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Abstract

Hypergraphs, a generalisation of traditional graphs in which hyperedges may connect more
than two vertices, provide a natural framework for modeling higher-order interactions
in complex biological systems. In the context of protein complexes, hypergraphs capture
relationships in which a single protein may participate in multiple complexes simultane-
ously. A fundamental question is how such protein complex hypergraphs evolve over
time. Motivated by duplication—-divergence-deletion models often used for protein—protein
interaction networks, we propose a novel Duplication-Divergence Hypergraph (DDH)
model for the evolutionary dynamics of protein complex hypergraphs. To evaluate network
resilience, we simulate targeted attack strategies analogous to drug treatments or genetic
knockouts that remove selected proteins and their associated hyperedges. We measure
the resulting structural changes using hypergraph-based efficiency metrics, comparing
synthetic networks generated by the DDH model with empirical E. coli protein complex
data. This framework demonstrates closer alignment with empirical observations than
standard pairwise duplication—-divergence models, suggesting that hypergraphs provide a
more realistic representation of protein interactions.

Keywords: hypergraph; duplication-divergence model; protein complex network; weak
attack

1. Introduction

Conventionally, protein-protein interactions (PPIs) have been represented using pair-
wise interaction networks, in which proteins are nodes and edges denote observed in-
teractions between them [1]. These binary undirected graphs underpin a wide range of
bioinformatics tools, from function prediction and modular detection to the inference of
essential genes.

However, many biologically meaningful interactions involve more than two proteins
simultaneously. In particular, proteins often assemble into multi-protein complexes. Protein
complexes are typically composed of three or more proteins bound together in a stable
configuration to perform a specific biological role. For example, human ATP synthase
is a protein complex composed of 29 protein subunits [2]. Protein complexes are stable,
higher-order structures that are fundamental to many cellular functions. Analysing the
structure and organisation of such structures can provide insights into important principles
of cellular organization and function [3]. In fact, it is conjectured that over half of all proteins
are in stable multi-protein complexes across the yeast proteome [4] and the majority of
human proteins function as part of multimeric protein complexes [5].
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Although each pair of proteins within a complex can be assumed to physically in-
teract, representing protein complexes as mere collections of binary edges results in a
loss of higher-order structural information and may introduce spurious edges that do
not correspond to any biological reality. In general, graph-based models are fundamen-
tally limited to pairwise interactions. Many molecular processes, however, are inherently
polyadic [6-9]: proteins assemble into complexes with multiple subunits [10], metabolites
participate in multi-enzyme reactions [11], and regulatory interactions often involve groups
of transcription factors and cofactors acting together [12]. Representing such systems as
simple graphs requires decomposing higher-order interactions into collections of pairwise
edges, thereby obscuring the cooperative nature of the underlying biology, and with the
danger of producing artefactual structures.

For a more faithful representation, higher-order structures have been proposed. The
mathematically appealing concept of a simplicial complex, as used in [13-15], is not quite
applicable for protein complexes, as a subset of a protein complex may not itself be a
viable protein complex. A relaxation of a simplicial complex, as for example in [16], may
not be easy to interpret for protein complexes. Instead, hypergraphs provide a natural
generalisation of graphs [17-19], in which a hyperedge can join any number of vertices.
Structural and dynamical properties of hypergraphs are of considerable interest to the
complex systems community, see for example [20-23].

Similarly to networks, centrality measures for hypergraphs have been derived, see
for example [24]. This higher-fidelity representation preserves information which may
be lost under pairwise projection, and can be especially fruitful when the dependencies
between multiple entities cannot be adequately captured by pairwise links, see [25] for
an overview and examples from a wide range of applications. In particular, a protein
complex can be represented by a hyperedge. It has been shown that in this representation,
hypergraph centralities can yield improved predictions of protein essentiality [26] and
can better reflect the modularity of cellular systems compared to their graph-projected
counterparts [27]. Instead projecting a protein complex into a clique of pairwise interactions
may spuriously inflate clustering coefficients or produce artificial hierarchical patterns
that are not observed in the original hypergraph structure [26,28]. Analyses of protein
complex data have demonstrated that hypergraph models can more accurately capture
biological organisation than their graph projections [27,29]. Similarly, hyperedge between-
ness can outperform graph-based metrics in identifying critical genes involved in viral
response [30,31].

