

F'- E-

K'-

J-J'-

L'-

F-E'-

L-

K-

I-I'-
XY_G'H

XY_H'H-XY_G'HXY_H'H- XY_G-H'-XY_H'H- XY_G-H'- XY_H'H-

As for the x-y plane, we have that the intersection points labelled XZ D-D’- will disappear

but some new ones corresponding to the yellow 2-handles in the x-z plane, running from K− to

L− and from K ′− to L′−, will appear. We will also see intersection points created by the two

2-handles running between C− and C ′− in the diagram corresponding to the twelve 2-handles

that did not all lie in a single plane.
I

H'

I'

J

G' H

J'

H-

I'-

I-

J-

J'-

G-H'-

XZ_K'L'

XZ_KL

EF

E'F'

EF

E'F'

XZ_K-L-

XZ_K'-L'-XZ_K'L'XZ_KL

XZ_C-C'-

XZ_C-C'-

E-F-

E'-F'-

C-C'-

C-C'-

We can then cancel C−, C ′− with the light green 2-handle in the x-z plane that runs over it

once. Note that when we carry out this cancellation a few 2-handles can be immediately deleted

from our diagrams. Namely, the orange 2-handle in the x-z plane will slide to give a zero framed
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unknot, and so will the light green and yellow 2-handles in the diagram corresponding to the

twelve 2-handles that did not all lie in a single plane. These then each cancel a 3-handle and

hence can be deleted from our diagrams.

The following picture shows how the x-z plane changes after this cancellation has been carried

out.
K

H'

L

L'

HG'

K'

L'-

H-

K'-

L-

H'- G-

K-

XY_JJ'

The diagram corresponding to the twelve 2-handles that did not all lie in a single plane changes

in the following way.
E

F'

F

E'

E-

F'-

F-

E'-

The intersection points labelled XZ C-C’- and C-C’- in the x-y plane will disappear. The

following picture shows the coding of the new ones that come into place.

I

H'

I'

J

G' H

J'

H-

I'-

I-

J-

J'-

G-H'-

XZ_K'L'

XZ_KL

EF

E'F'

EF

E'F'

XZ_K-L-

XZ_K'-L'-XZ_K'L'XZ_KL

XZ_K'-L'-

XZ_K-L-

E-F-

E'-F'-

E-F-

E'-F'-

We move on to cancelling J, J ′ with the dashed black 2-handle that resides in the x-y and y-z

planes. The x-y plane changes in the following way.
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I

H'

I'

G' H
H-

I'-

I-

J-

J'-

G-H'-

XZ_K'L'

XZ_KL

EF

E'F'

EF

E'F'

XZ_K'L'XZ_KL

XZ_K-L-

XZ_K'-L'-

E-F-

E'-F'-

XZ_K'-L'-

XZ_K-L-

E-F-

E'-F'-

The reader should be aware that when we cancel J, J ′ with the dashed black 2-handle we obtain

grey and black 2-handle components that loop back into G′ and H. We can then push these

through the pieces of 1-handles they loop back into and then do a handle slide to obtain grey

and black 2-handles that run over I−, I ′− once, which can be seen in the above picture.

The y-z plane changes in the following way.

K

II'

L

F' E

K'

L'

FE'

F'- E-

K'-

J-J'-

L'-

F-E'-

L-

K-

I-I'-XY_G'HXY_H'H-
XY_G'H

XY_H'H-
XY_G-H'-XY_H'H- XY_G-H'- XY_H'H-

The reader should be aware that, as in the case of the x-y plane, we have carried out some

handle slides as well. Namely, the cancellation creates a red 2-handle that loops back into K ′

and a green 2-handle that loops back into L′, we can then slide these into the positions shown.

The dashed black 2-handle that we used to cancel J, J ′ intersected the x-z plane, hence the

cancellation will add some new points of intersection with the x-z plane. The following two

diagrams show these new intersection points with the second one being a close up showing the

coding of the intersection points in the middle of the diagram.
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K

H'

L

L'

HG'

K'

L'-

H-

K'-

L-

H'- G-

K-

YZ_II'

YZ_II'

L'

HG'

K'

L-

H'- G-

K-

XY_I-I'-XY_I-I'-

YZ_EF'

YZ_E'F

At this point we stop and collect together pictures of the four diagrams so far. This first picture

shows the structure of the x-y and x-z planes, and the second picture shows the structure of the

y-z plane and the 2-handles remaining in the diagram corresponding to the twelve 2-handles

that did not all lie in a single plane.

I

H'

I'

G' H
H-

I'-

I-

J-

J'-

G-H'-

XZ_K'L'

XZ_KL

EF

E'F'

EF

E'F'

XZ_K'L'XZ_KL

XZ_K-L-

XZ_K'-L'-

E-F-

E'-F'-

XZ_K'-L'-

XZ_K-L-

E-F-

E'-F'-

K

H'

L

L'

HG'

K'

L'-

H-

K'-

L-

H'- G-

K-

YZ_II'

YZ_II'
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K

II'

L

F' E

K'

L'

FE'

F'- E-

K'-

J-J'-

L'-

F-E'-

L-

K-

I-I'-XY_G'HXY_H'H-
XY_G'H

XY_H'H-
XY_G-H'-XY_H'H- XY_G-H'- XY_H'H-

E

F'

F

E'

E-

F'-

F-

E'-

The next handle cancellation we carry out is to cancel K,K ′ with the black dashed 2-handle

that sits in the x-z and y-z planes.

The following pictures shows how the x-z and y-z planes change respectively.

H'

L

L'

HG'

L'-

H-

K'-

L-

H'- G-

K-

YZ_II'

YZ_II'

II'

L

F' E

L'

FE'

F'- E-

K'-

J-J'-

L'-

F-E'-

L-

K-

I-I'-
XY_G'HXY_H'H-

XY_G'H
XY_H'H- XY_G-H'-XY_H'H- XY_G-H'- XY_H'H-

The dashed black 2-handle that was used to cancel K,K ′ did not intersect the x-y plane, hence

on the level of intersection points the x-y plane does not change.

We can also cancel L,L′ with the green 2-handle that runs over it once in the x-z plane. This

cancellation will only affect the x-z and y-z planes. As the 2-handle we are using to perform
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the cancellation does not intersect the x-y plane we find that the intersection points of the x-y

plane remain the same.

The following pictures show how these diagrams look like after the cancellation has taken place.

H' HG'

L'-

H-

K'-

L-

H'- G-

K-

YZ_II'

YZ_II'

YZ_EF'

YZ_E'F

II'

F' E

FE'

F'- E-

K'-

J-J'-

L'-

F-E'-

L-

K-

I-I'-
XY_G'HXY_H'H-

XY_G'H
XY_H'H- XY_G-H'-XY_H'H- XY_G-H'- XY_H'H-

The reader should note that we have also carried out some handle slides. After performing the

above cancellation we get an orange 2-handle component in the y-z plane that loops back into

E′, and a brown 2-handle component (in the y-z plane as well) that loops back into F . We can

then perform a handle slide on both these components to obtain orange and brown 2-handles,

in the y-z plane, that run over K−,K ′− once.

We can use either of these 2-handles to perform a cancellation with K−,K ′−, again this will

only affect the x-z and y-z planes. The following two pictures show how these planes change.

H' HG'

L'-

H-

L-

H'- G-

YZ_EF'

YZ_E'F

YZ_II'

YZ_II'
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II'

F' E

FE'

F'- E-

J-J'-

L'-

F-E'-

L-

I-I'-
XY_G'HXY_H'H-

XY_G'H
XY_H'H- XY_G-H'-XY_H'H- XY_G-H'- XY_H'H-

We can also cancel L−, L′− with the blue 2-handle in the y-z plane, this cancellation only affects

the x-z and y-z planes.

The x-z plane changes to the following diagram.

H' HG' H-H'- G-

YZ_EF'

YZ_E'F

YZ_II'

YZ_II'

XY_I-I'-

XY_I-I'-

The y-z plane changes to the following diagram.

II'

F' E

FE'

F'- E-

J-J'-

F-E'-

I-I'-
XY_G'HXY_H'H-

XY_G'H
XY_H'H-

XY_G-H'-XY_H'H- XY_G-H'- XY_H'H-

This cancellation does not affect the points of intersection in the x-y plane as the 2-handle we

used in the cancellation did not intersect the x-y plane.

The next cancellation we undertake is to cancel I−, I ′− with the black 2-handle in the x-y

plane. This cancellation only affects the 2-handles in the x-y and y-z plane.

