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Abstract

We analyze stability of conservative solutions of the Cauchy problem on the line for the Camassa—
Holm (CH) equation. Generically, the solutions of the CH equation develop singularities with steep
gradients while preserving continuity of the solution itself. In order to obtain uniqueness, one is
required to augment the equation itself by a measure that represents the associated energy, and the
breakdown of the solution is associated with a complicated interplay where the measure becomes
singular. The main result in this paper is the construction of a Lipschitz metric that compares two
solutions of the CH equation with the respective initial data. The Lipschitz metric is based on the
use of the Wasserstein metric.

2010 Mathematics Subject Classification: 35Q53, 35B35 (primary); 35B60 (secondary)

1. Introduction

We study the Cauchy problem for weak conservative solutions of the Camassa—
Holm (CH) equation, which reads as

u, +uu, + p, =0, (1.1a)
e+ (up)y = (' = 2pu);, (1.1b)
where p(z, x) is given by
1 1
pt,x)=— / e, y)dy + - / e Mdu, y), (1.2)
4 Jr 4 Jr
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with initial data (u, u)|,—9 = (uo, o). In this case, the natural solution space
consists of all pairs (u, ) such that

M(l, ) € Hl(R)ﬁ M(tv ) € M+(R)a and d/’Lac = (M2 + Mi) d-xa

where M, (R) denotes the set of all positive and finite Radon measures on R. Our
main goal is to prove the existence of a metric d such that

d((u (1), i (1)), (ua(t), 2 (1)) < a@®d((ui0, t1,0), (U2,0, L2,0)),

for two weak conservative solutions (u;(t), u;(¢t)) j = 1,2 of (1.1) with initial
data (u;0, ;o) j = 1, 2. Here a(t) depends on the total energy of the solutions
and x(0) = 1.

The CH equation has been introduced in the seminal paper [10]; see also [11].
Originally derived in the context of models for shallow water (see also [27, 58]),
it also turns up in models for hyperelastic rods [24, 28, 55]. Since it captures the
nonlinear effects that give insight into important phenomena such as breaking
waves and breaking rods, the CH equation has been intensively studied. The
intricate behavior of solutions of the Cauchy problem will be the focus of this
paper. We will not discuss further properties of the CH equation, for example,
the fact that the equation is completely integrable and allows for a geometric
interpretation. With the latter, we mean that the CH equation is a re-expression of
a geodesic flow on the diffeomorphism group of the line or the circle [26, 31, 60].
Several extensions and generalizations exist, but we will focus on (1.1).

The intriguing aspect of solutions to the Cauchy problem is the generic
development of singularities in finite time, irrespective of the smoothness of
the initial data. A solution may develop steep gradients, but in contrast to, say,
hyperbolic conservation laws, the solution itself remains continuous. A finer
analysis reveals that the energy density u? + u? develops singularities, and at
breakdown, which is often referred to as wave breaking, energy concentrates
on sets of measure zero. Thus it becomes useful to introduce a measure, here
denoted by pu, that encodes the energy, and away from breakdowns this measure
should coincide with the energy density u* + u2. In technical terms, we consider
a nonnegative Radon measure ¢ with an absolutely continuous part d t,. = (u” +
u*)dx. This measure yu satisfies equation (1.1b) (and as can easily be verified,
w = u® + u? will satisfy the same equation in the case of smooth solutions). An
illustrating example of how intricate the structure of the points of wave breaking
may be can be found in [40]. The behavior in the proximity of the point of wave
breaking, and, in particular, the prolongation of the solution past wave breaking,
has been extensively studied. See, for example, [6, 7, 21, 22, 25, 32, 33, 39, 43—
54, 56, 57] and references therein. The key point here is that past wave breaking
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Metric for CH equation 3

uniqueness fails, and there is a continuum of distinct solutions [47], with two
extreme cases called dissipative and conservation solutions. To understand this
conundrum, it turns out to be advantageous to rewrite the equation in a different
set of variables where the solution remains smooth.

The explicit peakon—antipeakon solution [41], which illustrates this problem, is

given by
—a(r)e, x < —y (@),
u(t,x) =41 B@)sinh(x), —y@) <x <y(), (1.3)
a(t)e™, y() < x,
where
o(t) = E sinh(£t> B() = E; y(t) = ln<cosh<£t)>
2 2 ) sinh(%t)’ 2 ’
where E = ||u(t)|| g for all £ # 0. This function is a weak conservative solution

which consists of a ‘peak’ moving to the right and an ‘antipeak’ moving to the
left; see Figure B.3. At ¢t = 0 the ‘peak’ and ‘antipeak’ collide, and the solution
vanishes, yet the solution is highly nontrivial before and after the collision time.
Clearly the trivial solution will coincide with this solution at t = 0, yet the trivial
solution and (1.3) are very different at any other time. Thus it is not clear how to
derive a metric comparing two solutions, that is stable under the time evolution.
This is the task of the present work.
To be more precise, we are here presenting a metric d with the property that

d((uy(t), pa (1)), (uz(1), 12(1))) < a(®)d (0, t10), (2,0, H2,0)),

for two weak conservative solutions (u;(t), i;(¢)), j = 1,2, of (1.1) with initial
data (0, it;0), j =1, 2. Here a(¢) is a continuous function with «(0) = 1, which
may depend on the total energies involved, but not on the particular solutions. We
stress that no standard Sobolev norm nor Lebesgue space norm will work. There
exist alternative metrics for solutions of the CH equation; see [8, 42, 43]. In [8]
the periodic case is treated by approximating the solution by multipeakons. The
metric is defined by optimizing over a class of functions. The approach in [42, 43]
depends on a reformulation of the CH equation in terms of Lagrangian variables.
An intrinsic problem in this formulation is that of relabeling, where there will be
many different parametrizations in Lagrangian coordinates, corresponding to one
and the same solution (u(¢), n(¢)) in Eulerian variables. Thus one has to compute
the distance between equivalence classes, which is not transparent. In the present
approach, the key idea is to introduce a new set of variables, where one variable
plays a role similar to a characteristic, while the remaining variables are linked
to (u, n) with the help of the ‘characteristic’. As we will outline next, there is no
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need to resort to equivalence classes or to optimize over classes of functions, and
in spite of this proof being longer, we consider this approach to be more natural.

Our approach is based on the fact that a natural metric for measuring distances
between Radon measures (with the same total mass) is given through the
Wasserstein (or Monge—Kantorovich) distance dy, which in one dimension is
defined with the help of pseudoinverses; see [67]. Given a nonnegative measure
w of finite mass M > 0, we define the cumulative distribution function associated
to u as

F(x) = /L((_Oo,x)),

which is a nondecreasing function from R onto [0, M], left continuous and with
limit from the right at any point x € R. The pseudoinverse associated to 1 denoted
by X is the function from [0, M] onto R given by

X (n) = sup{x | F(x) < n}

The pseudoinverse of F is a nondecreasing function from [0, M] onto R, left
continuous and with limit from the right (caglad) at any point x € R. Notice
the different convention adopted here with respect to the usual one in probability
theory defining cumulative distribution functions continuous from the right and
with limits from the left (cadlag) at every point. We prefer to have caglad instead
of cadlag functions due to the use of the methods from [54] developed under the
present convention. Wasserstein distances between nonnegative measures with the
same mass can be defined via L”-norms of the difference between their associated
pseudoinverses; see [19, 20, 61, 67] and the references therein.

The approach of using Wasserstein distances to control the expansion of
solutions of evolutionary PDEs leading to curves of probability measures goes
back to the proofs of the mean-field limit of McKean—Vlasov and Vlasov
equations in the late seventies and eighties of the last century. We refer to the
classical references [5, 29, 63—65] proving these large particle limits by means
of the bounded Lipschitz distance and the coupling method. See the recent
results and surveys in [3, 12, 13, 35, 36]. The optimal transport viewpoint
for one-dimensional models was developed using pseudoinverse distributions
for nonlinear aggregation and diffusion equations in [15, 19, 20, 61, 66] and
the references therein, showing the contractivity of the Wasserstein distance
in one dimension without the heavy machinery of optimal transport developed
for general gradient flows in [1]. More recently, these metrics have been used
with success to show uniqueness past the blow-up time for multidimensional
aggregation equations [14] using gradient flow solutions. It is also interesting to
point out that gradient flow solutions of the aggregation equation in one dimension
with particular potentials are equivalent to entropy solutions of the Burgers
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Metric for CH equation 5

equation as proven in [4]. Another strategy using unbalanced optimal transport
tools has been recently analyzed in [34] with the objective of understanding the
relation between the incompressible Euler equations and the CH equations.

Finally, it is worth mentioning that there have been several works [2, 17, 18, 30,
37, 38, 59, 62, 68] making use of this change of variables to produce numerical
schemes capable of going over blow-up of solutions to nonlinear aggregations and
being able to capture the blow-up of solutions of aggregation—diffusion models in
one dimension such as toy versions of the Keller—Segel model for chemotaxis. It
is a nice avenue of research to use this approach to produce numerical schemes for
conservative solutions of the CH equation; see [23] for related particle methods.

In the present work, we will adapt this strategy of defining suitable distances
between measures to the present problem of finding good metrics for solutions of
the CH equation. Let (u(¢, -), (¢, -)) be a weak conservative solution to the CH
equation with total energy (¢, R) = C > 0 (which for simplicity here is assumed
to be smooth). Let

X

F(t,x) = p(t, (=00, x)) = / du(r)

—00

due to the smoothness, and introduce the basic quantity
Gt.v) = [ @p=ue ) dy+ Ft0) = 2p.(0.) + 2 (1.0,

The key function here is the (spatial) inverse of the strictly increasing function G
for fixed time ¢. To that end, we define

Y(t,m) =sup{x | G(r,x) < n}.

Formally we have that G (¢, ) (¢, n)) = nforalln € (0,2C) and Y(¢, G(t, x)) = x
for all x € R. Here it is important to note that the domain of ) depends on the
total energy C. Next, we want to determine the time evolution of ). Direct formal
calculations yield that

Vi(t,G(t,x)) + V,(t, G(t,x))G,(t,x) =0, (1.4a)
V,(t, G(t,x)G,(t,x) = 1. (1.4b)

Thus we need to compute the time evolution of G(¢, x) before being able
to compute the time evolution of Y(¢,n). To that end, we find, after some
computations, that

G,(t,x)+uG,(t,x) = §u3(t, x) + S(t, x), (1.5)
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where )
S, x) = / €|xy|(§l/t3 — Uy Py — 2pu> (t,y)dy. (1.6)
R
Introducing n = G(t, x), S(t, n) = S(t, Y(t, 1)), and
UL, n) = ut, YV, n), (L.7)

we find by combining (1.4) and (1.5) that
Vit,n) + GU + 8. Y, t.n) =U, ),

where we used that ) (¢, G(¢, x)) = x for all x € R. As far as the time evolution
of U(t, n) is concerned, we find

U, ) = =0, n) — U + Uy, ),

where we introduced Q(¢, n) = p. (¢, YV (¢, n)). Thus, formally we end up with the
system

Ve, n) + GU + 8V, 1. m) =U(t, ),

However, this system is not closed, and we need to introduce the function
P, m) = p(, Y, n), (1.8)
and determine its time evolution. We find, after some computations, that
P.(t,m) + GU + S)P, (1, n) = QU n) + Rz, ),

where

1 [ 2
Rit,n) = ; / sign(n — 0)e” 1YY (5613% +u) (t,6)do
0

1

2C
_ 5/ e*\y(fvﬂ)*y(tﬂ)lugyn(t’9) d4o.
0

To summarize, we have established the following system of differential equations

yt(ta 77)+(%u3+5)yn(ta77) :u(tv 77), (193)
Pi(t,n) + GU + S)P, (1, n) = QU n) + R, ), (1.9¢)
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Metric for CH equation 7

where

2C
ot n) = _4-11 f sign(n — 0)e” YYD QU — P)Y,(1,0) + 1) db,
0
(1.10a)

2C
S(t,n) = f e‘y<’v">—3’“~9>'<§u3y,7 —U,Q — 2732/{3/,])(1, 6)de, (1.10b)
0

I 2
Rit,m) = 7 / sign(n — §)e” YNV EO (gbﬁyﬂ + u> (t,0)do
0

1 2C
- 5/ e YEn=YEY QY (1,0) db. (1.10c)
0

Derived under assumptions of smoothness of the functions involved, the same
system is valid also in the general case of weak conservation solutions. However,
that requires considerable analysis, and Section 3 is devoted to that. The next step
is to estimate the time evolution of these quantities (), U, P). It turns out that
the natural functional space is the space of square integrable functions for the
unknowns (), U, P'/?). For this reason, we prefer to work with 7P!/2 rather than
‘P. Section 3 focuses on the first qualitative properties of the time evolution of the
solutions of (1.9) for weak conservative solutions of the CH equation (1.1) as well
as the propagation in time of the L2-norm of the unknowns.

The main aim of our work is to identify the right distance between two general
conservative solutions of the CH equation (1.1), or equivalently, between two
general L? solutions (), U, P'/?) of system (1.9) with possibly different energies.
In order to compare solutions with different energies, we need to rescale the
solutions of (1.9) in such a way that they are defined on the same interval. Since
the natural functional space for our unknowns (), U, P'/?) was identified as the
L*-functional space, it seems natural to do a scaling conserving the L>-norms of
the unknowns (), U, P'/?), but leading to the domain being independent of the
total energy C.

Let us define the scaled unknowns (37, U , PpU %) associated to a conservative
solution (u(t), w(t)) with energy C = u(z, R) of the CH equation (1.1) as J(¢,
n) = v2C Y(t, 2Cn), U(t, ) = V2CU(t, 2Cn), and P'2(t, ) = v2C P (¢,
2Cn), where (), U, P'/?) is the solution of (1.9). This scaling allows also for the
zero solution to (1.1) to be included in our considerations, as outlined in Section 4.
A similar system to (1.9) can be written for (), I, P'/?), but this is postponed to
Section 4. With this new set of unknowns in place, we can now define a metric to
compare two general conservative solutions (u;, i;), i = 1,2, of (1.1) with total
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energy C; = u; (R). We define it as

d((uy, w), (a, j12)) = |V — 5)2||L2<[0,1J) + 11U, —Z/?2||L2([0,1J)
+ ||7511/2 - 7521/2||L2([0,1]) + V2C — /2C,|.

Our main result reads as follows.

THEOREM 1.1. Consider initial data u;y € H'(R), u;o € M, (R) such that
d(pac)io = (u? + uix) dx and C; = u;(R), and let (u;, u;) fori = 1,2 denote
the corresponding weak conservative solutions of the CH equation (1.1). Then we
have that

d((ui (1), 11 (1)), Wa(t), a(1))) < eCD'd((u10, p10)s (2.0, R20)),

where O(1) denotes a constant depending only on max;(C;) remaining bounded
as max;(C;) — 0.

The main core of this work lies in estimating the Lipschitz property of the
right-hand side of the equivalent system to (1.9) in the L2-sense for the unknowns
(57, U , 2 2). This is much easier in case we compare to the zero solution as
it coincides with the propagation of the L2-norms of the unknowns. Due to
the intricate nonlinearities of the right-hand sides of (1.9), this leads in the
general case to long detailed technical estimates that are displayed in full in
Subsections 5.1, 5.2, and 5.3. In the case of peakon—antipeakon solutions, as
solution (1.3) is denoted, all quantities described in this paper can be computed
explicitly. The details are to be found in Appendix B.

A notational comment is in order. We decided to denote by O(1) constants
depending on max;(C;) that may change from line to line along the proofs, but
remain bounded as max;(C;) — 0. Explicit tracking of the constants could be
possible but it is highly cumbersome and avoided for the sake of the reader.

2. Formal ideas: transformations with smoothness

Let us start by explaining all the mathematical details for the transformation
in the case of smooth solutions as outlined in the introduction. Let (u(z, ),
wu(t, -)) be a weak conservative solution to the CH equation with total energy
u(t, R) = C > 0. We assume that F (¢, x), given by

F(t,x) = / du(), Q2.1

oo
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is increasing and smooth, and, in particular, that u = p,. = (1 + ui) dx forall ¢.
Introduce the function

G(t,x) = / Qp —u®)(t,y)dy + F(t,x)

[e¢]

= sz(t7x) +2F(t7-x)7

where we used integration by parts and (1.2). First of all, note that the function
G(t, x) satisfies

Iim G(x) =0 and lim G(x) =2C,
since |p,(t,x)] < p(t,x) and p is an H' function on the line due to (1.2).
Moreover, the function (2p — u?)(¢, x) > 0 for all (¢, x) € R? as the following
computation shows,

Q2p —u?)(t, x) = %/ e P + F) (@, y)dy — ul(t, x)
R

1 [ 1 [
-1 / R, ) dy + 5 / e, y) dy

1
+ —/e'xy'Fx(t,y)dy—uz(t,x)
2 Jr

! *(t, x) 1/x uu(t, y)d
= —u-(t,x) — = e 2uu,(t,
) 2/ . y)ay

1 1 [
+ Euz(t,X) + 5/ e 2uu(t,y)dy

|
3 / e " NF(t, y)dy — u?(t, x)
2 Jr

1
> / e E( y) — 2Juuy| (1, y)) dy
R

1
=3 / et V] = un DD dy 2 0. (22)
R

Thus the function G(, x) is nondecreasing and, in our case, since the function
F (¢, x) is smooth, also G (¢, x) is smooth.

REMARK 2.1. Estimate (2.2), that is, 2p — u? > 0, remains valid also in the case
where the functions are nonsmooth.

Last but not least, we want to make sure that G (¢, x) is strictly increasing, so
that its pseudoinverse will have no jumps. F (¢, x) is constant if and only if du,
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u, and u, are equal to zero. Therefore assume that there exists (for fixed ¢) some
interval [b, c] such that du (¢, x) = u(t, x) = u,(t, x) = Oforall x € [b, c]. Then
the only term that can save us is p(¢, x), which in general satisfies p(z, x) > 0 for
all (¢, x) € R%. However, whenever 1(f, R) # 0, one has by its definition in (1.2)
that p(¢, x) > 0 and the claim follows.

Thus the function G (¢, x) is strictly increasing and continuous, and we can
consider its pseudoinverse ): [0, 2C] — R, which in this case coincides with its
inverse and which is given by

Y(t,n) =sup{x | G(r,x) < n}. (2.3)

Since G (¢, x) is strictly increasing and continuous, we have that G (¢, (¢, n)) = n
for all n € (0,2C) and Y(¢, G(t, x)) = x for all x € R. By the smoothness
assumption on F', direct calculations yield that
yt(tsG(tv-x))—i_yﬂ(t? G(tvx))Gt(tsx) :O7 (24a)
Vo(t, G, x)G. (2, x) = 1. (2.4b)
Thus we need to compute the time evolution of G(¢, x) before being able to
compute the time evolution of )(¢, n). The following calculations are only valid
in the case of smooth solutions, but we will show in the next section how to
overcome this issue for weak conservative solutions. Since e ™1 /2 is the integral
kernel of (—d? + 1)~!, we observe from (1.2) that p is the solution to
P_Pxe%uz‘i‘%M

and hence

Pt — Puxx = Uty + %Fxr
= _uzux —Upx — %(qu)x + %(MS)JC - (P”)x
= é(u3)x — (pu); — %(ME’C)X — UDx,

where we used the abbreviation . = F,. Thus we end up with

1 1 1
pi(t, x) = ——/ sign(x — y)e "N —u’ — pu— —uF, |(r,y)dy
2 s 6 2

1
- —/e""‘y'upx(t,y)dy-
2 Jr

Similar calculations yield that

1, 1 1 (25
Pu(t, x) = —gH + pu + EMF" + 5| JU T UaPx 2pu | (t, y)dy.
R
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Thus we get for the time evolution of G (¢, x) that
G(t,x) +uG,(t, x) = 3u’(t, x) + S(, x), (2.5)
where
S(t,x) = /};e"x"" <§u3 —UyPy — ZpM) (t,y)dy.
Combining (2.4) and (2.5), we end up with
Vit, G(t,x)) + Gu'(t,x) + S, )V, (1, G(t, x)) = u(t, x).

Introducing n = G (¢, x), we deduce

Vit ) + Gu’ + 8. Y, )Y, ¢, n) = u, Y(t, n)),

where we used that ) (¢, G(¢, x)) = x for all x € R. As far as the time evolution
of

U@, n) =u, Y(t,n) (2.6)

is concerned, we have

U, m) = u (8, YV, m) +u (e, YV, )i, n)
= u, (1, Y(t, ) 4 un (1, Y(t, 7)) — Gu’ + S, (¢, Y&, M)V, (t, 1)
= —p(t, V(. 1) — Gu’ + S)u, (¢, V(. n)V, (¢, 1)
=—09(t,n) — GU + U, (1, n),

where we introduced Q(t, n) = p.(¢t, Y(t,n)) and S(¢, n) = S, Y(¢, n)). Thus,
formally we end up with the system

Vit,n) + GU + )Y, (t.m) = U, ), (2.7a)

where O(¢, n) and S(¢, ) can be written as

Q(t, n)
- _411 f sign(V(t, ) — y)e Y NWA (1, y) + Fo(t, y) dy
R

1
=3 / sign(V(t, n) — y)e VPN, y) — p(t, ¥) + G (t, ) dy
R

1 2C
=-1 f sign(n — 0)e YOV QU — P)Y, (1, 0) + 1) db,
0
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J. A. Carrillo, K. Grunert and H. Holden 12

and
2
S(t,n) = / e Yy <§u3 — U, py — 2pu>(t, y)dy
R

2C
= / e YEn=YO) (%zﬁy,, - U,Q - 27>uy,7> (t,0)do,
0

with
P, n) = p, Y, ). (2.8)

It is then natural, in order to close system (2.7), that besides the quantities # and
W, p in the new variables must be considered. One main reason is that these three
quantities turn up in the definition of G. We already computed before that

1 1 1
pit, x) = ——/ sign(x — y)e "N —u’ — pu— —uF, )@, y)dy
2 Je 6 2

1
— —/e"”‘y'upx(t,y)dy
2 Jr

1 1 1
=3 /R sign(x — y)e "7 (§u3 + EMGX>([’ y)dy

1
- —/e"x‘y'upx(t,y)dy,
2 Jr

where we used that
G.(t,x) =2p(t, x) — u’(t, x) + F.(t, x).
Thus direct computations yield the additional equation
2
Pl(t7 77) + (52/{3 + S>Pn(t’ 77) = Qu(tv 7)) + R(t’ 77)’
where

1 2
R(t,n) = 2 / sign(V(t, n) — y)e"y(””>‘y<§u3 + qu)(t, y)dy
R

1
_ 5/A6—y(t,rz)—ylupx(t,y) dy
R
1 [* 2
=3 / sign(n — @)Y=V 0 (51,1332,7 +u) (t,0)d6
0
1

2C
_ 5/ e—\y(f,n)—y(lﬁ)lugyn(t’9) do.
0
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Metric for CH equation 13
We summarize the result in the following proposition.
PROPOSITION 2.2. Let (u, u) denote a smooth solution of (1.1). Define Y by

(2.3), U by (2.6), and P by (2.8). Then the following system of differential
equations holds:

Vit,n) + GU + 8V, t.n) =U(t, ), (2.9a)
Ut n) + GU + U (1, n) = =Q(t, 1), (2.9b)
Pit,n) + GU + S)P,(t,n) = QU(t, n) + R(t, n), (2.9¢)

where

2C
0t m = — / Sign(n — 0)e= YYD Q@2 _PYY, (1,0) + 1) do,
0
(2.10a)

2C
S(t,n) = / ey“’")y(’v‘)“(%wy,, —U,Q — 27%13},,)(1, 6)do, (2.10b)
0

1 [ 2
Rit,m) = 4 / sign(n — 6)e YNV O <§u3y,, + u) (t,0)do
0

1 2C
-3 / e V=YY QY (1, 0) db. (2.10c)
0

In the next section we will derive this system of equations also in the general
case without assuming smoothness of the quantities involved; see (3.28).

Let us finish this section by checking some properties of system (2.9), which
will also hold in the case of weak conservative solutions as we will see in the next
section.

The quantity %U 348 is the velocity field of the three equations in (2.9). Instead
of applying a characteristic method to estimate the solutions to this system, we
will perform integration by parts by which the n-derivative of this quantity will
naturally appear.

LEMMA 2.3. Given (u, i) a smooth solution of (1.1), then the solution to (2.9)
satisfies

|GU + 8),1 < O).

Proof. Since G(t, Y(t,n)) = 2p.(t, Y(t,n)) +2F(t, Y(t, n)) = n, we have due
to the smoothness that

G (t, YA, MY, (t,n) = 2p —u* + F) (@, V(t, )V, (t, n) = 1.
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J. A. Carrillo, K. Grunert and H. Holden 14

Since 2p — u?)(t, x) > 0 due to (2.2) and (F, — u?)(¢, x) > 0 due to (2.1), we

have that
27)3)71([5 T]) < (2P - I/l2 + Fx)(t7 y)yr]([9 77) = 17
UY,(t, ) <2PY, (1. n) <1,

20UU(t, n)| = 2luu (t, V)V, (t, )| < @* +u2)(t, V)V, 1)
=F.@t, V)Y,t,n) < 2p—u’>+ F)t, )Y, n) = 1.

We conclude that
PY,(t, n) < % U, (t,m| <3, and U, t,n) < 1. (2.11)

From the fact that the energy is conserved, it follows that u(r) € H'(R) for all
t > 0and

(@, e < V.

Therefore, the term U*U, is bounded by O(1).
Furthermore, S, (¢, n) is bounded. In particular, one can establish that

S,(t,m) < OMPY,(t,n),

which is going to play a key role. Indeed, by definition one has
eyl 2 3
S, x)= [ e ! gu —u,p, —2pu )(t, y)dy,

R

and hence
; i 2,3
S (t,x) =— | sign(x —y)e "7 gu —u,p, —2pu )(t, y)dy.
R

Our aim is to show that
Se(t,x) <O)p(t, x).

First of all, note that we have

i fleylz 3 8 1 —lx=yl, 2
sign(x — y)e " ou(t, y) dy| < Zllult, =@y | e 7w, y)dy
R 3 3 4 Jq

<OMp(t, x).
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Metric for CH equation 15

Moreover,

/ Sign(x — )e (e py + 2pu) (1, ¥) dy
R

1
<3 / e P Qu? + 1 +3pD)(1, y) dy
R

3
< 2p(t,x) + E/e”pz(t,y) dy,
R

since |p.(t, x)| < p(t,x). Thus it remains to show that the last term can be
bounded by a multiple of p(z, x). Our reasoning will be based on integration
by parts and the fact that

p(t,X) = pec(t, x) = JuP(t, x) + S Fe(t, x).

Indeed, first direct computations yield

/e”pz(t,y)dy
R
—Jx—y] 1,1 ==yl
=|e Pl EFX (t,y)dy+ [ e PDxx(t, y)dy
R R
= 1,(t, x) + L(z, x).
Since p(t, x) < 3 [ F:(t, y)dy < C, we have that

1
L, x) < Np Dl 5 / e WP F) (2, y) dy < 2| p(t, )| Loy P (2, X).
R

As far as I, is concerned, we have

/ e pp(t,y)dy

o0

= pp.(t,x) — f e (pp. + pH(t, y)dy

o]

1 2 * y—x 1 2 2
=ppx(t,x)—§p (¢, x) + e3P —p (1, y)dy,

and

/ e pp(t,y)dy
= —ppx(t, x) —/ e (p: — pp)(t, y)dy

1 < 71
= —pp.(t,x) — Epz(t,x) +/ e’“‘y(ip2 - Pi)(t,y)dy-
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J. A. Carrillo, K. Grunert and H. Holden 16

Thus
1
L(t,x) = —p*(t,x) + / e'“(zp2 — pi)(t, y)dy
R

and subsequently
—lx=yl 2 d
e p(t,y)dy
R

(1
<zmm,»hwmpmx>—p%nm41/e“ﬂ(§ﬁ—4§ynwdy
R

<2wm»mwmmm+/
R

!
e (5192 - pf)(t, y)dy.
Reshuffling the terms, we end up with

1 : L P
_/e'“'pz(t,y)dy < —/e P+ D ) dy
2 R 2 R

<2p@E, )@ p, x) < Cp(t, x), (2.12)
showing the desired estimate. O

Next, we show that all properties seen in this section for smooth solutions
remain true for weak conservative solutions to (1.1).

3. Rigorous transformation: weak conservative solutions

To accommodate for the wave breaking of the solutions, it has turned out to
be advantageous to rewrite the CH equation from the original Eulerian variables
into Lagrangian variables; see [6, 54]. We will show that the system of equations
obtained in Proposition 2.2 holds for the weak conservative solutions introduced
in [54]. With this aim in mind let us start by summarizing their approach,
which uses the different adopted convention followed in this work for cumulative
distribution functions to be continuous from the left and with limit from the right
(caglad) at all points x € R. Therefore, both F (¢, -) and G (¢, -) are nondecreasing
and caglad functions.

Given some initial data (ug, o), the corresponding initial data in Lagrangian
coordinates is then given by

y(0,8) = sup{x | x + Fo(x) < &}, (3.1a)
H(0,8) =& —y(0,8), (3.1b)
U(0,8) = u(0, y(0, §)), (3.1c)

Downloaded from https://www.cambridge.org/core. IP address: 94.193.20.89, on 10 Jun 2020 at 07:52:58, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.22


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.22
https://www.cambridge.org/core

Metric for CH equation 17

and (y(t, -),U(t, -), H(t, -)) are the solutions of

yt(t’é) = U(tvé)’ (32&)
U1, §) = —0(,§), (3.2b)
H(t,&) = (U’ —2PU)(t, ), (3.2¢)
where
P, &) = 211 / e POy, + H)(t, 0) do, (3.32)
R

1
0,8 =—7 f sign(§ — 0)e MO CNUy, + H)(t,0)do.  (3.3b)
R
Moreover, the relation between P and Q is given by

Pe(1,8) = Q(1,8)y: (1, §), (3.4a)
Qi (t,8) = (P — Uy (1,8) — 3 He (1, 6). (3.4b)

Introduce the function

& 3
I1(t,&) = / P — U2)yg(t, o)do = / (2Q0: + H:)(t,0)do
=20, §)+H@5),
where we used that

511131 0t, &) =0= 511131 H(t, &),

which follows from the definition of H (¢, £). The relation between H and F is
given by
F(t,y(t,8) < H(t,8) < F(t,y(t,8)+).

Here we have introduced the common notation
d(xt) = 1i1101©(x + €). 3.5
€
Notice that 7 (¢, §) + H(t, §) is the Lagrangian counterpart to the function G (¢, x).

To convince oneself that this is really the case, one should take a quick look back
first. The function G (¢, x) was defined as

G(t,x) = / Q2p —u)(t, y)dy + F(t, x).
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J. A. Carrillo, K. Grunert and H. Holden 18

Thus, whenever F (¢, x) has a jump of height « at a point x, that is, u(¢, {x}) = «,
then also G(t, x) has a jump of height o at x, since the function 2p — u? is
continuous. Furthermore, the point x in Eulerian coordinates is mapped to some
maximal interval [§, &,] in Lagrangian coordinates, on which y:(¢,£) = 0 and
H:(t,&) = 1 for a specific choice of a relabeling function. In fact, H:(¢,§) > 0
for all £ € [&, &.] as proven in [54, Theorem 4.2] and [54, Definition 2.6]. Thus
a close look at Q(¢, &) reveals that Q(¢, &) = Q(t, &) — %f; H:(t,0)do forall
& € [§, & ] and hence

I1(t,8) =20, &)+ H(t,$)
& &
=20(t,&§)— | He(t,0)do + H(t, &)+ | H:(t,0)do
& &

=20, &)+ Ht. &) =1(t,§&).

In short, we have that 1(¢,&) = I1(¢, &) for all £ € [&, & ]. This allows us now
to follow a similar approach as for the Hunter—Saxton (HS) equation in [9, 16].
Therefore introduce

§
J(t,§)=1(t,§)+H(t,§)=/ QP —U?y:(t,0)do + H(t,§), (3.6)

and observe that for all solutions except the zero solution J(z, &) is strictly
increasing and continuous. In more detail, one has for all solutions except the
zero solution that P (¢, §) # Oforall £ € R, since ys + H: > 0 almost everywhere
due to [54, Definition 2.6]. Moreover, if H;(t, £) = 0 for some & one has that
U(t,§) = 0 and ye (1, &) # 0, since y H (1, §) = U2y (1, &) + UZ(t, §) almost
everywhere due to [54, Definition 2.6], and hence the &-derivative of J (¢, §) is
strictly positive at the point .

LEMMA 3.1. Given Y(t,n) = sup{x | G(¢, x) < n}, then

Y. n) =y, 1t n), (3.7)
where we have introduced [(t, -): [0,2C] — R by
[(t,n) =sup{§ | J(t,§) < n}. (3.8)

Proof. For each time t we have
y(@, &) =sup{x [ x + F(t,x) < y(t,8) + H(t,8)},
which implies that

y(t, &) + Ft,y(.8) <y, &) + H(,§) < y,8) + F@, y, §+).
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Metric for CH equation 19

Moreover, one has that G (¢, x) — F(t, x) is continuous, and, in particular,

y(©.8)
G, y(,8) — F(t, y(1,8)) :/ Q2p —u?)(t, y)dy

—00

&
:/ QP — U?y:(t,0)do = I(t, £).

[e.¢]

Thus one has
Y@, 8) + G, y(,8) <y, §)+J(, &) <y, §)+ G,y §)+).
Subtracting y(z, &) in the above inequality, we end up with
G@t,y(t,8) < J(1,8) <Gy, 8)+) forall§ e R.

Comparing the last equation and (3.8), we have

G,y [(t,n) < J(@, 1(t,n) =n< G,y 1[(t,n)+).

Since y(t, -) is surjective and nondecreasing, we end up with

Y, n) =sup{x | G, x) < n} =y, 1 1), (3.9)
thereby proving (3.7). O

In the next step we want to establish rigorously the corresponding system of
differential equations. Hence we first have to establish that the function I(z, n) is
differentiable, both with respect to time and space.

3.1. The differentiability of Q(¢,&). The differentiability of Q(z, &) with
respect to & has been proven in [54] and Q¢ (, &) is given by (3.4b). Thus it is
left to establish the differentiability with respect to time of Q(t, £). To be more
precise, we are going to establish the Lipschitz continuity of Q(¢, &) with respect
to time.

Let us recall that since U(t, -) € H'(R), one has in particular that U(z, -) €
L*>(R). Moreover, direct calculations yield

&
U(t, &) = U*(t, &) — U*(t, —00) =f 2UU;(t,0)do

—00

3
< / H.(t,0)do < H(t, 00) = C, (3.10)

and we end up with

U@, Yle@ < VC forallt € R.
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J. A. Carrillo, K. Grunert and H. Holden 20

Here we used Xavier’s relation from [54] which asserts that

UV, ) + UZ(t,§) = ye He (1, &), 3.11)
and hence
\Ug (2, §)] < /yeHe (1, 6) < 3(ys + He)(1, §), (3.12a)
\Uye(t, §)] < /yeHe(t,6) < 3(ys + He) (1, §), (3.12b)
|UUs(t, )| < SH: (1, §). (3.12¢)

Similar considerations apply for P (¢, £). Indeed one has

1
0< P é) =7 / e POy, + H)(t, 0) do
R

1 1
< —/ZHE(I,O') do = -C. (3.13)
4 Jr 2

Since |Q(t, &)| < P(t, ), we end up with
110G, =@ < 3C, P&, )@ < 3C forallr € R. (3.14)
Direct calculations, using (3.11) and (3.12), yield

—O)(ye(t, &) + He(t,6))
< (e, ) + He (2, 8)),
= Us(t, ) +3U%U:(t, &) —2QUy:(t, E) — 2PU:(t, §)
< OM)(e(t, &) + He (1, 8)),

since U (t, &), P(t,&), and Q(t, &) are uniformly bounded with respect to both
space and time due to (3.10), (3.13), and (3.14). Thus, we have for s < ¢ that

(ve (s, €) + He (s, £))e” 0D
< yé(t, é:) + Hg([, é;-') < (yg(s, g_-) + Hg(s, S))eo“)“ﬂ)

or equivalently

Ve(s, &) + He (s, §))

(y$ (t’ S) + Hg(l‘, f))e_o(l)(l—s) g
< (ye(t, &) + He(t, £))eCV), (3.15)

(
(
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Metric for CH equation 21
Recall that

1 [f ,
Q(1.§) = _Z/ e CIIEO(Uy, + He)(t, 0) do

1 [e¢]
+ 7 f OOy + He)(t, 0) do
3

1 1
= ZQ](t,S)—i_ ZQ2(t"§):)

We are only establishing the Lipschitz continuity with respect to time for Q, (¢, &),
since the argument for Q, (¢, £) follows the same lines. Let ¢ < ¢. Then one has

101(1,8) — 017, 6)

§ . .
< / |e.v(l,<7)fy(t,é) _ ey(t,a)fy(t.é)|(U2yE + Hg)(f, U) do
—00

§ . R N
+ / OO Uy, + Hy) (1, 0) = (UPye + Ho)(F, 0)] do
—00
= 11 + 12.
As far as I; is concerned, we observe, using Lemma A.1(i), that
|2 DEE — @ COED| |y (t,0) — y(E, o)+ |y(t. &) — y({E. £)]
i
< / (U (s, o) +|U(s, &)y ds < O]t — 1],
t

where we used that both ¢*@-?=Y@ & apd ¢>©-9=y¢5 are bounded from above by
one, and that U can be uniformly bounded both with respect to space and time

due to (3.10). Thus we end up with

3 . .
I, = / e )—yBE) e”(””)‘y(t’5)|(U2yg + H:)(t,0)do
—00

&
<OWM)|r -1 / 2H(t,0)do < O]t — 1],
where we used that U?y; < H.
Thus it remains to establish a similar estimate for I,. The idea is to use a similar

strategy combined with (3.12a) and (3.15). We have

£ .
I, = / GO (Ury, + Ho)(t,0) — (U?y: + He)(f,0)|do
—00

£ i h
</ e«V“v")—y“f)/ |4U?Us — 4QUy; — 2PU;|(s,0)ds do
—00 t
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& ;
g/ ey(”")y("é)(’)(l)/ (ye + He)(s,0)ds do
—00 t

§ . A f . .
<O / !t EH / eV (ye + He)(1, 0) ds do

t

& ) i A

< O(l)/ ey(t,a)—y(t,é)(yé + Hg)(l‘, 0)/ eO(l)(t—S) ds do
—00 t

< OM)ePVENE 1| < OM)IF -1,

under the assumption that | —¢| < 1 (or in general bounded). Thus we established
that

101(1,8) — 017, &) <O — 1|

for all pairs ¢, 7, such that |f — ¢| < 1. Furthermore, one has

10(t,8) — Q(F, &) < O)|F —1]

for all pairs ¢, £, such that |f — ¢| < 1. Thus for fixed &, the function Q is locally
Lipschitz with respect to time, and hence differentiable almost everywhere by
Rademacher’s theorem.

A close look at the above argument reveals that we cannot only differentiate
Q(t, &) with respect to time, but also that we can apply the dominated
convergence theorem, which yields

1 d : —|y(.&)—y(t,0)] 2
Qt(f,§)=—1/E(Slgn(§—U)e ’ (Uy: + He)(t,0))do
R

2 3
= —§U (t, &) +2PU, &)

1 2
+ E/ely("é)y("")|<§U3yg —2PUy; — QU§>(t,a)dcr (3.16)
R

after some integrations by parts.
Next we want to show that Q,(¢, &) can be uniformly bounded by a constant
O(1). Observe that (3.10) and (3.13) imply

2
/ e'y“-“”"f)'(gwys —2PUy; - QUys)(t, 0)do
R

< O(l)(/ e”(’"’)y("s”yg(t,a)da) <0@). (3.17)
R

Thus recalling (3.16) and combining (3.10), (3.13), and (3.17), we finally end up
with
10, Hliow < O1) forallt € R. (3.18)
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This completes the argument regarding the differentiability of Q. Notice that a
direct application of the dominated convergence theorem using formula (3.16)
shows that Q, is a continuous function in time, under the assumption that P,
exists and satisfies an estimate similar to (3.18).

Next we focus on the differentiability with respect to time of P. An analogous
argument to the one for Q leads to the differentiability in time of P. Let us show
that the derivative of P with respect to time exists by applying the dominated
convergence theorem to

y P(t,8) — P(s,§)
im ,

s—t r—s

(3.19)

where £ is chosen such that y is differentiable with respect to time. Since

d ,
E(e*\.v(t,ﬁ)*}(tﬁ)l(UZyé + Hg)(l‘, O’))

exists almost everywhere, it is left to show that we can find a function in L'(R),
which bounds the integrand of (3.19) uniformly in s. Therefore observe that we
can write, using (3.2), for s < t, that

P(t’é)_P(S’S)

& t
=%/ /ﬂ””“Wwﬁ%%M£mwk+mmﬁmmg
by [ et tawa e —vaon@y + .o dido
£ s

1 t
+Zf/ e PEOUDIQUPY, — 4U Qy: — 2PU:)(1, o) dldo
R Js
=L +5L+1.

As far as the first term is concerned, observe that (3.15) implies that

‘/ O, 0) — UL ) Uy + He)(l, o) dl

s

!
<Om/awﬂWw%+mmmw

(9(1)6(9(1)It*3\e.v(t,tf)*y(t.é)(yS 4 Hg)(t, O’)|t _ S|

<
< O (ye + He) (1, 0)t — 51,

if we assume that |t — s| < 1 or any other fixed constant. Moreover, the function
in the last line belongs to L!(R). The remaining two terms can be bounded by
a function, which is of the same form and belongs to L'(R) uniformly in s.
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Thus all assumptions of the dominated convergence theorem are fulfilled, and
we end up with

PGLE=U0ME) + /R Sign(E — 0)e O YUy, + Hy)(t, o) do

1
+2 f e PEOCDN QYU — 4U Qy — 2PUL)(1, 0) do
R

=UQ(t,§&)+ lf sign(& — o-)e—b'(t,é)—y(t,rr)l
2 Jr

1
X U(gUzyE + Qs +H§)(t,0')d0'

1

-3 f e POy Qy (1, 0) do, (3.20)
R

where we used integration by parts together with (3.4b) in the last step. Moreover,
we have that

1 (o
[P(t,8)] < [UQ(1,8)| + Z/E'W‘S”(" NUNU?ye + He)(1,0) do
R

1
+ g [ PO GUNU AU Olye + 2PV 0) do
R

1
+ UG s [ P 4 H) o) do
R
1 : :
4y [ PO QU 1 3, + 20y + 3P0 0) do
R

3
<OMP, &)+ Z/e_|~V(t’é)_y("“)szg(t,a)da
R

.
+3 / PO QU (1, ) |2 Uye + 3H +2U%y) (1, 0) do
R

3
<OWPEE +3 [ PO P (1) do
R

< O(l)(P(t, £) + f e NEOCIP2y (1, ) da>
R
due to (3.10). It remains to show that
/ey(”g)"'("”)szs(t, o)dn < O()P(,§).
R
The proof follows the same lines as the one of (2.12) in Eulerian coordinates.
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3.2. The differentiability of /(¢, 5). Finally, we can start thinking about the
differentiability with respect to space and time of /(¢, ). Therefore, recall that the
function /(¢, ) is defined as

[(t,n) =sup{§ e R| J(z, &) <n}.

Differentiability with respect to n: For every t € R, the function J (¢, -) = 2Q
(t, -)+2H(¢, -) is strictly increasing and continuous, and hence differentiable
almost everywhere with respect to &. Its inverse J~'(z, -): [0,2C] — R is
therefore also strictly increasing and continuous, and hence differentiable almost
everywhere. Since we have by definition that J (¢, [(¢, n)) = n for all 5, it follows
immediately that J (¢, [(¢, -)) is Lipschitz continuous with Lipschitz constant one
and hence differentiable almost everywhere with respect to 7. Since

J7Ne, T, 1, n) =1(t,n) foralln,

we can finally conclude that I(z, n) is differentiable almost everywhere with
respect to 7. In particular, one has (cf. (3.6)) that

Je (@, 1t MLy (t,n) = 2PV, (t, n) —U Y, (t,n) + H,(t, ) = 1, (3.21)
with

H(t,n) = H@,I(t,n), P ,n=Paltn),
and U(t,n) =U({,I(t, n)).

These identities follow from equality (3.9) since P(¢, n) = p(¢, Y(¢, n)) and P (¢,
&) = p(t, y(t,§)), and analogously U(t, n) = u(t, Y(¢,n)) and U (¢, §) = u(t,
y(t,8)).

Following the same argument as in the smooth case (see (2.11)), we end up
with

0<2PY,t,n) <1, 2UU,it,n)| <1, and 0 UV, (t,n) < 1. (3.22)

Differentiability with respect to t: As far as the differentiability of /(¢, n) with
respect to time is concerned, the argument is a bit more involved. First of all, note
that for any time ¢t we have J (¢, [(t, n)) = n and hence

J(@,1(t,n) = J(@, I, 1) forallnand?.
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In particular, we can conclude that
J(@, 1t m) = J @, 1@ ) = J@E 1T ) — T, 17, 7)

=/ Jo (s, 1(f, ) ds

= 2/ (Qt(s7l(t~7 77)) + H,(S,l(f, ﬂ)))ds

We already showed that Q, (¢, £) exists and is given by (3.16). However, a close
look reveals that Q,(¢, &) is uniformly bounded both with respect to space and
time and Q, (¢, &) is continuous with respect to space for fixed 7. The same holds
for

H,(1,8) = U(t,6) —2PU (1, §).

Thus we have that

. J@ @) — T, 1T, ) T Qs L(E, ) + Hi(s, 1, m)
m ds

li - =1im?2 =
f—t t—t f—t ' t—1
(3.23)
from a formal point of view. Thus it is left to establish that the limit exists and is

finite.

Since J;(t, &) = 20,(t, &) + 2H,(¢t, &) and both Q, (¢, &) and H,(t, £) can be
bounded uniformly both in space and time by a constant only dependent on the
total energy C, it follows that there exists a constant O(1) such that

[J,(t, &) < O(1) foralltandE.
Thus it follows that for all s € [t — |t — f|, t + |t — ]], we have
J(s,8) € [J(1,6) — Ot — 1], J(t,6) + Ot — 1]].
Accordingly we can conclude, since J (¢, [(t, n)) = n for all n, that
J(s, 1(t, m) € [n — OM)|f — 1], n + OW)|F — 1],
and hence
I(t,n) =1(s,n(s)) for some n(s) € [n—O)|f —t|,n+OM)|f —1t|], (3.24)
and, in particular,
In—n@s)| <Ot —t| foralls e[t —|t—1|,t+ |t —1]].
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Similar considerations yield that for all s € [f — |t — f|,f + |t — £|], we can find
7(s) such that

(&, n) =I(s,7(s)) and [n—7(s)| <Ot —1l.

Let us return to the integral we are actually interested in. Namely,
i i
/ Jt(sv l(f’ n)) ds = 2/ (Qt(s’ l(;9 7])) + Ht(sv l(f’ n)))ds
t t
i
= 2/ (Q:(s, I(t,m) + H,(s,I(t,m))) ds
t

+ 2/ ((Qu(s, Lz, m) + Hi (s, (T, 1))

— (Q:(s, I(t, m)) + H,(s, (2, ) ds
=1, + L.

What we are hoping for is that the second term I, is of order o(|t — 7]), and hence
plays no role when computing (3.23). Therefore observe that

Hi(1,8) = 3UUs(1,€) — 2QUye(t, §) — 2PU: (1, §),
Qe (t,8) = 2U°Ue (1, 6) +2QUy;(1,€) + 2PU: (1, §)

- l/ sign(& —g)e*b'(tf)fy(t,aﬂ
2 R
2 3
X gU yé_szys—QUE (tqo—)ddyé(t’%')‘

Notice that the second derivative Q¢ is well defined by a dominated convergence
argument as before for Q,. Recalling (3.24), we have

i = / T 1) — Ji(s. 12, m)) ds
_2 / (O, 1, 1) + Hy(s, 1G, 1)) — (Qu(s. 1(t, ) + Hi(s. 1(t, )))) ds

i el
=2/ / (Qie +H £)(s,2)dzds
t I(

1,m)
P
) /
t
1

IGR))

/ |:U2U5(s,z)

1(t,m)

_ _/ sign(z _O)e—\_v(s.,z)—y(s.a)\
2 Jr
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2
x (§U3yS —2PUy; — QUg)(s, o)doy: (s, z)i| dzds

I pl(s.di(s)
=2/ / |:U2U§'(S,Z)
t Jls,n(s)
L[
- E '/R 31gn(z — O—)e*\Y(S,Z)*y(s,(r)\

2
X (§U3y5 —2PUy: — QUg)(s, o) doy(s, z):| dzds

T i)
= 2/ / u2u,7(s,m) dmds
t Iy

(s)

i piGs) p2C
_ / / / sign(m _ n)efW(s,rn)fy(s,n)l
t n(s) 0

X (%ny,] -2PUY, — QU,,) (s, n)dnY,(s,m)dmds,

where 1, n(s), and 7(s) satisfy

I(t,m) =1(s,n(s)) and (7, n) = I(s,7(s)),

and
n—n()| <OWMr—1 and |n—7@s) <Ot —1]. (3.25)

As far as the first term is concerned, we can apply (3.10), (3.22) and (3.25) as
follows:
T pis)
‘2/ / Z/{2L{,,(s, m)dmds
t JInls)
7
< / UG, ) lzeqo2epIn(s) —n(s)lds < oMl — f|2- (3.26)
t

As far as the second and last term is concerned, we want to apply the Cauchy—
Schwarz inequality to the integral term at first. Indeed,

i(s) p2C
/ / sign(m — n)e” ¥ Em=Yeml
nes) <0
2
x <3u3y,, —2PUY, — QL[,,)(S, n)dnY, (s, m)dm

7i(s) 2C 2
[ ememoen e ymieeyy
n 0

(s)

<
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+ 279\/37,,(1/123),,)1/2 + 73\/37,,\/7-7,,] (s,n)dn Y, (s, m) dm’

n(s) 2C 2
e emyim| (3u2\/§n + 373\/?”)@ (s, m)dn Y,(s, m)dm

0
n(S) 2¢C 2 2 172
< / (/ ey(s,m)y(s,nH(uZ + 3p> yn(s’ n) dn)
s \Jo 3

20 12
X (f e_‘y(s"”)_y(s‘")‘ﬂn(s, n) dn) Y, (s, m)dm
0

ii(s) 2c 8 1/2
/ (/ eV Em=Yisn)] (Z/l4 + 18772) Y, (s, n) dn)
a6 \Jo 9

20 12
X (f e_‘y(s"")_y(s‘")‘ﬂn(s, n) dn) Y, (s, m)dm
0

N

N

n(s) p2C 12
0(1)(/ f e*\y(S,m)fy(s,n)\(z/F + P)yn(s’ n) dny,,(s, m) dm)
n

(s)

iits) p2C 172
X (f / e Wem=Yemlyy (s n)ydn)), (s, m) dm)
n(s) J0

i) p2C 12
o) < / f e Vem=Yeml2 4 PYY, (s, n) dnY, (s, m) dm)
n

(s)

7i(s) 172
X (/ 4PY, (s, m) dm)
(s)

i) p2C 1/2
(’)(1)< / e VeIl L PYY, (s, n) dnY, (s, m) dm)

n(s)

X/ n(s) = n(s)|
iits) p2c 12
0(1)<|t—t|/ / e'3"‘*'")3’@*")(uz+7>)yn(s,n)dny,,(s,m)dm) .
0

(s)
Thus it is left to show that
7i(s)

N

N

N

e Wem=Yeml 2 4 PYY, (s, n)dn Y, (s, m) dm‘
n(s)
is bounded uniformly with respect to both space and time. Therefore observe that,
since all the involved terms are positive, we have

7(s) 2C
/ / e Yem=Yeml2 + PYY, (s, n)dn Y, (s, m) dml
n(s)

2C  p2C
< / / e~ WVem=Yemigg2 4 PV, (s,n)dn Y,(s, m)dm
0 0
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20 p2c
= / / e Wem=Yemly (s m)dm U* + P)Y,(s, n) dn
o Jo
2¢
< 2f U* +P)Y,(s,n)dn < 6C
0
where we used (3.22) in the last step. Thus we obtain

7(s)
=Y (s,m)=Y(s,n)]|

sign(m — n)e

n(s)

X (izﬁy,, - 2PUY, — lel,;>(s, n)dn Y,(s,m)dm

iis) p2C 1/2
O(l)<|t — 7 / / e Wem=Yeml2 4 PYY, (s,n)dn Y, (s, m) dm)
0

n(s)

<O -1,
and
7i(s)
sign(m _ n)e—ly(s,m)—y(s,n)l
1(s)
2
X (51/1337,, —2PUY, — QU,,) (s,n)dn Y,(s,m)dmds
< Ot — 1Y% (3.27)

Combining (3.26) and (3.27), we end up with

~ f ~ ~
|| = ‘2/ (Qi(s, 1z, m) + Hi (s, 1(t, ) — (Qi (s, [(t, m)) + Hy (s, Iz, m))) ds
t

<ot =12+t 1.

As far as 1) is concerned, we would like to apply the mean-value theorem. Note
therefore that we showed before that the function (Q, + H,)(¢, &) is continuous
with respect to time, and hence the function (Q, + H,)(s, (¢, 1)), considered as a
function of s, is continuous with respect to s. Thus we end up with

i = 2/ (01 + H)(s. 1(t, ) ds = 2 — 1)(Q, + H)G. 11, 1))

for some § between ¢ and 7.
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Last but not least, we therefore have

i
2/ (O + H)(s, [T, m)ds =1 + I
t
=27 — (Q, + H)G, I(t, ) + OD)|F — 1]
+ O — 1,
for some § between ¢ and 7, which implies (cf. (3.23)) that

! J(@, 1(t,m) —J(@, 1T, n) . T(Q: + H) (s, 1(F, )
im =1lim?2 — ds

Tt t—t it
=2(Q: + H)(1,1(z, m)).
Recalling that J (¢, (¢, n)) = n for all ¢ and 5, we have that
T I L@, m))) =1, ),
if we, as before, denote the inverse to J (¢, -) by J~!(¢, -). Thus we have

li(z,m) = limw

f—t r—t

I T L)) = TN, T (2, 1 )
Z}‘mtl t—1
~ lim I, (e (e, ) — T e, J (8, 1, )
e J(t, 1, m) — J@, 1, n)

e

We have established that the last limit on the right-hand side exists and the
existence of the first one follows from the fact that J~'(¢, -) is differentiable
almost everywhere.

REMARK 3.2. The above argument relies heavily on the fact that the function
[(t,-): [0,2C] — R is continuous and strictly increasing, the reason being that
J(t, -) is continuous and strictly increasing. This is in contrast to the HS equation
in [16], where the function H (¢, -) is increasing, but not necessarily strictly
increasing and its inverse may have jumps. In the HS equations, if H(¢, -) is
constant on some interval /, then H (s, -) will be constant on / for any s, since
H is independent of time. Furthermore, this means that the jumps in the new
coordinates might change in height with respect to time, but never change their
position. This is the essential difference to the CH equation where the jumps
would turn up and disappear again immediately, which motivates the choice of
G(t,x)and J(¢, &).
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3.3. New system: the right quantities. Since we have shown that /(z, n) is
differentiable almost everywhere with respect to both space and time, we can now
establish rigorously the system of differential equations in our new coordinates.
Recall that J (¢, I(z, n)) = n and hence direct calculations yield

Jt(tv l(t7 ’7)) + Jg(t’l(t’ n))lr(t7 I’]) = 0,
Je (@, L, ) (e, n) = 1.

According to the time evolution in Lagrangian coordinates, we thus end up
with

W) = TGy
_Jt([’l(ta 77)) —
Je(t, 16, 1)

As far as the new coordinates are concerned, we recall that

L@, n) = =@, Lz, m)Ly (2, m).

Y, n) =y l(t,n), Ul n =UlIlEn),
and P(t,n) = P(t,1(t, n)),

and direct calculations using the differentiabilities proved for Q, P, and [
in Subsections 3.1 and 3.2 yield the following differential equations for the
unknowns (), U, P).

