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Abstract

Weighted digraphs are used to model a variety of natural systems and can exhibit
interesting structure across a range of scales. In order to understand and compare
these systems, we require stable, interpretable, multiscale descriptors. To this end, we
propose grounded persistent path homology (GRPPH)—a new, functorial, topological
descriptor that describes the structure of an edge-weighted digraph via a persistence
barcode. We show there is a choice of circuit basis for the graph which yields geo-
metrically interpretable representatives for the features in the barcode. Moreover, we
show the barcode is stable, in bottleneck distance, to both numerical and structural
perturbations.
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1 Introduction

Directed graphs with positive edge-weights arise both as natural objects of mathemat-
ical study and as useful models of real-world systems (e.g. [3, 4, 30, 36]). A common
task is to distinguish between weighted digraphs. Frequently, this is achieved by defin-
ing an invariant, i.e. a map Z : WDgr — X from weighted digraphs into some set
X, together with a metric d on X. The metric allows us to quantitatively measure to
what extent a pair of weighted digraphs differ. When 7 is well understood we may
be able to explain why the weighted digraphs differ. In order to determine desirable
characteristics of such an Z, consider the examples shown in Fig. 1, in which edge
weights correspond to length as drawn.

Consider each G; from the perspective of a particle flowing through the digraph,
such that the particle may only traverse an edge in the direction specified and the
time it takes corresponds to the weight. To the particle, loops (or circuits) in the graph
are significant features. However, loops can vary greatly based on the orientation and
weight of constituent edges.

Despite sharing the same underlying undirected graph, G; and G, support very
different flows since G| has a single source and a single sink whereas G, has 4 sources
and 2 sinks. To reflect this, d(Z(G1), Z(G>)) should be large. In contrast, G3 has a
different undirected graph but can be obtained from G by simply subdividing each
edge. In applications, this may arise from a finer resolution image of the same system.
A suitable invariant should be relatively stable to such subdivisions, ideally converging
to a limiting value upon iterated subdivision. Finally, G4 has a higher circuit rank but
the new loops are on a small scale, whilst the large scale organisation is mostly similar
to G1. Therefore, d(Z(G1), Z(G4)) should be small and the difference between Z(G )
and Z(G4) should reflect this multiscale comparison.

For successful application, any invariant should be stable to a reasonable noise
model. A typical requirement is that Z is continuous (or better yet Lipschitz), with
respect to a choice of metric on WDgr. Designing metrics for graphs is an active area
of research but a common choice is the graph edit distance [19]. For this metric, costs
are assigned to operations such as deleting an edge or modifying a weight, then the
distance between two graphs is the minimal cumulative cost of modifying one into the
other. Since assigning costs to graph operations is somewhat arbitrary, it is reasonable
instead to require a bound on d(Z(G), Z(0G)), over a range of graph operations,
O : WDgr — WDgr.

Finally, in many applications (particularly in biology), it is important that any
invariant 7 is interpretable. That is, one must be able to explain why the invariant
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Fig. 1 Four example weighted digraphs; weights correspond to length as drawn
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has the value it does. Typically this is achieved through the identification of key
contributing subgraphs.
In summary, we seek an invariant for weighted digraphs which

(a) distinguishes graphs with different flow profiles due to directionality;

(b) can detect and describe features (i.e. loops) across a range of scales;

(c) is stable to reasonable perturbations and converges under iterated subdivision; and
(d) is interpretable, e.g. through the identification of important subgraphs.

Pursuant to these goals, we employ two tools from topological data analysis (TDA) —
path homology and persistent homology. A number of homology theories for digraphs
have been developed (see summary in Sect. 2 of [7]). Path homology is one such the-
ory [24], which is sensitive to directionality and has useful functorial properties [13,
23]. Persistent homology is a tool for developing stable descriptors [1] that extract
relevant information in multiscale scenarios. As such, persistent homology has seen
successful applications to fields including neuroscience [6, 21,22, 37], vasculature [32,
35] and financial networks [26], to name but a few [20]. A theory of persistent path
homology (PPH) was proposed by Chowdhury and Mémoli [13] and is a stable descrip-
tor for directed networks. In a search to develop an interpretable invariant for weighted
digraphs, which respects the inert topology of the underlying digraph, we are lead to
an alteration of PPH which we prove meets goals (a)-(d).

1.1 Contributions and Outline

In Sect.2 we give an overview of path homology and persistent homology, and set
up the categorical framework for the rest of the paper. In particular, we define a cate-
gory of weighted digraphs ContWDgr in which morphisms are digraph maps of the
underlying digraphs as well as contractions of the natural, shortest-path quasimetric.

In Sect.3.1 we review a standard pipeline for extracting a topological invariant
of a weighted digraph, via PPH. Evaluating this invariant against our stated goals,
motivates an alteration of this pipeline, which we call the ‘grounded pipeline’. We
define this new pipeline and describe categories upon which the resulting invariant is
functorial in Sect.3.2.

Arising from the grounded pipeline, our main contribution is Definition/
Theorem 3.16, wherein we define grounded persistent path homology (GRPPH). This
new invariant is a functor

8H; : ContWDgr — PersVec (1.1)

where PersVec is the category of persistent vector spaces. Couching this definition in
category theory yields a strong framework for comparing weighted digraphs through
the invariant. Indeed, we use this functoriality later in the paper to aid the proof of
decomposition and stability results.

Section 4 is devoted to developing an interpretation of GRPPH. The early subsec-
tions are dedicated to understanding the features detected by $H(G); the following
theorem summarises our findings.
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Theorem 1.1 Given aweighted digraph G € WDgr, denote the underlying undirected
graph by U(G).

(a) All features in 8H1(G) are born att = 0;
(b) 8H1(G) at time t = 0 is the cycle space of U(G); and moreover
(c) there is a choice of circuits in U(G) whose homology classes generate $H1(G).

These results demonstrate how GRPPH is sensitive to circuits in the digraph at all
scales, meeting goal (b), and can be interpreted through a persistence basis of such
circuits, meeting goal (d). We also discuss how to use $H(G) to assign a ‘scale’ to
any circuit in /(G) in Sect.4.2. In Sect. 4.4, we prove that if G can be decomposed
into smaller parts, then GRPPH also decomposes.

Theorem 1.2 Given a weighted digraph G € WDgr, if G decomposes as a wedge
decomposition G = G V; Gy or a disjoint union G = G U G then

$H1(G) = fH1(G)) @ *H1(G2). (1.2)

In Sect.5 we investigate the stability of $7H;. We employ path homotopy theory
to prove the main stability theorem (Theorem 5.8), which provides a strategy for
obtaining bounds on the bottleneck distance of the barcode, upon perturbing the input
weighted digraph. Applying this result, we find local stability to weight perturbation
(Theorem 5.11), edge subdivision (Theorem 5.16) and certain classes of edge collapses
(Theorem 5.28) and edge deletions (Theorem 5.38). In particular, edge subdivision
stability automatically implies that our invariant converges under iterated subdivi-
sion (Corollary 5.22). In contrast, the descriptor is unstable to generic edge collapses
(Theorem 5.35) and edge deletions (Theorem 5.42), which we demonstrate through a
number of counter-examples. We argue that these stability properties suffice to meet
goal (c) and indeed stability to larger classes of edge collapses and edge deletion would
be undesirable. For a summary of all stability results obtained, please consult Table 1.

In order to build intuition for what is measured by GRPPH, we compute a number of
illustrative examples in Sect. 6. In particular, in Sect. 6.1, we consider a simple, cycle
graph and determine the limiting value of GRPPH under iterated edge subdivision.
In Sect.6.2, we compute the invariant for a number of small square digraphs with
varying edge orientations, illustrating sensitivity to directionality, as required by goal
(a). Finally, in Sect.6.5, we describe properties of $H{(G) when G is a complete
digraph, with weights forming a finite quasimetric space, and compute the descriptor
for a point sample of the unit circle.

1.2 Computations

An algorithm for computing PPH in arbitrary degrees was proposed by Chowdhury
and Mémoli [13]; a more efficient algorithm for computing PPH in degree 1 was
later proposed by Dey, Li, and Wang [17]. We modify the latter algorithm to compute
GRPPH; an implementation, capable of computing representatives, is available as a
Python package [8].
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2 Background
2.1 Basic Notation and Category Theory

We introduce some basic language for graphs and categories, and then recall the
definitions of path homology and persistent homology, the two theories we combine
later in a new way to define our invariant.

Notation 2.1 For d € N, the standard d-simplex is
X {(xo, . xg) € R4 ‘ Yxi=1 andx = ow} . @2.1)

Notation 2.2 Given a category C, we denote the collection of objects Obj(C) and the
collection of morphisms Mor(C). For two objects X, ¥ € Obj(C), we denote the set
of morphisms X — Y by Mor¢ (X, Y). Where it is clear from context whether « is
an object or a morphism, we simply write o € C.

Notation 2.3 Fix any three categories C, D and D',

(a) We denote the category of functors C — D, where morphisms are natural trans-
formations, by [C, D].

(b) For a morphism f € Morf¢, pj(M, N), we denote the components of the natural
transformation by fy : M(x) — N (x) for each x € C.

(c) Given a functor u : D — D/, there is a functor [C, u] : [C, D] — [C, D'].
Given F € Obj([C, D]), we map [C, u](F):=u o F. Given a natural transfor-
mation v : F = F’ between functors F, F’ € [C, D], we map [C, u](v):=pov
which one can confirm is a natural transformation £t o F = po F'.

Notation 2.4 (a) We let R denote the poset of R equipped with the < relation, viewed
as a category.

(b) We let Vec denote the category of R-vector spaces and vec denote the full subcat-
egory of finite-dimensional R-vector spaces.

(c) We let Ch denote the category of chain complexes over R.

(d) Given a category C, a filtration is a functor ' : R — C where the morphisms
F (s < t) are inclusions (assuming such a notion is defined in the category C).

Definition 2.5 Given a chain complex C, € Ch, we denote the k" chain group by Cy
and the boundary map by 3 : Cx — Cx_1. For each k € N, the k' homology group,
H(C) is the quotient

ker 0

H; (C):=- .
im k41

2.2)

We can view Hj as a functor Ch — Vec.
FolCTM
e
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2.2 Directed Graphs

Definition 2.6 (a) A (simple) digraph is a tuple G = (V, E) where V, the set of
vertices, is a finite set and E, the set of edges, is a subset of V x V \ Ay where

Ay:={(v,v) e VxV]veV}. 2.3)

(b) A directed acyclic graph (DAG) is a simple digraph G = (V, E) such that there
is a partial order < on the nodes such that (i, j) e E = i < j.

(c) An oriented graph is a simple digraph G = (V, E) with no double edges, i.e.
G, ))eE = (j,i) ¢ E.

(d) A weighted (digraph/DAG/oriented graph) is a triple G = (V, E, w) such that
(V, E) is a (simple digraph/DAG/oriented graph) and w : E — R.g is a
positively-valued function on the edges.

(e) An undirected graph is a tuple G = (V, E) where E is a multiset of 2-element
subsets of V.

(f) Givenadigraph G = (V, E),theunderlying undirected graphisi/(G):=(V ,U(E))
where

(,j) € E,(j,i)¢ E = i, j} € U(E) with multiplicity 1, 2.4)
(i, ). (j,i) € E = {i, j} € U(E) with multiplicity 2. 2.5)

(g) The weakly connected components of G are the connected components of U/ (G),
as a partition of V (G). If a and b belong to the same weakly connected component,
we say they are weakly connected, else we say they are weakly disconnected.

(h) Given two digraphs G| = (V1, E1), G2 = (Va, Ep) with Vi, Vo, € V, their
union is G1 U G2:=(V1 U Va, E1 U Ey). If V1, V; are disjoint, then we denote this
G uGs.

Notation 2.7 Fix a weighted digraph G = (V, E, w).

(a) Wedenote V(G):=V, E(G):=E, w(G):=w.

(b) Foranedgee = (i, j) € E, we write st(e):=i and fn(e):=j, to denote the ‘start’
and ‘finish’ of e. Furthermore, we say that i and j are incident to e.

(c) Foranedgee = (i, j) € E, we write w(i, j):=w(e).

(d) We write i — j to mean there is an edge (i, j) € E.

Definition 2.8 Fix a weighted digraph G = (V, E, w).

(a) Given V' C V, the induced subgraph on V' is (V', E’, w’), where E' = E N
(V' x V') and w’ is w restricted to E’. Note that the induced subgraph on V is all
of G.

(b) Given E’ C E, the induced subgraph on E’ is (V’, E’, w’), where V' is the set of
all vertices incident to some edges in E’ and w’ is w restricted to E’. Note that
the induced subgraph on E may be a proper subgraph of G.

Elol:;ﬂ
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(c) Forv eV,
Nin(; G):={a eV |a— v}, (2.6)
Nowi(v; G):={b eV |v— b}, 2.7
N (v; G):=Nju(v) U Ny (v) (2.8)

and the vertex-neighbourhood graph, NG (v; G), is the induced subgraph on NV (v).
Where G is clear from context, we omit it from notation.
(d) For F C E,

N(F; G):={t € E | 3e € F such that 7, e are incident to a common vertex}
2.9

and if F = {e} is a single edge, we use the notation N'(e; G). The edge-
neighbourhood graph, NG (F; G), is the induced subgraph on N (F; G). Where
G is clear from context, we omit it from notation.

(e) Givena vertex v € V, the closed star of v is the induced subgraph on those edges
that are incident to v, which we denote Star(v; G). Where G is clear from context,
we omit it from notation. Note that Star(v) € NG (v).

(f) For two vertices a, b € V, a (directed) trail from a to b is an alternating sequence
of vertices, v; € V, and forward edges, ¢; € E,

p=(=a,e,vi,ez,...,e, v =Db) (2.10)

such thate; = (vi_1, v;). We write that p is atrail a ~» b. In a simple digraph, the
e; uniquely determine the v; (and vice versa) so we occasionally omit one from
the notation.

(g) A trail with no self-intersections is a path,i.e. v; =v; = i =j.

(h) An undirected circuit is an alternating sequence of vertices, v; € V, and edges,
e € E,

p=(=a,e,v,e,...,e, 0% =a) (2.11)

such that {st(e;), fn(e;)} = {vi—_1, v;} and vop = vg. Unlike trails, we also require
k > 1 to ensure the circuit contains at least one edge.

(i) Given an undirected circuit p, as above, if vy, ..., vg—; are all distinct then we
say p is simple.

Remark 2.9 We allow trails and paths to contains zero edges, i.e. p = (a) is a trail
a ~» a but not an undirected circuit.

Notation 2.10 Fix a weighted digraph G = (V, E, w).

(a) Given a trail p, the length of p is defined as

k
len(p):=Y wle;). (2.12)
i=1
FoCT
e
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(b) We denote the set of all paths i ~ j by P(i, j).

Definition 2.11 For a weighted digraph G, the shortest-path quasimetric d : V(G) x
V(G) — R U {oo} is defined by

min,ep, jlen(p) if PG, j) # 0,

d(i,j):z{ , (2.13)
o) otherwise.

Note that for any vertex v € V(G), d(v, v) = 0.
There is a notion of morphisms between (weighted) digraphs.

Definition 2.12 (a) Given two simple digraphs G, H, a digraph map (or simply map),
f : G — H,is amap on vertices, f : V(G) — V(H), such that

i—j = f@) = f()orf@)=rfQ). (2.14)

Given a vertex map f : V(G) — V(H) satisfying condition (2.14), we say f
induces a digraph map G — H.

(b) A digraph map f : G — H is called an inclusion if V(G) € V(H) and f is
induced by the inclusion vertex map.

(c) Given two weighted digraphs G, H, a digraph map f : G — H is called a
contraction if for all nodes i, j € V(G), we have

dp (f@), f())) =dg(, j) (2.15)
where dg and dpy are the shortest-path quasimetrics on G and H respectively.

Notation 2.13 (a) Fore = (i, j) € E(G), we denote f(e):=(f (i), f(j)). Note that
fe) € E(H) U Ay .

(b) Given a path p = (vo, €1, - .., ek, vx) and a digraph map f : G — H, the image
of p is the path, f(p), obtained from

(f (o), flen), f(w), ..., flex), f(vr)) (2.16)

by removing f(e;) and f(v;) from the sequence if f(e;) is a self-loop, i.e.

fiz) = fp).

Remark2.14 Suppose f : G — H is a digraph map such that w(H)(f(e)) <
w(G)(e) for every edge e € E(G) with f(e) ¢ Ay(y). Then for any path p : i ~ j
in G, f(p)isapath f(i) ~ f(j)in H and len(f(p)) < len(p). Therefore, f is
a contraction. Whilst this is a sufficient condition to form a contraction, it is not a
necessary condition; the shortest path joining f(i) ~» f(j) in H need not be the
image of the shortest path joining i ~~ j.

Given these ways of mapping between (weighted) digraphs, a number of categories
naturally arise.
EIO [y
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Definition 2.15 (a) We denote the category of simple digraphs, directed acyclic
graphs and oriented graphs, where the morphisms are all digraph maps, by Dgr,
Dag and Dor respectively.

(b) We use the prefix W to denote the corresponding categories of weighted digraphs
where a morphism is any digraph map of the underlying, unweighted digraphs.
For example, WDgr is a category of weighted simple digraphs.

(c) For a category of weighted digraphs, we use the prefix Cont to denote the subcat-
egory, containing all objects, with the additional restriction that morphisms must
be contractions.

(d) For a category of weighted or unweighted digraphs, we use the prefix Incl to
denote the wide subcategory, containing all objects, with the additional restriction
that morphisms must be inclusions.

Finally, in order to align our terminology with that of [13] we make the following
definition.

Definition 2.16 Given a finite set V, a directed network is a non-negative function
A:V xV — [0, 00)such that A(vy, v2) =0 < v; = 2.

