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We study a number of problems of a group-theoretic origin or nature, but from a
strongly additive-combinatorial or analytic perspective. Specifically, we consider the

following particular problems.

e Given an arbitrary set of n positive integers, how large a subset can you be sure
to find which is sum-free, i.e., which contains no two elements x and y as well
as their sum x + y? More generally, given a linear homogeneous equation F,

how large a subset can you be sure to find which contains no solutions to E?

e Given a finite group G, suppose we measure the degree of abelianness of G by its
commuting probability Pr(G), i.e., the proportion of pairs of elements x,y € G
which commute. What are the possible values of Pr(G)? What is the set of all

possible values like as a subset of [0,1]?

e What is the probability that a random permutation 7 € §,, has a fixed set of
some predetermined size k7 Particularly, how does this probability change as k
grows? This problem is also related to the following one. Suppose we pick a few
permutations mq,..., 7, € S, at random. It is well known that 7, ..., m, will
generate at least A, with high probability as long as » > 2, but what happens

/

if we are allowed to replace 7y, ..., by arbitary conjugates 7y, ..., 7.7

e Pick two bijections 7y, m : {1,...,n} — Z/nZ uniformly at random. What is
the probability that the pointwise sum m; + 75 is also a bijection? This problem

affords a fun interpretation in terms of queens on a toroidal chessboard.

e How big is the largest subset of the alternating group A,, which is product-free,

i.e., which contains no two elements x and y as well as their product zy?

We give satisfactory answers to each of these questions, using a range of methods.

More detailed abstracts are included at the beginning of each chapter.
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Chapter 1

Erdos’s sum-free subset problem

ABSTRACT. A clever probabilistic argument of Erdés shows that every
set A of positive integers has a subset B — A of size at least |A|/3 which
is sum-free, i.e., which contains no solutions to z + y = z. For years it
was unknown whether the constant 1/3 here could be replaced by a larger
constant. Our main theorem is that 1/3 is actually best possible: for
every € > 0 there is a set A having no sum-free subset of size greater than

(1/3 + ¢)|A|. In fact we prove this for A a multiplicative Fglner set.

We also study the variations of this problem arising from replacing the
equation x + y = z with some other equation Ej; : 1 + -+ + 2 =
y1 + -+ + 1y, where kK > [. In this case Erdos’s argument produces an
E} i-free subset of size at least |A|/(k +1). We show that 1/(k + () cannot
be improved if either (i) k£ < 3[, or (ii) [ = 1. Many interesting questions

remain open.

This chapter combines and slightly expands on the two papers [EGM14]
and [Ebelb|. The first of these is joint work with Ben Green and Freddie

Manners.

1.1 Introduction

A set B is called sum-free if there do not exist x,y,z € B such that z + y = z.
Suppose we are given an arbitrary set A of positive integers. How large a sum-free
subset can we find in A? For example, the set A = {1,...,n} has no sum-free subset
of size greater than [n/2] (consider the largest element), so in general we cannot hope
to find a sum-free subset B of size greater than |A|/2, but a now-classical argument

of Erdds shows that one may always find a sum-free subset B of size at least |A|/3.



Theorem 1.1.1 (Erd6s [Erd65]). Let A be a finite set of positive integers. Then
there is a sum-free subset B < A of size |B| = |A|/3.

Proof. Let T = R/Z be the additive group of real numbers modulo 1. For z € T, let
B, ={ke A:kxe S} where S ¢ T is the middle third (1/3,2/3). For every x the
set B, is sum-free (for if z,y € B, then kx,ky € S, so k(x +y) = kx + ky ¢ S, so
x +y ¢ B,), and on average the size of B, is

E|B,| = Y P(kz e S) = |A]/3.

keA

Thus there is at least one x such that |B,| > |A|/3. O

Despite considerable effort, this silly argument has hardly been improved at all.
The best lower bound we know, due to Bourgain [Bou97|, is that every set of n
positive integers has a sum-free subset of size at least (n+2)/3, and even this requires a
rather careful Fourier-analytic argument. Further results in Bourgain’s paper vaguely
suggest a possible route to a lower bound of the form n/3+ (logn)¢, but the remaining
challenges are truly formidable.

On the other hand improving the simple upper bound of n/2 mentioned earlier is
rather easy. For example, consider the set A = {1,2,3,4,5,6,8,9,10,18}. By simple
inspection, A has size 10 and has no sum-free subset of size greater than 4. Thus the

set
A'=AU(100-A)U--- U (1001 A)

has size 10m and has no sum-free subset of size greater than 4m. This shows that in
general we cannot expect to find a sum-free subset of an arbitrary set A of density
greater than 2/5. Incremental improvements of this form have been made by several
authors [Erd65; [Erd92; AK90; [Mal94; Lew10]. More recently, Alon [Alo13] showed
that incremental improvements like this are always possible: whenever you have a set
A with no sum-free subset of density greater than ¢§, then there is some ¢’ < ¢ and
another set A’ such that A’ has no sum-free subset of density greater than some ¢’.
Our main theorem is that indeed the constant 1/3 is best possible: we construct
a set A of n integers having no sum-free subset of size greater than n/3 + o(n). Thus

Erdos’s simple argument is actually surprisingly sharp.

Theorem 1.1.2. For every € > 0 there is a set of A of positive integers having no

sum-free subset of size greater than (1/3 + €)|A|.



In fact there is no need to be so mysterious. We will show that it suffices to take

the multiplicative Fglner set
A=F, ={p]'--pim:0<e <m for each i}

for sufficiently large m, where py, ps, ... is the sequence of primes.

Apart from some averaging trickery to do with the Fglner sets (F},,), the main in-
gredient of our argument is a rough structure theorem for sets A satisfying conditions
of the form |A — A| < 4|A|, which may be of independent interest. Specifically, if A
is a set of integers with |[A — A| < (4 — £)|A| then A has density at least 1 + ce on
some arithmetic progression of length ». |A|.

Later in the chapter we will ask how well the method generalizes to other equa-
tions. At this point it is convenient to introduce some notation. For a homogeneous
linear equation E with integer coefficients in any number of variables, let dg be the
largest constant such that every set of n positive integers has an E-free subset (that
is, a subset having no solutions to F) of size at least dgn. Thus Theorems and
together assert that d,4,-. = 1/3. Consider now more generally the equation

Ewp o+ o=y +- +u,

where £k > [ > 1. A straightforward modification of Erdos’s argument shows that
0, = 1/(k + 1), and the question now is whether 6z, , = 1/(k +1).

It turns out that the method we use for sum-free sets (i.e., k = 2,1 = 1) adapts
reasonably easily as long as k < 3[. Since this excludes the especially natural case
[ = 1 (the case of so-called k-sum-free sets) except when k < 3, we develop an
alternative approach based on a theorem of Luczak and Schoen on the structure of
large k-sum-free sets which works in this case. Thus in summary we know dg, , =
1/(k + 1) whenever either k < 3l or [ = 1.

Theorem 1.1.3. If k > | and either k < 3l or [ = 1 then ég,, = 1/(k +1). In other
words, for every € > 0 there is a set A with no Ej -free subset of size greater than
(1/(k+1)+¢e)|A|. In fact as before it suffices to take A = F,, for sufficiently large m.

We conjecture that dg,, = 1/(k + 1) for all & > [. In fact we conjecture for a
general equation F that

dp = sup{pu(S) : measurable E-free S < T}.

For more idle speculation refer to Section [I1.7]



1.2 The role of Folner sets

Folner sets play a universality role in the sum-free subset problem, in the following
sense. Fix a Fglner sequence (F,,) in (N, ), that is a sequence of subsets F,, ¢ N

such that, for every a € N,

(@ Fn)AF,|
| E

— 0 asm — o0,

where A denotes symmetric difference. For example one could take
Fo = {p7" ---pi» : 0 < p; < m for each i},

where py, ps, ... is the sequence of primes in some order. Then if there is any set A
which has no sum-free subset of size greater than (1/3 + ¢)| A[, then in fact for some
m the set F),, has no sum-free subset of size greater than (1/3 + ¢)|F,,|: this is part
of Lemma below. Thus in proving Theorem [I.1.2] we could, if we so wished,
restrict our search to the sets in some Fglner sequence (F),,).

In fact this universality property extends beyond just sets. If there is any prob-
ability measure p on IN such that no sum-free set B has measure pu(B) = 1/3 + &,
then again there is some m such that the set F,, has no sum-free subset of size
greater than (1/3 + ¢€)|F,,| (and so we could have used the measure u defined by
#(B) = |B  Ful/|Fu).

The Fglner property will be used in the following way. If x € F, is uniformly

random and £(x) is some event depending on z, then for every fixed a € N we have

|(a- Fin) AF,|

[P(&(ax)) - P(E(x))] < TN

—> 0 asm — oo.

Thus the uniform distribution on F,, is approximately dilation-invariant. Universality

now follows from imitating Erdés’s argument with (F},) in place of T.

Lemma 1.2.1. Fiz a homogeneous linear equation E (e.g., v +y = z in the case of
sum-free setes), and let 6 > 0. Fiz also some Folner sequence (F,,) in (N,-). Then

the following four statements are equivalent.

1. For every probability measure 1 on N, there is a E-free set B < N such that
w(B) = 0.

2. For every finite set A < N, there is a E-free subset B < A of size at least §|A|.

3. For every m, there is a E-free subset B < F,, of size at least 0|F,,|.
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4. For infinitely many m, there is a E-free subset B c F,, of size at least §|F,,|.
Consequently, each statement is true for 6 = g, but no larger constant.

Proof. Clearly 1 =— 2 = 3 = 4, so it suffices to prove 4 = 1. Suppose
F,, has an E-free subset S, of size at least §|F,,|. For z € F,,, let A, be the set of
all @ € N such that ax € S,,,. Then A, is E-free, as any solution in A, would induce

a solution in S,,, and if we choose x € F},, uniformly at random then the expectation
of u(A,) is

B(u(A,)) = j P(ae A,)du(a)

_ J Plaz € S,,) dyi(a)

(s L2250

]aFAF\
5J du(a).

We now send m — o0, and we deduce from the Fglner property and the dominated
convergence theorem that for every n there is an E-free set B,, © N such that p(B,,) =
d — 1/n. By passing to a subsequence we may assume that 15, converges pointwise
to 1p for some set B. This set B must also be E-free, and by another application of

the dominated convergence theorem we have u(B) = 0. O

Lemma is interesting even in the case of translation-invariant equations (pro-
vided of course that we appropriately interpret “solution-free” as “nontrivial-solution-
free”). For example let F be x +y = 2z. Then by Lemma if infinitely many
F,, contain an E-free subset of density at least 0, then every interval {1,... ,n} also
contains an FE-free subset of density at least §, in contradiction to Roth’s theorem.
In fact the same proof works for longer progressions, replacing Roth’s theorem with
Szmerédi’s theorem, so every set of positive multiplicative upper density must contain
arbitrarily long arithmetic progressions. This was first proved by Bergelson [Ber05],
who used a more complicated method but also proved a lot more.

For us the real utility of Lemma [1.2.1] is not that it gives us the insight to look
at Fglner sets, but rather that it enables us to consider arbitrary measures p. Our
strategy now is to construct a measure p on IN such that every solution-free set has
small measure. We will achieve this in the case of sum-free sets by first undertanding
something about the structure of large sum-free subsets of {1,..., N}, and by then

carrying out a contraction-mapping-type iterative process to construct an appropriate



measure p. (In [EGM14], the conversion of the measure to a set was achieved instead
by an application of the regularity lemma. The method used here is simpler, though
undoubtedly more specialized.)

So much suffices for the equation x + y = 2, as well as some of its closer relatives,
but it does not suffice for all equations, notably x1 + --- + 2, = y for £ > 4. Later
in this chapter we will deal with these equations with a different method, essentially
by further elaborating Lemma in a way which will enable us to consider still
more general types of density, such as upper density, multiplicative upper density,

etc. These extensions are less elementary, however, so we leave them for later.

1.3 The structure of sets of doubling 4 — ¢

1.3.1 Discussion

The purpose of this section is to prove the following weak structure theorem for
sets A < Z satisfying |A — A| < (4 —¢)|A|. We will need this theorem in order to
establish a corresponding weak structure theorem for large sum-free sets, and in turn

to construct a measure p satisfying pu(B) < 1/3 + ¢ for all sum-free sets B.

Theorem 1.3.1. Lete > 0, and suppose A < {1,..., N} satisfies |A—A| < 4|A|—eN.
Then there is an arithmetic progression P of length ». N on which the density of A
is at least 1/2 + ¢/5.

Really this a structure theorem for dense sets of doubling 4—¢, since the hypothesis
|A — A| < 4]A] — eN actually implies |A| > (¢/4)N. We can however deduce, using
standard tricks from additive combinatorics, a structure theorem for arbitrary sets of

doubling 4 — ¢, though we will not actually need it.

Corollary 1.3.2. Let ¢ > 0, and suppose A < Z satisfies |A— A| < (4—¢)|A|. Then
there is an arithmetic progression P of length ». |A| on which the density of A is at

least 1/2 + ce, for some absolute constant c.

Proof. By [GR06, Theorem 1.4], every set A < Z with |A — A| < 4|A| is Freiman 18-
isomorphic to a subset of {1,..., N} for some N « |A|. Let 7: A —> A" {1,...,N}
be this Freiman isomorphism. Then |A" — A'| < 4|A’| — ¢’N with ¢’ » . Applying
Theorem to A’, there is a progression P’ < {1,...,N} of length |P'| ». N
such that X = A" n P’ has size at least (3 + £¢')|P’|. Now it follows from [Lev97,
Lemma 1] with £ = 2 and a short computation that P’ < 54" — 4A4’. Now it follows

from basic facts about Freiman homomorphisms (see [TV10|, Section 5.2] for example)
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that 771 : A’ — A induces a Freiman 2-homomorphism 7! : P’ — Z coinciding with
7t on A n P'. The image P = 7 '(P’) is therefore a progression of length >»_ |A|

on which A has density at least % + ce. O

Under stronger conditions such as |A + A| < 3|A| or |[A — A| < 3|AJ, more precise
information can be obtained: see [Fre73, Theorem 1.9] or [LS95]. Statements of the
same form as Corollary , but with %—i—c&‘ replaced by some small quantity f(e) > 0,
follow from versions of Freiman’s theorem: see for example [Fre73, Theorem 2.8] and
[Bil99, Theorem 1.2]. These statements come with more effective lower bounds on
the length of P.

The proof of Theorem depends on several nontrivial ingredients. First, we
need the s = 1 case of the arithmetic regularity lemma of Green and Tao |GT10].
This is a rather technical lemma, but the s = 1 case is basically elementary and,
the author believes, a central tool of modern additive combinatorics, so we provide
a self-contained exposition in Appendix [[.A] Second, we use Macbeath’s theorem
that (X +Y) = min(1, u(X) + u(Y)) for compact sets X,Y = T?, or rather a more
robust version of this theorem due to Tao [Taol Section 3.2] which guarantees not just
many distinct sums z + y but in fact many sums with reasonably large multiplicity.
Finally, and most essentially, we will use the Brunn—Minkowski theorem. In fact
it is reasonable to think of Theorem [[.3.1] as the two-dimensional case of Brunn—
Minkowski adapted to the integers: the theorem states that the set A exhibits either
two-dimensional-type doubling or some strongly one-dimensional substructure.

Let us fix the uniform measure on each of the various spaces [0,1], Z/qZ, T,
{1,..., N}, as well as products of these, and in each case let us denote the uniform
measure simply by p. In the case of {1,..., N} we extend the measure to all of Z, but
we continue to give each point mass 1/N. If X is a space endowed with a measure

i (one of the above) then, as usual, we define the convolution of two sufficiently nice

functions fi, fo : X — C by
i o) = [ £ fale = nty)
Similarly we define LP norms with reference to pu.

1.3.2 Proof

Let now A be a set as in Theorem Let 7 : Rt — R™ be a growth function
depending on € to be chosen later. Let € = min (¢,1/1000). Then by Theorem [I.A.7]



there is some M «. r 1 such that

1A = fstr + fsml + funf7
where Hfsml”? < 5100) HfuanU2 < 1/.7(M), and
fsr = F(n/N,n mod ¢, 0n)

for some F : [0,1] x Z/qZ x T¢ — [0,1] such that ¢,d, |F|rp < M and for some
(F(M), N)-irrational § € T
Let M = [671°°M] and consider for i € {1,..., M} and a € Z/qZ the progressions

, — )N N

L, = {ne (u,L] :n=a (mod q)} :
M M

Define F,; : T¢ — [0,1] by F,:(z) = F(i/M,a,z). Then because F is M-Lipschitz,

F,; is M-Lipschitz and fg, differs by at most £'% from the function f/, which we

define by

Jaa(n) =23 D) i (n)Fui(6n).

i=1a mod q

Absorbing the error of £'% into fyn1, we obtain the decomposition

where |f |l < 26", Given an arbitrary growth function F, we may choose F
to grow sufficiently rapidly depending on F and ¢ so that F(M) = F(M), whence
| funt |2 < 1/F (M) and 6 is (F(M), N)-irrational. For simplicity let us now rename
M as M, F as F, f, as fur, and ', as fon.

Write (i, a) for the density of A on I; ,. We will show that «(i,a) = 1/2+4¢/5 for
some (7,a). Note that while |/, ;| need not be exactly N/qM, at worst it differs from
N/qM by 2. We may deal with this small wrinkle by assuming that N is sufficiently
large depending on . This is acceptable, for if N < Ny(e) then Theorem is
trivially satisfied by taking P to be a suitable singleton.

We proceed by examining how the behaviour of 1,4 is modelled by the more “struc-
tured” functions Fy ;(6n), which in view of the decomposition involves estimating
the effect of fou and fune. The term fq is the more troublesome of the two. The

following simple lemma is useful in this connection.

Lemma 1.3.3. For all (i,a) € {1,..., M} x Z/qZ outside an exceptional subset E of

size at most E*qM we have By, | fom(n)] < €%°.




Proof. If this were not the case we would have

1[N o
E,<n|fom(n)| > N <W — 2> gME* = &%,
whence by Cauchy—Schwarz || fom |2 = £%°, a contradiction. O

Lemma 1.3.4. Let E be as in the preceding lemma, and assume that F grows suf-
ficiently rapidly depending on €. Then for all (i,a) € {1,..., M} x Z/qZ\E we have

$pa Fia = a(i,a) — &Y.

Proof. By Lemma the average of fur over any progression I; , is less than 1£'°
provided that F grows sufficiently rapidly, and by Lemma for all (i,a) ¢ E the
average of fyn on I;, is also at most %510. Thus if (i,a) ¢ E we have
2
Oé(iu (l) = Enelayi 1,4(71) < Ene],',a}?i,a(‘gn) + 5510 < J Fi,a + 5107
Td
where the last step last step follows from the (F (M), N)-irrationality of # and Lemma
[[.A.8] again assuming that F grows sufficiently rapidly. O

We need a slightly technical lemma concerning level sets of Lipschitz functions.

Lemma 1.3.5. Let n > 0. If F grows sufficiently quickly depending on n then the
following is true. If F : T¢ — [0,1] is M-Lipschitz, 0 is (F(M), N)-irrational and
I < {1,...,N} is any progression of length at least N/M?, then the proportion of
n € I such that F(0n) > n is at least u({zx € T¢: F(z) > 2n}) — 7.

Proof. We want to compute E,c;x o F(nf), where x is the cutoff 1,>,. Replace x
by a function x with |x|Lip « 1/7 such that x(x) = 0 for z < n and x(x) = 1 for
x = 2n. Then E,c;xo F(nf) = E,c;rxo F(n#). However the function x o F' is Lipschitz
with |x o F|Lip « M/n and so, if F grows sufficiently rapidly, since 6 is so irrational,
Lemma implies that E,c;x o F(nf) > STd X © F' —1n. On the other hand the
integral here is at least the measure of {x : F(x) > 2n}. O

The following lemma has more meat to it and is a crucial ingredient of our
argument. It encodes the fact that if XY are compact subsets of a torus then
(X +Y) = min(u(X) + p(Y),1), a theorem originally due to Macbeath |[Mac5h3].
In fact we require a more robust version of this result which was recently given the
following elegant formulation by Tao |[Tao, Section 3.2]: if X, Y < T are compact and
(X)), (YY) =t =0 then

) min(lx * 1y, t) dp = tmin(u(X) + p(Y) — ¢, 1). (1.2)
T

Note that we recover Macbeath’s theorem in the limit ¢ — 0.



Lemma 1.3.6. Let 0 <1 < 1 and suppose that Fy, Fy : T — [0,1] are M-Lipschitz
functions such that \ F1,§Fy = 2nY/5. Then the measure of the set of x for which
Fy = Fy(x) = n is at least min (S Fi + SFQ, 1) — 4771/6.

Proof. Let S; = {x : Fy(x) > 0} for i = 1,2. Clearly u(S;) = §F; — n'/3, so in
particular u(S)), u(S2) = 7%, By (1.2)) we therefore have

min<151 * 152 (J}), 771/6)
/o

dr = min(u(Sy) + u(Sy) — . 1).
Td

Writing X for the set of x € T? such that 1g, * 1g,(z) = 1'/3, the left-hand side here
is bounded by u(X) + 7Y%, so u(X) = min({ Fy + § F», 1) — 4n®. On the other hand,
for z € X we certainly have Fy = Fy(x) = n*31g, * 1g,(x) = n. O

Lemma 1.3.7. Suppose F grows sufficiently quickly depending on €. Then as long

as (i,a), (',d') ¢ E and a(i,a), a(i’,a’) = 22 then

N (min(a(i,a) + a(i’,d’),1) — 1087)..

A—A L;,Z'/ a—da'| = ——
(A=) 0 Eva sl >

Moreover the same bound holds for [(A — A) N Li—ii1.0-a|.

If f is a function on an abelian group we write f° for the function f°(z) = f(—z).

Proof. Dealing with I;_; 4o and I;,_; 4 4o are similar, so we focus on the former.
By Lemma [1.3.4] then, it suffices to prove

N
|<A — A) a) [ifi’,afa/’ = W (mln (J‘ E’a =+ JE/’G/’ 1) — 8<€~'2>
q

for (i,a) and (i, a’) outside E and such that { F; ., { Fiy o, > &2
For all except maybe 262N /qM values of d € I, i (those near the left ends),

&2N

Iia d ]i’a’ = )
i A+ L) > =

and for any such d we have, if F grows sufficiently rapidly,

fstr

)= > Fiu0n)Fye(0(n—d))

neji,aﬁ(dJFIi/,u/)

Ii,a * fSC;:I'

1 1
2—[1‘@ [i’a/ EG*FS/ — —gt? .
@ o) (Fio Flod) - 1)

Here we used the (F(M), N)-irrationality of 6, Lemma and the fact that the

product of two M-Lipschitz functions, each of which is bounded pointwise by 1, is

10



2M-Lipschitz. The function F;, ;+F, , is also M-Lipschitz, so again by the (F (M), N)-
irrationality of # and by Lemma the proportion of d € I;_; ,_o such that F; ,
Fy ,(0d) = 16" is at least pu(Y) — &', where

Y ={y: FoFy.(y) =%},

7

But by Lemma with = €2, w(Y) = min (§ F,; + § Fi ., 1) — 462, Putting this

all together,

514

fstr 4qM

for a set of d € I;,_y 4—q oOf size at least

N
q_M <m1n (J Faﬂ' + JFal’il’ 1) — 7{-::2) .

Now by definition of the set E' we can absorb the contribution of fg,; and conclude
that

Lo * fsotr|1i/,a/<d) =

FUN
(fstr + fsml) 5qM

for these same values of d. Finally we add in the contribution of f,.¢s. Recalling from

(1.1) that 14 = fir + fomi + funt, Lemma [1.A.10] implies that

514

8qM

Lo ™ (fstr + fsml)o|1i/’a,(d) =

]‘A’Ia,i * 1—A‘Ia/,i/(d) =

for all d in a subset of I;_; ,_, of size at least

N
o (min ( f F,.+ J Fyi, 1) — 8§2> ,

again provided that F grows sufficiently rapidly. Since all these d lie in (A — A) N

Ii_it 4—ar, the lemma follows. ]

To use the bound supplied by the preceding lemma we apply the Brunn—Minkowski
theorem, which states that if X,Y < R? are compact then

p(X + V)= (X)) 4 p(y)H

We require the case d = 2. For a wider discussion and proof, refer to [TV10, Chap-
ter 3.4].

Lemma 1.3.8. Given a function « : {1,..., M} x Z/qZ — [0,1] and (x,y) €
{=M,...,M} x Z/qZ, define

a(x,y) = max(a(i,a) + a(i', d’)),

11



where the mazimum is taken over all (i,a),(i',a') € {1,..., M} x Z/qZ such that

ai,a), a(i’ya') > 0, eitheri—i =x ori—i +1=x, anda—da =vy. Then

Z a(z,y) = 4Za(i, a).

$7y

Proof. Consider the compact sets X, X’ < R? x Z/qZ defined by

X = U [0, a(i,a)] x [i —1,i] x {a},

(4,0)e{1,....M}xZ/qZ
a(i,a)>0

X = U [—a(i,d'),0] x [i' — 1,i'] x {a'},

(i',a")e{l,.... M} xZ/qZ
a(i',a’)>0

and note that
X-X = U [0ali,a) +a(i,d)] x [i—i' = 1Li—i'+1] x {a—a}
(3,a),(7',a")
a(i,a),a(i’,a’)>0

— U [0, 6(z,y)] x [z — 1,2] x {y}.
(z,y)e{—M,....M}Z/qZ

Thus, if v is the product of Lebesgue measure A on R? and counting measure on
Z/qZ, we have v(X) = v(X') = >, ,a(i,a) and v(X — X') = > a(z,y). It

therefore suffices to show that
v(X — X') = 4v(X).

The case ¢ = 1 here is of course immediate from the Brunn—Minkowski inequality.
A simple argument allows us to extend this to general ¢. Indeed, let X,, X be the
fibres of X, X’ respectively above a € Z/qZ. Then X,, X are compact subsets of R?.
Pick a, such that A\(X,,) = A(X]_) is largest. If X, # & then the Brunn-Minkowski
inequality implies that

ANX, — X)) = (AX)V2+ A(X;*)l/Q)Z > 4N(X,).

However the sets (X, — X;_) x {a — a.} are disjoint as a ranges over Z/qZ, since each

lies in a different fibre over Z/qZ. Therefore

V(X =X)= D AN - X)) = DL ANX,) = 4A(X). O
a:Xo#J a:Xo#

In fact we need the following more robust variant of the above, easily deduced

from it.

12



Lemma 1.3.9. Let n > 0. Given a function o : {1,..., M} x Z/qZ — [0,1] and
(x,y)e{—M,...,M} x Z/qZ, define

a(x,y) = max(a(i,a) + a(i', d’)),

where the mazimum is taken over all (i,a),(i',a’) € {1,..., M} x Z/qZ such that

a(i,a), a(i’;a') > n, eitheri —17 =x ori—i + 1=z, anda—a =y. Then

Z&(m, y) = 42 a(i,a) — dngM.
z,y 2,0

Proof. Let
o'(ia) = {a(i,a) if a(i,a) > n,

o otherwise.

Then if we define, as in Lemma [1.3.8],
& (z,y) = max(al(i, ) + ol (7, 0"),

where the maximum is taken over all (i,a), (i',a’) such that af(i,a),af(i,a’) > 0,
either i —# =z ori—i +1 =2, and a —a = y, then &' = &. It thus follows
Lemma [L.3.8 that

Zd(m,y) =ZdT(x,y) 2420”((1,@) 242a(a,i)—4on. O
z,Y a,i a,i

x7y

Now we are ready to put everything together and complete the proof of Theo-

rem [1.3.1] TLet § = £%*/10M?. Then certainly § ». 1. Recall that a(i,a) is the
density of A on [;,. Define

oo Jalisa) if (i,a) ¢ B,
olira) = {0 if (i,a) € E.

~—

Then Lemma may be rephrased as follows: if o/(i,a),a/(7',a’) = 2&2 then
(A= A) A Lvaw] > 2 (min(a'(G,a) + o/(#, ), 1) — 1022)
i—i',a—a'| = qM ) ) ) )
and the same bound holds for [(A — A) N [;_yr41.4—a|. It follows that

N
[A—Alz — > min(@/(x,y),1) — 208N,
q
x?y

13



where &' is derived from o’ as in Lemma with n = 282, Recalling that & =
min(e, 1/1000), this implies

1
A-Al > — in(a’ 1) = —eN

> —Zmln( "(x,y),1 4 2¢/5) — %51\7

Supposing that &' (z,y) < 1+ 2¢/5 for all (z,y), Lemma then implies that

99 999
A—-Al>— — N > 4|A| —eN.
] | > o Za i,a) 100 Z a(i,a) ~ 1000 > |A| — €

Thus if |A — A| < 4|A] — &N, there must be some (z,y) such that &' (z,y) = 1+ 2¢/5,

whence for some (i, a) we must have a(i,a) = 1/2 + /5. This completes the proof of
Theorem [L.3.11
1.3.3 Asymmetric version

Actually, virtually the same proof gives the following asymmetric version, which even

more closely resembles the Brunn—Minkowski theorem.

Theorem 1.3.10. Let € > 0, and suppose A, B < {1,..., N} satisfy
|A+ B|Y2 < |A|Y2 + |B|Y? — N2,

Then there are arithmetic progressions Py and P, of the same common difference,
each of length ». N, such that

A P[P+ B P/|Py| = 1+ ce,
for some absolute constant ¢ > 0.

Sketch. One wrinkle is that we need a simultaneous regularity decomposition of A
and B. This can be achieved for example by applying the regularity lemma to the
set Au (B + N) as a subset of {1,...,2N}.

The only other part of the proof above which needs to be seriously adapted is
Lemma [1.3.8 We need to prove that if v is the product of Lebesgue measure A
on R? and counting measure on Z/qZ, then the two-dimensional Brunn—Minkowski

inequality holds for v, i.e., if X,Y < R? x Z/qZ are compact then
V(X +Y)V2 = (X)) 4+ u(Y)V2

14



In the asymmetric case there does not seem to be such a simple proof available
(involving picking a largest fibre), but we can adapt the proof of the Brunn—Minkowski
theorem based on the Prékopa—Leindler inequality (see [TV10, Chapter 3.4]).

We may assume that v(X),v(Y) > 0, as otherwise the assertion is obvious. For
z,y € R? write X,,Y, < Z/qZ for the fibres of X and Y over x and y respectively.

Then whenever X, and Y} are both nonnempty we have
[ Xo + Y| = max(|Xol, [Yy]).
Thus for every 6 in the range 0 < # < 1 we have
[Xo + Y| = XY,

for all 2,y € R?* (whether or not X, or Y, is empty). Hence by the Prékopa-Leindler

inequality we have

Rﬁ;};ﬁjkk-+5@|dkﬁd > QW(1-}ey—9y (J;?LX;dAQr{>9<J;2D@\dAQA>1_9,

This implies in particular

1
@107

Thus by optimizing @ (i.e., taking 6 = v(X)¥2/(v(X)¥? + v(Y)¥?) we have

v(X+Y)>

v(X)u(Y).

V(X + Y)Y = u(X)V2 4+ u(Y)V?,

as required. O

1.4 Contraction-mapping-type iteration

1.4.1 Thecaseof r +y =z

The weak structure theorem proved in the previous section for sets of doubling 4—¢ im-
plies a corresponding weak structure theorem for large sum-free subsets of {1,..., N}.
We start with this.

Theorem 1.4.1. Suppose A < {1,..., N} is a sum-free set of size at least (1/3+¢)N.
Then there is a progression P = {d,2d,...,Md} < {1,...,N} with d <. 1 and
M ». N such that An P = (.

Thus there is a progression P = {d,2d...,Md} < {1,...,N} with d <. 1 and
M >». N which is disjoint from every sum-free set A < {1,..., N} of size at least
(1/3+¢)N.

15



Proof. Since A is sum-free, the sets A, —A, and A — A are pairwise disjoint. Since
Avu (A u(A—-A) c{-N+1,...,N — 1}, we deduce that

|A— A| <2N —2|A| < (4/3)N — 2eN < 4]A| — 6eN.

Thus by Theorem there is a progression P’ of common difference d «. 1 and of
length ». N such that A has density at least 1/2 + ce on P’. It follows that A — A
contains dx for all x such that 0 < x < M, where M = 2ce|P'|. Since An(A—A) = &
we must have A n {d,2d,..., Md} = &.

For the second part take the intersection of all the progressions P which might

appear in the first part. O

We are now only a short step away from proving Theorem It remains only
to iteratively build a measure p on {1,..., N} such that p is a convex combination
of the uniform measure on {1,..., N} and another measure, supported on P (with P
as in Theorem , which again looks a bit like p.