THEOREM 3.3. Let (u, u) denote a weak conservative solution of (1.1). Define
Y by (2.3), U by (2.6), and P by (2.8). Then the following system of differential
equations holds:

Ve, m) + GU + 8V, (t,m) = U, ), (3.28a)
Ut m) + GU + U, (1, ) = =Q(t, ), (3.28b)
Pit,n) + GU + S)P,(t, ) = QUt, n) + R, n), (3.28¢)

where

2C
Q) = _411 / sign(n — )e” YO QU? - P)Y,(1,0) + 1) db,
0
(3.29a)

2C
S(t,n) = / e~ VEm=Y @0 <§u3y,, —U,Q — 27>uyn)(z, 0)do, (3.29b)
0
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1 [ 2
R(t.m) =7 / sign(n — 0NV (gum + u) (t,0)do
0

1 2C
-3 / e WED=YED QY (2, 0) db. (3.29¢)
0

REMARK 3.4. This system is identical to the system derived in the smooth case
(cf. (2.9)) as expected. We also remind the reader that Q(¢t,n) = Q(t, (¢, n)),
S@t,n) = Ji(t,1(t,m) — U, n), and R(z, n) = P,(t,1(z, ) — QU(t, n).

3.4. Functional setting: consistency of the new coordinates. The next main
question is which functional space we should work in such that the right-hand side
of system (3.28) can be regarded as a Lipschitz function of the chosen unknowns.
For instance, it is difficult or rather impossible to establish the Lipschitz continuity
of Q@ with respect to P, U, and ). However, we will see that one can establish that
Q is Lipschitz continuous with respect to P/, U, and ). At first sight this seems
to be surprising, but on the other hand we established in Eulerian coordinates that
2p(t, x) > u*(t, x), which rewrites in our new coordinates as

2P(t,n) = U(t, n). (3.30)
Thus it seems somehow natural that P (¢, )'/? and |I/ (¢, n)| will behave similarly.
The aim of this subsection is to derive the system of differential equations for
Y, U, and P'/? and subsequently to establish that all terms turning up in this
system are well defined by assuming that each of the new variables (), U, P'/?)
isin L%([0, 2C]).
Replacing the equation for P with the corresponding one for P'/2, we find that
system (3.28) reads as

Y+ CGU+ 8, =U, (3.31a)
U+ GU + S, = -9, (3.31b)
2 ou R

(P2, + (§u3 + S) Py = 5505 + 317 (3.31c)

where Q, S, and ‘R are given by (3.29).

Assume for the moment that P'/2, U, and ) belong to L?([0, 2C]). Then we
want to show that all terms appearing in the above system also belong to L([0,
2C]). Therefore it is important to keep in mind, in addition to (3.30), that

2PY,(t, ) — UV, (t,n) + H,(t,n) =1 (3.32)
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and, in particular (cf. (3.12), (3.21), and (3.22)),

20UU,(t, m)| < H,(t,n) < 1, (3.33a)
UV, (t,m) < H, @, ) <1, (3.33b)
2191V, @, m) <2PY,@t,n) < 1. (3.33¢)

As an immediate consequence we obtain that
UY,(t,n) and UU, n)
are uniformly bounded. The last term of this form can be estimated as follows:

Uy,

U (P'2), (2, )| = ‘W

u?
(t,n)' I (1, n)‘ U(t,n),

2P/

and is therefore uniformly bounded. Here we used (3.30).
As far as S is concerned, we want to establish that

IS@, ml < OWMP, n),
implying that

ISV, )l < OMPY, @, n) < ON),
SU (1, M| <SPV, (1, m) +H, (1, m) < O,
IS(P2), (2, I < OMP2Y, (1, m) < O1).

Indeed, by the definition of S and since |Q| < P and (cf. (3.12a))
Ut m) < HD, (),

we have

IS, n)| = / e VM=Vl (gbﬁy,7 —U,Q — 27%{3),,) (t,0) d@‘
0

20
< U, ')||L°°([0,2C])/ e*'y("’”*y(”‘”‘uzy,,(t,9) de
0

172

2C
4 2(/(; e—\y(l,n)—y(tﬁ)\'])Zyn(t’ 9)d9>

2C 1/2
X (/ e*\y(t,n)*y(tﬂ)lzjﬂyn(t’ 9)d9>
0
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1/2

2C
N (/ e_y([,,,)_y(z,enyﬂyn(t,9)d9>
0

2C 1/2
X (/ e*\y(t,n)fy(fﬁ)l';.[n(t’ 0) d9>
0
1/2

2Cc
<4v/C P, n)+6</ e—'y<”">—y<’*9>'7>2yﬂ(t,e)de) P2, ).
0

Thus it is left to show that

2C
/0 e W=V P2y (1 6y e < O)YP(t, ). (3.34)

As several times before, the main tool will be integration by parts together with

2C
P(t,n) = % / e VDY QU — PYY, (2, 0) + 1) d6.
0

Direct computations yield
/77 ey(tﬂ)f)/(t,rz)pZyn(t’ 0)de
0

— Pt ) — / | DY IPQY) (1,6 db
=P(t,n) — 2;>Q(t, m)

N / LYY (202, 4 2PQ,) (1, 0) d
= 732((;, n) —2PQ(t, n)

L /0 L YNV (P2 4 9N, (1,6 do

n
+ / eYEOYEN QP —UHY,(1,0) — DP(,0)do.  (3.35)
0
Here we have used (3.4b) and (3.32). Thus, rearranging the terms, we end up with

n
/ OV DY (1 g) 4o

0
1
< / ey(t,ﬂ)—y(t,n)(’pz + 2Q2)yn(t, 0)deo
0
=2PQ(t,n) — P*(t, n)
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n
- / XD QU — P)Y, (1, 0) + DP(t,0) do
0
< 2P%(t, ) + 4P, ) lleqozcyP (. m)
< 6P, ) lreqo20nP (. 1). (3.36)

Similar computations yield that
2C 2C
/ e)i(t,r;)—:))(t,0)732:)}77 (t,0)do < / ey(t,'l)—y(tﬂ)(PZ + ZQZ)yn(t’ 0) do
1 1

= —P*t,n) —2PO(t,n)
2C
4 / ey(l,ﬂ)—y(fﬂ)
n

x QU —=P)Y,(t,0) + DHP(t,0)do
< 2P%(t, ) + 4P, l=qo2cnP(t, n)
<O6[P(, ) ll~qo20nP(t, n).

This proves (3.34) due to (3.13).
There are two terms left to investigate. Namely, the term QU{/P'/?, and we

easily find that
ou <p
W(I, m| <P, n),
and hence it is uniformly bounded. The last term R /P'/? is a bit more involved.
We have
IR, n)l

1 [ 2
< ‘Z / sign(’?—9)6"3}(””)_3}“’9)'<§Z/I3)}n—H/{)(I,O)dG‘
0

1

2C
4 '_/ e*\y(t,n)fy(t.e)lquI(t G)dQ‘
2 O T 9

2c
< é—lt / e VDY QU — PYY, (1, 6) + DIU|(z, 6) db
0

1 2C

+ Z f e—\)’(t,n)—y(lﬁ)lzfplu|yn(t’ 0) do
0

1

2C
+ 5 / e*\y(t,n)*y(tﬂ)l|uQ|yn(t’ 0)do
0

1 2C
< U@, Hleeqo20nP(E, 1) + 3 / e VED=YEOI (P2 4 uz)yn(,, 0)do
0
< OHP(, n). (3.37)
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Thus

R
1. N < O 1 P]/z t7 ’
‘Pl/za, m ‘ (P
and hence belongs to L*([0, 2C]).
Later on, we will need in some of our estimates (cf. (3.3a)) that

1 2C
P, = / e V=YY, +H,)(¢, 0) db,
0
which implies the estimate

n
/ e~ VeV 2y 4 H,)(t,0)dO < 4P(t, ). (3.38)

0

3.5. The choice of the distance. In order to motivate the choice of the distance
between two solutions with the same energy and to outline the strategy for proving
the Lipschitz continuity, let us come back to system (3.31). We observe that the
unknowns (), U, P'/?) are advected by the same velocity field in the 1 variable.
Moreover, since all terms make sense under the assumption that the unknowns
belong to L2([0, 2C]), as checked in the previous subsection, we consider a toy
problem of the form

fi+ AN fy = B().

where f might be a vector valued function in L2([0,2C]). This toy problem
resembles our situation with the complicated operator dependencies on the
unknowns. Within this functional framework, it is natural to look at the evolution
of the L?-norm of the unknown f. Given two solutions f; and f> to f,+A(f) f, =
B(f), direct computations yield

d 2C
E”fl - f2||iz([0’zc]) = 2/ (fi = 2D)(fir— fo)(@,0)do
0
2c
= —2/ (A fin — AR ) (fi = f)(,0)do
0

2C
+ 2/ (B(f1) = B(L)(fi — (. 0)de
0

2C

=-2 A D) (fiy — ) (fi — f)(,0)do

0

2c
- 2/ fon(ACS) — AL (fi — fo)(t,6)d6
0
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2C

+2 [ BU= B — £)(t.6)d6
0

— A = 2200) — AU (i — £)°(1,2C)
2C

+/ A finfi = 20, 6) d8
0

2c
- 2/ Fon(ACS) — AL (fi — fo)(t,6)d6
0

2C
+ 2/ (B(f1) = B(L)(fi — (. 6)db,
0

where the first two terms in the last line are going to vanish if we impose the
correct boundary conditions or rather if we have a good behavior of the solutions
at both boundaries. Under this assumption, we can then use norm estimates if we
know that A'(f}) f1, and f>, are uniformly bounded by a constant O (1) and that
A and B are Lipschitz continuous with Lipschitz constant O(1) with respect to f
to conclude that

d
E“fl - f2||?12([0'2c]) < O(l)”fl - fZ”iZ([o,zC])’
and Gronwall’s lemma then implies

1A = POlgacy < 1= HOllzqosepe® .

Hence the strategy consists in proving first a propagation in time for the L>-
norm of f in order to get bounds on the unknowns and check the validity of
the approach. Then the second, and the most important and technical point, is to
establish the Lipschitz estimates. We will come back to this point in Section 4,
where we will also fix the following problem in the definition of our metric:
the domain of definition of our unknowns depends on the total energy. This is
unsatisfactory, if we want to compare solutions with different total energies.

3.6. Propagation of L?> bounds: moment conditions. Consider (u, ) a
weak conservative solution of (1.1) and f = (), U, P'/?), defined by (2.3), (2.6),
and (2.8), the solution to system (3.31). We want to show that the L>-norm of f is
propagated in time. Since both I/ and P are bounded functions due to (3.10) and
(3.13), we are reduced to show the propagation of the L?-norm of ). First of all,
note that we have

Y(t,G@,x)) =x forallx € R,
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where G (t, x) is given by

G(t,x) = / Qp —ud)(t, y)dy + F(t, x).

Notice that the x-distributional derivative of G is a measure that we denoted by
v(t, -) € M,L(R) given by

dv(t,x) = Qp —u>)(t, x) +du(t, x).

Since Y(t, n) is the pseudoinverse to G (¢, x), then ) pushes forward the uniform
distribution on [0, 2C] to v (see [67]) and then

2c
/xza'v=/ V3(t, n) dn.
R 0

Thus Y € L?([0, 2C]) is equivalent to v(¢, -) having a finite second moment.

PROPOSITION 3.5. Let (u, i) denote a weak conservative solution of (1.1), and
by f = (Y, U, P'Y?) the solution to system (3.31); then

2C 2C
/ VA, ndn < eo“)’<1 +/ V0, n)dn>'
0 0

Proof. We show the propagation of the second moment in time using the
Lagrangian coordinates. Note first that

/xzd,u(t,x)z./yzHg(f,f)dga
R

R

-/xzuz(t,x)dx :-/yzUzyg(t,S)d‘g‘,

R R

[ wpends= [ yrvasas,
R R

We start by computing the derivatives of y>H;, y?U?y;, and y* Py; with respect
to time. Direct computations using the formulas in Section 3.1 then yield

|(y*He),| = 12yUH; + y*QU*U; — 2PU; — 2QUY;)|
< y*H; + U*H; + 3y*|U|H; +2y* P*y; + 2y*H;
< O()(y*Hg + y*Py; + H)
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and

|(*Pye)il = 12yU Pye + y* Piye + y* PUs|
< Y Py + UPye + Y| Pilye + y°P(ye + Hy)
<O (Y’ H + y*Py: + Hy),

where we used (3.20). Thus

d 2 2 2 2
E(Ily Pyellpr + 1y Hell) <O Uy Pyellpr + ly“Hell .t + C)

and
/ (2 Pye + Y2 H) (1, £) d& < OO ( f (2 Pye + yHe)(0, 8) db + C).
R R

Since y2U?y; (t, &) < y*He (1, §), it follows that also

f YUyt §)dE
R

remains finite for all times, which proves the desired estimate since
/xzdv(t,x) =/xz(Zp—uz)(t,x)dx—i—/xzd,u(t,x). O
R R R

The propagation of moments not only implies the feasibility of the strategy
illustrated in Section 3.5 but also gives us a control on the ‘boundary terms’. In
fact, since (u? 4+ u?)(t, x) < du(t, x) and (2p —u?)(z, x) > 0, the previous result
implies that

/xzp(t,x)dx, /x2u2(t,x)dx, /x2u§(t,x)dx, and /xzdu(t,x)
R R R R

(3.39)
are all finite. We show next that (3.39) implies that

xu(t,x) - 0 and x’p(t,x) > 0 asx — +oo. (3.40)
Indeed, (3.39) and u € H'(R) imply that
xu(t,x) € L*(R) and (xu(t,x)), = u(t, x) + xu.(t,x) € L*(R).

Hence xu(t, x) belongs to H'(R) for any fixed ¢ and in particular xu(t, x) — 0
as x — =oo for any fixed 7.
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The argument for xp(¢, x) is a bit more involved, but follows the same lines. To
be more precise, p(t, x) € L*(R), |p.(t, x)| < p(t, x), and

/ x*p*(t,x)dx < 0(1)/)6 p(t,x)dx < o0,
R
imply that
xp(t,x) € L*(R) and (xp(t,x)), = p(t, x) + xp.(t, x) € L*(R).

Hence xp(t, x) belongs to H'(R) for any fixed ¢ and in particular xp(t, x) — 0
as x — *£oo.

Finally, it is left to show that x/p(¢, x) — 0 as x — =£o0. Therefore note that
p(t,x) € L'(R) N L*(R) and

X))l = t,x)+x
|(ev/ p(t, X))l = |V p (2, %) 2\/—
which together with (3.39) implies that

x/pt,x) e L*(R) and (xy/p(t,x)). € L*(R).

Hence x+/p(t, x) belongs to H'(R) for any fixed ¢ and in particular x> p(t, x) —
0 as x — Fo0. These properties will allow us to carry out several integrations by
parts when deriving the anticipated Lipschitz estimate.

SVpx) + x|V p(, x)

4. The right metric: solutions with different energies

For the remaining part of this paper, we will consider two distinct solutions
(uj, uj) for j =1, 2 of the CH equation (1.1) and estimate their difference using
a carefully selected norm based on our new variables (V;, U;, 73}/ 2) for j =1,
2 that yields a Lipschitz metric. The main idea remains to a large extent the one
from the HS equation in [16], where a Lipschitz metric for measuring the distance
between solutions with nonzero energy has been constructed.

We want to define a Lipschitz metric, which can measure the distance between
solutions with different total energy based on our new coordinates. At first sight
this seems to be impossible for two reasons:

1. The support of the new variables depends on the total energy since

Y, U,P7*:10,2C] - R.

2. In the case of the zero solution, that is, («, u) = (0, 0), the function ) is not
defined and the same applies to the new variables (), U, P'/?).
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The key idea is to use a rescaling; more precisely, given (), U, P'/?), where
Y :10,2C] — R with C # 0. Then we can introduce

V(t,n) = AV, A%p), Ut n) = AU, A%p),

P12t n) = APV2@¢, A%y),  H(t,n) = AH(t, A%n), .1
with
A=4+2C (4.2)

for notational purposes.
This rescaling has three main properties that motivate our choice:

1. The support of the variables (), U, P'/2) is independent of the energy, which
allows us to compare arbitrary solutions with nonzero energy.

2. In the last section, we discussed that the natural solution space for the unknowns
O, U, PY% is L2([0,2C]). Since our rescaling preserves the L*-norm, the
natural solution space for the unknowns (), U, P'/?) is L*([0, 1]).

3. The most important property is that this rescaling allows us to set
V.U, P = (0,0,0) for (u, u) = (0,0).

A c~lose look at the definition of 57 (t, n) reveals that 57(1‘, n) is the pseudoinverse
to G(t, x), which is given by

Gt x) = %G(z, %) for A # 0.
If one compares G(t, x) with G (¢, x) for small A, then the graph of G(¢, x) is
squeezed in the x direction, but stretched in the y direction (cf. Figure 1). Taking
a sequence of functions G, (¢, x) with A, tending to zero, then the corresponding
sequence of functions G,,(t, x) tends to the Heaviside function, which has as
pseudoinverse 5/ (t,n) = 0 (cf. Figure 2).
Direct calculation yields the following theorem.

THEOREM 4.1. Let (u, n) denote a weak conservative solution of (1.1). Define
Y, U and P'? by (4.1). Then the following system of differential equations holds:

Y+ (5?“3 + S)j),, =U, (4.32)
N 21 1 =
U + (3_1/’3 + s)u,7 =0 —9, (4.3b)
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Figure 1. An example of how the rescaling changes the graph of a function G :
R — i. The picture shows the function G + % (solid) and its rescaled version G

(dash).
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Figure 2. Three different peakon—antipeakon solutions u (left) with total energy
1 (dash—dot), 0.5 (dash), and 0.25 (solid) and the corresponding functions G
(middle) and ) (right).

1 QZI{+ 1 R
202 P12 2A3 P2’

~ 21 -~ 1 =2\ =~
(P'), + (-—w + ES) (P'1), =

VE (4.3¢)

where
O, ) = A°Q(, A™n)
-3 /0 sign(y — ) K SOQAE P, 1,6) + A db,
(4.4a)
S(t,m) = A'S(t, A*n)
= [ emensen(3p3, - 4,0 - 2203, ). 0ra0, 4
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R(t,n) = A’R(t, A%p)

1! LSt (2 -
=3 fo sign(n—@)eAy("”)y("g)'<§AU3yn+A6U>(t,9)

U e 5o A
-3 / e AVED-YCOI DY (1, 6) d6. (4.4¢)
0

Now, we can define the metric between two general conservative solutions to
(1.1). To simplify the notation we will from now on assume that all norms are on
L?([0, 1]), unless otherwise indicated, and write

11 = 1%l 201

for any function ¥. We will not always explicitly indicate the time dependence in
all quantities and write || || rather than ||W (¢)]|.

DEFINITION 4.2. Let (u;, u;) for i = 1,2 denote two conservative solutions of
(1.1). We define the distance between them as

d((uy, w1), @z, 112)) = |y — Dol + Uy — U
+ 1P =P+ 1A; — Aal,

where A; = /2C; and C; = u;(R),i =1, 2, and (5&, Z;{,-, 75[1/2) are given by (4.1).

REMARK 4.3. Notice that in the case of one of the two solutions being the trivial
solution, the distance reduces to the L*-norm of the solution in the right functional
space, that is,

d((u, ), (0,0)) = |Vl + 1A + 1P + v2C,

where C = p(R), that we already estimated in Section 3.6. It remains to show
that the right-hand side of system (4.3) is Lipschitz continuous with respect to the
new unknowns (), U, P'/?).

The main result of this work can finally be stated. The proof consists in showing
the corresponding Lipschitz estimates in each of the components of the distance
in Definition 4.2. This is done in the next section in Lemmas 5.3-5.5. Collecting
these results leads to our main theorem due to Gronwall’s lemma.

THEOREM 4.4. Consider initial data u;y € H'(R), u;o € M, (R) such that
d(iac)io = (Ui + uj,)dx and C; = p;(R), and let (u;, j1;) for i = 1,2 denote
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the corresponding conservative solutions of the CH equation (1.1). Then we have
that

d((uy (1), 11 (1)), a(), pa(®)) < e®V'd((u1,0, p10)s (a0, 12.0)),

where O(1) denotes a constant depending only on max;(C;) remaining bounded
as max;(C;) — 0.

Now, let us start to do some preparatory work for the next section by collecting
the main estimates we need in the new variables. Introduce

~ T - - . 1
D(t, n) — / e;()’(l,()}—y(t,fl)) <(u2 _ P)yr](t, 9) 4 EAS) do
0

L7 1 aorSam s o
=_ / exVEN-YeM @Y 1 ) (1, 6) d6, (4.52)

0

2
5 U . .~ s 1
Et,n) = / eA<y<'~">y<'-">><(u2 —P)V,(t,0) + 5AS> do

n

| I S S O

3 / exVEn=YeN G2y 1,y (1,0) d6, (4.5b)
n
so that we can write

5 | = X 1 = ~
P(t,n)=ﬂ(9(t,n)+5(t,n)) and Q(t,n)=§(—D(t,n)+5(I,ﬂ)) (4.6)

and

Q(t,m) = =D, n) + AP, ). 4.7
Note that both D(z, n) and é (t, n) have some very nice properties. Namely,

0< D(t,n) <24P(t,n) and 0<E@, n) < 24P, ), (4.8)

and

i“ 1772 _ DV ls_l*~ 5
an(t, n)‘ = ‘(U PYYV,(t,n) + 2A ADyn(t, n)‘ <omaA’, 49

d =~ o e 1 1 -~
‘Esa, n)‘ = ‘_(u2 —P)V,(t,n) — zA5 + Z53/,70, n)’ < O(DHA’. (4.10)

The scaling leads to some changes in the standard estimates. Some of the
problematic terms depending on % in system (4.3) can be controlled since

2PV, ) S A, 20UU | < AL WY, ) < A,

4.11
and (1, 1) < A%, @1
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from (3.33) and (4.1), as well as

AU ) < HD ) < AV, (). (4.12)
In addition, equation (3.32) becomes
2P, 1) — UV, 1)+ Hy (1) = A°. 4.13)

Moreover, we can show that

4P, )l = 4| AP, )l < A*

<
! (4.14)
20U, I~ = 201 AU @, )~ < A

We now collect all the estimates we will need on our solutions in the new
variables with the explicit dependence on A. This will be repeatedly used in the
next section.

t

0 < 4P < A*,  [from (4.14) and (3.13)], (4.15a)

V2IU| < A%, [from (4.14) and (3.10)], (4.15b)

|Q < A75, [from common sense], (4.15¢)

U < 2P, [from (3.30)], (4.15d)

2PY, < AS, [from (4.11)], (4.15¢)
20UU,| < A, [from (4.11)], (4.15f)
0<UY, < A, [from (4.11)], (4.159)
U < A%y, [from (4.12) and (3.12a)], (4.15h)
V2IUIPV?Y, < A%, [from (4.15¢) and (4.152)], (4.151)
IRl < O(HA*P, [from (3.37)], (4.15))
0<H, <A’ [from (4.11)], (4.15k)

0<Y, [from the definition], (4.151)

AU <Y, [from (4.12) and (3.12a)], (4.15m)

0< D <2AP, [from (4.8)], (4.15n)

0< & <2AP, [from (4.8)], (4.150)
2V2PU, < A, [from (4.15a), (4.15¢), and (4.15h)],  (4.15p)
2PUL < A, [from (4.15¢) and (4.15h)], (4.15q)
4PU < AT, [from (4.15a) and (4.15h)]. (4.15t)
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In addition, we have several integrals that appear frequently:

n - ~ ~ ~
f e 7 VEN=YeNT2 (¢t 0y de < 6P(t,n), [from (4.162)], (4.16a)
0

n - - o~ ~
/ AT, 1.0 do < AP, ),
0
[from (3.36) and (4.15a)], (4.16b)

n - - -~ o~ ~
/ e A VEN-YCTPRY (1.0)do < 4AP(1,n), [from (3.38)], (4.16¢)
0

n - ~ ~ ~
/ e A VEN-YENTL (1 0)do < AAP(t,n), [from (3.38)], (4.16d)

0
/ ' e VDYDY (1 9)do < 2AP(t,n), [from Lemma A.10],
’ (4.16¢)
/ ' e A VED-YENTY (1 9)dO < 4AP(t,n), [from Lemma A.10],
’ (4.16f)
/ ' e~ 7YYt 0y 4o < 6P(t,n), [from Lemma A.10],
’ (4.16g)
/n e*%@("”)fj(”e))ﬁ)},,(t, 0)do < 4AP(t,n), [from Lemma A.10],
’ (4.16h)

n - ~ ~ ~
/ e_%(y(”")_y(t’e))P(t, 0)do <7P(t,n), [fromLemma A.10],
0

(4.161)

n - - o~ -
/ e‘ﬁ(y“”’)_y(t’e))']ﬂyn(t,9)d9 < AOMPY*(t,n), [from Lemma A.10],

0
(4.16j)

1_|_ A1+4ﬂ -
—IB 4ﬁ P(ta T]), :8 > O’

[from Lemma A.10]. (4.16k)

n ~ ~ ~ ~
f e*%(y“’")*y(’ﬂ”P“ﬁyn(t, 0)do <3
0

As for derivatives of the quantity P'/2 we have

- 1 ~ -
I(P'?),] < ﬂP‘/Qy,,, (4.172)

UP'?),| < 24, (4.17b)
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LAY, (4.17¢)

L A2)?, (4.17d)

16 "

(P'%),)?

<
(P2 <

5. Lipschitz estimates in the new metric

We will repeatedly use the following elementary identity and estimate.

LEMMA 5.1. Leta;,b; € R for j =1, 2. Then we have
ab, — aby = (b, — by) (a2 1y, <p, + a1 1y, >p,) + min(by, by)(a, — ay).

Here
1, Kistrue,

= 0, K isfalse.

We also use lx to denote the characteristic (indicator) function of a set K.
Furthermore, we have the estimate

Imin(ay, by) — min(az, by)| < max(|la; — az|, |by — ba|).

LEMMA 5.2. Let f,g: R — R be two Lipschitz continuous functions with
Lipschitz constants ¢y and c,, respectively. Then the function h: R — R defined
by h = min(f, g) is a Lipschitz continuous function with Lipschitz constant
bounded by max(cy, c,).

Proof. Use the previous lemma. O

Introduce for any function @ the functions
@~ =min(0, ®), @ =max(0, D). (5.1)
We then have
P <0L P, @0t =0, P=0 +P", |®|=0"—@". (52)
For two functions @, ¥ we have
|0 — v < | — ). (5.3)

Frequently, we will have to estimate quantities like

1
/ e~ AIVED=YEO( (1, 9) do.
0

Downloaded from https://www.cambridge.org/core. IP address: 94.193.20.89, on 10 Jun 2020 at 07:52:58, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.22


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.22
https://www.cambridge.org/core

Metric for CH equation 49

We will rewrite it as follows:

1
f eﬁl?(nn)—i}(tﬂ)\(, -)\(t,0)db
0

1
— (/n +/ )el\lﬁ(l,n)ff(tﬂ)(_ ), 0)do
0 n
1

— / e—%(f’(nn)—ff(t.@))(. . )(Z, 9) do
0

1 B -
" / e%(y(;,n)—y(tﬂ))(, - )(t,0)d0. 54
n

Both integrals can be estimated in the same manner, using that the argument in the
exponential is negative in both cases. Eliminating the absolute value will allow us
to perform integration by parts.

5.1. Lipschitz estimates for Y. From the system of differential equations, we

have
8 21 1 3\« -
Vi + gﬁui +E5i Vin =U, (5.5)
where
- | RN o~ -
Pilt.n) = WD ION OGP P, (2,0) + AD) db,
i JO
< 1 [! L, e -
Qit,m =—7 / sign(n — @)e” % VIO Q@2 _PHY, (2, 0) + AY) db,
0

1 - -
S (t,n) = / e_%ily"("")_y"(l’ml (%Z;ffji,n - Qiz;{i,n - 2751'2:11'5)1',7]) (t,0)do.
0
Thus we have
d (' -~ =«
s / Py — P2t m dn
0
1
p / Fr = P)Prs = Tu)(t, ) dn
0
l ~ ~ ~ ~
=2 / Gy = D)@ — Tt m) di
0
4 v . ~ 1 ~3 1 ~ 3
+ 5/() O - y2)<A_§u2y2'n — A_?ul yl,q) (t,n)dn

Downloaded from https://www.cambridge.org/core. IP address: 94.193.20.89, on 10 Jun 2020 at 07:52:58, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.22


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.22
https://www.cambridge.org/core

J. A. Carrillo, K. Grunert and H. Holden 50

L. ~ 1 ~ ~ 1 ~ ~
+2/ O =) (-652y2,n - _6313}141) (t,n)dn
0 A; Aj
=L+5L+D5 (5.6)

The strategy is to use integration by parts for the last two integrals I, and /3, while
we want to use straightforward estimates for /;, which will finally yield that

d - -
IV =Dl
< OWIDy = PolP + Ut — | + P> =PI 17 + 141 — Aql?),

where O(1) denotes some constant which depends on A = max;(A;) and which
remains bounded as A — 0.

The first integral I,: Note that
|M=P£dﬁd@@—%WWMn
sﬁkﬁ—%f+@—%ﬁmmw
= 1D = Dol + 1 — U]
The second integral I,: Note that

—|12| =

/(yl yz)( u3y2,7 55{3;)7]’,7)(1‘,71)0'7]‘
%

< m / s — P@Tn, — P01, n)dn‘

|A] — A3
AS

/ (yl yz)(u yln]lA1<A2 +L{ yzn]lA2<A1)(t n)dn’

ST /0 (571 — 5)2)(1:{2 —Z/Nﬁ)zf?zzjjz,n(h n) d’?‘

1
e / OV = Uy Lp g + Un Vo L 2]
0

X (Z;{z +Z/~{l)(1/~{2 - Z;{l)(t, n) dn‘

1
e / O = I, mjin(uf)(yz,n — Vi), n) d’?‘
0
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|AT —
A3AS
=Ji+L+ s+ s

+

/ Gy = IV V1 Lncns +UT 0 Lsoa) b 1) dy

We will write
A =max(A;), a=min(4;). 5.7
J J

We commence with J,: Since Z:Ifj/i,,,(t, n) < A} < A’ for all  and 7, we have

J]:AS

<NV = Dol + 1Uh — Uy ).

1
L / Py = I U — UL (1, m) diy
0

Next term is J,: Using once more that Z;{f)},»,,] (t,n) < Adforall t and 1, we get

1
/ V= yz)[ulyl,n]lz;{;gz,"{lz +U1y2,,7]lglz<gg]
) 2

JQZE

X (Z/le +Z/~{1)(Z/~{2 - Z;{l)(l‘, mdn

1 L. ~ ~ ~ ~
5 | 190 = P~ el QI L g + AT L) )
0
<200V = Dol + It — U |).

Next, it is J;: Here integration by parts plays an essential role. Thus we
have to determine first whether or not the function 7 — U, min; (le) (t,n) is
differentiable, and, if so, if its derivative is bounded. Recall from Lemma A.2 (ii)
that the function n +— min; (Z/N{jz) (t,n) is Lipschitz continuous with Lipschitz
constant at most A*. Thus

3
‘— (Z/ll (t,m) mln(U (1, n))) ‘ 2A4||U1 L~ < O A, (5.8)
and integration by parts together with (3.40) yields

JS:E

1 ~ ~ ~ ~ ~ ~
/ O = Uy mjin(Z/lj?)(yM Vi), n) dﬂ‘
1

— O = WU, mjin(b?f)(r, )

-5

n=0
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1 L. - .d ~ o~
+ o35 /O (03 —:Vz)z%(ul mjm(uf))(t, n)dn‘

1 L. - od ~ o~
=L /o W = yz)zﬂ(ul rnjln(Z/{f))(t, ) dn‘

3 - o -
< G, -)||Loo/0 Py = )2, n) dn
<OV = Dol

Finally, we consider J,: Direct calculations yield

43— 43 o5
Ji < —s = Lajcar| | QW = DU, (8, ) dn
A7A3 0
1
+ ]]~A2<A1 / (yl - yZ)Z/{;yZ,n(t, 77) an
0
1AS — A}l o
< %(RA]QAZAZ + ]1A2<A1A;)/ Vi = Wl m)dn
AlAz 0
A =AY 5
< %”yl — Wl
< SA|A — AV = D
SOMUYV = Dal? + 141 — 4,

where we again used that Z:{fj),-,,, < A7 and (| < A7

The third integral I3: We will consider several smaller parts of /3 by inserting the
definition of &;, and combine them in the end. We write

4
I; = 5131 — 413 — 2133, (5.9
where
1 ~ ~
I3 2/ OV = Vo)(t, n)
0

1 - SIR Sy ~a
X (Fyl'ﬂ(t’ n)/ e A2|y2(fsfl) yﬂtﬂ)‘u;yz,,,(l‘, 9)d9
2 0

| - L
_ Fqun(t’n)/ e All Vi (t,n) yl(l~9)|ul3ylyn([’0) d@) dn,
1 0
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1 ~ ~
132=/ V=)t n)
0
| LT s~
x (Fyz,n(r, 0) / e 1R RCD LY, (1, 0)do
2 0
1 ~ L TS N~
= 5P / e AT W””'Plulyl,n(t,mde) dn,
1 0
1
I3 :/ =), n)
0
1 -~ SR ~ -~
X (Fyln(t’ n)/ e a5 1920.m) yZ(t’e)‘sz/[z,n(l‘,Q)d@
2 0

1 ~ L -3 ~ o~
= eV / e~ ArEn y'“*”'Q]ul,n(z,e)de) dn.
1 0

Recall definitions (5.1). Then we have
Iy = /01071 AT

o (Aigj}%?(t’ n)/ol e*,T'Z\jz(hn%j’z(h%ldgjln([’ 6) d6
- Ai?iﬂl,n(r, ") /O R Tl A d9> dn

= fo 1071 —W)(t, )
x (Aigjﬁz,n(z, ") fo RIS G 6) ap
= Ai?iil,na, n) /0 L AT TOG R T 1) d@) dn
+ /0 G-
x (Aigiﬁz,n(r, ") /0 B GGG o 9) ag
= Ai?j)l,n(r, n) fo L AT TG ) de) dn

= /01(371 — V(K™ + K*)(t, ) dn.
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Since both integrals have the same structure, it suffices to consider the second

integral. Furthermore, applying the device described in (5.4), it suffices to study

the terms, denoted by K *, with the upper limit of the inner integral replaced by 7.
Therefore observe that we can write

n . - -
= Dyt [ RO, 1, 6)do
1 -~ T - ~ ~
— V() / e A NEMINCD @I, (1, 0) db
1 0

1 ~ Ty ey ~ ~
T SRl R R ROK

J J 0

- T s - .-
= Vgt m) / e m Ny y‘“’”(btrfyl,n(r,9>d9>

Al — A3 L@ -F10.0)) 77413
A6A6 A]<A2y1 n(t 77) A (ul ) yl,r](t’e) d0
A6 A8

Ly Ry ~ ~
+W621A2<A1y2,ﬂ<r,n> / e IR AIY Y, 1,60) db
1 0
1 -
= Fyz,r](ty n)
N 5 5 ~ ~ ~
x ( / e AW (@Y — @)Dy (1, 0) g < (2, 60) de)
0
1 -~
+Eyl,n(t9 n)
N 5 5 ~ ~ ~
x ( / R (75 SR (7 SRRV (N BA (2 9)d9>
0
1 - T L -3 ~ 3
+ eVt n>< / e A0 rnjin(uffyz,n(t,@)d@)
0

1 - " Sut—F g
) ( / e M NI min (T3P, (1, 0) de)
0 J

A — AS T LG -I0) 13

WHAlgAzyln(ta 77)[; IR (VA Vi (t,0)do

AS — AS LGt =Prw0) 3

WHA7<A13}2I’](I7”) e “ ' U Vo (t,0)dO
1 0

1 ~ T a3
= 3, 77)(/ o= 5 P2 =D2(0.0)
A 0
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X (U = UV (1,0) Lz <z (1, 0) d@)
+ ij; (t,n) ! o~ A D1 ED=1(1.6)
A6 IRAGN )
X (U5 = UVt O)Lis - (1, 0) de)

1 ~
+ E]lA[gAzyZ,r](t7 7’])

T -3 L - 3
x (/ (e A5 (et m=Xa(t.0)) e A D (t,m) 3}2(1,9))) mAln(u;—)ByQ'n(t, 9)d9>
0 J

1 -
+ F1A2<A,y1,n(h n)

y (/n(e_/gzo‘/la,n)—)?](z.e)) . e‘ﬁ(y‘(””)_yl(’*‘”))mjn(Z;Ij*)3J71,,7(t, 9)d9>
0 J
1 - n - - ~ ~
+ Fy“(t’ 1) </ (e~ s D2Em=D2(t0) _ o= D (=Di(t.0))
0
x rg,in(d,*)%?z,,,(z, 0) Ly (1. 60) de)
- ! L em-21.0) — Lt -221.0))
_Eyl,n(t’n) (ema™ Mt T—e « ’ )
0
x mjin(zft_,+)337],,7(t, 0)Lge(t, 0) d@)
Ry T L @iem-Y;@.0))
e St ([ minie 050y
A 0 J
x min@U; )’V (¢, 9)d9>
J
1 ~ " . .
_ _yl,n(t» 77) m'in(e*%(yj(fwn)*yj(fse)))
A6 0 J

x min@;) Y, (¢, 9)d9>
J

A — AS ~ L G-I 0) T3

Wﬂmgmyl,n(t, n) e M ' TPUTY V2, 0)do
1442 0

AS — AS

- L I .
e Taeea Va0, 1) / e M RMRCD GYE Y, (1,0) do
1432 0

= +h+th+ L+ I+ I+ I+ T+ Jo+ Ji)(E, n). (5.10)
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Here
B(n) = {(t,0) | 63710,0)7371(1,'7) < 6372(!,9)7372047)} (5.11)

which means especially that B(#) depends heaVﬂy on n' Observe that the set

B(n) is scale invariant in the sense that (yl, 3)2) and (cyl, cyz) define the same
set B(n) for any constant c.

As far as the first two terms J; and J, are concerned, they have the same
structure, and hence we only consider the term Ji, that is,

1 ~ ~
/ 1@, — P mydn
0
1 L. ~ o~
= F/ O = V) o, (t, 1)
0
y </ne a3 D26 =D, DUy - (Z;{I‘F)3)j)2’n(t,9)]lgl+<g2+(t,9)d9)d
0

The main ingredients are the following observations:

U ) = U @I Ly iy < 3Us @I () = U (e, ),

and (4.16¢).
Thus we have

1
f JiQh = V)¢, n) d’l‘
0

1
- L /0 Pr = TPt )

! L (D (t.m)=Da(t ~ ~ =
x ( / 1 REDTICN(@E — U D (1, 0) Lz <z (2, e)de) dn‘
0

< Y = Wl +E/ yh(t u)

n _ _ 2
> (/ e A Dot =1, 9))((u+)3 (L{;r)3)y2’n(t, 9)11;11+<L'{2+(t, 0) dg) dn
0
< IV =Nl

Alz/ yzn(f 77)(/ ,32(?2(1,'7)372(t4,9))zl~[225)2.n(t’9)d9>

X (/ e A2 D2t =Dt 9))u2y (Z/?] —Z/?z)z(t, 9) dg) dn

0

< IV = Wl
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36 [ . - T L -3 o~ ~
T / szin(t,m( / ¢ W20 J’Z‘fﬁ”uzzyz.n(ul—u2>2(t,9>d9) dn
0 0
< Y = Wl
18 ' - — L (t,m) T3 .0),72 y 7\2
+ 25 | Yaaltme e UEY, Uy — Un)* (1, 0) dO dn
0 0

=13 = DI?
1842 (" 4 G525 7 7 1
3 A62/ o~ 2 RO, (U — Ub) (2, 0) db
0 n=0
184, (' -y - -
+ o | @ - an
0

< AV = Nal? + 18] — kP,

where in the last step we used (4.15b) and (4.16c), which imply that
1 ” - - - -
/ ¢ NN, T T, 0)dO < 8APy(t, ), (5.12)
0
and hence the left-hand side of (5.12) tends to 0 as 7 to 0 or 1 according to (3.40).
Thus the second term above vanishes.
As far as the third and fourth terms J; and J, are concerned, they again have

the same structure, and hence we only consider the integral corresponding to J3,
that is,

1
/ SV =), mdn
0
1 e o

= il [ Gi= T
A 0
« (/"(e—;zo‘/z(z,n)—?z(z,e)) _ e_ﬁ@m'")_wt’g»)min(df)sz,n(t, 9)d9> dn.

0 J

Recall Lemma A.1(ii). Direct computations yield

1
/ L) = M), n)dn’
0

1
f D = D)ot 1)
0

1
= BﬂAlgAz

O P PN LD t.m—h e
X (/ (e A, Da(t.m=X2(1.0)) e Al 2 (t,m) y_(tﬂ)))m-ln(u;»)3y2’n(t’ 9) de) dn‘
0 J X

4|A| — Ay|
aAbe

1
ﬂAlgAZ/ (Vi = Do W8, 1)
0
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r] 'y ) ~ ~
x (/ e—ﬁ(yz(lvﬂ)—yz(lﬁ)) mln(U;’)3y2,,,(t, 9) d@) d’]
J

0
16]A; — A,

A2 A12p2 ArsAz

1 n . . o 2
x f V3, n)( / e 2 yz(”">)|u]|u§y2,,7(¢,e)de) dn
0 0
< 1V =2
16614 A A L v Ry ~o o~
+ |2All232 2l / yzn(f ,7)(/ -4 Pa(tm) yZ(”e))Uzzyz,,?(t,e)dQ)

y (/ ey S 9)d9> d
0

< IV =Ml +

< I =2l

n 6‘llz‘\;‘gezAzlz / P33 ) (/ -5 (3}2(”")%(”0))7]22372,:7(fa G)de) d
< IV = 2l

32|A1;4;2A2|2 /01 Va2, mye 73200 /0" eV LT, (1,0)do dy

<19, - e 4 B 2 AT

o (_ /ne*ﬁ(372(&'1)*372(&9))[:{225)2.,7(l‘, 0)do|)_, + /lb?sz,n(t, n) dn)

0 0

<1 -+ B4 A

<OV = Dal* + 1A — A).

As far as the terms Js and Jg are concerned, they again have the same structure,
and hence we only consider the integral corresponding to Js, that is,

1 N » 1 [ o
/ Js =), n)dn = E/ V1 = V)V, (t, 1)
0 0
« (/n(ego”)z(t,n)ﬁz(t,e)) et D1En=Dia. 2
0
X nljjn(zjj)3;)72,,,(t, 0)1 5 (2, 60) d9> dn.
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The main ingredient is the estimate

|e—5o72<t,n>—a7z<z,e>> et (r,n>—371<z,9)>|
1 - - -
0
< —e a0 (19, (2,0) — Vi (1, 0)] + 1Da(t, n) — Vi, M)

a
for all (¢,0) € B(n), (5.13)

which follows from Lemma A.1 (i).
Direct computations yield

1 ~ ~
/ JsV = )(t, n) d’?‘
0

1 n - - - -
/ (5;1 _ 5;2)3}”0 1) (/ (e—,%<yz<z,n>—yz<t,9>> _ e—,%(%(z.n)—y](t,e)))
0 0

~ A

X m]_in(sz;m?z,n(t, 0)1 5y (1, 0) d@) dn|
1
7/(; |yl_y2|y2,n(tv 77)
L ~ ~ ~
X (/ (2@, ) = (e, )] + D2, 0) — D12, 0)])
0
X e_%(:)}z(t,ﬂ)—jjz(l,@)) m,in(d;—)?’j}ln(t, 0) d@) dn
» / B = PP, )

n -~ ~
X (/ e—a(yz(r,n)—yz(tﬂ)) min(U,*)3y2,,7(t, ) d9> d
0 J ’

- - 1 L

19, —y2||2+a2A12/0 2,

no 3 . ) o 2

x ( / 1Vi(1,6) — Da(t, 6)|e™ s V202200 min(u;)3y2,,,(t,9)d9> dn
0 J

4 T ~ .~ ~ ~

< / Gy = P2 BoI (. m) din + 191 = Dl

0
1 o

+ m‘/o\ yzz’n([, n) (/0 e*;(yz(fwn)*yz(tﬂ))u;yz’n(t’ 9) d@)

no - - - -~
x ( / D1 — T2, 0)e# P00V min @G I (1, 9)d9> d
0 J ‘
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4

a2All

~ ~ 1 ~ ~
< QA+ DT - P+ / P32, (1)
0

no. - L - - .
x ( / D = W) (1, )™« 2D D min@UH Y, (2, 9>d9> dn
0 J

- - 2 [
< OWIP = Pl + / P, )
0

a?A®
no. ~ ~ - ~ o~
X (/ O =), 9)6_%(3}2([’7’)_%0’9)) mjn(lxlj')yz_n(t, 9)d9> dn
0 J

2 | .
azAs/ Doy (8, e ad2em
0

x / @) = P e min@UH) Vs, (¢, 0) d0 dy
0 J

=0V =Dl +

=O0MP - M|

2 n | ~ ~ ~ ~ ~
= | et IO Gy~ 52 min@BH P, (2, 0) d6
aA6 0 J J

1
n=0
) I T
—f-ﬁ/(; V=) Injln(uj)ylﬂ(t’ mdn
<OV = Vol

where O(1) denotes some constant which only depends on A and which remains
bounded as A — 0. We used (cf. (4.16¢)) that

U i Y '
| . -~ — L (Dat— 2
/ e—;(yz(z,n)—yz(z,e))uzzyzqn(t’ 0)do < / e M a(t,m) yZ(t’e))uzzyz,n(t, 0)do
0 0

< 4APs(t, 7).

In the last step we used (4.15b), (4.15g), and finally that

n | ~ ~ ~ . ~ ~
/ efﬁ(yz(f,ﬂ)*yz(fﬂ)) (yl _ y2)2 rIlj;n(U?)yz,,,(t, 0) do

0

< (VU + 1 D:U]12)8APs (2, ).
Since 75,~ (t, n) tends to 0 as n tends to 0 and 1, the term on the left-hand side tends
to zero as 1 tends to 0 and 1, respectively (cf. (3.40)).
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Consider next the terms J; and Jg, that is,
1 -
(J7+Je)t, ) = Fyln(tv m)
n ~ ~ ~ ~
X (f m'in(efal(yi(tqﬂ)*yj(lﬁ))) min(u;r)3y2,n(t’ 9) d@)
o J J
1 -
- Fyl,n(t’ 77)
n ~ ~ ~ ~
X (/ min(efal(yi(tqﬂ)*yj(tﬁ))) min(u;r)3y]’n(t’ 9) d@)
o J J
Here we have to be a bit more careful. Introducing

n - n .
E = {(t, n) ‘ / 2(t,1,0)Va,(t,0)do < f (t, 0,0 ,(t,0) d@},
0 0
(5.14)
with . ) _
2(1,,0) = min(e™s VD) min@l ) 1, 0),
J J

we can write

(J7 4+ Jg)(t, n)
1 -~
= Fyln(tv n)

n | ~ ~ ~
X ( / min (e« VIOV Cy min@U )Y, (2, 9)d9>
0 J J
1 -
- Fyl.n(t7 77)
n | ~ ~ ~
X ( f min (e« VIOV Cy min@U )Y, (2, 9)d9>
0 J J
1 -~ -
= E(yln - yl,n)(t’ 77)
n | ~ ~ ~
X mkin[ / min(e ™« Y1) min@ )V, (2, 60) d@]
0 J J
1 - 1 s .
+ _yl n(t’ 77)/ min(ef;(J’_/(nn)*)}j(fﬁ)))
AST 0o J
x min@U) Vs = Vi) (t, ) dO L (1, m)
1 - U s :
+—)) . (t, 1) / min(efg(y‘/(t,ﬂ)*yj(tﬂ)))
AT 0 J
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X min U Yoy = Vi), 0)dOLge(t, 1)
= (L) + L, + L3)(¢, ).

As far as the first term L; is concerned, the corresponding integral can be
estimated as follows (we use (3.40)):

l ~ ~
/ L —yz)(t,n)dn‘
0

b ~ ~ ~
= 5| [ O =I0n, =P

n - ~ ~ ~
X m]n[/ min(e_%(yj(l,ﬂ)—yj(l‘ﬂ))) mln(l/lf)%yk,,(t, 9) d9:| d”'
J J

= ‘_ﬁ(yl 5}2)2(1’ n)

1

n -~ ~ ~ ~
X H}}n[/ min(e_%(yj(l,n)—yj(l‘f)))) min(u;_)3yk,n(t, 9) d9:|
J

n=0
trg / G — I
x % min / min(e s iD=V min@f )3V, (¢, 0) do | dn
dn & |Jy i i
< OV = Vol

where O(1) denotes some constant only depending on A, which remains bounded
as A — 0, since the derivative

—mm[/ mm(e aPjam=Y;e.0)y m1n(Ll+) Vit 9)d9:|

exists and is uniformly bounded; see Lemma A.8.
As far as the last term Lj (a similar argument works for L,) is concerned, the
corresponding integral can be estimated as follows:

1
| 1. = 3o man
0
1 - -~
= i/ (j}l _ 3}2)5)2’"(;, 1) /.n m_in(e*%(Jij(t,mf)’,;(t,e)))
A® 0 0 J
x min@}) Gy = Vi)t 0)d0Tpe (1, 1) dn
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1 e - -
= ﬁ/ O = V)V (8, M) Lge(t, 1)
0
[ S - - n
x [ (2 = D)2, 8) min(e™ s @D =I ) min@fH) (2, 6)
L J j

0=0

r] ~ ~
- / Fs = I, 0)
0

F 4 - ~ )
— min(e"aQit:m=Y;.6) . 3
* _<d9 in(e ' )) min(@U})*t, 0)

=+ min(e_zlw(50(1,’7)-5%’([,9)))(d mln(Z;[+)3) ([, 9)} de] dn
j do J
1 - - .
- / B = 3 M@)ot L1 ) i
0 )
1 L ~ o~
+og / Py — I Dot )L (1, )
0
v / T - D). 9)
0
i (o S =D;(t.0) ) - 717+H)3
X [(de rr},.m(e ! ) mjm(u,-) (t,0)

- - d ~
+ min(ell(yf(tv?])y/‘(l,@)))(d@ mln(u;r)3> (t, 9)i| do d’l
J J
= L3 + L.

As far as the first term L5 is concerned, we have, since

~ ~ ~ 1
min@U; )’V (. n) < AP minlU;) < —=A7,
J J

2

that
| N ~ 3
|La| < F/ Vi =)’ rnjin(?/lffyz,n(t, M Lge(t, n)dn
0

A - - - -
< E”yl —DlI> =01V = Nl
where O(1) denotes a constant, which only depends on A and which remains
bounded as A — 0.

The second term L3,, on the other hand, is a bit more demanding. We start by
considering the first part of L3,. From Lemma A.2 we have that

d . Loy, Y 1 . Ly, v, ~
% mm(e*g(y,(f,n)fy,/(tﬂ))) < - mm(e*g(y,/(t,n)*)/_/ (t.9))) max(yj,n(t’ 0)).
J a j J
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This implies that

1 " » N no_ ~
A6 / OV = V)V, (8, M) L pe(t, 71)/ = W), 0)
0 0

d o -
x <de mjin(e_Hl(yf("”)_y’("e)))) min(4}")* (1, 6) d dn‘

N

15— Pl +ﬁ/ 2.0 n)</ G — I, 0)

d ) ) _ 2
x [ — min(e™s @Dy min@)3 (¢, 0)dO ) dy
do i

N

- - 1 1
19, — Dl + W/o 32 )
: (/ '3 = P (t.6) mine e -Ii6on)
0 J
B B 2
X m.in(Z/[;’)3 max (Y, ,)(t, ) d@) d
J J

1
: Vit n)
a’A? 0 20\

N 5 - . 5 2
X </ YV =M, 9)min(e_E(yf("")_y"(t‘g)))min(uf)(t, 6) d9) dn
0

IV = Wl +

N

N

15— Pl +ﬁ/ 2.0 n)(/ G — I, 0)
2
~ min(e—;(ﬁ/(r,n)—ﬁj(r.fJ)))d9> dn
J
IV = Dl?
/ V3, n)( / “zi DR (3, —372>2<r,0>d9)
X (f e 2A2 D (t.m)=Da(1.0)) dg) dn
0
< ||371 ~- DV’
by / V3, n)( f e‘ﬂ’*z@“’*""””@”(ﬁl—372>2<r,0>d9)

X (/ e 2A2 [RZIGRERVICS 9))(21P2y20 +H2 n)(t 9) d@) dT]
0

N
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< 1Y =Dl

+ ﬁ | 8AP,S (¢, n)( fo B e ST AT dG) dn
< % =Dl

24 /0 Bat,me S /0 LIS, — 570, 0)do d

1

n=0

~ ~ n 1 'y Oy ~ ~
< IV =l + 4AA2(— / e RN (Y P22, 0) do

0
1

+ / 3 — P20, n)dn>
0

< O — Il*.

Here we used (4.13) and (4.16¢). Furthermore, we use (4.16f).
Next, we turn to the second half of L3,. Recall first (4.16g).

