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Abstract

Determining cosmological parameters from current observational data requires knowl-

edge of the primordial density perturbations generated during inflation. We begin by

examining a model of inflation along a flat direction of the minimal supersymmetric

Standard Model (MSSM) and the power spectrum of perturbations it can produce.

We consider the fine-tuning issues associated with this model and discuss a modi-

fication of the potential to include a hybrid transition that reduces the fine-tuning,

without affecting the viability of the model. However, supersymmetric flat directions

might play a role in other models of inflation as well. In particular, they may cause

a feature in the primordial power spectrum of perturbations, unlike the scale-free

spectrum assumed in the standard Lambda Cold Dark Matter (ΛCDM) cosmological

model. We then show that in the presence of such a feature, an alternative cosmologi-

cal model with a large local void and no dark energy provides a good fit to both Type

Ia supernovae and the cosmic microwave background (CMB) data from the WMAP

satellite. Constraints from the locally measured Hubble parameter, baryon acoustic

oscillations and primordial nucleosynthesis are also satisfied. This degeneracy mo-

tivates a search for other independent observational tests of ΛCDM. The integrated

Sachs-Wolfe (ISW) imprint of large-scale structure on the CMB is one such test. The

ISW imprint of superstructures of size ∼ 100 h−1Mpc at redshift z ∼ 0.5 has been de-

tected with > 4σ significance, however it has been noted that the signal is much larger

than expected. We revisit the calculation using linear theory predictions in a ΛCDM

cosmology and find the theoretical prediction is inconsistent by > 3σ with the obser-

vation. If the observed signal is indeed due to the ISW effect then huge, extremely

underdense voids are far more common in the observed universe than predicted by

ΛCDM.
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Chapter 1

Introduction

The current standard model of cosmology is the Lambda Cold Dark Matter model

(ΛCDM). It has been shown to be in impressive agreement with data from a wide

range of different observational probes of our universe, and hence is sometimes also

known as the “concordance” model. Although consistent in most of its details, it

still leaves some questions unanswered, the most important of which are to do with

the nature of the mysterious “dark energy” that appears to make up ∼ 70% of the

current energy budget of the universe. It is also true that although the theory of

inflation has been accepted as the standard paradigm for the generation of the seed

perturbations for the origin of structure in the universe, there is an abundance of

well-founded inflationary models and as yet no unique underlying model can be said

to be favoured.

This thesis relates to both inflation at early times and the make-up of our current

universe. In fact neither can be determined uniquely without assumptions about

the other, so in fact both directions of investigation are intimately linked. We start

in this chapter by reviewing the standard theory of the cosmological model, the

evolution of cosmological perturbations, and the generation of these perturbations

during inflation. We will highlight some of the observational evidence in favour of

ΛCDM, which serves as a test for any alternative model, and areas where future

observations may constrain deviations from the standard view.
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1.1 Overview of Big Bang Cosmology

The universe we observe today is expanding. We see evidence of this expansion in

the cosmic microwave background (CMB) radiation and the relative abundances of

light elements, from which we can deduce that the universe has evolved from a hot,

dense state, with a temperature of at least ∼ 1010 K, the temperature at which

nucleosynthesis occurred [4]. Since then it has been expanding and cooling. We can

trace this expansion backwards in time to form a picture of the history of the universe.

The main events along this timeline are as follows.

1. Quantum gravity era

It is usually assumed that the universe extends back in time all the way to

Planck scale energies, MP ∼ 1019 GeV. At this scale quantum corrections to

General Relativity become important and the notion of an underlying metric

of space-time itself becomes unclear, so any theoretical picture of the universe

is necessarily very speculative. This is usually taken as the ‘beginning’ of the

universe, t = 0.

2. Inflation

The history of the universe in the regime of energy densities between 1019 GeV

and 100 GeV (the scale of the electroweak phase transition) is also specula-

tive, because the laws of physics at these energies are currently unknown. How-

ever, certain reasonable assumptions may be made by extrapolating from known

physical theories. The theory of inflation—a period of accelerated expansion of

the universe, which sets the initial conditions for the hot Big Bang model—is

now accepted as a standard paradigm.

3. The hot Big Bang

At some point after the end of inflation, the universe will have become domi-

nated by radiation and reached thermal equilibrium. This should have occurred

by the time the temperature reached 100 GeV, and from this point on the

physics is reasonably well understood. The electroweak phase transition occurs

at ∼ 100 GeV, and the QCD phase transition at temperatures of 100 − 300

MeV. The baryon asymmetry of the universe must have been generated before

the electroweak transition.
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4. Nucleosynthesis

When the temperature dropped to 1 MeV, neutrinos decoupled from the ther-

mal bath of radiation. Subsequently, at temperatures of ∼ 0.1 MeV, the light

elements were formed from protons and neutrons in the process known as nu-

cleosynthesis. The physics of nucleosynthesis is very well understood, and ob-

servation of the relative abundance of the light elements provides us with the

earliest constraints on the standard cosmological model.

5. Matter-radiation equality

As the universe expanded, the density of non-relativistic species (matter) will

have grown relative to that of radiation. At temperatures of ∼ 1 eV these

densities became equal, and subsequently the matter-dominated epoch began,

marking the start of the formation of structure.

6. Photon decoupling and formation of the CMB

When the universe was ∼ 1013 seconds old and the temperature had dropped

to 0.1 eV, free electrons bound with the atomic nuclei to form neutral atoms.

This process is known as recombination. At this point Thomson scattering of

photons off electrons can no longer occur and so the radiation field decoupled

from matter and photons propagated freely through the universe. These photons

are observed today as the CMB.

7. Reionization

The radiation produced by the first massive structures formed in the early

universe began to reionize the neutral hydrogen gas in the universe, possibly as

early as 1 Gyr after the Big Bang. The process of reionization was complete by

a redshift z ≈ 6.

8. Structure formation

The first large structures in the universe formed at around 1 Gyr. The non-linear

growth of these structures under gravity leads to the formation of individual

galaxies, clusters of galaxies, and voids.
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1.1.1 The FRW metric

The starting point for a mathematical description of the universe is Einstein’s General

Theory of Relativity (GR). According to GR, the curvature of space-time is related

to the matter content of the universe by the Einstein field equations

Rµν −
1

2
Rgµν = 8πGTµν . (1.1)

In this equation, gµν is the metric describing the space-time;1 Rµν is the Ricci tensor

Rµν =
∂Γλµν
∂xλ

−
∂Γλλµ
∂xν

+ ΓλµνΓ
σ
λσ − ΓλµσΓσνλ , (1.2)

where Γλµν is the affine connection; R ≡ gµνRµν is the Ricci scalar; G is Newton’s

gravitational constant and Tµν is the energy-momentum tensor.

Solving the equations above in general is highly complex. In practice one must

start with an ansatz for the metric gµν in order to simplify the task. We take as a

starting point the observation that the visible universe is highly isotropic around us,

at least on large enough scales. We then make the assumption that we are not at a

special place in the universe, and that the universe must therefore appear isotropic to

observers at all locations. This is known as the Cosmological Principle, and is equiv-

alent to assuming that the universe is—at least on large enough scales—spatially

homogeneous and isotropic. Although the Cosmological Principle is aesthetically

appealing, it is important to remember that it is merely an assumption that is consis-

tent with our prejudices, and should not be taken as fact in the absence of conclusive

evidence for homogeneity. We shall discuss this issue again later.

The assumption of homogeneity and isotropy allows us to choose a particularly

simple form for the space-time metric, for which the Friedmann-Robertson-Walker

(FRW) line element is

ds2 ≡ gµνdx
µdxν = −dt2 + a2(t)

[
dr2

1− kr2
+ r2dθ2 + r2 sin2 θdφ2

]
, (1.3)

in units where the speed of light is c = 1. The constant k can take the values 0, ±1.

For k = 0 the 3-d space-like hypersurface will be flat (R3); k = 1 gives a space of

positive curvature, S3; and k = −1 corresponds to the hyperbolic space of negative

curvature, H3. Here a(t) is an arbitrary function of time, known as the scale factor,

1We use the −+ ++ convention for defining the metric.
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and the coordinates xi or ~r are called the spatial comoving coordinates. A particle at

rest in these coordinates will remain at rest, and is thus “co-moving with the flow of

the universe”. Proper time along such a geodesic corresponds to the universal time,

t.

In some situations it is preferable to use conformal time τ , defined by dτ = dt/a(t),

in which case the line element becomes

ds2 = a2(t)

[
−dτ 2 +

dr2

1− kr2
+ r2dθ2 + r2 sin2 θdφ2

]
. (1.4)

Where necessary, we use an overdot to denote derivatives with respect to t and a

prime (′) to denote derivatives with respect to conformal time.

However, while the comoving distance may remain constant, the proper distance

between the origin and a comoving observer at radial coordinate r does change with

time,

dp(r, t) = a(t)

∫ r

0

dr√
1− kr2

. (1.5)

Therefore even though the comoving coordinate of the object remains constant, the

proper distance from us to the object increases (or decreases) with time. This is

true of any two comoving objects: it is in this sense that the universe is expanding

when a(t) is increasing. The recessional velocity due to the expansion of the universe

between any two galaxies that remain at fixed comoving coordinates is

v =
ȧ

a
dp = H(t)dp , (1.6)

where ȧ ≡ da
dt

and H(t) ≡ ȧ(t)
a(t)

is the Hubble rate.

Let us consider an FRW coordinate system in which we are at the origin. A light

ray passing through the origin in a radial (dθ = dφ = 0) direction travels along the

geodesic ds2 = 0 and so

dt = ±a(t)
dr√

1− kr2
, (1.7)

where the plus (minus) sign indicates a photon moving away from (towards) the

origin. Hence the light emitted at time t1 from a source at comoving coordinate r1

arrives at the origin at time t0, where∫ t0

t1

dt

a(t)
=

∫ r1

0

dr√
1− kr2

. (1.8)
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Taking the differential form of this equation, we can show that the time interval δt1

between subsequent wave crests on emission is related to the time interval δt0 at

observation by
δt1
a(t1)

=
δt0
a(t0)

, (1.9)

and hence if a(t) is increasing, the observed frequency ν0 = 1/δt0 is redshifted com-

pared to the emitted frequency ν1 = 1/δt1. The redshift, z, is defined to be

1 + z ≡ ν1

ν0

=
a(t0)

a(t1)
. (1.10)

By convention the scale factor is normalised such that a(t0) = 1.

Two other important quantities remain to be defined. The particle horizon, dH(t),

is the maximum proper distance that light can have travelled from the Big Bang at

t = tstart to time t, and is given by

dH(t) = a(t)

∫ t

tstart

dt′

a(t′)
. (1.11)

The Hubble distance, H−1, also known as the horizon, provides a rough estimate of

the distance that light can travel in the time that it takes the universe to expand

appreciably; it is therefore an estimate of the scale over which causal processes can

occur.

1.1.2 The expanding universe

At large enough scales, if we assume that the clustering of matter into structures

and voids can be neglected, we may treat the contents of the universe as fluid. The

assumption of homogeneity and isotropy imposes the following form for the energy-

momentum tensor:

T 0
0 = −ρ(t), T ij = p(t)δij, (1.12)

with all other components of Tµν zero. Here ρ(t) denotes the density of the fluid and

p(t) its pressure, both of which are constant along the space-like hypersurface. As we

have noted in Sectionch1:sec:FRWmetric, the assumption of homogeneity and isotropy

of the background Tµν is an aesthetic choice that is not forced on us by observational

data. In Chapter 3 we instead postulate a matter distribution that is isotropic but

radially inhomogeneous, and show that, given other reasonable assumptions, such a
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model is also compatible with observational data. In Chapter 4 we approach the

question for a different perspective and ask whether the predictions for the scale

of homogeneity in the standard cosmological model are themselves consistent with

observation. However, for the standard cosmological results presented in this chapter

we shall continue to assume that the universe is, at least to a first approximation,

homogeneous and isotropic.

Using the FRW metric to calculate the other quantities in Eqs. (1.1), we obtain

the Friedmann equation for the evolution of the scale factor a(t)

H2(t) ≡
(
ȧ

a

)2

=
8πG

3
ρ− k

a2
, (1.13)

the Raychaudhuri equation
ä

a
= −4πG

3
(ρ+ 3p) , (1.14)

and the conservation law

ρ̇+
3ȧ

a
(ρ+ p) = 0 . (1.15)

Given an equation of state specifying p as a function of ρ, these equations may be

solved to find ρ as a function of a and a as a function of t.

For the case of a perfect fluid, p = wρ, where w is a constant, known as the

equation of state parameter. Three interesting cases that we will have use for later

are:

1. Non-relativistic matter (dust): In this case there is no pressure, w = 0 and

so from Eq. (1.15), ρ ∝ a−3, i.e., the energy density is simply diluted by the

expansion of the universe;

2. Relativistic matter (radiation): p = 1
3
ρ⇒ a−4, i.e., the energy density is diluted

by both the expansion and the redshift;

3. Vacuum energy or cosmological constant: p = −ρ ⇒ ρ = const. Unlike dust

or radiation, the effect of a cosmological constant does not get diluted with the

expansion of the universe and hence if it is present, it will eventually come to

dominate over other contributions at late times.

7



Returning to Eq. (1.13), for any current value of the Hubble constant H0 ≡
ȧ(t0)/a(t0), we may define the critical density as

ρc ≡
3H2

0

8πG
= 1.878× 10−29 h2 g/cm3 , (1.16)

where h is the Hubble constant in units of 100 km s−1 Mpc−1. Then for a flat universe

(k = 0) we may write the Friedmann equation as

H2(t)

H2
0

=
ρ(t)

ρc
, (1.17)

where the energy density ρ includes the contributions from all species: matter, radi-

ation and vacuum energy. More generally, for arbitrary k and denoting the present

energy densities in matter, radiation and vacuum energy as ρm, ρr and ρΛ, respec-

tively, the Friedmann equation can be written as

H2(t) = H2
0

[
Ωm

(a0

a

)3

+ Ωr

(a0

a

)4

+ Ωk

(a0

a

)2

+ ΩΛ

]
, (1.18)

where we have defined the density parameters

Ωm =
ρm
ρc
, Ωr =

ρr
ρc
, ΩΛ =

ρΛ

ρc
, Ωk = − k

a2
0H

2
0

. (1.19)

By construction, the density parameters must satisfy the cosmic sum rule

Ωm + Ωr + ΩΛ + Ωk = 1 . (1.20)

At the present time, radiation makes up a very small fraction of the total energy

density of the universe, Ωr ≈ 10−5, and hence can safely be neglected.

1.1.3 Distance measures

The distances between us and various astronomical or cosmological objects may be

measured in different ways. One measure is the comoving distance between us and

an object at scale factor a,

dc(a) =

∫ t0

t(a)

dt′

a(t′)
=

∫ 1

a

da′

a′2H(a′)
. (1.21)

Another way to determine distances is to measure the angle θ subtended by an object

of known physical size l, and define the angular diameter distance dA = l/θ. Inspec-

tion of the FRW metric shows that a source at comoving radial coordinate r that

8



emits light at time t, and is observed today to subtend an angle θ on the sky, extends

over a proper distance l = a(t)rθ normal to the line of sight. Therefore the angular

diameter distance of the object is

dA = a(t)r . (1.22)

If the observed object is not of known physical size but of known absolute lumi-

nosity L, we instead define the luminosity distance, dL, such that the observed flux

from the object is

F (a) =
L

4πdL(a)2
. (1.23)

It can easily be shown that this definition implies that the luminosity distance satisfies

dL = a(t0)r(1 + z) = (1 + z)

∫ z

0

dz

H0

√
Ωm(1 + z)3 + Ωk(1 + z)2 + ΩΛ

, (1.24)

where the second equality holds only for a a flat Universe (k = 0). This means that the

angular diameter distance and luminosity distance satisfy the following relationship:

dL
dA

= (1 + z)2 . (1.25)

For objects with z � 1, we can rewrite Eq. (1.10) as a power series expansion in

the “look-back time” t0 − t1. On inverting this expression, after some manipulation,

we obtain the following relationship between dL and z, known as the Mattig formula:

H0dL = z +
1

2
(1− q0)z2 + . . . (1.26)

to second order. Here q0 is the deceleration parameter, q0 = −( ä
aH2 )|t=t0 , whose value

depends (via Eqs. (1.13) and (1.14)) on the contents of the universe

q0 =
Ωm

2
− ΩΛ . (1.27)

Thus if objects of known absolute luminosity can be found in the universe then from

a plot of their measured redshifts and luminosity distances (known as a “Hubble

diagram”), we can calibrate the value of H0 and also determine the value of the

deceleration parameter, thus constraining a linear combination of Ωm and ΩΛ. Such

objects are known as “standard candles”.
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Figure 1.1: Evidence for dark energy found in 1998 by the Supernova Cosmology
Project [1]. The figure shows the effective rest-frame B-band magnitude of 42 high-
redshift SNe Ia observed by the Supernova Cosmology Project and 18 low-redshift SNe
Ia from the Calán/Tololo Supernova Survey, after correcting for the SNe Ia lightcurve
width-luminosity relation. Horizontal bars indicate the uncertainty in redshift due
to an assumed peculiar velocity uncertainty of 300 km s−1. Dashed and solid curves
give the theoretical predictions for cosmological models with Ωk = 0 and ΩΛ = 0
respectively, for various values of Ωm. Figure taken from [1].

1.1.4 Type Ia supernovae as standard candles

Supernovae of Type Ia (SNe Ia) are believed to occur when a white dwarf star in

a binary system gains enough matter from its partner that its mass exceeds the

Chandrasekhar limit, triggering a thermonuclear explosion. As the exploding star

always has a mass near the Chandrasekhar limit, it is believed that there is little

variation in the absolute luminosity of different SNe Ia, and therefore they can be

treated as standard candles. As they are also extremely bright, this allows us to

measure the luminosity distance-redshift relationship as far out as redshifts of z ∼ 2.

By calibrating SNe Ia against Cepheid variable stars observed in the same galaxies,

the Hubble Key Project [8] obtain a value for the Hubble constant of H0 = 71±2±6

km s−1 Mpc−1, and H0 = 72± 8 km s−1 Mpc−1 by combining different observational

techniques. A more recent study [9] finds the value H0 = 74.8 ± 3.1 km s−1 Mpc−1,

a 3% determination. Other studies find values of h as low as 0.62—for a review,
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Figure 1.2: The Hubble diagram for a combined sample of Type Ia supernovae
from the Supernova Legacy Survey (SNLS) data sample [5], the Sloan Digital Sky
Survey (SDSS) [6], the Hubble Space Telescope (HST) [7] and from a combination
of non-rolling surveys at low redshift. The combined sample contains a total of 472
supernovae. Figure taken from [2].

see [10].

Most excitingly, measurements of the luminosity distances of distant SNe Ia indi-

cate that the deceleration parameter q0 is negative, implying a late-time acceleration

of the universe and a cosmological constant term that dominates the energy density

today. The original studies were conducted by the Supernova Cosmology Project [1]

and the High-z Supernova Search Team [11], who found that when the Hubble dia-

gram for SNe Ia is compared with theoretical predictions for the luminosity distance

as a function of redshift for different cosmological models, the data favour a model

with ΩΛ ∼ 0.7, Ωm ∼ 0.3 and q0 ∼ −0.5. The equation of state for the dark en-

ergy component is consistent with w = −1, i.e., a cosmological constant. This basic

picture remains consistent with recent, larger data sets [12, 13, 2].

A few caveats should be borne in mind. Firstly, at very low redshifts, there is

significant scatter in the Hubble diagram due to peculiar motions of nearby super-

novae. Secondly, it has become clear the SNe Ia are not simple standard candles [14],

as their absolute luminosities are found to vary somewhat with environmental condi-

tions, particularly the metallicity of their host galaxies, which in turn can depend on

11



the epoch of the explosion. Hence, the distance to each supernova has to be deter-

mined individually, either through an empirical relationship between the maximum

luminosity and the width of the light curve, or by normalising the peak luminosities

and using a “corrected” apparent peak brightness [1]. We will discuss some of these

issues later in Chapter 3.

Nevertheless, SNe Ia data clearly appear to favour an accelerating universe, and

this, along with other evidence, has led to the adoption of the current standard

cosmological model to which we now turn.

1.1.5 Dark energy and the standard cosmological model

From the Raychaudhuri equation, Eq. (1.14), we see that a necessary condition for

the expansion of the universe to be accelerating, ä > 0, as suggested by the SNe Ia

data, is

p < −ρ
3
. (1.28)

For ordinary matter and radiation, as w = 0 and 1/3 respectively, this condition is

never satisfied and q0 ≥ 0. Thus we must postulate the existence of a new form

of energy density, with negative pressure w < −1/3. As already mentioned, the

energy density of the vacuum can provide exactly such a negative pressure. Lorentz

invariance requires that the contribution of the vacuum to the energy-momentum

tensor, T µνV , must be proportional to the metric gµν . Comparing this with the form of

the energy-momentum tensor for a perfect fluid, we see that the vacuum must have

pV = −ρV and so T µνV = −ρV gµν .
However, the principle of general covariance on which Einstein’s theory is based,

also allows a term proportional to the metric tensor on the left-hand side of Eq. (1.1):

Rµν −
1

2
Rgµν + λgµν = 8πGTµν . (1.29)

The contributions form the “geometrical” term and the energy density of the vacuum

combine to give an effective cosmological constant

Λ = λ+
ρV
M2

P

, (1.30)

where we have substituted the Planck mass for Newton’s constant, M2
P = (8πG)−1 '

2.4× 1018 GeV. This corresponds to an effective vacuum energy

ρΛ ≡ ΛM2
P , (1.31)
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and a vacuum energy density ΩΛ = Λ/3H2
0 .

As mentioned earlier, the standard cosmological model today is the flat ΛCDM

model, with ΩΛ ' 0.7, Ωm ' 0.7 and h ' 0.7. Thus the cosmological constant

dominates the energy density of the current universe and is responsible for the ac-

celeration inferred from the SNe Ia data. Although we have motivated this model

primarily from the SNe Ia observations, it has proven to be a remarkably good fit to

other cosmological data, in particular the power spectrum of anisotropies in the CMB

observed by WMAP [15], baryonic acoustic oscillations detected in the SDSS galaxy

survey [16], and the lack of power on small scales in the angular power spectrum of

the clustering of galaxies [17, 18] (however, for a critical appraisal of the data and

the status of the standard model, see [19]).

Despite this impressive agreement with a wide range of observational data, how-

ever, we have no fundamental understanding of why the cosmological constant should

take the value it does. In fact there are two troubling problems with the concept of

a cosmological constant. The first is known as the cosmological constant problem,

and was emphasized in the review by Weinberg [20], among other places. The energy

density inferred from current observations constraining ΩΛ ' 0.7 is ρΛ ≈ 10−47 GeV4.

On the other hand, the vacuum energy density obtained by summing all the normal

modes of some field with mass m up to a cutoff M � m is

ρV =

∫ M

0

4πk2dk

(2π)3

1

2

√
k2 +m2 ' M4

16π2
. (1.32)

If we chose to believe GR right up to the Planck scale, we might choose the cutoff

M = MP , giving ρV ' 1071 GeV4, requiring the unrelated terms in Eq. (1.30) to

cancel to nearly 120 decimal places. If we treat the standard model (SM) of particle

physics as an effective field theory valid up to the energy scale of supersymmetry, the

cutoff can at most be lowered from MP down to the electroweak scale MEW ∼ 100

GeV, but this still implies a minimum contribution to the vacuum energy of quantum

fluctuations of O(M4
EW), which still leaves a discrepancy of at least 1060 between the

theoretical expectation and the observed value.

There is at present no accepted solution to the cosmological constant problem.

It may be hoped that in the future some new physical symmetry principle will be

discovered to explain why the vacuum does not gravitate, which would mean Λ is
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exactly zero. However, the observation of a tiny but non-zero value for Λ creates a

second problem, known as the cosmic coincidence problem: why is the value of Λ

such that it is dynamically important today? In fact, the ratio ΩΛ/Ωm evolves as the

cube of the scale factor a(t), so the vacuum energy was negligible in the past and in

the future matter energy density will be negligible. The effects of dark energy appear

to become important at a value of the scale factor within a factor of about 2 of the

current value, though it has increased by around 1028 since the end of inflation. So

what is special about the present epoch that means that ΩΛ/Ωm is of order unity?

Partly as a result of these problems, there have been many attempts at building

alternative theories to explain the apparent acceleration. One approach is to leave GR

unchanged, but postulate new contributions to the energy-momentum tensor, arising

from a dark energy field known as “quintessence” [21]. Another approach is to leave

the field content unchanged but to modify GR [22]. Both of these approaches suffer

from severe fine-tuning, however, and cannot be said to improve on the ΛCDM model.

Some speculative ideas from string theory have been advanced, including a version of

the anthropic argument [23]. It has also been argued that perhaps no explanation is

required at all for a simple cosmological constant [24].

