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Abstract—We present necessary and sufficient optimality con-
ditions for finite time optimal control problems for a class of
hybrid systems described by linear complementarity models.
Although these optimal control problems are difficult in general
due to the presence of complementarity constraints, we provide
a set of structural assumptions ensuring that the tangent cone of
the constraints possesses geometric regularity properties. These
imply that the classical Karush-Kuhn-Tucker conditions of non-
linear programming theory are both necessary and sufficient for
local optimality, which is not the case for general mathematical
programs with complementarity constraints. We also present
sufficient conditions for global optimality.

We proceed to show that the dynamics of every continuous
piecewise affine system can be written as the optimizer of a
mathematical program which results in a linear complemen-
tarity model satisfying our structural assumptions. Hence, our
stationarity results apply to a large class of hybrid systems
with piecewise affine dynamics. We present simulation results
showing the substantial benefits possible from using a nonlinear
programming approach to the optimal control problem with
complementarity constraints instead of a more traditional mixed-
integer formulation.

Many dynamical system have both continuous and switch-
ing, i.e. hybrid, dynamics [1]. Common examples include me-
chanical systems with impact [2], traction models for cars [3],
[4], and biological systems [5]. The class of piecewise affine
(PWA) systems is particularly important because it is a natural
generalization of linear systems and hence conceptually easy
to understand and use for modeling [6].

We consider finite horizon optimal control problems for
PWA systems in the form

N-1
min -y (en) + Y le(er, ur) (la)
’ k=0
S.t. Xp41 = A;xp + Biug + ¢; for (xk,uk) € Q;, (lb)

where z; € R™ denotes the predicted system state k
timesteps into the future and the PWA dynamics (1b) are
to be satisfied for all £ = 0,...,N — 1. We denote by
u := (ug,...,un—1) the collection of the control inputs
to be chosen and by x := (zo,...,zy) the resulting state
trajectory starting from the initial state x9 = x. We assume
the typical case of convex stage costs fi: R™ x R™ — R
and terminal cost /v : R™* — R. A detailed description of the
PWA dynamics follows in Section V.
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Optimal control problems in the form (1) are typically
solved with mixed-integer programming (MIP) approaches
based on an MLD reformulation of the PWA dynamics [7].
Other solution approaches based on nonlinear program-
ming [8], the solution of a series of linear programs [9], or
the alternating direction method of multipliers [10] have also
been proposed.

It has been shown in [11] that PWA systems are equivalent
to a number of other hybrid system model classes such
as linear complementarity (LC) models [12], mixed-logical
dynamical (MLD) [7], and max-min-plus-scaling models [9]
under certain technical assumptions. Some tools and results
developed for one system class may, accordingly, be applied
to another, equivalent system class where appropriate. Finite
horizon optimal control problems for discrete time hybrid
system models such as (1) have for example been studied
in [7] (PWA / MLD models) and [8], [13] (max-min-plus-
scaling models).

Here we consider hybrid dynamical systems in LC form:

zt = Az + Byu + B,w + ¢,
0<FE,w+FE,x+F,u+e 1L w>0,

(2a)
(2b)

where z € R"= is the current system state and z+ € R"»
the successor state resulting from applying a control input
u € R™ . Since both sides of (2b) are constrained to be
non-negative, the orthogonality relation L requires that every
component of the complementarity variable w € R™ is
constrained to be zero if the corresponding component on
the left-hand side of (2b) is non-zero, and vice-versa. While
the complementarity variables w can by ascribed physical
meaning with respect to the modeled system in some cases,
see [14, Ch. 11], [15], or [16], we will consider the general
case where they are treated as arbitrary auxiliary variables.
The other matrices in (2) are assumed to have compatible
dimensions, in particular E,, € R™»*"w ig a square matrix.
By using appropriate transformations [11], [17], the PWA
dynamics (1b) can be replaced by equivalent LC dynamics (2),
leading to another finite horizon optimal control problem:

N-1
min In(zN) + Z O (g, ur) (3a)
” k=0
Stt. xpq1 = Axg + Buug + Bpwy + ¢ (3b)

0 S Ewwk' + E’I"rk‘ + Euuk +e L Wk Z 0 (3C)

The notation is analogous to (1), and we denote by w :=
(wo, ..., wn—1) the trajectory of complementarity variables
corresponding to u and x. The variables w;, do not appear in
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the cost function (3a) because we consider them to be auxiliary
variables without physical meaning.

We deliberately omit constraints on the state and control
input from the optimal control problems (1) and (3) for clarity
of exposition. However, all of the results in this paper extend to
linear state-input constraints over the horizon, i.e. (xy,uy) €
T'x for polytopes I'y, C R™» x R™=.

Due to the complementarity constraints (3c) that are part of
the LC dynamics, the optimal control problem (3) is called
a mathematical program with complementarity constraints
(MPCC) [18]. For an overview of MPCC solution methods and
different applications see [14], [19]. MPCCs are nonlinear and
nonconvex optimization problems (i.e. the complementarity
constraint (3c) can be modeled as a bilinear (in-)equality) and
are generally difficult to solve. The main reason for this is that
the classical Mangasarian-Fromovitz constraint qualification
(MFCQ) of nonlinear programming (NLP) is violated at every
feasible point [20]. MFCQ is typically assumed in NLP theory
to enable the use of Karush-Kuhn-Tucker (KKT) conditions to
characterize optimality. It is equivalent to the compactness of
the set of Lagrange multipliers at a local optimum [21].

In this paper we make a number of structural assumptions
on (2) to focus on a particular subclass of LC models. Under
these assumptions we can prove strong stationarity conditions
for the optimal control MPCC (3). In particular, we will show
that the classical KKT conditions from NLP theory are both
necessary and sufficient for optimality in (3). This is generally
not the case for MPCCs where KKT conditions cannot be
expected to hold and specialized solution methods are often
used [18].

We then show that our results for (3) can also be applied
to optimal control problems for arbitrary continuous PWA
systems in the form (1). In particular, we exploit the fact that
continuous PWA functions can be written as the difference of
two convex PWA functions [22], [23] to represent PWA system
dynamics as the solution to a convex parametric quadratic
program (PQP). Further manipulations result in a special LC
model (2) which satisfies the assumptions we require on (2)
for our strong stationarity results. We also present sufficient
conditions for a given local optimum to be the only local
optimum within a neighborhood around it or even globally
optimal for (3).

In addition to an illustrative example we present numerical
results that indicate solving (3) as an NLP can be compu-
tationally advantageous compared to more traditional MIP
approaches to solving (1). Treating (3) as a general NLP
instead of an MPCC is only effective due to the strong
stationarity results in this paper, since typical NLP solvers
attempt to find solutions to the KKT conditions and are
consequently not suitable for general MPCCs. Solving (3)
as an NLP leads to significantly shorter computation times
and much better scaling in the problem dimensions than an
MIP approach and often yields globally optimal solutions in
numerical experiments. While no a-priori guarantees exist for
this, simulation studies for randomly generated systems outline
the possible benefits of this approach. Since optimal control
problems for hybrid systems are NP hard in general, no such
guarantees should be expected [24].

Notation: We use superscripts in square brackets to indicate
elements of vectors and vector valued functions and matrices,
e.g. fUlis the j™ element of f and MU+ is the j™ row of M.
We use the symbols A and V to denote the logical operations
“and” and “or”, respectively. The Kronecker product between
two matrices A and B is denoted A ® B. The notation =z L y
indicates that the two vector z,y € R™ are orthogonal, i.e.
2Ty = 0. A bold 1 denotes a vector (or matrix) of ones and I
an identity matrix. In case the dimensions are not clear from
context we indicate them using subscripts, e.g. 1,, 5., € R"*™
is an n-by-m matrix of ones. A positive (semi-)definiteness
condition on a symmetric matrix M = M ' is denoted
M » 0 (M > 0). While ||-|| denotes an arbitrary norm on
the respective space, we denote a weighted Euclidean norm
using a symmetric matrix @ > 0 as ||z|/q := /2" Qz. The
sign of a scalar x is given by sgn(z).

