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Abstract Emergent macroscopic descriptions of matter,
such as hydrodynamics, are central to our description of
complex physical systems across a wide spectrum of energy
scales. The conventional understanding of these many-
body phenomena has recently been shaken by a number
of experimental findings. Collective behavior of matter has
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been observed in mesoscopic systems, such as high-energy
hadron–hadron collisions, or ultracold gases with only a few
strongly interacting fermions. In such systems, the separa-
tion of scales between macroscopic and microscopic dynam-
ics (at the heart of any effective theory) is inapplicable. To
address the conceptual challenges that arise from these obser-
vations and explore the universality of emergent descriptions
of matter, the EMMI Rapid Reaction Task Force was assem-
bled. This document summarizes the RRTF discussions on
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recent theoretical and experimental advances in this rapidly
developing field. Leveraging technological breakthroughs in
the control of quantum systems, we can now quantitatively
explore what it means for a system to exhibit behavior beyond
the sum of its individual parts. In particular, the report high-
lights how the (in)applicability of hydrodynamics and other
effective theories can be probed across three principal fron-
tiers: the size frontier, the equilibrium frontier, and the inter-
action frontier.
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1 Science and motivation of the RRTF

1.1 The physical world seen through the lens of emergent
phenomena

A recurring and yet profound theme in physics is that simple,
elegant laws often enable us to transcend the extraordinary
complexity of the physical phenomena that we observe in our
universe. From the shape of atomic nuclei to the evolution of
matter in galaxies, our description of natural phenomena is
expressed in the language of emergent collective phenomena,
that is, effective theories, such as thermodynamics or hydro-
dynamics, that summarize the behavior of complex many-
body systems in terms of a few macroscopic variables. Build-
ing on universal notions such as symmetry and conservation
laws, the simplifications brought by effective descriptions of
matter are not mere approximations. They often capture phe-
nomena that become manifest only when a system becomes
complex enough. In 1972, P. W. Anderson famously stated
that More is different [1], which encapsulates the idea that
adding more particles to a system does not merely scale up
its behavior, but can fundamentally change it, creating new
kinds of patterns that are invisible in the constituent parts.

Today, we are in a unique historical moment. Thanks to
recent technological breakthroughs that allow the prepara-
tion and manipulation of quantum systems under controlled
conditions, we are in a position to take Anderson’s maxim as
the trigger for a new program of quantitative research. With
tools ranging from quantum simulators and ultracold atoms
to high-energy collider experiments, we can engineer sys-
tems where the notion of more can be tuned systematically.
We can incrementally add complexity, control the strength
and nature of interactions, break scale separations, and ulti-
mately observe in real time how different emerges or fails to
emerge. The experimental findings in mesoscopic systems
are challenging the textbook knowledge of hydrodynamics
and the microscopic interpretation of transport phenomena.
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Therefore, the ability to dissect the emergence of a col-
lective behavior opens a new avenue of research. The precise
understanding of the boundaries of validity of effective the-
ories, or what governs the transition between microscopic
chaos and macroscopic order, now become the subject of
data-driven inquiry. Once more, this does not simply amount
to testing equations, but rather to thoroughly assessing what
it means for something to be more than the sum of its parts.

This fresh and ambitious perspective motivated the for-
mation of the EMMI Rapid Reaction Task Force (RRTF)
Deciphering many-body dynamics in mesoscopic quantum
gases, whose discussions took place at Heidelberg Univer-
sity in March 2024 [2]. This document is the summary of the
workshop, presenting central ideas from this emerging area
of research, which we believe holds the promise of estab-
lishing a new frontier within the discipline of physics as a
whole.

1.2 Hydrodynamic behavior across the temperature
spectrum: from the ultrahot QGP to ultracold atoms

The focus of the RRTF was largely on the emergence of
hydrodynamics as an effective collective description of mat-
ter. Hydrodynamics provides a powerful framework to encap-
sulate the complex dynamics of a system of essentially infi-
nite constituents into simple equations that are based solely
on scale separation and conservation laws [3]. The univer-
sal character of the hydrodynamic description is particularly
striking in the two extreme regimes of quantum matter dis-
cussed below.

Around the start of the new century, discoveries of two
new states of matter were announced: (i) the experimental
realization of a Bose–Einstein condensate (BEC), enabled by
advances in the cooling and manipulation of atoms in table-
top setups [4,5], and (i i) the experimental evidence of the
formation of a quark-gluon plasma (QGP) [6–9] following
the start of the high-energy nuclear collision program at the
BNL Relativistic Heavy Ion Collider (RHIC).

Remarkably, both systems have become platforms for
testing the universality of the hydrodynamic description in
extreme conditions, as illustrated in Fig. 1 [10,11]. Both
ultracold atomic gases and the quark-gluon plasma are sys-
tems with a relatively small number of constituents, typically
N ≈ 104−106, which is much smaller than Avogadro’s num-
ber, N ≈ 1023. On the other hand, these systems probe oppo-
site extremes of the temperature scale: trillions of kelvin for
the QGP, while ultracold gases are cooled to the nanokelvin
regime.

Heavy-ion collisions. In collisions of heavy nuclei at ultra-
relativistic energies, an exotic state of matter known as the
QGP is created in which quarks and gluons (collectively
known as partons) are no longer confined in hadrons [17,18].

Fig. 1 Signatures of emergent hydrodynamic behavior are observed in
microscopic systems ranging from ultracold to ultrahot temperatures.
While first established in large systems with tens of thousands of con-
stituent particles, recent experiments imply the emergence of collective
phenomena in the mesoscopic regime. In all cases, emergent collec-
tive behavior has been signaled by the observation of interaction-driven
elliptic flow. Figure elements adapted from Refs. [12–16]

During the initial stages of a heavy-ion collision, the system
is characterized by an inhomogeneous initial energy density
resulting from the random positions of the colliding protons
and neutrons (nucleons) within the incoming nuclei. This
initial energy distribution rapidly evolves into a QGP phase,
which then continues to cool and expand, ultimately transi-
tioning to a gas of hadrons that fly to the detectors of the
experiment.

In these collisions, the overlap region of the two nuclei
is typically not rotationally symmetric in the plane trans-
verse to the beam axis. To first order, the overlap region can
be described by an almond shape or ellipse, given by the
geometric (optical) overlap of the nuclei (see the sketch in
the upper part of Fig. 1). Because of this, pressure gradients
build up in the QGP in an anisotropic fashion, causing emit-
ted particles to be boosted preferentially along some direc-
tion dictated by the asymmetry of the initial density profile.
Therefore, initial asymmetry in position space converts into
anisotropy in momentum space [19]. For an initially ellipti-
cal shape, this corresponds to the elliptic flow phenomenon,
which was the main discovery of the heavy-ion program at
the RHIC [20,21]. This discovery was later confirmed at the
Large Hadron Collider (LHC) [22]. The quantitative anal-
ysis of the transverse expansion of the fireball created in a
heavy-ion collision is based on the flow coefficients vn(pT ),
defined by

p0
dN

d3 p

∣
∣
∣
∣
pz=0

= p0
dN

πdp2
T dpz

∣
∣
∣
∣
∣
pz=0

(

1 + 2v1(pT ) cos(φ − �1) + 2v2(pT ) cos(2(φ − �2)) + . . .
)

. (1)

Here, pz is the momentum in the beam direction, pT is the
transverse momentum, and φ is the angle in the transverse
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plane relative to the direction of the impact parameter. The
coefficient v2 is referred to as elliptic flow, and the higher
moments are termed triangular, quadrupolar flows, etc. [23].
The flow angles �i take into account the fact that the flow
angles need not be aligned with the impact parameter plane.
Alternatively, the harmonic flows can be studied by Fourier
decomposition of the two-particle correlation function. As
depicted in the upper right corner of Fig. 1, the modulations
in the relative azimuthal angle �φ that are long-range in the
longitudinal angle (pseudorapidity) �η are interpreted as the
hydrodynamic response to the initial spatial deformations.

Substantial elliptic flow, reaching about v2(pT = 2 GeV)

� 20% in semi-central collisions, was observed in the early
data from RHIC, and interpreted as the consequence of nearly
ideal hydrodynamic expansion driven by the pressure gradi-
ents in the almond-shaped overlap region of the two nuclei
[24]. Later, it was realized that fluctuations in the positions of
the initial nucleon–nucleon collisions lead to non-elliptical,
higher-order shapes of the initial energy density distribution,
which are the source of the substantial higher harmonics,
including odd Fourier moments such as v3 [25], that are
observed experimentally.

The quantitative analysis of the flow data is based on rel-
ativistic fluid dynamics, combined with models of the ini-
tial state, and kinetic theories that describe the evolution of
the hadronic phase after the quark gluon fluid freezes out
[26,27]. These studies show that some amount of dissipa-
tion is needed to describe the data. In particular, a nonzero
shear viscosity is required to understand the pT dependence
of elliptic flow, the relative magnitude of higher flow har-
monics, and the evolution of flow in going from semi-central
to peripheral collisions. Recent Bayesian studies find that
the ratio of shear viscosity to entropy density near the decon-
finement transition is η/s � 0.15, with uncertainties of order
50% [28–32]. Remarkably, this value is just above the value
found in infinitely strongly interacting quantum field theories
[33].

Ultracold atomic gases. Shortly after the discovery at RHIC,
large elliptic flow was also observed in a completely different
system: ultracold atomic Fermi gases in which the interac-
tion between the atoms has been tuned to the limit of infinite
scattering length. In the original setup, atoms were optically
trapped in a deformed potential. The experiment then studied
the time evolution of the aspect ratio AR = (〈x2

T 〉/〈z2〉)1/2

after release from the trap [14]. Elliptic flow is reflected in
a shape inversion from AR < 1 at early time to AR > 1
at late time (see lower right corner of Fig. 1). These experi-
ments provide a more direct observation of pressure-driven
collective flow than the heavy-ion experiments, because we
can study the entire time evolution including the initial state,
and do not have to rely solely on the observation of final-state
particles.

The Fermi gas experiments have been analyzed using
viscous fluid dynamics. As in the heavy-ion case, the data
require some viscosity to be present. At unitarity, where the
system is expected to be scale-invariant, the data favor a
nonzero shear viscosity but vanishing bulk viscosity [34].
An important consistency check for the flow analysis is that
one can show that the high-temperature limit of the viscos-
ity, η = (0.265±0.020)(mT )3/2 [35], agrees very well with
the kinetic theory prediction η = 15/(32

√
π)(mT )3/2 [36].

This result increases our confidence in the determination of
the shear viscosity near the critical temperature for superflu-
idity, which is found to be η/s � 0.5±0.1 [35]. Considerable
uncertainty remains regarding the behavior of the viscosity
below Tc. Elliptic flow experiments indicate that the viscosity
drops below Tc [37], but this result is not consistent with the
expectation from kinetic theory [38], nor does it agree with
experimental studies of sound attenuation below Tc [39]. The
most recent generation of Fermi gas experiments is based on
“box traps” that enable experiments on a uniform Fermi gas.
This avoids difficulties related to the theoretical treatment of
the dilute corona of a trapped Fermi gas. A number of groups
have performed linear response and collective mode exper-
iments on uniform Fermi gases; see [39–43]. These experi-
ments enable the separate extraction of shear viscosity and
thermal conductivity, and provide access to the full set of
transport coefficients in the superfluid phase. Linear response
experiments can map the full response as a function of wave
number, and shed light on the breakdown of hydrodynamics
at short wavelengths.

1.3 The small system revolution

In 2010, the observation of anisotropic flow in the form of
long-range azimuthal correlations of final-state hadrons had
been viewed for a decade as a signature of the formation
of strongly interacting fluid-like medium in heavy-ion col-
lisions. It was a striking surprise that the first LHC results
obtained in p+p collisions [13] and later in p+208Pb col-
lisions [44] also showed evidence of the same behavior.
Namely, pairs of particles were correlated in azimuthal angle
(φ) despite being separated in the longitudinal direction by a
large pseudorapidity (η) gap; see the ridge structures in the
two-particle correlation functions displayed in the top row of
Fig. 1. Originally, small collision systems were meant to pro-
vide a baseline of cold-matter effects that one could compare
nucleus–nucleus collisions to. It was indeed entirely unex-
pected that collective flow phenomena may become manifest
in systems that are in principle too small to produce a QGP
[45,46], or to build up a flow field defined by a global plane
of symmetry.

These observations have naturally triggered a vast research
program. Detailed measurements of vn coefficients have
since then been made across a wide range of system
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sizes, including light–heavy ion collisions at RHIC (such as
d+Au, 3He+Au [47,48]), with more expected to come from
the recent light-ion collisions at LHC (p+16O, 16O+16O,
and 20Ne+20Ne collisions [49,50]). On the side of theory,
phenomenological models that implement a hydrodynamic
description of p+p or p+A collisions have been able to
explain the observed trends in the data, confirming the quali-
tative evidence that the observed flow anisotropies emerge as
a response to the geometry of the initial conditions of these
systems [51]. In addition, remarkable progress has been made
in elucidating the applicability of hydrodynamics under con-
ditions that extend beyond those dictated by conventional
textbook criteria [52,53].

Fifteen years later, the interpretation of flow-like signals
in small collision systems remains a very active area of
research and development [45,54,55]. These findings give
evidence of emergent collective behavior, largely consistent
with hydrodynamic expectations, in experimental conditions
where such an effective description should not work. How-
ever, understanding the detailed dynamical processes that
lead to emergent collective behavior in a collider experiment
is hard, as one has only limited control of the system that is
produced, because variables such as the impact parameter of
the collisions or the degree of anisotropy of the initial condi-
tions cannot be directly controlled. In this respect, the unique
capabilities of experimental platforms with cold atomic gases
help fill an important gap. As we shall see, they enable us to
address the emergence of collective phenomena under condi-
tions that are fully tunable. For instance, in the experiments
performed at Heidelberg University [15], discussed in the
next sections, evidence of elliptic flow has been reported in
systems made of as few as 10 fermions, as depicted in the
lower left corner of Fig. 1, with tunable initial geometry and
interaction strength.

1.4 Breaking textbook criteria: scale analysis

As this work focuses on high-temperature QCD matter
(QGP) and ultracold quantum gases, it is worth drawing a
parallel between these two areas and providing more quanti-
tative arguments through a scale analysis to clarify what we
mean by a small system puzzle in both fields.

Ultrahot quark-gluon plasma.
The matter formed in the overlap of two nuclei at high

energy appears to reach a state close to local thermal equi-
librium which enables a hydrodynamic description. This is
reached within the first O(1) fm/c of the collision, a scale
much shorter than the typical system size, which is O(10)

fm. This separation of scales ensures that the system reaches
local equilibrium before it breaks apart because of transverse
expansion.

Another way to see this is by considering that the QGP
behaves like a collisional fluid. In the non-relativistic limit,
its dynamics is governed by the Navier–Stokes equation
(neglecting the bulk viscosity for simplicity),

ρ
dv
dt

= −∇P + η∇2v, (2.34)

where ρ is the mass density, d/dt = (
∂
∂t + v · ∇)

, P is the
pressure, and η is the shear viscosity parameter, which is
zero for an ideal fluid. The viscous correction acts against the
effect of the pressure gradient. A hydrodynamic description is
meaningful as long as these corrections are small compared to
the acceleration term that comes from the pressure gradients.
This is equivalent to

Kn ≡ η

ρ v

1

R
	 1, (2)

where R is the system size and v is the typical thermal veloc-
ity. This quantity is also known as the Knudsen number,
defined as the ratio between the mean free path in the gas
(λ = η/(ρ v)) and the macroscopic size of the system (R).

In relativistic systems, the corresponding control param-
eter of viscous corrections is [56]

Kn = η

sT

1

R
, (3)

where η/s is the ratio of shear viscosity over entropy, which
is constant in conformal systems. The characteristic temper-
ature of QGP for a fixed-size system can be related to the final
number of charged hadrons Nch ∝ T 3 measured perpendicu-
lar to the beam axis over the finite window of the longitudinal
angle [57]. Therefore, parametrically, the Knudsen number
scales with the number of particles as

Kn ∼ N−1/3
ch . (4)

More detailed analysis by Teaney in [57] for a relativistic
system shows that viscous corrections are controlled by the
opacity χ ∼ Kn−1 of the system. For favorable experimen-
tal conditions such as in large nuclei collisions at top LHC
energy, and for η/s ≈ 0.16, one has χ ≈ 3. While this
is reasonably larger than unity, one generally does not have
the strong separation of scales underlying everyday classical
fluids. For this reason, we often refer to the hydrodynamic
description of the QGP as unreasonably effective.

