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Explanation from Neural Networks

Abstract

Neural networks have frequently been found to give accualigtions to hard classifica-

tion problems. However neural networks do not make expthtiassifications because
the class boundaries are implicitly defined by the networlgias, and these weights do

not lend themselves to simple analysis. Explanation igalelsi because it gives problem
insight both to the designer and to the user of the classifier.

Many methods have been suggested for explaining the ctadifi given by a neural

network, but they all suffer from one or more of the followidigadvantages:

a lack of equivalence between the network and the explanatio

the absence of a probability framework required to expressihcertainty present
in the data;

a restriction to problems with binary or coarsely discesti$eatures;

reliance on axis-aligned rules, which are intrinsicallyppat describing the bound-
aries generated by neural networks.

The structure of the solution presented in this thesis mwsthe following steps:

1.

2.

3.

Train a standard neural network to estimate the classittmmal probabilities.
Bayes'’ rule then defines the optimal class boundaries.

Obtain an explicit representation of these class bougslaising a piece-wise lin-
earisation technique. Note that the class boundaries hegvase only implicitly
defined by the network weights.

Obtain a safe but possibly partial description of thisliekprepresentation using
rules based upon the city-block distance to a prototypepatt

The methods required to achieve the last two represent mar&lwhich seeks to explain
the answers given by a proven neural network solution to lesification problem.
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Chapter 1

Introduction

Artificial neural networks have been successfully appl@cany problems in many do-
mains. The evidence for this statement can be found in thétodeé of journals and books
on the subject, but example applications are to be found amfie [Ref95]€.g.assessing
risk for insurance and credit purposes), medicine [Bax8GH96] (e.g.prognosis after
treatment and diagnosis of disease), and industry [Lec®¢] @etection of faults and
general automation). Although the language of artificalralenietworks suggests biolog-
ical analogies, this historical legacy is largely irreletvéo the solution of the problems
mentioned above. Trying to model and understand the brairgzal quite distinct from

trying to solve specific commercial, medical, or industgedblems.

An artificial neural network (henceforth a feed-forwardvmatk) is a general-purpose pa-
rameterised function. These parameters are chosen byisiptimsome criterion based
on data. A particularly common use of feed-forward netwask® classify objects. Ex-

ample classification problems include deciding whetheditshould be given to a client;

diagnosing a patient with breast cancer; or deciding if ecrafit engine is faulty. In these
classification applications, the input to the network is aaddfeatures representing an
object, and the output of the network is the predicted clBsda is used to optimise the

network parameters such that future class predictionssaae@urate as possible.

A frequent criticism of feed-forward networks is their lagktransparency (see for ex-
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ample, [Tar98] page 49, [Hay99] pages 34-37, [MST94] pade P&ya95], [Bax95],
[CHK95]). In some sense a feed-forward network is a “black”bmntaining uninter-
pretable parameters offering very little insight as to whg butput should take on one
value rather than another. In terms of classification prablehis means that the predict-
ed class of a particular object has not been intuitivelyifiest This may be unsatisfactory
for safety critical applications in aircraft, power staisy and medicine, and in those appli-
cations such as credit assessment where the refused applicssthe legal right to demand
an explanation. Explanation can also help both the desmmbthe user to understand the
data. Data visualisation techniques are frequently usethi® purpose, and explanation
in the form ofdata descriptiorcan provide a complementary solution. Lastly, producing

an explanation satisfies a basic psychological need.

This thesis attempts to address the issue of explainingléassifications produced by a
suitably trained feed-forward network. The purpose of thiapter is to provide a review
of the various approaches which have been suggested fauieixyg feed-forward net-
works. This leads naturally into a discussion which culrtésdn a list of ideal criteria.

The chapter ends by providing an overview of the remaindéhnisfthesis.

1.1 Feed-forward networks

It is useful to provide a brief description of a typical fekuiward network. Comprehen-

sive discussions can be found for example in [Bis95], [Tar#8p96], and [Hay99].

Figure 1.1 shows the structure of a common feed-forward orétknown as anulti-layer
perceptron(MLP). The connections between the nodes represent the paramoeteights
of the network. Evaluating the network proceeds from lefight. The input nodes serve
only to take on the values of the features making up an ippttern The hidden nodes
pass a linear combinatidrof the input nodes through activation function The most

common activation function is the sigmoid (or logistic) @ion, shown in figure 1.2.

1This linear combination includes a additive constant, Wwhian be absorbed into the figure by making
one input node and one hidden node always assume the valug of 1
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Input weights Output weights

Pattern

Input nodes Hidden nodes Output nodes

Figure 1.1: A typical feed-forward network classifier. Eacitid line represents a numer-
ical parameter (or weight) of the model, and the variabititthe number of input, hidden,
and output nodes is indicated by the dashed lines.
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Figure 1.2: The sigmoid activation functiofi(z) = Tre=w-

Note that some feed-forward networks have more than one ¢diyedden nodes, in which
case each layer is evaluated in turn. Evaluating the outpdesis the same as evaluating
the hidden nodes, except that a different activation foncthay be used. Finally, in a
classification network, the values of the output nodes aerpreted as the class of the

input pattern.

The weights of the network are obtained togining, which involves minimising some
error function based on theaining data Such training data must Habelled which
means that each pattern is labelled with a correspondirsg.ckanally, a technique called

error back-propagatioris a means of computing the partial derivatives of the emoc
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tion with respect to the weights. These derivatives areireduy many optimisation

(training) algorithms, the most basic being gradient detsce

1.2 Approaches to extracting explanation from feed-forwad

networks

Andrewset al have written several partial surveys of the field, [AJD9FCD96],
[AG96a], which include a taxonomy of approaches extend@§94]. The two most com-
monly used dimensions adecompositional— where the structure of the network is used
to structure a rule-base, apedagogical— where extracting an explanation is seen as a
learning process. Several other dimensions are mentisoetl,as the need for specialised
training procedures and the expressive power of the erttaciies. However these have
only rarely been adopted in the literature. Listed belowtaeedimensions which will be

used here to classify the various approaches to explanfationfeed-forward networks.

1. Decompositionalthe structure of the network is mapped directly into rules.

2. Pedagogical rules are generated by observing the output of the netwardiffer-

ent inputs.

3. Functional rules are generated by observing the range of values atutipeitoof

the network in response to a range of input values.

4. Rule refinement prior knowledge is first incorporated into a network stouet

which is then optimised using data before the knowledge-exteacted.

5. Sensitivity analysisa means of summarising the magnitude and sign of changes in

the network output due to various (small) changes in thetinpu

6. Fuzzy fuzzy rules are extracted from the network.

There is some overlap between these dimensions. In partiddth rule refinement and

fuzzy logic approaches tend to use decompositional ideasrany researchers report
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improved explanation when prior knowledge is first inselirgtd the network (rule re-

finement). In spite of this, the above categorisation presid useful framework for the
literature review presented below. The following desaips indicate the ideas present in
the field, and thus provide a background against which theareb described in the later

chapters of this thesis can be evaluated.

Two useful on-line resources for rule extraction from néwmetworks are [And98] and

[Boz98].

1.2.1 Decompositional approaches

Decompositional approaches to rule extraction are cheniaet! by a literal mapping be-
tween the structure of network and the structure of the lpalge. This invariably means
that each hidden and output node becomes a single rulepghhthis rule may later be
eliminated through combination with others. Decomposdicalgorithms invariably ap-

proximate each sigmoid in the network with a threshold fiomct

Fu

Fu, [Fu94], describes a method calledowledgetronkT), for extracting rules from an
MLP type network. The algorithm works by analysing the weighisrmected to each
hidden node in order to find combinations of inputs which midesoutput of a hidden
node sigmoid greater (or less than) a threshold. These catidmis are then written
as a rule from input space to a temporary symbol represettimgutput of the hidden
node. Repeating the process for all layers of the networllymes a set of rules from
input space to output space via temporary symbols. Sutistitis then used to eliminate
the temporary symbols. Finally, heuristics are used tceimee the comprehensibility of
the rules; this involves dropping rule conditions until #xecuracy on the training data

changes significantly.
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Note that the algorithm is restricted to problems with dis&rnetwork inputs, and makes
the usual decompositional assumption of approximatingneid functions with step func-
tions. Fu attempts to force the sigmoids to be saturated fegtefely setting the input

layer weights to be large prior to training.

Fu comparekT with Quinlan’s decision tree algorithm C4.5, [Qui93]. Rkswn three
datasets were reported: Fisher iris, hepatitis prognasis hypothyroid diagnosis. Clas-
sification accuracy okT was greater than C4.5 only on the iris data, and equal on the
hepatitis and hypothyroid. 5 rules explained the straagitard iris data, but the number

of rules on the other two problems was not reported.

Krishnan

Krishnan, [Kri96], describes a decompositional method udé rextraction from neural
networks calledcomBo. This method is a systematic alternative to the heuristiexiu
by other decompositional methods to search for input coatlins resulting in saturated
activation functions. Particular comparison is made tsKa' algorithm, to which this
algorithm is very similar. HowevetoMBo is more efficient because it sorts the weights,
considers the combinations in lexicographic order, anacgires the search space using
a combination tree. The search is exhaustive, and so thelegitypof the algorithm is

exponential.

The basic algorithm is limited to discrete input variablast Krishnan extends it to con-
tinuous inputs by using a heuristic for the input layer areldbMBO search algorithm for
all other layers. Results showed that applying the methakled-isher iris data produced

four rules with the same classification error as the network.

2The differences between discrete, continuous, catedodca ordered variables will be discussed in
chapter 2. However the terminology used by the reviewedmpaplebe used in this chapter.
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Blasig

Blasig, [Bla93], describes a back-propagation-baseditrgischeme called Gradient De-
scent Symbolic&Ds) rule generation that produces networks which can be twamsfd
into a concise set of rules. This is achieved by constraingtgvork training with a term
which tries to force as many weights as possible to zero sivbiinultaneously saturating
the hidden node sigmoid functions so that they can be welicepated by step func-
tions. Hence this approach may be interpreted as a meansistraiming classification

performance with explanation.

The method was tested on two problems: splice-junctiongmition and prediction of
interest rates. The results for the first of these comparest fagourably with several other
classification methods, producing a small percentage of®ewith only a small number
of rules. The second problem has continuous values whichidhéé discretised into a
thermometer code representation because the algorithnwanks for binary inputs. The
results were incomplete since neither the final number @srabr the class priors were

reported.

Abe, Kayama, Takenaga, and Kitamura

Abe et al, [AKTK93], describe an algorithm for simplifying the deimia process of an

MLP network. Their approach is based upon the concept of ektgadiscriminatory in-

formation from the hidden nodes. The weights of the inpuetayf anmLP define a set

of hyperplanes, the distances from which are assumed téderovore concise informa-
tion regarding class membership than the raw data. The gscattempts to eliminate
the output layer by iteratively digitising the input hyplkpes and re-tuning the weights.
Digitising the input hyperplanes consists of assigning arla(0) to each hidden node
such that majority of training patterns cause that hiddeterto take on the value 1 (or 0).
Re-tuning consists of adapting the weights to achieve th¢ee0) values. The net result
is a set of hyperplanes which map input patterns to “digitiskass vectors”. A decision

tree is then used to classify the outputs of these hyperpl@redetails given).
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The results on a number recognition problem showed vety titiange in accuracy from
the original network to the extracted algorithm. No detafigthe explanatory power of

the method were given.

Taha and Ghosh

Taha and Ghosh describe three methods of rule extracti@®@96®b, TG96a, DAC 96].
The first approach is strictly of the pedagogical type (sdevijeand uses a brute-force
search over all input combinations to form the rules. It regguthe input variables to be

binary.

The second approach is decompositional and is based onraytheth the positive and the
negative weights of each hidden node into descending dfelEinen rules with “certainty

factors” are generated for each node, where the certaintgrfindicates the magnitude
of the output for a given input. These rules are then combioedliminate intermediate

(hidden) nodes.

The third approach is also decompositional but is not rstli to binary inputs. This
is achieved by discretising each continuous variable inseteof intervals. Linear pro-
gramming techniques (see for example [Fou98]) are useddactimbinations of inputs
which cause the output of each hidden node to be greater tthmashold. This threshold
is used to set the certainty factor for the corresponding. ritules are then combined
to eliminate intermediate nodes. Note that this third apphohas similarities with the
method described by Filer and Austin (see below), althotmghlatter requires neither

discretisation nor linear programming.

After extraction using any of the three methods, the rulesoadered to maximise rule-

base performance on the training data.

Results are presented on three problems: an artificial@ataslving binary valuegen-
eratedfrom six rules; the Fisher iris problem; and the Wisconsiedst cancer problem.
The first algorithm suffered from discretisation of inpusp, but the second and third

approaches produced a small number of accurate rules whinpared favourably with
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other algorithms (Setiono and Liu’s NeuroRule [SL96], Qairs decision tree approach

C4.5 [Qui93], and FU'kT [Fu94]).

Setiono

Setiono, [Set97], describes an algorithm for extractingsudrom neural networks by
pruning and hidden-unit splitting. First the network isped of any redundant weights.
Then the activation values of the hidden nodes are clustaeteddiscrete values. This
enables rules to be used to describe the mapping from cotidrieaf these discretised
values to network output nodes. However the rules from tpatinodes to each hidden
node will be complex unless the number of non-zero weighdmiall. To achieve the latter
condition, any such offending hidden node is split into a-satwork which is trained to
be identical to the functionality of the hidden node. Rules then obtained from this

sub-network by a recursive application of the complete exteaction process.

Results are presented on a splice-junction problem anda-seturn problem. The first
has discrete inputs, and the 16 reasonably comprehendas obtained have the same
accuracy as the network. The second problem has 208 exanff@@scontinuous inputs
representing sonar returns from either a metal cylinderayliadrically shaped rock. In
order to facilitate rule extraction, these numeric attiéisuwere discretised into bins and
then entered into the network using a thermometer codingmnseh Again, the accuracy

of the network was approximately the same as that given b§ theracted rules.

It should be noted that network pruning was a key componentlefextraction because
it dramatically reduced the number of weights in both neksofrom 1220 to 16 in the

splice-junction problem, and from 186 to 15 in the sonamreproblem.

Unlike the other decompositional methods described abitwe algorithm does not ap-
proximate each sigmoid activation function with a step fiorc It also ensures an ap-
proximate equivalence between the rules and the origirtalark by looking at the per-

formance on the training data, both during pruning and dusjlitting.
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Bologna

Bologna, [Bol96], describes a method of rule extractiomfratype of network called the
Interpretable Multi-Layer PerceptromLP). This network differs from a standard multi-
layer perceptron in two ways. First, the hidden layer ativafunctions are unit step
functions rather than sigmoids. This implies that the efuoction is non-differentiable,

so simulated annealing is used to optimise the network. ree@ach hidden node is only
connected to a single input node. However, each input magiescted to several hidden

nodes.

It is straightforward to extract rules from such an archiies, although the number of
rules can be large. To solve this problem, Bologna uses @uiC4.5 algorithm directly
on the output of the hidden nodes. This has the advantagwiiad) the number of rules
to be limited, but also means that the rules will no longer entile same classification
as the network. Note that this method is similar to the oneritesd by Abeet al (see

above).

Results on three datasets are presented: breast canceosi@a@discrete inputs); Aus-
tralian credit card (binary and continuous inputs); andgenaegmentation (continuous
input variables). These required between 5 and 30 ruleshiexazaccuracies comparable

with a standaravLp and C4.5.

1.2.2 Pedagogical approaches

Pedagogical methods of extracting rules work by obsenhiegutput of the network for
different input patterns. They may also consider the wsighitthe network, but unlike
the decompositional approach do not match the structurkeofule-base to that of the

network.
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Craven and Shavlik

Craven and Shavlik, [CS94] consider rule extraction as mieg problem. Twoora-
cles calledEXAMPLES andSUBSET, are used to generate training examples for the rule-
learning algorithm and to test the validity of hypothesisglés. ThesuBsEToracle may

be implemented using either Thruwsa algorithm, or a more efficient version of Towell

and Shavlick's M-of-N algorithm. Both of these algorithnre @escribed later.

The emphasis of the paper is in comparing the efficiency olfogixg rule space using
oracles, with the efficiency of an exhaustive search-bapptbach. To make the exhaus-
tive search computationally feasible they restrict thepegiments to networks with only
a single layer (no hidden layer). In addition their algartlnly works on domains with

discrete input features.

A DNA promoter dataset is used to assess the following aspdut similarity between
the network and the rules; the number and complexity of thesro achieve a given sim-
ilarity; and the number of operations required. Two différgypes of rule are considered:

the standard conjunctive rules,

if (conjunction of categorieghen (particular class),

and the “M-of-N" style rules used by Towell and Shavlik,

if (M of these N categorieghen (particular class).

Various graphs show that significantly fewer M-of-N ruleartconjunction rules are re-
quired to achieve a given similarity with the original netloln addition, the number of
operations required by their learning approach is an orfleragnitude smaller than the

exhaustive search.
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Tickle, Orlowski, and Diederich

Tickle et al describe what they call the DEDEC methodology, which is igpple to
a broad class ofLP like networks. The algorithm is similar to Craven and SHavli
described above, but uses the network weights to rank andctbster the inputs so as to

further increase the efficiency of the search over possitkssr

Results are presented on two discrete problems (the MON&Egn and a mushroom
classification problem) using three different network #&eztiures (including the standard
MLP). Very simple and accurate rules were generated for alllpnod and networks.

However, both datasets are artificially generated fronsrated so are intrinsically simple.

1.2.3 Functional approaches

The functional approach to rule extraction maps sets ofegihough the network. In the
two methods described below, each set of values is the redioput space described by
arule. Thus for the rule to give the same classification aséteork, the corresponding

set of values at the output of the network must all indicagestime class.

Thrun

Thrun, [Thr94, Thr95], describes a method of extractingsurom multi-layer percep-
trons which are guaranteed to give the same classificatitimeasetwork. The method is
founded orvalidity interval analysigVviA), which employs linear programming (see for
example, [Fou98]) to determine the consistency of a set oétrtaints on the activation
values of the network. Thrun uses to check if a hypothesised rule gives the same clas-
sification as the network. Such a rule is said toshkd. Note thatviA is only guaranteed

to correctly identify all invalid rules, and may reject rsil@hich are in fact valid.

Hypothesised rules are generated in one of two ways, reféor@s specific-to-general
and general-to-specific. The former starts with a degeaetdé which only classifies

a single pattern. The volume of input space covered by thésisuthen incrementally
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enlarged until it fails the validity test (usingiA). The general-to-specific approach to
rule hypothesis is to start with the most general rule péssitnd to iteratively sub-divide

the volume of input space covered by the rule until it padsesalidity test.

Thrun gives results for his algorithm on two problems: thecaltbed MONKSs problems,

and a robot arm manipulator problem. The three MONKSs problafiruse discrete inputs,
and the data is artificially generated from different rul@s.test theviA approach, rules

were extracted from a network trained on this data. Resudts watisfactory, showing that
a small number of effective rules could be (re-)extracteak. the robot arm manipulator
problem, the task is to find the mapping from 5 input varialjtesscribing the configura-
tion of the arm) to an output which indicates whether the fithe arm is above a fixed
height (the table on which the arm sits). 10 rules covere@%®f the volume of space

within the arm’s reach, whilst 10,000 rules were requireddeer 84.4% of the volume.

Filer and Austin

Filer and Austin, [FA96, FSA96], describe an algorithm tdragt rules from networks
trained on data with continuous values. These rules takéthe of axis-aligned hyper-
cubes in input space, where an axis-aligned hypercube igltvieus extension to many
dimensions of the two dimensional example of a square witbssparallel to the axis. A
recursive search procedure is used to generate a set ofttpsecubes which describe
the region of input space assigned to each class by the net&dechnique callednter-
val analysisis used to map hypercubes from input space to output spacthasderify
the correctness of each rule. Interval analysis is a methodapping intervals through
functions. To be more precise, the output interval thusinbthis guaranteed to be a

superset of the true image of the input interval.

Results of applying this approach on two datasets are cadpeith two other methods.
The first dataset (USER) has two continuous dimensions vétlexamples from two
classes. The second dataset (PAC) has four continuous simnernwith 150 examples

from each of three classes. The first of the two methods is &pledValued Logic (MVL)
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approach developed from the symbolic mapping method destin [SY96]. It requires

continuous data to be quantised. The second method is tigatetree algorithm 1D3,
[Qui79].

A large number of rules9¢7) were required to achiev&8% accuracy on the USER data.
This compares with an accuracy @Y% achieved by the original network. On the PAC
dataset, approximatel000 rules were required to achieve close to network accuracy;
reducing the number of rules to abdift reduced the accuracy by approximatey.

The number of rules generated by the MVL and ID3 methods whasported.

Overall, their algorithm proved much more robust to noisyadhan either the 1D3 or
the MVL approach. It is reasonable to suppose that this iausthe neural network

solution (from which the rules were extracted) was lessctdft by the noise.

1.2.4 Rule refinement approaches

Rule refinement approaches are characterised by the falipthiree stages: prior knowl-
edge in the form of rules is encoded in a network structuiie;rtatwork is then optimised
using labelled data; finally the rules are re-extracted flsemnetwork. Typically these ap-
proaches use the decompositional idea of forming a cornelgrae between the structure

of the rule-base and structure of the network.

Andrews and Geva

Andrews and Geva, [AG96b, AG96a], describe a method of ruteaetion RULEX)
which works on Constrained Error Back PropagatioE&P) networks. These networks
are constructed from activation functions called LocalgsRonsive UnitsuRu), which
are themselves constructed from the difference betweenoffgset sigmoid functions.
EachLru forms a “ridge” in input space, and the weights of the netwamd constrained
such that these ridges are axis-alignedspr networks are designed for incremental con-

structive training, which means that new local responsésiare added when no further
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significant decrease in error is possible. Andrews and Gepkaiae that this allows se-

mantics to be attached to the hidden nodes and knowledgeingdrted into the network.

After training, theRULEX algorithm is used to determine the active range of each ridge
and map this range into the constraints of a rule describingxés-aligned hypercube in

input space. Heuristics are used to remove redundant rafitans and redundant rules.

Results are given from applying tmJLEX algorithm to three datasets: the Fisher IRIS
data, Mushroom, and a Heart disease dataset. Small nunflvalssowith a high accuracy

are reported.

Towell and Shavlik

Towell and Shavlik, [TS91, TS92], describe an algorithmdxtracting rules from Knowledge-
Based Artificial Neural Networksk@ANN). The rule extraction stage of the refinement
algorithm obtains so called “M-of-N" style rules from thetwerk. These rules are of the

form

if (M of the following N antecedentghen (particular class)

which have several advantages over the more usual conjanciles

if (specified antecedent)en (particular class)

The first advantage is of compactness, since M-of-N stylesrdlescribe several cases
simultaneously. The second advantage is that these typdesf have an intuitive corre-

spondence with the network weights: the combination of dilyeoM antecedents ensures
a particular activation function is relatively saturatéithe method for discovering these
combinations is based on grouping similar valued weights @fusters, replacing these

clusters of weights by their mean, eliminating insignificgroups, re-optimising the off-
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sets, approximating the sigmoids by step functions, and finakigressing the result as

M-of-N rules. Note that only problems with binary variabbe®g considered.

Two key assumptions are made to justify the rule-base-nm&temrespondence. First, the
semantics of the hidden nodes are assumed to remain unchbyg®ining. Second, the
process makes unquantified changes to the functionalitheobtiginal network, which

means that there is no guaranteed relationship betweenxhanation and the neural

network.

On two molecular biology problems, the authors demonstitzé their algorithm pro-
duces more accurate and comprehensible rules than othbpase(C4.5, LINUS, El-
THER, and SUBSET). However they observe that their algarith limited to networks
which have been pre-structured with rules, and hence tolgmrabwhere sucla priori

knowledge is available.

Tresp, Hollatz, and Ahmad

Trespet al, [THA92] describe a type of network which consists of norised basis func-
tions. These basis functions may be of any of a number of fypesGaussian functions
are used in their study. The network is pre-structured bylinimg a set of logical if-
then expressions obtained from an expert. The network hasbalpilistic interpretation
which enables the likelihood function to be used as a coitefor training the network
from data. This training proceeds in one of four modiesget where gradient descent
or Expectation Maximisationgfv) is used to optimise the parametefteeze where the
initial configuration is frozen, but new units are added i@k discrepancy between pre-
diction and data occursprrect, where each parameter is penalised for deviating from its
initial value; andinternal teacherwhere a penalty is added in terms of the function map-
ping rather than in terms of the function parameters. Theselfiour possibilities preserve

the rule-based knowledge in different ways and by diffeangpunts.

3The offsets of the network are sometimes cabiées weights
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After training, the network is pruned of all unnecessaryghits and then re-interpreted as

rules. Pruning is vital to ensuring that the final rules are@xise as possible.

Results are given on some data where the task is to preditbtiieng price in a Boston
neighbourhood. A network of 4 basis units correspondingrtdek gives results which are

approximately 10% better than a decision tree metladkf, [BFOS84]). They conclude:

Rule extraction provides a quantitative interpretatiowbét is “going on” in
the network, although, in general, it is difficult to define thomain where a
give rule “dominates” the network response and along whalmbdaries the

rules partition the input space.

Goodman, Higgins, Miller, and Smyth

Goodmaret al [GHM92], describe a network architecture which estimakesgosterior
probability of classes as a function of discrete input déitee network consists of 3 layers
of nodes: an input layer with a node for every value of evenyalde; a hidden layer
where each hidden node forms the binary conjunction of sarhses of the input nodes;
and an output layer with one node per class, which forms aifumof the weighted sum

of all hidden layer nodes and gives an estimate of the posterobability of that class.

The effect of this structure is a collection of rules of thatfio

Rulej: if (z1 = X{,... ,z, = X2) theny = Y" with strength w;

The connections between the input and hidden layers arestbrming a combination of
information theoretic and minimal descriptive lerftytoncepts to balance the trade-offs
between complexity and accuracy. The weights between titehiand output layers are
then estimated by assuming that values of the hidden nodeaditionally independent

given the class (often known asgiveor idiot's Baye$.

4The method of minimal descriptive length provides a trafidsetween the complexity of a solution and
its performance.
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The performance of the above model is compared with that t#fradard multi-layer per-

ceptron (ILP) and a first order Bayes classifier Five datasets were evaluated: LED
digits, a boolean function, congressional voting, diaggo$ breast cancer, and protein
secondary structure. All three classifiers had comparatderacy except the Bayes clas-

sifier which was significantly worse on the Boolean function.

It is not clear whether the rules for the first three problemes@mprehensible, but 11

rules were produced for the breast cancer problem and 194d@rotein data.

1.2.5 Sensitivity analysis based approaches

Sensitivity analysis of a network is a means of assessingiignitude (and direction) of
change in the output for various (small) changes to the irpla idea has been used by a
number of researchers, both to produce graphs which previfiglitative explanation of
the network, and to produce rules. For continuous inpubibdes sensitivity analysis is a

means of summarising the partial derivatives of the network

Saito and Nakano

An early use of sensitivity analysis was the PDP diagnogttesn, [SN88], which uses a
method calledelation factorsto assess the effects on the network output (disease) from
individually changing different inputs (symptoms). Tw@#gs of relation factor are de-
scribed: the first considers the effects of switching a sirgyymptom on when all other
symptoms are off; the second averages the effect of charayiparticular symptom in
all patterns. It is shown that these relation factors agrige tive relation factors used by

doctors.

Saito and Nakano then describe a related method for extgaaies which is based on
searching over the different combinations of (non-cordirg) input variables. The search

is a greedy procedure which considers the effects of chgriguividual input compo-

SA first order Bayes classifier makes the assumption that thigildlition of the input components are
conditionally independent given the class.
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nents in turn. In addition, only those symbol combinatiorfich are meaningful to the
problem domain are considered. Thus the method extraets guaranteed to give the
same classification as the network, although not all ruldsb&ifound because of the

limited depth of the search.

Applying the system to a network trained on a muscle-cotitmadheadache problem gen-

erated 443 rules.

Goh and Wong

Goh and Wong, [GW96], have used sensitivity analysis toagxtrules from networks
trained on patterns with continuous valued input featufé®y define a Point Sensitivity

Index (Ps)) for of each input variable,

psii(zi) = Y |f (@], s Tiy oo m) = F(&], s mi + 6, 7))

where the sum is over all patterns afids some small value. Peaks in the graphs of
each psi(z) are then (loosely) used to write down rules. The authors osesrtificial

datasets to demonstrate their approach.

Baxt

Baxt, [Bax93, Bax92] describes a method similar to the iataftactors used by Saito and
Nakano. Histograms are used to show the quantitative sfechetwork output resulting
from the single-variable perturbation of training patgerOn the myocardial infarction
problem studied by Baxt, these histograms were strongindilal. This suggests that
changing certain input variables has two characteriyichtferent effects, depending on
the value of the other variables. Baxt comments that théataeships are quite different
from the traditional linear manner by which clinical deois$ are made, and although they

“often do not appear to make a great deal of clinical senss, tfust impart significant
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power to network performance in view of the high degree ofueacy with which the

network has been shown to function”.

Plate, Bert, Grace, and Band

Plateet al, [PBGB98], describe some methods for visualising the fionctomputed by
a neural network. This visualisation assists in identifyinteractions in the fitted model,
and extends the work of Baxt to continuous inputs by adaptiggraphical plots of

generalised additive modéls

1.2.6 Fuzzy approaches

Numerous papers have been published on using Neuro-Fulzidhyo form classifiers.

For example, [Hay90] describes a method which maps hidddesto fuzzy rules (and
so is another example of the decompositional approach)|MRE5] describes a connec-
tionist expert system model based on a fuzzy version of tHélayer perceptron (another
example of using a network for refinement). Two further md#hof interest are described

below.

Buckley, Hayashi, and Czogala

Buckleyet al[BHC92] prove that feed-forward neural networks and fuzzyest systems
are functionally equivalent. In other words, a feed-forvaetwork can always be con-
structed to approximate a fuzzy expert system with arlyiteaccuracy, and conversely, a
fuzzy expert system can always be constructed to approgimdéeed-forward network
with arbitrary accuracy. Note that to achieve this arbjt@ccuracy may require an arbi-

trary number of nodes or rules.

However this equivalence does not imply (and the authorsod@attempt to show) that a

neural network can be explained by translating it into a yuzzpert system.

®A generalised additive modetaM) takes a linear combination of non-linear functions of eamgut
component.
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Benitez, Castro, and Requena

Benitezet al[BCR97] show that by using a particular membership funcéind fuzzy log-
ic operator, a neural network can be made exatjyalto a fuzzy logic system. In some
respects this is a decompositional approach because eddnhnode is mapped into a
single fuzzy rule. However these fuzzy rules are not appnations butinterpretations

of the functionality of each hidden node.

The key steps in this interpretation are as follows. Eacddndnode computes the value

[ (O, wiz;), and this may be interpreted as the fuzzy rule

if > wiz; is Athenyis 1.0, (1.1)

2

where A is the fuzzy membership function formed from the sigmoidction f. In the
notation of fuzzy logic, this is writtem 4 (a) = f(a). By defining a suitable fuzzy logic

operatorx, equation (1.1) may be identically expressed
if wyzyiSAx...xwy,z,is Athenyis1.0. 1.2)

The authors discuss the semantics of this notation, désgtibbe symbok as an interactive-

or operator.

Defuzzification consists of using the network output weigbtform a linear combination
of the degrees with which each rule fires. This output is uselbtermine the class of any

pattern. Note that the output node is assumed to be linear.

Results are presented on the Fisher iris data, where a netwittr a single hidden node
is described with the corresponding rule. Note that thepnégation of these rules relies

critically on an intuitive understanding of the semanti€the interactive-or operator.
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1.2.7 Others

Sejnowski and Rosenberg

Sejnowski and Rosenberg, [SR87], attempted to understenfiibctioning of a network
trained to convert english text into speech (NETtalk). Imtipalar they aimed to un-
derstand the coding methods used by the network by studiimgatterns of activation
amongst the hidden nodes. Their network had 80 hidden noukthay discovered that
on average about 20% of the hidden nodes were highly adfifateany given input. A
simple plot of these activations proved uninformative, dtierarchical clustering tech-
nique applied to the average activations over letter-tsidocorrespondences was more
successful: the vowels and consonants were completelyatedaand for the vowels the
next most important variable was the letter whereas thearmrgs were clustered more
according to the similarity of the sounds. Note that thislysia did not explain why the
network produced certain outputs. However it did give sonsght into the problem

domain.

