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Abstract

We give a new definition of a bicommutant category, a categorified
analogue of a von Neumann algebra. Our definition is independent
of a choice of faithful representation: as a bi-involutive W*-tensor
category, it is required to act on its own absorbing ideal, with the left
and right actions being each other’s commutants. The absorbing ideal
thus plays the role that the standard form plays for a von Neumann
algebra. We develop a string calculus that makes the coherences
of this definition manifest. We define modules over bicommutant
categories and the ‘categorified” Connes fusion of such modules, and
we propose a definition of the 3-category that bicommutant categories

form.

We introduce left- and right-localised endomorphisms of the algebras
that a conformal net A assigns to multi-intervals, generalising the
Doplicher-Haag—Roberts endomorphisms, and prove that these form
a monoidal category equivalent to the category Sol(A) of solitonic
representations of the net. Using this equivalence, we prove that
Sol(\A) is a bicommutant category for every conformal net, assuming
neither finite-index nor strong additivity. As a corollary, its Drinfeld

centre is the representation category Rep(.A).

We partially develop a fully-local Segal-style functorial framework for
two-dimensional chiral conformal field theories arising from conformal
nets. We construct the dimension-0 and dimension-1 components, as-
signing a bicommutant category to a point with a one-dimensional
collar and appropriate bimodule W*-categories to 1-dimensional cobor-
disms, and we establish compatibility of the fusion of module cate-
gories with the gluing of 1-dimensional cobordisms. The circle is as-
signed Rep(A)*™, which agrees with the Drinfeld centre of the value

on the point up to passing to absorbing ideal.
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Notation and Conventions

We shall use the term manifold to mean a compact oriented smooth man-

ifold with (possibly empty) boundary unless specified otherwise.

An interval is a connected 1-manifold with nonempty boundary.

A circle is a connected 1-manifold with empty boundary.

— The standard circle S* C C consists of complex numbers of unit norm.

— We denote the subinterval of S consisting of complex numbers of

non-negative (non-positive) imaginary part by S, (S_).

— We choose the counterclockwise orientation.

A multi-interval is a disjoint union of intervals.

Let M be a manifold. Then

— its orientation allows us to split dM into incoming and outgoing

boundaries, which we denote as 0_M and 0, M respectively.

— we write Diff " (M) for the group of orientation preserving smooth

diffeomorphisms of M.
— we denote M with the opposite orientation by M.
— given an N C M, we write cl(IV) for its closure in M.
— given an N C M, we write M \¢ N for the closure of M \ N in M.

e The standard interval is [0, 1] considered as a smooth manifold with 0_[0, 1] =
{0} and 0,]0,1] = {1}.



Let x denote an infinite cardinal. We call a Hilbert space k-separable if
it admits a basis of cardinality < x, and we call a von Neumann algebra
k-separable if it admits a faithful representation on a k-separable Hilbert
space. All Hilbert spaces that appear in this document are assumed to be
N;-separable (i.e. usual notion of separability for Hilbert spaces). Further,

all von Neumann algebras will also be N;-separable.

Given a von Neumann algebra A and a subset X C A, we denote its

commutant by [X],.

We denote the category of von Neumann algebras and homomorphisms
by vNAlg and the bicategory of von Neumann algebras, bimodules and

intertwiners as vINAlg”™d,

Given an embedding between manifolds i: N — M we will treat N to be
a subset of M by identifying N and (V). Similarly, given an injective

homomorphism of von Neumann algebras, we treat it as a subalgebra.

All inner products appearing in this thesis are antilinear in the first variable

and linear in the second.

The term conformal net by default means a chiral conformal net throughout
the text.



Chapter 1

Exposition and Introduction

1.1 A Brief History of QFT

Quantum field theory (QFT) lies at the heart of modern theoretical physics.
Physicists have made revolutionary progress in the subject starting in the early
days of quantum mechanics in the first quarter of the 20' century, and this
progress continues today. Substantial mathematics has arisen from the methods
and principles of QFT. However, we are still far from an entirely mathematically
rigorous foundation and understanding of this subject.

One of the first attempts to axiomatise quantum field theory came in the
form of the Wightman axioms, first introduced in | | (see | | for
exposition) which aim to capture the behaviour of quantum fields on Minkowski
spacetime M. Here, quantum fields are operator-valued distributions and have

a rich algebraic structure. The data of the QFT consists of:
e a complex Hilbert space H (space of states).
e a vacuum vector €2 € H of unit norm.

e a collection of field operators (operator valued distributions) ®, for a € 7
(some indexing set) defined on M, so that each ®, sends a test function
f on M to an operator ®,(f), such that they share a common domain D
which is dense in H and €2 € D.

e a projective unitary representation U: Sym — PU (H) of the relevant
symmetry group of the theory. There is usually a subgroup Trans C Sym



of translations, and we require that the restriction of U to this subgroup
lifts to a strongly continuous unitary representation of Trans = M. There
is a self-adjoint generator of translations, P called the energy-momentum
operator, which lives in Hom(D, H) ® M*, characterised by

U(z) = exp(i(P, z)), x € Trans.

The group Sym can be taken to be the group of isometries for a general
Riemannian QFT, the group of conformal transformations for a CFT, the

group of diffeomorphisms for a topological QFT.

With the above data, there are the following axioms:

Covariance: The dense domain D is invariant under the action of Sym as
well as the actions of the fields and the fields satisfy the following for any
test function f and any g € Sym

U(9)®a (£)U(9)" = a (fog™)
Locality: For any two test functions f;, fo whose supports are spacelike
separated, and any two fields ®,,, ®,,, we have [D,, (f1), Ps, (f2)] = 0.

Spectrum condition: The energy operator H is the generator of time trans-
lations, and the momentum operators P!, ..., P4~! are the generators of
space translations. We require that the joint spectrum of (H, P!, ... P%1)

lies in the closed forward light cone; equivalently, the operators H and
H? —%".(P")? are both positive.

The only translation invariant vectors are multiples of €.

) is cyclic under the actions of U(g) and ®, (f).

In the case of conformal field theories, the chiral fields, axiomatised into vertex

operator algebras (VOAs) by Borcherds | |, naturally arise as Wightman
fields.

Bounded operators are extracted from compactly smeared field operators

(which are typically unbounded) through spectral projections and other meth-

ods. The von Neumann algebra generated by these operators is called the algebra

4



of observables. These observables correspond to physically measurable quanti-
ties, and, hence, it is natural to consider an axiomatisation where the algebra of
observables takes centre stage. An early axiomatisation of the algebras of observ-
ables was done by Haag and Kastler | |. A related, more recent axiomatisa-
tion of observables is the theory of factorisation algebras | ) , .

The Haag-Kastler axioms for a QFT on a Lorentzian manifold M in terms

of the algebras of observables are as follows:

e To every causally closed subset U of M, we assign a C*-algebra O (U).

e To every inclusion U; C U,, we should get an inclusion O (U;) < O (Us).

Whenever we have U; C Uy C Us the following triangle should commute

O (Uy) —— O(Usy)
|
O (Us)

e Whenever Uy, Us C U are space-like separated, in O (U) we have

O (U1),0 (Uy)] = 0.

Often it is required that these algebras act on a Hilbert space of states and there
is a cyclic vacuum vector.

The two formalisms, Wightman axioms and Haag-Kastler axioms, capture the
Heisenberg approach to Quantum Field Theory, where the algebraic properties
of fields (and observables) are studied. These approaches are together referred
to as Algebraic Quantum Field Theory (AQFT).

In the case of chiral conformal field theories, the Haag-Kastler axioms on a
cylinder give rise to the notion of a conformal net introduced in | , ,

|, (see Definition 3.2.1), which is shown to be a factorisation algebra on a
circle in | ].

It is conjectured that unitary vertex operator algebras and conformal nets
are in a bijective correspondence. In | | it was shown that every unitary
vertex operator algebra satisfying a certain technical assumption called strong
locality yields a conformal net, and that it is possible to recover the starting

VOA (up to isomorphism) from the constructed net. The work of Henriques
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and Tener | | shows that every conformal net has an associated unitary
VOA. The following illustration (adapted from | |) summarises the current

understanding of the relationship between uVOAs and conformal nets.

@ © O

uVOAs CNets uVOAs uVOAs = CNets

by [ ] by [ ] conjecturally

In the work that follows, we will take Conformal Nets to be the algebraic
quantum field theoretic descriptions of 2-dimensional chiral CFTs.

In 1988-89, another axiomatic approach to QFT was proposed by Atiyah
[ | and Segal | : ], which is now studied broadly as Functorial
Quantum Field Theory (FQFT). FQFT axiomatises the properties of a path
integral, which is one of the central tools for physicists to study QFT. In this ap-
proach, a space of states is assigned to space slices, and propagators are assigned
to spacetime interpolating them. More precisely, it is a symmetric monoidal func-
tor from Cobil, the category of manifolds and cobordisms with disjoint union as
the monoidal structure to Vectf, the category of vector spaces and linear maps
with tensor product as the monoidal structure. Functoriality captures the fact
that correlators are consistent with the cutting and gluing of spacetimes; this
is sometimes also referred to as locality. The monoidality of the functor cap-
tures the nature of independent physical systems, that is, disjoint systems are
assigned a tensor product of state spaces. The quantum nature of the theory is

also reflected in the non-cartesian monoidal structure of the target category.
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This formalism has been the most fruitful in the study of topological quantum

field theories. Following the introduction of extended topological field theories

as first discussed in | ] and | ], the field was transformed by the Cobor-
dism Hypothesis, proposed in | | and a detailed outline of a proof was given
in | ]. The Cobordism hypothesis is a statement about the classification of

fully-local or fully-extended topological quantum field theories in terms of fully-
dualisable objects in the chosen algebraic target category. Fully-local implies
that the field theory is not just a functor between categories but a higher functor
between higher categories and a d-dimensional field theory will assign algebraic
data to all k-manifolds with boundaries and corners for 0 < k < d. For topolog-
ical field theories, it can be heuristically said that the theory is fully determined
by what it assigns to the point.

The relation between algebraic quantum field theory and functorial quan-
tum field theory has been made explicit in the topological setting in | ],
and is also evident in the theory of factorisation homology | |. In particular,
fully-extended functorial TQFT can be constructed from locally constant factori-
sation algebras on R", E,-algebras which are interpreted as the local algebras of
observables for topological quantum field theories.

In this thesis, we take a similar approach, for theories more general than
TQFTs. We aim to bridge AQFT and FQFT in the chiral CFT setting. We take
the data of a conformal net as input and aim to give a partial assignment for the
fully-extended functorial formalism for a two-dimensional chiral conformal field

theory. We will assign algebraic data to a point and to 1-dimensional cobordisms.



1.2 Chiral Conformal Field Theory

Two-dimensional conformal field theories (CFT) are a very special class of field
theories which sit at the sweet spot between topological field theories, which are
relatively well understood, and general quantum field theories, for which we are
far from any rigorous understanding non-perturbatively. The qualifier ‘confor-
mal’ refers to the dependence of the theories on only the conformal structure of
the spacetime manifold. A conformal structure is an equivalence class of metrics
with respect to local rescaling. When working with CFTs, it is important to
emphasise the distinction between full CFTs and chiral CFTs.

A full CFT is a symmetric-monoidal projective functor from the category
of conformal cobordisms to a chosen category of topological vector spaces. For
unitary theories, the target category can be chosen to be the category of Hilbert
spaces and bounded linear maps.

A full CFT can be thought of as built from a chiral and an anti-chiral half
coupled together | ] corresponding to the holomorphic (left-moving) and
anti-holomorphic (right-moving) parts.

Many 2d chiral CFTs studied in physics arise as gapless boundary condi-
tions for a 3d TQFT | : ]. Chiral CFTs admit three independent
axiomatisations. The first is the data of a vertex operator algebra, together
with its representations and conformal blocks | |. The second is that of
a conformal net | |, and the third is the Segal, or functorial, formulation
[Segss, Seg04].

In the following, we give the Segal definition of a chiral CFT as a functor
out of the conformal cobordism category. Conjecturally, part of the data in this
definition can be reformulated in terms of a modular functor; for the definition
of modular functor, see | |. To the best of our knowledge, the formulation

given below does not appear elsewhere in the literature in this form and is due to

Henriques | |. We reformulate it and record it here in detail for expositional
completeness.
Following | ] and [ ], 2d chiral CFT consists of the following:

e A strong monoidal functor of bicategories Z}°P from Cob‘éi‘iﬂ to 2-(Top)Vect.
The domain bicategory Cob%ﬁi’iﬁ is the bicategory of oriented conformal
cobordisms whose objects are compact closed oriented 1-manifolds, whose

l-morphisms are complex cobordisms (which are Riemann surfaces with
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boundary equipped with a decomposition of the boundary components into
incoming and outgoing), and whose top level morphisms are biholomorphic
diffeomorphisms that preserve boundary. Since the top level morphisms are
only the invertible morphisms, we use the notation ‘2+¢’. The target bicat-
egory 2-(Top)Vect can be modelled by a topological version of LinCat, the
bicategory of linear categories, functors and natural transformations. An
important property is that Ends. (ropyvect(1) = (Top)Vect where 1 denotes

the monoidal unit.

This functor assigns a linear category Cg := Z°P(S) to every closed (com-
pact, smooth, oriented) 1-manifold S, and to every complex cobordism 3
with incoming and outgoing boundaries Sy, and S, respectively, a linear
functor, Z\°°(¥) := Fy, that is Fy : Cg,, — Cs,,, compatible with disjoint

unions, identity cobordisms, and composition (gluing) of cobordisms.

A lax-natural transformation ZQOI between the strong monoidal bi-functors
Z;Op as defined above and const; which is the constant functor mapping
every object in the domain to the monoidal unit 1 of the target bi-category
and every morphism to identity on the monoidal unit. This natural trans-

formation is required to be pointwise faithful.

For every closed 1-manifold S, we get a faithful functor Ug := Z;‘Ol(S),
Ug: Cs — (Top)Vect that equips Cg with the structure of a concrete linear
category. For every complex cobordism 3 from S5, to Syu, we get a natural

transformation as follows:

Us,
Cs., — % (Top)Vect

le I/ J/id(Top)Vect

Csou — (Top)Vect

out

In other words, for every object X € Cg.

in?

the assignment Z°'(X) deter-
mines a continuous linear map Us, (X) — Us,,, (Fx(X)).

Equivalently, the data of Z;Op and Z;Ol can be packaged into a single functor

Z, - Cobg‘fi’ﬁ — (Top)LinCat

concrete



valued in (Top)LinCat, de-

notes the category of concrete linear categories and concrete functors and

~ TopAlg?™* where (Top)LinCat,

oncrete oncrete

TopAlgh™°d denotes the category of topological algebras, pointed bimod-
ules, and pointed bimodule maps. A concrete linear category is a pair
(C,Uc), where C is a linear category and Uc: C — (Top)Vect is a faithful
functor. A concrete functor is a pair (F,n) of a linear functor F' : C — D

together with a natural transformation n : Uo = Up o F.

e Let Ann (S') be the endomorphisms of the standard circle S* in the con-
formal bordism category and Xﬁic(s 1) be a central extension by the group
C* X Z as defined in | , Equation 12] and constructed in detail in
[ , Section 5. BAnn (S') and BAnn,(S") are deloopings which form

one-object bi-categories that include into Cobgﬂf,’zofl.

Let const yor 1) be a functor that assigns Cs1 to the object of BAnn,(5Y)
and ideg.. to every A € Ann,(SY).

The data of a chiral CFT includes a natural isomorphism
T': const yion g1y = Z°P

corresponding to trivialisation of annuli, that is, an isomorphism F4(X) =
X for every object X € Cg1, every annulus A € Ann(S?) and every lift to

the central extension A € Ann,(S).

e Finally, we consider the whiskering of natural transformations Z}*' o T as

in the following square,

St Cgg =————= Cq s, (Top)Vect

| | H
id % Fa o id
I A

Sl Cqg =—— Ca — (Top)Vect
S
For every object X € Cg1, the above diagram induces a map

A <U51 (X) — Usi(Fs(X)) = Usn (X))

10



We require that the map from %6(51) — End(Ug:(X)) is holomorphic.

More details of this holomorphicity condition can be found in | ].

We finally summarise the definition of a chiral CFT in the following diagram:

const _t.
ziP(s1)

NﬂT
top

BAnn, (S') —— BAnn (S') —— Cobys" ——=——— 2-(Top)Vect

consty

(1.1)

In the thesis that follows, we solely work with unitary chiral conformal
field theories; we fix the topological vector spaces to be Hilbert spaces and
the category (Top)LinCat®""** to be concrete complete W*-categories, denoted
W*-Cateonerete =~ VNAIgP™d developed in [ ]. Importantly, to a closed
compact 1-manifold, we assign a von Neumann algebra or equivalently a com-
plete W*-category with a faithful functor to Hilb; and to a closed Riemann
surface, we assign a pointed Hilbert space.

2d chiral CFTs are very closely related to 3d Topological Quantum Field
Theories. They form a bulk/boundary system. The holographic principle states
that the space of states over a 2-dimensional surface for a 3d TQFT can be
identified with the space of conformal blocks for the boundary 2d chiral CFT.
More physically, as explained in | |, this vector space is the space of (gauge
equivalence classes of) boundary conditions for the fields appearing in the path
integral of the 3d theory.

From the Baez-Dolan-Lurie Cobordism hypothesis, we know that it is often
insightful to consider fully-extended theories; that is, theories that are represen-
tations of cobordism categories extending all the way down to a point. It is then
a natural question to extend a functorial chiral CFT down to a point, that is,
to build it as a functor out of a fully-extended conformal cobordism category
Cobses o-

For a fixed target category, the object assigned to the point by a functorial
TQFT is a fully-dualisable object. Therefore, it is important to characterise

11



fully-dualisable objects of typically used target categories. It is easy to check
that the fully-dualisable objects of Vect and Hilb are finite dimensional vector
spaces and Hilbert spaces, respectively. In the bicategory of algebras, the fully-
dualisable objects are separable algebras | | but for von Neumann algebras,
a fully-dualisable von Neumann algebra is necessarily a finite direct sum of type
I factors | |. Finally, the fully-dualisable objects in the Morita category
of tensor categories are fusion categories | ]

Previously, the 3-category of conformal nets constructed in | | was pro-
posed to be the target category for twisted 2-dimensional quantum field theories
of which 2d chiral CFTs are an instance. This was proposed as a symmetric
monoidal 3-category that deloops the bicategory of von Neumann algebras, bi-
modules, and intertwiners, that is, Homenet(1,1) = vNAIg"™4 They show
that the collection of conformal nets, defects, sectors, and intertwiners, equipped
with the fusion of defects and fusion of sectors, forms a symmetric monoidal
3-category. The finite-index conformal nets are fully dualisable objects in this
3-category of conformal nets | |. This 3-category a priori does not look
analogous to the standard 3-category used as a target for 3-dimensional theories,
TensCat, the 3-category of tensor categories, bimodule categories, equivariant
functors and natural transformations.

As we enter the realm of functional analytic categories, the usual Morita
constructions do not generalise. A von Neumann algebra is not, in general, an
associative algebra object (or E; object) in the symmetric monoidal category
of Hilbert spaces and bounded linear maps because the underlying vector space
of a von Neumann algebra is not a Hilbert space to start with. But, there is
strong evidence to believe that complete W*-categories are categorified Hilbert
spaces (see the table of analogies in the beginning of [ ]). For a model
for 3-Hilb, we would like it to be analogous to TensCat, where we replace tensor
categories by functional analytic tensor categories that ‘categorify’ von Neumann
algebras. These tensor categories are called bicommutant categories and have
previously been introduced in | , , ]. The Morita category of
bicommutant categories is expected to deloop W*-Cat.

In the following chart, we summarise the typically used algebraic target cat-

egories:
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Vect 2-Vect 3-Vect

LinCat Alghimed ‘Lin2Cat’ " TensCat

Mor(E; (Vect)) Mor(E; (LinCat))
Hilb 2-Hilb 3-Hilb
W*-Cat = VNAlghimed Wr2Cat’ S

1.3 Overview

The thesis can be roughly divided into three parts.

Part One: Definition of Bicommutant Category

Bicommutant categories are higher categorical analogues of von Neumann alge-
bras, introduced by Henriques in | | and further developed jointly with
Penneys | ] and in | ]. A von Neumann algebra can be characterised
concretely as a unital x-subalgebra A C B(H) satisfying A” = A, where the
bicommutant A” is taken inside B(H). The categorical analogue replaces the
ambient algebra B(H) by the tensor category Bim(R) of bimodules over a hy-
perfinite factor R, equipped with the monoidal structure given by Connes’ fusion.
The category Bim(R) admits two involutions: an antilinear involution at the level
of objects (the conjugate bimodule) and an involution at the level of morphisms
(the adjoint of a bounded linear map of Hilbert spaces). A tensor category

equipped with both such involutions is called a bi-tnvolutive tensor category.

Definition (Older definition from | ]). A bicommutant category is a
bi-involutive tensor category 7 for which there exists a hyperfinite factor R and
a fully faithful bi-involutive tensor functor 7~ — Bim(R) such that the natural
inclusion 7 < 7" is an equivalence of bi-involutive tensor categories, where T
denotes the double commutant of 7 inside Bim(R).

Here, we write 7' for the commutant of the tensor category 7 in the tensor

category Bim(R). It is the category whose objects are pairs (Y, e) with YV €

13



Bim(R) and e = {ex : X ® Y — Y ® X}xer a half-braiding with all the
elements of 7 (which here we identify with their image in Bim(R)), abusing the
notation. The bicommutant 7" := (7")" is equipped with a natural ‘inclusion’
functor 7 — T".

This definition categorifies the von Neumann bicommutant theorem: just as
a x-algebra A C B(H) is a von Neumann algebra if and only if A = A”, a bi-
involutive tensor category is a bicommutant category if and only if it coincides
with its own bicommutant inside Bim(R).

Every von Neumann algebra admits a canonical faithful representation called
the Haagerup Standard form | ] or the L2-space of the von Neumann alge-
bra, on which the algebra acts from the left and right, and the commutant of the
left action is the right action, and vice versa.

Correspondingly, one is led to establish a similar notion for bicommutant
categories which does not depend on any choice. The first part of the thesis is
dedicated to presenting a modified definition of a bicommutant category. We
have also worked towards developing a string calculus that makes the coherences
in the definition of a bicommutant category manifest and easy to interpret. The
passage from the abstract notion that we introduce in this thesis to the concrete
one previously existing is immediate. The converse direction, however, remains
open. We also define modules over bicommutant categories and give a definition

of ‘categorified’ Connes fusion.

Part Two: Solitonic Representations of Conformal Nets

The primary examples of bicommutant categories arise from unitary fusion cat-
egories | | and from conformal nets | |: in particular, the category of
solitonic representations of a finite-index conformal net is a bicommutant cate-
gory | ], which is the main result that this part of the thesis generalises.
We review key definitions and properties of conformal nets in detail in the
thesis. Briefly, a conformal net A is a mathematical axiomatisation of two-
dimensional chiral conformal field theory in the operator-algebraic framework of
Haag and Kastler | |. Tt consists of a Hilbert space Hy (the vacuum sector),

a vacuum vector 2 € Hy, and an assignment

I— A(I)
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that associates a von Neumann algebra of observables to every interval I C S*.
This assignment is required to be isotonous (I C J implies A(I) C A(J)) and
local (algebras associated to disjoint intervals commute). The structure is further
equipped with a projective action of Diff"(S') on Hj encoding conformal sym-
metry, and the generator of rotations L is required to have positive spectrum.

A key consequence of these axioms is Haag duality,
Al') = A1),

which asserts that the algebra assigned to the complement of an interval is pre-
cisely the commutant | : ]

The representation theory of conformal nets is most naturally described us-
ing the Doplicher—-Haag—Roberts framework | , |, where localised
endomorphisms provide the basic language for analysing superselection sectors.
Concretely, a superselection sector is given by a representation of the observable
algebra that is locally equivalent to the vacuum, and the DHR analysis shows
that such sectors can be described in terms of endomorphisms p that are lo-
calised in some interval, in the sense that p acts trivially on algebras associated
to disjoint intervals.

These localised endomorphisms form a category, with tensor product given

by composition, and with a natural braiding coming from the statistics operators

studied by Fredenhagen, Rehren, and Schroer | |. In the setting of confor-
mal nets, the relation between representations and DHR endomorphisms can be
made precise in the work of Longo and Rehren | |. A modern presentation
of the result can also be found in Section 6 of | |. Moreover, under suitable

finiteness conditions (for instance, complete rationality), this category becomes a
modular tensor category, as shown by Kawahigashi, Longo, and Miiger | .

The key insight for this part of the thesis is that, analogous to the known
equivalence between the categories of endomorphisms and bimodules for type
IIT factors, as well as the equivalence between DHR endomorphisms and rep-
resentations of the net, we establish similar equivalences for solitonic represen-
tations. We introduce left- and right-localised endomorphisms and prove that
the categories of these are monoidally equivalent to the category of solitonic

representations of the net.
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In the figures below we illustrate the intervals on S! to show that the actions
of algebras associated to these intervals by the conformal net give rise to the
relevant representation-theoretic structures: a general endomorphism of the al-
gebra associated to upper semicircle S determines an (A(Sy), A(S+))-bimodule
(here we are using Haag duality which tells us A(Sy) ~ A(S-)°?) or a Hilbert
space that has action of algebras associated to all {A(I)};cs, and {A(I)}ics.
but not of those intervals that cross the boundary points. A DHR (bi-localised)
endomorphism, whose support is compactly contained away from both 1 and
—1, determines a DHR representation of the conformal net; and a left- or right-
localised endomorphism, that is supported close to one of the boundary points
1 or —1, determines a solitonic representation of the net.

We discover that for different pursuits of interest, either the model with
endomorphisms or the model with Hilbert spaces with actions is easy to work
with. To give an instance, the monoidal structure is easy to describe for the
endomorphism categories since it is just composition of endomorphisms whereas
the involutions on the category are hidden. This is easy to describe in the
Hilbert space with actions perspective since we have complex conjugation on

Hilbert spaces.

)

N~

7,

A(I) VI C St acts: Representation of conformal net A
A(I) VI C S'|1¢ 1 acts: Solitonic Representation of A
A(I) YIC S ANVYICS_ acts: A(Sy) ® A(S—)module

16



—

[ ] [ ] [ ]
-1 1 -1 1 -1 1
general endomorphism  left-localised endomorphisms DHR endomorphism

5 |
right-localised endomorphism
We prove that the category of solitonic representations of a conformal net is
a bicommutant category. We prove this statement without any assumption on
the conformal net. Importantly, we discard the previously important finite-index
assumption as well as a weaker condition called strong additivity, which some
physical examples of interest do not possess. In this generality, we also show that
the Drinfeld centre of the category of solitonic representations is the category of

representations of the net.

Part Three: Assignment to Cobordisms

After introducing the candidate target 3-category BicommCat and constructing
what we can potentially assign to a point, namely, the category of solitonic
representations, as previously proposed in | | for WZW models, our final

aim is to fully-extend the functorial description of general 2d chiral CF'Ts.

Cob Algebraic Assignment

Point P + 1-dim collar A Bicommutant category Wp

1-cobordism [: P, — Pt Win-Wout-bimodule W*-category w, Myy,,, re-
alised as A-Mod for a von Neumann algebra A

2-cobordism ¥: M;, — My, A concrete equivariant W*-functor F
Apn-Mod —  Agu-Mod realised by a pointed
Aoue-Ain-bimodule

A closed 1-cobordism S has W,, = W, = 1 = Hilb, so the bimodule W*-

category is a plain W*-category. It has the structure of a (braided) monoidal
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(often non-unital) category. A closed 2-cobordism has A;, = Ao = C, so the
pointed bimodule reduces to a pointed Hilbert space (H, € H), this can be
seen from the fact that every W*-functor Hilb — Hilb is necessarily of the form
— K¢ H for some Hilbert space H | ].

