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A model is proposed for the study of general two-dimensional ‘poly-
thermal' glacial ice flows. It consists of equations of conservation of
mass,momentum and energy together with a constitutive relation between
stress and strain rate and a full set of boundary conditions. A novel
aspect is the consideration of the moisture content of temperate ice
as an enthalpy variable:this represents a first attempt at incorporating
the glacial hydrology in a dynamical model.

One of the bedrock boundary conditiocns requires a knowledge of the
so-called 'smliding law' relating the basal shear stress to ﬁhe basal
velocily (wher the ice is temperate). & detailed model is proposed to
determine this law,and upper and lower bounds for the basal velocity in
terms of the stress are given by using a variational principle. The effect
of cavitation on the sliding law is considered in the case o’ I'ewtonian flow,
and it ic shown to have a dramatic effect on the gésal sliding.

e then turn to our analysis of the glacier flow model. Firstly we
consider kinematic waves:an analogue of ye's (1960) equation is derived
and analysed from a nonlinear viewpoint. The formation and evolution of sur-
face sho:is is studied,and explicit results given for small perturbztions
to the surface profile. Secondly,we show how the model muy be uscd Lo pro-
dict a finite slope at the glacier snout by use of}the method of strained
coordinates.,

Finally,steady state solutions are examined in the cases of large and

small conduction. Ve demonstrate that there generally exists a large
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patch of tasal ice which is almost temperate,but which slides at a velocity
lower than that predicted by the sliding law:this is provably the most

important result of the present work.
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CHAPTER I

Introduction

On a time-scale of years,ice in a glacier flows like a non-Newtonian
fluid (a typical velocity being 100 metres per year). The flow is driven
by gravity and is supplied by an accumulation rate of ice tormed on the
surface from packed fallen snow. £t lower altitudes the ice ablates from
the surfece,and may be described by a negative accumulation rate.

In general a glacier will consist of two different types of ice,
called 'cold' and ‘'temperate',in which the temperature is respectively
below and at the melting point. Following a suggestion by iiller (1976),

we shall refer to such a glacier as polythermal. Other types of glacier

often referred to in the literature are the so-called 'cold' or '‘polar’
ones,in which the average temperature of the whole ice-mass is below
f'reezing point,end 'temperate' glaciers,which exist in war-cr climates
(e.g. the Alps),and in which the whole ice-mass is on the average at the
meltin: point.

it is not immediately obvious how cold and temperate ;luciers can
exist,since a necessary condition for snowfall (ablation) is that the
surface terjperature be below (at) the melting point,and so one might
expect all ¢ laciers to be polythermal. We can explain‘this on the basis
of the seasonal variation in climate.

A polar ylacier has little frictional heating and maintuins a mean
annual temperature less than freezing point,even on the ablation surface,
because this surface is only warmed tc the melting goint for two or three
months of the year during which ablation takes place. This warmin:; penetrates
no deeper than a surface layer of ~ 10 metres (Robin 1955),and quickly
reverts to sub-f'reezing temperatures during the remainder of the yeur. "he

avera;e 3uriace temperature is thus 'cold'.

Conversely,a temperate glacier is at the mclting point for most of the



yenryexcopt for a winter cold spell when snow falls and ice accumulates.

£ slightly cold layer thus forms on the surface,but it rapidly becomes

temp:iate i'or the rest of the year because melt-water produccd at the

surface during the summer percolates through the layer where it refreezes,
thus releasing its latent heat to the surrounding slightly cooler ice.

Tais mechanism provides an effectively instantaneous transport of heat
which is able to maintain the mean temperature of the bulk of the ice

at the melting point throughout the y.ar.

On the glacier base,cold ice adheres to the bedrock and the usual
no-slip condition holds. Temperate ice,however,is able to slide over the
bedrock by means of a lubricating water film at the ice-rock interface
which is maintained there by pressure melting on the upstream face of
protruding obstwucles. This phenomenon is known as regelation. The flow
is not 'inviscid' however,as the ice experiences a drag due to pressure
varistions in the flow over small scale undulations in the bedrock profile.
An appropriate boundary condition is that the velocity and shear stress
are functionally related. This question is considered in some d.tail in
Chapters III and IV.

Yany interesting large-~scale phenomena have been observed in glacier
flow. Of those that occur on a global iczle,one should mention slow
'kinematic' waves,fast 'seasonal' waves,and 'surges'. The kinematic waves
take the form of undulations of the glacier surface which travel dowm
it at three to four times the surface speed (see Nye (1960) and the
references given there). Seasonal waves are waves of velocity which
travel at about 20 to 150 times the surface speed of the ice (Hodge 1974,

Deeley and Parr 1914). Surging glaciers exhibit a periodic motion like a
relaxation oscillation which consists of two phases:one actiive (surging),
when the velocity increases by an order of magnitude,and a large part

of the glacier travels far down the valley;and the other quiescent,when

the glacier slowly withdraws up its valley to its pre-surge astute. "hcse

phases last typically 1-2 years and 30-40 years respectively (Meier and



Post 1569).

Of these three phenomena,the first has been considered by Nye (1960,

1963) using Lighthill and Whitham's (1955) theory of kineualic waves.
Nye obtains a similar wave speed to those actually observed. For seasonal
waves,there is no quantitative theory which can predict the high prop-
agation rates of velocity disturbances. A similar difficulty besets
surge models,although for this case the physics is much better understood
(icertman 1969),and various numerical models based on such physical
descriptions (e.g. Budd 1975) have exhibited surges of the right period
and amplitude. It remains to be shown,however,that any of the proposed
physical mechanisms can be explained on the basis of a mathematical
- theory.

In this thesis,the attempt is made to develop some aspzcts of the
theory of lar.e scale glacier flow from a mathematically consistent
model. This is in contrast to previous models,which have ;unerally been
proposed to explain only specific features of the flow (e.g. Nye 1960,
Budd 1975). “he most detailed analytical model is that of Grigoryan,
Krass and Shumskiy (1976),but,as discussed by Fowler and Larson (1977),
their model omits certain important features. S

In Chapter II we propose a system of equations and bouniury conditions
which describes a two-dimensional incompressible glacial ice flow. The
nondimensionalisation of this model is then discussed in some detail,
and the import:nt dimensionless parameters identified. It is shown how
this complicated model problem may be vastly simplified by making the
usual approximations of slow,shallow flow.

In Chapter IlI we consider the theory of sliding. irstly the problem
is properly formulated,and a consistent model proposed. This is rationally
nondinensicinzlised,and it is shown that for all but the smallest scale
obstacles,the drag is determined purely by the ice flow. liye's (1969)
theory is reviewed in the light of this l'ormulation,and then a variational
principle is described in order to estimate the drag as a f'unction of the

velocity in the non-Newtonian case. Simple bounds are obtained,and the
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parameter governing the magnitude of the basal sliding velocity is
identified.

In Chapter IV,we revert to the lewtonian case to study the sliding
law when cavitation occurs and the bedrock slope is small., An exact
solution is presented for the first order term in an asymptotic expansion;
this solution indicates that we need to solve for the second term in
order to obtairn the precise information we require. This is not carried
out here,but no difficulty is envisaged in utilising the same ncthod of
soluticn again.

In Chapter V,!lye's (1960) kinematic theory is presented from a non-
lin.ar viewpoint,and certain errors in his analysis thus corrected. In

-particular,it is shown that for a small initial perturbation r'rom the
steady state depth profile,shocks can form near the glacier snout,al-
though in practice these will be smoothed out by a diffusion-type term.

In Chayter VI,it is shown how a finite slope and finite velocity at
the snout of a temperate glacier is predicled by the model.

In Chapter VII,we consider the steady state flow and temperature
profiles in the asymptotic limit of large conduction. In this case the
temperature equation is uncoupled and can be solved explicitly: we find
that the temperature increases monotonely with depth. For certain parameter
ranges a temperate region may exist next to the glacier bed. It is also
chown how it is essential to take a sliding law that is continuously
dependent on temperature,since the limiting solution as the 8lidin law

becomes discontinuous at the melting temperature is not the same as the

solution with a discontinuous sliding law. This is directly analogous
to the existence of 'mushy' regions in Stel'an problems (Atthey 1972).
Ve also demonstrate explicitly that the (unique) steady state solution
in this case is liavarly unstable if the viscous dissipation parameter
iz sufficiently large. No such explicit stability result appears to
have been given previously in the literature.

¥inally.in Chapter VIII,we consider the (more realistic) limit



of small heat conduction which is exuected to be a good approxiuation
for larie glaciers. In this case a thermal boundary layer exists next to
the bedrock,which is of fundamental importance in determiniug the depth
and busul veloeity. Appropriate outcr and inner problems are described,

and some initial progress is made in solving them.



C'InPTER IT

Glacier flow hodel

$1 Egquations and Boundary Conditions.

The gencral physics of glacier flow has been described in Chapter I.
Further details may be found in Paterson (1969),and will be presented
in this chapter as the need arises. ve restrict our attention to those
glaciers whose width is much greater than their depth,so that the flow
may be considered to be two-dimensional. This is not a serious restriction.
A typical geometry is shown in Figure Z2.1.

Ve take axes (x,y) along and perpendicular to the mean bedrock slope.
The position of the origin is arbitrary,and will be chosen for convenience
when necessary in later analysis. %e shall denote by y = n(x,t) the top
surface,ty y = h(x) the (given) bedrock profile,and by y = yM(x,t) the
surface dividing the cold and temperate z>nes,which will be called the melt-~
ing surface. (This curve will generally te considered to be unique.)
Then,as shown in the figure,xM and Xp are the intersections of Yy with
h and 71 respectively. These points will be rererred to as the bottom and
top melting points. We denote the ends of the glacier by X, and XgsX

o)

being the 'hiad',and x, being the 'snout'. In general,these points ure

S
all functions cf time.

e cssume <ke ice is incompressible and isotropic. Let the mean

bedroclk: zlope be € (so the angle of inclination of thé x axis to the

atmosphere

e

cold ice zone

Fig. 2.1: glacier flow geometry.

6



1o the horizontal is tan-1e). Then the equations of conservation of

mass and momentum for the velocity g = (q1,q2) = (u,v) and pressure p

are
u + vy = 0, (2.1)
p(ut + uu_ 4+ vuy) = -p, + pg'e + T, + Toy? (2.2)
'p(vt +uv o+ vvy) = Py, - pg' + T, - Tyy (2.3)
where g' = g(1 + 62)_%,g is the acceleration due to gravity and p is the

iensity. Lettered subscripts denote partial differentiation,and 7, and 7,
are the longitudinal and tangential stress deviators,defined for an

incomeressible isotropic medium by

oij = -pSij + Tij,
T =T = Ton (2.4)
To = T42 = 290

where Oij is the stress tensor;suffices 1 and 2 denote x and y components
respectively. In (2.4) and henceforth the summation convention is employed.

Ve def'ine the strain rate tensor eij by

_1/3q, . ag,
eij = 2<3x3 + axi> . (2.5)

Then in the cold zone,the energy equation is

pc(Tt + ul_ + va) =7T,.6,. + kV2T, (2.6)

where ¢ is the specific heat of ice and k is its thermal conductivity.

This is not suitable for the temperate zone,where the temperature
is approximately constant. Physically,the viscous dissipation Tijeij melts
the ice at a rate of ~1% by volume a year,and this moisture may be trapped
within the ice,in which case it strongly affects the stress/strain rate

law (Lliboutry 1976). In this case the appropriate variable to work with

is the moisture content w,expressed as the volume fraction of water in



the ice,and the energy equation for temperate ice,following Lliboutry,

may be written

dw (2.7)
= T. -e' . *
PLat = T1%140

where 5% is the material derivative, T is the latent heal,«wid we have

ignored negligible terms involving temperature gradients which are
discussed by Lliboutry. (2.7) and (2.10) below constitute a first
attempt to describe the dynamic effect of the moisture content on the
flow of temperate ice. In postulating (2.7),we have tacitly made the
major assamption that water transport within such ice is negligible.
No justification for this neglect is offered here,and we shail not
discuss tae point further,

Ve require a constitutive relation between e ; and iy For cold

ice,we use the generally accepted power law (Glen 1953,1955)

n-1 n
eij = AT Tij y € = AT,
(2.8)
2e2 = e, .08, . , 2T2 =T,.7..,
ij iJ 1d iJ

where A is a function of T,most commonly considered to be an Arrhenius-

type term c¢f the form

A= Bexp(-Q/RT) ’ (2-9)

" bein,s an activation energy and R the gas constant. Measured value:
for ice give n = 3 for stresses of ~ 1 bar,and § = 12 kcal/mole (iuraty
w.d Tabor 1958-—but see also Barnes,’abor and Walker 1971 and Glen 1955).
Apparently n is higher for larger stresses,and decreases to 1 for low
s iresses (Budd and Radok 1971),as it must do if ice is to have a finite
viscosity at zero stress (Bird 1976).

'wich less is known of the appropriate relation between eij and T, .

1J
for teperate ice. Lliboutry (1976) reports a law like (2.8) witl n = 3

from the experimental work of Duval. He also states that if,for example,



the moislure content increases from O.1c to 1%,then the strain rate e at

& given stress ircreases by a full order of magnitude.

For want of any better information,we therefore assume for tewpcrate
ice that (2.5) holds,where now & is a function of the moisture content w,

so that
A = r(w) (2.10)

and ve take n to be the same exponent as in Glen's law. The rheological
function r{w) is to be determined experimentally.

“he boundary conditions to be satisf'ied are the following ones.

On the surface y = n(x,t) (which is to be determined),we specify

(i) continuity of the stress tensor:

- - 2.11
%505 T TPARy 0 ( )

Here n is the unit normal to y = 7,and Py is the atmospheric pressure,
considered given. We also have

(ii) the kinematic condition
d
(=) = -a(x,t) , (2.12)

where a(x,t) is the accumulation rate,which acts as a source (or sink)
of ice at the top surface;it will be considered to be given {it is in
fact a complicated function of the climatic conditions). & typical graph

of a against x (averaged over a year) is shown in Figure 2.2,following

annual average
N of a(x,t)

Figure 2.2: typical accumulation rate.



datz given for the South Cascade glacier by Nye (1963). In the accumulation
area a > O and in the ablation area & < 0. The (assumed unique) poini on the
glacier surface where a = O at any time t will be called the equilibrium
point,and will be denoted by xE(t). i'ote that a = 0 in x < X

Jinally we have in the cold zone

(iii) continuity of temperature:

T =T, while T <Ty, i.e. X <Xy, (2.13)

where TA is the atmospheric temperature,cousidered given. TM is the

melting temperature,defined by the Clausius-Clapeyron relation
- - - 201

where TF is the melting point at atmospheric pressure and ¢ is a known
constant. TA and P, may both be functions of x and t,but we shall consider

to be constant. It is reasonable to expect that T, will be & monotone

Py A

increasing function of x.

The boundary conditions on the bedrock require a little more consider-
ntion. As already described in Chapter I,temperate ice slides on its
bedrock,but the flow is not 'inviscid' because the ice experiences a
resistance due to the small-scale roughness of the bedrock. It is convenient
to consider the ice flow as consisting o: an inner and outer part,as in

normal boundary layer theory (Batchelor 1967). The inner part contains

'smoothed' 4 ' '
- ‘EedFOCk u—---..___:s>_‘ acﬁga%ociough

Figure 2.3
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the detail of the flow over the roughnes:z of the bedrock,whereas the
outer part describes the flow of the bulk of the ice‘over e smoothed bed
as shown in Figure 2.3. The appropriate matching conditiop (to first
order) is that the limiting value of Luter °F the smoothed bed should

equal the limiting value of Qi nner 2% Y3

-+ %  where ys is a scaled coord-
i

inate describing the inner flow. (This process is described more fully

in Chapier IIT.) Now in principle one can determine the value of % nner

as y. = © in terms of the drag per unit area exerted by the ice on the bed
(Zye 1969). Since this latter term must be equal to the applied stress

at y, =™ ,which is itself (by matching) equal to the basal shear stress
for the outer {'low,it follows that appropriate boundary conditions on

the smcothed bed for the outer flow are that

Qy =
(2.15)
qT = f(TNT) ony = h(X), x > x‘M 3

where h is the smoothed bed, N and T are normal and tangential components
respectively,and the function f is td be determined from the solution of
the inner flow problem. We might replace the first of (2.15) by G = V(x)
i’ there were a run-off of melt-water at the bedrock. However,even if

ihis is the case,typical values of V(x) are completely negligible compared
to typical ice flow rates (Lliboutry 1968),and so we shall only consider

qN = Q.

(2.15) holds when the ice is temperate. When the ice is cold,the normal

no-slip and continuity of heat flux conditions imply

. ) _ 2y% m
u=vs=0, k(thx Ty) = G(1+hx )2 ony=h, T < Ty

G is the geothermal heat flux,usually taken as constant. (2.16) states

that the ice is frozen to the bedrock.

11



ow realistic sliding laws have £(0) = Ojthus (2.15) and (2.16)
predict a discontinuity in the stress (i? we have continuous velocity)
on the bedrock. In practice,such a discontinuity will not occur,because
the no-slip condition in (2.16) becomes invalid when the temperatur: is
near the pressure melting point. This is because the ice will start to
slide when the pressure variation'on the bedrock is sufficient to cause
a small part of the basal ice to reach the pressure melting point,so
that the ice becomes lubricated in patctes (cf. Robin 1976). Thus the
appropriate boundary condition for such ice is a sliding law similar
to (2.15) which is dependent on temperature close to the melting point.
e can then conveniently prescribe the following bedrock bourndary condition

which is valid in both cold and temperate regions:

ap = F(1 »T) (2.17)

where,if T, is the temperature at which sliding starts to occur,a typical

Q

form of I would be

F( T) =0, T<T

TNT’ Q b

F(r,..,T) monotone increasing, TQ <T <T

(2.18)

NT? M

F(TNT,TM) = f(TNT)

As TQ - Ti’ the #liding law (2.17) tends 10 the discontinuous limit
represented by (£.15) and (2.16). However,we shall see in Chapter VII

that the limiting behaviour of solutions satisfying (2.18) is not the same
as that of solutions satisfying (2.15) and (2.16);since (2.18) is the

physically realistic case,we therefore retain the temperature dependence

in (2.18).

In o similar manner,we shall assume that the cold ice is supplied

with a constant geothermal heat flux G until T = TO. Yor T < T < Th’
G {7

the geothermal heat flux 'felt' by the outer flow becomes progressively

less as more and more of it is used up in the lubrication of the bedrock,



until T = TM when it is zero. Thus the heat flux condition may be written

a7
- 0ay +kas = GA(T) , T <Ty (2.19)

where n is the unit outward normal to y = h(x),and

A(T) =1,T<T, ;A is monotone decreusing, TQ'<T <T.. ;A(TM) =0. (2.20)

If we denote by X and x, the points where T==TQ and T first equals T, then

a7

an appropriate boundary condition in X > Xy is that T:=TM until an==0;WhiCh

defines x and is where the melting surface breaks away from the bedrock. The

thermal boundary condition is discussed in more detail in Appendix 2. The

final set of bedrock boundary conditions is therefore

q ZO,QT:F(T, :T)x
N T
) ' (2.21)

T —

- Oy + Kgp = GA(T) (x <x,), T =Ty (x, <x <xy) .
Lastly,on the melting surface y = yM(x,t),we specify that
. oT .
all variables and the heat flux kz; are continuous,
(2.22)

T:TMzTF-G(p-pA),w=O.

This comple’es the model. Formally,we also require a set of initial
conditions,but these can conveniently be lef't arbitrary.

82 Nondimensionalisation.

We now seek to nondimensionalise the equations and boundary conditions
of the previous section by using the naturally occurring dimensional
parameters of the problem. The accumulation rate contains <two such para-
meters,namely a typical velocity and a typical length scale:we make
these explicit as follows. Let
X
s(x,t) =j a(o,t) do (2.23)
xo(t)
s(x,t) will be called the 'flux' function,or simply the flux,since it

is in fact equal to the flux of ice through the line x = constant in the

steady state (this is obvious from mass conservation and the no flow

13



4hroush condition on the bedrock). We choose a, and ¢ so that {ay is a
t7picul wagritude of s,and &g is a typical magnitude of §§'= a i G is thus
a mean accumulation/ablation rate,expresied in metres per year,and is
the natural scale for the vertical velocity v ; ¢ is the natural length
of the problem. A typical profile of s is shown in Figure 2.4.

Let [7) be a typical stress scale, d be a typical height scale,and
[w] be a typical moisture content. At the moment these are unspecified,

end arc to be determined. The usual balance of terms in the equation of

continuity implies that the natural horizontal velocity scale is aoﬁ/d .

Figure 2.4
e write

x=éx* , y=dy* , v=ayw*, u= (aoe/d)u* , t = (d/ao)t* ,

s(x:t> ='(aos*(x*,t*) ’ yM(X:t) = dYﬁ(x*’t*) )

iy (2 024)
h(X) = dh*(X*) ’ ﬂ(x,t) = dU*(X*,t*) s €% (aoe/ch)e* ’
T = TF + TOT* » P =P, + pgtd{n*=y*] + 8[71lp* , w = [wlw* .
TF is the freezing temperature = 273 K at atmospheric pressure Py TO is

the temperature range of the climate. Since generally we expcct the surface

temperature to be coldest at the glacier head, T, may be taken to be

0
the temperature there,say -T, °C. In (2.24), & is defined by

5§ = a/¢ . (2.25)

14



Since we anticipute negligible inertia terms,the natural scale for the
pressure (minus its hydrostatic component) is [7]. The factor § in (2.24)
i1s inserted by foresight of the result. It will be justifiied a posteriori
by showing that it leads to a sensibly scaled problem for p*. We will
assume h*' arnd therefore h* are O(1):for reasonably smooth landfornms
this is notl a drastic assumption.

Let us suppose that the (assumed known} rheological function A in

(2.8) is scaled by A, in both cold and temperate zones so that

0

_ 2.26
A= A%, ( )

wiere A* is a dimensionless 0(1) function of an 0(1) argument,this being
the dimensionless temperature cr moisture as appropriate.

From (2.8),we have

e.. = AT ' r | (2.27)
ij 1J
whence
1 AR =L '(Eél
- L 4 - n
Tij = 7 eij(e) n = eijA e (2.28)
and
-1
T e, . =201 n . 2.2
1514 ° (2.29)
Now from (2.5)
®11 =Yy s Cp = ey =a(uav ), e, = Vy 2 (2.30)
s0 that
A
1 2 212
e = 5'[}ux + (uy+vx) J . (2.31)
“hus (2.5) gives
-1 _(n"1
Ty = T11 = A Uy © ’
-1 ,’n-1 (2.32)
T, =T,,=A E'-1—( ) e-\_g-)
2 © 12 © 2\u vy .



From (Z.24) and (2.31),

- 2 \2 2 2° h
e* - ' (u;*+5 V;*) + )*8 U;(*J d (2'33)
(-
From (2.24),(2.26) and (2.32),
a ¢ ! 71 ‘(2:1
T = 0 YT G u*, e* n , (2.34)
1 oA d2 X
0 1 1
1 n- -
a & - - ___) -
T, = < 2 2> n (u**+82v**) S U (2.35)
28,4 y X

Thus,assuming & <1, it is natural to define the stress scale as

[r] = <%f2>3 , (&3@

and for abbreviation we write

. (2.37)

- & % — &
T, = 6[7]71 , T, = ['r]T2

Of all the parameters in (2.24),only d and [w] remain to be defined.

‘ie choose d by considering the appropriate balance of terms in the
x-momenturi equation. ‘e have already stated that the flow is driven

by gravity,nence (neglecting the inertia terms) the x-component of nravity
must be bulanced by the largest of the stress terms which,as we shall
see,is the vertical gradient of the shear stress:that is,we must balance

the terms T and pg'e in (2.2). Thus from (2.24) and (2.37) we set

2y
1
[ 7]\ - gt | 7D
d = 1 = - ) 2. 8
<pg E/ ‘L_ 2AO(Pg’e)nJ (2.38)

using (2.36),and we show below that this does indeed give a consistent
sculing.

“'e should note that there is a certain ambiguity in the definition
of’ AO ,since we could choose it to be either AT ythe natural scale for

tie (cold) temperature-dependent flow law (2.9),or A, »the scule for
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the (tempcrute) moisture-dependent flow law (2.10). This is really a

matter of convenience,and we shall take
— L ]
AO AT (2 39)

in (2.26) for a cold or polythermal glacier. We return to this point

later.

From (2.9) and (2.24),we have in the ccld zone

How typically TO < 20 K,and TF = 273 K,hence To << TF and we may neglect

O(To%/TFd) in (2.40). Hence it is justifiable to approximate A by
= A, exp(xT*) , (2.41)
2
= QTO/RTF » Ay =B exp(-Q/RTF) . (2.42)

Some authors assume a law of the form (2.41) ab initio.

In order to consider appropriate values for [wland Aw ,1let us consider

a completely temperate glacier. The apprcpriate choice for AO is then
AO = AW (2043)

and we choose [w] by balancing the terms in the energy equation. From

(2.7),(2.29) and (2.24),

2a [ )™+ 26 s e Bl oy 1
[ ] / 0 \ W
Wl = L = \\ — Pg'(-:
P aO pLaO 24 ao
€etle
= T (2.14)

and is thus independent of Aw' Given this typical moisture content, A

is then chosen so that r*(w*) defined by
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- a* *
A=AT (w*)

(2.45)

is 0(1). Since (2.44) is independent of A swe define [w) by (2.44) for

a polythermal glacier also.

Under the nondimensionalisation (2.24),and using the results given

above,we muy (after some algebra) rewrite the nonlinear frue boundary

problem posed in §1 as follows:

u;* + v;* =0, (2.46)
= - * 52 ‘p¥ = 71¢ ] 4+ R du (2.47)
T2y* - *Hlje O LPia T Tiwd + Re g ’
. dv*
« gk ook e &V :
py‘J- Tk T1y* e ==y s (2.43)
-1 oo
dT* _ « 0 I ok o K (2,16
3t = Fqh © t g [Jy*y* + 0 Tx*x*] s T < Ty (2.49)
-1 n+1
dw* n ., n
dT* = A¥ e* 3 T™* = Tﬁ ’ (2.50)
d . . . . .
where T, is the material derivative,and T} is defined in (2.56).
-1 n-1
.
T = 2u* A* P oos , (2.51)
-1 n-1
. = (s 5 5
5 = (u*,+3 v;*) A* 7 e , (2.52)
sz ]
e¥ = l:(u;*+8 v *) + L& u;vJ ’ (2.53)
where from (2.39) and (2.41)
A¥ = exp(«T*) , T* < T* (2.54)
end from (2.26) and (2.45)
* * % r
A = ¥r (W ) » TF = PE;I . (2.55)
T& ie defined from (2.1#) by
Ty = -orlmt-y*esepr] | (2.56)
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The parameters occurring in (2.46)~(2.56) are defined by

'the Reynolds number

Re

o™

1
4 1[; N |ne2
ST 7T
28, (pe re)”
- 8 .
- ? ’
2 2, w
I R T L_ Yy :
[7]a eg' L 2A (pg e)
o [r)  _ eg'e
ch05 cig ’
-1
__k kT N 2
= = }
pecagd 7 peag | 2a,(pg' g)”
oT,
RT,
A
W
- 3
Ao

(cold or polythermal glacier)

(temperate glacier);

The boundary conditions for (2.46)-(2.56) are these:

on the

surl'ace y*

T]*(x*,t*):

TH + 8 (p*-r*)n* =0,

et T, -0,

nz* + ufn;* - v* = s;*(x*,t*) ,

T - Tz(x*,t*) , Xt < xh
vwhere

Gem/e e A2
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(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.66)

(2.67)
(2.68)

(2.69)

(2.70)



on the bedrock y* = h*(x*),

u#h#' - V* = O ’ (2.71)
TﬁT = F*(Q%,T*) ’ (2'72)

where F* is a dimensionless form of F in (2.16),and

(T*, - &B*'TE,)

= LaRE ] E)
ﬂ1T§Tq$ + By A AﬁgA*(‘ ), xX* < Xy
(1 + & h*! )Z
(2.73)
™ = Tﬁ , Xz < x* < xﬁ ,
where
(1 - 52h""2)T5 - 232h*"r: u* + 52vﬁhx"
Nr R > Op = AIe!
‘ 14 8% (1 + 8°n%12)3
(2.74)
x;:i = xM/€ ’ A= Gd/kmo , A#(T#) = A(T) ;
on the melting surface y* = y;(x*,t*),
2 L3
all variables and (T;* -8 T;*yﬁx*) are continuous,
(2.75)

TH=TH, wt =0,

The prysical constunts appearing in the meodel are given in Table 1.

Cons ant Value Units Source
) T 273 X Paterson (1969)
p 900 kg m 2 S
I 9.8 m 5—2 B
¢ 2 x 10° J kg KT "
k 7 x 107 gk ot g i
L 3.3 x 10° Jxg "
R 8.3 J mole ! X! "
0 0.74 x 1072 K bar " "
., { 3.2 (cold) _ Glen (1955)
3 (temperate) Lliboutry (1976)
A, 0.17 bar y-1 Glen (1955)
L > 10AT (?) " Lliboutry (1976)
Q 6 x 104 J mole™ | Raraty and Tabor (1958)
1y=1year = 3 x 107 s ; 1 bar = 105 N m-2 |

Table 1.
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The values of ;he last four constants in Table 1 are not known as accurately
as the others,but it is considered that they are at least of the right
orders of ma.nitude.

There are five dimensional inputs to the problem: ao,&,G,e,TO. Typical

values cf these are shown in Table 2 (Paterson 1969). With these values,

[
-1 :
2, 1 my
L 10 km
G 1.6 x 10° 7 0% y!
€ 10—'1
TO | 20 K
!

Table 2. Physical inputs.
we calculate that a typical depth of the glacier is 4 ~ 100 m, a typical
velocity acé/d ~ 100 m y-1 ,a typical moisture content 3% ,and a typical
stress [ 7] ~ 1 bar. Such values are commonly observed,and are a useful
check of the validity of our nondimensionalisation procedure.
Using the values given in Tables 1 and 2,we find that typical values

of' the dimensionless parameters which occur are

2

’

y o~ 10™" ,

Re ~ 10712 ,

5~ 10

B, ~0.25,

By ~ 0.3, (2.76)
kK ~1,

¥ ~10 (?) ,

g% ~ 107

’

A~ 1070,

In what follows,we shall use (2.76) to neglect certain terms in the
complete model. However we shall stipulate,following the discussion

leading up to (2.39),that ¥ is to be considered 0(1) — its only effect
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1

is to alter slightly (by Xﬁ:§ ) certain of the scales we introduced,as can
: . 2
be infcrred from,for example,(2.38). Since in any real situation X1/(n+ )

is not expected to be large,this is a rcasonable procedure.

o5 The Rcduced Model.

Motivated by (2.76),we make the slow flow approximation
Re » O - (2.77)
and the shallow ice approximation
8§ +0. (2.78)

ve nute that (2.78) leads to the loss of highest derivatives in the
equitions,and we may expect the approximation to break down in certain
circumstances,when the problem is of singular type. As usual in singular
perturbation theory (Cole 1968),this problem will be dealt with if and
when it arises.

We finally make the approximation

6* > 0 ; (2.79)

then the equations (2.46)-(2.55) become,using (2.56) and dropping the aster-

isks on the variables for convenience,

u_ o+ vy =0, (2.80)

Toy = =1+, (2.81)

py = T2x = T1y H (2.82)
ANl

1'1 =2u A n e n , (2.83)
gL gl

T, = uy APe P y (2.84)

e = 'u ' ’ (2.85)

(note e here is not the exponential function);
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in the cold zone T < 0 and

-1 n+1
T, + ulT_+ vl =73 A-H.e( 1 3,7
tT Tx T Ty M tP2yy !
A = exp(KT) H
in the temperate zone T =0 and
-1 S+l
— k l
n n -
W, + uw_ + VW_ = A e ,
t b'e y

say.