Sanger

Sanger, [San89], describes a technique callmatribution analysiffor deriving the re-

sponsibilities of individual hidden units in implementitige input-output mapping of the
network. The contribution from a hidden unit is defined as gheduct of the weight

connecting that unit to an output unit multiplied by the aation of that unit when a par-
ticular pattern is applied to the network. Thus there is drdmuttion associated with every
hidden unit, output unit, and input pattern. This forms a&éhdimensional space which
was visualised by finding the principle component of two-elirsional slices. Sanger ex-
plains why this is more informative than looking at eithee thieights or the activations

separately.

The idea was used to explain a network trained to convertgmigxt into speech (NETtalk).

Only very general conclusions were reached, such as “reshirmitput units are handled
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by identical patterns of hidden units, and the amount oforsibility taken on by a hidden

unit is inversely proportional to the number of hidden uhits

1.3 Discussion

An immediate conclusion from the above review is that alnadistlgorithms produce an
explanation consisting of if-then rules. Those approachigish do not €.g. sensitivity
analysis) are useful for gaining insight into the solutibat do not explain why a partic-
ular pattern was assigned to a particular class. Hencelibeiissumed that rules are the

most suitable means of explaining a network.

A vital aspect of explanation using rules is the size of tHe-hase. Clearly hundreds of
rules make the explanation incomprehensible, and a dozemisiprobably an acceptable
maximum. However several of the algorithms described abegeired many more rules
than this in order to cover a reasonable proportion of tha.d&elated to the size of
the rule-base is the expressive power of individual rules, ane would expect a small
number of more expressive rules to be equivalent to a largetber of less expressive
rules. For example, M-of-N style rules are efficient at diseg many conditions on

categorical variables in an intuitively acceptable manaed Craven and Shavlik [CS94]

demonstrated that fewer M-of-N rules were required thaimargt conjunctive rules.

It is noticeable that most of these rule extraction methaulsat guarantee a fixed re-
lationship between the generated rule-base and the netviorthis sense they angew
learning algorithms which areasedon a feed-forward network, and cannot therefore be
said to explain the original network. This is particulanyg of the decompositional ap-
proaches because they approximate sigmoids by step foaaiad modify the weights.
These transformations make unknown changes to the fumaditipof the network. Indeed
[MSS91] has shown that there are Boolean functions whictbearomputed by a network

of sigmoid functions but not by a network of threshold fuan8 with the same topology.
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Rule refinement algorithms do not need to guarantee an dgunogbetween the network
and the rules. This is because their remit is to produce abaged classifier which uses
prior rule knowledge and labelled data. Feed-forward nekvideas may be used, but
this does not imply that this approach can be used to exptaingstandard feed-forward
network classifies. There are many problems for which pribe-based knowledge is

unavailable.

The two functional approaches (Thrun, and Filer and Audtath produced rules which

were guaranteed to make the same classification as the ketdowever they both need-
ed a large number of rules in order to classify a significaattfon of the data. In contrast,
those decompositional approaches which extracted aigiseal rules all generated far s-
maller rule-bases which still covered most of the data. Thisot a coincidence, and it
will be shown later in this thesis that there is an inheresderoff between ensuring that
the rules make the same classification as the network, aniomsing the fraction of data

classified by the rules.

Many of the decompositional and pedagogical algorithmigdedn searching over com-
binations of inputs. This is clearly a computational burdarce there areﬂfV n; Com-
binations forN variables where thé" variable can take one of; values. Most of the
algorithms overcome this problem by trimming the search thig has the disadvantage
of either producing rules which do not cover all the patteanf producing rules which

do not necessarily make the same classification as the rdetwor

Many of the algorithms do not work on datasets with contirsugariables. Solving this
problem by discretisation has at least two disadvantages; ifi constrains the network
to work with quantised values which have not been optimatigsen for classification
performance; and second, it may (depending on the codingreshby the algorithm)
significantly increase the number of input dimensions. hais significant consequences

on the algorithms which use a search-based approach.

Lastly, probability theory is not part of the framework foiost of the reviewed papers.

This is surprising given its suitability both for descrigithe uncertainty in mapping pat-
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terns to classes, and for understanding the problems aifitepa mapping using a sample

of data from some underlying population.

1.4 Conclusions

The conclusion from the above discussion is that there iea cleed for a rule extraction

method which:
1. is expressed within a probability framework,
2. generates a rule-base which has a known relationshiptiéthetwork,

3. produces a small number of comprehensible rules whicer@significant fraction

of all data,

4. operates on a feed-forward network of a standard typehwids been trained using

a standard procedure,
5. is not restricted to datasets with only categorical \deis

This thesis describes such a method. Note that some prolemat require all of these
properties. For example, a statistical model is not reduiir¢he data is fundamentally
non-random and can be enumerated in entirety. Alterngtithet data may not contain any
continuous variables, or a standard feed-forward netweckrtique may be sub-optimal
because it does not take advantage of prior rule-based kdgel However there is a sig-
nificant class of problems which would benefit from rule estien algorithms satisfying

the above properties.

In terms of the classification scheme adopted in this chiapiterature review, the method
is closest to the functional approach. A probabilistic feavork (property 1) together
with the piece-wise linearisation of a standard networlcfiom (property 4) are used to
overcome the problem of generating a known relationship thié rule-base (property 2).
An expressive type of rule, which is not restricted to catigd variables (property 5),

then enables a small rule-base to classify most of the dedpdpy 3).
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1.5 An overview of this thesis

Chapter 2 provides a summary of how feed-forward networkshmaused for classifi-
cation in a probabilistic framework. Chapter 3 then dessibow explanation can be
added within this framework, and how such an approach carsée to understand and
control the compromises inherent in explaining a feed-&sdwnetwork classifier. This
chapter also introduces the expressive and general farhilyles based on prototypes
which will be used later. Chapter 4 describes a techniqueffmiently obtaining a piece-
wise linearisation of a very common network called a mugidr perceptronMLP). This
linearisation is the starting point for the sequence of wdsh described in chapter 5,
which ultimately lead to the generation of a rule-base whith properties defined above.
The results of applying the complete procedure to threed&@sets are given in chapter
6. Finally, chapter 7 contains a discussion and critiqud, amggests some directions of

research which may lead to further improvement.



Chapter 2

Principled classification

This chapter provides an introduction to classificatiomgdieed-forward networks, the
purpose of which is to give the background to the conceptsepited in later chapters. As
a consequence of this, the amount of detail given is inhigrelightly uneven. A thorough

treatment can be found in many books, for example [FUk9O®BIiRip96, Tar98].

In addition to providing background, this chapter also agyfor the explicit decoupling
of a classification system into separate components. Thkeetedf this decoupling is to
give each component an independent specification, thusnaliimg or at least making
explicit the interactions which may be concealed within agrftomogeneous framework.
This explicit decoupling also underpins the approach dlesdrin this thesis to producing

an explanation from a feed-forward network classifier.

2.1 Classification

Classification problems have the following generic prapsrtA set of measurements or
featuresare gathered on an object or event. These features are epatzd to form a
feature vector, and so if there aideatures then this feature vectormatternbelongs to
and dimensionainput space Objects or events are therefore represented by correspond

ing patterns. Depending on the discriminatory quality & thatures however, different

27
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objects may or may not be mapped into significantly diffeggtiterns. It is assumed that
each object or event can be assigned (by an expert) to atdistdass, although it is not

assumed that all experts will agree. This association @tvebjects and classes is car-
ried through into an association between patterns andedaand so classified objects are

represented by classified labelled patterns.

The generic classification problem can now be stated asafsiloeplace or pre-emt the
expert by finding the best function to predict the class of bjeai or event from its
corresponding (unlabelled) pattern. This function ismeated fromtraining data which

is simply a set of expertly labelled patterns.

There are two primary factors which make the classificatia@blem ill-posed. The first
factor is due to the non-invertible mapping from objects &itgrns. Different objects
can map to the same or very similar patterns, implying thidrination is lost in the
encoding of objects as patterns. The second factor deniges the multivalent concept
of grouping objects into classes. Objects cannot alwayshbenbiguously assigned to a
single class. Hence different experts, or the same expdiffatent times, may assign
different classes to the same object. How these primarpifagelate to the ill-posed

nature of the classification problem is summarised in figute 2

The effect of these factors is that many patterns are notied with a single class. One
way to visualise the problem is to see all the training setepag as coloured points in
input space, with colour used to indicate the expert labEt@se patterns with a definite
class will form clusters of points of the same colour. Theeffof patterns belonging
to ambiguous classes will be to cause these regions to Wreimch other, forming a
less uniformly coloured overlap. Fundamentally difficulblplems are characterised by

considerable overlap; easy problems have well separaggohse

There is a third way in which the classification problem carshie to be ill-posed. The
classification function is estimated from a set of labellattgyrns populating input space.
It is highly likely that new (test) patterns will be differefrom all those in the training

set, and so the classification function must be capable efgatation from the training
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Object or

> Class
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Multivalence and
Y
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Figure 2.1: The classification problem of predicting a singjass from a pattern is made
difficult both by the multivalent nature of assignment ofeautig to classes, and by the
information lost in mapping objects to patterns.

data. However the classification function should not nerédgseproduce the class label
of every training pattern because, as explained abovee tlad®ls are not necessarily
definitive; an expert re-labelling a pattern may not alwagside on the same class. Note
that there are also other factors such as measurement mulsalzelling errors which

increase class ambiguity.

In its most simple form, a classifier takes a pattern and metarclass. However there
are possibly two types of pattern which should not be asdigoany class. First, a test
pattern might be so different from all the training pattetinat no reliable classification
can be given. There is not usually any reason to believeheatlaissification function can
extrapolate into regions of input space which are unpogdlal training data. Second,
a test pattern may not definitely belong to any single clasge rEasons for this are the

same as the factors which make the problem ill-posed.

It may be argued that the first of these reasons not to classifiyich more important than
the second. Whilst it may be acceptable to classify pattarbirarily when the model
indicates they do not clearly belong to any particular gléss definitely not acceptable

to classify completely new patterns for which the model islid. Thus the approach
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used in this thesis is only to classify test patterns whighsaifficiently similar to those

seen during training; all other patterns are flaggeda®lby anovelty detector

2.2 Using probabilities to classify

It should be clear from the previous description of the dfesdion problem that proba-
bility and statistics provide the most appropriate framewwsithin which to express the
uncertainty between objects, patterns and classes. Thisdfieased on sound theoretical
concepts and has many powerful techniques which have beeassiully applied across

a variety of problem domains. Neural networks should andocgld on these techniques.

2.2.1 Classification

From a statistical point of view, the optimal classificatiento assign the most proba-
ble class to an object. This will be referred toBayes classificatignalthough strictly
speaking the Bayes classification is more general and ieslbdth a loss function and
an expression of doubt [Rip96]. Before any information oragipular object is known,
the probability of that object belonging to clalsss given by theprior probability P (k).
However, given the feature vectgrrepresenting an object, the probability of that object
belonging to clasg is given by theposterior probability P(k | x). Suppose a classifier
d(x) € {1,..., K} isrequired to solve & class problem, then the probability thix)

gives the correct class is
a(d,x) = P (d(x) |x) . (2.2)
The Bayes classifietg maximises this probability and can be defined according to:

dp(x) = argznax P(k|x) (2.2)

In the event of any ties this definition of the Bayes classificarule is not unique. However this is
generally unimportant and ties can be broken arbitrarily.
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The accuracyof a classifierd is equal to the expected probability of making the correct

classification,

a(d) = /a(d, x)p(x)dx
- / Pd(x) | x)p(x)dx, (2.3)

wherep(x) is the unconditional probability density for patteenThe Bayes classification
rule also optimises accuracy:

max a(d) = a(dp). (2.4)

However the Bayes classifier is independent of the uncamditidensity distribution of
patterns because it assigns the most probable class to agtehnpirrespective of the
probability of that pattern occurring. Hence as expressedduation (2.2), the optimal

classification ofndividual patterns should be considered the defining property.

Accuracy is a useful measure which summarises one qualigyabdissifier. However it
is anaveragemeasure, and averaging can hide important effects. Canaitigo-class
problem for which one class is relatively rare: let the ppoobabilities of patterns from
each class occurring bB(1) = 0.9 and P(2) = 0.1. A classifier which assigns every
pattern to clas$ will have an accuracy di.9, but this mis-represents the quality of such
classifications. One possible solution is to quantify thegbess accuracy. The probability
of the classifield making the correct classification of pattetrassociated with an object

labelled as clask can be written
ak(d,x) = P (d(x) |X7 k) . (2.5)

Theclass conditional accuracis then defined to be the expected probability of making

the correct classification of objects labelled as belongingassk.

ag(d) = /P(d(x) | x, k)p(x | k)dx. (2.6)
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The class conditional accuracies of the example classifiengabove will give a good

indication of the problem since; (d) = 1.0 andas(d) = 0.0.

The accuracy and class conditional accuracy of the Bayssifitx are maximal; they give
an upper bound for the performance of a classifier. This lilafiends on the difficulty of
the problem, which is primarily a function of the amount okdap between the classes

in input space.

Practical issues

Optimal classification can only be made if the posteriorcfa®babilities are known. Un-
fortunately these probabilities are rarely available andtpractical classifiers use, either
explicitly or implicitly, estimatef the posterior class probabilities. Neural networks are
no exception and can be used either to classify directly @astomate the probabilities
from which a classification can be decided. It will be seert tha latter approach has
many advantages and is therefore adopted in this thesisestimeated posterior probabil-
ities are writtenﬁ’(k | x), and equation (2.2) is then used with these estimated pititiesb

to make the classifiei (x).

The accuracy of an estimated Bayes classiﬂe(rx) is unlikely to equal the accuracy of
the true Bayes classifielz(x). Even with an estimate of the unconditional probability
density,p(x), it is unlikely that the corresponding versions of equati¢®.3) and (2.6)
will have analytic solutions. Therefore in practice theegrials are replaced by a sum over
patterns which have been implicitly and independently dachfrom p(x) and labelled
with samples from the posterior class distributiB% | x). In other words, the integrals

are replaced by a sum over independent test patterns.

N

a(d) =~ % Z a(d, ")

n=1

1 N
= 2 P |)

“ " ol ificati
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Similarly,

__ #"“correctly” classified patterns labelled clas

s
= ay(d). 2.
#classk patterns Gy (d) (2.8)

Note that in both of these derivations there are two apprations, and that each of these
approximations is due to the substitution of an unbiaseithast. Hence the expected

value ofa(d) is a(d) and the expected value 6, (d) is ay(d).

2.2.2 Novelty detection

A Bayes classifier assigns a class to every pattern. Howbeee fare strong reasons for
not attempting to classify test patterns which are signifigadifferent from those seen
previously. A novelty detector is a function which takes #qra x and returns a verdict
of normal or novel; novel patterns should not be classifiadesby definition the system
has not seen a sufficient number of such patterns before. tNatehere are alternative
uses for novelty detectors which will not be considered héter example if one class
occurs extremely rarely, it might only be detected by didsirty from the class which

represents normality.

The relevant probability for novelty detection is the unditional density functionp(x),
which models the distribution of patterns. One possiblenitadn of normality is the
smallestregion of input space which encloses all possible pattaom the distribution
p(x). However such a definition of normality is only satisfactdéirghe unconditional
distribution has tails which quickly reach zero. Most realrld distributions have tails
which only gradually decrease to zero, and this causes ¢ieref normality as defined
above to include patterns which only rarely occur. This isabfem because the purpose

of the novelty detector is to filter out rare patterns.

2By definition, the expected value of an unbiased estimatitreigrue value.
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One possible solution is to define normality as the smallegibn of input space which
enclosesl00% of patterns, where is typically close to1.0. Appendix C shows that
this is equivalent to the region of space for whiglx) is larger than a single threshold,

Thus novelty can be defined according to
p(x) <t = patternx is novel (2.9)

wheret typically has a very small value. Normality is simply the gerse of novelty, and

so the set of normal patteré may be defined
N = {x]|p(x) > t}. (2.10)

Note that thresholding(x) has commonly been used to differentiate novel from normal

patterns, [Sil96].

Practical issues

In practice, the true distributiop(x) is unknown and so an estimaiéx) is substituted
into equation (2.9). In addition, the threshaldannot usually be found by analytical
means, but it may be estimated using order statistics [RicBbshort, N patterns are
sampled frony(x) and sorted into decreasing valuegi¢k). The expected value of the
(N x r)th order statistic is an estimate afand the variance of this estimate decreases

with increasingV. See also [NCCR97].

2.3 Using a network to estimate class probabilities

The previous two sections have shown how classification awélty detection may be
decided from estimates of posterior class probabilities rconditional densities. This
section provides a very brief summary of how feed-forwartivoeks may be used to es-

timate class probabilities. Similar concepts also applstimating unconditional density
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but analogy will be sufficient and no details will be requirsée [Sil96] for a thorough
introduction to density estimation). Note that only onerapgh to feed-forward network
based probability estimation is described here; thereeaeral alternative methods which

are not mentioned.

Of the several different types of feed-forward network, tive most common are multi-
layer perceptronaLP) and radial basis functiorrRgF) networks. Both of these networks
can be used to estimate posterior probabilities, but it béllseen that there are good
reasons for preferring theLP when implementing the approach to making “explained

classifications” described in this thesis.

Feed-forward networks are conveniently parameterisedrgépurpose functions which
have many applications other than classification. Diffewgwplications have different
requirements and this has led to several variations in time & the output of the network
function. It is clear that if a function is to estimate clagshabilities, then the outputs
should always lie in the intervadd), 1]. In addition, if the classes are mutually exclusive
then these outputs should also sum to unity. These two d¢onsliare guaranteed by the so
calledsoftmaxoutput function. The equation for the class probabilityreates provided

by a two layef MLP using a softmax output function is given below.

IN IN
k

2=y WTsig(y;) + V7

J
2

~ e~
Plklx) = =20 (2.12)
where
. 1

This may be visualised as the structure shown in figure 2.2. rivatrixW'N and vector

30nly networks with two layers will be considered in this tisesMany texts report that two layers are
sufficient, both in theory and in practice. See for exampip9R, Bis95]
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Figure 2.2: The structure of a multi-layer perceptren.g) which takes a feature vector
x and estimates the class probabilitie& | x).

c'N are called the input weights and offsetespectively. These are used to form a linear
combinationy; of the features,. Thesey; form the inputs to a number didden nodes
the output from hidden nodgis a non-lineaisigmoidfunctionsig(-) of its inputy;. The
output from all the hidden nodes are then linearly combirgdgithe output weights and
output offsetsWOUT andc®VT, to form the inputg; to the output nodes. Finally, these
are normalised using a softmax output function so that ttygutsi are in the0, 1] interval

and sum to unity.

The input and output weights and offsets are the parameiténe aetwork, and hence the
parameters of the posterior probability distribution. they words, the underlying model
for the posterior probability distribution is the_P function. Given an arbitrary number of
hidden nodes, this function can be shown to be a universabaippator [Jon90, BL91].
This suggests thatLP networks impose relatively few constraints, and in thissseran

be described as data-driven model-free estimators.

2.3.1 Maximum likelihood

The task of training a feed-forward network is as follows.vési a number of labelled

patterns, find the parameter values which result inmbe providing the best estimate

“The offsets are sometimes referred to as bias weights.
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of the underlying posterior distributioR(k | x). This problem can be solved using the
statistical method ahaximum likelihoodRic95], which in this context seeks to maximise
the probability of observing the labels on the training dagaa function of the network

parameters,
L=]]PkE"|x"), (2.13)
n

wherek" is the class label of the!" training patternx. Since the logarithm function
is monotonically increasing, maximising this likelihoogl @quivalent to minimising the

following error function:

1 > n
E:—ﬁzn:lnP(lﬂx ). (2.14)

This is a non-linear optimisation problem in the parametdrghe network, for which
there exist many possible algorithms [PTVF92]. Many of ¢éhafgorithms require the
first derivatives of the error function to be calculated, andther advantage of many feed-
forward networks (includingiLp’s) is the efficiency with which these first derivatives can
be computed. The standard derivations of these algorithaysdamfound in many standard

texts, for example [Bis95].

2.3.2 Overfitting, regularisation, and validation

An overfitting network is one which has captured details @f titaining data which are
not characteristic of the whole population; it is a consegeeof an overly flexible model.
Hence a symptom of overfitting is a network which performslwelthe training data but

considerably less well on new data.

The problem of overfitting can be reduced either by increagie amount of training
data, or by limiting the complexity of the network functiohe latter can be achieved
either by reducing the total number of network parametels/@onstraining the freedom

of these parameters. The total number of parameters is &daraf the number of input
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and hidden nodes, but note that reducing the number of inpdésinvolves reducing
the number of features in a pattern. The freedom of the paeamean be constrained or
regularisedby adding a penalty ternf), to the error function which becomes large when
the network function becomes complex. Hence training aleeiged network involves

minimising thepenalisederror,

Epenatisea= E + (2. (2.15)

A typical penalty term is the average squared second dmégabf the parameterised
function [Hay99]. However when the function is a feed-fordvaetwork such penalty
terms are analytically intractable, and a popular and @naftiernative is callegveight

decay

Q= Y (WU +p2 > (Wi +p3 Y (P77 +ua > (V)2 (2.16)
ij ik i k
where theu; may be all equal. Weight decay has a probabilistic integpiat of a param-
eterised (inu;) prior belief on the complexity of the function. These paedens therefore

allow the amount of regularisation to be controlled.

Testing for overfitting is equivalent to assessing whetherdomplexity of the network
function is justified by its performance on unseen data. ©hislledvalidation and is
based on randomly splitting the training data intaaning set and avalidation set. For

a given number of network parameters and amount of regatans the training set is
used to minimise the error function and the validation setsgess the performance. A set
of parameters which causes the training set to be overfitkgive a poor performance
on the validation set, and the complexity of the network fiomccan then be reduced by
decreasing the number of network parameters and/or irnogetiee amount of regularisa-

tion.

Thus it can be seen that obtaining a final solution involvejimmisation within an

optimisation. Network complexity is optimised by maximmigithe performance on a
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validation set, but this optimisation is over a set of nekgowhose parameters have all

been optimised by minimising penalised error on a traingtg s

Note that using validation has not completely eliminategl phoblem of overfitting be-
cause the final network could be overfitting the validation Séariations on the basic
validation scheme can reduce this possibility even furthear examplep-fold valida-
tion averages the results fromdifferent training and validation sets. This also has the

advantage of making more efficient use of the data availablgdining.

Finally, validation sets are not independent because thgg been used in the optimi-
sation process. This implies that the performance on \#didasets isnot necessarily
indicative of the performance on future unseen patterns.indapendentestset is re-
quired to provide an unbiased estimate of how well the ndtwal perform on new

patterns.

2.3.3 Pre-processing

Data pre-processing means applying a transformation pat#rns before they are passed
to the feed-forward network. This transformation can beduseesncode problem domain
knowledge, but it is also often used simply to reduce the ramol input dimensions.
This dimension reduction reduces the number of parameatdreinetwork, which helps
to prevent the network function from overfitting the traigidata. However the disadvan-
tage is that any dimension reducing transformation is a ¢fpeojection, and projections
lose information. If useful information is lost then the de@ between classes will in-
crease, and this must necessarily decrease the accurdwy abss predictions. There is
therefore a potential trade-off between preventing ovirgitand reducing the accuracy

of the network.

Pre-processing can also be given a regularisation intetpe, and this is particular-
ly clear if the pre-processing transformation is linear. eTthost common linear pre-
processing transformation is call@gdincipal component analysigca), which projects

all patterns onto a linear subspace containing as much ofldkegs variance as possi-
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ble [Bis95]. After the network has been trained on the pte@aata, the linear pre-
processing transformation can be incorporated intomhe input weights and offsets.
This produces a nemLP which can be considered to have been trained with consttaine
(i.e. regularised) parameters. More practically, composinditiear pre-processing trans-
formation with the input layer of theiLP has the advantage that the network will work

directly on (new) un-projected patterns.

Training data is often normalised to have zero mean and aniance in order to avoid
problems with the non-linear optimisation algorithm usedrain the feed-forward net-
work. This normalisation is also a linear transformationl ao can be incorporated into
the input layer of amLP after training. As above, this has the advantage that theankt

will work directly on (new) unnormalised patterns.

2.3.4 Types of variables

There are primarily two types of variables which make upueatvectors. Variables such
as temperature and frequency are naturattjeredsince it makes sense to say one value
is larger than another. In contrasgtegoricalvariables have no such ordering. Examples
include eye colour (which might be a factor in predictingnskancer), house location (a
factor in predicting insurance risk), occupation (for ttigg mail shots), type of purchase

(for fraudulent use of credit cards), previous medicaldmsetc

Ordered variables are naturally encoded as a single nuimitea,different approach must
be used with categorical variables. Suppose that a singidauwas used to denote one of
three categories d5 1, or 2. This coding implies an ordering where none exists, and this
affects the network by requiring a more complex network fiamcif, for example, the first
and third categories would ideally have very differentrastied posterior probabilities
from the second category. Since complexity needs to be igedato prevent overfitting,

a better solution would be obtained by re-ordering the cddeshe first, second and
third categories a8, 2, and1 respectively. However the implied ordering effect can be

completely eliminated by using codes which are equallyadistrom each other.
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Encoding categorical variables

The most common method of encoding categorical variableapait into a feed-forward
network is calledi-of-n coding. Forn categories, a vector of components is used to
represent categoryby a singlel.0 in thes*® position, with all the remaining components
of the vector equal t0.0. As required by the defining property of categorical vaeabl
this coding does not imply any ordering on the categoriesesail codes are the same

distance from each other.

However this scheme has the disadvantage that all-tifen. codes lie in the hyperplane,
17x = 1. This hyperplane is an — 1 dimensional sub-space, which indicates that
n — 1 dimensions are sufficient and probably necessary to encadd¢egories. Using
dimensions increases the number of inputs to the networichadequires more weight
parameters. These extra parameters increase the compéxtie network, an effect
which should be avoided since one of the causes of overfiinging too complex a

model.

In the statistical literature [VR97]i-of-n coding with an additional code at the origin
(calledcontrast$ has been used to encode-1 categories in just dimension8. However

the codes are then no longer equi-distant from each other.

The ideal solution requires thatcodes ofn — 1 dimensions should be the same distance
from each other. Appendix A shows that the columns of thetalhg n — 1 by n matrix

have such a property.

—% (675) 0 0 . 0
_ a3 _ Qa3
D) 5 a3 0 0
T, — _ o4 _ Q4 _ Q4 2.17
n 3 3 3 (071 0 ( )
_Qn  _ Qn  _ Qp  _ _Qn __ _Qp a
n—1 n—1 n—1 n—1 n—1 n

The motivation for using-of-n and a code at the origin comes from solving linear regregsioblems.
Using justl-of-n encoding means that the linear regression cannot be sabiregl @ matrix inversion because
the1-of-n codes lie in am — 1 dimensional sub-space.
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where
ap = \| ——. (2.18)

To be precise, the Euclidean distance between any two calisrin), the magnitude of

every column isy,,, and the columns sum to zero.

The motivations to use this solution are as follows: it is@ento implement; it has

no disadvantages ovérof-n encoding; and it may have some of the advantages given
above. Note that as with any pre-processing, possible #alyas are only gained during
thetraining of the network. It may be convenient for the test patternstothe more usual
1-of-n encoding, in which case® matrix for each categorical variable can be applied to
the input of a network. Since the input to the network is via thatrix W, applying an
appropriateT matrix for each categorical variable simply produces a ngwuti matrix.
This hides the fact that Bof-n encoding was not used during training from all interfacing

software which uses the trained network.

2.4 An explicitly decoupled framework

The previous sections have described the essential agifdtis classification problem

from a statistical perspective. This has led naturally tgsaesn of four components: es-
timating unconditional density, detecting novelty, estiing posterior class probabilities,
and making a decision on class. Figure 2.3 shows how thespamnts are used at
run-time to classify test patterns. Note that each of thesgponents has a specification

which is independent atecoupledrom the others.

However feed-forward networks are commonly used as classifi such a way that some
(or even all) of these components become merged. This hasaselisadvantages such
as reducing system flexibility and obscuring specificatioHswever the biggest disad-
vantage is the lack of posterior probability estimates Wisie so useful in understanding

the problem. The final two sections of this chapter justify éxplicit decoupling of these
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Figure 2.3: An explicitly decoupled classification frametuo

components. The problems caused by merging the estimatittre @nconditional den-
sity p(x) with the estimation of the posterior class probabilityk|x) are reviewed first,
followed by the problems caused by merging these probglaititimates with the classifi-

cation/novelty decisions.

2.4.1 Justification for decoupling the probability estimaes

In general, the class posterior probabilfy% | x) and the unconditional densip(x) are
independent in the sense that knowledge of one does notsaitgsmply knowledge
of the other. In terms of an individual pattern, knowledgetaf unconditional density
for that pattern does not necessarily indicate the classhichwit is most likely to be-
long. Similarly, knowledge that a particular pattern alinosrtainly belongs to clask
does not necessarily indicate anything about the prolabiithat pattern occurring. Of
course, there is a relationship betweefi | x) andp(x) via the class conditional densities

p(x| k) and prior probabilities?(k),

L _ PO K)P()
Plk|%) = == 5
p(x) = Z_p(x | k) P (k). (2.19)

However this only forms a single constraint becali¥é | x) equalsp(x | k) P(k) nor-

malisedby p(x), andp(x) is just the sum of thesgx | k) P(k) terms. Itis this normalisa-



CHAPTER 2. PRINCIPLED CLASSIFICATION 44

Figure 2.4: lllustration of the single constraint betwegr) and P(k | x).

tion which connect$(k | x) with p(x). Figure 2.4 demonstrates this single normalisation

constraint graphically.

Given the above relationship it can be argued that estigpdtia class conditional proba-
bility densitiesp(x | k) directly would have the advantage of only requiring a sinytzb-
ability estimator. Together with the prior probabiliti€ %) which are usually estimated
with simple methods, such a model can be used to provide &stinof bothP (& | x) and
p(x). However this approach does not often work well in practiog$y because estimat-
ing density is so much harder than estimating class prabaliart of the reason for this
is that the class conditional densitigs | k) are usually more complex than the posterior
class probabilitied?(k | x), as shown in figure 2.5. Hence more flexibility is required by
an accurate density estimator than an accurate class flitybabtimator, and this flex-
ibility makes overfitting extremely likely. As usual, theestgth of this effect increases

rapidly with increasing number of dimensions.

Overall, a system constructed from the solutions to the wemdpled problems (estimates
of P(k|x) andp(x)) is likely to perform better than the classifier construchexnn the
solution to the single class conditional density problestifeates op(x | £)). With such
a strategy, the difficulties of density estimation are fet&td to novelty detection rather

than being applied to both novelty detection and classifinat
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Figure 2.5: One dimensional example showing how the pastelass probabilities can
be much simpler than the corresponding class conditionasities. Reproduced from
[Rip96] with kind permission from the author.

Unsupervised learning

Although there is no necessary connection betwBé¢h|x) andp(x), so called unsu-
pervised learning based on cluster analysis effectivedurags the existence of a helpful
link. For example, the input layer ofBF network is often trained using the training data
without using the class labels [Hay99]. In effect the in@ydr is chosen for uncondi-
tional density estimation. However the output layer id efitimised to estimate the class
probabilities. This has the advantage that large amounislabelled data can be used to
train the input layer, but only a small number of labelledgais are required to optimise

an output layer of relatively few parameters.

