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Detailed analyses of the WMAP data indicate possible oscillatory features in the primordial
curvature perturbation, which moreover appears to be suppressed beyond the present Hubble radius.
Such deviations from the usual inflationary expectation of an approximately Harrison-Zeldovich
spectrum are expected in the supergravity-based ‘multiple inflation’ model wherein phase transitions
during inflation induce sudden changes in the mass of the inflaton, thus interrupting its slow-roll. In
a previous paper we calculated the resulting curvature perturbation and showed how the oscillations
arise. Here we perform a Markov Chain Monte Carlo fitting exercise using the 3-year WMAP data
to determine how the fitted cosmological parameters vary when such a primordial spectrum is used
as an input, rather than the usually assumed power-law spectrum. The ‘concordance’ ΛCDM model
is still a good fit when there is just a ‘step’ in the spectrum. However if there is a ‘bump’ in the
spectrum (due e.g. to two phase transitions in rapid succession), the precision CMB data can be
well-fitted by a flat Einstein-de Sitter cosmology without dark energy. This however requires the
Hubble constant to be h ≃ 0.44 which is lower than the locally measured value. To fit the SDSS

data on the power spectrum of galaxy clustering requires a ∼ 10% component of hot dark matter, as
would naturally be provided by 3 species of neutrinos of mass ∼ 0.5 eV. This CHDM model cannot
however fit the position of the baryon acoustic peak in the LRG redshift two-point correlation
function. It may be possible to overcome these difficulties in an inhomogeneous Lemâıtre-Tolman-
Bondi cosmological model with a local void, which can potentially also account for the SN Ia Hubble
diagram without invoking cosmic acceleration.

I. INTRODUCTION

Precision measurements of CMB anisotropies by the Wilkinson Microwave Anisotropy Probe (WMAP) are widely
accepted to have firmly established the ‘concordance’ ΛCDM model — a flat universe with ΩΛ ≃ 0.7, Ωm ≃ 0.3,
h ≃ 0.7, seeded by a nearly scale-invariant power-law spectrum of adiabatic density fluctuations [1, 2]. However the
model fit to the data is surprisingly poor. For the WMAP-1 TT spectrum, χ2

eff/ν = 974/893 [1], so formally the
ΛCDM model is ruled out at 97% c.l. Visually the most striking discrepancies are at low multipoles where the lack of
power in the Sachs-Wolfe plateau and the absence of the expected Λ-induced late integrated-Sachs-Wolfe effect have
drawn much attention. However because cosmic variance and uncertainties in the foreground subtraction are high
on such scales, it has been argued that the observed low quadrupole (and octupole) are not particularly unlikely, see
e.g. refs.[3, 4, 5]. The excess χ2 in fact originates mainly from sharp features or ‘glitches’ in the power spectrum that
the model is unable to fit [1, 6]. Although these glitches are less pronounced in the 3-year data release, they are still
present [6]. Hence although the fit to the concordance ΛCDM model has improved with χ2

eff/ν = 1049/982 for the
WMAP-3 TT spectrum [2], this model still has only a 6.8% chance of being a correct description of the data. This
is less than reassuring given the significance of such a tiny cosmological constant (more generally, ‘dark energy’) for
both cosmology and fundamental physics.

The WMAP team state: “In the absence of an established theoretical framework in which to interpret these glitches
(beyond the Gaussian, random phase paradigm), they will likely remain curiosities” [6]. However it had been noted
earlier by the WMAP team themselves [7] that these may correspond to sharp features in the spectrum of the
underlying primordial curvature perturbation, arising due to sudden changes in the mass of the inflaton in the
‘multiple inflation’ model proposed in ref.[8]. This generates characteristic localized oscillations in the spectrum, as
was demonstrated numerically in a toy model of a ‘chaotic’ inflationary potential having a ‘step’ starting at φstep with

amplitude and gradient determined by the parameters campl and dgrad: V (φ) = 1
2m

2
φφ

2
[
1 + campl tanh

(
φ−φstep

dgrad

)]

[9]. It was found that the fit to the WMAP-1 data improves significantly (by ∆χ2 = 10) for the model parameters
φstep = 15.5MP, campl = 9.1 × 10−4 and dgrad = 1.4 × 10−2MP, where MP ≡ (8πGN)−1/2 ≃ 2.44 × 1018 GeV [7].
However the cosmological model parameters were held fixed (at their concordance model values) in this exercise.
Recently this analysis has been revisited using the WMAP-3 data [10]; these authors also consider departures from
the concordance model and conclude that there are virtually no degeneracies of cosmological parameters with the
modelling of the spectral feature [11].

However m in the toy model above is not the mass of the inflaton — in fact in all such chaotic inflation models
with V ∝ φn where inflation occurs at field values φinfl > MP, the leading term in a Taylor expansion of the potential
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around φinfl is always linear since this is not a point of symmetry [12]. The effect of a change in the inflaton mass
in multiple inflation can be sensibly modelled only in a ‘new’ inflation model where inflation occurs at field values
φ << MPl and an effective field theory description of the inflaton potential is possible. The ‘slow-roll’ conditions are
violated when the inflaton mass changes suddenly due to its (gravitational) coupling to ‘flat direction’ fields which
undergo thermal phase transitions as the universe cools during inflation [8]. The resulting effect on the spectrum of
the curvature perturbation was found by analytic solution of the governing equations to correspond to an upward
step followed by rapidly damped oscillations [13].1

One can ask if spectral features are seen when one attempts to recover the primordial perturbation spectrum directly
from the data. Such attempts may be divided into two classes. Usually the curvature perturbation, PR(k), is given
a simple parameterisation and fitted to the data, together with the background cosmology, using MCMC likelihood
analysis. The spectrum has been described using bins in wave number k [19, 20, 21, 22], wavelets [23], smoothing
splines [24] and principal components [25]. However for MCMC analysis to be feasible, the number of parameters
must be limited, so the reconstructed spectrum has too low a resolution to reveal anything interesting. By contrast,
‘non-parametric’ methods assume the background cosmology (usually the concordance ΛCDM model) so that the
transfer function is known, and then invert the data to find the primordial perturbation spectrum. Methods that
have been used are the Richardson-Lucy deconvolution algorithm [26, 27], an iterative, semi-analytic process [28, 29],
and a smoothed, least-squares procedure [30, 31]. The perturbation spectra produced by the first and third methods
have a prominent step followed by bumps which are rather reminiscent of decaying oscillations (see Fig.4 in ref.[13]).
These features correspond in fact to the depressed quadrupole and the glitches at low multipole ℓ.

Encouraged by this we consider possible variations of the primordial perturbation spectrum beyond the limited
set considered so far, and motivated by the multiple inflation model. We have shown earlier that a phase transition
in a ‘flat direction’ field during inflation (in a supergravity framework) generates a step in the primordial spectrum
followed by damped oscillations [13]. In a physical supergravity model there are many such flat directions and these
will undergo phase transitions in rapid succession after the first ∼ 10− 15 e-folds of inflation (assuming they all start
from the origin due e.g. to thermal initial conditions) [8]. Hence we also consider a possible ‘bump’ in the spectrum due
to two phase transitions in rapid succession, which raise and then lower the inflaton mass. We wish to emphasise that
there may well be other physical frameworks wherein one can expect similar features in the primordial spectrum. Our
intention here is to use a definite and calculable framework, in order to illustrate how the extraction of cosmological
parameters is dependent on the assumed form of the primordial spectrum. We find that the precision WMAP data
can be fitted just as well without invoking dark energy if there is indeed a bump in the primordial spectrum around
the position of the first acoustic peak in the angular power spectrum of the CMB. To fit the position of the first peak
(assuming a flat model as motivated by inflation) requires however a low Hubble constant, h ∼ 0.44, in contrast to the
value of h = 0.72±0.08 measured by the Hubble Key Project (HKP) in our local neighbourhood [32]. Although a pure
CDM model is well known to suffer from excess power on small scales, data from the Sloane Digital Sky Survey (SDSS)
on galaxy clustering [33] can also be well fitted if there is a ∼ 10% component of hot dark matter, as has been noted
already using the 2dFGRS data [34, 35]. This is encouraging given the evidence for neutrino mass from oscillations,
and the required value of ∼ 0.5 eV per species is well within the present experimental upper bound of 2.3 eV [36].
Such a cold + hot dark matter (CHDM) model with a low Hubble constant passes all the usual cosmological tests
(e.g. cluster baryon fraction and σ8 from clusters and weak lensing [35]) but has difficulty [37] matching the position
of the ‘baryon acoustic oscillation’ (BAO) peak observed in the redshift two-point correlation function of luminous
red galaxies (LRG) in SDSS [38]. We confirm that this is indeed the case but wish to draw attention to the possibility
that this difficulty may be solved in an inhomogeneous Lemâıtre-Tolman-Bondi (LTB) cosmological model wherein
we are located in an underdense void which is expanding faster than the global rate [39]. Such a model may also
account for the SN Ia Hubble diagram without invoking cosmic acceleration [40, 41, 42, 43, 44, 45, 46].

II. MULTIPLE INFLATION

In previous work we have discussed the effective potential during inflation driven by a scalar field in N = 1
supergravity, which has couplings to other flat direction fields having gauge and/or Yukawa couplings [8]. These fields
acquire a potential due to supersymmetry breaking by the large vacuum energy driving inflation and evolve rapidly

1 A ‘hybrid’ inflation model wherein the inflaton is coupled to a ‘curvaton’ field also yields oscillations together with suppressed power
on large scales [14]. A similar phenomenon had been noted earlier for the case where the inflaton potential has a jump in its slope [15];
however such a discontinuity has no physical interpretation. The WMAP glitches have also been interpreted as due to the effects of
‘trans-Planckian’ physics [2, 16, 17] and due to resonant particle production [18].
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to their minima, which are fixed by the non-renormalisable terms which lift their potential at large field values. The
inflaton’s own mass thus jumps as these fields suddenly acquire large vacuum expectation values (vevs), after having
been trapped at the origin through their coupling to the thermal background for the first ∼ 10−15 e-folds of inflation.
Damped oscillations are also induced in the inflaton mass as the coupled fields oscillate in their minima losing energy
mainly due to the rapid inflationary expansion. The resulting curvature perturbation was calculated in our previous
work [13] and will be used in this paper as an input for cosmological parameter extraction using the WMAP-3 data.

