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Abstract

Ontological database management systems are a powerful tool that combine tra-
ditional database techniques with ontological reasoning methods. In this setting,
a classical extensional database is enriched with an ontology, or a set of logical as-
sertions, that describe how new, intensional knowledge can be derived from the
extensional data. Conjunctive queries are therefore answered against this com-
bined knowledge base of extensional and intensional data.
Many languages that represent ontologies have been introduced in the literature.
In this thesiswewill focus on existential rules (also called tuple-generating depen-
dencies or Datalog± rules), and three established languages in this area, namely
guarded-based rules, sticky rules and weakly-acyclic rules. The main goal of the
thesis is to enrich these languages with non-deterministic constructs (i.e. disjunc-
tions) and investigate the complexity of the answering conjunctive queries under
these extended languages. As is common in the literature, we will distinguish be-
tween combined complexity, where the database, the ontology and the query are
considered as input, and data complexity, where only the database is considered as
input. The latter case is relevant in practice, as usually the ontology and the query
can be considered as ϐixed, and are usually much smaller than the database itself.
After giving appropriate deϐinitions to extend the considered languages to disjunc-
tive existential rules, we establish a series of complexity results, completing the
complexity picture for each of the above languages, and four different query lan-
guages: arbitrary conjunctive queries, bounded (hyper-)treewidth queries, acyclic
queries and atomic queries. For the guarded-based languages, we show a strong
2EĝĕTĎĒĊ lower bound for general queries that holds even for ϐixed ontologies,
and extablishes 2EĝĕTĎĒĊ-completeness of the query answering problem in this
case. For acyclic queries, the complexity can be reduced to EĝĕTĎĒĊ, if the pred-
icate arity is bounded, and the problem even becomes tractable for certain re-
stricted languages, if only atomic queries are used. For ontologies represented
by sticky disjunctive rules, we show that the problem becomes undecidable, even
in the case of data complexity and atomic queries. Finally, for weakly-acyclic rules,
we show that the complexity increases from 2EĝĕTĎĒĊ to ĈĔ-N2EĝĕTĎĒĊ in gen-
eral, and from tractable to ĈĔ-NP in case of the data complexity, independent of
which query language is used.
After answering the open complexity questions, we investigate applications and
relevant consequences of our results for description logics and give two generic
complexity statements, respectively, for acyclic and general conjunctive query an-
swering over description logic knowledge bases. These generic results allow for
an easy determination of the complexity of this reasoning task, based on the ex-
pressivity of the considered description logic.
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1 IntroducƟon

In recent years, signiϐicant interest has arisen in extending traditional databases with onto-
logical reasoning capabilities. These systems, often referred to as ontological database man-
agement systems (ODBMS), are thus able to perform classical database operations, like query
answering, but in addition take into account a set of rules expressing knowledge about the
world1. Both the description logic (DL) [Baader et al., 2003] community and the database
[Abiteboul et al., 1995] community have invested great effort into investigating such systems.
Indeed, ODBMS are seen as a commercial opportunity, and major database software suppli-
ers have begun to integrate ontological reasoning capabilities into their systems2. This is not
surprising, as in the business world most raw data already resides in such enterprise-grade
database management systems. To enable ontological reasoning engines to access such data
creates space for innovation and thus opens up new business opportunities via, for example,
the Semantic Web.
Also smaller, more targeted commercial ODBMS have been developed. For example, Data-

Grid, Inc.3 develops an ODBMS called OWL DBMS for the Semantic Web that implements rel-
evant ontological reasoning tasks. Semafora4 (formerly Ontoprise) develops an inference en-
gine for ontologies called OntoBroker that supports all relevant W3C Semantic Web recom-
mendations and standards. In addition, many research-based systems for ontological reason-
ing tasks over databases have been developed. To name a few, QuOnto [Acciarri et al., 2005]
and its successor MASTRO [Calvanese et al., 2011] are based on the DL-Lite family of descrip-
tion logics [Calvanese et al., 2007] and have interfaces to commercial database systems like
Oracle’s Database Server, IBM’s DB2 and Microsoft’s SQL Server; FaCT++ [Tsarkov and Hor-
rocks, 2006] is a reasoner for the standardized web ontology language OWL; and DLV [Leone
et al., 2006], a reasoner for answer set programming (see, e.g. Eiter et al. [2009] for a survey),
was extended to allow for ontological reasoning in the system OntoDLV [Ricca et al., 2009], as
well as DLV∃ [Leone et al., 2012]. For a more complete list of research-based reasoners, we
refer the reader to a recent report on the OWL Reasoner Evaluation competition results; see,
e.g. Gonçalves et al. [2013].
In ontological database management systems, a relational database 𝐷 (also called an asser-

tional box, or ABox, in the description logic ϐield) containing extensional knowledge is com-
1Here, by “world” we mean the portion of the real world that the database tries to model.
2See, e.g. Oracle Semantic Technologies (http://download.oracle.com/otndocs/tech/semantic_web/pdf/

oradb_semantic_overview.pdf).
3http://dt123.com/DataGrid/DataGridWebsiteV1a/
4http://www.semafora-systems.com/en/products/ontobroker/

1
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bined with an ontological theory Σ (also called a terminological box, or TBox, in description
logic parlance) that contains rules and constraints that describe how to derive new, inten-
sional knowledge from the extensional data in the database. Thus, a query 𝑞 is no longer an-
swered just against the database 𝐷, but against the logical theory 𝐷 ∪ Σ that describes all the
extensional data in 𝐷 plus any intensional knowledge that can be derived from 𝐷 by means of
the rules and constraints in Σ. More formally, instead of checkingwhether the query is entailed
by the database alone (i.e. whether𝐷 ⊧ 𝑞, like in the classical database setting), one nowhas to
check whether the combined logical theory𝐷∪Σ entails the query, that is, whether𝐷∪Σ ⊧ 𝑞.
Note that ontological query answering can be seen as the problem of answering queries over
incomplete databases vis-a-vis a set of constraints; see, e.g. Calı̀ et al. [2003a].
In the ϐield of description logics, entailment (⊧) adheres to the standard logical deϐinition

(i.e. ϐirst-order logic entailment), that is, entailment under arbitrary, possibly inϐinite, models.
We will thus adopt the same deϐinition of entailment in this thesis when we deal with onto-
logical theories expressed by existential rules. Such rule-based languages have a prominent
presence in the areas of artiϐicial intelligence and databases. A noticeable formalism, origi-
nally intended for expressing complex queries over relational databases, which is at the basis
of rule-based languages for the speciϐication of ontological constraints over data and knowl-
edge bases, is Datalog, that is, function-free ϐirst-order Horn logic. For a thorough overview
and introduction, we refer the reader, for example, to [Abiteboul et al., 1995; Ceri et al., 1990].
Unfortunately, Datalog alone is not expressive enough to formulate meaningful ontologi-

cal theories, mainly due to the inability of plain Datalog to infer the existence of new objects
which are not already in the extensional database; a deϐiciency thoroughly discussed by Patel-
Schneider and Horrocks [2007]. Thus, strong interest in enhancing Datalog with existential
quantiϐication in rule-heads emerged in recent years, as documented by a number of relevant
publications; see, e.g. Baget et al. [2011a,b]; Krötzsch and Rudolph [2011]; Thomazo et al.
[2012]; Calı̀ et al. [2012]. The obtained rules are known under a variety of names such as ex-
istential rules, tuple-generating dependencies (TGDs), and Datalog± rules, and are structurally
similar to Datalog with value invention; see, e.g. Cabibbo [1998]; Mailharro [1998]; Faltings
and Macho-Gonzalez [2005].

1.1 Research Challenges

Unfortunately, the addition of existential quantiϐication as explained above can in general eas-
ily lead to undecidability of the main reasoning tasks, and in particular of conjunctive query
answering; see, e.g. Beeri and Vardi [1981], and Baget et al. [2011a]; Calı̀ et al. [2013] for very
tight undecidable cases. This is due to the fact that the relevant models of the logical theory
may be inϐinite and therefore not explicitly computable. The following example shows this
fact:

2



Example 1.1. Consider a database 𝐷 = {𝑝𝑒𝑟𝑠𝑜𝑛(𝑗𝑜ℎ𝑛)} which contains a single fact stating
that John is a person. Let the ontology Σ contain the following rules:

• ∀𝑋 𝑝𝑒𝑟𝑠𝑜𝑛(𝑋) → ∃𝑌 𝑓𝑎𝑡ℎ𝑒𝑟(𝑌, 𝑋), and

• ∀𝑋∀𝑌 𝑓𝑎𝑡ℎ𝑒𝑟(𝑋, 𝑌) → 𝑝𝑒𝑟𝑠𝑜𝑛(𝑋),

stating that every person has a father and every father is a person. It is easy to see that there is
a model𝑀 (in fact the most “general” model) that is inϔinite:

𝑀 = 𝐷 ∪ {𝑓𝑎𝑡ℎ𝑒𝑟(𝑧ଵ, 𝑗𝑜ℎ𝑛), 𝑝𝑒𝑟𝑠𝑜𝑛(𝑧ଵ), 𝑓𝑎𝑡ℎ𝑒𝑟(𝑧ଶ, 𝑧ଵ), …},

where for each 𝑖 > 0, 𝑧௜ is a (labelled) null value, or a placeholder.
Clearly, the boolean conjunctive query 𝑞 ∶ ∃𝑋∃𝑌∃𝑍 𝑓𝑎𝑡ℎ𝑒𝑟(𝑋, 𝑌)∧𝑓𝑎𝑡ℎ𝑒𝑟(𝑌, 𝑍) is true under

𝑀, and in fact under every model of 𝐷 ∪ Σ, and we thus have that 𝐷 ∪ Σ ⊧ 𝑞; on the other hand,
𝐷 ⊭ 𝑞. Note that the two rules in Σ are actually inclusion dependencies (IDs); see e.g. Abiteboul
et al. [1995].

Algorithms to deal with this type of inϐinity when answering queries were ϐirst developed
in a database context by Johnson and Klug [1984] for the restricted case of inclusion depen-
dencies. In the literature, several other, more expressive, concrete languages which guarantee
decidability have been proposed; see, e.g. Fagin et al. [2005]; Calı̀ et al. [2013]; Baget et al.
[2011a]; Krötzsch and Rudolph [2011]; Calı̀ et al. [2011, 2012]; Leone et al. [2012]. The fol-
lowing list contains a short survey of three such restrictions on TGDs, forming the respective
decidable languages:

Guarded(-based) TGDs [Calì et al., 2013, 2012] Based on the guarded fragment of ϐirst-order
logic [Andréka et al., 1998], the idea of guarded TGDs is to restrict the bodies of TGDs
(i.e. the left-hand side of the implication) to be guarded, that is, they need to have a guard
atom that contains all universally quantiϐied variables. Several further restrictions and
relaxations of guardedness have been proposed, notably frontier-guardedness, intro-
duced by Baget et al. [2011a], which only requires variables that are propagated to be
guarded. Guardedness forces the existence of tree-like models, on which the common
reasoning tasks becomedecidable. Guardedness is awell-accepted paradigm, giving rise
to robust languages that capture important lightweight description logics such as mem-
bers of the DL-Lite family [Artale et al., 2009] and ℰℒ [Baader, 2003].

SƟcky TGDs [Calì et al., 2012b] This syntactic property requires that values that participate in
a join are always propagated. Being a global syntactic property, the structure of a set
of TGDs has to be analyzed in order to verify that this is indeed the case, and a value
that has participated in a join can indeed never be lost again. As this property roughly
speaking limits the number of joins that can happen, it guarantees decidability.
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Weakly-Acyclic TGDs [Fagin et al., 2005] This syntactic property was introduced in the context
of data exchange, where a given source database is restructured and translated into a
target database such that all given constraints are satisϐied. With the need to actually
materialize the target database, a restriction of TGDs had to be found that would guar-
antee that such a target databasewould always be ϐinite. Weak acyclicity guarantees just
this property. In our case, this means that for the main reasoning tasks, we can restrict
our attention to ϐinite models, and hence we get decidability. A more general class of
super-weakly-acyclic TGDswas proposed by Marnette [2009].

The above decidable languages will be discussed in-depth in Chapter 3.

1.2 Research Goals

Unfortunately, none of the above languages—not even TGDs in general—are powerful enough
for nondeterministic reasoning. The following example demonstrates this point:

Example 1.2. Consider the following set of rules:

𝜎ଵ ∶ 𝑝𝑎𝑟𝑒𝑛𝑡𝑂𝑓(𝑋, 𝑌), 𝑓𝑎𝑡ℎ𝑒𝑟(𝑌) → ∃𝑍 𝑔𝑝𝑎𝑟𝑒𝑛𝑡𝑂𝑓(𝑋, 𝑍)
𝜎ଶ ∶ 𝑔𝑝𝑎𝑟𝑒𝑛𝑡𝑂𝑓(𝑋, 𝑌) → 𝑐ℎ𝑖𝑙𝑑(𝑌)
𝜎ଷ ∶ 𝑐ℎ𝑖𝑙𝑑(𝑋) → 𝑏𝑜𝑦(𝑋) ∨ 𝑔𝑖𝑟𝑙(𝑋)

which expresses a simple and natural statement: “a parent of a father is a grandparent of some
child, which in turn is a boy or a girl.” Although 𝜎ଵ and 𝜎ଶ are TGDs, 𝜎ଷ is not, due to the presence
of disjunction in the head.

Obviously, to be able to represent such kind of disjunctive knowledge, we need to enrich
the existing classes of TGDs with disjunction in the head, or, equivalently, to consider disjunc-
tive TGDs (DTGDs), which were originally introduced by Deutsch and Tannen [2003] as the
more powerful concept of disjunctive embedded dependencies. An extension of plain Datalog
without existential quantiϐiers (a.k.a. full TGDs) with disjunction, called disjunctive Datalog,
has been studied by Eiter et al. [1997]. More recently, special cases of the problem of query
answering under guarded-based DTGDs were investigated by Alviano et al. [2012].
It is the aim of this thesis to extend the concrete languages discussed in the previous section

to allow for DTGDs and investigate what the impact of allowing disjunction is in terms of the
decidability and computational complexity of query answering under the these formalisms.
Reviewing the literature shows that the picture of the computational complexity of this prob-
lem is still quite foggy, and there are several challenging issues to be tackled.
In the present work, we thus concentrate on the following fundamental questions: What is

the exact complexity of conjunctive query (CQ) answering under weakly-acyclic DTGDs [Fagin
et al., 2005], sticky-based classes of DTGDs [Calı̀ et al., 2011] and (weakly-)(frontier-)guarded
DTGDs [Calı̀ et al., 2013; Baget et al., 2011a], as well as theirmain subclasses, that is, linear DT-
GDs and disjunctive IDs (DIDs) [Calı̀ et al., 2012]? How is it affected if we consider a signature
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of bounded arity, or a ϐixed set of dependencies? Moreover, how is it affected if we pose the
queries in a more expressive query language, in particular using unions of CQs (UCQs), or in
less expressive query languages like bounded (hyper-)treewidth queries (B(H)TWQs), acyclic
queries (ACQs) or even atomic queries (CQଵ)?
Aswe shall see, the addition of disjunction has a signiϐicant effect on the complexity of query

answering. We establish a surprisingly strong lower bound for guarded DTGDs that helps ϐill
in the complexity picture in this case, where reasoning remains decidable. For sticky sets of
DTGDs, we demonstrate undecidability, which is interesting given the fact that the complexity
of reasoning under sticky sets of TGDs is lower than that under guarded TGDs. For weakly-
acyclic sets of DTGDs, we also obtain the relevant complexity results which nicely reϐlect the
change from deterministic to non-deterministic reasoning.

1.3 Summary of ContribuƟons

This thesis includes, and signiϐicantly extends, results published in the following papers:

[Gottlob et al., 2012; Bourhis et al., 2013a,b, 2014a,b].

The results in this work can be summarized as follows. Note that each of the following sub-
sections correspond to a main chapter of the thesis, excluding the preliminaries in Chapter 2,
the background survey in Chapter 3 and the conclusions in Chapter 8.

1.3.1 Query Answering under Guarded-based Classes of DTGDs

The guarded-based TGD classes, namely inclusion dependencies, linear, multi-linear, guarded,
and frontier-guarded TGDs as well as weakly-guarded and weakly-frontier-guarded sets of
TGDs, are extendedwith disjunction in a straightforwardmanner, andwe give the appropriate
deϐinitions that deϐine the analogous classes of DTGDs, respectively. Also, we state an equiv-
alence result which shows that answering unions of conjunctive queries is in fact equivalent
to answering a single conjunctive query. However, the reduction from unions of CQs to CQs
comes at the cost of increasing themaximum predicate arity of the underlying schema by one.
After this preliminary investigation, the complexity of answering conjunctive queries is in-

vestigated. Firstly, the complexity of answering arbitrary (unions of) conjunctive queries is
pinpointed. The following list gives an overview of the corresponding results:

• We show that CQ answering for (weakly-)(frontier-)guarded DTGDs is complete for the
complexity class 2EĝĕTĎĒĊ in the combined complexity; this also holds for UCQs. Re-
garding the data complexity, we show that under frontier-guarded DTGDs it is ĈĔ-NP-
complete, while for weakly-(frontier-)guarded it is EĝĕTĎĒĊ-complete. The relevant up-
per bounds are easily obtained by exploiting results on more expressive languages such
as guarded negation ϐirst-order logic [Bárány et al., 2011], while the lower bounds are
inherited from existing results on TGDs.
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• We show that CQ answering under a ϔixed set of DIDs is 2EĝĕTĎĒĊ-hard, even if restricted
to predicates of arity at most three. In case of UCQs, the above result holds even if we
just consider unary and binary predicates. These surprisingly strong lower bounds are
established by a reduction from an appropriate variant of the validity problem of CQs
w.r.t. a non-deterministic tree automaton, based on a result by Björklund et al. [2008].
Roughly, a query is validw.r.t. a non-deterministic tree automaton if every tree accepted
by the automaton—whenviewed as a database—entails the query. Taking the 2EĝĕTĎĒĊ
upper bound discussed above into account, this gives us the complete picture for the
computational complexity of our problem.

After pinpointing the complexity of the query answering problem for arbitrary conjunctive
queries, the problem of answering (unions of) bounded (hyper-)treewidth queries is inves-
tigated. It turns out that in fact the complexity of the query answering problem remains un-
changed, even if only bounded (hyper-)treewidth queries are considered. In order to show
this, a reduction from the non-acceptance problem of an alternating EĝĕSĕĆĈĊ Turing ma-
chine is given for a ϐixed set of DIDs and a UCQ. Different from the above result for arbi-
trary CQs, we need an arity of ϐive here. By virtue of this result, the upper bound for ar-
bitrary conjunctive queries and the fact that, in the data complexity, all ϐixed queries triv-
ially have bounded treewidth we establish the exact same complexity results for bounded
(hyper-)treewidth queries that we do for arbitrary CQs.
The complexity of answering (unions of) acyclic queries is investigated next. In this case,

we notice that the complexity of the query answering problem does indeed decrease—if only
slightly—which indicates that restricting the query language to ACQs does indeed provide bet-
ter worst-case performance guarantees. The following list contains a summary of the relevant
results for acyclic queries:

• The ϐirst result is disappointing. We show that query answering under a set of DIDs re-
mains 2EĝĕTĎĒĊ-complete in the general case, even for ACQs. While the upper bound
can be obtained from the arbitrary query case, the lower bound is again established by
simulating an alternating EĝĕSĕĆĈĊ Turing machine. However, in this case, we need to
exploit the fact thatwe can encode a number identifying a tape cell inside our predicates.
This number, in binary format, is polynomial in size and we can thus address exponen-
tially many tape cells.

• A more positive complexity bound is established for the case where the arity is ϐixed.
Without the ability to encode polynomially many symbols inside a predicate, the com-
plexity of query answeringunder all classes ofDTGDs considered, except for the frontier-
guarded classes, reduces to EĝĕTĎĒĊ-complete. The upper bound is established by giv-
ing a (straightforward) reduction to (un)satisϐiability of guarded ϐirst-order logic sen-
tences, which for theories of ϐixed arity is known to be in EĝĕTĎĒĊ; see Grädel [1999].
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• For the case where the entire set of DTGDs is ϐixed, the complexity reduces to EĝĕTĎĒĊ-
completeness for all classes of DTGDs considered. The upper bound again follows from
a reduction to guarded ϐirst-order logic. The lower bound is established by simulating
the behaviour of an alternating linear-space Turing machine, using a ϐixed set of DIDs.

When answering (unions of) acyclic queries, the data complexity remains unchanged com-
pared to answering arbitrary queries.
Finally, we turn our attention to answering atomic queries under the guarded-based classes

of DTGDs considered. In this case, the complexity of query answering reduces even further.
The following list contains the relevant results:

• Answering atomic queries under linear DTGDs is shown to be feasible in EĝĕTĎĒĊ. This
is done by exhibiting an alternating algorithm which uses at most polynomial space in
each step. When a schemawith predicates of bounded arity is considered, the algorithm
only uses logarithmic space, yielding a PTĎĒĊ upper bound in this case. We show the
corresponding PTĎĒĊ-completeness result by simulating an alternating LĎēSĕĆĈĊTuring
machine using a set of DIDs of bounded arity.

• The problem of answering atomic queries under linear DTGDs is shown to fall into the
highly parallelizable complexity class of AC଴—recall that this is the complexity class of
recognizing words in languages deϐined by constant-depth Boolean circuits with AND
and OR gates of unlimited fan-in; see, e.g. [Papadimitriou, 1994]. This is shown by es-
tablishing that the problem is ϐirst-order rewritable, that is, it can be reduced to the
problem of answering a ϐirst-order query over a given database. For linear DTGDs this
is possible because it follows from their deϐinition that an atomic query can only be an-
swered positively if there is a chain of DTGDs and head atoms connecting the query atom
to a single database atom.

• By adapting our 2EĝĕTĎĒĊ lower bound proof for DIDs and acyclic queries to multi-
linear DTGDs and atomic queries, we obtain that in the general case, answering atomic
queries under multi-linear DTGDs is 2EĝĕTĎĒĊ-hard. Together with the 2EĝĕTĎĒĊ up-
per bound for arbitrary queries, we get that for all expressive classes of guarded-based
sets of DTGDs, the complexity of query answering cannot be reduced even if we consider
atomic queries, and remains 2EĝĕTĎĒĊ-complete.

• A further adaptation of the 2EĝĕTĎĒĊ lower bound from the previous bullet point, where
we encode the tape cell number of the Turing machine in the predicate name instead of
inside the predicate itself, thereby ϐixing the predicate arity, yields an EĝĕTĎĒĊ lower
bound for the case of answering atomic queries under multi-linear DTGDs of ϐixed arity.
This follows from the fact that the number of tape cells that can be encoded in this way
reduces to a polynomial number instead of exponentiallymany, andwe thus simulate an
alternating PSĕĆĈĊ Turing machine instead of an alternating EĝĕSĕĆĈĊ one.
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For atomic queries, the case where the set of DTGDs is ϐixed coincides with the case of data
complexity. By using the results for arbitrary queries we establish that for the languages con-
sidered the data complexity remains the same as for arbitrary queries, except for linear DTGDs
and DIDs where it is in AC଴.
In combination, the above results complete the complexity picture of answering (unions of)

conjunctive queries under guarded-based classes of DTGDs, where the query can be either
arbitrary, of bounded (hyper-)treewidth, acyclic or atomic, for the cases of data complexity,
and where the set of DTGDs is unrestricted (combined complexity), of bounded arity, or ϐixed.

1.3.2 Query Answering under SƟcky Sets of DTGDs

Firstly, the class of sticky sets of TGDs is extendedwith disjunction, and the relevant deϐinitions
are given to establish the class of sticky sets of DTGDs. As sticky sets of (D)TGDs allow for
cross products in the theory, we can show that in fact the problem of answering (unions of)
arbitrary conjunctive queries is equivalent to answering a single atomic query. This can be
done by storing the cross product of the relevant relations appearing in the CQs, projecting
out unused variables, and then asking for the resulting atom, including the relevant joins, in
the (now atomic) query.
After establishing these preliminary results, the complexity of the query answering problem

is investigated. It turns out that the combination of cross products and disjunction is a recipe
for disaster (i.e. the problem becomes undecidable). In fact, we are able to show that even for
schemas with a maximum arity of two, the query answering problem becomes undecidable.
This is shown by simulating a deterministic Turing machine, and thereby providing a reduc-
tion from the halting problem. In fact, with sticky sets of DTGDs, it is possible to generate two
inϐinite chains and then compute the cross product between them, yielding an inϐinite grid.
The horizontal and vertical axis of this grid are used to represent the tape cells and computa-
tion steps of the Turing machine, respectively.
At the cost of increasing the maximum predicate arity to six, we then show that undecid-

ability even holds in the case of data complexity, where both the set of DTGDs and the query is
ϐixed. Togetherwith the query equivalence stated above, we get that this holds even for atomic
queries.
This is a rather surprising result, as query answering under sticky sets of TGDs is feasible in

EĝĕTĎĒĊ, a lower complexity class than answering queries under guarded TGDs, and whereas
for guarded TGDs, non-determinism does not seem to have any effect, at least in the combined
complexity case, for sticky sets of TGDs non-determinism seems to be a strong cause of unde-
cidability. In fact, the underlying reason for this is the combination of cross products (or joins)
and disjunction.
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1.3.3 Query Answering under Weakly-Acyclic Sets of DTGDs

The class of weakly-acyclic sets of TGDs is extended to DTGDs and relevant notions and def-
initions are given. The extension is straightforward inasmuch as a set of DTGDs is weakly-
acyclic if and only if the set of TGDs obtained by replacing all the disjunctions by conjunctions
is weakly-acyclic. The fact that weak acyclicity does not pose any direct conditions on the
structure of the DTGDs allows for conjunctive queries to be encoded in rule bodies. This im-
mediately implies that in general, the query answering problem for arbitrary queries is equiv-
alent to answering atomic queries. However, this does not necessarily hold in the case where
the set of DTGDs is ϐixed but the query is not, as the latter can then not be simply added to the
former.
After establishing these preliminary results, the complexity of the query answering problem

under the types of queries considered is investigated. The following list gives an overview of
the relevant results:

• A ĈĔ-N2EĝĕTĎĒĊ upper bound is established for the most general case of answering ar-
bitrary UCQs under weakly-acyclic sets of DTGDs. To this end, a guess-and-check algo-
rithm that runs in non-deterministic double-exponential time is proposed. A ΠP

2 upper
bound for answering unions of arbitrary CQs under weakly-acyclic sets of DTGDs is es-
tablished by exhibiting a ĈĔ-NP guess-and-check algorithm that makes use of an NP ora-
cle to answer the query. Finally, a ĈĔ-NP guess-and-check algorithm is proposed for the
cases where either the query is of bounded (hyper-)treewidth, or ϐixed, yielding a ĈĔ-NP
upper bound for these cases.

• A ĈĔ-N2EĝĕTĎĒĊ lower bound is established for the case of atomic query answering un-
der a weakly-acyclic set of DTGDs of bounded arity. This is shown by a reduction from
the problem of tiling a square of double-exponential size in a given number 𝑛. In fact, it
is possible to generate double-exponentially many labelled null values in an order, using
a weakly-acyclic set of TGDs. By exploiting this method, it is possible to build two such
chains and compute their cross product, yielding a square grid of double-exponential
size, representing the square that is to be tiled. Afterwards, with disjunctive rules, a
tiling can be guessed and a query be constructed to verify that the tiling is indeed valid.

• A ĈĔ-NP lower bound is established in the data complexity for atomic queries, by adapt-
ing a result by Calvanese et al. [2013], which holds for acyclic queries.

The above results, together with a ΠP
2-hardness result inherited from [Bárány et al., 2014],

complete the complexity picture of query answering under weakly-acyclic sets of DTGDs for
all types of queries considered in this work.
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1.3.4 ApplicaƟons to DescripƟon Logics

Additional features are introduced into the language of DTGDs, namely negative constraints
(NCs) and equality-generating dependencies (EGDs). Negative constraints are TGDs where
the head (or the right-hand side of the implication) contains only the logical constant false
(⊥). We show that the addition of such negative constraints does not lead to an increase in
complexity of the general query answering problem. EGDs are TGDs where the head consists
of a single equality between two variables. The addition of these dependencies can easily lead
to undecidability. However, an abstract condition called separability is proposed that ensures
that query answering remains decidable.
After introducing these additional features, a reduction is given from the expressive descrip-

tion logic 𝒜ℒ𝒞ℐℋ to guarded DTGDs extended with negative constraints. This implies that
query answering under𝒜ℒ𝒞ℐℋ, or any sub-formalism thereof, is feasible in 2EĝĕTĎĒĊ, and
in EĝĕTĎĒĊ if the query is acyclic. Further, tight corresponding lower bounds are given in a
generic way. By analyzing the construction of previous lower bounds obtained for guarded-
based classes of DTGDs, we show that for any description logic that is a sub-formalism of
𝒜ℒ𝒞ℐℋ and powerful enough to express concept disjunction, limited existential quantiϐica-
tion, role hierarchies and the role inverse, the query answering problem is complete for the
complexity class 2EĝĕTĎĒĊ. Furthermore, for any description logic that is a sub-formalism of
𝒜ℒ𝒞ℐℋ and powerful enough to express concept disjunction, limited existential quantiϐica-
tion, and the role inverse, answering unions of acyclic queries is EĝĕTĎĒĊ-complete, even if
only a ϐixed set of inclusions is used (i.e. the TBox is ϐixed).
In a case study, tight complexity bounds for the query answering problem, based on the

above generic complexity results, are then given for different, established description logics,
including DL-Liteு௕௢௢௟ , DL-Liteி௕௢௢௟ , ℰℒ𝒰 and ℰℒ𝒰ℐℋ, as well as𝒜ℒ𝒞ℐℋ itself.

1.4 Road Map

The remainder of the thesis is organized as follows. In Chapter 2, we present preliminary
deϐinitions and necessary background material. We recall some basics on trees, hypertrees
and decompositions, as well as relational databases. We deϐine (Boolean) conjunctive queries,
(disjunctive) tuple-generating dependencies, the query answering problemunder DTGDs, and
the main technical tool that we make use of in the thesis: the disjunctive chase. Finally, we re-
call fundamental notions on alternation and alternating Turing machines. In Chapter 3, we
review and survey various classes of TGDs that provide decidability guarantees of the query
answering problem in the non-disjunctive case. The complexity picture of the query answer-
ing problem under these formalisms is summarized and an expressivity comparison is per-
formed. In Chapter 4, guarded-based classes of TGDs are extended to DTGDs, and an exten-
sive complexity analysis is performed, analyzing the cases of answering arbitrary, bounded
(hyper-)treewidth, acyclic and atomic queries in the cases of the combined complexity, where
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the maximum predicate arity is ϐixed, where the entire set of dependencies is ϐixed, and of the
data complexity. The same is done for sticky sets of TGDs, which are extended to DTGDs and
analyzed w.r.t. their complexity in Chapter 5. An undecidability result is given for this case,
even for the data complexity and atomic queries. In Chapter 6, the class of weakly-acyclic sets
of TGDs is extended to DTGDs, and an extensive complexity investigation is performed, in the
samemanner as for the guarded-based classes. Chapter 7 extends the language of DTGDswith
some additional features, namely negative constraints and equality-generating dependencies,
and looks at the consequences of the complexity results established in the previous chapters
for the complexity of query answering under relevant description logics. Finally, we conclude
in Chapter 8 with a discussion of the obtained results, as well as an overview of directions for
future research and some open problems.
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2 Preliminaries

In this chapter, we present background material necessary for this thesis. After giving some
preliminary technical deϐinitions in Section 2.1, we recall some basics on trees and tree de-
compositions, relational databases, (Boolean) conjunctive queries, aswell as disjunctive tuple-
generating dependencies (DTGDs), in order to deϐine the central problem studied in this the-
sis: query answering under sets of DTGDs, which is discussed in Section 2.2. We also introduce
the main technical tool that we are going to employ in our later proofs, namely the disjunctive
chaseprocedure,which is discussed in Section2.3, aswell as somebasics on alternatingTuring
machines in Section 2.5.
We assume that the reader is familiar with the fundamental concepts of deterministic and

non-deterministic Turing machines. We will give a very brief survey the most basic notions
of complexity theory, alternation, oracles, complexity classes, reductions and completeness. A
more detailed exposition of all the complexity notions employed in this work can be found in
standard textbooks; see, e.g. Papadimitriou [1994].

2.1 Technical DefiniƟons

In this section, wewill introduce the basic notions of trees and tree decompositions, relational
databases, (Boolean) conjunctive queries and disjunctive tuple-generating dependencies. For
further details on the second and third item, we refer the reader to [Abiteboul et al., 1995].

2.1.1 Trees, Hypertrees and DecomposiƟons

In this work we will often use graphs to represent relevant structures. A graph is a pair 𝐺 =
(𝑉, 𝐸), where 𝑉 is a set of vertices, and 𝐸 is a binary relation of edges, with 𝐸 ⊆ 𝑉 × 𝑉. A
hypergraph is a pair𝐻 = (𝑉, 𝐸)with a set𝑉 of vertices and a set𝐸 of hyperedges. A hyperedge
𝑒 ∈ 𝐸 is itself a set of vertices, with 𝑒 ⊆ 𝑉.
Consider a hypergraph ℋ = (𝑉, 𝐸). The GYO-reduct of ℋ, denoted 𝐺𝑌𝑂(ℋ), is obtained

by applying the following two steps exhaustively: (1) eliminate vertices that are contained in
at most one hyperedge; and (2) eliminate hyperedges that are empty or contained in other
hyperedges. We say that a hypergraphℋ is acyclic if 𝐺𝑌𝑂(ℋ) = (∅, ∅).
A tree decomposition [Robertson and Seymour, 1984] of a graph 𝐺 = (𝑉, 𝐸) is a pair (𝑇, 𝜒),

where 𝑇 is a tree and 𝜒 maps each node 𝑡 of 𝑇 (we use 𝑡 ∈ 𝑇 as a shorthand below) to a bag
𝜒(𝑡) ⊆ 𝑉, such that
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• for each 𝑣 ∈ 𝑉, there is a 𝑡 ∈ 𝑇, such that 𝑣 ∈ 𝜒(𝑡);

• for each (𝑣, 𝑤) ∈ 𝐸, there is a 𝑡 ∈ 𝑇, such that {𝑣, 𝑤} ⊆ 𝜒(𝑡); and

• for each 𝑟, 𝑠, 𝑡 ∈ 𝑇, such that 𝑠 lies on the path from 𝑟 to 𝑡, 𝜒(𝑟) ∩ 𝜒(𝑡) ⊆ 𝜒(𝑠).

Thewidth of a tree decomposition is deϐined as the cardinality of its largest bagminus one. The
treewidth of a graph is deϐined as the minimum width over all possible tree decompositions.
It is a well-known notion that measures how similar a graph is to a tree. Note that a tree has a
treewidth of 1.
A (generalized) hypertree decomposition [Gottlob et al., 2002, 2003] of a hypergraph 𝐻 =

(𝑉, 𝐸) is a triplet 𝐻𝐷 = ⟨𝑇, 𝜒, 𝜆⟩, where 𝑇 = (𝑁, 𝐹) is a (rooted) tree and 𝜒 and 𝜆 are labelling
functions such that for each node 𝑛 ∈ 𝑁, 𝜒(𝑛) ⊆ 𝑉 and 𝜆(𝑛) ⊆ 𝐸 and the following conditions
hold:

• for every hyperedge 𝑒 ∈ 𝐸 there exists a node 𝑛 ∈ 𝑁 such that 𝑒 ⊆ 𝜒(𝑛),

• for every vertex 𝑣 ∈ 𝑉 the set {𝑛 ∈ 𝑁 ∣ 𝑣 ∈ 𝜒(𝑛)} induces a connected subtree of T,

• for every node 𝑛 ∈ 𝑁, 𝜒(𝑛) ⊆ ⋃௘∈ఒ(௡) 𝑒

The width of a hypertree decomposition is the maximum 𝜆-set size over all its nodes. For
a graph 𝐺, the minimum width over all possible hypertree decompositions referred to as the
hypertree-width of 𝐺. The treewidth for a hypergraph is deϐined as the maximum 𝜒-set size of
such a decomposition, minus one. The hypertree-width is a measure of how close to acyclic a
hypergraph is, analogous to treewidth for graphs. It is well-known that a hypergraph is acyclic
if and only if its hypertree-width is one. Moreover, the hypertree-width of a hypergraph is
always less-or-equal than its treewidth.
Note that the treewidth of a hypergraph is equivalent to the treewidth of its Gaifman graph.

The Gaifman graph 𝐺 = (𝑉, 𝐸) of a hypergraph𝐻 = (𝑉ᇱ, 𝐸ᇱ) is obtained by letting 𝑉 = 𝑉ᇱ, and
for every hyperedge 𝑒 ∈ 𝐸ᇱ, and every pair of nodes (𝑢, 𝑣) ∈ 𝑒×𝑒, such that 𝑢 ≠ 𝑣, we add the
edge (𝑢, 𝑣) to 𝐸. Informally, we replace every hyperedge in𝐻with a clique spanning its nodes.

2.1.2 Alphabets

Let 𝐂, 𝐍 and 𝐕 be pairwise disjoint, countably inϐinite sets. The elements of 𝐂 are called con-
stants and constitute the normal domain of a database, the elements of 𝐍 are called labeled
nulls and are used as placeholders for unknown values, and thus can be also seen as (globally)
existentially quantiϐied variables, and the elements of 𝐕 are called (regular) variables, which
are used in queries and dependencies. Different constants represent different values (unique
name assumption), while different labelled nulls, or variables, may represent the same value.
A ϐixed lexicographic order is assumed on 𝐂∪𝐍, such that every value in𝐍 follows all those in
𝐂. We denote by 𝐗 sequences of not necessarily distinct variables𝑋ଵ, … , 𝑋௞ , however, by slight
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Figure 2.1: (a) The hypergraphℋ(𝐼); (b) the Gaifman graph 𝐺ℋ(ூ); and (c) a tree decomposi-
tion of 𝐺ℋ(ூ).

abuse of notation, we will also sometimes treat 𝐗 as a set. Throughout, let [𝑛] = {1,… , 𝑛}, for
every integer 𝑛 ≥ 1.

2.1.3 The RelaƟonal Model

A relational schema ℛ (also simply called a schema) is a set of relations (also called predi-
cates), each of which has an associated arity. The arity of a relation 𝑟 is denoted 𝑎𝑟𝑖𝑡𝑦(𝑟), and
the maximum arity over all predicates of a schema ℛ is denoted by 𝑎𝑟𝑖𝑡𝑦(ℛ). A position in a
schemaℛ is a pair (𝑟, 𝑖), where 𝑟 is a relation inℛ, and 𝑖 a number such that 1 ≤ 𝑖 ≤ 𝑎𝑟𝑖𝑡𝑦(𝑟).
We will denote positions using the notation 𝑟[𝑖].
A term 𝑡 is a constant (𝑡 ∈ 𝐂), labeled null (𝑡 ∈ 𝐍), or variable (𝑡 ∈ 𝐕). An atomic for-

mula (also simply called an atom) has the form 𝑝(𝑡ଵ, … , 𝑡௡), where 𝑝 is an 𝑛-ary predicate, and
𝑡ଵ, … , 𝑡௡ are terms. For an atom 𝑎, we denote as 𝑑𝑜𝑚(𝑎) and 𝑣𝑎𝑟(𝑎) the set of terms and the
set of variables occurring in 𝑎, respectively. These notations naturally extend to sets of atoms.
For convenience, we will treat conjunctions of atoms as sets of atoms. An instance 𝐼 over a
schema ℛ is a (possibly inϐinite) set of atoms of the form 𝑝(𝐭), where 𝐭 is a tuple of constants
and labeled nulls, that is, 𝐭 ⊆ (𝐂 ∪ 𝐍)|𝐭|. A database 𝐷 is a ϐinite instance that does not contain
null values. Whenever an instance 𝐼 is treated as a logical formula, in fact it is the formula
∃𝐗 ⋀௔∈ூ 𝑎, where 𝐗 contains a variable 𝑋௭ for each labeled null 𝑧 occurring in 𝐼.
Let us now deϐine the treewidth of an instance. The hypergraph of an instance 𝐼, denote

ℋ(𝐼), is a hypergraph (𝑉, 𝐸), where 𝑉 = 𝑑𝑜𝑚(𝐼), and, for each 𝑎 ∈ 𝐼, there exists a hyperedge
𝑒 ∈ 𝐸 such that ℎ = 𝑑𝑜𝑚(𝑎). The treewidth of an instance 𝐼, denoted 𝑡𝑤(𝐼), is deϐined as the
treewidth of its hypergraphℋ(𝐼), that is, the treewidth of the Gaifman graph 𝐺ℋ(ூ) ofℋ(𝐼).
Recall that the Gaifman graph ofℋ(𝐼) is the graph (𝑉, 𝐸), where 𝑉 is the node set ofℋ(𝐼), and
(𝑣, 𝑢) ∈ 𝐸 if and only ifℋ(𝐼) has a hyperedge ℎ such that {𝑣, 𝑢} ⊆ ℎ.

Example 2.1 (Treewidth of an Instance). Consider the instance

𝐼 = {𝑝(𝑎, 𝑏, 𝑐), 𝑝(𝑐, 𝑓, 𝑑), 𝑝(𝑒, 𝑓, 𝑔), 𝑡(𝑏, 𝑐), 𝑡(𝑏, 𝑒), 𝑡(𝑒, 𝑓), 𝑡(𝑓, 𝑐)},
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where {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔} ⊂ 𝐂. The hypergraph ℋ(𝐼) is depicted in Figure 2.1(a), its Gaifman
graph 𝐺ℋ(ூ) in Figure 2.1(b), and a tree decomposition of 𝐺ℋ(ூ) in Figure 2.1(c). It is easy to
verify that the given tree decomposition is optimal, and thus 𝑡𝑤(𝐼) = 2.

2.1.4 SubsƟtuƟons and Homomorphisms

A substitution from a set of symbols 𝑆 ⊆ 𝐂 ∪ 𝐍 ∪ 𝐕 to a set of symbols 𝑆ᇱ ⊆ 𝐂 ∪ 𝐍 ∪ 𝐕 is a
function ℎ ∶ 𝑆 → 𝑆ᇱ deϐined as follows: ∅ is a substitution (the empty substitution), and if ℎ
is a substitution, then ℎ ∪ {𝑠 ↦ 𝑠ᇱ} is a substitution, where 𝑠 ∈ 𝑆 and 𝑠ᇱ ∈ 𝑆ᇱ. If 𝑠 ↦ 𝑠ᇱ ∈ ℎ,
then we write ℎ(𝑠) = 𝑠ᇱ. The restriction of ℎ to 𝑇 ⊆ 𝑆, denoted ℎ|் , is the substitution ℎᇱ =
{𝑡 ↦ ℎ(𝑡) ∣ 𝑡 ∈ 𝑇}. A homomorphism from a set of atoms𝐴 to a set of atoms𝐴ᇱ is a substitution
ℎ ∶ 𝐂 ∪𝐍∪𝐕 → 𝐂∪𝐍∪𝐕 such that: (i) if 𝑡 ∈ 𝐂, then ℎ(𝑡) = 𝑡; and (ii) if 𝑝(𝑡ଵ, … , 𝑡௡) ∈ 𝐴, then
ℎ(𝑝(𝑡ଵ, … , 𝑡௡)) = 𝑝(ℎ(𝑡ଵ), … , ℎ(𝑡௡)) ∈ 𝐴ᇱ. If there exists a homomorphism from 𝐴 to 𝐴ᇱ, and a
homomorphism from 𝐴ᇱ to 𝐴, then we say that 𝐴 and 𝐴ᇱ are homomorphically equivalent.

2.1.5 (Boolean) ConjuncƟve Queries

A conjunctive query (CQ) 𝑞 is a positive existential ϐirst-order formula

∃𝐘𝜙(𝐗, 𝐘),

where 𝜙 is a conjunction of atoms with variables from 𝐗∪ 𝐘 ⊂ 𝐕, and possibly constants of 𝐂.
The arity of 𝑞 is deϐined as the cardinality of 𝐗, that is, the number of free variables occurring
in ∃𝐘𝜙(𝐗, 𝐘). The tuple ⟨𝐗⟩ is called the output tuple of 𝑞. A 0-ary CQ is called Boolean CQ
(BCQ). The answer to a query 𝑞 = ∃𝐘𝜙(𝐗, 𝐘) over an instance 𝐼, denoted 𝑞(𝐼) is deϐined as the
following set: 𝑞(𝐼) = {⟨𝐭⟩ ∣ 𝐭 ⊆ 𝐂|𝐭|∧∃ homomorphism ℎ, such that ℎ(𝜙(𝐗, 𝐘)) ⊆ 𝐼∧ℎ(𝐗) = 𝐭}.
Note that if 𝑞 is a BCQ, the empty tuple ⟨⟩ is the only possible answer. Formally, we say a BCQ 𝑞
has a positive answer over an instance 𝐼, denoted 𝐼 ⊧ 𝑞, if and only if ⟨⟩ ∈ 𝑞(𝐼), or, equivalently,
𝑞(𝐼) ≠ ∅. Otherwise, we say that𝑞 has anegative answer over 𝐼, denoted 𝐼 ⊭ 𝑞, or, equivalently,
𝑞(𝐼) = ∅. An 𝑛-ary union of conjunctive queries (UCQ) is a disjunction of a ϐinite number of 𝑛-
ary CQs. By abuse of notation, wewill, when it is convenient, consider a UCQ as set of CQs. The
answer to an 𝑛-ary UCQ 𝑄 over an instance 𝐼, denoted 𝑄(𝐼), is the set of 𝑛-tuples ⋃௤∈ொ 𝑞(𝐼).
The answer to a union of BCQs over 𝐼 is positive, written as 𝐼 ⊧ 𝑄, if 𝑄(𝐼) ≠ ∅.

Relevant Subclasses of CQs

Several subclasses of conjunctive queries have been considered in the literature, with the aim
of reducing the complexity of the CQ evaluation problem. The simplest such fragment are
atomic queries, denoted CQଵ, which are CQs that consist of a single atom only.
Another fragment is the class of acyclic CQs (ACQs); see, e.g. [Chekuri and Rajaraman, 2000].

The acyclicity of a CQ is deϐined via the acyclicity of its hypergraph.
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The hypergraph of a CQ 𝑞, denoteℋ(𝑞), is a hypergraph (𝑉, 𝐸), where 𝑉 = 𝑑𝑜𝑚(𝑞), and,
for each atom 𝑎 in 𝑞, there exists a hyperedge 𝑒 ∈ 𝐸 such that 𝑒 = 𝑑𝑜𝑚(𝑎). We say that 𝑞 is
acyclic ifℋ(𝑞) is acyclic.
Another important class are CQs of bounded treewidth (BTWQs), introduced by Kolaitis and

Vardi [2000]. The treewidth of a CQ 𝑞, denoted 𝑡𝑤(𝑞), is deϐined as the treewidth of its hyper-
graphℋ(𝑞).
It is easy to verify that acyclic CQs and CQs of bounded treewidth form incomparable query

languages. For example, take a query whose hypergraph forms a cycle of 𝑛 vertices. Clearly it
is not acyclic, but, independent of 𝑛, its treewidth is always 2. Conversely, take, a query whose
hypergraph has 𝑛 vertices that form a clique, and a single edge containing all vertices. The
treewidth of such a graph is 𝑛 − 1, whereas it is acyclic. A class of conjunctive queries which
is powerful enough to capture both acyclic queries and bounded treewidth queries are CQs of
bounded hypertree-width (BHTWQs); see, e.g. [Gottlob et al., 2002]. The hypertree-width of a
query 𝑞 is the hypertree-width of its associated hypergraphℋ(𝑞).

2.1.6 DisjuncƟve Tuple-generaƟng Dependencies

A disjunctive tuple-generating dependency (DTGD) 𝜎 is a ϐirst-order formula

∀𝐗ቌ𝜙(𝐗) →
௡

ሧ
௜ୀଵ

∃𝐘௜ 𝜓௜(𝐗, 𝐘௜)ቍ ,

where 𝑛 ≥ 1, 𝐗 ∪ 𝐘ଵ ∪ … ∪ 𝐘௡ ⊂ 𝐕, and 𝜙,𝜓ଵ, … , 𝜓௡ are conjunctions of atoms (possibly con-
taining constants of 𝐂). The formula 𝜙 is called the body of 𝜎, denoted 𝑏𝑜𝑑𝑦(𝜎), while ⋁௡௜ୀଵ 𝜓௜
is the head of 𝜎, denoted ℎ𝑒𝑎𝑑(𝜎). The set of variables 𝑣𝑎𝑟(𝑏𝑜𝑑𝑦(𝜎)) ∩ 𝑣𝑎𝑟(ℎ𝑒𝑎𝑑(𝜎)) ⊆ 𝐗,
that is, the variables of 𝐗which appear both in the body and in the head of 𝜎, is known as the
frontier of 𝜎, and is denoted as 𝑓𝑟(𝜎).
If 𝑛 = 1, then 𝜎 is called tuple-generating dependency (TGD). Wewill sometimes refer to sets

of (D)TGDs as a theory or as a set of (disjunctive) existential rules or simply rules. The schema
of a set Σ of DTGDs, denoted 𝑠𝑐ℎ(Σ), is the set of all predicates occurring in Σ. In the rest of
the paper, for brevity, we will omit the universal quantiϐiers in front of DTGDs, and implicitly
assume such a quantiϐication. We will also use the comma (instead of ∧) for conjoining atoms
in the body and in the head of a DTGD. An instance 𝐼 satisϐies a DTGD 𝜎, written 𝐼 ⊧ 𝜎, if the
following holds: whenever there exists a homomorphism ℎ such that ℎ(𝜙(𝐗)) ⊆ 𝐼, then there
exists 𝑖 ∈ [𝑛] and ℎᇱ ⊇ ℎ such that ℎᇱ(𝜓௜(𝐗, 𝐘௜)) ⊆ 𝐼; 𝐼 satisϐies a set Σ of DTGDs, denoted 𝐼 ⊧ Σ,
if 𝐼 ⊧ 𝜎, for each 𝜎 ∈ Σ. Whenever a set Σ of DTGDs is treated as a logical formula, in fact it is
the formula (⋀ఙ∈ஊ 𝜎).

2.2 Query Answering under Sets of DTGDs

Given a database 𝐷 and a set Σ of DTGDs, the answers we consider are those that are true
in all models of 𝐷 with respect to Σ. Formally, the models of 𝐷 with respect to Σ, denoted as
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𝑚𝑜𝑑𝑒𝑙𝑠(𝐷, Σ), is the set of all instances 𝐼 such that 𝐼 ⊇ 𝐷 and 𝐼 ⊧ Σ. The answer to an 𝑛-ary CQ
𝑞 w.r.t. 𝐷 and Σ is the set of 𝑛-tuples of constants

𝑎𝑛𝑠(𝑞, 𝐷, Σ) = ሩ
ூ∈௠௢ௗ௘௟௦(஽,ஊ)

𝑞(𝐼).

If 𝑞 is Boolean, then its answer is positive, denoted𝐷∪Σ ⊧ 𝑞, if 𝑎𝑛𝑠(𝑞, 𝐷, Σ) ≠ ∅. The answer to
aUCQw.r.t.𝐷 andΣ is deϐinedanalogously. The standardversionof themaindecisionproblems
tackled in this work are deϐined as follows:

TĚĕđĊ-CQ-AēĘĜĊėĎēČ
Instance: A database 𝐷, a set Σ of DTGDs, an 𝑛-ary CQ 𝑄, and a tuple of terms 𝐭 ∈ 𝐂௡.
Question: 𝐭 ∈ 𝑎𝑛𝑠(𝑞, 𝐷, Σ)?

The problem of TĚĕđĊ-UCQ-AēĘĜĊėĎēČ is deϐined analogously. It is well-known that CQ
answering for arbitrary CQs can be easily reduced to CQ answering for BCQs by substituting
the given tuple 𝐭 into the CQ; thus, we can focus on BCQs. In the remainder of this thesis, by CQ
and UCQ we refer to a BCQ and a union of BCQs, respectively. We can thus deϐine the central
decision problem that we study in this thesis, also referred to as the query answering problem,
as follows:

CQ-AēĘĜĊėĎēČ
Instance: A database 𝐷, a set Σ of DTGDs and a CQ 𝑞.
Question: 𝐷 ∪ Σ ⊧ 𝑞?

The UCQ-AēĘĜĊėĎēČ-problem is deϐined analogously. We also introduce versions of the
query answering problem for each of the subclasses of CQs, which comprise the problem
of (U)B(H)TWQ-AēĘĜĊėĎēČ for query answering under (unions of) bounded treewidth or
bounded hypertree-width queries; the problem of (U)ACQ-AēĘĜĊėĎēČ for (unions of) acyclic
queries; and ϐinally the (U)CQଵ-AēĘĜĊėĎēČ problem for (unions of) atomic queries.
Following the taxonomy used by Vardi [1982], the data complexity of the above problems is

calculated taking only the database as input. For the combined complexity, the query and set
of DTGDs count as part of the input as well. We usually assume, without loss of generality, that
both the database and the query use only predicates of 𝑠𝑐ℎ(Σ); let us give some more details.
Consider a database 𝐷, a set Σ of DTGDs, and a CQ 𝑞. Let 𝐷 = 𝐷ᇱ ∪ 𝐷ᇳ, where {𝐷ᇱ, 𝐷ᇳ} forms
a partition of 𝐷 and 𝐷ᇱ = {𝑝(𝐭) ∈ 𝐷 ∣ 𝑝 ∈ 𝑠𝑐ℎ(Σ)}. Moreover, let 𝑞ᇱ = ∃𝐗 𝜙(𝐗) ∧ 𝜓(𝐗),
where, for each predicate 𝑝 occurring in 𝜙(𝐗) (resp. 𝜓(𝐗)), 𝑝 ∈ 𝑠𝑐ℎ(Σ) (resp. 𝑝 ∉ 𝑠𝑐ℎ(Σ)).
Clearly, if there exists a homomorphism ℎ such that ℎ(𝜓(𝐗)) ⊆ 𝐷ᇳ, then 𝐷 ∪ Σ ⊧ 𝑞 if and only
if 𝐷ᇱ ∪ Σ ⊧ ∃𝐗ℎ(𝜙(𝐗)); otherwise, 𝐷 ∪ Σ ⊭ 𝑞. Notice that CQ answering is at least as hard
as checking for the existence of ℎ. The above argument can be straightforwardly extended to
UCQs.
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It iswell known that query answering (even for atomic queries) is undecidable alreadywhen
we only consider sets of (non-disjunctive) TGDs; this was shown by Beeri and Vardi [1981].
More recently, it has been shown that the query answeringproblemremains undecidable, even
when the set of TGDs contains only a single TGD (see Baget et al. [2011a]), or when the set
of TGDs is ϐixed (see Calı̀ et al. [2013]). To guarantee decidability for the query answering
problem under sets of TGDs, several restrictions exist in the literature. A thorough overview
is provided in Chapter 3.

2.2.1 Normal Form of DTGDs

For query answering purposes, we can focus on DTGDs which are in normal form. A set Σ of
DTGDs is in normal form if each 𝜎 ∈ Σ is of the form

𝜙(𝐗) → 𝑝(𝐗) or 𝜙(𝐗) → ∃𝑌 𝑝(𝐗, 𝑌) or 𝜙(𝐗) → 𝑝ଵ(𝐗) ∨ 𝑝ଶ(𝐗).

The ϐirst one refers to existential-free single-atom-head TGDs, the second one to single-atom-
head TGDs with exactly one occurrence of an existentially quantiϐied variable, while the third
one refers to existential-free DTGDswith a disjunction of exactly two atoms in the head. Every
set Σ of DTGDs can be transformed in logarithmic space into a set 𝖭(Σ) in normal form such
that, for every database 𝐷 and UCQ 𝑄, 𝐷 ∪ Σ ⊧ 𝑄 if and only if 𝐷 ∪ 𝖭(Σ) ⊧ 𝑄. Let us explain
how the normalization procedure works.
Consider a DTGD 𝜎. First, we construct the set𝖭ଵ(𝜎) by exhaustively applying the following

two replacement rules, starting from 𝜎, until each assertion is either a single-atom-head TGD,
or a DTGD with a disjunction of two atoms in its head:

1. A DTGD of the form 𝜙(𝐗) → ∨௡௜ୀଵ∃𝐘௜ 𝜓௜(𝐗, 𝐘௜) is replaced by

𝜙(𝐗) → ∃𝐘ଵ𝑝⋆ଵ(𝐗, 𝐘ଵ) ∨ ∃𝐘ଶ..௡ 𝑝⋆ଶ..௡(𝐗, 𝐘ଶ..௡)
𝑝⋆ଵ(𝐗, 𝐘ଵ) → 𝜓ଵ(𝐗, 𝐘ଵ)

𝑝⋆ଶ..௡(𝐗, 𝐘ଶ..௡) →
௡

ሧ
௜ୀଶ

𝜓௜(𝐗, 𝐘௜),

where 𝐘ଶ..௡ = ∪௡௜ୀଶ𝐘௜ , 𝑝⋆ଵ is an |𝐗 ∪ 𝐘ଵ|-ary predicate and 𝑝⋆ଶ..௡ is an |𝐗 ∪ 𝐘ଶ..௡|-ary pred-
icate; both 𝑝⋆ଵ and 𝑝⋆ଶ..௡ are auxiliary predicates not introduced so far.

2. A TGD of the form 𝜙(𝐗) → ∃𝐘𝑝ଵ(𝐗, 𝐘ଵ), … , 𝑝௡(𝐗, 𝐘௡) is replaced by

𝜙(𝐗) → ∃𝐘𝑝⋆(𝐗, 𝐘)
𝑝⋆(𝐗, 𝐘) → 𝑝ଵ(𝐗, 𝐘ଵ)

⋮
𝑝⋆(𝐗, 𝐘) → 𝑝௡(𝐗, 𝐘௡),

where 𝑝⋆ is an |𝐗 ∪ 𝐘|-ary auxiliary predicate not introduced so far.
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Now, from 𝖭ଵ(𝜎), we obtain 𝖭(𝜎) by applying the following: for each 𝜎ᇱ ∈ 𝖭ଵ(𝜎), assuming
that 𝑓𝑟(𝜎ᇱ) = 𝐗 and {𝑌ଵ, … , 𝑌௡} are the existentially quantiϐied variables of 𝜎ᇱ, 𝜎ᇱ is replaced
by

𝑏𝑜𝑑𝑦(𝜎ᇱ) → ∃𝑌ଵ𝑝ఙ
ᇲ

ଵ (𝐗, 𝑌ଵ)
𝑝ఙᇲଵ (𝐗, 𝑌ଵ) → ∃𝑌ଶ𝑝ఙ

ᇲ
ଶ (𝐗, 𝑌ଵ, 𝑌ଶ)

𝑝ఙᇲଶ (𝐗, 𝑌ଵ, 𝑌ଶ) → ∃𝑌ଷ𝑝ఙ
ᇲ

ଷ (𝐗, 𝑌ଵ, 𝑌ଶ, 𝑌ଷ)
⋮

𝑝ఙᇲ௡ିଵ(𝐗, 𝑌ଵ, … , 𝑌௡ିଵ) → ∃𝑌௡ 𝑝ఙ
ᇲ

௡ (𝐗, 𝑌ଵ, … , 𝑌௡)
𝑝ఙᇲ௡ (𝐗, 𝑌ଵ, … , 𝑌௡) → ℎ𝑒𝑎𝑑(𝜎),

where, for each 𝑖 ∈ [𝑛], 𝑝ఙᇲ௜ is an (|𝐗|+ 𝑖)-ary auxiliary predicate not introduced so far. Finally,
given a set Σ of DTGDs,𝖭(Σ) is deϐined as⋃ఙ∈ஊ 𝖭(𝜎). The next lemma follows by construction:

Lemma 2.2. Consider a set Σ of DTGDs. Then,

1. 𝖭(Σ) is in normal form;

2. 𝖭(Σ) is constructible in logarithmic space; and

3. for every database 𝐷 and UCQ 𝑄, 𝐷 ∪ Σ ⊧ 𝑄 if and only if 𝐷 ∪ 𝖭(Σ) ⊧ 𝑄.

In the sequel, in order to simplify our technical proofs, sometimes we will focus on nor-
malized sets of DTGDs. It will be explicitly stated when the DTGDs under consideration are
assumed to be in normal form.

2.3 The DisjuncƟve Chase

In our investigationof (U)CQanswering,we employ thedisjunctive chase, originally introduced
by Deutsch and Tannen [2005] for disjunctive embedded dependencies. The disjunctive chase
extends the well-known chase procedure in such a way that it can treat disjunctive dependen-
cies. This is done as follows. Each disjunctive chase step “branches” out to several instances,
each satisfying one of the disjuncts of the DTGD that is applied, and thus the result of the dis-
junctive chase is, in general, a set of instances (and not a single instance as of the classical
chase). The disjunctive chase works on an instance through the so-called DTGD chase rule:

Deϐinition 2.3 (DTGD Chase Rule). Consider an instance 𝐼, and a DTGD 𝜎 of the form 𝜙(𝐗) →
⋁௡௜ୀଵ ∃𝐘𝜓௜(𝐗, 𝐘). 𝜎 is applicable to 𝐼 if there exists a homomorphism ℎ such that ℎ(𝜙(𝐗)) ⊆ 𝐼,
and the result of applying 𝜎 to 𝐼 with ℎ is the set {𝐼ଵ, … , 𝐼௡}, where 𝐼௜ = 𝐼 ∪ ℎᇱ(𝜓௜(𝐗, 𝐘)), for
each 𝑖 ∈ [𝑛], and ℎᇱ ⊇ ℎ is such that ℎᇱ(𝑌) is a “fresh” null not occurring in 𝐼, and following
lexicographically all those in 𝐼, for each 𝑌 ∈ 𝐘. For such an application, which deϔines a single
chase step, we write 𝐼⟨𝜎, ℎ⟩{𝐼ଵ, … , 𝐼௡}.
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A disjunctive chase tree of a database𝐷 and a set Σ of DTGDs is a (possibly inϐinite) tree such
that the root is 𝐷, and for every node 𝐼, assuming that {𝐼ଵ, … , 𝐼௡} are the children of 𝐼, there
exists 𝜎 ∈ Σ and a homomorphism ℎ such that 𝐼⟨𝜎, ℎ⟩{𝐼ଵ, … , 𝐼௡}. The disjunctive chase algo-
rithm for 𝐷 and Σ consists of an exhaustive application of DTGD chase steps in a fair fashion,
that is, every DTGD that can be applied is applied in each path of the chase tree, which leads to
a disjunctive chase tree 𝑇 of𝐷 and Σ; let 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) be the set {𝐼 ∣ 𝐼 is a leaf of 𝑇}. Notice that
each leaf of 𝑇 is well-deϐined as the least ϐixpoint of a monotonic operator. By construction,
each instance in 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) is a model of 𝐷 and Σ. Interestingly, 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) is a universal
model set of 𝐷 and Σ, that is, for each 𝐼 ∈ 𝑚𝑜𝑑𝑒𝑙𝑠(𝐷, Σ), there exists 𝐽 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) and a
homomorphism ℎ௃ such that ℎ௃(𝐽) ⊆ 𝐼; cf. Deutsch et al. [2008]. This property implies the
following useful result, which actually shows that the disjunctive chase is a formal algorithmic
tool for query answering purposes.

Theorem 2.4. Consider a database 𝐷, a set Σ of DTGDs, and a UCQ 𝑄. It holds that 𝐷 ∪ Σ ⊧ 𝑄 iff
𝐼 ⊧ 𝑄, for each 𝐼 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ).

To describe the above result, we say that the chase is universal.

2.4 Complexity Theory

A complexity class is a set of languages (also referred to as problems), where a language is a
set of words over an alphabet. We are interested in the decision problem: given a word𝜔 and
a language ℒ, decide whether𝜔 ∈ ℒ. Complexity classes are characterized by the well-known
notion ofTuringmachines. A Turingmachine is said to decide a language 𝐿 if it solves the corre-
sponding decision problem. Turingmachines can be deterministic (DTMs) or non-deterministic
(NTMs). For a function 𝑡 ∶ ℕ → ℕ, the complexity class TĎĒĊ(𝑡(𝑛)) (resp. NTĎĒĊ(𝑡(𝑛))) is
deϐined as the set {ℒ ∣ ∃ DTM (resp. NTM)𝑀 deciding ℒ in time 𝑂(𝑡(𝑛))}. SĕĆĈĊ(𝑡(𝑛)) and
NSĕĆĈĊ(𝑡(𝑛)) are deϐined analogously, where 𝑀 decides in space 𝑂(𝑡(𝑛)). The complexity
class of polynomial time (PTĎĒĊ) is deϐined as follows: PTĎĒĊ = ⋃ஶ

௞ୀ଴ TĎĒĊ(𝑛௞). The class of
non-deterministic polynomial time (NP) is deϐined as NP = ⋃ஶ

௞ୀ଴ NTĎĒĊ(𝑛௞). Analogously we
deϐine PSĕĆĈĊ, NPSĕĆĈĊ, LĔČSĕĆĈĊ, NLĔČSĕĆĈĊ, EĝĕTĎĒĊ, NEĝĕTĎĒĊ, 2EĝĕTĎĒĊ, N2EĝĕTĎĒĊ,
etc., depending onwhether the function 𝑡(𝑛) is a polynomial, logarithmic, exponential, double-
exponential, etc. If there exists no Turing machine solving a problem in ϐinite time, we say the
problem is undecidable.
If the decision problem for a language ℒ is in a complexity class 𝒜 (i.e. ℒ ∈ 𝒜), then the

converse of the decision problem (i.e. for a word 𝜔, decide whether 𝜔 ∉ ℒ) is in ĈĔ-𝒜. It is
known that for any function 𝑡(𝑛), TĎĒĊ(𝑡(𝑛)) = ĈĔ-TĎĒĊ(𝑡(𝑛)). Further, by Savitch’s Theo-
rem [Savitch, 1970], for any function 𝑡(𝑛) > log 𝑛, SĕĆĈĊ(𝑡(𝑛)) = NSĕĆĈĊ((𝑡(𝑛))ଶ), and thus
PSĕĆĈĊ = NPSĕĆĈĊ, EĝĕSĕĆĈĊ = NEĝĕSĕĆĈĊ, etc. It is also known that non-deterministic
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space is closed under complementation, that is, NSĕĆĈĊ(𝑡(𝑛)) = ĈĔ-NSĕĆĈĊ(𝑡(𝑛)); cf. [Im-
merman, 1988; Szelepcsényi, 1988]. A Turing machine with an oracle for problem 𝐵 can, at
each step of the computation, query the oracle for a solution to 𝐵. For a complexity class𝒜,
𝒜஻ is the complexity class of problems solvable by a Turing machine for 𝒜 with access to
an oracle for problem 𝐵. The notation is usually extended to sets of languages ℬ, such that
𝒜ℬ = ⋃஻∈ℬ𝒜஻ . For each 𝑖 ≥ 0, the complexity class ΣPi+1 is deϐined as NPஊ

P
i , with ΣP0 = PTĎĒĊ.