The x-y plane changes to the following diagram:
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I

H'

I'

G' H
H-

J-

J'-

G-H'-

EF

E'F'

EF

E'F'

E-F-

E'-F'-

E-F-

E'-F'-

The y-z plane changes in the following way:

II'

F' E

FE'

F'- E-

J-J'-

F-E'-

XY_G'HXY_H'H-
XY_G'H

XY_H'H- XY_G-H'-XY_H'H- XY_G-H'- XY_H'H-

The black 2-handle used to carry out this cancellation intersected the x-z plane, the code was

XY I-I’-, therefore after the cancellation this intersection point disappears. However, many

new intersection points arise from 2-handle components in the y-z plane. The following picture

shows the coding of these new intersection points.

H' HG' H-H'- G-

YZ_EF'

YZ_E'F

YZ_II'

YZ_II'

YZ_E-F'-

YZ_E'-F-

YZ_J-J'-

YZ_J-J'-

We have carried out a further five handle cancellations. This is a good point to stop and take

stock of how our four different diagrams, showing the structure of all the 2-handles, look like.

The following picture shows the structure of the x-y and x-z planes respectively after all the

above cancellations have been carried out.
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I

H'

I'

G' H
H-

J-

J'-

G-H'-

EF

E'F'

EF

E'F'

E-F-

E'-F'-

E-F-

E'-F'-

H' HG' H-H'- G-

YZ_EF'

YZ_E'F

YZ_II'

YZ_II'

YZ_E-F'-

YZ_E'-F-

YZ_J-J'-

YZ_J-J'-

The following picture shows the structure of the y-z plane and the structure of the diagram

corresponding to the twelve 2-handles that did not all lie in a single plane after all the above

cancellations have been carried out.

II'

F' E

FE'

F'- E-

J-J'-

F-E'-

XY_G'HXY_H'H-
XY_G'H

XY_H'H- XY_G-H'-XY_H'H- XY_G-H'- XY_H'H-

E

F'

F

E'

E-

F'-

F-

E'-

We remind the reader that all throughout the above cancellations there was a 2-handle that

we were not showing in our diagrams. Namely, the 2-handle corresponding to the translation

e−1heh−1. Recall that this 2-handle had four components running from E to H, H ′− to E−,
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E′ to H ′ and H− to E′−. So far, the cancellations we have carried out have all been within the

three planes, the x-y, x-z, y-z planes, or the diagram showing the twelve 2-handles not all lying

in a single plane. The components of the 2-handle e−1heh−1 each pass between the y-z and

x-y planes and so are not affected by any of the cancellations that are carried within the x-y,

x-z or y-z planes. As for cancellations done within in the diagram corresponding to the twelve

2-handles that did not all lie in a single plane, two components, namely the ones running from

E to H and H ′− to E−, are contained in the “inside” of the diagram, and it is easy to see

that the cancellations we have carried out so far have not in any way interfered with these two

components. As for the two components running from E′ to H ′ and H− to E′−, these run on

the “outside” of the diagram, hence it is clear that the cancellations we have done so far have

not interfered with these two components.

The next cancellation we are going to carry out is to cancel I, I ′ using the red 2-handle that

resides in the y-z plane. This cancellation will affect the 2-handles in the y-z and x-y planes.

The y-z plane changes to the following diagram.

F' E

FE'

F'- E-

J-J'-

F-E'-

XY_G'HXY_H'H-
XY_G'H

XY_H'H- XY_G-H'-XY_H'H- XY_G-H'- XY_H'H-

The x-y plane changes in the following way.

H' G' H
H-

J-

J'-

G-H'-

EF

E'F'

EF

E'F'

E-F-

E'-F'-

E-F-

E'-F'-

The 2-handle used to carry out the above cancellation intersected the x-z plane, the following

diagram shows how the intersection points in the x-z plane change.
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H' HG' H-H'- G-

YZ_EF'

YZ_E'F

YZ_E-F'-

YZ_E'-F-

YZ_EF'

YZ_E'F

YZ_J-J'-

YZ_J-J'-

We move on to cancelling J−, J ′− with the orange 2-handle in the x-y plane, this cancellation

only affects the 2-handles in the x-y and y-z planes.

The x-y plane changes in the following way

H' G' H
H-G-H'-

EF

E'F'

EF

E'F'

E-F-

E'-F'-

E-F-

E'-F'-

and the y-z plane changes to the following diagram.

F' E

FE'

F'- E-

F-E'-

XY_G'HXY_H'H-
XY_G'H

XY_H'H- XY_G-H'-XY_H'H- XY_G-H'- XY_H'H-

The orange 2-handle used in this cancellation intersected the x-z plane. The intersection points

in the x-z plane changes to the following.

H' HG' H-H'- G-

YZ_EF'

YZ_E'F

YZ_E-F'-

YZ_E'-F-

YZ_EF'

YZ_E'F

YZ_E-F'-

YZ_E'-F-
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So far, the last few cancellations we have carried out have not interfered with the 2-handles

that are left in the diagram corresponding to the twelve 2-handles that did not all lie in a single

plane. We want to perform an isotopy of the 2-handles in this diagram.

The first picture shows the original position the 2-handles were in, and the picture following it

shows the final position after we carry out the isotopy. It should be clear to the reader how the

2-handles move during this isotopy.
E

F'

F

E'

E-

F'-

F-

E'-

E

F'

F

E'

E-

F'-

F-

E'-

The next cancellation we are going to undertake is to cancel H,H ′− using the red 2-handle in

the x-z plane. This cancellation affects the 2-handles in the x-z and x-y planes. It also affects

the 2-handle corresponding to the translation e−1heh−1 that we have not been drawing so far.

We start with the x-z plane, the following picture shows how the x-z plane changes after we

have carried out this cancellation.

H' G' H-G-

YZ_EF'

YZ_E'F

YZ_EF'

YZ_E'F

YZ_E-F'-

YZ_E'-F-

YZ_E-F'-

YZ_E'-F-

The x-y plane changes in the following way:

H' G'
H-G-

EF EF

E'F' E'F' E'-F'- E'-F'-

E-F- E-F-
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Recall that the 2-handle corresponding to the translation e−1heh−1 had in total four compo-

nents, two of them in particular were such that one ran from E to H and another from E−
to H ′−. When we perform the above cancellation these two components come together, giving

one component running from E to E−.

The following picture shows how this new component runs between E and E−.

E

F'

F

E'

E-

F'-

F-

E'-

The cancellation carried out above causes the intersection points in the y-z plane to change.

The following picture shows the y-z plane with these new intersection points.

F' E

FE'

F'- E-

F-E'-

XY_G'G-XY_H'H-
XY_G'G-

XY_H'H- XY_G'G-XY_H'H- XY_G'G- XY_H'H-

We can then cancel H ′, H− with the green 2-handle in the x-y plane. This cancellation affects

the 2-handles in the x-y plane and the x-z plane.

The x-y plane changes as follows.

G' G-

EF EF

E'F' E'F' E'-F'- E'-F'-

E-F- E-F-

The x-z plane changes to the following.

G' G-

YZ_EF'

YZ_E'F

YZ_EF'

YZ_E'F

YZ_E-F'-

YZ_E'-F-

YZ_E-F'-

YZ_E'-F-
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The translation e−1heh−1 that has been reduced to consisting of one component running from

E to E−, another running from E′ to H ′, and another running from E′− to H−. When we

cancel H ′, H− with the green 2-handle in the x-y plane the components running from E′ to H ′

and E′− to H− slide to form one component joining E′ to E′−.

The following picture shows how this new component runs between E′ and E′−.

E

F'

F

E'

E-

F'-

F-

E'-

We now have two separate diagrams, the one coming from the x-y and x-z planes that involve

2-handles running over G′, G−, and the 2-handles left in the diagram corresponding to the

twelve 2-handles that did not all lie in a single plane, and the 2-handles in the y-z plane, which

run over the 1-handles E,E′−, E′, E−, F, F ′− and F ′, F−. It is easy to see that these two

diagrams do not interact with each other in any way. Furthermore, the 2-handles that run over

G′, G− (the ones coming from the x-y and x-z planes) do so once. Hence we can use any one of

them to form a cancelling pair with G′, G−. Carrying out this cancellation, all other 2-handles

running over G′, G− slide to form zero framed unknot’s, hence cancel with a 3-handle and can

be deleted from the diagram. Thus we are left with the 2-handles running over the 1-handles

E,E′−, E′, E−, F, F ′− and F ′, F−.

We can then cancel F ′, F− with the black 2-handle in the y-z plane. This will cause the pink

2-handle in the y-z plane to slide and have two components, one looping back into E and the

other looping back into E′−. We can then slide one of these components through to obtain

a zero framed unknot that cancels a 3-handle. Hence this 2-handle can be deleted from the

diagram.

We can also cancel F, F ′− using the dark green 2-handle in the y-z plane. This cancellation

causes the yellow 2-handle in the y-z plane to slide into a position where it has one component

looping back into E′ and another looping back into E−. We can then perform a handle slide

to obtain a yellow coloured zero framed unknot. This then cancels with a 3-handle and can be

deleted from the diagram.