The nullspace of a matrix M is given by N(M). The
interior of a set 2 C R™ is denoted int({2) and the cardinality
of a set v C N by |y|. We denote the set of real non-negative
numbers R, and the index set {1,...,n} by N,,. All vector-
valued inequalities are to be understood component-wise.

The term mathematical program with equilibrium con-
straints (MPEC) is also used regularly in the literature for
MPCCs such as (3), although the two problem classes are
not entirely equivalent [25]. We will use the term MPCC
throughout the paper, except for some technical terms, e.g.
MPEC-Abadie constraint qualification, which have been firmly
established in the literature using the MPEC-acronym.

I. STANDING ASSUMPTIONS AND MAIN RESULT

Throughout the paper we make a number of standing
assumptions about the LC model (2). The first is a reasonable
assumption to guarantee deterministic behavior:

Assumption 1: Every complementarity variable w that
solves (2b) for a fixed (x,u) results in the same successor
state x.

For an in-depth discussion of well-posedness of LC systems
and related results we refer to [26].

The next is a technical assumption on the structure of the
complementarity problem (2b):

Assumption 2: There exist an n, € N and scalars
M, € N that partition N, such that the com-
plementarity problem (2b) can (possibly after a coordinate
transformation) be decomposed into n; independent comple-
mentarity problems

Mgy s - -

ViENan 0< Myw; +Cix+Dju+e; L w; >0, (4)
where M; = M," € R™:*™ jis a symmetric positive
semidefinite rank-one matrix, i.e.

Vi €N, : M;=mym, =0
for some m; € R™w:. This decomposition is minimal in the
sense that mEJ ] #OforeveryieN,, and j €N, .
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Assumption 2 means that E,, = E,] € R™ X" is a block-
diagonal matrix with the rank one matrices M; from (4) along
the diagonal

M, 0 ... 0 w
0 My ... 0 !
E, = . ) with w = : ,
0 0 M,, Wre
and the other matrices in (2b) are given as
Cy D, e
E&C = s Eu = R e = :
Ch, Dy, €n,

The solution set of the complementarity problem (2b) is simply
the cartesian product of the solution sets of (4).

The requirement that mz[-J ) be nonzero is without loss
of generality and serves to avoid the presence of spurious
degenerate complementarity variables. Assume my J'=0and
Ci[j’:]erDZ[j’:]queEj] = 0 in (4), then wz[-j] is unbounded above
and completely independent from all other complementarity
constraints. This means its corresponding column in B,, has
to be identically zero to satisfy Assumption 1. Hence, wzm
could simply be eliminated from the model.

Assumption 2 obviously limits what LC models (2) we
can consider, e.g. a consequence of Assumption 2 is that
E, = E] = 0 which is generally not the case. We will prove
in Section V that every continuous PWA system can be written
as an LC model in the form (2) satisfying Assumption 2.
Hence, while we have limited the number of LC models (2) we
consider, we still cover all cases where equivalent continuous
PWA dynamics exist.

It is easy to prove the following result which provides an
easy procedure to verify whether certain LC models satisfy
Assumption 1:

Lemma 1 (nullspace representation of Assumption 1): An
LC model (2) with E,, = EJ > 0, e.g. one that satisfies
Assumption 2, satisfies Assumption 1 if

N (E,) CN (By).

Proof: Use [27, Thm. 3.1.7]. [ |
Finally, we make an assumption on the existence of special
solutions for the complementarity sub-problems (4):
Assumption 3: For every fixed x € R™* and v € R™ and
every sub-problem (4) with 7 € N,,, there exists a j € ani
such that
C’Z-[j’:}x + Dl[j’:]u + egj] < 0.

This assumption ensures that for any (z,u) the solution to (4)
is non-trivial, i.e. w; # 0. Similarly to Assumption 2, As-
sumption 3 restricts the LC models (2) considered but will be
satisfied by LC models obtained from an arbitrary continuous
PWA model via our construction described in Section V.
Failure of MFCQ for (3) means that the set of Lagrange
multipliers is either unbounded (which can be a numerical
problem) or may even be empty at a local optimum. This
means it is generally not possible to characterize optimality for
MPCCs using the classical KKT conditions. The main result

3

of this paper relieves this problem for the particular optimal
control MPCC (3):

Theorem 1 (strong stationarity conditions): Let v* =
(x*,u*,w*) be feasible for the optimal control problem (3)
for an LC model satisfying Assumptions 1, 2, and 3. Then v*
is locally optimal if and only if the classical KKT conditions
in the sense of [28, Sec. 5.5.3], [29, Sec. 5.1] for (3) admit a
primal-dual solution pair.

We will need a number of intermediate results to prove
Theorem 1, so defer the proof to Section III. Theorem 1 is
remarkable since it states that the classical KKT conditions
are both necessary and sufficient local optimality conditions
for the optimal control MPCC (3). This is in contrast to
general MPCCs, for which the KKT conditions are sufficient
for optimality, but typically not necessary [30, Ex. 3]. We will
present the KKT conditions from [28, Sec. 5.5.3], [29, Sec.
5.1] for (3) in a concise manner in Section III.

II. STRUCTURE OF THE LINEAR COMPLEMENTARITY
SOLUTIONS

For the proof of Theorem 1 we will need a number of
results that characterize the solution set of the complementarity
constraint (3c) under the assumptions made in the previous
section.

From Assumption 2 it is clear that we can focus on an
individual complementarity sub-problem (4). Furthermore, for
the structural results we derive below the actual values of the
state = and control input u are of no consequence. Hence, to
simplify the notation throughout this section we will consider
the linear complementarity problem (LCP)

0<Mw+q L w>0, ®))

where w € R", M € R"*", and ¢ € R™. Note that we drop
the sub-problem index ¢ from (4) and assume x and w fixed
to obtain

q = Cijx + D;u + e;.
Moreover by Assumptions 2 and 3
3jeN,: ¢"<0 and M=mm" =0

for some m € R"”.
Following the conventions of [27], we call the solution set
of the LCP (5) for a fixed M and q

SOL (¢, M) :={weR"| w>0, Mw+q >0,
w' (Mw+ ¢) = 0}.

From M = M " = 0 it follows that SOL (g, M) is a convex
polytope:

Lemma 2 (LCP solution set): The solution set for the
complementarity problem (5) is the convex polytope

SOL (¢, M) = {w € R | ¢" (w—w) =0, m" (w—w) =0}

where w is any solution of (5).

Proof: The fact that SOL (¢, M) is a convex polytope
follows from M = 0 and [27, Thm. 3.1.7]. We can simplify
the notation from [27] by noting that N'(M) =N (m"). =
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An immediate consequence of Lemma 2 is that the left-hand
term (Mw + ¢) in (5) has the same value for every w €
SOL (g, M) [27, Thm. 3.4.4].

For a fixed w € SOL (¢, M) we introduce the index sets

a(w) = {i €N, | Mw + ¢l =0, wl > 0},
Blw) == {i e N, | MIw+ g1 =0, wll =0}, (6)
y(w) = {i €N, | MPw 4+ ¢l > 0, wll =0},

which partition N,,. Complementarity constraints for which
i € f(w) are called biactive, and the set §(w) is the biactive
set. In case S(w) is empty, w is called nondegenerate [27].

Lemma 3 (nondegenerate tangent vectors): Let w €
SOL (g, M) solve the LCP (5) with

p(w) # 0,

i.e. assume there is at least one biactive complementarity
constraint. For every j € [(w) there exists another w €
SOL (¢, M) such that

a(w) = a(w) U{j} and B(w) = B(w) \ {j}.

Proof: We will construct a vector § € R™ such that w =
(w+0) satisfies the conditions of the lemma. From Lemma 2,
any such & must satisfy w = (w+6) > 0and § € N ([m ¢ ")
in addition to the conditions on «(w) and S(w).