How about small systems? The dramatic reduction in sys-
tem size implies that one cannot talk anymore about a sepa-
ration of scales. The size of the system is of the same order as
the time that is needed to locally equilibrate. Recent kinetic
theory calculations [57–60] indeed suggest that there is no
scenario in which a system as small as that formed in pp
collisions can reach local equilibrium before breaking apart
under the effect of the transverse expansion.
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Ultracold atom gases.
We perform a similar analysis in the context of ultra-

cold quantum gases. We consider systems of bosons (or
paired fermions) at T = 0 that belong to a condensate state.
The standard formalism describing the emergent fluid-like
dynamics of the field representing the macroscopic conden-
sate wave function corresponds to the Gross–Pitaevskii equa-
tion (GPE [61]), that is,

i h̄
∂ψ

∂t
=

(

− h̄2

2m
∇2 + Vext(r) + g|ψ |2

)

ψ. (5)

Here, g = 4π h̄2as/m is the interaction strength, as is the s-
wave scattering length parameter, m is the boson mass, and
Vext is the external trapping potential. The particle density is
n = |ψ |2.

Analogously to the Navier–Stokes hydrodynamics dis-
cussed above, the ideal hydrodynamics is recovered in the
limit where the kinetic term, which contains an additional
gradient of the density, is negligible compared to the inter-
action term, i.e., Thomas–Fermi condition [61]. The result-
ing macroscopic description is typically referred to as super-
fluid hydrodynamics, which differs from the usual collisional
hydrodynamics derived from kinetic theory. If the quantum
pressure term is not neglected, solving the GPE amounts to
finding the solution to a second-order fluid dynamical prob-
lem. In either case, the validity of the GPE is only granted if
a diluteness condition applies to the system under consider-
ation,

na3
s 	 1, (6)

implying a scale separation between the typical distance asso-
ciated with particle interactions (as) and the particle spac-
ing, n−1/3. This condition ensures that only two-body local
interactions contribute to the Hamiltonian. Note that dilute-
ness should still be accompanied by a well-defined notion
of a condensate made of a macroscopic number of bosons,
N � 1.

Therefore, even at zero temperature, both a large number
of constituents and a strong separation of scales in place are
required to warrant a macroscopic description based on the
GPE. Corrections to the Thomas–Fermi limit scale with the
ratio of the boundary region (healing length ξ ∼ μ−1/2) to
the size of the cloud, ξ/R ∼ μ−1 ∼ N−2/(D+2). There-
fore, we conclude that the superfluid limit should be reached
faster in lower dimensions. For the applicability of ordinary
hydrodynamics, we can consider how the mean free path and
the system size scale with the particle number in a harmonic
trap. The typical size is given by the Thomas–Fermi radius
R ∼ μ1/2 ∼ N 1/2D , where the chemical potential for a
trapped degenerate Fermi gas scales as μ ∼ N 1/D [62]. At
resonant scattering, the mean free path λ ∼ n−1/D is given by
the average particle spacing [63], where n ∼ N/RD ∼ N 1/2

denotes the peak number density in the system. In this unitary
regime, the Knudsen number scaling thus simplifies to

Kn ∼ N−1/D, (7)

which agrees with the scaling in relativistic systems in Eq. 4
for D = 3. We conclude that for the same number of atoms in
a trap, the ordinary fluid dynamic behavior would be reached
faster for D = 2.

How about small systems? They are rather new in the field
of cold atoms but are nevertheless expected to attract growing
attention, due to recent technological breakthroughs enabling
single-atom-resolved imaging [64], as well as deterministic
control over their numbers (down to one atom) and interac-
tions. For the experiments conducted at Heidelberg Univer-
sity discussed later in this manuscript, all the features of the
quantum problem (number of quanta, interaction strength,
system geometry) can be deterministically controlled down
to a single atom. A first campaign of searches for hydrody-
namic behavior has established that elliptic flow, v2, is promi-
nent in a strongly interacting Fermi gas at zero temperature
with only 10 atoms [15]. The emergence of GPE-type dynam-
ics has yet to be thoroughly assessed. These experiments are
devised with the specific purpose of breaking a separation of
scales: the scattering length is tuned to be of the same order as
the mean free path and system size, dictated by the trapping
potential. In addition, the small number of quanta should rule
out any mean-field-based picture. The observation of emer-
gent hydrodynamic behavior in these system thus opens a
new small system puzzle at ultracold temperatures.

A new beginning. In summary, on the side of high-energy
collisions and the study of ultrahot QCD matter, we have
data from a comprehensive program of experiments related
to collectivity phenomena across different energies and sys-
tem sizes, from large to small. At the same time, on the side
of ultracold gases, we now have the tools to engineer quan-
tum systems with fully tunable setups where the standard
conditions of many-body theories are violated.

All in all, this reinforces our initial claim that the physics
community as a whole is in a unique position to study the
validity of notions and effective descriptions of matter that
have been central to the understanding of macroscopic phys-
ical phenomena for decades, if not centuries. This calls for
a better understanding of the limitations of textbook criteria
based on scale separation, as well as new ideas to develop
modern definitions of terms such as hydrodynamics or col-
lective behavior. This is the motivation driving the EMMI
RRTF discussions and the writing of this report, which con-
tinues previous EMMI-supported efforts of connecting the
two fields [65], albeit focusing on a completely new direc-
tion of investigation.
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1.5 Structure of the report

This document is not intended to be a comprehensive review,
but rather as a survey of perspectives, which hopefully pro-
vides a sufficiently diverse snapshot of current outstanding
questions while emphasizing relevant future research direc-
tions. The report is divided into two parts.

Cold atoms. In the first part, Sect. 2, we discuss the status
and prospects of collectivity studies using different ultracold
atom systems. Particular emphasis is on the applicability of
many-body physics in mesoscopic systems. We start with
Sect. 2.1, where we present remarkable results indicating
that for some static properties of Fermi gases, two-body sys-
tems already present features experimentally observed in the
many-body limit. Along this line, we present further experi-
mental and theoretical perspectives.

• Experiment – In Sect. 2.2 we provide an overview of
experimental platforms that probe the collective dynam-
ics at different extremes. Section 2.2.1 presents the obser-
vation of elliptic flow in the 5 + 5 atom system. Sec-
tion 2.2.2 explores the applicability of hydrodynamics at
high frequencies and short distances. Section 2.2.3 dis-
cusses the emergence of hydrodynamics with increasing
interaction strength. Sections 2.2.4, 2.2.5 present two new
cold-atom platforms that are currently being developed,
using different isotopes or atom species mixtures to study
emergent collective phenomena.

• Theory – The theoretical perspectives are given in
Sect. 2.3. In Sect. 2.3.1 we discuss the state of the art of
exact few-body computations. Section 2.3.2 presents the
fluid dynamic interpretation of the elliptic flow obser-
vations discussed in Sect. 2.2.1. Section 2.3.3 presents
variational methods for solving few-body systems, while
Sect. 2.3.4 is the theoretical counterpart to Sect. 2.2.2.
Sections 2.3.5, 2.3.6 discuss the far-from-equilibrium
behavior of cold atomic gases, as the interplay of
exponentially decaying non-hydrodynamic modes and a
hydrodynamic attractor component. Finally, Sect. 2.3.7
discusses thermalization in a few-body system from the
perspective of entanglement entropy.

Heavy ions. The second part of the report, Sect. 3, briefly
addresses the same types of issues from the perspective of
high-energy nuclear and hadron collisions. Contrary to the
field of cold atoms, small system collectivity in high-energy
collisions has been an important topic of research and debate
for a number of years, and we refer to existing comprehensive
reviews for broader perspectives on the topic [45,46,54,55].

• Experiment – We summarize the current puzzle on small
system collectivity in high-energy collisions in Sect. 3.1,

while Sects. 3.2.1, 3.2.2 give experimental prospects on
upcoming measurements.

• Theory – We address questions related to the ther-
malization of the QGP within the framework of the
hydrodynamic attractors in Sect. 3.3.1, as well as recent
insights into novel probes of the quantum entanglement
of hadrons in ultra-peripheral collisions in Sect. 3.3.2.

Finally, in Sect. 4 we recap the rationale of the RRTF and
its driving questions, and outline future research directions.

2 Status and prospects with ultracold atomic gases

2.1 Apparent applicability of many-body physics with few
atoms. Importance of two-body physics

It is well established that few-body problems can provide
important insights into non-relativistic quantum many-body
systems. A prominent example is the fractional quantum Hall
effect, which was explained by Laughlin using a wave func-
tion based on a near-exact solution of the electronic three-
body problem [66]. Similarly, the development of the theory
of superconductivity relied on the understanding provided
by the Cooper pair problem, which involved two interacting
electrons above an inert Fermi sea.

Most recently, investigations with ultracold atomic gases
have suggested that the properties of strongly interacting two-
component (↑,↓) Fermi systems can be extracted from just
a small number (≤ 10) of fermionic atoms [67,68]. Indeed,
experimental studies of the one-dimensional (1D) Fermi gas
in the limit of large spin imbalance have observed a fast
convergence of the interaction energy to the predicted many-
body limit [69] for remarkably few fermions [67]. This has
been further bolstered by follow-up theoretical works on 1D
Fermi gases showing a similarly fast convergence with parti-
cle number for arbitrary polarization and interaction strength
[70,71], and there are indications that the behavior of two-
dimensional Fermi gases can also be captured by a few par-
ticles [68,72].

Here we review the case of the three-dimensional (3D)
two-component Fermi gas, as depicted in Fig. 2, where the
short-range interactions are parameterized by a single length
scale—the two-body s-wave scattering length a. In the uni-
tarity limit a → ±∞, the interaction length scale drops
out of the problem, yielding a paradigmatic example of a
universal strongly correlated system [73–76]. The lack of a
small parameter at low temperatures T also makes the uni-
tary Fermi gas challenging to describe theoretically. On the
other hand, the few-body physics at unitarity is more tractable
and has been studied extensively (see, e.g., Ref. [77] and
references therein). Furthermore, our understanding of the
regimes surrounding the unitary Fermi gas in the strongly
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Fig. 2 Regimes of the two-component 3D Fermi gas, with density
parameterized by the Fermi momentum kF and Fermi temperature TF .
In the BCS regime 1/kFa → −∞, there are weakly bound pairs of
↑ and ↓ fermions at low temperature T 	 TF , while the opposite
regime 1/kFa → ∞ corresponds to tightly bound ↑↓ bosons that
can form a Bose–Einstein condensate (BEC). In the high-temperature
regime,T � TF , the system is a weakly degenerate quantum fluid whose
properties are governed by few-body clusters. The strongest correlations
occur at unitarity 1/kFa = 0, making the low-temperature unitary
Fermi gas (region enclosed by dashed line) challenging to model

correlated quantum degenerate limit is heavily based on few-
body physics (Fig. 2): from pairing at the Fermi surface in the
Bardeen–Cooper–Schrieffer (BCS) limit and Bose–Einstein
condensation of tightly bound pairs in the BEC limit, to the
high-temperature case where we have a weakly degenerate
quantum fluid whose deviations from Boltzmann statistics
are determined by few-body virial coefficients [78]. There-
fore, it is natural to ask whether the few-body limit can yield
quantitative insight into the ground state of the unitary Fermi
gas. We address this question by following the treatment in
Ref. [79], which illustrates how many-body physics seems
to emerge from a few atoms.

We focus on the most symmetric scenario of an N -fermion
system with equal numbers of each spin, i.e., N↑ = N↓ =
N/2, and equal masses m↑ = m↓ ≡ m. To connect the
results of few-body calculations with many-body physics,
one needs to consider particles confined to a finite volume,
such that the few-body system has an effective density. This
can, for instance, be achieved by applying an isotropic har-
monic potential V (r) = 1

2mω2r2, where ω is the trapping
frequency. An appealing approach, carried out in Ref. [79],
is to then apply the local density approximation (LDA) “in
reverse,” in the sense that we infer the uniform-space thermo-
dynamic properties from those of the trapped system. Within
the LDA, one assumes that the system adiabatically adjusts
to a local chemical potential μ(r) = μ − V (r) [80], where
the global chemical potential μ = ∂E

∂N is derived from the
total energy E of the trapped gas.

Of particular interest is the so-called Bertsch parameter ξ

[81], a dimensionless quantity which, due to scale invariance,
allows one to relate the ground-state properties of the non-
interacting and unitary gases. For instance, in uniform space,
we have the chemical potential μ = ξEF , where the Fermi

energy EF = k2
F/2m and Fermi momentum kF correspond

to those for a non-interacting Fermi gas of the same density.
Using the LDA then yields E = √

ξE0 in the trapped system,
where E0 = ω

4 (3N )4/3 is the energy of the non-interacting
Fermi gas within the LDA. In principle, one can extract the
Bertsch parameter directly from the energy of the trapped
few-body system using ξ = (E/E0)

2. However, in order to
minimize the effects due to the shell structure and zero-point
energy, it is convenient to subtract and add the exact non-
interacting energy ENI for the N -body system, yielding ξ =
[1 + (E − ENI)/E0]2 [79]. Here, ENI → E0 in the limit N �
1.

The results of this analysis are shown in Fig. 3(a) up
to N = 10, where the few-body results are taken from
Refs. [82–84]. Remarkably, we see that the two-body system
already gives a Bertsch parameter that is close to the experi-
mentally determined many-body limit of ξ = 0.376(4) [85]
(see also QMC [86]). As N is increased, there are only small
changes in ξ , with some oscillations and shell effects still
present.

Another key parameter of the unitary Fermi gas is the con-
tact [87,88], which gives a measure of the pair correlations
at short distance. In the trapped system, this takes the form
[77]

C = −4πm

(
∂E

∂a−1

)

N
, (8)

which, within LDA, is equivalent to trap averaging the con-
tact C for a uniform system [89]. This leads to the following
relation for the contact at unitarity [90,91]:

C
NκF

= 256

105πξ1/4

(
C

NkF

)

, (9)

where C is the contact for a uniform gas with Fermi
momentum kF , while the trapped Fermi momentum κF =
(24N )1/6√mω. Note that, since the contact involves a deriva-
tive with respect to the interaction strength, we expect it to
be less sensitive to shell effects than ξ . Figure 3b shows the
result for the uniform gas contact, extracted from trapped
few-body results for the contact [82,84]. Once again, we see
that the results appear to converge rapidly, and that they are in
reasonably good agreement with both experiment and recent
many-body calculations.

Recent measurements map out the temperature depen-
dence of the contact at unitarity [94] as well as the inter-
action dependence at low temperature [95]. At unitarity, this
agrees well with theoretical predictions from bold diagram-
matic Monte Carlo [96] and, near Tc, from Luttinger–Ward
computations [97]. Out of equilibrium, the time evolution of
the contact can be inferred from the spectrum [98–100] or
from the momentum distribution [101,102].
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Fig. 3 (a) Bertsch parameter and (b) contact of a unitary Fermi gas in
a uniform system, calculated from the energy and contact of few-body
systems in an isotropic harmonic trap. The green circles indicate closed
shells of the corresponding non-interacting problem in the harmonic

oscillator. The diamonds show the experimental data points from [85]
in (a), and from [92] (purple), [93] (blue), and [91] (orange) in (b).
The bar in (b) indicates the region of recent theoretical results. Figure
adapted from Ref. [79]

The close relationship between few- and many-body
physics discussed above clearly warrants further study, and
there is the prospect of applying similar approaches beyond
the ground-state unitary Fermi gas. It has already been
shown [79] for the so-called Fermi polaron [103,104], where
N↓ = 1 and N↑ > 1, that one can extract not only the ther-
modynamic properties from few-body calculations but also
the polaron effective mass, a dynamic property.

2.2 Experimental overview

2.2.1 Observation of elliptic flow in a mesoscopic Fermi
gas

Ultracold atom experiments are well suited for the explo-
ration of complex quantum physical questions by distilling
them to their basic microscopic constituents while retaining
their essential characteristics. The precise control over micro-
scopic parameters available in these experiments allows for
the incremental addition of complexity, enabling us to under-
stand the fundamental principles that govern complex phe-
nomena. Inspired by high-energy nuclear collisions [105],
where collective behavior (i.e., elliptic flow) is observed even
though standard criteria for hydrodynamics do not hold, we
studied the emergence of elliptic flow in mesoscopic systems.
This section provides a short summary of the experimental
apparatus and the observed elliptic flow in a few-fermion
system. A more detailed account can be found in [15].