We fix a conformal net A. In this thesis, we only construct the assignment
to dimension 0 and 1. The gluing of 1-manifolds corresponds to ‘categorified’

Connes fusion of modules over the bicommutant categories assigned to the gluing

boundary.
I Ooutl1 = Oinls I I Iy
¢ ) C
31 1 1 aout I 2
C

D >

We show that,

Wa, 1, OMh IXWP Mlz O Woguels — Wa, OMIIUPIQ O Wa

in{1 out 2

and, this is consistent with the pointings of the bimodule categories.
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Chapter 2
Bicommutant Categories

Bicommutant categories are higher categorical analogues of von Neumann al-
gebras. They were first introduced in | | and further explored in | ]
and | ].

Theorem 2.0.1 (von Neumann Bicommutant Theorem | | (also Section I1.3
of | ). Let H be a Hilbert space and A C B(H) be a unital x-algebra. The

following conditions are equivalent:

(Z) A= [[A]/B(H)]/B(H)'

(i) A is closed in any one of the strong, weak, ultrastrong, or ultraweak topolo-

gies on B(H).

We notice that condition (¢) is more algebraic in flavour than (i7). It is
therefore more straightforward to analogously define ‘categorified’ von Neumann
algebras using the property of being closed under taking a double commutant.

This definition requires representing A faithfully on a Hilbert space H, al-
though the condition is independent of this choice of representation. There is, in
fact, a canonical Hilbert space L2A on which A acts faithfully called the standard
form or the non-commutative L?-space of A. This is an (A, A)-bimodule and the
images in B (L*A) of the left and right actions of A on L?A are each other’s
commutants.

We define a bicommutant category 7 as a bi-involutive W*-tensor category
such that its left and right actions on a specific W*-category, namely 72>, are

each other’s commutants. The existence of this module is part of the definition
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of a bicommutant category. A detailed analysis of complete W*-categories as
being analogous to Hilbert spaces is found in | ].

In this chapter, we give a new and detailed definition of a bicommutant cate-
gory. We introduce a string calculus that helps the reader unravel the definition.
We also define modules over bicommutant categories and their fusion. This fu-
sion is the categorified analogue of the ‘Connes fusion’ of von Neumann algebra

modules.

2.1 Hilbert Spaces and von Neumann Algebras

In this section, we recall without proof basic results and definitions about Hilbert
spaces and von Neumann algebras. Throughout the thesis, we assume general
familiarity with the structure and theory of von Neumann algebras. A pre-Hilbert

space is a vector space equipped with a positive definite sesquilinear form.

Lemma 2.1.1. A pre-Hilbert space H is a Hilbert space (i.e. H is complete) if
and only if the map

H — {f: H— C|f is bounded and linear}: & > (—,€)

18 an isomorphism.

If H is a Hilbert space, we write B(H) for the x-algebra of bounded operators
on H.

Definition 2.1.2. A von Neumann algebra on H is a unital x-subalgebra of

B(H) such that A = [[A])p 5 sr)-

Given two von Neumann algebras A C B(H) and B C B(K), their spatial
tensor product A®B is the von Neumann algebra generated by the algebraic
tensor product A @9 B acting on the Hilbert space tensor product H ® K.

A x-algebra homomorphism f : A — B between von Neumann algebras is
called normal if f(supa;) = sup f(a;) for every bounded increasing net a; of

positive elements of A.

Definition 2.1.3. A (von Neumann algebra) homomorphism between two von

Neumann algebras is a normal unital x-algebra homomorphism.

20



Homomorphisms between von Neumann algebras behave much more rigidly

than homomorphisms between algebras. For example:

Lemma 2.1.4. If f : A — B is a von Neumann algebra homomorphism, then
A splits as a von Neumann algebra direct sum A = Ay @ Ay, where Ay = ker(f)
and A; = im(f). O

So every homomorphism A — B between von Neumann algebras admits a
canonical factorisation as a projection onto a direct summand, followed by an

injective homomorphism.

Definition 2.1.5. A left (right) module over a von Neumann algebra A is a
Hilbert space H equipped with a homomorphism A — B(H) (A°® — B(H)).
An A-B-bimodule is a Hilbert space H equipped with two homomorphisms A —
B(H), B®® — B(H) whose images commute in B(H ).

We write 4H (Ha) to indicate that H is a left (right) module, and 4Hp to
indicate that H is an A-B-bimodule.

The following is a fundamental result about the representation theory of von

Neumann algebras:

Proposition 2.1.6. Let A be a von Neumann algebra, and H a faithful A-
module. Then for every non-zero A-module K, Hom(K, H) #0 [ , Propo-
sition 2.6].

By polar decomposition and an application of Zorn’s Lemma, we then have:

Corollary 2.1.7. Let A be a von Neumann algebra, and H a faithful A-module.
Then for every A-module K there exists a set I such that K is isomorphic to a

submodule of H®'. We may furthermore arrange for the inclusion K — H®! to
be of the form

@i fi
K= ®i61 K; g ®iel H
where each f; : K; — H is an isometric inclusion.
An abstract von Neumann algebra, also known as a W*-algebra, is a *-algebra
isomorphic to a von Neumann algebra on some Hilbert space. By the celebrated

work of Haagerup | |, every abstract von Neumann algebra A admits a

canonically associated Hilbert space L2A on which it acts, called its standard
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form, or non-commutative L?-space. The space L?A is in fact an A-A-bimodule,

and comes equipped with a canonical antiunitary involution
J:L*PA— L*A (2.1)

called modular conjugation. The modular conjugation satisfies J(a&b) = b*J(§)a*
for all a,b € A and ¢ € L?A. Importantly, the left and right actions of A on L?A
are each other’s commutants.

The L? construction is compatible with the operation of taking corners:

Lemma 2.1.8. | , Lemma 2.6] If p € A is a projection, then there is a
canonical unitary pL*(A)p ~ L*(pAp), compatible with the modular conjugations,
and with left and right actions of pAp.

Lemma 2.1.9. If p,q € A are projections, then pL*(A)q = 0 if and only if
pAq = 0.

The construction A — L?A is functorial for isomorphisms of von Neumann

algebras, but not for general morphisms. It satisfies:

Lemma 2.1.10. If u € A is a unitary, then the operators L*(Ad(u)) and & —
uéu* on L*(A) agree.

We write A : A — B(L?A) and p : A°® — B(L*A) for the two actions of A
on L*A.

Definition 2.1.11 (] : ]). If H is a right A-module, and K is a left

A-module, their Connes fusion H K4 K is the completion of the vector space
Homavod(L*Aa, Ha) ®4 L*A @ 4 Homanioa(aL* A, 4K)

with respect to the inner product (¢1 ® & @ ¥y, g2 @ & @ o) = (&, A H(pf 0
©2)62p (1] 0 4a)).

Remark 2.1.12. The Connes fusion of Hy and 4K also admits two asymmetric
descriptions, as completions of H® \-Hom4(L*A, K) and of Hom4(L*A, H)® 4K,

respectively.
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Proposition 2.1.13. For f: A — B a von Neumann algebra isomorphism, we

have that the following diagram commutes:

L2AX, [2A Smitor, 124

L2f|EAL2fl lLQf

L?BXgp L*B — L?B

The collection of all von Neumann algebras and all bimodules for von Neu-
mann algebras forms the objects and 1-morphisms of a bicategory. Composition
of 1-morphisms is given by Connes fusion, and the unit 1-morphism on the ob-
ject A is the bimodule 4L?A4. As part of the data of this bicategory, there exist

unitary associators and left and right unitors (see | , Proposition A.2.5]):

AW(HXp K)Xe Lp = 4HXp (K Xe L)p,

(2.2)
AL2A |EA HB = AHB, and AH xB LQBB = AHB-
We refer the reader to | , , , | for more details about
this bicategory.
2.2 Bicommutant Categories
Bi-involutive W*-tensor categories
In this section, following [ |, we review the notions of x-category, W*-

category, W*-functor, W*-tensor category, and bi-involutive W*-tensor category.
We define the unitary commutant of a W*-tensor functor, the absorbing ideal of
a tensor category, and introduce bicommutant categories.

In | ) [ ], and | |, a notion of bicommutant category was
introduced, that depends on a choice of module category for the bicommutant
category (in much the same way as the standard definition of a von Neumann
algebra depends on a choice of representing Hilbert space). Here, we present
an alternative definition of bicommutant category that does not depend on such
a choice. We instead introduce a canonical module on which the category acts
faithfully from the left and right. This is analogous to the standard form or

L?-space for a von Neumann algebra.
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Definition 2.2.1. A x-category (C-linear dagger category) W is a C-linear cat-

egory equipped with antilinear functions
(=)' : Homyy (X,Y) — Homyy (Y, X)

for all pairs of objects X,Y in W such that, for any object X, id} = idy, for
any morphism f: X — Y, ( fJf)T = f and for two composable morphisms f and

g we have (go f)! = flog.

We note that a dagger category is a general notion where the Hom-spaces
need not be enriched in vector spaces, but the map (—)' exists. In this chapter
we restrict ourselves to C-linear dagger categories.

Given a C-linear dagger category W, we write W? for the category whose
objects are formal finite sums of objects of W, and whose morphisms are given
by Hom (@X;, ®Y;) := &, ;Hom (X, Y)).

Graphical calculus is a very useful tool for various categorical operations.
Here we shall introduce the graphical notation for dagger categories. These have
previously been developed and well-studied (see | | for a survey).

For a category W, an object is represented by a labelled wire and a morphism
is represented by a labelled bullet. All diagrams will be read from bottom to
top.

A morphism f: X — Y in W is denoted as:

Y

f

X

The composition of f: X — Y and ¢g: Y — Z is denoted by stacking the mor-

phism tokens vertically,

Z Z
{ N

Y = @gof
¢/

X X
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The identity morphism is suppressed graphically,

X X
®idxy ~—
X X

We are now able to represent a chain of the type X, f—1> X5 f—2> h;l> X,

by choosing n — 1 distinct points in the interior of the interval [0, 1], ordered in-
creasingly, and labelling them by the morphisms fi, ..., f,_1. The interval itself
represents the underlying string, read from 0 (bottom) to 1 (top), and the seg-
ments of the string are labelled by objects X;; the endpoints being the objects X,
and X, respectively. All chains obtained from this chain on inserting identities
or composing adjacent morphisms are equivalent in the graphical calculus.
Now, let W be a dagger category. The graphical notation now includes a

local orientation of the morphism. We denote f: X — Y as

Y

o4 f (2.3)

X
and f' can be viewed as f reflected about an axis orthogonal to the string, that

is, f1: Y = X is
X

oV /-

Y

The composition is stacking morphisms as before, for instance, the diagram for
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)
X Ly % 7 is given by

' 3 Y
Y .
Y Wi

X

W*-categories were first introduced in | |. We will review the key defini-

tions and theorems and we refer the reader to | | and | | for details.

Definition 2.2.2. A W*-category is a x-category W such that for every object
X € W the x-algebra Endyye (X) is a von Neumann algebra. All W*-categories
considered in this thesis will be assumed to admit a set of generators as defined
in [ , Definition 3.5].

A W*-category is said to be X;-complete if it is idempotent complete | ,
Definition 3.3] and it admits all countable direct sums | , Definition 3.7].
We shall often just abbreviate this to ‘complete’.

It is called locally Ny-small if for every object X € W, the von Neumann
algebra End(X) is separable (here, a von Neumann algebra is called separable if

it can be made to act faithfully on a separable Hilbert space).

All W*-categories considered in this thesis will be locally N;-small, and N;-
complete. By [ , Proposition 6.11], these are exactly the W*-categories of
the form

{H € A-Mod | H is separable}

where A is a von Neumann algebra which can be written as a direct sum of
(possibly uncountably many) separable von Neumann algebras.
We denote by W the category with the same objects as W, and complex

conjugate hom-spaces.

Definition 2.2.3. A x-functor F': W; — W, between W*-categories is called a
functor of W*-categories if for every object A € W, the induced map End(A) —

End(F(A)) is a normal homomorphism of von Neumann algebras.

26



We now define the Hilb-valued inner product for a complete W x-category.
This was introduced in | | as a categorified analogue of the inner product

on Hilbert spaces.

Definition 2.2.4. Every W*-category admits a canonical Hilb-valued sesquilin-
ear inner product denoted {(—, —) : W x W — Hilb, defined by

(X,Y): =proj,, (L2 (End (X & Y)))

for all pairs of objects X, Y € W, where proj,; € End(X @©Y') is the projection

& (0.5)€(7xT). We call this the (2,1)-corner of L*End(X @ Y) | :
Definition 4.1]

The map (X1,Y)) — (X, Ys) induced by a pair of morphisms f: X; — Xo,

g: Y1 — Y, is defined in | , Definition 4.1]. There is also a unitary
isomorphism,

Jxy: (X,Y) 5 (Y, X) (2.4)

natural in XY given by the restriction of the modular conjugation map on

L?End (X @ Y). Tt is involutive in the sense that the following diagram com-

mutes:

Further, Jx x agrees with the modular conjugation on
(X, X) = L*End(X)). (2.5)

Definition 2.2.5. Given a functor ': W; — W, between complete W*-categories,

its unitary adjoint is defined as the composite
F' - W, = Fune(Ws, Hilb) =25 Func(Wy, Hilb) 5 W,

Equivalently, the functor FT : W, — W is specified by the requirement that

12

(X, FI(Y)) = (F(X),Y) (2.6)

naturally for X € W, and Y € W.
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The equivalences W ~ Func(W, Hilb) for W*-categories used in the definition

of unitary adjoint above are discussed in | , Proposition 4.12].

Definition 2.2.6. A W*-tensor category (T,®,1,a,l,r)is a W*-category equipped
with a monoidal structure which is compatible with the W *-structure in the sense
that ®: T x T — T is a bilinear functor of W*-categories, and the associator o
and left and right unitors [, r are unitary.

A tensor functor between two W*-tensor categories 71 and 75, is a triple

(F, p,i), where F': T; — T3 is a functor of W* categories, and
pap: F(A) @p F(B)— F(A® B) and  i:1lp — F(17) (2.7)

are unitary natural transformations, satisfying pia peco(idp)®up,c) = pass,co
(pa,B ®idpey) and piy 40 (i @ idpay) = idpay = pa o (idpy ® ) (suppressing
associators).

If a W*-tensor category T comes equipped with an action of Z/2 in which
the non-trivial element of Z/2 acts antilinearly and anti-monoidally, then T is
called a bi-involutive W*-tensor category. Alternatively, we give the definition

below.

Definition 2.2.7. A bi-involutive W*-tensor category' is a W*-tensor category

T equipped with a covariant antilinear, anti-tensor dagger functor
T > TP

called the conjugate. 7™°P represents 7 with the opposite tensor product.
The functor — is involutive, meaning that for every A € T, we are given
unitary natural isomorphisms ¢4 : A — A satisfying o5 = @a.

The structure data of this anti-tensor functor are denoted

I/A7BZZ®§i>B®A and jil1—=1

LA remark on terminology: the name ‘bi-involutive W*-tensor category’ is slightly redun-
dant. The two involutions referred to by ‘bi-involutive’ are the dagger on morphisms and the
conjugation on objects, but the dagger is already part of the W*-structure. More accurate
names would therefore be ‘involutive W*-tensor category’ (the conjugation being the one addi-
tional involution) or ‘bi-involutive tensor category’ (with no W* prefix). We nevertheless keep
the established terminology.
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and satisfy

A9 (BeC) —22C , 19 T® B
(XZE@/’\ lVA,CQ@B
(A B)®C (CeB)®A
VA,B®id6l lac B,A
BRA®RC —222° , C® (B® A)
lod 2% 7574 A1 —7%  AeT
lzl lVl,A Ly VA
A

Finally, we require the compatibility conditions ¢; = j o j and paep = Vp.a ©

vap o (pa® pp).
Definition 2.2.8. We define a natural map fxy: (X,Y) — (X,Y) by

(X,Y) =pyL*(End(X ®Y))px
~ pwL*(End(X @ Y))px
~ 107[/2 End(X aY))px
= nd(X ®Y))px
— Xﬁq

Lemma 2.2.9. For any two objects X, Y € T, the following diagram commutes:

(X)) — (X,Y)

<<PX’%0Y>\L lm

(X,Y) +— (X.Y)

Proof. This follows from [[INP24 Lemma 4.7]. O

Definition 2.2.10. We define cxy: (X,Y) — (Y, X) to be the composition

frx = = (dves) —
Mx oy X Seed oy x (2.8)

Y

(X,7) == (V,X) ==
Lemma 2.2.11. For any two objects X,Y € T, we have cxy o cy x = id@y).
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Proof. This statement is equivalent to asking for the following hexagon to com-

mute

. J= — f ——
X)) =5 (v, X) 5 (¥, X)
<idy,w;1>T l<idy,soxl>

However, this hexagon is just the (2, 1)-corner of the following hexagon:

L’End(X @Y) —L+ L?End(Y & X) —— L2End(Y & X)
lLQ((idyeawk)o—oodY@w))

L’End(X &Y) L2End(X @Y) L*End(Y @ X)
5

L%(idﬁwbo—o(idy@wﬂ@

Elements of the form a - Q where ¢ € End(X @ Y) and Q € L’End(X ®Y) is a
cyclic and separating element are dense in L?End(X @ Y). So we pick such an

a - €2 and trace the hexagon

~

Q.

| 2] 82 [

Q- ((¢x' ®idy)oa
oa

—+

o (px @ idy))

~

S

o (ipx ®idy)) - 0

((px' @idy)

[+]

~

(px @ids) 0T o (px @ ids)) - Q
gl
(o5 @ wy) oao (px ® gy)) - Q
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In | 4| we used ET = a and in @ we used px = ¢x. We have also consistently
used that gp& = 90;(1. The above hexagon commuting follows from the naturality
of ¢, that is

XY 5 XavY

‘PYG%OY\L l@Y@SDY

il
~I
|
ol
~Il

S S
U

Lemma 2.2.12. For any two objects X, Y € T, the following diagram commutes

Y, X

(py,idx)

=
=

:
=
kel

o
=]
Y

CX,Y

V. X) ——— (X,Y) ——— (X.,Y)
Ty x (oxidy)
Proof. We need to show the following diagram commutes
_ J= E— id— = __
X,Y) —2 5 v X) 2, 7LR)
J?,Y %
(v, X) (X.7)
fvx =z
v, X) (X.Y)
(idy »x") (ide3 ")
V. X) ——— (X,V) —— (X,7)
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This is the (2, 1)-corner of

L2Ad

J— — @ idw = J—
LEnd(X ®Y) —L» L2End(Y & X) ———% [2End(Y & X)
J lj
L?End(Y & X) L?’End(X &Y)
o]

L*End(Y & X) L’End(X @)
L2Ady lLQAdi et
LEnd(Y © X) —5— DEnd(X ©Y) —— L?’End(X &Y)

vxeéid?

We pick a-Q € L?End(X @Y) where a € End(X®Y) and Q € L’End(X @Y)
cyclic as in the proof of Lemma 2.2.11. We use that €2 is in the positive cone so

J acts on it trivially, and trace the numbered path.

a .

Q- ((idg @ py) o al o (idg ® ¢y))

i

((idx ® py) 0 a0 (

i

(idz= @ py)oa

Tracing the other path similarly gives the map a - Q — @ - (), thus the square
0

commutes.
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String Calculus for Bi-involutive Tensor Categories

We shall now recall the graphical calculus for a tensor category and subsequently
extend it to bi-involutive tensor categories. The definitions and coherences of a
bi-involutive W*-tensor category involve a substantial amount of structure data,
the dagger on morphisms, the conjugation on objects, and the natural isomor-
phisms v, ¢, and j together with their coherence conditions. The graphical calcu-
lus we develop here encodes this structure, making the coherences manifest. We
enrich the standard string diagram notation in two stages: first, following | ],
morphisms in a dagger category are given a local orientation so that reflection
about a horizontal axis implements the dagger; second, objects in a bi-involutive
tensor category are equipped with a co-orientation (a normal direction to the
string) so that reflection about a vertical axis implements the conjugation func-
tor U With these conventions, the coherence isomorphisms v4 5, ¢4, and j are
absorbed into the notation. We then further extend the calculus to accommodate
the Hilb-valued inner product by placing string diagrams on a cylinder with two
marked lines; this cylinder notation will be used throughout the remainder of
the chapter, in particular when spelling out the coherences in the definition of a
bicommutant category in Section 2.3.

We use the convention that tensor is read left to right and composition is

read bottom to top, that is
Jr

L.

The monoidal unit 1 is suppressed in the graphical notation.

For a bi-involutive tensor category, in addition to the local orientation of
the morphisms as in a dagger category, as in Equation 2.3, the objects (strings)
and morphisms are also given a co-orientation (normal), that is, the object X is

represented as,

X

and X is drawn by reversing the co-orientation of the strings or reflecting along
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the vertical axis, that is, the object X is represented as,

X

This definition makes v and ¢ as in definition 2.2.7 implicit. The unit object is

transparent, so j is also built into the graphical notation. The following strings

illustrate X @Y and Y @ X ~ X QY.
Y X

f oh (2.9)

X Y
A morphism f: X — Y is denoted as

=Y

X

and f: X — Y is obtained by reflecting the diagram along the vertical axis, and
as before, fT: Y — X is obtained by reflecting the diagram along the horizontal
axis.

Further, for any bi-involutive W*-tensor category 7, we introduce a graphi-
cal notation to compute the Hilb-valued inner product. The graphical notation
builds on the notation established for bi-involutive tensor categories and con-
sistently assigns a Hilbert space to any diagram of parallel strands on a tube

(cylinder) with two marked lines.
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For two objects X, Y, we now describe how to interpret the following diagram:

X 1 Y (2.10)

We first choose one of the green lines and cut open the cylinder (for example,

cutting open line 2):

9 X © Y [

We interpret both planes using the ordinary string calculus (we read in the
direction of the orientation of the circle which has been cut open in each plane),
and put the left hand plane in the first input of the inner product after an
overall =, and the right in the second input, that is, as (X,Y’). So line labelled
1 represents the ‘,” and the two lines obtained from cutting open at the line
labelled 2 represent ‘(” and ‘)’. If we had cut along line 1 instead, we would have

obtained the isomorphic Hilbert space (Y, X) (the isomorphism given by cyy).
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This is illustrated in the diagram below:

1 2 1

Y X

For a more complex example, to the diagram below, we assign the Hilbert
space (X1 ® X»,Y1 @ Ys) ~ (V] ® Yz, X; ® X5) by Equation 2.8.

(2.11)

Remark 2.2.13. Though the choice of which line we open to interpret the di-
agram does not matter (as the two choices give isomorphic results), in our dia-
grams we shall often label a line by either a comma or brackets to indicate the
choice we are making. For example, in the previous figure, at the bottom we
interpret the diagram as (X; ® Xo, Y1 ®Ys) and at the top as (Y1 ® Yz, X1 ® Xo)

by suppressing the ¢ isomorphism.

If (X,Y) is represented by Equation 2.10, then we represent (X,Y) by re-
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versing the orientation of the circle, that is, by the diagram

X) ~ (Y, X). This thus shows

that our diagrammatic calculus implements Jx, : (X,Y) ~ (Y, X)

We note that this diagram can also be read as <?,

Remark 2.2.14. We claim that any equation between morphisms in a bi-involutive
tensor category or between inner products of objects follows from the axioms of
a bi-involutive tensor category if and only if it holds in the graphical calculus up
to isotopy. To prove this we would use techniques similar to | |, which is

beyond the scope of this thesis.

Bi-involutive tensor functors

A dagger tensor functor F': 71 — 75 between bi-involutive tensor categories
with natural coherence maps uxy : F(X)® F(Y) - F(X ® Y) and unitor
i:1p — F(1p) is called a bi-involutive W*-tensor functor if it comes equipped

with a unitary natural transformation

ya: F(A) — F (A

~—
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satisfying the following coherences:

T1

FA®B) «— " pBed) « " pB)e F(A)
| !
YA®E TB®7A (2.12)
| |
F(A®B) «—— F(A) @ F (B) «—— F(B) 0 F(A)

VE(B),F(A)

Fley)
lﬁ ! | (2.13)
YA

The coherence v, =i0j720i 1o F(571)~! for the unit follows from the coherence
for yagp. Finally, a bi-involutive natural transformation is a monoidal natural
transformation that intertwines the coherences of the two tensor functors.

If W is a complete W*-category, then the category End(W) of endofunctors
of W is a bi-involutive W*-tensor category, with involution on objects provided
by the operation F' — F'' and monoidal structure given by composition. We can
give natural unitary isomorphisms ¢r : F' — F' and vpg : FTo Gt — (Go F)T
as follows:

e o is defined by the requirement that ((¢r)x,Y) is equal to the composite

(F(X),Y) 2 (X, FI(Y)) 5 (FI(X), Y] = (Y, FT(X)] <5 (F1(X), V).

where the inner product is the Hilb-valued inner product on W.

e vp¢ is defined similarly, by asking that (X, (vpq)y) is equal to the com-
posite

(X, FToGI(Y)) = (F(X),GT(Y)) = ((GoF)(X),Y) = (X, (GoF)(Y)).

These isomorphisms ¢ and v satisfy the required coherences as shown in
[ , Lemma 4.16].
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The commutant of a tensor category

From | , Section 2.3], we review the definition of the commutant of a cat-
egory. The unitary Drinfeld centre Z(T) of a W*-tensor category T is the
W*-category whose objects are pairs (X, {ex}), where X is an object of 7" and
{ex} =(exy: XY =Y ®X)yer is a family of unitary isomorphisms called a
half-braiding. The half-braiding is required to be natural in Y, and to make the

following diagram commute for every Y, Z € T, (the associators are suppressed):

Y X®Z
eX,XN@y wx,z
XY ®Z xvez y Y Q ZR X

A morphism (X1, {ex, }) = (X2,{ex,}) in Z(T) is a morphism [ : X; — X
in 7 such that (idy ® f)oex,y =ex,y o (f ®idy) for every Y € T.
The tensor product of objects of Z(T) is given by

(Xh {6X1}) ® <X27 {€X2}> = (Xl ® Xo, {€X1®X2}>

where

ex,ox,y = (ex,y ®idx,) o (idy, ®ex,y)

Finally, Z(T) is equipped with a unitary braiding

ﬂ : (Xl ® X27 {6X1®X2}) i> (X2 @ Xla {€X2®X1})

given by ex, x,.

A notion of relative centre can be defined when 7T is a subcategory of some
bigger W*-tensor category &£ or, more generally, when 7T is equipped with a
faithful tensor functor ¢: 7 — £.

Definition 2.2.15. | , Definition 2.9] Let ¢ : T — &£ be a tensor func-
tor between W*-tensor categories. The unitary commutant or relative centre
Z(t: T — &) of T inside & (denoted, Z(¢)) is the category whose objects are
pairs (X, {ex}), where X is an object of £ and

{GX} = (eX,Y X ®Y 1Y ® X)YET (214)
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is a collection of unitary isomorphisms, called a half-braiding. The half-braiding

is required to be natural in Y, and to make the following diagram commute for

every Y, Z € T
(X ®Y)9.1Z -2 (Y 9 X) .2
ax,.y,.z ay, X,z
X®(L;/®LZ) LY®(;;'®LZ)
idx ®py,z id,y ®ex, 7
X®L£§f®Z) LY@(LVZ@X)
EX,YQRZ ACVLY,LZ,X

A morphism (X, {ex,}) = (Xo,{ex,}) in Z(¢) is a morphism f : X; — X5 in
€ satistying (id,y ® f)oex,y =ex,y o (f ®id,y) for every Y € T.

The tensor product in Z(¢) is given by the same formula as for the Drinfeld
centre discussed above.

Finally, there is a tensor functor Z(¢) — & given by (X, {ex}) — X.

Remark 2.2.16. The unitary Drinfeld centre Z(T) of a W*-tensor category T
is the commutant of T inside itself: Z(T) = Z(idr).

In specific situations, when ¢: T — &£ is obvious from the context, it is

convenient to use the notation 7' for Z(¢v: T — &).

Lemma 2.2.17 (| , Lemma 3.2]). Let (X,{ex}) € Z(¢) be an object, and
let 1 € T be the unit object. Then exy : X ® 1 — 11 ® X s the following
composite of unit isomorphisms: X ® 11 2 X 12X 21X 211 X.