Assumption 3 ensures that o (w) is always nonempty. Select
an arbitrary ¢ € «(w) and j € B(w), and restrict § to be zero
aside from the elements 6” and §U]. We will choose the non-
zero entries of § such that

‘(5“] <@l and 61 > 0, %

which is sufficient to ensure both the non-negativity of w =
W + § and the required conditions on a(w) and ( ).

Note that ¢l) = —mll(m @) (analogously for ¢l7!), so that
the nullspace condition on § amounts to

mli mbil 5l
(_mm (mT@) —mb] (mTw)) <5m> =0 ®

Recalling that Assumption 2 ensures that the vector m is
element-wise non-zero, it is then sufficient to choose

ol = — Ll gen m!! ’ 5[j}:7m7w5[¢1,
2 mlil mlil

which satisfies both (7) and (8). [ |

Lemma 3 proves that in the presence of biactive comple-
mentarity constraints it is possible to find a tangential direction
to SOL (¢, M) such that exactly one index moves from 3 to c.
This technical result is necessary to later prove our results on
the tangent cone of the constraints in (3). Repeated application
of this result provides the following corollary:

Corollary 4 (strict complementarity): If SOL (g, M) is non-
empty, then there exists a w € SOL (¢, M) with S(w) = 0.

4

III. OPTIMALITY CONDITIONS FOR THE OPTIMAL
CONTROL PROBLEM

In this section we will derive necessary and sufficient
optimality conditions for the optimal control problem (3). The
problem (3) is a specific case of the following general class
of affine MPCCs:

min  J(v) (9a)
st. Fijpav+ fin <0, Feqv + feq =0, (9b)
Gv+g>0, Hv+h2>0, (9c)
(Gv+g)" (Hv+h)=0 (9d)

Here, v € R™ is the decision variable in (9), f;, € RP,
feq € RY, g, h € R™, and all other quantities have compatible
dimension. For the optimal control problem (3) with v :=
(u,x,w), we have

H=(0 0 Inn,),

g=1ny®e, (10a)
h = 0. (10b)

The other matrices can be constructed analogously. In the
sequel we will require a number of concepts from the MPCC
literature, and will make reference to the general affine
MPCC (9) to this end. The optimization problem (9) is non-
convex due to the complementarity constraint (9d). Note that
there are many slightly different but equivalent formulations
of (9), in particular regarding the complementarity constraint.
We will use the formulation (9) throughout the paper, which
is without loss of generality (see [18]).

A. Preliminaries: stationarity conditions for MPCCs
We introduce a number of index sets relating to the active
(complementarity) constraints for a given feasible v*:
a:={ieN, | Ghlv* 4 ¢l =0,
Bi={i e Ny | Glo* 4 gl = 0,
v:={i € N, | Glily* gl > 0,
Tin = {i €N, | Fllpe 4 fll = oy

HE " 4 pl1 > 03,

Hy* 4l = 0},

HEy 4 plT = 0},
(11)

Due to the analogy between these definitions and (6) the
same letters are generally used in the literature to identify
the singularly active and biactive complementarity constraints.
Note that we omit the dependence of these sets on the
feasible v* in the interest of a simpler notation whenever it
is unambiguous. When 8 = () we say strict complementarity
holds [18].

We define the Lagrangian function for (9) according to [28],
[29] as

£(U7ﬁ7ﬂ7ﬁG71>H,£) J( ) T( znv+fzn)
+it (Fequ + feq) — P (Gv—i—g)—ﬁ;{(HU—i-h)
+&(Gu+g) (Hv+h),

where we introduced KKT multiplier variables 7 € R, i €
RY, g € R™, vy € R™, and £ € R for the constraints
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in (9). The classical KKT conditions for (9) are then given as
follows [28, Sec. 5.5.3], [29, Sec. 5.1]:

V1J‘C<v7ﬁ7ﬂ7ﬁG7ﬁHaé) = O?
Al >0 for i€y, Al=0 for ¢,

pi =0 for ien, =0 for ica, (12)

ﬁ[él >0 for i€aUpf, 192,] >0 for i€ BU~.

A set of primal variables v* € R™ feasible in (9) and
KKT multiplier variables (also called Lagrange multipliers)
that together satisfy the KKT conditions (12) are also called
a primal-dual solution pair for (9). As discussed in the
introduction the KKT conditions (12) may not be necessary
optimality conditions for (9) due to failure of MFCQ [20].
A number of alternative stationarity conditions to the clas-
sical KKT conditions have therefore been introduced. We
will limit the discussion to the concepts necessary for our
control context; for a comprehensive discussion of weaker
stationarity conditions that are applicable for more general
MPCCs see [31], [32].

The strongest optimality conditions that can generally be
expected to hold at an optimal point [33] are the so-called
M(ordukhovich)-stationary conditions:

Definition 1 (M-stationarity): A feasible point v* € R™
of (9) is called M-stationary if there exist n € R?, u € RY,
vg € R™, and vy € R™ such that

VJ(0) + Fyn+ Fop— GTvg — H vy =0,
N >0 for i€y, nl=0 for i,
vl =0 for i€y, v =0 for

(vg 20nv)20) v vl =0 for icp.

) (13)
i€ q,

The quantities 7, vg, and vy are commonly referred to
as Lagrange multipliers, although they are distinct from the
classical Lagrange multipliers appearing in the KKT condi-
tions (12). To avoid confusion we refer to the former here
as the MPCC multipliers and use the term KKT multipliers
for the latter. The constraints on the signs of these MPCC
multipliers are different, i.e. the multipliers for the singularly
active complementarity constraints, V[é] for 7 € a and Vl[f} for
i € v, are allowed to be negative. The same holds for one of
the multipliers corresponding to the biactive complementarity
constraints, ug] and ul[fl] for ¢ € 3, as long as the other one is
equal to zero. While it can be shown that the M-stationarity
conditions correspond to non-smooth KKT conditions for an
equivalent formulation of (9) [31], it is possible that an M-
stationary local minimum v* of (9) does not admit a primal-
dual solution to the classical KKT conditions (12) [30, Ex. 3].

The so-called strong stationarity conditions are stronger
than those of M-stationarity and have a close relation to the
KKT conditions of (9):

Definition 2 (S-stationarity): A feasible point v* € R™
of (9) is strongly (or S-)stationary if there exist n € RP, u €

5
R?, vg € R™, and vy € R™ such that
VJ(v*) + Fln+ FeTq,u ~G'vg—H'vyg =0,
(>0 for i€Zm, NP =0 for i¢Ti,
n > n ¢ (14)

ug]zo for ¢ €, VE]:O for

1/[6?20/\1/1[,?20 for i€ p.

1€ q,

The only difference between M- and S-stationarity lies in the
conditions on the biactive multipliers. Hence, the two station-
arity conditions (and in fact most other MPCC stationarity
conditions) collapse into S-stationarity in the case of strict
complementarity (8 = 0)).

A feasible point v* of (9) is an S-stationary point if and only
if there exist KKT multipliers satisfying the classical KKT
conditions (12) for (9) at the same point [34, Prop. 4.2]. How-
ever, the classical KKT multipliers in (12) are distinct from
the MPCC multipliers certifying S-stationarity in (14), e.g. the
MPCC multipliers characterizing an S-stationary point do not
include a multiplier for the orthogonality constraint (9d). It can
be shown that MPCC multipliers v and vy certifying strong
stationarity of v* can be computed from KKT multipliers
satisfying (12) as

vG = Ag — & (Hv* + 1),
v =g — & (Gu* +g).

(152)
(15b)

While A¢ and Ay must be nonnegative because they originate
from the classical KKT conditions, individual components of
vg and vy might be negative as indicated in Definition 2.
Derivation of KKT multipliers from given MPCC multipliers
certifying S-stationarity is similarly possible [34].