Proposition 1.4.2. For every integer t = 0 there is a finitely supported probability

measure p on N such that for every sum-free set B < N we have
w(B) < 1/3 + (9/10)".

Proof. We use induction on ¢. For ¢t = 0 we can take p to be anything, say the point
mass ;. For ¢t > 0, by induction there is a measure i’ such that for every sum-free
set B < N we have

W (B) <1/34(9/10)"1.

By taking N sufficiently large and dilating p’ if necessary we may assume that ' is
supported on the progression P = {d,2d...,Md} appearing in the second part of
Theorem [L.4.1] with ¢ = (1/2)(9/10)*"!. Let v be the uniform measure on {1,..., N},
and put

1= (4/5) + (1/5)v.

Now suppose that B < N is sum-free. By our hypothesis about u’ we have
W(B) <1/3 + (9/10) 1.
Thus if v(B) < 1/3 + (9/10)""! /2 we have

w(B) < 1/3 4 (4/5)(9/10)" 1 + (1/5)(9/10)" "1 /2 = 1/3 + (9/10)".

16



On the other hand if v(B) > 1/3 + (9/10)'7!/2 then by our hypothesis about P we
have Bn P = (J, so i/(B) = 0, so

w(B) = (1/5)v(B) < 1/5.
This proves the proposition. O

Theorem is immediate from this proposition (taking ¢ sufficiently large) and
Lemma [[.2.1]

1.4.2 The case of Ej; for k < 3/

We now briefly sketch how the method used so far generalizes. Let k > [ be positive
integers, and consider the equation Ej; as in the introduction. By Erdés’s argument
we know 6g, , = 1/(k +1). We can prove dg,, = 1/(k + [) using a method similar to

the above as long as k£ < 3l.

Theorem 1.4.3. Let k,l be positive integers satisfying | < k < 3l. Then 0g,, =
1/(k +1). In other words, for every ¢ > 0 there is a set A < N for which every
Ey -free subset B < A has size at most (1/(k + 1) + €)n.

Sketch. Let N be a large positive integer divisible by both [ and &k — . A set B
{1,..., N} has no solutions to Ej, if and only if

(k—1)Bn(IB—IB) = @. (1.3)

By Theorem [1.3.10| we may assume that both (kK — [)B and [B — [B satisfy two-

dimensional-like doubling estimates, unless B has density at least

NN AU
M T ) TE Ty e

on some progression of length ». |B|. (The equality above is the only place where
we use the hypothesis 3] > k.) In fact we may assume that we have such doubling
estimates for (k — 1)B’ and [B"” — [B” for arbitrary subsets B’, B” — B, unless B is

so dense on some such progression. We apply this with
B =Bn{l,...,N/(k—1)}
and

B'=Bn{l,....N/l}.

17



If we have the two-dimensional-like doubling estimates
(k= DB'| = ((k—1)* —¢)|B|

and
IB" —IB"| = (41> — £)|B"|,

then from (|1.3)) we deduce as in the proof of Theorem that
2((k — 1) — ¢)|B'| + (41* — ¢)|B"| < 2N. (1.4)

Define the probability measure v by
(k—=01*X n{l,....,N/(k=D} +2%X n{1,...,N/l}|

v(X) =

(k+ 1N
Then (|1.4) implies
1
B)< — :
v(B) T + O(¢)

On the other hand suppose B has density at least 1/(2]) + & on some long progression.
Then [B — [ B contains a long progression through 0, and hence from ({1.3) it must be
that (kK —[)B and thus B itself is disjoint from some such progression. We therefore

deduce the following weak structure theorem for large £} ;-free sets:

If B is Ej -free then either v(B) < 1/(k+1)+ O(e), or B is disjoint from
a progression through 0 of length ». N.

We can therefore now repeat the iterative process of Proposition but with
the measure v in place of the uniform measure. The result is a measure p such that
w(B) < 1/(k +1) + ¢ for every Ej -free B < N. We then appeal to Lemma as
before. O

This proves the k < 3l case of Theorem The need for the restriction k£ < 3l

can be understood loosely as follows. If we rewrite the Ej ;-free condition as
(k—0)Bn (IB-1IB) =,

then for our argument to work we need the difference set [B —[B to “fill out” at least

as fast as the sumset (k — [)B, and this amounts to requiring that 2/ > k — .

18



1.5 An alternative approach based on transference
In this section our target is the equation
Epi:21+-+xp,=y

for arbitrary k. We call a set B with no solutions to this equation k-sum-free. Our
goal is to prove that for every £ > 0 there is a set A € N having no k-sum-free subset
B of size greater than (1/(k + 1) +¢)|A]|.

Theorem 1.5.1. Let k = 2. Then dg, , = 1/(k+1). In other words, for every ¢ > 0
there is a set A = N having no k-sum-free-subset of size greater than (1/(k+1)+¢)|Al.

Let us recall how Erdés’s argument works, and in particular where the constant
1/(k + 1) comes from. First we identify a solution-free subset S < T, specifically the
open interval of length 1/(k + 1) centered at the point 1/(2k — 2). Then we choose
x € T uniformly at random and put B, = {k € A : kx € S}. We then observe that,
for every k € N, the probability that kz € S is exactly u(S), and so by linearity of
expectation B, has expected size p(S)|A|.

The starting point of this section is the observation that the only thing which
makes this proof tick is the dilation-invariance of the measure pu. Here we call a
measure g on an abelian group G dilation-invariant if the push-forward of 1 under
the map xk : x — kx, which we assume is measurable, is again u for every positive
integer k. At this level of abstraction we can prove a converse to Erdos’s theorem,

and this turns out to be oddly useful. The following lemma extends Lemma [1.2.1

Lemma 1.5.2. To the list of equivalent conditions in Lemma we may add the

following condition.

5. There is an abelian group G, a o-algebra X of subsets of G, a dilation-invariant

probability measure p on 3, and an E-free set S € 3 such that u(S) = 9.
Consequently dg is the largest constant for which we have such (G, %, 1) and S.

Proof. The proof of the implication 5 = 2 has been suggested already, but let us
repeat the argument. For x € G let B, = {k € A : kx € S}. Then B, is E-free, and

by dilation-invariance we have

| 1Bt du@) = 3 [ e duto) = S 0<k)n(5) = (5141 > 6141

keA keA

Thus there is at least one « € G such that |B,| = | A|.
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We will prove 3 = 5 using an ultraproduct argument. The reader needing
an introduction to ultrafilters and in particular Loeb measure should refer to Ap-
pendix 2.A]

Suppose that every set F,, has an E-free subset B,, of size at least §|F,,|. Let
p € SN\N be a nonprincipal ultrafilter, let G be the ultraproduct Hmﬂp Z, and let

Y be the Loeb o-algebra on GG. Defining pu,, on subsets of Z by
fim(A) = A Fnl/|Fal,

let p be the Loeb measure induced by the sequence (p,,). Let S be the internal set
Hm_,p B,

To verify dilation-invariance, note that xk is measurable, as it sends internal sets
to internal sets, and that xk approximately preserves ., by the Fglner property, so
it exactly preserves p. By the basic properties of ultrafilters we know that S is E-free,
and by definition of © we have

w(S) = st <lim ,um(Bm)> > 0. O

m—p

We do not actually need the next lemma, but we include it for independent inter-
est. Recall that the multiplicative upper density of a set B < N, with respect to our

Fglner sequence (F),), is

— BnF,
d(p,(B) = limsup w
m—00 |Fm|

Lemma 1.5.3. To the equivalent conditions of Lemmas|1.2.1] and|1.5.2 we may also

add the following condition.
6. There is an E-free subset B < N of multiplicative upper density at least §.

Consequently, 0g is the largest possible multiplicative upper density of an E-free set
B < N.

Proof. To prove 5 = 6 we use Fatou’s lemma. Forx € Glet B, = {ke N : kx € S}.

Then by Fatou’s lemma we have

— e N Fo
J d(r,)(Bz) dp(x hmsupj [Be 0 Ful | dp(x)
G mowo Ja | Fml
hmsup Z (xk)wp(S
> 9,
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so as before there is at least one z € G such that dg,,(B;) = 6.
The implication 6 = 4 is obvious, at least if we are happy to weaken 0§ to

0 — € for arbitrarily small € > 0. We can then easily upgrade § — ¢ to ¢ using, say,
4 = 3. O

We can finish the proof of Theorem by appealing to the following theorem of

Luczak and Schoen on the structure of infinite k-sum-free sets of large upper density.

Theorem 1.5.4 (Luczak—Schoen |[LS97]). Let B < N be a k-sum-free set of upper
density greater than 1/(k + 1). Then B is contained in a periodic k-sum-free set.

In order to take advantage of this theorem we need one more gadget. We define

~

the upper density on multiples d(B) of a set B < N by

~ B 2n,...,N
d(B) = limsup 1imsup| nin2n,. n}\)

Vp: vp(N)—ow n—w n

where the outer limsup is taken over all sequences “tending to infinity in the divisi-
bility order”, i.e., such that the p-valuation v,(IN) tends to infinity for each prime p.

In other words,

B 2n,..., N
Boin,2n,.., n}|:l/p(N)>mforallprimesp<m}.

m—0 n—00 n

d(B) = lim sup {limsup

Then the following is a simple corollary of Theorem [1.5.4]

~

Corollary 1.5.5. If B © N is k-sum-free then d(B) < 1/(k + 1).

~

Proof. Suppose B < N is k-sum-free and d(B) > 0. Then necessarily B contains a

multiple of every natural number. Thus for every N € N the set
B/N ={n: Nne€ B}

also contains a multiple of every natural number, and thus is not contained in any
periodic k-sum-free set. Thus by Theorem the set B/N has upper density at

~

most 1/(k + 1). Since this holds for every N we have d(B) < 1/(k + 1). O
On the other hand the following is a consequence of Lemma [1.5.2]

Lemma 1.5.6. Fixz some homogeneous linear equation E. Then there is an E-free

~

set B < N such that d(B) = .
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Proof. By Lemma there is an abelian group G, a c-algebra ¥ of subsets of G,
a dilation-invariant probability measure p on ¥, and an E-free set S € X such that
w(S) = 0g. Forz € Glet B, = {k € N : kx € S}. Then by two applications of Fatou’s

lemma we have

1 B on,...,N
J d(B;)dp(x) = limsup limsupJ Bz 0 {n,2n,..., Nn}|
“ G

Vp: vp(N)—oo n—®0

1 n
= limsup limsup—Z(xk:)*,u(S)

Vp: vp(N)—oo n—oo T =
> 6.

Thus for at least one x € G we have d(B,) = 0g. O

Theorem follows immediately from the previous two results.
Incidentally, it is also possible to give a purely finitary proof of Theorem by
finitizing the proof of Theorem [L.5.4} see [Ebel5] for full details.

1.6 A question of Bergelson, Hindman, and Jor-
dan

The sum-free subset problem has also appeared in the literature in a somewhat dif-
ferent guise, as we now explain. Inspired by a question of Bergelson about density

versions of Schur’s theorem, Hindman and Jordan [HJ07] asked the following question.

Question 1.6.1. What is the largest constant /5 such that there is a sequence (S,,)
of measurable subsets of [0, 1] such that u(S,) = g for each n and such that

S NSy N Span =0
for all m,n?
As observed by Bergelson, the example
S, ={z :nzxmod1e(1/3,2/3)}

shows that f > 1/3. Hindman and Jordan showed that 5 < 0.36667, and asked
whether § = 1/3. This follows from Theorem [1.1.2]

Proposition 1.6.2. 5 = 1/3.
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Proof. Let (S,) be a sequence of measurable subsets of [0, 1] such that u(S,) =
for each n and such that S,, n S, N Sp.n = & for all m,n. For A ¢ N and
x € [0,1], it follows from the hypothesis S,, N S, N Spin = & that the subset
B, ={me A:xzeS,} of Aissum-free. Moreover if we pick x € [0, 1] uniformly at

random then

EIB,| = 3 u(Sn) > B4l

meA

so there is at least one x such that |B,| = (|A|. By Theorem [1.1.2) this implies
B<1/3. O

Suppose we now ask the general version of Question [1.6.1. Given an equation E
say in k variables, let Sg be the largest constant such that there is a sequence (S,,)
of subsets of [0,1] such that pu(S,) > fg for each n and such that (;_, S,,, = & for

all myq,...,my € N satisfying F.
Proposition 1.6.3. g = dg.

Proof. The proof that Sg < dg is much like the proof of Proposition [I.6.2] so it
suffices to prove g = dg. By Lemma there is an abelian group G, a o-algebra
3} of subsets of GG, a dilation-invariant probability measure p on 32, and a solution-free
set S € X such that p(S) = §. The sets S,, = (xn)~1(S) are essentially what we want,
except that we prefer subsets of [0, 1] rather than of an arbitrary probability space.
This can be dealt with in a standard fashion. (Let 3 be the sub-c-algebra generated
by {(xk)7'(S) : k € N}. Then X' is a countably generated o-algebra, so by |[Roy88,
Theorem 15.3.4] there is a measure algebra isomorphism between the completion of
(G,% ) and [0,1]. Now for the required set S, take the image in [0, 1] of the set

(xn)~1(9), and remove null sets as necessary.) O

1.7 Open questions

In this chapter we proved that for every € > 0 there is a set of positive integers
A having no sum-free subset B of size greater than (1/3 + €)|A|. This shows that
in Erdds’s theorem that every set A has a sum-free subset B of size at least |A|/3,
the constant 1/3 is best possible. More generally we proved that dg,, = 1/(k + 1)
whenever k > [ and either £ <3l or [ = 1.

Naturally we conjecture the restrictions on k£ and [ are unnecessary, and that the
same result is true for all £ > [. In light of Section [I.5] to prove this it would suffice
to show that an Ej -free subset of N of upper density larger than 1/(k + ) must
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be contained in a periodic Ej ;-free subset. This problem might be more tractable,
and in particular might be amenable to the method used by Luczak and Schoen for
k-sum-free sets.

Suppose however we now try to generalize the problem to an arbitrary linear

equation. That is, consider the equation
E:aqxy+---+ax =0,

where ay,...,a, € Z. To avoid trivialities assume that at least one a; is positive and
at least one a; is negative. Then before even making a conjecture we run up against
a problem: what constant should we have in place of 1/(k +1)? To run Erd6s’s proof
we should look for the largest E-free subset of T, but the problem is that even for
such simple equations as 2x + y = z this is an interesting and challenging problem
itself.

However, we could still conjecture an abstract transference theorem. For an ar-

bitary compact abelian group G, let
dp(G) = sup{ug(S) : measurable E-free S < G}.
Then we conjecture the following.

Conjecture 1.7.1. 6p = dg(T).

Applied to £ = Ej, this conjecture would in particular remove our unnecessary
restrictions on k,[, since indeed it follows from Macbeath’s theorem mentioned in
Section |1.3[that dg, ,(T) = 1/(k+1). Thus this conjecture generalizes Theorems m
and and of course goes much further.

We do not know whether Conjecture is true, but the following proposition
perhaps adds some credibility to it.

Proposition 1.7.2. Suppose we have a compact abelian group G, a dilation-invariant
Borel probability measure 1 on G, and an E-free subset S < G of measure u(G) = 4.
Then dg(T) = 0.

This proposition should be compared with Lemma [1.5.2] The point is that if we
could somehow arrange for the group G appearing in that lemma to be compact, then
Conjecture would follow.
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Proof. First we claim that the set of dilation-invariant Borel probability measures
on G is the weak* closed convex hull of the set of normalized Haar measures uy of
connected closed subgroups H. To see this, we view (G, ) as a measure-preserving
system for the action of (IN,-). By the ergodic decomposition (just the weak form
based on the Krein-Milman theorem) it suffices to show that if u is ergodic for this
action then in fact p = ppy for some connected closed subgroup H of G.

Let v € G be a character (that is, a continuous homomorphism v : G — T),
and consider the push-forward 7,u of p. This measure v, on T is again ergodic for
the action of (N, -), and it’s easy to see therefore by Fourier analysis on T (and the
fact that the function f(z) = 1,.0 on Z is not the Fourier transform of any signed

measure) that either v, = 6 or v = pr. Thus

1 if yep =0,

f(y) = L e(vy(x)) du(x) = f 0 if yupr = pr.

T

e(t) dy.u(t) = {

Thus /1 is the indicator of the subgroup I' < G defined by
I'={yeG:v(z)=0pacl,

so p is the normalized Haar measure of H = I't. Moreover if ky € T' then kvy(z) =
v(kx) = 0 for p-almost-all z, so by dilation-invariance in fact vy(x) = 0 for p-almost-
all x, so vy € I'. Thus CAJ/F ~ [ is torsion-free, so H is connected. This proves our
first claim.

It follows immediately by considering the map p +— p(S) that for some connected
closed subgroup H of G we have py(S) = 0. Thus the conclusion of the proposition
holds at least for some connected compact abelian group H in place of T.

Finally, to get from H to T we use transference ideas of Candela and Sisask [Sis08;
CS11|. Specifically, given 15 € L?*(H) we find a function g € L?(T) such that the large
spectra of 1g and ¢ are similar in structure. (In the technical language of |[CS11], we
are using the fact that, because H is torsion-free, T =~ Z can Freiman (n, k)-model
H for all n,k.) We then approximate g by the indicator of a set and use a removal

lemma to conclude. Refer to [CS11] for full details about this procedure. O

One could even more generally formulate a version of Conjecture for systems

F' of more than one equation, such as the system

I {x—I—y:z,
T—y=w.
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A set B is called F-free if there are no tuples of points satisfying each of the equations
in the system. Almost all of the general results proved in this chapter carry over
without change to the case of arbitrary systems. The following conjecture seems

reasonable.
Conjecture 1.7.3. 65 = lim, o, dp(Z/pZ).

Candela and Sisask [CS14] have shown that the limit appearing in this conjec-
ture exists, and equals dr(T) whenever F' consists of a single equation. In general
lim,_,o, dp(Z/pZ) = dp(T). It is actually not known whether there are systems F for
which lim,, o, dp(Z/pZ) > dp(T), but this is strongly suspected.

1.A Appendix: U? regularity

In the course of the proof of Theorem we need the s = 1 (a.k.a. abelian, or
U?) case of the arithmetic regularity lemma of Green and Tao [GT10]. This case is
considerably simpler than the general case, as it relies only on the inverse theorem
for the U? norm, which is elementary both to state and to prove. Reading |[GT10]
however can be rather hard-going if one only cares about the case s = 1 and not
the higher-order theory. The purpose of this chapter therefore is to provide a brief,
self-contained treatment of this case. This chapter may also serve as an introduction

to the general case.

1.A.1 The regularity lemma and its proof

The arithmetic regularity lemma states, roughly speaking, that an arbitrary function
f:[N] — [0,1] is the sum of a structured part fy,, a small part fg,, and a Gowers-
uniform part fu,r. Moreover we can buy higher-order uniformity of f.,¢ at the cost of
more involved structure of fy., but here we will only be able to afford U? uniformity.

We start with the inverse theorem for the U? norm. We define the U?*(Z/MZ)
norm of a function f : Z/MZ — C as

Jun

1

| flozz/mzy = (Ea,h1,hzeZ/MZf(a>f<a + ) fla+ho)fla+hi + h2)) 7
and then the U?([N]) norm of a function f : [N] — C as

| flvzz/mrz)

1 flo2qny = :
D w2z
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where M > 2N and we define f(xz) =0if x ¢ {1,..., N}: one easily checks that this
definition is independent of the choice of M. We will often abbreviate U?([N]) to U?
when no confusion can arise.

Given f : Z/MZ — C we define the Fourier transform ]?Of f by

J?(T) = E,ez/mzf(x)en(—rx)

for r € Z/MZ, where ey (z) = e(x/M). The Fourier inversion formula then states

fl@) =" fr)eu(ra).

reZ/MZ

Using these formulae one easily proves

ST

| fllo2z/mzy = Z |J?(7”)|4

reZ/MZ

Lemma 1.A.1 (Inverse theorem for the U? norm). If f : [N] — [—1, 1] is a function
such that || f|pz = &, then there exists § € T such that

|Ene[N]f(n)e(—0n)‘ >5 1.

Proof. The condition | f|y2(ny) = ¢ implies that |f|y2z/mz) » 9, where M = 2N
and as usual we extend f by zero to the rest of Z/MZ. We therefore have

PG

reZ/MZ

From Parseval’s theorem and the hypothesis |f| < 1 it then follows that

6t « sup |]?|2 Z !J?(T)|2 = sup |J?|2 (Ea:eZ/MZ|f(x)|2) < sup |J?|2

reZ/MZ

A~

Thus |f(r)| » 6% for at least one r € Z/MZ, so we may take § = r/M. O

We need a slightly modified form of the above lemma in order to apply an energy
increment argument, but first we need some language. Let us say that f: [N] - R
has 1-complexity at most M if f(n) = F(6n) for some F : T — R and 6 € T¢ such
that d, | F||Lip < M. Here we take the Euclidean metric

d(z,y) = minfz —y - 2|
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on T? and we define the Lipschitz norm ||F|i, of F : T — R by

|F(z) — |F(y)|
FllLip, = sup |F(x)| + sup )
[Flhsp = sup [F ()] +sup == S

The Fourier inversion formula shows that every f : [N] — C has finite 1-complexity,
but functions of bounded 1-complexity are special.

Our results from now on will be quantified by an arbitrary growth function, by
which we mean simply an increasing function 7 : Rt — R*. By F «x 1 we will
mean that F is bounded by a function R* — R* depending only on the parameter
X; in other words F «x 1 means F (M) <x s 1.

We say f is 1-measurable with growth F if for every M > 0 there is some function
fstr 1 [N] — R of 1-complexity at most F (M) such that

1
Hf - fstrH2 < M?

where the L?([N]) norm of a function f : [N] — C is defined by

£ = (Becp| £ () )

A set E < [N] is called 1-measurable with growth F if 15 is so. Note that if f and
g are 1-measurable with growth F then f + g and fg are 1-measurable with growth
&7 1,80 if E and F are 1-measurable with growth F then £ U F, En F, E\F, and

so on, are all 1-measurable with growth « = 1.

Lemma 1.A.2 (U? inverse theorem, alternative formulation). If f : [N] — [—1,1] is
a function such that || f|y2 = 8, then there is a 1-measurable set E < [N] with growth
<5 1 such that

’EnE[N]f(n)lE(n)‘ »s5 1.

Proof. By the previous lemma there is some 6 € T such that ¢(n) = e(—6n) satisfies

|E vy f(n)o(n)| »5 1.

Now by replacing ¢ with its the real or imaginary part, and then with its positive or
negative part, we may assume that ¢ is real and nonnegative (e.g., if we take the real
and then positive parts, then ¢(n) = (Re(—6n))").
For 0 <t <1, let
E;,={ne[N]:¢(n) =t}

Noting that



it follows that .
J |Ene[N] n)lg, (n ’ dt »5 1,
0

and so
}EnE[N]f(n)lEt (n)‘ >5 1

for all ¢ in a set Q2 < [0, 1] of measure || »4 1.
Among these sets F; with ¢t € {2 there must be some FE; which is approximately

invariant under small changes in ¢. Indeed, if

11

M(t) = sup ool e [N o) —t] < 7}

then the Hardy-Littlewood maximal inequality (see any standard reference, such

as [Rud87]) states
(e [0.1]: M) > A} « %

Since || »5 1 there is some ¢ € 2 such that M (t) s 1.
For any such ¢, E; is 1-measurable with growth «s 1. Indeed, note for any r» > 0
that
{n € [N]: |p(n) —t| < r}| <srN.

Choosing 77 : R — R of Lipschitz norm |||, « 1/ such that n(z) =0if x <t —7r
and n(z) = 1if z > t +r, it follows that |1z, —no¢ll2 <5 +/r. Since ¢ is a function of
On of Lipschitz norm « 1, this implies that 1g, is 1-measurable with growth «s 1. [J

A factor B of [N] is a subalgebra of 2I¥ or equivalently a partition of [N] into
cells. We say a factor B’ refines another B if every cell of B is a union of cells of 5.
We call B a 1-factor with complexity at most M and growth F if B has M cells, each
of which is 1-measurable with growth F. Note in this case that every B-measurable
(i.e., constant on each cell of B) function f : [N] — [—1,1] is 1l-measurable with
growth «7 7 1.

For z € [N] we define B(x) to be the unique cell containing =, and we define the
conditional expectation E(f|B) of a function f : [N] — C by

E(f|B)(z | Zf

yEB(x)

Equivalently, the function E(f|B) is the orthogonal projection of f onto the subspace
of B-measurable functions. Finally, with respect to a fixed function f : [N] — C, the
energy of B is £(B) = |E(f|B)|3.
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Corollary 1.A.3 (Lack of uniformity allows energy increment). Suppose B is a 1-
factor of complezity < M and growth F and f : [N] — [—1, 1] is a function such that
If —E(f|B)| 2wy = 9. Then there exists a refinement B’ of B of complexity < 2M
and growth <57 1 such that

EB") —EB) »s 1.

Proof. By the previous corollary there is a 1-measurable set F — [N] with growth
«s 1 such that

[(f = E(f]B), 1) »5 1.
Let B’ be the factor generated by B and E. Then B’ is a 1-factor of complexity < 2M

and growth <57 1, and since 1g is B’-measurable we have
KE(fIB") — E(f|B), 1) »s 1.
Now Cauchy—Schwarz and the Pythagorean theorem imply that
E(B') — £(B) = |[E(f|B) — E(f|B)[3 »s 1. O

We can now deduce a weak form of the regularity lemma, occasionally referred to

as the Koopman—von Neumann theorem.

Corollary 1.A.4 (Weak regularity). Let B be a 1-factor of complexity M and growth
F, and let f: [N] — [—1,1] be a function. Then there exists a refinement B' of B of
complezity <sar 1 and growth <57 1 such that

|f = EfIB)|v2(ny) < 6.

Proof. Repeatedly apply the previous corollary to refine the 1-factor B. Since 0 <
E(B) < 1, this process must end after «; 1 steps. O

Finally, by iterating this result, we deduce full regularity.

Theorem 1.A.5 (The U? regularity lemma). Let f : [N] — [0,1] be a function, F a

growth function, and € > 0. Then there is a quantity M <. 5 1 and a decomposition

f = fstr + fsml + funf
of f into functions fsr, fomi, funt : [N] — [—1, 1] such that

1. fs has 1-complexity at most M,
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2. fom has L*([N]) norm at most ¢,
3. faut has U?([N]) norm at most 1/F(M),

4. fsr and fsr + fsm take values in [0, 1].

Proof. Starting with My = 1 and By = {J,[IV]}, suppose inductively that B; is a
1-factor of complexity and growth «; s, 7 1. Then there is a function F [N] - R
of 1-complexity M, 1 <c;m, r 1 such that M; ;1 > M, and

[E(/1B:) — Ll < e/2
Moreover, by truncating fs(tlr) above and below (which doesn’t increase 1-complexity)
we may assume that £ : [N] — [0, 1]. By the previous corollary there is a refinement

Bi1 of B; of complexity and growth <«; s, , 7 1 such that

Lf = E(f|Bis1)v2ny) < 1/F(Mita).

Note in the end that M; <., r 1, and since (£(B;)) is an increasing sequence in

[0, 1] there is some i «. 1 such that
EBi1) — E(By) = |E(f|Biv1) — E(f1B)5 < £°/4.
Let M = M,,, and let

for = 141,
fsml = E(f|81+1) - fs(‘g?
funf = f - E(f’BlJrl) O

It will be convenient to make the structure of fy, a little more explicit. Specifically,
we would like §# € T? to be (A, N)-irrational for some large A, meaning that if
g € Z"\{0} and |¢[, < A (where if ¢ = (q1,...,qa) then [g[1 = [q1] + - + |gal) then
lg-0||r = A/N: this will be important in several counting lemmas, which relate a sum
involving fi. to an integral over T<. Of course, there are other possible behaviours
of ¢ - 6: it may be that 6 itself is small, in which case ¢ - § moves slowly away from
0, or it may be that # is rational, in which case ¢ - 6 frequently returns to 0, or there
may be a combination of these behaviours. Nevertheless, it turns out that once these
two pollutants are boiled off, the remnant is highly irrational in the above sense.

We say a subtorus T of T? of dimension d’ has complexity at most M if there is
some L € SL4(Z), all of whose coefficients have size at most M, such that L(T) =
T x {0}, In this case we implicitly identify 7" with T¢ using L. For instance, we
say 0 € T? is (A, N)-irrational in T if L(0) is (A, N)-irrational in T¢ .
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Theorem 1.A.6. Given 0 € T, a positive integer N, and a growth function F, there

is a quantity M <47 1 and a decomposition
0 = Osmooth + Orat + Girrat
such that
1. Osmootn s (M, N)-smooth, meaning d(Osmootn, 0) < %,
2. Brat 18 M-rational, meaning q0ray = 0 for some q < M, and

3. birras is (F(M), N)-irrational in a subtorus of complexity < M.

Proof. Starting with M, = 1, QSmooth Qrat = 0, eror)at =0, and Ty, = T, suppose
inductively that

0 = esrll)looth + erat + 91rrat’
where GSmooth is (M;, N)-smooth, Grat is M;-rational, and Ql(rrat lies in a subtorus 7; of

dimension d — ¢ and complexity < M;.
If erm is (F(M;), N)-irrational in T} then we are done, so suppose that L € SL,(Z)
is a linear map of complexity < M; identifying T" with T~ and such that

F(M;)
Hq L( 1rrat)HT T
for some q € Z471\{0} such that |¢; < F(M;). Choose QSmooth € T so that

Hq L( 1rrat ngnooth)HT =0

and such that d(L(0" ),0) < F(M;)/N, so d(6"

smooth

0) <475 1/N. Let ¢ = mq’

smooth?

where m € ZT and ¢ is primitive in Z%~*. Then

¢ LoD —0

1
irrat m Z.

smooth)
Now using the Euclidean algorithm, choose 95?{ e T so that

¢ -LOD —0 g ey

irrat smooth

and such that mL(@rat) 0, so that m@m = 0. Finally, let

(i+1)  _ (i)
esmooth esmooth + esmooth7
(i+1) OL
erat - erat + eram
(i+1) ()
eirrat - elrrat - esmooth - erat )

32



and choose M; 11 <, 4,7 1 so that pltD g (M;41, N)-smooth, T M, 1-rational,

smooth rat
and the subtorus T;,; = {x € T; : ¢’ - L(z) = 0} has complexity < M;,;.
In the end note that M; «; 4 1, and since 7; has dimension d — ¢ we can iterate

this argument no more than d times, so for some i < d we must have that ol

rra

(F(M;), N)-irrational in T;. O

¢ 18

We can now state and prove the version of the regularity lemma which will be most

useful to us. This version improves on Theorem by giving f, the structure
fur(n) = F(n/N,n mod q,6n),

where

F:[0,1] x Z/qZ x T* - R,

¢.d,|Flup < M, and 0 is (F(M), N)-irrational. Here we take the usual Euclidean
metrics on [0, 1] and T¢, the discrete metric on Z/qZ, the sum of these metrics on

[0,1] x Z/qZ x T¢, and then define | F|;, as before.

Theorem 1.A.7 (U? regularity, version 2). Let f : [N] — [0,1] be a function, F a

growth function, and € > 0. Then there is a quantity M <.y 1 and a decomposition

[ = Jfstr + fom + funt
of f into functions fsr, fomi, funt : [N] — [—1, 1] such that
1. far(n) = F(n/N,n mod q,0n), where
F:[0,1] x Z/qZ x T* — [0,1],
¢, d,|F|up < M, and 0 € T? is (F(M), N)-irrational,
2. fsm has L*([N]) norm at most ¢,
3. funt has U*([N]) norm at most 1/F(M),
4. fsr and fsr + fam take values in [0, 1].

Proof. Let F; and F3 be growth functions depending on € and F in a manner to be
determined. By Theorem there exists My «. 7 1 and a decomposition

f = fstr + fsml + funf
of f into functions fyr, fsml, funt @ [IV] = [—1, 1] such that
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1. fir(n) = F(6n), where F : T — [0,1], d, | F|Lip < M, and 6 € T,
2. fsm has L*([N]) norm at most e,

3. funt has U*([N]) norm at most 1/F;(M;), and

4. for and for + fsm take values in [0, 1].

Now by the previous theorem we can find My <y, 7, 1 such that My > M; and such
that # decomposes as
0 = ‘gsmooth + erat + eirrata

where

L. Bsmootn is (Ma, N)-smooth, meaning d(smootn, 0) < %2,

2. B4 is Ms-rational, meaning ¢f,,; = 0 for some ¢ < M,, and
3. Girrat is (F2(Msy), N)-irrational in a subtorus of complexity < Ms.
Then
F(0n) = F(Osnootan + Oratnt + Oirraen) = F(n/N,n mod ¢, nL(Girrat)),
where [ : [0,1] x Z/qZ x T% — [0,1] is defined by
F(2,9,2) = F(NOsmootn® + Orayy + L71(2)).