However this advantage is gained at the cost of assumingthbatiata is clustered in
such a way that the resulting input layer is helpful in theénestion of posterior class

probabilitie§. This is an assumption which may not hold: consider a simpdenple of

®0ne interpretation of thesF network architecture is to consider the input layer as appoeessing or
feature extraction layer, and the output layer as a sirglerlnetwork estimating posterior class probabilities
from these derived features.
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Figure 2.6: A one dimensional Gaussian centred at the origjiinpatterns to the left of
the origin belong to clask, and all patterns to the right belong to cl@ss

data distributed as a single one dimensional Gaussianeckatrthe origin (figure 2.6).
Let all patterns to the left of the origin belong to cldsand all patterns to the right belong
to class2. The optimal unconditional density function is obviouslgiagle Gaussian, and
this can be optimally implemented using RBF network with only a single (Gaussian)
basis function. However the output from this basis functiores no information about
class membership, hence such a network would be useleswésification. In contrast,
any RBF network with two basis functions equi-distant from the @rigan be used to
obtain perfect classification, but then the input layer dioisms a very poor estimate
of the unconditional density distribution. Note that it istrintended for the above to
imply that anrReF network is an inferior classifier in comparison to other typé feed-
forward network; rather that interpreting the network asstimator of both unconditional
density and posterior class probability may involve maldegain assumptions about the

underlying distributions.

2.4.2 Justification for decoupling probabilities from decsions

In the statistical approach to classification, decisiomssaparated from probability esti-
mation: Bayes’ classification rule defines an optimal cfasgion given the class proba-
bilities, and a single threshold defines an optimal novedtedtor given the unconditional

density. However, these optimal decisions will only be it with respect to the chosen
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p(x)

Threshold defined normality

Threshold

Figure 2.7: lllustration showing that despite satisfyimgaptimality criterion, a single
threshold may not be optimal for detecting novelty.

criterion. In other words a different criterion should saimes be optimised. For exam-
ple, a single threshold may give rise to a poor novelty decidi one class has a much
larger prior probability and is localised in input space] #me other class has a small prior
probability with a more spread out distribution (see figuré)2 A single threshold will

therefore incorrectly flag many more patterns from the séatass as novel, [THCB95].

In terms of classificatioper se the Bayes classification is always the optimal decision.
However, in the next chapter it will be seen that there arepmiling reasons to make
sub-optimal (in terms of Bayes classification) classifaati because only then may it be
possible to “explain” a reasonable number of classificatiecisions. The control of this
sub-optimality is only possible if estimation of the claselgabilities has been decoupled

from the classification decision.

Finally, there is one more advantage in decoupling prolalgstimates from decisions:
the probability estimates may have uses other than deciinglty or class. For example,
the unconditional density function can be used to fill inmputemissing values if some
patterns are incomplete; and the class probabilities camsed to indicate the certainty
of individual classifications and perhaps flag particulagbiguous patterns (when the

posterior class probabilities are very similar).
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2.5 Summary

This chapter has described the statistical framework witiich classification problems
can be solved using feed-forward networks. It was shown thewoptimal classification

decision can be made from estimates of posterior probgbditd how these estimates
may be obtained from the output of a suitably trained malgiek perceptron. The need
for novelty detection was identified to avoid classifyingalautside the boundaries of
the training data, and it was shown how novelty can be asdeséeg an estimate of the
unconditional probability density function. Thus the fdaarsic components of a classifi-
cation system are: estimating the posterior class prdhabjldeciding on a classification,

estimating the unconditional density, and deciding on tigve

It was then explained why these four components should redegoupled. Firstly, the
posterior probabilities and the unconditional probapitiensity function need to be de-
coupled because they are not equally difficult to estimatethey are used for different
purposes. Secondly, although feed-forward networks maysbd to classify without ex-
plicitly estimating probabilities, such a scheme suffesduse these probability estimates

are so intrinsically useful in understanding and solvirassification problems.



Chapter 3

Making explained classifications

It was shown in chapter 1 that there are important advaniageskingexplainedclassi-
fications. Chapter 2 described how a statistical approaalddme used to provide an ex-
cellent framework within which to understand and build pijted feed-forward network
classifiers. However no mention was made as to whether thessfiers can provide any
explanation. This chapter shows how explanation can bdl fitt® the statistical frame-
work, and how such an approach can be used to understand atnal ¢be compromises
inherent in making explained classifications. Note tha thiapter doesot describe the

methods which actually provide an explanation; these wiltbvered in chapters 4 and 5.

3.1 The form of an explanation

A classifier is a function of input space which returns a clase explainingclassifier
is acomprehensibléunction of input space which returns a class. Such a congpsgh
ble function is parameterised in such a way that it is immtetliaand intuitively obvious
which regions of input space will be mapped to which clas3d® type of explanation
considered in this thesis consists of a seffahen rules called a rule-base. Th®n-
sequentof each rule is a class, and the conditional part of each th&eantecedentis

a simple description of a region of input space. If a testegpatts in the antecedent re-

49



CHAPTER 3. MAKING EXPLAINED CLASSIFICATIONS 50

gion then it is classified as belonging to the consequens.cliise rule is then said to be

activated by ocoverthe pattern.

Note that the use here of the word “explanation” is not ineghtb imply the formulation
of an argument or the hypothesis of any causation. Neithiresk tasks are attempted in

this thesis and so “explanation” and “rule-base” shouldaien as being synonymous.

Assume initially that input space consists only of orderadables (no categorical vari-
ables). One possible antecedent region is a hyper-reetavitii sides parallel to the axes.

For ad-dimensional input pattern, a rule using such an antecadaptbe written

ifag <xy <bjand... anday < 24 < by then classk. (3.1)

This rule provides an explained classification because ldssification criterion is ex-
plicit and the rule parameters;(andb;) are comprehensible. Note that some of the rule
conditions can be omitted by setting the correspondingrpetars to plus or minus infin-
ity. For example, thé!" dimension (variable;) can be effectively removed from the rule

by settinga; = —oo andb; = oc.

Rules based on axis-aligned hyper-rectangles are an abféoon of explanation. How-
ever it will be seen later that they have a limiting properticth becomes severe for
problems of more than a few dimensions. A more general formulefis therefore de-

fined below which includes the axis-aligned rule as a speecisé.

3.1.1 Rules based on prototypes

Let a rule antecedent region be defined by a threshold on #tendie from a prototype

pattern. Such a rule may be written

if D(x, ) < 1thenclassk (3.2)

where D(x, p) is a metric which measures the proximity of the test patterto the

prototype patterns. A simple way of interpreting such a rule is to state thatguatk
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belongs to clas& because it is sufficiently close to a prototype pattgrbelonging to
that class. Note that different rules may have differentgiype patterng: and different
distance metricd. Thus both the positions and the shapes of the antecedéonsegye

different for different rules.
A convenient family of distance metrics are based upon thmabed I.-norms [Kre88] or

p-norms [T197],

Ti — i
Uj

P\ /P
) ; (3.3)

where theu; weight the importance of each dimension. Of particularrggeare the three

Duyl’(xv p) = (Z

i

cases ofp = 1, p = 2, andp = oo because they correspond to intuitively understood
distances. The first metrip, = 1, is called a weighted city block or Manhatten distance
because it is the weighted sum of the distances along aimeetilgrid. The region defined
by Dy,1(x, 1) < 1is a diamond shape centredigtand figure 3.1 shows such a region in
two dimensions. However a two dimensional picture is paadiptmisleading because it
suggests a shape with the same number of corners and sidéypearaectangle. This is
not the case since ihdimensions a hyper-rectangle I2{scorners an@d sides, whereas

a hyper-diamond has on corners buR¢ sides.

The second metrigp = 2, is the weighted Euclidean distance. The region defined by
Dy 2(x, 1) < 1is an axis-aligned hyper-ellipse centrediat Figure 3.1 shows such a

region in two dimensions.

The third metricp = oo, is an axis-aligned hyper-rectangle which is slightly mooe-

strained than the one described by the antecedent of (3013ed this, consider the fol-
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Figure 3.1: Two dimension illustrations of the three typerute antecedent formed from
the distance metric defined by equation (3.3)
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lowing steps:
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N i = ui) < @i < (i +wi) (3.4)

i

where/\ is the conjunction operator. Thusf andu; are chosen such that

Gy = fhi — U

b = i + u; (3.5)

then the antecedent of (3.1) and equation (3.4) are equivakégure 3.1 shows such a

region in two dimensions.

However it is not possible to fing; and«; such that only one o; or b; is infinite.
This problem is a symptom of a more significant constrairg: gbsition of the prototype
pattern must be midway between the extremes of the antecesigan. In other words,
the prototype must be at the centre of the region. To see shdwdintage of this constraint,
consider trying to use such rules to describe a region wisighfinite in extent in one or
more directions (a common occurrence). The centre of thiemdg therefore not well

defined, so neither is the position of the prototype.

A distance function which uses different weighting coeffits depending on the sign of
(x; — p;) can be used to solve this problem. Hence the following fawfilfunctions can

be defined

P
Ti — Hi

i

Vg

+ U — ;)

p\ /P
Duvp(x, p) = (Z U(z; — i) > (3.6)
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whereU(-) is the step function,

0 ift<O
U(t) = . (3.7)
1 ift>0

Note that this function does not define a distance metricusea general it lacks sym-
metry. In other wordsDy, v, (1, %) = Dy p(x, p) if and only if u = v. Ambiguity
in the ordering of the arguments 10 can be avoided by adhering to the order used in

equation (3.6).

The shape of the antecedent regions defined by rules baséy for p = 1,2, 00 are
shown for two dimensions in figure 3.2. Note that the protetigono longer constrained
to be at the centre of the antecedent region; ultimatelyekisa freedom will allow the

prototype to be placed in a more representative position.
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Figure 3.2: Two dimension illustration of the three typesuwé antecedent formed from
the function defined by equation (3.6).
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Classk if
Xo:  —Up Mo Up
X1: —vr H1 uw
Xd- —Ud Hd Ud

Figure 3.3: The generic format of a rule for ordered varigble

3.1.2 A user friendly format

It is clear that equation (3.6) is too cumbersome to be ptedeto the user as part of a
rule. A much more user friendly format is required, and onghsupssibility is shown in
figure 3.3. For each particular rule thgsxare replaced by the names of the variables and
the variables.;, u;, v; are replaced by their numerical value. The rule is read rdiffedy

depending on the value pf

For the city-block rulesy = 1), the condition for rule activation may be written

> Ul — ) = 4+ U - )P < 1, (3.8)
)

Uj Vj

which suggests an intuitive way of reading such a city-bladk. Observe that only one
of the two terms in the summation is non-zero, and that this tdencontributespart

of the “distance” from the pattern relative to eithgror v;. Thus the rule is activated if
the sum of the contributions is less than unity. Althougls tkislightly cumbersome to

describe, it is simple and intuitive to use.

Euclidean rulesy = 2) have a similar condition for rule activation,

. 2 . 2
ZU(mi—m) (xu“> +U(pi — i) <u> <1, (3.9)

3 V;

and so may be interpreted in much the same way as the citi-loilde. However the

squaring makes it more difficult to mentally estimate thetdbations from each term.
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The condition for activation of an axis-aligned rule is

/\(Mz’ —u;) <z < (i + ;) (3.10)

i
which is extremely easy to interpret because the conditiorihe variables are indepen-
dent of each other. Note that the format of (3.1) is probabhpter and could be used

instead. However it is convenient to use the same genenadbfor all three types of

rule.

Finally note that the effect of infinite; or v; is to place no constraint an, when it is on
the appropriate side of the. Hence a sensible convention is to represent these infinitie

by leaving the corresponding positions in the rule blank.

3.1.3 Some examples

Figure 3.4 shows three pedagogical city-block rules botplkically and in the user
friendly format of figure 3.3. The class 1 rule is shown in thp teft corner. It has a
prototype a{0.3,0.9) and is bounded on all four sides because alkthandv; are finite.

For example, the poir{0.25, 0.8) activates this rule because the two contributions sum to

less than unity,

0.25-0.3 n 0.8—-0.9
—0.25 —-0.2

=0.7<1. (3.11)

The class 2 rule is shown in the middle and is unbounded in dsitipe x-direction
because,; = oo. Note that thisx is represented as a blank in the rule format. Similarly

the class 3 rule is unbounded in two directions.

Figures 3.5 and 3.6 shows the appearance of these rulete#fithsf being city-block they
are of the euclidean and axis-aligned type. The text forethiakes is omitted because
it is identical to the text shown in figure 3.4. Obviously tiierpretation of the text is

dependent on the rule type.
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Class 1 if
X -0.25 0.3 +0.1
y -0.2 0.9 +0.125

Class 2 if
X -0.25 0.5
y -0.2 0.5 +0.125

Class 3 if
X -0.25 0.7
y 0.1 +0.125

Figure 3.4: Three city-block rules shown both graphicaitd & the format of figure 3.3.
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Figure 3.5: The same rules as in figure 3.4 but of euclidedrerahban city-block type.

Figure 3.6: The same rules as in figure 3.4 but of axis-aligagter than city-block type.
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Classk if

Xo:  Go1 (o2
X1: air a2

Xd: ad1 Q42

Figure 3.7: The generic format of a rule for categorical alales.

3.1.4 Incorporating categorical variables

Categorical variables require a rule antecedent which doésely on an ordering of
values to describe a subset of input space. An expressivefwvayting an all-categorical
rule is shown in figure 3.7. Variable contributesz;; whenz; is equal to itsi™ category,

and the rule is activated if the sum of the contributions $s fhan unity.

In fact this format arrises naturally from the prototypeesifor ordered variables given
previously. To see this, consider encoding categoricahlbes using a scheme such as
the one described in section 2.3.4. The important propsrtidt the categories of each
variable are encoded using a set of vectors in a space sefbanat the other variables.
Thus a prototype rule acting on these encodings may be tewiin the form of figure

3.7 simply by calculating the contribution made from eacbogled category.

Obviously input spaces which consist of a mixture of ordeard categorical variables

require rules which consist of a combination of the formats in figures 3.3 and 3.7.

3.1.5 Intersecting rules

It is possible for the antecedent regions of different rutesntersect. This can be an
advantage when the intersecting rules indicate the same siace this allows each rule
antecedent to be larger and therefore cover more patterasvevdr intersecting rules
which indicate different classes give conflicting classificns for a common set of pat-
terns. There are two solutions to this problem: either atiaidng conflicting rules in the

rule-base; or order the rules and assign every test pattehe tclass given by the first ac-

1The categories are enumeratenly so that they may be listed; clearly this ordering is arbjtrand
unimportant.
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tivated rule. One possible criterion used to order the riglés position the most effective

rules first.

3.2 Explanationvs optimal classification

The previous chapter described how a Bayes classifier makegptimal classification
decision using estimates of class probabilities. ClearBages classifier which uses a
feed-forward network to estimate these probabilities dussprovide an explanation in
the form of the rules described above. In fact it does notidean explanation of any
form because the criterion used to make each classificatiamplicitly encoded in the
weights and offsets of the network. More precisely, eactepais classified individually

and there is no indication of which other patterns would Bksassigned to the same class.

The reason for this non-explaining property of the Bayesstl?mcmB(x) is straightfor-
ward. dp(x) is made from two non-explaining components: the Bayes itieaton
decision, which is defined by an optimality criterion whickes the posterior probabili-
ties to assign the most likely class to each pattern; andeba-forward network, which

is optimised to estimate these class probabilities. Neithéhese two components has a
specification whichinvolvesexplanation, and so the classifier formed from their combi-

nation does nobptimiseexplanation.

There are two approaches to solving this problem: eitherinthe explanation at the
level of the class decision, or insert the explanation atiélhel of posterior probability

estimation. Examples of the latter include classificati@es [BFOS84, Qui93] and the
rule extraction methods of [Bla93, GHM92] (see chapter 1},rhodels which estimate
both posterior probabilities and give explained clasdificeare making an implicit com-

promise. The probability estimates of such models are fédyg regularised by the need
to make explained classifications, and this regularisatiag not be optimal. Conversely,
the need to estimate the posterior probabilities must havaffact on the quality of the
explained classifications, but this effect may be detrimlerin other words, combining

probability estimation with explanation has preventedrtbeparate optimisation.
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This argument against merging posterior probability eatiom with explanation suggests
that a better alternative may be to try to insert the explanat the level of the class
decision. In other words, the aim is to explain the clasdifios made by a system which
is not influenced by the need to explain. This is the approakbntin this thesis because
it makes explicit the compromises which are only implicithim a combined model. This

enables the compromises to be better understood and bdlgrae appropriate trade-off.

3.2.1 The fundamental problem of explanation

As justified above, an explaining classifier should idealigvile a transparent descrip-
tion of the classification given by the Bayes classiifgl(x). The following argument
first shows why this ideal criterion is impossible to achiemed then suggests two com-

promises which will enable a satisfactory criterion to be.me

Recall that the cIassifieiB(x) divides input space into class regions separated by bound-
aries. Recall also that a rule assigns all patterns witimutecedent region to a single
class. Therefore if a rule is to make the same classificatigrthe Bayes classifier, then
the antecedent region of a classule must lie entirely within the clags region defined

by dp(x). Figures 3.8, 3.9, 3.10 illustrate how a small number of ggphk of rule can

begin to describe the classification providedday(x).

There is now an obvious problem: the incompatibility of shdgetween the rule an-
tecedents and the class boundaries implies that an infinitéoar of rules is required to
describe the Bayes classifier completely. An infinite nundfenules does not form an
explanation; a dozen rules is probably a generous uppet. lifthiis limit implies that

some patterns cannot be given an explained classificatiom.albove examples were two
dimensional and had a simple classification boundary, winigkes it possible for a small
rule-base to cover most of the patterns. Howekefundamental problem of explanation
is that the number of rules required to explain a significaattfon of patterns increases

exponentiallywith the number of dimensions.



CHAPTER 3. MAKING EXPLAINED CLASSIFICATIONS 63

Class 1 if

X -0.2592 0.7104

y 0.6629 +0.1805
Class 1 if

X -0.1189 0.3692

y 0.1986 +0.3286
Class 2 if

X 0.5260 +0.2537

y -0.1502 0.9052

Class 2 if
X 0.1491 +0.3360
y -0.6737 0.7704

Figure 3.8: Four city-block rules used to describe the esttih Bayes classification
boundary on an artificial dataset. These rules cover apmaiely 94% of the pattern-
S.
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Class 1 if

X -0.2750 0.7027

y 0.5888 +0.1789
Class 1 if

X -0.2811 0.6223

y 0.4418 +0.1422
Class 2 if

X 0.1286 +0.2488

y  -0.3257 0.6514

Class 2 if
X 0.3855 +0.1605
y -0.2131 0.8722

Figure 3.9: Four euclidean rules used to describe the estimBayes classification
boundary on an artificial dataset. These rules cover apmaiely 82% of the pattern-
S.
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Class 1 if
X -0.0288 0.6210
y 0.7389 +0.0408
Class 1 if
X -0.1353 0.4977
Yy 0.2711 +0.2425
Class 2 if
X 0.2437 +0.0686
y -0.5006 0.8887
Class 2 if
X 0.4611 +0.0237
y -0.0182 0.7219

Figure 3.10: Four axis-aligned rules used to describe ttimated Bayes classification
boundary on an artificial dataset. These rules cover appaiely 64% of the patterns.
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This important effect can be demonstrated by calculatimgaibtimal fraction of space
covered by a single rule when it is used to describe diffebenindaries. The two most
analytically convenient and realistic boundaries aredtfosmed from a hyperplane and
a hypersphere. Table 3.1 gives the formulae for the optiraatibn of space covered by a
rule of each type when describing a hyperplane boundaryeBab gives the same infor-
mation for a hypersphere boundary. See appendix D for theatiens of the formulae

in both of these tables. Figures 3.11 and 3.12 show how thiastidns decrease with

increasing number of dimensions.
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Rule type Picture Fraction

City-block 1

Euclidean } (I_d)d/Q(dd—;)!
Axis-aligned g—é

Table 3.1: The fraction of hyperplane bounded space coudgyazhch of the three types
of rule; d is the number of dimensions.

Rule type Picture Fraction

City-block -

Euclidean i 1
Axis-aligned (%/)261)/!2

Table 3.2: The fraction of hypersphere bounded space abvgreach of the three types
of rule; d is the number of dimensions. No closed form solution coulddomd for the
city block fraction.
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1 city—-block 0 city—block
euclidean
euclidean
-10
axis—aligned
log(f)
=20
axis—aligned
0 -30
0 10 20 30 0 10 20 30
d d
\ f [d=2]d=4] d=10 | d=20 |
city-block 1 1 1 1
euclidean || 0.78 | 0.46 0.090 0.0058

axis-aligned|| 0.5 [ 0.093 | 3.6 x 10~* | 2.3 x 1078

Figure 3.11: Fraction of spacé(as a function of dimensiod) which each of the three
types of rules cover when pushed up against a hyperplanedboun

One partial solution to this fundamental problem is to altbe rule antecedent regions to
cross the class boundary, in which case the rules make dirhabgwith respect talz (x))
classifications. Figure 3.13 shows the effect of allowings-aligned rules to cross over
the classification boundary. Note that the percentage oénpat covered has increased
from 64% (in figure 3.10) to 85%. Thus relaxing the restrictibat rules must make
the same classification é@(x) enables a rule-base to classify more patterns. Obviously
this relaxation must be carefully controlled if the rulesbas not to make improbable
classifications. On an intuitive level, allowing rules todé-optimal is only acceptable

if there is sufficient overlap between the patterns from edabks. This important point

will be described more precisely in section 3.3.4.

There are therefore two ways in which an explaining classifam be sub-optimal with
respect to the Bayes classifiés(x). First, the rule antecedent regions may cover only
part of input space, resulting in some patterns not beinggiflad by the rule-base. Sec-

ond, the rule antecedent regions could be allowed to crassléss boundary, resulting
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1 euclidean 0 euclidean
city—block
city—block
-10
log(f)
-20
axis—aligned
0 -30
0 10 20 30 0 10 20 30
d d
\ f [d=2]d=4]d=10] d=20 |
city-block 0.90 0.62 0.11 0.0025
euclidean 1 1 1 1

axis-aligned|| 0.64 | 0.20 | 0.004 | 4.0 x 10°©

Figure 3.12: Fraction of spacé(as a function of dimensiod) which each of the three
types of rules cover when pushed up against a spherical hoynd

in the rule-base assigning some patterns to classes diffsram those given byZB(x).
Any practical explaining classifier must balance theseptimalities if it is to assign a
reasonable fraction of patterns to a reasonably probah#s cising only a small number

of rules.

3.2.2 Extending the decoupled framework

The decoupled framework described in section 2.4 can nowiea@ed to incorporate a
component which makes explained classifications. The usaadf an explanation com-

ponent to classify new patterns is shown by the run-time flagrm of figure 3.14.

As a justification for placing the explaining classifadter the novelty detector, note that
the explaining classifier uses the complete posterior fittyafunction to decide the

position of the rule antecedent regions. However the piosterobability estimate is only
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Class 1 if

X -0.0720 0.3712

y 0.3632 +0.1702
Class 1 if

X -0.0260 0.5871

y 0.6569 +0.1752
Class 2 if

X 0.3134 +0.0037

y -0.0151 0.2279

Class 2 if
X 0.5009 +0.0801
y -0.0795 0.7873

Figure 3.13: Four axis-aligned rules used to describe thimated Bayes classification
boundary on an artificial dataset. Unlike figure 3.10, thetesrmake sub-optimal classi-
fications (they cross the boundary) and so cover more patteapproximately 85%.
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Explaining classifie
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Figure 3.14: An explicitly decoupled explaining classifioa framework.

Training data

_— =

Estimate

p(x)
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Pk |x)

Generate
rulebase

Figure 3.15: A rule-base is generated from probabilityneates, which are in turn esti-
mated from the training data.
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valid for normal patterns, and so the explaining classiealso only valid for normal

patterns. Hence the explaining classifier fits into the joigehfter the novelty detector.

To justify placing the explaining classifidgreforethe Bayes cIassifieaiB(x), note that

if one cannot classify a pattern with explanation, then test lalternative is to classify
without explanation. It is therefore natural to usg(x) for those patterns not classified
by the rule-base. Hence the explaining classifier fits ineogipeline before the Bayes

classifier.

It is important to emphasize that the Bayes classifier ancexpéanation classifier use
probability estimates in quite different ways. The Bayeassifier uses the estimated class
posterior probabilities of a pattern to decide its mostljil@dass. However it is clear that
an explaining classifier cannot do this because the clagermsprobabilities are esti-
mated by themLP, and aMLP is a “black box” producing numbers without explanation.
Hence the explaining classifier is generated from estimaftéise class posterior proba-
bilities without reference to any of the patterns to be exigld. In addition, to ensure
that the rules cover regions of space likely to be occupietebtypatterns, the generation
of the rule-base also requires an estimate of the unconditidensity. Thus figure 3.15
summarises the training-time flow at a similar level of detathat shown in the run-time

flow given in figure 3.14

Recall that the purpose of a decoupled framework is to givieancspecification for the
optimisation of each component. In particular, optimisihg class posterior probability
estimates is decoupled from the optimisation of the rukeebaNote that this does not
imply that the two are unconnected, but that the need to exglaoould not affect the
estimation of the posterior probabilities. A corollary bfs principle is that even though
the rules within the explaining classifier are in terms ofatises to prototypes, this does
not imply that the posterior probabilities should necefshe estimated using prototype-
based networks such as radial basis functiear] networks, [Hay99]. As explained
in chapter 2, it will be assumed in this thesis that the classtguior probabilities are
estimated using a multi-layer perceptram_p). It will be seen later that this choice does

not in any way handicap the generation of prototype bases.rul
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Finally, no attempt will be made to explain the novelty dateeven though it is used on
every test pattern. This is reasonable since only a veryl smalber of patterns are ordi-
narily flagged as novel; prolonged occurrence of “novel'tgrats would either indicate a

change in the underlying density distribution or a poorairted density model.

3.3 Measuring explanation

It is clearly important to be able to monitor the type and degof sub-optimality of an
explaining classifier. This section defines a setefasuresvhich indicate the closeness

of the explaining classifief; (x) to the Bayes classifiets (x).

3.3.1 Parsimony

It is obvious that a rule-base consisting of a large numbetoofiplex rules does not
constitute an explanation; both the number and complexfith® rules must be limited
for the rule-base to have any explanatory ability. Hence afrthe desirable properties
of an explaining classifier is for it to bgarsimonious(consists of only a small number
of simple rules). Parsimony is the only purely qualitativeasure used to describe an

explaining classifier.

3.3.2 Effectiveness

One of the ways to make a rule-base more parsimonious is rotagsify every pattern.
In contrast to this, the Bayes classifier always classifiesygvattern. This difference can
be described by theffectivenessf an explaining cIassifiafE(x), which is defined as the
probability that it makes a classification.dfis the set of all patterns which are classified

by d(x), then the effectivenesgdy) can be written

n(de) = P(X €C)

= /p(x)dx. (3.12)
C
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Clearly an explaining classifier with high effectiveness hehigh probability of making
an explained classification. However it is also useful tokhow effective the explaining
classifier is at classifying patterns from each class. Hémeeonditional effectiveness
defined as the probability of the explaining classifier asisig)a pattern to any class given

that the pattern most probably belongs to class

mi(dp) = P(X € C|dp(X) = k)

_ /C p(x|dp(x) = k)dx (3.13)

Estimating effectiveness

In practice the underlying unconditional distributip(x) is unknown. However there are
several ways of estimating effectiveness. The first pd#gilis to approximatep(x) by
p(x) in equations (3.12) and (3.13). Monte Carlo integrationlmansed if the subsequent
integrals cannot be evaluated analytically. This amounmtssing the following formulae

on a sample fromp(x):

A #explained classifications

(3.14)
#patterns

= | _ #explained classifications which are optimaiigssk
N #classifications which are optimally claks-

(3.15)

Another possibility is to use these formulae on a sample fggs) rather thanp(x).
Clearly the training or test data are such samples, but hatehie expert class labels are

not used.

3.3.3 Comparative accuracy

Of the two ways in which an explaining classifier can be saidg@ub-optimal, the first
(not classifying every pattern) is measured by effectigen@ he second (not assigning the
optimal class to every pattern) is partially measured bytwiidbe known ascomparative

accuracy
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The comparative accuracy of an explaining classifbgfx) is defined as the probability

of d(x) making the same classification as the Bayes classifjéx).

A

v(dg,dp) = P(dp(X) = CZB(X)|X €C)

= /  plx|xeC)dx. (3.16)
dE(X):dB(X)

Thus a classifier with an effectiveness(8 and a comparative accuracy @b fails to
classify 20% of all patterns, and half of those patterns tvaie classified will be assigned

to a class which is different from the Bayes classifier.

Comparative accuracy suffers from the same insensitigtyrtbalanced class priors as
was shown previously to be a problem with accuracy (seewe2tR.1). For example, if
the Bayes classifier assigh8% of all patterns irC to classl then an explaining classifier
can achieve a comparative accuracyddf by classifying all patterns (withig) as class
1. As before, the problem is solved by defining a conditionaasuee. Theconditional
comparative accuracef dy(x) with respect to class is the probability ofdy (x) = k
given thatdz (x) = k.

w(dg,dp) = P(dp(X) = k|dp(X) = k,X € C)

= / p(x|dp(x) = k,x € C)dx. (3.17)
dr(x)=k

Thus in the above example, the poor classification of @gsatterns is flagged by, =

1.0 and~y, = 0.0.

Estimating comparative accuracy

As with effectiveness, the defining integrals for compagaticcuracy are in terms of an

unknown probability density. However the following equoais provide an estimate using
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a sample:
s #explained optimal classifications
Y(dg,dp) = : —— , (3.18)
#explained classifications
s s #explained class-classifications which are optimally clags-
Y (dr,dp) = o prmaty (3.19)

#explained classifications which are optimally class

The sample can be generated in one of two ways: from the dstinpaobability distribu-
tion p(x); or from the assumed underlying distributipx). In the latter case the training

or test data may be used, but note that as before the expestlalzels are not used.

3.3.4 Comparative safety

The previous two sections defined the two measures of (¢ondi} effectiveness and
(conditional) comparative accuracy. Both are necessargus®e neither alone would be
sensitive to the two ways in which an explaining classifier ba sub-optimal (not ex-
plaining every pattern and sub-optimally classifying sqmagterns). However this does
not imply that these two measures are sufficient to chaiaetan explaining classifier.
This section will first define a measure callemmparative safetyand then explain how it

complements comparative accuracy and effectiveness.

Defining comparative safety

Consider first the ratio of the accurdayf the explaining cIassifieiE(x) to the accuracy
of the Bayes cIassifiefB(x). Note that the integrals are over the region of input sgace

in which the explaining classifier is activated.

J P(dp ()| x)p(x | x € C)dx

Qi) |
P ) B () [l | x € )

(3.20)

This measure has the disadvantage of not comparing thelplibbaf the explained clas-

sification of a pattern with the probability of the Bayes slisation of the same pattern

2This use of accuracy refers to the standard definition givepage 31, and not theomparativesafety
described above.
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This observation suggests the following alternative:

L [PUERIN
po(dp, dg) = /C P | x| x € O (3.21)

However this is still araveragemeasure and so will never indicate the safety of an indi-
vidual classification. Of primary interest is the class ofragividual pattern, and so it is
unhelpful to use a weighting based on the unconditional gdvdity density. Hence the fi-
nal modification removes the averaging effect by repladmgitegral by a minimisation.

Thecomparative safetyf a classifierdy; (x) is defined,

ol dp) = min %3:3 (3.22)

and thus can be described as a measure which indicates thétys®f the worst sub-

optimal classification.

Estimating comparative safety

The definition of comparative safety involves the undedyposterior class probability
P(k|x). This is unknown and so the obvious solution is to replacath the estimated

probability P(k | x),

A A

p(dg,dp) = min A(C{E(X) %)

— . 3.23
xeC P(dp(x) | x) ©29

Thus p is found by minimising a function ovef. The solution to this minimisation
problem is a central part of this thesis, although the apr@éll be an indirect one. This

will become clearer, particularly in section 3.6 and in dea.

Note that any method to findlbased upon a sample of patterns is completely inappropri-
ate. The reason for this is simple: comparative safety agtemo quantifythe mostsub-
optimal classification, and the point at which this occurlf méver be found by chance

in a high dimensional space. This is in strong contrast tectffeness and comparative

accuracy which are both essentiadlyeragemeasures.
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Estimated comparative safetyhas the property that it is always iy 1]. This is because
the ratio of probabilities will always be greater than or &do zero, and! p(x) is always
the class estimated to be the most probable. For this reaswhbecause there is no
alternative, the rest of this thesis will work with thetimateccomparative safety defined

by equation (3.23).

