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1 Introduction

Two-dimensional non-linear sigma models (NLSM) onto Kähler manifolds X often arise as
infrared (IR) limits of 2d N = (2, 2) supersymmetric gauge theories, also known as gauged
linear sigma models (GLSM) [1]. These models govern the quantum geometry of X as
probed by genus-zero string worldsheets Σ — in the NLSM, we have worldsheet instantons
corresponding to non-trivial holomorphic maps Σ→ X, while in the GLSM we have a sum
over gauge vortices [2–4] that can be formalized as quasimaps [5–7]. The relevant quantum
geometry is encoded mathematically into the quantum cohomology ring QH•(X), which
corresponds to the twisted chiral ring of the 2d GLSM.
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In this work, we are interested in the 3d uplift, where we consider a 3d N = 2 supersym-
metric gauge theory with gauge group G and with a Higgs branch given by the Geometric
Invariant Theory (GIT) quotient

X ∼= V // Gℂ , (1.1)

with the 3d Chern-Simons levels lying within windows such that there are no additional
Coulomb or hybrid vacua [8–11]. The 3d gauge theory on Σ × S1 gives us an effective 2d
N = (2, 2) supersymmetric description along Σ, which we call the 3d GLSM description.
It naturally flows to an NLSM in 2d, but the presence of the additional circle direction
modifies the IR interpretation significantly.

The twisted chiral operators are half-BPS line operators wrapping the circle direction —
see e.g. [12]. Instead of the quantum cohomology ring QH•(X), for suitable Chern-Simons
levels, the twisted chiral ring one obtains from those line operators in the 3d GLSM can be
identified with the quantum K-theory ring of X [13, section 2.4], [11, 14–29]. One simple
basis of half-BPS line operators are the Wilson lines for the 3d gauge group G, which flow to
locally free sheaves over X. In a previous work, two of the authors considered the case of the
Grassmannian manifold X = Gr(k, n) ∼= ℂkn // GL(k) and constructed half-BPS line defects
that correspond to more general coherent sheaves [30], namely the Schubert classes with
compact support on Schubert varieties inside X. It was also shown that these line defects
provide a physical construction of the Grothendieck polynomials that can be used to represent
the Schubert varieties in the quantum K-theory ring of X. This construction was later
generalized to Lagrangian Grassmannians by a complementary subset of the authors [31].

In this work and its sequel (part II) [32], we generalize the line defect construction of
Schubert classes [30, 31] to flag manifolds. Recall that a flag

V• = (V1 ⊂ V2 ⊂ · · · ⊂ Vs ⊂ ℂn) (1.2)

consists of nested linear subsets Vi
∼= ℂdim(Vi) of some fixed ambient linear space ℂn. The

complete flag manifold is defined as the set of all complete flags:

Fl(n) = {V• = (0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vn−1 ⊂ ℂn) | dim(Vi) = i} , (1.3)

and the partial flag manifold consists of all partial flags with fixed dimension vector k = (kℓ):

Fl(k1, · · · , ks;n) = {V• = (0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vs ⊂ ℂn) | dim(Vℓ) = kℓ} . (1.4)

Obviously, this generalizes the Grassmannian Gr(k, n) = Fl(k;n). A famous property of flag
manifolds is that they admit a decomposition as a disjoint union of Schubert cells:

Fl(k;n) =
⊔

w∈W(k;n)

X◦
w . (1.5)

While the indexing set W(k;n) appearing here will be defined in part II [32], the Schubert
cells of the complete flag are simply indexed by permutations w ∈ Sn:

Fl(n) =
⊔

w∈Sn

X◦
w . (1.6)

The Schubert variety Xw is the closure of the Schubert cell, Xw = X◦
w. Note that there are

n! distinct Schubert varieties inside X = Fl(n), including X itself.

– 2 –



J
H
E
P
0
4
(
2
0
2
6
)
0
7
4

Schubert line defects for complete flag manifolds. Let us focus on the complete
flag manifold, X = Fl(n), which is the subject of this paper. (More general partial flag
manifolds will be discussed in the sequel [32].) The key result of this paper is an explicit
construction of a 1d-3d coupled system which defines a half-BPS defect line ℒw that will
flow to an object supported on the Schubert variety Xw. The defect line ℒw is defined as an
N = 2 supersymmetric quantum mechanics (SQM) [33] — more specifically, it is a 1d quiver
gauge theory, with 1d unitary gauge group G1d =

∏
ℓ U(rℓ) and a specific matter content

determined by w ∈ Sn, coupled to the 3d bulk fields. Our key result is that, when specialized
to the location of the line insertion at a point on Σ, the 1d-3d coupled system behaves as
a 1d GLSM for the Schubert variety Xw itself. Indeed, our construction is closely related
to a recent mathematical description of the Bott-Samelson resolution [34, 35] of Schubert
varieties using quiver subrepresentations [36], or equivalently in terms of bioriented flags [37].
Physically, the additional one-dimensional degrees of freedom on the line provide us with
the resolution of the Schubert variety.

The 1d N = 2 supersymmetric gauge theory couples to the 3d gauge fields and super-
partners as well as to GL(n) fugacities,1 realizing a 3d symmetry-breaking pattern specified
by w ∈ Sn. Taking the flavored Witten index at fixed 3d gauge fugacities x(i), we obtain a
polynomial in the 3d gauge fugacities x(i) as well as in the T ≡ (ℂ×)n ⊂ GL(n) fugacities yi.
Our second key result is that the Witten index of the 1d lines precisely reproduces the (double)
quantum Grothendieck polynomials 𝔊(q)

w (x, y) that are known to represent the (equivariant)
Schubert classes in the quantum K-theory of the complete flag manifold [38–43]. We find:

IW(ℒw) ∼= chT ([Ow]) = 𝔊(q)
w (x, y) , (1.7)

where the second equality holds in the twisted chiral ring of the 3d GLSM. Indeed, the
Witten index is naturally computed in terms of n(n− 1)/2 variables x(i)ai (ai = 1, · · · , i for
i = 1, · · · , n− 1), which correspond mathematically to exponentiated (K-theoretic) Chern
roots for the tautological vector bundles Si over Fl(n) with fiber Vi. Instead, the quantum
K-theory ring relations and the quantum Grothendieck polynomials themselves are usually
expressed in terms of n variables xi corresponding to the quotient line bundles Qi with fiber
Vi/Vi−1 [42]. One can systematically transform any polynomial in the x(i) variables into one
in the xi variables using the quantum K-theory relations, which leads us to the advertised
result. More precisely, in this paper, we check (1.7) explicitly for n ≤ 4; a general proof of
the identity is left for future work, though it is clear from the physics that it should hold in
general. For the special case of the longest permutation, for general n, our proposal matches
the result in [44, Theorem 1.2]. Indeed, we will explain in Part II [32] that the Witten
indices IW(ℒw), when expressed in the original 3d gauge variables, match precisely with the
Whitney-presentation polynomials introduced in [44]; by contrast, the quantum Grothendieck
polynomials represent the same quantum K-theory classes in the Toda presentation.

Plan of the paper. The paper is structured as follows. In section 2, we provide general
comments on coupling 3d N = 2 gauge theories to 1d N = 2 gauge theories, and emphasize
the role of 1d dualities in the description of the line defects. In section 3, we give a brief review

1We keep the GL(n) manifest in our notation, but of course the global symmetry is only SL(n).
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of the GLSM construction of complete flag manifolds. We state the quantum cohomology ring
relations as well as the quantum K-theory ring relations. Section 4 discusses Schubert varieties
and presents our construction of the Schubert line defects in the 3d GLSM. We provide a
detailed discussion on the way these defects restrict the target space to the corresponding
Schubert variety and how the 1d degrees of freedom realize a resolution thereof. We also
compute the flavored Witten indices for 1d N = 2 SQM on the defects. We check in an
explicit example the matching between these indices and the expected Chern characters of
the Schubert classes in the quantum K-theory ring of Fl(3). To complement this section, we
also added the details of the calculations for the Fl(4) case in appendix C. Taking a strict 2d
limit of the 3d GLSM, in section 5 we discuss the resulting 0d-2d coupled system. We show
in examples that the N = 2 supersymmetric matrix model realizes the Schubert classes in the
equivariant quantum cohomology ring of the flag manifold. In appendix A, we give a review
of the definitions of the (quantum) Schubert and Grothendieck polynomials and discuss their
geometric significance to our work. In appendix B, we provide some technical details relating
the quiver construction on the defects to quiver Grassmannians and Bott-Samelson resolutions.

A comment on conventions. In this paper, we denote permutations using the ‘window’
notation, as in e.g. [45], in which the i-th entry is the image of i. For example, (3 2 4 1)
denotes the permutation that sends

1 7→ 3, 2 7→ 2, 3 7→ 4, 4 7→ 1.

This should be distinguished from the ‘cycle’ notation, in which (3 2 4 1) denotes the per-
mutation that maps

3 7→ 2 7→ 4 7→ 1 7→ 3.

To take another example, the identity permutation in window notation is (1 2 3 4), whereas
in cycle notation it is (1) (2) (3) (4).

2 Defect line operators of 3d N = 2 quivers as 1d–3d coupled quivers

In this section, we discuss general aspects of defect line operators in 3d N = 2 supersymmetric
gauge theories. We first discuss the coupling of 1d N = 2 SQM to 3d gauge fields in some
generality, and then specialize to the case of unitary quiver SQM.

2.1 Twisted chiral ring of half-BPS lines and 1d-3d coupled defects

The half-BPS lines of 3d N = 2 supersymmetric field theories form an algebra R3d under
fusion of parallel lines. Given any set of lines {ℒi} forming a basis of R3d, the fusion ring
takes the form (see e.g. [46–48]):

ℒi ⋆ ℒj = Nij
k(y, q)ℒk , Nij

k(y) ∈ ℤ(y, q) . (2.1)

The fusion coefficients Nij
k generally depend on the flavor fugacities y and q, where y are

ordinary flavor parameters while q are parameters for topological symmetries (FI parameters)
which give us the ‘quantum parameters’ of the 3d ring in the geometric phase. This ring
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structure is best understood by considering the 3d theory on ℝ2 × S1
β and wrapping the lines

along the circle S1
β . Then, the operators ℒi are interpreted as local operators in the 2d effective

description along ℝ2. The line operators are twisted chiral operators, i.e. they commute with
the two supercharges Q− and Q+ of the 2d N = (2, 2) supersymmetry algebra; as per usual,
the twisted chiral ring (2.1) is obtained in (joint) cohomology of these two supercharges.

A 3d GLSM is defined to be a 3d N = 2 supersymmetric gauge theory with a Higgs phase,
compactified on S1

β . For simplicity, we assume that the Higgs branch is the only moduli space
of vacua of the 3d theory — i.e. that there are no additional Coulomb or hybrid vacua. The
circle compactification allows us to understand the infrared dynamics in two-dimensional
terms, as an NLSM with target space X being the Higgs branch of the 3d gauge theory. The
main effect of the circle compactification is that supersymmetric ground states correspond to
the quantum K-theory of X, instead of the standard quantum cohomology in a 2d NLSM. In
short, one identifies the twisted chiral ring geometrically, in 2d or 3d, respectively, as:

R2d ∼= QH•(X) vs. R3d ∼= QK(X) . (2.2)

In the 3d GLSM picture, the key question is to identify the quantum K-theory class to which
a specific half-BPS line will flow in the infrared:

ℒi ⇝ [Ei] ∈ QK(X) . (2.3)

Here Ei is a specific coherent sheaf over X or, more generally, an element of the derived
category of coherent sheaves of X — in (quantum, equivariant) K-theory, this amounts to
a formal linear combination of coherent sheaves (with coefficients in ℤ(q, y)).

Let us consider a 3d N = 2 supersymmetric gauge theory with gauge group G and chiral
multiplets transforming in some linear representation ℜ ∼= ℂdim(ℜ) of G. The Higgs branch
is then given, schematically, by a GIT quotient:

X ∼= [ℜ // Gℂ] . (2.4)

Note that X has complex dimension

dim(X) = dim(ℜ) − dim(Gℂ) . (2.5)

For instance, in the classic example of the complex Grassmannian X = Gr(k, n), we take G =
U(k) and ℜ ∼= ℂkn (n copies of the fundamental representation), hence dim(X) = k(n− k).

Wilson lines as locally free sheaves. A typical half-BPS line operator in the 3d gauge
theory is the Wilson loop in some representation R of G [12]:

WR = TrR P exp
(
−i
∫

S1
β

(A− iσdτ)
)
. (2.6)

In the geometric phase, this flows to the homogeneous vector bundle:

ER ≡ (ℜ×R) // Gℂ −→ X , (2.7)

where Gℂ acts on R in the corresponding representation. In particular, the Chern character
of ER can be directly recovered from (2.6).

– 5 –
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Vortex lines as coherent sheaves. A general vortex line or, more generally, defect line,
can be defined as a 1d N = 2 gauge theory coupled to the 3d bulk fields — this is a standard
way of constraining the 3d gauge and matter fields at the location of the line, thus defining a
line defect after integrating out the worldline degrees of freedom.2 We refer to the recent
work [50], whose conventions we follow, for a general discussion of 1d N = 2 gauge theories.

The 1d N = 2 SQM consists of a 1d N = 2 vector multiplet for some 1d gauge group
G1d, coupled to 1d N = 2 chiral multiplets φ in some representation Rφ of G1d and some
1d N = 2 Fermi multiplets Γ in some representation RΓ of G1d. The 1d chiral and Fermi
multiplets also transform non-trivially under the 3d gauge field G, which enters as a flavor
symmetry from the worldline perspective. Finally, we have the E- and J-terms that impose
relations among chiral multiplets:

EΓ(φ, ϕ) = 0 , JΓ(φ, ϕ) = 0 . (2.8)

Note that they also couple together the 1d chiral multiplets φ and the 3d chiral multiplets ϕ.
Here, for definiteness, let us assume that J = 0 while we have a non-trivial E-term for each
Fermi field Γ — this will be the case considered in this work. In appropriate circumstances,
the defect line defines a coherent sheaf OY which is simply the structure sheaf of a subvariety:

Y ∼= (ℜ × Rφ |EΓ = 0) // Gℂ × (G1d)ℂ . (2.9)

Namely, one constructs the zero locus of the section EΓ(φ, ϕ) inside ℜ×Rφ before taking a
GIT quotient by both the 1d and 3d gauge groups. The resulting coherent sheaf OY over
X has support over the subvariety Y of dimension:

dim(Y ) = dim(ℜ) + dim(Rφ) − dim(RΓ) − dim(Gℂ) − dim((G1d)ℂ) . (2.10)

This schematic description involves a number of subtleties which we shall not fully discuss,
including the fact that the 1d Fermi multiplets must be in a phase of the N = 2 SQM where
they are all massive, and that we implicitly assumed specific choices of 1d Chern-Simons
levels [50]. Our goal here is not to give a rigorous theory of 1d vortex lines in 3d GLSMs, but
only to motivate the explicit construction of this paper in the special case of flag manifolds.
Thus, let us simply illustrate the general discussion above with a very simple example.