Cosmologists do invoke the effect of vacuum energy in order to drive inflation, as

we shall discuss in Section 1.3. However, inflation occurs at a high energy scale, which

appears natural in field theory. The problem with dark energy is that the implied

fundamental energy scale, ρ
1/4
Λ ∼ √H0MP is so unnaturally small. What is actually

inferred from observations is however not an energy density, just a value of O(H2
0 )

for the Λ term in the Friedmann equation. In the context of an FRW cosmological

framework, H0 ∼ 10−42 GeV is the only scale, and the inference of Λ ∼ O(H2
0 ) may be

a result of mistakenly interpreting the inhomogeneous real universe in a homogeneous

theoretical framework (e.g. [19]). We discuss an alternative inhomogeneous model in

Chapter 3, and in Chapter 4 we examine an alternative observational test for ΛCDM

through the dynamical effects of dark energy on the growth of structure.

In summary, despite the success of the ΛCDM model in matching observational

data, it is fair to say that the nature of dark energy remains a major theoretical

challenge, and so long as this is the case, alternative models should continue to be

investigated.
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1.2 Perturbations from homogeneity

In the previous section we have discussed the background solutions to the Einstein

field equations assuming perfect homogeneity and isotropy. The real universe, how-

ever, is not perfectly homogeneous and in fact exhibits a rich structure at small

enough scales. This structure has grown under the action of gravity, from very small

matter perturbations in the early universe. We can study the evolution of these per-

turbations using linear perturbation theory, assuming that during most of the history

of the universe deviations from the homogeneous and isotropic FRW background are

small enough to be treated as first-order perturbations. A full treatment of cosmo-

logical perturbation theory is beyond the scope of this thesis, but in this section we

will sketch out the basic elements of relevance to us. The details of the analysis can

be found in [25], or in standard cosmology textbooks such as [26, 27].

1.2.1 Evolution of perturbations

The starting point for an analysis of perturbations are the Einstein field equations,

Eq. (1.1). We account for deviations from the FRW background by writing the

perturbed metric as

gµν = ḡµν + hµν , (1.33)

where ḡµν is the background metric and hµν = hνµ is a small perturbation (we use

a bar over any quantity to denote its unperturbed value). The linearized Einstein

equations can be written as

δRµν −
1

2
ḡµνδR−

1

2
hµνR̄ = 8πGδTµν . (1.34)

Here δRµν , δR and δTµν denote the first order perturbations in Rµν , R and Tµν

respectively. In general, perturbations to the metric can be divided into scalar, vector

and tensor types. The rotational and translational symmetry of the field equations

means that each of these types of perturbation evolves independently and can be

analysed separately. In general vector perturbations decay as 1/a2 with the expansion

and are therefore usually ignored. Tensor perturbations correspond to gravitational

waves and are important for some theories of inflation, but we will focus exclusively

on scalar perturbations here.
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Unlike in the unperturbed case, there is no uniquely preferred choice of coordinates

for the perturbed metric, with the only requirement being that it reduce to the FRW

background in the limit of infinitesimal perturbations. This also means that among

the solutions of Eq. (1.34) will be unphysical modes that arise simply due to a change

of coordinates of the unperturbed metric. In order to eliminate this problem we must

make a gauge choice to fix the coordinate system, and evaluate all quantities in that

gauge. There are several different possible gauge choices but we use the conformal

Newtonian (or longitudinal) gauge, in which the line element is

ds2 = a2(τ)
[
−(1 + 2Ψ)dτ 2 + (1− 2Φ)dxidxj

]
. (1.35)

This gauge is restricted as it does not allow vector or tensor perturbations; however

it is a convenient gauge in which to analyse scalar perturbations, which is what we

are interested in here. Another advantage is that the quantity Ψ corresponds to the

standard gravitational potential in the Newtonian limit, and Ψ and Φ are straight-

forwardly related to the gauge-independent variables ΦA and ΦH of Bardeen [28].

We utilise the symmetry of the field equations under translations in space by

working in Fourier space. To linear order in the perturbations, there is no coupling

between Fourier modes of different wavenumber k, and the equations depend only

on the magnitude and not the direction of k. Some lengthy calculation (see [25] for

details) starting from Eq. (1.34) leads to the following four equations:

k2Φ + 3
a′

a

(
Φ′ +

a′

a
Ψ

)
= 4πGa2δT 0

0, (1.36a)

Φ′′ +
a′

a
(Ψ′ + 2Φ′) +

(
2
a′′

a
− a′2

a2

)
Ψ +

k2

3
(Φ−Ψ) =

4π

3
Ga2δT ii, (1.36b)

k2

(
Φ′ +

a′

a
Ψ

)
= 4πGa2(ρ̄+ p̄)θ, (1.36c)

k2(Φ−Ψ) = 12πGa2(ρ̄+ p̄)σ, (1.36d)

where the variables θ and σ are defined as

(ρ̄+ p̄)θ ≡ ikjδT 0
j, (ρ̄+ p̄)σ ≡ −

(
k̂ik̂j −

1

3
δij

)
Σi

j, (1.37)

with Σi
j ≡ T ij − δijT kk/3. We have used the same notation to refer to the Fourier

transforms of quantities as to the quantities themselves, and the ′ denotes derivatives

with respect to conformal time. Note that in the absence of any anisotropic stresses,
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Φ = Ψ from Eq. (1.36). All the quantities δT 0
0, δT ii, θ and σ are to be evaluated in

the conformal Newtonian gauge. The components of the energy-momentum tensor

are subject to the conservation conditions T µν ;µ = 0 (these are not independent

conditions as they can be derived from the field equations, but they may be usefully

substituted in place of one or more of the field equations).

Evaluating the energy-momentum tensor is relatively simple for a non-relativistic

fluid, for which we can write δT 0
0 = −δρ, δT 0

i = (ρ̄+ p̄)vi and δT ij = δpδij, where vi

is a small coordinate velocity vi = dxi/dτ and can be treated as a perturbation of the

same order as dρ, dp and the metric perturbations. Such a description is appropriate

for CDM and for baryons, but for the photon and neutrino components one needs to

evaluate the energy-momentum tensor through integrals over the momenta of the dis-

tribution functions in phase space. The general expression for the energy-momentum

tensor is

Tµν =

∫
dp1dp2dp3(−g)1/2pµpν

p0
f(xi, pj, τ) , (1.38)

where f(xi, pj, τ) is the phase space distribution and pj is the conjugate momentum to

xi. The matter is further complicated by the fact that the different fluid components

of the universe interact with each other non-gravitationally as well, for instance before

recombination the photons and baryons are tightly coupled via Thomson scattering

of photons off electrons. In order to describe this coupling we need the Liouville

equation,
Df

dτ
=
∂f

∂τ
+
dxi

dτ

∂f

∂xi
+
dpi
dτ

∂f

∂pi
=

(
∂f

∂τ

)
c

. (1.39)

The term
(
∂f
∂τ

)
c

describes the collisions affecting the particular species in question.

The integral form of Eq. (1.39) is the Boltzmann equation.

All the information needed to track the evolution of the cosmological perturbations

is contained in the Einstein equations, Eqs. (1.36) and the Boltzmann equations for

the interaction of the various constituents of the universe, and all that is required is

to specify the initial conditions. Clearly, however, these equations are quite complex,

and an analytic solution will not be possible. Instead cosmologists use numerical

packages to solve the equations in order to obtain the perturbations at the present

(or any arbitrary) time. The package we use in this thesis is CAMB [29], which is

based on an earlier package called CMBFAST [30], which in turn is based on the
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original code due to the authors of [25].2 For most purposes we will be happy to treat

this code as a black box.

1.2.2 Initial conditions

In order to be able to use the framework for tracking the evolution of perturbations

outlined in the previous section, we need to specify the perturbations at some initial

time. The perturbations are believed to have originated during an era of inflation, as

will be discussed in Section 1.3; in fact, it is the ability the inflationary paradigm to

explain the generation of these perturbations on scales that would not otherwise have

been in causal contact that is the chief reason for its success. During the inflationary

era, when the energy density is dominated by (at least in the simplest models) a

single scalar field, we are able to make predictions about the perturbations that

are generated. However, between the time of the end of inflation and the time of

observation of the perturbations, the universe undergoes several phase transitions

(such as the period of reheating after inflation, or the freezing out of certain particles

as the universe cools) during which we do not know the equations governing the

perturbations.

This being the case, we are only able to make any predictions about the observable

perturbations based on inflationary theories because certain conservation laws apply

to perturbation modes which have wavelengths long enough that they are outside the

horizon, i.e., k/a� H. During inflation, H is almost constant and a increases almost

exponentially with time, so all modes except those with the very shortest wavelengths

exit the horizon, and the conservation laws apply. After inflation, a increases as t1/2

or t2/3 in radiation and matter-dominated eras respectively, whereas H decreases as

1/t. Therefore the horizon grows and eventually all the modes of interest re-enter

the horizon, though only at relatively recent times when we are once again able to

track the evolution of perturbations without unknown effects. Thus the conservation

laws for super-horizon perturbations allow us to connect theories of inflation with the

observation of perturbations in the universe today.

2Although we have provided the equations in the conformal Newtonian gauge, most numerical
solvers use the synchronous gauge as the equations are better behaved numerically.
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For scalar modes, the quantity defined in the conformal Newtonian gauge as [31]3

ζ ≡ −Φ− ikiδT 0
iH

k2(ρ̄+ p̄)
(1.40)

is conserved outside the horizon if the initial perturbations generated at the time of

inflation are adiabatic—i.e., the different constituents are initially in thermal equi-

librium, such that the scalar modes have equal values of δρα/ ˙̄ρα for each individual

constituent α of the universe, whether or not energy is separately conserved for each

constituent (this condition is always satisfied in models of inflation driven by a single

scalar field as the pressure and density are unique functions of the field value). When

this condition is met, we can make predictions for the perturbations in ζ based on

the model of inflation, and then translate these back to perturbations of Φ, δρ etc.

at the time that the relevant mode re-enters the horizon. This is used as the initial

condition for the numerical Boltzmann solvers discussed above.

The quantity ζ is actually gauge-invariant. In the conformal Newtonian gauge it

takes the value in Eq. (1.40), but during inflation it is more convenient to use a gauge

with spatially flat slicing. We will discuss this further in Section 1.3.4.

Cosmological theories do not give definite predictions for perturbed quantities

such as δρ(t). Instead the fluctuations are treated as stochastic random variables,

and theoretical predictions are made about the probability distribution functions

(PDFs) of the perturbations. The PDF in the cases of interest can be completely

specified in terms of the spatial n-point correlation functions of the random field, and

the assumption of homogeneity and isotropy for the unperturbed universe is replaced

now by the assumption of statistical homogeneity and isotropy of the perturbations.

The simplest models of inflation predict Gaussian PDFs and observations of the

CMB anisotropies indicate that any non-Gaussianity, if present, is small, so for the

purposes of this thesis we shall consider only the Gaussian case. This simplifies

the analysis, as for a scalar Gaussian random field with zero mean, we only require

knowledge of the two-point correlation function, its derivatives and integrals in order

to calculate any statistical property. The Fourier transform of the two-point function

is the power spectrum, defined as

〈Φ(k, t)Φ∗(k′, t)〉 = (2π)3PΦ(k)δ(k− k′) . (1.41)

3Other authors use the related quantity R(k). In the long-wavelength limit the definitions coin-
cide, ζ = R. For a fuller discussion and historical context, see [32] and the references within.
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In linear perturbation theory, an initially Gaussian perturbation will remain Gaussian

at all times, and so the power spectrum remains enough to describe the statistical

properties of the perturbation. Non-linear effects will in fact introduce some late-

time non-Gaussianity even to a perfectly Gaussian initial fluctuation, but we do not

consider these effects in this work.

An important property of Gaussian random processes is their ergodicity, which

ensures that spatial averages taken over a large volume in our universe will be equal

to expectations taken over an ensemble of universes, to which our universe belongs.

This is fortunate, as of course we are unable to measure quantities over an ensemble

of universes!4

1.2.3 The matter power spectrum

It is of great interest to obtain theoretical predictions for the perturbations in matter

density δ = δρ/ρ̄ that can be compared with observation. Given the initial power

spectrum generated by inflation (Section 1.3.4), it is possible to solve for the evolution

of the Fourier modes δ(k, t) in order to construct the matter power spectrum today.

To do so obviously requires the full perturbation treatment outlined above, but we

present here a simplified discussion of the processes involved.

It is natural to divide up the evolution of cosmological perturbations into three

distinct stages: early time, when the modes are outside the horizon, k/a� H; inter-

mediate time, when the modes cross into the horizon and also the universe changes

from radiation-domination to matter-domination; and late time, when modes are

well inside the horizon, k/a � H, and the universe is matter-dominated (or dark

energy-dominated). The evolution of modes that are well outside or well inside the

horizon is independent of k, but there is a strong k-dependence during the intermedi-

ate stage. We therefore describe the evolution of modes in terms of a k-independent

growth factor describing the growth of perturbations at late times, and a transfer

function T (k) describing the evolution through the epoch of horizon crossing and the

radiation/matter transition.

4It is actually not a necessary condition that the fluctuations be strictly Gaussian, only that they
be uncorrelated at distant arguments.
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The transfer function is conventionally defined as

T (k) ≡ Φ(k, alate)

ΦLarge−Scale(k, alate)
(1.42)

where alate is the scale factor at some late time well after the regime in which the

transfer function is applicable. ΦLarge−Scale is the primordial perturbation evolved to

the late time using only the large-scale (super-horizon) solution. This is somewhat

less than the primordial perturbation Φi from inflation as even super-horizon modes

evolve somewhat as the universe passes through the epoch of equality. In fact, it can

be shown from the super-horizon solution that ΦLarge−Scale(alate) = 9
10

Φi [33]. The

growth factor D(a) is defined as

D(a)

a
=

Φ(a)

Φ(alate)
(a > alate) . (1.43)

Solving the evolution equations for sub-horizon modes gives an expression for the

growth factor:

D(a) =
5Ωm

2

H(a)

H0

∫ a

0

da′

(a′H(a′)/H0)3
. (1.44)

For a matter-dominated universe Ωm = 1, the growth factor is simply D(a) = a, i.e.,

the potential does not evolve (but the CDM density perturbations grow δ ∝ D(a)).

In the presence of a cosmological constant the growth of density perturbations is

slowed due to the accelerated expansion of the universe. For a ΛCDM cosmology, an

approximate form, good to a few percent accuracy, is [34]:

D(a) ≈ 5

2
Ωm

[
Ω4/7
m − ΩΛ +

(
1 +

1

2
Ωm

)(
1 +

1

70
ΩΛ

)]−1

. (1.45)

Using these definitions, the potential perturbation at late times can be written as

Φ(k, a) =
9

10
Φi(k)T (k)

D(a)

a
(a > alate) . (1.46)

The matter density contrast today can be related to the potential at late time

using Poisson’s equation (which is obtained from a combination of the perturbation

equations (1.36) in the limit that radiation density is negligible and k/a� H)

Φ =
4πGρma

2δ

k2
. (1.47)

Inverting this and using Eq. (1.46) we can relate the density contrast to the initial

perturbation Φi

δ(k, a) =
3

5

k2

ΩmH2
0

Φi(k)T (k)D(a) , (1.48)
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which allows us to relate the power spectrum for δ to the primordial power spectrum

for Φ

Pδ(k, a) =
9

25

k4

Ω2
mH

4
0

T 2(k)D2(a)PΦ(k) . (1.49)

This relationship will be generally valid, irrespective of whether the primordial per-

turbation Φi is generated from inflation or not. Note that our linear treatment will

not be valid on small enough scales: for most models the scale at which non-linear

corrections to the power spectrum need to be accounted for is knl ' 0.2 h Mpc−1.

The simplest single-field models of inflation motivate a form of the primordial

power spectrum PΦ(k) ∝ kns−4, where ns is the scalar spectral index, ns ≈ 1. The

value ns = 1 corresponds to a scale-invariant, Harrison-Zel’dovich spectrum [35].

Therefore on large scales, where T (k) ≈ 1, the matter power spectrum increases

as Pδ(k) ∝ kns . On small scales the power spectrum turns over because smaller-

scale modes that enter the horizon before matter-radiation equality decay during the

radiation-dominated epoch. The point of turnover is clearly dependent on the horizon

scale at matter-radiation equality, which in turn depends on the value of Ωmh
2.

The relative abundance of baryons also affects the matter power spectrum in

two ways. Firstly, baryons reduce the growth rate between the matter-radiation

epoch and the drag epoch when the baryons are decoupled from the photons, leading

to a suppression of power on small scales relative to large scales. Secondly, the

tight coupling between photons and baryons before recombination leads to sound

waves in the primordial plasma seeded by the initial fluctuations in the dark matter

density. When the photons and baryons decouple, there is a drop in pressure and the

sound wave in the baryons is stalled leading to an excess of clustering at a radius of

approximately the sound speed times the age of the universe at recombination, which

is ' 154 Mpc today [36]. Although the baryons slowly move back into equilibrium

with the dark matter, evidence for the stalled sound waves is expected to be visible

today in an excess of clustering of galaxies at the acoustic scale. This is known as

the baryon acoustic oscillation (BAO) peak.

In comparing the theoretical predictions for the CDM power spectrum to obser-

vation one has to take account of the fact that the galaxy distribution (which is what

is actually observed) traces the baryonic or luminous matter, and that this may not

correspond precisely to the distribution of dark matter. Näıvely, one expects that
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galaxy formation is enhanced in regions of greatest matter overdensity. This is par-

ticularly so of luminous red galaxies (LRGs), which are elliptical galaxies in massive

galaxy clusters occurring in large dark matter halos [37]. Because LRGs are thought

to be physically similar objects throughout the redshift range over which they are ob-

served [38], they are often used in cosmological tests as a tracer of the matter density,

as we do in Chapter 4. The simplest assumption is to take a constant bias δg = bδ,

which leads to Pg(k) = b2Pδ(k).

The best measurements of the galaxy power spectrum currently come from the

Sloan Digital Sky Survey (SDSS) collaboration, e.g. [39]. On the largest scales ob-

served, the turnover point of Pg(k) is still not observed, which appears to strongly

favour low values of Ωm. The best-fit cosmological parameters, assuming a flat ΛCDM

model with a fixed spectral index ns consistent with the CMB measurements, are

Ωm ∼ 0.29, ΩΛ ∼ 0.71, h ∼ 0.69 consistent with the “concordance” values obtained

from other observations. A detection of the BAO peak in SDSS Data Release 7 is

also reported [40], with constraints on Ωm and h again consistent with the standard

model, but it has been claimed that the statistical significance of this observation has

been over-estimated due to incorrect treatment of errors [41]. Using the luminous red

galaxy (LRG) sample of the SDSS DR3, a BAO feature was reported in the galaxy

correlation function at high significance [16]; however the significance of this detection

is lower in the DR7 LRG data, though still consistent with ΛCDM [42].

1.2.4 CMB anisotropies

After subtracting a dipole in order to correct for our relative motion with respect

to the CMB rest-frame, we observe the CMB to have a distribution that is almost

exactly a Planck spectrum [43] with a mean temperature T0 = 2.726± 0.001 K [44].

This temperature is extremely uniform, with fractional deviations in temperature

∆T/T with direction of observation being of O(10−5). Nevertheless, the temperature

anisotropies ∆T (n̂) ≡ T (n̂) − T0 are of great importance to cosmology as they can

provide information about both the nature of the primordial perturbations and also

the content of the universe at late times.

It is convenient to expand the temperature anisotropies observed in direction n̂ in
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spherical harmonics Y m
l (n̂):

∆T (n̂) =
∑
lm

almY
m
l (n̂) , (1.50)

with the sum over l running over all positive-definite integers, and the sum over m

running from −l to l. The reality of ∆T (n̂) imposes the condition a∗lm = al −m on the

coefficients. The monopole term a00 is unobservable. The motion of the earth relative

to the CMB rest frame contributes an anisotropy that is ∝ P1(cos θ) ∝ Y 0
1 (θ, φ)

(where Pl denotes the Legendre polynomial), i.e., the dipole term. Multipoles with

l ≥ 2 then represent the intrinsic anisotropy of the CMB.

As mentioned above, for cosmological purposes we are interested in average quan-

tities. Assuming that the universe is rotationally invariant, ∆T (n̂) is independent of

n̂ and 〈∆T (n̂)〉 vanishes. The simplest non-vanishing quantity is therefore the power

spectrum, which takes the form

〈alma∗l′m′〉 = δll′δmm′Cl (1.51)

as a result of the rotational invariance. If the temperature perturbation is Gaussian,

this is the only relevant statistical quantity. Eq. (1.51) shows that the multipole

coefficients Cl are real and positive. Since

〈∆T (n̂)∆T (n̂′)〉 =
∑
lm

ClY
m
l (n̂)Y −ml (n̂′) =

∑
l

Cl

(
2l + 1

4π

)
Pl(n̂ · n̂′) , (1.52)

the multipole coefficients can be written as

Cl =
1

4π

∫
d2n̂ d2n̂′ Pl(n̂ · n̂′) 〈∆T (n̂)∆T (n̂′)〉 . (1.53)

However, as we can only observe one universe, what is actually observed is not the

true Cl but a quantity averaged over m but not over position of the observer,

Cobs
l ≡ 1

2l + 1

∑
m

alma
∗
lm =

1

4π

∫
d2n̂ d2n̂′ Pl(n̂ · n̂′) ∆T (n̂)∆T (n̂′) . (1.54)

For Gaussian perturbations, it can be shown that the mean square fractional difference

decreases with l: 〈(
Cl − Cobs

l

Cl

)2
〉

=
2

2l + 1
. (1.55)
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This quantity is known as the cosmic variance, and limits the useful information that

can be obtained from the lowest multipoles. For the WMAP 7-year data, cosmic

variance provides the largest source of error for multipoles with l ≤ 548 [3].

We can expand the temperature fluctuation at a given space-time point (xi, τ) in

terms of its Fourier transform

∆T (x, n̂, τ) =

∫
d3k

(2π)3
eik·xΘ(k, n̂, τ) . (1.56)

Θ(k, n̂, τ) does not depend on the direction k̂. It can be further expanded in terms

of its multipole moments Θl, so that the temperature anisotropy may be written as

∆T (x, n̂, τ) =

∫
d3k

(2π)3
eik·x

∞∑
l=0

(−i)l(2l + 1)Pl(k̂ · n̂)Θl(k, τ) . (1.57)

At our location (x = 0, τ = τ0) we may compare Eq. (1.57) with Eq. (1.50) and obtain

the coefficients alm

alm = (−i)l4π
∫

d3k

(2π)3
Y −ml (k̂) Θl(k, τ0) . (1.58)

Θl(k, τ0) is determined from the evolution of the initial temperature perturbation.

For adiabatic initial perturbations, the initial conditions can be specified entirely in

terms of the potential Φ in the conformal Newtonian gauge, and we can write

Θl(k, τ0) = ∆l(k, τ0)Φ(k) , (1.59)

where ∆l(k, τ0) is the radiation transfer function. Using this and Eq. (1.58) it follows

that the temperature angular power spectrum is

Cl =
2

π

∫ ∞
0

k2PΦ(k)∆2
l (k, τ0) dk , (1.60)

where PΦ(k) is the power spectrum of the initial perturbations in Φ, Eq. (1.41). Thus,

for a given l, Cl is an integral over all Fourier modes of the variance of Θl(k), written

now in terms of the transfer function and the initial power spectrum of Φ.

In order to calculate ∆2
l (k, τ0) one needs to solve the full set of Boltzmann equa-

tions starting with an initial perturbation Φi = 1. This can be done accurately by

the numerical Boltzmann solvers such as CAMB, and we rely on them for detailed

results. Approximate analytic calculations are performed in, e.g. [45], but this is also
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beyond the scope of this thesis. Instead we present here a simple heuristic description

of the physics affecting the anisotropy spectrum.

To a first approximation, we can assume that the CMB photons have travelled

freely since last scattering at z ∼ 1100, only redshifting due to the expansion of the

universe (there is in fact a small effect due to reionization). Therefore the anisotropies

we observe today arise from the following sources:

1. Intrinsic temperature fluctuations in the photon-baryon plasma at the time of

last scattering at a redshift of z ∼ 1100.

2. The Doppler effect due to bulk velocities of the photon-baryon plasma at last

scattering.

3. The gravitational redshift/blueshift of photons due to fluctuations in the grav-

itational potential Φ at last scattering (known as the Sachs-Wolfe effect [46]).

4. The gravitational redshift/blueshift of photons due to time-dependent fluctu-

ations in Φ along the line of sight between the last scattering surface and us

(known as the integrated Sachs-Wolfe effect [46]).

The Sachs-Wolfe effect itself is the net result of two contributions: the gravitational

redshift of photons due to Φ, and the change in the rate of expansion of the universe

due to Φ, which shifts the value of the redshift at which the universe reaches the

decoupling temperature ' 3000 K. The total effect is(
∆T (n̂)

T

)
SW

=
1

3
Φ . (1.61)

By Fourier transforming Φ and using a Legendre expansion, this can be written as(
∆T (n̂)

T

)
SW

=
1

3

∞∑
l=0

(2l + 1)il
∫

d3k

(2π)3
Φ(k) jl(krL)Pl(k̂ · n̂) , (1.62)

where jl is the spherical Bessel function and rL is the coordinate distance to the

surface of last scattering. From this it is possible to obtain the result that

Cl,SW ∝
1

l(l + 1)
(1.63)

if the power spectrum of the curvature fluctuation is scale-invariant, PΦ ∝ k−3. Pres-

sure gradients are important in the coupled photon-baryon plasma, so the differential
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Figure 1.3: Binned WMAP 7-year data for the CMB temperature power spectrum.
The solid line shows the prediction for the best-fitting flat ΛCDM model with 6
parameters. The error bars depicted include errors due to instrument noise, and the
grey band shows the cosmic variance. Figure taken from [3].

equations describing the dynamics of the plasma will depend on the wavenumber k.