From Lemma A.2 we have that

4 min@H)3 (¢, 0)| < 2A* min@U)(1, 0).
o j i

Thus we can conclude as before

T o N B - .
G / V1 =) Vo (8, ) L (2, 77)/ (V1 =), 0) mjin(f;(yj(t’")fy"(t’a)))
0 0

x (;9 rrljin(dj)3) (t,0)do dn‘

< Y = Wl +E_/ y”(t n)(/ O = M), g)mm(ea—,@j(z =160

2
x (je m_in(zftff)(t, 9)d0> dn
J
< IV =Dl? +—/ AL () n)(/ 1P, — Da(t, §)e s Fatm=I20.0)

2
x min@;)(t, ) de) dn
J

<1 =l
4 . nL . L5 ;
+ / Vi, n)( / oa—yz)z(r,e)e—aw")—w’ﬂ”de>
0 0

X (/U e*%(3}2(%7])*5}2([,9))1)22([’ 6) de) dn

0

Downloaded from https://www.cambridge.org/core. IP address: 94.193.20.89, on 10 Jun 2020 at 07:52:58, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.22


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.22
https://www.cambridge.org/core

J. A. Carrillo, K. Grunert and H. Holden 66

< WV =l
24 (15 52 R AC TR TC
+?/ PrY; (1, 1) /(yl — V)2, 0)e «2Em=0D) gg ) gy
0 0
< IV =Dl

1 5 . N 5 B
+1L4/‘)@Annk5”““(/'OA——yﬁ%LGkﬁ”““dG>dn
0 0

1

~ ~ n = = ~ ~
=V = Nl* + lZaA(—/ eTT VDV (P — )2z, 0) dO
0

n=0
1
+/@~Mﬂmwo
0
<OV = Dol
‘We conclude that
ILs| < OM)|P) = Wl

Finally, we have a look at Jy (the argument for J;o follows the same lines). We
have

1 ~ ~
f By = P, n)dn‘
0

A6
A6A621A1<A2/ O - yZ)yln(t n)
rl ~ ~
% (/ €Al(y'(t’")y'(”e))(lxﬁfyl,,,(t,6)d9> dﬂ‘
0
A6 A6

«/—A6A6A%]]-AI<A2

- - - e -
x / |y1—y2|y1,n(z,n>< / e A y'“”bf%y],n<r,0)d9)dn
0

AS — A "o
4mA31A|<A2f |y1 —y2|7)1y1,n(t, ﬁ)dﬁ
A — A

1
p Ry L) / Vi =Dl(t, n)d
J2ACAS A <a, ; B2 212, m) dn

< 6V24(4; — AN = D]
< 6A(IV — Vol + A — As).
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‘We now turn our attention to /5,, that is,

o ~ 1 - 1 T o
I = f (yl — yQ)([, n)(Eyz’n(l, 7])/ e M Y2 (t,m) yz(t,é)\'lpzuzyz.n(t’ 0)do
0 2 0

1 - U pen—3 e
eVt m) / e A W’*“Plulyl,ﬂ(r,e)de) dn.
1 0

As before, we are only going to establish the estimates for one part of it, since the
other parts can be treated similarly. Let

- L ~ 1 -~ T a3 o~
132 = / (yl — yz)(t, T])(Fyzm(t, 7])/ e A Va(t,m) yz(f,@))’ljzu;yln(t’ 9) do
0 2 0
1 - T - N~
eVt m /0 e AT 3"“’9”7>1uryl,n<r,e>d9) dn
1
1 L 5 » n 0 5 o
= F/ WV = W) (e, 77)(3)2,;7(1‘, 77)/ ¢ A 2 0m y2(t’9))732?/{;372,,7(t,9)d9
0 0
- n - - - o~ o~
— Vit m) f e‘A‘lm“"”‘y‘”’Q”PIMryl,n(t,e>d9) d
1
+ <F - Aﬁ)]lAlgAz/ V1= V)Vt )
2
rl ~ ~ ~
% (/ e_Tl(y'(t’n)_y'("0))P1Ufry1,,,(t, 9) d@) d’?
0

11 R
N <_ _ F)1A2<Al / Py = TPt 1)
1 0

A3
N ~ ~ ~ o~ o~
% (/ e—A—'z(yz(t,n)—yz(tﬁ))qu;yzm(t’ 9)d0> dn
0
=K, + K, + K;. (5.15)
Direct calculations yield for K, (and similarly for K 3) that
8 AS — AS
Ky < —=———14,<a
ATAS s
1 B o n - N o
X / (Vi = DoV, (2, 77)(/ e_”‘ll(y‘(”")_y](”9))P1U1+371,n(t,9)d9) d
0
AS — ~
X A6A6 ”yl yZ”

5 N ) o 2\ 12
x ( / V2. n)( f eW‘“"”W"@”P,uﬁy],nu,e)de) dn)
0 0
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6

o ) o 12
y / e HIDTC 5 o gy g dn)
’ (, 1/2
<\/_ A3A6 ”yl y2||(/ szln(t U)dn>
IM .
||y1 Wl
< (9(1)(”3)1 =Dl + 142 — A,

where we used (4.16b), (4.16¢), and A; < A,.
On the other hand, the term K needs to be rewritten a bit more. Namely,

1 - Y Y L =T 1
K, = E/ O = (e, U)(yz,n(f, 77)/ e Ry y(ﬂ))P2u2+y2.n(t79) do
0 0

~ n Oy s ~ ~ ~
-—Mﬁam/‘e*w“”y“”ﬂUEWAnmﬂOd
0

1 b ~
5 | G-
8 </’I 677120_)2(1’7])73}20’9))(732 _ 751)2;{2-%—:)}2’”0, 9)]1751<732(t7 9) d@) dﬂ
0
| Y O
+ 4 | G-I
0

n |- -~ - - - .
x </ ¢ A NEMNCD (D) PYUFY, (1, 0) 15, 5, (2, 0) d@) d

Ll e o s
+Ffm—m%mm
0

r] ) X ~ ~ ~ ~
x </ e—rlz(yz(t,n)—yz(rﬁ)) rnjln('P,)(Z/[ZJr — Z/{;r)yz’,](l‘, Q)HIZTQ;(; (t,0) d@) dn
0

1 [t o. ~ o~
+E/m—wxmm
0

n - - - - - -
% (/ 6*71](371 &m=Y1(2,0)) mjln('Pj)(Z/{z+ - u;r)yl,,](t, 9)ﬂa;<1;[1+ (t,0) d@) d
0

1 L ~
+B£m—wmm

~ n 1 s ) ~ ~ ~
x (mmoﬁn/’eAJ”“”JMW”mpa%ngnaﬁxmmmewﬁ
0
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~ n 1 o o ~ ~ ~
— Vit m) / e AT m.in(P,-)m.in(U,-*)yl,n(t,9>de> dn
0 J J
=L +h+h+ i+ Js.

We start by having a close look at J; (J> can be handled similarly). One
has

1
FARS 16 / Vi = V) Va,(t, 1)
0

n |- 5 - .
x ( / ¢~ QAWM (P, —Pl)u;yz,,,(t,e)ﬂﬁl@z(r,e)de) dn‘
0
<Y - y2||2+ﬁ / Vit n)( / ~Ap G2 F20.0)

2
x (Py2 = Py Py + PYOUS Va1, 0) 15, 5, (2, 9)d0) dn

<V =l +ﬁ/ ygn(t n)
- . - e e 2
X (2/ eff(yz(l-ﬂ)*yz(lﬁ))(7)1/2 7)1/2)7)21/2u;-y2,n(t’9)d9> dn
A12
X (/ A2 (yz(t n-— 372(1 9))(7)1/2 7)1/2)2752:)727?7(1" 9) d@) dﬂ
0

< ”y] yz” + —[ yz,](t 7}) (/ _Aiz(yz(t,n)—yz(tﬁ))z/?%:)}ln(t’ 6) d@)

<19 - Pl +F/ P32, (1)

" (/" ¢ AP Fx000 (12 _ 7511/2)27523)2’?7(&9)619) dn
<IF = Dl +—/ Frnlt )

X<116A¢%awymmkpwz ﬁVﬁﬁ%%WMHNW)dU
<P =Dl +—f Vot e 27207

x ( /0 A h) (Py? = PPy, (¢, 60) d0) d
< IV =0l
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8A T iy - - L !
+ A62< / e a5 () yZ(”‘”)(Pz”z—Pf/z)zﬂym(t,@)d@
0

n=0
1
+ / P)* = PP, (2, m) dn)
0
<OV = Dl + 1P = P21,

where we used that

T G i s o
0< / B PD-D0O) (BI2__BI2RB G, (1 py dn
0

<A /
0
n 3 3 12
g A4(/ e*fz(yz(tqf])*yz(fﬁ))yz’n(t’ 9) d@)
0
- N s 1/2
X (/ e*A*Z(yz(fqﬂ)*yz(fva))f]);yzqn(t’ 0) d9>
0
< AOWMP, ),

n 1 ~ -~
e*Afz(yz(t,n)*yz(tﬁ))fpzyz’n(t, 9) do
n

where the very last term tends to 0 as n — 0, 1. In the last step we used (4.16b).

Next, we investigate Js (J4 can be handled in a similar way). The argument
is a bit more involved and hence we start with some preliminary estimates. One
has

) e
/ ¢ T DNV e DY, (1,0) do
0

. - - -
< 2A4/ eI HDTNND G (¢ ) 46
0
N o 1/2
< 2A4 (/ e—m(yz(f,ﬂ)—yz(la ))y2’7](t’9) d@)
0

n - - . 172
y (/ Y s e)de)
0
< AomP, ).

where the term on the right-hand side tends to O for n — 0, 1. In the last step we
used (4.16j); cf. (3.35) (and the derivative Q, , can be found from (4.7) and (4.9)).
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With these estimates in mind, we end up with, recalling (4.16e),

1
/ (5)1 — 5)2)372,,,0, n)
0

5= -5
y ( /0 ! A 203200 m}n(ﬁj)(zj{; — UV (1, 0) L <z (2, 0) d@) dn‘
< I —372||2

v o / 32,
x ( /O 7y Pt~ y2<’9>>m1n(7>)(u+ L?ﬁ))?ln(t,e)ﬂgrga;(t,e)w)zdn
<9 =Dl
Alz/ 2.0 n)(f e‘ziz‘372("")‘3}2("9))752)72,n(t,0)d9>
x ( / TR PTG 2P (1, 9)d9> dn
- ' ~ 2 LR
<19 —%nuﬁfo PoI2, (1, )

n ) Y ~ ~ ~ ~
« (/ e—ﬁ(yz(f.ﬂ)—yz(fﬂ))(u; — U P (1, e)de) d
0

<V = Wl

+ % fo Dt e T ( fo L HID G BTy (1.0) de) d
=1V =’

+ IL;(—ZAZ /0 ' TR PO G 2P, (1,6)db]!

1
+ 2A2/ U = U Pyt 1) d’?)
0
<SOMUD = Dol* + 1t — Uy ).
As far as js is concerned, we have to rewrite it a bit more. Namely,
| R
—6/ WV =), n)
A° Jo
- n 15 = ~ ~ ~
x (yzm, n) f e 2 V2O min(B)y min@U )W, (¢, 6) dO
0 J j
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~ n 1 Y ~ ~ ~
— Vit ) / e AT DTN min(P)) min(@U; )V, (¢, e)de) dn
0 J J
1 I - ~ -~
= FﬂAlgAZ/ O = V) Vo, (t, 1)
0
y (/n(e;z@w,n)ﬁz(r,e» S XA OON
0
x min(P;) min@U ) Vs, (1, 0) d@) dn
J J
1 b ~ -~
+ FHA2<A|/ O = V)Vt )
0
« (/n(e;z@m,n))?l(r,e)) PR ritY (nn)—)‘}m,e)))
0
x mjin(75j) rrljin(dj)jl,,,(t, 0) d@) dn
1 b ~ o~
+ F/o O = V) Vo, (t, 1)
> (/n(e;o?z(r,nm?z(r,e» — et (nn)—)‘}m,e))) min(?sj)
0 j
X min U V2, (1,0) 150 (1, 0) d@) dn
1 I - ~ o~
+ F/o O = V)V, )
« (/n(ea'()?z(r,n))?z(r,e)) _ e—,%()"jl(r,n>—371<t,e)>) min(75j)
0 j
X min UNV1 (1, 0) L g (2, ) d@) dn
| VR
+ E/ V=), n)
0
- n |- . .
X (yz,n(t, 77)[ min (e« @77V min(P))
o J J
x minU;) V2, (t, 0) do
J
- n ~ ~ ~
— Vi, n)/ min(e_5(3;"(“’)_3;"(“9)))min(Pj)
o J J
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x minU;) V1, (2, 0) de) dn
J

=Z1+l~42+l~43+£4+l~45,

where B(n) is given by (5.11).
Both L 1 and L, can be handled in much the same way, and therefore we only
consider L;. One has

1
/ (571 — 5)2)5)2,,;@7 n)
0

- 1
|Li| = Eh'@z
n . - .
y (/ (e AP T200) _ ok Fan=F20.0
0

x min(P;) min@U; ) Vs, (1, 0) de) dn‘
J J

4

1
< —1 Vi — DY t,
> A,@zfo F = PPt m)

n . ; - -~
x ( / ¢~ T V2 =F2(t:6) rrljin(Pj)min(u;)yz,n(t,e)de) dnlA, — A,
0
0 o 12 16 : 2
<V = all” + m]lA,gAz ; Y5, @ )
n : ) o 2
x ( f e“W“"”W’ﬂ”|ul|7>zyz,,,<r,9)d0) dn|A; — Asf
0
- - 8 L
<19, —%numfo 32 (.
n 5 - - o 2
X (/ e*W(yz(fsﬂ)*yz(tvg))szzyn(t’ 9) dg) dn|Al _ A2|2
0
- - 8 L S o
< ”yl _y2||2 + W/O yZZ,H(t’ n)('/o e O (t,m) yZ(t’e))’szz,n(f,e) d@)

n o N ~ ~
X (/ e_ﬁ(yZ(t-rl)_yZ(fﬁ))szzvn(t’ 9) de) dn|A1 _ A2|2

0

32
Ad%e?

n ) Y ~ o~
« (/ e—ﬁ(yz(r,m—yz(nenpzym(t’ H)de) dnlA; — Asf?

0

<V =Dl +

1
f P32, )
0

16

< I —372||2+A762

1 :
/ Vot e 200
0
x / e NPTy, 1,0)dO dnl Ay — Ao
0
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1

<IV =P + 5

4 T ham—3 .
<_/ e TEPN-INPB T+ 9) do
0

n=0

1
+ / szz,n(f»fl)dﬂ>|A1—A2|2
0

SOMUY = Dol* + 1A — AP,
where we used (4.16h). B ~
Next we turn our attention to L3 and L4, which can be handled in much the
same way, and therefore we only consider L;. One has

1
|l~43| = / (571 - 572)572,,7(1‘, n)
0

1
A6
! — LDt =22(1,0) =L =D1 .0 in (D
X (e7aR2MmRED) _ ma AED=ALIN) min(P;)
0 J

X m/_in(f{f)jz,,(t, 0) L (2, 0) d@) dn)

1 L. ~ o~
ﬁ/o (Vi = V2| oy (2t 1)

N

7’] ~ ~ ~ ~
B (/ (Wit m) = Dot M| + 1D, 0) — Ia(z, 0)))
0
x e s D2V min(P ) min@UH) I, (1, 6) de) dn
J 7 X
|
= ﬁ/o O - yz)zyz,n(h n)
x ( / P L) min(P;) min@;H) Vs, (1. 6) de) dn
0 J J

1 L ~ o~ 7T ~
+ 76/ (Vi = |y (2, n)(/ [Vi(2,0) = (2, 0)]
aA® J, 0

x e‘%(i’z(r,n)—ﬁz(r,e)) mm(ﬁj) m,in(g;—)jjln(tv 0) d@) dn
J J
1 e o
< @/ O - yz)zyz,r;(t, n)
0

1 - - i~
« (/ e*gO?z(t,n)fyz(tﬁ))7)23/47/{2-%—3;2.”(t, 0) d@) dn

0
1

V246
n ~ ~ 1 ) _ '? ~ ~ ~
x ( / D12, 0) = Da(z, 0)]e 22 207 y~<"9”7>§/4u;y2,,,(r,9>d9) dn
0

+

1
/ |3~71 - 572072,77(1, n)
0
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1 I B 5 no . e B 5 1/2
¢§A6KJCM-—JGVJhAnn)<A e B y“”hﬁﬂ)hﬂue)d9>

n Do B o 1/2
X (/ e*E(yz(fﬂl)*yz(fﬁ))u;yzw(t, 9) de) dn
0

<

- - 1 L
2 2
+ IV = Nl” + 2A12/0 Y5, (@, n)

n - - _ o o 2
X (/ e_t(yw’m_yzaﬂ))|y1 _y2|7ji/4u2+y2,r](t,9)d0) dn
0
3 L -~ o~ ~ -
< ﬁ/ O = V) Pada,(t, n)dn + |V — Dol
0
L, ! G025 (4 0) do
+ 2A12 o yZJI(t’ 77) o e zyz,r;(t, )
n |- - ~ _ » »
« (/ o~ B OH-T200) yzf?’f”%,,,(t,@)d@) dn
0
<OMIY = Wl
1 L _1y T ~ . s~
+ 5 / Vot me Azy-“-'”( / e Y200y, —yz)zpj/zyz,n(z,e)de) dn
0 0
<OMIY = Wl
1 T Bt ~ e~
+ 145(_/ e Az(yz(t,rl) yz(t,@))(yl _y2)27)23/2y2!n(t,6) d0
0

n=0
1

+(/1(jl—-jéffgﬂj%mﬁ,n)dn)
0

<OMIY =Wl

where we used (4.16k) for 8 = %

Finally, we can turn our attention to £5, which we need to split into several
parts. We write

- | R
L= [ @ =Fown
0
- n |- . .
X (yz.n(;, 77)/ m.in(efg(y,-(t,n)fy,-(t.e))) min(Pj)
o J J
x min@U) Vs, (1, 6) do
J
- " |- i .
_ yl,n(t’ 77)/ min(e*;(yj(t,n)*yj(t,@))) mln(’PJ)
o J J
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x minU)V1,(t, 0) d@) dn
J
1 b ~ o~ ~
= F/o = V) Qo = Vi), 1)
n ~ ~ ~
X min(/ min(e‘é(yf(””)_yf(”e))) min(P;)
k 0 j J
x min@U) Vi, (1, 0) d@) dn
J
1 L ~
+ o / G = PPut. MLzt )
0
n |~ ~ ~
X (/ m.in(e*g(yj(tq'?)*yj(tﬁ))) min(Pj)
0 J J
x min@H) Gy = Vi), 0) de) dn
1 - - -
o / G = PP e )
0
n ~ ~ ~
« (/ mjn(e*}Wf("”’*yf(’ﬁ”)min(Pj)
0 J J

x min@) = Vi), 0) de) dn

= L5+ Lsy + Lss,

where E is given by

E= {(t, n)

n -~ ~ ~ ~ ~
/ min(e—%(yj(t,n)—yj(lﬁ))) min(P/) m,in(bl,»*)yz,n(t, 0)do
o J J J ’
n - ~ ~ ~ ~
< / min(e s ViD=V min(P,) min@UH I, (¢, 6) d@}. (5.16)
0 J J J

As far as the first term isl is concerned, it can be estimated as follows (we use
(3.40)):

l ~ ~ ~ ~
/ Fr = PG — Vit )
0

- 1
|Lsi| = G
n | ~ ~
% min(/ min(ef;(y,(t,n)fy_f(r,e))) min(Pj)
L \Jy i J
x min(U; )V, (2, 0) d@) dn‘
un(¢4
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(yl 372)2(1’ n)

2A6
n - - ~
x Inkm</ m'in(e*;(y_/(t,n)fy,/(tﬂ))) mm('p])
0 J J

1

x minU ) Ve, (1, 60) d9>
J

n=0
1 ~ ~

+ / P = 30
0

d . T Ly, . .=
X — min / min (e« YN0y min(P;)
dT] k 0 J J

x minU ) Ve, (1, 60) d9> dn‘
J
< OV = Dol (5.17)
where O(1) denotes some constant only depending on A, which remains bounded

as A — 0, provided we can show that the derivative in the latter integral exists
and is uniformly bounded. In fact, from Lemma A.6 we have that

— mln(/ mln(e § Qe =Yja. 0y m1n(73 )mln(u+)yk a2, 0) d@)

exists and is uniformly bounded.
As far as the term L5, (a similar argument works for Ls3) is concerned, the
integral can be estimated as follows:

|
Ls, = F/ O = V) Vo, 8, ML (2, n)
0
n ~ ~ ~
> (/ mjn(e‘5@/’(’*”)‘3’1”’9”)mjn(Pj)
0 J J

X In]ln(z/?f)(j}Z,r] - j}l,n)(t’ 9) d@) d’]

1 L. ~ o~
. fo Gy = )T (6 )L 6 1)

x [@2 — V))(t, 0) min(e~a D=0 min(P))
J J

n

x minU;)(t, 0)
un(e4

0=0
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no.
- / P — P16
0
x [(i min(e_fllO}f("”)_jf(”e)))> min(P;) min@;)(t, 6)
do j J P
+ mm(e =Y. 9)))( de m1n(77 )mm(lxﬁ))(t G)dH] dni|
e f B = $)* min(Py) min @) 1, ) U1 1) i
0
1 L ~ o~
T / P — I Tt )Lt 1)
0
no_
x / P — I)t.0)
0
X [(i min(e;d]f("")jf(”g”)) min(75j) min(Z;{f)(t, 0)
do j J i

+ mln(e §Djam=Yja. 9)))( d@ m1n(73 )mln(lf’)) (t,0) d@]

=M1+M2.

As far as the first term M, is concerned, we have since

2min(P)) min@) Vs (r, 1) < A* min@) (@, 1) <
J J

&I“ﬁ

that
1 L ~ ~ ~ o~
M1 < g [ 0= 32 min(P) mini) e
0

A - - -
< 2_«/§”yl — WP =0V = Wl

where O(1) denotes some constant, which only depends on A and which remains
bounded as A — 0.

The second term M,, on the other hand, is a bit more demanding. (i): First of
all, recall (A.4), that is,

d . Loy. Y. 1 . Ly, V. ~
% mln(67E(yj(t’n)iyj(,ﬁ))) < - mln(67E(yl(,'n)iyj(he))) max(yj.n)(ta 9)7
J a j J
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which implies that

1 » » " N »
/ G = I Tt M Lpe 6 ) f G = P, 0)
0 0

1
A®
LIRS Vo e ) in(P) min@d
X %m_ln(e W REET) ) min(Py) min") (2, 0) d6 dn
J J J X

- - 1 1, no -
IV —y2||2+ﬁf Jif_n(t, mLg(, n)(/ Vi = )2, 0)
0 0

N

d i ) 3 _ 2
X ( jn(e_;(y/(t’”)_yf(t‘e)))) min(P;) min(U) (¢, 0) d0> dn
do j j j J

- - 1 o
< _ 2 2 (.
1%~ P + /0 32,

N 5 B - 5 2
x ( / D1 = Dal(z, @) #2300 m,in<u,-+)<r,9>d9) dn
0 J

/A

2 1
~ ~ 0 a ~o
ta
V1 = Il +8 2 2/0‘ yz,n( )

N ~ ) y o ~ 2
x ( / 1)) —y2|(r,9)e‘A’zW’*“‘W“@”(27>2y2,,,+H2,,,)‘/2(r,9>d9) dn
0
1D — Wl
1 L N » D
e [ e ([ =T o g)
2

N

n ~ =~ ~ o~ ~
x (/0 e‘ﬁ(l’z(hn)—yz(tﬂ))(27)2))2’" )t Q)dé)) dn

< NV =Wl
| L o
+F/o PaYis @ ”)(/0 F1 = T(a, )¢ 2 20 d9> dn
2
< NV =Wl

A ! . - N - -
+5 [ B n)e_“]‘zyz“’")( | oa—yzf(r,e)e“*z”"*”de)dn
0 0
1

-~ ~ r, _L 5 _ ) ~ -~
— |3 = DoI? — AA, / ¢ TIN5 32(; 9 do

0

7=0
+AA, /0 1071 — V)@, mdn
< O =Nl
where we used (4.16¢) and (4.16f).
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(ii): First of all, we have to establish that min; (75]») min; (L?f)(t, ) is Lipschitz

continuous with a uniformly bounded Lipschitz constant. More precisely, in
Lemma A.3 we show that

‘i(min(’ﬁ,) min@))(t, 6)| < 2A*(min(P,)"? + |Uh]) (¢, 6).
do " T / j :

We are now ready to establish a Lipschitz estimate for the second part of M,.
Indeed,

1 ~ ~ ~
f Gy = )T (6 )L (1 1)
0

AS
r] ~ ~ ~. ~.
x [ @ = T oyminge om0
0

x (% mjin(75j) mjn(z/?;)> (t,0)do dn'

N

1V = Ml +ﬁ/ V3, e, )

no_ ~
x ( / (G = I} (. 6) min(e™= 000
0 J

2
(i mm(P )m1n(L[+))(t 9)d9> dn
do

/N

19 - y2||2+—/ 32 )

X (/nmin(ea(y,/(t,n)y,/(tﬂ)))
0 J
~ _ ~ ~ 2
x|V = y2|(mjin(77j)'/2 + [Lh]) (2, 0) d9> dn
- - 41 +2)2 ! -
19— FhP + %/ 32 ()
0
X (/"I A Dot =D (s, 9))|y y2| 1/2(t 0) d@)zdr]
0
1V = Dl

36 ('« T - ~
+ F/ y22.17(t’ n) (/ e 2,22 Va(t,m) yZ(t’e))Pz(t, 9)d0>
0 0

n 1 ~ ~ - -
% (/ e*m(yz(hfl)*yz(fﬂ))(yl _ yz)Z(t, 9) d9> d?]

0

N

N
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< NV =l
252 '~ -, =30 5 2
+55 | P | e 20D (Y — Wo)2(t,0)d6 ) dn
0 0
< NV =l
1 ~ 1 ) n 1 ) ~ ~
+126A / V(. n)e“zyz“‘”)< / e 200, —yz>2<r,9)d0) dn
0 0
< NV =l
n s - ~ ~ :
+ 126 A <—2A2/ e*m(yz(t,??)*yz(tﬂ))(yl _ yz)Z(t’ 9) do
0 n=0

1 - ~
+/ 2A2(y1—y2)2(f,ﬂ)dﬂ)
0

<OV = Dol
where we used (4.161). Thus we find that
ILss| + |Lss] < OV — Wl

We now turn our attention to /53, that is,
1 1
- - 1 - s s o o~
L = / =), n) (Fy2,,7(t, n)/ o~ A7 Y200m ywﬂ)leUg,,,(t, 0) do
0 2 0

| - LS Siaol A
— P f ¢~ AP y‘“’”'Qlul,n(r,e)de) dn.
1 0

As before, we apply (5.4). Thus it suffices to study the following term.
- o 1 - T e Taeon A
I3 =f D =), rD(FyZ,n(t’ n)/ ¢ MRS T (1,0) do
0 2 0
1 - T . -
- Fyl,n(l’n)/ o AT D@ ymzﬁ”glul,n(z,e)de) dn
1 0
1 L. ~ - N e o
= F/ (Vi =), ﬂ)(yz,r,(t, 77)/ e DS 1y (1,0)d6
0 0
- n . . o
— yl,n(t,m/ e‘A‘l0’1“")—3’1(”9”Qlul_n(t,9)d9> dn
0
1 1 L. -~
+ A_g - A_? La<a, A Vi = W)Vt m)

n = . ~ o~
y </ e*‘]l(y'(t"’)y'(t’g))Q]Um(t,é’)dQ) dn

0
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1 1 L . o~
+ (A_g - A_?>]1A2<A1 /0 OV = V)Va,(t, 1)

" L
y </ P LRGN Ny e)de) dn
0
= kl + IEZ + 163.

Direct calculations yield for K, (and similarly for K3) that

K> | < A5A6 / Vi = DalV e, 77)(/ A]'O}](Z’n)jl(r’e))ﬁlldl.nl(t,G)dG)d

6

A ~
AMHM Pl

o N o 2 12
(/ 3, 77)(/ 6_’*'(y'(””)_y‘(t'e))ﬂlell,,,l(t,9)d9> dﬁ)

AS — _ Ly 9y ~
< 1246A6 ||y1 y2|| (/ yl W(t T]) (/ a; Vi@m yl(fﬁ))rp%yl’n(l" 0) d@)
1472

n 5 - B 1/2
X (/ e*ﬁ(yl(fﬂl)*yl(IVH))HL”(I, 9) d0> dn)
0

A6 1/2
<V6=2 A3A6 ||y1 yz||</ PVt ﬂ)d’?)

fA6

X

||y1 Dl
< 0<1>(||y1 —DlP+ 1A — AP).

Here we used (4.15m), (4.16b), and (4.16d).
K, on the other hand, needs to be rewritten a bit more. Recall (4.7). Then we
can write

1. ~ ~ T L an—3 ~ -~
F[ =), n) (yZ,n([a 77)[ e A2 yZ(t'e))Qzuz,,,(t,Q) de
0 0
5 o
—~ yl,n(t,n)/ e A ONen y‘("e”Qlul,n(t,e)d9> dn
0
| R - G R gy
= E/ O =), | A, (2, Tl)f e T T PUs (2, 0) dO
0 0

. n . . .~
. A1y1,n(t, n)/ e*Ail(yl(t,rl)*yl(t,(?))f])]u]’n(t, 9) d@) d’?
0
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1 [~ - - n e .
+—Zg/(3h—3@a,m()tﬁnn)/ﬁeAﬁymm NP, (2, 6) do
0 0
» n - 5 ~ o~
— Vo, (t,m) / e m NV D g (o 9>d9> dn. (5.18)
0

In the next step we are applying integration by parts, so that we get rid of U i,
0) in the integrands and hence can therefore have a splitting into positive and
negative parts. Therefore note that fori = 1, 2, we have

Ty —y, ~ o~
/ e A Qi t,m) yt(tﬁ)),])ib{i,n(ta 0) de
0

~ ~ n
_ e‘%f(y"(”")‘y"("e”ﬁbi(t 0)
- 1 1 )

60=0
- /ne—,\li(ﬁ(m)—?"(fﬂ)) i75'+i 5\ 3. (1.0)do
0 Ai 1 A,z i iJin\ty
= ~ldi(tv 77)
T L Gam-diaon [ 2 5 1 ~\~ ~
—fe“'”” —P; — —=D; \U: D, (t,6)db
0 A,‘ Ai
= PU (1, )
_2 ne*r(ﬁ%(t,n)f)?,-(t,e))ﬁ'd'y' (t.0)do
Ai 0 Y in\bs
1 — =i em=Dit.0) P 77
+A_% e ! Dilh; V(1 6) db,

and

/n 87A%(j[(;,n)—ﬁ;(t,a>)f)iz;{w(t’ 0) do
0
_ /” e,ALi(y,.(r,ny)?i(t,e))
0
6 1) V; y DY) ! 1
5 (/ em‘y"’ﬂ)y‘("”)((uf — PVt D) + EA?> dl)”tbn(t’ 0) db
0
neort S i (1,1 y DY) ! 1
_ / (/ o A Tian-Fic, >>((uiz — PP, D)+ EA,»S) dl)bl,-,n(t, 0)do
0 0
o . ~ ~ 1 y, '
_ </ em(yf“’")y"(’*’”((uf — PVt 1) + EAf> dl)“i([’ 9
0

n 1 () A ~ A 1 ~
_ f e*ri(yi(lqn)*yl(tﬂ)) ((Z/{l2 _ Pi)yi,n(ta 9) + EA?)Z/{I(t, 9) do
0

0=0
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= DU (¢, m)
Ty . ~ ~ - 1 ~
— / e_/T’,(yr(lan)_yz(tﬂ)) <(u12 _ Pi)yi,n(t, 9) + z1415)2/{[(1,, 9) d@
0

Here we used that for 6 < n,
’ L Qie=-Yie [ 772 DA 1 s
OS/() e At mm ((U, _Pi)yi,n(tal)+§Ai)dl

g s -
< / e—,g,.(ym.n)—y,»(t,l))((uiz —PT D) + %Als) dl
0

< 251'([5 n) < 24;Pi(t, n).
We finally end up with
_ 1 - - e e~
k= / G — P APALIs, — APTIL) (1, n) di
0
1 L ~ o~~~ o~
+ E/‘ O = X)(DU, — Dol Vo ) (8, ) dn
0
1 L ~
+ F/O P — I
- T e L&
x | Vot ) / ¢ M0 Dy, (t,0)do
0 A2
- NS 1 ~ ~ ~
— \))l,ﬂ(l‘7 n)f e ay Vi@ y'(”m)AlDﬂl)}l.n(LQ)dQ) dﬂ
0
3 ' Y Y L G- 1
+ F/ O = ), n)(yl,n(t, n)/ e A TR Y, L, 0)do
0 0
~ n 1 'y Oy ~ ~ ~
— Yoyt ) / eAz“’“““y“’*e”quzyz,n(r,e)de) dn
0
1 b ~ ~ T - ~a
+ E/ O = ), ﬂ)(yz,n(fv Tl)/ e A 20 yZ(I’G))USJ}Z,n(t,O) do
0 0

~ n Y O ~y o~
— Vi, ) / e‘A’n(W’*")‘yl“ﬂ”ufyl‘n(r,9)d9) dn
0

1 b - ~ ~ T L - ~
+ ﬁ/ O —yz)(t,n)<yz,n(t, n)f ¢ M RO AL (1, 0) d6
0 0
- 0 } ) }
— P 77)/ ef‘ll(y'("")y‘“‘e))A?L{l(t,G)dG) dn
0
=K+ Kin+Kis+ K+ Kis + K. (5.19)

Downloaded from https://www.cambridge.org/core. IP address: 94.193.20.89, on 10 Jun 2020 at 07:52:58, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.22


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.22
https://www.cambridge.org/core

Metric for CH equation

We start by considering K;, which can be further split into

_ 1 L - . .~ Y~ .
K, = F,/ (yl - yz)(Azpzuzyz,n - Alplulyl,n)(t’ ’7) d')
0

1
T AS

1 L ~ o~~~
+ F1A2<A1(A2 - A])/ O = )Pith Y, (¢, ) dn
0

1 ~ ~ ~ ~ ~
Ta<a, (A — Al)/ O = V) Polh s (2, ) dn
0

1 ~
+ %/ O = V)P, — Pl)uzyz,n]lﬁl@z(t, n)dn
0
! ~. ~ ~ ~ ~ o~
+ %/- (yl - y2)(P2 — ’Pl)ulyl’n]l,,52<7sl (t,n) dn
0
1
+ %/ =)oy = Vi) mjin(Pj)Uz(t, n)dn
0

1
a ~ ~ ~ ~ . ~ ~
+ 2 f B = )@ — o)y min(P ). 1) d
0
= By, + Biy + B3 + Biy + Bis + Bie.

For B;; we have (and similarly for By,) that

_ 1 L - o~ o~ o~
|Bi1| = F]lAlgAz(AZ —A)) / O = V) Polh Vs (8, ) dn
0

A L ~
< m%l — A2|/O (Vi — Wal(t, n)dn
SOV =Dl + 1A, — Ay)).

Recalling (4.151), we have for Bi; (and similarly for 314) that

1 ~ ~ ~ ~ ~ ~
/ V1 = V) (Py = Pl sy 1p <5, m) dn
0

_ a

|Bisl = -5
2 ' \ P1/2 NL/2D1/2177 1

<5 [ 3= TP = PIPIBL S0 d

1
< ﬁ/ D1 — ol P2~ P2(e,my dy
0
SO = WP+ 1P = PP).

85
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As far as Bjs is concerned, we want to use integration by parts. Therefore it is
important to recall (3.40) and Lemma A.3 (ii), which imply that

1
|BIS| = % / O =V — Vo) mjin(Pj)uz(h n) d’?'
0
1
= 5|1 = P minPplle. ) |

1 » » d 5 5
- / O - yz)zd—(min("Pj)Ug)(t, n) d’l‘
0 noJ

I - d =~
= 3|, G =3 mincP i ")d"’
A - <12
3 ~ ' 2
< _zﬁHyI Il 20

By is straightforward. Indeed, one has using (4.15e) that

1 ~ ~ ~ ~ ~ ~
/ G = P th — Ty min(B)J,, 0. ) dn‘
0

_ a
|Bis|l = g
1" - ~ o~ ~
< 5/ (Vi — allUy — Us| (2, 1) dn
0
<NV = Dol + U — U
We continue with K;,. We can split K, as follows:
_ 1 . RV e~
Ro= / G — INDUI,, — DI, m) dn
0
1 L ~ o~ s~~~
= F/ V1 =) (D1 = DU Y1, L, o, (2, m) dn
0
1 L. ~ o~ <~~~
+ / G = I, — DYoLy, 5,1, 1)
0
|
+ o / B = P T — Ty min(D )T, m) d
0

1 L. -~ o~ ~ o~
+ F/ D=V Oy — Vo) mjin(Dj)Z/lz(t, n)dn
0

= Bz] + Ezz + 323 + 324-
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As the first step we need to establish an estimate for (251 — f)z)(t n). Note that
U 2 )| < A2 Vi, (t, 1), and hence it is in general unbounded. Thus our

estimate for (D1 - Dz)(t, n) must take care of this problem.
Applying Lemma A.9 finally yields

_ 1 L .. - .
1Bl < B/ Dy — Tl 1By — Dol (G D 12 )L, (1. 1)
< o / O — PP D T ¢, my

+ B/ Py = D@ + P Py (. m) dn
272

A9/2

+ E/o D1 = Dl m

19— Bl / By — T DY Pyt ) d

o _ ; } A
X (/ e~ AWM= qq, —Uz)z(fﬁﬁm) [ V1, (2t ) dn
0

2 ~
+ _y2|(tv 77)

n ~ -~ ~ ~ 172 ~ o~
x < / eAWW3"<f=9>>(7>1‘/2—P;/Z)Z(t,e)de) U |Vt m) dn
0

3 L. ~
+ m/(; [V = Wal(t, 1)
~ ~ ~ ~ 1/2 ~ ~
X (/” ei“l(y'(”")fy'(t’g))(yl - V)(t,0) d9> (U1, () dn
0

1242
V3eA?

n - - 172 ~ ~
> </ o~ TP En=P1(1.6) d@) D () diy
0

+

A} — A2|/ |V = Dal(t, m)

1
+ ﬁfo D1 = Dol m
x ( / ' PR VI ATPR 9)d9>|121|371,,,(r, n) dn
60 '« =
+ ﬁ'Al — A2|/ IV — Wul(t, n)
0
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n s - . -~ o~
X </ e~ a1 tm=X1(1.0)) d@) |u] D}]J}(t’ n) dn

0

N (e -
<OMITr = DolP + = / Pr (1, mye 0
0
! y y y = ~ ~ ~
X </ e%yl(t,e)((bﬁ —Z/{z)z + (7)11/2 _ ’]321/2)2 +AQ, — yz)z)(t, 6) d@) dn
0
+ 12424, — A2|||j~)] _5)2”

1 . N 12
% </ V(. n)e” P En (/ AN (.0) d@) dn)
0 0

3A12 I - no, 12 -
+ =3 (/ yl,,,(r,n)e-aw’*”)(/ e-zy“’ﬂ)de)dn) IV = P
0 0

+ 6A'21A; — A1V — Ml

I B n - 1/2
X </ yl,n(ts n)e*%yl(t,n) (/ e&yl(hé)) d9> dﬁ)
0 0

SOV = WolP + 1th —h|* + 1P =P, |2 + 1A, — A2P).

Following the same lines, one obtains
1Bl S OMUIVy = Dol + 1 = Uall” + 1P = P21 + 141 = Ao
The estimate for B,; is straightforward. Namely,
_ 2 o - - - e
Bul < 5 [ 1= Fullth — Pt
0
<NV = Dol + It = L.
As far as B,y is concerned, recall from Lemma A .4 (ii) that
d , . =~ -~ ;
gy (min(DUe(t, m)| < OMA’,

which yields, together with (3.40), that

_ 1 1 . . - -~
| Bps| = 16 / O = V)V — Vo) mjin(Dj)Uz(t, n) d’?‘
0
| y 5 o 1
=74 O = )? mjill(D/)uz(f, n) .

I - d - -
- / B = P2+ uin( D)) 1 n)dn‘
0 n J
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1 L. - d .~
= 346 /(; O = M)A, n)d_n(nljin(pj)MZ)(t’ n)dn

<OV = D>

Next, we have a look at K 13, which can be rewritten as follows:
_ 1 [~ -
K3 = F/o =), n)
x (372,,,0, ") /0 " eA'z‘j“”’”92(”">)Ai2152122372,,,<z, 6)do
— Vi, n)/One‘f‘ll(y'(””"j'(”e))ALITDIZZJ/M(LG)de) dn
| Y
= F/o =), n)
x (372,,,0, ) /0 " eA'z‘j“”’“y”“”“)Aizﬁzdm,m, 0)do
— Dt /0 "e‘All@‘“’”"j'(“’”Ai]f?lb?rjﬁl,n(t,9>d9> dn
|
+ E/o Q2N Z[G))
x <372,,7(t, m /0 " eAIZO}Z(M)jZ(tﬂ))ALzﬁzz;{zjz,n(f, 6)do

. n - - 1 ~ ~ -~
— Vit m) /0 e‘ffl0"“””‘3"“’9”A—]Dlu;y],nu,e>d9) dn
= I?fg + 161_3

Note that both K5 and K 13 have the same structure and hence we are only going
to present the details for K5, which needs to be rewritten a bit more. Namely,

_ 1 L -
Riv= / Py = It )
0
. n - - 1 ~ ~, ~
x (yz,ﬂ(t, ) / ¢ RO Dl B, (1,6) d
0 2

. n . - 1 ~ ~, ~
= Vit m) / e‘f%0"(”")‘3"“9”A—Dluryl,ﬂa,9)d0> dn
0 1

1 /1 1 Vo o
= ]lAlgAzF(A—z — A_1>/0 O =)W1, (@, )
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" Lo - o~ o~
o (/ eAl(y‘(”")y‘("e’)DIL{ﬁyl,,,(t,G)dG) dn

0
1 /1

1 b ~ -~
+ La,<q, E(A_z - A_l) /0 O = V) Vot 1)

n 15 ~ - o~ -
X (/ e*/Tz(yz(f,ﬂ)*yz(tﬁ))pzu;yz’n(t’ 6) dg) dn
0
1 I - ~ o~
+ E/ V1 = Y)Wy, 1)
0
n . - - Y
% (/ e—%z(yz(f,ﬂ)—yz(tﬂ))(pz _ Dl)u;yZ,nﬂﬁlgﬁz(t’ 9) d9> dn
0
| I L
+ F/ V1 = )1y, m)
0
n . . - Y
% (/ e—ﬁ(yl(f,n)—yl(tﬁ))(pz _ Dl)uryl,nﬂﬁz<ﬁl (t,0) d@) dn
0
1 L. ~ -
+ F/ Vi = V) Vo,(t, 1)
0
n . . .- .-
x ( / ¢ 20DV i (D) Uy —u;)y;nﬂwga;(t,e)de) dn
0 J
1 L. ~ =
+ o [ @ Faden
0
n . . .- .
x ( / ANV i (D) Uy —ur)yl,nlg%w(t,e)d@) dn
0 J
1 e o
+ o [ G- Tadun
0
% (/"(ef,‘zdz(t,mﬁz(t,w) _ e—%z(ﬁmt,n)—ﬁl(t,e)))
0
x mjin(f) ) Irljjn(lx?j'))}ln]lg(m (t,0) d@) dn
1 L. ~ -
+ F/ Vi = W)Vt m)
0
% (/"(E—A‘lo?z(t,m—ﬁz(t,e>> _ e—,%l()}l(t,rz)—ﬁl(r,@)))
0

x min(D;) min@U;) V1. L. (¢, 0) d@) dn
J J
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1 L. ~ o~
+ ]1A1<A2F/ O = Vo) Vo, (t, )
0

7 _ Ly, _v. . _ Ly _v.
(/ (mjln(e A5 Qjm yj(tso))) _ rnjln(e a . yj(tﬁ))))
0

X

X

min(D;) min@) Vs, (. ) d9> dn
J J

1 L. ~ =~
+ ]1A2<A1E/ O = V)V, ()
0

7 Ly _y. . R N
(/ (mjin(e a5 Vi m 3},(1,0))) — min(e a; Yj.m y,(z,e))))
0 J

X

x min(D;) min@U;)V,(t, 0) d0> dn
J J
| L -
+ 5 [ G-I - e
0
n - ~ ~ ~ ~
x mkin< / mjn(e—i<yf<f»">—3’f‘“»">>)mjn(Dj)mjn(uj)yk,,,(z,9)d9) dn
0o J J J
1 '« -
o [ G- PPten
0
x </ﬂmin(e—},<37,-(t.,n>—52,-<r,0>))
0 J
x mjin(f?» mjin(b?f)(?z,,, — V1), 0) d9> dn
| L
+ 5 [ G- TP Lo
0
% (/nmin(e‘id’f'(’*”)‘j’f(’ﬂ)))
0o J

x min(D)) min@) Vsy = V1), 0) d9> dn
= é31 + é32 + Bs1 + By + By + Bay
+ Bss + By + éss + é36 + B3 + Bss + B,
where B(n) by (5.11) and

n ~ n ~
/ T(t7 n’g)yln(t’e)de < / T(tv n’e)yl,ﬂ(tve)de},
’ ’ (5.21)

D={(t,n)

Downloaded from https://www.cambridge.org/core. IP address: 94.193.20.89, on 10 Jun 2020 at 07:52:58, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.22


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.22
https://www.cambridge.org/core

J. A. Carrillo, K. Grunert and H. Holden 92

where ) )
Y(t,1.,6) = min(e~s VDY) min(D;) min@).
J J J

We start by estimating 331 (a similar argument works for 332). Direct calculations
yield
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aA 0
n - - -~ o~
y (/ e—;,oil<z,n>—y1<z,9)>Dlul+yw(t’9)d9> dn
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2 LI ~ o~
< E'Al - A2|f (Vi = Wl V1 (t, 1)
0

" o
y (/ e HPUDTCNB 34 (o 0)d9) dn

0

2 RPN
< F|A1 - A2|/ (Vi — |Vt n)
0
. . 12
» (/ne”ll(y‘(”")_y‘(1’9))75123}1,7,0, 9)d9>
0

1 - - o 12
X (/ e—ﬁ(yl(t,ﬂ)—yl(fﬂ))ufy],n(t’ Q)dg) dﬂ
0
26

A4
1
< \/8A|A1 - A2|/ (Vi — Wl(t, n)dn
0
<OV = Dal* + 1A; — AP,

1
< A} — A2|/ (Vi = ol PiVi,(t,n)dn
0

For B, (a similar argument works for E’_32) we would like to apply some of the
estimates established when investigating K. Thus we split B;; into even smaller
parts, that is,

_ 1 L - o~
| B3| < F/ (Vi — Wal Vo (t, 1)
0

n ~ - _ _ ~ o~
x ( / e AN (G, +d12)u;yz,n11@@2(t,9>d9) dn

0
|
—+ F_/ |yl _y2|y2,n(ta 77)
0
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n 1 = o~ o~
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0

= B3i1 + Bsip + B33 + Bas.
By (A.12) and (A.13), we have that

(dy + di)(t, 0) < 24°2DY*\ Y, — Do, 6) + 2324 DY (1, )| V) — Dl

and hence
2 Lo o
By < W/(; (Vi = Do Va, (8, 1)
n ~ ~ ~ ~ ~ ~ ~
y (/ o BTN 5 _ GBI, (1, e)de) d
0
sz/ 1 = PolF . )
n ~ ~ ~ ~ ~
x ( / Pl Y /AR VAN 9>d9) dnl|Yy = Wl
0
<V = Do)?
+ o / 32 (.

2
o« (/ TN Ta000 5 Tl DY T G)de) .
0
\/—

) 112
el A
- n e N - o 2 1/2
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Recalling the estimate for T,, we have that
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A 0 6=0
n - i .
n 2/ eﬁ(yz(tﬁ)—yz(t,n)) d0:| dn”yl _ y2||2
n
64A/ Vo, n)[ / VD= G V2O 3 Vot
6=0

+ 4/ eﬁ(j’z(n@)*)}z(t,n)) d9:| d77|A1 _ A2|2
0

<OV —Nl?
32 . L | = - -
+ = / Va2, p)e 2200 ( / w0 (P2 —Pz‘”ﬁ(z,e)de) dn
0 0

1 ~ 1 ) n 1 ) ~ ~
+ 24 f Vo, n)e‘w”“")( / e“z”“ﬂ)(yl—y2>2<r,0)de)dn
0 0
I - o ~ ~
+ A / Vo, n)e“zy“”")< / e“zy“’*‘”de> dnl| Yy = Dol
0

256A no
/ yz at,me” 2t (/ eﬁyz(lﬁ) d9> dnlA, — A2|2
0

< O(l)”yl — V|

1

n | - ~ ~
+ 32[—2/ eﬂ(yz(tﬂ)*yz(t,n))('])llﬂ _ 7)21/2)2(t’ 9) de
0

n=0

1
+2 / (P = P*), n)a’n]
0
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1

n ~ -~ ~ ~
—+2AA2{—2/'e*ﬂ”“”‘mmmkyl—aéfaJ%de

0

n=0

1
+ 2/ O =)t ) dn]
0
1 1 B B
+2/ dn}nyl—yzuz
=0 0

1

n o -~
" AAz[—2/ o T P2O-Tate) g
0

256A?
3e?

SOV = WP +1I1P* =P IR + 1A, — AP,

n ~ ~ 1
[_ 2/ eﬁ()}z(tﬂ)fyz(t,rz)) do +2f dn]|A] _ A2|2
0 0

n=0

Last but not least, direct calculations for B34 yield

6 b oo
B34 < F'Al — A2|/ (Vi = Da| (8, 1)
0

) i 0
8 </" o s P2)=32010) (/ e~ 2(t.0)-I2(t.0) dl)?;l;)}z,n(t, 9)d9> dn
) 0
6 ~ ~
< F|Al — As||ID = Dl
x (/1 5)227;(1, ) </" o~ 73 P2t:=320.0)
0 2 0
. ~ o 2 12
o </ o~ T D26 =Ia(1.1) dl)u;’yz,n(tve) d9> d77>
0

6 .
< E|Al — AV = il

1 - n A - .
X </ yZZJI(t, T/) </ e*rz(yz(f,ﬂ)*yz(tag))ugyln(t7 9) de)
0 0
n

B B 0 : : 2 1/2
% (/ o~ A P2(t.m)=D20.0) (/ o~ T O=2D) dl) yzin(t,g)d9> dn)
0 0

2 - -
< eald = AP = Dl

1 n )
([ Pz ([[ s

0 0

0 . - ~ B 12
X (/ e*ﬁ(yz(fﬁ)fyz(t,l)) dl)yz,,](l‘, 9) d@) dﬁ)

0

< 6V2(A, — A1) = Dall
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1 - no_ |-
X </ Vot m) </ Vs, (t, 0)e” 200
0 0
6 ) ) 1/2
X (/ e%)’z(ﬂ)—ﬁ)’z(hn) dl) d@) d’?)
0
< OM)|A; — A1V = Dl
Collecting the estimates we have obtained, we conclude
|Bs1] < Oty = U + 11Dy = Dl> + 1P = P2 1P + AL — As ).

Recalling (4.16¢), a direct computation yields for Bs; (and in much the same
way for Bj4) that

_ 1 L -~
| B33| < F/ V1 = ol Vo, (t, 1)
0

n 1 ~ ~ - -~
x < / ¢ A QM=) min(D;) |l — LoV, (1, 9)d9> d

0

<V - y2||2+F/ yzn(t )

n . 5 B B B B 2
x < / oA V2DV in DY, 1, —u2|(t,9)d9> dn
0 J
<YV = WP
_3 .y Ry N~ ~
Alz/ yZn(t n)(/ e ZAz(yz(tqﬂ) yz(lﬁ))fpzyz’n(t’e) d9>

X </ e*m(yz(tyﬂ)*yz(tﬂ))']szjz’n(Z;{l _1;{2)2(t’ 0) d@) d

0
<1V =l
4 (' - T a3 .
+ E\/ 732:)}22,”(1" r’)(/ e 2,:2(3;2(&7]) yz(lﬂ))(ul _u2)2(t’9) d@) dT)
0 0
<V = Wl?
2 1~ 1 v N 1~ 0 ~ ~
+ 2 [ e n)e“zyz“"”< [ et ><u1—u2)2(t,9)d9>d
0 0
<1V =l
2A " L - - 5 1
+ 72[_2/ e—m(yz(hn)—yz(tﬂ))(ul _uz)Z(t,Q) do
0 =0
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2 f @ G dn]
<OMUPr = oIl + th = Ua ).
Direct calculations yield for B;s (and in much the same way for Bse) that
_ 1 I ~ o~
| B3s| < F/o (Vi = Wl (2t 1)

n 1 ~ 1o~ ~
% (/ (efg(yz(f,ﬂ)*yz(fﬂ)) _ e*@(yl(fyn)*yl(tﬁ)))
0

X m_in(f)j) mjn(df)jz,nnw(z, 0) d9> dn

A7A2_/ V1 = Dol Va e, n)(/ (V1 = al(t. ) + 1D = Wal(2, 6))

« e*i(572(&n)sz(fﬂ))ﬁzz;[;rj}zm(t’ 9)d0> dn
1 "o oo
< m/ V1 = V2V, (8, )
2.Jo

% (["e—A‘z(y‘za,n)—n‘iz(r,e))ﬁzz;{;yln(t, e)de) d

0

1 ~ ~ ~
A, /0 (Vi = Wl Va (2t 1)

n Yy Yy ~ ~ ~ ~ ~
x ( f e O ICDD T, Pr = Tl 9>d9> d
0
2 15) 73 D DD B2Y) 4 0y g6 v
S O( L — Vo) Vo, (t, 1) A e " SV (t,0)
" 5 : o 1/2
y (/ e—,\lz(yz(l,n)—yz(fﬂ))uZZwa(t’e)de) dn
0
+ 1Y =l
4 . L a6 <
+ F/ yf,,,(f, n)(/ e a; Q2 (tm) yz(lye))uzzyz’n(t’e) d@)
0 0
n 1 ~ — - o
% (/ 675(yZ(I’n)iyZ(tﬂ))Pzzyzﬁn(yl _ y2)2(t’ 9)d9> d

0
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2./6

!
<V = Nl* + 2 / O — yz)zpzyz,n(t» n)dn
0

16 '~ -,
o / B2, n)
0
n = ~ o~ o~ - -
% ([ e—t(yz(l«ﬂ)—yz(tﬂ))P;yzw(y] _ yZ)Z(t7 9)d9> dn
0
<A+ V6|V =Wl
I - n - B B
+A f Va2, pye 0200 ( f eV (P P, 9>d9> d
0 0

= (1 +6A) |V, — |

1

n Lo . 5 5
+ AA2|:_/ e*fz(yz(t,ﬂ)*yz(tﬂ))(yl _ yz)Z(t’ 0) do

0 n=0
1
+ / Py = 30 dn]
0
<OV, = Dol (5.22)

Direct calculations yield for 3’35 (and in much the same way for 336) that
. A - Al [T 5 o e
|Bss| < ]]-AlgAzl—72/ (Vi = Dol Y2y (2, 1)
aAle 0

" - - ~ -~ o~
X (/ min(e*H(y,/(t,n)fy/(t,o))) min(Dj) min(Uf)yz,n(t, 0) d9) dn
o J J J

1
< aAﬁefo 1 = FalFatt )

n : S 12
y (/ e—Alz(yz(f,n)—yz(lﬁ))ufyz’n(t’9)d9>

0

n - ~ o 1/2
x ( / eMz%"’")yz(’*G”PIPZyZ,n(t,e)de) dn| A — Ay
A11/2 / Vi = W|P 1/2572,77([,77)

1/2
X (/ e 2A2(y2(f =2, 9))7) szQU(t 9)d9> dnlAl _ A2|
0

<1V =l
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256
A2A g2

n ~ o~
x (]"e‘LwOb““‘y“””¢a¢a)aﬁa,e>d9)(hNAl—-Azf
0

/%%mm

<V = Wol?
16A/ T (1, e e m(/ zgzﬁz(t.mde) dnlA, — Asf?
0
<OV = Il + 1A, — Ay,

As far as the term By, is concerned, it can be estimated as follows (we use
(3.40)):

1 ~ ~ ~ ~
/ O =)y — Vo), 1)
0

|By| = T
% min(/ﬂmin(e‘i(3_’1'(’*’7)‘5’1'(””)))
k 0 J
x m_in(@j) m_in(z];)yk,,,(t, ) d@) dn‘

(yl y2) ,n) mm(/ Hlln(e L em=Y;, 9)))

1

2A7

x min(D;) min@U;) V., (. 0) d@)
J J

n=0
1 _ d 0 . ~
- / O =), n)—min(/ min(ea YN =YiE0)
0 dn o J
x mjn(f?_,) mjn(zij)jk,n(z, 6) de) dn‘
2A7 / (y] yz) (t n)_mm(/ mln(e a(y,(r m=Y; (. 9)))

x min(D;) min@U;) V., (. 0) de) dn‘
J J

<OV = Dol (5.23)

where (1) denotes some constant only depending on A, which remains bounded
as A — 0, provided we can show that the derivative in the latter integral exists
and is uniformly bounded; see Lemma A.7.
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As far as the term Bsg (a similar argument works for Bso) is concerned, the
integral can be estimated as follows:

_ 1 L - . " - 5
By = E,/ Vi = V) V2y Lpe(t, m) (/ mjin(e‘E(yf(’*”)‘yf“*")))
0 0
x mjin(?i-) mjin(zit,*)o?z,n — Vi), 0) de) dn
1 [ s - B L
= F/ O = Vo) Vaylpe(t, n) |:(y2 -V, 0) mjin(e_E(yf'(””)_yf(’ﬁ)))
0

n

x min(D;) min@;)(t, 0)
J J

0=0

— / '3 -, 9)[<i min(e—iW”f“”)—y”f“ﬂ”))
A do

X m_in(ﬁj) min(l;lf)(t, 0)
J J

N 5 d . -
+ min(e~ s P CNYie) [ Z min(D,) min@?) ) (1, 6) d6 | dn
j de j i
1 [ - S
- / B = P> min(D)) min@h) o Lo 1, ) d
0
1 b ~ o~
+ F/ O = Vo) Vo, ) Lpe(t, 1)
0
Ry Y d L @n-P; 0
X (V1 = M) (2, 0)| | =7 min(e™ 27 P70
0 do
x min(D;) min@;)(t, 0)
J J
L Y d ~ ~
+ min(e”« V1DV [ — min(D;) minU") )(t,0)d6 | dn
j do j i
= M] + Mz.
As far as the first term M, is concerned, we have since

min(D,) min@;) V., (t, 1) < 2min(A;P;) min@H IV, (¢, n)
J J J J
8

E,

< A*min@N (1, ) <
J
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that
- 1 T ~ - -~
M| < F/ O =W)? mjin(Dj) nljin(uf—)yz,n(t’ n)dn
0

A - - - -
< E”yl =Vl =0V = W%,
where O(1) denotes some constant, which only depends on A and which remains
boundedas A — 0.
The second term M5, on the other hand, is a bit more demanding.
(i): First of all, recall (A.4), that is,

‘_ mln(e L@iem-y;a. 9)))
a

1 ~
< mln(e E(yj(l m- yj(, 9))) max(yj,n)(ta 0)’
J

which implies that

1 N » 5 no »
ol =3t (G- Fowo
0 0

d - . - -
X <% min(e_}z(yj(t,n)—yj(t,ﬁ)))) m,in(Dj) min(u;')(t, 0)do d’?'
J

< I3 - P *W/ V2, (6 ) pe(t. )
x ( / G- Pe.0) <— m.in(e“jf(’“”}f“ﬂ”))
0 dG J
2
x min(D;) min@)(t, ) d@) dn
J J
; 112 1 : 052
<UD =Tl + fo 32,
no_ B Lo . ~ 2
X ( f 1V = Dal(z, 0)e 2 P70 i Uj)(t,e)aw) dn
0 J
< V=l
2A2/ Vi, 17)(/ V1 = Dl (2, )¢ 3 D200 y2(’9”d9) dn
< IV = Ml?