If T — & is a bi-involutive tensor functor between bi-involutive WW*-tensor
categories, then Z(¢) is a bi-involutive W*-tensor category. The #-structure is
inherited from &, and the conjugate of an object (X,{ex}) € Z(¢) is given by
(X, {ex}), with exy defined as,

— id+®y, _:Vf_—eifl—_’/b;l :__lid— R
exy t XY S Xy X0 Ve X X X o 25 yeX S yeX.
A key role in what follows is played by absorbing objects of a W*-tensor category.

Defining them requires the auxiliary notion of a non-zero-divisor.
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Definition 2.2.18. Let 7 be a monoidal category. A left-non-zero-divisor is an
object X € T such that the functor X ® — : 7 — T is faithful. Similarly, an
object X € T is a right-non-zero-divisor if — ® X : T — 7T is faithful.

Definition 2.2.19. An object Q € T is weakly left absorbing if it is a left-
non-zero-divisor and for every left-non-zero-divisor X € 7 we have Q ® X =
DB.ountabie - An object Q € T is left absorbing if it is a left-non-zero-divisor
and for every left-non-zero-divisor X € T we have Q ® X = (). The notion of a
(weakly) right absorbing object is defined analogously.

An object is called (weakly) absorbing if it is both (weakly) left absorbing
and (weakly) right absorbing.

Remark 2.2.20. We note that an object 2 in a bi-involutive tensor category is

a left absorbing object iff its conjugate Q is right absorbing.
Lemma 2.2.21. (i) If Q1 and Qy are absorbing objects, then 1 = Q.

(i) If 2y is left absorbing, Qs is right absorbing, and both €y and s are non-
zero-divisors (on both sides), then 1 ~ Qo and both are absorbing. In
particular, a left or right absorbing object in a bi-involutive tensor category

15 absorbing.

(iii) If Q is weakly (right, left, or both) absorbing, then @y 2 is (right, left, or
both) absorbing.

Proof. The first part of the lemma follows from the second. The second part

follows from the computation
Ql ~ Ql X QQ ~ QQ

where we use the left-absorbingness of €2y in the first equivalence and the right-
absorbingness of €25 in the second. Now since (2 >~ )y, it is also right-absorbing,
so it absorbs from both sides.

For the third part, we compute

Porex~Peex)=h fH o~

N countable N

We compute similarly on the left. O
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Definition 2.2.22. If 7 is a complete W*-tensor category which admits ab-
sorbing objects, we define its absorbing ideal T** C T to be the idempotent
completion of the full subcategory on the absorbing objects of T.

Remark 2.2.23. Let X € T and Q € T be absorbing. Then X is either a
zero-divisor or not. If it is not, then X @ Q ~ Q € T, If X is a zero-divisor,
then X' =Fd X isnot, so QX Q2 X' @0 ~Q, so X ®Q is a summand

of Q, so0 it is in T2, Thus, T is an ideal.

Let ¢: T — & be a tensor functor between complete W*-tensor categories.
Extending Definition 2.2.15 to the context of non-unital tensor categories, we
can define the relative commutant Z(t|7a»s) of the non-unital tensor functor
L) abs © T2 — €. Restriction of half-braidings provides a natural tensor functor
Z(1) = Z(t]7abs).

Proposition 2.2.24. Let T be a complete W*-tensor category, and Q) € T an
absorbing object. Let v: T — & be a tensor functor such that () is non-zero-
divisor. Then the functor Z(1) — Z(t|7avs) is fully faithful.

Proof. Faithfulness is trivial, since a morphism in Z(¢) is just a morphism in &€
satisfying a certain condition, and the same for Z(¢|7abs).

To show fullness, let (X7, {ex,}) and (X5, {ex,}) be two objects in Z(¢) and
f a morphism (X, {ex, }yas) = (Xo2,{ex,}7as) in Z(t|7ans). By definition,
this means that the following equality

182 Xo 182 X5
f
.
f
X1 19 X1 19

holds true for every object Q) € T2bs,
We need to show that f is a morphism in Z(:). Namely, we need to show
that for all Y € T, the equation

(idLy ® f) (@) €X1,Y = 6X27y @) (f ® idLy) (215)
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holds. If Equation 2.15 holds true for Y = Y] @& Y5, then it also holds true for
Y] and Y5 separately, for we can derive the equation for Y; from the equation
of Y by composing with the inclusions and projections. It is therefore enough
to prove Equation 2.15 for objects Y € T which are non-zero-divisors (as any
object is a direct summand of non-zero-divisors, note if A is zero-divisor then
¥ & A is not).

Let Y € T be a non-zero-divisor. Given an absorbing object Q € T2,
tensoring with ({2 is a faithful functor since ({2 is a non-zero-divisor. So it is

enough to prove the equation 2.15 after tensoring with id,q.

((idLy ® f) O €X1,Y) ® ldLQ = (€X27Y ©) (f ® ldby» ® ldLQ (216)

In diagrams, this is:

LY X219 LY X202
f
-
f
X1 LY 182 X1 LY 19

Using that 1Y ® (2 = (Y ® ) is absorbing, and starting with the left-hand

side of equation 2.16, we compute:

Y Xo 10

-

X1 Y 0 X3 Y 0
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Y Xo 10 Y Xo 10

X (Y ®Q) X1 (Y ®Q)

Also, starting from the right-hand side of equation 2.16 we compute,

Y Xo 10 Y Xo 10

-

X1 Y X1 Y
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Y Xo 10 Y D CIY)

)

Y ® Q)

X (Y ®Q) X1 (Y ®Q)

which together gives us the equality in equation 2.16 and, further, using that
tensoring with €2 is faithful, we get equation 2.15 for any object Y € T. O

Corollary 2.2.25. Let v: T — & and Q € T be as in Proposition 2.2.2/.
Then for (X,{ex}) € Z(v), the half-braiding ex,y is completely determined by
ex.0-

Proof. Let (X,ex),(X,e’y) € Z() be two objects such that exq = €. By
naturality of half-braidings with respect to inclusions of sub-objects, we then
have (X, {ex}|7ars) = (X, {€x }7avs) in Z(t|7a0s). By Proposition 2.2.24, since
idy : (X, {ex}gas) = (X, {€x}|7aps) is @ morphism in Z(¢|abs), it is also a
morphism (X, ex) — (X, €Yy) in Z(¢). The result follows. O

Bicommutant Categories

Before giving the definition of a bicommutant category, we recall the picture
that it is meant to categorify. A von Neumann algebra A acts on its standard
form L?A by commuting left and right actions A and p, and these actions are
each other’s commutants. Both of these actions are compatible with the inner

product:

(a&,m) = (§a™n),  (€a,n) = (Ema”),  a€A Enel’A
and are related as p(a) = JA(a*)J, with J the modular conjugation.
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Our definition axiomatises a categorified analogue of this picture, with no
ambient category Bim(R) and no choice of representation. The absorbing ideal
T2, with its Hilb-valued inner product, plays the role of L?A (its existence
replaces the existence of the standard form; see also the comparison with Hilbert—
Schmidt operators at the end of Section 2.3). There will be functors L and R
that play the role of A and p, and the requirement that the two functors in 2.17
be equivalences is the categorified bicommutant relation. Finally, the data +*
and ~v® categorify the two displayed identities: combined with 2.18, they yield
isomorphisms (X ®Qy, Q) = (Q1, X ®Qy), which move an object of T across the
inner product of 72 at the cost of an antilinear involution. For a von Neumann
algebra these identities are properties of the actions; after categorification the
isomorphisms witnessing them are data, and we must record the coherences they
satisfy. Diagrams 2.20-2.24 express compatibility with the tensor structure and
the involutions; Diagram 2.28 says that, just as p is determined by A through J,
the datum ¥ is determined by 7” through the symmetry ¢ of Definition 2.2.10;
and diagram 2.26 is the categorified statement that the inner product on 72 is

cyclic, a trace-like property.

Definition 2.2.26. Let 7 be a complete bi-involutive W*-tensor category that

admits absorbing objects. This gives us two commuting W *-tensor functors:

L: T —End(T™): X X®-—
R: T™P = End(T™): X = —® X,

equivalently,

T — Z(R: T™P — End(T"))

(2.17)
T"P — Z(L: T — End(T™)).

Assume T is further equipped with unitary natural isomorphisms v%: L(7) =
L( )T and v®: R(T) = R( )' that upgrade L and R to commuting bi-involutive
W*-tensor functors (meaning the diagrams 2.20, 2.21, 2.22, 2.23, and 2.24 drawn
below are required to commute).

A bicommutant category is a bi-involutive W*-tensor category 7T as above,
equipped with % as above, with the property that the two functors in 2.17 are

equivalences of bi-involutive W*-tensor categories, and that the diagrams 2.25
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(enforcing v1'® determine each other) and 2.26 (enforcing a ‘cyclicity of trace’

like condition) commute.

We now take the time to spell out the coherence diagrams that appear in the
above definition.

We first observe that for all X € T, the functor L(X) : 72 — T2 admits
its unitary adjoint L(X)" which is defined by the equation

(X ® 0, Q) = (Q, LX) (Q)) (2.18)

for all Q, Qs € T2 and this isomorphism is natural in ;,Qy € 72 and X € T.
The natural isomorphisms 7% : L(X) — L(X)' can be used to induce a map from
(X @0, Q) — (21, X @ Q).

For ease of interpretation of the coherences that follow, we use an absorbing
object of the form € (this loses no generality as (—) is an involution) and the

map induced by 7% as above to get the isomorphism, which we also denote 7%:

—1

vh = (X, M) 25 (X @0 Q) = (U, X @) 25 (0, X @ O)

Similarly, R(X)' is defined by the equation
(1 ® X, Q) = (Q, R(X)(Q)) (2.19)

for all ;,Qy € T2, The natural isomorphisms v%: R(X) — R(X)' can be
used to induce a map from (€ ® X, Q) — (Q1, 2 @ X).
As before, we use the absorbing object Q; and the map induced by ’y% to

obtain the following isomorphism, which we also denote v%:

- V71 - _ N prmnd _
’}/QI = <X®Ql,QQ> Lﬂl) <Ql®X,QQ> — <Ql,QQ®X> LPTX> <Ql,QQ®X>

~

The above defined isomorphisms

7;} (@ X, Q) — (Q_1,X®Qz>
’7)]? . <X®Ql,92> — <Q_1,QQ®X>

satisfy the following coherences:
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The coherence 2.12 for L and R being bi-involutive functors simplifies to give

the following:

— L P —
LRYQX,0) — (LY, X 20

% lﬁ (2.20)

and
T R —
YOX®0,0%) 2 (X20,hLeY)

m l%z; (2.21)

0,2 0Y ®X)

and the coherence 2.13 can be modified to read:

X0 5% o v 20,

Jarex., Ty xe0,
REY X0, 0 ol o0, 0y (222)
(Qa, YV® ) < Q@ X, Q)
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and

XE0,0) 2% @ 0,0 X)
Fsara, o anex

<Qg7m> Lo X el S oy (229)
(Pt vay x) (rx ayiday)

(0 0 2 X) < _
X007

The following coherence ensures that v and v# commute:

- L
YoUoX, Q) —— YR0,X®M)

lv{? l’y{f (2.24)
L eX,WeY) — (2, X20%BY),

7X

The next requirement states that v* and 4* determine each other:

R
(X @0, Q) —— (U, Qe X)
CX®(21,S'22J/ TCQ2®X7§21 (225)

<Q_2,X®Q1> (LT% <QQ ®X,Ql>.

X

Finally, the last diagram in the definition is a cyclic invariance property for every
triple of absorbing objects 1, 2y, Q3 € T2b:

R —1
T0q

<Q_17 Q3 ® QQ> <QQ ® Ql, Qg>
c91,92®93l l”f“ (2.26)
(23 ® Qg, ) S Q2,1 ® Q).

o) 3

Remark 2.2.27. Given absorbing 2,01, Qs € T2, a unitary u: O @ Q — €,
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and X € T, the following diagram commutes:

L
(0 ® X, Q) —5% 5 (O X @ Q)
(u=1idx,idg, >l l(F,idX ®ida,)
L2 X, ) (@0, X M)

L
701,00X,09 L
Q1,2,X00

(0,00 X ® Q)

Note all the arrows of this pentagon except for the top horizontal one are of the
form %L)i’ﬂj@k where Q;,Q;, Q. € T, So ~F is fully determined by its values

on the absorbing ideal. The same is true for v%.

Lemma 2.2.28. Consider the following diagram:

L
701,X,99

() ® X, Qo) (Q1, X @ Q)
fmwl lfﬂilax‘@%
0 ®X,Q) (Q:1,X®Qz>
<%,id@>l l(idﬁv”s;;,)ﬁ
(X @0, 0) e @, Lo X)

If any two out of the above diagram, FEquation 2.22, or Equation 2.25 commute,
so does the third.

Proof. This follows from simply unpacking the definition of ¢ in terms of f and

J and using the coherences of v and ¢. [

2.3 String Calculus for Bicommutant Categories

We now interpret the structure isomorphisms and coherences that appear in the
definition of a bicommutant category using the string diagrams for the Hilb-
valued inner product introduced above in Equation 2.10. Throughout this sub-
section, as before, solid black strings (dashed when they are at the back) represent
objects of 7. We fix two such strings on the cylinder, and they represent a pair
of absorbing objects €2, Qy € T2,
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The two basic structure isomorphisms v* and ~® are depicted as a string
crossing the green cut line of the cylinder. ~* is crossing the line labelled ;" and
7 is depicted crossing with the line labelled by ‘) (.

Diagram 2.27 represents v%: () ® X, Q) — (Q1, X ® Q). Intuitively, the
right action of X on €2 is being ‘unravelled” and interpreted as the left action of
X on €. Diagram 2.28 represents 7% : (X ® Qp, Q) — (01, Q,®X). Intuitively,
the left action of X on {2, is being ‘unravelled” and interpreted as the right action
of X on .

(2.27)
] DA X
]
el i
I
1/
|// ;
) | (225)
/o 5
> VA s
/ 1
ll |
--------
S U
Ql Q2

The coherences in Equations 2.20 and 2.21 express the compatibility of v* and
~f with respect to the tensor product. Equation 2.20 states that moving Y ® X
through the cut in a single step is the same as first moving X and then moving Y’;
diagrammatically, a pair of parallel solid strings can be slid through the separator
one at a time or together. Similarly, Equation 2.21 is the same statement for v%.

Diagrammatically, Equation 2.20 and Equation 2.21 give the following equa-
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tions:

(2.29)
and
......... Mxey oy
P e I e
----------- foooe 3 B R R
v 1 Lol
oy 17/
17 /7 7/ ‘
% o 7/ |
y = /, 5 (2.30)
/1 : : /7 ( :
> // 1 > > // //| >
A Il
I 1 =<l
Ao Lo [ L B
Cx
________ _’_,_4.--- EER R ..___A___>__,_4.---
Ql QQ Ql E QQ
. . . —_— Vél,X,QQ —_
We can interpret Diagram 2.31 in two ways, as (2} ® X, Q) ——— (1, X®

L —1
Yoo X1

) and as (Q:2,7®Q_1> 22 5 (2, ® X, Q). Coherence 2.22 tells us that
these are equivalent. Coherence 2.23 is similar but for v% instead. This is the

diagrammatic content of the compatibility between %, v% and the involution U

52



on Hilb.

(2.31)

Coherence 2.24 asserts that the left and right actions commute: applying %
and ¥ in either order produces the same map (Y ® Q; @ X, Q) — (Q, X ®
2, ®Y). Diagrammatically, this is the statement that string X and string Y can
be slid past separators independently.

Coherence 2.24 gives the following equation:

(2.32)

Coherence 2.25, which asserts that % is determined by v* via the symmetry ¢
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that flips the labels of the separators.

T | B Ty | R T
I ,’ ]
I/ Eg I //
1/ e
v/ -
s = /o (2.33)
. | 1
> / 1 > > | 1 >
/ 1 Egl |
] 1 | 1
. e U I S R
________ R RN

Finally, the coherence with cyclicity of absorbing objects 2.26 graphically

gives the following equation:

-
7
l__

o
I
| | N -
| | |
o = S (2.34)
> | : > I\
1 | 1
1 | 1
.......... - SRR S
_____________ 24 e
0 Qs ]

This coherence encodes the sense in which the Hilb-valued inner product on 72
is ‘cyclic’.

We would like to remark here about the analogy between von Neumann al-
gebras and bicommutant categories. We notice that 72> behaves a lot like the
Hilbert-Schmidt operators. Recall that a bounded operator £ € B(H) on a
Hilbert space H is called Hilbert-Schmidt if ||£]|3 := Tr(£*¢) < oo, equivalently if
>, l1€enll? < oo for some (hence any) orthonormal basis (e,,) of H. Importantly,
the Hilbert-Schmidt operators form a two-sided *-ideal £L2(H) C B(H) which is
a Hilbert space with inner product (&, &) = Tr(&¢;). Moreover, £L2(H) admits
a canonical identification with the Hilbert tensor product H ® H. One should
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think of 72> as the two-sided #-ideal (bi-involutive ideal) of 7 which is a ‘cate-
gorified’ von Neumann algebra (analogous to B(H)). Notably, 7> is a complete
W*-category (‘categorified Hilbert space’) that admits a ‘categorified’ trace anal-
ogous to L?(H). The L*-space of B(H) is precisely the space of Hilbert-Schmidt

operators.

Conjecture 2.3.1. The coherences that appear in Definition 2.2.26 of a bicom-
mutant category T imply that a Hilbert space can be consistently assigned to a
diagram of parallel strings on a cylinder labelled by objects of T** and T as long

as there are at least two strings labelled by objects of T2.

Remark 2.3.2. This is part of upcoming work and out of scope of this thesis.
The proof strategy is very similar to the one used in [ ]. We build a 2-cell
complex from choices, structure maps and coherences and prove it is connected

and simply connected.

2.4 Modules over Bicommutant Categories

Just as a von Neumann algebra is best studied through its modules, a bicom-
mutant category should act on W*-categories. In this section we define such
modules and their ‘categorified Connes’ fusion.

Let T = (T,®,1,a,l,7,7,v,j,¢,7",v%)? be a bicommutant category.

Definition 2.4.1. A left module over T is a W*-category M equipped with
a bi-involutive W*-tensor functor 7 — End(M) such that the functor M =~
Homs (T, M) — Homz(T2" M) induced by the inclusion 72 — T is fully
faithful. We can similarly define right modules.

Remark 2.4.2. The definition of a module might evolve in the future; the correct
definition should ask for the action to be a morphism of bicommutant categories,
for which we do not yet have a complete definition. In addition, the 2-category
of modules over a bicommutant category should be a W*2-category, a notion that

does not exist yet.

2We note that by Equation 2.25, ¥ is determined by ~*.
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Hilb is a bicommutant category with absorbing object 2N, and Hilb™ =
Hilb (it is easy to verify all the coherences). Every complete W*-category is
canonically a Hilb-module. The tensor action of Hilb on any complete W*-
category is discussed in | , Equation 7]. The extra condition on restriction
of the action to the absorbing ideal is trivially true since Hilb*® ~ Hilb. For
a W-category M, we provide the map v5: (H @ My, M) — (M, H @ My).
Without loss of generality, we can take M = A-Mod for a von Neumann algebra

A , Proposition 4.8], then % is given by:

(F®M1,M2>:m&AM2

~ (M, B H) K4 M,
~ (M, Re H) K, M,
~ (H K¢ M) Ky M,
~ H X (M; X4 M)
~ (M, K, M) B H
~ N, K, (M, Re H)
~ M, K, (H Re M,)
= (M, H® M)

A

Conjecture 2.4.3. Given a bicommutant category T and a left T-module M,

Endr aoa(M) is a bicommutant category.

It is worth mentioning two special cases of this conjecture. If 7 = Hilb and
M = A-Mod for some von Neumann algebra A, Endy.q(M) = Bim(A) is a
bicommutant category. If T = Hilb [G] is the category of G-graded Hilbert spaces
for a possibly-infinite discrete group G, and M = Hilb, then Ends_joq(M) =
Rep(G) is a bicommutant category. These special cases with their absorbing

ideals and bicommutant property are discussed in [ ].

Definition 2.4.4. Given M and N right and left 7-modules respectively, we

can define their fusion as
M @7’/\[ = pr0j271 <EndT_M0d (M @D /\[) abs)

where proj, 1 (€) == (0 4y )E(*4 5) as before.
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An object of Endr_yioq (ﬂ ON ) is of the form

Fii Fip c Hom nod (M7 m) Hom nod (N ; M)
Fy Fy Hom7 noq (m> N ) Hom7noq (N ) N )

Q11 Q12
Q21 Q22

1s absorbing if and only if for any non-zero-divisors Fi1 € Homy p0q (M, M)
and Fyy € Homy voa (N, N) we have Fy; 0 Q0 Fjj ~ Q;

Lemma 2.4.5. An object

Proof. Only if: Suppose Fi; € Hom7oq (ﬂ, /V) and Fy € Homyy10q (N, N)
are not zero-divisors and (2;; are functors as above such that the matrix in the

statement of the lemma is absorbing. Then

Fiu 0O c Hom7 nod (M, m) Hom nod (N ; M)
0 F22 Hom'T-Mod (ma N) Hom'T-Mod (Na N)

is clearly not a zero-divisor. Then we have

Qi Qo ° Fip 0 _ Qo Qo Fy - Qi Qo
Qo1 oy 0 Fy Qo0 Fyp g0 Fo Qo1 Qo
Writing similar equations from the left, we obtain the desired conditions on €;;.

If: Suppose we have €2;; satisfying the conditions. We compute

Q1 Qo o Fi Fip _ Q1o F11 @ Qg0 Fy 410 F9 @ Qg0 Fyy
Qo1 oo Fy  Fy Qg1 0 Fi1 @ Qg0 Fyp gy 0 Fio @ Qgg 0 Fiy

Given Ay; € Homyyoq (ﬂ, M) a non-zero-divisor, we have
Apo(Sh1 0 Fiy @ Qg0 Fyy) = AjoQyoFy @ A110Q190F); >~ Q0 Fy1 @0 Fy

Thus 21 o Fi1 @ Q15 0 Fyy is left absorbing, but since Homy_y0q (ﬂ, M) is a
bi-involutive tensor category, it is also right absorbing by Lemma 2.2.21(ii), and
since any two absorbing objects are isomorphic, we obtain ;1 0 Fj; @90 Fy; ~
Q1. Similarly o1 0 Fio @ 299 0 Fog =~ (os.
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Similarly, consider €251 o Q;l 0 (Qo1 0 F11 @ Qg9 0 Fyy). Since (91 absorbs ob-
jects of Hom7_yi0q (M, ﬂ) from the right, this is isomorphic to 25;. And since
Q91 and Qg9 absorb objects of Homy_yjoq (N, N) from the left, this expression is
also equivalent to (251 0 Fi1 @ Q99 0 Fo1. Thus 91 0 Fip @ Q99 0 Fop =~ 9. We

can make a similar argument for {2;5 too. This shows that

Qll 912
QZI Q22

is absorbing. |

Corollary 2.4.6.
MR N ~ Endypn (FN) (Q21) -Mod

where o1 satisfies dog 0 Qo1 0y =~ Qo1 and where 211 is an absorbing object of
Hom 7 yt0q (M, M) and Qyy is an absorbing object of Homy yoa(N, N).

Proof. The fusion MX+N is a subcategory of the absorbing ideal of Endr_pioq (M
N). By Lemma 2.4.5, this ideal is generated by

0= Q11 Q;l
Qo1 Qo
By | , Proposition 3.18], we have

EndT_Mod (ﬂ ) N)abs ~ EndEndT_Mod(ﬂéBN) (Q)OP—MOd

Since morphisms are given component-wise in

—_ HOInT_MOd (./\_/l, M) HOInT_MOd (N, m)
End7_\e = _
HeT d(M v N> (HomT-Mod (MaN) HomT-Mod (N7 N)

we obtain the desired equivalence. O

Further, if Qy; satisfies the weaker condition that Q29 0 Qa1 >~ @ iante 221
and Q21 0 Q1 ~ D unabie 221, then, clearly, Q) = PN ® Q91 absorbs €4; and
Qo a8 B uuntanie N = °N. The product of a Hilbert space and an object of a
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complete W*-category is defined in | , Equation 7|. Further, we have
End(,) = End(*’N ® Q1) ~ B({*N)®End(£2,;)
But B(*N) is Morita equivalent to C, so we obtain the following corollary.
Corollary 2.4.7.
MRy N = Endy,, (W) (Q21) -Mod

where Qg satisfies Qag 0 Qo1 ~ P Qo1 and Q910 Qy; ~ P Q91 and
where Q11 s a weakly absorbing object of Homy ypoq(M, M) and Qs is a weakly
absorbing object of Homy_noq (N, N).

countable countable

Definition 2.4.8. Given pointings M : Hilb — M and N: Hilb — N, we define
the pointing on M X+ N to be the dagger of the functor

Homy (M, N)™ —Hilb
Fis (NT oFoMo THilb) (©)

where gy, : Hilb — Hilb is the dagger on Hilb.

Definition 2.4.9. A functor F': W7 — W5 of W*-categories is called dominant
if every object of W is a direct summand of an object in the essential image of
Wi.

Proposition 2.4.10. Let T be a bicommutant category. Let M and N be T -
module categories. Let € be an absorbing object of T. If the action functors Q-
— N =N and Q -p —: M — M are faithful and dominant respectively, then
Res: Homy pgea(M, N) = Homgabs yjoq (M, N) is an equivalence of categories.

Proof. Res is clearly faithful. We can show Res is full using an argument similar
to Proposition 2.2.24.

We now show Res is essentially surjective. That is, given a functor F': M —
N, equipped with linearity data for the action of , we construct linearity data
for F' with an arbitrary object X € 7. Concretely, we must construct a unitary
Uxm: X -n F(m) = F (X -pm) for every X € T and every m € M.
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Uniqueness of ux ,: The map idg -ar ux,,, must be equal to the composite

Qoy (X F(m) — (Q@X) o F (m) =25 F(Q0 X) pm)

|

Q -y F(X pm) «—— F(Q-pm (X - pgm))

Since €2 - — is faithful, this uniquely determines ux ,.

Existence of uy ,,: Since € -4 — is dominant, we can write m as (a direct

summand of) Q- m'.

ux,0.,m must be equal to the composite

. -1
ldX'NUQ,m/

X NFQoym) —— Xy (Qy F(m') —— (X ®Q) - F(m))

lU’X(X)Q,m/

F(Xm(@amm)) «—— F(X®Q) - mm)

One can see that ux ,, satisfies all the necessary coherences from the coherences

satisfied by it when X is absorbing. m

Proposition 2.4.11. Let T be a bicommutant category, then
Tabs IET Tabs ~ Tabs
Proof. Using the definition of fusion,

_ abs
Tabs X”T Tabs — pr0j271 <EndT—Mod (Tabs D Tabs) )

~ End7.nod (Tabs)abs
~ Tabs

The last equivalence uses that 7 ~ Endy.yoq ('Tabs), which follows from the

bicommutant property. O

Conjecture 2.4.12. Let M be a T -module category,
M &7’ Tabs ~ M
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Conjecture 2.4.13. Given a right Ti-module My, a (T, Tz)-bimodule N, and
a left Ta-module My, we have

(M By N) Ry My >~ My Ky (N Ky Ms)

The tensor product of complete W*-categories was defined in | , Defi-
nition 3.33].

Proposition 2.4.14. For complete W*-categories M and N, we have an equiv-
alence M Ry, N~ MRN .

Proof. Without loss of generality, we assume M = A-Mod and N’ = B-Mod for

von Neumann algebras A and B. We have
A-Mod N, B-Mod = Hom(A-Mod, B-Mod )"

By | , Proposition 3.28], we see that this category is generated by (B, A°P)-
bimodules that absorb (B, B)-bimodules on Connes fusing over B and (A°P, A°P)-
bimodules on Connes fusing over A°P.

If B = A°P it is shown in | , Example 5.7], that such an absorbing object
is given by g L2 BXc(?NX¢L?Bg. The absorbing ideal generated by this is exactly
(B, B)-bimodules where the B ® B°P-action extends to a B® B°P-action, that is,
the ideal is equivalent to (B®B°P)-Mod.

