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We study a number of problems of a group-theoretic origin or nature, but from a

strongly additive-combinatorial or analytic perspective. Specifically, we consider the

following particular problems.

• Given an arbitrary set of n positive integers, how large a subset can you be sure

to find which is sum-free, i.e., which contains no two elements x and y as well

as their sum x ` y? More generally, given a linear homogeneous equation E,

how large a subset can you be sure to find which contains no solutions to E?

• Given a finite group G, suppose we measure the degree of abelianness of G by its

commuting probability PrpGq, i.e., the proportion of pairs of elements x, y P G

which commute. What are the possible values of PrpGq? What is the set of all

possible values like as a subset of r0, 1s?

• What is the probability that a random permutation π P Sn has a fixed set of

some predetermined size k? Particularly, how does this probability change as k

grows? This problem is also related to the following one. Suppose we pick a few

permutations π1, . . . , πr P Sn at random. It is well known that π1, . . . , πr will

generate at least An with high probability as long as r ě 2, but what happens

if we are allowed to replace π1, . . . , πr by arbitary conjugates π11, . . . , π
1
r?

• Pick two bijections π1, π2 : t1, . . . , nu Ñ Z{nZ uniformly at random. What is

the probability that the pointwise sum π1`π2 is also a bijection? This problem

affords a fun interpretation in terms of queens on a toroidal chessboard.

• How big is the largest subset of the alternating group An which is product-free,

i.e., which contains no two elements x and y as well as their product xy?

We give satisfactory answers to each of these questions, using a range of methods.

More detailed abstracts are included at the beginning of each chapter.
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Chapter 1

Erdős’s sum-free subset problem

Abstract. A clever probabilistic argument of Erdős shows that every

set A of positive integers has a subset B Ă A of size at least |A|{3 which

is sum-free, i.e., which contains no solutions to x ` y “ z. For years it

was unknown whether the constant 1{3 here could be replaced by a larger

constant. Our main theorem is that 1{3 is actually best possible: for

every ε ą 0 there is a set A having no sum-free subset of size greater than

p1{3` εq|A|. In fact we prove this for A a multiplicative Følner set.

We also study the variations of this problem arising from replacing the

equation x ` y “ z with some other equation Ek,l : x1 ` ¨ ¨ ¨ ` xk “

y1 ` ¨ ¨ ¨ ` yl, where k ą l. In this case Erdős’s argument produces an

Ek,l-free subset of size at least |A|{pk` lq. We show that 1{pk` lq cannot

be improved if either (i) k ď 3l, or (ii) l “ 1. Many interesting questions

remain open.

This chapter combines and slightly expands on the two papers [EGM14]

and [Ebe15]. The first of these is joint work with Ben Green and Freddie

Manners.

1.1 Introduction

A set B is called sum-free if there do not exist x, y, z P B such that x ` y “ z.

Suppose we are given an arbitrary set A of positive integers. How large a sum-free

subset can we find in A? For example, the set A “ t1, . . . , nu has no sum-free subset

of size greater than rn{2s (consider the largest element), so in general we cannot hope

to find a sum-free subset B of size greater than |A|{2, but a now-classical argument

of Erdős shows that one may always find a sum-free subset B of size at least |A|{3.
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Theorem 1.1.1 (Erdős [Erd65]). Let A be a finite set of positive integers. Then

there is a sum-free subset B Ă A of size |B| ě |A|{3.

Proof. Let T “ R{Z be the additive group of real numbers modulo 1. For x P T, let

Bx “ tk P A : kx P Su where S Ă T is the middle third p1{3, 2{3q. For every x the

set Bx is sum-free (for if x, y P Bx then kx, ky P S, so kpx ` yq “ kx ` ky R S, so

x` y R Bx), and on average the size of Bx is

E|Bx| “
ÿ

kPA

Ppkx P Sq “ |A|{3.

Thus there is at least one x such that |Bx| ě |A|{3.

Despite considerable effort, this silly argument has hardly been improved at all.

The best lower bound we know, due to Bourgain [Bou97], is that every set of n

positive integers has a sum-free subset of size at least pn`2q{3, and even this requires a

rather careful Fourier-analytic argument. Further results in Bourgain’s paper vaguely

suggest a possible route to a lower bound of the form n{3`plog nqc, but the remaining

challenges are truly formidable.

On the other hand improving the simple upper bound of n{2 mentioned earlier is

rather easy. For example, consider the set A “ t1, 2, 3, 4, 5, 6, 8, 9, 10, 18u. By simple

inspection, A has size 10 and has no sum-free subset of size greater than 4. Thus the

set

A1 “ AY p100 ¨ Aq Y ¨ ¨ ¨ Y p100m´1
¨ Aq

has size 10m and has no sum-free subset of size greater than 4m. This shows that in

general we cannot expect to find a sum-free subset of an arbitrary set A of density

greater than 2{5. Incremental improvements of this form have been made by several

authors [Erd65; Erd92; AK90; Mal94; Lew10]. More recently, Alon [Alo13] showed

that incremental improvements like this are always possible: whenever you have a set

A with no sum-free subset of density greater than δ, then there is some δ1 ă δ and

another set A1 such that A1 has no sum-free subset of density greater than some δ1.

Our main theorem is that indeed the constant 1{3 is best possible: we construct

a set A of n integers having no sum-free subset of size greater than n{3` opnq. Thus

Erdős’s simple argument is actually surprisingly sharp.

Theorem 1.1.2. For every ε ą 0 there is a set of A of positive integers having no

sum-free subset of size greater than p1{3` εq|A|.
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In fact there is no need to be so mysterious. We will show that it suffices to take

the multiplicative Følner set

A “ Fm “ tp
e1
1 ¨ ¨ ¨ p

em
m : 0 ď ei ă m for each iu

for sufficiently large m, where p1, p2, . . . is the sequence of primes.

Apart from some averaging trickery to do with the Følner sets pFmq, the main in-

gredient of our argument is a rough structure theorem for sets A satisfying conditions

of the form |A ´ A| ă 4|A|, which may be of independent interest. Specifically, if A

is a set of integers with |A ´ A| ď p4 ´ εq|A| then A has density at least 1
2
` cε on

some arithmetic progression of length "ε |A|.

Later in the chapter we will ask how well the method generalizes to other equa-

tions. At this point it is convenient to introduce some notation. For a homogeneous

linear equation E with integer coefficients in any number of variables, let δE be the

largest constant such that every set of n positive integers has an E-free subset (that

is, a subset having no solutions to E) of size at least δEn. Thus Theorems 1.1.1 and

1.1.2 together assert that δx`y“z “ 1{3. Consider now more generally the equation

Ek,l : x1 ` ¨ ¨ ¨ ` xk “ y1 ` ¨ ¨ ¨ ` yl,

where k ą l ě 1. A straightforward modification of Erdős’s argument shows that

δEk,l ě 1{pk ` lq, and the question now is whether δEk,l “ 1{pk ` lq.

It turns out that the method we use for sum-free sets (i.e., k “ 2, l “ 1) adapts

reasonably easily as long as k ď 3l. Since this excludes the especially natural case

l “ 1 (the case of so-called k-sum-free sets) except when k ď 3, we develop an

alternative approach based on a theorem of  Luczak and Schoen on the structure of

large k-sum-free sets which works in this case. Thus in summary we know δEk,l “

1{pk ` lq whenever either k ď 3l or l “ 1.

Theorem 1.1.3. If k ą l and either k ď 3l or l “ 1 then δEk,l “ 1{pk ` lq. In other

words, for every ε ą 0 there is a set A with no Ek,l-free subset of size greater than

p1{pk` lq` εq|A|. In fact as before it suffices to take A “ Fm for sufficiently large m.

We conjecture that δEk,l “ 1{pk ` lq for all k ą l. In fact we conjecture for a

general equation E that

δE “ suptµpSq : measurable E-free S Ă Tu.

For more idle speculation refer to Section 1.7.
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1.2 The role of Følner sets

Følner sets play a universality role in the sum-free subset problem, in the following

sense. Fix a Følner sequence pFmq in pN, ¨q, that is a sequence of subsets Fm Ă N

such that, for every a P N,

|pa ¨ Fmq4Fm|
|Fm|

ÝÑ 0 as mÑ 8,

where 4 denotes symmetric difference. For example one could take

Fm “ tp
e1
1 ¨ ¨ ¨ p

em
m : 0 ď pi ă m for each iu,

where p1, p2, . . . is the sequence of primes in some order. Then if there is any set A

which has no sum-free subset of size greater than p1{3` εq|A|, then in fact for some

m the set Fm has no sum-free subset of size greater than p1{3 ` εq|Fm|: this is part

of Lemma 1.2.1 below. Thus in proving Theorem 1.1.2, we could, if we so wished,

restrict our search to the sets in some Følner sequence pFmq.

In fact this universality property extends beyond just sets. If there is any prob-

ability measure µ on N such that no sum-free set B has measure µpBq ě 1{3 ` ε,

then again there is some m such that the set Fm has no sum-free subset of size

greater than p1{3 ` εq|Fm| (and so we could have used the measure µ defined by

µpBq “ |B X Fm|{|Fm|).

The Følner property will be used in the following way. If x P Fm is uniformly

random and Epxq is some event depending on x, then for every fixed a P N we have

|PpEpaxqq ´PpEpxqq| ď |pa ¨ Fmq4Fm|
|Fm|

ÝÑ 0 as mÑ 8.

Thus the uniform distribution on Fm is approximately dilation-invariant. Universality

now follows from imitating Erdős’s argument with pFmq in place of T.

Lemma 1.2.1. Fix a homogeneous linear equation E (e.g., x` y “ z in the case of

sum-free setes), and let δ ą 0. Fix also some Følner sequence pFmq in pN, ¨q. Then

the following four statements are equivalent.

1. For every probability measure µ on N, there is a E-free set B Ă N such that

µpBq ě δ.

2. For every finite set A Ă N, there is a E-free subset B Ă A of size at least δ|A|.

3. For every m, there is a E-free subset B Ă Fm of size at least δ|Fm|.
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4. For infinitely many m, there is a E-free subset B Ă Fm of size at least δ|Fm|.

Consequently, each statement is true for δ “ δE, but no larger constant.

Proof. Clearly 1 ùñ 2 ùñ 3 ùñ 4, so it suffices to prove 4 ùñ 1. Suppose

Fm has an E-free subset Sm of size at least δ|Fm|. For x P Fm, let Ax be the set of

all a P N such that ax P Sm. Then Ax is E-free, as any solution in Ax would induce

a solution in Sm, and if we choose x P Fm uniformly at random then the expectation

of µpAxq is

EpµpAxqq “

ż

Ppa P Axq dµpaq

“

ż

Ppax P Smq dµpaq

ě

ż
ˆ

Ppx P Smq ´
|pa ¨ Fmq4Fm|

|Fm|

˙

dµpaq

ě δ ´

ż

|pa ¨ Fmq4Fm|
|Fm|

dµpaq.

We now send m Ñ 8, and we deduce from the Følner property and the dominated

convergence theorem that for every n there is an E-free set Bn Ă N such that µpBnq ě

δ ´ 1{n. By passing to a subsequence we may assume that 1Bn converges pointwise

to 1B for some set B. This set B must also be E-free, and by another application of

the dominated convergence theorem we have µpBq ě δ.

Lemma 1.2.1 is interesting even in the case of translation-invariant equations (pro-

vided of course that we appropriately interpret “solution-free” as “nontrivial-solution-

free”). For example let E be x ` y “ 2z. Then by Lemma 1.2.1 if infinitely many

Fm contain an E-free subset of density at least δ, then every interval t1, . . . , nu also

contains an E-free subset of density at least δ, in contradiction to Roth’s theorem.

In fact the same proof works for longer progressions, replacing Roth’s theorem with

Szmerédi’s theorem, so every set of positive multiplicative upper density must contain

arbitrarily long arithmetic progressions. This was first proved by Bergelson [Ber05],

who used a more complicated method but also proved a lot more.

For us the real utility of Lemma 1.2.1 is not that it gives us the insight to look

at Følner sets, but rather that it enables us to consider arbitrary measures µ. Our

strategy now is to construct a measure µ on N such that every solution-free set has

small measure. We will achieve this in the case of sum-free sets by first undertanding

something about the structure of large sum-free subsets of t1, . . . , Nu, and by then

carrying out a contraction-mapping-type iterative process to construct an appropriate
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measure µ. (In [EGM14], the conversion of the measure to a set was achieved instead

by an application of the regularity lemma. The method used here is simpler, though

undoubtedly more specialized.)

So much suffices for the equation x` y “ z, as well as some of its closer relatives,

but it does not suffice for all equations, notably x1 ` ¨ ¨ ¨ ` xk “ y for k ě 4. Later

in this chapter we will deal with these equations with a different method, essentially

by further elaborating Lemma 1.2.1 in a way which will enable us to consider still

more general types of density, such as upper density, multiplicative upper density,

etc. These extensions are less elementary, however, so we leave them for later.

1.3 The structure of sets of doubling 4´ ε

1.3.1 Discussion

The purpose of this section is to prove the following weak structure theorem for

sets A Ă Z satisfying |A ´ A| ď p4 ´ εq|A|. We will need this theorem in order to

establish a corresponding weak structure theorem for large sum-free sets, and in turn

to construct a measure µ satisfying µpBq ď 1{3` ε for all sum-free sets B.

Theorem 1.3.1. Let ε ą 0, and suppose A Ă t1, . . . , Nu satisfies |A´A| ď 4|A|´εN .

Then there is an arithmetic progression P of length "ε N on which the density of A

is at least 1{2` ε{5.

Really this a structure theorem for dense sets of doubling 4´ε, since the hypothesis

|A ´ A| ď 4|A| ´ εN actually implies |A| ě pε{4qN . We can however deduce, using

standard tricks from additive combinatorics, a structure theorem for arbitrary sets of

doubling 4´ ε, though we will not actually need it.

Corollary 1.3.2. Let ε ą 0, and suppose A Ă Z satisfies |A´A| ď p4´ εq|A|. Then

there is an arithmetic progression P of length "ε |A| on which the density of A is at

least 1{2` cε, for some absolute constant c.

Proof. By [GR06, Theorem 1.4], every set A Ă Z with |A´A| ď 4|A| is Freiman 18-

isomorphic to a subset of t1, . . . , Nu for some N ! |A|. Let π : AÑ A1 Ă t1, . . . , Nu

be this Freiman isomorphism. Then |A1 ´ A1| ď 4|A1| ´ ε1N with ε1 " ε. Applying

Theorem 1.3.1 to A1, there is a progression P 1 Ă t1, . . . , Nu of length |P 1| "ε N

such that X “ A1 X P 1 has size at least p1
2
` 1

5
ε1q|P 1|. Now it follows from [Lev97,

Lemma 1] with k “ 2 and a short computation that P 1 Ă 5A1 ´ 4A1. Now it follows

from basic facts about Freiman homomorphisms (see [TV10, Section 5.2] for example)
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that π´1 : A1 Ñ A induces a Freiman 2-homomorphism π̃´1 : P 1 Ñ Z coinciding with

π´1 on A1 X P 1. The image P “ π̃´1pP 1q is therefore a progression of length "ε |A|

on which A has density at least 1
2
` cε.

Under stronger conditions such as |A`A| ă 3|A| or |A´A| ă 3|A|, more precise

information can be obtained: see [Fre73, Theorem 1.9] or [LS95]. Statements of the

same form as Corollary 1.3.2, but with 1
2
`cε replaced by some small quantity fpεq ą 0,

follow from versions of Freiman’s theorem: see for example [Fre73, Theorem 2.8] and

[Bil99, Theorem 1.2]. These statements come with more effective lower bounds on

the length of P .

The proof of Theorem 1.3.1 depends on several nontrivial ingredients. First, we

need the s “ 1 case of the arithmetic regularity lemma of Green and Tao [GT10].

This is a rather technical lemma, but the s “ 1 case is basically elementary and,

the author believes, a central tool of modern additive combinatorics, so we provide

a self-contained exposition in Appendix 1.A. Second, we use Macbeath’s theorem

that µpX ` Y q ě minp1, µpXq ` µpY qq for compact sets X, Y Ă Td, or rather a more

robust version of this theorem due to Tao [Tao, Section 3.2] which guarantees not just

many distinct sums x ` y but in fact many sums with reasonably large multiplicity.

Finally, and most essentially, we will use the Brunn–Minkowski theorem. In fact

it is reasonable to think of Theorem 1.3.1 as the two-dimensional case of Brunn–

Minkowski adapted to the integers: the theorem states that the set A exhibits either

two-dimensional-type doubling or some strongly one-dimensional substructure.

Let us fix the uniform measure on each of the various spaces r0, 1s, Z{qZ, T,

t1, . . . , Nu, as well as products of these, and in each case let us denote the uniform

measure simply by µ. In the case of t1, . . . , Nu we extend the measure to all of Z, but

we continue to give each point mass 1{N . If X is a space endowed with a measure

µ (one of the above) then, as usual, we define the convolution of two sufficiently nice

functions f1, f2 : X Ñ C by

f1 ˚ f2pxq “

ż

f1pyqf2px´ yqdµpyq.

Similarly we define Lp norms with reference to µ.

1.3.2 Proof

Let now A be a set as in Theorem 1.3.1. Let F : R` Ñ R` be a growth function

depending on ε to be chosen later. Let ε̃ “ min pε, 1{1000q. Then by Theorem 1.A.7
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there is some M !ε,F 1 such that

1A “ fstr ` fsml ` funf ,

where }fsml}2 ď ε̃100, }funf}U2 ď 1{FpMq, and

fstr “ F pn{N, n mod q, θnq

for some F : r0, 1s ˆ Z{qZ ˆ Td Ñ r0, 1s such that q, d, }F }Lip ď M and for some

pFpMq, Nq-irrational θ P Td.

Let M̃ “ rε̃´100M s and consider for i P t1, . . . , M̃u and a P Z{qZ the progressions

Ii,a “

"

n P

ˆ

pi´ 1qN

M̃
,
iN

M̃



: n ” a pmod qq

*

.

Define Fa,i : Td Ñ r0, 1s by Fa,ipxq “ F pi{M̃, a, xq. Then because F is M -Lipschitz,

Fa,i is M -Lipschitz and fstr differs by at most ε̃100 from the function f 1str which we

define by

f 1strpnq “
M̃
ÿ

i“1

ÿ

a mod q

1Ii,apnqFa,ipθnq.

Absorbing the error of ε̃100 into fsml, we obtain the decomposition

1A “ f 1str ` f
1
sml ` funf (1.1)

where }f 1sml}2 ď 2ε̃100. Given an arbitrary growth function F̃ , we may choose F
to grow sufficiently rapidly depending on F and ε so that FpMq ě F̃pM̃q, whence

}funf}U2 ď 1{F̃pM̃q and θ is pF̃pM̃q, Nq-irrational. For simplicity let us now rename

M̃ as M , F̃ as F , f 1str as fstr, and f 1sml as fsml.

Write αpi, aq for the density of A on Ii,a. We will show that αpi, aq ě 1{2` ε{5 for

some pi, aq. Note that while |Ia,i| need not be exactly N{qM , at worst it differs from

N{qM by 2. We may deal with this small wrinkle by assuming that N is sufficiently

large depending on ε. This is acceptable, for if N ă N0pεq then Theorem 1.3.1 is

trivially satisfied by taking P to be a suitable singleton.

We proceed by examining how the behaviour of 1A is modelled by the more “struc-

tured” functions Fa,ipθnq, which in view of the decomposition 1.1 involves estimating

the effect of fsml and funf . The term fsml is the more troublesome of the two. The

following simple lemma is useful in this connection.

Lemma 1.3.3. For all pi, aq P t1, . . . ,Mu ˆZ{qZ outside an exceptional subset E of

size at most ε̃4qM we have EnPIi,a |fsmlpnq| ď ε̃20.

8



Proof. If this were not the case we would have

EnďN |fsmlpnq| ą
1

N

ˆ

N

qM
´ 2

˙

qMε̃24
ě ε̃25,

whence by Cauchy–Schwarz }fsml}2 ě ε̃25, a contradiction.

Lemma 1.3.4. Let E be as in the preceding lemma, and assume that F grows suf-

ficiently rapidly depending on ε. Then for all pi, aq P t1, . . . ,Mu ˆ Z{qZzE we have
ş

Td
Fi,a ě αpi, aq ´ ε̃10.

Proof. By Lemma 1.A.9 the average of funf over any progression Ii,a is less than 1
3
ε̃10

provided that F grows sufficiently rapidly, and by Lemma 1.3.3 for all pi, aq R E the

average of fsml on Ii,a is also at most 1
3
ε̃10. Thus if pi, aq R E we have

αpi, aq “ EnPIa,i1Apnq ď EnPIi,aFi,apθnq `
2

3
ε̃10
ď

ż

Td
Fi,a ` ε̃

10,

where the last step last step follows from the pFpMq, Nq-irrationality of θ and Lemma

1.A.8, again assuming that F grows sufficiently rapidly.

We need a slightly technical lemma concerning level sets of Lipschitz functions.

Lemma 1.3.5. Let η ą 0. If F grows sufficiently quickly depending on η then the

following is true. If F : Td Ñ r0, 1s is M-Lipschitz, θ is pFpMq, Nq-irrational and

I Ă t1, . . . , Nu is any progression of length at least N{M2, then the proportion of

n P I such that F pθnq ą η is at least µptx P Td : F pxq ą 2ηuq ´ η.

Proof. We want to compute EnPIχ ˝ F pnθq, where χ is the cutoff 1xěη. Replace χ

by a function χ̃ with }χ̃}Lip ! 1{η such that χ̃pxq “ 0 for x ă η and χ̃pxq “ 1 for

x ě 2η. Then EnPIχ˝F pnθq ě EnPI χ̃˝F pnθq. However the function χ̃˝F is Lipschitz

with }χ̃ ˝ F }Lip !M{η and so, if F grows sufficiently rapidly, since θ is so irrational,

Lemma 1.A.8 implies that EnPI χ̃ ˝ F pnθq ě
ş

Td
χ̃ ˝ F ´ η. On the other hand the

integral here is at least the measure of tx : F pxq ě 2ηu.

The following lemma has more meat to it and is a crucial ingredient of our

argument. It encodes the fact that if X, Y are compact subsets of a torus then

µpX ` Y q ě minpµpXq ` µpY q, 1q, a theorem originally due to Macbeath [Mac53].

In fact we require a more robust version of this result which was recently given the

following elegant formulation by Tao [Tao, Section 3.2]: if X, Y Ă T are compact and

µpXq, µpY q ě t ě 0 then
ż

Td
minp1X ˚ 1Y , tq dµ ě tminpµpXq ` µpY q ´ t, 1q. (1.2)

Note that we recover Macbeath’s theorem in the limit tÑ 0.

9



Lemma 1.3.6. Let 0 ă η ă 1 and suppose that F1, F2 : Td Ñ r0, 1s are M-Lipschitz

functions such that
ş

F1,
ş

F2 ě 2η1{6. Then the measure of the set of x for which

F1 ˚ F2pxq ě η is at least min
`ş

F1 `
ş

F2, 1
˘

´ 4η1{6.

Proof. Let Si “ tx : Fipxq ą η1{3u for i “ 1, 2. Clearly µpSiq ě
ş

Fi ´ η1{3, so in

particular µpS1q, µpS2q ě η1{6. By (1.2) we therefore have

ż

Td

minp1S1 ˚ 1S2pxq, η
1{6q

η1{6
dx ě minpµpS1q ` µpS2q ´ η

1{6, 1q.

Writing X for the set of x P Td such that 1S1 ˚ 1S2pxq ě η1{3, the left-hand side here

is bounded by µpXq` η1{6, so µpXq ě minp
ş

F1`
ş

F2, 1q´ 4η1{6. On the other hand,

for x P X we certainly have F1 ˚ F2pxq ě η2{31S1 ˚ 1S2pxq ě η.

Lemma 1.3.7. Suppose F grows sufficiently quickly depending on ε. Then as long

as pi, aq, pi1, a1q R E and αpi, aq, αpi1, a1q ě 2ε̃2 then

|pA´ Aq X Ii´i1,a´a1 | ě
N

qM

`

minpαpi, aq ` αpi1, a1q, 1q ´ 10ε̃2
˘

.

Moreover the same bound holds for |pA´ Aq X Ii´i1`1,a´a1 |.

If f is a function on an abelian group we write f ˝ for the function f ˝pxq “ fp´xq.

Proof. Dealing with Ii´i1,a´a1 and Ii´i1`1,a´a1 are similar, so we focus on the former.

By Lemma 1.3.4, then, it suffices to prove

|pA´ Aq X Ii´i1,a´a1 | ě
N

qM

ˆ

min

ˆ
ż

Fi,a `

ż

Fi1,a1 , 1

˙

´ 8ε̃2

˙

for pi, aq and pi1, a1q outside E and such that
ş

Fi,a,
ş

Fi1,a1 ě ε̃2.

For all except maybe 2ε̃2N{qM values of d P Ia´a1,i´i1 (those near the left ends),

|Ii,a X pd` Ii1,a1q| ě
ε̃2N

qM
,

and for any such d we have, if F grows sufficiently rapidly,

fstr|Ii,a ˚ f
˝
str|Ii1,a1 pdq “

ÿ

nPIi,aXpd`Ii1,a1 q

Fi,apθnqFi1,a1pθpn´ dqq

ě
1

N
|Ii,a X pd` Ii1,a1q|

ˆ

Fi,a ˚ F
˝
i1,a1pθdq ´

1

4
ε̃12

˙

.

Here we used the pFpMq, Nq-irrationality of θ, Lemma 1.A.8 and the fact that the

product of two M -Lipschitz functions, each of which is bounded pointwise by 1, is
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2M -Lipschitz. The function Fa,i˚F
˝
a1,i1 is alsoM -Lipschitz, so again by the pFpMq, Nq-

irrationality of θ and by Lemma 1.3.5 the proportion of d P Ii´i1,a´a1 such that Fi,a ˚

F ˝i1,a1pθdq ě
1
2
ε̃12 is at least µpY q ´ ε̃12, where

Y “ ty : Fi,a ˚ F
˝
i1,a1pyq ě ε̃12

u.

But by Lemma 1.3.6 with η “ ε̃12, µpY q ě min
`ş

Fa,i `
ş

Fa1,i1 , 1
˘

´ 4ε̃2. Putting this

all together,

fstr|Ii,a ˚ f
˝
str|Ii1,a1 pdq ě

ε̃14

4qM

for a set of d P Ii´i1,a´a1 of size at least

N

qM

ˆ

min

ˆ
ż

Fa,i `

ż

Fa1,i1 , 1

˙

´ 7ε̃2

˙

.

Now by definition of the set E we can absorb the contribution of fsml and conclude

that

pfstr ` fsmlq|Ii,a ˚ pfstr ` fsmlq
˝
|Ii1,a1 pdq ě

ε̃14N

5qM

for these same values of d. Finally we add in the contribution of funf . Recalling from

(1.1) that 1A “ fstr ` fsml ` funf , Lemma 1.A.10 implies that

1A|Ia,i ˚ 1´A|Ia1,i1 pdq ě
ε̃14

8qM

for all d in a subset of Ii´i1,a´a1 of size at least

N

qM

ˆ

min

ˆ
ż

Fa,i `

ż

Fa1,i1 , 1

˙

´ 8ε̃2

˙

,

again provided that F grows sufficiently rapidly. Since all these d lie in pA ´ Aq X

Ii´i1,a´a1 , the lemma follows.

To use the bound supplied by the preceding lemma we apply the Brunn–Minkowski

theorem, which states that if X, Y Ă Rd are compact then

µpX ` Y q1{d ě µpXq1{d ` µpY q1{d.

We require the case d “ 2. For a wider discussion and proof, refer to [TV10, Chap-

ter 3.4].

Lemma 1.3.8. Given a function α : t1, . . . ,Mu ˆ Z{qZ Ñ r0, 1s and px, yq P

t´M, . . . ,Mu ˆ Z{qZ, define

α̃px, yq “ maxpαpi, aq ` αpi1, a1qq,

11



where the maximum is taken over all pi, aq, pi1, a1q P t1, . . . ,Mu ˆ Z{qZ such that

αpi, aq, αpi1, a1q ą 0, either i´ i1 “ x or i´ i1 ` 1 “ x, and a´ a1 “ y. Then

ÿ

x,y

α̃px, yq ě 4
ÿ

i,a

αpi, aq.

Proof. Consider the compact sets X,X 1 Ă R2 ˆ Z{qZ defined by

X “
ď

pi,aqPt1,...,MuˆZ{qZ
αpi,aqą0

r0, αpi, aqs ˆ ri´ 1, is ˆ tau,

X 1
“

ď

pi1,a1qPt1,...,MuˆZ{qZ
αpi1,a1qą0

r´αpi1, a1q, 0s ˆ ri1 ´ 1, i1s ˆ ta1u,

and note that

X ´X 1
“

ď

pi,aq,pi1,a1q
αpi,aq,αpi1,a1qą0

r0, αpi, aq ` αpi1, a1qs ˆ ri´ i1 ´ 1, i´ i1 ` 1s ˆ ta´ a1u

“
ď

px,yqPt´M,...,MuXZ{qZ

r0, α̃px, yqs ˆ rx´ 1, xs ˆ tyu.

Thus, if ν is the product of Lebesgue measure λ on R2 and counting measure on

Z{qZ, we have νpXq “ νpX 1q “
ř

i,a αpi, aq and νpX ´ X 1q “
ř

x,y α̃px, yq. It

therefore suffices to show that

νpX ´X 1
q ě 4νpXq.

The case q “ 1 here is of course immediate from the Brunn–Minkowski inequality.

A simple argument allows us to extend this to general q. Indeed, let Xa, X
1
a be the

fibres of X,X 1 respectively above a P Z{qZ. Then Xa, X
1
a are compact subsets of R2.

Pick a˚ such that λpXa˚q “ λpX 1
a˚q is largest. If Xa ‰ H then the Brunn–Minkowski

inequality implies that

λpXa ´X
1
a˚q ě

`

λpXaq
1{2
` λpX 1

a˚q
1{2
˘2
ě 4λpXaq.

However the sets pXa´X
1
a˚qˆ ta´a˚u are disjoint as a ranges over Z{qZ, since each

lies in a different fibre over Z{qZ. Therefore

νpX ´X 1
q ě

ÿ

a:Xa‰H

λpXa ´X
1
a˚q ě

ÿ

a:Xa‰H

4λpXaq “ 4λpXq.

In fact we need the following more robust variant of the above, easily deduced

from it.
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Lemma 1.3.9. Let η ą 0. Given a function α : t1, . . . ,Mu ˆ Z{qZ Ñ r0, 1s and

px, yq P t´M, . . . ,Mu ˆ Z{qZ, define

α̃px, yq “ maxpαpi, aq ` αpi1, a1qq,

where the maximum is taken over all pi, aq, pi1, a1q P t1, . . . ,Mu ˆ Z{qZ such that

αpi, aq, αpi1, a1q ą η, either i´ i1 “ x or i´ i1 ` 1 “ x, and a´ a1 “ y. Then

ÿ

x,y

α̃px, yq ě 4
ÿ

i,a

αpi, aq ´ 4ηqM.

Proof. Let

α:pi, aq “

#

αpi, aq if αpi, aq ą η,

0 otherwise.

Then if we define, as in Lemma 1.3.8,

α̃:px, yq “ maxpα:pi, aq ` α:pi1, a1qq,

where the maximum is taken over all pi, aq, pi1, a1q such that α:pi, aq, α:pi1, a1q ą 0,

either i ´ i1 “ x or i ´ i1 ` 1 “ x, and a ´ a1 “ y, then α̃: “ α̃. It thus follows

Lemma 1.3.8 that

ÿ

x,y

α̃px, yq “
ÿ

x,y

α̃:px, yq ě 4
ÿ

a,i

α:pa, iq ě 4
ÿ

a,i

αpa, iq ´ 4ηqM.

Now we are ready to put everything together and complete the proof of Theo-

rem 1.3.1. Let δ “ ε̃20{10M2. Then certainly δ "ε 1. Recall that αpi, aq is the

density of A on Ii,a. Define

α1pi, aq “

#

αpi, aq if pi, aq R E,

0 if pi, aq P E.

Then Lemma 1.3.7 may be rephrased as follows: if α1pi, aq, α1pi1, a1q ě 2ε̃2 then

|pA´ Aq X Ii´i1,a´a1 | ě
N

qM

`

minpα1pi, aq ` α1pi1, a1q, 1q ´ 10ε̃2
˘

,

and the same bound holds for |pA´ Aq X Ii´i1`1,a´a1 |. It follows that

|A´ A| ě
N

qM

ÿ

x,y

minpα̃1px, yq, 1q ´ 20ε̃2N,
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where α̃1 is derived from α1 as in Lemma 1.3.9 with η “ 2ε̃2. Recalling that ε̃ “

minpε, 1{1000q, this implies

|A´ A| ě
N

qM

ÿ

x,y

minpα̃1px, yq, 1q ´
1

10
εN

ě
N

qM

ÿ

x,y

minpα̃1px, yq, 1` 2ε{5q ´
9

10
εN.

Supposing that α̃1px, yq ă 1` 2ε{5 for all px, yq, Lemma 1.3.9 then implies that

|A´ A| ą
4N

qM

ÿ

i,a

α1pi, aq ´
99

100
εN ą

4N

qM

ÿ

i,a

αpi, aq ´
999

1000
εN ą 4|A| ´ εN.

Thus if |A´A| ď 4|A| ´ εN , there must be some px, yq such that α̃1px, yq ě 1` 2ε{5,

whence for some pi, aq we must have αpi, aq ě 1{2` ε{5. This completes the proof of

Theorem 1.3.1.

1.3.3 Asymmetric version

Actually, virtually the same proof gives the following asymmetric version, which even

more closely resembles the Brunn–Minkowski theorem.

Theorem 1.3.10. Let ε ą 0, and suppose A,B Ă t1, . . . , Nu satisfy

|A`B|1{2 ď |A|1{2 ` |B|1{2 ´ εN1{2.

Then there are arithmetic progressions P1 and P2 of the same common difference,

each of length "ε N , such that

|AX P1|{|P1| ` |B X P2|{|P2| ě 1` cε,

for some absolute constant c ą 0.

Sketch. One wrinkle is that we need a simultaneous regularity decomposition of A

and B. This can be achieved for example by applying the regularity lemma to the

set AY pB `Nq as a subset of t1, . . . , 2Nu.

The only other part of the proof above which needs to be seriously adapted is

Lemma 1.3.8. We need to prove that if ν is the product of Lebesgue measure λ

on R2 and counting measure on Z{qZ, then the two-dimensional Brunn–Minkowski

inequality holds for ν, i.e., if X, Y Ă R2 ˆ Z{qZ are compact then

νpX ` Y q1{2 ě νpXq1{2 ` νpY q1{2.
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In the asymmetric case there does not seem to be such a simple proof available

(involving picking a largest fibre), but we can adapt the proof of the Brunn–Minkowski

theorem based on the Prékopa–Leindler inequality (see [TV10, Chapter 3.4]).

We may assume that νpXq, νpY q ą 0, as otherwise the assertion is obvious. For

x, y P R2, write Xx, Yy Ă Z{qZ for the fibres of X and Y over x and y respectively.

Then whenever Xx and Yy are both nonnempty we have

|Xx ` Yy| ě maxp|Xx|, |Yy|q.

Thus for every θ in the range 0 ă θ ă 1 we have

|Xx ` Yy| ě |Xx|
θ
|Yy|

1´θ

for all x, y P R2 (whether or not Xx or Yy is empty). Hence by the Prékopa–Leindler

inequality we have

ż

R2

max
x`y“z

|Xx ` Yy| dλpzq ě
1

pθθp1´ θq1´θq2

ˆ
ż

R2

|Xx| dλpxq

˙θ ˆż

R2

|Yy| dλpyq

˙1´θ

.

This implies in particular

νpX ` Y q ě
1

pθθp1´ θq1´θq2
νpXqθνpY q1´θ.

Thus by optimizing θ (i.e., taking θ “ νpXq1{2{pνpXq1{2 ` νpY q1{2) we have

νpX ` Y q1{2 ě νpXq1{2 ` νpY q1{2,

as required.

1.4 Contraction-mapping-type iteration

1.4.1 The case of x` y “ z

The weak structure theorem proved in the previous section for sets of doubling 4´ε im-

plies a corresponding weak structure theorem for large sum-free subsets of t1, . . . , Nu.

We start with this.

Theorem 1.4.1. Suppose A Ă t1, . . . , Nu is a sum-free set of size at least p1{3`εqN .

Then there is a progression P “ td, 2d, . . . ,Mdu Ă t1, . . . , Nu with d !ε 1 and

M "ε N such that AX P “ H.

Thus there is a progression P “ td, 2d . . . ,Mdu Ă t1, . . . , Nu with d !ε 1 and

M "ε N which is disjoint from every sum-free set A Ă t1, . . . , Nu of size at least

p1{3` εqN .
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Proof. Since A is sum-free, the sets A, ´A, and A ´ A are pairwise disjoint. Since

AY p´Aq Y pA´ Aq Ă t´N ` 1, . . . , N ´ 1u, we deduce that

|A´ A| ď 2N ´ 2|A| ď p4{3qN ´ 2εN ď 4|A| ´ 6εN.

Thus by Theorem 1.3.1 there is a progression P 1 of common difference d !ε 1 and of

length "ε N such that A has density at least 1{2 ` cε on P 1. It follows that A ´ A

contains dx for all x such that 0 ď x ďM , where M “ 2cε|P 1|. Since AXpA´Aq “ H

we must have AX td, 2d, . . . ,Mdu “ H.

For the second part take the intersection of all the progressions P which might

appear in the first part.

We are now only a short step away from proving Theorem 1.1.2. It remains only

to iteratively build a measure µ on t1, . . . , Nu such that µ is a convex combination

of the uniform measure on t1, . . . , Nu and another measure, supported on P (with P

as in Theorem 1.4.1), which again looks a bit like µ.

Proposition 1.4.2. For every integer t ě 0 there is a finitely supported probability

measure µ on N such that for every sum-free set B Ă N we have

µpBq ď 1{3` p9{10qt.

Proof. We use induction on t. For t “ 0 we can take µ to be anything, say the point

mass δ1. For t ą 0, by induction there is a measure µ1 such that for every sum-free

set B Ă N we have

µ1pBq ď 1{3` p9{10qt´1.

By taking N sufficiently large and dilating µ1 if necessary we may assume that µ1 is

supported on the progression P “ td, 2d . . . ,Mdu appearing in the second part of

Theorem 1.4.1 with ε “ p1{2qp9{10qt´1. Let ν be the uniform measure on t1, . . . , Nu,

and put

µ “ p4{5qµ1 ` p1{5qν.

Now suppose that B Ă N is sum-free. By our hypothesis about µ1 we have

µ1pBq ď 1{3` p9{10qt´1.

Thus if νpBq ď 1{3` p9{10qt´1{2 we have

µpBq ď 1{3` p4{5qp9{10qt´1
` p1{5qp9{10qt´1

{2 “ 1{3` p9{10qt.
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On the other hand if νpBq ě 1{3 ` p9{10qt´1{2 then by our hypothesis about P we

have B X P “ H, so µ1pBq “ 0, so

µpBq “ p1{5qνpBq ď 1{5.