1!~ o s :
+3 / Vit n)( / (yl—y2>2(t,9>eM”(”")”“ﬁ”de)
0 0
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n 35 ~
X (f e*m(yz(f,ﬂ)*yz(fﬂ)) d0> dn
0

< IV =Dl
1 L N _ L Pt
+E/ NG n></ Py — )21, 0)e 72 mwd&)
2 J0 0

g S Y ~ ~ -
x ( / (=R RS YA () d@) dn
0

< IV =Dl
6 5 T e — e Gh . -Ir1.6))
+F/o [N ()] /O(yl—yz) (t,0)e 22770 77do ) dn
2
< IV = Dl?

[ - U - -
+3A / 1, n)e“’z””*")( f Oy = )2t 0)e =20 de) dn
0 0

1

S P L
— 19 = P — 6AA, / ¢ PD-T00 (55 _ 2/ 6)dp

0

1 ~ ~
L 6AA, / @1 — 2, mdn
0
< OMIY = W2,

where we used (4.13), (4.16¢), and (4.16f). Again, O(1) denotes some constant
only depending on A, which remains bounded as A — 0.

(ii): First of all, we have to establish that min; (15 ;) min; (Z:{;r)(t, 0) is Lipschitz
continuous with a uniformly bounded Lipschitz constant. More precisely, in
Lemma A.4 we show that

‘j—em,in(ﬁ,») min@;) (¢, 9)‘ < OMVAA (min(D))"” + th)(1, 6).
J J J

We are now ready to establish a Lipschitz estimate for the second part of M,.
Indeed,

1 e - - o | .

a7 / O = V)V 1pe(t, ’7)/ O = )2, 0) m/_in([E(yj(t’")iy"(t’m))
0 0 y
d . = .~

X (de mjln(’Dj) rnjln(L[f)) (t,0)do dn‘
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< IV - y2||2+ﬁ/ V3, Lpe(t. )

n ~ ~ ~ ~
x ( / (Vi = Fa)(2,0) min(ems D300
0 J

2
(d mm(’D )mm(?f’))(t 0) d@) dn
dg

< 1Y =P

+O(1)*/ yzn(t ’7)(/ mm(e U TNV NN

2
x (min(D))'* + [t t, 9)d9> dn
J

< IV =0l
- - 2
+(9(1)— / Vi, (. n)( / R VBN R G e)d@) dn
< AP =Rl

+O) 5 f 3 [ BP0y a0

y (/0 e 2032060 5 Jy2(r. Q)de) dn
< Y = NlP

+0<1>— f Y3, () ( f e T PN (2, 9)d9) d
< Y =Nl

+0(1) /0 Fou, eI ( /0 LR PO, — 37, 0) d9> dn
< 1V =P

1

n 1 5 ~ ~,
+ 0(1)A2(—2 / e T REVTRED P, — V)’ (1. 6) db
0

n=0
1
+ f 2 — I, n)dn)
0
< OV — Dl
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where we used (4.161). Thus we conclude that

|Bss| 4 |Bsol < O P — Dol

Next we have a look at K4, which can be rewritten as follows:
> 3 M5 - LG - B 1T
K= F/ O = W), U)(yl.n(h 77)/ e ATSHEITIEIIDU Y, (8, 0) dO
0 0
~ 77 Y Oy ~ ~ ~
— yZ.n(tv 77)/ e*A]*Z(yz(farl)*yz(l‘ﬁ))fpzuzyzm(t’ 0) d@) dﬂ
0
3 15 5 - LT P i
= B/ O =), ) yl,n(tﬂl)/ e M ' TEPUT Y, 60)do
0 0
~ n 1 'y Y ~ ~ ~
= Vot ) / eAz“’“’*"’W””)qu;yz.n(r,e>d9) dn
0
3o . T N
+ B/ O = (e, ﬂ)(yl,n(f» 77)/ e~ A nEmmNe ))Pll/lfyl,,,(t, 0)do
0 0

~ 7[ _L ) _ ) ~ ~ ~
_ yz,n(l, n)/ e M Va(t.m) yz(t,@))fpzu;ylﬂ(t’g) d@) d’]
0
=K}, + Ky,
Note that both K, and K, have the same structure. Moreover, having a close
look at K /', one has
Kltl - —3K1,
where K| is defined in (5.15). Thus we can immediately conclude that
K < OM UV = Nl + I1Uh = Ua |l + P2 = Py 117 + 141 — Aa.
Next, we have a look at K 15, which can be rewritten as follows:
= (IR Y Y LG -T2.0),73)
Ks = E_/ W = )2, n)(yz‘n(t, 77)/ e TR EIBY, (2, 0) d6
0 0
~ K 1~ Ry ~a o~
— yl,n(tv n)/ e*ﬂ(yl(ls']) yl(l'g))Ufyl,,,(l,e) d@) dn
0
1 ! ~ ~ T Lt — ~ 3
== f O = M), ﬁ)(yz,n(f’ D) / e mORNIRCIN GE Y, (1,6) db
0 0

~ n ) Y ~ ~
— Vit m) /0 e HOUDICDGT, 0>de> dn

| - L
+ / O — M), n>(yz,n<r, ") / ¢ RPN N3 (1,0) do
0 0
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~ n 1 o o ~ ~
— Vit m) / e MR YUY, 1, 6)de> dn
0
= K5+ K.

Note that both K and K5 have the same structure. Having a close look at K5
one has

1
K :/ =)+ L+ T+ Js+ Js + Js + J; + Jg) (¢, n) dn,
0

where Ji, ..., Jg are defined in (5.10). Thus we can conclude immediately
that

K5 < O = LI + U — U
+ P =P+ 14— AP,

Finally, we have a look at K6, which can be rewritten as follows:

Rio= 5 / - I, n>(y2n<r m / SRR S 1, 6) d6

— j)l,n(t’ n)/ e_A](yl(tvﬂ)_yl(lve))A?dl(t’9)d9> dn

A5 A3
_ A / G — It )

9 (/ e—Az(yz(f,n)—yz(tﬁ))z:lz(t’H)dg) dn

0
A5 1
T S / G = P Fratt. )

" -
» (/ e—Al(yl(f-,n)—yl(tﬁ))ul(t’e)dg) dn
0
+ o f G = I Pt n)
n - . ~
X (/ (€ Az(y2(f n=P2(t.0)) e—%z(yl(t,’l)—yl(tae)))uzllB(n)(t’0) d@) dn
0

+ 2A6/ (yl yz)yln(f n)
% (/ (e—,,—lwz(t,n)—yz(t,e)) _ eA‘lo”fl(t.,n)3710,9)))1/7]13(”)6([’9)d9> dn
0
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5 o - n
+ ]lAlgAZ%/ (yl —yz)yzqn(t, T})(/ (mm(e Az(y/(f n— y/(t@)))
0 0
— min(e_/\l*]O}j(L'])‘jjj(fﬁ))))z;lz(t’ 9) d@) dn
j
+ Lay<a a—S/I(jjl —5)2)5)1 () /W(min(e_f‘lz(y"(t’n)_y"a’e)))
=248 e o\ J
- min(e_ﬁ(yf(””)_)}f'(”@))))l:ll (1,0) dQ) dn
+ o / G = I Tt
X (/ min(e—;(yj(t,n)—yj(t,f))))(Z;{;’ —Z;lf“)]ld;rgg;(tﬂ) d@) dn
¥ o / G = I Pt n)
x ( / mjn(e_ﬁ(yf(””)_yf(”e)))(2;{2_ —Z;{l‘)]lz;,zgal(t,H)dQ) dn
+ o f G = IPuat, n)
> (/ m‘in(efgO’,/(t,n)fy/(t,@)))(1;{2+ _zf{ﬁ)lla;gw(t,@) d@)d
T / G = IPuat, n)
% (/ min(e*E(yj(t,n)*y/(tﬂ)))(Z;{; _2:{17)112’<Z/~{’ (t,0) d@) d
0 Jj 1 =72
3 [ o ~
+ m/o OV =)V — Vi)t )
n ~ ~ ~
X (/ min(67$(yj(f,ﬂ)*y/‘(tﬂ))) min(u]f)(t’g) d@) dn
T / G = I Gy = Pt m)

X ( / min(e_a(yf(””)_yf(”‘g)))max(Z:lj_)(t,9)d9>d
0 J J

= Bg1 + Bgy + Bgy + Bey + Bes + Bes
+ B + Bg, + Bes + Bey + By + By,
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The key observation, which rescues the whole paper, is again
A? < 2(751'.)71‘,;7 + ﬂi,n)(t’ n),
which yields for B (and similarly for Bg,) that

B A5 A5 b o
| Bo1| < #‘/‘ Vi = ol Vo, (t, 1)
0

n . . 5
X (/ e_i(yZ(t.n)_yZ(tﬁ))A§|Z/l2|(t, 9) d@) dn

0

5 .
< mMz — A IV = Wl

L " - . . 2 1/2
x ( f AN n)( / eAz(y“”")W"@”A§|uz|<r,e>) dn)
0 0
10 -
< ?Mz = AV = Dl

l’~ n s 5 o 2
x (/jaﬁﬁu,n>[</je‘Aﬁme)y“””izwbw&wa,e)d9>
0 0

n e N o 2 1/2
n (/ e_f‘Z(W"")_W”g))IUzI’Hz,n(t,9)d9) }dn)
0

10 ~ ~ L.
< 42 = AlIF: - Pl (/ 32, 0)
0

" . . -
% [(/ e—A'Z(yza,n)—yz(zﬁ))u;yzm(t’9)d9>

0

n 1 ~ -
X </ e*H(yz(fqﬂ)*yz(fve))f]);yz’n(t’ 0) d@)
0

~ U - . B 2 1/2

+ [ Us (2, .)||2LOO (f eAlz(yz(t,n)yz(t,é))f}_[z,n(t,e)d9> }dn>
0
10 - -
< E|A2 — A1V = Dl
1 B o 1/2

X (/ (6A° + 16A%||Us(t, ')||ioo)73223}22!ﬂ(t,n)dn>

0

<OV = Dol + 1A, — AP,
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Next, we have a close look at Bg; (and similarly for Bes). Recalling the
definition of B(n) (5.11), we have

|Bes| <

2A6A / DZERANN G n)(/ (V1 = Nl m) + 11 = Dl (2. 0))

X E*H(yz(tﬂl)*yz(tﬂ)) |Z/?2|(t, 0) dg) dn
< / G — P Fh n) f P e AR AT,
2A°A; Jo A 0 ’
a’ [ o
+ M/(; (Vi = Dol Vo (8, 1)
noo - - - ~
x ( / (D1 = Talt, )¢ =IO o, e)de) dy
0
a’ [ - e
< o /0 Gy = 2T (. 0)
,] ) "y ~ ~ ~ ~
x </ e—i(yz(t,n)—yz(tﬂ))(fpzyz,n +H2.n)|Z/[2|(l‘, 9) d@) d
0
a’ L ~ o~
+ A6Ag/0 Vi = a2, 1)
o ~ 1~ iy ~ ~ ~ ~
x ( / Vi — Wl(t, 0)e” 2D CN DY),y U |(2, 9)d9> dn
0

1 T ~ - n = -
< _ 2 t, *720)2("77)*3}2(’,9))
A5A, /0 O = Vo) oyt 1) (/0 e

x <;275§372,,7 + A2V, + U, -)||Loo7%2,,,>(t, 6) d@) dn
+ 1V = al?
+ AJA% fo 1372%”0, n)( /0 "B - Pale, e H eI
X (Pydhy + Hop) s (2, 9)d9>2dn
<1 - Tl +0<1>—/ ) — PV PoF (e n) dn
+ @/01375,,,0, ")
x [( /0 13— Dol 0y EC DB 715 i ) d9)2
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N B Lo N o 2

+ < / W —y2|(r,e)e‘AzW’*")‘W’*"”|uz|’Hz,,,(r,9)d9> ]dn
0
- - 2 L

<OMIF - Dol + A‘2A§,/0 32
no_ - e ~ —

x [( / 87 —yz)z(t,e)e‘ﬁz‘W’*")‘W"@”P;yz,n(z,e>de)

0

y (/"e—A‘zo'fz<r,n>—3>z(r,e>>azzjjm(t’ G)de)

0

. ~ 1 s ~p o~
+ ( / O —y2>2<r,9)eAz@“”'”W”””ugﬂz,n(r,e)de)
0

n e - -
X (/ e*E(yZ(WI)*yZ(fﬁ))Hz,ﬂ(t’ 9) d@)] dn
0
<OV — Wl?

8 b <y
+ ATAQ,/(; 'szz,n(t, )

no " 1 - o~ o~
x ( / D = Wo)2(t, ) 2 OMRED PRy, | +u§H2,ﬂ>(r,9>d9) dn
0

4

1 ~
<SOMIP = Dol + o / T (1, me=
0

x ( / Fy = P2 P2y, +d§ﬁz.n)<r,e>d9) dn
0

~ ~ 4A T~ ~ Y S
=0 =Nl + =5 (— / D1 = W)(1, ) 22 2 Om D)
0

1

X (P2, +UH,,)(2,0)dO

n=0
1
+ / W - yz)z(Pzzyz,n +Z/l227-l2,,7)(t, n) dﬁ)
0
<OMIY = W™

Next, we have a look at Bgs (a similar argument works for Bes). Direct
calculations yield

— a5 1 ~ ~ o~
| Bos| < ﬁ/o (Vi = V2|V, (2, 1)
4 K 3 DD ~
x ( / min(e” % 77 yf"")”>|u2|<r,9)de> dn|A; — A
ae Jo J
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2 ' ~
< E/o (Vi = V2| (2, 1)

n ) 'y ~
x ( / e‘dz<y2<’*">‘y“"9”|uz|(r,e)de)) dn|A; — Ay
0

4 P -
< - '
Fxe /0 F = PalFhate )

L 4 - - - .
x ( / e T 2 yz(’ﬁ”(mz,,,+'Hz,,,>|u2|<t,9)de> dnlA; — Ay
0

A4A10 2||yl yZ“ / yz U(t 7))

n 1y, Y, D2
0
(/ e A'zo?zmmy‘z<,,9>)g22372,,7(1,9)d9)
0
n Ly Y, 1297
0
(/” a5 D2 (t)=Da, 9) 2 (t,0) d@):|
0

<A - A+ 19— yznZ/ P2 (1)

A“A9 2

n - - ~o o~ ~n o~
x ( /0 e IR DDV (B2 L TBH, (1, 6) d9) d

<A — Al + 1D — ol

A4A4 2
1 ~ 1 ) n 1 Yy ~ ~ ~ ~

x / Vot n)e“zyz(”’)< / e“ey2<""><7>§y2,n+u§H2,n>(t,e)d9)dn
0 0

<A — A + 1D = l?

A4A3 2
1

" Y 5 ~ ~ ~ o~
% [_/ e*m(yz(f’ﬂ)*yz(lﬂ))(7)223)2#’+u22r}_[2,n)(t,9)d9
0

n=0
1

+ f (P3 Vo, +Us Ha (2, n)dn]
0

SOV = Wl? + 14, — Ay ).
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Next, we have a look at Bg; (a similar argument works for By, and BZ). Direct
calculations yield

2A6/ |y1 y2|y27}(t n)(/ e Az(yz(t n-M(t, 9))|Z/{+ Z/?TKI,Q) d@) d77
||y| -Wl?

- - - - 2
Yy / V5, n)( / /‘20’2“’"’y“”e”luz—ull(tﬁ)d9> dn

<V =Wl +ﬁ/ yzn(f )

. y . - - - 2
x (/ e—@(yz(t,ﬂ)—yz(tﬂ))(szz,n + H2,n)|u2 —U|(t, 0) d@) dn
0
<P = DlP
- 5 o - - 2
/ 3. n)[( / T RUWmRCIND, Uy — Us (2, 9>de>
2
+ (/ e ())z(t n— h%Y¢ fg))/}_{ |Z/~{2 _ Z/?l|([, 0) d9> } dn
0
< ||y| yzll + 7\/ yzn(t T}) (/ e_%(jz(t,?])—jz(tﬁ))f]szjjz’n(t,9) d9>

'] ~ ~ ~ ~
o </ o~ F2em=320.00 17 U Pds 1, G)de) dn
0

. 1;/(;15)22.?707 n)(/oneAlz(;}z(z,n)372(1,9»#2’”([’9)[19)
x ( / [ R Yy Ry A LS TR d9> dn
0
<V =P
+ 1426/(;1\)}2,17(t, n)ezf'«zf’z(’*’”(/o e VO W — U P 1, 9)d9> dn

4 T -~ n ~ ~ ~ ~
+ = / Pt e 1270 ( f e G, —uz)%,,,(w)de) di
0 0
<P =l

2A Ty Y ~ ~ oy !
+ 2(_2/ e*m(yz(tyn)*yz(tf)))(ul _Z/{Z)ZPZyZ,q(ta 9) do

0

n=0
1
2 / Ty = Tb) Pt ) dn)
0
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44, T L G-I ~ N2 !
+ A6 _/ e 2 UL — Uy) Ha,, (2, 0) dO
0

n=0

1
+ / U, — Uy)*Ha, (t, 1) d’))
0
<OMUYr = Poll? + lth — Ub|). (5.24)

Finally, we consider Bg, (a similar argument works for B,). Here integration
by parts will play the main role. Indeed, we have

5

1
fwﬁ%mm—%mm>
0

Bl = —
Bosl = 246

" |- - ~
X </ mjn(e—a(yj(t,n)—yj(t,e))) mjn(u;“)(t, 0) d@) dn'
0 J J ’
T 4AS

n - - ~
X </ min(e—i(yj(t,n)—yj(t,ﬂ))) mjn(z/{f)(t, 0) d@)
0 J J

(5)1 — 5)2)2@, n)

1

=
1
- [[i-3
0
d ([ LT -~
X d_ (/ min(e_E(yj(l,ﬂ)—yj(tﬁ))) mjn(Z/{;r)(t, 0) d@) d’?
n\Jo /7 J

1
/m—w%m
0

a5
< —
4A6

d n ~ ~ ~
X — min(e~ = V1CD=Yie0) min @4+ (¢, 6) d6 ) dn
dﬂ 0 J J J

<OV = Dl (5.25)

where O(1) denotes some constant depending on A, which remains bounded as
A — 0, provided that we can show that both

n | - - ~ ~
a / min (e« Y1V C) min@U ) (2, 0)do < O(1)A* min(P))(z, )
0o J J ’ J
and the derivative
d n ~ ~ ~
a— (/ min(e—%(yj(t.n)—yj(z,e))) min(u;')(l‘, 0) d@) (5.26)
dn\Jo i J

exist and are uniformly bounded.
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Direct computations yield
n 1= ~ ~
a’ / m.in(67E(yj(f’ﬂ)*yj(lvg))) mm(ufr)(t’ 0)do
o J J
< /'7 e*%i(ji(fyrl)*ji(fﬁ))A?|Z/?_|(t 0) do
0
rl "y "y ~ ~ ~ ~
<o [ HOIIO BT, )kl do
0
n B, 5. 1 ~, - ~ ~ ~
< 2/ e_/*lf(y’("")_y’("e))(APfyi.q + AUV + U, ')||L°°Hi,r])(ta 0) do
0 i
< OMATP(t, ).
The result for (5.26) is contained in Lemma A.5.
LEMMA 5.3. Let 5},- denote two solutions of (5.5). Then we have
d - o) (12 Y o) 112 y 712
E”yl = WIF <OV = ll” + Uy — Us||
+ 1P =P IP 4141 — AP, (5.27)

where O(1) denotes some constant which depends on A = max;(A;), which
remains bounded as A — Q.

5.2. Lipschitz estimates for Y. From the system of differential equations, we

have 51 |
1. L Eo} 5.28
U, (3A5U + S)U AZQ” (5.28)

i

where
~ 1 1 LD (D, ~ ~ o~
Qit,m) =—7 / sign(n — 0)e” AV Q@2 Py, (1,60) + AY)d6,
0
< L e 2~ <~ Lo
Si(t, 77) — A eAl.lyl(t,n)y;(lﬁ)l(gul}ym _ QiZ/{i,n _ 2Pi1/{iyi,n> (t,0)d6.
Thus we have
d LI ~
s f @y — )1, ) dn
0
1
—2 / Uy = o) T,y — o) (0, m) dn
0
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2/1(21 ZJ)(IQ 1Q)(t )d
= 1 — U S X2 T —5 1 » 77
0 AT A
4 - ~ 1~ -~ 1~ -~
+ g A (Z/{l — Z/lz) A—;UZUM — A—?Ul Ul,,, (Z, T]) dT]
b ~ 1 5 -~ 1 5 -~
+2 | U -U) Eszuz,n - Fslul,q (t,n)dn
0 2 1
=L+ 5L+
The strategy is to use integration by parts for the last two integrals I, and I3,

while we want to use straightforward estimates for 7,, which will finally yield
that

d - 7012
—lth — k]
< OV = Wol? + 1th — UW)> + 1P = P21 + 1A — As]P),

where O(1) denotes some constant which only depends on A = max;(A;) and
which remains bounded as A — 0.

The first integral I,: Note that we can split /; as follows:

A2 A2

1
2 U - U)Qi(r, ) dy
A%A% /0 1 2 1

Il = ]1A1<A22

AZ_A2 1 - - -
+ 1A2<A121142—AZZ/ U, —U)Dx(t, ) dn
142 Jo

1 '~ o
+ Zﬁf U —U)(Qr, — Q1)(t, n)dn
0
:I]|+I]2+113-

As far as [;; is concerned (a similar argument works for /,), we have

A=Ayl [
[1] < 1A1<A24#/ Uy — Us|Pi(t, m)dn
1Ay Jo

I
< A’A - A2|f | — Us| (2, m) dn
0

<Ot —Us|* + |4, — As]).
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Note that

1 b ~ ~
|13 = ‘2F/ U —U)(Q1 — Q) (1, 1) d’?‘
0
1 " " 1 _ "
< / ((ul — Uy’ + F(Ql - Q2)2> (t,mdn,
0

and hence it suffices to show that

101 — Qoll S OMAX(| V) = Dol + Ity — Us |
+ 1P =P + 1A — Asl), (5.29)

which is equivalent to
191 — Dul> < OMA* |V = Dol* + Uy — U
+ 1P =PI + 141 — A).
To begin with, we observe that we can write
(Q1 — D)t ) = (AP — AP)(t. )

+ (D, — Dy)(t. n)

= (A — A2)751
+ AP+ PP =P, )
+ (f)z - 251)07 )

= K, (1, n) + Kx(t, n) + K;5(t, n).

As far as K (¢, ) is concerned, we have

~ 4
[A; — Aol IPrll i~ < T|A1 — Asl.

As far as K>(¢, n) is concerned, we have
1Py = Pall < A% Py —

since ||75,-1/ : | can be bounded by a constant, which only depends on A.
As far as K3(t, n) is concerned, Lemma A.9 implies immediately that

1Dy — Dall < OMA(I V) = Dl + U — Uhs|
+ 1P =Py + 141 — As)).

P,

This finishes the proof of (5.29).
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The second integral I,: Note that we can write
E12 = /1(1511 —222)<i21§£{2,,7 - ididl,n)(z, n) dn
4 0 A3 A3
- / @~ T T, — B0, )
n W / Uy — U Ty Ly o + Wil Lyson )0 )
= fo Uy — Us) Uy — UNURU,, (2, 1) dn

1 L. ~ e~ ~ o~ ~
L f Gy — o) U, — LT, (1, )

_|_

ASAS / (Z/{] UQ)(Z/PZ/{] T]:[lA1<A2 +Z/{ u2 T]ILA2<A1)(t 7’) dr’

- / U — Vo) T — U )UETh 1, ) iy
0
1 b ~ o~ ~ o~
¥ o / Uy — U QE — Ul o (1, )it 1)
1 L. ~ o~ ~ o~ o~
+ o /0 U — U) 2 — TR 0, ) Lo 0 )

1 L. ~ o~ ~ ~ ~
L / s ) @, — U min @) 0, ) iy

A5 = [ @y — Uo) T, L < gy + U0y L)1, 1)

- / Uy — o) U — UL, (1, m) dn
0
1 L. ~ o~ .~~~
T f Uy — U Q8 — Ul o (1, )it 1)
0
1 L ~ ~ ~ o~ o~
+ L / U — U @ — TRYThs (1, 1) L 6, ) by

* g f U — Th)? —(Mlmm(uz))(t mdn

AS

+
ASA3

1
/(ul uz)(uful,n]lAlgAz +U23U2,n]1A2<A1)(t’ n)dn,
0
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where we used integration by parts in the last step together with Z;{,- (t,n) — Oas
n — 0, 1. As far as the derivative in the last integral is concerned, observe that

_ ) ~ o A4 _ 6
(i mjln(Uf)(t, M| < UU, () < — Il < Wik

since 2|Z;{,<Z/~I,<,,,(t, m| < A} < A* for all ¢ and 5. Furthermore, we established
before that the function 6 +— minj(ujz(t, n)) is Lipschitz continuous with
Lipschitz constant at most A*; see (5.8). Thus

(5.30)

d - - 3, - 3
—Uy, minU*) (1, )| < AU || > < —=A° 5.31
‘dn  min@)( n)' FA Wkl < 5= (5.31)
and 1 11 1
U, lgey| < - A4, < —.
ASAS TSN AS AS g T AT S 2

Finally, we get that

3|1|—
4"

L. ~ 1 ~,~ 1 ~,~
/ U _uz)(Fu;uln - Fuful,n) (t,n) dn‘
0 2 1
- - 2 L -
< O ~ Tl + 5147 - A§|/ G — UbI(t, ) dn
0
<OM(U —Us|* + |A) — Aq]?).

The third integral I3: We will split I3 into several terms that we treat separately,
and combine them in the end. _ B _ _

Recall that we introduced the functions ;" = min(0, ;) and U;" = max(0, U;)
with properties (5.2) and (5.3). We write

4
13 = §I3l _4132 - 21337

where
o ~ 1 -~ 1 1 s o
I = / - b, n)(F%,na, ) / e R RERENGLY, (1. 6) do
0 2 0
1 -~ ! ey 5 ~o
— gl (t.m) / eAl'y“"’”y‘“"”'ufyl,,,(r,e)de) dn, (5.32a)
1 0

- ~ 1 - 'y L=Vt F 77
132 = / (Z/ll — Z/[z)(f, n)(FUQ,,,(t, 7]) / e A2|y2( )= ,9)\7322/{2:))2‘"0’ 9) do
0 2 0
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- AL?Z;{M(I, n)/ole‘A‘l'jl”’")‘jl(’*9“751511371,,70,9)d9> dn,  (5.32b)
Iy = /O l(ZI{l G n)(%gdz,n(r, ) fo 1 ¢ BN 17 (1.6) do
- AL?Z;{L,,(t, n)/ole‘A‘l'y"“”")‘yl“ﬂ)'Qldl_n(z,9)d9> dn. (5.320)
Thus we have
I = /Ol(zjll —U)(t, )
x (Aigdz,,,(t,n) /O 1e‘A%‘3}“”")‘%“9)'15123372”(t,e)de
- AL?Z;{L,,(I, n)/oleW‘(””)9‘(’*6”&13371,,,(;,9)519) dn
=/01<L?1 —U)(t. )
y (Aigdz.n(f’ n)/ol e’flzw”")’j“"g)'(L?;)*’J?z,,,(t,(9)d(9
- Ai?dm(t, ") /0 le‘%'j“’*”>‘3}l(”9>(L?;)h%,,,(t,@)de) dn
+ /0 @ -, ")
» (Aigz:fz,n(fv n)/ol oA TN G35 (4 03 4p
- Ai?z]],n(r, n)/:eAlllj'(t’”)37'(”0)(1/?#)3)71,,7(t,9)d9) dn.

Since both inner integrals have the same structure, it suffices to consider the
second integral. Recall rewrite (5.4). Thus we need to estimate the following term:

1 - L o
FL{z,,,(t,n) / ¢~ A P2 PN TN, (1, 60) dO
0
~ n . . L
— — Uy, (t, ) f e RPN G, (1,0 do
0
1 /- T 5 - -
= AG(ULW(I’ 77)/ e Ay V2(tm) yz(t,9))(u2-¢-)3y2,n(t,9) do
0
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~ ,I Y ! ~ ~
_ul,r](tv n)/ e_A]*l(yl(lsﬂ)—yl(tﬂ))(ul-%—)'jylyn(t’ 9) d@)
0
1 LY/ T L3100 73
4+ 14,<a, 26 a6 Uyt m) e M U D1, 0)do
2 1 0

1 1 ~ T L G- 7137
F _ AG) <U2,,,(l, 77)/ e M 2 (t,m) yz(r,é)))(u;)3y2m(t, 9) d@)
2 1 0

+ ]lA2<A1(
= ol /0 e O T (G Q)T 1. 0) Lz (1.6) dB
+ %dl,,,(r, n) /0 LA IO (@GS DT (1, 0) L (1, 6) d
+ el 0, m) /0 AP0 min(@4)* V2, (1. 0)do
- %E{l,n(z, ) /0 A G-y min@/)* V1, (¢, 6) d6
+ hl@z(;g - ;?) (zitl,na, o [T e)de)
+ Layea, (Alg - ;?) <zftz,,7(z, m /0 L mONN TN GG, 1, 9) de)
= %HM(;, ) /0 Lo IO (73 _ 1T 0, 0) Lz izt (1, 6)d6
+ %dl,na, ) /0 L AROOD D (@G _ @I, 0) Lz 7+ (1, 0) dO
1

A6
X m_in(Z:{;r)3572,n(f, 6)do
J '

~ n PRy 5 1 v Y
— 4 P2 =Pat.6 — A=t -Ia(t.6
La, a1, 77)/ (e~ H DM =2200) _ = Galtn)-Ia(t0))y
0

1 ~ T =T L (P (1)
+31A2<A.Uhn(f, 77)/ (e B G E=P10) _ = A G yla,e)))
0
x min@UH W1, (t, 0) do
J
[y ! — LDt =D2(1,0)) —L@iem=-1(1.0))
_{_76(/[2"0’”) (e 2 Q2 @m=Ia(, —e 2 ity 1, )
AT 0
X m_in(uj*)3y2,n(t, 0)Lpuy(t, 0)do
J
1y ! — L) -P1(1.0)) — LDt =-22(1.0))
— U@, m) | (em TR — o ma T
A 0

x rrljjn(d].*)3371,n(t, 0) 1 gy (£, 0) dO)
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|- d - .
+ Buz,'](t’ n) / rnjin(efé(yj(f,'l)*y,/(tﬁ))) rnjin(z/{;r).?yln(t’ 9) do
0

|- " o e
= bt [ minGe O IO min ) 1,6 do
0

1 1 ~ K Iy ~ ~
+ 1A1<A2<A6 — AG) (ul,n(t, n) / e A DD Gey3y, e)de)
2 1 0
1 1 ~ K ey ~ ~
+ 14,24, (A6 — Aﬁ) <u2,n<t, n) / e (/A R N (3 e)de)
2 1 0
=+ h+hL+Ia+ I+ o+ I+ s+ Jo + Jip)(t, 1), (5.33)

where B(n) is given by (5.11).
As far as the integral that contains J, (a similar argument works for J;) is
concerned, we have

1
/ Jily = U)(E, ) dﬂ‘
0

1
< Wh -l + / It ) dn
0

- - 1 L
< W~ Dol + fo &)

n - 5 B B 5 2
> (/ e—t(yz(t,n)—yz(tﬁ))((Z/{;)3 _ (Z/{;r)3)y2.n(t, 9)11;11+<a7+ (t,0) dQ) dn
0 )

< Uy — Uy )2
1 (' T - i~ .- ’
+3 / Mot n)( / ¢ M@ T U Dy (2, e)d@) dn
0 0
< Uy — Uy )P

9 [ T e o -
o / Pt n)( / o ”Wu;yz,n(r,e)d9>dn||u1—u2||2
0 0

36 ! . . - -
< (1 + E/ Pody(t, 1) dn)llul — U
0
< Ot — U, (5.34)

where we used (4.15¢e), (4.15g), and (4.15h).
As far as the third and fourth terms J; and J, are concerned, they again have
the same structure, and hence we only consider the integral corresponding to J.

|
’/ J3 (U —U)(t, n)dn
0

1
= ﬂAlsAzE

1
/ U, = Uy, (t, )
0
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n : 8 5 N -
o / (e~ Pam=D20.0) _ e’Tll‘yZ(””)‘yZ(”g”)111]in(u;r)3y2,,7(t, 0)do d’?‘
0
N
< Tée/ (U, — Us||Us | (2, )
0
r’ "y 'y ~ ~
X / 67&(yZ(t,ﬂ)iyZ(tﬂ))uzzyln(t, 9) de d?’”Al _ A2|
0
AT 8 o T L -F6)572
< llh =)™ + Ai02 U, (t,n) e 2R U Yy (8, 6) dE
0 0

n Y ! ~ ~
x ( / TR =R, () e)de) dn|A, — Ay

0
< I =l + 7/ PVt m) dnl Ay = Asf
< Ot = Us* + A1 = Asf).
As far as the third and fourth terms Js and J are concerned, they again have

the same structure, and hence we only consider the integral corresponding to Js.
Thus, using (5.13),

1
/ Js(U, —U)(t, n) d’?‘
0

o v L
—= )— .0 —= n)— 0
— / (ul_uz)uz’n(t’ 77) / (e 22t m=Ii(t ))_e @)= )))
0 0

X min U V2 (1, 0) 150 (1, 0) d@) dn'

//\

aA6/ s — Tl T, 1, )
x (/ (It ) = Vi, )| + 1951, 0) = Vi, 0)))
0
X e — L. =22(1.0)) m'in(z;‘{;r)%j}z’n([’ 9) d@) dn
< 6/ Uy — Uy | D) — y2||Z/12,]|(t n)
aA
X / e—;(yz(t,n)—yz(tﬁ)) miﬂ(af)3372,n(t, 0)de dn
0 J
Y R 1 1 72
+IUy — Us|I” + 2A ), Uy, (t, )
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no - L - - ~ 2
X (/ IVi(t, 0) — Wa(t, 0) e« P2m=2(00) mjn(uj)3y2,,7(t,9)d9> dn
0 J ’
4a ' - ~ = S~ o~ ~ ~ 5
< Y Uy —Us ||V — Do Pallhy,y (2, m) dn + Uy — Us ||
0

1 b T SR -
+ / sz](t’ n) </ e /\12 Ya(t,m) yz(fvg))ugyzqn(t’ 9) d@)
0 0

a’Ad
no ~ L - ~
X (/ V1 = Wo)*(t, 0)e” « 2D REN min@UH I, (2, 9)d9> dn
0 J
- - - - 2 L
< (V24 + (AP - Dol + 1 —U2||2)+F/ BoF (. 1)
0
no. - - - ~ o~
X < / = W), 9)e‘5(yz(””)‘yz(”e”ufyz,n(t,G)dG) dn
0
< OV = Voll? + 1t — U ). (5.35)
Next are the terms J; and Jg. Therefore recall (5.14), which implies
1 -
J+Js = Fuln(t’ n)
n ~ ~ ~ ~
x < / min(e™s DY) min@fF)* Dy, (1, 6) d@)
o J J
1 -~
- Ful,n(ta n)
n ~ -~ ~ ~
X ( / min(e™s DY) min @)Y, (1, 6) d@)
o J J
1 - -
= F(Uz,n — Uy, n)
n ~ ~ ~ ~
X min|: / min (e~ s Yi@m=Yit.0) min@U;)> Ve, (¢, 0) d@}
k o J J
1 -~ n : :
+ — U, n) / min(e~a i CD-Yi @0
A6 o J
x mjin(z/?,-*fo?z,n — Vi), 0)dO1(t, n)
1 -~ n : :
+ —U, (1, 77)/ min(e s i EN-Yie.6)y
A6 o J
x nljin<z/7;)3<372,n — Vi), 0)dO1 (2, n)

=L+ L,+ Ls.
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As far as the first term L, is concerned, the corresponding integral can be
estimated as follows, using (A.11),

1
/ LU, —U)(t, 1) dn‘
0

1 b -
= F‘/ U = Us)Us,y — Ui ) (2, )
0

n | ~ ~ ~
X rnk]n|:/ m'in(efE(yj(fvﬂ)*yj(fﬂ))) mln(Uf)3yk,,(t, 9) d@] d'l‘
0 J J

1 - .
= ‘—m(ul —U)*(t, )

1

n
. . _lyp. vV, . ~ s
X rnk]n|:/ mln(e Q) yj(tﬂ))) m,ln(U;L)‘%yk,,,(t, 9) d9:|
0 J J

n=0
1
oA

d n -~ ~ ~ ~
x —min| [ min(e s @Yy min@f 3P, (¢, 0) d6 | dn
dn k| Jo i i

1 ~ ~
/ U, —U>)*(t, )
0

< Ot = U, (5.36)
where O(1) denotes some constant only depending on A, which remains bounded
as A — 0.

As far as the last term L3 (a similar argument works for L,) is concerned, the
corresponding integral can be estimated as follows:

1
/ LU, —Up)(t, 1) dﬁ‘
0

V|- - - " -
=1 / Uy — U)o (1. ) / min(e ™+ =3 00)
AS | S, o

x min@}) oy = V)¢, 0) 0T pe(t, ) dn‘

1
_ L f @y — Ul (1 ) L (11 )
0

n

x [072 — D)1, 8) min(e” s VDI min@fH)3 (1, 6)
J J

6=0

no_ - d - - ~
- / V2= ). 0) [(d@ m.in(e‘f"@f‘(’*")‘y-f“ﬁ”)) min@/)’ (1, 6)
0 J J
i . d .
+ l'njin(e_;(yj(t.ﬂ)—yj(l,('?)))(de mjln Z/{;—)3>(l‘, 9):| d9i|]].Ec ([, 77) dn‘
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1
~ [ @ =) - Ty min @ G L
0

T A6
1
+ / @ — Uo)lo (1 ) L 1 1)
0
5 /n(j}l B 5)2)07 9)|:<59 Injin(e_;(jj(lﬁ)—yj(tﬂ)))) Hljin(z;l;r)3(t, 0)
0

d 3
+ min(e” a@ien=-35¢ 0)))(d9 m,in(uf)3>(t, 9)} do dn‘
J

< OMUIP = Il + ILh — Th|| >+ﬁf g, n)(/ I — @, 6)

x [:l mjin(g%(37,,»<r,n>—37,-<r,6>>) n.l]in(d;r)3 mﬁx(j’m)(fv 6)
+24* mjin(e—%@-N’vﬂ)—y?(f@)) najin(dj)(t, 9)] d9>2 dn
< OMUYr = Wl + 1t — T |1?) + %4 /01 Pad(t. ) dnl| Yy — M|
< OMUY = Vel + It — U], (5.37)
where we used (A.4), (4.16a), and (A.6).

Finally, we have a look at the integral, which contains Jy (a similar argument
works for Jig), where we can assume A; < A,. Thus

l ~ ~
/ Bl -, n)dn‘
0

_(1 1)
Ay AS

n 1 - ~ ~
X (/ e*ﬂ(yl(hn)*yl(t»9))(u]+)3y],n(t’9) d@) d

1
/ T — ) (1 )
0

0
AS — AS -
== U, — U)U,,(t,
A?Ag A ( 1= 2) l,n( 77)
X </n e*ﬁ()}l(ﬁﬂ)*jl(fﬂ))(Z;[lJr)3j}l’n(t’6) d@) dn
0

<3

A [ =t )

n ~ o~
y (/ e HPEDTO G 9)d9> dn‘
0
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9 L. ~ o~
< A — AP + W/ Uy — U)UE (2, 7)
1442 Jo

N ~ ~ L 2
y (/ PTG 9)d9> dn
0
9
AA
y </ne—;,071<z,n>—3>1<r,9>>3}1 « 9)d9>
/AN

0

n 1 ~ - -
X </ e*ﬂ(yl(fqﬂ)*yl(fwe))(ulJr)Zyl’n(t’9) dG) dn

0

N

|A; — Ay)* +

1
/ (Z/{] - Z/{Z)zyl,n(ta 77)
0

o [
< Ay —A2|2+P/ Uy — U’V (1, 1)
0

2

o, - - .~
y (/ e HGen-Teogpy 9)d9> dn

0
2 36 ' - A R
< A — A"+ n U — U PV, (t, m)dn
0
< A — A2 4 18A% U, — Us . (5.38)

We now turn to the integral I3,. Recall equation (5.32b), namely,

L » 1 -~ 1 0 s o
I = / (Z/ll — Z/[Q)([, 7]) <EU2,,,(I, T]) / e M [Va(t,m) yz(t,@)\'lpzuzyz’n(t’ 0) do
0 2 0

1 ~ Yy _5 S~
- Ful,n(t, 77)/ e AP yl(t’a)llplulyl,n(l‘,e)d9> dn.
1 0

By first using the decomposition Z;lj = Z;l]+ + Z;l]_ and then involving (5.4), we
need to estimate terms of the type

I = /0 \th - o), n)(AigL?z,,,(r, n) /0 LB TP, (¢ 0)db
- Ai?zftl,,,(z, n) /0 ' eA'I@W”jl(’ﬂ”ﬁldﬁjl,,,(t,e)de) dn.
‘We invoke Lemma 5.1 and find
Fo= /0 G~y (szz,,,(r, n /0 LB DB, (1 0)d6
— Uy, (t.n) /neA]ld"“’")9'<’*9)>75,L7ﬁ371,,7(t, e)de) dn
0
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AS — AS L. -~ o~
+ A?A621A2<A1A U, — U)Us (2, 1)
ﬂ ) \) ~ ~ ~
y </ e_/‘lz(yz(t”’)_yZ("a))le/{;yz,n(t,e)de) dn
0
A6

A6A621A1<A2/ (Z/{l uz)ul a2
x ( / L HOUED DB (1) d@) d
0
=N+ N+ Ns.
We consider first N|, where we get
Ny = % /0 ](L?l —Uh)(t. ) |:Z;{24’,7(t, ) /0 LGB BT, 1) do
— Ut n)/ne*ﬁ@l“‘”H"“’9”75101*371,,7(:, e)de] dn
1 o 0~
— o | @ =t
x [L?z,n(z, ) /O ! A O Fr0 B, POUS .y L, <, (1, 0) d6
+ Uy, () /0 O e T POU I 1p, 5, (1, 0) dO
+ U, (t, 1) fo | G-I nlj;n<75j)(z,?; —UNDsy Ly <y (. 0) dO
+ Uy, (2, 1) /0 A Gien-Ii60y min(P) @ —UN oLy (1, 0) d6
+ Uy, (£, 1) /0 ! A -T2 mjin(75j) mjin(Z:lj*)JNJM(t, 6) do

~ n 1~ - ~ ~ ~
— Uy, (1,7) / e~ A=A min(Pj)mjn(u;)y.,n(z,e)de]d
0 J j
= Nyi + Niz + Ni3 + Nig + Nis + Nie. (5.39)

The terms N, and Ny, can be treated similarly. To that end, we find

1
/ Uy — Up)(t, m)
0

|N1|| = B
~ n 1 Yy Y ~ ~ ~ ~
x [uz.na, n) / e m DD (D, PO, s, <, (1 e)d@] dn‘
0
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< lth — ) +ﬁ/ U, (t, m)

n . 5 5 o 2
x (/ e*i(yz(t,n)*yz(tﬂ))(fpz . Pl)u;yZ,nlﬁlgﬁz (t,0) d@) d
0
< h =l
n LD 5 ~ ~
/ Vot ) ( / o B HTRED QI Y, (1, e)de)
0
X (f (yz(t =Mt 9))”)]/2 1]/2|2752:)~}2,r](t7 9) de) dn
0
~ ~ 5 16 P .-
< U = Usll” + T Py (2, 1)
0
n L 5 ~ ~ ~ ~
X (/ e*@(yz(fvﬂ)*yz(fﬁ))|7)21/2 _ 7)11/2|27)2y2.r](t, 9) d@) dn
0

<Ot — | + 1P, =P |1»),

where we have used (4.15¢), (4.15h), and (4.16¢).
The terms N5 and Ny, follow the same estimates. More precisely,

1 L ~ o~
Nl = =2 fo Gy — U, (1, )

n 1 ~ ~ - - ~
x / e*rﬁyz("”)*yz(’ﬁ”mjin(Pj)(u;—Uﬁ)yz,n]ldrgg;(t,e)dedn
0

1 LI ~ o~
< F/ Uy — Tl oy (1, 1)
0

n 1o~ ~ - ~ - -
x / e—ﬁyﬂm—%“ﬂ”min(P,)|u2+—umyz,,,]lwga;(t,@)d@dn
0

< Ith — bl + A—/ 2t n)

n . . B - B B 2
x ( / o™ 12 VIO i (PO — U | P L ez (0 9)d0) dn
0 J P
< et~ dz||2

1 n 3 Ry ~ ~
A12 Uzzn(t n) (/ e 222 a2 (t,m) yZ(tﬂ))'szz,n(t, 9) d@)
0

n 1 ~ ~ - - -
% (/ e*m(yz(t,ﬂ)*yz(tﬁ))(u; _u#)ZPL)}ZJI(I, 0) d@) d’?
0
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< Uy — U +—/ 7327/{2,,(1‘ 1)

" e e~
% (/ e—ﬁ(yz(t,n)—yz(tﬁ»(uz —Ul)zpzyz,n(t,G)dQ) dn

0

<Ot — Uy |2,

by applying (4.15¢e), (4.15q), and (4.16¢).
The term N;5 + N can be estimated as follows:

1 1
Nis+ Nig = E/o U —U)(t, m)
~ n 1 "y Y ~ ~ ~
x [uz.nu, ) f ¢ A XD min (B min@ ) . (2, 0) dO
0 J J
~ n X ) ~ ~ ~
— Uyt 1) o~ AT E=D1@.0) min(P;) m_in(u;)yl,n(z, 0) d@} dn
0 J J

1
T As

n - § Lo §
y (/ (e A PAEM=T200) _ ik Fam=F20.00
0

x min(P;) min@;)Vs, (¢, 0) d@) dn
J J

1
Laen, / Uy — U1, )
0

1 . .~
+ 31A2<A|/ (Z/{] _MZ)ul,n(t, r’)
0
X (/n(e,ﬂz(ﬁn(t,n)ji.(z,e» _ e*ﬁ(&l(f’ﬂ)*j](t,ﬁ)))
0
x min(P)) min@) (. 0) d9> d
1 L. -
+ B/ U —U)U, , (t, 1)
0
y (/n(e_nl(iz(t,n)—iiz(t,e)) e “1Gm-Fi 9)))
0
x mjin(75j) mjin(Z)f)?z,n(t, 0) 1 5y (2, 6) d@) dn
1 L. -
+ B/ U, — U)U, (2, )
0
y (/n(e_nl(iz(t,n)—iiz(t,e)) e “1Gam-Fi 9)))
0
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x min(Py) min@ )V, (1, 0) Lge (£, 0) de) dn

J J

| L - n - )
+ F/ (Z,{l _Z/{z)([’ n)l:uln(t’n)f min(67§(yj(l.ﬂ)*yi(lﬂ)))

0 0 J

x min(P;) min@; )Yy, (t, 0) do

J J

: o

x min(P;) min@ )V, (1. 0) de] dn

J J

= Nisi + Nisy + Nis3 + Niss + Niss.

Unfortunately, each of these terms needs a special treatment.
The terms N;s5; and N;5, can be handled as follows:

|
f U, = U)Us (2, 1)
0

1
[Nisi| = ﬁhl@z

n | - . i
X (/ (e_fz(yz(t,ﬂ)—yz(tﬁ)) _ e—ﬂ(yz(t,n)—yz(f,g)))
0

x min(P;) min@;) Vs, (1, 0) de) dn‘
J J

1
< AGAle./(; |ul _u2||u2,n|(t7 n)

n ) ¥ ~ ~ ~
x ( / ¢~ T P2 =320 mjn(P,)m;n(uj)yz,n(r,e)de) dnA; — Ay
0 J J
-~ 16 r
2 2
<M =GP + s fo W2, ()

n - . o 2
x ( / e‘dz<y2("">‘y2"'9”|u1|7>2y2,,](z,e)de) dn| Ay — Al
0
8
Ate?

<OMIth —h|? + 1A — As]?),

1
<G~ Tl + / PoE2, (1. n) dnl Ay — Asf?
0

where we used (4.16¢).
The terms N;s3 and N;s4 can be handled as follows:

1 L. ~ o~
[Nis3| = F‘./o Uy, = U) Uy, (2, 1)

n - -~ ~ -~
% / (e—gm(t,n)—yz(z,e)) _e—gmu,n)—ym,e)))
0
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x min(P,) min@;) Vs, (¢, 0) Ly, (. 0) dO dn
J J
1 L. ~ o~
— U, — U|1U, (2,
Aﬁafo (G, — Ll |t n)

nooL . - - |- g
x / (V2. ) = D, )| + 1 Da(t, 0) — Vi (1, 0) e 20220
0

x min(P;) min@U;) s, (1, 6) do dn
J J
[ U
:E/o Uy — Us| | Yo — Vil | (2, 1)
n ~ ~ ~ ~ ~
x f ¢ s D220 min(P)) min@U;) Vs, (¢, 6) d6 dny
0 J J
Lo
+ A_ﬁa,/ Uy — U [Us (2, 1)
0
n ~ ~ - ~ ~ ~ ~
x / e~ s D2=22001 3, — Y| min(P;) min@U) I, (1, 6) df dn
0 J J
I U U
iz [ W =Tl 9 = Stk e,
] g . 1/2
y (/ R Tn-Tw B e)de)
i ,
o } o 1/2
X (/ e~ aD2(tm)=I1(1.6) mjn ujfr)Zyz’n(t’ 9)d(9> dn
0 J
- - 1 L.
+ llth —U2||2+m/0 Uy, (t,m)
] Lo . - . . 2
x ( / e‘Azo’“"">"~"2<”9”|yz—y1|7?2min<u;>y2,,,(t,e>d9) dn
0 J
< [ 19, - Py 1o

4A4/ quzzn(f U)d77||y1 y2||

<O (Ith =i + 1Y = YalP),
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where we used (4.16k). We consider now Nss:
| ~
Niss = — U, — U)(t,
155 16 /0 U, L) (&, 1)
B n 8 - - -~ o~
x [uz,m, ") f min(e~# &0V min(P)) min@ ) I, (1, 0) d6
0o J J j

~ n 1 /0 = ~ ~ ~
— Uiyt m) f min(e ™« /DY) min(P)) min@U )V, (1, 0) de] dn
0o J J J

1 [ -~ ~
F/ U = U) U — U, (2, 1)
0
n s ~ ~ ~ ~
x mkin[ f min(e~+37310) min(P,) min)Ji 1, 6) de} dn
0
1 L. -~ -~
i / @ — b0, 6, ) (8, )
0
n - ~ ~ ~ ~ ~
X (/ min(e—%(yi(t,n)—yj(t,e))) min(Pj) min(u]ji-)(y2 _ yl)n d@) dr)
0 J J J
|
+ o | G-l
0
" . § . - . -
X </ mjn(e’50;/(””)’3’-’("9”) min(P;) m_in(l/{;r)(yz -V, d@) dn
o/ J J
= Nis51 + Nissz + Niss3,

which, yet again, requires separate treatment. Here E is defined in (5.16).
The term N;s55; can be handled as the term L3; (cf. (5.17)),

|Nissi| < Oy — Uy |

The terms N;ss, and Njss3 can be treated in the same manner:

1
/ Uy — Ul (1, )L (1, )
0

1
[Niss2| < VG

n - - - ~ ~ ~
x ( / min(e™« 00 min(P) min@) (P2 = Y, 0, e)de) dn
o J J

Lo
< f (= G619, — Fal min(B,) min @Itk 17, ) dn
0

1
/ (Z/[] - Z/{Z)UZ,n(ta 77)]1@ (t5 77)
0

1
T as
T o~ ~ [ d 15 5 ~ ~
X / (3)1—yz)[de(min(e_“(y’(ff”)‘y’(’~9))))min(Pj)mjn(uf)
0 J J J
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+ min(e—%@-f“ﬂ)—?/(’ﬂ”)i(min(ﬁj)min(z].+)) (t,0)d6 dn|
j o’ j i
<O =) + 1D = PlP).

The term N, (and also N;) can be treated as follows, keeping in mind that
A, < Ay

- = o 172
IN2| < A6 A / Uy — Us| Uy, | (2, n)(/o ~ay 20 ”“’“”Pz?yz,n(r,e)de)

12

n 1 Y ) ~ o~
X (/ e*H(yz(f,ﬂ)*yz(fﬁ))ugyzw(t7 9) d@) d)’]
0

<¢E

o f|u1 U Bl |, ) iy

< 3V3AYA, — A2|/ Uy — Uy |(t, 1) dn
0
<O — |+ 1A, — Ay).

Finally, we now turn to the integral /5;. Recall equation (5.32c), namely,
L - 1 - L B -Pa A 1
Ly= [ U —U)(t, 1n) FUZ-'I(Z’ n) e n U, (8, 6) dO
0 2 0
1 -~ Y e =~
. Ful,ﬂ(t’ n)/ e A Vi (t.n) yl(r,9)|Q]u1’n(t’ 9) d@) d'?
1 0
By first involving (5.4) and then Lemma 5.1, we see that it suffices to estimate
= ' 1 - T LG -Iwe) & 57
I3 :/ U — U)(t, U)(Fuz,n(fa T])/ e A VTR O, (2, 0) do
0 2 0
1 ~ T - ~ ~
_ Ful,n(l" 77)/ e A Oi(t,m) yl(rﬁ))Qlu],q(t, 9)d9> d’l
1 0
Lot - y T L G-I & 57
=75 Uy = U)(t, )| Us,, (2, 1) e n ol ,(t,0)d6
0 0
~ N Py - -~ o~
— ul,n(t, n)/ effl(yl(tﬂﬂ)*yl(tﬁ))Qlul,n(t’ 9) d9> dT]
0
+1 (1 1)/1(11 U, (2, 1)
A<al =5~ ¢ 1 — U)Up (T,
2 Ag A? 0 n

o, - .~
X -/ e—fz(yz(f,rl)—yz(fﬂ)) Q2u2,;1(ta 9)d9 dn
0
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1 1 L I
+ 11A1<A2(A_g — A_?) /0 Uy —U)U, , (t, 1)

n 1 ~ -~
X / e*rl(yl(tq’])*yl(fﬁ))Qlul’n(t’ G)dG dn
0

= M, + M, + M.