Noting that ||F|Lp «as, 1, we can find M <y, 1 exceeding both M, and || Epp.
But since M <y, 1, if F3 is sufficiently large depending on F then Fo(Ms) = F(M),
and similarly My <7 1, so if Fi is sufficiently large depending on Fy then
F1(My) = Fo(Msy) = F(M). After all these dependencies are fixed we have M «. 7 1,

and the conclusion of the theorem holds. OJ

1.A.2 Counting lemmas

If 6 € T is highly irrational (i.e., (A, N)-irrational for large A), then the sequence
On is highly equidistibuted over T¢ as n ranges over long progressions. Moreover, if
F is grows sufficiently rapidly and fy, is as in the conclusion of Theorem [[.A.7], then
the triple (n/N,n mod ¢,n#) is highly equidistributed over [0,1] x Z/qZ x T? as n
ranges over {1,..., N}. This allows us to relate counts weighted by fg, to integrals
of F.
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Lemma 1.A.8. Suppose that § € T? is (A, N)-irrational, and let ' : T¢ — C be
a function with Lipschitz constant at most M. Suppose that P < {1,...,N} is an
arithmetic progression of length at least nN. Then, provided that A > Ag(M,d,n,?)

15 large enough,

‘EnepF(Gn) _ J qu‘ <.

Proof. The key here (as usual in equidistribution theory) is to take a Fourier expansion
of F' and truncate it. In particular, we may find My = Op45(1) and coefficients ¢,
with ¢y = § F and ¢, = Opq(1) for m # 0 such that

F(z) — Z cme(m - x)| < 0/2

[mll<Mo

uniformly in . For a proof, see for example |[GT08, Lemma A.9]. It follows, of course,
that 5
< Z e[ Enepe(m - 0n)| + 5

[m]l1 <Mo,m#0

‘E%pF(em - [ Fan

Thus we need only show that
Epcpe(m - 0n) = ompa0(1),

and then take A sufficiently large. If the common difference of the arithmetic pro-
gression P is h, then by summing the geometric progression we have the bound

1
nN|[(m - O)hfx

E,cpe(m - 0n) «

But if A > |h|||m]; then, by the definition of (A, N)-irrationality, ||(m-0)h|T = A/N.
Since h < 217!, the result follows immediately. O

Now that we know how to relate counts weighted by fs, to counts weighted by
F', we need to know how to relate counts weighted by f to counts weighted by fy..
That is, we need to control the effect of the uniform part f.,¢, as well as that of the
small part fi1. In general controlling the effect of the small part fy, is delicate, and
depends on the application. Controlling the effect of the uniform part tends to be

more straightforward. The following lemma is typical.

Lemma 1.A.9. Suppose that f:{1,...,N} — C is a function. Then |E, <y f(n)| <
| floz. More generally suppose that P < {1,..., N} is a progression of length at least
nN. Then [Enepf(n)| < g7t flv2.
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Proof. We establish the second statement, the first being a special case of it. Fix
a prime M € [4N,8N] as in the definition of the U? norm and write G = Z/MZ.
Note that the U?([N])-norm and the U?(G)-norm are comparable up to an absolute

constant. We use the inequality

Eeecf(2)g(x)| =

> F)a(r)
) ~ 1/4 3/4
< <Z !f(?“)|4> <Z !ﬁ(r)!“/g)

3/4
= [ flv2a) (Z !§(T)!4/3) :

Taking g = 1p, the characteristic function of the progression P, it therefore suffices to
show that 3. |g(r)|*® = O(1). Dilating, we may assume that the common difference
of P is 1. But then we have, upon summing the geometric progression, the bound

|g(r)| « min(1,|r|™), from which the result follows immediately. O

Another important fact is that f,,+ does not substantially affect the value of

convolutions f * g(n) = E,,<,f(m)g(n —m).

Lemma 1.A.10. Let f, f,g: {1,...,N} — [—1,1] be functions such that If = flloz <
8. Then |f « g(d) — f + g(d)| < 6 for all except at most O(ON) values of d.

Proof. Regard the functions f, f, g as functions on G = Z/MZ in the usual way,
where M € [4N,8N] is prime. Let h = f — f. Then

Eoca|Byech(y)g(a — y)* = Y [h(r)*g(r)

1/2 1/2
< (2 |ﬁ<r>|4) (Z |a<r>|4>

= IhlZ2(e)l91T2) < IRlE2) < 1082

By returning from G to {1,..., N} we have
LN b g(@)f « 8
N g '

Thus there cannot be more than O(JN) values of = for which |h * g(z)| = 0. O
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Chapter 2

Commuting probability

ABSTRACT. The commuting probability (or commutativity degree) of a
finite group is defined to be the probability that two randomly chosen
group elements commute. A little known theorem of P. Neumann from
1989 determines the structure of finite groups whose commuting probabil-
ity is bounded away from zero. As our main result we use this theorem to
investigate the structure the set P < (0, 1] of possible commuting proba-
bilities of finite groups. In particular we prove two conjectures of Joseph
from 1977: all limit points of P are rational, and P is well ordered by >.
A third conjecture is left open. Partially answering another question of

Joseph, we show that the order type of P is either w® or W,

Additionally we give a simple proof of a theorem of Hofmann and Russo
on the structure of compact groups with positive commuting probability.
We also briefly touch on 2-step nilpotency degree, and we show that the

naive analogue of Neumann’s theorem fails.

The material in this chapter relating to Joseph’s conjectures appears as
the paper [Ebel5].

2.1 Introduction

A reasonable measure of how close a finite group G is to abelian is the proportion of
pairs of elements which commute: we call this the commuting probability (or commu-

tativity degree) of G, and we denote it

1
Pr(G) = Puyea(ry = yz) = @H(ﬂs,y) e Gy = yx}|.
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The commuting probability has been extensively studied (see for example [ET68;
Gus73; |[Neu89; Rus79|), not least because |G| Pr(G) is just the number of conjugacy
classes of G. To highlight a few particular facts about Pr(G),

e if Pr(G) > 5/8 then G is abelian (a popular undergraduate exercise);
e if Pr(G) = ¢ then G has a large abelian section (P. Neumann [Neu89|);

e always Pr(G) > (log, log, |G|)/|G| (Erdés and Turan [ET68]).

Of these results we are most interested in Neumann’s theorem that a group with
large commuting probability must have a large abelian section, where a section of a
group G is a quotient H/K of a subgroup H < G, and a large section is a section
H/K where |G : H| and |K| are bounded in terms of 0, so |H/K| = ¢'|G| for some
0" depending only on 6. Conversely it is easy to see that any group G with such
an abelian section must have Pr(G) = ¢” for some §” depending only on ¢’, so this
theorem provides an if-and-only-if characterization of groups with large commuting
probability.

Our main result is that Neumann’s theorem can be used to settle two conjectures
of Keith Joseph from 1977 about the structure of the set

P = {Pr(G) : G a finite group}.

We know that P contains the point 1, and that if Pr(G) < 1 then Pr(G) < 5/8.
Moreover it is not too hard to see there is another gap following 5/8: if Pr(G) < 5/8
then Pr(G) < 17/32. The first limit point is 1/2, which happens to be the commuting
probability of S3, and then again if Pr(G) < 1/2 then Pr(G) < 1/2—¢ for some € > 0.
For all this see Rusin [Rus79]. Following observations of this sort, Joseph [Jos69;

Jos77] made the following three conjectures.
Conjecture 2.1.1 (Joseph’s conjectures).
J1. All limit points of P are rational.
J2. P is well ordered by >.

J3. {0} U P is topologically closed.
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In other words if p, € P and p, — p as n — o« then p € Q, p, = p for all but at
most finitely many n, and in fact if p > 0 then p € P.

Progress on these conjectures has been slow, however. Prior to the present work,
the best partial result, due to Hegarty [Hegl3|, states that J1 and J2 hold for the set
P n(2/9,1]. Our main result is that Neumann’s theorem can be used to prove J1

and J2 in their generality.
Theorem 2.1.2. All limit points of P are rational, and P is well ordered by >.

This theorem follows from a somewhat more technical statement to the effect
that every p € P is approximately an Egyptian fraction of bounded complexity: see
Theorem [2.3.2]

A useful model case for Theorem is the case in which the group G is 2-step

nilpotent. In this case the commutator map induces a bilinear map
[.]1:(G/2(G)) x (G/Z(G)) — [G, G,

and the theorem then classifies the possible zero probabilities of this bilinear map.

Here the zero probability of a bilinear map ¢ : A x B — C' of abelian groups is

Pr(¢) = Pucapen(o(a,b) = 0) (a,b) € Ax B: ¢(a,b) =0}

1
ER
|Al| B
Let Py, be the set of all Pr(¢), where ¢ is such a bilinear map. The argument is so
much easier to motivate and understand in this context that we find it useful to run

the two arguments in parallel (there is no formal dependence).
Theorem 2.1.3. All limit points of Py, are rational, and Py, is well ordered by >.

Next we investigate the possible order types of (P, >), partially answering another
question of Joseph. By examining the proof of Theorem more carefully we reduce

the number of possibilities for the order type to two.
Theorem 2.1.4. The order type of (P,>) is either w* or W

The same theorem holds for Py,.

In the final two sections of this chapter we will investigate two related questions.
First we will study commuting probabilities of compact groups. A theorem of Hof-
mann and Russo [HR12|, extending an earlier theorem of Lévai and Pyber |[LP00] in
the profinite case, states that a compact group with positive commuting probability

must have finite-index FC-center. This is a heavy restriction which in particular forces
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the commuting probability to be rational; in fact it forces the commuting probability
to be the same as that of some finite group. We give a simple proof of this theorem
in Section based on the proof of Neumann’s theorem.

Finally in the last section we briefly study 2-step nilpotency degree

dy(G) = P([[x,y], 2] = 1) = @{(%y&) € G [[x,y], 2] = 1}

A naive analogue of Neumann’s theorem might assert that if do(G) is bounded away
from zero then G has a large 2-step nilpotent section. We present a counterexample

to this tempting conjecture.

2.2 Neumann’s theorem and variations

First, we need the following simple but quite useful lemma which asserts that when-
ever X is a symmetric subset of positive density in a group G, then X generates a
subgroup in a bounded number of steps. Lemmas of this sort are familiar in additive

combinatorics: see for example Hamidoune [Ham92).

Lemma 2.2.1. Let G be a finite group and X a symmetric subset of G containing
the identity. Then (X) = X3" provided (r + 1)|X| > |G|.

Proof. Suppose x € X"\ X*. Then
rX < XA X

Indeed, 2 X < X2 is clear, and if X n X! # & then because X = X! we would
have r € X" 1X~1 = X* contrary to hypothesis.
Thus if z; € X3\ X3 for each i = 0,...,r then the sets 2¢X,...,z,X are

disjoint, as z; X < X3+2\ X3 ~1. Since each of these sets has size | X| we must have
(r+1)|X]| < |G|

Thus if (r + 1)|X| > |G| we must have X! = X3 for some i < r, so we must have

(Xy = X3 = X, O

2.2.1 Bilinear maps

For ¢ : A x B — C a bilinear map and A’ < A and B’ < B subgroups, we de-
note by ¢(A’, B') the group generated by the values ¢(a’, V') with o’ € A’, I/ € B'.
The following is our analogue of Neumann’s theorem for bilinear maps of large zero

probability.
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Theorem 2.2.2 (Neumann’s theorem for bilinear maps). Let ¢ > 0, and let ¢ :
A x B — C be a bilinear map of finite abelian groups such that Pr(¢) = . Then
there are subgroups A’ < A and B’ < B such that |A/A'|, |B/B'| and |¢(A’, B")| are

each e-bounded.

Proof. Let X < A be the set of € A such that | ker ¢(z,-)| = (¢/2)|B|, and let A’ be
the group generated by X. Then |X| = (/2)|A4|, so A’ has index at most 2/¢ in A,
and by the lemma every a € A’ is a sum of at most 6/¢ elements of X, so for every
a € A" we have | ker ¢(a,-)| = (¢/2)%¢|B|. Similarly, there is a subgroup B’ of B of
index at most 2/¢ such that for every b € B’ we have | ker ¢(-,b)| = (¢/2)%¢|A|. Then
for every a € A’ the subgroup ker ¢(a,-) n B’ has index at most (2/¢)%¢ in B’ and for
every b e B’ the subgroup ker ¢(-,b) n A’ has index at most (2/¢)%¢ in A’.

Now consider any value ¢ of ¢ on A" x B’ say ¢ = ¢(a,b). If we replace a by any
element a’ of a+ (ker ¢(-,b) n A’) and then b by any element b of b+ (ker ¢(a’, ) N B)

then we still have ¢(a’,b') = ¢, so
(@, H) € A" x B': 6(a,¥) = c}] > (/224 4| B,

so ¢ takes at most (2/¢)'%¢ different values on A’ x B’. But every element of ¢(A’, B')

is a sum of distinct values of ¢ on A’ x B’, since if say

c= Zas(ai,bi)

i=1

with the term ¢(a;, b;) appearing twice then we can reduce the total number of terms
by replacing ¢(a;, b;) + ¢(a;,b;) with ¢(2a;,b;). Thus |p(A’, B')| < o(2/e)?/= 0

We need a stronger variant of the above theorem which asserts the existence of
subgroups A’ and B’ such that ¢(A’, B') is small and such that A" x B’ contains
almost all pairs (a,b) € A x B such that ¢(a,b) € p(A’, B'), in particular almost all
pairs such that ¢(a,b) = 0. The precise formulation is the following.

Theorem 2.2.3 (Neumann’s theorem for bilinear maps, amplified). For every de-
creasing function n : N — (0,1) there is some M = M(n) such that the following
holds. For every bilinear map ¢ : Ax B — C there are subgroups A’ < A and B’ < B
such that

1 |6(A, B)| < M,

2. with at most n(|¢(A’, B")|)|A||B| exceptions, every pair (a,b) € A x B such that
¢(a,b) € p(A', B') is contained in A" x B'.
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Remark. We have not stated a bound on |A/A’| or |B/B’|, but such a bound is

automatic if Pr(¢) > e, since then

1

= < Prl0) < BB

+n([¢(A", BY)).

Thus by ensuring 1(1) < £/2 one automatically has |A/A’||B/B’| < 2e7*.

Proof. If Pr(¢) < n(1) then we can just take A’ = B’ = {0}, so assume otherwise.
Then we can apply Theorem with ¢ = n(1). Let A; < A and B; < B be the
resulting subgroups, let C; = ¢(A;, By), and suppose that more than 7n(|Cy|)|A||B|
pairs (a,b) € (A x B)\(A; x By) satisfy ¢(a,b) € C;. Then by the pigeonhole principle
there is some (a,b) € (A x B)\(A; x By), say with a ¢ A; (a similar argument applies
in the other case), such that at least n(|C4|)|A1||B1| pairs (a/,b") € A; x By satisfy

dla+d,b+1)eCh.

By replacing (a,b) by (a + a’,b+ b') for some appropriate (a’,b') € A; x By and using

the pigeonhole principle again, we may assume that
(b(CL, b) € Cl

and that
d(a,b+ 1) e Cy

for at least n(|C1])|Bi| elements b’ € By. By linearity this implies that
gb(a, b/) € Cl

for all these O’ € B;. But this implies that ¢(a,-) : By — C/C} has kernel of index at
most n(|C1|)~!, and hence that

|(C1 + é(a, Br))/Chl < n(|Ch]) ™"

Thus if we put Ay = Ay + {a)y, By = By, Cy = ¢(As, By) = C; + ¢(a, By), then
|Co| < n(IC1)THC, |B/Bo| < |B/Bl, and [A/A,| < |A/A].

Now repeat the argument with A,, By, C5 in place of Ay, By, C}, and so on. Since
|A/A;||B/By| is an n(1)-bounded integer and |A/As||B/Bs| < |A/A:||B/B|, this
process must end after an 7(1)-bounded number of steps, at which time we will have

the conclusion of the theorem. O

45



2.2.2 The commutator map

We now turn our attention to the commutator map on groups, which behaves enough
like a bilinear map for the above arguments to be emulated. In an arbitrary group G
we write [z, y] for the commutator z~'y~'zy of two elements x,y € G. We also write
x¥ for the conjugate y~'xy, and we will use the relation [z,y] = 27 '2¥. For H, K < G
we write [H, K| for the group generated by all commutators |h, k| with h € H k € K.
The following is essentially the original version of Neumann’s theorem [Neu89|, except
that we have made the 2-step nilpotency consequence explicit and we have supplied

a somewhat simpler proof. First, however, we need a theorem of B. Neumann:

Theorem 2.2.4 (B. Neumann |[Neub4|). Let G be a group. Then the elements of G
have boundedly many conjugates if and only if |G, G] is bounded.

Proof. The reverse implication is trivial, since for every z,y € G we have z¥ =
r7x,y] € z7'[G, G]. Now assume that every z € G has at most n conjugates. Then
for every x € G the subgroup Cg(x) has index at most n. Consider a commutator
¢ = [z,y] of two elements x,y € G. If we replace z by any element 2’ of Cg(y)x and

then y by any element ' of Ci(2')y then we still have [2/,y/] = ¢, so
(o) € G- [ yf] = &} > L.

Thus there are at most n? distinct commutators of elements of G. Now a classical
theorem of Schur (see [Rob96, Theorem 10.1.4]) implies that |[G,G]| is n-bounded.
]

Theorem 2.2.5 (P. Neumann’s theorem). Let ¢ > 0, and let G be a finite group
such that Pr(G) = e. Then G has a normal 2-step nilpotent subgroup H of e-bounded
index such that ||[H, H]| is e-bounded.

Proof. Let X < G be the set of all z € G such that |Cq(x)| = (£/2)|G|, where Cg(x) is
the centraliser of x in GG, and let K be the group generated by X. Then |K| = (¢/2)|G],
so K has index at most 2/¢ in G, and by Lemma[2.2.1]every k € K is the product of at
most 6/¢ elements of K, so for every k € K we have |Cq(k)| = (¢/2)%¢|G|. Thus also
|Cr (k)| = (¢/2)%¢|K|. Thus the elements of K have boundedly many conjugates, so
by B. Neumann’s theorem [K, K] is e-bounded.

To finish let H = Cg([K, K]). Then H has e-bounded index in K, hence e-
bounded index in G, and since [H, H| c [K, K| we see that H is 2-step nilpotent and
|[H, H]| is e-bounded. O
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Now as in the case of bilinear maps we can prove a stronger variant which asserts
the existence of a normal subgroup H such that [H, H] is small and such that H x H
contains almost all (x,y) € G x G such that [z,y] € [H, H], in particular almost all
commuting pairs. We will need the following generalisation of Schur’s theorem due
to Baer (see |Rob96, Theorem 14.5.2]).

Lemma 2.2.6 (Baer’s theorem). If M and N are normal subgroups of a group G
then |[M, N| is bounded by a function of |M/Cyp(N)| and |N/Cn(M)].

By analogy with the bilinear case, we will also use the commutator expansion
formula

[ab, cd] = [a, d}"[b, d][a, ]"[b, ], (2.1)
which can be verified directly.

Theorem 2.2.7 (Neumann’s theorem, amplified). For every decreasing function n :
N — (0,1) there is some M = M (n) such that the following holds. Every finite group

G has a normal subgroup H such that
1. |[H,H]|| < M,

2. with at most n(|[H, H]|)|G|* exceptions, every pair (z,y) € G* such that [z,y] €
[H, H] is contained in H?.

Proof. If Pr(G) < n(1) then we can just take H = 1, so assume otherwise. Then
we can apply Theorem with € = n(1). Let K < G be the resulting subgroup.
Now by analogy with the bilinear case we will define an iterative process starting
with K; = L; = K. Suppose that more than n(|[K1, L1]])/2 - |G|?* pairs (z,y) €
G?\(K, x L) satisfy [z,y] € [K1, L1]. Then by the pigeonhole principle there must
be some (z,y) € G*\(K, x L), say with ¢ K; (again, a similar argument applies
in the other case), such that at least n(|[ K1, L1]])/2 - |K1||L1] pairs (k,l) € Ky x Ly
satisfy
[zk, yl] € [ K7, L1].

By replacing (z,y) with (zk,yl) for appropriate (k,1) € K; x L; and applying the

pigeonhole principle again, we may assume that

[.T,y] € [Kly Ll]

and that
[, yl] € [K1, L]
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for at least n(|[K1, L1]])/2 - |L1| elements [ € L;. But by (2.1 we have

[z, 1] = [z,]][z, 9],

so we deduce that
[z,1] € [K1, L]

for all these [ € L;.
Thus the subgroup Ny < L; defined by

No={le Ly : |z €Ky, L]}
has index at most 2n(|[Ky, L1]|)~! in Ly, thus index at most
20(|[K1, L) 7Y G/ L
in G. If N is the largest normal subgroup of GG contained in N, then it follows that
|G/N| < 2n(|[Ky, L))~ G/ L)
But note that if K5 is the normal subgroup of G generated by K; and z then in fact
N ={le Ly : Kyl c[Ki, L]},

SO

N/[K1, L1] = Cr, jir, 001 (Ko /[ K1, L1]).

Since trivially
K1 /[ Ky, L) < Ckyixi,00) (Ly/[ K1, L),

Lemma [2.2.6] implies that the size of
[Ko/[ K1, L], L1 /[ K1, Ln]] = [Ka, La]/[ Ky, Li]

is bounded by a function of |L;/N| < |G/N| and |Ky/K,| < |G/K}|, and thus the
size of [ Ky, L1] is bounded by a function of n(|[ K7, L1]])-

Now repeat the argument with K5 and L, = L; in place of Ky and Lq, and so on.
Since |G/K;||G/Ly| is an n(1)-bounded integer and |G/K,||G/Ls| < |G/K1||G/L4|,
this process must end after an 7(1)-bounded number of steps. When the process ends

we will have normal subgroups K, L < G such that

1. |[K,L]| < M,
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2. with at most n(|[K, L]|)/2 - |G|* exceptions, every pair (z,y) € G* such that
[z,y] € [K, L] is contained in K x L.

But 2 implies that with at most n(|[K, L]|)|G|* exceptions every pair (x,y) € G? such
that [z,y] € [K, L] is contained in both K x L and L x K, and hence in (K n L)%, so
because

[KNnL,KnL]c|K,L]

the conclusion of the theorem is satisfied by H = K n L. m

2.3 Joseph’s conjectures

2.3.1 Approximation by Egyptian fractions

An Egyptian fraction is a series of the form ¢ = 1/ny + -+ - + 1/n,,, where we usually
think of m as small. Define the Egyptian complezity £(q) of ¢ > 0 to be the smallest
m € N for which there exist nq,...,n,, € N such that ¢ = 1/ny +--- + 1/n,,. Our
main technical result is that zero probabilities and commuting probabilities admit

good approximations from below by Egyptian fractions of bounded complexity.

Theorem 2.3.1. For every decreasing function n : N — (0,1) there is some M =
M(n) € N such that every bilinear zero probability Pr(¢) has the form q + €, where
E(q) <M and 0 <e <n(€(q)).

Theorem 2.3.2. For every decreasing function n : N — (0,1) there is some M =
M(n) € N such that every commuting probability Pr(G) has the form q + e, where
E(q) < M and 0 < e < n(€(q)).

We start with Theorem . For an abelian group A we denote by A the group
of characters v : A — S'. Recall the size relation |A| = |A| and the orthogonality

relations

EaEA’Y(a) = 1'y=1a
Eveﬁfy(a) = l4—0.

Lemma 2.3.3. Let A, B, C be finite abelian groups and ¢ : A x B — C' a bilinear
map. Then E(Pr(¢)) < |C.
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Proof. By two applications of orthogonality of characters we have

Pr(¢) = EscaEienly(an)=0
= EueaEwesE 47(¢(a, D))

= EawcnE 21y (6(0,8)=1

1
“EB_. (W'{“ e A:(6(a, B)) = 1}|) .

But for fixed v € C the set {a € A : y(¢(a, B)) = 1} is a subgroup of A, so the above
formula expresses Pr(¢) as a sum of |C| terms of the form 1/n with n a positive

integer. 0

Proof of Theorem[2.3.1. Fix n : N — (0,1) and ¢ : A x B — C. Applying The-
orem [2.2.3] we find some M = M(n) and subgroups A’ < A and B’ < B such
that |¢(A’, B')| < M and such that no more than n(|¢(A’, B')|)|A||B| pairs (a,b) €
(A x B)\(A" x B) satisfy ¢(a,b) = 0. Thus

1

" Az pym] ) e

Pr(¢)

where by the lemma
EPr(daxp)) <|0(A, B)| < M,

and

[{(a,0) € (A x B\(A" x B') : ¢(a,b) = O}
Al B

E =

<n(lo(4', B))
< n(EPr(Paxp)))- —~

The proof of Theorem [2.3.2] is similar, but in order to get a suitable analogue of
Lemma we need the following theorem of P. Hall [Hal56].

Lemma 2.3.4 (Hall’s theorem). In any group G the index of the second centre
Zy(G) ={geG:[g9,G]l = Z(G)}
is bounded by a function of |[G,G]|.

Lemma 2.3.5. Let G be a finite group. Then E(Pr(G)) < |G/Z2(G)| - ||G,G]|. In
particular by Hall’s theorem E(Pr(G)) is bounded by a function of |[G,G]|.
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Proof. Let A be the abelian group [G, G| n Z(G), and let Zs be the second centre of
G. Then by the orthogonality relations we have

Pr(G) = ErecEyeclizy-1
= ErecEyecBicz, 1 [0y2)=1
= EiecEyecEc2,E 3l yagear([2,y2])
= EiecEyecE ez, E 3l year (2, y2]),

since, by (2.1), [z,yz] = [z, z][z,y]* € A if and only if [z,y] € A. Moreover, if
[z,y] € A then [x,yz] = [z, z][z,y], so by orthogonality again we have

Pr(G) = EvecEyecEse, B 4l yiea ([, 2)v([2, y])
= EsecEyecE  41100en (Ezez,v([, 2]) v([, y])
= E:):EGEyGGE,YEAl[z,y]eA17([1,Z2]):17([x7 y])7
since z — [, z] defines a homomorphism Zy — A. For fixed y € G, v € ﬁ, let

Gy = o€ G [2,5] € A ([, Zo]) = 1},

Then, again by (2.1), G, ., is a subgroup of G and x — [z, y] defines a homomorphism

Gy, — A, s0
1
Pr(G) = EyEGEyeﬁmlﬂ[Gymy]):l'
Y,y

Finally, the integrand here depends on y only through yZ,, so we can replace the
expectation over y € G by an expectation over yZs € G/Zs, so

E(Pr(Q)) < |G/ Zy] - |A| < |G/ Zo| - ||G, Gl O

Proof of Theorem[2.3.2, Fixn: N — (0,1) and G. By the lemma we can find another
decreasing function ' : N — (0, 1) such that

7 (I[G, G1I) < n(E(Pr(G)))

for all finite groups G. Applying Theorem with 7/, we find some M = M (n) and a
subgroup H < G such that |[H, H]| < M and such that no more than »'(|[H, H]|)|G/|?
pairs (z,y) € G*\H? satisfy [z,y] = 1. Thus

1

Pr(G) = G/H Pr

(H) + e,
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where by the lemma E(Pr(H)) is bounded by a function of |[H, H|| < M, and

o Hy) e G : [z,y] = 1
G2

<7'(|[H, H]I)
< n(&(Pr(H)))

by the choice of 7' O

2.3.2 Deduction of Joseph’s conjectures
The following lemma is well known.

Lemma 2.3.6. For every x > 0 and m € N the supremum of the set of ¢ < x such

that £(q) < m is strictly less than x.

Proof. Suppose for contradiction that ny;, ..., n,,; are m sequences of positive integers
such that for all ¢

and
1/”11‘ + -+ 1/7’LmZ — Z.
After rearranging and passing to a subsequence we may assume ny; = N, ..., Ny = Nk
are constants while 7441, ...,nm,; — 00. But then
1/n12++1/nm1—>1/n1++1/nk <z,
a contradiction. O

Proof of Theorem[2.1.9, Let x > 0 be alimit point of P = {Pr(G) : G a finite group}.
We will prove that z is rational, and that if p, — x then p, > x for all but finitely
many 7.

For m € N let

Q(m,z) =sup{qg <z : E(q) < m}
and define
Ne(m) = (z — Q(m,x))/2.
By the lemma 7, (m) > 0 for every m, so by Theorem there is some M = M (n,)
such that every p € P has the form g + &, where £(¢) < M and 0 < & < 1,(E(q)).

Fix some such p = ¢ + € and suppose ¢ < x. Then
e <n(€(q) < (x—1q)/2,
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p=q+e<(q+2)/2<(Q(Mx)+2)2=1—n,(M),

so p is bounded away from x. Thus if p,, = ¢, +¢&,, — x then we must have p, > ¢, > x
for all but finitely many n. In particular g, — x, but the set of Egyptian fractions of

complexity at most M is closed, so this implies £(z) < M, so x € Q. ]

Theorem is proved in exactly the same way.

2.4 The order type of P

Having shown in previous sections that P is well ordered by >, our goal in this section
is to show that P has order type either w® or w*”. The proof consists of two parts:
first, the mere fact that P is a semigroup forces its order type to have the form w”

for some [3; second, we can extract from the proof of Theorem a bound of w*”.

2.4.1 Consequences of the semigroup property

First we need a standard definition. For X a closed subset of [0, 1] let X’ < X be the

set of limit points of X. Iterating this operation, define X for ordinals « as follows:

X0 = X,

Xa+1 _ (Xa)/7

X% = ﬂ X? if « is a limit ordinal.
B<a

If X is countable then there is a unique countable ordinal « for which X is finite
and nonempty; we call a the Cantor-Bendixson rank of X. If X happens to be well
ordered by > then its order type is at most w® + 1, and if X* = {0} and a > 0
then in fact the order type of X is exactly w®* 4+ 1. (For a detailed introduction to
Cantor—Bendixson rank see Dasgupta [Das14, Chapter 16].)

Lemma 2.4.1. Let X be a countably infinite closed subset of [0,1] closed under
multiplication, and let o be the Cantor-Bendizson rank of X. Then X® = {0} and

a =W for some ordinal B.

Proof. By induction on ~ if x € X7 and y € X and y > 0 then

xye X7.
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Hence by induction on § if x € X7 and x > 0 and y € X° and y > 0 then
zy e X0,
Suppose x € X7 and z > 0. Fix y € X n (0,1). Then for all n we have
xy" e X7,

and xy"™ — 0, so
0e X7t

Hence we must have X = {0}.
Now suppose v < «a. Since 0 € X* < X7*! there must be some x € X7 n (0,1).

But then for all n we have

e X7
SO

0e X7,
We deduce that

a = sup(y - w).
y<a

Let w? be the largest power of w such that w” < a. If w” < a then

a=sup(y-w) =W w=wt
y<a
a contradiction, so we must have o = w?. O

Let P be the closure of P in [0, 1]. By the formula
Pr(G' x H) = Pr(G) Pr(H)

we know that P, and hence P, is closed under multiplication, so if a is the Cantor—
Bendixson rank of P then the lemma and the previous discussion imply that P has
order type w® + 1 and that o = w” for some 8. It follows that P has order type

«

w® = w*’. Since for instance 1/2 € P’ we know that 8 > 0. Next we will prove that

a < w?, which then implies 8 € {1, 2}.
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2.4.2 The bound w? for the Cantor—Bendixson rank

For n e N let &, = {q: £E(¢) < n} be the set of Egyptian fractions of complexity at

most n. The following lemma follows from the proof of Theorem [2.1.2

Lemma 2.4.2. For every g9 > 0 there exist k € N and a function m : (0,1] - N
such that for all €1, ..., > 0 the set

k—1

P 0,20 0 () Emeeny + [0, £041])°

i=0
18 finite.