Comparative safetyvs comparative accuracy

Comparative safety and comparative accuracy are similasares which are neverthe-
less sensitive to different effects. Observe that a contiparaccuracy ofl .0 means that
all explained classifications are optimal (in the sensettiet are identical to those given
by the Bayes classifier). This implies that comparativetgafiso equald.0. The reverse
is also true: a comparative safety o) implies a comparative accuracy bf. Howev-
er, a high comparative accuracy does not necessarily imgly domparative safety. In
fact a comparative accuracy only slightly belévd can have a comparative safety(of
since it only takes a single pattern to be assigned to a cladbszero probability for the
comparative safety to drop to zero. Note that this is inddpahof the probability of that
pattern occurring, and is therefore an example of the imapeg of decoupling uncondi-
tional density from conditional class probability estiemin the model (see section 2.4

on page 42).

Conversely, a comparative safety close to but not equaltdoes not necessarily imply

a high comparative accuracy. Consider the following deggadawo class problem for
which there is total overlap between the two classes. Sepphag P(1|x) = P(1) =

0.55 andP(2|x) = P(2) = 0.45, and that the explaining classifier assigns every pattern
to the second class. The comparative accuracy is therefot®it the comparative safety

is quite high at).45/0.55 ~ 0.82.

Itis clear from the above two arguments that comparativetgaind comparative accuracy
measure different effects. Both are therefore useful nreasio describe an explaining

classifier.
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The principle difference between comparative safety amapaoative accuracy is that the
latter is a function of the unconditional density but thetfier is not. However compara-
tive safety is also specifically sensitive to how improbahke sub-optimal classifications
are. Assigning a patterx to class2 when P(1|x) = 0.55 is more acceptable than as-
signing a pattern to classwhenP(1|x) = 0.95. Preventing improbable classifications
is particularly important in safety critical applicatiofe which it would be far safer to

give no classification at all rather than one which is extigrmalikely. In addition, user

confidence in such a system could be reduced considerablygebgresence of obvious

mistakes.

The special case of two classes
Note that if there are only two classes then

p( “E(X) | x) 1 if x is optimally classified bylp
P

(dp(x)|x) LPlds(x) %) it x is suboptimally classified by

From this it follows that

p(dg,dg) =  min 1 — Pldp(x) |X)

A A o (3.24)
dp(x)#dp(x) P(dp(x)|x)

This implies that a two-class classifier with a comparatisfety of » must optimally

classify the patters if

P(dp(x)|x) > 1Jlrr.

(3.25)

HoweverP(dg(x) | x) = max P(k | x), so the explaining classifier must satisfy the con-
dition

. 1 .

P(k|x) > —— = assignx to classk. (3.26)

1+r

Consider the following examples. For maximum comparatiziety ¢ = 1.0), the
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classifierdp must assign patters to classk if P(k|x) > 0.5. In other words, with
the exception of arbitrary ties, the classifigs must make the Bayes classification and
dp(x) = dp(x). Conversely for minimum comparative safety= 0.0), the classifierl;;

is only required to assign pattexnto classk if P(k | x) > 1.0. Since this condition never

occurs, such a classifier can make completely unconstraiasdifications.

Intermediate values af correspond to intermediate cases of sub-optimal clastifica
Asr is decreased frorh.0, the number of patterns which may be sub-optimally claskifie
increases. However these extra patterns are those whimfgotel decreasingly ambiguous
classes. To clarify this point, observe that a two classsilas with a comparative safety

of r can assign to either class when

. . 1
< :
max [P(l %), P2|%)] < (3.27)
but sinceP(1 | x) + P(2|x) = 1 this is equivalent to
- < pax) < (3.28)
+r = 1+ '

This clearly demonstrates that decreasing comparativetysaicreases the width of a
dead-bangdcentred on the optimal classification boundary. Patteitigémthis dead-band
can be assigned to either class, and it is this freedom whih aflow an explaining
classifier to be more parsimonious and effective whilst staking safe classifications.

Figure 3.16 illustrates the effect of an increasing deatiba two dimensions.

3.3.5 Summary

The measures which will be used to describe an explainirgsifier are summarised in
table 3.3: parsimony measures the comprehensibility ofettanation; effectiveness
measures the probability of being able to explain the diaasion; comparative accuracy

measures the probability that the explained classificatitirbe the same as the optimal
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X

r | class2 definite either class clagsdefinite
1.00 | P(1]x) <05 05<P(1]x)<05 P(1|x)>05
0.67 | P(1|x) <04 04<P(1]x)<0.6 P(1]|x)>0.6
043 | P(1]x) <03 03<P(1]x)<0.7 P(1]x)>0.7
0.25 | P(1]x) <0.2 02<P(1]x) <08 P(1]x)>0.8

Figure 3.16: lllustration of the effect of an increasing diband for decreasing compar-
ative safetyr. The graph shows contours é’f(l |x) = (0.1,0.2,...,0.9), and the table
shows how the region which may be assigned to either classd@thd-band) increase in
width asr is decreased. Patterns from class 1 are represented asscaosspatterns from
class 2 are represented as circles.
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Bayes classification; and comparative safety measuresviety of the most sub-optimal

explained classification.

The accuracy (and conditional accuracy) of an explainiaggifier is also of interest, but
unlike the measures above it is not normalised with resjpettet optimal non-explaining

classification given by the Bayes classifigf(x). This normalisation is useful because
it is the sub-optimality (in the above sense) of the explairtlassifier which needs to be

measured.

An alternative justification for not considering accurasyagprimary measure of explana-
tion is based on the observation that a low classificationracy does not imply (and is
not implied by) a low quality of explanation. Problems wiigrsficant overlap between
the classes are fundamentally difficult to classify acalyabut this does not mean that
the class boundaries are difficult to describe with rulesnv@osely, a problem which is
extremely difficult to explain because of awkward class liauies can have an extremely

accurate Bayes classifier because the classes are welhtsspar

Note that parsimony is the only measure which has no fornfatitden, and that with the

exception of comparative safety, all the others are defiyddtbgrals over input space.

3.4 The value of the explanation measures

The definition of a set of explanation measures makes thdgmsbof explanation much
easier to describe. In particular it enables the comprasmigaich are inherent within
an explaining classification system to be better quantifiedi @nderstood. This leads

naturally to a specification.

3.4.1 The inherent compromises of explanation

The fundamental difficulty in explaining classificationstl® fact that the class bound-
aries defined by the Bayes classifier are of a form which usuadlkes the class regions

difficult to describe with only a small number of rules. Th@nstraint prevents the si-



Measure Symbol Definition Integral

parsimony — — —

effectiveness n(dg) P(X €C) o p(x)dx

conditional effectiveness ne(dg) P(X e€Cldp(X)=k) [op(x|dp(x) = k)dx
comparative accuracy Y(dg,dg) | P(dp(X)=dg(X)|X €C) S0y ) P(X | X € C)dx
conditional comparative accuradyyi (dp, dp) | P(dp(X) = k|dp(X) =k, X €C) | [; oy P(x|d(x) = k,x € C)dx
comparative safety p(dg,dp) min % —

Table 3.3: The measures used to describe an explainingfidaggich classifies all patterns € C.

SNOILYDIHJISSYI1O dINIVIdX3 ONIMYN "€ 3 LdVHO

€8
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multaneous maximisation of the measures. For example,dugtparative safety and ef-
fectiveness can usually only be achieved with many ruless thducing parsimony; high
comparative safety and parsimony can usually only be aetliby reducing effectiveness;
and achieving high effectiveness and parsimony usuallyitees a reduced comparative

safety. Figure 3.17 demonstrates all three effects.

3.4.2 Specifying an explaining classifier

A simple approach to specifying an explaining classifiepisaximise all the measures.
Clearly these maximands need to be weighted since it willimajeneral be possible
simultaneously to achieve the optimal value for them alle Thoice of this weighting will
depend on the application. For example, acceptable valuesnalitional effectiveness
are a function of the importance of explaining patterns feanh class. However in many
classification problems it is of primary importance thatgtterns are guaranteed to be
assigned to a class which is reasonably likely. This placesang weighting on the
comparative safety, which in turn motivates the change lefabcomparative safety from
a weightedmeasurego aconstraintin the optimisation of an explaining classifier. Hence
in this thesis the problem of obtaining an explaining clssivill involve the weighted
maximisation of parsimony, effectiveness and comparaiiseuracy,constrainedby a

pre-specified comparative safety.

3.5 Exploiting freedom in novel regions

Recall the modified run-time flow diagram of figure 3.14 andeobs that the novelty
detector is a filter which prevents all novel patterns froicteng either classifier. One
conseguence of this filtering is that the explaining classifi free to output an arbitrary
class for all novel patterns. This freedom can be exploitemdrease the parsimony of

the rule-base.
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Low Comparative Safety

Low Pargimony
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Figure 3.17: Three plots showing the difficulties in sima#ausly achieving high parsi-
mony, high effectiveness, and high comparative safety.ekample, the first plot shows
an attempt to achieve a high parsimony and effectivenesbgatxpense of a low com-
parative safety. Axis-aligned rules are shown here (ongjtthe position of the prototypes
for clarity), but similar effects also occur with city-bl@and euclidean rules.
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It may be argued that this exploitation of freedom in regiohsovelty is unacceptable
because it could lead to misleading explanations. Thersvareounter-arguments to this.
First, explaining classifiers which are more directly dnivegy data already make implicit
use of this property. The second and more important replg feliows. Extremely few
training patterns are found in regions of novelty, so thesértually no evidence to suggest
that one classification of a novel pattern is better thanteroFigure 3.18 provides a two
dimensional example of this, showing a zoomed out view ofsdmae data and optimal
Bayes boundary which has been used for many of the examptbsatapter. Observe
that the boundary curves round far away from the data. It ieemely likely that this
curve is an irrelevant artifact of the shaping of the boundeithin the cluster ohormal
data. There is no advantage in forcing rules to adhere todhveat side of this boundary
outside the region of normality. Indeed there is a definisadvantage: the rules will be
less parsimonious due to an irrelevant constraint. For pl@nthe single city-block rule
shown in the figure can be made more parsimonious by removémig€ing byoo) the

rule weightingug = 4.192.

3.5.1 The Karnaugh map analogy

The freedom of class assignment in novel and dead-bandnegalosely analogous to
the “don’t care” states in the Karnaugh maps used to simgiéboolean logic of digital
circuits [Kar53]. Karnaugh maps can be used to design digiiteuits so that they satisfy
a given input/output function. However it is often the cdsat the output of the circuit
for some inputs is unspecified. Choosing convenient oufiputhese “don’t care” inputs
makes it possible to use a simpler circuit than might othesiiave been achieved if these

outputs had been chosen arbitrarily.

Figure 3.19 shows a simple example of a Karnaugh map for thireery variablesA,B
andC. The task is to design a digital circuit which implements tiesign constraints
of providing a0 when all of A,B and C are 0 (written ABC = [000]), and al when
ABC € {[110],[011],[111],[101]}. TheO and1’'s are shown in the map, and the X’s

indicate those inputs which will never occur. The desigsefrée to choose different
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Class 1 if (city block)
X -0.3712 0.7282  +4.1920
y 0.4992  +0.3504

Figure 3.18: lllustration showing that the classificatiaubdary is effectively arbitrary
when far away from normal data. Thus there is no advantagernst@ining rules in
novelty, and this may be exploited in order to increase pasy.
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C 00 01 11 10

X1 X
1011
Figure 3.19: An example showing how a Karnaugh map may be tsssdnplify the
implementation of a digital circuit. See text for details.

o
o

values for each X so as to minimise the number of logic gatesler to implement the
circuit. In this example, if the X in the top right corner aesponding tcABC = [100]

is chosen to be & and the other two X's chosen to liés, then the function is simply
B + C and the circuit can be implemented with a single OR gate. Wdwer all the
X's are arbitrarily assigned t0 then the simplest realisation of the function would be

A(B + C) 4+ BC. This non-parsimonious realisation therefore requires fates.

So the analogy between a Karnaugh map and an explainindgfidagsas follows: with
the Karnaugh map, freedom to choose the output of the digilit for the “don’t care”
inputs enables the implementation of a more parsimoniowsiiti with the explaining
classifier, freedom to choose the class of novel patterngtarsd patterns in the dead-

bands enables the implementation of a more parsimoniouareton.

3.6 Comparative safety regions

Section 3.3.4 defined and justified comparative safety measuredjuantity. However
the specification given in section 3.4.2 used comparatifetysas a fundamentaion-
straint in the optimisation of an explaining classifier. It is themef advantageous to ex-
press the comparative safety concept as a set of compasatigty/regions A classk
comparative safety-region, writtenR(r), is defined as the largest set of patterns which
can all be assigned to classvith a comparative safety greater than or equal.t€om-
parative safety regions have the obvious property that gk rule with an antecedent

region entirely withinR(r) must have a comparative safety greater than or equal to
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Thus the problem of obtaining an explanation becomes onadififj a parsimonious and
effective set of rules which lie completely within the appriately classed comparative
safety regions. It will be seen in chapters 4 and 5 how to &ehikis when the class

probabilities are estimated using a multi-layer percaptro

From the above description, and the definition of (estimatechparative safety given by

equation (3.23), the regioR(r) is the largest region satisfying

min w =r. (3.29)
<ER.(r) P(ds(x) | %)

This is equivalent to the more direct and intuitive definitio

x %X))zr}. (3.30)

Note that the region®(r) for different classe¢ will necessarily intersect unless=
1.0. It is these intersections which give the explaining classthe freedom to be opti-
mised for parsimony in only those regions which can be assiga a sub-optimal class
with comparative safety. In other words, the intersectietwieen the safety regions cor-

respond to the dead-bands which were described in secioh 3.

It was justified in section 3.5 why a rule-base can assign amglrpattern to any class. It
is advantageous to include this idea into the working dédimibf each comparative safety

region, and so a more complete definition is actually given by

U E 7"}, (3.31)

whereN is the set of all normal patterns. Note that with this modtfaa comparative

safety regions intersect in two different ways. The firsetgintersection is in regions of
novelty (very low unconditional density), and the secomktpf intersection is in regions
of ambiguous class (no dominating class posterior proibgbilBoth of these overlaps

can be used to increase the parsimony and effectivenese nfléibase.
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3.7 Summary

This chapter began by defining an explanation as a small nuaileles, each of which
describes a simple region of input space. Three types oflsiregions were considered,

each based upon a different (asymmetric) distance to atppatgattern.

It was then argued that the need for explanation should nased to constrain the class
posterior probability estimates. Instead a decoupledagmpr was proposed: an expla-
nation should describe the optimal Bayes classificatiorerevthe Bayes classification is

based upon explanation-unbiased posterior probabiltignates.

This decoupling allows the fundamental problem of expliamato be made explicit: it
is not generally possible to describe the Bayes classificatsing only a small number
of simple rules because the rule antecedent regions caenoiade to fit neatly against
the classification boundary. One partial solution given teaallow the rules to make
sub-optimal classifications. However it was pointed out thi&s sub-optimality must be
carefully controlled if the rule-base is to cover a reasémainmber of patterns without
making improbable classifications. Hence a set of measpagsiony, effectiveness,
comparative accuracy, and comparative safety) were detiinedicate the closeness be-

tween the Bayes classifier and the explaining classifier.

The explanation measures enable a more precise undergjaofdihe issues involved in
obtaining explaining classifiers. Hence they were useddcifpthe ideal characteristics
of an explaining classifier. It was argued that the conceptanfiparative safety was
so fundamental to explaining classifiers that it should bedu® form a constraint in
their optimisation. Thus the comparative safety measuerasexpressed as comparative

safety regions.

Finally, it was explained that rules need only be on the obrsae of the Bayes clas-
sification boundary within the region of normality. This pides an additional freedom
which can be exploited to increase the parsimony of thelsake. The definition of the

comparative safety regions were modified to incorporateitt@a.



Chapter 4

Linearising an MLP

This chapter and the next together describe a method ofctikigarules under the ex-
planation framework previously introduced. This divisiomo two chapters reflects the
top level structure of the solution: first generate a pietgvinearisation of the trained
multi-layer perceptronMLP); then use this piece-wise linearisation to obtain rulelse T
justification for this approach is that no method could benfbwhich obtained satisfacto-
ry rules without using this intermediate linearisationpst&xpressed simply, piece-wise
linearisation of thevLP enables an explicit description of the classification bauies to

be obtained (with respect to a given comparative safetig;extraction is made easier by

starting from this basis.

To maintain a modular structure, this chapter details thealiisation method in a com-

pletely self-contained manner.

4.1 Introduction

The piece-wise linearisation of a one dimensional functica f(z) is obtained by par-
titioning an interval ofz into segments and approximating the function by a straighbt |
within each segment. Similarly, multi-dimensional fuoci$ such asiLPs can be piece-

wise linearised by partitioning input space imellsand approximating the function by a

91
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mlp(z) mlp(x)

lerro < h

Zz T

Figure 4.1: Piece-wise linearisation with error bounds lsarinterpreted as a piece-wise
linear bounds on the function.

linear equation within each cell. For this process to beulsefs necessary to be able to
compute the largest error caused by the linear approximatioother words, the piece-
wise linearisation must be accompanied by bounds on the éseful interpretation of
a piece-wise linearisation with error bounds is a pieceevirgear bound on the function.

A one-dimensional illustration is shown in figure 4.1.

The solution for the piece-wise linearisation afiap given in this chapter will assume the
network has a single hidden layer and a single linear outRetall that armLP trained

for (multiple-class) classification has softmax outputsit snight appear insufficient only
to consider the piece-wise linearisation of/anP with a single linear output. However

this is not the case, although the justification will be posgd until chapter 5.

4.2 Specification

Lets be a vector of integers, called the cell coordinates, suatheticts refers to a unique
cell, Xs. The patterrx is said to be in cel if and only if x € &;. Clearly the cells should

not intersect, and should cover all normal patteis,Hence

Xsl N st =0 if 81 75 S92, (41)

GEA=FY (4.2)

A multi-layer perceptron with a single hidden layer and agknlinear output may be
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written

mlp(x) = Z wPsig(y;) + CVT 4.3)

)

y = WNx 4 N (4.4)

where the sigmoid function is defined

sig(yi) = m- (4.5)
The linearisation of a ce may then be written
mip(x) = a3 +bs + es(x) for all x € X, (4.6)
les(x)| < hs
which is equivalent to saying that for alle X the mlp function is bounded:
al'x 4 bs — hey < mlp(x) < al'x + bs + hs. (4.7)
This can also be expressed more concisely using the natation
mlp(x) € al'x + bs + [~ hs, hs) forall x € X;. (4.8)

Hence the problem of piece-wise linearising thier is to obtain a set of cell&; which

satisfy (4.1) & (4.2), and a set of parametatsbs, hs Which satisfy equation (4.8).

4.3 Solution

The key observation which enables tiiep to be linearised efficiently is that the sepa-
rate piece-wise linearisation of each sigmoid (one perdrdaode)mpliesa piece-wise

linearisation of the whol®LP function.
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,/ asy + Ps
//
sigly)
—=1- | | =y
Yo Y Y511 Y,

Figure 4.2: The piece-wise linearisation of a sigmoid fiorct For clarity only one of the
n segments used to linearise the sigmoid is shown.

4.3.1 Main derivation

To maintain the flow of the derivation, assume for the momieat & method to obtain a
piece-wise linearisation of a sigmoid function has beemdbun other words assume that

it is known how to determine, s, hs andY, such that

Sig(y) = azy+fBs+ 6s(y)
hs

forally € [Yy, Ysii], (4.9)

IA

les(y)]

where the integes indicates the segment being linearised. This linearisasidllustrated

in figure 4.2.

To keep track of the linearisation of each sigmoid the patareaeneeds to be indexed by

1, the hidden unit index:

sig(yi) = oY+ Bis; + €is; (Yi)

|€i,8i (yz) | < hi,si

for all Yi € D/’;,sia }/’;,sH»l]' (410)
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Substituting equation (4.10) into (4.3) gives the follogin

mlp(x) = Z wYTsig(y;) + CYT

)

= Z wPV [t .91 + Biysi + €i,5: (yi)] + V7

)

_ [zw?%i,s»y,-

i

+ +

zwfwez-,si(y»]

i

§ :inUTBi,si +COUT

)

=aly+Bs +e(y), (4.11)
whereas, (s, andes(y) are defined

(as)i = w;

ouT ouT
/Bs = Zwi /Bz',si +c

Using equation (4.4), this may be re-written,

mlp(x) = oeg (Wx + ™) + fs + es(y)
= (g WMN)x + (ag ™ + ;) + es(y)

= al'x + bs + es(y), (4.12)
whereag andbg are defined

ag = aSTW'N,

bs = agc + f,

thus giving an expression for the linearisation of ke within cell s. To obtain bounds
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on the error term(y), first define)s by

y eys /\yz szszayvszrl] (413)
and then observe
}rlxéayisdes y)| = max ZwOUTez 5 (Yi)
< Z er?a:}}/i . +1] ‘ OUTez ,5i (yz)‘
= |wPT i, (4.14)
i
Hence for ally € Vs,
les(y)| < hs,  wherehg = [wPVT| by, (4.15)
i

Finally equation (4.4) allows the cell constraint to be sfanrmed fromy-space tox-

space. Defingts by

xeX,=WNx+cNe .. (4.16)

Observe that because thg’'s are mutually exclusive, it follows from this definitionah

the X;’s are also mutually exclusive.

4.3.2 Summary of main derivation

The linearisation method is summarised in table 4.1. Naettile more compact notation
of equation (4.8) has been used to avoid the need for the temmses (x), €, (y;) and
es(y). Itis very clear from this summary that the key equation & prece-wise lineari-
sation of the sigmoid function. This equation ultimatelyetmines the linear coefficients

ag & b, the boundgis, the cellsX;, and the cell coordinate system
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if
mlp(x) = 3 wPVTsig(y;) + VT
y = WNx 4 ¢
then
mlp(x) € alx + bs + [~hs, hs] forall x € X
where

al =alWN

s =
bs = o™ +

hs = Z ‘UJZQUT‘ hi,s;
i

(as)i = w’iOUTaiysz
,Bs — ZinUTB’L,SZ + COUT
7
Sig(yi) € o5,y + B’i,si + [_hi,Sm hi,si] for all y; € [m,sia Yé,sﬂrl]

yEVs = /\yi € [Yi,siaYi,sﬁl]
i

x € Xy=WNx +cN ey,

Variable | Description

) Integer indexing a hidden unit or its sigmoid.
s Vector of segment indexes denoting a cell.

ag Linear coefficients ofMLP approximation in celk.
bs Linear offset ofMLP approximation in celk.

hs Error bound ofvLP approximation in cels.

Qjs; Line slope for sigmoid in segment;.

Bi,s; Line offset for sigmoid in segment;.

his; Error bound for sigmoid in segmens;.

[Yi s, Yis;+1] | Linearisation interval for sigmoidin segment;.

Vs Set of points defining cef in y-space.

Xs Set of points defining cell in z-space.

Table 4.1: Obtaining piece-wise linear bounds ofnre from the piece-wise linear
bounds of each sigmoid.
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4.3.3 Some preliminaries to sigmoid linearisation

The piece-wise linearisation of theLp should cover the whole of normal space with
a linearisation error less than some maximum specified amé&uom this specification,
the maximum linearisation error and linearisation inteofaach sigmoid can be derived.

The calculation of each is explained below.

Using cells efficiently. ..

A natural definition oMLP-linearisation error is the largest error boung evaluated over

all cells:
h = max hg. (4.17)

It is intuitively obvious that equalising all thig;’s will make the most efficient use of cells.
Note (table 4.1) that each error boulgis the weighted sum of an error bouhg,, from

each sigmoid,
he =Y [wPYT|his,. (4.18)
7

Hence thehs's can be made equal by making the contributions from theafisation of

each sigmoid all equal and independent of the cell coordisyatin other words,

h

hi,si = W for all s;. (4.19)
i

Hence if the linearisation error is required to be no mora thgiven valued, then the

optimal solution will be made from the smallest number ofscelhich satisfy

his; < H; for all s; (4.20)



CHAPTER 4. LINEARISING ANMLP 99

whereH; is the maximum linearisation error for each sigmoid,

H
H =—__. (4.21)
CwdYT

... to cover all of normal space

The interval over which each sigmoid is linearised must lihghat the resultingiLP-
linearisation covers the whole of normalify,. Observe that the input to th& sigmoid,
y;, is proportional to the distance from a hyperplane definetthey" row of W'N, written
(wiM)T, and thei™™ element o™, written !N

yi = (w'—N)Tx + cgN. (4.22)

2

Hence the interval over which it is necessary for tHesigmoid to be linearised can be
expressed

INNT
i)

x+cN|. (4.23)

. IN\T IN
yi € |min(w;")"x + ¢, max(w
Recall (section 2.2.2) that normality is defined in terms dfir@shold on the estimated
unconditional density functioni(x). This function is often complex, which makes the
interval of equation (4.23) difficult to compute. A simpledasufficient alternative is to
linearise over a superset of normalitys 2 N, where this superset is an axis-aligned

hyper-rectangle in input space,
No={x /\pj <zj<gqjp. (4.24)
J

The parameters;, ¢; of this superset are easy to find by considering the margisti-d

butions ofx.
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Thus a sufficient linearisation interval for ti& sigmoid may be written

Y; € xrél/l\% (wiNTx + N, max (wMTx 4+ e . (4.25)

The advantage of this form is that the maximisation and nigation are trivial to com-
pute because th&- constraint allows each; to be optimised independently. Hence the

interval can be expressed@sc [min;, max] where min and max are defined

min; = ZM((W;N)japjan) +a

J
max = > M((w}");, 45, p;) + ¢ (4.26)
J

and where the functio® is defined

a ify>0
M(vy,a,b) = K 7= . (4.27)
vb ify<0

4.3.4 Sigmoid linearisation

This section describes a method of generating a piece-wisarisation of a sigmoid
function within a specified interval to within a specifieddarisation error. Many alterna-
tive methods were considered, often consisting of mindatians which had a significant
effect on performance. Hence in order to make the work inttiésis reproducible it is
important to describe the algorithm in some detail. It wasdbd that a description using

pseudo-code would achieve the greatest clarity.

The first two sections below summarise the notation and gigeedomplete pseudo-code.
The next 5 sections give a bottom-up explanation of the dlgarfollowed by a summary
of the algorithm structure. Finally the last two sectionegent an assessment of the

method and also discuss an important property.
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Notation

The input to the algorithm consists of the linearisatioetimal [min;, max]| and the maxi-
mum linearisation erroff;. These would be calculated using equations (4.26) and)4.21
The output from the algorithm is the piece-wise linearmatiescribed by the set of vec-
tors{Y;, @;,3,,h;}. This set consists of the segment intervils the line coefficients
a;, 3;, and the linearisation error achievdd, These variables will satisfy the following

property for all segments;:

Sig(yi) € o5,y + IBi,Si + [_hi,Sm hi,si] forally € [Yi,sia Yi,siJrl]- (4.28)

For clarity, explicit reference to each sigmoid (using theex:) will now be dropped.

Pseudo-code for the complete algorithm

functionlinearisel(min, max, H)
/I Linearise sigmoid over intervfinin, max] with an error bound less thaf.
/] Assumemin < max.

if (min > 0)
{Y,a,3,h} = linearise2(min, max, H)
else if(max < 0)
{Y,a,3,h} = rotate (linearise2(—max, —min, H))
else if(min < 0 and max > 0)
{Y,a,B,h} = merge(rotate(linearise2(0, —min, H)),
linearise2(0, max, H))
return{Y, o, 3,h}

functionrotate({Y, e, 3,h})
/I Rotate a piece-wise linearisation ab¢®t0.5).
/I AssumeY; > 0.

Y =reverse(Y) [/ reverse reverses the order of the elements.

(

a =reverse(a

B = reverse(f
(h

h = reverse
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Y=-Y
fors=1ton

Bszl_ﬁs

return{Y, o, 3, h}

funCtionmerge({Ylv ag, 1817 hl}v {Y27 as, 627 h2})
/I Merge two piece-wise linearisations which are assumeditcgit(0, 0.5).
o~ o
B~ = (B B3)
h” = (h{ hj)

Il The last element 0¥, and the first element 6Y » are bothD; only keep one of them.
Y = (YT tail(Y?)) Il tail discards the first element of a vector.
return{Y, a, 3, h}

functionlinearise2(min, max, H)
/I Linearise a sigmoid over the intervahin, max] with an error bound less thai.
/I Assumed < min < max.

n=>0
do
incrementn
{Y,a,B,h} = linearise3(min, max, n)
while (max h; > H)
1

return{Y, o, 3,h}

functionlinearise3(min, max, n)
/I Linearise a sigmoid over the intenjahin, max] usingn segments.
/I Assumed < min < max.

// *kkkkkkk Iocal Varlab|eS )kkkkkkk
vector a, 8

vector h

vector Y

constant tolerance = 1 x 1076
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// kkkkkkkk Iocal functlons kkkkkkkk
functioninitialise()
/] Initialise segment spacing® with sensible (but sub-optimal) values

Yo = min
Y41 = max
fori =1ton
Y; = sig((sig !(max) — sig !(min)) x n+r1)

// Optimisea,3, andh for these spacings.
fors=1ton
optimiseSegment(s)
return

functionbalance(s)
/I Use a binary search dri. to equalise the error boundis andh ;.

left =Y

right = Ysi0

while (|hs — hsy1| > tolerance x min hy)
S

if (hs-l-l > hs)

left =Y
else

right =Y
Ysi1 = (left + right)/2
optimiseSegment(s)
optimiseSegment(s + 1)

return

functionoptimiseSegment(s)
Il Compute optimaty,, 8; andh, for segmentY, Yi11].

if (Y > 0)
if (Y5 > 10)
ag =0

Bs = (sig(Ys) + sig(Ys+1))/2
hs = s — Sig(Ys)

a; = (sig(Yt1) — sig(Vs))/(Yoy1 — Y5)
b= i (1 VT da),2)

Bs = (sig(Ys) + sig(t) — as(Vs +1))/2
hs = asYs + s — Sig(YS)

else
Yy, ==0
t=0
fori =1t020

oy = (sig(Yoss + sig(t) — 1)/(You1 +1)
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t =sig7((1+ 1 —4ay)/2)
Bs =0.5
hs = Sig(t) — ot — ,85
return

// *kkkkkkk maln Ioop *kkkkkkk
initialise()
do
s = argmax,|hs — hgi1]
difference = |hs — hsy1|

balance(s)
while (difference > tolerance x min hy)
S

return{Y, a, 3, h}

The core function,opt i m seSegnent

The most basic unit of the algorithm is a function which coeguhe line which optimally
approximates the sigmoid within a single segment. Thistfangs calledoptimiseSegment
wheres indicates the segment to be linearised. The callees of timistibn will ensure

thatY; > 0. The two case¥; > 0 andY; = 0 will be considered separately.

Assume first that the interval is strictly positivE;, > 0. The optimal configuration
for a line which minimises the maximum linearisation ermishown in figure 4.3. By

considering the error at the end poidfsandY, 1,

hs = asYs + s — sig(Ys), (4.29)

hs = asYsiq + Bs — sig(Ysy1). (4.30)

Subtracting one equation from the other gives an expregsiahe slope,

sig(Ys41) — sig(Ys)
= . 4.31
s Yor1 - Vs (4.31)




CHAPTER 4. LINEARISING ANMLP 105

Y, ot Yo

Figure 4.3: Optimal configuration for minimising the maximulifference between a line
and sigmoid whery; > 0.

The maximum linearisation error over the segment occurseaturning pointt, defined

by
d .
o7 (st + B —sig(t)) =0, (4.32)
which can be solved to give
t=sig ! <w> . (4.33)

The condition for the magnitude of the error to eqliaht this turning point is

_hs = a5+ /Bs - Sig(t)v (434)

which when added to equation (4.29) gives the following egpion fors;:

5 sig(Vy) + sig(t2) —as(Ys +1) (4.35)

Finally, substitution back into equation (4.29) can be usedetermine,, thus complet-
ing the calculation of the optimum single line segment. ThHwM calculation is well

conditioned so long as the slopg is not too small, in which case the calculation of the
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turning pointt becomes extremely sensitive to round-off error. This istneasily seen

by considering the absolute condition number,

o
Oayg

1

= 4.36
a1 — 4oy’ ( )

o= |

from which it can be seen that determinihig very sensitive to changes dn whena, is

small.