These equations need to be solved in full in order to obtain the contributions from the

Doppler effect and the intrinsic temperature fluctuations. However, without solving

them we can note that the perturbation in Fourier space can always be expanded in

terms of Legendre polynomials with coefficients proportional to jl(krL), and hence

for l� 1, the integral over k will be dominated by values of k ≈ l/rL. Note that the

physical wavenumber at time tL is kL = k/a(tL), so for large l the contribution to Cl

reflects the behaviour of the perturbations at kL ≈ l/dA, where dA = rLa(tL) is the

angular diameter distance to the last scattering surface.

For perturbations that are outside the horizon at the time of last scattering,

no evolution has occurred, so the dependence on k comes entirely from the initial

conditions. The horizon distance in question is not the same as that defined in Section

1.1.1 but rather the sound horizon distance dhor, as the perturbations in the photon-

baryon plasma are in fact sound waves. Therefore gradients become important when

kL ≈ 1/dhor, and since the contribution to Cl comes from kL ≈ l/dA, gradients will be

important when l & lhor ≡ dA/dhor. For the cosmological parameters of the ΛCDM
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model, lhor ≈ 100. For multipoles of order l � lhor, the contribution of the Doppler

effect is less than that of the Sachs-Wolfe effect by a factor ∼ l2/l2hor. The interference

of the contribution from intrinsic temperature fluctuations with the Sachs-Wolfe effect

is also of the same order. Therefore at multipoles l . 100, the Sachs-Wolfe effect

dominates and the shape of the power spectrum is given by Eq. (1.63). This is known

as the Sachs-Wolfe plateau.

At higher multipoles the Doppler effect and the intrinsic temperature anisotropy

imprint a characteristic oscillation on the CMB, which appears as a series of acoustic

peaks in the angular power spectrum. The peaks decrease in amplitude with increas-

ing l due to photon diffusion which increases isotropy at small scales (Silk damping).

A number of other factors dependent on the physics at last scattering affect the details

of the shape of the peaks. Baryon loading enhances the amplitude of odd-numbered

peaks, and the baryon density also affects the sound speed, and hence the sound

horizon and peak spacing. The amplitudes of the peaks are also sensitive to the cold

dark matter-radiation ratio at recombination, because the radiation energy density

drives the oscillations by contributing to the time evolution of the potentials. The po-

sition of the peak corresponds to the wavelength of the last acoustic wave created just

before decoupling, which basically corresponds to the sound horizon at decoupling.

However, the angle subtended on the sky by the sound horizon is dependent on the

angular diameter distance to the last scattering surface and can therefore constrain

Ωk or ΩΛ.

Figure 1.3 shows the most recent 7-year data from the WMAP satellite measure-

ment of the power spectrum, along with the theoretical prediction for the best-fit flat

ΛCDM model, which has six parameters: Ωb, Ωm, h, the amplitude As and spectral

index ns of the primordial scalar power spectrum, and the optical depth to reioniza-

tion, τ .

1.3 Inflation

1.3.1 Shortcomings of the Big Bang model

There are three main problems that the Big Bang scenario discussed so far does not

explain, known as the horizon, flatness, and monopole problems, which are commonly

cited as the motivation for a period of inflation in the early universe.
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Horizon problem

The high degree of isotropy observed in the CMB poses a significant problem for the

Big Bang scenario. This is because the particle horizon size in both the matter- and

radiation-dominated eras decreases as we go back in time. In fact, at the time of last

scattering dH ≈ H−1
0 (1 + zL)−3/2, where zL ∼ 1100 is the redshift of last scattering:

this corresponds to an angle on the sky today of only ≈ 1.6◦. Thus regions on the

sky that are separated by more than a few degrees should not have been in causal

contact at the time of last scattering, and no physical influence could have brought

them into thermal equilibrium with each other, in apparent contradiction with the

near-perfect isotropy that is actually observed.

Flatness problem

As we have discussed, current observations from SNe Ia surveys are consistent with

FRW models with zero spatial curvature. The WMAP data, when combined with a

prior on the value of H0, favours models with Ωk = 0. There is some degeneracy in

these results between the values of Ωk and ΩΛ, but at the very least we may conclude

that |Ωk| < 1. However, |Ωk| is just the current value of the dimensionless curvature

parameter |k|/a2H2, and since the scale factor grows as a ∝ tα with α < 1 for both

radiation- and matter-domination, |k|/a2H2 grows as t2−2α. Therefore, for |Ωk| < 1

today, at the time of nucleosynthesis (a temperature of ∼ 1010 K), the value of k/a2H2

must have been at most ≈ 10−16.

Although this is not impossible, the question of why the curvature should have

been so small at early times is a puzzle that we would like to be able to answer.

Monopole problem

In grand unified theories of particle physics, a symmetry-breaking phase transition is

expected to occur at an energy of ≈ 1016 GeV. The process of symmetry breaking

is expected to result in the creation of relics that carry a non-zero magnetic charge,

or monopoles. As the field responsible for breaking the symmetry would have to be

uncorrelated on distances larger than the particle horizon at the time, these monopoles

are expected to have been produced with a number density comparable with the
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nucleon number density. This is in gross disagreement with the current limits from

searches for monopoles of fewer than about 10−30 monopoles per nucleon [47].

Inflation—defined very generically as a period of almost exponential expansion—

solves or alleviates all three of these problems. To see how, let us assume that the

scale factor of the universe increased by some factor eN during the inflationary period,

where N is known as the number of e-foldings of inflation. From Eq. (1.11) we see

that the particle horizon at the time of last scattering is

dH(tL) ≡ a(tL)

∫ tL

t∗

dt

a(t)
, (1.64)

where t∗ is the beginning of the inflationary era (t∗ is possibly equal to −∞). This

integral will be dominated by the contribution from the inflationary period, as we

have already seen that the radiation- and matter-dominated eras give a horizon that

is far too small. Given that the expansion was exponential, we may write a(t) =

aI exp (−HI(tI − t)) for t < tI , where the subscript I denotes quantities at the end

of inflation. Then N = HI(tI − t∗), and

dH(tL) =
a(tL)

aIHI

[
eN − 1

]
' a(tL)

aIHI

eN . (1.65)

In order for inflation to be able to explain the horizon problem, we require that

dH(tL) > dA(tL), the angular diameter distance of the surface of last scattering.

Given the definition of the angular diameter distance (1.22) and the fact that for a

nearly flat universe rL ≈ 1/a0H0, this condition amounts to

eN &
aIHI

a0H0

, (1.66)

which gives the minimum number of e-folds of inflation required to solve the horizon

problem.

The flatness problem is similarly alleviated, because |k|/a2H2 decreases by a factor

of e−2N during inflation and increases by a factor of
(
aIHI

a0H0

)2

between the end of

inflation and today. Therefore a value of |k|/a2H2 of order unity at the start of

inflation is compatible with the current limits on the curvature if the horizon condition

(1.66) holds. Estimating the number of e-folds required to solve the monopole problem

is a model-dependent problem. It will be enough to require that the universe is

homogeneous over horizon scales at the unification scale, and since this horizon is
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smaller than the current horizon, a number of e-folds satisfying the condition (1.66)

will also satisfy the monopole condition.

The most compelling of these problems is the horizon problem. It is possible to

imagine scenarios in which the flatness and monopole problems are resolved without

requiring inflation—for instance if the curvature is for some reason exactly zero and

always has been, or if the physics beyond the Standard Model does not in fact produce

exotic relics—and any number of e-folds of inflation that solve the horizon problem

will also solve the other two. The main reason to believe in the inflationary paradigm

is that it is at present the best known method for generating the correlated super-

horizon density perturbations, the presence of which can be inferred from the observed

CMB angular power spectrum.

1.3.2 Slow-roll inflation

As we saw in Section 1.1.2, in order to obtain a period of accelerated expansion of

the universe, we require the universe to be dominated by some form of energy with

a sufficiently negative equation of state, such as vacuum energy. Guth [48] first at-

tempted to implement this using the scalar field responsible for breaking the SU(5)

“grand unified” symmetry trapped in a false minimum of its potential, thus contribut-

ing a constant vacuum energy density while the universe expands exponentially with

a constant Hubble rate.5 However, this model of “old inflation” suffered from the

problem that it was not possible to construct a model that successfully exited this

inflationary phase to the Big Bang phase while simultaneously solving the horizon

and flatness problems. Most inflationary models today achieve nearly exponential ex-

pansion through having one or more scalar fields slowly roll down a potential hill such

that their vacuum energy dominates over the kinetic energy. At the end of inflation,

this field (or fields) releases its energy into other degrees of freedom, thus reheating

the universe.

The energy density ρ and pressure p of a spatially homogeneous scalar field φ(t)

(known as the ‘inflaton’ field) with potential V (φ) in an FRW background are

ρ =
1

2
φ̇2 + V (φ) , p =

1

2
φ̇2 − V (φ) . (1.67)

5In fact other authors [49] had already considered the possibility of exponential expansion, but
it was Guth’s work that brought inflation to the attention of the wider community.
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The energy conservation condition, Eq. (1.15), for the scalar field becomes

φ̈+ 3Hφ̇+ V ′(φ) = 0 , (1.68)

where ′ indicates differentiation with respect to φ. While the scalar field dominates

the energy density of the universe, the Hubble parameter is

H =

√
1

3M2
P

(
1

2
φ̇2 + V (φ)

)
, (1.69)

where as in Section 1.1.5 we use the Planck mass MP instead of Newton’s constant.

By combining Eqs. (1.68) and (1.69), we obtain the time evolution of the Hubble

parameter

Ḣ = − φ̇2

2M2
P

. (1.70)

For inflation we require a period of almost exponential growth of the scale factor, in

which the Hubble parameter will be almost constant. Quantitatively, we require that

the fractional change in H in one expansion time (1/H) should be much less than

one, which means |Ḣ| � H2. From Eqs. (1.69) and (1.70), this condition translates

to

φ̇2 � |V (φ)| , (1.71)

and hence

H '
√
V (φ)

3M2
P

. (1.72)

Another condition that is often imposed is that the fractional change in φ̇ in one

expansion time should also be small, which means |φ̈| � H|φ̇|. If this condition is

satisfied, we can drop the second derivative term from Eq. (1.68), thus obtaining

φ̇ = − V ′

3H
. (1.73)

Under this approximation, we can see that the condition for inflation to occur is that

(V ′/V )2 be small compared to M2
P . This motivates the definition of the first slow-roll

parameter

ε ≡ M2
P

2

(
V ′

V

)2

, (1.74)
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which must be small compared to unity for as many e-folds of expansion as we require

inflation to generate. The condition |φ̈| � H|φ̇| implies that |V ′′/V | � M2
P , so we

define the second slow-roll parameter

η ≡M2
P

(
V ′′

V

)
. (1.75)

For the slow-roll approximation to be valid, we require ε � 1 and η � 1. These

are not strictly necessary conditions—it is possible for the slow-roll approximation to

be violated without bringing inflation to an end, but such violations must be brief.

For inflation to last for many e-folds, the slow-roll conditions must be satisfied for

most of that epoch.

Alternative slow-roll parameters may be defined in terms of the actual dynamic

variables during inflation, rather than the inflaton potential [50]. Following from the

condition |φ̈| � H|φ̇|, we define

εH ≡ −
(
Ḣ

H2

)
, (1.76)

and the second slow-roll parameter is defined in order to quantify the rate of change

of εH :

ηH ≡
ε̇H
εHH

. (1.77)

In terms of these slow-roll parameters, the condition for inflation to occur is exactly

εH < 1. If the slow-roll approximation is valid, the two sets of slow-roll parameters

are related to each other by

ε = εH , η =
1

2
ηH + 2εH . (1.78)

The number of e-folds of inflation that occur between time t and some later time

tend at which slow-roll inflation ends is given by N (t) =
∫ tend
t

H(t)dt, which can be

written as

N (φ) =

∫ φend

φ

H

φ̇
dφ , (1.79)

where φend denotes the field value at which slow-roll inflation ends. In many models,

though not all, inflation itself will end very soon after slow-roll is violated, so this

may be taken to be the actual number of e-foldings of inflation.
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1.3.3 The number of e-folds of slow-roll inflation

The observations of the perturbations that we make today probe a region of the

inflationary potential corresponding to the location of the inflaton at the time that

these modes left the horizon during inflation. It is therefore useful to quantify the

number of e-foldings before the end of inflation at which the modes that we currently

observe in the CMB left the horizon. In doing so we follow closely the argument of [51].

We assume that after the end of inflation there is a period of reheating, during which

the universe expands as matter-dominated, followed by radiation-domination until a

redshift of a few thousand and the subsequent matter-domination (and possibly Λ-

domination) of the current time. We further assume sharp transitions between these

epochs.

A mode with wavenumber k leaves the horizon when the scale factor and Hubble

parameter have values ak and Hk respectively, where k = akHk, and by definition

ak = e−N (k)aend. Therefore

k

a0H0

=
akHk

a0H0

= e−N (k)aend

areh

areh

aeq

Hk

Heq

aeqHeq

a0H0

, (1.80)

where the subscripts ‘reh’ and ‘eq’ denote values at the end of reheating and at

matter-radiation equality respectively. Using standard cosmological relations (see [51]

for details) this can be rearranged to give

N (k) = − ln
k

a0H0

+
1

3
ln
ρreh

ρend

+
1

4
ln
ρeq

ρreh

+ ln

√
Vk

3M2
P

1

Heq

+ ln 219Ωmh . (1.81)

If we further assume that there is no significant drop in energy density in the final

stages of inflation, so that Vk = ρend, then the number of e-folds that could have

occurred between the relevant mode leaving the horizon and the end of inflation is

maximal for the case of instantaneous reheating ρend = ρreh. This upper bound is

Nmax(k) = 66.9− ln
k

a0H0

+
1

4
ln

√
Vk
M4

P

, (1.82)

after substituting numerical values for known quantities. Normally we wish to know

this result for either the horizon scale k0 = a0H0 or for the pivot scale, kpivot, at which

the WMAP values for the power spectrum amplitude and spectral index are quoted.

Either can be substituted in to obtain the desired bound.
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1.3.4 Scalar fluctuation power spectrum

As discussed in Section 1.2.2, models of inflation can make predictions for the ob-

served power spectrum of perturbations Φ, δ, etc. In this section we will discuss the

prediction for the simplest slow-roll models of inflation and show that they generically

give a power spectrum that is close to scale-invariant. In discussing the connection

to the power spectrum of observable quantities, as in Sections 1.2.3 and 1.2.4 and

in subsequent chapters, we assume that it is only the fluctuations of the inflaton

field that are responsible for generating the primordial density perturbation, i.e., that

there are no contributions from topological defects, isocurvature perturbations and

so on. Also, in order to make predictions about the curvature perturbation generated

by inflation we make the assumption that the inflaton field perturbation δφ has neg-

ligible interaction with other fields, so that linear perturbation theory is valid during

inflation. We will restrict ourselves to discussion of the scalar power spectrum, as for

the inflation models considered in this thesis, the tensor signal is always small.

In discussing the perturbations during inflation, it is most convenient to use a

gauge with spatially flat slicing so that the line element is

ds2 = −(1 + 2A)dt2 − 2aB,idx
idt+ δija

2dxidxj , (1.83)

and the perturbations are specified by the functions A and B. In this gauge the

perturbations of the scalar field do not couple to those of the metric in the slow-roll

limit [52, 26]. Working in Fourier space, it can be shown that the linearly perturbed

part of the ν = 0 component of the conservation equation T µν;µ = 0 is

δ̈φ+ 3H ˙δφ+

[
V ′′ +

(
k

a

)2
]
δφ = 0 . (1.84)

The assumption of slow-roll ensures that the potential is close to flat, and so V ′′ will

be negligible until at least a few Hubble times after horizon exit. Thus, to a good

approximation, we may treat the inflaton as a massless, minimally coupled field, so

its quantum-mechanical fluctuations are Gaussian random fields with [53]

k3

2π2
〈|δφ|2〉 =

(
H

2π

)2

. (1.85)

Once the relevant modes have exited the horizon, the fluctuations can be treated as

a classical quantity with power spectrum Pδφ = (2π2/k3)(H/2π)2.
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The gauge-invariant quantity ζ introduced in Section 1.2.2 can be written as

ζ = −H
φ̇
δφ (1.86)

in spatially flat slicing, independently of any assumptions about slow-roll. Therefore

the power in ζ can easily be related to the power in δφ:

Pζ =

(
H

φ̇

)2

Pδφ . (1.87)

Using Eqs. (1.73)-(1.74), we may write this explicitly as

Pζ(k) =

(
2π2

k3

)
1

24π2M4
P

V

ε
, (1.88)

where the right hand side is to be evaluated at horizon exit for the mode, k = aH.6

The final piece of the jigsaw is to note that, after the end of inflation, ζ can be related

to the metric perturbation in the conformal Newtonian gauge again:

ζ = −3

2
Φ . (1.89)

As ζ is conserved outside the horizon for adiabatic perturbations, we can then simply

use PΦ = 4
9
Pζ in order to obtain the power spectrum of fluctuations in Φ, which we

have used in Sections 1.2.3 and 1.2.4.

Unfortunately there are a few different ways of defining the power spectrum in

the literature. The definition used by the WMAP team, which is what we will need

to compare our predictions to, differs from the definition used above by a factor

of (k3/2π2). Therefore, in order to enable comparison, we shall henceforth use the

quantity PR ≡ (k3/2π2)Pζ instead of Pζ to refer to the curvature power spectrum.7

The variation of PR with wavenumber k is of great importance when comparing

model predictions to observation. We are interested in the spectral index ns, defined

by ns(k)−1 ≡ d lnPR/d ln k. The motivation for this definition is clear in the case that

ns itself is independent of k, as then the power spectrum has the pure power-law form

6Strictly speaking it should be evaluated a few Hubble times after horizon exit, but as the right
hand side is slowly varying, the fractional error introduced by taking k = aH is of order the slow-roll
parameters.

7As noted earlier, the quantity R is used instead of ζ by many authors. However, in the long-
wavelength limit the two are equal and we do not wish to suggest any different. Our choice of
subscript R is merely intended as an aid to easily distinguish the two definitions of the power
spectrum, while still corresponding to notation used in the literature.
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PR = Akns−1. Since H is slowly varying we have d ln k = d(ln(aH)) ' d ln a = Hdt.

Therefore, after a bit of algebra, Eqs. (1.73) and (1.88) and the definition of PR lead

to

ns − 1 = 2η − 6ε . (1.90)

The running of the spectral index, nrun, can be obtained by a similar calculation:

nrun ≡
dns
d ln k

= −16εη + 24ε2 + 2ξ2 , (1.91)

where ξ ≡M4
P (V ′V ′′′/V 2).

In single-field slow-roll models, this calculation suffices to specify the power spec-

trum. As ε, |η| � 1 and ξ is of second order in {ε, η}, deviations from scale-invariance

are small, ns ' 1. This is the form of the spectrum assumed in the ΛCDM cosmolog-

ical model. It is found to be consistent with the current WMAP observations [15],

though it is not possible to determine the shape of the primordial power spectrum

independently of the other assumptions of the ΛCDM model. The single-field slow-

roll description provided here is certainly the simplest, but not the only, model of

inflation. Single- and multiple-field models which incorporate brief departures from

slow-roll will tend to break scale-invariance and generate distinct features in the

primordial power. In such a case, an entirely different cosmology may be equally

consistent with the CMB data. We shall return to this point in Chapter 3.

1.3.5 Building inflationary models

When speaking of a “model” of inflation, at the most basic level one could mean

nothing more than a form for the potential V (φ) for the inflaton field, perhaps in-

cluding the effect of a second field ψ if considering a hybrid inflation model, such that

a satisfactory power spectrum of density perturbations can be generated to match

the constraints on PR, ns and nrun obtained from WMAP, while also matching the

constraints on the number of e-folds discussed above.

For most theorists, however, this alone is not satisfactory. A “model” of infla-

tion, in the true sense of the word, should make contact with particle physics theory,

by identifying the field φ with one of the scalar fields in a relevant extension of the

Standard Model of particle physics. In this case, depending on the identification of

the field it will have various interactions with other fields, and various terms in the
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Lagrangian that are allowed by the symmetries of the theory. Some of the parameters

of the Lagrangian might be already constrained from other particle physics consid-

erations. Radiative corrections to the potential might be important and need to be

accounted for in determining its flatness. We also want inflation to end in the right

vacuum state so that the decay of the inflaton can excite Standard Model degrees

of freedom for nucleosynthesis, and generate the required abundance of cold dark

matter. One of the problems for many models of inflation, especially those based

on branes in a higher-dimensional space, is to ensure that the inflaton decays into

Standard Model end products. In addition, some supersymmetric models of inflation

can generate their own exotic relics (gravitinos) on which there are stringent con-

straints from the standard cosmology [54], and avoiding observational bounds may

place restrictions on the reheating temperature.

All these considerations act as extra constraints on the types of potentials that it

is possible to obtain. The art of model-building is to choose a scalar field for which it

is possible to obtain a potential along which inflation is possible, while simultaneously

satisfying all of these constraints.

From this viewpoint, models which cannot be easily connected with particle

physics in this manner—for example, monomial potentials such as V (φ) ∝ φ2 or

∝ φ4 [55] which require the field to have values φ & MP , so that stability of the

potential to radiative corrections is an issue [56, 57]—are justifiably considered less

desirable. Needless to say, however, there are still many models of inflation which can

be embedded in some extension of the Standard Model, though none in the Standard

Model itself. Within these models, one may distinguish between “natural” models

and those that are in some way fine-tuned.

Fine-tuning issues

In Section 1.3.1 we invoked several cosmological fine-tuning problems in order to

justify the need for inflation. It would therefore be undesirable for the model of

inflation itself to require fine-tuning in order to be successful. However, in considering

fine-tuning issues we must separate the question of fine-tuning of the parameters of the

Lagrangian in order to obtain the inflationary potential from that of the fine-tuning

of initial conditions.
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A model of inflation may be considered fine-tuned in the first sense if, in order to

satisfy the required cosmological conditions (that the potential be sufficiently flat and

stable to radiative corrections, etc.), some correlations need to be imposed between

the terms of the Lagrangian over and above those that are imposed by the symmetries

of the particle physics model in question (for a discussion, see [58]). The degree of

fine-tuning required is often quantified by a “fine-tuning parameter”, the value of

which reflects the accuracy to which the relevant terms must be tuned against each

other. If a high degree of tuning is required for successful inflation, the particle

physics embedding of the model must be regarded as less satisfactory, despite any

other virtues it may possess.

The question of the initial conditions required for inflation is a more difficult one.

In fact it has been shown that with Einstein gravity, inflation can only start in a

patch of the universe that is already homogeneous over scales larger than the horizon

scale [59]. Therefore inflation is in fact not a true solution to the problem of the

observed homogeneity of the universe (though it remains the best known mechanism

for generating primordial perturbations with the observed form of super-horizon cor-

relations) as it itself appears to require a fine-tuned initial condition to start! There

is also the question of how the energy density of the pre-inflationary universe came

to be dominated by a single scalar field in the first place. In some sense this is un-

surprising: entropy increases with time, so unless our universe has infinite entropy,

as we go to epochs further and further back in time we expect to find initial states

that have lower entropy and appear more and more fine-tuned. The merit of the

inflationary paradigm is therefore not that it solves these fine-tuning problems, but

that it provides genuine quantitative predictions about the perturbations in the early

universe, which may be compared to observations.

On top of this, some models of inflation require that the initial location of the

field φ on the potential be fine-tuned to a greater or lesser degree for the flatness

condition of the potential to be satisfied.8 Obviously it is preferable to remove the

need for this fine-tuning to the extent possible, but this will not address the larger

problem of unlikely initial conditions for inflation.

8Chaotic inflation models [55] based on monomial potentials are sometimes cited as examples
which require only generic initial conditions, but this depends on different interpretations of the
measure of likelihood [60]. In any case, as mentioned above, these models pose their own problems
because of super-Planckian VEVs.
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1.4 Outline of the thesis

In the course of this chapter, we have discussed a variety of different aspects of modern

cosmology. In this concluding section we would like to tie together the different

threads and provide a coherent link between the topics discussed in greater detail in

subsequent chapters.