In order to produce observable effects in the CMB or large-scale structure the phase transition(s) must take place as
cosmologically relevant scales ‘exit the horizon’ during inflation. There are many flat directions which can potentially
undergo symmetry breaking during inflation, so it is not unlikely that several phase transitions occurred in the ∼ 8
e-folds which is sampled by observations [8]. The observation that the curvature perturbation appears to cut off above
the scale of the present Hubble radius suggests that (this last period of) inflation may not have lasted much longer
than the minimum necessary to generate an universe as big as the present Hubble volume. Whereas this raises a
‘naturalness’ issue, it is consistent given this state of affairs to consider the possibility that thermal phase transitions
in flat direction fields ∼ 10− 15 e-folds after the beginning of inflation leave their mark in the observed scalar density
perturbation on the microwave sky and in the large-scale distribution of galaxies.

A. ‘Step’ model

The potential for the inflaton φ and flat direction field ψ (with mass m and µ respectively) is similar to that given
previously [13]:

V (φ, ψ) =

{
V0 − 1

2m
2φ2, t < t1,

V0 − 1
2m

2φ2 − 1
2µ

2ψ2 + 1
2λφ

2ψ2 + γ

Mn−4

P

ψn, t ≥ t1.
(1)

Here t1 is the time at which the phase transition starts (at t < t1, ψ is trapped at the origin by thermal effects), λ is
the coupling between the φ and ψ fields, and γ is the co-efficient of the leading non-renormalisable operator of order
n which lifts the potential of the flat direction field ψ (and is determined by the nature of the new physics beyond
the effective field theory description). Note that the quartic coupling above is generated by a term κφφ†ψ2/M2

P in
the Kähler potential with κ ∼ 1 (allowed by symmetry near φ ∼ 0), so λ = κH2/M2

P [8]. We have not considered

non-renormalisable operators ∝ φn/Mn−4
P [12] since we are concerned here with the first ∼ 10− 20 e-folds of inflation

when φ is still close to the origin so such operators are then unimportant for its evolution. We are also not addressing
here the usual ‘η-problem’ in supergravity models, namely that m ∼ H due to supersymmetry breaking by the vacuum
energy driving inflation. We assume that some mechanism suppresses this mass to enable sufficient inflation to occur
[47, 48]. However this will not be the case in general for the flat direction fields, so one would naturally expect µ ∼ H .

Then the change in the inflaton mass-squared after the phase transition is

δm2
φ = λΣ2, Σ =

[
Mn−4

P

nγ

(
µ2 − λφ2

)]1/(n−2)

≃
(
µ2Mn−4

P

nγ

)1/(n−2)

, (2)

where Σ is the vev of the global minimum to which ψ evolves during inflation. The equations of motion are

φ̈+ 3Hφ̇ = −∂V
∂φ =

(
m2 − λψ2

)
φ, (3)

ψ̈ + 3Hψ̇ = −∂V
∂ψ =

(
µ2 − λφ2 − nγ

Mn−4
P

ψn−2

)
ψ. (4)

To characterise the comoving curvature perturbation R [49], we employ the gauge-invariant quantity u = −zR,

where z = aφ̇/H , a is the cosmological scale-factor and H is the Hubble parameter during inflation. The Fourier
components of u satisfy the Klein-Gordon equation of motion: u′′k + (k2 − z′′/z)uk = 0, where the primes indicate
derivatives with respect to conformal time η =

∫
dt/a = −1/aH (the last equality holds in de Sitter space). For

convenience, we use the variable wk ≡
√

2kuk, for which this equation reads:

w′′
k + w′

k +

[
k̃2 exp

(
−2t̃

)
− 2 − m̃2 + λ̃ψ̃2 − 2λ̃ψ̃ψ̃′φ̃

φ̃′

]
wk = 0. (5)

where we have used the dimensionless variables: t̃ = Ht, φ̃ = φ/MP, ψ̃ = ψ/MP, m̃ = m/H , λ̃ = λM2
P/H

2 and

k̃ = k/K0, where K0 = a0H and a = a0 exp(t̃). We also define H̃ = H/MP and µ̃ = µ/H for convenience. Note that

now (and henceforth) the dashes refer to derivatives with respect to t̃.
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We start the integration at an initial value of the scale-factor a0, which is taken to be several e-folds of inflation
before the phase transition occurs. Similarly we choose an initial value φ0 for the inflaton field corresponding to
several e-folds of inflation before the phase transition occurs (the precise value does not affect our results).

We use two parameters to characterise the primordial perturbation spectrum. The first is the amplitude of the
spectrum on large scales in the slow-roll approximation:

PR
(0) =

(
H2

2πφ̇0

)2

=
9H̃2

4π2m̃4φ̃2
0

. (6)

The second is k1 ≡ cK0 where c is a constant chosen so that k1 is the position of the step in the spectrum. This can
be done because a mode with wavenumber k ‘exits the horizon’ when the coefficient of wk in eq.(5) is zero, hence the
wavenumber k′1 of the mode that exits at the start of the phase transition is

k′1 ≡ K0k̃′1 = K0

√
2 + m̃2 et̃1 , (7)

where t̃1 is just the number of e-folds of inflation after which the phase transition occurs. Since we keep m̃2 and t̃1
fixed, we have k′1 ∝ K0. For the phase transition to significantly influence the primordial perturbation spectrum after
the mode with k = k′1 exits the horizon requires several further e-folds of inflation, depending on how fast the flat

direction evolves. The exponential growth of ψ̃ is governed by the value of µ̃, which we also keep fixed. Therefore the
position of the step in the spectrum is proportional to k0. We repeat our analysis for integer values of n, the order

of the non-renormalisable term in the effective field theory description, in the range 12 to 17. We set λ̃ = γ = 1,

m̃2 = 0.005, φ̃0 = 0.01 and µ̃2 = 3. The fractional change in the inflaton mass-squared due to the phase transition is

∆m2 ≡ λΣ2

m2
=

λ̃

m̃2

(
µ̃2H̃2

nγ

) 2
n−2

. (8)

Thus fixing the value of n does not entirely fix ∆m2, because from eq.(6) varying P
(0)
R also alters H̃. A typical

value is P
(0)
R ∼ 10−9 so the corresponding Hubble parameter is H ∼ 3 × 10−8MP i.e. an inflationary energy scale

of ∼ 2 × 1014 GeV. This is comfortably within the upper limit of ∼ 2 × 1016 GeV set by the WMAP bound on
inflationary gravitational waves [50]. Indeed the gravitational wave background is completely negligible for the ‘new’

inflation potential we consider, with the tensor to scalar ratio expected to be: r ∼ m̃4φ̃2 ∼ 10−9.
We varied four parameters describing the homogeneous background cosmology which is taken to be a spatially flat

Friedman-Robertson-Walker (FRW) universe: the physical baryon density ωb ≡ Ωbh
2, the physical cold dark matter

density ωc ≡ Ωch
2, the ratio θ of the sound horizon to the angular diameter distance (multiplied by 100), and the

optical depth τ (due to reionisation) to the last scattering surface. The dark energy density is given by ΩΛ = 1−Ωm,
where Ωm ≡ Ωc + Ωb.

B. ‘Bump’ model

Next we consider a multiple inflation model with two successive phase transitions caused by 2 flat direction fields,
ψ1 and ψ2. The potential is now:

V (φ, ψ1, ψ2) =





V0 − 1
2m

2φ2, t < t1,
V0 − 1

2m
2φ2 − 1

2µ
2
1ψ

2
1 + 1

2λ1φ
2ψ2

1 + γ1

M
n1−4

P

ψn1 , t2 ≥ t ≥ t1,

V0 − 1
2m

2φ2 − 1
2µ

2
1ψ

2
1 + 1

2λ1φ
2ψ2

1 + γ1

M
n1−4

P

ψn1

− 1
2µ

2
2ψ

2
2 − 1

2λ2φ
2ψ2

2 + γ2

M
n2−4

P

ψn2 , t ≥ t2,

(9)

where t1 and t2 are the times at which the first and second phase transitions occur. After t2, for example, the
equations of motion are

φ̈+ 3Hφ̇ = −∂V
∂φ =

(
m2 − λ1ψ

2
1 + λ2ψ

2
2

)
φ, (10)

ψ̈1 + 3Hψ̇1 = − ∂V
∂ψ1

=

(
µ2

1 − λ1φ
2 − n1γ1

Mn1−4
P

ψn1−2
1

)
ψ1, (11)

ψ̈2 + 3Hψ̇2 = − ∂V
∂ψ2

=

(
µ2

2 + λ2φ
2 − n2γ2

Mn2−4
P

ψn2−2
2

)
ψ2, (12)
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and

1

z

d2z

dη2
= a2

(
2H2 +m2 − λ1ψ

2
1 + λ2ψ

2
2 − 2λ1ψ1ψ̇1φ

φ̇
+

2λ2ψ2ψ̇2φ

φ̇

)
. (13)

The inflaton mass mφ thus changes due to the phase transitions as

m2 → m2 − λ1Σ
2
1 → m2 − λ1Σ

2
1 + λ2Σ

2
2. (14)

By choosing λ2 to be of opposite sign to λ1 (possible in the supergravity model), a bump is thus generated in PR.

