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31 Introdu
tionAt the heart of 
omputational 
uid dynami
s, in
luding 
omputation of laminar andturbulent 
ow and of heat and mass transfer, lies a de
eptively simple balan
e of 
on-ve
tion and di�usion. Despite its simpli
ity, this balan
e is very diÆ
ult to simulatewithout arti�
ial e�e
ts su
h as in
reased dispersion or os
illations degrading the solu-tion �delity. These e�e
ts take on in
reased importan
e in two and three dimensional
ows be
ause of diÆ
ulty in resolving all possible length s
ales. Great advan
es in simu-lating 
onve
tion-di�usion have o

urred in the last two de
ades and it is now possible todevise s
hemes of arbitrary a

ura
y for 
onstant velo
ity 
onve
tion in an unboundeddomain. We have an understanding of how s
hemes whi
h previously might be 
lassed�nite element or �nite di�eren
e 
an be re
on
iled in a relatively general evolutionaryoperator framework (see Morton and Sobey [9℄ and Morton [10℄).In this paper we dedu
e a new family of Lax-Wendro� s
hemes and Qui
kest s
hemesby using an evolutionary operator in an unbounded domain for the two dimensional
onve
tion-di�usion problem. The one dimensional Lax-Wendro� s
heme is due to Laxand Wendro� [6℄ and the Qui
kest s
heme was introdu
ed by Leonard [7℄ as an alterna-tive to 
entral di�eren
ing 
onve
tion or to upwinding di�eren
ing 
onve
tion.The Lax-Wendro� s
hemes are a 
lass of s
hemes whi
h have attained 
onsider-able stature in theoreti
al studies of di�eren
e s
hemes. The essential property of theLax-Wendro� s
hemes lies in the 
ombination of time and spa
e-
entred dis
retisations.Their popularity is due to their se
ond-order a

ura
y and simpli
ity, although theirbehaviour around dis
ontinuities is not fully satisfa
tory.The Qui
kest s
heme was �rst generalised in two dimensions by Davis and Moore[2℄. When generalising the method they ignored some of the 
ross-derivatives and thatredu
ed the temporal a

ura
y of the s
heme.Although the Lax-Wendro� and Qui
kest s
hemes are unique for the one dimensional
ase, they have many variants in the two-dimensional 
ase. Their ambiguity in twodimensions is 
onne
ted with the fa
t that di�erent 
ombinations of lo
al nodal values areequally able to model lo
al behaviour. In this paper, we des
ribe the analyti
al solutionfor a two dimensional 
onve
tion-di�usion problem and use it as the sour
e for obtainingLax-Wendro� and Qui
kest s
hemes not yet studied in the literature. The new Qui
kests
hemes are expe
ted to be more a

urate in time than the Qui
kest s
heme dedu
edby Davis and Moore [2℄, sin
e we take into a

ount the 
ross-derivatives. Additionallywe study in detail the stability of those Lax-Wendro� and Qui
kest s
hemes, a 
ru
ialproperty for 
onvergen
e of numeri
al s
hemes.To analyse the pra
ti
al stability of the numeri
al s
hemes we use von Neumannanalysis sin
e we are 
onsidering a problem in an unbounded domain. We observethat interesting di�eren
es o

ur between the stability regions of the di�erent numeri
als
hemes. For a 
lear visualisation of the stability regions we plot the suÆ
ient andne
essary stability 
onditions in a three-dimensional spa
e, in whi
h the 
oordinatesinvolve the 
onve
tive 
oeÆ
ients and the di�usion.Stability of �nite di�eren
e s
hemes has been widely des
ribed in the literature.Two important books on stability analysis of di�eren
e methods are the 
lassi
al book



4by Ri
htmyer and Morton [11℄ and the more re
ent book by Gustafsson et al [3℄. Thelatter 
on
entrates its attention in the normal mode analysis.Some of the work on stability analysis for �nite di�eren
e s
hemes for the 
onve
tion-di�usion equation using von Neumann method was done by Be
kers [1℄ for a s
heme inthree dimensions, Hindmarsh et al [4℄ for a multidimensional 
entral s
heme, Kwok andTan [5℄ for leap-frog-type �nite di�eren
e s
hemes, Siemieniu
h and Gladwell [12℄ for
entral and upwind s
hemes, Verwer and Sommeijer [15℄ in relation with an odd-even-line hops
ot
h method, and Wesseling [14℄ for a fourth-order 
entral s
heme.2 Analyti
 SolutionMorton and Sobey [9℄ have dedu
ed s
hemes using the exa
t solution of a one dimensional
onve
tion-di�usion problem. Applying the same idea, in this se
tion we dedu
e theanalyti
 solution for a two dimensional 
onve
tion-di�usion problem and use that as thesour
e for obtaining the �nite di�eren
e s
hemes.Consider the 
onve
tion-di�usion equation with 
oeÆ
ient D > 0:�u�t (x; y; t) + V �u�x(x; y; t) +W �u�y (x; y; t) = D��2u�x2 + �2u�y2� (x; y; t) (2.1)and the initial 
ondition u(x; y; 0) = u0(x; y): (2.2)The di�usion 
oeÆ
ient is taken to be positive sin
e a negative 
oeÆ
ient is a physi
alimpossibility. We take a two-dimensional Fourier transform, denoted û(l; m) where land m are transform variables in the x and y dire
tions. Thusû(l; m; t) = u0(l; m)e�[Dl2+Dm2℄t+i[V l+Wm℄t:Writing the inversion of this transform as a 
onvolution integral,u(x; y; t) = 1� Z +1�1 Z +1�1 u0(x� V t + 2pDt�; y �Wt+ 2pDt�)e��2��2d�d�: (2.3)This is a two-dimensional evolution operator. In a similar manner, to the one-dimensional 
ase, it de�nes a Green's fun
tion G(x; y;�t) whi
h gives the evolutionover a single time-step:u(x; y; tn +�t) = 1� Z +1�1 Z +1�1 u(�; �; tn)G(x� �; y � �;�t)d�d� (2.4)where G(s; p; t) = 14Dt� e�(s�V t)2=4Dte�(p�Wt)2=4Dt:In the next se
tion we dedu
e �nite di�eren
e s
hemes for an unbounded domainusing the evolutionary operator (2.4), following the same pro
edure as in Morton andSobey [9℄ for one dimension.