We take as our starting point the standard ΛCDM cosmological model, and the

constraints on the parameters that are derived from fitting this model to data, in

particular to the WMAP observations of the CMB anisotropies. The latest data from

the WMAP 7-year data release provides constraints on the amplitude and spectral

index of the primordial power spectrum of the nearly scale-invariant form obtained

from slow-roll inflation [15]. Given this information, the first task is to ask what

models of inflation—in the broader particle physics sense discussed in Section 1.3.5—

can meet these constraints. In Chapter 2 we discuss one particular model of this

class, which is based on flat directions in the minimal supersymmetric extension to

the Standard Model (MSSM). We consider the issue of fine-tuning, which is a common

problem with viable inflationary models. We then propose a mechanism for greatly

reducing the required fine-tuning in this case, which requires an extension of the

particle physics embedding from the MSSM. This is based on work carried out with

Shaun Hotchkiss and Anupam Mazumdar, and published in [61].

Flat direction fields are in fact generically present in supersymmetric theories, and

can have many important cosmological consequences, as detailed in [62]. In particu-

lar, if flat directions that are coupled to the inflaton field undergo phase transitions,

the slow-roll assumptions made in Section 1.3.4 may be violated, generating a feature

in the primordial power spectrum. This naturally raises the question of whether such

features are constrained by the data. In Chapter 3, which is based on [63] published

with Subir Sarkar, we relax the standard assumptions of ΛCDM and show that in

fact a specific model with a feature in the primordial power allows an inhomogeneous

cosmology with a metric different to FRW and no dark energy to simultaneously fit

data from the CMB anisotropies, SNe Ia luminosity distances, local Hubble mea-

surements, measurements of the BAO scale and nucleosynthesis constraints. This

demonstrates that although ΛCDM provides a consistent fit to the available data, it

is not necessarily the only model which can do so.
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In light of this, it is then pertinent to ask whether there are any other observations

which can be used to test the consistency of the ΛCDM paradigm. In Chapter 4

we consider the imprint that large-scale structure leaves on the CMB through the

integrated Sachs-Wolfe effect. We show that a recent observation of this effect is

indeed in tension with the theoretical expectation from ΛCDM, suggesting that the

real universe may be substantially more inhomogeneous than is assumed when using

an FRW background treatment. This chapter is based on work with Shaun Hotchkiss

and Subir Sarkar [64] that has been submitted for publication.
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Chapter 2

Fine tuning in MSSM inflation

2.1 Introduction

As discussed in Chapter 1, an outstanding goal for the theory of primordial inflation

is to connect it to particle physics, and in particular to the Standard Model (SM) and

its extensions (for reviews of attempts to embed inflation in physics beyond the SM,

see [32, 57]). For this to happen it would appear that a low inflationary scale and

sub-Planckian values of φ are necessary, so that an effective field theory description

of the inflaton potential is possible.

These features are naturally present when inflation is generated about a point

of inflection in the potential (i.e., a point where the second derivative V ′′ vanishes),

due to the flatness of the potential at the inflection point. Such a point of inflection

can be found in models based on gauge invariant D-flat directions of the minimal

supersymmetric Standard Model (MSSM), as was first pointed out in [65, 66]. In these

examples, the inflaton was postulated to be a gauge-invariant combination of either

squark or slepton fields (the supersymmetric partners of the quarks and leptons). In

the limit of an unbroken supersymmetry (SUSY) the potential is exactly vanishing,

but accounting for soft SUSY-breaking terms and non-renormalizable terms leads to

a potential with an inflection point which can support slow-roll inflation.

Subsequently, another model was proposed, based on a flat direction of the MSSM

with the addition of right-handed (RH) neutrino supermultiplets, with a purely renor-

malizable potential [67, 68].1 Both of these models were shown to have regions of

parameter space where it was possible to produce a power spectrum of perturbations

1In this case the SM gauge group is extended by an additional U(1)B−L, where B and L denote
the baryon and lepton numbers respectively.
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consistent with observational constraints, while also having interesting implications

for dark matter searches and particle physics phenomenology [68, 69, 70].

The advantage of such a particle physics embedding is that the model parame-

ters are motivated by low scale SUSY within a visible sector. Therefore, the cou-

plings of the inflaton to (MS)SM degrees of freedom are determined, and—at least

in principle—measurable in ground-based laboratory experiments such as the Large

Hadron Collider. This provides the opportunity to track the thermal history of the

universe after inflation, as details of reheating, thermalization and generation of the

baryon asymmetry are all sensitive to these couplings (for an example of such a calcu-

lation, see [71]). This is in contrast to many other particle physics models of inflation,

in which the inflaton is either an ad hoc gauge singlet, or a hidden sector field with

unknown couplings.

This significant advantage of such models is unfortunately offset by the fact that in

order to maintain sufficient flatness of the potential in the face of radiative corrections,

the parameters of the potential need to be fine-tuned to several orders of perturbation

theory [66, 72]. At low scales this fine-tuning is very acute and a significant challenge

to overcome. For high or intermediate scale inflation the required tuning can be

reduced to some extent but remains problematic. Although the string landscape

can perhaps naturally account for the fine-tuning of soft SUSY breaking terms from

degenerate vacua [73], a dynamical solution to the problem is desirable.2

In this chapter we attempt to address this issue for the model with the purely

renormalizable potential introduced in [67]. The potential in this case has the form

V (φ) = Aφ2 − Cφ3 +Bφ4 , (2.1)

where the parameters A, B and C are determined by the particle physics embedding

as discussed below. The inflaton potential is required to meet two sets of cosmolog-

ical constraints, as discussed in Sections 1.3.3 and 1.3.4: inflation must generate a

primordial power spectrum matching observational constraints, and it must last for

an appropriate number of e-folds after the CMB scales have left the horizon. We

will discuss the implications of these constraints on the allowed regions of parameter

2In the context of a non-renormalizable potential for inflection point inflation, a different per-
spective on the fine-tuning problem has been presented in [70]. Using the renormalization group
equations, the tuning of the ratio of SUSY breaking terms can instead be viewed as an equal tuning
of the non-renormalizable coupling.
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space for the model, and the fine-tuning. The fine-tuning required to fit the spectrum

constraints can be reduced by simply raising the scale of inflation, as first pointed

out in [74]. However, on its own this violates the requirement to generate a suitable

number of e-folds. We propose to include a new hybrid scalar field which provides a

vacuum energy while it remains trapped in a false minimum. On being released from

this false minimum, the field rolls quickly to its true minimum and brings slow-roll

to a premature end, in exactly the same manner as hybrid inflation [75, 76]. This

extension can significantly reduce the amount of fine-tuning required in the model,

while still matching observations and the e-fold constraint, without ruining any of

the attractive features of the MSSM embedding.

In Section 2.2 we briefly discuss the aspects of the SUSY embedding of Eq. (2.1),

define the measure of fine-tuning of the potential, and obtain expressions for the slow-

roll parameters that are used later on. The bulk of Section 2.2 is however devoted

to a calculation of the e-fold number that corresponds to the observed CMB scales.

This calculation is not original but it provides important results that are used in

Sections 2.3 and 2.4, which contain the new results of this chapter. In Section 2.3 we

investigate the region of parameter space that allows for a period of inflation that is

consistent with the e-fold constraint and constraints from the WMAP 7-year power

spectrum [15]. In Section 2.4, we introduce the hybrid extension to the model and

show how it reduces the required fine-tuning.

2.2 Slow-roll parameters and the e-folding number

Let us consider a re-parameterisation of Eq. (2.1):

V (|φ|) =
m2
φ

2
|φ|2 +

h2

12
|φ|4 − Ah

6
√

3
|φ|3 , (2.2)

The potential will have a region suitable for inflation if the mass term satisfies the

condition A ≈ 4mφ. This form of the potential was first motivated in [67, 68] from

a low-scale extension of the MSSM with an additional U(1)B−L, which can relate the

light neutrino masses to the flatness of the inflaton potential. Here φ contains the

RH sneutrino field Ñ , Higgs Hu, and the left handed slepton field L̃. The potential

can be derived from the superpotential term

W ⊃ hNHuL , (2.3)
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where N, L and Hu are superfields, h is the Yukawa coupling, and generation indices

have been omitted. In the basis where neutrino masses are diagonalized, N3HuL3 is a

D-flat direction under the extended gauge group. Then the scalar field corresponding

to the flat direction (the inflaton) is

φ =
Ñ3 +H2

u + L̃1
3√

3
, (2.4)

where the superscripts refer to the lower and upper weak isospin components of Hu

and L3 respectively.

Although N3HuL3 is a D-flat direction, it contributes an F -term obtained from

F = −(∂W/∂φ)∗, which lifts the potential through V = VF = |F |2. This accounts for

the quartic term in Eq. (2.2). The potential is also lifted by the soft SUSY-breaking

terms, i.e., the quadratic and cubic terms in Eq. (2.2). The mass of the inflaton is

given in terms of the soft masses of Ñ3, Hu and L̃3 by:

m2
φ =

m2
Ñ

+m2
Hu

+m2
L̃

3
. (2.5)

Therefore, the mass of the Higgs field is tied to the mass of the inflaton.

If h ∼ 10−12, it is possible to relate the smallness of the observed neutrino masses

to the flatness of the inflaton potential [67, 68]. We stress these points because their

implications are re-considered in Sections 2.3 and 2.4.

Following convention, we parameterize the fine-tuning of the potential as

δ ≡ A2

16m2
φ

≡ 1− β2

4
, (2.6)

where β may be either real or imaginary, corresponding to δ < 1 or δ > 1 respectively.

The ratio of SUSY-breaking terms A/4mφ must be tuned to accuracy O(|β|2) � 1.

Under this condition, the potential has a point of inflection at φ = φ0 such that

V ′′(φ0) = 0, where the point of inflection is3 φ0 =
√

3mφ/h. In the vicinity of φ0 the

potential can be written as the truncated Taylor expansion:

V (φ) = V0 + α(φ− φ0) +
γ

6
(φ− φ0)3 , (2.7)

where V0 ≡ V (φ0), α ≡ V ′(φ0) and γ ≡ V ′′′(φ0). It is worth emphasising that

although the potential in Eq. (2.1) or Eq. (2.2) superficially resembles the monomial

3In fact there are two solutions for the inflection point φ0 but we shall only consider the larger
one. Our analysis is valid as long as the the field is always in the vicinity of this point.
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forms ∝ φ2 or ∝ φ4 which have been extensively studied, in the region that inflation

occurs the potential is actually the Taylor expansion, Eq. (2.7), which accounts for

the difference in parameter constraints. This expansion will be valid provided that

|α| �
∣∣∣∣dmVdφm

(φ0)

∣∣∣∣ |φe − φ0|m−1 (2.8)

and

|γ| �
∣∣∣∣dmVdφm

(φ0)

∣∣∣∣ |φe − φ0|m−3 (2.9)

for m ≥ 4, where φe is the value of the field at the end of inflation. The terms in this

expansion are [66] V0 ∝ m2
φφ

2
0 ∝ m4

φ/h
2; γ ∝ m2

φ/φ0 ∝ mφh and

α =

√
3m2

φ

4h
β2 +O(β4) . (2.10)

Note that the Hubble rate during inflation is Hinf ≈ V
1/2

0 /
√

3MP .

From the form of the potential in Eq. (2.7) we may write the slow-roll parameters

ε ≡ (M2
P/2)(V ′/V )2 and η ≡M2

P (V ′′/V ) explicitly as:

ε(φ) =
M2

P

2V 2
0

(
α +

γ

2
(φ− φ0)2

)2

(2.11)

η(φ) = −γM
2
P

V0

(φ0 − φ) . (2.12)

If inflation ends at field value φ = φe, the number of e-folds of inflation produced as

the field rolls from φ to φe is given by

N (φ) =

∫ φe

φ

Hdφ

φ̇
=

V0

M2
P

√
2

αγ
[F (φe)− F (φ)] (2.13)

where F (z) ≡ arccot
(√

γ
2α

(z − φ0)
)
. When β is imaginary (α < 0) the corresponding

expression is found by analytic continuation. While the Taylor expansion of Eq. (2.7)

is not strictly necessary to calculate N it does allow for this closed-form, analytic ex-

pression for N . Calculating N numerically gives equivalent results but significantly

lengthens the computation time. This is particularly true of the calculation in Sec-

tion 2.4, where (2.13) must be inverted. This would make the production of Figs. 2.1

and 2.2 unfeasible.

Slow-roll ends at the field value φe at which |η| ∼ 1. This is determined by

Eq. (2.12):

φe ∼ φ0 −
V0

γM2
P

. (2.14)
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Inflation itself will end very soon after the violation of slow-roll, within a fraction of

an e-fold. Under the assumption that the energy scale of inflation is roughly constant

during inflation (which is valid as ε� |η| � 1) we can make use of Eq. (1.82) for the

maximum number of e-foldings between the time when the observed perturbations

were generated and the end of inflation. Using the WMAP pivot scale kpivot =

0.002 Mpc−1 and the current best-fit values of the cosmological parameters, we find

this to be4

N ≤ Npivot ≡ 64.7 + ln

(
V

1/4
0

MP

)
. (2.15)

Note that Npivot is dependent on the scale of inflation and therefore on the parameters

mφ and h.

In fact, if the origin of the inflaton is given by Eq. (2.3), the time scale for transfer-

ring the inflaton energy into relativistic species is negligible compared to the Hubble

time [66] so we can treat this process to be instantaneous and the inequality in

Eq. (2.15) is saturated.5 In order to account for errors in the value of Npivot we can

take the constraint to be N ' Npivot. In fact, the error introduced due to uncer-

tainties in the cosmological parameter values, the slow-roll approximation and the

assumption of instantaneous transition from radiation- to matter-domination of the

universe is very small, of order at most one e-fold. We can therefore safely require

the e-fold constraint to be satisfied within ±5 e-folds. As shown in the next section,

even this conservative assumption imposes tight constraints on the allowed values of

mφ and h.

2.3 WMAP constraints on (mφ, h) and fine-tuning

of parameters

If the perturbations relevant to the CMB spectrum observed today were generated at

a field value φ = φCMB, the amplitude of the power spectrum and the scalar spectral

4We match our power spectrum constraints to the WMAP observational results, which are quoted
at the pivot scale kpivot, not the horizon scale a0H0. The difference between these two scales
corresponds to ∼ 2 e-folds.

5Note that to determine the necessary number of e-folds we only need to know the point at
which the equation of state changes from inflaton- to radiation- or matter-domination [77]. The
time scale for all the relativistic species generated to subsequently attain thermal equilibrium could
be different.
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Figure 2.1: Regions of parameter space for the potential in Eq. (2.2) that satisfy
the WMAP 7-year constraints on the amplitude and spectral index of the power
spectrum and also match the e-fold constraint. We minimize |N − Npivot| over the
range of β allowed by the 95% C.L. constraints on PR and ns. The dark green central
contour shows the region for which (|N −Npivot|)min ≤ 1, the light green contour is
for (|N −Npivot|)min ≤ 5. Contour lines of |β| are shown in black, for the values of |β|
indicated. The red striped region is excluded by the requirement that the inflection
point be much less than the Planck scale.

index are given by:

PR =
1

24π2M4
P

V0

ε (φCMB)
(2.16)

ns = 1 + 2η (φCMB)− 6ε (φCMB) . (2.17)

As ε� |η| we can approximate the spectral index as

ns = 1 + 2η (φCMB) . (2.18)

The latest data from the WMAP 7-year release suggest a power spectrum with PR =

(2.43 ± 0.11) × 10−9 and a spectral index of ns = 0.967 ± 0.014 for models with no

‘running’ of the spectral index [15]. (In all the cases considered in this analysis, the

running is found to be negligible, so we do not mention it explicitly.) Given these

constraints Eqs. (2.16) and (2.18) may be inverted to obtain the values εbest and ηbest

that will produce the required best-fit power spectrum, and the range of ε and η
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values that lie within the 95% C.L. The field value φCMB at which the perturbations

are generated is then chosen to be

φCMB = φ0 −
V0

γM2
P

|ηbest| . (2.19)

Equation (2.11) then requires that the first derivative of the potential satisfy

αCMB =

√
2εbestV0

MP

− V 2
0 η

2
best

2γM4
P

, (2.20)

from which we obtain the required value of the fine-tuning parameter βCMB using

Eq. (2.10).

Equation (2.20) is the condition for a given potential of the form of (2.7) to have

a region in which perturbations with the best-fit power spectrum can be produced.

Equation (2.19) identifies this region. For any combination of parameters mφ and h

it is always possible to make this choice, but the value of βCMB thus obtained may

not simultaneously satisfy N ' Npivot, with N calculated using Eqs. (2.13), (2.14),

(2.19) and (2.20). However, one has the freedom to choose a range of values for β

around βCMB, governed by the acceptable range in the slow-roll parameters. If for

any value of β in this range N ' Npivot to within the desired uncertainty then that

combination of mφ and h can be consistent with current WMAP limits.

In Fig. 2.1 we show the allowed range of parameters mφ and h. We impose

the conservative constraint that the inflaton field value should be sub-Planckian,

φ0 < 0.1MP , and require that the conditions in Eqs. (2.8) and (2.9) be satisfied. Note

that if β is imaginary the potential develops a false minimum separated from the true

minimum by a barrier. Near the peak of this barrier a self-reproduction regime exists

where quantum diffusion dominates over the classical evolution [66]. We have also

checked that none of the allowed regions in Fig. 2.1 are in this regime. Two different

contours are shown, using the criteria |N − Npivot|min ≤ 5 and |N − Npivot|min ≤ 1

over the allowed range of β to define consistency with the WMAP data.6 Also plotted

are contour lines of |βCMB| — the kink in the contours indicates the transition from

imaginary to real βCMB.

6These results may be compared with those obtained in [65, 78]. The small difference probably
arises because the authors of these papers have taken N = 50 throughout the range of the plot,
without accounting for changes in Npivot due to the change in the energy scale of inflation.
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Note that for all (mφ, h) coordinates in Fig. 2.1 it is possible to generate pertur-

bations with the desired power spectrum on some scales. However for coordinates

lying below the contours shown, these scales are too large and have not re-entered our

horizon yet, i.e., they correspond to N > Npivot. The opposite is true for the region

above the allowed contour, where not enough e-folds are generated. This region could

be accessible if the period of reheating can be delayed by several e-folds [79, 80].

2.3.1 Low scale inflation and fine-tuning

It can be seen that for low inflaton masses, the coupling h is required to be very

small for the model to simultaneously match the spectrum and e-fold constraints.

Such a low value of h can in fact provide an explanation for the low masses of the

neutrinos if the origin of the inflaton is given by Eq. (2.3). If the neutrino is of Dirac

type its mass is given by mν = h 〈Hu〉 where 〈Hu〉 ' 174 GeV is the Higgs VEV.

For mφ ∼ 10 GeV, h ∼ 10−12, this gives mν ∼ 0.1 eV. This is in line with current

constraints from cosmology and atmospheric neutrino oscillations as detected by the

Super-Kamiokande experiment. Note that the inflaton mass, Eq. (2.5), is constrained

to be small at the scale of inflation when φ ∼ φ0 ∼ 1014 GeV, during which the

relevant perturbations are created. However the inflaton mass evolves with the field

value (and the energy scale) due to the SM gauge interactions, and at the LHC scale

is much higher [68].

The fine-tuning required for such low scale inflation is very acute: note that for

inflaton mass around the TeV scale, we have βCMB . 10−10, which corresponds to a

severe tuning of the ratio of the SUSY breaking terms.

2.3.2 High and intermediate scale inflation

The inflaton mass can vary over a wide range of scales, subject to an absolute upper

bound of mφ ∼ O(109) GeV obtained from the condition that φ during inflation be

much less than the Planck scale.

For the model based on the superpotential term in Eq. (2.3) it can be seen that

at large mφ the Yukawa coupling h becomes much larger than the upper bound

h ∼ 10−12 for the Dirac mass of the neutrino to not exceed current constraints. If

the neutrino is not of Dirac type this does not impose a constraint on the model.
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In fact the RH neutrinos can obtain a Majorana mass M through the breaking of

the U(1)B−L symmetry, which gives the active neutrino masses by the seesaw relation

h2 〈Hu〉2 /M [81]. For reasonable values of M & O(1 TeV) the active neutrino mass

remains h2 〈Hu〉2 /M � 0.1 eV, which is acceptable for the lightest neutrino species.

Raising the scale of inflation can somewhat reduce the fine-tuning, but it can be

seen that the largest value of βCMB is bounded by:

βCMB . 10−6 . (2.21)

This still represents a serious problem. We address how to improve on this in the

next section.

2.4 A dynamical approach to the fine-tuning

In this section, we will take the origin of the inflaton to be as in Eq. (2.3). The

fine-tuning of soft SUSY-breaking parameters is required in order make the potential

sufficiently flat. Raising the potential during inflation increases the flatness of the

potential, thus ameliorating the tuning [74]. However, this also leads to too many e-

folds of inflation, N > Npivot and thus cannot by itself provide a consistent solution.

When viewed from this perspective, it is clear that both problems can be solved

simultaneously by introducing a hybrid mechanism [75, 76] to bring a premature end

to inflation.

We therefore introduce a new scalar field, S, which acquires a VEV and couples

to the inflaton, thus altering the basic potential in Eq. (2.2) to the form

V (|φ|, S) =
1

2
m2|φ|2 +

h2

12
|φ|4 − Ah

6
√

3
|φ|3 +

(
S2 − V 1/2

c

)2
+

1

2
g2|φ|2S2 . (2.22)

During slow-roll the S field obtains a large effective mass from the VEV of φ, i.e.,

meff,S � Hinf , and rolls quickly (within one Hubble time) to get trapped at its local

minimum S ≈ 0. The effect on the potential is to add a constant term Vc which

flattens the potential and reduces the required fine-tuning in β. The Taylor expansion

of Eq. (2.7) is the same, except for the modification

V0 → Ṽ0 = Vc +
m4
φ

4h2
+O(β2) , (2.23)
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and provided that the conditions in Eqs. (2.8) and (2.9) are satisfied, the analysis

of Section 2.3 remains unchanged, except that an extra degree of freedom is now

introduced via Vc. This situation persists until φ rolls to a critical value φc such that

φc =
2V

1/4
c

g
, (2.24)

at which point S is released from the origin and rolls to its global minimum, acquiring

a VEV 〈S〉 = V
1/4
c . Provided that Vc > V0, this leads to a sudden steepening

of the potential and brings an end to slow-roll inflation. For reasonable Vc, ηS ≡
m2
SM

2
P/Vc � 1 where m2

S/2 = 2V
1/2
c is the negative mass term for S, and so inflation

will end promptly [76]. The VEV acquired by the S field gives an effective mass to

the inflaton, m2
φ → m̃2

φ = m2
φ + g2V

1/2
c .

From Eqs. (2.20) and (2.10) we see that for any given values of the parameters

(mφ, h), increasing Vc—and thus Ṽ0—increases |β| and alleviates the fine-tuning of

the potential. Clearly there is a threshold above which increasing Vc requires β to be

imaginary. We check that the field is never required to be in the self-reproduction

region of the potential, therefore this does not pose a problem. However, Vc cannot

be increased without limit, as with increasing |β| there will come a point when the

condition in Eq. (2.8) is no longer satisfied and our inflection point analysis will no

longer be valid.

For any given parameter combination (mφ, h), after having chosen some value of

Vc and the corresponding βCMB which will produce exactly the best-fit WMAP power

spectrum amplitude and spectral index, we can invert Eq. (2.13) with N set equal

to Npivot to find the appropriate field value φe for the end of inflation such that scale

at which the perturbations with this power spectrum are produced should be exactly

the scale observed by WMAP today. Setting the critical value φc = φe we can then

find the coupling strength g for which the hybrid scalar field will bring inflation to

an end at exactly this field value. In this way we can choose the parameters Vc and g

appearing in the potential in Eq. (2.22) while still ensuring that the constraint on the

number of e-folds of inflation since the generation of the observed perturbations is

still satisfied. This gives us the power to increase the value of β and thus ameliorate

the fine-tuning problem.
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Figure 2.2: Regions of parameter space for the potential in Eq. (2.22) for the choice
mφ(φ0) = 10 GeV. The solid red region is inaccessible to our analysis, for the reasons
indicated by the text and explained more fully in Section 2.4. In the blue striped
region, the slow-roll parameters become large and end inflation with number of e-folds
N < Npivot−5. The diagonal green contour indicates the region where the number of
e-folds of slow-roll inflation is within ±5 of Npivot and no hybrid mechanism is needed
to end inflation. In the rest of the plot the WMAP constraints can be satisfied by
the choice β = βCMB when the S field ends slow-roll inflation through the hybrid
mechanism. Contour lines of βCMB are shown in black (solid) and those of gV

1/4
c

are shown in blue (dashed). For other values of mφ, a qualitatively similar figure is
obtained, with appropriate scaling of the axes.

In this analysis for simplicity we disregard any uncertainty in the power spectrum

amplitude and spectral index, and in Npivot. Accounting for these will provide a range

of acceptable values of the coupling g.

2.4.1 WMAP constraints and solution to the fine tuning
problem

Let us consider the case depicted in Fig. 2.2, which shows the h − Vc plane, where

we have taken the inflaton mass to be mφ(φ0) = 10 GeV. We impose the following

constraints in deciding which regions of the h−Vc plane are accessible to our theory:

the field value at the end of inflation, φe, should be such that the constraints of
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Eqs. (2.8) and (2.9) are satisfied and our inflection point analysis is valid; φ0 should

not exceed the GUT scale; and Vc > V0 in order for the hybrid mechanism to be

able to bring inflation to an end. The solid red contour around the boundary to

the bottom and right shows the regions that are excluded by any of these criteria.