Equation 4.31 indicates that the problem of smatccurs whersig(Ys) andsig(Ys41)
are both saturated to unity, and this occurs whgiis large. Hence the problem can be
avoided by definingys to equal zero for sufficiently largg;. This implies that the turning

point of error no longer exists, and so the equations become

as =10
5, = sig(Ys) + sig(Ys+1)
s 2
hs = B, — sig(Y5). (4.37)

Sincesig(10) = 0.9999546, sufficiently largeY; can be taken to medri > 10.

Now consider the case when the interval begins at the origirs 0. It is convenient to
impose the constraint that the linearisation of a sigmadiergects the centre of rotational
symmetry of the sigmoid,0,0.5). Hence wherY; = 0 the configuration shown in figure

4.3 is replaced by the configuration shown in figure 4.4. Thevamt equations are

_sig(Ysy1) + hs — 0.5

T Ys—l—l
Bs = 0.5
N (1 + 41— 4as>
t = sig R
2
—hs = ast + B — sig(t), (4.38)

but unfortunately these do not have a closed-form solutitowever it is straightforward
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= = | |

I I

Yo=0 t Y,

Figure 4.4: Optimal configuration for minimising the maximulifference between a line
and a sigmoid when the line is required to pass through th& p@i0.5).

to derive the following numerical solution: initialigeto 0, and iteratively evaluate

_sig(Vig) + sig(t) — 1
s — )

Ys+1 +t

_1<1+\/12—74as>_

t = sig (4.39)

In practice this scheme always converges within a dozen ersgions.

The function | i neari se3

Optimal segment spacing is achieved when all the segments the same linearisa-
tion error. The approach taken here is to find the two adjeseginents|Y, Ys1] and
[Ysi1, Ys42], which have the largest difference in linearisation eroax |hs — hst1],
and to use a binary search to find the mid-pokit, which equalise$; andhs ;. The

function which implements this binary search is calledance (s).

Before the binary search can be called for the first time, dgenent spacings need to be
initialised. This is achieved by the functiamtialise which positions the segments

such thatig(Ys) are equi-spaced over
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The functionlinearise3 is the only caller of the functionsitialise , balance
andoptimiseSegment . It takes as arguments the interval over which the sigmoid is
to be linearisedjmin, max, and the number of segments to be used\ote that because
optimiseSegment  only works on intervals which are entirely positiVieearise3

assumes mitr 0.

The function | i neari se2

The key to understanding the functitinearise2 is to compare its arguments with
the arguments of the functioimearise3 . The former takes an interval to be lin-
earised and a maximum error bound, whereas the latter takiesesval to be linearised
and the number of segments to be used. Translating maximron terthe minimum
number of segments is the sole purposdirgarise2 . The function works by call-
ing linearise3 with an increasing number of segments until the resultingdrisation

error becomes less than the specified amount.

Note that the linearisation interval is still assumed to hrely positive.

The function | i neari sel

Finally the functionlinearisel removes the constraint that the linearisation interval
must be entirely positive. There are three distinct cadeslibearisation interval is en-
tirely positive (min> 0); the linearisation interval is entirely negative (m&X0); and the
linearisation interval straddles the origin (min0 and max> 0). Two functions are used
to enable all three cases to be solved by routines whichnmequin > 0. The first of these

is calledrotate  which rotates a linearisation about the point of rotati@yahmetry of a
sigmoid function,(0, 0.5). The second is callesherge which merges a linearisation over
an interval from some negative value to zero with a lineéineaover an interval from

zero to some positive value.
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rotate
linearisel
merge
linearise?2
initialise
linearise3d optimiseSegment
balance

Figure 4.5: Structure of the piece-wise linearisation atgom.

The structure of the algorithm

Itis now possible to summarise the structure of the algoritRigure 4.5 shows the graph
of important function calls used by the complete algorithbinearisel usesmerge
androtate to break the problem down to the min 0 case handled byinearise?2;
linearise2 converts from maximum permitted linearisation error totthenber of seg-
ments case handled Byinearise3; linearise3 initialises the segment spacing with
initialise and then usebalance to balance up the linearisation errors in adjacent
segments. Bothnitialise andbalance call optimiseSegment to find the optimal

straight line fit to the sigmoid within a single segment.

Assessment

Figure 4.6 shows the result of a linearisation over the vatdr—20, 10] with a specified
maximum linearisation error df.05. Note that the smallest number of segments needed
to meet this specification produce errors which are smaikm@.05. Note also that the
error for those segments to the leftypf= 0 is different from those to the right. This is a

result of merging two independent linearisations, one &mheside ofy = 0.
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Itis also interesting to see how accurately a sigmoid carppecximated by a piece-wise
linearisation. Figure 4.7 shows how the linearisation redecreases as the number of
segments used to linearise the intef@all 0] is increased. Note that there is a diminishing
return from using more segments. This clearly has an affe¢he choice of maximum
linearisation error for each sigmoid, equation (4.21). artigular, specifying a very small
value of overall linearisation errdf may result in a very large number of cells. This is
a computationally undesirable and unavoidable probler thig piece-wise linearisation
method. Depending on the functional complexity of ke, some compromise between

linearisation error and number of cells may be required.

The continuous property

Observe that the linearisation of figure 4.6 has the propbeithe lines from each seg-
ment connect to form a continuous approximation to the sigmthis property is true of
every linearisation obtained with the algorithm descriabdve. To understand why, note
that the functiorlinearise3 (and hencdinearise2 ) always returns a piece-wise
linearisation which is continuous. This property is guéead because the line configura-
tions within each segment are such that they connect whegrtbebounds are all made
equal, and balancing the error bounds is exactly what thetifum achieves. It follows
that every piece-wise linearisation obtained Imearisel over intervals which do
not straddley = 0 must be continuous. For intervals whidb straddley = 0, observe
that the complete linearisation is made by merging liwearise2  -linearisations, one
for each side ofy = 0. Thus the linearisation on each side is certainly contisuéiow-
ever these linearisations also connect with each othembkedhey are both constrained
to pass through the point of rotational symmetfy,0.5). Thus the linearisation over the

whole interval is continuous.
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Linearised sigmoid

1)
sig(y)

0

—

-20 -10 0 10

Yy

Segments Y, Ysi1 Qg Bs hy
0 -20.0 -2.273| 0.0691| 0.0362| 0.0362
1 -2.273| 0.0 0.195 | 0.5 0.0362
2 0.0 2.135( 0.200 | 0.5 0.0316
3 2.135| 10.0 0.0134| 0.897 | 0.0316

Figure 4.6: Results of the piece-wise linearisation of asigl over the interval—20, 10]
with a specified maximum linearisation error5.
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Linearisation errors

0.01

error

0 10 20
number of segments

Figure 4.7: Linearisation erratersusnumber of segments when approximating a sigmoid
over the interval0, 10]. Note how the reduction in linearisation error diminisheighw
increasing number of segments.
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4.4 Properties and interpretation

One of the most important properties of thiepP-linearisation algorithm is continuity.
Observe that the piece-wise linearisation of each sign®icbntinuous, and that these
linearisations are linearly combined by the weights of teémork. This implies that
the piece-wise linearisation of the whole network is alsoticmous. In particular, the

function
mlp(x) =alx+bs forallx € X, (4.40)

is linear within each cek and continuous everywhere.

An immediate corollary of this result is that piece-wisestin and continuousoundsto

the network are given by
mlp(x) — h < mlp(x) < mlp(x) + A (4.41)

whereh = maxg(hs). This property will prove invaluable in the next chapter.

Another important feature of the linearisation method s &mphasis on the hidden n-
ode representation;-space. Cells are initially defined inspace as axis-aligned hyper-
rectangles, and eachspace cell is then defined as the set of points which map to a

correspondingy-space cell.

y € Vs = /\yi S [Yi,siaYi,si-H]a
i
y = WiNx 4 N,

xeXs=y€)s. (4.42)

The characteristics of the mapping of cells frgpspace tac-space is dictated by whether
the input matrixW'N, has more rows than columns. Lg} be the number of input nodes
(the number of columns dV'™N) andnpig be the number of hidden nodes (the number of

rows of W'N). The two cases afin, > nnig andnin < nnig will now be considered.
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y2

0.5

Figure 4.8: lllustration of the cells in a 2 dimensiopaspace. The correspondingspace
cells for a network with 3 input nodes is shown in figure 4.9.

If nin > mnig then the whole of:-space is projected ontgspace. Hence the cells if
space will be hyper-parallelograms with no constraint nections in the kernel oW'N,

Figures 4.8 and 4.9 provide an illustration for the case whgr= 3 andnpiq = 2.

However, ifnjy < npig then the whole ofz-space is mapped into a linear subspace of
y-space. This subspace will “slice” the axis-aligned hyygetangles defining thg-space
cells, and so the cells irspace will not be any convenient geometric shape. Indeme so
z-space cells will be empty because the corresponglisgace cell has no members in the
range ofW'N . Figures 4.10, 4.11, 4.12 gives an illustration for the sglsenn;, = 2 and

Nhid = 3.

An important conclusion to be drawn from this discussion et mapping is that the
resulting cells inz-space are analytically much more complex than the origieéis in
y-space. Hence applying an operation orzaspace cell may well be considerably more
complex than applying a similar operation ony&pace cell. Thus instead of mapping
the cells fromy-space taz-space and then applying a complex operation, mapping the
operationfrom z-space tay-space may be much easier to implement. Exactly this idea

will be used in chapter 5.
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Figure 4.9: lllustration of the cells in a 3 dimensionakpace which result from the
y-space cells shown in figure 4.8. Note that the cells are ngdioaxis-aligned hyper-
rectangles, but have become arbitrarily aligned hypeslfgdograms. The dotted lines
are a direction in the kernel &V'N: the cells are unconstrained in this direction.



CHAPTER 4. LINEARISING ANMLP 116

Figure 4.10: lllustration of the cells in a 3 dimensiopaspace. The dashed rectangle is
the image of a 2 dimensionaktspace (the range 8V'N). This image forms a subspace
which “slices” some of thg-space cells. Sliced cells are shown solid; the dotted aedis

not sliced and are therefore unreachable frespace — see the companion figure 4.11.
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Figure 4.11: A companion to figure 4.10. The solid lines shbw regions ofy-space
cells which are reachable fromspace.

181

1.6

1.2

X2

0.8

0.6

0.4

0.2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x1

Figure 4.12: Ther-space cells induced by thespace cells of figure 4.10. Note the ir-
regular shape of the cells when compared with the originiataligned hyper-rectangular
cells iny-space.
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4.5 Summary

This chapter has presented an algorithm for dividing theitirgpace of a single linear
outputMLP into cells such that the network is accurately approximéied linear function
within each cell. These linear functions have known erramuts, and also join up to form
a continuous piece-wise linearisation. Hence the resulbesinterpreted as a piece-wise

linear and continuouboundon themLP function.

The algorithm is based on the observation that the piece-livigarisation of each sig-
moid impliesa piece-wise linearisation of the whole network. This progpés used to

generate an efficiemaLp-linearisation algorithm which does not require operatidm

high dimensional space. Hence the complexity of this allyoriis approximately linear
in the number of hidden nodes, and is virtually unaffectednhgynumber of input dimen-
sions. This is well suited to many classification problemscivthave a relatively large
number of input dimensions but insufficient data to justifyesty complex function and

hence large number of hidden nodes.



Chapter 5

Extracting explanation

This chapter describes an algorithm to generate an exmanat the form described in
chapter 3 from the feed-forward network classifier descdrilbbechapter 2. The algorithm
critically relies on the bounded and continuous piece-\issar approximation to amLP

described in chapter 4.

5.1 Introduction

It is useful at this stage to summarise the argument so fami&mnis trained to estimate
posterior class probabilities, and a Bayes classifier ttsms these to make the optimal
classification. However such classifications are unexpthiand this motivates the need
to describe the classifications using a rule-base. Unfatéiy a rule-base description
has limitations which grow exponentially with the numberimgbut dimensions. Com-
promises are therefore unavoidable. However it is esdg¢htihthese compromises be
controlled if there is to be a known relationship betweenrtiie-base and the original
Bayes classifier/feed-forward network system. The prirmeans of controlling the de-
gree of compromise is through tlkemparative safetparameter, which is a measure of
the greatest difference between the optimal and the exgalassification. Thresholding

safety gives rise to the concept @dmparative safety region#\ classk safetys region

119
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is defined to be the largest region of input space within whithatterns can be assigned

to classk with a comparative safety greater than or equal.to

Explaining the network/Bayes rule classifier means desgyithese safety regions using
rules. Obviously a clask rule must not have a comparative safety less than that of its
corresponding clask safety region. Thus every clagsrule with comparative safety

r must have an antecedent region which is a subset of the porrésig safety region,

Ri(r),
ruleg(r) C Ry(r). (5.1)
In terms of the rule-base this becomes

rulebasg(r) = | Jrulegi(r) € Ry (r). (5.2)

The primary tool used to produce a rule-base with the abdvsedproperty is the piece-
wise linearisation method of chapter 4. It will be shown thsing this method enables

a “tight” subset of a safety regioR(r) to be expressed using intersections and unions
of cells and half-planes. Although this new representaﬂb};(r), is much more explicit
thanR(r), it is still an awkward representation from which to extragdes. The solu-
tion is to use a further translation, expressmg(r) with an even simpler representation,
Rﬁ(r), consisting only of the union of intersections of half-gan In order to guarantee
(5.2), each new representation is made a subset of the psergpresentation. Hence the

complete clasg extraction process is characterised byshbset condition
rulebase(r) C Ri(r) € Ri(r) C Ry(r). (5.3)

The process can be summarised as follows: a non-explicieseptation of the class-
k region of spaceR(r), is made more and more explicit via a series of simplifying

translations. This process terminates with a union of dtasges forming the clask part
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of a rule-base. The ultimate aim is then to maximise the tffemess and parsimony of a

rule-base containing rules for all classes.

The three translations represented by each subset symequation (5.3) are described
in each of the following three sections. Note that a simg@ifan will be made in the first
section which constrains the solution to two class probjeahessections that follow will
continue to work under this restriction. However there asdundamental reasons why

multi-class explanations cannot be obtained using theseaus.

5.2 Translating a safety region intoR},

This section shows how the piece-wise linearisation metifazhapter 4 can be used to

generate the first intermediate representatip,

5.2.1 Converting to a single linear outputMLP

Recall the equations (2.11) on page 35 for a multi-layergyron used to estimate pos-

terior probabilities of mutually exclusive classes:

ZW'kx —I—c

ouT,; OUT
Z Wi~ sig(y;) + ¢

ezk’

dles

i

P(k|x) = (5.4)

Also recall from chapter 3 that a safety region, equatioB1(Bon page 89, is the largest
region of space which an explaining classifier can assigrpartéicular class whilst guar-

anteeing a specified comparative safety,

Ri(r) = NUNm{ _
P(dp(x) |x

A(k7|x)) 27’}. (5.5)
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This expression can be simplified by using the property thatBayes cIassifiafB(x)

assigns each pattern to the class which is estimated to lmedbieprobable:
PE|x) }
P(dp(x)|x)

s x|\t >}

Further simplification is achieved using equation (5.4}l te property that a set of con-

Rk(’l") =NUNDN {X

junction of conditionals is equal to the intersection oksaftconditionals:

_ ek
—NuNn() {x‘e— ZT}

itk
= NUN N () {xlz =2 >In(r)}

ik
= NUNN () {x|frilx) >0} (5.6)
i#k
where
fri(x) = 2z — z; — In(r). (5.7)

Note thatf}, ;(x) is effectively a single linear outputLp. Thus each safety region may
be expressed in terms of the intersections of regions deffipéaresholds on single linear
outputmLP’s. The advantage of this property is that the method of @raptnay be used
on eachf, ;(x) to obtain an explicit representation of the safety regiamsesiing only of

cells and half-planes.

5.2.2 Simplifying to problems with only two classes

The rest of this thesis will be limited to problems which havdy two classesi.e. k €
{1,2}. The following few lines demonstrate how this simplificati@sults in the removal

of the intersection quantifier in equation (5.6).
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An MLP estimating two posterior class probabilities only needigls output because

the two probabilities must sum to unity.

Yj = Z W]'Exk + c}ﬂN
k

z= Z w]QUTsig(yj) + OUT
J

P(1]x) = sig(2)

P(2]x) =1 —sig(z) (5.8)
Following the same steps as in (5.6) it is straightforwardhow that
Ry =NUNN{x|fr(x) >0} (5.9)
where

fi(x) =4z —In(r)

fa(x) = —z —In(r). (5.10)

5.2.3 Derivation of R},

Observe thaff;.(x) is a linear combination of the hidden node sigmoids ofnNhe. In
other words,f(x) is a single linear outpuiiLP which can be piece-wise linearised using
the method of chapter 4. Thus coefficientss, by s, hi s and cellsX}, s can be obtained

which satisfy

fr(x) € ap X+ bys + [—hig, his]  forallx € Xy, (5.11)
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and where the cell&), ; are mutually exclusive regions which cover a superset ahabr

ity,

JXs 2N (5.12)

It follows that whenx is in X}, 5, fi(x) is guaranteed to be greater thaif a}gsx + b s —

hi > 0, whereh;, = max hjs. The intuitive explanation is clear: within each cell, use
S

the worst case linearisation error to decide the half-plahieh isguaranteedo be on the

correct (comparatively safe) side of the boundary. Exjmgshis more consisely,
ap X +bps—hp >0 = fr(x)>0 forall x€ X, (5.13)
whereh;, = max hys. Therefore

Xis VHis © Xps N Ry, (5.14)
where the half-plané{ s is defined

His = {x ‘aﬂsx +bgs —hg >0}, (5.15)

Note that equation (5.14) is a subset relation and not anliggbacauset,, s is formed

from a linearboundon themLP function within cells.

Taking the union of equation (5.14) over all cells shows that
U Xps N His C U X s N Ry, (5.16)
and so ifR}. is defined

Ri=NUNDN (U X s m%k,s), (5.17)
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| J ks N My s (shaded)

U Xk,s
ks~

|

e
Ny

\
A

Figure 5.1: lllustration of the key terms in the definitiorfs7oy andR}c. Note that here

nhid < nin, thus making all the cells similar in shape.

then equations (5.16) and (5.12) imply the subset condition
RiL=NUNDN (U Xis N Hk,s)
CNUNN XN Ry
(5.18)

=Ry.

A two dimensional illustration of this result is shown in figlb.1.

5.2.4 Discussion
The key property ofR}. defined by equation (5.17) is that it expresses a subsgf,ah

terms of simple geometric regior, s and#, 5. In particular, bothY;, ¢ and#,, s are
simplexe$ with particular properties?;, s is a degenerate simplex defined by a single

!Recall that ssimplexis a region defined by the intersection of half-planes.
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Empty cell Xps N Hips =10

Boundary cell Xis N Hps #0and Xy s N Hys # 0

Full cell Xes N Hes =10

PioC

Figure 5.2: The three combinations of a cell and a half-plane

half-plane; A}, ¢ is a simplex which maps to an axis-aligned hyper-rectadglg in y-

space. The value of these properties will become clear ingixesection.

Note that each cell can be categorised into one of three :tymagty cellsare cells which
do not intersect with their half-planefill cells are cells which are a subset of their half-
planes; andoundary cellsare cells which are “sliced” by their half-planes. These¢hr

types are illustrated in figure 5.2.

The connected property

Every boundary cell contains a hyper-plane boundary, agsktbhoundaries have the im-
portant property that they aomnnectedThis is a direct result of the linearisation method
producing a continuous function; any threshold defined ayg@ece-wise linear and con-
tinuous function must produce a connected set of consttaifihis connected property

can be defined

it x) €| JXsNHes and xo & | X N His
S S

then there exists af;, s such that x; € H;s and xo & Hys. (5.19)
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X1
X9 ®

Figure 5.3: An example of two cells/half-planest satisfying the connected property.

Figure 5.3 shows an example which does$satisfy the connected property, and therefore
will not theoretically be produced by the above methods.sTaint will be discussed

again later.

5.3 Translating R} into R?

This section describes hoR,, can be simplified into a representation dencR The
difference between these two representations isRijds expressed in terms of a union of
cells intersecting with half-planes, whil& is expressed as a union of simplexes where
each simplex is formed only from the half-plane boundaridsis one of the effects of the
translation is to eliminate the cells from the formula. Tiés the advantage of describing
the comparative safety regions using a union of simplexdsgreveach simplex is no
longer restricted to being no larger than the size of an iddal cell. Later in section 5.4

it will be seen that the method of obtaining rules guarantbaseach rule is contained
within an individual simplex. Hence it is clearly advantage to make these simplexes

as large as possible.

The first section below introduces the notation and provalspecification for an ideal
solution. The next section describes an algorithm whidtoaigh not ideal, still produces
a satisfactory solution. This algorithm requires certgierations on cells and half-planes,

and the detailed implementation of these operations a@illed in the last section.
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5.3.1 Introduction

Define the regions of spad@! andP?,

Ph = Xes N Hes, (5.20)

Pi =Sk N Xkss, (5.21)

where the simplex§;, ; is defined using a set of half-plane coordinatég,:

Sei= [ Hes- (5.22)
SEAL,;

ThusR}, andP} are related bR} = N'UN NP} and we will defineR? in terms of P2,
R =NUNNP;. (5.23)

Note that the left hand side of tn@ definition can be interpreted as the union of simplex-
es, where thé" simplex is formed from the intersection of half-plarégs s with indexes
s taken fromA,, ;. The right hand side simply restricts the whole region tcsihe@ce which

has been linearised.

Define validity and completeness,

completeness P D P} (5.24)

validity = P2 C PL. (5.25)

Thus if both validity and completeness are satisfied tRgr= P;. This would constitute

an ideal solution because it impli& = R;.

The specials form of?} and P? give rise to the following equivalent expressions for
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completeness and validity:

completenesss A\ (X5 N Hys C PF) (5.26)

S

validity = /\ (Xes N Hes NP =0). (5.27)

Thus completeness ensures that all cell / half-plane etdms are inD,%, and validity
ensures that there does not exist a cell / half-plane intgesein PZ which should not be

in P2.

5.3.2 An algorithm to produce a valid R

Unfortunately no algorithm could be found which guaranteeth validity and complete-
ness. However the algorithm described below is guaranteedotiuce a vaIicP,%. This
solution is sub-optimal but acceptable because validiglies the important subset con-

dition, R} C R;.

First note that validity can be usefully re-expressed:

Validity = /\ Xk,s N ﬂk,s N (U Sk,i N U Xk,s’) = @)
= /\ Xis N 7-_[]675 N USk,z' = @)
s 7

= N\ |\ (ks N Hpps N S = 0)] : (5.28)

s

The structure of this equation suggests the method of figdreFor each simplex, each
half-plane/cell term is checked in turn, and the half-pladeed if necessary. As an ex-
ample, consider figure 5.5 which shows four adjacent boynekdls with shading used to
represent the fouly, s N #Hy, s intersections. We would like to describe this shaded region
using theRﬁ representation. It is easily verified that if the coordisateare by chance

chosen in the orddl, 4, 2, 3] then the half-plane indexdd, 4, 2} will be added toAy ;.
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Fori=1ton
LetC be the set of coordinates of all cells
Initialise Ay, ; = {}
Until C' is empty
Pick at random as from C
If Xy s N Hys NSk, # 0 then adds to Ay,
Removes from C

NoookwhE

Figure 5.4: Simple algorithm for producing the simplexgs; = ﬂseAkin,s which
make up a validR;.

1 2 3 4

Figure 5.5: Simple 4 cell configuration of half-planes. Thwded region denotes
US Xk,s N Hk,s-

In shorthand,

[1,4,2,3] — A1 = {1,4,2} (5.29)

where the left hand side indicates the order in which thedinates are chosen, and the

right hand side indicates the s&}, ; after the simplex has been formed. Similarly,

[1,4,3,2] — A2 = {1,4,3} (5.30)

These examples can be used to illustrate two points. Histotitputs can be simplified
because they represent simplexes with redundant haléglaim particular, the simplex
described byA;; = {1,4,2} is the same as the simplex describedAy; = {1,2},
and the simplex described by, ; = {1,4,3} is the same as the simplex described by

A = {3,4}. Second, different simplexes will be formed depending andider in
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which cells are considered. By considering cells in a randoaer (line 5), each simplex

can be different. The union of all such generated simplexstiren satisfy completeness.

Improving the algorithm

The above algorithm can be improved upon in a number of walgs.fifst improvement
relies upon the connected property of the half-planes withe boundary cells. This
property implies that if a simplex does not intersect anyltfidden” regiont, ﬂ?-_tk,s for
all boundary cells, then the simplex does not intersect any forbidden regipan H.

for all cellss. Thus only boundary cells need be considered.

The second improvement involves reducing the number ofgialfes which are added
to the simplex but later found to be redundant. Intuitiongasy that adjacent boundary
cells should be considered first. This approach builds amealky local simplex before

checking the remaining boundary cells. Using this idea enetkample shown in figure

5.5 prevents redundant half-planes from being formed.

The third improvement attempts to encourage completenebgdinning each new sim-

plex with a half-plane which is not in any of the simplexesgated so far.

These three modifications are embodied in the final algorigfummarised in figure 5.6.
The first loop (lines 5 to 9) builds a locally valid simplex;etisetC' contains all the
coordinates of all connected boundary cells which need toheeked. At the end of
this loop, B contains the coordinates of all the boundary cells whictehast yet been

checked. Hence the second loop (lines 10 to 13) checks thesgning boundary cells.

5.3.3 Cell/half-plane operations

The following operations are required by the algorithm ofifey5.6.
1. Identify all boundary cells (line 2).

2. ldentify all boundary cells connected to a given boundaty(line 9).
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1. Fori=1ton

2 Let B be the set of coordinates of all boundary cells

3 LetA; = {s} wheres ¢ |J;" Ay, ;; removes from B

4, LetC = set of coordinates of all boundary cells connectesl to

5. Until C is empty

6 Pick at random as from C'

7 If Xis N 7:[/6,5 NSk # (¢ then adds to Ap

8 Removes from both B andC'

9. Add toC the coordinates of all boundary cells joinedstand inB.
10. Until B is empty

11. Pick at random asfrom B
12. If Xj.s N His N Sk # 0 then adds to Ay ;
13. Remove from B

14. Remove all redundant half-planes from the simplgx

Figure 5.6: Algorithm to produce simplexés ; = ﬂseAk . Hi,s which make up a valid

3. Test fordy s N Hys N Sk,; # 0 (lines 7 and 12).
4. Eliminate all redundant half-planes from a simplex (liZ8.

The field oflinear programming [Chv80, 1C94, Fou98], provides techniques which can
be used to perform all these operations. Linear programisiagneans of optimising a
linear equation constrained by a set of linear equalitiesiaequalities. All of the above
operations are of this form. However they also have a pdatigiructure which general
purpose linear programming techniques do not (by definittake advantage of. This
structure can be exploited to obtain more efficient impletaigons of operations 1 and
2, and sometimes operation 3. Operation 4 does not haveisuoftfigtructure to make
dedicated solutions worthwhile, and so the general lineagramming method calleithe

simplex methodk used for this operation.

It was discussed in section 4.4 on page 113 that cells-3$pace are analytically more
complex than cells i-space. Thus it is not surprising that the key to solving afiens

1, 2 and 3 efficiently ismotto consider them to be problemsdnspace, but rather to con-
sider the equivalent problems inspace. The first section below discusses this mapping
betweenz-space ang-space. The succeeding sections provide implementatioeach

operation iny-space.
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All of the methods below are used on cells / half-planes pétihg from the safety region

for a single clas&. Hence the: subscript will be dropped to increase clarity.

Mapping operations from z-space intoy-space

Recall (figure 4.1 on page 97) that the equation linkingpace tay-space is that of the

input layer of themLp,
y=WNx 4N, (5.31)
and that cells are originally defined as axis aligned hypetangles iny-space,
y €Y= \vi € Wi, Yisi1] (5.32)
xeXs=y=WNx+cNey,. (5.33)
Recall also (equation 5.15) that the half-planes-space are defined,
He={x|alx+bs—h>0} (5.34)

where (figure 4.1 on page 9&f = al/ WN andbs = al'cN + 3. HenceH, has a

corresponding half-plane igtspace,

Zsz{y‘aZy+Bs—h20}. (5.35)

Taking equations (5.32), (5.33), (5.34), and (5.35) togeth is obvious that there is a
correspondence between cells and half-planes-s#pace &5, #s), and cells and half-
planes iny-space Vs, Zs). Given thatz-space cells can have awkward shapes (section
4.4 on page 113), it is clearly much simpler to perform all diperations iry-space. In
other words, instead of mapping each cell and half-plana frepace ta:-space and then
forming R?, form an analogou®? in y-spaceand then map this region intespace. This

is remarkably simple to achieve: take the algorithm of figuand re-write every’s as
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Vs and everyHg asZ;. The output from such an algorithm will be a union of simpkexe
in y-space. To map these simplexes imtgpace, apply equation (5.31) to change every

half-plane of each simplex from a constraingi#space to a constraint irrspace.

If there are more hidden nodes than input nodes then onetasitas required: all redun-
dant constraints must be identified and removed. Redundestraints may have been
introduced because-space is a “slice” through the constraintsgirspace (figure 4.10
on page 116). Note that this redundancy removal was reqbyetie originalz-space

algorithm where it was solved without relying on any spepiaperties using linear pro-

gramming. Thus the same method may be used here.

Identifying all boundary cells

A boundary cell (see figure 5.2 and section 5.2.4) is a cell ait associated half-plane

which “slices” the cell region. In other words (irspace),

Vs NZs #1)

and  YsNZs #0. (5.36)
This is equivalent to

T —
}rlré%;):[asy—i-ﬁs h] >0

and min [aSTy + Bs — h] < 0. (5.37)
yEYs

Computing the above constrained maximum and minimum igtrbecause iny-space
the constraints are axis-aligned, and this implies thah eaciable may be chosen inde-

pendently. Thus using the fact thgt,, < Y; ,,+1, the solution may be written

T
+ s_hf = M s’iaY';s- 7Y';s- + s_h 5.38
max [a, y + s — h] Eiﬁ ((ets)is Yisi1, Yisi) + (5.38)
min oy + s — h] =Y M((0w)i, Vi, Yis1) + Bs — b (5.39)

yeYs
7
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where

a ify>0
M(vy,a,b) = K 7= . (5.40)
vb ify<O0
This method provide an extremely quick way of determiningalutcells are boundary

cells.

Identifying all connected boundary cells

This section describes a method of determining all the bagncklls which are connected
to a given boundary cell)s. Observe that if the half-plarig intersects a particular side of
the cell, then the cell on the other side must be a boundarg@ahected tQ)s. Observe

also that checking if a half-plane intersects a side is timeesproblem as checking if a
cell is a boundary cell, but constrained to the sub-spaceeatt:thy the side. These two
observations lead to the following method which can be usedst each adjacent cell in

turn.

Let the cell to be tested have coordinatesitisfyingt = s+e; wheree; = (0,...,0,1,0,...

and thel is in the;™ position. Then celt is connected to ced if and only if

Vs NZs N {y ‘yj =Yjs41} #0

and  YVsNZN{y|y; = Y541} #0. (5.41)

It is easy to show that this condition is equivalent to théofeing two computable in-

equalities:
Z M((as)ia Y;,si+17 Y;,si) + a5j}/}',5j+1 + Bs —h>0
i#]
and > M((as)i, Yis,, Yie1) + s, Vi1 + Bs — b < 0. (5.42)

i#]
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If the cell to be tested has coordinates- s — e; then these conditions become

Z M((as)za Yvi,sﬁ»la Y;',si) + QSjY}',Sj + BS —h>0
1#£]

and ) M((a)i, Yis,, Y1) + s, Vi, + Bs — h < 0. (5.43)
7]

Testing the validity condition - Linear programming

The test for validity is used on lines 7 and 12 of the algorithrfigure 5.6. Iny-space the

condition may be written

ys N js N m Is’ = @ (544)
s'cA;

When this relationship holds, the half-plafhgdoes not need to be added to the simplex,
ﬂSIEAi ISI .