2.3 Path Homology

Path homology is a homology theory for directed graph, which was first introduced
by Grigor’yan et al. [24]. Subsequent papers prove Kiinneth theorems for Cartesian
products and joins [25], and invariance under an appropriate notation of digraph homo-
topy [23]. A directed network gives rise to a natural filtration of digraphs which leads
to a stable theory of persistent path homology [13]. (Persistent) path homology has
also been extended to vertex-weighted digraphs [28]. Path homology can be defined
for an arbitrary path complex; here we present the definition for a digraph.
Fix aring R and a simple directed graph G = (V, E).

Definition 2.17 The following definitions classify sequences of vertices in V':

(a) An elementary p-path is any sequence vy ... v, of (p + 1) vertices, v; € V.

(b) An elementary p-path, vy ... v, is regular if v; # v;11 for every i. Otherwise,
we say it is non-regular.

(c) Anelementary p-path, vy ... v, is allowed if (v;, v;11) € E for every i.

Definition 2.18 We freely generate R-modules from these sequences of vertices, for
each p > 0.

Ap=A,(G; R):=R({
Rp:=R,(G; R)::R({

Zp:=1,(G; R)::R( {vo ... vp non-regular p-path on V} > (2.19)
Ap:=A,(G; R):=R({vo...v) allowed p-pathin G}) (2.20)

v . .. vp elementary p-pathon V}) (2.17)
Vo ... Vp regular p-path on V} > (2.18)

Forp=—1,welet A_|:=R_;:=A_|:=R.
EIOE';l—]”
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Definition 2.19 Given p > 0, the non-regular boundary map d,' : Ap — A,y is
given on the standard basis by

p
M (vo ... vp)= D (=Dvg... 0 ...vp (2.21)
i=0

where v ... ;... vp is the (p — 1)-path obtained by removing v; from vy . .. vp.

Definition 2.20 Since A, =R, ®Z,,letw : A, — R, denote the projection onto
RpalongZ,andlet:: R, — A denote the natural inclusion. The regular boundary
map d, : R, — Rp,_1 is given by

dpi=7 o 82r oL. (2.22)

To justify the name, a standard check confirms that indeed 9,1 0 3, = 0 [24,
Lemma 2.9]. However, the {R,} are invariant to the edge set and although A, is a
subspace of each R, the boundary map 9, does not pass down to a boundary operator.
Hence, we must define the following sub-modules.

Definition 2.21 The space of d-invariant p-paths is
Qp:=Q,(G; R):={ve A, |dved, i} (2.23)
Elements of this space are called d-invariant p-paths.

Note that 9, restricts to a homomorphism 2, — €2,_; and hence forms a chain
complex.

Definition 2.22 The regular path (chain) complex is

[e&] o) 01

> Qo > Q) > Qo > R > 0 (2.24)

The homology of the regular path complex is the regular path homology of G, the k"
homology group is

ker o

Hy:=Hy(G; R):=- .
im 041

(2.25)

The k' Betti number is By := rank Hy.

Remark 2.23 Note that the chain groups of this complex are 2, not &, we use the
adjective regular because €2, is constructed via the regular boundary map.

Remark 2.24 Note that when R = Z or R, rank (ker 91) coincides with the circuit rank
of U(G) — those unfamiliar with this notion can take this as the definition.
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Definition 2.25 Given a digraph map f : G — H, the induced map fx : R,(G) —
‘Rp(H) is given on the standard basis by

fo) ... f(vp) if f(vo)... f(vp)is regular
0

’ (2.26)
otherwise

f#(vo...vp):z{

Notation 2.26 Given a digraph map f : G — H, we denote the induced map on
homology by f.:=Hi(fs) : H.(G) — Hy(H) for each k € N.

Lemma 2.27 ([23, Theorem 2.10], [13, Proposition A.2]) The induced maps restrict
to maps fy : Qp(G) — Q,(H) which commute with 9, and hence form chain maps
between the regular path complexes. Moreover these chain maps are functorial, i.e.
(f o8y = fyogsand (id)y = id. Hence Q is a functor Dgr — Ch.

We will primarily be interested in the 1** homology group H;. Hence the following
characterisation of the low-dimensional chain groups will be of use.

Proposition 2.28 ([24, § 3.3]) For any simple digraph G = (V, E), Q0(G) is isomor-
phic to the R-module freely generated by the vertices and 21(G) is isomorphic to the
R-module freely generated by the edges, i.e.

Q0(G) = R(V) and Q(G) = R(E). (2.27)

Notation 2.29 Note that an edge ¢ = (a,b) € E gives rise to an allowed 1-path
ab € A;(G). Moreover, ab € Q1(G). For ease of notation, given an edge e € E, we
will also use e = ab € Q1(G) to refer to the generator in 21 (G).

Since 27 is generated by edges in G, any trail p has a representative.

Notation 2.30 Given a directed trail p = (ey, ..., ex) in a digraph G, the representa-
tive of p is

k
R(p)=) e € Q. (2.28)
i=1

Likewise, there is a representative for any undirected circuit.

Notation 2.31 Given an undirected circuit p = (vo = a, e1, V1, ..., €, Vy = a) ina
digraph G, the representative of p is

k
S‘i(p)::Za[ei € Q. (2.29)
i=l1

where o = 1 ife,- = (Ui—l» v,'), else o = —1.

Remark 2.32 The representative of a circuit p, does not depend on the starting point,
but if p’ traverses the circuit in the opposite direction then R(p’) = —R(p).

Elol:';”
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Fig.2 The three types of generators for 27 (G; Z) and 2, (G; R): a A double edge. b A directed triangle.
¢ A long square (the dashed red edge must not be present). Finally d shows a linear dependency between
long squares (Color figure online)

Proposition 2.33 ([23, Proposition 2.9], [17, Theorem 3]) Let G be a finite, simple
digraph and R = R or Z. Any w € Q2(G; R) can be written as a linear combination
of d-invariant 2-paths of the following three types (represented in Fig.2):

(a) (iji) wherei — j — i (double edge);
(b) (ijk) wherei — j — k, i — k andi # k (directed triangle); and
(c) (ijk —imk) wherei — j — k,i > m — k, i / k andi # k (long square).

First note that all of the elements identified in Proposition 2.33 are elements of
2(G; R) and hence they form a generating set. However, the generators correspond-
ing to long squares are not necessarily linearly independent. For example, in Fig. 2d,
we see

(ijk —ilk) = (ijk — imk) + (imk — ilk). (2.30)

Removing some long squares to account for these linear relations, we can obtain a
basis of Q2,(G; R).

2.4 Path Homotopy

Path homotopy, also introduced by Grigor’yan et al. [23], is a homotopy theory under
which path homology is invariant. We employ this theory in order to build interleavings
between the grounded persistent path homology of two related weighted digraphs.
Below, we present the basic definitions and results of path homotopy theory, extending
itto arelative version in which we fix a subset of the vertices throughout the homotopy.

Definition 2.34 (a) A line digraph of length n is adigraphon 0, 1, ..., n with exactly
one of (i,i + 1), (i + 1, i) for each i and no other edges.

(b) Denote the two length 1 line digraph by 7/ for 0 — 1 and /_ for 0 <— 1.

(c) Given two digraphs G, H, their box product is the digraph G [ H where

V(GHU H):=V(G) x V(H),
E(GLEH):= {((x, y), (x', ")) | (x > x'andy=y)or(x =x"and y - y/)}.

(d) Giventwo digraphmaps f, g : G — H,ahomotopy between f and g is adigraph
map F : G I — H, where I is a line digraph of length n

FoC'T
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F }=f and F|; (2.31)

Gx{0 ny = 8§

(e) If I islength 1 in the above, we say F is a one-step homotopy. Otherwise, we say
F' is a multi-step homotopy.

(f) Suppose F is a one-step homotopy. If, furthermore, I = I, we say F is a from f
to gelse I = I_ and we say F is from g to f.

(g) If there is a homotopy in either direction, we say f and g are homotopic and write
f>~g.

(h) Given A C V(G), we say F is a homotopy relative A if for each a € A, the
partially applied function F'(a, e) : V(I) — V(H) is constant.

Given an arbitrary homotopy F' : G [0 I — H between f and g where [ is of
length n, let f; : G — H denote the restriction of F' to G x {i} and let /; denote the
induced subgraph of I on {i — 1, i} (a single edge). By restricting F to each G [ [;,
we obtain n one-step homotopies F; : GLJI; — H fori =1, ..., n. Each homotopy
F; is between f;_1 and f;, with the direction dependent on the direction of the edge
I;. Moreover, if F is a relative A C V(G) then so too is each F;.

Grigor’yan et al. [23] showed that path homology is invariant with respect to path
homotopy. In [23, Theorem 3.3] the chain homotopy which achieves this invariance is
only made explicit in the one-step homotopy case. In order to describe the behaviour of
relative path homotopies, we make the construction explicit for multi-step homotopies.

Theorem 2.35 If f >~ g then there is an induced chain homotopy, i.e a sequence of
morphisms L, : Q,(G) — Qpy1(H), such that for all ¢ € Q,(G),

g#(c) — fu(c) =9Lp(c) + Lp—19(c). (2.32)

Proof Suppose F is a one-step homotopy from f to g, then in the proof of [23,
Theorem 3.3] it was shown that there exists a chain homotopy L satisfying Eq. (2.32).
Suppose instead that F is an arbitrary homotopy between f and g. Then, as described
above, there is a sequence of digraph maps

f=Hh= . -...fhn=¢ (2.33)

and a sequence of one-step homotopies Fi, ... F;, such that either F; is from f;_; to
fi oris from f; to f;_1. In the first case, we define o;:=1 and in the latter we define
o;:=— 1. Each of the one-step homotopies induces a chain homotopy which we denote
L' and the signs ensure that, for each i,

(f)#(©) = (fiDg(e) = 0 - AL} (0) + L', 9(0)]. (2.34)

Finally, we linearly combine these homotopies ineachdegree L:= ) /_, o; L' toobtain
the required chain homotopy. This L satisfies Eq. (2.32) thanks to a telescoping sum.
O

Corollary 2.36 ([23, Theorem 3.3]) If f,g : G — H are homotopic digraph maps

then they induce identical maps on homology fi, g« : H(G) — Hi(H) for every
keN.
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If f,g : G — H are path homotopic relative A € V(G) then any ¢ € Q(G)
supported entirely on vertices of A has the same image under fi and gg. As one might
hope, these d-invariant paths are in the kernel of the induced chain homotopy. This
behaviour will be crucial in the proof of the main stability theorem (Theorem 5.8).

Lemma 2.37 Suppose F : GL1I — H is a path homotopy relative A C V(G), let G 5
denote the induced subgraph of G on A and let L denote the induced chain homotopy
Sfrom Theorem 2.35. Then L, (2,(G 4)) = 0.

Proof Due to the linear construction above, it suffices to show this result in the case
where F is a one-step homotopy. We also assume I = I, ; the I = I_ case admits a
similar proof.

To ease notation, for each vertex v € V(G), let v denote (v,0) € V(G 1 I) and
let v’ denote (v, 1) € V(G [ 7). Next, we can write any ¢ € €2,(G 4) in terms of the
standard basis of A, (G4)

c= ZCUO--~UP V..V (2.35)

where the sum is over all p-paths, vg...v),, with v; € A for all i. Following the
construction in [23, Theorem 3.3], one can show

Ly(c) =Y " Y (=Da[F(vp)... Fo) F(v)... FW))].  (2.36)

k

In each summand, we note F(v;) = F (U;() since F is relative A. Therefore each of
the paths F (vo) ... F(v) F(vp) . .. F(v;,) is an irregular path which is sent to 0 under
TT. O

2.5 Persistent Homology

Topological data analysis (TDA) is a field of applied mathematics which employs the
powerful, discriminative tools of algebraic topology to study complex datasets. The
cornerstone of the field is persistent homology (PH) which yields a stable, discrete,
topological invariant, called a barcode (see [5, 9, 33] for an overview). The barcode
summarises topological features in the data (e.g. connected components and loops)
and measures the range of scales across which they persist.

Definition 2.38 (a) A persistent chain complex is a functor R — Ch.

(b) A persistent vector space is a functor R — Vec. We denote the category of such
functors PersVec:=[R, Vec].

(c) A persistent vector space M is pointwise finite-dimensional (p.f.d) if M (¢) is finite
dimensional for all ¢ € R, thatis M < [R, vec]. We denote the category of p.f.d
persistent vector spaces Persvec:=[R, vec].

(d) A persistent vector space M : R — Vec is tame [31] if

(i) M (¢) is finite dimensional for all # € R, and
Elol:;ﬂ
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(ii) there are finitely many ¢ € R such that there isno e > O suchthat M (t —e <
t + €) is an isomorphism.

(e) For aninterval I C R, we define the corresponding interval, P(/) € PersVec, in
which the vector spaces are

R ifrel,
P(DH(t):= 2.37
(O 0 otherwise, ( )

and P(I)(s <t) is the identity if s, ¢ € I and the trivial map otherwise.
(f) Given M, N € PersVec, their direct sum M & N € PersVec is given pointwise
by

(M@ N)@):=M@) & N@), (2.33)
MBN)s <t):=M(s <t)dN(s <1t). (2.39)

(g) A morphism of persistent vector spaces is a morphism in the category [R, Vec].
That is, for M, N € [R, Vec] a morphism ¢ : M — N is a family of linear maps
{¢d: : M(t) = N(t)} such that

NG <t)ops=¢,0M(s <1) (2.40)

whenever s < t. We say ¢ is an isomorphism if each ¢, is an isomorphism of
vector spaces. If an isomorphism M — N exists, we write M = N.

A (p.f.d) persistent vector space can be decomposed as a direct sum of interval
modules, the indecomposable persistent vector spaces. Moreover, this decomposition
is unique, discrete and finite in all practical applications.

Theorem 2.39 (Structure Theorem for p.f.d persistent vector spaces, [16, Theo-
rem 1.1], [10, Theorem 2.8]) Given M € Persvec, there is a multiset BM of intervals
of R such that

M = @ P(I) (2.41)

leBM

and any such decomposition is unique, up to reordering. We call BM the barcode of
M.

Definition 2.40 (a) A multiset of intervals of R is called a barcode.

(b) We call an interval I in a barcode a feature. If I starts at a and ends at b, we say
the feature is born at time a and dies at time b.

(c) Given a barcode B, the diagram of B is the multiset of endpoints

Dgm(B):={(ak, by) | Iy € B has endpoints ay < by} . (2.42)
(d) Given M € Persvec, the persistence diagram of M is Dgm(M):=Dgm(BM).

FolCT
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The barcode can be used as a summary of the persistent vector space. When arising
as the homology of a filtration of topological spaces, this summary captures how
topological features are born and killed throughout the filtration. In order to use this
summary for further statistics, it is desirable that this summary is stable to noise
and perturbations in the input data. To quantify this stability, we require metrics on
persistent vector spaces and the resulting barcodes.

Definition 2.41 ([18]) Given two multisets Dy, Dy C R2, the bottleneck distance is

dp(Dy, Dy):=inf  sup |x — y(x)]eo (2.43)
xeD1UAR

where y is over all multi-bijections D; UARr — Dy U AR and Ar = {(x, x) | x € R}
is the diagonal with multiplicity 1. Given barcodes 51, B2, we define the bottleneck
distance between them to be the bottleneck distance between their diagrams

dp(B1, B2):=dp(Dgm(By), Dgm(By)). (2.44)

Definition 2.42 ([15]) Given p > 1 and two multisets Dy, D, C R2, the p-
Wasserstein distance is

1/p

dy,(Dy, Dy):=inf | > |x =yl (2.45)
4 xeD1UAR

where y is over all multi-bijections D1 UAr — D> UARr and Ag = {(x, x) | x € R}
is the diagonal with multiplicity 1. The p-Wasserstein between two barcodes By, B3,
is

dw, (B, B2):=dw,(Dgm(B1), Dgm(B>)). (2.46)

Definition 2.43 ([1]) Given a category C, fix M, N € [R, C]and § > 0.
(a) The §-shift of M is M[8] € [R, C] where

MI81(t):=M(t +8) and M[S|(s < t):=M(s+8 <t +38). (2.47)

(b) Given a morphism f € Morg, ¢j(M, N) the §-shift of f is f[§] : M[5] — N[5]
in which f;:= f;4+s. When clear from context we often denote f[§] = f.

(c) The §-transition morphism is a morphism 7 (M, §) : M — M[8] which att > 0
is given by M (t <t +9).

(d) A s-interleaving is a pair of morphisms ¢ : M — N[§] and ¥ : N — M|[5] such
that

Y[8logp =T (M,28) and ¢[§]oyy =T (N,28). (2.48)
Elol:;ﬂ
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(e) The interleaving distance of M and N is
di(M, N):=inf {§ > 0| 3 é-interleaving} . (2.49)

Remark 2.44 Recall that, given a §-interleaving ¢ and v, in order to constitute mor-
phisms M — N[§] and N — M[§], they must satisfy relations

PproM(s <t)=N(@E+5§<t+38)oy; and Y;oN(s <t)
=M(+6<t+96)odps (2.50)

foreachs <.

Now that we have metrics on persistent vector spaces and their barcode summaries,
we can state the isometry theorem. This guarantees that the barcode is a stable summary
of the input persistent vector space.

Theorem 2.45 (Isometry Theorem [1, Theorem 3.5]) Given p.f.d persistent vector
spaces M, N € Persvec,

dp(BM,BN) =d;(M, N). (2.51)

Finally, when a persistent vector space is tame, there are finitely many critical values
tg < --- < tysuchthatift;_1 <s <t < t; then M(s < t) is an isomorphism [10].
Hence, all information of the persistent vector space is contained within the maps
M(ti—y <tj)fori = 1,...,k. In particular, any interval in the barcode must have
its endpoints at one of the critical values (or +00). In these scenarios, it suffices to
consider M as a functor [k]< — Vec, where [k]< is the sub-poset of R consisting of
the integers O, ..., k [31].

3 Motivation and Definition of GrPPH

Firstly, in Sect. 3.1, we describe a standard pipeline for extracting a topological sum-
mary from a weighted digraph, and illustrate a number of issues that naturally arise.
Motivated by this in Sect.3.2, we alter the standard pipeline in order to define a
‘grounded pipeline’. We prove that this new pipeline is functorial in an appropriate
sense, which we will later exploit for stability results. The pipeline is parameterised by
two choices; in Sect. 3.3 we fix these choices in order to define our proposed descriptor.