In the cold-atom experiment, we prepare a discrete quan-
tum many-body state, composed of N spin-up and N spin-
down atoms (denoted N+N) in the ground state of a two-
dimensional optical harmonic trap, utilizing a technique
developed in previous works [106,107]. A broad Feshbach

resonance [108] allows us to tune the strength of the contact
interactions between particles of different spin. We study the
quantum dynamics of few-contact-interacting fermionic 6Li
atoms after release from an elliptically shaped trap. We take
snapshots of the many-body wave function at different time
steps during the expansion in both real [15] and momentum
space [68] with single-particle and spin resolution [109]. This
allows us to obtain the real and momentum space density by
averaging over ≈ 1000 snapshots. Beyond that, as we have
access to the position or momentum of every particle, we can
also extract the correlations of arbitrary order.

We measure the density evolution of a system of 5+5
atoms, initially confined in an elliptically shaped trap. Fig-
ure 4 shows the measured density profiles in real (a–c) and
momentum space (e–g). Panel (d) shows the evolution of
the aspect ratio of the root-mean-square (rms) width of the
system in the x and y directions, and (h) shows the evolu-
tion of the momentum-space rms widths. Initially, the sys-
tem exhibits an elliptic density profile in real space, while
it is isotropic in momentum space, as expected from the
many-body limit of a degenerate Fermi gas. In real space,
the system expands anisotropically, with faster acceleration
in the initially tightly confined direction, leading to an inver-
sion of the initial aspect ratio after long interacting expansion
times. In momentum space, the system is initially isotropic.
After release from the initial trap, the width in momentum
space decreases in both the x and y directions. For times
smaller than tint < 70μs, the system follows the decrease
in the Fermi momentum, calculated from the peak density
at the corresponding time. At longer times, we observe an
anisotropy—elliptic flow—that subsides at tint ≈ 150μs.

The deterministic control over the atom number available
in our experiment allows us to study the emergence of hydro-
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Fig. 4 Elliptic flow of 10 fermions. We prepare 5+5 strongly interact-
ing spin-up and spin-down atoms (black/white dots) in the ground
state of an elliptically shaped trap. We measure their positions (a–c)
or momenta (e–g). The two-dimensional histograms show the density
distribution, obtained from averaging over many experimental realiza-
tions of the same quantum state. The initial system has an elliptic density
distribution in real space and a round Fermi surface in momentum space
(see a and e). We study the expansion after switching off the trap (b-c,
f–g) and observe the inversion of the initial aspect ratio in real space

and the momentum anisotropy. The dashed black circle in e–g shows
the Fermi momentum calculated from the real space peak density. d
Ratio of root mean square width of the atom positions δrx/δry as a
function of tint. h Root-mean-square value δkx, δky of the momenta of
the atoms as a function of tint. The triangles show the Fermi momentum
k̃F, rescaled to the geometric mean of δkx, δky at initial time tint = 0µs.
The connecting lines serve as a guide to the eye. All error bars show the
95% confidence interval of the mean, determined using a bootstrapping
technique

dynamic behavior from the single-particle limit. For a single
particle in an elliptic trap, we also observe an inversion of the
initial aspect ratio, however, solely due to the initially elliptic
momentum distribution in contrast to the 5+5 particle case.
As we increase the number of atoms, an initially isotropic
Fermi surface builds up in momentum space [105], while we
observe a build-up of momentum space anisotropy during
the expansion starting from systems of 3+3 atoms.

In conclusion, we observed elliptic flow in a system of 10
strongly interacting atoms, which is considered a smoking
gun for hydrodynamic behavior, even though the system size,
interparticle spacing, and mean free path are not separable.

2.2.2 Measuring diffusivity and viscosity on the atomic
scale

Understanding the hydrodynamics of strongly interacting
quantum fluids has brought together disparate subfields of
physics, including black holes and string theory, quark-gluon
plasmas, quantum fluids, and cold atoms [10,110,111]. The
shared physical characteristics of these systems are that they
are strongly interacting Fermi gases, in a regime without
sharp quasiparticle excitations. The transport characteris-

tics of these various systems appear to be bounded. Most
famously, the KSS conjecture η/s ≥ h̄/(4πkB) [33]; see Ref.
[112] for a review. Since this conjecture, a number of coun-
terexamples have been found—models in which the bound
does not hold—but there are no known experimental vio-
lations of the KSS bound, nor a quantitative understanding.
One can frame many hydrodynamic bounds in terms of a dif-
fusivity (of momentum, energy, or spin): the lower bound on
transport speed in metallic systems is then D � v2h̄/kBT ,
where D is a diffusion coefficient and v is a typical velocity
scale of the system [113,114]. Finite propagation of infor-
mation also poses an upper bound: D � τeqv

2
LR [113,115],

where vLR is the Lieb–Robinson velocity (the upper bound
for propagation speed of local perturbations) and τeq is the
thermalization time to reach local equilibrium. In both limits,
understanding hydrodynamic bounds requires understanding
the local relaxation of a strongly interacting system. How-
ever, as we outline in this section, direct local measurements
on a sufficiently fast time scale are so far absent.

Cold-atom experiments on hydrodynamics are typically
based on global (system-wide) dynamics, which are then
interpreted with a hydrodynamic model. Teams report best-fit
transport coefficients (such as D or η), which can be fur-
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ther interpreted via a local relaxation time, τeq. The pio-
neering measurements of shear viscosity by Thomas et al.
studied time-of-flight expansion dynamics [116,117] (see
also reviews of Refs. [10,111]), which emphasize the con-
nection to quark-gluon plasmas. In these systems, hydrody-
namic behavior was observed in the regime of sufficiently
strong interaction. For the system sizes studied in the origi-
nal experiments, N ∼ 105, this corresponds to the condition
|kFa|−1 � 1, where kF is the Fermi momentum and a is
the s-wave scattering length. It was also observed that even
at unitarity, hydrodynamics breaks down in the dilute corona
of the atom cloud. This implies that a quantitative description
of the experiments requires theories that interpolate between
hydrodynamics at the center of the cloud and ballistic expan-
sion in the corona [118].

A second generation of experiments has used the in situ
dynamics of box traps in which the density of the gas is
approximately constant. This implies that no unfolding of
the density dependence of transport coefficients is required,
and that there are no complications due to non-hydrodynamic
modes in the dilute corona. A typical experiment uses exter-
nal potentials to excite modes of a fixed wave-vector k. Exper-
iments have studied first and second sound, as well as thermal
relaxation. Reference [39] used the observed damping rate �

of ordinary (first) sound to extract the sound diffusivity D =
�/k2. For a scale-invariant fluid (ζ = 0), D = Dη + Dκ ,
with Dη = 4η/(3ρ) and Dκ = α2c2κT T/(ρc2

P ). Here, ρ

is the mass density, α is the thermal expansion coefficient,
κT is the thermal conductivity, and cP is the specific heat
at constant pressure. Using either the measured viscosity η

or constraints on η from theory, one can extract the thermal
conductivity. Wang et al. [119] performed similar measure-
ments after a quench, where both an underdamped sound
mode and a purely diffusive thermal mode are excited. This
enabled an independent quantification of κ and η. In the high-
temperature regime, the results are consistent with the kinetic
theory prediction κT = (15/4)(kB/m)η. The hydrodynam-
ics of uniform Fermi gases is discussed further in Sect. 2.2.3.

Another line of work has investigated the spin diffu-
sivity, Ds , in strongly interacting Fermi gases. Longitu-
dinal diffusivity was probed using spin-dipole dynamics:
first, separating up- and down-spin clouds, and then let-
ting them collide [120,121]. Eventually, the spin-polarized
clouds merge diffusively. Transverse spin diffusivity has been
probed through the relaxation dynamics of a spin texture,
such as a helical spin spiral. Once again, the locally polar-
ized cloud relaxed diffusively toward an unpolarized equilib-
rium [98,122,123]. Among the measurements to date, spin
diffusivity was observed to respect the conjectured bound
Ds � h̄/m in Refs. [98,120,123], but not in Ref. [122]; see
Ref. [124] for further discussion.

Transport coefficients have not only a DC value but also
a frequency dependence: diffusivity D(ω), shear viscosity

η(ω), bulk viscosity ζ(ω), charge conductivity σ(ω), and
spin conductivity σs(ω). To date, most cold-atom measure-
ments of hydrodynamics have probed the ω → 0 limit. In
contrast, theoretical work over the last decade has indicated a
wealth of interesting spectral characteristics. Reference [125]
showed that the high-frequency tail of σs(ω) follows the
contact. The high-frequency tail of ζ(ω) is also governed
by the contact parameter [126–128]. Sum rules for the fre-
quency integral of ζ(ω) and η(ω) are discussed by Refs.
[97,110,126,129], finding closed expressions for both. None
of these universal spectral characteristics have been probed
experimentally.

Predictions of spectral functions require a microscopic
theory. Kinetic theory for viscosity spectra, for instance,
was pursued in Refs. [127,130–135] primarily in the high-
temperature limit, and by [136,137] for the superfluid state.
An interesting complication arises: non-analytical correc-
tions have caused discrepancies between the low-frequency
values of ζ(ω) and its known DC values [128,132,138]. Sub-
tle issues such as this indicate that a measurement of η(ω),
ζ(ω), or D(ω) would test a challenging aspect of many-body
theory.

The experimental challenge in measuring spectral prop-
erties is that most measurements to date are limited to the
time scale of global dynamics, which probe only the low-
frequency limit. As with any over-damped system, a faster
local τeq leads to slower global relaxation—one can picture
bubbles rising slowly in shampoo or molasses. Alternatively,
recall that the two over-damped modes of a simple harmonic
oscillator relax with time scales τeq and 1/(ω2τeq), becoming
increasingly disparate. Similarly, studying global dynamics
reveals progressively less about the spectral character of dis-
sipation in the limit of strong interactions.

An alternative is to pursue local measurement, which can
be rapid. For instance, one can measure the temporal evolu-
tion of the contact parameter C(t), which provides a near-
instantaneous measure of local correlations. In Refs. [98,99],
contact dynamics provided an alternate witness for relax-
ation of a spin-polarized gas toward equilibrium, without a
direct measurement of magnetization. In that case, the relax-
ation was governed by spin diffusivity: as the locally spin-
polarized Fermi gas relaxed toward an equilibrium mixture,
C increased due to stronger local particle–particle correla-
tions.

Even more promising is the measurement of dynamical
viscosity through contact dynamics. Refs. [128,139] have
shown that ζ(ω) can be accessed through modulation of the
scattering length, followed by rapid measurement ofC(t). An
experimental technique to measure the contact within 5μs,
faster than the Fermi time, was recently demonstrated using
dimer projection [100]. With similar motivation, Sect. 2.3.6
discusses particular time series of the scattering length, fol-
lowed by time-resolved measurements of the contact. In both
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cases, fast local measurements will probe the spectral char-
acter of many-body relaxation dynamics.

2.2.3 Quantum dynamics and hydrodynamics in uniform
Fermi gases

Landau’s Fermi liquid (FL) theory has for decades been a cor-
nerstone in our understanding of fermionic quantum many-
body systems, providing a robust framework that requires
only a few phenomenological parameters (the so-called Lan-
dau parameters). Direct experimental tests of Landau’s argu-
ment from first principles have been largely out of reach due
to the strong interactions in existing Fermi system candidates
(such as 3He), or their complexity (such as typical electronic
systems). Ultracold atoms provide a textbook platform for
studying Landau’s FL physics. First, in the dilute limit they
accurately implement the Hamiltonian of fermions interact-
ing with contact interactions—characterized by the s-wave
scattering length as. This model Hamiltonian has played a
central role in quantum many-body physics and is amenable
to a first-principles FL description in the limit of weak inter-
actions (including the determination of the Landau param-
eters and the scattering amplitude). Secondly, the tunability
of as provides a physical realization of the theoretical idea
of the switching-on of interactions.

We presented a recent experiment where we prepared a
spatially uniform spin-balanced two-component Fermi gas
of 6Li atoms in the normal phase (T > Tc), and studied
how sound emerges as interactions are gradually turned on.
After preparing an equilibrium Fermi gas at the desired inter-
action strength, we turned on a spatially uniform shaking
force along the y axis and measured the density response
of the gas. This shaking potential predominantly coupled to
the longest-wavelength excitation in the momentum space
(|qext| = π/L , where L is the box length along the shak-
ing direction). At the longest wavelength, the sound mode
is related to the collisional parameter ω0τcoll, where ω0 =
vFqext, and τcoll is the typical collision time of the system; for
a weakly interacting Fermi gas, τcoll = h̄3/(2ma2

s k
2
BT

2). In
our experiment, we observed a narrow peak emerging in the
density response function as the |kFas| increased, signaling
the onset of sound and the system entering the hydrodynamic
regime. For further details see Ref. [140].

We explored different regimes: (I) For |kFas| 	 1, the gas
is weakly interacting and the response is in good agreement
with the prediction derived from a first-principles transport
equation. In particular, for kFas = 0, we measured for the
first time the Lindhard function—the density response for
a non-interacting Fermi gas. (II) Around |kFas| � 0.7, the
first-principles theory breaks down, which coincides with
the system entering the regime of strong interactions. In
this regime, no existing kinetic theory has been developed
at low T , and our data provide a testing ground for more

advanced theories. (III) By measuring the sound damping
rate � as a function of T/TF at an intermediate interaction
strength (|kFas| ≈ 0.7), we extrapolated the attenuation coef-
ficient �T 2 down to T → 0—the hydrodynamic Fermi liq-
uid regime.

Finally, we measured the excited quasiparticle distribu-
tion n(k) in the momentum space for the collisionless regime
(ω0τcoll � 1) and the near-hydrodynamic regime (ω0τcoll ≈
1). In the collisionless regime, we observed anisotropic dis-
tributions due to the existing poles in δn(k) = n(k)− neq(k)
of single-particle–hole excitations. In contrast, the distribu-
tion in the hydrodynamic regime is isotropic, showing that
collisions tend to restore the equilibrium distribution faster
over a drive period.

In the future, it would be interesting to attempt the obser-
vation of zero sound in the normal phase of the polarized
Fermi gas. Theoretical refinements, particularly incorporat-
ing higher-order corrections into the Landau parameters and
in the collision integrals, would not only allow one to take into
account renormalization effects ab initio, but also provide a
controllable path toward understanding the transport proper-
ties (such as sound velocity, viscosity, and thermal conduc-
tivity) of the normal degenerate strongly interacting Fermi
gas.

2.2.4 Experimental prospects with multi-orbital Fermi
gases

Ultracold atoms offer a rich playground for the investiga-
tion of strong correlation phenomena in fermionic quantum
systems. Their long coherence times and an ever-increasing
degree of controllability, along with unique probing tools,
have enabled a variety of exciting experiments over the
last decade in which the state of each and every atom in
fermionic few- and many-body systems could be measured
with remarkable precision (see for instance [68,141]). Exper-
iments until now have largely focused on systems of fermions
belonging to a single dispersion band, such as those realized
with alkali atoms in a harmonic trap or the lowest band of an
optical lattice. Furthermore, explorations have typically been
limited to spin-1/2 fermions that realize SU(2)-symmetric
Hamiltonians, while single-atom-resolved studies of systems
with SU(N > 2) symmetries have yet to be performed.

A strong motivation to advance ultracold atom experi-
ments beyond the realization of single-band and SU(2) sym-
metric models comes from both condensed matter and high-
energy physics. For example, many instances of collective
behavior in quantum materials, such as magnetism or uncon-
ventional superconductivity, arise from interactions between
electrons occupying distinct atomic orbitals, i.e., featuring
different dispersion relations. The electrons’ orbital degrees
of freedom often intertwine with their spin, leading to strong
correlations that govern low-temperature transport proper-
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ties, as observed in heavy fermion materials and transition
metal oxides.

To effectively mimic “orbitals” with distinct dispersion
relations that interact within the same quantum system, it is
advantageous to employ atomic species with multiple long-
lived electronic states (e.g., alkaline-earth atoms) or mix-
tures of different atomic species, trapped in state- or species-
dependent optical potentials. A particularly intriguing case
is the possibility of fully localizing one orbital while another
remains delocalized, a configuration known to give rise to
the physics of Anderson’s impurity model and the Kondo
effect. Particles occupying the localized orbital act as impu-
rities, simultaneously lending themselves as local probes of
the many-body dynamics. Adding fermionic atoms around
an impurity one by one [67] provides unique opportunities to
study the build-up of strong fermionic correlations in impu-
rity problems, especially out of equilibrium, with a level of
control that is clearly unattainable in the solid state.