In the slow-roll approximation the amplitude of the primordial perturbation spectrum first increases from PR
(0) to

PR
(1) then falls to PR

(2), moving from low to high wavenumbers, where

PR
(0) =

9H̃2

4π2m̃4φ̃2
0

, PR
(1) =

P(0)
R

(1 − ∆m2
1)

2 , PR
(2) =

PR
(0)

(1 − ∆m2
1 + ∆m2

2)
2 . (15)

We calculate the curvature perturbation spectrum for this model in a way similar to that for the model with one
phase transition. As before we specify the homogeneous background cosmology using ωb, θ and τ and, anticipating
the discussion later, the fraction of dark matter in the form of neutrinos fν ≡ Ων/Ωd where the total dark matter
density is Ωd ≡ Ωc + Ων . The primordial perturbation spectrum is parameterised in a similar way to that of the first

model using PR
(0) and k1 ≡ cK0, which is now the approximate position of the first step in the spectrum. A measure

of the position of the second step is given by the third parameter

k2 ≡ k1e
(̃t2−t̃1), (16)

where the exponent is just the number of Hubble times after the beginning of the first phase transition when the

second one starts. Initially we examined models with n1 = 12 and n2 = 13, and then we let PR
(1) and PR

(2) vary

freely. We set λ̃1, λ̃2, γ1 and γ2 all equal to unity, m̃2 = 0.005, φ̃0 = 0.01 and µ̃2
1 = µ̃2

2 = 3 throughout.

III. THE DATA SETS

We fit to the WMAP 3-year [6] temperature-temperature (TT), temperature-electric polarisation (TE), and electric-
electric polarisation (EE) spectra alone as we wish to avoid possible systematic problems associated with combining
other CMB data sets. We also fit the linear matter power spectrum Pm(k) to the SDSS measurement of the real space
galaxy power spectrum Pg(k) [33]. The two spectra are taken to be related through a scale-independent bias factor
bSDSS so that Pm(k) = b2SDSSPg(k). This bias is expected to be close to unity and we analytically marginalise over it
using a flat prior.

We also fit our models to the redshift two-point correlation function of the SDSS LRG sample, which was obtained
assuming a fiducial cosmological model with Ωm = 0.3, ΩΛ = 0.7 and h = 0.7 [38]. The correlation function is
dependent on the choice of background cosmology so we rescale it appropriately as explained below, in order to
confront it with the other cosmological models we consider. Again we consider a linear bias bLRG, and determine it
from the fit itself.

A. WMAP

To date the most accurate observations of the CMB angular power spectra, both TT and TE, have been made by
the WMAP satellite using 20 differential radiometers arranged in 10 ‘differencing assemblies’ at 5 different frequency
bands between 23 and 94 GHz. Each differencing assembly produces a statistically independent stream of time-ordered
data. Full sky maps were generated from the calibrated data using iterative algorithms. The use of different frequency
channels enable astrophysical foreground signals to be removed and the angular power spectra were calculated using
both ‘pseudo-Cℓ’ and maximum likelihood based methods [6]. We use the 3-year data release of the TT, TE and EE
spectra and also the code for calculating the likelihood (incorporating the covariance matrix), made publicly available
by the WMAP team.2

2 http://lambda.gsfc.nasa.gov/
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Parameter Lower limit Upper limit

ωb 0.005 0.1

ωc 0.01 0.99

θ 0.5 10.0

τ 0.01 0.8

ln
(
1010

PR
(0)
)

0.01 6.0

104k1/Mpc−1 0.01 600.0

bLRG 1.0 4.0

h 0.4 1.0

Age/Gyr 10.0 20.0

TABLE I: The priors adopted on the input parameters of the step model, as well as on the derived parameters: the Hubble
constant and the age of the Universe.

Parameter Lower limit Upper limit

ωb 0.005 0.1

θ 0.5 10.0

τ 0.01 0.8

fν 0.01 0.3

ln
(
1010

PR
(0)
)

0.01 6.0

bLRG 1.0 4.0

h 0.1 1.0

Age/Gyr 10.0 20.0

TABLE II: The priors adopted on the input parameters of the bump model with n1 = 12, n1 = 13, as well as on the derived
parameters: the Hubble constant and the age of the Universe. The priors set on the position of the steps are given in Table III.

Our special interest is in the fact that apart from the quadrupole there are several other multipoles for which the
binned power lies outside the 1σ cosmic variance error. These are associated with small, sharp features in the TT
spectrum termed glitches, e.g. at ℓ = 22, 40 and 120 in both the 1-year and 3-year data release. The pseudo-Cℓ
method produces correlated estimates for neighbouring Cℓ’s which means it is difficult to judge the goodness-of-fit of
a model by eye. The contribution to the χ2 per multipole for the best fit ΛCDM model is shown in Fig.17 of ref.[6],
where it is apparent that the excess χ2 originates largely from the multipoles at ℓ <∼ 120.

B. SDSS

The Sloan Digital Sky Survey (SDSS) consists of a 5 band imaging survey and a spectroscopic survey covering
a large fraction of the sky, carried out together using a 2.5 m wide-field telescope. For the spectroscopic survey
targets are chosen from the imaging survey to produce three catalogues: the main galaxy sample, the luminous, red
galaxy (LRG) sample and the quasar sample, which extend out to redshifts of z ∼ 0.3, 0.5 and 5 respectively. The
matter power spectrum (up to a multiplicative bias factor bSDSS) has been measured using about 2 × 105 galaxies
which form the majority of the main galaxy sample from the second SDSS Data Release [33]. After correcting for

WMAP +SDSS +LRG +SDSS+LRG

104k1/Mpc−1 600.0 600.0 600.0 600.0

104k2/Mpc−1 1100.0 1100.0 600.0 600.0

TABLE III: The prior upper limits set for the position of the steps in the spectrum for the ‘bump’ model. In each case the
lower limit is 10−6 Mpc−1.
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redshift-space distortion due to galaxy peculiar velocities, the galaxy density field was expanded in terms of Karhunen-
Loeve eigenmodes (which is more convenient than a Fourier expansion for surveys with complex geometries) and the
power spectrum was estimated using a quadratic estimator. We fit to the 19 k-band measurements in the range
0.01 < k < 0.2 hMpc−1, as the fluctuations turn non-linear on smaller scales.

C. LRG

The large effective volume of the SDSS LRG sample allowed an unambiguous detection of the BAO peak in the
two-point correlation function of galaxy clustering [38]. The redshifts of 5× 104 LRG’s were translated into comoving
coordinates assuming a fiducial ΩΛ = 0.7,Ωm = 0.3 cosmology. The correlation function was then found using the
Land-Szalay estimator. This can be rescaled for other cosmological models as follows.

An object at redshift z with an angular size of ∆θ and extending over a redshift interval ∆z has dimensions in
redshift space x‖ and x⊥, parallel and perpendicular to the line-of-sight, given by

x‖ =
∆z

H (z)
, x⊥ = (1 + z)DA (z)∆θ. (17)

Thus the volume in redshift space is ∝ D2
A(z)/H(z), where DA is the angular diameter distance. The distances

between galaxies in redshift space, hence the scale of features in the redshift correlation function, are proportional to
the cube root of the volume occupied by the galaxies in redshift space. Therefore the multiplicative rescaling factor
between the scale of the BAO peak in the fiducial model and that in another model is just:

γres ≡
[
D2

A(z)Hfid(z)

D2
A,fid(z)H(z)

] 1
3

, (18)

i.e. xpeak = γres × xpeak,fid. After rescaling in this way for the cosmological models we consider, the χ2 statistic for
the fit of ξ to the data points was found using the appropriate covariance matrix.3

IV. CALCULATION OF THE OBSERVABLES

Since MCMC analysis of inflation requires the evaluation of the observables for typically tens of thousands of
different choices of cosmological parameters, it is important that each calculation be as fast as possible.

The inflaton mass is constant before and after the phase transition(s), so the equations of motion for φ̃ and wk have
the solutions

φ̃ = c1e
t̃r+ + c2e

t̃r
− , (19)

wk = e−t̃/2
[
c3H

(1)
ν (k̃e−t̃) + c4H

(2)
ν (k̃e−t̃)

]
. (20)

Here c1 to c4 are constants, H
(1)
ν and H

(2)
ν are Hankel functions of order ν =

√
9
4 − m2

φ

H2 , and r± = −3/2±ν. We evolve

φ̃, ψ̃ and wk numerically through the phase transition(s), matching to eqs.(19) and (20). The slow-roll approximation

is applicable well before the phase transition(s), so the initial values are related as φ̃′0 = (m̃2/3)φ̃0. We begin the

integration of the Klein-Gordon equation at t̃start when the condition

ǫk2 =
1

z

d2z

dη2
(21)

is satisfied. The arbitrary constant ǫ is chosen to be 5 × 10−5 which is sufficiently small for PR to be independent of
the precise value of t̃start, yet large enough for the numerical integration to be feasible. For the Bunch-Davies vacuum,
the initial conditions for wk are [49]

wk(t̃start) = 1, w′
k(t̃start) = −ik̃ exp

(
−t̃start

)
. (22)

3 http://cmb.as.arizona.edu/ eisenste/
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The amplitude of the primordial perturbation spectrum on large scales was given in eq.(6); on smaller scales it is

PR =
k3

2π2

|uk|2
z2

=
k̃2H̃2

4π2φ̃′2 exp
(
2t̃
) |wk|2 , (23)

evaluated when the mode has crossed well outside the horizon. Rather than calculating PR in this way for every
wavenumber, we use cubic spline interpolation between O (100) wavenumbers ki to save time. These sample the
spectrum more densely where its curvature is higher, in order to minimise the interpolation error. The ki values are
found each time using the adaptive sampling algorithm described in Appendix A.

Taking the interpolated primordial perturbation spectrum as input, we use a modified version of the cosmological
Boltzmann code CAMB [51] to evaluate the CMB TT, TE and EE spectra, as well as the matter power spectrum.4

We find the two-point correlation function using the following procedure: for 10−5 ≤ k ≤ 2 hMpc−1 the linear
matter power spectrum Pm(k) is obtained using CAMB, while outside this range baryon oscillations are negligible,
and so to calculate the matter power spectrum Pm(k) for 10−6 ≤ k ≤ 10−5 hMpc−1 and 2 ≤ k ≤ 102 hMpc−1 we use
the no-baryon transfer function fitting formula of ref.[52] normalised to the CAMB transfer function. This significantly
increases the speed of the computation. The ‘Halofit’ procedure [53] is then used to apply the corrections from non-
linear evolution to produce the non-linear matter power spectrum PNL

m (k). The LRG power spectrum is given by
PLRG(k) = b2LRGP

NL
m (k). The real space correlation function ξc(x) is then calculated by taking the Fourier transform.