53 Finite di�eren
es s
hemesWith the general framework des
ribed in the previous se
tion we 
an now obtain �nitedi�eren
e s
hemes by interpolation on a uniform mesh.We denote Unjk the approximations to the values u(xj; yk; tn) at the mesh points(xj; yk) = (j�x; k�y); j; k = 0;�1;�2; : : : :We use the usual operators, 
entral, se
ond di�eren
e, ba
kward and forward respe
-tively: �x0Ujk = Uj+1k � Uj�1k2 ;Æ2xUjk = Uj+1k � 2Ujk + Uj�1k2 ;�x�Ujk = Ujk � Uj�1k;�x+Ujk = Uj+1k � Ujk:The operators �y0; Æ2y;�y�;�y+ are de�ned similarly.We 
hoose uniform spa
e steps �x and �y and a time step �t. We also de�ne theimportant quantities �x, �y, �x and �y, that we are using in what follows,�x = V�t�x ; �y = W�t�y ;�x = D�t�x2 ; �y = D�t�y2 :In the next se
tions we dedu
e a family of Lax-Wendro� s
hemes and a family ofQui
kest s
hemes in two dimensions. Firstly we dedu
e the s
hemes based in a quadrati
and 
ubi
 polynomial interpolation of the fun
tion u(�; �; tn) that appears in (2.4). Se
-ondly we also dedu
e s
hemes by using a Taylor approximation of order two and three,of the same fun
tion.The generalisation of �nite di�eren
e s
hemes for a 
onve
tion di�usion equation tomultidimensions is not just the sum of the individual one-dimension 
ontributions, sin
ethe simple addition of individual �nite di�eren
es in x and y without appropriate 
rossterms 
an lead to a basi
 instability.3.1 Polynomial approximationIn this se
tion we obtain �nite di�eren
e s
hemes by approximating u(x; y; tn) in (2.4)by a lo
al polynomial around the point (xj; yk), namelypjk(x; y) = KXr=0 KXs=0 brs(x� xj)r(y � yk)s:



6Using the exa
t evolutionary operator, then the approximation Un+1jk is given byUn+1jk = KXr;s=0brs� Z +1�1 (�V�t + 2pD�t�)re��2d��Z +1�1 (�W�t + 2pD�t�)se��2d�:If the power terms are expanded then all the integrals 
an be determined and then we
an write,Un+1jk = b00 � b10V�t� b01W�t + b11VW (�t)2+b20(2D�t+ V 2(�t)2) + b02(2D�t+W 2(�t)2)�b30(6DV (�t)2 + V 3(�t)3)� b03(6DW (�t)2 +W 3(�t)3)�b21W�t(2D�t+ V 2(�t)2)� b12V�t(2D�t +W 2(�t)2)+ : : : :Within this formula we obtain se
ond and third order �nite di�eren
e s
hemes by usingquadrati
 interpolation or 
ubi
 interpolation.Quadrati
 polynomial interpolationIf we use a quadrati
 interpolation we need to 
hoose six interpolation points todetermine the six 
oeÆ
ients b00; b01; b10; b20; b11; b02. We obtain a di�erent method forea
h 
hoi
e of points. Any nodal value will have eight neighbouring points so we need to
hoose six points from the nine points (nodal point plus eight neighbours). We 
hoosethe points, so that they form a �ve-point star around (xj; yk) and the sixth point issele
ted a

ording to the dire
tion of the velo
ities V and W . For instan
e assume thatV and W are positive. We 
hoose the six interpolation point to be (xj�1; yk�1). Thenwe have b00 = Unjk b10 = �x0Unjk�x b01 = �y0Unjk�yb11 = �x��y�Unjk�x�y b02 = 12 Æ2xUnjk�x2 b20 = 12 Æ2yUnjk�y2This gives the formula,Un+1jk = [1� (�x�x0 + �y�y0) + (12�2x + �x)Æ2x+(12�2y + �y)Æ2y + �x�y�x��y�℄Unjk: (3.1)We 
all this s
heme Polynomial Lax-Wendro�.



7V � 0;W � 0 V � 0;W � 0 V � 0;W � 0 V � 0;W � 0b11 �x��y� �x��y+ �x+�y� �x+�y+Table 1: Polynomial Lax-Wendro� s
heme.
t tt v tt ���� tt v tt t���I

(a) (b)t tt ttv ���R
t tt v tt���	(
) (d)Figure 1: Computational mole
ule for the Polynomial Lax-Wendro� s
heme for the di�erentsigns of the velo
ities: (a) V and W positive; (b) V negative and W positive; (
) V positiveand W negative; (d) V and W negative. The larger 
ir
le denotes the 
entral node and arrowsshow typi
al 
ow dire
tions.Clearly there are three other 
on�gurations depending on various 
ombinations ofthe sign of V and W . For V negative and W positive, we 
hoose the sixth point as(xj+1; yk�1). If V is positive and W negative, we 
onsider the point (xj�1; yk+1) and forV and W negative we 
hoose the point (xj�1; yk+1). The di�erent possibilities 
an giveus a di�erent 
oeÆ
ient b11. We des
ribe in the table 1 how the operators that de�nethe 
oeÆ
ient b11 
hange a

ording to the 
hanges of the signs of the velo
ities.We illustrate the di�erent 
omputational mole
ules in �gure 1 together with the 
owdire
tions.Cubi
 polynomial interpolationNext we turn to 
ubi
 interpolation. One advantage of using high-order methods is