For some values of Vc and h, the choice of βCMB from WMAP spectrum constraints

results in a number of e-folds N that is too low: this region is indicated by the blue

striped contour. Clearly the hybrid mechanism cannot make this region accessible to

successful inflation but subsequent periods of inflation could do so by reducing Npivot.

The solid green contour extending diagonally upwards shows the region in which

the WMAP power spectrum constraints and the e-fold constraint can be simultane-

ously satisfied, without the need for a hybrid end to inflation (as in Fig. 2.1, we use the

conservative criterion (|N −Npivot|)min ≤ 5 when β is allowed to vary over the range

allowed by the WMAP constraints). That is, in this region we require the coupling to

satisfy g ≥ 2V
1/4
c /φe with φe given by Eq. (2.14), but it is otherwise unconstrained.

In the rest of the h− Vc plane (left white) the WMAP spectrum constraints and the

e-fold constraint can be satisfied if the S field brings inflation to an early end through

its coupling to the inflaton as described above. This is the region of interest to us.

In the region of interest we plot contour lines of |βCMB| and of gV
1/4
c . The value of

gV
1/4
c gives an indication of the effective mass of the inflaton at the end of inflation. It

can be seen that, for Vc ∼ 1036−1037 (GeV)4 and Yukawa coupling h ∼ 10−14−10−15,

we can obtain values as large as

|βCMB| ∼ 10−3 , (2.25)

with the inflaton mass around the TeV scale. This value should be compared with

|βCMB| . 10−12 for the equivalent case without the action of the S field.

This represents a great reduction in the amount of fine-tuning required in the

theory. In fact, a further reduction of the fine-tuning can be achieved, with

|βCMB| ∼ 10−1 (2.26)

or even larger. For this case the effective mass of the inflaton becomes significantly

larger than the TeV scale.

By lifting the scale of inflation, the mechanism proposed in this paper broadens

the slow-roll region of the potential, thus reducing the problem of the fine-tuning
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of the initial value of φ. The slow-roll region of the potential, where |η| < 1, is of

width ∆φ ∼ O(|β|φ0). Without the action of the S field, as β . 10−12, this region is

exceedingly narrow and the initial location of the inflaton on the potential appears

to be fine-tuned. However the values of |βCMB| ∼ 10−1 obtained with addition of the

hybrid mechanism greatly broaden the slow-roll region and simultaneously reduce the

fine-tuning of initial conditions of φ. (In [82, 73] a mechanism by which a prior period

of false vacuum inflation may resolve the problem of initial conditions without fine-

tuning is discussed; the broadening of the slow-roll region achieved here will make

this mechanism more easily achievable.)

Note also that h ∼ 10−14 − 10−15 leads to an acceptable Dirac mass mν ∼ 10−3 −
10−4 eV for the lightest neutrino species, and that all values of h . 10−12 can also be

obtained. Therefore the explanation for the small neutrino masses made in [67, 68]

is not spoiled by our extension of the model.

2.4.2 Motivation from particle physics

The introduction of the singlet field may look like an ad hoc choice and would be a

backward step if it could not be linked to a particle physics model. In fact such a field

can generate an effective mass for the right handed (s)neutrino field through its VEV

via an additional superpotential term: gSNN, and can naturally occur within the

NMSSM (next to Minimal Supersymmetric Standard Model) [83], where the same

scalar S could be responsible for generating an effective µ-term, κSHuHd, where

κ〈S〉 ∼ 100 GeV. The superpotential terms are

W = hNHuL + gSNN +WNMSSM . (2.27)

The required vacuum energy, Vc, can be obtained when the singlet field is settled

near its local minimum, 〈S〉 ≈ 0, during inflation by virtue of its coupling gSNN.

Note that φ near inflection point is quite large, φ0 ∼ Ñ ∼ 1014 GeV. This induces

an effective mass for S. For instance, for the values of parameter which leads to

Eq. (2.25), the coupling g ∼ 10−6, and mS ∼ g〈Ñ〉 ∼ 108 GeV, which is much larger

than the Hubble expansion rate during inflation. For Vc ∼ 1037 (GeV)4, Hinf ∼
10 GeV. Thus the S field settles down in its local minimum within one Hubble time

during inflation. The value of g ∼ 10−6 is also adequate to generate the right handed
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(s)neutrino masses after inflation within an expected range: gV
1/4
c ∼ 103 GeV. Finally

the phase transition happens when φ→ φc, Eq. (2.24).

For larger values of mφ during inflation, achieving a similar increase in |βCMB|
requires the correction to the inflaton mass after inflation to be greater than ∼
O(1 TeV). This is acceptable in principle, though requiring the mass to be much

larger than the TeV scale is somewhat undesirable, and offsets the reduction of the

fine-tuning of the inflation potential.

For the above parameters, the reheat temperature of the universe is sufficiently

high to generate the required thermal dark matter abundance. One particularly nice

candidate is the lightest right handed sneutrino [68, 84]. However further investiga-

tion of how all the MSSM degrees of freedom achieve thermal equilibrium is needed,

as in [71]. Preliminary results suggests that the gauge-invariance of the inflaton gen-

erates VEV-dependent masses for the SU(2) gauge bosons which delay the process

of thermalization and avoid overproduction of thermal gravitinos [85, 79, 86].

2.5 Conclusions

We have discussed the very generic renormalizable inflationary potential introduced

in Eq. (2.1) and have analyzed the conditions required for this potential to generate

a power spectrum of density perturbations compatible with the latest WMAP 7-

year constraints. We have also presented a particular particle physics model for

the potential, where the origin of the inflaton is the gauge-invariant flat direction

introduced in Eq. (2.3), with a minimal extension of the standard model gauge group.

We obtained the constraints on the parameter space for this model from cosmology,

which are depicted in Fig. 2.1. The allowed region of parameter space also allows an

explanation for the small neutrino mass.

The potential Eq. (2.1) (or equivalently Eq. (2.2)) can be realised in many

different theoretical models. As long as the theory allows for rapid transfer of inflaton

energy into radiation at the end of inflation, the constraints on parameter space

presented in Fig. 2.1 will apply. Therefore our results are quite general.

Although in general the soft SUSY-breaking terms in this potential must be highly

tuned against each other, we have shown that this is primarily a result of the require-

ment to produce the correct number of e-folds of inflation, rather than a constraint
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imposed by the observed power spectrum. With this perspective, we have presented

a simple extension of the model to include a new scalar field which brings an end to

inflation through the hybrid mechanism. We showed that this reduces the fine-tuning

to very manageable levels, even achieving |β| ∼ 10−1. This result is significant as the

required fine-tuning was one of the main objections to the original model. Finally, we

argued that this hybrid extension of the model also reduces any need for fine-tuning

of the initial value of the inflaton field, which also makes the hybrid extension more

attractive.
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Chapter 3

Fitting a local void model to
cosmological data

3.1 Introduction

So far in this thesis we have considered only the standard ΛCDM cosmological model,

in which the universe is spatially flat and dominated by a cosmological constant,

with a matter density of only Ωm ∼ 0.3. In Chapter 1, we argued that the low

matter density shifts the peak in the matter power spectrum to smaller scales and

hence allows a spatially flat model to fit the observed spectrum. Indeed, it was this

observation that first prompted a cosmological model including Λ [17]. Subsequently,

observations of Type Ia supernovae [1, 11], then measurements of galaxy clustering in

the 2dF survey [18] and of CMB anisotropies by WMAP [87] made this the accepted

cosmological model. In fact, the ΛCDM model has continued to prove a consistent fit

to more recent observations, including the SNe Ia luminosity distance-redshift relation

(e.g. [2, 12, 13]), the CMB anisotropies [15], the value of the local Hubble parameter

(e.g. [9]), baryon acoustic oscillations (e.g. [16, 40]) and so on.

However, as discussed in Section 1.1.5, the cosmological constant problem and the

coincidence problem remain. We do not yet have any fundamental physical explana-

tion of the cosmological constant, and until such an explanation is found, it is certainly

worthwhile to ask if alternative models can be found which also fit the data. If such

models exist, they may help to illuminate the degeneracies in the data and may lead

us to new observational tests of ΛCDM. They serve as a reminder of the assumptions

that are (often implicitly) made in theoretical interpretation of cosmological observa-

tions. Even within the ΛCDM framework, relaxing some of these assumptions may
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have profound implications for the estimation of cosmological parameters.

In fact the WMAP results alone do not require a cosmological constant even for

a spatially flat cosmology if the assumption of a scale-invariant primordial power

spectrum is relaxed.1 Although the simplest slow-roll inflation models do give such

a spectrum, given our present ignorance of the details of the physics underlying in-

flation, it is well justified to consider alternatives. In [89, 90] it was shown that the

WMAP 3-year data can be matched by a flat Ωm = 1 Einstein-de Sitter (EdS) uni-

verse with h ' 0.44 if the primordial power spectrum contains a feature at scales

of k ∼ 0.01 − 0.1 hMpc−1. Other EdS models with a broken power-law spectrum

[91] have also been shown to fit the WMAP data. Moreover, an EdS universe can fit

measurements of the galaxy power spectrum if it includes a ∼ 10% component of hot

dark matter in the form of massive neutrinos of mass ∼ 0.5 eV [89, 90, 91].

The measurements of apparent magnitudes and redshifts of SNe Ia appear to

provide clearer evidence of acceleration and therefore the existence of dark energy.

However, this relies on interpreting the data in an assumed homogeneous model uni-

verse, i.e. in an FRW background. This evidence is geometrical in nature, as it is

based on interpretations of the distances to the supernovae and the expansion rate of

the universe. (The same is true of the evidence from WMAP and the BAO, which are

interpretations of another distance scale — the sound horizon at last scattering —

projected on the sky.) In homogeneous models based on ordinary matter and gravity,

these observations indicate that the predicted distances and expansion rate are too

small by a factor of ∼ 2 [92].

One approach to this problem is to study light propagation and observables in

general inhomogeneous backgrounds, or models with only statistical homogeneity

and isotropy—see, e.g., [93]. An alternative approach is to consider specific inho-

mogeneous toy models in which the effect of the inhomogeneity on observables can

be calculated directly. This is mostly done using a Lemáıtre-Tolman-Bondi (LTB)

metric, an exact solution of Einstein’s equations, to describe spherically symmetric

inhomogeneities. In some studies, voids modelled by patches of LTB space-time are

distributed in a homogeneous background to create a “Swiss-cheese” universe. The

1The WMAP data alone are consistent with ΩΛ = 0 even with a power-law primordial spectrum
if the assumption of spatial flatness is dropped. This degeneracy is broken by the prior on H0 [88].
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effects on light propagation depend on how the voids are distributed, with some au-

thors claiming it can partly mimic the effects of dark energy [94], and others finding

a negligible change [95].

In this chapter we consider a “local void” model (sometimes referred to as a “Hub-

ble bubble”) as an explanation for dark energy. An underdense void expands faster

than its surroundings, thus younger supernovae inside the void would be observed to

be receding more rapidly than older supernovae outside the void. Under the assump-

tion of homogeneity this would lead to the mistaken conclusion that the expansion

rate of the universe is accelerating, although both the void and the global universe

are actually decelerating. To prevent an excessive CMB dipole moment due to our

peculiar velocity we must be located near the centre of the void. The local void sce-

nario has been investigated by several authors using a variety of methods, including

among others [96, 97, 98, 99, 100, 101, 102, 103].

Essentially, the local void model described using an LTB framework provides

enough freedom through the choice of density profile of the void to allow a luminosity

distance-redshift relation that cannot easily be distinguished from that of ΛCDM on

the basis of current data [100]. As the Hubble parameter inside the void is higher

inside the void than the global value in the background, it is also possible simulta-

neously to fit the location of the first acoustic peak in the CMB [98, 102]. It has

however been argued that it is not possible for void models to provide a good fit to

the entire CMB power spectrum [104, 105] unless the homogeneous background has

significant curvature [106, 107]. These results are based on the assumption that the

primordial power spectrum has the near-scale-invariant form that is consistent with

the ΛCDM model.

In this work we argue that in fact a Gpc-sized void in an EdS background can

simultaneously fit the SNe Ia data as well as the full CMB power spectrum, while also

satisfying constraints from local Hubble measurements, primordial nucleosynthesis

and the BAO data, if the primordial power spectrum is not assumed to be nearly

scale-invariant. In Section 3.2 we summarize the general relativistic framework for

LTB models and describe the characterization of the void. In Section 3.3 we discuss

the form of the primordial power, and present a physical model with a primordial

power spectrum that is not scale-free. In order to compare observables in the void
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model to existing cosmological data, some formalism needs to be developed. This is

done in Section 3.4, and the statistical approach is discussed in Section 3.5. Finally

Section 3.6 presents the main results.

3.2 LTB void models

3.2.1 The metric and solution

We model the void as an isotropic, radially inhomogeneous universe described by the

LTB metric:

ds2 = −c2dt2 +
A′2(r, t)

1 +K(r)
dr2 + A2(r, t)dΩ2, (3.1)

where a prime denotes the partial derivative with respect to coordinate distance r,

and the curvature K(r) is a free function, bounded by K < 1. This reduces to the

usual FRW metric in the limit where A(r, t)→ a(t)r and K(r)→ kr2.

We define two Hubble rates:

H⊥ ≡
Ȧ(r, t)

A(r, t)
, H‖ ≡

Ȧ′(r, t)

A′(r, t)
, (3.2)

where an overdot denotes the partial derivative with respect to t. The analogue of

the Friedmann equation is

H2
⊥ =

F (r)

A3(r, t)
+
c2K(r)

A2(r, t)
, (3.3)

where F (r) > 0 is another free function which determines the local energy density

through

8πGρ(r, t) =
F ′(r)

A2(r, t)A′(r, t)
. (3.4)

We define dimensionless density parameters ΩM(r) and ΩK(r) such that

F (r) = H2
0 (r)ΩM(r)A3

0(r), (3.5)

and

c2K(r) = H2
0 (r)ΩK(r)A2

0(r), (3.6)

where H0(r) and A0(r) are the values of H⊥(r, t) and A(r, t) respectively at the present

time t = t0. The Friedmann equation then becomes [108]:

H2
⊥ = H2

0

[
ΩM

(
A0

A

)3

+ ΩK

(
A0

A

)2
]
, (3.7)
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so ΩM(r) + ΩK(r) = 1. This equation can be integrated from the time of the Big

Bang, tB = tB(r), to yield the age of the universe at any given (r, t):

t− tB(r) =
1

H0(r)

∫ A/A0

0

dx√
ΩM(r)x−1 + ΩK(r)

. (3.8)

We thus have two functional degrees of freedom, in ΩM(r) and tB(r), which can be

chosen as desired. (The third function, A0(r), corresponds to a gauge mode and we

choose to set A0(r) = r.) A spatially varying tB corresponds to a decaying mode

[109], so for simplicity we set tB = 0 everywhere, so that at the current time t0:

H0(r) =



−√−ΩK + ΩM sin−1
√
−ΩK

ΩM

t0 (−ΩK)3/2
, ΩK < 0;

2

3t0
, ΩK = 0;

√
ΩK − ΩM sinh−1

√
ΩK

ΩM

t0Ω
3/2
K

, ΩK > 0.

(3.9)

The void model can then be specified by the choice of one free function, which we

take to be ΩM(r), and a constant H ≡ H0(0) which determines the local Hubble rate

at the centre (and is equivalent to choosing t0). Note that both at the centre of the

void and far outside the void, the definition of ΩM(r) reduces to the standard FRW

density parameter Ωm.

The solution to Eq. (3.7) for general r and t can be given in parametric form for

the different values of ΩK(r) (or K(r)) as follows [97]:

• for ΩK(r) > 0:

A =
ΩM(r)A0(r)

2ΩK(r)
(cosh η − 1) , (3.10a)

H0t =
ΩM(r)

2Ω
3/2
K (r)

(sinh η − η) . (3.10b)

• for ΩK(r) = 0:

A =
1

2
(18ΩM(r))1/3 (H0t)

2/3A0(r). (3.11)

• for ΩK(r) < 0:

A =
ΩM(r)A0(r)

2|ΩK(r)| (1− cosu) , (3.12a)

H0t =
ΩM(r)

2|ΩK(r)|3/2 (u− sinu) . (3.12b)
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Light travels to an observer at the centre of the void along null radial incoming

geodesics described by [97]:

dt

dz
= − 1

(1 + z)H‖(z)
, (3.13a)

dr

dz
=

c
√

1 +K (r)

(1 + z)A′(z)H‖(z)
, (3.13b)

where H‖(z) = H‖ (r(z), t(z)) etc. The angular diameter distance at redshift z is then

given by

dA(z) = A (r(z), t(z)) , (3.14)

and the luminosity distance by

dL(z) = (1 + z)2A (r(z), t(z)) . (3.15)

All observable quantities along the light cone can be calculated from these equations.

3.2.2 Void profile

We can now choose the void profile by specifying ΩM(r) and the local value of the

Hubble rate by specifying H. Although the void profile may have any shape, we

restrict ourselves to the simple Gaussian form:

ΩM(r) = Ωout − (Ωout − Ωin) exp

[
−
(
r

r0

)2
]
, (3.16)

where Ωin and Ωout correspond to the matter density parameter at the centre of the

void and at infinity, respectively, and r0 characterizes the width of the void. We wish

to look only at voids that are asymptotically EdS, so we set Ωout = 1. Thus distances

in the void model are completely specified by the three parameters Ωin, r0 and H.

Throughout this chapter, we use h0 ≡ H0(0)/(100 km s−1 Mpc−1) to refer to the local

Hubble rate at the centre of the void.

We wish to stress that in restricting ourselves to voids which have a Gaussian

profile, we may be missing the model that fits the data best. In principle we could

sample a wider class of profiles and choose the form that gives the best fit. However

here we are concerned mainly with providing a counter-example of a void which can

simultaneously fit both the SNe Ia magnitudes and the CMB spectrum, so we do not

perform this search.
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3.3 Primordial power spectra

The observed power spectrum of CMB anisotropies in any cosmological model is a

convolution of three unknowns. The first two are the local physics at the time of

recombination, which is dependent on the composition of the universe at that time,

and the angular diameter distance to the last scattering surface (LSS), which depends

on the geometry of the universe. Both of these are completely specified by the choice

of the void model as described in Section 3.2.2, along with the further specification

of the baryon fraction, Ωb, the baryon-to-photon ratio η ≡ nb/nγ, and the choice

ΩΛ = 0.

The third unknown is the shape of the primordial power spectrum of density

perturbations. In the simplest single-field slow-roll models of inflation this is close

to scale-invariant and featureless, as discussed in Chapter 1. Under the assumption

that the primordial spectrum is described by a simple power law, the standard ΛCDM

concordance cosmological model fits the observed angular power spectrum reasonably

well [15]. However, there is no independent evidence for this form of the primordial

power and as the observed anisotropies arise as a convolution of the assumed pri-

mordial spectrum with the transfer function of the assumed cosmological model, it is

clear that we cannot determine one without making assumptions about the other. (In

fact, there are indications that the primordial spectrum is not scale-free, even when

a ΛCDM cosmology is assumed [110].)

In [106, 104, 105, 107] it is argued that, assuming near-scale invariance of the

primordial power, void models cannot simultaneously provide an explanation for su-

pernovae magnitudes and fit the observed CMB spectrum, unless the void is extremely

deep [106] or embedded in a universe with large non-zero overall curvature [107]. How-

ever, in considering void models as an alternative to dark energy, we are in any case

departing from the concordance cosmology, so there is no need to retain the assump-

tion that the primordial power spectrum is scale-free. If this assumption is relaxed

then even an EdS cosmology without dark energy can fit the CMB data [91, 89]. In

the following we consider a particular alternative form of the primordial PR(k) that

is not scale-free. It is of course possible to simply postulate an arbitrary alternative

scale-dependent form for the primordial power without reference to a physical model.
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The form of PR(k) that we describe below is in fact motivated by a particular phys-

ical theory of inflation, which is briefly described below, but this is not a necessary

condition.

3.3.1 Bump model

Whereas the simplest toy models of inflation contain only a single scalar field which

rolls slowly down its potential, physical models generically contain other fields, whose

evolution is typically not slow-roll. These fields may couple to the inflaton and af-

fect its evolution, thus breaking the scale-free nature of the primordial power, with

important consequences.

An example of such a physical model is “multiple inflation” [111] in the framework

of N = 1 supergravity, the locally realised version of supersymmetry (SUSY). This

model includes flat-direction fields ψ which have gauge and Yukawa couplings to ordi-

nary matter but are only gravitationally coupled to the inflaton. Such flat-directions

have been classified and tabulated in the Minimal Supersymmetric Standard Model

(MSSM) [112]. During inflation, the ψ fields undergo symmetry-breaking phase tran-

sitions, causing a sudden change in the effective mass of the inflaton (which is assumed

to be a field in a hidden sector). A single flat-direction field would produce a “step” in

the spectrum of the curvature perturbation [113], while if more than one flat-direction

field is present, they can couple to the inflaton with opposite signs, and produce a

“bump” feature in the power spectrum [89]. (A toy model that produces a similar

“step” feature in the power spectrum has also been proposed [114] and has been

studied with respect to fitting the WMAP 1-year [115] and 3-year [116] data, albeit

in a different context to that considered here. Other signatures of multiple inflation,

in particular the generation of associated non-Gaussianities, have also been studied

[117].)

In this “bump” model, the potential for the inflaton φ and the flat-direction fields

ψi is given by

V (φ, ψ1, ψ2) = V0 −
1

2
m2H2

infφ
2 +

1

2
λ1H

2
infφ

2ψ2
1 −

1

2
µ2

1H
2
infψ

2
1 + γ1ψ

n1
1

+
1

2
λ2H

2
infφ

2ψ2
2 −

1

2
µ2

2H
2
infψ

2
2 + γ2ψ

n2
2 , (3.17)
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where mHinf and µiHinf are the masses of the φ and ψi fields respectively, λiH
2
inf is the

coupling of the ψi field to the inflaton, γi is the coefficient of the non-renormalizable

operator of order ni which lifts the potential of the ψi field and Hinf is the Hubble

scale during inflation (units of Planck mass MP = 1 are used throughout). “Natural”

values for the parameters of this model are |λi| ∼ 1, µ2
i ∼ 3, and γi ∼ 1, and it is

assumed that the inflaton mass m is protected from SUSY-breaking corrections (the

“η problem”) so that sufficient e-folds of inflation occur. According to the list of

flat-direction fields in [112], the ones with ni = 12 and 16 will be the most relevant.

For a detailed discussion of the properties of the model, including the initial

conditions, we refer the reader to the papers [111, 113, 89]. For our purposes it is

enough to note that the two flat-direction fields ψi remain trapped at the origin until

the phase transitions take place at times ti. These times—or, equivalently, the scales

at which the flat-direction fields introduce features in PR(k)—can be chosen freely.

The primordial power spectrum produced by this ‘bump’ model can be calculated

exactly by numerically solving the equation of motion of the φ field according to

the potential in Eq. (3.17). This was performed in [89], where it was shown that a

primordial power spectrum with such a “bump” would allow even an EdS universe

with Λ = 0 to fit the WMAP 3-year data. This required a low global value of h ' 0.44,

which is similar to that expected in a void model.

However, we do not wish to follow this prescription here for two reasons. Firstly,

the full numerical solution is computationally expensive and slows an MCMC analysis

considerably. Secondly, we are interested in the constraints on void models given the

assumption of such a feature, and not in constraining the parameters of the theory of

multiple inflation underlying Eq. (3.17). Eq. (3.17) demonstrates that such features

in PR(k) are possible in an inflationary theory, but similar features with steps and

oscillations may also be produced, e.g., in DBI inflation [118], and so there is no need

to restrict the discussion to a single inflationary model. We need not even assume

that the feature arises from inflation at all.

Therefore rather than reproduce the calculation of [89] exactly, we introduce a

parameterization of PR(k) to capture the essential features of the reported best-fit

bump model:

PR(k) = P0

(
1− a tanh(bx) + c exp[−(bx)2]

)
, (3.18)
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Figure 3.1: The solid (blue) curve shows the primordial power spectrum obtained
from a full calculation of the multiple inflation model, with parameters as described
in the text. The dashed (red) curve shows the simple parameterization (3.18), with
parameter values P0 = 2.48 × 10−9, a = 0.1, b = 2.0, c = 3.0 and k0 = 0.015.
For comparison, the dotted (black) curve shows a standard power-law spectrum with
slope ns = 0.954, amplitude AS = 2.3 × 10−9, which are the best-fit values for the
ΛCDM model with no “running” to the CMB+SNCfA datasets (Section 3.6).

where x ≡ log10(k/k0). For practical purposes, Eq. (3.18) is the form of the primor-

dial power we are interested in, albeit motivated by an underlying physical model

Eq. (3.17).

In Fig. 3.1 we plot PR(k) obtained from a full calculation in the “bump” model,

with parameter values n1 = 16, n2 = 12, µ2
1 = µ2

2 = 3, γ1 = γ2 = 1, λ1 = −0.2, λ2 = 1

and m2 = 0.05 (all set at their “natural” values, save for λ1). Hinf , k1 and k2 are free

parameters and are chosen so as to broadly reproduce the best-fit primordial spectrum

from [89]. In the same figure we also plot the corresponding form of Eq. (3.18). We

do not consider any tensor modes.