A = ¥r(w) = r1(w) ,

The boundary conditions are the followings

ony = n{x,t),

T = TA(x,t) H
on the bedrock y = h(x),

— t
v = uh' ,

u = F(TZ’T) ’

B uT, + 32Ty = AA(T) , X <x,

T':O,x <X<xN;

Z
on the melting surface y = y, (x,1),

all variables are continuous,

w=20 ’

23

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)
(2.91)
(2.92)

(2.93)



We can reduce the system somewhat further as follows. rirst notice

that the equations and boundary conditions for p and 7, uncouple from

the res!:these variables will therefore nct be considered furthur here.

vie inlegrate (2.81) using (2.90) to obtain
T, = (n-y)(1-ﬁnx) . (Z.400)

Thus v, > O (assuming n, < 1/u),and so from (2.85), e = u and (2.84)

gives

n n n
u = AT, A(n=y)"(=m )", ( )

using (2.100). The dissipation term in (2.86) and (2.88) is then

-l (n+1
n 1
ARe P A72n+1 - A(n-y)n+1(1-unx)n+ . (2.102)
Now we introduce the stream function ¢ Ly writing
u = W y V= =y (2.105)

and make the following change of variables for convenience:

é = n(x,t) -y, H(x,t) = n(x,t) -~ h(x) s
, (2.104)
P
¥ =y + 5}/ H(x',t) ax'
Y x5(t)
The equations (2.101),(2.86) and (2.88) become,using (2.102),(2.103),(2.100)
and (2.104), | |

- n

Voo = - u(Hx+hx)-‘ A, (2.105)
exp(¥T) , T <0,
A= { (2.106)
rf(w) y T =0,
_ 10 -1 n+1
T, ¢ 9T, - T 5 ™ ! 1= u(i +h ) exp(KT) + 35Tge » T <0, (2.107)

=

+

-
»

=
123

|

<~
n

1

n+1 (had
= € [5 - y(Hx+hx)_} r1(w) , T=0, (2.108)

e
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subject to the boundary conditions:

on f = O,
¥ = s(x,t) (2.109)
{(by choosing ¥ =0 at x = xo(t) for ccnvenience);

T = TA(x,t) , X < xT(t) ; (2.110)

on & = H(x,t),

r X
¥ = %/ H(x',t) ax' , (2.111)
*o(*) 5
Ve = -F LH(1—u(Hx+hx)),TJ , (2.112)
BT, = =B, W H1-pu(d +h )] + M A(T), x < x:
2 f 1 fH X X 2 ’ Z (2.113)
T=0, X, <X < X ;
on § = U(X,t) - yM(xst) = fm(x,t) ’
¥,V¥% and H are continuous (2.114)
and
w=T= Tf =0 . (2-115)

The set of equations and boundary conditions (2.105)-(2.115) will henceforth

be referred to as the reduced model. The unknowns to be found in a solution

of this system are ¥,T,w,H and éM.
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CHAPTER III

"he Theory of Slidins: (1) Without Cavitation

As discissed in the previous chapters,temperate glaciers can slide
on their beds,but the shear stress there is non-zero due to the drag
offered to the motion by the roughness of ithe bedrock. The appropriate
boundary condition is then that the tangential velocity is a function
of the shear stress at the bedrock:this function must be determined by
examination of the flow conditions at the bedrock,and is the subject of
the present chapter.
Knowledge of the sliding law is clearly necessary in order to complete
the model put forward in Chapter II,and to examine some of the global
flow properties observed in glaciers. The sliding law plays an import-
ant part in the steudy solutions prcsented in Chapters VII ond VI1I,
and from Weertman's (1969) viewpoint,it provides a mechanism for the
occurr:nce of surges due to a periodic fluctuation between states of high
and Jow sliding velocities. The sliding law thus plays an essential rdle
in the behaviour of a glacier,and its elucidation is of great importance.
Experimental work has been limited by the difficulty involved in
obtaining results. The only way to observe the sliding velocity directly
is to tunnel to the bedrock (which has been done),but clearly this can only
give a local idea of the relation of shear stress to.sliding velocity.
Observations relying on semi-theoretic m:thods (e.g. Hodge 1974) are
limited in accuracy by the assumptions of the theory. No detailed observations
of the velocity in surges (when the sliding velocity is high) have been
made,and it seems unlikely that such measurements can be made in the near
future. Thus a detailed theoretical analysis is important to improve
our understanding of the sliding law,and hence some of the more interesting
properties of glaciers. In this chapter we give a detailed description |
of the physics involved,and then review the previous work of Weertman

(1957,1964),L1iboutry (1968,1975), Nye (1969,1970) and Kamb (1970).
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A more general model of the flow nucar the bedrock is then presented.
This incorporates a description of the heat flow problem in the bedrock
and the water flow in the lubricating film. It is shown by dimensional
arguments that these problems may be uncoupled from the ice flow,and the
remainder of the chapter is concerned with this topic. Nye's work on a
Newtonian ice flow is reviewed in some detail,since we shall have reccourse
to it in the next chapter. A variational principle for the nonlinear flow
problem is then given which allows us to estimate the drag on the bedrock
in terms of the sliding velocity. It is shown how to find suitable trial
functions,and in Appendix 1 bounds are obtained for the druy when no ass-
umptions at all are made about the bedrock topography,except that the
slope is everywhsre small. The usefulness of this approximution is made
clear by the fact that it is a necessary assumptién to make if the sliding
velocity is to be comparable with the velocity due to shearing within the
ice mass.

©1 The Physics of Glacier Sliding.

If temperate ice moves over a flat surface,then the frictional heat
produced and geothermal heat input will maintain a water film?theré
which lubricates the ice~-rock interfiuce. If we introduce oprotubcrances
in the bed,the woving ice will flow round them by a combination of two
processes:ordinary slow viscous flow round an obstacie (called 'enhanced
plastic {low' in the literature (Lliboutry 1968,VWeertman 1957),and the
process of 'regelation',whereby the ice experiences an increase in pressure
as it approaches the obstacle which lowers the melting poiuti,so that the
ice is meltcd and squirts round the obstacle until refrozen by the eventual
decrease of pressure. This process induces a transport of Leat in the
bedrock. Sote that if the pressure decreases further,the ice becomes 'cold'
(tipughcnﬂgrby'10—2 degrees if the prescure decrease is 1 bar),so that the
ice becomes frozen to the obstacle. However,this will be counteracted
by the frictional heating. In this case the ice must slide frictionally

like a normal solid and by the same mechanism. The existence of such
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layer due tc¢ rezelation

cold patch

~— 7

figure 3.1: Plan (view from top) of ice flow round cylindrical

obstacle.

'cold patches' has been considered by Robin (1976). The streumlines of
n possible flow are shown in fipure 3.1. "he relative countributions of
r-gelation and Stokes flow are determined bty the dimensions of the obstacle
and the velocity. For a given velocity,regelation dominates for smalle:
obstacles,and vice versa.

In viiat follows,we shall be concerned with evaluating the drag wﬁich
tiwe above flow generates on a two-dimensional bed;the flow over such a
Led could be as in Figure 3.2.

One might think that the main difference between a two- and three-
dimensional bedrock would be that in the two-~dimensional case,the
overburden (hydrostatic) pressure of the ice (typically 10 bars) would

be sufficient to constrain the ice to flow only by regelation,:zo that the

layers due to
regelation

cavity

cold patch

figare 3.2: i"low over a two-dimensional bedroclk.
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Figure 3.3: Veertman bedrock.

two- and three-dimensional flow mechanisms would be essentiully different.
In fact this is not so,as will be seen below. The reason for this is that
the latent heat of ice is so 'large' that only a small amount of ice can
be melted,and so even for sizeable obstacles very little of the flow is
due to regelation. Hence we suspect that there may be little qualitative
difference between the cases of two and three dimensions.

If the pressure in the water film becones negative,thei the ice cannot
maintain contact with the bedrock,and a cevity forms. This 1s illustrated
in Figure 3.2:the question of cavity formation and its effect on the drag is
discussed in detail in Chapter IV.

§2 Previous Vork.

Veertman (1957) was the first to give a quantitative theory of glacier
sliding. He considered the flow of ice over an idealised bed consisting
of a rerular array of cubical obstacles on a flat plane (see Figure 3.3).
ffor a given shear stress;he estimated the velocities due to pure regelation

and pure ‘'enhanced plastic flow' dimensionally. This led him to

u « T, (5,1)

uplas x Tb ’ (5-2)

where Ty iz the basal shear stress, n is the exponent in Llen's law,

and u 1 are velocities due to re ,eiati : : i
reg *'olas U6l on only and plastic flow
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only. Since these have different magnitudes for different-sized obstacles,
he was led to the concept of a controlling obstacle size,and thence to

an approximate intermediate law
w =Cr ° . (3.5)

Woeeriman later refined his ideas (e.g. 1954 ) by considerin; o more
realistic bedrock with a varying size of obstacles,and introduced the idea
of cavitation behind obstacles:however,his basic approach remains non=-
mathematical and numerical values of C in (3.3) should be treated with
some caution. For certain problems a simple approach may be of more use
than other,more comnolicated theories:for this reason Veertman has since
defcrded his ideas (1971).

Lliboutry is the other major exponent of sliding theory. In a long
paper (1968) he reviews previous work arnd proposes his own theory. In
this he envisages sliding over a two-dimensional bedrock (of small slope)
and introduces the effect of cavitation. {is method is,like Weertman's,
semi-theoretical (there is much use of ;Lysically motivated approximation),

but nevertheless it represents a userul first attempt. Inclusion of
cavitation gives him a two-valued function for the velocity in terms of
the stress,an important result that will be considered in Chapter IV.

Nye (1969,1970) and Kamb (1970) independently took a more mathematical
viewpoint. They considered the slow flow of a Newtonian fluid over a
slowly varying bedrock,with a suction velocity at the bed due to melting
and refreezing,which may be found by solving the rock temperature problem,
since (as we show below) the Stefan condition on the unknown ice-water
boundary gives an extra condition on the ice-rock interface.

Nye's and Kamb's theories are subject to certain criticisms:their
models are not well formulated as they do not considerg® the induced drag
on the bedrock to be balanced by an imposed stress at infinity,and thus
conservation of momentum is not satisfied. In fact the resulis are correct

to first order,but only because the bedrock slope is assumed small. The
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removal of this restriction immediately invalidates their mnodels.

Both Nye and Kamb consider a bedrock of white roughnes:,that is to
say one in which the 'roughness' of the undulations is independent of their
scale:the bed has the same aspect when viewed at different length scales
(except very 1long ones). Short of direct cbservation,such a bedrock
may be the most realistic one to consider. Nye in particulur treats a
wide variety of bedrock topographies (1970).

In his paper,Xamb extends his solution for a Newtonian fluid to
a power-law fluid by assuming that the viscosity is a function of the
vertical coordinate only. His predicted results are generally,but not
always,in agreement with observation. He finally considers cavitation,
and discusses the effect of this on sliding,though without giving any

quantitative analysis.

All thesc models consider a small bedrock slope,but do not give
any matoenatical justification for such a choice.

More recently,Lliboutry (1975,1976) has summarised and extended these
theories. For sliding without cavitation,he obtains

n+1
u, = CTb—Z-— (5.4)

as 1in Veertman's theory,but C is such that only small velocities are
vredictcd. With dominant cavitation at high velocities, the {'low becomes

similar to frietional sliding of a solid,and then

T.b « N , (3-5)

witere N is the difference between the mean ice pressure and the mean
civily water pressure. A complete sliding law would then look liko
ﬂ\ Ty : figure 3.4,
Morland (1976) has used the
methods of complex variable

theory to estimate the drag

ub

) exerted on a Newtonian fluid
digure 3.4: Typical sliding law.
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“hen ‘hcre is no cavitation. He includcs the effect of gravity and the
existence of the top surface,which gives him u consistent model problen.

1is work is essentially a correction and extension of Nye's (1969) theory.

€5 Problem boecification.

/& wish to finl a relation between uy and Ty How do we distinguish
bedrock roughness from overall variations in the topography? rurther,
how do we define 'the' basal velocity ub,since it must vary as the ice flows
over the protuberances in the bedrock?

To answer these questions,we consider the bed h(x) to be composed of
a smooth component hs(x) and a rough component hR(x) (cf. Nye 1970).
™iegse are such ihat the flow of the bulk of the glacier follows the mean
profile hS (changes in hS affect the whcole depth of the glacier),whereas
the roughness hR only affects the flow in a small 'inner' layer close to
the bedrock. hR is considered to be periodic,in order to have a constant
impoced stress at infinity. On the scale of the roughness (say 5 metres),
the flow can be thought of as being similar to a composition of Stokes and
Oseen flows. The 'Oseen' outer flow satisfies the bulk equations given
in the previous chapter,whereas the'Stokes' inner flow satisfies differently
scaled equations,and must satisfy appropriate boundary conditions on the
rough bedrock. Viewed like this,the sliding condition is a boundary condit-
ion for the outer flow,and the appropriate problem to be solved is that for the
inner flow,with matching conditions into the outer flow in some matching
region.

&4 Formulation.

We define the locally rough bedrock by the equation
h = dh (%) « [yl (7)) (3.6)
D S\Z YR x )’ 2 .

where [ *] denotes a typical scale of th: bracketed variable, d and ¢ are

the height and length scales defined in Chapter II, hD is “he actual

dimensional bedrock,h, is the dimensionless smooth bedrock (corresponding

S
to h of Chapter II),and hy is the local rcughness.



Let

[yl
vV = _y_ (3.7)

—
»

be the menn roughness slope,and

[ x]

0 = d (5'8)
We oodwmy <l
In the notation of Chapter II,the dimensionless outer stress is
T2 =7 =3 (3'9)
. .
ay = (=) (W) (3.10)

where ¥ denotes the moisture at the bedrock;hence near y = hS

u = u(hs) + (y—hs)uy(hs) + e

ug o+ H r1(J)(y-hS) + O(y-hs} , (3.11)
or dimensionally

up = U [y + Hr (w)(yD-hSD)/d + ...] , (3.12)

wwpe D denotes o dimensional variable. If we wrlte
¥p = hgp + [xly; » xp = [xlx; (3.13)

(i for inner),then

uy = U [ub + Hnr(W)Oyi + 0(02)] , (3.14)

where in (3.14) and for the remainder of this chapter we omit the suffix

one from r1(W). Hence the appropriate bourndary condition on the inner

solution is that
2
u, = u /U ~u 4 oSy, + 0(0%) (3.15)
as y; * %, where
n
S = Hr(w) (3.16)
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is the dimensionless (outer) shearing at ‘he (smoothed) bedrock.

85 Sliding Model.

Ve consider the situation shown in Figure 3.5. We assume that hR

is periodic. The equations of motion for the ice are

V.q = o, (3-17>

- |l Z
Py = PE'E+ Ty 4 Ty s (3.18)
Py o= PB4 Ty T Tyy s (3.19)

where € and g' are as defined in Chapter II. We neglect thec enerzy equation,

since on a local scale the moisture is effectively constant¥,and it has been

shown elsewhere (Lliboutry 1968) that advection of heat by tue ice is

ice \

heat flow

¥ = hp(x)

Figure 3.5: bedrock geometry;

rizgligible. (We are neglecting any hydrological considerations in the prescnt

treatment.)

The equations for the water film are

V.g=0, (3.20)

p(q-9)q + Y(p + pg'y - epg'x) = uvzg, ’ (3.21)
2

Q.97 = kT, (3.22)

where U is the viscosity of water,and & its thermal conductivity.

* 2ut see Appendix 2,
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finally the temperature in the rock satisries
vr-o0. (3.23)

The boundary conditions are:
in the ice,the velocity satisfies the matching condition (3.15)
as y * > ;
on the ice-water interface y = s{x) (not to be confused with
the flux of Chapter II),we have

(1) continuity of stress:
SX(P"T1) + 72 = pwsx ’ (3-24)
ST, +pP+ 7T, =D. } (3.25)

X 2 1 %

(ii) conservation of mass:

pg is continuous; (3.26)
(1ii) the Stefan condition:

’ " water

-ppblvymups,) = Li(s, 7, Ty)]ice ’ (5.27)
(iv) the Clausius-Clapeyron condition:

T =Ty - 6(p-p,) ; (3.28)

n the water-rock interface y = h(x),
[k ]—[T]-g=0; (3.29)

in the rock,

aT
R-—»-G/k_R as y - - . (3.50)

Let us first consider the water problem. (Note that the lubrication film
is not the same as Kamb's regelation layer,which is the layer of ice

adjoining the water f£ilm which has been melted and refrozen ({figure 3.6).
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1ce

regelation layer

lubrication film

Figure 3.6: regelation layer.

Its upper boundary is the lowest streamline which does not intersect the
film.)

First we nondimensionalise the geometry by writing

[yling(x)eev] (3.31)

<«
"

x = [x]X , (3.32)

so that & is the dimensionless film thickness,undetermined at present. Also

let

s(x) = [y}l (x)+32(x)] . (3.33)
For the remainder of this chapter we omit the R on hR' From (5.33)

a'(x) = v(h'+8Z') , (3.34)
From (3.31) and (3.32),

G0 T A 0 W TR 2+
The eguation of continuity becomes

1/v

uy + E(;--uh')Y =0 . (3.36)
“ow suppose the melting velocity

Vi - uIs' = -aubvm(x) , (3.37)

where VM ~1,and ¢ <1 is a dimensionless number to be determined. Using
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(3.34),(3.37) is

v = vu(h'+8Z') = -aubVM(x) .

We scale g with [u] (to be determined) by writing

u={ulu, v=yulth' + vé(ulv .

“hen (3.36) is

UX+VY=0,

and the boundary condition (3.38) become:s
V-ul'=-V(x)on¥=13,
provided we choose

4] = 2%
(ul = vs

The other condition on Y = £ is that

p 1
[ulu = -:—[-uI , or U = I
Pw "W
PIUI
Now < 1,80 if
Pw
%;-<< 1,

then approximately
U=0onY=2

In this case,(3.41) becomes

V = -VM(x) on Y

]
Ing]

The boundary condition on Y = O is that
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(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)



Now in (2.21)
p(g.Y)g 4 2,2
— ~ : (5.48)
HV" g
We anticipate that & << 1 and therefore we assume for the moment that the
expression in (3.48) is << 1;the consistency of this assumption is

conf'irmed later. In this case the equations become those of lubrication

theory,and we must as usual (e.g. Batchelor 1967) balance

Py~ MU | (3.49)

in the first momentum equation. This requires the pressure to vary as

por, [ ]

I ~—.— (3.50)
[P v83[y]2

using (3.42). The Clausius Clapeyron relation implies that the temperature

change along the film is
(7] ~ élp] , (3.51)

-1 X
where 6 = ,0074 K bar ., We assume that this is also effectively the
temperature variation on the rock-water interface (i.e. the temperatiure

gradient in the water is 'small'). Then

[TR] ~ o[ p] . (3.52)

Dimensional balance of the heat flux on h(X) and the Stefan condition

on Z(X) imply

=2~ pLau, - (3.53)
[x]
Combining (3.50),(3.52) and (3.53),we obtain
y@kR
o~ —2 . (3.54)
pL y]

A similar result has been obtained by other authors (e.g. Lliboutry 1968,

Nye 1967). Note that § is independent of a. With the valuec given in
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-2 ] . . .
Table 1 (page 20), + = 10 ~ c.g.s. units,and assuming kp ~ K, ,we find
& ~ 10-6[)(]1/3[3{]-1 , (3.55)

where [x},[y] are expressed in metres. Thus a typical film thickness
5{y] is the order of a micron.
In order to determine a,we must consider the ice flow. The drag per

pericd on the bedrock is
D= [ pydy~upllx], (3.56)

where py is the water pressure. But also

L

D~ [T]O[x] ’ (3-57)

(o for outer),since the stress at infinity balances the drag on the bed.

Hence

(7],
(p) ~ . (3.58)

1% ;
L

Thus from (3.52),(3.53) and (3.58) we obtain

6( 7]
a~ 2" (3.59)

[yleLu,

‘Taking [T]o ~ 1 bar,we find

a ~ r;%;; x 1072 , (3.60)
where [y] is in metres and w is in metres per year. Thus a << 1 except
for the snallest obstacles and slowest fiows. The ice flow: over the pro-
trusions and it is justifiable to estimate the drag by solving the ice
flow problem with no tangential traction on y = h (since the film is

negligibly thin).

From the above,we find
1 7
[p] ~— bars (3.61)

which is large if v << 1,i.e. the bedrock slope is small;thus for a given
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applied stress at infinity,cavities will form more easily as v is reduced.
It is to this end that we retain an interest in the lubrication problen,
sinc:: cavity formation may be determined by.the pressure variation in the
waicr (see Chapter IV).

“he temperature variation is

10’2

[TR] ~ —- degrees, (3.62)

whereas the change in temperature across the film is

]

kéTR

i %]

using (3.29). This Jjustifies the assumpiion stated between equations

Slyl ~ uav[TR] << 7], (3.63)

(3.51) and (3.52). We find

VS 2 x 1077

* [X]z/j[ylub

<< 1 (3.64)

for all physically sensible velocities and obstacles. This justifies

(3.1:-5) und (3.46).

~

we now wish to use the lubrication equations for the water film. i'rom

(3.48),

p(g.V)g - r 1/3
5 ~ 10 10 %ﬁl << 1 . (3.65)
Ve write
G |
P =p,+Pg'dl + — "p* ; (3.66)

then the momentum equation (3.21) is,using (3.35) and (3.39) and neglect-

ing inertis,

. [T]O h' P[u] 2 2 -
-£pg’ + m(P;E - ? p§) = 82rj'12 ‘:(1+V h!' )UYY + O(B)J . (3'67)
. LY J

Since we have already chosen § such th=t P, ~ uuyy,(}.é?) vecomes
-0y 4+ (p* _ b *) = (1+v2h'2)u + (3.68
x "3 Pyl = YY 2 5.68)

where we have used (2.38) (['r]o = pg'ed) und (3.8). The second component
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is

og' + .:-0._,—- ot = uv[u]2’~(1 v“n'“)h" Uyy + 0(8 )J

[ 1
v oyl [y)
But from (3.42),(3.50) and (3.58),
(7], wlul

Ux] 62 y)2

whence

Substituting (3.71) into (3.68),

2

_ vo ., . 2, ,2\2
cv + - h' 4 Py = (14v°h'") UYY + .

As usual,(3.71) states that
p* = p*(X) ,

and if ve write

2

H(X) = p* + %h - ovX ’

then

n'(x) = (1+v2h'2)UYY

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

Integrating (3.40) between O and Z,and using (3.45),(3.46) and (3.47),

we obtain
a‘/z U ay = / ’
24 0 0
so that
Y X
U 4y = / Vi
/. M
& \3'75)’

(14v°0'9)%0 = 41 (0¥ (7-L) .

41

-V(x),

(x') ax'

(3.76)

(3.77)



Combining this with (3.76),

- X

2, 2.2 e
(1+v"h'") VM(X') ax' = ;n'(x)11¥3-;ay ]o

L3'
- --—L i (x) ; (3.78)

for small slope bedrock (v << 1),(3.78) reduces to

- X

/ v (X') ax' = - 152 2m(x) . (3.79)

The dimensionless bedrock temperature problem is obtiined b&

writing

T =Ty - Opg'dH + Q%IJO ™ , (3.80)

where TF is the melting point at atmospheric pressure. Then
AT* = 0 . (2.81)

The boundary conditions are:

ony = vh,
o - - LA S,
™ = -p*(x) , T; Vh'T* = VM(X) (3.82)

(using (3.53) and (3.27)),and

as y » - %o,

-6 [yl "
% AL_ = A", (3.83)

aT*
Iy T Rer

With typical values,

A* ~ 2[y] (3.84)

if [y]is in metres, [T]o = 1 bar, Thus £* is not normally negligible:
this contradicts previous authors (e.g. 'orland 1976). However,we
need only consider the bedrock temperature field if a ~ 1 (regelation
is important). From (3.60),this implies [y] ~2 & 10 =5 ,whence A ~

4 lb

- X ‘lO“3 ,and so in this case A*is indeed negligible.
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There are thus three unknowns that arise in the boundary cornditions:
L,p* and V. Solution of the rock temperature profile gives & consist-

_ency ccndition between p* and V,,. Solution of the ice problem with

M
boundary conditions of no flow through,and no traction on,the boundary
h(x) izives the jressure p* via (3.25):lastly solution of the lubrication
e uation (2.78) gives the ice-water interface £(X). Without cavitation,
it is sufficient to solve the ice flow problem. This is the most

difficult problem to solve:we now turn our attention to it.

§6 Ice Flow Problem:Newtonian Flow.

Let us first of all review Nye's (1969,1970) work from the stand-
point of the present formulation. we uunsider the flow to be that of

a Newtonian fluid,with viscosity 7n delined by

5= Zr;ei'j . (3.85)

In the notation of Chapter II, A = 1/27 ,and so
W

[T]o = pg'ed = 5 - (3.86)
The dimensional stresses are given by
71 = 277‘//xy ’ (3-87)
Ty = MUy ¥y) s (3.88)
where ¢ is the stream function,and we have to solvé
AN = O, (5~89)
P, = Pg'e + TN, (3.90)
- epng! - .
Py = -p&' = nhdy (3.91)
subject to
p~p, +rgny),
vy ~Ulu, + Sy/d ...] , (3.92)
dlx -0,
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as y » o« , and
¢ = Oy = O (3.93)

ony = hRD' The latter condition in (3.93) is that of zero traction
at the bedrock. Since the normal and tangential dimensionless vectors

are respectively

N=(N,N) « (-n',1) , 2= (7,,7,) « (1,0m'), (3.94)

we obtain,since onr = Ui,jNiTj’
(1~-v Zh )r - 2vh'r, =0, (3.95)

whence,using {3.87) and (3.88),
1-*n %) (g =g ) - hon' Yy , ¥y = vh . (3.96)

yy “xx

Using the considerations of the previous section,we nondimension-

alise th: variables by using (3.13) and writing

N

[T]o

p =p, +pg'di - pg'lxly, + =*°p ,
(3.97)
v = Ulx)d .
Using (3.86),the equations (3.89)-(3.91) become
AN = O,
P, = Oove+ (3.98)
i i
NN —v N
b = =AY ’
Ji 7 X
to be solved subject to
p~-»0, ‘ﬁ'\'ubyi"'_"fgsyi $oe (3-99)
as y; = o ,and
(1-*n'%)(§ b, ) - kh'y =0 (3.100)
Yi¥i *i% x3Y3



on y; = vh. We henceforth drop suffices and overtildes for convenience.
Nye considers the case v << 1,and seeks a series expansion in V.
The parameter O occurring here is not considered by Nye:we shall assume

that 0 << 1;in fact,for reasons that will become more clear in §7,we

assume
o~ v <1, (3.101)
and define

u = 52 ur (3.102)

(compare (3.190)).

' We seek an asymptotic solution to (3.98) and (3.99) in the form

g = ¢o + v¢1+ .o
(3.103)

p pO+Vp1+o-o

h. . —
Expanding the conditions (3.100) about y = O,we obtain successively

’ony=0,
0(1) : ¢y = ¢ -y =0, (3.104)

olv) : h¢oy + ¢1 =0,

(3.105)
SIl‘lyy - ¢1xx ¥ h'[¢0yyy_¢0xxy] - l+h'S[/Oxy =0,
2 2
o(v°) : 5h ¢0yy + h¢1y + Y, = o,
- . - 1,2 _
¢2yy ¢2xx * h[¢1yyy ¢1xxy] + zn [wayy ¢Oxxy] (3.106)
- h'2[¢ -y ) =uhty - Lhh'y =0
TQyy TOxx © Mxy Wy = °
ete. (3.99) gives,as y -+ o, f€ .:'
2
Uo ~ Y s ¥y > 05 ¥y~ ISy, (3.107)

and so on. From (3.104) and {35.107),the 0(1) solution is
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¢o = uy. (3.108)

Thus ¢1 is the solution of

AA¢1 = 0,
Yy, >0 as y »co
1 ’ (3.109)
[ - = —_ Oo
¢l1 U-bh(X) ] ¢’1yy ¢1xx O b on y
Since Aﬁo = 0,. choosing 0 ~ v2 provides a balance in the momentum
equations in (5.98) and justifies our choice of nondimensionalisation.

(3-09)

I've's solu+tion of fr@9§ is given in terms of the Fourier components
of the periodic bedrock h. Ve prefer to present the results in terms
of the theory of complex variables since this is more elegant,and is
of the form required for the consideration of cavitation presented
in the next chapter.

vie introduce the complex variables

z = x + 1y , z¥ = x - iy , (3.110)
so that

9 _9 9 9 _ i(e— - 2_ )

ox = 3z T dz* ’ 4y ~ oz  az*’ ? ( )
. . 3.111

A=k o : ‘32-2(32+a2)

= * ? N L)‘-"" s .

9202 ay° re 522 . dz*

It is well known that the solution of the biharmonic equation in

(3.109) can be written
g, = (z*-z)f(z) + B(z) + (z=2*)f*(2z*) + B*(z*), (3.112)

where f and B are analytic in Im z > O. Satisfaction of the zero stress

condition requires
(z¥-2)F'' = B'* = 2f' &+ (z=2®)f*'' = B*'' — 27 =0 (3.113)

ony = 0O,i.e. z = 2*. We can satisfy this by choosing
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£(z) = -8'(z) . (3.11%4)

"he other condition on y = O requires

B(x) + E*(x) = uwh(x) ,. (3.115)
and we require B satisfying (3.115) to be such that

B->0, Imz »o, (3.116)

B ray be uniquely determined by reforrulating (3.115) and (3.116)
as a Hilbert problem:this approach is adopted in Chapter IV. lere we
note that if h is of period 27 and po.cesses a convergent Fourier

series of zero mean,

4+ 00
h ~ L a ™, a =0, (3.117)
- 00
say,then by inspection
fole) (L
B(z) = u,_ £ a e*? (3.118)
b 1 k

satisfies (3.115) and (3.116). Obviously,we can always choose y = O
such ithat h has zero mean,and in fact this prescribes how we should
choose hﬁ,that is,as a running mean of the bedrock over a dislance
x, such that [x] << x , <<€ (c¢f. Nye 1970). We neglect ov in (3.98),

and using the relations (3.111),we find

2
LV
Py ¥ Pps = 415’(¢1zzz*-¢1zz*z*) ’
5 (3.119)
‘ L
l(pz pz*) - AU (¢1zzz*+¢1zz*z*) ’
whence
v2 v2
P, = & TV 1aggx Ppe = 7H 5~¢1zz*z* ? (3.120)
so that
2 2
p=tizy, +p () = -bily 4 (2) (3.121)
T 70 T1gg 1 o zz* T P ) ’



Using the solution (3.112),we obtain

2
= Aig-[f'(2)+f*'(2*)i + p,(2%)

2 (3.122)
= -biz[£rag%1] 4 p ()

which implies
2
p,(2*) = -BiL rx: (3.123)
up to addition of a constant,and so

2
= 413-[f'-f*']

2v2
= —E-[B"(z)—B*"(z*)] (3.124)

from (3.114).
For convenience we now consider n lo have period 27. Fquating the
2;-

dimensional stress at infinity with the drag exerted on the hedrock

by the water film,we obtain

Wy T 1 [T
' - —— 1
a 2"[x]/0 Py vh' [x] dx = 27/0 pwvh dx , (3.125)

where the dimensional water pressure Py is given from (3.24),(3.87),

(3.88) and (3.97) by

nu nu ., nu
vp h' = (¢ =¢ ) + vh' [ +p +Pg dH--—--vh pJ y (3.126)
I ﬁiﬂ Yy @ xx f§3 A d vd

where the right hand side of (3.126) is 2valuated on y = vh. Thus

1 2m 0v2 P 1
— — e e — t '
=g, [ph' = = Bh' + vh'(p,+pg' dH) + 5l - ¢xx-2uh'¢xyﬂ dx
’ - 2m
= 5;/ pol h' dx + 0(v) , (3.127)
0 y:O

using (3.96) and that from (3.103) and (3.108), ¢xy = v¢1xy + ... OD

y = vh, and from (3.111),(3.112),(3.114) and (3.115) that
Yaxs «h''. (3.128)
1x_/y:0
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Using the Fourier series (3.117) and (3.11&) with ay = O,ve

have ony = O

2v2 -
p:E- B"(x) _B*M(X)J
2,° ® .2 ikx, 2, .2  -ikx,~
-2 [f (Pa ) = 3 (e )J (3.129)
and
o . co .
h' = i| L ke ¥ 4 1 (~ka _e lkx) . * (3.130)
, k 1 -k

The only contributions to (3.127) come from the non-oscillatory terms

in the product. Therefore

1 2v o (1D 3
00 3 >
= Lu? >1: k”|a, | (3.131)

using (3.101),and that a¥ =a_ (since h is real). (3.131) is the counter-
part of Nye's formula (33) (1969). For a sinusoidal bed h = cos x,(3.11C),

(3.124) and (3.131) give

o
]

—2u€ sin x ,
(3.132)

H = ug .

Nye and Kamb both devote a great deal of attention to the appropriate
form to take for the bedrock profile. iAn inspeétion of (3.131) reveals
'why this is necessary. (They both use iourier integral decomposition,
but this distinction is irrelevant to the present discussion.) Unless
the Fourier series for h converges very rapidly,(3.131) will not converge
at all. Thus roughness on the finest scale could render ug negligible.
There are two mechanisms that may counteract this dependence on large wave-
number. One is regelation,which has the offect of making the large k

terms in (3.131) ~ kla.kl2 (Nye 1969):(3.131) will then converge more
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rapidly;but for a white roughness,defined so that a, ~ 1/k as k » ®

k

(the roughness is independent of scale),the convergence is very slow

and ug may again be negligible. The second mechanism is the onset

of cavitation when the pressure from (3.129) becomes sufficiently

negative. In this case the smaller bumps may be swamped by the cavities

and thus there would be an effectivé 'cut-of'f wavenumber' kc above

- which a, = O. However,both these explanations are circumf{erential.

An alternative explanation is that the infinite series (3.131) may

not be a very useful form in which to present the solution,since we

require & detailed knowledge of the bedrock variation on the finestl scale

in order 1o predict the drag,which is escentially a global phenomenon.
Two questions thus present themselves: (1) is it possible to show

that the proposed model with neither regelation nor cavitation occurring

gives cliding velocities which do not require detailed knowledge of

ay for large k; (2) what is the effect of cavitation on the sliding

law? The first question forms the subject of the remainder of this

chapter:the second will be considered in Chapter IV,

§7 Ice Flow Prcblem:Non-Newtoniun Flow.