8 b11 b12 b21 b30 b03V � 0;W � 0 �y+�x� +�x+�y� Æ2y�x� Æ2x�y� Æ2y�x� Æ2y�y�V � 0;W � 0 �y+�x� +�x+�y� Æ2y�x+ Æ2x�y+ Æ2y�x+ Æ2y�y+V � 0;W � 0 �y��x� +�x+�y+ Æ2y�x� Æ2x�y+ Æ2y�x� Æ2y�y+V � 0;W � 0 �y��x� +�x+�y+ Æ2y�x+ Æ2x�y� Æ2y�x+ Æ2y�y�Table 2: Polynomial Qui
kest s
hemethat numeri
al di�usion and dispersion errors are relatively smaller than in low ordermethods.The pro
edure is illustrated for two-dimensional 
ow with velo
ity V and W positiveas in the previous 
ase. We need to use 10 points to 
arry out this interpolation. Usingthe 10 points Uj�2k, Uj�1k�1, Uj�1k, Uj�1k+1, Ujk�2, Ujk�1, Ujk, Ujk+1, Uj+1k�1 and Uj+1kto evaluate brs, r = 0; 1; 2; 3; s = 0; 1; 2; 3 we �ndb00 = Ujk b10 = �x0Ujk�x � Æ2x�x�Ujk6�xb20 = Æ2xUjk2�x2 b30 = Æ2x�x�Ujk6�x3b01 = �y0Ujk�y � Æ2y�y�Ujk6�y b21 = Æ2x�y�Ujk2�x2�yb02 = Æ2yUjk2�y2 b03 = Æ2y�y�Ujk6�y3b12 = Æ2y�x�Ujk2�y2�x b11 = �y+�x�Ujk2�x�y + �x+�y�Ujk2�x�yNow we 
an write the s
heme,Un+1jk = Unjk � �x�x0Unjk � �y�y0Unjk+(12�2x + �x)Æ2xUnjk + (12�2y + �y)Æ2yUnjk+12�x�y�y+�x�Unjk + 12�x�y�x+�y�Unjk+16�x(1� �2x � 6�x)Æ2x�x�Unjk + 16�y(1� �2y � 6�y)Æ2y�y�Unjk��y(�x + 12�2x)Æ2x�y�Unjk � �x(�y + 12�2y)Æ2y�x�Unjk: (3.2)This s
heme is 
alled Polynomial Qui
kest s
heme. As with the Lax-Wendro� s
hemes,we 
an 
hange the 
hoi
e of the mesh points, depending on the dire
tion of the velo
ities.The 
hanges that o

ur in the s
heme (3.2) a

ording to the sign of the velo
ities involve
hanges in the 
oeÆ
ients b11; b12; b21; b30 and b03 that we des
ribe in table 2.We illustrate the di�erent 
omputational mole
ules in �gure 2 together with the 
owdire
tions.
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t
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(a) (b)tt t tt t v tt t ���R
tt t tt v t tt t���	(
) (d)Figure 2: Computational mole
ule for the Polynomial Qui
kest s
heme for the di�erent signsof the velo
ities: (a) V and W positive; (b) V negative and W positive; (
) V positive and Wnegative; (d) V and W negative. The larger 
ir
le denotes the 
entral node and predominant
ow dire
tions are shown by arrows.



103.2 Taylor approximationIn the previous se
tion we 
onsidered a lo
al polynomial interpolation of some sele
tedpoints in a neighbourhood of (xj; yk). Sin
e the lo
al interpolation requires only a smallnumber of neighbouring points, we used the 
ow dire
tions to 
hoose whi
h neighbouringpoints to use. Now we use an alternative idea and approximate u(x; y; tn) by a trun
atedTaylor series around (xj; yk):tjk(x; y) = KXr=0 KXs=0 brs(x� xj)r(y � yk)s;where brs = uxrysr!s! . Using the evolutionary operator as in the previous se
tion, dependingon the order of the expansion we 
an obtain the numeri
al s
hemes des
ribed below.Se
ond order Taylor expansionFor the se
ond order a

urate Taylor expansion the brs 
oeÆ
ients are:b00 = Ujk b10 = ux := �x0Ujk�xb01 = uy := �y0Ujk�y � Æ2y�y�Ujk6�y b20 = 12uxx := Æ2xUjk2�x2b02 = 12uyy := Æ2yUjk2�y2 b11 = uxy := �x0�y0Ujk�x�yThis s
heme uses a 9 points sten
il and the numeri
al method has the form:Un+1jk = [1� (�x�x0 + �y�y0) + (12�2x + �x)Æ2x+(12�2y + �y)Æ2y + �x�y�x0�y0℄Unjk: (3.3)We 
all this the Taylor Lax-Wendro� s
heme. This formula is illustrated by the 
ompu-tational mole
ule in �gure 3. This mole
ule 
an be used independently of the dire
tionsof the velo
ities.Third order Taylor expansionWhen we derive di�erent Lax-Wendro� s
hemes they di�er be
ause of the way wedis
retise the mixed derivatives. The same is true in the 
ase of the two di�erent Qui
kests
hemes. We dis
retise the mixed derivatives uxy, uxyy and uyyx in a di�erent way inboth s
hemes or, to put it di�erently, we 
hoose in a di�erent way the 
oeÆ
ients b11; b12and b21.For the third order a

urate Taylor expansion, taking in 
onsideration that V andW are positive, we use the 11 point sten
il, Uj�2k, Uj�1k�1, Uj�1k Uj�1k+1, Ujk�2, Ujk�1,
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t t tt v tt t t

Figure 3: Computational mole
ule for the Taylor Lax-Wendro� s
heme. The larger 
ir
ledenotes the 
entral node.

t
tt t tt v tt t t

����Figure 4: Computational mole
ule for the Taylor Qui
kest s
heme. The larger 
ir
ledenotes the 
entral node and predominant 
ow dire
tion is shown by arrow.