3.1 Standard Pipeline

A typical TDA pipeline for weighted digraphs consists of three ingredients:

1. amap F : Obj(WDgr) — Obj([R, Dgr]), which assigns a filtration of digraphs
to every weighted digraph;
2. a chain complex functor C : Dgr — Ch which maps each digraph to a chain
complex and induces chain map for every digraph map; and finally
FolCT
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3. achoice of homology functor Hy : Ch — Vec in some degree k.

These components can then be combined into the following pipeline.

M : WDgr —5 5 [R, Der] 2 (R, cnp B (R, vee]

Examples of this pipeline include persistent homology of the directed flag complex [29]
and persistent path homology [13]. However, it is possible to use these pipelines with
filtrations of digraphs that do not arise from an initial weighted digraph.

We obtain a map Hy : Obj(WDgr) — Obj([R, Vec]) given by Hi:=[R, Hi] o
[R, C]o F. Since F is not a priori functorial, neither is H. Under mild assumptions
on F and C, it is possible to define a subcategory of WDgr which makes this pipeline
functorial.

Notation 3.1 Given F : Obj(WDgr) — Obj([R, Dgr]), G € WDgr and s < t we
write

(a) F'G:=F(G)(t), the image of ¢ under the functor F(G); and
(d) (s, 1):=F(G)(s <t), the image of s < t under the functor F(G).

Definition 3.2 (a) A filtration mapisany map F : Obj(WDgr) — Obj([R, InclDgr])
such that V(F'G) € V(G) for all r € R. In particular, ¢(s, r) must always be an
inclusion.

(b) Given a filtration map F, a morphism of weighted digraphs f € Morwpg, (G, H)
is called F-compatible if for every ¢ € R the underlying vertex map f : V(G) —
V (H)restricts toa vertex map V (F'G) — V (F' H) which in turn yields a digraph
map F'G — F'H.

(c) Given a filtration map F, the F-compatible category of weighted digraphs,
WDgr ., is the subcategory of WDgr such that Obj(WDgr;) = Obj(WDgr)
and

Mor(WDgr ) = {f € Mor(WDgr) | f is F-compatible} . 3.1

Lemma 3.3 Any filtration map F : Obj(WDgr) — Obj([R, InclDgr]) induces a
functor F : WDgrr — [R, Dgr], which we call a filtration functor.

Proof Given f € Morwpgr, (G, H), since f is F-compatible, the underlying vertex
map induces digraph maps f : F'G — F'H for every t € R. Given s < t, both
F(G)(s < t)and F(H)(s < t) are digraph maps induced by the inclusion vertex
map. Hence the following square of morphisms in Dgr commutes.

FG)s=n F(H)(s<1)

F'G

G-Iy FsH
7> F'H
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Fig.3 Persistent path homology of the shortest-path filtration of flow through a bifurcation network, before
and after edge subdivision. In G| all edges have unit weight, in G; all edges have weight 0.5

Hence f induces a natural transformation between F'(G) and F (H). Moreover, since
each f : F'G — F'H is fully determined by the underlying vertex map V(G) —
V (H), this construction is certainly functorial. O

Remark 3.4 Since any filtration map induces a filtration functor, it suffices to define a
filtration functor only as a map on objects.

When F is a filtration map, it induces a functor WDgr — [R, Dgr] and hence
‘Hy is a functor WDgr — [R, Vec], as desired. We will now consider an illustrative
example of this pipeline. Assuming the weight of an edge corresponds to a distance
between its endpoints (e.g. the time it takes for a particle to flow down the edge), a
natural choice of filtration functor is the following.

Definition 3.5 The shortest-path filtration is a map F; : WDgr — [R, Dgr]. For
G =(V,E,w) € WDgr and ¢ € R, we define

Fi(G)(t):=G":=(V,E") where E":={(i,j)e(VxV)\ Ay |dG,j) <t}
(3.2)

and d is the shortest-path quasimetric on G. For s < ¢, the digraph map G* — G’ is
induced by the identity vertex map idy .

Example 3.6 Choosing F = Fy; as above and C to be the regular path complex,
we obtain a functor Hy : WDgr — [R, Vec]. The shortest-path quasimetric of a
weighted digraph is a directed network and this pipeline measures the persistent path
homology of that network. This pipeline was first considered in [13] for cycle net-
works, alongside a stability analysis of persistent path homology for arbitrary directed
networks.

In Fig.3 we apply this pipeline (with k¥ = 1) to a small bifurcating network G,
a toy model for vasculature networks, in which each edge is given unit weight. The
resulting barcode has a single feature with lifetime [1, 2). The second network, G, is
obtained by subdividing each edge in G, giving all edges weight 0.5. The resulting
barcode is {[0.5, 1), [0.5, 1), [0.5, 2)} which has three features.

This example highlights three key issues with this pipeline:

(a) the number of features in the barcode changes upon subdivision;
(b) loops bounded by triangles or long squares are ‘killed’ as soon as they are born;
and
Fol:'TI
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(c) the birth-time of each feature is an artefact of the ‘resolution’ of the weighted
digraph.

A subtler issue arises when we attempt to interpret the diagram. A feature born at time
t is supported on edges of the digraph G’, which may not be edges in the original
weighted digraph G. This makes interpretation of features more challenging. Note,
this issues does not arise for either G; shown in Fig.3 since, in each case, there is
some T such that G,.T = G; and moreover E(G!) =@ forallt < T.

3.2 Grounded Pipeline

We now describe an alteration to the standard pipeline which alleviates these issues by
including the underlying digraph G indegree 1 forall € R. The main distinctionis that
we do not factor through a filtration functor F. Instead, we use F and C € [Dgr, Ch]
to construct a new functor $Cr : WDgr — [R, Ch].

____________________________

I ¥
WDgr —% [R, Dgr] 2 (R, ch) B2 (R, Vee]

In order to define the map on objects, we only need a weaker condition on C.
Definition 3.7 Given a filtration functor ¥ : WDgrp — [R, Dgr], a functor C :

InclDgr — Ch, G € WDgr and ¢t € R, the chain complex 8C4(G, ¢t; F) is the top
row of the following diagram.

d 0 a
L G(F'G) B FG) — 2 L C((GUF'G) —— s Co(GUF'G) -
- Y e
)] 4 ¢ <y
C((F'G) > Co(F'G)

0

In the above, ¢ : F'G <> G U F'G is the inclusion digraph map, induced by the
inclusion vertex map. Then (4 = C(¢) is the image of this map under the functor
C. The boundary maps 9 are derived either from the chain complex C,(F'G) or
C.(GUF'G).

We denote the chain groups as § Cy (G, t; F) and the boundary maps as & Bli. When
F and r are clear from context, we omit them from notation

We use the prescript 8] to denote that this chain complex is grounded; as we will
show in Lemma 4.2, after appropriate choices of F and C, all degree 1 homology
classes have representatives in the underlying digraph.

Lemma3.8 Foreacht € Rand G € WDgr, (3C.(G, t; F), 83!) is a chain complex.

Proof Since tx is a chain map C(F'G) — C(G U F'G) we have
310([#032)=L#031032=0 (3.3)
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and hence Co(G, t; F) defines a chain complex. O

Lemma 3.9 Fix a filtration functor F : WDgrr — [R, Dgr] and a functor C :
InclDgr — Ch. Given G, H € WDgr and avertexmap f : V(G) — V(H), suppose
that f induces digraph maps f : F°G — F'Hand f : GU F°G — H U F'H for
some s < t. Then there is a chain map

J(f,s <1):8Co(G,s; F) > 8C4(G,t; F). (3.4

Moreover, given g : V(K) — V (H) which satisfies the necessary conditions to induce
J(g,r <s),

J(fog.r=t)=J(f,s<t)oJ(g,1r=5). (3.5)
Finally, for any t € R, J(idy (), t < t) is the identity chain map.
Proof To distinguish the two digraph maps induced by f, we denote them
f:F°G— F'H and f':GUF'G— HUF'H. (3.6)

First note that the two digraph maps induced by f commute with the relevant inclusions
so that the following square commutes.

FSG <5 GUF*G

]l 1r

F'H < HUF'H

Applying the functor C to the digraph maps f and f’ we obtain two chain maps
fe: C(F°G) — C(F'H) and f'y : C(GU F*G) — C(H U F'H). These chain
maps can be combined as in the following diagram.

) 0 ) )
L C3(FSG) 25 CL(F*G) 1#o%2 C1(GUF*G) - Co(GU F*G)---
. . LY
. -
2 S erse "
sy Iy o s [p] Iy
C1(F'H)
32. S <. ‘.#>
. C3(F'H) — Co(F'H) - Ci(HUF'H) —> Co(HUF'H)---
93 1#007 91

Squares and and @ commute because all vertical maps are components of

the same chain map. Square commutes because it is the image of the initial square
of commuting digraph maps under the functor C, restricted to degree 1. Therefore, the
vertical solid arrows constitute a chain map between the required chain complexes,
which we denote J (f, s < t). The remaining functorial relations follow automatically
because in each degree J (f, s < t) coincides with either fu or f’,, which each satisfy
the relations. o
EIO oy
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Lemma 3.10 Given a filtration functor F : WDgrr — [R, Dgr] and a functor
C : InclDgr — Ch, the chain complex 8C4(G, t; F) is functorial in t.

Proof For each s < t we require chain maps 8i(s, 1)g : 8Co(G,s) — 8Co(G,1)
which satisfy the usual functorial axioms in 7. First note that that the identity map
id : V(G) — V(G) induces a digraph map id : G — G. Moreover, for each s < 7 the
identity induces digraph maps (s, t) : FG — F'G since F is a filtration functor.
Hence, the identity also induces digraph maps G U F*G — G U F'G. Applying
Lemma 3.9, we obtain a chain map J(id,s < t) : $Co(G,s) — 8Co(G,t). Now,
given s <t < r, Lemma 3.9 implies that

J@Ad,s <r)=J(@{d,t <r)o J(id,s <t). 3.7

and moreover J(id, ¢ < t) is the identity chain map on 8C(G, t). Therefore, we can
take 8u(s, t)4:=J(id, s <1). m|

Definition 3.11 Given a filtration functor ¥ : WDgr, — [R, Dgr] and a functor
C : InclDgr — Ch, the map §Cr : Obj(WDgr) — Obj([R, Ch]) is given on
objects by

SCr(G)(1):=(Cus(G,1; F),%3,) (3.8)

and the morphism §Cr(G)(s < t) is as constructed in the proof of Lemma 3.10.

Notation 3.12 (a) We denote the induced map on chain complexes by 8¢(s, t):=8CF
(G)(s =1).

(b) In each homology degree k, we denote the induced map on homology by
Su(s, 1):=[R, Hel(i(s, 1)g).

Thanks to Lemma 3.10, § Cr gives us a map Obj(WDgr) — Obj([R, Ch]), which
we can compose with homology to obtain a persistent vector space. Under addi-
tional functorial assumptions on C, when we restrict to the appropriate category 8Cr
becomes a functor.

Theorem 3.13 Given a filtration functor F : WDgrr — [R, Dgr] and a functor
C : Dgr — Ch, 8CF is a functor 8Cr : WDgrp — [R, Ch].

Proof Given f € Morwpgr,(G, H) and t € R, we need a chain map & f, :
8Co(G,t) = 8C4(H, t). Moreover, f must satisfy the usual functorial axioms, and
given s < t, commute with the chain maps 8:(s, ).

Note that f is given by a vertex map f : V(G) — V(H) which induces a digraph
map G — H. Moreover, since f is F-compatible, it induces digraph maps F'G —
F'H . Therefore f mustalsoinduce digraph maps GUF'G — HUF' H.Hence, using
Lemma3.9, wecantake & f4:=J(f,t < t). The functorial axioms follow immediately
from the functorial relations shown in Lemma 3.9. Moreover, since 8¢(s, f) is also
constructed via Lemma 3.9, Eq. (3.5) implies

Sfuodi(s,t)y=J(foidy,s <t)=J@dym o f,s <t) =8i(s, )4 08 f4
(3.9)
FeCT
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and hence & f constitutes a morphism §Cr(G) — $Cr(H). O

Notation 3.14 Given a morphism f € Mor(WDgr ), we denote the induced map
on chain complexes, constructed above, by & f4:=8Cp(f) and the induced map on
homology in degree k by & f :=[R, Hil(8 f3).

3.3 Definition of GRPPH

In order to investigate properties and stability of the grounded pipeline, we make choice
for both F and C. As we have already discussed, since we interpret edge-weights as
a measure of distance, a natural choice for F is the shortest-path filtration. Choices
for C include the regular path complex, non-regular path complex and the directed
flag complex. However, the latter two constructions are not functors Dgr — Ch.
Henceforth, for the rest of the paper, we fix F' to be the shortest-path filtration
and C to be the regular path complex,

F=F, and C=Q. (3.10)

Since F is fixed, we will largely remove it from notation. We also use C instead of €2.

Lemma 3.15 The Fj-compatible category of weighted digraphs is the contraction
category of weighted digraphs (see Definition 2.15), WDgr ,, = ContWDgr.

Proof First note f € Mor(WDgr) is precisely a vertex map f : V(G) — V(H)
which induces a digraph map G — H. A vertex map f : V(G) — V(H) induces a
digraph map G' — H' for every ¢t € R if and only if

d(f@), f(j)) =d(, J) (3.11)

for every i, j € V(G). Hence, f € Mor(WDgr) is F;-compatible if and only if it
is a contraction map. So a morphism f € Mor(WDgr ) is precisely a contraction
digraph map G — H. O

Now that we understand the category WDgr ¢, applying Theorem 3.13 yields a
functor 8C : ContWDgr — [R, Ch]. Taking the first homology yields a persistent
vector space in a functorial way; this functor is our proposed invariant for weighted
digraphs.

Definition/Theorem 3.16 Grounded persistent path homology (GRPPH) is the functor

8H:=[R, H1] o 4C : ContWDgr — PersVec (3.12)

from the contraction category of weighted digraphs (see Definition 2.15) to the cate-
gory of persistent vector spaces (see Definition 2.38).
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Fig.4 A bifurcation network, 0 )

~

before and after subdivision; all \. ﬂ. .N.
=
edges in G| have unit weight, all / \./ \ /‘ N. ). \
edges in G have weight 0.5 (as ‘° ./‘ \.
in Fig. 3). Highlighted in red, \ %
green and blue are circuits \ /'\ / \ ). .N. /1.
whose representatives generate \ /0 N. o 30
8H1(G}) (Color figure online) ) e
G] GZ

Notation 3.17 Given G € WDgr, in degree k at filtration step ¢, we denote

the space of grounded k-cycles by 8Z(G,t):=ker80;; (3.13)

the space of grounded k-boundaries by $B(G,t):=1im g8,§+1 (3.14)
8Zi(G, 1)

the (degree k) grounded homology by SHy(G,t)=———. (3.15)
8Bx (G, 1)

Remark 3.18 Note that for any ¢ € R,

k>1 = $Hi(G,t) = Hy (G,
k<1 = $H(G,t) = H,(GUG").

Therefore, the only new homology occurs in degree k = 1, since it compares 1-cycles
in GU F'G with 1-boundaries from G”. This justifies our focus on degree 1 homology
in Definition/Theorem 3.16.

Example 3.19 In Fig.4, we consider again the bifurcating network example of Fig. 3,
in which all edges have weight 1. We see the barcodes of the grounded persistent
homology are both

BSHi(G1) = B¥H1(G2) = {[0, 1), [0, 1), [0, 2)} . (3.16)

In G the two [0, 1) features correspond to the smaller 4-node circuits in the centre
of the network, coloured in blue. These circuits birth homological cycles in G U G’
at r = 0, which are then killed by long squares when the edges appear in G* at ¢t = 1.

The [0, 2) feature corresponds to the large inner circuit (coloured in green). Again
this circuit births a homological cycle at + = 0 which then becomes null-homologous
at t = 2 when shortcut edges give rise to a new long square.

The outer red cycle is a linear combination of the inner green and blue cycles, hence
it does not give rise to a fourth feature in the barcode. Moreover, at t = 1 the red and
green cycles becomes homologous.

In G the features correspond to the same circuits (once subdivided).

Fo C 'ﬂ
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4 Interpretation of GrPPH
4.1 Decreasing Betti Curves

In the first example we considered (Example 3.19), we saw that all features were born
at t = 0. Indeed, this is always the case and & H; (G, 0) is in fact the cycle space of
U(G) (with R-valued coefficients).

Lemma 4.1 Given a digraph G = (V, E, w), two distinct nodes a, b € V and a trail
p:a~> b, then forall t > len(p)

R(p)= Y t=ab (mod$B(G.1)). 4.1)
T€E(p)
Proof Fix arbitrary ¢ > len(p) and denote the vertices of the pathasa = vy, ..., v, =

b. Whenever i < j we can truncate p to obtain a path v; ~» v; of length at most ¢ and
so (v;, vj) € E(G").Hence, wheneveri < j < k, there is a directed triangle v; Vjvg €
C>(G") and hence v;vx = v; vj +vjv (mod 8B(G, t)). Therefore, inductively we
can write

ab = vyv,,, = vou1 + V1V, = VU] + V1v2 + VoV

R Zvi,]vi (mod gB](G,t)) (42)
i=1

as required. O

Proposition 4.2 Fix a weighted digraph (G,w) and t > 0. For any cycle v €
8Z1(G, 1), there is an initial cycle v/ € 8Z(G,0), supported on the edges of G,
such that v is homologous to 81(0, t)4v'.

Proof Given any edge T = (a, b) € E(G"), thereis a path p : a ~ b in G of length

at most ¢. Denoting the edges of p by (71, ..., T), Lemma4.1 tellsus, 7 =) " | &
(mod é¢B1(G, t)). Now, since t; € E(G), we see 8¢(0, t)xzt; = t; for each edge in p.
O

Corollary 4.3 Given G € WDgr,

(a) any interval in BSH{(G) has birth time 0;

(b) $H{(G, 0) has a basis of simple undirected circuits; and

(c) #Dgm(8'H1(G)) coincides with the circuit rank of the underlying undirected
graph.