Furthermore, we denote the complement as follows: ΠP
i = ĈĔ-ΣPi .

2.5 AlternaƟng Turing Machines

The concept of alternation was introduced by Chandra et al. [1981]. An alternating Turing
machine is a tuple 𝑀 = (𝑆, Λ, 𝛿, 𝑠଴), where 𝑆 = 𝑆∀ ⊎ 𝑆∃ ⊎ {𝑠௔} ⊎ {𝑠௥} is a ϐinite set of states,
respectively partitioned into universal states, existential states, an accepting state and a re-
jecting state, Λ is the tape alphabet, 𝛿 ⊆ (𝑆 × Λ) × (𝑆 × Λ × {−1, 0, +1}) is the transition
relation, and 𝑠଴ ∈ 𝑆 is the initial state. We assume that Λ contains a special blank symbol ⊔.
The symbols−1, 0 and+1 denote the cursor directions left, stay and right.
A computation tree for𝑀 is a tree labelled by conϐigurations (tape content, cursor position,

and internal state) of𝑀 such that (1) if node 𝑣 is labelled by an existential conϐiguration, then
𝑣 has one child, labelled by one of the possible successor conϐigurations; (2) if 𝑣 is labelled by
a universal conϐiguration, then 𝑣 has one child for each possible successor conϐiguration; (3)
the root is labelled by the initial conϐiguration; and (4) all leaves are labelled by accepting or
rejecting conϐigurations. A computation tree is accepting if it is ϐinite and all leaves are labelled
by accepting conϐigurations.
The acceptance problem, that is, the problem of deciding whether, given an alternating Tur-

ing machine 𝑀, there exists an accepting conϐiguration tree for 𝑀, is known to be EĝĕTĎĒĊ-
hard (resp. 2EĝĕTĎĒĊ-hard) for alternating Turing machines using only polynomial (resp. ex-
ponential) space.

2.6 NotaƟonal ConvenƟons

In the remainder of this thesiswewill, in general, follow certain notational conventions that al-
low for the easy identiϐication of the meaning of symbols used in mathematical formulas and
expressions. In particular, we shall denote constants as lower-case letters at the beginning
of the alphabet (e.g. 𝑎, 𝑏, 𝑐); relations as lower-case letters around the letter “r” (e.g. 𝑠, 𝑟, 𝑝),
null values as the lower-case letter 𝑧, usually with a subscript; variables as upper-case let-
ters around the letter “X” (e.g. 𝑉,𝑊, 𝑋, 𝑌, 𝑍); vectors or sets of constants (resp. variables) as a
corresponding bold letter (e.g. 𝐚, 𝐛, resp.𝐗, 𝐘); CQs as 𝑞 and UCQs as𝑄; databases as𝐷; depen-
dencies as𝜎 and sets of dependencies as Σ; schemas as calligraphic upper-case letters near “R”
(e.g. 𝒮,ℛ); and atoms as an underlined letter (e.g. 𝑎, 𝑟).
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3 Decidability in the DeterminisƟc World

In this chapter we discuss the different kinds of restrictions known to ensure decidability of
query answering under sets of (non-disjunctive) TGDs. This will form the basis for our inves-
tigation into the impact of adding disjunction to such deterministic classes of TGDs. Several
relevant complexity results are surveyed.
Generally the restrictions guaranteeing decidability of query answering can be classiϐied

as either abstract or concrete properties. Abstract classes are based on the behaviour of the
underlying reasoning algorithms. Therefore it is generally not decidable whether a given set
of TGDs Σ has the desired property or not. Although there are a number of useful abstract
classes in the deterministic world (see, e.g. Baget et al. [2011a]; Baget and Mugnier [2002];
Calvanese et al. [2007]), these properties have predominantly been studied for deterministic
theories and thus cannot provide adequatedecidability guarantees vis-a-vis non-determinism.
Concrete classes on the other hand are deϐined by syntactic properties on sets of TGDs that are
computable in ϐinite time using appropriate algorithms. The focus of the subsequent chapters
of this work will be on extending these syntactic restrictions to DTGDs.
Each syntactic restriction discussed below is either a local or a global condition. Local condi-

tions place restrictions on the form and structure of each individual TGD, and are thus usually
easy to verify. Global conditions, on the other hand, place restrictions on a whole set of TGDs.
This makes this form of restriction much more powerful, but it can be a difϐicult problem to
determine whether a given set of TGDs actually adheres to the restrictions.
The following sections deal with well-established families of syntactic restrictions. Sec-

tion 3.1 provides an overview of classes of TGDs based on a principle called guardedness;
Section 3.3 deals with classes of TGDs that possess the sticky property; and Section 3.2 deals
with classes of TGDs that are acyclic in the sense that they guarantee chase termination, thus
guaranteeing that all relevant models of the theory are ϐinite.

3.1 Guarded-based Classes of TGDs

This section deals with classes of TGDs that are based on a principle called Guardedness. This
syntactic restrictionwas ϐirst introduced in the context of theGuardedFragment of First-Order
Logic by Andréka et al. [1998] and ensures that the chase has a tree-like structure. For more
details on the Guarded Fragment, see Chapter 4.
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There are multiple guarded-based classes of TGDs for which query answering becomes de-
cidable. The following sections will deal with them in turn, in ascending order with respect to
their expressivity.

3.1.1 Inclusion Dependencies

The ϐirst class discussed here are Inclusion Dependencies (IDs), a very well known and estab-
lished formalism that is used predominantly in the database world to express the fact that
values in certain columns of a relation must also appear in certain columns of another rela-
tion. The following example shows how to state that every manager is an employee, where
𝑚𝑔𝑟 and 𝑒𝑚𝑝 are predicates with the obvious meaning.

Example 3.1. The following is an example of an ID, using different notations:

• Traditional ID notation: 𝑚𝑔𝑟[1] ⊆ 𝑒𝑚𝑝[1]

• SQL notation:

CREATE TABLE mgr
(

…
FOREIGN KEY (id) REFERENCES emp(id)

)

• TGD notation: 𝑚𝑔𝑟(𝑋, 𝑌) → ∃𝑍ଵ∃𝑍ଶ 𝑒𝑚𝑝(𝑋, 𝑍ଵ, 𝑍ଶ)

As this work mainly deals with TGDs, we will stick to the TGD notation. IDs are very simple
TGDs, with at most one atom in the body and the head respectively, and no repeated variables
(i.e. self-joins). The formal deϐinition is as follows:

Deϐinition 3.2. A TGD 𝜎 is called an Inclusion Dependency if it is of the form

𝑟(𝐗) → ∃𝐘 𝑠(𝐗, 𝐘),

where 𝑟 and 𝑠 are relations, and 𝐗 and 𝐘 are disjoint sequences of variables where each variable
only appears once.

It is easy to show that IDs are already powerful enough to give rise to an inϐinite chase ex-
pansion. Given a database 𝐷 = {𝑟(𝑎, 𝑏)} and the ID 𝜎 ∶ 𝑟(𝑋, 𝑌) → ∃𝑍 𝑟(𝑌, 𝑍), then chasing D
with 𝜎 results in the inϐinite instance {𝑟(𝑎, 𝑏), 𝑟(𝑏, 𝑧ଵ), 𝑟(𝑧ଵ, 𝑧ଶ), …}.
However, answering a query𝑞 under sets of IDsΣ is decidable. This follows from the fact that

the chase expansion of a database𝐷 and Σ is a tree (or forest) and thus, also the logical theory
𝐷∪Σ∪¬𝑞must have a tree-likemodel, if the query is false. Using the famous, graph-theoretic
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result by Courcelle [1990], which roughly states that for fragments of monadic second-order
logic that exhibit the ϔinite treewidth model property, we get decidability of the satisϐiability
problem. This argument was already established by Calı̀ et al. [2013] for the more expres-
sive class of weakly-guarded TGDs. We shall see in Section 3.1.5 that IDs are trivially weakly-
guarded TGDs.
Calı̀ et al. [2003b] introduce a backward-chaining algorithm that rewrites a given BCQ 𝑞 and

a set Σ of IDs into a union of BCQs 𝑞ஊ, such that for every database 𝐷, 𝐷 ∪ Σ ⊧ 𝑞 if and only if
𝐷 ⊧ 𝑞ஊ. This immediately implies ϐirst-order rewritability. An alternative way to obtain this
result is that IDs possess the so-called bounded derivation-depth property (BDDP), introduced
by Calı̀ et al. [2012], which roughly says that for query answering purposes it is enough to
consider a ϐinite, initial part of the chase, where the size of this initial part only depends on the
set of TGDs and the query, but not on the database. Using this initial part, a ϐirst-order query
𝑞ஊ can be obtained, such that, again, it holds that for every database D, 𝐷 ∪ Σ ⊧ 𝑞 if and only if
𝐷 ⊧ 𝑞ஊ. As shown by Vardi [1995], answering ϐirst-order queries over a database is known to
be in the complexity class AC଴ when only the database is considered as input, and we thus get
that CQ-AēĘĜĊėĎēČ is in AC଴ in the data complexity.
In the classical work by Johnson and Klug [1984], the complexity of CQ-CĔēęĆĎēĒĊēę under

inclusion dependencies was studied. The complexity results obtained there also hold for our
CQ-AēĘĜĊėĎēČ problem, as the two problems are LĔČSĕĆĈĊ-equivalent (see also Chapter 2).
In a rather involved proof, they establish that it is enough to compute a ϐinite, initial portion of
the chase for query answering purposes and based on this fact, they design a PSĕĆĈĊ algorithm
to decide the CQ-CĔēęĆĎēĒĊēę problem. In case where either the predicate arity is bounded
by a constant, or the set of TGDs Σ is ϐixed, this algorithm works in NP.
The corresponding PSĕĆĈĊ lower bound is shown by giving a reduction to the implication

problem under IDs; see Casanova et al. [1984]. The NP lower bound in case of ϐixed sets of
IDs follows directly from the NP-hardness of query answering without constraints shown in
[Chandra and Merlin, 1977].

3.1.2 Linear TGDs

Calı̀ et al. [2012] extend Inclusion Dependencies to linear TGDs. This class of TGDs, in compar-
ison to IDs, allows variable repetition, as well as a conjunction ofmultiple atoms in the head of
each rule. However, only one atom is allowed in the body. This allows, for example, self-joins.
The syntactic restriction is a local one, imposed on every single TGD.

Example 3.3. The following is a set of linear TGDs:

𝑠(𝑋, 𝑌, 𝑋) → ∃𝑍 𝑟(𝑋, 𝑍)
𝑟(𝑋, 𝑌) → ∃𝑍 𝑠(𝑍, 𝑋, 𝑍), 𝑠(𝑌, 𝑋, 𝑌)
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Note that repeated variables can occur in the body as well as the head of the TGDs, and a con-
junction of multiple head atoms is allowed. Note further that none of the two linear TGDs above
are IDs.

Linear TGDs allow us, for example, to test for reϐlexive relations. Imagine the following TGD:
𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛(𝑋, 𝑋) → 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒(𝑋). It “extracts” all the individuals in a relation that are related
to themselves. With IDs it is not possible to express such a statement. The formal deϐinition
of linear TGDs is as follows:

Deϐinition 3.4. A TGD 𝜎 is called linear if it is of the form

𝑟(𝐗) → ∃𝐘𝜙(𝐗, 𝐘),

where 𝑟 is a relation,𝜙 is a conjunction of atoms, and 𝐗 and 𝐘 are disjoint sequences of variables.

As every ID is a linear TGD, by the simple example given in Section 3.1.1 we can immediately
see that also linear TGDs can give rise to inϐinite chase expansions. However, by the same
argument as for IDs, we get decidability: again, the chase expansion of a database 𝐷 and Σ of
linear TGDs is a tree (or forest). This was originally shown by Calı̀ et al. [2013] for the more
expressive class of weakly-guarded TGDs, of which linear TGDs trivially are a subclass.
First-order rewritability of sets of linear TGDs was shown by Calı̀ et al. [2012], who show

that we can again rely on the BDDP. However, the backward-chaining algorithm for IDs, given
in [Calı̀ et al., 2003b], cannot be employed for linear TGDs, as it cannot deal with variable
repetitions in the rule heads. However, an extended version of this algorithm, that can also
treat linear rules is presented in [Calı̀ et al., 2012b]. Unfortunately, it is well known that ap-
proaches like the ones in [Calı̀ et al., 2003b; Calı̀ et al., 2012b] are notwell suited for real-world
databases, because they produce a perfect rewriting, which in general is very large in size, and
thusmany queries would have to be evaluated. Alternative techniques that try to optimize the
rewriting can for example be found in [Orsi and Pieris, 2011; Gottlob et al., 2011].
From the earlier argument, we get that clearly, CQ-AēĘĜĊėĎēČ under linear TGDs is in AC଴

in the data complexity. Regarding the other complexity cases, the same techniques as for IDs
can be employed. Thus, we get that CQ-AēĘĜĊėĎēČ under linear TGDs is PSĕĆĈĊ-complete in
the combined complexity, and NP-complete in cases where the arity is bounded by a constant
or the set of dependencies is ϐixed.

MulƟ-Linear TGDs. For completeness reasons will also consider the class ofmulti-linear DT-
GDs. Multi-linearity is a slight relaxation of the notion of linearity, and appears, for example,
in [Calı̀ et al., 2012]. The body of a linear DTGD consists of a single atom, containing all the uni-
versally quantiϐied variables. Multi-linear relaxes this restriction slightly, whereby the body of
the rule is allowed to be a conjunction of atoms, all of which contain all the universally quan-
tiϐied variables.

26



3.1.3 Guarded TGDs

An extension of linear TGDs, proposed by Calı̀ et al. [2013] are guarded TGDs. Guardedness in
this context is again a local condition: informally, a TGD is guarded if one body atom contains
all the body variables. This allows “ϐiltering” of a relation by joining to a subset of that rela-
tion. Also, it allows a very limited form of transitivity. The following example demonstrate the
expressive power of guarded TGDs:

Example 3.5. The following set of (non-linear) TGDs express that an employee that supervises
another employee is a manager (𝜎ଵ), and that the unary relation 𝑠𝑢𝑝𝑒𝑟𝑣𝑖𝑠𝑒𝑑 shall contain all
the employees that are supervised, directly or indirectly, by the CEO (𝜎ଶ and 𝜎ଷ).

𝜎ଵ ∶ 𝑒𝑚𝑝(𝑋), 𝑠𝑢𝑝𝑒𝑟𝑣𝑖𝑠𝑒𝑠(𝑋, 𝑌), 𝑒𝑚𝑝(𝑌) → 𝑚𝑔𝑟(𝑋)
𝜎ଶ ∶ 𝑐𝑒𝑜(𝑋), 𝑠𝑢𝑝𝑒𝑟𝑣𝑖𝑠𝑒𝑠(𝑋, 𝑌) → 𝑠𝑢𝑝𝑒𝑟𝑣𝑖𝑠𝑒𝑑(𝑌)
𝜎ଷ ∶ 𝑠𝑢𝑝𝑒𝑟𝑣𝑖𝑠𝑒𝑑(𝑋), 𝑠𝑢𝑝𝑒𝑟𝑣𝑖𝑠𝑒𝑠(𝑋, 𝑌) → 𝑠𝑢𝑝𝑒𝑟𝑣𝑖𝑠𝑒𝑑(𝑌)

Note that the above rules are all non-linear, but there is an atom in the body of each, that “guards”
the rule, that is, it contains all the variables occurring in the respective rule body. Also note
that 𝜎ଶ and 𝜎ଷ only encode a limited form of transitivity: guardedness only allows us to express
reachability, that is, identify those nodes reachable from a given set of origin nodes.

As seen in the example above, guarded TGDs cannot encode full transitivity, as the transi-
tive closure rule 𝑟(𝑋, 𝑌), 𝑟(𝑌, 𝑍) → 𝑟(𝑋, 𝑍) is not a guarded TGD and violates the following
deϐinition which sets out the formal conditions for guarded TGDs:

Deϐinition 3.6. A TGD 𝜎 is called guarded if it is of the form

𝛼(𝐗), 𝜙(𝐗) → ∃𝐘𝜓(𝐗, 𝐘),

where 𝛼 is a relation of arity |𝐗|, 𝜙 and 𝜓 are conjunctions of atoms, 𝐗 and 𝐘 are disjoint se-
quences of variables. The atom 𝛼(𝐗) is called the guard.

Linear TGDs and inclusion dependencies are trivially guarded, as they only have exactly one
body atom, therefore sets of guarded TGDs can give rise to inϐinite chase expansions. How-
ever, as opposed to linear TGDs, sets of guarded TGDs are also not ϐirst-order rewritable sets.
This is shown by creating a database, query and a set of guarded TGDs in such a way that an-
swering the query requires the computation of reachability over a relation in the database. It
is well known that this property cannot be expressed in a ϐinite ϐirst-order query. Query an-
swering under guarded TGDs remains decidable however. Because of the guards that serve
as a “guideline” during the chase expansion, the chase still retains a tree-like structure (i.e.
represented as a graph, the chase always has ϐinite treewidth, even though the chase expan-
sion might be inϐinite). Because of this, the argument for IDs and linear TGDs is still valid, as
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the famous theorem by Courcelle [1990] does not only hold for trees but also for tree-like (i.e.
ϐinite treewidth) structures.
The complexity of query answering under guarded TGDs was investigated in-depth by Calı̀

et al. [2012, 2013]. First, it is established that guarded TGDs possess the so-called bounded
guard-depth property (BGDP), which is related to the BDDP in that inasmuch as it only pertains
to the guard atoms and their immediate children in the chase. The chase graph of a database𝐷
and a setΣ of TGDs is a directed graphwhose nodes are the atoms in 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) andhaving an
edge between atoms 𝑎 and 𝑏 if, during the application of the TGD 𝜎 in a chase step, 𝑎 is used
to satisfy the body of 𝜎 and 𝑏 is an atom in the head of 𝜎 introduced by that chase step. An
atom 𝑎 is marked as a guard atom, if during the application of a chase step, 𝑎 is mapped to the
guard of a rule 𝜎. The guarded chase forest for𝐷 and Σ is the restriction of the respective chase
graph to all guard atoms and their immediate children. The BGDP now states that whenever
the chase entails a query, it does so in a ϐinite, initial portion 𝐶 of the guarded chase forest,
where its size depends only on the query and the set of TGDs, but not the database. In case the
former two are ϐixed, this initial portion can be constructed, and the (ϐixed) query evaluated
in polynomial time. The lower bound is obtained by a reduction from the atom entailment
problem under propositional logic programs with at most two body atoms; see, e.g. Dantsin
et al. [2001]. We thus have that CQ-AēĘĜĊėĎēČ under sets of guarded TGDs is PTĎĒĊ-complete
in the data complexity.
Regarding the other complexity cases, Calı̀ et al. [2013] exhibit a rather involved algorithm,

deciding the CQ-AēĘĜĊėĎēČ problem under sets of guarded TGDs in NP𝒞 , where 𝒞 is an oracle
for complexity class𝒞. In case of the combined complexity,𝒞 is the complexity class 2EĝĕTĎĒĊ.
In case where the arity is bounded by a constant, 𝒞 equals EĝĕTĎĒĊ. In case of a ϐixed set of
TGDs, 𝒞 equals PTĎĒĊ. This gives us 2EĝĕTĎĒĊ, EĝĕTĎĒĊ and NPmembership, respectively for
these three cases. The lower bounds are obtainedby simulating an alternatingTuringmachine
using, respectively, exponential space, polynomial space and logarithmic space, in case of the
combined complexity, bounded arity and ϐixed set of TGDs. We thus have 2EĝĕTĎĒĊ-, EĝĕTĎĒĊ-
and NP-completeness for these cases, respectively. Note that the NP-hardness also follows
from the fact that the CQ-CĔēęĆĎēĒĊēę problem is NP-hard, even for empty sets of TGDs; cf.
Chandra and Merlin [1977].

3.1.4 FronƟer-Guarded TGDs

Frontier-guarded TGDs, proposed by Baget et al. [2011a], is a local condition placed on TGDs
that relaxes the guardedness condition for TGDs. It does so by exploiting the notion of the
frontier of a TGD. The frontier of a TGD 𝜎, denoted 𝑓𝑟(𝜎), is the set of variables occurring both
in the body and in the head of 𝜎. The idea of frontier-guardedness is that it sufϐices to guard
those variables that are propagated, that is, those in the frontier. This allows more powerful
ϐiltering rules—in fact, as long as only guarded variables are propagated, a full conjunctive
query can be speciϐied in the body of a rule. The following example illustrates this point:
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Example 3.7. The following is a set of frontier-guarded TGDs:

𝑟(𝑋, 𝑌), 𝑟(𝑌, 𝑍), 𝑟(𝑍, 𝑋) → 𝑖𝑛𝑐𝑦𝑐𝑙𝑒(𝑋)
𝑖𝑛𝑐𝑦𝑐𝑙𝑒(𝑋), 𝑟(𝑋, 𝑌), 𝑟(𝑌, 𝑍) → 𝑖𝑛𝑐𝑦𝑐𝑙𝑒𝑎𝑛𝑑𝑐ℎ𝑎𝑖𝑛(𝑋)

The rules above state that an individual is in a circle if it participates in a circle of size three. They
further state that the individual is also in a chain, if it is the root of a chain of length two. Note
that none of the above TGDs are guarded. However, the variables in the frontier always appear
together in at least one body atom.

Frontier-guarded rules allow us to check arbitrary conditions about individuals. However,
only propositional information about the validity of these conditions can be propagated, but
no information on “how” the individuals fulϐil the conditions, or which other individuals are
involved int fulϐilling the conditions. In the following, we give the formal deϐinition of frontier-
guarded TGDs:

Deϐinition 3.8. A TGD 𝜎 is called frontier-guarded if it is of the form

𝛼(𝐘), 𝜙(𝐗, 𝐘) → ∃𝐙𝜓(𝐘, 𝐙),

where 𝛼 is a relation of arity |𝐘|, 𝜙 and 𝜓 are conjunctions of atoms, 𝐗, 𝐘 and 𝐘 are pairwise
disjoint sequences of variables, where the variables in𝐗appear only in the body, those in𝐘appear
both in the body and the head, and those in 𝐙 appear only in the head of the rule. The atom 𝛼(𝐘)
is called the frontier-guard.

Like guardedTGDs, frontier-guardedTGDs can give rise to an inϐinite chase expansion. How-
ever, decidability follows, as it did for guarded TGDs, from the fact that sets of frontier-guarded
TGDs exhibit the ϐinite treewidth model property, that is, if there is a model, then there also is
a model of ϐinite treewidth. By Courcelle’s Theorem [Courcelle, 1990], we again derive decid-
ability.
The complexity of the CQ-AēĘĜĊėĎēČ problem was investigated in Baget et al. [2011b]. Re-

garding the data complexity, PTĎĒĊ-completeness is established by exploiting the lower bound
from guarded TGDs, as well as an upper bound by reduction to the fact inference problem of
Datalog programs, which is known to be in PTĎĒĊ in the data complexity; see, e.g. the extensive
survey by Dantsin et al. [2001].
Regarding the combined complexity, a 2EĝĕTĎĒĊ upper bound is established by exploiting

a result from [Bárány et al., 2014], where it is shown that CQ-AēĘĜĊėĎēČ under guarded ϐirst-
order theories is in 2EĝĕTĎĒĊ. In particular, given an instance ⟨𝐷, Σ, 𝑞⟩ of the CQ-AēĘĜĊėĎēČ
problem under sets of frontier-guarded TGDs, Baget et al. construct, in polynomial time, a
guarded ϐirst-order formula 𝜑 and a union of CQs 𝑞ᇱ, such that 𝐷 ∪ Σ ⊧ 𝑞 if and only if 𝜑 ⊧ 𝑞ᇱ.
The corresponding lower bound follows directly from guarded TGDs.
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3.1.5 Weakly-(FronƟer-)Guarded Sets of TGDs

Weakly-guarded sets of TGDs were introduced by Calı̀ et al. [2013] and generalize the class
of guarded TGDs. The idea is that in fact, not every universally quantiϐied variable must be
guarded, but it sufϐices to guard the variables occurring at affected positions, that is, informally,
those positions where a null value can appear during the construction of the chase. All other
positions will hold only constants from 𝑑𝑜𝑚(𝐷), which is a ϐinite set, which means that these
constants alone cannot cause an inϐinite chase expansion, even if unguarded. The following
example demonstrates the expressiveness of weakly-guarded sets of TGDs:

Example 3.9. The following is a weakly-guarded set of TGDs:

𝑟(𝑋, 𝑌), 𝑟(𝑌, 𝑍) → 𝑟(𝑋, 𝑍)
𝑟(𝑋, 𝑌) → ∃𝑍 𝑠(𝑋, 𝑌, 𝑍)

𝑠(𝑋, 𝑌, 𝑍), 𝑟(𝑋, 𝑋) → ∃𝑊 𝑠(𝑋, 𝑍,𝑊)

Observe that, in the second and third TGD, an existentially quantiϔied variable appears in position
𝑠[3], and therefore this position is affected. However, in the third TGD, the variable at position
𝑠[3] is propagated to 𝑠[2]. We must therefore conclude that also the latter position is affected.

Note that, as seen in the example above, weakly-guarded sets of TGDs are a global prop-
erty. We cannot check TGD after TGD, but have to take the entire set of TGDs into account, to
determine the set of affected positions.
Weakly-guarded sets of TGDs capture Datalog inasmuch as they allow for any set of Datalog

rules, as long as they only operate on non-affected positions. In the example above, we can,
for example, encode the transitive closure of a binary relation, as long as we know that we
will only compute the transitive closure over the ϐinite set of constants of 𝑑𝑜𝑚(𝐷). However,
once null values come into play, we are restricted to guarded rules, at least where the affected
positions are concerned, in order to preserve the tree-like structure of the chase. Wemay thus
have an arbitrarily cyclic, but ϐinite structure inside the chase that operates only on constants
from 𝑑𝑜𝑚(𝐷), and a possible inϐinite, but guarded and thus tree-like, structure in addition to
that. Overall, this thus preserves the ϐinite treewidth model property. In order to formally
deϐine weakly-guarded sets of TGDs, we ϐirst need to formally deϐine the notion of an affected
position:

Deϐinition 3.10. Given a set of TGDs Σ over a relational schemaℛ, the set of affected positions,
denoted 𝑎𝑓𝑓𝑒𝑐𝑡𝑒𝑑ஊ(ℛ), is deϔined inductively as the least ϔixed point of the following:

• Let 𝑟[𝑖] be a position in the head of a TGD 𝜎 ∈ Σ. If an existentially quantiϔied variable
appears at position 𝑟[𝑖] in 𝜎, the 𝑟[𝑖] is affected.

• Let 𝑟[𝑖] be a position in the head of a TGD 𝜎 ∈ Σ. If a universally quantiϔied variable
appears at position 𝑟[𝑖], that variable only appears at affected positions in the body of 𝜎,
then 𝑟[𝑖] is affected.
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With this deϐinition in place, we can now deϐine weakly-guarded sets of TGDs:

Deϐinition 3.11. A set Σ of TGDs is weakly-guarded if for each TGD 𝜎 ∈ Σ it holds that all
universally quantiϔied variables that appear only at affected positions in the body of 𝜎 appear
together in a body atom. This atom is called theweak-guard.

While weakly-guarded sets of TGDs can obviously lead to an inϐinite chase expansion, they
do preserve the ϐinite treewidth model property, that is, the fact that the chase expansion has
ϐinite treewidth. This is established in [Calı̀ et al., 2013] using the notion of [𝑆]-acyclicity of the
chase, where 𝑆 is a set of symbols. [𝑆]-acyclicity generalizes classical hypergraph acyclicity in
that it, informally speaking, restricts the cyclic part to 𝑆, and we thus have that an instance
over a schema ℛ is acyclic if and only if it is [∅]-acyclic and its treewidth is less than or equal
to |𝑆| + 𝑎𝑟𝑖𝑡𝑦(ℛ). In particular, for weakly-guarded sets of TGDs Σ and a database 𝐷 over a
schema ℛ, the chase is shown to be [𝑑𝑜𝑚(𝐷)]-acyclic, and therefore to have ϐinite treewidth,
as both 𝐷 and ℛ are ϐinite. From Courcelle’s Theorem [Courcelle, 1990], by the argument
presented earlier, we again get decidability, and by the fact that weakly-frontier-guarded sets
of DTGDs capture all previously introduced classes, we get decidability for all the guarded-
based classes.
Calı̀ et al. [2013] then proceed to study the complexity of CQ-AēĘĜĊėĎēČ under weakly-

guarded sets of TGDs, by employing an extended version of the algorithm presented in Sec-
tion 3.1.3. Recall that the algorithm runs in NP𝒞 , where 𝒞 is a complexity class. In case of the
combined complexity, 𝒞 is shown to be 2EĝĕTĎĒĊ. In case where the arity is bounded by a
constant, 𝒞 reduces to EĝĕTĎĒĊ and remains so even when the set of TGDs and the query are
both ϐixed. Consequently, we have that CQ-AēĘĜĊėĎēČ under weakly-guarded sets of TGDs is
in 2EĝĕTĎĒĊ in the combined complexity, and in EĝĕTĎĒĊ in case of bounded arity, ϐixed set of
TGDs and even in the data complexity.
For each of the discussed upper bounds, a corresponding lower bound holds. In the com-

bined complexity, the 2EĝĕTĎĒĊ-hardness follows immediately from the fact that the problem
is already 2EĝĕTĎĒĊ-hard under guarded TGDs. In the data complexity, EĝĕTĎĒĊ-hardness is
shown by simulating an alternating PSĕĆĈĊ Turing machine. The latter result is rather sur-
prising, as CQ-AēĘĜĊėĎēČ under guarded TGDs is possible in PTĎĒĊ.

Weakly-FronƟer-Guarded Sets of TGDs. Analogously to the generalization of sets of guarded
TGDs to weakly-guarded sets of TGDs discussed above, Baget et al. [2011a] generalized their
notion of frontier-guarded TGDs to weakly-frontier-guarded sets of TGDs. The formal deϐini-
tion can be found below:

Deϐinition 3.12. A set Σ of TGDs isweakly-frontier-guarded if for each TGD 𝜎 ∈ Σ it holds that
all the variables of 𝑓𝑟(𝜎) that appear only at affected positions in the body of 𝜎 appear together
in a body atom. This atom is called theweak-frontier-guard.
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For example, the TGD

𝜎 ∶ 𝑠𝑢𝑝𝑒𝑟𝑣𝑖𝑠𝑒𝑠(𝑋, 𝑍),𝑚𝑔𝑟(𝑌, 𝑍) → ∃𝑊𝑚𝑔𝑟(𝑌,𝑊), 𝑠𝑢𝑝𝑒𝑟𝑣𝑖𝑠𝑒𝑠(𝑊, 𝑋)

is weakly-frontier-guarded, with 𝑠𝑢𝑝𝑒𝑟𝑣𝑖𝑠𝑒𝑠(𝑋, 𝑍) as its weak-frontier-guard. Clearly the af-
fected positions are 𝑚𝑔𝑟[1], 𝑠𝑢𝑝𝑒𝑟𝑣𝑖𝑠𝑒𝑠[1] and 𝑠𝑢𝑝𝑒𝑟𝑣𝑖𝑠𝑒𝑠[2]. Given the frontier 𝑓𝑟(𝜎) =
{𝑋, 𝑌}, we can see that the single variable occurring only at affected positions in 𝑏𝑜𝑑𝑦(𝜎) is
𝑋 which is guarded by the weak-frontier-guard. It is easy to verify that 𝜎 is neither frontier-
guarded, nor weakly-guarded.
Regarding decidability, obviously the chase expansion under weakly-frontier-guarded sets

of TGDs can be inϐinite. However, Baget et al. [2011a] establish the ϐinite treewidth model
property of the chase expansion and thus decidability follows.
A complexity investigation of the class of weakly-frontier-guarded sets of TGDs was per-

formed by Baget et al. [2011b]. CQ-AēĘĜĊėĎēČ is shown to be EĝĕTĎĒĊ-complete in the data
complexity, which is shown by establishing that weakly-frontier-guarded sets of TGDs fall
into an abstract, decidable class of TGDs called greedy bounded treewidth sets. This abstract
class, introduced in [Baget et al., 2011b], guarantees membership of the CQ-AēĘĜĊėĎēČ prob-
lem in EĝĕTĎĒĊ1. The lower bound immediately follows from the EĝĕTĎĒĊ-hardness of CQ-
AēĘĜĊėĎēČ under weakly-guarded sets of TGDs, as discussed earlier in this section.
Regarding the combined complexity, Baget et al. [2011b] show that, given a database 𝐷, a

weakly-frontier-guarded set Σ of TGDs and a query 𝑄, it is possible to construct a set Σᇱ of
frontier-guarded TGDs, such that 𝐷 ∪ Σ ⊧ 𝑞 if and only if 𝐷 ∪ Σᇱ ⊧ 𝑞. This reduction works
by cleverly “grounding” the variables at non-affected positions. In this way, the 2EĝĕTĎĒĊ up-
per bound of CQ-AēĘĜĊėĎēČ under frontier-guarded TGDs transfers over to weakly-frontier-
guarded sets of TGDs. The corresponding lower bound follows immediately from the fact that
CQ-AēĘĜĊėĎēČ under guarded TGDs is already 2EĝĕTĎĒĊ-hard; see Section 3.1.3.

3.1.6 Summary

Thewell-established guarded-based classes of TGDs discussed above are collectively based on
the guarded fragment of ϐirst-order logic, introduced by Andréka et al. [1998] further and an-
alyzed w.r.t. the complexity by Grädel [1999]. When applied to TGDs, the guardedness restric-
tion naturally yields the class of guarded TGDs, introduced by Calı̀ et al. [2013]. To lower the
complexity of query answering, this class was further restricted to linear TGDs (see Calı̀ et al.
[2013, 2012]), as well as to IDs, a well-known formalism long used in the area of databases.
In order to increase the expressive power, generalizations of the class of guarded TGDs were
proposed, namely, weakly-guarded sets of TGDs (see Calı̀ et al. [2013]), frontier-guarded TGDs
and weakly-frontier-guarded sets of TGDs (see Baget et al. [2011a,b] for details). A compar-
ison of expressivity of these formalisms can be seen in Figure 3.1. Here, IDs are inclusion
1In fact, it guarantees that CQ-AēĘĜĊėĎēČ is in 3EĝĕTĎĒĊ in the combined complexity, in 2EĝĕTĎĒĊ in case of
bounded arity, and in EĝĕTĎĒĊ in the data complexity.
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dependencies, LTGDs are sets of linear TGDs, GTGDs are sets of guarded TGDs, FGTGDs are
sets of frontier-guarded TGDs, WGTGDs are weakly-guarded sets of TGDs, and WFGTGDs are
weakly-frontier-guarded sets of TGDs.

..IDs.

LTGDs

.

GTGDs

.

FGTGDs

.

WGTGDs

.

WFGTGDs

Figure 3.1: Expressivity comparison of guarded-based classes of TGDs.

All of the classes discussed above produce a chase expansion that is of ϐinite treewidth, and
thereby it follows that the CQ-AēĘĜĊėĎēČ problem is decidable. The complexity ranges from
AC଴ to EĝĕTĎĒĊ in the data complexity, and from PSĕĆĈĊ to 2EĝĕTĎĒĊ in the combined com-
plexity. Table 3.1 lists the different complexity results.

Class Data Complexity Combined Complexity
IDs in AC଴ PSĕĆĈĊ-complete

LTGDs in AC଴ PSĕĆĈĊ-complete
GTGDs PTĎĒĊ-complete 2EĝĕTĎĒĊ-complete
FGTGDs PTĎĒĊ-complete 2EĝĕTĎĒĊ-complete
WGTGDs EĝĕTĎĒĊ-complete 2EĝĕTĎĒĊ-complete

WFGTGDs EĝĕTĎĒĊ-complete 2EĝĕTĎĒĊ-complete

Table 3.1: The complexity of CQ-AēĘĜĊėĎēČ under guarded-based classes of TGDs.

3.2 Acyclicity-based Classes of TGDs

This section deals with classes of TGDs that ensure decidability of query answering by forcing
the chase to terminate. From the fact that the chase produces a universal model that is suf-
ϐicient for query answering, we can immediately conclude that a ϐinite-time algorithm exists
that builds the chase expansion and then answers the query over this ϐinite model.
Multiple variants of such acyclicity-based classes of TGDs exist, with the simplest one being

sets of acyclic TGDs. This class simply forbids recursion and the chase trivially terminates.
However, such a simple class did not prove to be very interesting or useful in practice, and
thuswewill not focus on this class here. The following two sectionswill, respectively, dealwith
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the class of full or total TGDs that are in essence pure Datalog rules, and the class of weakly-
acyclic sets of TGDs, that limits the use of existential quantiϐication in order to guarantee chase
termination.

3.2.1 Full TGDs

A TGD is called full (or total, cf. Beeri and Vardi [1981]), if there are no existentially quantiϐied
variables in its head. Therefore, the class of full (single-atom head) TGDs coincides with the
language of Datalog; see, e.g. Abiteboul et al. [1995]. It is easy to see that sets of full TGDs can-
not be ϐirst-order rewritable, as they can express transitivity2. However, it is easy to see that
the chase expansion under a set of full TGDs is ϐinite. As there are no existentially quantiϐied
variables, the chase of a database 𝐷 with a set Σ of full TGDs over a schema ℛ can only make
use of the constants that already appear in 𝑑𝑜𝑚(𝐷), and as 𝐷 is ϐinite, it must terminate.
CQ-AēĘĜĊėĎēČ under full TGDs is PTĎĒĊ-complete in the data complexity and EĝĕTĎĒĊ-

complete in the combined complexity. The upper bound follows from the observation, that
the maximum number of atoms that can appear in the chase is the number of relations times
the number of permutations of constants from 𝑑𝑜𝑚(𝐷) in a sequence of the length of the
maximum arity of the schema. In formal terms, the maximum number of atoms 𝑘 = |ℛ| ·
|𝑑𝑜𝑚(𝐷)|௔௥௜௧௬(ℛ). In case of the data complexity, where the set of TGDs, and thus the schema
ℛ is ϐixed, at most polynomially many atoms can appear in the chase, yielding the desired up-
per bounds. The corresponding lower bounds follow from classical results regarding the fact
inference problem for Datalog programs; see, e.g. Dantsin et al. [2001].

3.2.2 Weakly-Acyclic Sets of TGDs

Weakly-acyclic sets of TGDs, introduced in the context of data exchange in the landmark paper
by Fagin et al. [2005], are a careful combination and extension of both acyclic TGDs and full
TGDs. The main idea is to prevent recursions through existential quantiϐications. Thus, the
only symbols that can appear in atoms in the chase of a database 𝐷 with a weakly-acyclic set
of TGDs are the constants in 𝑑𝑜𝑚(𝐷), and a ϐinite number of labelled nulls. Thus, after ϐinitely
many steps, the chase must terminate.
The formal deϐinition of weak acyclicity is based on the notion of the dependency graph,

which is deϐined as follows:

Deϐinition 3.13. The dependency graph 𝐺 = ⟨𝑉, 𝐸 = 𝐸ே ⊎𝐸ௌ⟩ of a set Σ of TGDs over a schema
ℛ is a multigraph, where the multiset of edges is partitioned into normal edges 𝐸ே and special
edges 𝐸ௌ . 𝐺 is constructed as follows:

• Let 𝑉 be the set of positions 𝑟[𝑖] occurring in ℛ.

2For example, the rule ௥(௑, ௒), ௥(௒, ௓) → ௥(௑, ௓) computes the transitive closure of a relation.
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• Add a normal edge (𝑟[𝑖], 𝑠[𝑗]) to 𝐸ே , if there exists a TGD 𝜎 ∈ Σ, such that relation 𝑟 occurs
in the body of 𝜎 and relation 𝑠 occurs in the head of 𝜎, and the positions 𝑟[𝑖] and 𝑠[𝑗] are
occupied by the same (universally quantiϔied) variable in 𝜎.

• Adda special edge (𝑟[𝑖], 𝑠[𝑗]) to𝐸ௌ , if there exists aTGD𝜎 ∈ Σ, such that relation 𝑟 occurs in
the body of 𝜎 and relation 𝑠 occurs in the head of 𝜎, the (universally quantiϔied) variable at
position 𝑟[𝑖] in 𝜎 also appears in the head, and an existentially quantiϔied variable appears
at position 𝑠[𝑗] in the head of 𝜎.

The following example illustrates this notion.

Example 3.14. Let schema ℛ contain the relations 𝑟, 𝑠, 𝑝 and 𝑡. Consider the following set Σ of
TGDs overℛ, consisting of three TGDs:

𝑟(𝑉,𝑊, 𝑋, 𝑌) → ∃𝑍 𝑠(𝑊, 𝑍), 𝑝(𝑊, 𝑌)
𝑝(𝑊, 𝑋), 𝑠(𝑊, 𝑌) → 𝑡(𝑌, 𝑋)

𝑡(𝑋, 𝑌) → 𝑝(𝑋, 𝑌)

By looking at the structure of the TGDs, we can see that there the second and third TGD are
recursive. However, while in this simple example it might be obvious to the trained eye, in general
it is not straightforward to determine whether such a recursion might lead to an inϔinite chase
expanstion. The dependency graph 𝐺 of Σ can help in this regard. It is depicted in Figure 3.2
below:

..𝑟[1]. 𝑟[2]. 𝑟[3]. 𝑟[4].

𝑠[1]

.

𝑠[2]

.

𝑝[1]

.

𝑝[2]

.

𝑡[1]

.

𝑡[2]

Figure 3.2: Dependency graph for Example 3.14

On inspection, the dependency graph is cyclic, which conϔirms our previous observation that
the set of TGDs is recursive. However, it is immediately apparent that no cycle passes through
a special edge, that is, there is no recursion through an existential variable. Therefore, the de-
pendency graph allows us to determine that the set Σ of TGDs will never lead to an inϔinite chase
expansion.

Aswe have seen, a sufϐicient condition that guarantees chase termination for a set of TGDs is
that the dependency graph does not reveal any recursions through existential variables, which
are represented by special edges. We can now give the formal deϐinition of weakly-acyclic sets
of TGDs.
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Deϐinition 3.15. A set Σ of TGDs is calledweakly-acyclic if and only if its dependency graph does
not contain a cycle through a special edge.

Given a set of TGDs, it is possible in PTĎĒĊ to decide whether it is weakly-acyclic or not: the
dependency graph can be constructed in polynomial time, and checking for cycles through at
least one special edge is also known to be feasible in PTĎĒĊ.
Fagin et al. [2005] show that weak acyclicity is a sufϐicient condition for chase termination.

As the chase expansion is ϐinite, we immediately get decidability of the CQ-AēĘĜĊėĎēČ prob-
lem. Intuitively, the normal edges in the dependency graph keep track of the possible propaga-
tion of a value from one position to another, while the special edges keep track of the fact that
whenever such a value is propagated, the chase also introduces a new, labelled null value into
all those positions where an existentially quantiϐied variable occurs. If a cycle goes through a
special edge, then the occurrence of a null value in a certain positionmay cause the appearance
of a new null value in the same position later on in the chase. This cycle may continue forever.
Cycles through normal edges are however allowed. Weakly-acyclic sets of TGDs capture full
TGDs, because full TGDs lack existential quantiϐiers and thus no special edges ever occur in
the dependency graph.
CQ-AēĘĜĊėĎēČ underweakly-acyclic sets of TGDs is PTĎĒĊ-complete in the data complexity,

and 2EĝĕTĎĒĊ-complete in the combined complexity. These upper bounds are already implicit
in [Fagin et al., 2005]. Roughly, this follows from the fact that the (ϐinite) chase expansion of a
database under a weakly-acyclic set of TGDs can be built in polynomial time, if the set of TGDs
is ϐixed, and in double-exponential time in general. The PTĎĒĊ lower bound with respect to
the data complexity follows immediately from the same hardness result for full TGDs, which
are, as discussed in the previous paragraph, also weakly-acyclic. The 2EĝĕTĎĒĊ lower bound
was established by Calı̀ et al. [2011], where it is shown that it is possible to arrange double-
exponentially many labelled nulls in an order, and thus simulate a 2EĝĕTĎĒĊ Turing machine,
using a weakly-acyclic set of TGDs.

3.2.3 Summary

One attempt to obtain decidability of query answering is to try and limit their power to express
recursions in such away that every recursion is bound to stop after ϐinitelymany steps. The set
of TGDs is, in a sense, acyclic. As recursion is an important tool to express knowledge, banning
it altogether seems too strict. However, there are other approaches, surveyed in the previous
sections, that yield reasonably expressive languages while still retaining the core feature that
recursions, and thus ultimately the chase expansion, remains ϐinite. We have surveyed the
language of full TGDs or, equivalently, Datalog (see, e.g. Abiteboul et al. [1995]; Beeri and Vardi
[1981]), as well as the language of weakly-acyclic TGDs, introduced in the landmark paper by
Fagin et al. [2005]. A comparison of expressivity, including the previously discussed guarded-
based classes of TGDs, can be found below in Figure 3.3. Here, FTGDs are full TGDs, WATGDs
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are weakly-acyclic sets of TGDs, and as before, IDs are inclusion dependencies, LTGDs are sets
of linear TGDs, GTGDs are sets of guarded TGDs, FGTGDs are sets of frontier-guarded TGDs,
WGTGDs are weakly-guarded sets of TGDs, andWFGTGDs are weakly-frontier-guarded sets of
TGDs.

..IDs.

LTGDs

. FTGDs.

GTGDs

.

FGTGDs

.

WGTGDs

.

WFGTGDs

.

WATGDs

Figure 3.3: Expressivity comparison of guarded- and acyclicity-based classes of TGDs.

Since the classes of full TGDs and weakly-acyclic sets of TGDs both guarantee chase termi-
nation, we have that in those cases query answering becomes immediately decidable. It is
sufϐicient to construct the (ϐinite) chase expansion, and then, in ϐinite time, evaluate the query
over it. The complexity of the CQ-AēĘĜĊėĎēČ problem is PTĎĒĊ-complete in the data complex-
ity for both classes, and, in the combined complexity, ranges from EĝĕTĎĒĊ-completeness for
full TGDs to 2EĝĕTĎĒĊ-completeness for weakly-acyclic sets of TGDs. Table 3.2 provides an
overview of complexity results.

Class Data Complexity Combined Complexity
FTGDs PTĎĒĊ-complete EĝĕTĎĒĊ-complete

WATGDs PTĎĒĊ-complete 2EĝĕTĎĒĊ-complete

Table 3.2: The complexity of CQ-AēĘĜĊėĎēČ under acyclicity-based classes of TGDs.

3.3 SƟcky-based Classes of TGDs

In this section, we will survey classes of TGDs that are based on a principle called Stickiness.
This principle is an abstract property, that gives rise to a family of sticky-based languages.
It was introduced by Calı̀ et al. [2012b] and thoroughly disseminated in the doctoral thesis
by Pieris [2011]. Sticky-based languages possess the property whenever the application of
some rule with repeated variables leads to a join on some symbol 𝑠 during the chase, from
thereon out all of the descendant atoms of the newly derived atom must always contain that
null value, that is, every rule that is applied subsequently to a descendant atommust propagate
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thenull value. This abstract property is called the sticky propertyof the chase,which is formally
deϐined as follows:

Deϐinition 3.16. Given a database𝐷 and a set Σ of TGDs over schemaℛ, suppose that during the
construction of the chase, the rule 𝜎 ∈ Σ, containing a repeated variable 𝑋 in the body, is applied
via a homomorphism ℎ, and the atoms 𝑎ଵ, … , 𝑎௞ are thereby generated, where 𝑘 = |ℎ𝑒𝑎𝑑(𝜎)|.
Then, 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) has the sticky property, if for each 𝑎 ∈ {𝑎ଵ, … , 𝑎௞} the symbol ℎ(𝑋) occurs in
𝑎 and all its descendants.

This central, abstract property is subsequently relied upon to derive decidability of query
answering. A sufϐicient syntactic condition that deϐines the class of sticky sets of TGDs is pre-
sented in [Calı̀ et al., 2012b]. In [Calı̀ et al., 2011], both the sticky property as well as the corre-
sponding syntactic condition are relaxed in order to ϐind more expressive classes that capture
linear TGDs, and weakly-acyclic TGDs. The relevant classes of TGDs are discussed in turn in
the following subsections.

3.3.1 SƟcky Sets of TGDs

Sticky sets of TGDs are deϐined via a global, syntactic restriction placed on sets of TGDs. The
aim of this restriction is to guarantee that the respective sets of TGDs possess the sticky prop-
erty discussed earlier. Essentially, given a set Σ of TGDs, the idea is to require that, whenever a
positionmay contain a symbol thatwas propagated via a repeated variable in the body of some
rule in Σ (i.e. by a join), this position must always be propagated by all TGDs in Σ. While this
may be overly restrictive, it is clearly a sufϐicient condition to guarantee the sticky property.
The following example illustrates this restriction:

Example 3.17. The following set of TGDs is sticky, and thus possesses the sticky property:

𝑒𝑚𝑝(𝑊,𝑋, 𝑌, 𝑍) → ∃𝑉 𝑑𝑒𝑝𝑡(𝑋, 𝑉), 𝑟𝑢𝑛𝑠(𝑋, 𝑍), 𝑖𝑛𝑎𝑟𝑒𝑎(𝑍, 𝑌)
𝑟𝑢𝑛𝑠(𝑋, 𝑌), 𝑖𝑛𝑎𝑟𝑒𝑎(𝑌, 𝑍) → ∃𝑊 𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙(𝑊, 𝑍, 𝑌)

𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙(𝑋, 𝑌, 𝑍) → ∃𝑊𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛(𝑍,𝑊)

Upon inspection, it turns out that the second TGD contains a join. We now have to verify that the
join variable is propagated, and that any position coming to hold the join symbol must always be
propagated in all TGDs.
It is easy to verify that the join variable 𝑋 is indeed propagated in the second TGD. This means

that position 𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙[3] holds a join symbol. It can now be veriϔied that, whenever the relation
𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙 occurs in a TGD, position 𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙[3] is always propagated. We thus have veriϔied
that the set of TGDs given above is indeed sticky, as stated.

Inmore involved examples, verifying the stickiness condition can be a tedious task. Calı̀ et al.
[2012b] propose a marking procedure that veriϐies stickiness and is in fact used to deϐine the
syntactic property itself. This procedure, called 𝖲𝖬𝖺𝗋𝗄𝗂𝗇𝗀, is deϐined below:
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Deϐinition3.18. 𝖲𝖬𝖺𝗋𝗄𝗂𝗇𝗀 takes a setΣ of TGDs as input and returns a set ofmarkedTGDswhere
for each marked TGD, every body variable is either marked, or not. The procedure works in two
steps, where the second step is exhaustively applied until a ϔixpoint is reached.

IniƟal Marking Step For each TGD 𝜎 ∈ Σ and each variable 𝑉 in 𝑏𝑜𝑑𝑦(𝜎), if there exists an atom
𝑎 in ℎ𝑒𝑎𝑑(𝜎) that does not contain 𝑉, mark 𝑉 in 𝜎.

PropagaƟon Step For each TGD 𝜎 ∈ Σ and each variable 𝑉 in 𝑏𝑜𝑑𝑦(𝜎), if there exists a 𝜎ᇱ ∈ Σ
such that ℎ𝑒𝑎𝑑(𝜎) and 𝑏𝑜𝑑𝑦(𝜎ᇱ) both contain a relation 𝑟 and the positions where 𝑉 ap-
pears in 𝑟 in ℎ𝑒𝑎𝑑(𝜎) coincide exclusively with positions of marked variables in 𝑏𝑜𝑑𝑦(𝜎ᇱ),
then mark 𝑉 in 𝜎.

When 𝖲𝖬𝖺𝗋𝗄𝗂𝗇𝗀 is applied to the TGDs in Example 3.17 above, the variable 𝑊 would be
marked in the ϐirst TGD, the variable 𝑋 in the second, and the variables 𝑋 and 𝑌 in the third.
With such a marking, it is now easy to verify whether a given set of TGDs is sticky.

Deϐinition 3.19. A set Σ of TGDs is sticky if there is no TGD 𝜎 ∈ 𝖲𝖬𝖺𝗋𝗄𝗂𝗇𝗀(Σ) such that amarked
variable occurs in 𝑏𝑜𝑑𝑦(𝜎)more than once.

The procedure 𝖲𝖬𝖺𝗋𝗄𝗂𝗇𝗀 runs in polynomial time in the worst case, and it is thus possible
to decide in PTĎĒĊ whether a set of TGDs is sticky or not. Note that IDs, by deϐinition, cannot
have repeated variables in the body and are thus trivially sticky sets of TGDs.
Regarding the complexity of the CQ-AēĘĜĊėĎēČ problem under sticky sets of TGDs, in [Calı̀

et al., 2012b] it is established that sticky sets of TGDs are ϐirst-order rewritable. Thus the data
complexity is in AC଴. Regarding the other complexity cases, an alternating algorithm, called
𝖲𝗍𝗂𝖼𝗄𝗒𝖰𝖠𝗇𝗌, deciding the query answering problem is devised in Pieris [2011]. It runs in time
NP𝒞 , where 𝒞 is APSĕĆĈĊ in the combined complexity, and ALĔČSĕĆĈĊ in case where the set of
TGDs is ϐixed. As APSĕĆĈĊ (resp. ALĔČSĕĆĈĊ) coincide with EĝĕTĎĒĊ (resp. PTĎĒĊ), we have
that CQ-AēĘĜĊėĎēČ is in EĝĕTĎĒĊ in the combined complexity, and in NP in case the set of
TGDs is ϐixed.
As for the corresponding lower bounds, [Calı̀ et al., 2011] establishes that the fact infer-

ence problem under lossless Datalog (i.e. Datalog where all body variables also occur in the
head) can be reduced to CQ-AēĘĜĊėĎēČ under sticky sets of TGDs. This problem is shown
to be EĝĕTĎĒĊ-complete in Pieris [2011]. The NP-hardness result follows directly from the
CQ-CĔēęĆĎēĒĊēę problem without constraints; see Johnson and Klug [1984].

SƟcky-Join Sets of TGDs Obviously, sticky sets of TGDs are not expressive enough to capture
linear rules (e.g. the TGD 𝜎 ∶ 𝑟(𝑋, 𝑌, 𝑋) → ∃𝑍 𝑠(𝑌, 𝑍) is not sticky). In [Calı̀ et al., 2011], sticky
sets of TGDs are extended to sticky-join sets of TGDs, that allow linear TGDs (i.e. self-joins
inside the same, single atom of the body, where the join variable is not propagated). Also the
abstract sticky property is extended to the sticky-join property, that differs from the sticky
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property insofar as that it does not require repeated variables, but repeated variables in a join
across two different atoms.
Calı̀ et al. [2011] then show that the complexity of the CQ-AēĘĜĊėĎēČ problem is preserved

by this extension, and thus remains in AC଴ in the data complexity, NP-complete in case of ϐixed
sets of TGDs, and EĝĕTĎĒĊ-complete in the combined complexity.
However, as the syntactic condition imposed on sticky-join sets of TGDs is much more in-

volved than the original sticky condition, deciding whether a set of TGDs is in fact sticky-join
becomes a PSĕĆĈĊ-complete problem.

3.3.2 Weakly-SƟcky Sets of TGDs

In [Calı̀ et al., 2011], the authors proceed to extend the class of sticky sets of TGDs to be able to
express weakly-acyclic rules. The resulting class is called weakly-sticky. The idea is to slightly
change the deϐinition of the sticky condition in such away that for a set Σ of TGDs, losing a join
symbol 𝑠 is allowed if the position holding 𝑠 is in a part of the dependency graph of Σ that is
not reachable from a cycle through a special edge. This ensures that, at the “lossy” position,
only a ϐinite number of symbols can occur, thus preserving decidability of query answering.
The following example illustrates this point:

Example 3.20. The following set Σ of TGDs is weakly-sticky:

𝑟(𝑋, 𝑌), 𝑟(𝑌, 𝑍) → 𝑟(𝑋, 𝑍)
𝑟(𝑋, 𝑌) → 𝑠(𝑋, 𝑌)
𝑠(𝑋, 𝑌) → ∃𝑍 𝑠(𝑌, 𝑍)

Note that in the above set of TGDs, we are allowed to lose join symbols, as is the case in the ϔirst
TGD, and thus the set Σ is not sticky. However, we can be sure that, at positions 𝑟[1] and 𝑟[2], only
a ϔinite number of symbols can occur, which can be easily veriϔied using the dependency graph.
The graph for Σ can be seen below in Figure 3.4.

..𝑟[1]. 𝑟[2].

𝑠[1]

.

𝑠[2]

Figure 3.4: Dependency graph for Example 3.20

From the dependency graph above, it is clear that the set of TGDs is not weakly-acyclic. We can
however see that only positions 𝑠[1] and 𝑠[2] can contain inϔinitely many symbols. This means
that the part of the chase that does not exhibit the sticky property (namely the part built by those
TGDs of Σ involving relation 𝑟) is ϔinite. Decidability is thus preserved.
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The formal deϐinition of the syntactic class of weakly-stickiness is the same as for stickiness
(see Deϐinition 3.19) with a minor adaptation:

Deϐinition 3.21. A set Σ of TGDs isweakly-sticky if there is no TGD 𝜎 ∈ 𝖲𝖬𝖺𝗋𝗄𝗂𝗇𝗀(Σ) such that a
marked variable𝑉 occurs in 𝑏𝑜𝑑𝑦(𝜎)more than once and a positionwhere𝑉 occurs is reachable
from a cycle through a special edge in the dependency graph of Σ.

Regarding the complexity of the CQ-AēĘĜĊėĎēČ problem under weakly-sticky sets of TGDs,
in [Pieris, 2011] it is shown that weakly-sticky sets of TGDs are not ϐirst-order rewritable. In
fact, the data complexity is in shown to be in PTĎĒĊ. This is shownusing anALĔČSĕĆĈĊ=PTĎĒĊ
algorithm, called𝖶𝖾𝖺𝗄𝗅𝗒𝖲𝗍𝗂𝖼𝗄𝗒𝖰𝖠𝗇𝗌, deciding the query answering problem. In casewhere the
query is not ϐixed, it runs in time NP𝒞 , where 𝒞 is AEĝĕSĕĆĈĊ in the combined complexity, and
ALĔČSĕĆĈĊ in case where the set of TGDs is ϐixed. As AEĝĕSĕĆĈĊ (resp. ALĔČSĕĆĈĊ) coincide
with 2EĝĕTĎĒĊ (resp. PTĎĒĊ), we have that CQ-AēĘĜĊėĎēČ is in 2EĝĕTĎĒĊ in the combined
complexity, and in NP in case the set of TGDs is ϐixed.
As for the corresponding lower bounds, the PTĎĒĊ-hardness in the data complexity comes

from a reduction to the fact inference problem under ϐixed Datalog programs; see, e.g. Dantsin
et al. [2001]. The 2EĝĕTĎĒĊ-hardness in the combined complexity can be directly inherited
fromweakly-acyclic sets of TGDs (see Section 3.2.2), and in casewhere the set of TGDs is ϐixed,
as with sticky sets of TGDs, we again get the NP-hardness result from the CQ-CĔēęĆĎēĒĊēę
problem without constraints; see Johnson and Klug [1984].

Weakly-SƟcky-Join Sets of TGDs In the same manner as the stickiness condition can be ex-
tended to sticky-join sets of TGDs to allow for linear TGDs, weakly-stickiness can be extended
to the class of so-called weakly-sticky-join sets of TGDs. Also in this case, the complexity of
the CQ-AēĘĜĊėĎēČ problem is preserved, and thus the same as for weakly-sticky sets of TGDs.
However, once more the problem of deciding whether a set of TGDs fulϐills the weakly-sticky-
join condition becomes PSĕĆĈĊ-hard.

3.3.3 Summary

The last idea to obtain decidability of query answering surveyed in detail in this chapter is to
impose limits on which symbols can be “lost” by the application of TGDs during the construc-
tion of the chase. The sticky property (and the extended sticky-join property) provide a useful
but abstract condition. The idea of stickiness is to prohibit symbols that have participated in a
join to be lost again later on in the chase. As shown in [Calı̀ et al., 2012b; Calı̀ et al., 2011; Pieris,
2011], where stickiness is introduced, this condition is sufϐicient to provide decidable query
answering. Also in theseworks, the complexity of the query answering problem is studied and
algorithms for evaluating queries are proposed.
A comparison of expressivity, including the previously discussed guarded-based, as well

as the acyclicity-based classes of TGDs, can be found below in Figure 3.5. Here, STGDs are
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sticky sets of TGDs, SJTGDs are sticky-join sets of TGDs, WSTGDs are weakly-sticky sets of
TGDs and WSJTGDs are weakly-sticky-join sets of TGDs. Furthermore, as before, FTGDs are
full TGDs, WATGDs are weakly-acyclic sets of TGDs, IDs are inclusion dependencies, LTGDs
are sets of linear TGDs, GTGDs are sets of guarded TGDs, FGTGDs are sets of frontier-guarded
TGDs, WGTGDs are weakly-guarded sets of TGDs, andWFGTGDs are weakly-frontier-guarded
sets of TGDs.

..IDs. STGDs.

LTGDs
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SJTGDs

. FTGDs.
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Figure 3.5: Expressivity comparison of decidable classes of TGDs.

To conclude this section, we give an overview of the complexity of the CQ-AēĘĜĊėĎēČ prob-
lem, which for the data complexity is either in AC଴ for the non-weakly classes, or PTĎĒĊ-
complete otherwise. In case of a ϐixed set of TGDs, query answering isNP-complete, whereas in
the combined complexity the problem difϐiculty ranges from EĝĕTĎĒĊ-completeness to com-
pleteness for the complexity class 2EĝĕTĎĒĊ. Table 3.3 provides an overview of complexity
results.

Class Data Complexity Combined Complexity
STGDs in AC଴ EĝĕTĎĒĊ-complete
SJTGDs in AC଴ EĝĕTĎĒĊ-complete

WSTGDs PTĎĒĊ-complete 2EĝĕTĎĒĊ-complete
WSJTGDs PTĎĒĊ-complete 2EĝĕTĎĒĊ-complete

Table 3.3: The complexity of CQ-AēĘĜĊėĎēČ under sticky-based classes of TGDs.

3.4 Further Discussion

In this chapter, we have so far discussed threewell-established paradigms for decidability that
will form the basis for the complexity investigations in the main chapters of this thesis. In this
section, we will quickly outline other paradigms and classes that have been discussed in the
literature, but that are out of scope for this thesis.
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Abstract ProperƟes. One abstract property that guarantees decidability of query answering
is the class of ϔinite expansion sets. It was ϐirst proposed in the context of conceptual graphs
by Baget and Mugnier [2002]. This can however be reformulated to apply to the chase, and
coincides with those cases where the chase procedure terminates and thus the chase expan-
sion is ϐinite. Another such abstract property is the class of ϔinite treewidth sets, that roughly
guarantee that the chase expansion has ϐinite treewidth. The observation that this leads to de-
cidability of query answering is already implicit in [Calı̀ et al., 2013], and is explicitly stated in
[Baget et al., 2011a]. A third notion is the class of ϔirst-order rewritable sets of TGDs. Originally
introduced in the area of Description Logics (see, e.g. Calvanese et al. [2007]), for a class that is
ϐirst-order rewritable, the CQ-AēĘĜĊėĎēČ problem immediately falls into AC଴ in the data com-
plexity, as established by Vardi [1995]. First-order rewritable sets are closely related to ϔinite
uniϔication sets [Baget et al., 2009], which require that for a set of TGDs the perfect rewriting
using backward-chaining uniϐication must be ϐinite.