Using a very similar argument, we can show that when A and B are distinct

we have

Hom(A-Mod, B-Mod)** ~ (A®B)-Mod

So, we have

A-Mod Ry, B-Mod ~ (A® B)-Mod ~ A-Mod® B-Mod
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2.5 Towards the symmetric monoidal 3-category

of Bicommutant Categories

We do not build the 3-category BicommCat in as much detail as | | does
CNet, the 3-category of conformal nets. In this section, we spell out in detail
the bicategory Hom(77,73) for any two objects. Following the style of | 1,

we give a proposed definition:
Conjecture 2.5.1. There exists a 3-category BicommCat, whose:
e Objects are bicommutant categories.
e 1-morphisms are bimodule categories between such.
e 2-morphisms are bimodule functors between such.
e 3-morphisms are natural transformations between such.

The monoidal structure on BicommCat will be the subject of study in future
work. Similar to the spatial tensor product of von Neumann algebras, we expect
there to exist the spatial tensor product of bicommutant categories that makes
this 3-category a symmetric monoidal 3-category.

The composition of 1-morphisms is ‘categorified Connes fusion’. Composi-
tions of 2- and 3-morphisms are composition of functors and of natural transfor-

mations in the usual sense.

We use Section 2.2.2 in | ] as a reference for module categories, func-
tors, and transformations for tensor categories. For any two bicommutant cat-
egories 71,75, we define the bicategory 71-Mod-75 to be the strict 2-category

whose

e objects are tuples (M, L, R, 3) where M is a W*-category, L: 71 — End(M)
and R: 7,"°" — End(M) are bi-involutive tensor functors (with their usual
structure maps, u*, u®, L, v® with coherences) giving M the structure of
a left 7i-module and right 73-module respectively. We denote L(X)(m)
and R(X)(m) as X -m and m - X respectively. [ is a bi-involutive natural

isomorphism
Bxy: R(Y)o L(X) = L(X)oR(Y), XeT,YeT,
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natural in both arguments, such that the following hold in addition to the

standard coherences for module categories:

(i) two additional pentagon axioms hold:

(X®X')-m)-Y Bxex! ym (X®X')-(m-Y)
(X-(X'-m))-Y X (X' (m-Y))

X (X' m)-Y)

6X,Y®Y’,m

(X-m)-(Y®Y) X-(m-(Y®Y))

R ide. R
“y,y/,x-mlk w\ldx Yyl m

(X-m)-Y)- Y (m-Y)-Y")

ﬁX,Y,m.'idy\) %}
(X - (m

(ii) two additional triangle axioms hold for m € M:

81 B1,m Bx

1-m).y — 2" 1. (m-Y) 1-m)-1 ———"—1-(m-1) (X-m)- 1 —22" X (m-1)

o~ | ! o~

m-Y 1-m—mé+——m-1

(iii) coherence for compatibility between the bi-involutive structure and g
holds: Similar to the condition that appeared in the definition of a
bicommutant category in Equation 2.24, we get the following diagram
for all m,n € M where the inner product is the Hilb-valued inner

product on M (here we do not write the maps explicitly with all
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indices but indicate the maps used to construct each arrow):

(X (m-Y),
Bxy
)

(X-m)-Y,n (Y -m, X -n)
(X -m,n-Y) (m, (X -n)-Y)
X %
(m, X -(n-Y))

(2.35)

and finally the faithfulness condition holds: the functor Homy (77, M) —
Hom, (7:2*, M) induced by the inclusion 72> — 77 is fully faithful, and

similarly for 7s.

I-morphisms from (M, L, Raq, fM) to (N, Ly, Ry, BY) are pairs (F, f)
where F': M — N is a W*-functor and f consists of unitary natural iso-

morphisms
fEFoLy(X) = Ly(X)oF,  ff:FoRu(Y) = Ry(Y)oF,

natural in X € 77 and Y € 75 respectively, such that

(i) monoidal compatibility: The evident pentagon relation for both f
and f% holds, and the triangle relations, namely fL = idr and fff =

idr hold up to unitors.

(i) bi-involutive compatibility: fL and ff are morphisms of bi-involutive
functors, i.e. the squares relating f% to v* and fg to v# (for both

actions) commute.
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(iii) B-compatibility: The following diagram commutes

f)L(oid

FoLpy(X)oRm(Y) Ly(X)oFoRm(Y)
idoﬁé‘{}yT lido B
FoRm(Y)o Ly(X) Ly(X)oRy(Y)oF
] T
Ry (Y)o FoLy(X) o Ry(Y)o Ly(X)oF
Composition of 1-morphisms (G, g) o (F, f) := (G o F, g- f) is given by
(- )% = (g% oidp) o (idg o f£): GoFoLy(X) = Ly(X)oGoF,

and similarly for (g - f)%. The identity 1-morphism on (M, L, R,j) is
(Id g, id).

e 2-morphisms from (F, f) to (G, g) (two 1-morphisms (M, L, Ry, BM) —
(N, Ly, Ry, V) are unitary natural transformations n: F' = G such that

the squares

FoLu(X) % Go LX) FoRu(Y) 2% Go Ry(Y)
| e ad g Jo
LN(X)OFW LN(X)OG RN(Y)OFTOT]) R_/\/’(Y)OG

commute for all X € 77 and Y € T5. Vertical composition is composition of
natural transformations. Horizontal composition is the standard horizontal

composition of natural transformations.
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Chapter 3
Solitonic Endomorphisms

Given a von Neumann algebra, one can consider a category of endomorphisms of
the algebra, where the objects are endomorphisms and the morphisms are inter-
twiners. We can also consider the category of bimodules over the von Neumann
algebra. Both of these categories are W*-tensor categories, and in general there
is a fully faithful monoidal functor from endomorphisms to bimodules, given by
twisting the action of the algebra on the L?-space of the algebra. When the
algebra is a type III factor, this functor becomes an equivalence of categories
after adding a 0 object. We then introduce the definition of conformal nets and
recall the main results about conformal nets that play a key role in this work.
Next, we define ‘left- (or right-) localised” endomorphisms as a generalisation of
DHR (Doplicher-Haag-Roberts) endomorphisms, which are fully localised. Just
as DHR endomorphisms correspond to representations of conformal nets, the
‘left- (or right-) localised” endomorphisms will correspond to solitonic represen-

tations.

3.1 Bimodules and Algebra Endomorphisms

Given a von Neumann algebra A, a left A-module is a Hilbert space H equipped
with a normal homomorphism o: A — B(H). A morphism of left A-modules is a
bounded linear map of Hilbert spaces that intertwines the two actions. This de-
fines the W*-category A-Mod of left A-modules. Similarly, we have the category
Mod-A of right A-modules.
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Finally, given two von Neumann algebras A, B, we write A-Mod-B for the
W*-category of A-B-bimodules.

For M € A-Mod-B, we write M € B-Mod-A for the complex conjugate
Hilbert space, equipped with the action b€a := a*£b*.

Definition 3.1.1. Given M € Mod-A and N € A-Mod, we define their Connes
fusion as
M®XyN: =(M,N) = proj,, L’Ends.noa(M & N)

This defines a functor
X: A-Mod-B x B-Mod-C — A-Mod-C

and in particular, defines a binary operation on A-Mod-A which makes A-Mod-A

a W*-tensor category.

Remark 3.1.2. This definition of Connes fusion matches with the standard
definition. To see this we note that, by | , Corollary 3.15], it is enough
to compare the outputs of the two definitions for M = N = L?A. That is, we
need to check that, using the above definition, we have L*A X, L?A = L?A,
and that this isomorphism is natural with respect to the algebras End(L*A4) and
End(4L*A). We can compute proj,, L*End = L*A. The required naturality can
be easily verified using the definition of the actions of End(M,) and End(4N)
on (M,N) ([ , Definition 4.1]).

The functor (-) makes the category A-Mod-A of A-A-bimodules into a bi-
involutive W*-tensor category. The unitary isomorphism p;: M — M is iden-
tity, and the map vy ny: M Xy N — NX, M is as in | , Section 4.2]. We
let Bim (A) denote this bi-involutive W*-tensor category.

Definition 3.1.3. Given von Neumann algebras A and B, we define Hom(A, B)
to be the dagger category whose objects are von Neumann algebra homomor-

phisms p: A — B, and whose morphisms are given by
Hompom(a,5)(p, p') = {b € B |Va € A: bp(a) = p'(a)b}.

A morphism p — p' is denoted b,  (the subscripts indicate the source and target

of the morphism). The composition of morphisms is given by (b2) 5,550 (01)p1.ps ==
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(b2b1)py.ps- The identity morphism of an object pis 1, ,, and the dagger operation

is given by (ap,p')T = (a") -

The composition of homomorphisms produces a W*-functor
® : Hom(A, B) x Hom(B,C') — Hom(A, C)

given by f ® g := g o f, and we define End (A) to be the strict monoidal W*-
category Hom(A, A).

Remark 3.1.4. The W*-category Hom(A, B) is not complete. In particular, it

1s missing a 0 object.

There is a functor F: Hom(A, B) — A-Mod-B from the above category to the
category of A-B-bimodules. It sends (p: A — B) € Hom(A, B) to the bimodule

Flp) ="12B

where ?L2B denotes the standard form of B equipped with its usual right action
of B, and the left action of A given by the composite of p with the left action of
B. At the level of morphisms, given b,,: p — o, we have F(b,,) = L, where
Ly € End(L?B) denotes the left action of b € B.

The functors F are fully faithful, and compatible with composition in the
sense that there exist unitary natural transformations filling the commutative
diagrams

® : Hom(A, B) x Hom(B,C) — Hom(A,C)
FxF | = 2 (3.1)
X : A-Mod-B x B-Mod-C  — A-Mod-C,
and subject to suitable coherence isomorphisms. Here, the unitary filling the

diagram (3.1) is given by

PLPBXp 2 L*°C D" L*B ®p Hompea(L* B, L?C) — PP L.
@ f = f(E)

Specialising to the case A = B, we get a fully faithful monoidal functor

F: End(A) — Bim(A). (3.2)
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Definition 3.1.5. For any category C, we define C*° to be its 0 object comple-
tion. The objects of C*° are those of C together with a new object called 0 which

has a unique map (the zero map) to and from each of the other objects.

Proposition 3.1.6. If A is a type 111 factor, then the functor (3.2) defined above

extends to an equivalence of monoidal categories
FY: End (4)% — Bim (A).

Proof. Since F is monoidal and fully faithful, the same holds for F°. It remains
to prove that F“° is essentially surjective.

Let 4 X4 be an A-A-bimodule. If X = 0, then it’s in the image of the zero
object of M(A)UO. If X # 0, since A is a type III factor, it has a unique
(separable) right module up to isomorphism. So, we may pick a right A-module
isomorphism between X and L2A, and thus, we assume without loss of generality
that X4 = L?A,4. The only maps that commute with the right action of A on
L?A are of the form L, for some z € A. The left action of @ € A on X is therefore
given by L) for some map p: A — A. Using that x — L, is injective, one then

checks that p is a normal *-homomorphism. [

3.2 Conformal Nets

Definitions

Definition 3.2.1 (| : : ]). We define a conformal net on S* to
be the data of a Hilbert space Hy (the vacuum sector) equipped with a strongly
continuous projective unitary representation U of Diff " (S') on Hy and a vector
) € Hy called the vacuum vector, as well as the data of a von Neumann algebra
A(I) C B(H,) for every subinterval I C S'. These are required to satisfy the

following properties:
e Isotony: For any two subintervals I, I’ C S*,if I C I’, then A (I) C A(I').

e Locality: For any two subintervals I, I’ C S, if INI" = (), then [A (1), A (I)] =

0. Here, I denotes the interior of I.
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e Covariance: For any g € Difft (S') and any interval I C S', we have
Adyy) (AI) = A(g(D)). If f € Diff*(S') fixes I pointwise, then Ady s
fixes A(I) pointwise.

e Vacuum: For any g € Méb C Diff 7 (S1), Q is preserved by U(g) (up to a
non-zero scalar multiple) and €2 is cyclic for \/; ¢ A (). Further, Q is the

unique Mob-invariant element of Hy up to scalars.

e Positivity of the energy: The restriction of U to the rotation subgroup

admits a lift to a representation, and its generator has positive spectrum.
The following properties hold for any conformal net:

e Haag duality: The commutant of A(I) in B(Hy) is A(S*\ I), | :
Theorem 2.19(ii)].

e Reeh-Schlieder: The vacuum vector 2 is cyclic and separating for each
local algebra A (I). See | , Corollary 2.8], and | 1,1 | for more
details.

¢ Bisognano-Wichmann: This was shown originally in | , ]
and in | | for conformal nets. Let Sy := {z € S'|Im(z) > 0}. Let
A(t) be the one-parameter subgroup of Mébius transformations that fix
the points +1 € S', normalised so that the derivative at 1 of A(t) is e,
And let 9 : S* — S! be the map z — z. Then U(A(27t)) = A", where
A is the modular operator associated to the von Neumann algebra A(S,)
and the vector €2 € Hy. Moreover, the modular conjugation, denoted
©: Hy — Hy, satisfies Ade(A(I)) = A(J(I)) for every I C S*. See | ,
Theorem 2.19], and also | , Theorem 6.2.3], | , Theorem 3.3]
and references therein. Said differently, there exists a canonical unitary
isomorphism

BW: Hy — L*A(S,)

intertwining the operator U(A(27t)) with the modular flow A%, and the op-
erator ©: Hy — Hy (defined above) with the modular conjugation J: L2A(S,) —
L2A(Sy).

More generally, for every interval I C S', letting A;(t) C Mob be

the one-parameter subgroup that fixes the boundary points of I, we have
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U(A;(2mt)) = A, where Ay is the modular operator associated to A(T)
and Q € Hy. Moreover, the modular conjugation ©; for A(I) implements
the unique order two element 9; € Mdb x Z/2 that fixes OI in the sense
that it satisfies Adg, (A(K)) = A(¥;(K)) for every K C S'.

e Factoriality: Each local algebra A(I) is a type III; factor, | , Theo-
rem 2.13].

e Additivity: If Z = {I,} is a collection of intervals such that I c |, I,
then A(1) C ;7 A(L), | , Theorem 3.5], | , Corollary 6.2.6].

e Action of piecewise smooth diffeomorphisms: Let Diff:**(S?) be the
group of orientation-preserving homeomorphisms of S* that are C! and
piecewise smooth. Then the projective action of Diff, (S') extends to a

projective action of the larger group Diff}P*(S1) | ).

Let INT denote the category whose objects are oriented abstract intervals,
and whose morphisms are smooth orientation preserving embeddings. And let
vNAlg be the category of von Neumann algebras and algebra homomorphisms.
It was observed in | , Construction 4.2] that from the data of a conformal

net A on S! one can build a covariant functor
A: INT — vNAlg.

We call this functor the coordinate-free net associated to A, and represent it by
the same symbol A.

The construction of this functor goes as follows. Given an interval I € INT
consider the contractible groupoid Emb; whose objects are smooth embeddings
of I into S!, and whose every hom-set contains exactly one element.

We first define a functor A;: Emb; — vNAlg. On objects, A;(¢) = A(c(1)).
To define A; on morphisms, we need to provide an isomorphism A;(¢) — A;(¢)
for every pair of embeddings ¢,/ € Emb;. Given ¢, ¢/, pick a diffeomorphism
@: St — S' that extends /o v7': o(I) — J/(I). Then, a — Ady(ya defines an
isomorphism from A(c(I)) — A(¢/(I)). This isomorphism is independent of the

1

choice of extension ¢: given another extension ¢, then =" o ¢ is identity on

t(1), therefore, Ady(,-10p) is the identity on A(¢(I)), implying the assignment is
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independent of . We then define
A(1) = lim,egmp, A(e(1)).

An element a € A(I) is a collection of operators {a, € A(¢(I))}.epmp, such that
Ady(pya, = age, for each embedding ¢ and each diffeomorphism ¢ of the standard

circle St.

Remark 3.2.2. A conformal net A is called strongly additive if A(1,)V.A(ly) =
A(I) whenever [y Uly = I, and 11 N 15 is a single point. The conformal nets con-
sidered in this thesis are not required to satisfy that condition. Though [ /
only works with strongly additive nets, we note that the above construction did
not use strong additivity. This will be true for all further constructions we import

from [ , | unless stated otherwise.

Proposition 3.2.3. / , Lemma 3.6.3] Let A be a conformal net on the

standard circle S*. Then the following are equivalent:

e Haag duality on abstract intervals, that is, {a € A(I)lab = ba Yb €
A((J))} = AL\ o(J])) for every embedding v: J — I such that I \°(J)

18 connected.
o A on St is strongly additive.

Conformal nets satisfy a weaker version of Haag duality on intervals, even in

the absence of strong additivity:

Proposition 3.2.4. Let I be an interval and let J C I and K C I be such that
JU K =1 and such that the intersection J N K has nonempty interior. Then,
writing cl(1 '\ J) for the closure of I\ J, we have

A(K) N AWy = {a € A(K)|ab = ba Vb € A(J)} = A(cl(T\ J))

Proof. We may assume without loss of generality that the intervals I, J and K

are embedded in the standard circle S*. This allows us to view all our algebras
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as subalgebras of B(Hj). We then have:

AE) N Ay = AE) N A(T)

A(S'\ K) N A(J) by Haag duality
= (A(S"\ )V A(J))'

A((S'\ K)UuJ) by Additivity
A(S N\ el(I\ J)Y

A(cl(I\ J)) by Haag duality.

]

Lemma 3.2.5 (Inner Covariance). Given an interval I and a diffeomorphism
¢: I — I which is identity in a neighbourhood of 1, there is a unitary u € A(I)*
such that Ad, = A(¢).

Proof. Tt is enough to show this when I C S'. We extend ¢ to a diffeomorphism
5: St — S by identity. Pick a unitary u: Hy — Hy that represents U(%)
Since ¢ is identity of S'\¢ I, we have wA(S* \¢ u* = A(S*\¢ ), so u €
[A(S" \* D)]’g 11y = A(I) (where we have used Haag duality). O

Representations

Definition 3.2.6. A representation of a conformal net A on the standard cir-
cle S!, also called a sector of A, is a Hilbert space H equipped with actions
ar: A(I) — B(H) for all intervals I C S* such that for all inclusions J C I C S*

we have

arlaw) = ay.

A morphism f: (Hy,{ar}icst) — (Ha, {B1}ics1) between representations is a
linear map f: H; — Hs of Hilbert spaces such that f o a;(a) = Sr(a) o f for
all I € S' and all @ € A(I). The category of representations of A is denoted
Repg: (A) or simply Rep (A).

Given a diffeomorphism ¢: S; — S5, we get an equivalence of categories

¢": Repg, (A) = Repg, (A)
(H7 {%}IQCSQ) = (H, {a¢([1) © A(¢’11)}Ilcs1>
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3.3 Left-Localised Endomorphisms

We fix a conformal net 4. The main objects of study in this chapter are endomor-
phisms of the von Neumann algebras A(I) associated to multi-intervals I that
are ‘localised’ near one boundary component of I. A special class of such endo-
morphisms arises naturally in the DHR, (Doplicher-Haag-Roberts) framework for
superselection sectors, where endomorphisms are localised in a bounded region.
Here we adapt that framework to the setting of algebras assigned by conformal
nets to intervals, working with left- and right-localised endomorphisms rather
than compactly localised ones. The key results of this chapter are: a characteri-
sation of left-localised endomorphisms (Lemma 3.3.7), a canonical form theorem
showing any left-localised endomorphism is unitarily equivalent to one supported
in any prescribed neighbourhood of the left boundary (Lemma 3.3.13), and the
fact that the functor T (i) induced by a left-localised embedding is a monoidal
equivalence (Theorem 3.3.19). In the following chapter, these categories are
shown to be monoidally equivalent to solitonic representations after 0 object

completion (Theorem 4.5.4).

Definition 3.3.1. If I is a multi-interval, define A(I) to be the spatial tensor

product of A(I;) where I; are the connected components of I.

Remark 3.3.2. We will give a definition of A(I) for an arbitrary compact 1-
manifold I in Definition 4.6.5. This will be compatible with Definition 3.3.1 due
to Equation 4.9.

Lemma 3.3.3. Giwen a multi-interval I and a diffeomorphism ¢: I — I which
is identity near 01, there is a uw € A(I) such that A(¢) = Ad,.

Proof. Let I; be the connected components of I. Then ¢ induces diffeomorphisms
¢;: I; — I; each of which are identity near dI;. So we have u; € A(I;) such that
A(¢;) = Ad,, by inner covariance. Now, note that

¢ = (o Uidy, U---idy,) o (idy, UWp U -+ - Uidy, ) o+ -- 0 (idy, Uidy, U--- U )

Thus A(¢) = Adg; o --- 0o Adg; = Adg;..q; where @; are the images of w; under
the map A(L;) — A(L)®--- QA(L,) ~ A(I). O

We also have Haag duality for multi-intervals.
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Proposition 3.3.4. Let I be a multi-interval and let J C I and K C I be multi-
intervals such that 0, J = 0.1, 0_-K = 0_1, and JUK = I, and the intersection

J N K has nonempty interior. Then we have
AK)N [.A(J)];\(I) ={a € A(K)lab=1ba Vb e A(J)} = A(I\°J)

Proof. This follows from Equation 4.9, Proposition 3.2.4, and | , Chapter
IV, Theorem 5.9] which tells us that given disjoint subintervals Iy, I, € S, we

have
A BAL) 5o o) = FATD) 5210 O LAU2) (11,)-

]

Definition 3.3.5. Let I be a multi-interval and let J be a multi-interval with
i: J < I, an embedding. We say an endomorphism p: A(I) — A(I) is identity
on A(J) if p(x) = x for all x € A(J).

Definition 3.3.6. Let I be a multi-interval. We say a sub-multi-interval J is
left-localised if 0_J = 0_I and right-localised if 0,J = 0,I. Given a multi-
interval I’ and an embedding ¢: I’ < [ such that i(I") C I is left-localised, we
say i is a left-localised embedding. We denote the category of multi-intervals
and left-localised embeddings by MInt; where the subscript ‘1I’ stands for left-

localised.

I

87J - 87.[ 8+J 8+I

J 1
The following lemma gives four equivalent ways to express the extendability,

which we will use interchangeably.

Lemma 3.3.7. Let I be a multi-interval, let J be a right-localised sub-multi-
interval of I, and let p: A(I) — A(I) be a homomorphism which is identity on
A(J). Then the following are equivalent:
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(i) There exists a multi-interval I', a left-localised embedding I — I', and a
homomorphism p': A(I') — A(I") which is identity on A(I'\(I\°J)) and
p'(z) = p(x) for x € A(I). We say p’ extends p by identity.

(ii) For every left-localised sub-multi-interval K C I such that p is identity on
A(I\° K), we have that p(A(K)) C A(K).

(11i) There exists a left-localised sub-multi-interval K C I such that I\®J C K
and p(A(K)) C A(K).

(iv) For every multi-interval I' and left-localised embedding I — 1" there is a
unique homomorphism p': A(I') — A(I') which extends p by identity.

Proof. Clearly (i1) = (¢ii) and (iv) = (7). We show (i) = (4i) and (i) = ().
(i) = (ii): We have

p(A(K)) = p'(A(K)) € [p' (AU K))]agmy = [AUN K]y

The first equality is true because p’ is an extension of p by identity, the next
inclusion is because A(K) and A(I"\°K) commute in A(I") and p is an x-algebra
homomorphism, and the last equality is because p’ is identity on A(I"\“K). Since
p(A(K)) C A(I), we have

p(AK)) € AU N AU K)oy = A(K)

The last equality follows from Proposition 3.3.4.
(iii) = (iv): Let J'=1'\° (I \°J). J" and [ are sub-multi-intervals of I" such
that JJUI = 1" and J' NI = J. By additivity, A(J") and A(I) generate A(I").
Therefore, if a p’ exists, it is unique, as it is fully determined by its values on
A(J') and A(I) which are specified to be id 4.,y and p respectively. So we only
need to show that such a p’ exists.

Choose a diffeomorphism f: I = I’ such that f(p) = p for p € K. Define
o =A(f)opo A(f'). We show p’ defined this way extends p by identity.

Let z € A(J'"). Then A(f 1) (x) € A(J). Thus,

where in the second equality we used that p is identity on A(J).
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Let z € A(K). Then

where in the second equality we used that A(f) is identity on A(K) and in the
third equality we used the same fact along with p(A(K)) C A(K). p' matches p
on A(I) as A(K) and A(J) generate A(I) and p' and p are identical on both of
these subalgebras of A(I). O

Definition 3.3.8. Given a multi-interval I, we say a von Neumann algebra
homomorphism p: A (I) — A () is left-localised if there are sub-multi-intervals
J, K C I such that J is right-localised, K is left-localised, I \° J C K, p is
identity on A(J), and p(A(K)) C A(K).

Remark 3.3.9. We could have used any of the four equivalent statements in
Lemma 3.3.7 in Definition 3.3.8.

Definition 3.3.10. Given a multi-interval I, we say a € A (I) is a left-localised
element if there exists a left-localised sub-multi-interval K C [ such that a €

A(K).

Definition 3.3.11. For a left-localised endomorphism p € End(.A (7)), define
its left support as

suppp :=1\J
where J is the closure of the union of all right-localised sub-multi-intervals J’

such that p is identity on A(J"). We similarly define the right support of a

right-localised endomorphism.
Note that, by additivity, we have p is identity on A(I \°supp p).

Remark 3.3.12. If p is both left-localised and right-localised, the left support of
p need not be the same as its right support, and the notation supp p s therefore
potentially ambiguous. In that case, the support is defined to be the intersection

of the left support and the right support.

Lemma 3.3.13. Let I be a multi-interval and p: A(I) — A(I) be a left-localised
endomorphism. For any right-localised sub-multi-interval J C I such that J N
supp p has nonempty interior and as many connected components as I, there is

a unitary u € A(supp p)* such that for all x € A(J) we have p(x) = uzxu*.
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Proof. Let J' = I \®suppp. Consider a diffecomorphism ¢: I — I such that
there exists an open neighbourhood U of 91 such that ¢(p) = p for p € U and
J C ¢(J'). By Lemma 3.3.3, there is a unitary v € A(I)* such that for all
x € A(I) we have A(¢)(x) = vav*. Define u = p(v)v*. For an x € A(J), we

compute

where in (*) we have used that A(¢~1)(A(J)) C A(J') and p is identity on A(J").

Let J” C U be a right-localised sub-multi-interval of I such that p is identity
on A(J"). Then ¢|peyr: I\ J" — I\ J" is a diffeomorphism which is identity
on an open neighbourhood of 9(1\¢J”). Thus, we can choose v € A(I\*J")* C
A(I)*. Such a v still satisfies Ady = A(¢) on all of A(I) as ¢ is identity on
J". Also, since p is identity on A(J"), we have p(A(I \¢J")) C A(I\°J"), so
p(v) € A(I\¢J"). Therefore u = p(v)v* € AL\ J").

For z € A(I'\“supp p), we have p(z) = z = uzu, so u € [A(L \*supp p)|'y -
Thus

u € [A(I\"supp p)]lupy N AN\ J") = A(supp p)

where we have used Proposition 3.3.4. O

Definition 3.3.14. For any multi-interval I, define the category of left-localised
endomorphisms 7, (I) to be the subcategory of End(A(I)) on left-localised
endomorphisms and morphisms represented by left-localised elements of A (I).
We give this the induced monoidal structure. Namely, the tensor product of
objects is given by p®o: = gop, and the tensor product of morphisms a : p — p/
and b: o — 0’ is a® b := 0'(a)b = bo(a). The f-structure is given by a' := a*.
We can similarly define the category of right-localised endomorphisms as

Ti () =Ti().
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Definition 3.3.15. Let p,o be objects in 7, () and a: p — ¢ be a morphism
in 77 (I). Define suppa = suppo U supp p, this is the union of the bigger of
the two sub-multi-intervals in the supports of p and ¢ in each component of I.

Clearly, suppa C I is left-localised.

Lemma 3.3.16. Let p,o be objects in T, (I) and a: p — o be a morphism in
Ti(I). Then a € A(suppa).

Proof. For x € A(I\“suppa), we have ax = ap(x) = o(z)a = za. So a € [A(I\°
supp a)’y()- Since a is a left-localised element of A(I), there is a left-localised
sub-multi-interval K C I such that a € A(K). Without loss of generality, we can
assume suppa & K. Therefore, a € A(K)N[A(I\°suppa)|’y ;) = A(suppa). O

The pictorial intuition for the above result is that intertwiners between lo-

calised endomorphisms are themselves localised.