In a new experiment in Trieste, we utilize ytterbium atoms
(171Yb and 173Yb) to build mesoscopic fermionic systems
with single-particle-resolved read-out of the wave function
[142]. Ytterbium atoms in the ground and metastable clock
states, 1S0 and 3P0, can be selectively trapped and manipu-
lated to explore two-orbital problems [143], using the opti-
cal control toolbox that has been developed in the last two
decades to build the most precise optical-lattice clocks. Pio-
neering experiments have already carefully characterized
inter-orbital interactions at ultracold temperatures, and have
demonstrated the key building blocks for exciting new explo-
rations of two-orbital many-body dynamics [144–151]. With
the capability for controlling and detecting the number of
particles in both orbitals, while gaining coherent control on
their nuclear spin, a variety of interesting experiments will
be within reach, from impurity-mediated quantum transport
[152] and correlated dissipative dynamics [153] to the non-
equilibrium orthogonality catastrophe [154] and the Kondo
impurity problem [155].

2.2.5 Experimental prospects with composite degrees of
freedom

Binary mixtures of ultracold fermionic atoms with reso-
nant interactions represent versatile platforms with which
to investigate a wealth of fundamental transport phenom-
ena with unparalleled cleanliness, in both the continuum
and lattice configurations and in both normal and super-
fluid phases, spanning from many-particle environments
down to mesoscopic and few-particle systems; see Refs.
[73,75,156,157] and references therein. Yet, most experi-
ments so far have focused on homonuclear spin mixtures,
with the few exceptions of 6Li-40K, 40K-161Dy, and 6Li-53Cr
systems—where first studies of collisional hydrodynamics
have been explored, both in expanding clouds [158,159] and

through the study of collective modes in trapped samples
[160].

Indeed, heteronuclear Fermi mixtures offer appealing new
opportunities to study strongly interacting fermionic mat-
ter and the associated many-body dynamics, owing to the
different optical properties and unequal masses featured
by the two atomic constituents. On the one hand, the dif-
ferent response of each component to laser fields allows
one to engineer species-selective optical potentials to con-
trol the confinement, motion, and dimensionality of each
species almost independently from the other one. More fun-
damentally, a sizable mass asymmetry M/m between the
two elements of the mixture can dramatically and quali-
tatively modify the dynamical properties of the system at
both the few- and many-body level. Celebrated examples
include the predicted emergence of exotic superfluid states
promoted by the two different dispersions [161] and the
disappearance of well-defined polaron quasiparticles in the
heavy-impurity limit [103]. Another example is the transition
from quantum-limited transport—characteristic of equal-
mass systems [120,121]—to the complete absence of dif-
fusion when light particles evolve in a bath of infinitely mas-
sive ones. In this case, the massive particles act as an (almost
static) landscape of point-like random scatterers [162], which
can potentially lead to localization phenomena [163].

Additionally, for intermediate mass ratios, 8.17< M/m <

13.6, non-Efimovian cluster states made by one light parti-
cle bound to two, three, or four heavy identical fermions
are expected to appear [164–167], paralleled by the emer-
gence, at the many-body level, of new types of quasiparticles
[168,169] and superfluid states beyond the Cooper pairing
paradigm [170].

In this context, the 6Li-53Cr Fermi mixtures realized in
our lab [171,172] and the availability of suitable Fesh-
bach resonances for the control of Li–Cr interactions [173]
open appealing prospects for the investigation of many-
body dynamics of strongly correlated fermionic matter in the
presence of non-perturbative few-body effects. Indeed, the
chromium-to-lithium mass ratio, M/m ∼8.8, may uniquely
enable access, within the resonantly interacting regime,
to exotic long-lived three- and four-body cluster states
[167,174]. Our recent activities focused on the production
of weakly bound LiCr Feshbach dimers and the thorough
characterization of their properties [160]. On the one hand,
the outcome of our studies unveiled a promising new path-
way to experimentally realize quantum gases of paramag-
netic polar molecules—as LiCr ground-state molecules are
predicted to feature a sizable electric dipole moment de∼3.3
Debye on top of a large electronic spin S = 5/2. On the
other hand, and more importantly for the RRTF topics, this
survey allowed us to realize large samples of up to 5 × 104

ultracold 6Li53Cr bosonic Feshbach dimers at phase-space
densities exceeding 0.1, which represent a promising start-
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ing point for the exploration of novel many-body dynamics
within mass-asymmetric Fermi mixtures.

As an illustrative step forward in this direction, we are
currently exploring the diffusion dynamics of light Li impu-
rities, initially confined in a species-selective, vertically ori-
ented optical trap, and then released within a large sam-
ple of fermionic 53Cr atoms, acting as a medium of heavy
point-like scatterers. After turning off the species-selective
dimple, lithium atoms are free to expand along the axial
direction of the main optical dipole trap—confining both
our mixture components—in the presence of a weak har-
monic axial confinement, set by our magnetic-field curva-
ture, and with a tunable interaction with the surrounding
chromium gas. The latter is arbitrarily adjusted by setting the
bias magnetic field around a narrow, 0.5 G-wide inter-species
Feshbach resonance centered around B0=1414 G [160,173],
occurring between the lowest Zeeman sublevels of the two
species, hereafter denoted as Li|1〉 and Cr|1〉, respectively.
The mixture is initially prepared at a target field BT in the
non-resonant combination Li|1〉-Cr|2〉, with Cr|2〉 denoting
the second-to-lowest Zeeman level. A 0.9 ms-long radio-
frequency pulse, resonant with the Cr|1〉 ↔Cr|2〉 transition,
is employed to rapidly switch the internal state of chromium
atoms with almost 100% transfer efficiency, thereby making
the resulting Li|1〉-Cr|1〉 mixture experience an arbitrarily
large (or weak) interaction. Immediately after the end of the
pulse, the optical dimple is removed and the subsequent Li
dynamics is monitored as a function of time through in situ
absorption images and the analysis of their second moment
along the axial direction, 〈x2(t)〉. In particular, we focus on
the 30 ms time window of the early-time dynamics, corre-
sponding to half a period of the breathing mode of free Li
atoms in the final trap. This allows us to (i) mitigate the
Cr inhomogeneity experienced by the Li atoms during their
expansion, (ii) reduce the detrimental effects of inelastic col-
lisions affecting the atomic mixture in the strongly interacting
regime (roughly corresponding to |BT − B0| ≤ 10 mG), and
(iii) ensure a peak-to-peak stability of the magnetic-field bias
of about 2 mG over the entire time window.

These measurements, and the associated theoretical anal-
ysis, still ongoing, will be the subject of a future publica-
tion and will not be shown or discussed here in detail [175].
Nevertheless, we anticipate that our data provide a thorough
characterization of the early-time expansion of lithium atoms
within the Cr host gas, clearly revealing the crossover from
ballistic to diffusive dynamics as the inter-species interac-
tions are tuned from their (small) background value toward
the resonant regime. There, we measure extremely small dif-
fusion constants D down to only a few h̄/m quanta. This
is consistent with what is reported for unitary Fermi gases
of lithium atoms [120], despite the large mass asymmetry
and the narrow nature of the Feshbach resonance featured by
the Li-Cr mixture [160,173]. Most surprisingly, we reveal

an unforeseen, qualitative change in the expansion dynamics
in the resonant regime as the system temperature is further
reduced: from a normal (albeit slow) diffusive expansion—
where the mean squared displacement grows linearly in time,
〈x2(t)〉 = 2Dt—to a subdiffusive one at our lowest temper-
atures, where we find 〈x2(t)〉 ∝ tα with α <1. The ori-
gin of such anomalous behavior is not explained yet, and it
is currently the subject of theoretical analysis. Nonetheless,
this latter experimental study, only briefly summarized here,
highlights how unequal-mass Fermi mixtures, thanks to the
additional degrees of freedom they naturally offer, provide
exciting new possibilities for exploring many-body dynam-
ics of ultracold fermionic matter, possibly leading to quali-
tatively new phenomena beyond their homonuclear counter-
parts.

2.3 Theoretical overview

2.3.1 Microscopic approaches to few-body systems

For bosons and fermions alike, the question of how many
(or rather, how few) atoms must conspire to form a precur-
sor of a quantum phase transition upon changing a system’s
order parameter (or, to be more precise, its finite-size cor-
respondence) is an intriguing open problem that only more
recently came into the reach of experimental exploration. In
fermionic systems, the bottom-up formation of a Fermi sea
and pairing and the signaling of the quantum phase tran-
sition by Higgs amplitude mode precursors are vivid exam-
ples [67,107,108,176]. The motivation for these more recent
experimental achievements conceptually leans on the ancient
Sorites paradox, as referred to at the pages of S. Jochim’s
group in Heidelberg [177]: “1,2,3, many - how few particles
turn into a heap?” How does a BCS state evolve from single
pairs of fermions? Or how many atoms do we need to form
a “condensate”? And how do finite-size effects change the
system properties? Can a few-body system show superfluid
behavior? Large and weakly interacting systems can usu-
ally be treated rather accurately by mean-field approaches,
as discussed in the first section of this report. To answer the
above questions, however, finite-size effects often make it
necessary to turn to more exact methods that also give access
to excitations in the system. A direct way to obtain such
exact solutions is to diagonalize the many-body Hamiltonian
numerically. This approach is briefly discussed in what fol-
lows in this subsection.

To summarize it in the simplest terms, exact diagonaliza-
tion means what the name implies—one builds the many-
body Hamiltonian matrix (for an appropriately truncated
Hilbert space) and diagonalizes it exactly. To set up this
matrix, one needs to consider all the many possible con-
figurations of single-particle state occupancies in the Fock
states forming the many-body basis of Slater determinants
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(for fermions) or permanents (for bosons) in the physically
relevant parts of Hilbert space. The procedure is also called
the “configuration interaction” (CI) method (see [178] for a
review), terminology that also serves as an umbrella for more
sophisticated ways to construct the appropriate Fock states
and linear combinations thereof. The CI method has its roots
in quantum chemistry and nuclear physics, where many of the
leading concepts were developed. The CI scheme as such is
straightforward to write down and implement. Computation-
ally, however, it is often beyond reach—the degree of com-
plexity of the problem grows factorially with the number of
constituents, rendering the task often impossible to solve with
reasonable accuracy. Despite the computational power avail-
able nowadays, the method often can provide physically reli-
able answers only for a rather small range of system parame-
ters. This poses a dilemma—while for moderate interactions
and large particle numbers, the systems can be treated rather
well by the above-mentioned mean-field approaches (such
as Gross–Pitaevskii methods for bosons, and fermionic den-
sity functional theory), exact solutions including access to
excitations can so far only be obtained for the very smallest
particle numbers at relatively moderate interaction strength.
Very little is known so far on how to treat the intermediate
regime between “few” and “many.”

Let us now look closer into the procedure for exact diago-
nalization of a many-body Hamiltonian (as explicitly defined
in Eq. 19 below). Having constructed the Hilbert space,
where the many-body basis states are built from a single-
particle basis often selected to be the eigenbase of the single-
particle part of the Hamiltonian, i.e., the first two terms in
Eq. 19, and introducing an appropriate truncation, one con-
structs the matrix representation of the full Hamiltonian in
this many-body basis and diagonalizes it. Algorithms such as
the Lanczos [179] and Arnoldi [180] methods are useful tools
for finding the most important eigenstates within a certain
range of the spectrum. This sounds simple and appealing,
since the exact eigenstates (ground states and excitations)
allow easy access to the physical observables. However, as
mentioned above, there is a significant drawback: the numer-
ical complexity of the problem at hand puts a severe restric-
tion on the computational feasibility with regard to both the
number of particles and the strength of interactions (correla-
tions) that one can consider. The approach very often necessi-
tates various approximations—of the simple, and of the more
complicated kind. A natural simplification is to make use of
all symmetries such that the Hamiltonian matrix falls into
a block-diagonal structure. For the subsequent appropriate
truncation of the Hilbert space, there are several options—
a straightforward one is to simply set an energy cutoff. It
is important here to respect the relevant energy scales of
the problem when considering which particle–hole and two-
particle two-hole excitations, etc., to allow. A simple brute-
force choice of cutoff often fails. A cleverer way out is

the so-called importance-truncated configuration interaction
method (ITCI) (as described in Ref. [181] and in the context
of bosonic few-body systems in [182]), where one makes
use of the fact that it is often only a small fraction of Hilbert
space that is relevant for a specific eigenstate. The degree of
importance is hereby determined by a given threshold of the
relevant observable, such as the energy, where the contribu-
tion of subsets of states in relation to the exact or converged
result is appropriately evaluated. For a pedagogical introduc-
tion to the ITCI method, see for example the recent work by
Chergui [183].

The problems of convergence that one may face for strong
interactions are also widely known from nuclear structure
calculations, where a remedy was the Lee–Suzuki transfor-
mation [184] and renormalization group methods [185] that
may greatly improve the convergence; see also the review
by Bogner et al. [186]. A discussion of effective interac-
tions, renormalization schemes, and related computational
approaches in the context of ultracold atoms is provided in
the introduction of the recent work by Brauneis et al. [187],
or for example in Chapter 9 of the review by Mistakidis et
al. [188].

To give some examples in this brief survey of exact diag-
onalization calculations, for which we only discussed the
elementary concept above, we now turn to bosonic trapped
systems that are well suited to exemplify the few- to many-
body transition in the spirit of the above-mentioned Sorites
paradox.

From mean field to exact solutions—rotating bosons in
the lowest Landau level. We first consider a simple toy sys-
tem of weakly interacting bosons confined in a rotating trap,
which allows us to directly map out the differences between
the limit of large yet finite-sized systems and the thermody-
namic limit. Here we mainly refer to the early works by Mot-
telson [189], Bertsch and Papenbrock [190], and Kavoulakis
et al. [191], and the later work by Cremon et al. [192,193],
who addressed this example in greater detail. (For a review
on rotating bosonic condensates and analogies to the quan-
tum Hall effect, see for example the reviews by Fetter [194]
and Saarikoski et al. [195]).

In the following we summarize a few of the key results of
Cremon et al. [192,193]. We consider the Hamiltonian of N
interacting bosons, as defined in Eq. 19 in Sect. 2.3.3 below,
with a quasi-two-dimensional isotropic harmonic trapping
potential with trapping frequency ω and two-body interac-
tions of the usual short range type, i.e.,V2b(ri−r j ) = gδ(ri−
r j ). For sufficiently weak interactions, at given total angu-
lar momentum L > 0, only single-particle oscillator states
with no radial nodes and single-particle angular momenta
m ≥ 0 play a role [189,190], and the many-body basis in
this so-called lowest Landau Level (LLL) is spanned by the

F-dimensional Fock space
{| 0N0 , 1N1 , 2N2 , . . . ,mNm 〉}Fj=1,
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with the constraints that
∑

m Nm = N and
∑

m mNm = L
with good total angular momentum L as a consequence of
the circularly symmetric trap. The many combinatorial ways
to distribute L units of angular momentum to N bosons in
the Fock states constitute a large degeneracy [189] which is
increasing with L and N . The Hamiltonian of the rotating
system is then diagonalized in this subspace of degenerate
states, in the spirit of degenerate perturbation theory, since
interactions are weak. Since

ĤLLL = h̄ωN + h̄(ω − �)L + g

2

∑

i j

δ(ri − r j ) , (10)

as here written in the rotating frame for a trap rotation
frequency � ≤ ω, the diagonalization is performed only
on the interaction part. (Note that the well-defined subspace
of the LLL also circumvents all regularization issues that
are usually connected with the exact solutions for contact-
interacting systems in dimensions larger than one). For mod-
erate rotation, it is often sufficient to work with a single-
particle basis cutoff, m ≤ mmax, which significantly reduces
the many-body space.

The left panel of Fig. 5 shows the so-called yrast line, i.e.,
the ground-state energy as a function of angular momentum,
for the example of N = 30 bosons determined by exact diag-
onalization in the LLL (here calculated with mmax = 12)
(lower line) and compares it with the results of Gross–
Pitaevskii mean field theory (upper intersecting parabolae)
[191]. This comparison clearly shows the difference between
the mean-field approach and exact solutions, where finite-
size corrections appear as oscillatory patterns as a conse-
quence of the broken symmetry in the solutions with higher
vortex numbers. In the thermodynamic limit, these patterns
disappear. As shown in the right panel of Fig. 5, upon rota-
tion, the system at first does not acquire angular momentum
as long as the rotation frequency is below a certain value.
This is characteristic of a superfluid and is observed here
as well in the case of a finite-sized system with N = 30
bosons in a trap. Upon increasing rotation, a first vortex can
be accommodated for L/(h̄N ) = 1. It has been shown that
this single-vortex state corresponds to a condensate in the
m = 1 single-particle state [189]. To leading order in N , the
state is of the form | �1V 〉 = ∑

k(−1)kCk | 0k, 1N−2k, 2k〉
with Ck = 1/(

√
2
k+1

); see Ref. [191,196]. Only the m = 1
single-particle state is macroscopically occupied. Finite-size
effects yield occupancies of the m = 0 or m = 2 neighbor-
ing orbitals and energy corrections that are of lower order in
N . This systematic continues for higher rotation frequencies,
where additional vortices penetrate the cloud, forming a vor-
tex cluster one by one (see the insets showing the vortices as
holes in the equi-density surfaces).

