
&LACI2R DYNAMICS

A.C.FGY.'LISR

A thesis submitted for the degree of Doctor of Philosophy

in the Universit of Oxford

Corpus Christi College

September 1977



ABSTRACT

A model is proposed for the study of general two-dimensional 'poly- 

thermal 1 glacial ice flows. It consists of equations of conservation of 

mass,momentum and energy together with a constitutive relation between 

stress and strain rate and a full set of "boundary conditions. A novel 

aspect is the consideration of the moisture content of temperate ice 

as an enthalpy variable:this represent;? a first attempt at incorporating

V.

the glacial hydrology in a dynamical, model.

One of the bedrock boundary conditions requires a knowledge of the 

so-called 'sliding law* relating the basal shear stress to the basal 

velocity (vmer: the ice is temperate). A. detailed model is proposed to 

determine this law,and upper and lower bounds for the basal velocity in 

terms of the stress are given by using a variational principle. The effect 

of cavitation on the sliding law is considered in the case of ITewtonicin flow, 

and it is nho-wn to have a dramatic effect on the basal sliding.

7"e then turn to our analysis of the glacier flow model. Firstly we 

consider kinematic waves:an analogue of Nye's (i960) equation is derived 

and analysed from a nonlinear viewpoint. The formation and evolution of sur­ 

face sho;xs is studied,and explicit results given for small perturbations 

to t])f surface profile. Secondly,we aho;/ how the modal rn.uy be u;:od to pre­ 

dict a finite slope at the glacier snout by use of the method of strained 

coordinates.

Finally,steady state solutions are examined in the cases of large and

small conduction. V/e demonstrate that there generally exists a large

(i)



patch of tasal ice which is almost temperate,but which slides at a velocity
 

lower than that predicted by the sliding law:this is probably the most 

important result of the present work.
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CHAPTER I 

Introduction

On a time-scale of years,ice in a glacier flows like a non-Newtonian 

fluid (a typical velocity being 100 metres per year). The flow is driven 

by gravity and is supplied by an accumulation rate of ice formed on the 

surface from packed fallen snow. At lower altitudes^the ice ablates from 

the surface,and may be described by a negative accumulation rate.

In general a glacier will consist of two different types of ice, 

called 'cold' and 'temperate 1 ,in which the temperature is respectively 

below and at the melting point. Following a suggestion by filler (1976"), 

we shall refer to such a glacier as polythermal. Other types of glacier 

often referred to in the literature are the so-called 'cold' or 'polar 1 

ones,in which the average temperature of the whole ice-mass is below 

freezing point,tnd 'temperate' glaciers,which exist in warmer climates 

(e.g. the Alps),and in which the whole ice-mass is on the average at the 

melting point.

It is not immediately obvious hov; cold and temperate /vbicicrr, can 

exist,since a necessary condition for snowfall (ablation) is that the 

surface temperature be below (at) the melting point,and so one might 

expect all glaciers to be polythermal. We can explain this on the basis 

of the seasonal variation in climate.

A polar rlacier has little frictional heating and maintains a moan 

annual temperature less than freezing point,even on the ablation surface, 

because this surface is only warmed to the melting point for two or three 

months of the year during which ablation takes place. This warming penetrates 

no deeper than a surface layer of - 10 metres (Robin 1955),and quickly 

reverts to sub-freezing temperatures during the remainder of the year. ri'he 

average surface temperature is thus 'cold'.

Conversely,a temperate glacier is at the molting point for moat of the



y<j'>.r, except, for a winter cold spell Y/hen snow falls and ice accumulates. 

A slightly cold layer thus forms on the surface,but it rapidly becomes 

temp :i ale i'or the rest of the year because melt-water produced at the 

surface during the summer percolates through the layer where it refreezes,

thus releasing its latent heat to the surrounding slightly cooler ice. 

T.iis mechanism provides an effectively instantaneous transport of heat 

which is able to maintain the mean temperature of the bulk of the ice 

at the melting point throughout the y^ar.

On the glacier base,cold ice adheres to the bedrock and the usual 

no-slip condition holds. Temperate ice,however,is able to slide over the 

bedrock by means of a lubricating water film at the ice-rock interface 

which is maintained there by pressure melting on the upstream face of 

protruding obstacles. This phenomenon is known as regelation. The flow 

is not 'inviscid* however,as the ice experiences a drag due to pressure 

variations in the flow over small scale undulations in the bedrock profile 

An appropriate boundary condition is that the velocity and shear stress 

are functionally related. This question is considered in some detail in 

Chapters III and IV.

"any interesting large-scale phenomena have been observed in glacier 

flow. Of those that occur on a global ^cale,one should mention, slow 

'kinematic 1 waves,fast 'seasonal 1 waves,and 'surges'. The kinematic waves 

take the form of undulations of the glacier surface which travel down 

it at three to four times the surface speed (see'Nye (i960) and the 

references given there). Seasonal waves are waves of velocity which 

travel at about 20 to 150 times the surface speed of the ice (Hodge 1974 

Deeley and Parr 1914). Surging glaciers exhibit a periodic motion like a 

relaxation oscillation which consists of two phases:one active (surging), 

when the velocity increases by an order of magnitude,and a large part 

of the glacier travels far down the valley;and the other quiescent,when 

the glacier slowly withdraws up its valley to its pre-sureo state, "hcse 

phases last typically 1-2 years and 30-40 years respectively (Meier and



Post 1569).

Of these three phenomena,the first has been considered by Nye (i960, 

1963) using Lighthill and Whitharn's 0955) theory of kinematic waves. 

Nye obtains a similar wave speed to those actually observed. For seasonal 

waves,there is no quantitative theory which can predict the high prop­ 

agation rates of velocity disturbances. A similar difficulty besets 

surge models,although for this case the physics is much better understood 

(V/oertman 1969),and various numerical models based on such physical 

descriptions (e.g. Budd 1975) have exhibited surges of the right period 

and amplitude. It remains to be shown,however,that any of the proposed 

physical mechanisms can be explained on the basis of a mathematical 

  theory.

In this thesis,the attempt is made to develop some aspects of the 

theory of lar«re scale glacier flow from a mathematically consistent 

model. This is in contrast to previous models,which have ^enerally been 

proposed to explain only specific features of the flow (e.g. Nye 1960, 

Budd 1975). r;1 he most detailed analytical model is that of Grigoryan, 

Krass and. Shumskiy (1976),but,as discussed by Fowler and Larson (1977)> 

their model omits certain important features.

In Chapter II we propose a system of equations and boundary conditions 

which describes a two-dimensional incompressible glacial ice flow. The 

nondimensionalisation of this model is then discussed in some detail, 

and tho important dimensionless parameters identified. It is shown how 

this complicated model problem may be vastly simplified by making the 

usual approximations of slow,shallow flow.

In Chapter III we consider the theory of sliding. Firstly the problem 

is properly formulated,and a consistent model proposed. This is rationally 

nondiniensicnalised,and it is shown that for all but the smallest scale 

obstacles,the drag is determined purely by the ice flow, llye's (1969) 

theory is reviewed in the light of this formulation,and then a variaticmal 

principle is described in order to estimate the drag as a function of the 

velocity in the non-Newtonian case. Simple bounds are obtained,and the



parameter governing the magnitude of the basal sliding velocity is

identified.

In Chapter IV,we revert to the Newtonian case to study the sliding 

law when cavitation occurs and the bedrock slope is small. An exact 

solution is presented for the first order term in an asymptotic expansion; 

this solution indicates that we need to solve for the second term in 

order to obtain the precise information we require. This is not carried 

out here,but no difficulty is envisaged in utilising the same niothod of 

solution again.

In Chapler V,Nye's (i960) kinematic theory is presented from a non- 

lin~ar viewpoint,and certain errors in his analysis thus corrected. In 

particular,it is shown that for a small initial perturbation from the 

steady state depth profile,shocks can form near the glacier snout,al­ 

though in practice these will be smoothed out by a diffusion-type term.

In Chapter VI,it is shown how a finite slope and finite velocity at 

the ;;nout of a temperate glacier is predicted by the model.

In Chapter VII,we consider the steady state flow and temperature 

profiles in the asymptotic limit of large conduction. In this case the 

temperature equation is uncoupled and can be solved explicitly: we find 

that the temperature increases monotonely with depth. For certain parameter 

ranges a temperate region may exist next to the glacier bed. It is also 

shown how it is essential to take a sliding law that is continuously 

dependent on temperature,since the limiting solution as the sliding law 

becomes discontinuous at the melting temperature is not the same as the 

solution with a discontinuous sliding law. This is directly analogous 

to tinj existence of 'mushy' regions in S^efan problems (Atthey 1972). 

V;e alr.o demonstrate explicitly that the (unique) steady state solution 

in this case is Unearly unstable if the viscous dissipation parameter 

is sufficiently large. No such explicit stability result appears to 

have been given previously in the literature.

Finally.in Chapter VIII,we consider the. (more realistic) limit



of small heat conduction which is expected to be a good approximation 

for lar;;e glaciers. In this case a thermal boundary layer exists next to 

tho }>»  <! rock,which is of fundamental importance in determJ ninr; the depth 

and b'.u-jul velocity. Appropriate outer and inner problems are described, 

and .30 me initial progress is made in solving them.



Glacier Floy/ Model

§1 Equations and Boundary Conditions.

The general physics of glacier flow has been described in Chapter I. 

Further details may be found in Paterson (1969),and will be presented 

in this chapter as the need arises. *'-e restrict our attention to those 

glaciers whose width is much greater than their depth,so that the flow 

may be considered to be two-dimensional. This is not a serious restriction. 

A typical geometry is shown in Figure 2.1.

V/e take axes (x,y) along and perpendicular to the mean bedrock slope. 

The position of the origin is arbitrary,and will be chosen for convenience 

when necessary in later analysis. V/e shall denote by y = r?(x,t) the top 

surface,by y = h(x) the (given) bedrock profile,and by y = y (x,t) the 

surface dividing the cold and temperate zones,which will be called the melt­ 

ing surface. ('rhis curve will generally be considered to be unique.) 

Then,as shown in the figure, x,. and x_ are the intersections of y., with 

h and T] respectively. These points will be rei'erred to as the bottom and 

top melting points. We denote the ends of the glacier by x,, and xc ,xn
'. ' O N-'

boin/j the 'hi-ad',and x_ being the 'snout'. In general,the.se points uro
u

all functions cf time.

7/e assume the ice is incompressible and isotropic. Let the mean 

bedrock slope be e (so the angle of inclination of the x axis to the

atmosphere

y = 7?(x,t)
V0

cold ice zone

ice zone
(T = T,,)

Hi
y = h(x)

2.1: glacier flow geometry.



to the horizontal is tan" 1 e). Then the equations of conservation of 

mass and momentum for the velocity g s (q-** ~ ( u » v ' anc* Pressure P

are

u+ v =0, (2.1)

p(ut -«- uux + vu ) = -px + Pg'e + T1x + r2y , (2.2)

'P(vt + uvx + vvy ) = -py - Pg 1 + r2x - T1y , (2.3)

2   
where g 1 = g(l + £ )" 2 ,g is the acceleration due to gravity arid p is the

tensity. Lettered subscripts denote partial differentiation, and r^ and T^ 

are the longitudinal and tangential stress deviators, defined for an 

incompressible isotropic medium by

T1 = T11 = - T22'

T2 = T12 = T21'

where ff. . is the stress tensor; suffices 1 and 2 denote x and y components 

respectively. In (2.4) and henceforth the summation convention is employed. 

V/e define the strain rate tensor e. , by

(2 - 5)
Then in the cold zone, the energy equation is

pc(T + uT + vT ) = T e 4- k72T, (2.6) t -A- j. .1

where c is the specific heat of ice and k is its thermal conductivity. 

This is not suitable for the temperate zone, where the temperature

ia approximately constant. Physically, the viscous dissipation T. .e. .. melts
i J i J

the ice at a rate of —\% by volume a year, and this moisture may be trapped 

within the ice, in which case it strongly affects the stress/strain rate 

law (Lliboutry 1976). In this case the appropriate variable to work with 

is the moisture content w, expressed as the volume fraction of water in



the ice, and the energy equation for temperate ice, following Lliboutry, 

may be written

dw-rr 
at

= T .e. .,

whure j^ is the Material derivative, L is the latent heat,ar,(i we have 

ignored, negligible terms involving temperature gradients which are 

discussed by Lliboutry. (2.?) and (2.10) below constitute a first 

attempt to describe the dynamic effect of the moisture content on the 

flow of temperate ice. In postulating (2. 7), we have tacitly made tho 

major assumption that water transport within such ice is negligible. 

No justification for this neglect is offered here, and we shall not 

discuss the point further.

V/e require a constitutive relation between e. . and T. .. For cold
i j J- «j

ice, we use the generally accepted power law (Glen 1953,1955)

. n-1 . n 
e. . = AT T. . , e = AT ,

(2.8)
2 2

2e = e. .e. . . 2r = T. .T. .
ij ij ' ij ij

where A is a function of T,most commonly considered to be an Arrhenius- 

type term cf the form

A = Bexp(-Q/RT) , (2.9)

7 bein/: an activation energy and R the gas constant. Measured value;:, 

for ice give n - 3 for stresses of ~ 1 bar, and Q * 12 kcal/rnole (auraty 

a, id Tabor 1958   but see also Barnes/i'abor and Walker 1 971 and Glen 1955). 

Apparently n is higher for larger stresses, and decreases to 1 for low 

stresses (Budd and Radok 1971 ), as it must do if ice is to have a finite 

viscosity at zero stress (Bird 1976).

Much less is known of the appropriate relation between e and T
ij ij

for temperate ice. Lliboutry (1976) reports a law like (2.8) with n = 3 

from the experimental work of Duval. He also states that if, for example,

8



the moisture content increases from 0.1^ to l£,then the strain rate e at 

a given stress increases by a full order of magnitude.

For want of any better information,we therefore assume for temperat.e 

ice that (2.S) holds,where now A is a function of the moisture content w,

so that

A = r(w) 12.10)

and ve take n to be the same exponent as in Glen's law. The rheological 

function r(w) is to be determined experimentally.

The boundary conditions to be satisfied are the following ones.

On the surface y = r?(x,t) (which is to be determined),we specify 

(i) continuity of the stress tensor:

a. .n. = -p.n. , 
ij j rA i

(2.11)

Here n is the unit normal to y = 77,and p is the atmospheric pressure,
f*

considered given. We also have

(ii) the kinematic condition

= -a(x,t) , (2.12)

where a(x,t) is the accumulation rate, which acts as a source (or sink) 

of ice at the top surf ace; it will be considered to be given (it is in 

fact a complicated function of the climatic conditions). A. typical graph 

of a against x (averaged over a year) is shown in Figure 2. 2, following

annual average 
of a(x,t)

a = 0

Figure 2.2: typical accumulation rate



data given for the South Cascade glacier by Nye (1963). In the accumulation 

area a > 0 and in the ablation area a < 0. The (assumed unique) point on the 

glacier surface where a = 0 at any time t will be called the equilibrium 

point,and will be denoted by x_(t). Note that a = 0 in x < XQ . 

^inaily we have in the cold zone

(iii) continuity of temperature:

T = T A while T < T.. , i.e. x <
A M

where T is the atmospheric temperature, considered given. T^ is the 

melting temperature, defined by the Clausius-Clapeyron relation

TM =

(2.13)

(2.14)

where T^ is the melting point at atmospheric pressure and 0 is a known
£

constant. T and p. may both be functions of x and t,but we shall consider 
A A

p. to be constant. It is reasonable to expect that T. will be a monotone
rA r A

increasing function of x.

The boundary conditions on the bedrock require a little more consider- 

:it..lon. As already described in Chapter I, temperate ice slitioa on .its 

bedrock,but the flow is not 'inviscid' because the ice experiences a 

resistance due to the small-scale roughness of the bedrock. It is convenient 

to consider the ice flow as consisting 01 an inner and outer part,as in 

normal boundary layer theory (Batchelor 196?). The inner part contains

outer
'smoothed' 
bedrock aciual 'rough 1 

bcdronk

Figure 2.3

10



the detail of the flow over the roughness of the bedrock, whereas the 

outer part describes the flow of the bulk of the ice over a smoothed bed 

as shown in Figure 2.3. The appropriate matching condition (to first 

order) is that the limiting value of 3^.^ on the smoothed bed should

equal the limiting value of q. as y. -» °° , where y. is a scaled coord- 
n ° ^inner i 1

inate describing the inner flow. (This process is described more fully 

in Chapler III.) Now in principle one can determine the value of &inner 

as y. -> oo in terms of the drag per unit area exerted by the ice on the bed 

(Ivye 1969). Since this latter term must be equal to the applied stress 

at y. = co , which is itself (by matching) equal to the basal shear stress 

for the outer i'low.it follows that appropriate boundary conditions on 

the smoothed bed for the outer flow are that

(2.15) 

qT = f ( TI,TT ) on y = h(x), x >

vfhere h is the smoothed bed, N and T are normal and tangential components 

respectively, and the function f is to be determined from the solution of

the inner flow problem. 7,'e might replace the first of (2.15) by qT , = V(x)iv.

if there were a run-off of melt-water at the bedrock. However, even if 

this is the case, typical values of V(x) are completely negligible compared

to typical ice flow rates (Lliboutry 1968), and so we shall only consider 

qN = 0-

(2.15) holds when the ice is temperate. When the ice is cold, the normal 

no-sLip and continuity of heat flux conditions imply

u = v = 0 , k(hx?x - Ty ) = G(Uhx )2 on y = h, T < TM . (2.1 6)

G is the geothermal heat flux, usually taken as constant. (2.1 6) states 

that the ice is frozen to the bedrock.

11



Nov. realistic sliding laws have f(0) = 0;thus (2.15) and (2.1 6) 

predict a discontinuity in the stress (if we have continuous velocity) 

on the bedrock. In practice, such a discontinuity will not occur, because 

tho no-alip condition in (2.1 6) becomes invalid when the temporal uro is 

near the pressure melting point. This is because the ice will start to
 

slide when the pressure variation on the bedrock is sufficient to cause 

a small part of the basal ice to reach the pressure melting point, so 

that the ice becomes lubricated in patches (cf. Robin 1976). Thus the 

appropriate boundary condition for such ice is a sliding lav/ similar 

to (2.15) which is dependent on temperature close to the melting point. 

'.Ye can then conveniently prescribe the following bedrock boundary condition 

which is valid in both cold and temperate regions:

, (2.1?)

where, if T is the temperature at which sliding starts to occur, a typical

form of F would be

F(TNT' T) = ° ' T < To  

monotone increasing, T < T < T , (2.18)
^

= f (

As T -» T , tho sliding law (2.17) tends to the discontinuous limit
V, «'i

represented by (2.15) and (2.1 6). However, we shall see in Chapter VII 

that the limiting behaviour of solutions satisfying (2.1 8) is not the same

as that of solutions satisfying (2.15) and (2.1 6); since (2.18) is the 

physically realistic case, we therefore retain the temperature dependence 

in (2.18).

In a similar manner, we shall assume that the cold ice is supplied

with a constant geothermal heat flux G until T = T . ^or T < T < T
Q Q Mf

the geothermal heat flux 'felt 1 by the outer flow becomes progressively 

less as more and more of it is used up in the lubrication of the bedrock

12



until T = T when it is zero. Thus the hoat flux condition may be written
M

whore n is the unit outward normal to y = h(x),and-x.

A(T) = 1 , T<T^ ; A is monotone decreasing, T < T < T^ ; A(TU ) - 0 . (2.20)
v, ^

If we denote by x and x the points where T=T and T first equals TM ,then
Q *•* ^»

dT _ 
an appropriate boundary condition in x > xz is that T = TM until ^ = 0, which

defines XM and is where the melting surface breaks away from the bedrock. The 

thermal boundary condition is discussed in more detail in Appendix 2. The 

final set of bedrock boundary conditions is therefore

, ,(2.21)

= GA(T) (x *   T = T

Lastly, on the melting surface y = yi,(x,t),we specify that

all variables and the heat flux k-*  are continuous,

T = TM = TF "

(2.22)

Thia completes the model. Formally, we also require a set of initial. 

conditions, but these can conveniently be left arbitrary. 

§2 Nondimensionalisation.

We now seek to nondimensionalise the equations and boundary conditions 

of the previous section by using the naturally occurring dimensional 

parameters of the problem. The accumulation rate contains two such para­ 

meters, namely a typical velocity and a typical length scale: we make 

these explicit as follows. Let

x 
s(x,t) == / a(o,t) da ; (2.23) 

J

s(x,t) will be called the 'flux 1 function, or simply the flux, since it 

is in fact equal to the flux of ice through the line x = constant in the 

steady state (this is obvious from mass conservation and the no flow

13



tl;roujh condition on the bedrock). V.'e choose aQ and £ so that £aQ is a

dz
typical ii.agrd tilde of s,and aQ is a typical magnitude of   = a : a() is thua 

a mean accumulation/ablation rate,expressed in metres per year,and is 

the natural scale for the vertical velocity v ; </ is the natural length 

of the problem. A typical profile of s is shown in Figure 2.4.

Let [T] be a typical stress scale, d be a typical height scale,and 

[wj be a typical moisture content. At the moment these are unspecified, 

and arc to be determined. The usual balance of terms in the equation of 

continuity implies that the natural horizontal velocity scale is aQ

Figure 2.4

write

x = , y = dy* , v =

s(x,t) =a0s* 

h(x) - dh*(x*)

T = TF 4- TQT* , p =

aQv* , u = (aQ4/d)u* , t = (d/aQ )t* , 

yM(x,t) - dy*(x*,t*) ., 

= di?*(x*,t*) , e = (aQ-e/2d 2 )e* , 

pg'd[r?*-y*] + 6[r]p* , w = [w]w* .

(2.24)

TF is the freezing temperature =* 273 K at atmospheric pressure p.. T is 

trie temperature range of the climate. Since generally we expect the surface 

temperature to be coldest at the glacier head, Tn may be taken to be 

the temperature there,say -T °C. In (2.24), 6 is defined by

S = (2.25)

14



Since we anticipate negligible inertia terms, the natural scale for the 

pressure (minus its hydrostatic component) is [T]. The factor 5 in (2.24) 

is inserted by foresight of the result. It will be justified a posteriori 

by showing that it leads to a sensibly scaled problem for p* . We will 

assume h* * and therefore h* are 0(l):for reasonably smooth landforrns 

this is not a drastic assumption.

Let us suppose that the (assumed known) rheological function A in

(2.b) is scaled by An in both cold and temperate zones so that

A = AQA* , (2.26)

 ", ;. ere A* is a dimensionless 0(l) function of an 0(l) argument, this being 

the dimensionless temperature cr moisture as appropriate. 

From (2. 8), we have

whence

- -

and

-1 n+1

Now from (2.5)

(2 ' 29)

' 6 12 = 6 21

so that

e =

Thus (2.5) gives

"

"
.(fill)

e

= V

(2.32)
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tfrom (2.2V) and (2.31),

e* = ("!>* v* 4S2u*^

From (2.24),(2.26) and (2.32),

1 -(^)
^ N n 2SA* n u*. e* " n ' ,

a £ \  
T2 =

Thus,assuming & < 1, it is natural to define the stress scale as

(2.33)

(2.34)

(2-35)

IT] B ^ (2.36)

and for abbreviation we write

= [T]T* . (2.37)

Of all the; parameters in (2.24),only d and [w] remain to be defined.

V.'e choose d by considering the appropriate balance of terms in the

x-momentura equation. We have already stated that the flow is driven

by gravity,hence (neglecting the inertia terms) the x-component of gravity

must be balanced by the largest of the stress terms which,as we shall

see,is the vertical gradient of the shear stress:that .is,we must balance

the terras r^ and pg'e in (2.2). Thus from (2.24) and (2.37) we set

1

d =
2A0 (pg'e) n J

(2.38)

ur.ing (2,36),and we show below that this does indeed give a consistent 

flculiri/;.

V.'e should note that there is a certain ambiguity in the definition 

of A ,si nee we could choose it to be either A_ ,the natural scale for

tho (cold) temperature-dependent flow law (2.9),or A .the scale for
w

16



the (temperate) moisture-dependent flow law (2.10). This is really a 

matter of convenience,and we shall take

(2.39)

in (2.26) for a cold or polytherraal glacier. We return to this point

later.

From (2.9) and (2.24),we have in the cold zone

A = B exp li 
RT

= 'B exp
L F F

= B exp -JL | 1 - -- T* + 0
U F

  (2.40)

typically T < 20 K,and T - 273 K,hence Tn « T_ and we may neglect u **• r U r
2A 2 ' 

0 ' F°(T^VT^,t ) in (2.40). Hence it is justifiable to approximate A by

A = (2.41)

= QTQ/RT = B exp(-Q/RTF ) . (2.42)

Some authors assume a law of the form (2.41) ab initio.

In order to consider appropriate values for [w]and A ,let us consider 

a completely temperate glacier. The appropriate choice for An is then

A0 = A 0 w (2.43)

and we choose [w] by balancing the terms in the energy equation. From 

(2.7),(2.29) and (2.24),

2A / a^- 
w / 0

n+1
\ n

pLan\ 2A / 
0 w

9A2A \   
w\ n ,   ) Pg'e

*

(2.44)

and is thus independent of AW - Given this typical moisture content, A 

is then chosen so that r*(w*) defined by

17



A = Awr*(w«) (2.45)

is 0(1). Since (2.4O is independent of A ,we define [ w] by (2.44) for 

a polythermal glacier also.

Under the nondimensionalisation (2. 24), and using the results given 

above, wo mny (after some algebra) rewrite the nonlinear f rue boundary 

problem posed in §1 as follows:

u* + v* = 0 , (2.46) 
* j

-1 n+1
_ a A* n e* n ,o r rp* . 5^ * -i M # 

dt* ^1 '2 L y*y* x*x* ' " M '

-1 n+1 

: = A* " e* " , T* = T* , (2.50)

J

where ~ , is the material derivative, arid T* is defined in (2.56).

"1 -(  ) 
x*A* n e* n , (2.51)

-1

r* = ( 

e* =

u* +8 vO A* e* (9 ^>\ y* x* ' {*•-•:>*•)
_ . ±

(u* i(t -fS v*^) + 4S u* , (2.53) 
— J

where from (2.39) and (2.41)

A* = exp(*T*) , T* < T* , (2.54) 

and from (2.26) and (2.45)

A* = JTr*(w*) , T* = T* . (2.55) 

T* is defined from (2.14) by

7*-y*+8ep*] . ( 2 . 56 ) 

18



The parameters occurring in (2.46)-(2.56) are defined by

X u 'T" = T 

6
2A0(pg'e) n J

1 
n+2 (2.57)

(2.58)

the Reynolds number

Re =
0*0* V

-2
••MBWVMW

n+2

a -P ~

[r]d eg' L2An(pg' e ) n

[T]
°'X

0

-1 
n+2'2

RTj

A w
A0

0
2 5

(cold or polythermal glacier) :
-A (temperate glacier);

0

The boundary conditions for (2.46)-(2.56) are these 

on the surface y* = ry*(x*,t*):

P* 2 'x*

= 0

= 0 ,

T* = T*(x*,t*)

wtiere

; j.

x* =
' A

A_F 
T,

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2-67)

(2.68)

(2.69)

(2.70)
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on the bedrock y* = h*(x*),

u*h*' - v* = 0 ,

NT 

where F* is a dimensionless form of ? in ^2.1 6),and

(2.71)

(2.72)

r-i  MrpOrn 1 KTT o 2

, x* < x* < x* ,

x , 

(2.73)

where

NT 1 +
'/> 9

* 1* 3*< I

(2.74)
= ' A = Gd/kT0 '

on the melting surface y* = y*(x*,t*),

2
all variables and (T* - 5 T* yf. +) are continuous,y* x* MX* '

T* = TJ , w* - 0 . 

"he physical constants appearing in the model are given in Table 1 .

(2.75)

Cons ".ant

T

P

c
c

k

L

R

6

n

\
w

Q

Value

273

900

9.8

2 x 10 3

7 x 107

3.3 x 103

8.3

0.74 x 10"2
" 3.2 (cold)

^ 3 (temperate)

0.17

> 10\ ( ? )
6 x 1024-

Units

K

kg m

m s
-1 -1J kg K

_ v-1 -1 -1 J K my

J kg"1

-1 -1J mole K
K bar" 1

bar y

"

J mole

Source

Paterson (1969)
X

II

II

II

H

II

II

II

Glen (1955)

Lliboutry (1976)

Glen (1955)

Lliboutry (1976)

Raraty arid Tabor (1958)
7 R ;>1 y -~ 1 year =3x10 s ; 1 bar - 10^ N m"

Table 1 . 
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The values of the last four constants in Table 1 are not known as accuratelyi

as the others, but it is considered that they are at least of the right 

orders of magnitude.

There; are five dimensional inputs to the problem: a0 ,^,&,e,T0 . Typical 

values of these are shown in Table 2 (Paterson 1969). With these values,

G 

e

T,

1 m y

10 km

6 2 
1.6 x 10 J m~

-1

10

20 K

Table 2. Physical inputs.

we calculate that a typical depth of the glacier is d ~- 100 m, a typical 

velocity a. £/d ~ 100 m y ,a typical moisture content 3/£ ,and a typical 

stress [r] ~~ 1 bar. Such values are commonly observed,and are a useful 

check of the validity of our nondimensionalisation procedure.

Uairi.'j the values given in Tables 1 and 2,we find that typical values 

of the dimensionless parameters which occur are

Re - 10~13 , 

P! ^ 0-25 ,

02 ~~°'l > (2-76) 

K - 1 ,

y - 10 (?) ,
G* - 10~2 , 

A - 10~1 .

la what follows,we shall use (2.76) to neglect certain terms in the 

complete model. However we shall stipulate,following the discussion 

leading up to (2.39),that if is to be considered 0(1)   its only effect
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1
A

is to alter slightly (by if + ) certain of the scales we introduced,as can 

be inferred from,for example, (2.38). Since in any real situation If 

in not expected to be large,this is a reasonable procedure. 

Si The Reduced Model.

Motivated by (2.76),we make the slow flow approximation

Re -* 0 (2.77) 

and the shallow ice approximation

5 -> 0 . (2.78)

V/e note that (2.78) leads to the loss of highest derivatives in the 

equations,and we may expect the approximation to break down in certain 

circumstances,when the problem is of singular type. As usual in singular 

perturbation theory (Cole 1968),this problem will be dealt with if and 

when it arises.