The two cancellations we have just carried out also affect the other 2-handles, they reside in

169



the diagram corresponding to the twelve 2-handles that did not all lie in a single plane. It is

straightforward to see how they change, the following diagram shows the position they slide

into.

E

E'

E-

E'-

We also have an extra 2-handle that we have not shown in the above, it is the 2-handle that

corresponded to the translation e−1heh−1. It has two components, one that runs from E to E−
and another that runs from E′ to E′−. The following picture adds this 2-handle to the above

diagram.

E

E'

E-

E'-

We can now carry out some handle slides. We can slide the orange 2-handle along the turquoise

2-handle to obtain the following diagram.

E

E'

E-

E'-

We then slide the pink 2-handle along the black 2-handle to obtain the following diagram.

E

E'

E-

E'-
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We can then slide the orange 2-handle to a zero framed unknot, which will then cancel a 3-

handle. Therefore we can simply delete the orange 2-handle from our diagram. This gives us

the following diagram.

E

E'

E-

E'-

We can then slide the pink 2-handle into the following position.
E

E'

E-

E'-

We can also slide the turquoise 2-handle along the black 2-handle to obtain the following dia-

gram.
E

E'

E-

E'-

Then another handle slide produces:
E

E'

E-

E'-

We can then cancel the 1-handle E′, E− with the black 2-handle producing the following dia-

gram.
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E

E'-

This is a Kirby diagram for the orientable manifold M̃ , which recall is the orientable double

cover of M (manifold 35). Furthermore, it is clear that π1(M̃) = 〈x | x2 = 1〉 ∼= Z2. We want

to take the double cover of this manifold, which we denoted by M̃2. Recall the procedure to do

this, the one skeleton of M̃ consists of D4 ∪ (E,E′−) (the 0-handle union the 1-handle), which

is a copy of S1 × D3. The one skeleton of M̃2 will also consist of a copy of S1 × D3 double

covering the one skeleton of M̃ in the usual way that S1 ×D3 double covers itself. Each of the

remaining handles of M̃ lift to two handles of M̃2. This means that the blue 2-handle in the

above diagram, that passes over E,E′− twice, will lift to two 2-handles each passing over the

unique 1-handle in M̃2. The turquoise and pink 2-handles that loop around one component of

the blue 2-handle in the above diagram, lift to two copies of each looping around one lift of the

blue 2-handle. The following diagram shows how the Kirby diagram of the double cover, M̃2,

looks like.

E E'-

We can then cancel E,E′− with the blue 2-handle, this will cause the diagram to change to.

We can then slide three of the linked circles over the fourth one so that each one gives a zero

framed unknot. These each cancel with a 3-handle and we are left with the following diagram.

The diagram shows two zero framed linked 2-handles, which is precisely the Kirby diagram for

S2×S2. Thus we can conclude that the simply connected closed 4-manifold M̃2, which is a four

fold cover of M (manifold 35), is diffeomorphic to S2 × S2. We have thus proved the following

theorem:

Theorem 3.3.1. There exists a collection L of ten linked tori embedded in a standard smooth

(S2 × S2) such that the complement (S2 × S2)− L admits a finite volume hyperbolic geometry.

172



Chapter 4

Topological link complements via
spin structures

In this chapter we take up the problem of trying to identify the homeomorphism type of various

fillings of the Ratcliffe-Tschantz manifolds. The problem is made drastically simpler through

the use of a beautiful classification theorem of M. Freedman and S. Donaldson on the home-

omorphism types of smooth, closed, simply connected 4-manifolds. Furthermore, another key

ingredient is an understanding of which fillings admit a spin structure.

4.1 Spin structures

In this section we take up the problem of how trying to understand whether a Ratcliffe-Tschantz

manifold and a filling of such a manifold can admit a spin structure. We explain how to

understand such a structure through the use of a Kirby diagram and give explicit examples of

manifolds that are spin. We then use these examples to construct topological hyperbolic link

complements in #3(S
2 × S2) and S2 × S2.

Let E be a real vector bundle over a 4-manifold M , which we assume from here on in is

orientable. We also assume that the fibres of E have dimension m ≥ 3, this will always be

the case of interest for us, in the general case one can sum with a trivial bundle to obtain this

condition. To construct a spin structure, we begin with a trivialisation of E|M1 , where M1

denotes the 1-skeleton of M . We wish to extend this trivialisation τ over each 2-handle h of M .

The 2-handle h is a copy of D2 ×D2, which being contractible implies E|h is trivial, so τ over

the attaching circle determines an element of π1(SO(m)) ∼= Z2 (as we are assuming m ≥ 3). It

is then clear that τ extends over h if and only if this element in Z2 vanishes. Applying this to

each 2-handle h of M , we obtain an element of Z2 assigned to each 2-handle. In other words,

using the handle complex, we obtain a cochain c(τ) ∈ C2(M ;Z2). One can then prove that if

we were to take another trivialisation τ1 to start with, the cochains c(τ) and c(τ1) will differ
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by a coboundary, furthermore one can prove that for any trivialisation τ , c(τ) is closed. This

implies we get a well-defined cohomology class denoted w2(E) = [c(τ)] ∈ H2(M ;Z2). We can

the conclude

Proposition 4.1.1. An oriented vector bundle E over M admits a spin structure if and only

if w2(E) = 0 ∈ H2(M ;Z2).

The cohomology class w2(E) is known as the second Stiefel-Whitney class of E, the details of

why c(τ) defines a cohomology class can be found in [8] p.180. Given an oriented 4-manifold M

its tangent bundle is an oriented vector bundle over M of rank four. The second Stiefel-Whitney

class of the tangent bundle associated to M will be denoted by w2(M).

Given a Kirby diagram of the oriented 4-manifold M the following proposition shows how we

can compute the second Stiefel-Whitney class w2(M).

Proposition 4.1.2. For an oriented manifold M given by a Kirby diagram, w2(M) ∈ H2(M ;Z2)

is represented by the cocycle c ∈ C2(M ;Z2) whose value on each 2-handle h is the framing co-

efficient of h modulo 2.

The proof of this proposition can be found in [8] Proposition 5.7.1 and Corollary 5.7.3, p.185-

186. There is a slight issue with the way we have stated this theorem. The problem is that

a general Kirby diagram can have many 1-handles floating about (as is the case for us), and

in these situations the concept of a framing as a unique integer is not a well-defined concept

(we explained this at the end of chapter 1.). The theorem is normally stated with the idea

that the Kirby diagram is given in dotted circle notation. The reader who is unfamiliar with

the dotted circle notation can consult [8] chap.5.6, p.167. We will just mention that one way

to think of how the dotted circle method comes in to play is to recall that we can cancel any

1-handle in a Kirby diagram by adding an appropriate 2-handle. Thus, adding a 1-handle to

a Kirby diagram X is the same as removing the cancelling 2-handle. The point is that the

cocore of the 2-handle corresponds to an unknotted 2-disk in X, obtained from a 2-disk in the

boundary ∂X by pushing the interior of this 2-disk into the interior of X. In this way we can

think of the addition of a 1-handle as being done by pushing the interior of a 2-disk, originally

in ∂X, into the interior of X and then removing a tubular neighbourhood of the disk. This

tubular neighbourhood is drawn as a circle decorated with a dot, hence the name the dotted

circle notation. Using this viewpoint of a 1-handle one can transfer a usual Kirby diagram in to

dotted circle notation. On the level of the actual diagram one can think of the passage to dotted

circle notation as being carried out by choosing a collection of reference arcs, one for each pair of

1-handles running between the attaching spheres of the 1-handle, then taking a dotted meridian

to each such reference arc and collapsing the associated 1-handle via the reference arc. This will

cause the 2-handles running between the 1-handles to then run through the associated dotted
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meridian parallel to the choice of reference arc (see [8] p.169). The problem here is that there

is no canonical way to do this transformation, one has to make a choice of how the 1-handles

are going to come together to form dotted circles i.e. one has to make a choice of reference arc.

(see [8] p.169 for an example of this choice). Once one fixes a choice of such reference arcs, then

in dotted circle notation all the 2-handles are knots in 3-space. They then have a notion of a

framing integer (or as it is sometimes called framing coefficient). In general, the choices made

in passing to dotted circle notation affect the framing of the associated 2-handles. In our case

all the 2-handles have a planar framing, due to this it turns out that in many cases one can, in

a straightforward manner, choose a system of reference arcs that will produce a Kirby diagram

in dotted circle notation with every 2-handle knot having an even framing coefficient.

We will now go through an example of how one chooses a system of reference arcs and trans-

forms a Kirby diagram associated to one of the Ratcliffe-Tschantz manifolds in to dotted circle

notation. The example we are going to look at is the orientable double cover of manifold 1011.