Proof. Define n,(m) = (x—Q(m, x))/2 as in the proof of Theorem[2.1.2, By inspecting
the proofs of Theorem and Theorem [2.2.7], we see that if x > ¢y the constant

M = M(n,) can be taken to be the result of iterating some function

t > b(na(h(t)))
some n(gg) times starting with n(ey), where
e b:(0,1] — N is a decreasing function (from Baer’s theorem, Lemma [2.2.6)),
e h:N — N is an increasing function (from Hall’s theorem, Lemma [2.3.4)),

en : (0,1] - N is a decreasing function (from Neumann’s theorem, Theo-
Let k = n(ep) + 1 and m(e) = max(h(b(e)), h(n(sp))), and suppose

k—1

vePn0,20]° A () (Emee + [0, €141])° (2.2)

i=0
Define the sequence tg, t1,...,t; by

to = n(ao),

Then inductively

h(t;) < m(),
ne(h(t:)) = €
tiv1 < b(git1),

h(tiv1) < m(eiv1)

A\

\Y

i+1
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for all 7 in the range 0 <i < k — 1, so

e (M) = 12 (te-1) = 0a(A(tr-1)) = &3
But from the proof of Theorem we know that
(& =ne(M),2) 0P = &,
so there can be at most 1/e;, elements z in the set (2.2), and the lemma follows. [

Proof of Theorem |2.1.4. From the discussion in the previous subsection it suffices to

prove that o < w?. By the lemma we have

k—1

P 0,20] U | JEmey +[0,ci]) U F

i=0
for some finite set F'. From the rule (X v Y) = X' U Y’ we have

O 50 U m(e;) O 52+1]>

But since this holds for all £, > 0 we have

—/

P < [0,80] U | J(Eme + [0, €i41]) U Emey)-

Now using &, = &,-1 and the rule (X v Y) = X’ U Y’ again we have

§1+m(€k—1) () 50 U m(e:) 0 51+1])
In particular
- k—2
P < [0,80] U | J(Emeey + [0, €i41))-
i=0

Repeating this argument another k£ — 1 times, we have

k—3
w-2

7_3 T c [0750] v U(gm(gi) + [Oa5i+1]);

=0

—w-(k—
P < [0,80) U (Emien) + [0,21]),
w-k

7_3 C [0,80].
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Thus
_w2
P c [0, EQ]

for all g > 0, so
— 2
P < {0},

as claimed. O

The same argument applies unchanged in the case of P,,.

2.5 Ultrafinite groups (optional)

Throughout the proof of Joseph’s conjectures we needed to quantify dependencies
in terms of an arbitrary decreasing function n, which ultimately we took to describe
the quality of under-approximations by Egyptian fractions. Consequently the proof
requires pretty careful epsilon management. Alternatively we could use ultrafilters to
give a cleaner proof, as we explain in this optional section. We did not do so above
for two reasons: first, many readers are uninterested in ultrafilters; second, we need
the finitary proof in order to effectively bound the order type of P.

For all the necessary background on ultrafinite groups and Loeb measure refer
to Appendix [2.A] See in particular Theorem for a version of Fubini’s theorem
adapted to Loeb measure: we will use it throughout this section without special
reference.

Given a group G, the FC-center of GG is the subgroup of all g € G having only

finitely many conjugates.

Theorem 2.5.1 (Neumann’s theorem, ultrafinitary version). Let G be an ultrafinite
group such that st Pr(G) > 0. Let F be the FC-center of G. Then F' is a finite-index
internal subgroup such that [F, F] is finite.

Proof. Let X,, € G be the set of all € G with at most n conjugates. Since

st Pr(C) — Jst(1/|xG|) du(x) < p(X,) + 1/n,

we see that X, has positive measure for large enough n, and thus the group F,
generated by X,, has finite index. Since (F},) is therefore an increasing sequence of
(eventually) finite-index subgroups, it must terminate with some subgroup F', which
must be the FC-center. Moreover, by Lemma we have

Fy= X' < X,
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for r = [6p(X,,) 7], so in fact F' = X,, for some n. Thus F is internal, and B. Neu-
mann’s theorem (Theorem [2.2.4]) implies that [F, F] is finite. O

The proof of the next lemma is exactly that of Lemma [2.3.5; the ultrafinitary
perspective adds little here.

Lemma 2.5.2. Let G be an ultrafinite group such that |G, G] is finite. Then Pr(G)
has the form

(standard rational) + (nonnegative infinitesimal).

Sketch. As in the proof of Lemma [2.3.5] we have

PI'(G) = ExeGEyeGl[:c,y]:l

1

= EyEG/Z2Eyeﬁ |G/Gy,'y| 1’7([Gyﬁvy]):1’

where Z, is the second centre of G, A = [G,G]| n Z(G), and G, is the subgroup
of all x € G such that [z,y] € A and ([z, Z3]) = 1. Since A is finite, and Z, has
finite index by Hall’s theorem (Lemma [2.3.4)), we have expressed Pr(G) in the desired

form. O

Now let G,, be a sequence of finite groups, let p € SN\N, and let G be the

ultrafinite group [ [, _, G,. Let F be the FC-center of G. Then

2% ({(l’,y) € G2\F2 : [CC?y] = 1}) < 2/~LG2 ({({L‘,y) € G2 T ¢ F, [l’,y] = 1})
—2[ st/ duo)
G\F

= 0.

Thus if st Pr(G) > 0, Theorem implies that

1

Pr(G) = G/FE Pr

(F) + e,

where ¢ is nonnegative and infinitesimal. It now follows from Lemma that Pr(G)
has the form

(standard rational) + (nonnegative infinitesimal).

But this is nothing more than a neat restatement of J1 and J2.
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2.6 Compact groups

It is natural to extend the definition of commuting probability to infinite compact

groups (G, each of which is endowed with its unique normalized Haar measure pg.
Thus we define

Pr(G) = pee ({(z,y) € G* : ay = ya}) .
The thesis of this section however is that this is not actually that interesting, because
if Pr(G) > 0 then the structure of G is harshly restricted.

Let us hasten to add that this is quite distinct from our consideration in Section [2.5]
of the commuting probability of ultrafinite groups: there ultrafinite groups served
merely as a logical tool for epsilon management while we were still effectively studying
finite groups; here the compact group G is intrinsically infinite. There are strong
parallels, however, as we will see.

The structure of compact groups of positive commuting probability is determined
by following theorem of Hofmann and Russo [HR12|, which extends earlier work of
Lévai and Pyber |[LP00] in the profinite case. We give a much simpler proof, very
similar to that of Theorem 2.5.11

As in Section [2.5| we define the FC-center of a group G to be the subgroup F(G)

of all elements g € G with finitely many conjugates.

Theorem 2.6.1 (Hofmann-Russo [HR12|). Let G be a compact group such that
Pr(G) > 0. Let F be the FC-center of G. Then F is a finite-index open subgroup
such that [F, F| is finite. Moreover, Z(F') is a finite-index open subgroup of F.

Proof. Let X,, € G be the set of all x € G with at most n conjugates. Then X, is
closed, since any element x with at least n + 1 distinct conjugates z% has a neigh-

bourhood U such that for all uw € U the points u% are distinct. Since

Pi(G) = f 1129 dpg() < pe(Xa) + 1,

we see that X, has positive measure for large enough n, and thus the group F,
generated by X,, has finite index. Since (F},) is therefore an increasing sequence of
(eventually) finite-index subgroups, it must terminate with some subgroup F', which
must be the FC-center. Moreover, by Lemma we have

Fn :XZCX’I”LT

for r = |6u(X,,) "], so in fact F' = X,, for some n. Thus F is closed and finite-index,
hence open, and B. Neumann’s theorem (Theorem [2.2.4) implies that [F, F'] is finite.
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In particular in its own right F' is a compact group such that [F, F'] is finite. Since
the commutator map [,] : F' x F' — [F, F] is then a continuous map to a discrete
set satisfying [F, 1] = 1 there must be a neighbourhood U of 1 such that [F,U] = 1.
This implies that Z(F') is open, hence of finite-index in F. ]

As a corollary we can prove that for every compact group G such that Pr(G) > 0
there is a finite group H such that Pr(G) = Pr(H). We need a simple lemma first.

Lemma 2.6.2. For every n € N there is a finite group K, such that Pr(K,) = 1/n.

Proof. We need one calculation: If n is odd, then in the dihedral group D,, there are
precisely 1 +1+ (n—1)/2 = (n+ 3)/2 conjugacy classes: one for the identity, one for
the set of reflections, and one for each pair of mutually inverse rotations. Thus

Pr(D,) — number of conjugacy classes _n+t 3'
| Dy 4n

Now we define the groups K, inductively. Put K; = 1 and Ky = D3. If n > 2

is even then put K, = Ky x Ky ;5. If n =4k +1 > 2 then put K,, = K11 x D,. If

n =4k + 3 > 2 then put K,, = K1 x D3,. O

Corollary 2.6.3. For every compact group G such that Pr(G) > 0 there is a finite
group H such that Pr(G) = Pr(H).

Proof. Suppose Pr(G) > 0. Then by Theorem the FC-center F' of G is a finite-
index open subgroup of G, [F, F] is finite, and Z(F) is a finite-index open subgroup

of F'. Moreover since
ez ({(x,y) € G\F? : [z,y] = 1}) < 2ue2 ({(z,9) e G* 1w ¢ F,[x,y] = 1})
—2[ 1/l duola)
G\F
=0,

we have
1

" IG/FE

Now a theorem of Hall [Hal40| asserts that F' is isoclinic to a group E satis-
tying Z(E) < [E, E], i.e., there exist isomorphisms f : F/Z(F) — E/Z(F) and
g:|F, F] — [E, E] making the diagram

Pr(G) (F).

F/Z(F) x F/Z(F) — [F, F]

| |s

E/Z(E) x E/Z(E) — . [B, B]
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commute. But since E/Z(E) = F/Z(F) and [E, E| = [F, F] are finite and Z(F) <
[E, E], it follows that E is a finite group, and the above diagram implies that Pr(F) =
Pr(E). Thus it suffices to take

H = K|G/F|2 x K. O

The corollary can be compared with Joseph’s third conjecture (which is still open),
which can be stated as follows: For every ultrafinite group G such that st Pr(G) > 0
there is a finite group H such that st Pr(G) = Pr(H).

2.7 Nilpotency degree

The s-step nilpotency degree of a finite group G is the quantity

1
dS(G) = W‘{(mb . ,st) S Gs+1 . [331, e ,.CL’SJrl] = 1}|,
where we inductively define [z, ..., 2541 = [[®1,...,2s], Zs+1]. In this notation the

commuting probability Pr(G) is the same as the 1-step nilpotency degree d;(G).
Motivated by Neumann’s theorem, it is natural and tempting to ask whether every
group G such that dy(G) is bounded away from zero has a large s-step nilpotent
section. We show that this need not be the case for s = 2: we will give an example
of a group G with 2-step nilpotency degree at least 1/4 and no large 2-step nilpotent
section. We do not know whether G' must at least have a large 3-step nilpotent
section.

Fix a prime p (take p = 2 to get 1/4 as claimed above) and let F,, 5, be the group

with generators

o (1 <i<n),
Bij (I<j<i<n),
and relators
[Oéi,Oéj] :511 (1 <] <Z<n)7
[Bis, ] = Yiji (I<j<i<mnj<ks<n),
Vijks | =1 1<j<i<nj<k<n1<Il<n),
J
of =Bl =t =1 (all valid 4, j, k).
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Every element of F}, 3, has a unique representation of the form

| O

1<ign 1<j<isn 1<j<igsn
J<k<n
where each e;, e;;, ;55 € {0,1,...,p — 1} and the factors in the products are taken in

some fixed but arbitrary order. For more details on this standard material see M.
Hall [Hal59].
Our group G = G,,, is a quotient of F}, 3, by a certain central subgroup. Specifi-

cally, to the generators above we add

i (1<i<n)
and to the relators we add
Yijk = 1 (I<j<i<nj<k<nk¢{ji}),
Yiji = Vi (I<j<is<n),
Yigi =V (I<j<i<n).

Every element of G has a unique representation of the form
€ij e,
[Ter IT 87 11
1<i<n 1<j<isn 1<i<n

where as before each e;,e;;,€; € {0,1,...,p — 1} and the factors are taken in some
fixed but arbitrary order. The order of G = Z3(G) = {a;) is p2”+(g), the order of
['2(GQ) = Z2(G) = (Bi;) is p’”(S), and the order of I's(G) = Z(G) = {(v;) is p".

From the relations defining G it follows that

[, gy ] = 475 (alld, j, k),

where d,, is defined as 1 if a = b and 0 otherwise. Thus by trilinearity of the triple

commutator every triple commutator in G has the form

[Ha Hoz Hozgl] H eilf-g)=fileq), (2.3)

In particular if e and f are fixed then the above triple commutator is trivial provided
fg=e-g=0,s0dy(G) = 1/p*

Since I'3(G) =~ F) is large, plainly G has no large 2-step nilpotent quotient. More-
over if H < G has bounded-index then its image HI'5/T's under the abelianization
map is a bounded-codimension subspace of G/I'y =~ F? »» S0 from one can see
that I'3(H) is a bounded-codimension subspace of I';(G) = F}, (fix f and g such that

f - g # 0 and consider varying e), so H also has no large 2-step nilpotent quotient.
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2.A Appendix: A crash course on ultraproducts
and Loeb measure

For the convenience of the reader we provide here a rapid introduction to ultraprod-
ucts and Loeb measure. See also Bergelson and Tao [BT14] Section 2] for similar

coverage.

2.A.1 What is SN?

A filter p on N is a collection of subsets of N with the following properties:
1. Nepand & ¢ p;

2. if Ae pand A c B then B € p;

3.if A,Bepthen An Bep.
An wltrafilter is a maximal filter. Equivalently we could add the fourth condition
4. for every A < N either A € p or A° € p.

There are many ultrafilters. For example for any € IN one could take the ultrafilter
p. such that A € p, if and only if z € A: these are the principal ultrafilters. More
interestingly, by Zorn’s lemma there is at least one ultrafilter extending the the filter
of cofinite sets. In fact by an easy exercise every nonprincipal ultrafilter extends the
filter of cofinite sets.

We often use the notation SN to denote the set of ultrafilters on N, in which case
we think of N as a subset of SN by mapping each x € N to the corresponding principal
ultrafilter p,. The set SN\N therefore denotes the set of nonprincipal ultrafilters.
We call SN the Stone-Cech compactification of N; it carries a natural topology, as
well as a semicontinuous semigroup structure, neither of which need concern us here.

Given p € SN\N and some event E(x) depending on x € N, we say that E(x)
holds “for p-almost-all z” if {x : E(x)} € p. We might also write ¥,z : E(x). It follows

from the properties of ultrafilters that for arbitrary events E and F' we have
Vpr : (E(x) () < (Vpz: E(x)
Vpr : (E(x) () <= (Vpx: E(x)) v
—Vyr: E(r) < Y,x: (—E(x)).

A (Ve - F()),

ANF
v F (Vpz : F(2)),

~—  —

This “logical Freshman’s dream” is one of the reasons ultrafilters are so useful for
quantification and epsilon management. Note also that if p is nonprincipal then if

Vpx : E(z) then in particular E(z) holds for infinitely many x.
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2.A.2 Ultraproducts and the nonstandard reals

Fix from now on some particular p € SIN\N. Given a sequence of structures (X,)
X, is defined to be the set of all

sequences (x,) € [ [ X,, modulo p-almost-everywhere equality. Thus (z,) = (y,) in

(sets, groups, fields, ...), the wltraproduct ]_[n_,p
[1,., X, if and only if {n : x, = y,} € p.

For example suppose we take X, to be the field of real numbers R. Then the
ultralimit *R =[], _,,
indeed a field, where we define (z,,) + (yn) = (xn + yn) and (x,)(yn) = (Tpyn). It

R is called the field of hyperreals or nonstandard reals. 1t is

follows from the properties of ultrafilters that these operations are well defined and
that the field axioms are satisfied. For example, suppose (x,) # 0. Then if we define
Yo = ' whenever z,, # 0 and, say, y, = 1 otherwise, then indeed z,y, = 1 for
p-almost-all n, so (x,) has multiplicative inverse (y,).

In general operations tend to extend in an obvious way to the ultraproduct. More-

over a first-order property is true in [[ _ X, if and only if it is true in X, for

p-almost-all n. The buzzword for this phencfmenon is “Los’s theorem”.

The reals embed naturally into the nonstandard reals via the diagonal embedding
r — (r). We will abuse notation and denote (r) simply by r. The nonstandard reals
are much bigger than this though: there are positive nonstandard reals (exercise:
define positive) smaller than every positive standard real, e.g., the nonstandard real
(1/n), and there are likewise nonstandard reals larger than every standard real, e.g.,
the nonstandard real (n). We call x = (z,,) € *R bounded if |z| < M for some M € R,
equivalently if |z,| < M for p-almost-all n. In this case we can define the standard
part stz of x as the supremum of all » € R such that » < x. Thus stz is a real
number such that |z — st x| is smaller than every positive real (i.e., such that z — stz
is infinitesimal).

Commonly we consider an ultralimit G = []__ G, of groups G,,. The group

n—p
operation extends naturally to (G, just as the field operations of R extended naturally
to *R. The properties of G = [ |

the sequence of groups (G,,). For example, G has an element of finite order p if and

G, tend to reflect the asymptotic properties of

n—p

only if GG,, has such an element for p-almost-all n. If each group G, is finite, then we

call G an ultrafinite group.

2.A.3 Loeb measure

X, A
subset S of X is called internal if it is defined by subsets S,, € X, in the same way

Given a sequence of countable sets X,,, consider the ultraproduct X = Hn_,p
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as X, namely if (s,) € S if and only if s, € S, for p-almost-all n; in this case we
write S = Hn_,p S,. The colletion of internal subsets is a ring, and the o-algebra
they generate is called the Loeb o-algebra Lx.

Now suppose for each n that we have some measure pu,, defined on the set of all
subsets of X,,. Then (u,) defines a function on the internal subsets of X by mapping
S =11,., Sn to the hyperreal (11,(Sy)). We define a new function x on the internal

sets by taking standard parts:

It turns out that p defines a premeasure.
Lemma 2.A.1. The function p is a premeasure on the ring of internal sets.

Proof. Finite additivity is easy to verify, as

OI&>UOT%)_fU%U&y

n—p n—p n—p

We thus need only check that

p(S) = lim p(S™)

m—00

whenever S' < S? — .- is a sequence of internal sets whose union S is also inter-
nal (we use superscripts to distinguish from the standard components S,,). We will
accomplish this by surprisingly trivial means: we claim that under these hypotheses
in fact S = 9™ for some m. (The buzzword for this type of argument is “countable
saturation”.)

Write S =11,

ing S™ with S} U --- U S™ for each m and n if necessary, we may assume that

S, and S™ =[], ., S™, and suppose S = J-_, S™. By replac-

n—p-n’

Slesic...
for each n. For each n, write m,, for the largest index such that
Sn ¢ S,

or 0 if none exists, or n if there is no largest. If m,, = 0 for p-almost-all n then S = S*

and we’re done. Otherwise for p-almost-all n pick

T, € S, \ S
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and let * = (z,). Then clearly z € S = |J_, S™, so x € S™ for some m, so for
p-almost-all n we have x € S)"'. Since x,, ¢ S)'" this implies m,, < m for p-almost-all
n. Thus by definition of m,, for p-almost-all n we have S,, < S;", whence we deduce

that S = S™. O

It follows by usual measure theory that p extends to a countably additive measure
on Lx. We call p the Loeb measure, and the space (X, Lx,u) the Loeb space. 1t is
something of a paradox that the even though the above proof is so trivial the resulting
measure f is still so interesting.

Actually it was not important for the sets X,, to be countable, and we coud have
started each X,, with its own o-algebra 3.,, and let p,, be a measure on ¥,,. Of course
we would then only consider the o-algebra generated by ultraproducts of measurable
sets. We could even allow X, to be only an algebra and p,, only finitely additive, and

the resulting Loeb space would still be a bona fide measure space.

2.A.4 Fubini’s theorem

It is a sad fact of life that, given Loeb spaces (X, Lx,uyx) and (Y, Ly, py), based
on ultraproducts of countable sets as above, the product Lx x Ly of the two Loeb
o-algebras is not the same as the Loeb o-algebra Lx.y of the product: the latter,

being generated by the internal subsets of

XxY =]]XnxYa,
n—p
is much larger. This is potentially annoying because the traditional form of Fubini’s
theorem only applies to functions which are £ x x Ly-measurable, whereas functions on
X xY that we want to apply Fubini’s theorem to are typically only £x«y-measurable.
Fortunately, however, we can prove a version of Fubini’s theorem for functions which

are only Lxy-measurable.

Theorem 2.A.2 (Fubini’s theorem for Loeb measure). Fixz Loeb spaces (X, Lx, j1x)
and (Y, Ly, py). If f: X xY — R is a nonnegative Lxy-measurable function,
then for all x € X the function y — f(z,y) is Ly-measurable, the function x +—

§y f(z,y) duy (y) is Lx-measurable, and

JXnydMXxY = JX fy f(x,y) duy (y) dpx (). (2.4)
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In general if f € L'(uxxy) then for almost all x € X the function y — f(z,y) is in
LY(uy), the function defined almost everywhere by x — § f(x,y) duy (y) is in L' (ux),
and again holds.

The same result holds of course with the roles of X andY reversed, so implies
that

Jffxyduy ) dpix (@ fffxydux ) dpy (y)

if f1s Lxxy-measurable and either nonnegative or integrable.

Again, the advantage here over the usual form of Fubini’s theorem is that we
only assume that f is Ly«y-measurable, which is much weaker than assuming f is

Lx x Ly-measurable.

Sketch. As in the proof of the usual form of Fubini’s theorem, modulo a few appli-
cations of the monotone convergence theorem it suffices to check the theorem when
f is the indicator of some ) € Lx«y. Moreover, modulo an application of the mono-
tone class theorem (or the 7-A theorem) we may assume that @) is internal, say
Q = lim,,_,, @, where Q,, = X,, x Y,, for each n. Now we appeal to the trivial form
of Fubini’s theorem on X,, x Y,,. See [BT14, Theorem 19] for more details. O

If X,, and Y,, are not necessarily countable but instead start life as measurable
spaces in their own rights then result still holds: at the end of the proof above we
would just appeal to the usual form of Fubini’s theorem on X, x Y,,. If on the other
hand py, and py, are only finitely additive then the theorem need not hold.

The fundamental reason we need the above theorem is that the group operation
(z,y) — ay™
measurable. See Tserunyan [T'sel4] for further discussion about this, and a general

on an ultrafinite group G is not L4 x Lg-measurable, but only Lg2-

definition of groups obeying such a rule.
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Chapter 3

Fixed sets of permutations

ABSTRACT. We consider two related problems about permutations.

First, we count the number of permutations having a fixed set of size k,
or in other words failing to induce a derangement in the action on k-sets.
Let i(n, k) be the proportion of such permutations in S,. By adapting
arguments of Ford in connection with the multiplication table problem
from analytic number theory, we prove that i(n, k) = k=°(1 + log k)~%/?
uniformly for 1 < k < n/2, where § = 1 — %. As an application
we show that the proportion of m € §,, contained in a transitive subgroup

—d+o(1)

not containing A,, is at least n if n is even, partially answering a

question of Cameron.

Second, we consider invariable generation in S,,. Following Dixon, we say

that permutations mq,...,m. € S, tnvariably generate S, if, no matter

/

how one chooses conjugates 71,..., 7. of these permutations, 7y,..., .

generate S,,. We show that if 7y, 7o, m3 are chosen uniformly at random
from §,, then, with probability tending to 1 as n — o0, m,m, T3 do
not invariably generate S,,, because they have fixed sets of a common
size. By contrast it was shown recently by Pemantle, Peres and Rivin
that four random elements do invariably generate S,, with probability
bounded away from zero. We include a proof of this statement which,
while sharing many features with their argument, is short and completely

combinatorial.

This chapter combines the papers [EFG15b| and [EFG15a], both of which

are joint work with Kevin Ford and Ben Green.
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3.1 Introduction

In this chapter we are concerned with two related problems about fixed sets of random
permutations 7 € §,,. First, given an integer k in the range 1 < k < n, what is the
probability i(n, k) that 7 has a fixed set of size k? Second, given a few (three or four,
to be precise) random permutations 7, ..., 7, € S,, what is the probability that for
some k in the range 0 < k < n each of 7y,...,m. has a fixed set of size k?

Both these questions are much less about group theory than they may appear to
be at first glance, because they both depend just on the set of cycle lengths of 7, the
distribution of which we understand well. Let ¢; = ¢;(7) be the number of cycles of

length j in 7, let ¢ = (¢q,...,¢,), and let

Z(c) = {ijj : 0 < x; < ¢j for each j} )
j=1

Then the first question above concerns i(n,k) = P(k € Z(c)), while the second
question concerns £ (cM) n - n.Z(c), where ¢V, ... ¢ are independent copies
of c.

Now it is well known that ¢;(7) is approximately Poisson with parameter 1/j,
independently of other values of j. In particular we have the following lemma, which

is fundamental for this chapter. See for example Arratia and Tavaré [AT92].

Lemma 3.1.1. Let X = (X1, Xs,...) be a sequence of independent Poisson random
variables, where X; has parameter 1/j. If ¢; = c¢;(m) is the number of cycles of length
7 in a random permutation m € S,,, then if k is fixed and n — oo the distribution of
(c1,...,c) converges to that of Xy = (X1,..., Xk).

Thus at least in the limit n — oo we are effectively just asking questions about
the random sumset .Z(X), as well as its self-intersections .Z(XM) n ... n Z(X").
Thus these questions have much more of an additive-combinatorial flavour than a

group-theoretic flavour.

3.1.1 Permutations fixing a k-set

As explained already we have i(n, k) = P(k € Z(c)), where c is the cycle type of a
random permutation, and in particular by Lemma we have

lim i(n, k) = P(k € Z(Xy));

n—o0
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in particular the limit exists for all k. This makes it easy to compute lim,,_, i(n, k)
for small values of k. For example we have the well known result that

limi(n,1) =P(X; >1)=1-¢",

n—ao0

as well as the less well known result that

lim i(n,2) =1 -P(X; =X, =0)—P(X; =1, X5 = 0) = 1 — 2¢7/2

n—00

and so on.
The behaviour of i(n, k) as k grows, however, is much less clear. In fact, somewhat
surprisingly even the behaviour of lim,,_,., 7(n, k) as a function of k£ has only recently

been at all well understood. The timeline is roughly as follows.

1. Dixon [Dix92| defined i(n, k) while studying invariable generation and proved

i(n, k) « exp(—c(log k)*(logn)~') for some constant ¢ > 0.

2. The upper bound i(n, k) « k7% (1 < k < n/2) was proved by Luczak and
Pyber |[LP93|. (These authors did not make any special effort to optimize the
exponent 0.01, but their method does not lead to a sharp bound.)

3. The asymptotic lower bound lim,, ,, i(n, k) » k~'logk is contained in a paper
of Diaconis, Fulman, and Guralnick [DFGOS].

4. Recently, Pemantle, Peres, and Rivin [PPR14, Theorem 1.7] established the
asymptotic estimate
lim i(n, k) = k=0T,

n—0o0

where
1 + loglog 2

0=1
log 2

= 0.08607....

In this chapter we will prove the following estimate, which establishes the order of

i(n, k) up to constant factors uniformly for all n and k.
Theorem 3.1.2. i(n, k) = k~%(log k)2 uniformly for 2 < k < n/2.

Here and throughout this chapter we use the analytic-number-theoretic notation
X « Y to mean that X < CY for some constant C' > 0, and similarly the notation
X =Y to mean that ;Y < X < Y for some constants ¢, ¢y, i.e., X « Y and
X » Y. We also use O(+) and o(-) notation as usual.

Theorem has implications for a conjecture of Cameron related to random

generation of the symmetric group. Cameron conjectured that the proportion of

72



m € S, contained in a transitive subgroup not containing A,, tends to zero: this was
proved by Luczak and Pyber [LP93] using their bound i(n, k) « k=%, Cameron
further guessed that this proportion might decay as fast as n~%?*°() (see [LP93,
Section 5]). However, Theorem has the following corollary.

Corollary 3.1.3. Suppose that n > 2 is even. Then the proportion of m € S,, con-

tained in a transitive subgroup not containing A, is » n~°(logn) /2.

Proof. By Theorem the proportion of 7 € S, fixing a set B; of size n/2 is

= n"°(logn)~%2. Such a permutation 7 must also fix the set By = {1,...,n}\Bi, and
thus preserve the partition {Bj, Bo} of {1,...,n}. Since |B;| = |Bs|, the set of all 7
preserving this partition is a transitive subgroup not containing A,,. O

A matching upper bound O(n~%(logn)~%?) holds in Corollary , and in fact
for odd n there is an upper bound of the form O(n™) for some ¢’ > §. This will be
proved in a future paper |[EFK16|.

As we explained already our method is founded on the equality

lim i(n, k) = P(k e Z(Xy)).

n—o0

Our theorem, however, asserts a uniform estimate for i(n, k). Thus what we really

need is an approximate analogue of the above identity which asserts that
i(n, k) =Pk e Z(Xy))

uniformly for £ < n/2. Instead of directly estimating the probability of &k lying in
Z(X}), however, it will be more convenient to apply a kind of local-to-global principle
to reduce the problem to studying the size of £ (X}). To see roughly how this works,
note that with significant probability there is some such j with j > k/10, in which
case at least half of the sums 1 + 229 + - - - + kxy, will be at least k/10 (those with
x; > 0). At the same time it is reasonably likely that all all elements of £ (X},) are

at most 10k. Assuming this heuristic is reasonable, we should expect that
. 1
This estimate the topic of Section |3.3] in which we establish the following proposition.

Proposition 3.1.4. i(n, k) = 1E|.Z(X})| uniformly for 1 <k < n/2.

73



Our main theorem follows immediately from this and the next proposition, whose
proof occupies Sections [3.4] and [3.5] We emphasize that we are now working just
with the sequence Xy = (X1, Xo, ..., X}) of genuinely independent random variables,

which is independent of n.
Proposition 3.1.5. E|.Z(X},)| = k' ?(log k)2 for k = 2.
To briefly explain the origin of the exponent 9, first observe the simple inequality

|2(Xy)| < min (205 14 X 42X + -+ kX)) (3.1)

Assume this is close to being sharp with reasonably high probability, and condition
onY = X; + .-+ Xj. Following our earlier heuristic, the second term on the right
side of is = k most of the time, and so there is a change of behaviour around
Y =log, k+O(1). Since Y is Poisson with parameter log k+ O(1), a short calculation
demonstrates that

Emin(2Y, k) = k' (log k) V2.

We err in the logarithmic term because (3.1]) is only sharp with probability about
1/logk, a fact related to order statistics.

Let us finally mention two open questions.

Question 3.1.6. Is there some constant C' such that as k — o0 we have

lim i(n, k) ~ Ck~°(log k)~*/2?

n—o0

It would be surprising if this were not the case, but establishing it seems to require

a significantly more involved analysis.
Question 3.1.7. Is lim,_,» i(n, k) monotonically decreasing in k7

Data collected by Britnell and Wildon [BW15] shows that this is so at least as
far as £ = 30, and of course a positive answer is plausible just from the fact that

lim, o i(n, k) — 0 as k — oo.

3.1.2 Invariable generation

Permutations 7y, ..., m, are said to have a property P invariably if «,..., 7. have
property P whenever 7} is conjugate to m; for each i. Thus m,...,m. invariably
generate S, if m, ... m. generate S,, whenever 7 is conjugate to m; for each 7.
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By a theorem of Dixon [Dix69], if m,7m € S, are chosen uniformly at random
then, with high probability (i.e., with probability tending to 1 as n — o), the group
they generate is either S,, or A,,. Thus

P(<7T1,7T2> = Sn) —> 3/4,
P((m,m) = A,) — 1/4,

as n — o0. But what about invariable generation? We cannot expect such a strong
result, because given any constant r, with probability i(n,1)” ~ (1 — 1/e)" each of
7, ..., has a fixed point, thus they have conjugates having the same fixed point,
and thus they do not invariably generate. However it is reasonable to ask the following

question.

Question 3.1.8. Does there exist a constant r such that 7y, ..., m, invariably gener-

ate with probability bounded away from zero?

There is strong motivation for this question coming from computational Ga-
lois theory, and consequently the question has been studied by several different au-
thors [Mus78; Dix92; LP93; DS00; KZ12; PPR14]. To briefly explain this connection,
suppose we are given a polynomial f € Z[z] of degree n with no repeated factors.
Information about the Galois group can be gained by reducing f modulo random
primes p and factorizing the reduced polynomial f over Z/pZ. By classical Galois
theory, if f has irreducible factors of degrees ny,...,n, then the Galois group G of f
over Q has an element with cycle lengths nq, ..., n,. Moreover by Frobenius’s density
theorem, if G = §,, then the frequency with which a given cycle type arises is equal
to the proportion of elements in S,, with that cycle type. Thus if we suspect that
G = &, then the number of times we expect to have to iterate this procedure before
being able to deduce that G = §,, is controlled by the expected number of random
elements required to invariably generate S,,.