2.3.2 Fluid dynamic description of the few-fermion system

The experiments of Ref. [15] discussed in Sect. 2.2.1 provide
an explicit demonstration of the emergence of hydrodynamic-
like behavior in a mesoscopic Fermi gas. Having shown that
the observed elliptic flow is a genuine interaction-driven
effect, the data offer the unique opportunity of testing the
many-body description of these systems against data from a
mesoscopic sample.

In this section, we review the rationale behind the the-
oretical calculations performed in Ref. [15]. The question
we want to answer is the following: Does the many-body
description of a 6Li gas at zero temperature, which is based
on superfluid hydrodynamic equations, enable us to capture
the features observed in the experiment? To answer this, we
build a hydrodynamic model tailored to match the physical
parameters of the experimental setup, and whose predictions
are then compared to the observations.

Real space analysis. Our starting point is the construction
of the initial condition of the trapped system. This amounts
to introducing a mass density, ρ, at t = 0. Although we lack
theoretical guidance for the one-body density of a strongly
interacting mesoscopic system, we empirically observe that
an excellent fit of the trapped gas for 5+5 fermions (N = 5,
see Fig. 4) can be achieved through a generalized Gaussian
distribution in two dimensions

ρ(x, t = 0) ∝ exp

(

−
( |x |
ax

)bx
)

exp

(

−
( |y|
ay

)by
)

,

∫

d2x ρ(x, t) = 2mN , (11)

with parameters ax = 2.21µ m, bx = 3, ay = 1.04µm, and
by = 2, and where m is the mass of 6 Li.

Subsequently, we evolve this initial density in time by
solving ideal (superfluid) hydrodynamic equations. This
means that we have to solve mass and momentum conser-
vation equations, that is [197]

∂tρ + ∇ · (ρv) = 0 ,

ρ(∂t + v · ∇)v = −∇P ,
(12)

where the fluid velocity is denoted by v = (vx , vy). To
close the set of equations, we need an equation of state.
To consistently match to the many-body description of the
zero-temperature two-dimensional Fermi gas, we utilize a
parameterization of the pressure, P , as a function of the
mass density, ρ, that is motivated by experimental results
obtained with macroscopic samples [198,199]. More specif-
ically, the pressure is typically plotted against an interaction
strength parameter, η = ln(kFa2D), where kF = √

2π n is
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Fig. 5 (Left) “Yrast” states of maximal angular momentum L (in units
of h̄) at a given energy 〈Hrot〉 − h̄ωN in the rotating frame, resulting
from exact diagonalization (lower line) and a Gross–Pitaevskii analy-
sis (upper intersecting parabolae). The colors blue, green, and magenta
indicate the numbers of vortices exemplified by the given order param-
eters �2V, �3V and �4V. The rotational frequency is � = 0.98ω and
g = 0.02 (setting h̄2/(2M) = 1). (Right) Angular momentum (in units

of h̄) resulting from the minimization of the Yrast energy obtained by
exact diagonalization (lower line shown in the left panel), as a function
of rotation frequency � (in units of the trap frequency ω). The insets
show the iso-surfaces of the pair-correlated densities at half-maximum
value for a reference point of (x, y) = (1, 0)a.u. These figures are
adapted from Cremon et al. [192] Copyright © 2013 by the American
Physical Society

the Fermi momentum corresponding to the total number den-
sity n = ρ/m, and a2D is the 2D s-wave scattering length.
The non-interacting limit with infinite interaction parame-
ter corresponds to the scenario of an ideal Fermi gas, where
pressure is only a consequence of Pauli repulsion, and the
system is not in a local equilibrium state [200]

Pideal ≡ P(η → ∞) = π h̄2

2m3 ρ2. (13)

The variation of P toward the BEC limit, η → −∞, has then
been mapped out experimentally. In the experiment of Ref.
[15], the value of η goes from a maximum of about 1.2 at the
center of the gas at t = 0, and then decreases steeply with
the expansion in time. We find that an exponential form for
the decrease of the pressure with decreasing η captures the
experimental results well [198]. In particular, we obtain

P(η) = αeβηPideal, (14)

with α = 0.216(8) and β = 0.67(5) providing a very satis-
factory fit of the measure equation of state. For the relation to
the mass density, we thus have P = g ρκ , which corresponds
to a polytropic equation of state. Here, κ = 2 + β/2, while
g is proportional to α and its expression can be found in Ref.
[201].

To solve the hydrodynamic equations in time, we use the
pyro code [202]. The temporal dependence of the spatial

dispersions of the system

〈δr2
x 〉(t) =

∫

d2x ρ(x, t) x2
∫

d2x ρ(x, t)
,

〈δr2
y 〉(t) =

∫

d2x ρ(x, t) y2
∫

d2x ρ(x, t)
, (15)

are then compared to the experimental observations. For the
absolute magnitude, the hydrodynamic simulation leads to an
expansion that is significantly slower than the observed one.
On the other hand, the aspect ratio of the system, δrx/δry ,
as a function of time turns out to be in excellent agreement
with the data shown in Fig. 4.

Second-order hydrostatic approach to the initial condi-
tion. When dealing with small system sizes or small par-
ticle numbers, quantum corrections to ideal hydrodynamics
are expected to appear, even in a superfluid scenario. Here
we discuss quantum corrections to the trapped density that
should naturally play a role in the mesoscopic system inves-
tigated in the experiments.

We recall that for a given equation of state, it is possible
to obtain a hydrostatic solution for the density of the trapped
system. This amounts to solving

1

m
ρ∇V = −∇P, (16)
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where V is in our case the external harmonic oscillator poten-
tial. Using, then, ∇P = κgρκ−1∇ρ, where g and κ come
from the equation of state of the Fermi gas in Eq. (14) as
discussed above, one arrives at the so-called Thomas–Fermi
solution

n(x) =
(

(κ − 1)(μ0 − m
2 ω2

jk x j xk)

g κ

) 1
κ−1

, (17)

which describes the system within the area defined by
μ0 > m

2 ω2
jk x j xk , where ω jk are the frequencies of the con-

fining potential. Here the value of μ0 determines the total
mass, or particle number. The example of a two-dimensional
Thomas–Fermi profile for a system that matches the experi-
mental parameters is shown in Fig. 6. The inverse-parabola
shape turns out to present tails that are too sharp compared
to those experimentally observed. This suggests the potential
impact of finite size corrections.

We thus discuss thus quantum corrections to the hydro-
static problem, which in a fluid dynamic setup amount to
second-order corrections in the derivative expansion. Fol-
lowing the derivations of Ref. [201], if one does not neglect
the quantum pressure (or von Weizsäcker term) in the deriva-
tion of the superfluid hydrodynamic equations, a correction
that is second-order in the derivatives of the density appears

1

m
ρ∇V = −∇P + λ

h̄2

2m2 ρ∇
(

∇2√ρ√
ρ

)

. (18)

This equation can in general be derived from the variation
of the effective action for a superfluid order parameter field.
For λ = 0, one recovers ideal hydrodynamics, and the solu-
tion of this equation is the Thomas–Fermi profile discussed
above. For λ = 1, this is equivalent to a generalized Gross–
Pitaevskii equation with an equation of state suitably chosen
to match that of the 6Li gas.

We now want to test the correction induced by this term on
the predicted density of the trapped system. This is computed
numerically, following the method discussed in Ref. [201].
The results are shown in panel (b) of Fig. 6. We note a signif-
icant enhancement in the tails of the mass distribution. Inter-
estingly, for a Gross–Pitaevskii-like scenario, the predicted
tails are found to closely match those of the experimental sys-
tem. We stress that this comes naturally and without adding
any extra model parameters.

We conclude by noting that the Heidelberg group has
recently performed the measurement of the initial density of a
strongly interacting system of 6+6 fermions with a separation
of scales between the trap size and the fermion–fermion pair
size [203]. As this is closer to the dilute type of system that
the Gross–Pitaevskii equation is meant to describe, it would
be of great interest to study whether the measured trapped
density can be captured by the solution of the second-order
hydrostatic problem. This is left for a future analysis.

2.3.3 The correlated Gaussian approach to few-body gases

The explicitly correlated Gaussian (ECG) technique is a
numerical method based on the Ritz variational principle,
which seeks to minimize the energy of a quantum system
using trial wave functions. This approach has found broad
application in solving atomic, molecular, and nuclear few-
body systems quantum-mechanically. In the context of cold
atoms, the ECG approach has been used to study Efimov
physics in Boson systems, BCS-BEC crossover in unitary
Fermi gases, and properties of Fermion clusters, among oth-
ers [204].

The typical Hamiltonian that can be solved by ECG is as
follows:

H =
N

∑

i=1

[

p2
i

2m
+ V2D(ri )

]

+
∑

i< j

V2b(ri − r j ), (19)

where N is the total number of particles,m the single-particle
mass, ri and pi the 2D position and momentum vectors of
the i-th particle, V2D(ri ) the 2D single-particle harmonic
trapping potential, and V2b(ri − r j ) the two-body interac-
tions. After separating the center-of-mass degrees of freedom
from the relative degrees of freedom, the system Hamilto-
nian can be written in terms of N − 1 Jacobi coordinates
xi (i = 1, 2, · · · , N − 1) [204]. Jacobi coordinates are lin-
ear combinations of particle coordinates that separate the
center-of-mass motion from the relative motion, simplifying
the mathematical treatment of the system.

In 3D, the explicitly correlated Gaussian approach uses a
Gaussian model interaction potential:

V2b(ri − r j ) = V0 exp

(

−|ri − r j |2
r2

0

)

. (20)

The Gaussian potential depth V0 and width r0 are adjusted
to reproduce the desired 2D s-wave scattering length used
in the experiment. However, in 2D, one needs to include the
effective range in the low-energy expansion,

cot[δ(k)] = 2

π

[

γ + ln

(
ka2D

2

)]

+ 1

2
k2Rs + ...,

where γ is Euler’s constant [205] and k is the relative wave
vector. The scattering length and effective range can then be
calculated from the asymptotic behavior of the zero-energy
scattering solution u(r) by matching the phase shift in the
asymptotic limit:

a2D = lim
r→∞ r exp

(

− u(r)

ru′(r)

)

,

Rs = 2
∫ ∞

0

[

ln2
(

r

a2D

)

− u2(r)

]

rdr.
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Fig. 6 Initial condition for the hydrodynamic expansion of the meso-
scopic Fermi gas. Predictions from many-body theory for a system of
5+5 6Li atoms are shown both for the ideal hydrodynamic, or Thomas–
Fermi case [panel (a)], and with the inclusion of second-order correc-
tions, or quantum pressure [panel (b)], resulting in a Gross–Pitaevskii-

like stationary equation. Slices of the initial density for x = 0 [panel
(c)] and y = 0 [panel (d)] are compared to a fit of the experimental
measurement of the initially trapped density shown in Fig. 4 (shown as
dot-dashed curves). The green dotted lines in panels (c) and (d) represent
the results obtained with λ = 1.5 in Eq. (18)

This choice of potential not only allows us to model the
short-range interactions effectively but also enables analyti-
cal evaluation of matrix elements when combined with Gaus-
sian trial basis functions.

In experiments, however, the effective range is typically
negative, which cannot be reproduced by a single attrac-
tive Gaussian potential. This could be solved by superposing
two Gaussians together to form an attractive potential with a
repulsive barrier [205].

We use correlated Gaussians, φ(x, A) = exp
(− 1

2 xAx
)

,
as the basis functions to solve for the N -fermion systems.
Here, x collectively denotes the N − 1 Jacobi coordinates,
and A is a symmetric and positive definite variational matrix
that characterizes the correlation between particles. These
basis functions are chosen for their flexibility in describing
particle correlations and their analytical tractability in eval-
uating kinetic, potential, and interaction terms.

For fermionic systems, we must anti-symmetrize the full
wave function using a Slater determinant. The basis functions
are randomly generated from a set of trial wave functions
designed to cover all relevant length scales of the system,
from the range of the interaction potential to the characteristic
length of the harmonic trap.

While the ECG method has been successfully applied to
systems of up to about 10 fermions in spherically symmetric
traps [84], the anisotropy of our system increases the com-
putational complexity. This is because we need two sets of
parameters to describe the x and y directions instead of a sin-
gle radial direction. Consequently, we expect to be limited to
eight or fewer fermions in such an anisotropic trap.

2.3.4 Dissipation in small systems

Transport processes can lead to dissipation. For example, in
fluid flow (cf. Sect. 2.3.2), shear and bulk friction and ther-
mal conductivity give rise to local dissipation, and the entropy
increases as the fluid approaches equilibrium. Experiments
can measure the relaxation rates of collective modes of har-
monically trapped gases [206] or the sound attenuation in
uniform systems [39]. Alternatively, in continuously driven
systems, transport processes give rise to dissipative heat-
ing, and a heating rate or phase shift of the response can be
measured to quantify transport coefficients (Sect. 2.2.2). The
resulting transport time (different for each transport channel)
is also well defined in small and strongly correlated systems,
even when it may not be possible to define a mean free path.
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Within the memory function formalism, the transport coeffi-
cients result as the product of the transport time, which is a
dynamical property, and a thermodynamic factor related to
the equation of state [207].

Computationally, the transport time is obtained by a num-
ber of popular approaches. Boltzmann kinetic theory fol-
lows the evolution of the single-particle distribution func-
tion in phase space, which is affected both by collisions
and by mean-field interactions. It is justified when scat-
tering is nearly elastic (no significant broadening of spec-
tral functions) and often assumes molecular chaos (the joint
distribution function of both scattering partners factorizes
into a product of single-particle distributions). The collec-
tive modes of a trapped system are then obtained by solving
the equation of motion in phase space, for instance using the
method of moments [206,208].

In the strongly correlated fermion system, local pair cor-
relations play a crucial role (Sects. 2.1, 2.3.3, 2.3.6). These
violate the assumption of molecular chaos: with short-range
attraction it is highly likely to have an up-spin particle near
a down-spin particle, and their distributions are no longer
independent. Recent Boltzmann calculations [127] take this
into account, and it has been proposed to include the pair dis-
tribution as a separate degree of freedom in order to account
for these correlations [135]. A full quantum transport compu-
tation becomes necessary when scattering occurs so rapidly
that successive collisions can no longer be treated as inde-
pendent, and there are substantial inelastic effects that lead
to broadening of the spectral functions. In this case, lin-
ear response theory expresses the transport properties via
the Kubo formula as a response to an external perturba-
tion. These response functions of the stress tensor (for vis-
cosity) or the energy current (for thermal conductivity) are
computed by various many-body approaches, ranging from
quantum Monte Carlo [209] via diagrammatic approaches
[97] to holography [210]. An important technical aspect is
that transport requires the response in real time or frequency,
which requires either the analytical continuation of numeri-
cal imaginary time data or the solution of Dyson–Schwinger
equations directly in real frequency [211–213]. Theoretical
results for the transport coefficients in uniform systems can
be applied to trapped gases via the local density approxima-
tion (LDA).

Small systems provide new ways to probe transport prop-
erties. One can observe pairing directly in real space, see how
correlations build up in time, and study their effect on trans-
port [15]. An aim is to disentangle the effects of collisions,
mean-field interactions, and pairing correlations to reveal the
origin of collectivity. Furthermore, small systems exhibit pre-
cursors to critical fluctuations near phase transitions and link
them to few-particle excitations [176]. In particular, local dis-
sipation that originates from local correlations (Sect. 2.2.2)
does not require large systems or long-wavelength excita-

tions, in particular for bulk viscosity where the scattering
rate is found to scale predominantly with temperature but not
with density, as a consequence of pair excitations [128,214].
Fully spatially resolved dynamics of Fermi gases, including
superfluids, has recently been achieved using time-dependent
density functional theory [215].