This proves the proposition.

Theorem 1.1.2 is immediate from this proposition (taking t sufficiently large) and

Lemma 1.2.1.

1.4.2 The case of Ek,l for k ď 3l

We now briefly sketch how the method used so far generalizes. Let k ą l be positive

integers, and consider the equation Ek,l as in the introduction. By Erdős’s argument

we know δEk,l ě 1{pk ` lq. We can prove δEk,l “ 1{pk ` lq using a method similar to

the above as long as k ď 3l.

Theorem 1.4.3. Let k, l be positive integers satisfying l ă k ď 3l. Then δEk,l “

1{pk ` lq. In other words, for every ε ą 0 there is a set A Ă N for which every

Ek,l-free subset B Ă A has size at most p1{pk ` lq ` εqn.

Sketch. Let N be a large positive integer divisible by both l and k ´ l. A set B Ă

t1, . . . , Nu has no solutions to Ek,l if and only if

pk ´ lqB X plB ´ lBq “ H. (1.3)

By Theorem 1.3.10 we may assume that both pk ´ lqB and lB ´ lB satisfy two-

dimensional-like doubling estimates, unless B has density at least

min

ˆ

1

k ´ l
,

1

2l

˙

` ε “
1

2l
` ε

on some progression of length "ε |B|. (The equality above is the only place where

we use the hypothesis 3l ě k.) In fact we may assume that we have such doubling

estimates for pk ´ lqB1 and lB2 ´ lB2 for arbitrary subsets B1, B2 Ă B, unless B is

so dense on some such progression. We apply this with

B1 “ B X t1, . . . , N{pk ´ lqu

and

B2 “ B X t1, . . . , N{lu.
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If we have the two-dimensional-like doubling estimates

|pk ´ lqB1| ě ppk ´ lq2 ´ εq|B1|

and

|lB2 ´ lB2| ě p4l2 ´ εq|B2|,

then from (1.3) we deduce as in the proof of Theorem 1.4.1 that

2ppk ´ lq2 ´ εq|B1| ` p4l2 ´ εq|B2| ď 2N. (1.4)

Define the probability measure ν by

νpXq “
pk ´ lq2|X X t1, . . . , N{pk ´ lqu| ` 2l2|X X t1, . . . , N{lu|

pk ` lqN
.

Then (1.4) implies

νpBq ď
1

k ` l
`Opεq.

On the other hand suppose B has density at least 1{p2lq`ε on some long progression.

Then lB´ lB contains a long progression through 0, and hence from (1.3) it must be

that pk ´ lqB and thus B itself is disjoint from some such progression. We therefore

deduce the following weak structure theorem for large Ek,l-free sets:

If B is Ek,l-free then either νpBq ď 1{pk` lq `Opεq, or B is disjoint from

a progression through 0 of length "ε N .

We can therefore now repeat the iterative process of Proposition 1.4.2 but with

the measure ν in place of the uniform measure. The result is a measure µ such that

µpBq ď 1{pk ` lq ` ε for every Ek,l-free B Ă N. We then appeal to Lemma 1.2.1 as

before.

This proves the k ď 3l case of Theorem 1.1.3. The need for the restriction k ď 3l

can be understood loosely as follows. If we rewrite the Ek,l-free condition as

pk ´ lqB X plB ´ lBq “ H,

then for our argument to work we need the difference set lB´ lB to “fill out” at least

as fast as the sumset pk ´ lqB, and this amounts to requiring that 2l ě k ´ l.
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1.5 An alternative approach based on transference

In this section our target is the equation

Ek,1 : x1 ` ¨ ¨ ¨ ` xk “ y

for arbitrary k. We call a set B with no solutions to this equation k-sum-free. Our

goal is to prove that for every ε ą 0 there is a set A Ă N having no k-sum-free subset

B of size greater than p1{pk ` 1q ` εq|A|.

Theorem 1.5.1. Let k ě 2. Then δEk,1 “ 1{pk ` 1q. In other words, for every ε ą 0

there is a set A Ă N having no k-sum-free-subset of size greater than p1{pk`1q`εq|A|.

Let us recall how Erdős’s argument works, and in particular where the constant

1{pk ` 1q comes from. First we identify a solution-free subset S Ă T, specifically the

open interval of length 1{pk ` 1q centered at the point 1{p2k ´ 2q. Then we choose

x P T uniformly at random and put Bx “ tk P A : kx P Su. We then observe that,

for every k P N, the probability that kx P S is exactly µpSq, and so by linearity of

expectation Bx has expected size µpSq|A|.

The starting point of this section is the observation that the only thing which

makes this proof tick is the dilation-invariance of the measure µ. Here we call a

measure µ on an abelian group G dilation-invariant if the push-forward of µ under

the map ˆk : x ÞÑ kx, which we assume is measurable, is again µ for every positive

integer k. At this level of abstraction we can prove a converse to Erdős’s theorem,

and this turns out to be oddly useful. The following lemma extends Lemma 1.2.1.

Lemma 1.5.2. To the list of equivalent conditions in Lemma 1.2.1 we may add the

following condition.

5. There is an abelian group G, a σ-algebra Σ of subsets of G, a dilation-invariant

probability measure µ on Σ, and an E-free set S P Σ such that µpSq ě δ.

Consequently δE is the largest constant for which we have such pG,Σ, µq and S.

Proof. The proof of the implication 5 ùñ 2 has been suggested already, but let us

repeat the argument. For x P G let Bx “ tk P A : kx P Su. Then Bx is E-free, and

by dilation-invariance we have
ż

G

|Bx| dµpxq “
ÿ

kPA

ż

G

1kxPS dµpxq “
ÿ

kPA

pˆkq˚µpSq “ µpSq|A| ě δ|A|.

Thus there is at least one x P G such that |Bx| ě δ|A|.
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We will prove 3 ùñ 5 using an ultraproduct argument. The reader needing

an introduction to ultrafilters and in particular Loeb measure should refer to Ap-

pendix 2.A.

Suppose that every set Fm has an E-free subset Bm of size at least δ|Fm|. Let

p P βNzN be a nonprincipal ultrafilter, let G be the ultraproduct
ś

mÑp Z, and let

Σ be the Loeb σ-algebra on G. Defining µm on subsets of Z by

µmpAq “ |AX Fm|{|Fm|,

let µ be the Loeb measure induced by the sequence pµmq. Let S be the internal set
ś

mÑpBm.

To verify dilation-invariance, note that ˆk is measurable, as it sends internal sets

to internal sets, and that ˆk approximately preserves µm by the Følner property, so

it exactly preserves µ. By the basic properties of ultrafilters we know that S is E-free,

and by definition of µ we have

µpSq “ st

ˆ

lim
mÑp

µmpBmq

˙

ě δ.

We do not actually need the next lemma, but we include it for independent inter-

est. Recall that the multiplicative upper density of a set B Ă N, with respect to our

Følner sequence pFmq, is

dpFmqpBq “ lim sup
mÑ8

|B X Fm|

|Fm|
.

Lemma 1.5.3. To the equivalent conditions of Lemmas 1.2.1 and 1.5.2 we may also

add the following condition.

6. There is an E-free subset B Ă N of multiplicative upper density at least δ.

Consequently, δE is the largest possible multiplicative upper density of an E-free set

B Ă N.

Proof. To prove 5 ùñ 6 we use Fatou’s lemma. For x P G let Bx “ tk P N : kx P Su.

Then by Fatou’s lemma we have

ż

G

dpFmqpBxq dµpxq ě lim sup
mÑ8

ż

G

|Bx X Fm|

|Fm|
dµpxq

“ lim sup
mÑ8

1

|Fm|

ÿ

kPFm

pˆkq˚µpSq

ě δ,
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so as before there is at least one x P G such that dpFmqpBxq ě δ.

The implication 6 ùñ 4 is obvious, at least if we are happy to weaken δ to

δ ´ ε for arbitrarily small ε ą 0. We can then easily upgrade δ ´ ε to δ using, say,

4 ùñ 3.

We can finish the proof of Theorem 1.5.1 by appealing to the following theorem of

 Luczak and Schoen on the structure of infinite k-sum-free sets of large upper density.

Theorem 1.5.4 ( Luczak–Schoen [ LS97]). Let B Ă N be a k-sum-free set of upper

density greater than 1{pk ` 1q. Then B is contained in a periodic k-sum-free set.

In order to take advantage of this theorem we need one more gadget. We define

the upper density on multiples rdpBq of a set B Ă N by

rdpBq “ lim sup
@p: νppNqÑ8

lim sup
nÑ8

|B X tn, 2n, . . . , Nnu|

n
,

where the outer lim sup is taken over all sequences “tending to infinity in the divisi-

bility order”, i.e., such that the p-valuation νppNq tends to infinity for each prime p.

In other words,

rdpBq “ lim
mÑ8

sup

"

lim sup
nÑ8

|B X tn, 2n, . . . , Nnu|

n
: νppNq ě m for all primes p ď m

*

.

Then the following is a simple corollary of Theorem 1.5.4.

Corollary 1.5.5. If B Ă N is k-sum-free then rdpBq ď 1{pk ` 1q.

Proof. Suppose B Ă N is k-sum-free and rdpBq ą 0. Then necessarily B contains a

multiple of every natural number. Thus for every N P N the set

B{N “ tn : Nn P Bu

also contains a multiple of every natural number, and thus is not contained in any

periodic k-sum-free set. Thus by Theorem 1.5.4 the set B{N has upper density at

most 1{pk ` 1q. Since this holds for every N we have rdpBq ď 1{pk ` 1q.

On the other hand the following is a consequence of Lemma 1.5.2.

Lemma 1.5.6. Fix some homogeneous linear equation E. Then there is an E-free

set B Ă N such that rdpBq ě δE.
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Proof. By Lemma 1.5.2 there is an abelian group G, a σ-algebra Σ of subsets of G,

a dilation-invariant probability measure µ on Σ, and an E-free set S P Σ such that

µpSq ě δE. For x P G let Bx “ tk P N : kx P Su. Then by two applications of Fatou’s

lemma we have
ż

G

rdpBxq dµpxq “ lim sup
@p: νppNqÑ8

lim sup
nÑ8

ż

G

|Bx X tn, 2n, . . . , Nnu|

n

“ lim sup
@p: νppNqÑ8

lim sup
nÑ8

1

n

n
ÿ

k“1

ż

G

1kxPS dµpxq

“ lim sup
@p: νppNqÑ8

lim sup
nÑ8

1

n

n
ÿ

k“1

pˆkq˚µpSq

ě δE.

Thus for at least one x P G we have rdpBxq ě δE.

Theorem 1.5.1 follows immediately from the previous two results.

Incidentally, it is also possible to give a purely finitary proof of Theorem 1.5.1, by

finitizing the proof of Theorem 1.5.4: see [Ebe15] for full details.

1.6 A question of Bergelson, Hindman, and Jor-

dan

The sum-free subset problem has also appeared in the literature in a somewhat dif-

ferent guise, as we now explain. Inspired by a question of Bergelson about density

versions of Schur’s theorem, Hindman and Jordan [HJ07] asked the following question.

Question 1.6.1. What is the largest constant β such that there is a sequence pSnq

of measurable subsets of r0, 1s such that µpSnq ě β for each n and such that

Sm X Sn X Sm`n “ H

for all m,n?

As observed by Bergelson, the example

Sn “ tx : nx mod 1 P p1{3, 2{3qu

shows that β ě 1{3. Hindman and Jordan showed that β ď 0.36667, and asked

whether β “ 1{3. This follows from Theorem 1.1.2.

Proposition 1.6.2. β “ 1{3.
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Proof. Let pSnq be a sequence of measurable subsets of r0, 1s such that µpSnq ě β

for each n and such that Sm X Sn X Sm`n “ H for all m,n. For A Ă N and

x P r0, 1s, it follows from the hypothesis Sm X Sn X Sm`n “ H that the subset

Bx “ tm P A : x P Smu of A is sum-free. Moreover if we pick x P r0, 1s uniformly at

random then

E|Bx| “
ÿ

mPA

µpSmq ě β|A|,

so there is at least one x such that |Bx| ě β|A|. By Theorem 1.1.2, this implies

β ď 1{3.

Suppose we now ask the general version of Question 1.6.1. Given an equation E

say in k variables, let βE be the largest constant such that there is a sequence pSnq

of subsets of r0, 1s such that µpSnq ě βE for each n and such that
Şk
i“1 Smi “ H for

all m1, . . . ,mk P N satisfying E.

Proposition 1.6.3. βE “ δE.

Proof. The proof that βE ď δE is much like the proof of Proposition 1.6.2, so it

suffices to prove βE ě δE. By Lemma 1.5.2 there is an abelian group G, a σ-algebra

Σ of subsets of G, a dilation-invariant probability measure µ on Σ, and a solution-free

set S P Σ such that µpSq ě δ. The sets Sn “ pˆnq
´1pSq are essentially what we want,

except that we prefer subsets of r0, 1s rather than of an arbitrary probability space.

This can be dealt with in a standard fashion. (Let Σ1 be the sub-σ-algebra generated

by tpˆkq´1pSq : k P Nu. Then Σ1 is a countably generated σ-algebra, so by [Roy88,

Theorem 15.3.4] there is a measure algebra isomorphism between the completion of

pG,Σ1, µq and r0, 1s. Now for the required set Sn take the image in r0, 1s of the set

pˆnq´1pSq, and remove null sets as necessary.)

1.7 Open questions

In this chapter we proved that for every ε ą 0 there is a set of positive integers

A having no sum-free subset B of size greater than p1{3 ` εq|A|. This shows that

in Erdős’s theorem that every set A has a sum-free subset B of size at least |A|{3,

the constant 1{3 is best possible. More generally we proved that δEk,l “ 1{pk ` lq

whenever k ą l and either k ď 3l or l “ 1.

Naturally we conjecture the restrictions on k and l are unnecessary, and that the

same result is true for all k ą l. In light of Section 1.5, to prove this it would suffice

to show that an Ek,l-free subset of N of upper density larger than 1{pk ` lq must
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be contained in a periodic Ek,l-free subset. This problem might be more tractable,

and in particular might be amenable to the method used by  Luczak and Schoen for

k-sum-free sets.

Suppose however we now try to generalize the problem to an arbitrary linear

equation. That is, consider the equation

E : a1x1 ` ¨ ¨ ¨ ` arxr “ 0,

where a1, . . . , ar P Z. To avoid trivialities assume that at least one ai is positive and

at least one ai is negative. Then before even making a conjecture we run up against

a problem: what constant should we have in place of 1{pk` lq? To run Erdős’s proof

we should look for the largest E-free subset of T, but the problem is that even for

such simple equations as 2x ` y “ z this is an interesting and challenging problem

itself.

However, we could still conjecture an abstract transference theorem. For an ar-

bitary compact abelian group G, let

dEpGq “ suptµGpSq : measurable E-free S Ă Gu.

Then we conjecture the following.

Conjecture 1.7.1. δE “ dEpTq.

Applied to E “ Ek,l, this conjecture would in particular remove our unnecessary

restrictions on k, l, since indeed it follows from Macbeath’s theorem mentioned in

Section 1.3 that dEk,lpTq “ 1{pk` lq. Thus this conjecture generalizes Theorems 1.1.2

and 1.1.3, and of course goes much further.

We do not know whether Conjecture 1.7.1 is true, but the following proposition

perhaps adds some credibility to it.

Proposition 1.7.2. Suppose we have a compact abelian group G, a dilation-invariant

Borel probability measure µ on G, and an E-free subset S Ă G of measure µpGq ě δ.

Then dEpTq ě δ.

This proposition should be compared with Lemma 1.5.2. The point is that if we

could somehow arrange for the group G appearing in that lemma to be compact, then

Conjecture 1.7.1 would follow.

24



Proof. First we claim that the set of dilation-invariant Borel probability measures

on G is the weak* closed convex hull of the set of normalized Haar measures µH of

connected closed subgroups H. To see this, we view pG, µq as a measure-preserving

system for the action of pN, ¨q. By the ergodic decomposition (just the weak form

based on the Krein–Milman theorem) it suffices to show that if µ is ergodic for this

action then in fact µ “ µH for some connected closed subgroup H of G.

Let γ P pG be a character (that is, a continuous homomorphism γ : G Ñ T),

and consider the push-forward γ˚µ of µ. This measure γ˚µ on T is again ergodic for

the action of pN, ¨q, and it’s easy to see therefore by Fourier analysis on T (and the

fact that the function fpxq “ 1xą0 on Z is not the Fourier transform of any signed

measure) that either γ˚µ “ δ or γ˚µ “ µT. Thus

pµpγq “

ż

G

epγpxqq dµpxq “

ż

T

eptq dγ˚µptq “

#

1 if γ˚µ “ δ,

0 if γ˚µ “ µT.

Thus pµ is the indicator of the subgroup Γ ď pG defined by

Γ “ tγ P pG : γpxq “ 0 µ-a.e.u,

so µ is the normalized Haar measure of H “ ΓK. Moreover if kγ P Γ then kγpxq “

γpkxq “ 0 for µ-almost-all x, so by dilation-invariance in fact γpxq “ 0 for µ-almost-

all x, so γ P Γ. Thus pG{Γ – pH is torsion-free, so H is connected. This proves our

first claim.

It follows immediately by considering the map µ ÞÑ µpSq that for some connected

closed subgroup H of G we have µHpSq ě δ. Thus the conclusion of the proposition

holds at least for some connected compact abelian group H in place of T.

Finally, to get from H to T we use transference ideas of Candela and Sisask [Sis08;

CS11]. Specifically, given 1S P L
2pHq we find a function g P L2pTq such that the large

spectra of 1S and g are similar in structure. (In the technical language of [CS11], we

are using the fact that, because pH is torsion-free, pT – Z can Freiman pn, kq-model
pH for all n, k.) We then approximate g by the indicator of a set and use a removal

lemma to conclude. Refer to [CS11] for full details about this procedure.

One could even more generally formulate a version of Conjecture 1.7.1 for systems

F of more than one equation, such as the system

F :

#

x` y “ z,

x´ y “ w.
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A set B is called F -free if there are no tuples of points satisfying each of the equations

in the system. Almost all of the general results proved in this chapter carry over

without change to the case of arbitrary systems. The following conjecture seems

reasonable.

Conjecture 1.7.3. δF “ limpÑ8 dF pZ{pZq.

Candela and Sisask [CS14] have shown that the limit appearing in this conjec-

ture exists, and equals dF pTq whenever F consists of a single equation. In general

limpÑ8 dF pZ{pZq ě dF pTq. It is actually not known whether there are systems F for

which limpÑ8 dF pZ{pZq ą dF pTq, but this is strongly suspected.

1.A Appendix: U 2 regularity

In the course of the proof of Theorem 1.1.2 we need the s “ 1 (a.k.a. abelian, or

U2) case of the arithmetic regularity lemma of Green and Tao [GT10]. This case is

considerably simpler than the general case, as it relies only on the inverse theorem

for the U2 norm, which is elementary both to state and to prove. Reading [GT10]

however can be rather hard-going if one only cares about the case s “ 1 and not

the higher-order theory. The purpose of this chapter therefore is to provide a brief,

self-contained treatment of this case. This chapter may also serve as an introduction

to the general case.

1.A.1 The regularity lemma and its proof

The arithmetic regularity lemma states, roughly speaking, that an arbitrary function

f : rN s Ñ r0, 1s is the sum of a structured part fstr, a small part fsml, and a Gowers-

uniform part funf . Moreover we can buy higher-order uniformity of funf at the cost of

more involved structure of fstr, but here we will only be able to afford U2 uniformity.

We start with the inverse theorem for the U2 norm. We define the U2pZ{MZq

norm of a function f : Z{MZ Ñ C as

}f}U2pZ{MZq “

´

Ea,h1,h2PZ{MZfpaqfpa` h1qfpa` h2qfpa` h1 ` h2q

¯
1
4
,

and then the U2prN sq norm of a function f : rN s Ñ C as

}f}U2prNsq “
}f}U2pZ{MZq

}1rNs}U2pZ{MZq

,
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where M ě 2N and we define fpxq “ 0 if x R t1, . . . , Nu: one easily checks that this

definition is independent of the choice of M . We will often abbreviate U2prN sq to U2

when no confusion can arise.

Given f : Z{MZ Ñ C we define the Fourier transform pf of f by

pfprq “ ExPZ{MZfpxqeMp´rxq

for r P Z{MZ, where eMpxq “ epx{Mq. The Fourier inversion formula then states

fpxq “
ÿ

rPZ{MZ

pfprqeMprxq.

Using these formulae one easily proves

}f}U2pZ{MZq “

¨

˝

ÿ

rPZ{MZ

| pfprq|4

˛

‚

1
4

.

Lemma 1.A.1 (Inverse theorem for the U2 norm). If f : rN s Ñ r´1, 1s is a function

such that }f}U2 ě δ, then there exists θ P T such that

ˇ

ˇEnPrNsfpnqep´θnq
ˇ

ˇ "δ 1.

Proof. The condition }f}U2prNsq ě δ implies that }f}U2pZ{MZq " δ, where M “ 2N

and as usual we extend f by zero to the rest of Z{MZ. We therefore have

ÿ

rPZ{MZ

| pfprq|4 " δ4.

From Parseval’s theorem and the hypothesis |f | ď 1 it then follows that

δ4
! sup | pf |2

¨

˝

ÿ

rPZ{MZ

| pfprq|2

˛

‚“ sup | pf |2
`

ExPZ{MZ|fpxq|
2
˘

ď sup | pf |2.

Thus | pfprq| " δ2 for at least one r P Z{MZ, so we may take θ “ r{M .

We need a slightly modified form of the above lemma in order to apply an energy

increment argument, but first we need some language. Let us say that f : rN s Ñ R

has 1-complexity at most M if fpnq “ F pθnq for some F : Td Ñ R and θ P Td such

that d, }F }Lip ďM . Here we take the Euclidean metric

dpx, yq “ min
zPZd

}x´ y ´ z}2
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on Td, and we define the Lipschitz norm }F }Lip of F : Td Ñ R by

}F }Lip “ sup
x
|F pxq| ` sup

x‰y

|F pxq ´ |F pyq|

dpx, yq
.

The Fourier inversion formula shows that every f : rN s Ñ C has finite 1-complexity,

but functions of bounded 1-complexity are special.

Our results from now on will be quantified by an arbitrary growth function, by

which we mean simply an increasing function F : R` Ñ R`. By F !X 1 we will

mean that F is bounded by a function R` Ñ R` depending only on the parameter

X; in other words F !X 1 means FpMq !X,M 1.

We say f is 1-measurable with growth F if for every M ą 0 there is some function

fstr : rN s Ñ R of 1-complexity at most FpMq such that

}f ´ fstr}2 ď
1

M
,

where the L2prN sq norm of a function f : rN s Ñ C is defined by

}f}2 “
`

ExPrNs|fpxq|
2
˘

1
2 .

A set E Ă rN s is called 1-measurable with growth F if 1E is so. Note that if f and

g are 1-measurable with growth F then f ` g and fg are 1-measurable with growth

!F 1, so if E and F are 1-measurable with growth F then E Y F , E X F , EzF , and

so on, are all 1-measurable with growth !F 1.

Lemma 1.A.2 (U2 inverse theorem, alternative formulation). If f : rN s Ñ r´1, 1s is

a function such that }f}U2 ě δ, then there is a 1-measurable set E Ă rN s with growth

!δ 1 such that
ˇ

ˇEnPrNsfpnq1Epnq
ˇ

ˇ "δ 1.

Proof. By the previous lemma there is some θ P T such that φpnq “ ep´θnq satisfies

ˇ

ˇEnPrNsfpnqφpnq
ˇ

ˇ "δ 1.

Now by replacing φ with its the real or imaginary part, and then with its positive or

negative part, we may assume that φ is real and nonnegative (e.g., if we take the real

and then positive parts, then φpnq “ p< ep´θnqq`).

For 0 ď t ď 1, let

Et “ tn P rN s : φpnq ě tu.

Noting that

φpnq “

ż 1

0

1Etpnq dt,
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it follows that
ż 1

0

ˇ

ˇEnPrNsfpnq1Etpnq
ˇ

ˇ dt "δ 1,

and so
ˇ

ˇEnPrNsfpnq1Etpnq
ˇ

ˇ "δ 1

for all t in a set Ω Ă r0, 1s of measure |Ω| "δ 1.

Among these sets Et with t P Ω there must be some Et which is approximately

invariant under small changes in t. Indeed, if

Mptq “ sup
rą0

1

2r

1

N
|tn P rN s : |φpnq ´ t| ď ru|

then the Hardy–Littlewood maximal inequality (see any standard reference, such

as [Rud87]) states

|tt P r0, 1s : Mptq ě λu| !
1

λ
.

Since |Ω| "δ 1 there is some t P Ω such that Mptq !δ 1.

For any such t, Et is 1-measurable with growth !δ 1. Indeed, note for any r ą 0

that

|tn P rN s : |φpnq ´ t| ď ru| !δ rN.

Choosing η : R Ñ R` of Lipschitz norm }η}Lip ! 1{r such that ηpxq “ 0 if x ă t´ r

and ηpxq “ 1 if x ą t` r, it follows that }1Et ´ η ˝φ}2 !δ
?
r. Since φ is a function of

θn of Lipschitz norm ! 1, this implies that 1Et is 1-measurable with growth !δ 1.

A factor B of rN s is a subalgebra of 2rNs, or equivalently a partition of rN s into

cells. We say a factor B1 refines another B if every cell of B is a union of cells of B1.
We call B a 1-factor with complexity at most M and growth F if B has M cells, each

of which is 1-measurable with growth F . Note in this case that every B-measurable

(i.e., constant on each cell of B) function f : rN s Ñ r´1, 1s is 1-measurable with

growth !M,F 1.

For x P rN s we define Bpxq to be the unique cell containing x, and we define the

conditional expectation Epf |Bq of a function f : rN s Ñ C by

Epf |Bqpxq “ 1

|Bpxq|
ÿ

yPBpxq

fpyq.

Equivalently, the function Epf |Bq is the orthogonal projection of f onto the subspace

of B-measurable functions. Finally, with respect to a fixed function f : rN s Ñ C, the

energy of B is EpBq “ }Epf |Bq}22.
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Corollary 1.A.3 (Lack of uniformity allows energy increment). Suppose B is a 1-

factor of complexity ďM and growth F and f : rN s Ñ r´1, 1s is a function such that

}f ´Epf |Bq}U2prNsq ě δ. Then there exists a refinement B1 of B of complexity ď 2M

and growth !M,δ,F 1 such that

EpB1q ´ EpBq "δ 1.

Proof. By the previous corollary there is a 1-measurable set E Ă rN s with growth

!δ 1 such that

|xf ´ Epf |Bq, 1Ey| "δ 1.

Let B1 be the factor generated by B and E. Then B1 is a 1-factor of complexity ď 2M

and growth !M,δ,F 1, and since 1E is B1-measurable we have

|xEpf |B1q ´ Epf |Bq, 1Ey| "δ 1.

Now Cauchy–Schwarz and the Pythagorean theorem imply that

EpB1q ´ EpBq “ }Epf |B1q ´ Epf |Bq}22 "δ 1.

We can now deduce a weak form of the regularity lemma, occasionally referred to

as the Koopman–von Neumann theorem.

Corollary 1.A.4 (Weak regularity). Let B be a 1-factor of complexity M and growth

F , and let f : rN s Ñ r´1, 1s be a function. Then there exists a refinement B1 of B of

complexity !δ,M 1 and growth !δ,M,F 1 such that

}f ´ Epf |B1q}U2prNsq ď δ.

Proof. Repeatedly apply the previous corollary to refine the 1-factor B. Since 0 ď

EpBq ď 1, this process must end after !δ 1 steps.

Finally, by iterating this result, we deduce full regularity.

Theorem 1.A.5 (The U2 regularity lemma). Let f : rN s Ñ r0, 1s be a function, F a

growth function, and ε ą 0. Then there is a quantity M !ε,F 1 and a decomposition

f “ fstr ` fsml ` funf

of f into functions fstr, fsml, funf : rN s Ñ r´1, 1s such that

1. fstr has 1-complexity at most M ,
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2. fsml has L2prN sq norm at most ε,

3. funf has U2prN sq norm at most 1{FpMq,

4. fstr and fstr ` fsml take values in r0, 1s.

Proof. Starting with M0 “ 1 and B0 “ tH, rN su, suppose inductively that Bi is a

1-factor of complexity and growth !i,Mi,F 1. Then there is a function f
piq
str : rN s Ñ R

of 1-complexity Mi`1 !ε,i,Mi,F 1 such that Mi`1 ěMi and

}Epf |Biq ´ f piqstr}2 ď ε{2.

Moreover, by truncating f
piq
str above and below (which doesn’t increase 1-complexity)

we may assume that f
piq
str : rN s Ñ r0, 1s. By the previous corollary there is a refinement

Bi`1 of Bi of complexity and growth !i,Mi`1,F 1 such that

}f ´ Epf |Bi`1q}U2prNsq ď 1{FpMi`1q.

Note in the end that Mi !ε,i,F 1, and since pEpBiqq is an increasing sequence in

r0, 1s there is some i !ε 1 such that

EpBi`1q ´ EpBiq “ }Epf |Bi`1q ´ Epf |Biq}22 ď ε2
{4.

Let M “Mi`1 and let

fstr “ f
piq
str ,

fsml “ Epf |Bi`1q ´ f
piq
str ,

funf “ f ´ Epf |Bi`1q.

It will be convenient to make the structure of fstr a little more explicit. Specifically,

we would like θ P Td to be pA,Nq-irrational for some large A, meaning that if

q P Zdzt0u and }q}1 ď A (where if q “ pq1, . . . , qdq then }q}1 “ |q1| ` ¨ ¨ ¨ ` |qd|) then

}q ¨θ}T ě A{N : this will be important in several counting lemmas, which relate a sum

involving fstr to an integral over Td. Of course, there are other possible behaviours

of q ¨ θ: it may be that θ itself is small, in which case q ¨ θ moves slowly away from

0, or it may be that θ is rational, in which case q ¨ θ frequently returns to 0, or there

may be a combination of these behaviours. Nevertheless, it turns out that once these

two pollutants are boiled off, the remnant is highly irrational in the above sense.

We say a subtorus T of Td of dimension d1 has complexity at most M if there is

some L P SLdpZq, all of whose coefficients have size at most M , such that LpT q “

Td1 ˆt0ud´d
1

. In this case we implicitly identify T with Td1 using L. For instance, we

say θ P Td is pA,Nq-irrational in T if Lpθq is pA,Nq-irrational in Td1 .
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Theorem 1.A.6. Given θ P Td, a positive integer N , and a growth function F , there

is a quantity M !d,F 1 and a decomposition

θ “ θsmooth ` θrat ` θirrat

such that

1. θsmooth is pM,Nq-smooth, meaning dpθsmooth, 0q ď
M
N

,

2. θrat is M-rational, meaning qθrat “ 0 for some q ďM , and

3. θirrat is pFpMq, Nq-irrational in a subtorus of complexity ďM .

Proof. Starting with M0 “ 1, θ
p0q
smooth “ θ

p0q
rat “ 0, θ

p0q
irrat “ θ, and T0 “ Td, suppose

inductively that

θ “ θ
piq
smooth ` θ

piq
rat ` θ

piq
irrat,

where θ
piq
smooth is pMi, Nq-smooth, θ

piq
rat is Mi-rational, and θ

piq
irrat lies in a subtorus Ti of

dimension d´ i and complexity ďMi.

If θ
piq
irrat is pFpMiq, Nq-irrational in Ti then we are done, so suppose that L P SLdpZq

is a linear map of complexity ďMi identifying T with Td´i and such that

}q ¨ Lpθ
piq
irratq}T ď

FpMiq

N

for some q P Zd´izt0u such that }q}1 ď FpMiq. Choose θ
piq1
smooth P T so that

}q ¨ Lpθ
piq
irrat ´ θ

piq1
smoothq}T “ 0

and such that dpLpθ
piq1
smoothq, 0q ď FpMiq{N , so dpθ

piq1
smooth, 0q !Mi,d,F 1{N . Let q “ mq1

where m P Z` and q1 is primitive in Zd´i. Then

q1 ¨ Lpθ
piq
irrat ´ θ

piq1
smoothq P

1
m

Z.

Now using the Euclidean algorithm, choose θ
piq1
rat P T so that

q1 ¨ Lpθ
piq
irrat ´ θ

piq1
smooth ´ θ

piq1
rat q P Z

and such that mLpθ
piq1
rat q “ 0, so that mθ

piq1
rat “ 0. Finally, let

θ
pi`1q
smooth “ θ

piq
smooth ` θ

piq1
smooth,

θ
pi`1q
rat “ θ

piq
rat ` θ

piq1
rat ,

θ
pi`1q
irrat “ θ

piq
irrat ´ θ

piq1
smooth ´ θ

piq1
rat ,
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and choose Mi`1 !Mi,d,F 1 so that θ
pi`1q
smooth is pMi`1, Nq-smooth, θ

pi`1q
rat is Mi`1-rational,

and the subtorus Ti`1 “ tx P Ti : q1 ¨ Lpxq “ 0u has complexity ďMi`1.

In the end note that Mi !i,d,F 1, and since Ti has dimension d´ i we can iterate

this argument no more than d times, so for some i ď d we must have that θ
piq
irrat is

pFpMiq, Nq-irrational in Ti.

We can now state and prove the version of the regularity lemma which will be most

useful to us. This version improves on Theorem 1.A.5 by giving fstr the structure

fstrpnq “ F pn{N, n mod q, θnq,

where

F : r0, 1s ˆ Z{qZˆTd
Ñ R,

q, d, }F }Lip ď M , and θ is pFpMq, Nq-irrational. Here we take the usual Euclidean

metrics on r0, 1s and Td, the discrete metric on Z{qZ, the sum of these metrics on

r0, 1s ˆ Z{qZˆTd, and then define }F }Lip as before.

Theorem 1.A.7 (U2 regularity, version 2). Let f : rN s Ñ r0, 1s be a function, F a

growth function, and ε ą 0. Then there is a quantity M !ε,F 1 and a decomposition

f “ fstr ` fsml ` funf

of f into functions fstr, fsml, funf : rN s Ñ r´1, 1s such that

1. fstrpnq “ F pn{N, n mod q, θnq, where

F : r0, 1s ˆ Z{qZˆTd
Ñ r0, 1s,

q, d, }F }Lip ďM , and θ P Td is pFpMq, Nq-irrational,

2. fsml has L2prN sq norm at most ε,

3. funf has U2prN sq norm at most 1{FpMq,

4. fstr and fstr ` fsml take values in r0, 1s.

Proof. Let F1 and F2 be growth functions depending on ε and F in a manner to be

determined. By Theorem 1.A.5 there exists M1 !ε,F1 1 and a decomposition

f “ fstr ` fsml ` funf

of f into functions fstr, fsml, funf : rN s Ñ r´1, 1s such that
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1. fstrpnq “ F pθnq, where F : Td Ñ r0, 1s, d, }F }Lip ďM1, and θ P Td,

2. fsml has L2prN sq norm at most ε,

3. funf has U2prN sq norm at most 1{F1pM1q, and

4. fstr and fstr ` fsml take values in r0, 1s.

Now by the previous theorem we can find M2 !M1,F2 1 such that M2 ěM1 and such

that θ decomposes as

θ “ θsmooth ` θrat ` θirrat,

where

1. θsmooth is pM2, Nq-smooth, meaning dpθsmooth, 0q ď
M2

N
,

2. θrat is M2-rational, meaning qθrat “ 0 for some q ďM2, and

3. θirrat is pF2pM2q, Nq-irrational in a subtorus of complexity ďM2.

Then

F pθnq “ F pθsmoothn` θratn` θirratnq “ F̃ pn{N, n mod q, nLpθirratqq,

where F̃ : r0, 1s ˆ Z{qZˆTd1 Ñ r0, 1s is defined by

F̃ px, y, zq “ F pNθsmoothx` θraty ` L
´1
pzqq.

Noting that }F̃ }Lip !M2 1, we can find M !M2 1 exceeding both M2 and }F̃ }Lip.

But since M !M2 1, if F2 is sufficiently large depending on F then F2pM2q ě FpMq,
and similarly M2 !M1,F2 1, so if F1 is sufficiently large depending on F2 then

F1pM1q ě F2pM2q ě FpMq. After all these dependencies are fixed we have M !ε,F 1,

and the conclusion of the theorem holds.

1.A.2 Counting lemmas

If θ P Td is highly irrational (i.e., pA,Nq-irrational for large A), then the sequence

θn is highly equidistibuted over Td as n ranges over long progressions. Moreover, if

F is grows sufficiently rapidly and fstr is as in the conclusion of Theorem 1.A.7, then

the triple pn{N, n mod q, nθq is highly equidistributed over r0, 1s ˆ Z{qZ ˆ Td as n

ranges over t1, . . . , Nu. This allows us to relate counts weighted by fstr to integrals

of F .
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Lemma 1.A.8. Suppose that θ P Td is pA,Nq-irrational, and let F : Td Ñ C be

a function with Lipschitz constant at most M . Suppose that P Ă t1, . . . , Nu is an

arithmetic progression of length at least ηN . Then, provided that A ą A0pM,d, η, δq

is large enough,
ˇ

ˇ

ˇ

ˇ

EnPPF pθnq ´

ż

F dµ

ˇ

ˇ

ˇ

ˇ

ď δ.

Proof. The key here (as usual in equidistribution theory) is to take a Fourier expansion

of F and truncate it. In particular, we may find M0 “ OM,d,δp1q and coefficients cm

with c0 “
ş

F and cm “ OM,dp1q for m ‰ 0 such that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

F pxq ´
ÿ

}m}1ďM0

cmepm ¨ xq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď δ{2

uniformly in x. For a proof, see for example [GT08, Lemma A.9]. It follows, of course,

that
ˇ

ˇ

ˇ

ˇ

EnPPF pθnq ´

ż

F dµ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

}m}1ďM0,m‰0

|cm||EnPP epm ¨ θnq| `
δ

2
.

Thus we need only show that

EnPP epm ¨ θnq “ om,η;AÑ8p1q,

and then take A sufficiently large. If the common difference of the arithmetic pro-

gression P is h, then by summing the geometric progression we have the bound

EnPP epm ¨ θnq !
1

ηN}pm ¨ θqh}T
.

But if A ą |h|}m}1 then, by the definition of pA,Nq-irrationality, }pm ¨ θqh}T ě A{N .

Since h ď 2η´1, the result follows immediately.

Now that we know how to relate counts weighted by fstr to counts weighted by

F , we need to know how to relate counts weighted by f to counts weighted by fstr.

That is, we need to control the effect of the uniform part funf , as well as that of the

small part fsml. In general controlling the effect of the small part fsml is delicate, and

depends on the application. Controlling the effect of the uniform part tends to be

more straightforward. The following lemma is typical.

Lemma 1.A.9. Suppose that f : t1, . . . , Nu Ñ C is a function. Then |EnďNfpnq| !

}f}U2. More generally suppose that P Ă t1, . . . , Nu is a progression of length at least

ηN . Then |EnPPfpnq| ! η´1}f}U2.
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Proof. We establish the second statement, the first being a special case of it. Fix

a prime M P r4N, 8N s as in the definition of the U2 norm and write G “ Z{MZ.