Examples of defect lines on X = ℙ1 = Fl(2). Consider G = U(1) coupled to two
chiral multiplets ϕ1 and ϕ2 of unit charge. For a positive FI parameter, ζ > 0, the Higgs
branch is the projective space:

X = ℂ2 // GL(1) ∼= Fl(2) = ℙ1 , (2.11)

with homogeneous coordinates [ϕ1, ϕ2]. First, consider a Wilson loop of charge p ∈ ℤ,

Wp = e
−ip
∫

S1
β

(A−iσdτ) ∼= xp = ch(O(−p)) , (2.12)

2For a more recent discussion in the 3d holomorphic-topological (HT) twist framework, see [49].
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where x is the U(1) gauge fugacity. At the location of the vortex line itself, we can interpret
the charge p as a 1d Chern-Simons level, so that the 1d ground states built out of the fields
ϕ1, ϕ2 are precisely sections of the line bundle [50, 51]:

O(−p) ∼= (ℂ2 × ℂ) // GL(1) , (2.13)

as expected from (2.7). Next, we would like to engineer a skyscraper sheaf Op with support
at the point p = [a, b] ∈ ℙ1. This is easily achieved by introducing a single 1d chiral multiplet
φ of charge 1 under G1d = U(1) (with 1d bare CS level Q = 0) and of charge −1 under
G = U(1). We also introduce a single Fermi multiplet Γ of charge 1 under G1d and which
couples to the 1d and 3d fields by the E-term constraint:

EΓ = φ (b ϕ1 − aϕ2) = 0 . (2.14)

Finally, we need to pick the 1d FI parameter ξ > 0. Then, the 1d and 1d-3d D-term
equations on the worldline read:

|φ|2 = ξ , −|φ|2 + |ϕ1|2 + |ϕ2|2 = ζ . (2.15)

We are forced to have φ ̸= 0, which fully Higgses G1d, and the E-term constraint then gives
us bϕ1 − aϕ2 = 0. Up to gauge transformations, this fixes

[ϕ1, ϕ2] = [a, b] , (2.16)

which is the expected support of the skyscraper sheaf. Indeed, we simply gave a physics
construction to the resolution:

0 −→ O(−1) EΓ−→ O −→ Op −→ 0 , (2.17)

as discussed in [30]. Finally, one can check that the Witten index of the 1d gauge theory reads:

IW = −
∮
(z=x)

dz

2πiz
1 − z

1 − z x−1 = 1 − x = ch(Op) , (2.18)

as expected from (2.17).

2.2 Unitary quivers and dualities on the worldline

Let us now specialize to the kind of 1d-3d coupled systems considered in this paper. Both
the 3d and the 1d gauge groups are taken to be products of unitary gauge groups:

G =
∏

i

U(ki) , G1d =
∏

ℓ

U(rℓ) . (2.19)

The 3d chiral multiplets ϕ are in bifundamental or (anti)-fundamental representations of
the U(ki)’s, corresponding to a 3d quiver, and similarly for the 1d chiral multiplets φ, so
that the 1d worldline theory is embedded into a larger quiver with gauge group G×G1d —
we may also include flavor nodes, denoted by squares. Finally, we introduce bifundamental
Fermi multiplets Γ, with corresponding E-terms constraints:

EΓ(φ, ϕ) = 0 , (2.20)

– 7 –
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2

1

ϕ

1
φ

Γ

Figure 1. A simple example: the 3d quiver for X = Fl(2) = ℙ1 coupled to a 1d N = 2 SQM
engineering the skyscraper sheaf Op. The 1d quiver is indicated by the dashed blue rectangle. Note
that the Fermi multiplet Γ is not in the antifundamental of the SU(2) global symmetry; instead, we
have a single Γ fields which breaks the flavor symmetry explicitly through the E-term (2.14).

which impose relations among the 1d-3d chiral-multiplet quiver arrows. A simple example,
corresponding to the X = ℙ1 discussed above, is shown in figure 1.

As part of the definition of the 1d defect, one needs to specify the 1d FI parameters
ξℓ; they are chosen so that the 1d-3d quiver admits a non-trivial geometric phase. One
also needs to specify the bare 1d Chern-Simons levels Qℓ ∈ ℤ, in the conventions of [50].
In this work, for simplicity, we choose

Qℓ = 0 , ξℓ > 0 , (2.21)

for every U(rℓ) gauge group. It is not difficult to relax this constraint, but this will not
be necessary for our purpose.

Dualities in 1d N = 2 SQM. The 1d unitary quivers of the type discussed here admit
Seiberg-like dualities recently discussed in [50]. Here, we present some simple consequences of
these dualities for our description of 1d defect lines. Indeed, using 1d dualities, complicated
1d quivers can often be simplified. Here we will focus on duality moves that correspond to
the ‘full confinement’ of a 1d unitary gauge node, effectively removing the node and replacing
it with some effective ‘mesonic’ arrows.

These duality operations are local on the quiver. Consider a U(r) node connected to other
nodes (gauge or flavor) by (anti)fundamental chiral and Fermi arrows, as follows:

rn2 n1

n4

n3

(2.22)

Here, n1 and n3 denote the total number of fundamental chiral and Fermi multiplets,
respectively, while n2 and n4 denote the total number of antifundamental chiral and Fermi
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multiplets, respectively.3 In the following discussion, the condition (2.21) is crucial. We then
find three useful duality moves, as a direct application of the results of [50].

Type I duality. The simplest confinement duality occurs if and only if n1 = r, in which
case we have the following confinement duality:

n1n2 n1

n4

n3

←→ n2 n1

n4

n3

(2.23)

In this work, we call this duality move a ‘Type I’ duality. In the language of the 1d N = 2
Seiberg-like dualities [50], this is a right-mutation at the U(r) node.

Type II and Type III dualities. The second and third duality moves, dubbed ‘Type II’
and ‘Type III’ dualities in the following, are more intricate and require one of the following
two sets of conditions:

Type II: n4 = 0 , r = n1 − n3 , r ≥ n2 ,

Type III: n4 = 0 , r = n2 , r ≤ n1 − n3 .
(2.24)

If either of these conditions holds, we have the confinement duality:

rn2 n1

n3

←→

n2 n1

n3

(2.25)

In the language of Seiberg-like dualities, this is a right mutation followed by a trivial wall-
crossing plus another right mutation (Type II) or a trivial wall-crossing followed by a left
mutation (Type III) [50]. These three 1d duality moves often allow us to simplify the
rectangular quivers significantly, to be introduced below, by removing ‘redundant’ nodes.

3 Review of GLSMs for complete flag manifolds

In this section, we review the GLSM construction of the complete flag manifold Fl(n):

Fl(n) = {V• = (0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vn−1 ⊂ ℂn) | dim(Vi) = i} . (3.1)

In the first subsection, we review the classical and quantum cohomology relations for this
manifold from the 2d GLSM perspective. In the second subsection, we consider the 3d
(K-theoretic) uplift of the 2d theory, which gives us access to the quantum K-theory of Fl(n).

3Hence, for instance, the node denoted by n2 might not be a U(n2) node, because it could be split into
several U(mi) nodes with

∑
i
mi = n2, and similarly for the other nodes surrounding U(r) in (2.22).
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nn− 1· · ·i· · ·1
ϕn
n−1ϕn−1

n−2ϕi+1
iϕi

i−1ϕ2
1

Figure 2. The 2d quiver gauge theory of interest. The circle nodes are gauge groups U(i), and the
square node denotes the flavor symmetry group SU(n). The fields ϕi+1

i are bifundamental scalars in
chiral multiplets. The Higgs branch of this theory is the complete flag variety Fl(n).

3.1 2d GLSMs and quantum cohomology of complete flag manifolds

The complete flag manifold Fl(n) can be realized as the target space of a 2d GLSM by
considering the 2d N = (2, 2) quiver gauge theory shown in figure 2 — see [46, 52]. We
have the gauge group:

G = U(1) × U(2) × · · · × U(n− 1) . (3.2)

Associated with each U(i) gauge group we have the gauge vector multiplet V(i) = (σ̃(i), · · · ),
where σ̃(i) is a complex adjoint scalar whose i eigenvalues we denote by σ̃

(i)
ai . Moreover,

between the quiver nodes U(i) and U(i+1), we have the 2d chiral multiplet Φi+1
i = (ϕi+1

i , · · · )
in the bifundamental representation (□i,□i+1).

Looking at the D-term equations of this theory, one can show that the complete flag
manifold Fl(n) is the Higgs branch of the theory, which can be written as the GIT quotient:

Fl(n) =
(

n−1×
i=1

ℂi(i+1)
)
// Gℂ . (3.3)

Here, Gℂ = GL(1)× · · · ×GL(n−1) is the complexified gauge group. The complex dimension
and topological Euler characteristic of this manifold are given by:

dim(Fl(n)) = n (n − 1 )
2 , χ(Fl(n)) = n! . (3.4)

Universal bundles and quantum cohomology. Let us denote by Si the tautological
vector bundle over Fl(n) whose fiber is the vector space Vi in (3.1). The eigenvalues σ̃(i)ai

introduced above can be interpreted as the Chern roots of Si. The complete flag manifold
also comes equipped with the universal quotient line bundles {Q1, · · · ,Qn} such that:

Qi ≡


S1 , i = 1 ,
Si/Si−1 , i = 2, · · · , n− 1 ,
ℂn/Sn−1 , i = n .

(3.5)

Let us denote by σi the Chern root of Qi. Importantly, the line bundles Qi generate the
K-theory of the Fl(n); indeed, they give us what is known as the Toda presentation of the
quantum K-theory [44] — see [32, section 4.1] for a more detailed explanation of various
presentations of the quantum K-theory ring.

They are n(n− 1)/2 variables σ̃(i) given to us by the quiver gauge theory, while the
K-theory or cohomology of the complete flag can be expressed in terms of the smaller set
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of n variables σi. At the level of classical cohomology, the Chern roots of the two classes
of universal bundles are related to each other via the exact sequence:

0 −→ Si −→ Si+1 −→ Qi+1 −→ 0 . (3.6)

This implies that the total Chern classes of the involved bundles are related as:

c(Si) ∧ c(Qi+1) = c(Si+1) . (3.7)

Expanding both sides, one obtains:

eb(σ̃(i+1)) = eb(σ̃(i)) + σi+1 eb−1(σ̃(i)) , b = 1, · · · , i+ 1 , (3.8)

with the convention that e0(σ̃(i)) = 1 for all i and eb(σ̃(i)) = 0 whenever b > i and b < 0.
In particular,

σ1 = σ̃
(1)
1 . (3.9)

For example, for Fl(3), we have (3.9) together with:

e1(σ̃(2)) = e21(σ) , e2(σ̃(2)) = e22(σ) . (3.10)

Here, we are using the notation, ej
i (σ) ≡ ei(σ1, · · · , σj). For Fl(3), we have three variables

σ̃(i) and three variables σi.
In the quantum cohomology, the classical relations (3.7) get deformed as follows [21, 22]:

c(Si) ∧q c(Qi+1) = c(Si+1) − qi c(Si−1) . (3.11)

More explicitly, one finds:

eb(σ̃(i+1)) = eb(σ̃(i)) + σi+1 eb−1(σ̃(i)) + qi eb−2(σ̃(i−1)) , b = 1, · · · , i+ 1 . (3.12)

From the 2d GLSM perspective, the quantum parameters qi are the exponentiated complexified
FI parameters. Observe that the relation (3.9) is still valid at the quantum level; meanwhile,
the higher-order relations are more involved. For example, for QH•(Fl(3)) the classical
relations (3.10) become:

e1(σ̃(2)) = e21(σ) , e2(σ̃(2)) = e22(σ) + q1 . (3.13)

Another example: relations in QH•(Fl(4)). Taking n = 4, we find that, in addition to
the relations (3.9) and (3.13), the quantum relations for Fl(4) include:

e1(σ̃(3)) = e31(σ) ,

e2(σ̃(3)) = q1 + q2 + e32(σ) ,

e3(σ̃(3)) = e33(σ) + q2 σ1 + q1 σ3 .

(3.14)

This expresses the 6 variables σ̃(i) in terms of the 4 variables σi.
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3.2 3d GLSMs and quantum K-theory of complete flag manifolds

Consider the 3d N = 2 uplift of the 2d GLSM considered in the previous subsection, where
we take the 3d spacetime to be ℝ2 × S1

β. We will fix the gauge Chern-Simons (CS) levels
to be such that:4

ki = 0 , li = −1 , (3.15)

where ki and li are the Chern-Simons levels of the 3d gauge group U(i)ki,ki+i li for i =
1, · · · , n− 1. Moreover, there is a mixed CS level ki,i+1 = 1

2 between every two consecutive
gauge groups U(i) and U(i + 1).

With this choice of CS levels, the 3d twisted chiral ring is known to be isomorphic to
the quantum K-theory ring of the complete flag manifold. One way to see this is by looking
at the Bethe ansatz equations (BAEs) coming from the 3d A-model subsector of the full
theory. Motivated by BAE computations, the quantum K-theory relations can be compactly
written in the following form [21, 22]:

λt(Si) ⊗q λt(Qi+1) = λt(Si+1) − t
qi

1− qi
det(Qi+1) ⊗q (λt(Si)− λt(Si−1)) , (3.16)

for i = 1, · · · , n− 1, where ⊗q is the product operation of the quantum K-theory ring. Here,
for any vector bundle E,

λt(E) ≡ 1 + t [E] + · · · + trk(E) [∧rk(E)E] , (3.17)

with t a formal parameter. Taking qi = 0 in the above equations, one obtains the classical
K-theory ring relations of the complete flag manifold. This presentation can also be related
to the Toda presentation mentioned earlier, see [44, theorems 5.7, 5.11].