The integral is performed over a finite range of k using the FFTLog code [54] which takes the fast Fourier transform of
a series of logarithmically spaced points. The wavenumber range must be broad enough to prevent ringing and aliasing
effects from the FFT over the interval of x for which we require ξc. We find the range 10−6 ≤ k ≤ 102 hMpc−1 to be
sufficient. Finally, the angle averaged redshift correlation function is found from the real space correlation function
using

ξ(x) =

(
1 +

2

3
f +

1

5
f2

)
ξc(x), f ≡ Ω

3/5
m

bLRG
, (24)

which corrects for redshift space distortion effects [55, 56].

V. RESULTS

We calculate the mean values of the marginalised cosmological parameters together with their 68% confidence
limits, for the four combinations of data sets: WMAP, WMAP + SDSS, WMAP + LRG, WMAP + SDSS + LRG.
In Table IV we show this for the ΛCDM model with a Harrison-Zeldovich spectrum. Adding an overall ‘tilt’ to the
spectrum creates a noticeable improvement (by ∆χ2 ∼ 7 − 9) as is seen from Table V which gives results for the
ΛCDM model with a power-law scalar spectral index of ns ≃ 0.95 (pivot point k = 0.05 Mpc−1). The χ2 goodness-of-
fit statistic is calculated using the WMAP likelihood code, supplemented by our estimate for the LRG fits obtained
using the covariance matrix used in ref.[38].

In order to quantify the desirable compromise between improving the fit and adding new parameters, it has become
customary to use the “Akaike information criterion” defined as AIC ≡ −2 lnLmax + 2N [57], where Lmax is the
maximum likelihood and N the number of parameters. Although not a substitute for a full Bayesian evidence
calculation (which is beyond the scope of this work), this is a commonly used guide for judging whether additional
parameters are justified — the model with the minimum AIC value is in some sense preferred [58]. According to
this criterion, the power-law ΛCDM model is preferred over the scale-invariant ΛCDM model, hence we consider the
former to be the benchmark against which our models should be judged. However we wish to emphasise that we have
physical motivation for the non-standard primordial spectra we consider. We are not performing a pure parameter
fitting exercise for which criteria like the AIC might be more relevant.

A. ΛCDM ‘step’ model

In Tables VI to IX we show that adding a step to the spectrum improves the fit by ∆χ2 ∼ 1 − 2 relative to the
scale-invariant model, but not as much as addition of a tilt. Since the model has 2 additional parameters — the
position of the step k1 and n (which determines ∆m2) — ∆AIC is positive relative to the power-law ΛCDM model.

4 http://camb.info
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WMAP +SDSS +LRG +SDSS+LRG

Ωbh2 0.02381+0.00042
−0.00043 0.02393+0.00039

−0.00039 0.02395+0.00037
−0.00038 0.02394+0.00038

−0.00038

Ωch
2 0.1031+0.0077

−0.0079 0.1131+0.0054
−0.0052 0.1163+0.0046

−0.0045 0.1173+0.0041
−0.0041

θ 1.0451+0.0029
−0.0027 1.0463+0.0027

−0.0028 1.0465+0.0029
−0.0028 1.0465+0.0027

−0.0026

τ 0.139+0.013
−0.013 0.129+0.014

−0.012 0.123+0.012
−0.011 0.120+0.012

−0.012

ln
(
1010

PR

)
3.137+0.055

−0.052 3.160+0.050
−0.049 3.161+0.051

−0.049 3.158+0.053
−0.047

bLRG 2.123+0.089
−0.091 2.129+0.093

−0.093

ΩΛ 0.785+0.029
−0.029 0.746+0.021

−0.022 0.732+0.018
−0.018 0.728+0.017

−0.017

Age/Gyr 13.403+0.091
−0.090 13.423+0.091

−0.091 13.432+0.092
−0.094 13.438+0.088

−0.084

Ωb 0.215+0.029
−0.029 0.254+0.022

−0.021 0.268+0.018
−0.018 0.272+0.017

−0.017

σ8 0.801+0.049
−0.050 0.856+0.033

−0.032 0.870+0.030
−0.031 0.873+0.029

−0.029

zreion 14.5+2.0
−2.0 14.1+2.0

−2.1 13.7+2.1
−1.9 13.5+2.2

−2.0

h 0.772+0.030
−0.029 0.736+0.018

−0.020 0.724+0.014
−0.015 0.721+0.014

−0.014

χ2 11260 11279 11284 11301

∆AIC 5 6 7 7

TABLE IV: 1σ constraints on the marginalised cosmological parameters for a scale-invariant ΛCDM model. The 6 parameters
in the upper part of the Table are varied by CosmoMC, while those in the lower part are derived quantities. The χ2 of the fit
is given, as is the Akaike information criterion relative to the power-law ΛCDM model in Table V.

WMAP +SDSS +LRG +SDSS+LRG

Ωbh2 0.02219+0.00070
−0.00070 0.02236+0.00066

−0.00069 0.02229+0.00069
−0.00068 0.02240+0.00064

−0.00067

Ωch
2 0.1052+0.0084

−0.0084 0.1147+0.0056
−0.0054 0.1147+0.0043

−0.0044 0.1168+0.0038
−0.0038

θ 1.0391+0.0038
−0.0037 1.0406+0.0036

−0.0036 1.0403+0.0035
−0.0035 1.0410+0.0033

−0.0033

τ 0.089+0.014
−0.014 0.083+0.014

−0.013 0.080+0.013
−0.013 0.080+0.013

−0.013

ns 0.9537+0.0072
−0.0081 0.9542+0.0075

−0.0070 0.9527+0.0072
−0.0075 0.9547+0.0068

−0.0072

ln
(
1010

PR

)
3.017+0.065

−0.065 3.046+0.061
−0.062 3.039+0.062

−0.062 3.048+0.060
−0.060

bLRG 2.26+0.10
−0.10 2.25+0.10

−0.10

ΩΛ 0.758+0.037
−0.037 0.716+0.028

−0.027 0.716+0.020
−0.020 0.708+0.019

−0.018

Age/Gyr 13.75+0.16
−0.17 13.75+0.15

−0.15 13.77+0.15
−0.15 13.75+0.14

−0.14

Ωm 0.242+0.037
−0.037 0.284+0.027

−0.028 0.284+0.020
−0.020 0.292+0.018

−0.019

σ8 0.754+0.049
−0.050 0.804+0.035

−0.034 0.801+0.036
−0.035 0.813+0.031

−0.032

zreion 11.1+2.5
−2.4 10.8+2.5

−2.4 10.5+2.5
−2.5 10.5+2.6

−2.6

h 0.730+0.034
−0.034 0.697+0.024

−0.023 0.695+0.017
−0.017 0.691+0.016

−0.016

χ2 11253 11271 11275 11292

∆AIC 0 0 0 0

TABLE V: 1σ constraints on the marginalised cosmological parameters for the power-law ΛCDM model. The 6 parameters in
the upper part of the Table are varied by CosmoMC, while those in the lower part are derived quantities. The χ2 of the fit is
given as is the relative Akaike information criterion (normalised to be zero for this model).

We have not shown the results for the ΛCDM step model allowing an overall tilt in the spectrum; although the
fits do improve again (by ∆χ2 ∼ 1 − 2) relative to the power-law ΛCDM model, they are not favoured by the AIC
because of the 2 additional parameters k1 and n. The values of the background cosmological parameters do not change
significantly with n either, and remain similar to those of the power-law ΛCDM model. However, the values of both

PR
(1) and k1 fall with increasing n, as seen in the 1-D likelihood distributions for the parameters shown in Fig.1.

To understand this, recall that the amplitude of the primordial perturbation spectrum is well constrained by the
TT spectrum on medium scales, but is uncertain on large scales due to cosmic variance. Therefore the data can
accommodate a large step in PR provided that the top of the step is at the right height to match the TT spectrum.

Consequently PR
(0) must vary with the inflaton mass change in such a way as to leave the primordial perturbation
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n 12 13 14 15 16 17

Ωbh2 0.02366+0.00042
−0.00043 0.02366+0.00045

−0.00046 0.02363+0.00046
−0.00046 0.02362+0.00045

+0.00045 0.02370+0.00044
−0.00044 0.02371+0.00046

−0.00045

Ωch
2 0.1030+0.0083

−0.0079 0.1022+0.0084
−0.0082 0.1002+0.0083

−0.0086 0.1002+0.0080
−0.0083 0.1006+0.0085

−0.0084 0.1017+0.0086
−0.0087

θ 1.0446+0.0030
−0.0029 1.0445+0.0030

−0.0031 1.0444+0.0029
−0.0030 1.0445+0.0030

−0.0029 1.0450+0.0031
−0.0031 1.0451+0.0029

−0.0030

τ 0.151+0.014
−0.014 0.157+0.016

−0.016 0.159+0.015
−0.017 0.148+0.013

−0.015 0.142+0.013
−0.012 0.129+0.014

−0.012

104k1/Mpc−1 20.8+4.8
−7.1 14.9+5.6

−6.2 9.5+0.7
−3.4 6.1+1.8

−2.3 4.9+2.5
−1.9 3.2+0.4

−1.6

ln
(
1010

PR
(0)
)