Proof The first point follows immediately from Proposition 4.2. To see the final two

points, consider the chain complex, 8 Co(G, 0) at the start of the filtration. Since GY

has no edges, the chain complex is simply

0 —3 0 — C1(G) — Co(G) - -

FolCT
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Since G is an orientation of U/ (G), the firsthomology of this chain complex is precisely
the real cycle space of U(G). Fix an arbitrary spanning forest T of U/ (G), and label
the remaining edges ey, . .., ex. Note k is the circuit rank of U (G). Let p; denote the
simple undirected circuit in G which traverses e¢; and then returns to st(e;) through
the unique path in 7. Then {R(p1), ..., R(pk)} is a basis for § H{ (G, 0). O

4.2 Circuit Lifetimes

While all features in the barcode (and hence all cycles) are born at time ¢ = 0, their
death times generally differ. We can assign a death-time to any cycle v € §Z;(G, 0),
as the first time v becomes null-homologous.

Definition 4.4 Given v € §Z;(G, 0), the death-time of v is
D(v):=inf {t = 0 | #1(0, 1), [v] = 0} 4.3)

where we let D(v):=o0 if there is no such t. The lifetime of v is the interval

L():=[0, D(v)).

Remark 4.5 Let p be an undirected circuit in G and p’ the same circuit, traversed in
the opposite direction so that R(p’) = —R(p). Since 8:(0, t),, is linear, D(R(p)) =
D(R(p")). Also, since R(p) does not depend on the starting vertex of p, neither does
DR(p)).

This pipeline gives us a method for associating a lifetime to an undirected circuit
in G which is ‘geometric’ in the sense that it does not depend on the starting vertex or
direction. The length of this lifetime gives us a ‘size’ to the circuit from the perspective
of the filtration. Since we use the shortest-path filtration, we interpret this size as the
time it takes for the flow to “fill in’ the circuit.

Lemma 4.6 Given G = (V, E, w) € WDgr and two directed paths p1, p2 : a ~> b
between distinct vertices a, b € V, let p. denote the undirected circuit which traverses
p1 forwards and then p; in reverse. Fori = 1, 2, define

hi:=min{t > 0| Av; € V along p; such that d(a, v;) <t and d(v;, b) < t}.
(4.4)

Then D(p.) < max(hy, hy).

Proof Denote T:=max(hy, hy). First assume that there are at least 2 edges in each
pi. Then, by the definition of h;, there exists v; € V \ {a, b} along each p; such
that d(a, v;) < T and d(v;, b) < T. Hence there is a long square avib — avab €
8Cy(G, T). By Lemma 4.1,

0 =83 (avib — avyb) = R(p;) (mod 8Bi(G,T)). 4.5)
FolCT
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Fig.5 A simple example of a
weighted digraph for which the
bound of Lemma 4.6 fails to be
sharp

Finally, if p; contains one edge then ) = len(p;) so d(a,b) < hy < T. The
definition of A, ensures there is v» € V along pj such that d(a, v2),d(v2,b) < T.
Hence there is a directed triangle avyb € $C»(G, T). By Lemma 4.1,

0 =%8(avab) =R(p.) (mod éBi(G, T)) (4.6)

which concludes the proof. O

Example 4.7 Note that the bound of Lemma 4.6 is by no means sharp. Consider for
example Fig.5. Let p; be the outer red path (a, b, d), p> the lower red path (a, c, d)
and p. the undirected circuit which traverse p; forward then p; in reverse. Then
hy = hy =10 but D(R(p.)) = 2.

To see this is the correct death time, first note that € H (G, t) can only change at
integer values. At r = 1, the only edges present in G are the black ones drawn in in
Fig.5. Hence, C»(G, 1) is generated by the long square ebf — ecf, whose boundary
is not R(pc).

However, atr = 2 the edges (a, b), (b, d), (a, ¢) and (c, d) also appearin G'. These
generate additional long squares and directed triangles. In particular abd — acd €
C>(G,2) and

83y (abd — acd) = R(pc). 4.7

4.3 Representatives

After computing persistent homology, it is common to compute homological cycles
which represent the intervals in the barcode. In general, these “representatives” are
not unique and may be quite complicated. In practice, one can often compute repre-
sentatives with integer (and even unit) coefficients [27] and these representatives are
frequently used for interpreting features (e.g. [2, 34]).

Definition 4.8 A persistence basis for $H;(G) is a choice of initial cycles B =
{b; € 8Z1(G, 0)} such that for each r > 0, the set {8¢(0, ¢),[b;]} \ {0} yields a basis
for 8 H{ (G, t). We call elements of a persistence basis representatives.

Lemma 4.9 Given any G € WDgr, a persistence basis for 8H1(G) always exists.

Proof This follows from the structure theorem (Theorem 2.39) and Corollary 4.3.
O
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Fig.6 Two weighted digraphs
with the same underlying

a

[ )
digraph but different persistence ~ 7 N 7
bases, illustrating that not every 1 )
circuit basis of & H (G, 0) yields be ®C b e ®cC

a persistence basis for 8 H (G)

°
d d
Gy G

Obtaining a persistence basis B C 8Z;(G, 0) is desirable because the constituent
cycles represent the features of the barcode, in the following sense. If the barcode is
B8H(G) = {11, ..., I,} then there is an ordering on the cycles B = {by, ..., by}
such that £(b;) = I; and

P ru) = 2H1(G). (4.8)
i=1

Moreover, the isomorphism ¢ : @ | P(I;) — $H(G) is given by mapping
1 € I;(t) = 81(0,1),[b;] whenever ¢ € I;. (4.9)

This mapping gives an isomorphism because {8¢(0, #),[b;]} \ {0} is always a basis for
8 H (G, t). In this sense, the representatives in B generate $H1(G).

Representatives live in £ Z1 (G, 0) so they are just R-linear combinations of edges in
G. However, a priori, the coefficients of these linear combinations may be arbitrarily
complicated. The goal of this section is to show that grounded persistent homology
always admits a geometrically interpretable persistence basis, in the following sense.

Theorem 4.10 Given G € WDgr with circuit rank m there exist undirected circuits
Pls .-+ Pm in G, such that {R(p1), ..., R(pm)} is a persistence basis for H1(G).

Example 4.11 First, we note that it does not suffice to chose any basis of undirected
circuits for 8 Z1(G, 0). For example, consider the two weighted digraphs pictured in
Fig. 6. In both digraphs, ignoring choice of direction, there are three undirected simple
circuits, whose representatives we denote

)/]i::ab + bc —ac, (4.10)
ya:=bc +cd — bd, 4.11)
y3i:=ab +bd — cd — ac. 4.12)

where y/’.' € 8Z1(G;,0). Note y3i = yf — yzi. The GRPPH of these two weighted
digraphs is

BSH1(G1) ={[0,2),[0,1)} and BEH;(G>) = {[0,2),[0, 1)}. (4.13)
Elol:;ﬂ
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A persistence basis for $H(Gy) is {yll, yzl} with E(yll) = [0, 1) and E(yzl) =
[0, 2). Note that {yzl, y31} is not a persistence basis for $H{(G) because E(y31) =
[0, 2).

However L(ylz) = L(yzz) = [0, 2), hence {ylz, y22} does not form a persistence
basis for $H1(G2). Att = 2, we see $1(0, 2)*)/32 = 0 and hence $:(0, 2)*)/12 =
81(0, 2)*)/22. Instead, a persistence basis for $H1(G>3) is {7/22, y32}.

This illustrates that an arbitrary choice of undirected circuit basis for 8 H; (G, 0)
may not yield a persistence basis of 8H(G). Moreover, a correct choice of basis
does not depend only on ¢/ (G); we must incorporate information about how cycles in
8Z1(G, 0) die, in order to choose a persistence basis.

To begin tackling Theorem 4.10, since G is finite, we note there are finitely many
critical values t{ = 0, .. ., ,,, where the chain complex 8 C, (G, t) changes. Therefore,
it suffices to study the following finite persistent chain complex instead.

- Ca(G") — C1(GUGH) —= Co(GUG™M) .- 8H (G, 1))
l l l Jfl(tl,fz)*
- Cr(G?) — C1(GUG"2) —= Co(GUG™?)--- $H (G, )

J, J, l Jfl(tz,ta)*
l l l -

-+ C(G'm)y — C1(GUG™) — Co(GUG™m) - §H1(G, tn)

To the right of the chain complex we show the induced maps on homology
8u(ti—1, t;),. By Lemma 4.2, these maps on homology are always surjective. Our strat-
egy is to find undirected circuit bases for the kernel of each of these maps; Lemma 4.12
achieves this and is the key result. We then collect these elements into a basis for
ker 8¢(0, ,,),. Together, these elements form representatives for the homology classes
with finite lifetime. To obtain representatives for the infinite feature, we extend this to
a basis for all of 8 H{ (G, 0) and show that we obtain a persistence basis.

Lemma4.12 Foreachi =2, ..., m, thereis a basis {by, ..., by} of ker8u(t;_1, t;),
such that b = £0(0, t; 1) . [PR(p; ;)] for some undirected circuit p; ; in G.

Proof For notational convenience, we define r:=t;_ and s:=t;. When the filtration
increases from ¢t = r tot = s, some number of edges are added to G’ which yield new
generators for both C;(G U G") and C»(G"). Our approach is to decompose 8¢(r, §)x
into a sequence of chain maps. In the first, all the new generators of C{(G U C*)
are added, along with sufficient new generators in C>(G*) to make the new edges
homologous to a sum of edges already present in C1 (G UG”). Therefore, on homology
this first map is an isomorphism. We then add the remaining generators of C»(G*)
Elol:';”
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one at a time in order to find a basis for ker 8:(r, s),.. Since we are only interested in
degree 1 homology, it suffices to restrict our attention to degrees 0, l and2. 0O O

Denote the set of new edges Ejey:=E(G U G*)\E(G U G"). Given an edge e =
(a,b) € E,eu, there is some directed path p : a ~» b in G, of length at most s.
Moreover this path must have at least one vertex distinct from the endpoints of e,
otherwise e € G. Choose arbitrary such v, € V(p). Then (a, v, b) is a directed
triangle in G* so w,:=av,b is a new generator of C2(G*). Repeating this for all new
edges we obtain a set of generators

Unew:={we | € € Eyew) (4.14)

which were not present in C>(G") and are linearly independent. Define Wy:= (Uyey)
and let Qg denote the degree 1 homology of the chain complex

Co(GT) & Wo —25 €1(GUG*) s Co(G U G¥)

which is a subcomplex of §C4 (G, s).

Claim 4.13 The inclusion chain map

Cr(G") —— C1(GUG") — Co(GUGH 8H(G,r)
14 Lot Jab ¢]=
Cr(G"Y e Wy — C1(GUGY) — Co(G UG 0o

induces an isomorphism on degree 1 homology, qo :8H1(G,r) = Qo.

Proof of Claim. We define a chain map c# in the opposite direction and a homotopy
P : C1(GUG*) — C2(G")@® Wy such that cj oq? = id while g oc; —id = £3,0 P.
Hence, on degree 1 homology, cx induces an inverse to ¢°. The chain map in degrees
k # 11is given by

(e {v ifvetC(G,r), “15)

0 otherwise,

and ¢ is defined on the basis of C1(G U G*) by

b if (a,b) € Eye,
c1(abyi= | V@b T V@b (@ b) € Enew (4.16)
ab otherwise.
The homotopy is given on the basis of C;(G U G*) by
if (a, b) € Epew,
Paby—= | Vb 11(@D) € Enew 4.17)
0 otherwise.
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where w(g,p) € Upew- A standard check of the two cases verifies that c4 is a chain map
and the relations ¢; o ¢{ = id and ¢% o ¢; —id = £3, o P hold.

Intuitively, cx collapses a new edge e = (a,b) € Ej.y onto the sum of edges
ave + v.b in G U G". The homotopy P shows the two elements are homologous
thanks to the presence of the directed triangle w, € Upey- m]

By Proposition 2.33, there exists uy, ..., u, € C>(G*) such that
Cr (G =Co(G") @ Wo @ (ut, ..., upn) (4.18)

where each u; is amongst the generators identified in Proposition 2.33. Define
Wi:=Wy @ (u1, ..., u;). This gives a sequence of inclusion chain maps

C (G Wi — C1(GUG*) — Co(GUGY) Oi—

\ L Jab i

C(GNHY e W, —— C1(GUG*) — Co(GUGY) oF

where each rows is a subcomplex of §C,(G, 5). We denote the degree 1 homology
groups by Q;, with Q,,:=¢ H{(G, §), and the induced homology mapsby ¢' : Q; 1 —
Q;. Together these chain maps decompose $¢(r, s)s and hence the ¢' decompose
8i(r, 5)4, as show in the following diagram.

Cr(G") ———— C1(GUG") — Co(GUG) SH(G,r)
| | | 25
C2(G") ® Wy — C1(G UG’ — Co(G U GS) 00
1 \\
| | ! A
Cr({GNHY® W, —— C1(GUG*) — Co(GUGY) 01 \\
| | l N P
z z : e
l l l q”‘li \\g/
C(GHY®W,—1 — C1(GUG*) — Cy(GUGY) On-1 \\
! ! | 77 P
C2(G’) ——— C1(GUGY) — Co(G U GY) $H\(G,s)

Note that dim Q; drops by at most 1 at each step, since dim W; 1 = dim W; + 1. Let
J denote the subset of indices where the dimension drops, i.e.

Ji={i € N|dim Q; = dim Q;_; — 1}. (4.19)

Then for each i € J, the map on homology ¢’ has nullity 1 and a basis for ker ¢’ is
{[b;1} where b;:=80,u; € C; (G U GY).

Note that [b;] € Qo and (¢" ' o --- 0 g")[b;] = [b;] in Q;_;. Since each [b;] for

i € J dies in a different Q;, they must be linearly independent in Q¢. Moreover, the
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Fig.7 An example weighted 01 (%) 03 01 (%) U3

digraph with a single feature .é.é. o o—0

which dies at + = 3. To the right ' ‘

we show G2, colouring the new - -

edges in G? in blue and ae ) a e o)

highlighting the new generators i

in Cz(GB) via blue and green dl TH lk ﬂ

polygons (Color figure online) o—0—0 [ o—©o
U4 U5 (43 U4 U5 Ug

G G3

nullity of g" o - - oglis#J so{[b;j]]i e J} gives a basis for ker(¢g" o - - ogl). Hence
{(qo)’l [bi] | i € J} forms a basis for ker 8¢(r, s),. It now remains to prove that each
(qo)_1 [b;] has a undirected circuit representative.

Claim 4.14 For each i € J, there exists an undirected circuit p; in G such that
8000, 7). R (p)] = (¢°) ' [bi).

Proof of Claim. First we recall that b; = 89,u; where u; is either a double edge, a
directed triangle or a long square in G*. Some of the boundary edges may be edges in
G" but at least one boundary edge is new in G*. By the previous claim, a representative
for (¢%)~'[bi] is c1(5y).

We can write b; = R(p) where p is the undirected circuit which traces the outline
of the generator u;. Now ¢; maps edges in G" to themselves and edges not in G”
to a sum of two edges in G" with the same boundary. Therefore, no matter which
type of generator u; is, we can write c1(b;) = R(p) for some undirected circuit
p through G”. Using Lemma 4.1, for each edge T € E(p) in this circuit there is a
directed path T through G of length at most r such that t = SR(7;) (mod & B{(G, r)).
Concatenating the 77 we obtain an undirected circuit p; through G such that R(p) =
R(pi) (mod 8B1(G,r)). o

This claim concludes the proof. O

Remark 4.15 Note that the undirected circuits p; ; may not be simple. We conjecture
that it should be possible to choose every p; ; to be simple but do not, as yet, have a
proof.

Example 4.16 To illustrate how the generators are added in the proof of Lemma 4.12,
consider Fig. 7. First note that there is a single feature with representative

y:=(avi + v1v2 + vav3 + v3b) — (avg + V4V5 + V5V + VD) (4.20)

which dies at ¢ = 3. Further note that new edges appear at integer values in the
shortest-path filtration and BSH(G) = {[0, 3)}.

The new edges which appear at + = 3 are highlighted in blue. The new generators
of C2(G?) are the four blue directed triangles and the central green long square. The
blue directed triangles form the elements of Uy, and the central long square is the
sole remaining generator u1. So a basis for ker ¢! is {[$8,u1]}.

Elol:;ﬂ
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Fig. 8 Illustrations of the [ J [ [ @
disjoint union and wedge R
decomposition considered in 0
Sect.4.4 I ® O I @
[ J [ [ J [
G UGy G1 Vs Gy

To find a basis for ker $:(2, 3), we must compute c;($dru). Firstly 8du; =
avy + vab — vsb — avs. Then the chain map c; maps each of the blue edges to a sum
of edges in G2. In fact ¢1(8d,u1) = y which is the representative of the sole simple
undirected circuit in G.

The following Lemma follows by a standard linear algebra argument, since each
8u(ti—1, t;), s surjective.

Lemma4.17 Given B; C &H{(G,0) such that %:(0,¢t),(B;) is a basis for
ker 8u(t;, ti+1),, the union U?’;ll B; is a basis for ker 81(0, ty) .

Certainly a basis of undirected circuits for 8§ H; (G, 0) exists (by Corollary 4.3).
Therefore, we can always extend linearly independent undirected circuits to a basis of
such circuits for & H; (G, 0).

Lemma 4.18 Given undirected circuits pi, ..., pr such that [JR(p1)], ..., [R(pr)]
are linearly independent in 8 H| (G, 0), there exists undirected circuits pxy1i, ..., PN
such that {[i)%(pi)]}fV | is a basis for $ H\ (G, 0).

We now have all the ingredients we need to prove the main theorem.