In his paper,Kamb (1970) considers the effect of the nonlinear flow
law of ice by assuming that the mean stress of a single Fourier com-
ponent is dependent only on the height y. This assumption allows the
Fourier-analytic technique to be used since,as in the lincar case,the
di'ferent components do not couple when the boundary conditions are
arplied. The merits of this assumption are questionable. Kamb refers
to another paper for a detailed explanation of his assumption,but no
location for this paper is given.

The present approach,and the central part of this chapter,is to
concider a variational principle for the flow of the ice over the bedrock.
Such principles for slow non-Newtoniar flow were first comprehensively

put forward by Johnson (1960,1961). For certain stress-strain relations



he stated a general variational principle which has as its Euler equat-
ions and natural boundary conditions the equations and boundary cond-
itions of steady slow motion of a non-lewtonian fluid bounded by a
surtf'ace on which appropriate velocity and stress conditions ure given.
Specifiically,he considered the bounding surface S to be composed
of non-overlapping components St and Sv,on which respectively the
stress and velocity were specified. In this case,b adding natural
admissibility conditions,velocity and stress principles may be @educed.
For certain flow laws (of which the power law model is one) these give
a global maximum and minimum for the variational functional. For the

power law model,this functional is just a multiple of th-: drag :hencé
by finding appropriate trial functions,we can estimate the drag on
the bedrock.

Johnson's theory has been widely applied. Wasserman xnd Slattery
(1964) used it to estimate the drag on = sphere flowing slowly in
an unbounded fluid. Astarita and Apuzzo {1965) considered the same
geometry,but with a gaseous sphere;lakano and Tien (1968) and later
Mohan (1974) considered a Newtonian fluid sphere. Hopke and Slattery
(1970) obtained bounds on the drag on a sphere moving slowly in an
Ellis model fluid,which is a simple generalisatioﬁ of a power law
model fluid,but with finite viscosity at low stresses. mhis suggests
itself as a useful model for ice (see l'udd and Radok 1971) but is not
a necessary refinement in the present problem since the shear stress
approaches = itinite limit as y -» oo,

ilone of the above authors has considered a variational principle
for & problem such as flow past a bubble which requires mixed boundary
conditions (no normal velocity,no tangential stress):a slight modification
of Johnson's principle is necessary,usinr a method well known in
linecar elusticity.

That all the work has been done on sprherical geometries is not

surprising,since the Stokes paradox does not appear explicitly Tor this
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casc. Tine only work that incorporates the Oseen flow past a sphore
is that by Caswell and Schwarz (1962) for a Rivlin-srickson fluid.
In order to state a rigorous variation:l principle,it is nrcecsary to
solve the outer (Oseen) flow problem,find the matching conditions
or Lhe inner (Stokes) flow,ard prescribe these conditions on a 'boundury’
in the matching region. This 'asymptotic variational principle' will
give bounds which are correct to the order that the matching boundary
conditions are correct.

This is essentially how the bounding ‘'surface' is chosen in the
present problem. In this case,however,tihe whole glacier is well within

-1)),and the inner

tlie Clokes region (since the Reynolds number Re ~ 10
and outer regions correspond to expansions of the flow solution in

terms of 0 = [x]/d << 1. We thus choose the upper surface of the

bounding region as

y = [x]y* , 1 << y* << 1/0 . (3.133)

Ve consider a bedrock periodic over a length L;the geometry is shown
in Ti;nre 3.7. The bedrock is denct.d by:%,and the upper surface by Qw.

€ L ?

A
/
SCO
A
Laly® S\b y = Lyla(x)

._____$>x

Figure 3.7.

The boundary conditions we shall con:zider are
u = U[ + QE y + ...] v = O on y = [x]y* (3-134)
= "% T ’ ’
where S is given by (3.16). On y = [ylh,
q, and o . ere given, (3.135)
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where 1 and t are the normal and tan;ential unit vectors,respectively.
Following Jolinson (1960),we use suffices i to identify components

in cartesian pgeometry. Commas denote partial differentiation with respect
to the indicatcd coordinate,and we use the summation convention. Ve

thus vwritc (3.135) in the form

Vini = V(x) ’ (a)
(3.136)
o..nt,. = T(x) y (b)

ony = [ylh. For reasonably large obstacles, a << 1 (from §5) and V= 0:

also if' there are no basal cold patches,.he existence of the lubrication

film i:plics T = 0. Ve leave these functions in for the moment,however.
Ve also stipulate that the flow and stress fields are periodic in L.

The equations of motion (3.17),(3.18) and (3.19) may be written

vi3=0, (3.137)
oij,j +pf. =0 | (3.135)
where
oij = —p<‘51‘j * T (3.139)
and
£ = (cg',-5") - (3.140)

The rate of deformation tensor is

d..:“;;(v. .+ V. ) (3'141)

(we use dij rather than eij for ease of comparison to Johnson's work).

Ve assume there is a function P(drs) ciach that the flow law is

Tij = 5&. = T.,, o (3-11-02)

Equations (3.137),(3.138),(3.139),(3.1#1) and (3.146) are to be solved
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subject to periodicity,(3.13L) and (2.136).

$8 Variational Principle.

Consider the functional

- d e pf - d
) = a, di,, ¢+ 1 LoV, = pv, i] v

J= 1 [IMv,  +v.
Jy J,1 g7 44 ’

i, d

- o - m
/sb [ kjnknj(vini V) + iviti] as

- /S oy mlvy =U) as (3.143)
a} .
where
u, =0 [ub + OSy* + ...] , U, =0. (3e14k)

This corresponds to (3.1) of Johnsorn (1941) except that unly the com-
ponents corresponding to the terms that are known in the surface integral

are taken. The second integrand may be written more briefly as

onn(vn - V) + v,T . (3.145)

Now let vi’Tij’etc' be a solution of the boundary wvalue pfoblem,and let
8vi,87ij,etc. be arbitrary variations. As admissibility conditions we
stipulzte’ only that the variations be periodic in L,and sufficiently
differentiable for what follows to be valid. The periodicity enables

us to cancel out integrals on the ends y = + L/2 of our surface. The

variaiion



using the equations and boundary conditions. Thus,using Green's iheorem

and periodicity of Tij’we find

8J - SV, G. .n - - . .114—6
ij 1[ 1% Tti ijnknjni] ds (3 )
Now
o - . - 01 )
nt Uijnitg T, (3.147)
~trerefore
o
Tti + kjnknjni
= t .t )
Tki™ 501t ks
= ant i * onnni
_ = = ! . o7 8
= %1 % %n 31313 (3.148)
Hence
8J = 0 : (3.149)
thus J is stationary at a solution of the problem.
If,instead of (3.1&2),we can write the flow law in the form
af(T ,) 3y
dij = dji = 7 TS (3.150)
13
then we can write
-— = -. . - . r
P -dg 7. =T (3.151)

If we define # by the functional (3.143) with T replaced by d, .7, . - T,
B

then similarly
5% = O (3.152)

at a solution of the boundary value problem.
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§9 Velocity and Stiress Principles.

Je now restrict ourselves to consideration of the functional J
when equations (3.137),(3.141) and (3.142) are satisfied together

with the velocity boundary conditions (3.134) and (3.136a). In this

case the functional is

i
|
Iy = /V [r - pf,v.)av - | Tv,t, as (3.153)
S
b
and writing ‘
Jy =g+ 83« I, , (3.154)
8J = O :3.nd
| | ; |
= - - 5d . d‘ . .
J, /V [, + 88, ) = T(a ) 5, lar . (3.155)

Johnson (1961) shows that J, > O for a pseudoplastic fluid such as

2
jce for which I' is convex,and so J is globally minimised by the solution®¥

for all admissible trial velocity fields,

Iy € Iy - (3.156)

I+ s similarly straightforward to show that if we consider the
functional (3.143) with T definel by (3.151),and admit only trial
fields satisfying (3.150),(3.138) and (3.136b),then

"

Be k= ] Ty | o U as s j o anvas , (3.157)
v S S

T i 1) kj k §
b
and if
= 7 ad g 03
£o= Boow B4 &y (3.153
then db = JO,Sﬁ = 0 and
o ‘ R 9l v )
#, = - j [P(Tij + brij) F(Tij) bTijg;..)J av . (3.159)
\Y iJ
Just as J2 2 0,s0 %é < 0 and hence for all admissible trial functions,
&SRB (3.160)
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Thus we have global bounds on JO’

< < J. .
MT JO JV

§10 Eounds for the Drag.,

(2.161)

e proceed to describe P,f and JO for a power law modelrfluid. Vle use

Johnson's notation

II = d =2, II_ =7

.4,
ijij
thus the viscosity is given by

i i
whence
2ne , n=1/2e =2 e e A

T =

sirce e = AT". Hence from (3.162)

1 =1 =1

1 1 B o= =

n =2 11177 97 11°R 2P0, P
1 1 -1 A

2(1+B n z(n 1)

i

()
.
4
-

Using (4.8) and (4.9) of Johnson (1961);#

1 1 "1 11
21 -=) = = +1)
I = = 2 Bopfr B
n+1
a 1 -,1— - 1—
I = — 2 2(n1) A II 2(n+1)
n+1 T
I R T D I
Now 2 AT II = 2A "
-1 n+1
.= 2 = 27
TijATn TiJ At 2T7e ,hence

n

——————

n+1

] r av / g, v, , 4dv
v i 1J 1,4

o? o

and so
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— [/S . Uijvin.j dS +

; | (3.162)
(3.163)

(3.164)

(3.165)

(3.166)

(3.167)

/v pfivi av I (3.168)



-

n | 1 ) 1 n
o — o - — £ v, oV _—. v.n, = Tv.t. as.
I n+1f,, 1%3%; 4 n+1/v 34 */ nel 1§ i i)

S | Sb

(3.169)
Also
s v.n, =v,0, =v, (o t, +0 n)
ijJi g 1 in 1 nt i nn i
— = t. $ .
= ngtyYy T THY; (3.170)
since v.D, = O for the velocity principle,it follows thatr
n
- B *
g n+1[T]0HLU[ub + OSy* ...]
_ 4 of .v. av - A Tv, 4S . (3.171)
n+ ii n+1 t ,
\') S
b
We now put T = O (zero traction on the bedrock);we may furt?e§ simplify
T} U
(3.171) since if,for example, v ~ €,then pE. V. ~ pg'ly € ~ = ,and
so (3.171) may be written
- 4
— cm— e
Jg = n+1[7]°ULH [ub + 0(oy*)] . (3.172)
Using (3.153),(3.156) and (3.166),
1 -1 1
(1 "-r-l-) I “32‘(;;4'1)
[7) ULHu, + ... < 2 A / I av . (3.173)
© v
We automatically satisfy (3.136a) and (3.137) by writing
u = ‘//y V. = = ‘/fx ’ (3-174)
and choosing
W =0ony =[ylh. (3.175)

e should also satisfy (3.134). However (compare the linear theory) the
second order shearing term will not affect the right hand side of

(3.173) to leading order,and so it is sufficient to have

g ~Uuy,y>®. (3.176)
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We have

2
II = 26 = 20 %y $(urv)? from (2.31)
A, 2
= 2 [wxy + (wyy-wxx)z] , | (3.177)
SO
-1 n+1
— - L/2 ;[x]y* o o T
(7] ULHw + ... < (2a) "/ / b - )< w4t 1Y ax ay .
o Wy ) j-L/Q (i [( vy Vx f Wy
(3.178)

We now turn to the stress principle. Let us assume V = O. We must

satisfy the equations

11x * %12y 70
(3.179)
o o =
2 x ¥ %0y =0
where we have incorporated pfi into the pressure by writing
P =D - Pg'ex + 28"y (3.180)
and
o = - . .
13 = POyt Ty (3.181)
In this case there exists the Airy stress function ¢ satisfying
011 =-p+7T, = ¢yy s
- p = - ""'/,
0 p = 9y =T, Yy ? (2.182)
5 = —“ - = ¢
922 Poly % v ?
and we wish to pick any ¢ such that
o ., =0ony-=I[ylh. (3.183)

nt
Let us suppoce the stress et infiniiy of our trial function is

T, = [T]OH, i.e.
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¢ ~ -[T]ony , y oo, (3.184)

“hen we have,from (3.157),(3.161),(3.167) and (3.172),

n+1
n 1 =3n-1) | 2 .
J —_— — - we— 2 \ rﬂ e @
0 n+1[T]OULHub + e, 2 vy 2 Ajv IIT + [T]OAVL(ub + ),
whence
; ( ) n+1
-_2‘ n—1 ; TA: [oN3
2 Ajv I ° < [T]OULHub + ... (3,18

The inclusion of a stress > ;ER[T]OH at infinity is necessary to
+
obtain a nontrivial bound:this is because the driving stress enters the

stress solution at an earlier stage than it enters the velocity solution.

Now
2 2
II_ = T sTig = 2(1’1 + 72)
1 2 2
= 2[2(¢&y' ¢ )+ ¢xy] , (3.186)
whence
. n+l
2 1 27 2 5 n+1 -
/v [¢xy + Z(¢yy' ¢xx) ] av > (] 7 dLHu, .. (3.187)

since [T]o = (U/2dA)1/n.

811 Dimernsional Estimates.

So far we have not introduced the bedrock roughness v:(3.187)
and (3.178) are inequalities for the leading terms.in expansions
in o, It is not therefore obvious what size w will be. For example,
the Newtonian flow gave u, 1 if o ~ v2. We can gstimate uy by use
of the fact that (3.187) and (3.178) are equalitiés wher. the trial func-
tions are solutions. Now since the drag at infinity equals the drag

on the bedrock,we know (with an obvious notation) that
(el ~ D71 /v (3.188)

and that

e. ~ A[T]? . (3.189)

1
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If we formally write

o

e »
Y vn+1 Yp 2

‘// = v[ x]Uub‘l/*(:’-i,y.,) ’

2
¢ = (x}v[T]O Hd‘*(xl’y]) ’
y = [x]yi ’ (3'190>

X = [X]xi ’

L
M =3
[x]’
then (3.187) and (3.178) become,on dropping the suffix i,
n+1
» M/2 oy 2+
*1/111 / W 2 212n .
H o< ut -M/—M/Z dx [Ty =g g 1T, (Gaon)
M/2 , 2
n 1 2 1 24 2
.« < H® 2 dx/ [¢x° &+ T(gr - ¢* )1 ¢ ay .  (3.192)
Y% M /-M/Z vh Xy yy XX
Hence ug ~ 1,and so
a
o~ (3.193)

r.+1
v

and (3.490) satisfies (3.188) and (3.189). This confirms that u, ~ 1

when o ~ v2 (n = 1) for Newtonian flow. It may be seen from (3.193)

that we are justified in formally considering v << 1 to obtain 0(1)

values of u.. However in practice if for example 0 ~ 10-1-10-2,

v~ 01/(n+1) ~ 1/5 for 0(1) ub;it is evident that ub is highly sensitive
to the precise magnitude of v.

If q/vn+1 >> 1,(3.193) seems to imply a large (>> 0(1)) basal vel-
ocity. Since the velocity was specifically scaled in Chapter II from the
accumulation rate to be 0(1),this appears to be contradictory. In fact
(3.193) implies that H is small:if we then denote by U, .  the change

. . . ; =3 . ~ n+1
in velocity in the outer flow due to shearing,then UShear Hu ~H ,

y
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provided (2.101) still holds. Then since u OHn/vn+1 from (3.191)~
(3.193), Ushear << ub,and so H~ (vn+1/0)1/n. The outer flow velocity

mey thus be projerly written

n+1
n+1 —
1%

w=u(x)+ (=) ulogy)+ ... (3.19%)

The same reduction for the outer flow as in Chapter II can be carried

out to find u, provided

2n
vn+1/o >> 5Pt , (3.195)

and in this case (2.101) is indeed valid and thus also (3.194). However,
if (3.194) holds,we shall not in general be interested in u,,and will
then neglect the momentum equation (2.105):we still require (3.195)

to be valid if we are to obtain the same energy equation (2.107) as

in the reduced model.

§12 iLodifications.

(3.191) and (3.192) predict uf ~ 1" as would be expected from
dimsnsional considerations when we neglect regelation. Weertman's
heuristic u ~ H(m'1)/2 could arise if [x] ~ Ay (Morland 1976), the
controlling obstacle size where regelation and plastic flow are equally
important (since one can easily show uo~ H for puré regelation);in
fact [ x] >> A, s@nd we expect regelation to play a small part in the
sliding process. To include its eff'ect,we could modify our principles
(3.191) and (3.192) in two ways:firstly,we could include the suction
velocity in (3.143). However,since this depends on the pressure which
is a result of solving the ice flow,such a method is not entirely satis-

factory. It is probably better to utilise the fact that regelation
only occurs significantly past obstacles asymptotically smaller than
the scale [x]. Then,if we can solve the small scale regelation flow
for a given tangential velocity,this leads asymptotically in the large

scale [ x] problem,to the imposition of an effective regelation drag
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=T (vt) (3.196)

o
nt reg

over the surface. Thus regelation czn 'e incorporated into the general
principle (3.143) via the traction T. 3imilarly,if cold patches (giving
rise to stort time-scale stick-slip ("stictional") motion e:ist due to
pressure reduction in the lee of obstacles,their effect can be included
by imposing an additional tangential stress due to Cog}omb fri;tion.
These offects will not be considered further here;we féétrict ourselves

to the consideration of appropriate trial functions for ¢* and ¢*.

§13 "rial Stream and Siress Functions.

hh| ! L] (3 [ i}(x
for the Newtonian flow over a perfect sinusoid y = vae™ ,the

solution to 0(v) is

~ky_ikx

g* = %— - (1+ky)e .. (3.197)

as may be verified by direct substitution into (3.98)-(2.100). The most
obvious upproximation to (3.197) which satisfies the trial function cond-

ition

¢* = O ony = vh (3.196)

(/,*

%’ - h{1 4 k1(y-vh)]e"k2(y—Vh) , (3.199)

and o'hers may be written down simply. A calculation using (3.199) is
carried out in Appendix 1.
"he dimensionless trial stress i'unction ¢* has to satisfy the boundary

condition ¢ , =0 ony = vh. Since t (1,vh'), n« (-vh',1), this

condition becomes,using (3.182),
vh'(¢* - ¢* ) + (1 - vzh'2)¢* =0 ony=vh. (3.200)
y_y xx xy — [ ] L
Ve will also try to satisfy

Pr o~ muxy , ¥y 2, (3.201)
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ir order to obtain accuracy. Unlike tne case of the stream function,
it is a non-trivial matter even to zeiisfy the boundary condition

(5.200) for ¢*. To see how to do so,ve write

Y=y-vh, ¢* = 6(x,Y) ; (3.202)

then

Y
2 2
ok -— - 9 4 - (] [}
¢* = 0 2vh'6_y - vh''6, + vn GYY’,
(3.203)

* - - '
Py T %y T VP Oyy o
t ] -—
¢yy = Oyy

the transformation (3.202) moves the boundary to Y = O. Thus (3.200)

becomes

+ vh''o, 2pr?

Jé - 1] - t
vh'( @ O + 2vh'0_y ;- vh UYY]

YY

2,2,
+ (1 - v )(@}LY - vh'@YY) =0,

- . - v -
axY = vh [ox vh'e, ] on Y=0. (3.204)

Now notice that for the accuracy condition (3.201).we really only

require

L/2 -
¢* dx = =L , y » 00, (3.205)

/ -L/2 ¥

and we still obtain the inequality (3.192);(3.205) may be written

L/2
e, =-VUL,y >0, (3.206)
¥ -L/2
We can satisfy (3.206) by stipulating that GY is periodic,but with a

non-zero mean. This rules out various simple forms for 6 we might try.



We now write

0y = vf'(x) onY =0, (3.207)
S0
by = uf(x) onY =0 . (3.208)
Substituting into (3.204),

£' =n'lo_ - vzh'f]x onY =;°¢§ (3.209)
Let

f' = h'g' , (3.210)

(g'(x) is unrelated to g' of Chapter II),then

6_ = Wh'r +g onY =0, (3.211)
lence we nay write

6 = k(x) , 6., = vf(x) onY =0, (3.212)
where

k'(x) = g(x) + nt s , ' =nh'g" . (3.213)

(3.212) and (3.213) define boundary conditions on Y = O for an approp-

riate trial function. We also try to satisfy the accuracy condition

exY - vh'@YY > - va(x) , ¥ » oo, (3.214)

or simply,from (3.206),
X

6 ~ -vY/ a(x) dx , ¥ » o0, (3.215)

where o is periodic with mean 1.
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From (3.203%),we find

2 \ 2
' - * -
l;d’* + ( Qb d) ) =

2. .2.2.2 , 2,2 2 2.2
! - ; Zr ! )
(1+v"'h'") byy = kvh (1+v°h )oYYoxY + 4(1+v°h )0y

2 , 2.2 v
+ 0 = lvh'o + 2(1-v"n'")oyy (vh" oy Uxx)

xYexx

2"22 [ } - 1 -
+ v h''%9y + 2vh HY(avh 6 v 9xx) =0 , (3.216)

say.
In order to select a reasonable trial function,we consider the

Newtonian stream function (3.197). With p given by (3.129), 7, = 2u_,

Ty = Ug = vy and using (3.182),we find that the stress function in this
case 1s
* = 21(‘1+ky)e"kye1’Kx . (3.217)
An obvious choice for 6 is thus
—ky
6 = K(x)(1+ky)e + VYR (x) , (3.218)

where £(x) = - {* «(x) dx. The form of (3.217) suggests we try
fx g dx = h,h',fx h dx,etc.,vhere g is defined in (3.210) or (3.213).
-

In fact from (3.213) the simplest choice that gives appropriate behav=-

jour at Y » o is

g' = ah' => g = ah (3.219)

b

wiere a is constant. With this choice,

2
f=a/n’ a, (3.223)
) )
K(x) = &/ h dax + av’h'[* b'° ax , (3.221)
and
1 U X 2 2 -X
6 = - Ve {7 hdx + v h';* n dx}(14kY)e t
(1072 w2 ax] |
W -2 -

o X p? de, (3.222)
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wrhere a h.s been chosen appropriately. Other more complicated examples
cculd be found.
In Appendix 1 we use the stress function estimate (3.222) in order

to obtain the crudest possible bounds on ug. We find that,if no detail

of the topography is assumed at ell,then we have numerically with n = 3,

n

16,414 H® | (3.223)

(2575)%(n+1)

0.0688 H' < ut <

2, 2 . o
where h' 1is the average value of h' . If some topographic detail is
assumed,these bounds could obviously be very much refined. For n = 1,

the corresponding result is

0.447 H < u} < 3'5j H . (3.224)
onté

This should be compared with the rather uninformative:(5.131).

$14 Conclusions.

Ve have considered a complete model for glacier sliding without cav-
itation. This shows that for ‘'large scale' irregularities (e.g. ~ 1 m)

regelation is unimportant and can be neglected. For a Newtonian fluid,
a straightforward asymptotic expansion (following Nye) of the stream
function gives a sliding law which is sensitively depencent on the
higher frequency Fourier coefficients of the bedrock. In order to
obtain a more specific estimate of the sliding law,and also to consider
rigoroisly the nonlinear problem,a variational principle was intro-
duced which gives upper and lower bounds for u, as v,0 » 0. Even for
very general bedrocks this gives useful estimates,andﬁin;identally

shows that the sliding velocity

u ~ O/VI’H-'I

D * (3-225)

(3,225) is to be interpreted as follows:if 0 << vn+1,the sliding vel-
ocity is negligible;if o ~ vn+1,it is comparable to the velocity due to

shear;finally if o >> vn+1,the depth is reduced by a factor (vn+1/a)1/n

’

67



basal slidir: is dominent and the velccity can be written as in (5.194),
proviind (3.195) is also valid;in this case the approximalions used
in deriving (2.84) and (2.85) are still valid,the dissipation term

is still given by (2.102),and thus the energy equation is given by
(2.408).
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CHAPTER 1V

The Theory of Sliding:

(ii) Cavitation in Newtonian Flow

§1 Cavitation Mechanisms.

We now turn our attention to the effect of cavity formation on the
sliding law of a Newtonian fluid. first of all we need tu know why
cavities should form at all. There are several possible reasons.

If the stress is sufficiently high,the ice may rupture. The flow
will maintain & cavity,on the unknown rocf of which an extira stress
condition will hold (for example the Coulomb failure criterion).
However,typical stresses occurring in z'acial ice are too low for
failure to take place,even near the becrock (cf. (3.128)),and this
mechanism is therefore not considered to be physically relevant.

If the ice-water interface is in thermodynamic equilibrium,then
the pressure P, in the water film is given by the Clausius-Clapeyron
relation on the equilibrium phase diagram (see Figure 4.1). If Py
(detqrmined by the ice flow) decreases to lhe ice-water-vapour triple
point,a cavity forms since the water vapourises for further reduction

in the pressure. The boundary condition in such a cavity is
p, = constant (~ 0 bars) . (4.1)

This kind of cavity is directly equivalent to the cavities normally

‘ observed in fluid {low
Clausius=-Clapeyron
curve past bluff bodies (Batchelor

1967);(4.1) is the cavity

vater
ice boundary condition used
0.005 b - = -

bars

vapour by Kamb (1970 p 720) and

? Nye (1969). Lliboutry has

-0
0.0075" € temperature

this cavitation pressure

Figure 4.1 .
€ ) ungnown because he post-
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ulates,rather than predicts,cavities.

A cavity will also form if the water film thickness £ - oo. From
(3.74),we see that this i3 the case if II' » O while [* V, dx is finito.
Aithough il and Vv, ere related by (3.6-) and (3.74), the zeros of "
and fx VM dx will not in general be the same,and so cavities and cold
patches (when [* Vy dx > O with ' § O) will generally exist on the bedrock.

There are bedrocks for which this is not true:for example if h = cos X,

y

then from (3.132) p* I « - sin X, whence T*ly_o « sin x, T* « e"sin Xx,
V.o« - T;!y=0 « - sin x,and so from {%.79)
53 {* - sin x ax
[« 4
cos X
= I = constant . (4.2)
( wmmwmvﬁa%if&$ati¥ww Le Auuen ) M

We shall ignore this cavitation mechanism for the rest of this chapter,
and therefore we formally assume that Z,as calculated from (3.79)
is elvays finite.

Lliboutry (1968) is the only sauthor who has considered the effect
of cavitation on the sliding law in any detail. It is reasonable to
suppose that the effect of cavitation is to reduce the friction for
increasing velocity. The sliding law might then resemble one of the

T (a) forms shown

(b) in Figure 4.2.

It is important

(¢)

to gain some

? %

onset of idea which of
cavitation

the profiles

(a),(b) or (c)

is most lirely to occur. Lliboutry (1%%¢) derives a law iike Figure L.3

Figure 4.2:Schematic Sliding Laws.

for u sinusoidal bed. His theory is bzs:di on rather arbitrary assump-
tions,f'or example that a cavity roof is of constant slope,and thus

cannot be considered to give reli-ble results. It is,however,physically
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-
.

well motivated,
and a usef'ul

first theoretical

> ub attempt.

\
'
o
H

oncet of
cavitation

figsre 4.3: Lliboutry's law.

1700
N

wathenatical lodel.

Let us once again consider ice as a l'ewtonian fluid flowing over
a 2w-periodic bedrock of small slope with cavities formed purely due
to the water pressure P, reaching the triple point pressure (Figure L4.4).
we tuize the bedrock profile along the roof of the cavities. In tlis
case lhere is a section of the boundary which is unknown,but on which
the pressure is a given constant. In fact,denoting the triple point

pressure by pp,ard using (3.97),

Py ¥ pg'dd - pg'lx]vh + LgJO P = Pp > (4.3)

or

p=-0p ’ ()+0)+)

cavity

Figure L.4: Geometry.
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where

Vv v
P, =2H + (—.,To(pA"pT) R (4.5)

2
and we have nezlected 0(ov /e) in (4.5). '"he dominant tern on the
right kand side of (4.5) is the first one,and hence the critical rough-
ness for onset of cavitation is when v -~ &. For a sinusoidsl bedrock,

P = - 2H sin x from (3.132) and thus cuvitation occurs il
v < 2e . (4.6)

A similar result was obtained by Morland (1976‘equatibn 102). Note
that the appearance of cavitation depends only on the relative size
of the mean and local bedrock slopeé.

Yow the analysis of §7 of Chapter IIT is still valid,and thus to

leading order, h and p satisfy

B(x) + B*(x) = ubh(x) , (4.7)
B''(x) - B*''(x) = =2 p(x) , (4.8)

f'row (3.!15) and (3.124),where h(x) is taken along the roof of the
cavity. We denote by C and C' respectively the cavitated and uncavitated

bedrock in a single period. Suppose for simplicity that
C = (a,b) ,C" =(b,A) , A=a+ 27 . (4.9)

Let hR be the actual bedrock,which is a given function: differentiating

(4.7) twice,we have to solve

B"+B*"=‘J-;-('}2h_1{", xec’
g (4.10)

B"—B*":-'%'P ’xecl

?

for a periodic function B''(z) analytic in Im z > O,and such that
B'* >0, Imz »®: a and b are to be found as part of the solution,

ard we shall try to satisfy p continuous at a and b and h' continuous
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at a. These conditions are the Physiczlly appropriate ones to take.

vie transform (4.10) to the form of a Hilbert problem as follows:let

2
[ 4 \
H(z) = >B'"(z) , Imz >0,
H(z) = E-B*"(z) , Im z <0 .,
Then (4.10) is
+ - :
H + H =uwh!', xinC, (4.12)
+ - =i .
H -H = 5P, xincC', (4.13)

vwhere H+,H- are the limiting values of Has Im z » O + . We have to

solve (4.12) and (4.13) subject to
H(z) =0, Imz » >

H*(Z*) = H(z*) ’
(4o1d)
H(z) pericdic ,

2 Pe -

lim (4" < H) = .

X - a,b
x in C!

If we can satisfy (4.12),(4.13),(4.14) with one undetermined constant

in the solution,then since
wh'' =H +H , xinC',
(4.15)

-%p =H - H , x in C ,

we can integrate h'' twice using continuity of h and h' at a and contin-
uity of h at b. The extra condition for h then determines the unknown
constant in the solution;h' will not in general be continuous at b.

In order to deal with the periodicity of H,we introduce

~ (L.16)
F(¢) = H(z) , C=fe sa <6 <b],C' =[P cgcny.



By p and h'' will be understood their functional form in the new
variables (e.g. h''(x) = = cos x <=> h''(&) = -5(¢ + %». Then (4.12),

(4'13):»(1#-14) are
F +F = ughﬁ' y €in C , (4.17)
-i . .
F'-F ="2p_, &incC', | (4.18)

where + and - refer to the interior and exterior of the unit circle
respectively (Figure 4.5). We require F to satisfy (4.17) and (4.18)

together with the conditions that,from (4.14),
F+0’§->oo’

1im  (F* - #7) = TEp
§28, 0% (4.19)
& in C!

F*(¢*) = F(1/2*) .

83 The Exact Solution.

Since éa and fb are to be deter-
mined in the solution,the problem is
nonlinear:it is not clear whether a

solution is unique. We shall solve (4.17)-

(4.19) explicitly,and then the unique-
ness of the solution becomes obvious. Figure 4.5:(-plane.

We def'ine

G =F 4+ =2c , & » 2 in p* ,

b 2
‘ (4.20)
. i o . - ,
G = F -—)fc-p?, z in D s

where a is a constant to be specified later. Then (4.17),(4.18) and (4.19)

are
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v+ 6 =q . why' , £inC , (ho21)
c*-G’:O,ginc', (4.22)
Go3-Ee, (v, (L4.23)
G*(¢*) = 6(1/¢*) + H(a* - a) , (4.24)
lim 6" -67)=0. (4.25)
f”fa’éb
& in C!
The unique solution of (4.21) and (4.22) satisfying (4.25) is
+ lasurnt'] ar
6(2) = )ZL%.)/ _:_E_L (4.26)
C' x (7)(7=()
where
1 1
x(¢) = [(¢-¢)%(¢-¢,)%] - (4.27)

(An additive constant in (4.26) can be absorved into a.) In the definit-

ion of x,we take the branch cut along C',and choose that branch that has
X~8 , § >0, ()+-28)

Satisfaction of (4.23) requires

1 /' [ .oty dr a ip
- — a + n (T)] = = = ==C ’ (4029)
2mi C' LLb R X+(T) 2 14-
we return to this later.
Let us consider the transformation

w=1/C% . ~ (4.30)

We have
-4 - . ' 1
l1a lb(l - ela)(1 elb)}z

(g*) = (g% % T,

We refer to the geometry in Figure L.5. As { - o along arg { = O,
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arg(g-¢,) = O

arg({-¢,) = 0

Figure 4.6.

1/¢* » O along arg(1/{*) = 0. By the definition of X ,arg X » O and also

arg [g*Qe"iae—ib(%* - eia)(‘l - elb)]%
= {-a -1+ (mea) + (1!-27r+b)] =0, (1+.32)

\ . bk
if we define the branch in w-space so that [(w-ela)(w-—e1 )12 ~ w, W

It follows that under the transformation (4.30),

s i/ S R ¥
18/2,-10/2 1 () = €726 = x(w) . (4.33)

x*(L*) = e = .