While M-stationarity is a necessary optimality condition
for the affine MPCC (9) [31], additional conditions on the
MPCC multipliers are required to make M-stationarity a
sufficient condition for local optimality, e.g. [31, Thm. 2.3].
S-stationarity, on the other hand, is a sufficient optimality
condition for the affine MPCC (9), but is not a necessary
optimality condition in general [30, Ex. 3]. We show, however,
that in the particular problem (3) considered here the S-
stationarity conditions are both necessary and sufficient for
optimality as stated in Theorem 1.

Our proof of Theorem 1 is based on a regularity property of
the linearized tangent cone T'"(v*) to the constraints of (9)
at a feasible v* [35] defined as

VieTy,: FYlda<o
Fyd=0
, Viea: GPld=0
Thnw ) i=dderm | =" y
Viey:  H¥d=0
Vi e f3: Gllg >0
Vied:  HPd>0
and of the related MPEC-linearized tangent cone
Tibee(v?) 1311, [34]:
Tatbpe(@®) =T (v*) N
(16)

{d € R™

vie B (GIa)Hd) =0}

0018-9286 (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TAC.2017.2668839, IEEE

Transactions on Automatic Control

The tangent cone T (v*) to the feasible set 1V of (9) is a closed
cone [36], [37] and defined as

T (") = {d eR™ | Jt, € Ry, v, € Ve

lim T — d}.
k—oo  tg

It holds that 7 (v*) C Th%po(v*) C Th"(v*) [32] and,
hence, (71"(v*))° C (T pe(v*))° C (T (v*))°, where C°
is the polar cone of C' [36, Sec. 6.E]. Also note that 7" (v*)
is a convex polyhedral cone while 7 (v*) and 7} - (v*) are
generally nonconvex.

lim ¢, =0 A
k—o0

B. Necessary and sufficient optimality conditions for the op-
timal control problem

We can now prove an important geometric property of the
feasible set of the optimal control problem (3). Specifically,
that it satisfies the intersection property [38]:

Lemma 5 (intersection property): The feasible set of (3) for
an LC model satisfying Assumptions 1, 2, and 3 satisfies the
intersection property at every feasible v := (u,x, w), i.e.

(TAZ/}?DEC(V)) = (Tlm(v)) .

Proof: If 3 = () then the result is obvious, so we assume

B # () throughout and will use Lemma 1 from [37] to prove

that equality holds in (17). To this end we will for every j € 3
find a vector d € R™ such that

HUd >0, F,d=0, F'ld=0ViecI,, (18)
Gild=0vieaup, H"d=0VieyUp\{j}, (18b)

a7

where we used the more compact notation of (9). It can be
seen that the d we construct must be a local recession vector to
the feasible set of (3) such that the biactive complementarity
constraint j becomes singularly active, i.e. for a sufficiently
small ¢ we have

a(v+ed) = a(v) U{j} and B(v+ ed) = B(v) \ {j}.

The similarity with Lemma 3 is not coincidental, we will in
fact use it in the proof.

Let the recession vector d := (dy,dx,dy) be such that
dy, = 0 and dx = 0. Comparing (3) with (18) it is easy
to see that (18) in that case decouples over the horizon. The
complementarity constraint j we are considering is part of (3¢)
for a particular timestep k& and we can set all components of
d,, = (dwo, cey Nfl) not corresponding to k equal to zero.

We have now reduced the conditions (18) to finding a
special recession direction for a single LCP (3c). Due to
Assumption 2 this problem decouples even further into the
linear complementarity sub-problems (4) in the variables wy, ;.
Hence, by Assumption 3 and Lemma 3 there exists a direction
d satisfying (18b).

From the proof of Lemma 3 we can see that this d,, €
N(E,) and, hence, by Lemma 1 also d,,, € N(B,). Any
additional linear inequality constraints present in the optimal
control problem (3) would constrain only states and control
inputs and the corresponding components of the recession
vector d are assumed zero.

6

The argument above proves that we can construct for any
j € B a recession vector satisfying (18). This is equivalent
to condition (Ag) in Lemma 1 of [37] with Bgy, = () and
Bcr, = B. By the same Lemma and Theorem 1 in the same
reference it follows that the intersection property holds. M

With the intersection property established for (3) we are
now in a position to prove Theorem 1:

Proof of Theorem 1: Consider the tangent cone T (v*) to
the constraints in (3) at the feasible v* from the theorem (for
details see [36], [38]). We have, e.g. from [32],

TV*) € Tatbe(v') € THH(vF). (19)

Since (3) is an affine MPCC the MPEC-Abadie constraint
qualification holds at every feasible v [35, Thm. 3.2] and in
particular at v*, which means 7 (v*) = TH% .- (v*) [35, Def.
3.1]. Substituting this and considering the polar cones in (19)
we obtain

(T()° = (Tafbpc(v))” 2 (T (v))".

From Lemma 5 we know that the intersection property holds
for (3) and, hence, the inclusion is actually an equality and
we finally have

(T(v))° = (Th"(v¥))° .

This is the so-called Guignard constraint qualification. It
follows from [38, Thm. 16] that S-stationarity, in the sense
of Definition 2, is a necessary optimality condition for (3).
We also know from [31, Thm. 2.3] that S-stationarity is a
sufficient optimality condition for (3). S-stationarity is in fact
equivalent to the classical KKT-conditions for (3) [34, Prop.
4.2]. This completes the proof. (|

Note that the conclusion of Theorem 1 also holds with ad-
ditional linear constraints on the states and inputs, because the
recession direction d constructed in the proof of Lemma 5 has
no components in the z and u directions, i.e. the intersection
property will still hold.

C. Stronger conditions for global and isolated optima

We now present a number of stronger sufficient conditions
that can be used to verify whether a given locally optimal
solution v* := (u*,x*, w*) is, in fact, globally optimal or
an isolated minimizer. The latter means that there is no other
locally optimal point within a neighborhood around v*. To
present sufficient conditions for an S-stationary solution v*
of (3) to be globally optimal, we introduce MPCC multipliers
wi € R™ for (3b) and vy, A, € R™ for (3c) to present the
S-stationarity conditions for v*:

o .
ﬁ(ml\,) +pun-1=0 (20a)
Vek=1,...,N —1:
8€k * * T T
Tm(xkvuk) g1 — AT —E v, =0 (20b)
Vk=0,...,N —1:
8‘&@ * * T T
%(xk’uk) — B,k —E, v, =0 (20c)
—Bopwe — Ejve — X =0 (20d)

0018-9286 (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TAC.2017.2668839, IEEE

Transactions on Automatic Control

We omit the (inconsequential) conditions related to the deriva-
tives with respect to (. Since the complementarity constraints
in (3¢c) naturally decouple over the prediction horizon for the
given S-stationary v*, we can consider index sets ay, Bk, and
v, analogously defined as in (11) for each stagewise LCP. With
that, we have the following conditions for the MPCC multi-
pliers corresponding to the complementarity constraints (3c):

A = o, (20€)
Vi € By: (20f)
We can now state a sufficient condition for an S-stationary
solution of (3) to be globally optimal.

Theorem 2 (sufficient global optimality condition): Let v* =
(u*,x*,w*) be an S-stationary point for (3), i.e. there exist

MPCC multipliers pui € R™, v € R™, and Ay € R™ such
that (20) holds. If additionally for all k € Ny_;

v >0and A\ >0,

Vi € v V][:] =0,
v >0, Al>0

Vi € ag:

2y

then v* is a globally optimal solution to (3).

Proof: Since all constraint functions in (3) are affine and
we assumed convex stage- and terminal cost functions ¢;, the
result follows from [31, Thm. 2.3]. |

In addition to the first-order optimality conditions from The-
orems 1 and 2 we can use second-order sufficient conditions to
identify an isolated minimizer of (3). These pose conditions
on the critical directions at a stationary point v* of (9) to
ensure that no feasible non-ascent direction exists. To this end,
we introduce the so-called MPEC critical cone based on the
MPEC-linearized tangent cone 7} - (v) from (16):

Cuprec(v®) = Tifbpc(*)N{d e R™ | VJ(v*)"d <0}

With this we introduce the following second-order sufficient
condition:

Definition 3 (strong second-order sufficient condition):
Given an M-stationary point v* € R™ for (9) we say that
the M-multiplier strong second-order sufficient condition (M-
SSOSC) holds at v* if and only if

VdECMpEc(’U*)\{O}: dTV2J(U*)d> 0.