SyntacƟc ProperƟes. Several syntactic criteria ensuring decidability, apart from those dis-
cussed earlier in this chapter, have been proposed in the literature. Most notably, Leone et al.
[2012] introduce the class of shy sets of TGDs that narrow down and use this adapted notion of
affected positions, surveyed in Section 3.1.5, to guarantee decidability and practical feasibility
of query answering. Also, recently the class of tame sets of TGDs was introduced by Gottlob
et al. [2013b], where guardedness and stickiness paradigms are combined. The possibility of
combining the notions of guardedness and weak acyclicity to obtain more expressive classes
of TGDs was studied by Krötzsch and Rudolph [2011]. In [Calı̀ et al., 2012], guarded TGDs are
enriched with stratiϔied negation, a simple non-monotonic form of negation in rules, classi-
cally used in the context of Datalog. The class of domain-restricted TGDs, which guarantees
ϐirst-order rewritability, is investigated in [Baget et al., 2009].
Apart from the ones discussed in Section 3.2, other syntactic restrictions for acyclicity have

been proposed that guarantee chase termination. Apart from the already discussed paradigm
of weak acyclicity [Fagin et al., 2005], the notion of a stratiϔied witness [Deutsch and Tannen,
2003], and, more recently, the notion of super weak acyclicity [Marnette, 2009] were intro-
duced. Intuitively, each of these restrictions guarantees that there is no cycle between creation
and propagation of null values in the chase, and thus the chase terminates. The notion of weak
acyclicity has been used as a building block for larger, more expressive classes; for example
a class based on stratiϔication [Deutsch et al., 2008], one based on inductive restriction [Meier
et al., 2009], and one based on rewriting [Spezzano and Greco, 2010].
Eiter and Simkus [2010] present the class of FDNC logic programs that allow for function

symbols (F), disjunction (D), negation under stable model semantics (N) and constraints (C),
while decidability of the standard reasoning tasks is preserved. They also show that consis-
tency checking and brave reasoning under this language are both EĝĕTĎĒĊ-complete, and they
investigate restricted versions of the language with lower complexity.
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4 Guarded-based Classes of DTGDs

With this chapter, we will begin in earnest our investigation of the impact of disjunction on
reasoning under existential rules. To this end, we study the complexity of the query answer-
ing problem, and from the comparison of the complexity results with and without disjunction
hope to provide an insight into howmuch it “costs” in terms of complexity to allow disjunction
when reasoning under existential rules.
Aswehavediscussed in theprevious chapters, query answeringunderTGDs is in general un-

decidable. In this chapter, wewill thus focus on adding disjunction to themain guarded-based
classes of TGDs that were introduced in Section 3.1. As discussed in that chapter, guarded-
based classes of TGDs exhibit the ϐinite treewidthmodel property that guarantees decidability.
Wewill see that this in fact holds also for guarded-based classes of DTGDs, and thus decidabil-
ity is ensured.
We will also see that, as opposed to sticky-based and acyclicity-based classes of DTGDs that

we will investigate in later chapters, for the guarded-based classes of DTGDs it is necessary
to investigate the different query languages considered in this thesis separately. Indeed, after
some general observations in the ϐirst two sections, the present chapter is split into a section
for each query language studied, which outlines the complexity investigation for that particu-
lar type of query.
The main results of this chapter can be brieϐly summarized as follows: for the most expres-

sive, guarded-based classes of DTGDs, we ϐind that the impact of allowing disjunction is usu-
ally negligible in terms of the complexity of the query answering problem. However, there is
a large complexity jump for the weaker classes like disjunctive IDs (DIDs) and linear DTGDs.
For arbitrary queries, we are able to show that the complexity of query answering under ϐixed
sets of rules jumps fromĈĔ-NP-complete for sets of IDs to 2EĝĕTĎĒĊ-complete for sets of DIDs.
Indeed, 2EĝĕTĎĒĊ is in fact the highest complexity we encounter, also in the combined com-
plexity. We then show that reducing the expressive power of the query language also reduces
the complexity in a reasonable way, as long as we forbid cyclicity in the query. In fact, even
bounded (hyper-)treewidth queries still exhibit the same complexity as arbitrary queries.
In order to start our complexity investigation, below, in the ϐirst section of this chapter we

will discuss how to extend guarded-based sets of TGDs with disjunction.
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4.1 Extending Guarded-based Sets of TGDs with DisjuncƟon

In order to extend the guarded-based classes of TGDs, discussed in Section 3.1, with disjunc-
tion, we need to adapt the introduced deterministic notions of rules to allow for disjunction in
the rule heads. We start of by extending IDs to disjunctive IDs, or DIDs:

Deϐinition 4.1. A DTGD 𝜎 is called aDisjunctive Inclusion Dependency (DID) if it is of the form

𝑟(𝐗) →
௡

ሧ
௜ୀଵ

∃𝑌௜ 𝑠௜(𝐗, 𝐘),

where 𝑛 ≥ 1, 𝑟 and 𝑠௜ are relations, and 𝐗 and 𝐘௜ are pairwise disjoint sequences of variables,
where each variable only appears once.

As we can see, the extension of IDs to DIDs is straightforward. It turns out that for linear,
guarded and frontier-guarded TGDs, the extension to DTGDs is also trivial:

Deϐinition 4.2. A DTGD 𝜎 is called linear (resp. guarded; resp. frontier-guarded), if it is of the
form

𝜙(𝐗, 𝐘) →
௡

ሧ
௜ୀଵ

∃𝐙௜𝜓௜(𝐘, 𝐙௜),

where 𝑛 ≥ 1, 𝜙 is a single atom 𝛼(𝐗, 𝐘) (resp. a conjunction of atoms containing a guard atom
𝛼(𝐗, 𝐘); resp. a conjunction of atoms containing a guard atom 𝛼(𝐘)), and𝜓௜ are conjunctions of
atoms. Atom 𝛼 is called the guard (resp. frontier-guard).

As we can see from the deϐinition above, the notion of the guard, resp. frontier-guard trans-
lates directly to DTGDs. For completeness reasons, we will also treat multi-linear DTGDs in
this chapter. As described in Chapter 3, the only difference w.r.t. linear rules is that there may
be multiple body atoms, all of which have to be guards.
It remains to deϐine the notion ofweakly-(frontier-)guarded sets of DTGDs. Recall that these

classes are deϐined via the notion of an affected position. In order to extend the classes to DT-
GDs, we thus ϐirst need to extend the deϐinition of an affected position. The intuitive meaning
of an affected position is that a null value can appear at such a position during the (determinis-
tic) chase. For the disjunctive chase, we will require that a null value can appear at an affected
position if it may appear in any one model of the disjunctive chase. The formal deϐinition of
this extension is as follows:

Deϐinition 4.3. Given a set of DTGDs Σ over a relational schemaℛ, the set of affected positions,
denoted 𝑎𝑓𝑓𝑒𝑐𝑡𝑒𝑑ஊ(ℛ), is deϔined inductively as the least ϔixed point of the following:

• Let 𝑟[𝑖] be a position in the head of a DTGD 𝜎 ∈ Σ. If an existentially quantiϔied variable
appears at position 𝑟[𝑖] in 𝜎, the 𝑟[𝑖] is affected.
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• Let 𝑟[𝑖] be a position in the head of a DTGD 𝜎 ∈ Σ. If a universally quantiϔied variable
appears at position 𝑟[𝑖], that variable only appears at affected positions in the body of 𝜎,
then 𝑟[𝑖] is affected.

Having extended this deϐinition to also capture DTGDs, we can now deϐine the classes of
weakly-(frontier-)guarded sets of DTGDs. The formal deϐinition is as follows. Recall that the
frontier 𝑓𝑟(𝜎) of a DTGD 𝜎 is the set of universally quantiϐied variables that appear both in the
head and the body of 𝜎.

Deϐinition 4.4. A set Σ of TGDs is weakly-guarded (resp. weakly-frontier-guarded) if for each
TGD 𝜎 ∈ Σ it holds that all universally quantiϔied variables (resp. all variables of 𝑓𝑟(𝜎)) that
appear only at affected positions in the body of 𝜎 appear together in a body atom. This atom is
called theweak-guard (resp.weak-frontier-guard).

We now have the relevant deϐinitions in place to study the query answering problem un-
der guarded-based classes of DTGDs. In fact, the extension of the guarded-based classes with
disjunction is fairly straightforward. In the next section, we will look at the query answering
problem, and how we can simplify our analysis.

4.2 Query Answering under Guarded-based Sets of DTGDs

In order to clarify the complexity picture of the query answering problem, we generally want
to study four problems: the CQ-AēĘĜĊėĎēČ problem, the B(H)TWQ-AēĘĜĊėĎēČ problem, the
ACQ-AēĘĜĊėĎēČ problem, and the CQଵ-AēĘĜĊėĎēČ problem, as well as their respective ver-
sions with unions of queries. It is thus beneϐicial to study, for a given class of DTGDs, whether
any of these problems coincide (i.e. where we can give a polynomial time, or even logarithmic
space reduction from the more expressive to the less expressive query language). It is the aim
of this section to shed light on this issue.
Unfortunately, it turns out that all of the above problems are distinct, except for the case of

(weakly-)frontier-guarded sets of DTGDs. In the following lemma, wewill show that in fact for
this class, all of the above problems coincide, both in the combined and in the data complexity.

Lemma 4.5. The following problems, under (weakly-)frontier-guarded sets of TGDs (and thus
also DTGDs), are LĔČSĕĆĈĊ-equivalent in both the combined and the data complexity:

1. (U)CQ-AēĘĜĊėĎēČ

2. (U)B(H)TWQ-AēĘĜĊėĎēČ

3. (U)ACQ-AēĘĜĊėĎēČ

4. (U)CQଵ-AēĘĜĊėĎēČ
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Proof. As atomic queries are acyclic which are in turn of bounded (hyper-)treewidth and thus
a subclass of arbitrary CQs, the steps (4) ⇒ (3) ⇒ (2) ⇒ (1) are trivial. It thus only remains to
show (1) ⇒ (4), that is that, under (weakly)-frontier-guarded sets of TGDs, UCQ-AēĘĜĊėĎēČ
can be reduced to CQଵ-AēĘĜĊėĎēČ.
In order to show this, let ⟨𝐷, Σ, 𝑄⟩ be an instance of the UCQ-AēĘĜĊėĎēČ problem under

(weakly-)frontier-guarded sets of TGDs over schema ℛ. We will construct another instance
⟨𝐷, Σᇱ, 𝑞ᇱ⟩ of the CQଵ-AēĘĜĊėĎēČ problem, such that 𝐷 ∪ Σ ⊧ 𝑞 if and only if 𝐷 ∪ Σᇱ ⊧ 𝑞ᇱ. To
this end, it is relevant to note that (weakly-)frontier-guarded sets of TGDs allow for arbitrary
conjunctive queries to be embedded into rule bodies, as long as none of the relevant variables
are propagated to the head—recall that only the frontier of a rule needs to be guarded.
In fact, the reduction is straightforward. Let 𝑄 = 𝑞ଵ ∨ …𝑞௡, where 𝑞௜ is a disjunct in 𝑄. Let

ℛᇱ = ℛ ∪ {𝑝}, where 𝑝 is a propositional relation. Let Σᇱ = Σ ∪ {𝑞௜ → 𝑝 ∣ 1 ≤ 𝑖 ≤ 𝑛}, that is,
the original set Σ and a set of query-rules that represent the query𝑄. It is indeed easy to verify
that, as desired, 𝐷 ∪ Σ ⊧ 𝑄 if and only if 𝐷 ∪ Σᇱ ⊧ 𝑞.
It remains to show that Σᇱ is in fact (weakly-)frontier-guarded. However, this is straightfor-

ward to see: in every rule 𝜎 ∈ Σᇱ, the frontier-variables must be guarded. By assumption, the
original theory Σwas (weakly-)frontier-guarded. But for all the query-rules that we added to
Σ, the frontier is empty (i.e. no variable is propagated frombody to head). The addition of such
rules can therefore never cause the theory to become non-(weakly-)frontier-guarded.
It is easy to see that this reduction can be completed in LĔČSĕĆĈĊ, and that, if the set Σ and

the query 𝑄 are ϐixed, it yields a ϐixed set Σᇱ and a ϐixed atomic query 𝑞. It thus works both in
the combined and in the data complexity as desired, which completes the proof.

As we have seen, for weakly-frontier-guarded sets of DTGDs, as well as sets of frontier-
guarded DTGDs, we have that the different versions of the query answering problem are in-
deed LĔČSĕĆĈĊ-equivalent, both in the combined and in the data complexity. Looking at the
above reduction, we even see that it works in case where the arity is bounded by a constant,
as the arity of the schema is never modiϐied, and only a propositional (arity zero) relation is
introduced.
Unfortunately, for the other guarded-based classes of DTGDs, we cannot show such a result.

However, it turns out that we can at least show that the problem of answering CQs and UCQs
of a particular type are equivalent. Before we show the formal result, let us give an intuitive
explanation of how the transformation from UCQs to CQs works:
Each predicate 𝑝 of the underlying schema is replaced with a new predicate 𝑝ᇱ with arity

𝑎𝑟𝑖𝑡𝑦(𝑝) + 1. This extra position holds a marker, either 𝑡 (for true) or 𝑓 (for false). Every
database atom gets the value 𝑡 at this new position, which implies that is a valid atom. More-
over, each DTGD is extended so that it simply propagates this position unaltered to the head.
A copy of each CQ in the given UCQ is added to the database (variables are replaced by new

distinct constants)with 𝑓 at the newposition. Clearly, every CQ in the givenUCQ triviallymaps
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to the database, with 𝑓 at the newposition. However, all the valid atoms, that is, the atoms that
can be derived by the chase of the original database w.r.t. the original set of DTGDs, have 𝑡 at
the new position.
We can now replace disjunctions in the UCQ by conjunctions (and thus convert the UCQ into

a CQ), and just check that for at least one query its new position maps to 𝑡. This can simply be
done by adding to the database atoms of the form 𝑜𝑟(⋅, ⋅, ⋅) encoding the logical or, connecting
all the subqueries of the original UCQ via such 𝑜𝑟 predicates, and stating that the end result
must be 𝑡. The formal result and its proof follow:

Lemma4.6. Consider a database𝐷, a set Σ of DTGDs, and a UCQ𝑄 over a schemaℛ. A database
𝐷ᇱ, a set Σᇱ of DTGDs and a CQ 𝑞 over a schema ℛᇱ, where 𝑎𝑟𝑖𝑡𝑦(ℛᇱ) = 𝑎𝑟𝑖𝑡𝑦(ℛ) + 1, can be
constructed in polynomial time such that 𝐷 ∪ Σ ⊧ 𝑄 if and only if 𝐷ᇱ ∪ Σᇱ ⊧ 𝑞.

Proof. We assume, without loss of generality, that the CQs occurring as disjuncts in 𝑄 do not
have any variables in common. In the rest of the proof, let 𝑡 and 𝑓 be constants of 𝐂 not oc-
curring in 𝐷. Given a tuple of terms 𝐭, we denote by 𝐭↓ the tuple of constant obtained after
“freezing” 𝐭, that is, after replacing each variable 𝑉 in 𝐭with a new constant 𝑐௏ ∈ 𝐂 not occur-
ring in 𝑑𝑜𝑚(𝐷) ∪ {𝑡, 𝑓}. We are now ready to give the formal reduction.

The Database 𝐷ᇱ. The new database 𝐷ᇱ is deϐined as follows:

{𝑝ᇱ(𝐭, 𝑡) ∣ 𝑝(𝐭) ∈ 𝐷}
∪ {𝑡𝑟𝑢𝑒(𝑡), 𝑓𝑎𝑙𝑠𝑒(𝑓), 𝑜𝑟(𝑡, 𝑡, 𝑡), 𝑜𝑟(𝑡, 𝑓, 𝑡), 𝑜𝑟(𝑓, 𝑡, 𝑡), 𝑜𝑟(𝑓, 𝑓, 𝑓)}
∪ {𝑝ᇱ(𝐭↓, 𝑓) ∣ 𝑞 ∈ 𝑄 ∧ 𝑝(𝐭) ∈ 𝑏𝑜𝑑𝑦(𝑞)}.

The Set Σᇱ. The new set Σᇱ of DTGDs is obtained from Σ by replacing each atom of the form
𝑝(𝐗) occurring in a DTGD with the atom 𝑝ᇱ(𝐗, 𝑇), where 𝑇 is a new variable not occurring in
Σ. For example, the DTGD 𝑝(𝑋, 𝑌), 𝑠(𝑌, 𝑍) → ∃𝑊 𝑝(𝑋,𝑊), 𝑟(𝑊)will be replaced by the DTGD
𝑝ᇱ(𝑋, 𝑌, 𝑇), 𝑠ᇱ(𝑌, 𝑍, 𝑇) → ∃𝑊 𝑝ᇱ(𝑋,𝑊, 𝑇), 𝑟ᇱ(𝑊, 𝑇).

The CQ 𝑞. Assume that𝑄 = 𝑞ଵ ∨…∨𝑞௡. For a CQ 𝑞௜ ∈ 𝑄, we deϐine 𝑞௜[𝑋௜] as the CQ obtained
from 𝑞௜ by replacing each atom of the form 𝑝(𝐭) with the atom 𝑝ᇱ(𝐭, 𝑋௜), where 𝑋௜ is a new
variable not occurring in 𝑄. The CQ 𝑞 is deϐined as the query:

∃𝑋ଵ…∃𝑋௡∃𝑌ଵ…∃𝑌௡ାଵ ቌ𝑓𝑎𝑙𝑠𝑒(𝑌ଵ) ∧ ሥ
௤೔∈ொ

(𝑞௜[𝑋௜] ∧ 𝑜𝑟(𝑌௜ , 𝑋௜ , 𝑌௜ାଵ)) ∧ 𝑡𝑟𝑢𝑒(𝑌௡ାଵ)ቍ .

By construction, for each 𝑞௜[𝑋௜], there exists a homomorphism that maps 𝑏𝑜𝑑𝑦(𝑞௜[𝑋௜]) to
the database 𝐷ᇱ. However, this fact does not imply that the query 𝑞 is trivially entailed by
𝑐ℎ𝑎𝑠𝑒(𝐷ᇱ, Σᇱ) since, in order to satisfy the atom 𝑡𝑟𝑢𝑒(𝑌௡ାଵ), at least one 𝑋௜ must be mapped
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to the constant 𝑡. Thus, by construction, the only way to entail 𝑞 is to map at least one sub-
query 𝑞௜[𝑋௜] to 𝑐ℎ𝑎𝑠𝑒(𝐷ᇱ, Σᇱ) via a homomorphism ℎ, where also ℎ(𝑋௜) = 𝑡. Notice that the
only atoms in 𝑐ℎ𝑎𝑠𝑒(𝐷ᇱ, Σᇱ) containing 𝑡 at the last position are the ones derived from the
original copy of 𝐷. Thus, a sub-query 𝑞௜ ∈ 𝑄 is entailed by an instance 𝐼 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) if and
only if the corresponding instance 𝐼ᇱ of 𝑐ℎ𝑎𝑠𝑒(𝐷ᇱ, Σᇱ) entails 𝑞. Since the above construction
is feasible in polynomial time, the claim follows.

With the above result, we have shown that at the cost of increasing the maximum arity of
the schema by one, we can reduce the problem of answering unions of CQs to the problem
of answering a single CQ. It is not difϐicult to see from the construction, that this holds in the
combined complexity, if the arity, or the entire set of rules Σ is ϐixed, and also in the data com-
plexity. As the newly constructed query 𝑞 arranges the sub-queries 𝑞௜ ∈ 𝑄 into a tree, it is also
not difϐicult to verify that if all the sub-queries 𝑞௜ are acyclic, or of bounded (hyper-)treewidth,
respectively, then the newly constructed query 𝑞 also retains this property. Therefore, the
above lemma holds, even if the query is either acyclic or of bounded (hyper-)treewidth.
This concludes our general investigation of the problem of query answering under guarded-

based classes of DTGDs. In the next section, we will provide a brief overview over guarded-
based fragments of ϐirst-order logic.

4.3 Guarded Fragments of First-Order Logic

In our later complexity analysis, we will exploit complexity results established for expressive
guarded-based fragments of ϐirst-order logic. This section provides an overview of the rele-
vant fragments we consider.

4.3.1 The Guarded Fragment of First-Order Logic

The guarded fragment of ϔirst-order logic (GFO), introduced by Andréka et al. [1998], is a col-
lection of ϐirst-order formulas with some syntactic restrictions in the quantiϐication pattern,
which is analogous to the relativized nature of modal logic. It is deϐined as follows:

Deϐinition 4.7. The guarded fragment of ϐirst-order logic (GFO) is the smallest set of formulas
over a schemaℛ

1. containing all atomicℛ-formulas and equalities;

2. closed under the logical connectives¬, ∧, ∨,→; and

3. if 𝑎 is anℛ-atom or an equality atom containing all the variables of 𝐗 ∪ 𝐘, and 𝜙 is a GFO
formula with free variables contained in (𝐗 ∪ 𝐘), then

∀𝐗 (𝑎 → 𝜙) and ∃𝐗 (𝑎 ∧ 𝜙)

are GFO formulas as well.
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The complexity of the satisϐiability problem or GFO formulas was investigated by Grädel
[1999], who shows that the problem is 2EĝĕTĎĒĊ-complete in general and EĝĕTĎĒĊ-complete
in casewhere themaximumpredicate arity is ϐixed. Bárány et al. [2014] investigated the query
answering problem under GFO sentences.
The loosely-guarded fragment of ϔirst-order logic (LGFO) is a generalization of GFOwhere the

quantiϐiers are guarded by conjunctions of atomic formulas such that the quantiϐier-rule (3)
is relaxed as follows:

(3) if 𝑎ଵ ∧ … ∧ 𝑎௡ is a conjunction of ℛ-atoms containing all the variables of 𝐗 ∪ 𝐘, and for
every pair of distinct variables (𝑉,𝑊) ∈ 𝐗 × (𝐗 ∪ 𝐘) there exists at least one atom in
{𝑎ଵ, … , 𝑎௡} that contains both 𝑉 and 𝑊, and 𝜙 is an LGFO formula with free variables
contained in (𝐗 ∪ 𝐘), then

∀𝐗 ((𝑎ଵ ∧ … ∧ 𝑎௡) → 𝜙) and ∃𝐗 ((𝑎ଵ ∧ … ∧ 𝑎௡) ∧ 𝜙)

are LGFO formulas as well.

The same complexity results as for GFO are also shown to be valid for LGFO; see Grädel
[1999]; Bárány et al. [2014].

4.3.2 Guarded NegaƟon First-Order Logic

Guarded negation ϔirst-order logic (GNFO), introduced by Bárány et al. [2011], restricts ϐirst-
order logic by requiring that all occurrences of negation are of the form 𝑎 ∧ ¬𝜙, where 𝑎 is
an atom containing all the free variables of 𝜙. Formally, the formulas of GNFO are deϐined as
follows:

Deϐinition 4.8. Formulas of ϔirst-order logic belong to Guarded Negation First-Order Logic
(GNFO), if they are generated by the recursive deϔinition

𝜙 ∶∶= 𝑝(𝑡ଵ, … , 𝑡௡) ∣ 𝑡ଵ = 𝑡ଶ ∣ 𝜙ଵ ∧ 𝜙ଶ ∣ 𝜙ଵ ∨ 𝜙ଶ ∣ ∃𝑋𝜙 ∣ 𝑎 ∧ ¬𝜙,

where each 𝑡௜ ∈ 𝐂∪𝐕, and in the last clause, 𝑎 is an atomic formula containing all free variables
of 𝜙.

It can be veriϐied that GNFO is strictly more expressive than GFO. The complexity of the sat-
isϐiability problem was pinpointed as being 2EĝĕTĎĒĊ-complete in [Bárány et al., 2011], and
query answering under GNFO sentences was investigated and shown to have the same com-
plexity in [Bárány et al., 2012]. This concludes this section, introducing the guarded-based
expressive logics wewill use in our subsequent complexity investigation, mostly to obtain rel-
evant upper bounds. The next four sections will, in turn and ordered by decreasing expres-
sivity, deal with the different query languages we investigate, and contain a full complexity
analysis of the query answering problem.
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4.4 Decidability

The fragments of ϐirst-order logic, as well as the extended guarded-based classes of existential
rules both exhibit the ϔinite treewidth model property. A fragment ℒ of ϐirst-order logic enjoys
the ϔinite treewidth model property if the following holds: for each formula 𝜙 ∈ ℒ, whenever
𝜙 is satisϐiable, then there exists a model of 𝜙 (which can be seen as a relational instance)
of ϐinite treewidth. By Courcelle’s theorem [Courcelle, 1990], which states that any property
deϐinable inmonadic second-order logic—and thus also ϐirst-order logic—over graphsof ϐinite
treewidth is decidable, we get decidability of the query answering problem.
Let us nowgive the following decidability result that establishes that all the classes of DTGDs

we treat in this chapter are decidable.

Theorem 4.9. UCQ-AēĘĜĊėĎēČ under weakly-frontier-guarded DTGDs is decidable.

Proof. Let ℒௐிீ be the fragment of ϐirst-order logic which can express only formulas of the
form Φ஽,ஊ,ொ = (𝐷 ∧ Σ ∧ ¬𝑄), where 𝐷 is a database, Σ is a weakly-frontier-guarded set of
DTGDs, and 𝑄 is a UCQ. Since 𝐷 ∪ Σ ⊧ 𝑄 if and only ifΦ஽,ஊ,ொ is unsatisϐiable, it sufϐices to show
that ℒௐிீ enjoys the ϐinite treewidth model property.
Consider an arbitrary formulaΦ஽,ஊ,ொ ∈ ℒௐிீ . By the universality property of the disjunctive

chase, 𝐷 ∪ Σ ⊧ 𝑄 iff 𝐼 ⊧ 𝑄, for each 𝐼 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ). Hence, Φ஽,ஊ,ொ is satisϐiable iff there
exists 𝐼 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) such that (𝐼 ∧ ¬𝑄) is satisϐiable. Clearly, if Φ஽,ஊ,ொ is satisϐiable, then
there exists 𝐼 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ)which is a model ofΦ஽,ஊ,ொ . By deϐinition of the disjunctive chase,
the instance 𝐼 can be seen as the result of the (non-disjunctive) chase under 𝐷 and a set of
weakly-frontier-guarded (non-disjunctive) TGDs. It is implicit in [Baget et al., 2011a], where
weakly-frontier-guarded (non-disjunctive) TGDs are investigated, that 𝐼 has ϐinite treewidth,
and the claim follows.

The above theorem establishes decidability of (U)CQ answering under the guarded-based
classes of DTGDs that we consider in this thesis. However, it tells nothing about the compu-
tational complexity of our problems. Understanding the complexity of the problems under
consideration will be the subject of the next sections.

4.5 Answering Arbitrary Queries

In this section, we focus on answering (unions of) conjunctive queries under our respective
classes of DTGDs. The overview section below contains a summary of our results, and dis-
cusses results inherited from existing work. Full proofs for our novel upper and lower com-
plexity bounds are given in Section 4.5.2 and 4.5.3, respectively.
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Combined Bounded Fixed Data
Complexity Arity Theory Complexity

DID 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ ĈĔ-NP
LB: Thm. 4.18 LB: [Calvanese et al., 2013, Thm. 4.5]

L 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ ĈĔ-NP

ML 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ ĈĔ-NP

G 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ ĈĔ-NP

FG 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ ĈĔ-NP
UB: Thm. 4.12

WG 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ EĝĕTĎĒĊ
LB: [Calı̀ et al., 2013, Thm. 4.1]

WFG 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ EĝĕTĎĒĊ
UB: Thm. 4.10 UB: Thm. 4.13

Table 4.1: The complexity of (U)CQ-AēĘĜĊėĎēČ under guarded-based classes of DTGDs.

4.5.1 Overview

Table 4.1 summarizes the complexity results for answering (U)CQs under the various DTGD
formalisms considered in this paper. Each row corresponds to a class of DTGDs (which is de-
coded by substituting L for linear, ML for multi-linear, G for guarded, F for frontier, and W for
weakly), while each column corresponds to a different setting of the problem.
In each cell of the table, we have indicated where to ϐind the corresponding results (UB and

LB stands for upper and lower bound, respectively). Note that the missing references for the
upper (resp. lower) bounds are immediately inherited from the ϐirst lower-left (resp. upper-
right) cell in which a reference is given. The results of this section, together with a brief de-
scription of the employed techniques, follow:

Upper Bounds:

1. UCQ-AēĘĜĊėĎēČ under weakly-frontier-guarded DTGDs is feasible in 2EĝĕTĎĒĊ in com-
bined complexity (Theorem 4.10)— this is established by a reduction to the unsatisϐia-
bility problem of GNFO sentences which is 2EĝĕTĎĒĊ-complete, see [Bárány et al., 2011,
Theorem 2];

2. UCQ-AēĘĜĊėĎēČ under frontier-guarded DTGDs is in ĈĔ-NP in data complexity (Theo-
rem 4.12)— this is proved by a reduction to UCQ answering under GFOwhich is ĈĔ-NP-
complete in data complexity, see [Bárány et al., 2014, Theorem 5.1]; and

53



3. UCQ-AēĘĜĊėĎēČ under weakly-frontier-guarded DTGDs is in EĝĕTĎĒĊ in data complex-
ity (Theorem 4.13) — this is shown by a reduction to UCQ answering under GFO sen-
tences with bounded arity, and then exploit the fact this problem is feasible in exponen-
tial time in the size of the sentence, see [Bárány et al., 2014, Theorem 5.1].

Lower Bounds:

1. CQ-AēĘĜĊėĎēČ under DIDs is 2EĝĕTĎĒĊ-hard in combined complexity, even if we focus
on predicates of arity at most two (Theorem 4.16) — this is established by a reduction
from the validity problem of a CQ w.r.t. a non-deterministic tree automaton which we
show to be 2EĝĕTĎĒĊ-hard (Proposition 4.15) by a reduction from the non-acceptance
problem of an alternating exponential space Turing machine;

2. UCQ-AēĘĜĊėĎēČ under a ϐixed set of DIDs is 2EĝĕTĎĒĊ-hard, even if we consider pred-
icates of arity at most two (Theorem 4.17) — this is shown by a non-trivial adaptation
of the construction in the proof of Theorem 4.16; and

3. CQ-AēĘĜĊėĎēČ under a ϐixed set of DIDs is 2EĝĕTĎĒĊ-hard, even if we consider predi-
cates of arity at most three (Theorem 4.18) — this is shown by exploiting Lemma 4.6,
which states that UCQ-AēĘĜĊėĎēČ under (arbitrary) DTGDs is reducible in polynomial
time to CQ-AēĘĜĊėĎēČ at the price of increasing the arity of the underlying schema by
one, and then we exploit Theorem 4.17.

Clearly, the 2EĝĕTĎĒĊ upper bound for weakly-frontier-guarded DTGDs (the most expres-
sive formalism considered here), and the 2EĝĕTĎĒĊ lower bound in the case of a ϐixed set of
DIDs (the weakest formalism studied in this paper), close the picture of the computational
complexity of our problem w.r.t. the combined complexity, the case of bounded arity, and the
case of a ϐixed set of DTGDs.
Existing results provide us with two optimal lower bounds for the data complexity of our

problem, which complete the entire picture of the complexity of (U)CQ answering.

Inherited Results:

1. CQ-AēĘĜĊėĎēČ under DIDs is ĈĔ-NP-hard in data complexity [Calvanese et al., 2013,
Theorem 4.5]— in fact this result shows that CQ-AēĘĜĊėĎēČ under a Description Logic
TBox with a single axiom of the form 𝐴ଵ ⊑ 𝐴ଶ ⊔𝐴ଷ, where each 𝐴௜ is an atomic concept,
which in turn is logically equivalent to the DID 𝐴ଵ(𝑋) → 𝐴ଶ(𝑋) ∨ 𝐴ଷ(𝑋), is ĈĔ-NP-hard
in data complexity; and

2. CQ-AēĘĜĊėĎēČ under weakly-guarded DTGDs is EĝĕTĎĒĊ-hard in the data complexity
[Calı̀ et al., 2013, Theorem 4.1] — actually this result considers weakly-guarded TGDs
(without disjunctive heads).
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From the results of this section, we observe that for the expressive formalisms under consid-
eration, namely weakly-(frontier-)guarded DTGDs, the addition of disjunction does not have a
signiϐicant effect on the complexity of (U)CQ answering. However, for the less expressive for-
malisms, the impact can be enormous; for example, we observe a jump fromNP-completeness
to 2EĝĕTĎĒĊ-completeness in the case of a ϐixed set of DIDs.
Let us now proceed with the formal proofs of our results.

4.5.2 Upper Bounds

We start this section by showing that UCQ-AēĘĜĊėĎēČ under weakly-frontier-guarded sets of
DTGDs is in 2EĝĕTĎĒĊ in combined complexity. This is shown by a reduction to the problem
of deciding whether a GNFO sentence is unsatisϐiable.

Theorem 4.10. UCQ-AēĘĜĊėĎēČ under weakly-frontier-guarded sets of DTGDs is in 2EĝĕTĎĒĊ
in the combined complexity.

Proof. We provide a polynomial-time reduction to the problem of deciding whether a GNFO
sentence is unsatisϐiable, which in turn is in 2EĝĕTĎĒĊ; see Bárány et al. [2011]. Our reduction
consists of two steps: (1) we reduce our problem to the problem of UCQ answering under
frontier-guardedDTGDs; and (2)we showhow the constructed set of frontier-guardedDTGDs
can be equivalently rewritten as a GNFO sentence. Consider a database 𝐷, a set Σ of weakly-
frontier-guarded DTGDs, and a UCQ 𝑄. Our reduction now works as follows:
Step 1. The key idea is to exploit the fact that whenever the (disjunctive) chase applies

a DTGD, by deϐinition, in every model the non-affected variables (i.e. variables occurring at
the non-affected positions) are mapped to constants of 𝐂. It is therefore possible to partially
ground the DTGDs in such a way that the non-affected variables are replaced by all possible
combinations of constants, yielding an equivalent set of frontier-guarded DTGDs. However,
such a transformation would be exponential in the worst case. To overcome this difϐiculty
we adapt a technique proposed by Baget et al. [2011b] which allows us to simulate partial
groundings with only polynomial blow-up.
Roughly speaking, instead of explicitly replacing the non-affected variables by constants, we

extend each predicate of the underlying schema in such a way that it contains all𝑚 constants
of the database in its ϐirst 𝑚 positions, and a grounding of its 𝑛 non-affected variables in the
next 𝑛 positions. Using a set of |𝑠𝑐ℎ(Σ)| ⋅ 𝑛 ⋅ 𝑚 inclusion dependencies, each propagating one
of the constants to one of the non-affected variables, we can simulate the partial grounding as
desired. Using this procedure we can convert a weakly-frontier-guarded set of DTGDs into a
set of frontier-guarded DTGDs in polynomial time. Let us now formalize the above informal
description.
Given a DTGD 𝜎 ∈ Σ, 𝑛𝑎𝑣(𝜎) denotes the set of variables occurring in at least one position

of 𝑛𝑜𝑛𝑎𝑓𝑓𝑒𝑐𝑡𝑒𝑑ஊ(Σ)𝑠𝑐ℎ(Σ). Fix also a bijection #ఙ ∶ 𝑛𝑎𝑣(𝜎) → [|𝑛𝑎𝑣(𝜎)|]. Let 𝐶ଵ, … , 𝐶௠ and
𝑁ଵ, … , 𝑁௡ be variables of 𝐕 not occurring in Σ, where𝑚 is the number of constants 𝑐ଵ, … , 𝑐௠
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appearing in 𝐷, and 𝑛 = maxఙ∈ஊ{|𝑛𝑎𝑣(𝜎)|}. Given a term 𝑡, let 𝜏ఙ(𝑡) = 𝑁#഑(௧) if 𝑡 ∈ 𝑛𝑎𝑣(𝜎);
otherwise, let 𝜏ఙ(𝑡) = 𝑡. The mapping 𝜏ఙ is extended to atoms as follows:

𝜏ఙ(𝑝(𝑡ଵ, … , 𝑡௞)) = 𝑝(𝐶ଵ, … , 𝐶௠, 𝑁ଵ, … , 𝑁௡, 𝜏ఙ(𝑡ଵ), … , 𝜏ఙ(𝑡௞)).

Notice that 𝜏ఙ can naturally be deϐined for sets of atoms. We now deϐine the function 𝜏, map-
ping DTGDs of Σ to frontier-guarded DTGDs, as follows:

𝜏(𝜎) = 𝜏ఙ(𝑏𝑜𝑑𝑦(𝜎)) → 𝜏ఙ(ℎ𝑒𝑎𝑑(𝜎)).

Intuitively, the variables 𝐶ଵ, … , 𝐶௠ will permanently hold the constants of 𝑑𝑜𝑚(𝐷), while the
variables 𝑁ଵ, … , 𝑁௡ will be assigned a combination of those constants.
We deϐine the set Σᇱ of frontier-guarded DTGDs as the set {𝜏(𝜎) ∣ 𝜎 ∈ Σ} ∪ Σ𝖢, where Σ𝖢

consists of the following IDs: ⋃௣∈௦௖௛(ஊ),௜∈[௠],௝∈[௡]{𝜎௣௜,௝}, with

𝜎௣௜,௝ = 𝑝(𝐶ଵ, … , 𝐶௠, 𝑁ଵ, … , 𝑁௡, 𝑋ଵ, … , 𝑋௞) → 𝑝(𝐶ଵ, … , 𝐶௠, 𝑁⋆
ଵ, … , 𝑁⋆

௡, 𝑋ଵ, … , 𝑋௞),

where 𝑘 = 𝑎𝑟𝑖𝑡𝑦(𝑝), 𝑁⋆
௝ = 𝐶௜ , and 𝑁⋆

௞ = 𝑁௞ for each 𝑘 ≠ 𝑗. Roughly, Σ𝖢 is responsible for
generating all the possible combinations of the constants occurring in 𝐷.
Finally, let 𝐷ᇱ = {𝜏ᇱ(𝑎) ∣ 𝑎 ∈ 𝐷} and 𝑄ᇱ = {𝜏ᇱ(𝑎) ∣ 𝑎 ∈ 𝑄}, where

𝜏ᇱ(𝑝(𝑡ଵ, … , 𝑡௞)) = 𝑝(𝑐ଵ, … , 𝑐௠, 𝑐ଵ, … , 𝑐ଵᇣᇧᇤᇧᇥ
௡

, 𝑡ଵ, … , 𝑡௞).

Let us clarify that the selection of the constant 𝑐ଵ at positions𝑚 + 1,… ,𝑚 + 𝑛 is an arbitrary
one since, due to the IDs of Σ𝖢, all the combinations of constants of 𝑑𝑜𝑚(𝐷) will eventually
appear at those positions during the construction of the chase. By construction, 𝐷 ∪ Σ ⊧ 𝑄 iff
𝐷ᇱ ∪ Σᇱ ⊧ 𝑄ᇱ; this completes the ϐirst step of our reduction.
Step 2. Observe that a frontier-guarded DTGD 𝜎 of the form ∀𝐗(𝜙(𝐗) → ∃𝐘𝜓(𝐗, 𝐘)) can

be equivalently rewritten as the sentence Φఙ = ¬(∃𝐗(𝜙(𝐗) ∧ ¬∃𝐘𝜓(𝐗, 𝐘))), which falls
in GNFO since all the free variables of ∃𝐘𝜓(𝐗, 𝐘), that is, the variables of 𝐗, appear in the
frontier-guard of 𝜙(𝐗). Moreover, given a CQ 𝑞, ¬𝑞 trivially falls in GNFO since in 𝑞 there
are no free variables. From the above discussion, we conclude that the sentence Ψ஽ᇲ ,ஊᇲ ,ொᇲ =
(𝐷ᇱ ∧ ⋀ఙ∈ஊᇲ Φఙ ∧ ⋀௤∈ொᇲ ¬𝑞) falls in GNFO. The claim follows since 𝐷ᇱ ∪ Σᇱ ⊧ 𝑄ᇱ iff Ψ஽ᇲ ,ஊᇲ ,ொᇲ is
unsatisϐiable.

Notice that an alternativeway to obtain the above result is to reduce our problem to UCQ an-
swering under GFO sentences, which is also in 2EĝĕTĎĒĊ; cf. Bárány et al. [2014]. However, the
translation from frontier-guarded DTGDs to GNFO is straightforward, whereas the translation
to GFO is more involved, as GFO imposes tighter syntactic restrictions on formulas.
We now focus on the data complexity of UCQ answering under (weakly-)frontier-guarded

DTGDs. It is known that CQ answering under frontier-guarded TGDs can be reduced in linear
time to UCQ answering under GFO sentences; cf. Baget et al. [2011b]. Interestingly, the same
reduction (with minor adaptations) can be employed even if we consider frontier-guarded
DTGDs:
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Lemma 4.11. UCQ-AēĘĜĊėĎēČ under frontier-guarded DTGDs can be reduced in linear time to
UCQ-AēĘĜĊėĎēČ under GFO sentences.

Proof. Consider a database𝐷, a set Σ of frontier-guarded DTGDs, and a UCQ 𝑄. For each 𝜎 ∈ Σ
of the form ∀𝐗(𝜙(𝐗) → ∃𝐘𝜓(𝐗ᇱ, 𝐘)), where 𝐗ᇱ ⊆ 𝐗, we deϐine

𝜏ଵ(𝜎) = ∀𝐗(𝜙(𝐗) → 𝑝ఙ(𝐗ᇱ)) and 𝜏ଶ(𝜎) = ∀𝐗ᇱ(𝑝ఙ(𝐗ᇱ) → ∃𝐘𝜓(𝐗ᇱ, 𝐘)),

where 𝑝ఙ is an auxiliary |𝐗ᇱ|-ary predicate not occurring in 𝑠𝑐ℎ(Σ). Assuming that 𝑔ఙ(𝐗ᇱ) is
the frontier-guard of 𝜎, 𝜏ଵ(𝜎) can be equivalently rewritten as follows; in the sequel, 𝑝ᇱఙ is an
auxiliary |𝐗ᇱ|-ary predicate:

∀𝐗(𝜙(𝐗) → 𝑝ఙ(𝐗ᇱ)) ≡ ¬∃𝐗(𝜙(𝐗) ∧ ¬𝑝ఙ(𝐗ᇱ))
≡ (¬∃𝐗(𝜙(𝐗) ∧ 𝑝ᇱఙ(𝐗ᇱ))) ∧ (∀𝐗ᇱ(𝑔ఙ(𝐗ᇱ) ∧ ¬𝑝ఙ(𝐗ᇱ) → 𝑝ᇱఙ(𝐗ᇱ)))
≡ (¬∃𝐗(𝜙(𝐗) ∧ 𝑝ᇱఙ(𝐗ᇱ))ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ

஍భ഑

) ∧ (∀𝐗ᇱ(𝑔ఙ(𝐗ᇱ) → 𝑝ఙ(𝐗ᇱ) ∨ 𝑝ᇱఙ(𝐗ᇱ))ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
஍మ഑

).

We deϐine the formulas:

Ψଵ
ஊ = ቌ¬ሧ

ఙ∈ஊ
Φଵ
ఙቍ and Ψଶ

ஊ = ቌሥ
ఙ∈ஊ

(𝜏ଶ(𝜎) ∧ Φଶ
ஊ)ቍ .

It is not difϐicult to see that

𝐷 ∪ Σ ⊧ 𝑄 iff ൫𝐷 ∧ Ψଵ
ஊ ∧ Ψଶ

ஊ൯ ⊧ 𝑄 iff ൫𝐷 ∧ Ψଶ
ஊ൯ ⊧ ൫𝑄 ∨ Ψଵ

ஊ൯ .

Ψଶ
ஊ is a set of guarded DTGDs, and thus is equivalent to a GFO sentence Γଶஊ; hence, (𝐷 ∧ Γଶஊ) is

a GFO sentence. Since (𝑄 ∨ Ψଵ
ஊ) is a UCQ, the claim follows.

By exploiting the above auxiliary result, we are now ready to establish the desired upper
bounds for the data complexity of our problem.

Theorem 4.12. UCQ-AēĘĜĊėĎēČ under frontier-guarded DTGDs is in ĈĔ-NP in the data com-
plexity.

Proof. The result follows from Lemma 4.11, and the fact that UCQ-AēĘĜĊėĎēČ under GFO sen-
tences is in ĈĔ-NP in the data complexity, as shown by Bárány et al. [2014].

We now focus on weakly-frontier-guarded sets of DTGDs:

Theorem 4.13. UCQ-AēĘĜĊėĎēČ under weakly-frontier-guarded set of DTGDs is in EĝĕTĎĒĊ in
the data complexity.

Proof. Consider a database𝐷, a set Σ ofweakly-frontier-guardedDTGDs, and aUCQ𝑄. We ϐirst
reduce our problem to UCQ answering under frontier-guarded DTGDs by replacing the non-
affected variables in the DTGDs of Σwith all possible constants occurring in𝐷. In other words,
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wepartially ground the set Σ, andwe obtain a set Σᇱ of frontier-guardedDTGDs. Clearly, Σᇱ is of
exponential size in the number of non-affected variables, but of polynomial size in |𝑑𝑜𝑚(𝐷)|.
By Lemma 4.11, there exists a linear translation 𝜏 such that 𝐷 ∪ Σᇱ ⊧ 𝑄 iff 𝐷 ∪ 𝜏(Σᇱ) ⊧ 𝜏(𝑄),
where 𝜏(Σᇱ) is a GFO sentence and 𝜏(𝑄) a UCQ. It is important to say that, although |𝜏(𝑄)|
depends on 𝐷, the size of each CQ in 𝜏(𝑄) does not depend on 𝐷. As shown by Bárány et al.
[2014], UCQansweringunderGFOsentences dependsdoubly-exponentially on the size of each
CQ of the given UCQ and themaximumarity of the schema, and exponentially on the size of the
given GFO sentence. Since the size of each query of 𝜏(𝑄) and themaximum arity of the schema
are constant, while the size of 𝜏(Σᇱ) is polynomial in 𝐷, we get an EĝĕTĎĒĊ upper bound w.r.t.
𝐷, and the claim follows.

Recall that CQ-AēĘĜĊėĎēČunderDIDs is ĈĔ-NP-hard in the data complexity [Calvanese et al.,
2013], while for weakly-guarded sets of DTGDs it is EĝĕTĎĒĊ-hard [Calı̀ et al., 2013]. Thus, the
picture of the data complexity of CQ-AēĘĜĊėĎēČ under our guarded-based classes of DTGDs
is now complete.

4.5.3 Lower Bounds

We now present a series of strong 2EĝĕTĎĒĊ lower bounds for answering arbitrary CQs under
DIDs. This will be done by a reduction from the validity problem of a CQ w.r.t. a nondetermin-
istic tree automaton, where the 𝑐ℎ𝑖𝑙𝑑 and 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑 predicates can be used in the query
to access the tree. The ϐirst step is thus to show that the latter problem itself is 2EĝĕTĎĒĊ-
hard. We will accomplish this by adapting an existing result, that is, the validity problem of a
CQw.r.t. a nondeterministic tree automaton, using 𝑐ℎ𝑖𝑙𝑑 and 𝑑𝑒𝑠𝑐𝑒𝑛𝑑𝑎𝑛𝑡 predicates to access
the tree, is 2EĝĕTĎĒĊ-hard [Björklund et al., 2008, Theorem 6].
The reason why, in the above result, we need to replace the predicate 𝑑𝑒𝑠𝑐𝑒𝑛𝑑𝑎𝑛𝑡 with

the predicate 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑 is because the descendant relation on nodes is transitive. This
means that, in order to be able to simulate it using DTGDs, we need a class of DTGDs which al-
lows us to express the assertion 𝑑𝑒𝑠𝑐𝑒𝑛𝑑𝑎𝑛𝑡(𝑋, 𝑌), 𝑑𝑒𝑠𝑐𝑒𝑛𝑑𝑎𝑛𝑡(𝑌, 𝑍) → 𝑑𝑒𝑠𝑐𝑒𝑛𝑑𝑎𝑛𝑡(𝑋, 𝑍).
However, the formalism under consideration, namely DIDs, is not expressive enough to en-
code transitivity, and thus there is no way to simulate the descendant relation. Before giving
our auxiliary technical result, for the sake of completeness, we recall the proof of the result
given by Björklund et al. [2008]. Let us ϐirst introduce some additional terminology.

Trees, Queries and Tree Automata

Fix a ϐinite alphabet Λ. We consider rooted, ordered, ϐinite, labeled, unranked trees, which are
directed from the root downwards. In other words, we focus on ϐinite trees in which nodes
can have arbitrarily many children ordered from left to right. The set of nodes of a tree 𝑇 is
denoted 𝑛𝑜𝑑𝑒𝑠(𝑇), while its root is denoted 𝑟𝑜𝑜𝑡(𝑇).
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A CQ 𝑞 over a tree 𝑇 is a CQ that can use unary predicates from {𝑎}௔∈ஃ, and also binary
predicates froma (ϐinite) setℛ that allow thequery to access the tree. We refer to this fragment
of CQs as CQ(ℛ). Possible predicates ofℛ are 𝑐ℎ𝑖𝑙𝑑 and 𝑑𝑒𝑠𝑐𝑒𝑛𝑑𝑎𝑛𝑡. Clearly, 𝑎(𝑣)means that
𝑣 is labeled by 𝑎 ∈ Λ, while 𝑐ℎ𝑖𝑙𝑑(𝑣, 𝑢) (resp., 𝑑𝑒𝑠𝑐𝑒𝑛𝑑𝑎𝑛𝑡(𝑣, 𝑢)) states that 𝑢 is a child (resp.,
descendant) of 𝑣. A valuation of 𝑞 on 𝑇 is a total function 𝜃 ∶ 𝑣𝑎𝑟(𝑞) → 𝑛𝑜𝑑𝑒𝑠(𝑇). Such 𝜃
satisϐies the query if every atom of 𝑞 is satisϐied by the assignment. We say that 𝑇 models 𝑞,
written 𝑇 ⊧ 𝑞, if there exists a valuation of 𝑞 on 𝑇 that satisϐies 𝑞. The language 𝐿(𝑞) of 𝑞 is the
set of all trees that model 𝑞.
A nondeterministic (unranked) tree automaton (NTA) over the alphabet Λ is a tuple 𝐴 =

(𝑆, Λ, 𝛿, 𝐹), where 𝑆 is a ϐinite set of states, 𝛿 is a set of transition rules of the form (𝑠, 𝑎) → 𝐿,
where (𝑠, 𝑎) ∈ 𝑆×Λ and 𝐿 is a regular string language over 𝑆, and 𝐹 ⊆ 𝑆 is the set of accepting
states. A run of 𝐴 on a tree 𝑇 is a labeling 𝜆 ∶ 𝑛𝑜𝑑𝑒𝑠(𝑇) → 𝑆 such that, for every 𝑣 ∈ 𝑛𝑜𝑑𝑒𝑠(𝑇)
with label 𝑎 and children 𝑣ଵ, … , 𝑣௡ from left to right, there exists (𝑠, 𝑎) → 𝐿 ∈ 𝛿 such that
𝜆(𝑣) = 𝑠 and 𝜆(𝑣ଵ)… 𝜆(𝑣௡) ∈ 𝐿. Note that if 𝑣 is a leaf, then we need that (𝑠, 𝑎) → 𝜖 ∈ 𝛿,
where 𝜖 is the empty string. A run 𝜆 of 𝐴 on 𝑇 is accepting if 𝜆(𝑟𝑜𝑜𝑡(𝑇)) ∈ 𝐹. A tree 𝑇 is
accepted by 𝐴 if there exists an accepting run of 𝐴 on 𝑇. The set of all accepted trees by 𝐴 is
denoted 𝐿(𝐴).
Given a CQ 𝑞 and a tree automaton 𝐴, we say that 𝑞 is validw.r.t. 𝐴 if 𝐿(𝐴) ⊆ 𝐿(𝑞). A relevant

decision problem is the validity of CQs w.r.t. nondeterministic tree automata, that is, given a
CQ 𝑞 and an NTA 𝐴, decide whether 𝑞 is valid w.r.t. 𝐴.

The Validity Problem for CQ(𝑐ℎ𝑖𝑙𝑑, 𝑑𝑒𝑠𝑐𝑒𝑛𝑑𝑎𝑛𝑡)

As said, to obtain the desired result we are going to adapt an existing one, that is, the validity
problem of a CQ w.r.t. an NTA, using 𝑐ℎ𝑖𝑙𝑑 and 𝑑𝑒𝑠𝑐𝑒𝑛𝑑𝑎𝑛𝑡 predicates to access the tree, is
2EĝĕTĎĒĊ-hard [Björklund et al., 2008, Theorem 6]. Let us now recall the proof of this result.

Theorem 4.14 (Björklund et al. [2008]). Validity of CQ(𝑐ℎ𝑖𝑙𝑑, 𝑑𝑒𝑠𝑐𝑒𝑛𝑑𝑎𝑛𝑡) w.r.t. an NTA is
2EĝĕTĎĒĊ-hard.

Proof (Sketch). The proof is by reduction from the non-acceptance problem of an alternating
exponential space Turing machine 𝑀 with an empty tape, which is already 2EĝĕTĎĒĊ-hard.
Recall that we can assume, without loss of generality, that 𝑀 never uses more than 2௡ tape
cells.
The general idea of the proof is as follows. An NTA 𝐴஼் is constructed that accepts trees

which encode possible accepting computation trees of 𝑀. However, 𝐴஼் does not guarantee
that the accepted trees encode consistent computation trees of𝑀 w.r.t. the transition relation
of𝑀; this is achieved via a query 𝑞஼் . More precisely, given a tree 𝑇 ∈ 𝐿(𝐴஼்), 𝑞஼் is satisϐied
by 𝑇 iff the transition relation of 𝑀 is not respected by 𝑇. This implies that 𝑞஼் is valid w.r.t.
𝐴஼் iff there is no consistent and accepting computation tree for𝑀, which in turn is equivalent
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Figure 4.1: A part of an encoded conϐiguration tree.
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Figure 4.2: Gadgets for the proof of Theorem 4.14. (a) A skeleton note which is the left child of
its parent, with its two skeleton node children and its navigation gadget; (b) A cell
gadget encoding conϐiguration cell 2 (assuming that 𝑘 = 4), where conϐiguration
cells 2 and 4 are not valid successors of the conϐiguration cell 2.

to say that𝑀 rejects. But of course 2EĝĕTĎĒĊ is closed under complementation, and hence the
validity of CQs w.r.t. NTAs is 2EĝĕTĎĒĊ-hard.
To implement the above idea, suitable encodings for the computation trees and the conϐig-

urations of𝑀 are needed.

Encoding ComputaƟon Trees. The encoding of a computation tree 𝑇 of 𝑀, denoted 𝑒𝑛𝑐(𝑇),
is depicted in Figure 4.1, and is obtained from 𝑇 by replacing each node 𝑣 of 𝑇 with a tree
𝑇௩ , where the root of 𝑇௩ is labeled by 𝐶𝑇; the leftmost child of the root of 𝑇௩ is labeled by 𝑟,
and is actually the root of the tree which encodes the actual conϐiguration which labels 𝑣 (this
encoding is deϐined below); and for each child 𝑣௜ of 𝑣, the root of 𝑇௩ has a subtree 𝑒𝑛𝑐(𝑇[𝑣௜]),
where 𝑇[𝑣௜] is the subtree of 𝑇 rooted at 𝑣௜ .

Encoding ConfiguraƟons as Trees. Before encoding a conϐiguration of𝑀 as a tree, ϐirst is rep-
resented as a sequence of 2௡ conϐiguration cells. Intuitively, a conϐiguration cell contains the
content of a tape cell of 𝑀 plus some additional information such as, for example, the cells
that are not currently visited by the cursor, and also were not visited in the last conϐiguration.
Notice that there are only polynomially many conϐiguration cells for 𝑀, let say 𝑘, and a ϐixed
integer 𝑖 ∈ [𝑘] is associated to each one of them. Given two sequences 𝐶ଵ and 𝐶ଶ of 2௡ con-
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ϐiguration cells, a set of constraints, denoted 𝒞(𝑀), can be identiϐied such that the following
holds: 𝐶ଵ is a valid encoding of a conϐiguration implies 𝐶ଶ is a valid encoding of a successor
conϐiguration of 𝐶ଵ iff the constraints of 𝒞(𝑀) are satisϐied. In fact, 𝒞(𝑀) is a set of pairs (𝑖, 𝑗)
expressing that the conϐiguration cell 𝑗 is a valid successor for the conϐiguration cell 𝑖. Formore
details on conϐiguration cells and the constraints of 𝒞(𝑀), we refer the reader to the extended
version of [Björklund et al., 2008].
Let us now describe how the conϐigurations of𝑀 can be encoded as trees. Each sequence of

2௡ conϐiguration cells is represented as a full binary tree of height 𝑛, in which a leaf represents
a conϐiguration cell, and is deϐined as follows. The root is labeled by 𝑟, while the other nodes
are labeled by 𝑠. The 𝑠-labeled nodes are called skeleton nodes. To each skeleton node 𝑣 a
navigation gadget is attached, indicating whether 𝑣 is a left or a right child. More precisely, a
path of length three labeled with 𝑝, 0, 1 (resp., 𝑝, 1, 0) is attached to the left (resp., right) child;
see Figure 4.2(a).
Furthermore, to each leaf skeleton node, that is, a skeleton node that has no skeleton node

children, a cell gadget (which is a binary tree) is attached, providing the relevant information
about the tape cell it represents. Let us describe the gadget for the 𝑖-th conϐiguration cell. The
root of the gadget has label 𝑐 (for cell) and has two children labeled by 𝑚 (for me) and by 𝑓
(for forbidden), respectively. Under the𝑚-labeled node a path of length 𝑘 is attached, where
all nodes are labeled by 0, except the 𝑖-th node from the top which is labeled by 1. Under the
𝑓-labeled node a path of length 𝑘 is also attached, where the 𝑗-th node from the top is labeled
by 0 if (𝑖, 𝑗) ∈ 𝒞(𝑀); otherwise, is labeled 1. In other words, the nodes labeled by 1 represent
conϐiguration cells which are not allowed on top of the conϐiguration cell 𝑖; see Figure 4.2(b).

DetecƟng ViolaƟons of the TransiƟon RelaƟon. The crucial step of the reduction is to use the
query 𝑞஼் to detect a violation of the transition relation of 𝑀, or, equivalently, to check the
consistency between conϐiguration trees w.r.t. the transition relation of𝑀. The way that con-
ϐigurations are encoded, allows the query to navigate from a node representing conϐiguration
cell 𝑖 in one conϐiguration tree to the node representing cell 𝑖 in a successor conϐiguration, and
this is exactly what is needed in order to perform the above consistency check.
A query 𝑠𝑎𝑚𝑒𝐶𝑒𝑙𝑙(𝑋, 𝑌) can be constructed which evaluates to true for two leaf skeleton

nodes 𝑋 and 𝑌 iff they belong to successive conϐiguration trees and represent the same con-
ϐiguration cells. To this aim, several subqueries are successively deϐined. The ϐirst one asserts
that two nodes 𝑅௑ and 𝑅௒ are roots of two successive conϐiguration trees:

𝑠𝑢𝑐𝑐(𝑅௑, 𝑅௒) ≡ ∃𝑋∃𝑌 (𝐶𝑇(𝑋) ∧ 𝐶𝑇(𝑌) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑋, 𝑌) ∧ 𝑟(𝑅௑) ∧ 𝑟(𝑅௒)∧
𝑐ℎ𝑖𝑙𝑑(𝑋, 𝑅௑) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑌, 𝑅௒)) .

By using the above query,Φ௜(𝑋, 𝑌) can be deϐinedwhich asserts that the nodes𝑋 and 𝑌 belong
to successive conϐiguration trees, and are both at level 𝑖 > 0. For brevity, 𝑐ℎ𝑖𝑙𝑑௜(𝑋, 𝑌) is used
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as a shorthand for ∃𝑍ଵ…∃𝑍௜ିଵ (𝑐ℎ𝑖𝑙𝑑(𝑋, 𝑍ଵ) ∧ … ∧ 𝑐ℎ𝑖𝑙𝑑(𝑍௜ିଵ, 𝑌)).

Φ௜(𝑋, 𝑌) ≡ ∃𝑅௑∃𝑅௒ ቀ𝑠𝑢𝑐𝑐(𝑅௑, 𝑅௒) ∧ 𝑐ℎ𝑖𝑙𝑑௜(𝑅௑ , 𝑋) ∧ 𝑐ℎ𝑖𝑙𝑑௜(𝑅௒, 𝑌) ∧ 𝑠(𝑋) ∧ 𝑠(𝑌)ቁ .

Now, a queryΨ௜(𝑋, 𝑌) can be deϐinedwhich expresses thatΦ௜(𝑋, 𝑌) holds, and, in addition, the
nodes 𝑋 and 𝑌 are either both left children or both right children of their parents. Notice that
left and right children can be distinguished by the distance of their 1-labeled gadget node from
their 𝑝-labeled gadget node. In fact, a skeleton node 𝑣 at level 𝑖 of a conϐiguration tree and a
skeleton node 𝑢 at level 𝑖 of a successor conϐiguration tree are both left or both right children,
if the nodes 𝑣ଵ and 𝑢ଵ with label 1 in their respective gadgets have a common ancestor which
has distance 𝑖 + 4 from 𝑣ଵ and 𝑖 + 5 from 𝑢ଵ. The deϐinition ofΨ௜(𝑋, 𝑌) follows:

Ψ௜(𝑋, 𝑌) ≡ ∃𝑃௟∃𝑃௥∃𝑇௟∃𝑇௥∃𝑍 (Φ௜(𝑋, 𝑌) ∧ 𝑝(𝑃௟) ∧ 𝑝(𝑃௥) ∧ 1(𝑇௟) ∧ 1(𝑇௥) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑋, 𝑃௟)∧
𝑐ℎ𝑖𝑙𝑑(𝑌, 𝑃௥) ∧ 𝑑𝑒𝑠𝑐𝑒𝑛𝑑𝑎𝑛𝑡(𝑃௟ , 𝑇௟) ∧ 𝑑𝑒𝑠𝑐𝑒𝑛𝑑𝑎𝑛𝑡(𝑃௥ , 𝑇௥)∧

𝑐ℎ𝑖𝑙𝑑௜ାସ(𝑍, 𝑇௟) ∧ 𝑐ℎ𝑖𝑙𝑑௜ାହ(𝑍, 𝑇௥)ቁ .

By exploiting the above auxiliary predicates, the query 𝑠𝑎𝑚𝑒𝐶𝑒𝑙𝑙(𝑋, 𝑌) can be deϐined as fol-
lows:

𝑠𝑎𝑚𝑒𝐶𝑒𝑙𝑙(𝑆௑, 𝑆௒)
≡ ∃𝑅௑∃𝑅௒∃𝑋ଵ…∃𝑋௡ିଶ∃𝑌ଵ…∃𝑌௡ିଶ

ቌ𝑐ℎ𝑖𝑙𝑑(𝑅௑, 𝑋ଵ) ∧ ሥ
ଵ⩽௜ழ௡ିଶ

𝑐ℎ𝑖𝑙𝑑(𝑋௜ , 𝑋௜ାଵ) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑋௡ିଶ, 𝑆௑)∧

𝑐ℎ𝑖𝑙𝑑(𝑅௒, 𝑌ଵ) ∧ ሥ
ଵ⩽௜ழ௡ିଶ

𝑐ℎ𝑖𝑙𝑑(𝑌௜ , 𝑌௜ାଵ) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑌௡ିଶ, 𝑆௒)∧

ሥ
ଵ⩽௜⩽௡ିଵ

Ψ௜(𝑋௜ , 𝑌௜) ∧ Ψ௡(𝑆௑ , 𝑆௒)ቍ .

With the query 𝑠𝑎𝑚𝑒𝐶𝑒𝑙𝑙(𝑋, 𝑌) in place, the consistency of two subsequent conϐiguration
trees w.r.t. the transition relation of𝑀 can now be checked by exploiting the cell gadgets:

𝑞஼்
≡ ∃𝑆௟∃𝑆௥∃𝑇௟∃𝑇௥∃𝐹௟∃𝑀௥∃𝑃௟∃𝑃௥∃𝑍 (𝑠𝑎𝑚𝑒𝐶𝑒𝑙𝑙(𝑆௟ , 𝑆௥) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑆௟ , 𝑇௟) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑆௥ , 𝑇௥)∧

𝑓(𝐹௟) ∧ 𝑚(𝑀௥) ∧ 1(𝑃௟) ∧ 1(𝑃௥) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑇௟ , 𝐹௟) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑇௥ , 𝑀௥) ∧ 𝑑𝑒𝑠𝑐𝑒𝑛𝑑𝑎𝑛𝑡(𝐹௟ , 𝑃௟)∧
𝑑𝑒𝑠𝑐𝑒𝑛𝑑𝑎𝑛𝑡(𝑀௟ , 𝑃௟) ∧ 𝑐ℎ𝑖𝑙𝑑௡ା௞ାଷ(𝑍, 𝑃௟) ∧ 𝑐ℎ𝑖𝑙𝑑௡ା௞ାସ(𝑍, 𝑃௥)ቁ .

This completes the construction.

The Validity Problem for CQ(𝑐ℎ𝑖𝑙𝑑, 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑)

By adapting the proof of the above result, we can now show an analogous result where the
predicates 𝑐ℎ𝑖𝑙𝑑 and 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑 (with the obvious semantics) are used to access the tree:
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Figure 4.3: Adapted gadgets for the proof of Proposition 4.15.

Proposition 4.15. Validity of CQ(𝑐ℎ𝑖𝑙𝑑, 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑) w.r.t. an NTA is 2EĝĕTĎĒĊ-hard.

Proof. The proof is again by reduction from the non-acceptance problem of an alternating ex-
ponential spaceTuringmachine𝑀. We assume,without loss of generality, that𝑀 has an empty
input, uses at most 2௡ tape cells, has exactly one accepting state 𝑠௔ and one rejecting state 𝑠௥ .
Every conϐiguration of𝑀 has exactly two different successor conϐigurations, and, whenever𝑀
halts, the head is on the left-most cell of the input tape, and the tape is empty. Furthermore,
𝑀 always goes from a universal to an existential state and vice-versa, and every universal step
only affects the state, but not the tape content or head position. We also assume that𝑀 always
halts.
The construction is an adaptation of the one employed for proving Theorem 4.14, with the

aim of constructing anNTA𝐴஼் and a CQ 𝑞஼் such that 𝑞஼் is validw.r.t.𝐴஼் iff𝑀 rejects. Since
we can no longer use the 𝑑𝑒𝑠𝑐𝑒𝑛𝑑𝑎𝑛𝑡 predicate in the query to “skip” tree nodes, the naviga-
tion and cell gadgets must be suitably adapted for use with our 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑 predicate.