2.3.5 Non-hydrodynamic modes in ultracold atoms

Hydrodynamics describes the universal evolution of near-
equilibrium systems on long timescales, when their dynam-
ics are governed only by conservation laws like conservation
of energy and momentum. Out-of-equilibrium systems have
transient, non-universal features of their dynamics, character-
ized by non-hydrodynamic modes, that vanish in the hydro-
dynamic regime but can play a major role far from equilib-
rium.

Relativistic hydrodynamics has enjoyed remarkable suc-
cess in the phenomenology of heavy-ion collisions (see
Sect. 3.3.1). The geometry in the initial state of nuclear col-
lisions, along with the pressure-driven expansion character-
istic of hydrodynamics, generates long-range correlations in
the momenta of produced particles that have been used in
tandem with hydrodynamic simulations to constrain trans-
port coefficients like viscosity of the quark-gluon plasma
[29,30]. Much more surprisingly, hydrodynamic-like corre-
lations have also been observed in much smaller systems like
proton-nucleus collisions, where the assumptions of hydro-
dynamics seem to break down due to large gradients.

Groundbreaking theoretical work [216] led to the discov-
ery of attractor solutions for relativistic hydrodynamics. Due
to the decay of non-hydrodynamic modes, different initial
conditions can reach a common solution long before the
naive regime of applicability of hydrodynamics. Significant
recent work in the field of heavy-ion collisions has focused
on understanding whether attractors may be part of the sur-
prising applicability of hydrodynamics in small collision
systems, but it is extremely challenging to access the non-
equilibrium structure in these collisions. Cold atomic gases
provide an avenue for studying the onset of hydrodynam-
ics and non-hydrodynamic modes in a strongly interacting
system with an experimental setup that is under much better
control.

Hydrodynamic transport in cold atomic gases has been
widely studied through collective oscillations, where one
deforms a trapped gas and studies the frequency and damping
rate of its subsequent oscillations. There are two independent
collective oscillations, one associated with radial deforma-
tions (called the breathing mode) and one for shear defor-
mations (quadrupole mode). For a two-dimensional gas with
radii bx and by , the sum δB = (δbx + δby)/2 and difference
δQ = (δbx − δby)/2 of their deformations obey

δQ(t̄) = γ exp(−�Q,0 t̄) cos(ωQt̄ + const), (21)
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δB(t̄) = β exp(−�B t̄) cos(ωB t̄ + const). (22)

In the hydrodynamic regime, �B = 0, ωB = 2 and ωQ =√
2. On the other hand, if interactions between particles are

weak, ωQ = 2 while other quantities stay the same. Fits
to these coefficients have been used to measure the shear
viscosity of Fermi gases near unitarity [217,218].

However, the arguments in the previous paragraph are
based purely on hydrodynamic transport, and neglect tran-
sient, non-hydrodynamic effects that may be dominant out of
equilibrium. Reference [219] studied collective oscillations
in simulations of cold atomic gases beyond the regime of
hydrodynamics using a lattice truncation of the Boltzmann
equation, and found that the quadrupole mode also has a con-
tribution from a purely damped, non-hydrodynamic compo-
nent,

δQ(t̄) = γ exp(−�Q,0 t̄) cos(ωQt̄

+const) + A exp(−�Q,1 t̄). (23)

This provides a much better fit of the form of the early-time
behavior of cold atomic gases released from an anisotropic
trap within nonlinear kinetic theory. The breathing mode is
not found to have any discernible non-hydrodynamic com-
ponent. Equation 23 can be found analytically in kinetic the-
ory near (but outside) the hydrodynamic limit, and is con-
firmed in numerical simulations. However, none of these
approaches is fully controlled for quantum gases in the far
out-of-equilibrium regime, which motivates the study of non-
hydrodynamic transport in experiments on cold atomic gases.

To take a first step in this direction, Ref. [220] reconsid-
ered the experimental measurements of hydrodynamic col-
lective modes in 2D Fermi gases [218] to search for signa-
tures of non-hydrodynamic excitations. Though Ref. [218]
did use a purely damped term in their fits as in Eq. 23,
they did not report the values for the damping rate of the
non-hydrodynamic component, �Q,1. In Ref. [220], the raw
data were reanalyzed to extract the non-hydrodynamic mode
damping rate. Uncertainties in the reanalysis are large, pri-
marily because the time resolution of the experiments was not
fine enough to capture the fast decay of the transient modes.
However, it finds a hint of a nonzero non-hydrodynamic
component of the quadrupole oscillation, and motivates fur-
ther experiments to study the detailed structure of non-
hydrodynamic modes in cold atomic gases.

2.3.6 Hydrodynamic attractor in ultracold atoms

In this section, we propose a setup to observe hydrodynamic
attractors in ultracold atomic gases [221]. We consider a two-
component Fermi gas at any temperature in three dimensions
whose interaction is characterized only by the two-body s-
wave scattering length. In this system, the time variation of
the scattering length at fixed gas volume allows the realiza-

tion of phenomena equivalent to isotropic fluid expansions of
the gas, as there are no other intrinsic reference scales [139].
Taking advantage of this equivalence, we show that hydro-
dynamic attractors can be investigated in the Fermi gas by
driving the scattering length to the strongly interacting limit,
i.e., the unitary limit, over time, as schematically depicted
in the left panel of Fig. 7. It is worth noting that our method
applies to a wide range of ultracold atomic systems whose
interaction is fully characterized by the s-wave scattering
length, such as fermions in the whole BCS-BEC crossover
and repulsive Bose gases.

To realize the universal hydrodynamic attractor, we drive
the scattering length so that the system is initially brought
out of equilibrium and then gradually approaches thermal
equilibrium. Specifically, we drive the scattering length as

ak(t)
−1 =

{

a−1
k t < tk,

a−1
k (t/tk)−α t > tk,

for k = 1, 2, . . .

(24)

with α > 0. Namely, we fix the scattering length at ak until
time tk , after which we drive it according to a power law with
exponent α. The subscript k is used to distinguish the drives
corresponding to different initial conditions. To make drives
with different initial conditions the same over a long time, we
fix ã := ak(τζ /tk)α , which represents the scattering length
at the relaxation time in the power-law drive. Consequently,
at long times, all the driving protocols lie on a single curve,
as depicted in the left panel of Fig. 7.

According to the linear response theory, the modulation
of the scattering length causes a change in its conjugate
quantity, the contact density. We express the deviation of
the contact density from its equilibrium value as π(t) ≡
(C(t) − Ceq[a(t)]) /(12πma(t)). Here, C(t) is the contact
density at time t , while Ceq[a] is the instantaneous contact
density determined in thermal equilibrium with the scatter-
ing length a. The correlation function for π(t) corresponds
to the complex bulk viscosity [134] and is well described
by a Drude form at low frequencies [128,132,133,135], so
that π(t) exhibits relaxation dynamics characterized by the
relaxation time τζ at long times.

The right panel of Fig. 7 plots the dimensionless version
of the deviation, π(t) × (τζ /ζ [a(t)]), under the drive of the
scattering length with a power α = 1/2. Since the bulk strain
rate tensor with time-dependent scattering length is given by
−3ȧ(t)/a(t) [139] and becomes smaller as time increases,
the system approaches thermal equilibrium, and thus the
deviation tends toward zero. Importantly, the numerical solu-
tions for tk/τζ = 0.1, 0.3, . . . , 3.5 (black thin lines) converge
rapidly to the universal attractor solution πatt(t) (blue thick
line) before being reduced to the hydrodynamic solutions
(dashed lines). This is because the long-time expansion of

123



  115 Page 22 of 40 Eur. Phys. J. A           (2026) 62:115 

Fig. 7 (Left) The driving protocol for the scattering length to realize
the hydrodynamic attractor in a uniform system without fluid velocities.
We keep the scattering length at a constant value ak until time t = tk
and then allow it to approach the unitary limit a−1(t) → 0 asymptoti-
cally with a power law of time, Eq. 24. To realize various initial condi-
tions, the initial scattering length ak and time tk are varied while fixing
ã = ak(τζ /tk)α for k = 1, 2, 3, . . .. Due to this fixing, the power-law
drive of all drives is on a single curve. (Right) The plot of the devi-
ation of the dimensionless contact density from its equilibrium value,
c(t)− ceq[a(t)] ≡ (C(t)−Ceq[a(t)])/(12πma(t))× (τζ /ζ [a(t)]), as a

function of t/τζ under power-law drive with α = 1/2. Black thin lines
give numerical solutions for tk/τζ = 0.1, 0.3, 0.5, . . . , 3.5, while the
blue thick line represents the hydrodynamic attractor solution. We also
plot hydrodynamic results of zeroth-order (orange), first-order (green),
and second-order (red dashed line) from the expansion of πatt(t) with
respect to τζ /t . These figures are adapted from K. Fujii and T. Enss,
“Hydrodynamic attractor in Ultracold Atoms” Phys. Rev. Lett. 133(17)
173402 (2024) [221], Copyright © 2024 by the American Physical
Society

πatt(t), i.e., the expansion with respect to τζ /t , is asymp-
totic with convergence radius zero, whereas its expansion
provides hydrodynamic solutions (dashed lines). Due to this
asymptotic nature of πatt(t), the universal attractor behavior
emerges before the time scale t � τζ at which hydrody-
namics becomes accurate; this is called the hydrodynamic
attractor.

The attractor behavior that we have proposed can be
probed in current cold-atom experiments, and thus our results
establish cold-atom systems as a new platform for exploring
hydrodynamic attractors. While experimental studies of rapid
hydrodynamization are currently actively pursued in 1D inte-
grable systems [222], in higher dimensions new explorations
could be envisaged based on existing platforms on ther-
mal gases (e.g., [223,224]). Recently, the attractor behavior
has also been studied in periodically driven systems [225].
Such systems never approach the Navier–Stokes behavior
and instead exhibit a cyclic attractor even at late times. Fur-
ther considerations on the emergence of an attractor for a
Fermi gas near unitarity can be found in [226].

2.3.7 Entanglement and thermalization in small closed
systems

A closed quantum system initialized in a pure state |ψ(0)〉
and subject to a Hamiltonian H evolves unitarily in time
t as |ψ(t)〉 = e−i Ht |ψ(0)〉. Since the global state ρ(t) =
|ψ(t)〉〈ψ(t)| remains pure, it cannot strictly evolve into
a mixed thermal state ρ(β) ∝ e−βH . Nevertheless, iso-
lated quantum many-body systems—including heavy-ion
collision and ultracold atom experiments—generally relax
to thermal equilibrium [52]. This apparent dichotomy can
be resolved by considering a (small) subsystem A and its

(larger) complement B. All physical observables OA acces-
sible through measurements in A are completely determined
by the reduced density matrix ρA(t) = TrB [|ψ(t)〉〈ψ(t)|],
where TrB[. . . ] denotes a partial trace. A local observable
〈OA〉(t) = TrA [OAρA(t)] can thus approach a thermal value
〈OA〉β = Tr

[OAρβ

]

as t → ∞ while the global state
remains pure. Intuitively, the complement B serves as an
environment which makes A appear “thermal.”

This intuition can be made more precise through the notion
of quantum entanglement. For a bi-partition A : B and an
associated factorization of the Hilbert spaceH asH = HA⊗
HB , a pure quantum state |ψ〉 ∈ H is called (bi-partite)
entangled if it cannot be written as a product state, i.e., there
do not exist pure states |ψA/B〉 ∈ HA/B such that |ψ〉 =
|ψA〉⊗ |ψB〉. One can show that |ψ〉 is entangled if and only
if the von Neumann entanglement entropy

SA = −TrA
[

ρA log (ρA)
]

(25)

is nonzero [227]. In other words, the mixedness of the
reduced state ρA measures the entanglement among A and
B. Related measures include the n-th order Rényi entropies
S(n)
A = 1

1−nTrA log
(

ρn
A

)

, which are often simpler to access
in quantum simulation experiments [228].

For a closed but (locally) thermalized system, it is the
entanglement entropy SA that mimics the role of a ther-
modynamic entropy. As typical thermal systems exhibit an
extensive scaling of thermodynamic entropy, one expects the
entanglement entropy to grow with the volume VA of A, i.e.,
SA ∝ VA. Such volume-law scaling is indicative of highly
entangled quantum many-body states, in contrast to ground
states of gapped Hamiltonians that typically exhibit area-law
scaling of the entanglement entropy [229]. When initializ-
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ing a system with small or even vanishing SA, the build-up
of entanglement over time thus constitutes a characteristic
fingerprint of thermalization that indicates an effective loss
of information in the subsystem. It is generally believed that
such information scrambling is driven by Hamiltonians that
exhibit quantum chaos, a property that is often analyzed by
studying eigenenergy level statistics in the context of the
eigenstate thermalization hypothesis [230].

In the last decade, progress in the control and manipu-
lation of synthetic quantum systems has made these theo-
retical ideas experimentally accessible. For example, local
thermalization and the simultaneous build-up of entangle-
ment has been observed in a remarkably small system of six
atoms trapped in an optical lattice [231]. More recently, pro-
grammable quantum simulators and digital quantum com-
puters are being used to implement real-time evolution for
studying thermalization [232], where entanglement can be
quantified through protocols involving randomized measure-
ments [233]. However, since the unbiased measurement of
entropies typically requires a measurement budget that scales
exponentially with the (sub)system size, alternative protocols
exploiting the structure of the underlying quantum state are
being developed to study large-scale entanglement in quan-
tum simulation experiments [234].

In summary, studying entanglement properties can help to
shed light on whether and how quantum systems thermalize.
In synthetic quantum systems, this viewpoint led to the dis-
covery of so-called quantum many-body scars, exceptional
states of low entanglement that exhibit anomalously slow
relaxation [235,236]. In high-energy collider physics, quan-
tum entanglement may explain the observed thermal exci-
tation spectra in e+e− collisions [237]. Finally, we are just
beginning to explore the role of entanglement for the dynam-
ics of general (lattice) gauge theories, e.g., [238–240].

3 Status and prospects with high-energy collisions

3.1 What is all the fuss about small systems in high-energy
collisions?

For completeness, here we recall and elaborate some of the
key points discussed in Sect. 1.2.

QGP in heavy-ion collisions.
The formation of QGP has been established in experi-

ments at RHIC on Au+Au collisions at
√
sNN = 200 GeV and

on Pb+Pb collisions at a center-of-mass energy of
√
sNN =

2.76 and 5.02 TeV at the LHC at CERN. A relativistic
hydrodynamic framework proves extremely successful in the
description of the experimental observables, mainly in two
respects.

First, state-of-the-art hydrodynamic simulations naturally
capture the steepness and normalization of the spectrum of
soft hadrons emitted in the collisions (radial flow) when tak-
ing as input the equation of state of high-temperature QCD
[241], that is, including de-confined quark and gluon degrees
of freedom in the medium. The average momentum of the
emitted hadrons in combination with the measured particle
multiplicities indicate, in particular, that the system reaches
temperatures on the order of trillion kelvins in its early stages,
fully consistent with the formation of a QGP [242]. The inclu-
sion of initial-state fluctuations in the initial energy density
profiles via fluctuating nucleon–nucleon collision positions
enables the model to capture, in addition, the fluctuations
of the radial flow [243–250], which have been extensively
analyzed experimentally [251–255].

Not only is the radial (isotropic) flow of the system cap-
tured by a hydrodynamic picture, but as discussed, the par-
ticle distribution in momentum space, as a function of the
azimuthal angle ϕ, can be parameterized by a Fourier cosine
series,

dN

dϕ
∼ 1 +

∞
∑

n=1

2 vn cos[n(ϕ − �n)], (26)

where �n are the nth-order planes of symmetry. The coef-
ficients vn describe the magnitude of the system response
to the anisotropies of the initial energy density distribution,
and the lower-order vn coefficients (n = 2, 3) are in fact
directly proportional to the initial-state spatial eccentricities,
vn ∝ εn (for n > 3, the vn coefficients contain contribu-
tions from the nth-order eccentricity as well as lower orders)
[256]. Extensive measurements have been made of the vn
coefficients as a function of the collision system, size (cen-
trality), and energy, as well as the particle species, momen-
tum (pT ), etc., [257], in order to characterize properties of the
QGP medium. This vast ensemble of observables can all be
quantitatively captured by the hydrodynamic framework of
high-energy collisions [244], and are today utilized in com-
prehensive Bayesian analyses [258] to pin down values of
parameters encoding microscopic QCD dynamics (such as
the shear and bulk viscosities). Measurements of the vn fluc-
tuations and correlations between vn coefficients have led to
further constraints on our understanding of QGP properties.