To study such higher-order networks, several random hypergraph models have been
proposed as analogues of the classical Erd6s—-Rényi models [17,19,24,32]. Yet, the evolu-
tionary mechanisms driving the emergence of complex higher-order structure in protein
networks remain poorly understood. Existing models of molecular network evolution, such
as the duplication—-divergence (DD) framework, typically operate on binary graphs, wherein
a node (protein) is duplicated, and some of its interactions are retained or rewired [33,34].
For example, a Duplication-Divergence model with Node Loss (DDL) model is introduced
in [35], which evolves over time according to the following steps: (i) Duplication: at time
t, a uniformly chosen node u is duplicated by adding a new node ¢ + 1 connected to
all neighbors of u. (ii) Divergence: each edge connected to node t 4 1 is independently
retained with probability 1 — p; (iii) Node loss: a node is randomly lost with probabil-
ity g if it is isolated. These models fall short in explaining the formation and evolution
of multiprotein complexes. In particular, they do not consider how entire hyperedges
(i.e., protein complexes) may evolve through duplication and divergence events.

In this study, we propose a new Duplication-Divergence Hypergraph (DDH) model to
simulate the evolution of protein complex networks. This model extends the classical DD
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framework to the hypergraph setting by allowing the duplication of a protein to result in
the duplication or divergence of associated complexes. Our model captures not only vertex-
level duplication but also hyperedge-level divergence, in which newly formed complexes
may differ in composition from their parent complexes.

We systematically analyse the behaviour of this model, both theoretically and through
simulations, focusing on (i) the asymptotic growth of the number of complexes and (ii) the
robustness of the network under simulated perturbations. To achieve this, we also introduce
targeted attack strategies and evaluate network efficiency via clique projections, thereby
assessing the structural resilience of the system, a critical property when considering drug
targetability or vulnerability to mutations.

This paper is structured as follows. Section 2 introduces the setup of the DDH model.
Section 3 presents the attack strategies applied to the networks and the measures used to
quantify network efficiency. Section 4 formulates the behaviour of the expected number of
hyperedges in the DDH model and its long-term scaled convergence. Section 5 reports the
simulation results, comparing the response of the DDH models to attacks with the observed
E. coli protein complex network, showing close alignment. Finally, Section 6 summarises
the main conclusions and outlines directions for future work.

2. The Duplication-Divergence Hypergraph Model

A hypergraph is a generalisation of a graph in which edges, called hyperedges, can
connect any number of nodes, not just pairs. Formally, a hypergraph is defined as an ordered
pair H = (V, E), where:

. V is a finite set of nodes, which in our context represent individual proteins;
e ECP(V)\{D} is a set of hyperedges, where each hyperedge ¢ € E is a non-empty
subset of V, corresponding to a protein complex.

We model the evolution of protein complexes using a growing sequence of hyper-
graphs {H;}>0, where each hypergraph H; = (V;, E;) at a discrete time t represents the
collection of proteins and their higher-order interactions (complexes) observed in the sys-
tem. Our model, which we call the DDH model, models the dynamic growth of such protein
complex networks such that at each discrete time step t + 1, the hypergraph H; = (V;, E;)
is updated via the following steps:

1. Protein Duplication: A protein v € V; is selected uniformly at random. A new protein
v’ ¢ V; is created as a duplicate of v. This new protein initially inherits the complex
membership of its parent:

e For every hyperedge e € E; that includes v, a new hyperedge ¢’ is generated by
replacing v with its duplicate v':

¢ = (e\ {o}) U {v'}.

e Let&quprr1 = {¢' | e € E, v € e} be the set of duplicated hyperedges. The
updated node setis V; 1 = V; U {v'}, and the hyperedge set (prior to divergence)
becomes the following:

_di
E,Elirle iv) _ E;U gdup,t—&-l‘
2.  Hyperedge Divergence: To model functional divergence over time, we introduce
stochastic loss of interactions:
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e Each hyperedge ¢’ € Edup,t+1 is independently removed from the hypergraph
with probability p € [0,1]. That s,

Pr(¢ € E;pq) =1—p.