Luczak and Pyber [LP93| were the first to answer Question positively. This
follows from their bound i(n, k) « k7% Note by a union bound that the probability

that mq,..., . each have a fixed set of the same size k for some k is bounded by

3
~

2 n/2

i(n,k)" &, Z ]{;—0.017"7

k=1

b
Il
—

so if r is sufficiently large then the probability that 7,..., 7, can be conjugated to
each fix a common set is at most 1/10, independent of n. In other words, 7, ..., m,

invariably generate a transitive subgroup with probability at least 9/10. Moreover, by
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another theorem of Luczak and Pyber (another consequence of their bound i(n, k) <
k~901) " the union of all transitive subgroups besides S, and A,, covers only o(n!) of
Sp, so with probability 1 — o(1) our first permutation 7; has no conjugate lying in a
transitive subgroup smaller than A,,. Finally, the probability that each of 71, ..., 7w, is
contained in A, is (1/2)" < 1/10. Thus by ruling out all other possibilities we deduce
that with probability at least 1/2 the permutations 7y, ..., 7w, invariably generate S,,.

This proof does not readily yield a reasonable value of r, however, and in any case
because i(n, k) = k~07°W) it seems unlikely to prove that any r smaller than 12 could
suffice. However, Pemantle, Peres, and Rivin [PPR14] recently proved that we may
take r = 4.

Theorem 3.1.9 (Pemantle-Peres-Rivin |[PPR14|). If my, mo, 73,74 € S, are chosen
uniformly at random then the probability that my, o, 73, T4 tnvariably generate S, is

bounded away from zero.

We give a somewhat simplified proof of this theorem in Section [3.6] Incidentally,
Pemantle, Peres, and Rivin only prove that my, mo, 73, m4 invariably generate a transi-
tive subgroup of §,,, but it is only a little more work to prove the theorem as stated
above. Indeed, as in the Luczak—Pyber proof, almost all 7; € S,, are contained in no
transitive subgroup besides S, or A,,, so we need only worry about A,,. Thus as long
as we are careful in the proof to arrange that at least one of 7y, w9, 73, 74 is odd, then
no proper transitive subgroup will trap my, mo, 73, 4. For full details see the proof of
Theorem [3.1.9/in Section B.6l

Our main contribution however is the lower bound r > 3, which will be proved in
Section [3.7, Thus we finally have a complete answer: r can be taken as small as 4,

but no smaller.

Theorem 3.1.10. If my, 7y, m3 € S,, are chosen uniformly at random then the proba-
bility that my, m, w3 invariably generate a transitive subgroup (or, in particular, all of
S,) tends to zero as n — . Equivalently, with probability tending to 1 there is some

k in the range 0 < k <n such that w,m, w3 each have a fixed set of size k.

As with estimating i(n, k), these assertions are more or less equivalent to analogous
assertions about our model .Z(X), where now it is more natural to consider the entire

sequence X and the entire sumset

Z(X) = {Zj%‘ 10 < x; < X for each j} . (3.2)

j=1
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Thus unsurprisingly the main task in proving Theorem is to show that

LX) n LX) A LX) A LX) = {0}

with positive probability, where X', X" X" are independent copies of X. Similarly, ex-
cepting the details already mentioned to do with transitive subgroups, Theorem|3.1.10

follows almost immediately from the assertion that

Z(X)n Z(X")n L (X"

is almost surely infinite.
In a sentence, the essential reason for the difference in behavior between the 3-
and 4-fold intersections is that .Z(X) n [k, 2k] typically has size k'°¢?*°(1) and

2/3 <log2 < 3/4.

3.1.3 The analogy with number theory

Let X be large, and choose an integer n uniformly at random from {1,..., X}. Then
for all small primes p, the probability that p divides n is close to 1/p, and these events
are approximately independent for different values of p. Thus if we fix an interval
(¢!, e, with ¢ much smaller than x, and ask how many primes p € (€', e*1) divide
n, then by the law of rare events the answer will be approximately Poisson with

parameter

Z 1/p = loglog(e™") — loglog(e') + O (1/t?)

p€(6t76t+l)

=1/t + O (1/t),

these variables being approximately independent for disjoint intervals.

Compare this heuristic with Lemma |3.1.1, which asserts that if 7 is a random
permutation then the number of cycles of length j in 7 is approximately Poisson with
parameter 1/7, these variables being approximately independent for different values
of j. The similarity of these two heuristics is the foundation of a powerful analogy
with analytic number theory, briefly outlined in Table [3.1.3]

Estimating the proportion i(n, k) of permutations 7 having a fixed set of a given
size k is thus roughly analogous to estimating the number H(X,Y) of integers n < X
having a divisor in a given dyadic interval (Y,2Y]. This is more or less equivalent

to the well known multiplication table problem, which asks for the number of distinct
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permutations integers
meS, (nlarge) | n < X (X large)
cycles o of 7 primes p|n
length of o log p
fixed sets A of divisors d|n
size of A log d

Table 3.1: The dictionary between permutations and integers

integers appearing in the standard N x N multiplication table, or in other words the
quantity
A(N) = |{n <N?:n= didy for some dy, dy < N}|

These problems have a long history, originating as a problem of Besicovitch [Bes34],
and were solved up to constant factors only recently by Ford [For0O8b; For08a], who

proved the following theorem.

Theorem 3.1.11 (Ford |For08b; [For08a|). Uniformly for 3 <Y < X2 we have
H(X,Y) = X(logY) °(loglog Y)~%2.
Thus for N = 3 we have

A(N) = N%(log N)7(loglog N)~*2.

The similarity between Theorems |3.1.2| and |3.1.11] should now not be surprising.

Unfortunately the analogy is not so perfect that it is possible to easily deduce either
theorem from the other, but the reader will not be surprised to hear that our proof
of Theorem [3.1.2| strongly parallels Ford’s proof of Theorem |3.1.11] Even before the
appearance of Theorem this connection was noted by Pemantle, Peres, and
Rivin [PPR14], as well as by Diaconis and Soundararajan (see [Soul3, page 14]).

Similarly, the probability that 7, ..., 7. have fixed sets of the same size is roughly
analogous the probability that nq,...,n, < X have divisors dy,...,d, all within a
small factor of one another. This is reminiscent of the following well known theorem
of Maier and Tenenbaum |[MT84].

Theorem 3.1.12 (Maier-Tenenbaum [MT84]). A random integer n < X has, with
probability tending to 1 as X — o0, two distinct divisors dy, ds such that dy < dy < 2d;.

The corresponding assertion for permutations is similar in spirit to what we want:

it would assert that with high probability a single permutation 7 has for some k with
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0 < k < n at least two distinct fixed sets of size k (a true statement, but not one we
establish here). We prove Theorem by building on the method of Maier and
Tenenbaum.

The analogy between permutations and integers is sufficiently strong that in
[EFG15a] we made the following conjecture, which is analogous to Theorems
and [3.1.10] and we said we would return to it in a future paper.

Conjecture 3.1.13. Choose nq, nsy, n3, ny at random from 1, ..., X. Then with prob-

ability tending to 1 as X — oo we can find
d1|n1,d2|n2, d3|n3

such that maxd; < 1.001 mind;, but with probability bounded away from zero we
cannot find

d1|n1, dz\n% d3|n3, d4|n4

such that maxd; < 1000 min d;.

Following the submission of our paper it was brought to our attention that this
has actually already been proved! See Raouj and Stef [RS99].

The analogy we are exploting between permutations and integers has been writ-
ten about by many authors, most notably by Andrew Granville, who even wrote a
play about it with his sister Jennifer Granville, called The Anatomy of Integers and
Permutations: see |GGO9; |Gra09).

3.2 A permutation sieve

As mentioned in the introduction, the asymptotic distribution (as n — oo with k& fixed)
of the cycle lengths (¢1(7), ..., cx(7)) of arandom 7 € S, is that of X = (X1,..., X),
where the X; are independent with X; < Pois(1/i). In the nonasymptotic regime,
where n may be as small as 2k, this property is lost. We do, however, have the

following substitute which will suffice for this paper.
Proposition 3.2.1. Let 1 < m <n and ¢y, ..., ¢, be nonnegative integers satisfying
L+ 20+ --+me, <n—m—1.

Suppose that € S, is chosen uniformly at random. Then

1 1
<P = Cly---yCm =Cp) < m P
(2m + 2) H:’il CZ-!Z'CZ' (Cl (71') C1 & (7T) & ) (m + 1) Hi:l Ci!ZCi
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We will prove this shortly, but first let us fix some notation. As every permutation
m € S, factors uniquely as a product of disjoint cycles, in keeping with the analogy
with integers we say that any product of these cycles, including the empty product, is a
factor or divisor of m. We may think of the factors as partially defined permutations.
The domains of these factors are precisely the invariant sets of . We make the

following further definitions:
o C,, is the set of cycles of length k on {1,...,n};
e |o] is the length of any factor o (of some permutation in S,,);
e 7|m means that 7 is an invariant set or divisor of 7.

The following lemma is a slight generalization of the well known formula of Cauchy.

Lemma 3.2.2. Let 1 < m < n, and let cq,...,c, be nonnegative integers with
t=c+2c+ -+ mey < n. Then the number of ways of choosing c1 + -+ + ¢,

disjoint cycles consisting of ¢; cycles in C;,, for 1 <i<m is

n! UL
(n—1t)! H cjlyei

Proof. First count the number of ways of choosing the subsets that make up the

cycles, and then multiply by the number of ways to arrange the elements of these

subsets into cycles. The result is

n 1 e
L TG = e
—— [N -

-~ Jj=1
Cc1 Cc2 Cm,
which simplifies to the claimed expression. O]

Our next lemma is an analogue for permutations of a basic lemma from sieve

theory.

Lemma 3.2.3. Suppose that m,n are integers with 1 < m < n. Let w € S,, be chosen

uniformly at random. Then

1
— < P(7 has no cycle of length < m) <

1
2m m
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Remark. Both upper and lower bounds are best possible, since trivially the proba-
bility in question is exactly 1/n when n/2 < m < n (if a permutation has no cycle
of length < m, with m in this range, then it must be an n-cycle). In fact, it is not
difficult to prove an asymptotic formula ~ w(n/m)/m (n — o0, m — o, m < n)
for the probability in question, where w is Buchstab’s function and w(u) — e~ as

u — o0: see Granville [Gra06, Theorem 2.2].

Proof. (See the proof of [Gra06, Theorem 2.2]). We phrase the proof combinatorially
rather than probabilistically; thus let ¢(n,m) be the number of permutations of S,
that have no cycles of length < m. We proceed by induction on n, the result being
trivial when n = 1. Let >.* denote a sum over permutations with no cycle of length
< m. Using the fact that the sum of lengths of cycles in a permutation in S, is n, we

get

nc(n,m)zz*nzZ* Z |a|=2k2 2*1

TES, TESH olm kzm  o0€Cg , TESH
o a cycle ol
= 2on+ )y k) en—km)
0€Cn,n m<k<n—m  0€C
n!
=n!l+ Z ———c(n —k,m).

m<k<n—m

n!

If  <m < n, then ¢(n,m) = and the result follows. Otherwise, by the induction

hypothesis,

! —2m +1 I
ne(n,m) < n! + 2 n_:n!<l+n o )<n “
m m m

m<k<n—m

and

! —2m+1 !
ne(n,m) = nl + Z 2l (1+n 2;: )2 nzmn. O

m
m<k<n—m

It is now a simple matter to establish Proposition |3.2.1]

Proof of Proposition[3.2.1 Let t = ¢ + 2¢y + -+ + me,. For each choice of the
¢1 + - + ¢, disjoint cycles consisting of ¢; cycles from C;,, (1 < j < m), there are
c(n —t,m + 1) permutations w € S,, containing these cycles as factors and no other
cycles of length at most m, where ¢(n — ¢,m + 1) is the number of permutations on

n—t letters with no cycle of length < m+1, as in the proof of Lemma/[3.2.3] Applying
Lemmas and completes the proof. O
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Later in this chapter we will need another lemma involving the same sort of
argument. This time we need to count permutations with a given number of cycles
of length at most k. By the Poisson model Lemma [3.1.1], if & is fixed and n — oo,
this statistic has distribution approaching that of a Poisson variable with parameter
hy =1+ % +- -+ % The next result tells us that the distribution is still approximately
Poisson uniformly over all choices of the parameters k£ and n.

We record here the basic inequalities

log(k +1) < hy < 1+ logk, (k>=1) (3.3)

1

which follow from the obvious inequalities — < SnH dt/t < % by taking a sum.

n

Lemma 3.2.4. Let n, k, ¢ be integers with 1 < k < n and ¢ = 0. Select m € §,, at

random. Then

h 1
P(7 has exactly ¢ cycles with length < k) < gé—f (1 + h_) :
- k

In particular if ¢ < logk then this is O( /ﬁ'), while if £ > logk then this is
O (k=*hi7 1/ (0 —1)).
Proof. Denote by S, (k, ) the set of m € S, containing exactly ¢ cycles of length at

nSa(k, 0= > D o

7€Sn(k,l) o|m
o a cycle

most k. Evidently

Write 7 = o7n’, and observe that 7’ has either £ — 1 or ¢ cycles of length at most k,

depending on whether |o| < k or not. Thus 7’ € S,_|,/(k,m), where m = ¢ — 1 or

m = {, so
n 0
h=1m=(—17'eS,,_,(k,m)
n ¢ '
- Z Z (n ﬁ h)!
h=1m=0—17'eS,_p (k,m)
Now rearrange the sum according the cycle type ¢ = (¢y, ..., ¢,) of the permutation

m’, i.e., suppose 7' has c¢; cycles of length j for each j. By Cauchy’s formula the

82



number of 7’ € S, with the cycle type c is (n — h)!/T]; ¢;lj%. It follows that

= 1
LTI YD I e
el
h=1 €1,y =0 HJ J
c1+2c2+-+ncp=n—h

1+t epe{l—1,0}

1
| -
NP Yy v

Clyeeny cn=0
c1+-+epe{l—1,¢}

1 1
LA e 2, e

C1ye5C 20 Clye.5C 20
c1+-+cp=~0-1 c1+-+cp=~

NI ) p—

Cht1yes cn=0 H]:k+1 C] ']

h@*l h[ ]
=nl k Zk 1/i
”‘((é—1)!+e!) [T

k<i<n

where in the last line we used the multinomial theorem. The claimed bound now

follows from
Z —=h, —h <logn —logk + 1. |

k<i<n

3.3 The local-to-global principle

Our aim in this section is to prove our local-to-global principle Proposition [3.1.4] As
in the introduction, let X, Xs,... be independent random variables with distribution
X; £ Pois(1/5). We record here the basic equality

EZ(X) = ), |Z()P(Xi=c)-P(Xy =)

Clyeeny ¢ =0

— o Z -Z(c)] ‘ (3.4)

K e
Clyeeny cp=0 Hi:l Ci:™

Lemma 3.3.1. Let ke N, ¢,...,c, =20, I c{1,...,k} and ¢, =¢; fori¢ I, c, =0

foriel. then
Z(e)] < 1L ()] [ + D).
el

Proof. Clearly Z(c) is the union of [[,_;(¢; + 1) translates of Z(c’). O

Lemma 3.3.2. Suppose that ¢’ < (. Then

1 1
JELZ(X))] < BLZ(X0)]
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Proof. By Lemma | L (X)) < (1 + Xpy1) - (1 + Xo)|-Z(Xp)|. Thus by inde-

pendence,

£+1
0+

i
E|.Z(X,)| < ( [] EQ+X)) )E\z(xg,ﬂ = (Xe)l < ZELZ(Xp)|. O

i=0'+1

We also need to compute the mixed moments of | (X},)| with powers of some X;.

Write B,, for the mth moment EX™, if X < Pois(1) (B,, is the mth Bell number).

Lemma 3.3.3. Suppose that j1,...,75, < k are distinct integers and that aq, ..., ap

are positive integers. Then

a a Cal cees@py
:E]|(,§,”(X;€)|le1 - -Xj: —h B L (X))
jl .. ]
We may take C, ... a0, = H?:1(Bai + Bq,+1). In particular we may take Cy = 3.

Proof. Define Xj by putting X} = --- = X! =0 and X] = Xj for all other j. By

Lemma [3.3.1], we have
-Z(Xi)| < L XL+ X5,) - (1+ X5,).

Thus by independence

>

ELZ (X)X X0 < Bl.2(X)| | [(EX) + EX;). (3.5)

i=1

For X £ Pois(\) we have EX™ = ¢,,()\), where ¢,,()) is the mth Touchard (or Bell)
polynomial, a polynomial with positive coefficients and zero constant coefficient. If
A < 1, it follows that EX™ < AB,, for m > 1. The result follows immediately from
this, (3.5]), and the trivial observation that E|.Z(X})| < E|-Z(X})|. O

We turn now to the proof of Proposition [3.1.4} In what follows, if ¢ = (¢1,...,¢),
we write

S(c) =c¢1 +2¢y + -+ + leg = max Z(c).

We will treat the lower bound and upper bound in Proposition |3.1.4] separately, the

former being somewhat more straightforward than the latter.
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3.3.1 The lower bound in Proposition |3.1.4

If £ < 40 then for trivial reasons
i) =1 = TELZ (X)),
so we may assume k > 40. Let r = |k/20]| (so r = 2), and consider the permutations
T = o109 €S,

where o1 and oy are cycles, |a| < 4r < |oy| < |og| < 167, all cycles in « have length
< r, all cycles in 8 have length at least 167, and aoj09 has a fixed set of size k.
Because of the size restrictions on «, 01,09, if « is of type ¢ = (¢q,...,¢,), with ¢

cycles of length ¢ for 1 < i < r, then the last condition is equivalent to
— |oy| — |oa] € Z(c).
In particular |oy| + |o2| < k, and hence

n—lal —|oi| = |oo] = <k = 16r.

Ol W~

Fix ¢ and /¢y, l with 4r < {1 < {5 < 167 such that k — ¢; — {5 € Z(c). By Proposi-
tion [3.2.1} the probability that a random 7 € S,, has ¢; cycles of length i (1 <i <),
one cycle each of length /1, 5 and no other cycles of length < 167 is at least

1 1
> .
327’€1€2 szl Ci!ici - 2133 H;:l Ci!’ici

For any ¢, satisfying 4r + 1 < ¢; < 8r — 1, there are | .Z(c)| admissible values of
Uy > {q for which k — ¢ — {5 € £(c), since max .Z(c) < 4r < k/5. We conclude that

47" -1
(n k 213T3 o Z HZ 1CZ|7/CZ.

Cr>0
S( )<4r

As in (3.4)), the sum above equals " E|.Z (X, )|1sx,)<4,- Hence by (3.3) we have
_ 1
z(n, k) > ;E\f(XT)|1S(Xr)<4T.

To estimate this, we use the inequality
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By Lemma [3.3.3] we have
E|lZ(X,)|S(X,) = ) BlZ(X,)|jX; < 3rE[Z(X,).
j=1

It follows that
S(X,)

E|.Z(X,)|1sx,)<ar = E|Z(X,)]| (1 -

) = (B

and hence that )
i(n, k) » —-E|.Z(X,)].
r

The lower bound in Proposition now follows from Lemma [3.3.2

Remark. Strictly for the purposes of proving our main theorem, the final appeal to
Lemma [3.3.2] in the above proof is unnecessary. However, that lemma is straightfor-
ward and it is more aesthetically pleasing to have E|.Z(X})| in the lower bound for
i(n, k) rather than E|.Z(X,)|.

3.3.2 The upper bound in Proposition (3.1.4

Suppose 7 € S,, has an invariant set of size k. Let k;y = k and ky = n — k. Then
7™ = mmy, Where 7; is a product of cycles which, all together, have total length &;,
for j = 1,2. For each j let o; be the longest cycle of m; (or one of them if there are
ties). Fix j € {1,2} so that |o;| < |o5_;|, and let £ = |o;|. Note then that

14 < min(k’l, ]{52) = k.

Now decompose 7 as

T = 010203,

where « is the product of all cycles of 7 of length at most ¢ other than oy, 09 and
is a (possibly empty) product of cycles of length greater than /.

By definition of oy and «, ao; has a divisor of size k;. Thus if o has type
c = (c1,¢9,...,¢0) then k; — ¢ € Z(c). For £ and c satisfying this condition, the
number of choices for ao; is at most (by Lemma

n! 1 1 n! 1
< :
(n—S(c)—0)! H c;lic - (¢ + Dleetl = f(n — S(c) — 0)! g cilic

i<l

Having fixed aoy, since n—|aoy| = |028] = ¢, Lemma implies that the number of

choices for o3 is at most (n — |aoy])!/¢. Thus the number of choices for 7 = aoy0903

1z Ci!ici '

<L

is at most
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We deduce that

<2y ¥ Allae-2 8 Mae 3 &

/=1 cl ..... cp=0 i< j=1lci,..., cp=0 i<k m(c)<l<k
kj—teZ(c) kj—teZ(c)

where m(c) = max{i : ¢; > 0} u{1}. With c fixed, note that ¢ > max(m(c), k;—5(c)).
Also, the number of ¢ such that k; — ¢ € £ (c) is at most |-Z(c)|. Thus, the innermost
sum on the right side above is at most
2@ 12
max(m(c), k; — S(c))? ~ max(m(c),k — S(c))?’
Thus as in (3.4]), using (3.3]) we thus see that

L (X))
max(m(Xy), k — (X))

To bound this we use the inequality

1 4 S?
<=1+,
max(m,k —S)2 k2 m?

which can be checked in the cases S > k/2 and S < k/2 separately. It follows from
this and (3.6)) that

i(n, k) < 2ekE

| 2 (XS (Xy)?
i(n, k) < 8e— E\-i”(XM+8 kE m(X)?

The first of these two terms is what we want, but the second requires a keener analysis.

(3.7)

By conditioning on m = m(Xy) we have

9 k
E"’%(i’zif)(f’“) = mZ:l %ZMG Z(e)|S(e)*P(Xy = (1. - - m, 0, 0))
cm=1
3 L B2(X,)S(X0) ]
_mz_lw |2 (X)) [S(Xin) 1x,,>1 €xp <_j_;+13>
< &3 LR (X, )80, X
k &~ m

where in the last step we used the crude inequality 1x,>; < X,,. Expanding
S(X,n)? = (X1 +2Xy + -+ + mX,,)? and using (3.7)), we thus arrive at

i(n, k) « —E\.,zﬂ (Xe)| + 75 Z Z i1 B|.L (X)) | Xi X X (3.8)

zzl

The innermost sum is estimated using Lemma [3.3.3] splitting into various cases de-

pending on the set of distinct values among 4,4, m. Write Y,, = |-Z(X,,)| for brevity.
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Case 1 i,i,m all distinct. Then ii'EY,, X; Xy X,, < Cy,1,ym'EY,, = ZEY,,.
Case 2 i =1 # m. Then iW/EY,, X; Xy X,, < C12im™'EY,, < C1,EY,, = 21EY ..
Case 3 =1 =m. Then ii'EY,, X; Xy X,, < CsmEY,, = 20mEY,,.

Case 4 i #i =mori #i=m. In both cases ii’EY,, X; Xy X,, < 21EY,,.

By taking a sum over all cases we find that

Z WBY,, X; Xy X,, <« mEY,,.

ii=1

Since clearly EY,, < EY}, for every m < k the result follows from this and (3.8)).

3.4 The lower bound in Proposition [3.1.5|

In this section we prove the lower bound in Proposition |3.1.5] and hence the lower
bound in Theorem [3.1.2 We begin by noting that from (3.4]) and (3.3)) follows

BYX) > Y O

k 15¢ :
Clyeeny cp=0 Hi:l Ci: ™

If we fix r = ¢; + - - - + ¢, which we may think of as the number of cycles in a random

(3.9)

permutation, then

v ZE@ 15 12 510

c1+-+cp=r Hi=1 Gy 1™ T ai,...,ar=1 a1 r

where

el

f*(a)—{Zai:[C{l,...,r}}. (3.11)
The equality is most easily seen by starting from the right side and setting
¢ = |{j:a; =i}

for each i: then Z(c) = Z*(a), ]_[le i% =ay---a, and each ¢ = (cq,...,c;) comes
from Cl,r—'ck, different choices of ay, ..., ax. If one thinks of ¢; as the number of cycles of
length j in a random permutation, then one may think of aq, ..., a, as the unordered

cycle lengths, in this case conditioned so that there are r total cycles.
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Now let J = [%J and suppose that by, ..., b; are arbitrary nonnegative integers
with sum r. Consider the part of the sum in which

2t—1

bi= Y ¢ (i=12..J), ¢=03>2"-1).

j:2i—1

Equivalently, suppose there are exactly b; of the a; in each interval [2°71, 2" — 1].

Writing 2(b) = [_,{27",...,2" — 1}%, we have

LN ey 1 L) 512

ay Ay bel de dl d

aiy...,ar=1 1o 2(b
To see this, fix by,...,b; and observe that there are SbT b ; ways to choose which b;
of the variables al, . ar lie in [Zi_l 20— 1] for1 <i<J.

Combining (|3.9 and (3.12) gives
1 [-z*(d)|
E|.Z2(X;)| » —Z > T > v (3.13)

|
r bi4--+by= rbl J de2(b dl

In the light of this, the motivation for the following lemma is clear.

Lemma 3.4.1. For any b = (by,...,by) with by + --- 4+ by = r we have

|-Z*(d)| (2log2)"
> .
didy S g

de2(b)

Proof. Given ¢ € N, let R(d,¢) be the number of I < {1,...,r} with £ = ., d; (one
can think of this as the number of sets of cycles whose lengths add up to precisely /).
Then ), R(d,¢) = 2". Also, define

2t—1

Ai= > 1/j

j:Qi—l

for 1 <i < J (thus \; ~ log2). Then by Cauchy—Schwarz,

J
2r 2b; _
S
=1

2

deZ(b)
2
1
(= > A
dy---d,
deZ(b) LeL*(d)

de(b) 1 e dy deZ(b) dy - d,

N
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To bound the first sum on right side of (3.14)), observe that

2 B, 67 _ Y S L), (3.15)

de2(b) ¢ dy - -dy LI {1, r)
where ,
S, I,) = )
( 1 2) Z dl - dr
de2(b)

Zz‘e[l di:ZieIQ di

If Iy = Iy, then evidently S([y,3) = )\lil . --)\f’]J. If I; and I, are distinct, let j =
max([;Aly) be the largest coordinate at which /; and I, differ. With all of the
quantities d; fixed except for d;, we see that d; is uniquely determined by the relation

Zieh di = Zielg d;. If we define 6(]) € {1’ A J} uniquely by
b+ b1 + 1< G < b+ + by,

then d; > 2°U)~1 regardless of the choice of di,...,d;_1,d;i1,...,d, and thus

b1 byy—1 b b
1 1 )\1 )\J )\e(j) )\11...)\JJ
S(-[laIQ) < H (Z d_l> Qe(j)—l = 26(j)—1 « 26(]) ’

1<i<r \ d;
i#]

where the sums over d; go over the dyadic intervals determined by d € Z(b). Here
we used the fact that \; = 1; in fact one may note that \; > A for all ¢ (since
% > % + ﬁ) and that lim;_,, A\; = log 2, so in fact \; = log 2 for all .

Since the number of pairs of subsets I, I, < {1,...,r} with max([1AL) = j is

exactly 2771 we deduce from ([3.15) that

J T
1_[ )\j_bj Z 5(_(1_’.22 L2+ 2" Z 97=¢()

j=1 deg(b),0 j=1
J
=2T+2T22—i Z 2i
=1 jie()=i

J
& 27“ + 27’ Z 21)1+“'+bi7i
i=1

J
&« 9o Z 2b1+"-+bi*i'

i=1

Compare with (3.14) and use again the fact that \; > log 2 to complete the proof. [J
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Combining Lemma and ({3.13)), we obtain

EL2(X)| » - Z Z 1 (2log2)"

l... | J by +--+bij—1
r by+-+by= rb' bJ'Zizlzl

S (2log2)”’ Z 1 1 ‘
k lew byl Zi’:1 Qby -+ +b;—i

(3.16)

bi+-4by=J
Here we threw away the terms with 7 # J. (This is not as wasteful as it appears. A
more careful but unnecessary analysis would demonstrate that the main contribution
comes from terms with » = J + O(1).) Somewhat surprisingly, the right hand side

here can be evaluated explicitly, as in [ForO8a], by (redundantly) averaging over the

J cyclic permutations of by,...,b;.
Lemma 3.4.2. Let x1,...,x; be positive reals such that x1---x; = 1. Then the
average of (Z;}:l Ty ~a:i)_1 over cyclic permutations of x1,...,x is exactly 1/J.

Proof. In this proof we read all indices modulo J. This makes sense even for the

products such as x; - - - x;, because of the assumption 7 ---x; = 1. Now observe that
if 1 <t < J then

J J J
o Zizlxl"‘xt+i . Zz‘:lxl"'xi
Tiy1 - Tpyg = = .

xl-..xt xl..-xt

Thus
J

1 J x T
1T
t=1 Zi:l Tpi1 o Tigi i—1 Zi:l T X

Applying the lemma with z; = 2%~ gives that

D 1 _ 1 3 R S Y
R bl byl T JV

byt tby=J by by+-tby=J

the second equality being a consequence of the multinomial theorem.
Substitute this into ( and recall that J = logk + O(1). The lower bound in

Proposition 3.1.5) now follows from Stirling’s formula.

3.5 The upper bound in Proposition [3.1.5
In this section we turn to the upper bound in Proposition [3.1.5] i.e., the bound

E|.Z(X)| « k' % (log k)32,
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As with the lower bound, we condition on r = X7 4+ --- + X}. Recall from (3.11]) the
definition of .Z*(a):

Z*(a) = {Zai I c {1,...,7“}}.

el
From (34), (8:3) and (3:10) we have
lfﬂﬂ
E X . 3.17
o<y Y O @a7)

at,.. 7a7‘—1

The most common cause for |.Z*(a)| to be small is for many of the a; to be small.

To capture this, let ay,as, ... be the increasing rearrangement of the sequence a, so
that a; < as < --- (the order statistics of a). For any j satisfying 0 < j < r, we then
have

el i=1

J
ﬁ*(a)c{m—i—ZELi:OéméZdi,Ic{j—i—l,...,r}}.

Thus we have

-Z*(a)| < G(a),
where
G(a) = Omm 2" (ay 4+ a; + 1). (3.18)
<j<7'

It is reasonable to expect that

k k k
3 G(a) NJJ G(t) .
at,...,ar=1 Ayl 1 1 ty- -1,

1 1
_ (log k)" J f GeSlosk | ctloskyge  (3.10)
0 0

Here we have enlarged the domain of G to include r-tuples of positive real numbers.
However, G is not an especially regular function, so (3.19)) is perhaps too much to
hope for, but G is at least increasing in every coordinate, and we may exploit this to

prove an approximate version of (3.19)).

Lemma 3.5.1. For any r > 1, we have

k
% ‘
Z ﬂ < (Qhk)TT" min 27 (kfl 4+ o+ kfj + 1)d€,
a1ymar=1 4177 q, 0<j<r

where 0, = {(&,...,§):0<& <&

VAN

C< & <1
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Proof. Motivated by the fact that 1/a = Sggézzzl) dt/t, define the product sets

T

R(a) = | [ [exp (ho, 1), exp (ha,)].-

=1

By (3.18), we have

Consider some t € R(a). Writing ¢; < 5 < ... <, for the increasing rearrangement
of t, we have

exp (ha,_1) <t; <exp(ha,) forl1<i<r.

From (3.3) we see that t; = a; for all i. Hence

G(a) < min 2"77(t; + -+ t; + 1) = G(t).

o<j<sr
for all t € R(a). Thus

k

dt u G(t
Y oow| e N [ S

ay,...,ar=1 R(a) tl ay,...,ar=1

exp(hy,) feXp(hk) G(t)
_ f o gt

) TR

The integrand on the right is symmetric in ¢4, ..., t,.. Making the change of variables
t; = e yields

k *
Z |$ (a)| < (Qhk)rr! min 277 (eﬁlhk 44 oSl 4 1) dg.

ay - Qy Q, o<y<r

The lemma now follows from the upper bound in (3.3)), namely hy < 1 + log k. O

With Lemma [3.5.1] established, we can finish the proof of the upper bound in
Proposition by quoting [For08a, Lemma 3.6]. Indeed, in the notation of that
paper

min 277 (k% + - + k9 + 1) d€ = U,(log, k),

Q, o<y<r

and thus by (3.17) and Lemma we have

El.Z(X;)| « %Z(th)rUr(logQ k). (3.20)

T

93



Now [For08al, Lemma 3.6] provides the bound

1+ |logy k —r|?
(r 4 1)l(2r—los2k 4 1)’

U,(log, k) «

uniformly for 0 < r < 10logy k. Put r, = [logy k|. If r = ry + m with m < 9log, k

then we have

(2hk)r 1+ ?712

(2h)" U, (log,y k) «

(r+1) 2m
(2h )" hy, m 9
g(mjl)! (7‘*+1> (1+m7).