Y.'e finally make the approximation

0* - 0 ; (2.79)

then the equations (2.46)-(2.55) become,using (2.56) and dropping the aster­ 

isks on the variables for convenience,

Ux + Vy =

(2.81)

Py = T2x - T1y '

-i -(±
^ = 2ux A n e n , (2.83)

(2.84)

e = uy » (2.85)

(note e here is not the exponential function);
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in the cold zone T < 0 and

A n o n * T (2.06)

A = exp(KT) ; (2.87)

in the temperate zone T = 0 and

-1 /n-t-1 .

uw + vw = A e . (2.88)
Iff j T *» »» • • ••t x y

A = rr(w) - r^w) , (2.89)

say. The boundary conditions are the following; 

on y = 77(x,t),

= 0 , (2.90)

T1 + p

on the bedrock y = h(x),

J3 UT 4 p T = A£pA(T) , x < x :
y ^

T = 0 , X < X < X M ;
It.

on the melting surface y = y^XjOj

y * ur? - v = s (x,t) , (2.92)
w Jw Jw

T = TA(x,t) ; (2.93)

v = uh' , (2,94) 

u = F(r2 ,T) , . (2,95)

all variables are continuous, (2. (./7) 

w = 0 , (2,96)

T = Ty = ° • (2,99)



We can reduce the system somewhat further as follows, r'irst notice 

 that the equations and boundary conditions for p and T uncouple from 

the resl:these variables will therefore not be considered further here

\7e integrate (2.81) using (2.90) to obtain

(2.100

Thus T > 0 (assuming 77 < 1/p),and so from (2.85), e = u and (2.84)

gives

u = AT
j *•

n (2.101)

using (2.100). The dissipation term in (2.86) and (2.88) is then

AA e n n+1 ,/ \n+1/. \n+1 /_ _._ 0 \ = ,\(rj-y) (l-pr?) • (2.102)

Now we introduce tjie stream function if/ hy writing

u = v = - (2.103)

and make the following change of variables for convenience:

= i?(x,t) - y , H(x,t) = i?(x,t) - h(x) ,

H(x f ,t) dx 1 .

(2.104)

The equations (2.101),(2.86) and (2.68) become,using (2.102),(2.103),(2.100) 

and (2.104),

*«

A =
r exp(«T) , T < 0 , 

I r (w) , T = 0 ,

T, + * T 
t x

.n+1 1 - KH +h )x x x

n+1
exp(icT) + 3

.n+1
+h

n+1
w , T = 0 ,

(2.105)

(2.106)

, T < 0 , (2.10?) 

(2.108)
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subject to the boundary conditions: 

on £ = 0,

* = s(x,t) (2.109)

(by choosing * = 0 at x = for ccnvenience);

T = TA(x,t) , x < xT (t) ; (2.110)

on <f = H(x,t),

r X

*. = -F

H(x',t) dx f

H(l-^(Hx+hx)),T I ,

T = 0 , x < x <

(2.111)

(2.112)

(2.113)

on - yM(x,t)

and

and H are continuous

w = T = T = 0 .

(2.114)

(2.115)

The set of equations and boundary conditions (2,105)-(2.115) will henceforth 

be referred to as the reduced model. The unknowns to be found in a solution 

of this system are *,T,w,H and £,.



CHAPTER III

'"he r"hoory of Sliding; (i) Iffithout Cavitrttion

As discussed in the previous chapters,temperate glaciers can slide 

on their beds,but the shear stress there is non-zero due to the drag 

offered to the motion by the roughness of the bedrock. The appropriate 

boundary condition is then that the tangential velocity is a function 

of the shear stress at the bedrock:this function must be determined by 

examination of the flow conditions at the bedrock,and is the subject of 

the present chapter.

Knowledge of the sliding law is clearly necessary in order to complete 

the model put forward in Chapter II,and to examine some of the global 

flow properties observed in glaciers. The sliding law plays an'.import­ 

ant part in the steady solutions presented in Chapters VII and VIIT, 

and from Y.'eertman's (19&9) viewpoint,it provides a mechanism for the 

occurrence of surges due to a periodic fluctuation between states of high 

and low sliding velocities. The sliding law thus plays an essential role 

in tli'3 behaviour of a glacier,and its elucidation is of great importance.

Experimental work has been limited by the difficulty involved in 

obtaining results. The only way to observe the sliding velocity directly 

is to tunnel to the bedrock (which has been done),but clearly this can only

give a local idea of the relation of shear stress to.sliding velocity. 

Observations relying on semi-theoretic methods (e.g. Hodge 1974) are 

limited in accuracy by the assumptions of the theory. No detailed observations 

of the velocity in surges (when the sliding velocity is high) have been 

made,and it seems unlikely that such measurements can be made in the near 

future. Thus a detailed theoretical analysis is important to improve 

our understanding of the sliding law,and hence some of the more interesting 

properties of glaciers. In this chapter we give a detailed description 

of the physics involved,and then review the previous v/ork of Y/eertman 

(1957,1964),Lliboutry (1968,1975), Nyo (1969,1970) and Kamb (1970).
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A more general model of the flow near the bedrock is then presented. 

This incorporates a description of the heat flow problem in the bedrock 

and the water flow in the lubricating film. It is shown by dimensional 

arguments that these problems may be uncoupled from the ice flow,and the 

remainder of the chapter is concerned with this topic. Nye's work on a 

r'ewtonian ice flow is reviewed in some detail, since we shall have rocourso 

to it in the next chapter. A variational principle for the nonlinear flow 

problem is then given which allows us to estimate the drag on the bedrock 

in terms of the sliding velocity. It is shown how to find suitable trial 

functions,and in Appendix 1 bounds are obtained for the dra^ when no ass­ 

umptions at all are made about the bedrock topography,except that the 

slope is everywhere small. The usefulness of this approximation is made 

clear by the fac" that it is a necessary assumption to make if the sliding 

velocity is to be comparable with the velocity due to shearing within the 

ice mass. 

§1 The Physics of Glacier Sliding.

If temperate ice moves over a flat surface,then the frictional heat 

produced and geothermal heat input will maintain a water film"there 

which lubricates the ice-rock interface. If we introduce protuberances 

in the bed,the moving ice will flow round them by a combination of two 

processes:ordinary slow viscous flow round an obstacle (called ''enhanced 

plastic flow' in the literature (Lliboutry 1968,V/eertman 1?57),and the 

process of 'regelation 1 ,whereby the ice experiences an increase in pressure 

as it ajipreaches the obstacle which lowers the melting point,so that the 

ice is melted and squirts round the obstacle until refrozen by the eventual 

decrease of pressure. This process induces a transport of heat in the

bedrock. r'ote that if the pressure decreases further,the ice becomes 'cold 1
-2 

(though only by 10 degrees if the pressure decrease is 1 bar),so that the

ic3 becomes frozen to the obstacle. However,this will be counteracted 

by the frictional heating. In this case the ice must slide frictionally 

like a normal solid and by the same mechanism. The existence of such
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layer due to. re.relation

figure 3.1: Plan (view from top) of ice flow round cylindrical 

obstacle.

'cold patches' has been considered by Robin (197&). The streamlines of

a possible flow are shown in Figure 3.1- "'he relative contributions of

r<-gelation and Stokes flow are determined by the dimensions of the obstacle

and the velocity. For a given velocity,regelation dominates for smalle:. 1

obstacles,and vice versa.

i 
In v;hat follows,we shall be concerned with evaluating the drag which

lac above flow generates on a two-dimensional bed;the flow over such a 

Led could be as in Figure 3»2.

One might think that the main difference between a two- and three- 

dimensional bedrock would be that in the two-dimensional case,the 

overburden (hydrostatic) pressure of the ice (typically 10 bars) would 

be sufficient to constrain the ice to flow only by re-gelation, ;:o that the

-ayers due to
regelation

cavity

cold patch

figure 3.2: Flow over a two-dimensional bedrock.
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Figure 3*3: V/eertman bedrock.

two- and thj-ee-dimensional flow mechanisms would be essentially different. 

In fact this is not so,as -will be seen below. The reason for this is that 

the latent heat of ice is so 'large 1 that only a small amount of ice can 

be melted,and so even for sizeable obstacles very little of the flow is 

due to regelation. Hence we suspect that there may be little qualitative 

difference betv/een the cases of two and three dimensions.

If the pressure in the water film 'becomes negative,then the ice cannot 

maintain conUict with the bedrock,and a cr-.vity forms. Thir, is illustrated 

in Figure 3-2:the question of cavity formation and its effect on the drag is 

discussed in detail in Chapter IV. 

§2 Previous V/ork.

Weertman (1957) was the first to give a quantitative theory of glacier 

sliding. He considered the flow of ice over an idealised bed consisting 

of a rerular array of cubical obstacles on a flat plane (see Figure 3.3). 

For a given sh^ar stress,he estimated the velocities due to pure regelation 

and pure 'enhanced plastic flow' dimensionally. This led him to

U OC T
reg b '

u T <* Tv 
plas b

n

(3.1)

(3.2)

where 7^ is the basal shear stress, n is the exponent in lien's law, 

a ' :d Ure< >li -,ias are velocities due to rejoial ion only and plastic flow
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only. Since these have different magnitudes for different-sized obstacles, 

he was led to the concept of a controlling obstacle size,and thence to

an approximate intermediate law

n+1

= c 'b 2   (3 - 3)

\Yoertrnun later refined his ideas (e.g. 1964) by considering a more

bedrock with a varying size of obstacles,and introduced the idea 

of cavitation behind obstacles:however,his basic approach remains non- 

mathematical and numerical values of C in (3-3) should be treated with 

some caution. For certain problems a simple approach may be of more use 

than other,more conolicated theories:for this reason V/eertman has since

defended his ideas (1971).

Lliboutry is the other major exponent of sliding theory. In a long 

paper (1968) he reviews previous work and proposes his own theory. In 

this he envisages sliding over a two-dimensional bedrock (of small slope) 

and introduces the effect of cavitation, iis method is,like Weertman's, 

semi-theoretical (there is much use of fLysically motivated approximation), 

but nevertheless it represents a useful first attempt. Inclusion of 

cavitation gives him a two-valued function for the velocity in terms of 

the stress,an important result that will be considered in Chapter IV.

Nye (1969,1970) and Kamb (1970) independently took a more mathematical 

viewpoint. They considered the slow flow of a Newtonian fluid over a 

slowly varying bedrock,with a suction velocity at the bed due to melting 

and refreezing,which may be found by solving the rock temperature problem, 

since (an we show below) the Stefan condition on the unknown ice-water 

boundary gives an extra condition on the ice-rock interface.

Nye's and Kamb's theories are subject to certain criticisms:their 

models are not well formulated as they do not considerigt the induced drag 

on the bedrock to be balanced by an imposed stress at infinity,and thus 

conservation of momentum is not satisfied. In fact the results are correct 

to first order,but only because the bedrock slope is assumed small. The
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removal of this restriction immediately invalidates their models.

Both Nye and Kamb consider a bedrock of white roughness,that is to 

say one in which the'roughness 1 of the undulations is independent of their 

scale:the bed has the same aspect when viewed at different length scales 

(except very long ones). Short of direct observation,such a bedrock 

may be the most realistic one to consider. Nye in particular treats a 

wide variety of bedrock topographies (1970).

In his paper,Kamb extends his solution for a Newtonian fluid to 

a power-law fluid by assuming that the viscosity is a function of the 

vertical coordinate only. His predicted results are generally,but not 

always,in agreement with observation. He finally considers cavitation, 

and discusses the effect of this on sliding,though without giving any 

quantitative analysis.
t

All these models consider a small bedrock slope,but do not give 

any mathematical justification for such a choice.

More recently,Lliboutry (1975,1976) has summarised and extended these 

theories. For sliding without cavitation,he obtains

n+1 
^ = Crb 2 (3.4)

as in 7/eertman's theory,but C is such that only small velocities are 

predicted. With dominant cavitation at high velocities,the flow becomes 

similar to frictional sliding of a solid,and then

Tb « N , (3.5)

where N is the difference between the mean ice pressure and the mean 

cavity water prossure. A complete sliding law would then look liko

figure 3^4.

Norland (1976) has used the 

methods of complex variable 

theory to estimate the drag 

exerted on a Newtonian fluid 

figure 3.4: Typical sliding law.
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v.hen there is no cavitation. He includes the effect of gravity and the 

existence of the top surface,which gives him a consistent model problem. 

His v;ork is essentially a correction and extension of Nye's (19^9) theory. 

f,j ProbJoin Specification.

'•in v. Lsh to find a relation between u, and r . How do we distinguish 

bedrock roughness from overall variations in the topography? .Further, 

how do we define 'the' basal velocity u, , since it must vary as the ice flows 

over the protuberances in the bedrock?

To answer these questions,we consider the bed h(x) to be composed of
s

a smooth component h-(x) and a rough component ^(x) (cf. Nye 1970). 

These: are such ihat the flow of the bulk of the glacier follovrs the mean 

profile hc (changes in h affect the whole depth of the glacier),whereas
o o

the roughness li_ only affects the flow in a small 'inner 1 layer close to 

the bedrock, h^ is considered to be periodic,in order to have a constant 

imposed stress at infinity. On the scale of the roughness (say 5 metres), 

the flow can be thought of as being similar to a composition of Stokes and 

Oseen flows. The 'Oseen 1 outer flow satisfies the bulk equations given 

in the previous chapter,whereas the'Stokes' inner flow satisfies differently 

scaled equations,and must satisfy appropriate boundary conditions on the 

rough bedrock. Viewed like this,the sliding condition is a boundary condit­ 

ion for the outer flow,and the appropriate problem to be solved is that for the 

inner flow,with matching conditions into the outer flow in some matching 

region. 

§4 Formulation,

We define the locally rough bedrock by the equation

arewhere [ ] denotes a typical scale of tho bracketed variable, d and 

the height and length scales defined in Chapter II, h is the actual 

dimensional bedrock,h is the dimensionless smooth bedrock (corresponding 

to h of Chapter II),and h,, is the local roughness.



Let

v = —— (3.7) 
[x]

the rnenn roughness si ope, and

(3.8)

In the notation of Chapter II, the dimensionless outer stress is

r2 = rj - y , (3.9)

u = (r?-y) n r/W) , (3-10)
»7

where 11 denotes the moisture at the bedrock; hence near y = h

u = u(hg) + (y-hs )u (hg) + ...

H- Hnr 1 (V/)(y-hs ) + 0(y-h^ , (3-11) 

or dimensiorially

UD = U [ub ^ Hnr1 (w)(yD-h SD )/d +...], (3-12)

, JIU^IV>05\AA*£ u^<xA^ SCcjSc ^/^ 
D donotes a dimensional variable. If we write

= hSD * t x^i * ^ - t x ] xi (3.13) 

(i for inner), then

UD = U [^ + Hnr(w)ay. + 0(a2 )] , (3.14)

where in (3.14) and for the remainder of this chapter we omit the suffix 

one from r^ (w) . Hence the appropriate boundary condition on the inner 

solution is that,

as y^ -» oo, where

S = Hnr(w) (3.16)
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is the dimensionless (outer) shearing at the (smoothed) bedrock.

§5 Sliding Model.

V,re consider the situation shown in Figure 3«5» 

is periodic, The equations of motion for the ice are

ssume that h_

X-a =

+ T2y >

Py = -PS'

(3.17)

(3.18)

(3.19)

where e and g' are as defined in Chapter II. Vv'e neglect the energy equation, 

since on a local scale the moisture is effectively constant*,and it has been 

shown elsewhere (Lliboutry 1968) that advection of heat by tiie ice is

y = a(x)

y = hR(x) 

Figure 3«5: bedrock geometry.

negligible, (v.'e are neglecting any hydrological considerations in the present 

treatment. )

The equations for the water film are

= 0 ,

  K \7 T ~ w >

(3.20)

(3.21)

(3.22)

where v is the viscosity of water,and K its thermal conductivity.

* ?ut see Appendix 2.



finally the temperature in the rock satisfies

V2T = 0 . (3.23)

The boundary conditions are:

in the ice, the velocity satisfies the matching condition (3-15) 

as y -> °° ;

on the ice-water interface y = s(x) (not to be confused with 

the flux of Chapter II), we have 

(i) continuity of stress:

+ r = P S , (3-24)

s T + p + r = p. ; (3-25)
X £ I • '<

(ii) conservation of mass:

is continuous; (3.26)

(iii) the Stefan condition:

r , (3.27)

(iv) the Clausius-Clapeyrori condition:

T = TM - *(P-PA ) ; (3.28)

on the water-rock interface y = h(x),

] . [T] . a = 0 ; (3-29)

in the rock,

as y -> - co   (3.30)

Lei us first consider the water problem. (Note that the lubrication film 

is not the same as Kamb's regelation layer, which is the layer of ice 

adjoining the water film which has been melted and refrozen (figure 3.6).
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ce

regelation layer

lubrication film

Figure 3-6: regelation layer.

Its upper boundary is the lowest streamline which does not intersect the 

film.)

First we nondimensionalise the geometry by writing

y = [y]ihp (x)+SY! ,R

x = [x]X ,

(3.31)

(3.32)

so that 8 is the dimensionless film thickness,undetermined at present. Also

let

s(x) = [y]!hR (x)+8Z(x)i . (3.33)

For the remainder of this chapter we omit the R on h. From (3-33)

s'(x) = (3.34)

From (3.31) and (3-32),

h' _a_
6[x] ay (3.35)

The equation of continuity becomes

(3-36)

vow suppose the melting velocity

vi " V* = 'aV;,: (x) ' (3.37)

where V^ ~ 1,and a < 1 is a dimensionless number to be determined. Using
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(3.30,(3.37) is

v - vu(h'+S£') = -aub </ M (x) . (3-38) 

V/e scale £ with [u j (to be determined) by writing

u = [u]U , v = vtu]Uh' + i>8[u]V . (3-39)

Then (3.36) is

U + V = 0 , (3.40)
A 1

and the boundary condition (3-38) becomes

V - US' = -Vw(ac) on Y = z , (3-41)
M

provided we choose

[u] = 2S> . (3.42)

The other condition on Y = 2 is that

P P j. u
[u]lJ = -iu_ , or U = -i — — . (3-43)

W W a

Now -—i- < 1, so iVt "

T-«1, (3.44)

then approximately

U = 0 on Y = 2 . (3-45) 

In this case,(3.41) becomes

V = -VM(x) on Y a S . (3.46) 

The boundary condition on Y = 0 is that

U = V = 0 , Y = 0 . (3.47)
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Kow in (3.21)

,22

2 i x \ u * 
W &

V/e anticipate that 5 « 1 and therefore we assume for the moment that the 

expression in (3.46) is « 1;the consistency of this assumption is 

confirmed later. In this case the equations become those of lubrication 

theory,and we must as usual (e.g. Batchelor 1967) balance

p - /Ai (3.49) 
x yy

in the first momentum equation. This requires the pressure to vary as

(3.50)

using (3.42). The Clausius Clapeyron relation implies that the temperature 

change along the film is

[T] - 0[p] , (3-51)

where 6 - .0074 K bar . We assume that this is also effectively the 

temperature variation on the rock-water interface (i.e. the temperature 

gradient in the water is ' small 1 )- Then

[TR ] - 0[p] . (3.52)

Dimensional balance of the heat flux on h(X) and the Stefan condition 

on £(x) imply

. (3-53)

Combining (3. 50), (3-52) and (3. 53), we obtain

38 " (3 * 54)

A similar result has been obtained by other authors (e.g. Lliboutry 1968, 

Nye 1967). Note that 8 is independent of a. With the values given in
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_p
Table 1 (page 20), j « 10* c.g.s. units, and assuming kR - kj. ,v;e find

6 - 10- 6[x] 1/3[y]"1 , (3.55)

where [x],[y] are expressed in metres. Thus a typical film thickness 

S[y] is the order of a micron.

In order to determine a, we must consider the ice flow. The drag per 

period on the bedrock is

D - / pw dy - i{p][x] , (3.56)
*

where jy is the water pressure. But also

, (3.57)

(o for outer), since the stress at infinity balances the drag on the bed, 

Hence

[p] - -   (3.58)
V,.

Thus from (3.52) , (3.53) and (3.58) we obtain

[y]pLub
(3.59)

Taking [r] ~ 1 bar,we findo

a •" mrr x 10 ~ 3 > (3.60)
b

where [yj is in metres and u, is in metres per year. Thus a. « 1 except 

for the smallest obstacles and slowest flows. The ice flow.", over the pro­ 

trusions and it is justifiable to estimate the drag by solving the ice 

flow problem with no tangential traction on y = h (since the film is 

negligibly thin).

Prom the above,we find

[p] -1 bars (3.61) 

which is large if v « 1,i.e. the bedrock slope is small;thus for a given
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applied stress at infinity,cavities y/ill form more easily as v is reduced, 

It is to this end that we retain an interest in the lubrication problem, 

sinej cavity formation may be determined by the pressure variation in the 

wrier (see Chapter IV).

The temperature variation is

10-2 
[TR J - -~ decrees, (3-62)

whereas the change in temperature across the film is

I
•6[y] -45t{T D ] « [TJ , (3.63)

using (3.29). This justifies the assumption stated between equations 

(3.51) arid (3-52). We find

a P TV> i 
[xj [yjub

for all physically sensible velocities and obstacles. This justifies

(3.45) -nd (3.46).

"«7e now wish to use the lubrication equations for the water film. j?rom

(3.46),

- i 1 /3
•*• 10~ 1 r~r « 1 • (3.65)

V/e write

MO 
P = PA + Pg'dll + — p* - (3.66)

then the momentum equation (3-21) is,using (3.35) and (3.39) and neglect­ 

ing inertia,

')u * 0(5)
S L7J

Since we have already chosen 8 such that p, - /uu ,(3.6?) becomes
»/ »/

- (3-67)

(p* - PJ = ( 1 ^2h ' 2 ) u +     ' (3-68)

where we have used (2.38) ([T] = pg'ecl) and (3.8). The second component



IS

pg 1
[r] o 1

* -P =
L_

0(8) (3.69)

But from (j.42),(J.50) and (3.58),

(3-70)

whence

  * = v ! (3.71)

Substituting (3-70 into (3-68),

-ci; + ^h f + p* = (l+A' 2 ) 2UYy (3.72)

Is usual,(3.71) states that

P* » P*(X) , (3.73)

and if v:e vnrite

2
n(x) = p* + ^-h - (3.74)

then

n'(x) = (3.73)

Integrating (3«40) between 0 and ^,and using (3*45),(3«46) an(i (3-47),

v/e obtain

U dY = U dY = [-7] = V (X) ,
o Jo x °

so that
Z

dY = / VM (X») dX' (3.76)

(3.75),

(Uv2h' 2 ) 2U
(3.77)



Combining this with

22(u-)J VM (X-) ax

(3.78)

for small slope bedrock (v « 1),(3«78) reduces to

/ vM (x«) ax- = - ~23n'(x) . (3-79)

The diraensionless bedrock temperature problem is obtained by 

writing

T = T_ - Opg'dB + ° T* , (3.80) Jr. v

where T  is the melting point at atmospheric pressure. Tiienr

AT* = 0 . (3-81)

The boundary conditions are: 

on y = vh,

T* = -p*(x) , T* - i/h'TJ = -VM (X) (3-82)

(using (3-53) and (3. 27)), and

as y -> - °° ,

^v4fL— •
With typical values,

A* - 2[y] (3.84)

if [y]is in metres, [T] =1 bar. Thus A* is not normally negligible: 

this contradicts previous authors (e.g. Morland 1976). However, v;e 

need only consider the bedrock temperature field if a "- 1 (regelation
n __ 7

is important). From (3.60),this implies [y] ~   x 10 , whence A ~
it _, tab
  x 10 ,and so in this case A* is indeed negligible.
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There are thus three unknowns that arise in the boundary conditions: 

Z,p* and V . Solution of the rock temperature profile gives a consist-
It*

ency condition between p* and VM - Solution of the ice problem with 

boundary conditions of no flow through, and no traction on, the boundary 

h(:c) ,-dves the pressure p* via (3.25) : lastly solution of the lubrication 

eiuation (2. 78) gives the ice-water interface 2(x). V/ithout cavitation, 

it is sufficient to solve the ice flow problem. This is the most 

difficult problem to solve: we now turn our attention to it.
*

§6 Ice F107J Problem; Newtonian Flow.

Let us first of all review Nye's (1969,1970) work from the stand­ 

point of the present formulation. We consider the flow to be that of 

a Newtonian fluid, with viscosity r? defined by

r.. = 2776.. . (3-85) 
ij iJ

In the notation of Chapter II, A = 1/277 ,and so

. (3-86)

The dimensional stresses are given by

T = 27^ , (3.87) /v »

(3-88)
yy x 

where ^ is the stream function, and we have to solve

= 0 , (3-89)

p = pg'e + rjAtf/ , (3.90)
A j

Pv = -PS 1 - r?A^x , (3-91)
•X

subject to

P ^ PA + Pe'(f7-y) >

^ -Ut^ + Sy/d ...] , (3-92)
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as y -» °° , and

= 0 (3-93)

on y = h^. mhe latter condition in (3.93) is that of zero traction 

at the bedrock. Since the normal and tangential dimensionless vectors 

are respectively

we obtain, since o = cr. .N.T., ' NT ij i J

(l-A' 2 )r2 - 2vh i r1 = 0 , (3-95)

whence, using (3.8?) and (3.88),

<// = 0 , y = vh . 
yy xx rxy ' ^

Using the considerations of the previous section, we nondimension 

alise thu variables by using (3-13) and writing

p = PA + Pg'dH - Pg' + ,

(3.97) 

tli = U[ x]? .

Using (3. 86), the equations (3-89)-(3-91 ) become

= 0 ,

Px< = °v + y , (3.98)

to be solved subject to

p •+ 0 , ip ~ VJLV. -i- i^Sy.^ ... (3.99) 

ac y. -*• °° ,and

'"2h ' 2)(Vi"?xixi ) " 4"h 'Vi = ° (3-100)
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on y. = vh. We henceforth drop suffices and overtildes for convenience.

Nye considers the case v « 1,and seeks a series expansion in v. 

The parameter a occurring here is not considered by Nye:we shall assume 

that a « l;in fact,for reasons that will become more clear in §7,we 

assume

a- v2 « 1 , (3-101) 

and define

 . u (3.102)

(compare (3-190)).

* We seek an asymptotic solution to (3.98) and (3-99) in the form

if/ - <I/ Q + v^+ ...
(3.103)

P = PQ + VP 1 + •••

Expanding the conditions (3-100) about y = 0,we obtain successively 

on y = 0,

0(1) : *-

0(v) : hif- + t = 0 , 
7 (3.105)

= 0 ,

(J.106)

etc. (3.99) gives,as y  * °°, ^

^0 " V ' ^1 "* ° ' ^2 " HSy2 > (3-107)

and so on. From (3.104) and (3.107),the 0(1) solution is



(3.108)

Thus >p. is the solution of

= 0 ,

tjj -» 0 as y -» co 9 
1 (3-109)

</> - -u, h(x) , 0, - ft = 0 , on y = 0. r 1 D v ' ' 1yy 1xx '

2Since Zv//. = 0, choosing a ~~ v provides a balance in the momentum

equations in 'j.jQ) and justifies our choice of nondirncnsionalisation.
CVioT)

Nye's solution of fa9$$ In given in terms of the Fourier components 

of the periodic bedrock h. V/e prefer to present the results in terms 

of the theory of complex variables since this is more elegant, and is 

of the form required for the consideration of cavitation presented 

in the next chapter.

we introduce the complex variables

z = x + iy , z* = x - iy , (3-110)

so that

-i - JL JL JL - • 
dx ~ d z * dz* ' dy ~

o o o p o
a .'2 , ;; .. 2 ,

oy c-x ^z , oz* 

It is 7?ell known that the solution of the biharmonic equation in 

(3.109) can be written

0 = (z*-z)f(a) + B(z) + (z-z*)f*(z*) -H B*(z*), (3.112)

where f and B are analytic in Im z > 0. Satisfaction of the zero stress 

condition requires

(z*-z)f" - B lf - 2f + - (z-z*)f* fl - B*" - 2f«" = 0 (3.113)

on y = 0,i.e. z = z* . We can satisfy this by choosing



f(z) = -iB'(z) - (3-114)

The other condition on y = 0 requires

B(x) + B*(x) = u, h(x) ,. 

and ?/e require B satisfying (3-115) to be such that

B -» 0 , Im z -» °° . (3.116)

B nay be uniquely determined by reform .-dating (3-115) and (3.116) 

as a Hilbert problem:this approach is adopted in Chapter IV. Here we 

no"e that if h is of period 2ir and po.,messes a convergent Fourier 

series of zero mean,
+ 00

\£ avato , < = 0 . (3.117)

- 00

say, then by inspection

B(z) = u, 2 a e z (3-118)
co

satisfies (3-115) and (3-116). Obviously, we can always choose y = 0 

such that h has zero mean, and in fact this prescribes how we should 

choose h .that is, as a running mean of the bedrock over a distance
i5

x such that [x] « x « £ (cf. Nye 1970). We neglect ay in (3.98), 

and using the relations (3-111), we find

2 (3-119) 

i(P s-P B,) =-^i

whence

V

so that

(3.121)
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Using the solution (3.112),we obtain

p (z)

(3.122)

which implies

p (a*) = -8i£f*' (3-123)

up to addition of a constant,and so

C-

p = 4iiL[f'-f*']
a 

2
(3-124)

from (3.114).

For convenience we now consider h to have period 2ir. Equating the 

dimensional stress at infinity with the drag exerted on the bedrock 

by the water film,we obtain

277 27T

** -

where the dimensional water pressure pw is given from (3*24) , (3*87), 

(3.88) and (3-97) by

"-277U ,,„ a r/U , ' dH- — — - vh+-~-p 
. e d yd , (3.126)

where the right hand side of (3.126) is evaluated on y = vh. Thus

, 277 2
H = JL/ [ ph ' -2lhh' + ^. 