Note that the U2prN sq-norm and the U2pGq-norm are comparable up to an absolute

constant. We use the inequality

|ExPGfpxqgpxq| “

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

r

pfprqpgprq

ˇ

ˇ

ˇ

ˇ

ˇ

ď

˜

ÿ

r

| pfprq|4

¸1{4 ˜
ÿ

r

|pgprq|4{3

¸3{4

“ }f}U2pGq

˜

ÿ

r

|pgprq|4{3

¸3{4

.

Taking g “ 1P , the characteristic function of the progression P , it therefore suffices to

show that
ř

r |pgprq|
4{3 “ Op1q. Dilating, we may assume that the common difference

of P is 1. But then we have, upon summing the geometric progression, the bound

|pgprq| ! minp1, |r|´1q, from which the result follows immediately.

Another important fact is that funf does not substantially affect the value of

convolutions f ˚ gpnq “ Emďnfpmqgpn´mq.

Lemma 1.A.10. Let f, f̃ , g : t1, . . . , Nu Ñ r´1, 1s be functions such that }f̃´f}U2 ď

δ. Then |f̃ ˚ gpdq ´ f ˚ gpdq| ď δ for all except at most OpδNq values of d.

Proof. Regard the functions f, f̃ , g as functions on G “ Z{MZ in the usual way,

where M P r4N, 8N s is prime. Let h “ f̃ ´ f . Then

ExPG|EyPGhpyqgpx´ yq|
2
“
ÿ

r

|phprq|2|pgprq|2

ď

˜

ÿ

r

|phprq|4

¸1{2 ˜
ÿ

r

|pgprq|4

¸1{2

“ }h}2U2pGq}g}
2
U2pGq ď }h}

2
U2pGq ď 10δ2.

By returning from G to t1, . . . , Nu we have

1

N

ÿ

x

|h ˚ gpxq|2 ! δ2.

Thus there cannot be more than OpδNq values of x for which |h ˚ gpxq| ě δ.
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Chapter 2

Commuting probability

Abstract. The commuting probability (or commutativity degree) of a

finite group is defined to be the probability that two randomly chosen

group elements commute. A little known theorem of P. Neumann from

1989 determines the structure of finite groups whose commuting probabil-

ity is bounded away from zero. As our main result we use this theorem to

investigate the structure the set P Ă p0, 1s of possible commuting proba-

bilities of finite groups. In particular we prove two conjectures of Joseph

from 1977: all limit points of P are rational, and P is well ordered by ą.

A third conjecture is left open. Partially answering another question of

Joseph, we show that the order type of P is either ωω or ωω
2
.

Additionally we give a simple proof of a theorem of Hofmann and Russo

on the structure of compact groups with positive commuting probability.

We also briefly touch on 2-step nilpotency degree, and we show that the

näıve analogue of Neumann’s theorem fails.

The material in this chapter relating to Joseph’s conjectures appears as

the paper [Ebe15].

2.1 Introduction

A reasonable measure of how close a finite group G is to abelian is the proportion of

pairs of elements which commute: we call this the commuting probability (or commu-

tativity degree) of G, and we denote it

PrpGq “ Px,yPGpxy “ yxq “
1

|G|2
|tpx, yq P G2 : xy “ yxu|.
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The commuting probability has been extensively studied (see for example [ET68;

Gus73; Neu89; Rus79]), not least because |G|PrpGq is just the number of conjugacy

classes of G. To highlight a few particular facts about PrpGq,

• if PrpGq ą 5{8 then G is abelian (a popular undergraduate exercise);

• if PrpGq ě δ then G has a large abelian section (P. Neumann [Neu89]);

• always PrpGq ě plog2 log2 |G|q{|G| (Erdős and Turán [ET68]).

Of these results we are most interested in Neumann’s theorem that a group with

large commuting probability must have a large abelian section, where a section of a

group G is a quotient H{K of a subgroup H ď G, and a large section is a section

H{K where |G : H| and |K| are bounded in terms of δ, so |H{K| ě δ1|G| for some

δ1 depending only on δ. Conversely it is easy to see that any group G with such

an abelian section must have PrpGq ě δ2 for some δ2 depending only on δ1, so this

theorem provides an if-and-only-if characterization of groups with large commuting

probability.

Our main result is that Neumann’s theorem can be used to settle two conjectures

of Keith Joseph from 1977 about the structure of the set

P “ tPrpGq : G a finite groupu.

We know that P contains the point 1, and that if PrpGq ă 1 then PrpGq ď 5{8.

Moreover it is not too hard to see there is another gap following 5{8: if PrpGq ă 5{8

then PrpGq ď 17{32. The first limit point is 1{2, which happens to be the commuting

probability of S3, and then again if PrpGq ă 1{2 then PrpGq ď 1{2´ε for some ε ą 0.

For all this see Rusin [Rus79]. Following observations of this sort, Joseph [Jos69;

Jos77] made the following three conjectures.

Conjecture 2.1.1 (Joseph’s conjectures).

J1. All limit points of P are rational.

J2. P is well ordered by ą.

J3. t0u Y P is topologically closed.
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In other words if pn P P and pn Ñ p as n Ñ 8 then p P Q, pn ě p for all but at

most finitely many n, and in fact if p ą 0 then p P P .

Progress on these conjectures has been slow, however. Prior to the present work,

the best partial result, due to Hegarty [Heg13], states that J1 and J2 hold for the set

P X p2{9, 1s. Our main result is that Neumann’s theorem can be used to prove J1

and J2 in their generality.

Theorem 2.1.2. All limit points of P are rational, and P is well ordered by ą.

This theorem follows from a somewhat more technical statement to the effect

that every p P P is approximately an Egyptian fraction of bounded complexity: see

Theorem 2.3.2.

A useful model case for Theorem 2.1.2 is the case in which the group G is 2-step

nilpotent. In this case the commutator map induces a bilinear map

r, s : pG{ZpGqq ˆ pG{ZpGqq Ñ rG,Gs,

and the theorem then classifies the possible zero probabilities of this bilinear map.

Here the zero probability of a bilinear map φ : AˆB Ñ C of abelian groups is

Prpφq “ PaPA,bPBpφpa, bq “ 0q “
1

|A||B|
|tpa, bq P AˆB : φpa, bq “ 0u|.

Let Pb be the set of all Prpφq, where φ is such a bilinear map. The argument is so

much easier to motivate and understand in this context that we find it useful to run

the two arguments in parallel (there is no formal dependence).

Theorem 2.1.3. All limit points of Pb are rational, and Pb is well ordered by ą.

Next we investigate the possible order types of pP ,ąq, partially answering another

question of Joseph. By examining the proof of Theorem 2.1.2 more carefully we reduce

the number of possibilities for the order type to two.

Theorem 2.1.4. The order type of pP ,ąq is either ωω or ωω
2
.

The same theorem holds for Pb.

In the final two sections of this chapter we will investigate two related questions.

First we will study commuting probabilities of compact groups. A theorem of Hof-

mann and Russo [HR12], extending an earlier theorem of Lévai and Pyber [LP00] in

the profinite case, states that a compact group with positive commuting probability

must have finite-index FC-center. This is a heavy restriction which in particular forces
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the commuting probability to be rational; in fact it forces the commuting probability

to be the same as that of some finite group. We give a simple proof of this theorem

in Section 2.6 based on the proof of Neumann’s theorem.

Finally in the last section we briefly study 2-step nilpotency degree

d2pGq “ Pprrx, ys, zs “ 1q “
1

|G|3
|tpx, y, zq P G3 : rrx, ys, zs “ 1u|.

A näıve analogue of Neumann’s theorem might assert that if d2pGq is bounded away

from zero then G has a large 2-step nilpotent section. We present a counterexample

to this tempting conjecture.

2.2 Neumann’s theorem and variations

First, we need the following simple but quite useful lemma which asserts that when-

ever X is a symmetric subset of positive density in a group G, then X generates a

subgroup in a bounded number of steps. Lemmas of this sort are familiar in additive

combinatorics: see for example Hamidoune [Ham92].

Lemma 2.2.1. Let G be a finite group and X a symmetric subset of G containing

the identity. Then xXy “ X3r provided pr ` 1q|X| ą |G|.

Proof. Suppose x P X i`1zX i. Then

xX Ă X i`2
zX i´1.

Indeed, xX Ă X i`2 is clear, and if xX XX i´1 ‰ H then because X “ X´1 we would

have x P X i´1X´1 “ X i, contrary to hypothesis.

Thus if xi P X3i`1zX3i for each i “ 0, . . . , r then the sets x0X, . . . , xrX are

disjoint, as xiX Ă X3i`2zX3i´1. Since each of these sets has size |X| we must have

pr ` 1q|X| ď |G|.

Thus if pr ` 1q|X| ą |G| we must have X3i`1 “ X3i for some i ď r, so we must have

xXy “ X3i “ X3r.

2.2.1 Bilinear maps

For φ : A ˆ B Ñ C a bilinear map and A1 ď A and B1 ď B subgroups, we de-

note by φpA1, B1q the group generated by the values φpa1, b1q with a1 P A1, b1 P B1.

The following is our analogue of Neumann’s theorem for bilinear maps of large zero

probability.

43



Theorem 2.2.2 (Neumann’s theorem for bilinear maps). Let ε ą 0, and let φ :

A ˆ B Ñ C be a bilinear map of finite abelian groups such that Prpφq ě ε. Then

there are subgroups A1 ď A and B1 ď B such that |A{A1|, |B{B1| and |φpA1, B1q| are

each ε-bounded.

Proof. Let X Ă A be the set of x P A such that | kerφpx, ¨q| ě pε{2q|B|, and let A1 be

the group generated by X. Then |X| ě pε{2q|A|, so A1 has index at most 2{ε in A,

and by the lemma every a P A1 is a sum of at most 6{ε elements of X, so for every

a P A1 we have | kerφpa, ¨q| ě pε{2q6{ε|B|. Similarly, there is a subgroup B1 of B of

index at most 2{ε such that for every b P B1 we have | kerφp¨, bq| ě pε{2q6{ε|A|. Then

for every a P A1 the subgroup kerφpa, ¨q XB1 has index at most p2{εq6{ε in B1 and for

every b P B1 the subgroup kerφp¨, bq X A1 has index at most p2{εq6{ε in A1.

Now consider any value c of φ on A1 ˆB1, say c “ φpa, bq. If we replace a by any

element a1 of a`pkerφp¨, bqXA1q and then b by any element b1 of b`pkerφpa1, ¨qXB1q

then we still have φpa1, b1q “ c, so

|tpa1, b1q P A1 ˆB1 : φpa1, b1q “ cu| ě pε{2q12{ε
|A1||B1|,

so φ takes at most p2{εq12{ε different values on A1ˆB1. But every element of φpA1, B1q

is a sum of distinct values of φ on A1 ˆB1, since if say

c “
m
ÿ

i“1

φpai, biq

with the term φpaj, bjq appearing twice then we can reduce the total number of terms

by replacing φpaj, bjq ` φpaj, bjq with φp2aj, bjq. Thus |φpA1, B1q| ď 2p2{εq
12{ε

.

We need a stronger variant of the above theorem which asserts the existence of

subgroups A1 and B1 such that φpA1, B1q is small and such that A1 ˆ B1 contains

almost all pairs pa, bq P A ˆ B such that φpa, bq P φpA1, B1q, in particular almost all

pairs such that φpa, bq “ 0. The precise formulation is the following.

Theorem 2.2.3 (Neumann’s theorem for bilinear maps, amplified). For every de-

creasing function η : N Ñ p0, 1q there is some M “ Mpηq such that the following

holds. For every bilinear map φ : AˆB Ñ C there are subgroups A1 ď A and B1 ď B

such that

1. |φpA1, B1q| ďM ,

2. with at most ηp|φpA1, B1q|q|A||B| exceptions, every pair pa, bq P AˆB such that

φpa, bq P φpA1, B1q is contained in A1 ˆB1.
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Remark. We have not stated a bound on |A{A1| or |B{B1|, but such a bound is

automatic if Prpφq ě ε, since then

ε ď Prpφq ď
1

|A{A1||B{B1|
` ηp|φpA1, B1q|q.

Thus by ensuring ηp1q ď ε{2 one automatically has |A{A1||B{B1| ď 2ε´1.

Proof. If Prpφq ď ηp1q then we can just take A1 “ B1 “ t0u, so assume otherwise.

Then we can apply Theorem 2.2.2 with ε “ ηp1q. Let A1 ď A and B1 ď B be the

resulting subgroups, let C1 “ φpA1, B1q, and suppose that more than ηp|C1|q|A||B|

pairs pa, bq P pAˆBqzpA1ˆB1q satisfy φpa, bq P C1. Then by the pigeonhole principle

there is some pa, bq P pAˆBqzpA1ˆB1q, say with a R A1 (a similar argument applies

in the other case), such that at least ηp|C1|q|A1||B1| pairs pa1, b1q P A1 ˆB1 satisfy

φpa` a1, b` b1q P C1.

By replacing pa, bq by pa` a1, b` b1q for some appropriate pa1, b1q P A1ˆB1 and using

the pigeonhole principle again, we may assume that

φpa, bq P C1

and that

φpa, b` b1q P C1

for at least ηp|C1|q|B1| elements b1 P B1. By linearity this implies that

φpa, b1q P C1

for all these b1 P B1. But this implies that φpa, ¨q : B1 Ñ C{C1 has kernel of index at

most ηp|C1|q
´1, and hence that

|pC1 ` φpa,B1qq{C1| ď ηp|C1|q
´1.

Thus if we put A2 “ A1 ` xay, B2 “ B1, C2 “ φpA2, B2q “ C1 ` φpa,B1q, then

|C2| ď ηp|C1|q
´1|C1|, |B{B2| ď |B{B1|, and |A{A2| ă |A{A1|.

Now repeat the argument with A2, B2, C2 in place of A1, B1, C1, and so on. Since

|A{A1||B{B1| is an ηp1q-bounded integer and |A{A2||B{B2| ă |A{A1||B{B1|, this

process must end after an ηp1q-bounded number of steps, at which time we will have

the conclusion of the theorem.
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2.2.2 The commutator map

We now turn our attention to the commutator map on groups, which behaves enough

like a bilinear map for the above arguments to be emulated. In an arbitrary group G

we write rx, ys for the commutator x´1y´1xy of two elements x, y P G. We also write

xy for the conjugate y´1xy, and we will use the relation rx, ys “ x´1xy. For H,K ď G

we write rH,Ks for the group generated by all commutators rh, ks with h P H, k P K.

The following is essentially the original version of Neumann’s theorem [Neu89], except

that we have made the 2-step nilpotency consequence explicit and we have supplied

a somewhat simpler proof. First, however, we need a theorem of B. Neumann:

Theorem 2.2.4 (B. Neumann [Neu54]). Let G be a group. Then the elements of G

have boundedly many conjugates if and only if rG,Gs is bounded.

Proof. The reverse implication is trivial, since for every x, y P G we have xy “

x´1rx, ys P x´1rG,Gs. Now assume that every x P G has at most n conjugates. Then

for every x P G the subgroup CGpxq has index at most n. Consider a commutator

c “ rx, ys of two elements x, y P G. If we replace x by any element x1 of CGpyqx and

then y by any element y1 of CGpx
1qy then we still have rx1, y1s “ c, so

|tpx1, y1q P G2 : rx1, y1s “ cu| ě 1{n2.

Thus there are at most n2 distinct commutators of elements of G. Now a classical

theorem of Schur (see [Rob96, Theorem 10.1.4]) implies that |rG,Gs| is n-bounded.

Theorem 2.2.5 (P. Neumann’s theorem). Let ε ą 0, and let G be a finite group

such that PrpGq ě ε. Then G has a normal 2-step nilpotent subgroup H of ε-bounded

index such that |rH,Hs| is ε-bounded.

Proof. Let X Ă G be the set of all x P G such that |CGpxq| ě pε{2q|G|, where CGpxq is

the centraliser of x inG, and letK be the group generated byX. Then |K| ě pε{2q|G|,

so K has index at most 2{ε in G, and by Lemma 2.2.1 every k P K is the product of at

most 6{ε elements of K, so for every k P K we have |CGpkq| ě pε{2q
6{ε|G|. Thus also

|CKpkq| ě pε{2q
6{ε|K|. Thus the elements of K have boundedly many conjugates, so

by B. Neumann’s theorem rK,Ks is ε-bounded.

To finish let H “ CKprK,Ksq. Then H has ε-bounded index in K, hence ε-

bounded index in G, and since rH,Hs Ă rK,Ks we see that H is 2-step nilpotent and

|rH,Hs| is ε-bounded.
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Now as in the case of bilinear maps we can prove a stronger variant which asserts

the existence of a normal subgroup H such that rH,Hs is small and such that HˆH

contains almost all px, yq P G ˆ G such that rx, ys P rH,Hs, in particular almost all

commuting pairs. We will need the following generalisation of Schur’s theorem due

to Baer (see [Rob96, Theorem 14.5.2]).

Lemma 2.2.6 (Baer’s theorem). If M and N are normal subgroups of a group G

then |rM,N s| is bounded by a function of |M{CMpNq| and |N{CNpMq|.

By analogy with the bilinear case, we will also use the commutator expansion

formula

rab, cds “ ra, dsbrb, dsra, csbdrb, csd, (2.1)

which can be verified directly.

Theorem 2.2.7 (Neumann’s theorem, amplified). For every decreasing function η :

N Ñ p0, 1q there is some M “Mpηq such that the following holds. Every finite group

G has a normal subgroup H such that

1. |rH,Hs| ďM ,

2. with at most ηp|rH,Hs|q|G|2 exceptions, every pair px, yq P G2 such that rx, ys P

rH,Hs is contained in H2.

Proof. If PrpGq ď ηp1q then we can just take H “ 1, so assume otherwise. Then

we can apply Theorem 2.2.5 with ε “ ηp1q. Let K ď G be the resulting subgroup.

Now by analogy with the bilinear case we will define an iterative process starting

with K1 “ L1 “ K. Suppose that more than ηp|rK1, L1s|q{2 ¨ |G|
2 pairs px, yq P

G2zpK1 ˆ L1q satisfy rx, ys P rK1, L1s. Then by the pigeonhole principle there must

be some px, yq P G2zpK1 ˆ L1q, say with x R K1 (again, a similar argument applies

in the other case), such that at least ηp|rK1, L1s|q{2 ¨ |K1||L1| pairs pk, lq P K1 ˆ L1

satisfy

rxk, yls P rK1, L1s.

By replacing px, yq with pxk, ylq for appropriate pk, lq P K1 ˆ L1 and applying the

pigeonhole principle again, we may assume that

rx, ys P rK1, L1s

and that

rx, yls P rK1, L1s
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for at least ηp|rK1, L1s|q{2 ¨ |L1| elements l P L1. But by (2.1) we have

rx, yls “ rx, lsrx, ysl,

so we deduce that

rx, ls P rK1, L1s

for all these l P L1.

Thus the subgroup N0 ď L1 defined by

N0 “ tl P L1 : rx, ls P rK1, L1su

has index at most 2ηp|rK1, L1s|q
´1 in L1, thus index at most

2ηp|rK1, L1s|q
´1
|G{L1|

in G. If N is the largest normal subgroup of G contained in N0 then it follows that

|G{N | ď p2ηp|rK1, L1s|q
´1
|G{L1|q!.

But note that if K2 is the normal subgroup of G generated by K1 and x then in fact

N “ tl P L1 : rK2, ls Ă rK1, L1su,

so

N{rK1, L1s “ CL1{rK1,L1spK2{rK1, L1sq.

Since trivially

K1{rK1, L1s ď CK2{rK1,L1spL1{rK1, L1sq,

Lemma 2.2.6 implies that the size of

rK2{rK1, L1s, L1{rK1, L1ss “ rK2, L1s{rK1, L1s

is bounded by a function of |L1{N | ď |G{N | and |K2{K1| ď |G{K1|, and thus the

size of rK2, L1s is bounded by a function of ηp|rK1, L1s|q.

Now repeat the argument with K2 and L2 “ L1 in place of K1 and L1, and so on.

Since |G{K1||G{L1| is an ηp1q-bounded integer and |G{K2||G{L2| ă |G{K1||G{L1|,

this process must end after an ηp1q-bounded number of steps. When the process ends

we will have normal subgroups K,L ď G such that

1. |rK,Ls| ďM ,
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2. with at most ηp|rK,Ls|q{2 ¨ |G|2 exceptions, every pair px, yq P G2 such that

rx, ys P rK,Ls is contained in K ˆ L.

But 2 implies that with at most ηp|rK,Ls|q|G|2 exceptions every pair px, yq P G2 such

that rx, ys P rK,Ls is contained in both K ˆL and LˆK, and hence in pK XLq2, so

because

rK X L,K X Ls Ă rK,Ls

the conclusion of the theorem is satisfied by H “ K X L.

2.3 Joseph’s conjectures

2.3.1 Approximation by Egyptian fractions

An Egyptian fraction is a series of the form q “ 1{n1 ` ¨ ¨ ¨ ` 1{nm, where we usually

think of m as small. Define the Egyptian complexity Epqq of q ą 0 to be the smallest

m P N for which there exist n1, . . . , nm P N such that q “ 1{n1 ` ¨ ¨ ¨ ` 1{nm. Our

main technical result is that zero probabilities and commuting probabilities admit

good approximations from below by Egyptian fractions of bounded complexity.

Theorem 2.3.1. For every decreasing function η : N Ñ p0, 1q there is some M “

Mpηq P N such that every bilinear zero probability Prpφq has the form q ` ε, where

Epqq ďM and 0 ď ε ď ηpEpqqq.

Theorem 2.3.2. For every decreasing function η : N Ñ p0, 1q there is some M “

Mpηq P N such that every commuting probability PrpGq has the form q ` ε, where

Epqq ďM and 0 ď ε ď ηpEpqqq.

We start with Theorem 2.3.1. For an abelian group A we denote by pA the group

of characters γ : A Ñ S1. Recall the size relation | pA| “ |A| and the orthogonality

relations

EaPAγpaq “ 1γ“1,

EγP pAγpaq “ 1a“0.

Lemma 2.3.3. Let A, B, C be finite abelian groups and φ : A ˆ B Ñ C a bilinear

map. Then EpPrpφqq ď |C|.
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Proof. By two applications of orthogonality of characters we have

Prpφq “ EaPAEbPB1φpa,bq“0

“ EaPAEbPBEγP pCγpφpa, bqq

“ EaPAEγP pC1γpφpa,Bqq“1

“ EγP pC

ˆ

1

|A|
|ta P A : γpφpa,Bqq “ 1u|

˙

.

But for fixed γ P pC the set ta P A : γpφpa,Bqq “ 1u is a subgroup of A, so the above

formula expresses Prpφq as a sum of |C| terms of the form 1{n with n a positive

integer.

Proof of Theorem 2.3.1. Fix η : N Ñ p0, 1q and φ : A ˆ B Ñ C. Applying The-

orem 2.2.3, we find some M “ Mpηq and subgroups A1 ď A and B1 ď B such

that |φpA1, B1q| ď M and such that no more than ηp|φpA1, B1q|q|A||B| pairs pa, bq P

pAˆBqzpA1 ˆB1q satisfy φpa, bq “ 0. Thus

Prpφq “
1

|A{A1||B{B1|
PrpφA1ˆB1q ` ε,

where by the lemma

EpPrpφA1ˆB1qq ď |φpA
1, B1q| ďM,

and

ε “
|tpa, bq P pAˆBqzpA1 ˆB1q : φpa, bq “ 0u|

|A||B|

ď ηp|φpA1, B1q|q

ď ηpEpPrpφA1ˆB1qqq.

The proof of Theorem 2.3.2 is similar, but in order to get a suitable analogue of

Lemma 2.3.3 we need the following theorem of P. Hall [Hal56].

Lemma 2.3.4 (Hall’s theorem). In any group G the index of the second centre

Z2pGq “ tg P G : rg,Gs Ă ZpGqu

is bounded by a function of |rG,Gs|.

Lemma 2.3.5. Let G be a finite group. Then EpPrpGqq ď |G{Z2pGq| ¨ |rG,Gs|. In

particular by Hall’s theorem EpPrpGqq is bounded by a function of |rG,Gs|.
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Proof. Let A be the abelian group rG,Gs XZpGq, and let Z2 be the second centre of

G. Then by the orthogonality relations we have

PrpGq “ ExPGEyPG1rx,ys“1

“ ExPGEyPGEzPZ21rx,yzs“1

“ ExPGEyPGEzPZ2EγP pA1rx,yzsPAγprx, yzsq

“ ExPGEyPGEzPZ2EγP pA1rx,ysPAγprx, yzsq,

since, by (2.1), rx, yzs “ rx, zsrx, ysz P A if and only if rx, ys P A. Moreover, if

rx, ys P A then rx, yzs “ rx, zsrx, ys, so by orthogonality again we have

PrpGq “ ExPGEyPGEzPZ2EγP pA1rx,ysPAγprx, zsqγprx, ysq

“ ExPGEyPGEγP pA1rx,ysPA pEzPZ2γprx, zsqq γprx, ysq

“ ExPGEyPGEγP pA1rx,ysPA1γprx,Z2sq“1γprx, ysq,

since z ÞÑ rx, zs defines a homomorphism Z2 Ñ A. For fixed y P G, γ P pA, let

Gy,γ “ tx P G : rx, ys P A, γprx, Z2sq “ 1u.

Then, again by (2.1), Gy,γ is a subgroup of G and x ÞÑ rx, ys defines a homomorphism

Gy,γ Ñ A, so

PrpGq “ EyPGEγP pA

1

|G{Gy,γ|
1γprGy,γ ,ysq“1.

Finally, the integrand here depends on y only through yZ2, so we can replace the

expectation over y P G by an expectation over yZ2 P G{Z2, so

EpPrpGqq ď |G{Z2| ¨ |A| ď |G{Z2| ¨ |rG,Gs|.

Proof of Theorem 2.3.2. Fix η : N Ñ p0, 1q and G. By the lemma we can find another

decreasing function η1 : N Ñ p0, 1q such that

η1p|rG,Gs|q ď ηpEpPrpGqqq

for all finite groupsG. Applying Theorem 2.2.7 with η1, we find someM “Mpηq and a

subgroup H ď G such that |rH,Hs| ďM and such that no more than η1p|rH,Hs|q|G|2

pairs px, yq P G2zH2 satisfy rx, ys “ 1. Thus

PrpGq “
1

|G{H|2
PrpHq ` ε,
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where by the lemma EpPrpHqq is bounded by a function of |rH,Hs| ďM , and

ε “
|tpx, yq P G2zH2 : rx, ys “ 1u|

|G|2

ď η1p|rH,Hs|q

ď ηpEpPrpHqqq

by the choice of η1.

2.3.2 Deduction of Joseph’s conjectures

The following lemma is well known.

Lemma 2.3.6. For every x ą 0 and m P N the supremum of the set of q ă x such

that Epqq ď m is strictly less than x.

Proof. Suppose for contradiction that n1i, ..., nmi are m sequences of positive integers

such that for all i

1{n1i ` ¨ ¨ ¨ ` 1{nmi ă x

and

1{n1i ` ¨ ¨ ¨ ` 1{nmi Ñ x.

After rearranging and passing to a subsequence we may assume n1i “ n1, . . . , nki “ nk

are constants while nk`1,i, . . . , nmi Ñ 8. But then

1{n1i ` ¨ ¨ ¨ ` 1{nmi Ñ 1{n1 ` ¨ ¨ ¨ ` 1{nk ă x,

a contradiction.

Proof of Theorem 2.1.2. Let x ą 0 be a limit point of P “ tPrpGq : G a finite groupu.

We will prove that x is rational, and that if pn Ñ x then pn ě x for all but finitely

many n.

For m P N let

Qpm,xq “ suptq ă x : Epqq ď mu

and define

ηxpmq “ px´Qpm,xqq{2.

By the lemma ηxpmq ą 0 for every m, so by Theorem 2.3.2 there is some M “Mpηxq

such that every p P P has the form q ` ε, where Epqq ďM and 0 ď ε ď ηxpEpqqq.
Fix some such p “ q ` ε and suppose q ă x. Then

ε ď ηxpEpqqq ď px´ qq{2,
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so

p “ q ` ε ď pq ` xq{2 ď pQpM,xq ` xq{2 “ x´ ηxpMq,

so p is bounded away from x. Thus if pn “ qn`εn Ñ x then we must have pn ě qn ě x

for all but finitely many n. In particular qn Ñ x, but the set of Egyptian fractions of

complexity at most M is closed, so this implies Epxq ďM , so x P Q.

Theorem 2.1.3 is proved in exactly the same way.

2.4 The order type of P

Having shown in previous sections that P is well ordered by ą, our goal in this section

is to show that P has order type either ωω or ωω
2
. The proof consists of two parts:

first, the mere fact that P is a semigroup forces its order type to have the form ωω
β

for some β; second, we can extract from the proof of Theorem 2.1.2 a bound of ωω
2
.

2.4.1 Consequences of the semigroup property

First we need a standard definition. For X a closed subset of r0, 1s let X 1 Ă X be the

set of limit points of X. Iterating this operation, define Xα for ordinals α as follows:

X0
“ X,

Xα`1
“ pXα

q
1,

Xα
“

č

βăα

Xβ if α is a limit ordinal.

If X is countable then there is a unique countable ordinal α for which Xα is finite

and nonempty; we call α the Cantor–Bendixson rank of X. If X happens to be well

ordered by ą then its order type is at most ωα ` 1, and if Xα “ t0u and α ą 0

then in fact the order type of X is exactly ωα ` 1. (For a detailed introduction to

Cantor–Bendixson rank see Dasgupta [Das14, Chapter 16].)

Lemma 2.4.1. Let X be a countably infinite closed subset of r0, 1s closed under

multiplication, and let α be the Cantor–Bendixson rank of X. Then Xα “ t0u and

α “ ωβ for some ordinal β.

Proof. By induction on γ if x P Xγ and y P X and y ą 0 then

xy P Xγ.
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Hence by induction on δ if x P Xγ and x ą 0 and y P Xδ and y ą 0 then

xy P Xγ`δ.

Suppose x P Xγ and x ą 0. Fix y P X X p0, 1q. Then for all n we have

xyn P Xγ,

and xyn Ñ 0, so

0 P Xγ`1.

Hence we must have Xα “ t0u.

Now suppose γ ă α. Since 0 P Xα Ă Xγ`1 there must be some x P Xγ X p0, 1q.

But then for all n we have

xn P Xγ¨n,

so

0 P Xγ¨ω.

We deduce that

α ě sup
γăα
pγ ¨ ωq.

Let ωβ be the largest power of ω such that ωβ ď α. If ωβ ă α then

α ě sup
γăα
pγ ¨ ωq ě ωβ ¨ ω “ ωβ`1,

a contradiction, so we must have α “ ωβ.

Let P be the closure of P in r0, 1s. By the formula

PrpGˆHq “ PrpGqPrpHq

we know that P , and hence P , is closed under multiplication, so if α is the Cantor–

Bendixson rank of P then the lemma and the previous discussion imply that P has

order type ωα ` 1 and that α “ ωβ for some β. It follows that P has order type

ωα “ ωω
β
. Since for instance 1{2 P P 1 we know that β ą 0. Next we will prove that

α ď ω2, which then implies β P t1, 2u.
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2.4.2 The bound ω2 for the Cantor–Bendixson rank

For n P N let En “ tq : Epqq ď nu be the set of Egyptian fractions of complexity at

most n. The following lemma follows from the proof of Theorem 2.1.2.

Lemma 2.4.2. For every ε0 ą 0 there exist k P N and a function m : p0, 1s Ñ N

such that for all ε1, . . . , εk ą 0 the set

P X r0, ε0s
c
X

k´1
č

i“0

pEmpεiq ` r0, εi`1sq
c

is finite.

Proof. Define ηxpmq “ px´Qpm,xqq{2 as in the proof of Theorem 2.1.2. By inspecting

the proofs of Theorem 2.3.2 and Theorem 2.2.7, we see that if x ą ε0 the constant

M “Mpηxq can be taken to be the result of iterating some function

t ÞÑ bpηxphptqqq

some npε0q times starting with npε0q, where

• b : p0, 1s Ñ N is a decreasing function (from Baer’s theorem, Lemma 2.2.6),

• h : N Ñ N is an increasing function (from Hall’s theorem, Lemma 2.3.4),

• n : p0, 1s Ñ N is a decreasing function (from Neumann’s theorem, Theo-

rem 2.2.5).

Let k “ npε0q ` 1 and mpεq “ maxphpbpεqq, hpnpε0qqq, and suppose

x P P X r0, ε0s
c
X

k´1
č

i“0

pEmpεiq ` r0, εi`1sq
c. (2.2)

Define the sequence t0, t1, . . . , tk by

t0 “ npε0q,

ti`1 “ bpηxphptiqqq for 0 ď i ă k.

Then inductively

hptiq ď mpεiq,

ηxphptiqq ě εi`1,

ti`1 ď bpεi`1q,

hpti`1q ď mpεi`1q
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for all i in the range 0 ď i ď k ´ 1, so

ηxpMq “ ηxptk´1q ě ηxphptk´1qq ě εk.

But from the proof of Theorem 2.1.2 we know that

px´ ηxpMq, xq X P “ H,

so there can be at most 1{εk elements x in the set (2.2), and the lemma follows.

Proof of Theorem 2.1.4. From the discussion in the previous subsection it suffices to

prove that α ď ω2. By the lemma we have

P Ă r0, ε0s Y

k´1
ď

i“0

pEmpεiq ` r0, εi`1sq Y F

for some finite set F . From the rule pX Y Y q1 “ X 1 Y Y 1 we have

P 1 Ă r0, ε0s Y

k´1
ď

i“0

pEmpεiq ` r0, εi`1sq.

But since this holds for all εk ą 0 we have

P 1 Ă r0, ε0s Y

k´2
ď

i“0

pEmpεiq ` r0, εi`1sq Y Empεk´1q.

Now using E 1n “ En´1 and the rule pX Y Y q1 “ X 1 Y Y 1 again we have

P1`mpεk´1q
Ă r0, ε0s Y

k´2
ď

i“0

pEmpεiq ` r0, εi`1sq.

In particular

Pω Ă r0, ε0s Y

k´2
ď

i“0

pEmpεiq ` r0, εi`1sq.

Repeating this argument another k ´ 1 times, we have

Pω¨2 Ă r0, ε0s Y

k´3
ď

i“0

pEmpεiq ` r0, εi`1sq,

...

Pω¨pk´1q
Ă r0, ε0s Y pEmpε0q ` r0, ε1sq,

Pω¨k Ă r0, ε0s.
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Thus

Pω
2

Ă r0, ε0s

for all ε0 ą 0, so

Pω
2

Ă t0u,

as claimed.

The same argument applies unchanged in the case of Pb.

2.5 Ultrafinite groups (optional)

Throughout the proof of Joseph’s conjectures we needed to quantify dependencies

in terms of an arbitrary decreasing function η, which ultimately we took to describe

the quality of under-approximations by Egyptian fractions. Consequently the proof

requires pretty careful epsilon management. Alternatively we could use ultrafilters to

give a cleaner proof, as we explain in this optional section. We did not do so above

for two reasons: first, many readers are uninterested in ultrafilters; second, we need

the finitary proof in order to effectively bound the order type of P .

For all the necessary background on ultrafinite groups and Loeb measure refer

to Appendix 2.A. See in particular Theorem 2.A.2 for a version of Fubini’s theorem

adapted to Loeb measure: we will use it throughout this section without special

reference.

Given a group G, the FC-center of G is the subgroup of all g P G having only

finitely many conjugates.

Theorem 2.5.1 (Neumann’s theorem, ultrafinitary version). Let G be an ultrafinite

group such that st PrpGq ą 0. Let F be the FC-center of G. Then F is a finite-index

internal subgroup such that rF, F s is finite.

Proof. Let Xn Ă G be the set of all x P G with at most n conjugates. Since

st PrpGq “

ż

stp1{|xG|q dµpxq ď µpXnq ` 1{n,

we see that Xn has positive measure for large enough n, and thus the group Fn

generated by Xn has finite index. Since pFnq is therefore an increasing sequence of

(eventually) finite-index subgroups, it must terminate with some subgroup F , which

must be the FC-center. Moreover, by Lemma 2.2.1 we have

Fn “ Xr
n Ă Xnr
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for r “ t6µpXnq
´1u, so in fact F “ Xn for some n. Thus F is internal, and B. Neu-

mann’s theorem (Theorem 2.2.4) implies that rF, F s is finite.

The proof of the next lemma is exactly that of Lemma 2.3.5: the ultrafinitary

perspective adds little here.

Lemma 2.5.2. Let G be an ultrafinite group such that rG,Gs is finite. Then PrpGq

has the form

pstandard rationalq ` pnonnegative infinitesimalq.

Sketch. As in the proof of Lemma 2.3.5 we have

PrpGq “ ExPGEyPG1rx,ys“1

“ EyPG{Z2EγP pA

1

|G{Gy,γ|
1γprGy,γ ,ysq“1,

where Z2 is the second centre of G, A “ rG,Gs X ZpGq, and Gy,γ is the subgroup

of all x P G such that rx, ys P A and γprx, Z2sq “ 1. Since A is finite, and Z2 has

finite index by Hall’s theorem (Lemma 2.3.4), we have expressed PrpGq in the desired

form.

Now let Gn be a sequence of finite groups, let p P βNzN, and let G be the

ultrafinite group
ś

nÑpGn. Let F be the FC-center of G. Then

µG2

`

tpx, yq P G2
zF 2 : rx, ys “ 1u

˘

ď 2µG2

`

tpx, yq P G2 : x R F, rx, ys “ 1u
˘

“ 2

ż

GzF

stp1{|xG|q dµpxq

“ 0.

Thus if st PrpGq ą 0, Theorem 2.5.1 implies that

PrpGq “
1

|G{F |2
PrpF q ` ε,

where ε is nonnegative and infinitesimal. It now follows from Lemma 2.5.2 that PrpGq

has the form

pstandard rationalq ` pnonnegative infinitesimalq.

But this is nothing more than a neat restatement of J1 and J2.
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2.6 Compact groups

It is natural to extend the definition of commuting probability to infinite compact

groups G, each of which is endowed with its unique normalized Haar measure µG.

Thus we define

PrpGq “ µG2

`

tpx, yq P G2 : xy “ yxu
˘

.

The thesis of this section however is that this is not actually that interesting, because

if PrpGq ą 0 then the structure of G is harshly restricted.

Let us hasten to add that this is quite distinct from our consideration in Section 2.5

of the commuting probability of ultrafinite groups: there ultrafinite groups served

merely as a logical tool for epsilon management while we were still effectively studying

finite groups; here the compact group G is intrinsically infinite. There are strong

parallels, however, as we will see.

The structure of compact groups of positive commuting probability is determined

by following theorem of Hofmann and Russo [HR12], which extends earlier work of

Lévai and Pyber [LP00] in the profinite case. We give a much simpler proof, very

similar to that of Theorem 2.5.1.

As in Section 2.5 we define the FC-center of a group G to be the subgroup F pGq

of all elements g P G with finitely many conjugates.