In the field-theory language, the K-theoretic Chern roots of the tautological bundle Si are
given by x(i)ai ∼ e−β σ̃

(i)
ai where σ̃(i) is the 3d real adjoint scalar in the U(i) 3d N = 2 vector

multiplet. Moreover, the quantum parameters qi ∼ e−β ζi are defined in terms of the 3d real
FI parameters ζi. With this in mind, and in terms of the corresponding Chern characters,
the quantum relations (3.16) can be written more explicitly as:

ea(x(i+1)) = ea(x(i)) + 1
1 − qi

xi+1 · ea−1(x(i)) −
qi

1 − qi
xi+1 · ea−1(x(i−1)) , (3.18)

for a = 1, · · · , i+1. Here xi ∼ e−β σi is the K-theoretic Chern root of the quotient line bundle
Qi. In the above equation (3.18), we have adopted the convention that q0 = 0, e0(x(i)) = 1 and
ea(x(i)) = 0 when a > i or a < 0. In particular, looking at i = 0, the above relations become:

x1 = x
(1)
1 . (3.19)

Example I: QK relations for Fl(3). For the case n = 3, in addition to (3.19), we find
the following relations for the quantum K-theory ring of Fl(3):

e1(x(2)) = e21(x) , e2(x(2)) = 1
1− q1

e22(x) , (3.20)

where, ej
i (x) ≡ ei(x1, · · · , xj) are as defined in the previous subsection.

4Here we are using the conventions reviewed in subsection 2.2 of [53] for the CS levels.
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Example II: QK relations for Fl(4). In addition to (3.19) and (3.20), we find the
following relations for the quantum K-theory of Fl(4):

e1(x(3)) = e31(x) ,

e2(x(3)) = 1
1− q1

x1 x2 + 1
1− q2

x2 x3 + x1 x3 ,

e3(x(3)) = 1
1− q1

1
1− q2

e33(x) .

(3.21)

2d limit: back to quantum cohomology. In the limit of small circle radius β, the quantum
K-theory relations (3.16) reduce to the quantum cohomology relations (3.11), keeping in
mind that the quantum parameters are related by:

qi = β2 qi , i = 1, · · · , n− 1 . (3.22)

For example, the relations (3.20) reduce to (3.13), and (3.21) reduce to (3.14) in this limit.

4 Schubert line defects for complete flag manifolds

In this section, we first review the definition of the Schubert varieties in the complete flag
manifold. We then construct and study the corresponding Schubert line defects in the
3d GLSM.

4.1 Schubert varieties in complete flag manifolds

The Schubert varieties of the complete flag manifold Fl(n) (3.1) are indexed by the elements
of the symmetric group Sn — that is, by permutations. There are thus n! distinct Schubert
varieties in Fl(n), matching the topological Euler characteristic (3.4). Note that Schubert
varieties can be defined in terms of fixed points of the SL(n) action on Fl(n) —- we refer
to [54] for a detailed account.

For a given permutation w ∈ Sn, we define the corresponding Schubert variety Xw as
follows [54, page 153]:

Xw :=
{
F• ∈ Fl(n) | dim(Fi ∩ Ej) ≥ rw0w

i,j , ∀ 1 ≤ i, j ≤ n
}
. (4.1)

Here, w0 = (n · · · 2 1) is the longest permutation in Sn, and:

(w0w)(i) = n + 1 − w(i) . (4.2)

Moreover, E• in (4.1) denotes the reference flag [54, page 171]:

E• := (E1 ⊂ E2 ⊂ · · · ⊂ En ≡ ℂn) , (4.3)

with Ei := Spanℂ{en+1−i, · · · , en}. Here, {e1, · · · , en} is the standard basis of ℂn. Finally,
the rank matrix rw associated with a permutation w is defined as:

rw
i,j := #{ l ≤ i : w(l) ≤ j } . (4.4)

The Schubert variety Xw is the closure of the Schubert cell X◦
w, which is defined as in (4.1)

with equalities instead of inequalities. Note that the Schubert variety associated with the
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identity permutation ( 1 2 · · ·n ) is X = Fl(n) itself, while the Schubert variety associated
with the longest permutation w0 is the point class. More generally, the codimension of a
Schubert variety Xw is given by the length of w:

codim(Xw) = ℓ(w) . (4.5)

See (A.1) for the definition of ℓ(w). Inclusion relations of Schubert varieties follow the Bruhat
order on Sn; in particular, Xw ⊂ Xw′ implies that ℓ(w) > ℓ(w′).

Schubert classes. The cohomological or K-theoretic Schubert classes associated with
the Schubert varieties form a basis for the cohomology or K-theory of Fl(n). We refer to
appendix A for more details on the known presentations of the Schubert classes as polynomials.
Briefly, in cohomology, the Schubert classes [Xw] associated with the Schubert varieties form
a basis of the cohomology ring. In (equivariant) classical cohomology H•

T (Fl(n)), these
are represented by the (double) Schubert polynomials 𝔖w (A.8), and by quantum (double)
Schubert polynomials 𝔖(q)

w (A.18) in the (equivariant) quantum cohomology ring QH•
T (Fl(n)).

See appendix A.1 for more details and explicit examples.
Meanwhile, in the K-theory, the Schubert classes [Ow] are the equivalence classes of the

structure sheaves on the Schubert varieties. In classical (equivariant) K-theory KT (Fl(n)),
these are represented by the (double) Grothendieck polynomials 𝔊w (A.26), which are
upgraded to quantum (double) Grothendieck polynomials 𝔊(q)

w (A.32) in the (equivariant)
quantum K-theory QKT (Fl(n)). See appendix A.2 for more details and examples.

4.2 Schubert line defects in the 3d GLSM

Let us now describe a systematic construction of line defects in the 3d GLSM of the complete
flag manifold that flow to the Schubert classes in the quantum K-theory. We call these defects
the Schubert line defects. By a reasoning similar to the one in [30, 31], we will show that
the insertion of these line defects restricts the target geometry of the 3d GLSM at the point
of insertion to the corresponding Schubert varieties.

The Schubert line defects are realized by coupling a N = 2 SQM quiver to the 3d GLSM
described in section 3. In the following, we will first directly present the proposal, and then
study its vacuum equations to show that the target geometry is indeed restricted to the
Schubert varieties. We will actually present a stronger result, namely that the 1d-3d system
provides a resolution of the (generally singular) Schubert variety. Furthermore, we will study
the flavored Witten index of the 1d N = 2 quiver. In all the examples we have checked, the
index precisely agrees with the corresponding quantum Grothendieck polynomial once we use
the quantum K-theory relations (3.18) to express them as polynomials in the xi variables.

4.2.1 General proposal

For the Schubert variety Xw defined in equation (4.1), we construct the corresponding
Schubert defects by coupling a 1d N = 2 SQM to the 3d GLSM described in section 3. The
resulting 1d-3d coupled theory can be realized as the quiver diagram displayed in figure 2.
The last column alone gives the 3d GLSM for the complete flag manifold, and we use a blue
box to encircle the 1d theory of the Schubert defect.
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1

2

...

n− 1

nn− 11 2

r1 r1,2 · · · r1,n−1

r2,1 r2 · · · r2,n−1

...
...

. . .
...

rn−1,1 rn−1,2 · · · rn−1

· · ·

Figure 3. Quiver diagram of the 1d-3d coupled system realizing Xw ⊆ Fl(n). The last column
represents the 3d GLSM to the complete flag manifold Fl(n). The square quiver in the blue box is
the 1d quiver gauge theory defining the defect. The circle nodes represent 1d gauge groups of the
indicated ranks — for compactness, we write ri,j ≡ rw0w

i,j , and ri ≡ ri,i. Horizontal and vertical arrows
stand for 1d chiral matter multiplets in the bifundamental representation of the corresponding nodes.
Moreover, diagonal arrows correspond to 1d Fermi multiplets in the bifundamental representation of
the corresponding nodes. The gray squares in the last row represent fixed background data for the
inclusion maps defined in (4.8).

In the quiver, circle nodes denote unitary gauge groups of the indicated ranks, while
the square nodes denote unitary flavor groups. Solid arrows represent chiral multiplets,
and dashed arrows correspond to Fermi multiplets. Both types of multiplets live in the
bifundamental representations of the corresponding groups. We adopt the convention that
each multiplet lives in the fundamental representation under the group of the source node,
and the anti-fundamental representation under the group of the target node.

More specifically, the circle node at position (i, j) (that is, the i-th row and the j-th
column) for i, j = 1, 2, · · · , n− 1, corresponds to a 1d gauge group factor U(ri,j), where ri,j

is a short hand notation for rw0w
i,j defined as in (4.4), namely:

ri,j ≡ #{l ≤ i | n+ 1− w(l) ≤ j} . (4.6)

We use the following notational conventions for the 1d-3d quiver theory. Bulk 3d chiral
multiplets are denoted by ϕ, while defect chiral multiplets are denoted by φ, and defect
Fermi multiplets by Γ. For bulk chiral multiplets, we use the notation ϕℓ+1

ℓ to indicate
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the bifundamental between the gauge groups U(ℓ) and U(ℓ + 1) in the last column of the
quiver. For defect fields, superscripts and subscripts are used to indicate the direction of
the corresponding arrow: a field φk,l

i,j transforms in the fundamental representation of the
unitary group at the source node (i, j) and in the anti-fundamental of the group at the target
node (k, l), and similarly for the Fermi multiplets Γk,l

i,j .
Therefore, for i, j = 1, 2, · · · , n − 1, we have chiral multiplets φi,j+1

i,j corresponding to
horizontal arrows, and φi+1,j

i,j corresponding to vertical arrows. We also have Fermi multiplets
Γi+1,j+1

i,j corresponding to the diagonal arrows in each block.
The last row in the quiver of figure 3 needs special treatment. Instead of the product

structure U(1)×U(2)× · · · × U(n) that is common for quiver gauge theories, what we really
mean here is that we chose a flavor symmetry group structure

U(1) ⊂ U(2) ⊂ · · · ⊂ U(n) , (4.7)

which corresponds to a choice of reference flag E•. Hence, the horizontal arrows in the last
row are not dynamical fields, but represent fixed background data. For the arrow between
flavor U(i) and U(i+ 1), we will denote the background field by ι(i), and it has the following
form as an i × (i + 1) matrix:

ι(i) =
(
𝕀i×i 0i×1

)
. (4.8)

In the quiver diagram, we indicate these background arrows in gray.
To describe the interaction terms, we need to specify the E-term and J-term for each

Fermi multiplet Γi+1,j+1
i,j . In our construction, the J-terms are set to be zero, while the

E-terms are given as follows:5

D+ Γi+1,j+1
i,j = Ei+1,j+1

i,j = φi,j+1
i,j · φi+1,j+1

i,j+1 − φi+1,j
i,j · φi+1,j+1

i+1,j , (4.10)

where · denotes matrix multiplication, and φn,j+1
n,j ≡ ι(j), φi+1,n

i,n ≡ ϕi+1
i are understood.

4.2.2 Vacuum equations

To uncover the underlying geometry, let us first study the vacuum equations. We choose a
phase of the N = 2 SQM where all the 1d FI parameters are taken to be positive. Let us
denote the 1d FI parameter associated with U(1) ⊆ U(ri,j) by ξi,j .

D-term equations. The D-term equation for the gauge group U(ri,j) is given by:

φi+1,j
i,j · (φi+1,j

i,j )† + φi,j+1
i,j · (φi,j+1

i,j )† − (φi,j
i−1,j)

† · φi,j
i−1,j − (φi,j

i,j−1)
† · φi,j

i,j−1 = ξi,j 𝕀ri,j . (4.11)

Note that, for certain edge cases, some of these fields may be absent. The positive terms
on the l.h.s. correspond to chiral multiplets transforming in the fundamental representation

5This can also be formally encoded in a gauge-invariant superpotential (see [50, equation (2.12)])

W = Tr
(
Γi+1,j+1

i,j (φi,j+1
i,j · φi+1,j+1

i,j+1 − φi+1,j
i,j · φi+1,j+1

i+1,j )
)

. (4.9)

It should be noted, however, that this expression is solely formal. It is used in the mathematical description of
graded quivers with potential to encode relations in a convenient manner — see e.g. [55, 56].
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of the gauge group, while the negative terms correspond to those transforming in the anti-
fundamental representation.

Each term of the schematic form AA† or A†A is a Hermitian matrix that is positive
semi-definite, while ξi,j𝕀ri,j is positive definite for ξi,j > 0. Hence, we can conclude that:

φi+1,j
i,j · (φi+1,j

i,j )† + φi,j+1
i,j · (φi,j+1

i,j )† ∈ ℍ+
ri,j

. (4.12)

Here, we denote the set of positive definite Hermitian matrices of size ri,j × ri,j by ℍ+
ri,j

. If
one of φi+1,j

i,j and φi,j+1
i,j is absent, we can conclude that the remaining one corresponds to

a matrix of full rank. But, when both of them are present (which is our current case for
defect gauge groups), we cannot conclude that both of them correspond to full rank matrices.
We have to resort to the E-term equations.

E-term equations. The supersymmetric ground state conditions require the vanishing of
the E-terms. For the E term given in equation (4.10), we then have

φi,j+1
i,j · φi+1,j+1

i,j+1 − φi+1,j
i,j · φi+1,j+1

i+1,j = 0 . (4.13)

Rank constraints from the vacuum equations. Combining the D-term equations (4.12)
with the E-term equations (4.13), we see that, if φi+1,j+1

i,j+1 is a matrix of full rank, then so is
φi+1,j

i,j ; similarly if φi+1,j+1
i+1,j is a matrix of full rank, then so is φi,j+1

i,j . To make the notation
more intuitive, one can think in terms of a square in the quiver: combining the D-term
equation for the top-left gauge group, and the E-term equation for the diagonal Fermi, we
see that, if the bottom arrow corresponds to a full rank matrix, so does the top arrow; if the
right arrow corresponds to a full rank matrix, so does the left arrow.