Proof of Theorem 4.10 Using Lemmas 4.12 and 4.17, we obtain undirected circuits
P1, ..., pi such that {R(p1),...,R(p;)} forms a basis for ker 8¢(0, t,),. Using
Lemma 4.18, we extend this to a basis {R(p1), ..., R(p), R(pi+1), ..., Rpn)}
for 8 H| (G, 0). This is a persistence basis for $H(G). O

Remark 4.19 While we are guaranteed a basis of undirected circuits, this choice of
basis is by no means unique. As a simple example, consider again Example 4.11 and
Fig. 6. Two possible persistence bases for $71(G») are {ylz, y32} and {yzz, yf} The
non-uniqueness of the basis arises in the proof of Lemma 4.12. Namely, there is a
choice of v, and w, for each e € E, .y, and a choice of order on the remaining u; .

4.4 Decomposition

In order to more easily compute GRPPH, it is desirable to understand how decomposi-

tions of the input weighted digraphs give rise to decompositions of the descriptor. The

simplest such decomposition is a disjoint union; as one might expect, the descriptor
decomposes as a direct sum (Fig. 8).

EIO oy
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Theorem 4.20 Suppose G € WDgr decomposes as a disjoint union, G = G1 U Go,
then

SH1(G) = SH1(G1) @ SH1(G2). 4.21)
Proof Note that for each ¢ > 0,
G'=G'UG, and GUG' = (G,UG)) LU (G2UGH). (4.22)

For each degree k > 0, if H = H| U H, then Cy(H) = Cx(H}) @ Cy(H>). Therefore,
for each k > 0, $Cy (G, 1) splits as direct sum $Cr(G1, t) @ 8Cx (G2, t). The bound-
ary operator respects this split, mapping 8 Cx(G;, t) — 8Cyx_1(G;, t) and the maps
81(s, t)4 also respect this split, mapping §C(G;, s) — $C(G;, t). Taking homology
in degree 1 maintains this direct sum decomposition. O

Definition 4.21 (a) Given a weighted digraph G = (V, E, w), a wedge vertex is a
vertex 0 € V such that there is a decomposition

V=ViuWV, (4.23)

with Vi NV, = {0} such that E C (V] x V) U (Vo x V»).

(b) Given a wedge vertex, 0 as above the corresponding wedge decomposition of G
is the pair (G1, G2) where G| and G, are the induced subgraphs on V| and V>
respectively. We write G = G V; G3.

(c) Given a wedge decomposition as above, a pair of vertices a, b € V are called
separated if they do not lie in a common V;.

Remark 4.22 Given a wedge decomposition G = G| V; G, note that G = G U G».

In the case of a wedge decomposition G = G| Vv G2, since each simple circuit
is contained either entirely in G or entirely in G, one expects that GRPPH also
decomposes. The proof is more complicated because, in general, G' # G} v; G5,
since there may be paths between separated vertices, through 0. However, using a
chain homotopy, we can show that these edges do not affect the homology.

Theorem 4.23 For a weighted digraph G = (V, E, w) and a wedge decomposition
G =G V; Gy,

SH1(G) = ¥Hi(G1) @ *H1(G2). (4.24)

Proof There are natural inclusion digraph maps j; : G; — G which are also contrac-
tions. Less obviously, there are contraction digraph maps f; : G — G;, where

v ifvey,
fiwy:=1 ! (4.25)
v otherwise.
Elol:;ﬂ
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Since these are all morphisms in ContWDgr, we obtain induced morphisms & j; and
8 fix. We combine these morphisms to get two morphisms as follows

J:8C(G) ®EC(Gr) = 8C(G), J(y1, v2):=%jign1 + & joyyos (4.26)
F:8C(G) > 8C(G) ®2C(Gr), F):=C figr,® fauy). (4.27)

Composing with homology in degree 1, denote J,:=[R, Hi]oJ and F:=[R, Hi]oF.
In the rest of the proof, we show that J, and F), are mutually inverse.

Claim 4.24 In degree 1, F o J = id is the identity map on $C(G1) ® 8C(G»).

Proof of Claim. First note that, f; o j; is the identity digraph map id; : G; — G;.
However, f3_; o j; is the constant digraph map ¢; : G; — G3_; which maps all of
G; to the vertex 0. Hence, in matrix form, we can write F o J as

81 8
Fol= ( id .Cz#) : (4.28)

Since the constant maps ¢; send all vertices to a single vertex, & ¢; maps every edge to
0. Hence, in degree 1, &c¢;4 is the zero map. Whereas, in degree 1, #id;  is the identity
map on $C(G;, t) at each t. Therefore, on degree 1, F o J is the identity map on
8C(G1) ®2C(Gr). o

Composing with homology in degree 1, we see Fy o J, = id is the identity map on
EH1(G1) @ $H1(G2).

Claim 4.25 In degree 1, J, o F, = id is the identity map on 8 H(G).

Proof of Claim. First, we compute J o F in degree 1. Recall that 8C{(G, t) is freely
generated by the edges in G U G'. Given an edge e = (a,b) € E(G U G"), if the
vertices a, b lie in a common V; then (J o F)(e) = e. However, if a, b are separated
then (J o F)(e) = av + 0b. So we see, at the level of chains, J o F does not compose
to the identity.

If e = (a,b) € E(G U G") but the endpoints are separated then we must have
e € E(G"). Hence, there is a path p : a ~ b in G of length at most r. Moreover,
this path must traverse the vertex 0. Hence, p decomposes into two paths a ~~ ¥ and
0 ~> b, each of length at most ¢. Therefore, the directed triangle atb is present in G*
and is a generator of $C, (G, t). Note that the boundary of avb is

3 (adb) = ad + b — (ab) = (J o F)(e) — e. (4.29)

This discussion show that we can define amap P : $C((G,t) — $C2(G, t) by

P(ab)i= {aﬁb ifa,b e.lre separated, 4.30)

0 otherwise.
Then, J o F —id = 9, P as maps on 8C(G). Composing with homology, we see
J« o F, = id is the identity on $H{(G). O
FoCT
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Fig. 9 Illustration of a number of operations for altering a weighted digraph. For formal definitions, see
the corresponding subsections of Sect.5. a The initial weighted digraph G. b Weight perturbation @5] ,G.

¢ Edge subdivision @‘EG where the subdivision is S : {(vg, v5), (vs, v4)} — A2 where S((vg, vs)) =
(4/10,3/10,3/10) and S((vs, v4)) = (1/2,1/2,0). d Edge collapse O5G where e = (v, vs5). e Edge
deletion Q2 G where ¢ = (vg, vs). f Vertex deletion Q%G where v = vy

Since J, and F, are mutually inverse, they induce isomorphisms of persistent vector
spaces. O

5 Stability Analysis of GrPPH

Itis important that GRPPH is stable with respect to a reasonable noise model. Typically
this is shown by proving that 87H; is Lipschitz with respect to reasonable metrics on
WDgr and the bottleneck distance on PersVec. A common choice of metric on graphs
is the graph edit distance. However, assigning costs to operations such as edge deletion
or edge subdivision is somewhat arbitrary.

Therefore, in this section, we consider operations (O)QT : Obj(WDgr) —
Obj(WDgr) for editing weighted digraphs, where T is the type of operation 6 is
the parameter of the operation. For each type T, we derive bounds of the form

dp(BSH1(G), B¥H1 (0 G)) < f(G, 0) (5.1

and then say GRPPH is stable with respect to operations of type 7.

Often the operations only alter the graph at a subset of vertices or edges. We say that
GRPPH is locally stable to the operation if we obtain a bound as in (5.1) and f depends
only on the neighbourhood graph around the altered vertices/edges and 6. If we can
show that no such local f exists (for general G and 6) then we say GRPPH is locally
unstable. If, in general, f depends on all of G then we say GRPPH is non-locally stable
to the operation. Occasionally, some operations do not change the descriptor and we
can find an isomorphism 8H(G) = 8§'H ((D)GTG).

Elol:;ﬂ
@ Springer Lﬁjog



Foundations of Computational Mathematics (2025) 25:1711-1776 1747

Table 1 Stability and instability theorems for 8 1, under various digraph operations. ¢ Denotes a theorem
which only applies to a subset of such operations

Operation Locally stable Non-locally stable Locally unstable Isomorphism

Weight perturbation Theorem 5.11

Edge subdivision Theorem 5.16

Edge collapse Theorem 5.284¢ Theorem 5.35

Edge deletion Corollary 5.414 Theorem 5.38 Theorem 5.42 Theorem 5.45¢
Vertex deletion Theorem 5.50 Corollary 5.49 Corollary 5.43¢

Figure 9 illustrates all of the operations we consider, the precise definitions of which
are provided in the relevant subsection. Table 1 summaries our findings.

5.1 Main Stability Theorem

In order to prove stability, we will have to build interleaving chain maps. We construct
these via maps of the underlying vertex sets.

Definition 5.1 For § > 0, a §-shifting vertex map, between two weighted digraphs
G and H, is a vertex map f : V(G) — V(H) such that f induces digraph maps
G'—> HPYandGUG! - HU H'" forall t > 0.

Remark 5.2 By Lemma 3.15, a O-shifting vertex map is precisely a contraction digraph
map.

Lemma 5.3 Any §-shifting vertex map f : V(G) — V (H) induces a morphism
S(f,8)y:8C(G) — *C(H)[4]. (5.2)
Given another e-shifting vertexmap g : V(H) — V(K),
S(go f.e+8)y =358 €yoS(f,8)y (5.3)
Moreover, if f is O-shifting then S(f,0)y = & fa.
Proof Since f is §-shifting, it induces the necessary digraph maps so that Lemma 3.9
yields a chain map J(f,t <t 4+ 3) : $Co(G,t) — 8Co(H,t + 3) for any r > O.

Given s < ¢, the chain map 8¢(s, f) is induced, through Lemma 3.9, by the identity
vertex map. Hence, by Eq. (3.5), we see

J(f,t<t+8)o8u(s,)y=J(f,s <t+95)
=81(s+68,t+8)yo0J(f,s <s5+39). (5.4)

Therefore we can combine the chain maps J (f, ¢t < ¢+ §) into the required morphism
S(f, 8y :8C(G) — $C(H)[3].
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Equation (5.3) follows immediately from Eq. (3.5). Finally, when § = 0, we note
thatin fact f € WDgr, and the construction of S(f, 0)4 is identical to the construc-
tion of & f, as done in Theorem 3.13. O

Recall that 7 (8C(G), €) ateach t > Ois the chainmap 8¢(¢,t 4+ €)s : $C(G,t) —
8C(G, t + €). Shifting this by &, 7 (8C(G), €)[8] is given at ¢t > 0 by the chain map
8i(t+68,t+ 38+ €)s.

Lemma 5.4 A §-shifting vertex map is a 8’ -shifting vertex map for any 8’ > § and
S(f, 8Ny =T(ECH), 8 —)I810S(f, 8y (5.5

Proof Ateacht > 0, each of the morphisms in Eq. (5.5) are induced by Lemma 3.9.
Namely, S(f, )y is given by J(f,t < 1+ 8), TEC(H),§ — §)[8] is given by
J(idy(my, 148 < t+8") and S(f, §)gisgivenby J(f, t < t+36).Sinceidygyof = f
as vertex maps and t <t + 38 <1+ 48, Eq. (5.5) follows immediately from Eq. (3.5).

O

Definition 5.5 Fix weighted digraphs G, H and two vertex maps f : V(G) — V(H)
and g : V(H) — V(G).

(a) Denote

Viix(g, f)={v e V(G) | g(f() =v}, Vairr(g, /):=V(G)\ Vyix(g, f),
(5.6)

Efix(g, f)i={ve EG)|g(f(e)) =e}, Eairr(g, [):=E(G)\ Efix(g, ).
5.7

Also, denote the following unweighted digraph Ggifr(g, f):=(V(G),
Egifr(g, f))-

(b) Ifid : Gairr(g, f) — G*¥ and g o f : Guirr(g, f) — G2 are both digraph
maps and furthermore are path homotopic relative V;x(g, f) then we say the
ordered pair (g, f) has grounded codistortion < §.

(c) If f and g are both §-shifting vertex maps and the pairs (g, f) and (f, g) both
have grounded codistortion < § then we say they form a §-grounded interleaving.

Remark 5.6 (a) Fix§’ > 8. Sincet — G' is an increasing filtration, if a pair of vertex
maps (g, f) has grounded codistortion < §, then they certainly have grounded
codistortion < §’.

(b) If g o f = id as a vertex map then (g, f) has grounded codistortion < 0.

(c) A 0O-grounded interleaving is precisely a mutually inverse pair of isomorphisms
of the underling digraphs which also induce isometries of the shortest-path quasi-
metrics.

Remark 5.7 For the interested reader, this definition is strongly inspired by the Kalton-
Ostrovskii characterisation of network distance, which first appeared for directed
networks in [12]. In particular, this characterisation was subsequently used to prove
the stability of persistent path homology in [13].
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Theorem 5.8 (Main stability theorem) Given two weighted digraphs G, H, if there is
a §-grounded interleaving between them then dg(B8H1(G), BSH|(H)) < 6.

Proof Denote the §-grounded interleaving by f : V(G) — V(H)and g : V(H) —
V(G). Since the vertex maps are §-shifting they induce chain maps S(f, §)y and
S(g, §)y. In the following we will show they induce a §-interleaving between 8’ H 1 (G)
and 8$H(H). The result then follows by the isometry theorem.

Since (g, f) has grounded codistortion < § thereis ahomotopy F' : Gairr(g, f) —
G? between id and g o f, relative V¢ix(g, f). By Theorem 2.35, this induces a chain
homotopy L : Co(Gaifr(g, ) — C.+1(G25) between idy and (g o f)x. Observe
that

Ci1(G) = R(Eqiff(g, /) ® R{Esix(g, ), (5.8)
Co(Gairr(g, ) = Co(G) = R(Vairr(g, )) ® R(Vyix(g, ). (5.10)

Hence, from the chain homotopy, we obtain the following diagram where the top row
is $C4(G, 0) and the bottom row is $ Co (G, 28). To ease notation, we drop the ring R
and we use blue to denote the domain of the L; maps.

(Ediff(g: ) @ (E fix(g 1)) == (Vairr(g, 1) ® (Vyix(g, )

idy| |(gof)u

- Lo
25 e i 28 28
Cr2(G*°) od Ci1(GUG )—B> Co(GUG~°)

Now take a degree-1 cycle in the top row, i.e. some chain ¢ € C(G) such that dc =
0. Thanks to Eq. (5.8), we can decompose ¢ = ¢ + ¢2 where ¢1 € R(Eqifr(g, f))

and c; € R(Eyix(g, [)).
Since ¢ is supported only on edges of G4;rr(g, f), the chain homotopy equation
for L yields

(8 o Nalcr) —idg(cr) = IL1(c1) + Lod(cn). (.11

Since ¢, is supported only on edges in Ey;x(g, f), one can easily verify that
id#(c2) = (g o f)a(c2). Moreover dc; is supported only on vertices in Vi (g, f)
and the homotopy is relative V¢ (g, f) so Lemma 2.37 ensures that Lo(dc2) = 0.
Piecing these together we obtain

(g 0 ylc) —idu(c) = (g o flylcr) —idu(cr)

= 0dLi(c1) + Lod(c1)

=0dLi(c1) + Lod(c1 + ¢2)

= dLi(c1) + Lo(0)

= 0Ly (c1).
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Note that (g o f)4 is the degree-1 component of the chain map S(g, §)4 o S(f, 8),.,
at t=0. Similarly idy is the degree-1 component of the chain map 8¢(0, 28)4. Therefore
on the level of homology, S(g, §),0S(f, §), = 8:(0, 25),.. Moreover, Proposition 4.2
implies that 8¢(0, t),, is a surjection for all # > 0 from which it follows that S(g, §), o
S(f,8), = 8u(t, t +25), for all r > 0. The same argument holds with the opposite
composition and hence we obtain a §-interleaving as required. O

Remark 5.9 Given §-shifting vertex maps f and g, we obtain chain maps S(f, 8)4 and
S(g, 8)x. Rather than showing the pairs have grounded codistortion < §, it is possible
to show they form an interleaving on homology by instead considering their action on
a basis of undirected circuits for £ Z; (G, 0). One must show that for any undirected
circuit ¢, there is some b € Cz(st) such that

(S(g. 0)y 0 S(f, D)y)(R(c)) — #1(0, 28)4(R(c)) = 9b. (5.12)

This approach was taken in a previous version of this manuscript, available on
the arXiv. Note that if (g, f) has grounded codistortion < § then one can take
b = L1(PR(c)), where L is the degree-1 component of the induced chain homotopy
between g o f and id.

5.2 Weight Perturbation

The classical stability theorem of persistent homology (first shown in [14]) is that
for two continuous tame function f, g : X — R of a triangulable topological space
X, denoting the persistence barcode of their sub-level set filtration by B, and B,
respectively,

dp(Byr,Bg) < If — &loo- (5.13)

In our setting, the closet analogy to changing the function is changing the weighting,
as well as the corresponding effect that has on the shortest-path quasimetric. We find
that GRPPH is stable to perturbations of the edge weights. Moreover, the stability is
local since it depends only of the weights of the perturbed edges.

Definition 5.10 Given a weighted digraph G = (V, E, w) and a new weight function
w1 E(G) — Rao, we define O”,G:=(V, E, w').

Theorem 5.11 Given a weighted digraph G = (V, E, w) € WDgr and a new weight-
ing function w' : E(G) — R., let d and d’ denote the shortest-path quasimetric on
G and QG respectively. Then

dp(B*H1(G), BSH(Q),G)) < max |d(i. j) —d (i, )] <D |w(e) —w'(e)|.
ijev ecE

(5.14)
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Proof For brevity, denote G’::@Z),G and §:=max; jey |d(i, j)—d{, j)|. Firstnote
that for any (i, j) and any path p € P(i — j)

Z w(e) — Z w'(e)

eep eep

<Y |we) —w'e)] <Y |wle) — w'e)| =Wi.

eep eckE

(5.15)

So the cost of p differs by at most Wi. Minimising over P(i — j), we see
|d, j) —d'G, j)| = Wh.