Lemma 3.3.17. Let I be a multi-interval and ¢: I — I be a non-surjective
embedding which is identity on a neighbourhood of 0.1. Then A () is left-
absorbing in T (I). Further, EndT;(I)(A(qzﬁ)) = A(I'\“im(¢)).

Proof. Clearly, A(¢) is a left-localised endomorphism. For any left-localised
p: A(I) - A(I), by Lemma 3.3.13, we can find a unitary u such that p': =
Ad, o p is localised to the left of im(¢). Note u supplies an isomorphism p — p'.

Then we have
A(@)®@p=poA(d) = p'oAd) = A(¢)

A morphism a: A(¢) — A(¢) in T (I) is a left-localised element a € A([)
such that for all z € A(I) we have aA(¢)(x) = A(¢p)(x)a. In other words,
a € [A(im(¢))]y - Since a is left-localised, there is a left-localised sub-multi-
interval K C I such that a € A(K) and K Nim(¢) is a sub-multi-interval of I.
Thus K Uim(¢) = I, and so we have

Endy 1y (A(9)) = A(K) N [A(im(¢))] ) = A\ im(g))
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Definition 3.3.18. Let I, I’ be multi-intervals and i: I < I’ be an embedding
that makes I a left-localised sub-multi-interval of I’. Define the strict monoidal
functor T (¢) : T4 (I) = T4 (I') on

e objects as: Given a left-localised endomorphism p: A (1) — A (), define
T4 (1) (p): A(I') — A(I)

to be the extension of p by identity using Lemma 3.3.7. We shall also
denote this by p®™*.

e morphisms as: For a,,: p — ¢ a morphism in 7, (I), define
U (1) (apo) = AT (1) (), T (0) (o)

Proof of functoriality. 1t is clear that 7 (i) preserves identity morphisms and

composition. We show that

e T, (i)(p) is an object of T, (I'): Let J C I be a right-localised sub-multi-
interval such that p is identity on A(J). Since T, (i)(p) is an exten-
sion of p by identity, we have that it is identity on A(I’ \° (I \¢ J)) and
T4 (1) (D) AL\ J)) = p(A(I\* J)) € A(I\* J). Therefore, T, (i)(p) is

left-localised.

e T, (i)(ao) is a morphism in 7, (I'): Since a € A(suppa), it is a left-
localised element of A(I”). To show that a T (i)(p)(x) = T, (i)(o)(z)a for
all x € A(I'), it is enough to check for x € A(I) and x € A(I’ \°suppa).

This reduces to

ap(x) =o(x)a for z € A(I)
ar =ra  for x € A(I' \®suppa)

The first equation is true as a is a morphism from p to o and the second

is true as a € A(suppa).

e Strict monoidality Given two objects p, o/, the objects T, (1) (p)@T{ (i)(p') =
TL@) () o TS ()(p) and T4 (1)(p ® p') = T, (i)(p' o p) are extensions of
p®p = p'op by identity, and thus must be equal as extensions by identity

are unique. It is also clear that T, (¢)(ida)) = ida()-
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]

Theorem 3.3.19. Let I,1' be multi-intervals and i: I — I' be a left-localised

embedding. Then T, (i) is an equivalence of monoidal categories.

Proof. Since T (i) is a monoidal functor, it is enough to prove it is an equiva-
lence, for an inverse will automatically be monoidal. T (i) is clearly faithful.

To see that T (i) is essentially surjective, we note that any object of 7, (') is
isomorphic to an object localised within / using a unitary supplied by Lemma 3.3.13.

We now show fullness. Let p, o be two objects of T (I) and a: T, (i)(p) —
T4 (i)(c) be a morphism in 7, (I'). So we have a7, (i)(p)(z) = T, (i)(0)(x)a
for all z € A(I'). For x € A([), this reduces to ap(x) = o(z)a.

Now we need to check that a is a left-localised element of A(I). Note that
supp T4 (¢)(p) = suppp C I, and similarly for o, so suppa C I. Since a €
A(suppa), a is a left-localised element of A(T). O

Remark 3.3.20. Though T, (i) is a strict monoidal functor, it is not a strict
equivalence of strict monoidal categories, for it is merely essentially surjective.

In particular, an inverse to T, (i) would not be a strict monoidal functor.

Definition 3.3.21. For a multi-interval I, define DHR 4(/) to be the subcategory
of End(A(I)) on objects and morphisms which are in both 7, () and T (I).

Remark 3.3.22. Versions of all results in this chapter apply to DHR 4(I) too.
In particular, given p € DHR4(I) and any multi-interval J C I (need not be
localised to any side), there is a p’' isomorphic to p in DHR 4(I) which is identity

on A(I\°J).
Definition 3.3.23. Let [ be a multi-interval and II C m(/). We define the
category T4(I,1I) to be the subcategory of T, (1) on

e objects p such that for every connected component I; of I which is in II,
there is a left-localised subinterval K; C I; and there is a sub-multi-interval
J C I such that p is identity on every A(Kj;), J N I; does not intersect 0I;
and for connected components I;; ¢ II, J N I; C I is left-localised, and
p(A(])) € A(J).

e morphisms are localised similarly.

Remark 3.3.24. All results proved in this section apply to this more general

set-up.
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Chapter 4
Solitonic Sectors

The previous chapter developed the algebraic machinery of left-localised endo-
morphisms, defining for each multi-interval I the category T, (I) of endomor-
phisms of A(7) that are the identity on a right-localised subinterval. The present
chapter develops the complementary Hilbert-space picture of the same objects:
the category of solitonic representations of a conformal net A. On the circle S?,
one is led to consider representations of all local algebras A(J) for proper subin-
tervals J C S* whose interior does not contain a fixed marked point 1 € S*, with
no compatibility condition imposed across that point. The resulting category,
Sol(A) = R4(S*, {1}), is the central object of study in this chapter.

One of the main results (Theorem 4.5.4) is an equivalence of dagger monoidal

categories

Sol(A) =~ T{ (5™,

so that every solitonic representation arises as the vacuum Hilbert space Hy with
its A(S,)-action twisted by a left-localised endomorphism, and vice versa. The
monoidal structure on Sol(A) is Connes fusion M X 4g,) N, and corresponds
under the equivalence to composition of left-localised endomorphisms. We show
that the category of solitonic representations is a bicommutant category accord-
ing to Definition 2.2.26. In particular, the bicommutant property of Sol(A) is
established, yielding as a corollary that the Drinfeld centre of Sol(.A) is Rep(.A).
This is a generalisation of the result in [ | which only establishes the the-
orem under the assumption of rationality. Also, we prove our result without the

assumption of strong additivity.
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4.1 A little note on the term ‘soliton’

The word soliton entered physics in 1965. Studying solitary-wave solutions of the
Korteweg-de Vries equation numerically, Zabusky and Kruskal | | observed
that these waves retained their shape and speed after collision. This particle-

¢

like behaviour is what led them to coin the term. The suffix ‘-on” was chosen
deliberately, by analogy with electrons and photons, to signal the authors’ belief
that these objects behaved like particles. | ] is a survey on the stability
theory of solitons in non-linear dispersive PDEs for those who wish to go down
that path.

Solitonic solutions of classical field equations have long been a central object
of study in quantum field theory. In this setting, | ] (and references therein)
investigated the existence of new superselection sectors and states whose field-
operator expectation values resemble those of a classical soliton solution. Such
states were termed ‘soliton configurations’: their field expectation values at spa-
tial infinity differ from those of the vacuum, and consequently they do not lie
in the vacuum sector but instead generate a distinct superselection sector of the
theory. In particular, Section 6 of | ] (see Definition 9) develops a general,
model-independent theory of soliton automorphisms, which provides an early
foundational reference for the material of the present chapter.

In the specific context of conformal nets, solitonic representations were stud-
ied in | : , ]. Their relationship to symmetry-breaking bound-
ary conditions was explored by Fuchs and Schweigert | , |. If we tem-
porarily assume that the concepts of a chiral algebra and conformal net are
interchangeable, a symmetry-breaking boundary condition only preserves a sub-
algebra B C A of the chiral symmetry algebra, and symmetry-breaking bound-
ary conditions are in bijection with solitonic representations of A relative to B.
When B = A% for a finite group G, this reduces to the orbifold setting, studied
in [ , , |. The solitonic representations considered in this thesis

are the extreme case in which the preserved subalgebra is trivial, that is, B = C.

4.2 Solitonic Representations

Definition 4.2.1. Let [ be a 1-manifold and let P C I be a finite subset. We
define the category R4 (I, P) to be the category whose
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e objects are tuples (H,ay: A(J) — B(H)) where H is a Hilbert space,
J C I are intervals such that PN J = PN oJ (that is, P is never in the
interior of J), and a; are homomorphisms of von Neumann algebras. Given

two subintervals Jy, J, C I, if J; C Jy we require that av,|4s,) = ay,.

e morphisms are maps of Hilbert spaces that intertwine the actions of A(J)

for every subinterval J C I.

We give it a dagger structure using the Hermitian conjugate of Hilbert space

maps.

Intuitively, the marked points in the previous definition are the locations

where no compatibility between local actions is imposed.

Definition 4.2.2. Given two l-manifolds I,I’, an embedding i: I — I’, and
finite subsets P C I and P' C I’ such that P’ ni(I) C i(P), we define the

following functor

i*: Ra(I', P') =RA(, P)
(H, {OéJ’}J/gI') = (Hv {aiw) o A(i|J)}J§I>

Definition 4.2.3. We call the category R 4(S, () the category of representations
of A on S or the category of S-sectors of A and denote it Repg(A). If S = S

we call them just representations and denote this category Rep(.A).

Definition 4.2.4. We call the category R4(S?, {1}) the category of solitonic
representations of A and denote it Sol(A).

Lemma 4.2.5. Let p =1 € S' be our fized base point, and let {I; C S'}icr be a

collection of intervals that satisfy

UL=s"" and [ JL=5"\{p}

1€l i€l

Let H be a Hilbert space equipped with actions p; : A(l;) — B(H) fori € T which

are compatible in the sense that:

 pilawng) = pilawngy: AL N 1) — B(H).
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o fFor every j,k € Z and every intervals J C I;, K C I with disjoint
interiors, the algebras p;(A(J)) and pp(A(K)) commute.

Then for every interval I C S, the actions
pilagnr) : AN L) — B(H)

extend uniquely to an action of A(I) on H, and collectively these actions equip

H with the structure of a solitonic representation of the conformal net A.

Proof. This is a special case of | , Lemma 4], applied to the manifold S}, :=
0,27] (with the identification between (0,27) and S* \ {p} provided by the
exponential map). O

Remark 4.2.6. Although strong additivity is appealed to in the proof of [ ,
Lemma 4], it is not needed here: the covers occurring in the argument consist of
intervals whose interiors overlap, so additivity already generates the algebra of
the covered interval. Strong additivity would be required only for covers by finitely
many closed subintervals overlapping in endpoints alone, and no such cover oc-
curs. The implementing unitaries, moreover, are localised by diffeomorphism

covariance alone.

The definition of Sol(.A) is the conformal-net counterpart of Frohlich’s notion
of a soliton sector | |. In Frohlich’s framework, a soliton automorphism of
the observable algebra is one that acts as the identity in the left asymptotic
region and as a global symmetry in the right asymptotic region. The single
marked point 1 € St in our definition plays the role of an asymptotic interpola-
tion locus. Intervals not containing 1 in their interior correspond to observables
localised away from the interpolation point, and on these the representation
is required to be consistent (isotonous); but no condition is imposed at 1 it-
self. To give an example, combining results from | , , 1,
the category of solitons for the conformal net Aq ) for a compact, connected,
simply connected group G and k € H{(BG,Z) is the category Rep,(QG) of
locally normal representations of the based loop group at level k | , Main
Definition]. The based loop group is a subgroup of the free loop group LG,
QG = {continuous f: S' - G| f(1) = ec}-
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Definition 4.2.7. Let S be a disjoint union of n copies of the standard circle S*
and let IT C {1,...,n} ~ m(S) index a collection of circles in S. Define S4(n, IT)
to be Ra(S, {Li}icro(s)\i). Here the circles in II are unmarked and contribute
to representations, and the others are marked at their copy of 1 and contribute

solitonic representations.

Remark 4.2.8. In what follows, we shall often only prove statements for inter-
vals and for the standard circle (rather than multi-intervals and disjoint unions

of standard circles) for simplicity; however, the proofs extend straightforwardly.

4.3 The Vacuum Sector

Recall the vacuum sector Hy. This is an object of Rep(A).
Definition 4.3.1. We define the map C': Hy X 4(s,) Hy — Hj to be

Ho s,y Ho 222, 12A(5,) Bus,) L2A(S;) % L2A(S,) 25

Here the right action of A(S,) on Hy comes from the left action of A(S_) and
the fact that A(S,) ~ A(S_) ~ A(S_)°? under the isomorphism given by Ade.
This map is clearly linear with respect to the left and right A(S, )-actions on

HO &A(SJF) H(] and H()-

Definition 4.3.2. Given two circles S; and Ss, and two sectors (HZ-, (O&)IC&_) €
Repg, (A) for i = 1,2, a diffeomorphism ¢: S; — S, and a unitary u: Hy; — Hs,

we say v implements ¢ if the following diagram commutes for all intervals I C S

A1) 242 46 (D)

a}l la?bm

B(Hy) —3— B(Ha).

Equivalently, u implements ¢ if v : H; — ¢*(Hz) is a homomorphism of S;-

sectors.
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Lemma 4.3.3. Let 11,15: St — St be orientation-preserving piecewise-smooth
C' diffeomorphisms that fir 1, —1 and satisfy

(SEEY S B SN |

ﬁl lﬁ (4.1)

S, —— St St

2\

P2

That is, Y (z)* = q(2*) for z € S_. Then define

Y1 (z) if 2 € Sy
77[)2 (Z) ZfZ eS_.

vy (2) =

and let vy, vy, vy implement 1y, 19, 9y. Then the following diagram commutes up

to a phase
Hy R s,y Ho —S— H,

mml l (4.2)

H() &A(SJr) HO T> H().
Proof. We define a group G of piecewise smooth C! diffeomorphisms as follows:

G := {(¢1,1)9) satistying Equation 4.1}
= {(¢1, 2, p3) : piecewise smooth C' diffeomorphisms S, — S, s.t.

01U (90 09) and ¢p U (9 0 3 009) are C'}

The equivalence between the two descriptions is given by ¢1 = ¥1]s,, @2 =

1ﬁ2|5+ =1vo (P1|s ) o, and w3 =V o (g|s_) 0 V.
For every (o1, @2, p3) € G, we must show that

V vy € U(Hp) implementing ¢ U (0 0 g 0 9),
vy € U(Hp) implementing ps U (1 0 @3 0 1), (4.3)
vy € U(Hp) implementing U (Yopsodl), Equation 4.2 .

holds.
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Consider the following subgroups of G:

G1 = {(p,ids, ,ids, )}
Gy = {(idg, ,ids,, @)}
GS = {(907 507(10)}

These subgroups generate GG, as any element (1, @2, ¢3) € G can be written as

(9017 ¥2; @3) = (@27 ¥2; QOQ) o (9051 © ¥, idS+7 id5+) © (id5+7 idS+7 @51 ° 803)

Therefore, it is enough to check Equation 4.3 for elements of G4, G5, Gs.
We first show that elements of (G; satisfy Equation 4.3. In that case, ¥y =
idg1, Y1 ]s. = ids_, and ¥y = 11, we may take v; = vy, and Equation 4.2 reduces

to
Hy R,y Hy —5— Hy

U1 @idHol lvl

Ho X s,y Ho — Hy,

which commutes by naturality of unitors. The case of (G is similar.
It remains to show that elements of G3 satisfy Equation 4.3. In that case,
=1 =Yy =Yy = U (Jopod), and we may take v; = vy = vy. Upon

conjugating by the Bisognano-Wichmann isomorphism, Equation 4.2 reads:

L*(A(S1)) Rags,) L2(A(Sy)) 2 L2(A(Sy))

wxwl lw (4.4)

L2(A(S1)) Bags.) L2(A(SL)) s LHA(S,))

unitor

where w := BW owv; o BW™.

We claim that w is equal to L?A(p) up to a phase, and that Equation 4.4
therefore follows from Proposition 2.1.13. To finish the proof, we are thus reduced
to showing that u = L?A(p)ow* is a multiple of the identity. Indeed, it is easy to
check that u is equivariant with respect to both the left and right A(S, ) actions
on L?A(S,). The result follows since L2A(S,) is an irreducible bimodule. [

Corollary 4.3.4. If 1 = idg1 wn Lemma 4.3.3, we can choose v; = idy, and

vy = Vg, and then Equation 4.2 commutes on the nose.
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4.4 The Monoidal Structure on Solitonic Rep-

resentations

Let I, I_ be subintervals of S* such that S_ C I, S, CI,,andd_I, =0, 1_ =
{1}. Let Iy = (- \°S_)U (I; \°S+). We wish to define a bilinear functor

X: A(I_)-Mod x A(I,)-Mod — A(I,)-Mod

(4.5)
(M,N) '%MIXA(&.) N

By | , Corollary 3.15], in order to define a functor F' : A(I_)-Mod x
A(1,)-Mod — A(I,)-Mod, it is enough to specify it on generators of A(1_)-Mod
and A(I;)-Mod. The vacuum sector H, with its standard A(/_)-action is a
generator of A(/_)-Mod. Similarly, H, with its standard A(I;)-action is a gen-
erator of A(/,)-Mod. On those generators, we define F(Hy, Hy) := Hy, where
the latter Hy is equipped with its standard A(l,)-action. To construct F' as a
functor, we still need to define it at the level of morphisms: for a € Enda;_y(Ho)
and b € Enda,y(Hy), we simply declare F'(a,b) := ab € End ;) (Ho).

When M and N are both equal to Hy, the functor F' agrees (at the level of
underlying Hilbert spaces) with the functor (M, N) — M X4,y N. By | ,
Corollary 3.15], the formula given in Equation 4.5 is therefore a valid formula for
the functor F', and we may reinterpret our construction above as having endowed
M X ys,y N with the structure of an A(Iy)-module.

Definition 4.4.1. The monoidal structure on the category of solitonic represen-

tations of a conformal net A is given by:

X: Sol(A) x Sol(A) — Sol(.A)
M,N — M&A(S+) N

If I C St is an interval that is contained in either S_ or S, then it is clear how
A(I) acts on M M yg,y N. If =1 € I and 1 & I, then we can define the action
of A(I) on M Mg,y N via Equation 4.5 with I_ := JUS_ and I, :=TUS,.
These actions are compatible with each other. By Lemma 4.2.5, they therefore
equip M K45,y N with the structure of a solitonic representation.

We give Sol(A) the structure of a bi-involutive tensor category (Definition 2.2.7)
inherited from (A(S),.A(S+))-bimodules (see [ , Section 4.2]). The only
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thing that requires checking is that the associators and unitors are morphisms
in Sol(A).
To check that the left unitor A : Hy X M — M is a morphism in Sol(A), i.e.,

that we have a natural transformation

Sol(A) x Sol(.A)

HoXidge)(a) X
A

Sol(A) — > Sol(A),

it is enough to check that for every interval I, satisfying S, C I, and 0_I, =
{1}, the whiskering

Sol(A) x Sol(.A)

Hoxidge)(a) %4

Sol(A) - > Sol(A) =% A(IL)-Mod

is a natural transformation between two functors from Sol(A) to A(I,)-Mod.

We may rewrite Equation 4.6 as

Sol(A) x A(1;)-Mod

Hoxid a(1, )-Mod X

Sol(A) == A(I,)-Mod _ > A(I,)-Mod,

so it is enough to show that

Sol(A) x A(1;)-Mod

Hoxidgey(a) X
2

A(I,)-Mod _ » A(I,)-Mod

is a natural transformation of functors from A(I;)-Mod to A(I;)-Mod. For the
latter, it is sufficient to perform the verification on a generator of A(I;)-Mod.
The vacuum sector Hy € A(I;)-Mod is a generator, and the unitor map A : HyX
Hy — Hy (Definition 4.3.1) is A(I)-equivariant by the construction Equation 4.5
of the action. This finishes the verification that the left unitor is a morphism in

Sol(.A). The case of right unitors is similar.
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We now address the case of the associators. We need to check that the
associator a : (MXN)XP — MX(NKP) is a morphism in Sol(A). Equivalently,

we need to check that o provides a natural transformation

Sol(A) x Sol(A)
/
Sol(A) x Sol(.A) x Sol(A) “a

T
Sol(A) x Sol(.A)

Sol(A).

It is enough to check that for all intervals 7, and I_ satisfying S, C I, S_ C I_
and 0_I, = 0,1 = {1}, the whiskering

Sol(A) x Sol(.A)
/ “ \ forget
o /=

Sol(.A) x Sol(.A) x Sol(.A) Sol(.A) A(1,)-Mod

Sol(A) x Sol(.A)

is a natural transformation between functors from Sol(A) x Sol(A) x Sol(\A) to
A(I,)-Mod. We may rewrite the above as

A(I_)-Mod x A(I)-Mod

/ \

Sol(A)? — A(I_)-Mod x Sol(A) x A(L.)-Mod o A(IL)-Mod

\ /

A(I-)-Mod x A(I,)-Mod

So it is enough to check « is a natural transformation. The latter can be checked
on generators of A(/_)-Mod and of A(I;)-Mod, so all we need to check is that
for every soliton M € Sol(.A) the map a: (HyX M) X Hy — Hy X (M X H,) is
a morphism in Sol(.A). This map can be rewritten as a composition of unitors,
all of which have been shown already to be morphisms in Sol(A). This finishes

the verification that the associator is a morphism in Sol(.A).

We visualise this fusion as two copies of S! associated to M and N (let them
be called S}, and S} ) being joined over (S%) and (S},)_ to form another copy

of S, which we call (S1)ymy. We illustrate this in the following diagram:

91



Remark 4.4.2. In the case of Sa(n,I1), the role of Hy is played by HyXc - - - K¢

Hy instead, and we can give it a monoidal structure the same way.

4.5 Equivalence with Left-Localised Endomor-
phisms

Definition 4.5.1. Given an object p € T, (S;), we define a solitonic represen-

tation ” Hy to have underlying Hilbert space Hy and the action of

e A(I) where I C S! is an interval such that S, C I and §_I = {1} is given
by
A(I) & A(I) — B(Ho)

where p’ is the extension of p by identity.

o A(I) where I C S is an interval such that S_ C I and 9,1 = {1} is given
by
A(I) = B(Ho) ** B(H)
where v € A(suppp) C B(H,) is a unitary such that p(x) = uzu* for
re A(INSy).

To see that the second point does not depend on choices, note that two unitaries
u,u’ satisfying the given conditions will differ only by a unitary in A(supp p)
commuting with all of A(I N S,), so they only differ by a scalar. Thus Ad, is
well-defined.

Every other interval I C S' whose interior does not contain 1 is contained
in one of the above and thus acts on ?Hy. These actions are clearly compatible
with each other, hence by Lemma 4.2.5 equip Hy with the structure of a solitonic

representation.
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Definition 4.5.2. We define a functor R: 7 (S}) — Sol(A) on
e objects by mapping p € T (S;) to ?Hj.

e morphisms by mapping a morphism a: p — p' in 7, (Sy) to a € A(Sy) C
B(H,) viewing it as map Hy — H.

We give it the data of a monoidal functor using the map
“Ho® " Hy = *(Ho & Ho) < (' Hy) = " Hy

We extend this to a monoidal functor R: T, (S4)“" — Sol(A) by mapping the 0
object to the 0 object. It is easy to see that C satisfies the necessary coherences

from Corollary 4.3.4.

Lemma 4.5.3. Given H € Sol(A), the images of actions of A(S;) — B(H)
and A(S-) — B(H) commute.

Proof. Choose a countable collection of intervals {I; C S, };en such that 1 & [;
for any ¢ € N and
U il == S?+

ieN

By additivity, the algebra generated by all the A([;) in A(S.) is dense. So
it is sufficient to prove that the image of each A(I;) — B(H) commutes with
A(S_) — B(H) for every i € N.

Let J; € S, be the subinterval of S* whose boundaries are 1 and d_I; and
which does not intersect the interior of [;. This is always an interval as I;
is a proper subinterval of S, which does not contain 1. S_ and I; are both
subintervals of S \¢J;, this is a subinterval of S* whose interior does not contain
1. Thus, the actions of A(S_) and A(;) on H are restrictions of the action of
A(ST\¢ J;). Since I; € S¢, I; and S_ have disjoint interiors, so by locality, we
have that A(S_) and A(I;) commute as subalgebras of A(S' \¢ J;). Therefore,
the images of A(S_) — B(H) and A(I;) — B(H) commute. O

Theorem 4.5.4. The functor R: T, (S4)”° — Sol(A) is an equivalence of dag-

ger monoidal categories.
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Proof. 1t is enough to show it is an equivalence. It is clearly faithful and dagger.

Fullness: Let p,p’ € T4 (Sy). Let f: ”Hy — ? Hy be a map of solitonic
representations. Define J = supp p Usuppp’ € S,. Since f is A(S? \¢ J)-linear
and the actions of A(S' \¢ J) on the domain and codomain of f are just its
actions on Hy, we have [ € [A(S"\° J)];5p,) = A(J). Therefore f € A(S) is a
left-localised element. The A(S,)-linearity of f gives us that fp(z) = p/'(z)f for
all z € A(Sy). Thus, f: p — p' is a morphism in 7, (Sy). Since maps to and
from a 0 object are unique, R is full on hom-sets to or from 0 as well.

Essential surjectivity: Let M € Sol(A). If M is 0, it has a preimage. So we

consider the case where M is not 0. Then, M is isomorphic as an A(S_)-module
to L2A(S_) which is equivalent to Hy as an A(S_)-module by the Bisognano-
Wichmann theorem. We assume M is of this form. Since the commutant of
A(S_) in B(H,) is A(S.), the action of A(Sy) on M has to factor through
the standard action of A(S}) on M by Lemma 4.5.3, therefore M is isomorphic
to PHy for some p: A(Sy) — A(Sy). Let I C S' be an interval such that
S, € I and 9_I = {1}. Then, as the action of A(S*\¢I) on ?Hy is just the
standard action of A(S*\¢I), by Haag duality, we have that the A([)-action on
PH, factors through the canonical action of A(/) on Hy. This gives us a map
P A(I) — A(I) which is p on A(S,) and identity on A(7 \¢S;). Choosing an
I’ bigger than I, we see this even admits an extension by identity. Therefore,
¢ € TF(I) by Lemma 3.3.7. However, this category is equivalent to 7, (S4),
so it must have a preimage (up to isomorphism) p”, and we have ?H, ~ *" H,

which is in the image of R. [

This allows us to import the bi-involutive tensor structure on Sol(A) to
Ti (S+)U0 up to a contractible choice (a choice of inverse to the above equiva-

lence). They are also both manifestly W*-categories.

Corollary 4.5.5. For any interval I C S such that 0_1 = {1}, T (1)*" ~
Sol(A).

Corollary 4.5.6. Let I C S be a subinterval such that 1 is in the interior
of I and —1 is not in the interior of I. Then we have a canonical equivalence
TL(INSy) =T (InS_)mep.

Proof. This follows from Corollary 4.5.5 and the fact that —: Sol(.A) — Sol(.A)™°P
is an equivalence and this functor is ¥* where ¥: St — S! is the complex conju-

gation map which maps S, to S_. O]
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Lemma 4.5.7. Let S be a disjoint union of n copies of the standard circle S*
and IT C 7o(S). Let I be a sub-multi-interval of S such that the inclusion I — S
is an isomorphism on connected components, and for components I; C S} such
that S} ¢ T1, O_I; = {1;,} C S;. Then TA(I,11)*° is equivalent to Sa(n,II).

In particular, for any interval I C S*, we have DHR 4(I)“° ~ Rep(A).