This form of PR(k) is thus determined by 5 free parameters: P0, a, b, c and

k0. This may appear to be a step backwards from the standard power-law form,

which depends on only 3 (AS, ns and nrun — the amplitude, slope and “running” of

the spectrum). However it is important to bear in mind that we are merely using an

empirical parameterization for a PR(k) that is ultimately the result of some underlying

theory, in which all of these parameters are in fact supposed to be determined by

fundamental physics.

On the other hand, it can be argued that the standard parameterization of a power-

law hides other parameters which are artificially set to zero through the overriding
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assumption that only a single scalar field is involved. In the absence of an accepted

physical mechanism for inflation, we feel that all plausible alternatives ought to be

considered, rather than judging purely on the basis of naive parameter-counting. It

is with this rationale that we use this form of the primordial power in constructing

this model.

3.4 Fitting the model to observations

In this section we will discuss how to fit the void model to the best available cosmo-

logical data: the WMAP 7-year release [15], SNe Ia data from the “Constitution” [12]

and “Union2” compilations [13], the local Hubble rate measurement by the Hubble

Key Project [8], constraints from big bang nucleosynthesis [119], and BAO measure-

ments from SDSS Data Release 7 [40].

As cosmology in an LTB metric differs from the standard FRW approach, we

need to develop some formalism to allow us to confront these datasets in a consistent

manner. This is outlined in the following.

3.4.1 SNe Ia magnitudes

The distance modulus of a supernova is defined as the residual between its apparent

and absolute magnitudes m and M , and is related to its luminosity distance as

µ = m−M = 5 log10

[
dL

Mpc

]
+ 25 , (3.19)

so that, knowing µ for each object in a dataset, we can use Eq.(3.15) to compare a

void model to the data.

We use two datasets: the Constitution compilation of 397 SNe in the redshift

range z = 0.015 − 1.55 [12] and the Union2 compilation of 557 SNe in the range

z = 0.015− 1.4 [13]. The Constitution sample uses the SALT lightcurve fitter while

Union2 uses the newer SALT2 fitter. Neither fitter, however, directly provides the

value of µ for each object — for instance, the SALT fitter provides as output values of

mmax
B (the rest-frame peak magnitude in the B-band), a time stretch factor s, and a

colour parameter c for each supernova, from which the distance modulus is calculated

as:

µi = mmax
B,i −M + α · (si − 1)− β · ci, (3.20)
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where M , α and β are empirical coefficients whose values are determined by marginal-

izing over the fit to a particular fiducial cosmology. The SALT2 fitter follows the same

principle, though with a “stretch factor”, x1, that is analogous to but not the same

as s.

Both the Constitution and Union2 compilations provide tabulated values of dis-

tance modulus µ and its estimated error σµ for a choice of coefficients M , α and β

calculated for the best-fit flat ΛCDM model. In addition, σµ includes an important

contribution from a systematic uncertainty whose value is chosen such that the re-

duced χ2 value for the flat ΛCDM model is of order unity. Hence when comparing any

alternative model to ΛCDM on the basis of their respective fits to the SNe Ia data,

we ought to in principle perform the entire fitting analysis from scratch, choosing the

values of M , α and β that produce the best fit for the particular model under consid-

eration, and adjusting the systematic error inserted by hand in an equivalent manner.

However, to do so we would require not only the actual lightcurve fitter outputs for

each supernova (which the publicly downloadable data for the Constitution set does

contain, but Union2 does not), but also the full covariance matrix of the lightcurve

fits, which neither compilation provides.2 Therefore, we are forced to adopt the com-

mon (but incorrect) procedure of fitting the void model by marginalizing over the

unknown absolute magnitude M alone, while bearing in mind the caveat that this

may bias our results and our best-fit void parameters in an unknown manner.

3.4.2 CMB power spectrum

It has been shown in several previous studies that void models are only very loosely

constrained by the position of the first peak of the CMB [98, 102]. However, the

WMAP satellite has measured the angular power spectrum Cls over a wide range of

multipoles, l, and it is preferable to use as much of this data as possible. This entails

the calculation of the full predicted Cl spectrum for the void model. This has been

done using various methods [106, 104, 105, 107], but always with the assumption of

a nearly scale-invariant primordial spectrum.

In order to be able to calculate the predicted angular power spectrum for an LTB

model using one of the publicly available Boltzmann codes (we use a version of CAMB

2This is provided in the SNLS 3-year data release [5]; however it contains only 231 objects, so we
do not consider it here.
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[29], modified to accept the primordial power spectra we consider), we use a version

of the “effective EdS approach” [104, 105]. In brief, this consists of constructing an

effective EdS model which has the same physics at recombination as the given void

model, and the same angular diameter distance to the LSS. Then, given the same

primordial power spectrum, the Cls of the effective model and the void model will

be the same, at intermediate and small angular scales. Thus the effective model

can be used as a calculational tool to obtain the power spectrum for the void model

under consideration. Note however that the effective EdS model will in general have

a central temperature, TEdS
0 , and a central Hubble rate, HEdS

0 , that are different from

the actual T0 and H0 that we observe today. This is because the physics has been

matched at early times; at late times the models must then necessarily differ.

To generate the effective model, we adopt the following procedure. First we specify

the void profile and local Hubble rate by choosing the parameters Ωin, r0 andH. Then,

using Eqs. (3.13a) and (3.13b) we numerically integrate out from the centre of the

void along the past light cone to obtain the coordinates (rm, tm) at an intermediate

redshift zm. As in [104, 105] we choose this redshift to be zm = 100, where the spatial

curvature of the void is negligible but the radiation density is still small and can

justifiably be ignored in the calculations.

At these coordinates we now calculate the Hubble rate, Hm = H⊥/‖ (rm, tm) and

the angular diameter distance Am = A (rm, tm). Let us denote by rEdS (t) the co-

moving radial coordinate of a radial light ray in the EdS universe and by zEdS the

redshifts seen by an observer at rEdS = 0. To ensure the matching of the distances

to the LSS, we impose the condition Am = a(rEdS
m )rEdS

m for EdS scale factor a. This

provides us with the relation

Am =
2c

(1 + zEdS
m )HEdS

0

(
1− 1√

1 + zEdS
m

)
, (3.21)

where zEdS
m is the redshift in the EdS universe at coordinates

(
rEdS
m , tm

)
. (Note that

our procedure implies zEdS
m 6= zm and thus differs slightly from the equivalent method

outlined in [104, 105] where instead zEdS
0 6= 0.) To ensure the same physics at early

times in the two models we also match the Hubble rates, Hm = HEdS
(
zEdS
m

)
, and this

combined with Eq.(3.21) provides us with an expression for zEdS
m

zEdS
m =

A2
mH

2
m + 4cAmHm

4c2
. (3.22)
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Given the value of zEdS
m , we can then calculate the effective EdS mean temperature

and Hubble rate via

TEdS
0 = T0

(
1 + zm

1 + zEdS
m

)
, (3.23a)

HEdS
0 =

Hm

(1 + zEdS
m )3/2

, (3.23b)

where T0 = 2.726± 0.001 K is the CMB temperature observed today [44].

The parameters TEdS
0 , HEdS

0 ,Ωm = 1,ΩΛ = Ωk = 0 and the baryon fraction Ωb can

then be fed into CAMB, together with the choice of primordial power spectrum, to

find the spectrum of Cls for the effective EdS model. This will be identical to the

spectrum actually observed at the centre of the void, at large enough values of l.

At small values of l however, the void model will create an integrated Sachs-Wolfe

(ISW) signal which is not captured by the effective EdS model. However, no rigorous

calculation has yet been made of this expected ISW signal. In addition, the void may

also in principle have a different reionization history than that of the effective EdS

model. These two effects mean that at small l the Cl values calculated using the EdS

model will differ, in both the TT and TE power spectra, from the actual spectrum

due to the void.

In order to account for this, we choose to apply a cutoff at l = 32 in both the

WMAP-7 TT and TE power spectra. The value l = 32 is chosen also to coincide with

the switch-over point for the TT power spectrum at which the WMAP likelihood

routine switches between the low-l, gibbs-sampling likelihood estimation technique

and the master code for high-l (for the TE spectrum the switch-over point between

pixel-based analysis and the master code is close by at l = 24). This also allows a

more direct interpretation of the likelihood L in terms of a χ2 value. We have checked

that increasing the cutoff point does not materially affect our results.

Given that in [89] it is found that an EdS model can fit the WMAP data with

a primordial power spectrum similar to the “bump” model we use here, we expect

to find a good fit to the CMB with hEdS
0 ≡ HEdS

0 /(100 km s−1 Mpc−1) ' 0.44 and

TEdS
0 ' T0. This should be contrasted with the values of hEdS

0 ' 0.51 and TEdS
0 ' 3.4 K

required with a power-law primordial spectrum [104, 105].
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3.4.3 Local Hubble rates

It has been claimed in previous studies [104, 105, 107] that the local Hubble rate of

void models that fit the CMB and SNe Ia data simultaneously must be very low (as

low as h0 ' 0.45 in [104, 105]) and that this argues against void models, since the

measured local values (at z < 0.1) are significantly higher (see [10] for a review). This

can provide an important discriminant against void models. Therefore in performing

the MCMC analysis, we also fit the local Hubble rate for the void model hLTB
0 ≡

H/100 to the Hubble Key Project (HKP) value h0 = 0.72 ± 0.08 [8]. We note that

there is some variation in the value of h0 obtained by different groups, ranging from

h0 = 0.623±0.06 [120] to h0 = 0.742±0.036 [121], and the HKP value lies in between

these two.

The SNe Ia compilations, WMAP-7 observations and the HKP value for h0 form

the primary datasets that we use to constrain the void model. We also discuss the fit

to some other cosmological data below.

3.4.4 Big bang nucleosynthesis

Our theoretical understanding of the physics of the epoch of big bang nucleosynthesis

allows us to use observations of the abundances of various elements to constrain the

baryon-to-photon ratio, η = nb/nγ, at that time. Although η is constant with time

in FRW spacetime, this is not the case in LTB spacetime. However, assuming that

η is spatially constant in the LTB model (which need not necessarily be true, see

[122, 123]), we can use the effective EdS model model to calculate η for the void

model. Since both models share the same early universe physics by construction, we

have [105]

η10 ≡ 1010η = 273.9

(
T0

TEdS
0

)3

ωb , (3.24)

where ωb ≡ Ωb

(
hEdS

0

)2
. The inferred primordial abundance of deuterium, together

with that of helium, provides the constraint 5.1 ≤ η10 ≤ 6.5 at 95% C.L. [119].

3.4.5 BAO scale

The BAO data provided by the SDSS collaboration [40] are essentially measurements

of a feature in the correlation function of the observed galaxy distribution which is

72



related to the physical sound horizon at the CMB scale, evolved down to the redshift at

which the measurement is made. The full theory for how these perturbations should

evolve in LTB spacetimes is unknown and a difficult problem, as the background

curvature enters the Bardeen equation for the gravitational potential. As this may

vary significantly over scales of ∼ 150 Mpc, it can potentially add a significant and

as yet unknown distortion to BAO scales [124].

Nevertheless, some efforts have been made to compare void models to BAO data

under the assumption that the evolution of perturbations does not depend on scale (as

is the case in FRW spacetime) [104, 105, 107]. Under this assumption the difference

between LTB and FRW spacetimes is simply that as H‖ 6= H⊥ for r > 0, physical

length scales in an LTB spacetime evolve differently in radial and transverse directions

at late times, whereas in FRW models the evolution is isotropic. It is not clear

that this is necessarily a valid assumption to make. However, in order to provide

a comparison with the previous studies we follow the same prescription as in [105],

while bearing in mind that a better calculation may lead to significant changes in the

results.

The first step is to construct another effective EdS model, referred to as the

“BAO model”, which shares the same early universe physics as the void model under

consideration, but unlike in the previous case, need not match the angular diameter

distance to the LSS. We choose in this case to match the central temperatures, TBAO
0 =

T0, which then provides us with the relation:

HBAO
0 =

Hm

(1 + zm)3/2
, (3.25)

as unlike in the previous Section, we will now have zBAO
m = zm (where, as before, we

choose zm = 100). We also match the values of Ωb and Ωm = 1 at this redshift to

ensure the same early universe physics.

As the BAO model and the LTB void model have, by definition, the same physics

at coordinates (r (zm) , t (zm)) ≡ (rm, tm), and since at this redshift the LTB spacetime

is sufficiently close to FRW, we may conclude that the physical sound horizon in the

void model at time tm is essentially isotropic and homogeneous, and equal to the sound

horizon sp (zm) in the BAO model, which may be calculated according to [125]:

sp (z) =
44.5 ln [9.83/ (Ωmh

2
0)]

(1 + z)

√
1 + 10 (Ωbh2

0)
3/4

Mpc. (3.26)

73



In order to evaluate the BAO scales observed at redshift z by an observer at the centre

of the void, we need to evolve this physical sound horizon scale down to coordinates

(r (z) , t (z)) in the LTB background. Thus the radial and transverse physical BAO

scales at redshift z will be, respectively,

lBAO
‖ (z) = sp (zm)

A′ (r (z) , t (z))

A′ (r (z) , tm)
, (3.27)

lBAO
⊥ (z) = sp (zm)

A (r (z) , t (z))

A (r (z) , tm)
, (3.28)

and these can in turn be rewritten in terms of the corresponding redshift and angular

intervals:

∆z (z) = (1 + z) lBAO
‖ (z)H‖ (r (z) , t (z)) , (3.29)

∆θ (z) =
lBAO
⊥

A (r (z) , t (z))
. (3.30)

It is these values of ∆z (z) and ∆θ (z) that are directly measurable. As mentioned

in [105], the redshift scale ∆z (z) is expected to be a stronger discriminator of void

models than ∆θ (z). However, while estimates of the radial BAO scale have been made

[126], the statistical significance of these claims has been questioned [127]. Given this

ambiguity, we choose not to use this data; instead we use constraints on the ratio,

Θ (z) ≡ sp (zrec)

DV (z)
, (3.31)

at redshifts z = 0.2 and z = 0.35 from [40], where zrec is the redshift at recombination

and DV (z) is an isotropized distance measure. This is given in a FRW model by [16]

DFRW
V (z) ≡

[
zd2

A (z)

H (z)

]1/3

, (3.32)

where dA (z) and H (z) represent, respectively, the angular diameter distance and the

Hubble rate in the FRW model.

As the BAO measurements are quoted in terms of the ratio Θ (z), it is necessary

to convert them into a form that can be related to ∆z (z) and ∆θ (z). It can be shown

[107] that

Q (z) ≡
(
∆θ2∆z

)1/3
= z1/3Θ (z) , (3.33)

and this is the measure we use to compare the void model to the data.
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Figure 3.2: The TT and TE power spectra of the models that best fit the CMB
and Constitution SNe Ia data. The solid (red) curve is for the void model, calculated
using the effective EdS approach described in Section 3.4.2, and the dashed (black)
curve is for ΛCDM. Binned WMAP-7 data is also shown.

3.5 Method

We perform a likelihood analysis using COSMOMC [128] to generate Markov-Chain-

Monte-Carlo (MCMC) chains to estimate confidence limits on the parameters in fit-

ting the model to the data. For each void model, specified by Ωin, r0 and H, we

first calculate the effective parameters HEdS
0 and TEdS

0 as described in Section 3.4.2.

We fix the optical depth to the LSS to the WMAP-7 value, although this choice is

immaterial as our cutoff at l = 32 means that the data do not constrain reionization

in any case. Therefore the full set of parameters for the void model is: local matter

density Ωin, void radius r0, local Hubble value H, baryon fraction Ωb, and the power

spectrum parameters P0, a, b, c and k0 (the cold dark matter density Ωc is set equal

to 1−Ωb). These are fed as inputs to CAMB [29] to generate the CMB spectrum for

the model.

Once the output Cl values have been obtained from CAMB, we can fit the model

to the WMAP-7 data [15], the SNe Ia data (the Constitution [12] and Union2 [13]

datasets are fitted separately), the HKP value for the local Hubble rate [8], the BAO

data [40] and the BBN constraint [119].

In order to compare the goodness of fit, we perform exactly the same fitting
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Figure 3.3: Constraints on the effective EdS parameters for the void model with
a bump, from CMB and SNe Ia data. The solid (red) contours show the 1 and 2σ
likelihood confidence intervals for the Constitution SNe Ia data set and the dashed
(blue) contours are for Union2.

procedure for a vanilla ΛCDM model whose parameters are: baryon density Ωbh
2
0,

cold dark matter density Ωch
2
0, local Hubble rate 100h0,3 and the power spectrum

amplitude, AS, and slope, ns. We characterize the best-fit likelihood of the void

model by the value ∆χ2 = −2 ln(Lvoid/LΛCDM), which means that negative values of

∆χ2 favour the void. In Fig. 3.2 the TT and TE power spectra are shown for two

sample best-fit models. The quantitative results of the analysis are discussed in the

next section.

3.6 Results

In this section we shall use SNCfA to denote the Constitution data set and SNU2 to

denote Union2; CMB denotes the WMAP-7 data and HKP the Hubble Key Project

value for the Hubble rate.

In Figure 3.3 we plot the 2D likelihoods for the effective EdS model parameters

TEdS
0 , HEdS

0 and Ωb obtained from the MCMC chains for both CMB+SNCfA and

CMB+SNU2 data. Clearly, TEdS
0 ' T0 and hEdS

0 ' 0.45, which is exactly as we

3The COSMOMC code actually uses the ratio of the sound horizon to the angular diameter
distance as the input parameter, but this is equivalent to using h0.

76



50 55 60 65 70
0

0.5

1

100 h0

0.05 0.1 0.15 0.2 0.25
0

0.5

1

Ωin

3 4 5
0

0.5

1

r0 (Gpc)
13.5 14 14.5 15

0

0.5

1

Age(Gyr)

Figure 3.4: Marginalized 1D likelihoods for the void model with a bump, for the
fit to CMB and SNe Ia data. The solid (red) curves are for the Constitution SNe Ia
data set and the dashed (blue) curves are for Union2.

expect, given the results of [89]. Figure 3.4 shows the marginalized likelihoods of the

void parameters and the resultant age of the universe, for the same datasets.

For both CMB+SNCfA and CMB+SNU2 we obtain a local Hubble value h0 ∼
0.60 ± 0.02, which, although slightly low, is still consistent with the HKP value of

h0 = 0.72± 0.08 to within 2σ. It is also much higher than the value of h0 obtained in

previous studies [104, 105]. This is because in order to fit the CMB with a power-law

primordial spectrum a value of TEdS
0 ' 3.4 K is required and in order to generate

this, the void must be surrounded by a large over-dense shell. The presence of this

shell means the asymptotic value H0(r � r0) ∼ HEdS
0 ∼ H0(0) and hence in order to

fit the CMB, H0(0) must be small. In contrast, our void profile only has a very small

over-dense shell, and as shown in Figure 3.3, TEdS
0 ' T0. This allows us to generate

the difference between h0 ' 0.60 and hEdS
0 ' 0.45.

Our void model also does not suffer from the “old age” problem referred to in

[105]: we find the age of the void universe to be 14.4± 0.3 Gyr for the CMB+SNCfA

chains and 14.5±0.3 Gyr for CMB+SNU2, which are significantly less than the values

of ∼ 18.8 Gyr quoted in [105]. This is unsurprising as the age t0 is related to the

value of h0 by Eq. 3.9, and reasonable values for one ensure reasonable values for the
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Datasets # d.o.f. −2 ln(LΛCDM) ∆χ2

CMB 1936 5785.0 +0.9
CMB + SNCfA 2333 6250.4 −3.3
CMB + SNU2 2493 6315.7 +1.4

CMB + SNCfA + HKP 2334 6250.5 −0.6
CMB + SNU2 + HKP 2494 6315.9 +3.4

Table 3.1: Best-fit likelihood values for ΛCDM and the relative ∆χ2 values for the
void model with a spectral “bump” for different choices of the fundamental constrain-
ing data sets. Here SNCfA refers to the Constitution sample and SNU2 to Union2.
CMB refers to WMAP-7 data and HKP to the Hubble Key Project value for h0.
Constitution data favour the void slightly and Union2 data favour ΛCDM slightly,
but neither difference is significant given the number of degrees of freedom.

other.

To enable a comparison of the quality of the fits, we show in Table 3.1 the ∆χ2

values for the best-fit model with a void and a spectral “bump”, relative to the

standard ΛCDM model, for different combinations of the primary constraining data

sets. It is clear that the ∆χ2 values in all cases are small given the number of degrees

of freedom involved, which shows that the void model is perfectly compatible with

these datasets. A more quantitative comparison cannot be made because as noted

in Section 3.4.1 the SNe Ia data are adjusted to fit a fiducial ΛCDM model and the

error bars are tuned to give a χ2 per degree of freedom of order unity for this model.

It should be noted that the addition of the HKP constraint increases the ∆χ2

value by ∼ 2 for Union2 and ∼ 2.7 for Constitution, which reflects the fact that CMB

and SNe Ia data favour a value of h0 that is lower than, but consistent with, the HKP

value. Even with this increase however, the ∆χ2 values are still small (and in fact the

void provides a marginally better fit to the CMB+SNCfA data than does ΛCDM). It

is possible that a thorough exploration of possible void profiles or use of unbiased SNe

Ia data will make this fit better, but as this does not detract from the main results

presented here, we do not investigate it further.

An interesting constraint comes from Big Bang nucleosynthesis. From our MCMC

chains for CMB+SNCfA and CMB+SNU2 we find in both cases η10 = 4.6± 0.2, which

is ∼ 2σ below the best-fit value. This arises primarily because ωb is on the low side,

as seen in Figure 3.3. When the BBN constraint is added to the MCMC chains,

we find an increase in ∆χ2 of ∼ 2.5 relative to the values for CMB+SNCfA+HKP

78



and an increase of ∼ 3.1 for CMB+SNU2+HKP. It should be noted however that

the inferred primordial abundance of lithium indicates a significantly lower value of η

than does deuterium [119], hence a better understanding of the chemical evolution of

these fragile elements is required before the significance of the marginal discrepancy

above can be assessed.

Finally, we find that adding the BAO data results in an increase in ∆χ2 of 4.9

relative to the value for CMB+SNU2+HKP+BBN and 5.5 relative to the value for

CMB+SNCfA+HKP+BBN, for an additional two degrees of freedom. The main rea-

son for this increase is that the BAO data require a shallower void with Ωin ∼ 0.17,

whereas the CMB+SN data favour a slightly deeper void with Ωin ∼ 0.13. Most of

the increase in χ2 arising from including the BAO data comes from the poorer fit

to SNe Ia data that results. Given the uncertainty in interpreting χ2
SN that we have

already mentioned, as well as the assumptions that have gone into our analysis in

Section 3.4.5, we cannot draw any definite conclusions from these results. However it

would appear that the BAO data are certainly not inconsistent with a void model.

3.7 Discussion

We have presented here a local void model which fits SNe Ia and CMB data, local

H0 values, nucleosynthesis constraints and BAO without requiring dark energy and

thus provides a counterexample to the claim that dark energy is necessary to fit these

observations.

One objection that has subsequently been raised to such a model is the relatively

low value of H0 at the centre of the void, which is several standard deviations away

from a more recent determination H0 = 73.8± 2.4 km s−1 Mpc−1 [9]. This has been

claimed to rule out void models as an alternative to dark energy. As can be seen from

Fig. 3.4, the mean value of h0 obtained for the void model considered here is ∼ 0.60,

which is indeed low.4 It is worth considering why this is so.

We find that if only the WMAP data are used in the fitting process, h0 is effectively

unconstrained: the data do not significantly distinguish between values in the range

0.45 < h0 < 0.8. This is understandable, because WMAP data provide a constraint

4However, measurements of h that do not rely on the distance ladder approach of [9] give some-
what lower values, e.g. h = 0.67± 0.03 from the 6dF galaxy survey [129].
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on hEdS
0 but not on Ωin or r0, and hence not on h0. It is only when the SNe Ia

are added that Ωin and r0 are constrained and we obtain the marginalized likelihood

shown in Fig. 3.4. We have already argued that the SNe Ia datasets used here do not

allow for a truly fair comparison, because the reported error bars include an arbitrary

systematic uncertainty chosen specifically for ΛCDM, and correct marginalization

over the nuisance parameters α and β is not possible. If the fit to the supernovae

data alone were to be performed in some truly model-independent way, although it

is unlikely that χ2
SNe would be reduced significantly (the χ2 per degree of freedom is

already significantly less than 1 for Union2), we believe it is possible that the best-fit

values of Ωin and r0 could change enough to allow higher h0 values when fitting to

WMAP and SNe Ia data simultaneously.5 This is a loophole in the argument against

void models which should be investigated further.

Ultimately however, the best way of ruling out void models may come from

non-geometrical observations. One such observable is the measurement of the time-

variation of H(z) using redshift drift [130]. This can provide direct confirmation of

acceleration, and such observations may be possible in the near future [131].