Theorem 2.6.1 (Hofmann–Russo [HR12]). Let G be a compact group such that

PrpGq ą 0. Let F be the FC-center of G. Then F is a finite-index open subgroup

such that rF, F s is finite. Moreover, ZpF q is a finite-index open subgroup of F .

Proof. Let Xn Ă G be the set of all x P G with at most n conjugates. Then Xn is

closed, since any element x with at least n ` 1 distinct conjugates xgi has a neigh-

bourhood U such that for all u P U the points ugi are distinct. Since

PrpGq “

ż

1{|xG| dµGpxq ď µGpXnq ` 1{n,

we see that Xn has positive measure for large enough n, and thus the group Fn

generated by Xn has finite index. Since pFnq is therefore an increasing sequence of

(eventually) finite-index subgroups, it must terminate with some subgroup F , which

must be the FC-center. Moreover, by Lemma 2.2.1 we have

Fn “ Xr
n Ă Xnr

for r “ t6µpXnq
´1u, so in fact F “ Xn for some n. Thus F is closed and finite-index,

hence open, and B. Neumann’s theorem (Theorem 2.2.4) implies that rF, F s is finite.
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In particular in its own right F is a compact group such that rF, F s is finite. Since

the commutator map r, s : F ˆ F Ñ rF, F s is then a continuous map to a discrete

set satisfying rF, 1s “ 1 there must be a neighbourhood U of 1 such that rF,U s “ 1.

This implies that ZpF q is open, hence of finite-index in F .

As a corollary we can prove that for every compact group G such that PrpGq ą 0

there is a finite group H such that PrpGq “ PrpHq. We need a simple lemma first.

Lemma 2.6.2. For every n P N there is a finite group Kn such that PrpKnq “ 1{n.

Proof. We need one calculation: If n is odd, then in the dihedral group Dn there are

precisely 1` 1`pn´ 1q{2 “ pn` 3q{2 conjugacy classes: one for the identity, one for

the set of reflections, and one for each pair of mutually inverse rotations. Thus

PrpDnq “
number of conjugacy classes

|Dn|
“
n` 3

4n
.

Now we define the groups Kn inductively. Put K1 “ 1 and K2 “ D3. If n ą 2

is even then put Kn “ K2 ˆKn{2. If n “ 4k ` 1 ą 2 then put Kn “ Kk`1 ˆDn. If

n “ 4k ` 3 ą 2 then put Kn “ Kk`1 ˆD3n.

Corollary 2.6.3. For every compact group G such that PrpGq ą 0 there is a finite

group H such that PrpGq “ PrpHq.

Proof. Suppose PrpGq ą 0. Then by Theorem 2.6.1 the FC-center F of G is a finite-

index open subgroup of G, rF, F s is finite, and ZpF q is a finite-index open subgroup

of F . Moreover since

µG2

`

tpx, yq P G2
zF 2 : rx, ys “ 1u

˘

ď 2µG2

`

tpx, yq P G2 : x R F, rx, ys “ 1u
˘

“ 2

ż

GzF

1{|xG| dµGpxq

“ 0,

we have

PrpGq “
1

|G{F |2
PrpF q.

Now a theorem of Hall [Hal40] asserts that F is isoclinic to a group E satis-

fying ZpEq ď rE,Es, i.e., there exist isomorphisms f : F {ZpF q Ñ E{ZpEq and

g : rF, F s Ñ rE,Es making the diagram

F {ZpF q ˆ F {ZpF q rF, F s

E{ZpEq ˆ E{ZpEq rE,Es

r,s

fˆf g

r,s
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commute. But since E{ZpEq – F {ZpF q and rE,Es – rF, F s are finite and ZpEq ď

rE,Es, it follows that E is a finite group, and the above diagram implies that PrpF q “

PrpEq. Thus it suffices to take

H “ K|G{F |2 ˆ E.

The corollary can be compared with Joseph’s third conjecture (which is still open),

which can be stated as follows: For every ultrafinite group G such that st PrpGq ą 0

there is a finite group H such that st PrpGq “ PrpHq.

2.7 Nilpotency degree

The s-step nilpotency degree of a finite group G is the quantity

dspGq “
1

|G|s`1
|tpx1, . . . , xs`1q P G

s`1 : rx1, . . . , xs`1s “ 1u|,

where we inductively define rx1, . . . , xs`1s “ rrx1, . . . , xss, xs`1s. In this notation the

commuting probability PrpGq is the same as the 1-step nilpotency degree d1pGq.

Motivated by Neumann’s theorem, it is natural and tempting to ask whether every

group G such that dspGq is bounded away from zero has a large s-step nilpotent

section. We show that this need not be the case for s “ 2: we will give an example

of a group G with 2-step nilpotency degree at least 1{4 and no large 2-step nilpotent

section. We do not know whether G must at least have a large 3-step nilpotent

section.

Fix a prime p (take p “ 2 to get 1{4 as claimed above) and let Fn,3,p be the group

with generators

αi p1 ď i ď nq,

βij p1 ď j ă i ď nq,

γijk p1 ď j ă i ď n, j ď k ď nq,

and relators

rαi, αjs “ βij p1 ď j ă i ď nq,

rβij, αks “ γijk p1 ď j ă i ď n, j ď k ď nq,

rγijk, αls “ 1 p1 ď j ă i ď n, j ď k ď n, 1 ď l ď nq,

αpi “ βpij “ γpijk “ 1 pall valid i, j, kq.
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Every element of Fn,3,p has a unique representation of the form

ź

1ďiďn

αeii
ź

1ďjăiďn

β
eij
ij

ź

1ďjăiďn
jďkďn

γ
eijk
ijk ,

where each ei, eij, eijk P t0, 1, . . . , p´ 1u and the factors in the products are taken in

some fixed but arbitrary order. For more details on this standard material see M.

Hall [Hal59].

Our group G “ Gn,p is a quotient of Fn,3,p by a certain central subgroup. Specifi-

cally, to the generators above we add

γi p1 ď i ď nq

and to the relators we add

γijk “ 1 p1 ď j ă i ď n, j ď k ď n, k R tj, iuq,

γijj “ γi p1 ď j ă i ď nq,

γiji “ γ´1
j p1 ď j ă i ď nq.

Every element of G has a unique representation of the form

ź

1ďiďn

αeii
ź

1ďjăiďn

β
eij
ij

ź

1ďiďn

γ
e1i
i ,

where as before each ei, eij, e
1
i P t0, 1, . . . , p ´ 1u and the factors are taken in some

fixed but arbitrary order. The order of G “ Z3pGq “ xαiy is p2n`pn2q, the order of

Γ2pGq “ Z2pGq “ xβijy is pn`p
n
2q, and the order of Γ3pGq “ ZpGq “ xγiy is pn.

From the relations defining G it follows that

rαi, αj, αks “ γ
δjk
i γ´δikj pall i, j, kq,

where δab is defined as 1 if a “ b and 0 otherwise. Thus by trilinearity of the triple

commutator every triple commutator in G has the form
”

ź

αeii ,
ź

αfii ,
ź

αgii

ı

“
ź

γ
eipf ¨gq´fipe¨gq
i . (2.3)

In particular if e and f are fixed then the above triple commutator is trivial provided

f ¨ g “ e ¨ g “ 0, so d2pGq ě 1{p2.

Since Γ3pGq – Fn
p is large, plainly G has no large 2-step nilpotent quotient. More-

over if H ď G has bounded-index then its image HΓ2{Γ2 under the abelianization

map is a bounded-codimension subspace of G{Γ2 – Fn
p , so from (2.3) one can see

that Γ3pHq is a bounded-codimension subspace of Γ3pGq – Fn
p (fix f and g such that

f ¨ g ‰ 0 and consider varying e), so H also has no large 2-step nilpotent quotient.
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2.A Appendix: A crash course on ultraproducts

and Loeb measure

For the convenience of the reader we provide here a rapid introduction to ultraprod-

ucts and Loeb measure. See also Bergelson and Tao [BT14, Section 2] for similar

coverage.

2.A.1 What is βN?

A filter p on N is a collection of subsets of N with the following properties:

1. N P p and H R p;

2. if A P p and A Ă B then B P p;

3. if A,B P p then AXB P p.

An ultrafilter is a maximal filter. Equivalently we could add the fourth condition

4. for every A Ă N either A P p or Ac P p.

There are many ultrafilters. For example for any x P N one could take the ultrafilter

px such that A P px if and only if x P A: these are the principal ultrafilters. More

interestingly, by Zorn’s lemma there is at least one ultrafilter extending the the filter

of cofinite sets. In fact by an easy exercise every nonprincipal ultrafilter extends the

filter of cofinite sets.

We often use the notation βN to denote the set of ultrafilters on N, in which case

we think of N as a subset of βN by mapping each x P N to the corresponding principal

ultrafilter px. The set βNzN therefore denotes the set of nonprincipal ultrafilters.

We call βN the Stone–Čech compactification of N; it carries a natural topology, as

well as a semicontinuous semigroup structure, neither of which need concern us here.

Given p P βNzN and some event Epxq depending on x P N, we say that Epxq

holds “for p-almost-all x” if tx : Epxqu P p. We might also write @px : Epxq. It follows

from the properties of ultrafilters that for arbitrary events E and F we have

@px : pEpxq ^ F pxqq ðñ p@px : Epxqq ^ p@px : F pxqq,

@px : pEpxq _ F pxqq ðñ p@px : Epxqq _ p@px : F pxqq,

 @px : Epxq ðñ @px : p Epxqq.

This “logical Freshman’s dream” is one of the reasons ultrafilters are so useful for

quantification and epsilon management. Note also that if p is nonprincipal then if

@px : Epxq then in particular Epxq holds for infinitely many x.
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2.A.2 Ultraproducts and the nonstandard reals

Fix from now on some particular p P βNzN. Given a sequence of structures pXnq

(sets, groups, fields, ...), the ultraproduct
ś

nÑpXn is defined to be the set of all

sequences pxnq P
ś

Xn modulo p-almost-everywhere equality. Thus pxnq “ pynq in
ś

nÑpXn if and only if tn : xn “ ynu P p.

For example suppose we take Xn to be the field of real numbers R. Then the

ultralimit ˚R “
ś

nÑp R is called the field of hyperreals or nonstandard reals. It is

indeed a field, where we define pxnq ` pynq “ pxn ` ynq and pxnqpynq “ pxnynq. It

follows from the properties of ultrafilters that these operations are well defined and

that the field axioms are satisfied. For example, suppose pxnq ‰ 0. Then if we define

yn “ x´1
n whenever xn ‰ 0 and, say, yn “ 1 otherwise, then indeed xnyn “ 1 for

p-almost-all n, so pxnq has multiplicative inverse pynq.

In general operations tend to extend in an obvious way to the ultraproduct. More-

over a first-order property is true in
ś

nÑpXn if and only if it is true in Xn for

p-almost-all n. The buzzword for this phenomenon is “ Los’s theorem”.

The reals embed naturally into the nonstandard reals via the diagonal embedding

r ÞÑ prq. We will abuse notation and denote prq simply by r. The nonstandard reals

are much bigger than this though: there are positive nonstandard reals (exercise:

define positive) smaller than every positive standard real, e.g., the nonstandard real

p1{nq, and there are likewise nonstandard reals larger than every standard real, e.g.,

the nonstandard real pnq. We call x “ pxnq P
˚R bounded if |x| ďM for some M P R,

equivalently if |xn| ď M for p-almost-all n. In this case we can define the standard

part stx of x as the supremum of all r P R such that r ă x. Thus stx is a real

number such that |x´ stx| is smaller than every positive real (i.e., such that x´ stx

is infinitesimal).

Commonly we consider an ultralimit G “
ś

nÑpGn of groups Gn. The group

operation extends naturally to G, just as the field operations of R extended naturally

to ˚R. The properties of G “
ś

nÑpGn tend to reflect the asymptotic properties of

the sequence of groups pGnq. For example, G has an element of finite order p if and

only if Gn has such an element for p-almost-all n. If each group Gn is finite, then we

call G an ultrafinite group.

2.A.3 Loeb measure

Given a sequence of countable sets Xn, consider the ultraproduct X “
ś

nÑpXn. A

subset S of X is called internal if it is defined by subsets Sn Ă Xn in the same way
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as X, namely if psnq P S if and only if sn P Sn for p-almost-all n; in this case we

write S “
ś

nÑp Sn. The colletion of internal subsets is a ring, and the σ-algebra

they generate is called the Loeb σ-algebra LX .

Now suppose for each n that we have some measure µn defined on the set of all

subsets of Xn. Then pµnq defines a function on the internal subsets of X by mapping

S “
ś

nÑp Sn to the hyperreal pµnpSnqq. We define a new function µ on the internal

sets by taking standard parts:

µpSq “ stpµnpSnqq.

It turns out that µ defines a premeasure.

Lemma 2.A.1. The function µ is a premeasure on the ring of internal sets.

Proof. Finite additivity is easy to verify, as
˜

ź

nÑp

Sn

¸

Y

˜

ź

nÑp

S 1n

¸

“
ź

nÑp

pSn Y S
1
nq.

We thus need only check that

µpSq “ lim
mÑ8

µpSmq

whenever S1 Ă S2 Ă ¨ ¨ ¨ is a sequence of internal sets whose union S is also inter-

nal (we use superscripts to distinguish from the standard components Sn). We will

accomplish this by surprisingly trivial means: we claim that under these hypotheses

in fact S “ Sm for some m. (The buzzword for this type of argument is “countable

saturation”.)

Write S “
ś

nÑp Sn and Sm “
ś

nÑp S
m
n , and suppose S “

Ť8

m“1 S
m. By replac-

ing Smn with S1
n Y ¨ ¨ ¨ Y S

m
n for each m and n if necessary, we may assume that

S1
n Ă S2

n Ă ¨ ¨ ¨

for each n. For each n, write mn for the largest index such that

Sn Ć Smnn ,

or 0 if none exists, or n if there is no largest. If mn “ 0 for p-almost-all n then S “ S1

and we’re done. Otherwise for p-almost-all n pick

xn P SnzS
mn
n
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and let x “ pxnq. Then clearly x P S “
Ť8

m“1 S
m, so x P Sm for some m, so for

p-almost-all n we have x P Smn . Since xn R S
mn
n this implies mn ă m for p-almost-all

n. Thus by definition of mn for p-almost-all n we have Sn Ă Smn , whence we deduce

that S “ Sm.

It follows by usual measure theory that µ extends to a countably additive measure

on LX . We call µ the Loeb measure, and the space pX,LX , µq the Loeb space. It is

something of a paradox that the even though the above proof is so trivial the resulting

measure µ is still so interesting.

Actually it was not important for the sets Xn to be countable, and we coud have

started each Xn with its own σ-algebra Σn and let µn be a measure on Σn. Of course

we would then only consider the σ-algebra generated by ultraproducts of measurable

sets. We could even allow Σn to be only an algebra and µn only finitely additive, and

the resulting Loeb space would still be a bona fide measure space.

2.A.4 Fubini’s theorem

It is a sad fact of life that, given Loeb spaces pX,LX , µXq and pY,LY , µY q, based

on ultraproducts of countable sets as above, the product LX ˆ LY of the two Loeb

σ-algebras is not the same as the Loeb σ-algebra LXˆY of the product: the latter,

being generated by the internal subsets of

X ˆ Y “
ź

nÑp

Xn ˆ Yn,

is much larger. This is potentially annoying because the traditional form of Fubini’s

theorem only applies to functions which are LXˆLY -measurable, whereas functions on

XˆY that we want to apply Fubini’s theorem to are typically only LXˆY -measurable.

Fortunately, however, we can prove a version of Fubini’s theorem for functions which

are only LXˆY -measurable.

Theorem 2.A.2 (Fubini’s theorem for Loeb measure). Fix Loeb spaces pX,LX , µXq
and pY,LY , µY q. If f : X ˆ Y Ñ R is a nonnegative LXˆY -measurable function,

then for all x P X the function y ÞÑ fpx, yq is LY -measurable, the function x ÞÑ
ş

Y
fpx, yq dµY pyq is LX-measurable, and

ż

XˆY

f dµXˆY “

ż

X

ż

Y

fpx, yq dµY pyq dµXpxq. (2.4)

66



In general if f P L1pµXˆY q then for almost all x P X the function y ÞÑ fpx, yq is in

L1pµY q, the function defined almost everywhere by x ÞÑ
ş

fpx, yq dµY pyq is in L1pµXq,

and again (2.4) holds.

The same result holds of course with the roles of X and Y reversed, so (2.4) implies

that
ż

X

ż

Y

fpx, yq dµY pyq dµXpxq “

ż

Y

ż

X

fpx, yq dµXpxq dµY pyq

if f is LXˆY -measurable and either nonnegative or integrable.

Again, the advantage here over the usual form of Fubini’s theorem is that we

only assume that f is LXˆY -measurable, which is much weaker than assuming f is

LX ˆ LY -measurable.

Sketch. As in the proof of the usual form of Fubini’s theorem, modulo a few appli-

cations of the monotone convergence theorem it suffices to check the theorem when

f is the indicator of some Q P LXˆY . Moreover, modulo an application of the mono-

tone class theorem (or the π-λ theorem) we may assume that Q is internal, say

Q “ limnÑpQn, where Qn Ă Xn ˆ Yn for each n. Now we appeal to the trivial form

of Fubini’s theorem on Xn ˆ Yn. See [BT14, Theorem 19] for more details.

If Xn and Yn are not necessarily countable but instead start life as measurable

spaces in their own rights then result still holds: at the end of the proof above we

would just appeal to the usual form of Fubini’s theorem on Xn ˆ Yn. If on the other

hand µXn and µYn are only finitely additive then the theorem need not hold.

The fundamental reason we need the above theorem is that the group operation

px, yq ÞÑ xy´1 on an ultrafinite group G is not LG ˆ LG-measurable, but only LG2-

measurable. See Tserunyan [Tse14] for further discussion about this, and a general

definition of groups obeying such a rule.
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Chapter 3

Fixed sets of permutations

Abstract. We consider two related problems about permutations.

First, we count the number of permutations having a fixed set of size k,

or in other words failing to induce a derangement in the action on k-sets.

Let ipn, kq be the proportion of such permutations in Sn. By adapting

arguments of Ford in connection with the multiplication table problem

from analytic number theory, we prove that ipn, kq — k´δp1 ` log kq´3{2

uniformly for 1 ď k ď n{2, where δ “ 1 ´ 1`log log 2
log 2

. As an application

we show that the proportion of π P Sn contained in a transitive subgroup

not containing An is at least n´δ`op1q if n is even, partially answering a

question of Cameron.

Second, we consider invariable generation in Sn. Following Dixon, we say

that permutations π1, . . . , πr P Sn invariably generate Sn if, no matter

how one chooses conjugates π11, . . . , π
1
r of these permutations, π11, . . . , π

1
r

generate Sn. We show that if π1, π2, π3 are chosen uniformly at random

from Sn then, with probability tending to 1 as n Ñ 8, π1, π2, π3 do

not invariably generate Sn, because they have fixed sets of a common

size. By contrast it was shown recently by Pemantle, Peres and Rivin

that four random elements do invariably generate Sn, with probability

bounded away from zero. We include a proof of this statement which,

while sharing many features with their argument, is short and completely

combinatorial.

This chapter combines the papers [EFG15b] and [EFG15a], both of which

are joint work with Kevin Ford and Ben Green.
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3.1 Introduction

In this chapter we are concerned with two related problems about fixed sets of random

permutations π P Sn. First, given an integer k in the range 1 ď k ď n, what is the

probability ipn, kq that π has a fixed set of size k? Second, given a few (three or four,

to be precise) random permutations π1, . . . , πr P Sn, what is the probability that for

some k in the range 0 ă k ă n each of π1, . . . , πr has a fixed set of size k?

Both these questions are much less about group theory than they may appear to

be at first glance, because they both depend just on the set of cycle lengths of π, the

distribution of which we understand well. Let cj “ cjpπq be the number of cycles of

length j in π, let c “ pc1, . . . , cnq, and let

L pcq “

#

n
ÿ

j“1

jxj : 0 ď xj ď cj for each j

+

.

Then the first question above concerns ipn, kq “ Ppk P L pcqq, while the second

question concerns L pcp1qqX ¨ ¨ ¨ XL pcprqq, where cp1q, . . . , cprq are independent copies

of c.

Now it is well known that cjpπq is approximately Poisson with parameter 1{j,

independently of other values of j. In particular we have the following lemma, which

is fundamental for this chapter. See for example Arratia and Tavaré [AT92].

Lemma 3.1.1. Let X “ pX1, X2, . . . q be a sequence of independent Poisson random

variables, where Xj has parameter 1{j. If cj “ cjpπq is the number of cycles of length

j in a random permutation π P Sn, then if k is fixed and n Ñ 8 the distribution of

pc1, . . . , ckq converges to that of Xk “ pX1, . . . , Xkq.

Thus at least in the limit n Ñ 8 we are effectively just asking questions about

the random sumset L pXq, as well as its self-intersections L pXp1qq X ¨ ¨ ¨ XL pXprqq.

Thus these questions have much more of an additive-combinatorial flavour than a

group-theoretic flavour.

3.1.1 Permutations fixing a k-set

As explained already we have ipn, kq “ Ppk P L pcqq, where c is the cycle type of a

random permutation, and in particular by Lemma 3.1.1 we have

lim
nÑ8

ipn, kq “ Ppk P L pXkqq;
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in particular the limit exists for all k. This makes it easy to compute limnÑ8 ipn, kq

for small values of k. For example we have the well known result that

lim
nÑ8

ipn, 1q “ PpX1 ě 1q “ 1´ e´1,

as well as the less well known result that

lim
nÑ8

ipn, 2q “ 1´PpX1 “ X2 “ 0q ´PpX1 “ 1, X2 “ 0q “ 1´ 2e´3{2,

and so on.

The behaviour of ipn, kq as k grows, however, is much less clear. In fact, somewhat

surprisingly even the behaviour of limnÑ8 ipn, kq as a function of k has only recently

been at all well understood. The timeline is roughly as follows.

1. Dixon [Dix92] defined ipn, kq while studying invariable generation and proved

ipn, kq ! expp´cplog kq2plog nq´1q for some constant c ą 0.

2. The upper bound ipn, kq ! k´0.01 (1 ď k ď n{2) was proved by  Luczak and

Pyber [ LP93]. (These authors did not make any special effort to optimize the

exponent 0.01, but their method does not lead to a sharp bound.)

3. The asymptotic lower bound limnÑ8 ipn, kq " k´1 log k is contained in a paper

of Diaconis, Fulman, and Guralnick [DFG08].

4. Recently, Pemantle, Peres, and Rivin [PPR14, Theorem 1.7] established the

asymptotic estimate

lim
nÑ8

ipn, kq “ k´δ`op1q,

where

δ “ 1´
1` log log 2

log 2
“ 0.08607....

In this chapter we will prove the following estimate, which establishes the order of

ipn, kq up to constant factors uniformly for all n and k.

Theorem 3.1.2. ipn, kq — k´δplog kq´3{2 uniformly for 2 ď k ď n{2.

Here and throughout this chapter we use the analytic-number-theoretic notation

X ! Y to mean that X ď CY for some constant C ą 0, and similarly the notation

X — Y to mean that c1Y ď X ď c2Y for some constants c1, c2, i.e., X ! Y and

X " Y . We also use Op¨q and op¨q notation as usual.

Theorem 3.1.2 has implications for a conjecture of Cameron related to random

generation of the symmetric group. Cameron conjectured that the proportion of
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π P Sn contained in a transitive subgroup not containing An tends to zero: this was

proved by  Luczak and Pyber [ LP93] using their bound ipn, kq ! k´0.01. Cameron

further guessed that this proportion might decay as fast as n´1{2`op1q (see [ LP93,

Section 5]). However, Theorem 3.1.2 has the following corollary.

Corollary 3.1.3. Suppose that n ą 2 is even. Then the proportion of π P Sn con-

tained in a transitive subgroup not containing An is " n´δplog nq´3{2.

Proof. By Theorem 3.1.2 the proportion of π P Sn fixing a set B1 of size n{2 is

— n´δplog nq´3{2. Such a permutation π must also fix the set B2 “ t1, . . . , nuzB1, and

thus preserve the partition tB1, B2u of t1, . . . , nu. Since |B1| “ |B2|, the set of all τ

preserving this partition is a transitive subgroup not containing An.

A matching upper bound Opn´δplog nq´3{2q holds in Corollary 3.1.3, and in fact

for odd n there is an upper bound of the form Opn´δ
1

q for some δ1 ą δ. This will be

proved in a future paper [EFK16].

As we explained already our method is founded on the equality

lim
nÑ8

ipn, kq “ Ppk P L pXkqq.

Our theorem, however, asserts a uniform estimate for ipn, kq. Thus what we really

need is an approximate analogue of the above identity which asserts that

ipn, kq — Ppk P L pXkqq

uniformly for k ď n{2. Instead of directly estimating the probability of k lying in

L pXkq, however, it will be more convenient to apply a kind of local-to-global principle

to reduce the problem to studying the size of L pXkq. To see roughly how this works,

note that with significant probability there is some such j with j ą k{10, in which

case at least half of the sums x1 ` 2x2 ` ¨ ¨ ¨ ` kxk will be at least k{10 (those with

xj ą 0). At the same time it is reasonably likely that all all elements of L pXkq are

at most 10k. Assuming this heuristic is reasonable, we should expect that

ipn, kq — Ppk P L pXkqq —
1

k
E|L pXkq|.

This estimate the topic of Section 3.3, in which we establish the following proposition.

Proposition 3.1.4. ipn, kq — 1
k
E|L pXkq| uniformly for 1 ď k ď n{2.
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Our main theorem follows immediately from this and the next proposition, whose

proof occupies Sections 3.4 and 3.5. We emphasize that we are now working just

with the sequence Xk “ pX1, X2, . . . , Xkq of genuinely independent random variables,

which is independent of n.

Proposition 3.1.5. E|L pXkq| — k1´δplog kq´3{2 for k ě 2.

To briefly explain the origin of the exponent δ, first observe the simple inequality

|L pXkq| ď min
`

2X1`¨¨¨`Xk , 1`X1 ` 2X2 ` ¨ ¨ ¨ ` kXk

˘

. (3.1)

Assume this is close to being sharp with reasonably high probability, and condition

on Y “ X1 ` ¨ ¨ ¨ `Xk. Following our earlier heuristic, the second term on the right

side of (3.1) is — k most of the time, and so there is a change of behaviour around

Y “ log2 k`Op1q. Since Y is Poisson with parameter log k`Op1q, a short calculation

demonstrates that

E minp2Y , kq — k1´δ
plog kq´1{2.

We err in the logarithmic term because (3.1) is only sharp with probability about

1{ log k, a fact related to order statistics.

Let us finally mention two open questions.

Question 3.1.6. Is there some constant C such that as k Ñ 8 we have

lim
nÑ8

ipn, kq „ Ck´δplog kq´3{2?

It would be surprising if this were not the case, but establishing it seems to require

a significantly more involved analysis.

Question 3.1.7. Is limnÑ8 ipn, kq monotonically decreasing in k?

Data collected by Britnell and Wildon [BW15] shows that this is so at least as

far as k “ 30, and of course a positive answer is plausible just from the fact that

limnÑ8 ipn, kq Ñ 0 as k Ñ 8.

3.1.2 Invariable generation

Permutations π1, . . . , πr are said to have a property P invariably if π11, . . . , π
1
r have

property P whenever π1i is conjugate to πi for each i. Thus π1, . . . , πr invariably

generate Sn if π11, . . . , π
1
r generate Sn whenever π1i is conjugate to πi for each i.
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By a theorem of Dixon [Dix69], if π1, π2 P Sn are chosen uniformly at random

then, with high probability (i.e., with probability tending to 1 as nÑ 8), the group

they generate is either Sn or An. Thus

Ppxπ1, π2y “ Snq Ñ 3{4,

Ppxπ1, π2y “ Anq Ñ 1{4,

as n Ñ 8. But what about invariable generation? We cannot expect such a strong

result, because given any constant r, with probability ipn, 1qr « p1 ´ 1{eqr each of

π1, . . . , πr has a fixed point, thus they have conjugates having the same fixed point,

and thus they do not invariably generate. However it is reasonable to ask the following

question.

Question 3.1.8. Does there exist a constant r such that π1, . . . , πr invariably gener-

ate with probability bounded away from zero?

There is strong motivation for this question coming from computational Ga-

lois theory, and consequently the question has been studied by several different au-

thors [Mus78; Dix92;  LP93; DS00; KZ12; PPR14]. To briefly explain this connection,

suppose we are given a polynomial f P Zrxs of degree n with no repeated factors.

Information about the Galois group can be gained by reducing f modulo random

primes p and factorizing the reduced polynomial f̄ over Z{pZ. By classical Galois

theory, if f̄ has irreducible factors of degrees n1, . . . , nr then the Galois group G of f

over Q has an element with cycle lengths n1, . . . , nr. Moreover by Frobenius’s density

theorem, if G “ Sn then the frequency with which a given cycle type arises is equal

to the proportion of elements in Sn with that cycle type. Thus if we suspect that

G “ Sn then the number of times we expect to have to iterate this procedure before

being able to deduce that G “ Sn is controlled by the expected number of random

elements required to invariably generate Sn.

 Luczak and Pyber [ LP93] were the first to answer Question 3.1.8 positively. This

follows from their bound ipn, kq ! k´0.01: Note by a union bound that the probability

that π1, . . . , πr each have a fixed set of the same size k for some k is bounded by

n{2
ÿ

k“1

ipn, kqr !r

n{2
ÿ

k“1

k´0.01r,

so if r is sufficiently large then the probability that π1, . . . , πr can be conjugated to

each fix a common set is at most 1{10, independent of n. In other words, π1, . . . , πr

invariably generate a transitive subgroup with probability at least 9{10. Moreover, by
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another theorem of  Luczak and Pyber (another consequence of their bound ipn, kq !

k´0.01), the union of all transitive subgroups besides Sn and An covers only opn!q of

Sn, so with probability 1´ op1q our first permutation π1 has no conjugate lying in a

transitive subgroup smaller than An. Finally, the probability that each of π1, . . . , πr is

contained in An is p1{2qr ď 1{10. Thus by ruling out all other possibilities we deduce

that with probability at least 1{2 the permutations π1, . . . , πr invariably generate Sn.

This proof does not readily yield a reasonable value of r, however, and in any case

because ipn, kq “ k´δ`op1q it seems unlikely to prove that any r smaller than 12 could

suffice. However, Pemantle, Peres, and Rivin [PPR14] recently proved that we may

take r “ 4.

Theorem 3.1.9 (Pemantle–Peres–Rivin [PPR14]). If π1, π2, π3, π4 P Sn are chosen

uniformly at random then the probability that π1, π2, π3, π4 invariably generate Sn is

bounded away from zero.

We give a somewhat simplified proof of this theorem in Section 3.6. Incidentally,

Pemantle, Peres, and Rivin only prove that π1, π2, π3, π4 invariably generate a transi-

tive subgroup of Sn, but it is only a little more work to prove the theorem as stated

above. Indeed, as in the  Luczak–Pyber proof, almost all π1 P Sn are contained in no

transitive subgroup besides Sn or An, so we need only worry about An. Thus as long

as we are careful in the proof to arrange that at least one of π1, π2, π3, π4 is odd, then

no proper transitive subgroup will trap π1, π2, π3, π4. For full details see the proof of

Theorem 3.1.9 in Section 3.6.

Our main contribution however is the lower bound r ą 3, which will be proved in

Section 3.7. Thus we finally have a complete answer: r can be taken as small as 4,

but no smaller.

Theorem 3.1.10. If π1, π2, π3 P Sn are chosen uniformly at random then the proba-

bility that π1, π2, π3 invariably generate a transitive subgroup (or, in particular, all of

Sn) tends to zero as nÑ 8. Equivalently, with probability tending to 1 there is some

k in the range 0 ă k ă n such that π1, π2, π3 each have a fixed set of size k.

As with estimating ipn, kq, these assertions are more or less equivalent to analogous

assertions about our model L pXq, where now it is more natural to consider the entire

sequence X and the entire sumset

L pXq “

#

ÿ

jě1

jxj : 0 ď xj ď Xj for each j

+

. (3.2)
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Thus unsurprisingly the main task in proving Theorem 3.1.9 is to show that

L pXq XL pX1
q XL pX2

q XL pX3
q “ t0u

with positive probability, where X1,X2,X3 are independent copies of X. Similarly, ex-

cepting the details already mentioned to do with transitive subgroups, Theorem 3.1.10

follows almost immediately from the assertion that

L pXq XL pX1
q XL pX2

q

is almost surely infinite.

In a sentence, the essential reason for the difference in behavior between the 3-

and 4-fold intersections is that L pXq X rk, 2ks typically has size klog 2`op1q, and

2{3 ă log 2 ă 3{4.

3.1.3 The analogy with number theory

Let X be large, and choose an integer n uniformly at random from t1, . . . , Xu. Then

for all small primes p, the probability that p divides n is close to 1{p, and these events

are approximately independent for different values of p. Thus if we fix an interval

pet, et`1q, with t much smaller than x, and ask how many primes p P pet, et`1q divide

n, then by the law of rare events the answer will be approximately Poisson with

parameter

ÿ

pPpet,et`1q

1{p “ log logpet`1
q ´ log logpetq `O

`

1{t2
˘

“ 1{t`O
`

1{t2
˘

,

these variables being approximately independent for disjoint intervals.

Compare this heuristic with Lemma 3.1.1, which asserts that if π is a random

permutation then the number of cycles of length j in π is approximately Poisson with

parameter 1{j, these variables being approximately independent for different values

of j. The similarity of these two heuristics is the foundation of a powerful analogy

with analytic number theory, briefly outlined in Table 3.1.3.

Estimating the proportion ipn, kq of permutations π having a fixed set of a given

size k is thus roughly analogous to estimating the number HpX, Y q of integers n ď X

having a divisor in a given dyadic interval pY, 2Y s. This is more or less equivalent

to the well known multiplication table problem, which asks for the number of distinct
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permutations integers
π P Sn (n large) n ď X (X large)

cycles σ of π primes p|n
length of σ log p

fixed sets A of π divisors d|n
size of A log d

Table 3.1: The dictionary between permutations and integers

integers appearing in the standard N ˆN multiplication table, or in other words the

quantity

ApNq “ |tn ď N2 : n “ d1d2 for some d1, d2 ď Nu|.

These problems have a long history, originating as a problem of Besicovitch [Bes34],

and were solved up to constant factors only recently by Ford [For08b; For08a], who

proved the following theorem.

Theorem 3.1.11 (Ford [For08b; For08a]). Uniformly for 3 ď Y ď X1{2 we have

HpX, Y q — Xplog Y q´δplog log Y q´3{2.

Thus for N ě 3 we have

ApNq — N2
plogNq´δplog logNq´3{2.

The similarity between Theorems 3.1.2 and 3.1.11 should now not be surprising.

Unfortunately the analogy is not so perfect that it is possible to easily deduce either

theorem from the other, but the reader will not be surprised to hear that our proof

of Theorem 3.1.2 strongly parallels Ford’s proof of Theorem 3.1.11. Even before the

appearance of Theorem 3.1.2 this connection was noted by Pemantle, Peres, and

Rivin [PPR14], as well as by Diaconis and Soundararajan (see [Sou13, page 14]).

Similarly, the probability that π1, . . . , πr have fixed sets of the same size is roughly

analogous the probability that n1, . . . , nr ď X have divisors d1, . . . , dr all within a

small factor of one another. This is reminiscent of the following well known theorem

of Maier and Tenenbaum [MT84].

Theorem 3.1.12 (Maier–Tenenbaum [MT84]). A random integer n ď X has, with

probability tending to 1 as X Ñ 8, two distinct divisors d1, d2 such that d1 ă d2 ď 2d1.

The corresponding assertion for permutations is similar in spirit to what we want:

it would assert that with high probability a single permutation π has for some k with
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0 ă k ă n at least two distinct fixed sets of size k (a true statement, but not one we

establish here). We prove Theorem 3.1.10 by building on the method of Maier and

Tenenbaum.

The analogy between permutations and integers is sufficiently strong that in

[EFG15a] we made the following conjecture, which is analogous to Theorems 3.1.9

and 3.1.10, and we said we would return to it in a future paper.

Conjecture 3.1.13. Choose n1, n2, n3, n4 at random from 1, . . . , X. Then with prob-

ability tending to 1 as X Ñ 8 we can find

d1|n1, d2|n2, d3|n3

such that max di ď 1.001 min di, but with probability bounded away from zero we

cannot find

d1|n1, d2|n2, d3|n3, d4|n4

such that max di ď 1000 min di.

Following the submission of our paper it was brought to our attention that this

has actually already been proved! See Raouj and Stef [RS99].

The analogy we are exploting between permutations and integers has been writ-

ten about by many authors, most notably by Andrew Granville, who even wrote a

play about it with his sister Jennifer Granville, called The Anatomy of Integers and

Permutations : see [GG09; Gra09].

3.2 A permutation sieve

As mentioned in the introduction, the asymptotic distribution (as nÑ 8 with k fixed)

of the cycle lengths pc1pπq, . . . , ckpπqq of a random π P Sn is that of Xk “ pX1, . . . , Xkq,

where the Xi are independent with Xi
d
“ Poisp1{iq. In the nonasymptotic regime,

where n may be as small as 2k, this property is lost. We do, however, have the

following substitute which will suffice for this paper.

Proposition 3.2.1. Let 1 ď m ă n and c1, . . . , cm be nonnegative integers satisfying

c1 ` 2c2 ` ¨ ¨ ¨ `mcm ď n´m´ 1.

Suppose that π P Sn is chosen uniformly at random. Then

1

p2m` 2q
śm

i“1 ci!i
ci
ď Ppc1pπq “ c1, . . . , cmpπq “ cmq ď

1

pm` 1q
śm

i“1 ci!i
ci
.
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We will prove this shortly, but first let us fix some notation. As every permutation

π P Sn factors uniquely as a product of disjoint cycles, in keeping with the analogy

with integers we say that any product of these cycles, including the empty product, is a

factor or divisor of π. We may think of the factors as partially defined permutations.

The domains of these factors are precisely the invariant sets of π. We make the

following further definitions:

• Ck,n is the set of cycles of length k on t1, . . . , nu;

• |σ| is the length of any factor σ (of some permutation in Sn);

• τ |π means that τ is an invariant set or divisor of π.

The following lemma is a slight generalization of the well known formula of Cauchy.

Lemma 3.2.2. Let 1 ď m ď n, and let c1, . . . , cm be nonnegative integers with

t “ c1 ` 2c2 ` ¨ ¨ ¨ ` mcm ď n. Then the number of ways of choosing c1 ` ¨ ¨ ¨ ` cm

disjoint cycles consisting of ci cycles in Ci,n for 1 ď i ď m is

n!

pn´ tq!

m
ź

j“1

1

cj!jcj
.

Proof. First count the number of ways of choosing the subsets that make up the

cycles, and then multiply by the number of ways to arrange the elements of these

subsets into cycles. The result is

ˆ

n

1 ¨ ¨ ¨ 1
loomoon

c1

2 ¨ ¨ ¨ 2
loomoon

c2

¨ ¨ ¨m ¨ ¨ ¨m
loomoon

cm

n´ t

˙

1

c1! ¨ ¨ ¨ cm!
ˆ

m
ź

j“1

pj ´ 1q!cj ,

which simplifies to the claimed expression.