Proof. The proof of this is identical to that of Corollary 4.5.5. m

Corollary 4.5.8. Let I be a multi-interval and P C I a 0-dimensional sub-
manifold such that the inclusion map P — I is an isomorphism on the set of
connected components. Let Iy and Iy be the sub-multi-intervals of I to the right
and left of P, where right and left are defined using the orientation of I. Then

there is a canonical equivalence T (I1) =~ T (I2)™P.

Proof. Similar to Corollary 4.5.6. O]

4.6 The Assignment of a von Neumann Algebra
to an arbitrary 1-Manifold by a Conformal
Net

Definition 4.6.1. Given a circle S and a diffeomorphism ¢: S — S', define
Hy(S, ¢) = ¢*(Hy). We also define Hy(| |, S') = H{™, and for a non-standard
circle, we can pull the actions back along diffeomorphisms similar to the case of
a single circle. We will also use the notation HY(S) for Hy(S, ¢).

Lemma 4.6.2. Given a circle S and two diffeomorphisms ¢1,¢o: S — St there
is an isomorphism H{'(S) = HS*(S) in R4(S,0) which is well-defined up to a
phase.

Proof. Such an isomorphism is supplied by a u: Hy — Hj that implements
$2 0 ¢!, which is unique up to a phase. O

Remark 4.6.3. In the previous lemma, if ¢y 0 ¢7* € Mob, then there is a
canonical u that implements ¢y 0 7.

Given a complex disc D C C, there is a unique holomorphic isomorphism
v: D 5 D to the standard disc up to a Mobius transformation. We define
Hy(D) = Hyo(OD, ¥ |sp) and this is defined canonically with no phase ambiguity.
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Remark 4.6.4. We often do not specify an isomorphism ¢: S — S' when writ-

ing Ho(S) for they all produce canonically equivalent choices.
The following assignment was first described in | , Theorem 1.3].

Definition 4.6.5. Given a 1-manifold M, we pick a finite cover Z = {1y, I5, ..., I,}
of M by intervals with disjoint interiors. This gives us a cover of the surface
M x [0,1] by rectangles I; x [0,1]. We get circles S; := 9(I; x [0, 1]), with the
orientation that agrees with that of M x {0} on I; x {0}. Let py,...,pm € M
be points where two intervals in Z meet. Let A; := A({p;} x [0, 1]). We consider
the following Connes fusion

Har = Riag {Ho(S;) hicmisin (4.7)

g e Y

Define A(M) as

A(M) = \/ A(I;) as a subalgebra of B(Hyy). (4.8)

L,eT
[ , Lemma 1.9] shows that the Hilbert space 4.7 is independent of the
choice of cover up to non-canonical unitary isomorphism but | , Lemma
1.12] shows that the algebra 4.8 is independent of the choice of cover up to a

canonical isomorphism. | , Theorem 1.3] tells us that

Lemma 4.6.6. Given circles Sy and Sy and embeddings J — S; and J < S,
let Sy be the circle (S \°J) Uy (So \¢ J) with a smooth structure compatible
with the smooth structures on Sy \®J and Sy \°J. There is an isomorphism
Cy: Ho(S1) Racy) Ho(S2) = Ho(Syu) which is canonical up to a phase.

Proof. Choose isomorphisms ¢;: S; — S' and ¢,: Sy — S* such that ¢,(J) =

S_ and ¢9(J) = S; and the following diagram commutes

J ¢1l7> SIS}
o] !
1
J y S, —2 St
d2|s
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Define the map ¢ : SY — St as

¢1(p) lfp € Sl \Cj
P2(p) if p€ S\ J

bu (p) =

We use this to give a smooth structure on S,. Clearly,
s c
(Cbul) (Ho(S1, 1) D ac) Hy(Ss, ¢2)) = H X 4cs,) Ho — Hy

Therefore, ¢ (C): Ho(S1, ¢1) Kacs) Ho(S2, ¢2) = Ho(Su, ¢u) is an isomorphism.
If we choose different ¢, ¢, this map would only change by a phase, by Lemma 4.3.3.
By Lemma 4.6.2, any other choices of Hy(S1), Ho(S2), Ho(Sy) are canonically
equivalent to our choices up to a phase. Since a circle has a unique smooth
structure up to non-canonical isomorphism, choosing a distinct smooth struc-
ture on S, would amount to choosing distinct ¢, ¢, which would only change

our choices by a phase. O]

4.7 Absorbing Objects

Lemma 4.7.1. Given a multi-interval I and a non-surjective embedding ¢: I —
I which is identity on a neighbourhood of 0,1, we have that A(¢) is an absorbing
object of T, (I).

Proof. This follows from Lemma 3.3.17, Remark 2.2.20, and Lemma 2.2.21. [

Lemma 4.7.2. Let S be a circle with an embedding of S}

w: = [0,27]. Ewvery
subinterval I C S which does not contain 1 in its interior has a unique preimage
in S}, — St given by 0 — €.

Consider Hy(S) as an object of Sol(A) by defining the action of an interval

ICSYas

. under the map Sy,

A(I) — A(S!

cut

) = B(Ho(5))

Then this is an absorbing object.

97



Sl

cut

Proof. Tt is enough to prove that Hy(S, @) is absorbing for some ¢: S — S
Choose ¢: S — S* such that there is an a € (0,7) such that the following
diagram commutes

la,27] —— [0,271] —— S

| ok

[0, 27] Oset? s S1

By the above condition, ¢([0,7]) € ST is a right-localised subinterval, and the
map ¢: Sy ~ [0,7] ~ ¢([0,7]) < S, is a non-surjective embedding such that
it is identity on the neighbourhood of 0,5, given by the image of [a, 7] under
the exponential map. The A(S_)-action on Hy(S, ¢) is just the A(S_)-action
on Hy, the A(S;)-action is given by A(S;) A, A(S;) — B(Hp). Therefore,
Ho(S, ¢) ~ A@ H,. By Lemma 4.7.1, A(p) is absorbing in 7 (S;), and therefore
by Theorem 4.5.4, 4(¥) [ is an absorbing object of Sol(A). O

Remark 4.7.3. We can think of the circle S above as a triangle using the obvious
map (Sy Ug_1y S-) Uggr  (S\° Sy) — S. The three sides are Sy, S, ~ S,
and S\¢S.,.. We can identify S \¢ Seus with {1} x [0,1]. So this triangle can be
thought of as S' but the point 1 has been stretched out into an interval.

Lemma 4.7.4. Let J; C S, be a left-localised subinterval and let Jo C Sy be
a right-localised subinterval such that J, N Jy = 0. Then H, X a(suge) Ho can
be given the structure of a representation using methods of Section 4.4. It is an

absorbing object in Rep(A).
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Proof. By Lemma 4.5.7, every non-zero A-representation is of the form #H, for
a p € DHR4(S;). We compute

PHoXacs,) (Ho X a0 Ho) ~ (PHoXacs, ) Ho) Wainum) Ho =~ P HoXaum) Ho

Let I C S' be a subinterval such that Sy C I and S_\°J; UJ, C I. The action
of A(I) on ?H, is given by A([) L A(I) — B(H,). By Remark 3.3.22; there
is p' € DHR4(I) such that suppp’ € S_ \°J, U Jy and there is a u: p/ ~ p™t.
Since suppp’ C S_, p'(A(S-)) C A(S-), so we obtain a map p” € DHR 4(5_)
such that p’ is an extension of p” by identity. Let Hg” be the object of Rep(A)
whose A(S_)-action is twisted by p” (as in Definition 4.5.1).

We have an isomorphism of A-representations

ul A4 (7; Uy id
e

Z id
PHo MW A(1,005) Ho HS Xanute) Ho — Ho W acnum) Ho

The final map is a map of representations as the A(S, U J; U Jo U J; U Jy)-
action on Hg” is the same as the A(S;, U J; U Jy UJ; U Jo)-action on Hy. Thus,
HoX 4(5,0.0,) Ho is left-absorbing. Since Rep(.A) is a bi-involutive tensor category,
Ho X 4¢5,05) Ho absorbs from both sides. O

Lemma 4.7.5. For a circle S, there is a canonical equivalence A(S)-Mod =~
Repg(A)2>s. In particular, L2A(S) is isomorphic to the constructed absorbing
object.

Proof. Tt is enough to prove this for the standard circle S*, and show that this

equivalence is natural with respect to diffeomorphisms S — S*.
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We consider the object
Q: = Hy(9(S- x [0,1])) X @001 Hy(0(S4 x [0,1]))

By Lemma 4.7.4, this is an absorbing object of Repgi,(oy(A). S x {1} then has
the opposite orientation to S* x {0}, and is thus canonically S x {0}.
We have Endgepa)(©2) = A(S* x {1}) = A(S* x {0})°" by Definition 4.6.5.

Since Q is a generator of Repgi, (o) (A)*, we have
Repgiy g0y (A)™ ~ End(Q2)°P-Mod ~ A(S" x {0})-Mod

This construction is clearly natural with respect to diffeomorphisms of S'. [

Lemma 4.7.6. Given an absorbing object po € DHR 4(S), there is a subinterval
I CS¢ such that I N ISy =0 and im(py) NA(I) = C.

Proof. Let J; € S; be a left-localised subinterval and .J» be a right-localised
subinterval. By Lemma 4.7.4, Hy X 4(,15,) Ho is an absorbing object of Rep(A).
Let p € DHR 4(S4) be such that it is identity on A(J; U J3). Then

unitor

id

Ho X a(5,005) Ho Mags,) "Ho —— Ho X a,um) "Ho — Ho M as00,) Ho
Under the equivalence of DHR 4(S;) and Rep(.A), unitors map to identity in
DHR 4(S4) as they are part of the coherence data for the monoidal structure,

and DHR 4(S, ) is strict monoidal. Let py be a preimage of the absorbing object

under the equivalence, so we have

Po @ p=po = PO pPo=po
So every p localised inside I := S, \“(J1UJ2) is identity on im(py), this is possible
only if im(py) NA(I) = C. O

Lemma 4.7.7. Let S be a disjoint union of n copies of the standard circle
St and let TI C 7o(S). For each copy S} € TI, choose an absorbing object
Q; € Rep(A) and for each copy S} & 11 choose an absorbing object Qi € Sol(A).
Then ; ¢ - - - K¢ Q,, is absorbing in Sa(n,II).

Proof. For every S; € m(S) \ I let ¢;: S — Sy (i € II) be non-surjective
embeddings which are identity in a neighbourhood of 0, S . For every ¢ € I1, let

100



pi: A(S+) = A(S;) be an absorbing object of DHR 4(S). Further, let I; C Sy
be intervals such that im(p;) NA(I;) = C. For i € mo(S) \ II, define p; := A(¢;),
which is an absorbing object of T (S5).

Choose isomorphisms of A-representations wu;: €; — ?iH, for i € II and
isomorphisms of A-solitons w;: Q; — PiH, for i € II. These always exist as
any two absorbing objects of a category are equivalent. Let p: A(l], S+) —

A(Ll, S+) be defined as
A(S)B - BA(S,) 2270 A(S)B - BA(S,)

where we have used A(| |, S+) ~ A(S4)® - - @A(SS).
Now, since the map Tx(| ], S+, 1) = Sa(n,II) given by o — 7(HyNc - - - ¢

Hy) is an equivalence on non-zero objects and

u1Nc--Neun
N

m@...@pn(HO X - R Hy) ~ P Hy R - - - K *" H, O K¢ --- X Q,,
it is enough to show that o o p ~ p. This follows from an argument similar to

Lemma 3.3.17 where we choose a ¢’ ~ ¢ such that ¢’ is identity on im(p). O

4.8 T (I)™ as a bi-involutive tensor bimodule
over T, (I)

abs with the structure needed in Def-

The goal of this section is to equip 7, (I)
inition 2.2.26: we construct the maps v* and +f that exhibit 7 (I)* as a
bi-involutive tensor bimodule over T, (I).

Fixing an absorbing object 2 = A(¢), the Hilb-valued inner product (€2, 2)
is identified with the vacuum sector H, via the Bisognano-Wichmann isomor-
phism. Under this identification, the maps v* and ~%, which move a tensor
factor from one slot of the inner product to the other, should be implemented
by diffeomorphisms of the circle: the ‘doubling’ maps. However, unitaries that
implement diffeomorphisms are only defined up to a phase. We circumvent this
by defining piecewise smooth doubling maps that live in the Thompson group,
which acts (in a non-obvious way, and non-canonically) smoothly on the circle,
such that when we pull back the Bott-Thurston cocycle onto it, it vanishes, so

we lose our phase ambiguities. This enables us to define v* and v and verify
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all the coherences. We also show that the choices made to construct them (for
example to give the action of the Thompson group of S') give the same results

for v£ and 7.

Definition 4.8.1. | | Let the Thompson group Th be defined as the sub-
group of Homeo (R/Z) consisting of ¢ that satisfy the following:

e ¢ is orientation preserving.
e ¢ is piecewise affine.

e ¢ maps dyadic numbers (numbers of the form p/27) to dyadic numbers.

¢ has finitely many points of discontinuous derivative.

At every point, the left and right derivatives of g are a power of 2.

All points where g has discontinuous derivative are dyadic.
e ¢(0) is a dyadic number.

We consider the Thompson group as a subgroup of Homeo (S') under the iso-

morphism R/Z — S* given by z — ™.

Construction 4.8.2. Let f: [0,1] — [0, 2] be a smooth diffeomorphism such that
f(0) =0, f(1) =2, and f'(z) = 1 in some neighbourhood of both 0 and 1. From
[, a faithful continuous action ¢;: Th — Diff(S1) of Th on S* was constructed
in [ , Section III.1, Lemmas 1.1-1.8].

Definition 4.8.3. For each ¢ € R, there is a central extension of Diff"(S') by
U(1), where the multiplication on Diff*(S!) ~ U(1) x Diff"(S?) is given by:

(21, 91) - (22, 92) = (21 22+ Be(1, b2), 1 0 )

where B,: Diff " (S1) x Diff *(S') — St is the Bott-Thurston cocycle | :

Bitonsn) = exp (~ - [ towl(onoon))llog(ey) ). (410

Theorem 4.8.4. / , Théoréme F|] The pullback of the Bott-Thurston cocycle
along ¢y as in Construction 4.8.2 is trivial in H*(Th, S*). Also, Hom(Th, U(1)) =
0/ , Corollaire C].
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Corollary 4.8.5. Given a projective representation u of Diff " (S') on H with
2-cocycle cohomologous to B., we thus have a unique uy such that the following

diagram commutes
Th —2— Diff*(s)

afl 2

U(H) —» PU(H)

Let I C S' be an interval such that S, C I and I = {1}. Let ¢: I — I
be a non-surjective embedding such that it is identity on a neighbourhood of
O+ and I\°im(¢) = S;. Then, Q = A(¢) is an absorbing object of T (I) by
Lemma 3.3.17. Further, we have that End(Q2) ~ A(S. ).

In the rest of this section we demonstrate how to give a bi-involutive ten-
sor action of T (I) on T, (I)™", that is, we construct the maps v*, 7% from
Definition 2.2.26.

Definition 4.8.6. Let S, US, be the topological manifold S, LIS, /(0_to(Sy) ~
0411(S4)) where ¢1,19: S. — S, U S, are the inclusions of S as the two parts
of Sy U Sy respectively. Let i1,i9: Sy — S, U S, be the compositions of ¢1, 1o
with the quotient map S, LS, — Sy US.. We give S US, asmooth structure

by transporting the smooth structure on I\ im(¢ o ¢) along the homeomorphism

S, US, —I\im(¢oe)
iy H(x) if € im(4y)

P(iy  (2)) if z € im(ip)

Note also that the complex conjugation map 9: S — S! induces an orienta-

tion reversing diffeomorphism r: S, ~ S_.

Definition 4.8.7. Let d: [0,1] — [0,2] be an orientation-preserving homeo-
morphism and D: S, — S, U.S; be the induced map under the identification
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[0,1] ———— S. Define of, aft: St = St as

r—exp(imx)

(D10 i3)(p) if p € Sy

a’(p) =14 (D toiyoiy o Dod)(p)if p e S and D(¥(p)) € im(iz)
(0o Dow)(p) if p € S_ and D(d(p)) € im(iy)
(D-1oi)(p) if p € Sy

a''(p) = ¢ (D' oiyoi; o Dod)(p)if pe S and D(Y(p)) € im(i)
| (W0 Dow)(p) if pe S_ and D(I(p)) € im(i»)

Define d,: S' — S! to be the map induced by the following map under the
equivalence R/Z ~ S!

R/Z —R/Z
z +—d(zxmod1)/2

We require d to be such that d,, a”, a® € Th.

Notation. We introduce a notation for diffeomorphisms of S! built from D. We
choose an identification r: S; ~ S_. We represent S! by two dots, representing
the two copies of S;. The right dot represents S, and the left S_. In general, n
dots represent a circle built by gluing n copies of S;. And a straight line between
two dots represents the identity map between those two copies of S. If two lines
come out of a point to two copies of S, , that represents it being doubled by D,
and two lines coming into a point represents the sources of those lines being
mapped to a single S, using D~!. Clearly, doubling (and anti-doubling) can
only happen between neighbouring dots. We give some examples:

|

idgi =

oe<— @

|
N

L

oo
N

@O<i—— @0 <— @
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o

= o °

e

In this representation of o, we have merged the first copy of S, in the middle

0oi— 00— o
0oi— 00— o

row with the last copy. This is possible as the middle three S,-s constitute a
circle, so those two points are actually adjacent. That is, the two blue circles
represent the same copy of S, .

To illustrate what these maps look like on S', we also present the following

0 0
id T m
2 2m
arp 7r m
2m
0
2w 3T
QpR: ™ m
2m

interpretation:

0
2m
0
2m
The following two simplifications can be used when computing using these

diagrams:

oe<— @

Nl DN
S i

0ei—— 00— @

]

Definition 4.8.8. Choose an f as in Construction 4.8.2. We define a map
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[0,1) — [0, 1) by the following diagram

St +— R/Z +— [0,1)

ef (dp)l ldg

St +—— R/Z +— [0,1)

Define d/: [0,1] — [0,2] to be the smooth diffeomorphism given by d/(1) = 2
and for x € [0,1), d/(z) = 2d/(x). Finally, define D/: S, — S, US, to be the
diffeomorphism induced by d/ under the identification [0,1] ~ S,.

Definition 4.8.9. Let {E: I — I be defined as

o(p) if p € im (¢)
¥(p) = S ¢(D!(p)) it p € Sy and DY (p) € im(is)
Df(p) ifpe Sy and D/(p) € im(i;)

Note, J\im(@ = @lim(g), therefore, zZo ¢ = ¢o¢. Let v € A(I)* be a unitary that

implements 1 (this exists by piecewise smooth inner covariance | 1), so,

A(y) = Ady, and thus we have Ady o A(¢) = A(¢) o A(¢). So we can view 9 as
an isomorphism ¢: Q — Q ® Q.

Definition 4.8.10. Note that the identification r: S; ~ S_ gives us an isomor-
phism Q ~ Q. Define t: (Q,Q) = Hy to be the composite

(Q,Q) ~(Q,Q) = L*End(Q) = L*A(S,) —— H,
BW-!

Definition 4.8.11. We define the maps 75 o o, %500 (2@ Q2,Q) = (2,00 Q)
by the following diagrams

@ea.0) et L @ o) @ea.0) e L @ asq)
<F,idg>l T<@,w> <F,idg>l T<E,w>
(Q,Q) (Q,Q) (Q,Q) (Q,Q)
| [ | [
H, ar () > Hy H, () > Hy
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Lemma 4.8.12. The maps 7§ oo and 7§ oo are End(€2) x End(Q) x End(£)-

linear.

Proof. We show the statement for %%@79, (the argument for 7&7979 is similar).

For ay, as, az € End(Q2), we need to show that

QQQ

@®9,0) 2% (@ 0w Q)
(m,as)l l{ﬁm@as)
Q20,0 — @.000)
VQ Q,Q

Expanding out the definition of %LMLQ’ we have

@o0, N q o g g @) M @ 0w o)

(a1 ®a2,a3>l l l l(ﬁ,@@ag)

Q0,0 Q.Q Q,Q Q.00
< © ><1/J Lidg) 7 > t ug(a”) t < >(19w < 2 ® >

The red path evaluates to Ad,((Ady-1(a; ® ay),as)). Since 1 implements 1)
which is defined in terms of D, under conjugation by ¢, we see that this action
of End(Q2) x End(Q) x End(Q2) on (2 ® Q,Q) becomes the actions of the three
algebras A((Df)~1(im(i1))), A((Df)~1(im(éz))), and A(Sy) on H,.

Similarly, the blue path turns the action of End(2) x End(€2) x End(2) on
(Q,Q® Q) into the actions of the three algebras A(S_), A((D/)~!(im(i))), and
A((D7)~Y(im(i3))) on H.

Let af = @p(a®). It is given by

(D))~ oiz)(p) ifpe S,
af(p) =4 (D) oiyoiyt oDl od)(p)if pe S_ and Df(I(p)) € im(iy)
(9 0o Df 0 9)(p) if pe S_ and D/ (Y(p)) € im(iy)

Note that for any interval K C S*, we have

Adg a1y (A(K)) = Adygp ary) (A(K)) = A(@F (K))

u(epg (o

Thus, to show the linearity square commutes, we have to show that under b?]% ,
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the three intervals

(DF)~1(im(ir)), (DF)~*(im(iz)), St & S
map to the three intervals
S—, (D7)~ (im(ir)), (D)7 (im(iz)) € S

This is verified easily by the definition of &JLC. O

Lemma 4.8.13. The map ’Yst,Q,Q 1s 1ndependent of the choice of f and d up to

a phase.

Proof. We choose another pair of f’, d’ and obtain the representation @ : Th —
U(Hy) and the maps 7,0’,04”,767’9,9, etc as described above. To show 75'99 x

7{57919, we need to show the following diagram commutes up to a phase:

Hy —
t_l\( /\t
@) o
@ de) | Teda.wn )
Q®0,0) @,000)
T ido) | T a0
(©,9Q) (©,9Q)
| -

> Ur(al
H, sla®) ,

The left and right vertical compositions represent u(Cy), u(Cr) € PU(H) where
5L, 53: St — St are the following diffeomorphisms:

C v ifreS,
Cr(z) = . / |

(0o (D)L o D o ¥)(z) if x € S_
Cin(z) = (D)o Df)(z) if x € S,

ifexesS_

8
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Further, the two horizontal maps represent u(af) and u(af/). Thus, since being

equal up to a phase in U(Hy) is the same as being equal in PU(H,), to show
the above diagram commutes up to a phase, it is enough to show the following

diagram commutes (only up to a phase):

u(aL/)

H0—>H0

u(éL)l TU(CN'R)

HOWHO

This commutes because Cg o afc oCp = ay. O

Definition 4.8.14. For any three absorbing objects €21, {25, {23, choose isomor-
phisms ¢;: Q; — Q (i = 1,2,3). Then define 7§ o, o, by the following diagram

791 Q9,3 <

(0 ® 09, Q3) —="(Q, Dy ® Q)
<¢>1®¢2,¢3>l l(a7¢2®¢>3>

Q0.0 —— @,000)

'YQ Q,Q

This definition is independent of the choices of ¢; due to Lemma 4.8.12, and is
in fact natural in all three components by the same lemma. We can similarly
define 751,(22,93 : <Ql X QQ, Q3> — <Q_2, Qg X Ql)

Lemma 4.8.15. The following square commutes:

QQQ

Q9,0 2% (@0 Q)

CQ@Q,Q\L TCQ(@Q,Q

@,000) — Q20,9)
’YQ .Q,Q

Remark 4.8.16. This shows FEquation 2.25 holds when all three objects are
absorbing. It also shows that ’yg’m] s uniquely determined by ’yé’Q’Q and 1is

thus natural and does not depend on the choice of f up to a phase.

Proof. We note that the map (Q Q) — n : (5, Q) o M), (Q,9Q) is just the
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antilinear identity map Hy(S') — Ho(S?). Consider the following square:

Q20,0 —22 L 0.020Q)

<F,idg>l T<E,w>

- e 411
@, Q) Q.9 (4.11)
| e
HQ Ho(9) > H()

where Hy(19) is J under the Bisognano-Wichmann map. The top square com-
mutes by naturality of ¢ and the second square is essentially the definition of ¢
and using the fact that fg g is identity.

We compute

(Vo D7l oi;0d)(p) ifpes-
(@) ' (p) =< (Yo D oiyoiy o D)(p)if p € Sy and D(p) € im(4;)
D(p) if p€ Sy and D(p) € im(iz)

Thus, the commuting of the square in the statement of the lemma amounts to
checking a* = ¥ o (a¥)™! o 9. This is easily verified from the definitions of a%,

af; and (af)~! above. O

Lemma 4.8.17. The following diagram commutes:

(Q®Q,Q) o (Q,02 Q)
Jaga.a Ja.000

m m (Paga,idg) : Q,0)
(paraat)

Q.020) < - ﬁ Q)

Proof. By Lemma 2.2.28 and noting that fg is the antilinear identity as shown

in the proof of Lemma 4.8.15, it suffices to show that 7§, , and 78 0. both arise
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as Uy of the same diffeomorphism. This is clear from the definition of o and

aft, for aft ot

Lemma 4.8.18. The following square commutes:

map to each other under reversing orientation. O]

L
Oe0®0,Q) —222° (50,00 0)
75,9®Q,Ql l’Yg,Q,Q@Q
Q2,000 — (1,222 Q)
70,0,000

Remark 4.8.19. This shows Equation 2.24 holds when all four objects are ab-

sorbing.

Proof. We suppress the isomorphism (Q,Q) ~ H, in the following. By the

naturality and the definitions of 7§ 0.0, and 731792793 we construct the outer

squares on our diagram

©@.9) Hed @.9)
(@ ida) (i)
Q@@ 0,0) o (@,020)
(¥@idg,ido) (¥,ido®idg)
(=T idg) ($p=1idq)
@.0) @.0)
aa ii(al) 1 ase.e 1200 (alt)
(@,9) (@, Q)
(idg ) (idg.)
@09 —— @80.080) — @28080) Jdevida) ey 0 @)
(ido®idg,e~ 1) (idg,ido®@y—1)
@800 —F—— @.000)
@ ,ida) ({Tosb)

Q,Q
,9) a(a”)

(Q,9)

We show the central square commutes by following the coloured path. The blue

and teal paths are clearly identity. We represent the composites of the red and
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magenta paths by R and M respectively.
Since 1 implements ¢ which is defined in terms of D7, we have R = us(R)
and M = tus(M) where R and M are given by

e
\o o o

.\.
-

e <— @

Given this, it is clear that
afoafo R=Moafoa”

The square we need to commute is just @y of this equation, and thus commutes.

]

Lemma 4.8.20. The following triangle commutes:

L
Qo000 2% 050,00 Q)

L
L\ l,YQ’Q’Q(@Q
79,000,0

(Q,000 Q)
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Remark 4.8.21. This shows that Equation 2.20 commutes.

Proof. We construct the outer squares on each edge of the triangle using the
naturality and definition of v o o,

a(al)

(92, Q) (@, )
(P,idg >l L
v fe? _
@e0,9 s @awq)
<z,:§<1(152.m”>J
v, —
Qo) fen.n.0 Qe 0,0 Q) Qe Q) (Q, Q)
(ido®y—1 V
L _
s ”fn Q,Q0Q 7Q,02,Q (o
Wsz QR0Q,Q
(,9003Q) +—— (2,20 Q) +— (Q,Q)

(Tomagen ' (dg.v)
%w‘lwm

€, Q0 Q)

(4.13)
Clearly, the green path composes to identity. Let the composites of the red and
blue paths be R and B. Then the commuting of the central triangle is equivalent
to showing
Boiy(at) otip(a’) = Us(a*) o R

We have R = us(R) and B= us(B) where R is as in Equation 4.12 and B is the

diffeomorphism given by

I
S

NN/

It is now easy to compute that
Boaloal =aloR
Thus, the given triangle commutes. O]
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Lemma 4.8.22. 75%1792793 1s independent of the choice of f and d.