Since V(G) = V(G’), there are identity vertex maps i; : V(G) — V(G’) and
iy : V(G') — V(G). Now i, defines a digraph map G — G’ since G = G’ as
digraphs. Moreover, given (i, j) € E(G"), thend(i, j) <tsod'(i, j) <t + 8 and
hence (i, j) € E((G’)H‘S). This shows i defines a digraph map G' — (G’)H"S for
all t > 0. Therefore i; (and likewise i) is a §-shifting vertex map. Moreover, since
composing i1 and i» in either ordered yields the identity vertex map, these morphisms
certainly constitute a §-grounded interleaving. The first inequality then follows by the
main stability theorem (Theorem 5.8). O

Remark 5.12 Continuing the analogy to the classical stability theorem, note that the
sharper bound obtained by Theorem 5.11 is |d — d’| s while the weaker bound is
lw —w'l;.

5.3 Edge Subdivision

Weighted digraphs arising in applications are subject not only to numerical noise (i.e.
weight perturbation) but also structural noise. For the remainder of this section, we
investigate the effects of various structural perturbations.

First, we consider edge subdivision, in which one or more parent edge is split
into multiple child edges with the weight distributed amongst them. Since we are
interpreting edge weights as corresponding to a length, it is natural to require that the
sum of the weights of the child edges equals the weight of the parent edge. In order to
formalise how the weight of an edge is subdivided amongst its children, we use maps
into the standard d-simplex, where d is the number of child edges.

Definition 5.13 Given a weighted digraph G = (V, E, w), a subdivision S of G is a
choice of edges F C E, along withamap S : F — UgeN int(A9) from edges in F to
the formal disjoint union of the interiors of each standard d-simplices.

Intuitively, a subdivision gives us a recipe for subdividing the edges of ' where
S(e); describes the fraction of w(e) which the i’ child edge of e should receive..

Notation 5.14 Given a subdivision S : F — Lizey int(A9),

(a) Letd(e) denote the simplex dimension such that S(e) € int(Ad(e)). Note S(e) is
a (d(e) + 1)-tuple whose components we denote S(e) = (S(e)o, ... S(€)a(e))-
(b) Let CS(e) denote the (d(e) + 1)-tuple of cumulative sums, i.e. CS(e);:= Z}:o
S(e);j.
FolCTM
e
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Fig. 10 Visualising the vertex
maps f and g under the

subdivision S(e) = (1/4, 1/4,
1/4,1/4) where e = (a, b)
f
Z)e Ue 2 Ue 3

;

Definition 5.15 Given a subdivision S : F — Ugen int(A?), define

Vs:=Voia U View:=V U I_l{ve,h ey Ue,d(e)}

ecF
ES::Eold (] Enew::(E \ F) U I_l{te,Os ey Te,d(e)}
ecF
w(T) ift € Eyg
ws(7):= .
S(e)i-w(e) ift =1,
where 7, ; = (Ve,;, Ve,i+1) and we denote v, o:=st(e) and v, 4(c)+1:=fn(e). We then

define OG:=(Vs, Es, ws).

We show that the descriptor is stable to arbitrary subdivisions of arbitrary subsets
of edges. Moreover, this stability is local since the bound depends only on the weight
of subdivided edges.

Theorem 5.16 Given a weighted digraph G = (V, E, w) € WDgr and any subdivi-
sion S 1 F — Ugey int(A9),

dp(B*H1(G). B*H1(05G)) < max w(e). (5.16)
ee

Proof To begin, denote §:= max.cr w(G)(e). We will construct a §-grounded inter-
leaving and then employ the main stability theorem (Theorem 5.8). First, we setup
some notation. Denote GS:=(O)SSG = (Vora U View, EolaU Enew, ws). Weletd and dg
denote the shortest-path quasimetric on G and G g respectively. Define the following
vertex maps

f:V(G) = V(Gs) v, (5.17)
v ifve Vyg,

g:V(Gs) > V(G) vi> yst(e) ifve; € Vyey and CS(e); < 1/2,  (5.18)
fn(e) ifve; € Vyew and CS(e); > 1/2,

which are visualized in Fig. 10.

Claim 5.17 Forvertices i, j € Vg, there is apathi ~ j in G of length t if and only
if there is one in Gg.
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Proof of Claim. This is clear to see, since the weight of an edge is shared amongst its
child edges in the subdivision. O

Claim5.18 For any t > 0, f defines a digraph map G' — Gg+6 and G U G! —
Gs UGS,

Proof of Claim. Since f is just the inclusion vertex map, Claim 5.17 shows that f
defines a digraph map G' — G’S and so certainly G’ — G’S‘HS. For the second map,
pick an edge ¢ € E and note f(e) = e.If e ¢ F then it is undivided and e € E(Gy).
Otherwise e € F and e ¢ E(Ggs), however we note dg(st(e), fn(e)) < w(e) < 4.
Therefore, for any t > 0, ¢ € Gf;“s and hence f defines a digraph map G U G —

t+48
GsUG™ . |

Claim 5.19 For any t > 0, g defines a digraph map G'; — G'*® and G5 U Gy —
GUG'H.

Proof of Claim. Given an edge t = (a,b) € E (Gg) there is a path p : a ~ b in
G of length at most r. We may assume that g(a) # g(b), else there is nothing to
check for this edge. If a = v, ; is a new vertex from subdividing an edge e € F then
g(a) is either st(e) or fn(e). Either by adding or removing relevant child edges of e
to/from the start of p, we obtain a new path g(a) ~» b in Gs. By construction, this
will add at most w(e)/2 < §/2 to the length of p. Likewise we can alter the end of p
to obtain a path g(a) ~» g(b) in Gg of length at most t 4+ §. By Claim 5.17, we see
g(t) € E(G'9).

Finally, given an edge € Gy there are two cases. If T € E,4 then the edge is
preserved under g. Else t = 7,; € Ejqy, in which case either 7 is collapsed to one
of the endpoints of e, or it is mapped to e. Hence g is digraph map G5 — G and the
final requirement follows. O

These claims show that f and g are §-shifting vertex maps. Note that, as vertex
maps, g o f = idy (). Therefore (g, f) certainly has grounded codistortion < 4.
Composing vertex maps in the opposite order, we do not obtain the identity. Note that
Ed[ff(fv g) = Epey and Vdiff(fa &) = Vaew.

For each divided edge e = (a, b) € F, we construct a homotopy F, : Ch(e) [
I — Gs* where Ch(e) is the induced subgraph of G on the child edges of e,
namely {7.,0, Te,1, - - - » Te,d(e)}- It 1S @ two-step homotopy; in the first step all v, ; with
CS(e); < 1/2 are mapped to a and the second step the remaining v, ; are mapped to
b. The homotopy for each edge is shown schematically in Fig. 11.

This is indeed a digraph map F, : Ch(e) J I — G%‘S because the original edge
e had weight < § and all edges point along the path (a, v, 1, ..., b). Note that the
top of the diagram is the map f o g and the bottom is the map id, when restricted
to Ch(e). Moreover, for each edge ¢ € F, F, fixes the vertices st(e), fn(e). Also
note that Gg;rr(f, ) = UeerCh(e). Hence the F, can be combined into a homotopy
F:Guirr(fo )1 — G? by the formula

Fo(v,j) ifv= Ve,i € Vaew,

F(v,j)::{v Hub (5.19)

otherwise.
FolCTM
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Fig. 11 Schematic for the homotopy between f o g (on the top row) and id (on the bottom row). The label
on each node in Ch(e) [J / is its image under the homotopy F,

This is a homotopy between f o g and id on all of Gg;¢r(f, g) and is relative Vg =
Vyix(f, g)- Hence we see that (f, g) has grounded codistortion < §, concluding the
proof. O

Remark 5.20 Since subdividing an edge does not effect circuit rank of ¢/(G), the
number of features does not change upon subdivision (by Corollary 4.3).

Definition 5.21 Fix a weighted digraph G = (V, E, w) € WDgr.

(a) The medial subdivision, Syeq(G) : E(G) — A2, is given by S(e) = (1/2,1/2)
for every e € E(G).

(b) The n'" iterated medial subdivision of G, IMS,,(G), is defined iteratively as fol-
lows. Firstly, IMSo(G):=G then for each n, we define IMS,, (G):=0%IMS,,_1 (G)
where S = S04 (IMS,,_1(G)).

Corollary 5.22 Given a weighted digraph G € WDgr, the sequence of barcodes
(B8H 1 (IMS,,(G)))neN converges under the bottleneck distance.

Proof We first note that

1
max w(e) = — max w(e). (5.20)
ecE(IMS, (G)) 2" ¢cE(G)

Hence, Theorem 5.16 implies that the sequence of barcodes is Cauchy. The space
of persistence diagrams with the bottleneck distance is complete [11] and hence the
sequence of barcodes converges. O

For an example, we refer the reader forward to Proposition 6.1. While we have
bottleneck stability, we do not have p-Wasserstein stability for any p € [1, 00).

Proposition 5.23 Fix 1 < p < oo. There exists no function f : WDgr — R such that
for any weighted digraph G = (V, E, w) € WDgr and any subdivision S : F —
int(A?) we have (Fig. 12).

dw,(BSH1(0%G), BSH1(G)) < f(NG(F; G)). (5.21)
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Fig. 12 A sequence of weighted digraphs G, in which all edges have unit weight and #88H(G,) = n

Proof Suppose such f exists and consider the following sequence of digraphs in which
each edge has unit weight.

Intuitively, G, is constructed by gluing n disjoint copies of G along the path
(vo, v1, v2, v3). Note that each copy of G introduces a feature which dies at t = 3 so

BSH1(Gy) = {[0, 3) with multiplicity n} . (5.22)

Upon subdividing the edge e = (v1, v2) via S(e) = (1/2, 1/2), each feature changes
to [0, 2.5). Hence

I\ 1
dw,(BSH1(0%G,), BSH1(Gy)) = <" : 2—p> = Enl/p (5.23)

which eventually exceeds the constant f(NG(e; G)). O

5.4 Edge Collapse

Another potential structural perturbation is that of edge collapses, in which the two
end points of an edge are identified and the edge deleted. In applications, this may
happen particularly to low-weight edges, which cannot be discerned by the imaging
method and hence collapsed to a vertex instead. Since we interpret edge-weights as
corresponding to distance, we add half the weight of the collapsed edge to each of its
neighbours so that the length of paths through the collapsed edge are not changed.

Definition 5.24 Given a weighted digraph G = (V, E, w) we say a subset of edges
F C E is collapsible if the edge sets of the neighbourhoods NG (e; G) foreache € F
are pairwise disjoint.

Definition 5.25 Given a weighted digraph G = (V, E, w) and F C E collapsible we
define the edge collapse O%G:=(Vr, Er, wr) as follows.

(a) We define an equivalence relation ~ on V such thati ~ j <= i = j or
(i,j) € For(j,i) € F. The vertex set is the set of equivalence classes of this
relation Vp::V/N.

(b) Given two distinct vertices I, J € Vp, we include an edge (I, J) € Ep if and
only if there is some i € I and j € J such that there is anedge i — j in G.

FoC Tl
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., C\

Fig. 13 Schematic of NG(e) € G and NG(v,) € OSG, under the assumptions of Theorem 5.28

(c) Finally, given an edge (I, J) € EFr, we define the weight by

wr((, D))= min (w(i,j>+2$-ﬂ<i,j>eme>> (5.24)

iel,jed st i—j ~
ec

where 1,cpn/() =1 <= 1 € N(e), else Lrepnre) = 0.

Remark 5.26 The minimum is required in Eq. (5.24) because there may be an edge
i — a and an edge i — b with different weights.

Notation 5.27 Thanks to the collapsible condition on F, all equivalence classes in Vg
are singletons except for those of the form {a, b} for e = (a, b) € F. Therefore, we
denote any singleton class {i} by its sole representative i and the class {a, b} by the
symbol v,.

Arbitrary edge collapses can drastically change the connectivity of the digraph and
in turn alter the shortest-path quasimetric. However, given some control on the local
neighbourhood of collapsed edges, it is possible to bound these effects and hence get
local stability.

Theorem 5.28 Given a weighted digraph, G = (V,E,w) € WDgr and F C E
collapsible, suppose that for each e € F, Ny (st(e)) = {fn(e)} and N;;, (fn(e)) =
{st(e)} (as in Fig. 13). Then, for each e € F, define

Se:=w(e) + min ( max  w(v, st(e)), max w(fn(e), v)) (5.25)
veN, (st(e)) vENur (fn(e))

then dg(B$H1(G), BSH1(0%G)) < maxecF de.

Proof Denote G r:=0%G = (Vp, EF, wr) and §:=max,cr .. Note that the condi-
tion on each e € F ensures given any edge (I, J) € EF, there is exactly one i € [
and j € J such thati — j.

We define two vertex maps. Firstly f : V — VF is given by a,b +— v, for
each e = (a,b) € F and v +— v otherwise. Secondly, we define g : Vp — V as
follows. For most elements of V, we choose the only representative of the equivalence

Elol:;ﬂ
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class v — v. The only classes containing more than one element are of the form
ve = {st(e), fn(e)} for some e € F. For this class, we choose g(v,) = st(e) if

max  w(v, st(e)) > max w(fn(e), v), (5.26)
UEMH(St(e)) UENout(fn(e))

else we choose g(v,) = fn(e). We show that f and g define a §-grounded interleaving.
Claim 5.29 f defines a digraph map G — G,.

Proof of Claim. All edges of G are mapped to edges of G,, with the exception of
e = (a, b). The two endpoints of e are mapped to the same point, v,. Therefore, f
define a digraph map as required. O

Given apath p : i ~ jin G, f(p) is a path f(i) ~» f(j) in G. Suppose the
edges of p are all contained in NG (e; G) for some e = (a, b) € F.Ifi € N, (a) and
Jj € Nyur(b) then length of f(p) equals that of p, thanks to the weight distribution.
In any other case f(p) can increase in length by at most w(e)/2.

Claim 5.30 f defines a digraph map G' — G?S forallt > 0.

Proof of Claim. Given a path p : i ~ jin G, f(p) is a path f(i) ~> f(j) in Gp.
Suppose the edges of p are all contained in NG(e; G) for some e = (a,b) € F.
Ifi € Njy(a) and j € N, (b) then length of f(p) equals that of p, thanks to the
weight distribution. Otherwise one of i or j must be a or b and in these cases f(p)
can increase in length by at most w(e)/2 < 6./2 < §/2.

If (i, j) € E(G"), then there is a path p joining i ~» j of length at most ¢ in G. We
can decompose p into a sequence of maximal sub-paths py, ..., p, such that each
D s either entirely contained in NG (e; G) for some e € F or contains no edge in any
such neighbourhood. Sub-paths not contained in any NG(e; G) for e € F have the
same length after mapping through f. Sub-paths p; contained in some NG(e; G) for
e € F where 1 <i < m must fully traverse from some in-neighbour of st(e) to an out-
neighbour of fn(e) and thus f(p;) has the same length as p;. The remaining py, py,
can increase in length by at most /2 each and hence f(p) is a path f (i) ~» f(j) of
length at most ¢ 4 8. Therefore (i, j) € E(G’FJ”S). ]

Claim 5.31 g defines a digraph map G, — G'*°.

Proof of Claim. Suppose (i, j) € E(G'),thenthereisapath p : i ~> jin G of length
at most . We construct a path p’ in G as follows: replace any singleton class i € V,
with its single representative i € V and replace any other class v, fore = (a,b) € F
with the vertices a, b. We claim that p’ is a path of length at most ¢ + § that contains
a sub-path g(i) ~» g(j).

As in the previous claim, we can decompose p into a sequence of maximal sub-
paths p1, ..., pn such that each py is either entirely contained in NG (v.; G ) for
some e € F or contains no edge in any such neighbourhood. We let p; denote the
corresponding sub-paths of p’.

If p; is not contained in any NG (v.; Gf) for e € F then p,f has the same length
as p;. If p; is contained in some NG (v,; Gf) for e € F where 1 < i < m, then p;
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Case1: g(v,) =a,v="> Case 2: g(v.) =b,v=a

b3 as
/
2@ a—a=————b azf%bﬂb
\bl zl 511//
I b3 l as
l1e a—ph=——-7b az—%b%b
\bl 21\ al//
b3 T as

—
0Oe a—bh=———b @a%b
\bl a1

I Star(v; G) D 1 Star(v; G) I I

Fig. 14 Schematic for the homotopy between g o f (on the top row) and id (on the bottom row). The label
on each node of Star(v; G) [J [ is its image under the homotopy F,. There are two cases depending on
whether g(ve) = a or g(ve) = b. The red edges denote the only time the image of a vertex differs between
the layers (Color figure online)

must fully traverse from some in-neighbour of v, to an out-neighbour of v.. Then p.
must also traverse from the same in-neighbour of st(v,) to the same out-neighbour of
fn(v,). Since the weight of e is distributed evenly to the neighbouring edges, p; has
the same length as p;. The remaining sub-paths p1, p, can increase in length by at
most §/2 each and hence p’ is a path of length at most 7 + §.

Finally, note that if p traverses v, for some e € F then both vertices st(e), fn(e)
appear in the path p’. Hence, no matter which vertex of e is chosen for g(v.), the path
p’ will traverse it. Therefore, p’ contains a sub-path g(i) ~ g(j). O

Claim 5.32 g defines a digraph map Gy U G', — G U G'*3.

Proof of Claim. Thanks to the previous claim, we only need to check edges (i, j) €
E(GF). Any edge (i, j) € E(GF) which is not incident to some v, is mapped by g
toitself (i, j) € E(G). For the remaining cases, thanks to the collapsibility condition
on F, we can assume that exactly one of i, j is a vertex of the form v, € Vf for some
e € F. Further assume that g(v,) = st(e); the case where g(v,) = fn(e) admits a
similar proof.