• Navigation Gadget. The navigation gadget is adapted by switching the ϐirst and second
label, resulting, for example, in the structure depicted in Figure 4.3(a) obtained after
adapting the one in Figure 4.2(a).

• Cell Gadget. The paths of length 𝑘 attached to the 𝑚- and 𝑓-labeled nodes (recall that
𝑘 is the number of all the possible conϐiguration cells which is polynomial) are now
transformed into full binary trees of the same structure as the trees encoding conϐig-
urations. Such binary trees have height logarithmic in 𝑘, and the leaves are labeled by 0
or 1, equivalent to the paths they represent. For example, when adapting the cell gad-
get in Figure 4.2(b), we obtain the cell gadget depicted in Figure 4.3(b); for clarity, the
navigation gadgets attached to 𝑠-labeled nodes are omitted.

Having the adapted gadgets in place, we are now ready to conclude the construction. The
NTA 𝐴஼் can be constructed in exactly the same way as the one in the proof of Theorem 4.14;
the details are omitted, and we refer the reader to the extended version of [Björklund et al.,
2008]. Let us now construct the query 𝑞஼் . In the rest of the proof, we use 𝑐ℎ𝑖𝑙𝑑௜(𝑋, 𝑌) as a
shorthand for ∃𝑍ଵ…∃𝑍௜ିଵ (𝑐ℎ𝑖𝑙𝑑(𝑋, 𝑍ଵ) ∧ … ∧ 𝑐ℎ𝑖𝑙𝑑(𝑍௜ିଵ, 𝑌)).

63



As in the proof of Theorem 4.14, we deϐine a query 𝑠𝑎𝑚𝑒𝐶𝑒𝑙𝑙(𝑋, 𝑌)which evaluates to true
for two leaf skeleton nodes iff they belong to successive conϐiguration trees and represent
the same conϐiguration cells. However, 𝑠𝑎𝑚𝑒𝐶𝑒𝑙𝑙(𝑋, 𝑌) must be deϐined using the predicate
𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑 instead of the predicate 𝑑𝑒𝑠𝑐𝑒𝑛𝑑𝑎𝑛𝑡. In fact, 𝑠𝑎𝑚𝑒𝐶𝑒𝑙𝑙(𝑋, 𝑌) is deϐined in
the same way as above, keeping the subqueries 𝑠𝑢𝑐𝑐(𝑅௑ , 𝑅௒) and Φ௜(𝑋, 𝑌) unchanged, but
modifyingΨ௜(𝑋, 𝑌) as follows:

Ψ௜(𝑋, 𝑌) ≡ ∃𝑃௟∃𝑃௥∃𝑇௟∃𝑇௥∃𝑍 ൫Φ௜(𝑋, 𝑌) ∧ 𝑝(𝑃௟) ∧ 𝑝(𝑃௥) ∧ 1(𝑇௟) ∧ 1(𝑇௥) ∧ 𝑐ℎ𝑖𝑙𝑑ଶ(𝑋, 𝑃௟)∧
𝑐ℎ𝑖𝑙𝑑ଶ(𝑌, 𝑃௥) ∧ 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑(𝑃௟ , 𝑇௟) ∧ 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑(𝑃௥ , 𝑇௥)∧

𝑐ℎ𝑖𝑙𝑑௜ାସ(𝑍, 𝑇௟) ∧ 𝑐ℎ𝑖𝑙𝑑௜ାହ(𝑍, 𝑇௥)ቁ .

Furthermore, once the same conϐiguration cell in two subsequent conϐiguration trees is
identiϐied, we need to compare the 𝑚- and 𝑓-labeled paths to validate the transition. Since
our cell gadgets are now trees of the same structure as the trees encoding conϐigurations, we
can rely on a mechanism similar to the one given above. More precisely, a query denoted
𝑠𝑎𝑚𝑒𝐿𝑒𝑎𝑓(𝑋, 𝑌, 𝑋ᇱ, 𝑌ᇱ) can be deϐined which evaluates to true for two 0/1-labeled leaf nodes
𝑋ᇱ and 𝑌ᇱ, which belong to a tree rooted at an𝑚-labeled node 𝑋 and an 𝑓-labeled node 𝑌, re-
spectively, if and only if they belong to successive trees and represent the same leaf node. To
this aim, the subqueriesΦ௜(𝑋, 𝑌) andΨ௜(𝑋, 𝑌) are modiϐied as follows:

ෝΦ௜(𝑅௑, 𝑅௒, 𝑋, 𝑌) ≡ 𝑐ℎ𝑖𝑙𝑑௜(𝑅௑, 𝑋) ∧ 𝑐ℎ𝑖𝑙𝑑௜(𝑅௒, 𝑌) ∧ 𝑠(𝑋) ∧ 𝑠(𝑌),

that is, we drop the atom 𝑠𝑢𝑐𝑐(𝑅௑ , 𝑅௒), and

ෝΨ௜(𝑅௑ , 𝑅௒, 𝑋, 𝑌) ≡ Ψ௜[Φ௜(𝑋, 𝑌) ⧵ ෝΦ௜(𝑅௑ , 𝑅௒, 𝑋, 𝑌)],

where Ψ௜[Φ௜(𝑋, 𝑌) ⧵ ෝΦ௜(𝑅௑, 𝑅௒, 𝑋, 𝑌)] is the query obtained from Φ௜(𝑋, 𝑌) be replacing the
conjunct Φ௜(𝑋, 𝑌) with ෝΦ௜(𝑅௑ , 𝑅௒, 𝑋, 𝑌). The query 𝑠𝑎𝑚𝑒𝐿𝑒𝑎𝑓(𝑋, 𝑌, 𝑋ᇱ, 𝑌ᇱ) is deϐined as fol-
lows:

𝑠𝑎𝑚𝑒𝐿𝑒𝑎𝑓(𝑅௑ , 𝑅௒, 𝑆௑ , 𝑆௒)
≡ ∃𝑋ଵ…∃𝑋௡ିଶ∃𝑌ଵ…∃𝑌௡ିଶ

ቌ𝑐ℎ𝑖𝑙𝑑(𝑅௑ , 𝑋ଵ) ∧ ሥ
ଵ⩽௜ழ⌈୪୭୥௞⌉ିଶ

𝑐ℎ𝑖𝑙𝑑(𝑋௜ , 𝑋௜ାଵ) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑋௡ିଶ, 𝑆௑)∧

𝑐ℎ𝑖𝑙𝑑(𝑅௒, 𝑌ଵ) ∧ ሥ
ଵ⩽௜ழ⌈୪୭୥௞⌉ିଶ

𝑐ℎ𝑖𝑙𝑑(𝑌௜ , 𝑌௜ାଵ) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑌௡ିଶ, 𝑆௒)∧

ሥ
ଵ⩽௜⩽௡ିଵ

ෝΨ௜(𝑅௑, 𝑅௒, 𝑋௜ , 𝑌௜) ∧ ෝΨ⌈୪୭୥௞⌉(𝑅௑ , 𝑅௒, 𝑆௑ , 𝑆௒)ቍ .
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Figure 4.4: (a) A ternary ordered tree 𝑇; (b) The binary version 𝑇ᇱ of 𝑇 in left child-right sib-
ling representation; (c) The conversion of 𝑇ᇱ into a full binary tree by adding the
“dummy” nodes △.

With the queries 𝑠𝑎𝑚𝑒𝐶𝑒𝑙𝑙(𝑋, 𝑌) and 𝑠𝑎𝑚𝑒𝐿𝑒𝑎𝑓(𝑋, 𝑌, 𝑋ᇱ, 𝑌ᇱ) in place, the consistency of two
subsequent conϐiguration trees w.r.t. the transition relation of 𝑀 can now be checked by ex-
ploiting the cell gadgets as follows:

𝑞஼்
≡ ∃𝑆௟∃𝑆௥∃𝑇௟∃𝑇௥∃𝐹௟∃𝑀௥∃𝑃௟∃𝑃௥∃𝐿௟∃𝐿௥∃𝑍 (𝑠𝑎𝑚𝑒𝐶𝑒𝑙𝑙(𝑆௟ , 𝑆௥) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑆௟ , 𝑇௟)∧

𝑐ℎ𝑖𝑙𝑑(𝑆௥ , 𝑇௥) ∧ 𝑓(𝐹௟) ∧ 𝑚(𝑀௥) ∧ 1(𝑃௟) ∧ 1(𝑃௥) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑇௟ , 𝐹௟) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑇௥ , 𝑀௥)∧
𝑠𝑎𝑚𝑒𝐿𝑒𝑎𝑓(𝐹௟ , 𝑀௥ , 𝐿௟ , 𝐿௥) ∧ 𝑐ℎ𝑖𝑙𝑑(𝐿௟ , 𝑃௟) ∧ 𝑐ℎ𝑖𝑙𝑑(𝐿௥ , 𝑃௥)) .

This completes the construction.

In the proof of Proposition 4.15, we consider ternary ordered trees. It is well-known that a
ternary ordered tree can be transformed into a binary ordered tree by representing it in left
child-right siblingway, which in turn can be transformed into a full binary tree by adding some
“dummy” nodes; an example of such a transformation is shown in Figure 4.4. This implies that
the proof of Proposition 4.15 can be accordingly adapted in order to show that the 2EĝĕTĎĒĊ-
hardness holds even for NTAs over full binary trees.

CQ Answering under DIDs

Having the above result in place, we are now ready to show that CQ answering under DIDs is
2EĝĕTĎĒĊ-hard in combined complexity, by simulating the behavior of an NTA over full binary
trees using a set of DIDs.

Theorem4.16. CQ-AēĘĜĊėĎēČ under DIDs is 2EĝĕTĎĒĊ-hard in combined complexity, even for
predicates of arity at most two.

Proof. Consider a CQ 𝑞 which falls in the fragment CQ(𝑐ℎ𝑖𝑙𝑑, 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑), and an NTA
𝐴 = (𝑆, Λ, 𝛿, 𝐹) over full binary trees, where 𝑆 is a ϐinite set of states, Λ is a ϐinite alphabet, 𝛿 is
a set of transition rules of the form (𝑠, 𝑎) → 𝐿, where 𝐿 ∈ 𝑆ଶ ∪{𝜖}, and 𝐹 is the set of accepting
states. Our goal is to construct a database𝐷 and a set Σ of DIDs such that𝐷∪Σ ⊧ 𝑞 iff 𝑞 is valid
w.r.t. 𝐴. Before giving the construction, let us describe the schema of Σ.
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The Schema of Σ. The schema 𝑠𝑐ℎ(Σ), apart from the binary predicates describing the tree
axis, namely 𝑐ℎ𝑖𝑙𝑑 and 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑, contains also the following predicates:

• 𝑟𝑜𝑜𝑡(⋅); 𝑟𝑜𝑜𝑡(𝑣) says that 𝑣 is the root of the tree;

• 𝑠(⋅), for each 𝑠 ∈ 𝑆; 𝑠(𝑣) states that the node 𝑣 is in state 𝑠;

• 𝑎(⋅), for each 𝑎 ∈ Λ; 𝑎(𝑣) expresses that the node 𝑣 is labeled by 𝑎;

• 𝑝௦,௔,௅(⋅), for each (𝑠, 𝑎, 𝐿) ∈ 𝑆 × Λ × 𝑆ଶ ∪ {𝜖}; 𝑝௦,௔,௅(𝑣) says that 𝑣 is in state 𝑠, is labeled
by 𝑎, and its children (from left to right) are labeled by 𝐿; and

• 𝑐ℎ𝑖𝑙𝑑௜[(𝑠, 𝑎), 𝑠ଵ, 𝑠ଶ](⋅, ⋅), where 𝑖 ∈ {1, 2}, for each transition rule (𝑠, 𝑎) → (𝑠ଵ, 𝑠ଶ) of
𝛿; 𝑐ℎ𝑖𝑙𝑑௜[(𝑠, 𝑎), 𝑠ଵ, 𝑠ଶ](𝑣, 𝑢) states that 𝑢 is the 𝑖-th child of 𝑣, where 𝑣 is in state 𝑠 and
labeled by 𝑎, while 𝑢 is in state 𝑠௜ .

Observe that the above schema depends on the particular NTA that we encode, and thus it is
not ϐixed; however, it can be constructed in polynomial time. Notice that in 𝑠𝑐ℎ(Σ) we only
have unary and binary predicates.

The Set Σ. We are now ready to deϐine the set Σ of DIDs, which will simulate the behavior of
the NTA 𝐴. Let us ϐirst give the intuition underlying Σ. First, we guess in which accepting state
the root of the tree is. Also, for each node 𝑣 in state 𝑠 ∈ 𝑆, we guess a valid label for it and for
its children. Then, for such a node 𝑣, we introduce, via a (non-disjunctive) TGD, two children
according to the transition function 𝛿 using the 𝑐ℎ𝑖𝑙𝑑 predicate; we also generate appropriate
𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑 atoms. These children are then labeled with the corresponding subsequent
state according to 𝛿. Repeating this procedure via the disjunctive chase, we obtain a set of
models, where each of them represents exactly one of the trees that 𝐴would accept. Formally
speaking, Σ consists of the following DTGDs:

• We guess the state of the root by the DID

𝑟𝑜𝑜𝑡(𝑋) → ሧ
௦∈ி

𝑠(𝑋).

• For each 𝑠 ∈ 𝑆,
𝑠(𝑋) → ሧ

௔∈ஃ, (௦,௔)→௅∈ఋ
𝑝௦,௔,௅(𝑋).

• For each (𝑠, 𝑎, 𝐿) ∈ 𝑆 × Λ × 𝑆ଶ ∪ {𝜖},

𝑝௦,௔,௅(𝑋) → 𝑎(𝑋).
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• For each 𝑖 ∈ {1, 2} and (𝑠, 𝑎) → 𝐿 ∈ 𝛿 such that 𝐿 = (𝑠ଵ, 𝑠ଶ) ≠ 𝜖,

𝑝௦,௔,௅(𝑋) → ∃𝑌𝑐ℎ𝑖𝑙𝑑௜[(𝑠, 𝑎), 𝑠ଵ, 𝑠ଶ](𝑋, 𝑌)
𝑐ℎ𝑖𝑙𝑑௜[(𝑠, 𝑎), 𝑠ଵ, 𝑠ଶ](𝑋, 𝑌) → 𝑠௜(𝑌)
𝑐ℎ𝑖𝑙𝑑௜[(𝑠, 𝑎), 𝑠ଵ, 𝑠ଶ](𝑋, 𝑌) → 𝑐ℎ𝑖𝑙𝑑(𝑋, 𝑌)

• Finally, we have the IDs

𝑐ℎ𝑖𝑙𝑑(𝑋, 𝑌) → 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑(𝑋, 𝑌)
𝑐ℎ𝑖𝑙𝑑(𝑋, 𝑌) → 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑(𝑌, 𝑋).

Correctness. The database 𝐷 consists of the atom 𝑟𝑜𝑜𝑡(𝑐), where 𝑐 ∈ 𝐂 is a constant which
represents the root of the tree. Each instance 𝐼 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ), if restricted to the 𝑐ℎ𝑖𝑙𝑑- and
𝑎-predicates, where 𝑎 ∈ Λ, by construction, is a binary tree accepted by𝐴. Furthermore, again
by construction, there is an instance 𝐼 ∈ 𝑐ℎ𝑎𝑠𝑒𝐷Σ for each such tree accepted by 𝐴. Moreover,
the 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑-predicate in 𝐼 is semantically equivalent to the 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑-relation of
𝐴.
Therefore, if𝐷∪Σ ⊧ 𝑞 or, equivalently, each 𝐼 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) entails𝑞, theneach tree accepted

by 𝐴 is also entailed by 𝑞, that is, 𝐿(𝐴) ⊆ 𝐿(𝑞), which is equivalent to say that 𝑞 is valid w.r.t.
𝐴. Conversely, if 𝐿(𝐴) ⊆ 𝐿(𝑞), then, for each 𝐼 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ), there exists 𝑇 ∈ 𝐿(𝐴) which
appears in 𝐼. Since 𝑇 ∈ 𝐿(𝑞), we get that 𝐼 ⊧ 𝑞. But this implies that 𝐷 ∪ Σ ⊧ 𝑞, and the claim
follows.

Notice that the constructed set Σ of DIDs in the above proof depends on the NTA 𝐴 that we
encode. Interestingly, a new construction can be devised in such a way that Σ is independent
from 𝐴, and thus it is ϐixed. However, for such a construction we need the expressive power of
UCQs.
Intuitively, in order to lose the dependency on the set of transition rules of the NTA that we

encode, we replace each state (resp., alphabet symbol, string of states) by a chain of length at
most 𝑛 (resp., 𝑚, ℓ), where 𝑛 (resp., 𝑚, ℓ) is the number of states (resp., alphabet symbols,
strings of states that can be formed). Notice that such chains can easily be constructed via
two simple DIDs. Then, we can access a state, or an alphabet symbol, or a string of states, by
exploiting those chains, without explicitly encode them inside a predicate (as we did in the
proof of Theorem 4.17). After applying this trick, the set of DIDs no longer depends on the
NTA, and thus it is ϐixed as desired.
However, we need to guarantee that each chain encodes a valid state, or alphabet symbol,

or string of states, and also that our chain-like encoding is consistent with the transition rules
of the NTA. These properties can be checked via a UCQ. Let us now proceed with the formal
result:

67



Theorem4.17. UCQ-AēĘĜĊėĎēČ under ϔixed sets of DIDs is 2EĝĕTĎĒĊ-hard, even for predicates
of arity at most two.

Proof. Consider a CQ 𝑞 which falls in the fragment CQ(𝑐ℎ𝑖𝑙𝑑, 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑), and an NTA
𝐴 = (𝑆, Λ, 𝛿, 𝐹) over full binary trees. We are going to construct a database 𝐷, a set Σ of DIDs,
and a UCQ 𝑄 such that 𝐷 ∪ Σ ⊧ 𝑄 iff 𝑞 is valid w.r.t. 𝐴. Let us ϐirst give the schema of Σ.

The Schema of Σ. The schema 𝑠𝑐ℎ(Σ), apart from the binary predicates describing the tree
axis, namely 𝑐ℎ𝑖𝑙𝑑 and 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑, includes also the following predicates:

• 𝑐ℎ𝑎𝑖𝑛(⋅, ⋅); 𝑐ℎ𝑎𝑖𝑛(𝑣, 𝑢)means that 𝑢 is the successor of 𝑣 in a chain;

• 𝑛𝑒𝑥𝑡(⋅); 𝑛𝑒𝑥𝑡(𝑣) says that 𝑣, which is a part of a chain, has a successor;

• 𝑒𝑛𝑑(⋅); 𝑒𝑛𝑑(𝑣) states that 𝑣 is the last element of a chain;

• 𝑠𝑡𝑎𝑡𝑒(⋅, ⋅); 𝑠𝑡𝑎𝑡𝑒(𝑣, 𝑢) says that the chain encoding the state for 𝑣 starts at 𝑢;

• 𝑙𝑎𝑏𝑒𝑙(⋅, ⋅); 𝑙𝑎𝑏𝑒𝑙(𝑣, 𝑢)means that the chain encoding the label for 𝑣 starts at 𝑢;

• 𝑠𝑡𝑟𝑖𝑛𝑔(⋅, ⋅); 𝑠𝑡𝑟𝑖𝑛𝑔(𝑣, 𝑢) expresses that the chain encoding the string for 𝑣 starts at 𝑢;

• 𝑙𝑒𝑎𝑓(⋅); 𝑙𝑒𝑎𝑓(𝑣) says that 𝑣 is a leaf node;

• 𝑛𝑜𝑡𝐿𝑒𝑎𝑓(⋅); 𝑛𝑜𝑡𝐿𝑒𝑎𝑓(𝑣)means that 𝑣 is an internal node; and

• 𝑐ℎ𝑖𝑙𝑑௜(⋅, ⋅), where 𝑖 ∈ {1, 2}; 𝑐ℎ𝑖𝑙𝑑௜(𝑣, 𝑢) says that 𝑢 is the 𝑖-th child of 𝑣.

It is important to say that the above schema does not depend on 𝐴.

The Set Σ. We are now ready to deϐine the set Σ of DIDs.

• We generate chains of nodes by using the following DIDs:

𝑛𝑒𝑥𝑡(𝑋) → ∃𝑌 𝑐ℎ𝑎𝑖𝑛(𝑋, 𝑌)
𝑐ℎ𝑎𝑖𝑛(𝑋, 𝑌) → 𝑛𝑒𝑥𝑡(𝑌) ∨ 𝑒𝑛𝑑(𝑌).

• We say that the root is a node, and also that each node is a leaf or an internal node, by
employing the following DIDs:

𝑟𝑜𝑜𝑡(𝑋) → 𝑛𝑜𝑑𝑒(𝑋)
𝑛𝑜𝑑𝑒(𝑋) → 𝑙𝑒𝑎𝑓(𝑋) ∨ 𝑛𝑜𝑡𝐿𝑒𝑎𝑓(𝑋).
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• We point to the ϐirst element of a chain by employing the following DIDs:

𝑛𝑜𝑑𝑒(𝑋) → ∃𝑌 𝑠𝑡𝑎𝑡𝑒(𝑋, 𝑌)
𝑠𝑡𝑎𝑡𝑒(𝑋, 𝑌) → 𝑛𝑒𝑥𝑡(𝑌)
𝑛𝑜𝑑𝑒(𝑋) → ∃𝑌 𝑙𝑎𝑏𝑒𝑙(𝑋, 𝑌)

𝑙𝑎𝑏𝑒𝑙(𝑋, 𝑌) → 𝑛𝑒𝑥𝑡(𝑌)
𝑛𝑜𝑑𝑒(𝑋) → ∃𝑌 𝑠𝑡𝑟𝑖𝑛𝑔(𝑋, 𝑌)

𝑠𝑡𝑟𝑖𝑛𝑔(𝑋, 𝑌) → 𝑛𝑒𝑥𝑡(𝑌).

• For each 𝑖 ∈ {1, 2},

𝑛𝑜𝑡𝐿𝑒𝑎𝑓(𝑋) → ∃𝑌 𝑐ℎ𝑖𝑙𝑑௜(𝑋, 𝑌)
𝑐ℎ𝑖𝑙𝑑௜(𝑋, 𝑌) → 𝑛𝑜𝑑𝑒(𝑌)
𝑐ℎ𝑖𝑙𝑑௜(𝑋, 𝑌) → 𝑐ℎ𝑖𝑙𝑑(𝑋, 𝑌).

• Finally, we have the IDs

𝑐ℎ𝑖𝑙𝑑(𝑋, 𝑌) → 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑(𝑋, 𝑌)
𝑐ℎ𝑖𝑙𝑑(𝑋, 𝑌) → 𝑝𝑎𝑟𝑒𝑛𝑡𝑜𝑟𝑐ℎ𝑖𝑙𝑑(𝑌, 𝑋).

It is easy to verify that the above set of DIDs does not depend on 𝐴.

The UCQ 𝑄. It remains to construct the UCQ 𝑄. In what follows, we assume a ϐixed order on
the states of 𝑆, on the symbols of Λ, and the set of strings 𝑆ଶ∪{𝜖}. Given a state 𝑠 ∈ 𝑆, let #௦ be
its position in the above order. The length of the chain which encodes 𝑠 is #௦; analogously for
the symbols of Λ and the strings of 𝑆ଶ ∪ {𝜖}. Intuitively, 𝑄 consists of the following disjuncts:

1. an adaptation of the CQ 𝑞, denoted 𝑞௔ௗ௔௣௧ , obtained by replacing any occurrence of an
𝑎-predicate, where 𝑎 ∈ Λ, with a chain of length #௔;

2. 𝑄௥௢௢௧ for checking that the root is in an accepting state;

3. 𝑄௟௘௡௚௧௛ for checking that any chain following a state (resp., an alphabet symbol, a string
of 𝑆ଶ ∪ {𝜖}) has length at most |𝑆| (resp., |Λ|, |𝑆ଶ| + 1); and

4. 𝑄௧௥௔௡௦ for checking the consistency w.r.t. the transition rules of 𝐴.

Let us now formalize the above four components of 𝑄. Two useful queries that we are going
to use are the following:

𝑙𝑒𝑛𝑔𝑡ℎ௡(𝑋)

≡ ∃𝑋ଵ…∃𝑋௡ିଵ ቌ𝑛𝑒𝑥𝑡(𝑋) ∧ 𝑐ℎ𝑎𝑖𝑛(𝑋, 𝑋ଵ) ∧ ሥ
ଵ⩽௜ழ௡ିଵ

𝑐ℎ𝑎𝑖𝑛(𝑋௜ , 𝑋௜ାଵ) ∧ 𝑒𝑛𝑑(𝑋௡ିଵ)ቍ ,
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stating that there exists a chain starting at 𝑋 which has a chain of length 𝑛, and

𝑙𝑜𝑛𝑔𝑒𝑟𝑇ℎ𝑎𝑛௡(𝑋)

≡ ∃𝑋ଵ…∃𝑋௡ ቌ𝑛𝑒𝑥𝑡(𝑋) ∧ 𝑐ℎ𝑎𝑖𝑛(𝑋, 𝑋ଵ) ∧ ሥ
ଵ⩽௜ழ௡ିଵ

𝑐ℎ𝑎𝑖𝑛(𝑋௜ , 𝑋௜ାଵ) ∧ 𝑐ℎ𝑎𝑖𝑛(𝑋௡ିଵ, 𝑋௡)ቍ ,

asserting that there exists a chain starting at 𝑋 which is longer than 𝑛. The disjuncts of 𝑄
follow:

1. 𝑞௔ௗ௔௣௧ is obtained from 𝑞 by replacing each atom 𝑎(𝑋), where 𝑎 ∈ Λ, with the conjunc-
tion of atoms 𝑙𝑒𝑛𝑔𝑡ℎ#ೌ(𝑋);

2. 𝑄௥௢௢௧ is deϐined as

ሧ
௦∉ி

∃𝑋∃𝑌 ቀ𝑟𝑜𝑜𝑡(𝑋) ∧ 𝑠𝑡𝑎𝑡𝑒(𝑋, 𝑌) ∧ 𝑙𝑒𝑛𝑔𝑡ℎ#ೞ(𝑌)ቁ ;

3. 𝑄௟௘௡௚௧௛ is deϐined as

∃𝑋∃𝑌 ቀ𝑠𝑡𝑎𝑡𝑒(𝑋, 𝑌) ∧ 𝑙𝑜𝑛𝑔𝑒𝑟𝑇ℎ𝑎𝑛|ௌ|(𝑌)ቁ ∨

∃𝑋∃𝑌 ቀ𝑙𝑎𝑏𝑒𝑙(𝑋, 𝑌) ∧ 𝑙𝑜𝑛𝑔𝑒𝑟𝑇ℎ𝑎𝑛|ஃ|(𝑌)ቁ ∨

∃𝑋∃𝑌 ቀ𝑠𝑡𝑟𝑖𝑛𝑔(𝑋, 𝑌) ∧ 𝑙𝑜𝑛𝑔𝑒𝑟𝑇ℎ𝑎𝑛(|ௌమ|ାଵ)(𝑌)ቁ ;

4. Finally, 𝑄௧௥௔௡௦ is deϐined as

∃𝑋∃𝑌 ቀ𝑠𝑡𝑟𝑖𝑛𝑔(𝑋, 𝑌) ∧ 𝑙𝑒𝑛𝑔𝑡ℎ#ച(𝑌) ∧ 𝑛𝑜𝑡𝐿𝑒𝑎𝑓(𝑌)ቁ ∨

ሧ
(௦,௔)→௅,∉ఋ,௅ஷఢ

∃𝑋ଵ∃𝑌ଵ∃𝑋ଶ∃𝑌ଶ∃𝑋ଷ∃𝑌ଷ ቀ𝑠𝑡𝑎𝑡𝑒(𝑋ଵ, 𝑌ଵ) ∧ 𝑙𝑒𝑛𝑔𝑡ℎ#ೞ(𝑌ଵ)∧

𝑙𝑎𝑏𝑒𝑙(𝑋ଶ, 𝑌ଶ) ∧ 𝑙𝑒𝑛𝑔𝑡ℎ#ೌ(𝑌ଶ)∧
𝑠𝑡𝑟𝑖𝑛𝑔(𝑋ଷ, 𝑌ଷ) ∧ 𝑙𝑒𝑛𝑔𝑡ℎ#ಽ(𝑌ଷ)ቁ .

Correctness. The database 𝐷 consists of the atom 𝑟𝑜𝑜𝑡(𝑐), where 𝑐 ∈ 𝐂 is a constant which
represents the root of the tree. Clearly, the set of instances

𝐼௩௔௟௜ௗ = {𝐼 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) ∣ 𝐼 ⊭ (𝑄௥௢௢௧ ∨ 𝑄௟௘௡௚௧௛ ∨ 𝑄௧௥௔௡௦)}

are exactly the instances of 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) which encode a valid binary tree accepted by 𝐴. If
𝐷 ∪ Σ ⊧ 𝑄, then each 𝐼 ∈ 𝐼௩௔௟௜ௗ entails 𝑞௔ௗ௔௣௧ , and thus 𝐿(𝐴) ⊆ 𝐿(𝑞), which means that 𝑞
is valid w.r.t. 𝐴. Conversely, if 𝐿(𝐴) ⊆ 𝐿(𝑞), then, for each 𝐼 ∈ 𝐼௩௔௟௜ௗ , 𝐼 ⊧ 𝑞௔ௗ௔௣௧ . Clearly,
each instance 𝐼 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) ⧵ 𝐼௩௔௟௜ௗ entails (𝑄௥௢௢௧ ∨ 𝑄௟௘௡௚௧௛ ∨ 𝑄௧௥௔௡௦). Therefore, for each
𝐼 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ), 𝐼 ⊧ 𝑄, which implies that 𝐷 ∪ Σ ⊧ 𝑄, as needed.
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The question that comes up is whether the above result can be extended to CQs. Interest-
ingly, this question is answered positively, as is shown by Lemma 4.6. Since the modiϐied Σᇱ in
the proof construction of the above lemma does not depend on the database or the query, but
only on the original set Σ of DTGDs, and the arity is only increased by one, Theorem 4.17 and
Lemma 4.6 together immediately imply the desired result:

Theorem 4.18. CQ-AēĘĜĊėĎēČ under ϔixed sets of DIDs is 2EĝĕTĎĒĊ-hard, even for predicates
of arity at most three.

Recall that answering UCQs under weakly-frontier-guarded DTGDs is in 2EĝĕTĎĒĊ in the
combined complexity (Theorem 4.10). Hence, the picture of the computational complexity of
query answering under our guarded-based classes of DTGDs is now complete.
Interestingly, Theorem 4.18 also closes an open question stated in the conference version

of the paper [Bárány et al., 2014], originally published at LICS 2010, regarding the complexity
of query answering under ϐixed GFO sentences. It was shown that the problem in question
is PSĕĆĈĊ-hard even for CQs, and in EĝĕTĎĒĊ in case of a restricted class of CQs. However,
the exact complexity was left as an open problem. Clearly, the above result gives a 2EĝĕTĎĒĊ-
completeness result since query answering under GFO is in 2EĝĕTĎĒĊ in general.

Corollary 4.19. (U)CQ-AēĘĜĊėĎēČ under ϔixed GFO sentences is 2EĝĕTĎĒĊ-complete.

4.6 Answering Bounded (Hyper-)Treewidth Queries

Several subclasses of CQs have been considered in the literature with the aim of reducing the
complexity of classical database problems such as query evaluation and query containment.
Such a well-known fragment is the class of CQs of bounded treewidth (BTWCQs), that is, the
treewidth of their hypergraph is bounded by an integer constant; see, e.g. Chekuri and Rajara-
man [2000]. Let us recall that the hypergraphℋ(𝑞) of a query 𝑞 is deϐined in the same way
as the hypergraph ℋ(𝐼) of an instance 𝐼 (see Section 2)—the relations of the atoms repre-
sent hyperedges, and terms inside the atoms represent the vertices. Our goal in this section
is to understand how the complexity of answering (U)CQ under our guarded-based classes of
DTGDs is affected if we focus on queries of bounded treewidth.
Interestingly, queries of bounded treewidth do not alter the complexity of our problem. Ta-

ble 4.1, which summarizes the complexity for answering (U)CQs, holds even if we consider
(U)BTWCQs. As you can observe, the data complexity for all the classes of DTGDs under con-
sideration is obtained from existing results. More precisely, the ĈĔ-NP-hardness for DIDs is
obtained from [Calvanese et al., 2013, Theorem 4.5], where it is shown that CQ answering un-
der a single DID of the form 𝑝ଵ(𝑋) → 𝑝ଶ(𝑋) ∨ 𝑝ଷ(𝑋), is already ĈĔ-NP-hard, even if the input
query is ϐixed (and thus of bounded treewidth). The ĈĔ-NP upper bound for frontier-guarded
DTGDs follows from Theorem 4.12. The EĝĕTĎĒĊ-hardness for weakly-guarded DTGDs is in-
herited from [Calı̀ et al., 2013, Theorem 4.1], where it is shown that CQ answering under a
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ϐixed set of weakly-guarded TGDs is EĝĕTĎĒĊ-hard, even if the input query is a single atom.
The EĝĕTĎĒĊ upper bound for weakly-frontier-guarded DTGDs follows from Theorem 4.13.
Although the data complexity of our problem can be settled by exploiting known results,

this is not true for the other settings of the problem. The best known upper bound is the
2EĝĕTĎĒĊ upper bound for answering arbitrary UCQs under weakly-frontier-guarded DTGDs
(Theorem 4.10). This result, combined with the fact that CQ answering under guarded TGDs
is 2EĝĕTĎĒĊ-hard in the combined complexity [Calı̀ et al., 2013, Theorem 6.1], even for atomic
queries of the form ∃𝑋𝑝(𝑋) (and thus of bounded treewidth), closes the combined complexity
for (weakly-)(frontier-)guarded DTGDs. However, the above lower bound for guarded DTGDs
is not strong enough to complete the complexity pictureof ourproblem. The rest of this section
is devoted to establish a strong lower bound which, together with the above 2EĝĕTĎĒĊ upper
bound, gives us the complete picture of the complexity of the problem studied in this section.
In particular, we show that:

Theorem 4.20. B(H)TWQ-AēĘĜĊėĎēČ under ϔixed sets of DIDs is 2EĝĕTĎĒĊ-hard.

Proof. The proof is by a reduction from the non-acceptance problem of an alternating ex-
ponential space Turing machine 𝑀 on the empty input. Let 𝑀 = (𝑆, Λ, 𝛿, 𝑠଴), where 𝑆 =
𝑆∀⊎𝑆∃⊎{𝑠௔}⊎{𝑠௥} is a ϐinite set of states partitioned into universal states, existential states, an
accepting state and a rejecting state, Λ = {0, 1, ⊔} is the tape alphabet with ⊔ being the blank
symbol, 𝛿 ∶ 𝑆×Λ → (𝑆×Λ×{−1,+1})ଶ is the transition function, and 𝑠଴ ∈ 𝑆 is the initial state.
We assume that𝑀 is well-behaved and never tries to read beyond its tape boundaries, always
halts, and uses exactly 2௡ tape cells. Furthermore, we assume that a rejecting conϐiguration
does not have a subsequent conϐiguration, while an accepting conϐiguration has only itself as
a subsequent conϐiguration. We also assume that 𝑠଴ ∈ 𝑆∃, and also that every universal con-
ϐiguration is followed by two existential conϐigurations and vice versa. Finally, for technical
reasons which will be clariϐied later, we assume that 𝑀 never touches the ϐirst and the last
cells of the tape, and also starts with its head at the second cell.
The above assumptions can be made, without sacriϐicing the generality of our proof, since

the non-acceptance problem of𝑀 remains 2EĝĕTĎĒĊ-hard. Our goal is to construct a database
𝐷, a set Σ of DTGDs, and a (U)BTWCQ 𝑄 such that 𝐷 ∪ Σ ⊧ 𝑄 iff𝑀 rejects, and 𝖭(Σ) is a ϐixed
set of DIDs. By Lemma 4.6, the obtained lower bound holds even if we focus on BTWCQs.
We follow the same approach as before, that is, to construct trees, which encode possible

computation trees of 𝑀, by chasing 𝐷 and Σ, and then check their consistency via the query
𝑄. On each conϐiguration node 𝑣, which represents the conϐiguration 𝐶௩ of 𝑀, we attach a
conϐiguration tree, that is, a full binary tree of depth 𝑛, and thus at its 𝑛-th level there are
exactly 2௡ nodes which represent the cells of the tape of𝑀 in 𝐶௩ . Furthermore, for each cell
we guess whether the cursor of𝑀 is at this cell, and if so, we attach a chain of length at most
|𝑆|, which encodes the state of 𝐶௩ . The above informal description is illustrated in Figure 4.5.
We now proceed with the formal construction of 𝐷, Σ and 𝑄.
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conf∃(0,1,c,c1,c2)

conf∀(0,1,c1,z1,z2)

conf∃(0,1,z1,z3,z4) conf∃(0,1,z2,z5,z6)

…
 

…
 

1 ⊔ ⊔ 0 0 ⊔… 

n

� |S|

Figure 4.5: Representation of the computation tree in the proof of Theorem 4.20.

The Database 𝐷. Let 𝐷 = {𝑐𝑜𝑛𝑓∃(0, 1, 𝑐, 𝑐ଵ, 𝑐ଶ)}, where {𝑐, 𝑐ଵ, 𝑐ଶ} ⊂ 𝐂 are special constants
which represent the initial conϐiguration (𝑐), and its two subsequent conϐigurations (𝑐ଵ and
𝑐ଶ). Notice that, by assumption, the initial conϐiguration is existential. Let us say that the two
constants0 and1 are auxiliary constantswhichwill allows us to have access to 0 and1without
explicitly mention them in Σ; recall that DIDs are constant-free.

The Set Σ. The predicates that we are going to use are self-explanatory, and thus we proceed
with the construction of Σwithout describing the predicates of 𝑠𝑐ℎ(Σ).

• Each existential (resp. universal) conϐiguration has one (resp. two) successor conϐigura-
tion(s) which is/are universal (resp. existential):

𝑐𝑜𝑛𝑓∃(𝑍, 𝑂, 𝑇, 𝑁ଵ, 𝑁ଶ) → ሧ
௜∈{ଵ,ଶ}

∃𝑁ଷ∃𝑁ସ 𝑐𝑜𝑛𝑓∀(𝑍, 𝑂, 𝑁௜ , 𝑁ଷ, 𝑁ସ),

𝑐𝑜𝑛𝑓∀(𝑍, 𝑂, 𝑇, 𝑁ଵ, 𝑁ଶ) → ∃𝑁ଷ∃𝑁ସ∃𝑁ହ∃𝑁଺ 𝑐𝑜𝑛𝑓∃(𝑍, 𝑂, 𝑁ଵ, 𝑁ଷ, 𝑁ସ),
𝑐𝑜𝑛𝑓∃(𝑍, 𝑂, 𝑁ଶ, 𝑁ହ, 𝑁଺).

Roughly speaking, the atom 𝑐𝑜𝑛𝑓௫(1, 0, 𝑧ଵ, 𝑧ଶ, 𝑧ଷ), where 𝑥 ∈ {∃, ∀}, says that 𝑧ଵ is an
𝑥-conϐiguration with 𝑧ଶ and 𝑧ଷ its subsequent conϐigurations.

• Each conϐiguration has a conϐiguration tree (ct), that is, a full binary tree, which simu-
lates its tape and encodes its state:

𝑐𝑜𝑛𝑓௫(𝑍, 𝑂, 𝑇, 𝑁ଵ, 𝑁ଶ) → 𝑐𝑡𝑛𝑜𝑑𝑒(𝑍, 𝑂, 𝑇), for each 𝑥 ∈ {∃, ∀},
𝑐𝑡𝑛𝑜𝑑𝑒(𝑍, 𝑂, 𝑁) → ∃𝑁ଵ∃𝑁ଶ 𝑐ℎ𝑖𝑙𝑑(𝑁,𝑁ଵ), 𝑐ℎ𝑖𝑙𝑑(𝑁,𝑁ଶ),

𝑐𝑡𝑛𝑜𝑑𝑒(𝑍, 𝑂, 𝑁ଵ), 𝑐𝑡𝑛𝑜𝑑𝑒(𝑍, 𝑂, 𝑁ଶ),
𝑙𝑎𝑏𝑒𝑙(𝑁ଵ, 𝑍), 𝑙𝑎𝑏𝑒𝑙(𝑁ଶ, 𝑂),
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𝑐𝑡𝑛𝑜𝑑𝑒(𝑍, 𝑂, 𝑁) → 0(𝑁) ∨ 1(𝑁) ∨ ⊔(𝑁),
𝑐𝑡𝑛𝑜𝑑𝑒(𝑍, 𝑂, 𝑁) → 𝑐𝑢𝑟𝑠𝑜𝑟(𝑁) ∨ 𝑛𝑜𝑡𝐶𝑢𝑟𝑠𝑜𝑟(𝑁),

𝑐𝑢𝑟𝑠𝑜𝑟(𝑁) → ∃𝑆 𝑠𝑡𝑎𝑡𝑒(𝑁, 𝑆),
𝑠𝑡𝑎𝑡𝑒(𝑆ଵ, 𝑆ଶ) → ∃𝑆ଷ 𝑠𝑡𝑎𝑡𝑒(𝑆ଶ, 𝑆ଷ) ∨ 𝑒𝑛𝑑(𝑆ଶ).

The construction of Σ is now complete. It is easy to verify that Σ does not depend on 𝑀, and
also that 𝖭(Σ) is a set of DIDs.

The (U)BTWCQ𝑄. Wenowproceedwith the construction of𝑄which ensures that eachmodel
of 𝐷 ∪ Σ encodes a valid computation tree. 𝑄 consists of the following disjuncts:

1. 𝑄௜௡௜௧௜௔௟ for checking that in the initial conϐiguration the cursor is at the second cell, the
tape is empty, and the state is 𝑠଴;

2. 𝑄௟௘௡௚௧௛ for checking that state-chains are of length at most |𝑆|;

3. 𝑄௖௨௥௦௢௥ for checking that exactly one cell is pointed by the cursor;

4. 𝑄௧௥௔௡௦ for checking the consistency w.r.t. the transition function of𝑀; and

5. 𝑄௜௡௘௥௧௜௔ for checking that the cells not under the cursor keep their old value during a
transition.

In the sequel, we assume a ϐixed order on 𝑆. Given a state 𝑠 ∈ 𝑆, let #௦ be its position in this
order. The length of the state-chain which encodes 𝑠 is #௦. We use 𝑠𝑡𝑎𝑡𝑒௜(𝑋, 𝑌) as a shorthand
for ∃𝑍ଵ…∃𝑍௜ିଵ (𝑠𝑡𝑎𝑡𝑒(𝑋, 𝑍ଵ) ∧ … ∧ 𝑠𝑡𝑎𝑡𝑒(𝑍௜ିଵ, 𝑌)). A useful subquery that we are going to
use is

𝑠𝑡𝑎𝑡𝑒[𝑘](𝑋) ≡ ∃𝑌 ൫𝑠𝑡𝑎𝑡𝑒௞(𝑋, 𝑌) ∧ 𝑒𝑛𝑑(𝑌)൯ ,

stating that there exists a state-chain of length 𝑘. Let us now formalize 𝑄.

1. 𝑄௜௡௜௧௜௔௟ is deϐined as

∃𝑋ଵ…∃𝑋௡ ቌ𝑐𝑜𝑛𝑓∃(0, 1, 𝑐, 𝑐ଵ, 𝑐ଶ) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑐, 𝑋ଵ) ∧ ሥ
ଵ⩽௜⩽௡

𝑐ℎ𝑖𝑙𝑑(𝑋௜ , 𝑋௜ାଵ)∧

ሥ
ଵ⩽௜ழ௡

𝑙𝑎𝑏𝑒𝑙(𝑋௜ , 0) ∧ 𝑙𝑎𝑏𝑒𝑙(𝑋௡, 1) ∧ 𝑛𝑜𝑡𝐶𝑢𝑟𝑠𝑜𝑟(𝑋௡)ቍ ∨

ሧ
ఈ∈ஃ⧵{⊔}

∃𝑋 ൫𝑐𝑜𝑛𝑓∃(0, 1, 𝑐, 𝑐ଵ, 𝑐ଶ) ∧ 𝑐ℎ𝑖𝑙𝑑
௡(𝑐, 𝑋) ∧ 𝛼(𝑋)൯ ∨

ሧ
௦∈ௌ⧵{௦బ}

∃𝑋 ൫𝑐𝑜𝑛𝑓∃(0, 1, 𝑐, 𝑐ଵ, 𝑐ଶ) ∧ 𝑐ℎ𝑖𝑙𝑑
௡(𝑐, 𝑋) ∧ 𝑐𝑢𝑟𝑠𝑜𝑟(𝑋) ∧ 𝑠𝑡𝑎𝑡𝑒[#௦](𝑋)൯ .
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Recall that in the ϐirst two positions of 𝑐𝑜𝑛𝑓௫ , where 𝑥 ∈ {∃, ∀}, only the constants 0, 1
can appear. Also, recall that 𝑐 ∈ 𝐂 represents the initial conϐiguration of𝑀, with 𝑐ଵ, 𝑐ଶ ∈
𝐂 be its two subsequent conϐigurations.

2. 𝑄௟௘௡௚௧௛ is deϐined as

ሧ
௫∈{∃,∀}

∃𝑋∃𝑌∃𝑍∃𝑊 ൫𝑐𝑜𝑛𝑓௫(0, 1, 𝑋, 𝑌, 𝑍) ∧ 𝑐ℎ𝑖𝑙𝑑
௡(𝑋,𝑊)∧

𝑐𝑢𝑟𝑠𝑜𝑟(𝑊) ∧ 𝑠𝑡𝑎𝑡𝑒[|𝑆| + 1](𝑊)) .

3. 𝑄௖௨௥௦௢௥ is deϐined as

ሧ
௫∈{∃,∀}

ሧ
ଵழ௜ழ௡

∃𝑋∃𝑋ᇱ∃𝑋ᇳ∃𝑋௜ିଵ∃𝑋௜∃𝑋௡∃𝑌௜ିଵ∃𝑌௜∃𝑌௡

ቀ𝑐𝑜𝑛𝑓௫(0, 1, 𝑋, 𝑋ᇱ, 𝑋ᇳ) ∧ 𝑐ℎ𝑖𝑙𝑑
௜ିଵ(𝑋, 𝑋௜ିଵ) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑋௜ିଵ, 𝑋௜) ∧ 𝑙𝑎𝑏𝑒𝑙(𝑋௜ , 0)∧

𝑐ℎ𝑖𝑙𝑑(𝑋௜ିଵ, 𝑌௜) ∧ 𝑙𝑎𝑏𝑒𝑙(𝑌௜ , 1) ∧ 𝑐ℎ𝑖𝑙𝑑௡ି௜(𝑋௜ , 𝑋௡) ∧ 𝑐𝑢𝑟𝑠𝑜𝑟(𝑋௡)∧
𝑐ℎ𝑖𝑙𝑑௡ି௜(𝑌௜ , 𝑌௡) ∧ 𝑐𝑢𝑟𝑠𝑜𝑟(𝑌௡)ቁ .

Before giving the deϐinition of 𝑄௧௥௔௡௦ and 𝑄௜௡௘௥௧௜௔ , we ϐirst need to deϐine the auxiliary sub-
query Φ(𝑁ଵ, 𝑁ଶ, 𝐿ଵ, 𝑀ଵ, 𝑅ଵ, 𝐿ଶ, 𝑀ଶ, 𝑅ଶ) which intuitively says that, for the conϐigurations 𝑁ଵ

and 𝑁ଶ, the triples (𝐿ଵ, 𝑀ଵ, 𝑅ଵ) and (𝐿ଶ, 𝑀ଶ, 𝑅ଶ) represent the same three consecutive tape
cells in𝑁ଵ and𝑁ଶ, respectively. In the deϐinition ofΦ, we will exploit the following crucial fact
(which can be easily veriϐied): every two consecutive tape cells 𝑣௡ and 𝑢௡, where 𝑣௡ comes be-
fore 𝑢௡, share a common ancestor 𝑣௜ at level 𝑖 in their conϐiguration tree such that, 𝑣௜ାଵ (resp.,
𝑢௜ାଵ) is labeled by 0 (resp., 1), and each of the nodes 𝑣௜ାଶ, … , 𝑣௡ିଵ (resp., 𝑢௜ାଶ, … , 𝑢௡ିଵ) is la-
beled by 1 (resp., 0). We proceed by considering the two cases where the three consecutive
nodes at level 𝑛 in the conϐiguration tree, which represent the three consecutive cells, are la-
beled by 010 or 101 (notice that, by construction, all the other cases are not applicable). We
ϐirst focus on the ϐirst case, and we deϐine the subqueryΦ଴ଵ଴ as follows:

Φ଴ଵ଴(𝑁ଵ
ଵ , 𝑁ଶ

ଵ , 𝐿ଵ௡, 𝑁ଵ
௡, 𝑅ଵ௡, 𝐿ଶ௡, 𝑁ଶ

௡, 𝑅ଶ௡)
≡ ሧ

ଵ⩽௜⩽௡ିଵ
ሥ

௝∈{ଵ,ଶ}
∃𝑁௝

ଶ…∃𝑁௝
௡∃𝐵ଶ…∃𝐵௡∃𝑅௝௜ାଵ…∃𝑅

௝
௡

ቌ ሥ
ଵ⩽௞ழ௜

𝑐ℎ𝑖𝑙𝑑(𝑁௝
௞ , 𝑁௝

௞ାଵ) ∧ ሥ
ଵழ௞⩽௜

𝑙𝑎𝑏𝑒𝑙(𝑁௝
௞ , 𝐵௞) ∧ ሥ

ଵ⩽௞⩽௡ି௜
𝑐ℎ𝑖𝑙𝑑(𝑁௝

௜ା௞ିଵ, 𝑁
௝
௜ା௞)∧

𝑐ℎ𝑖𝑙𝑑(𝑁௝
௜ , 𝑅

௝
௜ାଵ) ∧ ሥ

ଵழ௞⩽௡ି௜
𝑐ℎ𝑖𝑙𝑑(𝑅௝௜ା௞ିଵ, 𝑅

௝
௜ା௞) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑁

௝
௡ିଵ, 𝐿௝௡)∧

𝑙𝑎𝑏𝑒𝑙(𝑁௝
௜ାଵ, 0) ∧ ሥ

௜ାଶ⩽௞⩽௡ିଵ
𝑙𝑎𝑏𝑒𝑙(𝑁௝

௞ , 1) ∧ 𝑙𝑎𝑏𝑒𝑙(𝑅௝௜ାଵ, 1)∧

ሥ
௜ାଶ⩽௞⩽௡ିଵ

𝑙𝑎𝑏𝑒𝑙(𝑅௝௞ , 0) ∧ 𝑙𝑎𝑏𝑒𝑙(𝐿௝௡, 0) ∧ 𝑙𝑎𝑏𝑒𝑙(𝑁௝
௡, 1) ∧ 𝑙𝑎𝑏𝑒𝑙(𝑅௝௡, 0)ቍ .
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Analogously, the subqueryΦଵ଴ଵ can be deϐined as follows:

Φଵ଴ଵ(𝑁ଵ
ଵ , 𝑁ଶ

ଵ , 𝐿ଵ௡, 𝑁ଵ
௡, 𝑅ଵ௡, 𝐿ଶ௡, 𝑁ଶ

௡, 𝑅ଶ௡)
≡ ሧ

ଵ⩽௜⩽௡ିଵ
ሥ

௝∈{ଵ,ଶ}
∃𝑁௝

ଶ…∃𝑁௝
௡∃𝐵ଶ…∃𝐵௡∃𝐿௝௜ାଵ…∃𝐿

௝
௡

ቌ ሥ
ଵ⩽௞ழ௜

𝑐ℎ𝑖𝑙𝑑(𝑁௝
௞ , 𝑁௝

௞ାଵ) ∧ ሥ
ଵழ௞⩽௜

𝑙𝑎𝑏𝑒𝑙(𝑁௝
௞ , 𝐵௞) ∧ ሥ

ଵ⩽௞⩽௡ି௜
𝑐ℎ𝑖𝑙𝑑(𝑁௝

௜ା௞ିଵ, 𝑁
௝
௜ା௞)∧

𝑐ℎ𝑖𝑙𝑑(𝑁௝
௜ , 𝐿

௝
௜ାଵ) ∧ ሥ

ଵழ௞⩽௡ି௜
𝑐ℎ𝑖𝑙𝑑(𝐿௝௜ା௞ିଵ, 𝐿

௝
௜ା௞) ∧ 𝑐ℎ𝑖𝑙𝑑(𝑁

௝
௡ିଵ, 𝑅௝௡)∧

𝑙𝑎𝑏𝑒𝑙(𝑁௝
௜ାଵ, 0) ∧ ሥ

௜ାଶ⩽௞⩽௡ିଵ
𝑙𝑎𝑏𝑒𝑙(𝑁௝

௞ , 1) ∧ 𝑙𝑎𝑏𝑒𝑙(𝐿௝௜ାଵ, 0)∧

ሥ
௜ାଶ⩽௞⩽௡ିଵ

𝑙𝑎𝑏𝑒𝑙(𝐿௝௞ , 1) ∧ 𝑙𝑎𝑏𝑒𝑙(𝐿௝௡, 1) ∧ 𝑙𝑎𝑏𝑒𝑙(𝑁௝
௡, 0) ∧ 𝑙𝑎𝑏𝑒𝑙(𝑅௝௡, 1)ቍ .

Finally, the subqueryΦ is deϐined as follows:

Φ(𝑁ଵ
ଵ , 𝑁ଶ

ଵ , 𝐿ଵ௡, 𝑁ଵ
௡, 𝑅ଵ௡, 𝐿ଶ௡, 𝑁ଶ

௡, 𝑅ଶ௡) ≡ ሧ
௫∈{଴ଵ଴,ଵ଴ଵ}

Φ௫(𝑁ଵ
ଵ , 𝑁ଶ

ଵ , 𝐿ଵ௡, 𝑁ଵ
௡, 𝑅ଵ௡, 𝐿ଶ௡, 𝑁ଶ

௡, 𝑅ଶ௡).

We are now ready to give the deϐinition of 𝑄௧௥௔௡௦ and 𝑄௜௡௘௥௧௜௔ .

4. For the deϐinition of 𝑄௧௥௔௡௦ , it is more convenient to consider the transitions of 𝛿 as
rewriting assertions of the form

(𝑥, 𝑦, 𝑧) → ((𝑥ଵ, 𝑦ଵ, 𝑧ଵ), (𝑥ଶ, 𝑦ଶ, 𝑧ଶ)),

where 𝑥, 𝑧 ∈ Λ, 𝑦 ∈ (𝑆 × Λ), 𝑥௜ , 𝑦௜ ∈ (Λ ∪ (𝑆 × Λ)) and 𝑦௜ ∈ Λ, for each 𝑖 ∈ [2]. Moreover,
for each 𝑖 ∈ [2], 𝑥௜ ∈ Λ implies 𝑧௜ ∈ (𝑆 × Λ), and 𝑥௜ ∈ (𝑆 × Λ) implies 𝑧௜ ∈ Λ. Intuitively,
𝑦 represents the state of the machine and the symbol read by the cursor, while 𝑥 and 𝑧
are the symbols to the left and right of the cursor position. Such a partial conϐiguration
(𝑧𝑦𝑧) then transforms into (𝑥ଵ𝑦ଵ𝑧ଵ) and (𝑥ଶ𝑦ଶ𝑧ଶ), according to the transition relation 𝛿.
Before deϐining𝑄௧௥௔௡௦, we need to introduce some auxiliary notions. First, we deϐine the
complement of 𝛿 relative to universal and existential states, denoted ̄𝛿∀ and ̄𝛿∃, respec-
tively. Formally, ̄𝛿∀ ∶ 𝑆×Λ → (𝑆×Λ×{−1,+1})ଶ consists of all the transition rules of the
form (𝑠, 𝑎) → ((𝑠ଵ, 𝑎ଵ, 𝑑ଵ), (𝑠ଶ, 𝑎ଶ, 𝑑ଶ)), where 𝑠 ∈ 𝑆∀, not occurring in 𝛿. Analogously,
̄𝛿∃ ∶ 𝑆 × Λ → (𝑆 × Λ × {−1,+1})ଶ consists of all the transition rules of the form (𝑠, 𝑎) →

((𝑠ଵ, 𝑎ଵ, 𝑑ଵ), (𝑠ଶ, 𝑎ଶ, 𝑑ଶ)), where 𝑠 ∈ 𝑆∃, for which there is no transition rule of the form
(𝑠, 𝑎) → ((𝑠ଵ, 𝑎ଵ, 𝑑ଵ), ⋅) or (𝑠, 𝑎) → (⋅, (𝑠ଶ, 𝑎ଶ, 𝑑ଶ)) occurring in 𝛿. Let 𝑇∀ = ⋃ఛ∈ ̄ఋ∀ 𝑓(𝜏)
and 𝑇∃ = ⋃ఛ∈ ̄ఋ∃ 𝑓(𝜏), where, assuming that 𝜏 = (𝑠, 𝑎) → ((𝑠ଵ, 𝑎ଵ, 𝑑ଵ), (𝑠ଶ, 𝑎ଶ, 𝑑ଶ)),

𝑓(𝜏)

=
⎧⎪
⎨⎪⎩

⋃௫,௬∈ஃ{(𝑥, (𝑠, 𝑎), 𝑦) → ((𝑥, 𝑎ଵ, (𝑠ଵ, 𝑦)), (𝑥, 𝑎ଶ, (𝑠ଶ, 𝑦)))}, if 𝑑ଵ = +1, 𝑑ଶ = +1
⋃௫,௬∈ஃ{(𝑥, (𝑠, 𝑎), 𝑦) → ((𝑥, 𝑎ଵ, (𝑠ଵ, 𝑦)), ((𝑠ଶ, 𝑥), 𝑎ଶ, 𝑦))}, if 𝑑ଵ = +1, 𝑑ଶ = −1,
⋃௫,௬∈ஃ{(𝑥, (𝑠, 𝑎), 𝑦) → (((𝑠ଵ, 𝑥), 𝑎ଵ, 𝑦), (𝑥, 𝑎ଶ, (𝑠ଶ, 𝑦)))}, if 𝑑ଵ = −1, 𝑑ଶ = +1,
⋃௫,௬∈ஃ{(𝑥, (𝑠, 𝑎), 𝑦) → (((𝑠ଵ, 𝑥), 𝑎ଵ, 𝑦), ((𝑠ଶ, 𝑥), 𝑎ଶ, 𝑦))}, if 𝑑ଵ = −1, 𝑑ଶ = −1.
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Moreover, in the deϐinition of 𝑄௧௥௔௡௦ we make use of the function 𝑔 ∶ 𝑆 → {∃, ∀}, where
𝑔(𝑠) = ∃ if 𝑠 ∈ 𝑆∃; otherwise, 𝑔(𝑠) = ∀. We use the binary operator⊙௦, where 𝑠 ∈ 𝑆,
which is deϐined as ∨, if 𝑠 ∈ 𝑆∃, and as ∧, if 𝑠 ∈ 𝑆∀. We also make use of the shorthand
𝑖𝑠௫(𝑋) ≡ 𝑎(𝑋) in case that 𝑥 = 𝑎 ∈ Λ, and 𝑖𝑠௫(𝑋) ≡ 𝑎(𝑋) ∧ 𝑠𝑡𝑎𝑡𝑒[#௦](𝑋) in case that
𝑥 = (𝑠, 𝑎) ∈ (𝑆 × Λ). 𝑄௧௥௔௡௦ is deϐined as follows:

ሧ
(௫,௬,௭)→((௫భ ,௬భ ,௭భ),(௫మ ,௬మ ,௭మ))∈(்∀∪்∃)

௦

ໂ
௜∈{ଵ,ଶ}

∃𝑇∃𝑁ଵ∃𝑁ଶ∃𝐿்∃𝑀்∃𝑅்∃𝐿ே೔∃𝑀ே೔∃𝑅ே೔

ቀ𝑐𝑜𝑛𝑓௚(௦)(0, 1, 𝑇, 𝑁ଵ, 𝑁ଶ) ∧ Φ(𝑇,𝑁௜ , 𝐿் , 𝑀் , 𝑅் , 𝐿ே೔ , 𝑀ே೔ , 𝑅ே೔)∧
𝑖𝑠௫(𝐿்) ∧ 𝑖𝑠௬(𝑀்) ∧ 𝑖𝑠௭(𝑅்)∧

𝑖𝑠௫೔(𝐿ே೔) ∧ 𝑖𝑠௬೔(𝑀ே೔) ∧ 𝑖𝑠௭೔(𝑅ே೔)൯ .

5. Finally, 𝑄௜௡௘௥௧௜௔ is deϐined as

ሧ
௫∈{∃,∀}

ሧ
(௔,௔ᇲ)∈ஃ×ஃ,௔ஷ௔ᇲ

ሧ
௜∈{ଵ,ଶ}

∃𝑇∃𝑁ଵ∃𝑁ଶ∃𝐿்∃𝑀்∃𝑅்∃𝐿ே೔∃𝑀ே೔∃𝑅ே೔

ቀ𝑐𝑜𝑛𝑓௚(௦)(0, 1, 𝑇, 𝑁ଵ, 𝑁ଶ) ∧ Φ(𝑇,𝑁௜ , 𝐿் , 𝑀் , 𝑅் , 𝐿ே೔ , 𝑀ே೔ , 𝑅ே೔)∧
𝑛𝑜𝑡𝐶𝑢𝑟𝑠𝑜𝑟(𝑀்) ∧ 𝑎(𝑀்) ∧ 𝑎ᇱ(𝑀ே೔)൯ .

Notice that, by employing the above query, we do not guarantee the inertia of the ϐirst
and the last cells of the tape. This is not a problem since, by assumption,𝑀 never touches
those cells, and also starts with its cursor at the second cell.

The deϐinition of 𝑄 is now complete. It is not difϐicult to verify that indeed 𝑄 is of bounded
treewidth.

Correctness. By construction, and by the assumption that a rejecting conϐiguration does not
have a subsequent conϐiguration, but an accepting one has only itself as a subsequent conϐig-
uration, we get that 𝐷 ∪ Σ ⊧ 𝑄 iff 𝑀 rejects. More precisely, if 𝑀 accepts, then there exists
𝐼 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) which encodes an accepting computation tree of 𝑀. It therefore does not
violate any of the constraints imposed by the queries and thus, 𝐼 ⊭ 𝑄, which implies that
𝐷 ∪ Σ ⊭ 𝑄. Conversely, if 𝑀 rejects, then, for each 𝐼 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ), 𝐼 ⊧ 𝑄௧௥௔௡௦ . Towards a
contradiction, assume that𝑀 rejects and there exists 𝐼 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) such that 𝐼 ⊭ 𝑄௧௥௔௡௦ . By
construction, 𝐼 encodes an inϐinite tree of conϐigurations. But since a rejecting conϐiguration
does not have a subsequent conϐiguration (by assumption), necessarily at least one disjunct
of 𝑄௧௥௔௡௦ will be entailed by 𝐼 which is a contradiction. Therefore, 𝐷 ∪ Σ ⊧ 𝑄, and the claim
follows.

Another key class of queries is the class of CQs of bounded hypertree-width (BHTWQs); see,
e.g. Gottlob et al. [2002].The hypertree-width is ameasure of howclose to acyclic a hypergraph
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Combined Bounded Fixed Data
Complexity Arity Theory Complexity

DID 2EĝĕTĎĒĊ EĝĕTĎĒĊ EĝĕTĎĒĊ ĈĔ-NP
LB: Thm. 4.23 LB: Thm. 4.25 LB: [Calvanese et al., 2013, Thm. 4.5]

L 2EĝĕTĎĒĊ EĝĕTĎĒĊ EĝĕTĎĒĊ ĈĔ-NP

ML 2EĝĕTĎĒĊ EĝĕTĎĒĊ EĝĕTĎĒĊ ĈĔ-NP

G 2EĝĕTĎĒĊ EĝĕTĎĒĊ EĝĕTĎĒĊ ĈĔ-NP

FG 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ EĝĕTĎĒĊ ĈĔ-NP
LB: Thm. 4.24 UB: Thm. 4.12

WG 2EĝĕTĎĒĊ EĝĕTĎĒĊ EĝĕTĎĒĊ EĝĕTĎĒĊ
UB: Thm. 4.21 LB: [Calı̀ et al., 2013, Thm. 4.1]

WFG 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ EĝĕTĎĒĊ EĝĕTĎĒĊ
UB: Thm. 4.10 UB: Thm. 4.22 UB: Thm. 4.13

Table 4.2: The complexity of (U)ACQ-AēĘĜĊėĎēČ under guarded-based classes of DTGDs.

is, analogous to treewidth for graphs. The hypertree-width of a CQ is less than or equal to
its treewidth. Since all the upper bounds in Table 4.1 hold for arbitrary (U)CQs, we get that
arbitrary (U)CQs, (U)CQs of bounded treewidth and (U)CQs of bounded hypertree-width are
indistinguishable w.r.t. the complexity of query answering under our guarded-based classes
of DTGDs.

4.7 Answering Acyclic Queries

In this section, we focus on another important subclass of conjunctive queries, which has been
proposedwith the aim of reducing the complexity of query evaluation and query containment,
namely the class of acyclic CQs (ACQs); see, e.g. Chekuri and Rajaraman [2000]. Our goal is
to understand how the complexity of (U)CQ answering under our guarded-based classes of
DTGDs is affected if we focus on acyclic queries. Recall that the acyclicity of a CQ 𝑞 is deϐined
via the acyclicity of its hypergraphℋ(𝑞).
We start by summarizing our results, and then proceedwith our new upper and lower com-

plexity bounds in Section 4.7.2 and 4.7.3, respectively.