3.090+0.053
−0.050 2.941+0.057

−0.059 2.678+0.055
−0.054 2.260+0.046

−0.047 1.648+0.037
−0.038 0.738+0.035

−0.033

ΩΛ 0.784+0.030
−0.031 0.787+0.031

−0.031 0.795+0.031
−0.030 0.795+0.031

−0.030 0.795+0.031
−0.031 0.791+0.033

−0.032

Age/Gyr 13.432+0.092
−0.094 13.418+0.097

−0.097 13.418+0.097
−0.097 13.415+0.096

−0.098 13.395+0.094
−0.096 13.400+0.090

−0.091

Ωm 0.216+0.031
−0.030 0.213+0.031

−0.031 0.205+0.030
−0.031 0.205+0.030

−0.031 0.205+0.031
−0.031 0.209+0.032

−0.033

σ8 0.808+0.050
−0.049 0.808+0.054

−0.055 0.796+0.050
−0.047 0.788+0.049

−0.049 0.787+0.050
−0.050 0.784+0.052

−0.053

zreion 15.4+2.0
−2.0 15.8+2.3

−2.2 15.8+2.4
−2.3 15.1+2.1

−2.1 14.7+1.9
−1.9 13.8+2.1

−2.1

h 0.770+0.030
−0.031 0.773+0.032

−0.031 0.781+0.032
−0.032 0.782+0.032

−0.032 0.782+0.033
−0.033 0.778+0.034

−0.033

∆m2 0.07193+0.00077
−0.00072 0.1419+0.0015

−0.0015 0.2455+0.0022
−0.0022 0.3815+0.0027

−0.0028 0.5417+0.0028
−0.0029 0.7058+0.0033

−0.0031

χ2 11259 11258 11258 11258 11259 11259

∆AIC 8 7 7 7 8 8

TABLE VI: 1σ constraints on the marginalised cosmological parameters for the ΛCDM step model using WMAP data alone.
The 6 parameters in the upper part of the Table are varied by CosmoMC, while those in the lower part are derived quantities.
The χ2 of the fit is given, as is the Akaike information criterion relative to the power-law ΛCDM model in Table V (taking into
account that n is also a parameter).

n 12 13 14 15 16 17

Ωbh2 0.02382+0.00042
−0.00040 0.02381+0.00042

−0.00039 0.02381+0.00040
−0.00043 0.02383+0.00039

−0.00038 0.02385+0.00041
−0.00041 0.02393+0.00039

−0.00040

Ωch
2 0.1132+0.0055

−0.0053 0.1126+0.0058
−0.0056 0.1130+0.0055

−0.0056 0.1127+0.0057
−0.0054 0.1130+0.0055

−0.0055 0.1133+0.0054
+0.0055

θ 1.0460+0.0028
−0.0029 1.0458+0.0030

−0.0029 1.0459+0.0029
−0.0028 1.0459+0.0028

−0.0027 1.0461+0.0029
−0.0029 1.0469+0.0029

−0.0029

τ 0.138+0.014
−0.013 0.144+0.016

−0.015 0.138+0.012
−0.016 0.133+0.013

−0.013 0.128+0.014
−0.012 0.118+0.014

−0.012

104k1/Mpc−1 21.1+4.6
−7.9 14.1+6.2

−6.6 7.1+1.0
−3.1 4.9+2.0

−1.9 3.5+0.4
−1.2 2.5+0.9

−1.1

ln
(
1010

PR
(0)
)

3.107+0.051
−0.049 2.959+0.054

−0.051 2.691+0.051
−0.048 2.280+0.043

−0.041 1.667+0.039
−0.039 0.755+0.032

−0.029

ΩΛ 0.746+0.023
−0.022 0.747+0.023

−0.023 0.745+0.023
−0.023 0.747+0.023

−0.022 0.746+0.023
−0.023 0.746+0.022

−0.022

Age/Gyr 13.443+0.094
−0.092 13.446+0.095

−0.096 13.443+0.094
−0.095 13.441+0.092

−0.087 13.435+0.094
−0.094 13.407+0.092

−0.095

Ωm 0.255+0.024
−0.023 0.253+0.024

−0.023 0.255+0.023
−0.023 0.253+0.022

−0.023 0.254+0.023
−0.023 0.254+0.022

−0.022

σ8 0.863+0.034
−0.033 0.864+0.035

−0.035 0.862+0.033
−0.034 0.856+0.034

−0.033 0.853+0.034
−0.033 0.849+0.034

−0.034

zreion 14.8+2.1
−2.0 15.2+2.3

−2.2 14.8+2.2
−2.2 14.4+2.1

−2.0 14.0+2.1
−2.1 13.3+2.1

−2.0

h 0.734+0.019
−0.019 0.735+0.020

−0.020 0.734+0.020
−0.019 0.736+0.020

−0.019 0.735+0.019
−0.020 0.737+0.019

−0.018

∆m2 0.07219+0.00073
−0.00070 0.1424+0.0014

−0.0013 0.2460+0.0021
−0.0020 0.3826+0.0025

−0.0024 0.5431+0.0030
−0.0030 0.7074+0.0030

−0.0028

χ2 11278 11278 11277 11278 11278 11278

∆AIC 9 9 8 9 9 9

TABLE VII: 1σ constraints on the marginalised cosmological parameters for the ΛCDM step model using WMAP + SDSS

data. The 6 parameters in the upper part of the Table are varied by CosmoMC, while those in the lower part are derived
quantities. The χ2 of the fit is given, as is the Akaike information criterion relative to the power-law ΛCDM model in Table V
(taking into account that n is also a parameter).

spectrum invariant on smaller scales. This is seen in Fig.2 which shows the primordial spectra for the best-fit models.
The position of the step in PR(k) for n = 14 means that the associated TT and TE spectra are lower on large

scales than those of the best-fit power-law model — see Figs.3 and 4. For n = 15 to n = 17 the lower plateau of the
step is too far outside the Hubble radius to suppress the TT and TE spectra. However the primordial spectrum has
a prominent first peak at k ≃ 6 × 10−4 h Mpc−1. This introduces a maximum in the TT spectrum centred on ℓ = 4
which fits the excess power seen there by WMAP. There is a corresponding peak at low ℓ in the TE spectrum. The
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n 12 13 14 15 16 17

Ωbh2 0.02383+0.00039
−0.00039 0.02384+0.00039

−0.00040 0.02386+0.00040
−0.00041 0.02388+0.00041

−0.00040 0.02389+0.00041
−0.00040 0.02393+0.00039

−0.00040

Ωch
2 0.1160+0.0044

−0.0044 0.1159+0.0045
−0.0046 0.1159+0.0046

−0.0045 0.1159+0.0045
−0.0047 0.1159+0.0047

−0.0044 0.1163+0.0044
−0.0044

θ 1.0460+0.0029
−0.0029 1.0460+0.0028

−0.0028 1.0461+0.0027
−0.0027 1.0464+0.0030

−0.0028 1.0465+0.0029
−0.0028 1.0468+0.0028

−0.0028

τ 0.133+0.013
−0.013 0.137+0.013

−0.014 0.128+0.012
−0.013 0.125+0.013

−0.012 0.120+0.013
−0.011 0.113+0.014

−0.012

104k1/Mpc−1 20.2+4.8
−8.3 13.1+6.4

−6.5 6.3+1.5
−2.2 4.8+1.8

−1.8 3.5+0.4
−1.0 2.5+1.0

−1.1

ln
(
1010

PR
(0)
)

3.108+0.050
−0.048 2.957+0.053

−0.051 2.683+0.047
−0.047 2.278+0.045

−0.045 1.663+0.038
−0.038 0.756+0.032

−0.032

bLRG 2.104+0.094
−0.092 2.100+0.094

−0.092 2.117+0.090
−0.089 2.119+0.091

−0.091 2.135+0.092
−0.092 2.143+0.093

−0.091

ΩΛ 0.732+0.018
−0.018 0.732+0.018

−0.018 0.733+0.019
−0.020 0.734+0.019

−0.019 0.734+0.018
−0.019 0.733+0.018

−0.019

Age/Gyr 13.456+0.094
−0.095 13.454+0.093

−0.090 13.450+0.088
−0.093 13.440+0.096

−0.098 13.436+0.095
−0.094 13.425+0.095

−0.093

Ωm 0.268+0.018
−0.018 0.267+0.018

−0.018 0.267+0.020
−0.019 0.266+0.019

−0.019 0.266+0.019
−0.018 0.267+0.019

−0.019

σ8 0.878+0.032
−0.032 0.878+0.032

−0.032 0.870+0.031
−0.031 0.869+0.031

−0.031 0.864+0.031
−0.030 0.861+0.031

−0.031

zreion 14.5+2.1
−2.0 14.8+2.3

−2.2 14.1+2.1
−2.1 13.9+2.2

−2.1 13.4+2.1
−2.1 12.9+2.2

−2.2

h 0.708+0.015
−0.015 0.724+0.015

−0.015 0.724+0.016
−0.016 0.725+0.015

−0.015 0.726+0.015
−0.015 0.725+0.015

−0.015

∆m2 0.07152+0.00072
−0.00069 0.1423+0.0014

−0.0013 0.2457+0.0019
−0.0019 0.3825+0.0027

−0.0027 0.5428+0.0029
−0.0029 0.7075+0.0030

−0.0031

χ2 11282 11282 11282 11282 11282 11283

∆AIC 9 9 9 9 9 10

TABLE VIII: 1σ constraints on the marginalised cosmological parameters for the ΛCDM step model using WMAP + LRG
data. The 7 parameters in the upper part of the Table are varied by CosmoMC, while those in the lower part are derived
quantities. The χ2 of the fit is given, as is the Akaike information criterion relative to the power-law ΛCDM model in Table V
(taking into account that n is also a parameter).

peak at k ≃ 1.5× 10−3 hMpc−1 in the primordial spectrum (for n = 14 to n = 17) increases the amplitude of the TT
spectrum around ℓ = 15. However the glitches in the TT spectrum at ℓ = 22 and ℓ = 40 are too sharp to match the
oscillations produced by the mechanism considered here.