It is also possible in principle to constrain a violation of the Copernican principle

via the y-distortion of the CMB spectrum that is produced by the Compton scattering

of photons by reionized gas in regions of the void that see a highly anisotropic LSS

[132]. In the single-scattering and linear approximations and under the assumption

that the dipole anisotropy dominates the distortion, this can be written as [105]

y =
7

10

∫ zre

0

dz
dτ

dz
β (z)2 , (3.34)

where τ is the optical depth, β (z) is the dipole temperature anisotropy in the CMB

observed at redshift z, and the integral is taken up to the redshift of reionization zre.

The FIRAS instrument on COBE provides an upper bound y < 1.5 × 10−5 (at 2σ)

[43]. While this can rule out some void models, it was shown in [105] that a suitable

choice of the void profile can evade this constraint.

5When fitting SNe Ia data to flat ΛCDM, it is argued that the change in the best-fit parameters
obtained by using a truly model-independent fitting method is small. However flat ΛCDM models
form a one-parameter family of dL-z curves, whereas LTB models have at least two parameters, as in
the case of the model studied here—and, more generally, an entire functional degree of freedom—so
it is not immediately clear that this argument should hold.
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Epilogue

Another direct test of a local void is via the kinetic Sunyaev-Zel’dovich (kSZ) effect

[133]. This has been applied to cluster kSZ observations (e.g., [103, 134]). A recent

paper [135] finds that cluster kSZ observations place severe constraints on simple

void models with a homogeneous bang time. Allowing the bang-time to vary signif-

icantly increases the freedom of the models, but it is found that it is not possible

simultaneously to obtain a small kSZ effect and a large local Hubble value, putting

void models in conflict with observation. However, this analysis does not allow for

the primordial power spectrum to differ from near-scale-invariance, and allowing for

this additional freedom, or for separately inhomogeneous matter and radiation fluids

[123], may weaken these constraints.

It is also possible to use upper bounds on the kSZ effect from the Atacama Cos-

mology Telescope [136] to constrain void models. In [137] this was done for simplistic

void models treated as two homogeneous regions joined by a singular mass shell and

the authors concluded that void models were ruled out. However, more recently a

careful analysis using LTB voids [138] somewhat weakened these constraints and high-

lighted the various assumptions that must be made in obtaining them. Technically

it is possible that by changing these assumptions it may still be possible to evade the

kSZ constraints, but it appears unlikely. In fact the main source of uncertainty would

appear to come from the use of the biased SNe Ia fitting method, which is common

to all of the papers above.

Ultimately, one does not expect the perfectly spherically symmetric LTB void

model to provide an accurate description of the real universe, for which a more so-

phisticated treatment of inhomogeneities must surely be required. It seems inevitable

that in the future these simple models will eventually be ruled out once all loopholes

are closed. Nevertheless, as we have discussed in this chapter, they demonstrate

the difficulty in drawing any unambiguous conclusions from the cosmological data

free from the influence of prior assumptions of homogeneity or the nature of infla-

tion implicit in ΛCDM. In the next Chapter we examine whether these assumptions

themselves are consistent with the observed structure of the universe.
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Chapter 4

The ISW imprint of cosmic
superstructures

4.1 Introduction

Throughout this thesis we have highlighted the cosmological observations for which

the ΛCDM model provides a consistent explanation, including CMB anisotropies, SNe

Ia, local Hubble value, galaxy clustering, baryon acoustic oscillations, etc. However,

as we stressed in Chapter 3, this evidence is mostly geometrical, as it is based on inter-

preting measurements of distances—made using ‘standard rulers’ (the sound horizon

at last scattering) and ‘standard candles’ (SNe Ia)—as due to accelerated expansion.

We showed in Chapter 3 how the same data can be equally well fitted without dark

energy in a local void model if other assumptions such as a power-law spectrum for

the primordial density perturbations are relaxed. It is therefore important to check

if there are other observational tests of ΛCDM, which could provide evidence for the

dynamical effects of dark energy.

An example of such an observation is the late-time integrated Sachs-Wolfe (ISW)

effect [46]. The decay of gravitational potentials after dark energy begins to dominate

(at redshift z . 1) should lead to secondary CMB anisotropies as the CMB photons

traverse regions of over- or under-density. If the universe is spatially flat, then detec-

tion of the linear ISW effect through cross-correlation of the CMB with large-scale

structure would provide direct evidence of dark energy’s effect on the growth of struc-

ture [139] to complement the geometrical evidence for the ΛCDM model.1

1The ISW effect should also boost low multipoles in the CMB angular power spectrum, whereas
these are in fact anomalously low on the observed sky. However given the large cosmic variance on
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Unfortunately the ISW signal in full-sky CMB-galaxy cross-correlation studies is

hard to detect at high significance as it requires z measurements for over 10 million

galaxies [140], and such datasets are not yet available. However, several authors

(e.g., [141, 142, 143]) have examined smaller source catalogues and reported marginal

detections with < 3σ significance. On the other hand, other authors [144] were unable

to reject the null hypothesis (no ISW effect) and [145] even found a slight anti -

correlation thus rejecting ΛCDM at 2− 3σ significance. Some groups have combined

several different data sets and report up to 4σ detection of ΛCDM [146], but this

interpretation is complicated by the difficulty of estimating errors for correlated galaxy

data sets, and it has been claimed that errors have been significantly underestimated

[147].

Much of the uncertainty in full-sky studies arises from the difficulty in recon-

structing the underlying density field from galaxy survey data, given Poisson noise

in the distribution of galaxies. A different approach to this problem is followed in

[148, 149], who study the Sloan Digital Sky Survey (SDSS) Data Release 6 (DR6)

luminous red galaxies (LRGs). They use 3D galaxy information rather than the pro-

jected 2D density, and select only the most extreme density perturbations, which are

unambiguously identified despite Poisson noise. Along the lines of sight correspond-

ing to these ‘superstructures’ they report a 4.4σ detection of the ISW effect. Aside

from being the most significant detection of the ISW signal to date, this approach

naturally provides information about the sizes and distribution of extreme structures

in the universe, so can be used to check the consistency of the standard ΛCDM model

of structure formation, and can constrain, e.g., primordial non-Gaussianity.

However, the magnitude of the temperature signal reported in 2008 by Granett

et al. [148] (hereafter G08a) is surprisingly large and has been argued [90, 150] to

be quite inconsistent with ΛCDM. The original authors have responded by noting

that the assumed profile of the superstructures has a large effect on the theoretical

prediction for their temperature signal [151], such that with a different assumption

than the ‘compensated top-hat’ profile adopted by [90] and [150], and when using a

template fit approach, the discrepancy is only at the 2σ level.

these scales, the discrepancy with ΛCDM is not too significant.
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In this work we aim to clarify this important issue. We calculate the expected

temperature signal from these superstructures making no a priori assumptions about

their nature except that they arose in a ΛCDM cosmology with gaussian primordial

density perturbations. We find that while [151] are right in that the expected signal

does depend somewhat on the assumed density profile, its value calculated using an

exact treatment of (initially) gaussian perturbations [152] is still discrepant at > 3σ

with the observations reported by G08a.

In Section 4.2 we briefly review the ISW effect and in Section 4.3 we calculate

the expected temperature signal of superstructures in the standard ΛCDM model.

Section 4.4.1 describes the key features of the observation of G08a which must be ac-

counted for in making a comparison with the theoretical calculation. In Section 4.4.2

we show that, even if G08a had selectively picked out the regions in the survey re-

gion with the biggest ISW signal, there is still a significant discrepancy. Finally in

Section 4.5 we discuss possible reasons for this discrepancy and future observational

tests.

4.2 The ISW effect of structures

The ISW effect is a late-time secondary CMB anisotropy caused when the CMB pho-

tons traverse a region with a time-varying gravitational potential Φ. If the potential

decays with time then for a photon passing through an overdense region the energy it

gains while falling into the potential well is not cancelled by the energy it later loses

in climbing out of the evolved, shallower, potential well. Overdense regions therefore

appear as hot spots in the CMB. Conversely underdense regions, or voids, will ap-

pear as cold spots as the photon loses more energy climbing the potential hill than it

subsequently gains while descending.

The necessary ingredient for the existence of a late-time ISW effect is that the

gravitational potential Φ should decay. In a universe with Ωm = 1 and no dark

energy, density perturbations δ grow at exactly the same rate as the scale factor of

the universe a (≡ (1 + z)−1), so at the linear level there is no evolution of Φ ∝
−δ/a. However, in a ΛCDM universe a grows at a faster rate than (linear) density

perturbations, so perturbations in the gravitational potential decay with time, leading

to ISW temperature fluctuations as described above.

84



The temperature fluctuation ∆T (n̂) induced along a direction n̂ is [46]

∆T (n̂) =
2

c3
T̄0

∫ rL

0

Φ̇(r, z, n̂) a dr , (4.1)

where T̄0 is the mean CMB temperature, rL is the radial comoving distance to the last

scattering surface (LSS), Φ̇(r, z, n̂) is the time derivative of the gravitational potential

along the photon geodesic and c is the speed of light.

The Poisson equation relates Φ to the density contrast δ ≡ (ρ− ρ̄)/ρ̄ (where ρ̄(t)

is the mean density) through:

∇2Φ(x, t) = 4πGρ̄(t)a2δ(x, t). (4.2)

This can be written in Fourier space as

Φ(k, t) = −3

2

(
H0

k

)2

Ωm
δ(k, t)

a
. (4.3)

Taking the time derivative of this equation yields

Φ̇(k, t) =
3

2

(
H0

k

)2

Ωm

[
ȧ

a2
δ(k, t)− δ̇(k, t)

a

]
. (4.4)

At this point we make the assumption that linear theory holds on the large scales

of interest, and hence that the perturbations grow as δ(k, t) = D(t)δ(k, z = 0),

where D(t) is the linear growth factor, Eq. (1.45). This is an approximate treatment

that only captures linear effects, but it has been shown that non-linear corrections,

although important relative to the linear effects at early times, represent only a 10%

correction at the low redshifts we are interested in [153].2 In this approximation,

Φ̇(k, z) =
3

2

(
H0

k

)2

Ωm
H(z)

a
(1− β(z)) δ(k, z) , (4.5)

where β(z) ≡ d lnD/d ln a is the linear growth rate. Hence under the linear ap-

proximation, the time evolution of Φ̇ is described by the ISW linear growth factor,

G(z) = H(z) (1− β(z))D(z)/a. It is only for an Ωm = 1 universe with no dark energy

that β(z) = 1 for all z and so there is no ISW effect in the linear approximation.

2Both the linear and non-linear effects grow with time, however at late times and large scales
(∼ 100 Mpc/h), the linear effect dominates while at early times (when ΩΛ ' 0), both effects are
smaller but the non-linear effect dominates.
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Given the density profile δ of any isolated superstructure, Eqs. (4.1) and (4.5) can

be used to calculate the temperature fluctuation it induces in the CMB. Assuming

spherical symmetry of the density profile, Eq. (4.5) becomes

Φ̇(r, z) =
3

2
ΩmH

2
0G(z)F (r) (4.6)

in real-space, where the function F (r) is defined as

F (r) =

∫ r

0

r′2

r
δ(r′) dr′ +

∫ ∞
r

r′δ(r′) dr′ , (4.7)

with δ(r′) being evaluated at redshift z = 0.3 Thus F (r) contains all information

about the structure in question, while the assumed cosmology enters through the

prefactor and the ISW growth term G(z) in Eq. (4.6).

4.3 Expected signal from superstructures in the

ΛCDM model

Here we use the term ‘superstructures’ to refer to density perturbations extending over

& 100 h−1Mpc. These should not be thought of as non-linear collapsed structures

in the usual sense, rather as smooth hills and valleys in the density distribution.

Collapsed structures form only where the density perturbation δ(r) exceeds unity,

which happens on much smaller scales than those of interest here.

The question of what size of ISW effect to expect from superstructures in the

ΛCDM model and whether this is consistent with the signal observed in G08a has

been addressed by several authors, but with differing conclusions. G08a stated that

the most extreme structures in the (500 h−1Mpc)3 box of the Millennium N-body

simulation [154], when placed at z = 0, would produce a signal of ∆T ∼ 4.2 µK.

However, when Hunt and Sarkar calculated the signal distribution for supervoids with

the densities and sizes reported by G08a, they obtained only 〈∆T 〉 = −0.42 µK [90].

They assumed a compensated top-hat profile for the gravitational potential motivated

by the asymptotic final state of a void [155]. A similar profile was assumed in [150],

which reported a similar average signal 〈∆T 〉 = −0.51 µK for the 50 most extreme

density perturbations of fixed radius r = 130 h−1Mpc expected in a ΛCDM cosmology.

3This could be evaluated at any redshift, provided an appropriate modification were made to
G(z). In fact we choose to evaluate it at z = 0.52.
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Subsequently it was argued [151] that this profile is not the appropriate choice for

density perturbations on & 100 h−1Mpc scales, and that an uncompensated gaussian

density profile will give larger values of ∆T . Using such a profile, [156] performed

a template fit to the data and claimed the discrepancy with theory was only ∼ 2σ.

However, to arrive at this result they have used a template fitting approach that

implicitly includes underdense regions with a physical density contrast δ < −1 in the

template, which is physically impossible.4

It is thus necessary to revisit this issue. Using the statistics of a homogeneous,

isotropic, gaussian density field, we now derive the expected mean density profiles of

superstructures of all density contrasts and all sizes, as well as the expected number

density of such superstructures.

4.3.1 The number density of structures on different scales

We identify superstructures of different sizes with points of extrema of the linear

density perturbation field δ(r) when smoothed over different scales. Overdensities

correspond to peaks of the smoothed field and underdensities to points of minima. In

the ΛCDM model, δ(r) is a homogeneous and isotropic, gaussian-distributed random

field and the statistical properties of the maxima and minima have been calculated

by [152] (hereafter BBKS). We briefly review below their key results and introduce

necessary notation. Some lengthy expressions are however relegated to the Appendix.

Let P (k, t) denote the matter power spectrum, defined as the Fourier transform

of the two-point correlation function ξ(r, t) of the density field at time t. We define a

set of spectral moments weighted by powers of k,

σ2
j (t) =

∫
k2 dk

2π2
W 2(kRf )P (k, t)k2j , (4.8)

where W (kRf ) is the window function appropriate to the filter used to smooth the

density field, and Rf is the comoving smoothing scale. Thus σ0 is just the standard

rms fluctuation of the smoothed density field. We use a Gaussian filter to smooth

the density field, corresponding to W (kRf ) = exp(−k2R2
f/2) to define the spectral

4While the linearly extrapolated density contrast can be taken to arbitrarily low values for calcu-
lating abundances, the ISW effect is sensitive to the true density contrast which by definition must
always be > −1.
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Figure 4.1: Mean radial profiles for voids obtained from Eq. (4.13) for different
values of central underdensity δ0 and the smoothing scale Rf . The blue (solid) line
and the green (dash-dot) line are for the same Rf (= 20 h−1Mpc) but different values
of δ0, whereas the red (dotted) profile has the same δ0 (= −0.2) as the blue (solid)
profile, but a larger smoothing scale. The blue (dashed) curve is the biased galaxy
density contrast corresponding to matter density contrast given by the blue (solid)
line, with bias factor b = 2.25 as is appropriate for LRGs.

parameters

γ ≡ σ2
1

σ2σ0

, R∗ ≡
√

3
σ1

σ2

. (4.9)

In terms of these quantities, the (comoving) differential number density Nmax(ν)

of maxima of height δ0 = νσ0 has been shown to be [152]

Nmax(ν)dν =
1

(2π)2R3
∗
e−ν

2/2G(γ, γν)dν . (4.10)

The explicit form of the function G(γ, γν) is given in Eq. (A.3) in the Appendix. We

use a fitting form, accurate to better than 1%, which is provided in Eqs. (A.5-A.7).

The density of minima is related to that of maxima through Nmin(ν) = Nmax(−ν).

From Eq. (4.10) it is clear that the number density of maxima falls off expo-

nentially with the relative height of these maxima, as intuitively predicted. Equally

intuitive, though less obvious from the equation as written, is the fact that the number

density also drops off sharply with increasing smoothing scale Rf .

4.3.2 Mean radial profiles

Having identified superstructures with the sites of maxima or minima in the smoothed

density field, we wish to determine the mean radial variation of the density field in
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the neighbourhood of these extrema. BBKS show that, given that a maximum δ = δ0

exists at the point r = 0, the mean shape in the vicinity of this point, after averaging

over all possible orientations of the principal axes as well as all values of the curvature

at r = 0, is

δ̄(r) =
δ0

(1− γ2)

(
ψ +

R2
∗

3
∇2ψ

)
− 〈x|δ0〉σ0

γ(1− γ2)

(
γ2ψ +

R2
∗

3
∇2ψ

)
, (4.11)

where ψ(r) ≡ ξ(r)/ξ(0) is the normalised density-density correlation function and

x = −∇2δ/σ2. The expectation value of x given the knowledge that a peak of height

δ0 exists at r = 0, denoted by 〈x|δ0〉, is approximately

〈x|δ0〉 = γν + Θ(γ, γν) , (4.12)

where ν = δ0/σ0 and Θ(γ, γν) given by the fitting function in Eq. (A.10) in the

Appendix. It follows from the definitions of the various quantities that Eq. (4.11) can

be rewritten as [157]

δ̄(r, t) =
1

σ0

∫ ∞
0

k2

2π2

sin(kr)

kr
W 2(kRf )P (k, t)

[
ν − γ2ν − γΘ

1− γ2
+

ΘR2
∗k

2

3γ(1− γ2)

]
dk .

(4.13)

We use this form for numerical evaluation of profiles. Note that γ and R∗ depend on

the smoothing scale Rf .

For the purposes of calculating the temperature signal, we make the simplify-

ing approximation that all superstructures in the ensemble have the mean profile of

Eqs. (4.11) or (4.13), dependent on the height of the peak after smoothing and on

the smoothing scale (the actual distribution of the size of structures depends on the

distribution of x values, which can be obtained from Eq. (A.8)). If the ensemble

contains a sufficiently large number of superstructures this amounts to assuming that

the average temperature signal for the ensemble of different profiles is the same as

the temperature signal due to a superstructure with the average profile. Such an

assumption is justified because of the linear relationship between ∆T , Φ and δ.

In Fig. 4.1 we plot some example underdense profiles for selected values of δ0 and

Rf . These examples are chosen for clarity and are not representative of the most

likely actual underdensities. It can be seen that the size of the structures is rather

larger than the smoothing scale Rf . Profiles calculated in this manner are somewhat

narrower than those obtained from the simpler Gaussian form used in [151] and [156],
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which is the appropriate form for the density profile around a point of δ0, without

the knowledge that the point is an extremum of the density field. Nevertheless, the

numerical difference is small and is not the cause of the difference in our conclusions.

Note also that all our profiles turn over (i.e. δ̄(r) and δ̄′(r) both change sign at large

r), though this cannot be seen in all cases in Fig. 4.1 because of the vertical scale

used.

To identify superstructures in galaxy surveys (the methodology of G08a is dis-

cussed in more detail in Section 4.4.2) the galaxy density contrast δg is assumed to

be linearly biased with respect to the matter density: δg = bδ. Denoting by ρsl the

value of the density field at turnover, and by ρ0 the minimum density at the centre,

a selection cut is made on w ≡ ρsl/ρ0, effectively amounting to a lower bound on the

absolute value of δ0. This avoids false detections of over- and under-dense regions that

are just Poisson fluctuations in galaxy number counts and ensures that only extreme

superstructures are included in the ensemble.

The definition of the radius Rv of any of the voids shown in Fig. 4.1 is slightly

ambiguous. We choose it to be the radius of turnover in the density profile less the

smoothing scale Rf , since smoothing necessarily increases the radius of structures

somewhat. Note that this is a small correction since in general Rv � Rf .

4.3.3 Temperature signal

The ISW signal of any one superstructure will be too small compared to the primordial

CMB anisotropies to be observed individually. Therefore, what is measured is the

average CMB temperature anisotropy over all the patches along the lines of sight of

selected sample of either over- or under-densities. The primordial anisotropies are

not correlated with the large scale structure and average out. Therefore, if a large

enough number of patches are taken, the correlated ISW signal will dominate. Our

calculation of this averaged signal is calculated as follows.

At a given z, we use Eq. (4.13) to calculate the matter and galaxy density profiles

about extrema of the density field, as functions of central density contrast δ0 and

smoothing scale Rf , and obtain Φ̇ along any line of sight as discussed in Section 4.2.

This allows us to calculate the temperature shift induced in the CMB, ∆T (θ; δ0, Rf ),

90



as a function of the angle θ in the sky, where θ = 0◦ corresponds to the line of sight

passing directly through the centre of the superstructure.

To compare with observations we first apply the selection criterion on δ0 through

the limit on w. Then, to calculate the expectation value 〈∆T 〉 for the resulting

ensemble of superstructures, we weight the results appropriately using the number

density of extrema, Eq. (4.10). This quantity can then be compared to the signal that

should be observed when averaging over a number of CMB patches. For an ensemble

of voids, the expectation value is

〈∆T 〉 =

∫∫
W (θ)∆T (θ; δ0)Nminσ

−1
0 d2θdδ0

πθ2
c

∫
Nminσ

−1
0 dδ0

, (4.14)

where 0 ≤ θ ≤ θout; W (θ) is a filter whose form is chosen in order to match that

used in the actual observation; and −1 ≤ δ0 ≤ δc0, where δc0 is the (mildly Rf -

dependent) cutoff on the minimum underdensity required for the void to pass the

selection criterion.

The choice of the smoothing scale Rf determines the mean radial size of the voids

included within the ensemble, and affects the expectation value 〈∆T 〉. Although

structure-finding algorithms may not have an explicit size dependence, in practice

there is obviously a lower limit on the size of the over- or under-density that can

be reliably found. As smaller structures are overwhelmingly more probable than

larger ones and also cause smaller temperature shifts, it is important to capture this

effect. We discuss this in more detail in the next Section. For a given ensemble of

voids specified by Rf and δc0, the observed temperature signals ∆T will be distributed

about this mean value. By calculating 〈∆T 2〉 in a similar fashion to Eq. (4.14) we can

estimate the standard deviation of this distribution simply as (〈∆T 2〉 − 〈∆T 〉2)
1/2

.

The expression for the expected signal from an ensemble of overdensities follows

in an exactly analogous manner to Eq. (4.14).

4.4 Comparing theory to observation

4.4.1 The measured ISW signal of superstructures

In order to compare our expectation for the ISW signal to the specific observation

made in G08a, it is necessary to carefully follow exactly the same procedure. We

therefore briefly recap the aspects of the observation that are relevant to our analysis.
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G08a use a sample of 1.1 million LRGs in a redshift range 0.4 < z < 0.75 (with

a mean redshift of z = 0.52) from the SDSS DR6 [158], which covers 7500 square

degrees of the sky, and a total volume of about 5 h−3Gpc3. Within this sample

they search for ‘supervoids’ and ‘superclusters’ using two publicly-available structure-

finding algorithms: ZOBOV (ZOnes Bordering On Voidness, [159]) for supervoids, and

VOBOZ (VOronoi BOund Zones, [160]) for superclusters.

It is necessary to mimic the precise way in which these algorithms find and select

structures when choosing the ensemble for which to calculate 〈∆T 〉 from Eq. (4.14).

ZOBOV uses a parameter-free Voronoi tessellation to estimate the density at each

galaxy in the sample, based on the distance to its nearest neighbours. Around each

density minimum it then finds the region of the density depression, or void. Of course

large voids can contain multiple smaller voids, or even isolated high-density regions.

The ‘significance’ of the depression is estimated by comparing the density contrast

w — defined as the ratio of the density at the lip of the void to the density at the

the point of minimum — to a uniform Poisson point sample in order to obtain the

likelihood that a void of density contrast w could arise from Poisson noise, i.e., that

it is a false positive detection. A 3σ cutoff is then applied on the likelihood, which

translates to a cutoff of w > wc = 2.0 on the density contrast [159]. Using this cutoff,

the authors find a total of 50 voids in the survey volume, the properties of which are

tabulated in [149] (hereafter G08b).

The VOBOZ cluster finder uses the same algorithm but applied to the inverse of

the density field, with density contrast defined as the ratio of the peak density to

the density at the edge of the structure. However, in this case the 3σ cut on the

likelihood that an overdensity of given w could have arisen due to Poisson noise is

at w > 6.8 [160]. In fact G08a instead impose a slightly tighter cut, corresponding

to w > 8.35, in order to obtain a sample of exactly 50 such superclusters: their

properties are also tabulated in G08b.