4.7.1 Overview

Table 4.2 summarizes the complexity results for answering (U)ACQs under the various DTGD
formalisms considered in this paper. Compared with the results in Table 4.1, it is immediately
apparent that the combined and the data complexity do not change if we restrict ourselves
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to acyclic queries. The complexity decreases from 2EĝĕTĎĒĊ to EĝĕTĎĒĊ for the less expres-
sive classes of DTGDs, namely DIDs, (multi-)linear and guarded, in the case of predicates of
bounded arity, and also for all the classes if we consider a ϐixed set of DTGDs. The novel re-
sults of this section follow:

Upper Bounds:

1. UACQ-AēĘĜĊėĎēČ under weakly-guarded sets of DTGDs is in EĝĕTĎĒĊ if we focus on
predicates of bounded arity (Theorem 4.21) — this is shown by a reduction to satis-
ϐiability of the loosely-guarded fragment of ϐirst-order logic, and then exploit the fact
that the latter is in EĝĕTĎĒĊ in case of predicates of bounded arity, as shown by Grädel
[1999]; and

2. UACQ-AēĘĜĊėĎēČunder ϐixedweakly-frontier-guarded sets of DTGDs is in EĝĕTĎĒĊ (see
Theorem 4.22) — by a reduction to UCQ-AēĘĜĊėĎēČ under (non-ϐixed) GFO sentences
with predicates of bounded arity, where in the constructed (partially acyclic) query the
cyclic part is ϐixed.

Lower Bounds:

1. ACQ-AēĘĜĊėĎēČ under DIDs is 2EĝĕTĎĒĊ-hard in combined complexity (Theorem4.23)
— this is established by simulating the behavior of an alternating exponential space Tur-
ing machine by means of a set of DIDs and an ACQ;

2. ACQ-AēĘĜĊėĎēČ under frontier-guarded DTGDs is 2EĝĕTĎĒĊ-hard, even if we consider
predicates of bounded arity (Theorem 4.24) — this is shown by a reduction from CQ
answering under frontier-guarded DTGDs; and

3. ACQ-AēĘĜĊėĎēČ under ϐixed sets of DIDs is EĝĕTĎĒĊ-hard (Theorem 4.25) — again by
simulating the behavior of an alternating Turing machine, but one that only uses linear
space.

The EĝĕTĎĒĊ upper bound for guardedDTGDs in the case of predicates of bounded arity, and
for ϐixed sets ofweakly-frontier-guardedDTGDs, and theEĝĕTĎĒĊ lower bound for ϐixed sets of
DIDs, close the picture of the computational complexity of our problem forDIDs, (multi-)linear
and guarded in the case of bounded arity, and for all classes in the case of a ϐixed set of DTGDs.
The missing upper bounds are inherited from results of Section 4.5; for details see Table 4.2.
Finally, the following results from the literature provide us with optimal lower bounds for the
data complexity of our problem, and the entire picture of the complexity of (U)ACQ answering
is completed.
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Inherited Results:

1. ACQ-AēĘĜĊėĎēČ under DIDs is ĈĔ-NP-hard in data complexity [Calvanese et al., 2013,
Theorem 4.5] — the CQ employed in the proof of this result is of the form

∃𝑋∃𝑌ଵ∃𝑌ଶ∃𝑍ଵ∃𝑍ଶ( ሥ
௜∈{ଵ,ଶ}

(𝑝௜(𝑋, 𝑌௜) ∧ 𝑠(𝑌௜) ∧ 𝑟௜(𝑋, 𝑍௜) ∧ 𝑡(𝑍௜))),

which is clearly acyclic; and

2. ACQ-AēĘĜĊėĎēČunderweakly-guardedDTGDs is EĝĕTĎĒĊ-hard indata complexity [Calı̀
et al., 2013, Theorem 4.1] — the CQ used in the proof of this result consists of a single
atom, and thus is trivially acyclic.

From the results of this section, we observe that the acyclicity of the query does notmake the
query answering problem easier w.r.t. the combined, or the data complexity. However, in the
cases of bounded arity (for the less expressive classes) and ϐixed sets of DTGDs, the complexity
decreases from 2EĝĕTĎĒĊ to EĝĕTĎĒĊ. Let us now proceed to the formal proofs of our results.

4.7.2 Upper Bounds

We start this section by showing the following:

Theorem4.21. (U)ACQ-AēĘĜĊėĎēČ under weakly-guarded sets of DTGDs is in EĝĕTĎĒĊ in case
of predicates of bounded arity.

Proof. Consider a database 𝐷, a weakly-guarded set Σ of DTGDs with predicates of bounded
arity, and an (U)ACQ 𝑄. The proof is by reduction to satisϐiability of LGFO sentences. More
precisely, we are going to construct, in polynomial time, a set Σᇱ of DTGDs such thatΨ஽,ஊᇲ ,ொ =
(𝐷 ∧ Σᇱ ∧ ¬𝑄) falls in LGFO, the arity of the underlying schema is increased by two (and there-
fore is bounded), and 𝐷 ∪ Σ ⊧ 𝑄 iff Ψ஽,ஊᇲ ,ொ is unsatisϐiable. Since the problem of deciding
whether an LGFO sentence is in EĝĕTĎĒĊ in case of predicates of bounded arity, as shown by
Grädel [1999], the claim follows.
Assume that 𝑑𝑜𝑚(𝐷) = {𝑐ଵ, … , 𝑐௡}, and let𝑤𝑔𝑝(Σ) ⊆ 𝑠𝑐ℎ(Σ) be the predicates that appear

in at least one 𝜎 ∈ Σ as the predicate of the weak-guard of 𝜎, that is, the atom that guards the
body-variables of 𝜎 that appear at affected positions. The set Σᇱ is deϐined as follows. Given
a DTGD 𝜎 ∈ Σ, let {𝑊ଵ, … ,𝑊௠} be the set of variables occurring in at least one non-affected
position in Σ. If𝑚 = 0 (which means that 𝜎 is guarded), then let 𝜎̂ = 𝜎; otherwise, assuming
that 𝜎 is of the form 𝜙(𝐗) → ∃𝐘𝜓(𝐗, 𝐘), 𝑔(𝐭) ∈ 𝑏𝑜𝑑𝑦(𝜎) is the weak-guard of 𝜎, and 𝜙(𝐗)ି =
𝜙(𝐗) ⧵ {𝑔(𝐭)}, we deϐine the DTGD 𝜎̂ as follows:

ቌ ሥ
ଵ⩽௜ழ௝⩽௠

𝑔̂(𝑊௜ ,𝑊௝ , 𝐭) ∧ 𝜙(𝐗)ିቍ → ∃𝐘𝜓(𝐗, 𝐘).
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Moreover, for each 𝑘-ary predicate 𝑝 ∈ 𝑤𝑔𝑝(Σ), we deϐine the TGD 𝜎௣ as follows:

𝑝(𝑋ଵ, … , 𝑋௞) → ሥ
ଵ⩽௜,௝⩽௡

𝑝̂(𝑐௜ , 𝑐௝ , 𝑋ଵ, … , 𝑋௞).

The desired set of DTGDs is deϐined as

Σᇱ = ቌራ
ఙ∈ஊ

{𝜎̂} ∪ ራ
௣∈௪௚௣(ஊ)

൛𝜎௣ൟቍ .

It is easy to verify that𝐷∪Σ ⊧ 𝑄 iff𝐷∪Σᇱ ⊧ 𝑄, which in turn implies that𝐷∪Σ ⊧ 𝑄 iffΨ஽,ஊᇲ ,ொ

is unsatisϐiable. Intuitively speaking, a clique (with self-loops) of all the constants of 𝑑𝑜𝑚(𝐷)
is attached to all weak-guards of Σ, and all the variables at non-affected positions must map
to an element of such a clique. As these non-affected variables can, by deϐinition, map only to
constants of𝑑𝑜𝑚(𝐷), one can see the above construction as a simulation of a partial grounding
of Σ.
It remains to show thatΨ஽,ஊᇲ ,ொ falls in LGFO; in fact, we are going to show thatΨ஽,ஊᇲ ,ொ is “al-

most” an LFGO sentencewhich, aswe explain below, sufϐices for our purposes. Since𝐷 is a con-
junction of ground atoms, it immediately falls in GFO, and thus in LGFO. The set⋃௣∈௪௚௣(ஊ) ൛𝜎௣ൟ
trivially forms a GFO (and thus an LGFO) sentence. A DTGD 𝜎̂ as above can be rewritten as

∀𝐗∀𝑊ଵ…∀𝑊௠ ቌቌ ሥ
ଵ⩽௜ழ௝⩽௠

𝑔̂(𝑊௜ ,𝑊௝ , 𝐭)ቍ → (𝜙(𝐗)ି → ∃𝐘𝜓(𝐗, 𝐘))ቍ .

The above sentence does not fall in LGFO due to the fact that the existentially quantiϐied vari-
ables of 𝐘 are not necessarily loosely-guarded. However, the satisϐiability algorithm proposed
in [Grädel, 1999] is able to treat sentences which are “almost” LGFO sentences as the one
above, even if the existentially quantiϐied variables are not loosely-guarded, without increas-
ing the complexity — this is explicitly stated in a remark on page 8 in [Grädel, 1999]. Finally,
by hypothesis, the query 𝑄 is acyclic, which implies that there exists a UCQ which is equiva-
lent to 𝑄 and falls in GFO, and hence in LGFO; see, e.g. [Gottlob et al., 2003]. It is clear that
we have polynomially reduced our problem into a problemwhich is in EĝĕTĎĒĊ, and the claim
follows.

Although the above result does not hold for weakly-frontier-guarded DTGDs, the next theo-
rem shows that we get an EĝĕTĎĒĊ upper bound if we focus on ϐixed weakly-frontier-guarded
sets of DTGDs.

Theorem 4.22. UACQ-AēĘĜĊėĎēČ under ϔixed weakly-frontier-guarded sets of DTGDs is feasi-
ble in EĝĕTĎĒĊ.

Proof. Consider a database 𝐷, a ϐixed weakly-frontier-guarded set of DTGDs, and an (U)ACQ
𝑄. First, we reduce our problem to UCQ answering under GFO sentences in the usual way:
(1) partially ground the DTGDs of Σ in such a way that the non-affected variables are replaced
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by all possible combinations of constants of 𝑑𝑜𝑚(𝐷), yielding an equivalent set of frontier-
guarded DTGDs Σᇱ; and (2) in linear time reduce the problem of deciding whether 𝐷 ∪ Σᇱ ⊧ 𝑄
to the problem of deciding whether the GFO formula (𝐷 ∧ Ψଵ

ஊᇲ) entails the UCQ (𝑄 ∨ Ψଶ
ஊᇲ) by

employing Lemma 4.11. Since Σ is ϐixed, we immediately get that Σᇱ is of polynomial size w.r.t.
|𝑑𝑜𝑚(𝐷)|. Thus, by construction, (𝐷 ∧Ψଵ

ஊᇲ) and (𝑄 ∨Ψଶ
ஊᇲ) are of polynomial size, and they use

only predicates of bounded arity.
Before we proceed further, we need to recall some details regarding the problem of UCQ

answering under GFO as presented in [Bárány et al., 2014].
Given a GFO formula 𝜙 and a UCQ 𝑄ᇱ, the way that the problem of deciding whether 𝜙 ⊧ 𝑄ᇱ

is tackled is as follows: (1) 𝑄ᇱ is rewritten as a GFO formula 𝜒(𝑄ᇱ) (this procedure is called
treeiϔication) such that 𝜙 ⊧ 𝑄ᇱ iff 𝜙 ⊧ 𝜒(𝑄ᇱ); and (2) it is checked whether the GFO formula
(𝜙 ∧ ¬𝜒(𝑄ᇱ)) is unsatisϐiable. The latter check is feasible in time 2ை((௡ା|థ|ା|ఞ(ொᇲ)|)⋅௠೘), where
| ⋅ | denotes the size of a formula, 𝑛 is the number of predicates occurring in (𝜙 ∧¬𝜒(𝑄ᇱ)), and
𝑚 is the maximum arity over all these predicates. Let us now explain how the desired upper
bound is obtained.
Clearly, it sufϐices to check whether the formula (𝐷 ∧ Ψଵ

ஊᇲ ∧ ¬𝜒(𝑄) ∧ ¬𝜒(Ψଶ
ஊᇲ)) is unsatisϐi-

able. Recall that (𝐷 ∧Ψଵ
ஊᇲ) is of polynomial size, and also the maximum arity of the underlying

schema is bounded. It remains to show that |𝜒(𝑄)| and |𝜒(Ψଶ
ஊᇲ)| are of polynomial size. Since

𝑄 is acyclic, we know that the treeiϐication of 𝑄 is feasible in polynomial time Bárány et al.
[2014], and thus |𝜒(𝑄)| is polynomial. By construction, since the set Σ of DTGDs is ϐixed, we
get that |Ψଶ

ஊᇲ| is constant. Hence, by deϐinition of the treeiϐication procedure, |𝜒(Ψଶ
ஊᇲ)| is con-

stant, and the claim follows.

This concludes the upper bound section for acyclic queries.

4.7.3 Lower Bounds

We start this section by showing that ACQ answering under DIDs is 2EĝĕTĎĒĊ-hard. The con-
struction is rather tedious, and hinges on the fact that, using a polynomial number of DIDs, it
is possible to generate and store an exponential number of integers in binary form that can be
used to index the exponentially many tape cells of an alternating EĝĕSĕĆĈĊ Turing machine.
Then, the computation of such amachine can be simulated bymeans of a set of DIDs and a CQ,
and the 2EĝĕTĎĒĊ-hardness result follows from the fact that alternating EĝĕSĕĆĈĊ coincides
with 2EĝĕTĎĒĊ.

Theorem 4.23. ACQ-AēĘĜĊėĎēČ under DIDs is 2EĝĕTĎĒĊ-hard in the combined complexity.

Proof. The proof is by a reduction from the non-acceptance problem of an alternating ex-
ponential space Turing machine 𝑀 on the empty input. Let 𝑀 = (𝑆, Λ, 𝛿, 𝑠଴), where 𝑆 =
𝑆∀⊎𝑆∃⊎{𝑠௔}⊎{𝑠௥} is a ϐinite set of states partitioned into universal states, existential states, an
accepting state and a rejecting state, Λ = {0, 1, ⊔} is the tape alphabet with ⊔ being the blank
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symbol, 𝛿 ∶ 𝑆×Λ → (𝑆×Λ×{−1,+1})ଶ is the transition function, and 𝑠଴ ∈ 𝑆 is the initial state.
We assume that𝑀 is well-behaved and never tries to read beyond its tape boundaries, always
halts, and uses exactly 2௡ tape cells. Furthermore, we assume that a rejecting conϐiguration
does not have a subsequent conϐiguration, while an accepting conϐiguration has only itself as
a subsequent conϐiguration. Finally, we assume that 𝑠଴ ∈ 𝑆∃, and also that every universal
conϐiguration is followed by two existential conϐigurations and vice versa. The above assump-
tions can be made, without sacriϐicing the generality of our proof, since the non-acceptance
problem of𝑀 remains 2EĝĕTĎĒĊ-hard.
Our goal is to construct a database𝐷, a setΣofDTGDs, and an (U)ACQ𝑄 such that𝐷∪Σ ⊧ 𝑄 iff

𝑀 rejects, and𝖭(Σ) is a set of DIDs. By exploiting the construction in the proof of Lemma 4.6, a
database𝐷ᇱ, a setΣᇱ, and anACQ 𝑞 can be constructed in polynomial time such that𝐷∪Σ ⊧ 𝑄 iff
𝐷ᇱ∪Σᇱ ⊧ 𝑞, and𝖭(Σᇱ) is a set ofDIDs,whichproves the claim. Weproceedwith the construction
of 𝐷, Σ and 𝑄.
The general idea of the proof is to construct trees, which encode possible computation trees

of 𝑀, by chasing 𝐷 with Σ, and then use the query 𝑄 to check the consistency of those trees.
In order to represent conϐigurations of the Turing machine𝑀, we will use atoms of the form
𝑐𝑜𝑛𝑓[𝑠](𝑏ଵ, … , 𝑏௡, 𝑎, ℎ, 𝑡, 𝑝, 𝑛ଵ, 𝑛ଶ), where 𝑠 ∈ 𝑆 is the state of the encoded conϐiguration and
is part of the predicate, (𝑏ଵ, … , 𝑏௡) ∈ {0, 1}௡ is an integer of {0, … , 2௡ − 1} in binary en-
coding which represents the index of the encoded cell, ℎ ∈ {0, 1} and ℎ = 1 iff the cur-
sor of 𝑀 is at the encoded cell, and 𝑡, 𝑝, 𝑛ଵ and 𝑛ଶ represent the current (𝑡 for this), the
previous and the next two conϐigurations, respectively. For example, assuming that 𝑛 = 3,
𝑐𝑜𝑛𝑓[𝑠](1, 0, 1, ⊔, 1, 𝑧ଵ, 𝑧ଶ, 𝑧ଷ, 𝑧ସ), where {𝑧ଵ, … , 𝑧ସ} ⊂ 𝐍, says that the state of the conϐigura-
tion 𝑧ଵ (labeled nulls are used to represent conϐigurations) is 𝑠, the ϐifth cell contains the blank
symbol, the cursor is at the ϐifth cell, the previous conϐiguration of 𝑧ଵ is 𝑧ଶ, and the next two
conϐigurations of 𝑧ଵ are 𝑧ଷ and 𝑧ସ.

The Database 𝐷. Let the database 𝐷 contain a single atom 𝑏𝑒𝑔𝑖𝑛(0, 1, ⊔, 𝟎ଶ௡, 𝟏௡, 1, 𝑐); for a
constant 𝑥, 𝐱௞ denotes the sequence 𝑥,… , 𝑥 with 𝑘 occurrences of 𝑥. The ϐirst three constants
0, 1 and ⊔will allow us to have access to the symbols of Λwithout explicitly mention them in
the DTGDs; recall that DIDs are constant-free. The 2𝑛 zeros and 𝑛 ones are auxiliary constants
which will allow us to generate, for each conϐiguration of𝑀, the 2௡ integers in binary encod-
ing that will be used to index the tape cells that 𝑀 can touch. The constant 1 will be used to
ensure that exactly one tape cell is pointed by the cursor. Finally, 𝑐 is a special constant which
represents the initial conϐiguration.

The Set Σ. We proceed nowwith the construction of Σ. In the sequel, for brevity, we write 𝐗௞

for the sequence of variables 𝑋ଵ, … , 𝑋௞ .

83



begin(0,1,⊔,0n,1n,1,c)

conf0[s0](0,1,⊔,0n,1n,1,c,z1,z2,z3,z4)

conf0[s1](0,1,⊔,0n,1n,1,z2,c,z4,z5)

conf0[s2](0,1,⊔,0n,1n,1,z4,z2,z6,z7) conf0[s3](0,1,⊔,0n,1n,1,z5,z2,z8,z9)

…
 

…
 

conf[s2](0,…,0,1,0,z4,z2,z6,z7)

conf[s2](b1,…,bn,⊔,1,z4,z2,z6,z7)

conf[s2](1,…,1,⊔,0,z4,z2,z6,z7)
…

 
…

 

2n configuration 

atoms

Figure 4.6: Computation tree.

• We ϐirst construct the initial conϐiguration with the TGD

𝑏𝑒𝑔𝑖𝑛(𝑍, 𝑂, 𝐵, 𝐙ଶ௡, 𝐎௡, 𝐻, 𝑇) → ∃𝑃∃𝑁ଵ∃𝑁ଶ 𝑐𝑜𝑛𝑓଴[𝑠଴](𝑍, 𝑂, 𝐵, 𝐙ଶ௡, 𝐎௡, 𝐻, 𝑇, 𝑃, 𝑁ଵ, 𝑁ଶ).

Notice that in the head of the above TGDwe use the auxiliary predicate 𝑐𝑜𝑛𝑓଴[𝑠], where
𝑠 ∈ 𝑆, and not the predicate 𝑐𝑜𝑛𝑓[𝑠]. This is because we ϐirst want to generate all the
possible trees that may encode a computation tree of 𝑀, where the nodes are labeled
with auxiliary atoms of the form 𝑐𝑜𝑛𝑓଴[𝑠](0, 1, ⊔, 𝟎ଶ௡, 𝟏௡, 1, 𝑧ଵ, 𝑧ଶ, 𝑧ଷ, 𝑧ସ). Such an atom,
which is associated with the conϐiguration 𝑧ଵ, contains all the auxiliary constants that
will allow us to generate, via an additional set of DTGDs, all the 2௡ atoms of the form
𝑐𝑜𝑛𝑓[𝑠](𝑏ଵ, … , 𝑏௡, 𝑎, ℎ, 𝑧ଵ, 𝑧ଶ, 𝑧ଷ, 𝑧ସ) which perfectly describe the conϐiguration 𝑧ଵ. The
above informal description is illustrated in Figure 4.6.

• The trees labeled by atoms of the form 𝑐𝑜𝑛𝑓଴[𝑠](…) are generated by the following DT-
GDs: for each 𝑠 ∈ 𝑆∀,

𝑐𝑜𝑛𝑓଴[𝑠](𝑍, 𝑂, 𝐵, 𝐙ଶ௡, 𝐎௡, 𝐻, 𝑇, 𝑃, 𝑁ଵ, 𝑁ଶ) →
ሧ

(௦భ ,௦మ)∈ௌ×ௌ
∃𝑁ଷ∃𝑁ସ∃𝑁ହ∃𝑁଺ 𝑐𝑜𝑛𝑓଴[𝑠ଵ](𝑍, 𝑂, 𝐵, 𝐙ଶ௡, 𝐎௡, 𝐻, 𝑁ଵ, 𝑇, 𝑁ଷ, 𝑁ସ),

𝑐𝑜𝑛𝑓଴[𝑠ଶ](𝑍, 𝑂, 𝐵, 𝐙ଶ௡, 𝐎௡, 𝐻, 𝑁ଶ, 𝑇, 𝑁ହ, 𝑁଺),

and for each 𝑠 ∈ 𝑆∃,

𝑐𝑜𝑛𝑓଴[𝑠](𝑍, 𝑂, 𝐵, 𝐙ଶ௡, 𝐎௡, 𝐻, 𝑇, 𝑃, 𝑁ଵ, 𝑁ଶ) →
ሧ
௦ᇲ∈ௌ

ሧ
௜∈{ଵ,ଶ}

∃𝑁ଷ∃𝑁ସ 𝑐𝑜𝑛𝑓଴[𝑠ᇱ](𝑍, 𝑂, 𝐵, 𝐙ଶ௡, 𝐎௡, 𝐻, 𝑁௜ , 𝑇, 𝑁ଷ, 𝑁ସ).
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• The 2௡ atoms, which perfectly describe a certain conϐiguration, are generated as fol-
lows. First, we employ a stratiϐied set of DIDs, consisting of 𝑛 levels, in order to generate
all the necessary tuples, and store them in predicates of the form 𝑐𝑜𝑛𝑓௡[𝑠]. The initial
𝑐𝑜𝑛𝑓଴[𝑠]-atom contains 𝑛 ones and 2𝑛 zeros. Each application of a rule will generate
two new atoms, one where we propagate a zero to the next bit of the binary address
(represented by 𝐗) and one where we propagate a one. The disjunction is needed to
generate the cursor position. Either the head is in the left subtree of the binary address,
or it is in the right subtree. This is the reasonwhywe need an additional𝑛 zeros, tomark
where the head is not. To formalize this intuition, for each 𝑖 ∈ [𝑛−1], and for each 𝑠 ∈ 𝑆
we construct the following DID:

𝑐𝑜𝑛𝑓௜[𝑠](𝑍, 𝑂, 𝐵, 𝐙ଶ௡ିଶ௜ , 𝐎௡ି௜ , 𝐗௜ , 𝐻, 𝑇, 𝑃, 𝑁ଵ, 𝑁ଶ) → 𝜙ଵ ∨ 𝜙ଶ,

where

𝜙ଵ = 𝑐𝑜𝑛𝑓௜ାଵ[𝑠](𝑍, 𝑂, 𝐵, 𝐙ଶ௡ିଶ௜ିଶ, 𝐎௡ି௜ିଵ, 𝐗௜ , 𝑍ଶ௡ିଶ௜ିଵ, 𝐻, 𝑇, 𝑃, 𝑁ଵ, 𝑁ଶ),
𝑐𝑜𝑛𝑓௜ାଵ[𝑠](𝑍, 𝑂, 𝐵, 𝐙ଶ௡ିଶ௜ିଶ, 𝐎௡ି௜ିଵ, 𝐗௜ , 𝑂௡ି௜ , 𝑍ଶ௡ିଶ௜ିଵ, 𝑇, 𝑃, 𝑁ଵ, 𝑁ଶ)

and

𝜙ଶ = 𝑐𝑜𝑛𝑓௜ାଵ[𝑠](𝑍, 𝑂, 𝐵, 𝐙ଶ௡ିଶ௜ିଶ, 𝐎௡ି௜ିଵ, 𝐗௜ , 𝑍ଶ௡ିଶ௜ିଵ, 𝑍ଶ௡ିଶ௜ , 𝑇, 𝑃, 𝑁ଵ, 𝑁ଶ),
𝑐𝑜𝑛𝑓௜ାଵ[𝑠](𝑍, 𝑂, 𝐵, 𝐙ଶ௡ିଶ௜ିଶ, 𝐎௡ି௜ିଵ, 𝐗௜ , 𝑂௡ି௜ , 𝐻, 𝑇, 𝑃, 𝑁ଵ, 𝑁ଶ).

Now, having the relation 𝑐𝑜𝑛𝑓௡[𝑠], for each 𝑠 ∈ 𝑆, in place, we are ready to generate the
completed 𝑐𝑜𝑛𝑓[𝑠] atoms by guessing the cell content of each cell. This can be done via
the following DTGDs: for each 𝑠 ∈ 𝑆,

𝑐𝑜𝑛𝑓௡[𝑠](𝑍, 𝑂, 𝐵, 𝐗௡, 𝐻, 𝑇, 𝑃, 𝑁ଵ, 𝑁ଶ) → ሧ
௔∈ஃ

𝑐𝑜𝑛𝑓[𝑠](𝐗௡, 𝑓(𝑎), 𝐻, 𝑇, 𝑃, 𝑁ଵ, 𝑁ଶ),

where 𝑓(0) = 𝑍, 𝑓(1) = 𝑂 and 𝑓(⊔) = 𝐵.

The construction of Σ is now completed. It is easy to verify that 𝖭(Σ) is a set of DIDs. This is
because, for each 𝜎 ∈ Σ, 𝜎 is constant-free, |𝑏𝑜𝑑𝑦(𝜎)| = 1, and there are no repeated variables
in the atoms occurring in 𝜎.

The (U)ACQ𝑄. It remains to check, via the (U)ACQ𝑄, that eachmodel of𝐷∪Σ encodes a tree
which represents a valid computation tree of𝑀. Roughly speaking,𝑄 consists of the following
disjuncts:

1. 𝑄௜௡௜௧௜௔௟ for checking that in the initial conϐiguration the cursor is at the ϐirst cell, and the
tape is empty;

2. 𝑄௧௥௔௡௦ for checking the consistency w.r.t. the transition function of𝑀;
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3. 𝑄௠௢௩௘ for checking that the cursor moves either to the left or to the right during a tran-
sition; and

4. 𝑄௜௡௘௥௧௜௔ for checking that the tape cells not under the cursor keep their old values during
a transitions.

Let us now formalize the components of 𝑄.

1. 𝑄௜௡௜௧௜௔௟ is deϐined as (recall that 𝑐 ∈ 𝐂 represents the initial conϐiguration)

∃𝐶∃𝑃∃𝑁ଵ∃𝑁ଶ (𝑐𝑜𝑛𝑓[𝑠଴](𝟎௡, 𝐶, 0, 𝑐, 𝑃, 𝑁ଵ, 𝑁ଶ)) ∨
ሧ

௔∈ஃ⧵{⊔}
∃𝐗௡∃𝐻∃𝑃∃𝑁ଵ∃𝑁ଶ (𝑐𝑜𝑛𝑓[𝑠଴](𝐗௡, 𝑎, 𝐻, 𝑐, 𝑃, 𝑁ଵ, 𝑁ଶ)) .

Notice that the ϐirst disjunct encodes the fact that the cursor is not at the ϐirst cell. This is
sufϐicient since, by construction, exactly one cell is pointed to by the cursor; cf. the rules
used to generate 𝑐𝑜𝑛𝑓௜ାଵ[𝑠].

2. With 𝑄௧௥௔௡௦ we need to check that during a transition of 𝑀 the state and the cell con-
tent has changed appropriately, and the head has moved to the correct position. Note
that two subsequent cell positions agree on some initial portion of their binary encod-
ing, which for the preceding cell is then followed by a 0 and then all 1s, and the other
way around for the succeeding cell. We can thus connect the cell under the head in one
conϐiguration and the same cell in the next conϐiguration, plus the appropriate adjacent
cell in the next conϐiguration. In the deϐinition of 𝑄௧௥௔௡௦, we make use of the functions
𝑓, 𝑔 ∶ {−1,+1} → {0, 1}, where 𝑓(−1) = 𝑔(+1) = 1 and 𝑓(+1) = 𝑔(−1) = 0. Also,
we make use of the binary operator⊙௦, where 𝑠 ∈ 𝑆, which is deϐined as ∨ in case that
𝑠 ∈ 𝑆∃, and as ∧ in case that 𝑠 ∈ 𝑆∀. 𝑄௧௥௔௡௦ is deϐined as follows:

ሧ
(௦,௔)→((௦భ ,௔భ ,ௗభ),(௦మ ,௔మ ,ௗమ))∉ఋ

௦

ໂ
௜∈{ଵ,ଶ}

ሧ
଴ழ௝⩽௡

∃𝐗௡ି௝∃𝑇∃𝑃∃𝑁ଵ∃𝑁ଶ∃𝑁ᇱ
ଵ∃𝑁ᇱ

ଶ∃𝑁ᇳ
ଵ∃𝑁ᇳ

ଶ∃𝐶

൫𝑐𝑜𝑛𝑓[𝑠](𝐗௡ି௝ , 𝑓(𝑑௜), 𝑔(𝑑௜)௝ିଵ, 𝑎, 1, 𝑇, 𝑃, 𝑁ଵ, 𝑁ଶ)∧
𝑐𝑜𝑛𝑓[𝑠௜](𝐗௡ି௝ , 𝑓(𝑑௜), 𝑔(𝑑௜)௝ିଵ, 𝑎௜ , 0, 𝑁௜ , 𝑇, 𝑁ᇱ

ଵ, 𝑁ᇱ
ଶ)∧

𝑐𝑜𝑛𝑓[𝑠௜](𝐗௡ି௝ , 𝑔(𝑑௜), 𝑓(𝑑௜)௝ିଵ, 𝐶, 1, 𝑁௜ , 𝑇, 𝑁ᇳ
ଵ , 𝑁ᇳ

ଶ)൯ .

3. The idea underlying 𝑄௠௢௩௘ , is to check that in a certain conϐiguration the cursor points
the 𝑘-th cell, while in the previous conϐiguration the cursor is neither at the (𝑘 + 1)-th
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(b) (c)(a)

Figure 4.7: The UCQ 𝑄 in the proof of Theorem 4.23 is acyclic.

cell, nor at the (𝑘 − 1)-th cell. The formal deϐinition follows:

ሧ
଴ழ௜,௝⩽௡

ሧ
(௦,௦ᇲ)∈ௌ×ௌ

∃𝐗௡ି௜∃𝐶∃𝑇∃𝑃∃𝑁ଵ∃𝑁ଶ∃𝐶ᇱ∃𝑃ᇱ∃𝑁ᇱ
ଵ∃𝑁ᇱ

ଶ

∃𝐘௡ି௝∃𝐶ᇳ∃𝑃ᇳ∃𝑁ᇳ
ଵ∃𝑁ᇳ

ଶ∃𝐶ᇵ∃𝑃ᇵ∃𝑁ᇵ
ଵ ∃𝑁ᇵ

ଶ

൫𝑐𝑜𝑛𝑓[𝑠](𝐗௡ି௜ , 0, 𝟏௜ିଵ, 𝐶, 1, 𝑇, 𝑃, 𝑁ଵ, 𝑁ଶ)∧
𝑐𝑜𝑛𝑓[𝑠ᇱ](𝐗௡ି௜ , 1, 𝟎௜ିଵ, 𝐶ᇱ, 0, 𝑃, 𝑃ᇱ, 𝑁ᇱ

ଵ, 𝑁ᇱ
ଶ)∧

𝑐𝑜𝑛𝑓[𝑠](𝐘௡ି௝ , 1, 𝟎௝ିଵ, 𝐶ᇳ, 1, 𝑇, 𝑃ᇳ, 𝑁ᇳ
ଵ , 𝑁ᇳ

ଶ) ∧
𝑐𝑜𝑛𝑓[𝑠ᇱ](𝐘௡ି௝ , 0, 𝟏௜ିଵ, 𝐶ᇵ, 0, 𝑃, 𝑃ᇳ, 𝑁ᇵ

ଵ , 𝑁ᇵ
ଶ )൯ .

Intuitively, the ϐirst and the third atom of a disjunct in the above query access the cell 𝑘,
while the second and the fourth atom access the cell (𝑘 + 1) and (𝑘 − 1), respectively.
Notice that, althoughwe do not force (𝐗௡ି௜ , 0, 𝟏௜ିଵ) and (𝐘௡ି௝ , 1, 𝟎௝ିଵ) to have the same
image during the evaluation of the query (otherwise, the above query will be cyclic),
this is guaranteed by the fact that only one cell is pointed by the cursor (this holds by
construction).

4. Finally, 𝑄௜௡௘௥௧௜௔ is deϐined as

ሧ
(௦,௦ᇲ)∈ௌ×ௌ

ሧ
(௔,௔ᇲ)∈ஃ×ஃ,௔ஷ௔ᇲ

ሧ
௜∈{ଵ,ଶ}

ሧ
௝∈{଴,ଵ}

∃𝐗௡∃𝑇∃𝑃∃𝑁ଵ∃𝑁ଶ∃𝑁ᇱ
ଵ∃𝑁ᇱ

ଶ

൫𝑐𝑜𝑛𝑓[𝑠](𝐗௡, 𝑎, 0, 𝑇, 𝑃, 𝑁ଵ, 𝑁ଶ) ∧ 𝑐𝑜𝑛𝑓[𝑠ᇱ](𝐗௡, 𝑎ᇱ, 𝑗, 𝑁௜ , 𝑇, 𝑁ᇱ
ଵ, 𝑁ᇱ

ଶ)൯

This completes the construction of𝑄. It is not difϐicult to verify that every disjunct of𝑄 is an
ACQ. In fact, for each disjunct 𝑞 of 𝑄௜௡௜௧௜௔௟ (resp., 𝑄௜௡௘௥௧௜௔ , 𝑄௠௢௩௘ ∨ 𝑄௜௡௘௥௧௜௔), the hypergraph
ℋ(𝑞) is of the form shown in Figure 4.7(a) (resp., 4.7(b), 4.7(c)). It is clear that the GYO-reduct
of those hypergraphs is (∅, ∅), and thus 𝑄 is acyclic.

Correctness. By construction, and the assumption that a rejecting conϐiguration does not
have a successor conϐiguration, while an accepting conϐiguration has only itself as a succes-
sor, it is not difϐicult to see that 𝐷 ∪ Σ ⊧ 𝑄 if and only if𝑀 rejects 𝐼 (see the argument given in
the proof of Theorem 4.20 which shows that the employed construction is correct). Note that
we have constructed a UACQ 𝑄. However, using the fact that Lemma 4.6 preserves acyclicity,
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we immediately get that the lower bound presented for UACQs above also holds for ACQs. This
completes the proof.

We now focus on frontier-guarded DTGDs, and show that query answering remains hard for
2EĝĕTĎĒĊ, even if we consider acyclic queries and predicates of bounded arity.

Theorem 4.24. ACQ-AēĘĜĊėĎēČ under frontier-guarded DTGDs is 2EĝĕTĎĒĊ-hard, even for
predicates of bounded arity.

Proof. The claim can be easily established by exploiting the fact that a CQ can be conceived
as a frontier-guarded TGD, and give a reduction from CQ answering under frontier-guarded
DTGDs which is 2EĝĕTĎĒĊ-hard, even for predicates of bounded arity. Consider a database 𝐷,
a set Σ of DTGDs, where the arity of the predicates of 𝑠𝑐ℎ(Σ) is bounded by an integer constant,
and a CQ 𝑞 = ∃𝐗𝜙(𝐗). It is straightforward to see that 𝐷 ∪ Σ ⊧ 𝑞 iff 𝐷 ∪ Σ ∪ {𝜎௤} ⊧ 𝑞ᇱ, where
𝜎௤ is the frontier-guarded TGD 𝜙(𝐗) → 𝑝, with 𝑝 be 0-ary predicate not occurring in 𝑠𝑐ℎ(Σ),
and 𝑞ᇱ = 𝑝. Since 𝑞ᇱ is trivially acyclic, the claim follows.

The last lower bound that we establish for answering ACQs is the EĝĕTĎĒĊ-hardness when
we focus on ϐixed sets of DIDs. This is done by simulating the behavior of a alternating linear
space Turing machine. The desired result follows since, already, alternating LĎēSĕĆĈĊ coin-
cides with EĝĕTĎĒĊ.

Theorem 4.25. ACQ-AēĘĜĊėĎēČ under ϔixed sets of DIDs is EĝĕTĎĒĊ-hard.

Proof. The proof is by a reduction from the non-acceptance of an alternating linear space Tur-
ing machine 𝑀 on input 𝐼. Let 𝑀 = (𝑆, Λ, 𝛿, 𝑠଴), where 𝑆 = 𝑆∀ ⊎ 𝑆∃ ⊎ {𝑠௔} ⊎ {𝑠௥} is a ϐinite
set of states partitioned into universal states, existential states, an accepting state and a re-
jecting state, Λ = {0, 1, ⊔} is the tape alphabet with ⊔ being the blank symbol, 𝛿 ∶ 𝑆 × Λ →
(𝑆 × Λ × {−1, 0, +1})ଶ is the transition function, and 𝑠଴ ∈ 𝑆 is the initial state. We make the
same assumptions for𝑀 as in the proof of Theorem 4.20, with the difference that now𝑀 uses
exactly 𝑛 tape cells, where 𝑛 = |𝐼|. We are going to construct a database 𝐷, a set Σ of DT-
GDs, and an (U)ACQ 𝑄 such that 𝐷 ∪ Σ ⊧ 𝑄 iff𝑀 rejects 𝐼, and 𝖭(Σ) is a ϐixed set of DIDs. By
Lemma 4.6, the obtained lower bound holds even if we focus on ACQs.
The idea of the proof is along the lines of the one of Theorem 4.20, that is, to construct trees,

which encode possible computation trees of𝑀 on the input string 𝐼, by chasing 𝐷 with Σ, and
then exploit 𝑄 to check their consistency. On each conϐiguration node 𝑣, which represents the
conϐiguration 𝐶௩ of𝑀, we attach a chain of length 𝑛, which mimics the tape in 𝐶௩ , and also a
chain of length at most |𝑆|, which encodes the state of 𝐶௩ . The formal construction of𝐷, Σ and
𝑄 follows.

The Database𝐷. Let𝐷 = {𝑐𝑜𝑛𝑓∃(𝑐)}, where 𝑐 ∈ 𝐂 is a special constant which represents the
initial conϐiguration (which is, by assumption, existential).
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The Set Σ. The predicates that we are going to use are self-explanatory, and thus we proceed
with the construction of Σwithout describing the predicates of 𝑠𝑐ℎ(Σ).

• Each conϐiguration has two successor conϐigurations, such that a universal conϐigura-
tion is followed by existential conϐigurations, and vice-versa. Note that for existential
conϐigurations, we generate two models for the successors, whereas for universal con-
ϐigurations, both are forced to appear in the same model:

𝑐𝑜𝑛𝑓∃(𝑋) → ∃𝑌 𝑠𝑢𝑐𝑐ଵ(𝑋, 𝑌), 𝑐𝑜𝑛𝑓∀(𝑌) ∨ ∃𝑌𝑠𝑢𝑐𝑐ଶ(𝑋, 𝑌), 𝑐𝑜𝑛𝑓∀(𝑌),
𝑐𝑜𝑛𝑓∀(𝑋) → ∃𝑌∃𝑍 𝑠𝑢𝑐𝑐ଵ(𝑋, 𝑌), 𝑐𝑜𝑛𝑓∃(𝑌), 𝑠𝑢𝑐𝑐ଶ(𝑋, 𝑍), 𝑐𝑜𝑛𝑓∃(𝑍).

• Each conϐiguration has a cell- and state-chain which simulates its tape and encodes its
state, respectively:

𝑐𝑜𝑛𝑓௫(𝑋) → ∃𝑌 𝑐𝑒𝑙𝑙(𝑋, 𝑌), for each 𝑥 ∈ {∃, ∀},
𝑐𝑒𝑙𝑙(𝑋, 𝑌) → ∃𝑍 𝑐𝑒𝑙𝑙(𝑌, 𝑍) ∨ 𝑒𝑛𝑑(𝑌),
𝑐𝑜𝑛𝑓௫(𝑋) → ∃𝑌 𝑠𝑡𝑎𝑡𝑒(𝑋, 𝑌), for each 𝑥 ∈ {∃, ∀},

𝑠𝑡𝑎𝑡𝑒(𝑋, 𝑌) → ∃𝑍 𝑠𝑡𝑎𝑡𝑒(𝑌, 𝑍) ∨ 𝑒𝑛𝑑(𝑌).

• Finally, we guess the content of each cell and the cursor position:

𝑐𝑒𝑙𝑙(𝑋, 𝑌) → 0(𝑌) ∨ 1(𝑌) ∨ ⊔(𝑌),
𝑐𝑒𝑙𝑙(𝑋, 𝑌) → 𝑐𝑢𝑟𝑠𝑜𝑟(𝑌) ∨ 𝑛𝑜𝑡𝐶𝑢𝑟𝑠𝑜𝑟(𝑌).

The construction of Σ is now completed. It is easy to see that Σ does not depend on𝑀, and also
that 𝖭(Σ) is a set of DIDs.

The UACQ 𝑄. We now proceed with the construction of 𝑄 which ensures that each model of
𝐷 ∪ Σ encodes a valid computation tree. Roughly, 𝑄 consists of the following disjuncts:

1. 𝑄௜௡௜௧௜௔௟ for checking that in the initial conϐiguration the tape contains the input string
𝐼 = 𝑎ଵ…𝑎௡, the state is 𝑠଴, and the cursor is at the ϐirst cell;

2. 𝑄௟௘௡௚௧௛ for checking that cell-chains are of length 𝑛, and state-chains are of length at
most |𝑆|;

3. 𝑄௖௨௥௦௢௥ for checking that exactly one cell is pointed by the cursor;

4. 𝑄௧௥௔௡௦ for checking the consistency w.r.t. the transition function of𝑀; and

5. 𝑄௜௡௘௥௧௜௔ for checking that the tape cells not under the cursor keep their old value during
a transition.
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Weassume a ϐixed order on 𝑆. Given a state 𝑠 ∈ 𝑆, let#௦ be its position in this order. The length
of the state-chain which encodes 𝑠 is #௦. For a predicate 𝑝 ∈ {𝑐𝑒𝑙𝑙, 𝑠𝑡𝑎𝑡𝑒}, 𝑝௜(𝑋, 𝑌) is used as
a shorthand for ∃𝑍ଵ…∃𝑍௜ିଵ (𝑝(𝑋, 𝑍ଵ) ∧ … ∧ 𝑝(𝑍௜ିଵ, 𝑌)). A useful subquery that we are going
to use is

𝑙𝑒𝑛𝑔𝑡ℎ[𝑝]௞(𝑋) ≡ ∃𝑌 ൫𝑝௞(𝑋, 𝑌) ∧ 𝑒𝑛𝑑(𝑌)൯

stating that there exists a 𝑝-chain of length 𝑘. Having all the necessary ingredients in place, we
are now ready to formalize the components of 𝑄.

1. 𝑄௜௡௜௧௜௔௟ is deϐined as (recall that 𝑐 ∈ 𝐂 represents the initial conϐiguration)

ሧ
௜∈[௡]

ሧ
௔∈ஃ⧵{௔೔}

∃𝑋 ቀ𝑐𝑜𝑛𝑓∃(𝑐) ∧ 𝑐𝑒𝑙𝑙
௜(𝑐, 𝑋) ∧ 𝑎(𝑋)ቁ ∨

ሧ
௦∈ௌ⧵{௦బ}

൫𝑐𝑜𝑛𝑓∃(𝑐) ∧ 𝑙𝑒𝑛𝑔𝑡ℎ[𝑠𝑡𝑎𝑡𝑒]#ೞ(𝑐)൯ ∨

ሧ
ଵழ௜⩽௡

∃𝑋 ቀ𝑐𝑜𝑛𝑓∃(𝑐) ∧ 𝑐𝑒𝑙𝑙
௜(𝑐, 𝑋) ∧ ℎ𝑒𝑎𝑑(𝑋)ቁ .

2. 𝑄௟௘௡௚௧௛ is deϐined as

ሧ
ଵ⩽௜ழ௡

∃𝑋 𝑙𝑒𝑛𝑔𝑡ℎ[𝑐𝑒𝑙𝑙]௜(𝑋) ∨ ∃𝑋∃𝑌𝑐𝑒𝑙𝑙௡ାଵ(𝑋, 𝑌) ∨ ∃𝑋 𝑙𝑒𝑛𝑔𝑡ℎ[𝑠𝑡𝑎𝑡𝑒]|ௌ|ାଵ(𝑋).

3. 𝑄௖௨௥௦௢௥ is deϐined as

ሧ
ଵ⩽௜ழ௝⩽௡

∃𝑋∃𝑌∃𝑍 ቀ𝑐𝑒𝑙𝑙௜(𝑋, 𝑌) ∧ 𝑐𝑒𝑙𝑙௝(𝑋, 𝑍) ∧ 𝑐𝑢𝑟𝑠𝑜𝑟(𝑌) ∧ 𝑐𝑢𝑟𝑠𝑜𝑟(𝑍)ቁ .

4. In the deϐinition of 𝑄௧௥௔௡௦, we use the function 𝑔 ∶ 𝑆 → {∃, ∀}, where 𝑔(𝑠) = ∃ if 𝑠 ∈ 𝑆∃;
otherwise, 𝑔(𝑠) = ∀. Moreover, we use the binary operator⊙௦, where 𝑠 ∈ 𝑆, which is
deϐined as ∨ in case that 𝑠 ∈ 𝑆∃, and as ∧ in case that 𝑠 ∈ 𝑆∀. Recall that ̄𝛿∀ and ̄𝛿∃ denote
the complement of 𝛿 relative to universal and existential, respectively; for details, see
the proof of Theorem 4.20. 𝑄௧௥௔௡௦ is deϐined as follows:

ሧ
(௦,௔)→((௦భ ,௔భ ,ௗభ),(௦మ ,௔మ ,ௗమ))∈( ̄ఋ∀∪ ̄ఋ∃)

௦

ໂ
௜∈{ଵ,ଶ}

ሧ
௝∈[௡]

∃𝑋∃𝑌∃𝑍∃𝑉∃𝑊

ቀ𝑐𝑜𝑛𝑓௙(௦)(𝑋) ∧ 𝑙𝑒𝑛𝑔𝑡ℎ[𝑠𝑡𝑎𝑡𝑒]#ೞ(𝑋) ∧ 𝑐𝑒𝑙𝑙
௝(𝑋, 𝑌) ∧ 𝑐𝑢𝑟𝑠𝑜𝑟(𝑌) ∧ 𝑎(𝑌) ∧ 𝑠𝑢𝑐𝑐௜(𝑋, 𝑍)∧

𝑙𝑒𝑛𝑔𝑡ℎ[𝑠𝑡𝑎𝑡𝑒]#ೞ೔ (𝑍) ∧ 𝑐𝑒𝑙𝑙
௝(𝑍, 𝑉) ∧ 𝑎௜(𝑉) ∧ 𝑐𝑒𝑙𝑙௝ାௗ೔(𝑍,𝑊) ∧ 𝑐𝑢𝑟𝑠𝑜𝑟(𝑊)ቁ .

5. Finally, 𝑄௜௡௘௥௧௜௔ is deϐined as follows:

ሧ
௫∈{∃,∀}

ሧ
(௔,௔ᇲ)∈ஃ×ஃ,௔ஷ௔ᇲ

ሧ
௜∈[௡]

∃𝑋∃𝑌∃𝑍ଵ∃𝑍ଶ ൫𝑐𝑜𝑛𝑓௫(𝑋)∧

(𝑠𝑢𝑐𝑐(𝑋, 𝑍) ∨ 𝑠𝑢𝑐𝑐ଵ(𝑋, 𝑍) ∨ 𝑠𝑢𝑐𝑐ଶ(𝑋, 𝑍))∧
𝑐𝑒𝑙𝑙௜(𝑋, 𝑍ଵ) ∧ 𝑐𝑒𝑙𝑙௜(𝑌, 𝑍ଶ) ∧ 𝑛𝑜𝑡𝐶𝑢𝑟𝑠𝑜𝑟(𝑍ଵ) ∧ 𝑎(𝑍ଵ) ∧ 𝑎ᇱ(𝑍ଶ)ቁ .
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Combined Bounded Fixed Data
Complexity Arity Theory Complexity

DID EĝĕTĎĒĊ PTĎĒĊ in AC଴ in AC଴
LB: Thm. 4.41 LB: Thm. 4.43

L EĝĕTĎĒĊ PTĎĒĊ in AC଴ in AC଴
UB: Thm. 4.36 UB: Thm. 4.38 UB: Thm. 4.40

ML 2EĝĕTĎĒĊ EĝĕTĎĒĊ ĈĔ-NP ĈĔ-NP
LB: Thm. 4.42 LB: Thm. 4.44 LB: [Alviano et al., 2012, Thm. 7]

G 2EĝĕTĎĒĊ EĝĕTĎĒĊ ĈĔ-NP ĈĔ-NP

FG 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ ĈĔ-NP ĈĔ-NP
LB: Thm. 4.24 UB: Thm. 4.12

WG 2EĝĕTĎĒĊ EĝĕTĎĒĊ EĝĕTĎĒĊ EĝĕTĎĒĊ
UB: Thm. 4.21 LB: [Calı̀ et al., 2013, Thm. 4.1]

WFG 2EĝĕTĎĒĊ 2EĝĕTĎĒĊ EĝĕTĎĒĊ EĝĕTĎĒĊ
UB: Thm. 4.10 UB: Thm. 4.13

Table 4.3: The complexity of (U)CQଵ-AēĘĜĊėĎēČ under guarded-based classes of DTGDs.

This completes the construction of 𝑄. It is easy to verify that each disjunct of 𝑄 is an acyclic
query.

Correctness. By construction, and the assumption that a rejecting conϐiguration does not
have a successor conϐiguration, while an accepting conϐiguration has only itself as a succes-
sor, it is not difϐicult to see that 𝐷 ∪ Σ ⊧ 𝑄 if and only if𝑀 rejects 𝐼 (see the argument given in
the proof of Theorem 4.20 which shows that the employed construction is correct).

4.8 Answering Atomic Queries

We continue our complexity analysis of query answering under the respective guarded-based
classes of DTGDs by concentrating on atomic CQs (CQଵ), that is, CQs consisting of a single atom.
As usual, we start by summarizing our results, and thenproceedwith our newupper and lower
complexity bounds in Section 4.8.2 and 4.8.3, respectively.

4.8.1 Overview

Let us ϐirst clarify that the setting where the given set of DTGDs is ϐixed coincides with the
settingwhere both the set of DTGDs and the query are ϐixed (i.e. the data complexity). By ϐixing
the set of DTGDs, we implicitly ϐix the arity of the underlying schema, and thus the given atomic
query. Therefore, the setting where the set of DTGDs is ϐixed is not relevant for answering
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atomic queries. Note also, that a union of atomic queries can always be reduced to a single
atomic query: simply add, for each disjunct 𝑞(𝐗), a rule 𝑞(𝐗) → 𝑝 to the set of rules and
ask for the propositional atomic query 𝑝. Clearly this works for all our guarded-based classes
of DTGDs, and in all complexity cases. We will therefore not consider the question of UCQଵ-
AēĘĜĊėĎēČ separately. Rather, all the results in this section hold for UCQଵ-AēĘĜĊėĎēČ as well
as CQଵ-AēĘĜĊėĎēČ. Table 4.3 summarizes the complexity of CQଵ answering. Compared with
the results in Table 4.2, it is apparent that for the formalismswhich allowmore than one atoms
in the body of the DTGDs (i.e. all the considered classes excluding DIDs and linear DTGDs) the
complexity of our problem does not change if we focus on atomic CQs (apart from the case
where the set of DTGDs is ϐixed which, as discussed above, is not relevant for CQଵ answering).
However, for DIDs and linear DTGDs the complexity decreases signiϐicantly, and in fact we
obtain our ϐirst tractability results. More precisely, the combined complexity decreases from
2EĝĕTĎĒĊ toEĝĕTĎĒĊ, in the caseof predicates of boundedarity the complexitydecreases from
EĝĕTĎĒĊ to PTĎĒĊ, and the data complexity decreases from ĈĔ-NP to AC଴. The novel results of
this section follow:

Upper Bounds:

1. CQଵ answering under linear DTGDs is in EĝĕTĎĒĊ in the combined complexity (Theo-
rem 4.36) — this is shown by exhibiting an alternating algorithm which, at each step of
its computation, uses polynomial space;

2. CQଵ answering under linear DTGDs is in PTĎĒĊ if we focus on predicates of bounded ar-
ity (Theorem 4.38)— the alternating algorithmmentioned above uses only logarithmic
space when the arity is ϐixed; and

3. CQଵ under linear DTGDs is in AC଴ in the data complexity (Theorem 4.40)— by showing
that our problem is ϐirst-order rewritable, that is, it can be reduced to the problem of
evaluating a ϐirst-order query over the given database.

Lower Bounds:

1. CQଵ answering underDIDs is EĝĕTĎĒĊ-hard in the combined complexity (Theorem4.41)
— this is established by simulating the behavior of an alternating linear space Turing
machine;

2. CQଵ answering under multi-linear DTGDs is 2EĝĕTĎĒĊ-hard in the combined complex-
ity (Theorem 4.42) — by adapting the proof of Theorem 4.23 in such a way that each
disjunct of the employed UCQ can be viewed as amulti-linear DTGDwhich can be added
in the constructed set of DTGDs, and eventually answer a single propositional atom;
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3. CQଵ answering under DIDs is PTĎĒĊ-hard, even for predicates of bounded arity (Theo-
rem 4.43) — by simulating a logarithmic space Turing machine; and

4. CQଵ answering under multi-linear DTGDs is EĝĕTĎĒĊ-hard, even if we focus on predi-
cates of bounded arity (Theorem4.44)—by simulating an alternating polynomial space
Turing machine; in fact, the proof of this result is an adaptation of the proof of Theo-
rem 4.42 (which in turn is an adaptation of the one of Theorem 4.23) in such a way that
the cells are encoded as part of the predicate name, and thus the arity becomes ϐixed. As
we canonly encodepolynomiallymany cells in predicate names,we simulate anAPSĕĆĈĊ
instead of an AEĝĕSĕĆĈĊ Turing machine.

Several missing upper and lower bounds are obtained from results of Sections 4.5 and 4.7
(for details see Table 4.3). Finally, the following two results from the literature provide us
with optimal lower bounds for the data complexity of our problem, and the entire picture of
the complexity of CQଵ answering is completed.

Inherited Results:

1. CQଵ answering under multi-linear DTGDs is ĈĔ-NP-hard in data complexity [Alviano
et al., 2012, Theorem 7] — this is shown by a reduction from the 3-UNSAT problem;
and

2. CQଵ answering under weakly-guarded DTGDs is EĝĕTĎĒĊ-hard in data complexity [Calı̀
et al., 2013, Theorem4.1]— in fact this result already holds for the non-disjunctive case.

From the results of this section, we observe that atomic queries do not make the query an-
swering problem easier under the classes of DTGDs which allowmore than atoms in the body
of a DTGD. However, the complexity in the case of DIDs and linear DTGDs signiϐicantly de-
creases, and in fact we obtain the ϐirst (and, to the best of our knowledge, the only known)
tractability results for query answering under classes of DTGDs. Let us now proceed with the
formal proofs of our results.

4.8.2 Upper Bounds

Up to now, all the upper bounds presented in the previous sections have been established by
reducing our problem to the problem of reasoning (either query answering or satisϐiability)
under expressive computation logics such as the guarded fragment of ϐirst-order logic. How-
ever, for CQଵ answering under linear DTGDs this is not possible. All the upper bounds that can
beobtainedby following theusual approach arenot optimal, and thusmore reϐined techniques
are needed. Our plan of attack is to reduce CQଵ answering under linear DTGDs to the prob-
lem of deciding whether a proof-tree exists, that is, a tree structure which encodes the ϐinite
part of each model of the given database w.r.t. the given set of DTGDs due to which the query
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Figure 4.8: Possible proof-trees from 𝑟(𝑎, 𝑏)w.r.t. Σ.

is entailed, and then exhibit an alternating algorithm for deciding whether such a structure
exists.

Proof-Trees

Let us start by introducing the notion of the proof-tree from an atomw.r.t. a set of DTGDs, and
establish some key properties. In what follows, we consider linear DTGDs in normal form (see
Chapter 2) in order to simplify our technical deϐinitions and proofs.

Deϐinition 4.26 (Proof-tree). Consider an atom 𝑎, where 𝑑𝑜𝑚(𝑎) ⊂ 𝐂, and a set Σ of linear
DTGDs in normal form. Let 𝑇 be a labeled binary tree (𝑁, 𝐸, 𝜆ଵ, 𝜆ଶ), where the nodes of 𝑁 are
labeled by 𝜆ଵ with atoms that can be formed using predicates of 𝑠𝑐ℎ(Σ) and terms of (𝑑𝑜𝑚(𝑎)∪
𝐍), and the edges of 𝐸 are labeled by 𝜆ଶ ∶ 𝐸 → Σ. We say that 𝑇 is a proof-tree from 𝑎 w.r.t. Σ if:

• The root is labeled by 𝑎;

• For each 𝑣 ∈ 𝑁, there exists 𝜎 ∈ Σ such that each edge of the form (𝑢, 𝑣) ∈ 𝐸 is labeled by
𝜎, and the out-degree of 𝑣 is |ℎ𝑒𝑎𝑑(𝜎)|, that is, the number of disjuncts in the head of 𝜎;

• For each 𝑣 ∈ 𝑁, if 𝑣 has a single outgoing edge (𝑣, 𝑢) labeled by 𝑝(𝐗) → ∃𝑌 𝑟(𝐗, 𝑌), then
there is a homomorphism ℎ such that ℎ(𝑝(𝐗)) = 𝜆ଵ(𝑣), and there exists ℎᇱ = ℎ∪ {𝑌 → 𝑡 ∣
𝑡 ∈ 𝐍, 𝑡 ∉ 𝑑𝑜𝑚(ℎ(𝑝(𝐗)))} such that 𝜆ଵ(𝑢) = ℎᇱ(𝑟(𝐗, 𝑌)); and

• For each 𝑣 ∈ 𝑁, assuming that the outgoing edges of 𝑣 are labeled by a DTGD 𝜎 without
an existentially quantiϔied variable, there is a homomorphism ℎ such that ℎ(𝑏𝑜𝑑𝑦(𝜎)) =
𝜆ଵ(𝑣), and {ℎ(𝑏) ∣ 𝑏 ∈ ℎ𝑒𝑎𝑑(𝜎)} = {𝜆ଵ(𝑢) ∣ (𝑣, 𝑢) ∈ 𝐸}.

A proof-tree 𝑇 from 𝑎 w.r.t. Σ is valid w.r.t. to a CQଵ of the form ∃𝐗𝑝(𝐗) if, for each leaf 𝑢 of 𝑇,
there exists a homomorphism ℎ such that 𝜆ଵ(𝑢) = ℎ(𝑝(𝐗)).

Example 4.27. Consider the set Σ of linear DTGDs consisting of

𝜎ଵ ∶ 𝑝(𝑋, 𝑌) → 𝑟(𝑌, 𝑋) 𝜎ଶ ∶ 𝑟(𝑋, 𝑌) → 𝑝(𝑋, 𝑌) ∨ 𝑡(𝑋, 𝑋)
𝜎ଷ ∶ 𝑡(𝑋, 𝑌) → 𝑝(𝑋, 𝑌) 𝜎ସ ∶ 𝑟(𝑋, 𝑌) → ∃𝑍 𝑠(𝑌, 𝑍).
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Possible proof-trees from the atom 𝑟(𝑎, 𝑏) w.r.t. Σ are shown in Figure 4.8. In particular, proof-
tree (a) is validw.r.t. the atomic queries∃𝑋 𝑠(𝑎, 𝑋) and∃𝑋∃𝑌 𝑠(𝑋, 𝑌), while proof-tree (b) is valid
w.r.t. ∃𝑋 𝑠(𝑏, 𝑋) and ∃𝑋∃𝑌 𝑠(𝑋, 𝑌).

The following key lemma, established in [Alviano et al., 2012, Lemma 4], shows that for CQଵ
answering under linear DTGDs one can focus on a single database atom:

Lemma4.28. Consider a database𝐷, a set Σ of linear DTGDs in normal form, and a CQଵ 𝑞. Then,
𝐷 ∪ Σ ⊧ 𝑞 if and only if there exists 𝑎 ∈ 𝐷 such that {𝑎} ∪ Σ ⊧ 𝑞.

Proof. Let 𝐷 = {𝑎ଵ, … , 𝑎௡}, and 𝑞 = ∃𝐗𝑝(𝐗). Before we proceed further, we need to establish
the following auxiliary claim:

Claim 4.29. It holds that,

𝑚𝑜𝑑𝑒𝑙𝑠(𝐷, Σ) = ቐራ
௜∈[௡]

𝑀௜ ∣ (𝑀ଵ, … ,𝑀௡) ∈ 𝑚𝑜𝑑𝑒𝑙𝑠({𝑎ଵ}, Σ) × … ×𝑚𝑜𝑑𝑒𝑙𝑠({𝑎௡}, Σ)ቑ
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

ℳ

.

Proof. (⊆) Fix 𝑀 ∈ 𝑚𝑜𝑑𝑒𝑙𝑠(𝐷, Σ). Clearly, for each 𝑖 ∈ [𝑛], 𝑀 ∈ 𝑚𝑜𝑑𝑒𝑙𝑠({𝑎௜}, Σ). Thus,
(𝑀,… ,𝑀) ∈ 𝑚𝑜𝑑𝑒𝑙𝑠({𝑎ଵ}, Σ) × … ×𝑚𝑜𝑑𝑒𝑙𝑠({𝑎௡}, Σ)which implies that𝑀 ∈ ℳ.
(⊇) Conversely, ϐix a tuple (𝑀ଵ, … ,𝑀௡) ∈ 𝑚𝑜𝑑𝑒𝑙𝑠({𝑎ଵ}, Σ) × … × 𝑚𝑜𝑑𝑒𝑙𝑠({𝑎௡}, Σ), and let

𝑀 = ∪௜∈[௡]𝑀௜ . To show that𝑀 ∈ 𝑚𝑜𝑑𝑒𝑙𝑠(𝐷, Σ), it sufϐices to show that, whenever for a DTGD
𝜎 ∈ Σ there exists a homomorphism ℎ such that ℎ(𝑏𝑜𝑑𝑦(𝜎)) ⊆ 𝑀, then ℎ(ℎ𝑒𝑎𝑑(𝜎)) ∈ 𝑀. Fix a
DTGD𝜎 ∈ Σ andahomomorphismℎ such thatℎ(𝑏𝑜𝑑𝑦(𝜎)) ⊆ 𝑀. Due to the linearity of𝜎, there
exists 𝑖 ∈ [𝑛] such that ℎ(𝑏𝑜𝑑𝑦(𝜎)) ∈ 𝑀௜ . But since𝑀௜ ∈ 𝑚𝑜𝑑𝑒𝑙𝑠({𝑎௜}, Σ), ℎ(ℎ𝑒𝑎𝑑(𝜎)) ∈ 𝑀௜ .
The claim follows since𝑀௜ ⊆ 𝑀.

Let us now conclude the proof of our lemma.
(⇒) Assume that, for each 𝑖 ∈ [𝑛], {𝑎௜} ∪ Σ ⊭ 𝑞, and thus there exists𝑀௜ ∈ 𝑚𝑜𝑑𝑒𝑙𝑠(𝑎௜ , Σ) such
that𝑀௜ ⊭ 𝑞. Therefore, (𝑀ଵ ∪ … ∪𝑀௡) ⊭ 𝑞, and by Claim 4.29 we get that 𝐷 ∪ Σ ⊭ 𝑞.
(⇐) By hypothesis, there exists 𝑖 ∈ [𝑛] such that {𝑎௜} ∪ Σ ⊧ 𝑞. Consequently, for each 𝑀 ∈
𝑚𝑜𝑑𝑒𝑙𝑠({𝑎௜}, Σ), 𝑀 ⊧ 𝑎. Hence, by Claim 4.29, each instance of 𝑚𝑜𝑑𝑒𝑙𝑠(𝐷, Σ) entails 𝑞, and
the claim follows.

Although we can focus on a single database atom, in general we have to consider inϐinitely
many models. The key idea underlying our approach is to use “representatives” of all these
models in order to be able to encode them in a single structure, namely the proof-tree deϐined
above. This can be achieved by considering the skolemized version of the given set of DTGDs.
Given a set Σ of linear DTGDs, we deϐine 𝐹ஊ as the set of skolem functions {𝑓ఙ ∣ 𝜎 ∈ Σ}, where
the arity of each 𝑓ఙ is the number of universally quantiϐied variables of 𝜎. Let Σ௙ denote the
set of rules obtained from Σ by replacing each TGD 𝜎 of the form 𝑝(𝐗) → ∃𝑌 𝑟(𝐗, 𝑌) with the
rule 𝜌 ∶ 𝑝(𝐗) → 𝑟(𝐗, 𝑓ఙ(𝐗)) (we will denote skolemized rules in Σ௙ using the lower-case letter
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Figure 4.9: Possible trees of Example 4.31.