As seen in Fig.6, the SDSS galaxy power spectrum is well matched in all cases but the features in the spectrum due
to the phase transition appear far outside the scales probed by redshift surveys (see Fig.7). Moreover a step in the
matter power spectrum does not significantly alter the two-point correlation function in a ΛCDM universe as shown
in Fig.8. Just as for the concordance power-law ΛCDM model however, the amplitude of the predicted BAO peak is
too low by a factor of ∼ 2, although its predicted position does match the data [37].

We conclude therefore that the observations favour a ‘tilted’ primordial spectrum over a scale-invariant one, as
has been emphasised already by the WMAP team [2]. However the spectrum is not required to be scale-free. Very
different primordial spectra (as shown in Fig.2) provide just as good a fit to the data, although this is admittedly
penalised by the Akaike information criterion taking into account the 2 additional parameters characterising the step
in the spectrum. This motivates us to ask whether even the best-fit cosmological model might be altered if a more
radical departure from a scale-free spectrum is considered. For example in multiple inflation [8], two phase transitions
can occur in rapid succession resulting in a ‘bump’ in the primordial spectrum. Such a feature has been advocated
earlier on empirical grounds for fitting a ΛCDM model [59].

B. CHDM ‘bump’ model

We consider now a primordial spectrum with a bump at k ≃ 2 × 10−3 hMpc−1 generated by 2 successive phase
transitions which cause an upward step followed by a slightly larger downward step in the amplitude of the primordial
perturbation, as shown in Fig.9. This boosts the amplitude of the TT spectrum on the left of the first acoustic peak
but suppresses the second and third peaks. This is all that is necessary to fit the WMAP data to an Einstein-de
Sitter cosmology as seen in Fig.10. Since there is no late ISW effect, the amplitude is smaller on large scales than in
an universe with dark energy. The fits to the TE and EE spectra are also good as shown in Fig.11 and 12.

By adding a hot dark matter component in the form of massive neutrinos, the amplitude of the matter power
spectrum on small scales is suppressed relative to a pure CDM model and a good fit obtained to SDSS data (see
Fig.13). As noted earlier [35], this suppresses σ8 so as to provide better agreement with the value deduced from
clusters and weak lensing. A further suppression occurs due to the downward step in the primordial spectrum.
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n 12 13 14 15 16 17

Ωbh2 0.02386+0.00040
−0.00040 0.02384+0.00039

−0.00039 0.02385+0.00040
−0.00041 0.02387+0.00040

−0.00040 0.02391+0.00041
−0.00042 0.02395+0.00039

−0.00040

Ωch
2 0.1170+0.0039

−0.0040 0.1172+0.0041
−0.0041 0.1172+0.0040

−0.0040 0.1171+0.0040
−0.0040 0.1176+0.0040

−0.0043 0.1174+0.0037
−0.0039

θ 1.0460+0.0028
−0.0028 1.0461+0.0028

−0.0028 1.0463+0.0028
−0.0028 1.0467−0.0027

−0.0027 1.0466+0.0027
−0.0027 1.0469+0.0027

−0.0025

τ 0.130+0.013
−0.012 0.135+0.015

−0.014 0.126+0.013
−0.014 0.124+0.013

−0.012 0.118+0.013
−0.011 0.111+0.014

−0.012

104k1/Mpc−1 19.1+4.6
−9.3 13.1+6.2

−6.4 6.5+1.4
−2.6 4.4+1.5

−1.6 3.2+0.6
−1.0 2.5+1.0

−1.1

ln
(
1010

PR
(0)
)

3.106+0.049
−0.047 2.960+0.051

−0.051 2.685+0.047
−0.047 2.279+0.040

−0.040 1.667+0.037
−0.037 0.757+0.031

−0.032

bLRG 2.110+0.090
−0.089 2.098+0.091

−0.091 2.118+0.094
−0.094 2.122+0.089

−0.088 2.133+0.088
−0.091 2.143+0.092

−0.092

ΩΛ 0.727+0.016
−0.016 0.727+0.017

−0.017 0.727+0.017
−0.017 0.728+0.016

−0.016 0.726+0.017
−0.017 0.728+0.016

−0.015

Age/Gyr 13.456+0.090
−0.093 13.457+0.093

−0.092 13.451+0.092
−0.092 13.446+0.091

−0.090 13.439+0.093
−0.096 13.426+0.089

−0.090

Ωm 0.273+0.016
−0.016 0.273+0.017

−0.017 0.273+0.017
−0.017 0.272+0.016

−0.016 0.274+0.017
−0.017 0.272+0.015

−0.016

σ8 0.879+0.029
−0.028 0.884+0.029

−0.029 0.877+0.029
−0.029 0.874+0.028

−0.028 0.873+0.028
−0.030 0.866+0.028

−0.029

zreion 14.3+2.1
−2.0 14.7+2.2

−2.2 14.0+2.2
−2.2 13.8+2.0

−2.0 13.4+2.1
−2.1 12.8+2.2

−2.2

h 0.719+0.013
−0.014 0.719+0.014

−0.013 0.720+0.014
−0.014 0.720+0.014

−0.013 0.720+0.013
−0.013 0.722+0.013

−0.013

∆m2 0.07219+0.00071
−0.00068 0.1424+0.0013

−0.0013 0.2458+0.0020
−0.0020 0.3826+0.0023

−0.0024 0.5431+0.0029
−0.0029 0.7076+0.0030

−0.0030

χ2 11299 11299 11299 11299 11299 11299

∆AIC 9 9 9 9 9 9

TABLE IX: 1σ constraints on the marginalised cosmological parameters for the ΛCDM step model using WMAP + SDSS +
LRG data. The 7 parameters in the upper part of the Table are varied by CosmoMC, while those in the lower part are derived
quantities. The χ2 of the fit is given, as is the Akaike information criterion relative to the power-law ΛCDM model in Table V
(taking into account that n is also a parameter).

The constraints on the marginalised cosmological parameters are given in Table X with the order of the non-
renormalisable terms set to n1 = 12 and n2 = 13 (which we nevertheless count as 2 additional parameters). We also
allow n1 and n2 to vary continuously (but find no further improvement), with the results shown in Table XI and as 1-D
likelihood distributions in Fig.14. The fit of this model to the WMAP data and the SDSS matter power spectrum is
just as good as that of the power-law ΛCDM model, as indicated by the χ2 values and the vanishing ∆AIC. However,
as has been noted already [37], the CHDM model does not fit the LRG two-point correlation function well. This is
because the BAO peak corresponds to the comoving sound horizon at baryon decoupling; the latter is a function of
Ωm and is too low in an Einstein-de Sitter universe as seen in Fig.15.
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FIG. 1: 1-dimensional likelihood distributions of the marginalised cosmological parameters for the ΛCDM step model using the
WMAP + SDSS + LRG data.

VI. PARAMETER DEGENERACIES

If two different parameters have similar effects on an observable then they will be negatively correlated in a 2-D
likelihood plot since the effect of increasing the value of one of them can be undone by decreasing the value of the
other. On the other hand, if two parameters have opposite effects then increasing the value of one can compensate
for increasing the value of the other and the parameters will be positively correlated. Such correlations are known as
parameter degeneracies and they limit the constraints which the data can place on the parameter values.

A. ΛCDM ‘step’ model degeneracies

The results indicate a strong parameter degeneracy amongst the models with one phase transition. Moving in

parameter space along the direction of the degeneracy, ∆m2 increases, while PR
(0) and k1 both decrease. This

arises because the amplitude of the TT spectrum on the scale of the acoustic peaks is governed by the combination
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FIG. 2: The best-fit primordial perturbation spectra for the ΛCDM step model. Note the suppression of power at the
wavenumber coresponding to the present Hubble radius: H0 ≃ 3 × 10−4 h Mpc−1.
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FIG. 3: The best-fit TT spectra for the ΛCDM step model, with WMAP data.

PR
(1)e−2τ , where PR

(1) is the amplitude of the primordial spectrum after the phase transition:

P
(1)
R =

P
(0)
R

(1 − ∆m2)
2 . (25)

The fit to WMAP data thus requires PR
(1) ∝ e2τ . Consequently τ at fixed ∆m2 is positively correlated with PR

(0)

(reflecting the well-known degeneracy between the optical depth and the normalisation of the TT spectrum). However

τ falls going from n = 15 to n = 17 because decreasing τ reduces P
(0)
R , while increasing ∆m2 raises P

(1)
R .

The value of PR
(1) is constrained after marginalising over τ , which means that the relationship between ∆m2 and

PR
(0) is fitted well by

P
(0)
R = PHZ

R

(
1 − ∆m2

)2
, (26)
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FIG. 4: The best-fit TE spectra for the ΛCDM step model, with WMAP data.
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FIG. 5: The best-fit EE spectra for the ΛCDM step model, with WMAP data.

where PHZ
R is a constant (being the amplitude of a scale-invariant Harrison-Zeldovich primordial spectrum). This is

illustrated in Fig.16 using results from Table IX.
The parameter k1 is negatively correlated with ∆m2 because the higher cosmic variance at low ℓ allows the data to

accommodate more prominent features in the primordial spectrum at smaller k. The likelihood distribution of k1 is
strongly non-Gaussian, as shown in Fig.1. Each distribution has maxima wherever the oscillations in the corresponding
TT spectrum due to the phase transition match the glitches in the WMAP measurements.

B. CHDM ‘bump’ model degeneracies

The CHDM bump model has several parameter degeneracies which are illustrated in Fig.17. There is a positive
correlation between the optical depth and the amplitude of the primordial spectrum on medium and small scales.
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FIG. 6: The best-fit matter power spectra for the ΛCDM step model, with SDSS data.
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FIG. 7: Oscillations in the matter power spectra on very large scales in the ΛCDM step model.

The correlation between τ and P
(1)
R is weaker because reionisation does not damp the TT spectrum on large scales.

Increasing the baryon density increases the height of the first acoustic peak relative to the second one [60], while
increasing ∆m2

2 increases the size of the second step in the primordial spectrum and so boosts the height of the first
peak relative to the other peaks. Thus ωb and ∆m2

2 are negatively correlated since both parameters have the same
effect on the height of the first peak relative to the second [60].