Our next lemma is an analogue for permutations of a basic lemma from sieve

theory.

Lemma 3.2.3. Suppose that m,n are integers with 1 ď m ď n. Let π P Sn be chosen

uniformly at random. Then

1

2m
ď Ppπ has no cycle of length ă mq ď

1

m
.
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Remark. Both upper and lower bounds are best possible, since trivially the proba-

bility in question is exactly 1{n when n{2 ă m ď n (if a permutation has no cycle

of length ă m, with m in this range, then it must be an n-cycle). In fact, it is not

difficult to prove an asymptotic formula „ ωpn{mq{m (n Ñ 8, m Ñ 8, m ď n)

for the probability in question, where ω is Buchstab’s function and ωpuq Ñ e´γ as

uÑ 8: see Granville [Gra06, Theorem 2.2].

Proof. (See the proof of [Gra06, Theorem 2.2]). We phrase the proof combinatorially

rather than probabilistically; thus let cpn,mq be the number of permutations of Sn
that have no cycles of length ă m. We proceed by induction on n, the result being

trivial when n “ 1. Let
ř˚ denote a sum over permutations with no cycle of length

ă m. Using the fact that the sum of lengths of cycles in a permutation in Sn is n, we

get

ncpn,mq “
ÿ

πPSn

˚

n “
ÿ

πPSn

˚ ÿ

σ|π
σ a cycle

|σ| “
ÿ

kěm

k
ÿ

σPCk,n

ÿ

πPSn
σ|π

˚

1

“
ÿ

σPCn,n

n`
ÿ

mďkďn´m

k
ÿ

σPCk,n

cpn´ k,mq

“ n!`
ÿ

mďkďn´m

n!

pn´ kq!
cpn´ k,mq.

If n
2
ă m ď n, then cpn,mq “ n!

n
and the result follows. Otherwise, by the induction

hypothesis,

ncpn,mq ď n!`
ÿ

mďkďn´m

n!

m
“ n!

ˆ

1`
n´ 2m` 1

m

˙

ď
n! ¨ n

m

and

ncpn,mq ě n!`
ÿ

mďkďn´m

n!

2m
“ n!

ˆ

1`
n´ 2m` 1

2m

˙

ě
n! ¨ n

2m
.

It is now a simple matter to establish Proposition 3.2.1.

Proof of Proposition 3.2.1. Let t “ c1 ` 2c2 ` ¨ ¨ ¨ ` mcm. For each choice of the

c1 ` ¨ ¨ ¨ ` cm disjoint cycles consisting of cj cycles from Cj,n (1 ď j ď m), there are

cpn ´ t,m ` 1q permutations π P Sn containing these cycles as factors and no other

cycles of length at most m, where cpn ´ t,m ` 1q is the number of permutations on

n´t letters with no cycle of length ă m`1, as in the proof of Lemma 3.2.3. Applying

Lemmas 3.2.2 and 3.2.3 completes the proof.
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Later in this chapter we will need another lemma involving the same sort of

argument. This time we need to count permutations with a given number of cycles

of length at most k. By the Poisson model Lemma 3.1.1, if k is fixed and n Ñ 8,

this statistic has distribution approaching that of a Poisson variable with parameter

hk “ 1` 1
2
`¨ ¨ ¨` 1

k
. The next result tells us that the distribution is still approximately

Poisson uniformly over all choices of the parameters k and n.

We record here the basic inequalities

logpk ` 1q ď hk ď 1` log k, pk ě 1q (3.3)

which follow from the obvious inequalities 1
n`1

ď
şn`1

n
dt{t ď 1

n
by taking a sum.

Lemma 3.2.4. Let n, k, ` be integers with 1 ď k ď n and ` ě 0. Select π P Sn at

random. Then

Ppπ has exactly ` cycles with length ď kq ď
e

k

h`k
`!

ˆ

1`
`

hk

˙

.

In particular if ` ! log k then this is O
`

k´1h`k{`!
˘

, while if ` " log k then this is

O
`

k´1h`´1
k {p`´ 1q!

˘

.

Proof. Denote by Snpk, `q the set of π P Sn containing exactly ` cycles of length at

most k. Evidently

n|Snpk, `q| “
ÿ

πPSnpk,`q

ÿ

σ|π
σ a cycle

|σ|.

Write π “ σπ1, and observe that π1 has either ` ´ 1 or ` cycles of length at most k,

depending on whether |σ| ď k or not. Thus π1 P Sn´|σ|pk,mq, where m “ ` ´ 1 or

m “ `, so

n|Snpk, `q| ď
n
ÿ

h“1

ÿ̀

m“`´1

ÿ

π1PSn´hpk,mq

|Ch,n|h

“

n
ÿ

h“1

ÿ̀

m“`´1

ÿ

π1PSn´hpk,mq

n!

pn´ hq!
.

Now rearrange the sum according the cycle type c “ pc1, . . . , cnq of the permutation

π1, i.e., suppose π1 has cj cycles of length j for each j. By Cauchy’s formula the
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number of π1 P Sn´h with the cycle type c is pn´ hq!{
ś

j cj!j
cj . It follows that

n|Snpk, `q| ď n!
n
ÿ

h“1

ÿ

c1,...,cně0
c1`2c2`¨¨¨`ncn“n´h
c1`¨¨¨`ckPt`´1,`u

1
ś

j cj!j
cj

ď n!
ÿ

c1,...,cně0
c1`¨¨¨`ckPt`´1,`u

1
ś

j cj!j
cj

“ n!

¨

˚

˝

ÿ

c1,...,ckě0
c1`¨¨¨`ck“`´1

1
ś

j cj!j
cj
`

ÿ

c1,...,ckě0
c1`¨¨¨`ck“`

1
ś

j cj!j
cj

˛

‹

‚

ˆ
ÿ

ck`1,...,cně0

1
śn

j“k`1 cj!j
cj

“ n!

ˆ

h`´1
k

p`´ 1q!
`
h`k
`!

˙

ź

kăiďn

e1{i,

where in the last line we used the multinomial theorem. The claimed bound now

follows from
ÿ

kăiďn

1

i
“ hn ´ hk ď log n´ log k ` 1.

3.3 The local-to-global principle

Our aim in this section is to prove our local-to-global principle Proposition 3.1.4. As

in the introduction, let X1, X2, . . . be independent random variables with distribution

Xj
d
“ Poisp1{jq. We record here the basic equality

E|L pXkq| “
ÿ

c1,...,ckě0

|L pcq|PpX1 “ c1q ¨ ¨ ¨PpXk “ ckq

“ e´hk
ÿ

c1,...,ckě0

|L pcq|
śk

i“1 ci!i
ci
. (3.4)

Lemma 3.3.1. Let k P N, c1, . . . , ck ě 0, I Ă t1, . . . , ku and c1i “ ci for i R I, c1i “ 0

for i P I. then

|L pcq| ď |L pc1q|
ź

iPI

pci ` 1q.

Proof. Clearly L pcq is the union of
ś

iPIpci ` 1q translates of L pc1q.

Lemma 3.3.2. Suppose that `1 ď `. Then

1

`
E|L pX`q| ď

1

`1
E|L pX`1q|.
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Proof. By Lemma 3.3.1, |L pX`q| ď p1 ` X`1`1q ¨ ¨ ¨ p1 ` X`q|L pX`1q|. Thus by inde-

pendence,

E|L pX`q| ď

˜

ź̀

i“`1`1

Ep1`Xiq

¸

E|L pX`1q| “
`` 1

`1 ` 1
E|L pX`1q| ď

`

`1
E|L pX`1q|.

We also need to compute the mixed moments of |L pXkq| with powers of some Xj.

Write Bm for the mth moment EXm, if X
d
“ Poisp1q (Bm is the mth Bell number).

Lemma 3.3.3. Suppose that j1, . . . , jh ď k are distinct integers and that a1, . . . , ah

are positive integers. Then

E|L pXkq|X
a1
j1
¨ ¨ ¨Xah

jh
ď
Ca1,...,ah
j1 . . . jh

E|L pXkq|.

We may take Ca1,...,ah “
śh

i“1pBai `Bai`1q. In particular we may take C1 “ 3.

Proof. Define X1
k by putting X 1

j1
“ ¨ ¨ ¨ “ X 1

jh
“ 0 and X 1

j “ Xj for all other j. By

Lemma 3.3.1, we have

|L pXkq| ď |L pX1
kq|p1`Xj1q ¨ ¨ ¨ p1`Xjhq.

Thus by independence

E|L pXkq|X
a1
j1
¨ ¨ ¨Xah

jh
ď E|L pX1

kq|

h
ź

i“1

pEXai
ji
` EX

ai`1

ji
q. (3.5)

For X
d
“ Poispλq we have EXm “ φmpλq, where φmpλq is the mth Touchard (or Bell)

polynomial, a polynomial with positive coefficients and zero constant coefficient. If

λ ď 1, it follows that EXm ď λBm for m ě 1. The result follows immediately from

this, (3.5), and the trivial observation that E|L pX1
kq| ď E|L pXkq|.

We turn now to the proof of Proposition 3.1.4. In what follows, if c “ pc1, . . . , c`q,

we write

Spcq “ c1 ` 2c2 ` ¨ ¨ ¨ ` `c` “ max L pcq.

We will treat the lower bound and upper bound in Proposition 3.1.4 separately, the

former being somewhat more straightforward than the latter.
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3.3.1 The lower bound in Proposition 3.1.4

If k ă 40 then for trivial reasons

ipn, kq — 1 —
1

k
E|L pXkq|,

so we may assume k ě 40. Let r “ tk{20u (so r ě 2), and consider the permutations

π “ ασ1σ2β P Sn,

where σ1 and σ2 are cycles, |α| ď 4r ă |σ1| ă |σ2| ă 16r, all cycles in α have length

ď r, all cycles in β have length at least 16r, and ασ1σ2 has a fixed set of size k.

Because of the size restrictions on α, σ1, σ2, if α is of type c “ pc1, . . . , crq, with ci

cycles of length i for 1 ď i ď r, then the last condition is equivalent to

k ´ |σ1| ´ |σ2| P L pcq.

In particular |σ1| ` |σ2| ď k, and hence

n´ |α| ´ |σ1| ´ |σ2| ě
4

5
k ě 16r.

Fix c and `1, `2 with 4r ă `1 ă `2 ă 16r such that k ´ `1 ´ `2 P L pcq. By Proposi-

tion 3.2.1, the probability that a random π P Sn has ci cycles of length i (1 ď i ď r),

one cycle each of length `1, `2 and no other cycles of length ă 16r is at least

1

32r`1`2

śr
i“1 ci!i

ci
ě

1

213r3
śr

i“1 ci!i
ci
.

For any `1 satisfying 4r ` 1 ď `1 ď 8r ´ 1, there are |L pcq| admissible values of

`2 ą `1 for which k ´ `1 ´ `2 P L pcq, since max L pcq ď 4r ď k{5. We conclude that

ipn, kq "
4r ´ 1

213r3

ÿ

c1,¨¨¨ ,crě0
Spcqď4r

|L pcq|
śr

i“1 ci!i
ci
.

As in (3.4), the sum above equals ehrE|L pXrq|1SpXrqď4r. Hence by (3.3) we have

ipn, kq "
1

r
E|L pXrq|1SpXrqď4r.

To estimate this, we use the inequality

1SpXrqď4r ě 1´
SpXrq

4r
.
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By Lemma 3.3.3 we have

E|L pXrq|SpXrq “

r
ÿ

j“1

E|L pXrq|jXj ď 3rE|L pXrq|.

It follows that

E|L pXrq|1SpXrqď4r ě E|L pXrq|

ˆ

1´
SpXrq

4r

˙

ě
1

4
E|L pXrq|,

and hence that

ipn, kq "
1

r
E|L pXrq|.

The lower bound in Proposition 3.1.4 now follows from Lemma 3.3.2.

Remark. Strictly for the purposes of proving our main theorem, the final appeal to

Lemma 3.3.2 in the above proof is unnecessary. However, that lemma is straightfor-

ward and it is more aesthetically pleasing to have E|L pXkq| in the lower bound for

ipn, kq rather than E|L pXrq|.

3.3.2 The upper bound in Proposition 3.1.4

Suppose π P Sn has an invariant set of size k. Let k1 “ k and k2 “ n ´ k. Then

π “ π1π2, where πj is a product of cycles which, all together, have total length kj,

for j “ 1, 2. For each j let σj be the longest cycle of πj (or one of them if there are

ties). Fix j P t1, 2u so that |σj| ď |σ3´j|, and let ` “ |σj|. Note then that

` ď minpk1, k2q “ k.

Now decompose π as

π “ ασ1σ2β,

where α is the product of all cycles of π of length at most ` other than σ1, σ2 and β

is a (possibly empty) product of cycles of length greater than `.

By definition of σ1 and α, ασj has a divisor of size kj. Thus if α has type

c “ pc1, c2, . . . , c`q then kj ´ ` P L pcq. For ` and c satisfying this condition, the

number of choices for ασ1 is at most (by Lemma 3.2.2)

n!

pn´ Spcq ´ `q!

ź

iă`

1

ci!ici
ˆ

1

pc` ` 1q!`c``1
ď

n!

`pn´ Spcq ´ `q!

ź

iď`

1

ci!ici
.

Having fixed ασ1, since n´|ασ1| “ |σ2β| ě `, Lemma 3.2.3 implies that the number of

choices for σ2β is at most pn´ |ασ1|q!{`. Thus the number of choices for π “ ασ1σ2β

is at most
n!

`2

ź

iď`

1

ci!ici
.
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We deduce that

ipn, kq ď
2
ÿ

j“1

k
ÿ

`“1

ÿ

c1,...,c`ě0
kj´`PL pcq

1

`2

ź

iď`

1

ci!ici
“

2
ÿ

j“1

ÿ

c1,...,ckě0

ź

iďk

1

ci!ici

ÿ

mpcqď`ďk
kj´`PL pcq

1

`2
,

where mpcq “ maxti : ci ą 0uYt1u. With c fixed, note that ` ě maxpmpcq, kj´Spcqq.

Also, the number of ` such that kj´` P L pcq is at most |L pcq|. Thus, the innermost

sum on the right side above is at most

|L pcq|

maxpmpcq, kj ´ Spcqq2
ď

|L pcq|

maxpmpcq, k ´ Spcqq2
.

Thus as in (3.4), using (3.3) we thus see that

ipn, kq ď 2ekE
|L pXkq|

maxpmpXkq, k ´ SpXkqq
2
. (3.6)

To bound this we use the inequality

1

maxpm, k ´ Sq2
ď

4

k2

ˆ

1`
S2

m2

˙

,

which can be checked in the cases S ě k{2 and S ď k{2 separately. It follows from

this and (3.6) that

ipn, kq ď 8e
1

k
E|L pXkq| ` 8e

1

k
E
|L pXkq|SpXkq

2

mpXkq
2

. (3.7)

The first of these two terms is what we want, but the second requires a keener analysis.

By conditioning on m “ mpXkq we have

E
|L pXkq|SpXkq

2

mpXkq
2

“

k
ÿ

m“1

1

m2

ÿ

c1,...,cmě0
cmě1

|L pcq|Spcq2PpXk “ pc1, . . . , cm, 0, . . . , 0qq

“

k
ÿ

m“1

1

m2
E|L pXmq|SpXmq

21Xmě1 exp

˜

´

k
ÿ

j“m`1

1

j

¸

ď
e

k

k
ÿ

m“1

1

m
E|L pXmq|SpXmq

2Xm,

where in the last step we used the crude inequality 1Xmě1 ď Xm. Expanding

SpXmq
2 “ pX1 ` 2X2 ` ¨ ¨ ¨ `mXmq

2 and using (3.7), we thus arrive at

ipn, kq !
1

k
E|L pXkq| `

1

k2

k
ÿ

m“1

1

m

m
ÿ

i,i1“1

ii1E|L pXmq|XiXi1Xm. (3.8)

The innermost sum is estimated using Lemma 3.3.3, splitting into various cases de-

pending on the set of distinct values among i, i1,m. Write Ym “ |L pXmq| for brevity.
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Case 1 i, i1,m all distinct. Then ii1EYmXiXi1Xm ď C1,1,1m
´1EYm “

27
m

EYm.

Case 2 i “ i1 ‰ m. Then ii1EYmXiXi1Xm ď C1,2im
´1EYm ď C1,2EYm “ 21EYm.

Case 3 i “ i1 “ m. Then ii1EYmXiXi1Xm ď C3mEYm “ 20mEYm.

Case 4 i ‰ i1 “ m or i1 ‰ i “ m. In both cases ii1EYmXiXi1Xm ď 21EYm.

By taking a sum over all cases we find that

m
ÿ

i,i1“1

ii1EYmXiXi1Xm ! mEYm.

Since clearly EYm ď EYk for every m ď k the result follows from this and (3.8).

3.4 The lower bound in Proposition 3.1.5

In this section we prove the lower bound in Proposition 3.1.5, and hence the lower

bound in Theorem 3.1.2. We begin by noting that from (3.4) and (3.3) follows

E|L pXkq| ě
1

ek

ÿ

c1,...,ckě0

|L pcq|
śk

i“1 ci!i
ci
. (3.9)

If we fix r “ c1`¨ ¨ ¨` ck, which we may think of as the number of cycles in a random

permutation, then

ÿ

c1`¨¨¨`ck“r

|L pcq|
śk

i“1 ci!i
ci
“

1

r!

k
ÿ

a1,...,ar“1

|L ˚paq|

a1 ¨ ¨ ¨ ar
, (3.10)

where

L ˚
paq “

#

ÿ

iPI

ai : I Ă t1, . . . , ru

+

. (3.11)

The equality is most easily seen by starting from the right side and setting

ci “ |tj : aj “ iu|

for each i: then L pcq “ L ˚paq,
śk

i“1 i
ci “ a1 ¨ ¨ ¨ ak, and each c “ pc1, . . . , ckq comes

from r!
c1!¨¨¨ck!

different choices of a1, . . . , ak. If one thinks of cj as the number of cycles of

length j in a random permutation, then one may think of a1, . . . , ar as the unordered

cycle lengths, in this case conditioned so that there are r total cycles.
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Now let J “
Y

log k
log 2

]

and suppose that b1, . . . , bJ are arbitrary nonnegative integers

with sum r. Consider the part of the sum in which

bi “
2i´1
ÿ

j“2i´1

cj pi “ 1, 2, . . . , Jq, cj “ 0 pj ą 2J ´ 1q.

Equivalently, suppose there are exactly bi of the aj in each interval r2i´1, 2i ´ 1s.

Writing Dpbq “
śJ

i“1t2
i´1, . . . , 2i ´ 1ubi , we have

1

r!

2J´1
ÿ

a1,...,ar“1

|L ˚paq|

a1 ¨ ¨ ¨ ar
“

ÿ

b1,...,bJ

1

b1! ¨ ¨ ¨ bJ !

ÿ

dPDpbq

|L ˚pdq|

d1 ¨ ¨ ¨ dr
. (3.12)

To see this, fix b1, . . . , bJ and observe that there are r!
b1!¨¨¨bJ !

ways to choose which bi

of the variables a1, . . . , ar lie in r2i´1, 2i ´ 1s for 1 ď i ď J .

Combining (3.9), (3.10) and (3.12) gives

E|L pXkq| "
1

k

ÿ

r

ÿ

b1`¨¨¨`bJ“r

1

b1! ¨ ¨ ¨ bJ !

ÿ

dPDpbq

|L ˚pdq|

d1 ¨ ¨ ¨ dr
. (3.13)

In the light of this, the motivation for the following lemma is clear.

Lemma 3.4.1. For any b “ pb1, . . . , bJq with b1 ` ¨ ¨ ¨ ` bJ “ r we have

ÿ

dPDpbq

|L ˚pdq|

d1 ¨ ¨ ¨ dr
"

p2 log 2qr
řJ
i“1 2b1`¨¨¨`bi´i

.

Proof. Given ` P N, let Rpd, `q be the number of I Ă t1, . . . , ru with ` “
ř

iPI di (one

can think of this as the number of sets of cycles whose lengths add up to precisely `).

Then
ř

`Rpd, `q “ 2r. Also, define

λi “
2i´1
ÿ

j“2i´1

1{j

for 1 ď i ď J (thus λi « log 2). Then by Cauchy–Schwarz,

22r
J
ź

j“1

λ
2bj
j “

¨

˝

ÿ

dPDpbq

1

d1 ¨ ¨ ¨ dr

ÿ

`

Rpd, `q

˛

‚

2

“

¨

˝

ÿ

dPDpbq

1

d1 ¨ ¨ ¨ dr

ÿ

`PL ˚pdq

Rpd, `q

˛

‚

2

ď

¨

˝

ÿ

dPDpbq,`

Rpd, `q2

d1 ¨ ¨ ¨ dr

˛

‚

¨

˝

ÿ

dPDpbq

|L ˚pdq|

d1 ¨ ¨ ¨ dr

˛

‚. (3.14)
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To bound the first sum on right side of (3.14), observe that

ÿ

dPDpbq,`

Rpd, `q2

d1 ¨ ¨ ¨ dr
“

ÿ

I1,I2Ăt1,...,ru

SpI1, I2q, (3.15)

where

SpI1, I2q “
ÿ

dPDpbq
ř

iPI1
di“

ř

iPI2
di

1

d1 ¨ ¨ ¨ dr
.

If I1 “ I2, then evidently SpI1, I2q “ λb11 ¨ ¨ ¨λ
bJ
J . If I1 and I2 are distinct, let j “

maxpI14I2q be the largest coordinate at which I1 and I2 differ. With all of the

quantities di fixed except for dj, we see that dj is uniquely determined by the relation
ř

iPI1
di “

ř

iPI2
di. If we define epjq P t1, . . . , Ju uniquely by

b1 ` ¨ ¨ ¨ ` bepjq´1 ` 1 ď j ď b1 ` ¨ ¨ ¨ ` bepjq,

then dj ě 2epjq´1, regardless of the choice of d1, . . . , dj´1, dj`1, . . . , dr and thus

SpI1, I2q ď
ź

1ďiďr
i‰j

˜

ÿ

di

1

di

¸

1

2epjq´1
“
λb11 ¨ ¨ ¨λ

bJ
J λ

´1
epjq

2epjq´1
!
λb11 ¨ ¨ ¨λ

bJ
J

2epjq
,

where the sums over di go over the dyadic intervals determined by d P Dpbq. Here

we used the fact that λi — 1; in fact one may note that λi ě λi`1 for all i (since
1
n
ě 1

2n
` 1

2n`1
) and that limiÑ8 λi “ log 2, so in fact λi ě log 2 for all i.

Since the number of pairs of subsets I1, I2 Ă t1, . . . , ru with maxpI14I2q “ j is

exactly 2r`j´1, we deduce from (3.15) that

J
ź

j“1

λ
´bj
j

ÿ

dPDpbq,`

Rpd, `q2

d1 ¨ ¨ ¨ dr
! 2r ` 2r

r
ÿ

j“1

2j´epjq

“ 2r ` 2r
J
ÿ

i“1

2´i
ÿ

j:epjq“i

2j

! 2r ` 2r
J
ÿ

i“1

2b1`¨¨¨`bi´i

! 2r
J
ÿ

i“1

2b1`¨¨¨`bi´i.

Compare with (3.14) and use again the fact that λi ě log 2 to complete the proof.
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Combining Lemma 3.4.1 and (3.13), we obtain

E|L pXkq| "
1

k

ÿ

r

ÿ

b1`¨¨¨`bJ“r

1

b1! ¨ ¨ ¨ bJ !

p2 log 2qr
řJ
i“1 2b1`¨¨¨`bi´i

ě
p2 log 2qJ

k

ÿ

b1`¨¨¨`bJ“J

1

b1! ¨ ¨ ¨ bJ !

1
řJ
i“1 2b1`¨¨¨`bi´i

. (3.16)

Here we threw away the terms with r ‰ J . (This is not as wasteful as it appears. A

more careful but unnecessary analysis would demonstrate that the main contribution

comes from terms with r “ J ` Op1q.) Somewhat surprisingly, the right hand side

here can be evaluated explicitly, as in [For08a], by (redundantly) averaging over the

J cyclic permutations of b1, . . . , bJ .

Lemma 3.4.2. Let x1, . . . , xJ be positive reals such that x1 ¨ ¨ ¨ xJ “ 1. Then the

average of
`
řJ
i“1 x1 ¨ ¨ ¨ xi

˘´1
over cyclic permutations of x1, . . . , xJ is exactly 1{J .

Proof. In this proof we read all indices modulo J . This makes sense even for the

products such as x1 ¨ ¨ ¨ xi, because of the assumption x1 ¨ ¨ ¨ xJ “ 1. Now observe that

if 1 ď t ď J then

J
ÿ

i“1

xt`1 ¨ ¨ ¨ xt`i “

řJ
i“1 x1 ¨ ¨ ¨ xt`i
x1 ¨ ¨ ¨ xt

“

řJ
i“1 x1 ¨ ¨ ¨ xi
x1 ¨ ¨ ¨ xt

.

Thus
J
ÿ

t“1

1
řJ
i“1 xt`1 ¨ ¨ ¨ xt`i

“

J
ÿ

t“1

x1 ¨ ¨ ¨ xt
řJ
i“1 x1 ¨ ¨ ¨ xi

“ 1.

Applying the lemma with xi “ 2bi´1 gives that

ÿ

b1`¨¨¨`bJ“J

1

b1! ¨ ¨ ¨ bJ !
řJ
i“1 2b1`¨¨¨`bi´i

“
1

J

ÿ

b1`¨¨¨`bJ“J

1

b1! ¨ ¨ ¨ bJ !
“

1

J

JJ

J !
,

the second equality being a consequence of the multinomial theorem.

Substitute this into (3.16) and recall that J “ log k
log 2

` Op1q. The lower bound in

Proposition 3.1.5 now follows from Stirling’s formula.

3.5 The upper bound in Proposition 3.1.5

In this section we turn to the upper bound in Proposition 3.1.5, i.e., the bound

E|L pXkq| ! k1´δ
plog kq´3{2.
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As with the lower bound, we condition on r “ X1 ` ¨ ¨ ¨ `Xk. Recall from (3.11) the

definition of L ˚paq:

L ˚
paq “

#

ÿ

iPI

ai : I Ă t1, . . . , ru

+

.

From (3.4), (3.3) and (3.10) we have

E|L pXkq| ď
1

k

ÿ

r

1

r!

k
ÿ

a1,...,ar“1

|L ˚paq|

a1 ¨ ¨ ¨ ar
. (3.17)

The most common cause for |L ˚paq| to be small is for many of the ai to be small.

To capture this, let ã1, ã2, . . . be the increasing rearrangement of the sequence a, so

that ã1 ď ã2 ď ¨ ¨ ¨ (the order statistics of a). For any j satisfying 0 ď j ď r, we then

have

L ˚
paq Ă

#

m`
ÿ

iPI

ãi : 0 ď m ď

j
ÿ

i“1

ãi, I Ă tj ` 1, . . . , ru

+

.

Thus we have

|L ˚
paq| ď Gpaq,

where

Gpaq “ min
0ďjďr

2r´j pã1 ` ¨ ¨ ¨ ` ãj ` 1q . (3.18)

It is reasonable to expect that

k
ÿ

a1,...,ar“1

Gpaq

a1 ¨ ¨ ¨ ar
„

ż k

1

¨ ¨ ¨

ż k

1

Gptq

t1 ¨ ¨ ¨ tr
dt

“ plog kqr
ż 1

0

¨ ¨ ¨

ż 1

0

Gpeξ1 log k, . . . , eξr log k
qdξ. (3.19)

Here we have enlarged the domain of G to include r-tuples of positive real numbers.

However, G is not an especially regular function, so (3.19) is perhaps too much to

hope for, but G is at least increasing in every coordinate, and we may exploit this to

prove an approximate version of (3.19).

Lemma 3.5.1. For any r ě 1, we have

k
ÿ

a1,...,ar“1

|L ˚paq|

a1 ¨ ¨ ¨ ar
! p2hkq

rr!

ż

Ωr

min
0ďjďr

2´jpkξ1 ` ¨ ¨ ¨ ` kξj ` 1qdξ,

where Ωr “ tpξ1, . . . , ξrq : 0 ď ξ1 ď ξ2 ď . . . ď ξr ď 1u.
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Proof. Motivated by the fact that 1{a “
şexpphaq

exppha´1q
dt{t, define the product sets

Rpaq “
r
ź

i“1

rexp phai´1q , exp phaiqs .

By (3.18), we have

k
ÿ

a1,...,ar“1

|L ˚paq|

a1 ¨ ¨ ¨ ar
ď

k
ÿ

a1,...,ar“1

Gpaq

a1 ¨ ¨ ¨ ar
“

k
ÿ

a1,...,ar“1

Gpaq

ż

Rpaq

dt

t1 ¨ ¨ ¨ tr
.

Consider some t P Rpaq. Writing t̃1 ď t̃2 ď . . . ď t̃r for the increasing rearrangement

of t, we have

exp phãi´1q ď t̃i ď exp phãiq for 1 ď i ď r.

From (3.3) we see that t̃i ě ãi for all i. Hence

Gpaq ď min
0ďjďr

2r´jpt̃1 ` ¨ ¨ ¨ ` t̃j ` 1q “ Gptq.

for all t P Rpaq. Thus

k
ÿ

a1,...,ar“1

Gpaq

ż

Rpaq

dt

t1 ¨ ¨ ¨ tr
ď

k
ÿ

a1,...,ar“1

ż

Rpaq

Gptq

t1 ¨ ¨ ¨ tr
dt

“

ż expphkq

1

¨ ¨ ¨

ż expphkq

1

Gptq

t1 ¨ ¨ ¨ tr
dt.

The integrand on the right is symmetric in t1, . . . , tr. Making the change of variables

ti “ eξihk yields

k
ÿ

a1,...,ar“1

|L ˚paq|

a1 ¨ ¨ ¨ ar
ď p2hkq

rr!

ż

Ωr

min
0ďjďr

2´j
`

eξ1hk ` ¨ ¨ ¨ ` eξjhk ` 1
˘

dξ.

The lemma now follows from the upper bound in (3.3), namely hk ď 1` log k.

With Lemma 3.5.1 established, we can finish the proof of the upper bound in

Proposition 3.1.5 by quoting [For08a, Lemma 3.6]. Indeed, in the notation of that

paper
ż

Ωr

min
0ďjďr

2´j
`

kξ1 ` ¨ ¨ ¨ ` kξj ` 1
˘

dξ “ Urplog2 kq,

and thus by (3.17) and Lemma 3.5.1 we have

E|L pXkq| !
1

k

ÿ

r

p2hkq
rUrplog2 kq. (3.20)
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Now [For08a, Lemma 3.6] provides the bound

Urplog2 kq !
1` | log2 k ´ r|

2

pr ` 1q!p2r´log2 k ` 1q
,

uniformly for 0 ď r ď 10 log2 k. Put r˚ “ tlog2 ku. If r “ r˚ `m with m ď 9 log2 k

then we have

p2hkq
rUrplog2 kq !

p2hkq
r

pr ` 1q!

1`m2

2m

ď
p2hkq

r˚

pr˚ ` 1q!

ˆ

hk
r˚ ` 1

˙m

p1`m2
q.

This series is of course rapidly convergent because hk{pr˚ ` 1q « log 2 ă 1, and thus

the contribution to (3.20) from this range of r is acceptable. Similarly if r “ r˚ ´m

then we have

p2hkq
rUrplog2 kq !

p2hkq
r

pr ` 1q!
p1`m2

q

ď
p2hkq

r˚

pr˚ ` 1q!

ˆ

2hk
r˚ ` 1

˙´m

p1`m2
q,

and this contribution is acceptable as well because 2hk{pr˚`1q « 2 log 2 ą 1. Finally,

if r ą 10 log2 k then we use the trivial bound Urplog2 kq ď 1{r2 to deduce that

ÿ

rą10 log2 k

p2hkq
rUrplog2 kq !

ÿ

rą10 log2 k

p2hkq
r

r!
! k´10.

Thus from (3.20) we have

E|L pXkq| !
1

k

p2hkq
r˚

pr˚ ` 1q!
— k1´δ

plog kq´3{2.

Remark. It is obvious from this analysis and the lower bound in our main theorem

that a proportion ě 1 ´ ε of all permutations fixing some set of size k have log2 k `

Oplogp1{εqq cycles of length at most k. It is most probably also true that for a

proportion ě 1 ´ ε of all permutations fixing some set of size k we have log ãj ě

j log 2´Oεp1q for j ď log2 k ´Oεp1q, where the ãj are the (ordered) cycle lengths of

the permutation. To establish this would require opening up some of the arguments

used to bound the quantities Uk in [For08a]. We plan to return to this and other

issues in a future paper.
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3.6 Four generators are enough

We turn now to the problem of invariable generation, starting with the four-generator

theorem, Theorem 3.1.9. The principal result needed for the proof is the following

proposition.

Proposition 3.6.1. Let k ď n{2. If π1, π2, π3, π4 P Sn are chosen uniformly at

random, then the probability that there is some ` P pk{2, ks such that π1, π2, π3, π4

each fix some set of size ` is Opk´cq for some c ą 0.

Over the past several sections we showed that the probability that a random

permutation π P Sn fixes some set of size k is k´δ`op1q, where δ “ 1´ 1`log log 2
log 2

« 0.086.

As noted there, the main contribution to this estimate comes from rather exceptional

permutations with an unexpectedly large number of cycles of length at most k, roughly

plog 2q´1 log k such cycles. By contrast a typical permutation has roughly log k cycles

of length at most k. By restricting to this “quenched” regime we can establish a much

stronger bound.

Lemma 3.6.2. Suppose k ď n{2, 0 ă ε ď 1{2, and choose π P Sn uniformly at

random. Then the probability that π both (a) fixes a set of size k and (b) has at most

p1` εq log k cycles of length at most k is at most Opklog 2´1`2εq.

Proof. Fix ` ď p1 ` εq log k and consider permutations π with exactly ` cycles of

length at most k and having some fixed set X of size k. Write π “ π1π2, where π1

is supported on X and π2 is supported on Xc, and suppose that π1 has `1 cycles of

length at most k and π2 has `2 cycles of length at most k, where `1 ` `2 “ `. By

Lemma 3.2.4 the number of such π, for a given choice of X and `1, `2, is bounded by

a constant times
h`1k
k`1!

k! ¨
h`2k
k`2!

pn´ kq!.

Thus by multiplying by the number of choices of X and summing over `1 ` `2 “ `,

the probability we are interested in is bounded by a constant times

ÿ

`1``2“`

1

k2

h`k
`1!`2!

“
p2hkq

`

k2`!
.

Now by summing over all ` ď `0 “ tp1` εq log ku we get the bound

1

k2

ÿ

`ďp1`εq log k

p2hkq
`

`!
!

1

k2

p2hkq
`0

`0!
.

The result now follows from hk “ log k `Op1q and Stirling’s formula, as usual.
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Proof of Proposition 3.6.1. Let ε ą 0 be a small. We will first use Lemma 3.2.4 to

bound the probability that one of π1, π2, π3, π4 has more than `0 “ tp1` εq log ku

cycles of length at most k. By that lemma, for each ` ě `0, the probability that π1

has ` cycles of length at most k is bounded by

O

ˆ

h`´1
k

kp`´ 1q!

˙

,

so the probability that π1 has more than `0 cycles is bounded by a constant times

ÿ

`ą`0

h`´1
k

kp`´ 1q!
!

h`0´1
k

kp`0 ´ 1q!
!

1

k

ˆ

ehk
`0 ´ 1

˙`0´1

!
1

k

ˆ

e

1` ε

˙p1`εq log k

.

By a Taylor expansion of ´1 ` p1 ` εq logpe{p1 ` εqq, this is bounded by Opk´ε
2{3q

if ε ď 1
2
. Thus the probability that one of π1, π2, π3, π4 has more than `0 cycles of

length at most k is bounded by Opk´ε
2{3q.

On the other hand, by Lemma 3.6.2, for each ` P pk{2, ks the probability that πi

has at most p1` εq log k cycles of length at most k and fixes a set of size ` is at most

klog 2´1`2ε. Thus the probability that π1, π2, π3, π4 each have at most p1 ` εq log k

cycles of length at most k and each fix a set of the same size ` for some ` P pk{2, ks is

at most k1`4plog 2´1`2εq. Since 1` 4plog 2´ 1q ă 0, we have 1` 4plog 2´ 1` 2εq ă 0

if ε is small enough (ε “ 1{40 works), and so the theorem holds with

c “ minpε2
{3,´1´ 4plog 2´ 1` 2εqq.

An immediate corollary of Proposition 3.6.1 is obtained by fixing k, letting nÑ 8,

and recalling the Lemma 3.1.1 and the definition (3.2) of L pXq .

Corollary 3.6.3. There exists c ą 0 such that for any k ě 1 the probability that

L pXq XL pX1
q XL pX2

q XL pX3
q X pk{2, ks ‰ H

is Opk´cq.

Remark. If one wished to prove only this, we could replace Lemma 3.2.4 with a

corresponding bound for PpX1`¨ ¨ ¨`Xk ď `q, which is trivial given that X1`¨ ¨ ¨`Xk

is Poisson with parameter hk.

Corollary 3.6.4. L pXq X L pX1q X L pX2q X L pX3q is almost surely finite, and

equal to t0u with positive probability.
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Proof. Let Fk be the event that

L pXq XL pX1
q XL pX2

q XL pX3
q X pk,8q

is nonempty. By applying Corollary 3.6.3 with k replaced by 2jk, j P N, and summing

the geometric series, we obtain PpFkq ! k´c for k ě 1. In particular PpFkq Ñ 0, so

P p
Ş

Fkq “ 0, so the first part of the corollary holds. For the second part, fix k0 such

that PpFk0q ă 1. Then

PpL pXq XL pX1
q XL pX2

q XL pX3
q “ t0uq ě PpXj “ 0 for all j ď k0, and F c

k0
q

ě PpXj “ 0 for all j ď k0qPpF
c
k0
q

ą 0.

The second inequality here is a simple case of the FKG inequality (see [TV10, The-

orem 1.19]). To see the inequality directly, define X˚ “ pX˚
1 , X

˚
2 , . . . q by putting

X˚
j “ Xj if j ą k0 and X˚

j “ 0 if j ď k0, and let F ˚k0 be the event that

L pX˚
q XL pX1

q XL pX2
q XL pX3

q X pk0,8q

is nonempty. Clearly F ˚k0 implies Fk0 , so

PpXj “ 0 for all j ď k0, and F c
k0
q “ PpXj “ 0 for all j ď k0, and F ˚ck0 q

“ PpXj “ 0 for all j ď k0qPpF
˚c
k0
q

ě PpXj “ 0 for all j ď k0qPpF
c
k0
q.

Shortly we will complete the proof of Theorem 3.1.9. In the proof, we will need

a trick to deal with the possibility that π1, π2, π3, π4 P An. The following lemma is

helpful in this regard. It shows that random even and random odd permutations have

the same small-cycle structure as random permutations with unconstrained parity

(Lemma 3.1.1).