Recall (figure 4.1 on page 97) that a cell is defined by two iaéties on each y-coordinate
(these two inequalities form two opposite sides of the cdligcall also that half-planes
are defined by inequalities on a linear mixtureyepace coordinates. Hence determining
whether condition (5.44) holds is equivalent to deterngnivhether there is a solution
to a set of linear inequalities. This is a linear programnyngblem, and in particular it
is the so callecuxiliary problemof the simplex algorithm. Details of how to solve the

auxiliary problem with the simplex method can be found iny8ey.

However, before applying the simplex method to test comdi{.44), it is worthwhile
trying to simplify the problem. One possible simplificatigrio determine any coordinates
s’ € A; which satisfyYs N Zy = 0. All suchs”s may be removed from the intersection

overZy's in equation (5.44). The proof of this follows immediatétgm the identity
Vs ﬁj.s’ =0 = Vs NZy = Ys. (545)

A second possible simplification is to determine whetheretexists ars’ € A; which
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Figure 5.7: Two illustrations of the numerical problem betn connected boundary cells.
Only the left example causes a problem with the simplex élyor

satisfiesys N Zy = . If so, then condition (5.44) must hold and no further tesgtising

the simplex method is required.

The test for both of these simplifications follows the now ifaam pattern:

YsNZyg =0 = min [az;y—l—ﬂsr —h] >0
YE€YVs

Z M((asl)’i? }/’;,Sia }/’;,SiJrl) + Bs’ - h, > 0 (546)
[

and

VsNIy =0 = max[a§y+ﬁs/—h]<0
YEYs
= Y M((ew)i,Yiss1,Yis,) + By —h < 0. (5.47)

7

Testing the validity condition for connected boundary cels

There is a numerical problem with the linear programminghoeétof testing the validity
condition for connected boundary cells. The problem asrlsecause the representation
used to encode the cells and half-planes does not enforaeptimected property. This
implies that the half-planes of two connected boundarysarbly not exactly intersect on
the common side. The left hand side of figure 5.7 gives an elawlipere numerical error
has made&); N Z; N Zy not quite empty, although the connected property implies ith
should be. Note that the problem only occurs when the intdmse(the shaded region) is

non-convex. Inspection of the right hand side of figure 5ausdhmake this clear.

The solution to this numerical problem is based on the fahgwobservation: ley, be a

point in cellYs and on the border between beingZinand being irZs. If y, is in Zy then
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clearlyYs N Zs N Zy # (. Less obviously, ifyg is not inZy then)s N Zg N Zs = @. This
follows because the half-planes from two connected cetisighonly intersect on the cell

side. Combining these two implications gives the followeguivalence:
Ys N is NIy = 0 = yo & Ly (548)

where cellss ands’ are connected ang satisfiesa!'yo + 8s — h = 0 andy, € V.

It is easy to avoid the numerical problem by using equatioA8Bwith ay, which is not
close to the side common to both cells. Sugyacan be found as follows. Defingnax

andymin

Ymax = argmax [asTy + Bs — h]
YEYs

Ymin = argmin [asTy + Bs — h] , (5.49)
YEYs

which can be found in the usual way. Note that if all the congms ofas are non-zero,
thenymax andymin are guaranteed to be at opposite corners of the)gelFurthermore,
for those components afg which are zero, opposite corners can be chosen arbitrarily.

Letyq take the form

Yo = A¥min + (1 — A)¥max- (5.50)

Solving for the\ which satisfiesx! 'y 4 s — h = 0 gives

aZYmax+ Bs —h

A= .
ag(me - }’min)

(5.51)

Note that by the construction gf,ax andymin, and because a cell is a convex region, a
solution must exist wittd < A < 1. A two dimensional illustration of the process is

shown in figure 5.8.

The above method should be used to check eacls'cell4; which is connected ts. In

effect, this is a third possible simplification of conditi¢.44) which can be tested for
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Ymax
.\

‘e
S Ymin s/

Figure 5.8: A two dimensional illustration of the constiaotof yg.

before applying the simplex algorithm. However this sifigdition does more than just

make the test more efficient, it also solves an important migaleproblem.

Removing redundant half-planes

The last operation required by the algorithm of figure 5.6his temoval of redundant
half-planes from a simplex. It is actually more useful to bis in z-space because all the
half-planes will eventually be mapped iniespace, and if the number of hidden nodes
is greater than the number of input nodes then this mappitigintioduce additional

redundancies.

Thus the problem can be stated as follows: remove all thendght half-planes from the
simplexS; = ﬂseAi Hs. This can be achieved by testing each half-plane for rechayda

in turn. Obviously the half-plan@{y is redundant if

(| Hs=[) Hs (5.52)

sE€A;—s’ SEA;
Intersecting both sides witH gives the following equivalent condition for redundancy
(| Hs | NHe =0. (5.53)
s€A;—s’

Since every half-plane is defined with a linear inequalitgtraightforward application of
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the auxiliary problem of the simplex method can be used terdeéhe whether condition

(5.53) holds.

5.4 Translating R? into a rule-base

This section presents the final stage of the rule extractiongss. The method described
below will generate a rule-base which contains rules oflabises and of any of the three
types described in chapter 3. Parsimony and effectivenididsavheuristically maximised,
but comparative safety will be guaranteed because everyofudlasst will be a subset of

R2.

5.4.1 Introduction

Assume thaR; regions have been found for all clasged\Ve would like to describe these
regions using a parsimonious and effective rule-base wsatisfies the rule condition.
This can be achieved by first generating a large number o$ nvithin eachR?, and
then putting all these rules into a single rule-base. THeslbase is likely to have a high
effectiveness but extremely low parsimony. However thibatance can then be rectified
by finding a maximally effective subset of these rules, whbeeenumber of rules in the
subset is a specified quantity which controls the parsimdtiyedfinal rule-base. Thus the
whole process has two phases: first obtain a large numbelesfwlnich form an effective
but unparsimonious rule-base; then reduce the size ofutlesaase to increase parsimony

without significantly reducing effectiveness.

The advantage of this two phase approach is that the indiVigtimisation of each rule
is separated from the optimisation of the rule-base. Naégnce a deterministic rule
optimisation algorithm will always produce the same ruteira givenR?, the above ap-
proach requires a random component. This randomness ertkateach rule is different,

providing a variety of rules from which to pick an effectivda-base.
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Although the descriptions which follow will all use the fdgnof rules for ordered vari-
ables described in chapter 3, this does not imply that thesridr categorical variables
cannot be extracted. In fact the process is identical toxtraaion of rules for ordered
variables except for an additional final re-writing phasaisTre-writing simply involves

evaluating the rules on the codes for each categorical ¥aeesection 3.1.4 on page 60).

5.4.2 Obtaining an effective (but unparsimonious) rule-bae

The first part of the algorithm generatdsclassk rules which are all subsets @fi. The
approach will involveseedingeach rule with a sample from the unconditional dersity
and thengrowing a rule antecedent region centred on this seed. The stepsecda

achieve this are given below:

1. Randomly select a simplex from tie? representation. Write this simple% =

Nsea, Hs WhereH, = {x |alx +bs —h >0}.

2. Sample a pattern fromi(x) which falls withinS; and use this pattern as the proto-

type p of a new clasg rule.

3. Maximally grow a rule antecedent regienabout the prototype, ensuring that
remains a subset of the simplex,C S;. This is done in two stages: isotropic

growth followed by anisotropic growth.

4. Add the rule to the rule-base, and return to step 1 if thebmirof rules is less than

N.

This method produces rules which satisfy the subset conditecause

rcs = rclJs = rcRri (5.54)
7

A key part of the above method is the isotropic and anisotrgmwth. Roughly speaking,

isotropic growth involves expanding all sides of the ruleeaadent region simultaneously,

21t is straightforward to sample patterns from the kernekebladensity model described in appendix B.
See for example [Sil96].
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whereas anisotropic growth only expands a single side ofutleeantecedent region at a
time. Both are required because isotropic growth alone mmagiyte a rule antecedent
region with sides which can be further expanded, and awisiatigrowth alone tends to
produce antecedent regions which are very thin in sometdirec The latter effect results

in rules with a very low effectiveness, which is clearly usidable.

The first section below derives the conditions which mustdtisfed for each of the three
types of rule antecedent regions to be a subset of the sindpleXhe two subsequen-
t sections show how these conditions can be used to grow bolgsisotropically and

anisotropically.

Conditions for rule validity

It is useful to rewrite the condition that the rule antecedegion is a subset of the sim-

plex,

rcS = rc ()M

sE€A;

N\ rCHs. (5.55)
SEAZ‘

Hence a valid rule must be entirely on the positive side ohdgper-plane forming the
simplex. Conditions for each of the three rule antecedeayions to be on the positive side

of a given hyperplane will now be derived.

First consider the city-block rules(= 1 case of figure 3.2 on page 55),

r={x}, <u> Ulzj = pj) + (M — xj) Ulpj —xj) <1 (5.56)

- U V4
j J J

Note that bothr and the half-plané{s are simplexes, henaeC #; if and only if every
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corner ofr is in Hs. There are two corners on each axis, ana s0H, if and only if

/\aZu—i—bs —h + (ag)ju; >0
J

and [\ alp+bs—h—(as);v; > 0. (5.57)

J
Note that if (as); > 0 then the condition withy; implies the condition withu;, and
conversely if(as); < 0 then the condition with:; implies the condition withy;. Hence

equation (5.57) simplifies to

/\aZqubs —h+ M ((as)j, —vj,u;) =2 0
J

= al'p+bs—h+min M((as);, —vj,uj) > 0. (5.58)
J

Next consider the axis aligned rule £ oo case of figure 3.2 on page 55),

r=1{x|\ (%) Uz — ) + (%) Ulpj—az)<1). (559
j J J

As with the case above, both the axis aligned region and tiplaae are simplexes, so

r C H, if and only if every corner of is in Hs. These corners are at + M(c;, uj,v;)

wherec; = 1. Thusr C H if and only if

/\ aglll +bs — h+ Z(as)jM(cj,uj,vj) > 0. (5.60)
ceC Jj

whereC = {c|c; = £1}. This simplifies in a similar way to the city-block rule condi

tion,

T .
B pk by — b+ min - (as); M (cj, uj, 05) > 0
J

alp+bs—h+ Y M((as);, —vj,u;)) > 0. (5.61)
J
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Lastly, consider the euclidean rule £ 2 case of figure 3.2 on page 55),

2 2
r=4* A(M) Ulzj = pj) + <Mj_zj> Ulpj —=5) <1 . (5.62)

. Uu V4
j J J

This case is different from the other two because the rulenedpes not have any corners.
Consider minimisingal x 4 bs — h subject to the constraint thatis on the boundary of

the rule antecedent region,

2
Ty — i\
Z( th J) _1, (5.63)

(5.64)

This implies thasign((xo);—pj) = — sign((as);), which is independent a@f. Hence the
t; can be set to the appropriateorv;, (as);t; = M((as);, v;,u;). Clearlyal xo+bs—h

must be positive for C Hs, SO

alxg+bs—h>0

= alpu4+bs—h-— \/ZM ((as)j, —vj,u;)* > 0. (5.65)
J

The conditions for all three types of rule are summarisedabiet 5.1. There are two
intuitive interpretations of these conditions. First,yttadl imply that the rule prototype
must be in the half-plang, € . Second, they all use the same combination o v;,

and this combination depends only on the signs of the compsrad the normal to the

hyperplane(as);, defining the half-plane.
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Rule type Condition forr C H,

p=1 |alp+b—h + minM((@)j,—vju) >0
J

p=2 |alp+b—h - \/ZM((as)j,—vj,u»? >0
J

p=o00 aZu—i—bs—h + ZM((as)j,—Ujan)) >0
J

Table 5.1: Conditions for each of the three types of rule tmbehe positive side of a
hyper-plane.

Isotropic rule growth

Isotropic rule growth involves expanding all sides of thie mntecedent region simultane-
ously. Let the expansion be controlled by a positive parameand a vectot of positive

elements such that
u; = v; = at;. (5.66)

Thus for a givert, maximal isotropic growth is achieved by the largesthich ensures

that the rule region is still a subset of the simplgx

Consider a city-block rule being isotropically expanded within the simpl&x Using
equation (5.55), the isotropic constraint equation (5.@8d the(p = 1) condition of

figure 5.1,

rcS; =\ alp+bs—h+minM((as);, —otj, at;) >0
J
SEA;

N\ alp+bs — h — armax |(as) t;] > 0
sEA; J

alp+bs—h
A o< bl
max; |(as);t;l
[az,u + by — h]
max; |(as);t;] |

sEA;

a < min

min (5.67)

The maximum isotropic growth is given by changing the indi(p#nto an equality. A
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Rule type| Maximum isotropic growth

. alpw+bs—h
p=1 a =min ——————
sE€A; max; |(as)jtj|

p=2 o = min —aZu+bs—h
sedi 3 ((as) 1)
aZu +bs— h

p=00 | a=min
sed; )i |(as) ity

Table 5.2: Maximum isotropic growtla;, for each of the three types of rule such that the
rule antecedent region is within the simplexc S;.

very similar process gives the maximumnfor the other two types of rule. The results of

maximum isotropic growth for all three types of rule are suamised in table 5.2.

There are several possible choices for the isotropic grédithction” t. One possibility
is to sett to be a vector of one’s. However this does not take into addtan different di-
mensions will have different units and so should be scalediffgrent amounts. Another
possibility is to use the component-wise standard deviatioa sample of patterns from
p(s) which fall within the simplexS;. However the simplest solution which works well
is to obtain, by sampling, one other pattermvhich is inS;. The “direction” of isotropic

growth can then be set by

tj = |p; — x4l (5.68)

Anisotropic rule growth

An isotropically grown rule is unlikely to be optimal becauisis possible that directions
can be independently expanded further. This second exgapkase is called anisotropic

rule growth.

The idea is to maximise eael) & v; in turn. The order in which this is done will clearly

have an effect on the final antecedent region. Since it ixdiffto determine the optimal
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order, theu;'s & v;’s are chosen in a random order. This is a heuristic which sar&ll
in practice.

Suppose the maximum value ©f is required which ensures the rule remains within the

simplex. Define
u =u+ (a—uje; (5.69)

wheree; is the ;™ unit vector. Then the condition for the corresponding tityek ruler

to be a subset af; is given by
N al'p+bs —h+min M ((as);, —vj,ufy) > 0. (5.70)
]I
SEA;

Since the rule is assumed to satisfy the conditiorafet 0, only the conjunctions and min
terms which useag. need to be considered. Hence only those half-planes (with) < 0

need to be considered,

N alp+b—h+(ag);uf >0, (5.71)
s€A;A\(as); <0

from which it follows that

T —
a < min [M] . (5.72)
SEAi/\(as)j<0 —(as)j
If instead of maximising:; we wish to maximise;, then withv’ defined
vi=v+(8—-vje; (5.73)
it is straight forward to show that the condition becomes
T —
8<  min [M] . (5.74)
SeAi/\(as)j>0 (as)j
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Rule type Maximum anisotropic growth
p=1 |a= min -M
s€A;A(as);<0 | _(as)j
[ 0.5
p=2 |a= min (a5 g+ bs — h)* = 3050 M((as) 7, —vjr, ujr)?
s€A;A(as); <0 (as)?
p=co |a= min 8 ptbs = ht 3 M((8s)y, —vjr, uyr)
s€A;jN(as); <0 _(as)j

Table 5.3: Maximum anisotropic growth,whereu’ = u + (o — uj)e;, for each of the
three types of rule such that the rule antecedent regiontismthe simplexr C S;.

Rule type Maximum anisotropic growth
p=1 |B= min [asptbs—h
s€A;A(as); >0 i (as)j
[ 0.5
p=2 |f= _ min (g p+bs — h)* = 3255 M((as) 1, vy, uyr)?
SGAi/\(as)j >0 (as)g
p=occ |fB=  min alp+bs— 3 M((as)y, —vy, up)
s€A;jA(ag); >0 (as)j

Table 5.4: Maximum anisotropic growtfi,wherev’ = v + (8 — v;)e;, for each of the
three types of rule such that the rule antecedent regiontismthe simplexr C S;.

Very similar results may be obtained for the other two typlesiles. These are given in

tables 5.3 and 5.4.

5.4.3 Reducing the number of rules

The procedure described above can be used to obtain a lamgeenof rules within each
R? region for each clask. Merging these rules into a single rule-base produces a larg
rule-base which is likely to have a high effectiveness atekigense of being extremely
unparsimonious. Obviously the number of rules must be redlu€¢he optimum solution
involves searching over all subsets of sizec N, and selecting the subset which is the

most effective. However using this approach alone is intfraicbecause there al(é\j )
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subsets, and typical values ae= 10000, n = 5, giving () ~ 8 x 10'". The solution
is therefore firstly to reduce the number of rules using sotr@al but reasonably fast
methods before applying a search over all combinations. Sweb algorithms, a greedy
forward selection and a greedy backward pruning, are destribelow. Obviously all
rules with an individual effectiveness less than some tulelscould be removed prior to

employing these algorithms.

Greedy forward selection

This algorithm works by accumulating rules in a new ruleehaglding each time the rule
which gives rise to the largest increase in effectivenesiseohew rule-base. A reasonably

efficient implementation is given below:

LetRy be the rule-base of many rules. InitialiBe= {}
Initialise S = a large sample of patterns froffix)
Find the rule € Ry which covers the largest number of pattern§in

1.
2
3
4. Remove frons all patterns which activate
5. Addr to R and remove from R,

6

Return to step 3 untiR contains the desired number of rules.

Greedy backward pruning

This algorithm works by repeatedly eliminating rules frone trule-base, each time re-
moving the rule which gives rise to the smallest reductioreffectiveness. A possible

implementation is given below:

LetR be the rule-base to be reduced
Initialise S = a large sample of patterns frofiix)
Find the rule € R such thatR — r) covers the largest number of patternsSin

Removea from R

o & L bdpPE

Return to step 3 untiR contains the desired number of rules.
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lllustrative example

To clarify the use of these two greedy algorithms, consibderexample of wanting to re-
duce a rulebase of 1000 rules to a rulebase of 5 rules. Using Erge sample of patterns
from p(x), remove from the rulebase all rules which cover fewer thahdditerns. Then
use the greedy forward selection procedure to reduce tebasé to 50 rules, followed
by greedy backward pruning to reduce this further to 15 rufésally, use an all combi-
nations search to find the most effective subset of 5 rulethofph this is a very simple
procedure which could probably be improved in a number ofsydyvas found to be an
effective and practical solution to the problem of incraggdarsimony without avoidably

decreasing effectiveness.

5.4.4 Reducing the complexity of the rules

The above algorithm produces a rule-base of rules, whete@assk rule is a subset of

one of the simplexes froR?,
each clasg ruler satisifes r C S;; for some: (5.75)
where
RI=NUNDN Usk (5.76)
Observe that

rgR%ErﬂRz:r
=xNN)U NN JSk) =@ nN)U(rnN)

ErﬂNﬂUSk,izrﬂN

=rNNC U Sk,i' (5-77)
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This makes it obvious that

rCSr; = rCR; (5.78)

thus verifying that such rules satisfy the subset condifequation 5.3). However e-
guation (5.77) also demonstrates that rules are only ainett in regions of normality.
Exploiting freedom in regions of novelty may make it possibb simplify some of the
rules. Essentially, rules can be grown further so long asiévdy covered region is en-
tirely novel. An example of this was given at the end of chaeptdn practice it is difficult
to achieve such simplifications because the definition afadity, V' = {x [p(x) > ¢} is

an inconveniently defined region of space.

Note that it is dangerous to rely on a novelty test which itdasn a sample of normal
patterns. This is because high-dimensional space canramtdmpiately filled by a sample
of points, and so there is no guarantee that the extra spaesecbby growing the rule
further does not intersect with normality. If it does, thémmiay also cross the safety

threshold, thus losing the rule’s validity.

In conclusion, reducing the complexity of the rules in thigywequires further research

(see chapter 7).

5.5 Summary

This chapter has described a series of methods which cortiberact a rule based ex-
planation of a feed-forward network classifier. These rihiage the vital property that
they have a guaranteed comparative safety, which esdgisficifies a bound on the dif-
ference between the rule-based explanation and the nésworéxplained classification.
In addition to ensuring comparative safety, several algors have been suggested which
attempt to optimise the trade-offs between effectivenasisparsimony, and thus provide

a rule-base which can reasonably be said to explain.
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Figure 5.9 provides a summary of the content of this chaptett,how it combines with
the contents of the previous chapters to form a completeesitaction process. Many of
the details have consisted of techniques for simplifyimgeeentations of regions of input
space. This began with an application of ther piece-wise linearisation method to trans-
late an implicit description of each safety region into apliex representation in terms
of cells and half-planes. Rather than attempting to tramdlas representation directly
into rules, it was found to be expedient to use an intermedigpresentation consisting
of a union of simplexes. Thus it was explained how a rule-tudigototype based rules
could be created by “seeding” and “growing” antecedentargiwithin randomly chosen
simplexes. These rules could be of any of the thre®rm types: city-block{ = 1), eu-
clidean p = 2), and axis-alignedy(= oo). Finally, several algorithms were suggested for
finding an effective subset of a large number of such rules finoducing the end produc-
t: arule-base with a guaranteed comparative safety andstieally optimised parsimony

and effectiveness.
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P(k|x) from trained mip (ch.2) Safety regions (ch.3)

Describe each safety region using...
...a threshold on a single linear output mlp \

Rr — R}, Section 5.2

...cells and halfplanes (using ch.4)

AN

R) — R Section 5.3

...a union of simplexes

N\

p(x) (ch.2) R? —s rulebasg Section 5.4

\ )

...rules
Figure 5.9: A summary of the rule extraction process.




Chapter 6

Results

This chapter presents the results of applying the rule etidva method on three non-
artificial datasets. The first section describes the caitesed to select suitable datasets,
and the second section discusses some general issuasgrédaitnplementation and ex-
perimental procedure. The final three sections presentethdts for each of the three

datasets.

6.1 Datasets

There are numerous repositories of datasets, such as thmbai@iine learning databases
archive [MA95], the CMU nnbench [WF98], Probenl [Pre94htsbg [MST94], ELE-
NA [JGDAC*98], and DELVE [RNH"98]. Two very useful sources are StatLib [Sta98],
and the benchmarking of learning algorithms informatiquosstory page [Pre98]. There
have also been several attempts to provide standard berichis@ that different algo-
rithms can be compared under reproducible conditions, [M4SPre94, Zhe93, RNFDS,
WF98].

The principal criteria used to select the test problems ast®llows:

1. The dataset must come from a real problem. Several datsseh as the MONKS

problems are artificially generated and were not therefonsidered a realistic test.

154
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2. The variables in the dataset must have semantics. Cliédhg variables do not
mean anything then neither will an explanation in terms ekéhvariables. Some
semantics are withheld for reasons of confidentiakitg (the German credit dataset
from StatLog), and some variables are not intuitively iptetable, for example

auto-regressive or reflection coefficients [Mak75].

3. The problem must require a statistical approach. Sonzseletare essentially non-
stochastic (such as the exclusive-or problem) and henaegpliopriate test for the

method described in this thesis.

4. The classification problem must be non-trivial. Datasetsh as the Fisher iris or

the crabs data are very easy to classify.

A secondary criteria is that the problem must have only tvassds. This is due to a

limitation of the implementation (See section 5.2.2 on pb2@).

The above considerations led to three datasets being chosesess the rule extraction
method developed in this thesis. The first is a heart diseatsset for which the task is
to predict the presence or absence of heart disease froneetyvalr medical tests carried
out on patients (section 6.3). The task in the second prokdeim predict the presence
or absence of diabetes in women of Pima Indian descent deegifl). Lastly, the third

problem is a breast cancer dataset for which the task isqtrediether a breast tissue

sample is cancerous or non-cancerous (section 6.5).

6.2 Preamble to results

Central to the results is an evaluation of the similaritied differences between the ex-
tracted rule-base and the network. It is this comparisorcivehould be used to judge

whether a satisfactory explanation of the network-basaskstier has been obtained.

A comparison with other algorithms described in the literatwould only have limited
value because in most cases there is no tight coupling betthedeed-forward network

and the rules. It is this coupling, controlled via compaeatafety, which is a primary
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focus of this thesis. Those algorithms which do have a gueeanequivalence between
the explanation and network also require a large numberle§ o cover a reasonable
fraction of all data. Thus the parsimony and effectivendsh@ final rule-based expla-
nations are also of vital importance. For these reasonsther aule extraction algorithm

was implemented for comparison, although reference is n@adey published results

(classification performance, explanatiett) on the datasets studied.

6.2.1 Implementation details

The complete classification system was implemented in thee depgramming language,
[Jav98]. The three sub-sections below describe some ofraigal details which were

common to all three datasets.

Estimating conditional class probabilities, P (k | x)

Obtaining an estimate of the conditional class probaéditivas achieved using anp

as follows. First, the optimal netwoikrchitecture(number of hidden nodes and amount
of weight decay) was determined usib@fold cross-validation. This involved training a
network with a given architecture on data frénof the 10 partitions and evaluating the
performance on the data from the™ partition. This was repeated for dld partitions
and the results averaged. Average negative log probalsiibyes were used to select
the optimal architecture, where the negative logarithmbability score is the value of
the error function (without weight decay) evaluated on daitiused for training. This
measure was preferred over average classification rate/foreasons. First, at this stage
the aim is to obtain the best estimate of the probability fimmc The accuracy of this
estimate is given by the likelihood, which is one reason wigyniegative log likelihood
is the error function to be minimised by the whole processco8d, classification rate
is estimated by counting patterns and is therefore quahtis® discrete values. The

resolution of this discretisation is low for relatively siindatasets.
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Once the optimal number of hidden nodes and weight decayiceet had been deter-

mined, all the training data was used in a second phase toth@aifinal network.

Each network was trained using the scaled conjugate graaligorithm [Mgl93]. This is
a far superior method than gradient descent, although liKaitk climbing” algorithms,
it suffers from the possibility of converging to a local mimim. Hence the best result

from three random initial conditions was chosen to redueesffects of this problem.

Estimating unconditional density, p(x)

Estimating the unconditional probability density functiwas achieved using the kernel
based method described in appendix B. Recall that therevareeiasons for estimating
unconditional density. First, the novelty detector usebrashold on the unconditional
density estimate to decide the normality of new patternsoS@, the unconditional den-
sity estimate is used to generate sample patterns requitbddoseed rules and to assess
the effectiveness of these rules. However it was decidetdatin@velty detector was not
required on any of the three test problems because there avesason to believe that
any of the patterns were novel. Note that novelty detectvonld be required to detect
changes in the distribution of the data if the system wasgoesed on-line to classify new

patterns.

Extracting a rule-base

The rule extraction algorithm described in this thesis @l user controlled param-
eters, chosen by a combination of experimentation, antiveubalancing of parsimony,
effectiveness, and comparative safety, and bearing in thimdequirement for the algo-

rithm to finish in a reasonable length of time. Listed beloes/tiwle more important details.

No MLP was linearised to an accuracy requiring more than a few teth®@osands of cells.
Initially comparative safety was always setitd, but if the effectiveness/parsimony of

the final rule-base was unacceptable then a smaller figurériges
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Once a piecewise linear representation ofdine@ had been obtained, a large rule-base of
1000 rules per class was extracted. This rule-base was titenised for parsimony as
follows. Based on a sample of 10000 patterns generated fierariconditional density
estimate, all rules which covered fewer than 100 pattern® wamoved from the rule-
base. The greedy forward selection procedure was then aseduce the rule-base to 50
rules, followed by greedy backward selection to reduceftitier to 15 rules. Finally, the
most effective sets of 6, 5, 4, 3 and 2 rules were found by beayover all combinations
of these 15 rules. Note that this procedure places no preferen rules of any particular
class. Ifitis more important to obtain rules for a particudiss then the obvious approach

is to optimise the parsimony of the rules for each class seglgr

The simplex linear programming method described in [Chv&88 used to implement the

various cell/hyperplane operations required by the allyari

6.3 Dataset 1: Heart Disease

The purpose of this dataset is to predict the presence oneds# heart disease given
the results of various medical tests carried out on eaclematirhe dataset comes from
the Cleveland Clinic Foundation and was originally sugplisy Dr Detrano of the V.A.

Medical Center, Long Beach, CA. The results from the testseevemcoded as patterns
with 6 categorical variables and 7 ordered variables, d#e €al. There are a total of 270
patterns; 120 of these are from patients with heart diseagk150 from patients without
heart disease. Plotting every variable against every ¢fiz@nvise scatter plots) showed

very little separation between the two classes; neitheitdeveal any obvious outliers.

This data was previously used in the Statlog project [MST&#] may be downloaded

from their web site. It was also used by [AG964].
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Categorical variable Code | Values

sex sex female, male

chest pain type chest | typical angina, atypical angina, non-anginal, asymptan
fasting blood sugar 120 mg/dI sugar | low, high

resting electrocardiographic results ecg normal, wave abnormal, hypertrophy
exercise induced angina angina | no, yes

thal thal normal, fixed, reversible

Ordered variable Code | Values

age age 29-77

resting blood pressure in mmHg bp 94 - 200

serum cholesterol in mg/dI cholest| 126 - 564

maximum heart rate achieved in bpm heart | 71 -202

exercise induced ST depression relative to rest st 0-6.2

the slope of the peak exercise ST segment slope | upsloping(1), flat(2), downsloping(3)
number of major vessels coloured by fluoroscopyessel | 0,1,2,3

Table 6.1: (Heart disease problem) Description of the te&in the dataset.
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# correct per class

160

| #hidden nodeg weight decay| score | absent/150 present/12Q total/270 ]|
1 0.005 0.3798 135 96 231
1 0.001 0.3752 134 97 231
1 0.0005 0.3871 133 98 231
2 0.01 0.3911 134 96 230
2 0.005 0.3795 135 96 231
2 0.001 0.4387 134 91 225
3 0.01 0.3870 134 95 229
3 0.005 0.3785 134 95 229
3 0.001 0.4495 127 92 219
4 0.01 0.3851 134 94 228
4 0.005 0.3769 135 95 230
4 0.001 0.4656 130 95 225

Table 6.2: (Heart disease problem) 10-fold cross-validatesults from training different
feed-forward networks.

6.3.1 Training the feed-forward network

The categorical variables were encoded using the scheraa givsection 2.3.4 on page

40. This maps each categorical variable witbategories intd vectors ink — 1 dimen-

sions. Since each ordered variable is mapped to a singleorietnput, it follows from

table 6.1 that theiLP has a total ofi 7 input nodes. A single output was used to estimate

the conditional probability of heart diseage(heart diseaskx).

It was decided to use all the data to train the network becthese were so few patterns

relative to the number of input dimensions. Thus there wasidependent test set on

which to estimate generalisation performance.

Table 6.2 shows the results of applying the 10-fold crodislation procedure described

in section 6.2.1. The “score” column gives the negative llitigan conditional class prob-

abilities, averaged both over patterns within each partitind over all 10 partitions. This

provides a relative measure of how accurately the netwoskelstimated the conditional

class probabilities. The next 3 columns give the averagebeunmf correct classifications

over the 10 sets of partitions.

The negative logarithm probability scores were used torgete the optimal number of

hidden nodes and amount of weight decay. Thus a single firtalonle with 1 hidden
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Figure 6.1: (Heart disease problem) Output from the finalvogt. The circles/crosses
are patterns labelled with/without heart disease.

node was selected and trained on all the data using a weighy dmefficient 00.001.
Figure 6.1 shows the output from this network evaluated bthaldata. This plot gives

an indication of the class separation achieved.

6.3.2 Extracting a rule-base

ThemMLP was linearised to a maximum error Bf = 0.005. This produced a one dimen-
sional division of hidden node space into 22 cells with adimgation error 0f).00458.
As expected, only one of these cells was a boundary cell (geeefb.2 on page 126 for
a reminder of the definition of a boundary cell). This comgiethe formation of th&k!

representation.