By similar reasoning,or directly from (4.33),we find
-3a/?2 =3
e(en) = —gre 2T 2y (430)

From (&.26),

B N s e SO

. e o A - d (4+35)
[a(1/c*)] 2 jC'* () (r _-%-) T

since T is a dummy variable. We muke the trunsformation w = 1/7, so that

* ] "#1 2
] (71/€|) - La* 4 Uth (;9] (-1/w ) aw
U S NN 2

o (4.35)
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Using (4.33) and (4.34),we have,since x™*(1/w) = x"(1/w")* ,

1

§ "z 2 a* ¢ u¥ 1'*-1 (- dw
T . S B G P )

2mi( /C' w2.(-1/w)§a-§§b-;x+(w).(- fz)(w—i)

(a* + ughé'(w)] dw
X(w) (w =)

(4.37)

: c! ® _ 1tk - ht'*(w*) = ' i = n'!
since on ww 1,whence hy (1/w) hR (w*) [hR (w)J hR (w)
as this last function is real. From (4.24) we require,using (4.37)

and (4.26),

2(a-a*) +

éiél-/ [a* + u%hﬁ'] dw X(g? / [a + uﬁhﬁ'J ar |
e @) - ¢) Tiler xM(1)(r-g)

(4.38)

wience

(x=a*) [%: - "-(—f,l/ i J =0. (4.39)
“Trder M(w)(w=g)

‘(4.39) is satisflied for any a since the term in square brackets is
easily shown to be identically zero. Thus G defined in (4.26) provides
a solution to the problem as long as a,fa,fb satisfy (4.29).

Given this solution,we determine p in C' and h in C by means of

the formulae (from (4.15) and (4.14))

Yip = FY - F = ~ip, + ¢t -6, £incC', (L4.40)
u;h"=F*+F‘=-a+G++G',§ in C . (Lol?)
Yriting
G(z) = x(2)K(z) , (koli2)
we have
GV + G = XK+ K = K-k,

. (4.43)

¢t -¢” = xk* - X K
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and from (4.40) and (4.41),using the Plemelj formulae for K (Carrier,

Krook and Pearson 1966),

+ 0 *att] ar
P = -p - 24 (£) f T : , & inC' , (L oldi)
¢ 4 c' X (r)(r - &)

uth'' = =« , £inC , (Lok3)

since Il is analytic across C: ¢ represents the principal value of the
integral. Thus the cavity roof is a quadratic since a is constant in
(4.45),and we require a to be real (and so (4.39) is valid irrespective
of the value of the integral).

§h Peduction for a Sinusoidal Bedroclk.

"o be specific,let us now consider hR(x) = cos x. Then
h' = - cos x = - }(4 +-%) , £inC' . (4.46)

me can simplify (4.44) and (4.29) as follows. We define

; n
I = j T+ dr , (L.47)
o X(7)
and so
\ n
I* =/ r_dr (4.48)
B o kT ()
Puttirg w = 1/7 ,and using (4.34),we obtain
T 1 - dw
I = / o -3, =5+ 2
ct M (m/m)E, FE X (w) W
11
2 2
= éa fb I_(n+1) U (4049)
Now consider
n
z
g(z) = )?(;) s, n 0. (4.50)
As z2 » >,
-1 - \
g~ "G -G -8 (), (1.51)
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say,where P is a polynomial of order n-1. On C',

n-1
n n
+ T - T
g =~ »8& =~ ¢
X A
+ - 2"
=> g - 8 = “:- .

By the discontinuity theorem,it follows that

1 ™ oar
g = == / + P _ (z) .
e kM) rez)
Putting z = O, we have from (4.53) and (4.50)
i 1
I—1 - / iT = lWéa 2éb °
¢ 7x (1)
m
Im = / T+ LA -ima , a > 0,
c' x (r)

1 1
where a_ is the coefficient of z "in (1 - ¢/2)2(1 - /%)

(4.52)

(4.53)

(L. 54)

Alter-

natively,using the Plemelj formulae,we have from (4.52) and (4.55)

~ n
- 2 T T
g+ +8 =0= 7 " d + 2Pn-1(§)
¢t x (r)(r-¢)
- ar
> .f " = - inPn_1(§) , n2z0.
c' x (7)(7=¢)
Using these results,we obtain
+dT =1 = =iw ’
c' x (1)
R e b b
= 1&1 = 1”€a éb ’

C' Tx'(7)

J
/,
/ T dr
f

c' x (1)

.

c' X (1)(r - ¢

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)



f - T d7 -im (4.60)
ct  x (r)(r -

i
e’

dr j 1 1 1
f + \ j + I:{T - é) - ; dT
cr rx (7)(r - &) c' éx (r) L

R
==l = - FE, % . (4.61)

. . d
It is .bvious how to extend the above to integrals like / .

Jor T () (r-¢)
For the sinusoidal bedrock (4.46),the pressure in C' is determined by

(4.44) and (4.56)-(L4.61) as
1 &t ) -;, 2
p==p, +sutx (&) . -im (1 + & =5 /€]

- p, - urx(g) [1 + §a'édb'£/§] : (4.62)

By inspection of Figure L4.6,we find that
arg x+ = 31/2 + x/2 + (a+b)/L4 , x in C' y (4.63)
if arg & is chosen so that b < arg &€ < a } 27, i.e. b < x < a + 27, Now

S L - £,)(¢ - &)1

e“i(A‘x)/zz JA(xb)/2

2i

. )i(A-x)/Z
_[%el(x+a)/2 e -

1_

Ji(x-b)/2 e-i(x-b)/2§;J2

z 21

Xx.,2.,2
= - ie ook [51n(—g—-31n(

a b)

(NI

-b
2012, b <x<n, (h.64)

using (4.63%),where the positive square root is to be taken. From (4.62),

(242

+ E) =
2 4 4 (1 z

p = - p, - 2up [sin(AH)sin(5h )7 co

. A=xy . x-b\ %
- p, - kuf [31n(é§l)81n(§§—)]2 cos(g +-§-+-§) , b <x <4p .
(k.65)
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Prom (4.56)-(4358),the condition (4.29) becomes

! 1

- :;3[- aim - Jurl- Zmi(€ +&) + img, 26 "* 1]

=5 - Fe, (4. 66)

which gives

p - lub [ 4.(&{1 + Eb) + éa .:‘b ]

- iu.g [ - rl—ei(b+a)/2§ei(b-a)/2 + e—i(b-a)/.?; + e‘i(a+b)/2]

= iu [- zcos(agb) + 1 sin(gﬁg)z (———) + cos(———) - i 31n( )]
(4.67)
Ecuating real ard imaginary parts,
P, = uf 51n(-——)[1 + cos( ], (4.66)
cos( )[‘ - cos( Yl =0, (4.69)
(4.69) has solutions
a+b=7", 3m, 5m, ...
(4.70)

b'a=o,1+1f,...
Physically p, > 0,als0 O € a + b < 47,and so from (4.68) we must have
a+b=m, (4.71)

or b - a = O,as the only realistic solutions. b - a = O is a degenerate
case at inception of cavitation:in fuct (4.68) and (3.1268) then imply

that 2 + b = 7 in any case. Thus the cavity length is
b~-a=z=7-2a. (4.72)

Cavitation sets in at & = 7/2;the maximum cavity length is 7 when

P, = 0,although in practice this limiting case will not be reached.
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strong cavitation

~ P, >0

weak
cavitation

Pc=2U€=2H

figure 4.7:strong and weak cavitation.

These situations are depicted in Figure 4.7. e are led to the rather
surprising conclusion that no more than hslf the bedrock can become
cavitztied,however fast the flow.

From (4.C8) and (4.72)

p, = ut(1 + sin a) , (4.73)
or
_1 P
a = sin =S -1},
u
b (4.70)
b=7"~-2a,

The solution is now completed by choosing the unique a (> 0) such

that h' can be continuous at a,and it is clear that the solution so
presented is unique. We do not need to know a to find the drag,however.
From (3.127) the dimensionless drag is

y - am 1 27
- o— — comam 1
H= 5 ja ph' dx = = /o (p + p )h' ax

_ 1
sin x cosf%-+ Eﬁ[Sin(é—£9Sin(§§E)]g dx , (4.75)

2ut A
= T 2

T Jy
usiyy (4.65),whera A = a + 27,and a,b are def'ined by (4.74). We con

eveluate (4.75) by’ USing (14—-62) and that h' = - %1(6 - '12) ,.é in C',
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& =e , d = i€ dx ;thus

H = J_/. - ju* +(T)[1 -5, % ] 1 lg paldl
2nfo, ~ X v &, %% /) -z -P 5

L
u"‘?".' | 1.+ B I 2 R 5,
o jC' 2 (1)1 + g TR T - /T = 8 R /T AT (4.75)

"e can integrate (4.76) using the same methods as before. Let

3= / Mt (r) ar, (4.77)
C|
then
J; = / T (1) ar (4.78)
k C'*

under the transformation w = 1/7 , (4.78) becomes,using (4o34),

- 3
R AR R

=€, %8 " _(3.m) (4.79)
To evaluate Jm,consider
m+1
g(z) =7 x(7) , m2-1. (4.80)
As before,on C'
+ - m+1
gt - g =2t Ny, (L4.91)
whence the discontinuity theorem implies
: 1 +
1 (1) '
g(z) = 7i /Cv T - 2 ar + Pm+2(z) ’ (4.82)
where P, is the (m+2)-order polynomial such that
m+l +
z  x (z)~ Pm+2(z) as z » © , (4.83)

Thus (4.80) and (4.82) prove



’ \
= o T x(7) ar + Pm‘z(o) = g(0) = %f ] o (L.l
5& b b ] m = b
and so
o4
_ 2;: 2 -
J_1 - 1"[ ga :b b1] H
(4.85)
Jm = - iﬂbm+2 y o2 0,

-

f

1 R,
where br is the coefficient of z * in the expansion of (1 - §a/z)2(1 -7§b/z) .

Using (4.76),(4.79) and (4.85),we have

U5
e

1

L 1 14
B=mm e, % 50, - 65500 ). (4.86)

1

From (4.85),

o5

R | 1o
Lim(1 - b,6,796,7%) + im(1 - bre Ze 2)]

fox
"

Lri
‘ 1 _:jz_
= zur [1 - Re(b,¢_ 9. (4.87)
Yow
b1 == %(fa + fb) ’ (l-+088)
Yo
~Z, % 4, 5. Z,, %
—b"f& éb 2"2."'[‘5&/5*0 +£b /fd. ]

Ref (fa/éb)é] = Cos(bz;a ' . (A.b(})

Thus the drag law becomes the simple expression

H = fut [1 4+ cos(353)] (4.90)
or using (4.72),
H = %ug(1 + sin a) , (L.91)

with a given by (4.74) and P, by (4.5).
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From (4.73),we obtain
H=3p . (4.92)
Vriting (4.5) in the form
Y A (L4.93)
(using the definition of [T]o),we obtain the complete sliding law

uf = H, ut < s(H+8),

(4.94)
¥
H=%,u§>5’(H+ﬂ),
where the cavitation parameters 3 and ¥ are defined by
P,= P P
v a T A
X:EE s B = ~pg'd' (ll»-95)

pg'd
For cavitation to occur at all,we require ¥ ~ 1 (more specifically
0 < f?% ~ 1,from (4.94)). From (4.95), 3 ~ 10/d,where d is measured
in metres. Thus typically 8 ~ O0.1. The form of this sliding law is

shown in Figure 4.8.

of%

Figure 4.8:sliding law.

&5 Conclusions.

The form of Figure 4.8 is not completely satisfactory:there are

two reasons for this. One is that ug cancels out of the ecuation (4.92)
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fortuitously due to its linearity:thus a non-iewtonian fluid would
presunnbly give a more sensible law. The other reason is that tais is
only a leading order approximation in v. Successive approximations

in the asymptotic expansion for ¢ would hopefully lead to a correction
term for the drag that would indicate which of the graphs (a),(b)

or (c¢c) of Figure 4.2 is the appropriute law. It is at least clear

fron Figure 4.8 that one of them must be,and that cavitation plays

a crucial part in deciding which it is. One should without diificulty
Le able to extend the method of solution presented in this chapter

to the consideration of higher order terms in the asymptotic expansion.

This is not done in the present work.



CHAPTER V

Kinematic Surfnce ‘/aves

The aim of the present chapter is to consider the phenomenon of
surface waves,which are observed to travel down glaciers at a speed
approximately four times the surface speed of the ice.

A theory of such waves based on the kinematic wave equation

aQ 0JH

aX+bT=a (5.1)

where Q,H,a are the flux,depth and accumulation rate respectively,was
developed by Nye (1960,1963,1963a). His procedure,following Lighthill
and Whitham (1955),is to assume Q is a function of H,x and a,where a is
the surface slope,and then to linearise the equation about its steady
state solution. The resultant equation has wave-like sol:tions with a

wave sreed of about four times the surface speed;however these solutions

are not uniformly small near the snout,as may be seen from Figure 5.1

(after Mye 1960),which shows the evolution in time of 4 small,initially

b, (depth perturbation)

A

1C’h?q ! 1 =Lb/8

3
5h1-

Figure 5.1. (Nye's notation).
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uniform disturbance from the steady state depth rrofile. e observes

that "the lower parts thicken unstably until a kinematic wave arrives

to restore stability." The evident nonuiiformity results from the linear-
isation of an equation which is essentially nonlinear. MNye accounts for
this difficulty by observing that the ice velocity (and hence the wave
speed) at the snout of a temperate slacier is not zero (see Chapter VI);
nevertheless it is still small,and the explénation is%;n uns::tisfactory
one. i'or ccld slaciers,which are frozen to the bedrock,the snout velocity
must be considzred to be zero and this explanation is then inadeguate.

In the following sections,we derive from the reduced model of Chapter
IT a nonlirear equation for the glacier depth which is vulid for a cold
glacier in the limit « » O,and is expected to have qualitative validity
when « # O. This equation is analogous tc that considered by Nye. The
solution cuan be written in terms of a characteristic parumneter o measuring
distance on t = O,and it is then clear that no such growth near the
snout as that predicted by Nye will in fact occur.

The possibility of the formation and subsequent evolution of shocks
(i.e. discontinuities in the surface profile) is considered,and it is
shown that shocks will form from an initial perturbgtion of the depth
if and only:if this perturbation has negative gradieht at some point,

Two purticular cases are then discussed:firstly a shock in the initial
data,such as might model a sudden influx};f ic2 on to the top surface
due to a tributary glacier surge,and secondly an initial small perturb-
ation to the surface. In the latter case a shock forms at thé snout,
which then advances forward before retreating once more to its steady
state position.

The effect of diffusion is briefly discussed,and then a uniformly
valid approximate result for small perturbations obtained by linearising
tle characteristics. Finally we show that seasonal changes in accumulation

and ablation have a negligible effect on the behaviour of the glacier
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depth over the natural glacial time scale.

%1 Derivation of the “inematic Wave Zquation.

for the purposes of the present chapter,we assume that the ilucier is

comiletely cold. In fact,we shall assure that

T <T (5.2)

m

where LQ is the i{emperature at which the ice starts to slide. In this

case the no-slip condition is valid on the whole bedrock. ‘e further assume
k =0 (5.3)

ir (2.106). Then the equation and boundary conditions for the strezm
function uncouple from those for the temperature,and ¥ is to be found az

the solution of

wfé = fn (1 - u(Hx+ hx)]n .
¥ = s(x,t) on § =0, (5.4)
217 (o) (x,1)
¥y, =0, ¥ = = H(o,t) do on £ = H(x,t) .
¢ atkbu)

Two immediate integrations of (5.4) yield

n i-'Hn+1 N4 -~

¥ = s(x,t) - [1 - Wi+ h)] LfEITi - G |- 6

Application of the remaining boundary condition for ¥ on ¢ = H gives,

from (5.4),

5 X - 0 Hn+2
31 / H(o,t) do = s(x,t) - [1 - p(H +h )] — . (5.6)
xo(t X n+

Differentiating with respect to x,we obtain

Hn+2

H‘t + [U“ - “(Hx+ hx) ;Il m ]x = SX(X,'t) ’ (5-7)

where 6 = 1.

Now the assumption that ¥« = O is not a realistic one. However,we
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expect {5.7) to be qualitatively valid even in the case « = 0(1) for
the following heuristic reason. Let us assume that a steady state solution
to the reduced problem exists and is stable to small disturbances. Then

for such small disturbances to the steady state temperature and flow

fields,we may write

6y < exp(x7) <1 (5.8)

everywhere;here 6 = exp(-k) since min T = - 1 (at x = xo) in the steady
state. Assuming T to be approximately given by its steady state solution,
we may integrate (5.4) twice as before to obtain (5.7),where 6[ x,H(x,t)]

is an appropriately defined average of ',and

6, < 6l x,H(x,t)) <1 . (5.9)

The generél procedure of the kinematic wave theory is still valid in
this case,since Nye's assumption that the flux term Q given by the term
in square brackets in (5.7) is a function of H,x and Hx (our notation)
still holds. We therefore expect qualitative conclusions of the ensuing
analysis to hold for « + O,with the proviso that the steady state
temperature and flow fields are stable. We henceforth consider (5.7)
with 6 = 1.

Motivated by (2.76),we further assume that
uo<<1, (5.10)
and so on neglecting u in (5.7),we have to solve the much simpler equ-

ation

n+1
H, +-H H = sx(x,t) . (5.11)

The effect of the approximation made in (5.10) will be discussed briefly

in 8. Putting x = xo(t) in (5.6),we find the boundary condition for

(5.11) is
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n+1
H (Xo(t),t) = (n+2)x6(t) for xé >0 :
} (5.12)
= 0 for xé €0 .
We also prescribe the initial condition
H(x,0) = A(x) . (5.13)

§2 Steady State Solution.

First we describe the steady solution of (5.11),since we shall be
concerned with perturbations from this ‘'datum' state. In this case

s(x,t) = s(x),x.(t) = x.,and (5.12) is
H(xo,t) =0 . (5.14)

The initial condition (5.13) is irrelevant. The solution of (5.11) and
(5.14) is
n42

o - s(x) (5.15)

n+2

where HO is the datum profile:this incidentally confirms that our choice
of < as a lerngth scale for the problem is an appropriate cne. Such a
simple profile as (5.15) appears not to have been given previously. Ve
observe that if (as is physically reasonable) s' is finite at Xy and Xgs
then the depth H has infinite slope there. Although (5.15) satisfies

all the boundary conditions of the reduced model,consideration of (2.66)
shows that neglect of terms in 52 is not uniformly Qalid at the snout.

In fact,this is a second-order effect:inclusion of these sccond order
terms 'corrects' the solution and provides a finite slope at x, and x
the details of the procedure are given for the case of a temperate gliacier

in Chapter VI.

%3 Characteristic Solution.

In 53-09,we shall consider the case of a constant flux function
s(x,t) = s(x):that is,we consider the accumulation rate and X, to be

independent oi’ time. There are then two interpretations of (5.13). e
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may either consider a datum glacier suddenly subject to a perturbztion in
its thickness,so that the new profile is A(x):or we may consider a datum

glacier with a flux function s(x) - s1(x) which is suddenly subject to

a climutic change so that its new Clux is s(x). These two intcrprotations

may be related by using (5.15),whence we find
n+2
A (9) _
—— = s(o) - 31(0) y Xo <O <X (5.16)

where we require s1(xo) = O by virtue of the assumption that Xy is constant.
The equation (5.11),with boundary znd initial conditions (5.13)

and (5.14),may be written in characteristic form as

%%’: 0+ ’ (5.17)
S =st(n), (5.18)
H(x.,t) =0, t > 0, (5.19)
H=4A>(9) , x=vont=0, (5.20)

where 0 € [xﬁ,xQ(O)] is a characteristic parameter.
Diiverentiating (5.5) with respect to &,neglecting p and evaluating

on £ = O,ve find that the surface velocity’us is given by

u, = - Wg'gzo == . (5.21)

Comparing (5.21) with (5.17),we immediately see tha£ the wave speed of
solutions of (5.17)-(5.20) is equal to (n+1) times the surface speed,
i y i ) .
l.e. about hu

The first integral of (5.17) and (5.13) satisfying (5.19) and (5.20)
is,using (5.16),

_ﬂf+2 = s(x) - sq(o) . (5.22)

n+2

Substituting (5.22) into (5.17) and integrating using (5.20),we obtain

the equation of the characteristics as
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X dx

/, [(n+2){5(x)-s, ()] (Pa1)/ (2] 7

t = (5.23)
(5.22) end (5.23) define the solution in terms of the characteristie
paraneter o,

To give some idea of the shape of tne characteristics,a typical
characteristic diagram in the ste:dy state is shown in figure 5.2. Here
51(0) = O,and the curves are given by

» X

— dx . ‘ |
el Ml CREV O SRR LR AR C R

Figure 5.2 is similar to a diagram giver in Nye (1960).

|
'4?”’/ .).x
0 *g s

Figure 5.2

“here are two main questions conceraing the solution (5.22) and
(5.25) that we wish to answer:firstly,under what conditions will shocis
form and develop,and secondly,can we write a uniformly valid a;proximate
solution for the case when the initial perturbation to the datum state

is small? The answer to the second question is given in %5,but before
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examining this,we must consider the esseitially nonlinear phenomenon
of shock f'ormation. As a preliminary,we consider some L:asic properties
of the characteristic diagfam given by (5.23).

“long any characteristic (0 constant),(5.23) implies that ns we
increace t,x increases until =(x) = 31(0)1gt which point H = O and the
characteristic slope %ﬁ is infinite; The‘éurve s(x) = 51(0),With o given
as o{x,t) from (5.23),thus defines the snout of the glacier:the churacter-

isticc may be considered to terminate there. The purametriec equation

for the snout position xs(t) is thus

s{x ()] = s,(0)
' xs(t) dx

o [(n+2)§s(x)_s1(o)§](n+1)/(n+2) .

(5.25)

—~—

t =

The initial disturbance at x = O propagates along the characteristic

through ¢ until it reaches x = X - Mne time taken for the disturbance to
reach the snout is then given implicitly by (5.25). This time is finite

)]-(n+1)/(n+2)

or infinite according to whether [s(x)-s1(0 is integrable
or not at s{x) = 31(0). The former care is gererally true since the abl-

ation rate at the snout is finite,and so an initial disturbance to the

datum state decays in a finite time. We shall sume this to be the

case. This time may be given explicitly,since the bounding characteristic

which reaches %, 'last' is that through Xy Hence the time for final

decay of an initial perturbation is given by

dx : (5.26)

4 = S
/XO [(n+2>s(x)](n+1)/(n+2)

where X has its steady state value given by s(xs) = 0. A typical char=-
acteristic diagram illustrating the above remarks is shown in Figure
5.3.

“e have assumed so far that (5.22) and (5.23) define a single-valued

function H(x,t),that is,none of the characteristics intersect. ith a



boundingy
characteristic

X = xs(t)

iz

Pigure 5.3,

x”l
-

g e

A

~<
-
<
p
WV

fMgure 5.4.

)»x

geometry as shown in
Figurs 5.3 where

xé(t) < 0,this is oLvious-
ly possible:however,if
we try to construct a
similar diagram in which
x;(t) > 0,we cannot do
so witnout having char-
acterisiics intersect
(Figurs 5.4),essentially
because characteristics
which terminate on Xy
must have infinite

slope there. Ve observe
from Fisure 5.3 that on

do o 4 s
X = X ——
s'(x) <0 inx > X, We
pw

have from (5.25)

whence s;(ﬂ) < 0 in Figure 5.3. Conversely,the shock formation in {fijure

5.4 is associated with characteristics on which s{(o) > 0, This simple

heuristic association of shocks with regions where 5{(0) > 0 is made

rigorous in the following section.

$4 Shock Formation.

A shock forms when the characteristic solution (5.22) and (5.23)

becomes multivalued for H(x,t). This occurs when two neishbouring

characieristics intersect;in this
that the characteristic

(5.23) differentiated partially with respect to 0;

L_/ [ (n+2){s (x) s, (0)§](n+1)/\n+d)“
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case the usual condition is sutisfied

should satisfy its envelope equation,that is

= O. (5.27)



Performins the differentiation,and using (5.16),(5.27) =y be written

1

= (sl (0)] »
A 1(0) 1 jg [(n+2)13(x)-51(0)§}(1 + n+2)
(5.28)

Thus the chiaracteristic through 0 intersecis its neihuvour if and only
ir’ there is a solution of (5.28) for x < x_,X_ being given by the first of
(5.2%).

e sce that the remarks of (3 are imnediately justiried. Tue intogral

in (5.28) is positive and A is positive,hence no solution exists if

s; < O:in this case no shocks form. Conversely if s; > O,then s(x)-s1(0) =
n+1
s(x)-s{xs) ~x_ - X as x » x_,and so the integral in (5.28) ~ (xs- x)-(n+2

> ®as X - Xgo Thus the right hand side increases continuously from O
(at 0 to = (a* xs) and so there is n solution for x of (5.28).

This shows that if s;(o) > 0 for a range of O in (xo,xs(O)),then at
lezst one shock must form:it forms at time tc,where tc is the minimum value
of t given by (5.23) for o € (xO,xS(O)),and x(0) is defined as the solution
(when it exists) of (5.28). Subsequent shocks form at the earliest time |
when two neighbouring characteristics intersect which have not previously
inwersected a shock.

o, . .
S Shocek Wvolution.

LT

“e now describe the equations for the velocity of ,and the jump
discontinuity in H across such a shock. This has been done for a similar
class of equations by Murray (1970). We follow his notation and denote

the position of a shock at time t as
X = xd(t) . (5.29)

To find x3sWe séécify that mass is ccnserved across the shock. In the usual

way,the condition for this to be true is found from an integral formul-

g

ation of the equation (5.11). e obtain

H n+2_ H2n+2

i (n+2)(H, - H,)

(5.30)



where
Hy (xt) = Hxg=,t) 5 Hy(xg,t) = Hixgs,t) . (5.31)

We further specify that characteristics terminate on the shock,in other
words tha< H1 and H2 are themselves characteristic solutions of the form
(5.22) and (5.23). In this case (5.30) is a first order differential
equation for xd(t). The initial condition to be satisfied is that at
time t = t_,defined at the end of Qu,xd(tc) should be the solution of
(5.28) with 0 being determined by the condition that tc bLe the minimum
time at which intersection of characteristics occurs.

e now wish to show that xd(t),as defined by (5.30) and the above
condition,is a valid expression for the shock formed at { = tc;to do this

we must prove that characteristics which terminate on x, have not already

d
intersected:or,equivalently,that the en.elope of characteristics termin-
ating on Xy * lies in x § Xq¢
Let us denote the envelope of the characteristics defined by (5.23)

and (5.28) by

x = x(t) ; (5.32)

X, may have onc or two branches as shown in Figure 5.5. Ve wish to show

(v)

rigure 5.5.
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that the uiock in these cases lies respectively above,below and betwecn
the envelopes in (a),(b) and (c) o Piiure 5.5,
'e can evaluate gfe by differentiating (5.23) with respect to t.
Using the envelope condition [5.27),we find
—dx 4

1= —22 . L fl.] e dx N+l
Lﬁt 6x dt do _ /o [(ne2) s (x)-s (o ZJ(n+2)

whence

n+1 )

= [(m2) [s(x)-5, () 1172 (5.33)

Let us consider the characteristics which terminate on xd+:assume

these form an envelope X, (if not there is nothing to prove). ‘e have to
< i 2 . i = = . =
show X, X3 in t 2 tc Certainly X, = %4 at t tc If X, = X4 for any

t > tc,then from (5.33),(5.22) and (5.31)

e = [(ne2)[s(x,)-s, (0)]1 P/ (202 Ly me2 (5 5

. . s s n+t |
sirce x_ 1s the envelope of characteristics from x > x,. H *' is also

d 2

the slope of the characteristics on x,+,and since these must terminate

d
on xg3,we regquire that this slope be less than g%d thence
dx dx
—d —e
S >Ze, vt (5.35)

and so X4 2 X, int 2 tc,as required. The geometry is shown in figure 5.6.

A similar argument can be ‘

A

applied to characteristics
terminating on X3 -;thus we
have shown that x,(t) is a

valid description of the

shock formed at t = tc-

two neighbhcuring
charactierictics

7 x

figure 5.6.
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76 Initial Shock.

In order to gain some under-

standing of the characteristic

diagram in the presence of shocks,

we consider in this section and the

next two particular forms of initial

) rigure 5.7: Initizl Chock,
profile. g 5.7

Let us consider an initial shock «s shown in Figure 5.7,defined by

!

s1(0) -c, 0, <O <O,

1 o s C > o,

(5.36)

]

O otherwise .

This initial condition models a physical situation such us a surge of a

tributary glacier which deposits a large quuntity of material on the

ct

R AT s e A s

Figure 5.8.
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glacier surface.

A typical characteristic diagram is displayed in Figure 5.8,where we

have argued as follows. There are two shocks which emanate from 01 and 02.

We denote these by 0,4 and 0,_D,A and D being the points where the shocks

1 277

decay. Let us assume for the momert trut U1A never intersects GZD. 'Steacdy

stute' characteristics of the fors of (5.24) originate in o, %~ and

. . 2
terminate on 0 E+ (with an obviocus notation). At A, H'*</(n+2) = s(x)
and so O,A is tangential there to a stcady state characteristic AR.

If we suppose that D occurs in x < xS(O),that is the shock from o,

decays before it reaches the sncut,then similarly 9%,

at D to a steady state characteristic coming from x > - However it is
also tangential to a characteristic from 02D-. This charscteristic cannot

2 )
come from 0,0, or 0,A,since Bt /(n+2) = s(x) at D,but Hr+2/(n+2) > s(x)

in 01A,and so it must come from A. This is illustrated in Figure 5.9,

D is tangential

aend represents a
contradiction,since

ADB and FDE are both
steady~state character-
istics. Our supposition
that D occurs in

x < xS(O) is therefore

iwrong,and we must

have the diagram

as given in Figure 5.8.

Thus an iritial shock

Figure %.9.

“inevitably leads to
a temporary azdvance of the snout. (This applies whether the second shock
94 1s present or not.) It is then of interest to find out how far the

o, and ¢ (defined in (5.35)).

snout advances,and how this is related to %9,

Wwe shall see in §7 that D is where xé(t) = O,since this is where
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T - ™m o < 3 e 1 . . - . .
d = 0. The shczk has decayed at D,and i{he line DB is not = characteristic,

but represents only the position of the snout. x_ then returnc to its
S
initial (steady state) value precisely zt P,since AB is the first steady
state characteristic to reach xs(t) af'ter the advance.
Let 01C be the characteristic from o, as shown in rigure 5.5. Te

have dravn C on DB,but it could also possibly lie on 0_D. Let us suppose

2

that iv is in 02D at x = X,say. Then on ¢,C-,all the characteriztics

2
come from 0102,and SO

=t = s(x) + ¢ on 9,C- . (5.37)

It follows from (5.30) that 0.C is given by x = xd(t),where

2
dx c + s(xd) - s*(xd)

= ) (5.28)
dt (n+2)1/(n+2)[{ 1/(n+2) _ is*(Xd)§1/(n+27]

c+s(xd)§

and

s*(x) = { 2x) s < (0) } : (5.39)

0, x> xs(O)

The initial condition for (5.38) is

x,(0) = 9, . (5.40)
The equation of the characteristic through o, is,from (5.23),
N £ | (5.1)
t = / X . 5.1
01 [(n+2)ic+s(XX]<n+1)/(n+2)
The solution of (5.38) and (5.40) is
¢ = d (n+2)1/(n+2)[§C+s(x>‘z1/(n+2) - iS*(X) }1/(1’1-"2)] i (5.1"’2)
/0 c + s(x) - s*(x)
2 .
These meet at C where x = X and t has the same value. Thus putting
X=X = xg and equating (5.41) and (5.42),we find
1 1 1
" X ax X e _— —_—
/ o /' (0:2)" H Jors ™ L™ 4 (5.43)
% [(n+2){c+s(x)§]n+2 % ¢ + s(x) - s*(x)
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Let us denote by x, the point where s(x) = - ¢. In this case (5.43)

has the following meaning:if there is a solution 0, <X <x_ of (5.43),
c

then the characteristic G1C in Fizure 5.8 intersects the shock 0,0 at

C where x = X and t is given by (5.41) or (5.42);in this case the character-

istic meeting the shock at D comes from o,h+. If there is no such solution,

then C lies on DB as shown in Figure 5.8 and the characteristic meeting
the shock at D comes from 0102.