*  Hyperedges in the original set E; remain unchanged during this step. This re-
flects the biological observation that duplicated proteins may not retain all their
functions indefinitely. Mechanisms such as subfunctionalisation and neofunc-
tionalisation can lead to the partitioning or reconfiguration of protein complex
participation [36].

The final updated hypergraph at time ¢ + 1 is as follows:
Hip1 = (Vt U{v'}, ErU{e’ € Equp+1 : nOt removed}).

3. Network Robustness and Attack Strategies
3.1. Attack Strategies

Inspired by the success of multi-target drugs, ref. [37] propose a collection of attacks
on protein-protein interaction networks to assess their robustness. Similarly, attack frame-
works for hypergraphs have been developed, starting with [38], who consider a percolation
approach. Ref. [39] establishes a mathematical framework for analyzing targeted attacks on
random hypergraphs by mapping the process to equivalent random attacks through a factor-
graph representation; a factor-graph is a bipartite network representation of a hypergraph
with nodes and factor-nodes. Ref. [40] introduces a spectral-clustering-based hypergraph
dismantling approach that identifies key nodes through iteratively partitioning the hy-
pergraph into clusters and finding groups of nodes that, when simultaneously removed,
maximise hypergraph fragmentation. Other approaches employ collective-influence, belief-
propagation, or reinforcement-learning strategies to optimize attack sequences while ac-
counting for hyperedge cardinality and overlapping group interactions [41,42]. These
studies show that targeted removal strategies guided by hyperedge size, hyperdegree, or
community structure can substantially reduce hypergraph connectivity.

Motivated by the context of drug targeting or mutational effects, here we evaluate the
structural resilience of the evolving hypergraph under perturbations by simulating targeted
attacks using a two-level, probabilistic knockout strategy. This approach is designed to
mimic distributed molecular interventions that may affect protein—protein interactions at
the level of entire complexes.

For an attack at a time t + 1, the following procedure, which is reminiscent of the
percolation approach in [38], is performed after the duplication-divergence events:

1. Node selection: A protein v € V; is selected uniformly at random from the current
node set. This selection emulates a perturbation event such as a targeted genetic
knockout or deleterious mutation that impairs the functionality of a specific protein.

2. Complex disruption: Each hyperedge ¢ € E; such that v € e is independently
removed from the hypergraph with probability r € [0,1]. That is, the complex is
disrupted with probability r if it contains the targeted protein:

0 with probability #, if v € e,
Pr(e € Et1q) =
1 otherwise.
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3.2. Quantifying Network Efficiency via Clique Projection

To assess the impact of perturbations on the global structure of the network, we quantify
its efficiency, a measure of how effectively information can propagate across the system.
Originally introduced by [43], network efficiency is defined for a graph G = (V, E) as follows:

A1) B, 3G M

where n = |V| is the number of nodes, and d(i, j) denotes the length of a shortest path
between nodes i and j. This metric captures the average inverse geodesic distance across
all pairs of nodes and is maximised when the distances are short.

To generalise this notion to hypergraphs, first a notion of the length of a path on a
hypergraph is needed. A path between two nodes i,j € V in the hypergraph is a sequence of
hyperedges ey, .. ., ¢ in the hypergraph such that i inej, j € e, and consecutive hyperedges
intersect. To define the length for each path, in a way that reflects the sizes of the hyperedges
as well as the sizes of the intersections between the hyperedges, we apply the clique projection
method proposed in [44]. In this approach, the hypergraph H = (V, E) is transformed into a
weighted graph, often referred to as the line graph of the hypergraph, where:

*  Each hyperedge ¢; € E is represented as a node in the projected graph.

e  Edges between nodes ¢; and ¢; are drawn if the corresponding hyperedges intersect,
ie, ¢;Nej # @. In particular, the line graph has self-loops at all of its nodes.

*  The weight w;; of each edge (i, j) is defined as follows:

1 le; Uej
wjj = 3 \eiUej| + |€'ﬂ€' —1. 2)
! ]

Considering the particular form of w;j, the division by 3 serves as a normalization factor,

balancing the contributions of total size and intersection so that the resulting weights
remain comparable across complexes of different cardinalities. If one takes ¢; = ¢;, then
wi; = +(le;] +1) — 1. Thus, in a dyadic network G = (V, E), then w; = 0 for every i € V.
For fixed union size, the larger the intersection between two hyperedges e; and ¢, the
smaller the weight of the edge (i, j); for fixed intersection size, the larger the hyperedges,
the larger the weight of the edge (i, j).