To our dismay, the estimate for M, is rather involved. We estimate, using first
that Q; = A;P; — D; (cf. (4.7)):

1o ~ ~ T L -3 o
= [ (ul—uzxz,n)(“z,n(r, ) [ eES I O 1.6 do
0 0
- n - . -~
— Uy, (t. ) /0 eW'“"”y‘“”Qlul,n(r,e)de) d
1 e y y LGt 4 B T
:F,/‘ U — U, | U (2, 77)/ e T TP A Polhy (2, 6) d6
0 0
- n - . . -
— Uyt m) / e MWD A P, (o, 9>d9) dn
0
1 L y y LG NP N
- E/‘ U — U (, )| U (2, 77)/ e T Dyl (8, 0) dO
0 0
~ n - - - o~
— Uy (1, 1) fo eAll(y‘“"”y‘(”"”Dlul,n(t,G)d9> dn
1 L. ~ o~ N~
= E‘/ (ul _Z/[Z)(AZPZZ/{ZZ/{Z" —Alplulul,n)(z‘,n)dﬂ
0
1 L ~ o~ o~ ~ o~ -
— E/‘ U — Uy) (Db, — DUl ) (2, 1) dn
0
|
+ F/ U — U, 1)
0
- - . 1 ~ ~ -
x (uz,na, n) fo e MR Dl Y (1, 0) dO
- n . . 1 -~ ~ -
_ Z/I,_,](t, n)/o e_/*ll(y‘(””)_y‘(”"))A—ID]LAM,U(I,9)d9> d77
3 - -
- E‘/ U — U, 1)
0
- - . Y
x (uz,na, ") f e mPHTIODIL Y, o (2,6) dO
0
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~ n - = o~ o~
— Uy, (t.0) f eI PEDVENB D, G, e)de) dn
0
Lo - ~ -6 73
+ E,/ U, = U)(t, )| U, (2, 77)/ e T UV, (8, 0)dE
0 0

~ r] ) Y ~ ~
— ul,r](t’ n)/ e*ﬁo}l(fvn)*yl(tﬁ))ulfiyl’n(l,’ 0) d9> d77
0

1

o 5 B n B : ~
by f @8 —uz)(t,n)(uz,ﬂ(t,n) / "R RNV ASTE (1 0) dB
0 0

~ n ~ - _
— U, ,7)/ efﬁyl(r,n)—yl(t,e))A?ul (t.0) d@) dn
0
=W+ W+ W5+ Wy 4+ Ws + We.

Here we have used the rewrite employed when manipulating the term K, from
the expression (5.18) to (5.19). We start by considering the term W;:

W= | U — ) (AP, — AP ) d
= tlaenths— A G — Uy Pl ¢, ny di
b - ) / U — Uy BT, 1, m) i
+ % /0 1(221 — Ub)(Py — Pl (t, )L, 5, (t, ) diy
+ % /Ol(zftl — Us)(Py — POUU (1, ) 1, _p, (2, 1) d
. L / O — by Th, ) min(P st ) diy

1
a ~ ~ e
— F/ U, — Uy)? Iniln(Pj)u],n(t’ n)dn
O J
=W+ Wp+ Wi+ Wy + Wis+ Wi

For W;, we have (and similarly for Wy,) that

2

A LU
Wil < ?|A1 —A2|/ (U, — Us|(t, n)dn
0

<Ot —Us|* + 1A, — Ay?).
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The terms W5 and W, are similar:

1
f @y — Ty Py — POl (0. ) L, <, (2. 1)
0

a
(Wil = A6
2a ' -~ ~ B2 312, 51/2197 77
<F Uy — U [P," — PPy " Ul 4|2, m) dny
0

A (!~ ~ o~ ~
<5 [ WG P =P ran
0
<O —Us|? + 11Py? — P21,
using (4.15a) and (4.15f).

The term W5 goes as follows:

alf' ~ -~ - - .-
[Wis| = g / U, = U) U, — U, ) mjln(P,-)lez(t, n) d’)‘
0

1

a -~ ~ o~
m(ul —U)* mjln(Pj)Ug(t, n)

n=0

a L. ~od, . o~ -~
- m/o U —Z/lz)zﬁ(mjm(Pj)Uz)(t, ﬂ)d')‘

(t,n)dn

a (' - -
<m/0(ul—uz)

<O — Uy %

d . - -
%(mjm(Pj)Uz)

see the estimates for Bys (cf. (5.20)). As for the term W4, we get

1
Wiel = <2 / @y Ty min(B)Th 0, )
0 y
<O — U,

using (4.15p).
As for the term W,, we find

Vo e
W= o | @~ Uy, ~ DLkTh )t d
0
T
= F/ Uy = Us)(Dy — D)UUL (M) Lp, o, (2, ) d
0

1 L. ~ ~ .~
T f U, — Uy (Ds — D)l 0. ) Ly, (12 1)
0
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1 . ~ -~ ~ ~  ~
b s [ @ =T @y i) min D) d
0

Lo
- = fo @ T min (D)0l ) d
= Wy + Wa + Was + Wy

The terms W,; and W5, can be treated similarly. We need to estimate 752 — 251.
Applying Lemma A.9, we have

1 L ~ o~ ~ o~ o~
Wil = -5 / U — Uy (Dy — DOUTh (4, 1) Ly, (¢, 1)
0

2 L. ~ o~ o -
< W/ Uy — Us| | Dy — VoI DU, (2, 1) diy
0
1 L. ~ o~ ~ o~ -~~~
+ —6/ 0, — Lb1 |9, — Pl + P LT, |t m) dn
232

+ oD - B / 0y — LB 10Tt n) dn

+ = / Uy — U

. - - ~ 1/2 o
x ( / “AEI0) 7f —uz)Z(t,mde) \UhTh (2, m) dn

— U

1/2
x ( / AR (P P;/2)2<r,9>de> (UL (2, m)
0
3 e -
+ \/§A2/o U, — U]
no ~ . . 12
X (/ e aWtm=Ii (Y P3¢, 9)d9) (LU, | (t, n) dn

12«/_
+ / G — b

12
X (/ e G- yl(w))de) (LU (2, n) dn|A — Ayl

2A2/ 0 — b

x(/ “aGEn-I160 3 _ 372|<r,9>d0)|dldl,n|<z,n)dn
0
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6 L. ~ " S S ~ o~
+ = [ u41—1b|</°e-ﬁﬂyﬂ“m—%“ﬂ”de)u4¢4m|a,n)dn

12/2

A9/2/ Uy — U] | Y1 — Wal(t, ) ——= \/_

+ 7/ Uy —Us| 1D, —5/2|(l,77)—dn
13/2

_ _ _ _ 1/2A4
+ 7/ |4 —%I(Ln)([ (UI —Uz)z(tﬂ)d9> - dn
4

B no _ 1/2
—Us| (1, n)( P —Pﬁ“)%z,@)d@) = dn
0

3 LI . no_ _ 12 44
* V242 / it = Ll 77)(/ W = yz)z(lﬁ)de) 761’7
0 0
12\/5 1 ~ - A4
" m it _u2|7d’7|A1 — Ay|
0

3. b 4
+ ﬁ/o Iul—uzl(t,n)</0 |y1_y2|(t,9)d8)2d;7

6 b A
— A — A U — Ut n—d
t A — 4l | 1Ay — Us|( 77)2 n

SOMIth —h)* + 1P, =PI + 1D — Wal® + 1A — AsP),

where we have used estimates (4.15a), (4.15b), (4.15f), and (4.15n). The term Wy,
goes as follows:

IWasl = =5

1 ~ ~ ~ ~ ~ ~
/ U, —U) U, — U, ) mjin(D_,)Z/lz(t, n) d’?‘
1

bgwlzb%m@M%mm

n=0

- / @y~ Thy? 5 (min(D ) 0) n)dn‘

<o [ -

<Ot - U,

(mmm ) (¢ 1) dn

by applying Lemma A.4 (ii).
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The term Wy, goes as follows:

1 L. ~ ~ ~
Waul < / @ T min(D)) |1 m) d
0
<Ot — U2,

using

. . A7
min(D)|U, ,| < 2A,Pi|U,| < —,
j( U, 1Pl 7

\S)

from (4.15n) and (4.15p).
Next, we turn to the term Wj:

| L
Ws = F/ U, —U)(, n)
0
- n . . 1 o~ ~ -
X <u2,n(t, 77)/ e_i(yw’n)_yw’e»A—Dzuzyz,n(t,9)d9
0 2
- n . . 1 -~ ~ -
— ul,n(h n)/ e*%l(yl(f,fl)*yl(tﬂ))A_'Dlulyl’n(t’ 9) d9> dﬁ
0 1
1. -
= F.A. U, —U)(t, 1)
- n - - 1 -~ ~ -
x (uz,na, ) / e‘iw""*”“"’”A—Dzu;yz,,,a, 6)do
0 2
~ n ~ - 1 ~ ~ ~
— Uy, (1. ) / e*ﬁ‘y‘“*"*y“”g”A—Dluﬁyl,na, 9>d6) dn
0 1
1 .
+ F./o‘ U, —U)(,n)
- n - - 1 -~ ~ -
x (uz,na, ) / e‘i@“’*"*””*”)A—Dzu;yz,,,a, 6)do
0 2

— Uy, (t,1) /0 neAﬂ@l(’v")91"*6”%1151221jl,n(r,e)de) dn
= Wi + Wi,
These terms can be treated similarly:
1 T -
Wi = B/o U = U)(t, 1)
x (212,,7(:, ) /0 ' e*le<j2<”")*3}2<”">>Aizﬁzz/?;yz,n(z, 6)do
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~ n 1 - 1 ~ o~ o~
_ ul,n(t, n)/ e—ﬂ(yl(lsﬂ)—yl(lﬂ))Afp]u]—%—ylvn(t, 9) de) dT]
0 1

1 /1 1 b
:1A1<A2A6<AZ_A]>,/(; Uy = Up)U,y ,(t, 1)

L e o
« (/ e HPEDTCNP 75 (. O)de) dn
0

Xz_

n 5 ~ ~ o~ o~
% (/ e*i(yz(f,ﬂ)*yz(tﬁ))Dzuz-l—yz,n(t’ 9) d@) d'?
0

1 1 1 v -~ o~
+ 1A2<A1AG( Al)/o Uy — Up)Uy (2, 1)

| Y e
e / @y — Ul (1. )
0
n | - ~ ~ o~ o~
% (/ e*‘20}2(1’")yZ(l’g))(Dz—D1)u2+y2,n]l151<'52(t79)d9) d’?
0
| L
T f @, — Ul (1. )
0
n ~ ~ - ~ ~ ~
x </ e_*‘ll(yl(t'n)_yl([’e))(pz—'D1)u1+y1,n]lf)2<13,(t79)d9) d,]
0
| L
T f @, — Ul (1. )
0
n ~ ~ ~ ~ ~ ~
% (/ e—,fz(yz(t,n)—yz(tﬁ))(z,[;—ul*)m_in(Dj)yz,,]]larga;(l‘,9)d9> dn
0 J
| Y L
+ o / @, — U)o (1. m)
0

n 9 Y ~ ~ ~ ~
% (/ e*%l(yl(fﬂl)*yl(tﬁ))(u; —Uh Irl]in(Dj>yl.n]-E{;<d]+ (t,0) d9> dn

0

A7

n |- ~ |- -~
o (/ (¢ B PN F2O) _ =k Fa-Fre0n
0

1 - -~
b len, / Uy — Ul (1, )
0

x min(D;) min@U;) Vs, (t, 0) d@) dn
J J
1 L

+ i [ @ =Tty (e
A 0

n - ~ o -~
y (/ (e BTUDTwo) _ o~ Gren-Fiwon,
0
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x mjin(@j) nlj;n(zij)jl,,,(t, 0) d@) dn
|
+ F,/ Uy = U)Us, (t, 1)
0
x (‘/n(ej@z(mﬁz(r,e)) _ eﬁ(ﬁ(nn)—i}.(z,e)))
0
x mjin(@j) nljin(d;)jz,,,ﬂg(n>(r, ) de) dn
|
Yo f @y — )l (. 1)
0
x (‘/n(ejo"iz(z,n))?z(r,e)) _ ef“i(?l(z,n)—a‘i.u,e)))
0
x mjin(@j) mjin(d;)jl,,,]lw,,) (t,0) d@) dn
| U
- = f Uy — L)@ — o), (2. )
0
n - ~ ~ ~ ~
X n}(in( / mjn(eiO’f(’»")W'ﬁ”)mjn(Dj)m_in(uj*)yk,,,(t,e)de) dn
0o J J J ’
|
+ F/ U —U)Us , 1pe(t, n)
0
n 1< ~ ~ ~ ~ ~
X (/ min(e~ @ ¥iCN=YiC)y min(D;) min@U;) Vs, — V1.,)(2. 6) d@) dn
0 J J J
| LU
+ o / @ — T, 1. 1)
0

n - - ~ ~ ~ ~
x (/ min(e™ s ¥/ P~V min(D;) min@ ) (Vs — D)t 0) d9) dn
0 J J J
=Z\+Zo+Zs+Zs+Zs+ 2o+ 27+ Zs+Zo+ Zig+Zy + Zip+ Zys,

where the set D is defined by (5.21). At this point, it cannot come as a surprise
that we have to treat these terms separately.
Let us start with Z; (Z, is similar):

2 L .~
|Z| < FlAl —A2|/ Uy = Us||U | (2, 1)
0
N i o 12
» (/ e‘An(y‘(”")‘y‘(”a”ufyl,ﬂ(t,e)de)
0

" . . - 1/2
% (/ eA‘lmo,n)yl(t,(a))Plzylw(t’@)d@) dn
0
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zf

\

— Al f T — ol Pl )
< ('7(1)(||U1 —Us|* + 14 — A ).
The terms Z3 and Z, go as follows:
1 b ~ o~
|Z5| = F'/ U — Uy (2, 1)
0
n 1 ~ - - I
x (/ e*rz(yz(t,n)*yz(tﬁ))(pz _ Dl)u;yz,nﬂ-ﬁl <5, ([, 9) d@) dn‘

0

SOt —Us | + 1DV = Dal? +1IP)? = P12 + 1A, — Ay,

by Lemma A.9. The terms Zs and Z¢ can be treated similarly:

1
/ Uy = U)o (1, )
0

1
125l = =5
n 1o ~ - ~ - ~
x ( / e (A /) min(D))V2.y Lz <z (1. 0) d@) dn‘
0

< 2 — Tl +ﬁ/ )

n . . B B o 2
x ( f o™ R =IO G ey min(D))V2y Lz <z (1. 0) d@) dn
0
<OWKh — L.

by applying (4.16e), estimating D, < 2A,P; (cf. (4.15n)), and subsequently
2«/573’21/{22, , < AJ (cf. (4.159)). The terms Z; and Zj follow this pattern:

1

|1 Zs| < — U U, (2, 1)

Aae

U - - .~ -
x ( / e‘*f‘w“‘"<”">‘3"<”9”2A17>1y1,,,|u2|<r,9>d9> dnlA, — A,

0

a2 . L o o 12
<5 / Uy — Us U, (2, n)( / e men 3’2<“”>>7?fy1,n<r,9)d9)
0 0

n - 5 B 1/2
X (/ e*ﬁ(yl(t,ﬂ)*yl(Iqe))yl’n(t’ 9) d@) dﬂ|A] _ A2|
0
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<

aB
| =@ dnias - A
0

SOt —Us|* + |4, — Ay ).

The terms Zo and Z, follow this pattern:

|Zo| =

1 n
y AYY L= L oam-yia0
e / (Z/ll _uz)uz,”(t’ 77)(/ (e 2 @t =2(1,0)) —e 2 i@ =it )))
0 0

x min(D;) min@) V2., Ly, (1. 0) de) dn|
J J

a

V2A7
n ~ ~ ~ ~

x (/ Wt m) = Vi, )|+ 1 Da(t, 0) — Vi(t, 0)])
0

<

1
/ G — U1t (2, 1)
0

x e FDN=TND P, (1 ) d@) dn

1
V2A6

n 1 Y 5 ~ o~
X (/ e*TZ(yz(f,ﬂ)*yz(tyg))p2y2,n(Z’ 9) d@) dn
0

1
V2A8

n 1~ o ~ -~ ~, =,
x ( / e BmROITREID Y 1) —ylm,e)de) dn

0

<

1
f G — ) 13 — Pl (2, )
0

1
+ f Uy — Us||Us | (2, 1)
0

V2 - o o
< ﬁf G — U] [ = D112 1)
0

v i o 12
x (/ e*,Tz(372(1,7])*3&(&@)7)22:))2,’7(t7 0) d@)
0

172

% </ne,Jz(jz(lvﬂ)jz(fﬁ)):)}zn(t’ 9) d@) d'?
0

- - 2 L T o
+ W =l + 5 | U@ ( / e T (P yZ(Z'g))szz‘q(f,Q)de)
0 0

n 1 Y ) ~ o~ ~ ~
x ( / e RO, Yy V2 = Wi, 9>d0) dn

0

<O (It —h)? + 1D — IalP).
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The term Z,;:

1 L. ~ o~ ~
|Z]| = T / U, = U) U, = U),(t, 1)
0

n - ~ ~ ~ ~
> mkin(/ mjin(e—%(yj(t,n)—yj(tﬁ))) m,m(DJ) nljjn(Uf)yk,n(t, 0) d9> dn‘
0
<O U — U2,

following the estimates employed for the term Bs;; see (5.23).
The terms Z, and Z,3 may be treated as follows:

1 L . no . .
|Z1] = - / Uy — Un)Uy L e (£, 1) (/ mjm([.%(y,o,n)—y,u,e»)
0 0

x min(Dy) min@}) Vay = J1.,) (2, 60) de) dn’

1
=— / Uy — U)Us L pe(t, )
0

n

X |:<min(e*%(jj(t,n)flf}j(r,e))) m_in(ﬁj) mln(Z;lf)(j}Q _ 3}1)(1‘, 9))
j j j 0=0

n |- - - ~
- / 072—54)0%(m,in(eﬁWf“’"*y-f“ﬁ”)min(Dj)m,in(uf>)(z,9)d6] dn‘
0 J J J

1
/ Uy — Uy)Uhy, 1 pe mj_in(ﬁj) mj_in(L?f)oz =), n) dn‘
0

1
< ==
A7

1 L -~
+ T / Uy — U Uy L pe (2, 1)
0

n - - - ~
e ([ (5]2 — j}l)%(mlin(e7%(yj(f.n)*yj(t.e))) min(Dj) min(u;r))(t, 0) d9) d’)’
0 j J J
A2 1 5 5 5 _
<7/ Uy —Us| [V = D1t M) dn
0

1 L - . o ~
+ *7/ Uy — Us| Uy, (2, 77)(/ Vi — Wl
AT Jy 0

(t, ) d@) dn

d, ey
— (Hlln(e_E @5 =Y (1.6))
dg* j

x min(D;) min(Z;l;r))
J J

= Ml +M2

Here we find
M, <O (It — U |1 + 11D = DalP),
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while M, requires more care:

1 LI -~ no. ~ | d
F/O |u1—u2||u2,n|(t,n></o i - il

x min(D;) min@U)(t, 9)‘ de) dn
J J

1 [t .~ T ~
v [ oo ( [19-

d 5 . . -
— (min(e_a%(yf(”")_yf("e)))) min(D;) min(l;")
0" J j i

(mm(e L@iem=3w.0)

d 3 3
+ mm(e s Yjan-Jja. 9))) (mjn(Dj) mjn(Uf))
J J

~ ~ ~ n ~ ~
\F/o IUl—UzIIUz,nl(t»n)</0 |y]_y2|d

x min(D;) min@)(r, 9)‘ d9) dn
J J

t,0) d@) dn

(mm(e F 0D -00)

| S oL - .
+ 7/ Uy — Us| Uy, (2, 1) / 1Y) = Vs l|min(e ™« @ @m=Yi )
A7 0 0 J
d - -
X E(mjn(pj) min(uj))(z, 0)| d9> dn
[ 0, — Lo 10 . n)( / (B4 = Byl min(e 4 9103
aA7
x max(Y;,,) min(D;) min@;)(t, 0) de) dn
J J J ;

+ O

1
A5/2 /0‘ 1L — Us| 1o, |(2, 1)
TS \) Y, Y, ~ ~
X (/ |y1 - y2| min(e—%(yj(t.ﬁ)—yj(t,e)))(min(Dj)l/z + |u2|)(t, 9) d@) d
0 J j

= My, + My,

where estimates for the derivatives come from Lemmas A.2 and A.4. We find for
the term M, that

My = 7/ Uy — Us| (U, (2, n)(/ Y — y2|m1n(e @3- @.0)y
x max(Y;,,) min(D;) min@;)(z, 0) d0> dn
J J J
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y 7112 1 T T 5o L3, 5.0
<t = Us|* + W/O U, n)(/o B2 —yzlrrljm(e‘ﬁ(y'“’""yf(” ")
_ _ _ 2
x max(};,,) min(D;) min(Z/l;’)(t,G) d0> dn
J J J
- - 1 1.
12 —U2||2+5 / Uy, (t.n)
0
N . - . 2
x ( / A —yz|m.in(eao’ﬂ""W‘/“*"”)de) di
0 J
- - A3 'L
< I —u2||2+7/ Tt m)
0

x (/"O}l — )2 i Pattm=Fa(e.6) d@) (/" o~ & P2t)=I1(1.0) d9> dn
- ' - A3 . - O'I - - -
<t —Us|* + 7[; Vo (t, e a2 </O a0 d9) dnl| Vi = Dol
<OM(Ith = Ul* + 1V = Do),
where we used the estimate

max(Y;.,) min(D;) < 2max(Y;,) min(A;P;) < 2Amax(P;Y;,) < A°,
J J J J J
using (4.15e) and (4.15n), as well as (4.15q) and (4.16a). The term M, reads as

~ 1 L. -~
M22 :O(I)W‘/(; |Z/{l _u2||u2,n|(tv 71)

n ~ ~ ~ ~ ~ ~
x </ (Vi — Yl m,in(e’“l(y-’("”)’y’(”g”)(m,in(Dj)'/2 + IUzI)(t, 0) d9> dn
0 J J
- - 1 L
< U — Us > + (9(1);/0 Uzz,,?(t, n)

n - . 5 o 2
X (/ e‘%(yz(t-n)—yz(fﬁ)”yl _ yzlpzl/z(t’ 6) d9> dn

0

- - 1 L U - - -
< = )* + O -5 / Uy, . n)( / e‘ziz”2<"”>‘y2<’~9”7>2(r,ewe)
0 0

n ) Y ~ ~
X (f e*ﬁ(yz(fvﬂ)*yz(fﬁ))(yl _ :)}2)2(1‘7 9) d0> dn

0
- - 1 1. .
< IIth —u2||2+0(1>5/0 Pl (t.m)
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n |- - _ ~
x </ e—m(yz(l’ﬂ)—yz(lﬂ))(yl _ y2)2(t, 9) de) dn
0
<O UU —Uh|* + 1V = DalP).

Here we employed
min(D)12 + [Uh] < V2AB)” + V2B < V3(1 + /A)PL,
J

as well as (4.15q) and (4.161).
Next, we turn to the term W;:

3
~Wi =5 f Uy —Un)(t, U)(Uzn(f D) / PV INP LD, (t.6)d6

— Uy (1, 1) / eI 17 B (¢, e)de) dn
0
=W,+w,,
with
L3 e ~ L Ght=3h.0) 7
Wi = [ =ty (et [ B IOPEET, 0.0 a0
0 0
~ n 1 Y 'y ~ ~ ~
— Uy, (t, 1) / e NEDINEDD Y, (1, 0>d9) dn
0
SOMth —hI? + 1P =PI + 1D — Wall® + |41 — AsP),

using that W4Jr = 3N, (see (5.39)) and similarly for W, .
Next, we turn to the term Ws:

L i N
Ws = E/ (U1 —UQ)(t, 7]) (Z/{z’n(t, T])/ e M Qa(t,m) yZ(I'e))u;y2,,7(t, Q)dQ
0 0
~ n ~ ~ .
= Uyl [ HEOIIOGES, eme) dn,
0

We take positive and negative parts of the term Z;{f, and thus it suffices to study
the term

1 L. ~ ~ T Vo (t,0) = Vs (t Y Y
. /0 (ul—ug{uz,n(r, n /0 AP TOD G35 (¢ ) do

- n - - ~ ~
= Uyt m) / e‘A‘lW")‘W’ﬂ”(urfyl.n(t,9>d9} dn.
0
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Having a close look at W;" one has

1
W5+=/ U U+ I+ I+ ds+ Ts+ Jo+ J7 + Js)(t, n) dn,
0

where Ji, ..., Js are defined in (5.33). Thus we can conclude immediately that

W < OWAIV1 — Dol + Uy — Us|1?
+ P2 =PRI 4 1A, — AyP).

Next, we turn to the term Wg:

| ~ ~ T _ 15 Y ~
2We =5 / (ul—ug(z,n)(uz,,,(r, ) / e M PHTIED AT (1, 0) db
0

— U, 2, ,7)/ - dﬂlo,n)—ﬁ](z,o))A?d](t’Q)de) dn

A3
= T11A1<A2_/ (u1 uZ)UZr](t 77)

x/ e’@‘yﬂﬁn)fl}z(r,e»az(t’g)dedn

0
A5

N %ﬂm«n/ (Z,[l Z/{z)uln(l‘ n)

8 /" AT (o) 46

0

@ 1 o
+ F]lAIgAZ/ U, —U)U, (2, 1)

0

y /"(6—/4‘2<3>2<r,n>—372<r,e>> e N Y

0

a’ 1 o
+ E]]-A2<A1/ U — Up)U, (2, 1)

0

» /"(ef,‘zo'il M= (t,0) e—A—'lo”), <t,n>—37|(t,0)>)b~{1 (t,60)d0 dn

0

5 1 B -
+ 5 [ =t

0

% /"(e—u)?z(t,n)—a?z(r,e)) _ e—ﬁ(}“il(t.,n)—iil(rﬁ))yj,zh(n)(t, 0)do dn

0

5o
+ E/ Uy, = U)U, (2, 1)

0

Downloaded from https://www.cambridge.org/core. IP address: 94.193.20.89, on 10 Jun 2020 at 07:52:58, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.22


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.22
https://www.cambridge.org/core

Metric for CH equation 157
! L m=Ya(t,0)) —L =107
X (@ a ’ ’ — e « ’ ’ )ulﬂg(n)c(t, 9)(10 dT]

+—/M )b (1, 1)

x / min(e’E(y-"(f'")’yf(”e)))(Z;{j — UMy gy (1,0) a6 dn

+ —/ Uy — Uy, 2 (1)

x / min(e_E(yj(t,n)—yj(tﬂ)))(Z;{z— _ Z;{l_)]lb'l;gdl’ (t,0)d6 dn

+—/M ) (1, 0)

x / min(e’E(yf'(f'")’yf(”e)))(Z;{; —UN Ty g (t,0)dO dyy

+—/ml%wwm

X / mjn(e_E(yf(“’)_yf(t’g)))(1;12_ - L?f)]lgl—<g2— (t,0)d0 dn

_ e / Uy — U Uy — U, (1. )

X / min(e_Z(yj(f,n)—yj(fﬂ))) mm(z;{j-)(t’ 0)do dn

__/M )Ty — U, (1. )

X / m‘in(giE(y‘/(t»n)*yj(tve))) maX(Z;{j’)(t, 0)do dn
o/ J
= Wei + Wer + Wes + Wea + Wes + Wee + Wit + Wis + W,
Here we go again! The terms Ws; and Wy;:

Al — A3

i
|Wei| = e La<a,

1 ~ ~ ~
/ U, = U)Us (2, 1)
0

n, . i .
% / e—@(yz(l,ﬂ)—yz(fﬂ))bb(t’ 9) do dﬂ
0

AS
< Tl]lA1<A2/ IU] U2||U2,7|(t n)
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LG -Tawen, 2
X e M U5 (t, 0) do
0

n L . 1/2
X </ e*fz(yz(fvﬂ)*yz(tﬁ)) d@) dn
0

V65
A2
<V35A%A, — AUy — Uy |
< OM(JA, — A + Uy — Us |,

12

<

1
As — Ay f G — b B0 (1, ) diy
0

using (4.15q) and (4.16a).
The terms Wg3 and Wey:

da* (' - -
[Wes| < E/ Uy — U ||| (2, 1)
0

U . . -
x / e~ OV ¢ 9) db dn| Ay — Al
0

4 L. .~ o _ 172
<5 / U, —uzlluz,nl(t,n)( / e D yz(’ﬂ))u;(z,e)de)
0 0

n - - 1/2
% (/ e—ﬁ(yz(t,n)—yz(tﬂ)) d@) dn|Al — A
0

46
AZe

<Ot —Us|* + 1A, — Ay?).

<

1
f U — Tl P10k, |6 ) | Ay — As|
0

Next comes the terms Wsys and Weg:

St o
Wesl = 55 /0 Gy — U, (1, 1)

% /n(e,i()?z(r,n))?z(t,e)) _ e—go”ﬂl(m)—)”h(tﬂ))ﬂ/}zﬂm)(t, 0)do dn
0
| Y LT
<5 [~ el )
0

noo ~ ~ ~
X / (N2, m) = Vi@, )]+ | Do, 0) = Ni(2,0)])
0
x e*%(jz(t,ﬂ)*yz(tﬁ))|[]2|(t’ 0)do dn
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1 L ~ o~ ~ o~
< p/ Uy — U1 3 = 11, |6 )
0

% /ﬂ e*al(jz(t,n)sz(tﬂ))|];[2|(t’ 0)do dn
0

1 L. ~ o~
+ ﬁ/ Uy — Us||Us | (2, 1)
0
n -~ ~ ~ ~ ~
x [t S5, - G, 0) o dn
0
1 LI ~ o~ ~ o~
< E/ Uy — Us|| V2 — ViU, (2, 1)
0
o i ) 12
X (/ e*fTZ(yz(tqﬂ)*yz(fﬁ))u;(t’ 9) d9> dn
0
1 LI ~
+ ﬁ/ (0 — Tl T, 11, 1)
0
P i ) 12 ) )
x ( / eAz%“’"’yz("”)u;(r,e),de) dnl|\ Yy = Wl
0
< F_/ Uy — Us || s —371|732”2|u2,,7|(t, n)dn
0

V6 [N - L
+ / Uy — Us| Py U | (2, ) dl| V1 = D
0

O U, = U I1D) = D2l

<
<Ot —Us | + 1Y) — DallP),

using (4.15q), (4.16a), and (5.13).
The terms W;; and W, have a similar structure:

Sl
W | = a /0 U, —U)Us (2, 1)

n ~ ~ ~ ~
x / min(e s VD YieON) @ U102, 0) d6 dn‘
0 Jj 1 =72

- - 1 1
< U, —u2||2+F/ Ui,,(t,n)
0
2

n s Y ~ y
8 (/ eAz(yz(r,n)yz(lﬂ))(u;_ul*)(t,@)d@) dn
0
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1
< W — LI+ A/ Pt )
0

n . . ..
X (/ e—/%z(yz(fﬁﬂ)—yz(lﬁ))(uz _ul)Z(t’ 9)d9> dn

0

< Nt —Ue?
1 ~ 1 ) n 1 ) ~ ~
+ A / Vot n)e*‘zy“"")< / e 0 Y, —u2)2(z,9>d9> dn
0 0

<Oty — U2,

using (4.15h).
Finally, the terms W5

5

1

a ~ ~ o~ ~
|Wes| = T / U, = U) (U, — U, (t, 1)

0
n - ~ ~
x/ min(erlf(yf(””)yf("")))min(uj.*)(t,Q)dedn‘
o J J
~ ~ n ~ ~ ~ 1
< — || U - U@, 77)/ m,in(eﬁ(y'/(t'")fy/(t’e))) min@;")(z, 0) d6
2A 0 J J n=0

1 5 5 d n 5 . _
_ / U, — u2)2(t’ n)?n / n.l]in(efal(y/(Ivn)*y/(tﬁ))) n'ljjn(L{;r)(t, 0)do dﬂ‘
0 0
<Ot — Ul

see estimates for l_?6i7 (cf. (5.25)) and Lemma A.5.
The terms M, and M; can be treated similarly. More precisely,

1 1
| M| < ]1A2<A1< - )

|
A_g A_? /O(Ul—uz)uz,n(f,n)

n . . - -
X / e*i(yz(lﬂ)*yz(tﬁ)) QZZ/[Z,n(t’ 9) do dn
0

|A6 _ A6| o ~ ~
< ﬂAngIAG—Ango Uy — U | Uy, 1 (2, 1)
n - . .-
X [ e*;*z(yz(ﬁﬂ)*yz(h@))flpz|u2,n|(t’ 0) do dn
0
A=Ayl - -
< Laycn,6——=—Ith — U]
A AAS

1 n - . o 2 1/2
x < / u, . n>( f eAz@“’”’)3’“"9”732|u2,,,|<r,0>d9) dn)
0 0
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A} — Ayl
AA6

</ ugn(, 1) (/ —a ()72(1,77)5’2(%))75225)2,”(%9)619>
1/2
X </ e AZ(yZ(t n— 372(1 0))7_[ (t’e) de) dﬂ)
0

|A1 _A2| y y : 2 D2 2
< 1A2<A16\/6T||U1 — Ul Uy, P5(t,m) dn
0

2

SOt —Us|* + A, — Ay?).

It — ||

< La<a,6

Here we used

. 1 - /==
Plh | < A—Pz\/ V2 Ha,
2

(cf. (4.15m)) as well as (4.15a) and (4.15q). In addition, we applied (4.16b) and
(4.16d).
We have shown the anticipated result.

LEMMA 5.4. Let Z;{,- be two solutions of (5.28). Then we have
d -~ -
— Uy = Us|)?
e U — U]
< OV = WolP + 1t — U |> + 1P = P2 1P + 141 — Asl?),

where O(1) denotes some constant which only depends on A = max;(A;) and
which remains bounded as A — 0.

5.3. Lipschitz estimates for P (or P"/2). From the system of differential
equations we recall

. N 1 QU 1 R
1/2 3 /2y it i
(Pi )t + <§ ASZ/{ + S)(Pz )'7 - 2A12 75i1/2 + 2Al3 75i1/2’ (540)

where
~ 1! IREIT DY ~ -~
Qilt,m) =— f sign(n — @)e” AN Q@2 Py, (1,0) + AY) d6,
0
(5.41a)
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< ! 1\, 5. 2~ ~ o~ o~ o~
Si(t,n) = / e_""ly'(t'n)_y'(t’e)(gufyi,n - QlU;, — ZPiZ/{iyi,n>(t, 0)de,
0

(5.41b)
5 L L Sem-Tieon (2, i -
Ri(t,n) = 4_1_/ sign(n — 0)e % Yitt.m) y’(t’e)(gAiUiSy,-,n—{—A?U,-)(t,Q) do
0
L o Sen-Thaon A <
— 5/ AP ICOG ST, (1, 0) do. (5.41¢)
0

Thus we have
d '~ <
E/ (P =Pt my
0
1
_ / (P> — PP, — (PYA ). ) dn
0
2 (! ~1/2 5172 1 ~3,R1/2 1 3, 1/2
=—§/ (731 _Pz )(Fu1(7)1 )n_ﬁz’{i(% )ﬂ)(t’ mdn
0 1 2
L - 1 ~ ~ 1 ~ =~
- f (Pf”—Pﬁ”)(—ﬁsl(P}”)ﬂ - —682(7?;/2)”)0» mdi
0 Al A2
1 1~1/2 =1/ 1@11;11 1@22/?2
w3 [E =P B ‘A_%ﬁ;”)“’”)d”

1 ! ~1/2 ~1/2 1 7%] 1 7%/2
+ 5/0 Py =P, )<A_?W_A_§W>(I’n)dn

= 21 + I + 11 + 1I
=zhthr b+ ol
We will estimate each of these terms, yielding that
d ~N1/2 ~1/2
P =P
< O = Doll? + Uh =Wl + 1P =Py 2P + A = Ao,

where O(1) denotes some constant which only depends on A = max;(A;) and
which remains bounded as A — 0.

The term I,: Here we do as follows:
b, ~ 1 ~, ~ 1 ~, =~
I = /0 (P - PJ”)(;MS(P%% - ;Zﬁ(Pf“»)(z, n) dn
2 1
1 b ~ ~ ~
== / (P = P U; (P, = U (Pt m)dn
0
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ASAS o YT
x U3 (Py?), Lagen, + U (P La,<an)(t, 0) d
1 L ~ ~ ~ o~
= f (P = Py Uy — UDUZ(P,?), (2, ) dy
0
1 L. ~ ~ o~ ~ o~ ~
— f (P2 = Py UZ(P,), — UHPY) DU (2, ) d
+ ASAS /(,Pl/z ,PI/Z)
X UBPy?), Layen, + U P La,<n)(t, m) d
1 L ~ ~ ~ o o~
= f (B2 =PI — UL, 0, ) d
/ (P2 =Py Uy — U P, U Lz (1, m) dy
+ / (P2 = Py — UD (P, U Ly e (¢, m) iy
1= < = . -~
+ 3 / (P;/Z—P;/Z)«P;/Z),, — (PP, min(U}) (1, n) dn

x (ufm‘ 2>n1A1<A2 + U3 (P, Lyt 0) d1y
=Iy+ 1o+ Iz + Ly + s

We first estimate

Pl _ 1900l _ 1
~ — ~ X ~ .

2731'1/2 ZA?Pil/z 2A,

|(75i1/2)n| = 73,‘1/232,17,
and thus

. i 1 -0~ -

|Ui77,-1/2yi,n| < E(Uizyi,n +PYViy) < -
We start with the term /;;:

1
1] < O) fo P2 _ P2\ Uy — U1t m) dn
<OMIP =Py 1% + 1t — Uy ).
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Subsequently (and similarly for 7;3),
1 L ~ ~ ~ o~ ~ ~ ~
ol < -5 / P2 =Py Uy — U | U + U L TP, e <z (2, 1)
0
2 ! ~1/2 ~1/2 ™ ™ ~ ~1/2
< E/ P2 — P2 Wy — T T2 (B2, |t ) dy
0

<OMUIP? =P 1? + It — Uy ).

The term I, requires more estimates (see (5.31)):

1
hal = -5 / (P2 = PY)(P ”2),,—(Pf”)n)ulrnjin(uf)(r, n)dn‘
0

1

Y~ Y minl) G,

‘ZAS
/ (P? —P,*)? iL?1 min@?) | (¢, n) dn
2A5 dn j J ’
_ ~1/2_ ~1/2\2 _‘“ . ~?
DYE /; Py P,7) (dﬂZ/ll nljl“(“,))(f»ﬂ)dﬂ‘

<OM|P? - PP

n=0

The last term can be estimated as follows:
A -4 (NS s
|115|<‘¥/ (P> =Py
AA ) ! z
x (U (PY)yLayca, + U5 (PY?), Lyt ) dny

|A; — Ay|A*
AJA3
1
x / (P =Py YU (P ) 1 Lay<can + U Py )| L aya)) (E, 1) d.
0

We consider, in particular, the term

4 . 4 3
3 1/2
A?A; |Z/{1 (Pl )n|1A1<A2 < mﬁ

Al <a, < 1_6A2'
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Thus

30
16
< OW)(JA;, — Al + P2 = B2,

1
5] < 22474, — A2|/ P2 P2 ny dn
0

The term I,: Recall that the term reads as follows:
: 5172 5172 I & 5172 I & 5172
L, = (Pl — Pz ) _682(7)2 )n — _681 (Pl )Tl (l, 1’)) dn.
0 A; Al

Here we can follow the estimates of the term /3; cf. (5.6) and (5.9). Here we go.
Define

Ly = fol(ﬁll/z — P, 77)<;g(752]/2)77(t’ n)/ol TN ICOLBT, ¢ 0y g
- Al?(ﬁl'/z)n(t, n)/oleA'l'y"(”")9'“*(’)'L?13371,,7(t,9)d9) dn,

Ly = fo B - Py
x <;g(752” %), () /0 1 ¢ BN ICOIB L) (1,6)do
— /‘1?(751”2),70, n)/o1 e A MED=NCOID 177 B (¢, e)de) dn,

b= [ (@A
x (1;3(755/2)”0, n) /01 RPN ROS T (1,6)do
- ;?(751”2)"0, n)/ole”]"j‘“'”)‘j“’ﬁ”Q,IJ{M(:,e)de) dn.

Using the definition (5.41b) of S , We can write

2
I, = 5121 — 21 — I.

‘We commence with the estimates for I5;:

1
Ly = / (P> =Py, n)
0
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X (Aig(ﬁzl/z)"(t’”)/ole_"lz)}2([’")_372(['9)@;372,”(t,e)de
_ Ai?(ﬁlm)n(,, n)/ol eA‘lly”mmy”lo,e)a?j)l’n(t’@)de) i
- /01(7511/2 — Pyt )
X (Aig(ﬁzl/z)n(h 77)/01 67*‘7[2‘3}20'")7)}2“'9)|(1/7{)3372,,7(1,e)d@
B Ai?(ﬁ‘]/z)”(t’ " /o PO G, 0 de) dn
! /01(7511/2 =Py
X (Aig(ﬁzl/z)n(t» '7)/01 e—i\ﬁz(hn)—ﬁz(z,en(a;)35)2!n(t’ 0)do

| B Y -3 ~ ~
= P / e~ AN g )3yl,n<r,e)d9) dn.
1 0

The two terms are similar, and we only discuss the second one. Next, we use trick
(5.4). Thus we have to consider the term

| T am—3 ~ g
ﬁ(PZI/z)r}(t’ n)/ e M [ (2,m) yz(f¢9)|(u2+)3y2’n(t’ 9) de
2 0
1 = T a3 ~ 3
_ F(Ipll/z)n(t’ n)/ e A V1 (t,m) yl(he)l(ur):‘yl,n(ty 0)do
1 0
1 - T Sy ~ 3
— 146((7)21/2)77(t5 n)/ e M a2 (t,m) yz(fve))(uz-l—)3y21n(t, 9) do
0

~ n 1~ Y ~ ~
— (P, n)/ e AN yl“g”(uffyl,,,(z,e)de)
0

1 1 ~ TS s - -
+1A,<A2(Aﬁ —~ M)(Pf“)n(r,m / ¢ AN ACD GLe3 Y, (2, 0) db
2 1 0
1 1 . T s ~ ~
+1A2<A,(A6 — A(,)(Pi/z)n(t,n) / e MR eIy, (2,6)do
2 1 0

1 -
= 5P
n 1 Y V) ~ ~ ~
o« / o™ R I (@S U, (1, 0) L s (1, 6) dB
0
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(B,
A6 1 /AN n
n - . - - -~
x f e DI (@Y — DT (1, 0) Ly iz (1,6) dB
0

1 ~ L v Lo~ ~
+;(7’z}/2)n(ﬁ 77)/ o~ A P2 =320.60) mjm(uj*fyz,,,(t,e)de
0

1 1 - Ty Iy ~ ~
+1A1<A2(A6 —~ M)(Pf”)mn) / e AN G, (1, 0) dB
2 1 0
1 1 ~ TS 3 - -
+1A2<A1<A6 —~ M)(Pﬁ”)na,n) / ¢ W ROMRED ey, (1, 0)do
2 1 0

= %(ﬁz‘”w, ")
x fo RO ID (G — @) T (1, 0) Lz i (1,0) 6
2Bl
x /0" e MO I (G — A1, ) L i (1, 6) dO
+ 1A]<AZ%(75;/2),7<¢, n)
o« /"(e—i(ﬁzu,n)—)?z(r,e» _ A G -Freon) mjin(g;)3372m(t’ 0)d dy
0
+ 1ayes, %(ﬁ‘”)nu, n)
« /On(e—;—zdn(z,n)—iz](r,e)) _ e—;—lo'flo,n)—a‘zl(z,e)))r%in(df)ajw(t, 0)do dn
+ % P, (. n) (/On(e—a‘(ﬁz(nm—a‘zz(r,e)) — e D=0y
x mjin(b?j*)ﬁ?z,n(r, 0)1 5 (2, 6) d@)
_ %(75;/2)”(,’ n)(‘/on(e;o?l(r.n)ﬁ.(um) — e~ i Datn=Drw6)))

x min@; ) Y1, (1, 0) Lpeqy (1, 0) d9>
J

1 - 7 Y . ~ ~
+ 5P, n)( / min(e” s 00 min@} ) D% 2, 6) dG)
0
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L s L@ am-F 0 i (I
_E(Pl )y, m) mjln(e @SSR )mjln(blj ) Vi,(t,0)do
0

1 1 - Ty Iy ~ ~
+1A1<A2(A6 - 6)(733/2)”0,77) f ¢ AN @Y, (1, 0) do
2 1

1 t, (1,
+ 1A2<A1 (A6 _ AG)(/PI/2) (l 77)/ A7 D2 (t.)=Pa( 9))(u+) y2 ')(t 9) do
2

= (L + Lz + Iz + s + s + Lie + Iy + s + Lo 4 I (2, 0).
(5.42)

The same estimate works for I5;; and 1,1, (cf. (5.34)):

1
/ Ly (P> =Py, mydn| < |P)* =Py + / 12,(t, n) dn,
0

which shows that it suffices to estimate

1 n s
/ I, (t, m) dn < An/( P, n)(/ ¢ A7 V2 =220.0)
0 0

2
X (@) = UVt 0) L (1.0) de) dn
O U, — U,

where we used that ((7521/2),,)2 < éAg)}Z’n.
Regarding the term /53 (and I514), we find

1
/ LBV — P2, ) di
0

1
/0 P = PYHPY, @, )

= 1A1<AZF

n Sy iy Y Y . "~ ¥
% / (e ™ N2t =I2(1.0)) e A Va(t,m) yz(t,@))) m;n(u;r)3yz,n(t, 0)de dn
J

Z‘F“ / P2 Y2 (PY), 1t )

X / e—&(jz(fyn)—)}z(fﬂ))dgj}zm(t, 0) 4o dT]|A1 _ A2|
0

< “751/2 _ 751/2“2

AlO 2
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n 1o ~ -~
X (/ e*m(yz(f,ﬂ)*yz(t-a))ugyln(t’ 0) d@) dnlAl _ A2|2

0
- - 4 L
<IB =PI+ / Pod (. mydnl Ay — AP
0

< OMUAP? =Py IR + 1A — AP).

Regarding the term 15 (and I»1¢), we find

1
/ Lis(P? =Py, m) dn‘
0
1
o f (P2 =Py (P, t, )
0

n -~ -~ -~ -
% (/ (e~ £ P2 =I200) _ (=5 Fr=I1.00)
0

x mjn(zij)3372,,,(z, 0)1 gy (2, 0) d@) dn'

//\

12 1/2 1/2
am/ P, 1(Py/), 12, m)
x (/ (UDa(t, ) = Vit )| + 1D, 6) — Wi (2, 0)])
0

X e_E(yz(l‘ m=(1,0)) min(d}!—)3j}2’n(t’ 9) d@) d”

< — / B = BT, = Pl 1P, e, )

n
X/ ot P2t =220, 9))min(blf)3yz,n(t»9)d9d’7
0

+IP =P + / (PyYH2 (. m)

2A12
noo_ - L - ~ ~ 2

x ( / Vit 0) = Pa(t, 0) e+ PR min@ ! >3y2.n<r,9)d9> dn
0

< OV = Dl + 1P = P21,

using the estimates in (5.35) and ((7521/2),7)2 < %A33~)2,,7.
The next terms are 17 + Is:

1 -
Ly + g = F(leﬂ)n(l‘» n)
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n ~ ~ ~ ~
X < / min(e ™+ VDY) min@fF)* P, (1, 6) d@)
0 J J
1 5172
- F(Pl )n(t,m)
n ~ ~ ~ ~
x ( / min(e” = @ DY) min@fF)2 Y, (1, 6) de)
o J J ’
1 - -
= (P, = P
n ~ ~ ~ ~
X nlkln|:/ m.in(37%(yf(t,ﬂ)*yj(tﬂ))) min(u;)3yk,n(t, 9) d9:|
0 J J
1 - U - -
+ e P m / min(e” ¢ Y00
0
x mjin(b?fm?z,n — Vi), 0)do1(t, n)
L &1 T —L Q-0
+ F(PZ )u(t, m) mjm(e a TR
0

x min@)* Vay = V)¢, 0) A0 g1, 1)

= Lo + Lz + L.

The term L,;; can be estimated as in (5.36), yielding the result

1
/ Lo (P)? =Py, n)dn’<O<1)||7>f/2—7>;/2||2.

0

The terms L,;, and L;;3 can be treated similarly; we list Ly;3:

1
/ Lois(P)? =Py, n) dn‘ SOV =Dl + 1P = P21,

0

see (5.37). The terms I,;9 and I, share the same behavior. We find, when A; <
A, (otherwise I»;9 vanishes; see (5.38)), that

1
/ ]219(?511/2 - 7521/2)(& n) dﬁ‘
0

_(1 1)
AV A

n 1 ~ - -
X (/ e*fl(yl(hn)*yl(1»9))(ul+)3y],n(t’9) d@) dn‘

0

1
/ (P =Py (P, m)
0
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< OM(A, — A + [P = P)2)P).

Next, we consider the term I»;:

1
Iy = / (P2 =P, m)
0
1 =~ L Ry ~ o~ ~
% (F(P;/z)ﬂ(t’ 77)/ e—A12|y2(tJl) yZ("@)‘quzyz,,,(t,@) 4o
2 0

1 - Y ey .
F(Pf/z)na,n) /0 e~ A Ien y"’*”'P]u.yl,n(z,e)de) dn.

We start by replacing the integrals fo ) df with ['(---)d; cf. (5.4).
Furthermore, we write Z/l Z/l 4+ L[ and hence it suffices to consider

I = / P =Py, m)
0
1 - T (1 L
x (F@l/z)m, n) / o A ANIOND D, (1,0 do
2 0
1 - TS T N
— F(’])ll/z)n(l»’ n)/ e Al [Y1(t.m) yl(fﬁ)\f])lu:ryl’n(t’e) de) dn
1 0
1 ! ~1/2 ~1/2
=F/ (P =Py, m)
0
~ n 1 ) ) ~ ~ ~
x ((Pé”)n(r, n) / e T NN D ) (2,0) do
0

~ 1 - - o .
— (P, (t, n) f Ry Y VAR VNN de) dn
0

AS — A§ l~1/2 =172 =172
A L / P2~ BV (1, ) (B2, (1, )
0

n 1o ~ -
X (/ e*fz(yz(f-ﬂ)*yz(lﬁ))f])2u2+y27n(t’ 0) d@) dn
0

A6
+W6211A]<A2 B BB

7] "5 ") ~ ~ ~
% (/ e—A’l(yl(m)—yl(z,9>>7;]u1+ylfn(t’e)de)d
0
== Nl + N2 + N3.
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We consider first N, where we get

M=o /0 BBy,

x [(@‘”)na, ) /0 LB PP (¢ 6)db
— (P, ) /0 LA IS, 9>d9} dn

R Rty

— i [ B =P
x [(752‘/2),7@, ) /0 ne‘i@ﬂ”")—y“““)(ﬁz—751)22;372,,711751@52(;,9)(19
+ (P, ) /0 L DI B PP, 1 s (1.0)d6
+ (P, )
o /O B ) mjin(ﬁj)(z]; —UNV2y Ly <y (t,0) dO

+ (P2, (. m)
x /0 P I min(P) @ — UV L 1, 0) 6

+ Py, )

5 /On e,i(f}z(t.n)*yz(tﬁ)) mjin(75,~) nljjn(b?f)jz,,,(t, 6 do

— PPy /0" o~ P1an-F10.0) mjin(ﬁj) rrljjn(b?j)yl,,,(t, 0) d@] dn
=N+ N+ Niz+ N+ Nis + Nys. (5.43)

The terms Ny, and Ny, can be treated similarly. To that end, we find

1
fo (P =Py (P, )

1
[Nl = F
n 5 - ~ ~ o~ o~
x (/ e—i(yz(t,n)—yz(t,ﬁ))(IPZ _ Pl)z/{;ylnﬂﬁlgﬁz(t’ 9) d@) dl’]}
0

- - 1 L
<IPE =PRI+ 5 / (P2 )
0
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n 5 5 B L 2
x ( / e‘/fz<y2<f~">—y2<"9”(7)2—P,)u;yz,nﬂﬁlgﬁz(t,e)d(a) dn
0
<P = PP
1 ~ T DY ~ ~
+ 55 f Va1, n)( / e H W”’”(ubzyz,n(z,9>d9)
0 0
n - ~ ~ ~ ~ ~
y (/ e B IUD-DNN B2 _ PI2pB G, (o e)de) dn
0
1
SIBY - PP+ o / Bt m)
0

" ; y N . .-
% (/ e*t(yz(t,n)*yz(fﬁ))|7321/2 — PP (1, e)de) dn
0
<OMIP” =PI,

where we have used (4.15¢) and (4.17c). The terms N3 and N4 follow the same
lines. More precisely,

1 L. ~ ~
INisl = — / (P2 =Py (P, 2, )
0

n y y ~ o~ ~ o~
x / e—%z<3’2<”">—3’2<’~9”mjin(Pj)(u;—ul*)yz,nﬂwgg;(z,e)dadn
0

1 o ~ ~
<0 f P2 B2 |(BI), 1, )
0

n 1 ~ - - ~ -
x / e*ﬁyz(“")*w’ﬁ”mjn(Pj)|u;—uﬂyz,,]]lgrga;(t,e)dedn
0

<P Py L / (P2t )

Al2

n 5 5 2
X (/ o~ A7 V2t =D2(1.6) mm(7>)|u+ u,ﬂyz,,,(t,e)de) dn
<P =Py + 5 f (P )%, m)

0

n 1 ~ - - -~
% </ e*m(yz(lq'))*yz(fﬂ))(u; _ u]Jf)szyz,n(t, 9) d@) d
0
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< ||751‘/2—752‘/2||2+A,1/ Pa(Py))2 (e, 1)

" . - e -
< </ e—ﬁ()’z(l,n)—yz(tﬂ))(uz — U P, (1, 9)d9> dn
0

<SOMUP = P21 + 11tk — Uh 1),

by applying (4.15e), (4.16¢), and (4.17c). The term N;s5 + N4 can be estimated as
follows:

Nis+ Nig = — / (P2 = PyY*)(t. n)
x [(ﬁé/z)na,m / ¢ RO min(Py) min@h;) I (1.0 dB
0
— P, n)/"efﬁo?]a,n)—&l(t,e»
0

x min(P)) min@) I, (. 0) d@} dn

1 ! ~1/2 ~1/2 ~1/2

=1A.<A23/ B = By, ;B 1, )
(f (¢ F TN T = =k Fa-Fre
x min(P)) min@;) V2, (1, 0) d@) dn
TS VNS /O B =B Pt
y (f"(egz(jlu,n)&l(z,e)) _ AT,
0
x min(P)) min@;) (. 0) d@) dn
1 ! ~1/2 ~1/2 ~1/2

4 E/O B = PP, ) )
> /.n(e—ﬁo”fz(t.n)—ifz(r,e)) _ e—5<ﬁ1<r.n>—371<r,0>>)
x min(B) min@)Vs (1, )Ly (1, 0) d
o fo (B BB 1)
> /n(e—ﬁdz(t,n)—iz(r,e)) _ e—%(fil(nn)—ﬁ](tﬁ)))
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X

min(P;) min@ )V (1, 0) Ly (1, 6) d

1o ~ - 7 . .
+ <% / P =P, n)[(le/z)n(t, ) / min(e™s /0=
0 o/

min(P;) min@;) Vs, (1. 6) do
J J

X

n -~ ~
Py (e, m) f min(e”s V000
0 J

X

min(P;) min@; )V, (. 6) d@} dn
j J
= Nis1 + Nis; + Nis3 + Nisg + Niss,

which all, unfortunately, need a special treatment.
The terms N;5; and N;s, can be handled as follows:

224 (' < i
Nisil < Laca / P2 = Py 2P, )l (2 m)
0

n -~ o ~ o~
y (/ 6—422(yz(t,ﬂ)—yz(lﬁ))r])zyzﬂ(t’Q)dg) dnlA, — Ay

0

2«/_a

/ P2 =Py 1(Py ), 1, )
—ﬁo’zza,n)—y"z(z,e» D v v
X e M P, (t,0)do
0

N 12
X < 772372,,7(&9)619) dnlA; — Ay
2«/_a

/w?‘” Py 1Py, 1Py (2, m) dnl Ay — Asl
< 0(1)(II7’1”2 — PR 4 1A — AP).