In what follows, we prove the first statement, and the second statement can be verified
using an analogous argument. Indeed, suppose φi+1,j+1

i,j+1 corresponds to a matrix of full
rank, then we have:

A ≡ φi+1,j+1
i,j+1 · (φi+1,j+1

i,j+1 )† ∈ ℍ+
ri,j+1 , (4.14)

and A is invertible. Multiplying both sides of the E-term equation (4.13) on the right by
(φi+1,j+1

i,j+1 )† · A−1, we can solve for φi,j+1
i,j to obtain:

φi,j+1
i,j = φi+1,j

i,j · φi+1,j+1
i+1,j · (φi+1,j+1

i,j+1 )† · A−1 ≡ φi+1,j
i,j · B . (4.15)

Plugging this back into equation (4.12), we have:

φi+1,j
i,j · ( 𝕀ri+1,j + B · B† ) · (φi+1,j

i,j )† ∈ ℍ+
ri,j

. (4.16)

Hence φi+1,j
i,j is an ri,j×ri+1,j matrix of full rank. Otherwise there would be a non-zero vector v

of size 1×ri,j , such that v ·φi+1,j
i,j = 0, contradicting equation (4.16). This concludes our proof.

With this result in hand, we can show by induction that all the chiral multiplets in the
quiver correspond to full rank matrices. For our quiver in figure 3, the gray arrows in the
last row correspond to full rank matrices by construction, as given in equation (4.8), while
the arrows in the last column correspond to the bulk fields and we can use the bulk D-term
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equations to show that they all correspond to full rank matrices (since each bulk gauge group
only has one set of chiral multiplets in the fundamental representation). These provide the
base cases for the induction. Applying the argument above to each square of the quiver
then propagates the full rank condition inward, and we conclude that all chiral multiplets
in the quiver correspond to full rank matrices.

4.2.3 The underlying geometry

To understand why the bulk geometry gets restricted to the corresponding Schubert varieties,
there are two complementary perspectives. First, one can analyze the geometry of the full
1d-3d coupled system and then project onto the bulk direction. Second, one can instead
focus directly on the bulk fields and study how the defect restricts the bulk fields through
the E-term relations. We now describe both viewpoints.

Geometry of the coupled 1d-3d system. We have already shown that all the chiral
multiplets correspond to full rank matrices. Thus, they can be interpreted as inclusions of
vector spaces. For example, the chiral field φi,j+1

i,j can be viewed as an ri,j × ri,j+1 matrix of
full rank, describing the inclusion of an ri,j-dimensional vector space into an ri,j+1-dimensional
vector space, with the gauge symmetries acting by rotations of the basis in the corresponding
vector spaces. The E-term equations can be understood as commutativity relations, which
ensure that these inclusions are compatible: the composition of maps along different paths
connecting the same nodes gives the same subspace in the target vector space. Finally, the
chiral multiplets in the last row are not dynamical, and they describe a fixed complete flag
E1 ⊂ E2 ⊂ · · · ⊂ En. Therefore, the full collection of chiral multiplets and their relations
describes all possible consistent configurations of nested subspaces of the form shown in
figure 4, where dim(Vi,j) = ri,j and dim(Fi) = i.

In passing, this setup can be seen as a generalization of Grassmannian Gr(k, n), which
describes all possible k-dimensional subspaces of an n-dimensional vector space. Mathemati-
cally, this geometry of our 1d-3d system corresponds to a particular quiver Grassmannian [36]
or, equivalently, to bioriented flags [37]. Both of these constructions have been proven to be
isomorphic to Bott-Samelson resolutions [34] of Schubert varieties in Fl(n) (for a particular
presentation of each permutation) — we discuss these mathematical constructions in more
detail in appendix B. The 1d-3d target geometry X̃w therefore serves as a resolution of the
singular Schubert variety Xw. The projection map

π : X̃w → Xw , (4.17)

sends each configuration in figure 4 to its embedding into the last column, which corresponds
to the projection onto the Schubert variety Xw ⊆ X inside the bulk geometry.

Indeed, projecting to the bulk geometry, one can see that the complete flag F1 ⊂ F2 ⊂ · · · ⊂
Fn−1 ⊂ ℂn satisfies the incidence relations defining Schubert varieties as in equation (4.1):

dim(Fi ∩ Ej) ≥ dim(Vi,j ∩ Ej) = dim(Vi,j) = ri,j , (4.18)

where in the first step, we used the fact that Vi,j ⊂ Fi, and in the second step, we used the
fact that Vi,j ⊂ Ej , as shown in figure 4. For this check, i and j range from 1 to n− 1. Note
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V1,1 V1,2 · · · V1,n−1 F1

V2,1 V2,2 · · · V2,n−1 F2

...
... . . . ...

...

Vn−1,1 Vn−1,2 · · · Vn−1,n−1 Fn−1

E1 E2 · · · En−1 ℂn

⟲ ⟲

⟲ ⟲

Figure 4. Diagram of nested vector spaces in ℂn, with a fixed reference flag E• shown in gray.
The arrows indicate the inclusions of subspaces, while the circular arrows indicate that the squares
commute. Here, dim(Vi,j) = ri,j and dim(Fi) = i.

that the condition dim(Fi ∩ Ej) ≥ ri,j is automatically satisfied whenever i = n or j = n.
Therefore, the bulk geometry is given by the corresponding Schubert variety Xw.

Bulk geometry via E-term constraints. One can also study the bulk geometry directly
by considering all the constraints on the bulk fields ϕℓ+1

ℓ arising from the E-term equations.
Individually, the E-term equations (4.13) do not impose constraints on the bulk fields. We
have to combine them so that both the fixed background ι(i) and the bulk fields ϕℓ+1

ℓ are
involved simultaneously.

To that end, consider two paths in the quiver connecting the U(ri,j) node and the flavor
U(n) node. The first path runs horizontally and then vertically, leading to a composed field:

φi,j+1
i,j · φi,j+2

i,j+1 · · · · · φ
i,n
i,n−1 · ϕ

i+1
i · ϕi+2

i+1 · · · · · ϕ
n
n−1 . (4.19)

The second path runs vertically and then horizontally, leading to another composed field:

φi+1,j
i,j · φi+2,j

i+1,j · · · · · φ
n,j
n−1,j · ι

(j) · ι(j+1) · · · · · ι(n−1) , (4.20)

where the background fields ι’s are given in equation (4.8). Commutativity of the quiver
implies that these two compositions must coincide; equivalently, one can obtain their equality
by repeatedly applying the E-term equations.

Now, due to the special form of the fixed background ι’s, we have:

φi,j+1
i,j · φi,j+2

i,j+1 · · · · · φ
i,n
i,n−1 · ϕ

i+1
i · ϕi+2

i+1 · · · · · ϕ
n
n−1 =

(
∗j×j 0j×(n−j)

)
, (4.21)

where the block form on the r.h.s. arises from plugging ι’s into the composed field (4.20).
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The composed field ϕi+1
i · ϕi+2

i+1 · · · · · ϕn
n−1 is an i×n full rank matrix, describing Fi ⊂ ℂn,

and we consider the submatrix Ai×(n−j) formed by its last (n − j) columns, which is not
necessarily of full rank. Then the above equation implies that:

φi,j+1
i,j · φi,j+2

i,j+1 · · · · · φ
i,n
i,n−1 · Ai×(n−j) = 0 . (4.22)

The composed field φi,j+1
i,j · φi,j+2

i,j+1 · · · · · φ
i,n
i,n−1 is an ri,j× i full-rank matrix, and consequently,

rk(Ai×(n−j)) ≤ i− ri,j . (4.23)

This condition is actually equivalent to the defining incidence relation dim(Fi ∩ Ej) ≥ ri,j .
The vector space Fi in ℂn is represented by an i × n full rank matrix:

ϕi+1
i · ϕi+2

i+1 · · · · · ϕ
n
n−1 ,

whose rows can be viewed as n-vectors, spanning Fi. Then any n-vector v1×n ∈ Fi can be
written as a linear combination of these basis vectors:

v1×n = w1×i ·
(
ϕi+1

i · ϕi+2
i+1 · · · · · ϕ

n
n−1

)
, (4.24)

where w is an i-vector of the coefficients. If we further want this n-vector v to lie in Fi ∩ Ej ,
its last n − j entries need to vanish:

w1×i · Ai×(n−j) = 0 . (4.25)

That is, w1×i has to lie in the kernel of Ai×(n−j). The set of all n-vectors v in Fi ∩ Ej is in
one-to-one correspondence with the set of i-vectors w satisfying w ·A = 0. Therefore, we have:

dim(Fi ∩ Ej) = dim(ker(A)) = i − rk(A) ≥ ri,j , (4.26)

where in the second step we used the rank-nullity theorem, and in the last step we used the rank
constraint (4.23). Again, we see that the bulk geometry gets restricted to the Schubert variety.

Further comment. Although both perspectives show that the bulk geometry is restricted
to the corresponding Schubert variety Xw, the first approach also reveals something stronger:
the underlying geometry of the full 1d-3d system is a resolution (4.17) of Xw. Thus, the
coupled system contains additional geometric structure beyond simply requiring the bulk
fields to lie in Xw. The additional 1d degrees of freedom on the line defect provide us with
precisely the ingredients needed to engineer the smooth resolution X̃w as a target space.

As we will show in subsection 4.3, the flavored Witten index of the 1d gauge theory
produces the Chern character ch(OXw) of the structure sheaf on Xw. This is consistent with
the fact that the pushforward of the structure sheaf on X̃w reproduces the structure sheaf
on Xw [57, Proposition 2.2.5], [58, section 3.4]:

π∗OX̃w
= OXw , (4.27)

so that their K-theory classes, and their Chern characters, coincide. Note that what we
previously called Ow is a shorthand notation for OXw here.
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4.2.4 Mass terms induced by background fields

Due to the existence of the non-dynamical fields, certain chiral fields and Fermi fields are
massive and can be integrated out to obtain the infrared physics. To see this in general,
consider a Fermi multiplet Γ = (η, . . .) whose E-term contains a term proportional to a
single chiral multiplet Φ = (ϕ, ψ), say E(Φ) = µΦ. Then the Lagrangian contains the
following term:

η
∂E(ϕ)
∂ϕ

ψ = µ η ψ , (4.28)

which generates a complex mass µ for the pair (Γ,Φ). For a detailed discussion of 1d N = 2
supersymmetry, see, for example, section 2 of [50].

Consider the block in the quiver whose diagonal arrow is the Fermi multiplet Γn,j+1
n−1,j

for j = 1, 2, · · · , n − 1. For simplicity, let us denote it by Γ(j). Its corresponding E-term
interaction is given by:

D+Γ(j) = φn,j
n−1,j · ι

(j) − φn−1,j+1
n−1,j · φn,j+1

n−1,j+1 . (4.29)

Here, Γ(j) is viewed as an rn−1,j × (j + 1) matrix. We denote the (j + 1) columns of Γ(j) by:

Γ(j)
1 , Γ(j)

2 , · · · , Γ(j)
j+1 , (4.30)

each transforming in the fundamental representation of U(rn−1,j).
The chiral multiplet φn,j

n−1,j can be viewed as an rn−1,j × j matrix, whose columns will
be denoted by:

φ
(j)
1 , φ

(j)
2 , · · · , φ(j)

j , (4.31)

each transforming in the fundamental representation of U(rn−1,j).
Since the background field ι(j) takes a special form ι(j) = (𝕀j×j 0j×1), the first term

in (4.29) reduces to mass terms for the pairs (Γ(j)
i , φ

(j)
i ) for i from 1 to j. Then, in the

infrared, integrating out these massive fields, the vertical chiral multiplets are absent, and we
are left with only one Fermi multiplet Γ(j)

j+1 in the fundamental representation of U(rn−1,j).
Therefore, the last row in figure 3 can be reduced, and we obtain the quiver shown in

figure 5. The Fermi multiplets in the last row are no longer bifundamentals, but instead
reduce to single components Γ(j)

j+1, each coupled to a distinct U(1) ⊂ U(1)n ⊂ U(n). We use
the color red to make this distinction that they are only charged under one U(1) factor in
the flavor group associated with the target node. In order to keep track of these charges,
we assign the flavor fugacities as discussed next.

Flavor fugacity assignment: a convention. In the computation of the flavored Witten
index of the 1d theory (discussed in the next subsection), one can turn on flavor fugacities
associated with the flavor symmetry groups — this corresponds to probing the equivariant
quantum K-theory of the complete flag manifold. Due to the inclusion maps, and as part of
our conventions, the flavor fugacities associated with U(j) in the last row of the quiver are
yn, · · · , yn−j+1. The surviving Fermi multiplet Γ(j)

j+1 charged under U(1) ⊂ U(1)j+1 ⊂ U(j+1)
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1

2

...

n− 1

nn− 11 2

r1 r1,2 · · · r1,n−1

r2,1 r2 · · · r2,n−1

...
...

. . .
...

rn−1,1 rn−1,2 · · · rn−1

· · ·

Figure 5. The 1d-3d coupled system after integrating out the massive 1d fermionic and bosonic
degrees of freedom from the defect given in figure 3. In the last row, the red diagonal arrows now
represent Fermi multiplets in the fundamental representation of the gauge group represented by the
circle node and have a charge −1 under the U(1) subgroup of the bulk flavor symmetry SU(n) indexed
by the square node.

corresponds to the fugacity yn−j . The pair (Γ(j)
i , φ

(j)
i ) carries fugacities yn+1−i, and their

contributions cancel out in the flavored Witten index, providing a consistency check that
integrating out these fields is valid and does not affect the counting of supersymmetric
ground states.

The bulk gauge groups are also treated as flavor symmetry groups from the 1d per-
spective. For each U(i) in the last column of the quiver, we denote the flavor fugacities
by x

(i)
1 , x

(i)
2 , · · ·x(i)i for i from 1 to n − 1, which, as we discussed in subsection 3.2, are the

K-theoretic Chern roots of the tautological bundle Si on the flag manifold.