Let d” (e, f) denote the shortest distance between nodes ¢ and f in the weighted line-
graph, obtained as the sum of the weights on a path between ¢ and f of shortest weight. A
weighted distance between nodes i and j in the hypergraph is then defined as follows:

.. . L
d(i,j)=1+ ee]rgr}}r&jd (e, f),
where E; is the set of hyperedges in the hypergraph which include the node i. In [44] it is
shown that d(i, j) reduces to the classical distance if the hypergraph is just a dyadic network.
Moreover, the larger the intersection of the hyperedges, the smaller the weighted distance
tends to be. The larger the hyperedges, the larger the weighted distance tends to be. Also,
the larger the number of hyperedges in a graph, the larger the weighted distance tends to be.
This weight function is thus designed to reflect biologically and structurally
relevant constraints:

* Increased intersection reduces weight when the size of the union of the two hy-

peredges is fixed: Complexes that share more proteins indicate some redundancy,
corresponding to smaller weights and a perhaps less efficient structure.
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* Increased union increases weight when the size of the intersection of the two hy-
peredges is fixed: Hyperedges with large cardinalities have the potential to introduce
larger weights. Biologically, this weighting assumes that interactions involving larger
complexes have greater potential to influence network efficiency. This behaviour is
motivated by [45], showing that a large protein complex is more likely to be able to
provide the correct functional groups for catalysis, and by [46], showing that large
protein complex interfaces have evolved to promote cotranslational assembly.

e  Compositional diversity affects linkage: The use of both union and intersection terms
ensures that distant and weakly overlapping complexes contribute more weight.

Once the weighted projection is constructed, a shortest path finding algorithm is
applied to compute the pairwise shortest path distances between all projected nodes
(complexes). The efficiency of the hypergraph is then defined as follows:

1 1

EH) = 15—

ije(ip 40)
i#]

where d(i,j) denotes the length of a shortest path between hyperedges e; and ¢; in the
weighted line graph.

4. Evolution of the Number of Hyperedges in the DDH Model

In this section, we investigate how the expected number of hyperedges in the duplica-
tion—divergence hypergraph (DDH) model evolves over time.

Let 5; denote the average size of a hyperedge at time ¢t. Define the increment in
hyperedge count at time ¢ by the following;:

AE; = |Epya| — |Ed.
We now establish the expected one-step recursion for the number of hyperedges.

Theorem 1 (Expected Hyperedge Change). Let H; = (V;, E;) denote the hypergraph at time t.
Then the conditional expectation of the number of hyperedges at time t + 1 is as follows:

E[[Eal | He] = |Ef|+(1—p) ©)
Proof. At each time step, a protein v € V; is selected uniformly at random for duplication.
Let dy; denote the degree of protein v, i.e., the number of hyperedges containing v at time .
By definition,

doy =) 1{v €e}.

ecE;

The expected degree of a uniformly chosen protein is as follows:

Z dv,t

veVy

Y. ) 1{vee}
| t| veVye€E;

1

:W Z le|.

L’EE;L

L
Vil
L

Eldy, | Hi



Complexities 2025, 1,7

7 of 16

By the definition of the average hyperedge size,

1
5 = —— =35 - |E
s=g Lkl = Tlkl=sl

ecEy ecEy

Hence, |E ‘
5 |Ey

E[dy A

H;)

Each of the dy ; hyperedges containing v generates a duplicate hyperedge, which is retained
with probability 1 — p. Thus, the expected number of new hyperedges added at step t is

as follows:
St - |Et|
|Vi|

E[AE: | Hil = (1 —p) -Eldy; | H] = (1—p)- (4)

Adding this expected increment to the existing hyperedge count |E;| gives the
recursion (3). [

Beyond the mean behaviour, it is also useful to characterise the variability of the
increment in hyperedge count.