The construction of the Kirby diagram for the orientable double cover proceeds in exactly the

same way as we did in chapter 3 when constructing the double cover of manifold 35, and the

notation is exactly the same as used in that chapter. When we construct the orientable double

cover we have to pick an orientation reversing element, the Kirby diagram then consists of

reflecting everything through the 1-handle corresponding to this element. In this case we pick

the side pairing g−1, hence in our Kirby diagram everything needs to be reflected through the

1-handle component G. As G sits on the x− y and x− z plane we can think of this reflection

as taking place in a plane parallel to the y − z plane.

The following diagram shows that part of the Kirby diagram that lies in the x− y plane.

I

GH'

I'

A' A

J

G' H

J'

B' B

H-G'-

B'-

I'-

I-

J-

J'-

G-H'-

A-

B-

A'-

The following diagram shows that part of the Kirby diagram that lies in the x− z plane.
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K

H' G

L

C'D'

L'

HG'

K'

D C

L'-

G'- H-

K'-

D'- C'-

L-

C-

H'- G-

K-

D-

The following shows two diagrams, however in this case they both do not lie in the y− z plane.

The diagram on the left lies on the y− z plane but the one on the right lies on a plane parallel

to the y − z plane (this is because we are reflecting across G).

K

II'

L

F' E

K'

JJ'

L'

FE'

K'-

J- J'-

L'-

F- E'-

L-

K-

I- I'-

E- F'-

Finally, the following diagram shows those 2-handles that do not all lie in any one of the above

planes, there are twelve such 2-handles in total.

E

C

F'

A'

A

B'

D'

F
B

C'

E'

D

D-

F-

B'-

C-

E'-
D'-

A-

B-

C'-

E-

F'-

A'-

We want to show that we can pick a system of reference arcs for each 1-handle such that when

we change to dotted circle notation the framing of each 2-handle will be congruent to zero
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mod two. In order to do this we need a way to measure the framing from the diagram. A

convenient choice to use is the blackboard framing, this involves projecting the knot onto a

2-plane giving a knot diagram. The framing coefficient is then computed as the signed number

of self-crossings of the knot. Start with the x− y plane, the following diagram shows a system

of reference arcs for some of the 1-handles, they all lie in the x-y plane and have framing zero.

I

GH'

I'

A' A

J

G' H

J'

B' B

H-G'-

B'-

I'-

I-

J-

J'-

G-H'-

A-

B-

A'-

This leaves us with specifying reference arcs for the 1-handles G,G′−, G′, G−, H,H ′− and

H ′, H−. The reference arcs for some of these will have to leave the x− y plane slightly as some

other handles are in the way. The following diagram shows these reference arcs together with

the ones shown above.

I

GH'

I'

A' A

J

G' H

J'

B' B

H-G'-

B'-

I'-

I-

J-

J'-

G-H'-

A-

B-

A'-

Once we have chosen a particular reference arc for a 1-handle in one diagram we have to use

that same reference arc for any other diagram that the 1-handle resides in. For example since

the 1-handles G,G′−, G′, G−, H,H ′− and H ′, H− also lie in the x− z plane when we choose

reference arcs for 1-handles in the x− z plane we have to keep in mind that the reference arcs

for G,G′−, G′, G−, H,H ′− and H ′, H− have already been chosen.

The following diagram shows the reference arcs for the 1-handles in the x− z plane.
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K

H' G

L

C'D'

L'

HG'

K'

D C

L'-

G'- H-

K'-

D'- C'-

L-

C-

H'- G-

K-

D-

The arcs you see, in the above diagram, running between the 1-handles G,G′−, G′, G−, H,H ′−
and H ′, H− represent projections, of the reference arcs chosen previously for these 1-handles,

onto the x − z plane. The next reference arcs we want to show are for those 1-handles in the

diagram corresponding to the twelve 2-handles not all lying in a single 2-plane. To start with

we show those reference arcs that have already been chosen when we considered the x− y and

x− z planes.

E

C

F'

A'

A

B'

D'

F
B

C'

E'

D

E'-

F-

B'-

D'-

F'-

A'-

C'-

E-

D-

B-

A-

C-

We are left with choosing arcs for E,E′−, E′, E−, F, F ′− and F ′, F−. For the 1-handles E,E′−
and F, F ′− we choose horizontal arcs that run behind the diagram as the following shows.
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E

C

F'

A'

A

B'

D'

F
B

C'

E'

D

E'-

F-

B'-

D'-

F'-

A'-

C'-

E-

D-

B-

A-

C-

For the 1-handles E′, E− and F ′, F− we choose horizontal arcs running in the front as the

following shows.

E

C

F'

A'

A

B'

D'

F
B

C'

E'

D

E'-

F-

B'-

D'-

F'-

A'-

C'-

E-

D-

B-

A-

C-

The final case to consider is the diagram that shows the y − z plane and the plane parallel to

the y − z plane. For this diagram we choose the following arcs.
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K

II'

L

F' E

K'

JJ'

L'

FE'

K'-

J- J'-

L'-

F- E'-

L-

K-

I- I'-

E- F'-

We have not shown how the arcs running between the 1-handles E,E′−, E′, E−, F, F ′− and

F ′, F− look like from this plane. From our choice above it should be clear to the reader that

they run horizontally outside the diagram.

We claim that with this system of zero framed reference arcs when we pass to dotted circle

notation each 2-handle will have even framing. This is not too hard to see, one needs to take

each 2-handle separately and then see what happens when we collapse a 1-handle it goes over

using the reference arc for that 1-handle. Let us give a few examples.

Start with the 2-handles in the x − y plane, look at the pink 2-handle in that plane. When

we use our system of reference arcs to collapse the 1-handles it goes over we get that the pink

2-handle transforms to the following.

H'

A' A

J

G' H

J'

B' B

H-

B'-

I'-

I-

G-H'-

A-

B-

A'-

G,G'-

J-,J'-

I,I'

As we are only interested in framings of each 2-handle and not how they link with the other

2-handles we have thrown away some 2-handles so that the reader can easily see how the pink

2-handle will look like in dotted circle notation. It should be clear to the reader that the

pink 2-handle transforms to a knot with zero framing (remember we are using the blackboard

framing).

The green 2-handle also transforms in a similar way, the following diagram shows how it looks
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like. The reader should notice that the framing is again zero.

I

I'

A' A

J

G' H

J'

B'-

I'-

I-

J-

J'-

G-H'-

B-

H',H-

G,G'-

B,B'
A-,A'-

The following diagram shows how the red and blue 2-handles transform. It should be clear that

the framing is zero for both of them.

GH'
H-G'-

B'-

I'-

I-

J-

J'-

G-H'-

A-

B-

A'-

I,I'

A,A'

B,B'

J,J'

One can continue in this fashion checking each 2-handle, in this case one finds that all the

2-handles will have framing zero. The point is that since these 2-handles are all confined in a

2-plane one can easily find a system of reference arcs so that in dotted circle notation these

2-handles will have even framing. A computation similar to the above works for the x− z plane

as well, we leave the details to the reader. We want to move on to considering the diagram

showing the twelve 2-handles that did not all lie in a single 2-plane.

The following diagram shows how the green 2-handle in that diagram transforms.

181



C

F'

A'

A

B'

D'

F
B

C'

E'

D

F-

B'-

D'-

F'-

A'-

C'-

E-

D-

B-

A-

C-

A,A'
B-,B-'

E,E'-

It is easy to see that the framing is again zero. So far all the 2-handles we have shown have

had framing zero simply because when they transform they don’t cross over themselves. It can

happen that a 2-handle transforms to something that has self crossings. However, it is always

the case that the number of self crossings is even, this means that the blackboard framing will

always be congruent to zero mod two.

The following diagram shows how the black 2-handle transforms.

E

C

F'

A'

A

B'

D'

F
B

C'

E'

D

E'-

F-

B'-

D'-

F'-

A'-

C'-

E-

D-

B-

A-

C-

F',F-

E',E-

C,C'

D-,D'-

In this case you can see two self crossings, and if we were to project this to the plane then we

would have framing zero (as we count the crossings with sign). Each of the other 2-handles in

this diagram transform in a similar way. It is also the case that for the 2-handles in the diagram

showing the y − z plane and the plane parallel to the y − z plane that when we transform to

dotted circle notation, using the reference arcs we have chosen above, we always get 2-handles

with an even number of self crossings, hence their framing must always be even. As the details

are exactly analogous to what we have shown above we will not bother with the details.

In summary we have chosen a system of zero framed reference arcs that when used to transform

the Kirby diagram in to dotted circle notation we obtain 2-handles all with an even framing.

In particular, by proposition 4.1.2 we see that the double cover of manifold 1011 must be spin.