4.3 1d indices as Chern characters of the Schubert classes

In the above discussion, we argued that, for a permutation w ∈ Sn, the proposed 1d line
defect ℒw restricts the bulk scalar fields ϕi+1

i at the point of insertion to land onto the
Schubert variety Xw inside the complete flag. On general ground, the Witten index of the
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defining quiver gauge theory should give us the Chern character of the Schubert class [Ow] in
the equivariant quantum K-theory of the flag manifold. These characters are given in terms
of the quantum double Grothendieck polynomials 𝔊(q)

w (x, y). See appendix A.2 for further
details. Checking this relationship would constitute a very strong check of our proposal.

Following the supersymmetric localization results of [51], and using the conventions
spelled out in [30, 50], the 1d index of the quiver in figure 5 can be written as a so-called
Jeffrey-Kirwan (JK) residue:

I(1d)
w (x, y) =

∮
JK

(dM) Zver
chiral Zhor

chiral Zblack
Fermi Zred

Fermi . (4.32)

The measure (dM) is given by:

(dM) :=
n−1∏
i=1

n−1∏
j=1

[
∆(i,j)(z) 1

ri,j !

ri,j∏
α=1

− dz(i,j)α

2πi z(i,j)α

]
, (4.33)

with the 1d ranks defined in (4.6), and ∆(i,j) the Vandermonde determinant factor coming
from the 1d U(ri,j) gauge W-bosons:

∆(i,j)(z) :=
∏

1≤α ̸=β≤ri,j

1− z
(i,j)
α

z
(i,j)
β

 . (4.34)

As for the different components appearing in the integrand of (4.32), these are the 1-loop
contributions of the chiral and Fermi multiplets. More explicitly:

Zver
chiral :=

n−2∏
i=1

n−1∏
j=1

ri,j∏
α=1

ri+1,j∏
β=1

 1 − z
(i,j)
α

z
(i+1,j)
β

−1

,

Zhor
chiral :=

n−1∏
i=1

 ri,n−1∏
α=1

i∏
a=1

(
1 − z

(i,n−1)
α

x
(i)
a

)−1 n−2∏
j=1

ri,j∏
β=1

ri,j+1∏
γ=1

 1 −
z
(i,j)
β

z
(i,j+1)
γ

−1
 ,

Zblack
Fermi :=

n−2∏
i=1

 ri,n−1∏
γ=1

i+1∏
a=1

(
1 − z

(i,n−1)
γ

x
(i+1)
a

)
n−2∏
j=1

ri,j∏
α=1

ri+1,j+1∏
β=1

 1 − z
(i,j)
α

z
(i+1,j+1)
β

 ,

Zred
Fermi :=

n−1∏
i=1

rn−1,i∏
α=1

(
1 − z

(n−1,i)
α

yn−i

)
.

(4.35)

Let us make the following remarks:

• The form of the final contribution in (4.35) is obtained after the cancellation that occurs
between the massive chiral and Fermi multiplets in the last row in figure 3, leading to
figure 5, as explained in subsection 4.2.4.

• Due to the fact that all 1d real FI parameters are taken to be positive, the JK prescription
instructs us to pick only the poles coming from the chiral fields in the fundamental repre-
sentation. That is, those in Zver

chiral and Zhor
chiral, but not the poles coming from the measure

(dM). One should take the JK residue iteratively, starting from the first row and working
from left to right, then proceeding to the second row in the same way, and continuing
row by row. (Equivalently, one can proceed column by column from left to right.)
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• When working out the residue integrals in (4.32), we end up with polynomial expressions
in terms of the K-theoretic Chern roots x(•)• of the tautological vector bundles S•. Since
the Grothendieck polynomials defined in appendix A.2 are given in terms of the roots
of the quotient bundles Q•, we further need to use the quantum relations (3.18).6 More
specifically, we can start from the index, which is symmetric in the K-theoretic Chern
roots of Si (by symmetry, from the 1d perspective). Using the quantum K-theory ring re-
lation (3.18), we may eliminate the elementary symmetric polynomials in x(i+1), in terms
of those in x(i) and x(i−1), and in terms of the quotient bundle Chern roots xi+1. Iterat-
ing this procedure, we eventually reach the base case in which x

(1)
1 is identified with x1,

leaving an expression entirely in terms of the quotient bundle Chern roots, which should
give us the expected quantum Grothendieck polynomial. (One can systematize this pro-
cedure on a computer using Gröbner bases methods, as in [53].) Note that one cannot go
the other way around, hence the Witten indices carry strictly more information than the
quantum Grothendieck polynomials. (If we were to start from the latter, given in terms
of the quotient-bundle Chern roots, one can eliminate xi+1 using equation (3.18). But
this elimination is not unique as equation (3.18) contains a family of identities (labeled
by the index a), and different choices of a lead to different ways of eliminating xi+1.)

• To speed up the calculation of the Witten indices, one can locally apply the 1d Seiberg-
like dualities that we reviewed in section 2. As mentioned earlier, this amounts to
‘confining’ some of the 1d gauge nodes that, from the geometric perspective discussed
above, lead to redundant constraints.

4.4 Example: Schubert defects for Fl(3)

As a pedagogical example, let us look at the case n = 3, in which case we have six Schubert
varieties indexed by w ∈ S3. For each permutation, the corresponding line defect is shown in
figure 6. In figure 7, we show the simplified 1d quivers obtained after using the 1d duality
moves discussed in section 2.2. Note that the arrows in the Hasse diagram denote the
projections of the Schubert varieties (that is, Xw → Xw′ if Xw′ ⊂ Xw). Looking at these
defects as 1d-3d coupled systems, one can compute the indices of the defect SQM using
the JK residue formula (4.32).

• For w = (1 2 3). Here, the permutation w = (1 2 3) is the identity permutation. The
quiver is slightly nontrivial, but the polynomial is trivial. As a warm-up exercise, we
will walk through this case systematically, and in later examples, we will only give the
highlights.

6In fact, if we instead use the classical ring relations obtained by taking qi = 0 in (3.16), we end up with
the classical Grothendieck polynomials 𝔊w(x, y). These are the Chern characters of the Schubert classes in the
classical K-theory ring of Fl(n). See appendix A.2 for the definition and further properties of these polynomials.
The original index in terms of x

(•)
• is believed to coincide with the universal Grothendieck polynomial [59].
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(1 2 3)

3
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11(1 3 2)

3

2

1
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1

1

(2 1 3)

3

2

1

21

11

11

(3 1 2)

3

2

1

21

21

1

(2 3 1)

3

2

1

21

21

11

(3 2 1)

Figure 6. Hasse diagram for the Schubert line defects of Fl(3) (compare e.g. to [45, example 4.8.6]).
For each one of the 1d quiver defects, the associated S3 permutation is displayed next to it. The arrows
connecting different defects correspond to a transposition connecting the indexing permutations. In
our notation, (1 2 3) is the identity, corresponding to X = Fl(3).
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Figure 7. Hasse diagram for the defects in Fl(3) after applying the 1d duality moves discussed in
section 2. For example, note that for the trivial permutation, the quiver defect reduces to the trivial
defect line.
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First, we compute the ri,j matrix. For this permutation, w0w = (3 2 1), and one quickly
finds:

rw0w
1,1 = # { ℓ ≤ 1 | (w0w)(ℓ) ≤ 1 } = 0 ,

rw0w
1,2 = # { ℓ ≤ 1 | (w0w)(ℓ) ≤ 2 } = 0 ,

rw0w
2,1 = # { ℓ ≤ 2 | (w0w)(ℓ) ≤ 1 } = 0 ,

rw0w
2,2 = # { ℓ ≤ 2 | (w0w)(ℓ) ≤ 2 } = 1 ,

(4.36)

thus recovering the quiver in figure 6.
From equation (4.33), the measure is given in this case by:

(dM) =
2∏

i=1

2∏
j=1

(
∆(i,j)(z) 1

ri,j !

ri,j∏
α=1

( −1
2π i

) (
dz

(i,j)
α

z
(i,j)
α

))
,

= ∆(1,1)(z)∆(1,2)(z)∆(2,1)(z)∆(2,2)(z)
(
− 1

2π i
dz

(2,2)
1

z
(2,2)
1

)
,

with, from (4.34),

∆(1,1)(z) = 1 = ∆(1,2)(z) = ∆(2,1)(z) = ∆(2,2)(z) . (4.37)

From (4.35),

Zhor
chiral =

(
1 − z

(2,2)
1

x
(2)
1

)−1 (
1 − z

(2,2)
1

x
(2)
2

)−1

,

Zred
Fermi =

(
1 − z

(2,2)
1
y1

)
.

For notational simplicity, define z ≡ z
(2,2)
1 , then our index for the case w = (1 2 3) is:

I(1d)
(1 2 3)(x, y) = − 1

2π i

∮
JK

dz

z

(
1 − z

x
(2)
1

)−1 (
1 − z

x
(2)
2

)−1 (
1 − z

y1

)
,

and the contour integral encloses the poles at z = x
(2)
1,2, but not the pole at z = 0. It is

straightforward to evaluate the contour integral to find:

I(1d)
(1 2 3)(x, y) = 1 . (4.38)

• For w = (2 1 3). In this case, we have the following integrand:(
1− z

(1,2)
1
x
(2)
1

)(
1− z

(1,2)
1
x
(2)
2

)(
1− z

(2,2)
1
y1

)
(
1 − z

(1,2)
1
x
(1)
1

)(
1− z

(1,2)
1

z
(2,2)
1

)(
1− z

(2,2)
1
x
(2)
1

)(
1− z

(2,2)
1
x
(2)
2

) .
Computing the corresponding residue integrals, we get the following polynomial:

I(1d)
(2 1 3)(x, y) = 1 − x

(1)
1
y1

=⇒ I(1d)
(2 1 3)(x, y; q) = 1 − x1

y1
. (4.39)

Here, ‘ =⇒ ’ means that the we used (3.19) to get the quantum version I(1d)
(2,1,3)(x, y; q).
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• For w = (1 3 2). In this case, the integrand is of the form:(
1− z

(2,1)
1
y2

)(
1− z

(2,2)
1
y1

)
(
1− z

(2,1)
1

z
(2,2)
1

)(
1− z

(2,2)
1
x
(2)
1

)(
1− z

(2,2)
1
x
(2)
2

) .
Taking the residue integrals for this expression, we get:

I(1d)
(1 3 2)(x, y) = 1 − x

(2)
1 x

(2)
2

y1 y2
=⇒ I(1d)

(1 3 2)(x, y; q) = 1 − 1
1 − q1

x1 x2
y1 y2

. (4.40)

In the last equality here, we used the second relation in (3.20).

• For w = (2 3 1). In this case, the 1d quiver has the following contributions:(
1− z

(2,2)
1

z
(2,2)
2

)(
1− z

(2,2)
2

z
(2,2)
1

)(
1− z

(2,1)
1
y2

)∏2
a=1

(
1− z

(1,2)
1
x
(2)
a

)(
1− z

(2,2)
a
y1

)
(
1− z

(1,2)
1
x
(1)
1

)∏2
a=1

(
1− z

(1,2)
1

z
(2,2)
a

)(
1− z

(2,1)
1

z
(2,2)
a

)∏2
a,b=1

(
1− z

(2,2)
a

x
(2)
b

) .

The associated residue integrals yield the following polynomial:

I(1d)
(2 3 1)(x, y) = 1 − x

(2)
1
y1
− x

(2)
2
y1

+ x
(2)
1 x

(2)
2

y21
. (4.41)

Using the two relations in (3.20), we see that this index can be written as:

I(1d)
(2 3 1)(x, y; q) = 1 − x1

y1
− x2

y1
+ 1

1 − q1

x1 x2
y21

. (4.42)

• For w = (3 1 2). We have the following integrand:(
1− z

(1,1)
1

z
(2,2)
1

)(
1− z

(2,1)
1
y2

)(
1− z

(2,2)
1
y1

)∏2
a=1

(
1− z

(1,2)
1
x2

a

)
(
1− z

(1,1)
1

z
(1,2)
1

)(
1− z

(1,1)
1

z
(2,1)
1

)(
1− z

(1,2)
1

z
(2,2)
1

)(
1− z

(2,1)
1

z
(2,2)
1

)(
1− z

(1,2)
1
x
(1)
1

)∏2
a=1

(
1− z

(2,2)
1
x
(2)
a

) .
Doing the residue integral for this, we get the following polynomial:

I(1d)
(3 1 2)(x, y) = 1 − x

(1)
1
y1
− x

(1)
1
y2

+ x
(1)
1 x

(2)
1

y1 y2
+ x

(1)
1 x

(2)
2

y1 y2
− x

(2)
1 x

(2)
2

y1 y2
. (4.43)

Using both (3.19) and (3.20), we obtain:

I(1d)
(3 1 2)(x, y; q) = 1 − x1

y1
− x1

y2
+ x21
y1y2

+ x1 x2
y1 y2

− 1
1 − q1

x1 x2
y1 y2

. (4.44)

• For w = (3 2 1). In this case, the integrand has the following form:(
1− z

(2,1)
2

z
(2,2)
2

)(
1− z

(2,2)
2

z
(2,1)
2

)∏2
a=1

(
1− z

(1,1)
1

z
(2,2)
a

)(
1− z

(1,2)
1
x
(2)
a

)(
1− z

(2,2)
a
y1

)(
1− z

(2,1)
1
y2

)
(
1− z

(1,1)
1

z
(1,2)
1

)(
1− z

(1,1)
1

z
(2,1)
1

)(
1− z

(1,2)
1
x
(1)
1

)∏2
a=1

(
1− z

(1,2)
1

z
(2,2)
a

)(
1− z

(2,1)
1

z
(2,2)
a

)∏2
b=1

(
1− z

(2,2)
a

x
(2)
b

) .
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Computing the associated residue integral, we get:

I(1d)
(3 2 1)(x, y) = 1 − x

(1)
1
y2
− x

(2)
1
y1
− x

(2)
2
y1

+ x
(1)
1 x

(2)
1

y1 y2
+ x

(1)
1 x

(2)
2

y1 y2

+ x
(2)
1 x

(2)
2

y21
− x

(1)
1 x

(2)
1 x

(2)
2

y21 y2
,

=
(
1 − x

(1)
1
y2

) (
1 − x

(2)
1
y1

) (
1 − x

(2)
2
y1

)
.