If j = v, theni € V, is a singleton and i € N;,(st(e)) and hence (g(i), g(ve)) =
(i, st(e)) € E(G). Else, if i = v, then j is a singleton and j € N, (fn(e)). Note
that the path (st(e), fn(e), j) in G is of length w(e) + w(b, j) < 8, < §. Therefore
(g(ve), g(J)) = (st(e), j) € E(G'*?) forall ¢ > 0. O

As vertex maps we note that f o g = idy, and hence it only remains to show that
(g, f) has grounded codistortion < 4. First, we note that the vertices v € Vy;rr(g, f)
are precisely the endpoints of each e € F such that g(v.) # v. Hence, Girr(g, f)
is just the union of the closed stars of such v and moreover the edge sets of these
neighbourhoods are disjoint thanks to the collapsibility condition. For a fixed line
digraph I and each v € Vy;rr(g, f) we will define a path homotopy F, : Star(v; G) [
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I — G thatisrelative all the neighbours of v. We can then combine these homotopies
according to the formula

Fv(v’ .]) lfU € leff(gv f),

F, j)=
. /) otherwise

(5.27)

to obtain the desired homotopy F : Gaifr(g, f) — G%.

The homotopies F, and line digraph I are shown schematically in Fig. 14 for a
vertex v which is the endpoint of some collapsed edge e = (a, b) € F. All vertices
are fixed through the homotopy except for v, whose image varies with j € I as shown
in the schematic. There are two cases, depending on whether g(v,) = a or g(v,) = b.
Focusing on the first case, the vertex v = b has a single in-neighbour a and a finite
number of out-neighbours by, by, ..., bi. The fact that g(v,) = a implies that

w(e)+ max w,v)=06,<9 (5.28)

VENout

and hence (a, b, b;) is always a path of length at most §. Therefore, all of the edges
(a, b), (a, b;) and (b, b;) are contained within G2, A similar proof works in the case
g(.) =b. O

Remark 5.33 Suppose G is a DAG and contains an edge ¢ = (a, b) that satisfies the
condition of Theorem 5.28. Then one can number the vertices of G as vy, ..., v, such
that v; — v; = i < j and moreover a and b are adjacent. However, note that this
is not a sufficient condition for local stability to edge collapse. For an example, we
refer the reader to Fig.21 and the subsequent discussion in Sect.6.2. In the digraph
G», note that a, d, ¢, b is a valid ordering of the vertices but 8H(G2) = {[0, o0)}
whilst 8H ((O)fd,c)GZ) = {[0, 1.5)}.

Remark 5.34 Collapses of the sort described in Theorem 5.28 remove exactly #F ver-
tices and #F' edges, and do not change the number of weakly connected components.
Therefore, the circuit rank of ¢/(G) does not change and hence, by Corollary 4.3 we
have #88H 1 (G) = #BSH1(0SG).

Given a collapse of the sort required by Theorem 5.28 and two vertices v, w that
are not adjacent to a collapsed edge, there is a path v ~» w in G if and only if there is
such a path in O% G. In general this is not the case (see Fig. 15); indeed this leads to
local instabilities.

Theorem 5.35 There exists no function f : WDgr — R such that for any weighted
digraph G = (V, E, w) € WDgr and any edge e € E therein we have

dp(BSH1(G), BSH1(0LG)) < f(NG(e; G)). (5.29)

Proof Suppose such f exists then consider the weighted digraphs illustrated in Fig. 15.
First, denote the edges e1:=(vo, vs) and ex:=(v2, v3) in all three graphs (wherein those
edges exist). Note that G’ is independent of the weight W; hence we can safely define
FoC
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Fig. 15 An example weighted digraph which illustrates that 87| is locally unstable to arbitrary edge
collapses. Unlabelled edges have weight 1. Note that there is no path v4 ~» vy in G but there is such a path
in 0, G

1

W:=2f(NG(ey; G')) + 4 to be the weight of e; in G. Observe that NG(e;; G) =
NG(e1; G') and hence

W =2f(NG(e1; G)) + 4 =2f(NG(er; G)) + 4. (5.30)

Initially, B8H1(G) has 3 features, which die at 2, 2 and W. After collapsing e,
B8H; (@;‘1 G) has 3 features, which die at 2.5, 2.5 and 3. The longer feature, supported
on the red edge (v2, v3), has a reduced death-time in O G because there is a shortcut
(v2, Ve, , v3), Of length 3. Any bijection between these features (and the diagonals)
must have bottleneck cost at least min(W /2, W — 3) > f(NG(er; G)). O

While this seems like a serious problem for our descriptor, note that the collapse in
Fig. 15 makes significant changes to the topology of the underlying digraph. Originally,
G was a DAG with source v and sink vs; the edge collapse identified these two nodes
and introduced directed cycles. Moreover, in G the only path vy ~+ v3 was via the
costly red edge but in (O)fG there is a shortcut via v,. Therefore, since the profile of
paths has changed drastically, it is arguably desirable that our descriptor changes too.

5.5 Edge Deletion
5.5.1 General Case

Another important class of structural perturbations is edge deletion. Intuitively, as with
edge collapse, some edge deletions can have drastic impact on the descriptor whereas
some deletions are minor events.

Definition 5.36 Given a weighted digraph G = (V, E, w) and a subset of edges
F C E, we define @‘}G::(V, E\F,wr) where wr is obtained by restricting w to
E\F.If F = {e} is a single edge, we denote this (O)ZG.

Remark 5.37 We do not distribute the weight of e to neighbouring edges. In applica-
tions, we anticipate these errors may appear due to, for example, imaging errors, in
which case the neighbouring edges would not change weight.
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We find that our descriptor is stable to deletions but the bound depends on the
minimum length of a possible diversion. In general, this diversion cost may be infinite.

Theorem 5.38 Given a weighted digraph G = (V, E, w) € WDgr and a subset of
edges F C E, let d and dF denote the shortest-path quasimetric for G and (D)‘II:G
respectively. Then

dB(Bng(G),Bgﬁl(@%G)) < max (max ldr (i, j) —d(, j)|, max dp(i, j))~
i,jeVv (i,j)eF
(5.31)

Proof Denote G p:=0%G = (V,, E\ F, wp),

Si:i=max |dr(i, j) —d@, j)|, &= max dr(i, j) (5.32)
ijev (i.))eF

and 6:=max (81, 82). We claim that idy constitutes a §-shifting vertex map G — G
and Gr — G. Then, since the vertex maps are both the identity, they constitute a
8-grounded interleaving and thus we obtain the result via the main stability theorem.

The shortest-path distance between any two nodes in G increases by at most §; upon
deleting the edges of F. Hence, since § > §1, idy defines a digraph map G — GtF"”s
and G, — G't¥ forallt > 0. Then E \ F C E, so idy certainly defines a digraph
map Gr — G and thus G U GY — G U G forall t > 0.

In the other direction, idy does not define a digraph map G — G r. However, given
any deletededge e € F,e € E (G%) for all + > &,. Hence idy does define a digraph
mapGUG’—>GFUG?"SforalltzO. O

Remark 5.39 The above bound is infinite if and only if there is some deleted edge
e = (i, j) € F such that the only path i ~ j in G is through e.

Corollary 5.40 Given a weighted digraph G = (V, E,w) € WDgr and an edge
e = (a,b) € E let d and d, denote the shortest-path quasimetric for G and (O)ZG
respectively. Then

dB(Bng(G), Bng((O)fG)) <d.(a,Db). (5.33)
Proof Denote Ge:=©§G and 8:=d, (a, b). We aim to show that

max |de(i, j) —d(@, j)| < |de(a,b) —d(a,b)| <d.(a,b) =3. (5.34)
i,je

The result then follows by Theorem 5.38. To see this inequality, note that for arbitrary
i, j € Vwehaved,(i, j) > d(i, j) since any path i ~» j in G, is also a path i ~~ j
in G of the same length. Moreover, there is path p, : a ~» b in G, of length at
most §. Then, given a path p : i ~» j in G of length ¢, the path contains e at most
once. We can replace e with p, to obtain a new path i ~» j in G, of length at most
t+ (8 —w(e)) <t + 8. Therefore, d,(i, j) < d(i, j) + 6. m]
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In general, Theorem 5.38 is a non-local bound, but if an edge has an alternative
route in its local neighbourhood then the bound becomes local.

Corollary 5.41 Given a weighted digraph G = (V, E, w) and an edge e = (a, b) € E
such that there exists a vertex v € V such that a — v — b then

dp(BSH1(G), BSH1(02G)) < w(a, v) + w(v, b). (5.35)

In general, the shortest-path distance between the endpoints of an edge, upon its
deletion, can depend on all remaining edges in the graph. Therefore, the bound of
Theorem 5.38 is non-local and indeed no generic, local stability theorem is possible.

Theorem 5.42 There exists no function f : WDgr — R such that for any digraph
G = (V, E,w) € WDgr and any edge e € E therein we have

dp(BSH1(G), B¥H1(0G)) < f(NG(e; G)). (5.36)

Proof Suppose such f exists then consider the following weighted digraph G, where
e:=(v1, v3) and W:=2 (NG (e; G)) + 2 (Fig. 16).

Note, G has a single feature which dies at time W, whereas @‘jG has no features.
Therefore, the bottleneck distance is W/2 > f(NG(e; G)). O

5.5.2 Separating Edges

Since all features are born at ¢t = 0 and 8§ Z{ (G, 0) has a basis of simple undirected cir-
cuits, one might expect that edges never involved in such circuits can be safely deleted
without changing the descriptor. Indeed, this is the case and is a direct consequence
of the wedge decomposition theorem.

Definition 5.43 In a weighted digraph G = (V, E, w), an edge ¢ = (a,b) € E is
called a separating edge if a and b are not weakly connected in (O)‘EJG.

Remark 5.44 An edge is separating if and only if there are no simple undirected circuits
containing it.

Corollary 5.45 Given a weighted digraph G = (V, E, w) and a separating edge
e=(a,b) €E,

$H1(G) = 8H1(0G). (5.37)

Fig. 16 An example weighted U1 e——@ U3 01 @ ® U3
digraph which illustrates that

87H is locally unstable to

arbitrary edge deletions. U0 e——@ U2 U0 e——@ U2
Unlabelled edges have weight 1 W W

G 04G
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Fig. 17 Some example weighted digraphs, used to interpret the consequences of the stability theorems
obtained in Sect.5.5. Unlabelled edges have weight 1

Proof First note that a and b are both wedge vertices. Let V| denote the vertices
in the weak connected component of a in @gG. Define Vo:={a, b}. Finally, define
V3:=(V(G) \ V1). Let G1, G2 and G3 denote the induced subgraph of G on Vi, V;
and V3 respectively.

Then a wedge decomposition of G is G = (G V4 G2) Vp Gz and a disjoint
union decomposition of O¢G is 0YG = G; U G3. Note that G, is just a single
edge connecting two vertices so 8H(G?) is the trivial persistent vector space. Using
Theorems 4.20 and 4.23, we see

SHI(G) = SH1(G1) @ *H1(G2) @ *H1(G3) = H(G1) ® SH1(G3)
= 8H,(04G) (5.38)

as required. O

5.5.3 Interpretation

Theorem 5.38 tells us that we are stable to deleting edges which have fast diversions.
That is, if there is a path p : i ~» j, not involving the edge e:=(i, j), of length §, then
removing e changes the barcode by at most § in bottleneck distance. Note, this bound
is independent of the weight of the deleted edge w(e).

To illustrate this point, consider G in Fig. 17. Removing (v2, v3) incurs a bottleneck
cost of at most 2, since there is a diversion of length 2. Likewise, despite being a highly-
weighted edge, we can also remove (vg, v1) for a bottleneck cost of at most 2.

On the other hand, consider now G, in Fig. 17. The barcode contains a single feature,
BEH(G2) = {[0, 10)}. The edge (wg, wi) has a high weight and the only diversion
is via the black edges, of length 10. Deleting the edge (wg, w) removes the single
feature, which can be matched with [5, 5) on the diagonal and thus incurs a bottleneck
cost of 5. Moreover, deleting one of the smaller edges (for example (w3, w3)) also
incurs a bottleneck cost of 5 since it deletes the same feature.
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5.6 Vertex Deletion

Definition 5.46 Given a weighted digraph G = (V, E, w) and a vertex v € V, we
define (O)‘jG::(V\ {v}, Ey, wy) where E,:=EN(V\{v}) x (V\{v}) and w, is obtained
by restricting w to E,,. Given a subset of vertices W C V, we define (O)%,G iteratively
by choosing an arbitrary w € W then setting @%G::@“fy\ {w}@)ﬂ)G.

Remark 5.47 As with edge deletion, we do not distribute the weight of deleted edges
because we anticipate these errors occurring due to imaging, in which case the neigh-
bouring edges would not change weight.

Since a single vertex graph has trivial GRPPH the disjoint union decomposition
theorem (Theorem 4.20) allows us to delete isolated vertices.

Corollary 5.48 Given a weighted digraph G = (V, E, w) and an isolated vertex v; €
V (i.e. N(v) = @), then

BYH1(G) = BEH (04 G). (5.39)

However, in general, deleting a vertex from a digraph can drastically change its
topology. This follows immediately from Theorems 5.16 and 5.42 since a local vertex
deletion stability theorem would imply a local edge deletion stability theorem.

Corollary 5.49 There exists no function f : WDgr — R such that for any digraph
G = (V, E, w) and any vertex v € V therein we have

dg(B¥H1(G), BSH1(01G)) < f(NG(v; G)). (5.40)

As with edge deletion, it is possible to bound the effect of a deleting a vertex vy,
but the bound depends on the choice of an alternative vertex vy and the length of a
number of diversions. In general, this is a non-local bound.

Theorem 5.50 Given a weighted digraph G = (V, E, w) and a vertex vy € V, let

d denote the shortest-path quasimetric. Suppose that for some § > 0 there is some

vertex vy € V \ {vg} such that, for all a € N, (vo) and b € Ny (vg)

(a) d(a,vo) <26 and d(vy, b) < 28;

(b) there are paths p, : a ~> vy and qp : v1 ~> b each of length at most § and not
traversing vo,

(c) there is a path p,, : a ~ b of length at most w(a, vo) + w(vo, b) + & and not
traversing vo,

(d) there is a path q connecting vy ~~> v1 or vy ~ vg of length at most 26.

Then d (BSH1(G), BSH (04, G)) < 6.

Proof Note there is an inclusion map g : V((D)ffOG) — V/(G) and define a map in the
opposite direction f : V(G) — V(@Z’OG) by

o
f(v):={'“ U=t (5.41)
v otherwise.
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Fig. 18 Schematic for the as b3
homotopy bet th /
omotopy between g o f (on the i 1 \U b 1\
0

top row) and id (on the bottom 1 T
[

row). The label on each node in
Star(vg; G) [ 1 is its image
under the homotopy F

Denote the altered digraph by G4 :=(O)‘v’0 G. We claim that, under the conditions of the
theorem, f and g constitute a §-grounded interleaving.

First note that g is a digraph map G; — G because Gy is a subgraph. Moreover,
g induces a contraction on the shortest-path quasimetric and hence g is certainly a
§-shifting vertex map.

Claim 5.51 f induces digraph maps G' — Gy";.

Proof of Claim. Suppose (i, j) € E(G"); hence there is a path p : i ~ j of length at
most ¢ in G. We require a path f (i) ~» f(j) of length at most r + § in G.

Assume thati, j # vgsothat f(i) =i and f(j) = j.If p does not traverse vy then
p is apath in G4 and we are done. Else p contains a sequence of vertices (a, vg, b) for
some a € N;,(vg) and b € N,,;(vg). Thanks to condition (c) of the theorem, we can
replace this sequence with the path p, ; to obtain a new path i ~» j in G4, of length
at most t + 4.

Next, suppose j = vg but i # vg. Then p must finish with the sequence (a, vo)
for some a € N;,(vy). We can replace this sequence with p, to obtain a new path
i ~» v1 = f(vg) in G4 of length at most §. A similar proof works for the final case
i =9, J # vo- O
Claim 5.52 f induces digraph maps G U G' — G4 U GZ"‘S.

Proof of Claim. Thanks to the previous claim we only need to consider edges in E(G).
Given anedge (i, j) € E(G) suppose thati, j # vg. Then f(i) =i and f(j) = jand
(@i, j) isstill an edge in G 4. Suppose (a, vg) € E(G), then f(a) = a and f(vg) = vy;
the existence of the path p, shows that (a, vi) € E (Gf;”g) for all + > 0. Likewise, if
(vo, b) € E(G) then the existence of g; shows that (v, b) € E(Gif‘s) forallr > 0.0

Now note that f o g = id is the identity on V (G4) and hence (f, g) has grounded
codistortion < §.

Claim 5.53 (g, f) has grounded codistortion < 4.

Proof of Claim. First note that Gy;rr(g, f) = Star(vg; G) so we require a homotopy
F : Star(vo) D 1 — G for some line digraph I. Note further that g o f fixes all
vertices except vg which gets mapped to vi. Assume that g is a path vg ~» v; of length
at most 24, then set / = I and define the homotopy via

vy if (v, j) = (vo, D),

F(v, j):= .
. J) v otherwise,

(5.42)
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which is shown in Fig. 18. Each of the edges in the lower layer belong to G?® thanks
to condition (a) of the theorem. Each of the edges in the upper layer belong to G4
thanks to condition (b) of the theorem. The only non-trivial vertical edge is vo — v
which exists in G?° thanks to our assumption on ¢. Moreover, F is relative all vertices
except vg, as required. In the case where ¢ is a path v; ~» vy we follow the same
construction and proof, except we take / = 1_. O

The bound on bottleneck distance now follows from the main stability theorem. O

This theorem can be extended to the case of deleting multiple vertices, W < V.
In order for the proof above to easily extend, each of the neighbourhoods must be
sufficiently isolated, i.e. the subgraphs Star(w; G) for w € W should be pairwise
edge-disjoint. This allows us to join the homotopies around each w € W together, as
in the proof of Theorem 5.16.