𝜌. From the fact that skolemization preserves satisϐiability (i.e. produces an equisatisϐiable
theory)we have that the following holds: given a database𝐷, a set Σ of linear DTGDs in normal
form, and a CQଵ 𝑞, 𝐷 ∪ Σ ⊧ 𝑞 iff 𝐷 ∪ Σ௙ ⊧ 𝑞. The set of skolem terms Γஊ is recursively deϐined
as follows: each term of 𝐂 belongs to Γஊ, and if 𝑓ఙ ∈ 𝐹ஊ has arity 𝑛 > 0 and 𝑡ଵ, … , 𝑡௡ are terms
of Γஊ, then 𝑓ఙ(𝑡ଵ, … , 𝑡௡) ∈ Γஊ. The notion of homomorphism naturally extends to atoms that
contain functional terms of the form 𝑓(𝑡ଵ, … , 𝑡௡), where each 𝑡௜ is a variable of 𝐕 or a skolem
term; in particular, given a homomorphism ℎ, ℎ(𝑓(𝑡ଵ, … , 𝑡௡)) = 𝑓(ℎ(𝑡ଵ), … , ℎ(𝑡௡)). In what
follows, it is more convenient to conceive models as trees. In fact, as we shall see, this will
allows us to easily build the desired proof-tree from an atom w.r.t. a set of DTGDs.

Deϐinition 4.30 (𝜌-tree). Consider a set Σ of linear DTGDs in normal form, an atom 𝑎, where
𝑑𝑜𝑚(𝑎) ⊂ Γஊ, and an instance 𝑀 ∈ 𝑚𝑜𝑑𝑒𝑙𝑠({𝑎}, Σ௙). The tree of 𝑀, denoted 𝑡𝑟𝑒𝑒(𝑀), is a
labeled rooted tree (𝑁, 𝐸, 𝜆ଵ, 𝜆ଶ), where 𝑁 is the node set, 𝐸 is the edge set, 𝜆ଵ ∶ 𝑁 → 𝑀 is a
node-labeling function, and 𝜆ଶ ∶ 𝐸 → Σ௙ is an edge-labeling function, such that:

• The root of 𝑡𝑟𝑒𝑒(𝑀) is labeled by 𝑎; and

• For each node 𝑣 ∈ 𝑁, and rule 𝜌 ∈ Σ௙ for which there exists a homomorphism ℎ that maps
𝑏𝑜𝑑𝑦(𝜌) into 𝜆ଵ(𝑣), the following holds: for each 𝑏 ∈ ℎ𝑒𝑎𝑑(𝜎), if ℎ(𝑏) ∈ 𝑀, then there
exists 𝑢 ∈ 𝑁 with 𝜆ଵ(𝑢) = ℎ(𝑏), 𝑒 = (𝑣, 𝑢) belongs to 𝐸, and 𝜆ଶ(𝑒) = 𝜌.

The 𝜌-tree of𝑀, denoted 𝜌-𝑡𝑟𝑒𝑒(𝑀), is the tree obtained from 𝑡𝑟𝑒𝑒(𝑀) by keeping the root node
𝑣, each edge 𝑒 = (𝑣, 𝑢)which is labeled by 𝜌, and the subtree rooted at 𝑢. Let (𝜌-)𝑡𝑟𝑒𝑒𝑠(𝑎, Σ௙) =
{(𝜌-)𝑡𝑟𝑒𝑒(𝑀) ∣ 𝑀 ∈ 𝑚𝑜𝑑𝑒𝑙𝑠({𝑎}, Σ௙)}. By abuse of notation, given a (𝜌-)tree 𝑇 and a CQଵ 𝑞, we
write 𝑇 ⊧ 𝑞 if {𝜆ଵ(𝑣)}௩∈ே ⊧ 𝑞.
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Figure 4.10: Rooted tree obtained from the disjoint union of 𝑇ଵ, … , 𝑇௡ after merging the root
nodes.

Example 4.31. Consider the set Σ௙ obtained by skolemizing Σ from Example 4.27, consisting of:

𝜌ଵ ∶ 𝑝(𝑋, 𝑌) → 𝑟(𝑌, 𝑋) 𝜌ଶ ∶ 𝑟(𝑋, 𝑌) → 𝑝(𝑋, 𝑌) ∨ 𝑡(𝑋, 𝑋)
𝜌ଷ ∶ 𝑡(𝑋, 𝑌) → 𝑝(𝑋, 𝑌) 𝜌ସ ∶ 𝑟(𝑋, 𝑌) → 𝑠(𝑌, 𝑓(𝑋, 𝑌))

Possible models of {𝑟(𝑎, 𝑏)} ∪ Σ௙ are:

𝑀ଵ = {𝑟(𝑎, 𝑏), 𝑠(𝑏, 𝑓(𝑎, 𝑏)), 𝑡(𝑎, 𝑎), 𝑝(𝑎, 𝑎), 𝑟(𝑎, 𝑎), 𝑠(𝑎, 𝑓(𝑎, 𝑎))}
𝑀ଶ = {𝑟(𝑎, 𝑏), 𝑠(𝑏, 𝑓(𝑎, 𝑏)), 𝑝(𝑎, 𝑏), 𝑟(𝑏, 𝑎), 𝑡(𝑏, 𝑏), 𝑝(𝑏, 𝑏), 𝑟(𝑏, 𝑏), 𝑠(𝑎, 𝑓(𝑏, 𝑎)), 𝑠(𝑏, 𝑓(𝑏, 𝑏))}
𝑀ଷ = {𝑟(𝑎, 𝑏), 𝑠(𝑏, 𝑓(𝑎, 𝑏)), 𝑝(𝑎, 𝑏), 𝑟(𝑏, 𝑎), 𝑝(𝑏, 𝑎), 𝑠(𝑎, 𝑓(𝑏, 𝑎))}

Notice that, for each other model 𝑀 of {𝑟(𝑎, 𝑏)} ∪ Σ௙ , it holds that 𝑀௜ ⊆ 𝑀, for at least one
𝑖 ∈ [3]; the tree 𝑇௜ of𝑀௜ is depicted in Figure 4.9. Observe that each 𝑇௜ has exactly one 𝜌ଶ-tree
and one 𝜌ସ-tree. Moreover, the shaded paths form (modulo null renaming) the proof-tree from
𝑟(𝑎, 𝑏) w.r.t. Σ௙ shown in Figure 4.8(a), which is valid w.r.t. 𝑠(𝑎, 𝑋).

Observe that the ϐirst edge of each shaded path in Figure 4.9 is labeled by the same rule. As
shown in the next technical lemma, this is a general property that holds whenever the given
database and set of DTGDs entail the given atomic query.

Lemma 4.32. Consider a set Σ of linear DTGDs in normal form, an atom 𝑎, where 𝑑𝑜𝑚(𝑎) ⊂ Γஊ,
and a CQଵ 𝑞. It holds that, {𝑎} ∪ Σ௙ ⊧ 𝑞 iff there exists 𝜌 ∈ Σ௙ such that 𝑇 ⊧ 𝑞, for each 𝑇 ∈
𝜌-𝑡𝑟𝑒𝑒𝑠(𝑎, Σ௙).

Proof. Let Σ௙ = {𝜌ଵ, … , 𝜌௡}. By deϐinition of the tree of a model, 𝑡𝑟𝑒𝑒𝑠(𝑎, Σ௙) is isomorphic to
the set

𝒯 = ቐ໊
௜∈[௡]

𝑇௜ ห (𝑇ଵ, … , 𝑇௡) ∈ 𝜌ଵ-𝑡𝑟𝑒𝑒𝑠(𝑎, Σ௙) × … × 𝜌௡-𝑡𝑟𝑒𝑒𝑠(𝑎, Σ௙)ቑ ,

where⊎௜∈[௡]𝑇௜ is the rooted tree obtained from the disjoint union of𝑇ଵ, … , 𝑇௡ aftermerging the
root nodes (see Figure 4.10). We are now ready to show our lemma.
(⇒)Assume that for each 𝜌 ∈ Σ௙ there exists 𝑇 ∈ 𝜌-𝑡𝑟𝑒𝑒𝑠(𝑎, Σ௙) such that 𝑇 ⊭ 𝑞. Therefore,

there exists 𝑇ᇱ ∈ 𝒯 such that 𝑇ᇱ ⊭ 𝑞. Clearly, there exists 𝑇ᇳ ∈ 𝑡𝑟𝑒𝑒𝑠(𝑎, Σ௙) isomorphic to 𝑇ᇱ.
Assuming that 𝑇ᇳ = 𝑡𝑟𝑒𝑒(𝑀), for some𝑀 ∈ 𝑚𝑜𝑑𝑒𝑙𝑠({𝑎}, Σ௙),𝑀 ⊭ 𝑎; thus, {𝑎} ∪ Σ௙ ⊭ 𝑎.
(⇐) This direction follows immediately.

Given an atom 𝑎, where 𝑑𝑜𝑚(𝑎) ⊂ 𝐂, a set Σ of linear DTGDs, and a CQଵ 𝑞, by applying
recursively the property guaranteed by Lemma 4.32, one can build a proof-tree from 𝑎 w.r.t.
Σ which is valid w.r.t. 𝑞. This is exactly the key idea underlying the proof of the next crucial
result.
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Lemma 4.33. Consider a database 𝐷, a set Σ of linear DTGDs in normal form, and a CQଵ 𝑞. It
holds that, 𝐷 ∪ Σ ⊧ 𝑞 if and only if there exists a proof-tree from 𝑎 w.r.t. Σ, for some 𝑎 ∈ 𝐷, which
is valid w.r.t. 𝑞.

Proof. (⇒) The claim is shown by giving a proof-tree from some 𝑎 ∈ 𝐷 w.r.t. Σ which is valid
w.r.t. 𝑞; assume that 𝑞 = ∃𝐗𝑝(𝐗). By Lemmas 4.28 and 4.32, there exist 𝑎 ∈ 𝐷 and 𝜌 ∈ Σ௙
such that in every 𝑇 ∈ 𝜌-𝑡𝑟𝑒𝑒𝑠(𝑎, Σ௙) there exists a path 𝜋் from the root to a node 𝑢 which
is labeled by ℎ(𝑝(𝐗)), where ℎ is a homomorphism, and the ϐirst edge 𝑒் of 𝜋் is labeled by
a rule 𝜌 of the form 𝑏 → 𝑏ଵ ∨ 𝑏ଶ or 𝑏 → 𝑏ଵ. Let us now construct a rooted binary tree 𝑇ᇱ =
(𝑁, 𝐸, 𝜆ଵ, 𝜆ଶ); initially, 𝑁 = {𝑣}, 𝐸 = ∅, 𝜆ଵ = {𝑣 → 𝑎}, and 𝜆ଶ = ∅. Clearly, 𝜌-𝑡𝑟𝑒𝑒𝑠(𝑎, Σ௙) can
be partitioned into 𝑆ଵ and 𝑆ଶ such that, for each 𝑇 ∈ 𝑆ଵ, if 𝑒் = (𝑢,𝑤) and ℎ maps 𝑏 into 𝑎
(which is the label of 𝑢), then𝑤 is labeled by ℎ(𝑏ଵ). For each 𝑖 ∈ {1, 2}, assume that the second
node of 𝜋் , for each 𝑇 ∈ 𝑆௜ , is labeled by 𝑔

௜
. Let 𝑁 = 𝑁 ∪ {𝑤ଵ, 𝑤ଶ}, 𝐸 = 𝐸 ∪ {(𝑣, 𝑤௜)}௜∈{ଵ,ଶ},

𝜆ଵ = 𝜆ଵ ∪ {𝑤௜ → 𝑔
௜
}௜∈{ଵ,ଶ}, and 𝜆ଶ = 𝜆ଶ ∪ {(𝑣, 𝑤௜) → 𝜌}௜∈{ଵ,ଶ}. Due to the fact that {𝑔௜} ∪Σ௙ ⊧ 𝑞,

for each 𝑖 ∈ [2], Lemma4.32 canbe recursively applied ϐinitelymany times as described above,
and eventually 𝑇ᇱ is constructed. The desired proof-tree is obtained from 𝑇ᇱ by replacing the
skolem terms occurring in 𝑇ᇱ with distinct nulls of 𝐍.
(⇐) By hypothesis, there exists 𝑎 ∈ 𝐷 and a proof-tree 𝑇 from 𝑎 w.r.t. Σ which is valid w.r.t.

𝑞. It is possible to construct from 𝑇 a rooted binary tree 𝑇ᇱ such that the nodes are labeled
by atoms with skolem terms (instead of nulls), the edges are labeled by rules of Σ௙ , and the
structural properties of 𝑇 are preserved. Assume that the label of each outgoing edge of the
root of 𝑇ᇱ is 𝜌. By Lemmas 4.28 and 4.32, it sufϐices to show that each 𝜌-tree from 𝑎 w.r.t. Σ௙
entails 𝑞. This follows from the fact that, for each 𝑇ᇳ ∈ 𝜌-𝑡𝑟𝑒𝑒𝑠(𝑎, Σ௙), there is a path from the
root to a leaf of 𝑇ᇱ that can be mapped into 𝑇ᇳ.

By Lemma 4.33we get that CQଵ answering is equivalent to the problem of deciding whether
a proof-tree exists. The latter can be tackled by exploiting an alternating algorithm.

The AlternaƟng Algorithm

The alternating algorithm called 𝖲𝖾𝖺𝗋𝖼𝗁𝖯𝖳 accepts as input a database 𝐷, a set Σ of linear DT-
GDs, and a CQଵ 𝑞, and decideswhether a proof-tree from 𝑎w.r.t.𝖭(Σ), for some 𝑎 ∈ 𝐷, which is
valid w.r.t. 𝑞 exists (recall that𝖭(Σ) denotes the normal form of Σ as deϐined in Chapter 2). The
formal deϐinition of 𝖲𝖾𝖺𝗋𝖼𝗁𝖯𝖳 is depicted in Figure 4.11, while an example of its computation
follows.

Example 4.34. Consider the database 𝐷 = {𝑟(𝑎, 𝑏)}, the set Σ of linear DTGDs

𝜎ଵ ∶ 𝑟(𝑋, 𝑌) → 𝑝(𝑋) ∨ 𝑡(𝑌, 𝑋) 𝜎ଶ ∶ 𝑝(𝑋) → 𝑟(𝑋, 𝑋)
𝜎ଷ ∶ 𝑡(𝑋, 𝑌) → ∃𝑍 𝑠(𝑌, 𝑍) 𝜎ସ ∶ 𝑠(𝑋, 𝑌) → ∃𝑍 𝑠(𝑌, 𝑍),

and the CQଵ 𝑞 = ∃𝐗𝑝(𝐗). Figure 4.12 shows an initial part of the alternating computation of
𝖲𝖾𝖺𝗋𝖼𝗁𝖯𝖳(𝐷, Σ, 𝑞). Observe that in the shaded edge exactly three (i.e. maximum arity plus one)
nulls appear.
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Algorithm 𝖲𝖾𝖺𝗋𝖼𝗁𝖯𝖳(𝐷, Σ, 𝑞)

Input: A database 𝐷, a set Σ of linear DTGDs, and a CQଵ 𝑞 = ∃𝐗𝑝(𝐗).
Output: Accept iff there exists a “small” proof-tree from 𝑎w.r.t.𝖭(Σ), for some 𝑎 ∈ 𝐷, which is
valid w.r.t. 𝑞.

1. Σ ∶= 𝖭(Σ);

2. 𝑁 ∶= {𝑧௜ ∈ 𝐍}௜∈[௠ାଵ], where𝑚 is the maximum arity over all predicates of 𝑠𝑐ℎ(Σ);

3. Guess an atom 𝑎 ∈ 𝐷;

4. Guess to either execute step 5 or to skip to step 6;

5. If there exists a homomorphism ℎ such that ℎ(𝑝(𝐗)) = 𝑎, then accept;

6. Guess a DTGD 𝜎 ∈ Σ of the form 𝑟(𝐗) → ∃𝑌𝜓௜(𝐗, 𝑌) (𝑌 may not be present), and a
homomorphism ℎ such that ℎ(𝑏𝑜𝑑𝑦(𝜎)) = 𝑎; if there is no such 𝜎 and ℎ, then reject;

7. Universally choose each disjunct 𝑏 of ℎ𝑒𝑎𝑑(𝜎) and do the following:
a) If 𝑌 is present in 𝜎, then ℎᇱ ∶= ℎ|𝐗 ∪ {𝑌 → 𝑡 ∣ 𝑡 ∈ 𝑁 and 𝑡 ∉ 𝑑𝑜𝑚(ℎ(𝑟(𝐗)))};

otherwise, ℎᇱ ∶= ℎ;
b) 𝑎 ∶= ℎᇱ(𝑏) and goto step 4.

Figure 4.11: The alternating algorithm 𝖲𝖾𝖺𝗋𝖼𝗁𝖯𝖳.

Correctness of 𝖲𝖾𝖺𝗋𝖼𝗁𝖯𝖳 follows by construction. Thus, Lemma 4.33 implies the following:

Proposition 4.35. Consider a database𝐷, a set Σ of linear DTGDs, and a CQଵ 𝑞. Then,𝐷∪Σ ⊧ 𝑞
iff 𝖲𝖾𝖺𝗋𝖼𝗁𝖯𝖳(𝐷, Σ, 𝑞) accepts.

Complexity Upper Bounds

Equipped with the above machinery, we are now ready to establish the desired complexity
upper bounds for our problem.

Theorem4.36. CQଵ-AēĘĜĊėĎēČ under linear DTGDs is in EĝĕTĎĒĊ in the combined complexity.

Proof. Consider a database 𝐷, a set Σ of linear DTGDs, and a CQଵ 𝑞. Recall that alternating
PSĕĆĈĊ coincides with EĝĕTĎĒĊ. Thus, by Proposition 4.35, and since 𝖲𝖾𝖺𝗋𝖼𝗁𝖯𝖳 is an alter-
nating procedure, it sufϐices to show that 𝖲𝖾𝖺𝗋𝖼𝗁𝖯𝖳(𝐷, Σ, 𝑞) uses polynomial space in general.
Clearly, the set of nulls 𝑁 can be maintained in 𝑂(𝑚 log𝑚) space, where 𝑚 is the maximum
arity over all predicates of 𝑠𝑐ℎ(𝖭(Σ)). Furthermore, the atom ℎᇱ(𝑏) can be maintained in
𝑂(𝑚 log𝑚 + 𝑚 log 𝑛) space, where 𝑛 = |𝑑𝑜𝑚(𝐷)|. This is because ℎᇱ(𝑏) contains at most
𝑚 terms, and each such term can be represented using log𝑚 bits, if its a null of𝑁, or log 𝑛 bits,
if its a constant of 𝑑𝑜𝑚(𝐷). Therefore, at each step of its computation the algorithm 𝖲𝖾𝖺𝗋𝖼𝗁𝖯𝖳
uses 𝑂(𝑚 log𝑚 +𝑚 log 𝑛) space.
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Figure 4.12: Computation of the algorithm 𝖲𝖾𝖺𝗋𝖼𝗁𝖯𝖳.

We proceed to show that CQଵ answering under linear DTGDs is in PTĎĒĊ in case of predi-
cates of bounded arity. Since alternating LĔČSĕĆĈĊ coincides with PTĎĒĊ, it sufϐices to show
that 𝖲𝖾𝖺𝗋𝖼𝗁𝖯𝖳(𝐷, Σ, 𝑞) uses only logarithmic space. Recall that our algorithmuses𝑂(𝑚 log𝑚+
𝑚 log 𝑛) space, where𝑚 is the maximum arity over all predicates of 𝑠𝑐ℎ(𝖭(Σ)). However, the
existing normalization procedure (see Chapter 2) introduces new auxiliary predicates of un-
bounded arity, and thus𝑚 is not an integer constant. Thus, weneed anormalizationprocedure
which does not increase the arity of the original schema. Although it is not clear how such a
normalization procedure works in general, for CQଵ answering under linear DTGDs such a pro-
cedure can easily be deϐined. The key idea is that we do not need to preserve the joins among
nulls since linear DTGDs can have only one body-atom, and also the query to be answered
is a single atom. In order to exploit this observation, we will redeϐine the function 𝖭(⋅) that
computes the normal form of a set of DTGDs. Let us explain how this adapted normalization
procedure works.
Consider a linear DTGD 𝜎. First, we construct the set 𝖭ଵ(𝜎) by exhaustively applying the

following two replacement rules, starting from 𝜎, until each assertion is either a single-atom-
head TGD, or a DTGD with a disjunction of two atoms in its head:

1. A linear DTGD 𝑝(𝐗) → ∨௡௜ୀଵ∃𝐘௜ (𝑝௜ଵ(𝐗, 𝐘௜), … , 𝑝௜௞೔(𝐗, 𝐘௜)) is replaced by

𝑝(𝐗) → 𝑝⋆ଵ(𝐗) ∨ 𝑝⋆ଶ..௡(𝐗)
𝑝⋆ଵ(𝐗) → ∃𝐘ଵ𝑝ଵଵ(𝐗, 𝐘ଵ)

⋮
𝑝⋆ଵ(𝐗) → ∃𝐘ଵ𝑝ଵ௞భ(𝐗, 𝐘ଵ)

𝑝⋆ଶ..௡(𝐗) →
௡

ሧ
௜ୀଶ

∃𝐘௜ (𝑝௜ଵ(𝐗, 𝐘௜), … , 𝑝௜௞೔(𝐗, 𝐘௜)),

where 𝑝⋆ଵ and 𝑝⋆ଶ..௡ are |𝐗|-ary auxiliary predicates not introduced so far.
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2. A linear TGD 𝑝(𝐗) → ∃𝐘𝑝ଵ(𝐗, 𝐘ଵ), … , 𝑝௡(𝐗, 𝐘௡) is replaced by

𝑝(𝐗) → ∃𝐘ଵ𝑝ଵ(𝐗, 𝐘ଵ)
⋮

𝑝(𝐗) → ∃𝐘௡ 𝑝௡(𝐗, 𝐘௡).

Now, from 𝖭ଵ(𝜎), we obtain the redeϐined 𝖭(𝜎) by employing the construction presented in
Chapter 2 for transforming a set of DTGDs into a set of DTGDs with only one occurrence of an
existentially quantiϐied variable. Finally, given a set Σ of DTGDs, 𝖭(Σ) is deϐined as⋃ఙ∈ஊ 𝖭(𝜎).
We will henceforth use this redeϐined normal form whenever we deal with linear DTGDs and
atomic queries. The next lemma follows by construction:

Lemma 4.37. Consider a set Σ of linear DTGDs. Then,

1. 𝖭(Σ) is in normal form;

2. 𝖭(Σ) is constructible in logarithmic space;

3. max௣∈௦௖௛(𝖭(ஊ)){𝑎𝑟𝑖𝑡𝑦(𝑝)} = max௣∈௦௖௛(ஊ){𝑎𝑟𝑖𝑡𝑦(𝑝)}; and

4. for every database 𝐷 and CQଵ 𝑞, 𝐷 ∪ Σ ⊧ 𝑞 if and only if 𝐷 ∪ 𝖭(Σ) ⊧ 𝑞.

With the above normalization procedure in place, Lemma 4.37 implies the following:

Theorem 4.38. CQଵ-AēĘĜĊėĎēČ under linear DTGDs is in PTĎĒĊ in case where the predicate
arity is bounded.

The rest of this subsection is devoted to show that CQଵ answering under linear DTGDs is in
AC଴ in data complexity. We do this by establishing that our problem is ϐirst-order rewritable,
that is, it can be reduced to the problemof evaluating a ϐirst-order query over a database. First-
order rewritability was ϐirst introduced in the context of description logics by Calvanese et al.
[2007].
Consider a set Σ of linear DTGDs, and a CQଵ 𝑞. Let 𝐶 be the constants occurring in 𝑞, and

𝑁 = {𝑧ଵ, … , 𝑧௠} be a set of nulls, where𝑚 is the maximum arity over all predicates of 𝑠𝑐ℎ(Σ).
Let 𝑏𝑎𝑠𝑒(𝑞, Σ) be the set of all atoms that can be formed using terms of 𝐶 ∪ 𝑁 and predicates
of 𝑠𝑐ℎ(Σ). Let 𝐵 = {𝑏 ∣ 𝑏 ∈ 𝑏𝑎𝑠𝑒(𝑞, Σ) and {𝑏} ∪ Σ ⊧ 𝑞}, and 𝜇 be a renaming substitution that
maps each 𝑧 ∈ 𝑁 into a distinct variable 𝑋௭ ∈ 𝐕. We deϐine the ϐirst-order query 𝑞ஊ as

ሧ
௕∈஻

∃𝑋௭భ …∃𝑋௭೘ 𝜇(𝑏).

In fact, 𝑞ஊ is a union of CQs, where each disjunct is an atomic CQ. It is easy to see that |𝐵| ⩽
|𝑠𝑐ℎ(Σ)| ⋅ (2𝑚)௠. Since, by Theorem 4.36, CQଵ answering under linear DTGDs is feasible in
exponential time, we conclude that the set 𝐵, and thus the query 𝑞ஊ, can be constructed in
exponential time. In what follows, we show that 𝑞ஊ is a sound and complete rewriting:
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Lemma 4.39. Consider a set Σ of linear DTGDs in normal form, and a CQଵ 𝑞. Then, for every
database 𝐷, 𝐷 ∪ Σ ⊧ 𝑞 iff 𝐷 ⊧ 𝑞ஊ.

Proof. Fix a database 𝐷 and let 𝑞 = ∃𝐗𝑝(𝐗). By construction of 𝑞ஊ, it sufϐices to show that
𝐷 ∪Σ ⊧ 𝑞 if and only if there exists 𝑏 ∈ 𝑏𝑎𝑠𝑒(𝑞, Σ) and a homomorphism ℎ such that ℎ(𝑏) ∈ 𝐷
and {𝑏} ∪ Σ ⊧ 𝑞.
(⇒) By Lemma 4.28, there exists an atom 𝑎 ∈ 𝐷 such that {𝑎} ∪ Σ ⊧ 𝑞. Therefore, for each
𝑀 ∈ 𝑚𝑜𝑑𝑒𝑙𝑠({𝑎}, Σ), there exists a homomorphism ℎெ such that ℎெ(𝑝(𝐗)) ⊆ 𝑀. More-
over, by construction, there exists 𝑏 ∈ 𝑏𝑎𝑠𝑒(𝑞, Σ) and a bijective homomorphism 𝜆 such that
𝜆(𝑏) = 𝑎; clearly, 𝜆(𝑏) ∈ 𝐷. Let 𝛾 ∶ 𝑑𝑜𝑚(𝑎) → 𝑑𝑜𝑚(𝑏) be the substitution {𝑡 → 𝑡ᇱ ∣ 𝑡ᇱ →
𝑡 ∈ 𝜆|೏೚೘(ೌ)}. By induction on the depth of the trees of the models, it can be shown that for
each 𝑀ᇱ ∈ 𝑚𝑜𝑑𝑒𝑙𝑠({𝑏}, Σ), there exists 𝑀 ∈ 𝑚𝑜𝑑𝑒𝑙𝑠({𝑎}, Σ) such that 𝛾(𝑀) = 𝑀ᇱ; thus, the
homomorphism 𝛾 ∘ ℎெ maps 𝑝(𝐗) into𝑀ᇱ.
(⇐) This direction can be shown by providing a similar argument.

In the case of data complexity, the set of DTGDs Σ and the CQଵ 𝑞 are ϐixed, and thus 𝑞ஊ is
ϐixed. Since, as shown by Vardi [1995], the evaluation of ϐirst-order queries is feasible in AC଴
when the query is ϐixed, Lemma 4.39 implies the following complexity result:

Theorem 4.40. CQଵ-AēĘĜĊėĎēČ under linear DTGDs is in AC଴ in the data complexity.

This concludes the upper bound section for atomic queries.

4.8.3 Lower Bounds

We proceed now to establish the desired complexity lower bounds for CQଵ answering under
DIDs. The following theorem is obtained by simulating an alternating polynomial space Turing
machine, using the ideas of the PSĕĆĈĊ-hardness proof of the implication problem of (non-
disjunctive) IDs given in [Casanova et al., 1984].

Theorem 4.41. CQଵ-AēĘĜĊėĎēČ under DIDs is EĝĕTĎĒĊ-hard in the combined complexity.

Proof. The proof is by reduction from the acceptance problem of an alternating linear space
Turingmachine𝑀 on input 𝐼 = 𝑎ଵ …𝑎|ூ|. Let𝑀 = (𝑆, Λ, 𝛿, 𝑠଴), where 𝑆 = 𝑆∀⊎𝑆∃⊎{𝑠௔}⊎{𝑠௥} is
a ϐinite set of states partitioned into universal states, existential states, an accepting state and
a rejecting state, Λ = {0, 1, ⊔} is the tape alphabet with ⊔ being the blank symbol, 𝛿 ∶ 𝑆 × Λ →
(𝑆 × Λ × {−1,+1})ଶ is the transition function, and 𝑠଴ ∈ 𝑆 is the initial state. We assume
that𝑀 is well-behaved and never tries to read beyond its tape boundaries, always halts, and
uses exactly 𝑛 = |𝐼| tape cells. Also, for each transition (𝑠, 𝑎) → ((𝑠ᇱ, 𝑎ᇱ, 𝑑ᇱ), (𝑠ᇳ, 𝑎ᇳ, 𝑑ᇳ)), we
assume that 𝑑ᇱ = 𝑑ᇳ; the latter is a technical assumption which will allow us to represent
the transitions of 𝛿 in a more convenient form (in the same way as in the PSĕĆĈĊ-hardness
proof of the implication problem of (non-disjunctive) IDs given in [Casanova et al., 1984]). We
represent conϐigurations using a stringΛ⋆𝑆Λା, that is, the state of the conϐiguration is placed to

102



the immediate left of the cursorposition. In this notation, the initial conϐiguration is 𝑠଴𝑎ଵ…𝑎|ூ|.
Finally, we assume that the accepting conϐiguration of𝑀 is 𝑠௔⊔௡.
Our goal is to construct a database 𝐷, a set Σ of DIDs, and a CQଵ 𝑞 such that 𝐷 ∪ Σ ⊧ 𝑞 if and

only if𝑀 accepts. We employ the predicate 𝑐𝑜𝑛𝑓 of arity 𝑎𝑟 = (|𝑆| + 3) ⋅ (𝑛 + 1) to represent
objects in the relation (𝑆 ∪ Λ) × [𝑛 + 1]. Such an object (𝑥, 𝑖) represents the fact that the 𝑖-th
symbol on the tape of 𝑀 is 𝑥 (i.e. the integer part represents the tape cell, and the (𝑆 ∪ Λ)
part represents the tape content and the head position). Assume an order on the elements
of (𝑆 ∪ Λ) × [𝑛 + 1], and let #(௫,௜) denote the position of the element (𝑥, 𝑖) in this order. The
position 𝑐𝑜𝑛𝑓[#(௫,௜)] will contain the constant 1 (resp. an element from ({0} ∪ 𝐍)) if (𝑥, 𝑖) is
true (resp. false). Intuitively, we want that the ϐirst 𝑐𝑜𝑛𝑓-atom, contained in the database 𝐷,
to represent the starting conϐiguration of𝑀, by having the constant 1 appear at each relevant
position (𝑥, 𝑖), and 0 everywhere else. We will then use the set of DIDs Σ to propagate the
constant 1 to its relevant new positions in subsequent conϐigurations. We proceed with the
construction of 𝐷, Σ and 𝑞.

The Database 𝐷. 𝐷 consists of a single atom which represents the initial conϐiguration of𝑀:
𝑠଴𝑎ଵ…𝑠|ூ|. Given two elements 𝑥, 𝑦 ∈ Λ, 𝑓(𝑥, 𝑦) = 1 if 𝑥 = 𝑦; otherwise, 𝑓(𝑥, 𝑦) = 0. The
database atom is deϐined as 𝑐𝑜𝑛𝑓(𝐭), where 𝐭 ∈ {0, 1}௔௥ is the tuple:

1,
|ௌ|ିଵ
ᇩᇭᇪᇭᇫ0,… , 0, 0, 0, 0,

|ௌ|
ᇩᇭᇪᇭᇫ0,… , 0, 𝑓(𝑎ଵ, 0), 𝑓(𝑎ଵ, 1), 𝑓(𝑎ଵ, ⊔), … ,

0, … , 0ᇣᇧᇤᇧᇥ
|ௌ|

, 𝑓(𝑎|ூ|, 0), 𝑓(𝑎|ூ|, 1), 𝑓(𝑎|ூ|, ⊔).

The construction of 𝐷 is now completed.

The Set of DIDs Σ. With Σwe encode the transitions of 𝛿. These transitions can be described
by expressions of the form 𝑥ଵ𝑦ଵ𝑧ଵ → 𝑥ଶ𝑦ଶ𝑧ଶ; 𝑥ଷ𝑦ଷ𝑧ଷ with 𝑥௜ , 𝑦௜ , 𝑧௜ ∈ (𝑆 ∪ Λ), for each 𝑖 ∈
{1, 2, 3}. For example, the transition (𝑠, 𝑎) → ((𝑠ᇱ, 𝑎ᇱ, −1), (𝑠ᇳ, 𝑎ᇳ, −1)) corresponds to 𝑥𝑠𝑎 →
𝑠ᇱ𝑥𝑎ᇱ; 𝑠ᇳ𝑥𝑎ᇳ, for each 𝑥 ∈ Λ, while the transition (𝑠, 𝑎) → ((𝑠ᇱ, 𝑎ᇱ, +1), (𝑠ᇳ, 𝑎ᇳ, +1)) corre-
sponds to 𝑠𝑎𝑥 → 𝑎ᇱ𝑠ᇱ𝑥; 𝑎ᇳ𝑠ᇳ𝑥, for each 𝑥 ∈ Λ. Let 𝑇ఋ be all such expressions corresponding to
transitions of 𝛿.
Consider an expression 𝜏 ∈ 𝑇ఋ of the form 𝑥ଵ𝑦ଵ𝑧ଵ → 𝑥ଶ𝑦ଶ𝑧ଶ; 𝑥ଷ𝑦ଷ𝑧ଷ. For each 𝑖 ∈ {1, 2, 3}

and 𝑗 ∈ [𝑛 − 1], we deϐine the atom 𝑔௝௜ (𝜏) as 𝑐𝑜𝑛𝑓(𝐭), where 𝐭 ∈ 𝐕௔௥ is as follows:

• At positions #(௫೔ ,௝), #(௬೔ ,௝ାଵ) and #(௭೔ ,௝ାଶ) of 𝐭 the variables𝑋, 𝑌 and 𝑍 occur, respectively;

• For each (𝑥, ℓ) ∈ (Λ × {1,… , 𝑗 − 1, 𝑗 + 3,… , 𝑛 + 1}), at position #(௫,ℓ) of 𝐭 the variable 𝑋ℓ
occurs; and

• At eachposition of 𝐭not considered above adistinct variable occurs; these variables form
the set 𝐘௜ .
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Having the above atoms in place, we are now ready to deϐine the set Σ of DIDs. For each 𝜏 =
𝑥ଵ𝑦ଵ𝑧ଵ → 𝑥ଵ𝑦ଶ𝑧ଶ; 𝑥ଷ𝑦ଷ𝑧ଷ of 𝑇ఋ , where 𝑠 ∈ 𝑆 is the state occurring in 𝑥ଵ𝑦ଵ𝑧ଵ, and for each
𝑗 ∈ [𝑛 − 1]:

• If 𝑠 ∈ 𝑆∀, then Σ includes the DID

𝑔௝ଵ(𝜏) → ∃𝐘ଶ𝑔௝ଶ(𝜏) ∨ ∃𝐘ଷ𝑔௝ଷ(𝜏).

• If 𝑠 ∈ 𝑆∃, then Σ includes the two (non-disjunctive) IDs

𝑔௝ଵ(𝜏) → ∃𝐘ଶ𝑔௝ଶ(𝜏) and 𝑔௝ଵ(𝜏) → ∃𝐘ଷ𝑔௝ଷ(𝜏).

This completes the construction of Σ.

The atomic query 𝑞. The query 𝑞 is deϐined as∃𝐗 𝑐𝑜𝑛𝑓(𝐭), where 𝐭 ∈ ({1}∪𝐗)௔௥ is as follows:

• At positions #(௦ೌ ,ଵ), #(⊔,ଶ), … , #(⊔,௡ାଵ) the constant 1 occurs; and

• At all the other positions a distinct variable of 𝐗 occurs.

The construction of 𝑞 is now completed.

Correctness. By construction, whenever a transition 𝜏 ∈ 𝛿 would take place, at least one of
the DIDs of Σ will propagate the constant 1 in such a way that the derived atom will repre-
sent the successor conϐiguration. If themachine thus reaches the accepting conϐiguration, this
implies that there exists a sequence of DIDs that will derive the atom corresponding to that ac-
cepting conϐiguration, namely the CQଵ 𝑞. Conversely, if𝐷∪Σ ⊧ 𝑞, then there exists a sequence
of DIDs as above, and the sequence of corresponding transitions in 𝛿 yields an accepting com-
putation of𝑀.

We now focus on multi-linear DTGDs, and show that query answering remains 2EĝĕTĎĒĊ-
hard, even if we consider atomic queries.

Theorem 4.42. CQଵ-AēĘĜĊėĎēČ under multi-linear DTGDs is 2EĝĕTĎĒĊ-hard in the combined
complexity.

Proof. Let 𝐷, Σ and 𝑄 be the database, the set of DIDs, and the UCQ employed in the proof
of Theorem 4.23, where it is shown that ACQ answering under DIDs is 2EĝĕTĎĒĊ-hard. Our
goal is to rewrite Σ and 𝑄 into Σᇱ and 𝑄ᇱ, respectively, such that: (1) Σᇱ is a set of DIDs; (2)
for each disjunct 𝜙 of 𝑄ᇱ, and for each pair of atoms 𝑎, 𝑏 of 𝜙, 𝑣𝑎𝑟(𝑎) = 𝑣𝑎𝑟(𝑏); and (3)
𝐷 ∪ Σ ⊧ 𝑄 iff 𝐷 ∪ Σᇱ ⊧ 𝑄ᇱ. Having Σᇱ and 𝑄ᇱ in place our claim follows. More precisely, the set
Σᇳ ofmulti-linear DTGDs can be constructed by adding to Σᇱ themulti-linear (non-disjunctive)
DTGD𝜙 → 𝑝⋆, where 𝑝⋆ ∉ 𝑠𝑐ℎ(Σᇱ), for each disjunct𝜙 of𝑄ᇱ, such that𝐷∪Σᇱ ⊧ 𝑄ᇱ iff𝐷∪Σᇳ ⊧ 𝑞,
where 𝑞 = 𝑝⋆.
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Before deϐining Σᇱ and 𝑄ᇱ, let us explain why we cannot directly add the disjuncts of 𝑄 to Σ
and get the desired result. Consider, for example, the disjunct 𝑄௜௡௘௥௧௜௔

ሧ
(௦,௦ᇲ)∈ௌ×ௌ

ሧ
(௔,௔ᇲ)∈ஃ×ஃ,௔ஷ௔ᇲ

ሧ
௜∈{ଵ,ଶ}

ሧ
௝∈{଴,ଵ}

∃𝐗௡∃𝑇∃𝑃∃𝑁ଵ∃𝑁ଶ∃𝑁ᇱ
ଵ∃𝑁ᇱ

ଶ

൫𝑐𝑜𝑛𝑓[𝑠](𝐗௡, 𝑎, 0, 𝑇, 𝑃, 𝑁ଵ, 𝑁ଶ) ∧ 𝑐𝑜𝑛𝑓[𝑠ᇱ](𝐗௡, 𝑎ᇱ, 𝑗, 𝑁௜ , 𝑇, 𝑁ᇱ
ଵ, 𝑁ᇱ

ଶ)൯ ,

which checks that the tape cells not under the cursor keep their old values during a transition.
Clearly, to perform such a check we just need to have access to a certain conϐiguration and to
one of its subsequent conϐigurations. However, in an atom 𝑐𝑜𝑛𝑓[𝑠](⋅)we store more informa-
tion than necessary, namely the previous conϐiguration, and not just one but both subsequent
conϐigurations. This is precisely the reason why the atoms of 𝑄௜௡௘௥௧௜௔ contain different vari-
ables, and its disjuncts will give rise to TGDs which are not multi-linear. Thus, we need to
project out the useless variables via some (non-disjunctive) IDs, and rewrite the disjuncts of
𝑄 analogously. The projection IDs, which are the ones that we add in Σ in order to get Σᇱ, are
as follow:

𝑐𝑜𝑛𝑓[𝑠](𝐗௡, 𝐶, 𝐻, 𝑇, 𝑃, 𝑁ଵ, 𝑁ଶ) → 𝑐𝑜𝑛𝑓௉[𝑠](𝐗௡, 𝐶, 𝐻, 𝑇, 𝑃)
𝑐𝑜𝑛𝑓[𝑠](𝐗௡, 𝐶, 𝐻, 𝑇, 𝑃, 𝑁ଵ, 𝑁ଶ) → 𝑐𝑜𝑛𝑓௅[𝑠](𝐗௡, 𝐶, 𝐻, 𝑇, 𝑁ଵ)
𝑐𝑜𝑛𝑓[𝑠](𝐗௡, 𝐶, 𝐻, 𝑇, 𝑃, 𝑁ଵ, 𝑁ଶ) → 𝑐𝑜𝑛𝑓ோ[𝑠](𝐗௡, 𝐶, 𝐻, 𝑇, 𝑁ଶ),

where the subscripts 𝑃, 𝐿 and 𝑅 stand for previous, (next-)left and (next-)right, respectively.
Now, the query 𝑄௜௡௘௥௧௜௔ can be rewritten as follows:

ሧ
௫∈{௅,ோ}

ሧ
(௦,௦ᇲ)∈ௌ×ௌ

ሧ
(௔,௔ᇲ)∈ஃ×ஃ,௔ஷ௔ᇲ

ሧ
௝∈{଴,ଵ}

∃𝐗௡∃𝑇∃𝑁

൫𝑐𝑜𝑛𝑓௫[𝑠](𝐗௡, 𝑎, 0, 𝑇, 𝑁) ∧ 𝑐𝑜𝑛𝑓௉[𝑠ᇱ](𝐗௡, 𝑎ᇱ, 𝑗, 𝑁, 𝑇)൯ .

The same approach can be applied also for 𝑄௧௥௔௡௦ and 𝑄௜௡௘௥௧௜௔ , without violating the multi-
linearity of the added TGDs. However, this is not true for 𝑄௠௢௩௘ . After rewriting 𝑄௠௢௩௘ as
above, we get

ሧ
௫∈{௅,ோ}

ሧ
଴ழ௜,௝⩽௡

ሧ
(௦,௦ᇲ)∈ௌ×ௌ

ሧ
(௖భ ,௖మ ,௖య)∈ஃయ

∃𝐗௡ି௜∃𝐘௡ି௝∃𝑇∃𝑁

൮𝑐𝑜𝑛𝑓௫[𝑠](𝐗௡ି௜ , 0, 𝟏௜ିଵ, 𝑐ଵ, 1, 𝑇, 𝑁) ∧ 𝑐𝑜𝑛𝑓௉[𝑠ᇱ](𝐗௡ି௜ , 1, 𝟎௜ିଵ, 𝑐ଶ, 0, 𝑁, 𝑇)ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ఝభ

∧

𝑐𝑜𝑛𝑓௫[𝑠](𝐘௡ି௝ , 1, 𝟎௝ିଵ, 𝑐ଵ, 1, 𝑇, 𝑁) ∧ 𝑐𝑜𝑛𝑓௉[𝑠ᇱ](𝐘௡ି௝ , 0, 𝟏௜ିଵ, 𝑐ଷ, 0, 𝑁, 𝑇)ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ఝమ

൲ ,

and the TGD 𝜑ଵ, 𝜑ଶ → 𝑝⋆ is not multi-linear due to the variables 𝐗௡ି௜ and 𝐘௡ି௝ . Nevertheless,
since we just need to join the variables 𝑇 and 𝑁, it sufϐices to add to Σ the multi-linear TGDs
𝜑ଵ → 𝑎𝑢𝑥ଵ(𝑇, 𝑁), 𝜑ଶ → 𝑎𝑢𝑥ଶ(𝑇, 𝑁) and 𝑎𝑢𝑥ଵ(𝑇, 𝑁), 𝑎𝑢𝑥ଶ(𝑇, 𝑁) → 𝑝⋆, where 𝑎𝑢𝑥ଵ and 𝑎𝑢𝑥ଶ
are auxiliary predicates not occurring in 𝑠𝑐ℎ(Σ).
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Although atomic query answering under DIDs is hard for EĝĕTĎĒĊ, in case of predicates of
bounded arity we can only show that is PTĎĒĊ-hard; in fact, this is true even if we focus on
unary predicates.

Theorem 4.43. CQଵ-AēĘĜĊėĎēČ under DIDs is PTĎĒĊ-hard, even for unary predicates.

Proof. The proof is by reduction from the acceptance problem of an alternating logarithmic
space Turingmachine𝑀 on input 𝐼 = 𝑎ଵ …𝑎|ூ|. Recall that logarithmic space Turingmachines
are equippedwith a read-only input tape and a read/write work tape, where on the input tape
only the cells which hold the input can be visited, while on the work tape only logarithmically
many cells can be used. Let 𝑀 = (𝑆, Λ, 𝛿, 𝑠଴), where 𝑆 = 𝑆∀ ⊎ 𝑆∃ ⊎ {𝑠௔} ⊎ {𝑠௥} is a ϐinite set
of states partitioned into universal states, existential states, an accepting state and a rejecting
state, Λ = {0, 1, ⊔} is the tape alphabet with ⊔ being the blank symbol, 𝛿 ∶ 𝑆 × Λ × Λ →
(𝑆×Λ× {−1,+1}×Λ× {−1,+1})ଶ is the transition function, and 𝑠଴ ∈ 𝑆 is the initial state. We
assume that 𝑀 is well-behaved and never tries to read beyond its tape boundaries, and uses
exactly 𝑛 = log |𝐼|௞ cells of the work tape, where 𝑘 > 0.
We proceed to construct a database𝐷, a set Σ of DIDs, where 𝑠𝑐ℎ(Σ) consists of unary pred-

icates, and a CQଵ 𝑞 such that 𝐷 ∪ Σ ⊧ 𝑞 if and only if 𝑀 accepts. Each conϐiguration of 𝑀 is
represented using a unary predicate of the form

𝑐𝑜𝑛𝑓[𝑠#𝑎ଵ…𝑎|ூ|𝑥ଵ…𝑥|ூ|#𝑐ଵ…𝑐௡𝑦ଵ…𝑦௡],

where 𝑠 ∈ 𝑆, 𝑎ଵ…𝑎|ூ| is the input tape, 𝑥ଵ…𝑥|ூ| ∈ {0, 1}|ூ| indicates the position of the cursor
on the input tape (e.g. 𝑥ଵ…𝑥௜ିଵ𝑥௜ାଵ…𝑥|ூ| = 0|ூ|ିଵ and 𝑥௜ = 1 implies that the cursor is at
the 𝑖-th cell), 𝑐ଵ…𝑐௡ ∈ Λ௡ is the work tape, and 𝑦ଵ…𝑦௡ ∈ {0, 1}௡ indicates the position of the
cursor on the work tape. Since the number of conϐigurations of𝑀 on 𝐼 is polynomial, we only
need polynomially many predicates. We proceed with the construction of 𝐷, Σ and 𝑞.

The Database 𝐷. Let 𝐷 be the database consisting of the single atom

𝑐𝑜𝑛𝑓[𝑠଴#𝑎ଵ…𝑎|ூ|1
|ூ|ିଵ
ᇩᇪᇫ0…0#⊔…⊔ᇣᇧᇤᇧᇥ

௡
11…1ᇣᇤᇥ

௡
](𝑐),

where 𝑐 is an arbitrary constant of 𝐂.

The Set Σ. With Σ we encode the transitions of 𝛿. Let 𝑓 ∶ {0, 1} → 2[|ூ|] be the function such
that 𝑓(𝑥), where 𝑥 ∈ {0, 1}, is the set of cells of the input tape which contain the symbol 𝑥. For
each transition (𝑠, 𝑎, 𝑏) → ((𝑠ଵ, 𝑎, +1, 𝑏ଵ, −1), (𝑠ଶ, 𝑎, −1, 𝑏ଶ, +1))of𝛿, weadd inΣ the following
DIDs: for each 𝑖 ∈ 𝑓(𝑎), 𝑗 ∈ [𝑛−1] and 𝑥ଵ, … , 𝑥௝ିଵ, 𝑥௝ାଵ, … , 𝑥௡ ∈ Λ௡ିଵ, 𝑝ଵ(𝑋) → 𝑝ଶ(𝑋)∨𝑝ଷ(𝑋),
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if 𝑠 ∈ 𝑆∀; else, 𝑝ଵ(𝑋) → 𝑝ଶ(𝑋) and 𝑝ଵ(𝑋) → 𝑝ଷ(𝑋), where

𝑝ଵ = 𝑐𝑜𝑛𝑓[𝑠#𝑎ଵ…𝑎௜ିଵ𝑎𝑎௜ାଵ…𝑎|ூ| 0…0ᇣᇤᇥ
௜ିଵ

10…0ᇣᇤᇥ
|ூ|ି௜

#𝑥ଵ…𝑥௝ିଵ𝑎ଵ𝑥௝ାଵ…𝑥௡ 0…0ᇣᇤᇥ
௝ିଵ

10…0ᇣᇤᇥ
௡ି௝

]

𝑝ଶ = 𝑐𝑜𝑛𝑓[𝑠ଵ#𝑎ଵ…𝑎௜ିଵ𝑎𝑎௜ାଵ…𝑎|ூ| 0…0ᇣᇤᇥ
௜

1 0…0ᇣᇤᇥ
|ூ|ି௜ିଵ

#𝑥ଵ…𝑥௝ିଵ𝑏ଵ𝑥௝ାଵ…𝑥௡ 0…0ᇣᇤᇥ
௝ିଶ

1 0…0ᇣᇤᇥ
௡ି௝ାଵ

]

𝑝ଷ = 𝑐𝑜𝑛𝑓[𝑠ଶ#𝑎ଵ…𝑎௜ିଵ𝑎𝑎௜ାଵ…𝑎|ூ| 0…0ᇣᇤᇥ
௜ିଶ

1 0…0ᇣᇤᇥ
|ூ|ି௜ାଵ

#𝑥ଵ…𝑥௝ିଵ𝑏ଶ𝑥௝ାଵ…𝑥௡ 0…0ᇣᇤᇥ
௝

1 0…0ᇣᇤᇥ
௡ି௝ିଵ

].

Similar DIDs are added to Σ for all the other forms of transitions occurring in 𝛿. Finally, for
each predicate of the form 𝑐𝑜𝑛𝑓[𝑠௔ …] introduced above, which represents an accepting con-
ϐiguration, we add the (non-disjunctive) ID

𝑐𝑜𝑛𝑓[𝑠௔ …](𝑋) → 𝑎𝑐𝑐𝑒𝑝𝑡(𝑋).

This completes the construction of Σ.

The atomic query 𝑞. With 𝑞 we just need to ask wether an accepting conϐiguration has been
reached, that is, ∃𝑋 𝑎𝑐𝑐𝑒𝑝𝑡(𝑋), where 𝑋 ∈ 𝐕.

Correctness. It is easy to see, by construction, that𝐷∪Σ ⊧ 𝑞 if and only f𝑀 accepts. It remains
to show that the total number of DIDs that we need to construct is polynomial w.r.t. |𝐼|. Recall
that 𝑛 = log |𝐼|௞ , where 𝑘 > 0. Clearly,

|Σ| ⩽ |𝐼| ⋅ (𝑛 − 1) ⋅ 3௡ ⋅ 2 = |𝐼| ⋅ (log |𝐼|௞ − 1) ⋅ 3୪୭୥ |ூ|ೖ ⋅ 2 ⩽ |𝐼| ⋅ (log |𝐼|௞ − 1) ⋅ |𝐼|௞ ⋅ 2,

and the claim follows.

The last lower bound that we establish for CQଵ answering is the EĝĕTĎĒĊ-hardness when
we focus on multi-linear DTGDs and predicates of bounded arity. This result can be obtained
by adapting the proof of Theorem 4.42. Since we have to simulate an alternating polynomial
space (and not exponential space) Turing machine, the polynomially many cells (assume that
the machine uses 𝑛 cells) can be encoded in the predicates, and thus the arity becomes ϐixed.
More precisely, we use the predicates

𝑐𝑜𝑛𝑓[𝑠# 0…0ᇣᇤᇥ
௜ିଵ

10…0ᇣᇤᇥ
௡ି௜

] and 𝑐𝑜𝑛𝑓௫[𝑠# 0…0ᇣᇤᇥ
௜ିଵ

10…0ᇣᇤᇥ
௡ି௜

],

where 𝑥 ∈ {𝑃, 𝐿, 𝑅}, which correspond to the 𝑖-the cell of the encoded conϐiguration. Now, it is
straightforward to see how the set of multi-linear DTGDs given in the proof of Theorem 4.42
can be adapted, and the next result follows:

Theorem 4.44. CQଵ-AēĘĜĊėĎēČ under multi-linear DTGDs is EĝĕTĎĒĊ-hard, even for predi-
cates of bounded arity.
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4.9 Summary

In this chapter, we have thoroughly investigated the complexity of the query answering prob-
lemunder different ϐlavors of guarded-based sets of DTGDs and query languages. It turned out
that the extension of the guarded-based classes of ruleswith disjunctionwas fairly straightfor-
ward, which led us to start with a preliminary investigation into the query answering problem
under the discussed guarded-based classes of DTGDs. We ϐirst showed that in most cases,
UCQs do not add any power to the query language when compared to CQs, which simpliϐied
our subsequent complexity analysis. Given this information, we then proceeded to give a thor-
ough complexity evaluation for the discussed guarded-based classes of DTGDS (namely, DIDs,
linear, multi-linear, guarded, frontier-guarded, weakly-guarded, and weakly-frontier-guarded
sets of DTGDs), where we treated each of the relevant query languages in turn.
For arbitrary CQs, we showed a strong 2EĝĕTĎĒĊ lower bound that even holds for query

answering under ϐixed sets of DIDs, the weakest formalism we investigated. Together with
straightforward data complexity results that range from ĈĔ-NP-completeness for non-weak
classes to EĝĕTĎĒĊ-completeness for the weak classes of DTGDs, this result, in addition to a
2EĝĕTĎĒĊ upper bound for the most expressive fragment, completed the entire complexity
picture. In general, we can thus observe that for expressive guarded-based classes of rules,
where query answering is already 2EĝĕTĎĒĊ-complete for TGDs, disjunction comes essen-
tially for free, in terms of complexity. For less expressive formalisms, the cost of allowing
disjunction increases dramatically; for example in the case of DIDs, we see an increase from
NP-completeness to 2EĝĕTĎĒĊ-completeness.
For queries of bounded treewidth or hypertree width, we have seen that in fact, there is no

beneϐit in termsof complexitywhen restricting thequeries in thisway. Westill have2EĝĕTĎĒĊ-
completeness for all relevant query answering tasks, except for the aforementioned ĈĔ-NP and
EĝĕTĎĒĊ complexities in the data complexity, which also remain unchanged.
For acyclic queries, we observed the ϐirst reduction in complexity in some cases. In partic-

ular, when the arity is bounded by a constant, we climb one step lower on the exponential
time hierarchy for the non-frontier-guarded classes of DTGDs, and even for them if we con-
sider the entire set of rules ϐixed. However, combined and data complexity results still remain
unchanged.
Finally, when restricting the query language to simple queries that only consist of a single

atom, we observe a marked decrease in complexity, at least for the less expressive classes of
DTGDs. For DIDs and linear DTGDs in particular, we were able to show a number of tractabil-
ity results when the arity is bounded by a constant, and even membership in the highly par-
allelizable complexity class of AC଴ when considering the data complexity. Also the combined
complexity decreases to EĝĕTĎĒĊ for these classes. Themore expressive classes, starting with
multi-linear DTGDs, however, retain their 2EĝĕTĎĒĊ complexity in the unrestricted case, and
even in the bounded arity case, when considering the frontier-guarded classes. In all other
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cases, we see a drop in complexity that now varies from ĈĔ-NP-completeness to EĝĕTĎĒĊ-
completeness, depending on the expressiveness of the class.
In conclusion, it can be observed that while disjunction does not have an impact on the de-

cidability of the query answering problem for guarded-based classes of rules, it is a strong
cause of complexity in this setting. Reducing the expressive power of the query language only
provides a limited relief to this, except when the restrictions are very tight. However, in cer-
tain cases, tractability of the query answering problem, even in a non-deterministic setting, is
still possible.
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5 SƟcky Sets of DTGDs

In this chapter, we extend the syntactic restriction of sticky sets of TGDs with disjunction,
thereby yielding the notion of sticky sets of DTGDs. The extension also works for the other
sticky-based restrictions introduced in Section 3.3. In case of the guarded-based classes dis-
cussed previously in Chapter 4, the ϐinite treewidth model property also holds for disjunctive
theories, based on the guarded fragment of ϐirst-order logic. However, the sticky property,
which provides us with decidability in the deterministic case, is not strong enough to straight-
forwardly guarantee the same for non-deterministic theories. In fact, aswewill see in this sec-
tion, the combination of the limited joins allowed for by sticky theories and disjunction lead
to undecidability of the query answering problem, even in more restricted scenarios. It thus
seems that in the world of existential rules, the combination of joins and non-determinism is
a cause of undecidability.

5.1 Extending SƟcky Sets of TGDs with DisjuncƟon

In order to extend sticky sets of TGDs with disjunction, we have to extend the syntactic con-
dition of stickiness to also work for sets of DTGDs. Recall from Section 3.3 that stickiness is
determined by employing a marking algorithm called 𝖲𝖬𝖺𝗋𝗄𝗂𝗇𝗀. In fact, the formulation of the
𝖲𝖬𝖺𝗋𝗄𝗂𝗇𝗀 procedure given in that section is general enough to also treat DTGDs. The following
is the deϐinition of the 𝖲𝖬𝖺𝗋𝗄𝗂𝗇𝗀 procedure adapted to sets of DTGDs. Recall that for a DTGD
𝜎, ℎ𝑒𝑎𝑑(𝜎) denotes all the atoms occurring in the head of 𝜎, independent of any disjunctions
𝜎may contain.

Deϐinition 5.1. 𝖲𝖬𝖺𝗋𝗄𝗂𝗇𝗀 takes a set Σ of DTGDs as input and returns a set of marked DTGDs
where for eachmarked DTGD, every body variable is either marked, or not. The procedure works
in two steps, where the second step is exhaustively applied until a ϔixpoint is reached.

IniƟal Marking Step For each DTGD 𝜎 ∈ Σ and each variable 𝑉 in 𝑏𝑜𝑑𝑦(𝜎), if there exists an
atom 𝑎 in ℎ𝑒𝑎𝑑(𝜎) that does not contain 𝑉, mark 𝑉 in 𝜎.

PropagaƟon Step For each TGD 𝜎 ∈ Σ and each variable 𝑉 in 𝑏𝑜𝑑𝑦(𝜎), if there exists a 𝜎ᇱ ∈ Σ
such that ℎ𝑒𝑎𝑑(𝜎) and 𝑏𝑜𝑑𝑦(𝜎ᇱ) both contain a relation 𝑟 and the positions where 𝑉 ap-
pears in 𝑟 in ℎ𝑒𝑎𝑑(𝜎) coincide exclusively with positions of marked variables in 𝑏𝑜𝑑𝑦(𝜎ᇱ),
then mark 𝑉 in 𝜎.
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Analogously to the deϐinition of sticky sets of TGDs, we can now give the same deϐinition of
DTGDs.

Deϐinition 5.2. A set Σ of DTGDs is sticky if there is no TGD 𝜎 ∈ 𝖲𝖬𝖺𝗋𝗄𝗂𝗇𝗀(Σ) such that amarked
variable occurs in 𝑏𝑜𝑑𝑦(𝜎)more than once.

As can be seen from the above two deϐinitions, the extension of the stickiness condition for
sets of TGDs to sets of DTGDs is straightforward. In particular, the extended 𝖲𝖬𝖺𝗋𝗄𝗂𝗇𝗀 proce-
dure should guarantee that the sticky property is valid in each and everymodel of the disjunc-
tive chase vis-a-vis a sticky set of DTGDs.

5.2 Query Answering under SƟcky Sets of DTGDs

As in the previous chapter, we would like to investigate different versions of the query an-
swering problem, organized by the expressiveness of the query language. We again treat full,
arbitrary conjunctive queries, bounded (hyper-)treewidth queries, acyclic queries and atomic
queries. However, even in the case of sticky sets of (non-disjunctive) TGDs, we can see that in
fact all of these problems are equivalent.
Before showing this, however, we will ϐirst deal with unions of the above-mentioned query

types. The lemma below shows that, analogously to Lemma 4.6, we can show that UCQ an-
swering can always be reduced to CQ answering. However, as opposed to Lemma 4.6, we can
show that for sticky sets of DTGDs, this can be done without increasing the arity.

Lemma 5.3. Consider a database 𝐷, a sticky set Σ of DTGDs, and a UCQ 𝑄 over schema ℛ. A
database 𝐷ᇱ, a sticky set Σᇱ of DTGDs and a CQ 𝑞 over a schema ℛᇱ, with 𝑎𝑟𝑖𝑡𝑦(ℛ) = 𝑎𝑟𝑖𝑡𝑦(ℛᇱ)
can be constructed in polynomial time such that 𝐷 ∪ Σ ⊧ 𝑄 if and only if 𝐷ᇱ ∪ Σᇱ ⊧ 𝑞.

Proof. We assume, without loss of generality, that the CQs occurring in 𝑄 do not have vari-
ables in common. The proof is an adaptation of the proof of Lemma 4.6. Intuitively, we will
reify the ternary 𝑜𝑟-relation the proof of Lemma 4.6 so that it is represented by three binary
relations. In addition we keep track of the “real” chase by using the cross-product to associate
“real” derivations with a marker constant. In this way, we eliminate the need to increase the
predicate arity by one, as in Lemma 4.6. In the rest of the proof, let 𝑐, 𝑜ଵ, 𝑜ଶ, 𝑜ଷ, 𝑡 and 𝑓 be
constants of 𝐂 not occurring in 𝐷. Also, let 𝜆 be a substitution mapping all variables to the
constant 𝑐. We are now ready to give the formal reduction:

The Schema ℛᇱ. The new schemaℛᇱ is obtained fromℛ by “doubling” it in addition to some
auxiliary relations. Speciϐically, we deϐine the new schema in the followingway: ℛᇱ = ℛ∪{𝑟ᇱ ∣
𝑟 ∈ ℛ} ∪ {𝑜𝑟ଵ, 𝑜𝑟ଶ, 𝑜𝑟ଷ, 𝑟𝑒𝑎𝑙, 𝑡𝑟𝑢𝑒, 𝑓𝑎𝑙𝑠𝑒}.
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The Database 𝐷ᇱ. The new database 𝐷ᇱ is deϐined as follows:

{𝑟ᇱ(𝐭) ∣ 𝑟(𝐭) ∈ 𝐷}
∪ {𝑟𝑒𝑎𝑙(𝑡, 𝑡), 𝑡𝑟𝑢𝑒(𝑡), 𝑓𝑎𝑙𝑠𝑒(𝑓)}
∪ {𝑜𝑟ଵ(𝑜ଵ, 𝑡), 𝑜𝑟ଶ(𝑜ଵ, 𝑡), 𝑜𝑟ଶ(𝑜ଵ, 𝑓), 𝑜𝑟ଷ(𝑜ଵ, 𝑡)}
∪ {𝑜𝑟ଵ(𝑜ଶ, 𝑡), 𝑜𝑟ଵ(𝑜ଶ, 𝑓), 𝑜𝑟ଶ(𝑜ଶ, 𝑡), 𝑜𝑟ଷ(𝑜ଶ, 𝑡)}
∪ {𝑜𝑟ଵ(𝑜ଷ, 𝑓), 𝑜𝑟ଶ(𝑜ଷ, 𝑓), 𝑜𝑟ଷ(𝑜ଷ, 𝑓)}
∪ {𝜆(𝑞) ∣ 𝑞 ∈ 𝑄}

The Set Σᇱ. The new set Σᇱ of DTGDs is obtained from Σ by replacing each atom of the form
𝑟(𝐗) occurring in a DTGD with the atom 𝑟ᇱ(𝐗). In addition, for every relation 𝑟 ∈ ℛ, we add
the following rules to Σᇱ:

• 𝑟ᇱ(𝐗) → 𝑟(𝐗), and

• 𝑟ᇱ(𝑋ଵ, … , 𝑋௞), 𝑡𝑟𝑢𝑒(𝑍) → 𝑟𝑒𝑎𝑙(𝑋௜ , 𝑍), for each 0 < 𝑖 ≤ 𝑘.