QGP in small systems?
The first observations of collectivity in small systems

came from two-particle correlations in (�ϕ,�η), in partic-
ular those measured in collisions which produce large mul-
tiplicities. The multiplicity is related to the “activity” of the
collision, and increases monotonically with the size of the
interaction region (in heavy-ion collisions) or the number of
parton–parton interactions (in small collision systems). Cor-
relations in �ϕ, the relative azimuthal angle between two
particles, over a large range in �η, the relative pseudorapid-
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ity, are a natural consequence of collective flow in a hydro-
dynamic description. If particles are correlated with respect
to a global symmetry plane as Eq. 26 (e.g., a plane dictated
by the initial spatial anisotropies, εn), then the two-particle
distribution in �ϕ has the form

dN

d�ϕab
∼ 1 +

∞
∑

n=1

2 vn,avn,b cos[n�ϕab], (27)

where the two particles in the pair, a and b, may be
drawn from different classes defined by their properties
(e.g. momentum, species) and thus have different azimuthal
flow coefficients, vn,a and vn,b (cross-terms proportional to
vn,avm,b, for n �= m, may also arise as the symmetry planes
of different orders are correlated). Furthermore, these corre-
lations are expected to persist over wide ranges of �η since
the particles respond to the flow field defined by the global
symmetry of the system. While such characteristic correla-
tions in (�ϕ,�η) were observed in heavy-ion collisions, it
was surprising to observe them in collisions where the sys-
tem was expected to be too small to produce a QGP or to
build up a flow field defined by a global plane of symmetry.

Since the first observation of the ridge in p+p and p+Pb
collisions, experimental and theoretical efforts have been
undertaken to investigate and explain this phenomenon.
Despite significant experimental challenges related to sub-
tracting short-range (local) non-flow-like correlations [259],
and although alternative theoretical advances have demon-
strated that a hydrodynamic approach is not strictly neces-
sary to produce azimuthal correlations over wide ranges in
pseudorapidity [55], a rather convincing picture has emerged
whereby the observed flow and momentum anisotropies orig-
inate from a pressure-gradient-type response of the created
matter to the shape of its initial geometry. This picture is
expected to become even more established thanks to upcom-
ing data from collisions of highly deformed 20Ne nuclei, col-
lected by the LHC in 2025, offering a means to fine-tune the
initial-state geometry of a small system.

Prominent open questions.
The observation of flow-like signals in small collision sys-

tems has prompted a reassessment of the conventional inter-
pretation of both heavy-ion and p+p collisions, leading to
several fundamental open questions, including the follow-
ing:

1. How does initial-state energy deposition (geometry)
transfer into final-state anisotropic particle distribution?
Is hydrodynamics the explanation in large systems? What
is the microscopic description, on the level of particle
interactions, for this hydrodynamic behavior?

2. What is the origin of anisotropic flow in small systems?
Is it hydrodynamics? How many scatterings or interac-

tions does it take to generate flow, to equilibrate, and to
thermalize?

3. Is there a QGP medium produced in small systems? What
are its properties?

4. What is the interplay between momentum scales (hard
and soft probes)? Is there quenching (suppression or mod-
ification) of hard probes in small systems?

The recent experimental and theoretical work and remain-
ing open questions clearly demonstrate the complementarity
of studies of large and small collision systems. Therefore,
making progress in understanding both small and large col-
lision systems can inform our understanding of high-energy
nuclear and hadron collisions as a whole, thus enabling us to
attack the following questions:

• Does the presence of long-range collective effects in
p+p collisions indicate the presence of a hydrodynamic
medium? Is a QGP formed in small collision systems?
What can heavy-ion collisions teach us about more fun-
damental collisions at high energies?

• Are there alternative explanations that can fully describe
the observed flow-like signals in small collision systems?
If so, is our understanding of anisotropic flow in heavy-
ion collisions incomplete? What can small collision sys-
tems teach us about collisions of heavy nuclei?

As we review and discuss in the next section, thanks to the
great breadth of colliding systems that have been and will be
analyzed, combined with the great quality of the data that a
machine such as the LHC can deliver, we expect that by the
end of this decade and the beginning of the high-luminosity
phase of the LHC, much progress will be made in finding an
answer to these overarching problems.

3.2 Experimental overview

3.2.1 Multi-particle correlations as a probe of collectivity
in finite systems

The properties of the quark-gluon plasma created in heavy-
ion collisions and its collective behavior are reflected in
numerous observables. The RHIC and the LHC experi-
ments [13,260,261] reveal striking similarities among many
observables across different systems, from heavy-ion to
proton–proton collisions. Multi-particle azimuthal correla-
tions prove a powerful tool to study the evolution of these
collisions [55]. The few- and many-body correlations among
the produced particles originate at different stages of the colli-
sion evolution [262] and are indicative of different sources of
hadron production. Different production mechanisms result
in short- or long-range structures in the distribution of the
angular separation between particles [263,264]. These struc-
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tures can be studied multi-differentially using multi-particle
cumulants. The second- and fourth-order cumulants of the
distribution of the elliptic flow magnitude (v2) are measured
as follows [265–267]:

cn{2} = 〈〈cos n(ϕ1 − ϕ2)〉〉, (28)

cn{4} = 〈〈cos n(ϕ1 − ϕ2 + ϕ3 − ϕ4)〉〉 − 2〈〈cos n(ϕ1 − ϕ2)〉〉2.

(29)

Here, ϕi (i = 1 . . . 4) are the azimuthal angles of the pro-
duced particles, 〈. . .〉 is the average over all pairs and quadru-
plets of particles in a collision, and 〈〈. . .〉〉 is the average over
all collisions in the selected centrality or multiplicity class.
An example of the charged-hadron multiplicity dependence
of the two-particle cumulant (v2{2} = √

c2{2}) measured for
different colliding systems [44,263] is shown in the left panel
in Fig. 8 for collision energies relevant to the LHC.

Two- and multi-particle correlation techniques have been
successfully applied to search for similar patterns and col-
lective behavior in even smaller systems, such as electron–
proton collisions [268,269]. Among the observables used to
analyze the electron–proton data is the double-differential
two-particle correlation:

C(�η,�ϕ) = S(�η,�ϕ)

BG(�η,�ϕ)
. (30)

Here, �η and �ϕ are particle pair separations in pseudo-
rapidity and azimuthal angle, respectively, S is the number
of particle pairs in the same collision, and BG is the combina-
torial background extracted with an event-mixing technique.

Figure 8 shows the structures in the double-differential
two-particle correlations measured in (middle panel) high-
multiplicity proton–proton collisions and (right panel) elect
ron–proton photoproduction reactions. In both colliding sys-
tems, one can immediately see a strong same-side peak at
zero relative angles and the away-side ridge (the structure
elongated in rapidity at opposite angles, �ϕ ∼ π ), associ-
ated with the (di-)jet production. The distinct feature in high-
multiplicity proton–proton collisions, which is not present in
the ep interactions, is the same-side ridge at close azimuthal
angles and large rapidity separation, which is typically asso-
ciated with collective flow in heavy-ion collisions.

3.2.2 Prospects for collectivity studies in relativistic
collisions

The studies of collectivity have bright prospects in view of
imminent programs with proton–nucleus and light-ion colli-
sions which are gaining momentum at the LHC and SPS at
CERN. There are published results for the two-particle cor-
relations in central Be+Be collisions from the beam energy
scan program of the NA61/SHINE experiment at CERN SPS

[270], data from collisions of proton beams with light nuclei
at the LHCb experiment [271], and recent preliminary data
[272] from the STAR experiment at RHIC for azimuthal cor-
relations in O+O collisions (see left panel in Fig. 9).

A run with collisions of oxygen and neon nuclei took place
at the LHC in summer 2025 and will allow us to explore
the effects seen in high-multiplicity pp and p-Pb collisions,
with a system that has a similarly small number of partic-
ipating nucleons and final-state multiplicity as in p-Pb but
with a different sampling of the nuclei shapes in the initial
state of the collision [274]. The projections of the ALICE
experiment at CERN for two-particle correlations vn{2} for
different Fourier harmonics compared to existing data in pp,
p–Pb, Xe–Xe, and Pb–Pb collisions are shown in the right
panel of Fig. 9. These data will be complemented by fixed-
target collisions with the upgraded LHCb’s high-density gas
target SMOG2 system [275,276]. Data from Ne–Ne, Pb–Ne,
and Pb–Ar fixed-target collisions at

√
s = 69 GeV (in the

center of mass) are currently being analyzed, and theoretical
calculations [277] have highlighted the great opportunities
offered by such datasets for collectivity studies.

Over the long term, the ALICE 3 [278] at the LHC and the
ePIC experiment at the Electron–Ion Collider [279] will sig-
nificantly extend these studies. The large rapidity coverage
of ALICE 3 will allow us to study the correlations between
mid- and forward-rapidity regions of particle production, dif-
ferentiating high-multiplicity events with multi-parton inter-
actions (uniform particle density) from those with only a
few high-multiplicity parton–parton interactions (strongly
anisotropic). The ePIC experiment at the EIC will allow us to
extend the studies of the multi-parton interactions and limits
of collectivity started recently with reanalyses of the HERA
[268,269] and LEP [280] data, and in photonuclear ultra-
peripheral AA collisions at the LHC [281]. By offering both
high-multiplicity ep and eA collisions, where the incoming
virtual photon has a sufficiently long lifetime [282], the EIC
is uniquely positioned for the high-precision study of collec-
tivity in small systems and elucidating its underlying mech-
anism.

3.3 Theoretical overview

3.3.1 Applicability of hydrodynamic description in
heavy-ion collisions

A heavy-ion collision is a multi-phase process that requires
a combination of different theoretical descriptions for vari-
ous stages of the collision [52]. Essential parts of the standard
model of heavy ion collisions are the formation of a far-from-
equilibrium glasma phase [283–285] which subsequently
evolves toward viscous hydrodynamic expansion of quark
gluon plasma [17,27,46]. The glasma stage is described by
solutions of (3+1)-D Yang–Mills equations [286], where it
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Fig. 8 (left panel) Two-particle correlation v2{2} versus charged parti-
cle density in Pb–Pb and pp collisions (figure adapted from [261]). Two-
particle correlations C(�η,�ϕ) in (middle panel) high-multiplicity

proton–proton collisions at
√
s = 7 TeV, adapted from Ref. [13], and

(right panel) ep photoproduction reactions at
√
s = 318 GeV [268,269]

Fig. 9 (left panel) Comparison of the ratio of the final-state two- and
four-particle anisotropies (v2{4}/v2{2}) in O+O collisions at

√
sNN =

200 GeV from the STAR preliminary data [272] with the correspond-
ing ratios of the initial-state anisotropies (ε2{4}/ε2{2}) expected from
different models of the oxygen nuclear-structure configurations. (right

panel) Projections [273] of the ALICE experiment at CERN for two-
particle correlations vn{2} for n = 2, 3, and 4 versus charged particle
density in O-O collisions compared to existing data in pp, p–Pb, Xe–Xe,
and Pb–Pb collisions

is observed that the system flows to a non-thermal attrac-
tor whose dynamics is captured by an effective kinetic the-
ory [287], leading to hydrodynamization and thermalization
[52]. Remarkably, the non-thermal attractor observed is uni-
versal to that of expanding cold atomic gases, with identical
real-time critical exponents describing its evolution [288].
The dynamics of the attractor is described by an ultraviolet
energy cascade and an infrared particle number cascade, with
the latter possibly leading to the formation of a Bose–Einstein
condensate [288–290]. We note that very similar behavior
is seen in over-occupied relativistic scalar theories, where
one can explicitly show that the endpoint of the infrared cas-
cade is described by the Gross–Pitaevski equation [291]. The
search for condensates in heavy-ion collisions, with a poten-
tial extension to small systems, is an important part of the
scientific mission of the ALICE 3 detector [278,292,293].

The subsequent spatiotemporal evolution of QGP is
obtained by numerically solving relativistic viscous hydro-
dynamic equations. For causality and stability, relativistic

Navier–Stokes equations are supplemented with relaxation-
type equations for dissipative components of the energy–
momentum tensor, i.e., Israel–Müller–Stewart equations [26,
27,46]. The initial energy–momentum tensor for hydrody-
namic evolution is provided at some time τhydro after the col-
lisions by a suitable initial-state model. Important features
of the initial conditions in heavy-ion collisions are spatial
inhomogeneities and fluctuations of the initial energy den-
sity. These are driven mainly by the nucleus–nucleus over-
lap during the collision (impact parameter) and fluctuations
in nucleon positions in the colliding nucleus wave func-
tion. During the collision, each colliding pair of nucleons
produces a large number of particles (gluons and quarks),
which convert the quantum fluctuations of nucleon positions
to fluctuations of energy density, which are evolved classi-
cally according to hydrodynamics. Eventually the QCD mat-
ter cools down and the fluid degrees of freedom are converted
into experimentally measurable hadrons.
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The state-of-the-art hydrodynamic models can success-
fully and simultaneously describe extensive sets of exper-
imental observables in heavy-ion collisions, such as low-
momentum particle spectra and harmonic flows [28,30].
These studies establish a strong connection between initial-
state geometry deformations and final-state momentum
anisotropies. One of the key properties of QGP extracted
by these models is the ratio of viscosity over entropy η/s ≈
0.1 − 0.2, which is close to the value computed in strongly
coupled supersymmetric quantum field theories [294] and is
the smallest specific viscosity of all measured fluids [28].

The remarkable success of hydrodynamic models on sub-
atomic scales has spurred the theoretical studies of new
hydrodynamic theories [45,46]. The applicability of hydro-
dynamics is helped by the specific shear viscosity being
small, so that sizable velocity gradients ∂μuν generate small
corrections compared to the equilibrium pressure. Secondly,
Navier–Stokes equations provide a good description of the
evolution outside the naive regime of applicability, i.e., even
when corrections to equilibrium are of order 1. This is a
consequence of the hydrodynamic attractor phenomenon
[52,53,295,296]. Figure 10 depicts the pressure isotropiza-
tion of QGP as described by microscopic QCD kinetic the-
ory [297–299]. The expansion rate ∂μuμ = 1/τ is decreas-
ing monotonically and the system approaches equilibrium,
which is characterized by the deviation of the zz compo-
nent of the energy–momentum tensor from the equilibrium
value. We observe that different kinetic evolutions collapse
onto a common curve when the energy–momentum ten-
sor component is five times as small as the equilibrium
value. Such rapid loss of initial-state information and the
universal far-from-equilibrium approach to equilibrium is
called a hydrodynamic attractor (marked in red). Notably, the
hydrodynamic attractor is different from the universal near-
equilibrium approach described by Navier–Stokes equations
(marked in green). Nevertheless, the hydrodynamic attrac-
tor joins viscous hydrodynamic predictions when deviations
from equilibrium are still a factor of 2 away from equilib-
rium. This is the main theoretical explanation for why vis-
cous hydrodynamic simulations are successful in describing
rapidly expanding QGP already 1 fm/c after the collision
[52].

In recent years, hydrodynamic attractors have been an
active topic of theoretical research [26,53,296,300]. They
have been studied using different microscopic theories:
generalization of Navier–Stokes, holographic models, and
kinetic theories. Their mathematical structure (trans-series)
reveals information about the non-convergence of hydro-
dynamics and gradient expansion [301–303] (see also
Sect. 2.3.5). In heavy-ion collisions, the hydrodynamic attrac-
tors cannot be cleanly separated from other stages of the col-
lision, and direct experimental evidence of this phenomenon
is lacking. It is possible that in smaller collision systems,

Fig. 10 Illustration of hydrodynamic attractor phenomena in QGP
undergoing Bjorken expansion. Different QCD kinetic theory simula-
tions (blue lines) start at an anisotropic initial state with a large expan-
sion rate. As the expansion slows down, the system approaches equi-
librium by first merging to a hydrodynamic attractor (red line) and then
joining Navier–Stokes hydrodynamics (green dashed line). Based on a
figure from [299]

such as light-ion collisions [49], where the pre-equilibrium
stage is relatively longer, they could play a more significant
role. High-momentum partons traveling through the QGP
perturb the medium and therefore could also be used to
study the non-equilibrium dynamics [304]. Recently there
have been proposals [221,225,226] to study hydrodynamic
attractors in ultracold gases; see Sect. 2.3.6. Highly tunable
cold-atom experiments are a promising avenue for discover-
ing the hydrodynamic attractor phenomenon.