‘ . o 1/(n+2 . . .
Defining ¢(9) = 6 /( ), 0 » (,we have since ¢ is concavr

$(6,) - ¢(6,)
$1(6,) < <¢'(6,), 0, <6, . (5.4 )

9, - 9

Since by definition ¢ + s(x) > s*(x) for 0, < x < xc,it immediately follows

2
upon application of (5.44) to (5.43) that the integrand of the right
hand side is greater than that of the left hand side;since the left
hand integral is positive at X = 9, whereas the right hand one is zero,

it is evident that the right hand side ‘catches up' with the left hand

side as X increases,and therefore no solution to (5.43) exists only if

1 1
1 j Xe dx > /-xc [§c+s(x)§n+2 - s*(x)n+2] dx
n+e n+1
o — g, c + s(x) - s*(x)
1 [c+s(x)]n+2 2 + s
£ A
- X +2 n+é b ¢
_ / s [feas()I™ - s(x)77] . / © = ned (5.45)
c c x

2 [ess(x)]™

Given s(x),c can then be computed as a function of 0, and Uz;for the present,

1
we shall obtain explicit analytic estimates for ¢ in terms of“O1 and 95
Let us suppose that s is concave,i.e. s' is monotone decreasing,

and also that 34(01) < 0,s0 that we consider only shocks initially present

in the ablation zone. For 01 S X, <x < X,y We then have

- — N S (5.46)
S'Zx1> s'(x) s'ixzf ’
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and on rearranging (5.45) and applying (5.44) and (5.46) =s appropriate,

we find that certainly no solution of (5.43) exists provided

- s(9,) (ol s(o)  —(2h -2
B — 1 1 - p= 3
IS'(Cr)‘j lees] ™ < ds 2 f——————-/ < (s e (cs) ot } ds
71 s(9,) 's'(a,)]J0
n+1
0 -(—
-1 1
+ (n+ )j (C+S) n+2 ds ,
a
s J=c '
i.e
1 1 | 1
) - (n+1)s' (0 )1* -5
[ovs(9,01™2 3 5(0 )™ 4 |1 4 — 2 Jc“+2, (5.47)
_ T a
, S
where ag is the snout ablation rate. A physically interesting case 1is
o, -0, <<1,c <<1, (5.48)

2 1

e.g. an influx of ten metres of ice on a hundred metre deep glacier
over a length of a few hundred metres. Provided Xy - a5~ 1,we may expand

(5.47) by writing

0120’
0, = 0+Q, 0 <<, (5.49)
c << 1,

and tien (5.47) becomes

1
n+2

]
°)n+2fﬁ + (;:§§ET33 + O(C _J L‘(Gl + Qs'(9) + U\Q )

: net)lst ()] - 1
+ [ﬁ + ( 1)‘ ! Mjpn+2 y

a
S

whence

(5.50)

¢ +0]s'(0)] 2 ,:1 . (n+t)]s'(9)] ]0517

a
S

As ¢ » 0’01/(n+2) >> c,and so an approximate criterion for there to be
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no soluticn to (5.43) is
1

B 1 1| nap \
0 2 [- —77——f + Eﬁ— cn+2 . (5.51)
|51(0)] s

Therefore,even if ¢ is fairly small,Q must be comparatively lurge for (5.51)
to hold:for example if !s{(o)l =1, a8 =2, ¢c= 1/32, (5.51) implies
Q0 2 3/2,in other words the disturbance must be longer than the glacier!

Let us suppose that (5..45) holds,so that no solution of (5.43) exists.

In this case the characteristic through D comes from © Jz,and hence on

1
this characteristice

—  =3s(x) +c, (5.52)

and the shock terminates at x = X, If ¢ is small,so that s(x) =~ - as[x-xs],

then

x =X+ = . | (5.53)

Denoting dimensional variables by a suffix d,the advance Axsd of the

snout is given by
sd

) (5.54)

R
d

where U is =z typical longitudinal velocity. For example,ii U = 100 m y—1,

a4 " 5m y—1,and ¢y = 10 m of ice is suddenly supplied to a re.:ion of

the glacier surface,the snout will eventually advance a distance Axsd ~
200 m before retreating.

If (5.45) does not hold,then C lies in UZD and the characteristic

] 2
meetine tie shock at D emanates from 0,A+ along which H 7 /(n+2) = s(x) < c.

1
It follows that x < X, at D,and thus in either case (5.54) gives the Tarth-
est snout advance possible. No simple quantitative analysis seews possible

if ¢ lies in OéD.
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N TR . ‘1,' s oY . ) . - . ~
In cruwing Jicure 5.0,%e have tacitly assumed A occurs in x < x {J),
5

g; of the charccteristics

origireting on G1A- become infinite. This is not a necessary restriction.

i.c. thatl the 0, shock decays before the slojes

is in x > xs(OLthe same reasoning as ~hbove is valid and we find that the
approrrisine characteristic diagram is as in Figire 5.10:the only real
differcnce is that A and B are now identical. "his fisure represents

the splitting off (at F) of a section of the glacier at the snout.

At

AT

01 02 XS

Figure 5.10.

U7 Small Initial Perturbations.

e now consider an initial condition representing a slight change

in the climate. Specifically we shall assume
s1(0) <<1, x5 <0 <x(0), (5.55)

whence also 31(0) << 1, The characteristics are,from (5.23),

-~
X

t(x,0) = /

dx

o [(n+2){3(x)_81(0);](n+1)/(n+2) ’

(5.56)
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anl these intersect when,from (5.28), dt/d0 = 0,1.e.

1 / X
= (n+1)s!(0) dx | .57,
N+l 1 n+i . (/-)7)
2™ (o) o [(m2)[s(x)-s, ()11 (5e2)

It is evident from (5.57) that,since 1/An+1 > 0(1) and s; << 1,shocks only

oy 7.»1/ 3 2 — . - .. . »
ferrn vwhen the integral in (5.52) is 12:re. Since s, << 1,this implies

that s(x) = 0,i.e. that x is near xo or xs. we shall restrict our attent-

ion to the more physically interesting case when x =~ X, In this case

shocks must form near the snout. In fact,if s; is sufficiently small,

one may suppose they form at the snout. The re.son for this is as follows.
Consider an initial perturbation s1(0). Suppose that s{(c) > 0 for

0, <0 <0,, and s; < 0 Jjust outside these limits. Suppose also that

the characteristics from 01 and 02 do not intersect any shocks that

may form from other regions of the initial curve t = 0. "he time for
the characteristic from o € (01,0 ) to intersect its neighbours is given
from (5.56) by

X(o)

T(0) = t{x(0),0] = /

dx
[ (n+2) {s(x)-s, (0)

where x = X(0) is where the intersection takes place and X is given by

Tj(net)/ (ne2) 2 (558

(5.57). From (5.57) we see that as o - UZ,X(O) » x_ defined by s(xq)

= s1(02),and so the 02 characteristic intersects its nei:/hbour just

when x = x_. Thus if we can show that for ¢ € (01,0 Y,T(o) > T(Uz),then
the shock must actually form at the snout,and the previously established

~method for determining its evolution may be called upon. Now certainly

T(o) > T(Oz) in (01,02 if T'(0) < O there. We shall prove (if sy

and s{ are sufficiently small) that thi: is indeed the case.

Recall the definition of X(¢) from [5.57),
¥(o)
1 (n+1)s1'(o)j dx
o) g [(n+2)§s(x)-s (o )]

(n+1 . (5.59)

An+1 1+

Integrating the right hand side by parts,we obtain

- 51(0) X

i ' 84(0)]0 s'(x) Wl Hn+1

.60
,(X)Hn+1( (5 )

n+1( )’: ] 8(0)
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and rearranging (5.60),

n4+2
0) x _"'.H'
n+1 ( 14"
RN TG E ER Ry e ¥ =
s'(X) Jo H
which simply says
| n+2

s(X) = s,(0) + [ I—:—i—i;—lJ net [s(o) + 0(s, )] . (5.62)

Now note that from (5.56),(5.57) and (5.58) we have

ar _ ot ot ax 1 ax
375t I 30 et 9 (5.63)
Differentiating (5.62) and rearranging,we find
_ n+2 1 "
dX
‘—s'(X) - {31-(0)}"*1{3(0)4,0(31)2 { Te2 }J&TJ
IS,(X)ln+1
2
sj(9) - 22 [s(o)+0(s )] 4 e
- [: Isj(x)l n+1 [sc(o)+o(s1)] = s{(o) + ;12 aais{(o)§n+ i
|50 (x)| ™
(5.64)
Now define
max s{(ﬁ) =21, (5.65)
o€ (01,02)
and let us prescribe I so that
n+2 TR
z“”s(a)l' J < |st(x)| (5.66)
_s'(X)

for X > x s € (01,02). Then,neglectin; 0(31) terms in (5.64),we see

that the coefficient of g% is negative,and hence a sufficient condition
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that Z' (and hence T') be negative is that

V(U) n+2 c (O)

51(0) + e do( n+1] ﬂ o Jm . (5.77)

,S'(X n+1

n+2

Note that including 0(s,) will only have the effect of requiring a

small correction term to be included in the bounds on % and s{' below.

If 51 > 0,then (5.67) holds if

aet 13107

— , @ <1 . (5.606)
,s'(0)|n+1

81'(0) < a

If s;' <0 (as it must be in a neighbourhood of 02),then define M by
s(0)
max T m2 =M. (5.69)
X > x ls'(X)}n+1

o e (01,02)

When s;' < 0,(5.67) is certainly valid if

d n+f - )S'(U)t Ei%
-u & {s1(0)]R J< s1(0) - — [3'(0)]"™
IS'(X)ID+1
and hence using (5.68) when
#(22) 517 ()] < [52(0))™ (1a) . (5.70)

If' we now assume that s, satisfies the conditions (5.65),(5.66),(5.68)
and (5.70) for some a > O,then X' < O, T' < O and so the shock does in

fact form at x = x_. Note that if (5.70) holds,it implies

- n+1
(1;32) {J , (5.71)

which is quite restrictive near I, This kind of restriction on s{ appears
to be a necessary one.

Let us now denote the shock position by xs(t),since it is still the
terminus of the glacier (though not snout-shaped). The eqguation for X

is given by (5.30) with H, = 0. Thus,writing H, = H,

n+1
axg _ _H
5?5 T ne2 * (5.72)
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On x = x,tne characteristic solutions are still valid,urd hence

X

dx \
b= " ne2) ? (5.73)
o (ned)fs(x)-s, (01107 )/ (n+2)
il s(x ) - s, {0) (5.74)
n+2 o -s, 01\\ . -

As mentiored in {6,we see from (5.72) that the shock decays when il = O,

dx..
j.e. =% = 0. The shock geometry is shown in Fijure 5.11.

ST

/r\ t

the curve

s(x) = 81(0)

1
&,
\ /
\ ‘ //
\ 4
% \, ,',I*//
: R 44
o J /
‘s shock
l’ 4
v 4
. Y —— envclope
s 14/

Figure 5.11.
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Since {rom (5.21) the surface speed of a cold glacier is

n+1
ug = — (5.75)
we have
dx, _ n+1 .
dat  nre s ¢ (5.74)

hence the rate of advance of a ccld snout is about L/5 the surface
speed;this should be capable of verification,although the effect may
be blurred by the effects of diffusion and seasonal warming.

59 Diffusive Effects.

In common with other physical systems in which shocks occur (e.g.
oo dyrarics) there is a diffusive mechanism (which we have neglected)
wiich acts physically to 'smooth out' the shocks. In fact from (5.7)
we can see that u represents just such a mechanism,since in neglecting it
n+2

we lose a term - £ g4y from th: left hand side (as well as lower
n+2 XX

derivative terms). This represents a diffusion term with small diffusion
2 -

coefficient gf% H**¢ . From our knuwlga;e of the effect of such terms,we
expect that when H ~ 1,the effect of the diffusion term on shocks will
be to smooth them out over a short distance. For shocks at the snout,
the effect is not clear since the diffusion coefficient is ‘'degenerate’,
i.e. tends to zero there,and the diffusicnal effect disaprears.

e note that with inclusion of the term in p,we have apparently
not enough boundary conditions for the problem:in fact,there is an
implicit condition in the reduced model which is that Hx should be finite
at I = 0,sc that the approximations involved in ignoring terms like
52nx in (2.66) are consistent. However,(at least in the steady state—see
Chapter VI),it appears that this implicit condition cannot be satisfied
even with the diffusion term included:this seems to be associated with
the degeneracy of the coefficient of the highest derivative,which pre-

cludes the necessity of applying a boundary condition on x = x, as well

s on X = Xy- Appropriate boundary conditions for linear equations
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of this tyve have been discussed by Smirnova (1663) =nd also (heur-
istic.lly) by Nye (1963a).

In “hapter VI we shall see that a furtgér correction term d:e to long-
itudinal stress,which would here be proportional to Hxxx,can al-o be
introduced. This term is similarly 'de-enerate',but we find that (in
the steady state) its effect is to make the snout slope finite,thus
satisl'yins the implicit boundary condition. e might reasonably expect
similar phenomena to occur in the present case.

£9 '".inearised' Results.

#e consider again the equation
Ht + T7'H = 5'(x) (5.77)

with solution

e- | dx , (5.78)
/o [(n+2}fs(x)-s1(OX](n+1)/(n+2)
n+2 ‘
— = s{x) - 31(‘.@'} , (5.79)

!

425 << 1., It is obvious from (5.79) that a uniform approxi-

and where s
mate solution exists,

n+2
S ) (5.80)

n+2

thus contradicting the linearised results of Nye,which were invalid

at x = X We can obtain a uniform approximation as follows. Virite

HOn+2
= s(x) , (5.81)
n+2
so that HO is the steady-state profile. Then (5.78) is
"X ax
t = / + smaller terms. (5.82)
n+1
o HO

This simply states that the characteristics are uniformly upproximated by

the steady state ones. But now (5.79) and (5.82) are the solutions
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of the system

H + H 11+1H - 3'(}() ’
(5.83)

=oont=0,

-
b
|

They are also clearly the solutions of (5.77) to a first approximation.

Yriting
X
-— dx 4
€= /O rr n+1 (5'&')
Ho

a:ic

Ho(x) =£(¢) , (5.85)
whence

n+1 1

s'(x) = Hy"HI(x) = B 00 () ——= =11 (8) (5.86)
| H,

then (5.83) is
Hy + H, = £1(¢) , (5.87)

with solution
H=f£(&) + $(&-1) (5.68)

where

$(£) = A(x) - Hy(x) (5.89)

is the initial perturbation in H. This shows up the travelling wave
form of H,and is a uniformly valid approximation right up to the snout
X = xs. The question of shock formation at xs hes been considered in 7.

§1O Seasonal Changes.

As an example of a time-dependent flux we show,using the above
linearisation of characteristics,that the fast oscillation due to

seasonal flux changes has a negligible effect on the lon:ser term evolution
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A4l M v . .
of *he profile. Ve consider by way of illustration

. n+1 i
Hy + HOH = 57 (x) + sl (x)e™ (5.90)
where w >> 1. Anticipating that H = Ho,we write
H=H. + ¢t | j
= Hy e , 4o<< 1 (5.91,
and,using (5.8&) and (5.86),we approxi.:ie (5.90) by
W + ¢, = si(x) = 1£,(€), (5.92)
say,whence
-:i.cuf"f iwé
¢ = e / £, (£)e™s a¢ . (5.93)
J0 ‘
Since w >> 1,(5.93) implies ¢ << {,as we assumed. In fact
* § . 4 :, A
/ £,(6)e™% ag = Lir (€)™ - £ (0)] + o(%)
o 3
w
1 iwé 1
= = 1,(8)e" 4 o((?) (5.94)

if there is no perturbation in the accumulation rate

Hence from (5.91),(5.93) and (5.94),

at the glacier head.

: iwt 1 \
H(x,t) = Ho(x) + =t (e’ 4 o(=5) , (5.99)

w

whence to 0(1/w),the oscillation has no wave effect

et all. If £,(0) 5 O,

s+ ’
(5.95) contains a term - i%f1(0)elw(° £) as well,which re;resents a

travelling wave due to variations in the accumulation rate at the head.
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CHAPTER VI

Analysis of the Snout

In the previous chapter we saw that

qn+2
P - \ 7
n+2 S(X/ (0'1)
was the steady state solution of the reduced model with the additional

assumptions that u = 0,A = 1. If the glicier is sliding,s simple extension

gives the stcady s+tate profile as

Hn+2
Hu, + Eii = s(x) (6.2)
where
w = FlH,7(x,H)] , (6.3)

and F is defirad in (2.18). Since u < £(H) which - 0 as H » 0,it follows
immedintely from (6.2) that if thc ablation rate at the snout is finite,
then the glacier has inf'inite slope there.
Although this statement does not contradict any of the boundary
conditions imposed in the reduced model,we see on examining (2.866)
(for exarile) that the validity of the approximate solution with 6§ = O
breaks down at the snout,and hence the sliding law in (6.3) becomes
inv:ilid there. This failure is due to a nonuniformity in the expansicn
in povers of o of terms like e in (2.53) near the snout,rather than
because a boundary condition cannot be satisfied by the first order
solution. For this reason,the appropriate asymptotic technique to use
in order to obtain a uniform first order solution is the method of
strained coordinates (Van Dyice 1975) and the 82 terms in (2.60) and
el:ewhere act as a correction to the basic solution of the reduccd

problem.

There are two facts that we wish to explain. In the first place
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glaciers are observed to have finite slo.es at their snouts. For ternperale
glaciers,these slopes are generally in the range 5° - 30° :a typical
example is the Athabasca glacier in tlberta,Canada,with a snout angle

of 15° (Savage and Paterson 1963). Secondly,the ice in a temperate

snout 1s observed to have a small but non-zero velocity right up to the
front tip. One can see from (6.2) that this pnenomenon is an immediate
consequence oI the fir§t,and so we only need to show that inclusion of
0(82) terms predicts a finite snout slope.

In so doing,we shall show that inclucsion of a non-zero u is not
sufficient to make the slope finite,so that it is indeed necessary
to include terms of 0(82). One might also point out that the sliding
law becomes invalid at the snout for another reason,namely that the
susrosed ‘'inner 1'low' region merges with the ‘outer flow' region,so that
tle formulation in Chapter III breaks down. However,this will probably
only occur in the last few metres of the glacier,and is thus neglected
here:as pointed out by Lliboutry (1958),it is somewhat over academic
to discuss the details of this region cn the basis of a large scale
matheraticul model.

"he only previous work on the snout of a temperate glacier appears
to be that of Lliboutry (1956) who obizined a correction to the profile
predicted by plasticity theory. His approximations were not rigorously
followed through (Nye 1958),but he obtained good agreement with observ-
ations on the Glacier de Saint-Corlin (Lliboutry 1958).

Some work has been done on the surface perturbations in ice sheets
due to flow over large irregularities in the bedrock (Robin 1967,Ludd
and Radok 1971) which appears to have some similarity to the results
of the present work in that the largec:t corrective term is'SzTix;in
their wori this is an assumption,whereus in the present chapter it
is deduced from dimensional arguments:these may be of some value in

relating the two theories.

115



%1 lescaling Procedure.

In the present chapter we shall consider only the steady st:te
snouts of temperate glaciers with an impcrtant basal sliding velocity
(in the notation of Chapter III, o > Vn+1):specifically we shall take the

sliling law to be of the following “eertman-type form
u = Crzm , m€n, (G.4)

where C > 1. Over the whole bedrock C may depend on moisture,bedrock
'roughness',etc.,put will be considered locally in the snout as a
constant. If m = n,(6.4) is of the type considered in {7 of Chapter III,
where the sliding has no regelative component. It is simple to show
from dimensional arguments that pure regelation leads to a law with
m=11in (6.4),and so it is realistic to suppose that m < n in (6.4),
since regelation has the effect of decreasing the power in (6.4),which
approximates the 'real' sliding law. In fact it ﬁill emerge that the
ensuing analysis is valid if the snout flow is dominated by its busal
sliding component:we shall see that (6.4) implies this result.

Let the (steady) snout position be x = O for convenience. In what
follows,u,7,x,y denote the orders of magnitude of u,Tz,x,y;generally

T

0
we shall make use of the assumption that for example u_ N'E-,sz ~'§-,

etc.,except where this leads to contradiction,as with uy. Formally
this procedure must be checked at the end to verify that the approxim-
ations used arc indeed valid.

To make sure we are near the snout,we specify
x << 1, y << 1 . (6.5)

The vertical ablation rate is unaffeecte’. by the dimensions of the

snout,therefore we choose
v~1, (6.6)
and then in order to balance the continuity equation,
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To balance the terms in the momentum egu-tion,we require
T~y .

Now the sliding law (6.A) says that , > Tm,and hence certainly

Wwe centend that in fact u ~ ub:to show thies we reason as follows.

Certainly we must have

u <<
N

4
y~ ¥

where multinle signs express alternatives. Let us suppose that

u 2
u ~—, u << 6v_ ;
y ¥ Yy x

then

Yo us o7t~ 82v ~ ?-,
y ~ ~ X
asing (5.5),(6.9),(2.52) and (6.6),and hence
Sy
u >> S(X ) .
"owever,from (€.11) and (6.7),

ug ~ x/y° << &/x

= EZ >> 1,
X

so that
u~x/y << & ;
(6.13) and (6.14) imply

u > 38,
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(6.9)
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(6.11)

(6.12)

(6.13)

(5u1dy)

(6.15)
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contradicting (6.15):hence (6.11) cannot hold.

{" we now supp.se that

2 ”
ug "~ Wy, ug 2 8 v, (6.17)
thern from (605)’(6'9> and (2'52))
Wy >> u > ™ s> %~y (6.1¢)

~ y
contradicting (6.17). Since neither (6.11) nor (6.17) can hold,it follows

fron {(5.10) that we must have
u << u/y o (6'19)
y
Because of this,we see that indeed
u =~ u(x) = ub(x) ~ , (6.20)

so that the snout flow is dominated by sliding. As stated above,tnis
is the only assumption that we need to use below in establishing a corr-
ected equation for the surface profile-—the vrecise asymptotic form
of u in {6.20) is not important.

Assuming for the moment (this will be Jjustified in [2) that inclusion
of u does not give finite slope at the snout,it is necessary to consider

a scaling at the snout such that

2 ,

in (2.47). Since,from (2.51) and (2.52), 72/71 ~ uy/ux ,this requirement

may be written
2

using (6.7). Hence uy ~(52y%/x2)(u/y),again using (6.7),aad so (6.19)

implies

%§ <1 . (6.23)
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from (5.22),(6.23),(6.7) and (6.6), we find
uy/Bux ~ 8y/x << 1, \5.24)
5 |
8 vx/Sux ~ 8y/x << 1, (6.25)
so that from (2.53),e* is given approximately by
L P \ 25)
e 2b|uxl (6.26)

near the snout:from (6.20) e* is a function of x,and hence to first

order

L

T, =71,(x)= 2uxA“1/“225{ux!)n , (6.27)

using (2.51);near the snout A may be considered constant.

row from (2.51),(2.52) and (6.22),

T2y 62y2
1y X

hence to first order equation (2.48) is
(p+7),=0 (6.29)
J
with aporoximate boundary condition (from (2.67))
p+7T, = Oony="1m-. (6-30)
(6.2%) and (6.30) imply
p+T1=O. (6.31)
Substituting this into (2.47),we have
r = (1 -um) - 2857 (6.32)
2y X 1x ’

vhence

T, = (n-y)(1 - “nx) M 282[(n-y)T1]x ’ (6.33)
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using the boundary condition (2.67). The term in 0(52) is sinmilar
to thot considered by Robin (1967).

S f . a l" A'*" 3 b 3 3
it negloect hx compared with hy in the snout;then usin; (6.27),we

find that the tangential stress on the bed is given by
= T4 _ 1+1/n,=-1/n | 1/n ;
Tb =01 IJHX] + [(25) / A / sgn(ux)Hiuxl / ] . (0.34)

The correction term to the basal stress is the last term in (6.34). The

sliding Zaw (6.4) is thus

w=on™ = ¢ [ult -} s 2630 Pogatu )i VP L (5.35)

From (6.2),or directly from (6.20),conservation of mass gives approxi-

mately
ul = s(x) = - aXx . (6.36)

e have to solve (6.35) and (€.36) for the profile H and velocity u,
subject to the condition that as x » - © , H tends to the 'outer'
solution; in order to ensure that our solution of (6.35) and (&.36)
provides a valid approximation at the snout,we also stipulate that
H ‘o finite when H = O (so that (2.67) is approximated by (6.31),
for example). As discussed in Chapter V,.¢,this type of condition is
esiocited with the fact that (6.35),considered (using (6.36)) us an
ecuation for H,has a highest derivative with a 'degenerate' coefficient.
Sizilar regularity conditions were considered by Nye (1963a) ior a
linear degenerate diffusion-type equatiSn,although for a slightly
different reason.

The problem to be solved is thus the equations (6.35) and (6.36)
with the boundary conditions

s(x)

A
H~["22£]° asx » -,
‘ (6.37)

Hx finite at H = 0 .
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In the following sections we shall show that an approximate solution
of (6.35)-(%.37) may be developed using the method of strained coordin-
ates. In principle this may be applied to any sliding law. For the

0o 2 * . . . . e
purposes ol initial theoretical consideration,we shall use the eertman

law (5.4) with m = 1.

§2 first Order Solution,d = 0.

Let us for convenience reverse the direction of x so that the snout
lies in x > O (Figure 6.1). We repluce s(x) by its approximalion ncar

the snout

A} (X)
s(x) = a X (6.38)

where as is the ablaticn rate

at the snout. With this

geometry,the outer solution

}) x
(8§ = 0) has u_ > 0 (as we
Figure 6.1:Snout Geometry. *

show below):we therefore

assume that u > O even with o + O. Then (6.36) is

a_x
H= —— (6039)
u
and so (6.35) is
1/n
' 28,1 ! '
u = asC %‘[1 + uaS(EJ 1+ 25Cas(jr) /n{xuu | ’ (6.40)

where ' denotes differentiation with respect to x. The boundary conditions

on (6.40) are

u "~ (asCx)% as x -+ o
(6.41)
u' bounded on x/u = 0 ,
using (6.29). We write
- u2aa -
u=aHu, x= - ~ X 3 (5.02)
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then (6.&0) becomes, (dropping dashes for convenience),

_ X Xy !
u==[1+(3) ]+ v[xuu 1, (6.43)
where
i’l+1
A ,28C\ n
( ) n (E.00)

a#

Ve shall consider (6.43) on the basis that & is sufficiently small tas

v as defined by (6.44) is also small:that is,we assume
v << 1. (6.45)

(llote that v is not the same zs the v used in Chapters III and Iv.)

he boundary conditions on (6.43) are that

u~vVx, x >,

(G.46)
u' bounded on x/u = 0

We obrerve that the scaling (6.42) is appropriate for the snout,since
it p ~ 10—1 y 8 = 3, C =1, € =10 kn,then the length scale considered
by (5.43) is the final 300 m of the glacier.

Let us first consider in detail the 'outer' solution of (€.43) and

(4.:1) with v = 2. Defining

¢ -_;% . (6.47)
so that
a_u
N (6.48)
C
(6.1.3) becomes
2
x=¢(1 +¢") (6.49)
sub ject to
u~{x’x->oo: (6'50)
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the second of (6.46) cannot be satisficd,as shown below.

Ty inspection of (6.49)either ¢ = O or ¢' = - 1 at x = O. There
appears to be nothing which is obviously physically invalid about the
second case. However,if the glacier terminates in a shock, this case
is unsteady as shown in Chapter V. I the glacier does not terminate,
then since ¢' = x/¢2 -1 <0 in x < 0,the profile increases continually:
we may obviously rule out such a soluiion,by requiring for examvle
thet there is no source of ice at infinity in the positivc direction.

Therefore ¢ = O at x = O. We seek an asymptotic solution for ¢ in the

form
¢~ iy * by + Gy wee s X = 0 ; (6.51)

this will show that we cannot satisfy the second boundary condition
in (6.46).

Substituting (6.51) into (6.49),we obtain

2 2

x = Lg," v 20ghy + 197 + 245958 oo W)+ (wdy) + 05 oo ).
(6.52)
The appropriate leading term is
—_ 2 1)
X = ¢b ¢
1/3 2 .
=> ¢b = (3/2) /7 x /3 (£.53)
since ¢ = 0 on x = O. The next order term gives
2
—_ ' R <« )
0 = 20,48, + (14410457 (6.5L)
whence we find
¢ = - 3%/ - -~ (6.55)
The next term is
0= (.2 4 20 ¢ 10 + (1480) 28,8, + $o (6.56)
1 072°70 T4TTTO™ 0 "2
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which gives

. - (6.57)
Thus
- (5.58)

as x » O,and further terms may be obtained systematically. We have

from (5.58)

w= X~ (2/3)"3 4 2o 1 Zews) (6.59)

as x > O, It is now clear from (6.59) that the 'outer' solution has un-

bounde® u' on x = 0. The effect of u is only to weaken the singularity

. \ -; -1 .
in ¢' from x ° to x /B,hence we must consider the 0(v) term. In fact

from (6.58) and (6.59) we have that

[% u|1/n] = ¢u.1/n - [(3/2)1/3x2/3 ) %x ]
X (‘%(ZX/3)_2/3 + 5%(2x/5)-1/3 . ]1/n
2,, 1 2

e —

N O LM EY WA N AN D IEY7Z ) R

ani so

12
> 3

20y LoD 22/9) P ew)
2

v 3 @PE-G- 2w
(6.60)
i.e. the 0(v) term in (6.43) is untounded. (If n = 1,the leading order term
in (5.60) is zero,but then the next orider term is unbounded.)

$3 Corrected First Order Sclution, 8 + 0.

The singularity at the end point suggests that the method of strained
coordinates (Van Dyke 1975) may be a suitable tool to employ. ‘e

therefore look for a uniformly valid expansion for u as

u = uo(s) + vu1(s) - (6.61)
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where

X =8 + vx1(s) +oen (6.62)

and the straining x, is to be chosen by the condition that u,i/uO should

ve bounded as 8 » O,so that the expansion (£.61) is uniform. Then

a _ , a .
dx - (1 + VX1 + o-o) ag (Uon)
and (6.43) gives
(S + vx1 + ) S 4+ VX1 !
Uy + vu1 = ‘4 + (1 + vx1' ) } J
(uo + oo, 4 ) uy + v,

+ v(1 + vx! L)) 1
1 (u, + wa, ..)
0 1 °
(6.64)
The G(1) terms give
ug= =01+, (6.65)

0 0
of which the asymptotic solution as s » O is described above in (6.59).
The terms of 0(v) give
X u, X u \
_ s /S ' ¢S 1 1 S 1 1)[1 Gi '
w, == [ x1() +i= (< - =) :l+-— — - =)l +
1 uol: 1 Ug Uy 8 Uy uy s u, U,
,su'1/n N

+< i. ) . (6.66)

O

Thus from (6.58),(6.59) and (6.60),and using (6.65),
o = L (/233 ) s
N1/ 3 3 4
L2323, 0 3/2) /52

)33 Y3 ) xy(2r) 5 -

1
12
c - 2 ey R,
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whence

1 2
30573 1/3. 5 ) ] - -
7L 0l = (2/3) U gens v by + (1 - D) Peas3)’ P L
2 2
fo(s® 2y . (6.67)
Integrating,we obtain
5 5/3 / > -5
3 _ 1/3 5 s n-1 .1/n %730
> 8 u, = (2/3) [§SX1 - 2[0 x1 g%___l)(2/9) / (23/3)) Jn ]
2
" 0(33 3ny (6.68)
We wish to choose x, so that u1/uo is bounded,i.e. such that
u, < 0(51/3) (6.69)
from (6.59). in appropriate choice of X, is clearly
1.2 2.2
X, ~ - Ks® °° + O(s3 3n) : (6.70)
4_2
as 8 + J,where K is defined so that the coefficient of s’ o in the
square-brochetsd term in (6.68) vanishes;the coef'ficients of
2_2 c_ 2
o on " 3n are chosen similarly:thus
yoos
) L 2
5 _ 9(n=-1) 1/n 37 3n _
~K[§ i—t—.?_] 7—7(2/9) (2/3) =0,
5 >n
and so
n-1 2(2n-1)
_ ,n-1 n . 3n :
and the first order solution may be written
u = uo(s) ~ s1/5,
1.2 (6.72)
.~ 8 - va3 o ,

X =8 + vx1(s)

as s - 0,
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“he validity of the method of strain:i coordinates has becn discussed
by Var Dyke (1975). In general it is less reliable than t.e ucthod
of matched asymptotic expansions,and in some cases leads to erroneous
results (Levey 1959). The essential criterion for its validity appears
to be tnat the singularity occurring in the 'linearised' or 'unperturbed'
equation should correspond to one of the same type in the com; l. te
equation. Levey gives an examsle of & first order differential equation
whose solution is everywhere analytic,but whose 'outer' solution (with the
derivative term not present) is singular at zero:he shows that straining
the coordinates does not work,wheress mutched asymptotic expansions do.
On tais basis Van Dyke recommends that the method of strained coord-
in:tes never be used for problems of singular perturbation type,that
is,where the small parameter multiplies the highest derivativej;however,
this is precisely what we have attempted to do:we therefore examine
the validity of the solution (6.72).

It may be seen from (6.71), *
(6.72) and i'igure 6.2 that

since x ~ s as x » ®© ,3 tends

to & finite 1limit as x » O

for all n > 5/4:we denote this

linit by So° We ignore the special
case n = 1 (Newtonian fluid)

since (6.60) implies that the

leading term in an asymptotic

xu'1/n !
expansion for (“TT") near
Xx = 0 is zero:this in turn Figure 6.2.
means that our assumptions in

€1 sbout the magnitude of T, are invalid,and hence (6.43) is not necess-

1x
arily the appropriate 'corrected' equation to consider.
In order to show that the strained solution is a uniformly approx-

imate solution,we wish to show that the full equation (6.43) has the
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same type of singularity as the reduced equation. "e know tinz reduced
equation has the solution u ~ x1 5 as x » O, Since the strained solution
'shifts' this singularity to x = sO,it is reasonable to seek a s.lution
of the full equation which alsc has this property:that is,we define a

new space variable s, by x = Sq * s1,and seek a solution of the full

equation (6.43) such that u ~ 311/5 as s, » 0.