12 V � 0;W � 0 V � 0;W � 0 V � 0;W � 0 V � 0;W � 0b30 Æ2x�x� Æ2x�x� Æ2x�x+ Æ2x�x+b03 Æ2y�y� Æ2y�y+ Æ2y�y� Æ2y�y+Table 3: Taylor Qui
kest s
heme.Ujk, Ujk+1 Uj+1k�1, Uj+1k, and Uj+1k+1. It follows:b00 = Ujk b10 = ux := �x0Ujk�x � Æ2x�x�Ujk6�xb20 = 12uxx := Æ2xUjk2�x2 b30 = 16uxxx := Æ2x�x�Ujk6�x3b01 = uy := �y0Ujk�y � Æ2y�y�Ujk6�y b21 = 12uxxy := Æ2x�y0Ujk2�x2�yb02 = 12uyy := Æ2yUjk2�y2 b03 = 16uyyy := Æ2y�y�Ujk6�y3b12 = 12uyyx := Æ2y�x0Ujk2�y2�x b11 = uxy := �x0�y0Ujk�x�yWe have the numeri
al method,Un+1jk = Unjk � �x�x0Unjk � �y�y0Unjk+(12�2x + �x)Æ2xUnjk + (12�2y + �y)Æ2yUnjk+�x�y�x0�y0Unjk+16�x(1� �2x � 6�x)Æ2x�x�Unjk + 16�y(1� �2y � 6�y)Æ2y�y�Unjk��y(�x + 12�2x)Æ2x�y0Unjk � �x(�y + 12�2y)Æ2y�x0Unjk: (3.4)Similarly to the previous s
hemes, we 
all this s
heme the Taylor Qui
kest s
heme. Thisformula is illustrated by the 
omputational mole
ule in �gure 4. The 
hoi
e of the meshpoints, to approximate the third derivatives, depends on the dire
tion of the velo
itiesand it a�e
ts the values of the 
oeÆ
ients b30 and b03. The 
hanges are shown in table3.3.3 Summary of the s
hemesTo 
on
lude this se
tion we summarise the numeri
al s
hemes derived here and whosestability we analyse in the following se
tions (in this summary we assume both velo
itiespositive).



13� Polynomial Lax-Wendro� s
heme (see �gure 1)Un+1jk = [1 + Px + Py + �x�y�x��y�℄Unjk:� Taylor Lax-Wendro� s
heme (see �gure 3)Un+1jk = [1 + Px + Py + �x�y�x0�y0℄Unjk:where Px = ��x�x0 + (12�2x + �x)Æ2xPy = ��y�y0 + (12�2y + �y)Æ2y� Polynomial Qui
kest s
heme (see �gure 2)Un+1jk = [1 +Qx +Qy + 12�x�y(�y+�x� +�x+�y�)��y(�x + 12�2x)Æ2x�y� � �x(�y + 12�2y)Æ2y�x�℄Unjk:� Taylor Qui
kest s
heme (see �gure 4)Un+1jk = [1 +Qx +Qy + �x�y�x0�y0��y(�x + 12�2x)Æ2x�y0 � �x(�y + 12�2y)Æ2y�x0℄Unjk:where Qx = Px + 16�x(1� �2x � 6�x)Æ2x�x�Qy = Py + 16�y(1� �2y � 6�y)Æ2y�y�In the next se
tion we use the von Neumann method to analyse the stability regionof these s
hemes.



144 Von Neumann stability analysisThe von Neumann analysis in two dimensions is a straightforward generalisation of theone dimensional 
ase. The dis
rete Fourier de
omposition in two dimensions 
onsists ofthe de
omposition of the fun
tion into a Fourier series asUnjk =X�x;�y �nei�xj�xei�yk�y;where the range �x, �y is de�ned separately for ea
h dire
tion, as in the one dimensional
ase. The ampli�
ation fa
tor is given by �. The produ
ts �x�x and �y�y are oftenrepresented as a phase angle, namely:�x = �x�x; �y = �y�y:To obtain a von Neumann stability 
ondition we insert the singular 
omponent�neij�xeik�yinto the dis
retised s
heme. The ampli�
ation fa
tor is said to satisfy the von Neumann
ondition if there is a 
onstant K su
h thatj�(�x; �y)j � 1 +K�t; 8 �x; �y 2 [0; 2�℄: (4.1)As in the one dimensional 
ase, in pra
ti
e we use the stronger 
onditionj�(�x; �y)j � 1; 8 �x; �y 2 [0; 2�℄; (4.2)and the dis
rete s
heme that meets this 
ondition, we refer to it as von Neumann stable.This has been 
alled pra
ti
al stability by Ri
htmyer and Morton [11℄ or stri
t stabilityby other authors. In some 
ases 
ondition (4.1) allows numeri
al modes to grow ex-ponentially in time for �nite values of �t. Therefore, the pra
ti
al, or stri
t, stability
ondition (4.2) is re
ommended in order to prevent numeri
al modes from growing fasterthan the physi
al modes of the di�erential equation.For our �nite di�eren
e s
hemes we derive mostly analyti
al ne
essary 
onditions.Nevertheless we plot 
onditions, determined numeri
ally, that are suÆ
ient and ne
es-sary for stability.First we analyse the Fourier stability analysis for the 
onve
tive problem, this is forD = 0, although we are mainly interested in problems with di�usion. Afterwards westudy the fully 
onve
tive and di�usive dis
rete s
heme.4.1 Pra
ti
al stability regions for D = 0In this se
tion we 
onsider the 
onve
tive problem and analyse the di�erent stabilityregions obtained for the Lax-Wendro� s
hemes and the Qui
kest s
hemes. We 
onsider�rst the Lax-Wendro� s
hemes.