To translate this into th@&®? representation, comparative safety was set.toand one
simplex (containing a single half-plane) was obtained fothlclasses. These two sim-

plexes covered all but 3 patterns from a sample of 10000rpaftéhus demonstrating the
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Axis-aligned | Euclidean| City-block
Seed sample (10000)  30% 45% 96%
New sample (10000 14% 32% 95%
Original data (270) 27% 51% 99%

Table 6.3: (Heart disease problem) Effectiveness of theetldifferent rule-bases, each
containing 1000 rules per class.

effect of a small but non-zero linearisation error. The gewiu interpretation is that the

two simplexes do not quite touch.

Using a sample of 10000 patterns, 1000 rules for each class tiven generated to de-
scribe the space occupied by the two simplexes. This wasiteghdor each of the three
types of rule. Table 6.3 gives the effectivenesses of thdeebases on the sample used to
seed the rules, a new sample of 10000 patterns, and thealrizita. The effectiveness on
the sample used to seed the rules is greater than the effieeis on an independent sam-
ple because there are rules which are so small that they brdikaty to be activated by
the pattern used to seed it. This may be considered to be adfopkrerfitting. The reason
for the effectiveness being higher on the original data tharthe new sample was sus-
pected to be due to the difficulties in estimating densitypdrticular, the density estimate

was probably rather “broad” in comparison with the true utyileg density distribution.

Note that axis-aligned rules are the least effective, ¥odld by euclidean, and that city-
block rules are the most effective. This ordering is in agreet with the theoretical result
shown in figure 3.11 on page 68. Due to the low effectivenesaxistaligned and eu-
clidean rules it was decided only to retain the city-blocle+base. This was optimised
for parsimony using the method described in section 6.2ableT6.4 gives the effective-
ness of each of these rule-bases. Note that a new sample @ pafterns was used for
each optimisation, and so the table shows the effectivelnetss before and after each

optimisation.

Placing a strong weight on maximising parsimony, the rsebwith only 2 rules was
selected as the final explanation of the network. These 2 arkeshown in table 6.5, and
their performance is shown in table 6.6. The latter tablevshihe effectiveness of the

rule-base, the accuracy of the rule-base, the accuracy afatwork, and the comparative
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Number of rules|| Effectiveness
Before | After Before | After
2000 1517 95% 95%
1517 50 95% 91%
50 15 91% 89%
15 6 89% 85%
15 5 89% 83%
15 4 89% 82%
15 3 88% 78%
15 2 89% 5%

Table 6.4: (Heart disease problem) Table showing the ramuit effectiveness (estimat-
ed on samples of 10000 patterns) as the parsimony of thélcitk rule-base is increased.

accuracy. Naturally the comparative accuracy is equal ity liecause the comparative
safety was set t@.0. Note that these results were computed using the 270 exanmple

the dataset, so the network and rule-base accuracy figuresongain significant bias.

Before discussing this explanation in detail, the follogvia a quick reminder of the for-
mat of a city-block rule (see section 3.1.3 on page 57). Aloibck rule is activated if the
sum of the contributions (one per variable) is less tharyuaitd the rule tableau simply
indicates how each contribution (one per row) is calculakeat categorical variables the
contribution simply depends upon the category, and so tleesimply lists the possible
contributions. For ordered variables the contributiorhis difference between the value
of the variable and some prototype value, divided by one of passible weighting co-
efficients. Which weighting coefficient is used depends uihensign of the difference
between the value and the prototype value. In principle dfetableau gives two weights
and a prototype value for each ordered variable, althoughléwity an infinite weight is

represented by a blank. Several numerical examples wilMes dn the following section.

6.3.3 The explanation

This section is divided into two parts: a basic interpretatf the two heart disease rules;
followed by a demonstration of how these rules explain tlsgification of individual

patterns.
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Categories template

sex . female male

chest : typical atypical non-angina asymptomatic
sugar : low high

ecg : normal abnormal hypertrophy

angina : no yes

thal : normal fixed reversible

Rule 1: HEART DISEASE if

sex : 0.134 0

chest : 0.242 0.1637 0.202 0
sugar - 0 0.00206

ecg 0 0 0

angina : 0.0509 0

thal :0.1833 0.1904 0

age : 17 +321.4
bp : -360.6 167

cholest : -2091 419

heart : 122 +344.5
st : -17.84 2.1

slope : -13.09 3

vessel -6.807 2

Rule 2: NO HEART DISEASE if

sex - 0 0.1413

chest : 0.06059 0.1431 0 0.2131
sugar - 0 0

ecg -0 0.02561 0.04988

angina : O 0.05368

thal 0 0 0.1933

age : -304.77 89

bp : 98 +342.0
cholest : 314 +1983
heart -326.64 194

st : 0 +16.92
slope : 1 +12.41
vessel -1 +6.455

Table 6.5: (Heart disease problem) The final two city-bladks extracted from the feed-
forward network. These rules are guaranteed to give the stamsification as the net-
work, and coveR45/270 ~ 91% of the patterns in the dataset.



CHAPTER 6. RESULTS

No heart disease

Heart disease

Total

rule-base effectiveneg

rule-base accurac
network accuracy

5138/150~ 92%

y 128/138~ 93%
139/150~ 70%

107/120~ 89%

94/107 ~ 88%
102/120~ 95%

245/270~ 91%

222/245~ 91%
241/270~ 89%

165

comparative accuracy 141/141~ 100% | 104/104~ 100% || 245/245~ 100%

Table 6.6: (Heart disease problem) The performance of thectty-block rules shown in
table 6.5 on the 270 examples in the dataset.

Basic interpretation

A basic interpretation of the two rules may be obtained byrerang the minimum and
maximum contributions from each row of the rule. For categbrvariables these con-
tributions are immediately apparent from ttetegories templatevhich indicates which
contribution corresponds to which category. Clearly thieiwaf sugar is irrelevant to

the activation of Rule 2 since either value contributes zerihe activation. In addition,
the value ofsugar is only slightly relevant to the activation of Rule 1. Thisggests

that the variable is unimportant. Similarly, the value of #tg variable is irrelevent to
the activation of Rule 1, and is also unimportant to the atitm of Rule 2 because it
makes no contribution when it isormal and only a very small contribution whatg

is notnormal . Taking a third example, the effect of the gender of the patia the rules

is easily understood. The heart disease rule is more likelyetactivated if the patient
is male because then there is no contribution fromahg row; similarly, the no heart

disease rule is more likely to be activated if the patienemdle.

Reading the contributions for ordered variables is onlghtly more complicated. Con-
sider for example blood pressut®() and Rule 1. If the blood presure of the test patient is
less than 167 mmHg then the contribution from this ro@@é‘%. Thus lower blood pres-
sure gives rise to a larger contribution from this row, anet¢ifiore decreases the chance
of this rule being activated. Note that if the blood pressrgreater than 167 mmHg then
there is no contribution from this row because the righticotumn is infinite (represent-

ed as a blank).

A basic interpretation of the conditions on the remainingeoed variables is as follows:
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high blood pressure, high cholesterol, low maximum hede aae all factors which re-
duce the total contribution of rule 1, and thus increase tssipility of assignment to the
heart disease class. Perhaps curiously, the effects ofragmanter-intuitive: older does
not mean more likely to have heart disease. However two pomitst be remembered:
firstly, this conclusion is based upon a single variable &g ignores possible correla-
tions between the variables; second, all these conclusitingately derive from a sample
of only 270 patients and so may not be statistically significaDf course it is only by

extracting explanation that these kinds of effects can bectied.

The contributions from each row in each rule are shown in §@u2. These plots illustrate
graphically which variables make significant contributcend hence may prevent the
activation of a rule. Thusugar is confirmed to be irrelevant, followed bscg and
angina . cholesterol mostly contributes very little, and this can also be seegctly
from the rules because the divisors (-2091 in rule 1 and 1983l¢ 2) are relatively large.
Note that these plots are useful for assessing the contnitzubf the ordered variables
because they normalise out the effects of scale. Of paaticnierest are those variables

which contribute a wide range of values.

A further simplification of the above approach is to consiter prototype pattern(s) for
each rule. A prototype pattern may be defined as any patteimggiise to the minimum
contribution to the activation of the rule. In the case ofesedl variables the coordinates
are the middle column, and in the case of categorical vasatile prototype categories
are those which make the smallest contribution. Hence thifype patterns for the two
rules are shown in table 6.7. The crudest explanation of amypattern is to say that it is
most similar to one of these two prototype patterns and thtigades the corresponding

rule.

Explaining individual patterns

Though constructive, the conclusions which can be drawm froalysing variables indi-

vidually is limited. To gain an understanding of the intei@as between variables it is
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Figure 6.2: (Heart disease problem) Contributions fronheaeiable in each rule over all
270 patterns in the dataset. Random jitter has been addeddxtically and horizontally
to separate co-incident points.
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Rule 1: HEART DISEASE prototype pattern

sex : male

chest . asymptomatic
sugar . low

ecg : normal, abnormal or hypertrophy (ie any)
angina 1 yes

thal . reversible

age . 17 and below
bp . 167 and above
cholest : 419 and above
heart : 122 and below
st 21

slope 3

vessel : 2o0r3

Rule 2: NO HEART DISEASE prototype pattern

sex . female

chest : non-angina
sugar : low or high (ie any)
ecg : normal

angina © no

thal : normal or fixed
age : 89 and above
bp . 98 and below
cholest : 314 and below
heart : 194 and above
st 0

slope 1

vessel -1

Table 6.7: (Heart disease problem) Prototype patternfiéotvto rules shown in table 6.5.
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useful to look at the explained classification of individyaltterns. Two such explana-
tions are shown in tables 6.8 and 6.9. The first shows why &pkat pattern should be
classified as corresponding to a patient with heart diselmsaddition, this explanation
indicates the large number of similar patterns which woldd ae classified as the heart
disease class. For example, this pattern would be giverathe slassification even if the
CHEST variable wasryPICAL. Similarly, even if the maximum achieved heart rate was
increased to 180 beats per minute and the blood presureegdod0 mmHg, then this

pattern would still be classified as the heart disease class.

The second explanation, shown in table 6.9, justifies aggjga different pattern to the
no heart disease class. Exactly the same kind of reasonpipgpand the effect on the

classification from making changes to the input pattern imédiately apparent.

6.3.4 The effects of decreasing comparative safety

The effectiveness of the final two rules is relatively higbvering91% of the data), but

it is constructive to see if this figure can be increased byea#sing comparative safety.
Recall from figure 3.16 on page 81 that reducing comparatifetys increases the width
of a “dead-band”, within which patterns may be assignedtteeeiclass. Clearly it is not
possible to produce a similar plot for problems in more thvemdimensions, however the
probability plot shown in figure 6.1 may be used to view theriigtion of the classes
for problems of any number of dimensions. This plot was ttoeecused to decide that
an acceptable comparative safety wouldB8 because it produces a dead-band between

P(heart diseasex) = 0.3 and P(heart diseasgx) = 0.7.

Thus the rule extraction procedure was repeated with caatiparsafety set t6.43, and

this produced the results shown in table 6.10. The effentise of these rules is only
marginally higher than the effectiveness of rules extiheteh a comparative safety of
unity (see table 6.3). Certainly the effectiveness of this-aligned and euclidean rules
are still very low. Optimising the city-block rule-base foarsimony produced two rules

with the performance shown in table 6.11. Thus reducing @ratjve safety from.0
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Categories template
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sex female male

chest typical  atypical non-angina asymptomatic
sugar low high

ecg normal abnormal hypertrophy

angina no yes

thal normal fixed reversible

Rule 1: HEART DISEASE

** activated **

pattern contrbn | condition
sex . male 0 | 0.134 0
chest : asymptomatic O | 0.242 0.1637 0.202 0
sugar : low 0 | O 0.002056
ecg . hypertrophy 0 | O 0 0
angina : no 0.0509 | 0.0509 O
thal : normal 0.1833 | 0.1833 0.1904 0
age : 70 0.1649 | 17 +321.4
bp : 130 0.1026 | -360.6 167
cholest : 322 0.0464 | -2091 419
heart : 109 0 | 122  +344.5
st : 2.4 0 | -17.84 2.1
slope 12 0.0764 | -13.09 3
vessel : 3 0 | -6.808 2

TOTAL CONTRIBUTION = 0.625

Rule 2: NO HEART DISEASE ** not activated **

pattern contrbn | condition
sex : male 0.1413 | O 0.1413
chest : asymptomatic 0.2131 | 0.06059 0.1431 0 0.2131
sugar : low 0 | O 0
ecg . hypertrophy 0.0499 | O 0.02561 0.04988
angina : no 0 | O 0.05368
thal : normal 0 | O 0 0.1933
age 2 70 0.0623 | -304.8 89
bp : 130 0.0936 | 98 +342.0
cholest : 322 0.0040 | 314  +1983
heart : 109 0.2602 | -326.6 194
st 124 0.1418 | 0 +16.92
slope : 2 0.0806 | 1 +12.41
vessel : 3 0.6196 | -1 +6.455

TOTAL CONTRIBUTION = 1.67

Table 6.8: (Heart disease problem) Explanation

heart disease class.

of why argpattern is assigned to the
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Categories template

sex female male
chest typical  atypical
sugar low high

ecqg normal abnormal
angina no yes

thal normal fixed

Rule 1: HEART DISEASE ** not
pattern contrbn |
sex : male 0
chest : non-angina 0.2020 |
sugar : low 0
ecg . hypertrophy 0 |
angina : no 0.0509
thal : normal 0.1833 |
age 144 0.0840
bp : 140 0.0749
cholest : 235 0.0880 |
heart : 180 0.1684
st : 0 0.1177
slope 01 0.1528
vessel : 0 0.2938

TOTAL CONTRIBUTION 1.42

*%k

Rule 2: NO HEART DISEASE

pattern contrbn |
sex : male 0.1413
chest : non-angina O |
sugar : low 0
ecg . hypertrophy 0.0499 |
angina : no 0
thal : normal 0
age 1 44 0.1477
bp : 140 0.1228
cholest : 235 0
heart : 180 0.0429
st : 0 0
slope o1 0
vessel : 0 0.1549

TOTAL CONTRIBUTION = 0.659

Table 6.9: (Heart disease problem)
no heart disease class.

171

non-angina asymptomatic

hypertrophy

reversible

activated **
condition

| 0.134
0.242

| O

0 0

| 0.0509 O
0.1833 0.1904 O

0
0.1637 0.202 O
0.002056
0

| 17 +321.4
| -360.6 167
-2091 419
| 122 +344.5
| -17.84 2.1
| -13.09 3
| -6.808 2
activated **
condition
| O 0.1413
0.06059 0.1431 O 0.2131
| O 0
0 0.02561 0.04988
| O 0.05368
| O 0 0.1933
| -304.77 89
| 98 +342.0
| 314 +1983
| -326.64 194
| 0 +16.92
| 1 +12.41
| -1 +6.455

Explanation of why argjpattern is assigned to the
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Axis-aligned | Euclidean| City-block
New sample (10000 17% 39% 100%
Original data (270) 31% 57% 100%

Table 6.10: (Heart disease problem) Effectiveness of treetHifferent rule-bases, each
containing 1000 rules per class, extracted with a comparatifety 0f0.43.

No heart diseas¢ Heart disease Total
rule-base effectiveness145/150~ 97% | 116/120~ 97% || 261/270~ 97%

rule-base accuracy 134/145~ 92% | 98/116 ~ 84% || 232/261~ 89%
network accuracy 139/150~ 70% | 102/120~ 95% || 241/270~ 89%

comparative accuracy 150/151~ 99% | 108/110~ 98% || 258/261~ 99%

Table 6.11: (Heart disease problem) The performance of ttyebtock rules extracted
with comparative safety di.43, estimated using the 270 examples in the heart disease
dataset.

to 0.43 has increased the effectiveness of two rules fi@i¥n to 97%. Naturally this
means that comparative accuracy is also reduced, albeivegyamall amount. This was
perhaps to be expected since there are only a small numbettefs in theé).3 to 0.7
dead-band. Note that as before, the network and rule-baseaamies are biased because

they are estimated on the same data as was used to traingheabrietwork.

6.4 Dataset 2;: Pima Indian

The purpose of this dataset is to predict the presence onedsé diabetes in women of
Pima Indian descent living near Phoenix, Arizona, USA. Thgdvas collected by the
US National Institute of Diabetes and Digestive and Kidndégelses, and the subject-
s were tested for diabetes according to World Health Orgéiniz criteria. The results
of various physiological measurements and medical tesesach subject were encoded
as a pattern consisting of 8 ordered variables. There wgmally 768 observations of
these 8 variables, however many of the patterns containedvatues which are physi-
cally impossible. Following [Rip96], these patterns and sierum insulin variable were
removed from the data. This left a total of 532 patterns witlaiiables (see table 6.12).

355 of these patterns were from subjects without diabetes,1&7 from subjects with
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Ordered variable Code | Values
number of pregnancies npreg| 0-17
plasma glucose concentration | glu 56 - 199
diastolic blood pressure (mm Hg)bp 24 -110
triceps skin fold thickness (mm)| skin | 7 -99

body mass index (ktm?) bmi | 18.2-67.1
diabetes pedigree function ped | 0.085-2.42
age age |21-81

Table 6.12: (Pima Indian problem) Description of the vadgahn the dataset.

diabetes. Plotting every variable against every othemnfiseé scatter plots) showed very

little separation between the two classes; neither didséakany obvious outliers.

The dataset has been used previously by both [Rip96] an@§T.at may be downloaded
from the UCI machine-learning database collection [MAS%],from Probenl [Pre94],
or alternatively from [Rip96]. The latter was used here beeait was already split into

training and test partitions of 200 and 332 patterns regabyt

6.4.1 Training the feedforward network

An MLP network with the 7 ordered variables as inputs and a singjgubto estimate the

conditional probability of diabetes?(diabetegx), was trained as before.

The 10-fold cross-validation method described in sectighl6was used with the 200
training patterns in order to optimise the number of hiddedes and weight decay coef-

ficient. Table 6.13 summarises the results of these expeténe

Figure 6.3 shows a graph of the minimum scores obtained hbyanks of increasing
number of hidden nodes. According to this plot, the optimatwork has at least 20
hidden nodes. However the benefits of choosing the best rietwith 20 hidden nodes
over the best network with 5 hidden nodes is marginal, as eaebn by considering that
75% of the decrease in the value of the score occurs when the mwhb&lden nodes is
increased from 1 to 5. However there is also a pragmatic mddivpreferring a network
with a relatively small number of hidden nodes. The amountarhputer memory and

execution time required by the rule extraction algorithraréases with the number of
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# correct per class
| #hidden nodeg weight decay|| score | non/132] diabetic/68]| total/200 ]|
1 0.05 0.5908 132 0 132
1 0.01 0.5151 112 35 147
1 0.005 0.5129 109 38 147
1 0.001 0.5291 106 39 145
2 0.05 0.5729 131 2 133
2 0.01 0.5047 112 36 148
2 0.005 0.5098 111 36 147
2 0.001 0.5762 110 32 142
3 0.05 0.5640 130 9 139
3 0.01 0.5005 112 36 148
3 0.005 0.5017 109 38 147
3 0.001 0.6515 107 32 139
4 0.05 0.5587 130 12 142
4 0.01 0.4967 113 35 148
4 0.005 0.4966 111 37 148
4 0.001 0.6768 109 34 143
5 0.05 0.5552 130 14 144
5 0.01 0.4946 113 35 148
5 0.005 0.4968 110 37 147
5 0.001 0.6685 106 31 137
6 0.05 0.5526 130 15 145
6 0.01 0.4931 114 36 150
6 0.005 0.4963 111 37 148
6 0.001 0.7096 101 35 136
7 0.05 0.5508 130 16 146
7 0.01 0.4920 114 36 150
7 0.005 0.4953 111 37 148
7 0.001 0.7498 106 34 140
8 0.05 0.5493 130 16 146
8 0.01 0.4911 114 36 150
8 0.005 0.4960 111 36 147
8 0.001 0.7079 103 35 138
9 0.05 0.5481 130 17 147
9 0.01 0.4904 114 36 150
9 0.005 0.4948 111 37 148
9 0.001 0.7977 102 31 133
10 0.05 0.5471 130 17 147
10 0.01 0.4899 114 35 149
10 0.005 0.4949 111 37 148
10 0.001 0.7613 105 34 139
15 0.05 0.5441 129 19 148
15 0.01 0.4884 114 35 149
15 0.005 0.4942 111 37 148
15 0.001 0.7086 108 36 144

Table 6.13: (Pima Indian problem) 10-fold cross-validatiesults of training different
feedforward networks.
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Figure 6.3: (Pima Indian problem) A graph showing how theimimm cross-validation
score decreases with increasing number of hidden nodes.

hidden nodes. Thus the choice of a near-optimal network fgitrer hidden nodes is a

reasonable compromise.

The final network was obtained by training a 5 hidden nede® on the 200 training
patterns using a weight decay coefficientOdil. Out of the 332 test patterns, 201 out
of the 223 non-diabetic patterns: 00%) were classified correctly, and 66 out of the 109
diabetic patterns¥ 61%) were classified correctly. This is a total2if7/332, so the final
classification performance of the network was estimate@te B0%. Figure 6.4 shows a
plot of the output of the network for each pattern in the test Ehis indicates the amount

of overlap between the two classes.

In previous attempts with this dataset, [Rip96] found tlatimp of any number of hidden
nodes had a classification error rate less than that obtaisied logistic regression, and
[Tar98] found that 6 hidden nodes were optimal. However ditet used a different

partitioning of the dataset. Despite the differences imilmmber of hidden nodes used by
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Figure 6.4: (Pima Indian problem) Output from the final netwd he circles/crosses are
patterns from the test set labelled with/without diabetes.

[Rip96], [Tar98], and here, the test error rates are alndesttical, beingl9.8%, 22.7%,

and19.6% respectively.

It is interesting to note that the weights associated witthdadden node in the final net-
work were almost identical. Table 6.14 shows the weights affgkts. The similarity

between the values suggests that there is only a slight auttie classification boundary
(if the weights associated with each hidden node were gxtwt same then the classifi-

cation boundary would be a hyperplane).

6.4.2 Extracting a rule-base

ThemLP was linearised to a maximum error Bf = 0.05. This divided each hidden node
sigmoid into 7 segments with a linearisation errof®282. The total number of cells was
75 = 16807, but only 5806 of these were found to be boundary cells. Thesadary cells

form theR! representation. Comparative safety was then set to 1.Ctharalgorithm to



Input weights

| Input offsets|

-.066193 -.0195000 -.00422054 -.003722342
-.066201 -.0194990 -.00421619 -.003722757
-.066199 -.0194989 -.00421567 -.003723655
-.066195 -.0195002 -.00422257 -.003720833
-.066203 -.0194996 -.00422025 -.003720169

-.044528750092886 -.0269058 6.01921926
-.0445205600948054 -.0269042 6.01876114
-.044523850094235 -.0269026¢ 6.01879478
-.044525260092286 -.0269086 6.01925470
-.044516260092859 -.0269092 6.01891021

\ Output weights

| Output offset]|

‘—1.04758128 -1.04751708 -1.04753306

-1.04757258 -1IBU3] 2.00389063 |

Table 6.14: (Pima Indian problem) Weights and offsets irfithe MLP. The similarity between the values suggests that the foimési gently curved.
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Axis-aligned | Euclidean| City-block
Seed sample (10000) 59% 72% 95%
New sample (10000 52% 69% 94%
Test data (332) 55% 70% 94%

Table 6.15: (Pima Indian problem) Effectivenesses of 2008srof each of the three rule
types.

Number of rules|| Effectiveness
Before | After Before | After
2000 1759 94% 94%
1759 50 95% 95%
50 15 94% 94%
15 6 94% 93%
15 5 94% 92%
15 4 93% 91%
15 3 94% 90%
15 2 94% 87%

Table 6.16: (Pima Indian problem) Optimising the parsimohthe city-block rule-base.
The table shows the effectiveness on a sample of 10000 pateth before and after
each optimisation.

form the R? representations was iterated 200 times to obtain simpléessribing both
the diabetes and non-diabetes regions. Only 1101 out ofabsille 5806 boundary cells
were used, and the simplexes were found to cover 9690 pafitem a sample of 10000.
There are two reasons for the incomplete coverage: nonline@risation error; and the
fact that the twaR? representations did not use all the boundary cells. Thedirstese
is a limitation of the linearisation method (chapter 4), #melsecond is a drawback of the

R'! to R? conversion algorithm (section 5.3).

Using a sample of 10000 patterns, 1000 rules of each typearshth class were gen-
erated to form three rule-bases. Table 6.15 gives the sieetss of these rule-bases on
the sample used to seed the rules, a new sample of 10000ngated the test data. As
with the heart disease dataset, the city-block rules ardnrmare effective than either eu-
clidean or axis-aligned rules. Hence only the city-blocletibase was further optimised
for parsimony. This was achieved using the same method asebgfescribed in 6.2.1).

Table 6.16 gives the effectiveness of each increasinglsimpanious rule-base.

Placing a strong weight on maximising parsimony, the raeebwith only 2 rules was



CHAPTER 6. RESULTS

Rule 1: DIABETES if

179

npreg -27.617 10
glu -93.757 176
bp -433.36 86
skin -491.18 23
bmi -41.062 35.9
ped -1.8113 0.883
age -67.949 50

Rule 2: NO DIABETES if
npreg 0 +39.166
glu 82 +132.96
bp 69 +614.63
skin 21 +696.5
bmi 334 +58.232
ped -0.127 +2.5687
age 17 +96.365

Table 6.17: (Pima Indian problem) The final two city-blockesiextracted from the feed-
forward network. They are guaranteed to give the same fitzgin as the network and
cover approximatelp6% of the test patterns (see table 6.18).

Not diabetic

Diabetic Total

rule-base effectivenes

rule-base accurac
network accuracy

com parative accurac

5200/223~ 90%

y 189/200~ 95%
201/223~ 90%

y 225/225~ 100%

87/109~ 80% || 287/332~ 86%

51/87 ~ 59% || 240/287~ 84%
66/109~ 61% || 267/332~ 80%

62/62 ~ 100% || 287/287~ 100%

Table 6.18: (Pima Indian problem) The performance of thedityoblock rules shown in
table 6.17 on the 332 examples in the test set.

selected as the final explanation of the network. These 2 aukeshown in table 6.17, and

their performance is shown in table 6.18. The latter tabtewvshthe effectiveness of the

rule-base, the accuracy of the rule-base, the accuracyg afetwork, and the comparative

accuracy, all computed using the 332 examples in the tesi\gsé that the accuracy of

the rule-base is higher than the accuracy of the feed-fahmatwork because the rules

do not classify every test pattern. Note also that the coatparaccuracy is necessarily

100% because the comparative safety was sét@o
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Comment on prototype patterns

Although the prototype patterns in the city-block rulesdmgl to a very definite class,
they may not be very likely to occur. There is a simple geometiason for this property:
the further the rule prototype pattern is from the class blany) the more effective the
rule antecedent region will be. This explains certain ottaristics of the prototypes in
the results given above. For example, the prototype valueedf in the second rule
shown in table 6.17 is negative, even though the valygedf is always positive in all of
the available data (see table 6.12). Similarly, the prgegge is 17, compared with the
smallest value in the dataset of 21. Thus this prototype fabeates” pattern is on the edge
of normality. Similar examples can be found in the heartatiseproblem (the prototype
value ofvessel inrule 2 of table 6.5 is -1, compared with a minimum value ob0rfd
in the dataset), and in the next problem to be consideredhdrt,ghe prototype patterns
have a large conditional class probability, but tend to oatregions of low unconditional

density.

6.4.3 The explanation

The final two rules are intuitively satisfying. The total ¢dlution for the diabetes rule
will be smaller for subjects with a large number of pregnasclarge glucose concentra-
tion, high blood pressure, large skin fold thickness, higdyomass index, high diabetes

pedigree function, and of a more mature age. The conversgei®t the no diabetes rule.

The contributions plot of the two rules are shown in figure GBese suggest that neither
blood pressure nor skin fold thickness are critical in dataing diabetes. They also

suggest that glucose is an important variable because i laage spread of contributions.

Finally, an explanation of why a particular pattern shouiddassified as belonging to
the diabetes class is given in table 6.19. This shows theibation arising from each
variable, and how the pattern could change such that the gatine opposite classification

would result.
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Rule 1

skin  §
bmi

ped

age

contributions

Rule 2

skin
bmi
ped

age

contributions

Figure 6.5: (Pima Indian problem) Contributions from eaahable in each rule over all
332 patterns in the test set. Random jitter has been added/éxically and horizontally
to separate co-incident points.
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Rule 1: DIABETES if ** activated **

pattern contribution condition
npreg 6 0.1448 -27.617 10
glu 148 0.2986 -93.757 176
bp 72 0.0323 -433.36 86
skin 35 0 -491.18 23
bmi 33.6 0.0560 -41.062  35.9
ped 0.627 0.1413 -1.8113  0.883
age 50 0 -67.949 50

TOTAL CONTRIBUTION = 0.6731

Rule 2: NO DIABETES ** not activated **

pattern  contribution condition

npreg 6 0.1532 0 +39.166
glu 148 0.4964 82 +132.96
bp 72 0.0049 69 +614.63
skin 35 0.0201 21 +696.5
bmi 33.6 0.0034 33.4 +58.232
ped 0.627 0.2935 -0.127 +2.5687
age 50 0.3424 17 +96.365

TOTAL CONTRIBUTION = 1.3140

Table 6.19: (Pima Indian problem) Explanation of why a gipattern is assigned to the
diabetes class.



CHAPTER 6. RESULTS 183

Axis-aligned | Euclidean| City-block
New sample (10000 67% 85% 100%
Original data (270) 68% 83% 100%

Table 6.20: (Pima Indian problem) Effectiveness of thedhdferent rule-bases, each
containing 1000 rules per class, extracted with a comparatifety 0f0.67.

6.4.4 The effects of decreasing comparative safety

In an attempt to obtain more effective rules, the extragtimtedure was repeated with a
comparative safety less than unity. Figure 6.4 was useddide®y how much compara-
tive safety could be acceptably reduced. Notice how theiliigion of classes is different
from those of the heart disease dataset, shown in figure 6.farticular, there is more
overlap between the classes and also fewer patterns at ttenes with probabilities
close to0 or 1. Hence it was decided to use a narrower dead-baridddb 0.6. This is

achieved (see figure 3.16 on page 81) by a comparative sdfét§mo

The results are shown in table 6.20. These compare favgudthi the previous results
obtained using unity comparative safety (table 6.15). Tityeltock rulebase was further
optimised for parsimony, and the performance of the resyltivo city-block rules is
shown in table 6.21. Compared with the original two citydiaules (table 6.18), the
effectiveness has increased fr@®% to 93%, the accuracy has dropped fragd% to

80%, and the comparative accuracy has dropped ft66% to 96%.

The same procedure was also used to obtain the most efféwtivaxis-aligned and eu-
clidean rules with a comparative safety®67. The two axis-aligned rules were found
to have an effectiveness 88% and the two euclidean rules an effectivenes$&.

Thus on this dataset, reducing comparative safety does ak# these type of rules viable

alternatives to city-block rules.

6.5 Dataset 3: Breast Cancer

The purpose of this dataset is to predict whether a tissu@lsataken from a patient’s

breast is malignant or benign. The data was collected at thieetsity of Wisconsin
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No heart disease

Heart disease

Total

rule-base effectiveneg

rule-base accurac
network accuracy

5214/223~ 96%

y 203/214~ 95%
201/223~ 90%

95/109~ 87%

45/95 =~ 47%
66/109~ 61%

56/67 ~ 84%

309/332= 93%

248/309% 80%
267/332~ 80%

298/309~ 96%

184

comparative accuracy 242/242~ 100%

Table 6.21: (Pima Indian problem) The performance of twg-blbck rules extracted
with comparative safety df.67, estimated using the 322 examples in the test set.

Ordered variable Code Values
Clump Thickness thickness | 1-10
Uniformity of Cell Size size 1-10
Uniformity of Cell Shape | shape 1-10
Marginal Adhesion adhesion | 1-10
Single Epithelial Cell Size epithelial | 1-10
Bare Nuclei bare 1-10
Bland Chromatin chromatin| 1-10
Normal Nucleoli normal 1-10
Mitosis mitosis 1-10

Table 6.22: (Breast cancer problem) Description of thealdeis in the dataset.