1/3

’ , then

Holding 54 fixed,and letting s, - O,we find that if u ~ s

1

also
1/n k2
-1 ' =) ' ' EUE T
a3 Gy s T
Balancing the terms of largest magnitude then requires
Xy Xy! xu'1 mo
(3)(;) ~ —""1—--) ’
k2
> s 3, 3 m
1 !
ioeo n = 2 . (6’73)

(6.73) is a necessary condition that (6.43) and its approximate form
should have a strained solution of the form (6.72). Substituting (6.73)

into (6.71),we find

K = %Mé , (6.74)

and so in this case

"
i

s - %V? cie ’
(6.75)
u = ug(s) = uy(x + %JZ) ,

is 2 unifortly valid approximate solution.
If n+ 2,the singularities of the full and reduced e-ustions are
of dii'ferent type,and we should not expect a strained solution to be

valid. However,we can surmount this difficulty as follows. We put

a

x=X*, >0 (6.76)
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so that

d _ 1 a
dx - a-1 ax ° (6.77)
aX
and (6.43) becomes
x% 1 a , a; ya=t\=1/n 1/n ,
u = G.[ 1, a-1(§') o 2 X (aX" ) u' 1 (6.78)
u =1
X aX u

where ' in (6.78) refers to differentiation with respect to X. The

. 1

‘outer' solution has u ~ x /3 ~ Xa/3 as X » O:thus if we require the
complete equation to have a similar singularity at Xo,say,we put

X = Xo + X1 and then as before we find that the largest terms as X1 -» 0

come from (x/u){x/u)' and (xu'1/n u)'. & balance of these requires

2 1 1,a
. -ga-1 .y - 1-3a-+3(3-1)
1 1
= a = Eg? . (6.79)

when n = 2, a = 1 corresponding to our previous derivation. Thus in
principle using (6.79) we can strain the coordinates in (6.78) and
obtain an approximate solution for any r. The details are not considered
here. Instezd,we calculate the slope for the case n = 2,as this is
probably quite an accurate value for thz low stresses (say ~ 0.1 bar)
which can occur at the snout.

fl Velocity and Slope at the Snout.

For n = 2,we have from (6.75) and (6,59)

u = uo[x + %J?] & [%ix + %42§]1/3 + oeee (6.80)

Thus (in these variables) the snout velocity is

4(0) = (219’31, 1/3 (6.81)

and the snout velocity gradient is

u'(0) = (3v)’2/3 . (6.82)



Returning to mainstream variables (via (6.42)), (6.81) and (6.62) become
w(0) = a w(ZENY3 (6.83)
a(0) = 207 (6.84)
From (6.27),
51,(0) = (ZSux/A)1/n

oG -2/3 7] 2
~ L E(zv) /il (6.85)

AH
with n = 2. From (6.44),

28C _ (asyv)2/3
Au A 2

whence

o, = (aw/30)"7 (6.86)

waich is the dimensional longitudinal stress divided by [T]o. “rom (6.35)

a_u |
L (323 (6.87)

using (6.83). From (6.44) with n

i
N
[

W3 = (afa )P 2sc/m)

o 1, x ()P 22ty ) P S e )
(6.88)
Comparing this with (6.87),we see that T, <& 871 since §/u and u are
both small,and so a typical dimensionless stress at the snout is 871.
With (ns bafore) a = 3,u = 10—1 and A = 10 for a tempcrate snout,

Vi

571 ~ 10-2/3'~ 0.215. One may thus r:asonably obtain a typical stress

of 1/5 bar at the snout,and r = 2 is probably a good approximation.

The 'dimensional' snout slope & is given by
= t =
a = 8H (0) 8as/u(0)
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frou (6.39),whence

~ 8/ 9 \1/3 C g
0 = HKwm) 7 - (5.85)
e -1 -2
Jith A = 1o,aS =3,4=10 ,8 =10 ",C = 1,n = 2,(6.44) yives
v = =2 (6.90)
W5 °7
and so from (6.89)
a_ = 0.246 , (6.91)

and the angle of inclination of the snout is

tan-1as = 14° , (6.92)

The values in (6.90),(6.91) and (6.92) are purely illustrative,but
do show that the‘observed orders of magnitude can easily be predicted.
e have only taken leading order terms,since detailed numerical
predictions are of little help unless values of C and m in (6.35) are
known with reasonable certainty. However,it is clear that further terms
in the expansion for u could easily be found.

Lastly,with the above-mentioned values for as,etc.,we find that the

snout velocity (6.83) is

and so the snout velocity in this case is roughly a tenth of the typical
glacier velocity. One can see from (6.83) that we generally expect ug

to be small.
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CHAPTER VII

Large Conduction Limit,ﬂ2 >> 1

In this chapter,we consider the asyaptotic limit of large conduc-
tion. In this case,we neglect the convection terms in the energy equation,
and the temperature (and hence the flow Iield) can then be found explicit-

ly in the sicody state. From equation (2.61) and Table 1,we have that

38
2% aa (7.1)

where the depth scale d is expressed in metres,and the accumulation rate
2, is in metres per year;thus the limit 32 >> 1 can only be realistic-
ally cotained [or shallow glaciers of low accumulation rutes:for example
if d ~ 10 w and ay ~ 0.3 m y_1,then 32 ~ 12. Although this limit is of
less interest as regards the behaviour of large glacial ice-musses,we
consider it here as a first attempt at an approximate solution because
it is the simplest approximation (aport from k = 0) that we cun muie

to the r:duced model,and also because we gain much valuable qualitative
information therefrom.

°1 odel Equations in the Large Conduction Limit.

e shall use the notation of Chapter II. The equations of the reduced
model (2.105)-(2.115) for the stream function ¥ and temperature 7 of

the ccld zone are,with the assumption that

p=0, Kk~ 1,,32 3> 1, (7.2)
n
' = ..T .
beg = & e (rT] , (7.3)
I « ¥ I m
Tt + Wfo -»WéTx = g1£ exp [wT] + 32‘55 ’ (7.4)
where on & = 0 ,
¥ = S(X,f) ’
(7.9)



, X

t/xo(t)

lm

b= (x',t) dx' ,

Q

Ve = -Fl,1) = -,

(7.6)
3T = MAT) + B R0, T <0 (x < x,) ,
T=0,7,>2(x, <x <x) ;
Onézfm’
T=T,=0. (7.7)

The equations (7.3)=-(7.7) will be found to completely determine the temp-

erature field and position of the melting surface when 3, >> 1,although

2
to find the depth H in x > X, we require also the solution for ¥ in
the temperate region.

Since Kk ~1 and -1 <T < 0,it is reasonszble (especially since the

term is an empiricism anyway) to approximate the exponential in (7.3)

and (7.4) by

[®)

e =1 + k,T =y, (7.8)

where x, < k. Ve introduce (7.8) in order to simplify the ensuing anal-
ysis:it is not an essential approximation to make,but is considered

to be useful if &« ~ 1 (not if « >> 1). Using (7.8) does not markcdly aff-
ect the structure or stability of solutions:this is firstly beccuse

T is bounded,and secondly the instability to be described in ;6 is
basically due to the convexity in § of the function §n enp LkT] —

which is not crucially due to the convexity of the exponcntial,

We change to a conductive time scale
T=3,t, (7=9)

and def'ine
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a = — (7.10)

where ¥, is defined in (7.8). If we also take the inputs s and T, to
be time-independent,then the equations and boundary conditions (7.3)-

(7.7) nay be written,using (7.8)-(7.10),

= &) A1
Yoo =T 5K (7.11)
1 _ n+l
X, + Eé[wag - fox] = af A+ Agg » (7.12)
where
on § =0, ¢ = s(x) , (7.13)

on § = H, Ho = =¥
Pz
P N FlH,x] , |
. - - A -~ A . ,/ < 1
Kg = oHuy = Mk, (x) "y (4) »a ’

X:1’Xf>o’x2<x<xM;
onézéns X=1 ] AIC:’O b (7'15)

-1 .
In (7.14),the geothermal heat flux parameter K1Gd/KTO <10 (since
’, < 0(1))and we therefore ne.lect jt altogether. e do not wish to

specii’y the size of the viscous dissiyntion,and therefore we formnally

consider

)

O

» 0, a fixed (7.1
2

.TDLA

in the equations and boundary conditions. Neglecting 0(1/52) and the

geothermal heat flux,(7.12) becomes

X, = XE; + a§n+1x (7-17)



with the bouniury conditions ‘a4

on =0, x-= XA(XD y X < X
on § = H, Xf = a?ub = ogHf{ %, x) , = <x_ , (7.10)
A =1, x, <x <X

i hj '

“h: solution of (7.17) and (7.18) includes the unknowr. H,which must

b. lound f'rom sclving the flow problem: i the steady si-te tlis is
v..=¢x, (7.19)

with

(7.20-

=
h

o, Wé = - ub = - “[H,x] on § =H,

where x is given from the solution of (7.17) and (7.18). In the unsteady

state,the first of (7.20) is replaced by

1

H == V¥ =0 . (7.21)

Lastly,if x > x,,then (7.17) is to be sclved subject to the first of

(7.1¢),and

X=1,x,=0o0n&=¢ (7.22)

»

which therefore determines x and §M on x > X,

82 Zxplieit Ste.dv State Solutions.

As explained in Chapter II,the sliding law is generally taken to
be discontinuous at T = O (e.g. Grigoryan et al. 1976),and this implies
that there exists a discontinuity in =ither the stress or the velocity
(or both) at the bedrock. We here show by explicit solution that a
continuous sliding law like (2.17) leads in the limit as To -0 to a

solution which is continuous and has 2 large basal zone of almost

temp.rate ice over which the basal velceity increuses to ‘he vulue
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predicied ty the (temperate) sliding luw:this 'sub-temperate' zone
is directly comparable to the musny rezions encountered in heat transfer
problems involving phase transition (‘tthey 1572).

we consider first the ste.dy state version of (7.17),

n+1
Xfé + a‘f i /{ = O (7'2j)
with
X=X, oné&=0,
Xe = a“ub x < X, (7.24)

The two independent solutions of the ordinary differential equation

(7.23) are

X, (&) = &€ 3 1/(n1/);;f§ ¢(ne2)/2)

alt 2g2(n+3)
(h+27(n4—) 2(2n+57(n+27(n+3)2 + eee (7.25)
2\fa (n+3)/2]
n+3

af a2§2n+7
(n+3><n+4> ST (k) (ne3)2 * o

x,(8) = € 3 1/(“,\[

(7.26)

The behaviour of A and X5 is shown in Figure 7.1. ;t1/(n*3) are the
Bessel functions of

/h\ the first kind of

order + i/(n+3). 7ith

n = 3,tue sefies (7.25)

and (7.28) are very

rapidly convergent,

and their leading

terms will be uced
subsequently in 5

to give useful represent-

Figure 7.1.




= -~ 4 . e 4 . B | - . - .
ations of the temperzture and flo. fields. (This incidentally s . :ests

be 4 fruitful approach to adopt.) In what follows,we make use of the

prozerties
x,00) = x,'(0) = 1, x,'(0) = x,(0) = 0,
(7.27)
X (8)xy' (€) = &, " (E)xy(€) = 1 .

The solution for x satisfying the first boundary condition in (7.24)

is
In x < Xps A must be such that on & = H,

Xe = X, (X)x, " (H) + A(x)x,' (H) = auH ,

[aubH - XA<X)X1'(H)]

A(x) = , (7.29)
x,' (1)
and therefore the solution for x is
§ )
x, (x) o u Hy (€)
X = A [ (0, () - 1y (iy(€)] 4 —
Xz'(H) xz'(u)
x <.X_ (7-30)

where H is yet to be found. In x, < x < xy,we have to sutisfy ¥ = 1 on

€ = Hyand so A must satisfy

1 - 4 x, (H)
A = MR (7.31)
X, (1)

whence the temperature is given by

(&)« \
= s ——[ 4 (8, (H) - x, (M), ()] . (7.32)
xo(H)  x,(31)

We may find x.,Xg and Xy in terms of H ns follows. “iicn & = H and
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X = XQ’ub =0, x = XQ (= exp [KTD] ),and thus,using (7.27),

X, (x) )
X, = — . (7.33
Q Xy (H)
Similarly on é = H,x = X, X =1 and u, = ub(H),and S0
X, + aduw (1)x,(H)
;- A :“ A (7.34)
5" ()
On x = X,.5 We have Xf = O,and so from (7.32) and (7.27)

These equations define Xq> Xz and x,, in terms of H(x.),H(x,) and H(XM)

M Q

(or vice versa). To gain further information we must examine the flow

field.

The equation (7.19) for ¥ may be written

_ n+1‘—__1._.,
I (7.36)

The first integral of (7.36) is,applying the boundary conditions (7.18)

and (7.20) on £ = H,
fwf -V 4 %'Xf = - T+ Hub =0, x <x, . (7.37)

Putting & = O in (7.37),and using (7.20),(7.27) and (7.20),we obtain

1 o 1 iy <
s(x) =% Xf'fzo = m[}iub o XAX1 (*I)] s X xZ .

(7.38)

Inx. <x < X, 5 We have from (7.32) and (7.27) that

X, (H) - X,
X' (H) = = =, (7.39)
X, (H)
and thus the first integral of (7.36) is
[x, (1) - x,1] )
, 1 . 2 A

5#5 - ¥ + = x€ = —dub + ’ (7.%8)

(1)

and puttirg £ = 0 in (7.40),we have,using (7.40),(7.32) and (7.27),
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[XZ'(H) A ]

s(x) = Hu'b A + 1—.”' L - /(A/f,' (H T
ax, () @ (H) i
2 2 X, (H)
(1 - 1, (D) » g1 = (0]
= Hub + 2 A 1 y X, <X K< XM . (7-#1)
ax ,(H) -
(7.38) and (7.41) define H(x),and may te used to find X, and x, from

(7.33),(7.54) and (7.35).

In particular (7.33) and (7.38) imply that at x = X,
as(xo)

Xo = - —_—, (7.42)
x, ' (1)

and on x,,from (7.34) and (7.38),

as(x.,) alHu, (H)x.,(H)
12 -2 b2 : (7.43)

x, ' (H) xz'(H)

Tow let X~ = 1. Ve claim xQ - X, does not tend to zero:for if it did,then

are continuous) H(x_ ) - H(xv) >0 (i.e.

Q
- 1,we have from (7.42)

from (7.38) (since s,x1',X2

H would be continuous). Then as x. - x, and x

Q Z Q
and (7.4.) that
as(x_) as(x,)
0= - g ol = -1
9 [H(XQ)J Ay H(XZ)

atty, (H)x, (H)

I

(7.4k)
x2'(H)

wvhich ias patently ebsurd if H > 0. Thus XQ % X, @s XQ - 1,and in the limit
there exists a finite region of the bedrock on which the ice i: (almost)
temperate,but the basal velocity is not that predicted by the temperate
sliding law. This fundamental physical fact,here predicted analytically,
was first pointed out by D.A.Larson in private communicaticn. The exist-
ence of such a region of 'sub-temperate' sliding and its effect on the

velocity has not previously been considered.

3 “I'rective Boundnry Condition in Xr < x < X, .

The 'real' boundary condition we should impose on & = H <X <Xy

’xQ
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for the thermal flux is given by the second of (7.24),that is

Xg = aHF( H,x] . (7.45)

In the limit,tris condition is difficult to impose (especially numeric-
ally) since it is very delicately deperdent on the precisc form of F,
and hencc on a detailed analysis of the sub-temperate sliding law F.
However,since the sub-temperate re;icn does not vanish as XQ > 1,
it is relatively insensitive to the precise temperature on the bedrock,

and we are therefore led in the limit as x. - 1 to replace (7.45) b, the

Q

effective boundary condition

Xx=1, Xy <X <Xy (7.46)

H is delired by (7.38),and putting £ = H in (7.30) and letting x. = 1,

we have that Uy is given by

(x," (1) - x,(x)]
u = — _ ) Xy CX <Xy, (7.47)

aHx, (1)

and the rdle of (7.45) is now (assuming ? is kxnown) to determine the

precise mnagnitude of XQ-which is however of no great interest.
£lthough we haeve in fact solved the equations here,and do not

ne:! to impose (7.46),we shall by analogy define the effective boundary

ccndition

X=1,0<uy < ub(W) in Xy <X <Xy (7.48)

4§
to replace (7.#) even when B, < o(1).

$4 Zelting Surface.

£y may be found from the temperat r: solution (7.28). 7e impose
the boundary conditions (7.22) on ¢ = Ey Then
' XAX»]({M) + aX2\ém) = 1 ’

(7.49)
Xpxy ' (€) + mx,'(€) =0
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-".fi"' .‘u" cAana 3 . 3 . . . E I S S ’
eliminatin- o and using (7.27),we obizin tie implicit definiticn of

éV by the si--le formula

a

X' (&) = x,(x) (7.50)

Ve 4ha Taca . . . .
0w the Zessel-type functions r, and X2 have interlacing ceros us
]

shown in iisure 7.1. Ve wish to prove that the domain of present interest

] e~ . 5 by § LI ) . . N\
is sucia nat € is less than the first zero of Xz',say §g (Fire 7.2,

X -
2 PP e | o
’ .
® | ~
LS
! \
N\
| \
- - \
- - =
" l~ lr \\
l ~ ~ \
~ \
L \;\ hY >
nax & éO > \\ "
, o 4 ~ g
domain of SN VL
interest N - ~S o

Figure 7.2.

Tor x < xm,(7.33) gives,using (7.27),

1 o
X = 2;1T37[XA + auquzk“)] (7.51)

on the bedrock. At H = O, is positive and increases to infinity as I

tends to fo. Since x¥ € 1,it follows trnat max H < éo, X < Xy In

iy

x, < X < XN’(7'59) implies that xz'(ﬁ) > X, > 0,since ig > 0 on the

<«

bzdroc’:. Fence H < §O for Xy <X < Xy rinally in x > XM,(7.50) implies
that xz'(fu) > 0,and therefore §M < 50. Since ¢ < §M,H, it follows
that 0 < § < fo,and so the domain of interest is such that xz' >0

and Xy > .

“3nece X 4s monolone in ¢ throughout the cold zone, (7-50) d:-fines

a unique curve §M(x). If we take the climatic 'temperzture' N to be
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a monotone increasin- s . (R ’
nereasing function of x,it follows from (7.44) thet &,.(x)

is monotone decreasing.

ve crn qualitatively describe the melting surface profile in the
. \
following way. It the top surfuce is polwthermal,i.e. Ay = € Cor soue
IS Y
- - fag > . . . N - . .
x < 1S,t4en S, increases until it reache: the bedrock:this is illus-

1 3 3 o O\ ) - 13
tra'ed in (1) oi IMigure 7.3. I© we consiler successively cooler surface

temperatures for which x. gradually increases,then we cbiain the sequence

figure 7.3:Melting Zurfaces for polythermal
surface ((i)-(iii)) and cold surface (iv).

o profiles (i) to (iv). In (iii) and (iv) the melting surtace §M(x)
is still monotone decreasing,although the function Yy =70 - fi is not.
In (iv) t)v: surface is completely cold,but a basal zone of temperate
ice exists. ‘e can describe this dependence of the melting surface
gecneiry on X. and a as follows.

The solutions for the depth H and ~elting surface are,from (7.38),
(7.47),(7.27),(7.32),(7.41) and (7.39,

s(x) = —_— x < xQ ) (7-52)
ek, (Hpy |
u"t‘n'(‘ ) - X (x) /\\/ (x)IY ‘(: ) T
S(X) - 1 ’—‘ (4 ‘{T A - A 1 —LP
xz'(HT) - axZ(HT) a
1 - X, x)x, (H)
- A 1 -IT , xO < x < XZ ’ (7:53)
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(1 -« ") + x, ()1 - x, (0,
S(x) = A () L]+ x, GOl - x5 ] |
ax, (i)

X

g <X <X . (7-54)

The suffices C and T are appended to denote cold fer—sub-temporate
(C yrfyenmppercke)

and temperate'ice,respectively. Vle also define H,, by

XZ'(HM) = xp(x) . (7.55)
Thus H = H, at x = xq (from (7.33)) and also the meltins surface is given
by & = Ty X > xy using (7.50). If we assume s is concave (s'' < 0)

and X, is monotone increasing,then I, is monotone decreacing and one
L L

may realistically suppose that H, as given by (7.52) is convex provided

C
XA' is not too large:we take this to be the case. Then typical forms

of HC and H, are given in Figure 7..4. Tie curves are to be interpreted

A

Figure 7..4.

as follows. The intersections of . and .. are the possible points XQ
where sliding is just beginning (or just ending). Thus in case (i) tiere

is no intersection,and so the bedrock is uniformly cold (x < xh) and no

sliding occurs. If there is an intersection,then either case (ii) holds,
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i.e. 1. remains sitj ian .0 . . .
1.0 - positive which imylies that X, <1 (the top suriace is

1d O s s - .
cold) or (iii) holds,in which case the tcp surface is polj thermal,and

x =1 for x> Xp e

"ow when HC first intersects il.,the solution for the depth beco:rs
Hy along which x,' > X, since x' >0 on ¢ = H,and using (7.39). Cne

easily secs that X2f > Xy corresponds to H < H,,and thus for x > X, the
i <

HC curve must lie initially undernesth that for HN'

i . vyl
(7.27) arc by inspection of (7.53),we cun see that H is seme—preeisely

Furtnermore,using

when s{x) is zero. A typical ;eometry is shown in Figure 7.5. VWc zee that

Figure 7-5.

H, intersccts H o at Q (x = Xy

which is initially beneath I,. If H, then intersects HM at a point I

Y:the depth then follows the curve Hm’

where HT % Hc,the meltihg surface trocliis off the bedrock at x = Xy and
is described by £, = H, as long as Hy < Hp. In (i) this is until
£. = 0,and hence corresponds to (1)-(iii) of Figure 7.3,whereas the
curve marked (ii) reintersects HT at M',i.e. §M is as shown in Figure
7.3 (ivj,and in this case a basal region of temperate ice exists beneath
an otherwise cold glacier.

Further,more complicated situations can obviously occur in which
a whole series of temperate regions exist on the bedrock:this depends

critically on the precise forms of x, and s.

Te can see in Figure (iv) that the sequence of Hy curves (1)-(iii)
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corrusponds to increasing x, or a. It is of interest to find the critical
valuc of a (for given X, and s) at which we pass from (i) to (ii),i.e.
at which basal sliding begins to occur,and at which a tengera‘e zone

4- r (] . K3 . . -4
may start to appear. This critical value a. is given parametrically

0
by the condition that the equation Ii,, = HC should have a double root

at xQ(ao):

w-Ho=g' -H'=0 . (7-56)

An approximate result is given in the next section.

§5 Approximate Results.

‘ie here collect the main results we have found so far,and then give
approximate formulae for them based on the series expansions (7.25)

and (7.26) for X1 and X,.. These formulae provide detailed relations

2
between the surface temperature,flux,velocity and depth of a glacier.
A comparison with observations in the field would be of considerable
interest.
The temperature field is described by (7.30) and (7.52),that is
X, 2y (E)xp (H) = s, ' (1) ,(¢1] + au B (%) )
s

X, ' (H)

<xz,

() (7.57)

A X

x = S e =2 (O, (1) - 4 (Da8)]) %, < x < x
00 x, (H) - ‘

The flcw field is given by integrating (7.37) whence we obtain

2 -H , x.
4::.5_.-/ <-—§>d§, be <xz,
a § €
{x,'(H3) - x,1
: Ele(-6) , x, <x <x, .
(7.58)

In (7.57) and (7.58),the depth '" is defired by (7.52)-(7.54),that is

ol
™

2, un/
v = g_ jf K > ag + (M -

v

a;{2

{1
. KpXy ' (H
s(x) = = ———— , x <x

; (7.59)
ax,' (1) ¢
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1
Su)zadﬂ-xMJ,J%<x<x
<

(1- Xz') + Xp(j"x1)

s(x) = Hub(H) +

ax

2

It is cleur from the behaviour of X an) Xy that (7.59) defines !

(7.60)

(7.61)

uniquely,and the same is easily shcwn to be true of (7.60) and (7.61),

dx _

since the assumption that == = 0 (a necessary precondition that II

dH

should be muliivalued) leads to a contradiction.

From (7.57) and (7.27),the bedrock temperafure-in X <X

Xy, (x)

’

L@
X2 (‘-‘)

and o0 X, 1s defined to be where
. = '
%3 (xy) = x,' (H)

and also (7.5%) holds (H = H, there).

- c
In X. <X < xz,the sliding velocity is given by
] ” - ;
. ) X2 (1) Ap
ail

e ot : . , _
x, is then simply defined to be where i ub(H).

The bottom melting point x, is given,like xQ,by

Xz'(H) - /(A(}{*"r) ’

but we require that (7.61) should also hold,i.e. H = HT there.

(7.62)

(7.63)

(7.64)

(7.65)

e now consider approxima‘e solutions for (7.59)-(7.¢5). Zrom (7.25)

and (7.26),we have to an adequate approximation

n+3
e - &
X4 (n+2)(n+3) ?
n+3
ag
2 - maTmn )

' a§n+%/(n+2) ,

i
PN
-
I

1 - a€™0/(ne3)

>
N
R
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LR

and thercfore we have from (7.59)-(7.41),

([ a2 R kas
s(x)L1 - —== | = &
n+3 ) N+ » X < xQ ’
R A
((1- Xﬁ) + y — N ]
) (n+2)(n+’
s(x) = ”A:j/\ +2) yxg <% <%

H - Sy

({ N+

or more simply

(1-x,)
H = > Xg <x <x,,
as(x) g
“and
gi§n+) . a2Hn+3
_ n+3 A" (n+2)(n+3)
s(x) = Hub(H) + TS

2, a H
S P revwal

2

Hy (H) + = 5 x5 <x <xy .

R

The bedrock temperature in x < x. is given from (7.62) by

Q
X = !
- ’
. EEf+3
n+3
and x. 1is given by
n+3
R
XA(XQ) =1 -=
In x. < x < x,, the sliding velocitly is
Q Z
) aHn+3
. - (1'-XA v
aH

The bottom melting point Xy is the solution of

at o

Lev S XA&‘V‘E.;) s

where H(xM) is given by (7.69).

(7.67)

(7.6)

(7.69)

(7.70)

(7.71)

(7.72)

(7.73)

Finally,a, can be determined by the requirement (7.56),i.e. that
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xQ 1s a double root of (7'67) and (7.7%). x. is thus fourg by solving;

Q
a2y el
S(X)[ 1 - ] 2 e ,
n+ 3% n+ 2
(7.74)
_att?
n+3 Ap
whence approximately
Hn+2
— = s(x) (7.7v)
d fines H(xQ),and XQ is then defined from
n+3
_ - ) el
1 XA(XQ) g Hn+258(xQ)] . (7.76)

ag is such that x, is a double root of (7.76). Ve immediutely see that
-

s'(».) < 0 since Xy' > 0,and so x, lies in the ablation area. For example,

Q

if (taking the origin at x_)

Q

[(n+2)s(x)](n+3)/(n+2) . 1 _ 2
5 =1 - x°, (7.77)

Xy = a+cx,
then a¢ is found by solving

(1 - a) - cx = a(1-—x2) ,
(7.78)

- ¢ = = 2aX ,

which imply

_(1-a) - [(1-a)? - PP

c

. (7.79)

X

Q

We choose the minus sign in (7.79) because we require 1-a > ¢ for

real X, (which implies that the top surface is cold) but also X, < 1

gs this is the relevant value.

From (7.76) and (7.79)

c?

T l(-a) - ((1-a)2 - 21E)

a

. (7.80)
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i a. S o . L 1
L typical result would be for a surface temperature for wiich & = 3,

¢ = V5/6 = 0.27:in this case a = 5/6 and Xy = v5/10 = 0.2236,and the sliding
zone starts to appear about a fifth of “he way along the ablation

zone from the equilibrium point towards the snout.

56 Linear 3tability.

In this last section we consider the linear stability of the steady

state solutions described in the preceding sections. Ve put

i ot ot
Yy = WO + w1e » X = Xg * X4

(7.01)
t ot
H=8H 9 . =
o P Re s & T gt G

where O and 1 refer to steady state and perturbed quantities recpect-
ively,and 0 is a(complex) constant to be determined. The perturbations
are assumed to be sufficiently small that a linear analysis is applic-
able,but in order that we do not consider here the 'perturled' stability

problem involving terms of O(1/B2),we formally specify that
1A32 U, Xy s Hy o, Gy <1 (7.82)

As before,we therefore neglect 1/32 altogether in (7.11)-(7.15). The fir:t

equation in (7.14) then immediately gives
H, =0 (7.63)

(any riven initial perturbation in H is simply absorbed into HO). Thus
the solution for the temperature once more uncouples from that for ¥,
and the equation describing the perturbed 'temperature' may be written,

on dropping the suffix 1,

2 n+1 B
Koy + 8y + Laln=-y)™ - o] =0 (7.84)
with boundary conditions
x=0ony=n=h+ HO + H1 , (7.€5)
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N
~r

Xy: 8 h'Xx on y = 0 , (7.

using (2.73),and
K=00ny =y, de. €26, , (7.57)

tiiz last of whic: comes from expanding the first of (7.15) about §MO'
T-e melting surface perturbation §N1 also uncouples from the problem:

it is described by expanding the second condition in (7.15),Whence

we i'ind
X X = &
éM1 = - : = 651;;15“!0 ’ (7-88)
Xoge‘ . *0
€= o

using (7.15) and (7.23). If there exisi non-trivial solutions of (7.84)-
(7.87) for which Re(0o) > 0,then the steady state solution of (7.11)-
(7.75) is said to be linearly unstable:otherwise it is linearly stable.
The reason we have reintroduced the longitudinal diffusion term
(and therefore (x,y) coordinates) in (7.84) is as follows. (7.84)-(7.87)
constitute an eigenvalue problem for 0,and standard theorems (e.g.
Courant and Yilbert 1953) guarantee the existence of a decrensing sequence
{Uni of' real eigenvalues such that Un + =00 g5 n -» ", If however,we
remove the term in 82 from (7.84),then it is essentially an ordinary
differential equation and so,although the eigenvalues s!ill exist,they
are now functions of x, Ion(x)f. Yhile such solutions are physically mean-
ingful as long as On(x) < O,this is no longer so when the maximum
eigenvalue Oo(x) becomes positive for some x,as it implies that dis-
turbances may grow in some parts of the glacier,and decay in others! In
such a case,x derivatives become large at points where ¢ = O,and thus
it is necessary to retain tﬁe term in 62 in order to cope with such
large derivatives.
If we define the volume of cold ice to be V and its cuter surface

(6=0, £€=¢., £= H) to be S,then one easily derives from a variational
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formulation of (7.84) (e.g. Xorse and Feshbach 1953) that the nizhest

(most unstable) eigenvalue 0 satisfies the bound

_/ lafn-y1™142 - {¢ % + 5%6 %1] av
2 v Y *

jv ¢° av

where ¢ is any (non-zero) function which is continuous in V and has piece-

o

, (7.89)

wise continuous first derivatives in V + S,and

¢=0on¢=0and &= §, - (7.90)

Equality in (7.89) is obtained when ¢ is the corresponding eigenfunction
and satisfies the equations and boundary conditions (7.84)-(7.57).

“hen a = O,i.e. k = 0 (the viscosity is independent of temperature),
it is obvious from (7.89) that the highest eigenvalue is negative (since
(7.€9) is an equality when ¢ is equal to the eigenfunction):thus ithe
terpercture ield is stable at o = O. is a is increased,the highest
eicenvelue 0 will become zero for some a = ac,say,and be positive in
@ >a,. At a = a, the temperature field is said to be marginally stable:
it follows from standard theory (Courant and Hilbert,op. cit.) that
0 is recative for all a < ac:if similarly "ollows from a considcration

of (7.t9) that 0 > 0 for all a > a_,and hence a  is the critical stability

parnsetor. (7.89) can then be used to obtain an upper bournd for @t

t is is done using a simple trial function in Appendix 4. “e find

that the estimate is too crude to be of any di£ect use,as it gives an
upper bound for a, in terms of H which cannot be attained by the a
corresponding to the steady sSlution. The form of the bound suggests

that increasing H may have a destabilising effect on the steady solution,
whereas the 'high' value of n in Glen's jower law would seem to be &

stabilising feature.
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CHAPTER VIII

Small Conduction Linit: B,<< 1

In the provious chapter we éxamined the case of large conduction
(8, >> 1) and found that the steady sféfe_sblution could be uniformly
approximated by the leading order term in an asymptotic éxpansion in
1/ﬁ2. In the present chapter we turn our attention to the steady state in
the limit of small conduction (32<< 1),which is expected to be a more
physically realistic approximation. Since neglect of 62 in this case is
associated with the removal of the highest derivative,the problem is
of singular perturbation type and we therefore expect thermal boundary
layers to exist in certain regions of the flow (Cole 1968). )

The outer flow problem for the temperature,(2.107) with B, = 0,is
hyperbolic:in Cole's terminology the streamlines ¥ = constant are sub-
characteristics of the outer problem;they begin on the top surface and
terminate either on the melting surface (for a polythermal glacier),or

on the top -surface in the ablation zone x > x (for a cold glacier):see

Figure 8.1.