Lemma 3.6.5. Let π P Sn be a random even permutation, and let cjpπq be the number

of cycles of length j. Fix k P N. Then as nÑ 8 the distribution of pc1pπq, . . . , ckpπqq

converges to that of pX1, . . . , Xkq. The same is true if π is a random odd permutation.

Proof. Choose π P Sn uniformly at random, and define σ by putting σ “ 1 if π

is even and σ “ p12q if π is odd. Then πσ is uniformly distributed over An. By

Lemma 3.1.1, as n Ñ 8, the number of cycles in π of length at most 2k approaches

a Poisson distribution with parameter h2k ď 1 ` log 2k. Thus, with high probability

(as nÑ 8) the total number of points in cycles of π of length at most 2k is at most
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2k log n, so with high probability each of these cycles is disjoint from p12q. That is,

the points 1 and 2 are both contained in cycles of π of length at least 2k ` 1 with

high probability.

Now consider the probability that 1 and 2 are both contained in the same cycle

and are close together. For each ` ě 2k`1, the number of cycles of length ` containing

both 1 and 2, which are a distance ď k from each other, equals
`

n´2
`´2

˘

2kp`´2q!. Hence,

the number of permutations π containing such a cycle is at most

ÿ

2k`1ď`ďn

2kpn´ 2q! ď 2kpn´ 1q!.

Hence, with high probability, if 1 and 2 are in the same cycle they are a distance

at least k ` 1 from each other. Thus, with high probability, cjpπσq “ cjpπq for each

j ď k.

Similarly πσp12q is uniformly distributed over odd permutations, and with high

probability cjpπσp12qq “ cjpπq.

We will also need the following important theorem of  Luczak and Pyber, men-

tioned several times in the introduction.

Theorem 3.6.6 ( Luczak–Pyber [ LP93]). The union of all transitive subgroups H ď

Sn other than Sn and An has size opn!q. In other words, the probability that a random

permutation π is contained in some transitive subgroup other than Sn or An tends to

zero.

We can now finally complete the proof of Theorem 3.1.9.

Proof of Theorem 3.1.9. Let π1, π2, π3, π4 P Sn be random permutations with π1 odd.

Let En,k be the event that π1, π2, π3, π4 each fix a set of size ` for some ` in the range

1 ď ` ď k, and let Fn,k be the event that π1, π2, π3, π4 each fix a set of size ` for some

` in the range k ă ` ď n{2. By Proposition 3.6.1 (and summing a geometric series as

in the proof of Corollary 3.6.4) we have

PpFn,kq ! k´c

uniformly for 1 ď k ď n{2, while by Corollary 3.6.4 and Lemma 3.6.5 we have

lim
nÑ8

PpEn,kq ď 1´ δ

for all k, for some constant δ ą 0. Fix k0 such that PpFn,k0q ď δ{3 for all n ě 2k0.

Then

PpEn,k0q `PpFn,k0q ď 1´ δ{3
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for all sufficiently large n. Hence with probability bounded away from zero the four

permutations π1, π2, π3, π4 do not share any fixed-set size ` P r1, n{2s.

Thus with probability bounded away from zero π1, π2, π3, π4 invariably generate

a transitive subgroup of Sn. By Theorem 3.6.6, π1 is, with high probability, not

contained in any transitive subgroup other Sn and possibly An. Since π1 R An,

it must be that with probability bounded away from zero π1, π2, π3, π4 invariably

generate Sn.

3.7 Three generators are not enough

Finally, we now present our main new contribution, Theorem 3.1.10, which asserts

that three random permutations with high probability fail to invariably generate.

Theorem 3.1.10 follows from the following more specific proposition.

Proposition 3.7.1. For every ε ą 0 there exists k0 “ k0pεq and n0 “ n0pεq such that

if n ě n0 then with probability at least 1´ ε there is some ` ď k0 such that π1, π2, π3

each fix a set of size `.

Let X be defined as before, and let Y and Z be independent copies of X. For I

an interval in N let

L pI,Xq “

#

ÿ

jPI

jxj : 0 ď xj ď Xj for each j

+

,

and define L pI,Yq and L pI,Zq analogously.

Lemma 3.7.2. Let I “ t1, . . . , ku and let ε ą 0. Then with probability at least 1´ ε

we have L pI,Xq,L pI,Yq,L pI,Zq Ă r0, 3ε´1ks.

Proof. Since E
ř

jPI jXj “ |I| “ k, by Markov’s inequality we have
ř

jPI jXj ď 3ε´1k

with probability at least 1 ´ ε{3. Similarly
ř

jPI jYj ď 3ε´1k and
ř

jPI jZj ď 3ε´1k

each with probability at least 1´ ε{3, and the lemma follows.

Lemma 3.7.3. Fix ε ą 0. There is a constant Cpεq so that with probability at least

1´ ε we have
ÿ

măjďk

Xj ě 0.99 logpk{mq ´ Cpεq,

ÿ

măjďk

Yj ě 0.99 logpk{mq ´ Cpεq, and

ÿ

măjďk

Zj ě 0.99 logpk{mq ´ Cpεq.

for every nonnegative integer m ď k.
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Proof. Let C “ Cpεq be a constant whose properties will be specified later. It suffices

to show that the first inequality holds for all m ď k with probability at least 1´ ε{3.

There is nothing to prove if m ě e´Ck, so we may suppose m ď e´Ck. We may also

suppose that C ě 1.

Let E be the event that

ÿ

măjďk

Xj ě 0.99 logpk{mq ´ 1

for all m ď e´Ck. Suppose E fails, say

ÿ

măjďk

Xj ă 0.99 logpk{mq ´ 1

for some m ď e´Ck. Writing m1 for the smallest power of 2 with m1 ą m, we thus

have
ÿ

m1ăjďk

Xj ď
ÿ

măjďk

Xj ď 0.99 logpk{mq ´ 1 ď 0.99 logpk{m1
q.

Thus

1Ec ď
ÿ

m1ď2e´Ck
dyadic

0.99p
ř

m1ăjďkXj´0.99 logpk{m1qq.

Whenever P is Poisson of parameter λ and a ą 0 we have EaP “ epa´1qλ, and the

sum
ř

m1ăjďkXj is Poisson with parameter
ř

m1ăjďk 1{j “ logpk{m1q `Op1q, so

PpEc
q !

ÿ

m1ď2e´Ck
dyadic

exp pp0.99´ 1´ 0.99 logp0.99qq logpk{m1
qq

ď
ÿ

m1ď2e´Ck
dyadic

pk{m1
q
´0.00005

! e´0.00005C .

Therefore, PpEcq ď ε{3 if C is taken large enough.

We need a standard estimate for the partial sums of the Fourier series

8
ÿ

j“1

cosp2πjθq

j
“ ´ log |2 sinpπθq|.

For θ P R denote by }θ} be the distance from θ to Z.

Lemma 3.7.4.

ÿ

jďm

cosp2πjθq

j
“ log min

ˆ

1

}θ}
,m

˙

`Op1q for θ P R.

100



Proof. We may assume that 0 ă θ ď 1
2
. Using the approximation cosp2πjθq “

1`Opj2θ2q, we have

ÿ

jďminpm,1{θq

cosp2πjθq

j
“ log minpm, 1{θq `Op1q.

This proves the lemma if }θ} ď 1{m. Suppose, then, that }θ} ą 1{m. Set

Sj “
j
ÿ

n“0

e2πinθ,

and note that by summing the geometric series we have

Sj “
e2πijθ ´ 1

e2πiθ ´ 1
!

1

θ
. (3.21)

Thus (by “Abel summation”),

ÿ

1{θăjďm

cosp2πjθq

j
“ <

ÿ

1{θăjďm

e2πijθ

j
“ <

ÿ

1{θăjďm

Sj ´ Sj´1

j

“ <
ÿ

1{θăjďm´1

Sj
jpj ` 1q

`
Sm
m
´
Sr1{θs´1

r1{θs
.

The latter two terms here are Op1q by the trivial bound |Sj| ď j, while from (3.21)

the sum is bounded by a constant times

1

θ

ÿ

ją1{θ

1

j2
! 1.

Let T “ R{Z be the unit torus, and let epzq “ ei2πz. Given I,X,Y,Z define

F : T2 Ñ C by

F pθq “
ź

jPI

ˆ

1` epjθ1q

2

˙Xj
ˆ

1` epjθ2q

2

˙Yj
ˆ

1` epjp´θ1 ´ θ2qq

2

˙Zj

.

By expanding the product we see that pF : Z2 Ñ C is supported on the set

SpI,X,Y,Zq “ tpn1 ´ n3, n2 ´ n3q : n1 P L pI,Xq, n2 P L pI,Yq, n3 P L pI,Zqu.

(3.22)

Since
ř

aPZ2
pF paq “ F p0q “ 1, by Cauchy–Schwarz we have

1 “

˜

ÿ

aPZ2

pF paq

¸2

ď

¨

˝

ÿ

a: pF paq‰0

1

˛

‚

ÿ

aPZ2

| pF paq|2 ď |SpI,X,Y,Zq|
ÿ

aPZ2

| pF paq|2.

Applying Parseval, we get

|SpI,X,Y,Zq| ě

˜

ÿ

aPZ2

| pF paq|2

¸´1

“

ˆ
ż

T2

|F pθq|2 dθ

˙´1

. (3.23)
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Lemma 3.7.5. Let

β “ 1´
2

3 log 2
´ 0.02 « 0.0182,

and let I “ pkβ, ks. Fix ε P p0, 1{2q, and let E “ Epεq be the event from Lemma 3.7.3.

Then both of the bounds

E1E|F pθq|
2
!ε pk}θ1}

1{3
}θ2}

1{3
}θ3}

1{3
q
´2.02 (3.24)

and

E1E|F pθq|
2
!ε pk}θi}

1{2
}θj}

1{2
q
´1.3

pti, ju Ă t1, 2, 3uq (3.25)

hold uniformly for θ P T2, where θ3 “ ´θ1 ´ θ2. The expectation is over X,Y,Z.

Proof. Define, for i P t1, 2, 3u,

ki “

$

’

&

’

%

kβ if }θi} ě k´β,

1{}θi} if 1{k ă }θi} ă k´β,

k if }θi} ď 1{k.

It is useful to note the crude bound

ki ď
kβ

}θi}1´β
(3.26)

which follows by an analysis of the three cases in the definition of ki. If E holds then

ÿ

k1ăjďk

Xj `
ÿ

k2ăjďk

Yj `
ÿ

k3ăjďk

Zj ě 0.99 logpk3
{pk1k2k3qq ´ 3Cpεq,

so

1E|F pθq|
2
!ε pk

3
{k1k2k3q

´0.99 log 2
|F pθq|22

ř

k1ăjďk
Xj`

ř

k2ăjďk
Yj`

ř

k3ăjďk
Zj .

From (3.26) and the inequality 3ˆ 0.99 log 2ˆ p1´ βq ą 2.02, we deduce that

1E|F pθq|
2
!ε pk}θ1}

1{3
}θ2}

1{3
}θ3}

1{3
q
´2.02

|F pθq|22
ř

k1ăjďk
Xj`

ř

k2ăjďk
Yj`

ř

k3ăjďk
Zj .

Thus (3.24) will follow if we can prove

E|F pθq|22
ř

k1ăjďk
Xj`

ř

k2ăjďk
Yj`

ř

k3ăjďk
Zj ! 1. (3.27)

Similarly, from (3.26) for i “ 1, 2 and the trivial bound k3 ď k, and using 2 ˆ

0.99 log 2ˆ p1´ βq ą 1.3, we deduce that

1E|F pθq|
2
!ε pk}θ1}

1{2
}θ2}

1{2
q
´1.3
|F pθq|22

ř

k1ăjďk
Xj`

ř

k2ăjďk
Yj`

ř

k3ăjďk
Zj ,
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and similarly for other permutations of the indices 1, 2, 3, so (3.25) will also follow

from (3.27).

It remains only to prove (3.27). We have a factorization

E|F pθq|22
ř

k1ăjďk
Xj`

ř

k2ăjďk
Yj`

ř

k3ăjďk
Zj

“
ź

kβăjďk1

E

ˇ

ˇ

ˇ

ˇ

1` epjθ1q

2

ˇ

ˇ

ˇ

ˇ

2Xj
ź

k1ăjďk

E

˜

2

ˇ

ˇ

ˇ

ˇ

1` epjθ1q

2

ˇ

ˇ

ˇ

ˇ

2
¸Xj

ˆ
ź

kβăjďk2

E

ˇ

ˇ

ˇ

ˇ

1` epjθ2q

2

ˇ

ˇ

ˇ

ˇ

2Yj
ź

k2ăjďk

E

˜

2

ˇ

ˇ

ˇ

ˇ

1` epjθ2q

2

ˇ

ˇ

ˇ

ˇ

2
¸Yj

ˆ
ź

kβăjďk3

E

ˇ

ˇ

ˇ

ˇ

1` epjθ3q

2

ˇ

ˇ

ˇ

ˇ

2Zj
ź

k3ăjďk

E

˜

2

ˇ

ˇ

ˇ

ˇ

1` epjθ3q

2

ˇ

ˇ

ˇ

ˇ

2
¸Zj

.

By using again the calculation EaP “ epa´1qλ for P Poisson with parameter λ, we get

E|F pθq|22
ř

k1ăjďk
Xj`

ř

k2ăjďk
Yj`

ř

k3ăjďk
Zj

“ exp
3
ÿ

i“1

¨

˝

ÿ

kβăjďki

1

j

˜

ˇ

ˇ

ˇ

ˇ

1` epjθiq

2

ˇ

ˇ

ˇ

ˇ

2

´ 1

¸

`
ÿ

kiăjďk

1

j

˜

2

ˇ

ˇ

ˇ

ˇ

1` epjθiq

2

ˇ

ˇ

ˇ

ˇ

2

´ 1

¸

˛

‚

“ exp
3
ÿ

i“1

¨

˝

ÿ

kβăjďki

cosp2πjθiq ´ 1

2j
`

ÿ

kiăjďk

cosp2πjθiq

j

˛

‚

“ exp
3
ÿ

i“1

ˆ

1

2
log

minpki, 1{}θi}q

minpkβ, 1{}θi}q
´

1

2
log

ki
kβ
` log

minpk, 1{}θi}q

minpki, 1{}θi}q
`Op1q

˙

by Lemma 3.7.4. Checking the three cases in the definition of ki separately, it can be

confirmed that this is always Op1q.

Corollary 3.7.6. With notation as in Lemma 3.7.5, we have
ż

T2

E1E|F pθq|
2 dθ !ε k

´2.

Proof. Divide T2 into three regions R1, R2, R3 as follows:

R1 “ tθ P T2 : }θi} ě 1{k for all three i P t1, 2, 3uu,

R2 “ tθ P T2 : }θi} ě 1{k for exactly two i P t1, 2, 3uu,

R3 “ tθ P T2 : }θi} ě 1{k for at most one i P t1, 2, 3uu.

We will bound the integral differently in each region.
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Further subdivide R1 according to which of }θ1}, }θ2}, }θ3} is largest. In the sub-

region R11 in which say }θ1} is largest we have }θ1} ě }θ2}
1{2}θ3}

1{2, so by (3.24) we

have
ż

R11

E1E|F pθq|
2 dθ !ε

ż

R1

pk}θ2}
1{2
}θ3}

1{2
q
´2.02 dθ

“

ˆ
ż

}θ}ě1{k

pk}θ}q´1.01 dθ

˙2

— k´2.

We can bound the integral over the other subregions in the same way, so the integral

over R1 is indeed !ε k
´2.

Similarly, subdivide R2 according to the relative order of }θ1}, }θ2}, }θ3}, and focus

for the moment on the subregion R12 in which }θ1} ď }θ2} ď }θ3}. This implies in

particular that }θ1} ď 1{k while }θ2} ě 1{k. Thus by (3.25) with i “ 2 and j “ 3 we

have
ż

R12

E1E|F pθq|
2 dθ !ε

ż

R12

pk}θ2}q
´1.3 dθ — k´2.

Again we can bound the integral over the other subregions in the same way, so the

integral over R2 is also !ε k
´2.

Finally, in the region R3 note that because θ1`θ2`θ3 “ 0 we must have }θi} ă 2{k

for each i. Thus from the trivial bound |F pθq| ď 1 we have
ż

R3

E1E|F pθq|
2 dθ ď

ż

R3

1 — k´2.

Recall the definition of SpI,X,Y,Zq, given in (3.22).

Proposition 3.7.7. Let I “ pkβ, ks. There is a constant c ą 0 such that with

probability at least 1{2 we have SpI,X,Y,Zq Ă r´10k, 10ks2 and |SpI,X,Y,Zq| ě

ck2.

Proof. Apply Lemma 3.7.3 with ε “ 0.01, and let E be the resulting event. By

Corollary 3.7.6 (and interchanging the order of integration and expectation) we have

E1E

ż

T2

|F pθq|2 dθ ! k´2.

Thus by Markov’s inequality there is a constant C such that 1E
ş

T2 |F pθq|
2 dθ ď Ck´2

with probability at least 0.99. Since PpEq ě 0.99 we deduce that
ş

T2 |F pθq|
2 dθ ď

Ck´2 with probability at least 0.98. Applying (3.23), we have |SpI,X,Y,Zq| ě C´1k2

with probability at least 0.98.

104



On the other hand, by Lemma 3.7.2 with ε “ 1{3 we have SpI,X,Y,Zq Ă

r´10k, 10ks2 with probability at least 2{3, so we must have both SpI,X,Y,Zq Ă

r´10k, 10ks2 and |SpI,X,Y,Zq| ě C´1k2 with probability at least 1 ´ 1{3 ´ 0.02 ě

1{2.

Proposition 3.7.8. Let I “ pkβ, 60ks. Then with probability bounded away from zero

we can find pxjqjPI , pyjqjPI , pzjqjPI not all zero such that 0 ď xj ď Xj, 0 ď yj ď Yj,

and 0 ď zj ď Zj for each j P I and

ÿ

jPI

jxj “
ÿ

jPI

jyj “
ÿ

jPI

jzj.

Proof. Let I 1 “ pkβ, ks. By Proposition 3.7.7, with probability at least 1{2 we have

SpI 1,X,Y,Zq Ă r´10k, 10ks2

and |SpI 1,X,Y,Zq| " k2. This event depends only on Xj, Yj, Zj for j ď k, so

independently with probability at least 1{2 we can find j3 P p20k, 50ks such that

Zj3 ą 0, as

PpZj “ 0 for all j P p20k, 50ksq “
ź

jPp20k,50ks

e´1{j
ď 1{2. (3.28)

Given such a j3 the set T of pairs of integers pj1, j2q such that 10k ă j1, j2 ď 60k and

for which

j1p1, 0q ` j2p0, 1q ´ j3p1, 1q P ´SpI
1,X,Y,Zq

has size |T | " k2. In particular there is a set T1 of integers j1 in the range 10k ă j1 ď

60k of size |T1| " k such that for each j1 P T1 there are " k integers j2 in the same

range 10k ă j2 ď 60k such that pj1, j2q P T . Thus by two further computations along

the lines of (3.28), independently with probability " 1 we can find j1 P T1 such that

Xj1 ą 0, and then j2 such that pj1, j2q P T and such that Yj2 ą 0.

But then by definition of SpI 1,X,Y,Zq we can find pxjqjPI 1 , pyjqjPI 1 , pzjqjPI 1 such

that 0 ď xj ď Xj, 0 ď yj ď Yj, and 0 ď zj ď Zj for all j P I 1 and such that

j1 `
ÿ

jPI 1

jxj “ j2 `
ÿ

jPI 1

jyj “ j3 `
ÿ

jPI 1

jzj.

Thus the proposition follows from putting xj1 “ yj2 “ zj3 “ 1, and putting all other

xj, yj, zj with j ą k equal to 0.

Corollary 3.7.9. L pXq XL pYq XL pZq is almost surely infinite.
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Proof. Define k1 to be sufficiently large, and thereafter ki`1 “ p60kiq
1{β. Then the

intervals Ii “ pkβi , 60kis are pairwise disjoint and by the proposition for each the

probability that we can find pxjqjPIi , pyjqjPIi , pzjqjPIi not all zero such that 0 ď xj ď Xj,

0 ď yj ď Yj, and 0 ď zj ď Zj for each j P Ii and

ÿ

jPIi

jxj “
ÿ

jPIi

jyj “
ÿ

jPIi

jzj

is bounded away from zero. Since these events are independent for different values of

i the corollary follows.

Proof of Proposition 3.7.1. By Corollary 3.7.9 there is some k0 “ k0pεq such that

L pXq XL pYq XL pZq X r1, k0s

is nonempty with probability at least 1´ε{2. Thus by Lemma 3.1.1 there is some n0 “

n0pεq such that if n ě n0 and c1, c2, c3 are the cycle types of random permutations

π1, π2, π3 P Sn then

L pc1q XL pc2q XL pc3q X r1, k0s

is nonempty with probability at least 1´ ε. But this means that π1, π2, π3 each fix a

set of size ` for some ` in the range 1 ď ` ď k0, as claimed.
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[AT92] R. Arratia and S. Tavaré. “The cycle structure of random permutations”.
Ann. Probab. 20.3 (1992), pp. 1567–1591. issn: 0091-1798. url: http:
//links.jstor.org/sici?sici=0091-1798(199207)20:3%3C1567:

TCSORP%3E2.0.CO;2-T&origin=MSN.

[Bes34] A. S. Besicovitch. “On the density of certain sequences of integers”. Math.
Ann. 110 (1934), pp. 336–341.

[BW15] J. Britnell and M. Wildon. Computing derangement probabilities of the
symmetric group acting on k-sets. 2015. url: http://arxiv.org/abs/
1511.04106.

[DS00] J. H. Davenport and G. C. Smith. “Fast recognition of alternating and
symmetric Galois groups”. J. Pure Appl. Algebra 153.1 (2000), pp. 17–
25. issn: 0022-4049. doi: 10.1016/S0022-4049(99)00078-X.

[DFG08] P. Diaconis, J. Fulman, and R. Guralnick. “On fixed points of permuta-
tions”. J. Algebraic Combin. 28.1 (2008), pp. 189–218. issn: 0925-9899.
doi: 10.1007/s10801-008-0135-2.

[Dix92] J. D. Dixon. “Random sets which invariably generate the symmetric
group”. Discrete Math. 105.1-3 (1992), pp. 25–39. issn: 0012-365X. doi:
10.1016/0012-365X(92)90129-4.

[Dix69] J. D. Dixon. “The probability of generating the symmetric group”. Math.
Z. 110 (1969), pp. 199–205. issn: 0025-5874.

[EFG15a] S. Eberhard, K. Ford, and B. Green. Invariable generation of the sym-
metric group. 2015. url: http://arxiv.org/abs/1508.01870.

[EFG15b] S. Eberhard, K. Ford, and B. Green. “Permutations fixing a k-set”. IMRN
(2015). doi: 10.1093/imrn/rnv371.

[EFK16] S. Eberhard, K. Ford, and D. Koukoulopoulos. Permutations contained
in transitive subgroups. In preparation. 2016.

[For08a] K. Ford. “Integers with a divisor in py, 2ys”. Anatomy of integers. Vol. 46.
CRM Proc. Lecture Notes. Amer. Math. Soc., Providence, RI, 2008,
pp. 65–80.

[For08b] K. Ford. “The distribution of integers with a divisor in a given interval”.
Ann. of Math. (2) 168.2 (2008), pp. 367–433. issn: 0003-486X. doi: 10.
4007/annals.2008.168.367.

107

http://links.jstor.org/sici?sici=0091-1798(199207)20:3%3C1567:TCSORP%3E2.0.CO;2-T&origin=MSN
http://links.jstor.org/sici?sici=0091-1798(199207)20:3%3C1567:TCSORP%3E2.0.CO;2-T&origin=MSN
http://links.jstor.org/sici?sici=0091-1798(199207)20:3%3C1567:TCSORP%3E2.0.CO;2-T&origin=MSN
http://arxiv.org/abs/1511.04106
http://arxiv.org/abs/1511.04106
http://dx.doi.org/10.1016/S0022-4049(99)00078-X
http://dx.doi.org/10.1007/s10801-008-0135-2
http://dx.doi.org/10.1016/0012-365X(92)90129-4
http://arxiv.org/abs/1508.01870
http://dx.doi.org/10.1093/imrn/rnv371
http://dx.doi.org/10.4007/annals.2008.168.367
http://dx.doi.org/10.4007/annals.2008.168.367


[Gra06] A. Granville. “Cycle lengths in a permutation are typically Poisson”.
Electron. J. Combin. 13.1 (2006), Research Paper 107, 23. issn: 1077-
8926. url: http://www.combinatorics.org/Volume_13/Abstracts/
v13i1r107.html.

[Gra09] A. Granville. The Anatomy of Integers and Permutations. 2009. url:
http://www.dms.umontreal.ca/~andrew/PDF/Anatomy.pdf.

[GG09] A. Granville and J. Granville. The Anatomy of Integers and Permuta-
tions. 2009. url: http://www.dms.umontreal.ca/~andrew/PDF/

MSIProgram.pdf.

[KZ12] E. Kowalski and D. Zywina. “The Chebotarev invariant of a finite group”.
Exp. Math. 21.1 (2012), pp. 38–56. issn: 1058-6458. doi: 10 . 1080 /

10586458.2011.565261.

[ LP93] T.  Luczak and L. Pyber. “On random generation of the symmetric
group”. Combin. Probab. Comput. 2.4 (1993), pp. 505–512. issn: 0963-
5483. doi: 10.1017/S0963548300000869.

[MT84] H. Maier and G. Tenenbaum. “On the set of divisors of an integer”.
Invent. Math. 76.1 (1984), pp. 121–128. issn: 0020-9910. doi: 10.1007/
BF01388495.

[Mus78] D. R. Musser. “On the efficiency of a polynomial irreducibility test”. J.
Assoc. Comput. Mach. 25.2 (1978), pp. 271–282. issn: 0004-5411. doi:
10.1145/322063.322071.

[PPR14] R. Pemantle, Y. Peres, and I. Rivin. Four random permutations con-
jugated by an adversary generate Sn with high probability. 2014. url:
http://arxiv.org/abs/1412.3781.

[RS99] A. Raouj and A. Stef. “Sur la proximité des diviseurs des entiers”. J.
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Chapter 4

Additive triples of bijections

Abstract. We prove an asymptotic for the number of additive triples

of bijections t1, . . . , nu Ñ Z{nZ, that is, the number of pairs of bijections

π1, π2 : t1, . . . , nu Ñ Z{nZ

such that the pointwise sum π1 ` π2 is also a bijection. Specifically we

show that the number of such pairs is

pe´1{2
` op1qqn!3{nn´1.

This problem appears in the literature under several different names:

counting the number of orthomorphisms or complete mappings of Z{nZ,

counting the number of arrangements of n mutually nonattacking semi-

queens on an n ˆ n toroidal chessboard, and counting the number of

transversals in a cyclic Latin square. Our asymptotic supersedes several

previous bounds, and settles conjectures of Vardi and Wanless.

The method of proof is a version of the Hardy–Littlewood circle method

from analytic number theory, adapted to the group pZ{nZqn. By Fourier

analysis the problem is equivalent to estimating the sum of the cubes of

the Fourier coefficients of the set of bijections, thought of as a subset of

pZ{nZqn. We split the universe of Fourier coefficients into four different

regions and use a range of techniques to estimate the total contribution

from each region.

This chapter reproduces the paper [EMM15], which is joint work with

Freddie Manners and Rudi Mrazović.
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4.1 Introduction

Let S be the set of bijections t1, . . . , nu Ñ Z{nZ, thought of as a subset of the group

pZ{nZqn. We are interested in counting the number sn of additive triples in S, that is,

the number of pairs of bijections π1, π2 : t1, . . . , nu Ñ Z{nZ such that the pointwise

sum π1 ` π2 is also a bijection.

The number sn has been studied somewhat extensively, but under a different guise.

Since S is invariant under precomposition with permutations of t1, . . . , nu it is easy

to see by arbitrarily identifying t1, . . . , nu with Z{nZ that sn{n! is number of permu-

tations π of Z{nZ such that x ÞÑ πpxq´x is also a permutation. Such maps are called

orthomorphisms or complete mappings, and afford the following fun interpretation.

Define a semiqueen to be a chess piece which can move any distance horizontally,

vertically, or diagonally in the northeast-southwest direction. Then orthomorphisms

represent ways of arranging n mutually nonattacking semiqueens on an nˆn toroidal

chessboard. Thus sn{n! is the number of such arrangements.

In another guise this problem is that of counting the number of transversals of a

cyclic Latin square. Here a transversal of an nˆ n Latin square is a set of n squares

with no two sharing the same row, column, or symbol, and the cyclic Latin square is

the Latin square with pi, jq entry given by i` j pmod nq. Then as above the number

of such transversals is sn{n!.

If n is even then sn “ 0. Indeed, in this case for any bijection π : t1, . . . , nu Ñ

Z{nZ we have
řn
i“1 πpiq “ n{2, so the sum of two bijections is never again a bijection.

If n is odd then it is easy to see that sn ą 0, but estimating sn is not easy.

In 1991, Vardi [Var91] made a conjecture equivalent to the following.

Conjecture 4.1.1. There are constants c1 ą 0 and c2 ă 1 such that for any large

enough odd number n we have

cn1n!2 ď sn ď cn2n!2.

The upper bound in this conjecture is known, and various authors have made

incremental improvements to the constant c2. Cooper and Kovalenko [CK96] showed

that c2 “ e´0.08854 is acceptable, and this was later improved by Kovalenko [Kov96]

to c2 “ 1{
?

2 and by McKay, McLeod and Wanless [MMW06] to c2 “ 0.614. More

recently, Taranenko [Tar15] proved that one can take c2 “ 1{e ` op1q. Glebov and

Luria [GL15] proved the same bound using a somewhat simpler method based on

entropy.
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There has been much less progress on the lower bound, though some nontrivial

lower bounds for sn have been proved under various arithmetic assumptions about

n. For example, Cooper [Coo00] proved that sn ě e
1
2

?
n lognn! under the hypothesis

that n has a divisor of size roughly
?
n, while if, say, n is prime then a lower bound

of Rivin, Vardi, and Zimmermann [RVZ94] for the torodial queens problem gives

sn ě 2
?
pn´1q{2n!. These lower bounds were superseded by work of Cavenagh and

Wanless [CW10], which showed that sn ě 3.246nn! for all odd n. However, this lower

bound is still a long way from the one in Conjecture 4.1.1.

Some researchers have also tried investigating the growth rate of sn numerically:

see Cooper, Gilchrist, Kovalenko, and Novaković [Coo+99] and Kuznetsov [Kuz07;

Kuz08; Kuz09]. Based on this numerical evidence, Wanless [Wan11] conjectured that

we can take c1, c2 “ 1{e` op1q; specifically he conjectured that

lim
nÑ8

1

n
logpsn{n!2q “ ´1.

Finally, we should mention that sn{pn ¨ n!q is sequence A003111 in [Slo].

In this chapter we prove Vardi’s conjecture with the optimal values c1, c2 “ 1{e`

op1q, thus also confirming Wanless’s conjecture. In fact our estimate is much more

precise: we compute sn up to a factor of 1` op1q.

Theorem 4.1.2. Let n be an odd integer. Then

sn “ pe
´1{2

` op1qqn!3{nn´1.

Perhaps the most surprising feature of this estimate is the appearance of the

constant e´1{2. This constant arises as the sum of the singular series in an argument

resembling the circle method from analytic number theory, but it can be rationalized

heuristically as follows. If π1, π2 : t1, . . . , nu Ñ Z{nZ are random bijections then the

sum f “ π1 ` π2 is something like a random function subject to
ř

xPZ{nZ fpxq “ 0,

and so we might guess that the probability π1 ` π2 is a bijection is about n ¨ n!{nn.

However if we fix two elements x, y P Z{nZ then the difference

fpxq ´ fpyq “ pπ1pxq ´ π1pyqq ` pπ2pxq ´ π2pyqq

is the sum of two uniformly random nonzero elements, so fpxq “ fpyq with probability

1{pn´1q, not 1{n. Thus the probability that fpxq ‰ fpyq is smaller than we previously

suggested by a factor of

1´ 1{pn´ 1q

1´ 1{n
“ 1´ 1{n2

`Op1{n3
q.
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There are a total of n2{2 ` Opnq pairs x, y, so we might guess that the probability

π1 ` π2 is a bijection is more like

`

1´ 1{n2
˘n2{2

n ¨ n!{nn « e´1{2n!{nn´1.

Our proof applies with only notational modifications when Z{nZ is replaced by

any abelian group G of odd order. To be precise, given a finite abelian group G, let

spGq be the number of pairs of bijections π1, π2 : t1, . . . , |G|u Ñ G such that π1 ` π2

is also a bijection. Then by the same method which proves Theorem 4.1.2, we have

the following theorem.

Theorem 4.1.3. Let G be a finite abelian group of odd order n. Then

spGq “ pe´1{2
` op1qqn!3{nn´1.

There are additional complications however when G is allowed to have even order,

say when G “ pZ{2Zqd, and we do not know whether the same method can be made

to work in this case.

Like the toroidal semiqueens problem, the toroidal queens problem—the problem

of counting the number of ways of arranging n mutually nonattacking queens on an

n ˆ n toroidal chessboard—is equivalent to counting the number of solutions to a

particular linear system in the set of bijections, namely the system

π1 ` π2 “ π3,

π1 ´ π2 “ π4.

Linear systems of complexity 2 like this one are known not to be controlled by Fourier

analysis alone, but there is some hope that one could use the higher-order theory

pioneered by Gowers. This is an interesting avenue which has not yet been fully

explored.

Notation. All the groups we work with will be finite, and we equip each of them

with either the uniform probability measure or the counting measure, depending on

whether the group is considered to be on the physical side or the frequency side,

respectivey. Of course, this convention is respected in our definitions of convolution,

inner product, and L2-norm. When G has the uniform measure we use the expectation

notation ExPGfpxq to denote the average of f over G.

Occasionally we will use a primed sum
ř1

x1,...,xkPG
to denote the sum over all k-

tuples of distinct elements x1, . . . , xk P G. Finally, we will use the standard notation

epxq “ ei2πx.
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4.2 Outline of the proof

Our approach to proving Theorem 4.1.2 is Fourier-analytic. Write G “ Z{nZ for n

an odd integer, and write S Ă Gn for the set of bijections t1, . . . , nu Ñ G. Our goal

is to compute the quantity

Ex,yPGn1Spxq1Spyq1Spx` yq “ x1S ˚ 1S, 1Sy.

A standard application of Parseval’s identity shows that this quantity can be expressed

in terms of the Fourier transform of 1S as

ÿ

χP pGn

| p1Spχq|
2
p1Spχq. (4.1)

Here we identify pG with 1
n
Z{Z in the usual way, so that for χ “ pr1, . . . , rnq P p

1
n
Z{Zqn

we have explicitly

p1Spr1, . . . , rnq “
1

nn

ÿ1

x1,...,xn

ep´r1x1 ´ ¨ ¨ ¨ ´ rnxnq, (4.2)

where, as mentioned in the previous section, we use
ř1 to denote the sum over distinct

x1, . . . , xn P G, i.e., the sum over S. In fact it is clear that p1S is real-valued, since

S “ ´S, and hence we may drop the absolute value signs in (4.1).

The form of the proof can then be viewed as an analogue of the Hardy–Littlewood

circle method from analytic number theory, adapted to the group Gn rather than Z.

We borrow some nomenclature from the classical setting.

• There are a small number of characters χ P pGn, namely the characters χ “

pr1, . . . , rnq for which almost all of the ri are equal, that make a substantial

contribution to the sum (4.1). We call the totality of these χ the major arcs.

We compute explicitly the contribution of these χ to (4.1), up to small errors:

this is an analogue of the singular series, which accounts for the main term in

Theorem 4.1.2, including the constant e´1{2. For all this see Section 4.3.

• We bound the contribution from all other characters using the triangle inequal-

ity; that is, we obtain an upper bound for

ÿ

all other χ

| p1Spχq|
3

that is smaller than the main term. We call such χ collectively the minor arcs.
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A large part of this chapter is therefore devoted to obtaining good bounds for

Fourier coefficients p1Spχq, either pointwise or on average in a suitable sense. In fact

we will need to combine several different arguments which are effective in different

regimes.

4.2.1 Preliminaries on p1S

In order to describe how the characters pGn are divided up into different pieces in

which different approaches will be effective, we will need some preliminary remarks.

First, note that the function p1Spr1, . . . , rnq is invariant under permutation of the

ri, i.e.,

p1Spr1, . . . , rnq “ p1Sprσp1q, . . . , rσpnqq

for any bijection σ : t1, . . . , nu Ñ t1, . . . , nu. This is immediate from the defini-

tion (4.2). Hence it makes sense to specify a Fourier coefficient of interest in the

form p1Spr
a1
1 , . . . , r

ak
k q, where ri P pG are distinct, the ai are positive integers such that

ř

ai “ n, and the notation ra means r repeated a times.

Second, observe that p1Spr1, . . . , rnq “ 0 unless
ř

ri “ 0. This follows from the

fact that S is invariant under global shifts pxiq ÞÑ pxi ` tq, so one can compute

p1Spr1, . . . , rnq “
1

nn

ÿ1

x1,...,xn

ep´r1x1 ´ ¨ ¨ ¨ ´ rnxnq

“
1

nn

ÿ1

x1,...,xn

ep´r1px1 ` tq ´ ¨ ¨ ¨ ´ rnpxn ` tqq

“ p1Spr1, . . . , rnqep´pr1 ` ¨ ¨ ¨ ` rnqtq.

Dually, note that p1S is invariant under global shifts. This follows from the fact that
ř

xi “ 0 for any pxiq P S. Hence,

p1Spr1, . . . , rnq “
1

nn

ÿ1

x1,...,xn

ep´r1x1 ´ ¨ ¨ ¨ ´ rnxnq

“
1

nn

ÿ1

x1,...,xn

ep´pr1 ` tqx1 ´ ¨ ¨ ¨ ´ prn ` tqxnq

“ p1Spr1 ` t, . . . , rn ` tq.

Finally, note the trivial bound

| p1Spχq| ď p1Sp0q “
n!

nn
.
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4.2.2 Entropy ranges for minor arcs

We now explain a straightforward but still fairly powerful bound on | p1Spχq| that

follows directly from these elementary considerations.

Proposition 4.2.1 (“Entropy bound”). We have

| p1Spr
a1
1 , . . . , r

ak
k q| ď

ˆ

n

a1, . . . , ak

˙´1{2 ˆ
n!

nn

˙1{2

.

Proof. Let O Ă pGn denote the set of characters obtained by permuting the elements

of pra11 , . . . , r
ak
k q. Hence, |O| “

`

n
a1,...,ak

˘

and by permutation invariance, p1S takes a

constant value on O. Thus by Parseval,

n!

nn
“

ÿ

χP pGn

| p1Spχq|
2
ě

ÿ

χPO
| p1Spχq|

2
“ |O|| p1Spra11 , . . . , r

ak
k q|

2,

and the result follows.