^rr/ Lr e 771; ^ 0 yy r xx

JL
27TJ

277

y=0
h 1 dx + 0(v) ,

dx

(3.127)

using (3.96) and that from (3.103) and (3-108), ^ = i/^r 4- ... onxy i xy

y = vh, and from (3-111),(3-112),(3-114) and (3.115) that

1xy
oc h" (3.128)



Using the Fourier series (3.11?) and (3.118) with a = 0,we
w

have on y = 0

22v 
P = la B"(x) - B*"(x)

r— CO

L 1

, 2 
.-k ake « / , - 2. (-k a e (3.129)

and

h f = i """ v , ikx v Z ka e + Z * (3.130)

The only contributions to (3.12?) come from the non-oscillatory terms

in the product. Therefore

H = • 2"  
00

(3.131)

using (3.101),and that a* = a (since h is real). (3»131) is the counter 

part of Nye's formula (33) (19&9). For a sinusoidal bed h = cos x,(3»11 

(3.124) arid (3.131) give

p = -2u* sin x .
r D

H = u*

(5.132)

Nye and Kamb both devote a great deal of attention to the appropriate 

form to take for the bedrock profile. An inspection of (3-131) reveals 

why this is necessary. (They both use Fourier integral decomposition, 

but this distinction is irrelevant to the present discussion.) Unless 

the Fourier series for h converges very rapidly,(3.131) vd.ll not converge 

at all. Thus roughness on the finest scale could render u* negligible. 

There are two mechanisms that may counteract this dependence on large wave- 

number. One is regelation,which has the effect of making the large k

terms in (3.131) ""  k (Nye 19^9):(3.131) will then converge more



rapidlyjbut for a white roughness,defined so that a "^ 1/k as k  * «>
k

(the roughness is independent of scale),the convergence is very slow 

and u£ may again be negligible. The second mechanism is the onset 

of cavitation when the pressure from (3.129) becomes sufficiently 

negative. In this case the smaller bumps may be swamped by the cavities

and "thus thore would be an effective 'cut-off wavenurnber' k above
c

which a^ - 0. However,both these explanations are circumferential. 

An alternative explanation is that the infinite series (3*131) may 

not be a very useful form in which to present the solution,since we 

require a detailed knowledge of the bedrock variation on the finest ncale 

in ordor to predict the drag,which is ossentially a global phenomenon. 

Two questions thus present themselves: (1) is it possible to show 

that the proposed model with neither revelation nor cavitation occurring 

gives eliding velocities which do not require detailed knowledge of 

a, for large k; (2) what is the effect of cavitation on the sliding
iC

law? The first question forms the subject of the remainder of this 

chapter:the second will be considered in Chapter IV. 

§7 Ice Flow Problem:Non-Newtonian Flow.

In his paper,Kamb (1970) considers the effect of the nonlinear flow 

law of ice by assuming that the mean stress of a single Fourier com­ 

ponent is dependent only on the height y. This assumption allows the 

Fourier-analytic technique to be used since,as in the linear case,the 

different components do not couple when the boundary conditions are 

applied. The merits of this assumption are questionable. Kamb refers 

to another paper for a detailed explanation of his assumption,but no 

location for this paper is given.

The present approach,and the central part of this chapter,is to 

consider a variational principle for the flow of the ice over the bedrock, 

Such principles for slow non-Newtoniar. flow were first comprehensively 

put forward by Johnson (1960,1961). For certain stress-strain relations
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he stated a general variational principle which has as its Suler equat­

ions and natural boundary conditions the equations and boundary cond­ 

itions of steady slow motion of a non-Newtonian fluid bounded by a 

surface* on which appropriate velocity and stress conditions are given. 

Specifically, he considered the bounding surface S to be composed 

of non-overlapping components S, and S ,on which respectively the
w V

stress and velocity were specified. In this case,b^ adding natural 

admissibility conditions, velocity and stress principles may be deduced. 

For certain flow laws (of which the power law model is one) these give 

a global maximum and minimum for the variational functional. For the
4

power law model, this functional is just a multiple of th-: drag : hence 

by finding appropriate trial functions, we can estimate the drag on 

the bedrock.

Johnson's theory has been widely applied. \Vasserman and Slattery 

(1964) used it to estimate the drag on a sphere flowing slowly in 

an unbounded fluid. Astarita and Apuzzo (1965) considered the same 

geometry, but with a gaseous sphere ;Nak& no and Tien (19&8) and later 

Mohan (1974) considered a Newtonian fluid sphere. Hopke and Slattery 

(1970) obtained bounds on the drag on a sphere moving slowly in an 

Ellis model fluid, which is a simple generalisation of a power law 

model fluid, but with finite viscosity at low stresses. This suggests 

itself as a useful model for ice (see Pudd and Radok 1971) but is not 

a necessary refinement in the present problem since the shear stress 

approaches a i inite limit as y -> °°.

Tone of the above authors has considered a variational principle 

for a problem such as flow past a bubble which requires mixed boundary 

conditions (no normal velocity, no tangential stress) :a slight modificatipn 

of Johnson's principle is necessary, usinr a method well known in 

linear Q] us ti city.

That all the work has been done on spherical geometries is not 

surprising, since the Stokes paradox does not appear explicitly for this
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case-. Trie only work that incorporates the Oseen flow pant a s 

is that by Caswell and Schwarz (1962) for a Rivlin-flrickson fluid. 

In order to state a rigorous variation.-il principle, it is n< cecsary to 

solve the outer (Oseen) flow problem,find the matching conditions 

or the inner (Stokes) flow,and prescribe these conditions on a 'bo md 

in the matching region. This 'asymptotic variational principle' will 

give bounds which are correct to the order that the matching boundary 

conditions are correct.

This is essentially how the bounding 'surface' is chosen in the

present problem. In this case,however,the whole glacier is well 7/ithin

 1 ̂  
the Ctokes region (since the Reynolds number Re ~ 10 ),and the inner

and outer regions correspond to expansions of the flow solution in
t

terms of a = [x]/d « 1. We thus choose the upper surface of the

bounding region as

y = [x]y* ,1 « y* « (3.133)

V/e consider a bedrock periodic over a length Ljthe geometry is shown 

in 7i.j;:;re 3-7. The bedrock is denoted by S,and the upper surface by

'•
Cx]y*

I

^ ———— . — ,u ——

S
CO

y
sb \

y =

^4

———— ̂

[y]h(x)

^—— -N-

Figure 3-7.

The boundary conditions we shall consider are

u = oS 
[xf ...] , v = 0 on y = [x]y* , (3-134)

where S is given by (3-1 6) * On y = [yjh,

q and cr are given, n nt of (3-135)



where n and t are the normal and tangential unit vectors,respectively. 

Following Johnson (l960),we use suffices i to identify components 

in cartesian geometry. Commas denote partial differentiation v/ith respect 

to the indicated coordinate,and we use the summation convention. We 

thus y.ritc (3.135) in the form

v± n± = V(x) , (a)

o..n t = T(x) , (b) -*  J

on y = lyjh . For reasonably large obstacles, a « 1 (from §5) and V- 0: 

also if there are no basal cold patches,'.he existence of the lubrication 

film implies T = 0. V/e leave these functions in for the moment,however.

V,re also stipulate that the flow and stress fields are periodic in L.

The equations of motion (3-17),(3.18) and (3.19) maybe written

v, , = 0 , (3.137)

C7. . . + Pf. = 0 
J-J, J -i-

where

a. . = -pS, . + T. . (3.139) ij ij

and

f = (eg',-g') . (3-1AO) 

The rate of deformation tensor is

(we use d. , rather than e. . for ease of comparison to Johnson's work). ij J.J
7/e assume triere is a function r(d ; each that the flow lav/ isrs

1 J

Equations (3-1 37), (3-138), 6-139), (3. 141 ) and (3.146) are to be solved
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subject to periodicity,(3.134) and (3.136). 

§8 Variational Principle. 

Consider the functional

J = / UJ-(v. , + v. .,) - d ]/ . + r - pf.v. - pv. . ] dV/ IT i i ^ i T i - ~ *-.. J y A fJ J*-1" -JJiJ 11 1,1

.^n.Cv.n. - V) + Tv.t.] dS 
kj k j v i i ' 11

- / a. . n .(v. - U.) dS ,
Jo !J J ! *
• LJ

(3.143)
Sco

where

U. = U [u. + aSy* + ...] , U 0 = 0 . (3-144)

This corresponds to (3«1) of Johnson (1961) except that only the com­ 

ponents corresponding to the terms that are known in the surface integral 

are taken. The second integrand may be written more briefly as

a 
nn" n

(v - V) + v.T . (3-145) 
n t

Now let v.,r. .,etc. be a solution of the boundary value problem, and let 
i i J

ov.,Sr. ,,etc. be arbitrary variations. As admissibility conditions we 

stipulate' only that the variations be periodic in L,and sufficiently 

differentiable for what follows to be valid. The periodicity enables 

us to cancel out integrals on the ends y = + L/2 of our surface. The 

variation

. .) - d. .}ST. . + ( - r. .)sd. .

T. .Sv. . - pSv. . - pf.Sv. - Spv. .] dV i, j r 1,1 i i r i,i j

(v. - U.)so. .n. dS - / a. .Sv.n. dS
J 1J L J

OO CO

[(v.n. - V)5<J. .n.n. + 5v.( T "t. + a, .n, n.n.)] dS , v i i kj j ic 11 kj k j i5 b_

(T Sv ) - (pSv.) - {T - p . - pf.
i J i J i}i i J > J > i i dV

<*, ,", 

oo

n.Sv. dS - / Sv.(Tt. * a .a n n.) dS , 
J i /„ i i kj k j i '

• •'-
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using the equations and boundary conditions. Thus, using Green's theorem

and periodicity of T. .,we find
* J

Sj - / Sv.[a. . n . - Tt. - a n n.n.] dS . (3«146) 
Jo ! iJ J i kjkji

Nov.-

a = a. . n .t. = T , (3-147) 
nt i i j '

therefore

Tt. + o n n.n. 
i kj K j i

= a n t .t. + a .n n.n. 
kj K j i kj k j ^

a t. + a n.
nt i nn i

a . = a. = j. .11. . (3.148) 
ni in

Hence

6J = 0 : (3-149)

thus J is stationary at a solution of the problem.

If, instead of (3 .142), we can write the flow law in the form

then we can write

r - a. .T. . = -r .1J u

If we define % by the functional (3-143) with T replaced by d_. j. . - P, 

then similarly

5^ = 0 (3-152) 

at a solution of the boundary value problem.
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§9 Velocity and Stress Principles.

 Ye now restrict ourselves to consideration of the functional J 

when equations (3.137),(3.141) and (3.142) are satisfied together 

with the velocity boundary conditions (3.134) and (3«136a). In this 

case the functional is

J = / [F - pf.v.] dV - ( Tv.t dS , (3.153) 
JV x 1 ''Sb

and writing

Jy = JQ + SJ T J2 , (3-154) 

SJ - 0 and

J2 = ]y W'ij + Sdio } - r(diP - i/^ dV ' (5 ' 155)

Johnson (1961) shows that J? £ 0 for a pseudoplastic fluid such as

ice for which P is convex,and so J is globally minimised by the solutionf

for all admissible trial velocity fields,

JQ * Jv   (3-156)

It is similarly straightforv;ard to show that if we consider the 

functional (3.143) with T defined by (3.1.51),and admit only trial 

fields satisfying (3-150),(3.138) and (3.136b),then

fS = # = / -f dV + / o. .U.n. dS -f / o .n n .V dS , (3-157)
T j J^ 1J 1 J J s kj k J

oo b

and if

#_ = ^ + S£ + ,«0 , (3.153)

then =0 = JQ ,S% - 0 and

™ N1 '" - (3-159)

ij 

Just as J ^ 0,so ti $ 0 and hence for all admissible trial functions,

*_ « *n . (3.160)



Thus we have global bounds on

\ * J0 « Jv  (3.161)

§10 Bounds for the Drag.

>.e proceed to describe F,F and Jn for a power law model fluid. 7e use 

Johnson's notation

i

II = d. .d. . = 2e2 , II = r. .T. . = 2r2 ; (3-162)
1J 1J T 1J 1J

thuj; the viscosity is given by

T. . = (3.163)

whence

1 "1

r = 2r?e , r? = T/2e = 2~V 1 en A n (3.164)

since e = AT . Hence from (3.162)

J_ -1 -1
-1 -* 2* II2" 22n A r

1
-5U+; 

_ 2 n
A II (3.165)

Using (4.8) and (4.9) of Johnson (1961),

r = STi 2

F =

n

A II.i
-1 1

Now 2 " A n II*" n = 2A " ei 

T. .A^" TA . = 2Ar = 2Te ,hence

n+1
i/. 1^-1 1/1 . ^i1 - -^ T st- +

(3.166)

(3.167)

= 2er, and r. .e

F dV = ~r / a, ^ v_. ± dV

n

CO V
(3.168)

and so
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•• "»

,. -. „, or. >n .U. dS - — J pf.v. dV + / [-—a. .v.n. - Tv.t.] dS,
0 n+1/,, ij J i n+1/,, 11 / c n+1 ij i j i i

(3-169) 

Also

cr .v.n. = v.cr. = v.(o t. + a n ) 
ij i j i in i nt i nn i

(3 - 170)

since v.n. =0 for the velocity principle, it follows that

V • o,b

Tvt ds - (3.170

We now put T = 0 (zero traction on the bedrock) ;we may further simplify
M 0Uub

(3.171) since if, for example, v ~ e,then pf.v. ~ pg'Uu, e ~ — - —— ,and 

so (3- 1?1) raay be written

J0 = n7l [T:i oULH [ub + °( ay*) ] ' (3-172) 

Using (3-153), (3. 156) and (3-166),

id .1) "I 1(1 ^ 1)
[T] ULHu, + ... * 2 n A n II dV . (3-173) 

0 *> Jy

We automatically satisfy (3»136a) and (3.137) by writing

u = 0, v = - 0 , (3-174) 
»/

and choosing

0r = 0 on y = [y]h . (3-175)

We should also satisfy (3.134). However (compare the linear theory) the 

second order shearing term will not affect the right hand side of 

(3-"! 73) to leading order, and so it is sufficient to have

(3-176;
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We have

II =, 2e 2 = 2ux2 + i(u,+vx ) 2 from (2.31)

(3 ' 177)

so

"•I,- L/2 ,~[x]y* 
.... (2A) »

(3.178)

We now turn to the stress principle. Let us assume V = 0. T»Ye must 

satisfy the equations

(3.179)

where we have incorporated pf. into the pressure by writing

p = p - pg'ex + pg'y (3.180)

and

T. . . (3-181)

In this case there exists the Airy stress function 0 satisfying

"11 = -P + T 1 =

= -P - T 1

and we wish to pick any $ such that

= 0 on y = [y]h . (3-183)

Let us suppose the stress e,t infinity of our trial function is 

2 = [r] oH, i.e.



-[rHxy , y -oo .

Thon we have,from (3-157),(3-161),(3.16?) and (3-172),

n+1
J_ = — I
0 n+1 _ .._.

V

whence

n+1

(3-1

The inclusion of a stress > — [T] K at infinity is necessary to
n+1 o

obtain a nontrivial bound: this is because the driving stress enters the 

stress solution at an earlier stage than it enters the velocity solution.

Now

II = T. T = 2(r
1 ij 1

- + c, 
4 yy xx ' xy

whence

n+1

v 

since [r]o = (U/2dA) 1/n .

§1 1 Dimensional Estimates.

So far we have not introduced the bedrock roughness v: (3-1 87) 

and (3-178) are inequalities for the leading terms in expansions

in cr. It is not therefore obvious what size u, will be. For example,
2

the Newtonian flow gave u, ~ 1 if o -* v . We can estimate u by use

of the fact that (3-187) and (3-178) are equalities when the trial func­ 

tions are solutions. Now since the drag at infinity equals the drag 

on the bedrock, we know (with an obvious notation) that

(T] ± ^(T] Q/V (3-188)

and that

ei- Alr]£ . (3.189) 
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If we formally write

= ^r+i "t'
v

xy. ) ,

y = [x]y. , .(3.190)

x =

h = [y]h(x± ) ,

M = r ——— 7 .[x] ' 

then (3.187) and (3.178) become, on dropping the suffix i,
V-, , 4

M/2 i y* 9 * < —x~

«/p h ay '^ -M/di « yn 

Hence u* ~ 1,and so

u. - — , , (3.193) D .r,+1

and (3.190) satisfies (3.188) and (3.189). This,confirms that LL - 1

2 when $ "** v (n = 1 ) for Newtonian flow. It may be seen from (3*193)

that we are justified in formally considering v « 1 to obtain 0(1)
-1 -2 

values of u, . However in practice if for example o ~ 10 -10 ,

v - 0 1 /( n+1 ) -- 1/3 for 0(1) u^jit is evident that u, is highly sensitive 

to the precise magnitude of v.

If o/vn+ » 1, (3^193) seems to imply a large (» 0(1)) basal vel­ 

ocity. Since the velocity was specifically scaled in Chapter II from the 

accumulation rate to be 0(l),this appears to be contradictory. In fact 

(3.193) implies that H is small:if we then denote by U ,, the change 

in velocity in the outer flow due to shearing,then U ~ Hu ~ H ,
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provided (2.101) still holds. Then since u, ~ oH /v from (3-191 )- 

(3.193), U « u,,and so H ~ (i>rH" 1 /a ) • The outer flow velocity

mr,y thus be proj erly written

. /+ \ n+1 ( —— )
(3-194)

The same reduction for the outer flow as in Chapter II can be carried

out to find u provided

2n 

v^/a » 3n+1 , (3.195)

and in this case (2.101) is indeed valid and thus also (3-194). However, 

if (3.194) holds,we shall not in general be interested in u.,and will 

then neglect the momentum equation (2.105):we still require (3-195) 

to be valid if we are to obtain the same energy equation (2.10?) as 

in the reduced model. 

§12 Modifications.

(3.191) and (3.192) predict uf ~ H as would be expected from 

dimensional considerations when we neglect regelation. Woertrnan's 

heuristic IL - H^ n+1 " 2 could arise if [x] - A^, (norland 19?6),tho 

controlling obstacle size where regelation and plastic flow are equally 

important (since one can easily show u. ~ H for pure regelation);in 

fact [ x] » A,,, ,and we expect regelation to play a small part in the 

sliding process. To include its effect,v/e could modify our principles 

(3.191) and (3.192) in two ways:firstly,we could include the suction 

velocity in (3.143). However,since this depends on the pressure which 

is a result of solving the ice flow,such a method is not entirely satis­ 

factory. It is probably better to utilise the fact that regelation 

only occurs significantly past obstacles asymptotically smaller than 

the scale [x]. Then,if we can solve the small scale regelation flow 

for a given tangential velocity,this leads asymptotically in the large 

scale [ x] problem,to the imposition of an effective regelation



°nt =

over the surface. Thus regelation cun le incorporated into the general 

principle (3-143) via the traction T. Similarly,if cold patches (giving 

rise to short time-scale stick-slip ("stictional") motion e;.i.st due to 

pressure reduction in the lee of obstacles,their effect can be included 

by imposing an additional tangential stress due to Coulomb friction.
..~~. f

These offsets will not be considered further herejwe restrict ourselves 

to the consideration of appropriate trial functions for f'* and 9* •

§13 Mrial Stream and Stress Functions.

ilexL^or the Newtonian flow over a perfect sinusoid y = yae ,the

solution to 0(y) is

t* = £ - (Uky)e""kyaeikx .. (3-197)

as may be verified by direct substitution into (3-98)-(3-100). The most 

obvious .approximation to (3-197) which satisfies the trial function cond­ 

ition

^* = 0 on y = vh (3-19o)

/ * .y i_r j> i / i_ N l -ito v y—i/ii; /-, A ~,n\ (//* = ^. - h[1 -f k ;y-vh;Je ^ v>y x , (3-199)

and others may be written down simply. A calculation using (3-199) is 

carried out in Appendix 1 .

rnhe dimensionless trial stress function 0* has to satisfy the boundary 

condition a . - 0 on y = vh. Since t <x (l.Kh 1 ), n « (-vh',l), thisy% >4* *r '"^ ' ''^^ 9*9

condition becomes,using (3.182),

x = 0 on y = vh. (3-200)
Jr j »7

will also try to satisfy

</.>* - -i/xy , y -> ™ , (3-201)



in order to obtain accuracy. Unlike t.ne case of the stream function, 

it is a non-trivial matter even to satisfy the boundary condition 

(3*200) for <£*. To see how to do so,re write

Y = y - vh ,</>* = 0(x,Y) ; (3-202)

then

Mfr - fi _•> — V KAA w__ .xx i '

t ti 2 ,2, 
xx ~ xx xY Y

(3-203)

- QYY '

the transformation (3.202) moves the boundary to Y = 0. Thus (3.200) 

becomes

= 0 ,

i.e.

6 = yh'[t; - vh'^J. on Y = 0 . (3-204)
Xi X i X

Now notice that for the accuracy condition (3-201). we really only

require

L/2
/ tf* dx = -pL , y •»» , (3-205) 
J -L/2 xy

and we still obtain the inequality (3.192);(3.205) may be written

L/2
- - vL , y -> oo . (3.206) 

-L/2

,re can satisfy (3.206) by stipulating that 6^ is periodic,but with a 

non-zero mean. This rules out various simple forms for & we might try.

i>r 
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We now write

= vf f (x) on Y = 0 , (3-207)

so

0y = vf(x) on Y = 0 . (3-208) 

Substituting into (3.204),

f« = h'[0 - A'f] on Y = 0,. (3-209)
Jt Jt ;.''"

Let

f' = h'g' , (3.210) 

(g'(x) is unrelated to g 1 of Chapter Il),then

6 = i>2h'f + g on Y = 0 . (3-211)x

Hence we ;.iay write

6 = k(x) , 0 Y = wf(x) on Y = 0 , (3-212) 

where

k'(x) = g(x) + A f f , f f = h'g' . (3.213)

(3.212) and (3.213) define boundary conditions on Y = 0 for an approp­ 

riate trial function. IVe also try to satisfy the accuracy condition

0xY " *h ' aYY " " va^ > Y - °° ' (3-214)

or simply,from (3.206),

x
0 - - vYj a(x) dx , Y -> oo f (3.215)

whore a is periodic with mean 1.



From (3. 203), we find

(<t>* - <j>* )
yy

2

XX VXI XX
-

XX

(3-216)

say

In order to select a reasonable trial function, we consider the 

Newtonian stream function (3*197). With p given by (3.129), T = 2u ,

T - u - v and using (3. 182), we find that the stress function in this £ y x

case s

<#>* = 2i(Uky)e~kyeikX . (3-217)

An obvious choice for Q is thus

0 = K(x)(l+ky)e""ky 4- vYf(x) , (3.218)

^^

where f(x) = - / a(x) dx. The form of (3 -21 7) suggests we try

/X g ,-U = h,h',/X h dx,etc.,v;here g is defined in (3.210) or (3.213).
. ^

In fact from (3«213) the simplest choice that gives appropriate behav

iour at Y -> °° is

g 1 = ah 1 => g = ah,

where a is constant. \Vith this choice,

f = a/X h' 2 dx ,

K(x) = a/X h dx

and

(3-219)

O ' "

h'/X h'^ dx ,

(3-220)

(3-221)

6 = ~ 1 M2 h dx < dxi(UkY)e
"kY

dx
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where a has been chosen appropriately. Other more complicated examples 

could be found.

In Appendix 1 we use the stress function estimate (3.222) in order 

to obtain the crudest possible bounds on u* . We find that, if no detail 

of the topography is assumed at all, then we have numerically with n = 3*

0.0688 Hn s u* « 16-4U Hn , (3-223)

2 2 
where h 1 is the average value of h 1 • If some topographic detail is

assumed, these bounds could obviously be very much refined. For n = 1 , 

the corresponding result is

0.447 H s u* * i^l H . (3-224)— 2 
2h'

This should be compared with the rather uninformative - (3-1 31 ) • 

§14 Conclusions.

We have considered a complete model for glacier sliding without cav- 

itation. This shows that for 'largo scale 1 irregularities (e.g. ~ 1 m) 

regelation is unimportant and can be neglected. For a Newtonian fluid, 

a straightforward asymptotic expansion (following Nye) of the stream 

function gives a sliding lav/ which is sensitively dependent on the 

higher frequency Fourier coefficients of the bedrock. In order to 

obtain a more specific estimate of the sliding law, and also to consider 

rigorously the nonlinear problem, a variational principle was intro­ 

duced which gives upper and lower bounds for u, as v t v -> 0. Even for 

very general bedrocks this gives useful estimates, and .incidentally 

shows that the sliding velocity

ub - oAn+1 . (3.225)

(3.225) is to be interpreted as follows: if cr « y ? the sliding vel­ 

ocity is negligible; if a ~ v , it is comparable to the velocity due to 

shear;finally if <* » v^^the depth is reduced by a factor (yn+1 / or ) ,
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basal sliding is dominant and the velocity can be written as in (3-194), 

proviuod (3.195) is also valid;in thin caae the approximations used 

in deriving (2.84) and (2.85) are still valid,the dissipation term 

is still given by (2.102),and thus the energy equation is given by 

(2.108).
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CHAPTER IV

The Theory of Sliding; 

(ii) Cavitation in Newtonian Flow

§1 Cavitation Mechanisms.

We now turn our attention to the effect of cavity formation on the 

sliding lav; of a Newtonian fluid, First of all we need to know why 

cavities should form at all. There are several possible reasons.

If the stress is sufficiently high,the ice may rupture. The flow 

will maintain a cavity,on the unknown roof of which an extra stress 

condition will hold (for example the Coulomb failure criterion). 

However,typical stresses occurring in glacial ice are too low for 

failure to take place,even near the bedrock (cf. (3.128)),and this 

mechanism is therefore not considered to be physically relevant.

If the ice-water interface is in thermodynamic equilibrium,then 

the pressure p in the water film is given by the Clausius-Clapeyron 

relation on the equilibrium phase diagram (see Figure 4.1). If p 

(determined by the ice flow) decreases to the ice-water-vapour triple 

point,a cavity forms since the water vapourises for further reduction

in the pressure. The boundary condition in such a cavity is

p = constant (- 0 bars) . (4.0

This kind of cavity is directly equivalent to the cavities normally

pressur

O.OCC 
bars

Clausius-Clapeyron 
curve

ice

vapour

- o0.0075 U C

Figure 4.1

temperature

observed in fluid flow 

past bluff bodies (Batchelor 

1967);(4.1) is the cavity 

boundary condition used 

by Kamb (1970 p 720) and 

Nye (1969). Lliboutry has 

this Cavitation pressure 

unknown because he post-
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ulates,rather than.predicts,cavities.

A cavity will also form if the water film thickness 2 -* oo. From

(.~5.7B),we See that this ig the case if I! 1 -» 0 while /* V dx is finite.
id

Although n and V^, are related by (3.G1 ;') and (3-74), the zeros of 0'
}£

and / V^j dx will not in general be the same,and so cavities and cold
^^

patches (when / VM dx -» 0 with IT ^ 0) will generally exist on the bedrock 

There are bedrocks for which this is not true:for example if h = cos x, 

then from (3.132) p* « n « - sin x, whence T*| _Q * sin x, T* <x e^sin x,

V , « - T*| a - sin x,and so from ("'">. 79) y y=0 ' \. is/

V 3 / sin x dx
Li OC i ii

COS X

= constant . (4.2)

V/e shall ignore this cavitation mechanism for the rest of this chapter, 

and therefore we formally assume that 2, as calculated from (3-79) 

is a.lv;ays finite.

Lliboutry (1968) is the only author who has considered the effect 

of cavitation on the sliding law in any detail. It is reasonable to 

suppose that the effect of cavitation is to reduce the friction for 

increasing velocity. The sliding law might then resemble one of the

(a) forms shown

(b) in Figure 4.2.

(c)

onset of 
cavitation

Figure 4.2:Schematic Sliding Laws. 

is most lively to occur. Lliboutry (1^'xi) derives a law like Figure 4.3

It is important 

to gain some 

idea which of 

the profiles 

(a),(b) or (c)

for a sinusoidal bed. His theory is b&sod on rather arbitrary assump­ 

tions, for example that a cavity roof is of constant slope,and thus 

cannot be considered to give reli-iblo results. It is,however,physically
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oncer of 
cavitati on

ig .ire 4.3: Lliboutry's law,

well motivated,

arid a useful

first theoretical

attempt.

§2 I-iather-iatical Model.

Let us once again consider ice as a Newtonian fluid flowing over 

a 27r-poriodic bedrock of small slope v:ith cavities formed purely due 

to the water pressure p reaching the triple point pressure (figure 4.4). 

V,r e tu!;o the bedrock profile along the roof of the cavities. In this 

case there is a section of the boundary which is unknown,but on which 

the pressure is a given constant. In fact,denoting the triple point

pressure by pT »and using (3-97),

[rj
p + pg'dH - Pg'[x]yh + —— o p = (4.3)

or

P = - P c ' (4.4)

Figure 4.4: Geometry.
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where

2 and we have neglected Q(OV /e) in (4-5). '"he dominant ter-n on the

right hand side of (4.5) is the first one, and hence the critical rough­ 

ness for onset of cavitation is when v ^ e. For a sinusoidal bedrock, 

p = - 2'H sin x from (3.132) and thus cavitation occurs ir

v < 2e . (4.6)"^

A similar result was obtained by Morland (1976 equation 102). Note 

that the appearance of cavitation depends only on the relative size 

of the mean arid local bedrock slopes.

Nor- the analysis of §7 of Chapter III is still valid, and thus to 

leading order, h and p satisfy

B(x) + B*(x) = u^h(x) , (4.7) 

B"(x) - B*"(x) = £2 P(X) , (4.8)

from (3.115) an(l (3 '124), where h(x) is taken along the roof of the 

cavity. »Ve denote by C and C 1 respectively the cavitated and uncavitated 

bedrock in a single period. Suppose for simplicity that

C = (a,b) , C 1 = (b,A) , A = a + 2ir . (4.9)

Let hL be the actual bedrock, which is a given function: differentiating 

(4.7) twice, we have to solve

•nil . p* I I _ ,,*__ u ' ' v ^ r»B + E _ 1^-2 hR , x € C ,

(4.10) 
B" - B*'' = -~Pc ~ , x € C 1 ,

for a periodic function B''(z) analytic in Im z > 0,and such that 

B 1 ' -» 0, Im z -* °° : a and b are to be found as part of the solution, 

and we shall try to satisfy p continuous at a and b and h f continuous
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at a. These conditions are the physically appropriate ones to take.