182



We would also like to mention that one can use the above system of reference arcs to show that

a filling of a boundary component of manifold 1011 (which remember is a 3-torus) must also be

spin. The way to do this is to first recall that we already identified translations corresponding to

an S1-fibre of each cusp of manifold 1011. They were given by the side pairing transformations

c, a, j, k, e−1g (see chapter 2), a filling of anyone of these cusps corresponded to adding a

2-handle that ran between the 1-handles corresponding to the side pairing transformation. For

example if we wanted to fill in the cusp who has an S1-fibre corresponding to a on the level of

our Kirby diagram we had to add a 2-handle running from A to A′. It is easy to check that,

with respect to the system of reference arcs, such a 2-handle will have zero framing when we

change to dotted circle notation. This same argument works for fillings of the other four cusps.

In general one finds that this procedure works for many of the Ratcliffe-Tschantz manifolds and

can be used to show that many of them or their orientable double covers are spin. Also, by

understanding the cusp structures one can show that many fillings of such manifolds are spin.

The advantage of knowing that a particular manifold is spin is that it allows you to construct

explicit hyperbolic complements up to homeomorphism as the next section shows.

4.2 Hyperbolic link complements with topological type
#2k(S

2 × S2)

This section is devoted to constructing a hyperbolic link complement in a manifold that is

homeomorphic to (S2 × S2)#(S2 × S2). The main idea is to construct a certain finite cover of

manifold 1011 with the right Euler characteristic and then take a filling of this cover, using the

fact that the double cover of manifold 1011 is spin we will be able to deduce that the filling

must be homeomorphic to (S2 × S2)#(S2 × S2).

From here on in we will denote manifold 1011 by M , and its orientable double cover by N .

Recall that M had five cusps and the translations we chose to construct a filling of M were

given by c, a, k, j, e−1g. When we construct a filling on the level of the fundamental group

what we were doing is adding the relations c = a = k = j = e−1g = 1. If instead we add a power

of one of the translations, then we can construct new fillings. For example instead of taking c

we could take cn for some n > 1. This is still a translation and so we can try and analyse what

happens if we fill along this translation. On the level of the fundamental group what we are

doing is adding the relations cn = a = k = j = e−1g = 1. Using some computer software, such

as Magma, one can obtain that the presentation for the fundamental group with these added

relations is 〈cn = e2 = e−1cec = 1〉. This is not quite a product as the e and c terms interact,

however it is a semi direct product of Zn, generated by c, and Z2, generated by e, where e acts
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on Zn by e−1ce. Therefore the filling will have fundamental group Zn o Z2, we can use this to

construct more covers.

Let ρ : π1(M) → Zn o Z2 be the quotient homomorphism given by the above discussion.

We know explicit generators of each parabolic subgroup associated to each cusp of M (see

chapter 2 where this computation was done). Using these explicit generators one can show

that the parabolic subgroups associated to the equivalence class of ideal vertices (0,±1, 0, 0),

(0, 0,±1, 0), (0, 0, 0,±1), (±1/2,±1/2,±1/2,±1/2) all map to the generator e under the above

quotient homomorphism. Furthermore, the parabolic subgroup corresponding to the ideal vertex

(±1, 0, 0, 0) has one generator (other than c) that maps to e, since c maps to c it follows that

the image of the parabolic subgroup corresponding to (±1, 0, 0, 0) is the whole group Zn o Z2.

This means that the image of the parabolic subgroup associated to (±1, 0, 0, 0) has index one,

and the index of the image of all the other parabolic subgroups is n.

As the orientation reversing side pairing transformations of M are e and g, it follows that under

the quotient map they map to Z2. This implies that the orientation preserving generators are

sent to Zn, which in turn implies that that orientable double cover of M corresponds to the index

two subgroup given by ρ−1(Zn). We also know that the kernel of this quotient homomorphism

is contained in ρ−1(Zn) and has index 2n. It follows that the cover corresponding to ker(ρ) is

also an n-fold cover of the orientable double cover of M . The associated deck transformation

group to ker(ρ) over the orientable double cover of M is Zn, which implies the 2n fold cover is

a cyclic cover.

This discussion tells us that the orientable double cover N has an n sheeted cyclic cover for each

n, or put another way M has a 2n sheeted cover for each n, where the case n = 1 corresponds

to the orientable double cover N . The discussion before that tells us how each boundary

torus corresponding to a parabolic subgroup lifts to each cover. The boundary component

corresponding to the ideal vertex class (±1, 0, 0, 0) lifts to one torus. This means that the

covering restricted to this boundary torus is the usual n fold covering of the 3-torus onto itself.

All other boundary 3-tori each lift to n copies of itself. In other words, the orientable double

cover N has an n sheeted cyclic cover which has 4n+ 1 cusps, each given by a 3-torus.

The question that arises at this point is can we identify the fillings of these cyclic covers?

Observe that N has Euler characteristic 2 (as all the Ratcliffe-Tschantz manifolds have Euler

characteristic 1). Therefore each such cyclic cover has Euler characteristic 2n. In the case that

n is odd we claim that we can identify the topological type of the associated filling.

The argument proceeds as follows, from the previous section we know that N is spin hence it

induces a spin structure on each of its boundary 3-tori (there are five in total). The three torus

has exactly eight spin structures, seven of them are given by having one S1-factor taking the

bounding spin structure induced from D2, and each of these spin structures spin bounds a solid
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3-torus. The eighth spin structure corresponds to taking the Lie group spin structure on each

S1 factor. This eighth spin structure does not spin bound a solid torus, rather it spins bounds

the complement of a singular 2-torus fibre in CP2#9CP2, viewed as an elliptic fibration over

CP1. When we preform a filling on N we are gluing in a solid torus. When we do this the

manifold we obtain is itself spin, meaning that the spin structure induced on each boundary

torus must cross over the solid torus that we glued in. Hence the induced spin structure on

each boundary component must be the one that spin bounds a solid torus, and in fact the fibre

we are filling in must have the spin structure induced from D2. As four of the boundary tori

each lift to n disjoint tori in the cyclic cover it follows that the spin structure associated to

these n boundary tori in the cyclic cover must have the same spin structure as their base. Thus

we need only worry about the lift of the boundary 3-torus corresponding to the ideal vertex

class (±1, 0, 0, 0). In this case the covering is given by the covering of S1 × S1 × S1 onto itself

induced by the n-fold cover of one S1 factor onto itself. In the case that n is odd we have that

the lifted spin structure on the associated boundary torus in the n sheeted cover must also be

the one that spin bounds a solid torus. This implies that for n odd the associated filling of the

n sheeted cover is a smooth closed simply connected spin 4-manifold. We can then make an

appeal to the following classification theorem of S. Donaldson and M. Freedman (see [18] p.244,

see also [6] and [5]).

Theorem 4.2.1. Every smooth simply connected 4-manifold is homeomorphic to either #mCP2#nCP2

or #m ±ME8#n(S2 × S2).

The manifold ME8 denotes the non-smoothable closed simply connected 4-manifold with in-

tersection form the E8 lattice. The reader can find a construction of this manifold and details

about its intersection form in [18] p.86 and p.125. The manifold −ME8 denotes ME8 with

opposite orientation.

When n = 3 the Euler characteristic of the 3 sheeted cover is six, using the classification

theorem of S. Donaldson and M. Freedman (thm. 4.2.1) we can deduce that the filling of the

associated 3 sheeted cover (remember a filling does not change the Euler characteristic) must be

homeomorphic to one of (S2×S2)#(S2×S2), #4CP2, #3CP2#CP2, #2CP2#2CP2, CP2#3CP2

or #4CP2. However only (S2×S2)#(S2×S2) is spin, we have thus proved the following theorem.

Theorem 4.2.2. There exists a system L consisting of thirteen linked 2-tori embedded in a

smooth closed 4-manifold X that is homeomorphic to (S2 × S2)#(S2 × S2), such that that the

complement X − L admits a finite volume hyperbolic geometry

In the case that n is odd and greater than three we see from the above classification theorem that

there could be components of ±ME8 (the fact that ±ME8 is spin follows from the converse to

Wu’s theorem, see [18] p.163). For example if we were to take n = 5, and consider the associated
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5 sheeted cover, we would find that we have three options for the topological type of the filling.

We could have ±ME8 or #4(S
2×S2). We can rule out these extra manifolds by using the fact

that their signatures will all be non-zero.

The following theorem of D. Long and A. Reid allows us to compute the signature of any

non-compact finite volume hyperbolic 4-manifold.

Theorem 4.2.3. Let M be a non-compact orientable finite volume hyperbolic 4-manifold. Then

σ(M) = η(∂M), where σ denotes the signature and η is the eta invariant.

The proof of this theorem can be found in [16] Theorem.2.1, p.173-174. We should mention that

the above theorem is a special case of a more general theorem proved by M.F. Atiyah, V.K.

Patodi and I.M. Singer. Namely, they prove a general signature formula for a 4k-dimensional

manifold with boundary see [2] Theorem.4.14, p.66. The proof of Long and Reid involves using

the formula constructed by Atiyah, Patodi and Singer together with a theorem of Chern, which

states that the Pontryagin classes of a hyperbolic manifold must vanish (see [4]), and some fine

analysis to do with horoball neighbourhoods about each cusp cross section of the hyperbolic

4-manifold.