Next, one must choose a replacement vertex for each of the deleted vertices, i.e.
amap f : W — V \ W. The resultant bound on the bottleneck distance will then
depend on a number of factors, such as:

1. the extent to which f changes the quasi-metric, i.e. the minimum § such that f
induces a digraph map G’ — ((O)‘{,V G)tJ”S forallt > 0;

2. the maximum distance in (O)‘;'VG amongst d(a, f(v)) and d(f(v),b) overv € W,
ae -/\[in(v; G),be Nout(v; G);

3. the maximum distance in G amongst d(a, v) and d(v,b) over v € W, a €
Nin(v; G), b € Now (v; G);

4. the maximum distance between v and f(v) (in either direction) in @‘6‘, G, over
veWw.

Once these factors are controlled, by the existence of sufficiently short paths in G and
O‘VIVG, then a similar proof yields a bound on the bottleneck distance. However, one
may have to replace F' with a two-step homotopy to allow for the possibility that there
are only short paths w; ~» f(w1) and f(wy) ~» wy for some wy, wy € W.

5.7 Combining Operations

Given G1, G2, G3 € WDgr, suppose that the previous stability theorems give

dpy(BSH1(G1), BSH1(G2)) <81 and dp(BSH1(G2), BEH1(G3)) < 6.
(5.43)

One immediately obtains the bound dg (BSH(G1), BSH{(G3)) < 81 4+ 8. A natural
question arises as to when this bound can be improved upon. Suppose that { f, g} is a
81-grounded interleaving and { p, ¢} is a §;-grounded interleaving arranged as follows:

f
V(@) &2 V(G # V(Gs).
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~— \o*n
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G Gs 04Gs Ge
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Fig. 19 Schematic of the four weighted digraphs in Theorem 5.54, where e is the curved bottom edge and
7 is as labelled

Itis easy to see that both po f and g og form (81 + 8>)-shifting vertex maps. However,
it is not clear, a priori, that either of the ordered pairs have grounded codistortion
< (81 + 82). Nevertheless, depending on the combination of operations, it is often
possible to show that {p o f, g o ¢} is a §-grounded interleaving for some § < &1 + 8.

As an illustrative example, given G € WDgr, suppose an edge e € E(G) is
subdivided according to some subdivision S, to obtain G 5:=0%G. Then suppose one
of the child edges t:=t, ; is deleted (as shown in Fig. 19), to obtain (O)‘r’ Gg. In the final
digraph, (D)‘ri G s, there is no alternative path between the endpoints of 7 so Theorem 5.38
would yield an infinite bound

dg(BSH1(Gs), BSH1(QYGy)) < <. (5.44)

However, the remaining child edges and vertices from the subdivision can be further
deleted from Q%G5 to obtain G,:=0?G. Then, Corollaries 5.45 and 5.48 imply that
8H; ((O)‘TiGS) = 8H1(G,). Combining Theorems 5.16 and 5.38, we can bound

dp(B*H1(Gs), B¥H1(0%Gy)) = dp(B¥H1(Gs), BEH1(G.)) (5.45)
< dp(B*H1(Gs), BSH1(G))

+dp(BSH1(G), BSH1(G.)) (5.46)

< w(e) + d,(st(e), fn(e)) (5.47)

where d, is the shortest-path quasimetric in G,.

Recall that the grounded interleaving used to prove edge deletion stability (Theo-
rem 5.38) was a pair of identity vertex maps. Therefore, in the following, we show that
the grounded interleaving used to prove subdivision stability directly yields a sharper
bound for this combination of operations.

Theorem 5.54 Given a weighted digraph G = (V, E, w) € WDgr, an edge e =
(a,b) € E and a subdivision S : {e} — int(A?), denote Gs:=0%G and Ge::(O)‘elG.
Let d, denote the shortest-path quasimetric in G,. Choose any of the child edges
T:=17,; € E(Gy), then.

dp(B¥H1(Gs), BEH, (04 Gy)) < max (de(a, b), w;e)) . (5.48)
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Proof As discussed above, it remains to prove
w(e)
dp(B*H1(Gs), B*H1(G,)) < max (de(a, b), T) =:4. (5.49)

Define the following vertex maps

f:V(Ge) = V(Gs) vi> v (5.50)

v ifve Vo,
g:V(Gs) > V(Ge) vi> gst(e) ifve; € Ve and CS(e); < 1/2,  (5.51)
fn(e) if ve; € Vyew and CS(e); > 1/2.

We note that f induces a contraction digraph map G, — G and is hence a §-shifting
vertex map.

Claim 5.55 g induces a digraph map G's — G, for everyt > 0.

Proof of Claim. Given (i, j) € E(GY), there is apath p : i ~» j in Gy of length at
most ¢. Since d.(a, b) < § there is a path p, : a ~» b in G, of length at most §. We
construct a new trail p’ in G, as follows.

If the entire sequence of child edges (7,1, - . . , Te,d(e)) appears in p then we replace
that sequence with p,. If i € V,.y, and g(i) = a then we replace the initial sequence
of child edges with p,. If i € V., and g(i) = b then we simply remove the initial
sequence of child edges. Likewise, if j € V0, and g(j) = b then we replace the final
sequence of child edges with p,.. If j € V., and g(j) = a then we simply remove
the final sequence of child edges. This yields a trail p’ : g(i) ~ g(j). Since p cannot
repeat edges, this construction inserts p, at most once and hence the length of p’ is at
most ¢ + 8. Therefore (i, j) € E(G.*?). o

Claim 5.56 g induces a digraph map Gg U GtS —- G, U G’e+5,f0r everyt > 0.

Proof of Claim. It remains to check the image of edge e € E(Gg). Any un-subdivided
edge e € E,y is preserved under g. Given an edge t.; = (x,y) € Epqy then
T = (Ve,i—1, Ve,;) for some i and there are three cases

(8(ve,i—1), 8(ve,i)) = (st(e), st(e)) or (ste), fn(e)) or (fn(e), fn(e)). (5.52)

Hence either g(x) = g(y) or (g(x), g(y)) = e. The edge e does not appear in G, but
it does appear in GQJ“‘S for all # > 0. Therefore g defines a digraph map as required. O

First observe g o f = idy () and hence (g, f) has grounded codistortion < 0.
The homotopy used to show (f, g) has grounded codistortion < § is identical to the
corresponding homotopy in the proof of Theorem 5.16. However, note that we require
28 > w(e) so that all edges in the image of the homotopy are edges of G%‘s. O
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Fig.20 Illustration of the weighted digraph G, considered in Proposition 6.1. The top path p; has length [}
and the bottom path py has length /. The limiting death time of the sole feature corresponds to the limiting
value of the earliest time that a long square appears of the form avyb — avyb where vy is along p; and v
is along ps (as drawn in red) dashed lines) (Color figure online)

6 Examples
6.1 Iterated Medial Subdivision

In order to develop intuition for how the descriptor behaves under iterative subdivision,
we explicitly derive the limiting diagram for a DAG with exactly one loop (shown in
Fig.20). Certainly, the diagram contains exactly one feature which is born at t = 0.
Intuitively, the death time corresponds to the earliest time that a long square can appear
between the source and sink nodes, filling in the central hole.

Proposition 6.1 Suppose G € WDag is the union two directed paths p1, p2 from a
source to a sink, with lengths l| > I, respectively. Recall the definition of iterated
medial subdivision (Definition 5.21). Then

nll)rr;o BEH 1 (IMS,,(G)) = {{ [0, %ll> }} 6.1)

Proof For brevity we denote G,:=IMS,,(G). By Corollary 4.3, the barcode B8 H (G )
has exactly one feature. Let pl.(") denote the path a ~~ b in G,, arising from subdividing
the edges of p;. For each n, let ¢ denote the simple undirected circuit in G, which
follows pgn) and then pé") in reverse. Clearly {9R(c?™)} is a persistence basis for
8H;(G,,). Therefore, it suffices to show D(FR(c™)) — %ll as n — oo. Fix some
natural .

Using Lemma 4.6 we see D(R(c™)) < max(hgn), hé”)) where

h;"):zmin {t >0 ‘ Jdv; € V along pi(n) such that d(a, v;) < tand d(v;, b) < t} .
(6.2)

Note that hi") — %ll and hé") — %12 and hence max(hﬁ"), hé")) — %11 asn — 00.
Next, we wish to show D(R(c™)) > %l 1. Choose arbitrary #, < %l 1, then it
suffices to show that dim 8 H (G, t2) # 0. In order to do so, we claim the inclusion
FoC Tl
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chain map

00— Ci(Gy) — s Co(Gy)
ljz l./l ljo

C2(G2) 225 C1(GnUGE) -2 Co(Gp U GE)

induces an isomorphism on homology in degree 1. It then follows thatdim 8 H{ (G, t2) =
1 because the first homology of top row is the real cycle space of G,,.

We define a chain map ¢q in the opposite direction to j. In degree 2, g5 is the zero map
and in degree 0, qo is the identity map. Finally in degree 1, given (i, j) € C1(G,UG),
if (i, j) = (a, b) then let p; j:=p,, otherwise let p; ; denote the unique path i ~ j
in G, Then g is given by g1(ij):=R(p;, ;). This is a chain map because there is no
2-path avb where v is somewhere along pi").

It is certainly the case that, at the level of chain maps, g1 j; = id. Choose arbitrary
@i, j)e Ci(G, U fo) and note that j1q1(ij) — (ij) = R(p;,;) —ij. By Lemma 4.1,
there is some u; ; € Cz(G,lf) such that $0u; ; = R(p; ;) —ij. Define P : C1(G, U
G?) —> (G by ij + u; ;. Then, by construction, we see jiq; —id = 89, P.
Hence, j and g are mutually inverse on homology in degree 1.

To conclude, we have shown for each n,

1
Sh < DRE™)) < max(h\", h{"). (6.3)

Taking the limit n» — oo finishes the proof. O

Note that description of Proposition 6.1 is not unique to this descriptor, indeed the
same result holds for the standard pipeline. As discussed in Sect. 3.1, for the standard
pipeline, as the weighted digraph is subdivided, the birth times of all features tend to
0. When the digraph is sufficiently subdivided, all edges enter the filtration very early
on and the effect of adding the edges from G at + = 0 has negligible effect. Hence, in
the subdivision limit, the diagrams obtained from the two pipelines coincide.

Theorem 6.2 Given G € WDgr, let H| denote the ‘standard pipeline’ with C = Q
and F = Fy, as used in Example 3.6. Then

lim BSH;(IMS,(G)) = lim BH;(IMS,(G)). 6.4)
n—00 n— 00

Proof For brevity, we denote G,:=IMS,,(G). Fix € > 0 and choose N sufficiently
large that for any n > N we have w(e) < € for all e € E(G,,). For any ¢ > 0, define

i1 : C1(G}) = C1(G, UG},™)
ir : C2(G,) — C2(GF€)

where each iy, is taken from the chain map induced by the relevant inclusion of digraphs.

It can be easily checked that i{dy = 809,i7 and hence | induces a map on homology
Elol:;ﬂ
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G1 G2 G3 G4

/\ /\ /\\ /H\\

®Jae o] ecae o] ec¢

\/ \/ \/J N

MQUH MQwW {WJLNUH {{0,00),[0,00)

Fig. 21 Interpreting $H(G) via differences between directed paths in square motifs. Top row: name of
weighted digraph; middle row: diagram where all weights are 1; bottom row: barcode of GRPPH

ix : Hi(Gl) — 8H{(Gy, t + €). Similarly, for any t > 0 define

1:C1(G, UG) — C1(GLF9)
j2: C2(Gh) = C2(GLT)

where each ji is likewise taken from the chain map induced by the relevant inclusion of
digraphs. Note, in particular, given an edge e € E(G,), we know d(st(e), fn(e)) < €
andhence e € E(G'*€). Again j183, = 9, j» and hence j; induces a map on homology
Jx 1 8 HI(G, 1) — Hi(G').

Clearly iy o j, = 8u(t,t 4+ 2¢€), and j, o iy = (t,t + 2€),. Therefore, by the
algebraic stability theorem, we see

B (BSH1(Gr), BH1(Gn)) < € (6.5)

foralln > N. O

6.2 Square Motifs

Example 6.3 Further to the interpretation developed in Proposition 6.1, consider the
four weighted digraphs in Fig.21. All edges are given unit weight and the barcodes
are indicated under each digraph. Homology representatives for each of the features
are given by

ab+ bd — cd — ac;
ab —db +dc — ac;
ab+be—ce—ac , db-+be—ce—dc;
ab—eb+ec—ac , db—eb+ec—dc.

In G, note that the flow starting ata recombines at d after flowing for = 2 seconds.

In contrast, the flow in G» splits from the sources and then never recombines. This is
reflected in the lifetime of the feature changing from [0, 1) to [0, c0).
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Fig.22 A weighted digraph with a U1 b
many paths (of 2 edges each) 1 ° 1
from source to sink for which (%)
we can compute BEH | (G) %. by
a o\ : ®)
an—1 L b
Vp_1 n—1
[ ]
fn On bn
Fig. 23 Two weighted digraphs U1
with identical shortest-path °

quasimetric network but

N 7
differing GRPPH which can be o ./ \‘
explained by the difference in \ /'
circuit rank 7 ® A

If we add additional edges to G to recombine the flow at a new vertex (as in G3),
we add an additional feature but all features now have finite lifetime. Finally, reversing
these additional edges (as in G4) prevents the flow from recombining again and the
features return to lifetime [0, c0).

This further emphasises the interpretation that features arise when flow is split
between two paths and the lifetime of the feature is related to the time it takes for the
flow to recombine.

6.3 Multiple Paths

Example 6.4 Consider Fig.22, in which there is a single source and a single sink
but multiple paths between. Define «;:=max(a;, b;) and assume that a1 < ap <
...0u—1 < o,. Then, the barcode is

Bng(G) = {[07 052), [0’ Ol3), MR [07 a)’l*l)a [07 an)} . (66)

A persistence basis for $H(G) is {c3, . . ., ¢, } Where ¢;:=av| + v1b — v;b — av; and
'D(C,') = ;.

6.4 Digraphs with Identical Quasimetrics

Example 6.5 Finally, consider the two weighted digraphs illustrated in Fig.23. Since
they both have the same shortest-path quasimetric, they yield the same barcode under
the standard pipeline. More formally, F;(G1) = F4(G32) and hence H1(G1) =
H1(G2). Moreover, BH1(G1) is empty because the circuit (vg, v1, v3, v2) is filled-in
with a long square as soon as it appears in the filtration. In contrast,

BH1(G1) ={[0, D} and B#H (G2) = {[0, 1),[0,2)}. (6.7)
Elol:;ﬂ
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Fig. 24 GRPPH of 100 points sampled on the unit circle. (a) A histogram of the death times of each of
the features in 87H . (b) Quantile-quantile plot of of GrPPH deaths against the distribution of the 9801
largest pairwise distances. (c) The point sample along with a directed triangle which is a representative of
the largest feature, with death time almost 2

A persistence basis for $H (G 1) is {vov1 + v1v3 — (Vov2 4+ v2v3)} While a persistence
basis for 8H1(G>) is {vov; + viv3 — (vov2 + V2v3) , vVov1 + viv3 — Vov3.} Note
that at ¢+ = 1 the two triangular cycles becomes homologous in §H(G>) but are still
non-trivial, until they die at r = 2.

6.5 Finite (quasi)metric Space

Given a finite quasimetric space d : X x X — [0, 00), one can construct a complete
digraph, weighted by d as MG (X):=(X, X x X\Ax, w) where

w((vi, Uj))IZd(U,', Uj) for all (U,’, Uj) e X xX \ Ax. (6.8)

Naturally one can ask what BSH (M G (X)) measures, and how it compares to per-
sistent path homology.

Firstly, since the input digraph has n(n — 1) edges, n nodes and 1 weakly connected
component, the resulting barcode contains

#edges — #vertices + #weak components =n(n — 1) —n+1=(n — 1)2
(6.9)

features. Also given any three distinct vertices vy, vy, v2 € X, all of the edges (vo, v1),
(v1, v2) and (vg, v2) are present in G and thus form a circuit, ¢, with death time

D(R(c)) = max(d(vg, v1), d(v1, v2), d(vg, v2)). (6.10)

Indeed, any cycle ¢’ supported on an edge (v;, v ;) must have death time D(R()) >
d(v,', UJ').

Defining, the diameter of X via diam(X):= maXy,; v;eX d(v;,v;), we note that
MG(X)! is the complete graph for ¢+ > diam(X). Since any complete graph has
trivial path homology [23, Example 3.11], all features must have death time at most
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diam(X). Therefore, the largest feature in B8H | (M G (X)) must have death time equal
to diam(X).

In Fig.24, we have sampled 100 points on the unit circle X € S' and computed
B8H1(MG(X)), using the ambient Euclidean metric. We see a large quantity of fea-
tures with death time of approximately 2, the diameter of the circle. A representative
of the largest feature is shown in the second panel, which is indeed a directed triangle
supported on an edge which spans almost the full diameter of the circle.

The distribution of death times is well-aligned with the distribution of the top (100 —
1)? = 9801 pairwise distances, as illustrated by the quantile-quantile plot in Fig.24.
The main deviation between the two distribution occurs at the small scales whilst the
larger quantiles are almost identical. This illustrates that GRPPH has similar descriptive
power to the collection of pairwise distances. That is, not much information is lost, but
consequently the output is not very interpretable and provides little additional insight.

In contrast, computing standard PPH, the degree 1-barcode contains a single feature
with lifetime approximately [0.291, 1.418). The birth time corresponds to the length
of the largest gap in the point sample (at the top of the circle). Meanwhile, the death
time is approximately +/2, the side length of a square inscribing the circle.

Grounded persistence was designed as a descriptor of sparse weighted digraphs
where the existence of an edge is an important signal from the input data and the
circuits are of interest. We enrich the circuits already present in G with an intrinsic,
directed notion of scale, using the weighting and an appropriate filtration. In the
finite (quasi)metric space scenario, all possible edges are present in M G (d) and thus
the circuit representatives are not as interpretable as in the sparse case. As such,
our recommendation would be to use non-grounded persistent path homology [13]
(viewing the data as a directed network) or traditional, symmetric TDA methods.
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