Note that for (9), M-SSOSC does not depend on the values
of any MPCC multipliers but instead only on the critical
directions.

For a comprehensive discussion of this and other second-
order conditions for general MPCCs we refer to [39]. Note
that we have simplified substantially the definitions from [39]
since we are only considering the affine MPCC (9). We can
use the M-SSOSC from Definition 3 to identify an isolated
minimizer v* of (3), i.e. the only local minimizer within a
neighborhood around v*.

Theorem 3 (isolated minimizer with unique complementarity
variables): Let v* = (u*,x*,w*) be an S-stationary point
for (3) and let M-SSOSC hold at v*. Then v* is an isolated
local minimizer, i.e. there exists an € > 0 such that

lv-vi<e =

N—-1 N—-1
In(en) + Y belhup) < In(an) + D b(ar, u).
k=0 k=0

7

Furthermore, w* are the only complementarity variables solv-
ing the LCP (3c) for the fixed u* and x*.

Proof: The fact that v* is an isolated minimizer follows
from [39, Cor. 4.3].

Assume there exists another W such that v := (u*, x*, W) is
feasible for (3). Since the LCP (3c) decouples over the horizon
by Lemma 2 the set of feasible w is a convex polytope, hence
w can be arbitrarily close to w*. Since w does not enter
the cost-function (3a) we have J(¥) = J(v*) and reached a
contradiction. [ ]

IV. OPTIMALITY CONDITIONS FOR OPTIMAL CONTROL
INPUTS

The proof of Theorem 3 hints at a possible challenge when
solving the optimal control problem (3) that, to the authors’
knowledge, has not yet been considered in the literature: we
are interested in finding optimal control input trajectories u*
and the corresponding state trajectory x*, but the optimal
control problem also includes the optimal complementarity
variables w*. Fundamentally, the problem we want to solve is
the hybrid optimal control problem

N—-1
rlrllin EN(.rN) + Z ék(xk,uk) (22a)
> k=0
st. Vk=0,...,N—1: Tht1 = f(xk,uk), (22b)

where f: R" x R™ — R"= describes the LC dynamics (2).
The problem (3) is an instance of (22) that explicitly considers
complementarity variables w to facilitate theoretical deriva-
tions and numerical computations.

It is conceivable that a local optimum v* = (u*,x*, w*)
of (3), which is a member of the feasible set

Q :={v = (u,x,w) | v satisfies the constraints in (3)},

has no corresponding optimal solution (u*,x*) to (22) in the
set
U:={(u,x) | Iw: (u,x,w) € Q},

which is the projection of Q onto the state-input space and
the feasible set of (22).

We will next present an example to illustrate this point. To
this end we introduce the set

M, x) :={w | (u,x,w) € Q}

of complementarity variables that are consistent in (3) with a
given u and x.

A. Example:
stationary

Consider the LC model

non-optimal input trajectories can be S-

ot = wl +wl? -2, (23a)
o0<wl+w+z+u 1L wll>o, (23b)
0<w+w? -1 1 wh?>o, (23¢)

which is equivalent to the continuous PWA model

T = max{—(z +u+2),—1}.
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It is easy to verify that (23) satisfies Assumptions 1-3, the
details are omitted here for brevity.

Consider the optimal control problem (3) with initial state
2o = 0, prediction horizon N = 1, stage cost £o(xg,ug) =
142, and terminal cost ¢, (z1) = 423. For a control input uy =
—1 we obtain z; = —1 and an infinite number of admissible

complementarity variables with
M(~1,-1) = {wo eR2 ’ wit) 4+ wl? = 1} YA

Solving the S-stationarity conditions (14) for any choice
of wyg € M(—1,-1) yields the unique MPCC multiplier

candidates
-1 0
w= (o) 2=(0)

To analyze optimality we have to distinguish three cases:
(2]

po =1, (25)

Case 1: w([)l] =1, w, =0

= a={l}, p={2}, v=10
Case 2: w([)l] > 0, w([)2] >0

= a={1,2}, B=0, y=10
Case 3: w([)l] =0, w([f] =1

= a={2} p={1}, v=10

Case 2 is the easiest to analyze since the biactive set 3
is empty. Hence, for any w([)l] > 0 and w([)2] > 0, the
point v = (—1,—1,wq) is S-stationary and therefore a local
optimum. For case 1, we see that the MPCC multipliers
1/02] and /\BQ] corresponding to the biactive complementarity
constraint 2 are both zero, hence, in this case we are also
at an S-stationary local optimum. Case 3, on the other hand,
does not satisfy the conditions for S-stationarity (or alternative
sufficient optimality conditions, e.g. from [31], [39]) since
1/([)1] < 0. From Theorem 1 it follows that v* = (—1,—1,0,1)
is not locally optimal since it is only M-stationary and not
S-stationary.

Figure 1 shows the cost function values J(x,u) in (3a)
for varying values of uy (which is also the value function
of (22)) together with the corresponding admissible values of
w([)l]. Corresponding values for w([f] and z; follow from the
dynamics (23). The three cases discussed above are marked in
green along the dashed red line indicating the feasible set of
the optimal control problem.

From the value function J in Figure 1 it is clear that a
control input of ug = —1 should not be considered locally
optimal from a control perspective and will not correspond
to a local optimum of (22) in U because &« = —1 + ¢
for an arbitrarily small € > 0 is feasible and has a lower
objective function value. At the same time, it illustrates how
the local minima for (3) in cases 1 and 2 come about: in a
small neighborhood around either of these points, a control
input ug > —1 is not feasible because this would require a

significant change in w([)l]. In other words, while

[(u®,x7) = (u,x)]|
might be arbitrarily small,

[[(u*,x*, W) — (u,x,w)|| > ¢ Vw e M(u,x),

—Value function J(ug)
25- - - Admissible w]! 1
0 Case 1
2r ¢ Case 2 1
L5l v Case 3 / |
e
—~ 1 N {2 3
s AN <
5 i \ / 2
05 — {15 %
R =
0 ] 11
i
}
o {05
i
RS B R N S— {o
25 -2 -15 -1 -05 0 0.5 1 1.5 2 25

Fig. 1. Objective function value of optimal control problem (3) for example
sy[st]em (23) and varying control inputs together with admissible values for
1

we .

for some finite ¢ > 0. Hence, there exist values for wgy such
that v* = (up,z1,wp) is locally optimal for (3) with uy =
—1. For w([)l] = 0 this suddenly changes because there exist
tangential descent directions pointing inside the feasible set.
At the same time, for any such v* € Q the corresponding
point (ug, 1) € U is not a local optimum for (22).

B. Necessary and sufficient conditions for optimal control
trajectories

The preceding example highlights the necessity of adapting
Theorem 1 to the control setting. For control applications,
one is primarily interested in the values of u* and x* and
can disregard the actual value of w* (provided it is primal
feasible). To that end, we introduce the notion of a locally
optimal control trajectory.

Definition 4 (locally optimal control inputs): A control input
trajectory u* := (ug, ui,...,uj_q) is called locally optimal
with respect to (3) if there exists an € > 0 such that

N-1 N-1
On(ey) + D belag,up) < Onvan) + ) bi(ar, up)
k=0 k=0

for all control trajectories u := (ug, u1,...,unx—1) with |ju—
u*|| < e. Here, x* and x are the state trajectories resulting
from applying control inputs u* and u, respectively.