The term “entropy bound” refers to the fact that the quantity

Hpχq “
1

n
log

ˆ

n

a1, . . . , ak

˙

is roughly the entropy
řk
i“1pai{nq logpn{aiq P r0, log ns of a random variable taking the

value ri with probability ai{n. In a slight abuse of nomenclature, we refer to this first

quantity Hpχq as the entropy of χ. In this language, the bound of Proposition 4.2.1

is precisely expp´Hn{2qpn!{nnq1{2 or roughly expp´Hn{2 ´ n{2q. This is already

sufficient to control the contribution to (4.1) for most characters χ.

Corollary 4.2.2. We have

ÿ

χ:HpχqěR

| p1Spχq|
3
ď exppp3´Rqn{2q

ˆ

n!

nn

˙3

.

Proof. By Parseval and Proposition 4.2.1,

ÿ

χ:HpχqěR

| p1Spχq|
3
ď

¨

˝

ÿ

χ:HpχqěR

| p1Spχq|
2

˛

‚ sup
χ:HpχqěR

| p1Spχq|

ď

¨

˝

ÿ

χP pGn

| p1Spχq|
2

˛

‚ sup
χ:HpχqěR

expp´Hpχqn{2q

ˆ

n!

nn

˙1{2

ď expp´Rn{2q

ˆ

n!

nn

˙3{2

ď exppp3´Rqn{2q

ˆ

n!

nn

˙3

as required, where we have used the estimate n! ą pn{eqn.
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This is smaller than the main term for any fixed R ą 3, so from now on such

high-entropy characters need not concern us. We refer to such characters as the high-

entropy minor arcs. Since a typical character χ has entropy comparable to log n, the

high-entropy case comprises almost all characters in some sense, so this is a good first

step.

On the opposite extreme we have characters χ with entropy op1q, such as χ “
`

rk,´rk, 0n´2k
˘

for k “ opnq. The characters with entropyO
`

logn
n

˘

are the major arcs,

but between O
`

logn
n

˘

and op1q we have the low-entropy minor arcs. Such characters

are necessarily of the form p. . . , rn´opnqq, i.e., they take a single value almost all the

time. By shift-invariance we may assume without loss of generality that this value

r is zero. Thus the low-entropy minor arcs are closely related to the set of sparse

characters, characters χ comprised almost entirely of zeros.

That leaves the characters χ with op1q ď Hpχq ď 3, which form the medium-

entropy minor arcs. A good model case are characters such as χ “ prn{3,´rn{3, 0n{3q,

which are particularly troublesome.

There are two fundamental areas of inefficiency in the arguments of Proposi-

tion 4.2.1 and Corollary 4.2.2 that prevent them from giving good bounds for low-

or medium-entropy minor arcs. First, the bound on | p1S| given by Proposition 4.2.1

is less effective for smaller H, and in particular worse than trivial when H ă 1.

Clearly there is no hope for this programme unless we can find a bound on | p1S| that

is nontrivial throughout the range 0 ă H ă 1, and moreover obtains a substantial

exponential saving for most of that range.

Second, in the proof of Corollary 4.2.2 we made use of the convenient bound

ÿ

χPX

| p1Spχq|
3
ď

¨

˝

ÿ

χP pG

| p1Spχq|
2

˛

‚sup
χPX

| p1Spχq|

for some appropriate setX Ă pGn. It is fairly clear that we cannot afford this luxury for

small entropies: since the main term has order pn!{nnq3, we need | p1Spχq| “ oppn!{nnq2q

for all χ P X for this to be effective. This is a saving of about expp´nq over the trivial

bound of n!{nn, and it is simply not reasonable to expect such a bound to hold if, say,

Hpχq “ 1{1000. One way around this is to pigeonhole the characters χ into various

sets Xi, and apply such an L2 ¨ L8 bound on each set. To make this work, we would

need a bound on
ÿ

χPXi

| p1Spχq|
2
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which makes a significant saving over the crude estimate
ÿ

χPXi

| p1Spχq|
2
ď

ÿ

χP pGn

| p1Spχq|
2

employed in Corollary 4.2.2. Alternatively, one could try to bound the L3 sum
ÿ

χPXi

| p1Spχq|
3

directly, using an L8 bound and an estimate for the size of Xi.

We address both of these inefficiencies in order to reach our final bound. Specifi-

cally, we will do each of the following.

• Improving on Proposition 4.2.1, we obtain a good general-purpose bound for

| p1Spχq| that is nontrivial for values ofHpχq approaching zero. Roughly speaking,

where Proposition 4.2.1 gives the bound e´Hn{2´n{2 we will prove the bound

e´Hn{2´n. This appears in Section 4.4.

• We use this bound to estimate the contribution to (4.1) from χ with 10´10 ă

Hpχq ă 10, say, by using a dyadic decomposition and a simple estimate for the

number of characters of a given entropy. Thus we dispatch the medium-entropy

minor arcs. This is covered in Section 4.7.

• Separately, we obtain a good estimate for
ÿ

m-sparse χ

| p1Spχq|
2,

i.e., an improvement to Parseval when summing only over those characters χ

having exactly m nonzero terms. Here we might imagine m ď n{1000. We call

this a sparseval bound, and prove this in Section 4.5.

• Finally, we obtain a slightly different L8 bound specialized to the case of sparse

characters χ. This appears in Section 4.6. The total contribution from the low-

entropy minor arcs is controlled by combining this with the L2 bound above.

(Incidentally, this is the only part of the argument in which we really use the

odd order assumption—elsewhere we only use the assumption that the sum of

the elements in G is zero.)

In summary, we split the universe of all χ into several slightly overlapping

regions—major arcs, low-entropy minor arcs, medium-entropy minor arcs, and high-

entropy minor arcs—and apply a cocktail of different bounds and explicit computa-

tions adapted to each region.
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4.2.3 Interpretations of minor arc bounds

As we have said, a significant part of our effort will be spent proving nontrivial bounds

on Fourier coefficients | p1Spχq| for χ in the minor arcs. Although such bounds are at

first glance fairly esoteric, in fact they have natural interpretations. For instance,

they are intimately related to questions of the following flavour.

Question 4.2.3. Suppose G “ Z{nZ is partitioned into k sets A1, . . . , Ak, each of a

pre-determined size ai « n{k, at random. Consider the random variables

Ti “
ÿ

rPAi

r P G

for i “ 1, . . . , k. The vector T “ pT1, . . . , Tkq is a random variable taking values in the

subgroup H “ tpxiq P G
k :

ř

xi “ 0u of Gk. How close is T to being equidistributed

in H, in a quantitative sense? In other words how close is the law of T to the uniform

distribution on H?

Because of the connection of this question to the size of the Fourier coefficients

p1Spr
a1
1 , . . . , r

ak
k q, our bounds give a strong answer to this question in many regimes.

It is not inconceivable that these kind of bounds may find applications elsewhere.

4.3 Major arcs

In this section we compute p1Spr1, . . . , rm, 0, . . . , 0q explicitly for bounded m. To this

end observe that

p1Spr1, . . . , rm, 0, . . . , 0q “
pn´mq!

nn

ÿ1

x1,...,xm

ep´r1x1 ´ ¨ ¨ ¨ ´ rmxmq. (4.3)

The sum over distinct x1, . . . , xm can be related to a sum over partitions of t1, . . . ,mu

using a type of Möbius inversion: for any function F px1, . . . , xmq we have

ÿ1

x1,...,xm

F px1, . . . , xmq “
ÿ

P
µpPq

ÿ

x1,...,xm

xi“xj whenever i
P
„j

F px1, . . . , xmq,

where the outer sum runs over partitions P of t1, . . . ,mu, and

µpPq “ p´1qm´|P|
ź

PPP
p|P | ´ 1q!.
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See, e.g., Bóna [Bón15] for more information. To apply this to p1S, say that a partition

P of t1, . . . ,mu kills pr1, . . . , rmq if
ř

iPP ri “ 0 for each P P P , and observe that

ÿ

x1,...,xm

xi“xj whenever i
P
„j

ep´r1x1 ´ ¨ ¨ ¨ ´ rmxmq “

#

n|P| if P kills pr1, . . . , rmq,

0 otherwise,

so

p1Spr1, . . . , rm, 0, . . . , 0q “
pn´mq!

nn

ÿ

P killing pr1,...,rmq

µpPqn|P|.

The following two observations are immediate from this formula:

• Suppose every killing partition of pr1, . . . , rmq has at most k parts. Then

| p1Spr1, . . . , rm, 0, . . . , 0q| ď Om

ˆ

1

nm´k
n!

nn

˙

. (4.4)

• Suppose that m is even, that r1, . . . , rm P pG are nonzero, and that pr1, . . . , rmq

is killed by a unique partition with m{2 parts. In other words suppose that

r1, . . . , rm P pG are distinct and nonzero, and that, up to a permutation, r2j “

´r2j´1 for each j “ 1, . . . ,m{2. Then

p1Spr1, . . . , rm, 0, . . . , 0q “
p´1qm{2

nm{2
n!

nn
`Om

ˆ

1

nm{2`1

n!

nn

˙

. (4.5)

Proposition 4.3.1. If m is even then

ÿ

m-sparse χ

p1Spχq
3
“

p´1qm{2

2m{2pm{2q!

n!3

n3n
`Om

ˆ

1

n

n!3

n3n

˙

,

while if m is odd then

ÿ

m-sparse χ

p1Spχq
3
“ Om

ˆ

1

n

n!3

n3n

˙

.

Proof. First of all note by permutation-invariance that

ÿ

m-sparse χ

p1Spχq
3
“

ˆ

n

m

˙

ÿ

r1,...,rm‰0

p1Spr1, . . . , rm, 0, . . . , 0q
3. (4.6)

For each pr1, . . . , rmq choose a maximal-size partition P which kills pr1, . . . , rmq, and

split the sum up according to P . Suppose P has k parts. Since P cannot have

singletons we have k ď m{2, and by (4.4) we have

| p1Spr1, . . . , rm, 0, . . . , 0q| ď Om

ˆ

1

nm´k
n!

nn

˙

.
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Since the number of pr1, . . . , rmq killed by P is bounded by nm´k, the contribution

to (4.6) from these pr1, . . . , rmq is bounded by

ˆ

n

m

˙

nm´k
ˆ

Omp1q

nm´k
n!

nn

˙3

“ Om

ˆ

1

nm´2k

n!3

n3n

˙

,

which is satisfactory unless k “ m{2. Moreover the number of pr1, . . . , rmq killed by

at least two partitions P with m{2 parts is bounded by nm{2´1, so the contribution

from these pr1, . . . , rmq is bounded by

ˆ

n

m

˙

nm{2´1Om

ˆ

1

nm{2
n!

nn

˙3

“ Om

ˆ

1

n

n!3

n3n

˙

,

which is again satisfactory. Thus we may restrict our attention to those pr1, . . . , rmq

which are killed by a unique partition P with m{2 parts, and for these (4.5) gives

p1Spr1, . . . , rm, 0, . . . , 0q “
p´1qm{2

nm{2
n!

nn
`Om

ˆ

1

nm{2`1

n!

nn

˙

.

For a fixed such P the number of such pr1, . . . , rmq is nm{2 ` Ompn
m{2´1q, and the

number of such P is

pm´ 1qpm´ 3q ¨ ¨ ¨ 1 “
m!

2m{2pm{2q!
,

so the total contribution from these pr1, . . . , rmq is

ˆ

n

m

˙

m!

2m{2pm{2q!
pnm{2 `Ompn

m{2´1
qq

ˆ

p´1qm{2

nm{2
n!

nn
`Om

ˆ

1

nm{2`1

n!

nn

˙˙3

“
p´1qm{2

2m{2pm{2q!

n!3

n3n
`Om

ˆ

1

n

n!3

n3n

˙

.

This proves the proposition.

4.4 Square-root cancellation for general Fourier

coefficients

The aim of this section is to prove the following refinement of Proposition 4.2.1.

Theorem 4.4.1. Suppose χ “ pra11 , . . . , r
ak
k q, where

řk
i“1 ai “ n. Then

| p1Spχq| ď

ˆ

n` k ´ 1

k ´ 1

˙1{2ˆ
n

a1, . . . , ak

˙´1{2
n!

nn
.
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Before proving this theorem we make a few remarks in the way of motivation

and explanation. First, note that the factor
`

n`k´1
k´1

˘1{2
is small in the regimes we

care about, for if Hpχq “ Op1q then k “ Opn{ log nq “ opnq, so this factor is of

size exppopnqq. Thus where Proposition 4.2.1 provides the bound e´Hn{2´n{2, this

theorem provides the bound e´Hn{2´n`opnq. This saving of around e´n{2`opnq may be

uninspiring if H is large, but if H is small it is decisive.

In general the bound in this bound is not sharp, often by a substantial amount.

However, it is sometimes attained asymptotically for very special, arithmetically

structured classes of characters. For instance, if we temporarily allow n to be even,

then one can compute directly that

log
”

| p1Spp1{2q
a, 0n´aq|{pn!{nnq

ı

„ ´
1

2
log

ˆ

n

a

˙

for large n. Similarly, numerical evidence strongly suggests that

log
”

| p1Spp1{3q
a, p´1{3qa, 0n´2a

q|{pn!{nnq
ı

„ ´
1

2
log

ˆ

n

a, a, n´ 2a

˙

if n is divisible by 3; for example, when n “ 3003,

log
”

| p1Spp1{3q
1001, p´1{3q1001, 01001

q|{pn!{nnq
ı

“ ´1649.01782245...,

while

´
1

2
log

ˆ

3003

1001, 1001, 1001

˙

“ ´1645.46757758....

But, for example, the evidence also suggests that

log
”

| p1Spp1{3q
a, 0n´aq|{pn!{nnq

ı

„ ´
2

3
log

ˆ

n

a

˙

.

Thus we might hope to improve on Theorem 4.4.1, but only by ruling out the partic-

ular characters discussed above and others similar to them. For instance, a strength-

ening is almost certainly available under the assumption that n is prime. Thus one

might think of Theorem 4.4.1 as the best general-purpose bound available.

We should also comment briefly on the term “square-root cancellation”. If χ “

pra11 , . . . , r
ak
k q then note that

p1Spχq “
n!

nn
EPe

˜

´r1

˜

ÿ

xPP1

x

¸

´ ¨ ¨ ¨ ´ rk

˜

ÿ

xPPk

x

¸¸

,

where the expectation is over all ordered partitions P “ pP1, . . . , Pkq of G into k

pieces with |Pi| “ ai. The number of such partitions is precisely
`

n
a1,...,ak

˘

. Assuming
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that the phases in the average behave randomly then we should expect square-root

cancellation, and we heuristically recover the bound in Theorem 4.4.1 up to lower-

order terms.

Proof of Theorem 4.4.1. Let γ be the Gaussian measure on Ck defined with respect

to Lebesgue measure λ by

dγ

dλ
“

1

πk
exp

˜

´

k
ÿ

i“1

|zi|
2

¸

.

We claim that

nn p1Spχq “

ż

Ck
za11 ¨ ¨ ¨ z

ak
k

ź

xPG

˜

k
ÿ

i“1

ep´rixqzi

¸

dγ. (4.7)

One can check this by expanding the product and using the identity

ż

Ck

k
ź

i“1

zaii zi
bi dγ “

#

śk
i“1 ai! if ai “ bi for each i,

0 otherwise.
(4.8)

We can now proceed by bounding the integral in (4.7) using various techniques.

Applying the Cauchy–Schwarz inequality we bound the right-hand side by

ˆ
ż

Ck
|z1|

2a1 ¨ ¨ ¨ |zk|
2ak dγ

˙1{2

¨

˝

ż

Ck

ź

xPG

ˇ

ˇ

ˇ

ˇ

ˇ

k
ÿ

i“1

ep´rixqzi

ˇ

ˇ

ˇ

ˇ

ˇ

2

dγ

˛

‚

1{2

.

The first factor here is exactly
´

śk
i“1 ai!

¯1{2

by (4.8). If we now apply the AM–GM

inequality to the second term and evaluate the resulting integral, we get

ż

Ck

ź

xPG

ˇ

ˇ

ˇ

ˇ

ˇ

k
ÿ

i“1

ep´rixqzi

ˇ

ˇ

ˇ

ˇ

ˇ

2

dγ ď

ż

Ck

¨

˝

1

n

ÿ

xPG

ˇ

ˇ

ˇ

ˇ

ˇ

k
ÿ

i“1

ep´rixqzi

ˇ

ˇ

ˇ

ˇ

ˇ

2
˛

‚

n

dγ

“

ż

Ck

˜

k
ÿ

i“1

|zi|
2

¸n

dγ

“
ÿ

s1`¨¨¨`sk“n

ˆ

n

s1, . . . , sk

˙
ż

Ck
|z1|

2s1 ¨ ¨ ¨ |zk|
2sk dγ

“ n!
ÿ

s1`¨¨¨`sk“n

1

“ n!

ˆ

n` k ´ 1

k ´ 1

˙

.

Thus the theorem follows by dividing by nn.
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Remark. Though the identity (4.7) is easily verified directly, we briefly sketch here

a possible route by which one might be motivated to write down such a formula in

the first place.

Let tXx : x P Gu be indeterminates, and observe that the left-hand side of (4.7) is

precisely the coefficient of
ś

xPGXx in the multivariate polynomial

k
ź

i“1

˜

ÿ

xPG

Xxep´rixq

¸ai

,

and so equivalently the value of the derivative

˜

ź

xPG

B

BXx

¸

k
ź

i“1

˜

ÿ

xPG

Xxep´rixq

¸ai

(4.9)

evaluated at zero (although in fact this evaluation is redundant as this expression is

a constant function).

In some generality, it is possible to equate a quantity of the form

Bb1

BY b1
1

. . .
Bbk

BY bk
k

f
ˇ

ˇ

Y1“¨¨¨“Yk“0
,

where fpY1, . . . , Ykq is a suitable holomorphic function of k complex variables, with

the corresponding integral expression

ż

Ck
Y b1

1 . . . Y bk
k fpY1, . . . , Ykq dγ,

where again γ denotes Gaussian measure. This can be verified by applying the case

k “ 1 iteratively, which in turn follows by averaging the usual Cauchy integral formula

over different radii. This formula can be considered a particular higher-dimensional

variant of the Cauchy integral formula.

The identity (4.7) follows by applying this identity to (4.9) and making an orthog-

onal change of variables.

4.5 Sparseval

Recall from Section 4.2 that one of our goals is to obtain good bounds on

ÿ

m-sparse χ

| p1Spχq|
2, (4.10)

where the sum is over all characters χ “ pr1, . . . , rnq with precisely m nonzero entries.
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First consider the related sum

ÿ

ďm-sparse χ

| p1Spχq|
2,

i.e., the sum over characters with at most m nonzero entries. This can be bounded

by applying Parseval to the set Sm of injections t1, . . . ,mu Ñ G as a subset of the

group Gm. Indeed, letting Npχq be the set of indices i for which ri is nonzero, by

permutation-invariance we have

ÿ

ďm-sparse χ

| p1Spχq|
2
ď

ÿ

|N |“m

ÿ

NpχqĂN

| p1Spχq|
2

“

ˆ

n

m

˙

ÿ

r1,...,rm

| p1Spr1, . . . , rm, 0, . . . , 0q|
2

“

ˆ

n

m

˙

ÿ

r1,...,rm

pn´mq!2

n2n´2m
|y1Smpr1, . . . , rmq|

2 (4.11)

“

ˆ

n

m

˙

pn´mq!2

n2n´2m

n!

nmpn´mq!

“
nm

m!

n!2

n2n
.

Here we used

p1Spr1, . . . , rm, 0, . . . , 0q “
pn´mq!

nn´m
y1Smpr1, . . . , rmq,

which follows from (4.3).

This is our first nontrivial sparseval bound. It turns out that overcounting as

above is too inefficient in the context of the wider argument, when, say, m{n is a

small constant. The purpose of the rest of this section therefore is to improve the

bound on (4.10) as much as possible.

Theorem 4.5.1. If m ď n{2 then

ÿ

m-sparse χ

| p1Spχq|
2
ď Opm1{4

qeOpm
3{2{n1{2q

ˆ

n

m

˙1{2
n!2

n2n

Proof. The starting point of our strategy is to apply inclusion-exclusion to obtain an

expression for (4.10). For m ď n let

Qpm,nq “
n2n

n!2

ÿ

m-sparse χ

| p1Sprq|
2,
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and observe as in (4.11) that

nm

m!
“
n2n

n!2

ÿ

|N |“m

ÿ

NpχqĂN

| p1Spχq|
2

“
n2n

n!2

m
ÿ

k“0

ÿ

|Npχq|“k

| p1Spχq|
2

ˆ

n´ k

m´ k

˙

“

m
ÿ

k“0

ˆ

n´ k

m´ k

˙

Qpk, nq.

By inverting this relation we have

Qpm,nq “
m
ÿ

k“0

p´1qm´k
ˆ

n´ k

m´ k

˙

nk

k!

“
1

m!

m
ÿ

k“0

ˆ

m

k

˙

p´1qkpn´m` 1q ¨ ¨ ¨ pn´ kqnk. (4.12)

This expression exhibits a vast amount of cancellation. To capture this, we use

a generating function argument, followed by some complex analysis in the spirit of

the saddle-point method (see Flajolet and Sedgewick [FS09, Chapter VIII] for back-

ground); see also the remark following the proof for some further motivation.

Observe from (4.12) that Qpm,nq is exactly the coefficient of Xm in

fpXq “
nn`1eX

pn`Xqn´m`1
. (4.13)

Thus, by Cauchy’s formula,

Qpm,nq “
nn`1

i2π

¿

|z|“r

ez

pn` zqn´m`1zm`1
dz

for any r in the range 0 ă r ă n, so

Qpm,nq ď
nn`1

rm
max
|z|“r

ˇ

ˇ

ˇ

ˇ

ez

pn` zqn´m`1

ˇ

ˇ

ˇ

ˇ

.

We claim that |ez{pn` zqn´m`1| has only two local maxima on |z| “ r: one at z “ `r

and the other at z “ ´r. To see this note that if |z| “ r and <z “ t then

ˇ

ˇ

ˇ

ˇ

ez

pn` zqn´m`1

ˇ

ˇ

ˇ

ˇ

2

“
e2t

pn2 ` r2 ` 2ntqn´m`1
,

so
d

dt
log

ˇ

ˇ

ˇ

ˇ

ez

pn` zqn´m`1

ˇ

ˇ

ˇ

ˇ

2

“ 2´
2npn´m` 1q

n2 ` r2 ` 2nt
.
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This function has a unique pole at t “ ´pn ` r2{nq{2, which is to the left of the

physical region ´r ď t ď r, and it has a unique zero somewhere corresponding to a

minimum, not a maximum, so the claim holds. Thus |ez{pn` zqn´m`1| is bounded

on |z| “ r by
e˘r

pn˘ rqn´m`1
,

so

Qpm,nq ď
nn`1e˘r

rmpn˘ rqn´m`1
“

e˘r

p1˘ r{nqn´m`1

nm

rm
.

Here

log

ˆ

e˘r

p1˘ r{nqn´m`1

˙

“ ˘r ´ pn´m` 1qp˘r{n´ r2
{2n2

`Opr3
{n3
qq

“ r2
{2n`Opr3

{n2
` rm{nq.

Taking r “ pmnq1{2 we thus have, by Stirling’s formula,

Qpm,nq ď ep1{2`Oppm{nq
1{2qqm n

m{2

mm{2
ď Opm1{4

qeOpm
3{2{n1{2q

ˆ

n

m

˙1{2

.

Remark. Although it is straightforward to check that Qpm,nq is indeed the coeffi-

cient of Xm in fpXq by expanding (4.13), the proof is unsatisfying in that one needs

to know the formula for f in advance. Here is an alternative proof which does not

have this fault.

Let B be the discrete derivative operator defined on functions g : N Ñ R by

Bgpkq “ gpk ` 1q ´ gpkq,

and observe that

Qpm,nq “
1

m!
B
mgm,np0q,

where gm,n is the function defined by

gm,npkq “ nkpn´ kqpn´ k ´ 1q ¨ ¨ ¨ pn´m` 1q.

Intuitively, the reason the sum (4.12) exhibits such enormous cancellation is that it

is a high derivative of a very “smooth” function gm,n. To capture this smoothness we

start by investigating the first derivative Bgm,n. By directly computing we find that

Bgm,npkq “ knkpn´ k ´ 1qpn´ k ´ 2q ¨ ¨ ¨ pn´m` 1q

“
k

n
gm,npk ` 1q.
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Thus from the Leibniz-type formula

Bpghqpkq “ Bgpkqhpk ` 1q ` gpkqBhpkq

we derive the recurrence

B
`gm,npkq “ B

`´1

ˆ

k

n
gm,npk ` 1q

˙

“
k

n
B
`´1gm,npk ` 1q `

`´ 1

n
B
`´2gm,npk ` 2q,

which holds for all ` ě 2. In particular, letting

a` “
1

`!
B
`gm,npm´ `q,

we have the recurrence

`a` “
m´ `

n
a`´1 `

1

n
a`´2 (4.14)

for pa`q`ě0. Observe that a0 “ nm, a1 “ pm´ 1qnm´1, and that Qpm,nq “ am.

In the next section we will bound solutions to recurrences like (4.14) in a di-

rect fashion, but for (4.14) itself it is more convenient to use a generating function

technique. For an indeterminate X put

fpXq “
8
ÿ

`“0

a`X
`,

and observe by multiplying (4.14) by X`´1 and summing for ` ě 2 that

f 1pXq ´ a1 “
m´ 1

n
pfpXq ´ a0q ´

1

n
Xf 1pXq `

1

n
XfpXq .

By inputting a0 “ nm and a1 “ pm´ 1qnm´1 and rearranging we arrive at

pn´Xqf 1pXq “ pm´ 1`XqfpXq.

The formula (4.13) is obtained by solving this differential equation.

4.6 An L8 bound for low-entropy minor arcs

The main result of this section is the following proposition.

Proposition 4.6.1. Let χ be a character with exactly m nonzero coordinates, where

m ď n{3. Then

| p1Spχq| ď eOpm
3{2{n1{2`m1{2q

¨ 2´m{2
ˆ

n

m

˙´1{2

¨
n!

nn
.
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It is instructive to compare this bound to Theorem 4.4.1. If χ has exactly m

nonzero coordinates and takes precisely k distinct nonzero values, i.e., if χ has the

form pra11 , . . . , r
ak
k , 0

n´mq where
ř

ai “ m, then Theorem 4.4.1 gives us a bound of

| p1Spχq| ď

ˆ

n` k

k

˙1{2ˆ
n

a1, . . . , ak, n´m

˙´1{2
n!

nn
.

This bound is worst approximately for characters of the form χ “ prm, 0n´mq, for

which we get the bound

| p1Spχq| ď Opn1{2
q

ˆ

n

m

˙´1{2
n!

nn
.

Moreover if we allow n to be even and set r “ 1{2 then this bound is approximately

attained, as remarked in the comments following Theorem 4.4.1. Here, however, we

are asserting an improvement to this bound by a significant factor of 2´m{2. Such an

improvement is only possible under the assumption that n is odd, and thus our proof

of Proposition 4.6.1 must exploit this assumption in a fundamental way.

Since we do not know how to adapt the proof of Theorem 4.4.1 to exploit the

absence of 2-torsion, we employ a more specialized approach that suffices in the

sparse regime.

Incidentally we observe that this is the unique stage of the proof in which we need

the full strength of the hypothesis that G has odd order. Elsewhere we only need to

assume that
ř

xPG x “ 0.

Proof of Proposition 4.6.1. Let χ “ pr1, . . . , rm, 0
n´mq. The key tool in our proof is

an exact recursive formula for Fourier coefficients p1Spχq, in terms of related Fourier

coefficients for which m1 ă m. Specifically, as long as rm is nonzero we have

p1Spχq “
pn´mq!

nn

ÿ1

x1,...,xm

ep´r1x1 ´ ¨ ¨ ¨ ´ rmxmq

“
pn´mq!

nn

ÿ1

x1,...,xm´1

ÿ

xm‰x1,...,xm´1

ep´r1x1 ´ ¨ ¨ ¨ ´ rmxmq

“ ´
pn´mq!

nn

ÿ1

x1,...,xm´1

ÿ

xm“x1,...,xn´1

ep´r1x1 ´ ¨ ¨ ¨ ´ rmxmq

“ ´
1

n´m` 1

m´1
ÿ

i“1

p1Spr1, . . . , ri ` rm, . . . , rm´1, 0, . . . , 0q. (4.15)

(As an aside, we remark that this formula can be used for efficient explicit computa-

tion of certain kinds of Fourier coefficient.)
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Let Um be the maximal value of the | p1S| taken over all characters with exactly

m nonzero coordinates. If we apply the triangle inequality to the right-hand side of

(4.15) and bound each | p1Spχ
1q| appearing there by the appropriate value Um1 (where

m1 ă m), we obtain recursive bounds on the Um.

However, there is a subtlety in this process: the number of nonzero coordinates of

pr1, . . . , ri ` rm, . . . , rm´1, 0, . . . , 0q

might be either pm´1q (if ri`rm ‰ 0) or pm´2q (if ri`rm “ 0), and we do not have

much control over which occurs. Since we expect Um´1 ă Um´2, it is in our interests

to land in the former case as much as possible. We have the freedom to reorder the ri

before applying (4.15), so our goal is to optimize the recursive bound over all choices

of rm.

For each i ď m let Ni “ tj ď m : rj “ ´riu. By reordering, we may assume

without loss of generality that |Ni| is minimized when i “ m. Suppose j P Nm. Then

rj “ ´rm, so since |G| is odd we have rj ‰ rm, so NmXNj “ H. Thus by minimality

|Nm| ď m{2.

Hence, by applying (4.15) we deduce the bound

| p1Spχq| ď
|Nm|Um´2 ` pm´ 1´ |Nm|qUm´1

n´m` 1

ď
1

n´m` 1
max tpm´ 1qUm´1, pm{2qUm´2 ` pm{2´ 1qUm´1u

where the former term in the maximum covers the case Um´1 ą Um´2 and the latter

the (inuitively more likely) case Um´1 ď Um´2. Hence

Um ď
1

n´m` 1
max tpm´ 1qUm´1, pm{2qUm´2 ` pm{2´ 1qUm´1u . (4.16)

Our task is now to obtain bounds on Um by solving this recurrence, which, ignoring

the maximum, resembles a kind of time-dependent Fibonacci sequence. In Section 4.5

we dealt with a similar recurrence using generating function methods. Here we will

use a more hands-on method. Specifically, we will phrase (4.16) in terms of a product

of 2ˆ 2 matrices (as one might for the Fibonacci sequence), and control the L2 norm

of the result by bounding the L2 Ñ L2 operator norms of each matrix in the product.

Write αm “
m

2pn´m`1q
, βm “

m´2
2pn´m`1q

, and γm “
m´1

n´m`1
. Additionally, we work

with a rescaled version Vm “ pα1α2 . . . αmq
´1{2Um of Um, for m ě 1. From (4.16) we

deduce that

Vm ď max
!

γmα
´1{2
m Vm´1, α

1{2
m α

´1{2
m´1 Vm´2 ` βmα

´1{2
m Vm´1

)

(4.17)
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holds for any m ě 3.

If we define matrices

Mm “

ˆ

γmα
´1{2
m 0

1 0

˙

and Nm “

ˆ

βmα
´1{2
m α

1{2
m α

´1{2
m´1

1 0

˙

,

and vectors vm “ pVm, Vm´1q
T , we can write (4.17) equivalently as

vm ď max tMmvm´1, Nmvm´1u .

Using the easily obtainable bounds αmα
´1
m´1 “ 1`Op1{mq and β2

mα
´1
m ď m{n, we

get that

tr
`

NT
mNm

˘

ď 2`m{n`Op1{mq

and

det
`

NT
mNm

˘

“ 1`Op1{mq,

and so by considering the singular values of Nm, we get the operator norm bound

}Nm}L2ÑL2 ď 1`Oppm{nq1{2 `m´1{2
q.

Completely analogously, using the easy bound γ2
mα

´1
m ď 4m{n, we deduce

}Mm}L2ÑL2 ď 1`Opm{nq.

Thus we have

Vm ď
b

V 2
m ` V

2
m´1

ď

˜

m
ź

r“3

max t}Mr}L2ÑL2 , }Nr}L2ÑL2u

¸

¨

b

V 2
2 ` V

2
1

ď

˜

m
ź

r“3

`

1`O
`

pr{nq1{2 ` r´1{2
˘˘

¸

¨

b

V 2
2 ` V

2
1 .

We already know from Section 4.2.1 that U1 “ 0 and it is evident from (4.15) that

U2 “ Opn!{nn`1q. Hence, we can bound the term
a

V 2
2 ` V

2
1 in the above inequality

by Opn!{nnq, which gives

Vm ď eOpm
3{2{n1{2`m1{2q ¨

n!

nn
,

and the claim stated in the proposition follows easily from this.
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4.7 End of the argument

To estimate the sum of cubes
ÿ

χP pGn

p1Spχq
3

we divide the set of all χ P pGn into three regions depending on the value of Hpχq: a

high-entropy range H ě 10, a medium-entropy range ε ď H ď 10, and a low-entropy

range H ď ε. Here ε is a small positive constant which will be chosen at the end of

the argument.

In the high-entropy range H ě 10 it is enough to use the bound from Corol-

lary 4.2.2:
ÿ

χ : Hpχqě10

| p1Spχq|
3
ď e´3.5nn!3{n3n.

In the medium-entropy range ε ď H ď 10, we first need a bound for the number

of characters of a given entropy.

Lemma 4.7.1. If H ď 10 then the number of characters of entropy at most H is

bounded by eHn`opnq.

Proof. Every character of entropy at most H has an orbit under the permutation

action of size at most eHn, so it suffices to show that there are only eopnq such orbits

of characters of entropy at most 10. Every orbit is uniquely specified by giving the

number ar of appearances of r for each r P pG, so we must show that the number of

nonnegative integer vectors parqrP pG with
ř

r ar “ n and satisfying

n!
ś

rP pG ar!
ď e10n

is eopnq. Let δ ą 0 be a small constant, and let t be the sum of the ar for which

ar ď e´11{δn. Then

e´11nnn ď e´10nn! ď
ź

rP pG

ar! ď
ź

rP pG

aarr ď pe
´11{δnqtnn´t “ e´11t{δnn,

so t ď δn. Since at most e11{δ of the ar are bigger than e´11{δn, the number of parqrP pG
is bounded by the number of ways of choosing the set B of at most e11{δ indices r for

which ar is big, times the number of ways of choosing these ar, times the number of

ways of choosing parqrRB so that
ř

rRB ar “ n´
ř

rPB ar ď δn. This is bounded by

ne
11{δ

ne
11{δ

ˆ

n` δn´ 1

δn´ 1

˙

.
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The claimed estimate now follows by applying Stirling’s formula and choosing δ ap-

propriately.

We conclude by combining Lemma 4.7.1 with Theorem 4.4.1. Note that if the

entropy of χ is Op1q then the number of distinct coordinates of χ is Opn{ log nq, so

Theorem 4.4.1 implies

| p1Spχq| ď e´Hpχqn{2`opnqn!{nn.

Thus for any H ď 10 we have

ÿ

χ : 9H{10ăHpχqďH

| p1Spχq|
3
ď |tχ : Hpχq ď Hu| max

χ : Hpχqě9H{10
| p1Spχq|

3

ď e´7Hn{20`opnqn!3{n3n.

Decomposing the range rε, 10s into ranges of this type and bounding crudely, we

obtain
ÿ

χ : εďHpχqď10

| p1Spχq|
3
ď Oplogp1{εqqe´7εn{20`opnqn!3{n3n.

In the low-entropy range H ď ε, one can easily verify that χ “ pr1, . . . , rnq must

repeat some coordinate r P pG at least p1´ εqn times. Thus by global shift-invariance

of p1S we have
ÿ

χ : Hpχqďε

p1Spχq
3
“ n

εn
ÿ

m“0

ÿ

m-sparse χ
Hpχqďε

p1Spχq
3. (4.18)

By combining Proposition 4.6.1 with Theorem 4.5.1 we have that for any m ď εn,

ÿ

m-sparse χ

| p1Spχq|
3
ď

ˆ

max
m-sparse χ

| p1Spχq|

˙

ÿ

m-sparse χ

| p1Spχq|
2

ď eOpm
3{2{n1{2`m1{2q2´m{2

n!3

n3n

ď eOpε
1{2m`m1{2q2´m{2

n!3

n3n
.

As long as ε is sufficiently small depending on the constant implicit in the Opε1{2mq

term, this is negligible except when m has size Op1q. In this range, we can apply

Proposition 4.3.1. We introduce a further parameter M and split the sum (4.18) into

the ranges 1 ď m ď 2M and 2M ă m ď εn, to obtain

ÿ

χ : Hpχqďε

p1Spχq
3
“ n

M
ÿ

m“0

p´1qm

2mm!

n!3

n3n
` nOM

ˆ

1

n

n!3

n3n

˙

`O

˜

n
εn
ÿ

m“2M

eOpε
1{2m`m1{2q2´m{2

n!3

n3n

¸

.
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Finally, by combining the three bounds we have just proved for each range H ď ε,

ε ď H ď 10, and H ě 10, we deduce

ÿ

χP pGn

p1Spχq
3
“ n

M
ÿ

m“0

p´1qm

2mm!

n!3

n3n
` nOM

ˆ

1

n

n!3

n3n

˙

`O

˜

n
εn
ÿ

m“2M

eOpε
1{2m`m1{2q2´m{2

n!3

n3n

¸

`O

ˆ

logp1{εqe´7εn{20`opnq n!3

n3n

˙

`O

ˆ

e´3.5n n!3

n3n

˙

.

Theorem 4.1.2 now follows by choosing ε and M appropriately.
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[Bón15] M. Bóna, ed. Handbook of enumerative combinatorics. Discrete Mathe-
matics and its Applications (Boca Raton). CRC Press, Boca Raton, FL,
2015, pp. xxiii+1061. isbn: 978-1-4822-2085-8.

[CW10] N. J. Cavenagh and I. M. Wanless. “On the number of transversals
in Cayley tables of cyclic groups”. Discrete Appl. Math. 158.2 (2010),
pp. 136–146. issn: 0166-218X. doi: 10.1016/j.dam.2009.09.006.

[Coo00] C. Cooper. “A lower bound for the number of good permutations”. Data
Recording, Storage and Processing (Nat. Acad. Sci. Ukraine) 213 (2000),
pp. 15–25.

[Coo+99] C. Cooper, R. Gilchrist, I. N. Kovalenko, and D. Novaković. “Deriving
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Chapter 5

Product mixing in the alternating
group

Abstract. We prove the following one-sided product-mixing theorem

for the alternating group: Given subsets X, Y, Z Ă An of densities α, β, γ

satisfying

minpαβ, αγ, βγq " n´1
plog nq7,

there are at least

p1` op1qqαβγ|An|
2

solutions to xy “ z with x P X, y P Y, z P Z. One consequence is that

the largest product-free subset of An has density at most n´1{2plog nq7{2,

which is best possible up to logarithms and improves the best previous

bound of n´1{3 due to Gowers. The main tools are a Fourier-analytic

reduction noted by Ellis and Green to a problem just about the standard

representation, a Brascamp–Lieb-type inequality for the symmetric group

due to Carlen, Lieb, and Loss, and a concentration of measure result for

rearrangements of inner products.

This chapter reproduces the paper [Ebe16].