The terms N;s3 and N;s4 can be handled as follows:

|Nys3| = P2 — Py (P, (8, 1)

1
AS
x f (e~ a2 =I2(0) _ o= 5 D@ =I1(1.0)y

X m_in(75j) m_in(l]_j)jz,,](r, 0)1 5 (2, 0) d6 dn

o [P =P
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noo 5 5 5 - a0
X / (Mot ) = Vi@, )|+ | Va(t, 0) — Vi (2, 0)])ea 2Em=Y2000
0

x min(ﬁj) mjn(zj?f)jz,,,(t, 0)dé dn

= A / Py =P 110 = D IPY ), 12 m) / e a0

X m}n(Pj) m;n(Uf’)yzyn(t, 0)do dn

aA6/ PR BIR(BI, |, 77)/ e~ LI -I2000| 3, _ |
x m;n(Pj) m'm(U;“)yzyn(t, 0)do dn
J J

1 L - - - -
S s / P = B3 = B, )
0

1/2
x (/n e F DTN PP, (. e)de)
0

n . . 1/2
X (/ e_Hl(y2(’*’7)—y2(’-9))5)2,n(t, 6) d@) dn
0

+ 1P =P+ —— / (P, m)

A0
n - . _ o )
X (/ -, Qn, n)fyz(r,é)))D]z . y] |’sz2,,,(t, 9) d@) dn
S / P2 = P21V — DPY 1Py, (2, jydn + | P> — P21
n - . L
10/ ((’Pl/Z) ) ([ 77)(/ e*z'Tz(yz(l.n)*yz(t,O)),szZn(t’9) d@)
2A A

X (/ e‘i()}z(t,n)—jz(tﬁ))(‘)}z _ 5;1)27523"}2’"0! 6) d@) dn

0

<OMUP =PI+ 19 = DalP),

using (4.15¢e), (4.16b), (4.16e), and (4.17a). We consider now Niss:
Niss = — / (P2 =P, (1, )
[(P”ﬁ (&) f min(e”s VP00 min(Py) min@;) I, (1. 6)d6
o J J j

~ n 1 =~ ~ ~ ~
_ (7)11/2)'70’ 7 / n,ljin(e—;(y/(t,n)—yj(tﬂ))) rrljjn(’Pj) mjin(u;r)yl.,,(t, 0) d9:| dn
0
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/ (P2 = Py (P =Pyt )
x mki“[ /0 mjin(e—%(37_/0,:7)—37,-(1.9)))mjin(75j)mjin(Z;I;’)J}k’,,(t, e)de] dn
- % / 1(751”2 — Py (P, (e g2, m)
( f min(e” 2 ytm= J’f<“’>>)mm<7>>mm<u+)<yz Yyt 9>d0)
f B2 = BYYBI 0 D, )

x ( / min(e™ s ¥/ D=0 min(P)) min@) (Vs — I, (¢, 6) d@) dn
0 J J J

= Niss51 + Niss2 + Niss3,

which, yet again, requires separate treatment. Here E is defined in (5.16). The
term N;s5; can be handled as the term Lj; (cf. (5.17)),

INissi] < OP? —PY% )%

The terms N;ss, and Njss3 can be treated in the same manner:

| L
Nissal < 5 / 1PV =Py 2Py, ML (2, )
0

n - - ~ - ~ ~
f min(g—;(yj(r,n)—y/(t,é)))) min(Pj) min(lxlf)(yz _ yl)n(h 0)do|dn
0o J J J
LY in i s s o
<o [ 1P =PIy = BelminP) mindi Pt
0

1 [ <1
+ o | P =PI

/(yl yz)[ (mln(e a@jn- y“”))mm(?)mm(lf’)
C amgao d =
+ min(e” e 10D 9)))dg(H}/_ln(P,-)mjm(Uf))}(t,G)de‘dn
< OMUP? =PI+ 19 = Dal®).
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The term N, (and also N3) can be treated as follows:
A6 _A6 o 5 5
Mol < =it f P =Py IP, ), m)
1412 0
n . o 1/2
x (/ e_,Tz(yz(faﬂ)—yz(lﬁ))fp;yzw(t’ 0) de)
0
0 ) } 12
y (/ Gy v 9)d9> dn
0
< VB2 . / P — BB\t mydn

< 04, —A2|/ P2 =Py, m)dn
<OMIP =P 1> + 14, — AyP).

This concludes the discussion of the term I5,.
The term I,5 is handled as follows:

by = / 1(753/2 =P, m
<A6( PV (1, ) /01 BTG (¢ ) g
- A—?(ﬁf”)n(z, n)/ol e‘A'n'j'“")")'(”@)Qldl,,,(t,e)de) dn.
We start by replacing the integrals fol (-++)d@ with ['(--+) d; cf. (5.4). Thus

Iy = /0 P - 755/2><Aig(75§/2)n(r, ") /0 LGNS 1 6)de

- Ail(ﬁf”),,(r, ) fo AGE IS 9>d9) dn

- [ P (B [0S0 5.0 1,00 ds
— (P, (. n)fone”]lO}‘(”")‘y‘(’ﬁ”lefll,,,(z,9)d9> dn

1 1 L ~ ~
+ 1A2<A1<A—g - A—?> /0 (P2 =Py (P, (t, )
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" o
y / RTINS T (¢ 9 d0 dn

0

1 1 L - -
+ 1A1<A2< — F) / (P2 =Py (P, . )
1 0

AS

r] ) Y ~ ~
X / e*ﬁ(yl(fyn)*yl(fﬂ))Qlulm(t’ 0) de dn
0

= M, + M, + M;.

We estimate, using first that Q,- = A,~75i — f)i (cf. (4.7)):

M,

26/01(751”2 —752”2)<(752”2),,(t, n)/One‘%zd’“””)‘j“”“’”dez,,,(t, 6)do
_ (7511/2)710,”)/0”6A‘lo‘/l(z‘mﬁlu,enéldlyna’@)de) dn
- = fo @ —755/2>(A2<75§/2>,,(t, m /0 | O IN BT o 0y do
- A1(751”2),,(t,n)/oﬂe‘Alu(y"(”'”‘jl““’”751121,,7(:,e)de) dn
- /‘1(,/01(7511/2 —752”2)((752”2)"(& n)/One*i(j2<”"’*y2<”9))252d2,n(t,e)de
- (ﬁ,]/z)n(z,n)/oneA‘Nj'(’*")51“*“”251L?1,,7(t,9)d9) dy
= % /01(751”2 — Py (A PAL(PY), — AP P, ) di
[P BB, - DA
+ /‘16/01(75}/2 )
x ((752'/ 2t ) fo ' e*le<52(”")*3}2<”">>Aizﬁzzftzjz,,,(t, 0)do
— (P, /0 neA‘ld"“v")51(“’”;1251&1371,,7(@e)de) dn
_ 3/1(7511/2 _ B
a6 J,
x ((752'/2),7(1, ) /0 LB INN P3G (1 0)do
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— P, n)/ﬂe‘A]n(j‘(’*”)‘jl(”e”ﬁllfll37.,,1(t,9)d9> dn
/ B2~ By ( Pyt m) f AP0, 60) do
— (B, m) / e HOCTIOOGT, 0 1,0) ‘w) o
L / B - 79'/2)<<7>”2) (t.n) / RSO A, 6) 6

— By / e AT 437 o, 9)‘”) i
0

=W+ Wy + W5+ Wy + Ws + Ws.

Here we have used the rewrite employed when manipulating the term K, from
the expression (5.18) to (5.19). We start by considering the term W;:

W= fo (B =PI APLPBY), — ABTP) )t ny dn
= Luen 200 /0 (B — PYYBALBY ), by d
TS PR et /0 (B — PIYBURPB 0y d
+ 2 fo (B = PPy — POUBY), (1)L, (1. 1)
+ % /0 1(751”2 — PPy = POUP ), (t. m) L, _p (2. 1) d1y
+ % /0 1<751”2 = PPy = (PI)) min(Pp)lha(t, m) di

1
a ~ - ~ - = o~
T / (P = BY @ — Un) min(By) (BY), 1, ) di
0
= Wi+ Wi+ Wiz + Wiy + Wis + Wie.
Using (4.15a), (4.15b), (4.15¢), (4.17a), and (4.17b), we find that

Wi+ Wi+ Wiz + Wiy + Wig
< O (Ith — Ul + 1P = P17 + A1 — Aql).
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Regarding the term Ws:

1
Wis| = — / P = P/H((P,), — (Pll/z)n)rnjin(P,-)Uz(t,n)dn‘
0

A6

1

B P minB it

n=0

- o / (P =P (mm(7D W), n)dn‘

— ~1/2 ~1/2 . ~ o~
Sp /O (P LY (i ) n)dn‘

<OM|P =P, )12,

using the same estimates as for Bi; (cf. (5.20)) and Lemma A.3 (ii).
As for the term W,, we find

W, = Ai | BV P BB, — Dk (P di
/ (P =Py (D, — DOUP ), 1p, 5, (1) d1y
+ % /0 (P = Py ) (Dy — DOU(Py ), 1, 5, (2, 1) 1y
T fo (B - PP, (P1%),) min(D,)Uh(r, m)
-5 P P k) min(D)) (Pt

= Wy + Wy + Waz + Wy

The terms W, and W,, can be treated similarly. We need to estimate 252 — 151.
Applying Lemma A.9, we have

1 L ~ - ~ o~ o~
W] = E / (P2~ PYAY(D, — Do (Bt 1) Ly, (1 1) d

<o / (P2 = B 13 — TulDYI (B, (¢, m) d

= / B2 = BT — Dol @ + POl BV, (e, m) di
N’

+ 2205 - B / BY = BYAD (P, my iy
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O
+E/o |P1/ _Pz/|

n . . 5 5 1/2
x (/ “‘y'“")-w'g”(ul—u2>2<r,0>d9) (L (), |t ) d

1/2 1/2|

182

1/2
x ( f e AN (P2 _ P12y e)de) U (P, 1t m) dn
0
3 ! ~1/2 ~1/2
+ ﬁAZ/o [P/ =P, |
"1 y ¥ 0 o 51/2
x(/ -Wl“”)-yl“”(yl—y2>2<t,e>de) U (P, 1(2, 1) dn
P2 1/2
i / P! |

X </ 6_5(371(1,71)—371(&6))0}' _ j>2|(l‘, 9) d@) |Z/7| (7511/2)”|(t7 n) dn
0

|A1 Az|/|7>”2 P,"|

X </ 6*4{7(3710.?7)7)%(1‘,9)) d9>|1/~{1 (7511/2)”0’ n) dn
0
1272 " sip s
+ A —A / PP,
«/§6A2| 1 2| ) | 1 2 |

n - ~ 172 ~ ~
X </ e‘%(%(m)—yl(tﬁ)) d@) |u1('P11/2),7|(l‘, n) dn
0
A13/2
sz/ 1Py = P11 = Dl )

- - - - AS
7/ P2 =Py 1D = D, n>7d
2\/_ 13/2
+ Zon 1V =Dl / P2 — B

B B 5 B 1/2 A4
s / P - B, n)( / (ul—ugz(r,e)de) dn
0 0

272
N 22
A

] =12 A2 T <12 A2 VoAt
P, =P t, / P —=P t,0 d@) d
3 /0 | 1 2 I( 77)( A ( 1 2 ) (t,0) 2\/5 n
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' xip =i T - ~ 12 A
+ o [ BB n)(/ (yl—yzf(r,e)de) S5

A4
2A2f P2 =P, n)(f V1 = Nl 9)d9)2ﬁdn

A — A ,P1/2 1/2

A2| 1 2|/ | [
12\/_ 1/2 1/2

+ A — A |/ P> =P,
Sear 7 \/5

SOMIth =Wl + 1P = B2 + 1V = Dall” + 141 — AP,
where we have used estimates (4.15a), (4.15b), (4.15n), and (4.17b). Furthermore,

Was| = —5 f (P = PPy, = (P, min(D))That, n)dn‘

1

‘m(P'” ﬁ;/%zmin(ﬁj)aza, 1)

n=0

2A6/ (P — 7?1/2)2 (mln(D )2, U)dfl‘

pl/2 ~1/2 -
=ﬁv/o‘(7)1 _7)2 )2@(%m(pj)uz)(t’ n)dn‘

OM|P"”? — P, %,

by applying Lemma A.4 (ii). The term W,, goes as follows:

1 L ~ ~ ~ ~ ~
Wasl = f P> =Py, - Mz)rnjin(Dj)(P]”z)n(t, n)dn‘
0

<O (Ith —Us|* + 1P = P21
using
7

i o A
mm(D NP, < 24P (P, | < PP, < T

from (4.15a), (4.15e), (4.15n), and (4.17a).
Next comes W3, namely,

1t ~
- Ty - 1 ~ ~ -
x ((P;”),,(r, ") / e TR Dl Vs (1, 0) d
0 2
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51/2 L@ L&
— (P, m) e M A_Dlulyl,n(tvg)de dn
0 1
1 ! 5172 5172
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and the two terms can be treated in the same manner. Thus
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where the set e is given by (5.21). Here there is no alternative but to treat these
terms more or less separately. For the terms Z; and Z,, we find
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For the terms Z; and Z,, we find
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by applying (4.16e), estimating D, < 2A,P, (cf. (4.15n)), and subsequently

(4.17a).
For the terms Z; and Zg, we find
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applying the same set of estimates applied when studying Bss; see (5.22). For the
term Z;,, we find

1
/ (B2~ PIY(BY), — PVt 1)
0

|Zn| = %
x mkin(/()'7 mjin(gni(37,(r,n>73>,<rﬂ») mjin(ﬁj)mjin(lfl_/.*))}k,,,(t, 9)d9> dn’
<OMIP” — P I
see estimates for Bs; (cf. (5.23)).
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For the terms Z,, and Z,3, we find
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where Iy, ..., Ig are defined in (5.42). Thus we can conclude immediately that
W51 <OV = Dol + 1 = Uall* + [Py = P12 + 141 = AoP).
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1
/ P\ =Py Py, . n)
0

a
|W6S| = m

n L -
X / (e*;()}z(t,n)fyz(tﬂ)) —e L em-dia, 9)))(/[213(”)0 0) do d77

<o / P2 = Py21(Py), (2. )

x / (Dot m) = Die, )| + 1Da(2,6) — Vi, 0)))
X e — L m- yz(t9))|u I(¢,0)d6 dn
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1
<5 | 1B =PRI = BB,
0

% /ﬂ e*al(jz(t,n)*l}z(tﬂ))|];[2|(t’ 0)do dn
0

+ 7 f 1Py? = PyY2I(PyY), (2. )

n
x / e NN IO T, _ T k1 r, 0) d0 di
0
<o / P2 =Py 110 = DilI(PY?),l (2. m)
n - - 1/2
x (/ ei(yz(t,myza,e))gzz(t’@)d@) dn
0
+ o5 f 1P = P21l (2 m)

~ ~ ~ ]/2 ~ ~
x ( / ea%“*"’yz('ﬁ”u;(r,e)de) dnl| ¥ - P
0

< e / P2 =By 1192 = VP, (P, 1t ) i

t Ay / P2 = PP IRy ), 2 ) dnl Dy = D
<OMIP =P 212+ 1V = DalP,

using (4.15e), (4.16a), (4.17a), and (5.13).
The terms W5 and Wg:

1
Wl = 50 / P =Py (P, t, 1)
0

n - 5 ~ ~
« (/ m'in(ef;O’j(t,r})fyj(t,@)))(Z/{z+ — U]Jr)]lgrgg; (t,0) d@) dn
0 J

<P =P 1P+ — / (P2, m)

4A2
(o LT N T _ ’
X (/0 rr}iln(e a g Em=Yi GO0y U — U, )]lar@-,;(t,e)d0> dn
<P = PP
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1 [ " S .
BTy / P, n)( / ¢ 17 V2D =2200) —ul)z(z,e)de)d
0 0
”751/2_ ~1/2”2

/ yzn(t 77)(/ Az(y7(l n=t, 9))(1/[ ul) (t 9)d9>
\(9(1)<||P1‘/2— Py R + Uy — U |)

following the estimates used for Bgs; see (5.24). The term We:
5

a
Wi = —
| 69| 2 A6

n . - ~
X (/ min(e—%(y/(t,n)—yj(t,e))) min(u;')(t, 0) d@) dﬂ’
0 J

1
/ P = PP, — (P, )
0

5 1

- & ((75,”2 P,%)? / min(e” a@itn=v; . 9>>)mm(u+)(r e)de)

/(7?”2 7?‘/2)2 (/ min(e” & @sm= y/(f9>>)m1n(u+)(t 9)de) ‘

4A6/ (731/2 731/2)

d ([ ! §
(] min(etFn=300) min@I) (1, 0) d6 )| dn
d?’] 0 j J I

J

<OMIP" =P I1%

see estimates employed for Bg, (cf. (5.25)) and Lemma A.5.
The terms M, and M5 can be treated similarly. More precisely,

1 -
|M;| < 1A2<A1< i A6> / P2 =Py (P, (2, m)

]7 ~ ~
X / E*E(yz(tﬂl)*yz(he)) QZZ/{ZW(L 0) do dn
0

|AS — AS)
< hz@.W / 1P — P2 1(PyY2), 1, m)

77 ~ ~
% / e*@(yz(t,rl)*yz(fﬁ))fpz|u2,”|(t’ 0) do d’?
0

|A; — Ay
AA;

L n, 5 o 2 1/2
x ( / (P, n)( / eAz”’“"")W”“’Pﬂuz,ua,e)de) dn>
0 0

1/2 ~1/2
IP)? — P,

< La<a,6
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Al — A~ ~
[Ay / 2|||7311/2—7321/2||
AAY

[ n - - o
y </ (B2, 7))(/ e—A‘z<yz<r,n>—yz<t,0>>7322y2,n(t’9)d9>
0 0
n, i ~ 12
y </ e‘Az(yZ("”)_yz("e))Hz,,,(t,9)d9> dﬂ)
0

f'Al Al =12 R LA o v
< 1a,<a,0 AAY 1P =P, (P, )" Py(t, n) dn
0

<SOMIP? =PI + 1A — A,

. 1 - /==
Pl < A—Pz\/ Vo Hays
2

cf. (4.15m), as well as (4.15¢), (4.15¢e), and (4.17d). In addition, we applied
(4.16b) and (4.16d).
The term I;: We have the following estimates:
L. a1 Ol 1 QU
Bl < / |’Pl‘/2 B 7)21/2| A2 Q~11 2l A2 Q21 22
0 AT P2 APy

, - 1 QU 1 QU
1/2 1/2,2 1 2L12
< “Pl - PZ “ + ” A% 731/2 A2 7)1/2

< Ta<a,6

Here we used

(t,n)dn

We consider the latter term and find
HLQ@_L@@Z
AP AP

N 97 112 N 17 112
< 314,<a, % - A—% ?z;? + 314,24, AL%_ A #Z//{;
L Qi Oulh|*
A4 731/2 7521/2
¥y 5 0% 2
< O)IA, - éﬂ—%%
where we have used that
AP,

| = AP U < O)AS.

75:'1 /2

,Pil 2
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We consider the latter term and find

QU Qb |’
A4 751/2 - 751/2
oy Q|
‘ 11/2 _+/22 (]175|<752+]1752<751)(t9 n)dn
P,
2 (! < - o - 1 1\ %~ |?
< F/o W(Qlul — Qo) + <751]/2 — W)Qlul Lp, <, mdn
N I U 1 1 2
+F-/0‘W(Qlul_QZUZ)_‘_(W_PI/Z)QZUZ 1p,.5 (t,n)dn
SRy - Uiy — Ty + (O P
S A m(%( 1 = U) +Uh(Q) — B, ) dn
4 1 Qu 5 2
+ﬂ 731/21~11/2(P1/2 Pll/z) Lp, <, mdn
4 ! 1 N
+F W(Ql(ul—uzwuz(gl—%)) 1s _p (£, m) dn
max;
4 : Q2u2 1/2 ~1/2 2
+F Pl/z 1/2(P =P Lp, 5 (& n)dn

=4 + I+ I + L34).

We treat terms I3, and I3,; the others are similar.

Y
(i) ¥ 2f

> 19, — O,

2 1

31\A4

]1751<752 . n) dﬂ

+ -
(max,(Pl/z)
SOV = Wl + U —Uh|* + 1P = P21 + 1A, — Ay,

where we have used (5.29), that

max; (75,-1/ 2) P max; (75,-1/ 2) PisP
A&gﬁn 5, < Amax(P?) <
max; (P,/5) i
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and

|
<P X S =z Sl2 1]'731<7’2 < ﬁ

e
P,

max; (75,-1/2)

Next follows

1Y Qi 12 AL ?
132<F/0 753/27521/2(7’2 =PI Lpp, (t,m) dn
<OMIP =P,
using that
ol Ql ~ A3
'7511/27521/2 PPy S < AU < ﬁ

This proves that

A

A4 7511/2 7521/2
< OV = Mol + 1 — U + 1P = P12 + 1A, — Aq]?),

and thus /3 has the right form.

The term 1,:

b - 1 Rl 1R
_ 12 1/2 - 1 _ 2

11N [k <0 R
= ]]-A1<A2 (E - F) /0‘ (7311/2 - P;/Z),ﬁljz (t’ 77) dn
1 2 1
1 1)/1 ~1/2 ~1/2 7?'2
) [ BB =
w )L

1 [ .
+ F/o P =P

+ 1Az<A| <

—_— R, -R
( an(P,/z)( 1 2)

1 1 ~ =~
— (7521/2 — W)(R21ﬁ2<75[ + Rlﬂ-ﬁlgﬁz)) (ta 77) d’]

11 s <1 R
= 1A1<A2<A—? - A—;) /0 (P2 - 7321/2)751;2 (t,m)dn
1
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1 1 : 512 B2 R,
+ 11A2<A| <A_? - A_%> A (Pl - 732 )752]/2 (t9 77) d77
1 ! 1 S12 0 B2 5 51/2
+ = | | ——=7 P =P R - Ry) — (P
A3 [maxj (,P}/z) 1 2 1 2 1
1 ~ ~
Pl/z) 1/2—751/2(7%2175%75] +Rilp <752)j| (t,n) dn

=h+hL+h—-J—Us,

11 b i
h=taeelm ) L PO -
1 2

1 1 ! ~1/2 ~1/2 7’?’2
J2 = IlA2<A] <A_:]3 - A_g) A (Pl - 732 )7521/2 (t9 77) dT],

where

5172

B

1 ! 1 512 B2\ B 5
BB gy PO R

1 1 - - 1 ~
Ji = 7/ (P)* — 7321/2)2?751/27321752@1 (t,m)dn,

1 -
/ (P2 _ Py 1/2751/27211751@52(1‘, n) dn.

For J; (and similarly for J,), we find

A=A [ S s 5
Il < A Py =P, 1, mOD)a” dn
0
<OMIP? =P + 14, — AP,

where we used that

<OMAP> <OMAL.

731/2

For J;, we find
J3 = LS /l ;ﬂ,lz(,ﬁ:/z - ’75;/2)(7%1 - 7?'2)0: U)dﬂ
A% Jo maxj(Pj/ )
1 ! 1

1
=— | ———®P" =P, )( f sign(n — 6)
6A3 J, maxj(P}/z) 1 2 n A gn(n
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- - . . - .
X (efALl\yl(lqﬂ)*yl(fﬂﬂAlulﬁlyLn _ 675lyz(tqn)iyw'e)lAzz/[;yz,n)(f, 9) d@) dn

. 1 ! 1
4A3 J, maxj(ﬁ}/z)

1 ~ =~ ~
(/0 sign(n — 0) (e~ DI 4oy

— e—ilfiz(t.,n)—jz(tﬁ)\Agdz)(t’ 9) d@) d?’]

P =Py, )

X

1! 1
243 [, maxj(75}/2)

1
—LiYa)=-t.0177 A
</ (e~ BVen-D:0007 5 5,
0

+ (P =Py (t, m)

X

_ A Pien-Sieo)gy Q1) 6) dG) dn
= Jll + J12 + J13'

Next we replace all the inner integrals fol -+-df by (f) + fnl) -+ df (cf. (5.4)),
consider only the terms with fO" .-+ d#, and call the corresponding quantities J;,
jlz, j13. Thus

i L 1 512 51 T P (0D « v
J = — - (pr_pV t, / ay V1Em=N1@.0) 4 793
" eaAr man(P;/z)( : 2 ) 77)( 0 (e Ui i

B e_i(j}Z(Ln)_J}Z(LQ))Azz/?;j}ln)(t’ 9) d@) dr’, (544)

7 1 : 1 S22 N A ~
Jiy = —— —~('P/ _7)/)([’ n)(/ (e Ay V@) 1(,))A6u
EAYEN A max, (77]1-/2) 1 2 | Ui

_ 67/3)72(5]2(['")75)2(1"9))142&2)([’ ) d@) dn, (5.45)

. 1 ! 1
Jis =0

~ ~ n ey 5 ~ ~ o~
= (P =P ) ( f (e 2RO Q, 3,
2A3 )y maX_/(P}/Z) ! ? 0 !

_ e A en-Miaong 3,311, 6) d@) dn. (5.46)

For the term f“ we write U ;= Z;lf + Z;Ij_ collect terms, and study the positive
part and the negative part separately.
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With a slight abuse of notation, we need to consider the term

7 1 : 1 512 Dl2
h=— | —=5=®P"-P".n
EYE ) maxj('P]]./z) 1 2

n L5 5 ~ ~
—a; Q@ =I1.0 3
X (/ (e A]( 1(t,m) 1( ))Al(ur) yl,n
0

— efALzO}z(t,ﬂ)*:)}z(tﬁ))AZ(Z/?;)SJ'}Z")(t’ 0) d@) dn

1! 1
6A3 J, maxj(ﬁ;/z)

(P* =Py m)
" - - e
% <1A2<A1(Al _ Az)/ e*A]*l(yl(t,ﬂ)*yl(t,9))(ul+)3yl’n(t, 9) 4o
0
n . - e
+ Ta<a, (A1 — Az)/ 6_%20;20’”)_3)2(”9))(u;)Syz,n(f» 0),do
0
n ~ - ~ ~ ~
+ Cl/ e—ﬁ(yl(f»n)—yl(fﬂ))((ul—t-)fi _ (u;)3)]]~[/~{;r<[;{l+yl,n(ta 9)d9
0
n 1 - - ~ ~
+ a/ e*g(yz(f,n)fyz(tﬁ))((ul-y—).% _ (Z/{;):i)]ll;{l*gi{;yln(t’ 9) do
0
—al, 4 /"(e,gzo"fl(r,n)a”}l(ne)) _ e*ﬁ(f’l(nn)*)}l(tﬂ)))
2 1 0
x mjin((djf)a”/l,,,(t, 0)do
—al <y /"(e,;zo'iza,n)ﬁz(t,e)) _ e—A—'l(J”)zo,m—J?z(t,e)))
1xA42
0
x Hljin((z;{;r)3)j}2,n(l, 0)do
_a /"(e;diz(z.n)ﬁz(t,e)) _ et <t,n>—37|<t.,0)))
0
x rrljin<(aj+)3)372,,,13(,7) (t.0)do
—a /W(e—;@z(r,m—ﬁz(ne)) — i Ditn=Dhwo))
0
X min (U V1 Ly (2, 0) dO
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n L - - ~
—a / min(e—z(yj(t,n)—yj(tﬁ))) min((uf)S)yzﬂn(t’ 0)do
0 J J

n - ~ ~ ~
+ a/ min(e_zlz(yj(t,n)—yj(tﬂ))) min((uf):;)yl,n(t, 9) d@) d”
0 J J
=K +K,+ K3+ K4+ Ks+ Keg+ K7+ Kg + Ko + K.

It never stops, but we need to study the terms in groups.
The term K can be estimated as follows (K is similar):

1 ! 1
6A°% Jo max_,(75}/2)

N .
1A2<A1(A1 _Az)/o‘ e*fl(yl(f,ﬂ) yl(tﬁ))(ulwt)3yl,n(t79)d0 dﬁ

K| 1P =Py, m)

X

V2 /‘ Py Sy
<22 — 2L P2 PI¢ ) dylA, — A
3 Jo max; P L

SOMUP” =PI + 141 — As).
The term K3 can be estimated as follows (K, is similar):

a

= (P> =Py, n)

| K|

1
/o max; (75;/2)

n Lo - - - -
x (/ e*fl(yl(t,ﬂ)*yl(fﬁ))((ul-l—)3 _ (u;)g)]lz;{z‘*'<z,~{]‘*'yl,n(t7 9) d@) dn‘

0
L 1
T 242 ), max (75}/2)

n o - - - - -
X (/ e_rl(yl(t’n)_yl(t’e))(ur)zlur —Z/{;D)],q(l‘, 9)d9> dn
0

1P =Py, m)

1 751/2 51722 1 : 1
/2
2 2A% Jy maxj(Pj )2
2

n 1o ~ - - - -
x (/ e*rl(yl(f,f])*yl(tﬁ))(u]Jﬁ)Zluﬁ _u;lyl,n(t’ 9)d9> dn
0
1 - ~
< IR =P

: | : (/n R R N P O Py =
+ _ e AW =i, ))(u+)2y] (t 9)d9>
4 1/2 1 ACE
24% Jo max;(P;"")? \Jo
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n 1o ~ - - - -
X (/ e*fl(yl(tqﬂ)*yl(l‘ﬁ))lui» _ U;|2(U1+)2y1,,,(l, 0) d0> dn

0
<OMIP? =Py 1% + th — Us|),
using (4.15g), (4.16¢), and (5.3).

As for K5 (K is similar), we traverse the following path:

1 ! 1 ~N1/2 ~N1/2
Ks| = — —.,73/ —P / t, )
| 5| 6A3 \/; axj( Jl/z)( 1 2 )( n

n R 5 T 5
y (—a]lA2<A|/ (e BmPEN T _ - Grien-Fiwoy
0

x min(UHHV, (@, 6) de) dn‘
J

2 fl 1 5172 1/2
< — P, — [, )
3A3e maxj(P;/z) :

T] ") ") ~ ~
x ( / e sk A0 mj,in((zxtjf)yl,,,(z,e)de) dn|A; — A,|

0
_ 2ﬁA2/1 P
S3 0 max,(Pl/z)
<SOMUP =P 1 + 1A — AP).

As for K7 (Kj is similar), we traverse the following path:

1P =Py 1(t, ) dn| A, — A,

Kol = o R A )

1
/(; maxj(75;/2)

n ~ ~
% (/ (6=t P2=F200) _ o= [ Fiem=-314.0))
0

x m,in((zit,*f)a?z,,,h(n) (t.0) d9> dn‘

n 1w ~
7|fp1/2 P1/2|(t, 77) </ e~ a V20t.m)=22(t.0))
6A3 f max; (791/2) 0

X (IWa(t, ) = Vi, )| + 1D4(t, 0) — Vi (t, O U Vs (2, 9)de> d
S L 1
=643 ), maxj(ﬁ;/z)

n 1 Y ) ~ ~
X (/ e*fz(yz(tﬂl)*yz(’ﬁ))(u;—)3y2,n(t’ 6) de) dn
0

P2 = P21 — Whl(t, )
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1 ! 1

— | ——= 1P =PIt )
643 J, maxj(P}/z) ! ?

n - ~ ~ ~ ~ ~
x (/ N AR [ (ZA SRV (3 9)d9> dn
0

ﬁ/] 1 ~1/2 ~1 ) Oy 1S
S R ST XY
3y mag a1 T DR ARG

~1/2 ~1/22
+ ||7D1 _Pz ||

1 /1 1
+ = (t,n)
36A° Jo max; (73}/2)2

n s - ~ ~ ~ ~ 2
x ( / e"a G2 =200 N Y U D, (2, e>de> dn
0
<OMUP =P 1P+ 10 = Vil
1 ! 1 L T
+ - (t, (/ e A 2t m=Xa(t, ))(u+)2y1 (t, 9) d0>
36A6 /0 max; (73;/2)2 ) A 2 2.

n 1 Yy Y ~ ~ ~ ~
x ( f e NV SR VI (2D MV (3 9)d9) dn

0

SOMUP =PI+ 190 = Dl
1 1

9A% Jo max;(P;"*)> ’

n Yy ) ~ ~ ~ ~
x ( / e CE YA VAT SR YA O3 e))de) dn

0

<SOMUP =PI + 13 — WlP).

Here we have applied (4.15b), (4.15g), (4.16¢), and (5.13). Lo and behold, we can
do Ky and K in one sweep:

a

1
Ko+ Kp=——— | —————
o+ Lo 6A3/o max; (P;%)

P> =Py, n)
n - - ~ ~

X ( / min(e™s DY) min(U)*) D, (¢, 6) dO
0 J J

n -~ ~ ~ ~
— / min(e_é(y/(hﬂ)—yj(t,@)))min((u;—)3)qun(t’ 9) de) dn
0 J J

a ! 1 5172 5172
6A% Jo max; (73;/2) ! :
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y (‘/"} min(e—al(jj(l,ﬂ)—j/(fﬁ))) mln((z/?;—)%)(j}Zn _ j}],n)(ts 9) de) dn
o/ J

a ! 1 2120 B2
6A3 J, maxj(P}/z) 1 2 n
n

« [(min@-é@f'“-n)-y*f“v"”) min(@)) (s = ), 0)
J J

0=0
- /0 O - 521);—8(mjin<e-%<5’f<'~'7>-ﬁf<"9>>> min(@U;))) (. 0) d@] dn

a : 1 12 B2 0 ~ 3
2—@ | W(Pl -P, )(yz—y,)mj;n((u;r)*)(t, n)dn

a 1

+—f ——— P =PHa,n
643 J, max,-(P}/z) : : 1

x ( / RO m,in((b?;f)i min(e ™« ViD=V ¢ g) d9> dn
0 J do J

a 1

+— | ———=5 P =P,
6A3 J, maxj(”P}/z) 1 2 n

x ( f min(e O30 B - 5) L min @@ 0) d@) dn
0o J do j /

= Ll + L2 + L3,
where
1
a ~1/2 ~1/2 ¥ Y . 413
Li=-e5 VN - - ; ,n)dn,
Ty a1 TR m @R
L, = 2 1 ——=15 (7511/2 - 7521/2)(t, n)
6A3 0 man(Pj/ )
noo_ - - d | .
X / (> — Y1) min(U)*) — min(e~« YNV ¢ 9)de ) dn,
0 J O [
a ' ~1/2 ~1/2
Ls (Py? =Py m)

_@ 0 maxj(ﬁ_;/z)

x ( f min(eFS0n =300 35, — 5L min(@@y). o) de) dn.
0 J do | J
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We easily find

a [
L] < —

el mwﬁ“ = P11, = Vi min(@)) @ m) dn

<SOMUP =P, 1P + 132 = Wil

using (4.15b) and (4.15d). Furthermore, applying Lemma A.2,
PSS R LI

6A3 J, max; (73;/2)

n ~ ~ ~ ~
x (/ min(e~ s YiEm-YieMy g, _ 3
0 J
x min((U;)?) max(V;,)(t, 0) d@) dn
J J

1 /1 1 S12 Sl
S| —==Pi" =PIt n
6A3% J max; (73}/2) ] 2

1
n - - B 2
5 (/ min(eAlj(yj(t,ﬂ)yj(fﬁ))ujg)(t’e)de)
0 J
no_ . o 3
X (/ |y2_y1|2mjax(u;}yj,n)2(t,9)d9) dn
0

1
<o) / P2 _ P21, m) dnll T = Tl
0

<OMIP =P 212+ 10, = DI,
using (4.15g), (4.16a), and

- ~ ~ -~ A7
. +3 A 2
mjm((Uj ) )mjaxoi,-,,,) < mjm(Uj )mJaX(Uj Vin) < 7
Another application of Lemma A.2 yields
ILi] < —— | ———— 1P\ =P, |t )
\ 6A3 0 max, (7511/2) 1 2 s

n -
. _Lly. —V. o o
X / mm(e RAZIN)] 371(!,9)))0)2 _ y1|
o J
A? ! 1
<

i ; 73
70 mjm((uj )7)

< — Pl/ J— pl/ (t’ n)
0 Hlax}(; ]1/ )| : |

Downloaded from https://www.cambridge.org/core. IP address: 94.193.20.89, on 10 Jun 2020 at 07:52:58, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.22


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.22
https://www.cambridge.org/core

Metric for CH equation 209

n | ~ ~ ~ ~
X (/ min(e*a()}j(r,mfyj(r,e)))|y2 — mjn(bl;r)(t, 0) dg) dn
o J J

AT
< - DT —
3 Jo max;(P;"?)

n L - B 1/2
X </ e*/Tz(yz(t,ﬂ)*yz(tﬂ))u;(t’ 9)d9>
0

1P =P, m)

><(/nmp@‘%%“WWN”UDE—5M%ueww)mdn
0
<OMUP =PI+ 132 = VP,
using (4.16a). We find
|Ko + Kol < |L1| + [La| + |Ls]
SOMUP” =P, IP + 1Y = TP
Thus we can sum up the estimates for Ji1, and we find
17nl S OMUAP =PI + It = Uoll” + 132 = il + 141 = AsP).
We now proceed to the next term from (5.45):

ALY L N
)= — =
: 4A3 J, max; (77}/2)

n . . 5 . : s
X (/ (e*ﬁ(yl(fyn)*yl(fﬁ))A?ul _ e*i(yz(lvﬂ)*yz(fﬂ))Aguz)(t’ 9) d@) d”
0

P =Py, )

R
443 J, maxj(75}/2)

n : o
X ((A?_Ag)]lA1<A2/ e_t%(hn)_yza’e))uz(h9) de

(P =Py (t, m)

0

r] \) ") ~
+ (A? _ A%)ﬂAngJ/ e—ﬁ(yl(l,ﬂ)—yl(1,9))2/{10’9) do
0

1 _ L (v Y ~ __1 (v YV ~
n a6/ (e HPED I G y2<’~9”u2)(z,9)d9) dn
0

=M, +M,+ M.
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The term M, (M, is similar) can be estimated as follows:

1
M1 < 148 = YL B2 = BRI )
0

max; (75} /2)

< (/WeA]z(j“"’”w"(’”|lflz|(t, 9)d9) dn
0
3A?

1
1 =12 512
<A —A|/ L - CT
2 o max_,(Pj!/z) 1 ?

LB —F0) 2 L B30 2
x(/ oG-It U§<r,9>d9) (f ¢ -t de) i
0 0

3IA2
1 - 2|/ B2 P2\t ) dn

SOMUP =PI+ 1A — Ay,

using (4.16a). As for the next term M;, we first write Ll = Ll* + Z/l collect
terms, and study the positive part and the negative part separately In the interest
of the reader, we do not change the notation. Thus

M3 = (l_6 1 ;(7511/2 - 7521/2)(1 T])
4A% Jo maxj(P]]-/z)
y /"(e;,o'zmr,n)a?l(r,e))z];r DN TAON G ¢ 0) 4 dn
0

616 1

=5 | —= PP
4A3 J, maxj(P}/z) : 2
n . . - -
x (/ e_,%z(yZ(tﬂl)—yz(lﬁ))(lar<a;(u1+ _ U;))(t, 6) de
0
n . ’ - -
+ [ e—fll(yl(l«'?)—yl(fﬂ))(la;ga;r (ul+ _ U;))(t, Q)dg
0
n \) "3 ) Y ~
+ / (e—%l(ym,n)—yl(tﬂ)) _ e—t())z(r,n)—yz(r,on)mm(u;)(t’ 9)d9) dn
0 J
= M3 + M3 + Ms;.

The terms M3, and M3, can be treated similarly. Thus

|M31|:a_6 ‘/1;(751/2_731/2)0 ")
0 maxj(P}/z) : ?

4A°
n o ~ ~ -
x ( /0 e RPN (o U = UN)(, 0) d9> dn‘
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1 /1 1 S22
Sto | — =P R I
442 Jo max; (P} 7

n 5 5 ~ ~
x ( / o™ DI AS T 111, 6) d9) dn
0
1
1 - - - - -
<Om/‘———WTWW—PfW?%mW%—MﬂM
o max;(P;"")

1
<om/Wﬁ”—%ﬂmmm4—%wm

0
<OWUP? =PI + 1ty — U,

_ Ly _y ~ ~
e M D2 (t,m) yz(fsg))|ul+ _ Z/[erl(t, 9) do
_ Ly _y ~ ~
e M D (t,m) yZ(rye))Agv/{l —Z/{z|(t, 0) do

A =V (0P — 2Dy, + Ha) U — U (1, 0) db

/n
0
n
|
0
2f RNV 5 1, 0) do
0

+ 6_272()}2([’”)_5]2([’9))#2”|Z/~{1 _ Z/?2|(t, 9) 4o

n 5 5 ~ o~ ~ ~
2/ e—i(yz(t,ﬂ)—yz(lﬁ))']jzyz’n|ul _ Z/IQ|(t, 9) do

+

n
/'7
0
LGt 2 T
—/eMZW COLP, W — Ul (1. 0) do
0
0
LG O N By y y
/e A (1, 0) dO
0

1/2

n . . .
2(/ e—ﬁ(yz(hﬂ)—yz(fﬂ))'])%’))z’n(t’ 0) d@)
0

172

n - - ~ ~ ~ ~
X (/ e‘ﬁ(yz(fﬂl)—yz([,e))(ul _ul)zpzyln(t, 9) de)
0

172

+ (fn e’ﬁyz(w%iﬁz(z,e”?:lz,n(t’ %) d9>
0
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n - - - .. 1/2
X (/ e‘t(yz(lqﬂ)—yﬂfﬂ)) (Z/{l _ u2)27-[2,n(t, 0) d@)
0
< OMAP (@, )th — U],
using (4.13), (4.15e), (4.15k), (4.16d), and (4.16e). The term M5; goes as follows:

aG 1

4A% Jo max; (75}/2)

n L (v Y 1 v Y
% (/ (efrl(yl(t,n)*yl(tﬁ)) _ efrz(yz(t-n)*yz(lﬁ)))
0

Ms; = (P> =Py, n)

x min@U)(t, 9)d9) dn
J
a® ! 1 5172 51/2
=— | ——=7=®" =P
4A3 J, max; (73}/2) 1 2 n

T P L -3
% ]lAlgAz (/ (e a N2(t.m=X2(1.0)) e M Va(t,n) yz(lﬁ)))
0

x mjn(d;)(t,e)do) dn
J

+ [
4A% Jo maxj(75]1-/2)

TP LT
% ]lA2<A1 (/ (€ A Diem=X1(.0)) e M V1i(t.n) yl(tﬁ)))
0

(P> =Py, n)

x mjn(dj)(t,e)d9> dn
J

+ [
4A3 J, maxj(75]1-/2)

n - - ~ ~
1 1
% (/ (e s PED-Iwo) _ =i Prtm=FaoNyy o
0

(P =Py, m)

x min@)(t, 9)d9> dn
J ’

L 1;~(75”2—75”2)(t )
4A3 Jo maxj(P;/z) ' ?

n ~ ¥ = V~ y
] 1
X (/ (e 7 E,m)=1(1,0)) —e a Z(t”])*yz(t,e))) BGp©
0
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x min@U;)(t, 9)d9> dn
J
= M331 + M33, + M3z + M3,

where B(n) is defined by (5.11). The terms M33; and M33, can be treated in the
same manner. More specifically,

A2 ! 1 S12 0 B2
|M331| < —/ —~1/2|P1 =P, m)
e Jo max;(P;’")

n . . .
x ( f edz%“")yz(’ﬂ”u;(r,e)de) dn|A; — Ay
0
A2
< —

e Jo max,-(?s}/z)
n 5 : _ 1/2
x ([ eA'ZO’Z“"')yz(’ﬂ”ug(z,e)d@) dn|A; — Ay
0

<OMIP? =P 21> + 14, — Ay,

1P =P, %, m)

The terms M333 and M334 can be treated in a similar manner. More specifically,

a® : 1 =172 =172
| M |<—/ ———— P\ =Pt )
P max; (P}/Z) l ?

n
_1y by _1y by
« (/ e F PN _ o=k Datt=3a00 7,
0

x min(U;)(t, 9)d9> dn
J

A% ! 1 =12 A2 T B —3n0.0)
< — 7~12|’P] _Pz |(t, 77) e~ '
4 Jo max;(P? 0
JAg

x (1Da(t.m) = Vit )| + D2, 0) — Wi (t. 0)]) mjin(b?f)(t, 0) de) dn

< A : P2 =Py = Wil )
S — —_— —_ — ., N
4 Jo maxj(P}/z) : : ? 1

n ") ) ~
x ( / PR el) PO rrljin(u;)(t,e)de) dn
0
A2 ! 1

+ — | ——5 1P =P, )
4 Jo maxj(P;/z) : :

n 1 ) Y ~ ~ ~
x ( / er NI, — Py min@H (G, e)de> dn

0
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A (! 1 12 si2 5
<T 7~1/2|'P/ P2 11Ys = Vil n)
o max;(P;"")

n - - B 1/2
X (/ e—H(Jﬁ(ﬂ’])—yﬂtﬂ))u;(t’ 0) d@)
0

" 1/2
X (/ e Az (1, m=I2(1,0)) d9> dn
0

& ]%Iﬁl/z—ﬁ”zl(t )
4 Jo max_,-(P}/z) 1 ?

n - - B 1/2
% (/ e*@(yz(fﬂl)*yﬂtﬂ))u;(t’ 0) d@)
0

v ) ; ; 12
y (/ e—Az(%(hn)—yz(tﬂ))(yz_yl)z(t’e)) dn
0
1
1 N e
0 / 1B = B3y - SR
max; (P;")

1
1 - - - - .
+0) [ e BV = BV, - DB
o max;(P;"")
<SOMUP =PI + 19 = NP,

using (4.16a) and (5.13).
And the final term from J; (cf. (5.46)) can be estimated as follows:

1 : 1 B2 1/2 0
_] R — , A2 2 ()=t 9))[/{
3= 543 max, (73]1-/2) (P, ), 1) (/ (e szz n

— ef/%l()}l(fvﬂ)*jl(fﬂ))alQlyl’n)(t’ 0) d@) dn

We introduce the positive and negative parts of U ;, that is, U ;= I:{f’ + Z;{,_ (see
(5.1)) and introduce Q = A_,75_, - f), We study the term with 75_,- first:

7 1 ! 1
131= 5743 maxj(ﬁ;/z)

n 1~ = ~ o~ o~
— A alt)=P2(00) 4 77
% </ (e Ay V2 t,m=dn( ))A2 2+7)2y2,n
0

P =Py, )

¢ A'ﬁd"(’»n)*j"<”"))A1L~{]+751)71,,7)(t, 9)d0> dn
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0
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0
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0
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talyos / (e~ AT _ e Daem=D20.00y
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0
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J J
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+ aly_y / (e—iwm,n)—yl(tﬂ)) _ e—A—'l(ym,n)—yl(t,e)))
2 1
0
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i i
n - -~ -~ -~
_1 - 0 _ L - 0
n a/ (e sPD 00D _ =i -Drwonyy
0
x min(P;) minU;),(t, 0) db
J J
n s ~ < ~
+ Cl/ (e*;,(yz(t,ﬂ)*yz(lﬁ)) _e*;(yl(lqﬂ)*yl(fﬂ))):u_B(n)(
0
x min(P;) min@U)HI,(t, 0) db
i i
n e -
n a/ min(e~ 60,0y
o J
x min(P;) min@;") (s, — Y1) (2, 0) d9i| dn
J J

=Ki+K+K+Ki+Ks+Ke+ K7+ Kg + Ko+ Kip+ K1
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The terms K and K, can be treated similarly. Thus

1

|K1|:ﬁ

1
1 - -
/ ————(P? =P, )
0

max; (75}/2)

n . . o
X (]]-AIQAZ(AZ _ Al)f e—ALz(yz(l‘,ﬁ)—yZ(fﬂ))uerPZyln(t, Q)dQ) dn‘
0

_ ! 1
243 max; (P}’?)

n - - o 1/2
X <f e*@(yz(fqﬂ)*yz(f»g))f])%yz’n(t’ 0) d@)
0

1P =Py, m)

n : . L 12
x ( f o B RCNTRY), (1, 0) d@) dnlA; — Ay
0
<SOMUP? =PI + 1A — A).
The terms K3 and K, can be treated similarly. Thus

a

|K3| = Ve

1
1 - -
/ ———— (P2 =P, n)
0

max; (75;/2)

n 1 ~ - - -~
x ( /0 e R POWTRCNDy — Py)lp g U D (1, 9)d9> dn‘

1

1
1 3 3
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0
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" S e
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0
s i/I 1 P
A2 o max,(P)?) ] o
1 N . 12
8 (/ oA TN T B2 Bl 0)d0)
0
n |- 5 o 1/2
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0

1
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172

N
8 (/ oA TN T I Bl 0)d0) dn
0

<O =P,
using (4.15e) and (4.16c). As for K5 and K¢, we find

a

\Ksl =5

I
1 BU2_ P2
- ~q1/47 _P t,
/ man(P;/z)( 1 R

n I - ~ - - ~
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0
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0
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<PV - P2 * f— ,
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o, - . . . 2
x ([ e*@(yz(t,n)*yz(tﬂ)) mm(Pj)ll/{]* _ u2+|]ll;{f<l;{;y2,n(t’ 0) d@) dn
0 J
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<P =P

I 1 T 3 BTt o)
_ t TA 2(,1) yz(fﬂ))f]) t,9 do
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n Y % S y y
« (/ e*m(yz(t,ﬂ)*yz(l‘ﬂ))rpzyz’n(ulJr _u;)Z(;, 9)d9> dn

0

- 1 1 1 -
cproprr g [
1P, 1P+ 55 P 2 (t, 1)

n - - ~ ~ ~ ~
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0
<OMIP? =P 212 + th — Us|),

using (4.15e) and (4.16e).
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The terms K7 and Ky allow for the following estimates:

1
a 5172 ~1/2
Kol = 55| [ = PV =P
2431 ), maxj(P}/z)
T Y-y L Pyt
% ]lAlgAz/ (6 Az(yz(fﬂl) yz(tﬂ))_e A Qa(t,n) yz(tﬂ)))
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j j

2 ! 1
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0

SOMUIP” =PI + 1A = AP,
The terms Ko and K, allow for the following estimates:
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/o max; (75;/2)

n - = Ry y
. 1
/ (e aVEm=N1@0) _ ,=5( 2("")*3}2“’9)))13(;7)
0

x min(P;) min@U) s, (1, 6) d6 dn
J J X
! 1
Sy ma (P
o max;(P;"")

n | ~ ~ ~ ~ ~
x / e~ a QMDY (1, ) — Vi(t, )| + |, 0) = D1 (2, 0)])

0
x min(P;) min@U;) I, (1, 6) d6 dn
J J ’

1P =P, m)
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1 /1 1 ~1/2 ~1/20 1~ Y
<S55 | —— = P =R = Wil )
2A4% Jo max; (77;/2)
n -~ ~ ~ ~ ~
X ( / ¢~ s D220 min(P)) min@U; )W, (1, 9)d9) dn
0 J J
1 1

+ | ——=1P =PIt n)
2A3 J, maxj(P}/Z) 1 g

n -~ ~ - -~ ~ ~ ~
% (/ e—ng(t,n)—yz(z,e))wz A mjin('Pj) rrljjn(ulff)yz,n(t, 0) d@) dn
0
1! 1
243 o maxj(75;/2)

n L . o 1/2
X (/ e—Tz(yz([,ﬂ)—yz(ﬁe))f])%yzw(t’ 9)d9)
0

1P =Py 1V = il )

n . . . 12
% (/ e—A‘z(yza,n)—yz(z,e))%zyzm(t’0)d9> dn
0

1

~ ~ 1
N e / @t

0 (maxj(75;/2))2
n L - - ~ ~ ~ o~ 2
% (/ e—,b(yz(r,m—yza,e))lyz_y1|m}n(73_,)mjin(uj)y2,n(t,9)d9) dn
0

. . - 1! 1
<SOMUP =PEP+10 =V + 5 / pr—-T
0 Xj j

" e
y (/ e—Alz(yz(t,rl)—yz(lﬁ))u;yzﬂ(t’0)d9>

0

)

n 1~ ~ ~ ~ ~ o~
x ( / e QMM () H Py, (1, 9)d9) dn
0
<OMUP? =PI+ 13 — Wil

using (4.15a), (4.15e), and (4.16c). The last term K receives special treatment

1
1 - . U - .
/ —— (P =P, n)( / min(e s @000y
0 0 J

max; (75;/ %)

a

Knl = —
|11| 2A3

x min(P) min@) Dy = 2, 0) de) dn'

a

=5 P> =Py, )

! 1
/o maxj(75}/2)
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1

x [(min(e—iW”f“’")—f’f“ﬂ”) min(P)) min@ )P — M1, 0))
J J X

/ A

X = (mln(e d Qi@ -Yjw.ony mln(P )mln(u+))(t Q)dQ} dn‘

0=0

<OMUIP =PI+ 12 = Vil

T AT
2A3 max‘(751-/2) :

/ Vi = Wl

+ mln(e RAGENIG 9”)( d@ m1n(73 )mm(U*))

(— min(e”~ d Qi -Yja, 9)))) m1n(77 )mm(U*)
J

(t,0)d6 dn

<SOMUP? =P 212+ 1Y — Wl

1 : 1 512 Sl
+ — | ——=51P =PI, 0
2A° Jo maxj(P}/z) : ?

noo_ - - - ~ ~ ~
x / Vi — Yol (min(e =@ 0=V max(P; ) min(P;) min@;)
0 J J J J
+ 2aA* min(e~s VDY) (min(PV?) + [Us])) (¢, 0) d6 dn
J J X
<SOWUAP =PI+ 10 = Dal?)
1 1 1

+ o | ———= P2 =P, )
2A3 J, maxj(P}p) 1 2

: S
5 </ e_;l<y1(z,n>—y1<fﬂ>>|yl_y2|y1,n731ul+(t,9)d9)d
0

n 1 ! 1
2A3 Jo max,~(75}/2)

n 5 5 ~ ~ o~~~
x < / e IO, y2|y2,n7327/{2+(t,9)d9> d
0

1
1 -
+ AZ/(; m”)ll/z_le/zW,n)
J

1P — Py (e, )
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x ( /0 19— 3l min(e” =XV P ), 6) de) di
= OMUP? =PI + 1D = Tal®) + K + Koo + Ko,
using Lemmas A.2 and A.3, and
min(e™ 017000 max(Y; ;) min(P;) min@)(, 6)
< e—ﬁ(jjl(1-'1)—5]1(Zﬁ))jl’nﬁlalﬁ—(h 0) + e_%z(3}2([’")_)72("9))372,,77521/?;(t, 9).
Here K7, and K-, allow for the same treatment:

1 ! 1 1/2 ~1/2
2Kn=— | ———— PPk,
T A )y max; P ’

X ([ |5}1 - 5}2|€7A%(5}'(m)ij}l(t’g))yl,nﬁliﬁ(f’ 0) d9) dn
0

! ! 1
S A, max_,(f’}/z)

_ ] 1/2
o ([ et G 5. 0)a0)
0

1P =P, %, m)

n 1o -~ - - N 1/2
% </ eAl(y'("")y'(t‘e))yf,npf(lxﬁ)z(t,0)d9> dn
0
AQ*F/ LBV BB I~ Falldn
max; (P;’)

<OMUP =P IR+ 1D = W),

using (4.15g) and (4.16b). Furthermore,
2 : 1 ~1/2 5172
K :A/—~|77 )
73 A maxj(P}/z) 1 2
N - ~ - - ~
x ( / Dy = Palmin(e” 00PN B 4 1)), e)d@) dn
0 J
1
1 ~ ~
<O [ P = Pl
o max;(P;"")

. ~ ey 5 ~
X (/ D}] _ y2| rnjin(e*@(yz(t,n)*yz(lﬂ)))fpzl/z(t’ Q)dQ) d77
0
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<OM|P* - P, (t, )

1
[
o (max;(P;’"))?
no_ - - 5 . 2
X (/ D}l _ y2|Injin(e*@(yz(t,ﬂ)*yz(tﬂ)))fpzl/Z(t’9) d9> dn
0
<OMIP =P

1 U L - ~ ~
+ / —1~1/2 (t, n)( / e‘“%y“’*")‘y“”a”(yl—y2>2<t,9)d9)
0o (max;(P;'"))? 0

y (/"e—ziz(a'iz(z,n)—&z(r,e))ﬁz(t, 9)d9> dn
0

<SOMIP” =PI +0a) 0] mﬁzu, ")
x ( /0 Lk PR (P _ 0, 9) d@) dn
<SOMUP =PI+ 19 = NI,
using (4.15d) and (4.161). This proves that
Tt SOMUAP? =Py 12 + 11U — Wl + 1D — all? + 141 — As).