Obviously, a locally optimal control trajectory corresponds
to local optima of (3) and (22). The example in Section IV-A
illustrates that the reverse does not hold: there may exist local
optima for (3) that do not correspond to locally optimal control
trajectories in (22). We immediately obtain necessary and
sufficient conditions for a state and input trajectory (x*,u*)
to be locally optimal.

Theorem 4 (optimality conditions for input trajectories):
Given an input trajectory u* € R¥™« and its corresponding
state trajectory x* € R(N*+17e for an LC model (2) satisfying
Assumptions 1-3, u* is locally optimal per Definition 4
if and only if v* := (u*,x*,w) is S-stationary for all
w e M(u*,x*).
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Proof: The input trajectory u* being locally optimal is
equivalent to v* being a local optimum of (3) for all w €
M(u*,x*). The result follows from Theorem 1. |

A number of sufficient conditions for an input trajectory
u* to be locally optimal can be derived which are very easy
to check. The proofs of these results are straightforward. The
first Corollary mirrors the sufficient conditions in Theorem 2
for a point to be globally optimal in (3).

Corollary 6 (globally optimal control trajectories): Let
v* = (u*,x*, w*) be an S-stationary point for (3) and let the
MPCC multipliers satisfy the conditions (21) in Theorem 2.
Then u* is a globally optimal input trajectory.

Specializing Theorem 3 to optimal control inputs yields the
next result.

Corollary 7 (isolated control trajectories are optimal): Let
v* = (u*,x*, w*) be an S-stationary point for (3) and let
M-SSOSC hold at v*. Then u* is an isolated locally optimal
input trajectory.

While isolated local minimizers always have unique com-
plementarity variables (see Theorem 3) other (non-isolated)
local minimizers can have the same property. Hence, from
Definition 4 follows Corollary 8.

Corollary 8 (unique complementarity variables imply op-
timality): Let v* = (u*,x*, w*) be an S-stationary solution
for (3) and let M (u*,x*) be a singleton, i.e. w* is the unique
complementarity variable trajectory consistent with u* and x*.
Then u* is a locally optimal input trajectory.

Theorem 3.1.7(b) in [27] can be used to determine whether
the given complementarity variable trajectory w* is unique
using the determinant of a particular submatrix of Iy ® E,,.
From Corollary 4 we know that 3 = () is a necessary condition
for M(u*,x*) to be a singleton.

V. INVERSE OPTIMIZATION MODELING OF PIECEWISE
AFFINE SYSTEMS

In this section we will show how all the results from
the previous sections can be applied to hybrid dynamical
systems in continuous piecewise affine (PWA) form. Their
state dynamics are given as

T = f(z,u) = Ajx + Biu+¢; for (x,u) €Q;, (26)

where x € R™ is the system state and v € R™ the control
input. The n, regions 2; C R™ x R™ form a partition of the
domain 2 of the PWA system (26), i.e. int(£2;) Nint(Q;) = 0
for i # j and [J;7, ©; = Q. We assume the system dynamics
to be continuous across region boundaries, i.e.

Aix+Biu+c¢; = ij+Bju+cj

for all z € ; N €.
As discussed in the introduction, a finite horizon optimal
control problem for the PWA system (26) can be written as

N-1
min - Ey(en)+ Y le(en, ur) (1a)
’ k=0
st. Vk=0,...,N—1:
Thy1 = A,z + Biug + ¢; for (xk,uk) € Q,;, (lb)

9

Recall that u := (uq,...,uny—1) and x := (zo,...,zy) are
the input and state trajectory from an initial state z.

While the equivalence between PWA models (26) and LC
models (2) has been known in the literature for quite some
time, the LC models resulting from the derivations in [11] will
not satisfy Assumptions 2 and 3 and require an MLD model as
an intermediate step. The authors in [11] point out that there
will generally be a multitude of LC models (2) corresponding
to a given PWA model (26). Which of these LC models is
“best” will depend on the application.

Recent results from inverse optimization [17], [40] provide a
direct link between PWA models (26) and LC models (2). This
approach is based on the difference of convex functions [41]
and in most cases of interest provides very compact LC
models [17, Lem. 4]. We can show that following this approach
will lead to an LC model that satisfies Assumptions 1-3.

We will later make use of the results in [40] to represent
the PWA system (26) as an optimizing process. To this end
we will require the following result on the representation of
a continuous PWA function 1: R™ — R™ with only convex
component functions ¥[: R™ — R as the optimal solution
to a parametric quadratic program:

Lemma 9 (convex PWA function as solution to PQP): Let
¥: R™ — R™ be continuous PWA and such that o : R™ —
R is convex for all 7 € N;. Then

1

¢(p) € arg min = [jy — @(p)HZ sty > 1(p)

min 5 (27a)

for any diagonal matrix @ > 0 and an affine function
P R™ — R™ with

¥(p) < ¥(p)
Furthermore, the arg min is a singleton, i.e. ¥(p) is the unique
optimizer for (27a).
Proof: Since () >~ 0 is diagonal (27a) decouples into
scalar optimization problems in y!? as follows:

UH(p) € arg min QB (41— 5li(p))’

ylileR 2
sty > pll(p)

It is easy to see that this is simply the projection of )l (p)
onto the (convex) epigraph of ! (p). The result follows
immediately from (27b). |
Lemma 9 is a variant of [23, Lem. 2] which considered a
parametric linear program in (27a). Note that we can always
find an affine function satisfying (27b) due to the convex
component functions of v, cf. [36, Thm. 8.13].

We will adapt the procedure outlined in [40] to derive
a so-called inverse optimization model for a given PWA
system (26). To this end we use the fact that scalar-valued
continuous PWA functions can be written as the difference
of two convex PWA functions [22], [23]. For the PWA
dynamics (26) this means f(x,u) = ¥(z,u) — ¢(x, u) where

for (z,u) € Qf, (28a)
for (z,u) € QF (28b)

vp. (27b)

¢(35» u) = Ay,jx + Byyju + Cy.j
¢($, u) = Az,kx + Bz,ku + 2k

are continuous PWA functions over the domain €2 of the
PWA system and the component functions 17, ¢lil: R™= x
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R™ — R are convex for all ¢ € N,, . The reader is referred
to [17], [23] for details on the computation of the convex
decomposition including the matrices A, ;, B, ; et alia. Note
that this convex decomposition of f is not unique. The regions
QJy and )}, also form partitions of the domain for j € N,,» and
k € N,:. They may differ from the original regions €2;, unless
the original regions form a so-called regular partition [40,
Lem. 2]. The reader is referred to [42] for a comprehensive
treatment of regular partitions; typical examples are Delaunay
triangulations, Voronoi diagrams, and related partitions.

We can apply Lemma 9 to the PWA functions v and ¢
in (28) that make up the PWA dynamics (26) to obtain the
following inverse optimization model of (26):

xt=9—2 (29a)
. o1 - 2
7 E alrgyrenﬂg}m 3 Hy — ’(/J((E,’LL)HQy (29b)
sty > Ay 2+ By jutcy; VjENy (29¢)
. o1 = 2
Z € arg nin 5 Hz — ¢(x, U)HQZ (29d)
st. 22> A, xx + B gu+ o Yk € Ny (29¢)

From Lemma 9 it follows that @, Q. € R"=*"+ are arbitrary
positive definite diagonal matrices. The affine functions ¢
in (29b) and ¢ in (29d) are given as

Y(z,u) = Apx + Bypu + ¢y,
d(z,u) = Apx + Byu + ¢y,

and must satisfy (27b) with respect to 1) and ¢, respectively.

It follows directly from the construction that the inverse
optimization model uses 7 = 2n, decision variables and a
strictly convex cost function. For alternative, possibly more
compact, constructions of an inverse optimization model
of (26) see [40], [43], [44]. An immediately obvious simplifi-
cation can be performed in case a component function f7 of
the original PWA dynamics is already convex or concave.