This series is of course rapidly convergent because hy/(rs + 1) ~ log2 < 1, and thus
the contribution to (3.20)) from this range of r is acceptable. Similarly if r = r, —m

then we have

(2he)"
(r+1)!
_ (@) < 2y

\(r*+1). Ty + 1

(2hy,)"U,(logy k) « ( +m?)

>_m(1+m2),

and this contribution is acceptable as well because 2hy/(r. + 1) ~ 2log2 > 1. Finally,
if 7 > 10log, k then we use the trivial bound U, (log, k) < 1/r? to deduce that

Z (2hy,)"U,(logy k) « Z (Qif)r < k10,

r>10log, k r>10log, k

Thus from (3.20)) we have

(2hy)

E2(Xy)| < éﬁ — K15 (log k).

Remark. It is obvious from this analysis and the lower bound in our main theorem
that a proportion > 1 — ¢ of all permutations fixing some set of size k have log, k +
O(log(1/e)) cycles of length at most k. It is most probably also true that for a
proportion > 1 — € of all permutations fixing some set of size k we have loga; >
jlog2 — O.(1) for j <log, k — O.(1), where the a; are the (ordered) cycle lengths of
the permutation. To establish this would require opening up some of the arguments
used to bound the quantities Uy in [For08a]. We plan to return to this and other

issues in a future paper.
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3.6 Four generators are enough

We turn now to the problem of invariable generation, starting with the four-generator
theorem, Theorem [3.1.9. The principal result needed for the proof is the following

proposition.

Proposition 3.6.1. Let k < n/2. If m,my,m3,m4 € S, are chosen uniformly at
random, then the probability that there is some £ € (k/2,k| such that 7y, ms, 73, T4

each fix some set of size £ is O(k=¢) for some ¢ > 0.

Over the past several sections we showed that the probability that a random
permutation 7 € S, fixes some set of size k is k=01 where § = 1— % ~ (0.086.
As noted there, the main contribution to this estimate comes from rather exceptional
permutations with an unexpectedly large number of cycles of length at most k, roughly
(log 2) ' log k such cycles. By contrast a typical permutation has roughly log k cycles
of length at most k. By restricting to this “quenched” regime we can establish a much

stronger bound.

Lemma 3.6.2. Suppose k < n/2, 0 < ¢ < 1/2, and choose w € S,, uniformly at
random. Then the probability that m both (a) fizes a set of size k and (b) has at most
(1+¢)logk cycles of length at most k is at most O(k'°8271+2),

Proof. Fix £ < (1 + €)logk and consider permutations 7w with exactly ¢ cycles of
length at most k& and having some fixed set X of size k. Write m = w71, where m;
is supported on X and 7 is supported on X¢ and suppose that m; has ¢; cycles of
length at most k and m has ¢y cycles of length at most k, where ¢; + ¢ = (. By
Lemma the number of such 7, for a given choice of X and /¢4, {5, is bounded by
a constant times Lo o

W’Z!k! : W’;(n — k).

Thus by multiplying by the number of choices of X and summing over ¢; + {5 = £,

the probability we are interested in is bounded by a constant times

Z 1 A (2hy)*

k20,00, k200

l1+0y=F

Now by summing over all £ < ¢y = (1 + ¢) log k| we get the bound

1 3 (2he)" 1 (2hy)
! k2 4y

2
{<(14¢)logk

The result now follows from hy, = logk + O(1) and Stirling’s formula, as usual. [

95



Proof of Proposition[3.6.1. Let € > 0 be a small. We will first use Lemma to
bound the probability that one of 7, my, w3, 74 has more than ¢, = |(1 + ¢)log k]
cycles of length at most k. By that lemma, for each ¢ > ¢;, the probability that m
has ¢ cycles of length at most k is bounded by

so the probability that 7; has more than ¢y cycles is bounded by a constant times

hf*l hfo—l 1 ehk lo—1 1 e (1+E) log k
Z k ;< k P < ) &« = ( ) .
SR kG- R\ -1 F\1+e

By a Taylor expansion of —1 + (1 + ¢)log(e/(1 + ¢)), this is bounded by O(k=<"/3)

if e < % Thus the probability that one of 7y, w9, w3, 74 has more than ¢, cycles of

length at most k is bounded by O(k="/3).

On the other hand, by Lemma [3.6.2] for each ¢ € (k/2, k] the probability that =
has at most (1 + ¢) log k cycles of length at most k and fixes a set of size ¢ is at most
klos2-1+2¢  Thus the probability that my, s, 73, 74 each have at most (1 + ¢)logk
cycles of length at most k and each fix a set of the same size ¢ for some ¢ € (k/2, k] is
at most k'T40082=1422) " Gince 1 + 4(log2 — 1) < 0, we have 1 + 4(log2 — 1 +2¢) < 0
if £ is small enough (¢ = 1/40 works), and so the theorem holds with

c=min(e?/3, —1 — 4(log 2 — 1 + 2¢)). O

An immediate corollary of Proposition is obtained by fixing £, letting n — oo,
and recalling the Lemma and the definition (3.2)) of Z(X) .

Corollary 3.6.3. There exists ¢ > 0 such that for any k = 1 the probability that
LX) nZLX)nZLX")n LX) (k)2 k] # &
is O(k~°).

Remark. If one wished to prove only this, we could replace Lemma with a
corresponding bound for P(X; +- - -+ X < /), which is trivial given that X; +- - -+ X,

is Poisson with parameter hy.

Corollary 3.6.4. Z(X) n Z(X') n L(X") n Z(X") is almost surely finite, and
equal to {0} with positive probability.
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Proof. Let F} be the event that
ZLX)nZX)nZLX")nZL(X") N (k,o0)

is nonempty. By applying Corollarywith k replaced by 27k, j € N, and summing
the geometric series, we obtain P(F}) « k¢ for £ > 1. In particular P(F}) — 0, so
P ([ Fy) = 0, so the first part of the corollary holds. For the second part, fix ko such
that P(F,) < 1. Then

P(Z(X)nZ(X)nZ(X")nZLX")={0}) = P(X; =0 for all j < kg, and F,)
> P(X; = 0for all j < ko) P(F,)

\%
o

The second inequality here is a simple case of the FKG inequality (see [TV10, The-

orem 1.19]). To see the inequality directly, define X* = (X7, X, ...) by putting

X7 =Xt j>koand X =0if j < ko, and let Fi; be the event that
LX)V ZLX)nZX")n ZL(X") " (ko, 0)

is nonempty. Clearly Fy: implies Fy,, so

P(X; =0 for all j < ko, and F},)

P(X; =0 for all j < ko, and F};)
P(X; = 0 for all j < ko) P(F})
P(X; =0 for all j < ko) P(Fy). O

\Y

Shortly we will complete the proof of Theorem [3.1.9] In the proof, we will need
a trick to deal with the possibility that 7y, mo, 13, 74 € A,,. The following lemma is
helpful in this regard. It shows that random even and random odd permutations have

the same small-cycle structure as random permutations with unconstrained parity

(Lemma [3.1.1)).

Lemma 3.6.5. Let m € S,, be a random even permutation, and let c;(m) be the number
of cycles of length j. Fiz k € N. Then as n — o the distribution of (c1(7), ..., ck(m))

converges to that of (X1, ..., Xy). The same is true if w is a random odd permutation.

Proof. Choose m € §,, uniformly at random, and define ¢ by putting o = 1 if 7
is even and o = (12) if 7 is odd. Then 7o is uniformly distributed over A,. By
Lemma [3.1.1, as n — oo, the number of cycles in 7 of length at most 2k approaches
a Poisson distribution with parameter hor < 1 4 log2k. Thus, with high probability

(as n — o) the total number of points in cycles of 7w of length at most 2k is at most
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2k logn, so with high probability each of these cycles is disjoint from (12). That is,
the points 1 and 2 are both contained in cycles of 7 of length at least 2k + 1 with
high probability.

Now consider the probability that 1 and 2 are both contained in the same cycle
and are close together. For each ¢ > 2k+1, the number of cycles of length ¢ containing
both 1 and 2, which are a distance < k from each other, equals (":22) 2k(¢—2)!. Hence,

¢
the number of permutations 7 containing such a cycle is at most

Do 2k(n—2)l < 2k(n - 1)L,
2k+1<l<n
Hence, with high probability, if 1 and 2 are in the same cycle they are a distance
at least k + 1 from each other. Thus, with high probability, ¢;(7o) = ¢;(7) for each
J<k.
Similarly 7o (12) is uniformly distributed over odd permutations, and with high
probability ¢;(ro(12)) = ¢;(m). O

We will also need the following important theorem of Luczak and Pyber, men-

tioned several times in the introduction.

Theorem 3.6.6 (Luczak—Pyber [LP93|). The union of all transitive subgroups H <
S, other than S,, and A,, has size o(n!). In other words, the probability that a random
permutation 7 is contained in some transitive subgroup other than S, or A, tends to

zero.
We can now finally complete the proof of Theorem [3.1.9,

Proof of Theorem[3.1.9. Let 7y, mo, 73, 74 € S, be random permutations with 7 odd.
Let E,  be the event that m, m, w3, T4 each fix a set of size ¢ for some ¢ in the range
1 <0<k, and let F,, ; be the event that 7, ms, m3, T4 each fix a set of size ¢ for some
¢ in the range k < ¢ < n/2. By Proposition (and summing a geometric series as
in the proof of Corollary we have

P(F,r) <« k¢
uniformly for 1 < k < n/2, while by Corollary and Lemma we have

n—0o0

for all k, for some constant § > 0. Fix ko such that P(F, k) < 6/3 for all n > 2ky.
Then
P(En,ko) + P<Fn,k0) <1-— (5/3
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for all sufficiently large n. Hence with probability bounded away from zero the four
permutations 7y, w9, 73, 4 do not share any fixed-set size £ € [1,n/2].

Thus with probability bounded away from zero my, my, w3, m4 invariably generate
a transitive subgroup of S,. By Theorem [3.6.6] 7 is, with high probability, not
contained in any transitive subgroup other S, and possibly A,. Since m ¢ A,,
it must be that with probability bounded away from zero 7, w9, w3, 4 invariably

generate S,,. [

3.7 Three generators are not enough

Finally, we now present our main new contribution, Theorem |3.1.10, which asserts
that three random permutations with high probability fail to invariably generate.

Theorem [3.1.10| follows from the following more specific proposition.

Proposition 3.7.1. For every e > 0 there exists kg = ko(g) and ng = ng(e) such that
if n = ngy then with probability at least 1 — € there is some € < ko such that m, 7o, T3

each fix a set of size (.

Let X be defined as before, and let Y and Z be independent copies of X. For [

an interval in N let
= {Zj@:()é@ < X foreachj},
jel
and define Z(1,Y) and Z(1,Z) analogously.

Lemma 3.7.2. Let [ = {1,...,k} and let ¢ > 0. Then with probability at least 1 — ¢
we have £ (1,X), Z(1,Y), £(I,Z) < [0,3ek].

Proof. Since E> ;; jX; = [I| = k, by Markov’s inequality we have > ;_; j X; < 3¢~ 1k
with probability at least 1 —¢/3. Similarly >, jY; < 3¢k and X, jZ; < 3¢7'k
each with probability at least 1 — /3, and the lemma follows. O]

Lemma 3.7.3. Fiz e > 0. There is a constant C(g) so that with probability at least

1 — ¢ we have

> X, = 0.991log(k/m) — C(e),

m<j<k

> Y; = 0.99log(k/m) — C(e), and
m<j<k

Z Z; > 0.991og(k/m) — C(e).
m<j<k

for every nonnegative integer m < k.
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Proof. Let C' = C(g) be a constant whose properties will be specified later. It suffices
to show that the first inequality holds for all m < k with probability at least 1 —&/3.
There is nothing to prove if m > e~“k, so we may suppose m < e"“k. We may also
suppose that C' > 1.

Let E be the event that

> X; = 099log(k/m) — 1
m<j<k
for all m < e~ “k. Suppose FE fails, say
> X; < 0.99log(k/m) — 1
m<j<k

for some m < e~“k. Writing m’ for the smallest power of 2 with m’ > m, we thus

have
X< ) X <099log(k/m) — 1 < 0.99log(k/m’).
m/<j<k m<j<k
Thus
lge < Z 0‘99<2m’<j<k X;—0.99 log(k:/m’)>‘
m'<2e~Ck
dyadic

Whenever P is Poisson of parameter A and a > 0 we have Ea” = e A and the

sum Y, ;. X is Poisson with parameter 3} , ;. 1/5 = log(k/m’) + O(1), so

P(E%) « > exp((0.99 — 1 —0.9910g(0.99)) log(k/m’))

m'<2e Ck
dyadic

< Z (k/m/)f0.0000E)

m/'<2e~Ck
dyadic

& 670.000050.

Therefore, P(E¢) < ¢/3 if C' is taken large enough. O

We need a standard estimate for the partial sums of the Fourier series

0 27160
Z M = —log |2 sin(70)].
=

For 6 € R denote by |6| be the distance from 6 to Z.

Lemma 3.7.4.

21j 1
Z COS(]—,MG) = log min (W,m> +0(1) forfeR.

jsm
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Proof. We may assume that 0 < 6 < i. Using the approximation cos(2mjf) =

2
1+ O(j%0%), we have

3 M = log min(m, 1/0) + O(1).

j<min(m,1/0)

This proves the lemma if [0 < 1/m. Suppose, then, that [6| > 1/m. Set

J
_ Z €2mn07
n=0

and note that by summing the geometric series we have
62m’j9 -1 1

Thus (by “Abel summation”),

cos(2mj0) e2miif S;—S;1
I P S
1/60<j<m 1/6<j<m 1/60<j<m
S, S, Sue
— R Z i 4 Pmo Pljo-L

N RS VRTEN (YO

The latter two terms here are O(1) by the trivial bound |S;| < j, while from (3.21)

the sum is bounded by a constant times

%Z,i«l. O

Let T = R/Z be the unit torus, and let e(z) = €*™*. Given I,X,Y,Z define
F:T? - C by

F(9)2H<1+e2(j01>>Xf(1+62(j92>> <1+e(<291 92)))4

jel

By expanding the product we see that F:72 > Cis supported on the set

S(I,X,Y, Z) = {(77/1 — N3, Ng — 713) Ny € g([,X),?’LQ S g([,Y),?’Lg S g([,Z)}
(3.22)
Since Y} o F(a) = F(0) = 1, by Cauchy-Schwarz we have

1:<2ﬁ<a>>2< 1| S F@F <180.X,Y.2)] Y |F(a

acZ? a:F(a)#0 acZ? acZ?
Applying Parseval, we get

1S(I,X,Y,Z)] (Z |F(a) ) ) — (L |F(0)|2d0)1. (3.23)

acZ?



Lemma 3.7.5. Let 5
=1—-————0.02~0.0182
p 3log2 ’

and let I = (k°,k]. Fize € (0,1/2), and let E = E(¢) be the event from Lemmal3.7.5
Then both of the bounds

E1|F(0)* <. (K|61]"?]6:]")65]'%)—2 (3.24)
and
Elp|F(0)* «. (k|6 161" ({i, 5} = {1,2,3}) (3.25)
hold uniformly for @ € T?, where 05 = —0, — 0. The expectation is over X,Y,Z.
Proof. Define, for i € {1,2, 3},

kP if 6;] = k7,
ki =3 1/00:] if 1/k < [6;] < k77,
k if 6] < 1/k.

It is useful to note the crude bound

kB

ki <
B (41

(3.26)

which follows by an analysis of the three cases in the definition of k;. If £ holds then

Z Xj + Z Y; + Z Zj > 0.99 10g(k3/(k31k2k3)) — 30(8),

k1<j<k ko<j<k k3<j<k

SO
1| F()|” <o (K /kykaks) =0 %182 F(0) 223k <ot X0 2ra i Vo 2y i %

From and the inequality 3 x 0.991og2 x (1 — §) > 2.02, we deduce that
Lo F(O)[2 <. (k01172 10a]/ 265 %) 202 F(8) 225k st X0+ Sty <y Yo+ Dhgyen 21
Thus will follow if we can prove
E|F(0)|22%k1<i=k Xt by <jek Vit iy <jen 4 o (3.27)

Similarly, from (3.26]) for ¢ = 1,2 and the trivial bound k3 < k, and using 2 x
0.991og2 x (1 — ) > 1.3, we deduce that

15| F(0)? <. (k|61]"2]6:]2) 13| F(8)|22%k1<i<h X 2kawyar Yitlny <jen 2
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and similarly for other permutations of the indices 1,2,3, so (3.25) will also follow

from (3.27)).
It remains only to prove (3.27)). We have a factorization

E|F(9) ‘222k1<jsk Xj+hg<jsk Yitlrg<j<k Zi

_ 1—[ E1+e(j91)2 1—[ E<2‘1—|—e]61)
2

kP <j<k: ki<j<k

y

1+ e(j6y) [ 1t e(ioo)
S e I | EGT)

k:ﬁ<j<k2 ko<j<k
Z.
« ] E 1+ e(bs) 11 E(2 1+ e(bs) .
_ 2 4 2
kP <j<ks ks<j<k

By using again the calculation Ea” = e(@=D* for P Poisson with parameter \, we get

1 1 i0,)]°
1) T - (2‘iﬂ) —1)
k1<]<k‘7

3 :
27mj0;) — 1 (2776;)
zeXpZ Z cos(2mj0;) N cos( cos(2m56;)
3 :
3 (Liog s /01). 110g o BRI )

E|F(0) |22Zk1<]<k X+ 2k, <j<k Yj+2k3<j<k Zj

3 1 (|1 +e(i6;)]?
. (‘%w

i=1 \ kB<j<k;

2]
2 T min(kf,1/]6;]]) 2 mln(kz, 1/]6;|

by Lemma [3.7.4] Checking the three cases in the definition of k; separately, it can be
confirmed that this is always O(1). O

Corollary 3.7.6. With notation as in Lemma we have

f Elg|F(0)]?dO «. k2.
T2

Proof. Divide T? into three regions Ry, Ry, R3 as follows:

= {0 e T?: 6| = 1/k for all three i € {1,2,3}},
Ry = {0 € T? : ||6; = 1/k for exactly two i € {1,2,3}},
Ry = {0 € T? : ||6;| = 1/k for at most one i € {1,2,3}}.

We will bound the integral differently in each region.
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Further subdivide R; according to which of |61, 62|, [|0s] is largest. In the sub-
region R} in which say |0, is largest we have |0, = [6]"?|6s]|'/?, so by (3.24) we

have
J,

BUIF(O)d0 <. [ (K]0 210s] )2 a0
Ry

-(J RCOIN d9)2

= k2

/
1

We can bound the integral over the other subregions in the same way, so the integral
over Ry is indeed «. k2.

Similarly, subdivide Ry according to the relative order of |0, [|02]], |¢5], and focus
for the moment on the subregion R, in which [0;| < |6 < |#3]. This implies in

particular that 0| < 1/k while |6, = 1/k. Thus by (3.25) with ¢ = 2 and j = 3 we

have
f R,

Again we can bound the integral over the other subregions in the same way, so the

Elg|F(0)” do «. f (k[65])~ "2 dO = k2.
R

/
2

integral over R is also «. k2.
Finally, in the region R3 note that because 01 +65+65 = 0 we must have |6;| < 2/k

for each i. Thus from the trivial bound |F(0)| < 1 we have
J El4|F(0)] d0 <J = k2. 0
R3 R3
Recall the definition of S(I,X,Y,Z), given in (3.22)).
Proposition 3.7.7. Let I = (k’,k]. There is a constant ¢ > 0 such that with

probability at least 1/2 we have S(I,X,Y,Z) < [-10k,10k]* and |S(I,X,Y,Z)| >
ck?.

Proof. Apply Lemma [3.7.3| with ¢ = 0.01, and let E be the resulting event. By
Corollary (and interchanging the order of integration and expectation) we have

ElEJ |F(0)]*dO « k2.
T2

Thus by Markov’s inequality there is a constant C' such that 15§, |F/(0)|* d@ < Ck™?
with probability at least 0.99. Since P(E) > 0.99 we deduce that (., |F(0)|*df <
Ck~2 with probability at least 0.98. Applying (3.23)), we have |S(1,X,Y,Z)| = C~'k?
with probability at least 0.98.
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On the other hand, by Lemma with ¢ = 1/3 we have S(I,X,Y,Z) c
[-10k, 10k]? with probability at least 2/3, so we must have both S(I,X,Y,Z) <
[-10k,10k]? and |S(I,X,Y,Z)| = C~'k* with probability at least 1 —1/3 — 0.02 >
1/2. O

Proposition 3.7.8. Let I = (k°,60k]. Then with probability bounded away from zero
we can find (x;)jer, (Y;)jer, (25)jer not all zero such that 0 < z; < X;, 0 < y; < Yj
and 0 < z; < Zj for each j €I and

iz =gy = Y iz

jel jel jel
Proof. Let I' = (k”,k]. By Proposition m, with probability at least 1/2 we have
S(I',X,Y,Z) c [-10k, 10k]*

and [S(I',X,Y,Z)] » k* This event depends only on X;, Y}, Z; for j < k, so
independently with probability at least 1/2 we can find j3 € (20k,50k] such that
Zj, >0, as

P(Z; =0 for all j e (20k,50k]) = [] e <1/2 (3.28)
j€(20k,50k]
Given such a j3 the set T of pairs of integers (ji, j2) such that 10k < ji, jo < 60k and
for which
j1(17 0) + j2<07 1) - j3(17 1) € _S(Ilu X7 Y7 Z)

has size |T| » k*. In particular there is a set T} of integers j; in the range 10k < j; <
60k of size |Ty| » k such that for each j; € T; there are » k integers js in the same
range 10k < jo < 60k such that (ji,j2) € T. Thus by two further computations along
the lines of , independently with probability » 1 we can find j; € T} such that
X,, >0, and then j, such that (ji,j2) € T and such that Y}, > 0.

But then by definition of S(I’,X,Y,Z) we can find (x;)er, (y;)jer (2;)jer such
that 0 < z; < X;,0<y; <Y}, and 0 < 2z; < Z; for all j € I’ and such that

Ji D dri = ot > gy =ds+ ). iz
Jer’ Jer’ jer

Thus the proposition follows from putting x; = y;, = z;, = 1, and putting all other

xj,Y;, % with j > k equal to 0. O

Corollary 3.7.9. Z(X) n Z(Y) n Z(Z) is almost surely infinite.
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Proof. Define k; to be sufficiently large, and thereafter k;,; = (60/@7;)1/5 . Then the
intervals [; = (kjf ,60k;] are pairwise disjoint and by the proposition for each the
probability that we can find (x;) jer,, (y;)jer,» (25)jer; Dot all zero such that 0 < z; < X

0<y; <Yj, and 0 < 2z; < Z; for each j € I, and
Zjﬂﬁj = ijj = ijj
]EIZ JEI’L .]EL«

is bounded away from zero. Since these events are independent for different values of

1 the corollary follows. O]

Proof of Proposition|3.7.1. By Corollary there is some ko = ko(g) such that
ZLX)NnZL(Y)nZL(Z) |1, ko]

is nonempty with probability at least 1—¢/2. Thus by Lemma there is some ng =
no(e) such that if n = ny and ¢y, ¢y, c3 are the cycle types of random permutations
m, T, T3 € S,, then

Z(c1) nZ(co) nZL(c3) N [1, ko]

is nonempty with probability at least 1 — . But this means that m, w9, 73 each fix a

set of size ¢ for some ¢ in the range 1 < ¢ < ko, as claimed. m
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Chapter 4

Additive triples of bijections

ABSTRACT. We prove an asymptotic for the number of additive triples

of bijections {1,...,n} — Z/nZ, that is, the number of pairs of bijections
m,me {l,...,n} > Z/nZ

such that the pointwise sum 7; + 7y is also a bijection. Specifically we

show that the number of such pairs is
(V% 4+ o(1))nt? /n" 1.

This problem appears in the literature under several different names:
counting the number of orthomorphisms or complete mappings of Z/nZ,
counting the number of arrangements of n mutually nonattacking semi-
queens on an n x n toroidal chessboard, and counting the number of
transversals in a cyclic Latin square. Our asymptotic supersedes several

previous bounds, and settles conjectures of Vardi and Wanless.

The method of proof is a version of the Hardy—Littlewood circle method
from analytic number theory, adapted to the group (Z/nZ)". By Fourier
analysis the problem is equivalent to estimating the sum of the cubes of
the Fourier coefficients of the set of bijections, thought of as a subset of
(Z/nZ)". We split the universe of Fourier coefficients into four different
regions and use a range of techniques to estimate the total contribution

from each region.

This chapter reproduces the paper |[EMM15|, which is joint work with

Freddie Manners and Rudi Mrazovié.
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4.1 Introduction

Let S be the set of bijections {1,...,n} — Z/nZ, thought of as a subset of the group
(Z/nZ)". We are interested in counting the number s,, of additive triples in S, that is,
the number of pairs of bijections 7y, m : {1,...,n} — Z/nZ such that the pointwise
sum 7, + 7y is also a bijection.

The number s,, has been studied somewhat extensively, but under a different guise.
Since S is invariant under precomposition with permutations of {1,...,n} it is easy
to see by arbitrarily identifying {1,...,n} with Z/nZ that s,/n! is number of permu-
tations 7 of Z/nZ such that z — 7(x) —z is also a permutation. Such maps are called
orthomorphisms or complete mappings, and afford the following fun interpretation.
Define a semiqueen to be a chess piece which can move any distance horizontally,
vertically, or diagonally in the northeast-southwest direction. Then orthomorphisms
represent ways of arranging n mutually nonattacking semiqueens on an n x n toroidal
chessboard. Thus s, /n! is the number of such arrangements.

In another guise this problem is that of counting the number of transversals of a
cyclic Latin square. Here a transversal of an n x n Latin square is a set of n squares
with no two sharing the same row, column, or symbol, and the cyclic Latin square is
the Latin square with (4, 7) entry given by ¢+ 7 (mod n). Then as above the number
of such transversals is s,,/n!.

If n is even then s, = 0. Indeed, in this case for any bijection 7 : {1,...,n} —
Z/nZ we have )"  7(i) = n/2, so the sum of two bijections is never again a bijection.
If n is odd then it is easy to see that s, > 0, but estimating s,, is not easy.

In 1991, Vardi [Var91] made a conjecture equivalent to the following.

Conjecture 4.1.1. There are constants ¢; > 0 and ¢y < 1 such that for any large

enough odd number n we have
Anl? < s, < chnl?.

The upper bound in this conjecture is known, and various authors have made
incremental improvements to the constant ¢,. Cooper and Kovalenko [CK96] showed
that ¢y = e 9095 ig acceptable, and this was later improved by Kovalenko [Kov90]
to c; = 1/4/2 and by McKay, McLeod and Wanless [MMWO06| to ¢, = 0.614. More
recently, Taranenko [Tarl5| proved that one can take ¢ = 1/e + o(1). Glebov and
Luria |GL15] proved the same bound using a somewhat simpler method based on

entropy.

110



There has been much less progress on the lower bound, though some nontrivial
lower bounds for s, have been proved under various arithmetic assumptions about
n. For example, Cooper [Coo00| proved that s, > ezVrlognp| yunder the hypothesis
that n has a divisor of size roughly +/n, while if, say, n is prime then a lower bound
of Rivin, Vardi, and Zimmermann [RVZ94] for the torodial queens problem gives
$n = 2V D2p1 0 These lower bounds were superseded by work of Cavenagh and
Wanless [CW10], which showed that s,, > 3.246"n! for all odd n. However, this lower
bound is still a long way from the one in Conjecture 4.1.1.

Some researchers have also tried investigating the growth rate of s, numerically:
see Cooper, Gilchrist, Kovalenko, and Novakovié¢ [Coo+99] and Kuznetsov [Kuz07;
Kuz08; [Kuz09|. Based on this numerical evidence, Wanless [Wan11] conjectured that
we can take ¢, ¢ = 1/e + o(1); specifically he conjectured that

1
lim — log(s,/n!*) = —1.

n—ao0 N

Finally, we should mention that s,/(n - n!) is sequence A003111 in [Slo].
In this chapter we prove Vardi’s conjecture with the optimal values ¢, co = 1/e +
o(1), thus also confirming Wanless’s conjecture. In fact our estimate is much more

precise: we compute s, up to a factor of 1+ o(1).

Theorem 4.1.2. Let n be an odd integer. Then
sn = (€72 4 o(1))n!3 /L.

Perhaps the most surprising feature of this estimate is the appearance of the

constant e~ /2

. This constant arises as the sum of the singular series in an argument
resembling the circle method from analytic number theory, but it can be rationalized
heuristically as follows. If my, 79 : {1,...,n} — Z/nZ are random bijections then the
sum f = m + 7 is something like a random function subject to >, _, iz | (x) =0,
and so we might guess that the probability m + 7y is a bijection is about n - n!/n".

However if we fix two elements x,y € Z/nZ then the difference

f@) = f(y) = (m(z) = m(y)) + (ma(z) - m(y))

is the sum of two uniformly random nonzero elements, so f(x) = f(y) with probability

1/(n—1), not 1/n. Thus the probability that f(z) # f(y) is smaller than we previously

suggested by a factor of
1-1/(n—1)

T—1/n =1-1/n*+0(1/n%).
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There are a total of n?/2 + O(n) pairs z,y, so we might guess that the probability

T + 7o is a bijection is more like
2
(1-1/n*)" P nl/n™ ~ e V2pl/nn 1

Our proof applies with only notational modifications when Z/nZ is replaced by
any abelian group G of odd order. To be precise, given a finite abelian group G, let
s(G) be the number of pairs of bijections m,m : {1,...,|G|} — G such that m; + 79
is also a bijection. Then by the same method which proves Theorem [4.1.2] we have

the following theorem.

Theorem 4.1.3. Let G be a finite abelian group of odd order n. Then
s(G) = (e7V2 + o(1))n!3/n" L.

There are additional complications however when G is allowed to have even order,
say when G = (Z/2Z)?, and we do not know whether the same method can be made
to work in this case.

Like the toroidal semiqueens problem, the toroidal queens problem—the problem
of counting the number of ways of arranging n mutually nonattacking queens on an
n x n toroidal chessboard—is equivalent to counting the number of solutions to a

particular linear system in the set of bijections, namely the system

T + Mo = T3,

T, — T = T4.

Linear systems of complexity 2 like this one are known not to be controlled by Fourier
analysis alone, but there is some hope that one could use the higher-order theory
pioneered by Gowers. This is an interesting avenue which has not yet been fully
explored.

Notation. All the groups we work with will be finite, and we equip each of them
with either the uniform probability measure or the counting measure, depending on
whether the group is considered to be on the physical side or the frequency side,
respectivey. Of course, this convention is respected in our definitions of convolution,
inner product, and L2 norm. When G has the uniform measure we use the expectation
notation E,cq f(z) to denote the average of f over G.

Occasionally we will use a primed sum Z;:l,...,a:keG to denote the sum over all k-
tuples of distinct elements 1, ..., 2, € G. Finally, we will use the standard notation

e(r) = e,
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4.2 Outline of the proof

Our approach to proving Theorem is Fourier-analytic. Write G = Z/nZ for n
an odd integer, and write S < G™ for the set of bijections {1,...,n} — G. Our goal

is to compute the quantity

E;yeanls(2)1s(y)ls(z +y) = (1g * 1g, 1g).

A standard application of Parseval’s identity shows that this quantity can be expressed

in terms of the Fourier transform of 1g as

7 1T 00PTs(x)- (4.1)

Xeé”

Here we identify G with 17/Z in the usual way, so that for x = (r1,...,r,) € (1 Z/Z)"

we have explicitly

~ 1
lg(ry,..., ) = — ' e(—=rixy — - — rpy), (4.2)

L1y
where, as mentioned in the previous section, we use Y’ to denote the sum over distinct
xr1,...,2, € G, ie., the sum over S. In fact it is clear that 1A5 is real-valued, since
S = -85, and hence we may drop the absolute value signs in .

The form of the proof can then be viewed as an analogue of the Hardy—Littlewood
circle method from analytic number theory, adapted to the group G™ rather than Z.

We borrow some nomenclature from the classical setting.

e There are a small number of characters y € @", namely the characters xy =
(r1,...,m,) for which almost all of the r; are equal, that make a substantial
contribution to the sum . We call the totality of these x the major arcs.
We compute explicitly the contribution of these x to (4.1]), up to small errors:
this is an analogue of the singular series, which accounts for the main term in
Theorem including the constant e~/2. For all this see Section

e We bound the contribution from all other characters using the triangle inequal-

ity; that is, we obtain an upper bound for

Y s

all other x

that is smaller than the main term. We call such x collectively the minor arcs.
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A large part of this chapter is therefore devoted to obtaining good bounds for
Fourier coefficients 1Ag(x), either pointwise or on average in a suitable sense. In fact
we will need to combine several different arguments which are effective in different

regimes.