15Lax-Wendro� s
hemesThe next result is related with the s
heme (3.1) derived using a quadrati
 polynomialinterpolation and 
alled Polynomial Lax-Wendro� s
heme. Although we were not ableto prove the suÆ
ient and ne
essary 
ondition plotted in �gure 5a for the s
heme (3.1),we prove analyti
al ne
essary 
onditions.Lemma 4.1 Ne
essary 
onditions for the stability of the Polynomial Lax-Wendro�s
heme, when D = 0, �x � 0 and �y � 0 are:(�x � �y) � 1; (4.3)�x � 1; �y � 1: (4.4)Proof: The ampli�
ation fa
tor for the method (3.1), when D = 0 veri�es the equality:j�(�x; �y)j2 = [1� �2x(1� 
os �x)� �2y(1� 
os �y)+�x�y((1� 
os �x)(1� 
os �y)� sin �x sin �y)℄2+[��x sin �x � �y sin �y+�x�y(sin �x(1� 
os �y) + sin �y(1� 
os �x))℄2In parti
ular, j�(�; �)j = j1� 2�2x � 2�2y + 4�x�yj;= j1� 2(�x � �y)2jj�(0; �)j = j1� 2�2y j;j�(�; 0)j = j1� 2�2xj:If we have j�(�; �)j � 1, j�(0; �)j � 1 and j�(�; 0)j � 1 then (4.3) and (4.4) are veri�ed.� The stability of the s
heme (3.3), here 
alled Taylor Lax-Wendro� s
heme, was al-ready studied in literature for D = 0. The next result is due to Turkel [13℄.Theorem 4.2 For D = 0 the s
heme (3.3) is stable i�j�xj2=3 + j�yj2=3 � 1: (4.5)Proof: See Turkel [13℄. �The 
ondition (4.5) of the Theorem 4.2 is plotted in �gure 5b.
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(a) (b)Figure 5: (a) Stability region for the Polynomial Lax-Wendro� s
heme for �x = �y = 0(the s
heme was dedu
ed for both velo
ities positive); (b) Stability region for the Taylor Lax-Wendro� s
heme for �x = �y = 0, dedu
ed independently of the signs of both velo
ities.Qui
kest s
hemesFirst we 
onsider the Polynomial Qui
kest s
heme and we present a ne
essary 
ondi-tion for this s
heme. This ne
essary 
ondition is also a suÆ
ient 
ondition although wedo not prove it analyti
ally. We plot numeri
ally the suÆ
ient and ne
essary stability
ondition for the Polynomial Qui
kest s
heme in �gure 6a.Lemma 4.3 If the Polynomial Qui
kest s
heme (3.2) is stable, for D = 0, 0 � �x � 1and 0 � �y � 1 then �x + �y � 1: (4.6)Proof: The ampli�
ation fa
tor for the Polynomial Qui
kest s
heme is given by:�(�x; �y) = 1� i�x sin �x � i�y sin �y + �2x(�1 + 
os �x) + �2y(�1 + 
os �y)��x�y((1� 
os �x)(1� 
os �y) + sin �x sin �y)+16�x(1� �2x)[�2(1� 
os �x)2 + 2i sin �x(�1 + 
os �x)℄+16�y(1� �2y)[�2(1� 
os �y)2 + 2i sin �y(�1 + 
os �y)℄�12�y�2x[�2(1� 
os �y)(1� 
os �x) + 2i sin �y(�1 + 
os �x)℄�12�x�2y [�2(1� 
os �x)(1� 
os �y) + 2i sin �x(�1 + 
os �y)℄:In parti
ular we have,�(�; �) = 1� 2�2x � 2�2y � 4�x�y � 43�x(1� �2x)



17�43�y(1� �2y) + 4�x�2y + 4�y�2x= 1� 2(�x + �y)2 � 43(�x + �y) + 43(�x + �y)3:To have j�(�; �)j � 1 implies �x + �y � 1 or �x + �y � 3=2 . From this fa
t we obtain(4.6). �The next lemma is a ne
essary 
ondition for the Taylor Qui
kest s
heme. We plotthe ne
essary and suÆ
ient 
onditions for this s
heme in �gure 6b.Lemma 4.4 If the Taylor Qui
kest s
heme (3.4) is stable, for D = 0, 0 � �x � 1 and0 � �y � 1 then �x + �y � 1: (4.7)Proof: The ampli�
ation fa
tor for the Taylor Qui
kest s
heme is�(�x; �y) = 1� i�x sin �x � i�y sin �y+�2x(�1 + 
os �x) + �2y(�1 + 
os �y)��x�y sin �x sin �y�13�x(1� �2x)[(1� 
os �x)2 + i sin �x(1� 
os �x)℄�13�y(1� �2y)[(1� 
os �y)2 + i sin �y(1� 
os �y)℄+�y�2xi sin �y(1� 
os �x) + �x�2y i sin �x(1� 
os �y):As in the previous 
ases we 
onsider in parti
ular,�(�; �) = 1� 2�2x � 2�2y � 43�x(1� �2x)� 43�y(1� �2y)= 1� 2[(�x + �y)2 + 23(�x + �y)� 23(�x + �y)3�2�x�y(1� �x � �y)℄and if j�(�; �)j � 1 then we have (4.7) . �In this se
tion we assumed D = 0. In the next se
tion we analyse the stability regionsfor the s
hemes 
onsidered in this se
tion but with the di�usive 
oeÆ
ient D > 0.4.2 Pra
ti
al stability regions for D > 0In this se
tion we 
onsider the paraboli
 problem that is simultaneously 
onve
tive anddi�usive. We analyse the stability analyti
ally, obtaining mainly ne
essary 
onditions.We plot numeri
ally the suÆ
ient and ne
essary stability regions in the three dimensionalspa
e (�x; �y; �), where for simpli
ity we assume � = �x = �y.