It remains to consider J;3;:

7 1 ! 1 ~1/2 ~1/2
= [ — B - P,
132 2A3 /O man (Pll/z) ( 1 2 )( 77)

n 1o~ ~ I
y (/ (e R TD-DN P )
0

— efﬁ(jjl(fvﬂ)*jjl(ﬁw)arﬁl:)}l’n)(t’ 9) d@) dn
- L 1%051‘” =P, m
243 Jy maxj(P;/z)
n - ~ -~ ~ ~
X |:/ E_ALZ(y2(r’n)_y2(t’0>)u2+y2ﬁ(Dz _ Dl)ﬂﬁl<ﬁ2 (t, 9) de
0
n ~ 5 -~ ~ ~
n / RPN ICOG BBy s (1.0)do
0

n 5 ~ y y JamY,
+/ (e M PD TN, = Gren=Si O,
0
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X mjn(ﬁj)(t,e)d9i| dn
J
= A1 + A + A~3-

The terms Al and /12 allow for the same treatment. Specifically, (see Lemma A.9)

L[ 1 21
= — _ P 2 —Pl/z t,
2A3/o maxj(P}/z)( l 2

" 5 5 -~ o~ - ~
x [ / e RNV (D — D)1, _p, (1, 60) d@] dn'
0

1A

- 1! 1
T 24% Jo max;(P)?)

rl ) ) ~ ~ -_ -_
x |:/ e—A%(yz(t,n)—yz(tﬁ))u;ryzyn(dl1 + d12)1ﬁ1<,§2(l, 9)d9
0

1P — Py, )

" . . -
+/ eiflz(yz“’")fy“"g))u;yz,nT1]ll-)ldjz(t,G)dG
0
N ") ") ~ ~
+/ e’fz(yz"’”)’y“"@))b{jyz,,,Tz]lﬁl<752(t,9)d9
0
" . : .
+ / eA'z%(“”yz("G”L{;yz,nnJlﬁl<752(r,e)de} dn
0

1
= E(All +Ap+ A+ An).

Again we are forced to consider individual terms,

1 ! 1 ~1/2 ~1/2
M= [ = 1B = BV
EEN A maX,’(P}/z) 1 >
r] Y ) ~ ~ _ —_
% |:/ e‘i(yZ(’*”)_%(”H))U;yM(dl1 + d12)1@1<,§2 (t, 9)d9:| dT]
0

1 ! 1

S A3, maxj(75}/2)

n s ~ - - - -
% |:/ e—/.Tz(3720,7])—3;2(!,9))2/{24—3)2‘,](2A3/2D21/2Iyz A
0

1P — Py )

+ 2V2ADY 1V, — D, 6) d@] dn

- - 4 ! 1
<P =P2IR+ — / —(t,7)
! 2 A Jo (max;(P}?))>
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2

n =~ o ~ o~ ~ ~ ~
x ( / e-A‘z0’2“")—3’2“*9”&1;322,,,@;/2|y2—yl|<t,0>d9) dn
0

2V2 S P2 1/2 1
A3/2 ||y2 WillIP, || </0 m( . 1)

n V) y g, ) D 2 .
X (/ e_i(yz(z.n)—yz(fﬁ))u;ylﬂpzl/z(t’ 2 de) dn)
0

~1/2 ~1/22
<P =P

4 ! 1 L= 72 )
o e B3t 0a0)
4 J

n 5 5 ~ ~ ~ ~
X (/ 67i(yw’")iym'e))pzyz,n|y2 - Vi@, 9)d9> d

0
2f “1n =i [/1 1
+ — — —(,
||y2 VillP, Pl re— },2))2( m

y (fne‘Alz072(”")_372(”9”2122)72,,7(t, O)de)
0

n - - - . 172
x ( / e‘A'z0’2“””—3’2<"9”2A7D2y2,,7(r,e)de) dn}
0

<OMUIP =Py 1P+ 1D = I,

using (4.15e), (4.15n), and (4.16¢). Next we find (see (A.14))
Ap = ]/l %Wy/z — P, )
0 maxj(’P}/z) : :
n 1~ 5 ~ o~
x ( f e MR, (Tilp, 5, (L, 0) d@) d
0

< I 1
X A3 0 maxj(f]}jl/Z)

n - - ~ ~ ~ ~
« (f o~ A P2t =221.0) AR R AT 9)d0> dn
0

1
1 ~ -
el L G § P L
0 maxj(’Pj ) 0

0 i ) . 2 o
x ( / e—Wﬂ’*“’)—yz(”))(uz—ul)z(t,l)dl) u;yz,,,(t,e)de)dn
0

1P =Py, )
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+ V24 /1 |’ﬁ11/2 — ﬁzl/zm 1) (/77 o~ A P2 (t.)=D2(0.0)
0

0
172

max; (75}/2)

0
% (/ e*},(l'iz(tﬁ)f))z(t,l))(j}z _ 5;1)2(1" 1) dl>
0

1
1 - - n - 8
+ A/ — ~1/2’|7311/2 —le/zl(t, 77)(/ ¢ B P2=D20.0)
o max;(P;"") 0

o : .. -
X (f =PI | Ty — (1, 1) dl>U2+yz.n(t, 0) d9) dn

0

8v24 [! 1 . N I,
+ f S172 1P =P, 77)</ ¢~ 3 P2 =3200.0)
V3e Jo max; (P;") 0

0 . . 12
x (/ P O IRORRZICO) dl>
0

- - 1 !
<sIBY - B+ [
0

UV, (1, 0) de) dn

Ay — A2|Z/~12+)~72’,,(t, 0) d@) dn

(maxj(’ﬁ}/z))i(t’ n)

LU 3 P ~ ~ 2
X (/ e M 2 (t,m =2 (2.0)) |U2|3y2,,,|y2 AN d@) dﬂ
0

! 1 T 5o
+ ]6/ - (1, 77)(/ efrz(yz(l,n)*yz(l, ))
o (max;(P;’*))? 0
2

0 i ) L 2 .
x ( / e/'40’2"'9)yz“’“)(uz—ul)z(t,l)dl) u;yz,n(t,e)de) dn
0

! 1 LA 5
n 2A2/ ~ . m (/ o= P2 =F20.6)
0 (maxj(P;/z))2 0

. 1/2
8 (f e FPO-I0D) () _ P V2 (1, 1) dl>
0

! 1 LI 5
+ AZ/ ~(t»77)</ e—rz(yz(tqn)—yz(h )
o (max;(P;’*))? 0

9 ) : . . o 2
x ( f e N ATCS l>dz)u;yz.,7(t,e>d9) dn
0

L 1284 /‘ L ( / ! A a2,
3¢z J, (maxj(Pj]-/z))2 0

2

14 . - vz
X (/ e‘&(mf’@)‘”("”)dl) u;yz,n(t,e)de) dnlA; — As)?
0

~1/2 ~1/22
<SP =P

2
U I, 9>d8) dy
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1 1
AS 0 (max; (75;/2))2

n - 5 -~ o~ ~ ~
x ( / e IO, Ty = T, e)de) dn

0

! 1 T4 s 51 OY)
16/ _ ([’ 77) (/ e*@(yz(t,ﬂ)*yz(t, ))uZy, dg)
0 (maxj(P;/z))2 0 2
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0
o : _ _ _
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0
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0
o ) _ _ _
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0
+ AZ/I 1 (t n) </’I 6*712(3_)2(’,77)*3}2(1-9))?;[237 (t 9) de)
T =0 Uy 2, )
0 (max;(P)))? 0 2

n ~ ~
(/ o s D236
0

0 . B B B 2
( / eTEOAN I Ty — T (1, 1) dl) P, 9>d0) dn
0

12842 ! 1 T S -
+ > / =73 (hﬂ)(/ e~ V2t 3’””")>u§y2,,,(t,9)de)
3e 0 (maxj(Pj ))? 0

n ~ ~
y (/ o 5 Pa(t)=2(16)
0

0 ~ - ~
x (/ ¢~ G2O-Da(e) dl)yz,n(t,e)de) dnlA, — A,

0

7 |~ 5 ~ o~
(t, T]) </ e*rz(yz(f,ﬂ)*yz(tae))ugyln(t7 9) de)
0

+

+

X

X

X

~ ~ - - 1 n L Grttorn S
SOMUP =PI + 19 = Nl + O() / </ o s G2 -F200)
0 0

9 ~ ~ ~ ~ ~
x ( f e~ HGRO-D200) g, —ul)z(r,l)dl)))z,,,(t,e)de) dn

0
1
+ O / ( f (S A =)
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0 ~ ~ ~ ~ ~
X (/ 67‘%(3}20’9)7))2(”1))(3}2 - V)i, 1) dl>y2~,](t, 0) d@) dn
0

+ O1) /1(/”6/\]2(3720,:7)3320,9))
0 0

0 ~ =~ ~
x (/ e~ T D20-Pa000) dl))iz,,,(z,e)de) dnlA; — Asf?

0
<OMP =Py 1P+ 10 = ilI*) 4+ By + B, + Bs,

using (4.15b), (4.15g), and (4.16c). As for B, we find

1 n | -
B, = O(]) (/ 6*72(372(1,77)*372(1-9))
0 0
0

x ( / e A=Y @y _ T2 (1, 1) dl)j)z,,,(z, 9)d9> dn

0

1 U - -
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0 0
0
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0

1 ~ ~
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0 0
0
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0
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0
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0

n
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+ 24 /n e—ﬁlf)z(tﬂ)e—(ﬁjz(t,n)—%3720,9))(1;{2 _ 1;(1)2(2‘, 9)d9i| dn
0
1 n - 5 5 »
= —ZAO(I)/ f e AR Yy — 1)1, 0) d6 dn
0 Jo

1 n Lo 5 _ _
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0 0
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while for B,, we estimate as follows:
1 n L -
B, = O(]) ([ e*@(yz(t,n)*yz(tﬂ))
0 0
0

x ( f TR (3, — P21, 1) dl)i)z,n(r, e)de) dn

0

1 n - .
g O(l)/ </ e*m(yz(fqﬂ)*yz(’ﬂ))
0 0
0

x ( f e DOV (G P2 ) dl))”iz,,,a, 9)d9> dn

0
1 -
= 0(1) / ( / )
0 0

[4 - -
X </ e*(ﬁyz(tqﬂ)*tyﬂﬁ/))(j}2 _ 371)2(t’ l) dl) d0> dﬂ

0

1 -
= 0(1)/ |:(—2A2e_2/1*zy2(”9)
0
6

X </ e—(ﬁjiz(lﬂ)—,\izyz(l,l))(:)}z _ 5)1)2(1, l) dl))
0

n ~ ~ = ~ ~
+ ZAZ/ e—ﬁyz(l-e)e—(ﬁyz(l,ﬂ)—%3}2(119))(yz _ y1)2(t’ 0) d9:| dn
0

n

6=0

L prn ~ - ~ ~
= —24,0(1) / / ¢ TNV ) 024 9) o dy
0 0

1 n Lo ~ ~ ~
+ 24,0(1) / / ¢ T PN=IED (N _ P2+, 0)do dn
0 0
<OMY, — NI

while for B3, we estimate as follows:

1 n e -
B; = 0(1) (f e—rz(yz(l.n)—yz(tﬂ))
0 0
0
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0

1
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0 0
0 \ - ~ .
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0
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1 n - _
=0 (/ e N0y, (1,0)
0 0
0

x (/ e~ G —; Vot dl) de) dnlA, — A,
0
T8, 55
= 0(1)/ ——Ae 500
0 3
6 : :
% ([ e—@yz(z,n)—&yz(z,l))dl))
0 0=0

8 T 3 5 3 5
+ §A/ e 8aY2(1.0) o= (g5 N2(t.m) =33 I2(1.0) g0 dn|A, — A2|2
0

n

1 n ~ -
_ —§AO(1)/ / e~ HPDT0) g0 gp1 A, — A,
0 0

+ 214(9(1)/0l fone—z&@zmm—ﬁz(’ﬂ)) dodn|A, — A,
<OWM)IA; — Ay
Thus we find that
Ap <OMIP =PI+ 100 = Vil + U — Uh > + |A; — Ao).
Next we find (see (A.15))

1 /l 1 =12 A2
Az = — —— 1P/ =P, I, n)
BEA max, (P}/Z) 1 2

n - - ..
x ( / e—/a‘z<y2<f»">—3’2<”"”u2+y2,,,Tzﬂﬁldjz(z,e)de) dn

0
\ift—JT—WW—@ﬂam
A3 J, maxj(P}/z)
n Ry ey - ~ ~ ~ ~
< </ o~ A7 P20 yza,o))u;yz!"(t,9)(7Dj|y2—yl|(t,9)
0

172

0
+ 2«/§A3< / T AT (P P21 1) dl>
0

A4 0 - - ~ ~ 1/2
4 E(/ e—;(yz(tﬂ)—)/z(l,l))(yl _ y2)2(t’ l) dl)
0
A4 0 - N » »
+ 7(/ e*g(yz(tﬂ)*yz(t,l)”yz _ yl |(t, l) dl)
0

Downloaded from https://www.cambridge.org/core. IP address: 94.193.20.89, on 10 Jun 2020 at 07:52:58, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.22


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.22
https://www.cambridge.org/core

J. A. Carrillo, K. Grunert and H. Holden 230

A2AY [ e 12
+ g (/ e—m(yz(tﬂ)—yz(t,l)) dl) |AI _ A2|> d@) dﬁ
e 0

. - 1 ! 1
<SIPY2 =Py + —/ —(t,7)
: 2 A® Jo  (max; (77_;/2))2

n 5 ~ 5 - ~ - - 2
x ( / eA‘z‘”“"””""’”u;yz,myz—y1|(z,e>d9) dn
0

1 1 n Lo D (1.0 o
+ 8/ _ (t, T]) (/ e—@(yz(tﬂ])—yz(l, ))z/{+y ’ (t, 9)
0 (max; (73;/2))2 0 2
0 i i 12 \2
X </ e*%()}z(fﬂ)*)}z(t,l))(7511/2 _ ﬁzl/z)Z(t, l) dl) d@) dn
0

+ A [ 1 (t )</n 7%()77(l,n)75}2(f,9))z;{+5; (t,0)
~ ) n e 27" 2, B
2 Jo (maxj(P}/z))2 0 2o

0 - ~ 5 B 1/2 2
x < / e-aWz“ﬂ)-yz“v’”(yl—w(r,ncﬂ) d@) dn
0

i A (! 1 « )</n ~HE QDTG (4 )
- T =15\ 77 e 2 2, )
4 Jy (maxj(P;/z))2 0 S

) ) i ~ ~ 2
< </ e—%(yz(t,e)—yz(t,l)”yz - Vi, D dl> d@) dn
0

324% ! 1 T B -~
+ = / ——(t, 77)(/ e BTG (g
3e* Jo (max;(P;"))? 0

0 i i 1/2 2
% </ e*%()’z(fﬁ)fyz(f,l)) dl) d9> d77|A1 _ A2|2
0
<12 = R11P

1! 1 T am—Tr.) <
+ — _ t,n (/ e M .=, sz; (t,0) d@)
A J, (maxj(P}/z))2 0 2

x < / e NI, (T, - yl)z(tﬂ)de) dn

0

‘ 1 LT
+ 8/ _ (l, n)(/ e*@(yz(t,ﬂ)*yz(h ))uZy, (t, 9)d9>
0 (max;(P%) 0 2

n Lo 5 -
y </ e HTD-TNT, (¢ g)

0
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X

6
</ e‘%d’z(fﬂ)—yz(hl))(7511/2 _ 7521/2)2(l, I dl) d@) dn
0

o /l : LG -Fw),72
+ — {1, n)(/ e M REMTRED 2y, (t,9)d9>
2 Jo (max; (77;/2))2 0 22

- 5 .
y (/ e HTNTNT, (¢ g)
0

0 . . ~ ~
(/ e_%(yz(t,ﬂ)—yz(t,l)) O — yz)z(z, ) dl) d@) dn
0

n

A 1 a3 V2t =2(1.6)772 75
+ - —~(I,77)(/ ¢ m PRANREDTRY), (t,9)d9>
4 Jo (maxj(’P.;/z))2 0 22

X

X

o, 5 .
</ e HTNTT, (¢ g)
0

) } ) _ B 2
( f e AR, y1|<r,l>d1> d@) dn
0

3247 (! 1 T L G —Tr)
+ / (l, n) (/ e M Va2 (t,m) yz(tﬁ))ugyz’n(t’ 9) d@)
0

3e* Jo (maxj(75}/2))2
n L - -~

(/ e*/TzO}Z(tvﬂ)*yz(tﬂ))u;ryz,n(t’ 0)

0

o .
</ e~ i O20O)= D) dl) d@) dnlA, — Azl2

0
<OMUIP =P 212+ 1 = Vil

1 n - :
+O(1) </ e‘@(yz(f,n)—yz(tﬂ))
0 0
6

x ( / e ROV (P2 P2 ) dl)jﬂz,,,(z, 9)d9> dn

0

s A )
+ O(l)/ </ e‘t(yz(f,n)—yz(t,e))
0 0
6

x ( / i PR (), — Py, z)dl)ﬁz,na,e)de) dn

0

n ~ ~
+ O(l)(/ o 15 P2(t)=2(0.0)
0

o =~ =~ ~
x </ e~ P20.0-220.) dl)))z,,,(z,e)de) dnlA; — A
0

X

X

X
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<OMUIP =Py 12 + 1V, = DilI*) + By + B, + Bs
SOMUP =PI + 1V = V> + 1A — AP,

following the approach used for Aj,. As for B,, we find

1 n L -
By = (/)(1) (/ e*@(yz(t,n)fyz(tﬂ))
0 0
[

x ( f e (R R (N dl)j/z,n(z, 0) d@) dn

0

1 n - -
< @(1)/ </ o~ D2Em=Y1(1.6))
0 0
0

x < / e RORO=VI (P P ) dl)j)z,n(z, 0) d@) dn

0

1 ~ ~
— o) / ( / )
0 0
0

« (/ e—(ﬁ)”ﬂz(r,n)—%)?z(r,l»(7511/2 _ 7521/2)20’ ) dl) d@) dn
0

1 ~
= O(l)/ |:(_2A62]Ayz(t,9)
0
0

% (/ e—(ﬁi’z(kn)—%f’z(l,/))('ﬁll/z _ 7521/2)20’ 1) dl))

0

n

0=0

n s s 1< ~ ~
+ 2A/ e—ﬂyz(tﬁ)e—(ﬂyz(t,n)—gyz(tﬁ))(7311/2 _ 7321/2)20’ 0) d@] dn
0
1 n - - - ~
= —ZAO(I)/ / e‘%(yZ(’,'l)—yz(lﬁ))(7)]1/2 _ 7)21/2)2(t’ 0)do d'?
0 0
1 n - - - -
+ 2A0() / / e—ﬁ(yz(f,n)—yz(tﬁ))(7)]1/2 _ 7721/2)2(2‘, 0)do dn
0 0
<OM|P =P, 2.
Thus we find that
Ap SOWIP? =PI+ 190 = WiIP + 11Ul — Uh I + 14, — As).
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Next we find (see (A.16))

Ay = 1P =Py (e, m)

1/‘ 1
A* Jo max;(P;”%)

n ) ! ~ ~
x ( / e‘A‘z<y2<'-'7>—y2<’*9”u;y2,,,T31175,<752(t,e)de) dn

0

1
1 - -
< 12A|A1—A2|f ——— 1P =P )
0 max,(Pj )

~ ~ [4
x (/U e—,le(yz(f.rl)—yz(fﬂ))z;{;)}ln(t’ 0) (/ e*%(f’z(h@)*j’z(hl)) dl) d@) dn
0 0

1
< 12A1A, — Ay BV —751/2”(/ (ma, P
< 1 2 0 (Ilflax./(P;ﬂ))2
, ) . -
X </ e—t(yz(f-m—yz(tﬂ))u;yz,n(t’9)
0

) 2 12
x (/ o~ 1 P2(.6)=220.1) dl) d9> d’?)
0

< 12414, — APV = P2

1 1 n 10
X _ (t, n) (/ e*,TQ(yZ(tJ?)*yz(f. ))uZy’ (t, 0) de)
(./o (maxj(73’;/2))2 0 2

- - [ 2 172
5 (/"e—Alz(yZ(””)_yZ(“O))J}z_n(t, 9)</ e—ﬁ(ﬁz(rﬂ)—iﬁ(r.z» dl) d@) dn)
0 0

- - 1 n - . B
<OMA, — AP P ( f ( f ¢ HEOND TN, ()
0

0

0 2 1/2
« (/ o~ A O=D2D) dl) d@) dn)
0

< O(D)A, — Ay |||P)* — P2

1
« (f (fn e—%()}z(t,n)—jz(tﬂ))jjzn(t 0)
0 0 .
0 1/2
« (/ o~ A OH=D2D) dl) d@) dn)
0

< O(D)A, — Ay |||P)? — P2

1 n - "
) (/ (/ e R0 (2,6
0 0
0 1/2
X (/ e—(%f’z(hn)—&ﬁz(ﬂ)) dl) d@) d’?)
0
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172

< OMIA, — AP} =P

1 0
« (/ [(_S:Ae—g;yz(r,e)/ e~ GVt =H (D) dl>
0 0

n - 5 - 172
+ gA_/ o~ 5210 ,— (5 ()= 75 32(1.0) d@] dﬂ)
0

< OM)A, — AP = P2

T 8 (" _55 ;
X (/ |:_3A/ e~ iz N2(t)=22.9) 49
0 0
8 ! — & () =22(1.0)) v
+ gA e 84 ’ ) de dn
0

<OM)(A — AP + 1P = PYP).

6=0

Thus we have shown that
A+ A <OMUP =PI+ 130 = I + Ul =T I + 1Ay = AlP).

We next consider the term 53:
I L
2A° Jy maxj(P;/z)

— e_ﬁo}l(t’n)_)}l(tﬁ))z;{rjkl,n) mjln('[)])(t,ﬁ) do dT]

n ~ -~
pl/2 H1/2 _L D= (1.0)) 5~
(P2 =P, n)/ (e” P2 em=Rerpty), |

0

1
x [ fo " ¢ H D -Fu) min(D)V, Uy — U Ly (1, 60)dO
- /0 e min(D) V1, U5~ U L iz 0.0) 6
Flaen, /"(e/gzo'fza,n)a?z(ue)) S XA OO
0
x n;/in(ﬁ D) m/in(dj))?l,,(t, 0) do
+ Laen, /"(e,gzd)l(r,n)?l(t,e)) _ e—A—'lo”ila,n)—)?l(t,e)))
0
x mjin(f?_,) mjin(Z;{;“)))L"(t, 0) do

n - ~ -~ -~
+ / (e—ﬁ(yzu,n)—yz(z,e)) _e—ﬂyl(z.n)—yl(r,e»)
0
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x mjin(f? D) rrlljn(L?j)J?Q,,, Ly (t, 0)dO
+ /n(e;o?zo,m)?z(r,e)) _ e—aio%(r,n)—a‘}l(t,e)))
0
x mjin(f)_,) mjjn(l]f)yw 1. (2, 0) dO
n / ! mjin(e—g@ju,n)—y,«z,e») mjin(f)j) mjin(th;)o?z,,7 — D), e)de} dn
0
= A3+ An + Az + Az + Ass + Azs + Asr. (5.47)
Terms As; and A3, allow for the same treatment:

1

[Asz] =ﬁ

1
1 - -
/ ——— - (P =Pyt )
0

max; (?:;/2)

n ~ ~ ~ ~ ~ ~
% </ o~ 33 P2 =F2(0.0) mjin(D_,-)yz,n(UJ —Z/ll*)]lg1+<b-,2+(t,0)d0) dn‘
0

1 /1 1 =12 A2
< —= ——- [P/ =P, m)
A? [, maxj(P}/z) ! :

n . ) ~ ~ ~ ~
x ( / N 2 A VO de) dn
0

- - 1 !
12 12
<IP =P + A4 /0‘ (max; (P;’*))2 .
I

n - - - - - 2
x ( / eAZW'-'”yz(”“”szz_,,W;—uﬂ(t,e)de) dn
0

. . 1 /! 1
<P PP+ —f L __ww
: ? A* Jo  (max; (’P_;/z))2

n ) ) ~ ~
% <f 8—222(yzo,n)—yz(r,e))%yz,n(t’Q)dg)
0

n = ~ - . - -
y </ eI R P Ry AL 9)d9> dn

0
< ”7511/2 _ 7521/2“2
N B O A P ~ 5
o / e T EITREIID, Y, Uy — Un) (2, 0) d6 ) diy
0 \Jo

<SOMUP? = P21 + 1t — Uy 1),

using (4.15¢e), (4.15n), and (4.16e).
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The terms Az and Az, can be treated as follows:

1 ! 1 ~ ~
|Ass| = Ve / —~1/2(7311/2 )
o max;(P;"")
T L L (Pt —T
« ILAlgAZ/ (e~ B Patm=Da(t6) _ = Falt)=Ta(r60))
0

x min(D;) min@U;) Vs, (t. 0) do dn‘
J J

e
= Ale ), maxj(75}/2)

U - - -~
x (/’e@zoﬂ““i”“ﬁ”iaaemu,e>d9)chﬂAl—-Az
0
1
_2V2 1

A2 S1/2
A’e Jo maxj(’Pj/)

n . - . o 1/2
X (/ e*m(yz(t,ﬂ)*yz(tﬁ))PQyz’n(t’ 0) de)
0

1P =Py, m)

R ()

no_ 1/2
« (/‘iaaana,e>d9) dnlA; — As|
0
<SOMUIP =Py 2P + 14, — AP,

Furthermore, the terms Ass and A34 can be estimated like this:

1
1 - -
/-————4ﬂ”—;%mm
0

max; (75}/2)

1
2A3

n - - ~ ~
> </ (efé(yz(f,n)fyz(tﬂ)) _ eﬁ(ym,n)fyl(z,e)))
0

|Ass| =

x min(D;) min@U;) V2., L (1. 0) d@) dn‘
J J

1 /1 1 =10 &
< —— P =P, m)
2aA3 Jy maxj(P}/z) : ?

n L ~ ~ ~ ~ ~
X (/ e a =R Yy (1, m) = Vi (1, )| + 1 Da(t, 0) = (2, 0)))

0

x min(D;) min@U;) V2., L (1. 0) d@) dn
J J X
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1PV =Py 10 — Wi, )

N

a /1 1
27243 Jo maxj(75_;/2)

1

n - - -~
% </ e—z(yz(t,n)—yz(tﬂ)) rnjin(D/)yz,nJlB(m(t, 0) d@) d’?
0

1P =Py, m)

a ! 1
+ 3 / =12
2243 Jo max;(P;’)
n . . - . - -
X </ e_%(yQ(t’n)_yZ(t’emyz — ViImin(D;) Vs, L, (¢, 9)d9> dn
j

0

1 1 1 - y i )
< _ PV BTy — Pyl )
ﬁAA maxj(’P}ﬂ)l 1 X 1) Ut n

n . < . o 1/2
X (/ e—m(yz(f»n)—yz(fﬂ))fpzyz’n(t’ 9)d9>
0

n | - o 1/2
X </ e—m(yz(l,fl)—yz(fﬂ))r]jzyzﬂ(t’ 9)d9> d?’]
0

1 : 1 512 5l
+ —— [P = P, (t.m)
«/§A~/0 maxj(P}/z) l ? 1

- - 1/2
y </n T ODTNP G 9)d9>
0
n L= . o 5 5 1/2
x ( / eMz(”“'"’W’ﬂ”mz,n(yz—yl>2(r,9)d0> dn
0

<OMUP =P 212 + 1V = Vi,

using (4.15e), (4.15n), and (4.16¢). As for As;, we follow this path:

|As7| =

1 /] 1 512 312 T Giam—Pite
| ——= P/ =P, / min(e i tm=Yi 0y
2431 ), maxj(?;/z) ! g 0o J

x min(D;) min@U) Vs, — V1, e)de) dn}
J J

PP =Py, )

! 1
/0 maxj(75;/2)
x [(min<eid’f(*")yf(”@”) min(D;) min@) (Vs — M)(t,0))
J J J

- / O =)
0

1
T 2A3

n

0=0
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d (T =T CON i (B ) min i+
x %(mm(e VD=V min(D;) minl; ) (t,60)do | dn
J J

S 5172 P - ]/2)mln(D)m1n(Z/{+)(yz jl)(ts??)dﬂ‘

/ W(ﬁfﬂ—ﬁ;”m, n)(/o O =)

d . .
x 7 (mjn(e’E(yf(”")’y’("e))) min(D;) min(uj.*))(t, 0) d9> dn‘
j j j

2A2

1 12 1/2 =
< [
< A2/0 maxj(ﬁ}/z)lp IPalth |2 — WhI(t, n) dn

1 : 1 =12 A&l2 T - ~
ﬁ/o W(Pl - P, )(1,7})(%; =)

d . . - .
X = min(e~ s @m0y min(D;) min(U;)
do i j i

+ mln(e d@in-Yja. ‘9)))< d@ min(D, )mm(bf’)))(t 0) d9> dn}

<SOMUP =Py 12+ 1D — Dl
R !
2A3 max](Pl/z)

no - - -

x ( f |y2—yl|f(m,in(e-Eo’f'("'”-yf“’@”)

0 a J

X max(j}j’,,) m_in(ﬁj) m_in(Z:l/.*)
J J J X

1P =PI, m)

+ O(1)A® min(e~« Vi CD=Yi00) (min(D?) 1 |th|)) (¢, 0) d6 | d
j j J

~ ~ ~ ~ 1
SOMUP” =PI + 13 = DalP) + 5 (A + Asm),
using (4.15a), (4.15b), (4.15n), and Lemmas A.2 and A.4. Here

A 1 ! 1
371 = aA3 maxj(75}/2)

< ' . _1p. _v.
% </ D}z _ yll(mln(e rieZiGL)] y,(tﬂ)))
0 J

x max(Y;,,) min(D;) min@U;)(t,0) d6) dn
J J J

P2 =Py, )
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V2a [} 1 . N no_
<X / —— [P} — P, n>( f 1V — V|
0 0

A? max (73}/2)

« (e—A—‘lo"il<t,n>—371<z,0>>751371 +e—;—2<372<z,n>—y‘z<z,9)>752372 )t 9)d9> dn
SN > ’

ﬁ/l 1 ~ ~
<X — PP, )
A Jy max,(P}/z) : ?
0 . ) o 1/2
y [(/ e‘zmo"("”)‘y‘(t"’))Plle,(t,9)d9)
o ) o _ _ 1/2
x < / e MW““W’ﬂ”Plyl,n(yz—on(r,e)de)
0

1/2
3% 5 o~ ~
+ / o T ) y“"g))szz,n(t,G)w)
0

R 5 o 5 5 1/2
x ( / e MzW““")‘y“’ﬂ”mz,n(yz—yoza,e)de) }dn
<OMIP =P 212+ 1D = DI,

using max;(a;) < a; + a, and min;(b;) < b;. Then

312 312
7~,,2|P/ ()
max; (P;’")

Az = 0(1)_/
) (/ 53 m_in(e’“l<3}’(t’")7wt’9)))(m'in(f)fl'n) + 1)), 0) d@) dn
0 : J
1
1 P2 _ pl2
<(/)(])/773/_79 (t,n)
0 max/(Pl/z)l 1 L 1@
</ |y2 |e Az(yz(r mn-— yZ(’e))’])l/z(t G)de)
< 0(1>f ——— 1P/ =PI, )
0 maXi(P;/2)| 1 L 1@
U y P "
§ (/ eMzm(r,wyz(’*">>7>z(t,9)d9>
0

) : : _ ~ 12
« (/ e—ﬁ(yz(f.'l)—yz(fﬂ))(yz — YA, 0)d9> dn
0

<SOWMIP =P IP+ 1% = Wl
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using (4.15d), (4.15n), and (4.16i). This completes the estimate for A~3 (see
(5.47)):

A SOMUP =PI + 1th = U > + 191 — Wall” + 141 — Al
For J, (and similarly for Js) the estimates read as

1 ! ~N1/2 ~1/2 |7~32|
7 < . /2 / 2T
il A3/0 P PP

2

(t,n)dn
<OM|P =P, 2,

using (4.15j).
We have shown the anticipated result.

LEMMA 5.5. Let 75;/2 be two solutions of (5.40) fori = 1, 2. Then we have

d -~ ~
P =P
< OV = WP + It — U |* + 1P = P2 12 + 1A, — Ay,

where O(1) denotes some constant which only depends on A = max;(A;) and
which remains bounded as A — 0.
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Appendix A. Lipschitz continuity and uniformly bounded Lipschitz
constants

We need to establish that a number of complicated functions are Lipschitz
continuous with uniformly bounded Lipschitz constants. In a desperate attempt
to ease the readability of the main estimates, we collect these results here together
with some other estimates that are essential in Section 5.

LEMMA A.1. (i) We have
e — M| < max(e" ", e ) (1by — apl + by —aa) (A

< |by —ai| + |by — asf, (A.2)

a < dp, b1 < bz.

(i) LetO <a < A; < A, j=1,2. Then we have

1 1 4
le M — e M| < —e @Ay — Ay, x€[0,00).  (A3)
ae

Proof. (i) The result follows from the elementary inequality

/ e“dx / dx
b b

(i1) For x € [0, co) one can write
An 1
1
/ —zxe_?x ds
A s

Ay 1
1
/ —xe Y ds
§2
Ay

4
S —e A, — Ayl
ae

Here we used in the last step that for s € [a, A], the function f : [0, o0) — [0, 00)
. 1 . . .
with f(x) = Sizxe‘ﬂ)C attains its maximum at x = 4s and

le® —eb| = <eb <eélb—al, a<b.

| !
|e_@x — e_/Tl“‘| =

3
— 7z X
< e 3A

4 4
0< flds) = — < —. O

X
se ae

. . . Ly, ). . .
LEMMA A.2. (i) The function 6 + min;(e~«Yitn=Yi0)) js nondecreasing
for almost every n and thus differentiable almost everywhere. We have that

d . Ly, V. 1 . L. v ~.
- mm(e—;(y, tm=Y; (t,9))) < - mm(e—;(y] tm=Y; (t.,9))) max(yj,n(t, 0)).
do a j j

(A4)
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(ii) The function 6 +— min; (Z;{_/?) (t, 0) is differentiable almost everywhere with
4 min(U(t, 0))| < A* (A.5)
o i S '
(iii) The function 6 +— min; (5{;)3(1‘, 0) is differentiable almost everywhere with
d ~ -
— minUH)*(, 0)| < 24*minUU) (2, 0). (A.6)
de i i

Proof. (i): First of all, note that the function 6 minj(e‘é(yf'(””)‘yf(”e)))
is nondecreasing and hence differentiable almost everywhere. Consider in the
following 6 < 5. Assume that for fixed 6, such that the given function is
differentiable, we have

. _lyp. . _1ly Y
mm(e ezl y](lﬂ))) — ¢~ aQ=210.9) (A.7)
J

and that there exists a sequence 6, 1 6 such that

min(e™ ¢ V1DV = oG ED=I1t0))
J

for all n.

Then we have
RS U SR ) PR U SR )
|min(e~ ¢ DT _ min (=3 Fien-i0.00))|
J J

— et DE-D10) _ =t D1 =Di(1.6.)
| B Y ~ ~
_1 — 0
< —e s D@m= ))(yl(t’g) —Vi(t,6,)),

Q

since Y, (¢, -) is nondecreasing.

G-I,y < Jim le—édfm,n)—ﬁ] a.on D18, 0) = Vi (1. 6,)
6,10 a 6 —6,

I 15 V )
_ ;e-gm R VN ()

d . 1
— min(e” ¢
de j

L. Ly, . ~
— mln(67E(yj(,’n)iy’/(tqe)))y],,7(t, 9)'
a Jj

Assume, on the other hand, that for fixed & we have

min(e™ ¢ V1NV = o= G-I 10)
J

Downloaded from https://www.cambridge.org/core. IP address: 94.193.20.89, on 10 Jun 2020 at 07:52:58, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.22


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.22
https://www.cambridge.org/core

Metric for CH equation 243

and that there exists a sequence 6, | 6 such that

. _ Ly, —y. _ Ly —y
mln(e a(yj(fvn) yj(rvell))) —¢ a(yl(tvrl) Vi(t,0,)) for all n.
J

Then we have

. _1p. _V. . _1p. _V.
\mm(e aDim=Y; .00y — min(e L@ian y,(r,0n>>)|
J J
— o e E=D1@0) _ o= D@m= (1.0)
1 15 - ~ ~
< ;eig(yl(t'n)iy](tﬂn))(yl (ta Qn) - yl (t’ 9))9

since )Z-(t, -) is nondecreasing. Thus

d S 1 s Vi(t,6,) — (1,0
= min(e~ s Vin=Yi00)| < [im _e—ﬁma,n)—yl(zﬁn»yl( W) = i, 0)
do i .10 a 6, —6
I 15 Y ~
— Ee*g(yl(f,n)fyl(tﬁ))yl,n(t, 0)

= min(e «ViEDViCON Y (1 ),
J
Thus in case (A.7) we find

d

— mi
do

If we instead of (A.7) assume

O (r,n>—5z,-<z,9>>) — o=t t)=D2(1.6))

. 1. . 1 . _ly. —y '
n(e”a VI ED=Yiy | < — min(ema ViD=V Y, (1 9).
a

.1
min(e” «
J

a similar argument yields

i min(e—i(jﬁ t.m=Y; (z,e)))
do j

. _Ly. —y Y

< mm(e A OZIG)] 37,(1,9)))3;2’”0’ 9)'
J

Thus we conclude that in general we have

d . Ly, . I L3, . ~
- m-m(e—g(y,(tqn)—y](lﬂ))) < - m}n(e_a(yf(l’")_yf (1,9))) max(y,-,n)(t, 0).
J J

a J

(i1): We have (cf. Lemma 5.1) that
min@; (¢, ) — min@; (¢, 0))|

J J

< max(U2(t, ) — UP(, 0)1, (U3 (1, ) — UE(t, )
< 2max ;U llsoln — 0] < Al — 6], (A.8)

using (4.15f).
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(iii): Note that one has that for any positive function m(x),

m*(x) —m*(Y)] = (m*(x) +m)m(y) +m?>(y)mx) —m(y)|
< (m*(x) + 2m(x)m(y) +m*(y)|m(x) — m(y)|
= (m(x) +m(y))*Im(x) —m(y)|
= (m(x) +m(y))|m*(x) —m*(y)|.

If we replace m(x) by min; (Z:{f)(t, n), we have
min@4;)* (¢, ) — min@})’ 1, 0)]
J J

< (min@)(@, m) + min@) @, 0))[min@; )¢, ) — min@;)* (1, 60))|
J ’ J J ’ J

N

(mj_in(b?f)(r, n) + mjin(a;)(t, 0))

max(|UH) (e, n) — U@, 0)1, |UH (2, n) — U, 0)])
AXmin@) (¢, m) + min@) (@, 0)|n — 6]

X

/N

(see (A.8)), and hence min; (Z:lj*)"%(t, n) is differentiable almost everywhere with

innin(zfl.+)3(z,9) < 2A*minUH)(¢, 0). O
de j J i

LEMMA A.3. (i) The function n +— minj(75j) minj(Z;lf)(t, n) is Lipschitz
continuous with a uniformly bounded Lipschitz constant and thus
differentiable almost everywhere with

d N - N -
'E(m}n(m min(@))) . n)' <244 min(P)"? + WD 0. k=1.2.

(ii) The function n + min; (75j)Z/~lk (t,n), k = 1,2 is Lipschitz continuous
with a uniformly bounded Lipschitz constant and thus differentiable almost
everywhere with

d Lo~ 1
‘E(m}n(P]’)uk)(h 77)' < EAG'

Proof. (1) We only present the proof for the case k = 2, since the case k = 1 is
similar.
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Given 0 < 1y < n, < 1, we assume without loss of generality that
0 < min(Py) min@) (¢, 1) — min(P;) min@LH)(t, m).
To ease the notation, we introduce the function
d(t, 1) = min(P;) min@; ) (¢, ).

We will distinguish several cases:
(1): Ifd(t, n,) = 0, then d(t, n;) = 0 and one has

0 < min@) (@, 1) [min(P)) (¢, 1) = min(P)) (1, my)|
< min@H) (1, n)(Pi(t, ) — Pi(t, n)| + [Palt, n2) — Palt, m))

J

< A min@H @, m)lm = ml.

(2): If d(t,n,) > 0, then minj(75j)(t, ny) > 0 and minj(Z;{f)(t, ) > 0 or
equivalently

Pit,ny) >0, Pot,m) >0, Ult,n) >0, and U(t, ) > 0.
(2a): Assume that d(t, ;) = 0 and min; (P;)(z, n,) = 0. Then

d(t, ) —d(t,m)
(m;n(P,)(r, 1) = min(P)(t, 1)) min@) @, 12)
min@) (¢, m)(Pi(t. 12) — Pyt )| + [Pat. n2) — Palt. 1))

J

<At rIlen(L?;r)(f, m)lm2 —mil.

N //\

N

(2b): Assume that d(¢, n;) = 0 and min; (Z;{;r)(t, n1) = 0. Then one either has
that
(): Us (2, 1) < Ut ) = minj(Z:lj?“)(t, 1n1), and we can write

0 < d(t,my) —d(t, m)
<, m,in(73j><r, ) — U m,in(75,-)(t, m)

N

/"iz (Z/{Q 0 m1n(77 ) +U2— m1n(77 )) (t,s)ds
m Y
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n /o s ~ 1 ~ - 1 ~ -
< f <|Z/I2,,,| min(P;) + |Us| <—P1y1,n + —szz,n>)(l, s)ds
m J A A,

A4 n - noo_

< — | min(P))"*(t,s)ds + A“/ 1| (t, 5)ds
NOW I ! m

3

< =A% —ml,

a5 e m
or y }
(ii): min; @) (z, 1) = U]z, n1). Then there exists a maximal interval [,

a] such that U (t,s) < U (¢, s) for all s € [n1,a) and U (¢,a) = U; (1, a).
Moreover, there exists a maximal interval [b, a] C [, a] such that U, (¢, s) > 0
forall s € (b, a] and U;" (¢, b) = 0. Hence we can write

<d(t,n) —d(t,n)
<d(t,n) —d(t,a)+d(t,a) —d(t,b)
<

U, mjin<75,-><t, ) — U mjin(?%-)(r, a)
+ Uy min(P))(t, @) — Uy min(P;) (¢, b)
J J

n2 » . - -
< / (legy,, min(P;) + Uzi min(P,)) (t,s)ds
§ j dn i
a,/ _ 5 - d 5
+/ (Z/llq,,m_in(Pj)+U1—m_in(73j)>(t,s)ds
j dn i
— m1n(73 )24 A4|Z/{2|>(t s)ds
+/b (Emm(P)VHAﬂun)(z s)ds

A* ~ L
< — min(P;)'? t,s)ds+A4/ U|(t, s)ds
ﬁ/}: in(B))" % i)
4 mn

A - no_
< — | min(P)"*(¢,s)ds +A4/ U |(t, 5)ds
\/i m 7 ! m :

—A6|772—m|-

NG

Note, in the case that Z;{f“ (t,s) < I;{; (¢, s) for all s € [ny, n,], the estimate starts
with

0<d(t, ;) —dt,m) <U m/,in(75,-)(t, m) — U mjin(?%)(t, b),
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where (b, o] denotes the maximal interval such that 1;{1+ (t,s) > 0 for all

s € (b, 772]. - ~
(2c): Assume that d(¢, n;) > 0; then min;(P;)(¢,n;) > 0 and minj(Z/{f)(t,

17;) = min; (Z/{ )(t, n1) > 0. Then one either has that
(i): min; (Z/l )(t, m) = U (t, n,), and we have (as before)

0 (t n2) —d(t, n1)

<
U mln(?)(t nz)—uzmln(P)(t m)

n2
mm(P )2, s)ds+A4/ U |(t, s) ds
«/_ m wo

—A6|772—771|,

S22

or
(ii): minj(Z;{j)(t, n) = Z;{] (t, n1). Then there exists a maximal interval [n,

a] such that I;{f’(t, 5) < Z;l;(t,s) for all s € [n,a) and Z/~{1+(t, a) = Z];(t,a).
Moreover, there exists a maximal interval [b, a] C [n,, a] such that U, (¢, s) > 0
forall s € (b, a] and U;" (¢, b) = 0. Hence we can write

O < d(t7 772) _d(tv 771)
<d(t,n) —d(t,a)+d(t,a) —d(t, b)

< Uy min(P;)(t, 12) — Uy min(P))(t, a)
J J

+ U m_in(75j)(t, a) — U, mjn(75j)(t, b)

N

/nz (Z/lz . mln(P )+ Z/{z— m1n(73 )) (t,s)ds
(Ul,,, mjn(75j) + Z;Il — mjn(75j)> (t,8)ds
dn J
(A— 1n(73 )24 A4|Z/l2|>(t s)ds
7
a(- min(P;)"/? 4 A4|Ll1|)(t s)ds

n2
< — in(P)"(, d+A4/ Us|(t,s)d
ﬁ,/b mjm(,) (t,s)ds i [Lh|(2, 5)ds
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4 n - mno
—/ mjn(P_,)l/z(t,s)ds+A4/ L |(2, 5)ds
J

n

2\/_ |772—771|

Note, in the case that Z:{l+ (t,s) < Z;{; (¢, s) forall s € [n;, n,], the estimate starts
with

<d(t,m) —d(t,m) <U mln(P)(t ) — U mln(P)(I b),

where (b, ;] denotes the maximal interval such that Z;{]+ (t,s) > 0 for all

s € (b, n].
Thus we showed that

3
\d(t, ) —dt, n)| < —=A%m, — ml,
2 1 Zﬁ 2 1
or, in other words, d(¢, -) = min; (75j) min; (Z;{;r)(t, -) is Lipschitz continuous
with Lipschitz constant %AG, which is independent of time, and thus
differentiable almost everywhere. Moreover, a close look reveals that

|d(t, 1m2) —d(t, )| < A* mjin(f;l,*)(t, m2) |2 — ml

noo_
—|—A4/ L |(2, 5)ds|.

m

A4
+ —
V2

mn ~
/ min(P;)"*(t, s) ds
m J

Since both |Uh|(t, -) and minj(75j)1/2(t, -) are continuous, the fundamental
theorem of calculus implies that

‘d(t m) —d(t, n)
N—Mm

mln(U+)(f 12)

4 - ~
+ % min(P))' (¢, ) + A* LA (1, )

for some 7 between 1, and 7,. Letting n, — 1, we thus obtain for almost every n
that

d o By mindit _|2
‘% mjln(P,-) mjm(uj )(t, n)' = ‘dﬁ d(t, 77)‘
< 2A%(min(P)'2 + Uh) (¢, ).
J

Downloaded from https://www.cambridge.org/core. IP address: 94.193.20.89, on 10 Jun 2020 at 07:52:58, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.22


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.22
https://www.cambridge.org/core

Metric for CH equation 249

(i1) We have that
|rnjin<75_,)<t, n) — mjin(ﬁ,)(t, |
< max(|P(t, n) — Pit, i), |Pa(t, 1) — Palt, D))

4
< —In-7l.
2In nl

Thus, for almost every 7,
d
o (mm(P WUy ) (¢, n)‘ ‘(— min(P; ))Uk(f n + mm(P Wy (2, 1)

U lloo + | Pelhs. nlloo

\

4

2
1 6

< —A". O

V2

LEMMA A4. (i) The function n +— minj(f?j) minj(l;l;“)(t, n) is Lipschitz
continuous with a uniformly bounded Lipschitz constant and thus
differentiable almost everywhere with

d ~ ~
2y (min(D,) min@4) ¢ m)

< OMVAA* min(D)" + W) (t.m), k=12
J

(ii) The function n + min; (D ; )Z;{k (t,n), k = 1,2, is Lipschitz continuous
with a uniformly bounded Lipschitz constant and thus differentiable almost
everywhere with

d -~
2y minD)U) @, )| < OAT.

Proof. (1) We only present the proof for the case k = 2, since the case k = 1 is
similar.
Given 0 < n; < n, < 1, we assume without loss of generality that

0 < min(D;) min@U;")(¢, 72) — min(D;) min @) (¢, m1).
J j J J
To ease the notation, we introduce the function

d(t, n) = min(D,) minU)(t, n).
J J X
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We will distinguish several cases:
(1): Ifd(t, n,) =0, then d(t, n;) = 0 and one has

0 < min@4")(t, n2)[min(D,)(t, n) = min(D;)(t, 1)

< min@N) (. n)|(IDi (¢, o) — Dit, n)| + Dalt, n2) — Dot m))

J

<OMA’ rIllin(ﬂf)(t, m)|mn2 = ml.

(2): If d(, 1) > 0, then min;(D;)(t, ;) > 0 and min; U, m) > 0 or
equivalently

Di(t,m) >0, Dyt,m) >0, Ult,m) >0, and Uy, n) > 0.
(2a): Assume that d(z, ;) = 0 and minj(ﬁj)(t, n1) = 0. Then

0 d_(t’ 772)—(?([’ 771)

<
< (mjin(f)j)(t, m) — mjin(ﬁjxr, ) an(b?,*)(r, m2)
< mjin(z/?;)(t, m)(IDi(t, ) — D, n)| + | Da(t, ;) — Dat, )

< O A min@) (¢, 0l = i

(2b): Assume that d(z, n1) = 0 and min; (Z:{]?L)(t, n1) = 0. Then one either has
that
(i): Up(t, m) < Uy (¢, ) = min; (U;)(z, ny) and we can write

O < d(t’ 772) - d(t’ 771)
< U, mjin(@j)(r, ) — U mjin(ﬁj)(r, m)

no - ~ d -
< / U, min(D;)(t, s) + U,— min(D,)(¢, s) ds
n i do

mo .
< / (U, | min(D)) (1, 5) ds
J

m

no_ B o 1 . - 1
+ / |Z/{2|(‘(Z/{12 — P])ylﬁn — A—Dlym =+ EA?
n 1
~n ~ ~ 1 - 1 s
+ Uy = P)Yoy = = Dodoy + 543 | (1, 9) ds
2
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m

n - mno

< «/ZA“/ mjn(Dj)l/z(t,s)ds—I—C’)(l)AS/ L (t, 5)ds
m

<OMAT |y —

or
(ii): min; @) (z, n1) = U]z, n1). Then there exists a maximal interval [,

a] such that Ut (t,s) < U; (1, s) for all s € [y, a) and Ut (¢, a) = U (1, a).
Moreover, there exists a maximal interval [b, a] C [n;, a] such that L[l+ (t,s) >0
forall s € (b, a] and U," (¢, b) = 0. Hence we can write

0<d(t,m) —d(t, m)
<d(t,m) —d(t,a)+d(t,a) —d(t,b)
< U min(D))(t, 1) — U min(D;) (1, a)
J J

+ Uy min(D))(t, a) — Uy min(D,) (¢, b)
J J
n2 - - - -
S/ (Z/IQ,,]m'in(Dj)+Hzi min(Dj)>(t,s)ds
p J dn J
+/ (L?l,nmjn(z”)j)+L~{lim;n(23,)>(t,s)ds
b J dn
n2 ~ ~
g/ (VAA*min(D))V? + O A’ |Uy|)(t, 5) ds
a J
+ / (VAA*min(D;)"? + O A’ Uy |)(1, 5) ds
b J

mn - mno
< «/ZA“/ mjn(Dj)l/z(t,s)ds+(9(1)A5/ \U|(2, s)ds
b J

b

n2 - noo_
< JZA“/ min(Dj)]/z(t,s)ds+(’)(1)A5/ L (t, 5)ds
m J

m

< OMA'|n, —ml.

Note, in the case that Z;{l+ t,s) < 1;12* (t,s) forall s € [n;, 0], the estimate starts
with

0<d(t,m) —d(t,m) <U miin(f)j)(t, m) — U mjin(ﬁjxr, b),

where (b, ;] denotes the maximal interval such that Z;{f“ (t,s) > 0 for all
NS (b7 772]
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(2¢): Assume that d(z, n1) > 0; then minj(f?j)(t, n1) > 0 and minj(Z;{;r)(t,
n1) = min; (Z/Nlj)(t, n1) > 0. Then one either has that
(): min; (U;)(t, n1) = Us(t, n1), and we have (as before)

O < &(Z’ }72) - d_(t7 7/)l)
< mjin(@)(r, ) — U mjin(?i-)(r, m)

N

n 1 ~ ~
/ <§ﬂA6 mjin(Dj)l/z + O(I)A5|L{2|>(t, s)ds
n
< OMA g, —mil,
or 5 ~
(ii): min; (U;)(t, n1) = U (t, m). Then there exists a maximal interval [n;,
a] such that U, (¢, s) < U5 (t,s) for all s € [n,a) and U, (t,a) = U (¢, a).

Moreover, there exists a maximal interval [b, a] C [n;, a] such that Z:{l+ (t,s) >0
forall s € (b, a] and U;" (¢, b) = 0. Hence we can write

0 C?(l’, 772) - Cj(t, 771)

<

<d(t, ) —d(t,a) +d(t,a) —d(t,b)

< Uy min(D;)(t, n,) — Uy min(D))(1, @)
J J

+ Uy min(D))(t, a) — Uy min(D)) (¢, b)
J J
m /o » - d »
g/ (Z/{Mmjn(Dj)+Z/{2—min(D,))(t,s)ds
a J dT] J ’
a/ - ~ d _
+ / <L[1,n min(D;) —I—Z/ll—m_in(Dj)) (t,s)ds
b j dn
n2 ~ ~
g/ (%«/ZAﬁmin(Dj)‘/z+(’)(1)A5|L{2|>(t,s)ds
a J
+/ <%«/ZA6mjn(25j)1/2+O(1)A5|L71|)(t,s)ds
b J
mn - mno
< «/XA“/ min(Dj)l/z(t,s)ds—|—O(1)A5/ L (t, s)ds
b J

b

mn - no
< JZA“/ min(D;)"2(t, s) ds + (’)(I)AS/ 1L (t, 5)ds
m J m

< OMA |, — mil.
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Note, in the case that Z:{l+ (t,s) < Z;{; (¢, s) forall s € [n;, n,], the estimate starts
with

0<d(t,m) —d(t, n) <U m}n@j)(t, m) — U rn]_in@,»)a, b),

where (b, n,] denotes the maximal interval such that Z;lf“ (t,s) > 0 for all

NS (b’ 772]
Thus we showed that

ld(t, 1) —d(t, )] < O A Iy — il

or, in other words, d(z, -) = min j (f?j) min; (Z;{;r)(t, -) is Lipschitz continuous
with Lipschitz constant O1)A’, which is independent of time, and thus
differentiable almost everywhere. Moreover, a close look reveals that

d(t, n2) = d(t, )|
< OMmA° mjin(Uf)(t, )12 — nil
+/AAY + O(1)A’

n 5
/ min(Dj)l/z(t, s)ds
mo 7

no
/ [Uh|(2,s)ds

m

Since both |Uh|(¢, -) and minj(ﬁj)l/z(t, -) are continuous, the fundamental
theorem of calculus implies that

‘(j(ta 772) _d_(ta 771)
M2 —m

< OMA* min@)(1, n2)
J
+ VAA*min(D)' (1, 7)) + O AS|Us (2, 7)
J

for some 7 between n; and 7,. Letting n, — 1, we thus obtain for almost every n
that

d oo REr
'% rnjm(Dj)rr},m(U_, )(, n)‘ = ‘dnd(t, n

< O(WVAA (min(D)'? + b))z, 1).
J
(i1) We have that
[min(D;)(z, 1) — min(D;)t, )|

< max(|Dy(t, n) — Di(t, D1, |Da(t, 1) — Da(t, M)
< OA’ |y — 1l
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and hence, for almost every 7,
d . =~ 5
= min(D;)(t, | < O1)A®.
dn j '
This implies, for almost every 7,

d S~ d
—n(mjin(pj)uk)(f, 77)‘ ‘<— min(D; )>Uk(f n + mln(D W, (t, 1)

(DAT + 2A| Pl |
(HA’. O

<O
<O
LEMMA A.5. The function

n ~ ~ ~
nea / min(e™ MYy min @) (2, 0) db
o J J

is Lipschitz continuous with a uniformly bounded Lipschitz constant and thus
differentiable almost everywhere with

d n ~ ~ ~
d_ (a / m_in(e_%Q’f(’,ﬂ)—yf(fﬂ))) mm(Z/{]*)(t, 9) d@)‘ < O(l)Az.
n 0 J J

Proof. To prove the existence and boundedness of the derivative, we will prove
Lipschitz continuity. Let 0 < 1y < 1, < 1; then

m ~ ~
. _Ly. Y. . "~
a/ min(e~a y/(”e)))m1n(U;L)(t,9)d9
0 J J

n - -~ -
- / min(e™s Y=Y O min @) (r, 6) d@'
0 J J

n2 - - -
< a / m‘in(e*al(yj(l.nz)*yj(tﬁ))) mm(?/{]*)(t, 0)de
J J

J

m
—I—a/ (mln(e FOZIGENE y/oe)))
0

— min(e”s Vi -IiCD)) min @) (1, ) dO
J J

aA?