Recall that (29) represents a remodeling of the PWA dynam-
ics in (1b) in terms of a parametric optimization problem. To
facilitate the inclusion of this model into our overall optimal
control problem (1), we can rewrite (29) in terms of its
KKT conditions, yielding the following linear complementar-
ity model for our system dynamics:

xt —(y—2) =0 (30a)

Qy (y — (Ayz + Byu+cy)) — Y_Ai =0 (30b)

i=1
Q- (2 — (Agz + Byu+c4)) — Y _0; =0 (30c)
j=1
VieNyw: 0<y—(Ayx+ Byu+cy;) LA >0 (30d)
Vj e Nni: 0<z— (AZJQT + Bz,ju + Cz,j) L 9j >0 (30e)

To avoid confusion with the KKT multipliers and MPCC
multipliers introduced in Section III, we will call the A; and 6,
in (30) internal multipliers, i.e. multipliers for the lower-level
part of the optimal control problem (1) when the dynamics

10

have been reformulated as the KKT conditions of a parametric
QP. They correspond to the complementarity variable w in (2).

Note that the reformulation (30) of the PWA system (26) is
an LC model (2) with a generalized cone complementarity. It
can be shown that all results in Section III also hold for the
formulation (30) with the additional auxiliary variables y and
z [45]. Alternatively, one could eliminate these auxiliary vari-
ables to obtain an equivalent, more compact complementarity
representation that exactly matches (2):

IJF:(A¢7A¢)I+(B¢7B¢)U+C¢fc¢ (31a)
QD M- QY0
i=1 j=1
0<wy L X220 VieN,y, (31b)
0<wy, L 60; >0 VjeEN,:, 3lc)
where the complementarity variables wy, and wy, are
_ 1 - .
Wx; = Qy ; Aj+(Ay — Ay i) (1d)
+ (By — By,i) u+ cy — ¢y,
n;
— N1 ) _ )
U)G_,’ - Qz ; 01 + (A¢ Az,j) x (316)

+ (B — B j)u+cy — cs

What is left to do is to show that it also satisfies the
assumptions made at the start of the paper. To that end, we
make the following non-restrictive assumption on the functions

¥ and ¢:
Y(z,u) < max Ay o+ Byju+ey; Viwu) €Q (32)
J n¥

o(z,u) < max A, ;2 + B, ju+ ¢,

1€

V(z,u) € Q (32b)
While (32) is stronger than (27b), it can always be satisfied
for a given PWA system, e.g. by choosing any index j € N,z
and 7 € N,z and setting

Y(x,u) = Ay T + By ju+cyj — 1,

¢(.’I}, u) = Az,ix + Bz,iu + Czi — C7

(33a)
(33b)

with arbitrary 7,{ > 0. With this we can prove that our
results from Section III also apply to properly remodeled PWA
systems:

Theorem 5: Any LC model in the form (31) satisfying
inequalities (32) also satisfies Assumptions 1, 2, and 3.

Proof: For a fixed z € R™ and v € R™ the condi-
tions (30b) and (30d) form the KKT system of the strictly
convex PQP (29b)-(29c) which has a unique minimizer, i.e.
y is independent of the values of the internal multipliers A;.
An analogous argument holds for the ; in (31e)-(31c) and 2
in (29d)-(29¢), hence (31) satisfies Assumption 1.

Careful examination of (31) reveals that the internal mul-
tipliers always appear as their sum over the regions of the
convex decomposition. Accordingly, coupling between the
internal multipliers occurs only for corresponding components.
For any 7 € N, we can collect all internal multipliers
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influencing that particular component of 2+ in the following
LCP:

VEeN,: 0<wll LA >o,

for which we define

(e

[M [i,:] [l _ [i]
+ (Bw —By’k)u—l—c Cy i

k = “] Aglj)m

Collecting terms appropriately results in a complementarity
sub-problem (4) with

M, = ﬂ ].ny7 Ci = )
o
D, = , e; = :
[i,:] [i,:] [1] [2]
By =B, Cyp = Cyn

An analogous argument holds for the LCP in 6, hence (31)
satisfies Assumption 2.

Finally, the component-wise satisfaction of (32) guarantees
that for every ¢ € N,, there exists a k € N,,» such that

(AEZ’:] - Ag ,j) x4+ (B[l d ng]) u+ CM M < 0.
Again, we can show the same for the LCP in # and have
proven that (31) satisfies Assumption 3. ]

Theorem 5 finally proves our claim from the beginning of
the paper — every continuous PWA model (26) can be rewrit-
ten as an equivalent LC model (2) satisfying Assumptions 1, 2,
and 3. Accordingly, such LC models are very general and
cover a wide range of applications. As will be seen in the next
section, the slightly less compact but sparser formulation (30)
can be advantageous for computational purposes.

The example in Section IV-A illustrates that the possibly
infinite number of admissible internal multipliers for a given
(z,u) can lead to spurious local minima in (3) that do not
correspond to locally optimal control trajectories. It is easy
to show that when writing a PWA system (26) as the LC
model (31), different consistent internal multipliers only exist
for a given (x, u) € Q when there exists an ¢ € N,,_ such that

A[Z a?—i—B[Z }u—i—c = A[stc—i-B[Zk]u—l—cH

for j # k in (28) (or analogously for z). This is naturally
the case when (z,u) is on the boundary of two neighboring
regions of the convex or concave part of the PWA dynamics.
Accordingly, any control trajectory u that lands on such a
region boundary will correspond to a local minimum in (3)
with M(u,x) not a singleton. It is conceivable that many
of these local minima do not correspond to locally optimal
control trajectories per Definition 4. While the simulations
below indicate that this problem is not severe it is an issue
that warrants future research.
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VI. NUMERICAL RESULTS

We first present a small toy example adapted from [23]
that illustrates how PWA dynamics can be systematically
transformed into an LC model. By construction, the resulting
model will satisfy the conditions of Theorem 5 and, hence,
Theorem 1. We then present extensive computational results
on randomly generated PWA systems that show the possible
benefits from reformulating PWA dynamics as described in
Section V. Using standard NLP solvers to solve the resulting
MPCC (3) instead of dealing with a MIP formulation of (1)
can be significantly faster without sacrificing much in terms
of solution quality.

A. Illustrative Example

Consider the PWA dynamics f shown in red in the middle
of Figure 2 which represents the dynamics of a hypothetical
PWA system (26) with one state  and one control input .
Using the results from [23], [40], it can be decomposed into
the two convex PWA functions ¢ and ¢ shown in the figure
such that f(z,u) =¥ (z,u) — ¢(x, u).

W /(z W-¢(z. v

Wz, u)

-
ony
1

PWA dynamics f(z «) = ¥z, u) -@(z, u)

Input « State z

Fig. 2. Example of PWA system dynamics f (in the middle) and its
decomposition into a convex part i (above) and a concave part —¢ (below).

The explicit expressions for the functions : [—5,5] X
[-5,5] — R and ¢: [-5,5] x [-5,5] — R are given as
follows:

Y(z,u) =max{3, v +2, —x+2, u+2, —u+2}
o(x,u) =max {6, x+u+2, x—u+2,
—x—u+2, —x+u+2}
Their difference yields the given dynamics f(-) = ¢(:) — &()

which are omitted due to space limitations.

Let us choose 9 (z,u) := 1 and ¢(x,u) := x + u, which
satisfy (27b) with respect to v and ¢, respectively. We can
now use Lemma 9 to construct the following optimization
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problem in the two scalar decision variables z; and zy from
the expressions for v and ¢:

min (1 -10P 4 @) G
st. z1 >3 29 >0

21> x+2 29> —x—u—+2

z21> —r+2 29> T—u-+2

z21> u-+2 29> —r+u-+2

z21 2> —u—+2 z9> x+u-+2

(z,u) € [-5,5] x [-5, 5]

Due to its separability we can obtain the explicit solution

to this optimization problems as zj(z,u) = t(x,u) and
z5(x,u) = ¢(z,u). By construction, the PWA dynamics f
shown in Figure 2 are recovered as f(z,u) = z{(z,u) —

z5(z,u) = Y(x, u)—¢(x, u). In other words, we have obtained
an inverse optimization model (29) for the PWA dynamics f.