The eta invariant has also been computed for flat 3-manifolds and can be found in [19] Example

1, p.128. Recall, there are six distinct isometry classes of orientable closed flat 3-manifolds,

which we have been denoting by A, B, C, D, E, F (or in Wolf’s notation by G1, G2, G3, G4, G5,
G6). From the classification theorem (see [22] Theorem.3.5.5, p.117) it is known that only A and

B are S1-fibre bundles over a compact surface, with A being a 3-torus fibering over a 2-torus

and B fibering over a Klein bottle. As we are only interested in link complements we need only

worry about the eta invariant of A and B. Using the computations carried out in [19] Example

1, p.128 we find that the eta invariant of both these 3-manifolds must vanish. One can then

conclude that the signature of an orientable non-compact finite volume hyperbolic 4-manifold

with cusp cross sections given by A or B must have vanishing signature.

Corollary 4.2.4. Let M be an orientable non-compact finite volume hyperbolic 4-manifold with

cusp cross sections of type A or B. Then σ(M) = 0.

Appealing to the above corollary we can conclude σ(N) = 0, and that all of the n sheeted covers

of N , constructed above, have vanishing signature. The cusps of each n sheeted cover of N is

a 3-torus, and when we carry out a filling we are gluing in a solid 3-torus by filling in one of

the S1-fibres with a copy of D2 (i.e. we are doing a filling with a fixed choice of meridian). A

solid 3-torus also has vanishing signature, therefore when we perform a filling we are gluing two

4-manifolds with signature zero along their common boundary (via the identity map).
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There is a beautiful theorem of S. Novikov that allows one to compute the signature of a gluing

provided one knows the signature of the pieces that are being glued together (see [15] Thm.5.3,

p.27).

Theorem 4.2.5. Given two oriented 4n-dimensional manifolds M and N such that ∂M = ∂N .

Then σ(M ∪∂ N) = σ(M) + σ(N), where M ∪∂ N denotes M glued to N along the common

boundary.

This theorem implies that the filling of any of the n sheeted covers of N must have signature

zero, furthermore for n odd we know that such a filling must be spin. This observation coupled

with the classification theorem of S. Donaldson and M. Freedman allows us to establish the

following theorem.

Theorem 4.2.6. For n > 1 odd the n sheeted cover of N is a complement of 4n+ 1 2-tori in

a manifold X that is homeomorphic to #n−1(S
2 × S2).

We remark that in the case that n is even the bounding spin structure on the base S1 can lift

to the non-bounding (the Lie group spin structure) spin structure on the total space S1, and it

is this that obstructs us from being able to conclude that the n sheeted cover of N for n even

is spin. When n = 2 one can construct the Kirby diagram of the 2 sheeted cover of N , similar

to how we did in chapter 3. Using this Kirby diagram one can prove, again by taking a simple

system of reference arcs, that the 2 sheeted cover must in fact be spin. This then allows one to

construct a topological hyperbolic complement in S2 × S2, we will not go in to the details.

We should also mention that the above finite covers of N were also constructed by D. Ivanšić in

his paper [10], Thm.4.3, p.18. However he does not identify the homeomorphism types of any

of the finite covers of N , but merely states that they exist.

4.3 A hyperbolic link complement with topological type
(S1 × S3)#(S2 × S2)

The purpose of this section is to show the reader that there are examples of Ratcliffe-Tschantz

manifolds that have fundamental groups that are much more complicated than the ones we have

been dealing with so far. Due to this, the Kirby diagrams of such manifolds turn out to be much

more complicated, and in turn it becomes very difficult to try and identify the diffeomorphism

type of a boundary filling of the orientable double cover of such a manifold. However, if we

forgo the need to identify the diffeomorphism type of such boundary fillings and be content with

trying to identify the homeomorphism type (as we have been so far in this chapter) then one can

make some progress. The primary example we will be dealing with is the manifold numbered
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40 in the census. We will show the Kirby diagram of a boundary filling of this manifold, we

will then carry out a few handle cancellations and then show the reader the exact point where

things start to get very complicated. Finally, we will show how using a very beautiful theorem

of Akio Kawauchi and knowledge of spin structures we can identify the homeomorphism type

of the orientable double cover of manifold 40.

The side pairing code for this manifold is 143CF9. The explicit side pairings are given as:

S(+1,+1,0,0)
a

k(−1,+1,+1,+1)

// S(−1,+1,0,0) S(+1,−1,0,0)
b

k(−1,+1,+1,+1)

// S(−1,−1,0,0)

S(+1,0,+1,0)
c

k(+1,+1,−1,+1)

// S(+1,0,−1,0) S(−1,0,+1,0)
d

k(+1,+1,−1,+1)

// S(−1,0,−1,0)

S(0,+1,+1,0)
e

k(−1,−1,+1,+1)

// S(0,−1,+1,0) S(0,+1,−1,0)
f

k(−1,−1,+1,+1)

// S(0,−1,−1,0)

S(+1,0,0,+1)
g

k(+1,+1,−1,−1)

// S(+1,0,0,−1) S(−1,0,0,+1)
h

k(+1,+1,−1,−1)

// S(−1,0,0,−1)

S(0,+1,0,+1)
i

k(−1,−1,−1,−1)

// S(0,−1,0,−1) S(0,+1,0,−1)
j

k(−1,−1,−1,−1)

// S(0,−1,0,+1)

S(0,0,+1,+1)
k

k(−1,+1,+1,−1)

// S(0,0,+,−) S(0,0,−1,+1)
l

k(−1,+1,+1,+1)

// S(0,0,−1,−1) .

The coordinates of the sides are given in the following table:

A S(+1,+1,0,0) ( 1√
2
, 1√

2
, 0) A′ S(−1,+1,0,0) (−1√

2
, 1√

2
, 0)

B S(+1,−1,0,0) ( 1√
2
, −1√

2
, 0) B′ S(−1,−1,0,0) (−1√

2
, −1√

2
, 0)

C S(+1,0,+1,0) ( 1√
2
, 0, 1√

2
) C ′ S(+1,0,−1,0) ( 1√

2
, 0, −1√

2
)

D S(−1,0,+1,0) (−1√
2
, 0, 1√

2
) D′ S(−1,0,−1,0) (−1√

2
, 0, −1√

2
)

E S(0,+1,+1,0) (0, 1√
2
, 1√

2
) E′ S(0,−1,+1,0) (0, −1√

2
, 1√

2
)

F S(0,+1,−1,0) (0, 1√
2
, −1√

2
) F ′ S(0,−1,−1,0) (0, −1√

2
, −1√

2
)

G S(+1,0,0,+1) (1 +
√

2, 0, 0) G′ S(+1,0,0,−1) (−1 +
√

2, 0, 0)

H S(−1,0,0,+1) (−1−
√

2, 0, 0) H ′ S(−1,0,0,−1) (1−
√

2, 0, 0)

I S(0,+1,0,+1) (0, 1 +
√

2, 0) I ′ S(0,−1,0,−1) (0, 1−
√

2, 0)

J S(0,+1,0,−1) (0,−1 +
√

2, 0) J ′ S(0,−1,0,+1) (0,−1−
√

2, 0)

K S(0,0,+1,+1) (0, 0, 1 +
√

2) K ′ S(0,0,+1,−1) (0, 0,−1 +
√

2)

L S(0,0,−1,+1 (0, 0,−1−
√

2) L′ S(0,0,−1,−1) (0, 0, 1−
√

2)

From here on in we will denote manifold 40 in the Ratcliffe-Tschantz census by M, we will not

bother giving all the twenty four 2-handles in a separate table as we have been doing. Instead,

188



we will move on to showing which 2-handles lie in which plane, and those that do not lie in any

single plane.

The 2-handles that lie in the x-y plane are shown in the following picture with the table following

showing which colour corresponds to which 2-handle.