Proof. Pick an f,d and f',d" and construct 7§ o, o, and 7§ o o, as above.
From Lemma 4.8.13, we know that 7§ o o, = (4, Q, Q3)75 0,0, Where
2(Q1,Q,Q3) € U(1). By naturality of 4~ and v, for any three isomorphisms
¢i: Qi — Q (i =1,2,3), we have the following diagrams

<Ql ® (g, Q) — Ql P2 (Ql, Qs ® Q3) <Ql ® (g, Q3) — Ql RS <Ql> 2y ®Q3)
<¢>1®¢2,¢3>l l(ambz@(bs) <¢1®¢27¢3>l l<a,¢2®¢3)
Q20,0 —— (Q,00Q) Q20,9 —— (Q,02Q)
'YQ Q,Q 7Q,9,0

Using these equations and the fact that 7§ o, o, = (1, Q2, Q)7 0,0, and
V0.0 = (2,2, Q)7 o, we see that z(Qy, Qp, Q) = 2(Q,Q,Q).

Now, since both 4% and % satisfy Lemma 4.8.20, we have that z(2,Q, Q)% =
x(,9Q,Q), and thus, z(92,,Q) = 1. ]

Lemma 4.8.23. The following diagram commutes:

<Q Q®Q> 'Yszszsz <Q®Q’Q>

L
Cn,smszl l’YQ’Q’Q

Q20,0 —— (,020)

’YQQQ

Remark 4.8.24. This shows that Equation 2.26 commutes.

Proof. On substituting the definitions of 7§ o o and 7§ ¢ , from Definition 4.8.11
and using Equation 4.11, the diagram in the statement of the lemma reduces to
the square

Ur(al
H, #( )H0

Ho(ﬁ)l lﬂf(aL)

Hy —— H,
0 ﬂf(aR) 0

It is easy to compute that a® = aff o 9 o o, thus the above square commutes

(note we have suppressed the anti-linear identity map f which appears in this

computation, see the proof of Lemma 4.8.15). O
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Lemma 4.8.25. Let X be a non-zero-divisor. The map

) I

~ - ~L . (~L
Yooxe: QRQDX,Q) 2225 0 00X @Q) —22 L 020, X o Q)

is End(Q ® Q) x End(X) x End(Q2)-linear.

Proof. Since X is not a zero-divisor, X ® () is an absorbing object. Given f &€
End(X), using the naturality of %LLQ@ x.0 With respect to idg ® f in the second
component and the naturality of 5 ¢, xgq With respect to f ® idg in the third
component, we see the given map is End(X)-linear. We can see it is End(Q2)-
linear similarly.

Consider the diagram

2,000 X @0)

~ (~L )—1
’YQ,QW W’X@m

2020 X,Q) Vi a.00xe0 QRO 0,X®0Q)

Wsz@fm /(%@m,n,xm)_l

000,00 X ®0)

Both triangles of this diagram commute by Lemma 4.8.20 and thus the entire
diagram commutes.

By naturality of &51,92793, we see that the top path of this diagram is the
conjugation of 779,9, x.0 by (idg ® ¥ ® idx,idg). Thus to show the End(Q ® Q)-
linearity of 779797 x.q it suffices to show the End(Q2 ® Q ® Q)-linearity of the top
path of the diagram. The top path is manifestly End(Q) x End(Q® Q®Q)-linear
and the bottom path is End(Q ® Q ® Q) x End(€2)-lincar. Taking Q = A(¢),
we see that we have A(S; U S, ) x A(Sy) and A(Sy) x A(S, USy) linearity, so
by additivity of the conformal net 4, this extends to A(S; U Sy U S, )-linearity,

which is what we need. O

Definition 4.8.26. Let A;, Ay be objects of T (I)*™ and X be an object of
T (I). Choose maps ¢;: A; — Qand p;: @ — A; (i = 1,2) such that p;or; = ida,.
Choose an isomorphism ¢': Q@ — Q ® Q (this does not have to be the same as
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the previously chosen 1)). We define ’ﬁ;h x.4, Dy the diagram

(A, ® X, Ay) M (A1, X ® A)
<m,bz>l T(ﬁ,idx®p2>
Q®X,Q) Q,X ®0)
(M,idml T(W,idxt@idg)
QE08X,0) — @80, X o0

70,0,x,Q

Remark 4.8.27. This does not depend on the choice of 1" and the choices of
Li, pi by Lemma 4.8.25. It is also natural in all components. Further, the fact that
it satisfies all the coherences of a bicommutant category follows from coherences

ofﬁéhg%g?) which we have already shown, its naturality (also shown above), along

with Remark 2.2.27.

4.9 The Bicommutant Property

Definition 4.9.1. Let [ be a multi-interval. Let K C I be a left-localised sub-
multi-interval of I and J C I be a right-localised sub-multi-interval of I such
that JN K = (. Define the functor E: T, (I) — Z(T, (I) — End(A(I))) as the

composite
T (D) & T () 2255 2(THK) = T4 (I) = End(A(D))) <& Z(T (1) — End(A(I)))

where Ej g is defined on

ext ext

e objects by mapping p € T, (J) to (p™*, epext et = 1) where p™* means

extending p to an endomorphism of A(I).

This works as given any 7 € T, (K) we have p™' @ 79 = 7ot @ pext,
To see this, it is enough to check for x € A(L \°J) and =z € A(I \° K)
as these generate A(I). For z € A(I \° K) we have 7*(x) = = and
P (z) € A(I'\° K) and thus 7 (p™*(z)) = p™*(z), so

(Ioext R TeXt)<$) —_ Text<pext(x)) — pext(x) —_ pext(Text(x» —_ (Text = pext)(x)
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We can perform a similar computation for x € A(I \¢ J).

e morphisms by mapping a morphism a: p — p' in 7, (J) to the following
map

ext

a: (p 7epextﬂ-ext = ]_) — (pleXt,ep/ext’Text == 1)

All the conditions to be a morphism in the relative centre are trivially

satisfied as the half-braidings are identity.

Lemma 4.9.2. F as defined in Definition 4.9.1 is independent of the choices of
J, K.

Proof. For any two left-localised sub-multi-intervals K, K’ C I, we have a canon-
ical equivalence given by the composite 7 (K) = T/ (KUK') < T/ (K’). Sim-
ilarly for any two right-localised sub-multi-intervals .J, J' C I we have a canonical

equivalence T, (J) = T, (J'). Consider the following diagram

Ejx ~

Z(T{(K) = TL(I) = End(A(D))) «—=— Z(T{(I) = End(A(I)))

NN s /

To(J) 225 Z(TH(K") = T (I) < End(A(I))

The central square clearly commutes strictly by the definition of E;x while
the two outer triangles commute strictly as extensions are unique. However, the
top and bottom paths are precisely F defined using distinct intervals, so the
definition of E does not depend on the choices of J and K. n

Theorem 4.9.3. E is an equivalence.

Proof. It is enough to show that E;k is an equivalence for a particular choice of
J, K. We construct left and right inverses for it.

We pick a non-surjective embedding ¢: K — K which is identity in a neigh-
bourhood of 9, K. We denote by ¢***: I — I the map which is ¢ on K C I and
idpex on I\® K. Clearly then A(¢)** = A(¢**). By Lemma 3.3.17, A(¢) is
an absorbing object in 7, (K). Let 7 be the full subcategory of 7, (K) on the
single object A(¢). We define the following forgetful functor as

U: Z(T{(K) = T (I) = End(A(1))) = 2(T* < T, (K) = T, (I) — End(A(])))
(P, prext) (s €p.A(0))
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and it does nothing on morphisms. By Proposition 2.2.24, U is fully faithful
(Proposition 2.2.24 applies as 7% generates 7" and it is enough to specify
linearity data for the action of a generator).

Now we define a functor Fy: Z(T* < T/ (K) = T4 (I) — End(A(I))) —
T4 (I) on

e objects by mapping (p,e, a(¢) to Ea(p,epa) = Ade;A(d,) op: A(l) —
A(I). We check this is an object of T, (/). We first show that Es(p) is
identity on A(Z \®im(¢™")). Let y € A(I \®im(¢*™*)) = A(K \°im(¢)),
then by Lemma 3.3.17, y: A(¢) — A(¢) is a morphism in 7, (K). The
naturality of e, 4(¢) says

A(gbext) p A(¢ext ) p
Yy
€p,A(gx*) = €p,A(gext)
Y
p A(g™) b O

That is,

pAg)Y = P (Y) €pA(gexty = Ader (p(W) =y

p A%

Next, we show Ey(p)(A(im(¢™"))) C A(im(¢*")). Since e, 4g): pQA(¢™") —
A(¢™") @ p is a morphism in End(.A(I)), for all z € A(I) we have

€p,A0) A7) (p(2)) = p(A(6™)(2))epa0) = E2(p)(A(¢™)(2)) = A(¢™) (p(2))

Therefore Es(p) is an object of T, (1).

e morphisms by mapping a morphism a: (p, e, a(s)) — (¢, e:;’,A(qb)) to 6/;/7/4((1)) ae, A(g)-
We first check that Fs(a) is a right-localised element of A(7). The following
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square commutes since a is morphism in a relative centre

pRAP) —— Alp) @p

la@l ll@a

P @A) —— A) @ 4

Thus, ae = €' A(¢)(a). So Esz(a) = A(¢)(a) € A(im(¢)), and therefore,
Es(a) is right-localised. Next we check that Es(a) is a morphism by com-
puting

Es(a)Es(p; €p.46))(T) = €5, a(6)3€0,4(0)€5,4(6)P(¥)€0, A0)

= €. 4(6)2P(T)€p.A(9)

= ey )P (T)acpa)

= &40 (©)€ 46)€) A(5)30.A)

= Ex(p, 62/,A(¢))($)E2(G)
We define one last functor. Let G: T, (I) — T, (J) be an inverse to T, (J) =
T (I). It comes with natural isomorphisms 7,: p — G(p™*) for p € T, (J) and
€ G(0)™" — o for 0 € T, (I). Therefore, we have

€.G ()™ (1) = o(x)e, for v € A(I) = G(0)(z) = €:o(x)e, for x € A(J)

So G(0) = Ade: o 0.

It is easy to see that EyoU o Eji: T4 (J) — T, (I) is just the canonical
extension functor 7, (J) = T, (I). Therefore, Go EyoU o E;x ~ idT;(J)' So
E;k has a left-inverse.

We compute

(U o EJJ( oGo E2)(/07 ep,A(¢>)) = (Ad I © Ade;,A«b) ° P 1)

Ba(pep a(p)

€y ( p,e,,,A(é))ez, () Supplies a natural isomorphism between (UoEjkoGoEsy)(p, €pa(s))
and (p, e, 4(4)). So we have U o ;i o G o Ey ~ id. We compose with U on the
right, obtaining an equivalence Uo E; goGoEyoU ~ U. Since U is fully faithful,
it is left-cancellable, and we obtain an equivalence Ejx o G o Ey o U ~ id. So

E; i has a right-inverse.
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Therefore, ;i is an equivalence. O
Corollary 4.9.4. The Drinfeld centre of T (I) is DHR4(I).

Proof. The Drinfeld centre of T (I) is the commutant of 7 (I) in itself, which is
just the intersection of the commutant of 7, (/) in End(A(I)) with 7, (). This
is thus the intersection of 7, (I) and T (I), and thus consists of endomorphisms

which are identity near both boundaries. O]
Corollary 4.9.5. The Drinfeld centre of Sol(A) is Rep(A).

Remark 4.9.6. This gives Rep(A) the structure of a braided monoidal category.
This braiding is actually the same as the braiding on DHR 4(I) which comes from
restricting E to DHR 4(1).

Theorem 4.9.7. Let I be a multi-interval. T, (I)7° is a bicommutant category.

Proof. We verified all the coherences of the action of 7, (I) on 7, (I)* in the
previous section. Now we show the bicommutant property.

Choose a non-surjective embedding ¢: I — [ which is identity on a neigh-
bourhood of ;1. Then Q := A(¢) is an absorbing object of T (I). We have

the following commuting diagram:

7:{ (]) Lﬁm) HomcompleteW*Cat(ﬁ (I)abs ) 7:1_ (I)abs)

~
D\~

~

Homyy+car(BEd(Q), T (1))

@ |~
Homyycat (BEnd(€2), BEnd(Q))“°
B |~

2

End(End($2))0
@ |~

Bim(End(£2))
® |~

: Bim(A(I’\c im ¢))

K
C

TL(I\im ¢)

p—=(X—PX)

These equivalences are
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o (D uses the fact that 7, (1)* is generated by €.

e (2) follows from the fact that End(€) is a type III factor so T, (1)** =
(BEnd(Q))“°. Then any functor from BEnd(§2) would fall in the zero or

non-zero piece.
e (3) is just by definition.
e (4 follows from Proposition 3.1.6.
e (5 follows from Lemma 3.3.17.
e (6) follows from Theorem 3.3.19.

From the above diagram, we see that verifying the bicommutant property for
T (I) follows from showing that, for any interval J, the double commutant of
T (J) in Bim(A(J)) is equivalent to 7, (J). This follows from Theorem 4.9.3,
as the commutant of 7, (J) is T4 (J), whose commutant is 7, (J) again by a

dual argument. O]
Corollary 4.9.8. Sol(.A) is a bicommutant category.

Remark 4.9.9. We can similarly prove that S4(n, D) is a bicommutant category.

121



Chapter 5
Assignment to 0- and 1-manifolds

In this chapter we assemble the results of Chapters 2-4 into the bottom two
layers, that is, the values on points and on 1-manifolds of a fully-local, or fully-
extended, functorial field theory associated to a chiral CFT. Fix a conformal net
A. To a 0-manifold equipped with a 1-dimensional collar we assign the category
of solitonic representations of A, which is a bicommutant category by Corol-
lary 4.9.8; to a 1-dimensional cobordism [ we assign the W*-category A(I)-Mod,
viewed as a bimodule category over the bicommutant categories attached to its
incoming and outgoing boundaries.

The main result of the chapter is that this assignment is compatible with com-
position: given two gluable cobordisms, the bimodule associated to their gluing
is equivalent to the categorified Connes fusion of the bimodules associated to
the two gluable cobordisms, where the categorified Connes fusion is over the
bicommutant category assigned to the boundary which is being glued over. We
prove this unconditionally when every connected component of I; and I, meets
the gluing boundary; the reduction of the general case to this one additionally
assumes Conjecture 2.4.13, the associativity of categorified Connes fusion. Spe-
cialising to two half-circles glued into a circle, the procedure assigns to S* the
category Rep(A)*™ ~ Z(Sol(A))*™, up to passing to the absorbing ideal, the
Drinfeld centre of the value on the point, as expected of a fully-extended theory.

In the finite-index case Rep(A)*™® ~ Rep(A), recovering the value that a
non-fully-extended chiral CF'T assigns to the circle.
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5.1

Scope of the Construction

Given a (2,1)-category C and a 3-category D, the data of a functor F': C — D

consists of the following:

for every object X € C, an object F(X) € D

for every 1-morphism f: X — Y in C, a l-morphism F(f): F(X) — F(Y)
in D

for every 2-morphism ¢: f — ¢ in C, a 2-morphism F(¢): F(f) — F(g) in
D

for a diagram X Ly s Z, an invertible 2-morphism pys,: F(go f) —
F(g) o F(f) which is natural in f, g

for every object X, an invertible 2-morphism Ax: F(idx) — idp(x) which

is natural in X.

a collection of 3-morphisms, for example, a 3-morphism Ay, of the type

F(a,cl’gyf)

F((hog)of) » F(ho(go f))

ﬂhog,fl lﬂ‘h,gof
F(hog)o F(f) / F(h)oF(go f) (5.1)
Hh gOIdF(f)l lidF(h)OPfg,f

(F'(h) o F(g)) o F(f) m——— F(h) o (F(g) o F(f))

CF(h),F(9),F(f)

which are required to satisfy various coherence conditions.

In this chapter, we will give a partial construction of a functor

Z;(“: Cob{" — BicommCat

from the data of a conformal net A. We give a sketch of the (2, 1)-category Cob}"

in Section 5.2 and the 3-category BicommCat was sketched in Conjecture 2.5.1.

We give the data of assignments by Z;:‘ to objects, 1-morphisms, and 2-

morphisms in Cob{" in Section 5.3. In Section 5.4 we provide the map p (assum-

ing Conjecture 2.4.13 on the associativity of the fusion of bimodule categories).
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Since we have not constructed the associator of composition of 1-morphisms in
BicommCat, we do not give the data of coherence 3-morphisms such as the one
in Equation 5.1.

The functor Z;:‘ is supposed to represent Z;Op of Section 1.2. We briefly

comment on ZQOl in Section 5.4.

5.2 The Cobordism Category

Definition 5.2.1. We sketch a definition of the (2, 1)-category Cob]" below.
There are more rigorous treatments of this category, for instance in | ], how-
ever we isolate the objects, 1-morphisms, 2-morphisms, and composition which
we shall need for our partial construction of Z;:‘.

It is given by:
e objects are pairs (P, .J) where

— J is a multi-interval.

— P € J is a O-dimensional compact submanifold equipped with an
orientation, that is, a finite collection of points in J, each equipped
with a + or — label. We also require that the inclusion P — J is an

isomorphism on connected components.
e A morphism from (P, J;) to (P, Jo) is a tuple (I, I, Wy, Wa, 11, t2) where

— 1, is a 1-manifold.
— I C I, is a compact submanifold with boundary.

— W; C J; are sub-multi-intervals such that P, C W, and the inclusions

W; < J; are isomorphisms on connected components.
— 1;: W; — I, are embeddings such that

« if I is 1-dimensional, the images of P;, P fall on 0I and we obtain
an isomorphism 0 ~ P,LIP,. We say I is a cobordism of non-zero
length.

x if [ is O-dimensional, the images of P, and P, coincide with I. We

say I is a cobordism of 0 length.
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(Pr, 1) (P2, Ja)

o Let (I, I,W1,Ws,u1,19) and (I, I', W], W3, 1}, ) be 1-morphisms from (P, J;)
to (Ps, J2). Then a 2-morphism is a tuple (V;, V4, ¢) where

— V; CW;NW/ are multi-intervals such that P; C V; and the inclusions

P, — V; are isomorphisms on connected components.

— ¢ vy (V)) U T Uw(Ve) = (Vi) U Uid(Vy) is a difftomorphism such
that

* it maps I to I'.
* there are neighbourhoods V/ 2 P, and V; 2 P, such that V;/ C'V;

and ¢ (@) LilV;’ = L'IL|VZ,
We set two 2-morphisms (Vi, Va, ¢) and (V1, V3, ¢) to be equal if ¢|; = ¢|;.

Given three objects (Py, Jy), (P, Ja), (P, J3) and 1-morphisms

(1617[17W117W217/’i5é): (P, J1) = (Py, Ja)
(162,[2,W22,W32,L§,L§)2 (PQ,JQ) — (Pg,Jg)
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we define their composite to be (I, I', W', W2 11, :3) where

I =W Uynan T Unaewzan (Wo N W3) Unaawzae 17 Uwzare Wi
1 1 2 2
I"=I" Uwiawgnn (Wo NW5) Uwgawzare I°
We introduced collars in the definition exactly so that the above formulae for

composition would give a smooth structure on the glued cobordism.
The identity morphism of (P, J) is simply (J, P, J, J,id,id).

Definition 5.2.2. For any object (P, J) and any sub-multi-interval J’ C J such
that P C J’ and the inclusion J’ < J is an isomorphism on the set of connected
components, the cobordism (J, P, J', J, J' < J,id;) is an invertible 1-morphism
from (P, J’) to (P, J). We denote this cobordism N, ;.

Definition 5.2.3. Given an object (P, J) in Cob{", define the sub-multi-interval
Jt C J as

e if J is connected, then J* is the part of J to the right of P if P has positive
orientation and the part of J to the left of P otherwise. The notions of left

and right come from the orientation on J.

e if J is not connected, apply the previous construction to each connected

component.
We define J~ = J\°J*.

Given a cobordism of non-zero length (I, I, Wy, W, 11,12): (P, J1) = (P, Jo),

we note it is canonically equivalent to
(W1 Uwynr T Uwyng Wo, I, Wy, Wa,id,id): (P, Ji) — (P, Jo)

by the 2-morphism (W7, Ws,id). We restrict to cobordisms of this form. Further
we can precompose and postcompose this cobordism with Ny, ;, and Ny, 7, and

this results in a cobordism
(Wl |—|W1ﬂI I |—|W2ﬂl Wg, I, Wl, WQ, ld, ld) (Pl, W1> — (PQ, Wg)

Since every cobordism of non-zero length is of this form composed with cobor-

disms of 0 length, we shall only concentrate on cobordisms of non-zero length of
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the above form. That is, a cobordism of non-zero length from (P, J;) to (P, Jo)
consists of a 1-manifold 7 with embeddings J;" < I and J, < I that map Py, P»
to A1 and supply an isomorphism 01 ~ P, LU P, and J;' and J; are disjoint in 1.

5.3 Assignment to objects, 1-morphisms, and
2-morphisms
Definition 5.3.1. Given an object (P, J) in Cob}", we define J* as
e If J is connected, and P has positive orientation, then J™ = JT.
e If J is connected, and P has negative orientation, then J*? = J+.

e If J has multiple components, J*? is the disjoint union of J;“p where J; are

the connected components of J.
We can similarly define J 7.
Definition 5.3.2. We define Z}(P, J) to be the category T, (J 7).

Definition 5.3.3. We define Z}(N ;) to be the extension functor 7, (J""7)% =
T ()0,

Lemma 5.3.4. Let (P, J1) and (Pa, J3) be objects of Cob]" and I be a cobordism
of non-zero length. That is, we have embeddings v1: J; — I and 1: J; — I
furnishing an isomorphism 01 ~ Py LI Py. Let p: A(J{?) — A(J{?) be an object
of ZH(Py, J1). There exists a unique endomorphism p™*: A(I) — A(I) such that

it is an extension of p by identity.

Proof. Note that A(I \¢suppp) and A(J;") generate A(I), and therefore it is
enough to show such an extension exists, for any two extensions will be equal as
they are equal on generating subalgebras.

Let I. be the subset of I consisting of those connected components which
intersect Py and let I, = I'\ I.. Given a p°: A(I.) — A(I.) which is an extension
of p by identity, the p™*: A(I) — A(I) can be defined as

A(D) = AL, U L) ~ A(L)BA(L,) “25499 ALY A(L) ~ AL, U T,) = A(I)
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Therefore it is sufficient to prove the existence of p°.
Define Jox; = .U+ Ji. Let Sp = St x mo(Ieys) and Sy = St x my(Jy) and let
i7: lexy = St and iy: J; < S be embeddings such that the following diagrams

commute.
Jy —1 5 S, g —2— 5,
l Az l Az
o Jl T ( ext

Since J; embeds into both S; and S, we see that Hy(S;) and Hy(S;) have
actions of A(Jy). A(Jy) is a type Il factor as it a tensor product of type III
factors, so any two non-zero modules are isomorphic. Thus, there exists a uni-
tary A(Jy)-linear map u: Hy(S;) = Ho(S;). Thus we obtain an isomorphism
Ad,: B(Hy(Sr)) = B(Hy(Sy)) such that

B(Hy(S1)) —= B(Ho(S)))

I / (5.2)

Therefore, Ad,, maps A(i;(J;)) € B(Ho(S5)) to A(is(J;)) € B(Hp(Sy)). De-
fine J = S, \%i,(J7). Since A(i;(I,)) commutes with A(i;(J)) in B(Ho(Sr)),
Ady(A(ir(1.)) € [AG () s,y = A(D). Let e A(I) — A(J) be the

following composition.

Adul Ay (o) ~
—

A1) 220 Ay (1) A(T)

~

This map is injective.

Since J;" C J is a sub-multi-interval localised to the boundary where p is not
identity, there is a unique p: A(j ) — .A(j ) which extends p by identity.

Now, we show p(e(A(I.))) C Ime. Since A(J;) and A(I, \¢ supp p) topo-
logically generate A(I.), we just show that p(e(A(J;))) C Ime and p(e(A(I, \°
suppp))) € Ime.

e We note that e maps A(J;") C A(L) to A(J;) C A(J) by Equation 5.2.
Since pl 4j+) = p, we have

ple(A(J))) = PIA()) = p(A()) € A(Y) ~ e(A(JT)) € im(e)
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e Since A(i;(I. \°supp p)) commutes with A(i;(supp pU J;)) in B(Hy(S))

and Equation 5.2, we have

e(A(L\* supp p)) C [A(supp p U J7 ) s,y = AT\ supp p)

Therefore p is identity on e(A(l. \° supp p)), so
ple(A(L: \"supp p))) = e(A(Le \“supp p)) € im(e)
Since € is injective, we define
p° = (elim) 0 poer A(le) — A(L)

The previous two bullet points show us that this map is indeed an extension of
p- O

Definition 5.3.5. Let (Py, J;) and (P», J2) be objects of Cob]" and I be a cobor-
dism of non-zero length. That is, we have embeddings ¢;: J;" < I and tp: J; <
I furnishing an isomorphism dI ~ P; U P;. Then define Z (1) = A(I)-Mod. We
give it an action of Z{'(P, Ji) on the left as

T4 () =Bim(A(I)) = End(A(I)-Mod)

p HpeXtL2A<[)
where p®™*: A(I) — A(I) was constructed in Lemma 5.3.4. We similarly give a
right action of Z1(P,, J,) as

Ti(J3P)mP = T (J57) —=Bim(A(1)) = End(A(1)-Mod)

p =" L2A(I)
where we have used Corollary 4.5.8. There is a canonical braiding between the

two actions as J;" N J; = 0 defined similarly to E;f in Definition 4.9.1.

Remark 5.3.6. We note that the action p - M — *™ M is implemented in
the picture of bimodules as *™ L*A(I) Xy M, but since p™* is identity out-
side J;", the action is only really modified over A(J}"), so this is equivalently
PL2A(J]) By g4y M. The resulting A(Jy") and A(I\°Jy") actions glue together

to form an A(I)-action by arguments similar to Section 4.4.
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Lemma 5.3.7. The action defined in Definition 5.3.5 makes A(I)-Mod into a
left Z2(Py, Ji)-module.

Proof. We need to prove that the following functor is fully faithful

res A(1)-Mod : A(L)-Mod —>HomTX(J1+p)(7j(J1+p)abs, A(I)-Mod)

ext

M—Fy:p—=? M

(5.3)

Note that given any p,o,0’ € T4 (J;?) and a morphism f: 0 — o/, id, ® f: p®
o — p®a isjust f: 00p — o op. Therefore p@ —: T (J7) — T4 (P
is faithful. In particular, if p is absorbing, p ® —: T (J;7)**s — T (J{7)2> is
faithful.

We restrict to the case where every connected component of I intersects P;.

Next, for an absorbing p € 7 (J;7) and any M € A(I)-Mod, *** M ~ M as
A(T) is a type III factor and any two non-zero modules are isomorphic. Thus,
the action of p € T (J;'?) is dominant.

By Proposition 2.4.10, we have an equivalence
HomT;(pr)(Ur(Jfrp)abs’ A(I)-Mod) = HomTI(J;rp)abs(U(pr)abs7 A(I)-Mod)

Let S; = I Up; I be a disjoint union of circles and equip them with a smooth
structure compatible with I and I by choosing an isomorphism with S* x 7o(1).
Then H := Hy(S) is a left A(I)-module, and as A([) is type III, this is the
only non-zero module up to isomorphism. We shall denote Fi,(s,) as just F'.
Let 8: F — F be a natural transformation of linear functors. That is, for every

absorbing p, we have a map 3,: *~ H — *™" H such that

e Naturality: for every f: p — p/, the following square commutes

sext

pext H f P H

Bpl lﬁp (5.4)

pext H f pl ext H

e Commutes with linearity data of F': for any p, p/, the following square
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commutes

p/ext <pext H) Bp p/ext (pextH)

idl lid (5.5)

(TTH) o ()

Lastly, 3, being an A(I)-linear endomorphism of *™* H gives us that 3, € [m (0™’ (-
Equation 5.5 tells us that for any two absorbing objects p and o', 3, and 3, are
equal as maps of Hilbert spaces. We call this map f.