The CQ 𝑞. Assume that 𝑄 = 𝑞ଵ ∨ … ∨ 𝑞௡. For a CQ 𝑞௜ ∈ 𝑄, we deϐine 𝑞௜[𝑋௜] as the CQ ob-
tained from 𝑞௜ by adding, for each variable 𝑌 ∈ 𝑣𝑎𝑟(𝑞௜), the atom 𝑟𝑒𝑎𝑙(𝑌, 𝑋௜) to 𝑞௜ , where 𝑋௜
is a fresh variable not appearing in 𝑄. For example, the query ∃𝑋∃𝑌 𝑟(𝑋, 𝑌) would become
∃𝑋∃𝑌 𝑟(𝑋, 𝑌), 𝑟𝑒𝑎𝑙(𝑋, 𝑋௜), 𝑟𝑒𝑎𝑙(𝑌, 𝑋௜). The target CQ 𝑞 is deϐined as follows:

∃𝑂ଵ…𝑂௡∃𝑋ଵ…∃𝑋௡∃𝑌ଵ…∃𝑌௡ାଵ𝑓𝑎𝑙𝑠𝑒(𝑌ଵ)∧
ሥ
௤೔∈ொ

(𝑞௜[𝑋௜] ∧ 𝑜𝑟ଵ(𝑂௜ , 𝑌௜) ∧ 𝑜𝑟ଶ(𝑂௜ , 𝑋௜) ∧ 𝑜𝑟ଷ(𝑂௜ , 𝑌௜ାଵ)) ∧ 𝑡𝑟𝑢𝑒(𝑌௡ାଵ).

Correctness. By construction, for each 𝑞௜[𝑋௜], a homomorphism exists that maps 𝑞௜[𝑋௜] to
the database 𝐷ᇱ, since we have added its image to 𝐷ᇱ (note that this homomorphism would
always map 𝑋௜ to 𝑓). However, this fact does not imply that the query 𝑞 is trivially entailed by
𝑐ℎ𝑎𝑠𝑒(𝐷ᇱ, Σᇱ) since, in order to satisfy the atom 𝑡𝑟𝑢𝑒(𝑌௡ାଵ), at least one 𝑋௜ must be mapped
to the constant 𝑡. Thus, by construction, the only way to entail 𝑞 is to map at least one sub-
query 𝑞௜[𝑋௜] to 𝑐ℎ𝑎𝑠𝑒(𝐷ᇱ, Σᇱ) via a homomorphism ℎ, where also ℎ(𝑋௜) = 𝑡. Notice that the
only atoms in 𝑐ℎ𝑎𝑠𝑒(𝐷ᇱ, Σᇱ) containing 𝑡 obtained from the original, renamed copy of𝐷. Thus,
a sub-query 𝑞௜ ∈ 𝑄 is entailed by an instance 𝐼 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) if and only if the corresponding
instance 𝐼ᇱ of 𝑐ℎ𝑎𝑠𝑒(𝐷ᇱ, Σᇱ) entails 𝑞. Since the above construction is feasible in polynomial
time, the claim follows.

With the above proof in place, we can now proceed to show that, as stated, the considered
query languages do in fact coincide in all relevant settings considered here, as the next state-
ment shows:
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Lemma 5.4. The following problems, under sticky sets of TGDs (and thus also under sticky sets
of DTGDs), are LĔČSĕĆĈĊ-equivalent in both the combined and the data complexity:

1. (U)CQ-AēĘĜĊėĎēČ

2. (U)B(H)TWQ-AēĘĜĊėĎēČ

3. (U)ACQ-AēĘĜĊėĎēČ

4. (U)CQଵ-AēĘĜĊėĎēČ

Proof. As atomic queries are acyclic which are in turn of bounded (hyper-)treewidth and thus
a subclass of arbitrary CQs, the steps (4) ⇒ (3) ⇒ (2) ⇒ (1) are trivial. It thus only remains
to show (1) ⇒ (4), that is that, under sticky sets of TGDs, CQ-AēĘĜĊėĎēČ can be reduced to
CQଵ-AēĘĜĊėĎēČ.
In order to show this, let ⟨𝐷, Σ, 𝑞⟩ be an instance of the CQ-AēĘĜĊėĎēČ problem under sticky

sets of TGDs over schema ℛ. We will construct an instance ⟨𝐷, Σᇱ, 𝑞ᇱ⟩ of the CQଵ-AēĘĜĊėĎēČ
problem, such that 𝐷 ∪ Σ ⊧ 𝑞 if and only if 𝐷 ∪ Σᇱ ⊧ 𝑞ᇱ. To this end, it is relevant to note
that sticky TGDs allow for full cross-joins (i.e. cross products or Cartesian products) between
relations.
Let 𝑞 = ∃𝐗𝜙(𝐗) be the original conjunctive query, where 𝐗 is a sequence of variables, and

𝜙(𝐗) = 𝑟ଵ(𝑋ଵଵ , … , 𝑋ଵ௔௥௜௧௬(௥భ)), … , 𝑟௞(𝑋
௞
ଵ , … , 𝑋௞௔௥௜௧௬(௥ೖ)), where each 𝑋௜௝ is a not necessarily dis-

tinct variable from 𝐗.
Now, let Σᇱ = Σ ∪ {𝜎}, where 𝜎 is the following TGD, and 𝑞 is a new, |𝐗|-ary relation not

appearing in ℛ.
𝑟ଵ(𝑋ଵଵ , … , 𝑋ଵ௔௥௜௧௬(௥భ)), … , 𝑟௞(𝑋

௞
ଵ , … , 𝑋௞௔௥௜௧௬(௥ೖ)) → 𝑞(𝐗)

Furthermore, we let 𝑞ᇱ = ∃𝐗𝑞(𝐗). This completes the construction.
The construction is correct. Assume that𝐷∪Σ ⊧ 𝑞. Then, there is away to homomorphically

map the query 𝑞 into 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ). But this means that the body of 𝜎 can also be satisϐied, and
thus 𝑐ℎ𝑎𝑠𝑒(𝐷, Σᇱ)would apply rule 𝜎 and generate an atom 𝑞 satisfying the head of 𝜎. But this
atom, by construction, satisϐies the query 𝑞ᇱ.
Conversely, assume that 𝐷 ∪ Σᇱ ⊧ 𝑞ᇱ. The only way to satisfy the query 𝑞ᇱ is to have an atom

𝑞 appear in the chase that satisϐies the head of the TGD 𝜎. But, as the relation of 𝑞 appears
nowhere else in 𝐷 or Σᇱ, it must have been introduced by the chase via the application of the
TGD 𝜎. Thus there exists a homomorphism mapping 𝑏𝑜𝑑𝑦(𝜎) into 𝑐ℎ𝑎𝑠𝑒(𝐷, Σᇱ), and by the
fact that 𝑏𝑜𝑑𝑦(𝜎) coincides with the query 𝑞, and 𝜎 does not take part in any recursive cycle
in Σ, we have that Σ = Σᇱ ⧵ {𝜎}must satisfy 𝑞.
It can be easily veriϐied that the above reduction is possible to perform in LĔČSĕĆĈĊ. It is also

obvious from the construction that, when both Σ and 𝑞 are ϐixed, the reduction above implies
that Σᇱ and 𝑞ᇱ are also ϐixed. The construction thus also works if we consider the case of data
complexity. Together with Lemma 5.3, this completes the proof.
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We have thus shown that we can restrict our attention to arbitrary CQs, and all the com-
plexity results obtained for the CQ-AēĘĜĊėĎēČ problem indeed also apply to the other three
cases, which we thus don’t have to treat separately. It also shows that sticky TGDs provide
an amount of expressivity that captures that of a conjunctive query, and thus the expressive
power of query answering under sticky sets of TGDs is independent of the query language
used. This is especially shown by the fact that, in the reduction above, we did not need to
change the database at all. After establishing the above results, in the next sectionwewill now
continue on to show that disjunction actually destroys the decidability of query answering for
sticky theories.

5.3 Undecidability of Query Answering

In this section, wewill establish that the combination of stickiness and non-determinism leads
to undecidability. In fact the problem lies in the combination of simple joins like cross-joins,
and disjunction. Allowed to interact arbitrarily, as is the case in sticky sets of DTGDs, these
two features lead to undecidability of query answering. We thus do not even need the full
expressive power that stickiness provides. In fact it is sufϐicient to take a set of DIDs (which are
clearly sticky sets of DTGDs, as they do not contain any joins or repeated variables), and allow
a single, unary Cartesian product to appear. We thus deϐine the class of ×-DIDs as follows:

Deϐinition 5.5. A set Σ of DTGDs is a set of ×-DIDs, if Σ can be partitioned into two sets Σୈ୍ୈ
and Σ×, such that Σୈ୍ୈ is a set of DIDs, and Σ× is a set of cartesian products, that is, TGDs of the
form

𝑟(𝐗), 𝑠(𝐘) → 𝑟𝑠(𝐗ᇱ, 𝐘ᇱ),

where 𝑟, 𝑠 and 𝑟𝑠 are relations and𝐗 and𝐘 are disjoint sequences of variableswithout repetition,
with 𝐗ᇱ ⊆ 𝐗 and 𝐘ᇱ ⊆ 𝐘.

Clearly,×-DIDs are still sticky sets of DTGDs: no variables can appear in the bodymore than
once, and therefore the sticky condition can never be violated. With the above deϐinition in
place, we can now proceed to show our ϐirst undecidability result. In order to show unde-
cidability of CQ-AēĘĜĊėĎēČ under ×-DIDs, we will simulate a general, deterministic Turing
machine and thus provide a reduction from the halting problem. The general idea is to use
two IDs to force two inϐinite chains to appear in the chase. Using a cross product rule, the
chains are then combined into an inϐinite grid. For each grid cell, a DID will then guess the
tape contents. Using a union of conjunctive queries, we will then verify that the grid actually
represents a valid sequence of computations. Reduction from the halting problem is one of
the classical ways of showing undecidability, which gives us the following result:

Theorem 5.6. CQ-AēĘĜĊėĎēČ under ×-DIDs over a schema ℛ is undecidable, even when the
arity of ℛ is bounded by the constant 2.
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Proof. We will show this by reduction from the co-halting problem. Let𝑀 = ⟨𝑆, Λ, 𝛿, 𝑠଴⟩ be a
deterministic Turing machine, where 𝑆 is a set of states with 𝑠଴, 𝑠௛ ∈ 𝑄 being the starting and
halting state, Λ = {1, 0, ⊔} it’s alphabet with ⊔ the blank symbol and 𝛿 ∶ 𝑆 × Λ → 𝑆 × Λ ×
{−1,+1, 0} the transition function. We assume that there is only one halting state 𝑠௛ and that
when the machine halts, it accepts, and has a do-nothing self-loop on 𝑠௛ . We also assume that
𝑀 takes no input, that is, the work tape contains only blanks, and that the head is, for technical
reasons, at the second position of the tape and never moves further left than that. We will
construct a database 𝐷, a set of ×-DIDs Σ and a CQ 𝑞 over a schema ℛ, such that 𝐷 ∪ Σ ⊧ 𝑞 if
and only if𝑀 does not halt.
The idea of the construction is as follows: we will construct an inϐinite grid, where each

row represents a conϐiguration of the Turingmachine and each column a position on the tape.
Using a disjunctive rule, wewill guess, for each position and conϐiguration, which symbol there
is on the tape. With a CQ 𝑞, we will then check that at least one model of the chase represents
a valid computation of𝑀 and that this computation halts. To this end, let 𝑆ᇱ = (𝑆 × Λ) ∪ Λ.

The Schema ℛ. The schemaℛ contains the following predicates:

• 𝑖𝑛𝑖𝑡(·, ·): This predicate encodes the initial two conϐigurations and cells.

• 𝑐𝑜𝑛𝑓(·, ·): This predicate encodes two subsequent conϐigurations.

• 𝑐𝑒𝑙𝑙(·, ·): This predicate encodes two subsequent tape cells.

• 𝑐𝑜𝑛𝑓𝑐𝑒𝑙𝑙(·, ·): This predicate encodes the combination of a conϐiguration and a tape cell.

• 𝑠(·, ·) for each 𝑠 ∈ 𝑆ᇱ: This predicate encodes that a combination of a conϐiguration and
a tape cell is labelled with 𝑠.

The Database 𝐷. In our database 𝐷 we will simply store two constants 𝑎, 𝑏 in a relation
𝑖𝑛𝑖𝑡(𝑎, 𝑏).

The Set of ×-DIDs Σ. First, we construct our grid, using the following rules. Note that for
brevity, the rules below are not strictly speaking DIDs, but can be easily transformed into
single-atom head rules via, for example, the normalization procedure presented in Chapter 4.

• 𝑖𝑛𝑖𝑡(𝑋, 𝑌) → 𝑐𝑜𝑛𝑓(𝑋, 𝑌)

• 𝑖𝑛𝑖𝑡(𝑋, 𝑌) → 𝑐𝑒𝑙𝑙(𝑋, 𝑌)

• 𝑐𝑜𝑛𝑓(𝑋, 𝑌) → ∃𝑍 𝑐𝑜𝑛𝑓(𝑌, 𝑍), 𝑛𝑢𝑙𝑙(𝑍)

• 𝑐𝑒𝑙𝑙(𝑋, 𝑌) → ∃𝑍 𝑐𝑒𝑙𝑙(𝑌, 𝑍), 𝑛𝑢𝑙𝑙(𝑍)

• 𝑐𝑜𝑛𝑓(𝑋ଵ, 𝑌ଵ), 𝑐𝑒𝑙𝑙(𝑋ଶ, 𝑌ଶ) → 𝑐𝑜𝑛𝑓𝑐𝑒𝑙𝑙(𝑋ଵ, 𝑋ଶ)
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We add a DID that guesses which element from 𝑆ᇱ is true at each 𝑐𝑜𝑛𝑓𝑐𝑒𝑙𝑙:

• 𝑐𝑜𝑛𝑓𝑐𝑒𝑙𝑙(𝑋ଵ, 𝑋ଶ) → ⋁௦∈ௌᇲ 𝑠(𝑋ଵ, 𝑋ଶ)

This concludes the construction of Σ.

The CQ 𝑞. In order to construct 𝑞, we will ϐirst construct a UCQ 𝑄, which makes it easier
to grasp what conditions the query checks, as the different disjuncts in 𝑄 check for certain,
independent conditions. Intuitively, 𝑄 consists of the following disjuncts:

1. 𝑄௜௡௜௧௜௔௟ that checks that every tape cell in the ϐirst conϐiguration is labelled with ⊔, and
the head is at position 2, with state 𝑠଴.

2. 𝑄௧௥௔௡௦ that checks the consistency of two subsequent conϐigurations w.r.t. the transition
function 𝛿.

3. 𝑄௜௡௘௥௧ that checks the inertia of the tape cells not affected by a transition of themachine.

4. 𝑄௛௔௟௧ that checks whether we reach the halting state of the machine.

In the following, we give the formal deϐinition of𝑄. In order to check the validity of the tran-
sitions, andmodel the inertia rules, notice that we can represent transitions in 𝛿 as a six-tuple
𝑎𝑏𝑐 → 𝑎ᇱ𝑏ᇱ𝑐ᇱ mapping a 3-tuple of symbols from 𝑆ᇱ (i.e. including the state) in one conϐigu-
ration to a 3-tuple of symbols in the next conϐiguration, where thus 𝑎, 𝑐 ∈ Λ, 𝑏 ∈ 𝑆 × Λ and
𝑎ᇱ, 𝑏ᇱ, 𝑐ᇱ ∈ 𝑆ᇱ, obviously with only one of 𝑎ᇱ, 𝑏ᇱ, 𝑐ᇱ from 𝑆 × Λ. With this observation in place,
we can now give the formal deϐinition of 𝑄:

1. 𝑄௜௡௜௧௜௔௟ is made up of three parts as follows, checking the ϐirst, second, and subsequent
positions of the tape respectively:

• ∃𝑋∃𝑌 𝑖𝑛𝑖𝑡(𝑋, 𝑌) ∧ (0(𝑋, 𝑌) ∨ 1(𝑋, 𝑌))

• ⋁[௦,ఒ]∈(ௌᇲ⧵{[௦బ ,⊔]}) ∃𝑋∃𝑌 𝑖𝑛𝑖𝑡(𝑋, 𝑌) ∧ [𝑠, 𝜆](𝑋, 𝑌)

• ∃𝑋∃𝑌∃𝑍 𝑖𝑛𝑖𝑡(𝑋, 𝑌) ∧ 𝑛𝑢𝑙𝑙(𝑍) ∧ (0(𝑋, 𝑌) ∨ 1(𝑋, 𝑌))

2. 𝑄௧௥௔௡௦ is made up of multiple disjuncts as follows. For each of the possible rewriting
rules 𝑎𝑏𝑐 → 𝑎ᇱ𝑏ᇱ𝑐ᇱ that do not occur in 𝛿, we add the following disjunct, that will thus
make the query true if the transition function has been violated.

∃𝑋∃𝑌∃𝑋ଵ…𝑋ଷ 𝑐𝑜𝑛𝑓(𝑋, 𝑌) ∧ 𝑐𝑒𝑙𝑙(𝑋ଵ, 𝑋ଶ) ∧ 𝑐𝑒𝑙𝑙(𝑋ଶ, 𝑋ଷ)∧
𝑎(𝑋, 𝑋ଵ) ∧ 𝑏(𝑋, 𝑋ଶ) ∧ 𝑐(𝑋, 𝑋ଷ) ∧ 𝑎ᇱ(𝑌, 𝑋ଵ) ∧ 𝑏ᇱ(𝑌, 𝑋ଶ) ∧ 𝑐ᇱ(𝑌, 𝑋ଷ)
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3. 𝑄௜௡௘௥௧ checks for a triple of symbols from Λ on the tape and checks that the next conϐig-
uration contains the same ones. It is thus similar in structure to 𝑄௧௥௔௡௦. For each triple
𝑎𝑏𝑐 of constants from Λ×Λ×Λ, and constant 𝑑 ∈ Λ⧵ {𝑏}, we add the following disjunct:

∃𝑋∃𝑌∃𝑋ଵ…𝑋ଷ 𝑐𝑜𝑛𝑓(𝑋, 𝑌) ∧ 𝑐𝑒𝑙𝑙(𝑋ଵ, 𝑋ଶ) ∧ 𝑐𝑒𝑙𝑙(𝑋ଶ, 𝑋ଷ)∧
𝑎(𝑋, 𝑋ଵ) ∧ 𝑏(𝑋, 𝑋ଶ) ∧ 𝑐(𝑋, 𝑋ଷ) ∧ 𝑑(𝑌, 𝑋ଶ)

4. 𝑄௛௔௟௧ ≡ ∃𝑋∃𝑌[𝑠௛ , 0](𝑋, 𝑌) ∨ [𝑠௛ , 1](𝑋, 𝑌) ∨ [𝑠௛ , ⊔](𝑋, 𝑌)

This completes the construction of the UCQ 𝑄.

Correctness. Theabove construction is correct. Assume that𝐷∪Σdoesnot entail𝑄. Then this
means that there is an instance 𝐼 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ), such that none of the disjuncts of𝑄 are true in
𝐼. But because 𝐼, by construction and non-entailment of𝑄௜௡௜௧௜௔௟ ,𝑄௧௥௔௡௦ and𝑄௜௡௘௥௧ , represents
a valid computation of𝑀, and 𝐼 does not entail𝑄௛௔௟௧ , this means that theremust be an inϐinite
computation of𝑀 that does not reach the halting state. Note that as𝑀 is deterministic, there
is exactly one such 𝐼. Conversely, assume that the query 𝑄 holds in every model of 𝐷 ∪ Σ. This
means that every model either encodes an invalid computation, or a valid computation that
reaches the halting state, by construction of 𝑄௛௔௟௧ . We thus have as desired that 𝐷 ∪ Σ ⊧ 𝑄 if
and only if𝑀 does not halt. Also note that the above construction uses only ×-DIDs, and the
schema has at most arity 2.
However, the proof yields a UCQ instead of our desired CQ. It remains to show that the above

result also holds for CQs. Indeed, this step follows immediately from Lemma 5.3, as discussed
previously, which does not increase the arity and also works for×-DIDs, as can be easily veri-
ϐied. This concludes the proof.

In the above proof, we have shown that the unconstrained combination of disjunction and
cross products is a deϐinite cause for undecidability. However, as can be easily seen from the
construction of the proof, both the query 𝑞 and the theory Σ depend on the simulated Turing
machine. We have seen that a maximum arity of 2 is sufϐicient for the construction, but what
about the case where either 𝑞 or Σ or both are ϐixed? The next result adapts the above proof
to also hold in the case of data complexity, at the cost of increasing the maximum arity by four
to at most 6.

Theorem 5.7. CQ-AēĘĜĊėĎēČ of ϔixed CQs under ϔixed sets of ×-DIDs over a schemaℛ is unde-
cidable, even when the arity of ℛ is bounded by the constant 6.

Proof. The proof is by reduction from the co-halting problem of a deterministic Turing ma-
chine. This proof is an adaptation of the proof of Theorem 5.6. Again, let𝑀 be a deterministic
Turing machine, as in the previous proof. Without loss of generality, we will use the same
assumptions on𝑀. Again, let 𝑆ᇱ = (𝑆 × Λ) ∪ Λ.
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The Schema ℛ. The schema ℛ contains the same predicates as in the previous proof, except
for the ones dependant on𝑀. For completeness, we will list them again here, and in addition,
we will make use of some other predicates as listed below:

• 𝑖𝑛𝑖𝑡(·, ·): This predicate encodes the initial two conϐigurations and cells.

• 𝑐𝑜𝑛𝑓(·, ·): This predicate encodes two subsequent conϐigurations.

• 𝑐𝑒𝑙𝑙(·, ·): This predicate encodes two subsequent tape cells.

• 𝑐𝑜𝑛𝑓𝑐𝑒𝑙𝑙(·, ·): This predicate encodes the combination of a conϐiguration and a tape cell.

• 𝑖𝑙𝑙𝑒𝑔𝑎𝑙(·, ·, ·, ·, ·, ·) will hold six-tuples representing rewriting rules of the form 𝑎𝑏𝑐 →
𝑎ᇱ𝑏ᇱ𝑐ᇱ that do not appear in the transition function 𝛿 of𝑀, when interpreting the 𝛿 as a
set of such rewriting rules.

• 𝑠𝑦𝑚𝑏𝑜𝑙(·)will hold all the symbols from 𝑆ᇱ as dedicated constants from 𝐂.

• 𝑠𝑛𝑒𝑞(·, ·)will represent the non-equivalence relation over the elements in 𝑆ᇱ.

• [𝑛𝑜]𝑙𝑎𝑏𝑒𝑙(·, ·, ·) will hold information on whether or not a certain 𝑐𝑜𝑛𝑓𝑐𝑒𝑙𝑙 is labelled
with a symbol from 𝑆ᇱ or not.

• 𝑐𝑜𝑛𝑓𝑐𝑒𝑙𝑙𝑠𝑦𝑚(·, ·, ·)will be used as an auxilliary atom, whosemeaningwill become clear
during the construction of the proof.

The Database 𝐷. In our database 𝐷 we will store two constants 𝑎, 𝑏 from 𝐂 in a relation
𝑖𝑛𝑖𝑡(𝑎, 𝑏) as before. In addition, we add to 𝐷 an atom 𝑠𝑦𝑚𝑏𝑜𝑙(𝑠), where 𝑠 is a fresh constant
from 𝐂, for each element 𝑠 ∈ 𝑆ᇱ, and for any two such elements 𝑠ଵ and 𝑠ଶ, where 𝑠ଵ ≠ 𝑠ଶ, we
add the atom 𝑠𝑛𝑒𝑞(𝑠ଵ, 𝑠ଶ). Finally, we again interpret the transition function 𝛿 of𝑀 as a set of
rewriting rules of the form 𝑎𝑏𝑐 → 𝑎ᇱ𝑏ᇱ𝑐ᇱ, and add, for each possible rewriting rule that does
not appear in 𝛿, an atom 𝑖𝑙𝑙𝑒𝑔𝑎𝑙(𝑎, 𝑏, 𝑐, 𝑎ᇱ, 𝑏ᇱ, 𝑐ᇱ) to 𝐷. This concludes the construction of 𝐷.

The Set Σ of×-DIDs. Regarding the set Σ, we will use the exact same rules as proposed in the
previous proof, except for the last one, as it depends on 𝑀. In its stead we will use two new
rules to guess which symbol from 𝑆ᇱ appears at a given position of the inϐinite grid. The two
rules are as follows, which concludes the adaptation of Σ.

• 𝑐𝑜𝑛𝑓𝑐𝑒𝑙𝑙(𝑋ଵ, 𝑋ଶ), 𝑠𝑦𝑚𝑏𝑜𝑙(𝑌) → 𝑐𝑜𝑛𝑓𝑐𝑒𝑙𝑙𝑠𝑦𝑚(𝑋ଵ, 𝑋ଶ, 𝑌)

• 𝑐𝑜𝑛𝑓𝑐𝑒𝑙𝑙𝑠𝑦𝑚(𝑋ଵ, 𝑋ଶ, 𝑌) → 𝑙𝑎𝑏𝑒𝑙(𝑋ଵ, 𝑋ଶ, 𝑌) ∨ 𝑛𝑜𝑙𝑎𝑏𝑒𝑙(𝑋ଵ, 𝑋ଶ, 𝑌)
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The Query 𝑞. Again, we will use a UCQ𝑄 to make construction easier. By Lemma 5.3 we then
get the translation from UCQ 𝑄 to CQ 𝑞. Note that, when looking at the construction of the
previous proof of Theorem 5.6, only the sub-query 𝑄௧௥௔௡௦ depends on the Turing machine𝑀.
Thus, we will only adapt this sub-query, and leave the others in place as they are. However,
ϐirst, we need to add another sub-query to 𝑄, namely the sub-query 𝑞௟௔௕௘௟ that checks that no
𝑐𝑜𝑛𝑓𝑐𝑒𝑙𝑙 is labelledwith twodifferent symbols from𝑆ᇱ. Note that in theprevious construction,
this could not have been the case. To this end, we deϐine 𝑞௟௔௕௘௟ as follows:

𝑞௟௔௕௘௟ ≡ ∃𝑋ଵ∃𝑋ଶ∃𝑌∃𝑍 𝑙𝑎𝑏𝑒𝑙(𝑋ଵ, 𝑋ଶ, 𝑌) ∧ 𝑙𝑎𝑏𝑒𝑙(𝑋ଵ, 𝑋ଶ, 𝑍) ∧ 𝑠𝑛𝑒𝑞(𝑌, 𝑍)

Finally, we adapt the sub-query 𝑄௧௥௔௡௦ to have only one disjunct as follows:

𝑄௧௥௔௡௦ ≡ ∃𝑉ଵ∃𝑉ଶ∃𝑊ଵ∃𝑊ଶ∃𝑊ଷ∃𝑋∃𝑌∃𝑍∃𝑋ᇱ∃𝑌ᇱ∃𝑍ᇱ 𝑐𝑜𝑛𝑓(𝑉ଵ, 𝑉ଶ)∧
𝑐𝑒𝑙𝑙(𝑊ଵ,𝑊ଶ) ∧ 𝑐𝑒𝑙𝑙(𝑊ଶ,𝑊ଷ)∧

𝑙𝑎𝑏𝑒𝑙(𝑉ଵ,𝑊ଵ, 𝑋) ∧ 𝑙𝑎𝑏𝑒𝑙(𝑉ଵ,𝑊ଶ, 𝑌) ∧ 𝑙𝑎𝑏𝑒𝑙(𝑉ଵ,𝑊ଷ, 𝑍)∧
𝑙𝑎𝑏𝑒𝑙(𝑉ଶ,𝑊ଵ, 𝑋ᇱ) ∧ 𝑙𝑎𝑏𝑒𝑙(𝑉ଶ,𝑊ଶ, 𝑌ᇱ) ∧ 𝑙𝑎𝑏𝑒𝑙(𝑉ଶ,𝑊ଷ, 𝑍ᇱ) ∧ 𝑖𝑙𝑙𝑒𝑔𝑎𝑙(𝑋, 𝑌, 𝑍, 𝑋ᇱ, 𝑌ᇱ, 𝑍ᇱ)

The sub-query𝑄௧௥௔௡௦ now checks precisely the same condition as in the proof of Theorem5.6,
but instead of relying onmultiple disjuncts, one for each illegal combination, now the query is
static, and the illegal combinations are stored in the database. This concludes the construction
of 𝑄.

Correctness. It is nownot difϐicult to verify that the adapted construction, as given above, still
fulϐills all the properties that the original construction also exhibits, that is, again, 𝐷 ∪ Σ ⊧ 𝑄 if
and only if𝑀 does not halt.

We thus have shown, as desired, that even for ϐixed sets of ×-DIDs and ϐixed queries, that
is, in the data complexity, the CQ-AēĘĜĊėĎēČ problem is still undecidable. This result pro-
vides further evidence to the postulate, that the combination of cross joins and disjunction is
a strong cause of undecidability. Unfortunately, it seems that without stringent restrictions,
decidability cannot be achieved. The following corollary follows immediately from the above
results, and the fact that sets of ×-DIDs are sticky sets of DTGDs:

Corollary 5.8. (U)CQ-AēĘĜĊėĎēČ, (U)B(H)TWQ-AēĘĜĊėĎēČ, (U)ACQ-AēĘĜĊėĎēČ as well as
(U)CQଵ-AēĘĜĊėĎēČunder sticky sets of DTGDs are undecidable, even if we consider only the data
complexity.

5.4 Summary

To summarize, we have shown in the present chapter that already sticky TGDs are a very ex-
pressive formalism powerful enough to capture arbitrary conjunctive queries. In Lemma 5.4,
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we have shown that CQ-AēĘĜĊėĎēČ can be reduced to CQଵ-AēĘĜĊėĎēČ, and together with
Lemma 5.3, we have that the same even holds for UCQ-AēĘĜĊėĎēČ. Thus, for complexity in-
vestigations, it is sufϐicient to focus on one particular type of query, arbitrary UCQs in our case.
In Section 5.3, we have established that even for ×-DIDs, a sub-formalism of sticky sets of

DTGDs that contains only DIDs and cross product TGDs, the UCQ-AēĘĜĊėĎēČ problem, and
thus CQ-AēĘĜĊėĎēČ, B(H)TWQ-AēĘĜĊėĎēČ, ACQ-AēĘĜĊėĎēČ and CQଵ-AēĘĜĊėĎēČ are all un-
decidable, even when the arity of the schema is bounded by two. Further, at the cost of in-
creasing the maximum arity to six, we have shown that these problems remain undecidable
even in the data complexity, that is, both the set of DTGDs and the query are ϐixed.
In conclusion this shows that for reasoning under existential rules, the combination of joins

and non-deterministic constructs is a strong indicator and cause of undecidability of the main
reasoning tasks, query answering in particular.
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6 Weakly-Acyclic Sets of DTGDs

In this chapter, we extend the syntactic restrition of weakly-acyclic sets of TGDs with disjunc-
tion, thereby yielding the notion of weakly-acyclic sets of DTGDs. We will herein focus solely
on the notion weak-acyclicity, and omit discussing the case of full TGDs, for the reason that
they do not exhibit the crucial feature of existential quantiϐication, as mentioned in the thesis
title. We also note that full TGDs with disjunction have been studied under the name Disjunc-
tive Datalog, and we refer the interested reader to the relevant literature; see, e.g. Eiter et al.
[1997]; Dantsin et al. [2001]. As we will see, the extension of the syntactic condition to DT-
GDs is straightforward, and guarantees termination of the chase, as in the deterministic case.
Therefore, we get decidability for free, as we can simply compute the (ϐinite) universal model
set and answer the query over each model in it in ϐinite time. However, the question of the ex-
act complexity of query answering remains unanswered. While some results can be inherited
from existing results, several questions remain open. In the following sections we will ϐlesh
out the exact complexity of answering arbitrary queries, bounded (hyper-)treewidth queries,
acyclic and atomic queries, and unions of them, in the traditionally relevant cases: Combined
complexity, bounded arity, ϐixed set of DTGDs and data complexity. We will see that there is
an increase in complexity from the non-disjunctive to disjunctive case, nicely reϐlecting the
change from deterministic to non-deterministic reasoning. The ϐirst section below will deal
with the formal extension of the notion of weak-acyclicity to DTGDs.

6.1 Extending Weakly-Acyclic Sets of TGDs with DisjuncƟon

Analogously to the previous chapters, we will ϐirst adapt the syntactic condition of weak-
acyclicity to DTGDs. Recall from Section 3.2 that to determine whether a given set of TGDs is
weakly-acyclic, we have to build its dependency graph, as described in Deϐinition 3.13. Wewill
ϐirst extend this notion to DTGD. In order to do this, we need to guarantee that every branch of
the chase leads to a ϐinite model. While a trivial extension of the deϐinition of the dependency
graph (i.e. one where we replace the word “TGD” by “DTGD”) would work, this would turn out
to be overly restrictive. The main idea of the extension is that the disjuncts in the heads of
the DTGDs can be treated separately, instead of combining them and treating them as a single
unit. The deϐinition of the dependency graph for a set of DTGDs is given below:

Deϐinition 6.1. The dependency graph 𝐺 = ⟨𝑉, 𝐸 = 𝐸ே ⊎𝐸ௌ⟩ of a set Σ of DTGDs over a schema
ℛ is a multigraph, where the multiset of edges is partitioned into normal edges 𝐸ே and special
edges 𝐸ௌ . 𝐺 is constructed as follows:
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• Let 𝑉 be the set of positions 𝑟[𝑖] occurring in ℛ.

• Add a normal edge (𝑟[𝑖], 𝑠[𝑗]) to 𝐸ே , if there exists a DTGD 𝜎 ∈ Σ, such that relation 𝑟
occurs in the body of 𝜎 and relation 𝑠 occurs in the head of 𝜎, and the positions 𝑟[𝑖] and
𝑠[𝑗] are occupied by the same (universally quantiϔied) variable in 𝜎.

• Add a special edge (𝑟[𝑖], 𝑠[𝑗]) to𝐸ௌ , if there exists a DTGD𝜎 ∈ Σ, such that relation 𝑟 occurs
in the body of𝜎 and relation 𝑠 occurs in the disjunct𝜙 of the head of𝜎, and furthermore, the
(universally quantiϔied) variable at position 𝑟[𝑖] in𝜎 also appears in𝜙, and an existentially
quantiϔied variable appears at position 𝑠[𝑗] in 𝜙.

Notice that, intuitively, the dependency graph of a set Σ of DTGDs is the same as the depen-
dency graph of a set Σᇱ = 𝜋(Σ) of TGDs obtained from Σ bymeans of a transformation𝜋, where
𝜋(Σ) replaces every DTGD 𝜎 ∈ Σ of the form 𝜙(𝐗) → ⋁௜ ∃𝐘௜𝜓௜(𝐗, 𝐘௜) with the set of TGDs
𝜙(𝐗) → ∃𝐘௜𝜓௜(𝐗, 𝐘௜), for all 𝑖 ocurring in 𝜎. That is, we can, in a way, treat the disjunctions as
conjunctions, in order to construct the dependency graph of Σ.
Having the notion of the dependency graph in place, we can now deϐine weakly-acyclic sets

of DTGDs. In fact, with the adapted version of the dependency graph, the deϐinition is the same
as for sets of TGDs:

Deϐinition 6.2. A set Σ of DTGDs is calledweakly-acyclic if and only if its dependency graph does
not contain a cycle through a special edge.

From the above deϐinition, we immediately get that every model in the chase is ϐinite.

Theorem 6.3. Given a weakly-acyclic set Σ of DTGDs, then, for any database 𝐷, 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ)
terminates, and every model 𝑈 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) is of at most double-exponential size, and at most
polynomial size when Σ is ϔixed.

Proof. Let 𝐷 be an arbitrary database. Using the transformation 𝜋 introduced above, the set
Σᇱ = 𝜋(Σ) is a weakly-acyclic set of TGDs. It is already implicit in [Fagin et al., 2005; Larson,
2006], and explicitly proven in [Pieris, 2011, Lemma 6.1], that the chase of a database with a
weakly-acyclic set of TGDs can be built in double-exponentially many steps, and in polynomi-
ally many steps if the set of TGDs is ϐixed. This implies that the maximal size of any universal
model that the chase builds is also bounded in the same way. In particular, this thus applies
to the universal model𝑀 = 𝑐ℎ𝑎𝑠𝑒(𝐷, Σᇱ).
It is easy to verify that for every model 𝑈 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) it holds that 𝑈 ⊆ 𝑀, up to isomor-

phism. In fact, by construction of the transformation 𝜋, any atom derived in any such model
𝑈, or an isomorphic equivalent, will necessarily be contained in𝑀. Towards a contradiction,
assume that some 𝑈 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) contains an atom 𝑎, such that 𝑎, or an atom isomorphic to
𝑎, does not occur in 𝑀. Unless 𝑎 ∈ 𝐷, which is obviously a contradiction, 𝑎 must have been
derived by the application of a sequence of DTGDs (𝜎ଵ, 𝑘ଵ), … , (𝜎௡, 𝑘௡), where (𝜎௜ , 𝑘௜) repre-
sents the application of the DTGD 𝜎௜ via the 𝑘௜-th disjunct of its head. In fact, the sequence can
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therefore be interpreted as a sequence of TGD applications. However, by the construction of
transformation 𝜋, all TGDs of that sequence also exist in Σᇱ, and the chase would hence derive
𝑎, or an atom isomorphic to 𝑎 in𝑀, a contradiction.
As the size of𝑀 is at most double-exponential in general, or polynomial in case of a ϐixed set

Σ, and by the fact that every model 𝑈 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) is a subset of 𝑀 up to isomorphism, we
have that the size of 𝑈 is bounded by the size of𝑀, which completes the proof.

We thus have that the same upper bounds that apply to the size of the single universalmodel
that the chase builds in case of TGDs, also applies to each model in the universal model set in
case of DTGDs. We will make use of the above theorem to establish complexity upper bounds
for query answering in Section 6.4. But let us ϐirst proceed to investigate, in the next section,
some general observations regarding query answering under weakly-acyclic sets of DTGDs.

6.2 Query Answering under Weakly-Acyclic Sets of DTGDs

As in the previous chapters, we would like to investigate different versions of the query an-
swering problem, where the expressivity of the query language varies. Again, we will treat
arbitrary conjunctive queries, bounded (hyper-)treewidth queries, acyclic queries and atomic
queries, and we would also like to consider the cases where we deal with unions of queries of
each type. However, analogously to the case of sticky sets of DTGDs, we can show that we can
reduce answering unions of arbitrary conjunctive queries to answering a single atomic query.

Lemma 6.4. The following problems, under weakly-acyclic sets of TGDs (and thus also DTGDs),
are LĔČSĕĆĈĊ-equivalent in both the combined and the data complexity:

1. (U)CQ-AēĘĜĊėĎēČ

2. (U)B(H)TWQ-AēĘĜĊėĎēČ

3. (U)ACQ-AēĘĜĊėĎēČ

4. (U)CQଵ-AēĘĜĊėĎēČ

Proof. Analogously to the case of sticky sets of DTGDs, we only need to provide a reduction
from answering arbitrary UCQs to answering a single atomic query, as all other reductions
needed to complete the cycle are trivial. Assume thus, that 𝐷 is a database, Σ a set of weakly-
acyclic TGDs and 𝑄 an arbitrary UCQ, all over schemaℛ. We will construct a weakly-sticky set
of TGDs Σᇱ and a (propositional) atomic query 𝑞 = 𝑝 over a schema ℛᇱ, such that 𝐷 ∪ Σ ⊧ 𝑄 if
and only if 𝐷 ∪ Σᇱ ⊧ 𝑞.
In fact, the reduction is straightforward, and uses the same construction as in the proof of

Lemma 4.5. Let 𝑄 = 𝑞ଵ ∨ …𝑞௡, where 𝑞௜ is a disjunct in 𝑄. Let ℛᇱ = ℛ ∪ {𝑝}, where 𝑝 is a
propositional relation. Let Σᇱ = Σ ∪ {𝑞௜ → 𝑝 ∣ 1 ≤ 𝑖 ≤ 𝑛}, that is, the original set Σ and a set of
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query-rules that represent the query 𝑄. It is indeed easy to verify that, as desired, 𝐷 ∪ Σ ⊧ 𝑄 if
and only if 𝐷 ∪ Σᇱ ⊧ 𝑞.
It remains to show that Σᇱ is in fact weakly-acyclic. If it were not, this means that by the

addition of the query-rules to Σ, a cycle through a special edge was introduced into the depen-
dency graph. However, as 𝑝 is a propositional atom that appears nowhere in Σ, no additional
edgeswere introduced into the dependency graph by the addition of the query-rules, and thus
no cycle in the dependency graph could have been created by their addition to Σ.
It is easy to verify that this reduction can be completed in LĔČSĕĆĈĊ, and that, if the set Σ

and the query𝑄 are ϐixed, it yields a ϐixed set Σᇱ and a ϐixed atomic query 𝑞. It thus works both
in the combined and in the data complexity as desired, which completes the proof.

Again, it seems we can focus our attention on UCQs, when determining the complexity of
query answering. However, notice that the above reduction does not work if only the set of
rules Σ is ϐixed, but the query 𝑄 is not. Thus, in this case, we have to treat the different query
languages separately, as the respective query answering problems are not equivalent. How-
ever, notice that this is indeed the only casewarranting separate treatment. In case of bounded
arity, the above reduction still works, as it does not modify the maximum arity of the schema
in any way, as it only introduces a single, propositional relation into it.
With the above general results in place, we can now proceed to thoroughly investigate the

complexity of the query answering problem under weakly-acyclic sets of DTGDs. The next
section will provide an overview of the complexity results obtained.

6.3 Complexity Overview

Combined Bounded Fixed Data
Complexity Arity Theory Complexity

(U)CQଵs ĈĔ-N2EĝĕTĎĒĊ ĈĔ-N2EĝĕTĎĒĊ ĈĔ-NP ĈĔ-NP
LB: Thm. 6.7 LB: Thm. 6.9

(U)ACQs ĈĔ-N2EĝĕTĎĒĊ ĈĔ-N2EĝĕTĎĒĊ ĈĔ-NP ĈĔ-NP

(U)B(H)TWQs ĈĔ-N2EĝĕTĎĒĊ ĈĔ-N2EĝĕTĎĒĊ ĈĔ-NP ĈĔ-NP
UB: Thm. 6.6

(U)CQs ĈĔ-N2EĝĕTĎĒĊ ĈĔ-N2EĝĕTĎĒĊ ΠP
2 ĈĔ-NP

UB: Thm. 6.5 UB: Thm. 6.6 UB: Thm. 6.6
LB: [Bárány et al., 2014]

Table 6.1: The complexity of (U)CQ-AēĘĜĊėĎēČ under weakly-acyclic sets of DTGDs.

Table 6.1 summarizes the complexity results for answering conjunctive queries of differ-
ent types under weakly-acyclic sets of DTGDs. Each row represents a query language, or-
dered from top to bottom by increasing expressive power. Recall that (U)CQଵs are (unions of)
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atomic queries, (U)ACQs are (unions of) acyclic queries, (U)B(H)TWQs are (unions of) queries
of bounded (hyper-)treewidth, and (U)CQs are (unions of) conjunctive queries. This means
that all the results represented in the table hold both for queries of the respective type, and
unions of such queries. All cells in the table represent completeness results.
In each cell of the table, we have indicated where to ϐind the corresponding results (UB and

LB stands for upper and lower bound, respectively). Note that the missing references for the
upper (resp., lower) bounds are immediately inherited from the ϐirst lower-left (resp., upper-
right) cell in which a reference is given. The results of this section, together with a brief de-
scription of the employed techniques, are outlined below:

Upper Bounds:

1. UCQ-AēĘĜĊėĎēČ under weakly-acyclic sets of DTGDs is in ĈĔ-N2EĝĕTĎĒĊ in the com-
bined complexity (Theorem 6.5) — this is established by exhibiting a guess-and-check
algorithm that runs in non-deterministic double-exponential time;

2. UCQ-AēĘĜĊėĎēČ under weakly-acyclic sets of DTGDs is in ΠP
2 in case where the set of

DTGDs is ϐixed (Theorem 6.6) — this is established by exhibiting a ĈĔ-NPNP guess-and-
check algorithm; and

3. UCQ-AēĘĜĊėĎēČ underweakly-acyclic sets of DTGDs is in ĈĔ-NP in casewhere the query
is either of bounded (hyper-)treewidth, or ϐixed (Theorem 6.6) — this is established by
exhibiting a ĈĔ-NP guess-and-check algorithm.

Lower Bounds:

1. CQଵ-AēĘĜĊėĎēČ is shown tobe ĈĔ-N2EĝĕTĎĒĊ-hard, even for predicate arities of atmost
three (Theorem 6.7) — this is established by a reduction from the SĖĚĆėĊ-TĎđĎēČ prob-
lem for a square of double-exponential size in a given number 𝑛; and

2. CQଵ-AēĘĜĊėĎēČ is shown to be ĈĔ-NP-hard in the data complexity (Theorem 6.9) —
the result follows from classical data complexity results for query answering over De-
scription Logics established by Calvanese et al. [2013], in combination with the fact that
acyclic queries can be reduced to atomic queries in the data complexity, as established
by Lemma 6.4.

Clearly, the ĈĔ-N2EĝĕTĎĒĊ upper bound for UCQ-AēĘĜĊėĎēČ in the combined complexity
and the ĈĔ-N2EĝĕTĎĒĊ lower bound for CQଵ-AēĘĜĊėĎēČ in case of bounded arity close the
complexity picture for these two columns of the table. For ϐixed sets of DTGDs, the ĈĔ-NP
upper bounds in case of either ϐixed or bounded (hyper-)treewidth queries, plus the ĈĔ-NP
lower bound for CQଵ-AēĘĜĊėĎēČ in the data complexity close all remaining cells except for
the cell of (U)CQ-AēĘĜĊėĎēČ in case where the set of DTGDs is ϐixed. A ΠP

2 upper bound is
provided, and existing results provide us with the missing optimal lower bounds in this case.
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Inherited Results:

1. CQ-AēĘĜĊėĎēČ under guarded ϐirst-order logic sentences is ΠP
2-hard in case where the

sentence is ϐixed [Bárány et al., 2014, Proposition 5.5]— in fact, it is shown in this result
that answering a CQ under a ϐixed sentence of the form∀𝑣 𝑋(𝑣, 𝑡, 𝑓) → 𝑉(𝑣, 𝑡)⊕𝑉(𝑣, 𝑓),
which, under the notion of query answering considered in this thesis is semantically
equivalent to the DTGD 𝑟(𝑋, 𝑡, 𝑓) → 𝑠(𝑋, 𝑡) ∨ 𝑠(𝑋, 𝑓), is ΠP

2-hard.

From the results of this section, we can observe that there exists an intuitive increase in
the complexity of the query answering problem, when we allow the construct of disjunction
to appear. In fact the combined complexity increases from (deterministic) 2EĝĕTĎĒĊ under
TGDs to ĈĔ-N2EĝĕTĎĒĊ under DTGDs. Similarly, the data complexity increases from polyno-
mial time feasible under TGDs to ĈĔ-NP under DTGDs. We can thus say that for weakly-acyclic
sets of rules, the addition of disjunction causes a jump in complexity from the respective class
of deterministic time to the corresponding class of non-deterministic time.
Let us now proceed with the formal proofs of our results.

6.4 Upper Bounds

In this section, we will give proofs for the relevant complexity upper bounds pertaining to
the query answering problem under weakly-acyclic sets of DTGDs. We will start by showing
a ĈĔ-N2EĝĕTĎĒĊ complexity upper bound for our most general case, UCQ-AēĘĜĊėĎēČ under
weakly-acyclic sets of DTGDs. In fact, by the equivalence shown in Lemma 6.4, we only need
to show the upper bound for the CQଵ-AēĘĜĊėĎēČ problem, which is simpler as we do not
need to separately treat a complex conjunctive query. The idea of the proof is to exhibit a
N2EĝĕTĎĒĊ guess-and-check algorithm for the co-problem, that guesses a model of at most
double-exponential size and checks that the (now atomic) query is not satisϐied in it.

Theorem 6.5. UCQ-AēĘĜĊėĎēČ under weakly-acyclic sets of DTGDs is in ĈĔ-N2EĝĕTĎĒĊ in the
combined complexity.

Proof. In order to show membership in ĈĔ-N2EĝĕTĎĒĊ, we will show membership of the co-
problem in N2EĝĕTĎĒĊ. To start, we will ϐirst focus on the co-CQଵ-AēĘĜĊėĎēČ problem. We
thus have to proof the existence of a non-deterministic double-exponential time Turing ma-
chine that, given a database𝐷, a weakly-acyclic set Σ of DTGDs and an atomic query 𝑞, decides
whether there exists a model 𝑀 of 𝐷 ∪ Σ (or, in this case equivalently, of 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ)), such
that no homomorphic image of 𝑞 appears in𝑀.
ByTheorem6.3, weknow that eachmodel𝑀 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) is atmost of double-exponential

size. It is not difϐicult to see that therefore, a non-deterministic double-exponential time Tur-
ingmachine can build each suchmodel𝑀. It only remains to show that each𝑀 can be checked,
in double-exponential time, to not contain a homomorphic image of 𝑞. In fact, the straightfor-
ward approach will sufϐice: scan through the model, atom by atom, and for each such atom
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𝑎, check whether 𝑞 can be homomorphically mapped to 𝑎. Clearly, checking whether a ho-
momorphism from one atom to another atom exists is possible in polynomial time. As every
model 𝑀 contains at most a double-exponential number of atoms, we get the desired non-
deterministic algorithm.
The above proof works only for atomic queries. However, by the fact that there exists a

LĔČSĕĆĈĊ-reduction from the UCQ-AēĘĜĊėĎēČ problem to the CQଵ-AēĘĜĊėĎēČ problem as
shown in Lemma 6.4, we get that the upper bound holds also for UCQ-AēĘĜĊėĎēČ, as desired.
This concludes the proof.

Aswehave seenabove, a non-deterministic double-exponential timeTuringmachine cande-
cide our problem in general. Compared to CQ-AēĘĜĊėĎēČ under weakly-acyclic sets of TGDs,
we can see that an intuitive increase in complexity fromdeterministic double-exponential time
to non-deterministic double-exponential time takes place, when we allow disjunctive rules.
However, the above proof only provides us an upper bound for the combined complexity. As
we will see in the next section, restricting the arity of the schema will not decrease the com-
plexity.
The missing results are therefore the case where the entire set of DTGDs is ϐixed, and the

case of the data complexity. The next theorem below will provide us with the relevant upper
bounds for all of these cases. Note that Lemma 6.4 does not work in the case where the set
of DTGDs is ϐixed. We therefore have to provide a separate complexity investigation for each
query answering problem. However, as we will soon see, most of the cases feature the same
complexity.
The general idea of the proof is to use the fact that every model that the chase builds is at

most of polynomial sizewhen the set of DTGDs is ϐixed. We can thus use anNP Turingmachine
to construct all of these models. Further, we will use an oracle to check whether the query is
satisϐied in a certainmodel. This oraclemust be powerful enough to solve the traditional query
answering problem over databases, that is, without DTGDs. This can be done by treating the
models that the chase builds as databases.

Theorem 6.6. The UCQ-AēĘĜĊėĎēČ problem under weakly-acyclic sets of DTGDs is in ΠP
2 in

case of a ϔixed set of DTGDs, and in ĈĔ-NP if, in addition, the query is ϔixed, or a query of bounded
(hyper-)treewidth.

Proof. Let 𝐷 be the database, Σ the ϐixed, weakly-acyclic set of DTGDs and 𝑄 the union of
conjunctive queries of the UCQ-AēĘĜĊėĎēČ problem. Analogously to the argument in the
proof of Theorem 6.5, we can show the following: by Theorem 6.3, we know that each model
𝑀 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) is at most of polynomial size when the set of DTGDs is ϐixed. It is not difϐicult
to see that therefore, a non-deterministic polynomial time Turingmachine can build each such
model𝑀.
To check whether for every 𝑀 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) it holds that 𝑀 ⊧ 𝑄, we thus need a ĈĔ-NP𝒞

algorithm, where 𝒞 is the complexity class needed to answer the question whether𝑀 ⊧ 𝑄. As
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the size of𝑀 is guaranteed to be polynomial, we can treat this as the classical query answering
problem over databases, without DTGDs. It turns out that there are only three cases which
need be considered:

• In case of a non-ϐixed, arbitrary union of conjunctive queries, the question whether𝑀 ⊧
𝑄 is well-known to be in NP, as shown by Chandra and Merlin [1977]. Thus, 𝐷 ∪ Σ ⊧ 𝑄,
or equivalently, 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) ⊧ 𝑄 is in ĈĔ-NPNP = ΠP

2 .

• In the case where𝑄 is ϐixed (i.e. in the data complexity), query answering is known to be
feasible in polynomial time (actually even in AC଴; see Vardi [1995]). We thus have that
𝐷 ∪ Σ ⊧ 𝑄, or equivalently, 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) ⊧ 𝑄 is in ĈĔ-NPACబ = ĈĔ-NP.

• In the case where𝑄 is acyclic, it is well-known that the query answering problem can be
solved in polynomial time, as shown by Yannakakis [1981]. In [Gottlob et al., 2001], the
exact complexity of theproblem is shown tobeLĔČCFL-complete, and further it is shown
that this completeness result holds even for queries of bounded (hyper-)treewidth. As
LĔČCFL ⊆ PTĎĒĊ, we have that 𝐷 ∪ Σ ⊧ 𝑄, or equivalently, 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) ⊧ 𝑄 is in
ĈĔ-NPLĔČCFL = ĈĔ-NP.

This concludes the proof.

In case of the data complexity, we can see that disjunction causes a jump from polynomial
time complexity to non-deterministic polynomial time. This is an analogous complexity jump
to the combined complexity, where we had double-exponential time in the deterministic case,
and non-deterministic double-exponential time when disjunction is allowed. Again, the im-
pact of disjunction on the complexity of the query answering problem is very intuitive.
It remains to show that the above results are indeed completeness results. This will follow

from the corresponding lower bounds, which we will investigate in the next section.

6.5 Lower Bounds

This section contains the relevant lower bounds to complete the complexity picture of the
query answering problem under weakly-acyclic sets of DTGDs. In fact we will see that all the
upper bounds discussed in the previous section are indeed matched by corresponding lower
bounds.
We will start the section with a ĈĔ-N2EĝĕTĎĒĊ lower bound for the query answering prob-

lem under ϐixed predicate arities. Recall that by Lemma 6.4, we can show hardness for the
UCQ-AēĘĜĊėĎēČ problem, and such a result immediately extend also to the CQଵ-AēĘĜĊėĎēČ
problem. The idea of the proof is to simulate the square tiling problem for a square of double-
exponential size. Given a set of tiles, and the knowledge which tiles are allowed to be next to
each other, the problem is to determine whether a square of double-exponential size in some
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number 𝑛 has a valid tiling w.r.t. these restrictions. The concrete version of the square tiling
problem that we will use to show the desired results is deϐined as follows:

SĖĚĆėĊ-TĎđĎēČ
Instance: A set 𝑇 = {𝑡଴, … , 𝑡௞} of tiles, two binary relations 𝐻, 𝑉 ⊆ 𝑇 × 𝑇 called the
horizontal and vertical compatibility relations, and an integer 𝑛.
Question: Does there exist a function 𝑓 ∶ {1, … , 2ଶ೙}ଶ → 𝑇, s.t. 𝑓(1, 1) = 𝑡଴ and for all
other 1 ≤ 𝑖, 𝑗 ≤ 2ଶ೙ it holds that (𝑓(𝑖, 𝑗), 𝑓(𝑖 + 1, 𝑗)) ∈ 𝐻 and (𝑓(𝑖, 𝑗), 𝑓(𝑖, 𝑗 + 1)) ∈ 𝑉?

The SĖĚĆėĊ-TĎđĎēČ problem (for squares of double-exponential size) is known to be com-
plete for N2EĝĕTĎĒĊ; see, e.g. Papadimitriou [1994]. In fact, for a polynomial-sized square,
the problem is NP-complete, and for an exponential-sized square, the problem is NEĝĕTĎĒĊ-
complete. With the above problem deϐinition in place, the general idea of proving our desired
ĈĔ-N2EĝĕTĎĒĊ lower bound is as follows: exploiting a construction given in [Pieris, 2011,
Proof of Theorem6.2], we can, using an appropriateweakly-guarded set of DTGDs, construct a
double-exponential number of distinct nulls in a successor relation. Doing so twice, and build-
ing the cross product of the two successor relations, yields a grid of double-exponential size,
representing our square that is to be tiled. Using a disjunctive rule, we can guess a tile for each
position of the grid and then, using a union of conjunctive queries, we can check whether the
thus obtained tiling violates the compatibility relations. This approach gives us the following
statement. The formal proof can be found below.

Theorem 6.7. The CQ-AēĘĜĊėĎēČ problem under weakly-guarded sets of DTGDs is hard for
ĈĔ-N2EĝĕTĎĒĊ, even if the maximum arity is bounded by the constant 3.

Proof. The proof is by reduction from the co-SĖĚĆėĊ-TĎđĎēČ problem, where we have that
𝑇 = {𝑡଴, … , 𝑡௞} is the set of tiles, the relations 𝐻, 𝑉 ⊆ 𝑇 × 𝑇 are the horizontal and vertical
compatibility relations, and the integer 𝑛 is the double-exponent of the size of the square. We
will construct a database 𝐷, a weakly-acyclic set of DTGDs Σ and a UCQ 𝑄 over a schema ℛ,
such that 𝐷 ∪ Σ ⊧ 𝑄 if and only if there does not exist a tiling for the square.

The Schema ℛ.

• 𝑟௜௞(·), 𝑠𝑢𝑐𝑐௜௞(·, ·, ·), 𝑚𝑖𝑛௜௞(·) and 𝑚𝑎𝑥௜௞(·), for each 𝑖 ∈ {1, 2}, are auxiliary relations that
are used to generate two ordered sequences of double-exponentiallymany nulls from𝐍.

• ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙(·, ·) and 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙(·, ·) will, after generating them with the relations above,
encode the two sequences of double-exponentially many nulls from 𝐍, that represent
the horizontal and vertical index of positions on the square, respectively.

• 𝑠𝑡𝑎𝑟𝑡ℎ(·) and 𝑠𝑡𝑎𝑟𝑡𝑣(·) represent, respectively, the ϐirst index of the horizontal and ver-
tical index sequence of the square, and thus the start of the ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙, resp. 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙
sequence of nulls.
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• 𝑔𝑟𝑖𝑑(·, ·) represents a position on a grid, where the ϐirst term represents the horizontal
index, and the second term represents the vertical index on the grid. Thus, the 𝑔𝑟𝑖𝑑
relation encodes all the positions of the double-exponential square.

• 𝑡(·, ·), for each 𝑡 ∈ 𝑇, represents the fact that a position on the grid is labelled, and thus
assigned, a tile 𝑡 from the set 𝑇 of tiles of the given SĖĚĆėĊ-TĎđĎēČ problem.

The Database 𝐷. Our database contains the following atoms, for each 𝑖 ∈ {1, 2}, where 𝑐଴
and 𝑐ଵ are constants from 𝐂: 𝑟௜ଵ(𝑐଴), 𝑟௜ଵ(𝑐ଵ),𝑚𝑖𝑛௜ଵ(𝑐଴),𝑚𝑎𝑥௜ଵ(𝑐ଵ), 𝑠𝑢𝑐𝑐௜ଵ(𝑐଴, 𝑐ଵ). The speciϐied
atoms will be used to initialize the generation of the successor-relation which will ultimately
contain double-exponentially many entries.

The Set Σ of DTGDs. The set of DTGDs contains the rules to generate a grid of double ex-
ponential size and guess which position in the grid is assigned which tile. First, we add, for
each 𝑖 ∈ {1, 2} and 𝑘 ∈ {1,… , 𝑛}, the following rules, which generate an ordered sequence of
double-exponentially many values:

• 𝑟௜௞(𝑋), 𝑟௜௞(𝑌) → ∃𝑍 𝑠௜௞(𝑋, 𝑌, 𝑍),

• 𝑠௜௞(𝑋, 𝑌, 𝑍) → 𝑟௜௞ାଵ(𝑍),

• 𝑠௜௞(𝑋, 𝑌, 𝑍), 𝑠௜௞(𝑋, 𝑌ᇱ, 𝑍ᇱ), 𝑠𝑢𝑐𝑐௜௞(𝑌, 𝑌ᇱ) → 𝑠𝑢𝑐𝑐௜௞ାଵ(𝑍, 𝑍ᇱ),

• 𝑠௜௞(𝑋, 𝑌, 𝑍), 𝑠௜௞(𝑋ᇱ, 𝑌ᇱ, 𝑍ᇱ),𝑚𝑎𝑥௜௞(𝑌),𝑚𝑎𝑥௜௞(𝑌ᇱ), 𝑠𝑢𝑐𝑐௜௞(𝑋, 𝑋ᇱ) → 𝑠𝑢𝑐𝑐௜௞ାଵ(𝑍, 𝑍ᇱ),

• 𝑠௜௞(𝑋, 𝑋, 𝑌),𝑚𝑖𝑛௜௞(𝑋) → 𝑚𝑖𝑛௜௞ାଵ(𝑌),

• 𝑠௜௞(𝑋, 𝑋, 𝑌),𝑚𝑎𝑥௜௞(𝑋) → 𝑚𝑎𝑥௜௞ାଵ(𝑌).

The above set of rules force double-exponentially many null values from 𝐍 to appear in the
chase. In fact, for 𝑘 = 𝑛 levels, the cross product of all the values at the previous level is
computed, and for each pair introduced thusly, a new null value is generated. Therefore, the
number of null values at each level grow quadratically. Over 𝑛 levels, this gives us the desired
result of 2ଶ೙ null values in total. It is not difϐicult to verify that the rules above are indeed
weakly-acyclic, as they are non-recursive: when constructing the dependency graph, indeed
there are no cycles present, and therefore no cycles through a special edge can occur.
In order to generate our grid, we will use the following rules:

• 𝑠𝑢𝑐𝑐ଵ௡(𝑋, 𝑌) → ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙(𝑋, 𝑌),

• 𝑚𝑖𝑛ଵ௡(𝑋) → 𝑠𝑡𝑎𝑟𝑡ℎ(𝑋),

• 𝑠𝑢𝑐𝑐ଶ௡(𝑋, 𝑌) → 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙(𝑋, 𝑌),

• 𝑚𝑖𝑛ଶ௡(𝑋) → 𝑠𝑡𝑎𝑟𝑡𝑣(𝑋),
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• ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙(𝑋, 𝑋ᇱ), 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙(𝑌, 𝑌ᇱ) → 𝑔𝑟𝑖𝑑(𝑋, 𝑌).

With the rules above, we use one of the double-exponential successor relations generated pre-
viously as the horizontal index, and one as the vertical index. The cross product between the
two, generated with the last rule above, can then be used to access positions on our grid of
double-exponential size in 𝑛.
It remains to guess which tiles are assigned to which position on the grid. To this end, we

use the following rule:

• 𝑔𝑟𝑖𝑑(𝑋, 𝑌) → ⋁௧∈் 𝑡(𝑋, 𝑌).

The above rule will force the chase to explore, for each tape cell, all the options of tiles that can
be assigned to it. This completes the construction of the set Σ.

The UCQ Q. Now that the construction of our rules is complete, it remains to construct a
query that checks that the compatibility relations are adhered to. Recall that we are reducing
from the co-problem, so we have to construct a UCQ 𝑄 that is true if and only if compatibility
is violated. Roughly, 𝑄 consists of the following disjuncts:

• 𝑄௜௡௜௧ that ensures that the ϐirst cell of the grid is labelled with the tile 𝑡଴, as required by
the SĖĚĆėĊ-TĎđĎēČ problem,

• 𝑄௛௢௥௜௭௢௡௧௔௟ that ensures that the horizontal compatibility relation is satisϐied, and

• 𝑄௩௘௥௧௜௖௔௟ that ensures that the vertical compatibility relation is satisϐied.

In what follows, wewill give the precise deϐinition of these query disjuncts of𝑄. As we encode
the co-problem, the disjuncts will actually check for the exact converse of the descriptions
above.

• 𝑄௜௡௜௧ consists of the following disjuncts for each 𝑡௜ ∈ 𝑇:

∃𝑋∃𝑌 𝑠𝑡𝑎𝑟𝑡ℎ(𝑋) ∧ 𝑠𝑡𝑎𝑟𝑡𝑣(𝑌) ∧ 𝑡௜(𝑋, 𝑌)

• 𝑄௛௢௥௜௭௢௡௧௔௟ consists of the following disjuncts for each (𝑡௜ , 𝑡௝) ∈ (𝑇 × 𝑇) ⧵ 𝐻:

∃𝑋∃𝑌∃𝑍 𝑡௜(𝑋, 𝑌) ∧ ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙(𝑋, 𝑍) ∧ 𝑡௝(𝑍, 𝑌)

• 𝑄௩௘௥௧௜௖௔௟ consists of the following disjuncts for each (𝑡௜ , 𝑡௝) ∈ (𝑇 × 𝑇) ⧵ 𝑉:

∃𝑋∃𝑌∃𝑍 𝑡௜(𝑋, 𝑌) ∧ 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙(𝑌, 𝑍) ∧ 𝑡௝(𝑋, 𝑍)

This concludes the construction of 𝑄.
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Correctness. The above construction is correct. Clearly, by construction, every model 𝑀 ∈
𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) represents one possible tiling of a double-exponentially sized square, by con-
structing a grid of the size of the square, and then guessing, via a disjunctive rule, which tile is
to be assigned to which position on the grid.
Now, assume that there is a solution to the SĖĚĆėĊ-TĎđĎēČ problem. Then there must, by

construction, exists a model𝑀 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ), which represents a valid tiling of the SĖĚĆėĊ-
TĎđĎēČ problem. However, a valid tiling satisϐies all the horizontal and vertical compatibility
constraints of𝐻 and 𝑉. But then, 𝑄 cannot be true in𝑀, as it checks precisely that at least two
adjacent tiles in the grid do not satisfy either 𝐻 or 𝑉.
Conversely, assume that there does not exist a solution to the SĖĚĆėĊ-TĎđĎēČ problem. Then,

everymodel𝑀 ∈ 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ)will represent an invalid tiling, where at least two adjacent tiles
in the grid do not satisfy𝐻 or𝑉. But then, one of the disjuncts in either𝑄௛௢௥௜௭௢௡௧௔௟ or𝑄௩௘௥௧௜௖௔௟
will be true, as it checks precisely for such violations.
Finally, by observing that the disjuncts in 𝑄௜௡௜௧ ensures that the tile at position (1, 1) of the

square is labelled with tile 𝑡଴ as required, we have that 𝐷 ∪ Σ ⊧ 𝑄 if and only if SĖĚĆėĊ-TĎđĎēČ
does not have a solution, as desired.