(4.45)

This indeed matches with [44, Theorem 1.2] upon identifying the parameters ϵi in that
reference with our 2d twisted masses.7 We explain this correspondence to the results
of [44] in part II [32].

As before, using the relations (3.19) and (3.20), we get:

I(1d)
(3 2 1)(x, y; q) = 1 − x1

y2
− x1

y1
− x2

y1
+ x21
y1 y2

+ x1 x2
y1 y2

+ 1
1 − q1

x1 x2
y21

− 1
1 − q1

x21 x2
y21 y2

.

(4.46)

Note that these 1d indices match exactly with the corresponding quantum Grothendieck
polynomials 𝔊(q)

w (x, y) listed in (A.37). Moreover, the polynomial expression for the longest
permutation (4.46) can be factorized as:

I(1d)
(3 2 1)(x, y; q) =

(
1 − x1

y2

)(
1 + x1 x2

(1 − q1) y21
− x1 + x2

y1

)
. (4.47)

This indeed matches with (A.30).
In appendix C, we work the 4! = 24 1d indices for the case n = 4 — the complete flag manifold
Fl(4) — and show that they match with the corresponding quantum double Grothendieck
polynomials.

Conjecture I. For the general Fl(n) case, we conjecture that the formula (4.32) is a JK
residue representation of the quantum Grothendieck polynomials. Namely:

I(1d)
w (x, y; q) = 𝔊(q)

w (x, y) , (4.48)

for any w ∈ Sn, where it is understood here that the equality is upon using the relations (3.18)
to transform I(1d)

w (x, y) into I(1d)
w (x, y; q).

4.4.1 Index calculation for the reduced quivers

For completeness, in this subsection, we exhibit by examples how the dualities discussed in
section 2 can speed up the calculation of the 1d indices. For that goal, let us look again at
the example of Fl(3). The result of applying these dualities to the six possible line defects
is shown in figure 7. Let us consider the following three cases in more detail:

7As another explicit example, see the 1d index for w0 = ( 4 3 2 1 ) ∈ S4 in the corresponding table in
appendix C.
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• For w = (1 2 3). As expected from our calculations for this case around (4.38), upon
using the duality moves, the Schubert defect trivializes, as one can see in figure 7. And
indeed, the 1d Witten index in this case is equal to 1.

• For w = (2 1 3). For this reduced quiver, we have the following simpler integrand:

(
1 − z

(1,2)
1
y1

)(
1 − z

(1,2)
1

x
(1)
1

)−1

.

The residue computation is much simpler but reproduces the same result as in (4.39).

• For w = (2 3 1). This 1d reduced quiver gives the following integrand:

(
1 − z

(2,2)
1

z
(2,2)
2

)(
1 − z

(2,2)
2

z
(2,2)
1

) 2∏
a=1

(
1 − z

(2,2)
a

y1

) 2∏
a,b=1

(
1 − z

(2,2)
a

x
(2)
b

)−1

.

This much simpler residue yields the same result as in (4.41).

5 Schubert point defects in the 2d GLSM

In the previous section, we gave a UV construction of line defects in the 3d GLSM that, in the
IR, flow to the Schubert classes in QKT (Fl(n)). In this section, we discuss the cohomological
limit of this construction. That is, we view the quiver in figure 3 as a 0d-2d coupled system
and propose that the corresponding half-BPS point defects flow to the Schubert classes in
QH•

T (Fl(n)). In what follows, we will refer to these defects as Schubert point defects.
For a permutation w ∈ Sn, the Poincaré dual to the Schubert variety [Xw] is Ωw ∈

H2ℓ(w)(Fl(n)). In the T -equivariant case, this cohomology class is written in terms of the
quantum double Schubert polynomial 𝔖(q)

w (σ,m) [60–62]. For definition and examples, see
appendix A.1.

Viewing the quiver defect as a 0d N = 2 supersymmetric matrix model (SMM), we
will argue in examples that its partition function is none other than the corresponding
quantum Schubert polynomial. Like in the 3d case, we conjecture that this matching holds
in full generality.

5.1 Partition functions of the matrix model

In the 2d limit β → 0, the figure 3 is now interpreted as a 0d N = 2 SMM with gauge
group G0d = ×i,j U(ri,j) and bifundamental chiral and Fermi matter multiplets as discussed
above. Following [30, 63, 64], the partition function of this quiver SMM can be written
in the following JK residue form:

I(0d)
w (σ,m) =

∮
JK

(dM) Zvec
chiral Z

hor
chiral Z

black
Fermi Z

red
Fermi . (5.1)
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In the integrand, we have the contributions coming from the bifundamental matter multiplets:

Zver
chiral :=

n−2∏
i=1

n−1∏
j=1

ri,j∏
α=1

ri+1,j∏
β=1

(
u(i,j)α − u(i+1,j)

β

)−1
,

Zhor
chiral :=

n−1∏
i=1

 ri,n−1∏
α=1

i∏
a=1

(
u(i,n−1)

α − σ̃(i)a

)−1 n−2∏
j=1

ri,j∏
β=1

ri,j+1∏
γ=1

(
u
(i,j)
β − u(i,j+1)

γ

)−1
 ,

Zblack
Fermi :=

n−2∏
i=1

 ri,n−1∏
γ=1

i+1∏
a=1

(
u(i,n−1)

γ − σ̃(i+1)
a

) n−1∏
j=1

ri,j∏
α=1

ri+1,j+1∏
β=1

(
u(i,j)α − u(i+1,j+1)

β

) ,

Zred
Fermi :=

n−1∏
i=1

rn−1,i∏
α=1

(
u(n−1,i)

α −mn−i

)
.

(5.2)

As for the measure (dM) in (5.1), it is given more explicitly by:

(dM) =
n−1∏
i=1

n−1∏
j=1

[
∆(i,j)

0d (u) 1
ri,j !

ri,j∏
α=1

du
(i,j)
α

2πi

]
, (5.3)

with ∆(i,j)
0d being the Vandermonde determinant factor:

∆(i,j)
0d (u) :=

∏
1≤α ̸=β≤ri,j

(
u(i,j)α − u(i,j)β

)
. (5.4)

Note that the poles in (5.1) come from the chiral matter fields, and the JK prescription in
this case is simply to consider the contributions coming from all of them.

Analogously to the remarks we made in the Schubert line defects case in subsection 4.2.1,
to obtain the final expression Zred

Fermi(σ,m), one needs to cancel the contributions coming
from the massive chiral fields with their massive Fermi counterparts in the last row in
figure 3. Additionally, to match with the quantum double Schubert polynomials discussed in
appendix A.1, we use the quantum relations (3.12) after performing the residue calculation.8

5.2 Example: Schubert defects for Fl(3)

As a first example, let us consider the case with n = 3. The quiver defects for each one of the
six permutations in S3 are given in figure 6. From these, one can compute the corresponding
partition function. Let us go through these six cases:

• For w = (1 2 3). Following our discussion around (4.36), and using the general
form (5.1), we see that, in this case, the 0d partition function is:

I(0d)
(1 2 3)(σ̃,m) =

∮
du

2πi
u − m1

(u − σ
(2)
1 ) (u − σ

(2)
2 )

= σ
(2)
1 − m1

σ
(2)
1 − σ

(2)
2

+ σ
(2)
2 − m1

σ
(2)
2 − σ

(2)
1

= 1 .

(5.5)
8Similarly to the comment we made earlier for the Schubert line defects, using the classical cohomology

relations (3.8) rather than the quantum ones, we obtain the corresponding double Schubert polynomials which
are the Poincaré duals to the Schubert classes in the classical cohomology ring of Fl(n). For definitions and
examples, see appendix A.1.
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where, for brevity, we introduced u ≡ u
(2,2)
1 . The two terms appearing in the sec-

ond equality are the contributions of the two simple poles in u coming from the 1d
bifundamental chiral multiplet.

• For w = (2 1 3). The integrand in this case is:

(u(2,2)
1 −m1)

∏2
a=1(u

(1,2)
1 − σ̃(2)a )

(u(1,2)
1 − u(2,2)

1 )(u(1,2)
1 − σ̃(1)1 )

∏2
b=1(u

(2,2)
1 − σ̃(2)b )

.

Performing the residue integral, we get:

I(0d)
(2 1 3)(σ̃,m) = σ̃

(1)
1 − m1 =⇒ I(0d)

(2 1 3)(σ,m; q) = σ1 − m1 . (5.6)

To obtain the second result, one also needs to use the relation (3.9).

• For w = (1 3 2). In this case, the integrand is of the form:

(u(2,1)
1 −m1)(u(2,2)

1 −m2)
(u(2,1)

1 − u(2,2)
1 )(u(2,2)

1 − σ̃(2)1 )(u(2,2)
1 − σ̃(2)2 )

.

Similarly to the above, this residue can be computed easily. Upon using the first relation
in (3.13), one obtains:

I(0d)
(1 3 2)(σ,m; q) = σ1 + σ2 − m1 − m2 . (5.7)

• For w = (2 3 1). In this case, we have that the integrand of the 0d partition function is
given by:

∆(2,2)
0d (u) (u(2,1)

1 −m2)
∏2

a=1(u
(2,2)
1 −m1)

∏2
b=1(u

(1,2)
1 − σ̃(2)b )

(u(1,2)
1 − σ̃(1)1 )

∏2
a=1(u

(2,1)
1 − u(2,2)

a )
∏2

a=1(u
(1,2)
1 − u(2,2)

a )
∏2

a,b=1(u
(2,2)
a − σ̃(2)b )

.

Taking the residue of this, we obtain the following form for the 0d index:

I(0d)
(2 3 1)(σ̃,m) = (σ̃(2)1 − m1) (σ̃(2)2 − m1) . (5.8)

Using the two relations in (3.13), we obtain:

I(0d)
(2 3 1)(σ,m; q) = (σ1 − m1)(σ2 − m1) − q1 , (5.9)

• For w = (3 1 2). The partition function for this quiver gauge theory has the following
integrand:

(u1 − u4)(u4 −m1)(u3 −m2)
∏2

a=1(u2 − σ̃
(2)
a )

(u1 − u2)(u1 − u3)(u3 − u4)(u2 − σ̃(1)1 )(u2 − u4)
∏2

a=1(u4 − σ̃
(2)
a )

,

where here, for compactness, we use the notation:

u1 ≡ u(1,1)
1 , u2 ≡ u(1,2)

1 , u3 ≡ u(2,1)
1 , u4 ≡ u(2,2)

1 . (5.10)
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The residue integral with this integrand can be performed recursively, starting with u1
and ending with u4. Doing so, one obtains:

I(0d)
(3 1 2)(σ̃,m) = − σ̃(2)1 σ̃

(2)
2 + σ̃

(1)
1 (σ̃(2)1 + σ̃

(2)
2 − m1 − m2) + m1m2 , (5.11)

which, upon using (3.9) and (3.13), gives us:

I(0d)
(3 1 2)(σ,m; q) = (σ1 − m1)(σ1 − m2) − q1 . (5.12)

• For w = (3 2 1). In this case, the integrand has the following form:

∆(2,2)
0d (u) (u3 −m2)

∏5
a=4(ua −m1)(u1 − ua)(u2 − σ̃(2)a )

(u1 − u2)(u1 − u3)(u2 − σ̃(1)1 )
∏5

a=4(u2 − ua)(u3 − ua)
∏2

b=1(ua − σ̃(2)b )
.

Here, we used the notation (5.10) along with u5 ≡ u(2,2)
2 .

Computing the corresponding residue, we obtain the following expression for the 0d
partition function:

I(0d)
(3 2 1)(σ̃,m) = (σ̃(1)1 − m2)(σ̃(2)1 − m1)(σ̃(2)2 − m1) . (5.13)

Upon using the quantum cohomology relations (3.9) and (3.13), one finds that the
above expressions can be written as follows:

I(0d)
(3 2 1)(σ,m; q) = (σ1 − m1)(σ1 − m2)(σ2 − m1) + q1 (σ1 − m2) . (5.14)

Note that, after using the quantum ring relations, these partition functions match exactly
with the corresponding quantum double Schubert polynomials 𝔖(q)

w (σ,m) listed in (A.19).
As another example, in appendix C we work out the partition functions of the SMM defects
in Fl(4) and check that they match with the quantum double Schubert polynomials upon
using the quantum relations (3.9) and (3.14).

Conjecture II. We conjecture that, for any w ∈ Sn, the 0d partition function (5.1) is a
residue formula representation for the quantum double Schubert polynomial. Namely:

I(0d)
w (σ,m; q) = 𝔖(q)

w (σ,m) . (5.15)

It is understood here that I(0d)
w (σ,m; q) is the final form of I(0d)

w (σ,m) upon using the
quantum relations (3.12).

6 Conclusions

In this work, we studied 3d N = 2 supersymmetric gauged linear sigma models on ℝ2 × S1
β

whose target space is the complete flag manifold X = Fl(n). We proposed a description of
half-BPS line operators wrapping S1

β in terms of 1d N = 2 supersymmetric quiver gauge
theories. We argued that, in the IR, these line defects flow to the Schubert classes in the
quantum K-theory ring of Fl(n). We provided two strong pieces of evidence for our proposal:
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• Solving the 1d vacuum equations, we find that they restrict the target X, at the
point of insertion of the line, to a particular Schubert variety Xw ⊆ X indexed by the
permutation w in terms of which the quiver quantum mechanical system is defined.
Furthermore, we found that the 1d-3d system actually engineers a resolution X̃w → Xw

of the Schubert variety.

• Computing the 1d index of the quiver gauge theories indexed by w ∈ Sn, we argued
that one obtains the quantum Grothendieck polynomials 𝔊(q)

w (x, y), which are none
other than the Chern characters of the structure sheaf classes [Ow] ∈ QK(X) of Xw.

Taking the small circle limit β → 0, we also proposed a coupled 0d-2d system, where now
the bulk theory is the 2d GLSM with target X and the point defect is defined in terms of a
N = 2 supersymmetric quiver matrix model. We showed that, computing the 0d partition
function, one obtains the quantum Schubert polynomials 𝔖(q)

w (σ,m). These represent the
Schubert classes [Xw] ∈ QH•(X).