Lemma 1 (Second Moment of Hyperedge Increment). Let H; = (V;, E;) denote the hypergraph
at time t. Then the conditional second moment of the hyperedge increment satisfies the following:

5 - |E 5 - B\
Bl 1] = (1 - plp- "o (- p)- 20 ®
Vi] [Vi]
Proof. Conditional on H;, the increment AE; is the sum of independent Bernoulli ran-
dom variables, one for each hyperedge containing the duplicated protein, retained with
probability 1 — p. Thus, by the standard variance decomposition,

E[(AE;)? | H] = Var(AE; | Hy) + (E[AE; | Hi))?.

For the mean, we have Equation (4), whereas the variance follows from the

Bernoulli structure:
Sy - |Et|
Vi

Var(AE; | H) = (1—p)p-
Substituting these expressions yields the claimed Formula (5). O

Theorem 2 (Convergence of A Scaled Hyperedge Process). Let H = {H; = (Vi E),
t =1,2,...} be the DDH hypergraph process. Assume that all hyperedges have same size s > 2.
Define the scaled process EEA) := |E¢|/t" and let a := (1 — p)s. Then:
1. If A = a, then there exists an e, € (0,00) such that égﬂ‘) t”—s> ex;
—00

2. IfA>a then g =5 0;

—00
3. IfA<a then g =5 oo,

— 00

Proof. Since all hyperedges have size s, Theorem 1 gives the following:

0
BBl | B = [Ed(1+ 37):
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Taking expectations and iterating,
t—1 N
E =
1B = 1Bl [T (1+ 57 5)
=0
I(oo+t+a) T(ovo)
— |Eq| - . . 6
[Eol T(vg+1) T'(vg + a) ©)
Dividing by #*,
E“Et” _ |E | r(”O) . 1"(UO —|—t+0¢) LA
$A T(oo+a)) T(vg+ ) '
By Stirling’s formula, as t — oo,
I'(vg+t+a) 1
T (v + t)t* ‘
Therefore
0, A>u,
E[|E:] T'(00)
tA - C, A=u, | O|r(’00+0() € (0,00) (7)
00, A<ua.
Define )|
M; : d My := |Eo|.

Tt/ (00t 1)

Theorem 1 shows that E[M;,1 | H] = M, so (M, H;) is a non-negative martingale with
E[M;] = E[My] = |Ep|. By Doob’s Martingale Convergence Theorem, M; — Mo almost
surely for some finite random variable Mo. Now write

N Mt +a/(vg+7
BEM =M;-Dy,  Di:= ol ) ( >) (8)
Note that
D, - Lort+a) T(w)
T T+ 0t T(vg+a) ’
where
T'(vg+t+a)
im————"7 =
t—rco F(Z)o + t) e
Therefore

r
lim D; = LO) - lim 41,
t—o0 I'(vp+a) t—oo
Case 1: A > . Since A > a, we have #** — 0 as t — oo. Thus
lim D; = 0.
t—o0
Combining with M; — Ms < co almost surely, it follows that
g™ 250,
Case 2: A = a. The same representation (8) gives the following:

(1 e/ (v + 1)

t !
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where the second factor converges to C given in (7). Since M; — M almost surely, we
obtain the following;:
& 2% CMo.

As E[M] = |Eo| > 0, the limit is almost surely finite and strictly positive: e, := CMe €
(0,00).

Case 3: A < a. In this case, limy_c D} = 0. Since M; — Mo, almost surely, from the
representation (8) it follows that EEA) — oo almost surely. O
Remark 1. Biologically, the first case A = a is the most relevant regime. In this setting, the growth
of the number of hyperedges is balanced by the divergence probability p, such that the rescaled
process converges almost surely to a finite, non-trivial limit. This corresponds to the scenario where
protein complexes expand in proportion to the evolutionary timescale, but the rate of complex loss
due to divergence counteracts unbounded growth. In biological terms, it captures the intuition that
while gene duplication events continually introduce new potential interactions, not all of these are
retained, and the system stabilises into a structurally sustainable state rather than diverging to
trivial sparsity or uncontrolled complexity.