It is straightforward to derive the LC model representa-
tions (30) and (31) from (34) by following the derivations
in Section V. Because of our choice for ¢ and ¢, the
resulting LC model will by construction satisfy the conditions
of Theorem 5. Hence, instead of solving the optimal control
problem (1) for the original PWA dynamics we can instead
solve the MPCC (3) and be assured that Theorem 1 holds.
Accordingly, we have a good chance to solve the MPCC
problem with standard NLP solvers which try to find solutions
to the KKT conditions.

B. Computational Experiments

To investigate the possible computational benefits gained
over traditional approaches from using an LC model (2)
and solving the optimal control MPCC (3), we randomly
generated 10 different PWA models (26) with n, = 3 and
ny, = 1. The regions of these PWA models form a Delaunay-
triangulation of the (bounded) system domain with 17 to
19 regions per system. We used the Multi-Parametric Tool-
box 3.0 [46] and ECOS [47] for all geometric computations
necessary to generate the systems.

To solve (1) we used the MLD reformulation from [7] and
modeled the resulting MIP formulation with YALMIP [48].
For each prediction horizon N € {2,4,...,10} we gener-
ated 50 different initial states x inside the domain of the
system such that (1) was feasible, and solved the mixed-integer
optimal control problem with Gurobi [49]. As the cost function
we chose

1 2 2 1 2
Ouonsue) = 5 (lewl3 + luell3) and e (@) = 5 o3

Each of the generated PWA systems was transformed into
both the general LC form (30) and the compact form (31).
The design parameters were chosen as @, = Q. = [
and 1) and ¢ by shifting parts of the convex decomposition
downwards as shown in (33). The resulting formulations of (3)
were solved from the same initial states x( using the general
purpose NLP solver IPOPT [50]. No special treatment of the
complementarity constraints (3c) such as regularization [51]

12
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Fig. 3. Performance profile for N = 8.

or penalization [52] was performed; we simply implemented
them as scalar bilinear inequalities.

To get an impression of the performance that can be
expected, Figure 3 shows a performance profile [53] of the
computation times required to solve the 500 problem instances
for N = 8. Define the performance ratio

tP,S

Tps = ———
P2 ming ty

where t,, is the time it takes solver s to solve problem
instance p. The performance profile then plots the function

ps: R — [0, 1] defined as

po(r) = P | e < 7)1,
np
which (for large numbers 7, of problems p) is the probability
that a performance ratio 7, , is within a factor of 7 € R of
the best possible ratio.

It can be seen from Figure 3 that in over 95 % of all
problem instances for N = 8 the sparse LC formulation (30)
was solved fastest. Additionally, for every problem instance
the MIP approach is (in terms of computation time) beaten by
either the sparse LC (30) or the compact LC (31) approach. It
is worth noting that such a consistent performance of a general
purpose NLP algorithm such as IPOPT is a direct result of the
special formulation of the optimal control problem (3) and
Theorem 1. It should not be expected when solving a general
MPCC (9) because the KKT conditions (12) might not be
satisfied at an optimum.

In addition to the often slower solution times for the
compact formulation (31), [POPT encountered computational
issues for 9 out of 2500 problem instances, e.g. reaching
the maximum number of iterations, numerical issues etc. The
sparse formulation (30) had no such issues and solved all
instances to local optimality. While the sparse formulation (30)
requires more decision variables in the optimal control prob-
lem (3) it also results in sparser constraint matrices whose
structure may be more favorable to IPOPT. The issues of the
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REFERENCES

compact formulation might be relieved by proper scaling or
choice of the design parameters )y, @, ¥, and ¢ in (29), but
we will for the rest of this section only consider the sparse

formulation (30).

103 B \ \ =

F| =%=- MIP formulation 5

| | =®- Sparse LC model V]
= 0% X
: ’
= 10 E '
5 f o)
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Fig. 4. Computation times for different prediction horizons N. The center
line is the median computation time over 500 problem instances for each
prediction horizon and the error bars indicate the best and worst computation
times, respectively.

Figure 4 shows the best-case, worst-case, and median com-
putation times necessary to solve the 500 problem instances for
each prediction horizon for the sparse, general LC model (30)
and the PWA model (26). The LC formulation (30) shows both
much shorter computation times as well as gentler scaling for
longer prediction horizons, e.g. the worst-case computation
time for N = 10 is two orders of magnitude larger for the
MIP formulation.

To evaluate solution quality we can consider the relative
difference between the achieved objective function values

M x 100 %.
MIP
For 99.2 % of the 2500 problem instances over all prediction
horizons this quantity is lower than 10 % and in 71.9 % of the
cases the inverse optimization approach even yields a globally
optimal solution.

These results are affected by the choice of design parameters
when constructing the inverse optimization model (29). For
the results shown here we chose 1 and ¢ as shown in (33)
with n = ¢ = 0.5 - 1, while with n = £ = 10 - 1 less than
50 % of the problem instances are solved to global optimality.
Referring back to our example in Section IV-A, the value of 5
corresponds to the (invariant) value of the sum of the internal
multipliers in (24). Hence, a larger value of 7 corresponds to
a larger set (in volume) of equivalent internal multipliers, i.e.
cases 1 and 3 in Figure 1 move further apart.

For 187 of the 249 problem instances whose optimal values
Jarp are further than 1 % away from the globally optimal
Jyr1p» IPOPT returns control input trajectories uyrp which
for at least one time step land exactly on the boundary

13

between two regions of the PWA system. The other 62 prob-
lem instances correspond to locally optimal input trajectories
in the sense of Definition 4 that traverse the interior of
the PWA system’s regions. To verify whether the boundary
cases correspond to locally optimal trajectories we could use
Theorem 4 (which requires a vertex enumeration for the
set M(uyrp,xnrp)) or one of its Corollaries. Due to the
relatively short computation times for the optimal control
MPCC it may be a viable strategy to solve (3) from different
initial points and use the best result. This would reduce the
chance of obtaining a solution on a region boundary and could
even be implemented in parallel if the hardware allowed this.

Using the LC formulation (30) instead of an MIP ap-
proach to the PWA model (26) presents a trade-off where
a significantly shorter and more consistent solution time is
bought with a potential decrease in solution quality. Simulation
evidence indicates that this degradation is negligible and its
severity within reasonable bounds in most cases, in particular
because the optimal control problem (3) is typically solved
in a receding horizon setting where only the first step of the
control input trajectory u* would be applied before re-solving
the problem at the next time step [54].

VII. CONCLUSION

In this paper we consider constrained optimal control prob-
lems for hybrid dynamical systems of linear complementarity
type satisfying a number of structural assumptions. The op-
timal control problems are then mathematical programs with
complementarity constraints which can be modeled as contin-
uous nonlinear programs. Under the assumptions made, we
can prove that the classical Karush-Kuhn-Tucker conditions
are necessary and sufficient for optimality which is rarely the
case for general MPCCs.

Additionally, it is shown how continuous piecewise-affine
systems can always be written as LC models satisfying our
initial assumptions. This enables the treatment of control
problems for a large and important class of hybrid systems as
continuous NLPs using standard solution software. Numerical
simulations illustrate the efficacy of this approach where the
NLP can be solved in significantly shorter and more consistent
time than a more traditional mixed-integer approach. The
downside is a possible degradation in solution quality although
this is often negligible since the NLP approach finds the global
optimum in many cases.

It should be investigated how much can be gained from
using a solution method tailored to MPCCs. A number of
relaxation and penalization methods have been suggested in
the literature, cf. [33] for a recent overview, but they have to
accommodate the fact that M-stationarity is the strongest opti-
mality condition available for most MPCCs. A straightforward
nonlinear programming approach to (3) can prove successful
due to the strong stationarity results in this paper. Alternatively,
an MPCC-method that guarantees convergence to S-stationary
solutions could be used, cf. [55].
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