In the companion paper [32], we generalize this construction of Schubert line defects to
arbitrary partial flag manifolds. More generally, it would be very interesting to construct
even more general line defects that would directly engineer arbitrary coherent sheaves over
some target space X of a general 3d GLSM. In addition, already in the case of the complete
flag manifold X = Fl(n), it would be interesting to compute the quantum K-theory ring
coefficients in (2.1) directly in the Schubert line basis, using the 3-point functions in the 3d
A-model. While the necessary physics formalism is well developed [30], carrying out such
computations efficiently for n > 4 might require clever tricks or advances in computational
algebraic geometry. We leave these questions as challenges for future work.
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A Schubert classes for complete flag manifolds

In this appendix, we review the (equivariant) cohomological and K-theoretical Schubert
classes in the complete flag variety Fl(n). These are represented, respectively, by the (double)
Schubert and Grothendieck polynomials. Moreover, we discuss the quantum version of
these classes, which are represented by the quantum double Schubert polynomials in the
quantum cohomology case, and by the quantum double Grothendieck polynomials in the
quantum K-theory case.
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A comment on permutations. Let us recall here that a special type of permutations are
the transpositions sij . These exchange the elements at positions i and j while keeping the
other elements fixed. For the case where i and j are consecutive, we denote the transposition
by si ≡ si,i+1. The permutation group Sn is generated by these transpositions. A reduced
word of the permutation w ∈ Sn is of the form w = si1 · · · siℓ(w) , where ℓ(w) is the length
of the permutation. The length can also be defined as

ℓ(w) := #{ i < j : w(i) > w(j) } . (A.1)

In particular, we have ℓ(id) = 0 for the identity permutation id = ( 1 2 · · · n ) and ℓ(w0) =
n(n − 1)/2 for the longest permutation w0 = (n · · · 2 1 ).

A.1 Schubert classes in the cohomology of the complete flag

In this section, we review the Chern characters associated with the Schubert classes in the
(quantum) cohomology of the complete flag manifold Fl(n). These are called the (quantum)
double Schubert polynomials, which are polynomials in the Chern roots of the universal
quotient bundles Qi and in the equivariant parameters of the T = U(1)n−1 ⊂ SU(n) torus
action. As discussed in the bulk of this paper, we denote the equivariant parameters by
mi ∈ ℂ for i = 1, · · · , n with the constraint that

∑n
i=1mi = 0. From the 2d perspective,

these correspond to twisted masses for the fundamental matter multiplets ϕn
n−1 — see the

discussion around figure 2 for more details.
To define these polynomials, let us start by defining the divided difference operators ∂i

associated with transposition si as follows [40]:

∂
(σ)
i f(σ,m) = f(σ,m) − s(σ)i · f(σ,m)

σi − σi+1
, (A.2)

for some polynomial f(σ,m). It is understood here that the superscripts indicate with respect
to which of the variables (σ or m) we are deriving. The action of the transposition in the
numerator is understood as follows:

s
(σ)
i · f(σ1, · · · , σi, σi+1, · · · , σn,m) = f(σ1, · · · , σi+1, σi, · · · , σn,m) . (A.3)

That is, we swap σi and σi+1. For a permutation w ∈ Sn with a reduced word w = si1 · · · siℓ(w) ,
the associated divided difference operator ∂w is defined as:

∂w ≡ ∂i1 · · · ∂iℓ(w) . (A.4)

A.1.1 Double Schubert polynomials

Now we come to defining the double Schubert polynomial 𝔖w(σ,m) [40, 65–68]. For the
longest permutation w0 ∈ Sn, i.e. w0 = (n · · · 2 1), we have:

𝔖w0(σ,m) =
n−1∏
j=1

det (Dj − mn−j 𝕀j ) , (A.5)
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where, the matrix Dn is defined as the n × n matrix with σ1, · · · , σn along the diagonal
and −1 on the upper-diagonal. Dj is the upper-left j × j sub-matrix of Dn. Expanding
the determinant factor in (A.5), we find that:

𝔖w0(σ,m) =
n−1∏
j=1

j∏
i=1

(σi − mn−j ) =
n−1∏
j=1

 j∑
i=0

(−1)j−imj−i
n−j e

j
i (σ)

 , (A.6)

where
ej

i (σ) := ei(σ1, · · · , σj) , (A.7)

is the i-th symmetric polynomial in the j variables σ1, · · · , σj . For a permutation w ∈ Sn,
we define the corresponding double Schubert polynomial as:

𝔖w(σ,m) = (−1)ℓ(w−1w0) ∂
(m)
w−1w0

𝔖w0(σ,m) . (A.8)

Example I: double Schubert polynomials in S3. Let us take the case n = 3. In this
case, we have 6 possible permutations, and the corresponding double Schubert polynomials,
apart from the one associated with the trivial permutation, have the following explicit form:

𝔖(2 1 3)(σ,m) = σ1 − m1 ,

𝔖(1 3 2)(σ,m) = σ1 + σ2 − m1 − m2 ,

𝔖(2 3 1)(σ,m) = (σ1 − m1 ) (σ2 − m1 ) ,
𝔖(3 1 2)(σ,m) = (σ1 − m1 ) (σ1 − m2 ) ,
𝔖(3 2 1)(σ,m) = (σ1 − m1 )(σ1 − m2 ) (σ2 − m1 ) .

(A.9)

Example II: double Schubert polynomials in S4. For the case n = 4 we have 24
possible permutations. For instance, for four randomly selected permutations, we find:

𝔖(1 2 4 3)(σ,m) = σ1 + σ2 + σ3 − m1 − m2 − m3 ,

𝔖(3 1 4 2)(σ,m) = (σ1 − m1 ) (σ1 − m2 ) (σ2 + σ3 − m1 − m2 ) ,
𝔖(3 1 2 4)(σ,m) = (σ1 − m1 ) (σ1 − m2 ) (σ2 + σ3 − m1 − m2 ) ,
𝔖(2 4 1 3)(σ,m) = (σ1 − m1 ) (σ2 − m1 ) (σ1 + σ2 − m2 − m3 ) ,
𝔖(2 3 1 4)(σ,m) = (σ1 − m1 ) (σ2 − m1 ) .

(A.10)

Geometrically, the double Schubert polynomial 𝔖w(σ,m) is known to represent the Schubert
class [Xw] ∈ H•

T (Fl(n);ℤ) in the classical T -equivariant cohomology ring of the complete
flag Fl(n).

A.1.2 Quantum double Schubert polynomials

Let us now review the quantum version of (A.8): the quantum double Schubert polynomial
𝔖(q)

w (σ,m) [60, 62, 69] associated with a permutation w ∈ Sn. To define this, let us first
define the quantum version of (A.5) for the longest permutation. We have:

𝔖(q)
w0 (σ,m) =

n−1∏
j=1

det
(
D

(q)
j − mn−j 𝕀j

)
, (A.11)
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where the matrix D
(q)
j is the upper-left j × j submatrix of the n × n matrix D

(q)
n whose

entries are:

(D(q)
n )i,j = σi δi,j + qj δi,j+1 − δi+1,j , i, j = 1, · · · , n . (A.12)

One can easily see that setting the quantum parameters qi to zero recovers the classical case:

𝔖(q=0)
w0 (σ,m) = 𝔖w0(σ,m) . (A.13)

Similarly to (A.6), one can expand the determinant factor in (A.11) as:

det
(
D

(q)
j − mn−j 𝕀j

)
=

j∑
i=0

(−1)j−imj−i
n−j E

j
i (σ; q) , (A.14)

where we introduced the quantum elementary symmetric polynomials Ej
i (σ; q), which are

usually defined as the coefficients of the expansion of the above determinant [60]. These
polynomials have the obvious property that they reduce to the symmetric polynomials (A.7)
in the classical limit:

Ej
i (σ; q = 0) = ej

i (σ) . (A.15)

Example III: quantum symmetric polynomials for n = 4. As an example of these
polynomials, we have:

E4
1(σ; q) = e41(σ) ,

E4
2(σ; q) = e42(σ) + q1 + q2 + q3 ,

E4
3(σ; q) = e43(σ) + q2 σ1 + q3 σ1 + q3 σ2 + q1 σ3 + q1 σ4 + q2 σ4 ,

E4
4(σ; q) = e44(σ) + q3 σ1 σ2 + q2 σ1 σ4 + q1 σ3 σ4 + q1 q3 .

(A.16)

Looking at the form of the determinant D(q)
j in (A.12), it is not difficult to deduce that the

quantum elementary polynomials satisfy the following recurrence relation:

Ej
i (σ; q) = Ej−1

i (σ; q) + σj Ej−1
i−1 (σ; q) + qj−1 Ej−2

i−2 (σ; q) . (A.17)

Note the similarity between these equations and the quantum relations (3.12).
Given (A.11), one defines the quantum double Schubert polynomial for a permutation w ∈ Sn

as follows [61, 62]:

𝔖(q)
w (σ,m) = (−1)ℓ(w−1w0) ∂

(m)
w−1w0

𝔖(q)
w0 (σ,m) . (A.18)

Example IV: quantum double Schubert polynomials for S3. As we did for the double
Schubert case in (A.9) for n = 3, we have the following quantum version:

𝔖(q)
(1 3 2)(σ,m) = 𝔖(1 3 2)(σ,m) ,

𝔖(q)
(2 1 3)(σ,m) = 𝔖(2 1 3)(σ,m) ,

𝔖(q)
(2 3 1)(σ,m) = 𝔖(2 3 1)(σ,m) + q1 ,

𝔖(q)
(3 1 2)(σ,m) = 𝔖(3 1 2)(σ,m) − q1 ,

𝔖(q)
(3 2 1)(σ,m) = 𝔖(3 2 1)(σ,m) + q1 (σ1 − m2 ) .

(A.19)
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Example V: quantum double Schubert polynomials for S4. Let us consider the case
with n = 4, for the same four random permutations as in (A.10). One finds:

𝔖(q)
(1 2 4 3)(σ,m) = 𝔖(1 2 4 3)(σ,m) ,

𝔖(q)
(3 1 4 2)(σ,m) = 𝔖(3 1 4 2)(σ,m) + q1 (σ1 − σ3 ) ,

𝔖(q)
(3 1 2 4)(σ,m) = 𝔖(3 1 2 4)(σ,m) − q1 ,

𝔖(q)
(2 4 1 3)(σ,m) = 𝔖(2 4 1 3)(σ,m) + q1 (σ1 + σ2) − q2 (σ1 − m1)

− m2 q1 − m3 q1 ,

𝔖(q)
(2 3 1 4)(σ,m) = 𝔖(2 3 1 4)(σ,m) + q1 .

(A.20)

In the classical limit, these clearly reduce to the double Schubert polynomials in (A.10).

Geometric interpretation. From a geometric point of view, the quantum double Schubert
polynomial 𝔖(q)

w (σ,m) represents the Schubert class of [Xw] ∈ QH•
T (Fl(n);ℤ) in the T -

equivariant quantum cohomology ring of Fl(n).

A.2 Schubert classes in the K-theory of the complete flag

In this subsection, we uplift the Schubert polynomials discussed above from the cohomology
to the K-theory. In this case, the Schubert classes [Ow] will be the (quantum) K-theory
classes of the structure sheaves of the Schubert variety Xw. The relevant polynomials will
be the equivariant Chern characters of these sheaves. Recall that the equivariant Chern
character provides a map:

chT : KT (X) −→ H•
T (X) . (A.21)

To define these polynomials, we start by defining the Demazure operator (or isobaric divided
difference operator). For a transposition si ∈ Sn, we denote the corresponding Demazure
operator by πi and we define it explicitly as:

π
(x)
i := 1 − xi ∂

(x)
i = xi+1 − xi s

(x)
i

xi+1 − xi
,

π
(y)
i := 1 + yi+1 ∂

(y)
i = yi − yi+1 s

(y)
i

yi − yi+1
.

(A.22)

For a permutation w ∈ Sn with a reduced word w = si1 · · · siℓ(w) , we define:

π(x)w := π
(x)
i1
· · · π(x)iℓ(w)

, π(y)w := π
(y)
i1
· · · π(y)iℓ(w)

. (A.23)

A comment on the physics conventions. Note that, in the mathematical literature, the
Demazure operator with respect to a variable z is usually defined as:

π
(z)
i := ∂

(z)
i ( 1 − zi+1 ) . (A.24)

To compare with our QFT calculations in the main text of this paper, we are here defining
the operators π(x)i and π

(y)
i in (A.22) in terms of the ‘shifted Wilson line operators’ [20]

zi = 1 − xi or zi = 1 − y−1
i , respectively.
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A.2.1 Double Grothendieck polynomials

To define the double Grothendieck polynomial for a permutation w ∈ Sn, we start by defining
the double Grothendieck polynomial associated with the longest permutation w0 ∈ Sn as [40,
(2.1)] (see also [42, section 8]):

𝔊w0(x, y) :=
n−1∏
j=1

j∏
i=1

(
1 − xi

yn−j

)
=

n−1∏
j=1

 1 +
j∑

i=1

(−1)i

yi
n−j

ej
i (x)

 . (A.25)

The polynomials ej
i (x) are defined in (A.7). For a permutation w ∈ Sn, we define the

associated double Grothendieck polynomial as:

𝔊w(x, y) := π
(y)
w−1w0

𝔊w0(x, y) . (A.26)

Example VIII: double Grothendieck polynomials in S3. For n = 3, we have the
following list of double Grothendieck polynomials:

𝔊(2 1 3)(x, y) = 1 − x1
y1
,

𝔊(1 3 2)(x, y) = 1 − x1 x2
y1 y2

,

𝔊(2 3 1)(x, y) = 1 − x1
y1
− x2

y1
+ x1 x2

y21
,

𝔊(3 1 2)(x, y) = 1 − x1
y1
− x1

y2
+ x21
y1 y2

,

𝔊(3 2 1)(x, y) = 1 − x1
y1
− x1

y2
− x2

y1
+ x21
y1 y2

+ x1 x2
y1 y2

+ x1 x2
y21

− x21 x2
y21 y2

.