V/e transform (4.10) to the form of a Hilbert problem as follows:let

2
H(z) = £-B"(z) , Im z > 0 ,

2 (4.11) 
H(z) = £-B*"(Z) , Im z < 0 .

Then (4.10) is

H+ + H" = ufh' 1 , x in C , (4.12)D it

H+ - H~ = ~-|p , x in C' , (4.13)^ C

vvhere H ,H are the limiting values of H as Ira z -* 0 + . We have to 

solve (4.12) and (4.13) subject to

H(Z) -*• 0 , Im z -* °° ,

H*(z«) = H(z*) ,

(4.14) 
H(Z) periodic ,

lim (H* -H") = "-l-p^ •
b £. C 
,

x in C f

If we can satisfy (4.12),(4.13)>(4.14) with one undetermined constant 

in the solution,then since

u*h" = H"4" + H" , x in C 1 ,

(4.15)•

-|p = H* - H~ , x in C ,

we can integrate h lf twice using continuity of h and h f at a and contin 

uity of h at b. The extra condition for h then determines the unknown 

constant in the solution;h' will not in general be continuous at b. 

In order to deal with the periodicity of H,we introduce

. iz e ix c ia . ib £ = e , £ = e , £a = e , ^ = e ,

t (4.16) 
P(C) = H(z) , C s >^:a < 6 < b] , C' S
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By p and h 1 ' will be understood their functional form in the new 

variables (e.g. h"(x) = - cos x <=> h"(O = -£(£ + 4)). Then (4.12), 

(4.13),(4.14) are

F + F =

F - F =

J 1 , £ in C , 

fe> > £ in C 1 ,

(4.17)

(4.18)

where SK and - refer to the interior and exterior of the unit circle 

respectively (Figure 4.5). We require F to satisfy (4.17) and (4.18) 

together with the conditions that,from (4.14),

F -». 0 £ -» oor u > a :

lim (F* - F" 

^ in C 1

= l pc '
(4.19)

D
§3 The Exact Solution.

Since £ and <f, are to be deter- a b
mined in the solution,the problem is 

nonlinear:it is not clear whether a 

solution is unique. 7/e shall solve (4.17)- 

(4.19) explicitly,and then the unique­ 

ness of the solution becomes obvious. 

We define

Figure 4.

T

n

in
(4.20)

whore a is a constant to be specified later. Then (4.17),(4.18) and (4.19)

at
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+ + <T = a + u* , £ in C , (4.21)

G+ - <T = o , £ in C' , (4.22)

G "I " 1T° ' £ -°°> (4.23) 

(1/C*) + iU* - a) , (4.24)

lim (G+ - G") = o . (4.25)
«a'*b 
^ in C 1

The unique solution of (4.21 ) and (4.22) satisfying (4.25) is

'] dr

where

.1 ±

(An additive constant in (4.26) can be absorbed into a.) In the definit­ 

ion of #,we take the branch cut along C',and choose that branch that has

X- C , C -»°° - (4.28) 

Satisfaction of (4.23) requires

we return to this later.

Let us consider the transformation

w = 1/C* . (4.30)

We have

. (4.31)

We refer to the geometry in Figure 4.6. As £ •* °° along arg £ = 0,
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(c-O = °

arg(£-O = 0

Figure 4.6.

* -> 0 along arg(l/£*) = 0. By the definition of x ,arg X •» ° and also

2 -ia -i 1 ia\/1 i^xT? -„ - e )(-, - e )j 2

= J[-a - b + (7r+a) + (7r-27r+b)] = 0 ,

^ r , 
if we define the branch in w-space so that I (w-e

It follows that under the transformation (4.30),

-ia/2 -ib/2 
= e x e '

By similar reasoning,or directly from (4.33),we find

From (4.26),

dr
'*

(4.32)

it» vi i ; ) J ~ w, w

(4.33)

(4.34)

(4.35)

since r is a dummy variable. V*re make the transformation w = 1/r, so that

r [ a* + j (-Vw) dw
• (4.30
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Using (4.33) and (4.34),we have, since x"*"*(l/w) = A^O/w* )* ,

La* t ,; *h.!t '* (!)].(- dw)

[a* + u*h^'(w)] dw 

/(w) (w - O
(4.37)

since on C 1 ww* = 1,whence h£**(l/w) = h''*(w*) = [bJ ! (w)]* = h^'(w) 

as this last function is real. From (4.24) we require,using (4.37) 

and (4.26),

/(C)
27Ti

[ a* -«- u*hJ. ! ] dw
D K

[a

(4.38)

v;:,ence

i- dw

»-C)J
= 0 . (4.39;

(4.39) is satisfied for any a since the term in square brackets is 

easily shown to be identically zero. Thus G defined in (4.26) provides

a solution to the problem as long as a,£ ,<f, satisfy (4.29).a o

Given this solution,we determine p in C' and h in C by means of 

the formulae (from (4.15) and (4.16))

~> Tjt "Cl _ -—-T

u*h'' = F+ -•• F" = - a

G , £ in C 

G" ,£ in C

(4.40)

(4.41)

Writing

c(z) = (4.42)

we have

G =

- G =

X K") ,

K-) ,
(4.43)
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and from (4.40) and (4.41),using the Pleinelj formulae for K (Carrier, 

Krook and Pearson 1966),

P = -Pp - , f f —-——————— , f in C' ,
Jr« Y+ (T^(T f\ ¥ O A V r /V r ~ W

u*h f ' = - a , £ in C , (4.45)

since K is analytic across C; i represents the principal value of the 

integral. Thus the cavity roof is a quadratic since a is constant in 

(4.45),and we require a to be real (and so (4.39) is valid irrespective 

of the value of the integral). 

§4 Reduction for a Sinusoidal Bedrock.

'To be specific,let us now consider h^(x) = cos x. Then

= - cos x a - J(£ + -j) , ( in C' . (4.46)

7/e can simplify (4.44) and (4.29) as follows. We define

:n = / 4-^ , (v.47)n / „.

ar.ci so

Putting w = 1/r ,and using (4.34),we obtain

n •i u • I-T/WK a

Now consider

nz . n

As z



say,where P is a polynomial of order n-1 . On C 1 ,

n n
~ T

x

=>

By the discontinuity theorem,it follows that

n
1 / T dT + p («) . (4.53)

Putting z = 0, we have from (4.53) and (4«50)

r/(r)
(4.54) 

m
_ .i7ra a

m /_,-*•/ \ ra m

-m -- -1-
where a is the coefficient of z~ in (1 - £ /z)" 2 (l - <f,/z)~ 2 . Alter

in a D

natively, using the Plemelj fo:rmulae,we have from (4.52) and (4.53)

g+ + g- = 0 = I 4 T" dT + 2P («)
W1 JC' (r)(r-) n 1

T dT , n > 0 . (4.55;

Using these results,we obtain

C' A' (r)
= I = -i» , (4.56)

r/(0
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r dr
= -ITT (4.60)

dr

C' r/(r)(r -
dr

.
"*• C S-UC a b (4.61)

drIt is obvious how to extend the above to integrals like / ~———————
•<C' rn/(r)(r-

For the sinusoidal bedrock (4-46),the pressure in C' is determined by 

(4.44) and (4.56)-(4.6l) as

1 1
P = - P,

(4.62)

Py inspection of Figure 4.6,we find that

arg ^* = 3V2 + x/2 -«- (a+b)/4 , x in C 1 , (4.63)

if arc £ is chosen so that b < arg £ < a + 2n, i.e.b<x<a + 2rr. Now

4e'
i(A-x)/2 x/ - e

2i
j e i(x+b)/2 x

i(x-b)/2

2i

oc _a _b_\
^ * 4 * 4V .

, b < x < A , (4.64)

using (4.63),where the positive square root is to be taken. From (4.62),

a
P = - P o- 2 *u*

. /x a;r + ~
2 ^4-

[1

= - PC " 4ub L si
A-x x a b

, < x < A .

(4.65)
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From (4.56)-(4*58),the condition (4.29) becomes

2 ~ >

which gives

PC -

• * r j / a+ = iu* L- |cos(-^-

Equating real ar.d imaginary parts,

(I 14.

-i(b-a)/2 } + e-i(a+b)/2j

. /a+b\ \ sin(—— )J .

(4.6?)

PC = u*

= 0

(4.68)

(4.69)

(4.69) has solutions

a 4- b = TT , 3?r , 5rr , .

b - a = 0 , 1+iT t ...
(4.70)

Physically p > 0,also 0 ^ a + b ^ 4^, and so from (4.68) we must have c

a + b = TI , (4.71)

or b - a = 0,as the only realistic solutions, b - a = 0 is a degenerate 

case at inception of cavitation: in fact (4.68) and (jj.126) then imply 

that a + b = IT in any case. Thus the cavity length is

b - a = TT - 2a . (4-72)

Cavitation sets in at a = ir/2;the maximum cavity length is ff when

p = 0, although in practice this limiting case will not be reached. c
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strong cavitation 
-> 0

weak 
cavitation

Figure 4.7:strong and weak cavitation.

These situations are depicted in Figure 4.7. '<Ve are led to the rather 

surprising conclusion that no more than half the bedrock can become 

cavitated,however fast the flow. 

From (4.oS) and (4.72)

p = u*(l + sin a) (4.73)

or

a = sin

b = xr - a .
(4.74)

The solution is now completed by choosing the unique a (> 0) such 

that h 1 can be continuous at a,and it is clear that the solution so 

presented is unique. "We do not need to know a to find the drag,hoy/ever, 

From (3.127) the dimensionless drag is

277 . ,

0

2u* 
°

sin x COSJT
IT
MM

4
x-bs ii 
~o~) J &x , (4.75)

/- (4.^ r>),whero A = a + 27r,and a,b aro 

evaluate (4-75) by using (4.62) and that h

by (4.74). .Vo c^n 

~(£ - -) , ^ in C 1 ,
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"= e dx jthus

H =
1 1 x dr

"b

c

Ye can integrate (4.76) using the same methods as before. Let

dr, (4.77)

then

m
**(T) dr ; (4.78)

under the transformation w = 1/r , (4.78) becomes,using (4.34),

(4.79)

To evaluate J , consider m

= rm+\(r) , m > - 1 (4.80)

As before, on C f

g
m+1+ - g- = 2Tm+ /(r) , (4.B1)

whence the discontinuity theorem implies

where P - is the (m+2) -order polynomial such that 
m+2

as

Thus (^.80) arid (4.82) prove
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(r) dr + P (0) = g(0) = \ V
* m = -

and so

1 1

(4.8$)
Jm = - i7r ra

.1 i "rv;here b is the coefficient of z in the expansion of (1 - ^/z) (1 - <fb 

Using (4.76),(4.79) and (4.85),we have

From (4.85),

now

so

with a given by (4.74) and p by (4.5).
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= Ju* [1 - Re(Va'%")] • (4.87)

(4.88)

- b,£ 2£ 2 = % 1*a b
•i

Thus the drag law becomes the simple expression

H = %u* [1 + cos(^~)] , (4.90)

or u;;ing (4.72),

H = ^u*(l + sin a) , (4.'^1)



From (4.73),we obtain

H = (4.92)

7,'riting (4.5) in the form

(4.93)

(using the definition of [r] ),we obtain the complete sliding law

uj = H , u*

H =
(4.94)

where the cavitation parameters $ and ^ are defined by

2e
*3 ~ (4.95)

For cavitation to occur at all,we require y "- 1 (more specifically
/T y

0 < j—-~ 1,from (4.94)). From (4.95), 8 ~~ 10/d,where d is measured1—0

in metres. Thus typically /3 ~ 0.1. The form of this sliding law is 

shown in Figure 4.8.

H

H = JL1-ar

Figure 4.8:sliding law.

§5 Conclusions.

The form of Figure 4«8 is not completely satisfactory:there are 

two reasons for this. One is that ii? cancels out of the equation (4.92)

65



fortuitously due to its linearity:thus a non-Newtonian fluid would 

presumably give a more sensible law. The other reason is that this is 

only a leading order approximation in v. Successive approximations 

in the asymptotic expansion for <// would hopefully lead to a correction 

term for the drag that would indicate which of the graphs (a),(b) 

or (c) of Figure 4.2 is the appropriate law. It is at least clear 

fron Figure 4.8 that one of them must be,and that cavitation plays 

a crucial part in deciding which it is. One should without difficulty 

ba able to extend the method of solution presented in this chapter 

to the consideration of higher order terms in the asymptotic expansion, 

This is not done in the present work.



CHAPTER V 

Kinematic Surf .ice V/aves

The aim of the present chapter is to consider the phenomenon of 

surface waves,which are observed to travel down glaciers at a speed 

approximately four times the surface speed of the ice.

A theory of such waves based on the kinematic wave equation

(5.1)

where Q,H,a are the flux,depth and accumulation rate respectively,was 

developed by Nye (1960,1963,1963a). His procedure,following Lighthill 

and Y.'hitham (1955),is to assume Q is a function of H,x and a,where a is 

the surface slope,and then to linearise the equation about its steady 

state solution. The resultant equation has wave-like solutions with a 

wave speed of about four times the surface speed;however these solutions

are not uniformly small near the snout,as may be seen from Figure 5-1 

(after Nye 1960),which shows the evolution in time of a small,initially

10h* 4

5h*-|

h (depth perturbation)

Figure 5.1. (Nye's notation).



uniform disturbance from the steady state; depth profile, rle observes 

that "the lower parts thicken unstably until a kinematic wave arrives 

to restore stability." The evident nonu liformity results from the linear­ 

isation of an equation which is essentially nonlinear. Nye accounts for 

this difficulty by observing that the ice velocity (and hence the wave 

speed) at the snout of a temperate glacier is not zero (see Chapter VI); 

nevertheless it is still small,and the explanation is an unsn+infactory 

one. i-'or cold glaciers,which are frozen to the bedrock,the snout velocity 

must be considered to be zero and this explanation is then inadequate.

In the following sections,we derive from the reduced model of Chapter 

II a nonlinear equation for the glacier depth which is valid for a cold 

glacier in the limit K -+ 0,and is expected to have qualitative validity 

when K ^ 0. This equation is analogous to that considered by Nye. rlhe 

solution can be written in terms of a characteristic parameter cr measuring 

distance on t = 0,and it is then clear that no such growth near the 

snout as that predicted by Nye will in fact occur.

The possibility of the formation and subsequent evolution of shocks 

(i.e. discontinuities in the surface profile) is considered,arid it is 

shown that shocks will form from an initial perturbation of the depth 

if and only-if this perturbation has negative gradient at some point. 

Two particular cases are then discussed:firstly a shock in the initial
> i •• - -

data,such as might model a sudden influx of ica on to the top surface 

due to a tributary glacier surge,and secondly an initial small perturb­ 

ation to the surface. In the latter case a shock forms at the snout, 

which then advances forward before retreating once more to its steady 

state position.

The effect of diffusion is briefly discussed,and then a uniformly 

valid approximate result for small perturbations obtained by linearising 

the characteristics. Finally we show that seasonal changes in accumulation 

and ablation have a negligible effect on the behaviour of the glacier
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depth over the natural glacial time scale. 

31 Derivation of the Kinematic \Vave Equation.

[•"or tho purposes of the present chapter,we assume thai the /_;lzicier is 

completely cold. In fact,we shall assurre that

T < TO , (5-2) 

wh€,-re T\ is the temperature at which the ice starts to slide. In this
si

ca.'so the no-slip condition is valid on the whole bedrock. V/e further assume

K = 0 (5-3)

in (2.106). Then the equation and boundary conditions for the stream 

function uncouple from those for the temperature,and * is to be found as 

the solution of

* = a(x,t) on f = 0 , (5.4)

a ' x
*£ = ° » * = ST / . H(a,t) dcr on ^ = H(x,t) .

Two immediate integrations of (5.4) yield

' . (5.5)

Application of the remaining boundary condition for * on £ = H gives, 

from (5-4),

t n
j H(o,t) da = s(x,t) - [1 - ,(Hx. hx )] n . (5.6) 
JX0 (t)

Differentiating with respect to x,we obtain

, (5.7)

where & s 1 .

Now the assumption that K = 0 is not a realistic one. However, we
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expect (5-7) to be qualitatively valid even in the case K = 0(1) for 

the following heuristic reason. Let us assume that a steady state solution 

to the reduced problem exists and is stable to small disturbances. Then 

for such small disturbances to the steady state temperature and flow 

fie Ids,we may write

0Q < exp(*T) < 1 (5-8)

everywhere;here 0Q » exp(-*) since min T = - 1 (at x = XQ ) in the steady 

state. Assuming T to be approximately given by its steady state solution, 

we may integrate (5.4) twice as before to obtain (5.7),where 0[x,H(x,t)J 

is an appropriately defined average of ",and

0Q < 0[x,H(x,t)j < 1 . (5-9)

The general procedure of the kinematic wave theory is still valid in 

this case,since Nye's assumption that the flux term Q given by the term 

in square brackets in (5.7) is a function of H,x and H (our notation)
J^

still holds. We therefore expect qualitative conclusions of the ensuing 

analysis to hold for K ^ 0,with the proviso that the steady state 

temperature and flow fields are stable. V/e henceforth consider (5*7) 

with 0 = 1.

Motivated by (2.76),we further assume that

P « 1 , (5-10)

and so on neglecting \JL in (5-7),we have to solve the much simpler equ­ 

ation

H. + Hn+ 1 H - s (x,t) . (5.11)
\i XX

The effect of the approximation made in (5*10) will be discussed briefly 

in §8. Putting x = *«(*) in (5.6),we find the boundary condition for 

(5.11) is
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H (x (t),t) = (n+2)x'(t) for x' > 0 }
° ° (5.12)

= 0 for x£ S 0 J .

We also prescribe the initial condition

H(x,0) = A(x) . (5-13)

§2 Steady State Solution.

First we describe the steady solution of (5.11),since we shall be 

concerned with perturbations from this 'datum' state. In this case 

s(x,t) = s(x),xQ (t) = xQ ,and (5-12) is

H(xQ ,t) = 0 . (5-14)

The initial condition (5-13) is irrelevant. The solution of (5*11) and 

(5-14) is

H
H0 = s(x) , (5.15) 

n+2

where H~ is the datum profile:this incidentally confirms that our choice 

of -o as a Ivr^-th scale for the problem is an appropriate one. Such a 

simple profile as (5*15) appears not to have been given previously. V/e 

observe that if (as is physically reasonable) s 1 is finite at XQ and x , 

then the depth H has infinite slope there. Although (5-15) satisfies

all the boundary conditions of the reduced model,consideration of (2.66)

2shows that neglect of terms in S is not uniformly valid at the snout.

In fact,lids is a second-order effect:inclusion of these second order 

terms 'corrects' the solution and provides a finite slope at x~ and x : 

the details of the procedure are given for the case of a temperate glacier

in Chapter VI. 

£3 Characteristic Solution.

In j3-§9,v/e shall consider the case of a constant flux function 

s(x,t) '•* s(x):that is,we consider the accumulation rate and XQ to be 

independent of time- There are then two interpretations of (5.13). V,e
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may either consider a datum glacier suddenly subject to a perturbation in 

its thickness, a'o that the new profile is A(x):or we may consider a datum 

glacier with a flux function s(x) - s (x) which is suddenly subject to 

a climatic change so that its new flux is s(x). These two interpret ations 

may "be related by using (5.1 5), whence we find

= s(a) - Bi (a) , XQ < a < Xg , (5.1 6)

where we require s. (x ) = 0 by virtue of the assumption that XQ is constant,

The equation (5-11 ), with boundary £.nd initial conditions (5-13) 

and (5.14), may be written in characteristic form as

, (5.17) 

§= s'W , (5.18) 

H(xQ ,t) = 0 , t >. 0 , (5.19) 

H = A(<0 , ;•: = y on t = 0 , (5-20) 

where cr £ [ x,. , x (0)] is a characteristic parameter.
V- S

Differentiating (5.5) with respect to £, neglecting n and evaluating 

on £ = 0,v;e find that the surface velocity u is given by

Comparing (5.21) with (5. 17), we immediately see that the wave speed of 

solutions of (5. 1 7)-(5«20) is equal to (n+1) times the surface speed,

i.e. about ku . s

The first integral of (5-17) and (5.13) satisfying (5.19) and (5-20) 

is, using (5.16),

= s(x) - fll (o) . (5.22) 
n+2 1

Substituting (5-22) into (5.17) and integrating using (5. 20), we obtain 

the equation of the characteristics as
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x
L ~

, dx
(5.23)

(5.22) f,nd (5.23) define the solution in terms of the characteristic

To give some idea of the shape of the characteristics, a typical 

characteristic diagram in the steady state is shown in figure 5'2. Here 

s. (<0 - Oj,and the curves are given by

:• x
t = dx x < a < x . ($.2/0

Figure 5.2 is similar to a diagram given in Nye (i960).

0 S s 

Figure 5*2

There are two main questions concerning the solution (5-22) and 

(5«2j) that we wish to answer:firstly,under what conditions will shocKs 

form and develop,and secondly,can we write a uniformly valid approximate 

solution for the case when the initial perturbation to the datum state 

is small? The answer to the second question is given in ^9,but before
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examining this,we must consider the essentially nonlinear phenomenon 

of shock formation. As a preliminary,we consider some basic properties 

of the characteristic diagram given by (5.23).

Mong any characteristic (a constant), (5.23) implies that nr, we 

increase 1'.,x Increases until s(x) = c. (<->),at which uoint H ~ 0 .-aid the 

characteristic slope T~ is infinite. The curve s(x) = s (cr),v7ith cr given 

as <Kx,t) from (5.23),thus defines the snout of the glacier:the character- 

in lice may be considered to terminate there. The parametric equation 

for the snout position x (t) is thus
S

s[xs (t)] = BI

* - L (t) (5.25) 
' dx

The initial disturbance at x = a propagates along the characteristic 

through <J until it reaches x = x . ^ne time taken for the disturbance to
S

reach the snout is then given implicitly by (5.25). This time is finite 

or infinite according to whether [ s(x)-s,. ( a )] is integrable 

or not. at s(x) = s, (<?). The former ca,:,e is generally true since the abl­ 

ation rate at the snout is finite, and so an initial disturbance to the 

datum state decays in a finite time. Vv'e shall assume this to be the
•^J

case. mhis time may be given explicitly, since the bounding characteristic

which reaches x 'last 1 is that through x_. Hence the time for finals U

decay of an initial perturbation is given by

• x

t o( (n4-2)s(x

where x has its steady state value given by s(x ) - 0. A typical char- 
s s

acteristic diagram illustrating the above remarks is shown in figure 

5.3.

7'e have assumed so far that (5.22) and (5-23) define a single-valued 

function H(x,t),that is, none of the characteristics intersect. V.'ith a



bounding 
characteristic

x'0

Figure 5-3<

x

Figure 5«

geometry as shown in 

Figurr 5«3 where

x'(t) < 0,this is obviou.v s

ly possible:hovrever, if 

we try to conotruct a 

similar diagram in which 

x'(t) > 0,v/e cannot do
w

so wit-iout having char­ 

acteristics intersect 

(Figure 5*4),essentially 

because characteristics

which terminate on xs

must have infinite 

slope there. V.re observe

from Figure 5«3 that on

da 
x = x , rr < 0,and since

S CL o

s 1 (x) < 0 in x > x_,,we
£j

have from (5.25)

whence s'(°) < 0 in Figure 5. .3. Conversely, the shock formation in Figure 

5.4 is associated with characteristics on which s'(^) > 0. This simple 

heuristic association of shocks with regions where .s'(o') > 0 is made 

rigorous in the following section. 

§4 Shock Formation.

A shock forms when the characteristic solution (5.22) and (5-23) 

becomes multivalued for H(x,t). This occurs when two neighbouring 

charac! eristics intersectjin this case the usual condition is satisfied 

that the characteristic should satisfy its envelope equation, that is

differentiated partially with respect to <?:

dx

[(n+2)is(x)-a (a))]
= 0. (5.27)
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Performing the differentiation, and using (5.1 6), (5.27) ::,-y be y.ritten

x
= (m-l)s'(o)/ ———————2i—————— n +>, .

) 1 Ja [(n+2)U(x)-5,(<0}J Cl * nTPi

(5.28)

Thus -Hie characteristic through a interseds its nei/;hi;our if and only

if there is a solution of (5-28) for x < x ,x being given by the first of
3 S

(5.25).

V.'o sec that the remarks of \,3 are irr; Mediately justified. Th'.' integral 

in (5.28) is positive and A is positive,hence no solution exists if 

s' < 0:in this case no shocks form. Conversely if s* > 0,then s(x)-s, (a) =
I I *

i,(x)-s(x ) •**• x - x as x -* x ,and so the integral in (5-28) ~ (x - x) ^n+2' 
s s s v/v s

-*• °° as x -> x . Thus the right hand side increases continuously from 0 s

(at a] to «> (u-»- x ) and so the>re is r: solution for x of (5.28).

This shows that if s'(<?) > 0 for a range of o in (x ,x (0)),then at

least one shock must form:it forms at time t .where t is the minimum valuec c

of t given by (5'23) for o 6: (xn ,x (0)) ,and x(<?) is defined as the solution
w *J

(when it exists) of (5.28). Subsequent shocks form at the earliest time 

when two neighbouring characteristics intersect which have not previously 

intersected a shock. 

C.'; Shock Evolution.

7.'e no7/ describe the equations for the velocity of,and the jump 

discontinuity in H across such a shock. This has been done for a similar 

class of equations by Murray (1970). We follow his notation and denote 

the position of a shock at time t as

x = xd (t) . (5.29)

To find x,»we specify that mass is conserved across the shock. In the usual 

way,the condition for this to be true is found from an integral formul­ 

ation of the equation (5.11 )• "'e obtain

(n+2 )(H, -
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where

= H(xd-,t) , (5.31)

We further specify that characteristics terminate on the shock,in other 

words that II and H^ are themselves characteristic solutions of the form 

(5.22) and (5.23). In this case (5*30) is a first order differential 

equation for x,(t). The initial condition to be satisfied is that at 

time t = t ,defined at the end of £4,x,(t ) should be the solution of

(5.28) with or being determined by the condition that t be the minimumc

time at which intersection of characteristics occurs.

Y,Te now wish to show that x,(t),as defined by (5«30) and the above 

condition,is a valid expression for the shock formed at 1 = t ;to do this
C

we must prove that characteristics v;hich terminate on x, have not already 

intersected:or,equivalently,that the err, elope of characteristics termin­ 

ating on x., + lies in x < x .
u — > CL

Let us denote the envelope of the characteristics defined by (5.2j>) 

and (5-28) by

(t) ; (5.32)

x may have one or two branches as shown in Figure 5«5« V.'e wish to show

(a) (c)

Figure 5.5-



that the ;-.-iock in these cases lies respectively above,below and between

the envelopes in (a),(b) and (c) of n^re 5.5.

dx 
'.Ye can evaluate ^ by differentiating (5.23) with respect to t.

Using the envelope condition ^5.27),we find

-dx _ 3 a
dt do

. _ j _ e d da* ~ ~
t

f X
dx

wnence

dx. n+1

e 1 (5.33)

us consider the characteristics which terminate on x,+:assumed

these form an envelope x (if not there is nothing to prove). V,re have to
\*

show xg S xd in t 2 tQ . Certainly XQ = >: d at t = tQ . If x = xd for any 

t > t then from (5.33),(5.22) and (5-31)

(5.34)

since x is the envelope of characteristics from x > x,. lln is also
e d 2

the slope of the characteristics on x,+,and since these must terminate
Q

on x,,we require that this slope be less than ^rd :hence
Q_ ————————.

» * > *c » (5.35)

and so x^ £ xg in t £ ^c » as required. The geometry is shown in .Figure 5.6.

A similar argument can be

applied to characteristics

terminating on x,-;thus we

have shown that x,(t) is a

valid description of the

shock formed at t = t •c
two neigh'' 1 ^ii

characterictics

Figure 5
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56 Initial Shock.

In order to gain some under­ 

standing of the characteristic 

diagram in the presence of shocks, 

we consider in this section and the 

next t\vo particular forms of initial 

profile.

Let us consider an initial shock as shown in Figure 5•7,defined by

Figure 5-7: Initial Jhock.

= -c , a < a < a2 , c > 0 , 

= 0 otherwise .

(5.36)

This initial condition models a physical situation such us a surge of a 

tributary glacier which deposits a large quantity of material on the

a

Figure 5.8.
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glacier surface.

A typical characteristic diagram is displayed in Figure 5.8,where we 

have argued as follows. There are two shocks which emanate from a and o^ 

Y»'e denote these by c^A and cr D,A and D being the points v.-here the shocks 

decay. Let us assume for the moment that cr A never intersects a D. 'Steady

stule' characteristics of the form of (5.24) originate in a A- and 

terminate on agE+ (with an obvious notation). At A, En^/(n+2) = s(x) 

and so cr^A is tangential there to a steady state characteristic AE. 

If we suppose that D occurs in x < x (0),that is the shock from a
3 c.

decays before it reaches the snout,then similarly cr D is tangential 

at D to a steady state characteristic coming from x > cr However it is 

also tangential to a characteristic from cr D-. This characteristic cannot 

come fr6m ^ a or cr A,since HIH2/(n+2) = s(x) at D,but HD+2/(n+2) > s(x) 

in a A,and so it must come from A. This is illustrated in Figure 5«9,

and represents a 

contradiction,since 

ADB and FDB are both 

steady-state character­ 

istics. Our supposition 

thai D occurs in 

x < x (0) is therefore 

'; wrong, and we must 

have the diagram 

x as given in Figure 5»8. 