Hospitals, Madison. Each pattern consists of the resubts f@ visual assessments of
nuclear features of fine needle aspirates, see table 6.2B.dsaessment is scored with a
number in the interval 1 to 10, with value 1 referring to a nalstate and 10 to a most
abnormal state. Malignancy is determined by taking a tissumple from the patient’s
breast and performing a biopsy on it. A benign diagnosis ifioned by biopsy or by
periodic examination, depending on the patient’s choid®ré& are a total of 699 patterns;
458 of these correspond to benign tissue samples and 241lignard tissue samples.
In 16 patterns, the results from the bare nuclei test wersings The simple strategy of
substituting the mean (evaluated over the remaining 6&2npa) was used to eliminate

these missing values.

An early subset of the data was analysed using the FACT filasWTLV87], [WTL88],
[WTL89], with linear programming methods, [MW90], and ugia multisurface method
of pattern separation, [WM90]. In addition this data formmtk of the datasets in an

empirical comparison of decision trees and other classificamethods, [LLS97], and
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is also found in the Probenl database, [Pre94]. The data maptained electronically

from [Pre94] or the UCI machine-learning database cobbectiMA95].

Three of the rule extraction papers reviewed in chapter d tge dataset: Taha and Ghosh
(page 8) produced 5 rules; Bologna (page 10) produced § mmesGoodmaet al (page
17) produced 11 rules. All three had approximately the sarnaracy as a standard_pP

(~ 96%). Note that the rules produced by Taha and Ghosh classifyadtiérns in the
dataset but are not guaranteed to give the same classifieatithe network, and that both

Bologna and Goodmaet al used non-standard networks.

6.5.1 Training the feed-forward network

An MLP with the 9 ordered variables as inputs and a single outpustimate the condi-

tional probability of cancer(cancel x), was trained as before.

The 10-fold cross-validation method to select network ibecture was used on 690 of
the 699 patterns (9 of the patterns were not used during -vediskation). Table 6.23
summarises the results of these experiments. Figure 6vésshgraph of the minimum
scores obtained by networks with increasing numbers ofdmidwdes. According to this
plot, approximately75% of the total decrease (over the range tested) occurs when the

number of hidden nodes is increased from 1 to 5.

The final network was obtained by training a 5-hidden neide on all the data using a
weight decay coefficient df.0005. Figure 6.7 shows a plot of the output of the network
for each pattern, thus indicating the distribution of clpssbabilities and the amount of
class separation achieved. The weights associated withhédden node in the network
are shown in table 6.24. Note that the weights are all differehich suggests that the
function is different from that which would be produced byeawork with only a single

hidden node.
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# correct per class
| #hidden nodeg weight decay| score | non/438| cancer/237] total/690 |
1 0.0005 0.1121 437 227 664
1 0.001 0.1116 438 228 666
1 0.005 0.1339 440 227 667
2 0.0005 0.0964| 437 227 664
2 0.001 0.0954 440 227 667
2 0.005 0.1157 440 227 667
3 0.0005 0.1001 437 227 664
3 0.001 0.0960 439 226 665
3 0.005 0.1088 440 227 667
4 0.0005 0.0975 439 225 664
4 0.001 0.0951 441 226 667
4 0.005 0.1051 441 227 668
5 0.0001 0.1609 436 217 653
5 0.0005 0.0907 439 227 666
5 0.001 0.0938 441 226 667
6 0.0001 0.1644| 438 214 652
6 0.0005 0.0883 438 227 665
6 0.001 0.0935 441 226 667
7 0.0001 0.1355 439 216 655
7 0.0005 0.0865 439 226 665
7 0.001 0.0926 441 226 667
8 0.0001 0.1454| 440 216 656
8 0.0005 0.0867 438 227 665
8 0.001 0.0925 441 226 667
9 0.0001 0.1497 442 219 661
9 0.0005 0.0858 438 227 665
9 0.001 0.0924| 441 226 667
10 0.0001 0.1369 440 219 659
10 0.0005 0.0852 438 227 665
10 0.001 0.0928 441 226 667
15 0.0001 0.1312 441 219 660
15 0.0005 0.0836 438 226 664
15 0.001 0.0924 441 226 667

Table 6.23: (Breast cancer problem) 10-fold cross-vabdatesults of training different
feed-forward networks.
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Figure 6.6: (Breast cancer problem) A graph showing how timémum cross-validation
score decreases with increasing number of hidden nodes.
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Figure 6.7: (Breast cancer problem) Output from the finalvoet. The circles/crosses
are patterns labelled with/without cancer.



Input weights

| Input offsets]

Table 6.24: (Breast cancer problem) Weights and offsetsdrfibalMLP. The difference between the values suggests that the dmistsignificantly

‘-2.604 -2.418 -3.398 -3.626 -2.7156.6600

different from the function produced by a network with a $&ngidden node.

-0.3725 -0.1983 -0.3065 -0.3011 -0.07477 -0.3736 -0.023411305 -0.1389 | 5.050

-0.2579 -0.3288 -0.4353 -0.08009 -0.1009 -0.2339 -0.0633¥1537 -0.07568 4.633

-0.1973 -0.2423 -0.3992 -0.3236 -0.2385 0.1463 -0.1055 1832 -0.5143 | 7.914

-0.3600 0.3342 0.2832 0.2882 0.6734 -0.6489 -0.5063 -6.459.9057 | 3.668

-0.3921 0.1067 0.02008 -0.5751 -0.2079 -0.3165 -0.2352 1151 -0.2494 | 5.305
\ Output weights | Output offset|
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Axis-aligned | Euclidean| City-block
Seed sample (10000)  65% 82% 92%
New sample (10000 56% 8% 92%
Original data (699) 67% 82% 93%

Table 6.25:; (Breast cancer problem) Effectivenesses ob 20l@s of each of the three
rule types, estimated on the seed sample, a new sample,enddinal data.

6.5.2 Extracting a rule-base

The MLP was linearised to a maximum error & = 0.1. This divided the hidden node
sigmoids into7, 7, 10, 10, 8 segments, producing a linearisation errof ®815. The total
number of cells wa89200, but only 10580 of these were found to be boundary cells (the
R! representation). Comparative safety was sdt@pand the algorithm to form th&?
representations (see section 5.3) was iterated 100 timebt&in simplexes describing
both the cancer and non-cancer regions. G4 out of the possibld 0580 boundary
cells were used, and the simplexes were found to c%66 patterns from a sample of

10000.

Rule-bases of each type, each containing 1000 rules pexwia® then generated using
samples of 10000 patterns. Table 6.25 gives the effectbaeokthese rule-bases on three
different samples: the sample used to seed the rules, a meplesaf 10000 patterns, and

the original data.

As with the heart disease and Pima Indian datasets, thdlcitk rules are much more
effective than either euclidean or axis-aligned rules. ¢¢eonly the city-block rule-base
was further optimised for parsimony. This was achieved withsame method as used
on the previous two datasets. Table 6.26 gives the effewtsgeof each intermediate rule-

base.

The five most effective city-block rules are shown in tabl276 and their performance is
shown in table 6.28. In comparison, the two most effectiwg-lsiock rules are shown in
table 6.29, and their performance is shown in table 6.30icHthat the two most effective
rules are the also included amongst the five most effectilasruselecting one of these

rule-bases for the final explanation depends simply on tigeegeof parsimony required.
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Number of rules|| Effectiveness
Before | After Before | After
2000 1773 91% 91%
1773 50 91% 88%
50 15 88% 87%
15 6 86% 83%
15 5 87% 83%
15 4 86% 81%
15 3 86% 79%
15 2 86% 74%

Table 6.26: (Breast cancer problem) Optimising the parsinud the city-block rule-base.
The table shows the effectiveness on a sample of 10000 patieth before and after each
optimisation.

The effectiveness gained from the extra three rules is sarificant, and increases from
~ 80% for the two rules to~ 86% for the five rules. However for the purposes of

illustration it was decided to select the two rule explamafior further discussion.

6.5.3 The explanation

Recall that all variables take values between 1 and 10, witifekring to a normal state
and 10 to the most abnormal state. It is not surprising tbeeghat the no cancer proto-
type consists entirely of small values. Notice also thatealae bounds on both sides of
some of the components of the rule protoype pattern. Thiiésithat the rule antecedent
region is bounded on both sides, and so the classificationdawy is most definitely

curved.

The contributions plots are shown in figure 6.8. The presehseme large contributions
in rule 2 implies that it only requires a couple of variableégwarge values to prevent the
rule from being activated. This agrees with the crude ivibelief that abnormal states

are unlikely to be non-cancerous.

Finally, table 6.31 gives an example explanation of why aepatshould be assigned to

the cancer class.
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Rule 1 : CANCER if
thickness -15.691
size -28.063 6 +28.928
shape -18.633 5 +38.89
adhesion -12.113 4 +38.117
epithelial -31.512 +15.056
bare -13.446 10.2
chromatin -16.685 5
normal -20.107 9
mitosis -8.4274 2

Rule 2 : NO CANCER if
thickness 4 +8.1906
size -74.826 1 +22.025
shape 0 +12.383
adhesion 2 +8.6354
epithelial -15.375 3 +17.269
bare -138.55 0.5 +7.2099
chromatin 1 +12.837
normal -37.533 1 +12.247
mitosis 1 +6.8058

Rule 3 : CANCER if
thickness -12.89
size -13.823 9 +53.713
shape -8.394 9 +163.93
adhesion -8.4318 9
epithelial -14.287 6 +46.75
bare -14.074 8.6 +25.389
chromatin -17.528 8
normal -26.58 8 +16.03
mitosis -5.9996

Rule 4 : CANCER if
thickness -7.8866
size -18.933 4 +24.734
shape -8.2821 6 +45.501
adhesion -10.842 3 +39.925
epithelial -29.016 6 +10.384
bare -8.6321 10
chromatin -9.4427 6
normal -14.101 4 +43.79
mitosis -3.2004

Rule 5 : NO CANCER
thickness 1 +11.681
size 0 +15.746
shape 1 +10.678
adhesion 1 +10.958
epithelial -582.2 2 +22.819
bare -0.8 +13.246
chromatin 1 +25.425
normal -431.24 -1 +28.939
mitosis 1 +12.385

Table 6.27: (Breast cancer problem) The five most effectityeldock rules extracted
from the feed-forward network. They are guaranteed to dieesame classification as the
network and cover approximated$% of the patterns in the dataset.



CHAPTER 6. RESULTS

No cancer

Cancer

Total

rule-base accurac

comparative accurac

rule-base effectivenegs438/458~ 96%

network accuracy

y 435/438~ 99%
4471458~ 98%

y 435/435~ 100%

165/241~ 68%

165/165~ 100%
237/241~ 98%

168/168~ 100%

603/699~ 86%

600/603~ 100%
684/699% 98%

603/603~ 100%
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Table 6.28: (Breast cancer problem) The performance ofvbaribst effective city-block

rules shown in table 6.27 on the 699 examples in the dataset.

Rule 1 : CANCER if
thickness -15.691 9
size -28.063 6 +28.928
shape -18.633 5 +38.89
adhesion -12.113 4 +38.117
epithelial -31.512 3 +15.056
bare -13.446 10.2
chromatin -16.685 5
normal -20.107 9
mitosis -8.4274 2

Rule 2 : NO CANCER if
thickness 4 +8.1906
size -74.826 1 +22.025
shape 0 +12.383
adhesion 2 +8.6354
epithelial -15.375 3 +17.269
bare -138.55 0.5 +7.2099
chromatin 1 +12.837
normal -37.533 1 +12.247
mitosis 1 +6.8058

Table 6.29: (Breast cancer problem) The final two city-blogles extracted from the
feed-forward network. They are guaranteed to give the sdassification as the network
and cover approximatel§0% of the patterns in the dataset.

No cancer

Cancer

Total

rule-base accurac
network accuracy

comparative accurac

rule-base effectiveness430/458~ 94%

y 428/430~ 100%
4471458~ 98%

y 428/428~ 100%

126/241~ 52%

126/126~ 100%
237/241~ 98%

128/128~ 100%

556/699~ 80%

554/556~: 100%
684/699% 98%

556/556~ 100%

Table 6.30: (Breast cancer problem) The performance ofvibectty-block rules shown
in table 6.29 on the 699 examples in the dataset.
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Figure 6.8: (Breast cancer problem) Contributions fronheagiable in each rule over all
699 patterns in the dataset. Random jitter has been addeddxtically and horizontally

to separate co-incident points.
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Rule 1: CANCER if ** activated **

pattern contribution condition
thickness 8 0.0637 -15.691 9
size 7 0.0346 -28.063 6 +28.928
shape 5 0 -18.633 5 +38.89
adhesion 10 0.1574 -12.113 4 +38.117
epithelial 7 0.2657 -31.512 3 +15.056
bare 9 0.0892 -13.446 10.2
chromatin 5 0 -16.685 5
normal 5 0.1989 -20.107 9
mitosis 4 0 -8.4274 2

TOTAL CONTRIBUTION = 0.8096

Rule 2: NO CANCER if ** not activated **

pattern contribution condition
thickness 8 0.4884 4 +8.1906
size 7 0.2724 -74.826 1 +22.025
shape 5 0.4038 0 +12.383
adhesion 10 0.9264 2 +8.6354
epithelial 7 0.2316 -15.375 3 +17.269
bare 9 1.1789 -138.55 0.5 +7.2099
chromatin 5 0.3116 1 +12.837
normal 5 0.3266 -37.533 1 +12.247
mitosis 4 0.4408 1 +6.8058

TOTAL CONTRIBUTION = 4.5806

Table 6.31: (Breast cancer problem) Explanation of why amgpattern is assigned to the
cancer class.
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6.5.4 The effects of decreasing comparative safety

The rule extraction procedure was repeated using a conygaeafety less than unity to
see whether rules with a greater effectiveness could bénelotaNotice from figure 6.7
that there is considerable separation between the claséasever it was not thought
acceptable to classify patterns such that the estimatdzhpildy of the class is less than
0.3. Hence it was decided to use a dead-ban@.®fto 0.7. This is achieved (see figure

3.16 on page 81) by a comparative safety) d@f.

Table 6.32 gives the results from extracting three large-balses with a comparative
safety 0f0.43, and table 6.33 gives the results of the best two city-blodéks: Comparing

with the corresponding results for unity comparative saftbles 6.25 and 6.33), it can
be seen that the performance of the city-block rules hardgnges. Hence there was
probably insufficient overlap between the two classes af dlaitaset for the reduction of

comparative safety to have an appreciable effect.

Finally, the effectiveness of the large rule-bases of aligmed and euclidean rules does
increase as a result of decreasing comparative safety. Wowlee optimal two axis-
aligned and euclidean rules were still found to have reditilow values of effectiveness
(51% and 64% respectively). Thus the city-block rules are again undediytthe most

effective.
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Axis-aligned | Euclidean| City-block
New sample (10000 69% 84% 95%
Original data (699) 78% 88% 95%

Table 6.32: (Breast cancer problem) Effectiveness of theetdifferent rule-bases, each

containing 1000 rules per class, extracted with a comparatfety 0f0.43.

No cancer

Cancer

Total

rule-base effectiveneg

rulebase accurac
network accuracy

comparative accurac

5440/458~ 96%

y 435/440~ 99%
447/458~ 98%

y 436/436~ 100%

140/241~ 58%

139/140~ 99%
237/241~ 98%

144/144~ 100%

580/699% 83%

574/580~ 99%
684/699~ 98%

580/580~ 100%
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Table 6.33: (Breast cancer problem) The performance of ftyebtock rules extracted
with a comparative safety 043, estimated using the 699 examples in the dataset.



Chapter 7

Conclusions and future work

The first two sections of this final chapter provide a compdet@mary and discussion of

the work in this thesis. The last section suggests sometidinscfor future work.

7.1 Overview of thesis and its contributions

The work in this thesis can be divided into two parts: a framwior explanation from
feed-forward network classifiers (chapters 2 and 3); andvgiementation within this
framework (chapters 4 and 5). The former is a natural extensi the probabilistic
approach to classification. The latter is an algorithm bagexh the well known principle

of linearising analytically intractable non-linear fuimcts.

The comprehensive survey of the literature on explanatiom fneural networks given
at the beginning of the thesis showed that none of the pwddishethods met all of the

following criteria:
1. a probabilistic framework;

2. an explanation produced from a standard feed-forwangarkttrained using stan-

dard procedures;

197
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3. an explanation with a known relationship with the uneixm@d network-based clas-

sification;

4. an explanation consisting of only a small number of easiisnprehensible rules

which cover a significant fraction of all data;
5. no restriction to datasets with only categorical vagabl

The third property is particularly important; without ihd algorithm producing the ex-
planation is simply just another machine learning algamitfThis property is an essential
element to any claim that a network has been explained. Aisolwhich meets the above

specification is the main contribution of this thesis.

A framework for explanation from feed-forward networks

The statistical perspective for solving the classificafwablem using feed-forward net-
works was outlined in chapter 2. It was shown that the dedogpf the probability

estimates from the making of decisions is important. Noy atdes this lead to a bet-
ter understanding of the classification problem, but it gdages the way for a better
understanding of the problems of explaining the classifioatgiven by a feed-forward

network.

Chapter 3 provided the core framework for explanation. darewith a generalisation
of the popular axis-aligned rules into three types of rulebased upon different dis-
tance metrics with respect to a prototype pattern. These tlistances aity-block(the
weighted absolute sum of the differences between compsheé&niclidean(the weighted
sum of differences squared), aagis-aligned(the largest weighted difference between
component values). Of these three types of rule, the cidgkblule was shown to have
the most suitable properties for describing the type ofsifigations provided by a feed-
forward network. This conclusion ws subsequently muchngtieened by the results
presented in chapter 6. A key assertion of this thesis isdibablock rules are best for
overcoming the fundamental problem of explanation, nartelyit not generally possible

exactly to describe the type of classification given by afieediard network using only a
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small number of simple rules. The reason for this is best tatoed geometrically: rules
in general describe simple regions of input space whicha@ane used to reproduce the

relatively complex classification boundary defined by thisvoek.

The first part of chapter 3 also showed how the rules for otieaeiables can be rewritten
as rules for categorical variables. A process of evaluatieg‘distances” (or contribu-
tions) on the numerical codes used for each category witiéh eategorical variable was
described. Since this re-writing is a simple process whashhe carried out at the end of
rule generation, only the extraction of prototype-basdésrior ordered variables need be

considered.

The second part of chapter 3 described a set of measureséssagy, understanding, and
specifying the differences between the rule-based exptanand the original network-
based classifier. These measurespamsimony(the simplicity of the rule-basegffective-
nesgthe probability that the rule-base is used to classify tepa},comparative accuracy
(the probability that the classification given by the rubsé is the same as that given by
the network), andomparative safetfthe severity of the worst sub-optimal classification).
The last of these is arguably the most important becausdlitdates the most extreme
difference between the explanation and the networlany individual classificationIn-
deed this importance is reflected in the fact that comparaifety was translated from
a measure of an explanation into a constraint in the optiisaf explanation. Thus
comparative safety regionsere defined as the largest regions of input space containing
patterns which can all be assigned to a particular classmsthme specified comparative
safety. An approach to explanation was therefore consttluas follows: describe the
network-defined comparative safety regions using a smatlau of the prototype-based
rules such that the largest fraction of patterns are exgtiim other words, ensure a given

comparative safety whilst maximising parsimony and eifeciess.
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An implementation

A possible implementation for extracting rules under thel&xation framework present-
ed in chapters 2 and 3 was then constructed in chapters 4 amtis.implementation
was based upon the piece-wise linearisation of the funatefimed by the feed-forward
network (anMmLP). It was shown in chapter 4 that such a linearisation coukilyeae
achieved by linearising the sigmoid function associateth wach hidden node. The
method described in chapter 5 took advantage of this approaenable the comparative
safety regions to be described using the union of the intdoses of cells and half-planes.
Although this cell/half-plane representation does notstitute an explanation, it is an
explicit representation of the classifications made by the networgin#lifying transla-
tion process applied to this first explicit representationdpces a second representation
consisting of the union of intersections of the half-planéswas then shown that it is
a relatively simple process to describe this second repratsen using a large number
of any of the three prototype-based rules. Simple heusistiere proposed to reduce the
number of rules in order to increase the parsimony of theagwgtion. The final number
of rules is then determined by the chosen parsimony/effmotiss trade-off. Clearly this

is a function of the particular classification problem besadved.

The new method of making explained classifications predantthis thesis was evaluated
on three non-artificial problems, the results of which aregiin chapter 6. With all
three problems, parsimonious explanations (2 city-blagks) can describe a significant
fraction of all patterns (at lea80%) whilst ensuring that the network and the explanation
always give the same classification (maximum comparatifetyga The application of
reducedcomparative safety was not found to be necessary to gerexjli@nations of the
three classifiers. This is almost certainly due to the apjatgness of the city-block rules
for describing the type of classification boundaries geedrédy multi-layer perceptron

networks.
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7.2 Discussion

This thesis has presented a solution to the problem of exptpia feed-forward network
classifier which has several significant advantages ovealti@ithms reviewed in the
opening chapter. Not least is the fact that the explanatamnaehknown and controllable
relationship with the network. However another importagdson for the success of the
extracted explanations is the fact that they use rules hgsaa the city-block “distance”
to a prototype. It has been shown, both in theory and in practinat these city-block rules
are capable of indicating in a compact and intuitive way aificant fraction of those
patterns which the network assigns to each class. In additibas been shown that the
popular axis-aligned rules are fundamentally poor at deisgy the types of classification
boundaries produced by a feed-forward network classifithoigh the emphasis in this
thesis has been on explaining networks trained on datasitensered variables, this has

not prevented explanations from being generated with ostsgj variables.

It is now possible to be precise about the difference betwihemetwork explanation
algorithm presented in this thesis and the algorithms destin the literature review of
chapter 1. Decompositional and some pedagogical algasithexe an unknown quantity
of comparative safety in order to maximise effectiveness$ @arsimony. In contrast, the
functional methods maximise comparative safety but uspedy rule which is inefficient

at describing the types of class boundaries generated Oyfée@ard networks. The latter

results in either an explanation of low parsimony or one of éffectiveness.

The main disadvantages of the new algorithm are that theeimghtation is currently
restricted to two classes, and that the linearisation a@mbrgrevents the application to
committees of networks. However these disadvantages woeeel ¢évaluated against the
fact that the system is fully integrated into a probabiigtamework, and that the expla-
nation has a controlled equivalence with the classificatgimen by the original network.
Finally, networks trained on problems containing both oedeand categorical variables

can be explained.
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7.3

Future work

The following list provides some possible directions oes@sh which would extend and

improve the work described in the previous chapters:

1.

adapt the algorithm so that it can explain networks thioe problems involving

more than two classes;

assess the comparative safety of explanations extrasted other algorithms;

. investigate the computational time required by the algor (suspected to be ap-

proximately exponential in the number of hidden nodes);

. explore the possibilities of mixing different types olewand targeting variables

with particularly strong semantics (equivalently, avomglivariables with less intu-
itive semantics, such as the pedigree funcied in the Pima Indian problem of

section 6.4 on page 172);

. improve the piece-wise linearisation algorithm by tagkinto account the correla-

tions between the error termg (y) in equation (4.14) on page 96), and thus obtain

a tighter error boundg on themLP function;

. increase the parsimony of the explanation by exploitiragdom in regions of nov-

elty (see the Karnaugh-map analogy in section 3.5 on pager@#also section

5.4.4 on page 150).
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Encoding categorical variables

This appendix proves that the matf;,,

—®2 g0 0 0
—% —% a3 0 0
T,=| - _—a _au g 0 (A1)
_na—nl _na—nl _na—nl _na—nl _na—nl O
where
k—1
+
= S A.2
(73 2]{," ( )

has the following properties:
1. the columns sum to zero,
2. the magnitude of every columnads,,
3. the Euclidean distance between any two columnslis

Proposition 1 is immeditately obvious from the construttid the matrix. Induction over

n is used to prove proposition 2. Assume that the magnitudél tfiea columns of T,
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equalay,, then the(magnitudé? of any of the first: columns ofT; equals

(677N} 2 k-1 1 k
O‘z+( k;> =k TR
C(k=D(k+1)+1
N 2k(k + 1)
K
C2(k+1)
=0, (A.3)

Clearly the(magnitudg? of the (k + 1)™ column is alsax; , ;, thus completing the induc-
tive step. The base case™Df is trivially true, thus proposition 2 is true by inductionrfo

al k > 2.

Induction is also used to prove proposition 3. Assume thaetitlidean distance between
all distinct columns ofT ;. is equal to unity, then clearly the euclidean distance betwe
any of the firstk columns ofT ., is also equal to unity. Using the fact that all columns
have a magnitudes , ,, the (distance? from the (k + 1) column to any other column

equals

= (2 + 22 = 1 (152))

Qpq1 —
_k (k2—1+(1+k)2>

C2(k+1) k2
1 2k%+2k
“20k+1) K
=1. (A.49)

This completes the inductive step. The base cadeg df trivially true becauser, = 0.5,

hence proposition 3 is true by induction for Al> 2.
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Density estimation

A method similar to the suggestions given in Silverman [Jil®as used to obtain a kernal
based estimate of the unconditional probability densigchiekernel consists of a product
of one-dimensional distributions, where a Gaussian 8igion is used for each ordered
variable and an impulse distribution is used for each categlosariable. The following

equations make the structure of the model precise.

p(x) = Z_p(x 1) P(i) (B.1)

where the distribution of each kernel is given by
p(x|i) = [ p(z;4) (B.2)
J

and the 1D kernel distributions are given by

L exp (—M) if z; is an ordered variable

270

p(aj i) = i
6(zj, pij) Pij + (1 — 6(z5, pij))ITL;—I_Ji{ if z; is a categorical variable
(B.3)

wheren; is the number of categories in (categorical) variabje
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The parameters of the model are the kernel pri8(s), the ordered variances?-, the
categorical impulse#’;;, and the centreg;;. These parameters are selected in the fol-
lowing way. The training data is partitioned intofolds and the patterns from the first
partition are used to position the centres of the kernelkérfitst model. Keeping these
centres fixed, the liklihood gf(x) is maximised (using expectation maximisation (EM)
[DLR77]) on the data in the remaining partitions, but coaisting the kernel widths on
each dimension to be equiat. 07, = cr,%j and P;; = P; for all i, k. This procedure

is repeated over all partitions to produeenodels, and the output from these models is

averaged to produce the final density estimate.

This density model will have a kernel for every pattern in tfaning set. Note that in-
creasing the number of partitions tends to make the finalilolision “broader”. This is
because each of theintermediate models tries to account for a relatively laageunt
of data with only a small number of kernels. The number ofifians may be selected
by plotting the marginal distributions and comparing witktbgrams of the original da-
ta. Obviously a good density model will produce marginatribations which are very

similar to the marginal histograms; unfortunately the regds not true.
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Justifying a novelty threshold

Normality can be defined as the smallest volume which enslesee fraction of the
unconditional distributiom(x). The following proof shows that this voluni¥ is defined

by some threshold on the unconditional distribution.

By definition,
/ p(x)dx = r, (C.1)
N
and we wish to show that the minimum volumg&dis defined by
N ={x|p(x) > t}, (C.2)

for somet.

Consider another volum&, which also coverd00r% of the distribution but which con-

tains some points (A)bove the threshold and some pointddB e threshold,

/ p(x)dx =r, (C.3)
No

No=AUB (C.9)
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where

p(x) >t for everyx € A (C.5)

p(x) <t for everyx € B. (C.6)

Note thatd = N'NA N Abecaused C N, and also thatl andB3 are disjoint,ANB = ().

Hence

= dx—/ dx—i-/dx. (C.7)
N NNA B

However we will now show that

—/ dx+/dx20. (C.8)
NNA B

This clearly implies the desired result thithas the smallest volume coveri@0r% of

the unconditional distribution.

Using the same identities as before,

/N plx)x = /N p(x)dx — /N e /B px)dx. (C9)

However

/ p(x)dx =r (C.10)
N
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and because of the properties4fands,

rdx. (C.11)

So equation (C.9) becomes

—/ rdx—l—/rdeO. (C.12)
NNA B

Sincer is non-zero, this implies the required condition, equafior8)



Appendix D

Proofs of the rule fraction formulae

This appendix outlines the proofs of the formulae used toutate the fraction of space
covered by each of the three types of rule when pushed up sigdifferent types of

boundary. These formulae are quoted in tables 3.1 and 3.2gm §.

The basic volumes

This section gives the volumes of each of the three typeslefamtecedent region.

Volume of a city-block region

First consider the volume defined by the positive “quadranti
S Uw)es <1, (D.1)

whereU is the unit step function. Let this volume bg(!) in d dimensions, and defing

by

Vi(l) = I,1°. (D.2)
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Observe that

l
Vi () = / Tyaztdx
0

=2+l ) D.3
i+1 T (:3)

where the constant integratiep is found to be zero by evaluatinglat 0. Sincel(2) =
0.5 itis clear that/; = 1/d! and hence

ld

Vi) = o

(D.4)

Now consider the volume of a city-block antecedent regidindd by the positive quad-

rant and the condition

Z Uz — p) (@i — ) <1, (D.5)

where0 < p < [. Observe that each of the combinations for which the diffeterms
in this condition are non-zero represent disjoint volunidsnce using the result given by

equation (D.4),

- q(d—i)
v =3 ()i =y 0)

d
=0
Volume of a Euclidean region

It is shown in [Bis95] that the volume of a hyper-sphere ofuad in an even number of

dimensionsd, is given by

(2) /2 pd
did—2)...2
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Hence the volume of a hyper-sphere in only the positive “gamd is given by

(%)d/2rd
Vy(r) = o (D.7)

Volume of an axis-aligned region

The volume of an axis-aligned region with dimensiada given by

Va(l) = 1% (D.8)

The relative volumes

This section gives the fraction of space covered by eachedtfhttee types of region when
pushed up against either 45°” hyper-plane corner or hyper-spherical corner. The thivia

cases are ommitted.

Axis-aligned region against a hyper-plane corner

The space to be covered is given by

z; >0 foralls
Z:Ei < ll. (D9)
i
Hence the dimension of the largest axis-aligned regioniwithis space is

I
Iy = —. D.10
2= (D.10)

So using results (D.4) and (D.8) the fraction of space calergiven by

_ 5
P=1da ~ av

(D.11)
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Euclidean region against a hyper-plane corner

The space to be covered is given by

x; >0 foralls

> w <l (D.12)
and so the radius of the largest hyper-sphere “quadrant” within this spaagvien by
r=—. (D.13)

Hence using results (D.4) and (D.7) the fraction of space@Vis given by

(x/4)2 4
_ @t (w2 d!
T _(4d> (d/2)" (D.14)

City-block region against a hyper-sphere corner

The space to be covered is given by

z; >0 foralls

S ap < (D.15)
and define the city-block region by

z; >0 foralls

> Ui = (i = ) < 1.0. (D.16)

Note that for convenience the last inequality is normalisdok less tham.0 rather thari.

The configuration of the largest hyper-sphere just touchiegcity-block region is when
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all thex; equaly, except for one:; which equals: 4+ 1. Hence

r? = (d =1’ + (n+1)?

=dp® +2pu + 1. (D.17)

Thus using results (D.6) and (D.7), the fraction of spaceeoew is given by

> d(§) i
_ =0
- (7r/4)d/2rd
@2
_dY(d/2)!
= (e /0P Z z'“' (D.18)

Maximising this with respect tp gives
gt 11 S Byt =Y B! (D.19)
r - 1 - 2 .
where
(D.20)

This may be re-written

B.i 1—1

1
- - D.21
d? EBiMZ d ( )

which may be iterated to obtain a numerical solution for theénoal ;.. This may then be
substituted into equations (D.17) and (D.18) to obtain aemigal value for the fraction

of space covered.
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Axis-aligned region against a hyper-sphere corner

The space to be covered is given by

z; >0 foralls

Zaz? <r? (D.22)

i
and so the dimension of the largest axis-aligned regioninvitiis space is

[ = %. (D.23)

Using the results (D.8) and (D.7), the fraction of space peés

14 (d/2)!
p= (7r/4)d/2rd - (d71'/4)d/2 . (D24)
@)y
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