I

GH

J'

A' A

J

H' G'

I'

B' B

Colour Equivalence Class

brown A ∩G a // A′ ∩H h // A′ ∩H ′ a−1
// A ∩G′ g−1

// A ∩G

red A ∩ J a // A′ ∩ J j
// B ∩ J ′ b // B′ ∩ J ′ j−1

// A ∩ J

blue A ∩ I a // A′ ∩ I i // B ∩ I ′ b // B′ ∩ I ′ i−1
// A ∩ I

Green B ∩G b // B′ ∩H h // B′ ∩H ′ b // B ∩G′ g−1
// B ∩G

pink G ∩ I g
// G′ ∩ J j

// H ∩ J ′ h // H ′ ∩ I ′ i−1
// G ∩ I

black G ∩ J ′ g
// G′ ∩ I ′ i−1

// H ∩ I h // H ′ ∩ J j
// G ∩ J ′

The 2-handles that lie in the x-z plane are shown in the following picture with the table following

showing which colour corresponds to which 2-handle.
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K

H G

L

C'D'

L'

G'H'

K'

D C

Colour Equivalence Class

brown C ∩G c // C ′ ∩G g
// C ∩G′ c // C ′ ∩G′ g−1

// C ∩G

red G ∩K g
// G′ ∩ L′ l−1

// H ∩ L h // H ′ ∩K ′ k
−1
// G ∩K

blue D ∩H d // D′ ∩H h // D ∩H ′ d // D′ ∩H ′ h
−1
// D ∩H

green C ∩K ′ c // C ′ ∩ L′ l−1
// D′ ∩ L d−1

// D ∩K k−1
// C ∩K ′

pink C ∩K c // C ′ ∩ L l // D′ ∩ L′ d−1
// D ∩K ′ k−1

// C ∩K

black G ∩ L g
// G′ ∩K ′ k−1

// H ∩K h // H ′ ∩ L′ l−1
// G ∩ L

The 2-handles that lie in the y-z plane are shown in the following picture.

K

IJ'

L

E' E

K'

JI'

L'

FF'
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Colour Equivalence Class

brown F ∩ L f
// F ′ ∩ L l // F ′ ∩ L′ f−1

// F ∩ L′ l−1
// F ∩ L

red I ∩K i // I ′ ∩ L′ l−1
// J ′ ∩ L j−1

// J ∩K ′ k−1
// I ∩K

blue E ∩K e // E′ ∩K k // E′ ∩K ′ e−1
// E ∩K ′ k−1

// E ∩K

green I ∩ L i // I ′ ∩K ′ k−1
// J ′ ∩K j−1

// J ∩ L′ l−1
// I ∩ L

pink E ∩ J e // E′ ∩ I ′ i−1
// F ∩ I f

// F ′ ∩ J ′ j−1
// E ∩ J

black E ∩ I e // E′ ∩ J ′ j−1
// F ∩ J f

// F ′ ∩ I ′ i−1
// E ∩ I

Finally, the 2-handles that do not lie in any of the above three planes are shown in the following

picture.

E

C

E'

A'

A

B'

D'

F
B

C'

F'

D

Colour Equivalence Class

brown A ∩ C a // A′ ∩D d // A′ ∩D′ a−1
// A ∩ C ′ c−1

// A ∩ C

red B ∩ C b // B′ ∩D d // B′ ∩D′ b−1
// B ∩ C ′ c−1

// B ∩ C

blue A ∩ F a // A′ ∩ F f
// B ∩ F ′ b // B′ ∩ F ′ f

−1
// A ∩ F

green A ∩ E a // A′ ∩ E e // B ∩ E′ b // B′ ∩ E′ e−1
// A ∩ E

pink C ∩ E c // C ′ ∩ F f
// D′ ∩ F ′ d−1

// D ∩ E′ e−1
// C ∩ E

black C ∩ E′ c // C ′ ∩ F ′ f−1
// D′ ∩ F d−1

// D ∩ E e // C ∩ E′

The manifold M has five boundary components each of which is a closed Euclidean 3-manifold

that is an S1-fibre bundle over some (possibly non-orientable) compact surface. We have already

seen that in order to “fill in” each boundary component we need to choose translations in each

parabolic subgroup, corresponding to each cusp, that represent the S1-fibre. We have already

explicitly shown how to compute the generators of each parabolic subgroup, and then how to

identify which ones are translations. As the same technique works for any Ratcliffe-Tschantz

manifold (and more generally any non-compact finite volume hyperbolic manifold) we will just
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write down the translations we are going to use, leaving it to the interested reader to carry out

the explicit computations if they so please.

The following table shows the translations and the ideal vertices they correspond to.

Ideal vertex Filling translation

{(1, 0, 0, 0), (−1, 0, 0, 0)} c

{(0, 1, 0, 0), (0,−1, 0, 0)} a

{(0, 0, 1, 0), (0, 0,−1, 0)} e−1k−1

{(0, 0, 0, 1), (0, 0, 0,−1)} g−1l

{(±1/2,±1/2,±1/2,±1/2)} e−1h−1fg

In the above Kirby diagram the attaching locus of the 2-handles, corresponding to a boundary

filling with respect to the above translations, will consist of a line joining the 1-handles C −C ′

and A−A′, corresponding to the translations c and a respectively, one line joining E to K ′ and

another joining E′ to K, corresponding to e−1k−1. A line joining G to L and another joining

G′ to L′, corresponding to the translation g−1l, and finally four more lines with one joining E

to G, one joining E′ to H, one joining F ′ to H ′ and one joining F to G′, corresponding to the

translation e−1h−1fg. We are going to show how these added 2-handles will look like in the

above Kirby diagram, at the same time we will also show the intersection points they create

with the other planes.

The following shows the x-y plane, you can see the added 2-handle corresponding to the trans-

lation a, it is the only one that lies in the x-y plane.

I

GH

J'

A' A

J

H' G'

I'

B' B

XZ_CC'

The added 2-handles corresponding to the translations c and g−1l lie in the x-z plane and can

be seen in the following picture.
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K

H G

L

C'D'

L'

G'H'

K'

D C

The added 2-handle corresponding to the translation e−1k−1 lies in the y-z plane and can be

seen in the following picture.

K

IJ'

L

E' E

K'

JI'

L'

FF'

XY_AA'

Finally, the added 2-handles corresponding to the translations a and c can also been seen in the

diagram corresponding to the six 2-handles that do not all lie in a single plane.

E

C

E'

A'

A

B'

D'

F
B

C'

F'

D

The attaching locus of the final 2-handle we are adding, which corresponds to the translation

e−1h−1fg, lies outside the above four diagrams.

The following picture shows that part of the locus that runs between E and G
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E

D

B'

D'

F'

F

C'

A'

E'

B

C

A

I

G

K

that part of the locus that runs between E′ and H can be seen in the following picture

B'

D

E'

B

C'

F'

D'

F

A'

A

E

C

H

K

J'

that part of the locus that runs between F ′ and H ′ can be seen in the following picture

D

E

E'

C

A

B

C'

F'

D'

B'

A'

F

H'

I'

L'

and finally the part that runs between F and G′ can be seen in the following picture
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C
E

D

E'

B'

D'

F'

B

C'

A'
A

F

G'

J

L'

From these diagrams it is clear that there are a few cancellations that we can start carrying

out in order to simplify the Kirby diagram. We are going to show the explicit details of these

handle cancellations as we have been doing. Instead, let us just mention that to start with,

one can carry out some easy cancellations. For example the added 2-handle corresponding to

the translation a can be used to cancel A,A′. Similarly the added 2-handle corresponding to

the translation c can be used to cancel C,C ′. These two cancellations provide a 2-handle that

runs over B,B′ once, and one that runs over D,D′ once. Hence we can use these 2-handles to

cancel B,B′ and D,D′ respectively. It is at this point where the cancellations start to become

much more tricky. The next step one can undertake is to cancel the 1-handle K,K ′ with the

2-handle in the y-z plane whose attaching locus runs from E to K ′ and E′ to K, this is the

added 2-handle that corresponded to the translation e−1k−1. The problem with carrying out

this cancellation is that there are 2-handles in the x-z plane that run over K −K ′ in the x-z

plane. This means that when we cancel K −K ′ using the 2-handle we just mentioned, we find

that some 2-handles originally residing in x-z plane will have components that move into the y-z

plane. It is these 2-handles that move from one plane into another that make the Kirby diagram

much more complicated. Many more cancellations that one wants to proceed with also have

similar problems, and in general getting passed these complications seems to be very difficult.

We leave it to the reader to experiment for him/her-self as to how these Kirby diagrams start

to look like when one carries out such cancellations.

Although we are in a position where using Kirby calculus to try and identify the diffeomorphism

type of a boundary filling seems a daunting task, it is not so the case if instead we try and

identify the homeomorphism type. The first step in carrying out such a program is to identify

the fundamental group of the boundary filling of M (remember M denotes manifold 40). Let us

denote the boundary filling of M by M0. We already have a presentation for the fundamental

group of M0, its generators are the side pairing transformations making up M , and its relations

are given by taking the twenty four 2-handle equivalence classes of M and adding the five

relations c, a, e−1k−1, g−1l and e−1h−1fg. The addition of these five last relations allows

the presentation to be simplified greatly. The easiest way to do this is to use a computer
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program, for example one can input the presentation of M0 into the software Magma and use

the ReduceGenerators command to obtain π1(M0) = 〈e, i | e2 = i2〉. Thus we see that the

fundamental group of M0 is isomorphic to the free product Z2 ∗ Z2.