Having thus identified the desired sample of superstructures in the SDSS survey,

G08a then search for the ISW temperature signals of these structures using an inverse-

variance weighted combination of the WMAP 5-year Q, V and W maps [161] with

foreground subtracted and the KQ75 mask applied. They build stacked images by

averaging the CMB temperature in the regions around the lines of sight passing
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Figure 4.2: Left panel : The absolute value of 〈∆T 〉 for an ensemble of supervoids
which satisfy the ZOBOV selection condition on density (see text), as a function of the
minimum radius of supervoids included. The solid (blue) curve shows the mean value
and the shaded (lighter blue) contours the 1σ region. The (orange) cross-hatched
area is the lower end of the 3σ range of the observed value 〈∆T 〉obs = −11.3±3.1 µK.
Right panel : As above, but showing 〈∆T 〉 as a function of the number of supervoids
in the ensemble from which the observed sample of 50 supervoids is to be drawn,
when only the Nv largest supervoids also meeting the ZOBOV selection condition on
density are included.

through the centres of the identified superstructures and use a compensated top-hat

filter of width θc in order to perform the averaging. This corresponds to making the

choice

W (θ) =

 1 , 0 ≤ θ ≤ θc;

−1 , θc < θ ≤ θout,
(4.15)

in Eq. (4.14), with θout =
√

2θc. For a filter radius θc = 4◦,5 the sample of supervoids

gives an average ∆T = −11.3 ± 3.1 µK, and the sample of superclusters an average

∆T = 7.9 ± 3.1 µK. When averaged together, with the negative of the supercluster

image added to that of the supervoids, the value obtained is ∆T = −9.6 ± 2.2 µK,

i.e., a 4.4σ detection.

5The choice of filter radius θc ∼ 4◦ appears to be based on the theoretical prediction that the
full CMB-galaxy cross-correlation should peak at about 4◦ [142]. G08a repeat the observation with
a few other widths, 3◦ ≤ θc ≤ 5◦ and obtain a maximum detection significance for θc = 4◦.
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Figure 4.3: Left panel : The absolute value of 〈∆T 〉 for an ensemble of supervoids
which satisfy δ0 < δc0, as a function of δc0. The dashed (green) curve shows the case
when Rf is chosen such that voids with Rv & 70 h−1Mpc are included in the ensemble;
the solid (blue) curve is for Rv & 100 h−1Mpc. Shaded contours show the 1σ region
about the mean and the orange cross-hatched area is as in Fig. 4.2. Middle panel : As
before, but showing 〈∆T 〉 as a function of the number of supervoids in the ensemble
from which the observed sample of 50 supervoids is to be drawn, when only the Nv

deepest supervoids are included. Right panel : As before, but for two different choices
of the radius θc of the compensating top-hat filter used in eq. (4.14). The solid (blue)
curve is the mean value for θc = 4◦, and the broken (black) curve for θc = 6◦. Shaded
regions show the 1σ deviations from the mean.

4.4.2 Comparison

We now compare the observed result described above to the theoretical result de-

scribed in Section 4.3. We assume for simplicity that the centres of all superstructures

are located at the mean redshift z = 0.52. We estimate this simplification to have

negligible effects on the end result, as discussed in Section 4.4.2. We use a standard

ΛCDM cosmological model with Ωm = 0.29, ΩΛ = 0.71, ns = 0.96 and σ8 = 0.83

(with h = 0.69 where required) to obtain the matter power spectrum at redshift

z = 0.52 using CAMB [29].6 The bias factor for LRGs is taken to be b = 2.25.

Our first finding is that there are no overdense superstructures within the linear

regime (i.e., with δ0 < 1) which meet the VOBOZ 3σ-significance selection criterion

6These are the mean parameter values obtained from a fit to WMAP 7-year [15] and SDSS
DR7 [162] data using COSMOMC [128].
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that w > 6.8, let alone the w > 8.35 cut applied by G08a. Such a ratio of densities

between the lip of an overdensity and the centre can only be achieved in highly non-

linear collapsed structures. We conclude that Table 5 of G08b does not list the most

overdense large-scale linear perturbations, but the (mild) large-scale linear pertur-

bations that happen to contain the most overdense small-scale collapsed structures.

This means that the criteria used to select the overdensities tabulated in G08b are

being affected by collapsed structures in a manner that our methodology is unable

to capture, so we are unable to estimate the expected ISW effect for that sample.

Note however that our calculations below for the maximum possible amplitude of

ISW signal from superstructures in the SDSS region holds equally well for over- and

under-densities in the linear regime. Any contamination of the regions selected by

VOBOZ will only reduce the expected signal, although we are unable to estimate by

how much.

Hence we concentrate only on the sample of underdense regions (supervoids),

which does not suffer from this problem, and for which the observed average signal is

〈∆T 〉obs = −11.3±3.1 µK. To calculate the expected 〈∆T 〉 using Eq. (4.14), we must

first choose the smoothing scale Rf . This choice determines the distribution of void

radii Rv in the ensemble according to Eq. (A.8). For each Rf we calculate Rmin
v such

that 95% of all voids in the ensemble have radius Rv > Rmin
v , this being a convenient

way to characterise the ensemble. At Rf = 20 h−1Mpc, we find Rmin
v ∼ 70 h−1Mpc,

which is similar to the mean radius of the supervoids in Table 4 of G08b.7 At this

smoothing scale, the number of such voids within the SDSS survey volume that should

satisfy the selection criterion on the density is Nv ∼ 104. This is to be compared with

the Nv = 50 voids that are actually tabulated in G08b. For the larger ensemble,

we find an expectation value 〈∆T 〉 = −0.3 ± 0.2 µK, i.e., consistent with zero and

indicative of enormous tension with the observation.

However, since G08a only see such a small fraction of the total number of su-

pervoids expected in the SDSS survey volume, strong selection effects must be in

operation. These will be due to the fact that we have neglected shot noise, i.e., our

assumption that the galaxy distribution smoothly traces the total matter distribution.

7A precise comparison between our radii and theirs is not possible because due to effects of shot
noise. In particular, at the radii reported in G08b, the density has not yet reached the background
level and so their values must systematically somewhat underestimate the sizes of the voids compared
to our definition.
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While this assumption has no effect on our ISW predictions, because they relate to

the total matter distribution, it will have an effect on the selection of superstructures

from the LRG data. The selection effects that could enhance the expected signal are

skews towards larger and deeper regions, i.e., if G08a did not see a random sample of

50 of the ∼ 104 expected supervoids but chose some sample that is skewed towards

regions with larger ∆T values. We show below that the expected signal from the 50

most extreme regions is indeed ∼ 6 times larger than −0.3 µK; nevertheless the dis-

crepancy with observation is still > 3σ. Therefore, irrespective of how the supervoids

were selected by G08a, tension remains with the expectation of the standard ΛCDM

model.

Accounting for selection effects

We first consider the possibility that the void-finding algorithm ZOBOV is sensitive

to only the largest (and least common) supervoids in the matter distribution. These

voids will also produce larger ISW temperature signals. Even though ZOBOV does

not explicitly take the void size into account, this is highly plausible. The average

density of the LRGs in the SDSS DR6 sample is roughly 1 galaxy per (15 h−1Mpc)3.

In underdense regions LRGs will be even more sparsely distributed, so ZOBOV will

certainly be less able to identify smaller underdense structures, thus biasing the sam-

ple towards larger voids.

In order to model the effect of such a selection bias, we increase the value of Rf in

Eq. (4.14); this is equivalent to only including the Nv largest supervoids, with radius

Rv ≥ Rmin
v , in the ensemble from which 〈∆T 〉 is calculated. In the left panel of Fig. 4.2

we plot the expectation 〈∆T 〉 as a function of Rmin
v . The orange cross-hatched area

shows the region that is within 3σ of the observed value 〈∆T 〉obs = −11.3± 3.1 µK;

only the lower portion of this region is shown for clarity. The theoretical value of

〈∆T 〉 becomes marginally consistent (∼ 3σ) with the observed value when Rmin
v ∼

170 h−1Mpc. However the probability that within the SDSS survey volume there

are 50 supervoids of radius Rv ≥ 170 h−1Mpc that also meet the ZOBOV selection

criterion is negligibly small.

In the right-hand panel of Fig. 4.2 we plot 〈∆T 〉 as a function of the size Nv of the

ensemble of largest supervoids that should exist within the SDSS volume. It is from
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this ensemble that the 50 observed supervoids should be regarded as having been

drawn. It can be seen that even under the assumption that the ZOBOV algorithm

selected exactly the 50 largest supervoids in the entire SDSS survey volume, the

expected signal is only 〈∆T 〉 = −1.33 ± 0.13 µK which is still > 3σ discrepant with

the observed value. We conclude that the observed signal cannot be explained due

to a simple bias towards selecting only the largest supervoids.

It is interesting to note that the 50 largest supervoids expected within the SDSS

survey volume correspond to Rmin
v ∼ 120 h−1Mpc. The largest void radius reported

in G08a is ∼ 125 h−1Mpc and the mean is ∼ 70 h−1Mpc. We have argued that these

values somewhat underestimate the size of the structures compared to our definition

of Rv, yet it seems unlikely that the difference could be so large that all the voids

tabulated in G08a should have Rv ≥ 120 h−1Mpc.

We next consider whether the ZOBOV algorithm is more sensitive to deeper su-

pervoids. This is also quite likely. In Table 4 of G08b, the edge of most of the voids

is defined at a radius where the density contrast is still negative. This means ZOBOV

will be systematically underestimating the value of w relative to the definition we

have used (where δedge ' 0), so the G08a observation effectively used a more strin-

gent cut on w than the one we have used. We can model this effect by varying δc0

from the value determined by the stated algorithm. In the left-hand panel of Fig. 4.3

we plot 〈∆T 〉 as a function of δc0 for two radius cutoff values Rmin
v ∼ 70 h−1Mpc (the

mean radius of the supervoids in G08b) and Rmin
v ∼ 100 h−1Mpc as examples. The

middle panel shows 〈∆T 〉 as a function of Nv, the number of voids included in the

ensemble when δc0 is varied in each case. For the smaller radius cutoff, the ensemble

is dominated by smaller voids with a small ISW effect, so increasing Rmin
v increases

〈∆T 〉 at any δc0. With Rmin
v ∼ 100 h−1Mpc, 〈∆T 〉 becomes marginally consistent with

observation for δc0 . −0.5. However, the probability of obtaining 50 supervoids with

Rv ≥ 100 h−1Mpc and δ0 ≤ −0.5 is again negligibly small, as the middle panel clearly

demonstrates.

Discussion of potential systematic errors

We now discuss the expected corrections due to the simplifying assumptions we made

in calculating the signal. Our first approximation was to neglect non-linear effects
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and the time evolution of the void density profiles [155, 163]. On small scales voids

evolve towards a compensated top-hat profile through non-linear evolution [155], but

this produces a smaller net ISW effect due to the effect of the overdense ridge at

the boundary [150, 151]. Thus by using the linear theory profiles we are somewhat

overestimating the expected ∆T , although on the scales of interest, & 100 h−1Mpc,

the effects of the non-linear evolution will be small in any case.

A more subtle assumption is that the real supervoid profiles are adequately de-

scribed by the profiles obtained following our smoothing prescription. The effect of

the smoothing is to slightly broaden the δ(r) profile, which in turn leads to a small

broadening of the ∆T (θ) profile. This may become a problem if the ∆T (θ) profile is

significantly broadened so that the compensated top-hat filter of radius 4◦ then un-

derestimates the real signal. If this were the case then it would be more appropriate

to use a broader top-hat than 4◦ in Eq. (4.14). To check this effect, we repeated our

analysis with a filter of radius 6◦, which is a generous overestimate of the degree of

broadening caused by the smoothing. In the right-hand panel of Fig. 4.3 we show the

effect of this change for the largest and deepest supervoids. As expected, increasing

the filter radius does increase 〈∆T 〉, but the effect is small. Even with a 6◦ filter the

expected signal remains > 3σ discrepant with observation at Nv = 50; as mentioned

above, the actual effect on 〈∆T 〉 due to the smoothing will be less than this.

As a further test of the robustness of our calculation, we compare our results with

Fig. 1 of [153], which shows the ISW map from a cosmological N-body simulation for

a volume comparable to the SDSS DR6, but at z = 0 rather than z = 0.52. The very

largest density perturbations in this map correspond to a maximum ISW temperature

shift of |∆T | ∼ 4 µK before applying a filter analysis. Taking into account the fact

that ∆T is more pronounced at smaller redshift, this appears to tally very well with

our prediction from Fig. 4.3 that the most extreme supervoid in the SDSS volume

should produce 〈∆T 〉 ∼ −2 µK. This indicates that any correction due to ignoring

the redshift distribution must also be small.

As seen in the full sky maps of [153], there are lines of sight along which the chance

alignment of several large structures between us and the LSS several Gpc away can

lead to isolated ISW ‘cold spots’ with ∆T < −10 µK. However, this is a cumulative

effect of several structures over Gpc scales and does not affect our conclusions about

98



the correlation between these cold spots and the N isolated structures at z ∼ 0.5

when N is large. Similarly, there will be several 4◦ circles on the sky for which the

underlying CMB anistropy alone can give an average ∆T of similar magnitude—it is

precisely these fluctuations that generate the observational uncertainty of ±3.1 µK.

However such fluctuations are not due to the ISW effect and there is no reason

for them to be correlated with large structures in the SDSS catalogue. Therefore,

assuming only that the lines of sight along which to perform the analysis were not

chosen a posteriori, the observed signal can only result from rare (> 3σ) fluctuations

or anomalously large density perturbations at z ∼ 0.5.

Interestingly G08a report a slightly lower significance detection for both N = 30

and N = 70 compared to N = 50. Fluctuations due to the underlying CMB

anisotropy dominate at small N and false positive identifications of structures in-

crease at large N so the signal-to-noise ratio is expected to have a maximum at some

intermediate N , but a more detailed study is needed to quantify where this should

be.

G08a also study the variation of the signal-to-noise ratio with the width of the

compensating top-hat filter, θc, and report a maximum at θc = 4◦ for the combined

sample of over-and underdense structures. However, for supervoids alone we find

that |〈∆T 〉| increases slightly as θc is increased from 4◦ to 6◦ (Fig. 4.3). This is

further evidence that the G08a sample of superstructures cannot be modelled by

linear structures in ΛCDM.

4.5 Summary and prospectives

We have calculated the integrated Sachs-Wolfe effect expected in ΛCDM from super-

structures of sizes ∼ 100 h−1Mpc, using the density profiles predicted by the linear

theory of Gaussian perturbations [152], rather than assuming their profiles a priori.

We find that the few most extreme regions surveyed by SDSS will produce an ISW sig-

nal of ∼ 2 µK. This matches well with ISW maps generated from N-body simulations

of the ΛCDM cosmology [153].

Our result is about 4 times larger than earlier calculations which assumed compen-

sated top-hat density profiles [90, 150], which while well motivated for non-linear voids
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that have formed at small scales [155], should not apply on the large scale of the su-

perstructures considered here. This is almost entirely because of the choice of density

profile. Due to the fact that the gravitational potential leaks out of non-compensated

profiles it was pointed out in [151] that the ISW effect from such structures should

be larger, and our results confirm this.

Nevertheless we have demonstrated that the ISW signal claimed to have been

detected by Granett et al. [148] is still > 3σ larger than the signal expected in

ΛCDM. This tension persists even after allowing for likely selection effects. In fact,

even the most extreme underdensities in the SDSS volume would still produce a signal

> 3σ smaller than the observed signal. Therefore, no possible selection effect could be

responsible for the observed signal. Our conclusion is that large, deep superstructures

appear to be significantly more numerous than expected from a ΛCDM model with

a Gaussian primordial power spectrum.

This differs from the conclusion of Papai et al. [156] who also used similar den-

sity profiles. This is not due to the small difference between their profiles and those

assumed here. Instead it is because those authors incorrectly applied a method that

was calibrated correctly at small density contrasts to density contrasts where it neces-

sarily breaks down for voids (i.e., allowing δ < −1 in their templates). Imposing the

physical restriction δ > −1 will decrease the amplitude of the template ISW signal

calculated by these authors.

An interesting question is whether the expected signal of the most extreme super-

structures in a ΛCDM universe is possible to detect in principle. For 50 4◦ circles of

the CMB, [148] finds the statistical uncertainty is 3.1 µK. Hence the expected statis-

tical uncertainty in the average for a sample of N such patches will be approximately

(3.1 ×
√

50/
√
N) µK, so that for N ' 3000, the estimated error on a measurement

of 〈∆T 〉 is ∆Tnoise ' 0.4 µK. Thus a detection of |〈∆T 〉| = 1 µK averaged over

an ensemble of ∼ 3000 superstructures can be made with roughly 2.5σ significance.

From Fig. 4.2 it can be seen that for the 3000 largest supervoids in the SDSS DR6

survey volume, |〈∆T 〉| ∼ 1 µK which is of the right order of magnitude but somewhat

too small for detection at high significance. However, the SDSS window is not large

enough to contain 3000 independent 4◦ patches on the sky so in any case a larger

survey would be needed in order to measure a statistically significant signal, and such
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a survey would contain more supervoids. This order-of-magnitude estimate indicates

that even if the G08a observation is a statistical anomaly, the ISW imprint of su-

perstructures in a ΛCDM cosmology may be large enough to be detected in future

surveys.

As noted earlier, the detection of the ISW imprint of individual superstructures

provides an important complement to full-sky CMB-galaxy cross-correlation studies.

It has the potential to provide information about the radii, density contrasts and

density profiles of specific structures that lie in the extreme tail of the probability

distribution function. Our calculation demonstrates that the predicted ISW signal

from the most extreme superstructures is far too small to explain the temperature

fluctuations seen by G08a, indicating a failing of the standard ΛCDM cosmology.

A likely explanation for this deviation is that the primordial perturbations are non-

Gaussian. This would influence both the abundance of these extreme regions — e.g.,

see [164] — as well as their density profile, thus changing their expected ISW signal.

As pointed out by [165], a primordial skewness, parameterised by fNL, would not be

able to enhance the abundance of both over- and underdense regions simultaneously;

however a primordial kurtosis, parameterised by a positive gNL, would indeed do so,

and be less constrained by the CMB. Note that non-Gaussianity disproportionately

affects the tail of the distribution of density perturbations, which is where most of the

contribution to the ISW effect of individual superstructures comes from. Therefore,

primordial non-Gaussianity may be able to explain this signal while preserving the

success of ΛCDM on other fronts. However, this would then undermine the use of

the ISW effect as an independent test for Λ.

Another possible explanation might lie in a modification of the growth rate of

perturbations as can happen in, e.g., models based on scalar-tensor gravity [166].

The presence of large-scale inhomogeneities can themselves alter the growth rate and

this too deserves further attention.
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Chapter 5

Conclusions

In this thesis we have studied aspects of inflation, the effect of inhomogeneities on

observations, the generation of structure in the universe and its signatures. In partic-

ular, we have used current observational data to test aspects of the currently accepted

ΛCDM cosmological model and to constrain alternative scenarios.

The density perturbations observed today are generated at the time of inflation,

so it is important to ask what models of inflation can generate a power spectrum

of perturbations consistent with observation, and how these models can be accom-

modated within theories of particle physics beyond the Standard Model (SM). An

obvious extension of the SM is supersymmetry, and in particular the minimal super-

symmetric SM (MSSM). In Chapter 2 we briefly discussed some models of inflation

based on MSSM flat direction fields, and specifically one particular such model with

a renormalizable potential. We examined the constraints on the parameter space

of this model arising simply from the properties of the primordial power spectrum

of fluctuations inferred from the measurements of CMB anisotropies by the WMAP

satellite in the standard cosmological framework. We quantified the fine-tuning prob-

lem that exists in this model and showed how the model might be extended in order

to alleviate it.

However, the assumed power-law form of the primordial power, although consis-

tent with the WMAP data when the standard cosmological assumptions are made,

is not the only possible prediction that can arise from inflation, especially in models

where flat direction fields are coupled to the inflaton. Such flat direction fields are

generically present in supersymmetric theories, and if they were to undergo a phase

transition during inflation, this might cause a localised feature in the power spec-
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trum. In Chapter 3, we discussed how such a localised feature can even allow an

alternative cosmological model, with a local void but no dark energy, simultaneously

to fit data from WMAP, Type Ia supernovae, local Hubble measurements, baryon

acoustic oscillations, and nucleosynthesis. This model, though simplistic, serves as

an example that the standard ΛCDM model need not be the only one that can fit the

cosmological data. Although ultimately simple void models may be found to be in

conflict with some other observations, they highlight the degeneracies in cosmological

datasets, and the need to find dynamical evidence of the effects of dark energy.

In Chapter 4 we examine the ISW effect, which is exactly such a dynamical test.

We discuss a recent observation of the ISW temperature signal from giant superstruc-

tures identified from galaxy surveys, which has been commented on in the literature.

We provide a theoretical calculation of the expected size of this signal in a ΛCDM

universe with Gaussian primordial fluctuations, making as few a priori assumptions

as possible, and find that the observed signal is discrepant with the prediction at

high significance. If this signal is indeed due to the ISW effect, we conclude that the

observed universe is significantly inhomogeneous on larger scales than predicted in

ΛCDM, and explaining this discrepancy may lead us to new physical insights or new

models, possibly including models of inflation that can generate significant primordial

non-Gaussianity.

This thesis has of necessity touched on only a few of the aspects of modern cosmo-

logical enquiry. With the advent of the era of precision cosmological measurements,

observations will continue to throw up many fascinating puzzles for theory to explain,

and this will remain a fascinating field for many years to come.
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Appendix A

Statistics of a Gaussian random
field

In this appendix we list some of the functions used in Chapter 4. A full derivation of

these expressions from a detailed treatment of the statistics of Gaussian random fields

is beyond the scope of this thesis, but has been provided in the very thorough paper

by Bardeen, Bond, Kaiser and Szalay [152]. We provide the details of the expressions

merely to aid reference.

A.1 The number density of extrema

Let δ(r) be a homogeneous and isotropic Gaussian random field, i.e., for each point

r in three-dimensional real space δ(r) is a random variable such that the m-point

probability distribution functions

P [δ(r1), δ(r2), . . . , δ(rm)] dδ(r1)dδ(r2) . . . δ(rm) , (A.1)

are multivariate Gaussians with zero mean, all finite dimensional distributions are

invariant under translations of the points ri by the same vector and the two-point

correlation function ξ(r1 − r2) = 〈δ(r1)δ(r2)〉 = ξ(|r1 − r2|) is rotation-invariant.

We define the power spectrum P (k, t) as the Fourier transform of ξ(r, t) at time

t, and define a set of spectral moments weighted by powers of k, σ2
j (t;Rf ), as in

Eq. (4.8). Given the spectral parameters γ and R∗ from Eq. (4.9), the (comoving)

differential number density of peaks of the random field δ is given by

Nmax(ν)dν =
1

(2π)2R3
∗
e−ν

2/2G(γ, γν)dν . (A.2)
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The function G(γ, γν) is defined by the integral

G(γ, x∗) =

∫ ∞
0

dx f(x)
exp[−(x− x∗)2/2(1− γ2)]

[2π(1− γ2)]1/2
, (A.3)

where the function f(x) can be expressed in closed form as:

f(x) =
(x3 − 3x)

2

{
erf

[(
5

2

)1/2

x

]
+ erf

[(
5

2

)1/2
x

2

]}

+

(
2

5π

)1/2 [(
31x2

4
+

8

5

)
e−5x2/8 +

(
x2

2
− 8

5

)
e−5x2/2

]
. (A.4)

A fitting formula that agrees with the above form for G(γ, w) to better than 1%

accuracy over the range 0.3 < γ < 0.7 and −1 < w < ∞, and with accuracy better

than 0.1% for w > 1, is

G(γ, w) =
w3 − 3γ2w + [B(γ)w2 + C1(γ)] exp[−A(γ)w2]

1 + C2(γ) exp[−C3(γ)w]
, (A.5)

where the various quantities A, B, Ci are:

A =
5/2

(9− 5γ2)
, B =

432

(10π)1/2(9− 5γ2)5/2
, (A.6)

C1 = 1.84 + 1.13(1− γ2)5.72 , C2 = 8.91 + 1.27e6.51γ2 , C3 = 2.58e1.05γ2 . (A.7)

We use this fitting formula for numerical evaluation of number densities in Chapter 4.

Note that Nmax(ν)dν specifically refers to the differential number density of points

of points of maxima, rather than just extrema. The number density of minima is

related to that of maxima by Nmin(ν) = Nmax(−ν).

A.2 Density profiles around extrema

In the vicinity of a maximum or minimum of the density field δ(r), the averaged

density profile can be written in terms of the variables we used in Section 4.3.2,

ψ(r) ≡ ξ(r)/σ2
0 and x = −∇2δ/σ2 is a measure of the curvature at the extremum

point. The conditional probability of x given that a peak of height δ0 = νσ0 exists, is

Px(x|ν)dx =
Nmax(ν, x)dx

Nmax(ν)
=

exp[−(x− x∗)2/2(1− γ2)]

[2π(1− γ2)]1/2
f(x)dx

G(γ, γν)
. (A.8)

Given this probability distribution, the expectation value of x, given δ0, is

〈x|δ0〉 = γν + Θ(γ, γν) , (A.9)
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where

Θ(γ, γν) =
3(1− γ2) + (1.216− 0.9γ4) exp[−γ/2(γν/2)2]

[3(1− γ2) + 0.45 + (γν/2)2]1/2 + γν/2
(A.10)

is an approximate fitting form. Using this expectation value for x, the mean, spherically-

averaged, radial profile of the inhomogeneity about the central point of extremum can

be written as in Eq. (4.11).
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