The above result provides us with the appropriate hardness result for query answering un-
der weakly-acyclic sets of DTGDs, when considering the combined complexity, or the case
where the arity is bounded by a constant — three, in this particular case.
Let us now turn to the case where the set of DTGDs is ϐixed. In order to complete the com-

plexity picture, two complexity results are still missing: a general ΠP
2-hardness result for the

CQ-AēĘĜĊėĎēČ problem, and a ĈĔ-NP-hardness result for the CQଵ-AēĘĜĊėĎēČ problem, when
also the query is ϐixed. The former can actually be obtained from an existing result proven by
Bárány et al. [2014], where a ΠP

2 lower bound is exhibited. They show that it is possible to
encode the ΠP

2-hard problem of FĔėĆđđ-EĝĎĘęĘ-SAT, with a database 𝐷, a query 𝑞 and a ϐixed
theory Σ consisting of the single rule 𝑥(𝑉, 𝑇, 𝐹) → 𝑣(𝑉, 𝑇) ⊕ 𝑣(𝑉, 𝐹), where⊕ represents an
exlcusive disjunction, also called XOR. It turns out that in our query-answering setting, the se-
mantics of exclusive disjunctions and (normal) disjunctions coincide. We can thus reformulate
the rule as 𝑥(𝑉, 𝑇, 𝐹) → 𝑣(𝑉, 𝑇) ∨ 𝑣(𝑉, 𝐹). This immediately gives us the following statement:

Theorem 6.8 (follows from [Bárány et al., 2014]). CQ-AēĘĜĊėĎēČ under ϔixed weakly-acyclic
sets of DTGDs is ΠP

2 -hard.

For the CQଵ-AēĘĜĊėĎēČ problem, we obtain hardness by the fact that the classical paper
about the data complexity of query answering under Description Logic (DL) knowledge bases
in [Calvanese et al., 2013, Theorem 4.5] exhibits a proof that shows ĈĔ-NP-hardness for a ϐixed
theory Σ consisting only of the DL inclusion𝐴 ⊑ 𝐵⊔𝐶, which translates into the DTGD 𝑎(𝑋) →
𝑏(𝑋) ∨ 𝑐(𝑋), and a ϐixed ACQ 𝑞. Given that the ACQ-AēĘĜĊėĎēČ problem can be reduced to
CQଵ-AēĘĜĊėĎēČ, as shown by Lemma 6.4, we immediately get the following:
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Theorem 6.9. CQଵ-AēĘĜĊėĎēČ under weakly-acyclic sets of DTGDs is ĈĔ-NP-hard in the data
complexity.

Theaboveobservations complete our complexity investigationof thequery answeringprob-
lem under weakly-acyclic sets of DTGDs. All relevant hardness results have been obtained to
give us the complete complexity picture of the problem under each of the query langauges
considered in this thesis.

6.6 Summary

In this chapter, we have investigated and completed the complexity picture of the query an-
swering problem under weakly-acyclic sets of DTGDs. Firstly, in order to simplify the subse-
quent complexity investigation, we show in Lemma6.4 that in fact in the combined complexity,
the case of bounded arity, and in the data complexity it is sufϐicient to concentrate on one form
of conjunctive query, as it is possible to ϐind a reduction from any one type to any other. Thus,
we have then proceeded to show our upper bounds for the weakest problem, namely CQଵ-
AēĘĜĊėĎēČ, and our lower bounds for themost expressive problem, namely UCQ-AēĘĜĊėĎēČ.
By Lemma 6.4, we then get that the upper (resp. lower) bound also holds for the most expres-
sive (resp. weakest) problem. We thus found that in the combined complexity and bounded
arity cases, the problem of query answering, irrespective of the query language considered, is
complete for the complexity class ĈĔ-N2EĝĕTĎĒĊ. In the data complexity, the same holds true
for the complexity class ĈĔ-NP.
The only casewhere the above approach does notwork is in the casewhere the set of DTGDs,

but not thequery, is ϐixed. In this case, the result of Lemma6.4doesnot hold, andweproceeded
to do a separate complexity investigation for the different types of queries that we treat in
this thesis. In fact, it turns out that all query types, except for full, arbitrary (U)CQs, the query
answeringproblemremains ĈĔ-NP-complete. However, the additional expressive power that a
full, arbitrary CQ provides is enough to push the complexity of the (U)CQ-AēĘĜĊėĎēČ problem
one level up the polynomial hierarchy, and we ϐind that the problem is in fact complete for the
complexity class ΠP

2 .
In conclusion, we can say that the impact of disjunction on weakly-acyclic sets of rules is

as follows: in both the combined and the data complexity, we ϐind a very intuitive jump from
the respective deterministic complexity class in case of (non-disjunctive) TGDs, to the corre-
sponding non-deterministic complexity class in case of DTGDs: in the combined complexity
we have a jump from 2EĝĕTĎĒĊ-completeness to ĈĔ-N2EĝĕTĎĒĊ-completeness, and the anal-
ogous result holds true for the data complexity: we ϐind a jump from PTĎĒĊ-completeness to
ĈĔ-NP-completeness. We can thus say that the non-determinism added by allowing disjunc-
tions in rule heads is reϐlected in the complexity of the query answering problem.
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7 ApplicaƟons to DescripƟon Logics

In the previous three chapters, we have discussed, and analyzed the complexity of query an-
swering for guarded-based classes of DTGDs, sticky sets of DTGDs and weakly-acyclic sets of
DTGDs. In this chapter, we explore the consequences of our previous results, when applied to
existing formalisms in the area of description logics (DLs). We will investigate consequences
of our results for DLs in Section 7.2, when dealing with the problem of answering conjunctive
queries.
In order to express these formalisms with DTGDs, in Section 7.1, we will ϐirst extend DTGDs

with two auxiliary features. Firstly, we introduce negative constraints (NCs) that allow us to
express that some condition is forbidden andmust not occur during construction of the chase.
Secondly, we introduce the notion of equality-generating dependencies (EGDs) that allow for
expressing equalities between variables.

7.1 AddiƟonal Features

In this section, we extend our previously introduced classes of DTGDswith two useful and rel-
evant constructs, namely, negative constraints and equality-generating dependencies. None
of the classes of DTGDs discussed so far are able to express natural statements like “no stu-
dent is a professor,” or “a student ID uniquely identiϐies a student’s name.” Assume a schema
which has a unary relation 𝑝𝑟𝑜𝑓𝑒𝑠𝑠𝑜𝑟 and a binary relation 𝑠𝑡𝑢𝑑𝑒𝑛𝑡, where the ϐirst attribute
is the student ID, and the second attribute is the student’s name. The ϐirst statement above
could be expressed by the rule 𝑠𝑡𝑢𝑑𝑒𝑛𝑡(𝑋, 𝑌), 𝑝𝑟𝑜𝑓𝑒𝑠𝑠𝑜𝑟(𝑋) → ⊥, known as a negative con-
straint, where ⊥ is the ϐirst-order logic constant false; the second statement above would be
represented, for example, by the rule 𝑠𝑡𝑢𝑑𝑒𝑛𝑡(𝑋, 𝑌), 𝑋, 𝑌ᇱ(→)𝑌 = 𝑌ᇱ, known as an equality-
generating dependency. The formal deϐinitions of these two notions can be found in the next
two sections, respectively.

7.1.1 NegaƟve Constraints

As seen in the example given in the previous paragraph, a negative constraint is similar to a
TGD, but differs in that the head is always the constant ⊥, or, false. The formal deϐinition is
given below:

Deϐinition 7.1. A negative constraint (NC) over a schemaℛ is a ϔirst-order logic formula of the
form

∀𝐗𝜙(𝐗) → ⊥,
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where 𝜙(𝐗) is a conjunction of atoms over ℛ called the body with free variables 𝐗, and ⊥ is the
Boolean constant false. The body of an NC 𝜈 is denoted 𝑏𝑜𝑑𝑦(𝜈).

Note that the above deϐinition does not place any kind of syntactic restriction on the con-
junction of atoms in the body of such an NC 𝜈. It is thus possible for 𝜈 to contain a full conjunc-
tive query. For brevity, we will omit the universal quantiϐier in front a any NC, and implicitly
assume that all the variables are universally quantiϐied.
Similarly to (D)TGDs, an NC 𝜈 is satisϐied by an instance 𝐼 overℛ, denoted 𝐼 ⊧ 𝜈, if and only if

there is no homomorphism ℎ, such that ℎ(𝑏𝑜𝑑𝑦(𝜈)) ⊆ 𝐼. Conversely, we write 𝐼 ⊭ 𝜈, if 𝐼 does
not satisfy 𝜈. This notation extends naturally to sets of NCs. Note that we only consider ϐinite
sets of NCs.

Example 7.2. Letℛ be a schema where a binary relation 𝑑𝑒𝑝𝑡 contains departments and their
heads, and a binary relation 𝑝𝑟𝑜𝑗𝑚𝑔𝑟 contains projects and their managers. Then the fact that
department heads cannot be project managers can be expressed by the NC

𝑑𝑒𝑝𝑡(𝐷,𝐻), 𝑝𝑟𝑜𝑗𝑚𝑔𝑟(𝑃, 𝐻) → ⊥.

The fact that Peter cannot be the head of any department can be expressed using the NC

𝑑𝑒𝑝𝑡(𝐷, 𝑝𝑒𝑡𝑒𝑟) → ⊥.

Note that both constants and variables can be used in the body of an NC.

Themodels of a database w.r.t. a set of DTGDs and NCs is deϐined in exactly the same way as
it is for DTGDs alone. Formally, themodels of a database 𝐷 w.r.t. a set Σ = Σோ ⊎ Σୄ, where Σோ is
a set of DTGDs and Σୄ is a set of NCs, denoted ⊧ 𝐷Σ, is the set of all ϐinite or inϐinite instances
𝐼, such that 𝐼 ⊇ 𝐷, 𝐼 ⊧ Σோ and 𝐼 ⊧ Σୄ, denoted 𝐼 ⊧ 𝐷 ∪ Σ. In [Calı̀ et al., 2012] it is observed
that, when reasoning under a set of TGDs, checking whether an NC is satisϐied amounts to
answering an (arbitrary) conjunctive query. It turns out that this observation also holds true
for reasoning under sets of DTGDs, as the following theorem shows:

Theorem 7.3. For any database 𝐷 and UCQ 𝑄, given a set of rules Σ = Σோ ⊎ Σୄ over schema ℛ,
where Σோ is a set of DTGDs and Σୄ is a set of NCs, we can construct a UCQ𝑄ᇱ, such that𝐷∪Σ ⊧ 𝑄
if and only if 𝐷 ∪ Σோ ⊧ 𝑄ᇱ.

Proof. The reduction is rather simple: we only need to treat all the negative constraints as
disjuncts of a UCQ. Thus, let

𝑄ᇱ = 𝑄 ∨ ሧ
ఔ∈ஊ఼

𝑏𝑜𝑑𝑦(𝜈).

This completes the construction. In order to prove correctness, we need to establish that 𝐷 ∪
Σ ⊧ 𝑄 if and only if 𝐷 ∪ Σோ ⊧ 𝑄ᇱ. The following vital observation will help to show this:
Note that𝑚𝑜𝑑𝑒𝑙𝑠(𝐷, Σோ)will necessarily be a subset of𝑚𝑜𝑑𝑒𝑙𝑠(𝐷, Σ). Anymodel𝑀 of𝐷∪Σ

will surely be a model of 𝐷 ∪ Σோ , as, by deϐinition,𝑀 ⊇ 𝐷 and𝑀 ⊧ Σோ . For all such models𝑀,
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it is clear that𝑀 ⊧ 𝑄 and thus also𝑀 ⊧ 𝑄ᇱ, as 𝑄ᇱ ⊇ 𝑄. An instance 𝐼 that is a model of 𝐷 ∪ Σோ
but not a model of 𝐷 ∪ Σ thus must necessarily violate at least one negative constraint in Σୄ.
Assume that𝐷∪Σ ⊧ 𝑄. For all𝑀 ∈ 𝑚𝑜𝑑𝑒𝑙𝑠(𝐷, Σோ) it must thus hold that𝑀 ⊧ Σୄ and𝑀 ⊧ 𝑄

(as the query is by assumption true in all models), or otherwise that𝑀 ⊭ Σୄ (and𝑀 thus is
not a model of 𝐷 ∪ Σ. For the ϐirst case, by the above observation, we have that 𝑀 ⊧ 𝑄ᇱ, as
desired. In the second case, we also have that𝑀 ⊧ 𝑄ᇱ, as for some 𝜈 ∈ Σୄ it holds that𝑀 ⊭ 𝜈,
that is, there is a homomorphism that maps 𝑏𝑜𝑑𝑦(𝜈) into 𝑀. But then, by construction, the
corresponding disjunct of𝑄ᇱ is can be somapped into𝑀. Conversely, assume that𝐷∪Σோ ⊧ 𝑄ᇱ.
Then by a similar argument, we can show that a model𝑀 of 𝐷 ∪ Σோ either satisϐies a disjunct
in𝑄 or a body of an NC. We thus have, as desired, that if𝑄 is true in every model of𝐷∪Σ, then
and only then is 𝑄ᇱ true in every model of 𝐷 ∪ Σᇱ. This completes the proof.

Note that the above proof does not rely on the chase procedure but deals with models di-
rectly. In order to utilize the chase when the theory contains NCs, we need to make a small
addition to the deϐinition of the chase.
The deϐinition of the disjunctive chase tree remains the same as for the classical disjunctive

chase; however, the deϐinition of 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) changes slightly: for a disjunctive chase tree 𝑇,
let 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) be the set {𝐼 ∣ 𝐼 is a leaf of 𝑇 and for all 𝜈 ∈ Σୄ, 𝐼 ⊧ 𝜈}. Again, by construction,
each instance in 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) is a model of𝐷 and Σ, and this deϐinition preserves the universal
model set property of the chase. For query answering purposes, we can thus still concentrate
on the models in the universal model set as computed by the chase.
As an immediate consequence of the above discussion and Theorem 7.3, we obtain that

the addition of negative constraints does not increase the complexity of answering arbitrary
UCQs. By Lemmas 4.6, 5.3 and 6.4, we get immediately that this also holds for CQs. In fact,
for (weakly-)frontier-guarded, sticky and weakly-acyclic sets of DTGDs, the addition of nega-
tive constraints do not even increase the complexity of the CQଵ-AēĘĜĊėĎēČ problem. Thus, in
these cases, the complexity of query answering is the same, whether NCs are present in the
theory or not.

7.1.2 Equality-GeneraƟng Dependencies

As we have seen above, allowing NCs in addition to DTGDs does not cause any problems, and
the complexity of the query answering problem is in general not affected. Unfortunately, the
same cannot be said for the addition of equality-generating dependencies. These have been
shown to lead to undecidability, even if one only considers the simple case of (non-disjunctive)
inclusion dependencies and functional dependencies (see Chandra and Vardi [1985]), or in-
clusion dependencies and key dependencies (see, e.g. Calı̀ et al. [2003a], which showsundecid-
ability by using a similar machinery to the one employed by Johnson and Klug [1984] in their
PSĕĆĈĊ-hardness proof for query containment under IDs). These undecidability results pre-
vent us from simply introducing equality-generating dependencies into the decidable classes
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of DTGDs discussed in the previous chapters. However, as we shall see, there are useful and
sensible restrictions on these dependencies that can guarantee decidability. Before discussing
these, let us give some more formal details.

Deϐinition7.4. An equality-generatingdependency (EGD)over a schemaℛ is a ϔirst-order logic
formula of the form

∀𝐗𝜙(𝐗) → 𝑋௜ = 𝑋௝ ,

where 𝜙(𝐗) is a conjunction of atoms over ℛ, called the body of the EGD, with free variables 𝐗,
and 𝑋௜ , 𝑋௝ ∈ 𝐗. The body of an EGD 𝜖 is denoted 𝑏𝑜𝑑𝑦(𝜖).

As with DTGDs and NCs, we will, for brevity, omit the universal quantiϐiers, and implicitly
assume that all unquantiϐied variables are universally quantiϐied. An instance 𝐼 satisϐies an
EGD 𝜖, denoted 𝐼 ⊧ 𝜖, if and only if there exists a homomorphism ℎ, such that whenever
ℎ(𝑏𝑜𝑑𝑦(𝜖)) ⊆ 𝐼, then ℎ(𝑋௜) = ℎ(𝑋௝). We write 𝐼 ⊭ 𝜖, if 𝐼 does not satisfy 𝜖. Again, these
notions naturally extend to sets. Recall that while homomorphisms can map variables or null
values to other values, constants are always preserved. Thus, the only way for an instance 𝐼
to violate an EGD 𝜖 is if there is a homomorphism ℎ that maps 𝑏𝑜𝑑𝑦(𝜖) to 𝐼, ℎ(𝑋௜) = 𝑐ଵ and
ℎ(𝑋௝) = 𝑐ଶ, where 𝑐ଵ and 𝑐ଶ are distinct constants from 𝐂. As with NCs, we only deal with
ϐinite sets of EGDs in this work.

Example 7.5. Letℛ be a schema containing a binary relation 𝑑𝑒𝑝𝑡which contains departments
and their heads, a binary relation 𝑟𝑢𝑛𝑠 which contains departments and the projects they run,
and a binary relation 𝑝𝑟𝑜𝑗𝑚𝑔𝑟 which contains projects and their managers. Then the fact that
only department heads can be managers of projects run by their department can be expressed
using an EGD as follows:

𝜖 ∶ 𝑑𝑒𝑝𝑡(𝐷,𝐻), 𝑟𝑢𝑛𝑠(𝐷, 𝑃), 𝑝𝑟𝑜𝑗𝑚𝑔𝑟(𝑃,𝑀) → 𝐻 = 𝑀.

Given the database

𝐷 = {𝑑𝑒𝑝𝑡(𝑖𝑡, 𝑒𝑚𝑝1), 𝑟𝑢𝑛𝑠(𝑖𝑡, 𝑠𝑢𝑝𝑝𝑜𝑟𝑡), 𝑝𝑟𝑜𝑗𝑚𝑔𝑟(𝑠𝑢𝑝𝑝𝑜𝑟𝑡, 𝑒𝑚𝑝1)},

it is easy to verify that𝐷 ⊧ 𝜖. However, if a fact 𝑝𝑟𝑜𝑗𝑚𝑔𝑟(𝑠𝑢𝑝𝑝𝑜𝑟𝑡, 𝑒𝑚𝑝2) to𝐷, thereby forming
𝐷ᇱ, then we can ϔind a homomorphism ℎ that maps variable𝐻 to 𝑒𝑚𝑝1 and variable𝑀 to 𝑒𝑚𝑝2,
while mapping the body of 𝜖 to 𝐷ᇱ. Thus, 𝐷ᇱ ⊭ 𝜖.

The models of a database w.r.t. a set of DTGDs and EGDs is deϐined in exactly the same way
as it is for DTGDs alone. Formally, the models of a database 𝐷 w.r.t. a set Σ = Σோ ⊎ Σா , where
Σோ is a set of DTGDs and Σா is a set of EGDs, denoted ⊧ 𝐷Σ, is the set of all ϐinite or inϐinite
instances 𝐼, such that 𝐼 ⊇ 𝐷, 𝐼 ⊧ Σோ and 𝐼 ⊧ Σୄ, denoted 𝐼 ⊧ 𝐷 ∪ Σ. Based on this, the query
answering problem (under the certain answer semantics) can be naturally extended to sets of
DTGDs and EGDs.
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As was the case for sets of DTGDs, our main algorithmic tool for query answering under
DTGDs and EGDs is the (disjunctive) chase. In order for the chase to be able to work correctly,
we need a separate chase rule for EGDs that uniϐies symbols in the chase in order to “repair”
the instance so that it satisϐies violated EGDs.

Deϐinition 7.6 (EGD Chase Rule). Consider an instance 𝐼, and an EGD 𝜖 of the form 𝜙(𝐗) →
𝑋௜ = 𝑋௝ . 𝜖 is applicable to 𝐼 if there exists a homomorphism ℎ such that ℎ(𝜙(𝐗)) ⊆ 𝐼 and
ℎ(𝑋௜) ≠ ℎ(𝑋௝), and the result of applying 𝜎 to 𝐼 with ℎ is the set {𝐼ᇱ}, where (a) if ℎ(𝑋௜) and
ℎ(𝑋௝) are both constants, then 𝐼ᇱ = {⊥}, and otherwise (b) 𝐼ᇱ is obtained from 𝐼 by replacing all
occurrences of ℎ(𝑋௜) with ℎ(𝑋௝), if ℎ(𝑋௜) precedes ℎ(𝑋௝) in the lexicographical order, or vice-
versa otherwise. For such an application, which deϔines a single chase step, we write 𝐼⟨𝜖, ℎ⟩{𝐼ᇱ}.

With this deϐinition in place, we can now proceed to redeϐine the chase. In fact, the chase is
constructed by executing the following two steps iteratively, until a ϐixpoint is reached:

1. Apply the DTGD chase rule, as deϐined in Section 2.3, once; and then

2. apply the EGD chase rule as long as it is applicable (i.e. until a ϐixpoint is reached).

The chase is thus constructed by always applying EGDs as often as possible after each applica-
tion of a DTGD, in order to catch inconsistencies as early as possible, and avoid the degenerate
case where in an inϐinite chase expansion no EGD may ever be applied.
The deϐinition of the disjunctive chase tree remains the same as for the classical disjunctive

chase; however, the deϐinition of 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) changes slightly: for a disjunctive chase tree
𝑇, let 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) be the set {𝐼 ∣ 𝐼 is a leaf of 𝑇 and 𝐼 ≠ {⊥}}. Again, by construction, each
instance in 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) is amodel of𝐷 andΣ, and this deϐinition preserves the universalmodel
set property of the chase. For query answering purposes, we can thus still concentrate on
the models in the universal model set as computed by the chase. Note that if the chase is
empty (i.e. all constructed instances violate an EGD), we also say that the chase fails. It is
straightforward to see that EGDs and NCs can also be used together, by simply combining the
relevant modiϐications of the chase.
As discussed before, allowing EGDs in addition to DTGDs (or even TGDs) can easily lead to

undecidability. An abstract restriction that has been used in the literature to overcome this
problem is the notion of separability. First proposed by Calı̀ et al. [2003a] for inclusion de-
pendencies and functional dependencies, it was later extended to cover arbitrary TGDs; cf.
Calı̀ et al. [2012]. While this was done for deterministic sets of rules, it is straightforward to
extend the notion to also work for DTGDs:

Deϐinition 7.7 (Separability). Let Σ = Σோ ⊎ Σா ⊎ Σୄ, where Σோ is a set of DTGDs and Σா is a set
of EGDs, all over a schema ℛ. Σ is separable, if for every database 𝐷 over ℛ and every CQ 𝑞 over
ℛ, we have either that 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) = ∅ (i.e. the chase fails) or that 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) ⊧ 𝑞 if and only
if 𝑐ℎ𝑎𝑠𝑒(𝐷, Σோ) ⊧ 𝑞.
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In fact, the notion of separability guarantees that the problem of answering a CQ over a
set of DTGDs and EGDs has the same complexity as answering CQs over DTGDs alone. This
even holds true if NCs are allowed into the mix as well. While in [Pieris, 2011] this has only
been shown for frontier-weakly-sticky-join sets of TGDs, it is implicit that this in fact holds
for any class of TGDs. In fact, with the deϐinition of failure of the chase being emptiness, that
is, 𝑐ℎ𝑎𝑠𝑒(𝐷, Σ) = ∅, the same proof as the one given in [Pieris, 2011] also works to estab-
lish the complexity equivalence for arbitrary sets of DTGDs, implicitly showing the following
statement:

Theorem 7.8. Let 𝑞 be a CQ over a schema ℛ, 𝐷 a database over ℛ, a set Σ = Σோ ⊎ Σா of rules
over ℛ, where Σோ is a set of DTGDs, Σா a set of EGDs and a set Σୄ of NCs. Then, if Σ is separable,
deciding whether 𝐷 ∪ Σ∪ Σୄ ⊧ 𝑞 has the same complexity as deciding whether 𝐷 ∪ Σோ ∪ Σୄ ⊧ 𝑞.

The proof given in [Pieris, 2011] works by reducing the problem of deciding whether the
chase under a set of DTGDs and EGDs fails to query answering under the set of DTGDs alone.
This is done by rewriting the EGDs into a disjunction of CQs, with the help of a non-equivalence
relation added to the database. Unfortunately however, it is in general undecidable whether a
given set of DTGDs and EGDs is separable.
This concludes the present section about additional features that we can add to our dis-

cussed classes of DTGDs without impacting the complexity of the query answering problem.
In the next section, we will see how we can use these features to encode several interesting
reasoning formalisms using DTGDs, NCs and EGDs, and thus derive (partially novel) complex-
ity bounds for them.

7.2 Querying DescripƟon Logic Knowledge Bases

Ontological reasoning is a fundamental task in the Semantic Web. In this ϐield, description
logics (DLs) (see, e.g. [Baader et al., 2003] for a comprehensive overview) have been play-
ing a prominent role. Most DLs are decidable fragments of ϐirst-order logic, based on concepts
(classes of objects) and roles (binary relations on concepts). Several variants of DLs have been
proposed, where a central issue is the trade-off between the expressive power and the com-
putational complexity of the reasoning services such as query answering. Our goal in this
section is to show that our techniques and results on guarded DTGDs can be used as a generic
tool for establishing results on query answering under several central DLs that can be found
in the literature. We will ϐirst give a brief overview of the world of DLs, before we start our
investigation.

Brief Overview. One of the most expressive DLs is the description logic 𝒮ℛ𝒪ℐ𝒬, proposed
by Horrocks et al. [2006], which forms the basis of the standardized speciϐication of the sec-
ond version of the Web Ontology Language (OWL 2). Reasoning in 𝒮ℛ𝒪ℐ𝒬 turns out to be
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very difϐicult and thus very computationally expensive, which lead to the invention of descrip-
tion logics that offer better computational properties. Another well-known DL that allows for
non-determinism is the simple, yet expressive DL𝒜ℒ𝒞, or Attributive Concept Language with
Complements, a keyDL that forms the basis ofmany other DLs, be theymore or less expressive.
The ℰℒ family of DLs [Baader, 2003; Baader et al., 2005] is based on the lightweight DL ℰℒ,

which is a DL designed to allow for the most common DL constructs, namely existential quan-
tiϐication and conjunction to be expressed, but to still retain favorable computational proper-
ties. In fact, reasoning under ℰℒ is in PTĎĒĊ for most tasks. In our case we will deal with the
DL ℰℒ𝒰, which is ℰℒ extended with union (𝒰), which thereby allows for non-determinism.
We will also consider the addition of inverse roles (ℐ) and role hierarchies (ℋ).
The DL-Lite family (see, e.g. Calvanese et al. [2007]; Poggi et al. [2008]) is a group of DLs

designed to exhibit favorable computational properties. In particular, query answering under
most deterministic DL-Lite variants in in AC଴ in the data complexity, which follows from the
fact that they are ϐirst-order rewritable. In [Artale et al., 2009], several extensions are pro-
posed that include number restrictions, role hierarchies, and (more) boolean connectives. In
this paper, the language of DL-Lite௕௢௢௟ is proposed, which allows for disjunctive knowledge to
be represented. Togetherwith role hierarchies (ℋ), we get the language ofDL-Liteு௕௢௢௟ , which,
among others, we will take a closer look at in this section.
With this brief overview of DL languages in mind, let us now formally investigate how the

results obtained in previous chapters can be used to pinpoint the complexity of query answer-
ing under several description logics for which the answers to these questions were hitherto
missing, or at least incomplete.

7.2.1 The DescripƟon Logic𝒜ℒ𝒞ℐℋ

TheDL𝒜ℒ𝒞 is a central DL, introduced by Schmidt-Schauß and Smolka [1991], which is at the
basis of many expressive DLs, and is the “smallest” one that is propositionally closed, i.e., that
allows for all Boolean connectives. By enriching𝒜ℒ𝒞 with inverse roles (ℐ) and role hierar-
chies (ℋ) we obtain the expressive DL𝒜ℒ𝒞ℐℋ. Let 𝐍𝐂 and 𝐍𝐑 be disjoint countably inϐinite
sets of concept and role names, respectively. The set of𝒜ℒ𝒞ℐℋ-concepts is the smallest set
such that

1. every concept name 𝐴 ∈ 𝐍𝐂, as well as ⊤ and ⊥, are𝒜ℒ𝒞ℐℋ-concepts; and

2. if 𝐶 and 𝐷 are𝒜ℒ𝒞ℐℋ-concepts and 𝑅 ∈ 𝐍𝐑, then¬𝐶, 𝐶 ⊓ 𝐷, 𝐶 ⊔ 𝐷, ∃𝑅.𝐶, ∃𝑅ି.𝐶, ∀𝑅.𝐶
and ∀𝑅ି.𝐶 are𝒜ℒ𝒞ℐℋ-concepts.

A DL knowledge base (KB) 𝒦 = (𝒯,𝒜) represents the domain of interest in terms of two
parts, a terminological box (TBox) 𝒯, specifying the intensional knowledge, and an assertional
box (ABox)𝒜, asserting the extensional knowledge. In an𝒜ℒ𝒞ℐℋ KB the TBox is a ϐinite set
of concept inclusion assertions of the form 𝐵 ⊑ 𝐶, where 𝐵 and 𝐶 are𝒜ℒ𝒞ℐℋ-concepts, as
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well as a ϐinite set of role inclusion assertions of the form 𝑅 ⊑ 𝑆, where 𝑅 and 𝑆 are (possibly
inverse) roles. The ABox consists of a ϐinite set of assertions of the form 𝐶(𝑎) and 𝑅(𝑎, 𝑏),
where 𝑎 and 𝑏 are individuals (or constants) of 𝐂, 𝐶 is an 𝒜ℒ𝒞ℐℋ-concept and 𝑅 is a role
name.
Wenowrecall the semantics of𝒜ℒ𝒞ℐℋ. An𝒜ℒ𝒞ℐℋ-interpretation ℐ is a pair (Δℐ , ⋅ℐ), where

Δℐ is a non-empty set called domain, and ⋅ℐ is an interpretation function that maps every con-
cept name 𝐴 to a subset 𝐴ℐ of Δℐ , and every role name 𝑅 to a binary relation 𝑅ℐ of Δℐ . ℐ is
extended to complex concepts as follows:

(⊤)ℐ ∶= Δℐ
(⊥)ℐ ∶= ∅

(¬𝐶)ℐ ∶= Δℐ ⧵ 𝐶ℐ

(𝐵 ⊓ 𝐶)ℐ ∶= 𝐵ℐ ∩ 𝐶ℐ

(𝐵 ⊔ 𝐶)ℐ ∶= 𝐵ℐ ∪ 𝐶ℐ

(∃𝑅.𝐶)ℐ ∶= {𝑥 ∣ there exists 𝑦 ∈ Δℐ such that (𝑥, 𝑦) ∈ 𝑅ℐ and 𝑦 ∈ 𝐶ℐ}
(∃𝑅ି.𝐶)ℐ ∶= {𝑥 ∣ there exists 𝑦 ∈ Δℐ such that (𝑦, 𝑥) ∈ 𝑅ℐ and 𝑦 ∈ 𝐶ℐ}
(∀𝑅.𝐶)ℐ ∶= {𝑥 ∣ for all 𝑦 ∈ Δℐ , (𝑥, 𝑦) ∈ 𝑅ℐ implies 𝑦 ∈ 𝐶ℐ}
(∀𝑅ି.𝐶)ℐ ∶= {𝑥 ∣ for all 𝑦 ∈ Δℐ , (𝑦, 𝑥) ∈ 𝑅ℐ implies 𝑦 ∈ 𝐶ℐ}.

An interpretation ℐ is amodel of a TBox𝒯 if𝐵ℐ ⊆ 𝐶ℐ for all𝐵 ⊑ 𝐶 ∈ 𝒯. An interpretation ℐ can
be extended to ABoxes by demanding that ⋅ℐ maps every individual 𝑎 to an element 𝑎ℐ ∈ Δℐ . ℐ
satisϐies an assertion 𝐶(𝑎) if 𝑎ℐ ∈ 𝐶ℐ and an assertion 𝑅(𝑎, 𝑏) if (𝑎ℐ , 𝑏ℐ) ∈ 𝑅ℐ . We say that ℐ is
a model of an ABox𝒜 if it satisϐies all the assertions of𝒜. Given an𝒜ℒ𝒞ℐℋ KB𝒦 = (𝒯,𝒜),
ℐ is a model of 𝒦, written ℐ ⊧ 𝒦, if ℐ is a model of 𝒯 and 𝒜. It is now straightforward to
deϐine the problem of query answering under𝒜ℒ𝒞ℐℋ KBs. A CQ 𝑞 over an𝒜ℒ𝒞ℐℋ KB𝒦 is
a conjunction of atoms of the form 𝐴(𝑋) or 𝑅(𝑋, 𝑌), where 𝐴 ∈ 𝐍𝐂 and 𝑅 ∈ 𝐍𝐑. The answer to
𝑞 is positive, written𝒦 ⊧ 𝑞, if ℐ ⊧ 𝑞, for every model ℐ of𝒦. The UCQ, ACQ and CQଵ answering
problems are deϐined analogously.

7.2.2 Generic Complexity Results

By exploiting our techniques and results, we can establish the following result about (U)CQ
answering; ℒଵ ⊆ ℒଶ means that ℒଵ is a subformalism of ℒଶ:

Theorem 7.9. Consider a DL ℒ such that ℒ ⊆ 𝒜ℒ𝒞ℐℋ and ℒ is powerful enough for expressing
the following inclusion assertions:

𝐴ଵ ⊑ 𝐴ଶ ⊔ 𝐴ଷ 𝐴 ⊑ ∃𝑅.⊤ ∃𝑅ି.⊤ ⊑ 𝐴 𝑅 ⊑ 𝑆 𝑅ି ⊑ 𝑆,

where 𝐴, 𝐴ଵ, 𝐴ଶ, 𝐴ଷ are concept names and 𝑅, 𝑆 are role names. Then, (U)CQ answering under ℒ
is 2EĝĕTĎĒĊ-complete in combined complexity.
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An analogous result for UACQ answering can be also established:

Theorem7.10. Consider aDLℒ such thatℒ ⊆ 𝒜ℒ𝒞ℐℋ andℒ is powerful enough for expressing
the following inclusion assertions:

𝐴ଵ ⊑ 𝐴ଶ ⊔ 𝐴ଷ 𝐴 ⊑ ∃𝑅.⊤ ∃𝑅ି.⊤ ⊑ 𝐴,

where 𝐴, 𝐴ଵ, 𝐴ଶ, 𝐴ଷ are concept names. Then, UACQ answering under ℒ is EĝĕTĎĒĊ-complete in
combined complexity, even when the TBox is ϔixed.

The above generic results provide alternative proofs for already known complexity results,
but also close some interesting open problems in a uniform way. The rest of this section is
devoted to establish the above two theorems.

Upper Bounds

The upper bounds for both theorems are obtained by reducing query answering under the DL
𝒜ℒ𝒞ℐℋ to query answering under guarded DTGDs. First, we discuss how complex concepts
can be eliminated from the given ABox by pushing them in the TBox. Such a reformulation of
the given KB will allow us to consider the ABox as a relational database. Consider an𝒜ℒ𝒞ℐℋ
KB 𝒦 = (𝒯,𝒜). We construct an ABox 𝒜ᇱ from𝒜 by replacing each assertion 𝐶(𝑎), where
𝐶 is a complex concept, by 𝐶⋆(𝑎), where 𝐶⋆ is an auxiliary concept name not occurring in𝒜.
Then, the TBox𝒯ᇱ is constructed by adding to𝒯 an assertion of the form 𝐶⋆ ⊑ 𝐶, for each com-
plex concept 𝐶 occurring in𝒜. It is easy to see that (𝒯,𝒜) and (𝒯ᇱ, 𝒜ᇱ) are equivalent w.r.t.
UCQ answering. Let us now explain how an 𝒜ℒ𝒞ℐℋ TBox can be normalized in such a way
that can be seen as a set of guarded DTGDs. In fact, we exploit the normalization procedure
proposed by Simancik et al. [2011a] for 𝒜ℒ𝒞ℋ, that is, 𝒜ℒ𝒞ℐℋ without inverse roles. An
𝒜ℒ𝒞ℐℋ TBox is in normal form if it only contains axioms of the form given on the left column
of Table 7.1. It is implicit in [Simancik et al., 2011a] that every𝒜ℒ𝒞ℋ TBox 𝒯 can be trans-
formed in polynomial time into an𝒜ℒ𝒞ℋ TBox in normal formwhich is equivalent to 𝒯 w.r.t.
UCQ answering. This result can be straightforwardly extended to 𝒜ℒ𝒞ℐℋ. From the above
discussion, we immediately get the following auxiliary result:

Lemma 7.11. Consider an𝒜ℒ𝒞ℐℋ KB𝒦 = (𝒯,𝒜). We can construct in polynomial time an
𝒜ℒ𝒞ℐℋ KB 𝒦ᇱ = (𝒯ᇱ, 𝒜ᇱ) such that 𝒜ᇱ contains only concept and role names, and 𝒦 ⊧ 𝑄 if
and only if𝒦ᇱ ⊧ 𝑄, for every UCQ 𝑄.

As shown in Table 7.1, given an 𝒜ℒ𝒞ℐℋ TBox 𝒯 in normal form, every axiom of 𝒯 can be
equivalently rewritten as a ϐirst-order sentencewhich is either a guardedDTGDor a constraint
of the form ∀𝑋(𝐴ଵ(𝑋) ∧…∧𝐴௡(𝑋) → ⊥), where ⊥ denotes the truth constant false, which may
lead to an inconsistency. Such inconsistencies can be encoded in the query by considering the
left-hand side of the constraints as disjuncts of the given UCQ. Moreover, observe that these
disjuncts will be ACQs, and thus, if the given UCQ is acyclic, then the obtained UCQ remains
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𝒜ℒ𝒞ℐℋ Axiom First-Order Representation
𝐴ଵ ⊓ … ⊓ 𝐴௡ ⊑ ⊥ ∀𝑋(𝐴ଵ(𝑋) ∧ … ∧ 𝐴௡(𝑋) → ⊥)

𝐴ଵ ⊓ … ⊓ 𝐴௡ ⊑ 𝐵ଵ ⊔ … ⊔ 𝐵௠ ∀𝑋(𝐴ଵ(𝑋) ∧ … ∧ 𝐴௡(𝑋) → 𝐵ଵ(𝑋) ∨ … ∨ 𝐵௠(𝑋))
𝐴 ⊑ ∃𝑅.𝐵 ∀𝑋(𝐴(𝑋) → ∃𝑌𝑅(𝑋, 𝑌) ∧ 𝐵(𝑌))
𝐴 ⊑ ∃𝑅ି.𝐵 ∀𝑋(𝐴(𝑋) → ∃𝑌𝑅(𝑌, 𝑋) ∧ 𝐵(𝑌))
∃𝑅.𝐴 ⊑ 𝐵 ∀𝑋(𝑅(𝑋, 𝑌) ∧ 𝐴(𝑌) → 𝐵(𝑋))
∃𝑅ି.𝐴 ⊑ 𝐵 ∀𝑋(𝑅(𝑌, 𝑋) ∧ 𝐴(𝑌) → 𝐵(𝑋))
𝐴 ⊑ ∀𝑅.𝐵 ∀𝑋(𝐴(𝑋) ∧ 𝑅(𝑋, 𝑌) → 𝐵(𝑌))
𝐴 ⊑ ∀𝑅ି.𝐵 ∀𝑋(𝐴(𝑋) ∧ 𝑅(𝑌, 𝑋) → 𝐵(𝑌))
𝑅 ⊑ 𝑆 ∀𝑋∀𝑌(𝑅(𝑋, 𝑌) → 𝑆(𝑋, 𝑌))
𝑅ି ⊑ 𝑆 ∀𝑋∀𝑌(𝑅(𝑌, 𝑋) → 𝑆(𝑋, 𝑌))
𝑅 ⊑ 𝑆ି ∀𝑋∀𝑌(𝑅(𝑋, 𝑌) → 𝑆(𝑌, 𝑋))
𝑅ି ⊑ 𝑆ି ∀𝑋∀𝑌(𝑅(𝑌, 𝑋) → 𝑆(𝑌, 𝑋))

Table 7.1: Normal form and ϐirst-order representation of𝒜ℒ𝒞ℐℋ.

acyclic. Now, anABoxwhich contains only concept and role names (andnot complex concepts)
can be naturally seen as a relational database. Therefore, from Lemma 7.11 and the above
discussion, we conclude the following: given an𝒜ℒ𝒞ℐℋ KB𝒦 = (𝒯,𝒜) and an U(A)CQ𝑄, we
can construct in polynomial time a database 𝐷𝒜 , a set Σ𝒯 of guarded DTGDs, and an (A)UCQ
𝑄𝒯 such that𝒦 ⊧ 𝑄 if and only if 𝐷𝒜 ∪ Σ𝒯 ⊧ 𝑄𝒯 , and the next result follows:

Proposition 7.12. U(A)CQ answering under𝒜ℒ𝒞ℐℋ KBs can be polynomially reduced to an-
swering U(A)CQs under guarded DTGDs.

Clearly, the above proposition, combined with our results on answering U(A)CQs under
guarded DTGDs, implies the upper bounds stated in Theorems 7.9 and 7.10.

Lower Bounds

The desired lower bounds are inherited from Theorems 4.16 and 4.25. In fact, the sets of DIDs
employed in the proofs of the above results can be equivalently rewritten as DL axioms.
We ϐirst focus on the proof of Theorem 4.16. The DIDs employed in this proof have one of

the following forms which corresponds to a DL axiom:

𝐴(𝑋) → 𝐵ଵ(𝑋) ∨ … ∨ 𝐵௡(𝑋) ≡ 𝐴 ⊑ 𝐵ଵ ⊔ … ⊔ 𝐵௡
𝐴(𝑋) → ∃𝑌 𝑅(𝑋, 𝑌) ≡ 𝐴 ⊑ ∃𝑅.⊤

𝑅(𝑋, 𝑌) → 𝐴(𝑌) ≡ ∃𝑅ି.⊤ ⊑ 𝐴
𝑅(𝑋, 𝑌) → 𝑆(𝑋, 𝑌) ≡ 𝑅 ⊑ 𝑆
𝑅(𝑋, 𝑌) → 𝑆(𝑌, 𝑋) ≡ 𝑅ି ⊑ 𝑆.
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Clearly, an axiom of the form 𝐴 ⊑ 𝐵ଵ ⊔ … ⊔ 𝐵௡ can be rewritten as follows:

𝐴 ⊑ 𝐵ଵ ⊔ 𝐵ଶ..௡
𝐵ଶ..௡ ⊑ 𝐵ଶ ⊔ 𝐵ଷ..௡

⋮
𝐵(௡ିଶ)..௡ ⊑ 𝐵௡ିଶ ⊔ 𝐵(௡ିଵ)௡
𝐵(௡ିଵ)௡ ⊑ 𝐵௡ିଵ ⊔ 𝐵௡,

and the next result follows.

Proposition 7.13. Consider a DL ℒ which is powerful enough for expressing the following in-
clusion assertions:

𝐴ଵ ⊑ 𝐴ଶ ⊔ 𝐴ଷ 𝐴 ⊑ ∃𝑅.⊤ ∃𝑅ି.⊤ ⊑ 𝐴 𝑅 ⊑ 𝑆 𝑅ି ⊑ 𝑆,

where 𝐴, 𝐴ଵ, 𝐴ଶ, 𝐴ଷ are concept names and 𝑅, 𝑆 are role names. Then, (U)CQ answering under ℒ
is 2EĝĕTĎĒĊ-hard in combined complexity.

Let us now focus on the proof of Theorem 4.25. The DIDs employed in this proof have one
of the following forms which corresponds to DL axioms (possibly more than one):

𝐴(𝑋) → ∃𝑌 𝑅(𝑋, 𝑌) ≡ 𝐴 ⊑ ∃𝑅.⊤
𝑅(𝑋, 𝑌) → 𝐴(𝑌) ≡ ∃𝑅ି.⊤ ⊑ 𝐴

𝑅(𝑋, 𝑌) → ∃𝑍 𝑆(𝑌, 𝑍) ∨ 𝐴(𝑌) ≡ ∃𝑅ି.⊤ ⊑ 𝐵ଵ 𝐵ଵ ⊑ 𝐵ଶ ⊔ 𝐴 𝐵ଶ ⊑ ∃𝑆.⊤
𝑅(𝑋, 𝑌) → 𝐴ଵ(𝑌) ∨ 𝐴ଶ(𝑌) ∨ 𝐴ଷ(𝑌) ≡ ∃𝑅ି.⊤ ⊑ 𝐵 𝐵 ⊑ 𝐴ଵ ⊔ 𝐴ଶଷ 𝐴ଶଷ ⊑ 𝐴ଶ ⊔ 𝐴ଷ,

and the next result follows.

Proposition 7.14. Consider a DL ℒ which is powerful enough for expressing the following in-
clusion assertions:

𝐴ଵ ⊑ 𝐴ଶ ⊔ 𝐴ଷ 𝐴 ⊑ ∃𝑅.⊤ ∃𝑅ି.⊤ ⊑ 𝐴,

where 𝐴, 𝐴ଵ, 𝐴ଶ, 𝐴ଷ are concept names. Then, AUCQ answering under ℒ is EĝĕTĎĒĊ-hard in com-
bined complexity, even when the TBox is ϔixed.

7.2.3 A Brief Case Study

We conclude this section by brieϐly discussing which existing DLs beneϐit from our generic
Theorems 7.9 and 7.10. Clearly,𝒜ℒ𝒞ℐℋ itself is one of those DLs since is powerful enough to
express all the axioms listed in our theorems. Other DLs are DL-Liteு௕௢௢௟ [Artale et al., 2009],
one of the most expressive languages of the DL-Lite family, ℰℒ𝒰 (cf. Baader et al. [2005]), that
is, the extension of the well-known DL ℰℒ with union of concepts, and ℰℒ𝒰ℐℋ, that is, the
extension of ℰℒ𝒰 with inverse roles and role hierarchies. We thus have the following:
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Corollary 7.15. (U)CQ-AēĘĜĊėĎēČ under 𝒜ℒ𝒞ℐℋ TBoxes, DL-Liteு௕௢௢௟ TBoxes and ℰℒ𝒰ℐℋ
TBoxes is 2EĝĕTĎĒĊ-complete in the combined complexity.

The 2EĝĕTĎĒĊ-completeness of (U)CQ answering under𝒜ℒ𝒞ℐℋ is actually known; cf. Lutz
[2008]. However, the EĝĕTĎĒĊ-completeness of UACQ answering under𝒜ℒ𝒞ℐℋ (even in the
case of a ϐixed TBox), as well as all the inherited results regarding 2EĝĕTĎĒĊ-completeness for
DL-Liteு௕௢௢௟ and ℰℒ𝒰ℐℋ, are novel. In fact, our 2EĝĕTĎĒĊ-hardness proof provides an inter-
esting alternative to the proof in [Lutz, 2008].
Regarding the problem of answering acyclic queries under DL knowledge bases, it can be

seen rather straightforwardly that in the combined complexitywe get a reduction to EĝĕTĎĒĊ-
completeness. In theDLworld this result iswell-known (see, e.g.Meier and Schneider [2013]),
as an acyclic query can be seen as a (complex, non-atomic) concept, and the problem can thus
be interpreted as concept (un-)satisϐiability. This is also reϐlected in Theorem 7.10, which
represents the case of answering queries under sets of DTGDs with ϐixed arity. However, we
can also infer some new results. In fact, our theorem holds even for the case when the TBox
is ϐixed. In particular, as stated in our theorem, the only constructs needed are a ϐixed set
of disjunctions, limited existential quantiϐications and inverse roles. These constructs can of
course be found in 𝒜ℒ𝒞ℐℋ, but the result also holds for 𝒜ℒ𝒞ℐ, as role hierarchies are not
required for our proof. The same holds true for DL-Liteு௕௢௢௟ and DL-Lite௕௢௢௟ , as well as ℰℒ𝒰
and its extension ℰℒ𝒰ℐℋ. We thus have the following:

Corollary 7.16. UACQ-AēĘĜĊėĎēČ under𝒜ℒ𝒞ℐℋ,𝒜ℒ𝒞ℐ, DL-Liteு௕௢௢௟ , DL-Lite௕௢௢௟ , ℰℒ𝒰 and
ℰℒ𝒰ℐℋ TBoxes is EĝĕTĎĒĊ-complete, even in case where the TBox is ϔixed.

Finally, when also allowing for the presence of EGDs, we can also treat certain DLswith func-
tionality assertions (ℱ) of the form 𝖿𝗎𝗇𝖼𝗍𝑅, which state that 𝑅 (which may also be an inverse
role) is functional. Such axiom can be translated into EGDs of the form 𝑝ோ(𝑋, 𝑌), 𝑝ோ(𝑋, 𝑍) →
𝑌 = 𝑍. With this translation, and by Theorem 7.8, Corollary 7.16 can be extended to treat DLs
that are a sub-language of𝒜ℒ𝒞ℐℋℱ, for which it is known that the set of DTGDs and EGDs Σ
obtained from such a translation is separable (cf. Deϐinition 7.7). One such DL is DL-Liteி௕௢௢௟ .
In fact this is already implicit in [Pieris, 2011, Lemma 8.1], where the same is shown for DL-
Liteி௛௢௥௡. We thus have the following:

Corollary 7.17. UACQ-AēĘĜĊėĎēČ under DL-Liteி௕௢௢௟ EĝĕTĎĒĊ-complete, even in case where
the TBox is ϔixed.

This concludes the section about query answering under description logic knowledge bases.
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8 Conclusions

In this chapter, we give a brief overview and summary of the results in this thesis and discuss
meaningful conclusions we can draw from them. In addition, we suggest general directions
for future research regarding ontological query answering under sets of DTGDs.

8.1 Overview

In this thesis, we have investigated the impact of allowing disjunctions in rule heads of existen-
tial rules, or TGDs, when considering the query answering problem. To this end, we concen-
trated on three established, expressive classes of TGDs that guarantee decidability, namely
guarded-based TGDs, sticky sets of TGDs and weakly-acyclic TGDs, and deϐined analogous
classes for disjunctive TGDs (DTGDs). For each of the resulting languages, a thorough decid-
ability and complexity investigation of the query answering problem was performed.
For the guarded-based classes of DTGDs, we have shown a strong 2EĝĕTĎĒĊ lower bound,

even a ϐixed set of DTGDs of the weakest language considered, which is the language of dis-
junctive inclusiondependencies (DIDs). Togetherwith an2EĝĕTĎĒĊupper bound for ourmost
expressive class, weakly-frontier-guarded sets of DTGDs, and some easily obtainable ĈĔ-NP-
completeness results in the data complexity, we answered the entire complexity question for
all guarded-based languages when answering arbitrary conjunctive queries. We then pro-
ceeded to show that the same complexity bounds also hold for queries of bounded (hyper-
)treewidth. When restricted to acyclic queries, wehave shown that the complexity of thequery
answering problem inmost cases drops to EĝĕTĎĒĊ in case where the maximum predicate ar-
ity or the entire set of DTGDs is ϐixed. When further restricted to atomic queries, we exhibited
two tractability results for the weakest formalisms, namely linear DTGDs and DIDs. In the rest
of the cases, the complexity remains the same as for acyclic queries.
In the case of sticky sets of DTGDs, we established an undecidability result for the query

answering problem, even when restricted to atomic queries. In fact, for general queries, this
result holds evenwhen only unary and binary predicates are allowed in the schema. However,
we then extended this undecidability result even to the case of data complexity, where the set
of DTGDs and the query is considered ϐixed. This is indeed a strong indicator that the principle
of stickiness is not enough to ensure decidability vis-a-vis non-determinism.
Lastly, we investigated the class of weakly-acyclic sets of DTGDs. For the query answer-

ing problem there, we have shown a ĈĔ-N2EĝĕTĎĒĊ lower bound and corresponding upper
bound by reduction from the square tiling problem with a square of double-exponential size
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in some input number 𝑛. Both of these results hold for arbitrary queries as well as atomic
queries, and even when the predicate arity of the schema is bounded. In case of a ϐixed set
of DTGDs, we showedΠP

2-completeness for the general query answering problem, and ĈĔ-NP-
completeness for all restricted query languages considered (i.e. bounded (hyper-)treewidth,
acyclic and atomic queries). In the data complexity, the problem complexity was shown to be
reduced to ĈĔ-NP-completeness in all cases.
Additionally, we look at applications and consequences of our results to description log-

ics. After examining the construction of the proofs constructed in previous chapters, we were
able to state two generic complexity results for description logics that are sub-formalisms
of the expressive description logic 𝒜ℒ𝒞ℐℋ. Firstly, for any such description logic powerful
enough to express limited existential quantiϐication, concept union, the role inverse and role
hierarchies, the query answering problem immediately becomes 2EĝĕTĎĒĊ-hard in general.
Secondly, for any description logic that is a sub-formalism of 𝒜ℒ𝒞ℐℋ and powerful enough
to express limited existential quantiϐication, concept union and the rule inverse, answering
acyclic queries immediately becomes EĝĕTĎĒĊ-hard, even when the set of inclusions (i.e. the
TBox) is ϐixed. We then also proceeded to show that corresponding upper bounds, although
partially known, can be obtained from our results, by giving a reduction from query answer-
ing under𝒜ℒ𝒞ℐℋ knowledge bases to query answering under guardedDTGDs, enrichedwith
negative constraints.

8.2 Brief Discussion of Results

In order to draw some meaningful conclusions from the bare complexity results given in the
previous chapters, we will in this section give a brief discussion and interpretation of our re-
sults.
When considering guarded-based classes of TGDs, the impact of allowing disjunction can be

described as follows: for arbitrary queries (as well as bounded (hyper-)treewidth queries),
the “cost” of non-determinism is profound when considering less expressive formalisms. As
an example, forDIDsor linearDTGDswehave an increase in complexity fromPSĕĆĈĊ-complete
to 2EĝĕTĎĒĊ-complete. An even starker impact can be observed, when a ϐixed set of rules is
considered. For (non-disjunctive) IDs, the query answering problem is known to be ĈĔ-NP-
complete. However, when considering DIDs, we have a jump to 2EĝĕTĎĒĊ. On the other hand,
for expressive classes of TGDs, like weakly-guarded or frontier-guarded sets of TGDs, we have
no change in complexity in general. This means that for these classes, disjunction virtually
comes for free.
Turning to the language of sticky sets of TGDs, we observe that the addition of disjunction

is a strong cause of undecidability in this case, even when the query is as simple as a single
atom. In fact this undecidability does not stem from the fact that the set of rules is sticky,
but from the fact that stickiness allows for Cartesian products to be expressed. We exploit
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precisely this combination of cross product rules and disjunction to guess the contents of each
cell of a grid that is inϐinite in both dimensions. This allows us to “guess” a computation of a
general, deterministic Turing machine, which can then be checked via a query. Thus, the root
cause of undecidability is the fact that, using cross products, two values can be associatedwith
each other, and then, using a disjunctive rule, a non-deterministic choice can bemade for each
such association. We conjecture that if non-deterministic choices on such associations are
forbidden, the query answering problem becomes decidable.
Finally, for the language of weakly-acyclic sets of rules, we observe a correspondence be-

tween the cases of deterministic and non-deterministic sets of rules, and the relevant deter-
ministic and non-deterministic complexity classes. For example, for TGDs, the query answer-
ing problem is known to be 2EĝĕTĎĒĊ-complete, while for DTGDs, it becomes ĈĔ-N2EĝĕTĎĒĊ-
complete. The same thing can be observed in the data complexity, where we have PTĎĒĊ-
completeness and ĈĔ-NP-completeness, respectively for these two cases. In fact, this corre-
spondence, although not trivial to prove, is not surprising. The fact that the chase expansion
under a weakly-acyclic set of TGDs is ϐinite and can only be of double-exponential (resp. poly-
nomial) size in the general (resp. data complexity) case, and the fact that the disjunctive chase
can be seen as non-deterministically producing such chase expansions, alreadypoints towards
this dichotomy.

8.3 DirecƟons for Future Research

With the investigation in this thesis, we have laid the groundwork for non-deterministic rea-
soning with existential rules. However, even without disjunctions, ontological reasoning over
databases is a comparatively young research topic, and many interesting and challenging re-
search problems remain open. The following paragraphs describe issues we are planning to
tackle in the future:

Other Expressive Fragments

While in this thesis we have concentrated on three established, decidable languages of TGDs
(guarded-based, sticky andweakly-acyclic), there areotherdecidable classes that canbe found
in the literature, where it would be interesting to investigate what the impact of allowing dis-
junction is on themw.r.t. query answering. Someof these languages havebeen surveyedbrieϐly
at the end of Chapter 3.
One such notion is the class of tame sets of TGDs, which was introduced by Gottlob et al.

[2013b], and combines the paradigms underlying guardedness and stickiness. The possibility
of combining the notions of guardedness andweak acyclicity to obtainmore expressive classes
of TGDs was studied by Krötzsch and Rudolph [2011]. The class of domain-restricted TGDs,
which guarantees ϐirst-order rewritability, is investigated in [Baget et al., 2009]. For none of
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these classes it is known up to now, what the impact of allowing disjunctions in rule heads
would be.
Another area where disjunction has not been fully studied is negation. In [Calı̀ et al., 2012],

guarded TGDs are enrichedwith stratiϔied negation, a simple non-monotonic form of negation
in rules, classically used in the context of Datalog. Negation for guarded TGDs has also been
studied under the well-founded semantics [Gottlob et al., 2013a], and stable model semantics
[Gottlob et al., 2014]. In each of these cases, we would like to investigate how we can add
disjunction into the mix, and what the impact on the complexity of reasoning might be. Fur-
thermore, apart from enriching languages with disjunction, studying the addition of negation
to sticky and weakly-acyclic languages would be interesting in its own right. Thus there are
two open questions that arise: how to add stable or well-founded negation to sticky sets or
weakly-acyclic sets of TGDs, and the same for sets of DTGDs.
For sticky sets of DTGDs, it would be interesting to ϐind sufϐicient conditions to guarantee

decidability. Aswe have seen in Chapter 5, the combination of cross products and disjunctions
lead to undecidability. However, upon closer inspection of the proofs, it seems that they only
work if a non-deterministic choice can be made for a pair of values that have been associated
with each other via the application of a cross product rule. One possibility to obtain decid-
ability could be to disallow precisely such non-deterministic guesses, and limit them to single
values not associated with such a pair. If considering only ×-DIDs, then this would isolate
the non-determinism to the tree-like part of the chase, thus possibly providing enough guar-
antees for decidability. Thus, as a conjecture, a possible way of restoring decidability could
be to require the following abstract property: a descendant atom of an atom introduced by a
TGD containing a join (even if only a cross-join) is not allowed to cause the application of a
disjunctive TGD in the chase.
Lastly, the question of EGDs that are non-separable is still open. In the world of description

logics, there are certain formalisms that allow for EGDs to be violated during the construction
of the chase (see, e.g. DL-Liteுி௕௢௢௟ [Artale et al., 2009], or 𝒜ℒ𝒞ℋℱ), but the main reasoning
tasks remain decidable. In order to express more powerful functionality and cardinality re-
strictions, it would be helpful to establish syntactic conditions for EGDs that are expressive
enough to violate separability, yet still guarantee decidability. Small steps in this direction
have already been undertaken (see, e.g. [Calı̀ et al., 2011, 2012a]), but so far none achieve the
level of expressiveness of functional constraints, for example in DL-Liteுி௕௢௢௟ . Again, this issue
is initially separate from the issue of disjunction, and non-determinism can be added to the
mix later on.

Finite Controllability and Finite Model Reasoning

In this work so far we have only considered reasoning under arbitrarymodels, and themodels
may thus be inϐinite. However, in the database world, much interest is usually paid to the case
of ϐinite databases (i.e. ϐinite instances). For a class 𝒞 of dependencies, an interesting question
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is whether it exhibits the property of ϔinite controllability, that is, given a CQ 𝑞, a set of (D)TGDs
Σ and a database 𝐷, is it true that 𝐷 ∪ Σ ⊧ 𝑞 if and only if 𝐷 ∪ Σ ⊧௙௜௡ 𝑞? Here, ⊧௙௜௡ denotes
entailment under ϐinite models, that is, the query is true if it is true in all ϐinite models.
For our classes, ϐinite controllability was ϐirst shown for a restricted form of IDs by Johnson

and Klug [1984], and extended to arbitrary IDs by Rosati [2011]. Bárány et al. [2014] recently
extended this further, and showed decidability for the entire guarded fragment of ϐirst-order
logic w.r.t. query answering. This implies that guarded DTGDs are ϐinitely controllable, and
this can easily be extended to also cover the weakly- and frontier-guarded classes of DTGDs.
Recently also sticky sets of TGDs where shown, by Gogacz and Marcinkowski [2013], to have
the ϐinite controllability property. The question arises whether whether this also holds for
DTGDs.
Especially when taking into account EGDs, there are cases where classes of dependencies

are not ϐinitely controllable (see, e.g. the class of non-conϐlicting conceptual dependencies [Calı̀
et al., 2011], which are a restricted form of IDs in combination with functionality constraints
that can be expressed as EGDs). In such cases, we would like to explicitly investigate the com-
plexity of query answering under such constraints. In the world of description logics, such
investigations have been performed, for example in [Calvanese, 1996; Lutz et al., 2005; Rosati,
2008]. An overview over ϐinite model theory can be found in the book on the topic by Libkin
[2004].

Parameterized Complexity

In traditional complexity theory, the single property that is examined about a problem is its
input size: for example, for a problem in NP, a problem instance of size 𝑛 can be decided by
a non-deterministic Turing machine in an amount of time that is polynomial in 𝑛. Therefore
the only “parameter” that classical complexity theory knows is the problem size. In practice
there aremany computationally hard (i.e. intractable) problems that have to be solved. It turns
out however, that, even though the problem is known to be intractable in general, there are a
number of instances forwhich solving the problem is easy. But still classical complexity theory
tells us that the problem is hard. Parameterized complexity tries to deal with this seemingly
contradictory phenomenon. The interested reader can ϐind gooddisquisitions on thematter in
relevant books by Downey and Fellows [1999]; Flum and Grohe [2006]; Niedermeier [2006].
Unless PTĎĒĊ=NP(ormore precisely, unless the exponential time hypothesis is false), in or-

der to solve NP-hard problems, algorithms need exponential running time. The idea of param-
eterized complexity is to ϐind problem-speciϐic parameters of problems, such that the running
time of a suitable algorithm can be expressed (in big-O notation) as a function of the param-
eter and the input size, with the underlying idea that the exponentiality of the running time
can be restricted to the parameter and only the parameter. For relatively “small” values of the
parameter, solving the problem can then be very efϐiciently done. If such a parameterization
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exists the problem is said to be ϔixed-parameter tractable, as bounding the parameter by some
constant yields a polynomial-time algorithm.
Fixed-parameter tractability (or FPT, for short) is a complexity class deϐined as follows:

Deϐinition 8.1 (Fixed-Parameter Tractable (FPT) Complexity).

FPT = {ℒ ∣ ∃ deterministic Turing machine deciding ℒ in 𝑓(𝑘) ⋅ 𝑛ை(ଵ) time}

where 𝑛 is the input size, ℒ is a language (or problem), 𝑘 is a problem-speciϔic parameter and
𝑓(𝑘) is some computable function depending only on 𝑘 and not on 𝑛.

The main idea of this deϐinition is to exclude problems with runtime 𝑛௞ , for a parameter
𝑘: the runtime in terms of the input size 𝑛 only depends on the input size and not on the
parameter.
Regarding query evaluation over databases, a good introduction to parameterized complex-

ity in this ϐield can be found in [Grohe, 2001], where different complexity classes and model
checking problems are surveyed for their complexity parameterized by query size (i.e. the
number of symbols needed to encode the query). In [Downey et al., 1996], a new charac-
terization of the non-FPT complexity class𝑊[1] has been established, based on the parame-
terization of monotone conjunctive queries by its size. However, to the best of our knowledge,
parameterized complexity for query answering under TGDs or DTGDs has not yet been inves-
tigated.
However, ϐirst results have been established by Simancik et al. [2011b] for description log-

ics, where a tree decomposition-based resolution calculus is presented to establish a ϐixed-
parameter result for reasoning under certain description logics. We would like to investigate
the problem of query answering under (D)TGDs w.r.t. its parameterized complexity, using dif-
ferent parameterizations, in the style done for query answering without constraints by Pa-
padimitriou and Yannakakis [1999].
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Nomenclature

ABox Assertional Box

ACQ Acyclic Query

BHTWQ Bounded Hyper-Treewidth Query

BTWQ Bound Treewidth Query

CQ Conjunctive Query

CQଵ Atomic Query

DID Disjunctive Inclusion Dependency

DL Description Logic

DTGD Disjunctive Tuple Generating Dependency

EGD Equality-Generating Dependency

GFO Guarded Fragment of First-Order Logic

GNFO Guarded Negation First-Order Logic

ID Inclusion Dependency

KB Knowledge Base

LGFO Loosely-Guarded Fragment of First-Order Logic

NC Negative Constraint

ODBMS Ontological Database Management System

TBox Terminological Box

TGD Tuple Generating Dependency

UCQ Union of Conjunctive Queries
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