Corollary 1 (Dominance of the Largest Hyperedge Size). Suppose the initial DDH hypergraph
consists of isolated hyperedges of sizes s1,...,s,; > 2, and let

Smax ‘= 1}1&<X Sj, Xmax = (1 — p)smax-
<j<m

For each j, let E,’ U) denote the collection of hyperedges at time t generated from the initial hyperedge

of size sj, and define the scaled processes e()‘ .= |E ) . Then:

(A4)

1. Foreach j, """ converges almost surely as in Theorem 2 with aj = (1 — p)s;.
For the global process

E m .
égama)() — | t| , ‘Et| _ Z |E£])|,

}¥max
we have the following:
~(max) a5 ()
“ t— Lo

* {j:sj:smax}

() (max,f)

where each ey’ € (0,00) is the almost sure limit of é, . In particular, all components

with $j < Smax vanish in this scaling limit.

Proof. Since the initial hyperedges are isolated, the duplication-divergence dynamics act
independently on each hyperedge. For a given hyperedge of size s;, every duplicated

hyperedge has size s; and is retained with probability 1 — p. By Theorem 2, the process
(A.f)

"’ converges almost surely to a limit which depends on whether A is greater than, equal

to, or smaller than «; := (1 — p)s;.

+(&max.j) s 654]‘)

Now fix A = amax = (1 — p)Smax. If Sj = Smax, then & € (0, 00) almost surely.

(‘Xmax/])

If s; i < Smax, then & — 0 almost surely. Summing over j gives the following;:

3

~(0¢max ’Xmax ] (/)
ex’,

B Sl :

j=1 {]E{l,...,m}:sl-:smax}

which is finite and strictly positive almost surely. [
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Remark 2. If the initial hypergraph is not a disjoint union of isolated hyperedges, dependencies
arise because duplications can generate new intersections across components. Nevertheless, our
simulations indicate that the same limiting principle may still hold in practice.

Figure 1 illustrates the behaviour of EEA) in a simulation with p = 0.55 and an initial
maximum hyperedge size of 3. In this setup, the scaling exponent « is set to be (1 — p) -3 = 1.35.
Among the values of A tested, only A = « produces a non-trivial limiting trajectory within 5000
steps, while choices of A above or below « lead to vanishing or diverging behaviour, respectively.

Scaled hyperedge process forA<a,A=a,A>a

[Eq / t*

o

1000 2000 3000 4000 5000
t (time steps)

Initial hyperedge size = 3, p=0.55
Case == A<a(1.15) == A=qa(1.35) == A>a(1.55)

Figure 1. Scaled DDH hyperedge process starting from hyperedges of different sizes, with p = 0.55
and maximum hyperedge size 3. The scaling exponent « is set to be 3(1 — p) = 1.35. The simulated
behaviour is consistent with Theorem 2: within 5000 steps, the red trajectory (A < «) diverges, the blue
trajectory (A > &) decays to zero, and only the green trajectory (A = «) stabilises at a non-trivial limit.

Slightly varying the size of the initial hyperedge or the value of p still yields hyper-
graphs that match empirical observations. For example, Figure 2 validates our conclusion
for p = 0.5 and an initial hyperedge size of 5.

Scaled hyperedge process forA<a, A=a,A>a

[Ed /¢

0 250 500 750 1000
t (time steps)

Initial hyperedge size = 5, p=0.5
Case == A<a(0.8) == A=a(1) == A>a(1.2)

Figure 2. Scaled DDH hyperedge process starting from hyperedges of different sizes, with p = 0.5
and maximum hyperedge size 5. The simulated behaviour is also consistent with Theorem 2.
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Moreover, the existence of this finite scaling limit suggests a potential way to estimate
p. Since « and the long-term slope of hyperedge growth reflects the divergence probability,
analysing the scaling behaviour of empirical complex networks may offer a way to infer
model parameters from comparative genomics across species. In this way, the abstract
probabilistic model could be linked to measurable biological quantities. However, a key
challenge is that there is currently no available data on real protein complex evolution to
estimate this rate.

5. Simulation
5.1. Dataset

We validate our model using the E. coli protein complex network, obtained from the
Complex Portal in November 2024 [47]. This dataset comprises 831 protein complexes and
2776 unique proteins. Figure 3a illustrates the decline in network efficiency over the course
of 25 targeted attacks.