(A.27)

Example IX: double Grothendieck polynomials in S4. Let us now take n = 4. From
the definition (A.26) we find the following polynomials:

𝔊(1 2 4 3)(x, y) = 1 − x1 x2 x3
y1 y2 y3

,

𝔊(3 1 4 2)(x, y) = 1 − x1
y1
− x1

y2
+ x21
y1 y2

− x2 x3
y1 y2

+ x1 x2 x3
y21 y2

+ x1 x2 x3
y1 y22

− x21 x2 x3
y21 y

2
2

,

𝔊(3 1 2 4)(x, y) = 1 − x1
y1
− x1

y2
+ x21
y1 y2

, (A.28)

𝔊(2 4 1 3)(x, y) = 1 − x1
y1
− x2

y1
+ x1 x2

y21
− x1 x2

y2 y3
+ x21 x2
y1 y2 y3

+ x1 x
2
2

y1 y2 y3
− x21 x

2
2

y21 y2 y3
,

𝔊(2 3 1 4)(x, y) = 1 − x1
y1
− x2

y1
+ x1 x2

y21
.

Geometric interpretation. From a geometric point of view, the double Grothendieck
polynomials are known to represent the equivariant Chern characters of the Schubert classes
[Ow] ∈ KT (Fl(n)), see e.g. [39].

2d limit and cohomology classes. To reduce these polynomials to their cohomological
counterparts, recall the definition of the K-theoretic roots xi = e−βσi for the quotient bundle
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and yi = e−βmi for the weights of the U(1)n−1 torus action. At the level of the double
Grothendieck polynomial (A.26), we find that:

lim
β→0

(
β−ℓ(w)𝔊w

(
e−βσi , e−βmi

) )
= 𝔖w(σ,m) . (A.29)

As an example of this, one can indeed check that, in this limit, the polynomials (A.27) reduce
to (A.9), and the polynomials (A.28) reduce to (A.10).

A.2.2 Quantum double Grothendieck polynomials

Motivated by the form of the double Grothendieck polynomial in (A.25), and following the
steps of [42], let us “quantize” it in the following way:9

𝔊(q)
w0 (x, y) :=

n−1∏
j=1

 1 +
j∑

i=1

(−1)i

yi
n−j

Fj
i (x; q)

 , (A.30)

where Fj
i are the quantum Lenart-Maeno (LM) polynomials defined explicitly as:

Fj
i (x; q) :=

∑
I⊆[j]
|I|=i

∏
k∈I

xk

∏
k∈I

k+1∈I

1
1 − qk

 , (A.31)

where here [j] := {1, 2, · · · , j}. In the classical limit qi → 0, this reduces to the elementary
symmetric polynomials ej

i (x) that we used in defining the double Grothendieck polynomi-
als (A.5). With the expression (A.30) in hand, we define the quantum double Grothendieck
polynomial 𝔊(q)

w (x, y) for any permutation w ∈ Sn as follows:

𝔊(q)
w (x, y) := π

(y)
w−1w0

𝔊(q)
w0 (x, y) . (A.32)

Similar to the symmetric polynomials that we studied earlier in this appendix, the LM
polynomials (A.31) can be generated using the following j × j matrix:

[Gj(x; q)]k,l =



xk
∏k−1

s=l qs xs , l < k ,

xk , l = k ,

− 1
1− qk

, l = k + 1 ,
0 , otherwise ,

(A.33)

for k, l = 1, · · · , j. For example, for j = 4, the 4× 4 generating matrix G4 has the following
explicit form:

G4(x; q) =


x1 − 1

1− q1
0 0

q1 x1 x2 x2 − 1
1− q2

0
q1 q2 x1 x2 x3 q2 x2 x3 x3 − 1

1− q3

q1 q2 q3 x1 x2 x3 x4 q2 q3 x2 x3 x4 q3 x3 x4 x4

 . (A.34)

9Our convention for the quantum Grothendieck polynomials differs slightly from that of [42] (see Exam-
ple 3.19 there). Starting from our variables, one may perform the substitution xi 7→ (1 − qi) (1 − xi) and
yi 7→ (1 − yi)−1 to match their expressions. Our notation appears more natural from the point of view of
the 3d GLSM.
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Indeed, one can easily check that:

det (Gj(x; q) − λ 𝕀j×j ) =
j∑

i=0
(−1)j−i λj−i Fj

i (x; q) . (A.35)

Moreover, we observe that, in the classical qi → 0 limit, the matrix (A.33) reduces to the
matrix Dj appearing in (A.5).

Similarly to the recurrence relations (A.17), one can show that the LM polynomials
Fj

i (x; q) satisfy the following recurrence relation:

Fj
i (x; q) = Fj−1

i (x; q) + 1
1 − qj−1

xj Fj−1
i−1 (x; q) −

qj−1
1 − qj−1

xj Fj−2
i−1 (x; q) . (A.36)

Note that this recurrence relation is similar to the QK relations of Fl(n) (3.18). This has to
do with the fact that these polynomials form a basis of the QK(Fl(n)) [42].

Example X: quantum double Grothendieck polynomials in S3. For n = 3, we have
the following quantum double Grothendieck polynomials:

𝔊(q)
(2 1 3)(x, y) = 𝔊(2 1 3)(x, y) ,

𝔊(q)
(1 3 2)(x, y) = 1 − 1

1 − q1

x1 x2
y1 y2

,

𝔊(q)
(2 3 1)(x, y) = 1 − x1

y1
− x2

y1
+ 1

1 − q1

x1 x2
y21

, (A.37)

𝔊(q)
(3 1 2)(x, y) =

(
1 − x1

y1

) (
1 − x1

y2

)
− q1

1 − q1

x1 x2
y1 y2

,

𝔊(q)
(3 2 1)(x, y) = 1 − x1

y1
− x1

y2
− x2

y1
+ x21
y1 y2

+ x1 x2
y1 y2

+ 1
1 − q1

x1 x2
y21

− 1
1 − q1

x21 x2
y21 y2

.

In the limit qi → 0, these reduce to the corresponding double Grothendieck polynomials.

Example XI: quantum double Grothendieck polynomials in S4. Let us look at
the case of n = 4. We have the following quantum Grothendieck polynomials for some of
the possible permutations:

𝔊(q)
(1 2 4 3)(x, y) = 1 − 1

(1 − q1)(1 − q2)
x1 x2 x3
y1 y2 y3

,

𝔊(q)
(3 1 4 2)(x, y) = 1 − x1

y1
− x1

y2
+ x21
y1 y2

− 1
1 − q2

x2 x3
y1 y2

+ 1
(1 − q1)(1 − q2)

x1 x2 x3
y21 y2

+ 1
(1 − q1)(1 − q2)

x1 x2 x3
y1 y22

− 1
(1 − q1)(1 − q2)

x21 x2 x3
y21 y

2
2

,

𝔊(q)
(3 1 2 4)(x, y) = 𝔊(q)

(3 1 2)(x, y) , (A.38)

𝔊(q)
(2 4 1 3)(x, y) = 1 − x1

y1
− x2

y1
+ 1

1 − q1

x1 x2
y21

− 1
1 − q1

x1 x2
y2 y3

+ 1
1 − q1

x21 x2
y1 y2 y3

+ 1
1 − q1

x1 x
2
2

y1 y2 y3
− 1

(1 − q1)2
x21 x

2
2

y21 y2 y3
,

𝔊(q)
(2 3 1 4)(x, y) = 𝔊(2 3 1)(x, y) ,
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where, 𝔊(q)
(3 1 2)(x, y) and 𝔊(q)

(2 3 1)(x, y) are given in (A.37). Clearly, these reduce to (A.28)
in the classical limit.

Geometric interpretation. The quantum double Grothendieck polynomials are the T -
equivariant Chern characters of the Schubert classes [Ow] in the T -equivariant quantum
K-theory ring of the complete flag Fl(n), see e.g. [42].

2d limit and quantum cohomology. Similarly to what we did for the double Grothendieck
polynomials earlier in (A.29), let us consider the 2d limit of the quantum double Grothendieck
polynomials (A.32). As reviewed in the main text, we need to keep in mind that the quantum
cohomology and quantum K-theory deformation parameters qi and qi are related via:

qi ≡ β2 qi , i = 1, · · · , n− 1 . (A.39)

Therefore, taking xi ≡ e−βσi and yi ≡ e−βmi , we find the following limit:

lim
β→0

(
β−ℓ(w)𝔊(q)

w

(
e−βσi , e−βmi

) )
= 𝔖(q)

w (σ,m) , (A.40)

where the quantum double Schubert polynomial 𝔖(q)
w (σ,m) is defined in (A.18). For instance,

in this limit, (A.37) reduces to (A.19). Similarly, the polynomials (A.38) reduce to (A.20).

B Resolution of Schubert varieties from mathematics

In this appendix, we explain how the geometry arising from our 1d-3d GLSM corresponds
to two known constructions of resolutions of Schubert varieties: via bioriented flags and via
quiver Grassmannians. The relation to bioriented flags is relatively direct, while for quiver
Grassmannians we briefly unpack the relevant definitions before showing the equivalence.

B.1 Resolved Schubert variety as a bioriented flag

Following [37], the Schubert varieties with respect to a reference flag E•, are defined as:

Xw(E•) := {F• ∈ Fl(n) | dim(Fi ∩ Ej) ≥ rw
i,j} , rw

i,j = #{ l ≤ i | w(l) ≤ j } . (B.1)

This definition differs slightly from our convention for Xw in equation (4.1) — the two
conventions are equivalent up to relabeling: Xw = Xw0w. One introduces the product space:

Pw :=
n∏

i,j=1
Gr(rw

i,j ,ℂ
n) , (B.2)

whose points consist of products of subspaces Fi,j ⊂ ℂn of dimension rw
i,j . The bioriented

flag is defined as:

Flw := {F•,• ∈ Pw | Fi,j ⊂ Fi,j+1, Fi,j ⊂ Fi+1,j} . (B.3)

The authors of [37] further define:

X̂w(E•) := {F•,• ∈ Flw | Fn,i = Ei, i = 1, 2, · · · , n} . (B.4)
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Our physical construction realizes precisely X̂w0w(E•), as is clear from figure 4. Moreover,
it is proved in [37] that the projection:

X̂w(E•)→ Fl(n) , F•,• 7→ F•,n , (B.5)

is a resolution of Xw, which is isomorphic to the Bott-Samelson resolution of Xw corresponding
to a certain word representation of w.

B.2 Resolved Schubert variety as a quiver Grassmannian

In this appendix, we would like to explain why the target space of our 1d-3d GLSM is also
precisely a quiver Grassmannian Grrw(M) in the sense of [36].

To define the quiver Grassmannian, one starts with a specific quiver representation M

(with relations), then Grrw(M) is the collection of all the quiver subrepresentations N of M ,
whose dimension vectors are specified by rw. For the full definitions and technical details,
we refer the reader to [36]. For our purposes, it will be sufficient to specify the quiver
representation M directly, without introducing the underlying quiver and its arrows explicitly.
The quiver representation M is given by:

E1• E1• ...
E1•

E2• E2• ...
E2•

... ... ... ...

En• En• ...
En•

id

ι2,1

id

ι2,1

id

ι2,1
ι2,1⟲

id

ι3,2

⟲
id

ι3,2

⟲
id

ι3,2 ι3,2⟲
id

ιn,n−1

⟲
id

ιn,n−1

⟲
id

ιn,n−1
ιn,n−1⟲

id

⟲
id

⟲
id

.

Here each node is a vector space Mi,j = Ej , where (0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ En = ℂn) forms a
fixed full flag in ℂn. The horizontal arrows are identity maps, while the vertical arrows are
inclusions ιi+1,i : Ei ↪→ Ei+1. By construction, all squares in the diagram commute. This
commutativity realizes quiver relations that are otherwise specified as part of the quiver data
(and follow from the E-term equations in our GLSM).

The quiver Grassmannian Grrw(M) consists of subrepresentations N of M . For each
subrepresentation N , it consists of the following data:

• We have subspaces Ni,j ⊆Mi,j = Ei and dim(Ni,j) = rw
i,j .

• For each arrow in M , the induced arrow in N is the unique inclusion map between the
corresponding subspaces, of the form Ni,j ↪→ Ni+1,j or Ni,j ↪→ Ni,j+1.

• The commutativity relation (Ni,j ↪→ Ni,j+1 ↪→ Ni+1,j+1) = (Ni,j ↪→ Ni+1,j ↪→ Ni+1,j+1)
is trivially satisfied.
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Therefore, we have the representation N :

N1,1•
N1,2• ...

N1,n−1•

N2,1•
N2,2• ...

N2,n−1•

... ... ... ...

Nn,1•
Nn,2• ...

Nn,n−1•

⟲ ⟲ ⟲

⟲ ⟲ ⟲

⟲ ⟲ ⟲

,

where dim(Ni,j) = rw
i,j and Ni,j ⊂ Ei. Crucially, due to the inclusion structure on each

row, it suffices to require only Ni,n−1 ⊆ Ei. Therefore, we can add a column corresponding
to the fixed flag (0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ En = ℂn) to the above diagram and obtain (the
inclusions in the last column are given by ι’s):

N1,1•
N1,2• ...

N1,n−1• E1•

N2,1•
N2,2• ...

N2,n−1• E2•

... ... ... ... ...

Nn,1•
Nn,2• ...

Nn,n−1• En•

⟲ ⟲ ⟲ ⟲

⟲ ⟲ ⟲ ⟲

⟲ ⟲ ⟲ ⟲

.

Now we can forget about the subrepresentation condition Ni,j ⊂ Ei, and we only have the
condition dim(Ni,j) = rw

i,j . The commutativity of the newly added squares follows from the
fact that all the arrows are inclusions.

The above diagram with the conditions dim(Ni,j) = rw
i,j is the same as the configuration

in figure 4, up to a rotation of 90 degrees and a relabeling of the permutation. This rotation
is due to a difference in conventions: the quantity denoted rw

i,j in [36] corresponds to what we
denote by rw

j,i in equation (4.4). The relabeling is due to the fact that we use rw0w
i,j instead

of rw
i,j in the definition of Schubert varieties.
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