18

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

ν
x

ν
y

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

ν
x

ν
y

(a) (b)Figure 6: (a) Von Neumann stability region for the Polynomial Qui
kest s
heme for �x =�y = 0, dedu
ed when both velo
ities are 
onsidered positive and 
onsequently �x and �y arepositive; (b) Von Neumann stability region for the Taylor Qui
kest s
heme for �x = �y = 0,dedu
ed when both velo
ities are 
onsidered positive and 
onsequently �x and �y are positiveA �nite di�eren
e s
heme for the two-dimensional 
onve
tion di�usion equation (2.1),whi
h is quite well known in the literature is the 
entral s
heme:Un+1jk = Unjk � �x�x0Unjk � �y�y0Unjk + �xÆ2xUnjk + �yÆ2yUnjk: (4.8)The von Neumann stability analysis of this s
heme was studied by Hindmarsh andGresho [4℄ for a multidimensional problem.We show the stability region of the 
entral s
heme in order to 
ompare it withthe Lax-Wendro� s
hemes and the Qui
kest s
hemes that we are studying. The vonNeumann ne
essary and suÆ
ient 
onditions for stability, for the 
entral s
heme (4.8),are given in the next theorem due to Hindmarsh and Gresho [4℄. They are also plottedin �gure 7, for � = �x = �y.Theorem 4.5 The s
heme (4.8) is stable, in the von Neumann sense, if and only if2�x + 2�y � 1; (4.9)�2x2�x + �2y2�y � 1: (4.10)Proof: See Hindmarsh and Gresho [4℄. �In �gure 7b and �gure 7
 we show the proje
tions of �gure 7a in two di�erent planesto give us a more a

urate idea of the stability region. In parti
ular, note that the regionof stability in the (�x; �y)-plane de
reases rapidly as �! 0.
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entral s
heme. The s
heme is stableinside the parabolized shape; (b) proje
tion of the �gure (a) on the plane � Æ �y: �x = 0 (� � �);�x = 0:2 (���); �x = 0:4 (�); (
) proje
tion of the �gure (a) on the plane �xÆ�y: � = 0:05 (�);� = 0:1 (� � �); � = 0:2 (� � �).



20 For the next �nite di�eren
e s
hemes we derive mostly analyti
al ne
essary 
ondi-tions. Nevertheless we plot suÆ
ient and ne
essary 
onditions for stability determinednumeri
ally.Lax-Wendro� s
hemesWe start to analyse the Polynomial Lax-Wendro� s
heme by giving some ne
essary
onditions for the stability of this s
heme.Lemma 4.6 Ne
essary 
onditions for the Polynomial Lax-Wendro� s
heme (3.1) to bestable are 2(�x + �y) � 1 (4.11)(�x � �y)2 � 1� 2(�x + �y): (4.12)Proof: The square of the modulus of the ampli�
ation fa
tor for the Polynomial Lax-Wendro� is,j�(�x; �y)j2 = [1� (�2x + 2�x)(1� 
os �x)� (�2y + 2�y)(1� 
os �y)+�x�y((1� 
os �x)(1� 
os �y)� sin �x sin �y)℄2+[��x sin �x � �y sin �y+�x�y(sin �x(1� 
os �y) + sin �y(1� 
os �x))℄2:For the limiting 
ase �x ! 0 and �y ! 0 with j�xj � � and j�yj � �, we 
an writej�(�x; �y)j2 = [1� (�2x + 2�x)�2x2 � (�2y + 2�y)�2y2+�x�y(�2x2 �2y2 � �x�y) +O(�4)℄2+[��x�x � �y�y + �x�y(�x �2y2 + �y �2x2 ) +O(�3)℄2:After some algebrai
 
al
ulations we obtain,j�(�x; �y)j2 = 1� (�2x + 2�x)�2x � (�2y + 2�y)�2y � 2�x�y�x�y+(�x�x + �y�y)2 +O(�4)= 1� (2�x + 2�y) +O(�4):In order to have j�(�x; �y)j � 1 for all �x, �y we need to have (4.11). For the parti
ular
ase �x = �y = � we have,j�(�; �)j = 1� 2(�2x + 2�x)� 2(�2y + 2�y) + 4�x�y:Then to have j�(�; �)j � 1, we need to have (4.12). �
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(b) (
)Figure 8: (a) von Neumann stability analysis for the Polynomial Lax-Wendro� s
heme. Thes
heme is stable inside the shaded region; (b) proje
tion of the �gure (a) on the plane � Æ �y:�x = 0 (� � �); �x = 0:2 (���); �x = 0:4 (�); (
) proje
tion of the �gure (a) on the plane �x Æ�y:� = 0:05 (�); � = 0:1 (� � �); � = 0:2 (� � �); � = 0:24 (��).