Thus an initial shock 

inevitably leads to
Figure

a temporary advance of the snout. (This applies whether the second shock 

a,A is present or not.) It is then of interest to find out how far the 

snout advances,and how this is related to cr, cr and c (defined in (5.35)) 

V.e shall see in §7 that D is where x'(t) = 0,since this is where
*i
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H - 0. The- shock has decayed at D,and the line DB is not a characteristic,

but represents only the position of the snout, x then returns to its
s

initial (steady state) value precisely at B, since AB is the first steady 

state characteristic to reach x (t) after the advance.
•S

Let o^C be the characteristic from o A as shown in r'irure 3.0. 7,'e 

have drav/n C on DB,but it could also possibly lie on a D. Let us suppose 

that it is in o^D at x = X,say. Then on c_C-,all the characteristics 

come from o a , and so

Hn+2
= s(x) + c on crC- . (5-37)

It follows from (5.30) that a C is given by x . = x(t), where

dt

and

s(x) , x < x (0)
s*(x) = I j . (5.39)

0 , x > x (0)s

The initial condition for (5-38) is

x(0) = ci . (5.40)

The equation of the characteristic through o is, from (5.23),

The solution of (5-38) and (5-40) is

r r / v »1n+2 c A / xj1n+2i t = [{c+s(x)j /v / -|si('(x)i /v '} ^^ (5.42)
Ja c + s(x) - s*(x)

These meet at C where x = X and t has the same value. Thus putting

x = X = x, and equating (5»41) and (5. 42), we find a

[(n+2)!c+s(x)ir+' '"2 o + s(x) -
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Let us denote by XQ the point whero s(x) = - c. In this case (5-43)

has the following meaning: if there is a solution a < x < x of (5.43),
* & c

then the characteristic o^C in Pi-ure 5.8 intersects the shock or D at 

C where x = X and t is given by (5-41) or (5.42);in this case the character 

istic meeting the shock at D comes from a A+. If there is no such solution, 

then C lies on DB as shown in Figure 5.8 and the characteristic meeting 

the shock at D comes from a,, CTr>.

Defining +(0) = 0 1 /(n+2) ̂ Q ? 0^ ̂^ fl ince <-l> is concave

) , e < e . (5.44)

Since by definition c -t- s(x) > a*(x) for o~ < x < x ,it immediately follows
c. C

upon application of (5.44) to (5-43) that the integrand of the right 

hand side is greater than that of the left hand sidejsincti the left 

hand integral is positive at X = cr whereas the right hand one is zero, 

it is evident that the right hand side 'catches up 1 with the loft hand 

side as X increases, and therefore no solution to (5. 43) exists only if

1 1
- s*(x) n>2 ] d

o %£ )o o + s(x ) . a *( x) ' n'|' £- <-

1 1
x r r / \ in-f2 / N n+2i . x
s [Jo*a(x)i - »«) 3 / c

a c 'x
2 S • r /[c+s(x

Given s(x),c can then be computed as a function of o and cr -for the present, 

we shall obtain explicit analytic estimates for c in terms of cr and c^.

Let us suppose that s is concave,i.e. s f is monotone decreasing, 

and also that sj(<O < 0,so that we consider only shocks initially present 

in the ablation zone. For o $ x < x < x_,we then have

11 ~~s > - . / v > - . / \ , (5.46)
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and on rearranging (5-45) and applying (5.44) and (5.46) as appropriate, 

we find that certainly no solution of (5.43) exists provided

1_ , S (o,
[c+s] ds

(n+O / 0

s J -c

} .. J d;

, ds »

i.e.

i_

n+2 (5.47)

where a is the snout ablation rate. A physically interesting case is
O

« 1 , c « 1 , (5.48)

e.g. an influx of ten metres of ice on a hundred metre deep glacier

over a length of a few hundred metres. Provided x - a0 ~ 1 ,v/e may expand
£} C-

(5.47) by writing

ana then (5.47) becomes

s(')

whence

a - a .1 '

a - a + Q , Q « 1 , 

c « 1 ,

(5.49)

7i + °(' 0(Q2 ) n+2

1 -»-
1 

n+2

c + Q|s'(a)|
a

1 
nTI (5.50)

As c •+ 0,c ' ' » c,and so an approximate criterion for there to be
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no solution to (5.43) is
1

Q £ o

Therefore,even if c is fairly small,Q must be comparatively large for (5-51)

to hold:for example if s'(a)j == 1, a = 2, c - 1/32, (5-51) implies
' s

Q £ 3/2,in other words the disturbance must be longer than the glacier!

Let us suppose that (5-45) holds,so that no solution of (5-43) exists. 

In this case the characteristic through D comes from cr j ,and hence on 

this characteristic

Hn+2
= s(x) + c '

and the shock terminates at x = x . If c is small,so that s(x) s - a [ x-x ],c s s
then

x = x + - . (5-53) c s a x> >ys

Denoting dimensional variables by a suffix d,the advance ux , of theso.

snout is given by

Ax * = ~ —-sd .ad sd

Uc
* -r- > (5.34) a sd

where U is a typical longitudinal velocity, ^or example,if U ~ 100 ra y ,

a , ^ 5 m y .and c, = 10 ra of ice is suddenly supplied to a re,jion of so. d
the glacier surface,the snout will eventually advance a distance Ax , ~ 

200 m before retreating,

If (5.45) does not hold,then C lies in a D and the characteristic 

meeting t.ie shock at D emanates from a A-*- along which H /(n+2) - s(y) < c.

It follovs that x < x at D,and thus in either case (5-54) gives the farth-c
est snout advance possible. No simple quantitative analysis seems possible 

if C lies in crJD.

104



In driving J'i^.ire 5.& t \\Q have tacitly assumed A occurs in x < x/,0),
o

i.e. that the a shock decays before the slopes — of the characteristics1 * dx

originating on c^A- become infinite. This is not a necessary restriction. If A

is in x > x (0),the same reasoning-as above is valid and wo fiirl tha4 the s

•appropriate characteristic diagram is as in Pig-5re 3.10:the only real 

difference is that A and B are now identical. r.'his figure represents 

the splitting off (at F) of a section of the glacier at the snout.

D

Figure 5*10,

§7 Small Initial Perturbations.

T.7e now consider an initial condition representing a slight change

in the climate. Specifically we shall assume

(5.55)

whence also s.(^) « 1. The characteristics are, from

(5.56)
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and these intersect when,from (5.26), dt/do = 0,i.e.

—————— —————— ^ 
[(iH2)!s(x)- Sl (a)]]UW;

It is evident from (5-57) that, since 1/An+1 > 0(1) and s f « 1, shocks only 

fens v:hen the integral in (5. 52) is l-; ;;e. Since s 1 « 1,this implies

that s(x) x 0,i.e. that x is near x. or x . V/e shall restrict our attent-0 s

ion to the more physically interesting case when x x x • In this case
S

shocks must, form near the snout. In fact, if si is sufficiently small,

one may suppose they form at the snout. The reason for this is as follows.

Consider an initial perturbation s 1 ( cr )« Suppose that s'(cr) > 0 for 

cr < <7 < a and s 1 < 0 just outside these limits. Suppose also that 

the characteristics from a . and a_ do not intersect any shocks that 

may form from other regions of the initial curve t = 0. Trio t:ime for 

the characteristic from a € (a . ,°p) to intersect its neighbours is given 

from (5.56) by

,, 
= t[x(a),a] = *

where x = XCcr) is where the intersection takes place and X is given by 

(5.57). From (5.57) we see that as o -» a X(a) -» x defined by s(x )^-3 *>>

= s. (<? ),and so the cr characteristic intersects its neighbour just 

when x = x . Thus if we can show that for cr € (a a ),T(a) > T(cr ),then
S I fc t-

the shock must actually form at the snout, and the previously established 

method for determining its evolution may be called upon. Now certainly 

T(o") > T(O in (o a ) if T'C^) < 0 there. We shall prove (if s ' ' 

and s' are sufficiently small) that this is indeed the case. 

Recall the definition of X(tf) from (5-57),

AntV)
Integrating the right hand side by parts,we obtain

(5.59)

1 - I
" S'(0)

- 1 X

s
dx

s W H
n+1 , (5-60)
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and rearranging (5.60),

H n+2

'- ! S (x)jJ

n+2 
n+1

[s(<0 - s

1 + s
s (X)

dx

1 -

n+2 
n+1

which simply says

s(x) =
(x)|J

n+2 
n+1

Now note that from (5.56), (5. 57) and (5.58) we have

da Jo
.

<ia ~ n+1
n

Differentiating (5«62) and rearranging,we find

n+2 

s f (X) - {sj

(X)

n+2 
n+1

dX

(5.61)

(5-62)

(5.63)

r si (a) n+2 
n+1

Now define

n+1

(5.64)

n+2
n+1

max (5.65)

and let us prescribe 2 so that

n+2
s'(X) (5.66)

for X > x , <* € (^^o). Then, neglecting 0(s ) terms in (5. 64), we see
•3 ' I

that the coefficient of 5- is negative, and hence a sufficient condition
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that X' (and hence T') be negative is that
/ \cl ' d

s'(X)
n+2 d<? 
n+1

n+2

> 5'(o)

n+2 
- sJCff) -i n+1

- S'(X) J

Note that including 0(3^ will only have the effect of requiring a 

small correction term to be included in the bounds on 1 and s'' below.

If Sl" > 0,then (5.6?) holds if

n+1 3'(X)

s'(a)

n+2

, a < 1 . (5.&

If s^ ' < 0 (as it must be in a neighbourhood of (O,then define M by

max

X > x

n+2 = M
i r -> r \ i n+1

(5.69)
(X)

V.'hen s! ' < 0,(5.67) is certainly valid if

n+2
n+1

n+2

n+1

and hence using (5-68) when

.n+2
n

M( n7T )|s i' (a)| (5.70)

If we now assume that s. satisfies the conditions (5«65),(5.66), (5.68) 

and (5.70) for some a > 0,then X' < 0, T 1 < 0 and so the shock does in

fact form at x = x . Note that if (5-70) holds,it impliess ————

n+1
(5.71)

which is quite restrictive near a*' This kind °^ restriction on s.1 appears 

to be a necessary one.

Let us now denote the shock position by x (t),since it is still the 

terminus of the glacier (though not snout-shaped). The equation for x 

is given by (5-30) with H2 = 0. Thus,writing HI = H,

ars = nfr • (5.72)
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On x = x ,the characteristic solutions are still valid,and hence
S

t - dx
rr r ( -^ / \ ' no \.(n+<: ) )s(x)-s 1 ^a

(5.73)

H 
n+2

n+2
= s(xg ) - Sl (

As mentioned in {)6,we see fron; (5. 72) that the shock decays when ;! - 0, 

dxi.e. —f- - shock geometry is shov.n in Figure 5-1 1»

the curve 
s(x) = Sl

Figure 5-^ 1 •
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Since from (5.21) the surface speed of a cold glacier is

' (5-75)

we have

= 
dl

hence the rate of advance of a cold snout is about V5 the surface 

speed; this should be capable of verification, although the effect may 

be blurred by the effects of diffusion and seasonal warming. 

cS Diffusive Effects.

In common wi th other physical systems in which shocks occur (e.g. 

£.'.£ dynamics) there is a diffusive mechanism (which we have neglected) 

which acts physically to 'smooth out' the shocks. In fact from (5-7) 

we can see that n represents just such a mechanism, since in neglecting it

we lose a term - — - H H from th ;.: left hand side (as well as lowern+2 xx v

derivative terms). This represents a diffusion term with small diffusion

coefficient — x H . From our knowledge of the effect of such terms, we n+2 - '

expect that when H "** 1,the effect of the diffusion term on shocks will 

be to smooth them out over a short distance. For shocks at the snout, 

the effect is not clear since the diffusion coefficient is 'degenerate 1 , 

i.e. tends to zero there, and the diffusional effect disappears.

V/"e note that with inclusion of the terra in p,we have apparently 

not enough boundary conditions for the problem: in fact, there is an 

implicit condition in the reduced model which is that H should be finite
.X

at II = 0,so that the approximations involved in ignoring terms like

2 6 77 in (2.66) are consistent. However, (at least in the steady state — see
J^.

Chapter VI), it appears that this implicit condition cannot be satisfied 

even v/ith the diffusion term included: this seems to be associated with 

the degeneracy of the coefficient of the highest derivative, which pre­

cludes the necessity of applying a boundary condition on x = x as wells

as on x = xQ . Appropriate boundary conditions for linear equations
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of this type have been discussed by Siairnova (1563) and also (heur- 

istickily) by Nye (l963a).

In "hopter VI we shall see that a further correction term d ;e to long­ 

itudinal stre;;£,which would hero be proportional to II ,can alr.o be
XXX

introduced. This term is similarly 'degenerate',but we find that (in 

the steady state) its effect is to make the snout slope firate,thus 

satisfying the implicit boundary condition. V/e might reasonably expect 

similar phenomena to occur in the present case. 

§9 linearised' Results.

7'e consider again the equation

H, + Un+ 'H - a'(x) (5.77) I* x

with solution

t= ————— ————— ̂.<w^. 0 > , (5.78)

n+2
= s(x) - Sl <» , (5.79)

ana where s , s* « 1. It is obvious from (5-79) that a uniform approxi­ 

mate solution exists,

2
= s(x) + ... , (5.80)

thus contradicting the linearised results of Nye, which were invalid

at x = x . V«Te can obtain a uniform approximation as follows. V/rite s

H 
-- = s(x) , (5.81)
n+2

so that H is the steady-state profile. Then (5.78) is

"V

t = / ——— 1 -f smaller terms. (5.82) n+o Ho

This simply states that the characteristics are uniformly approximated by 

the steady state ones. But now (5*79) and (5.82) are the oolutions
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of the system

H = A(a) , x - a on t = 0 .

They are also clearly the solutions of (5-77) to a first approximation.

",'riting

(5 - 64)

HQ (x) - f(£) , (5.85) 

whence

s'(x} = H + H'Cxl - H ^fm __L_ - *t(f\ ffi P£\ s v x ; - HQ no^ ' ~ o ^ ' nTT ~ ^ ' ^•tfb;
H0

then (5-83) is

Ht + H^ - f'(^) , (5.87) 

with solution

H = f(0 + ^(^-t) (5.68)

where

= A(x) - HQ (x) (5.89)

is the initial perturbation in H, This shows up the travelling wave 

form of H,and is a uniformly valid approximation right up to the snout

x = x . The question of shock formation at x has been considered in $7. s s

§10 Seasonal Changes.

As an example of a time-dependent flux we show, using the above 

linearisation of characteristics, that the fast oscillation due to 

seasonal flux changes has a negligible effect on the longer term evolution
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of the profile. Ye consider by way of illustration

Hx = s'(x) + s,;(x)e iwt 

where w » 1. Anticipating that H = HQ ,we write

H = HQ + <£e ia;t , /. « 1 

and, using (5.64) and (5. 86), we approximate (5.90) by

, (5.92)

say, whence

. (5.93)
.o •

Since u » 1,(5«93) implies 0 « 1,as v,e assumed. In fact

f , ({)e d« = [f (^)e - f (0) 
0

if there is no perturbation in the accumulation rate at the glacier head 

Hence from (5-91 ), (5-93) and (5.94),

H(x,t) - H (x) + ±v }

whence to 0(l/w),the oscillation has no wave effect at all. If f . (0) f 0, 

(5.95) contains a terra - r-f^Oje s ' as well, which represents a 

travelling wave due to variations in the accumulation rate at the head.
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CHAPTER VI

Analysis of the Snout 

In the previous chapter we saw that

was the steady state solution of the reduced model with the additional 

assumptions that n - 0,A = 1 . If the gl;,cier is sliding, a simple extension 

gives the steady state profile as

Hub + 

whe re

= F[H,T(x,H)] , (6.3)

and F is defined in (2.18). Since u, ^ f(H) which -» 0 as H -* 0,it follows 

immediately from (6.2) that if the ablation rate at the snout is finite, 

then the glacier has infinite slope there.

Although this statement does not contradict any of the boundary 

conditions imposed in the reduced model, we see on examining (2.66) 

(for orar i le) that the validity of the approximate solution with 6-0 

breaks down at the snout, and hence the sliding law in (6.3) becomes 

invalid there. This failure is due to a nonunif ormity in the expansion 

in pov.ers of o of terms like e in (2.53) near the snout, rather than 

because a boundary condition cannot be satisfied by the first order 

solutjon. For this reason, the appropriate asymptotic technique to use

in order to obtain a uniform first order solution is the method of

p strained coordinates (Van Dyke 1975) and the 5" terms in (2.66) mid

elsewhere act ?is a correction to the basic solution of the reduced 

problem.

There are two facts that we wish to explain. In the first place



glaciers are observed to have finite slo.es at their snouts. For ten.perate 

glaciers,these slopes are generally in the range 5° - 30° :a typical 

example is the Athabasca glacier in Alberta,Canada,with a snout angle 

of 15° (Savage and Paterson 1963). Secondly,the ice in a temperate 

snout is observed to have a small but non-zero velocity right up to the 

front Up. One can see from (6.2) thai this phenomenon is an immediate

consequence of the first,and so we only need to show that inclusion of

2
0(3 ) terms predicts a finite snout slope.

In so doing,we shall show that inclusion of a non-zero LI is not

sufficient to make the slope finite,so that it is indeed necessary

2 
to include terms of 0(6 ). One might also point out that the sliding

law becomes invalid at the snout for another reason,namely that the 

supposed 'inner 3'low 1 region merges with the 'outer flow 1 region, so that 

tie formulation in Chapter III breaks down. However,this will probably 

only occur in the last few metres of the glacier,and is thus neglected 

here:as pointed out by Lliboutry (l95c),it is somewhat over academic 

to discuss the details of this region en the basis of a large scale 

mathematical model.

rrhe only previous work on the snout of a temperate glacier appears 

to be that of Lliboutry (1956) who obtained a correction to the profile 

predicted by plasticity theory. His approximations were not rigorously 

followed through (Nye 1958),but he obtained good agreement with observ­ 

ations on the Glacier de Saint-^orlin (Lliboutry 195&).

Some work has been done on the; surface perturbations in ice sheets 

due to flow over large irregularities in the bedrock (Robin 1967,Budd 

and Hadok 1971) which appears to have some similarity to the results 

of the present work in that the largest corrective term is & r ;±n
I .A.

their wori-c this is an assumption,whereas in the present chapter it 

is deduced from dimensional arguments:these may be of some value in 

relating the two theories.
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v1 ]\'.escaling Procedure.

In the present chapter we shall consider only the steady st-rte 

snouts of temperate glaciers with an important basal sliding velocity 

(in the notation of Chapter III, a > yn+ 1 ).specifically we shall take the 

icing law to be of the following V.'eertman-type form

m , m * n , (6.4)

where C .> 1 . Over the whole bedrock C may depend on moisture,bedrock 

'roughness 1 ,etc.,but will be considered locally in the snout as a 

constant. If m = n,(6.4) is of the type considered in §7 of Chapter III, 

where the sliding has no regelative component. It is simple to show 

from dimensional arguments that pure regelation leads to a law with 

m = 1 in (6.4),and so it is realistic to suppose that m ^ n in (6.4)? 

since regelation has the effect of decreasing the power in (6.4),which 

approximates the 'real 1 sliding law. In fact it will emerge that the 

ensuing analysis is valid if the snout flow is dominated by its bcisal 

sliding component:we shall see that (6.4) implies this result.

Let the (steady) snout position be x = 0 for convenience. In -what

follows,u,T,x,y denote the orders of magnitude of U,T ,x,y;generally

u T we shall make use of the assumption that for example u ~ —• , T -— ,
X X c'J ^

etc.,except where this leads to contradiction,as with u . Formally
«/

this procedure must be checked at the end to verify.that the approxim­ 

ations used are indeed valid.

To make sure we are near the snout,we specify

x « 1 , y « 1 . (6.5)

The vertical ablation rate is unaffected by the dimensions of the 

snout,therefore we choose

v ^ 1 , (6.6)

and then in order to balance the continuity equation,

116



u - I • (•;.?)

^o balance the terras in the momentum eou^.tion,v;e require

T - y . (6.8) 

NOT; the sliding law (6.4) says that u, > r , and hence certainly

u > rm . (6.9)
•"W

'Ye contend that in fact u ~ u, :to show this we reason as follows. 

Certainly \ve must have

u « u 52v , (6.10) y ~ y y « x

where multiple signs express alternatives. Let us suppose that

u ~-H_, u « 62v ; (6.11) 
y y y x

then

-2
u m n _. <r i> ( c. ^^\ — » u > r »T •>- 8 v ^ — , ^o.12jy -%. -w XX

using (o.5), (6. 9), (2. 52) and (6. 6), and hence

(6.13)u »
X

However,from (6.11) and (6.?),

2 2 u ~ x/y « 5 /x
«/

=> . »

so that

u - x/y « 5 ; (6.15)

(6.13) and (6.14) imply

u » 5 , (6.16)
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contradicting (6.15)-.hence (6.11) cannot hold 

li' we now suppose that

uy " u/y ' uy ^ s2yx > (6 ' 17)

thor. from (6.5),(6.9) and (2.52),

u/y » u > r » T ~ u (6.1o)
y

contradicting (6.17). Since neither (6.11) nor (6.17) can hold,it follows 

fron (6.10) that we must have

u « u/y • (6.19) j'

Because of this,we see that indeed

u - u(x) - ^(x) - r^' , (6.20)

so that the snout flow is dominated by sliding. As stated above,this 

is the only assumption that we need to use below in establishing a corr­ 

ected equation for the surface profile—the precise asymptotic form 

of u in (6.20) is not important.

Assuming for the moment (this vail be justified in C-2) that inclusion 

of n does not give finite slope at the snout,it is necessary to consider 

a scaling at the snout such that

in (2.47). Since,from (2.51) and (2.52), T-/T ^ u /UY »this requirement£ i y x

may be written

u - 6 2/x , (6.22) 
y

o p n
using (6.7). Hence u ~ (8 y A )(u/y)>again using (6.7),and so (6.19)

•7

implies

« 1 . (6.23)
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From (6.22),(6.23),(6.7) and (6.6), we find

u/5ux " 5y//x

u •>• Sy/x « 1 ,

so that from (2.53),e* is given approximately by

e* a 25 u.

near the snoutrfrom (6.20) e* is a function of x,and hence to first 

order

(6.24)

(6.25)

1

using (2.5l);near the snout A may be considered constant. 

Now from (2 . 51 ) , (2 .52) and (6.22),

..2 2

1y x

hence to first order equation (2.48) is

(p + O - 0 vr 1 x y

with approximate boundary condition (from (2.67))

(6.27)

(6.28)

(6.29)

(6.30)

(6.2 :>-) and (6.J50) imply

(6.30

Substituting this into (2.47),we have

2y
=-(1 -

whence

,2 r

(6.32)

(6.33)
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using the boundary condition (2.6?). The terra in 0(62 ) is similar 

to that considered by Robin (196?).

Y,-c nocl'-'ot hx compared with H in tho snout;then usin.; (6.27),v.e 

find that the tangential stress on the bed is given by

U1/nA-1/n (u J H | U 1/nj ^
0 X ' X X

The correction term to the basal stress is the last term in (6.34). The 

slidijj£ '.'.L.-iw (6.4) is thus

11 - PT m — rTuJ-i ,u? oc/^^\ 1/n / \r._ 1/ni -im /-' -TI-N u - Cr - C LHM - ^HJ -f 25(-r ) 3gn(uv )|H u^ jj . (o.35)

From (6. 2), or directly from (6. 20), conservation of mass gives approxi­

mately

uH = s(x) - - a x . (6.36)s

V'e have to sol^e (6.35) find (6.36) for the profile H and velocity u, 

subject to the condition that as x •* - °o , H tends to the 'outer 1 

solution; in order to ensure that our solution of (6.35) and (6.36) 

provides a valid approximation at the snout, we also stipulate that 

H i;; finite when H = 0 (so that (2.6?) is approximated by (6.31),
Jv

for example). As discussed in Chapter V,jb,this type of condition is 

as3oci-;.ted with the fact thai (6. 35), considered (using (6.36)) as an 

ec cation for H,has a highest derivative with a 'degenerate 1 coefficient. 

Similar regularity conditions were considered by Nye (l963a) for a
x

linear degenerate diffusion- type equation, although for a slightly 

different reason.

The problem to be solved is thus the equations (6.35) and (6.36) 

with the boundary conditions

as x --oo,

° (6.37)

H finite at H - 0 . x
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In the following sections we shall show that an approximate solution 

of (6.35)-(£.37) may be developed using the method of strained coordin­ 

ates. In principle this may be applied to any sliding law. For the 

purposes of initial theoretical consideration,we shall use the V.'eertman 

law (6.4) with m = 1. 

§2 First Order Solution.S = 0.

Let us for convenience reverse the direction of x so that the snout 

lies in x > 0 (Figure 6.1). We replace s(x) by its approximation near

the snout 
H(x)

s(x) = ax (6.38)

where a is the ablation rate s
at the snout. Vfith this 

geometry,the outer solution 

(S = 0) has u, > 0 (as v:o 

show below):we therefore

/N

X

Figure 6.1:Snout Geometry. 

assume that u > 0 even with 5^0. Then (6.36) is
i^L

a x
H = —— 

u
(6.39)

and so (6.35) is

u= aC-[l (6.40)

where f denotes differentiation with respect to x. The boundary conditions 

on (6.40) are

u ~ (a Cx) 2 as x -* °° ,
S

u 1 bounded on x/u - 0 ,
(6.41)

using (6,3?). tfe write

u = a , s
x =
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then (6.40) becomes,(dropping dashes for convenience),

where
n+1 

n

(6.W)

a l AL, 
s

'Are shall consider (6.43) on the basis that 5 is sufficiently small that 

v as defined by (6.44-) is also small: that is, we assume

v « 1 . (6.45)

(note that v is not the same as the v used in Chapters III and IV.) 

mhe boundary conditions on (6.43) are that

u "- /x , x ->•«., .
(6.46)

u f bounded on x/u = 0 .

V.re observe that the scaling (6.42) is appropriate for the snout, since 

if ^ ~ 10 ,a =3, C=1,£=10 km, then the length scale considered
S

by (6.43) is the final 300 m of the glacier.

Let us first consider in detail the 'outer' solution of (6.43) and 

(6.M) with v = 0. Defining

$ = ~ . (6.47)

so that

a LI
H = -5L <^ , (6.48) 

C

(6.43) becomes

x = <£2 (1 + </>') (6.49)

subject to

u~~Vx,x- 
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the second of (6.46) cannot be satisfied, as shown below.

Iy inspection of (6.49)either <£ = 0 or <£' = - 1 at x = 0. There 

appears to be nothing which is obviously physically invalid about the 

second case. However, if the glacier terminates in a shock, this case

is unsteady as shown in Chapter V. If the glacier does not terminate,

2 
then since <£' = x/0 - 1 < 0 in x < 0,the profile increases continually:

we may obviously rule out such a solution, by requiring for example 

that there is no source of ice at infinity in the positive direction. 

Therefore <£ = 0 at x = 0. We seek an asymptotic solution for </> in the 

form

0 ~ v' 0 + &| + 4>2 •" > x ~* ° » (6.51)

this will show that we cannot satisfy the second boundary condition 

in (6.46) .

Substituting (6.51) into (6. 49), we obtain

x - [</> 2 + 26 + [fc 2 H- 2^0! .. ][</ + (U) + •• ] .
Q

(6.52)

The appropriate leading term is

X =

=> = (3/2) 1/3 x2/3 (C.53)

since </. = 0 on x = 0. The next order term gives

0 = 

whence ?/e find

fc, = - 3x/7 

The next terra is

0 =
I *J ^ V>
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•which

^2 = i"%( 2/3) *V/3 • (6.57) 

Thus

9 ^ (3/2) x - yx + (2/3) —T^ x ^ . .. (6.58) 

as x -* 0,and further terms may be obtained systematically. We have

from (6.58)

u = 1/3 + l(2x/3} 2/3 + 7|S(2X/3) ... (6.59)

as x -> 0, It is now clear from (6.59) that the 'outer' solution has un­ 

bounded u' on x = 0. The effect of n is only to weaken the singularity
_; -1/3 

in </•' I'rom x ' to x ,hence we must consider the Q(V) term. In fact

from (6.58) and (6.59) we have that

u

X

-d-1) - 2
= |(2/9) 1 ^n(2x/3) 3 n + (2/9) 1/^n ~(| - l)(2x/3)

anl so

_1 2
1 /n '

L U •*

(6.60)

i.e. the d(v) term in (6.43) is unbounded, (if n = 1,the leading order term 

in (6.60) is zero,but then the next order term is unbounded*) 

§3 Corrected First Order Solution, 8 f 0.

The singularity at the end point suggests that the method of strained 

coordinates (Van Dyke 1975) may be a suitable tool to employ. V<'e 

therefore look for a uniformly valid expansion for u as

u = UQ (S) + vu (s) ... (6.61) 
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where

x = s + vx (s) + ... (6.62)

an<3 the straining x^ is to be chosen by the condition that u /u should 

be bounded as s * 0,so that the expansion (6.61) is uniform. Then

= (1 + «• * ...)

and (6.43) gives

(s + vx + .. ) r- rs + vx.
UQ

/ ^i > Jn/ i i \r (s + vx . .;(1 4 vx 1 ..) (u' -i. vu!..)
+ vd * vx^ ..) ——— 2 ————— 2 ———— 2 —— 3

L (UQ + vut .

(6.64) 

The C-(1 ) terms give

of which the asymptotic solution as s -» 0 is described above in (6.59) 

The terras of 0(v) give

s T ,/s / r s , X1 U1,j f 1 s / X 1 _ U 1^•^hv +t^ "~o)! J v~ -o uo

(S.66)
uo

Thus from (6. 58), (6. 59) and (6.60),ond using (6.65),

- [ ( 3/2) 1/3a 2/3 ..][(3/2) 2/33 1/3u1 ]' + x1 (2/3) 1 /V2/3 -
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whence

2 2__ 
O(s 3 3n ) . (6.67)

Integrating, we obtain

ds

JL
3n ) . (6.68)

We wish to choose x. so that u /u is bounded,i.e. such that

^ < O(s 1 /3 ) (6.69)

from (6.59). An appropriate choice of x. is clearly

1-JL 'L JL 
Xl - - Ks3 3n + 0(s 3 3n ) (6.70)

4 _2_
3 ~ 3n as s -* 0,where K is defined so that, the coefficient of s in the

square-bracketed terra in (6.68) vanishes;the coefficients of 

3 jai '" 3n are chosen similarly: thus
o • • * • S

4__2_
5 ™ C5 J 10 ^^n i \ / Tn ^ *{ M 

^^ ________ | s \ / ^ f\ / f\ \ f I ^ / 7 i ^^ ^^ ••- ^^

242 ^(2n—1 j 
3 3n

and so
n-1 2 ( 2n-O

(6.71)

and the first order solution may be written

u = u0(s) - s1/3 ,

3 3n
X = S + UX. IS J . . . "^ S - ""-:,(») ...

as s -» 0.
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r:he validity of the method of strained coordinates has been discussed 

by Van Dyke (1975). In general it is le.-,s reliable than t:;e method 

of matched asymptotic expansions,and in some cases leads to erroneous 

results (Levey 1959). The essential criterion for its validity appears 

to be that the singularity occurring in the 'linearised 1 or 'unperturbed 1 

equation should correspond to one of the same type in the comslote 

equation. Levey gives an example of a first order differential equation 

whose solution is everywhere analytic,but whose 'outer' solution (with the 

derivative terra not present) is singular at zero:he shows that straining 

the coordinates does not work,wherean matched asymptotic expansions do. 