The orientable double cover is given by an index two subgroup, and any index two subgroup is

determined by a homomorphism

φ : π1(M0)→ Z2

however any such homomorphism is completely determined by where it sends the generators e

and i. This leaves us with three choices:

• φ(e) = 1 and φ(i) = 0

• φ(e) = 0 and φ(i) = 1

• φ(e) = 1 and φ(i) = 1

In the case that the index two subgroup corresponds to an orientable double cover we know

that the homomorphism φ maps all orientation preserving isometries to 0 and all orientation

reversing ones to 1. In our case it is not hard to see that both e and i are orientation reversing,

hence the homomorphism that corresponds to our case is number 3. It is clear that such a

homomorphism has kernel generated by the product ei, hence is infinite cyclic. We are therefore

able to conclude that M0 has orientable double cover M̃0 with π1(M̃0) ∼= Z. In order to identify

the homeomorphism type of M̃0 we need a theorem of A. Kawauchi, see [13].

Theorem 4.3.1 (A. Kawauchi). A smooth closed 4-manifold M with infinite cyclic fundamental

group is homeomorphic to S1 × S3#M ′, where M ′ is a closed simply connected 4-manifold.

We would like to point out that the theorem is not true if the initial 4-manifold M is not

assumed to admit a smooth structure. A very nice counter example to this case is in the paper

[7]. In our case this is not a problem as it is clear from construction that both M0 and hence

M̃0 have smooth structures.

Appealing to the above theorem we can conclude that M̃0 is homeomorphic to the connected

sum S1×S3#M ′ for some closed simply connected manifold M ′. What can M ′ be? Recall that

filling in a manifold with boundary a compact Euclidean 3-manifold does not change the Euler

characteristic. As all the Ratcliffe-Tschantz manifolds have Euler characteristic one, it follows

that M0 has Euler characteristic one and hence M̃0 has Euler characteristic two. The reader

can check that S1 × S3 has Euler characteristic zero, combining this with what we just said we

obtain the following equation

2 = χ(M̃0) = χ(S1 × S3) + χ(M ′)− 2
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from which we can conclude χ(M ′) = 4. Applying the classification theorem on the homeo-

morphism type of a smooth simply connected 4-manifold by Freedman and Donaldson (see [18]

p.244, see also [6] and [5]), we can conclude that M ′ is homeomorphic to S2 × S2, CP2#CP2,

CP2#CP2 or CP2#CP2 (in fact, using the signature theorem one can always rule out the pos-

sibility of CP2#CP2 or CP2#CP2, see next chapter). The key to deducing the homeomorphism

type of M ′ rests on knowing that the orientable double cover M̃0 admits a spin structure. The

way to see this is to proceed as in the case of the orientable double cover of manifold 1011.

One constructs the Kirby diagram associated to the orientable double cover of M , then shows

that there exists a system of reference arcs, which can be used to transform the Kirby diagram

of the orientable double cover in to dotted circle notation such that each 2-handle transforms

in to a knot with framing coefficient an even integer. One then shows the 2-handles that need

to be added in order to carry out the filling process will also transform to knots with framing

coefficient an even integer. We will not give the details of this process as it is exactly analogous

to what we did for manifold 1011 (see section 4.1). This then allows us to conclude that the

filling M̃0 must be spin, and hence that M ′ must be homeomorphic to S2 × S2.

Theorem 4.3.2. The manifold numbered 40 in the Ratcliffe-Tschantz census has orientable

double cover a 7-cusped hyperbolic 4-manifold that is a complement in a 4-manifold that is

homeomorphic to (S1 × S3)#(S2 × S2).
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Chapter 5

Hyperbolic link complements in

#rCP2#sCP2

In the previous chapter we witnessed the construction of hyperbolic link complements in closed

4-manifolds that were topologically given by #2k(S
2 × S2), for k > 0. The identification

proceeded via three steps, the first involved using the classification theorem of S. Donaldson

and M. Freedman to give a finite list of manifolds, for each Euler characteristic, which we could

choose from. The second step involved refining this list to have fewer possible choices by proving

that the fillings we were dealing with had to admit a spin structure. The third and final step

involved a further refinement by the understanding that the fillings also had to have vanishing

signature. The need for the second step was primarily to do with the fact of understanding

whether the manifolds we were dealing with could have the topological type of #rCP2#sCP2.

As the manifolds we were dealing with were all spin, and all the manifolds #rCP2#sCP2 are

not, we could cross these off our list. This brings forth the question of whether a manifold

that is homeomorphic to #rCP2#sCP2 could have a link complement that is hyperbolic? In

this brief chapter we take up this question and show that a sufficient condition for such a link

complement to exist is that r = s. The proof is not at all difficult and is based on the signature

type argument we invoked in the previous chapter.

To make this chapter self-contained we will recall the theorems, used in the previous chapter,

about the signature of a non-compact orientable finite volume hyperbolic 4-manifold.

The starting point was to use the following theorem of D. Long and A. Reid that involves

a formula for computing the signature of a non-compact orientable finite volume hyperbolic

4-manifold in terms of the eta invariant.

Theorem 5.0.3. Let M be a non-compact orientable finite volume hyperbolic 4-manifold. Then

σ(M) = η(∂M), where σ denotes the signature and η is the eta invariant.
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The proof of this theorem can be found in [16] Theorem.2.1, p.173-174. As we did in the previous

chapter, we mention that the above theorem is a special case of a more general theorem proved

by M.F. Atiyah, V.K. Patodi and I.M. Singer. Namely, they prove a general signature formula

for a 4k-dimensional manifold with boundary see [2] Theorem.4.14, p.66. The proof of Long

and Reid involves using the formula constructed by Atiyah, Patodi and Singer together with

a theorem of Chern, which states that the Pontryagin classes of a hyperbolic manifold must

vanish (see [4]), and some fine analysis to do with horoball neighbourhoods about each cusp

cross-section of the hyperbolic 4-manifold.

The main importance of the above theorem is that it pushes the computation of the signature to

the computation of the eta invariant of the cusp cross sections of the manifold. The cusp cross

sections of a non-compact orientable finite volume hyperbolic 4-manifold fall into six classes,

coming from the fact that there are six isometry classes of orientable closed flat 3-manifolds.

We denoted these six classes by A, B, C, D, E, F (or in Wolf’s notation by G1, G2, G3, G4, G5,
G6). Therefore in order to understand the signature of a non-compact orientable finite volume

hyperbolic 4-manifold one needs to understand what the eta invariant of the above six classes

of flat 3-manifolds are.

The computation of the eta invariant for these six classes of flat 3-manifolds can be found in

[19] Example 1, p.128. The following proposition gives the values of the eta invariant for these

six classes.

Proposition 5.0.4.

η(A) = 0

η(B) = 0

η(C) = −2
3

η(D) = −1

η(E) = −4
3

η(F) = 0

From the classification theorem (see [22] Theorem.3.5.5, p.117) it is known that only A and B

are S1-fibre bundles over a compact surface, with A being a 3-torus fibering over a 2-torus and

B fibering over a Klein bottle. As we are only interested in link complements we need only

worry about the eta invariant of A and B. Using the above proposition we obtain the following

corollary.
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Corollary 5.0.5. Let M be an orientable non-compact finite volume hyperbolic 4-manifold with

cusp cross sections of type A or B. Then σ(M) = 0.

From now on we assume M is a non-compact finite volume hyperbolic 4-manifold with cusp

cross sections of type A or B. When we construct a filling of M we are gluing in disk bundles

associated to the cusp-cross sections of type A or B. These disk bundles also have vanishing

signature, hence the filling of M is made up from a collection of 4-manifolds each having

vanishing signature.

Appealing to the following theorem of S. Novikov (see [15] Thm.5.3, p.27)

Theorem 5.0.6. Let M and N be two oriented 4n-dimensional manifolds such that ∂M = ∂N .

Then σ(M ∪∂ N) = σ(M) + σ(N), where M ∪∂ N denotes M glued to N along the common

boundary.

We can conclude that the signature of such a filled in manifold must be zero. This allows one to

deduce a simple restriction on such complements residing in a manifold that is homeomorphic

to #rCP2#sCP2.

Theorem 5.0.7. Let M be a non-compact finite volume hyperbolic 4-manifold with cusps of

type A or B. Suppose M is a complement in the connected sum #rCP2#sCP2. Then we must

have that r = s.

Proof. If M is a complement in #rCP2#sCP2, then the filling of M must be #rCP2#sCP2.

However, the filling of M must have signature zero. This can only happen if r = s.

This theorem together with the work we did in the previous chapter (see 4.2) gives necessary

conditions on those smooth simply connected closed 4-manifolds that admit a hyperbolic link

complement.

Theorem 5.0.8. Let M be a smooth closed simply connected 4-manifold that has a link com-

plement that admits a finite volume hyperbolic geometry. Then the homeomorphism type of M

falls into one of the following three categories:

• S4

• #k(S
2 × S2), k > 0.

• #kCP2#kCP2, k > 0.
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