22 The 
ondition (4.12) is asso
iated with the diagonal lines shown in �gure 8
, deter-mining that the stability region is between the two lines as we see in the �gure 8
. The
ondition (4.11) gives us a limit for the di�usion parameter. We observe that this s
hemeis still stable for simultaneously large values of �x and �y, when � is small. Although weplot the stability region for (�x; �y) 2 [�1; 1℄� [�1; 1℄, note that for this s
heme we areassuming that both velo
ities are positive, this is that, �x and �y are both positive.The next result is for the Taylor Lax-Wendro� s
heme. This s
heme was dedu
edindependently of the signs of the velo
ities.Lemma 4.7 Ne
essary 
onditions for the Taylor Lax-Wendro� s
heme (3.3) to be stableare 2(�x + �y) � 1 (4.13)�2x + �2y � 1� 2(�x + �y): (4.14)Proof: The ampli�
ation fa
tor for the Taylor Lax-Wendro� it givesj�(�x; �y)j2 = [1� (�2x + 2�x)(1� 
os �x)� (�2y + 2�y)(1� 
os �y)��x�y sin �x sin �y℄2+[�x sin �x + �y sin �y℄2:For the limiting 
ase �x ! 0 and �y ! 0 with j�xj � � and j�yj � �, we 
an write,j�(�x; �y)j2 = [1� (�2x + 2�x)�2x2 � (�2y + 2�y)�2y2 � �x�y�x�y +O(�4)℄2+[(�x�x + �y�y) +O(�3)℄2:After some 
al
ulations,j�(�x; �y)j2 = 1� (�2x + 2�x)�2x � (�2y + 2�y)�2y � 2�x�y�x�y+(�x�x + �y�y)2 +O(�4)= 1� (2�x + 2�y) +O(�4):In order to have j�(�x; �y)j � 1 for all �x, �y the 
ondition (4.13) needs to hold. For theparti
ular 
ase �x = �y = � we have,j�(�; �)j = j1� 2(�2x + 2�x)� 2(�2y + 2�y)jand j�(�; �)j � 1 is equivalent to (4.14). �This s
heme has a smaller region of stability for small � 
ompared with the Polyno-mial Lax-Wendro� s
heme (3.1). However this s
heme has the advantage that 
an beused independently of the signs of the velo
ities. In �gure 9 we plot the ne
essary andsuÆ
ient von Neumann stability 
onditions for the Taylor Lax-Wendro� s
heme (3.3).
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(b) (
)Figure 9: (a) von Neumann stability analysis for the Taylor Lax-Wendro� s
heme. Thes
heme is stable inside the shaded region; (b) proje
tion of the �gure (a) on the plane � Æ �y:�x = 0 (� � �); �x = 0:2 (���); �x = 0:4 (�); (
) proje
tion of the �gure (a) on the plane �x Æ�y:� = 0:02 (��); � = 0:1 (� � �); � = 0:2 (� � �); � = 0:24 (�).



24 Observing the �gure 9
, the ne
essary and suÆ
ient 
ondition for this s
heme isthe 
ondition (4.14) asso
iated with some other 
ondition that seems to 
hange as �in
reases from j�xj2=3 + j�yj2=3 � 1 to j�xj+ j�yj � 1.Qui
kest s
hemesIn the one dimensional 
ase we saw that for the Qui
kest s
heme to �nd analyti
alsuÆ
ient and ne
essary 
onditions involves 
umbersome expressions that make it diÆ
ultto have a 
lear understanding of the region. In the two dimensional 
ase we should expe
tto �nd even more 
omplexity.We 
onsider �rst the Polynomial Qui
kest s
heme. The next lemma is about ane
essary 
ondition for the stability of this s
heme. We plot the suÆ
ient and ne
essary
onditions in �gure 10.Lemma 4.8 A ne
essary 
ondition for the Polynomial Qui
kest s
heme (3.2) to be sta-ble is (�2x + 2�x)(1� 2�y) + (�2y + 2�y)(1� 2�x) + 2�x�y+23�x(1� �2x � 6�x) + 23�y(1� �2y � 6�y) � 1 (4.15)Proof: The ampli�
ation fa
tor for the method is given by:�(�x; �y) = 1� i�x sin �x � i�y sin �y+(�2x + 2�x)(�1 + 
os �x) + (�2y + 2�y)(�1 + 
os �y)��x�y((1� 
os �x)(1� 
os �y) + sin �x sin �y)+16�x(1� �2x � 6�x)[�2(1� 
os �x)2 + 2i sin �x(�1 + 
os �x)℄+16�y(1� �2y � 6�y)[�2(1� 
os �y)2 + 2i sin �y(�1 + 
os �y)℄��y(�x + 12�2x)[�2(1� 
os �y)(1� 
os �x)+2i sin �y(�1 + 
os �x)℄��x(�y + 12�2y)[�2(1� 
os �x)(1� 
os �y)+2i sin �x(�1 + 
os �y)℄:For the parti
ular 
ase �x = �y = � we have�(�; �) = 1� 2(�2x + 2�x)� 2(�2y + 2�y)� 4�x�y�43�x(1� �2x � 6�x)� 43�y(1� �2y � 6�y)+4�x(2�y + �2y) + 4�y(2�x + �2x)and to have j�(�; �)j � 1 we need to have (4.15) . �



25We 
an tell from the 
omplexity of the ampli�
ation fa
tor in the previous lemma,that to derive suÆ
ient 
onditions here is, if not an almost impossible task, then a veryhard one.We noti
e that on the three dimensional surfa
e displayed in �gure 10, we have� � 9=16. This value 
orresponds to (�x; �y) = (1=4; 1=4).Next we provide a ne
essary 
ondition for the stability of the Taylor Qui
kest s
heme.Lemma 4.9 A ne
essary 
ondition for the Taylor Qui
kest s
heme (3.4) to be stable is(�2x + 2�x) + (�2y + 2�y) + 23�x(1� �2x � 6�x) + 23�y(1� �2y � 6�y) � 1 (4.16)Proof: The ampli�
ation fa
tor is given by:�(�x; �y) = 1� i�x sin �x � i�y sin �y+(�2x + 2�x)(�1 + 
os �x) + (�2y + 2�y)(�1 + 
os �y)��x�y sin �x sin �y�13�x(1� �2x � 6�x)[(1� 
os �x)2 + i sin �x(1� 
os �x)℄�13�y(1� �2y � 6�y)[(1� 
os �y)2 + i sin �y(1� 
os �y)℄�2�y(�x + 12�2x)i sin �y(1� 
os �x)℄�2�x(�y + 12�2y)i sin �x(1� 
os �y)℄:For the parti
ular 
ase �x = �y = � we have,�(�; �) = 1� 2(�2x + 2�x)� 2(�2y + 2�y)�43�x(1� �2x � 6�x)� 43�y(1� �2y � 6�y):To have j�(�; �)j � 1 we need to have (4.16) . �We plot the suÆ
ient and ne
essary 
onditions for the Taylor Qui
kest s
heme in�gure 11. By assuming �x = �y = � and �x = �y = 1=4 in (4.16) we have the 
ondition� � 9=32. This is the maximum value that � 
an take inside the stable region (see �gure11).We turn now to the Qui
kest s
heme suggested by Davis and Moore [2℄, whi
h isinteresting to 
ompare with the Qui
kest s
hemes we have devised in this 
hapter. Theirs
heme is as follows:Un+1jk = Unjk � �x�x0Unjk � �y�y0Unjk+(12�2x + �x)Æ2xUnjk + (12�2y + �y)Æ2yUnjk+16�x(1� �2x � 6�x)Æ2x�x�Unjk + 16�y(1� �2y � 6�y)Æ2y�y�Unjk: (4.17)



26

(a)

0 0.2 0.4 0.6
−1

−0.5

0

0.5

1

1.5

2

µ

ν y

−1 0 1 2
−1

−0.5

0

0.5

1

1.5

2

ν
x

ν y

(b) (
)Figure 10: (a) von Neumann stability analysis for the Polynomial Qui
kest s
heme. Thes
heme is stable inside the shaded region; (b) proje
tion of the �gure (a) on the plane � Æ �y:�x = 0 (� � �); �x = 0:2 (� � �); �x = 0:4 (��); �x = 0:6 (�); (
) proje
tion of the �gure (a) onthe plane �x Æ �y: � = 0:02 (� � �); � = 0:1 (� � �); � = 0:2 (��); � = 0:4 (�).
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)Figure 11: (a) von Neumann stability analysis for the Taylor Qui
kest s
heme. The s
heme isstable inside the shaded region; (b) proje
tion of the �gure (a) on the plane �Æ�y: �x = 0 (� � �);�x = 0:2 (� � �); �x = 0:4 (��); �x = 0:6 (�); (
) proje
tion of the �gure (a) on the plane�x Æ �y: � = 0:02 (� � �); � = 0:1 (� � �); � = 0:2 (��); � = 0:24 (�).
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(b) (
)Figure 12: (a) von Neumann stability analysis for the Davis and Moore Qui
kest s
heme. Thes
heme is stable inside the shaded region; (b) proje
tion of the �gure (a) on the plane � Æ �y:�x = 0 (� � �); �x = 0:2 (� � �); �x = 0:4 (��); �x = 0:6 (�); (
) proje
tion of the �gure (a) onthe plane �x Æ �y: � = 0:02 (� � �); � = 0:1 (� � �); � = 0:2 (��); � = 0:24 (�).



29Davis and Moore [2℄ generalised the one dimensional Qui
kest s
heme to two dimen-sions, although in forming the numeri
al s
heme some O(�t2) spatial 
ross derivativeshave been omitted to 
reate a simpler algorithm. Formally this redu
es the tempo-ral a

ura
y of the s
heme to O(�t). Consequently Davis and Moore employed smalltime-steps to minimise the error asso
iated with the negle
ted O(�t2) term.We analyse the stability for this s
heme using the von Neumann analysis in the sameway as for the previous Qui
kest s
hemes. To �nd a ne
essary 
ondition for the Davisand Moore Qui
kest s
heme, we evaluate the ampli�
ation fa
tor for the phase anglesof high frequen
y �x = �y = �. In that way we obtain the same ne
essary 
ondition asfor the Taylor Qui
kest s
heme, given by (11). The stability region for this s
heme isplotted in �gure 12. A

ording to this �gure it seems that another ne
essary 
onditionfor stability is that for � � 1=4, we need to have �x + �y � 1. For small � the stableregion seems to be quite small, 
ompared with the previously studied s
hemes.5 SummaryIn this paper we provided von Neumann stability regions for various �nite di�eren
es
hemes. The Lax-Wendro� s
hemes 
onsidered present regions of stability that aresuÆ
ient and ne
essary 
onditions, with a shape that appears to have a simple form,although we found 
onsiderable diÆ
ulties when we attempted to �nd these 
onditionsanalyti
ally. The main sour
e of these diÆ
ulties was related to the majoration of theFourier terms asso
iated with the mixed derivatives. The Qui
kest s
hemes presentmore awkward regions and they do not seem to show an obvious regularity leading usto 
onje
ture that to provide the analyti
al suÆ
ient and ne
essary 
onditions is anextremely diÆ
ult task. Therefore we provide only the analyti
al ne
essary 
onditions,although suÆ
ient and ne
essary regions of stability are 
al
ulated numeri
ally.We know that the presen
e of boundary 
onditions interferes with the stability of a�nite di�eren
e s
heme. Although in the presen
e of boundaries that are not periodi
the von Neumann 
ondition is no longer a suÆ
ient 
ondition, it remains an importantne
essary 
ondition.A
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