On this basis Van Dyke recommends that the method of strained coord­ 

inates never be used for problems of singular perturbation type,that 

if.,where the small parameter multiplies the highest derivative;however, 

this is precisely what we have attempted to do:we therefore examine 

the validity of the solution (6.72).
-y

It may be seen from (6.70, 

(6.72) and Figure 6.2 that 

since x'v-sasx-*°°,s tends 

to a finite limit as x •* 0 

for all n > 5/4:we denote this 

limit by a • We ignore the special
\J

•

case n = 1 (Newtonian fluid) 

since (6.60) implies that the

leading term in an asymptotic
,1/n ,

expansion for (
xu

u
•) near

x - 0 is zero:this in turn Figure 6.2

means that our assumptions in

§1 about the magnitude of r are invalid,and hence (6.43) is not necess-
I 2C

arily the appropriate 'corrected' equation to consider.

In order to show that the strained solution is a uniformly approx­ 

imate solution,we wish to show that the full equation (6.43) has the
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same type of singularity as the reduced equation. 7,re know the reduced 

equation has the solution u - x ' * as x -» 0. Since the strained solution 

'shifts' this singularity to x = s0> it is reasonable to seek a solution 

of the full equation which also has this property:that is,we define a 

new space variable s 1 by x = SQ + s ,and seek a solution of the full

equation (6.43) such that u ~ s 1 ' ' as s •* 0.

1A Holding SQ fixed,and letting aj -» 0,we find that if u - s 1 ,then

also

_ 4 2

u 1

Balancing the terms of largest magnitude then requires

Xv/Xx ,XU

u u
4 2_ 

-5/3 _ . "T"3n
1=> s. - s, ,

i.e. n = 2 . (6.73)

(6.73) is a necessary condition that (6.43) and its approximate form 

should hiive a 31 rained solution of the form (6.72). Substituting (6.73) 

into (6.7l), Tfle find

K = 1/2 , (6.74) 

and so in this case

x = s - -r/2 ... ,

(6.75)
/ \ / ^ />! \

U — U

is a unifor:r.ly valid approximate solution.

If n ± 2,the singularities of the full and reduced equations are 

of dii'ferent type,and we should not expect a strained solution to be 

valid. Hov«evor,we can surmount this difficulty as follows. We put

x = Xa , a > 0 (6.76) 

128



so that

d_ _ 1 _d_
dx va-1 dX aX

and (6.43) becomes

a-1\-1/n ,1/n ,

aX aX u

where ' in (6.78) refers to differentiation with respect to X. The 

'outer' solution has u ~ x ~ X°' ^ as X -> 0:thus if we require the 

complete equation to have a similar singularity at Xn ,say,we put

X = XQ + X and then as before we find that the largest terras as X -» 0

1/n 
come from (x/u)(x/u)' and (xu 1 ' /u) ' . A balance of these requires

2 A * 1 1 ^ A\- -ra - 1 - 1 -T^a •*•-(•=•- 1 )
x, 3 ~ Xl 3 n3

=> a = • (6.79)

When n = 2, a = 1 corresponding to our previous derivation. Thus in 

principle using (6.79) we can strain the coordinates in (6.78) and 

obtain an approximate solution for any n. The details are not considered 

here. Instead, we calculate the slope for the case n = 2, as this is 

probably quite an accurate value for the low stresses (say -^ 0.1 bar) 

which can occur at the snout. 

§4 Velocity and Slope at the Snout.

For n = 2, we have from (6.75) and (6.59)

u - (6.80)

Thus ("n the we variables) the snout velocity is

U(0) . ()1/3 (6.81)

and the snout velocity gradient is

u'(0) - (3v)" • (6.82)
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Returning to mainstream variables (via (6.42)), (6.81) and (6.62) become

u(Q) = as ^(-4^) , (6.83) 

ux(0) - £(3»r2/3 . (6.84)

From (6.2?),

(6.81,) 

with n := 2. From (6.44),

f\ tiii

2SC 

whence

5r = ( a /v^A) 1 '^ , (6.86)
I JJ

which is the dimensional longitudinal stress divided by [T] . ?rom (6.35)
o

(6 . 87)

using (6.83). From (6.44) with n = 2,

=* T i. (a
t S

(6.88) 

Comparing this with (6. 8?), we see that TO << Sr since 6/^ an<a ^ are

both small, and so a typical dimensionless stress at the snout is Sr .
_<! 

'.Vith (ns before) a = 3,/^ = 10 and A , - 10 for a temperate snout,
O V^

5r •*• 10~^ ~ 0.215. One may thus reasonably obtain a typical stress 

of 1/5 bar at the snout, and n -- 2 is probably a good approximation.

The 'dimensional' snout slope a is given bys

as = SH'(O) = 5afi/u(0)

130



fror.i (6. 39), whence

V.'ith A = 10, ag = 3,/J = 10"1 ,6 - 10"2 ,C = 1,n = 2, (6. 44)

375 , (6.90)

and so from (6.89)

a g - 0.246 , (6.91) 

and the angle of inclination of the snout is

tan~ 1 a s * 14° . (6.92)

The values in (6.90),(6.91) and (6.92) are purely illustrative,but 

do show that the observed orders of magnitude can easily be predicted. 

*Ve have only taken leading order terras,since detailed numerical 

predictions are of little help unless values of C and m in (6.35) are 

known with reasonable certainty. However,it is clear that further terms 

in the expansion for u could easily be found.

Lastly,with the above-mentioned values for a ,etc.,we find that thes

snout velocity (6.63) is

u a 0.12 , 
s

and so the snout velocity in this case is roughly a tenth of the typical 

glacier velocity. One can see from (6.83) that we generally expect u
S

to be small.
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CHAPTER VII

Large Conduction Lirr.it, /3 n » 1 — — .. — ... — • ™ ^ "

In this chapter, we consider the asymptotic limit of large conduc­ 

tion. In this case, we neglect the convection terms in the energy equation, 

and the temperature (and hence the flo.v field) can then be found explicit­ 

ly in the steady state. From equation (2.61) and Table 1 ,we have that

where the depth scale d is expressed in metres, and the accumulation rate 

aQ is in metres per year; thus the limit /3^ » 1 can only be realistic­ 

ally obtained for shallow glaciers of low accumulation rates: for example 

if d ~ 10 in and a~ ~ 0.3 m y , then £„ ~ 12. Although this limit is of 

less interest as regards the behaviour of large glacial ice-masses, we 

consider it here as a first attempt at an approximate solution because 

it is the simplest approximation (apart from K - 0) that we c;i.n make 

to the reduced model, and also because we gain much valuable qualitative 

information therefrom. 

£ 1 hcxiel Equations in the Lar^e Conduction Limit.

V,e shall use the notation of Chapter II. The equations of the reduced 

model (2.105)-(2.115) for the stream function * and temperature ? of 

the cold zone are, with the assumption that

IA = 0 , K - 1'':^2"» 1 , (7.2) 

= <fn exp UT] , (7.3)

exp K + ?™, , (7-4)

where on £ = 0 ,

* = s(x,t) ,

T = TA ( x ,t) , x < xm ;
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on e = H,

d ' x

dtL
i

ty = _ W("TT <T \ - _ „ e r L'i, i J - - u, ,

(7.6) 
H^ , T < o (x < xz ) ,

T = 0 , ^ > : (xz < x < XM ) ;

on

T = T^ = 0 . (7.7)

The equations (7»3)-(7.7) will be found to completely determine the temp­ 

erature field and position of the melting surface when $ ~ >:> 1 > although 

to find the depth H in x > X.. we require also the solution for * in 

the temperate region.

Since K ~ 1 and - 1 < T < 0,it is reasonable (especially since the 

term is an empiricism anyway) to approximate the exponential in (7«3) 

and (7.4) by

e^ » 1 + ^T * X , (7.3)

where K < K. We introduce (7.8) in order to simplify the ensuing anal­ 

ysis: it is not an essential approximation to make, but is considered 

to be useful if K - 1 (not if K » 1). Using (7-8) doe^ not markedly aff­ 

ect the structure or stability of solutions: this is firstly because 

T is bounded, and secondly the instability to be described in J6 is 

basically due to the convexity in £ of the function £ exp[tfT] — 

which is not crucially due to the convexity of the exponential. 

V/e change to a conductive time scale

T = ;3 2 t , (7 = 9) 

and define
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(7.10)
2

where if is defined in (7.8). If we also take the inputs s and T. to
.».

be time-independent, then the equations and boundary conditions (7-3)- 

(7.7) maybe written, using (7.8)-(7.10),

(7.11)

V*1

where

on £ = 0, * = s(x) ,
(7.13) 

A: = X

on £ = H, H = 1 * ,
T /3, x

- aHu, = - , A
"

x < xz ,

X = 1 > *c > 0 , xz < x < 

on £ = £M , X = 1 , A> = 0 . (7.15)

In (7.14),the ge©thermal heat flux parameter * Gd/kT ,< 10 (since 

K < 0(l))and we therefore neglect it altogether. V.'e do not wish to 

specify the size of the viscous dissipation,and therefore we formally 

consider

1 -» 0 , a fixed (7.16) 
.2

ir. the equations and boundary conditions. Neglecting 0(l/,3 2 ) and the 

goothermal heat flux,(7.12) becomes

*r = n+1 y (7.17)
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with the boundary conditions

= 0

- H , xc = a-.u, = am-L-.^J . x < x.

A = 1 , X,, < X < X., .

Th-i solution of (7.1?) and (7.18) includes the unknov.-n H,which must 

b- found i'rom solving the flow problem: in the steady sf.~i.-c; t'.i;; ia

(7.1S)

with

* = s(x) on c = 0 ,

(7.20)
# = 0 , *, = - ^ = - FH,^ on ^ = H ,

where ^ is given from the solution of (7.17) and (7»18). In the unsteady 

state, the first of (7 .20) is replaced by

Lastly, if x > xM,then (7.17) is to be solved subject to the first of 

(7. 1C), and

X = 1 , *£ = 0 on £ = £M ,. (7.22)

which therefore determines x and £„ on x > x . 

§2 Explicit ?tevi.y State Solutions.

As explained in Chapter II, the sliding law is generally taken to 

be discontinuous at T = 0 (e.g. G-rigoryan et al . 1976), and this implies 

that there exists a discontinuity in either the stress or the velocity 

(or both) at the bedrock. 7/e here show by explicit solution that a 

continuous sliding law like (2.17) leads in the limit as T •* 0 to a
T»J

solution which is continuous and has a large basal zone of almost 

temperate ice over which the basal velocity increases K) 'he value



predicted by the (temperate) slidin- law:this 'sub-temperate' zone

is directly comparable to the mushy regions encountered in heat transfer

problems involving phase transition (*tthey 1572).

Y.'e consider first the steady state version of (7.17),

,. + a-f x - 0

with

X = - 0 ,

= aHub ' X < X

X = 1 , xz < x < x

(7.2
on f = I! .

The two independent solutions of the ordinary differential equation 

(7.23) are

T f £Va (n+3)/2, 
J-1/(n.,3) L n73 ^ J

(7.25)

The behaviour of

Figure 7-1

(7.26)

and * is shown in Figure 7.1. J . // x \ are the

Bessel functions of 

the firflt kind of 

order ± 1/(n+3)» V.'ith 

n = 3>the series (7.25) 

and (7.26) are very 

rapidly convergent, 

and their leading 

terms will be used 

subsequently in ;j$ 

to give useful represent-



ations of the temperature and flo;, fields. (This incidentally Gu 

that solution of the full reducer] model as a power series in £ i.my 

be a fruitful approach to adopt.) In what follows, we make use of the 

properties

= 0 ,

(7.27)

- 1 .

The solution for x satisfying the first boundary condition in (7.24) 

is

X= ̂ (x)*,^) + A(x)*2 (£) . (7.28) 

In x < x«, A must be such that on £ - H,

4 A(x)/2 '(H) =: au^H ,

i.e.

[ou.H - ^ (xk f (H)] 
A(x) = —— £ ———— £ ——— 2 ——— , (7.29)

and therefore the solution for X

x <.*„ , (700)

where H is yet to be found. In *z < x < xM,we have to satisfy x = 1 

^ = H,and so A must satisfy

(7.3D

whence the temperature is given by

-.f^ (fa (H) - v (H)/ (e)] . (7.32) 
1 2 1 2

We may find x,,,*7 an^- x u ^n terms of H as follows, V.hon <f - H and
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x - x Q >Ub ~ °» x ~ *Q ( = e*P [«T ] ),and thus,using (7.27),

X2 '(H)

Q

(7 - 33)
Similarly on £ = H,x = x^ X = 1 and u^- u b (H),and so

X. + aHu (!l)x (H) * 2

On x = x,,., we have / = 0,and so from (7.32) and (7.27)

(7.35)

These equations define x.,x« and XM in -terms of H(x,J,H(x_) and H(x.,)
y Li k Q ^ i«i

(or vice versa). To gain further information we must examine the flow 

field.

The equation (7.19) for * may be written

. (7 . 36)

The first integral of (7.36) is, applying the boundary conditions (7.1 8) 

and (7.20) on £ = H,

x = - T-!UO + Hu^ = 0, x < xz . (7.37)

Putting £ = 0 in (7-37), and using (7«30),(7.27) and (7-20),we obtain

J • x < xz •

(7-38) 

In x r . < x < x we have from (7-32) and (7.27) that

- ^ ,
^ (7.39)

and thus the first integral of (7-36) is

- X ] kO 
^ , (7.*)

and puttir^: £ = 0 in (7. 40), we have, using (?•¥>), (7.32) and (7.27),
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+ 
<*2 <*) " U2<"> "

M - *'(H)] + v [1 - v (H)] - 
Huv + ————Z——————A————2—— , x. < x < x., . (7.41)

(7.38) and (7.41) define H(x),and may be used to find x and x^ from 

(7. 33), (7. 34) and (7.35).

In particular (7-33) and (7.38) imply that at x = x

as(x 
X = - —— -*- , (7.42)

and on xz ,from (7-34) and (7.38),

«a(x

I Tow let x* "* 1 • ?''e claim x - x7 does not tend to zero:for if it did,then

from (7.38) (since s,# ',#' are continuous) H(X ) - H(xy ) -*• 0 (i.e. 

H would be continuous). Then as x -* xv and / -* 1,we have from (7.42) 

and (7.4.0 that

0 = - ———5——— - x -> - ———S—— - 1
Q ^' H^)

(7-44)

which is patently absurd if H > 0. Thus x * x,, as v -» 1,and in the limit
V, ''•" w,

there exists a finite region of the bedrock on which the ice iz (almost) 

temperate, but the basal velocity is not that predicted by the temperate 

sliding law. This fundamental physical fact, here predicted analytically, 

was first pointed out by D.A.Larson in private communication. The exist­ 

ence of such a region of 'sub-temperate 1 sliding and its effect on the 

velocity has not previously been considered.

w-3 'I'lVifttlvo Boundary Condition in y^ < x < xn .. ———— ——— ————————————— — — — ——

The 'real 1 boundary condition we should impose on <f = H,x. < x <
Tfc
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for the thernal flux is given by the second of (7-24), that is

. (7.45)

In the limit, this condition is difficult to impose (especially numeric­ 

ally) since it is very delicately dependent on the precise form of F, 

and hence on a detailed analysis of th- sub-temperate sliding law F.

However, since trie sub-temperate region does not vanish as /n -> 1, 

it is relatively insensitive to the precise temperature on the bedrock, 

and we are therefore led in the limit as *Q •» 1 to replace (7.45) by the 

effective boundary condition

X = 1 , x < x < xz . (7-46)

H is defined by (7. 38), and putting £ = H in (7. 30) and letting xr. -> 1 ,'*(.

we have that u, is given by

U, = —— - ——————————————— , X < X < X , (7.47) 
D

and the role of (7.45) is now (assuming F is known) to determine the 

precise magnitude of /_ — which is however of no great interest.

Although we have in fact solved the equations here, and do not 

ne-d to impose (7. 46), we shall by analogy define the effective boundary 

ccndition

X - 1 , 0 < ufc < u^ in x < x <

to replace (7-^0 even when p^ 4 

§4 Belting Surface.

£M may be found from the temperature solution (7.28). '^e impose 

the boundary conditions (7. '22) on £ -- . Then

(7.4S)

12*0



,- a ana usin- (7-2?),we obtain the implicit definition of

by the :ri-" : ;-le formula

= y (y] (7 RfP ^ A ' " \ ' - -^ '

--o-.v v .ie £,e;;sel-type functions /.., and ^p have interlacing zeros as 

shown in oi^-jre 7.1 . '"e v.lsh to prove that the domain of present interest 

in such '-'.at <f is less than t!>:- first zero of ^2 ',say <fQ (j?i/;;ire 7.2}.

-H'

domain of 
interest

'0

Figure 7-2.

For x < x,,,(7«3") gives,using (7.27),

(7.51)

on the bedrock. At H = O,/ is positive and increases to infinity as II 

tends to £Q . Since A: * 1,it follows that max H < ^Q , x < XM « In 

x,, < x < x, r ,(7.39) implies that /2 '(H) > XA > 0, since X- > 0 on the 

bcdroc 1-:. Hence H < £~ for x» < x < x , i-'inally in x > x f ,,(7-50) implies
(J & id i'l

that XV*(O > 0,and therefore ^, < -fQ . Since ^ < <fM ,H, it follows 

that 0 < £ < ^

and

so the domain of interest is such that x* > 0

f-i nee X * s monotone in ^ throughout the cold zone, (7^50)
£•*

a unique curve £i»( x )' we 'take "the climatic 'temperature* x* to
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a monotone increasing function of x,it follows from (7.44) the. I |,,(x) 

is monotone decreasing.

V,'e cm qualitatively describe the melting surface profile in the

following ;v.:.;y. If the top .surface is pel-.-thermal, i .e. /' - f for so;: e
A

x < xs ,then ^. increases until it reache,; the bedrock: this is illus- 

tra'ed in (i) of Figure 7.3. If we consider successively cooler surface 

temperatures for which x^ gradually increases,then we obtain the sequence

Figure 7.3:Melting ourfaces for polythermal
surface ((i)-(iii)) and cold surface (iv).

of profiles (i) to (iv). In (iii) and (iv) the melting suri'ace £ .( x ) 

is still monotone decreasing,although the function y,, = 77 - g.. is not. 

In (iv) th -. surface is completely cold,but a basal zone of temperate 

ice exists. V,e can describe this dependence of the melting surface 

geometry on /. and a as follows.

The solutions for the depth H and melting surface are,from (7«3S), 

(7.47),(7.27),(7.32),(7.41) and (7.39)

, (7,52)

1
X2 f (HT )

, x < x < x7 ,
\J li-J

(7=53)
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a/

< X < X, .l\i (7-54)

The suffices C and T are appended to denote cold {or oub temp
Crf v4r-^K—^*<Jt-O 

and temperate/ylce,respectively. \'1e also define H P , by

; - XAU) . (7.55)

Thus H = HM at x = XQ (from (7-33)) and also the melting surface is given

by ^1.1 ~ 'IvI' X > XM usin& (7.50). If we assume s is concave (s 11 < 0)

and x>, is monotone increasing,then H^ is monotone decrear.ing and one

may realistically suppose that H as given by (7-52) is convex provided
0

X ' is not too large:we take this to be the case. Then typical forms 

of Hp and H r are given in Figure 7.4. T;ie curves are to be interpreted

Q

Figure 7.4.

as follows. The intersections of H and R,, are the possible points xj -M

where sliding is just beginning (or just ending). Thus in case (i) tl ere

is no intersection,and so the bedrock is uniformly cold (x < X(} ) and no
^

sliding occurs. If there is an intersection,then either case (ii) holds,
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i.e. '1. remains positive which implies that x < 1 (the top surface i: 

cold) or (iii) holds,in which case the top surface is polythermal,and 

X = 1 for x >

Now when HC first intersects II,,,the solution for the depth becor^s 

alon.q; which x2 ' > XA since /' > 0 on £ = H,and using (7.39). One 

easily sees that x2 - > /A corresponds to H < Ht,,and thus for x > xn the 

HC curve must lie initially underneath that for H^. Furthermore,using
IL ' 'LA

(7.27) and by inspection of (7-53),we can see that h^ is ^oro precisely
j.

v.-hcn s(x) is zoro. A typical geometry is shown in Figure 7.5. V,rc soo that

0

Figure

E intersects It, at Q (x = x ): the depth then follows the curve II , 

which is initially beneath H,,. If H^ then intersects H at a point M 

where !In f M_,the melting surface tre;-'hs off the bedrock at x - x.. and 

is described by <* = H.. as long as H^ < Ii,p. In (i) this is until 

£., = 0,and hence corresponds to (i)-(i.li) of Figure 7.3,whereas the 

curve narked (ii) reintersects H_ at !u f ,i.e. £M is as shovm in Figure
f

7-3 (iv),and in this case a basal region of temperate ice exists beneath 

an otherwise cold glacier.

Further,more complicated situations can obviously occur in which 

a whole series of temperate regions exist on the bedrock:this depends 

critically on the precise forms of #. and s.

7,re can see in Figure (iv) that the sequence of H.. curves (i)-(iii)



corresponds to increasing x^ or a. It is of interest to find the critical 

value of a (for given # and s) at which we pass from (i) to (ii),i.e. 

at which basal sliding begins to occur,and at which a temperate zone 

may start to appear. 'This critical value «Q is given parametrically 

by the condition that the equation I!,, - H should have a double root 

at XQ («O ):

TT tj — ~fj i H ' _ n

An u}>i>roxirnnt«; result is given in tho next section. 

$5 Approximate Results.

',7e here collect the main results we have found so far,and then give 

approximate formulae for them based on the series expansions (7.25) 

and (7.26) for #. and v . These formulae provide detailed relations 

between the surface temperature,flux,velocity and depth of a glacier. 

A comparison with observations in the field would be of considerable 

interest.

The temperature field is described by (7-30) and (7-32),that is

V (H)
(7.57)

JC2 (()
y —

The flew field is given by integrating (7-37) whence we obtain

,2 • H X, x
x < x

?'' I [ ' I Xp \ <-Xr) v n / ~ X A i
, C / C j j c fu,, ^________** 1 £ (-»^f\ Y < -y < x•i> — z_ / \. —•=• J a<r •+• L nu, - ——-———————-J C v" C/ ? ^^ x x x-n •a J ? \ ,.2 / D ^^^ ••* ^« /'y"

	 2 (7.58) 

In (7.57) and (7.58),the depth TT is defined by (7.52)-(7-54),that is

"#.1 x ' /
i'(x) = - -^——— , x < x. , (7.59)

(H) Q2
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It is clear from the behaviour of # an I * that (7-59) defines I! 

uniquoly,and the same is easily shown t.o be true of (7.60) and (7.61),

since the assumption that JL = 0 (a necessary precondition that I!

should be multivalued) leads to a contradiction.

From (7.57) and (7.27),the bedrock temperature in x < x is
T*

(7.62)

and 20 xr is defined to be where

and also (7.55) holds (H = H there).
0

In x < x < x r .,the sliding velocity is given by\ *->

oH

x is then simply defined to be where u_ = u, (H) 

The bottom melting point X is given, like ^

' X. 
u, = - —————— 1 : (7.64)

(7-65)

but v.e require that (7.6l) should also bold, i.e. H - H_ there.

7,'e now consider approximate solutions for (7.59)-(7. ̂ 5) « ^rom (7-25) 

and (7. 26), we have to an adequate approximation
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and therefore we have from (7.59)-(?.C-1),

sxl - —— I = _il_ x < x (7 67] \ A J n-f-;> ' Q ' \ (•*>()

/ \ f n + v ; i n -f- i ) i Y 1 - ____._______1_L ' v J-1^-/ I
\ J\. J —— ^*^^" ^—.^^ i ——— i <y ^ Y <T V"» x < x ^ xz

«H[ 1 - /^s/^..\ J 

or ;aore simply

H - ——— - , x < x < xz , 
as(x) Q Z

and

= Hub (H) + ———n.n+
2 r _r , a H ia nL 1 - 7——TYT——r\ \

»jii . C.

H v < * < x (7 69^ . x« <. x <• x., . { (.oy/

The bedrock temperature in x < x is given from (7.62) by

X - (7.70)

1 " n+3

and x_. is given by

(7.71)

In xn < x < x the sliding velocity is
W M

(7.72)
aH 

The bottom melting point XM is the solution of

(7.73)

where H(XJ^) is given by (7.69).

Finally,ex can be determined by the requirement (7»5£>),i.e. that
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XQ is a double root of (7.67) and (7.?l). xp is thus found by solvir,;;

x
n+ 3 n + 2

(7.74)

n+3 

whence approximately

Rn+2
TPT -• s ( x )

d fines H(X ),and x_ is then defined from'

n+3 
1 - ^(x) = - [[ n+2is(xQ )] n"2 . (7.76)

an is such that x^ is a double root of (7-76). V.'e immediately see thatu •%

< 0 since /. ' > 0,and so x lies in the ablation area. i°or example,

if (taking the origin at
±j

L V •" • ^~- J *•) \ " / J •* ^ r ~"7 ~"7""7 \X* - a + cx , ^-i—/ ; N — - 1 - x , (I'll)A (n+3)

th f .-n a is found by solving

2 (1 - a) - cx = a(l - x ) ,
(7.78)

- c = - 2ax ,

which imply

li~aj~i\i~ay~> cj i —t -7Q \
X = -————•———L-i————•———————— • \l • / 7 )

c

We choose the minus sign in (7.79) because we require 1 - a > c for

real x,. (v;hich implies that the top surface is cold) but also x < 1Q **

as this is the relevant value. 

From (7.76) and (7-79)

c 2 
a = ————————————K———5-! . (7.80)

•[(1-a) - [(1-a) 2 - •"
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A typical result would be for a surface temperature for v.-hich a = i,

c = /5/6 - OO7:in this case a = 5/6 and x = /5/10 = 0.2236,and the sliding
Q

zone starts to appear about a fifth of :.he way along the ablation 

zone from the equilibrium point towards the snout. 

§6 Linear Stability.

In this last section we consider the linear stability of the steady 

state solutions described in the preceding sections. V/e put

TT TT TTH = H0 + V

where 0 and 1 refer to steady state and perturbed quantities respect­ 

ively, and a is a (complex) constant to be determined. The perturbations 

are assumed to be sufficiently small that, a linear analysis is applic­ 

able, but in order that we do riot consider here the 'perturbed 1 stability 

problem involving terms of 0(l//3p),we formally specify that

« * > , H , 6 « 1 . (7.82)

As before, we therefore neglect 1/* 2 altogether in (7.1 1 )-(7»1 5) • The fir:,t 

equation in (7.14) then immediately gives

Hj - 0 (7.83)

(any given initial perturbation in H is simply absorbed into KQ ) . Thus 

the solution for the temperature once more uncouples from that for *, 

and the equation describing the perturbed 'temperature 1 may be written, 

on dropping the suffix 1 ,

X + S2* + [ a (r,-y) n+1 - a] =0 (7.3V)
t/ «/

vnth boundary conditions

^=Oony=r7 «h + H+H , (7.65)
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*2, ,Xy = *x on

using (2. 73), and

, i.e. $ = , (7.6?)

th-3 last of whic1 ! comes from expanding the first of (7.15) about 

T'-e molting surface perturbation ^ also uncouples from t ; ie problem: 

it is described by expanding the second condition in (7.1 5) , whence 

we i'ind

Atf A • I __ £
- CMQ (7

' Uril

using (7.15) and (7.23). If there exist non-trivial solutions of (7.84)- 

(7.67) for which Re(ff) > 0,then the steady state solution of (7.11)- 

(7•'•5) is said to be linearly unstable: otherwise it is linearly stable.

The reason we have reintroduced the longitudinal diffusion term 

(and therefore (x,y) coordinates) in (7.84) is as follows. (7«84)-(7.87) 

constitute an eigenvalue problem for o^and standard theorems (e.g. 

Courant and Hilbert 1953) guarantee the existence of a decre?3i;ing sequence

[ a ] of real eigenvalues such that cr -* - oo as n -*• ™. If .however.we n n
2remove the term in 6 from (7.84),then it is essentially an ordinary

differential equation and so,although the eigenvalues still exist,they 

are now functions of x, [a (x)I. 7/hile such solutions are physically mean­ 

ingful as long as cr (x) < 0,this is no longer so when the maximum 

eigenvalue an ( x ) becomes positive for some x,as it implies that dis­ 

turbances may grow in some parts of the glacier,and decay in others! In

such a case,x derivatives become large at points where <? = 0,and thus

2 it is necessary to retain the term in 6 in order to cope with such

large derivatives.