< E|’72—771|

m -~ ~ ~ ~
1 1 A ~
a/ (e s DOm0 _ o= D)D) min@fF) (1, 0) db
0 J
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m
1) Y 1~ 5 L~
_|_a/ (e—;(yz(t,m)—yz(t.ﬂ)) _ e—;(yz(t,nz)—yz(tﬁ))) m;n(u;r)(t, 0)do
0 J

aA?
< —|772 — 0]

+ / / SN Y, (1, 5) ds min@U)(1, 6) db
0 J

+ / / e s DN, (1 5) ds min@U ) (2, 0) dO
0 J

aA?

< Ehlz — 1
n2 s - - - -
+ / ( / e—All<y1(“‘>—3’1<”9”ul+(z,e)de)yl,,,(t,s)ds
m 0

mn s - - - -
+ / ( / eA‘zo’zwyz(""”u;(t,9)d9>y2,,,(t,s)ds
m

0

aA? | B A B W NP )
S—Inz—ml-i-—f (/eAl(l‘ Lt
\/E A? m 0

1 o . - .
X <A—P12y1,n + Alulzyl,n +U1+Hl,n> (t,0) dg)ylﬁn(ta s)ds
1

1 2 s
L (/ o 3 P205)-320.0))
A3 0

y (A—Py AT, + Zflj?:lz,,,)(t, 6) de)jzz,,,a, ) ds
2

aA?

§E|772—'71|
o)L /mf]n(t 5)ds

+(9(1)—3/ Paa,(t, 5) ds
A2 m
< O A%, —mil. 0

LEMMA A.6. The function

n -~ ~ ~ ~ ~
n - mkin< / min(e™ s DY) min(P)) min@UH) V. (1, 6) d@)
o J J J
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is Lipschitz continuous with a uniformly bounded Lipschitz constant and thus
differentiable almost everywhere. The derivative satisfies,

- mkm</ mm(e a@jan-Yja. 9)))m1n(73 )m1n(U+)yk A, (2,0) d@)‘ < OMA'.
n

(A9)

Proof. Introduce
n | -~ ~ ~ ~
at,n) = mkin( / min (e~ Y1CN=YC) min(P;) min@U ) Vi, (2. 6) d9>
o J J J
~ 7] 1 ¥ ) ~ ~ ~
b(t,n) = / min (e« YN0y min(P;) min@U; )V, (1, 6) dO
o J J J

n -~ ~ ~ ~ ~
&) = / min(e s ViD=V min(P,) min@U;)x,, (¢, 6)db.
o J J

Thus 3
a(t,n) = min(b, ¢)(t, n).

Then we have to show that a(¢, -) is Lipschitz continuous with a Lipschitz
constant, which only depends on A. Clearly, we have that

|El(t7 ’71) - a(t7 772)| < maX(“;(t’ 771) - l;(tv 772)|, |E(t7 7’)1) - 5(t7 772)|),

and it suffices to show that both b(z, -) and é(z, -) are Lipschitz continuous with
a Lipschitz constant, which only depends on A. We are only going to establish the
Lipschitz continuity for b, since the argument for ¢ follows the same lines.

Let 0 < n; < 1, < 1. Then we have to consider two cases:

<b(t,m) —b(t,m) and 0<b(t,n) — bt m).
(i): 0 < b(t, n2) — b(t, m): By definition, we have
I;(l‘, ) — 1;(1‘, n) = /‘”2 Injin(e—ﬁ(ﬁj(um—?ﬂtﬁ))) mjm(']Sj)
0
x mjin(dj)jm(r,e)de
_ /'“ min(e~# @M -F160) min(B)
0 J J

x minU)V1 (1, 0) do
un(ed
n | ~ ~
:/ min(efg(y;(t,riz)fy_/(tﬂ))) m1n(77])
m J J
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x min@U;)V1,,(t, 0) do
j
m
+/ (mm(e LQjam)-Y;. 6)))
0
— mm(e L@ien-y;a, 9))))
X m}n(Pf) nljin(z;{;_)j)l,n(f, 0) do
m . ) )
</ min(e s i)=Y min(P))
n J j
x min@UH D, (t,0) d6,
j

where we used in the last step that 0 < min; (75j) min; (Z;{J-*):)NJL,](I, n) and that
5)1 (t, n) is increasing, which implies

min(e~ s ViEm=Yit0)y > mine=aVi@m=Y; .00y
j i

Moreover, note that min; (e~ iD=Vt < 1, for 0 < n < 0 < 1y, and that
0 < 2V2min(P)) min@UHV, (1, 6) < A] < A7,
j j
by (4.15b) and (4.15¢). Thus

0 < b(t, m) — b(t, m)

n2
. _Ly. _V: . ad . ~ s
< / min(e~« @1¢ Y00y min(P;) min@U; )W, (2, 6) db
J J J

A7
2f|nz —ml.
(i1): 0 < l;(t, ) — l;(t, 1n2): By definition, we have
0 < b(t, 1) = b(t, 1)
/ min(e—%d}j(t.m)—37j(f,0))) min('ﬁj) min(z:l;r)jjl,n(t’ 0)do
J J j
2 ~ ~ ~ ~ ~
= / min(e~s Y=Yy min(P)) min@UH IV, (t, 6) d6
0 J J J

m - - ~ ~
— / (min(e*5(y~f(’*"')*yf<”"))) _ min(e—g(y,-<t,nz>—y,-<z,9)>))
0 j J
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x min(P;) minUH W, (1, 0)do
i J
n - - - -~
_ / min(e_E(yj(lqﬂz)—yj(fﬂ))) mln(P]) min(Uf)yl,n(t, 0) do
J J J ’

m
g/ (mm(e Ly;enn- i, 9))) mm(e a(y](t m)-Y;(, 9))))
0

x min(P;) min@UH) W1, (1, 6) do.
J J

Now we have to be much more careful than before. Namely, we have (as before)

L=, 9))) L=, 9)))

0 < min(e™ =« mln(e a

J

1 2 1~ Y ~, L) Y ~,
< E/ (eg(yl(t,@)*yl(t,s))yl.n(t, s) 4 e;(yz(r,e)fyz(z,s))yln(t’ s)) ds.

Hence

l;(t, Tll) - I;(t7 772)

m
< / (min(e™ s @10t 0)))_mm(e Dm0y
0 J

x m,in<75,-> m_in(zZ_,*)J?I,,,(r, 0)do
< - f / ‘@1('«”—?1("9))371,”(;,s)dsnljjn(ﬁj>rrljjn(d;)371,n(t,e)de
+—/ f e a PN, (1 5) ds mm(P )mm(w)yl,,(t 0) do
/ Dyt s)(/ e aPE=I(6) m1n(P)m1n(U+)y1,,(t 9)d9) ds
+;/ 5’2*"(“”([] L LB -Fa00) rrljjn(75j)rlljin(l:lf)371,,7(t, 0)d9> ds
m
< % / N 91,,,(r,s>( /O e G Fi) nl_/_in(ﬁj)m_l_in(dm?],,,(r,9)d@) ds
/ T, (0, s)< / o L 200-F200) min(P,) min@;) I, (1 8)d9) ds

:f Bl(t s)ds+fn Bz(t s)ds.

m m
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As far as B, (¢, s) is concerned, we have

m o
/ B\ (t,s)ds

m

1 ™ s . - ~ - ~
_ / </ e~ a DEH=I1(1.0) m_in(P/-) m_in(uj*)yl,,,(t, 0) de)yl.n(ta s)ds
1 0 J J

aJy
L[ L 3i9-310.0) 533/4 54 < Y
< ﬁ/ </ ¢ A PEN=I )5 uﬁylvn(t,9)d9)y1,,,(t,s)ds
n 0
s 1/2
< L[ etoeosempry o o)
= \/E n 0 l o

s 1/~ % ~o o~ l/2~
><< / eAHWWyl“ﬁ”ufy.,,,(t,e)de) Vi (t,s)ds
0
mo_
< 342 / PuIy(t.s) ds
m

3A7| |
2 2 mi,

N

using (4.16k).
As far as B,(t, s) is concerned, we have to be more careful. Therefore recall
that we have (cf. (4.13)) that

A3 = 2P0t ) —URYs, (8, 1) + Hay (2, 1) < 2P2 D (2, ) + oy (2, 1).

Therefore we can write

1[5 i ; 5 YTy
2 / ¢t V29D min (P minU )V, (, 0) do
a Jo J J !

V2 [ sy L= -
g 7/ e M 2 (t,8)=2(1,0)) mln(Pj)s/zyl,n(t99) do
0 J

N
L (D (r5) - ~ 4
< / e Ay (V2(t:5) yZ("e))le/“Plyl,,,(t,9)d9
0

A
243 J,
A A
243 Jo V2
AS ) L e Pt
< 2—1415(2\/§A%P2(I,S)+2/ e—Alz(yz(I,A)—y2(t,9))7325/4y2.n(t’9)d9>.
2

0

e—A‘*z(372(l,S)—3~/2(1q9))7521/4(2752‘5}2’” + 7:[2,]7)([’ 0)do

N

N

e—t(jz(fﬂ)—j/z(lﬁ)) (27525/45)2,” + 7:[2”) ([, 0) do
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Note that the integral term can be bounded by 0(1)752 (t, s) since

s 15 ~
Az Da(t.5)=Da(t, 9))735/4y (t,0)d6 < AP (t,s)
A 2,n \/E 2772

by (4.16k). We end up with

no_ 1 mno
/ Bz([,S)dS = - yZ,n(t’s)

m a m
X (/ o~ & D2(t.5)=-D1(1.6) min(’ﬁj) min(dj)ylyn(t, 0) d@) ds
0 J
17 A5
fAS / szz,](l‘ S)dS
17

2\/5 772 nil.

Moreover,

- - n2 - n2 -
B(t.m) — b(t, ) </ Bl(t,s>ds+/ Ba(t, ) ds

m m

< OWMA |, — mil,

where O(1) denotes some constant, which only depends on A and which remains
bounded as A — 0.

Finally combining both cases yields that there exists a constant O(1), which
only depends on A and which remains bounded as A — 0, such that

1b(t. 1) = b(t. m)| < O A [ — |
and subsequently
la(z, m2) — a(t, n)l < O ATy —ml.
This proves that the derivative exists for almost every 1 and is bounded by (A.9).
O
LEMMA A.7. The function

" - - ~ -~
n > mkm</ m.jn(efa(y/(t,rz)fy/(t.e))) miH(Dj) min(u]{r)yk’n([’ 0) d@)
o J J J

is Lipschitz continuous with uniformly bounded Lipschitz constant and thus
differentiable almost everywhere. The derivative satisfies,

d n ~ ~ ~ ~ ~
— min( / min(e™« PV min(D,) min@) ., (1, e)de)‘ < O(1)A%,
o J J J

dn &
(A.10)
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Proof. We present the following argument. Introduce
a(t,n) = mkin(‘/ol7 mjin(efé(37f(t,r7)737/(t,6)>) mjm(ﬁJ) mjin(flf)jk,n(t, 0) d@),
5(;7 ) — /-n mjin(ef%(jj(r,n)fyj(r,e))) mjm(@j) mjin(z;{;)j}l,n(tv 0)do,
0
Gt — /ri mjin(e—%(?j(t,n)—jij(r,ﬂ))) mjm('ﬁj) mjin(df)?z,,,(t, 0)do.
0

Thus
a(t, n) = min(b, ¢)(t, n).

We have to show that a(¢, -) is Lipschitz continuous with a Lipschitz constant,
which only depends on A. Clearly, we have that

|a(e, ;) — a(t, ;)| < max(|b(z, m) = b(t, )|, [€(t, n1) — &, m))),

and it suffices to show that both (¢, -) and é(z, -) are Lipschitz continuous with
a Lipschitz constant, which only depends on A. We are only going to establish
the Lipschitz continuity for b since the argument for ¢ follows the same lines. Let
0 < 11 < ny < 1. Then we have to consider two cases:

0 < b(t,m) —b(t,n) and 0 < b(t,n) — b(t, m).
(i): 0 < b(t, n2) — b(t, ,): By definition, we have
B(t’ 772) - E(tv 771)
n2 ~ ~ ~ ~ ~
= / min(e™s Y=Y min(D;) min@H I, (1, 6) db
0 J J J
U ~ ~ ~ ~ ~
_ / min(e—i(yj(t,m)—yﬂlﬁ))) min(D/’) min(u;—)yl,n (t,0)do
0 J J J
n2 | ~
— f m.in(e*g(yj(t.,riz)*yj(lﬂ)))
n J
x min(D;) min@H W, (1, 0)do
J J

m ~ ~
+ / (min(e~ s Vi m)=Y;@.0))
o J

_ min(efﬁ(37/(1,771)7)7]'(1,9))))

J

x min(D;) min@H W, (1, 6) do
J J
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< /"2 min(e~ s Vi Em)=Y;0.60)
m Y
x min(D;) min@U;)Y,, (¢, 6) do,
J J
where we used in the last step that 0 < min; (751-) min; (Z;{_f)y],,,(t, n) and that
5/[ (z, n) is increasing, which implies

min(e—go?, (tn)=Y; 0y > min(e—ﬁdz,-(z,nz)—)?, ®.00)y,
j j

Moreover, note that min; (e~ 7 Vit~V < 1 for 0 < n < 6 < n, and that

~ — 1 1
O < mll’l(D]) min(u;—)yl,n(t’ 9) < - = < - =
J J

A8 A8
N ERENG)
by (4.15b), (4.15¢), and (4.15n). Thus

_ _ 1
0 < b(t,m) —b(t,n) < —=A%m — nil.

V2
(ii) 0 < b(t, ny) — b(t, ,): By definition, we have
0 < b(t,m) — b(t, )
m ~ ~ ~ ~ ~
= / min(e~ s Y=Y min(D;) min@H I, (1, 6) db
0 J J J
n2 ~ ~ ~ ~ ~
— / min(e*%(yj(f,nz)*yj(tﬁ))) min(’D}_) min(Uf)yl,n(t, 0) do
0 J J J
J

n - ~ ~ ~
_ f (min(e*%(y/'(f’ﬂl)*yj(fﬁ))) _ min(ef%(yj(f,ﬂz)*y,‘(tﬂ))))
o ' j

x min(D;) min@U;)V,(t, 0) do
J J
1 - - - ~ o~
_ / min(e—%(yj(t,nz)—yj(tﬂ))) min(’D},) min(u;)yl,n(t’ 0)do
m J J

m ~ ~ ~ ~

. 1. —y. . _ Ly —y,

</ (mm(e T@;amn y,(tﬁ)))_mm(e T@iam) y,(w))))
0 J J

x min(D;) min@U;)V, (¢, 0) d6.
J J
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Now we have to be much more careful than before. Namely, we have (as before)

0 < min(e™ L@iaann-y;a. Oy mm(e L=y, Oy
J
L[ ~ L P1.9)-D1(1.0) 7 ~ LD t.9)-2(1.0) Y
< p (e7 VT ALINY, (8, 5) 4+ 7 VT REINY, (8, 5)) ds.
n

Hence

B(t$ 771) _E(ta 772)

M
< / (mm(e L@iaan-;a, 9))) mm(e L@iem)-;a, 9))))
0 J

x min(D;) min@;H D, (1, 6) do
J J

N

1 m n2 |~ ~ ~ ~ ~ ~
5 / / e_E(yl(l,S)—yl(tﬂ))ylyn(t’ s)ds mjin(Dj) Ilein(a?—)yl,n(ta 0)do
0 n

1 rm e - - 5
+ 5/ / e*g(yz(t,S)*yz(t.Q))yln(t’ s)ds
0 1

x min(ﬁj) min(zflj)jl,n(t, 0) do

= / ylr](t S)

X (/ e~ i @9)=01.6) mm(D )mm(L[*)yl 2 (2, 0) d9>
/ Vant,s)
X (/ e — L (t.5)-3(1.0)) Il’llIl(D )mln(u+)yl ﬂ(t 9) d@)
g / yl r](t S)
x ( / e~ s DI min(D)) min@UH D), (1, e)de) ds
0 J J
1 rm .
+ - / yZ,n(ta S)
a Jy
X (/ ot P2.5)=D1(1.0)) min(ﬁj) min(df)j}l,n(l‘, 0) dQ) ds
0 J J

mno_ no_
:/ Bl(t,s)ds—l—f B,(t, s)ds.
n

m
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As far as By (¢, s) is concerned, we have

mo
/ B(t,s)ds

m
a

2 s - - I -
V24 / ( / eA‘MW”)yl“*“’”Pf“uﬁyLn(r,e)de)yl,n(r,s)ds
mn 0

m s o 12
«/EA/ (/ R S e)de)
1 0

n

1 n2 s B ; ~ ) ) )
Ta / (/ er IO min(D;) minU;) Y, (t, 0) d9>y1,n(t, s)ds
m 0 J J

N

N

5 i . o 12
x (/ I VA VN (S 0)d9> Viy(t, s)ds
0

mno_
< 6A3f PiVr,(t, s)ds
ni

N

3A%m, — ml,

where we used (4.15n).
As far as B,(t, s) is concerned, we have to be more careful. Therefore recall
that we have (cf. (4.13)) that

Ag = 2752\)72,77(t’ 77) - L?QZjZ,n(ta 77) + 7:[2,17(t7 77) < 2752372,n(t3 77) + 7;22,71([9 77)

Therefore we can write

1 [ Y y ~ VERGY
1 / e H 20992000 min (D)) min@U;)V,(t, 0) do
0 J J

a
24/2A [ Y y ~ ~
g \/_ / e*,r'z(yz(l.s)*yz(fﬂ)) min(Pj)3/2yl,n(t, 9) do
a 0 J

< ZA/ ei/*17072("”7372("0”75;/4751371,n(t,9)6!'9
0

N

AS s s g 5 o B
AA—; / e_Alz a(t,s) yz(l‘ﬁ))f])zl/4(27)2y2m i HQ,,?)(I, 0) 4o
2 J0

AS s . N B B A N
S A% / ¢ HA (27325/43)2,,7 + 7%7{2,”)(:,0)%
2 J0
A3 . S
< AA—;(z«/EAiPz(t,s) +2 / e‘A‘zW”“)‘W*G”7?25/4)22_,7(t,9)d9>.
2 0
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Note that the integral term can be bounded by 0(1)752 (t, s) since

s 5 - ~ oy 15 ~
/ e—%012(t,S)—Jiz(Iﬁ))pzs/“yzm(t’ 0)do < —A%’Pz(l‘, 5)
0 V2

by (4.16k). We end up with

mno_
/ B-(t,s)ds

m
1 mno_ s - - ~ ~ ~

= / yM(t,s)( / e~aP20)=D20160) min(D,)mjn(u;)yl,n(z,e)de) ds
a 0 J J

6
< —— 17[A / P, (1, 5)ds

17A8
NG (72 — ml.

Moreover,

N

_ _ mo_ mo_
b(t, m) — b(t, n2) </ Bl(l,S)dS-i-/ By(t,5)ds
m m

< OMA® I — il

where O(1) denotes some constant, which only depends on A and which remains
bounded as A — 0.

Finally, combining both cases yields that there exists a constant O(1), which
only depends on A and which remains bounded as A — 0, such that

|b(t, m2) — b(t, n)| < O1)A®¥|n, —
and subsequently
|a(t, m) —a(t, )| < O)A¥ gy — mil.

This proves that the derivative exists for almost every n and is bounded
by (A.10). O

LEMMA A.8. The function
n ~ ~ ~ ~
n— mkln|:/ rniin(e’%(y-/'(t’")fyf(”g))) mfin(Uf)sykﬁn(t, 0) d0:|
0 . .
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is Lipschitz continuous with a uniformly bounded Lipschitz constant and thus
differentiable almost everywhere. The derivative satisfies

d n -~ ~ ~ ~
—min[ / min(e”V1CPYiC) min@U) Y, (@, 9>d9” < OMAS,
o J J

dn &
(A.11)
where O(1) denotes a constant, which only depends on A and which remains
bounded as A — Q.

Proof. To that end, we present the following argument. Introduce
n -~ ~ ~ ~
a(t, ;7) = n]kln|:/ min(g_%(yj(f,fl)—yj(fﬁ))) m.in(u;-)3yk.n(t’ 0) d9j|1
0 J J
n -~ ~ ~ ~
b(t,n) = / mjin(e‘%Wf‘(”")‘yf(’ﬁ))) min@4)* V1,1, 6) d6.
0
n ~ ~ ~ ~
ct,n) = / min(e ™« DY) min@d)* V), (¢, 0) dO.
0 J J X

Thus
a(t,n) = min(b, c)(t, n).

Then we have to show that a(¢, -) is Lipschitz continuous with a Lipschitz
constant, which only depends on A and hence on C. Clearly, we have that

la(t, m) —a(t, n)| < max(|b(t, n) — b(t, n2)|, [c(t, 1) — c(t, n2)),

and it suffices to show that both b(¢, -) and c(¢, -) are Lipschitz continuous with
a Lipschitz constant, which only depends on A. We are only going to establish
the Lipschitz continuity for b, since the argument for ¢ follows the same lines.
Let 0 < 17 < ny < 1. Then we have to consider two cases:

O<b(ta nl)_b(tanl) and Ogb(ta n2)_b(tan1)
(1): 0 < b(t, n,) — b(t, ny): By definition, we have
b(t, m2) — b(t, m)
n ~ ~ ~ ~
— / min(e—%(yj(t.m)—)}j(tﬁ))) min(uffyl,n(t, 0)de
0 J J
n 1 ~ ~ ~
— / min (e« Y10y min@d )Yy, (2, 0) d6
0 J J X

n ~ ~
. _Lly. —y; . ™ s
= / mln(g 2 Vjt.m) yj(lvg))) m,ln(uj)3y],77(t’ 9) do
0 J J
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m ~ )
+ f (min(e—é(yj )=y, 1:0))
0 J

P
— min(e” @

; <r,m>737j<z,9>>))
J

x min@;)* Yy, 0) do
J
n2 ~ ~ ~ ~
< [ mine s I) inZ ) 1.6 do.
m J J

where we used in the last step that 0 < min; (Z:l}“)3)71,,,(t, n) and that Y, (z, -) is
increasing, which implies

mjn(e*%(j./(t»nl)—52,-0,9)))
J
— min(e s Vi =YEm)+Y;Cn)=Y;w.0)y
J
> l’nil‘l(e_%(3}/(’,772)—37]»(@9))) min(e_%(j/j(l,m)—3_7,-(1,772)))
g J

> min(e~ Y Em=Yi@0)
J

Moreover, note that min; (e~aWitm)=Y;0)) < 1 since n, < O < 1, and that

o . 1 1
0 < min@4) Yoyt m) < U1 m) < Z2AT< —=

A7
V2 NG
by (4.15b) and (4.15g). Thus
0 < b([a 772) - b(t’ 771)

n2 ~ ~
. _ Ly, —y. . ~, Y
</ min(e~« i m) y/(”e)))m;n(Uf)3y1,n(t,0) do
m J J

1 7
< —=A' I —ml.

V2
(i1): 0 < b(t, n1) — b(¢, np): By definition, we have
b(t,m) — b(t, m)
m ~ ~ ~ ~
= / min(e™s =Y min@f )Py, (t, 6) d6
0 J J
2 1 ~ ~ ~
- / min(e @ Y10y min@ )Yy, (2, 0) db
0 J J
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m
. (P, Y
=/ (mm(e 2 Yi@m) y,(z,e)))
0 j

. _1p. V.
_ m'm(e 2 i tm2) )J](z,é)))))
j

x min@ )V, (t, 0) do
J
n2 ~ ~ ~ ~

- / min(e ™+ V=Y O) min@f )Y, (1, 6) d6
mo J

m ~ ~

. _Ly. Y

S/ (min(es @m0
0 J

., Ly, 5
— min(e 2 Qi t.m) y,(r,e))))
J

x min@U; )’ Yy, (t,0)do.
J

Now we have to be much more careful than before. Namely, if min; (j)j (t,0) —
yj(tv 772)) = yi(tv 6) - :)]l(ts 772)7 we have

. _Ly. —y. . _ Ly, _y.
0< m1n(e ) y,,(tﬂ))) _ mm(e 2 (YVit.m) yj(tﬁ)))
J J

_ mjn(e*5<5’~f(""')*5’f<“’))) _ paWi@)=-Yim)
J
L@i@.o)-Yie.m)) LQi@.0)-Yit.m))

<e —ea

L™ 1 Gien By
— _/ e;(y,(lﬁ)—'yz(t,S))yi’ﬂ(t’ s)ds
m

a
1" L1@.o)-Di.s) ) L0~
< 5 (6“ yl,n(tas)+ea y2,n(tas))ds-
m

Hence
b(t,n) — b(t, )

m
.1y, 5
é/ (m_m(e 2 Vi) y,(rﬁe)))

0 j

_ min(e—go?,-a,nz)—)?j(z,e))))
J
x min@U) Vi, (1, 0) do
1 m n2 | ~ ~ ~ ~
< - / / e a NN Y, (2, 5) ds minU) )y, (¢, 6) do
aJo n J
1 m ] n2 1~ ~ ~ ~ ~
o [T i3, 105 ds mindl P 0.0) o
a Jo m J
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/ Vit s) ( / T IV min @)V, (2, 0) de) ds
J

+— G s)( f e~a29)-200) min(dj)%,n(z,e)de) ds
| J

n

/ :)}1 7](t S)(/ i(yl(f,s)_jil(tﬁ)) min(zjl;-)3qun(t, 9)d9> ds
J

+ - / 372,,,<r,s)< / e—i@z("'”—%(w”m_in(z/?;fﬁl,n(r,e)d@)ds
a m 0 J

n Up)
=/ Bl(t,s)ds—f—/ B>(t,s)ds.
m m

As far as B, (t, s) is concerned, recall that

| T A RN

Pot.s) = vy / oA Vi) y,<z.9)|(2(uiz_pi)yi!n(t,e)JrA?)dg
1 Uy -V, ~o ~

H e A [Vi(t,s) y,(Iﬁ)I(Z/{iZyW+Hi,n)(t’9)d9’

which implies that

n2
/ Bi(t,s)ds

m

1 "o ¥ 1V S ~ ~
= —f yl,n([’ S) </ e*;(yl(f,s)*yl(lﬂ)) m,in(u;):;yl,n([a 0) d@) ds
J

N

/ yl () (/ L @1a,9)-I1¢,0) miﬂ(dﬁ)dfj],n(l‘, 9) d@) ds

N

% yln(z s)</ e a D COIEOTRY 9)d9> ds
m

4 -~
—AZ/ Py, (t, s)ds
ﬁ . 1 l,n( )
V2AT |, — ).

As far as B, (¢, s) is concerned, we have to be more careful. Therefore recall that
we have

A3 = 2Py 2, (1, ) — U2 D (0. 1) + Ha (2. 1) < 2P Do, (2, 1) + Foy (2, 7).

Therefore we can write

1[5 i s -
il / o~ & D2(t.5)=D1(1.6)) mjn(u,*)3yl,,,(t, 0) do
J X

a Jo

N

N
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/N

1 K 5 5 .
5/ e*%(yz(t-s)fyz(tﬁ))|u2|ul2yl,n(t’ 0)do
0

N

e e DD 11 QP Y,  + o) (8, 6) dB

N

S .~ 1 o~ ~ -
et D2(1.9)=22(1.60)) (1422,{223;2”7 + A_pzzym + A%’HM>(1‘, 0)do
2

AS K
il
AL / S
aAg 0
AS 1

s ~n ~ 1 ~. ~
< aAlS o= 7517209-Pac 9)(A2U22y2,n + AZH,, + A—Pij@,,,)(r,e)dg
2 2
< A (4azp 4A3P
S LAD S Pa(t, s) +4A5P (1, 5)
2

| R SN ~
+ = e HPVDPeOlB) (o 9)d9>.
2

Note that the integral term can be bounded by (’)(1)752 (¢, s) since

1
Ly Ry ~ o~
/ e Az‘yz(f,f) yZ(tﬂ)‘PzzyZ,r’(t, 0) 4o

0

1
2 2
— A;/ e*sz(l,Azs)fyz(f,Azﬁ)I'PZZyzw(t’ A%G) do
0

A3
— A;/ e—lyz(t,A§S)—y2(t,9)\73223)2,77(1" 0) do
0
< O A3Py(t, Ads) = O(1)AYPs (1, 5)
by (3.34). We end up with

Up)
/ B,(t,s)ds

m

1 mo s - . - N
= —/ yz,n(fvs)</ e~ V29)=F2(10) min(Uf)3y1,n(t,0)d0> ds
J

aAS/ yZn(t S)

. 1 ' oy 5 .~
x (A%O(A)Pz(t, )+ / " PITREIPIY, (2, 6)d9> ds

2 Jo
O(l A5A2
< (Cl)T/ PoVa(t, 5)ds
2

OMA° | — ml.

//\

N
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Moreover,

n2

b(t,m) — b(t, 12) </m Bl(r,s>ds+f Byt s)ds

m m

< OM A%, —mil,

where O(1) only depends on A and hence on C = AT and remains bounded as
A — 0.
Finally, combining both cases yields that

|b(t, 12) — b(t, m)| < O1)A|ny — 1
and subsequently
la(t, m2) — a(t, )| < O A%, — ml,

where O(1) remains bounded as A — 0. This proves that the derivative exists for
almost every 1 and is bounded by (A.11). O

We need to estimate the pointwise difference between two functions D i j=1,
2. This is the content of the following lemma.

LEMMA A.9. We have that
D1t m) = Dt )l < 24 max(D}5) e )11t m) = Vot m)]
+ 2v/24%? mjax(ﬁ}/z)(z, IV = D
n - ~ ~ 5 1/2
+ 4A° ( f e~ aVIem=ViCM @y — Uh) (1, e)de)
0
n - ~ ~ ~ 1/2
+ 2v24° ( f e A=Y (PIZ Py 0)d9)
0
BAY [T Do < 12
- ( / T a0 () — 3y) (t,9)d9)
0

/2

12V2A% ([ 5 0me3 2
+ j; </ o~ T iE=9;.0) d@) 1A, — Ay
e 0

+ Z/Nlﬂj)l =Dl )
+ 75_/|371 —572|(f,77)

3AY [T o - -
= / e H NI Ty P[(1, 6) dO
0
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no .
+ 6A4/ e*ﬁ(y,/(f‘fl)*yf(fﬁ)) d9|A] _ A2|v
0

for any value of j = 1, 2.
Proof. Direct calculations yield
D1, m) = Da(t, )|
/One L Pien-De, "”((le POTr (1, 0) + %A?) 40
_ /0"6;2<3>2<r,n>372<z,9>><(a22 PPt 0) + %Ag) de'

o~ A =P _ e—A—'l(ﬁz(t,n)—ﬁzu,e)))

- .- 1
x ((uf — PV, (t,0) + EA?) L ey (2, 0) d@‘

n 1 (v ) 1 (v V)
I [ (e BEGEN=ICO) _ = 0am-320.0)y

S 1
X ((Z/lzz - PZ)yZ,r](tv 0) + §A§> ﬂB(n)(t, 0) d@’

" LT ~ X 1
+ / mjn(e ap Yiem W’*“”)((uf—Pl)yl,n(t,e)-i-—Af> de

/ min(e- BV G2 PN, (1,0) + = A Wé"
=d,(t,n) +dn(t,n) +ds(t,n),

where B(n) is defined in (5.11).
For d,,(¢, n) we immediately obtain

_ 1 noo. ~ - -
dnttn) < A—f (Tt 1) = Tt M1+ 1911, 0) = Futt, 0)))
1 J0
x e A0 ((15112 — P)V1,(t.0) + %A?) do

S ~ ~ o
< 2B = T+ V2AVD T, - Tl

< A?”Di”(t, MIVit, 1) — ot )| + V247D, )|y = Wl
(A.12)
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Following the same lines, we end up with

_ 1 noo ~ - -
dnlt ) < A—f (F1t, ) = $nte, ) + 1911, 0) = Po(r, 0)))
2 J0

L Dt =D(1.6))

o 1
x e M Uy = P)Vay(t,60) + EAg do

< AYPDY (1, I, m) — Do, )]+ V24 DY 1, Iy — D).
(A.13)

The last term d;5(z, n) needs a bit more work. Indeed,

- R e v R ~ L~ 1
dis(t, n) = f m,'m(e a; Qi ym,e)))((z,{f — POV ,(,0) + 5Af) do
0 p

7 D (6= ~ ~ - 1
- / min(e ™ (10 <<u§ = P) Vo (t.60) + EAZ) d@‘
0 J

<

n 1o~ ~ -
P R A1V EAYT(X)
/ (In]ln(e A]( @t m=Y; )))ulzyl,r](tve)
0
—_ Ly —y. ~9
— min(e” =V CTICONRY), (1, 0)) d@‘
J

+

K LT -~
/ (min(e*ﬂ(yj(fqﬂ) yj(t'e)))lplyl,n(t’e)
0

J

_ min(e_iO}j(t’n)_jj([’g)))ﬁzjjz,n(l‘, 0)) d@‘
J

_|_

" LB 1
/ (min(e~ A Fren-iaon L ys
o 2

~ min(e-E@en-vieon s
min(e” )743)
= 7_-‘1(1‘5 77) + TZ(Z’ T]) + 7_-‘3(1" 77)

To estimate T (z, n), recall (3.40), (A.4), (A.5), and Lemma A.l (ii), which
imply

Tl (t7 77) =

n N -
/ (min(e™ A S TONRY ( g)
o N '
o= V=D (1,0)17727)
_ Injln(e Az( it =Y; )))ufyzyn(t’ 9)) do

<

n | D 5. ~ .~ o~
/ rnjin(e*T](yj(fJ]) yz(t,@)))(UIZ _ uzz)yl,n(ta e)ldzzgal? ([, 9) do
0
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+

n L 5 - ~ o~
/ min(e” %2 O TICN QU — UV, (1. 0) L2 (1, 0) dO
0 J

n ~ -~
1, / (min(e™ A P30
1x42 n
0 J

— min(e*i(j}/(ﬁ’})*jj(fﬁ)))) min(z:[?)\)}z,ﬂ(t, 9) 4o
J J

n ~ ~
Y1, / (min(e~F P30
2 1 N
0 J

— min(e” % VTN min @I, 1, 6) d6
J J

+

1 - . - ~ ~
/ mjin(e—%(yj(t.n)—yj(tﬁ))) mjm(uf)(yln _ yzyn)([, 0)do
0

n 1 vy y ~ ~ ~ ~
<2 / min(e™ T VDTN 3T T~ |1, 0) d6
0 J

?’] ") Y ~ ~ ~ ~
" 2[ m}n(e**zW”"”“"””)|u2|yz,n|u1 —Us|(1,0)d0
0

41 o -
T Y / min(e & O/0-31090) minT2) 3,1, 0)d6| 14, — A
O J

4 " y 5 o
+ Tpyen, — / m'in(e*%(yf("")fy-’("e)))m,in(Uf)yl,n(h9)d9 [A; — Ayl
ae|Jo J J
i i o L
+ mjin(ef%(yj(t,n)f)}j(t,a)))mjin(uj?)(yl -
9=0

" d LS, o
_/ 7(m‘in(e*z(y;<t.rz) y/(tﬁ)))mm(u]?))(yl_yz)(t’g)de
0 d@ J J
! — = Q1= .0) 77272 2
<2 A e M ulyl,n(z,e)de
S o S P N2 2
X f e ATRPTEIREN U — U (8, 0) dB
0
! — = (Dt =Da(1.0) 772402 2
+ 2 A e ™ U Yy, (t,0)do

- - 1/2
% (/ne‘Alz(yf("”)_yf("e))(Z:ﬁ — ), G)dé))
0

2V2A (7 St 12
V2 (/ ¢ H DTN (. 9)d9)
0

e

n . 5 1/2
% </ e~ Vi Em=Y;(t.0) d9> |A, — Ayl
0
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n 2724 (/" £ H DI RTR ( 9)d9)
0

e

n - 5 172
> </ e~ Vi @m=Y;(.0) d9> |A; — A,
0

+ W = Dol )
1 n 1, - ~ ~ ~ ~ ~
+ - f e~ s NV min @)Yy, + Vo)1 — Dal(t, 0) dO
J

aJo

172

n - - - ~
+ A / eTE DDV P — |1, 0) db
0
K _ 1y, v, ~ ~ 12
< 4A3 e 4 Q) 3/,(1,0))([/{1 _2/12)207 9) do
0

8V2A* ([ ; . i
+ :g (/ e~ T Vi @m=9,.0) d6> |A, — A,
e 0

+ WYV = Wal(t, )

1/2
+ V24! ( / T A 9>d9)
0

n | -~ ~ ~
+ A“/ e ViD=V Y |(¢, 0) db. (A.14)
0
Following the same lines, one has

_ n - S ~ ~
To(t,n) = / (min(e™ T SV D P, (1 9)
0

J

_ mjn(e‘i(j’(”")‘jf NP, I, (2, 0)) do
J

n - - - .
< / m,in(e‘Al”f‘(”")‘y/“ﬁ”)(Pl—Pz)yl,n(r,9)11752@,0,9)&‘
0 J

n e - ~ J
+ / min(eAz(yj("'”y"(”g)))(Pl—Pz)yz.n(t,9)17sl<7sz(t,9)d9‘
0 J

+ La<a,

1 L (-
/ (min(e™H P03
0 J

— min(e” = PPV min( )Py, (1, 0) d@’
J J

n ~ -~
1, / (min(e™ A P D30
2 1 .
0 J

— min(e” = D)) min(B) P, (1.6) d@‘
J J
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n -~ ~ ~ ~ ~
/ mjin(e—%(J/j(t-n)—yj(fﬂ))) mjin(pj)(yl,n — yz‘n)(t, 0)do
0
n Lo e - L 5
< 2/ min(efrl(yj(t,ﬂ) y/(f«O)))”)ll/z'yl,nlpll/z _ 7)21/2|(t, ) do
0 J

n ) ") ~ ~ ~ ~
+2 / min(e = VNI PR, [P — Py, 6) do
0

4 o -
+ Laca,— / min(€7%(yj(t'n)fyj(r’e)))min('P/)yz.n(f, 0)do||A; — A,
ae 0 J J ’

4
+ ]]~A2<A| -
ae

n : . -
/ m_in(€7&(yj(t’")fy"(t’m)) min(Py) YV, ,(t,0)do||A; — A,
0 J J

+ ‘min(e—(',(ﬁj(t.n)—jj(t,(?))) min(75,~)(371 _ 5}2)
j j

0=0

_ /'7 dde(mln(e L@iam-y;a. 9)))mln(P ))O/l 5}2)(1‘7 0)do
0

n ~ - B 1/2
0
\ ~ . N
§ (/ o H TN (BI2 _ iz, 9)d9>
0
. ~ B 1/2
+ 2(/ e ! 2"*“yz(""”szin(“@)d@)
0
o ~ ) 12
) (/ efrz0’./'(“7)’3;/("0))(7)11/2 1/2) (t,0) d@)
0

24 n B - o 172
+ ([ o T (yZ(t’")_yZ(r'g))szzz,n(f,9)d9>
0

12

e

n - 5 172
x (/ o~ i1 Vit =Y;(1.6)) d@) |A, — As|
0

2A (" 3 G- 5 ?
+ — e M ' ' 7’1)’1.,,(%9)619
0

e
172

n ~ ~
x </ e TP Em=Y;.0)) d@) |A; — A,
0

+ 73j|3~71 —372|(l7 n)
1 (7 15 ~ S ~ = ~
+ f/ e~ ViD=V min(P) (Vi + Vo) IV — al(2,0) dO
0 j

a

AY [T S
+ 5 f eIy — (1, 0) d
0
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12
< 2\/§A3 </n efk(j)/(ﬂ’l)*ji(fﬁ))(7511/2 _ 7521/2)2(2‘, 9) d9>
0

42A% ([ o 2
+ :g </ e~ T Vi @m=Y;(t.0) d9> |A, — Al
e 0

+ 75j|j}1 — Dol(t, m)

A4 1/2
+ (/ e -2 - y,(fe))(y yz) (t, g)dg)

+ = / S DI\ P — Th|(2,0) . (A.15)
For the last term 7_“3 (t, n), we have

2T3(t9 77) -

n L v, _Vy.
/ (mln(e Al (yj(t n— y/(’ 9)))A5 (min(e—ﬁ(y](f’n) y](fﬂ)))Ag) do
J

]lA] <Ay

/ (6 O}j(lvﬂ)—yj(fﬁ)))(A? _ Ag) d@‘

/ (e*ﬁo}j(fqﬂ)*)}j(fﬂ)))(A? _ A;) de
0

+ ]lA2<A1

g _ 1Ly, Y. . __Ly. _v.
4 05/ |min(e a j@n yj(rve))) _ m;n(e A (71 yj(tve)))i do
J J

. i .
< 10A4/ e~ AT g1 A, — A,
0
4 . D
4a e~ Vi tm=Y;t.0) dO|A; — A,|
0

n ~ ~
< 1244 f e~ aViEm=Y;00) go1 A — A,|. (A.16)
0
Thus we end up with
1Di(t, 1) — Dt )| < 2472 max(D” )t IVt n) = Dt )

+ zﬁw max (D)t V1 = D]
" . : B 5 172
+ 4A3< / e RO Ty — 1)’ 1, 9)"9>
0

n B - 5 5 1/2
+ 2v24° ( / e AT =Y (PP P2 9)d9)
0
LY
V2
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12V2A% (" 5 5oumep 2
+ j; </ o~ T P tn=;(w.6) d@) A, — Ay
e 0
+ U = Dt )
+ 75j|371 —572|(l, n)
BAY [T e S =
+ 5 [ e s IO, — Pi(2,6)d6
0

"
39 (1),
+ 6A4/ e~ Yitm y,(tﬁ))d9|Al — A,
0

which proves the lemma. O

LEMMA A.10. We have the following estimates:

/" e HOEDICNDB (1 6)do < 24P (1, ), (A.17)
0
f" efﬁdf(t,n)fﬁ(tﬂ))f;f[n(t, 0)do < 4AP(t, 1), (A.18)
0
fn e ROV 0)d6 < 6P (1, ), (A.19)
0
/ ! e nVen-YeNDY) (1 0)do < 4AAP(t, ), (A.20)
0
f L HON-TC P 0)do < TR, ), (A.21)
0
/"7 e_i(y(,,,,)—&(r,o»ﬁzj}n(t, 0)do < AO()YP2(1, ), (A.22)
0 14+ B A

n 1 - - ~ ~
/0 e*x0’(’~'7)*y(’~"))73”’3y,7(t, 0)do <3 Pt,n), B >0.(A23)

pooa

Proof. The proof of (A.17) goes as follows:

n ~ -~ ~ ~
/ e A VEN-YENPDY) (1 0)de
0

2 = 2 (" D —T(.6)) A
= ZAP@G, ) — 3_A/ e A VEN-YEN QY (1 6)do
0

3
2 = 2 (" — D= 1.0) PV
< 5A7)(r,n)+§ e mYEn=YeNDY (t.0)do,
0
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which implies

N - - o~ ~
/ e HVEN-YENDY) (1.0)do < 24P (1, ).

0

Next, we use that

U . - n . . _
/0 e‘my(f*”)‘y(’ﬁ))?i,,(t,9)d0</0 e V=Y T (1 9)do
< 4APG )

(see (4.16d)), showing (A.18).
For (A.19) we find

/" e~ AVE=YCO2(1 0 4o

0
= e FOED-VENTP (4 9)‘”
6=0

n - - I~ 777
_/ 96_)‘(3;@,:7)—31(;,6))<Xu2yn+2L{M,,)(t,9)d9

0

~ N | - -~ s
= 7]1/{2(1, n) — / geA(y(t,n)y(rﬂ))<%u2yn + 21/”/[,,) (t,0)do

0
- (U 1~ - - -
S U, )+ / eAO’“v")y“ﬂ”(Zuzyn +2|UU,,|)(t,9)d9
0
< Ut n) +4P(t, )
< 6P, ).
The proof of (A.20),

n 5 = ~ ~ ~ ~
| e B,0.00a0 < 4api .
0

follows in the same manner as (A.17).
Furthermore, for (A.21) we find

n ~ -
/ e~ B VEN-YeND (1 9)dg

0
— e V=Y Py 9))77
0=0
/”9 ~ ROy [ 3 Py, + ! QY, ), 6)do
— e ’ ' A A2 ’
i A T2 n
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5 3 e e

<P+ [ e A IOBY 0o
0

< TP(t, 1),

which follows from (A.17).
In order to prove (A.22), we do as follows:

/n e—ﬁ(?(m)—j(t-@))']}25)n([’ 0)do
0

= 24P, n) — 8P QL. 1)
n -~ ~ ~ ~ ~
+g/ e—z‘A(Mr,n)—y(t,e))(ijL %Q2>yn(tv9)d9
0

n L G ~ ~ o~ 1 ~
+8\/0‘ e_ﬂ(y(l,ﬂ) V(1,0)) <(7) —Uz)y,,(t, 9) _ EAS),]D(I, 9) d@,

and hence

n - o ~ o~
/ e—ﬁ(y(r,n)—yu,e))pzyn (t,0)do

0

~ o~ ?'[ 1 -~ ~ ~ ~ ~ ~
< 8PO(t, n) + 8/ e~ Y=Y ((u2 —P)Y,(t,0) + ;A5>P(t, 0) do
0

- . - o 1/2
< 8A752(t, n) + 8(/” e*%(y(hﬂ)*y(tﬁ)) ((u2 _ P)yn(tv 9) 4 ;A5> d@)
0
N/ o 1 . 1/2
x </ <(u2 —P)Y,(t,0) + ZAS)PZ(t, 9)d9>
0
< AO(WP2(t, ).

As for the proof of (A.23), we proceed as follows:

n
— L Van=-Y,0) Pl "
/ e YA IERAG ))7) +ﬂyn(t’9) do
0

— Ae*%(ﬁ(nn)fﬁ(lﬁ))ﬁﬂrﬂ(t 0)[7_,

n Y ) ~ ~
—A(l+p) / e HVEN=YCNDEP, (1.6) do
0
- n § § .
= AP, ) — %(1 + ﬂ)/ e AN =IVCNPEQT (1,0) db
0
— APt 1) — (1 + B)e aYem=-YaoPB Oy N,

n 1< ~ ~ ~ ~ ~ ) o~
+ 1+ ﬂ)_/o e A=Y (EPIIP, Q 4 PPQ, ) (1, 6) do
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= AP (t.n) — (1 + BYPPO(t. )
+(1+B) /n e~ A VEm=Y@.0) (ﬁ'ﬁﬂ—l sz;n% + P Qn) (t,0)do.
0
(A.24)
Recall (4.6), (4.9), and (4.10), which together imply
Qt.m) =&, =Dt = U = P)V,(t. ) — 1A4° + PV, (t. ).
Thus
R | Y
ﬂ’])ﬂ*l sznz + Pﬁ Qn

B

~H ~ ~ ~ ~ ~ ~ - 1
= EQZ’Pﬁilyn + Pﬁ+1yn + Pﬂ <_(Z/{2 - P)y,] - EAS)

Inserting this expression in (A.24) and re-ordering the terms, we find

n - - N .
‘3 / e*g()’(t,n)fy(tﬂ))prﬁyn(t’ 0)do
0

1
+

:zﬂ /(;n e*%(ﬁ(nn)fﬁ(tﬁ))ﬁﬁfl Q2J}n(l, 0) do
= 1+ B)PPO(t, n) — AP (1, 1)

r] - Ty ~ ~ ~ ~
+ (] + :3)/ efi(y(l.ﬂ)*y(l,e))’])ﬁ ((Z/{2 _ P)yr] + %AS> (t, 9) do.
0
Estimating this, using (4.5a), we find
B /n e*%(?(nn)fff(lﬁ))ﬁﬂrﬂj)n(t, 0)do
0
< (1+BPPIQIE. )
T - 5 N o
+(1+8) / e A=Y PP ((u2 - PV, + %A5>(t, 0)do
0
< (1+B)IPIL AP, n)
- noo . . - Y
+(+ /3)”73”50/ eA(y(r,n)y(t,e))<(u2 _ P)yrz + %AS) (t,0)do

0

< (L+BIPILAP@, n) + (1 + BIPIE D, n)

A4 B -
< 33 +ﬁ)<7> AP, n),

where we used (4.8), (4.15a), and (4.15¢). ]
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r x x x
10 = 0 g 0 -0 = OW s 0 -0 = o s 0 -0 = 9 s 10

-05 -05 05

- Nl .l

Figure B.3. Time evolution of u (¢, x) with C = E> =4 andfy =2att =0, 1.5,
2, 4.

-10 = B 0 o - 5 0o -0 -5 5 L Y s 10

Figure B.4. Time evolution of G(t, x) with C = E> =4 andf, =2 att =0, 1.5,
2,4.

-10 =5 0 H 10

Figure B.5. Time evolution of p(t, x) with C = E*> =4 andt) =2att =0, 1.5,
2,4.

Appendix B. The antisymmetric peakon-antipeakon example

Fortunately, one can compute explicitly the quantities described in this paper in
the important case of an antisymmetric peakon—antipeakon solution. The various
functions are depicted on Figures B.3-B.14.

More precisely, consider the function [41]

B(t) sinh(x), |x

<y,
u(t,x) = .l <

|
sign(x)a(t)e” x| = y (),
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-0 = 0 5 10

Figure B.6. Time evolution of p!/?(¢, x) with C = E?
1.5,2,4.

) 07y 07y 107y

U [ 7y
12 45 6 1 8 Kfv—x 45 6 1 8 // 2 3 4 5 6 1 8 12 4 5 6 1 8
-5 -5 = =

10 10 10 10

Figure B.7. Time evolution of )(¢,n) with C = E? =4 andt) =2att =0, 1.5,
2,4.

"Tu Tu Tu

-05 05 -05 05

Figure B.8. Time evolution of /(¢, n) with C = E> =4 andty =2att =0, 1.5,

2, 4.
—a(t)e”, x < —y(@),
= 1 B@)sinh(x), —y (@) <x < y(@),
a(t)e™, y () < x,
where

E_ (E
)= G sinh( S0 =), B0 = B
PR

E
y() = ln<cosh(5(t — to))>.
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0o 1 2 3 4 5 6 7 8 0o 1 2 3 4 5 6 1 8 o 1 2 3 4 5 6 1 8 o 1 2 3 4 5 6 1 8

Figure B.9. Time evolution of P(t, n) with C = E> =4 andt, =2att =0, 1.5,
2,4.

Figure B.10.
1.5,2,4.

02 06 08 1 7 04 06 08 1 2 04 06 08 1 02 06 08 1
-10 10 10 10

Figure B.11. Time evolution of 37(;, n) with C = E> =4andty =2att =0,
1.5,2,4.

Here E = ||u(t)|| 51, t # ty, denotes the total energy. The corresponding energy
density is given by

20%(1)e™, x < —y(@),
u(t, x) = >+ u2)(t,x) = { B2(t) cosh(2x), —y(t) <x <y@t), t#1,
20 (t)e ™™, y (@) < x,
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Figure B.12. Time evolution of Z;{(t, n) withC = E?>=4andty=2att =0,
1.5,2,4.
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Figure B.13. Time evolution of 75(t, n) withC = E> =4andt) =2att =0,
1.5,2,4.
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Figure B.14. Time evolution of P/2(¢, n) with C = E2 =4 andfp =2 att = 0,
1.5,2,4.

with w(ty, x) = E28y(x) for t = ;. Hence C = u(t, R) = E?, and

a(r)’e™, x < —y(),
2
%tanhz(g(t - z0)>, x=—y(@),
F(t,x) =3 %Ez + %,B(t)2 sinh(2x), —y() <x <y@),
E2 E2 h2 E _
—Ttan (E(t_t0)>’ X—V(t)’
E* —a(t)e™, y(t) < x.
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In particular, this solution experiences wave breaking at time ¢ = 1y, that is, u, (¢,
0) tends to —oo as t — fy— and

F ) 0, x <0,
—x) =
0 E?> 0<x

The corresponding function p, (¢, x), which can be computed using p, (¢, x) =
—u,(t, x) — uu,(t, x), is given by

o' (t)e* —a(t)’e™, x < —y(1),
£ E—Ztanhz(é(t — t0)>, x=—y(@),
4 4 2
pu(t,x) = § —p'(t) sinh(x) — %ﬂ(f)z sinh(2x), —y (1) <x <y(@),
—E—2+E—2tanh2<£(t—to)>, y(t) = x,
4 4 2
—a'()e™ +a(t)e ™, y (1) < x.

In particular, one obtains at wave breaking time ¢t = f, that

E2

Te", x <0,
px(to_vx) = E2

—Te_x, 0<ux

Here it is important to note that p, (f,—, x) has a (negative) jump of height —%2
at x = 0 at time ¢ = #,. For all other points x € R, the function p, () —, x) is
continuous.

Thus the function G(¢, x) = 2p,(t, x) + 2F (¢, x) is given by

2d/(t)e", x < —y(),

E2

77 X = —)/(t),
G(t,x) = { E* =28/ (t)sinh(x), —y() <x < y (1),

3E?

- x =y(@),

2E* —2d/(t)e ™, y(t) < x.
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In particular, one observes that G, (¢, x) > 0 for all x € R,

lim G(t,x)=0 and lim G(t,x) =2E* =2C.

X—>—00

Thus the limits at 00 are independent of time. Moreover, one has

E2
7€X, X g 0,
G(to_?x) = 2
2E* — E—e*x 0<x
2 ’ '

Here it is important to note that G (t,—, x) has a jump of size E? due to the wave
breaking at t = t,, that is, w(ty, x) = E*8(x).
Direct computations using p = p, + u® + 1du yield

o (1)e" — a(t)’e”, x < -y (),
p(t,x) = { —B'(t) cosh(x) — 1B(1)” cosh®(x), —y (1) <x < y(1),
o' (t)e™ — %a(l)ze*b‘, y (1) < x.

In the new coordinates, using G (¢, (¢, n)) = n, the solution reads as

E2
Inf —" , 0<n<—,
20/ (1) 2
E? — n E? 3E?
z, = i h_l ) A < < A
Y= sin <2ﬁ/(t) ) A
20/ (t E?
In a—() s 3_ g n < 2E2’
2E? — 2

and, applying U(t, n) = u(t, Y(t, n)),

a(t) E?
SN O < PSR
2w @) =S5
B E? 3E?
Uit n) = ——(E —n, —<n<—,
(t,m) 2ﬁ/([)( 1) > STS
a(t) ) 3E? )
2E* —n), —/ < 2E?,
2o{/(t)( n) > n<

Downloaded from https://www.cambridge.org/core. IP address: 94.193.20.89, on 10 Jun 2020 at 07:52:58, subject to the Cambridge Core
terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2020.22


https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2020.22
https://www.cambridge.org/core

J. A. Carrillo, K. Grunert and H. Holden 288

and, by invoking P(¢, n) = p(t, Y(t, n)),

1 a(t)? E?
277 8w O=ns3
’ (E2 - 77)2
—B0) |1+ =
Pt n) = wor 2 2
1L (E*—p) E 3E
_Eﬁ(f) <1+W>, 7<77<T,
1 2 3E?
SQE*—1) - “S(Z)z(zE -0 - <y <28

where we used the convention that sinh ™' (x) denotes the inverse of sinh(x).
For the scaled quantities we find, when we introduce A = /2C = J2E, that

ln<a?(’z>)’ Osnss
V(. n) = AY(t, A’n) = V2C sinh(%_(f)”)), <<,
" <C8(i)n)) <<t
—% , 0<n<y,
U(t,n) = AU, A'p) = V2C 2‘;52)00 —2p), t<n<3,
f%a—n), <<l
Pt n) = AP, A%n)
- Z‘Z[fz;cznz, 0<n<l,
C2(1 —2n)?
e —ﬁ’(t)\/l + A(Lﬁ#t)j)
—%ﬂ(t)z(l + %) p<n<i,
Cll—n)— 2”32;62(1 —mh <<l
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