4.2.1 Preliminaries on fg

In order to describe how the characters G" are divided up into different pieces in
which different approaches will be effective, we will need some preliminary remarks.

First, note that the function 1AS(7“1, ..., Ty) is invariant under permutation of the
74, 1.€.,

A~ A~

1S<7“1, ce ,Tn) =1 (7’0(1),...,7’0(”))

for any bijection o : {1,...,n} — {1,...,n}. This is immediate from the defini-
tion (4.2)). Hence it makes sense to specify a Fourier coefficient of interest in the
form IAS(T‘I“, ooy ik), where r; € G are distinct, the a; are positive integers such that
>'a; = n, and the notation r* means r repeated a times.

Second, observe that 1A5(7“1, ...,ry) = 0 unless > r; = 0. This follows from the

fact that S is invariant under global shifts (z;) — (z; + t), so one can compute

~ /
Ls(ry,...,m) = n—ln e(—riwy — - — rpay)
T1,...,Tn
1 /
= e(—=ri(xy +t)— - —rp(z, + 1))
T1,...,Tn

= 15(7”1, . ,Tn)e(—(T1 + -+ Tn)t)

Dually, note that 1g is invariant under global shifts. This follows from the fact that
> x; =0 for any (z;) € S. Hence,

~ 1 /
Ls(ri,. oo ymn) = — e(—=rxy — - — rpxy)
n T1,...,Tn
1 /
= e(—(r1 +t)xy — - — (1 + t)xy)
T1,..Tn

— Tg(ri+t,...,m +1).

Finally, note the trivial bound

Ts()] < 15(0) = —.
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4.2.2 Entropy ranges for minor arcs

We now explain a straightforward but still fairly powerful bound on ’fs(X)’ that

follows directly from these elementary considerations.

Proposition 4.2.1 (“Entropy bound”). We have

’1/\ (7"a1 Tak)| < n —-1/2 Tl_' 1/2
R nn '

Proof. Let O c G™ denote the set of characters obtained by permuting the elements

of (r{*,...,m*¥). Hence, |O| = (ah.T.L.,ak) and by permutation invariance, 1g takes a

constant value on . Thus by Parseval,

n! . > (/.a a
= DTS00 = D L)1 = 0)Ts(rt, i) P,
Xeé’n XEO
and the result follows. O]

The term “entropy bound” refers to the fact that the quantity

1 n
H(x) = - log (al ak)

is roughly the entropy 37 (a;/n) log(n/a;) € [0,log n] of a random variable taking the
value r; with probability a;/n. In a slight abuse of nomenclature, we refer to this first
quantity H(y) as the entropy of x. In this language, the bound of Proposition
is precisely exp(—Hn/2)(n!/n™)"? or roughly exp(—Hn/2 — n/2). This is already
sufficient to control the contribution to for most characters .

Corollary 4.2.2. We have

S IG00P < expl(3 - /2 (1)

x:H(x)=R

Proof. By Parseval and Proposition [4.2.1]

Dol <[ D) sl ] sup [Ts(x)]

x:H(x)2R x:H(x)=R x:H(x)2R
> 2 nl\ /2
< Z [1s(x)] sup exp(—H(x)n/2) <—n)
xeGn x:H(x)=R n
i\ 32
< exp(—Rn/2) (—)
n?’L
n\*
< exp((3— R)n/2) <—>
nn
as required, where we have used the estimate n! > (n/e)". []
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This is smaller than the main term for any fixed R > 3, so from now on such
high-entropy characters need not concern us. We refer to such characters as the high-
entropy minor arcs. Since a typical character x has entropy comparable to logn, the
high-entropy case comprises almost all characters in some sense, so this is a good first
step.

On the opposite extreme we have characters x with entropy o(1), such as y =
(rk, —rk, 0"=2) for k = o(n). The characters with entropy O (°22) are the major arcs,

n

but between O (k’%) and o(1) we have the low-entropy minor arcs. Such characters
are necessarily of the form (...,r"~°™) ie., they take a single value almost all the
time. By shift-invariance we may assume without loss of generality that this value
r is zero. Thus the low-entropy minor arcs are closely related to the set of sparse
characters, characters xy comprised almost entirely of zeros.

That leaves the characters x with o(1) < H(x) < 3, which form the medium-
entropy minor arcs. A good model case are characters such as y = (r/3, —r™/3,0"/3),
which are particularly troublesome.

There are two fundamental areas of inefficiency in the arguments of Proposi-
tion and Corollary that prevent them from giving good bounds for low-
or medium-entropy minor arcs. First, the bound on |Tg| given by Proposition
is less effective for smaller H, and in particular worse than trivial when H < 1.
Clearly there is no hope for this programme unless we can find a bound on \fg! that
is nontrivial throughout the range 0 < H < 1, and moreover obtains a substantial
exponential saving for most of that range.

Second, in the proof of Corollary we made use of the convenient bound

DML < | D0 1Ts()I? |sup [ Ts(x))

N X
x€X xeG X€

for some appropriate set X < G Tt is fairly clear that we cannot afford this luxury for
small entropies: since the main term has order (n!/n™)3, we need |15(x)| = o((n!/n™)?)
for all x € X for this to be effective. This is a saving of about exp(—n) over the trivial
bound of n!/n™, and it is simply not reasonable to expect such a bound to hold if, say,
H(x) = 1/1000. One way around this is to pigeonhole the characters y into various

sets X;, and apply such an L? - L* bound on each set. To make this work, we would

DT

XEX;

need a bound on
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which makes a significant saving over the crude estimate

DL < D) 1150

XEX; xeGn

employed in Corollary Alternatively, one could try to bound the L3 sum

TP

XEX;

directly, using an L® bound and an estimate for the size of X;.

We address both of these inefficiencies in order to reach our final bound. Specifi-

cally, we will do each of the following.

e Improving on Proposition 4.2.1, we obtain a good general-purpose bound for

]1}()()\ that is nontrivial for values of H(x) approaching zero. Roughly speaking,
where Proposition m gives the bound e #2772 we will prove the bound
e~Hn/2=n This appears in Section [4.4]

We use this bound to estimate the contribution to (4.1)) from y with 10719 <
H(x) < 10, say, by using a dyadic decomposition and a simple estimate for the
number of characters of a given entropy. Thus we dispatch the medium-entropy

minor arcs. This is covered in Section [4.7.

Separately, we obtain a good estimate for
Z | 15 (X) |2a
m-sparse x
i.e., an improvement to Parseval when summing only over those characters x

having exactly m nonzero terms. Here we might imagine m < n/1000. We call
this a sparseval bound, and prove this in Section [4.5]

Finally, we obtain a slightly different L* bound specialized to the case of sparse
characters x. This appears in Section [4.6] The total contribution from the low-
entropy minor arcs is controlled by combining this with the L? bound above.
(Incidentally, this is the only part of the argument in which we really use the
odd order assumption—elsewhere we only use the assumption that the sum of

the elements in G is zero.)

In summary, we split the universe of all x into several slightly overlapping

regions—major arcs, low-entropy minor arcs, medium-entropy minor arcs, and high-

entropy minor arcs—and apply a cocktail of different bounds and explicit computa-

tions adapted to each region.
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4.2.3 Interpretations of minor arc bounds

As we have said, a significant part of our effort will be spent proving nontrivial bounds
on Fourier coefficients |Tg(x)| for x in the minor arcs. Although such bounds are at
first glance fairly esoteric, in fact they have natural interpretations. For instance,

they are intimately related to questions of the following flavour.

Question 4.2.3. Suppose G = Z/nZ is partitioned into k sets Ay, ..., Ay, each of a

pre-determined size a; ~ n/k, at random. Consider the random variables

ﬂzZreG

TGAZ‘

fori =1,... k. Thevector T'= (11, ...,T}) is a random variable taking values in the
subgroup H = {(x;) € G* : Y. z; = 0} of G*. How close is T to being equidistributed
in H, in a quantitative sense? In other words how close is the law of T" to the uniform
distribution on H?

Because of the connection of this question to the size of the Fourier coefficients
Lg(r{*, ..., ri¥), our bounds give a strong answer to this question in many regimes.

It is not inconceivable that these kind of bounds may find applications elsewhere.

4.3 Major arcs

In this section we compute 1A5(r1, ooy Tm, 0,...,0) explicitly for bounded m. To this

end observe that

~ n—m)! /
ls(ri, ..., 7m,0,...,0) = (n—") Z e(—riry — - — ). (4.3)
T1yeeesTim,
The sum over distinct z1, ..., z,, can be related to a sum over partitions of {1,...,m}
using a type of Mobius inversion: for any function F'(xy,...,x,,) we have
/
2 F(:Ul,...,xm)22u(73) Z F(x1,...,%m),
T1yeeyTm P L1,

P .
T;=x; whenever i~j

where the outer sum runs over partitions P of {1,...,m}, and
u(P) = (=)™ P TP
PeP
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See, e.g., Béna [Bén15| for more information. To apply this to 1s, say that a partition
Pof {1,...,m} kills (r,...,rp) if >, p7 = 0 for each P € P, and observe that

nlPlif P kills (11, ..., 7)),
Z e(—rimry — - — rpy) = i
o 0 otherwise,
P .
x;=x; whenever i~j
SO ( y
~ n—m)!
Gs(r1y om0y, 0) = =0 Syl

P killing (r1,...,rm)

The following two observations are immediate from this formula:

e Suppose every killing partition of (rq,...,r,,) has at most k parts. Then
~ 1 n!
1s(ri, .o 7, 0,...,0)| < Op | ——— ). 4.4
Tt )< 0n (s (4.4
e Suppose that m is even, that r,...,r,, € G are nonzero, and that (rqy,...,7r,)

is killed by a unique partition with m/2 parts. In other words suppose that
Ti,...,Tm € G are distinct and nonzero, and that, up to a permutation, ry; =

—rgj_q for each j = 1,...,m/2. Then

~ —1)™/2 ) 1 !
uwhuwma”wmzi—L—”+om(———”). (4.5)

nm2 pn nm/2+1 pn

Proposition 4.3.1. If m is even then

~ —1)m™/2 pt3 1 n?

RRC (o Y,
Z s0) 2m/2(m/2)! n3n - nn’ )’
m-sparse x
while if m is odd then

~ 1n3

3 _
Z 1s(x)” = On (EW) .
m-sparse x
Proof. First of all note by permutation-invariance that
~ n ~
D L)’ = < ) D Le(rio 0,0, 0)%, (4.6)
m
m-sparse x 1y, 70

For each (rq,...,7,) choose a maximal-size partition P which kills (rq,...,r,), and
split the sum up according to P. Suppose P has k parts. Since P cannot have
singletons we have k < m/2, and by (4.4) we have

~

1 !
1s(r1, .- 7m,0,...,0)] < Oy (_n )

nm=k pn
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Since the number of (ry,...,7,) killed by P is bounded by n™ % the contribution
to (4.6 from these (r1,...,r,,) is bounded by

1\ 3 13
Yy mek Om(1) nt\" _ O, 1 b |
m nmfk nn nmek n3n

which is satisfactory unless k = m/2. Moreover the number of (rq,...,r,,) killed by
m/2—1

at least two partitions P with m/2 parts is bounded by n , so the contribution

from these (r1,...,r,) is bounded by

1 nl\’ 1 nt®
m nm/2nn n n3n

which is again satisfactory. Thus we may restrict our attention to those (r1,...,7m,)
which are killed by a unique partition P with m/2 parts, and for these (4.5]) gives

~ —1)™2 p) 1 !
15(7‘1,...,7’m,0,...,0)=Qn +Om<—n).

nm2  pn nm/2+1 pn

For a fixed such P the number of such (ry,...,ry) is ™2 + O,,(n"?>71), and the

number of such P is

m)!

(m—l)(m—?))---lzm,

so the total contribution from these (71,...,7) is

n m! N (—1)™2 n! 1 n\\’
e m/2 m/2—1 oo e
(m> T Onn) ( e e+ Om e
—1)™2 pl3 1 nt®
_ O™ et (_n_) ,

22 (m/2)l ndn

This proves the proposition. O

4.4 Square-root cancellation for general Fourier
coefficients

The aim of this section is to prove the following refinement of Proposition [4.2.1]

Theorem 4.4.1. Suppose x = (1%, ..., 7%, where Y a; = n. Then

~ n+k—1\" n "l
T5(x)| < nn
[1s(x)] < E—1 ) (ah...,ak) nn
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Before proving this theorem we make a few remarks in the way of motivation

n+k—1
k—1

care about, for if H(y) = O(1) then &k = O(n/logn) = o(n), so this factor is of

size exp(o(n)). Thus where Proposition [4.2.1] provides the bound e=#%2=%/2 this
—Hn/2—n+o(n).

and explanation. First, note that the factor ( )1/2 is small in the regimes we

theorem provides the bound e This saving of around e "2+°(") may be
uninspiring if H is large, but if H is small it is decisive.

In general the bound in this bound is not sharp, often by a substantial amount.
However, it is sometimes attained asymptotically for very special, arithmetically
structured classes of characters. For instance, if we temporarily allow n to be even,
then one can compute directly that

log [|1AS((1/2)G’ Onfa)|/(n!/n”)] ~ —% log (n)

a

for large n. Similarly, numerical evidence strongly suggests that

a,a,n —2a

» —2a n 1 n
g [115(/3)% (173,02 )] ~ 1o )
if n is divisible by 3; for example, when n = 3003,
bg[H;«LBVWE(—LﬁﬂmﬂommﬂﬂnVnﬂ]::—HMQON@QZ%UW

while

1 3003
3! — 16454 -
2 % (1001,1001,1001) 645.46757758

But, for example, the evidence also suggests that

los | £5((1/8)°, 0~ (/)] ~ —2 o (”)

Thus we might hope to improve on Theorem but only by ruling out the partic-
ular characters discussed above and others similar to them. For instance, a strength-
ening is almost certainly available under the assumption that n is prime. Thus one
might think of Theorem |4.4.1] as the best general-purpose bound available.

We should also comment briefly on the term “square-root cancellation”. If y =

(r{*,...,r %) then note that

-t (3)- (3]

where the expectation is over all ordered partitions P = (Pi,..., ) of G into k

n

I ak) . Assuming

pieces with |P;| = a;. The number of such partitions is precisely (
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that the phases in the average behave randomly then we should expect square-root
cancellation, and we heuristically recover the bound in Theorem |4.4.1] up to lower-

order terms.

Proof of Theorem [[.4.1 Let v be the Gaussian measure on C* defined with respect

to Lebesgue measure A by
dy 1 . 9
a—ﬁexp <—;|Zz| :

We claim that

k

w0 = | (Z ~rio ) . (4.7
zeG

One can check this by expanding the product and using the identity

k Foa! if a; = by f )
f 1—[ S gy [T, el ifa b or each 1, (48)
Ck - 0 otherwise.

We can now proceed by bounding the integral in (4.7)) using various techniques.
Applying the Cauchy—Schwarz inequality we bound the right-hand side by

s ) (TS
<Jck zeG

1/2
The first factor here is exactly (Hle ai!> by (4.8]). If we now apply the AM-GM

inequality to the second term and evaluate the resulting integral, we get

2
1
dy < —

1/2

dy

i=1

2 n

dy

= 1

S1+ - +Sg=n

_ (" +k-1
o\ k=1 )
Thus the theorem follows by dividing by n". O
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Remark. Though the identity is easily verified directly, we briefly sketch here
a possible route by which one might be motivated to write down such a formula in
the first place.

Let {X,: « € G} be indeterminates, and observe that the left-hand side of is

precisely the coefficient of [, ., X, in the multivariate polynomial

k a;
H (Z Xxe(—ri.r)> ,
i=1 \zeG

and so equivalently the value of the derivative

(H a;i) ﬁ (Z Xme(—m))m (4.9)

zeG i=1 \zeG

evaluated at zero (although in fact this evaluation is redundant as this expression is
a constant function).
In some generality, it is possible to equate a quantity of the form

obr OPk
8Y1bl e 6kakf|yl—---—yk_0’

where f(Y1,...,Y%) is a suitable holomorphic function of k complex variables, with

the corresponding integral expression

Jlebl...ka’“f(Yl,...,Yk)dfy,
C

where again 7 denotes Gaussian measure. This can be verified by applying the case
k = 1 iteratively, which in turn follows by averaging the usual Cauchy integral formula
over different radii. This formula can be considered a particular higher-dimensional
variant of the Cauchy integral formula.

The identity follows by applying this identity to (4.9 and making an orthog-

onal change of variables.

4.5 Sparseval

Recall from Section that one of our goals is to obtain good bounds on

> 0P, (4.10)

m-sparse x

where the sum is over all characters x = (r1,...,,) with precisely m nonzero entries.
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First consider the related sum
> skl
<m-sparse x

i.e., the sum over characters with at most m nonzero entries. This can be bounded
by applying Parseval to the set S, of injections {1,...,m} — G as a subset of the
group G™. Indeed, letting N(x) be the set of indices i for which r; is nonzero, by

permutation-invariance we have

dMooP< D> D sk

<m-sparse x IN|=m N(x)cN
n ~
:< ) Z 1s(ri,. . 7m, 0,...,0)?
m T1,eesTm
B e vl I (AP | (4.11)
2n—2 m
(m) o T n—2m
_(n)\(n—m)P n!
= m n2n—2m nm(n_m)'
n™ nl?
" mln2

Here we used
~ n—m)l —
ls(ri, ..., 7m,0,...,0) = glsm(rl, ceyTm),
which follows from (4.3]).
This is our first nontrivial sparseval bound. It turns out that overcounting as
above is too inefficient in the context of the wider argument, when, say, m/n is a

small constant. The purpose of the rest of this section therefore is to improve the
bound on (4.10) as much as possible.

Theorem 4.5.1. If m < n/2 then
V212

~ m3/2 /nl/2 n
DI < O(m )l )() por

m
m-sparse x

Proof. The starting point of our strategy is to apply inclusion-exclusion to obtain an

expression for (4.10)). For m < n let

Qm,n) == 37 [P

m-sparse X
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and observe as in (4.11)) that

|
3-&:
w:
[[s =
M
ﬁ
@
/\
3

|
pyk‘
SN—

le( ) Y(n—m+1)-(n—kn*. (4.12)

This expression exhibits a vast amount of cancellation. To capture this, we use
a generating function argument, followed by some complex analysis in the spirit of
the saddle-point method (see Flajolet and Sedgewick [FS09, Chapter VIII| for back-
ground); see also the remark following the proof for some further motivation.
Observe from that Q(m,n) is exactly the coefficient of X™ in

Tbn+1€X

(n + X)nferl ’

f(X) = (4.13)

Thus, by Cauchy’s formula,

nn+1 e?
= d
Q(m’ 7’L> 2 § (7’L + Z)n7m+12m+1 &

|z|=r
for any r in the range 0 <r < n, so
nnJrl e?
QR(m,n) < max :
(m,n) M z=r | (n 4 z)nmmH

We claim that |e*/(n + 2z)"~™*%1| has only two local maxima on |z| = 7: one at z = +r
and the other at z = —r. To see this note that if |z| = 7 and Rz = ¢ then

2 2t

& e

e

(n + Z)n—m-‘rl

B (n? 4+ r2 + 2nt)n—m+1’

SO

P 2

4
dt

e
(n + Z)nferl

2n(n —m + 1)
n? +r?+2nt

log
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This function has a unique pole at ¢ = —(n + r%/n)/2, which is to the left of the
physical region —r < ¢t < r, and it has a unique zero somewhere corresponding to a
minimum, not a maximum, so the claim holds. Thus |e*/(n + 2)"™%!| is bounded

on |z| =r by

SO
nn+1€ir *r m

Q(m,n) < =

Tm<n + r)n—m+1 (1 + r/n)n—m+1 rm’

Here

log <(1 et ) = +r — (n —-—m+ 1)(i7‘/n _ 7’2/2712 n O(r3/n3))

+ T/Tb)n_m+1

=72/2n + O(r*/n® + rm/n).

Taking r = (mn)"/? we thus have, by Stirling’s formula,

m/2 1/2
Q(m,n) < 1/2+0m/n)12)m nl < O(mM/h)elm*?/m'?) (n> : n
mm/2 m

Remark. Although it is straightforward to check that @(m,n) is indeed the coeffi-
cient of X™ in f(X) by expanding (4.13), the proof is unsatisfying in that one needs
to know the formula for f in advance. Here is an alternative proof which does not
have this fault.

Let ¢ be the discrete derivative operator defined on functions g : N — R by

dg(k) = g(k +1) — g(k),

and observe that .
Q(m7n) = %8 gm,n(o)v

where ¢,,,, is the function defined by
(k) =n"n—k)(n—k—1)--- (n —m + 1).

Intuitively, the reason the sum (4.12)) exhibits such enormous cancellation is that it
is a high derivative of a very “smooth” function g,,,. To capture this smoothness we

start by investigating the first derivative dg,,,. By directly computing we find that
agm,nuf) :]{Jnk<n—]{j—1)(n—k—2)...(n_m+1)

k
— Y (k+1).
ng,( +1)
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Thus from the Leibniz-type formula
d(gh)(k) = dg(k)h(k + 1) + g(k)Ih(k)
we derive the recurrence

é’égmm(k:) =0t (%gm,n(k‘ + 1))

k (-1
- —03_1gm,n(k’ +1)+ —86_29%”(/{ +2),
n n

which holds for all £ > 2. In particular, letting

1
Ay = —(’)ng’n(m — 1),

S/

we have the recurrence ’ .
m J—
ag—1 + ECL@,Q (4.14)

ﬁag =

for (ag)e=o. Observe that ag = n™, a; = (m — 1)n™"L, and that Q(m,n) = a,,.

In the next section we will bound solutions to recurrences like in a di-
rect fashion, but for itself it is more convenient to use a generating function
technique. For an indeterminate X put

0

FX) =) aX?,

(=0
and observe by multiplying (4.14) by X‘~! and summing for £ > 2 that
m—1 1 1
F(X) —ar = ——(f(X) —ao) = —X[f'(X) + ~X[f(X) .
n n n
By inputting ap = n™ and a; = (m — 1)n™"! and rearranging we arrive at

(n = X)f(X) = (m -1+ X)f(X).

The formula (4.13) is obtained by solving this differential equation.

4.6 An L” bound for low-entropy minor arcs

The main result of this section is the following proposition.

Proposition 4.6.1. Let x be a character with exactly m nonzero coordinates, where
m < n/3. Then

—1/2
Tg(x)| < O™/ 24mi2)  g=m/2 (”) o
m nm
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It is instructive to compare this bound to Theorem [4.4.1 If y has exactly m
nonzero coordinates and takes precisely k£ distinct nonzero values, i.e., if xy has the
form (r{*,...,r{*,0"~™) where >} a; = m, then Theorem [£.4.1] gives us a bound of

~ n+ k\ Y2 n 2
1 < -
(0l ( k > A1y.nny QL — M n"

This bound is worst approximately for characters of the form y = (r™, 0" ™), for
which we get the bound

m nn’

Ts(0)| < 0(n1/2)<”>1/2n_!

Moreover if we allow n to be even and set r = 1/2 then this bound is approximately
attained, as remarked in the comments following Theorem [4.4.1] Here, however, we

m/2  SQuch an

are asserting an improvement to this bound by a significant factor of 2~
improvement is only possible under the assumption that n is odd, and thus our proof
of Proposition 4.6.1) must exploit this assumption in a fundamental way.

Since we do not know how to adapt the proof of Theorem to exploit the
absence of 2-torsion, we employ a more specialized approach that suffices in the
sparse regime.

Incidentally we observe that this is the unique stage of the proof in which we need
the full strength of the hypothesis that G has odd order. Elsewhere we only need to

assume that >, -2 = 0.

Proof of Proposition[{.6.1. Let x = (r1,...,7m,0""™). The key tool in our proof is
an exact recursive formula for Fourier coefficients 1g(x), in terms of related Fourier

coefficients for which m’ < m. Specifically, as long as r,, is nonzero we have

(n—m)!

A~ /
1s(x) = o Z e(—riry — - — rpm)
Ty Tom

_ (n—m)! Z’ N e )

nn
L1y Tm—1 TmFLL,--sTm—1

__(-m) Z’ N e = = T

L1y Tm—1 Tm==T1,.--,Tn—1

1 m—1 R
= —n_—nm 2 15(7’1,...,7”2' —|-7”m,...,7“m_1,0,...,0). (415)
i=1

(As an aside, we remark that this formula can be used for efficient explicit computa-

tion of certain kinds of Fourier coefficient.)
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Let U,, be the maximal value of the |1AS\ taken over all characters with exactly
m nonzero coordinates. If we apply the triangle inequality to the right-hand side of
(4.15) and bound each |1/:g()(/ )| appearing there by the appropriate value U, (where
m’ < m), we obtain recursive bounds on the U,,.

However, there is a subtlety in this process: the number of nonzero coordinates of
(riy. e sTi + Ty ooy Tm—1,0,...,0)

might be either (m —1) (if 7,4+ 7, # 0) or (m—2) (if r;+r,, = 0), and we do not have
much control over which occurs. Since we expect U,,_1 < U,,_», it is in our interests
to land in the former case as much as possible. We have the freedom to reorder the r;
before applying , so our goal is to optimize the recursive bound over all choices
of r,,.

For each i < m let N; = {j < m:r; = —r;}. By reordering, we may assume
without loss of generality that |A;| is minimized when i = m. Suppose j € N,,. Then
r; = —Tm, so since |G| is odd we have r; # 7y, so N, nN; = . Thus by minimality
Nn| < mj2.

Hence, by applying we deduce the bound

_ WollUna + (m = 1 = [Now[)Uni s

n—m-+1

max {(m — 1)Uy,—1, (m/2)U—o + (m/2 — 1)Up—1}

[Ts()]

1
< —
n—m-+1
where the former term in the maximum covers the case U,,_; > U,,_2 and the latter

the (inuitively more likely) case U,,_1 < U,,_2. Hence

Uﬁégj%:Tmme—UMnbmeﬁnyﬂmﬂ—nﬁnﬁ. (4.16)

Our task is now to obtain bounds on U,, by solving this recurrence, which, ignoring
the maximum, resembles a kind of time-dependent Fibonacci sequence. In Section [4.5
we dealt with a similar recurrence using generating function methods. Here we will
use a more hands-on method. Specifically, we will phrase in terms of a product
of 2 x 2 matrices (as one might for the Fibonacci sequence), and control the L? norm
of the result by bounding the L? — L? operator norms of each matrix in the product.

Write o, = m, B = m"_””—;il), and v, = n’_”y;_lu.
with a rescaled version V;,, = (s . .. ozm)*l/ZUm of U,,, for m > 1. From we
deduce that

Additionally, we work

Vi < max {'yma;lm Vi1, alf2q 12 Voo + Bma,_nm Vm_l} (4.17)

m “‘m—1
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holds for any m > 3.

If we define matrices

M, = Vmo‘;lm 0 and N, = Bnaim”® O‘%Qo‘%lﬁ
" 1 0 " 1 0 ’

and vectors v, = (V;,, Vin1)T, we can write (4.17) equivalently as
Uy < max { M, U1, NjpUpm—1} -

Using the easily obtainable bounds a,,a;," ; = 1+0(1/m) and 82,a;,' < m/n, we
get that
tr (NENy) <2+ m/n+O0(1/m)

and
det (N N,) =1+ 0(1/m),

and so by considering the singular values of NV,,, we get the operator norm bound
INwlr2ore <1+ O((m/n)V? +m~Y2).
Completely analogously, using the easy bound 72 a;! < 4m/n, we deduce
| My 2z < 1+ O(m/n).

Thus we have

Vin <A/V2+ V2,
<HmaX{M lz2—r2, [ Ne| L2 L2}> A Vs + VP

r

=3
m

<H (140 ((r/n)"2 +r1/2))> NI
r=3

We already know from Section that U; = 0 and it is evident from (4.15)) that
Uy = O(n!/n™*1). Hence, we can bound the term 4/V7 + V2 in the above inequality
by O(n!/n™), which gives

|
V. < (Olmt ey 1L

nn’

and the claim stated in the proposition follows easily from this. O
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4.7 End of the argument

To estimate the sum of cubes

I’

xeGn
we divide the set of all x € G™ into three regions depending on the value of H(y): a
high-entropy range H > 10, a medium-entropy range ¢ < H < 10, and a low-entropy
range H < . Here ¢ is a small positive constant which will be chosen at the end of
the argument.

In the high-entropy range H > 10 it is enough to use the bound from Corol-

lary [4.2.2]

Z |1/:q(x)|3 < el Indn,
x: H(x)=10

In the medium-entropy range ¢ < H < 10, we first need a bound for the number

of characters of a given entropy.

Lemma 4.7.1. If H < 10 then the number of characters of entropy at most H s

bounded by eI+

Proof. Every character of entropy at most H has an orbit under the permutation
action of size at most e”™, so it suffices to show that there are only €™ such orbits
of characters of entropy at most 10. Every orbit is uniquely specified by giving the
number a, of appearances of r for each r € @, so we must show that the number of

nonnegative integer vectors (a,),.s with >} a, = n and satisfying

n!
' < elOn
H’FEG Ay

is e?™ . Let § > 0 be a small constant, and let ¢ be the sum of the a, for which

a, < e 9. Then

e~ Hnyn < e~ 10, < Har! < Hair < <6—11/6n>tnn—t _ 6_11t/6nn,

re@ reG

—11/6

so t < on. Since at most e''/? of the a, are bigger than e n, the number of (a,) .4

11/6

is bounded by the number of ways of choosing the set B of at most e'"/? indices r for

which a, is big, times the number of ways of choosing these a,, times the number of

ways of choosing (a,)¢p so that Zr¢3 ar =n—, 50 < o6n. This is bounded by

neu/énen/a n+oén—1
n—1 )
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The claimed estimate now follows by applying Stirling’s formula and choosing § ap-

propriately. O

We conclude by combining Lemma with Theorem [.4.1] Note that if the
entropy of x is O(1) then the number of distinct coordinates of y is O(n/logn), so

Theorem [4.4.1| implies
‘fS’(X)‘ < 6—H(x)n/2+o(n)n!/nn'

Thus for any H < 10 we have

SN GWP <l HO) <HY  max [T
x: 9H/10<H (x)<H x: H(x)=9H/10

< 6—7Hn/20+0(n)n!3/n3n.

Decomposing the range [e,10] into ranges of this type and bounding crudely, we

obtain
Y. () < Olog(1/))eTem/20tmnt? fuir,
x: e<H(x)<10
In the low-entropy range H < ¢, one can easily verify that x = (ry,...,r,) must

repeat some coordinate r € G at least (1 —e)n times. Thus by global shift-invariance
of 1AS we have

YOG -nd Y (4.18)

. H(y)<e m=(0 m-sparse x
x: H(x) i) <<

By combining Proposition with Theorem we have that for any m < en,

S I00P < (mex 16001) X IG0P

m-sparse x m-sparse x

3

O(m3/2/n1/2+’m1/2)2—m/2 n!
e [EN—
n3n

3
O(el/2m+m1/2) 2—m/2 n!
n3n '

<e
As long as ¢ is sufficiently small depending on the constant implicit in the O(g/?m)
term, this is negligible except when m has size O(1). In this range, we can apply
Proposition We introduce a further parameter M and split the sum (4.18)) into

the ranges 1 < m < 2M and 2M < m < en, to obtain

S neroa Y E o, (22)

Mo | n3n 3n
v Hoo<e = 2mm! n nn
En |3
+0(n Z 60(51/2m+m1/2)27m/2 n
m=2M nin .



Finally, by combining the three bounds we have just proved for each range H < ¢,
e < H <10, and H > 10, we deduce

> Is(0? =n o Dt 1O (1”—'3>

~ 2mm! n3n n n3n
xeGn m=0
= 1/2 1/2 n'3
+0 1| n § 60(6 m+m )2—m/2
n3n
m=2M

13
+0 <10g(1/€)€—7£n/20+0(n)n_')

n3n
3
ar M)
—3.5n
+0 (e n3”) )

Theorem [4.1.2| now follows by choosing € and M appropriately.
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Chapter 5

Product mixing in the alternating
group

ABSTRACT. We prove the following one-sided product-mixing theorem
for the alternating group: Given subsets X,Y, 7 c A,, of densities «, 3,7
satisfying

min(af3, ay, By) » n *(logn)”,

there are at least
(1+ o(1))afy] Ayl

solutions to xy = 2z with z € X,y € Y,z € Z. One consequence is that
the largest product-free subset of A, has density at most n=/2(logn)"/?,
which is best possible up to logarithms and improves the best previous
bound of n™'/3 due to Gowers. The main tools are a Fourier-analytic
reduction noted by Ellis and Green to a problem just about the standard
representation, a Brascamp—Lieb-type inequality for the symmetric group
due to Carlen, Lieb, and Loss, and a concentration of measure result for

rearrangements of inner products.