If we define the volume of cold ice to be V and its cuter surface 

- 0 £ - <fr > £ = tt) ^° ^e S,then one easily derives from, a variational
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formulation of (7.84) (e.g. Horse and Feshbach 1953) that the hi-hest 

(most unstable) eigenvalue a satisfies the bound

+ s dVy x

<£ dV
v/J

where <£ is any (non-zero) function which is continuous in V and has piece- 

wise continuous first derivatives in V + S,and

= 0 on £ = 0 and £ = . (7.90)

Equality in (7.89) is obtained when $ is the corresponding eigenf unction 

and satisfies the equations and boundary conditions (7.& ;+)-(7.&7) •

""hen a - 0,i.e. K = 0 (the viscosity is independent of temperature), 

it is obvious from (7.89) that the highest eigenvalue is negative (since 

(7.C9) is an equality when </> is equal to the eigenf unction) : thus the 

temperature field is stable at a - 0. As a is increased, the highest 

eif;env£j.ue c will become zero for some a = a , say, and be positive in
C>

a > a • At a = a the temperature field is said to be marginally stable: 
c c

it follows from standard theory (Courant and Hilbert,op. cit.) that 

cf is negative for all a < a :it similarly follov/s from a consideration
C

of (7.L9) that o > 0 for all a > a ,and hence a is the critical stabilityc c — — • «».«——

par;!,r;r>-'or. (7-39) can then be used to obtain an upper bound for a.^: 

t ds i;j done using a simple trial function in Appendix 4. "e find 

that the estimate is too crude to be of any direct use, as it gives an

upper bound for a in terms of H v/hich cannot be attained by the a
i 

corresponding to the steady solution. The form of the bound suggests

that increasing H may have a destabilising effect on the steady solution, 

whereas the 'high* value of n in Glen's [jower law would seem to be a 

stabilising feature.
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CHAPTER VIII

Small Conduction Limit; fl r « 1

In t!ie previous chapter we examined the case of large conduction 

>> 1 ) and iound that the .-steady state solution could be uniformly 

approximated by the leading order term in an asymptotic expansion in 

1//?2' ^n "the present chapter we turn our attention to the steady state in 

the limit of small conduction (/3 2 « 1),which is expected to be a more 

physically realistic approximation. Since neglect of 02 in this case is 

associated with the removal of the highest derivative,the problem is 

of singular perturbation type and we therefore expect thermal boundary 

layers to exist in certain regions of the flow (Cole 1968).
•o

The outer flow problem for the temperature, (2.10?) with /?2 = 0,is 

hyperbolic:in Cole's terminology the streamlines ^ = constant are sub- 

characteristics of the outer problem;they begin on the top surface and 

terminate either on the melting surface (for a polythermal glacier),or 

on the top -surface in the ablation zone x > x^ (for a cold glacier):see 

Figure 8.1.

(a): polythermal glacier. (b): cold glacier

Figure 8.1: subcharacteristics.

As discussed by Cole,we expect boundary layers to occur where the 

subcharacteristics terminate,and also on the bedrock,which is itself 

the subcharacteristic * = 0:no boundary layer will exist on £ = 0, x <
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since such a layer would not be able to satisfy the matching condition 

into the mainstream flow. (We are here neglecting temporal effects such 

as the winter 'cold wave' due to the seasonal variation in the surface 

temperature.)

Now let us consider the boundary layer on the melting surface. The 

outer solution for T cannot satisfy both conditions T = T,. = Oon£ = £„,———— - M 
and we shall require a boundary layer to exist there. However, it is easy

to see that the condition that the outer solution 'loses' is T = 0,and 

thus the boundary layer provides an 0(1 ) correction to the temperature 

Gradient, but only a small correction to ^ . In other words, for small £„ 

the melting surface is given to first order by the single condition T = 0 

applied to the equations with ,3=0. Since we are not initially inter­ 

ested in higher order approximations, we may use this as an effective 

boundary condition on the melting surf ace: the stream function is unaffected 

(to first order) by the boundary layer.

In a similar fashion, the boundary layer on the top surface g — 0, 

x > X-, of a cold glacier gives a local correction to the temperature 

field, but doer, not affect the stream function to first order. As vre are 

interested in global properties of the flow and temperature fields, we 

can ignore this boundary layer by simply dropping the surface temperature 

condition in x > x_ . Then, writing as before

X = = 0 , (8.1)

the first order outer flow problem 

written,from (2.105)-(2.107),

= 0) in the cold zone may be

(8.2)

and the effective boundary conditions we impose are, from the above con­

siderations,
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on £ = 0:

* = s(x) ,
(8 ' 4) 

X =

* = 1 ; (8.5)

on £ = H(x):

* = 0 , (8.6)

V - "D •

where ufc is determined from the solution in the boundary layer. The 

remaining boundary conditions on £ = H are discussed below.

*.7e can consider the bedrock to be composed of four kinds of regio
n: 

(XQ»X Q) »(*,., X2^ > ( X£» XM)» X > Xjj, characterised by the following physical 

descriptions, based on the discussion in ^ of the previous chapte
r.

(a) x<x . The ice is cold and frozen to the rock, so that the no-•*

slip condition is satisfied.

(b) Xp<x<x,,. ^he ice is almost at the melting point and has starte
d 

to slide, though at less than the speed given by the full temper­ 

ate sliding law: the heat generated by this sliding is conducted 

^ into the cold ice above.

(c) x? < x < Xw. The basal ice reaches the melting point and the fu
ll

sliding law is operative. The heat conducted into the ice decreas
es 

to zero as the melting surface rises through the bedrock flow 

layer (cf. Appendix 2).

(d) x>x,,. The melting surface is Tar 1 from the (rough) bedrock flow
i'*'.

layer, but 'near* the (smooth) bedrock of the mainstream flow 

(see §§3,4,Chapter II) . Thus the melting surface breaks off the 

bedrock at x^and the viscous heating term determines the basal 

moisture (which does not 'diffuse' upwards, since we are not 

considering any •conduction' of the moisture due to the hydrology )- 

see Appendix 2.
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Nov; from the considerations of the previous chapter,we see that though 

for example u^ is formally prescribed as a function of x and H in the 

region x^ < x < xz , the effective boundary condition as T •» 0 is that 

X - 1,and u^ is then determined from the solution for the temperature 

field. Thus we prescribe the following effective boundary conditions on 

the bedrock x < XM in place of (2.111)-(2.113),in the limit of negligible 

geothermal heat flux and negligible ?„:

on x < x. :

until x - 1 (x = x ),then

on XQ < x < xz :

- 0 ,

until Xx = x2 ),then

on x > x,

= 0 , X =

(8.7)

(8.8)

(8.9)

until xf ~ ° ( x = xu)» at which point the melting surface -f-. breaks away 

from the bedrock. The boundary condition;; (8. 7) -(8. 9) are illustrated 

in Figure 8.2.

'outer 1 flow

bound 

0< u, <

X =
- ̂  . xf -

t
0 <

M

'Jb =

Figure 8.2:Effective Bedrock Boundary Conditions (and * = 0)

155



The outer solution of (8.2)-(8.6) cannot be given until H and u, are 

known,and to find these we have to solve the boundary layer equations. 

In this chapter we show how to bring the conduction terra back into (8.3) 

by appropriately rescaling the equations near the bedrock. In this manner 

we are in principle able to determine the positions of x^ and x,..
'•»; "'

It is worth emphasising that an analytical description of these 

points is vitally necessary to our understanding of the dynamics of glacier

flow. For example,if x < x < x ,the sliding velocity will not exhibity <~>

any obvious dependence on the basal stress (i.e. the depth),since the 

temperature is slightly cold. Such a lack of dependence has been noted 

by Meier and Post (quoted by Hodge 1974):however,it may not be a straight- 

forward matter to ascertain in the field whether this is due to slightly 

cold basal ice;if T is sufficiently near TM,it may be very difficult 

indeed.

The analytical aid to the numerical solution of the reduced model 

is clearly very important. 

§1 Boundary Layer Equations.

Ft is apparent that the outer flow solution of (8.2)-(ci.6) cannot 

satisfy any of the boundary conditions (8.?)-(8.9). In fact,when x < x
^

the convective terms *,. and # tend to zero as * -* 0,and so from (8.3)s 3C

X rrust become infinite:this reflects the fact that the dissipative hcat- 

iu-; does not vanish at the bedrock,whereas the heat transport mechanism 

(convection) does. Thus a boundary layer analysis is essential,and this 

will show that the heat generated by viscosity must be transported away

by conduction.

In rescaling the variables to consider the boundary layer,we must 

bring back the conduction term to balar.ee the dissipation. Since the 

convective term is small,we might suppose that it does not appear to 

first order in the scaled temperature equation. However in this case it 

is found that the inner solution cannot match with the outer solution,
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and hence it is necessary to balance the convection term with the other 

two in the equation, (^his result is also obtained when x is replaced
j^Tp

by the exponential form e .) In order to achieve such a double balance, 

we have to scale both £ and x in the equations. We do this as follows. 

Let us define x_ = 0 for convenience,and introduce

x = ex* , £ =

where e here is nothing to do with the bedrock slope as defined in 

Chapter II,and is as yet unspecified. Using (8.11) and (8.1),the equations 

(2.105)-(2.107) become,on dropping the asterisks for convenience,

= t*X , (8.12)

- * x = 
C x

(8.13)

where the order of magnitude term represents the longitudinal diffusion 

present in (2.49):it is included in (8.13) so that we may ensure it is 

indeed negligible under the rescalings we introduce.

lie now seek to define a thermal boundary layer by writing

y = 5^i , u « 1 , (8.14)

so that

d d In* d d - _ 1 d
"* o •(" *™li o^r » -i -• — ~ "^dx u <5Y ' dg u

w is to be determined by balancing appropriate terms. Since * = *Y = 0 

on the bedrock in x < x ,we scale * by writing

* - u) 2./> ; (8.16) 

then to leading order the equations (8.12) and (8.13) become

(8.17)

* 0(6 
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with an error of o(«) in (8.1?) and o(</) in (8.18).

In order to obtain a balance in the energy equation (8.18),we define 

e and w by

„ = fit = ,3 2ea , (8 .1 9 ) 

assuming that 5 « ^^ "(n+ 2 ) m solving for u and e ,we find

3; . (8.20)
r

and

(8.21)

Our assumption that 6 « e " ̂ n+ ' thus requires

(B . 22)

for n = 3; (8.22) is a valid approximation in practical cases. Trie scales 

e and w define the extent of the boundary layer: thus in order that 

(8.17) and (S.1c;) should provide an accurate approximation, we require 

a « 1 : this is formally true as j3^ -» 0, although even if £„ ~ 1 /30, ft = 1, 

we only have that u w 1/3 • The present analysis is therefore more qualit­ 

ative than quantitative, but we shall proceed with the formal assumption 

that w « I . The boundary layer equations are then,frorn (8.1?) and (8.18) 

and vrlth error 0(fu),

, (8.23)

„ . A

The basal velocity in e-scale variables is, from (8.11)

where a refers to the original variables. Since - *^ = w^y, V;e are led to
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•~w

define u, by

uj = wlfr , (8.26)

*^so that the basal velocity in x,Y coordinates is U,: then the boundary 

conditions for (8.23) and (8.24) may be written:

on x = 0 ,

= 0 , x = XQ J

on Y = 0 ,

<J/ = 0 , <pv = u, ,
(8.27)

X = 1 ,

X,, < X < XM ,
£, »<i

where f is the temperate sliding law defined in (2.15). 7iro also require 

a matching condition for x as Y -* °°.

Now let t;s reconsider the outer solution. In the e-scaled variables, 

and using (8.19),the equations for the outer stream function and 'temper 

ature' are,from (8.12) and (8.13),

(8.28)

(8.29) 

To first order we neglect 0(a;),and then the solution of (8.29) is

X = &(*) , (8.30)

where G is determined from the boundary condition on £ = 0. From (8.4) 

we see that * = s is increasing in 0 < x < x£ and thus G as given by 

(8.4) is a well defined function. If we assume XA is monotone increasing,

then so also is G.

The outer problem for * is therefore,from (8.28) and (8=30),
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(6.31) 

with the boundary conditions that

s on £ = 0 ,
(8.32) 

0 on £ = H ,

and a matching condition for *^.as £ •* H, '"he matching condition to first 

order may now be determined. As * -* 0,the outer solution ,< -> G(0) = A , 

and thus the extra condition we impose on (8.23) and (8.24) is

X -» X0 as Y -* oo . (8.33) 

Jrom (8.23) and (8.2?),

Y
'•^X dY

(8.34)

as Y -» oo, using (8.32). Rewriting (8.34) in outer (e-scale) variables 

via (5. 26), (8. 16) and (8. 14), we obtain

(8.35)

Similarly, expanding (8.31) near * = 0 and integrating, we obtain (to 

first order)

= - * . (8.36) 
=H

From (8.35) and (8. 36), it is clear that the usual matching procedure 

gives the extra condition for (8.31) as

on £ := H , (8.37)

that is, the (outer) velocity field is unaffected to first order by the

boundary layer.

The interpretation of these equations is this: in x < x^and also
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xz < x < ^,(8.31),(8.32) and (8.37) serve to determine H:the boundary 

layer equations (8.23) and (8.24) then determine x and x, f . In x < x < x ,
Q i.i ^ L

the outer flow solution for ¥ gives u, as a functional of PI,and another 

relation is provided by a solution of the boundary layer equations:
^^

solving these simultaneous relations determines u, and H explicitly.

The outer equation for the stream function (8.31) is essentially 

an ordinary differential equation in £ with parametric dependence on x 

via the boundary conditions (8.32). It it. straightforward to show using 

continuity and monotonicity arguments that (8.31) and (8.32) have a unique 

solution in x < x and x~ < x < x... The main qualitative result on the 

solution is that H increases with s(x). Details of the proofs are given 

in Appendix 5-

V7e now transform the boundary layer equations (8.23) and (8.24) to 

a slightly different form. Firstly,we integrate (8.23) using the boundary 

condition on Y - 0 to obtain

• Y

and

• Y -Y'
(// = 1 Y + Hn / / x dY 1 dY . (8.39) 

' ^ Jo JO

7/e then ch-^ge to Von Mises 1 variables x and ^ and hence obtain (Levich 

1962 p. 7:')

66 H 0"u"

where

(8.41)

(8.40) is in the form of a diffusion equation with a variable diffusion 

coefficient and a source term H^/H- *n *hat follows,we identify 0
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with x f°r convenience. After some algebra, we find that the boundary 

conditions (8.27) for (8.40) are

on x = 0 , x = X0 ; (£.42)

on <// = 0 , x ,,= ~ H , 0 < x < x7 ,
* Z (8.43) 
X = 1 , XQ < x < ^ ;

as if/ -* oo , x -* X0 • (8.44)

An analytic solution of (8.39) and (8.40) is of course intractable, 

but there are certain limiting cases which will be of some interest in 

practical applications. Some of these are described in the remainder 

of the chapter: in view of the difficulty of the problems considered, 

we do not attempt to give an exhaustive discussion. 

£2 Bounds on the Solution:Estirnate for x .
T*

•X*

Let us first consider the region x < XQ in which u, - 0 and / < 1 . 

One method of obtaining bounds on the solution for x is to consider 

maximum principles for the equation (8.24) in the manner of Protter 

and Y.'einberger (1967). However, such principles are exceedingly difficult 

to find for equations of this fornr.ori the other hand a physical inter­ 

pretation of (8.24) leads us to expect that an 'increase 1 of the viscous 

dissipation terra and/or a 'decrease 1 in the convection term will give 

an upper bound for the 'temperature 1 x, and vice versa.

Specifically, if <//* is such that ^* = 0 on Y = 0 , 0* > 0 , tf/* > 0 , and 

we define T* ""

where 0 is determined by (8.23), (8. 20 and (8. 27), then we expect **,the 

solution of

*. v** = Hn+1 4 ;;* (8.46)
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with boundary conditions (8.27),to be an upper bound for A- as lone X < 1, 

which is the region of interest. This is because the source term in (8.46) 

is larger than that in (8.24);also (8.45) implies that the extra heat 

is convected away less quickly than in (8.24) (^y > 0),arid there is a 

smaller influx of cold ice from infinity ($* > 0). We may provide a partial 

mathematical justification for this as follows.

Since x approximates an exponential,we may take x > 0« In fact we have 

v- > /0 ,i-ince at any turning point of x (8,2Jf) implies that Xv*r < °> 

and hence x is a maximum there. Thus the minimum value of x must occur 

on the bour.viry Y = 0 or x = 0. It cannot occur on Y = 0 (ii'or the same 

reason),and so the minimum value of x is its value on x = 0,that is x^- 

Since v.e are only interested in the solution while x < 1,v;e may therefore 

take

X0 < X < 1 • (8.47) 

We can apply similar reasoning to the pair of equations

(8.48)

where £ , g* are defined by (8.2.3) and (8.45) and the boundary conditions 

"or both equations are given by (8.27).

= A'* - X I

we ;vant to show that <£ ^ 0. From (8.27) we have that <£ = 0 on x = 0

and Y = oo f and <£y =: 0 on Y = 0. If <P < 0 in x > 0, Y £ 0,then there exist:

a rinimum in x > 0, Y > 0 (since on Y - 0,^ < 0 from (8.48)), and at 

such a point V^ - V^* and ^y ^ O.whcnce it follows from (8.48) inat
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Thus if

everywhere (8.50) is impossible, and hence <j> 2 0. This is the motivation 

lehind tne definition of £*,and we now show that (8.51) is a reasonable 

resumption to make.

Ta^.ins note of (8. 47), the obvious choice for ^* is by inspection of 

v/lth u, = 0,

r Y,. Y f

** = H / (X-*J dY' dY , (a. 52) 
JO JO °

that is, our estimate 3* of the velocity field is obtained from (8.38) by 

replacing x with # . If we assume that x* > 0, /* < 0 (this may be 

checlred subsequently) , then (8.51) is certainly valid if

^ > 0 , ^* > 0 . (8.53)x

l''ro.n the definition of <{/* in (8. 52), it ic clear that tfrt > 0,and since 

(as shown in Appendix 5) H > 0,a sufficient condition that ^* > 0 is
X 2C

that x > 0. x

r hus with the single (reasonable) assumption that x > 0,it follows
jC

that tf> is an upper bound for x as defined by (8.23), (8.24) and (8.27).

In a similar manner, we may obtain a lovvsr bound for x by replacing x

n *in (£.38) by 1,and H11* x in (8.24) by E AfQ ;a sufficient condition for 

this solution to be a lower bound is that [H (1 -#)] > 0. The conditions

for these estimates to be upper and lower bounds may be written jointly as

We shall assume that (8.54) is true.

In this case an upper bound for x ^ obtained by solving

= H
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where

(8.56)

and the boundary conditions (8.2?) are satisfied. In the notation of 

(8.VO,the horizontal velocity is

U = ^y =

= [2xQ*P<l>]'* , (8.57) 

using (8.56). Thus introducing the Von raises variables, (8.55) becomes

rfVl* g] . (8.58) 

The boundary conditions are that

on x = 0 , X = XQ ,

as ^ -» «> , X + Xn , (8.59)

on Y = 0 , / = limV7 Y->0
H

'

from (8.57) and (8.55). 

Te define

Z = V* , => ^ 

then (8.58) is
r ,_ , rn "I "2" o

Z ^ = _H!^ I + [ ±ii^ ^. (8.61) 
ax {.ZxjPy ± az*

Putting

X = {I [2^Hn ] dx , ,3(X) - ZB/xQ , (8.62)

(8.61) becomes

.2

az
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and the boundary conditions are,from (8.51) and (8.60),

X = XQ °n * = 0 and Z = «> ,

(8.64) 
X~ = 0 on Z = 0 .

Similarly,we obtain a lower bound by solving

0 + XTi • 

0 = JflV (8.66)

and (8.27). V7ith the notation of (8. 62), we find that

7 d* _ 3/2 /x „ -1/2 d 2X
^X ~ *0 ^^ ' A0 — 2

with the boundary conditions (8.64). Denoting the upper bound by ^ and 

the lower bound by XT *we can put

(8.68)

where

Z 1 = XQ1/6Z (8.69) 

and 6 satisfies

+ —.? , (8.70)

(8.71)
0 = 0 on Z = 0 . 
Z

Taking Laplace transforms of (8.70) using (8.71),we obtain

6" - pZO = - /3*(p) , (8.72) 

where 6 '* are the Laplace transforms of Q and £, and p is the Laplace
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transform variable. The boundary conditions on (8.72) are that

9 -* 0 , Z -> oo ,
(8.73) 

8' = 0 , Z = 0 .

(8.72) is Airy's equation with a constant right hand side. The general 

solution which tends to zero as Z -> °° i s

6= aAi[ P1/3z] + Trp-2/V(p) Gi[p1/3z] , (8.74)

where Ai is the Airy function and G-i is defined by

•• oo
Gi(z) = -/ sin[zt + lt3 ! dt (8.75)

(Abramowitz and Stegun 1 968, p. 44-8) . We require also 9 f = 0 on Z = 0, 

and therefore

Gi'(O) 53* /D _.v• (8 - 76)

The solution for Q can in principle be obtained by inverting (6.74). 

V,re here restrict our attention to the bedrock Z = 0, which is of most 

interest.

V/e have that

Ai(0) = 3"2/3/r(2/3) ,
(8.77) 

Gi(0) =Ai(Q) = 3"7/6A(2/3) :

therefore

e(0 ' p) - ' (8 ' 78)

The inversion of (8.78) is a convolution integral, thus

V

2 dt ' 
3[r(2/3)] 2 Jo (x-t)
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and (8.79) defines the bedrock temperature. Upper and lower bounds on 

x. are defined by the solutions of #_ - 1 and # = 1 respectively.

Defining

.
v -XQ " (8.80)

this implies, from (8.68),

5/3
(8.81)

and hence using (8.79)

dt
(x -

r,

(8.82)

As an example,let us suppose e as defined by (8.20) is small:then 

the outer solution (8.30) for x is x - XQ "to first order,and the equation 

(8.31) for * becomes

*C£ ~ ^ XT\ » (8.83)

with solution

* = s(x) - 1 0 (8 - 84)

where H satisfies
Tn+2

n + 2
= s(x) a aQx ; (8.85)

a Lfi the accumulation rate at the head. From (8.85) we obtain

n
v _„ _J_

/ 0 N " 1'(n+2,an -N ~-5-,2n^2 | 2 2(n+2)
A, (8.66)

10

and therefore

/5(x)=r 0 n f n+2 }*] -2

(8.87)
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..riting fcr the moment j3= , it follows that

and so

2/3 _
1

?he inverse of 0*/P is therefore

6n+14

After some algebra,we find that (8.82) becomes

5(n+2)

< H (8.69)

wnere

"0

(8.90) 

Since ^ ~ 1, (8.89) provides a reasonable estimate of XQ . Putting n = 3,

(8.90) is

H-1 •"[( :
X)
/ J (8-9l)

A typical case is XQ = 2, aQ = 1 • Then (8.89) and (8.91) imply

0.94 < XQ < 2.23 • (8.92)

-3 x < x < x,..j_ Similarity Solutions?~Q ————— z 

In this section we consider the thermal boundary layer equation

in the Von Wises form (8.40). Levich (op.cit.) shows how equations

of this type often have similarity solutions, and we here pose the quostion
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whether such solutions (if they exist) have any relevance to the present 

problem. V/e shall largely be concerned with the sub-temperate region 

XQ < x < xz »though the analysis may be extended to include both x < x

and x > x . 
Z

In order to simplify (8.40),we must express U in terms of x and <p. 

This is not possible with ^ given by (8.39) and therefore we consider 

the approximate form

b - „ (8.93)

where

(8.94)

and x is some mean value of x» As before,various choices of x may ̂ e expected 

to give "bounds on the solution x of (8.40). i?rom (8.93)

U = <Ay = u^ + /HiJY , (8.95)

and also solving (8.93) for Y,
~~ ->- o 1

— u, + [ u, + 2/jiI *(// J ^
Y = ——-———e^———:—— , (8-S-6)

n

whence from (8-95) U may be expressed explicitly as

,,-v, p -v. n .-1.

U = [u, + 2A-H V] 2 . (8.97)

The energy equation (8.40) is therefore

2 (8.9ti)

with the "boundary conditions, from (8.42)-(8.44) , that

X - Xn on x - x and ^ - °° ,
(8.99)

y, - - H . A: = 1 on ^ = 0 (x, < x < x.,) .
"(fj ' w

.\o mentioned on page 161 ,both H and u. are unknown in (8.98) and (8.99).
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The outer solution gives one functional relation between u. and ;i,-'*nd the
D

solution of (6,93) and (8.99) with the extra condition on ^ = 0 gives 

unotiicr. The intersection of these two functionals then determines u^ 

•ma h. _n general this is a very difficult procedure. However, we see

frorr, (8.26) that the 'outer' ar.d 'inner' basal velocities u£ and u. are
D b

related by

uj = o>ub , (d.100)

and so if the sliding velocity u. £ 1 ,v;e may neglect the outer sliding 

velocity to first order. That is, the outer stream function £ is to 

0(w) the solution of (8.31) and (8.32) vdth the no slip condition

* = 0 on f = H . (8.101) 

Thus H is determined, just as in x < x,^,from the outer solution, and no'•*;

surface 'kink 1 is evident between the regions of cold and sub-temperate

basal ice. Given this H,we have to solve (8.98) and (8.99) in order to
»>^

determine the basal sliding velocity u, •

If on the other hand irf £ 1,then th^ depth is not determined by the
"*W

outer flow. However we may then consider u, » 1,and the equation (8.98) 

is much simplified: this case is examined in §4.

Let us consider (8.98). In seeking solutions of similarity type, an 

obvious transformation to make is
Z2 - " 2 2 

Z = g(x)U , => 0 = —— ~~ —— , (8.102)

where g is to be chosen for convenience. ",7e obtain

U * 

and so (8.98) becomes, using (8.102),
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Z —
(H11 )

2Hn
2 2 o

2Hn Zz

_ __
- gH X + g

and the boundary conditions are that

>2T,2n (8.104)

X = # on x = x,. and Z = oo
0 Q '

(c.105)
-77 , X - 1 on Z = gu. (x < x < x ).a I ^ 'j A^

Let us attempt to find a 'similarity 1 solution of (8.104) and (8.105).

<'e take the origin to be x.,and put
Ti

g = u. , u, =

and seek solutions ^ = A:(Z) of (8.104),which may be written as

-2
-— r y + i-B ^ ^

or,if

B

provided

H , H-(n+5)/2

(8.107) is to be solved subject to

(8.106)

(8.107)

(6.108)

X = X Z =

X = 1 , /' - - B/7 on Z = 1 ,

(8.109)

and B is to be determined. Unfortunately the requirement (8.106) implies

H -^ x~ / rHv ' as x -» 0,and this solution is therefore an unrealistic one. 

This occurs because if u. « H " and Z ~ [1 + 2/Hn^/ub ]^,lhen Z tends to

infinity as x •* 0 and <p -» °° only if H -*• °° . V/e can see that a similarity
*\» m 

solution in which u, <x H must be unrealistic if m * n,and also because

172



*"w

in reality u^ = 0 on x = x where H is finite. We might expect,however,that 

a similarity solution could provide a valid 'intermediate asymptotic' 

solution in the sense of Barenblatt and Zel'dovich (1972) if e defined

by (0.20) is « i,and (in the e-scaled variables) x-x » 1. However
y

in the latter case we may have i^ » 1,and the discussion in §4 is appropriate

-e note here that we cannot hope to obtain a finite value of II at 

XQ with the 'switch on' boundary conditions (8.99):'switching on' the 

bedrock temperature x = 1 at x = x ensures that - / = H is infinite there. , 

In x < x0 ,u. = 0,and so we put

g = H~n/2 (8.110)

in (8.104) and (8.105). Then we have, on writing

X = /Q H"/2 dx , (8.111)

2 ' (8.112)

with

X - X Q on X = 0 and Z = «> ,

(8.113) 
X - 0 on Z - 1 ,

and estimates for x may be obtained as i.i §2.

If x > x^,, suppose the sliding law is that derived in Chapter III,

= CHn . (8.114) 

",:,Te again define g by (8.106), and then (8.104) is

which on multiplying by H is seen to be almost identical to the original

equation (8.24) .
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iky^ie* l.asal Sliding: u^ » 1 • 

If t ie sliding law in the original coordinates is

(8.116)

then in the e-scaled coordinates it may be 7/ritten ,using (8.11) and 

(8.26),as

= Ce"1/(n+2) Hn , (8.117)

and so if C £ 1 the full sliding law (6.11?) only becomes vulid (i.e. x 

reaches x ) if the 'inner 1 basal sliding velocity u. » 1. Scaling con-

"Vrf .

siderations imply that it is unlikely that u, can remain 0(1) if x » e: 

hence if e « 1 it is reasonable to consider the boundary layer equation 

;8.9o) with x - ° (that is,negligible shearing) as a reasonable approx­ 

imation over regions where x. « x < x a . In this case,the thermal boundary
Q ^

layer equation may be written (still on the e-scale)

= H * + ^ ' (8.118)

where

(It = ^Y . (8.119)

In trie Yon Mises variables, (8.118) is by comparison with (8.98)

' ' (u - 120)

The boundary conditions to be applied on (8.120) are that

X . -» 0 as ^ -* co f (8.121)

X = 1- . *0 = - H on ^ = ° » XQ < x < xz ' (8.122)

and an initial condition on x . Note that a 'switch-on 1 initial condition 

/-- v -v atx=x)is bound to give an infinite depth at x^ for theV e «b- A "" AQ ** w •"• Q' y

same reason given in S3- ^n fact the boundary layer at XQ is of thickness
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(turning 3-.,) UEV(n*2) ^ ^ (n+3)/(3«H7) „ 3/8 , whioh is notionally
-I

larger than £ ,and thus such a condition is probably not very realistic. 

T,Te therefore leave the initial condition unspecified for the moment,and 

simply require

X = XQ (<I>) on x = x, , (8.124)
T» »<•

where x -» XQ as <p -+ oo . 

Let us define

.n+1v T-I
«- = X exp[-/X | dx] (8.125)

and

r? = /* S.(x ) dx ; (8.126)
Q

then the equation (8.121) becomes simply the diffusion equation

and the boundary conditions are

x
n exp[-/ 3. — dx] as T? -> 0 ,

x Hn"*" 1 
exp[-/ ^3- dx] on ^ = 0

ub (8.128)

i = - HI O (T?) on $ = 0 ,0
i.-^Oas^-* 00 . 
<A

in reality since u. -» 0 at x the model (8.12?) and (8.128) 

becomes invalid near x0 ,and we can see from (8.125) that if H is finite 

at x then i * °° at x^:on the other hand we are interested in solving 

for x much larger than x rather than near x ,and therefore we expect that 

the details of the initial condition for i are not too important so long 

as the essential physical features are preserved:this effectively means
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ensuring that H is small at x .
^i

In this spirit, we replace the boundary conditions (8.128) by the foll­ 

owing:

1 = on T? = 0 ,

i = i Q (rj) on <A = 0 ,

(8.129) 

on tb - 0 ,

, -» 0 as

where

Hn+1 
I O (T?) = exp[-/Q— dx] , (8.130)

r?=/ u^x) dx , (8.131) 

and ?;e require H /u, to be integrable at x - 0. V/e have removed the sing­

ularity in H by letting x -» 0:we still require /^(.O) - 0 in order that
^* ''.

K = 0 at x - 0,and thus a 'switch-on 1 initial condition is still excluded. 