Attacks on DDH Model, p=0.55
Attacks on E.coli Protein Complex Network

3

Relative Efficiency (normalised to 1)

Relative Efficiency (normalised to 1)

0 5 20 2

o 15
Attack Step

(a) Network efficiency under simulated at-
tacks on the E. coli protein complex network.

Network Efficiency

=0.55
I I
o

I ! I
o
o

Simulated DDH Model, p:
I
o

04 05 06 07 08 09 10

%

E.coli Protein Complex Network

(c) Comparison of network efficiency under
simulated attacks: DDH model with p = 0.55
vs. E. coli protein complex network.

0 20 25

0 15
Attack Step

(b) Network efficiency under simulated attack
on the DDH model with p = 0.55.

Network Efficiency

02, p=06
M
o

1 1
o
°

04 05 06 07 08 09 10
1
o
o

2

Simulated DDL Model, g

E.coli PPI Network

(d) Comparison of network efficiency under
simulated attacks: DDL model with p = 0.6
and g = 0.2 vs. E. coli PPI network.

Figure 3. Comparison of network efficiency under simulated attacks.

5.2. Empirical Validation

For synthetic network generation, we initialise with three vertices and two randomly
sampled hyperedges, where each hyperedge is drawn uniformly at random, without
replacement, from all possible non-empty subsets of the vertex set containing at least two
vertices. From each initalisation we run the DDH model for 2773 time steps, to give a
hypergraph of 2776 vertices, the same number of vertices as in the observed E. coli protein
complex network. We repeat this process 50 times. For the DDH model, p is set to be 0.55,
which we show produces the number of hyperedges most closely matching the observed
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E. coli protein complex network, see in Section 5.3. Figure 3b shows how network efficiency
decreases within 25 attacks as described in Section 3.1.

To assess biological realism, Figure 3c shows the decay of the DDH model against
the E. coli protein complex network across 25 targeted attacks. The observed efficiency
decline is nearly linear, indicating that the hypergraph model faithfully reproduces the
attack dynamics observed in real protein complex networks.

This performance represents a notable improvement over the pairwise duplication-
divergence model with node loss (DDL) [35]. As illustrated in Figure 3d, the DDL model
with p = 0.6, the estimated value for several protein—protein interaction networks [34],
exhibits a parabolic response to attacks, in contrast to the approximately linear trend of
the DDH model, which aligns more closely with the empirical E. coli protein complex
network. This difference suggests that the hypergraph formulation offers a more struc-
turally accurate representation of protein interaction systems. However, while the overall
decreasing trend in network efficiency is more closely aligned between the simulated DDH
model and the E. coli protein complex network, the DDH model shows a sharper drop in
network efficiency.

Furthermore, we evaluated the DDH model on additional structural properties of
the hypergraph, namely the hyperedge size distribution and the hyperdegree distribution.
Again, each simulation commenced from an initial configuration of three distinct vertices,
from which two initial hyperedges were generated. Each hyperedge was drawn uniformly
at random, without replacement, from all possible non-empty subsets of the vertex set
containing at least two vertices. The system then evolved according to the DDH process for
2773 time steps, after which 25 sequential attacks were applied to the resulting hypergraph.
During each attack, both the hyperedge size and hyperdegree were recorded. This proce-
dure was repeated 30 times, and the resulting measurements were averaged across these
independent runs. All quantities were subsequently normalised to their respective initial
values to allow comparison of the network’s relative structural degradation over time.

As shown in Figure 4, the responses to attacks, measured by both the relative mean
hyperedge size and the relative mean hyperdegree, are well aligned between the simulated
networks and the observed E. coli hypergraph.

Attacks on Hypergraphs Attacks on Hypergraphs
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p = 0.55. p = 0.55.

Figure 4. Comparison of relative mean hyperedge size and hyperdegree under simulated attacks.

5.3. Parameter Tuning

To identify parameter regimes which are most consistent with empirical observations,
we performed 60 independent simulations across a range of divergence probabilities (p).
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Figure 5 reports the resulting distribution of hyperedge counts relative to the observed
value of 831.

Simulated number of hyperedges for p > 0.5

2349
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Statistic

Mean-SD
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p (Hyperedge Divergence Probability)

Figure 5. Histogram of the mean absolute difference & standard deviation from the target number of
hyperedges (831). Each block of three tiles corresponds to one value of p: (left) mean difference minus
the standard deviation, (middle) mean difference, and (right) mean difference plus the standard
deviation. Black labels indicate exact values. The x-axis groups correspond to different divergence
probabilities p.