The bump in the primordial spectrum becomes broader when k1 is increased, which increases the height of the
second acoustic peak relative to the third. Reducing the density of CDM has a similar effect on the peak heights,
hence k1 and ωc are positively correlated. The baryon and CDM densities are also positively correlated because
increasing ωb increases the height of the first acoustic peak, while increasing ωc has the opposite effect [60].

The error bars of the WMAP data are smallest in the region of the first acoustic peak, so P
(1)
R is more tightly
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been shifted using eq.(18) to match the same ΛCDM cosmology and enable comparison.
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FIG. 9: The primordial perturbation spectrum for the CHDM bump model with n1 = 12 and n2 = 13, compared to the ΛCDM
power-law model with ns ≃ 0.95.

constrained than P
(0)
R or P

(2)
R , as is apparent from Table XI. Consequently the parameters P

(0)
R and ∆m2

1 satisfy

P
(0)
R = PHZ

R

(
1 − ∆m2

1

)2
, (27)

which is similar to eq.(26).

From the last equality of eq.(15) it is apparent that increasing ∆m2
2 reduces PR

(2), hence these parameters are
anti-correlated, as seen in the final panel of Fig.17.
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FIG. 10: The best-fit TT spectrum for the CHDM bump model, with WMAP data.
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FIG. 11: The best fit TE spectrum for the CHDM bump model, with WMAP data.

VII. CONCLUSIONS

Anisotropies in the CMB and correlations in the large-scale distribution of galaxies reflect the primordial perturba-
tions, presumably from inflation, but convoluted with the a priori unknown effects of their evolution in matter. Thus
the values of the parameters of the assumed cosmological model are necessarily uncertain due to our limited knowledge
of both the dark matter content of the universe, as well as of the nature of the primordial perturbations. Nevertheless,
by combining various lines of evidence, it has been possible to make a strong case for the concordance ΛCDM model,
based on a FRW cosmology [61]. This model appears deceptively simple, but invokes vacuum energy at an unnatural
scale, ρΛ ∼ (10−30MP)4, as the dominant constituent of the universe. There is no satisfactory understanding of this
from fundamental theoretical considerations [62, 63]. It is therefore worth reexamining whether the precision WMAP

data, which has played a key role in the general acceptance of the ΛCDM model, cannot be otherwise interpreted.
In this work we have focussed on the fact that our present understanding of the physics of inflation is rather primitive
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FIG. 12: The best fit EE spectrum for the CHDM bump model, with WMAP data.
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FIG. 13: The best-fit matter power spectra for the CHDM bump model, with SDSS data.

and there is no compelling reason why the generated primordial adiabatic scalar density perturbation should be close
to the scale-invariant Harrison-Zeldovich form, as is usually assumed. This is indeed what is expected in the simplest
toy model of an inflaton field evolving slowly down a suitably flat potential, but attempts to realise this in a physical
theory such as supergravity or string/M-theory are plagued with difficulties. Such considerations strongly suggest
moreover that even if just one scalar field comes to dominate the energy density and drives inflation, the non-trivial
dynamics of other scalar fields in the inflating universe can affect its slow-roll evolution and thus create features in the
primordial spectrum. Indeed there is some indication for such spectral features in the WMAP observations. Whether
they are real rather than systematic effects will be tested further in the WMAP 5-yr analysis and by the forthcoming
Planck mission [64]. It has also been noted that significant non-Gaussianity would be generated when there are sharp
features in the inflaton potential [65]. This can be computed in our model and would constitute an independent test.

We have demonstrated that such spectral features can have a major impact on cosmological parameter estimation,
in that the WMAP data can be fitted without requiring any dark energy, if there happens to be a mild bump
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−0.0083 0.1387+0.0041

−0.0044 0.1387+0.0037
−0.0036

Ωdh2 0.1712+0.0063
−0.0062 0.1715+0.0061

−0.0059 0.1605+0.0030
−0.0031 0.1604+0.0030

−0.0030

Age/GYr 15.01+0.27
−0.27 14.99+0.26

−0.27 15.48+0.14
−0.14 15.48+0.14

−0.14

σ8 0.668+0.093
−0.089 0.648+0.053

−0.054 0.565+0.032
−0.033 0.565+0.029

−0.028

zreion 13.6+3.1
−3.1 13.6+3.0

−3.1 12.7+3.1
−3.1 12.7+3.1

−3.2

h 0.4344+0.0078
−0.0077 0.4348+0.0079

−0.0076 0.4212+0.0037
−0.0038 0.4211+0.0038

−0.0038

∆m2
1 0.07476+0.00070

−0.00071 0.07468+0.00068
−0.00069 0.07459+0.00068

−0.00069 0.07459+0.00068
−0.00070

∆m2
2 0.1510+0.0013

−0.0013 0.1508+0.0012
−0.0013 0.1507+0.0012

−0.0013 0.1507+0.0012
−0.0013

t̃2 − t̃1 1.82+0.16
−0.18 1.89+0.15

−0.19 1.62+0.12
−0.17 1.62+0.11

−0.17

χ2 11247 11265 11297 11315

∆AIC 0 0 28 29

TABLE X: 1σ constraints on the marginalised cosmological parameters for the CHDM bump model, with the changes in the
inflaton mass set by choosing n1 = 12, n2 = 13 (which are still counted as 2 additional free parameters). The 8 parameters in
the upper part of the Table are varied by CosmoMC, while those in the lower part are derived quantities. The χ2 of the fit is
given, as is the Akaike information criterion relative to the power-law ΛCDM model in Table V.

in the primordial spectrum on spatial scales of order the Hubble radius at the last scattering surface. This has
been modelled here using the supergravity-based multiple inflation model [8] with reasonable choices for the model
parameters. Although other possibilities for generating spectral features have been investigated, our framework has
the advantage of being based on effective field theory and thus calculable.

We have also departed from earlier work on parameter estimation in considering possible values of the Hubble
constant well below the HKP value [32] which is usually input as a prior. Moreover the CHDM ‘bump’ model cannot
fit the luminosity distance measurements of SN Ia, since the supernovae are fainter than predicted in a homogeneous
Einstein-de Sitter cosmology. However, it has been noted that deep measurements using physical methods yield a
lower value of h than that measured locally [32, 35] as would be the case if we are located in an underdense void which
is expanding faster than the average [66]. There are ongoing attempts to test whether we are indeed inside such a
‘Hubble bubble’ [67, 68]. This is enormously important since such an inhomogeneous LTB cosmology can in principle
address the failures of our FRW framework, with regard to the SN Ia Hubble diagram and the BAO peak [39].

Moreover we have shown that the observed power spectrum of galaxy clustering can also be accounted for by
modifying the nature of the dark matter, in particular allowing for a significant component due to massive neutrinos.
Whether neutrinos do have the required mass of ∼ 0.5 eV will be definitively tested in the forthcoming KATRIN
experiment [69]. The position of the baryon peak seen in the galaxy correlation function may also be matched in the
LTB framework, with a low global Hubble constant [39].

Regardless of whether this model is the right description of the physical universe, we wish to emphasise that it
provides a good fit to the WMAP data. Thus for progress to be made in pinning down the cosmological parameters
and extending our understanding of inflation using precision CMB data, it is clearly necessary for a broader analysis
framework to be adopted than has been the practice so far.
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WMAP +SDSS +LRG +SDSS+LRG

Ωbh2 0.0173+0.0013
−0.0013 0.0175+0.0012

−0.0012 0.01724+0.00098
−0.00097 0.01739+0.00098

−0.00099

θ 1.0364+0.0061
−0.0062 1.0374+0.0056

−0.0056 1.0314+0.0053
−0.0052 1.0319+0.0052

−0.0052

τ 0.075+0.012
−0.012 0.075+0.012

−0.012 0.071+0.012
−0.012 0.073+0.012

−0.012

fν 0.088+0.016
−0.025 0.094+0.015

−0.014 0.1349+0.0088
−0.0085 0.1354+0.0073

−0.0070

104k1/Mpc−1 88+17
−15 85+14

−13 83+11
−16 80+12

−13

104k2/Mpc−1 586+36
−90 585+36

−82 385+28
−27 386+27

−27

ln
(
1010

P
(0)
R

)
3.285+0.059

−0.057 3.287+0.058
−0.057 3.289+0.061

−0.060 3.290+0.061
−0.059

ln
(
1010

P
(1)
R

)
3.435+0.050

−0.050 3.429+0.048
−0.049 3.418+0.047

−0.048 3.421+0.049
−0.049

ln
(
1010

P
(2)
R

)
3.088+0.073

−0.067 3.091+0.071
−0.067 3.132+0.056

−0.056 3.140+0.057
−0.058

bLRG 2.97+0.16
−0.16 2.96+0.16

−0.16

Ωch
2 0.157+0.014

−0.014 0.156+0.011
−0.011 0.1404+0.0054

−0.0055 0.1407+0.0049
−0.0050

Ωdh2 0.1723+0.0090
−0.0090 0.1724+0.0079

−0.0077 0.1622+0.0051
−0.0050 0.1628+0.0050

−0.0050

Age/GYr 14.98+0.40
−0.40 14.97+0.35

−0.35 15.39+0.25
−0.25 15.36+0.25

−0.25

σ8 0.678+0.097
−0.099 0.662+0.063

−0.064 0.572+0.035
−0.036 0.574+0.031

−0.031

zreion 13.2+3.2
−3.3 13.2+3.2

−3.2 12.5+3.1
−3.1 12.8+3.1

−3.2

h 0.435+0.012
−0.012 0.436+0.010

−0.010 0.4236+0.0070
−0.0068 0.4244+0.0068

−0.0068

∆m1 0.072+0.021
−0.022 0.068+0.023

−0.023 0.062+0.024
−0.025 0.064+0.023

−0.024

∆m2 0.176+0.025
−0.030 0.172+0.023

−0.028 0.145+0.018
−0.018 0.141+0.018

−0.018

t̃2 − t̃1 1.91+0.23
−0.28 1.93+0.21

−0.24 1.61+0.15
−0.21 1.63+0.13

−0.21

χ2 11247 11265 11296 11315

∆AIC 0 0 27 29

TABLE XI: 1σ constraints on the marginalised cosmological parameters for the CHDM bump model, with the changes in the
inflaton mass allowed to vary freely. The 10 parameters in the upper part of the Table are varied by CosmoMC, while those in
the lower part are derived quantities. The χ2 of the fit is given, as is the Akaike information criterion relative to the power-law
ΛCDM model in Table V.
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APPENDIX A: ADAPTIVE SAMPLING ALGORITHM

For plotting or interpolating a function y = f(x) over an interval (xmin, xmax) it is useful to have an algorithm that
generates a set of points {xi, f (xi)}, where xi+1 > xi, such that the density of the samples xi in the abscissa increases
with d2f/dx2. One such algorithm is listed here. It works by ensuring that the value of the function at the mid-point
of each interval (xi, xi+2) is within some tolerance ε of the value there linearly interpolated from the end-points of
the interval.