3.3.2 Probing entanglement dynamics in ultra-peripheral
collisions

Hanbury Brown–Twiss (HBT) intensity interferometry, orig-
inally developed for astrophysical imaging, is a powerful
technique for extracting the spacetime structure of a chaotic
source from measurements of correlations in field intensi-
ties of identical particles emitted by the source in sepa-
rate detectors. HBT can be understood as a wave interfer-
ence phenomenon and has been demonstrated in classical
and quantum optics. In addition to quantum optics, it has
become an essential tool across various fields of physics,
from astronomy to nuclear physics and quantum optics—a
comprehensive recent review can be found in Alain Aspect’s
Les Houches lectures [305].

All these cases require that the intensity interferometry
be that of indistinguishable particles. Cotler and Wilczek,
and subsequently Cotler, Wilczek and Borish, showed that
intensity interference effects could be recovered in measure-
ments of nonidentical particles by passing the emitted parti-
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cles through a device that performs a unitary transformation
entangling their wave functions and subsequently filters the
entangled state prior to their measurement in a detector. They
dubbed this phenomenon “entanglement- enabled intensity
interferometry,” or E2 I 2 for short, and with experimental
colleagues demonstrated this effect in optical intensity inter-
ferometry experiments utilizing distinguishable photons of
two distinct wavelengths [306].

In the context of high-energy physics experiments, probes
of entanglement dynamics have only recently begun to attract
significant attention [307]. The STAR collaboration spec-
ulated in particular that E2 I 2 explains patterns observed
in exclusive decays of vector mesons measured in ultra-
relativistic ultra-peripheral nuclear collisions (UPCs) at the
Relativistic Heavy Ion Collider (RHIC) [308]. In UPC
experiments at RHIC, and at the Large Hadron Collider
(LHC), beams of heavy ultra-relativistic nuclei generate
extremely powerful electromagnetic fields. These allow for
clean studies of strongly interacting matter, because equiv-
alent Weizsäcker–Williams (WW) photons from one of the
nuclear beams can scatter (directly) off quark and (indirectly)
gluon fields in the other nucleus, producing strongly interact-
ing subatomic particles in the final state. Of particular inter-
est for E2 I 2 are exclusive diffractive photoproduction pro-
cesses where the decay products of a single final state (such
as a vector meson) can be studied in isolation separated by a
gap in rapidity from the struck nucleus. Specifically, STAR
observed in exclusive ρ0-meson decays into distinguishable
π± pairs a strong cos 2φ and a modest cos 4φ interferomet-
ric modulation in the coherent cross-section (correspond-
ing to intact nuclei). The two-particle correlation data are
shown in Fig. 11. The angle φ is the azimuthal angle between
q = (p1 + p2) and P⊥ = (p1 − p2), with p1,2 being the
momentum vectors of the daughter π± particles, projected
along the plane orthogonal to the beam axes. The observed
cos 2φ modulation is strongest at low transverse momentum,
peaking with a value of ≈ 40% at |q| ≈ 20 MeV/c, and
shows a wave interference structure exhibiting a minimum
and second maximum around |q| ≈ 120 MeV/c [308].

The data show interesting similarities and differences rel-
ative to the two-particle correlation patterns observed in HBT
studies. The dip at q → 0 is due to destructive interference
of the identical amplitudes where the ρ-meson is produced
off one nucleus or the other. (The interference is destruc-
tive because the polarization vectors in the two cases point
in opposite directions, along the line of the impact parame-
ter of the collision.) The subsequent peak and minima carry
however important information on the size and matter distri-
bution inside the nuclei. In particular, once q ∼ 0.1 GeV, the
data are sensitive to few-body nuclear correlations inside the
nuclei, and beyond this scale to strongly interacting dynamics
inside the protons and neutrons themselves.

Fig. 11 Two-particle correlation data from the exclusive production of
π±-pairs arising from the decay of ρ-mesons in ultra-relativistic ultra-
peripheral heavy-ion collisions at RHIC [308]. The correlation data
demonstrate the cos(2�Pq ) angular modulation in the azimuthal angle
φPq between vectors q (= (p1 + p2), corresponding to the ρ-meson
momentum) and P⊥ (= (p1− p2), the relative momentum), constructed
from p1 and p2 corresponding to the momenta of the produced π±-pairs
in the laboratory frame, projected on the plane orthogonal to the beam
axis

The entire interference pattern (besides the “trivial” one at
q → 0) can be simply understood as a variant of the Cotler–
Wilczek mechanism. The entire formation and decay of the
ρ-meson is clearly a unitary (if poorly understood) process
in QCD, with the ρ-meson acting as unitary transformation
that entangles the wave functions of the π+-meson with that
of the π− before they are released in the decay. Indeed, if
the π± pair were formed directly (and not via the decay of
the ρ-meson), there would be no such interference pattern.
(This is seen in experiment by requiring that the reconstructed
invariant mass of the π±-pair be close to the ρ-meson mass
of ∼ 770 MeV.) More specifically, the ρ-meson is a spin-1
object, while the pions are spin-zero states. The π± bound
state constituting the ρ is then a P-wave angular momentum
state. The cosine modulation then simply reflects the entan-
glement arising from the projection of the pions into their
L = 1 angular momentum eigenstates.

The details of this computation are worked out in [309].
A quantitative comparison to data however requires more
work, which is in progress. Of particular interest is the sec-
ond peak and minimum in the range q ∼ 0.1 − 0.6 GeV. As
noted, this physics corresponds to gluon correlations within
the nucleon. Further, in this kinematic range, the production
of the ρ-meson causes the struck nucleus to break up into
nucleons, a process called “incoherent diffraction.” Since the
nucleons are still intact, the gluons that produce the ρ-meson
must be in color singlet, so-called pomeron configurations.
The process in this kinematics is γ +P → ρ → π+ + π−,
where P represents the pomeron. Thus, E2 I 2 opens a novel
window into understanding the structure and dynamics of the
pomeron. Similar studies can be repeated for other vector
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meson two-body decays (φ → K+K−, J/� → e+e−),
potentially providing further insight into the flavor struc-
ture of the pomeron. It is also conceivable that the E2 I 2

framework could provide clear evidence for a conjectured
“odderon” color singlet configuration of three gluons in the
decay of χc mesons. With sufficient UPC data, one can also
explore (i) ρ − ω-meson mixing, with the latter, of compa-
rable mass, decaying into a three-body π−π+π0 final state,
and (ii) decays of higher mass resonances. All of these E2 I 2

studies can also be carried out at the future Electron–Ion
Collider [310], where polarized proton beams and polarized
light nuclei will provide a further handle on nucleon and
gluon correlations in appropriate kinematic ranges.

From the perspective of a high-energy physicist, the inter-
esting question in the context of this report is whether a ver-
sion of the E2 I 2 process as described can be realized in
few-body binary ultracold atom systems when the atoms are
released from the trap. The phase information in transient
bound states of the distinct atoms might similarly contain
information on their dynamics in coincident measurements
of the distinct atom species. We hope the above discussion
will trigger ideas to be explored along these lines.

4 Conclusions and outlook

In conclusion, the EMMI RRTF [2] gathered experts in cold-
atom and high-energy physics to discuss newly emerging
issues related to the puzzling observation of emergent many-
body dynamics in mesoscopic quantum gases. Motivated by
groundbreaking experiments in both fields, our goal is to
establish a research program where Anderson’s famous dic-
tum More is different [1] becomes the subject of quantitative
studies. Our driving questions are “When does few become
more?” and “What if few is also different?” Experiments with
cold atoms or in high-energy particle colliders are ideally
suited to probe and qualify this transition.

More specifically, we have focused on the boundaries of
applicability of effective many-body descriptions of mat-
ter, such as hydrodynamics, in regimes where long-standing
textbook definitions should not be applicable. Traditionally,
hydrodynamic approaches are meant to describe phenomena
over long wavelengths compared to microscopic scales (large
systems) and when their associated dynamics is slow enough
(small frequencies) to permit microscopic interactions to
keep the system close to local equilibrium. Yet, the recent
theoretical developments and experimental results discussed
in this report challenge these assumptions. We identify three
principal frontiers that define the limits of (in)applicability of
hydrodynamics and which are illustrated in Fig. 12: the size
frontier, the equilibrium frontier, and the interaction frontier.
In this section, we summarize how the theoretical and exper-
imental developments discussed in this report inform us on

these frontiers, and outline promising directions for future
investigation.

4.1 Size frontier: collective dynamics of few constituents

Naively, one might expect that the 10-particle Schrödinger
equation could be solved exactly, offering a definitive under-
standing of the transition from few- to many-body physics. In
reality, few exact quantitative results are available from first
principles for intermediate-size systems. For certain sym-
metric configurations, energy spectra can be computed using
exact diagonalization, for instance, up to N ∼ 6 fermions or
N ∼ 30 bosons in the lowest Landau level (see Sect. 2.3.1).
Even approximate methods, such as the explicitly correlated
Gaussian (ECG) technique, are currently limited to systems
with around 10 fermions in symmetric traps (Sect. 2.3.3).
Moreover, real-time dynamics of just a handful of interact-
ing atoms remains computationally intractable. Thus, a key
challenge is to bridge the gap between few-body exact meth-
ods and effective continuum approaches like density func-
tional theory (for fermions) or the Gross–Pitaevskii equation
(for bosons), and to quantify the validity of these continuum
theories in intermediate regimes (Sect. 2.3.4). Experimental
observations provide essential benchmarks for tracking the
crossover from few- to many-body behavior.

Despite these challenges, several theoretical and experi-
mental results suggest that certain observables show remark-
able insensitivity to the number of constituents. As discussed
in Sect. 2.1, quantities such as the Bertsch parameter, the con-
tact, and the Fermi polaron energy exhibit only mild depen-
dence on the number of atoms. On the experimental side,
cold-atom setups with up to 10 interacting lithium atoms
released from anisotropic 2D traps reveal geometry inversion
patterns consistent with hydrodynamic expansion of the aver-
age particle number density (Sects. 2.2.1, 2.3.2). Similarly,
in high-energy nuclear collisions, signatures of collectivity
have been observed across all hadronic systems, even with
relatively small final-state multiplicities (Sects. 3.1, 3.2.1).
These findings highlight the relevance of identifying which
observables can be reliably captured by many-body effective
theories, even in systems with very few constituents.

Looking ahead, theoretical efforts should aim to system-
atically connect few-body models with hydrodynamic and
macroscopic descriptions. They should help answer ques-
tions such as how many atoms are needed to form a conden-
sate or whether one can test for superfluidity in a small system
by detecting angular momentum upon rotation (Sect. 2.3.1).
One potential way is to incorporate higher-order gradient cor-
rections that are expected to play a sizable role in small sys-
tems (Sects. 2.3.4, 2.3.2). On the experimental side, contin-
ued exploration of few-atom gases, including mixed-species
Fermi gases (Sect. 2.2.4), will be crucial. Composite degrees
of freedom provide an extension of the cold-atom toolbox
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Fig. 12 Frontiers of hydrodynamic (in)applicability as a function of
the system size, closeness to equilibrium, and interaction strength. The
RRTF report summarizes the latest developments in experimental and
theoretical research on the quantitative determination of the applicabil-
ity region of hydrodynamics and other effective theories

that could help model aspects of the QGP such as spe-
cific mass ratios and cluster bound states and access new,
sub-diffusive transport regimes (Sect. 2.2.5). In high-energy
physics, legacy data from ep and e + e collisions have been
reanalyzed to place bounds on the requirements for the emer-
gence of collective behavior (Sect. 3.2.1). Experiments using
light-ion species in both collider and fixed-target modes at
the LHC offer new platforms for testing models of collec-
tivity with varying system sizes and geometries (Sect. 3.2.2).
In such cases, corrections associated with system size and
lifetime become especially significant, and must be carefully
accounted for in hydrodynamic modeling (Sect. 3.3.1).

4.2 Equilibrium frontier: short time scales and
hydrodynamization

Hydrodynamics is conventionally formulated to describe
the long-time, low-frequency behavior of a system, captur-
ing only modes near equilibrium. In contrast, nuclear colli-
sions produce QCD matter that is both highly excited and
extremely short-lived, existing for only about 100 yoctosec-
onds (or 10−22 s for the largest systems). It is therefore a
nontrivial and striking feature of QCD that such systems
appear to reach local thermal equilibrium quickly enough
for a fluid description to become valid. This phenomenon
of rapid hydrodynamization has been attributed to the exis-
tence of hydrodynamic attractors, which enable such a behav-
ior to emerge as soon as non-hydrodynamic modes decay
(Sect. 3.3.1).

Similar attractor dynamics and the role of non-hydrody-
namic modes can be explored in cold-atom systems

(Sects. 2.3.5,2.3.6). In these experiments, observing the
early-time dynamics with high temporal resolution is crit-
ical to distinguishing genuine hydrodynamic behavior from
transient non-equilibrium evolution. In particular, fast, real-
time probes of non-equilibrium dynamics, such as high-
resolution measurements of the equation of state during evo-
lution, are within the reach of modern platforms (Sects. 2.2.2,
2.3.4). These advances offer a novel laboratory for test-
ing the onset of hydrodynamic behavior and exploring the
frequency-dependent response of many-body systems.

Looking ahead for the theoretical counterpart, pushing
into the high-frequency or short-time domain will require
significant development. In particular, it will be necessary
to go beyond conventional kinetic theory to understand the
response of many-body systems to both rapid and large-
amplitude perturbations (Sects. 2.3.6,3.3.1). These develop-
ments are especially timely in view of high-precision mea-
surements of flow phenomena in collisions of 16O and 20Ne
nuclei. This will enable a systematic mapping of collectiv-
ity from ultra-central light-ion collisions, which we expect
to be dominated by hydrodynamic effects, to more periph-
eral collisions reaching into the small-system regime where
out-of-equilibrium corrections become increasingly signifi-
cant. These investigations will be complemented by precision
measurements of high-momentum jets traversing the QGP in
heavy-ion collisions, which perturb the medium throughout
its entire evolution.

4.3 Interaction frontier: strong coupling and many-body
correlations

At both extremes of the temperature spectrum, having strong
interactions among constituents is a crucial requirement for
the onset of collective or hydrodynamic behavior.

At finite temperature in the standard picture of a colli-
sional fluid, a system can exhibit hydrodynamic behavior if
its constituents interact frequently enough to establish local
equilibrium. In the case of the QGP produced in heavy-ion
collisions, strong interactions are particularly key in leading
to low-viscosity behavior, which ultimately enables the emer-
gence of collective dynamics despite the small size and short
lifetime of such systems. Whether atomic gases below the
critical temperature can surpass the QGP in achieving even
lower specific viscosity remains an open question (Sect. 1.2).
An important direction to explore in the future involves
quantifying transport coefficients and dissipative processes
at strong coupling, where standard kinetic theory approaches
may fail (Sects. 2.2.3, 2.2.5, 2.2.2).

At zero temperature, superfluid behavior, as dictated by
the GPE, can emerge in a fermionic system if interatomic
interactions are strong enough to lead to the formation of
fermionic pairs (the degrees of freedom that can form a con-
densate). The few-body experiments at Heidelberg Univer-
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sity have, in particular, directly probed the onset of elliptic
flow as a function of the interaction strength (Sects. 2.2.1,
2.2.3), showing that this emergent collective phenomenon is
indeed driven by interactions. An important open question
to clarify is whether the observed collective fluid behavior in
microscopic systems can be ascribed to the effect of two-body
interactions alone, or whether genuine higher-order correla-
tions (e.g., three-body or beyond) are essential to explain the
data. This is especially relevant in the regimes achieved in the
few-body setup of the Heidelberg few-body lab, where the
diluteness condition underlying the GPE is explicitly broken
(pair size is on the same order as the system size). There-
fore, the direct measurement of two-body and higher-order
correlations in the regime of strong interactions represents
a key experimental frontier (Sects. 2.2.2, 2.2.4). These mea-
surements will be critical in elucidating how hydrodynamic
behavior is related to underlying many-body quantum corre-
lations.

Finally, entanglement has been identified as a key mecha-
nism underlying thermalization processes (Sect. 2.3.7). Exp-
eriments with as few as six atoms have demonstrated that
local thermalization coincides with the growth of entangle-
ment, while atypical low-entanglement states exhibit remark-
ably slow relaxation. In high-energy collider physics, quan-
tum entanglement has been suggested as a possible explana-
tion for the surprisingly universal features of thermal hadron
production, down to elementary processes such as e+e− col-
lisions. Direct probes of quantum entanglement in particle
collisions have only recently begun to attract attention in
the community. In particular, entanglement-enabled intensity
interferometry has been proposed for future electron-ion col-
lisions, and exploring analogous effects in ultracold atomic
systems could open new avenues for testing the connection
between emergent many-body dynamics and this genuinely
quantum phenomenon (Sect. 3.3.2).
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