Taking the Laplace transform of (8.127) and using the boundary conditions 

(8. 129), we obtain

st * . ^ = t *.t , (8.132)

v;here t* is the Laplace transform of t,s is the .transform variable and ' 

denotes differentiation Vvdth respect to #. We write (8.132) in the form

' (8-133)

and the boundary conditions on (8.133) are then

i* - s •* 0 as -*• «>

= L 0 " A/C/S on

(8.134)

rn he Green's function for the left hand side of (8.133) vrith the boundary
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conditions (6.134) is

•Q - *o/s]e 

and the solution of (8.133) and (8.134) is therefore

r-e sinh i/n/s , tj; < Q ,

(b.135)

00

c* = ,(Q) -
0

= V

r ~
- 

vs

-
vs

O

00

sinh

sinh Qvrs

r" sQ
(8.136)

where we h^.ve written

(8.137)

'.','e are interested in determining the value of i , on ip - 0. From (8.13&),

oo
an .

(8.138) 

,.^ri ( ;:.:i^ the order of integration,we can invert (8.138) to obtain,

after some manipulation,

l 
Jo

oo

( (t) dt
(8.139)

Using the third boundary condition in (8.129),(8.139) becomes an integral 

equation for the unknown t Q :

J Q t r,V.^ G.'^

/77

1
4. ——————— - —— A

"" u ~ Ao' / o ^^ UL
——— -»• / — — - —

_ Vr? JO Vr? - t

/ - 00 ? ,-i'~)
I ffA r»v^ ^_P) /' n^ ^ . (0.140)
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•e can translate (8.140) to a standard form as follows:let

(8.141)

then (C.140) may be written
,00J o v" ;

Vir

^ r
cir? [_ 

1

••77 ' j. \
/ v ^t) / ' j j-/ ————— dt

.JO VT] - t

-. / L ^O^ f>-exp(-Q/4r?)
"

(cf. Carrier,Krook and Pearson,op.cit. p 357). Integrating from 0 to

/• / VTT / Hv dry / 
VTT^

%
H d;? -

•
/ i

JO
an/ ' -ill d«

/,0 27?-" JO v 

ind v;e can invert (8.143) to find that v is the solution of

T? H(v -H x, 

0 Vr? - t
( 3t - dt CO

144)

Defining

= H(v

H
.00

/7T/Q L dfl

(8.145)

(6.146)

b(r?) = H dt
oo

t^V^/o
(8.147)

(8.144) may be written as a singular Volterra equation of the second kind 

with a kernel of Abel type,

I 'I v-( t )
W(T?) = a(77)/ <s •

JO V/T-t
dt (8.148)

where a and b are given functions. The solution of (8.148) determines 

a relationship between u, and H via (8.130) and (8.131). If x > xr7 ,w(7?)
D ij
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determines the heat flux away from the bedrock,and x,, is determined 

by the solution for r? of w(??) = 0.

•Ve can in the usual way obtain a series solution for w of (8.148), 

but a solution in closed form is not easily obtainable. Further analysis 

of the equation is not pursued here.
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Afterword

The scope of this thesis is somewhat large- Rather than concentrate 

on one particular subject,! have tried to give an account of how the pro­ 

posed glacier flow model may be applied to the study of a wide variety 

of phenomena. Even so,there are many topics which remain unconsidered. 

Some of these are discussed below.

The model proposed in Chapter II is specifically concerned with two- 

dimensional valley glaciers. What of cirque glaciers,ice sheets,otc.? 

Most of the considerations of the model will carry over:for ice sheets 

we will require a cylindrical geometry with coordinates z and rjalso 

if the base is flat,the flow is not driven by gravity (e -= 0 in the 

notation of Chapter Il),but by the surface slope:thus the scaling must 

be modified so that r ~ jur? in the firs-I momentum equation: apart from 

this,the basic ideas are the same,and analysis should be similar. In 

particular,we can expect that the thermal boundary layer analysis of 

Chapter VIII will be quantitatively applicable,since the depth of ice 

sheets is much greater than that of glaciers and hence $^ « *\ should 

be an accurate assumption.

In Chapter II,emphasis was laid on the necessity of considering the 

moisture content of ice as an independent variable. However, the- effect 

of the moisture content was not directly considered in the enduing chap­ 

ters. Furthermore the phenomena of seasonal waves and surges described 

in Chapter I,possibly the most interesting phenomena requiring explanation, 

have not been considered at all. These omissions concern work which has 

not been done at present. Y/e give a brief outline of how these different 

topics are felt to be related.

Let ur suppose that the sliding lav; with cavitation is of the form 

shown in figure 4.2 (b). Consider the Irincmatic wave equation (^.1) v.i.on 

the flux 0 is of the form u,H , corresponding to a large basal sliding 

component of the velocity,and let HC be the depth at the first turning
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point of H(LL ). Then if H is perturbed so that H > H at some point, t> c

the sliding law implies that the velocity there is much higher than 

when :! < H : it is reasonable to expect that such regions of perturbed vel­ 

ocity ;r:ay propagate downstream without significant alteration of the depth, 

further,if the discrepancy between the two values of IL at H = H is large,
D C

the propagation speed of the velocity vnve may be correspondingly large: 

these are precisely the characteristics observed in fast seasonal waves 

(Hodge 1974,Deeley and Parr 1914).

This explains how the sliding law may give rise to the 1'aat prop­ 

agation speeds observed in both seasonal waves and surges. It is unlikely 

that a single equation such as (5.1) can explain the cyclic phenomenon 

of surges,which apparently require some mechanism of wave propagation 

up the glacier (l.ieier and Post 1969). However,if we consider the energy 

equation for temperate ice as well as the continuity equation (5»1)» 

with u, given as a function of H and 7/T (the basal moisture),then the two 

equations are closely akin to the shallow water equations of fluid 

mechanics; there are now two wave speeds, one of which may be negative. T,Te 

envisage the surge as being described 'by a fast mode and a slow mode, 

when u, is respectively at the larger and smaller value corresponding

to K :these two modes could be bridged by the passage of a wave similar 
c

to that of seasonal type. The physical interpretation of the above descript­ 

ion is roughly the same as that of V,reertman (1969),except that his refer­ 

ence to large amounts of basal water is irrelevant:the 'triggering 1 of 

the surge would occur due to an increase in the depth and/or the basal 

moisture content.

finally,we should emphasise that the inclusion of the moisture content 

in the flow model of Chapter II is intended only as a first attempt at 

representing what may well be very important dynamic effects due to the 

hydrology. A fuller discussion of this subject is beyond the scope of 

this work.
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AP?'-::TDIX i

Bounds on the Sliding Law

"<Ve here derive upper and lower "bounds for the sliding law using 

the variational principles (3»191) and (3.192). As a trial stream function 

we take (3.19.9),

where v is defined by (3.7),and without loss of generality can be chosen 

so tnat the (rough) bedrock h satisfies

h , h' « 1 ; (A1.2)

we also assume that

(A1.3)

(A1.3) "ay be thought of as a kind of white roughness specification. 

From (A1.l),we find

<!,'< •——y. - - e

!/*=—.—
y j;

yy 2

-k2 (y-vh) [hl[l

- rti) ] ;

(A1.6)

(A1.7)

0* = 
xx

' 2+ ^(y-yh)] + y^k^y - yh) !2h' + hh' 1

hh"i + v

(A1.8)

Therefore
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^ - k2 - k^Cy- vh) } + h" {1 + ^ (y - vh) 

+ v(2h' 2 -f hh")[k2 - ^ + k1 k£ (y- vh)! 

+ V2k2hh' 2 [k2 - 2kn + ^k (y- vh)]] , (A1.9)

ana

, * ^?\y — Vl\ Ir , , f, . , , / , \ iib* =e * •* Ih'k^-k -»-kk(v-vh)
'^•y U A1 ('"•p "••< ~ 1 'x'*«' «/i 'l // J

By inspection of (A1.9) and (A1.10) we see that

n (n+l)/2n = e-

where

' Y = y - "h , q = |tl , (A1 .12)

and A,B,C are functions of k >k and h(x) . V.Te are interested in the integral

of (A1.11) from Y = 0 to Y = °° : in general this is not a trivial comp-
2 

utation. Various cases can be treated analytically, e.g. A = B = 0,B = 4AC,

B = 0 if A and C have the same sign, by means of the formula

fco f 2 2 NA-1 , /- , . Nru. f ^ ... 
• / (x + u ) e H dx = -s-(--) 2 r(A)[H, i(up) - Y i

U £L U "~2. "2"

(A1.13)

(Oradshteyn and Ryzhik 19^5 P 322), where H is Struve's function and Y 

is Neumann's function. Such formulae are of little advantage, and direc 

numerical integration of (A1.11) would be better.

A simple choice that is of some use is k. =0. Then B - C = 0 and

t

where

A = ; [ h t. . k 2h * vk2 (2h' 2 ^ ha")

(A1.15)
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(3.191) is

u < * 1 /nH S u*

From (A1.2) and (A1.3),

n I/./2 

-M/2
A 4 dx (A1.16)

(A1.17)

and so,neglecting 0(v) in (A1.15),

H < * 1 /n 2(n+l)/2n

(1 + 5k ) /k is a minimum when k = n/5,v/hence we obtain

,_ H :

numerically,with n = 3>

* £ 0.0688 Hn

(A1.18)

(A1.19)

(A1.20)

This is about the crudest estimate we could make,as is evident from the 

Si-allness of the numerical coefficient in (A1.20). It could be much 

refined by better numerical approximations. For the Newtonian case n = 1, 

we obtain

"5» = 0.45 H . (A1.21)

V.'e nov. turn our attention to the trial stress function 0:we choose the 

form given by (3.218),and obtain

= - K(x)k2Ye~kY + vf (x) ,

= - K(x)k(l -kY

K'(x)k2Ye"JLf

(A1.22) 

(A1.23) 

(A1.24) 

(A1.25)

For '.he moment,we shall derive a very crude estimate. Mote that we require 

IAT* « 1 so that the integral in (3.192) is bounded. Then if v;e no-led



ift (3.216),we have from (3.192)

« < r :-V2 °° 2 -(n+1

approximately,where

a - 40 2 + (0VV - e ) 2
XI II XX

JK"(1 + kY)

Thus, a leading order approximation is

u*
D

k2K(l -kY)] 2e"2kY + 0(v) .

(A1.27)

k4K2 - 2kKK") + 2kY(K " 2 -

kV dy (A1.28)

A.S already mentioned, this integral is non-trivial to evaluate. Let us 

take K as defined by (3.221), and write

TfM
,2 , .' dx , (A1.29)

so that

K K " (A1.30)

'j

to 0(v ). A simple bound for D is obtained by using Minkowski's inoquality,

viz.

e e

"kY

o
XX

e [2k2Y + (l + k2 )(l +kY)]

?hus

- oo

(A1.32)
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or

J*
L

o
n

n (1 + k)

(1 .w-r
(A1.33)

where

r(a,x) = T(a) - y(a,x) , (A1.34)

T UIK! ^ boin^ the ordinary and incomplete ^amma functions respuct:ivuly. 

For integral values of n,(A1.33) may be written (by direct integration of 

(A1.32))

* nl

r = 0 n+1 -r
1 +1:

(A1.35)
t*\ rt Jl ^ / M \

Now 1 + k ^ (1 + k) ,and r-(l+k) ^ ' is a minimum when k = 1/(2n+l),so

uj Hn(2^)-(n+1 )/2 (2n.l)(±2) 2(n+l) —— ̂
(n+l) n+1 r=0

(A1.36)

Numerically,with n = 3,this gives

16.414 Hn
(A1.37)

Combining (A1 .20) and (A1.37) as an inequality for H,

0.4 « H . 2.4 u* (A1.38)

7/hen n - 1,the corresponding result is

H

2h

(A1.39)
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.APPENDIX 2 

The Thermal Boundary Condition

In this appendix we give a detailed discussion of the thermal boundary 

condition on the bedrock (2.19). Vfe consider the following three cases: 

firstly XQ < x < xz,where the ice is sliding and T < T ; secondly xz < x < 

where T = T^ but the ice immediately above the bedrock is cold,and lastly 

x > x,,,where the melting surface breaks away from the bedrock,and the 

basal layer is temperate. In the last case,it may not perhaps be immed­ 

iately obvious what the bedrock viscous heating source is doing. In 

discussing this we are led to a slight refinement of the ideas on sliding 

presented in Chapter III.

outer flow

matching region
tun.~1

T

Si\,

inner flow

Figure A2.1:basal flow geometry.

Let us consider the geometry shown in Figure A2.1 . The lower surface 

S_ extends from the bedrock to the matching region between the inner and 

outer flows of Chapter III,and is of length ~~ [x] in the x direction. 

Sp lies in the matching region,and is the equivalent of the usual limit­ 

ing cylinder one considers in obtaining the continuity of heat flux con­ 

dition (Batchelor 196? p 69). Here we consider S. to be much shorter

in the y direction than it is in the x direction. Integration of the energy• t

equation and subsequent shrinkage of S, to a point gives the condition
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dT.u = ''

where o and I denote outer and inner variables,and nU ' L are the normals as 

depicted in Figure A2.1.

.Ve also let n be the outward normal at the smooth bedrock to the whole
5

outer flow. Thus from the figure,

= - 5? = at = - 52

and so

«^MM

an. 1

a?
, (A2.3)

by continuity of r—. We now integrate the steady state temperature equation 

over the interior of S-. Using Green's theorem,we obtain

S2

Although we cannot let [x] •* 0,it is nevertheless true that the change 

in the integrand over a length [x] is negligibly small,since the vari­ 

ables change by 0(l) over a much longer length scale. Equating the top 

and bottom contributions to (A2.4) and using (A2.3),we have that the 

boundary condition for the outer flow is (dropping suffices)

orp T
. k£L + a v, « [/_ -(kaT/dO dx]/5x , (A2.5) 0n nt *t S-, <£

where S, is that part of the surface S? which lies on the bedrock.

'Ve have used the fact that v = 0 on the top surf ace, and cr. v. = Q = 0n in i TI

on the bedrock* The last function in (A2.5) is a mean thermal flux 

escaping ^rom the bedrock,and is precisely the definition of A(T) in (2.19) 

(apart from a scale factor of &).

188



In xz < x < xM,the melting surface leaves the bedrock,but remains in 

the inner flow layer until xM ; in this case the appropriate form of S2 to 

take is as shown in Figure A2.2. The thermal boundary condition is

(A2.6)

where SM is the part of the surface coincident with £,,. The right

outer layer

-• matching region — —-

inner layer

M

t,fiu

Figure A2.2: x_ < x <

hand term must formally be determined from the inner flow problem:we

3T see that »- decreases as x •* XM and equals zero at Xj,,when the melting

surface 'detaches 1 from the smooth bedrock (as seen by the outer flow). 

In x > x^ ,what is the viscous heating term o q balanced with?

Since the temperature gradient is (effectively) zero and there is no 

moisture diffusion term,it is idle to integrate the energy equation (2.7} 

over S ,since (2.?) does not require a boundary condition to be given 

on the characteristic <p = 0. We see from (2.7) that (since [r]. -- [T]/V 

from Chapter III) the rate of moisture generation in the inner layer is 

much larger than in the outer layer. In fact,using (3.193),(2.44) and
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(2.2<V), we find

^° > (A2-7)

and so moisture production in the inner layer is 0(l/a) times '-3 great 

an in the mainstream. This may be the reason why basal ice has been found 

to be much more permeated with water veins than that away from the bedrock 

(Carol 1947).

The moisture may vary considerably in the inner layer, and thus the 

viscosity cannot practically be considered as a constant,, 13 was assumed 

in Chapter III* However,

|= 8-V2[ x ] »[x] , (A2.8)

and so on the[x] scale the moisture is still effectively constant along a 

stream line: thus in the sliding theory we can write

w - (A2.9)

The form of this function depends on the shape of the melting surface 

within the inner layer,and is thus non-trivial to find. 'A'e might for 

example try to solve the Newtonian flow problem with the viscosity rj as

77 = 77(0) ; (A2.10)

this is marked'Jy similar to Kamb's use of a viscosity depending only on y, 

although introduced here for a totally different reason. It is unclear 

whether a stream function dependent viscosity liker (A2.10) can be accoruro- 

odated in the variational principle of Chapter III.
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APFEIOIX 3 

Nomenclature

This is not the most complete list of symbols possible,but it con­ 

tains all the more important ones,and indicates when certain symbols 

have two or more meanings in different chapters.

a(x,t) : accumulation/ablation rate. 

Sv-v '• typical accumulation rate.

: accumulation rate at the head of the glacier (VIII).

c. : value of a at snout of glacier, s

A : rheological function in Glen's power la?/ (2.8). 

A~ • typical value of A.

^ : typical values of A for cold and temperate ice.

; initial glacier profile (v). 

c : specific heat of ice (ll).

: heif.ht of initial shock (v). 

C : constant in sliding law (111,71). 

C,C' : contours in complex plane (TV). 

d : topical depth,(2.38).

d. . - e. . : used in IV. 
ij ij

e,e. . : strain rate invariant and tensor.
1 J

f : temperate sliding law.

: used in V for the datura state as a function of the 'characteristic 1

coordinate.

f. : gravity terms in variational principle (ill). 

F : temperature dependent sliding law .

: analytic function in Hilbert problem (IV).

g : gravity.

g' : gravity component perpendicular to mean bedrock slope.

& : geothermal heat flux.
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: analytic function (IV).

G(*) : outer solution for 'temperature' x in VIII. 

h(x) : bedrock.

: rou£h>smooth,dimensional bedrock. 

«8 : functional for stress principle (ill). 

H(x,t) : dimensionless glacier depth. 

H ,H,r ,:-L. : varieties of H introduced in VII.
\A J» **i

HO : datum profile (VIII).

II,HT : tensor invariants in III.

I : integrals considered in IV.

J : functional for velocity principle (ill).

k,k^ : thermal conductivities of ice and rock.

L : latent heat of ice.

: dimensional period of rough bedrock (ill). 

•6 : typical length scale.

Hi : dimensionless period of rough bedrock (ill). 

n : exponent in G-len's law. 

n : unit outward normal at a boundary, 

p : pressure (ll).

[p] : pressure scale near the bedrock (ill). 

PfijP-v'Prp • atmospheric,water (in the bedrock lubrication layer) and triple
Jri. W X

point pressures.

p : cavitation pressure (4»5)» c
CL,q. J velocity and components.

Q : activation energy.

R : gas constant.

Re :. Reynolds number.

r,r : rheological functions for temperate ice.

s(x,t) : flux function (2.23).

s(x) : unknown ice-water boundary (ill).

a : strained coordinate (Vl).
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: Laplace transform variable in VIII.

s 1 : perturbation to flux function (v).

t : time.

T : temperature.

T : tangential vector (3.94).

T(x) : applied stress at bedrock (ill).

T(c7) : tine for neighbouring characteristics to intersect (5-58).

T,( . : melting temperature (2.14).

TQ : temperature scale.

T, : atmospheric temperature.

T : atmospheric melting temperature of ice.

T : temperature at which basal sliding starts to occur.

u : velocity in x direction.

u, : basal velocity.

u* : scaled basal velocity (3«190)«

u. ,ut : basal velocity in inner and outer regions on e-scale (VIII).

v : velocity in y direction.

V,. : suction velocity on bedrock due to pressure melting.
iu

w : moisture content.

[w] : scale for w.

V,T : basal moisture.

x : length coordinate.

[x] : longitudinal dimension of bedrock roughness.

x,., : top melting point.
-i.

x, f : bottom melting point.
k

x_^ : glacier head.

x : glacier snout, 
s

x : equilibrium point.
iii

x : point where sliding begins.
't

x • ooint where full sliding law becor.es operative.
t~»

x, : shock position (v).
d
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xe : envelope position (V).

y : height coordinate.

yM : melting surface.

[y] : transverse dimension of bedrock roughness.

z : complex variable, = x + iy (lll,iv).

a : regelation parameter (ill);stability parameter (VIl);and sundry other

meanings.

p^ : viscous dissipation parameter. 

/? : thermal conduction parameter. 

(3 : cavitation parameter C^V) .

: = K^Jmodified dissipation parameter (VII & VIIl). 

/?(x) : dissipation function in VIII. 

^ : ratio of A and AQ ,(ll).

: cavitation parameter (IV). 

5 : shallo?/ ice parameter (2.25).

:film thickness parameter (ill), 

e : bedrock slope (II,III,IV).

: x-scale in thermal boundary layer (VIIl). 

C : = e±Z (4.16). 

T) : top surface of glacier (ll).

: viscosity of ice considered as a Newtonian fluid, (ill).

: distarce coordinate (VIIl). 

0 : Clausius-Clapeyron constant (2.14).

: mean temperature (5-9)• 

0* : dimensionless form of 6 (2.65). 

i : 'temperature 1 function (VIIl). 

K : thermal parameter defined by (2.62).

A(T) : scaled temperature-dependent geothermal heat flux function. 

A : geothermal heat flux parameter. 

ti i surface slope parameter (2.58).
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: viscosity of water (ill), 

v : bedrock roughness parameter (ill & 17).

: small coefficient in snout equation (VI). 

n(x) : pressure in lubrication layer (ill).

£ : depth coordinate .

ix 
: = e ,complex variable (IV).

: linearised characteristic coordinate (v). 

£M : melting surface. 

p : density of ice.

a.. : stress tensor, ij

a : small parameter in sliding theory (ill).

: characteristic parameter (v).

: growth constant in stability analysis (Vll)

2 : dimensionless ice-water interface (ill).

r : second invariant of stress tensor.

: conductive time scale (VTl).

[r] : typical stress.

T, : basal stress, b

4> : Airy stress function (ill).

X : temperature function (VII & VIII).

<//,¥ : stream .functions.

01 : seasonal frequency (v).

: thermal boundary layer scale (VIII).

195



APPENDIX 4

An Initial Estimate of the Stability • 

Criterion for Lar^n Conduction

In tais appendix, we consider an estimate of the stability criterion 

for the steady state temperature field i.i the case of large conduction. 

The notation used is that of Chapter VII, C 6. Generally speaking, estimates 

of o- can be obtained from (7.89) by computation using the Raylei-h-Ritz 

criterion (llildebrand 1965):for the present we shall consider only a 

very simple bound on the stability parameter a. From (7.89) the stability 

criterion may be written

0 if / [a(77-y) - $ 2 ] * S2 /y <£x2 dV

Let us define

H* = H , x < xv ,
(A4.2)

so that H* is the depth of the cold ice region. It is equal to the depth 

II except -vhere there is a temperate layer adjoining the bedrock.

The simplest trial function which satisfies the conditions that 

# = 0 on £ = 0 and f = £,, is then

<*> = 0?-y)(y-h*) - <f(H*-£) , (A4.3)

where h* = 77 - H* . I'cr/ H* is continuous and piecewise continuously diff­ 

erent i able, and so it follows that 0 is continuous on V + S,and has piece- 

wise continuous first derivatives in V in the sense of Courant and Ililbert 

(op. cit. ), \vhure V ia the interior and S the boundary of the domain of 

interest.

In order that the integrals in A4.1 be finite, we require H* ' to be 

finite at H* = 0: although this is not predicted by the steady state

" 'solution of Chapter VII (e.g. H* - (X-XQ ) n~l" ' as x -* xQ ),it is a real-
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istic as sumption, as shown in Chapter VI, and therefore we assume that it

is r.^1i:-;fied here. It then follows that the right hand side of(A4.l)
2 

is 0(5 },and on changing the variables to x and £,the stability criterion

may be written

a * 0 if /y [a£ - <^2 ] dV * 0(52 ) . (A4.4) 

Substituting the expression for $ from(.\4.3) into (A4.4) and performing 

the integration, we obtain

0 if o
r x 

2
Jxo

\\ S H3 dx + 0(5 2 ) I . (A4.5)

Thus an upper bound for the critical stability parameter a is given
c

approximately by

(n-.4)(n+5)(n+ 6)/^S H3 dx
a c S ——————-—————-———— . (A4.6)

s, *s Trn+6 , oj IT dx
y0 

It is evident that from a practical point of view,this value is far too

high and gives no useful information beyond (perhaps) indicating that 

for a "*- 1,the solution is likely to be stable. We might also surmise that 

the relatively high value of n is a stabilising feature,but that increasing 

the depth would be destabilising.

In point of fact,we can show that the estimate (A4«5) is quite useless, 

as railing the initial perturbation is made from the datum profile HQ . 

For in that case,if we define

H = max H* , (A4-7) 
max X0 x s

then y '(H ) > 0 (see the discussion on page 141),and hence from (7-66) 
A2 max

aH n+3 < n + 3 ; (A4.8) 
max

but then
x

/ S tf dx• Y

0 1 «

dx max X0
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from (A4.8),and so (A4.5) can only hold if

„ ^ (n+4)(n+3)(n+6)

which is plainly false.

The point is,however,that even if the steady solutions are essent­ 

ially stable,we have demonstrated a mechanism whereby instability can set 

in if a is large enough. This is in contrast to the attitude of previous 

authors,v;ho have been content to discuss instabilities from a phenomen- 

ological point of view:'many glaciers surge,therefore the steady state must 

be unstable f .
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APPENDIX 3 

Existence and Uniqueness of
-^ "*

the Outer Flow Solution 7>rhen Q r « 1

Consider the differential equation posed in (8.31) and (8.32) on 

page 160,

with boundary conditions

= s on £ = 0 ,
(A5.2) 

= 0 =-u

where

' Q ' (A5.3) 
= u^H) , xz < x < x,, ,

and H is to be determined as part of the solution. G is a monotone in­ 

creasing function:we can suppose without any loss of generality that 

max(s) = 1,so that 0 < s < 1 (and hence 0 < * < l),and also that x = 1 

when £ = 0 and s = 1 (this makes X-, and x_ the same point);then # < G < 

and we may for convenience extend the definition of G beyond (0,1) by 

putting G = x in # < 0 , G=1 in *•> 1.

In this appendix we shall prove the following result:the problem 

posed in (A5.1) and (A5.2) has a unique solution,with the property that 

H is an increasing function of s (arid hence of x in the accumulation 

area) as long as the sliding law u,(H) is monotone increasing.

To do this,let us consider the initial value problem (A5.1) with 

the conditions

*(0) = s , *•((>) = - ug < 0 . (A5.4)

Since &(*) < 1 > we fin(* on integrating twice that
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,n+2 
* < a ~ »« +

while *. < 0,and since by choosing u sufficiently large the right hand side 
s s

has a zero for some positive £,it follows that for u sufficiently large,
s

* also has a zero for positive £ (in fact two, since * -» oo as £•+«> 

Now consider

A « » - £ 
1 ^

<&ti — e rftit ^ '/A c -»\2 ~ * ^ V » U5.7;

^(0) = #2 (0) - s , (A5.8)

(

0 > ^'(0) > *2 '(0) . (A5.9)

At £ = 0 , *j ' - *2 * > 0 ,hence * > * in a neighbourhood of the origin.

Within this neighbourhood &(* ) > &(*2 ) (while 0 < * < l),so * " > *2 "

and V ' - *,,' increases. It is positive at zero,and therefore *. ' - ^^j 1 > 0
I ^— | ^^

throughout the neighbourhood,i.e. * - *2 increases. Since we remain 

in the neighbourhood while *, > *2 ,the above shows that * > *2 for all 

£ > 0. Thus solutions of (A5«1) and (A5.4) are monotone increasing functions 

of * f (0) = - u for fixed s. We now show that they are continuous functions

of u as well, s
Consider *1 and *2 as defined by (A5«6)-(A5.8),and

# '(0) = *2 f (o) + S , 8 > 0 . (A3.10) 

If we suppo$e that G 1 is bounded, then using the mean value theorem we have

provided we restrict our attention to a finite range of £. By comparison

with ¥ M - * fl = M(# - *0 ) subject to the boundary conditions (A5»8) 
1 2 12

and (A5.10),it follows from (A5.11) that

, (A5.12)
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and therefore by taking 5 small enough we have that ¥ is continuously

dependent on u (but not uniformly at £ = «>).s
Now if we denote the first zero of * by £ = H,and call the slope there 

*'(H) = - IL ,then it follows from the arguments above that IL and H are 

continuous functions of *'(0),and furthermore one easily shows in the same 

manner that *'(H) and H are monotone increasing functions of *'(()): this

is obvious from graphical 

considerations (Figure A5»1)

increasing 
* f (0)

Figure A5.1

thus u given by the solut­ 

ion of the initial value 

problem is a decreasing 

function of H. It is 

zero when H is a double 

zero of ¥,and increases

to oo as u -* oo ,as is
3

easily seen from a consider­ 

ation of (A5-5),for example. Thus if the sliding law u,(ii) is an 

increasing function of H,there exists a unique solution to (A5»0 and 

(A5.2) given in x«, < x < x^ by the intersection of the curves,and in

sliding law

x < x by the double zero of * where u, = 0. These are illustrated in . 

Figure A5.2. If the sliding law is multivalued (Chapter IV),the inter­ 

esting possibility exists of mult­ 

iple steady states:these are un- D 

likely to occur unless *'(H) has 

sufficiently small slope (Figure 

A5.3). There are of necessity an 

odd number of intersections:we 

should then expect the odd- 

numbered ones to be stable and the 

even-numbered ones to be unstable, —— 

as shown.
H (x>xz) H (x<x 

Figure A5.2

/
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1
stable

2

unstable

— 1 —— »
stable

H

Figure A5»3

Finally we examine the effect of varying s. Suppose we have two 

solutions (*i »s i ,Hi ) of (A5-1) and (A5-2) with ^ > Hg. Put Z = H± - 

and consider *. as functions of Z,so that

V' =

(A5.13)

= *(0) = 0 ,

f (o) £ *2 '(o) 2 o

the last equation being inequality or equality depending on whether

x < x < x., or x < x , respectively. At Z = 0, * - * = 0 , * ' - $ ' ^0

and *1 " - *2 fl = (H n - ^^Q > ° ; therefore V ~ *2 ' is init 

positive and so ¥. - #„ is positive in a neighbourhood of Z = 0 : but 

then G-(^ ) > G-(*2 ) and so * fl -. # ' ' remains positive, and as before 

«* - *2 is positive in 0 < Z < H . Since * is increasing, it follows that 

s > *,(!!„) > *2^H2^ = s2 ,and therefore s is a monotone increasing function 

of K: hence also H increases with s in x < x and x < x < x«.
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