1. Form two lists {x1, x2, . . . , xN} and {y1, y2, . . . , yN} where the x′is are equally spaced,

xi = xmin +

(
i− 1

N − 1

)
xmax, i = 1, 2, . . . , N, (A1)

and yi = f (xi).

2. Start with the first interval (x1, x2).

3. For the interval (xi, xi+1) under consideration calculate xm ≡ (xi + xi+1) /2 and ym ≡ f(xm). Insert xm
between xi and xi+1 in the list of x values and ym between yi and yi+1 in the list of y values.

4. If |ym − (yi + yi+1) /2| > ε repeat step 3 with the new interval (xi, xm).
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FIG. 14: 1-dimensional likelihood distributions of the marginalised cosmological parameters for the CHDM bump model using
the WMAP, SDSS and LRG data.

5. Otherwise repeat step 3 with the next interval (xi+1, xi+2), unless xi+1 = xmax, in which case finish.

This algorithm requires a minimum number of function evaluations and none are wasted. In our work we set x = ln k̃
and achieve satisfactory results with N = 20 and ε = 10−12, as illustrated in Fig.18.

APPENDIX B: MCMC LIKELIHOOD ANALYSIS

We use the Monte Carlo Markov Chain (MCMC) approach to cosmological parameter estimation. It is a method
for drawing samples from the posterior distribution P (̟|data) of the parameters ̟, given the data. According to
Bayes’ theorem, the posterior distribution is given by:

P (̟|data) =
L (data|̟)P (̟)∫
L (data|̟)P (̟) d̟

, (B1)

where L (data|̟) is the likelihood of the parameters and P (̟) is their prior distribution. We use flat priors on all
the parameters listed in Table I. With the advent of massively parallel supercomputers which can run several chains
simultaneously MCMC has become the standard tool for model fitting. At best, the number of likelihood evaluations
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FIG. 16: The degeneracy between the large-scale amplitude of the primordial spectrum and the fractional change in the inflaton
mass according to eq.(25), with the ‘data’ points taken from Table IX.

required increases linearly with the number of parameters, n. This is much slower than traditional grid based methods
which need mn evaluations where m is the number of grid points in each parameter.

We use a modified version of the CosmoMC software package [70].5 CosmoMC contains an implementation of the
Metropolis-Hastings algorithm for generating Markov chains, which runs as follows: let the vector ̟

(i) be the current
location of the chain in parameter space. A candidate ˜̟ for the next step in the chain is chosen from some proposal

distribution q
(
˜̟
∣∣∣̟(i)

)
. The proposed location ˜̟ may differ from ̟

(i) by either some or all of the parameter values.

5 http://cosmologist.info/cosmomc/
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FIG. 17: Degeneracies between the marginalised cosmological parameters for the CHDM bump model.

Then ̟
(i+1) = ˜̟ with probability

α
(
˜̟
∣∣∣̟(i)

)
= min


1,

q
(
̟

(i)
∣∣∣˜̟
)

q
(
˜̟
∣∣∣̟(i)

)
L
(
data

∣∣∣˜̟
)

L
(
data|̟(i)

)


 , (B2)

and the step is said to be ‘accepted’, otherwise ̟
(i+1) = ̟

(i) and the step is ‘rejected’. A chain that is built up

from many such steps will be Markovian as the proposal distribution q
(
˜̟
∣∣∣̟(i)

)
is a function of ̟

(i) only and not
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FIG. 18: An example result from our adaptive sampling algorithm which samples the power spectrum more finely where the
curvature is higher.

earlier steps. When q
(
˜̟
∣∣∣̟(i)

)
= q

(
˜̟− ̟

(i)
)
, as in the case of CosmoMC, the chain executes a random walk in

parameter space, apart from the rejected steps. Since α satisfies the reversibility condition,

L
(
̟

(i)
)
q
(
̟

(i)
∣∣∣˜̟
)
α
(

̟
(i)
∣∣∣˜̟
)

= L (˜̟) q
(
˜̟
∣∣∣̟(i)

)
α
(
˜̟
∣∣∣̟(i)

)
, (B3)

It can be shown by construction that L (̟) will be the equilibrium distribution of the chain in nearly all practical
situations. Thus when equilibrium is reached the chain represents a random walk where proportionally more time
is spent in regions of higher likelihood. This occurs after a transient period known as the ‘burn in’ where the steps
are highly correlated with the starting point (and are usually discarded). Once the chain is equilibrated, it must run
long enough to explore all of the relevent parameter space after which the chain is said to be ‘mixed’. A chain which
moves rapidly through parameter space so that this happens quickly is said to have ‘good mixing’. Shot noise in the
statistics inferred from the chain is also reduced by running longer.

When the statistics accurately reflect the posterior distribution and the chain can be used reliably for parameter
estimation, it is said to have ‘converged’. In practice, convergence is often taken to have occurred when the results
derived from a chain are independent of its starting point. Many methods of diagnosing convergence have been
proposed. CosmoMC uses one recommended in ref.[71] which involves running several chains with widely dispersed
starting points. (For a different technique used in the context of cosmological parameter estimation see ref.[72].) A
comparison is made between the within-chain variance of the chains, which is the mean of the variance of each of the
chains, and the between-chain variance, which is equal to the length of the chains multiplied by the variance of the
means of the chains (in the case where all chains have the same length). The idea is that they should be the same
after convergence, as all the chains exhibit the same behaviour and the dependence on the starting position has been
lost. Ref.[71] present a quantity R containing the ratio of the within-chain and the between-chain variances such that
at convergence R ≃ 1. In our work we assume convergence to have occurred when R = 1.02.

The speed with which a chain converges is strongly dependent on the proposal distribution. If too many large steps
are proposed, the acceptance rate will be low as most steps will be away from the region of high likelihood, and the
chain will be stationary for long periods of time. If too many small steps are proposed, most will be accepted but the
chain will move slowly through parameter space. In either case the chains will mix slowly and the steps will be highly
correlated. We use the results of preliminary MCMC runs to fine-tune the width of the proposal distribution before
proceeding with the final run.

Cosmological parameters in CosmoMC are divided into two classes: ‘fast’ and ‘slow’. Slow parameters are those
upon which the transfer function is dependent. All others are fast parameters, including those which govern the
primordial power spectrum or correspond to calibration uncertainties in the data. Steps in which any of the slow
parameters change take a relatively long time to compute, because the complicated Einstein-Boltzmann equations
for the transfer function must be solved. Once the transfer function is known however, steps in which only the fast
parameters change can be taken quickly as CAMB uses linear perturbation theory. Although the calculation of the
primordial power spectrum takes longer than usual in our modified version of CAMB, a fast step is still quicker than
a slow one, and we retain the fast and slow division of parameters. CosmoMC exploits this split by alternately taking
fast and slow steps, which allows a more rapid exploration of the parameter space than slow steps alone.
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In the absence of a covariance matrix for the parameters, CosmoMC chooses at random a basis in the slow parameter
subspace. It then proposes in turn a step in the direction of each basis vector with every subsequent slow step. Once
all the basis vectors have been used in this way, CosmoMC chooses a new random set and repeats the cycle. The
length of the step is determined by the proposal distribution, which in CosmoMC is based upon a two dimensional
radial Gaussian function mixed with an exponential. Fast steps are taken in a similar way, by cycling through random
basis vectors in the fast subspace. This is done to reduce the risk of the chain doubling back on itself.

When a covariance matrix is available, CosmoMC takes slow steps by cycling through random bases in the nslow
dimensional subspace spanned by the nslow largest eigenvectors of the covariance matrix. In this way fast parameters
that are correlated with slow ones are also changed during a slow step, in the direction of the degeneracies, which
increases the mobility of the chain. Fast steps are just made in the fast subspace as before, and together the fast and
slow steps can traverse the whole parameter space.

Given N samples ̟
(i) drawn from P (̟| data) the best estimate for the distribution is formally

PN (̟| data) =
1

N

N∑

i=1

δ
(
̟ − ̟

(i)
)
. (B4)

However, rather than studying the full function P (̟| data) it is often easier to interpret marginalised probability
distributions obtained by integrating over a subset of the cosmological parameters,

P (̟1, ̟2, . . . , ̟m| data) ≡
∫
P (̟1, ̟2, . . . , ̟n| data)

n∏

i=m+1

d̟i. (B5)

From eq.(B4) the probability given the data that a parameter lies in a particular interval is proportional to the number
of samples that fall into the interval. Thus the marginalised probability distributions can be found using histograms
of the samples. For 1-D marginalised probability distributions confidence intervals are frequently quoted such that a
fraction 1 − α of the samples fall within the interval, while α/2 lie higher and α/2 lie lower.

The expectation value of a parameter given the data is

〈̟a| data〉 =

∫
̟aP (̟a| data)d̟a. (B6)

Using eqs.(B4) and (B5) it is approximated by

〈̟a| data〉N =
1

N

N∑

i=1

̟(i)
a . (B7)
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