E
melting
surface
(a): polythermal glacier. (b): cold glacier.

Figure 8.1: subcharacteristics.

As discussed by Cole,we expect boundary layers to occur where the
subcharacteristics terminate,and also on the bedrock,which is itself

the subcharacteristic ¥ = O:no boundary layer will exist on § = 0, x < X
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since such a layer would not be able to satisfy the matching condition

into the mainstream flow. (We are here neglecting temporal effects such

] . ]
as the winter 'cold wave' due to the seasonal variation in the surface

temperature.)

«T -
Now let us consider the boundary layer on the melting surface. The

outer solution for T cannot satisfy both conditions T = T, =0 on & = ¢

M,

and we shall require a boundary layer to exist there. However,it is easy

jof
>

to see that the condition that the outer solution 'loses' is Té = O,and
thus the boundary layer provides an 0(1) correction to the temperature
gredient,but only a small correction to T. In other words,ior small ﬁz
the melting surlace is given to first order by the single condition T = O
applied to the squations with 32 = 0. Since we are not initially inter-
ested in higher order approximations,we may use this as an effective
boundary cordition on the melting surface:the stream function is unaffected
(to first order) by the boundary layer.

In a similar fashion,the boundary layer on the top suriace € = 0,
X > Xp of a cold glacier gives a local correction to the temperature
field,but does not affect the stream function to first order. Ls we are
interested in global properties of the flow and temperature fields,we

can ignore trnis boundary layer by simply dropping the surface temperature

condition in x > x,. Then,writing as before
bl

KT .
X:1 +K1T g ’lg;’(‘]fili"“:o’ (8.1)

the first order outer flow problem (52 = 0) in the cold zone may be

written,from (2.105)-(2.107),

n
\Il = 802
ge = €% (8.2)
n+1 4
- ¥ = 7 - o
‘Pxxé fXx H’é A s (8 3)
e¢nd the effsctive boundary conditions we impose are,from the above con-

siderations,
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on §& = O:

¥ = s(x) ,

X =x,(x) , x <x3; (8.4)
on £ = £,(x):

(=1 (6.5)
on ¢ = H(x):

v=0, (8.6)

We = U,
where u, is determined from the solution in the boundary layer. The
rerainire toundary conditions on £ = H are discussed below.,

e can consider the bedrock to be composed of four kinds of region:
(XO’XQ)’(XQ’XZ)’(XZ’XM)’X > x,;, characterised by the followigé physical
descriptions,based on the discussion in 23 of the previous chapter.

(a) X <X The ice is cold and frozen to the rock,so that the no-

slip condition is satisfied.

(b) X <X <Xg. The ice is almost at the melting point and has started
to slide,though at less than the speed given by the full temper-
ate sliding law:the heat generated by this sliding 1is conducted
into the cvold ice above.

(c) X, <X < Xy The basal ice reaches the melting point and the full
sliding law is operative. The heat conducted into the ice decreases
to zero as the melting surface rises through the bedrock flow
layer (cf. Appendix 2).

(d) X > % e The melting surface 1is tpapr' from the (rough) bedrock flow
layer,but ‘'near' the (smooth) tcdrock of the mainstream flow
(see §53,4,Chapter II). Thus the melting surface breaks off the
bedrock at xM,and the viscous heating term determines the basal

moisture (which does not 'diffuse' upwards,since we are not

considering any 'conduction' of the moisture due to the hydrology)-

see Appendix 2.
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Now from the considerations of the previous chapter,we see that though
for example u 1s formally prescribed as a function of x and H in the
region X5 < X <Xx,, the effective boundary condition as TQ + 0 is that
X = 1,and u is then determined from the solution for the temperature

field. Thus we prescribe the following effective boundary conditions on
the tedrock x < x, in place of (2.111)-(2.113),in the limit of negligible

geothermal heat flux and negligible T.:

~
-

0’
w:vf:x§=o,x<1 (8.7)
until ¥ = 1 (x = xQ),then
on xQ <x < xz: ’
vy=0, x =1 ,,SHub=;?2,\'§ y 0 <ub(H)
(8.8)
until w = u.b(H),(x = xZ),then
on x > xZ:
y=0, x=1, u.b=ub(H) , pzxf < Biluy
(8.9)

-

until Xf =0 (x = xM),at which point the melting surface =y breaks away

from the bedroc<. The boundary conditions (8.7)-(8.9) are illustrated

in Figure 8.2.

'outer' flow

i
O< u, <1y (H
Lh lb -.;O <ﬁ2X§ < 3Hy

|
x=1 , BHw, =X, f N

Figure 8.2:Effective Bedrock Boundary Conditions (and ¥ = 0).
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The outer solution of (8.2)-(8.6) cannot be given until H and u, are
known,and to {ind these we have to solve the boundary layer equations.
In this chapler we show how to bring the conduction term back into (8.3)
by appropriately rescaling the equations near the bedrock. In this manner
we are in principle able to determine the positions of x, and X,

[t is worth emphasising that an analytical description of +these
points is vitally necessary to our understanding of the dynamics of glacier

flow. For example,if x_ < x < x,,the sliding velocity will not exhibit

Q
any obvious dependence on the basal stress (i.e. the depth),since the
temperature is slightly cold. Such a laci- of dependence has been noted

by Meier and Post (quoted by Hodge 1974):however,it may not be a straight-
forward natter to ascertain in the field whether this is due to slightly

cold basal icej;if T, is sufficiently near TM,it may be very difficult

Q
indeed.
The analytical aid to the numerical soluticn of the reduced model

is clearly very important.

§1 Boundary Layer EZquations.

[ is apparent that the outer flow solution of (8.2)-(8.6) cannot
satisfy any of the boundary conditions (8.7)-(8.9). In fact,when x < XQ
the convective terms Wé and Wx tend to zero as ¥ -» O,and so from (8.3)

x must become infinite:this reflects the fact that the dissipative hcutl-
in.;; does not vanish at the bedrock,whereas the heat ‘transport mechanism

(convection) does. Thus a boundary layer analysis is essential,and this

will show that the heat generated by viscosity must be transported away

by conduction.

In rescaling the variables to consider the boundary layer,we must
bring back the conduction term to balance the dissipation. Since the
convective term is small,we might suppose that it does not appear to

first order in the scaled temperature equation. However in this case it

is found that the inner solution cannot match with the outer solution,
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and hence it is necessary to balance the convection term with the other

two in the equation. (This result is also obtained when x is replaced

by the exponential form eKT.) In order to achieve such a double balance,

we huve to scale both € and x in the equations. We do this as follows.

Let us define Xy = O for convenience,and introduce

xzex*’ 6:81/(n+2)§*’ ¥ = gy* ,

(8.11)

where € here is nothing to do with the bedrock slope as defined in

Chapter II,and is as yet unspecified. Using (8.11) and (8.1),the equations

(2.105)-(2.107) become,on dropping the asterisks for convenience,

boxe - VX, = ﬂ€§n+1X . ﬁ2€—1/(n+2)X€

e+ o(ﬁza

(8.12)

2,-1/(ne2) -2

(8.13)

where the order of magnitude term represents the longitudinal diffusion

present in (2.49):it is included in (8.13) so that we may ensure it is

indeed negligible under the rescalings we introduce.

e now seek to define a thermal boundary layer by writing

H-
Y = = ¢ y W << 1,
so that
9 , 9 4o o __19 .
% T ax t el v’ - T w oy

(8.14)

w is to be determined by balancing approjpriate terms. Since ¥ = WY =0

on the bedrock in x < xQ,We scale ¥ by writing

then to leading order the equations (€.12) and (8.13) become

+1
w[(/jy/\lx - ‘IJXXY] = ﬁsﬂn X t ,'320)
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(8.16)

(8.17)

n+1
=),

(8.1¢)
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with an error of 0(w) in (8.17) and 6(w“) in (8.18).
In order to obtain a balance in tre energy equation (8.18),we define

¢ and w by

w = pe = 328°1/(n+2)w'2 , (8.19)

(n+1)/(n+2)

assuming that 8§ << ¢ . Solving for w and € ,we {ind

F (n+2
e = (:i§> Se7) | (8.20)
3
and
o = (g5, ™21/ 30eT) (8.21)

(n+1)/(n42)

OQur assumption that & << thus requires

INE-AS -
§ << <-—%> nel” (lE% Lo (8.22)
] B

for n = 3;(8.22) is a valid approxima*ion in practical cases. "he scales

£ and w define the extent of the boundary layer:thus in order that

(8.17) ard (8.1%Z) should provide an accurate approximation,we require

w << 1:this is formally true as 8, - O,although even if 8, = 1/30, 3 =1,
we only have that w = 1/3. The present analysis is therefore more qualit-
ative than quantitative,but we shall proceed with the formal assumption

that w << 1. The boundary layer eguations are then,fiom\(8.17) and (8.18)

and with error 0(w), ”iﬁi

¢YY = H?X ’ (8.23)
D+
by = Uy = T+ gy - (8.24)

The basal velocity in e-scale variables is,from (8.11)

~(n+1)/(n+2)

-V W, = ug ’ (6.2 )

é paws

where 0 refers to the original variables. Since - W§ = wwy,we are led to
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define EE by

ug - w',:;b , (8.26)

so that the basal velocity in x,Y coordinates is G£:then the boundary

conditions for (8.23) and (8.24) may be written:

onx =20,

onY=0,
¢ =0, ¢y, = u, and
Y b ?
-~ (8.27)
Xy = 0, u =0, x < xQ ;
X=1, XY = - Haé ; XQ <X < X, ;
~ F(H) - w"1 e"(n+1 )/(n+2)f[ 81/(n+2)H] ,

1, ub

H
Il

X

< X,
XZ < X M9

where 1" is the temperate sliding law defined in (2.15). We also require
a matching condition for y as Y -» o,

Now let s reconsider the outer solution. In the e-scaled variables,
and using (8.19),the equations for the outer stream function and 'temper-

ature' are,from (8.12) and (8.13),

—_ 8028
_ .n4+1 -y
q’xX£ - lpéxx = wé AN o+ W )\.56 . . (8'29)

To first order we neglect O(w),and then the solution of (8.29) is
X = G(¥) , (8.30)

where G is determined from the boundary condition on ¢ = 0. From (8.4)

we see that ¥ = s is increasing in O < x < Xg and thus G as given by
(8.4) is a well defined function. If we assume Xy is monotone increasing,
then so also is G.

The outer problem for ¥ is therefore,from (8.28) and (8.30),
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n 3
¥, = £6(¥ 5.31
with the boundary conditions that

¥=353o0on =0,
(8.32)
¥=0on & =H,

and a matching condition for Wfas & -+ 1. "he matching condition to first

]

order may now be determined. As ¥ - 0,the outer solution i » G(0) =

l\o’
and thus the extra condition we impose on (8.23) and (8.24) is
X > Xyas Yo, (8.33)
?rom (8.23) and (8.27),
~ i Y
by = o +/ 1Py ay
0 (8.34)

~ Eb + XOHnY + (1)

as Y » o, using (8.32). Rewriting (8.34) in outer (e-scale) variables

via (£.26),(8.16) and (8.14),we obtain
- ¥ ~ut s Xan(H.-é) + 0(w) . (8.35)

Similarly,expanding (8.31) near ¥ = 0 and integrating,we obtain (to

first order)

v = - v e 1™ ) L (8.36)
v 5% %o (n+1)

From (8.35) and (8.36),it is clear that the usual matching procedure

gives the extra condition for (8.31) as

v = - ut on § = H , (8.37)

that is,the (outer) velocity field is unaffected to first order by the

boundary layer.

The interpretation of these equations is this:in x < xQ,and also
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Xp < X < x,,(8.31),(8.32) and (8.37) serve to determine H:the boundary

layer equations (8.23) and (8.24) then determine x, and x,.. In x, < X <X

Q Q z’

as a functional of H,and another

~

the outer flow solution for ¥ gives hb
relation is provided by a solution of the boundary layer equations:
solving these simultaneous relations determines 35 and H explicitly.

The outer equation for the stream function (8.31) is essentially
an ordinary differential equation in § with parametric dependence on x
via the boundary conditions (8.32). It i: straightforward to show using
continuity arnd monotonicity arguments that (8.31) and (8.32) have a unique
solution in x < xQ and X, <X < Xy. The main qualitative result on the
solution is that H increases with s(x). Details of the proofs are given
in Appendix 5. -

Te now transform the boundary layer equations (8.23) and (8.24) to
a slightly different form. Firstly,we integrate (8.23) using the boundary
condition on Y = O to obtain

; Y
by = 35 + Hp]o x dY (8.38)

and

Y - Y
4= uY +H /o jo x dY' ay . (8.39)

Te then ch-nze to Von Mises' variables x and ¢ and hence obtain (Levich

1962 p. 7%)

06 _ M6 400 g
where
U(X,¢/’6) = wY ’
(8.41)

G(X,([l) = X(X’Y) *

(8.40) is in the form of a diffusion equation with a variable diffusion

+1 . .
coefficient and a source term B /U. In what follows,we identify 6
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with X for convenience. After some algebra,we find that the boundary

conditions (8.27) for (8.40) are
onx =0, X=Xy ; (€.42)

on ¢ = 0O, X¢ =-H, 0 <x< xz , (8 )
A3
x=1, XQ <x < Xy 3

as¢"’°°9X"XO' (8'14-2*)

An analytic solution of (8.32) and (8.40) is of course intractable,
but there are certain limiting cases which will be of some interest in
practicel applications. Some of these are described in the remainder
of tle chapter:in view of the difficulty of the problems considered,
we do not attempt to give an exhaustive discussion.
®2 Bounds on the Solution:Estimate for x_.

Q

Let us first consider the region x < x, in which Eb =0 and y <1.

One method of obtaining bounds or the solution for x is to consider
maximum principles for the equation (8.24) in the manner of Protter

and Weinberger (1967). However,such principles are exceedingly difficult
to find for equations of this form:on the other hand a ph;sical inter-
pretation of (8.24) leads us to expect that an 'increase' of the viscous
dissipation term and/or a 'decrease' in the convection term will give

an upper bound for the 'temperature' x,and vice versa.

Specifically,if ¢* is such that ¢* = ConY =0 ,¢§ >0, w; >0, and

we define g* by
gt = (-9, - (0 -9)) (8.45)

where ¢ is determined by (8;23),(8.2A) and (8.27),then we expect x*,the

solutior. of

n+1 "

g*ozx* = H + /-"‘,"" (8014-6)

.
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with boundary conditions (8.27),to te an upper bound for 4 as long x < 1,
which is the region of interest. This is because the source term in (8.46)
is larger thun that in (8.24);also (8..5) implies that the extra heat
is convected away less quickly than in (8.24) (¢§ > 0),and there is a
smaller influx of cold ice from infinity (¢; > 0). We may provide a partial
mathematical justification for this as follows.

Since x approximates an exponential,we may take x > O. In fact we have
i > Xs»vince at eny turning point of x (8.24) implies that Xy, <O,
and hence y is a maximum there. Thus the minimum value of x must occur
on the bouriary Y = 0 or x = 0. It cannot occur on Y = 0 (Zor tic same
reason),and so the minimum value of y is its value on x = O,that is Xo*
Since we are only interested in the solution while x < 1,we may therefore

take
Xo <X <1 . (8.47)

we can apply similar reasoning to the pair of equations

(8.48)

vhere g, g* are defined by (8.23) and (8.45) and the boundary conditions

“or both equations are given by (8.27). Let
¢ = i - A (8.49)

we want to show that ¢ = O. From (8.27) we have that ¢ =0 onx =0

0]

and ¥ = o, and ¢Y = QonY=0.If $ <O inx >0, Y > O,then there exist

8 rinimum in x > 0, Y > 0 (since on ¥ = O, byy < O from (8.48)),and at

such a point ¥y = Vx* and ¢YY > O,whence it follows from (8.48) tnat

(g -g*)-Tx* <0 . (8.50)
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Thus if
(g-g*).%¢* >0 (8.51)

everywhere (8.50) is impossible,and hence ¢ > O. This is the motivution
Lehind tne definition of g*,and we now show that (8.51) is a reasonable
assunption to make.
Taring note of (8.47),the obvious choice for ¢* is by inspection of
(5.38) with 3£ = 0,
FY LY
g* = B[ | (x-x.) aY' ay , (e.52)
olo 0
that is,our estimate g* of the velocity field is obtained from (&.38) by

replacing x with x,. If we assume that Xt >0, 4 <O (this may be

checl'cd subsequently),then (8.51) is certainly valid if
9§ >0, ¢* >0 . (6.53)

Fron the definition of ¢* in (8.52),it i: clear that % > 0,and since
(as shown in Appendix 5) Hx > 0,a sufficient condition that ¢; >0 is
that Xx > 0.
’hus with the single (reasonable) assumption that X, > 0,it follows
that x* is an upper bound for x as defined by (8.23),(8.24) and (&.27).
In a similar manner,we may obtain a low:z:r bound for x by replacing x
in (€.38) by 1,and Hn+1x in (8.24) by Hﬂ+1xo;a sufficient condition for
this solution to be a lower bound is that g%[Hn(1-x)] > 0. The conditions

for these estimates to be upper and lower bounds may be written jointly as
9] « l1%) < SH] . (85
X0 ox dx

We shall assume that (8.54) is true.

In this case an upper bound for x is obtained by solving

wYXX - (’(J)RCY = Hn+1 + XYY ’ (8'55)
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where
b = iy Y (8.56)

and the boundary conditions (8.27) are satisfied. In the notation of

(8.41),the horizontal velocity is

U = ¢Y = anbY

Lax i 2, (8.57)

using (8.56). Thus introducing the Von Vises variables,(8.55) becomes

Q

i 1 . 1
L2217 35 = 1™ o (axgi™] 2 57 Llaxgi™v]® 35 (8.58)

The boundary conditions are that

onx=0, X= Xg o
as ¥ > ©, X > Xy » (8.59)
X X H
onY—‘-O,xw lim wz=¢lﬂ 2—7,
v-0 v vyl 0
from (8.57) and (8.55).
Te define
;
L0 49
Z:{(ﬁ,:}lpdg-‘z“’é'a-z, (8.60)
then (8.58) is
.
Dok s
n+1 [og i7)% 2
Z g_’!.:: H+ 4 + Y Q—% . (8.61)
x ik oz
[2x H ] L
Putting
1*3( nl [0
X = Zjo [2x 8702 ax , 3(X) = 28/x, (6.62)
(8.61) becomes
d 62 :
z &= p(x) + ;—;j , (6.43)



and the boundary conditions are,from (8.51) and (8.60),

X = Xy on X = O and Z = oo,

(8.64)

Similarly,we obtain a lower bound by solving

_ i+l X
‘/JYXX - ¢XXY = 1 XO + /(YY ’ (8'65)
1 %2 77

and (8.27). With the notation of (8.62),we find that
ox _  3/2_, -1/2 0%y )

Zﬁ = XO SKX) + X ;Z—é' (8.07)

with the boundary conditions (8.64). Denoting the upper bound by Xy and

the lower bound by X1,»we can put

XU = XO + Q(X,Z) 3
y (8.68)
_ 5/%
XL - XO + Xo JB(X’Z ) 9
where
_ ., 1/6
and € satisfies
26 %6
Zae = g(X) + — , (8.70)
oX 2
a2z
6=0onX=0, 2=,
(8.71)
6Z =Q0onz=0,
Taking Laplace transforms of (8.70) using (8.71),we obtain
e'' - p20 = - ﬁ*(p) ’ (8.72)

where ©,3* are the Laplace transforms of ¢ and g, and p is the Laplace
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transform variable. The boundary conditions on (8.72) are that

(8.73)

(8.72) is Airy's equation with a constant right hand side. The general

solution which tends to zero as Z -» o is
e = exAi[p1/BZ] + Wp—a/%3*(p) Gi[p1/32] , (8.74)

wherz Ai is the Airy function and Gi is defined by

- OO

Gi(z) = %J sinEth—%tB} dt (8.75)
o _

(Abramowitz and Stegun 1968,p.448). We require also ' = 0 on 2 = O,

and therefore

N 2/ i'(0) _  m3*
a = ﬂ A” T (O) p2715\/_3 . (8.76)

The solution for & can in principle be obtained by inverting (6.74) .

Ve here restrict our attention to the bedrock Z = O,which is of most

interest.
Y'e have that
Ai(0) = B'Z/Q/P(Z/B )
(8.77)
6i(0) =71-3Ai(0) = 57/%1(2/3)
therefore
2m3” (8.78)

© O’ ) = *
(0. o/ 331/°p(2/3)

The inversion of (8.78) is a convolution integral, thus

= o L) ap,  (8.79)
(%,0) 377%(0(2/3) 12 /o (x - 1)1/
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and (8~79) defines the bedrock temperature. Upper and lower bounds on
xQ are defired by the solutions of xp = 1 and Xy = 1 respcctively.

Defining
X 1
= ..1_ Q 2y Vn 2 (&
X, lJo [4“0..‘ 1% ax , (8.80)
this implies,from (8.68),
\ 5/3
Xo * Xg G(XQ,O) <1 <xy 4 G(XQ,O) , (8.84)

and hence using (8.79)

2m XQ 5(t) At 1oy
e |
3"7(r(2/3)}
As an example,let us suppose € as defined by (8.20) is small:tiien
the outer solution (8.30) for x is X = X to first order,and the equation

(8.31) for ¥ becomes

_.n
\Péé - ‘:c XO ’ . (8°85)
with solution
n+1 n+2
b=s(x) - X0 Tme1. * 4o (n+1)(n+2) ? (8.84)
where 1 satisfies
XOHn+2
= g(x) = ajX ; : (8.85)
n+2

a, .5 the accumulation rate at the head. From (8.85) we obtain

n 1 3n+}‘.

(n+2)a, § = -3 AC )
X = ;n-:i) [: { 0 }n+2J X2 n+2 , (0.66)
and therefore
o -2 2
\n+2)a n+2 n+2) | (n+2)ao | Gnelt) (3n+47
B(x) = 7 5n+l+ “Xo
0 2%

(8.87)
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.riting Ccr the moment 3= bxz/(3n+”) , it follows that

3n+6
. = In+b 3n+l
and so
3n+5
bF(—-—)
2/3 0+l
»x = s +
8*/p oz, °
5 Sioneh )’
The inverse of ﬁ*/pz/3 is therefore
(3n+6\ 6n+1 I
/n+1+ X9n+12 8,08
;(—15?1-:2—3) ’ . ( .(JU)
Sn+12

After some algebra,we find that (8.82) becomes

5(n+2)
X05n+7 = < X, < E, (8.69)
wnere
570 (2/3)n (1222 (1 - 1) ™2 2(n+2) (142)a_~ (n+3) -
7__[:{ 5 V=X §3n+h.} *e)ont o} J
- 3n+6 1 2(n+2) o
Wr(} }+) - (‘ - XO
(8.90)

Since Aq ~ 1, (8.89) provides a reasonable estimate of xq. Putting n = 3,

1,72 [ ( 1 ;XC’)}(ME)(%?—)mj] 7 (8.91)
0 0

A typical case is x4 = %, ay = 1. Then (8.89) and (8.91) imply

(8.90) is

Il
R

0-94 < XQ < 2023 . (8.92)

3 x < x < x,: Similarity Solutions?
vl 2 ;
\%} L
In this section we consider the thermal boundary layer equation

in the Von Mises form (8.40). Levich (op.cit.) shows how equations

of this type of'ten have similarity solutions,and we here pose the quostion
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vhet \ 1t : .

wiether such solutions (if they exist) have any relevance to the pre.ent
problem. Ve | . .

P em. e shall largely be concerned with the sub-temperate region

¥y < X < Xp,though the analysis may be extended to include both x < X,

nd x > .
a XZ

In order to simplify (8.40),we must express U in terms of x and ¢.

This is not possible with ¢ given by (8.39) and therefore we consider

the approximate form
V=0 Y+ APy (8.93)

where

Xog SX €1, (8.94)

~ ~
and ¥ is some mean value of x. As b:lcre,various choices of x may be expected

to give bounds on the solution x of (8.49). from (8.93)J
U = ¢Y = ub + anY , (8-95)

and also solving (8.93) for Y,

B 1
-3 [0 . 20y

Y , (8.96)

it

whence irom (5.75) U may be expressed explicitly as
~ 2 ~..n '!‘12‘
U = [ub + 2xH pi< . (8.97)

The energy equation (8.40) is therefore

o

~ Z PR -% ox _ N+ ~ 2 thn ]% d §~ 2 Z?In/}% P .
[, + 20002 o2 = B s L™+ 260y ]® 5 oy« 2xyl® 520 (8.9¢)

Q
L=

l

with the toundary conditions,from (8.42)-(8.44),that

X = Xy on X = X and ¢ - o,
(8.99)

X, =-H, x=1on¢=20 (x. <x <x,) .
¢ & i

As mentioned on page 161,both H and 55 are unknown in (8.98) and (8.99).
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e . . ~ vy .
“he outer sclution gives one functional relation between u, and f,uud the

solution of (€.98) and (8.99) with the exira condition on ¢ = O gives
unotacr. The intersection of these two functionals then determircs 55

+hd . -nogeneral this is a very difficult procedure. However,we see

~ . s -~ - * 3 i 1~
from (8.26) that the 'outer' ard 'inner' basal velocities ug and u are

related by

ut = e, (&.100)

and so if' the sliding velocity E£ < 1 ,we may neglect the outer sliding
velocity to first order. That is,the outer stream function ¥ is to

0(w" the solution of (8.31) and (8.32) with the no slip condition
Y. =0 on &=H . (8.101)

Thus H is determined, just as in x < xQ,from the outer sclution,and no
surl=zce 'kink' is evident between the regions of cold and sub-temperate
basal ice. Given this H,we have to solve (8.98) and (8.99) in order to
determine the basal sliding velocity EE-

If on the other hand ug 2 1,then the depth is not determined by the
outer flow. However we may then consider E£ >> 1,and the equation (8.98)
is much simplified:this case is examined in §i.

Let us consider (8.98). In seeking solutions of similarity type,an

obvious transformation to make is

2~
& -y,
2~ n

- ™~
2g xd

22
g

z = g(x)U, = ¢ = , (8.102)

where g is to be chosen for convenience. e obtain

gf - g; +[8'U + ﬁﬁi(ubé)' + 2x(H%) i) g%' ’
o (8.103)
9 ,8ix 9
g~ ~ U 9z’

and so (8.98) becomes,using (8.102),
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n+1
=gh 'x +

LIRS “”}Ja%
%} , (8.104)

and the boundary conditions are that

X = Xb on x = xQ and Z = oo
) ;£ (£.105)
X = X =1 0on 2 = g~ (x <X <X )-
Z ~ _n-1? Y% Z
xgH <

Let us attempt to find a 'similarity' solution of (8.104) and (8.105).

e take the origin to be xQ,and put
~ -1~ -1)/2 \
= o, u = BH(n )/ s (8.106)
and seek solutions x = x(Z) of (8.104),which may be written as
~2
3 2 H'9 (n+3)/2
va_/i*_%[z - ]H’a—)q—'_ [X+'§§XZZ]’
or,if x = x(2),
P 2
Lx'' - (@ -1 v+ =0, (8.107)
B
provided
H'H'(n+5)/2 = 2/B . (6.108)
(8.107) is to be solved subject to
X = Xy on Z =o0,
(8.109)

1, x"'=-B/yonZ=1,

H

X

and E is to be determined. Unfortunately the requirement (8.106) implies

H ~ x-a/(n+3) as x » O,and this solution is therefore an unrealistic one.
) ~ n-1 g

This occurs becuause if u H and 2 = [1 + 2xﬁ w/ﬁi nen Z tends to

infinity as x » O and ¢ » o only if H » o ., Ve can see that a sinilarity

~ m s s
solution in which u, « H" must be unrealistic if m € n,and also because
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in rcality'ab =0onx = xQ where H is finite. e might expect,however,that

a similarity solution could provide o valid 'intermediate asymptotic'

solution in the sense of Baremblatt and Zel'dovich (1972) if € defined

by (8.20) is << 1,and (in the e-scaled viriables) X =X >> 1. However

in the latter case we may have Eb >> 1,and the discussion in %4 is appropriate.
we note here that we cannot hope to obtain a finite value of Il at

Xo With the 'switch on' boundary corditions (8.99):'switching on' the

bedrock temperature x = 1 at x = x. ensures that - ¢, = H is infinite there. |,

Q ¥
In x < xQ,ﬁ£ = 0,and so we put

g = g2 (8.110)

in (8.104) and (8.105). Then we have,on writing

X =/ HY2 ax | (8.111)
Zgﬁ = Hx + ;ZXZZ , (2.112)
with
X = XO on X = O‘and Z =00,

(8.113)

XZ =0on3Z=1,

and estimates for x may be obtained as ia §2.

If x > X, ; SUppose the sliding law is that dgrived in Chapter III,
ba ] ~n
u = CH" . (8.114)

7e again define g by (8.106),and then (8.104) is

, ~2
L0x r H' 2\dx U X ;41
2 TE ) s K Sk (6.112)
(V)

which on multiplying by B is seen to be almost identical to the original

equation (8.24).
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&L 1 v - : ~
b tlor o' basal Sliding: U >> 1.

If the :1iding law in the original coordinates 1is
u = cq® , (8.1156]

then in the e-scaled coordinates it may be written ,using (8.11) and

(8.26),as

uf = ce~ !/ (42)yn , (8.117)

and so if C > 1 the full sliding law (£.117) only becomes vulid (i.e. x
reaches xz) if the 'inner' basal sliding velocity ES >> 1. Scaling con=
siderations imply that it is unlikely ihat'Eb can remain 0(1) if x >> &:
-ence if € << 1 it is reasonable to consider the boundary layer equation
8.93) with x = O (that is,negligible shearing) as a reasonzble approx-

imation over regions where x

N SSX < Xy In this case,the thermal boundary
¢ [

layer equetion may be written (still on the e-scale)
4 .
by, = Yo Xy = B X+ Xy s (8.118)
where
v = 3£Y . (8.119)

In ‘ne Von Nises variables,(8.118) is by comparison with (8.98)

~ dx _

- = H
ub@x

n+1 ~ ~ Qﬂ ’ o a e
X+ u s [ubaw] . | (5.120)

The boundary conditions to be applied on (8.120) are that

Xy > 0O as ¢ » o, | (8.121)

X=1’X‘/j:_ﬂon(}j:0’xq<x<x, (8.122)

and an initial condition on Xq Note that a 'switch-on' initial condition

(e.g. x = X5 at x = xQ) is bound to give an infinite depth at xQ for the

°3, In fact the bourdary layer at x_ is of thickness

Q

same reason given in

174



TR o 3 z 1 ' 3 3
(@uuumlng,3-1 ) we /(n+2) ~ ﬁz(n+3)/(zn+7> ~,321/d,Which is notionally
1
larger than Bzz,and thus such a condition is probably not very realictic.

“le therefore leave the initial condition unspecified for the moment,and

sinrly require

X = XQ(¢) on x = X. , (8.124)

where XQ > Xy 8s >0,

Let us define

n41
L= X exp[-fx -gf dx) (8.125)
%
and
n = sz ag(x) dx ; (8-126)

then the equation (8.121) becomes simply the diffusion equation
L=t (8.127)

and the boundary conditions are

n+1

H
%

X
f\

(R XQ(¢) expl -/ dx] as n » 0,

Hn+1
- dX]0n¢=O,
u

b (8.128)

C = v (n) = exsl-f"

by =" Hto(n) on ¢ = Oy,

t, >0 as ¢ » o0,

7

Now in reality since ‘Jb - 0 at xQ the model (8.127) and (8.128)

becomes invalid near x,,and we can see from (8.125) that if H is finite
at xQ then t + ~ at x :on the other hand we are interested in solving
for x much larger than xQ rather than near x_ ,and therefore we expect that

the details of the initial condition for t are not too important so long

as the essential physical features are preserved:this effectively means
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ensuring that 4 is small at x_.

Q
In this spirit,we replace the bourdary conditions (8.128) by the foll-

owing:
C= 4 () onm =0,
= y(m) oy =0,
(8.129)
by = - Hbo(n) on¢ =0,
L‘//+Oaslj/+m’
where
an+1
Lo(n) = exp[-fo -— dx] , (8.130)

%
77=fg Tib(x) dx , (8.131)

. n+l ~ ) \ , .
and we require I /ub to be integrable at x = O. Ve have rcmoved the sing=-

vlarity in H by letting x. - O:we still require XA(O) = 0 in order thut

Q
H=0 at x = 0,and thus a 'switch-on' initial condition is still excluded.