This chapter reproduces the paper [Ebel6].

5.1 Introduction

Product mixing for a group G generally refers to any estimate of the following form:
whenever subsets X, Y, Z < G have densities «, 5, v above some threshold, the number
of solutions to zy = z with z € X,y € Y,z € Z is (1 + o(1))aBv|G|*>. The following
foundational theorem proved by Gowers [Gow08] (and expanded by Babai, Nikolov,
and Pyber [BNPOS§|) explains this idea further.
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Theorem 5.1.1 (Gowers). Let G be a group and let m be the minimal dimension of
a nontrivial representation of G. Let X,Y,Z < G have densities «, 3,7, respectively.
Then

(1x * 1y, 125 — afy| < m~Y2al/2g12,12,

In particular if afy » m~! then

<1X * 1y, 1z> = (1 + 0(1))046’7

Here and throughout this chapter we write X <Y to mean that X < O(Y), and
we write X « Y to mean that X < o(Y). We will write X ~Y to mean X <Y and
X 2 Y. This differs from the convention used for example in Chapters [I] and [3, but
it will be convenient for us. The convolutions and inner products above are defined
with respect to the uniform measure.

There are several immediate corollaries of Theorem [5.1.1] For example, if a8~y >
m~!, then the intersection XY n Z is nonempty, and in fact XYZ"! = G. In
particular, if X < G is product-free (meaning that there are no solutions to zy = z
with x, 5, z € X), then X has density at most m~"/3,

For the purpose of illustration let us assume o ~ f ~ . Then Theorem [5.1.1
asserts that there is a product-mixing phenomenon for sets of density greater than
m~/3. On the other hand Kedlaya |[Ked97] proved that any group G acting transi-

1/2

tively on a set of size n has a product-free subset of density n="/%. For a broad class

of groups, including for example the alternating groups and special linear groups, we

13 and m~Y2.

have m ~ n, so for these groups this leaves a gap between m™

In Section |5.2| we partly explain this gap by showing that any group G acting
transitively on a set of size n has a subset X of density ~ n~3 for which there
are significantly more than the expected number of solutions to xy = 2. In groups

13 as in

with m ~ n this shows that the density threshold for product mixing is m™
Gowers’s theorem.

Our main purpose, however, is to demonstrate that a one-sided product-mixing
phenomenon persists in the alternating group A,, for somewhat lower densities. Specif-

ically we prove the following theorem.
Theorem 5.1.2. If X,Y,Z < A, have densities «, 3,, respectively, and

1 7
min(ad, a7, ) » 25

then
<1X * 1y, 1z> = (1 + 0(1))0&6"}/
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As a corollary we deduce that if X has density » n~"?(logn)”/? then X? has
density 1 — O(n="?(logn)™?). In particular if X is product-free then X has density
at most O(n~'2(logn)”/?). This is best possible up to the logarithmic factors.

As to the methods, we first use nonabelian Fourier analysis to reduce to a problem
taking place only in the standard representation, an idea due to Ellis and Green. This
problem is then interpreted in terms of random rearrangements of inner products, and
we tackle this problem using concentration of measure and entropy subadditivity. The
backbone of our proof is a Brascamp—Lieb-type inequality for the symmetric group
due to Carlen, Lieb, and Loss, which we explain in Section [5.4]

Notation. As already mentioned, in addition to the usual asymptotic notation
O(-) and o(-), we write X < Y to mean that X < O(Y), and we write X « Y to
mean that X < o(Y). We write X ~Y tomean X <Y and X 2 Y.

We write € throughout for the ground set {1,...,n} on which S,, and A,, act. We
attach the uniform measures to S,, A,, and €2, and we write an unadorned integral
§f to mean the integral with respect to the uniform measure on the domain of f. We

also define inner products, LP norms, and convolutions accordingly.

5.2 Examples of sets with poor product mixing

In this section we give two concrete examples of fairly dense sets with poor product-
mixing properties. The first example, a relatively large product-free set, is due to
Kedlaya [Ked97] and independently Edward Crane (Ben Green, personal communi-
cation), but we recall the construction here as it shows that Theorem is best
possible up to logarithms. The second construction is original, and shows that The-

orem is best possible for two-sided mixing.

5.2.1 Sets with no solutions to zy = 2

1/2 with no solutions to zy = z.

First we give an example of a set X of density ~ n~
Fix a set T' < € of size t and a point 1 not in 7" and let X be the set of all 7 € A,
such that (1) € T and such that 7(T) = T¢. Then clearly X? is disjoint from X, as
every m € X? satisfies (1) € T, and it is straightforward to see that X has density

— — 8t n—-t—1)!
n! t nl(n — 2t)! n

Thus if t ~ n'/2 then X has density ~ n~%/2. This example is due to Kedlaya [Ked97]
and independently Edward Crane (Ben Green, personal communication), and it shows
that Theorem is best possible up to logarithms.
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As explained by Kedlaya [Ked97], his construction adapts straightforwardly to
any 2-transitive subgroup GG < .S,,, and in fact it adapts to any transitive subgroup

G < S, through an averaging argument.

Proposition 5.2.1 (Kedlaya |[Ked97]). Let G be a transitive subgroup of S,. Then
there is a subset X < G of density ~ n=/? such that X> n X = (.

5.2.2 Sets with too many solutions to zy = 2

Next we give an example of a set X of density a ~ n~3 having many more than the
expected number of solutions (namely, a®n!?) to xy = 2. Fix a set T of size t and let
X be the set of all 7 € A, such that 7(T) n T is nonempty. As long as t = o(n'/?)
then X has density roughly ?/n, and if you choose 7, my randomly from X then 7,
is again in X with probability of order t*/n + 1/t. To see this it may help to notice
that X is symmetric, and that 7, 'm € X if and only if 7 (T) n mo(T) # &. Each of
m1(T) and mo(T) is required to intersect T' nontrivially, so 7 (7) and mo(7T') intersect
with probability at least 1/t. Aside from that restriction m(7) and mo(7T) are just
random sets of size , so they intersect with probability at least t*/n. (We can afford
to be somewhat lax with this computation as we will shortly prove a more general
proposition.) Note that the probability ¢?/n + 1/t is much larger than the expected
probability #2/n whenever ¢ is small compared to n'/3.

As with the previous construction, this construction adapts straightforwardly to
any 2-transitive subgroup G' < 5, and to an arbitrary transitive subgroup G < 5,

through an averaging argument.

Proposition 5.2.2. Let G be a transitive subgroup of S,. Then there is a subset
X < G of density a ~ n~'3 for which there are at least 100a®|G|? solutions to

xy =z with x,y,z2 € X.

Proof. For T < Q of size t let Xr be the set of all g € G for which ¢(T) n T # .
Also fix an arbitrary total order < on Q. Clearly |X7|/|G| < t?/n. We will bound
| X7| below by the number of g € G for which there are i, j € T with i < j such that

g(i1) = 7. Thus by inclusion-exclusion we have

[ Xz| 3 Hg:9(0) =33 3 {9 : 9(1) = 4, 9(@') = j'}|
Gl ~ A |G L |G '
Z’:]ET 2,750 5] eT
i<j i<ji'<j’
(1.4 203
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The first sum here is ~ t?/n by transitivity, for any 7. The second sum can be

rewritten as

Z Z Lierlg@yerlirer Ly(iner- (5.1)
1, GQ geG
i1 g(i)>i,g(i’)>i’

Now note that for any fixed 7,4 € Q such that ¢ # ¢ and for any ¢ satisfying g(i) > i
and ¢(i') > " we have [{i, g(i),7,g(¢')}| = 3, and in fact |{i, g(7),7, g(i")}| = 4 except
for a proportion at most O(1/n) of g € G. It follows that the average of over
T < ) is bounded by

O(n*(t/n)* + n(t/n)*) = O(t*/n?).

Thus, by Markov’s inequality, is O(t*/n?) with probability at least 9/10.
Similarly let us count solutions to xy = z in X7. We will bound the number Ny of

solutions below by the number of pairs (g1, g2) € G? for which there exists i, 5,k € T

with i < j < k such that g;(i) = j and go(j) = k. Thus by inclusion-exclusion again

we have

_/ 2 {(91,92) € G* : g1(3) = j, 92(j) = k}|

i,5,k€T |G|2
i<j<k
{(g1,92) € G*: 91(i) = 4, 92(j) = k, 1 (¢') = 5, 92(j’) = k/}l
- Z G2
i,j,k,i/,j',k’ET

i<j<k,i' <j'<k'
(3.3.k)# (@ 5" k")

The first sum is ~ t3/n? by transitivity. The second sum can be rewritten

1
Z W Z 19;1(j)eleETlgz(j)GTlgfl(j’)ele’eTlgz(j’)eT' (52)
J,7'€Q 91,92€G
i#3' g1 (1)<j<92(j)

97 (5" <i'<g2(5")

To bound this we again average over T' < Q. For j # j' and g1, g» under the stated

restrictions the set
= {971 (). 4, 92(3), 97 (4"), 5 92(4")}

always has size at least 4, has size 4 for at most a proportion O(1/n?) of (g1, g2) € G?,
has size 5 for at most a proportion O(1/n) of (g1, g2) € G*, and otherwise has size 6.
It follows that the average of (5.2)) over 7" < 2 is bounded by

O(n*(t/n)® + n(t/n)® + (t/n)*) = O(t%/n?).
Thus, by Markov’s inequality, (5.2)) is O(t5/n*) with probability at least 9/10.
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We deduce that there is some T for which (5.1]) is O(t*/n?) and (5.2)) is O(t®/n?).
For this T" it follows that

—’f;‘ ~ t*/n+ O(t"/n?)

and that

Nr 3/ 2 6/, 4

Thus as long as t = o(n'/?) we see that X has density a ~ t?/n while there are at
least (£3/n?)|G|? ~ (n/t?)a®|G|? solutions to ry = z in X. Now take t = |en!'/?] for a

sufficiently small constant c. O

5.3 Nonabelian Fourier analysis

Here we briefly recall the fundamentals of nonabelian Fourier analysis, and then we
give a short Fourier-analytic proof of Theorem [5.1.1] This proof seems to be well
known among experts: see for example Wigderson [Wigl0, Chapter 2.11].

Let G be a compact group endowed with the uniform measure. The Fourier
transform of a function f € L*(G) at an irreducible unitary representation £ : G —
U(dg) is defined by

fe) = Lf(w)é(x)-

We then have the inversion formula
fla) =D delf(£), £(x) s,
£

and Parseval’s identity

(f,9) = 22 de(f(€),5(E)ms. (5.3)
3

Here the sums are taken over a complete set of representatives of the irreducible
representations of G up to equivalency, and the Hilbert—Schmidt inner product (-, -)us
is defined by

(R, SHus = tr(RS™).

Like classical Fourier analysis, nonabelian Fourier analysis is a powerful tool for un-
derstanding the behaviour of convolutions. Here the convolution f g of two functions
f,9 € L*(G) is defined by

feglx) = L fW)gly '),
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and by an application of Fubini’s theorem we have the rule

~

fx9(8) = F(€)g(8)- (5:4)
For all this and more the reader might refer to Tao [Taol4} §2.8].

We can now give a short proof of Theorem [5.1.1

Proof of Theorem[5.1.1] Suppose that G is finite, that d¢ = m for £ # 1, and that
X,Y,Z < G have densities «, 3,7, respectively. Let f = 1x,9 = 1y, h = 1. Then
by the convolution rule (5.4) and Parseval (5.3) we have

(f = g,hy = Y delF(©)F(), h(&))ms
13
= aBy + Y de(f(€)5(8), h(E)ms.

21
Here we have written 1 for the trivial representation of G. Now by Cauchy—Schwarz
and the algebra property |RS|us < ||R|lus||S||us of the Hilbert—Schmidt norm we

have

KF€)F(€), h(E)Yus| < | F(©)FE) usIh(E) s < | F(€)us () us () ms,

so by using CauchnyChwarz together with Parseval again we have

D del<F(€)3(), h(E)ms| < D delF(€) s [G(E) s () s

£#1 ¢l
<l Sali@luslb©ls o
< m™ 2| fllallglla] 22
— V2121212,

This proves Theorem [5.1.1| -

For the rest of the chapter we specialize to the alternating group G = A,. As
explained in the introduction, Theorem [5.1.1| provides a satisfactory estimate for
(1x =1y, 17y only if a8y » 1/n. However, as observed by Ellis and Green (personal
communication), by examination of the proof above it is clear that only the standard
(n—1)-dimensional representation o is problematic: Again taking f = 1x,g = 1y, h =

15, we have

(frg,h)

D de(F(€)3(6), h(€)ms
3
= aBy + (n— 1){f(0)g(0), hlo)ns + Y de (F(©)FE), h(&)ms. (5.6)

§#l,0
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and since d¢ = n? for £ # 1,0 (this follows from the hook formula: see for exam-
ple [Ras77, Result 2]) we have, by straightforward adaptation of (5.5)),

2 deF(©)F©), hE)ms| < nla 25121

E#1l,0
This is negligible compared to the main term oy whenever o3y » n~2. Thus it
remains only to control (n — 1)<f( )g(o), h A( )us-

For each ¢ € Q2 we have a map S,, — Q) given by 7 — 7(i), which induces a map
L3(Q2) — L3(S,) given by composition with m — (7). We denote by p; the adjoint
of this map, and we call p;f the pushforward of f under = — m(i). Explicitly p;f is
defined by

pif(W)=n | f(@)lr)=w = Z f(m

Sn, TI'GS
7(i)=w

and for any g € L?(£2) we have

Ln f(m)g(m(i)) = L P f (@) g(w).

Now by direct computation whenever at least one of {f, {g, { is zero we have

(n—1){J(0)3(0), h(o)us = (n - 1)f (f = 9)(@)h(y) tro(zy™)

Si

-0 o0 (21 _e )

=(n—-1) ZJ # 9)(2)h(Y) La(o)=y(i)

i€

* Dig, Dih)
€Q

~ Z<f * Dig, pih). (5.7)

i€Q)
Here we define the convolution of functions f € L?(S,) and u € L*(2) by the same

formula:
fruw) = | flmulr(w));
Sn
f = w is then a function defined on €2, and one may check the relation
pi(f=9) = f*pig.

Note that the assumption that one of {f, {g, (A is zero is innocuous, since changing f

by a constant does not change f(a).
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Similarly whenever {f = 0 we have the following remnant of Parseval’s identity:

1713 = (n=DIF(@)|as ~ X Ipif 13- (5:8)

i€}
We can now summarize the rest of the proof. We will prove a concentration-of-

measure result for the randomly rearranged inner product

(T * pig, pih) = f pig w))pih(w).

This result will ensure that

(T = pig, pih) ~ Spiggpih = SgSh

with high probability, and with a tail depending on the variances |p;g — {g[3 and
Ipih — Sh|3 of p;g and p;h and on the entropies of p;g/§g and p;h/{h. Crucially, when
the variances are small there is rather strong concentration from below, unless one of
the entropies is large. We will then apply the Parseval remnant and a version
of subadditivity of entropy to conclude.

5.4 An inequality of Carlen, Lieb, and Loss

The following inequality was proved by Carlen, Lieb, and Loss |[CLLO0G|.

Theorem 5.4.1. Let f1,..., f, : Q — C be functions. Then

[ Tt < [T1site

Sn =1
This inequality can be viewed in at least two ways. First, as it resembles the
classical Loomis—Whitney inequality, or more generally the Brascamp—Lieb inequality,
it can be viewed as an inequality of Brascamp—Lieb-type for the symmetric group. In
this light Theorem bears a striking resemblance to another Brascamp—Lieb-type
inequality proved by Carlen, Lieb, and Loss for the sphere: see [CLLO04].
Theorem [5.4.1] can also be viewed as a Hadamard-type inequality for perma-

nents. The classical Hadamard inequality states that if M is a matrix with columns

v1,...,0, € C" then
n
| det(M)] < [ [ vl
i=1
where | - | is the usual Euclidean norm on C". By comparison Theorem states
that

|perm(

n! —
=1
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In this section we deduce two consequences of Theorem [5.4.1}, neither of them orig-
inal: a version of entropy subadditivity for the symmetric group, and a concentration-

of-measure result for a statistic of Hoeffding.

5.4.1 Entropy subadditivity for the symmetric group

Given f: S, — [0,0) with o = {f we define the entropy of f to be

S(f) = f (f/a) log(f/a).

To be more precise we might call S(f) the Kullback—Liebler divergence of (f/a)dm
from uniform, but we will use the shorter term for simplicity. Similarly, given g :
Q — [0,00) with 8 = (g we define

S(g) = L@/@) log(g/8).

All logarithms are of course taken to the natural base.
In the coup de grace of our argument we will apply the following entropy-sub-

additivity inequality.

Theorem 5.4.2 (Subadditivity of entropy). Suppose f : S, — [0,00). Then

S = 5 2 50f).
i€Q
Note that this is much stronger than what one gets from just applying usual
entropy subadditivity to f as a function [n]" — [0, c0).
Theorems and are more closely related than it may appear, as shown
in some generality by Carlen and Cordero-Erausquin [CC09]. We repeat the rather
simple deduction of Theorem from Theorem here for the convenience of

the reader.

Proof of Theorem[5.4.4 Put o = {f. Define f’: S, — [0,0) by

n

f(m) =1 [pef (@),

i=1
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and put o/ = {f’. Then by Jensen’s inequality we have

i)

(f/a)log pif(7(i)) + log o

(.

\
L
cT
02

1P
:h /\

(pif/a)logpif + log o

i
L
S

NgE
CQ

=S(f) — (pif) — —10g04 + log o' (5.9)

l\DI»— l\DI»— l\.')lb—*
=

<.
Il
—

On the other hand by Theorem we have

n 1/2
o = sz 1/2<H(J pzf) :an/27
i=1 \WQ

Sn =1

so log o’ < §loga and the theorem follows from ([5.9). O

5.4.2 Concentration for Hoeffding’s statistic

Given an n x n complex matrix (a;;) we consider the sum

X = Z Az (i)
i=1

where 7 € S, is random permutation. The study of such sums goes back at least to
Hoeffding [Hoe51|, who proved a central limit theorem for X under suitable hypothe-
ses, and so we refer to X as Hoeffding’s statistic. More recently work on Hoeffding’s
statistic has been more or less wedded to Stein’s method of exchangeable pairs, start-
ing with Bolthausen’s |Bol84] Berry—Esseen-type estimate for the error in Hoeffding’s
theorem, and following with the work of Chatterjee [Cha07], who proved the first
nonasymptotic concentration-type result for such sums.

In the next section we will need the following Bernstein-type concentration in-
equality for Hoeffding’s statistic, which was proved in the more general context of
random matrix theory by Mackey, Jordan, Chen, Farrell, and Tropp [Mac+ 14, Corol-

lary 10.3], using an extension of Chatterjee’s method.

Theorem 5.4.3. Let (a;;) be an n x n matriz such that Y.} ._, a;; = 0 and such that
laij| < M for each i,j. Letv = % 5w 2ot laijl?. Let m € Sy, be chosen uniformly at

X = Z Qi (4)
i=1
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Then for all t > 0 we have

P(IX|>f) <2 —t”
S ex 5
P v+ Mt

where ¢ is some positive constant.

The purpose of this subsection is to give another proof of the above theorem, not

relying on Stein’s method, but instead relying on the Carlen-Lieb-Loss inequality

Theorem [5.4.1l The main value of doing so is to reduce the reliance of the present

chapter on results proved elsewhere, but it may also be of independent interest.

Proof of Theorem[5.4.3. By replacing (a;;) with (a;; —

1 :
=2 i a;;) if necessary and

slightly reducing the constant ¢ we may assume that | jaij = 0 for each : note that

this operation does not change X, it can at worst double max |a;;|, and it can only

reduce v. We may also assume that (a;;) is real, for otherwise we may just deal with

the real and imaginary parts separately.

Now for A > 0 we have, by Theorem [5.4.1],

Define

Then

E exp(A\X) 1_[ exp(Air(s)

Sn j=1

1
1n

=1+ - )\22h2)\l~
+n§ a;;h(2)ai;)

i §>h(2AM)
%Zn] 3) 2)\M)>

so from ((5.10)) and the simple bound

(0<z<1),

0
x)éZ:L’kz

k=0
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we have

22
Eexp()\X) < exp (ﬁ)

for 2AM < 1. The claimed result now follows by bounding

2\
P(X > t) = Plexp(AX) > &) < e MEexp(AX) < exp <—)\t + T o\ 2;\JM)

and putting .

Ne —
v + 2Mt’
and similarly bounding P(—X > t). O

The reader familiar with the proof of the usual Bernstein inequality may recognize
that from onwards all we have done is reproduce the that proof. Indeed, if Y is
the sum of n independent random variables, the ith of which takes values a;1, ..., a;,
each with probability 1/n, then (5.10]) states that

Eexp(AX) < (Eexp(2AY))Y?,

so it suffices to extract from the proof of the usual Bernstein inequality an upper
bound for E exp(2\Y).

5.5 Refined concentration for rearrangements

In this section we prove a refined concentration estimate for Hoeffding’s statistic

X = Z iz (1)
i=1

under the hypothesis that a;; = w;v; for some (u;) and (v;) for which we have some
sort of entropy control. Moreover we are particularly interested in the concentration
from below, which in certain regimes we expect to be stronger than the concentration

from above.

Theorem 5.5.1. Let [ : S, — [0,1] be a function with f = «. Let g1, g2 : Q — [0,1]
be functions with §g1 = B and §go = ~. Then

C(F 5 gr. g0 — afy) < 291 = Blalg: =2 logn

/2
al2BYEA2(BY2 4 41 2) S (gy) 28 (go) 2 (log n)*2
+ 172
+O0(n™%).
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Lemma 5.5.2. Let hy, hy : Q — [0, 1] be functions such that h; is supported on a set
H; of density 0;, and such that 1/2 < h; <1 on H;. Let f: S, — [0,1] be a function
with §f = o. Then if 6162 = n~" we have

04(51/2(51/2 logn
i

|(f * hy, he) — aSh1Sh2| < + O<n—1oo)’

while if 5105 < n~' we have

alogn

—0[5152 S (<f * hl; h2> — aShlghg) S min ( + O( _100> (5152) .

To explain the two cases appearing in Lemma let us momentarily think of
h; as the indicator of H;. The inner product {f = hy, hs)/a is then the density of a
random intersection w(Hy) n Hy, where 7 is chosen randomly according to f/a. If
H; and H, are not too small then we expect |w(H;) n Hs| to be highly concentrated
around 01091 with a Gaussian-type tail: this is the first case in the lemma. However if
H; and H, are small then |7(H;) n Hs| has a Poisson-type distribution, so we expect
m(Hy) n Hy to be nonempty with probability about §;d2, and in any case almost
surely bounded in size by about logn: this is the second case in the lemma. The

lower bound in the second case is trivial.

Proof. Apply Theorem m to a;; = — 1) (ha(j) — §ha), noting that |a;;| <

and
n

> = %Z(m@) = §h1)? Y (ha() — §ha)? < 51am.

j=1

S|

The result is that

P(n|[(m « (hqy — Shq), (ha — §ha))| > t) < 2exp (l) :

5152” + 1

Thus for every ¢t > 0 we have

at —ct?
_ < .
[(f # (ha = §ha), ( $ha))l < - 2exp (5152n " t) :

For the first part of the lemma put t = C61/265*n/2logn for some constant C.

Then we obtain

a51/251/2 logn —cC?(logn)®
_ <y —_— s 2 2 .
[Kf * (b1 = §ha), (he — Sha))| <c ni2 P (1 + (0109m)~12C log n)

If 510, = n~! and C is sufficiently large it follows that

a51/251/210 n
[ # (= §a). (e = §ha)y| < S—282 1 O(n 1),
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as claimed.
For the second part of the lemma put t = C'logn for some constant C'. Then we

obtain

[(f # (hy — Sha), (ha — Sha))| <c

1 —cC?(1 2
aogn+2exp cC*(logn) ‘
n 010on + C'logn

Now if §;0, < n~! and C is sufficiently large it follows that

alogn

|(f # —Sh1), (ho — She))| < - +O(n™1%).

The remaining inequalities asserted by the lemma are trivial: just note that
(f % h1,ho)y < {1+ hy,hay = ShyShy < 6109,

and
aShIShQ S 045162. ]

We will deduce Theorem from Lemma [5.5.2] using a dyadic decomposition,

but first we need two basic entropy computations.

Lemma 5.5.3. Let g : Q — [0,1] be a function such that (g = B and such that
g < B —t on a set of density at least §, where t,6 > 0. Then

ot?

B2

Proof. We must have t < /3, so by replacing ¢ with ¢/100 if necessary we may assume

S(9) 2

that ¢/8 < 1/100. Similarly, by reducing § if necessary we may assume that 6 < 1/2
and that dn is an integer. Now by convexity S(g) is minimized under the stated

0 ¢ and

conditions when g = 3 —t on a set of density J and otherwise equal to 8 + %5,

in this case

t t o t ot

=0|l1—=|1 1——= 1— 14 ——=1 14+ ——=

sta) = (1= 5 ) (1-5) + -9 (1 1255 ) s (1 1555
By inserting the Taylor expansion

(14 z)log(1 + ) = 2 + 22/2 + O(a®) (5.11)

1 5 t2 t3 St?

The last inequality follows from our assumption ¢/ < 1/100. O]

we thus have
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Lemma 5.5.4. Let g : Q — [0,1] be a function such that (g = B and such that
g =P+t on aset of density at least §, where t,6 > 0. Then

ot 5t2)>5_z€2
B p2) " B

Proof. We must have (8 +t)d < {g = 5, ie.,

S@>>mm(

5ot
—— <1,
1-07

so by replacing ¢ with ¢/100 if necessary we may assume that

ot

1
__<_‘
58 100

As before we may also assume that § < 1/2 and that dn is an integer. Now by
convexity S(g) is minimized under the stated conditions when g = 8 + ¢ on a set of

density ¢ and otherwise equal to 5 — 1%515, and in this case

t t o t o t
=0|1+=|1 14+ = 1— 1———=1 1——.
sto) =0 (e 5 Jow (1 5) + -0 (1= 755 ) s (1 7555
By inserting (5.11]) we thus have
t ¢ t 1 & (53t3)
S(g)zdé(1+=)log|1l+=5 | —05+z7—555+0|— ).
) ( 6) g( 5) B2 R
Now we separate into cases depending on the size of t/8. If t/5 > 1 then we have

5%t? ot
S(g) = 56(210g2—1)+0 < 7 > by 5

On the other hand if t/8 < 1 then by reducing ¢ if necessary we may assume that
t/B < 1/100, and then by inserting (5.11]) again we have

1§ ¢ ot? ot?
Z 5T <2 —= | R =
s> 5125570 (%) 2 7
As before we used our assumption about the size of 6t/5 or ¢t/ to justify the absorp-

tion of the error terms. O

Proof of Theorem |5.5.1. Write

Zgz +0(n'%) = > (g7 = §g7) + O(n™'"),
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where s ranges over all s of the form £27% for which n7%° < |s| < 1, and where
g; is defined to be equal to g; — {g; where g; — {g; has the same sign as s and
s]/2 < |gi — §g;] <|s| and zero elsewhere. Then
(frgigey—aBy =) ((f g5, gby — ofgifgh) + O(n™').
s,t

For each s,t we apply Lemma with hy = ¢§/s and h; = gi/t. Let &5 be the
density of points where g; — (g1 has the same sign as s and |s[/2 < g1 — §g1] < |s]
and let 65 be the density of points where go — {g2 has the same sign as ¢ and [¢]/2 <
|92 — §go| < |t]. If 6505 = 1/n then we get the bound

t(58 1/2 5t 1/21
(F < gt — fifah] < LMD URITTI08 R -

and the total contribution from all such cases is bounded by

als $V1/2(§5E\1/2 100 1,
Z( |s][t[(67)"/=(d5)"/* log +O(n_100))

ni/2

s,t

allgr — — logn
< =il = bnb 08, o)

Now consider the cases in which 6505 < 1/n and in which s and ¢ have the same

sign. By Lemma [5.5.2| we have

: s o alsl[f(37) 2 (35) 2
— ((f * 91, 98> — agigh) < als||t]536) < T E—

so the total contribution from these cases is again acceptable.
Finally consider the cases in which §505 < 1/n and in which s and ¢ have opposite
sign, say s < 0 and t > 0. By Lemmas [5.5.3 and [5.5.4] we have

5582
S(gl> < ;2
and 5152
S g Z R
(92) >
SO

s||t](556L)1/2
S(g1)Y%5(g))"? 2 %

Thus by Lemma [5.5.2| we can bound

. . alogn 12 s _
(F gt alaflat] < sl (S22 (520" + 0

_ 041/2571/25(91)1/25(92)1/2(10g n>1/2
~ nl/2

+O(n1%).
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If s <0 and t > 0 then we get the analogous bound

Oél/251/2 S g 1/25 q 1/2 logn 1/2 B
(f + g1 gb) — afgiTahl < 1510 S U8 (10

The number of choices of s and ¢ is bounded by (logn)?, so the total contribution
from all these cases is bounded by

a1/251/271/2(51/2 + 71/2)5(91)1/25(92)1/2(10g n)5/2
nl/2

+0(n™). O

5.6 Bounding the second term in (/5.6

Proof of Theorem[5.1.5. Let f = 1x, g = 1y, and h = 1z, where X,Y,Z < A, have
densities o, 3,7 = n~%W respectively. Then the first term in (5.6) is

afy,

the third term is bounded by
cal2BV212 I,

and the second term is, by (5.7) and Theorem |5.5.1}

(n — 1){f(0)3(0), h(0)ns
~ Y (pig = B). (pih — 7))

€Q
alogn
R ZQZ Ipig — Bl2llpih — 72
1€
1/251/2 1/2(51/2 +'yl/2)(logn 5/2
i . S(mig)*S(pih)"
1€Q
+0(n™%).

By Cauchy—Schwarz and the Parseval remnant (5.8)), the first term here is bounded

in magnitude by

1/2 1/2
alogn af2y 2 logn
nl/2 (Z Ipig — 5’3) (Z Ipih — ’YH%) < i .

i€ €€
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Similarly, by Cauchy—Schwarz and subadditivity of entropy (Theorem [5.4.2)) the sec-

ond term is bounded in magnitude by

1/2 1/2
041/2@1/2’71/2 51/2 +71/2 log n 5/2
( Y ){ogn) %S(pz-g) Z;ZS(pz-h)

041/2ﬁ1/271/2(51/2 T 71/2)(10g n)5/2

< 7 (log 571)"/*(logy~")"/?
n

_ Q2B 12512 4 ~12) (log n)T/2

> N2 :

Thus we deduce that {f * g, h) = (1 + o(1))af~ provided that

a1/251/271/2

< afy,
n

1/241/2(]
B o)
nl/2

a1/2671/2(10g n)7/2
i < afy,

041/251/27(10g n)7/2
ni/2

< afy, and

n%® <« afy.
In other words what we require is that

min(a3, ay, By) » (logn)’ /n. O

5.7 Open questions

The most obvious outstanding open question is whether the logarithms can be re-
moved from Theorem Specifically, does the largest product-free subset of A,
have density O(n~"/2)? Can you say anything about the extremal examples? It is
possible that all near-extremizers look roughly like the first example in Section [5.2]
or its inverse, but this may be difficult to quantify, and even more difficult to prove.

Another obvious outstanding open question is whether a one-sided product-mixing
phenomenon persists in other groups for densities lower than that given by Theo-
rem . For example take G = SLy(p). For this group m ~ p. By Theorem m
there is two-sided product mixing for sets of density at least p~1/3, by Propositionm
there is no two-sided product mixing for sets of density less than p~/3, and by Propo-
sition [5.2.1] there is no product mixing at all below density p~/2. Do we have one-sided

product mixing for sets of density between p~'/? and p~/3?
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Another great question, which has been asked before by both Kedlaya [Ked9§]
and Gowers [Gow0§|, is about the product-mixing properties of SU(n). To make the
question concrete, what is the measure of the largest product-free subset of SU(n)? By
straightforward adaptation of Theorem [5.1.1]it is at most O(n~'/3), but the only lower
bounds we know have the form ¢" for some ¢ < 1. Apart from being an interesting
and natural question in its own right, answering this question may be relevant for
understanding the product-mixing behaviour of groups not having a permutation

representation of dimension ~ m.
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