Now, an absorbing object p € T, (J;?) is of the form A(¢) where ¢: J;7 —
J;? is a non-surjective embedding which is identity on a neighbourhood of 9, J;”.
P s just A(¢®**) which is the extension of ¢ to a map ¢®™': I — I by identity.
Taking p = p = A(¢) in Equation 5.4 and noting that End(A(¢)) = A(J;?\
im(¢)) by Lemma 3.3.17, we obtain

B € [AW\ im (o)) = AT\ im(@™))) )

Since im(A(¢™")) = A(im(¢™")), we have

B € [Am(¢™)) g

However, since this is true for every choice of ¢, we choose ¢’ such that im(¢'**)N
(I'\¢im(¢***)) is a multi-interval. Further im(¢/*") U (I \¢im(¢*")) = I, so by
additivity, A(im(¢'*")) and A(I \°im(¢**)) generate A(I). We compute:

B €[AGm(¢' ™)) ar N AT\ Im (™))
= [A®m(¢'™) vV AN\ im(¢™) g
= [A(D)] 5

A

Therefore, the functor in Equation 5.3 is fully faithful when every connected
component of I intersects P;.

Now, consider the case when I has components not intersecting P;. Let I°¢
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be the union of components that intersect P, and I"™ = I\ I°. So we have
A(I)-Mod = A(I°UI™)-Mod ~ (A(I9)RA"))-Mod ~ A(I°)-ModX.A(I")-Mod

Then the action of 7 (J;7) on A(I)-Mod is given by twisting by p™* on
the first half of the tensor product and by identity on the second part (for if we
extended p to I"™, it would be identity on A(I™)). This gives us the vertical leg
of the bottom triangle of the following diagram:

TeS A(I)-Mod

.A([)—Mod > HomTX(Jf.p)(’]j(Jfrp)abs’ .A([)—Mod)
A(I¢)-Mod B A(I™)-Mod —— HomTX(mm{(Jf”)abs, A(I¢)-Mod K A(I™)-Mod)

res 4 (r¢)-ModMid 4(1m)-Mod l

Hom -t y4n) (T3 (7)™, A(I)-Mod) B A(I")-Mod

The top square commutes by naturality of res, and the bottom triangle commutes
as the action of T, (J;7) on A(I™)-Mod is trivial. So res 4(1)moa iS @ composite

of equivalences and is thus an equivalence. O]

Definition 5.3.8. Given a 2-morphism (V;, V4, ¢) between cobordisms I and I,
Z}(Vi, Vo, ¢) is the functor A(¢~)*: A(I)-Mod — A(I")-Mod.

5.4 Fusion of Module Categories associated to

Intervals

Let (Py, J1), (P, J), (Ps, J3) be three objects and I : (P, J;) — (P,J)and Iy: (P, J) —
(Ps, J3) be two cobordisms of non-zero length. In particular, this means that we
have embeddings J* < I, and J~ < I; which take P to a subset of the bound-
ary of I1 and I, respectively. Let I be the composite cobordism, that is I; Li; 5.
Our goal in this section will be to give an equivalence showing the assignment

Z;(“ we are defining preserves composition, i.e., an equivalence of categories

A(I1)-Mod Bzap, sy A(L)-Mod = A(I)-Mod
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Lemma 5.4.1. Assuming Conjecture 2.4.13, such an equivalence can be built out

of equivalences for the case when all connected components of Iy and Iy intersect

P.

Proof. Let I and I} be the connected components of I; and I, that do not
intersect P, and I7 and I§ be the connected components of them that do intersect

P. Let ¢ =I{U; IS5, then I = I°UIT LY. Let us assume we have an equivalence
A(I7)-Mod Wzap 1y A(l3)-Mod = A(I°)-Mod
Then we can build an equivalence

A(L)ModR 1) A(Iy)-Mod = A(I} U I)-Mod B 4(p, ) A(I5 LU I3')-Mod

~(A(I7)®A(IT))-Mod Bzap,y) (A(l5)®A(13))-Mod

~(A(I}')-Mod M, A(I7)-Mod) K zap, 5y (A(L3)-Mod My, A(L3')-Mod)
~A(I}')-Mod B, (A(I7)-Mod Kzap ) A(L5)-Mod) B, A(13')-Mod
~ A(I?)-Mod Ry, A(I°)-Mod Ry, A(I2)-Mod

12

(A(IT)RA(I°)R.A(13))-Mod
(A(IT U I°U I3))-Mod
=A(I)-Mod

2

where we used Proposition 2.4.14 that the fusion of Hilb-modules and the com-
pleted tensor product of W*-categories are the same; and Conjecture 2.4.13 about

the associativity of the fusion of modules over bicommutant categories. O

Therefore, we will concentrate on the case when every connected component
of Iy and I, intersects P. Our strategy will be to use Corollary 2.4.6. So we need
to find Z{(P, J)-linear functors

Q111 A(L)-Mod — A(I)-Mod absorbing in Homz;(é\(p,(])(A<E)—MOd7 A(I;)-Mod)
Qo A(I5)-Mod — A(I)-Mod absorbing in Homza(p ) (A(I2)-Mod, A(I2)-Mod)

lel A( 1)-M0d — A(IQ)—MOd such that le ] Qll ~ le ~ QQQ @) QQl
(5.6)

where we have used that A(I;)-Mod ~ A(I;)°*-Mod ~ A(I;)-Mod. We want to
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find an €y; such that

EndHomZ Acp, J>(A(E)-Mod,A(12)-Mod)(921)019 ~ A(I) (5.7)

as then by Corollary 2.4.6, we have
A(L)-Mod Rz (p, sy A(I2)-Mod = A(I)-Mod (5.8)

Definition 5.4.2. For any multi-interval I, define the family of circles S; =
I Lgr 1.

Lemma 5.4.3. Choose a diffeomorphism between Sy, and S* x 74(S1,) such that
every point in Py maps to 1 in some circle and every point in P maps to —1 in

some circle. Use this to give Sy, a smooth structure. Then
HOHlZ;é\(PJ) (.A([g)—MOd, .A(Ig)—MOd) ~ RA(SIQ, Pg)

Similarly, HOmZ;é(P7J)(A(I_1) -Mod, A(I;)-Mod) ~ R4(St, ).

Proof. We note

~Z(Z{(P,J) — End(A()))

Homza(p,5) (A(I2)-Mod, A(I2)-Mod) =Z(Z;(P, J) = End(A(I2)-Mod))

By an argument similar to Theorem 4.9.3, this commutant is the subcategory of
End(A(I,)) on endomorphisms which are identity on A(J") and the morphisms
are a € A(ly \° J*) which intertwine endomorphisms. By Lemma 4.5.7, this is
equivalent to R 4(SL,, Ps), the equivalence is given by p — ?Hy(Sy,). O

Lemma 5.4.4. The forgetful functor
Homzap, jyavs (A(I,)-Mod, A(Iy)-Mod) — Homzap ) (A(I;)-Mod, A(I5)-Mod)

1S an equivalence.

Proof. Absorbing endomorphisms p € Z;C“(P, J) are injective, and therefore the
action of p on A(Iy)-Mod is faithful. This functor is also dominant as L*A(15) ~
PL2A(Iy). Similarly the action on A(I;)-Mod is faithful and dominant. The

result follows from Proposition 2.4.10. O]
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We can reduce to the case for when [ is connected by the following compu-

tation:

Computation. Let I', ... I" be the connected components of I. By Lemma 4.7.7,
we can assume (g to be of the form Q}, K¢ - - - K¢ QF, where QY is an absorbing
object of R4(Sp,nri, P3N 1Y) and similarly Q5 is of the form Qf; K¢ - - - K¢ QY
where Y, is an absorbing object of RA(SW, PNIY.

Let J* be the components of J which intersect I*. Suppose we have functors

0, € Homgasi prgiyss (A(L N TP)-Mod, A(I, N I')-Mod)

such that Q%, 0 Qb ~ Q) ~ Q% 0 Q1 and End(2,)°P ~ A(I?).
Define Qg = Q) K¢ -+ - K Q3. Clearly Qy; absorbs Q7 and .
Let w' be an absorbing object in Z(.J*, PNI’). Then we have linearity maps

¢ le(wi : _) =W Qél(_)

w=w!X¢ ---Kcw" is an absorbing object in Z;;‘(P, J) by Lemma 4.7.7. Each
w’ produces an object @' in Z(P,J) defined as
(:vdi = HO(S(J1)+> &(C e &(C wi &(C e &(C HO(S(Jn)+>

where S(jiy+ = (J)" Uy (J7)T. We have

w:cT)l &A(J+)"'&A(J+)wn

Now, we give ()91 linearity data with respect to the action of w as (we illustrate

when there are only two connected components of I)

(2, B O3 Ragrn) 3+ ) —— (@4 B)(@ - @ )
t!Kcunitors

w' - (€ WG, (@* - —)

@ (unitorsXct?)

-

(' Ry 32) - (O BO)(—) e B (@ - (2 KO3 ()
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We compute
End(:) = ) End (@) =~ &) AT') =~ A1) = A(I)

Therefore, we can reduce to the case when I is connected. O

Definition 5.4.5. For any ICI being a union of connected components of [,

or I, define

C(I)=0(I x [0,1]) ~ where (z,r) ~ (z/,7) if x =2’ € O] \ P

We identify I x {0} € C(I) with I and T x {1} € C(I) with T

T

ep
x[0,1] J~
— —
ep
7
— 7
]
¢pr ep x[0,1]} /~
—e  —> —
:
_ 7
P x[0,1]
""" 0T\ P) x [0,1]

We define Q9 to be Hy(C'(11)) Wapxp,]) Ho(C(I2)). Below we illustrate three
cases of the fusion construction Ho(C'(11)) M apxjo]) Ho(C(12)). In the first case
I; and I, are each an elbow with P consisting of two points. In the second case
both I} and I, are intervals glued over a single point. In the third case [; is an
elbow and I consists of two disjoint intervals glued over two points. All other

cases can be obtained by permuting and iterating the cases illustrated below.
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C(h) C(l2)

i
1
fuse
n I n gl X I , & — I @ I
i
1
I Iz I Iz
I Iy & fuse
Iy Iz Iy Iz

1
I 7l

—2 o |>I2
1
- Iz fuse
I I I X —_— I
D
2
.—12—. Ig

We use its left A(I)-action as its right A(1;)-action, and it has a left A(Iy)-
action, thus making it an (A(l5), A(I;))-bimodule, which we see as a functor
A(I,)-Mod — A(I,)-Mod.

Now, we give the linearity data. As before, it is enough to give linearity

73

1
I3

2
I3

2
I3

data for the action of Z;:‘(p, J,)2s for every p € P where J, is the connected
component of J containing p. There is exactly one connected component each

of I and I, containing p, call them I, , and I5,. Then we have

Qo1 =~ Byapx(o,1)},er 1H0(C(11p)), Ho(C(I2p)) }pepr

We note { Ho(C(I1,)), Ho(C(I2,)) }pep is a set, so duplicates are not overcounted.
For a specific py € P, define

D" = Wpa@xi0.D}erony yywom,,) (HO(CT1p)), Ho(C12p)) per \ {Ho(C (11 p)), Ho(C(125))})
Q37" =Ho(C (1)) Bagox(o,1)) Ho(C(Tapg)) = Ho(C(Lpy) Upoxoa) CLap)) = Ho(CT°)
where we have defined the circle C) = C(I1p,) Upyxfo,1) C(I2p,). We have an

isomorphism

Q91 2 5" BWA(((011,3g U0 L\ fpo 1) x 0,1)) 221

The entire A(1y ,,) and A(Is,,) action is concentrated in Q57°. Let the circle 5520

be defined as (J; Ug., \(po} J5) Upous (po % [0,1]). Then Ho(Sggo) is absorbing
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in Z;:‘(p, Jp) by Remark 4.7.3. So to give linearity at po, it is enough to give a

map

Qor° M AT (HO(S%;O) X 40 -)

l”]po

Ho(S5 ) By (1" Wyg,m —)

It is enough to specify 7, on a generator of A(Iyp,)-Mod. We choose Hy(S7; po)
as our generator. We choose an identification J}F ~ J . so A(J}) acts on this

as Jf o~ J_];O — Iy p,. My 1s given by the following diagram

H0<C;O)&A(m) Np, HO(S§20>®A(J%)
(HO(SS)'EO) @A(J,TO) HO(Sm)) (HO(C;J @Am) HO(SH))
Ho(Cp)® 4z Ho(S7 )8 40
Ho(S% Uy i) Ho(Cp, U S75-)

cflmo (CJ+)71
Ho (Cpoull,p id . Hy (Sggo |_|J;0
(S5 Yoty S770) Co Unigs STiy

Informally, 7, fuses an absorbing triangle in on one side of py and undoes it on
the other side of pg as illustrated below. In the illustration, the fusion at the level
of the circles for the case of I} and I5 being two intervals glued at a single point

po is shown, we observe that we get the same circle tracing along the solid lines.
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The phase ambiguities in the definition of C cancel out in the definition of
My, as for each gluing interval, both C' and C~' are used. To see the naturality
with respect to endomorphisms of HO(S@ we note that Endzaz, ) (Ho(S%))
is given by the action of A(S% \ (Jp, U Jp,)). Since this interval is never glued
over, the naturality follows from the linearity of C i with respect to non-gluing

actions. We argue similarly for naturality in HO(SH).

Lemma 5.4.6. €29; absorbs Q11 and (as.

This shows that the €257 we have constructed does satisfy the conditions of

Equation 5.6.

Proof. Let I},... I¥ be the connected components of I,. By Lemma 5.4.3 and
Lemma 4.7.7, we see {)oy is of the form Q1,Xc- - - K5, where (5, is an absorbing
object in R 4(Sy;, P3N 15). Tt is enough to show that Qy; absorbs each 3,. Now,
the action of A(I}) on Qg is concentrated in Hy(C(14)). So it is enough to give
an isomorphism

Qo Ry Ho(C(13)) ~ Ho(C(13))

which is linear with respect to the A(C(13) \¢ (I3 x {1}))-action, for this is the
A(Iy)-action and the two actions used to fuse Hy(C(I%)) with other circles to
form 9.

There are two cases, 0I5 N Py = () and I, N Py # ().

o If 0I5 N Py = (), then R4(Sy;,0) ~ DHR4(I5)"" by Lemma 4.5.7. Given a
p € DHR 4(I%), we have

?Ho(Sp3) By Ho(C(13)) = P Ho(C(15))
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where we have modified the A(1y)-action on Hy(C(I3)) by p. »Ho(C(I3))
still has actions of every subinterval because p is identity near the bound-
aries of 914, so the action continuously extends. Now we extend by identity
and obtain a p': A(IL U (8414 x [0,1]) U T8) — A(IL U (0.1 x [0,1]) U L),
and then we use Remark 3.3.22 and find a p”: A(ILU (9,1} x [0,1])UTE) —
A(IL U (8,1} x [0,1]) U I2) which is identity on A(Ii U (9,1 x [0,1])) and

which is isomorphic to p’. We have isomorphisms
P Hy(C(13)) = 7 Hy(C(13)) =~ *" Ho(C(13))

which are linear with respect to the action of every subinterval. However,
as A(C(I3) \* (I} x {1})) = A(C(I3) \° I})-modules, we have

*"Hy(C(13)) = H(C(13))

Since we proved this for any p, it holds for Q%, = PHy(S 1;) where p is an
absorbing object in DHR 4(14). Such an b, is absorbing.

o If OI: N P3 # (), then this intersection consists of a single point, call it
p. Therefore R 4(S Ié,p) is a category of solitons. Let ¢ € P be the other
boundary point of I. By Remark 4.7.3, an absorbing object is Ho((I4 L,
I3) Upp (p % [0,1])). In this case, C(I3) = (I U, I3) Ugsg (g x [0,1]). We

compute
Ho (1 Uy I5) Uy (p x [0,1])) 5 413y Ho((I5 Uy I%) Ugg (q % [0,1]))
~ Ho(((13 Ug 13) Upip (p % [0, 1)) Ugg (T3 Up 13) Ugg (g % [0,1])))
~ Ho(0(1; % [0,1]))

Choose a diffeomorphism ¢: C(I4) = 9(I5 x [0,1]) which is identity on
I} U (g x [0,1)), then a ug which implements ¢ is a linear isomorphism of

the required type.
O

Therefore we have found an Qs : A(I7)-Mod — A(I)-Mod which is Z(P, J)-
linear and absorbs non-zero functors of the type A(I;)-Mod — A(I;)-Mod and
A(I3)-Mod — A(I3)-Mod on post-composing and pre-composing.
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Lemma 5.4.7. End(€Q9)? ~ A(I).

Here )51 is the object we have been constructing above and I is the core
of gluing of the cobordism obtained by gluing I; and I along (P,J). This
lemma shows that Equation 5.7 is satisfied, thus giving us the desired equivalence

Equation 5.8.

Proof. Let a: Q1 — 91 be an endomorphism of (A(I,), A(I;))-bimodules which
gives rise to a map of Z;:‘(P, J)-linear functors. Then because « is a bimodule
map, we see it has to be linear with respect to A(l7), A(l2) C B(s).

Being a map of linear functors, for all p € P, a needs to satisfy

(ot B ac) (OB acrridag(sy))om, = mo(aa ) (s B acs)idag (s -)))

where 7,0 Qo1 B 77y (Ho(S5)) B 45y Ho(S77)) — Ho(SY) B4y (Q21 Ky
Ho(57)) is induced by 7.

This can only be satisfied if o is A(.J,)-linear, as, in the two sides of the
above equation, the J,-actions are modified using those from the absorbing object
Hy (5% ) in different parts of J,. Since J = | |, J,, we learn that « is A(J)-linear.

Therefore, a € [A(L1)]5q,,)NA2)] 5000 VA5, 1t i casy to see that
any map which is A(I1), A(J), A(L3)-linear produces a map of Z}(P,.J)-linear

functors. So we have
End(Q21) = [A(1)]p (0, AT 5o, A 5y = AT VAU VA0,

There are two cases, I can be an interval or a circle, as I is a connected 1-

manifold.

e If [ is an interval, 91 = Hy(Sy). So by Haag duality,

[A(L) v A(L2) VAo, = A x {1})

o If I is a circle, €257 is the Hilbert space constructed in Definition 4.6.5. In

this case we have the following by definition:

A(L) VALV A(T) = A(I x {0})
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Therefore,

[A(L) v A(L2) V Aoy, = A x {1})

Using A(I x {1}) =~ A(I) ~ A(I)°P, we obtain the desired result. O

The category assigned to S!

We can also do a direct computation of the fusion of S; and S_ to form S?.
Assume 1 and —1 have chosen intervals around them. In this situation, all
three Qq1, Qa1, Q99 are Z;:‘(P, J)-linear functors from A(S;)-Mod — A(S+)-Mod,
where we have used S_ ~ S, . So §; is just the absorbing object in the category
of Z}(P, J)-linear endomorphisms of A(Sy)-Mod. Using the same argument as
before, this is nothing but DHR 4(S) ~ Rep(.A). Thus we have that

ZA(S") ~ Rep(A)™ =~ Z(Sol(A))** (5.9)
where we have used Corollary 4.9.5.

For a functor valued in the Morita 3-category of tensor categories, the ob-
ject assigned to S! is the Drinfeld centre of the object assigned to the point.
In our setting, we have obtained Z7}(S') ~ Z(Sol(A))*", which matches this
expectation up to taking (—)*. It is a part of ongoing work to understand
what finiteness assumptions ensure a bicommutant category is equivalent to its
absorbing ideal.

In the finite index case, it was shown in | , Corollary 1.23], that
Rep(A) ~ A(S')-Mod, so here we see that Rep(A) = Rep(A)*. For non-
rational theories, the Hilbert space Hy that the theory assigns to the unit disc D
is not an object of Z7(S).

Copointings

Definition 5.4.8. Z{!(P, .J) is copointed by Z(P, J)** viewed as a right Z}(P, J)-
module. We also specify copointings Z\°4(I): Z}(I) — Hilb given by the for-
getful functor A(7)-Mod — Hilb.

By taking daggers, we can turn copointings of Z;:‘(I )to pointings. The for-
getful functor A(I)-Mod — Hilb corresponds to pointing A(I)-Mod by L?A(I).

142



Under the constructed equivalence
A(1y)-Mod Xzap.0) A(Iy)-Mod = A(I)-Mod

these pointings are mapped to {2y; viewed as an A(I)-module. In the case [ is an
interval, this is equivalent to L?>A(I) using the BW map, and when [ is a circle,
this is L?A(I) by Lemma 4.7.5.

These (co)pointings will eventually be part of the data of Z;‘Ol of Section 1.2.

143



Chapter 6

Conclusion

6.1 Summary of Main Results

In this thesis, we introduced a refined definition of a bicommutant category,
updating that of [ , , ]. We defined modules over bicommu-
tant categories and introduced a ‘categorified’ Connes fusion product for module
categories over bicommutant categories. We reviewed the definition and prop-
erties of conformal nets and established the equivalence of categories between
endomorphisms and bimodules over a type III von Neumann algebra.

We introduced left- (or right-) localised endomorphisms and established an
equivalence of categories between solitonic representations of a conformal net
and left- or right-localised endomorphisms of the algebra assigned to the upper
half of the circle.

We proved that the category of solitonic representations of any conformal
net is a bicommutant category. Crucially, this holds without assuming finite
index or strong additivity, conditions previously required in all known results of
this type. This substantially broadens the class of conformal nets to which our
methods apply, and demonstrates that bicommutant behaviour is a fundamental
feature of unitary representation theory (of conformal nets), more so than was
previously understood.

Applying these tools, we constructed parts of the dimension-0 and dimension-
1 components of a functorial two-dimensional chiral CFT from a conformal net.
To 0-dimensional objects equipped with 1-dimensional collars, we assigned a

bicommutant category; to 1-manifolds we assigned bimodule W*-categories. We
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finally showed that the fusion of bimodules from composable cobordisms is the
bimodule associated to their composite, contingent on Conjecture 2.4.13 on the

associativity of categorified Connes Fusion.

6.2 Future Directions

The results of this thesis naturally lead to several directions for further research.
We briefly outline some of the themes.

The most immediate extension of the present work is to complete the func-
torial assignment to 2-dimensional cobordisms, that is, to construct the value of
the functor on Riemann surfaces with boundaries and corners, together with the

various coherence data.

?

Nﬂ?

£ Ztop
77— 7 —— Coby¥y ) ———— 3-Hilb (6.1)
Z)léol
consty

In Equation 6.1, the components constructed in part in this thesis are indicated
in red, and the data that remains to be constructed in blue.

Our construction has treated the two layers Z;Op and Z;Ol of Section 1.2
asymmetrically: the substance of Chapters 4 and 5 lies in dimensions 0 and
1, where a manifold carries no local conformal invariants, so that the conformal
cobordism category agrees with its topological counterpart and the (co)pointings
of Definition 5.4.8 are canonical. At dimension 2 this reverses, and the pointings
become the essential carrier of the chiral structure.

Indeed, as recalled in Section 1.2, Z;Op assigns to a complex cobordism > a
functor Fy: Cy v — Co,,.»- When 0% is closed, we know from Definition 5.3.5
that Cs,,» = A(OnX)-Mod, and similarly for 0,u2; hence Fx, = Hs X 45, 5) — for
some bimodule 4,5 (Hx)Aa,x)- The bimodule Hy, is the space of conformal
blocks of ¥, and changing the complex structure on ¥ yields a non-canonically
isomorphic space of conformal blocks | ]. The transformation Z°', by
contrast, equips Hy, with a pointing {2y, € Hy,, and it is this pointing that depends

holomorphically on the complex structure of X, as sketched in Section 1.2. In
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the fully-extended setting, where ¥ has corners and 0, is a 1-manifold with
boundary, Cps, y is instead one of the bimodule W*-categories of Chapter 5, but
the division of labour between the two layers is the same.

Consequently, extending our assignment to 2-dimensional cobordisms with
corners requires more than functors between the W*-categories constructed in
Chapter 5, equipped with linearity data for the actions of the bicommutant
categories assigned to the objects of Cob{": one must also produce the pointings
of those functors and prove that they vary holomorphically. It is only at that
stage that the theory becomes chiral conformal rather than something close to
topological. In particular, it remains to clarify how the holomorphicity condition
of Section 1.2 should be formulated for a fully-local theory; we do not yet have
the full picture of an extended version of Equation 1.1.

A central goal of the broader programme on bicommutant categories is to
construct the symmetric monoidal 3-category BicommCat whose objects are bi-
commutant categories, 1-morphisms are bimodule categories, 2-morphisms are
bimodule functors, and 3-morphisms are natural transformations. While we pro-
vided a detailed proposed definition of the bicategory 7;-Mod-75 for bicommutant
categories T; and 75, the completion of this 3-category requires constructing as-
sociativity isomorphisms for ‘categorified” Connes fusion to establish composition
of 1-morphisms. We were able to show that given two composable cobordisms,
the bimodule category assigned to their composition is the categorified Connes
fusion of the bimodules assigned to cobordisms. Since the operation of gluing is
associative, we have some evidence for the associativity of the categorified Connes
fusion. We have also not addressed the monoidal structure on this 3-category.
The Morita category of von Neumann algebras is a symmetric monoidal bicate-
gory with respect to the spatial tensor product of von Neumann algebras. The
analogous notion for bicommutant categories has not yet been developed. In
particular, it remains to show that our assignment is symmetric monoidal.

Given an inclusion of conformal nets B C A, one can consider the category
Sols(A). These are solitonic representations of A that restrict to ordinary repre-
sentations of the subnet B or in other words, solitons for A that are in the DHR
sector for the subnet B. We have the following series of forgetful functors for the
inclusion of nets C C Vir, C B C A:

Rep(A) := Sol4(A) — Solz(A) — Solyir, (A) — Sole(A) =: Sol(A)
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A natural generalisation of the present work would be to prove that Solg(.A)
is a bicommutant category. An interesting result to seek would be to com-
pute the Drinfeld centre, Z(Solg(.A)). Consider the following two edge cases:
Solc(A) = Sol(A) and Sols(A) = Rep(A). We showed that Z(Sol(A)) =~
Rep(A) ~ Rep(A) X Hilb. Rep(.A) is a braided monoidal category, and when it
is non-degenerate, Z(Rep(A)) ~ Rep(A) X Rep(A)™. This gives us a conjec-
ture: Z(Solg(A)) ~ Rep(A) X Rep(B)™". Of particular physical interest is the
case B = Vir,, the Virasoro subnet. Soly;. (A) is expected to be the category of
‘boundary topological line defects in the 2-dimensional chiral CFT’ associated
to A, although this concept has not yet been formalised.

The central charge is an important invariant of a chiral CF'T. In the setting
of conformal nets, the central charge is captured by the projective action of
Diff*(S') on the vacuum Hilbert space Hy. Establishing an analogous projective
action in the setting of bicommutant categories remains open.

Given a bicommutant category 7, an absorbing object Q € 72, and a uni-
tary u: 0 ® 2 — €2, one can construct a net of von Neumann algebras on the
circle: the algebra assigned to a dyadic interval is End(2), and u supplies the in-
clusions associated to subdividing an interval into two halves. The resulting net
is not Diff, (S!)-covariant; it is instead covariant with respect to the Thompson
group Th C Homeo(S!) of Definition 4.8.1. We call such an object a Thomp-
son net. Making this construction precise, and identifying the conditions on the
triple (7, €2, ) under which a Thompson net extends to a genuine conformal net,
would provide a converse to the results of Chapter 4 where we get a bicommu-
tant category from a conformal net. We note that a Thompson net cannot by
itself detect the central charge as by Theorem 4.8.4, the Bott-Thurston cocycle
trivialises on Th, so the projective actions arising this way admit honest lifts.

We are interested in finding a subgroup of Diff (S1) that acts genuinely projec-
tively on the solitonic category, and recovering central charge information from
the cocycle.

Finally, we would like to highlight that the functional analytic categorical
framework developed here calls for further foundational work. In | |, we
observed that the orthogonal direct sum completion and dagger idempotent com-
pletion of BC gives Hilb, but repeating this on BHilb only produces the sub-

bimod

category of vNAlg on type I algebras. We need a more functional analytic

bimod (

completion under which BHilb gives the entirety of vINAlg equivalently, the
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category of W*-categories) as Hilb-Mod where Hilb is a bicommutant category.
This will serve as the first step towards defining W*2-categories. Ultimately,
the goal is a complete and rigorous mathematical framework in which general

functorial quantum field theories beyond TQFTs are realised.
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