Taking the Laplace transform of (8.127) and using the boundary conditions

(8.129),we obtain

(8.132)

Q H
where t®™ is the Laplace transform of t,s is the transform variable and '

denotes differentiation with respect to ¢. Ve write (8.132) in the form
(L% = xy/s)'t = s(vr = xfs) = - (X = Xy) s (8.133)
and the boundary conditions on (8.133) are then

L* - Xo/s + 0 as ¢ »o,
(&.134)

L T = ¥ - . =
L Xo/s 5 *O/s on y =0 .
"he Lreen's function for the left hand side of (8.133) with the bourdary
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conditions (8.134) is

- Xo/s]e-vsy + 15e-Jé¢ sinh QVs , ¢ > ,
K($,0) = { , (6.135)
Vs -
[LS - Xo/s]e ¢ + é%e Vs sinh ¢vs , ¢ <Q ,

and the solution of (8.133) and (8.134) is therefore

L* = X(/S + /o K(;’,Q)’:/(Q(Q) - /(O] a
= Xo/s + [12 = Jo~Vs hooL(Q)dﬂ
s + (13 - xy/sle /o Q
Y

- ‘fS 'l r
+ gge v jo LQ(Q) sinh QVs dQ

+ 3; sinh ¢Vs j e-VéQ V() aa , (8.136)
y A
where we hceve written
LQ(Q) = XQ(Q) - Xy - (8.137)

e are interested in determining the value of L, on ¢ = 0. From (8.136),

%

i T Vs
! = = Vs -
=0 s[cs Xo/s] jo LQ(Q) an + jo e LQ(Q) aq .

(8.138)
Interc..on ingz the order of integration,we can invert (£.138) to obtuin,
al'ter somz manipulation,
2
(t-x,) o oo - =
‘yly=o =~ 9 j LQ(J) dQ + ——= [ (e i %}—
- Vi 0 2(wn )“ j E
\
-7 | / (@) @ . (8.139)
"o Vp-t 0

Using the third boundary condition in (8.129),(8.139) becomes an integral

cquation for the unknown Lg:

(oo . L Cs
Io LC(Q) an (1 ”XO) @ L ') at
Hu(n) = [— _ . j
'\[17 -\/r) 0 ,In_'t""
S /'°° () exp(-0%/um) L. (8.140)
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e can ‘ranslate (8.140) to a standard form as follows:let
‘0(77) = v(n) + Ko s . (8.1241)

then (£.140) may be written

b — 1/ e () exp(-QZ/un)%l (6.142)
O R4

2(mm”)2
(ef. Carrier,Krook and Pearson,op.cit. p 357). Integratirny from O to n gives
n

n :
ki / Hv an + Vbxqj H an = dQ/ _vit) at
o 0 0 Vn -1t

!

n o ‘
7 / L2 & .
+ v,oexp(=Q7/kn) =, (8.143)
/O 203/2 o =« Q

end we can invert (8.143) to find that v is the solution of

- nH(v + x.) 7
g gl v = 5f ({n_.__fo R R oy / oxp(0/am) L
(8.144)
Defining
w(n) = H(v + x,) = Hey (8.145)
a(n) = > ’ (8.146)

Vﬁfo ‘e an

-~ OO0

b(n) = H [%’ 1 ./'n -%7—553-7/ c exp(-0°/4n) H
O onf” v aalo ¢ z(n-t)§ o - (0

JO Q
(8.147)

(8.144) may be written as a singular Volterra equation of the second kind

with a kernel of Abel type,

w(n) - a(n)/ ——-g—::— dt + b(n) , (8.148)
N

where a and b are given functions. The solution of (8.148) determines

a relationship between u and H via (8.130) end (8.131). If x > xz,w(n)
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determines +re heat flux away from the bedrock,and .y is determined
by the solution for 70 of w(n) = 0.

‘ile can in the usual way obtain a series solution for w of (8.148),
but a solution in closed form is not easily obtainable. Further analysis

of the equution is not pursued here.
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Af'terword

The ccope of this thesis is somewhat large. Rather than concentrate
on one particular subject,I have tried to give an account of how the pro-
posed glacier flow model may be applied to the study of a wide variety
of phenomena. Even so,there are many topics which remain unconsidered.
Some of these are discussed below.

The model proposed in Chapter II is specifically concerned with two-
dimensional valley glaciers. What of cirque glaciers,ice cheets,e¢tc.?
Most of the considerations of the model will carry over:for icc sheets
we will require a cylindrical geometry with coordinates z ard rjalso
if the base is flat,the flow is not driven by gravity (& = O in the
notation of Chapter II),but by the surface slope:thus the scaling must
be modified so that sz ~ unx in the first momentum equation:zapart from
this,the basic ideas ere the same,and an:lysis should be similar. In
particular,we can expect that the thermal boundary layer analysis of
Chapter VIII will be quantitatively applicable,since the depth of ice
sheets is much greater than that of glaciers and hence 52 << 1 should
be an accurate assumption.

In Chapter II,emphasis was laid on the necessity of considering the
moisture content of ice as an independent variable. However, thie effect
of the moisture content was not directly considered ;n the: ensuing chap-
ters. Furthermore the phenomena of seasonal waves and surges described
in Chapter I,possibly the most interesting phenomena requiring ex_.lanation,
have not been considered at all. These omissions concern worx waich hus
not beer. done at present. Ve give a brief outline of how these different
topics zre felt to be related.

Let u: suppose that the sliding law with cavitation is of the forn
shown in Sigure 4.2 (b). Consider the irincmatic wave equation (5.1) when
the flux o is of the form ubH , corresponding to a large basal sliding

b3

component of the velocity,and let Hc be the depth at the first turning
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point of H(ub). Then if H is perturbed so¢ that H > HC at some point,

the slidin; law implies that the velocity there is much nigher than

when 1 < Hc:it is reasonable to expect tnat such regions of perturbed vel-
ocity .ay propagate downstream without significant alteration of the depth.
further,if the discrepancy between the two values of w at H = HC is large,
tiue propagation speed of the vilocity wive may be correspondingly large:
these are precisely the characteristics observed in fust seasonal wuaves
(Hodge 1974,Deeley and Parr 1914).

This cxplains how the slidiug luw may give rise to the rust prop-
agatior speeds observed in both seasonal waves and surges. It is unlikely
that 2 single equatién such as (5.1) can explain the cyclic phenomenon
of surses,which apparently require some mechanism of wave propagation
up the glacier (lleier and Post 1969). However,if we consider the energy
equation for temperate ice as well as the continuity equation (5.1),
with u given as a function of H and ¥ (tne basal moisture),then the two
eguations are closely akin to the shallow water equations of fluid
mecranics;there are now two wave speeds,one of which may be nezative. Ve
envica; e the surge as being described by a fast mode and a slow mode,
when w is respectively at the larger and smaller value corresponding
to Hc:these two modes could be bridged by the passage of a wave similar
to that of seasonal type. The physical interpretation of the above descript-
ion is roughly the same as that of ‘eertman (1969),except that his refer-
ence to large amounts of basal water is irrelevant:the 'triggering' of
the sur;e would occur due to an increase in the depth and/or the basal
moisture content.

finally,we should emphasise that the inclusion of the moisture content
in the flow model of Chapter II is intended only as a first attempt at

representing what may well be very important dynamic effects due to the

hydrology. A fuller discussion of this subject is beyond the scope of

this work.
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APPITDIX 1

Bourdson the Sliding Law

we here derive upper and lower boun.s for the sliding law using
the variational principles (3.191) and (3.192). As a triel stream function

we take (3.199),

po= L - nl1 4k, (y - k) )oY MR) (41.1)

where v is defined by (3.7),and without loss of generality can be chosen

so tnai the {rough) bedrock h satisfies
Ih| , |n'] <1 ; (a1.2)
we also assume that
|h't] <1 (A1.3)

(41.3) ma; be thought of as a kind of white roughness specification.

From (A1.1),we find

pr=t-ne 20T il ek el s ()
(p;y = k,h e"k2(y" "‘1)[2k,.l -k, - k1k2(y- vh)] ; (a1.5)
e L R PUTIR i, (y-vh)} + vhh'{k, - k, + k k(v - vh)}] ;
X .
| (A1.6)
¢;y = hoe'kz(y"”h)[k2{1 + k1(y-vh) + vh[k2 - 2k, + k1k2(y -vh) ]} - k1] ;
(£1.7)

g = - e“kz(y"”h)[h"i1 + k1(y-vh)§ + vk1k2(y-vh){2h'2 + hh'}

e °x hh'2{k

+hh''} + v 5

+ v(kz-k1)§2h‘ - 2k, + kk,(y-wh)}] .

2 1 1
(41.8)

Therefore
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-Mkéy-ww}+h”{1+k4y-wﬂ§

Lx w;x _ e-Kz(y-vh>[k2h{2k1 - k2

+ v(2n'? + bh' ")k

PR
4
[

-k, + k1k2(y-vh)f

+ v2k hh'zik

» - 2k, + k1k2(y-vh)}] , (21.9)

2

yr = e_Kz(y-'vh)(h'ik -k

Xy 5 , + Kk (- vh)}

+ vkzhh'ikz - 2k, + k1k2(y-vh)§] . (A1.10)

By irsvection of (A1.9) and (A1.10) we sse that

1 -
rr(ae)/2n o mo¥ )y oy | B(x)Y + C(x)Y| S, (41.11)
where
n+1 1
= (2, , Y=y-vh, qa= 3=, (a1.12)

and A4,B,C are functions of k,,k, and h(x). We are interested in the integral
of (21.11) fromY = 0 to Y = o : in general this is not a trivial comp-
2

utation. Various cases can be treated analytically,e.g. £ =B = 0,B" = LAC,

B =0 if A and C have the same sign,by means of the formula

o , 2 2 \A=1 -ux _ Vm,2uA=%
[o (x" +u ) e T dx = () P(A)[HA_%(UM) - YA_%(uu)]
(A1.13)
(Gradshteyn and Ryzhik 1965 p 322),where W is Struve's function and Y
is Neumann's function. Such formulae are of little advantage,and direct

numerical integration of (A1.11) would be better.

A simple choice that is of some use is k, = O. Then B = C = 0 and

rp(a+t)/2n e %|a|?, (21.14)

where

.2 2. 2. 12 2, ,2
A= "fn'" - k22h + vk, (20" 4 hat ')+ VT TR 4 L TR0 Vk2h>21 ,

(A1.15)
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and (3.191) is
- /2

1/n _n 1 / q
H < ub Al Y ax . A1.16)
ub mz.m -M/Q I l (
From (A1.2) and (41.3),
In|,|n'| , |t <1, (41.17)
and so,neglecting 0(v) in (A1.15),
1/n n 2 (n+1 )/Zn
»
H < ub (;:TTE2(1 + 5k2 ) . (A1-18)
a\n+l ,.2n .. 2 .
(1 + 5% )7 /%X is a minimum when k° = n/5,whence we obtain
> BV ()2 u (41.19)
numerically,with n = 3,
ut > 0.0688 1" . (£1.20)

This is about the crudest estimate we could make,as is evident from the
smalinecs of the numerical coefficient in (41.20). It could be much
refined by vetter numerical approximations. For the Newtonian case n = 1,

we obtain
ut > ﬁgfi = 0.45 H . (A1.21)

Ve now turn our attention to the trial stress fuhction 6:we choose the

form given by (3.218),and obtain

o, = - KK Y™+ vr(x) (£1.22)
-kY
6. = - K(x)k°(1 -k7)e &, (A1.23)
YY
2 =ild .
axY = e K'(x)]{ Ye + v ()C) ’ (A“.Zl{.)
- FIRY 4 -kY e
exx = K'""(x)(4 +kY)e + VYT Y(x) . (A1.25)

for ‘he moment,we shall derive a very crude estimate. Mote thut we require

&

# << 1 so that the integral in (3.192) is bounded. Then if we nc;lect
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Mv) in (3.216),we have from (2.1¢2)

rie/2 o .

wp < H | e o~ /R t)/2 (20
=li/2 0

approxinately, where
. 2 2
- AQXY + (GYY - axx)
.2 - -2k
= 4 %Y | k(L kY) + kK1 - k1) 1% L o(v)

(a1.27)

Thus,a leading order approximation is

_ - M/2 o _ ;
ut <2 (n“)/ZHnJM- | dx[ e~ (ne1)KY (202, 0022 | g2
=M/2 0

) 2k2KK") + 2kY(K"2 - kL‘KZ) +

k2 2, a2 g (£1.28)

As already mentioned,this integral is non-trivial to evaluate. Let us

take K as defined by (3.221),and write

— M/2
= T h X ’ .
e =< 2 g (41.29)
S a2

so that

-1

k|, &l Jxr] < (0t) (41.30)

to O(vz}. A simple bound for O is obtained by using Minkowski's inequulity,

vigz,

e K2k + (1+x2)(1+x0)] . (A1.31)

Thus
U-; £ (21:1—'?)-(1'14‘1 )/2Hn -;:-e-(nﬂ)e[(-\ +k2) + (1 +k)26]n+1 de,
0 z
(21.32)
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or

(n+1)(1+k2)
R Y , -
u* < (2;75)'(n+1)/2Hn-1. (1 +k)° +k)? ]n+1 e (1 + %) P(ns2 \n+1)(1+ki2)
v k ) J , \;’_ b
n+1 -J (’1 + k)a \1+1:/’/
(41.33)
where
I'(a,x) = T(a) - ¥(a,x) , (A1.34)
I' and ¥ being the ordinary and incomplete gamma functions respuctively.
For integral values of n,(A1.33) may be written (by direct integration of
(a1.32))
n+1 2 r
. n+1)/2 1 2{n+1 n! 1+
u_b<Hn(2 )( )/—(+)(+) n+1_r{ +2}
r-O r'(n+1) (1+k)
(41.35)
Now 1 + k° < (1 + k)2,and'%(1+k)2(n+1) is a minimum when k = 1/(2n+1),so0
r+1 r
ur < H R o 2y=(ae1)/205 )(22*5)2(n+1)—--;-7 g la)
+ ( +1) 4 r=0 e
(A1.36)
Numerically,with n = 3,this gives
16,414 HY
up s e (41.37)
(2n'%)°
Combining (A1.20) and (A1.37) as an inequality for H,
(2h' )2/n 0.k ul /8 < x <o u;1/n . (A1.38)
When n = 1,the corresponding result is
3.5 ,
0.047 H < uf s 221 . (41.39)
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APPENDIX 2

The Thermal Boundary Condition

In this appendix we give a detailed discussion of the thermal boundary
condition on the bedrock (2.19). Wie consider the following three cases:
"firstly x < x < i ; 144 P
y 0 xz,where the ice is sliding and T < TM’ secondly X, <X <X,

m

where T = Ty  but the ice immediately above the bedrock is cold,and lastly

x > xx,where the melting surface breaks away from the bedrock,and the
basal layer is temperate. In the last case,it may not perhaps be iumed-
iately obvious what the bedrock viscous heating source is doing. In
discussing this we are led to a slight refinement of the ideas on sliding

presented in Chapter III.

outer flow

1 matching region

U
n

inner flow

L
o

Figure A2.1:basal flow ggomefny.

Let us consider the geometry shown in Figure A2.1. The lower surface

82 extends from the bedrock to the matching region between the inner and
outer flows of Chapter IIT,and is of length ~ [x] in the x diréction.
S2 lies in the matching region,and is the equivalent of the usual limit-
ing cylinder one considers in obtaining the continuity of heat flux con-
dition (Batchelor 1967 p 69). Here we consider S, to be much shorter

in the y direction than it is in the x direction. Integration of the energy
| ©,

equation and subsequent shrinkage of S, to a point gives the condition
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aT aT..
—_O:k___-‘-

- (A2.1)
on @n: ’

her . . U,L
wnere o and I denote outer and inner variables,and 5-’ are the normals as
i

depicted in Figure A2.1.
e also let L be the outward normal at the smooth bedrock to the whole

outer flow. Thus from the figure,

_ U_ L _ U
g -8 =3 =-1n, (42.2)
and so
d
To B aTI
k— = k—p
dn dn
S 1
aTI
= - k__v ’ (AZ.})
an2

C . T
by continuity of g;. We now integrate the steady state temperature equation

over the interior of Sz. Using Green's theorem,we obtain

T
S .
2

Although we cannot let [x] » 0,it is nevertheless true that the change
in theAintegrand over a length [x] is negligibly small,since the vari-
ables change by 0(1) over a much longer length scale. Equating the top
and bottom contributions to (A2.4) and using (A2.3),we have that the

boundary condition for the outer flow is (dropping suffices)

aT . L
- kg + 0V, = [fSb (k0T/0x,) ax)/8x , | (A2.5)
where Sb is that part of the surface S2 which lies on the bedrock.

e have used the fact that v = O on the top surface,and oinvi =g = 0
on the bedrock. The last function in (42.5) is a mean thermal flux
escaping -rom the bedrock,and is precisely the definition of A(T) in (2.19)

(apart from a scale factor of G).
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In : . ) -
B X, <X < xy,the melting surface ieaves the bedrock,but remains in

the inner flow layer until Xy3in this case the appropriate form of 82 to

take is as shown in Figure 42.2. The thermal boundary condition is

aT
BT [ISM &' 0y Axl/ex (42.6)
where S5, is the part of the surface S, coincident with &, . The right

outer layer

~—= = matching region — } — —

inner layer 2

M {

*y

Figure h2.2: X, <x < xy.

hand term must formally be determined from the inner flow problem:we

see that g% decreases as x - Xy and equals zero at xM,when the melting

surfuce 'detaches' from the smooth bedrock (as seen by the outer flow).
In x > xM,what is the viscous heating term Untqt balanced with?

Since the temperature gradient is (effectively) zero and there'is no

moisture diffusion term,it is idle to integrate the energy equation (2.7)

over §,,since (2.7) does not require a boundary condition to be given

on the characteristic ¢ = O. We see from (2.7) that (since [T]i ~ [T]d/v

from Chapter III) the rate of moisture generation in the inner layer is

much lurger than in the outer layer. In fact,using (3.193),(2.44) and
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(2.2..),we £ind

aw
pLEX ~
( dt)/(Tijeij) 9,

£2.7)

and so moisture production in the inner layer is 0(1/0) times oo great
as in the mainstream. This may be the reason why basal ice has been found
to be much more permeated with water veins than that away from the bedrock

(Carol 1947).

The moisture may vary considerably in the inner layer,and thus the
viscosity cannot practically be considcred as a constant,.s was assumed

in Chapter III. However,
£ -1 -
= = s 1o z[x] >> [ x] , (£2.8)

and so on the[i]scale the moisture is still effectively constant along a

stream line:thus in the sliding theory we can write
we= w(y) . (£2.9)

The form of this function depends on the shape of the melting surface
within the inner layer,and is thus non-irivial to find. ¥We might for

example try to solve the Newtonian flow problem with the viscosity 7 as

n=n(4) ; (42.10)

this is markedly similar to Kamb's use of a viscosity depending cnly on y,
although introduced here for a totally different reason. It is unclear
whether a stream function dependent viscosity like (A2.10) can be accornu-~

odated in the variational principle of Chapter III.
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APPEIDIL 3

~Nomenclature

This is not the most complete list of symbols possible,but it con-
tains all the more important ones,and indicates when certain symbols

have two or more meanings in different chapters.

a(x,t) : accumulation/ablation rate.
2 typlcal accumulation rate.

accuulation rate at the head of the glacier (VIII).
Cg velue of a at snout of glacier.
A : rieological function in Glen's power law (2.8).
A ¢ t,.ical value of A.

A i tycical values of A for cold and temperate ice.
1(0) : initial glacier profile (V).
¢ : specific heut of ice (II).

: heirht of initial shock (V).
C : constant in sliding law (III,VI).
C,2' : contours in complex plane (17).
d : 1;pical depth,(2.38).
d.. = e., : used in IV.

1J id

e,e. . ¢ strain rate invariant and tensor.
L
f : temperate sliding law.
. used in V for the datum state as a function of the ‘characteristic'
coordinate.
£, ¢ gravity terms in variational principle (III).
F : temperature dependent sliding law .
. snalytic function in filbert prcdlom (IV).
g : gravity.
g' : gravity component perpendicular to mean bedrock slope.

G : geothermal heat flux.
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: analytic function (IV).

G(¥) : outer solution for 'temperature X in VIII.

h(x) : bedrock.

hR’hS’hD ¢ rough,smooth,dimensional b
# : functional for stress principle (
H(x,t) : dimensionless glacier depth.
Hc’HT’HM : varieties of H introduced

I, : datum profile (VIII).

0]
II,IIT : tensor invariants in III.
In : integrals considered in IV.

edrock.

III).

in VII.

J : functional for velocity principle (III).

k,kR : thermal conductivities of ice

L : latent heat of ice.

and rock.

: dimensional period of rough bedrock (III).

bedrock lubrication layer) and triple

€ : typical length scale.
M : dimensionless period of rough bedrock (III).
n : exponent in Glen's law.
n : unit outward normal at a boundary.
p : pressure (II).
&ﬂ : pressure scale near the bedrock (III).
PysPys Py atmospheric,water (in the
point pressures.
p, i cavitation pressure (4.5).

L9 : velocity and components.

*
L d

Q
R

activation energy.

gas constant.

Re : Reynolds number.

r,r
™1

s(x,t) : flux function (2.23).
s(x)

s : strained coordinate (VI).

rheological functions for temperate ice.

. unknown ice-water boundary (III).
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: Laplace tronsform variable in VIII.
s, ¢ perturbation to flux function (V).

t time.

T ¢ temperature,
T : tangential vector (3.94).

T(x) : applied stress at bedrock (III).

T(0) : time for neighbouring characteristics to intersect (5.58).

T,. : melting temperature (2.14).

n

m
e

’5 temperature scale.

o

T, ¢ atmospheric temperature.

m
-

o ¢ atinospheric melting temperature of ice.

+3

2 ¢ temperature at which basal sliding starts to occur.
u : velocity in x direction.

u basal velocity.

u* : scaled basal velocity (3.190).

;£,ug : basal velocity in inner and outer regions on e-scale
v ¢ velecity in y direction.

VM : suction velocity on bedrock due to pressure melting.

w : noisture content.

[w] : scale for w.

“w : basal moisture.

x : leng;th coordinate.

[x] : longitudinal dimension of bedrock rougnness.

X, : top melting point.

: bottom melting point.

x. ¢ glacier head.

Xx_ ¢ glacier snout.

x, : eouilibrium point.

point where sliding begins.

e

>

point where full sliding law becores operative.

shock position (V).

~
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X, * envelope position (V).

y ¢ height coordinate.

¥, ¢ melting surface.

[y] : transverse dimension of bedrock roughness.

z : complex variable, = x + iy (III,IV).

@ : regelation parameter (III);stability parameter (VII);and sundry other
meanings.
31 ! viscous dissipation parameter.
ﬁ2 ¢ thermal conduction parameter.
B : cavitation parameter (IV).
: = K131;modified dissipation parameter (VII & VIII).
B(x) : dissipation function in VIII.
¥ : ratio of A and AO,(II).
: cavitation parameter (IV).
§ : shallow ice parameter (2.25).
:film thickness parameter (III).
e : beirock slope (II,III,IV).
: x-zcale irn thermal boundary layer (VIII).
@ = otZ (4.16).
n : top surfuce of glacier (11).
: viscosity of ice considered as a Newtonian fluid. (III).
: distarce coordinate (VIII).
9 : Clausius-Clapeyron constant (2.14).
: mean temperature (5.9).
6% : dimensionless form of 6 (2.65).
L : 'temperature' function (VIII).
K : thermal parameter defined by (2.62).
A(T) : scaled temperature-dependent geothermal heat flux function,
A : geothermal heat flux parameter.

4 s surface slope parameter (2.58).
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* viscosity of water (III).
v @ bedrock roughness parameter (III & IV).
: small coefficient in snout equation (VI).
[I(x) : pressure in lubrication layer (III).
§ : depth coordinate .
: = eix,complex variable (IV).
: linearised characteristic coordinate (V).
§M ¢ melting surface.
p : density of ice.
oij : stress tensor.
o : small perameter in sliding theory (III).
characteristic parameter (V).
: growth constant in stability analysis (VII).
I : dimensionless ice-water interface (III).
T : seccnd invariant of stress tensor.
:+ conductive time scale (VII).
(7] : typical stress.
Ty basal stress.
¢ : Airy stress function (III).
X : temperature function (VII & VIII).
¢,¥ : stream ['vuactions.
w : scasonal frequency (V).

. thermal boundary layer scale (VIII).
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APPENDIX I

An Initial ZTstimate of the Stability

Criterion for Larie Corduction

In tuis aprendix,we consider an estirute of the stability criterion
for the steady state temperature field ia the case of lérge conduction.
The notation used is that of Chapter V1i,.6. Generally speaking,estinates
of 0 can be obtained from (7.89) by computation using the Rayleigh-Ritz
criterion (Hildebrand 1965):for the present we shall consider onl;, a
very simple bound on the stability parameter a. From (7.89) the stability

critericn may be written

co n+t 2 2 2 2
o> 0if [, la(n-y)" ¢" - ¢, 1287, ¢ av. (4.4.1)

Let us define

H*=H, x <x, ,
- (AL.2)
=&y * 2 %
so that H* is the depth of the cold ice region. It is equal to the depth
il cxcept ~here there is a temperate layer adjoining the bedrock.

The simplest trial function which satisfies the conditions that

¢=0o0oné=0and £ = fM is then
6= (n-y)(y-n*) = @-¢), (84.3)

where h* = n - H*, low H* is continuous and piecewise continuousl: diff-
arentiable,and so it follows that ¢ is continuous on V + S,and.has rlece=-
wise continuous first derivatives in V in the sense of Courant and Hilbert
(op.cit.),whure V is the interior and S the boundary of the dowain of
interest.

In order that the integrals in A4.1 be finite,we require H*' to be
finite at H* = O:although this is not predicted by the steady state

H* ~ (X _x0)1/(n+2)

solution of Chapter VII (e.g. as x -» xo),it is a rezl-

196



1slic azsumption,as shown in Chapter VI,ané therefore we assume thet it
is sutinficd here. It then follows that the right hand side of (Ak.1)
is 0(32),and on changing the variables to x and &,the stability criterion
may be written

o2 0 if fv [a§n+1¢ - ¢§2] av 2 0(62) . (Ll d)
Substituting the expression for ¢ from (“4.3) into (Ak.4) and performing

the integration,we obtain

¢ 201if o 2 (n+2) (n+5) (n+b) L- / dx + 0(3 {J (84.5)

2/x

0

Thus an upper bound for the critical stability parameter a, is given

approxizately by

§n+h)(n+5)(n+6)l'xs HY dx

)’c 6
67 5 gt g

*0

It is evident that from a practical point of view,this value is far too
high and gives no useful information beyond (perhaps) indicating that
for o ~ 1,the solution is likely to bte stable. We might also surmise taat
the relatively high value of n is a staebilising feature,but thal increasing
the depth would be destabilising.

In point of fact,we can show that the estimate (L4.5) is quite uscless,
assuming the initial perturbation is made from the datum profile HO.

For in that case,if we define

H = max H* , | (A4.7)

max X.<xXx<X
0 s

then x.'(H ) > 0 (see the discussion on page 141),and hence from (7.66)
2 ' max ,

aHmaxn+3 <n+ 33 (A4.8)
but then
*s .3
1% 8 ax
0 N 1 , @
. n+3 n+Jj

IxS Hn+6 a dmax

0



from (Al+.8),and so (A4.5) can only hold if

1> (n+k) (n+5) (n+6)
6(n+3) )

which is plainly false.

The point is,however,that even if the steady solutions are essent-
ially stable,we have demonstrated a mechanism whereby instability can set
in if a is large enough. This is in contrast tp the attitude of previous
autnors,wvho have been content to discuss instabilities from a phenomecn-

ological point of view:'many glaciers surge,therefore the steady state must

be unstable'.
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APPENDIX 5

Existence and Unigueness of

the Outer Flow Solution when 8,881

Consider the differential equation posed in (8.31) and (8.32) on

page 160,

e~ G(W) (A5.1)

with boundary conditions
¥=soné=0,
| (45.2)
vy=0, Wf = - on §=H,

where

= 0, x <x_.,
¢ (45.3)

u = ub(H) y Xy <X <Xy,
and H is to be determined as part of the solution. G is a monotone in-
creasing function:we can suppose without eny loss of generality that
max(s) = 1,s0 that O < s <1 (and hence O < ¥ < 1),and also that x = 1
when £ = 0 and s = 1 (this makes X and Xp the same point);then Xo < G <1,
and we may for convenience extend the definition of G beyond (0,1) by
putting G = x, in ¥ <0, G =14dn¥> 1,

In this appendix we shall prove the following fésult:the problem
posed in (A5.1) and (£5.2) has a unique solution,with the property that
H is an increasing function of s (and hence of x in the accumulation
area) as long as the sliding law ub(H) is monotone increasing..

To do this,let us consider the initial value problem (A5.1) with

the conditions

¥(0)=s, ¥(0) =-u <O0. (A5.4)

Since G(¥) € 1 ,we find on integrating twice that
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n+2
v <s - ug s oD (45.5)

while ¢§ < 0,and since by choosing ug sufficiently large the right hand side
has a zero for some positive £,it follows that for ug suff'iciently large,
¥ also has a zero for positive ¢ (in fact two,since ¥ +» ® as & » © ),

Now consider

vt = gle(y) (25.6)
v = gnc(wz) ,  (85.7)
¥, (0) = v,(0) = s, (45.8)
0 >‘w1'(o) > 4,'(0) . | (45.9)

At E=0, ¥,' - ¥ ' >0 ,hence ¥, >¥% ina neighbourhood of the origin.

1 2 2

Within this neighbourhood G(W1) > G(WZ) (while O < ¥, < 1),s0 ¥ . "' > ¢ '’

1 1 2

and 01' - ¥ ' increases. It is positive at zero,and therefore W1' - Wz' >0

throughout the neighbourhood,i.e. W1 - Wz increases. Since we remain
in the neighbourhood while W1 > Wz,the above shows that W1 > Wz for all
£ > 0. Thus solutions of (A5.1) and (A5.L4) are monotone increasing functions

of ¥'(0) = - ug for fixed s. We now show that they are continuous functions

of uS as well.

Consiuer W1 and Wz as defined by (245.6)-(A5.8),and

w1'(o) = w2'(o) +8,8>0. (A5.10)

If we suppose that G' is bounded, then using the mean value theorem we have

¥ -y s €6(8) - 6(9,)] <My - w) ,  (a5.11)

provided we restrict our attention to a finite range of &. By comparison

with w1" - ¥, = M(w1 - wz) subject to the boundary conditions (A5.8)

and (A5.10),it follows from (A5.11) that

O<v, -V, <3 sinhVM¢ , (A5.12)
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and therefore by taking & small enough we have that ¥ is continuously
dependent op ué (but not uniformly at & = o ),

Now if we denote the first zero of ¥ by £ = H,and call the slope there
¥r(H) = - ub,then it follows from the arguments above that us and H are
continuous functions of ¥'(0),and furthermore one easily shows in the same
manner that ¥'(H) and H are monotons increasing functions of ¥'(0):this
is obvious from graphical

considerations (Figure A5.1);:

increasing thus uy given by the solut-
v (0)

ion of the initial value
problem is a decreasing

function of H. It is

:}5 zero when H is a double
zero of ¥,and increases
Figure A5.1 to = as u, > ,as is
easily seen from a consider-
ation of (A5.5),for example. Thus if the sliding law ub(ﬂ) is an
increasing function of H,there exists a unique solution to (A5.1) and
(45.2) given in X, <x < Xy by the intersection of the curves,and in
x < xQ by the double zero of ¥ where u, = O. These are illustrated in .
Figure A5.2. If the sliding law is multivalued (Chapter IV),the inter-

esting possibility exists of mult-

iple steady states:these are un- % u = - vt (H)
likely to occur unless ¥'(H) has
sliding law

u (1)

sufficiently small slope (Figure

A5.3). There are of necessity an
0odd number of intersections:we

should then expect the odd-

numbered ones to be stable and the

even-numbered ones to be unstable,

H (x>x H (x<x.)

7)
as shown. Figure A5.2

Q
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sliding

po @e ow o= gm pm

) ]
v

1 2 3 . 4%> H

stable unstable stable

Figure A5.3

Finally we examine the effect of varying s. Suppose we have two

solutions (Wi,si,Hi) of (A5.1) and (A5.2) with H, > H25 Put 2 = Hi - £

and consider Wi as functions of Z,sc that

)
W1

(5, - 2)%(y,),

W' = (4, - z)nG(wz) ,
(A5.13)

w1(o) = wé(o) =0,
w1'(o) > wz'(o) >0,

the last equation being inequality or equality depending on whether

[/ -

- _‘.__: |-Y
respectively. At Z = O, W1 Pz o, ?1 itz 0

xz <x < XM or x < xQ,

veo_ te _ n ny . . v 0 2. 2ot
and ¥, v, (H1 H, )XO >0 ; therefore ¥, ¥,' is initially
positive and so W1 - Wz is positive in a neighbourhood of Z = O : but

then G(W1) > G(wz) and so W1" - Wz" remains positive,and as before

¢ - ¥, is positive in 0 <2 < H is increasing,it follows that

1 2 P 1
> W1(H2) > wz(Hz) = 5,,and therefore s is a monotone increasing function

. Since ¥

8,
of H:hence also H increases with s in x < x

Q and xZ < x < Xy
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