We observed that smaller values of p systematically yield networks with substantially
more hyperedges than the empirical E. coli complex network. For clarity, simulations with
p < 0.5 are omitted from Figure 5. Across the tested range, higher values of p reduced
variance, although the spread remains moderate.

In particular, p = 0.55 produces an average hyperedge count closest to the empirical
benchmark of 831. This suggests that a moderate divergence probability provides the best
fit for E. coli protein complex organisation. This value is slightly lower than the estimate
p = 0.6 reported from pairwise duplication—divergence models of PPI networks [34].

6. Discussion

In this work, we have introduced a DDH model that more accurately captures network
efficiency against attacks than traditional pairwise duplication—divergence models. By
explicitly modelling complexes as hyperedges, the framework accommodates higher-
order protein interactions and reproduces empirical trends in network resilience under
targeted attack. Validation against the E. coli protein complex network demonstrates that
the DDH model generates efficiency-decay patterns more closely aligned with biological
observations, substantially improving on the parabolic behaviour exhibited by the pairwise
model. Parameter tuning further revealed that a moderate divergence probability (p ~ 0.55)
best reflects the empirical structure of E. coli complexes.

While this paper only introduces the DDH model, questions of how it behaves could
be of interest for further studies. Are communities and core-periphery structures preserved
over time? How do motif counts behave? In other hypergraph models, progress has been
made in this direction, see for example [21,48-50].

However, the DDH model still has some shortcomings. The slightly sharper decrease
in network efficiency for the DDH model compared to the E. coli protein complex net-
work suggests the possibility of further refining the DDH framework to more faithfully
reproduce the nuanced resilience of biological networks. One way is to expand the criteria
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for model construction, aligning not just the number of vertices but also higher-order
structural statistics into the validation process. For example, distributions of degree central-
ity, hyperedge size, and clustering coefficients provide summary statistics of hypergraph
topology. Matching these statistics between synthetic and empirical networks would al-
low for a more rigorous calibration of model parameters, and would help ensure that
the synthetic networks preserve not only global counts but also finer-grained local and
mesoscopic organisation.

Additionally, refining the model construction could also help. Motivated by evidence
that pairwise duplication—divergence models incorporating node loss [35] or edge dele-
tions [51] better reproduce the structural properties of real protein—protein interaction
networks, it is natural to extend these ideas to the hypergraph setting. In particular, incor-
porating stochastic deletions of nodes or hyperedges would allow the model to mimic the
natural processes of protein complex degradation, thereby capturing the dynamic instabil-
ity and turnover observed in cellular environments. Such an extension opens the door to a
diverse family of hypergraph variations, which can potentially enhance biological realism
and provide a flexible framework for exploring how different types of perturbations shape
network evolution.

Another possible direction of future work is to employ machine learning methods to
optimise parameter fitting across multiple hypergraph statistics simultaneously. In particu-
lar, likelihood-free approaches such as approximate Bayesian computation, or simulation-
based inference with neural density estimators, could be employed to learn divergence
probabilities (p) and other model parameters that best replicate the topology of empirical
protein complex networks. Such approaches would also enable systematic exploration
across species, providing insights into whether evolutionary constraints on protein complex
organisation are conserved or vary in a lineage-specific manner.

In summary, the DDH model constitutes an important step towards biologically realistic
modelling of protein complexes. Extending validation to incorporate additional hypergraph
statistics, refining model construction, and employing machine learning-based inference
could further enhance its explanatory and predictive power, not only for cellular interaction
networks but also for other complex systems that exhibit analogous structural patterns.

Finally, as already noted in [52], biological data tend to be very noisy, and their models
usually are not able to match all aspects of the data. Instead, a model is already useful
if one is able to learn something about some aspects of the data. Here, we show that the
DDH model captures some features of protein complex data, in particular their behaviour
under a complex knock-out attack. Thus, the model may be useful in assessing the effect
of a drug which targets a whole protein complex. Moreover, the performance of the DDH
model hints at an underlying evolutionary process which treats protein complexes as units.
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