5.1 Introduction

Product mixing for a group G generally refers to any estimate of the following form:

whenever subsetsX, Y, Z Ă G have densities α, β, γ above some threshold, the number

of solutions to xy “ z with x P X, y P Y, z P Z is p1 ` op1qqαβγ|G|2. The following

foundational theorem proved by Gowers [Gow08] (and expanded by Babai, Nikolov,

and Pyber [BNP08]) explains this idea further.
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Theorem 5.1.1 (Gowers). Let G be a group and let m be the minimal dimension of

a nontrivial representation of G. Let X, Y, Z Ă G have densities α, β, γ, respectively.

Then

|x1X ˚ 1Y , 1Zy ´ αβγ| ă m´1{2α1{2β1{2γ1{2.

In particular if αβγ " m´1 then

x1X ˚ 1Y , 1Zy “ p1` op1qqαβγ.

Here and throughout this chapter we write X À Y to mean that X ď OpY q, and

we write X ! Y to mean that X ď opY q. We will write X „ Y to mean X À Y and

X Á Y . This differs from the convention used for example in Chapters 1 and 3, but

it will be convenient for us. The convolutions and inner products above are defined

with respect to the uniform measure.

There are several immediate corollaries of Theorem 5.1.1. For example, if αβγ ě

m´1, then the intersection XY X Z is nonempty, and in fact XY Z´1 “ G. In

particular, if X Ă G is product-free (meaning that there are no solutions to xy “ z

with x, y, z P X), then X has density at most m´1{3.

For the purpose of illustration let us assume α „ β „ γ. Then Theorem 5.1.1

asserts that there is a product-mixing phenomenon for sets of density greater than

m´1{3. On the other hand Kedlaya [Ked97] proved that any group G acting transi-

tively on a set of size n has a product-free subset of density n´1{2. For a broad class

of groups, including for example the alternating groups and special linear groups, we

have m „ n, so for these groups this leaves a gap between m´1{3 and m´1{2.

In Section 5.2 we partly explain this gap by showing that any group G acting

transitively on a set of size n has a subset X of density „ n´1{3 for which there

are significantly more than the expected number of solutions to xy “ z. In groups

with m „ n this shows that the density threshold for product mixing is m´1{3, as in

Gowers’s theorem.

Our main purpose, however, is to demonstrate that a one-sided product-mixing

phenomenon persists in the alternating groupAn for somewhat lower densities. Specif-

ically we prove the following theorem.

Theorem 5.1.2. If X, Y, Z Ă An have densities α, β, γ, respectively, and

minpαβ, αγ, βγq "
plog nq7

n
,

then

x1X ˚ 1Y , 1Zy ě p1` op1qqαβγ.
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As a corollary we deduce that if X has density " n´1{2plog nq7{2 then X2 has

density 1 ´ Opn´1{2plog nq7{2q. In particular if X is product-free then X has density

at most Opn´1{2plog nq7{2q. This is best possible up to the logarithmic factors.

As to the methods, we first use nonabelian Fourier analysis to reduce to a problem

taking place only in the standard representation, an idea due to Ellis and Green. This

problem is then interpreted in terms of random rearrangements of inner products, and

we tackle this problem using concentration of measure and entropy subadditivity. The

backbone of our proof is a Brascamp–Lieb-type inequality for the symmetric group

due to Carlen, Lieb, and Loss, which we explain in Section 5.4.

Notation. As already mentioned, in addition to the usual asymptotic notation

Op¨q and op¨q, we write X À Y to mean that X ď OpY q, and we write X ! Y to

mean that X ď opY q. We write X „ Y to mean X À Y and X Á Y .

We write Ω throughout for the ground set t1, . . . , nu on which Sn and An act. We

attach the uniform measures to Sn, An, and Ω, and we write an unadorned integral
ş

f to mean the integral with respect to the uniform measure on the domain of f . We

also define inner products, Lp norms, and convolutions accordingly.

5.2 Examples of sets with poor product mixing

In this section we give two concrete examples of fairly dense sets with poor product-

mixing properties. The first example, a relatively large product-free set, is due to

Kedlaya [Ked97] and independently Edward Crane (Ben Green, personal communi-

cation), but we recall the construction here as it shows that Theorem 5.1.2 is best

possible up to logarithms. The second construction is original, and shows that The-

orem 5.1.1 is best possible for two-sided mixing.

5.2.1 Sets with no solutions to xy “ z

First we give an example of a set X of density „ n´1{2 with no solutions to xy “ z.

Fix a set T Ă Ω of size t and a point 1 not in T and let X be the set of all π P An

such that πp1q P T and such that πpT q Ă T c. Then clearly X2 is disjoint from X, as

every π P X2 satisfies πp1q P T c, and it is straightforward to see that X has density

1

n!
t

ˆ

n´ t

t

˙

t!pn´ t´ 1q! “
tpn´ tq!pn´ t´ 1q!

n!pn´ 2tq!
“
t

n
eOpt

2{nq.

Thus if t „ n1{2 then X has density „ n´1{2. This example is due to Kedlaya [Ked97]

and independently Edward Crane (Ben Green, personal communication), and it shows

that Theorem 5.1.2 is best possible up to logarithms.
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As explained by Kedlaya [Ked97], his construction adapts straightforwardly to

any 2-transitive subgroup G ď Sn, and in fact it adapts to any transitive subgroup

G ď Sn through an averaging argument.

Proposition 5.2.1 (Kedlaya [Ked97]). Let G be a transitive subgroup of Sn. Then

there is a subset X Ă G of density „ n´1{2 such that X2 XX “ H.

5.2.2 Sets with too many solutions to xy “ z

Next we give an example of a set X of density α „ n´1{3 having many more than the

expected number of solutions (namely, α3n!2) to xy “ z. Fix a set T of size t and let

X be the set of all π P An such that πpT q X T is nonempty. As long as t “ opn1{2q

then X has density roughly t2{n, and if you choose π1, π2 randomly from X then π1π2

is again in X with probability of order t2{n ` 1{t. To see this it may help to notice

that X is symmetric, and that π´1
1 π2 P X if and only if π1pT q X π2pT q ‰ H. Each of

π1pT q and π2pT q is required to intersect T nontrivially, so π1pT q and π2pT q intersect

with probability at least 1{t. Aside from that restriction π1pT q and π2pT q are just

random sets of size t, so they intersect with probability at least t2{n. (We can afford

to be somewhat lax with this computation as we will shortly prove a more general

proposition.) Note that the probability t2{n ` 1{t is much larger than the expected

probability t2{n whenever t is small compared to n1{3.

As with the previous construction, this construction adapts straightforwardly to

any 2-transitive subgroup G ď Sn, and to an arbitrary transitive subgroup G ď Sn

through an averaging argument.

Proposition 5.2.2. Let G be a transitive subgroup of Sn. Then there is a subset

X Ă G of density α „ n´1{3 for which there are at least 100α3|G|2 solutions to

xy “ z with x, y, z P X.

Proof. For T Ă Ω of size t let XT be the set of all g P G for which gpT q X T ‰ H.

Also fix an arbitrary total order ă on Ω. Clearly |XT |{|G| ď t2{n. We will bound

|XT | below by the number of g P G for which there are i, j P T with i ă j such that

gpiq “ j. Thus by inclusion-exclusion we have

|XT |

|G|
ě

ÿ

i,jPT
iăj

|tg : gpiq “ ju|

|G|
´

ÿ

i,j,i1,j1PT
iăj,i1ăj1

pi,jq‰pi1,j1q

|tg : gpiq “ j, gpi1q “ j1u|

|G|
.
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The first sum here is „ t2{n by transitivity, for any T . The second sum can be

rewritten as
ÿ

i,i1PΩ
i‰i1

1

|G|

ÿ

gPG
gpiqąi,gpi1qąi1

1iPT1gpiqPT1i1PT1gpi1qPT . (5.1)

Now note that for any fixed i, i1 P Ω such that i ‰ i1 and for any g satisfying gpiq ą i

and gpi1q ą i1 we have |ti, gpiq, i1, gpi1qu| ě 3, and in fact |ti, gpiq, i1, gpi1qu| “ 4 except

for a proportion at most Op1{nq of g P G. It follows that the average of (5.1) over

T Ă Ω is bounded by

Opn2
pt{nq4 ` npt{nq3q “ Opt4{n2

q.

Thus, by Markov’s inequality, (5.1) is Opt4{n2q with probability at least 9{10.

Similarly let us count solutions to xy “ z in XT . We will bound the number NT of

solutions below by the number of pairs pg1, g2q P G
2 for which there exists i, j, k P T

with i ă j ă k such that g1piq “ j and g2pjq “ k. Thus by inclusion-exclusion again

we have

NT

|G|2
ě

ÿ

i,j,kPT
iăjăk

|tpg1, g2q P G
2 : g1piq “ j, g2pjq “ ku|

|G|2

´
ÿ

i,j,k,i1,j1,k1PT
iăjăk,i1ăj1ăk1

pi,j,kq‰pi1,j1,k1q

|tpg1, g2q P G
2 : g1piq “ j, g2pjq “ k, g1pi

1q “ j1, g2pj
1q “ k1u|

|G|2
.

The first sum is „ t3{n2 by transitivity. The second sum can be rewritten

ÿ

j,j1PΩ
j‰j1

1

|G|2

ÿ

g1,g2PG

g´1
1 pjqăjăg2pjq

g´1
1 pj1qăj1ăg2pj1q

1g´1
1 pjqPT1jPT1g2pjqPT1g´1

1 pj1qPT1j1PT1g2pj1qPT . (5.2)

To bound this we again average over T Ă Ω. For j ‰ j1 and g1, g2 under the stated

restrictions the set

S “ tg´1
1 pjq, j, g2pjq, g

´1
1 pj

1
q, j1, g2pj

1
qu

always has size at least 4, has size 4 for at most a proportion Op1{n2q of pg1, g2q P G
2,

has size 5 for at most a proportion Op1{nq of pg1, g2q P G
2, and otherwise has size 6.

It follows that the average of (5.2) over T Ă Ω is bounded by

Opn2
pt{nq6 ` npt{nq5 ` pt{nq4q “ Opt6{n4

q.

Thus, by Markov’s inequality, (5.2) is Opt6{n4q with probability at least 9{10.
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We deduce that there is some T for which (5.1) is Opt4{n2q and (5.2) is Opt6{n4q.

For this T it follows that
|XT |

|G|
„ t2{n`Opt4{n2

q

and that
NT

|G|2
Á t3{n2

`Opt6{n4
q.

Thus as long as t “ opn1{2q we see that XT has density α „ t2{n while there are at

least pt3{n2q|G|2 „ pn{t3qα3|G|2 solutions to xy “ z in X. Now take t “ tcn1{3u for a

sufficiently small constant c.

5.3 Nonabelian Fourier analysis

Here we briefly recall the fundamentals of nonabelian Fourier analysis, and then we

give a short Fourier-analytic proof of Theorem 5.1.1. This proof seems to be well

known among experts: see for example Wigderson [Wig10, Chapter 2.11].

Let G be a compact group endowed with the uniform measure. The Fourier

transform of a function f P L2pGq at an irreducible unitary representation ξ : G Ñ

Updξq is defined by

pfpξq “

ż

G

fpxqξpxq.

We then have the inversion formula

fpxq “
ÿ

ξ

dξx pfpξq, ξpxqyHS,

and Parseval’s identity

xf, gy “
ÿ

ξ

dξx pfpξq, pgpξqyHS. (5.3)

Here the sums are taken over a complete set of representatives of the irreducible

representations of G up to equivalency, and the Hilbert–Schmidt inner product x¨, ¨yHS

is defined by

xR, SyHS “ trpRS˚q.

Like classical Fourier analysis, nonabelian Fourier analysis is a powerful tool for un-

derstanding the behaviour of convolutions. Here the convolution f ˚g of two functions

f, g P L2pGq is defined by

f ˚ gpxq “

ż

G

fpyqgpy´1xq,
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and by an application of Fubini’s theorem we have the rule

zf ˚ gpξq “ pfpξqpgpξq. (5.4)

For all this and more the reader might refer to Tao [Tao14, §2.8].

We can now give a short proof of Theorem 5.1.1.

Proof of Theorem 5.1.1. Suppose that G is finite, that dξ ě m for ξ ‰ 1, and that

X, Y, Z Ă G have densities α, β, γ, respectively. Let f “ 1X , g “ 1Y , h “ 1Z . Then

by the convolution rule (5.4) and Parseval (5.3) we have

xf ˚ g, hy “
ÿ

ξ

dξx pfpξqpgpξq,phpξqyHS

“ αβγ `
ÿ

ξ‰1

dξx pfpξqpgpξq,phpξqyHS.

Here we have written 1 for the trivial representation of G. Now by Cauchy–Schwarz

and the algebra property }RS}HS ď }R}HS}S}HS of the Hilbert–Schmidt norm we

have

|x pfpξqpgpξq,phpξqyHS| ď }
pfpξqpgpξq}HS}

phpξq}HS ď }
pfpξq}HS}pgpξq}HS}

phpξq}HS,

so by using Cauchy–Schwarz together with Parseval again we have
ÿ

ξ‰1

dξ|x pfpξqpgpξq,phpξqyHS| ď
ÿ

ξ‰1

dξ} pfpξq}HS}pgpξq}HS}
phpξq}HS

ď max
ξ‰1

} pfpξq}HS

ÿ

ξ

dξ}pgpξq}HS}
phpξq}HS

ď m´1{2
}f}2}g}2}h}2

“ m´1{2α1{2β1{2γ1{2.

(5.5)

This proves Theorem 5.1.1.

For the rest of the chapter we specialize to the alternating group G “ An. As

explained in the introduction, Theorem 5.1.1 provides a satisfactory estimate for

x1X ˚ 1Y , 1Zy only if αβγ " 1{n. However, as observed by Ellis and Green (personal

communication), by examination of the proof above it is clear that only the standard

pn´1q-dimensional representation σ is problematic: Again taking f “ 1X , g “ 1Y , h “

1Z , we have

xf ˚ g, hy “
ÿ

ξ

dξx pfpξqpgpξq,phpξqyHS

“ αβγ ` pn´ 1qx pfpσqpgpσq,phpσqyHS `
ÿ

ξ‰1,σ

dξ x pfpξqpgpξq,phpξqyHS, (5.6)
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and since dξ Á n2 for ξ ‰ 1, σ (this follows from the hook formula: see for exam-

ple [Ras77, Result 2]) we have, by straightforward adaptation of (5.5),

ÿ

ξ‰1,σ

dξ|x pfpξqpgpξq,phpξqyHS| À n´1α1{2β1{2γ1{2.

This is negligible compared to the main term αβγ whenever αβγ " n´2. Thus it

remains only to control pn´ 1qx pfpσqpgpσq,phpσqyHS.

For each i P Ω we have a map Sn Ñ Ω given by π ÞÑ πpiq, which induces a map

L2pΩq Ñ L2pSnq given by composition with π ÞÑ πpiq. We denote by pi the adjoint

of this map, and we call pif the pushforward of f under π ÞÑ πpiq. Explicitly pif is

defined by

pifpωq “ n

ż

Sn

fpπq1πpiq“ω “
1

pn´ 1q!

ÿ

πPSn
πpiq“ω

fpπq,

and for any g P L2pΩq we have
ż

Sn

fpπqgpπpiqq “

ż

Ω

pifpωqgpωq.

Now by direct computation whenever at least one of
ş

f,
ş

g,
ş

h is zero we have

pn´ 1qx pfpσqpgpσq,phpσqyHS “ pn´ 1q

ż

S2
n

pf ˚ gqpxqhpyq trσpxy´1
q

“ pn´ 1q

ż

S2
n

pf ˚ gqpxqhpyq

˜

ÿ

iPΩ

1xpiq“ypiq ´ 1

¸

“ pn´ 1q
ÿ

iPΩ

ż

S2
n

pf ˚ gqpxqhpyq1xpiq“ypiq

“
n´ 1

n

ÿ

iPΩ

xf ˚ pig, pihy

„
ÿ

iPΩ

xf ˚ pig, pihy. (5.7)

Here we define the convolution of functions f P L2pSnq and u P L2pΩq by the same

formula:

f ˚ upωq “

ż

Sn

fpπqupπ´1
pωqq;

f ˚ u is then a function defined on Ω, and one may check the relation

pipf ˚ gq “ f ˚ pig.

Note that the assumption that one of
ş

f,
ş

g,
ş

h is zero is innocuous, since changing f

by a constant does not change pfpσq.
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Similarly whenever
ş

f “ 0 we have the following remnant of Parseval’s identity:

}f}22 ě pn´ 1q} pfpσq}2HS „
ÿ

iPΩ

}pif}
2
2. (5.8)

We can now summarize the rest of the proof. We will prove a concentration-of-

measure result for the randomly rearranged inner product

xπ ˚ pig, pihy “

ż

Ω

pigpπ
´1
pωqqpihpωq.

This result will ensure that

xπ ˚ pig, pihy «
ş

pig
ş

pih “
ş

g
ş

h

with high probability, and with a tail depending on the variances }pig ´
ş

g}22 and

}pih´
ş

h}22 of pig and pih and on the entropies of pig{
ş

g and pih{
ş

h. Crucially, when

the variances are small there is rather strong concentration from below, unless one of

the entropies is large. We will then apply the Parseval remnant (5.8) and a version

of subadditivity of entropy to conclude.

5.4 An inequality of Carlen, Lieb, and Loss

The following inequality was proved by Carlen, Lieb, and Loss [CLL06].

Theorem 5.4.1. Let f1, . . . , fn : Ω Ñ C be functions. Then
ż

Sn

n
ź

i“1

|fipπpiqq| ď
n
ź

i“1

}fi}2.

This inequality can be viewed in at least two ways. First, as it resembles the

classical Loomis–Whitney inequality, or more generally the Brascamp–Lieb inequality,

it can be viewed as an inequality of Brascamp–Lieb-type for the symmetric group. In

this light Theorem 5.4.1 bears a striking resemblance to another Brascamp–Lieb-type

inequality proved by Carlen, Lieb, and Loss for the sphere: see [CLL04].

Theorem 5.4.1 can also be viewed as a Hadamard-type inequality for perma-

nents. The classical Hadamard inequality states that if M is a matrix with columns

v1, . . . , vn P Cn then

| detpMq| ď
n
ź

i“1

|vi|,

where | ¨ | is the usual Euclidean norm on Cn. By comparison Theorem 5.4.1 states

that

|permpMq| ď
n!

nn{2

n
ź

i“1

|vi|.
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In this section we deduce two consequences of Theorem 5.4.1, neither of them orig-

inal: a version of entropy subadditivity for the symmetric group, and a concentration-

of-measure result for a statistic of Hoeffding.

5.4.1 Entropy subadditivity for the symmetric group

Given f : Sn Ñ r0,8q with α “
ş

f we define the entropy of f to be

Spfq “

ż

Sn

pf{αq logpf{αq.

To be more precise we might call Spfq the Kullback–Liebler divergence of pf{αq dπ

from uniform, but we will use the shorter term for simplicity. Similarly, given g :

Ω Ñ r0,8q with β “
ş

g we define

Spgq “

ż

Ω

pg{βq logpg{βq.

All logarithms are of course taken to the natural base.

In the coup de grâce of our argument we will apply the following entropy-sub-

additivity inequality.

Theorem 5.4.2 (Subadditivity of entropy). Suppose f : Sn Ñ r0,8q. Then

Spfq ě
1

2

ÿ

iPΩ

Sppifq.

Note that this is much stronger than what one gets from just applying usual

entropy subadditivity to f as a function rnsn Ñ r0,8q.

Theorems 5.4.1 and 5.4.2 are more closely related than it may appear, as shown

in some generality by Carlen and Cordero-Erausquin [CC09]. We repeat the rather

simple deduction of Theorem 5.4.2 from Theorem 5.4.1 here for the convenience of

the reader.

Proof of Theorem 5.4.2. Put α “
ş

f . Define f 1 : Sn Ñ r0,8q by

f 1pπq “
n
ź

i“1

pifpπpiqq
1{2,
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and put α1 “
ş

f 1. Then by Jensen’s inequality we have

0 ď

ż

Sn

pf{αq log

ˆ

f{α

f 1{α1

˙

“ Spfq ´
1

2

n
ÿ

i“1

ż

Sn

pf{αq log pifpπpiqq ` logα1

“ Spfq ´
1

2

n
ÿ

i“1

ż

Ω

ppif{αq log pif ` logα1

“ Spfq ´
1

2

n
ÿ

i“1

Sppifq ´
n

2
logα ` logα1. (5.9)

On the other hand by Theorem 5.4.1 we have

α1 “

ż

Sn

n
ź

i“1

pifpπpiqq
1{2
ď

n
ź

i“1

ˆ
ż

Ω

pif

˙1{2

“ αn{2,

so logα1 ď n
2

logα and the theorem follows from (5.9).

5.4.2 Concentration for Hoeffding’s statistic

Given an nˆ n complex matrix paijq we consider the sum

X “

n
ÿ

i“1

aiπpiq,

where π P Sn is random permutation. The study of such sums goes back at least to

Hoeffding [Hoe51], who proved a central limit theorem for X under suitable hypothe-

ses, and so we refer to X as Hoeffding’s statistic. More recently work on Hoeffding’s

statistic has been more or less wedded to Stein’s method of exchangeable pairs, start-

ing with Bolthausen’s [Bol84] Berry–Esseen-type estimate for the error in Hoeffding’s

theorem, and following with the work of Chatterjee [Cha07], who proved the first

nonasymptotic concentration-type result for such sums.

In the next section we will need the following Bernstein-type concentration in-

equality for Hoeffding’s statistic, which was proved in the more general context of

random matrix theory by Mackey, Jordan, Chen, Farrell, and Tropp [Mac+14, Corol-

lary 10.3], using an extension of Chatterjee’s method.

Theorem 5.4.3. Let paijq be an nˆ n matrix such that
řn
i,j“1 aij “ 0 and such that

|aij| ď M for each i, j. Let v “ 1
n

řn
i,j“1 |aij|

2. Let π P Sn be chosen uniformly at

random, and let

X “

n
ÿ

i“1

aiπpiq.
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Then for all t ą 0 we have

Pp|X| ą tq ď 2 exp

ˆ

´ct2

v `Mt

˙

,

where c is some positive constant.

The purpose of this subsection is to give another proof of the above theorem, not

relying on Stein’s method, but instead relying on the Carlen–Lieb–Loss inequality

Theorem 5.4.1. The main value of doing so is to reduce the reliance of the present

chapter on results proved elsewhere, but it may also be of independent interest.

Proof of Theorem 5.4.3. By replacing paijq with paij ´
1
n

ř

j1 aij1q if necessary and

slightly reducing the constant c we may assume that
ř

j aij “ 0 for each i: note that

this operation does not change X, it can at worst double max |aij|, and it can only

reduce v. We may also assume that paijq is real, for otherwise we may just deal with

the real and imaginary parts separately.

Now for λ ą 0 we have, by Theorem 5.4.1,

E exppλXq “

ż

Sn

n
ź

i“1

exppλaiπpiqq

ď

n
ź

i“1

˜

1

n

n
ÿ

j“1

expp2λaijq

¸1{2

. (5.10)

Define

hpxq “
ex ´ 1´ x

x2
“

8
ÿ

k“0

xk

pk ` 2q!
.

Then

1

n

n
ÿ

j“1

expp2λaijq “
1

n

n
ÿ

j“1

`

1` 2λaij ` 4λ2a2
ijhp2λaijq

˘

“ 1`
1

n

n
ÿ

j“1

4λ2a2
ijhp2λaijq

ď 1` 4λ2

˜

1

n

n
ÿ

j“1

a2
ij

¸

hp2λMq

ď exp

˜

4λ2

˜

1

n

n
ÿ

j“1

a2
ij

¸

hp2λMq

¸

,

so from (5.10) and the simple bound

hpxq ď
8
ÿ

k“0

xk “
1

1´ x
p0 ă x ă 1q,
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we have

E exppλXq ď exp

ˆ

2λ2v

1´ 2λM

˙

for 2λM ă 1. The claimed result now follows by bounding

PpX ą tq “ PpexppλXq ą eλtq ď e´λtE exppλXq ď exp

ˆ

´λt`
2λ2v

1´ 2λM

˙

and putting

λ “
t

4v ` 2Mt
,

and similarly bounding Pp´X ą tq.

The reader familiar with the proof of the usual Bernstein inequality may recognize

that from (5.10) onwards all we have done is reproduce the that proof. Indeed, if Y is

the sum of n independent random variables, the ith of which takes values ai1, . . . , ain

each with probability 1{n, then (5.10) states that

E exppλXq ď pE expp2λY qq1{2 ,

so it suffices to extract from the proof of the usual Bernstein inequality an upper

bound for E expp2λY q.

5.5 Refined concentration for rearrangements

In this section we prove a refined concentration estimate for Hoeffding’s statistic

X “

n
ÿ

i“1

aiπpiq

under the hypothesis that aij “ uivj for some puiq and pviq for which we have some

sort of entropy control. Moreover we are particularly interested in the concentration

from below, which in certain regimes we expect to be stronger than the concentration

from above.

Theorem 5.5.1. Let f : Sn Ñ r0, 1s be a function with
ş

f “ α. Let g1, g2 : Ω Ñ r0, 1s

be functions with
ş

g1 “ β and
ş

g2 “ γ. Then

´pxf ˚ g1, g2y ´ αβγq À
α}g1 ´ β}2}g2 ´ γ}2 log n

n1{2

`
α1{2β1{2γ1{2pβ1{2 ` γ1{2qSpg1q

1{2Spg2q
1{2plog nq5{2

n1{2

`Opn´99
q.
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Lemma 5.5.2. Let h1, h2 : Ω Ñ r0, 1s be functions such that hi is supported on a set

Hi of density δi, and such that 1{2 ď hi ď 1 on Hi. Let f : Sn Ñ r0, 1s be a function

with
ş

f “ α. Then if δ1δ2 Á n´1 we have

|xf ˚ h1, h2y ´ α
ş

h1

ş

h2| À
αδ

1{2
1 δ

1{2
2 log n

n1{2
`Opn´100

q,

while if δ1δ2 À n´1 we have

´αδ1δ2 À
`

xf ˚ h1, h2y ´ α
ş

h1

ş

h2

˘

À min

ˆ

α log n

n
`Opn´100

q, δ1δ2

˙

.

To explain the two cases appearing in Lemma 5.5.2, let us momentarily think of

hi as the indicator of Hi. The inner product xf ˚ h1, h2y{α is then the density of a

random intersection πpH1q X H2, where π is chosen randomly according to f{α. If

H1 and H2 are not too small then we expect |πpH1q XH2| to be highly concentrated

around δ1δ2n with a Gaussian-type tail: this is the first case in the lemma. However if

H1 and H2 are small then |πpH1qXH2| has a Poisson-type distribution, so we expect

πpH1q X H2 to be nonempty with probability about δ1δ2, and in any case almost

surely bounded in size by about log n: this is the second case in the lemma. The

lower bound in the second case is trivial.

Proof. Apply Theorem 5.4.3 to aij “ ph1piq ´
ş

h1qph2pjq ´
ş

h2q, noting that |aij| ď 1

and
1

n

n
ÿ

i,j“1

a2
ij “

1

n

n
ÿ

i“1

ph1piq ´
ş

h1q
2

n
ÿ

j“1

ph2pjq ´
ş

h2q
2
À δ1δ2n.

The result is that

Ppn|xπ ˚ ph1 ´
ş

h1q, ph2 ´
ş

h2qy| ą tq ď 2 exp

ˆ

´ct2

δ1δ2n` t

˙

.

Thus for every t ą 0 we have

|xf ˚ ph1 ´
ş

h1q, ph2 ´
ş

h2qy| À
αt

n
` 2 exp

ˆ

´ct2

δ1δ2n` t

˙

.

For the first part of the lemma put t “ Cδ
1{2
1 δ

1{2
2 n1{2 log n for some constant C.

Then we obtain

|xf ˚ ph1 ´
ş

h1q, ph2 ´
ş

h2qy| ÀC
αδ

1{2
1 δ

1{2
2 log n

n1{2
` 2 exp

ˆ

´cC2plog nq2

1` pδ1δ2nq´1{2C log n

˙

.

If δ1δ2 Á n´1 and C is sufficiently large it follows that

|xf ˚ ph1 ´
ş

h1q, ph2 ´
ş

h2qy| À
αδ

1{2
1 δ

1{2
2 log n

n1{2
`Opn´100

q,
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as claimed.

For the second part of the lemma put t “ C log n for some constant C. Then we

obtain

|xf ˚ ph1 ´
ş

h1q, ph2 ´
ş

h2qy| ÀC
α log n

n
` 2 exp

ˆ

´cC2plog nq2

δ1δ2n` C log n

˙

.

Now if δ1δ2 À n´1 and C is sufficiently large it follows that

|xf ˚ ph1 ´
ş

h1q, ph2 ´
ş

h2qy| À
α log n

n
`Opn´100

q.

The remaining inequalities asserted by the lemma are trivial: just note that

xf ˚ h1, h2y ď x1 ˚ h1, h2y “
ş

h1

ş

h2 À δ1δ2,

and

α
ş

h1

ş

h2 À αδ1δ2.

We will deduce Theorem 5.5.1 from Lemma 5.5.2 using a dyadic decomposition,

but first we need two basic entropy computations.

Lemma 5.5.3. Let g : Ω Ñ r0, 1s be a function such that
ş

g “ β and such that

g ď β ´ t on a set of density at least δ, where t, δ ą 0. Then

Spgq Á
δt2

β2
.

Proof. We must have t ď β, so by replacing t with t{100 if necessary we may assume

that t{β ď 1{100. Similarly, by reducing δ if necessary we may assume that δ ď 1{2

and that δn is an integer. Now by convexity Spgq is minimized under the stated

conditions when g “ β ´ t on a set of density δ and otherwise equal to β ` δ
1´δ

t, and

in this case

Spgq “ δ

ˆ

1´
t

β

˙

log

ˆ

1´
t

β

˙

` p1´ δq

ˆ

1`
δ

1´ δ

t

β

˙

log

ˆ

1`
δ

1´ δ

t

β

˙

.

By inserting the Taylor expansion

p1` xq logp1` xq “ x` x2
{2`Opx3

q (5.11)

we thus have

Spgq ě
1

2

δ

1´ δ

t2

β2
`O

ˆ

δ
t3

β3

˙

Á
δt2

β2
.

The last inequality follows from our assumption t{β ď 1{100.
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Lemma 5.5.4. Let g : Ω Ñ r0, 1s be a function such that
ş

g “ β and such that

g ě β ` t on a set of density at least δ, where t, δ ą 0. Then

Spgq Á min

ˆ

δt

β
,
δt2

β2

˙

ě
δt2

β
.

Proof. We must have pβ ` tqδ ď
ş

g “ β, i.e.,

δ

1´ δ

t

β
ď 1,

so by replacing t with t{100 if necessary we may assume that

δ

1´ δ

t

β
ď

1

100
.

As before we may also assume that δ ď 1{2 and that δn is an integer. Now by

convexity Spgq is minimized under the stated conditions when g “ β ` t on a set of

density δ and otherwise equal to β ´ δ
1´δ

t, and in this case

Spgq “ δ

ˆ

1`
t

β

˙

log

ˆ

1`
t

β

˙

` p1´ δq

ˆ

1´
δ

1´ δ

t

β

˙

log

ˆ

1´
δ

1´ δ

t

β

˙

.

By inserting (5.11) we thus have

Spgq ě δ

ˆ

1`
t

β

˙

log

ˆ

1`
t

β

˙

´ δ
t

β
`

1

2

δ2

p1´ δq

t2

β2
`O

ˆ

δ3t3

β3

˙

.

Now we separate into cases depending on the size of t{β. If t{β ě 1 then we have

Spgq ě δ
t

β
p2 log 2´ 1q `O

ˆ

δ2t2

β2

˙

Á
δt

β
.

On the other hand if t{β ď 1 then by reducing t if necessary we may assume that

t{β ď 1{100, and then by inserting (5.11) again we have

Spgq ě
1

2

δ

1´ δ

t2

β2
`O

ˆ

δt3

β3

˙

Á
δt2

β2
.

As before we used our assumption about the size of δt{β or t{β to justify the absorp-

tion of the error terms.

Proof of Theorem 5.5.1. Write

gi ´
ş

gi “
ÿ

s

gsi `Opn
´100

q “
ÿ

s

pgsi ´
ş

gsi q `Opn
´100

q,
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where s ranges over all s of the form ˘2´k for which n´100 ď |s| ď 1, and where

gsi is defined to be equal to gi ´
ş

gi where gi ´
ş

gi has the same sign as s and

|s|{2 ă |gi ´
ş

gi| ď |s| and zero elsewhere. Then

xf ˚ g1, g2y ´ αβγ “
ÿ

s,t

`

xf ˚ gs1, g
t
2y ´ α

ş

gs1
ş

gt2
˘

`Opn´100
q.

For each s, t we apply Lemma 5.5.2 with h1 “ gs1{s and ht “ gt2{t. Let δs1 be the

density of points where g1 ´
ş

g1 has the same sign as s and |s|{2 ă |g1 ´
ş

g1| ď |s|

and let δt2 be the density of points where g2 ´
ş

g2 has the same sign as t and |t|{2 ă

|g2 ´
ş

g2| ď |t|. If δs1δ
t
2 Á 1{n then we get the bound

ˇ

ˇxf ˚ gs1, g
t
2y ´ α

ş

gs1
ş

gt2
ˇ

ˇ À
α|s||t|pδs1q

1{2pδt2q
1{2 log n

n1{2
`Opn´100

q,

and the total contribution from all such cases is bounded by

ÿ

s,t

ˆ

α|s||t|pδs1q
1{2pδt2q

1{2 log n

n1{2
`Opn´100

q

˙

À
α}g1 ´

ş

g1}2}g2 ´
ş

g2}2 log n

n1{2
`Opn´99

q.

Now consider the cases in which δs1δ
t
2 À 1{n and in which s and t have the same

sign. By Lemma 5.5.2 we have

´
`

xf ˚ gs1, g
t
2y ´ αg

s
1g
t
2

˘

À α|s||t|δs1δ
t
2 À

α|s||t|pδs1q
1{2pδt2q

1{2

n1{2
,

so the total contribution from these cases is again acceptable.

Finally consider the cases in which δs1δ
t
2 À 1{n and in which s and t have opposite

sign, say s ă 0 and t ą 0. By Lemmas 5.5.3 and 5.5.4 we have

Spg1q Á
δs1s

2

β2

and

Spg2q Á
δt2t

2

γ
,

so

Spg1q
1{2Spg2q

1{2
Á
|s||t|pδs1δ

t
2q

1{2

βγ1{2
.

Thus by Lemma 5.5.2 we can bound

|xf ˚ gs1, g
t
2y ´ α

ş

gs1
ş

gt2| À |s||t|

ˆ

α log n

n

˙1{2
`

δs1δ
t
2

˘1{2
`Opn´100

q

À
α1{2βγ1{2Spg1q

1{2Spg2q
1{2plog nq1{2

n1{2
`Opn´100

q.
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If s ă 0 and t ą 0 then we get the analogous bound

|xf ˚ gs1, g
t
2y ´ α

ş

gs1
ş

gt2| À
α1{2β1{2γSpg1q

1{2Spg2q
1{2plog nq1{2

n1{2
`Opn´100

q.

The number of choices of s and t is bounded by plog nq2, so the total contribution

from all these cases is bounded by

α1{2β1{2γ1{2pβ1{2 ` γ1{2qSpg1q
1{2Spg2q

1{2plog nq5{2

n1{2
`Opn´99

q.

5.6 Bounding the second term in (5.6)

Proof of Theorem 5.1.2. Let f “ 1X , g “ 1Y , and h “ 1Z , where X, Y, Z Ă An have

densities α, β, γ ě n´Op1q respectively. Then the first term in (5.6) is

αβγ,

the third term is bounded by

cα1{2β1{2γ1{2
{n,

and the second term is, by (5.7) and Theorem 5.5.1,

pn´ 1qx pfpσqpgpσq,phpσqyHS

„
ÿ

iPΩ

xf ˚ ppig ´ βq, ppih´ γqy

Á ´
α log n

n1{2

ÿ

iPΩ

}pig ´ β}2}pih´ γ}2

´
α1{2β1{2γ1{2pβ1{2 ` γ1{2qplog nq5{2

n1{2

ÿ

iPΩ

Sppigq
1{2Sppihq

1{2

`Opn´98
q.

By Cauchy–Schwarz and the Parseval remnant (5.8), the first term here is bounded

in magnitude by

α log n

n1{2

˜

ÿ

iPΩ

}pig ´ β}
2
2

¸1{2 ˜
ÿ

iPΩ

}pih´ γ}
2
2

¸1{2

À
αβ1{2γ1{2 log n

n1{2
.
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Similarly, by Cauchy–Schwarz and subadditivity of entropy (Theorem 5.4.2) the sec-

ond term is bounded in magnitude by

α1{2β1{2γ1{2pβ1{2 ` γ1{2qplog nq5{2

n1{2

˜

ÿ

iPΩ

Sppigq

¸1{2 ˜
ÿ

iPΩ

Sppihq

¸1{2

À
α1{2β1{2γ1{2pβ1{2 ` γ1{2qplog nq5{2

n1{2
plog β´1

q
1{2
plog γ´1

q
1{2

À
α1{2β1{2γ1{2pβ1{2 ` γ1{2qplog nq7{2

n1{2
.

Thus we deduce that xf ˚ g, hy ě p1` op1qqαβγ provided that

α1{2β1{2γ1{2

n
! αβγ,

αβ1{2γ1{2plog nq

n1{2
! αβγ,

α1{2βγ1{2plog nq7{2

n1{2
! αβγ,

α1{2β1{2γplog nq7{2

n1{2
! αβγ, and

n´98
! αβγ.

In other words what we require is that

minpαβ, αγ, βγq " plog nq7{n.

5.7 Open questions

The most obvious outstanding open question is whether the logarithms can be re-

moved from Theorem 5.1.2. Specifically, does the largest product-free subset of An

have density Opn´1{2q? Can you say anything about the extremal examples? It is

possible that all near-extremizers look roughly like the first example in Section 5.2,

or its inverse, but this may be difficult to quantify, and even more difficult to prove.

Another obvious outstanding open question is whether a one-sided product-mixing

phenomenon persists in other groups for densities lower than that given by Theo-

rem 5.1.1. For example take G “ SL2ppq. For this group m „ p. By Theorem 5.1.1

there is two-sided product mixing for sets of density at least p´1{3, by Proposition 5.2.2

there is no two-sided product mixing for sets of density less than p´1{3, and by Propo-

sition 5.2.1 there is no product mixing at all below density p´1{2. Do we have one-sided

product mixing for sets of density between p´1{2 and p´1{3?
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Another great question, which has been asked before by both Kedlaya [Ked98]

and Gowers [Gow08], is about the product-mixing properties of SUpnq. To make the

question concrete, what is the measure of the largest product-free subset of SUpnq? By

straightforward adaptation of Theorem 5.1.1 it is at most Opn´1{3q, but the only lower

bounds we know have the form cn for some c ă 1. Apart from being an interesting

and natural question in its own right, answering this question may be relevant for

understanding the product-mixing behaviour of groups not having a permutation

representation of dimension „ m.
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